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Abelian varieties over finite fields
and their groups of rational points

Stefano Marseglia and Caleb Springer

Over a finite field Fq , abelian varieties with commutative endomorphism rings can be described by
using modules over orders in étale algebras. By exploiting this connection, we produce four theorems
regarding groups of rational points and self-duality, along with explicit examples. First, when End(A)
is locally Gorenstein, we show that the group structure of A(Fq) is determined by End(A). In fact, the
same conclusion is attained if End(A) has local Cohen–Macaulay type at most 2, under the additional
assumption that A is ordinary or q is prime, although the conclusion is not true in general. Second, the
description in the Gorenstein case is used to characterize cyclic isogeny classes in terms of conductor
ideals. Third, going in the opposite direction, we characterize squarefree isogeny classes of abelian
varieties with N rational points in which every abelian group of order N is realized as a group of rational
points. Finally, we study when an abelian variety A over Fq and its dual A∨ satisfy or fail to satisfy
several interrelated properties, namely A ∼= A∨, A(Fq)∼= A∨(Fq), and End(A)= End(A∨). In the process,
we exhibit a sufficient condition for A ≇ A∨ involving the local Cohen–Macaulay type of End(A). In
particular, such an abelian variety A is not a Jacobian, or even principally polarizable.

1. Introduction

The groups of rational points of abelian varieties defined over a finite field Fq have recently received a
considerable amount of attention. For example, [Howe and Kedlaya 2021] showed that every positive
integer occurs as the order of the group of rational points of an abelian variety over F2. Van Bommel,
Costa, Li, Poonen and Smith [van Bommel et al. 2021] proved, among other results, a version of this
statement over arbitrary finite fields Fq , although only sufficiently large orders are realizable if q ≥ 7.

These statement are, in fact, results about isogeny classes. Indeed, two abelian varieties A and B
are isogenous over Fq if and only if #A(Fqn )= #B(Fqn ) for all n ≥ 1, or equivalently if h A(x)= hB(x),
where h A, hB ∈ Z[x] are the characteristic polynomials of the Frobenius endomorphisms of A and B,
respectively; see [Tate 1966, Theorem 1 (c)]. Moreover, one has #A(Fq)= h A(1).

The results mentioned above concerning cardinalities were upgraded to statements about finite abelian
groups in [Marseglia and Springer 2023]: for each q in {2, 3, 4, 5}, we showed that every finite abelian
group is isomorphic to the group of rational points of some abelian variety over Fq . This upgrade, however,
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does not work on the level of isogeny classes. Indeed, the group structure of A(Fq) is not uniquely
determined by its isogeny class. This phenomenon is observed even for elliptic curves. In this paper, we
seek to understand and describe this extra level of structure.

Notation and conventions. Before presenting our main results, we set some notation and conventions.
Throughout the paper, all isogenies and morphisms between abelian varieties over Fq are defined over
the base field Fq . In particular, given an abelian variety A over Fq with characteristic polynomial h, we
denote its (Fq -rational) endomorphism ring by End(A) and its (Fq -)isogeny class by Ih . We say that A
and Ih are squarefree if h is a squarefree polynomial. An equivalent definition of squarefree is given by
requiring the endomorphism algebra End(A)⊗Z Q to be commutative; see [Tate 1966, Theorem 2 (c)].
See also [Marseglia and Springer 2023, Lemma 2.3] for a comparison with other notions of squarefree.

Given a squarefree isogeny class Ih over Fq , set K = Q[x]/(h) and let π be the class of x in K .
We will denote by OK the maximal order of K . For every A in the isogeny class, as in [Waterhouse
1969, §3.1], we fix an isomorphism End(A)⊗Z Q ∼= K which sends the Frobenius endomorphism of A
to π . From now on, we will identify End(A) with its image inside K , which is an order. Under this
identification, the Rosati involution of A acts as the complex conjugation x 7→ x̄ in K . Note that π = q/π .
In particular, if End(A)= S ⊂ K then End(A∨)= S, where A∨ denotes the dual abelian variety of A.

1.1. Groups of rational points and endomorphism rings. As noted above, given an abelian variety A
over a finite field Fq , the sequence (#A(Fqn ))n≥1 of point counts is an isogeny invariant, but the group
structure of A(Fq) is not. One well-known refinement of the isogeny classification is given by classifying
the abelian varieties in a given isogeny class according to their endomorphism rings, which are orders in
the endomorphism algebra. When E is an elliptic curve over Fq , the group structure of E(Fqn ) is uniquely
determined for all n ≥ 1 by the endomorphism ring End(E); see [Lenstra 1996, Theorem 1].

In Main Theorem 1, we exhibit a similar result for abelian varieties of arbitrary dimension under certain
hypotheses on the endomorphism ring which are automatically satisfied in the case of elliptic curves. In
particular, we use the notion of the (Cohen–Macaulay) type of an order S at a prime p. This type, denoted
typep(S), is defined as the minimal number of generators of (St)p = St

⊗S Sp, where Sp is the localization
of S at p and St is the trace dual ideal of S. The order S is Gorenstein at p if typep(S)= 1. We say that S
is Gorenstein if it is so at every prime. See Section 2 for definitions and details. Recall that an abelian
variety A over Fq is called ordinary if the coefficient of xdim A in the characteristic polynomial h(x) of A
is coprime to q.

Main Theorem 1. Let A be an abelian variety in a squarefree isogeny class Ih over Fq . Write S =End(A)
and fix n ≥ 1.

(a) If S is Gorenstein at all prime ideals containing (1 −πn), then

A(Fqn )∼=
S

(1−πn)S
are isomorphic as S-modules.
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(b) Assume Ih is ordinary (Ord) or q = p is prime (CS). If typep(S)≤ 2 for every prime p of S above
(1 −πn), then

A(Fqn )∼=
S

(1−πn)S
are isomorphic as Z-modules.

In contrast, in Example 6.7, we show that it is possible to have A(Fq)≇ B(Fq) for isogenous abelian
varieties A and B over Fq , even if End(A)= End(B). This example, like all the others in this paper, has
been computed with the help of Magma [Bosma et al. 1997].

Part (a), appearing in the text as Corollary 3.3, is proven by generalizing the methods of [Lenstra 1996;
Springer 2021]. Specifically, we view the group of rational points A(Fq) of an abelian variety A over Fq

as a module over the endomorphism ring End(A) and use the Gorenstein property to describe the module,
as desired.

For Part (b), we use the additional assumptions to consider the abelian variety A itself to “be” a module
over End(A), as we now explain. Deligne [1969] constructed an equivalence between the category of
ordinary abelian varieties over a finite field Fq and the category of free Z-modules with a “Frobenius”-like
endomorphism. Centeleghe and Stix [2015] extended Deligne’s result, using a different functor, to the
category of abelian varieties over a prime field Fp whose characteristic polynomial does not have real roots.

Given a squarefree isogeny class Ih over Fq , we write Ord for the condition that Ih is ordinary, and CS
for the condition that q = p is prime. Note that, if Ih is squarefree, then the characteristic polynomial h
does not have real roots. If we restrict the functor of Deligne (resp. Centeleghe–Stix) to a particular
squarefree isogeny class Ih satisfying Ord (resp. CS), then the modules in the image of the functor
are precisely the fractional Z[π, π ]-ideals in the endomorphism algebra K = Q[x]/(h). See Section 6
below or [Marseglia 2021] for a detailed account. In particular, this lends itself to another route for
describing groups of rational points in terms of orders and fractional ideals in the endomorphism algebra;
see Theorem 6.2. This description allows us to deduce Main Theorem 1 (b), written as Proposition 6.5.

Beyond Main Theorem 1, the techniques and perspectives introduced in this section continue to be
used extensively throughout the paper. In Section 2, we recall the necessary background and prove some
foundational results regarding orders in étale algebras, which we then use in the remainder of the paper.

1.2. Cyclicity. In Section 4, we study isogeny classes which are cyclic, meaning that every abelian
variety in the isogeny class has a cyclic group of points. A criterion for cyclicity which only involves the
characteristic polynomial was given in [Giangreco-Maidana 2019, Theorem 2.2]. Although this criterion
applies a priori to all isogeny classes, we prove in Theorem 4.3 that an isogeny class over Fq is cyclic
if and only if it contains a variety of the form Asf × A1, where Asf is squarefree and A1 has only one
rational point. Moreover, A1 must be 0-dimensional if q ≥ 5 by the Weil bounds.

We provide a new criterion for cyclicity, written below as Theorem 4.5.

Main Theorem 2. Consider a squarefree isogeny class Ih of abelian varieties over Fq . Let π be the
class of x in the endomorphism algebra K = Q[x]/(h). The isogeny class Ih is cyclic if and only if
(1 −π)Z[π, π ] is coprime to the conductor f = (Z[π, π ] : OK ).
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Rather than relating the property of cyclicity to the coefficients of the characteristic polynomial as in
[Giangreco-Maidana 2019], Main Theorem 2 relates cyclicity to the algebraic properties of orders in the en-
domorphism algebra. In particular, it shows that the property of cyclicity is equivalent to the local maximal-
ity of the order Z[π, π ] generated by Frobenius and Verschiebung at all primes over (1−π). A key ingre-
dient in our proof is Main Theorem 1 (a), applied to abelian varieties A with maximal endomorphism ring.

1.3. Richness and noncyclic groups. In contrast to cyclic isogeny classes, we inspect the opposite
extreme in Section 5. We say that a squarefree isogeny class Ih is rich if every abelian group of
order h(1) occurs as the group of rational points of some abelian variety in Ih . In previous work by the
authors, it was shown that, for each N ≥ 1, there are infinitely many rich squarefree isogeny classes Ih

over F2 with N = h(1); see [Marseglia and Springer 2023, Theorem 5.3]. These isogeny classes are
built from Kedlaya’s infinite sets of simple isogeny classes of abelian varieties over F2 with prescribed
numbers of points; see [Kedlaya 2024, Theorem 1.1]. We must use a different technique to find rich
isogeny classes in general because there are at most finitely many simple abelian varieties over Fq with a
prescribed number of points N when q > 2 [Kadets 2021].

We present a criterion for richness in Main Theorem 3 which is easy to compute using only the
characteristic polynomial. An expanded statement is proved as Theorem 5.7, and we compare the
conditions of cyclicity and richness for abelian varieties of small dimension over small finite fields in
Example 5.9.

Main Theorem 3. Consider a squarefree isogeny class Ih of abelian varieties over Fq of dimension g.
Let K = Q[x]/(h) be the endomorphism algebra, and let π be the class of x. Write

N = h(1)=

s∏
j=1

ℓ
ej
j

for the number of rational points on each abelian variety in Ih . The following are equivalent:

(a) Ih is rich, that is, every abelian group of order N arises as A(Fq) for some A ∈ Ih .

(b) For all 1 ≤ i ≤ 2g, we have
h(i)(1)

i !
· ℓ

i−e1
1 · · · ℓi−es

s ∈ Z.

To obtain this theorem, we first prove Lemma 5.4, generalizing [Giangreco-Maidana 2019, Lemma 2.1]
which was originally used to study cyclicity. We then deduce Main Theorem 3 by applying [Rybakov
2010, Theorem 1.1]. As a consequence, we also prove that a squarefree isogeny class is rich if and only
if its simple factors are rich; see Corollary 5.8.

We conclude Section 5 by proving the existence of certain abelian varieties whose groups of rational
points are noncyclic. In particular, we show in Corollary 5.11 that a squarefree isogeny class Ih over Fq

is noncyclic if q is odd and h(1) is divisible by 4. Finally, we prove the existence of ordinary abelian
varieties over F4 with certain prescribed noncyclic groups of rational points in Theorem 5.13, thereby
improving [Marseglia and Springer 2023, Theorem 3.3].
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1.4. Duality. In Section 7, we turn our attention to the dual A∨ of an abelian variety A. At the June 2019
AMS Mathematical Research Communities meeting Explicit Methods in Arithmetic Geometry in Char-
acteristic p, Bjorn Poonen suggested the problem of finding an abelian variety A defined over a finite
field Fq such that A(Fq)≇ A∨(Fq). In Example 7.2, we find such a variety by using Main Theorem 1 (a).
In this example, we observe that A is geometrically simple and End(A) is a Gorenstein order satisfying
End(A) ̸= End(A∨). In Example 7.3, we show that squarefree examples are not rare. We remark that a
nonsimple squarefree example was produced in [Rybakov 2014, Example 4.2] using a different method.

Section 7 concludes with a further investigation of the relationships between these properties, along
with the properties of being a Jacobian, principally polarizable, or self-dual. More precisely, when A is
squarefree, consider the following well-known implications, which are recalled below in Theorem 7.4:

A(Fq)∼= A∨(Fq)

A ∼= Jac(C) +3 A has a principal polarization +3 A ∼= A∨

08

&.
End(A)= End(A∨)

Examples 7.5, 7.6 and 7.8, which are likely unsurprising to experts, illustrate that none of the reverse
implications are true. Additionally, Example 7.9 exhibits an abelian variety A over F3 such that A(F3)∼=

A∨(F3), but End(A) ̸= End(A∨); hence there is no downward implication on the right side of the diagram.
In each case, there are many suitable examples. On the other hand, it is unknown whether there are
examples where A(Fq)≇ A∨(Fq) and End(A)= End(A∨). Observe that, under the hypotheses of either
part of Main Theorem 1, End(A)= End(A∨) implies that A(Fq)∼= A∨(Fq); see also Proposition 7.1.

Main Theorem 4 provides a sufficient condition for A ≇ A∨ which only depends on the properties of
the orders in the endomorphism algebra. It is a key ingredient for producing Example 7.8 and may be of
independent interest. It is proved in the text as Proposition 7.7.

Main Theorem 4. Let A be an abelian variety in a squarefree isogeny class Ih over Fq , let S be an order
in K = Q[x]/(h) such that S = S, and let p be a prime of S satisfying

p = p̄ and typep(S)= 2.

Assume that A is ordinary (Ord) or that q is prime (CS). If S ⊆ End(A) and Sp = End(A)p, then A ≇ A∨.
In particular, such an A is not principally polarizable and cannot be a Jacobian.

1.5. Related literature. We conclude the introduction by mentioning some additional related results.
There are several papers on the classification of the groups of rational points of elliptic curves; see for
example [Rück 1987; Tsfasman 1985; Tsfasman et al. 2007; Voloch 1988]. The cases of abelian surfaces
and threefolds were studied in [David et al. 2014; Kotelnikova 2019; Rybakov 2015; 2012; Xing 1994;
1996]. Additional results about cyclic isogeny classes can be found in [Berardini and Giangreco-Maidana
2022; Giangreco-Maidana 2020].



526 Stefano Marseglia and Caleb Springer

2. Fractional ideals in orders

In this section we recall definitions and properties of orders and their fractional ideals. These concepts
are well known in the context of number fields, but we will work in a more general setting. Additional
details and proofs can be found in [Marseglia 2024, Section 2].

Let Z be a Dedekind domain with field of fractions Q. In practice, for the purpose of this paper, it will
be enough to consider Z = Z and Z = Zp. Let K be a finite étale algebra over Q, that is, a finite product
of finite separable extensions of Q. A Z -lattice L in K is a finitely generated free sub-Z -module of K
such that L ⊗Z Q = K . Given two lattices L1 and L2 in K , we define the colon as

(L1 : L2)= {x ∈ K : x L2 ⊆ L1}.

A Z -order S in K is a subring of K which is also a Z -lattice. Observe that K is the total ring of
quotients of any Z -order S in K . When no confusion can arise, we will drop the base ring Z from the
terminology and simply write lattice and order. When S ⊆ S′ are orders in K , the colon (S : S′) is called
the conductor of S in S′.

A fractional S-ideal I is a finitely generated S-submodule of K which is also a lattice. Given a
lattice L in K , we define its multiplicator ring as (L : L). Observe that (L : L) is an order in K , and
hence L is a fractional (L : L)-ideal.

Given two lattices I and J in K (resp. fractional S-ideals) then the sum I + J , the intersection I ∩ J ,
the product I J , and the colon (I : J ) are lattices in K (resp. fractional S-ideals).

Let S be an order in K . A prime of S is a maximal ideal of S. We denote by Sp the localization of S
at p, and by Ŝp the completion of S at p. For an S-module M , we put Mp = M ⊗S Sp and M̂p = M ⊗S Ŝp.
Observe that Ŝp is a Ẑ p-order, where p is the contraction of p in Z . Also, if I is a fractional S-ideal,
then Îp is a fractional Ŝp-ideal. We will say that I is principal at p if Ip is a principal Sp-module, or,
equivalently, Îp is a principal fractional Ŝp-ideal. A fractional S-ideal I is called invertible if I (S : I )= S,
or equivalently if it is principal at p for every prime p of S. See for example [Marseglia 2024, Lemmas 2.12
and 2.17]. Given orders S ⊆ S′ in K , we can consider S′ as a fractional S-ideal. Lemma 2.1 below tells
us when S′ is principal at a prime p of S.

Lemma 2.1. Let S ⊆ S′ be orders. Given a prime p of S, the following statements are equivalent:

(a) (S : S′)⊆ p.

(b) S′
p is not a principal Sp-module.

(c) Sp ̸= S′
p.

Proof. We first prove that S′
p is a principal Sp-module if and only if Sp = S′

p. One implication is trivial.
For the other, assume that S′

p = αSp. Hence α ∈ S′×

p , which shows that

Sp =
1
α

S′
p = S′

p.

To conclude, observe that Sp⊊ S′
p if and only if (Sp : S′

p)⊊ Sp, which occurs if and only if (S : S′)⊆ p. □
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Later in the paper we will study groups of rational points of abelian varieties over finite fields by
describing them in terms of quotients of fractional ideals. In turn, we describe such quotients locally.

Lemma 2.2. Let J ⊆ I be fractional ideals over an order S. Then we have an isomorphism of S-modules

I
J

≃

⊕
p

( I
J

)
p
,

where the direct sum is over the finitely many primes for which Ip ̸= Jp.

Proof. The quotient I/J is a finitely generated torsion Z -module; see for example [Cohen 2000, Sec-
tion 1.7]. Hence I/J is an Artinian and Noetherian S-module, so the result follows from [Eisenbud 1995,
Theorem 2.13 (b)]. □

Proposition 2.3. Let S ⊊ S′ be orders. If r ∈ S is not a zero-divisor and r S is not coprime to the conductor
f = (S : S′), then the quotient M = S′/r S′ is not a cyclic S-module.

Proof. By assumption there exists a maximal ideal p of S such that

r S + f ⊆ p,

which implies
r S′

+ f ⊆ pS′.

Since p is above the conductor f, by Lemma 2.1, we have that S′
p is not a principal Sp-module, or

equivalently the S/p-vector space S′/pS′ has dimension strictly bigger than 1. Observe that

M
pM

∼=
S′/r S′

pS′/r S′

∼=
S′

pS′
.

Hence the Sp-module Mp is not cyclic. By Lemma 2.2, we conclude that M is not a cyclic S-module. □

The isomorphism class of a quotient of fractional ideals can be deduced from local information at
finitely many primes, as explained in the following lemma.

Lemma 2.4. Let I and J be fractional ideals over an order S, and let r ∈ S be a nonzero divisor. Let S

be the set of primes of S containing r. Assume that we have an Sp-linear isomorphism ϕp : Ip −→∼ Jp for
every p ∈ S . Then there is an S-linear isomorphism

ψ :
I

r I
−→∼

J
r J

such that ψ ⊗ Sp = ϕp ⊗ (S/r S) for every prime p ∈ S .

Proof. Set M = I/r I and N = J/r J . By assumption, we have isomorphisms

ϕp ⊗

( S
r S

)
: Mp −→∼ Np

for each p ∈ S . We now claim that, given a prime p of S, we have Mp ̸= 0 if and only if r ∈ p. If r /∈ p

then (S/r S)p = 0, and hence Mp = (I ⊗S (S/r S))= 0 as well. Conversely, if r ∈ p then r I ⊆ pI , and
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hence we obtain a surjective map Mp → I/pI , which shows that Mp ̸= 0, completing the proof of the
claim. The same is true for the S-module N .

By Lemma 2.2, we have
M ∼=

⊕
p∈S

Mp and N ∼=

⊕
p∈S

Np.

We conclude by setting

ψ =

⊕
p∈S

ϕp ⊗

( S
r S

)
. □

The étale algebra K comes equipped with a trace map

TrK/Q : K → Q

that associates to every element x ∈ K the trace of the matrix representing the multiplication-by-x map
with respect to any Q-basis of K . The existence of such a nondegenerate trace implies that the integral
closure OK of Z in K is an order, called the maximal order, since every other order is contained in OK .
Recall that OK is characterized by the fact that every localization is a principal ideal ring.

The following proposition refines Lemma 2.4, in the sense that we only need local information above
the conductor to understand the isomorphism class.

Proposition 2.5. Let S be an order in K , and let r be a nonzero divisor of K . Assume that r S is coprime
to the conductor f = (S : OK ). Then, for every fractional S-ideal I , we have an S-linear isomorphism

I
r I

∼=
S

r S
.

Proof. Because r S is coprime to the conductor, by Lemma 2.1 we have Sp = OK ,p for any prime p

containing r . This implies that Ip ∼= Sp for every such prime p. We conclude by Lemma 2.4. □

Given a lattice L in K , we define its trace dual as

L t
= {x ∈ K : TrK/Q(x L)⊆ Z}.

In the following lemma, we record some well-known properties of trace duals.

Lemma 2.6. Let L , L1, and L2 be lattices, and let S be an order in K . Then

(a) (L t)t = L ,

(b) (L1 : L2)= (L t
1L2)

t ,

(c) (L1 : L2)= (L t
2 : L t

1),

(d) (L : L)= S if and only if L L t
= St .

Proof. See for example [Voight 2021, Section 15.6]. □

Let S be an order, p be a prime of S, and p its contraction in Z . Denote by Q̂ p the fraction field of Ẑ p

and by K̂p the total ring of quotients of Ŝp. The trace TrK/Q naturally induces a trace TrK̂p/Q̂ p
. It follows
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that taking trace duals commutes with completion. So, given a fractional S-ideal I , the notation Î t
p is not

ambiguous.

Lemma 2.7. Let S be an order and p be a prime of S. For fractional S-ideals I and J , we have Ip ∼= Jp
as Sp-modules if and only if (I t)p ∼= (J t)p.

Proof. By [Eisenbud 1995, Exercise 7.5, p. 203], it is enough to prove the equivalent statement with
completion instead of localization. Assume that Îp ∼= Ĵp, that is, Îp = α Ĵp for some α ∈ K̂ ×

p . Then
Î t
p = α−1 Ĵ t

p . Hence Î t
p

∼= Ĵ t
p , as required. We used here that completions and trace duals commute, as

noted above. The converse direction follows from Lemma 2.6 (a). □

Recall that Lemma 2.4 provides an S-linear isomorphism of quotients of fractional ideals, under certain
local conditions. However, when comparing a fractional ideal and its dual, we can obtain a Z -linear
isomorphism between quotients, regardless of the local behavior.

Lemma 2.8. Let S be an order with fractional ideals I and J , and let r ∈ S be a nonzero divisor. Then
we have a Z-linear isomorphism

I
r I

∼=
I t

r I t .

Proof. This is a special case of [Marseglia 2024, Lemma 2.4 (iv)], which is an application of Matlis
duality; see for example [Ooishi 1976, Theorem 1.7]. □

We now recall some properties of orders that were studied in [Marseglia 2024, Section 3]. The Cohen–
Macaulay type of an order S at a prime p, denoted by typep(S), is the minimal number of generators
of (St)p as an Sp-module. This definition is equivalent to the usual one; see [Marseglia 2024, Section 3].
We say that an order S is Gorenstein at a prime p if its Cohen–Macaulay typep(S) is equal to 1, that is,
if (St)p is a principal Sp-module. We say that S is Gorenstein if it is so at every prime. This definition
of Gorenstein is equivalent to the ones typically used in the literature. For example, a ring with finite
(Krull) dimension is called Gorenstein if it has finite injective dimension. See [Bass 1963, Section 1]
for another equivalent definition, and see [Bass 1963, Theorem 6.3] and [Buchmann and Lenstra 1994,
Proposition 2.7] for the proof of the equivalence with the one used in this paper. In fact, using the latter
reference, one can deduce the following lemma. We give a complete proof for convenience.

Proposition 2.9. Let S be an order and p be prime of S. Then S is Gorenstein at p if and only if every
fractional S-ideal I with (I : I )p = Sp is principal at p.

Proof. Observe that S is Gorenstein at p if and only if Ŝt
p = α Ŝp for some α ∈ K̂ ×

p . Assume now that S
is Gorenstein at p. Pick a fractional S-ideal I with (I : I )p = Sp. By taking the completion we get that
(̂I : I )p = Ŝp. By Lemma 2.6 (d), we obtain Îp Î t

p = Ŝt
p = α Ŝp. Hence, Îp is invertible. Because invertible

fractional Ŝp-ideals are principal, we get that Ip is a principal Sp-module, as required. For the converse, it
is enough to observe that St has multiplicator ring S. □

Similarly to the Gorenstein case, locally, we have a classification of fractional ideals with multiplicator
ring of type 2.
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Proposition 2.10 [Marseglia 2024, Theorem 6.2]. Let S be an order and p a prime of S such that
typep(S)= 2. Then, for every fractional S-ideal I such that (I : I )p = Sp, either Ip ∼= Sp or Ip ∼= (St)p.

We exploit the classifications of Propositions 2.9 and 2.10 to understand quotients of fractional ideals,
as we show in the next proposition. We invite the reader to compare the statement with Proposition 2.5,
where the isomorphism is S-linear, while here we only get a Z -linear isomorphism.

Proposition 2.11. Let r ∈ S be a nonzero divisor. If typep(S)≤ 2 for all primes p of S containing r then,
for any fractional S-ideal I with (I : I )p = Sp, we have a Z-linear isomorphism

I
r I

∼=
S

r S
.

Proof. Fix p containing r . If S is Gorenstein at p then Ip ∼= Sp by Proposition 2.9. If typep(S)= 2 then
Ip ∼= Sp or Ip ∼= (St)p by Proposition 2.10. Set M = I/r I and N = S/r S. If Ip ∼= Sp then we have an
induced Sp-linear isomorphism

Mp
∼= Np.

If Ip ∼= (St)p then first we observe that Îp ∼= Ŝt
p. So we have an induced Ŝp-linear isomorphism

M̂p
∼=

Ŝt
p

r Ŝt
p

,

which combined with Lemma 2.8 gives a Ẑ p-linear isomorphism

M̂p
∼= N̂p.

Since Mp and Np are finitely generated Z p-modules, we obtain a Z p-linear isomorphism

Mp
∼= Np

by [Eisenbud 1995, Exercise 7.5, p. 203].
By Lemma 2.2, we have

M ∼=

⊕
p

Mp and N ∼=

⊕
p

Np,

where the direct sums run over the primes p containing r , since Mp = Np = 0 for all other primes. We
conclude that M ∼= N as Z -modules. □

As previously anticipated, we will apply the results contained in this section to orders in commutative
endomorphism algebras of abelian varieties over finite fields. Such algebras have an automorphism that
corresponds to the Rosati involution and acts as complex conjugation. Putting together previously stated
results with this extra structure, we obtain the following proposition, which will be used to prove that
certain abelian varieties are not self-dual in Proposition 7.7.

Proposition 2.12. Assume that K has an involution x 7→ x̄ which fixes Q pointwise. Let S be an order
in K satisfying S = S. Let p be a prime of S such that typep(S)= 2. Then p= p̄ if and only if all fractional
S-ideals I with (I : I )p = Sp satisfy Ip ≇ (I t)p.
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Proof. Assume that p = p̄. By Proposition 2.10, we have that Ip ∼= Sp or Ip ∼= (St)p. Assume the former.
By Lemma 2.7, we obtain

(I t)p = (I t)p̄ ∼= (St)p̄ = (St)p.

Similarly, if Ip ∼= (St)p then
(I t)p = (I t)p̄ ∼= Sp̄ = Sp.

In both cases, if Ip ∼= (I t)p then St is principal at p, that is, S is Gorenstein at p, which is a contradiction.
Now assume that p ̸= p̄. Let d ∈ K × such that d St

⊆ S and m > 0 such that p̄m Sp̄ ⊆ (d St)p̄. Consider
the fractional S-ideal I defined as

I = d St
+ p̄m .

For every l ̸= p̄, we have
Il = (d St)l + Sl = Sl

and
Ip̄ = (d St)p̄ + p̄m Sp̄ = (d St)p̄.

It follows by Lemma 2.7 that (I t)p ∼= Sp = Sp, which gives us Ip ∼= (I t)p. Moreover, we see that (I : I )= S
by checking the equality locally at every prime. □

Remark 2.13. Note that in the proof of Proposition 2.12 we showed that if p ̸= p̄ then there exists a
fractional ideal I such that Ip ∼= (I t)p with multiplicator ring S = (I : I ) globally not only locally at p.

3. Groups of rational points and Gorenstein orders

Our goal is to understand groups of rational points A(Fq) for abelian varieties A defined over Fq . To
accomplish this goal in practice, it is productive to view A(Fq) as not merely a group, but as a module
over its endomorphism ring EndFq (A). Although requesting a description of the additional structure may
appear to make the problem harder a priori, the module structure can be exploited and cleanly described
in many cases, which allows one to deduce the group structure immediately.

Given a separable endomorphism s : A → A of an abelian variety A over Fq , we denote by A[s] the
Fq -points of the kernel of s.

Proposition 3.1. If A is a squarefree abelian variety over Fq and s is a separable endomorphism of A,
then #A[s] = deg(s)= NK/Q(s), where K = End(A)⊗Z Q.

Proof. Write A ∼ B1 × · · · × Br as the product of simple pairwise nonisogenous varieties. Then

K = End(A)⊗Z Q ∼=

r∏
i=1

Ki

is the product of the number fields Ki = End(Bi )⊗Z Q. Without loss of generality, by [Waterhouse
1969, Theorem 3.13], we can choose each Bi so that End(Bi ) is the maximal order OKi in Ki . Since
End(A) ⊆

∏r
i=1 OKi , we can write s = (s1, . . . , sr ) for si ∈ OKi . It is therefore enough to consider the
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case where A = B1 × · · · × Br . When A is simple, i.e., when r = 1, the statement follows from [Milne
1986, Proposition 12.12]. Therefore, by definition,

NK/Q(s)=

r∏
i=1

NKi/Q(si )=

r∏
i=1

deg(si )= deg(s),

where the final equality follows from the fact that deg(s)= #A[s] and deg(si )= #Bi [si ] by separability. □

Theorem 3.2 and Corollary 3.3 below were proven in the case where A is an elliptic curve in [Lenstra
1996] and generalized to the case of simple abelian varieties in [Springer 2021]. To obtain the same result
for squarefree varieties, we follow the proof method used in the simple case.

Theorem 3.2. Let A be a squarefree abelian variety over Fq , and let s be a separable endomorphism
of A. If End(A) is Gorenstein at the primes containing s, then

A[s] ∼=
End(A)

s · End(A)
is an isomorphism of End(A)-modules.

Proof. Write S = End(A), S0 = S/Ss, and M = A[s]. By the universal property of quotients, if r A[s] = 0,
then r = ts for some t ∈ S. This implies that M is a faithful S0-module.

Moreover, because S is Gorenstein at every prime ideal containing s and s is a nonzero-divisor, we
deduce that S0 is a finite Gorenstein ring by [Matsumura 1986, Example 18.1]. Therefore, M contains a
free S0-submodule N of rank 1 by [Springer 2021, Lemma 2.3]. By Proposition 3.1, and the fact that the
modules are finite, we have

#M = deg s = NK/Q(s)= #(S/Ss)= #S0.

We deduce that M = N ∼= S/Ss, as desired. □

Corollary 3.3. Let A be a squarefree abelian variety over Fq , and let π be the Frobenius endomorphism
of A. If n ≥ 1 and End(A) is Gorenstein at the prime ideals containing 1 − πn , then there is an
isomorphism of End(A)-modules

A(Fqn )∼=
End(A)

(1 −πn)End(A)
.

In particular, B(Fqn ) ∼= A(Fqn ) are isomorphic groups for all abelian varieties B which are isogenous
to A with End(B)= End(A).

Proof. We may apply Theorem 3.2 because A(Fqn )= A[1 −πn
] and 1 −πn is a separable isogeny. □

However, note that these results are not true in general when we remove the assumption that End(A) is
Gorenstein; see Example 6.7.
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4. Cyclic isogeny classes

In this section, we study isogeny classes containing only abelian varieties with cyclic groups of rational
points.

Definition 4.1. We say that an isogeny class is cyclic if every variety A in the isogeny class has a cyclic
group A(Fq) of rational Fq -points.

Any isogeny class of abelian varieties with a single point is trivially cyclic. In Section 4.1, we show
that, except for such trivial factors, every cyclic isogeny class is squarefree. Then, in Section 4.2, we
provide a characterization of precisely which squarefree isogeny classes are cyclic in terms of conductor
ideals.

4.1. Reducing to the squarefree case. In this subsection, we consider abelian varieties whose endo-
morphism algebras are not necessarily commutative. In general, if B is an abelian variety over Fq , then
End(B) is an order in the endomorphism algebra K = End(B)⊗Z Q, that is a subring which is a finitely
generated free module over Z and whose Q-span is the whole algebra K . Observe that this notion of
order specializes to the one introduced in Section 2 in the commutative case.

Proposition 4.2. If B is a simple abelian variety over Fq such that B(Fq) is a nontrivial cyclic group and
End(B) is a maximal order in End(B)⊗Z Q, then End(B) is commutative, that is, B is squarefree.

Proof. Let L be the center of the endomorphism algebra End(B)⊗Z Q. Because B is simple, L = Q(π),
where π is a root in L of the polynomial hB(x); see [Waterhouse and Milne 1971, Theorem 8]. The
center of End(B) is OL by the maximality of End(B). By [Springer 2021, Theorem 1.3 (b)], there is an
isomorphism of OL -modules

B(Fq)∼=

(
OL

(1 −π)OL

)d

,

where d = 2 dim(B)/[L : Q]. In particular, because the group of points is nontrivial and cyclic by
hypothesis, we must have d = 1, which is equivalent to OL = End(B) by [Waterhouse and Milne 1971,
Theorem 8]. □

Theorem 4.3. If A is an abelian variety over Fq whose isogeny class is cyclic, then A ∼ A1 × Asf for
abelian varieties A1 and Asf over Fq , possibly of dimension 0, such that Asf is squarefree and #A1(Fq)= 1.
If q ≥ 5, then A itself is squarefree.

Proof. Decompose the isogeny class A ∼ Be1
1 × · · · × Ber

r into distinct simple factors. By [Waterhouse
1969, Theorem 3.13], we may assume that each End(Bj ) is a maximal order in its endomorphism algebra.

After possibly reordering, let r1 be such that #Bj (Fq)= 1 for all 1 ≤ j ≤ r1 and #Bj (Fq) > 1 for all
r1 < j ≤ r . Define

A1 =

∏
1≤ j≤r1

Bej
j and Asf =

∏
r1< j≤r

Bej
j .
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It suffices to show Asf is squarefree. In this case, ej = 1 for all r1 < j ≤ r because the isogeny class is
cyclic, and Proposition 4.2 shows that

End(Asf)∼=

∏
r1< j≤r

End(Bj )

is commutative, that is, Asf is squarefree. The theorem then follows because the Weil bound states
that #B(Fq) ≥ (

√
q − 1)2 dim(B) for any abelian variety B over Fq ; see [Weil 1948]. Thus #B(Fq) = 1

implies q ≤ 4. □

Remark 4.4. There are infinitely many simple abelian varieties over F2 with a single rational point by
[Madan and Pal 1977]; see also [Kedlaya 2024]. However, there is only one simple isogeny class over
each of F3 and F4 with a single rational point; see [Kadets 2021, Theorem 3.2] and isogeny classes 1.3.ad
and 1.4.ae [LMFDB 2022].

4.2. The cyclicity of squarefree abelian varieties. We will use the same notation as in the previous
sections. Let Ih be a squarefree isogeny class of abelian varieties over Fq . Put K = Q[x]/(h)= Q[π ]

and R = Z[π, π ].

Theorem 4.5. The isogeny class Ih is cyclic if and only if (1 − π)R is coprime to the conductor
f = (R : OK ); that is, (1 −π)R + f = R.

This theorem is a straightforward combination of Proposition 4.7 and Corollary 4.9. We remark that
the following is a simple application of Theorem 4.5.

Corollary 4.6. If h(1) is a squarefree integer, where h(t) is the characteristic polynomial of π , then
(1 −π)R is coprime with f = (R : OK ).

Proof. Because h(1) is squarefree, any finite abelian group of order h(1) is cyclic. Thus, the isogeny class
is cyclic, and we conclude via Theorem 4.5. □

The next proposition proves one direction in Theorem 4.5.

Proposition 4.7. If (1 −π)R is coprime to the conductor f = (R : OK ), then, for every A in Ih , we have
an R-linear isomorphism

A(Fq)∼=
R

(1−π)R
.

In particular, the isogeny class Ih is cyclic.

Proof. Let A be an abelian variety in Ih . Put S = End(A), and note that R ⊆ S. Hence (1 − π)S is
coprime to the conductor (S : OK ) of S in OK . For every prime p of S containing (1 − π), we have
Sp = OK ,p by Lemma 2.1. Therefore S is Gorenstein at p for every p containing (1−π). By Theorem 3.2,
we have that

A(Fq)∼=
S

(1−π)S
.

http://www.lmfdb.org/Variety/Abelian/Fq/1/3/ad
http://www.lmfdb.org/Variety/Abelian/Fq/1/4/ae
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Since S is a fractional R-ideal, Proposition 2.5 gives us an R-linear isomorphism S/(1−π)S ∼= R/(1−π)R.
We conclude by observing that

R
(1 −π)R

∼=
Z[x, y]

(h(1), x − 1, y − q)
∼=

Z

(h(1))
,

which is immediate from the method of the proof of [Marseglia and Springer 2023, Proposition 2.7]. □

We now prove a strong converse to Proposition 4.7.

Proposition 4.8. Let A be a squarefree abelian variety over Fq with Gorenstein endomorphism ring
S = End(A) and Frobenius endomorphism π . If (1 −π)R is not coprime to the conductor f = (R : S),
then A(Fqn ) is a noncyclic R-module for all n ≥ 1. In particular, every abelian variety in the isogeny
class with endomorphism ring S has a noncyclic group of points.

Proof. We have A(Fqn ) ∼= S/(1 −πn)S as S-modules by Corollary 3.3. Observe that (1 −πn)R is not
coprime to f because (1 −πn)= (1 −π)(1 +π + · · · +πn−1) implies

R ⊋ (1 −π)R + f ⊇ (1 −πn)R + f for all n ≥ 1.

Therefore, A(Fqn ) is a noncyclic R-module by Proposition 2.3. □

Corollary 4.9. If (1 − π)R is not coprime to the conductor f = (R : OK ), then A(Fqn ) is a noncyclic
R-module for all n ≥ 1 for every A in Ih with maximal endomorphism ring. In particular, the isogeny
class Ih is noncyclic.

Proof. Observe that OK is the endomorphism ring of an abelian variety in Ih by [Waterhouse 1969,
Theorem 3.13]. Now, apply Proposition 4.8 with S = OK , which is Gorenstein. □

5. Noncyclic groups of rational points

In Section 4, we gave a characterization of isogeny classes in which every abelian variety has a cyclic
group of points. In this section, we go in the opposite direction. In Theorem 5.7, we characterize isogeny
classes Ih in which every abelian group of order h(1) occurs as the group of rational points, and we call
such isogeny classes rich; see Definition 5.3.

There are two main tools which we require to study rich isogeny classes. The first is Lemma 5.4. It
generalizes [Giangreco-Maidana 2019, Lemma 2.1] which was originally used to study cyclic isogeny
classes. We also use a theorem of Rybakov, recalled below as Theorem 5.6, which provides a criterion for
the existence of abelian varieties in a given squarefree isogeny class with a prescribed group of rational
points.

To conclude the section, we use Rybakov’s theorem again to prove in Proposition 5.10 the existence
of ordinary abelian varieties over Fq whose ℓ-primary part has two generators whenever q ≡ 1 mod ℓ.
This allows us to deduce an improved version of [Marseglia and Springer 2023, Theorem 3.3], which we
present below as Theorem 5.13.
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5.1. Lemmas about characteristic polynomials. We provide some basic lemmas concerning minimal
polynomials which we will apply to the polynomial h for a squarefree isogeny class Ih . For an element α
in an étale algebra K over Q, we write hα(x) and mα(x) for the characteristic and minimal polynomials,
respectively, of the Q-linear map on K defined by multiplication by α. Note that if K =

∏t
j=1 K j for

number fields K1, . . . , Kt and α = (α1, . . . , αt), then we have hα(x)=
∏t

j=1 hαi (x). Observe that α is
in the maximal order OK of K if and only if mα(x) has integer coefficients.

For a squarefree isogeny class Ih , the previous notation applied to the étale algebra K = Q[x]/(h)
leads to h(x)= hπ (x)= mπ (x), where π ∈ K corresponds to the Frobenius endomorphism on any abelian
variety in Ih .

Lemma 5.1. Let K be an étale algebra, let α ∈ K ×, and let b, c ∈ Q, with b ̸= 0. Define r = deg hα . Then

hbα+c(x)= br
· hα

( x
b

−
c
b

)
and

h1/α(x)=
xr

hα(0)
· hα

(1
x

)
.

In other words, we recognize h1/α(x) as the reverse of the polynomial hα(x)/hα(0).

Proof. First, we prove the statements when K = Q(α) is a number field. Both

br
· mα

( x
b

−
c
b

)
and

xr

mα(0)
· mα

(1
x

)
are monic, with coefficients in Q, of degree r , and are 0 when evaluated at bα+ c and 1/α, respectively.
They are irreducible since we have isomorphisms Q(α)∼= Q(bα+ c)∼= Q(1/α).

In general, we write K =
∏t

j=1 K j for number fields K1, . . . , Kt , and α = (α1, . . . , αt). Setting
dj = [K j : Q(αj )], we observe that hα(x)=

∏t
j=1 mαj (x)

dj . The claims follow from the previous case:

hbα+c(x)=

t∏
j=1

mbαj +c(x)dj =

t∏
j=1

bdj deg mαj · mαj

( x
b

−
c
b

)dj
= br

· hα
( x

b
−

c
b

)
,

h1/α(x)=

t∏
j=1

m1/αj (x)
dj =

t∏
j=1

xdj deg mαj

mαj (0)
· mαj

(1
x

)dj
=

xr

hα(0)
· hα

(1
x

)
. □

We apply the previous lemma to obtain a formula for the coefficients of the minimal polynomials of
two related algebraic numbers.

Lemma 5.2. Let α be an element of an étale algebra K over Q satisfying 1 − α ∈ K ×, and let d ∈ Q.
The coefficients of hd/(1−α)(x)=

∑r
i=0 ai x i are given by the formula

ai =
(−1)r+i dr−i h(r−i)

α (1)
(r − i)! hα(1)

,

where h(i)α (x) is the i-th derivative of the polynomial hα(x).
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Proof. We will use Lemma 5.1 several times. Let β = (1 −α)/d . We have

hd/(1−α)(x)= h1/β(x)=
xr

hβ(0)
hβ

(1
x

)
, (1)

hβ(x)=

( 1
d

)r
h1−α(dx), (2)

h1−α(x)= (−1)r hα(1 − x). (3)

Using (2) with (3), we get

hβ(0)=

( 1
d

)r
h1−α(0)= (−1)r

( 1
d

)r
hα(1). (4)

Combining (4) and (2) with (1), we obtain

hd/(1−α)(x)=
(−x)r

hα(1)
h1−α

(d
x

)
. (5)

Define h1−α(x)= xr
+ br−1xr−1

+ · · ·+ b1x + b0 and set br = 1. By (3), for every i = 1, . . . , r , we get

bi =
1
i !

h(i)1−α(x)
∣∣∣
x=0

=
1
i !
(−1)r+i h(i)α (1 − x)

∣∣∣
x=0

=
1
i !
(−1)r+i h(i)α (1). (6)

Combining (5) and (6), we obtain

hd/(1−α)(x)=
(−x)r

hα(1)

((d
x

)r
+ br−1

(d
x

)r−1
+ · · · + b1

(d
x

)
+ b0

)
=

r∑
i=0

(−x)r

hα(1)

(d
x

)r−i
br−i

=

r∑
i=0

(−x)r

hα(1)

(d
x

)r−i
·

1
(r − i)!

(−1)i h(r−i)
α (1)=

r∑
i=0

(−1)r+i dr−i h(r−i)
α (1)

(r − i)! hα(1)
x i . □

5.2. Rich isogeny classes. In Section 4, we studied cyclic isogeny classes. Now we study the opposite
extreme.

Definition 5.3. We call an isogeny class Ih rich if every abelian group of order h(1) occurs as the group
of rational points for some abelian variety in Ih .

The following lemma detects the annihilator of the group of rational points in terms of the existence
of certain endomorphisms. It generalizes [Giangreco-Maidana 2019, Lemma 2.1], which was originally
presented for the sake of studying cyclic isogeny classes. We use our generalization to study rich isogeny
classes instead.

Lemma 5.4. Let A be an abelian variety over Fq with N rational points. Denote by π the Frobenius of A.
Let d be a divisor of N . Then the following are equivalent:

(a) d A(Fq)= 0.

(b) A(Fq)⊆ ker([d])(Fq).

(c) There exists ϕ ∈ EndFq (A) such that [d] = ϕ ◦ (1 − π). Moreover, such a ϕ lives in the center of
EndFq (A).
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Proof. The first two statements are clearly equivalent. To show that the second and the third are equivalent,
we first observe that A(Fq)= ker(1 −π)(Fq). In particular, it is clear that the third statement implies the
second. Now, assume that the second statement holds; that is, ker(1 −π)(Fq)⊆ ker([d])(Fq). Then by
the separability of 1 −π , we have also ker(1 −π)⊆ ker([d]). Consider the commutative diagram

A

A // //

[d]

66

1−π
((

A
ker(1−π)

ϕ̃

OO

ι
��

A

where the middle arrow is the canonical projection, ι is the isomorphism induced by 1 −π , and ϕ̃ is the
(unique) map induced by the inclusion ker(1 −π)⊆ ker([d]) via the universal property of the quotient.
Put ϕ = ϕ̃ ◦ ι−1. Therefore

ϕ ◦ (1 −π)= [d].

Since both 1 −π and [d] are in the center and defined over Fq , the same holds for ϕ, as required. □

Given two isogenous abelian varieties A and B over Fq , we will identify the endomorphism algebras
End(A)⊗Z Q ∼= End(B)⊗Z Q with an isomorphism which maps the Frobenius endomorphism of A to
the Frobenius endomorphism of B. We denote this element by π .

Proposition 5.5. Let A be an abelian variety over Fq whose group of rational points A(Fq) is annihilated
by an integer d. For every maximal order O in the endomorphism algebra End(A)⊗Z Q, there is an
abelian variety B which is isogenous to A such that End(B)∼= O . Furthermore, B(Fq) is also annihilated
by d for all B with endomorphism ring End(B)∼= O.

Proof. The existence statement is [Waterhouse 1969, Theorem 13]. Because d kills A(Fq), we see that
d/(1 −π) is an endomorphism of A which lies in the center of its endomorphism algebra by Lemma 5.4.
Because B has maximal endomorphism ring, End(B) contains the maximal order of the center of its
endomorphism algebra. In particular, d/(1−π) is an element of End(B), which implies that d kills B(Fq)

by another application of Lemma 5.4. □

We emphasize the fact that Lemma 5.4 and Proposition 5.5 apply to any abelian variety defined over a
finite field. In the rest of the section, we restrict our attention to the squarefree case.

For a positive integer N , we write rad(N ) for its radical; that is, if N =
∏s

j=1 ℓ
ej
j , then we define

rad(N ) =
∏s

j=1 ℓj . We say that N is the exponent of an abelian group G if N is the smallest positive
integer which annihilates G. The minimal possible exponent for a finite abelian group of order N
is rad(N ), which is achieved by the “least cyclic” group of order N . This notion is made precise by the
following definition.

Let g ≥1 be an integer, and let ℓ be prime. Consider a group H with ℓ-primary part Hℓ=
∏2g

j=1(Z/ℓ
ej Z),

where 0 ≤ e1 ≤ · · · ≤ e2g. The ℓ-Hodge polygon of H is the polygon with vertices
(
i,

∑2g−i
j=1 ej

)
;
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see [Rybakov 2010, Definition 1.1] for details and examples. We will use this notion when H is the group
of rational points of an abelian variety A, in which case g = dim(A). Note that the group (Z/ℓZ) f has
the highest ℓ-Hodge polygon among abelian groups of order ℓ f , while (Z/ℓ f Z) has the lowest.

Given a polynomial h(x)=
∑2g

i=1 ai x i
∈ Z[x] with a0 ̸= 0, the ℓ-Newton polygon of h is the boundary

of the lower convex hull of the points (i, ordℓ(ai )) for 0 ≤ i ≤ 2g. The following theorem of Rybakov
describes the groups of rational points occurring in squarefree isogeny classes by comparing Hodge
polygons and Newton polygons.

Theorem 5.6 [Rybakov 2010, Theorem 1.1]. Given a squarefree isogeny class Ih of abelian varieties
over Fq , a finite abelian group G of order h(1) occurs as the group of rational points of some abelian
variety A in Ih if and only if the ℓ-Hodge polygon of G lies on or below the ℓ-Newton polygon of h(1− t)
for all primes ℓ.

We exploit this theorem to characterize which squarefree isogeny classes are rich.

Theorem 5.7. Consider a squarefree isogeny class Ih of abelian varieties over Fq of dimension g. Let
K = Q[x]/(h) be the endomorphism algebra, and let π be the class of x. Write N = h(1) =

∏s
j=1 ℓ

ej
j

for the number of rational points on each abelian variety in Ih . The following are equivalent:

(a) Ih is rich; that is, every abelian group of order N arises as A(Fq) for some A ∈ Ih .

(b) There is an abelian variety A ∈ Ih whose group of rational points has exponent rad(N ); that is,

A(Fq)∼=

s∏
j=1

(
Z

ℓj Z

)ej
.

(c) The coefficients of the characteristic polynomial hrad(N )/(1−π)(x) are integers.

(d) For all 1 ≤ i ≤ 2g, we have
h(i)(1)

i !
· ℓ

i−e1
1 · · · ℓi−es

s ∈ Z.

If one of the equivalent conditions holds, then A(Fq) has exponent rad(N ) for every A in Ih with maximal
endomorphism ring.

Proof. Trivially, (a) implies (b). The reverse direction is a consequence of Theorem 5.6 because, among
abelian groups of order N , the group of exponent rad(N ) has the highest ℓ-Hodge polygon for every
prime ℓ. If A(Fq) has exponent rad(N ) for some A ∈ Ih , then rad(N )/(1 −π) is an element of End(A)
by Lemma 5.4. In particular, rad(N )/(1 − π) is an integral element, so its minimal polynomial has
integer coefficients. Since K = Q[π ], the characteristic and minimal polynomials hrad(N )/(1−π)(x) =

mrad(N )/(1−π)(x) coincide. It follows that (b) implies (c).
Conversely, assume that the minimal polynomial of rad(N )/(1 − π) has integer coefficients. Then

rad(N )/(1 −π) is contained in the maximal order OK of the endomorphism algebra K = Q[x]/(h). By
[Waterhouse 1969, Theorem 3.13], there is always at least one abelian variety A∈Ih whose endomorphism
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ring End(A) is the maximal order OK in K = End(A)⊗Z Q = Q(π). Therefore, by Lemma 5.4, A(Fq) is
killed by rad(N ), so (c) implies (b).

Recall that h(x) = hπ (x). Applying Lemma 5.2 with d = rad(N ), we see that the polynomial
hrad(N )/(1−π)(x) is in Z[x] if and only if

h(i)(1)
i !

rad(N )i

N
=

h(i)(1)
i !

· ℓ
i−e1
1 · · · ℓi−es

s ∈ Z

for i = 1, . . . , 2g. Hence parts (c) and (d) are also equivalent.
The final claim about varieties with maximal endomorphism ring follows after combining Proposition 5.5

and part (b). □

As an application of Theorem 5.7, we show the following.

Corollary 5.8. A squarefree isogeny class is rich if and only if its simple factors are rich.

Proof. Consider a squarefree isogeny class Ih over Fq whose abelian varieties have N rational points.
Let A be an abelian variety in Ih with maximal endomorphism ring. By Theorem 5.7, the isogeny
class Ih is rich if and only if the exponent of A(Fq) is a squarefree integer, namely rad(N ).

Because End(A) is maximal, End(A)∼=
∏r

j=1 OK j , where K j =Q[x]/(h j ) according to the factorization
h = h1 · · · hr into irreducible polynomials. Moreover, A ∼= A1 × · · ·× Ar , where each Aj is simple and
has maximal endomorphism ring End(Aj )∼= OK j . Observe that the exponent of A(Fq)∼=

∏r
j=1 Aj (Fq) is

the least common multiple of the exponents of Aj (Fq) for 1 ≤ j ≤ r . Therefore, the exponent of A(Fq) is
a squarefree integer if and only if the exponent of Aj (Fq) is a squarefree integer for all 1 ≤ j ≤ r . □

It is now straightforward to determine when a squarefree isogeny class is rich because Theorem 5.7 (d)
provides a criterion which only involves computing the derivatives of the characteristic polynomial.
Although Theorem 4.5 provides a criterion for cyclicity in terms of conductor ideals, it is faster to
use [Giangreco-Maidana 2019, Theorem 2.2], which only requires computing one derivative of the
characteristic polynomial. We exhibit some statistics over small finite fields in the following example.

Example 5.9. Let I sf(g, q) be the set of squarefree isogeny classes of dimension g over Fq , and let
R(g, q) and C (g, q) be the subsets containing the rich and cyclic isogeny classes, respectively. In Table 1,
we collect statistics concerning the cardinalities of these sets for small values of g and q .

An isogeny class is simultaneously rich and cyclic precisely when the properties are trivially satisfied,
namely when the number of rational points N = rad(N ) is squarefree. As a result, the intersection
R(g, q)∩C (g, q) can be considered the set of trivial examples. Asymptotically, the proportion of integers
which are squarefree is 6/π2

≈ 60%.

5.3. Groups with two generators. To conclude this section, we consider the existence of abelian varieties
whose groups of rational points are not cyclic, but are, locally, the product of only two cyclic factors. As
an application, we improve [Marseglia and Springer 2023, Theorem 3.3] in the case of ordinary abelian
varieties over F4.
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Fq g
R \ C C \ R R ∩ C I sf

\ (R ∪ C )

only rich only cyclic both neither

1 0% 20.0% 80.0% 0%
2 3.45% 17.2% 75.9% 3.45%

F2
3 8.66% 18.4% 66.0% 7.02%
4 10.5% 19.8% 61.0% 8.67%
5 10.7% 20.5% 58.6% 10.2%
6 10.0% 21.3% 58.5% 10.2%

1 14.3% 0% 85.8% 0%
2 23.6% 5.45% 67.2% 3.64%

F3 3 21.6% 8.38% 60.9% 9.17%
4 19.4% 9.31% 59.8% 11.5%
5 18.1% 9.83% 60.0% 12.1%

1 0% 28.6% 71.4% 0%

F4
2 11.9% 16.4% 61.2% 10.5%
3 13.1% 14.8% 60.1% 12.0%
4 12.9% 15.8% 60.3% 11.0%

1 11.1% 11.1% 66.6% 11.1%

F5
2 16.8% 9.25% 61.4% 12.6%
3 17.0% 10.4% 59.5% 13.1%
4 16.7% 10.4% 60.0% 12.9%

Table 1. For 2 ≤ q ≤ 5, we count the number of cyclic and rich squarefree isogeny classes of
small dimension g over Fq by applying [Giangreco-Maidana 2019, Theorem 2.2] and Theorem 5.7
to data in [LMFDB 2022]. See also [Dupuy et al. 2021].

Proposition 5.10. Let ℓ be a prime and 1 ≤ s1 ≤ s2. If q ≡ 1 mod ℓs1 is a prime power, then every
squarefree isogeny class Ih over Fq with ordℓ(h(1))= s1 + s2 contains an abelian variety A such that the
ℓ-primary part of the group of rational points is

A(Fq)ℓ ∼= (Z/ℓs1Z)× (Z/ℓs2Z).

Proof. The group (Z/ℓs1Z)× (Z/ℓs2Z) has ℓ-Hodge polygon defined by the points (0, s1 + s2), (1, s1),
and (2, 0). Therefore, using the notation h(1− x)=

∑2g
j=0 bj x j , it is enough show that ordℓ(b0)≥ s1 + s2

and ordℓ(b1)≥ s1 by Theorem 5.6. The first holds by hypothesis because b0 = h(1).
By the q-symmetry of h(x), we write

h(x)=

(g−1∑
j=1

a2g− j (x2g− j
+ qg− j x j )

)
+ agxg.

Because q ≡ 1 mod ℓs1 , we deduce that

2g − j + jqg− j
≡ g(1 + qg− j ) mod ℓs1 for all 0 ≤ j ≤ g − 1.



542 Stefano Marseglia and Caleb Springer

Combined with the fact that the polynomial (1 − x) j has linear coefficient − j for any j ≥ 0, we observe

−b1 =

(g−1∑
j=1

a2g− j (2g − j + jqg− j )

)
+ gag ≡

(g−1∑
j=1

ga2g− j (1 + qg− j )

)
+ gag ≡ gh(1) mod ℓs1 .

Thus, ordℓ(b1)≥ s1 because ordℓ(h(1))= s1 + s2, and we are done. □

Corollary 5.11. Let q be an odd prime power. If I is a squarefree cyclic isogeny class over Fq , then its
point count is not divisible by 4.

Proof. If the point count is divisible by 4, then we apply Proposition 5.10 with ℓ= 2 and s1 = 1 to find a
noncyclic variety. □

Corollary 5.12. For every s ≥ 1, the group Z/3Z × Z/3sZ arises as the group of rational points of a
squarefree ordinary abelian variety over F4.

Proof. Apply Proposition 5.10 with ℓ= 3, q = 4, s1 = 1, and s2 = s. The existence of ordinary isogeny
classes with the desired number of points follows from Theorem 1.13 and Remark 1.16 in [van Bommel
et al. 2021]. □

For every N ≥ 1, there is an abelian variety A over F4 with A(F4)∼= (Z/NZ), and A can be taken to
be ordinary if and only if N ̸= 3. In particular, by taking products, this shows that every finite abelian
group arises as the group of rational points of an abelian variety over F4 which is not necessarily ordinary;
see [Marseglia and Springer 2023, Theorem 3.3]. Corollary 5.12 extends that result by proving that the
abelian variety can be taken to be ordinary in additional noncyclic cases. We record the improved theorem
here.

Theorem 5.13. Every finite abelian group G arises as the group of rational points G ∼= A(Fq) for an
abelian variety A over F4. Moreover, A can be taken to be ordinary, except possibly if G = (Z/3Z)n for
an odd integer n.

Proof. It is already established by [Marseglia and Springer 2023, Theorem 3.3] that every finite abelian
group occurs as the group of rational points of an abelian variety over F4, and that the abelian variety can
be taken to be ordinary except possibly when G takes the form (Z/3Z)n1 ×

∏
j>1(Z/3

j Z)n j , where n1 is
odd. Now consider one of the exceptional groups G where additionally ns ≥ 1 for some s > 1. There are
ordinary abelian varieties A1 and A2 over F4 whose groups of rational points are

A1(F4)∼= (Z/3Z)× (Z/3s)

and

A2(F4)∼= (Z/3Z)n1−1
× (Z/3s/Z)ns−1

×

∏
j /∈{1,s}

(Z/3 j Z)n j

by Corollary 5.12 and [Marseglia and Springer 2023, Theorem 3.3], respectively. Therefore, G ∼=

(A1 × A2)(F4), as desired. □
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6. Groups of rational points and categorical equivalences

In this section, we first present Theorem 6.2, which describes groups of rational points by deploying
a categorical equivalence between abelian varieties in certain squarefree isogeny classes and fractional
ideals in étale algebras. In such an isogeny class, we deduce in Proposition 6.5 that every abelian variety A
with endomorphism ring End(A)= S has the same group of rational points if S satisfies a certain local
condition. In Remark 6.6, we compare this result to Corollary 3.3.

Throughout this section we use the usual notation. We denote by Ih a squarefree isogeny class over Fq .
We set K = Q[x]/(h) and R = Z[π, π ], where π is the class of x in K .

Definition 6.1. We say that Ih satisfies

• Ord if Ih is ordinary,

• CS if q is prime.

Theorem 6.2. If Ih satisfies Ord (resp. CS) then there exists a covariant (resp. contravariant) equiva-
lence between Ih and the category of fractional R-ideals (with R-linear morphisms). Denote by F the
functor inducing the equivalence. Let A be an abelian variety in Ih , with dual variety A∨. Put F (A)= I ,
where I is a fractional R-ideal.

(a) We have F (A∨)= I t and End(A∨)= End(A).

(b) There is a Z-linear isomorphism

A(Fqn )∼=
I

(1−πn)I
for all n ≥ 1.

(c) There are Z-linear isomorphisms

A∨(Fqn )∼=
I t

(1 −πn)I t
∼=

I t

(1 −πn)I t
∼=

I
(1 −πn)I

∼=
I

(1 −πn)I
for all n ≥ 1.

Proof. The existence of the equivalence is given by [Deligne 1969] in the Ord case, and by [Centeleghe
and Stix 2015] in the CS case. Part (a) is [Marseglia 2021, Theorem 5.2] in the Ord case, and [Bergström
et al. 2023, Corollary 3.26] in the CS case. Part (b), for n = 1, is [Marseglia 2021, Corollary 4.7] for
both cases, but the proof is identical for n > 1. In the Ord case, the key ingredients are [Howe 1995,
Lemma 4.13 and Proposition 4.14], while the proof in the CS case uses a local argument.

For Part (c), observe that the first Z-linear isomorphism is the combination of Parts (a) and (b), while
the second and fourth are the application of complex conjugation. For the third isomorphism, we use
Lemma 2.8 to deduce

I t

(1 −πn)I t
∼=
(1 −πn)−1 I

I
∼=

I
(1 −πn)I

. □
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Remark 6.3. We emphasize that the hypotheses for Theorem 6.2 only impose conditions on the isogeny
class over the base field Fq . Observe that the property of being squarefree is not stable under base
extension, and the functor we invoke in the CS case requires the base field to be prime. Nevertheless, we
describe A(Fqn ) for all n ≥ 1 because A(Fqn )= ker(1 −πn) is the kernel of an isogeny defined over the
base field Fq .

Remark 6.4. For n = 1, the Z-linear isomorphisms in Theorem 6.2 are trivially R-linear. Indeed, for
part (b), since R is generated over Z by π and π = q/π , and I/(1 − π)I is annihilated by (1 − π),
R-linearity trivially follows from Z-linearity. The same applies for part (c).

Now we show that, in the Ord and CS cases, the group of rational points is uniquely determined by the
endomorphism ring under certain conditions.

Proposition 6.5. Let A be an abelian variety in a squarefree isogeny class Ih over Fq satisfying Ord
or CS. Write S = End(A). For each n ≥ 1, if typep(S)≤ 2 for every prime p of S above (1 −πn), then
the group of Fqn -rational points of A is uniquely determined by S. Specifically,

A(Fqn )∼=
S

(1−πn)S
are isomorphic as Z-modules.

Proof. The statement follows from Proposition 2.11 with Theorem 6.2. □

Remark 6.6. As noted in Section 2, an order S is Gorenstein at a prime p if and only if typep(S)= 1.
Hence Proposition 6.5 is a generalization of Corollary 3.3. As a trade-off, the isomorphism is Z-linear
rather than S-linear, and we need further hypotheses on the isogeny class.

In Proposition 6.5, it is important that the local type of the endomorphism ring is at most 2 at primes
above 1 −πn . Indeed, in Example 6.7, we produce abelian varieties with the same endomorphism ring of
(local) type 3 but nonisomorphic groups of points.

Example 6.7. The polynomial

h = x4
+ 6x2

+ 25 = (x2
− 2x + 5)(x2

+ 2x + 5)

defines an isogeny class Ih of ordinary abelian surfaces over F5, which has LMFDB label 2.5.a_g.
Consider the order S = Z+2OK . This is the unique overorder of R with [OK : S] = [S : R] = 8. Moreover,
S is the unique overorder of R with a prime p with typep(S)= 3. This prime is p = 2OK , which is also
the conductor of S in OK .

Using Theorem 6.2 and algorithms from [Marseglia 2020], we compute that there are 5 isomorphism
classes of abelian varieties with endomorphism ring S, represented by fractional ideals S, I , I t , J , and St .
One has J ∼= J t . Let AS , AI , AI t , AJ , and ASt be the corresponding abelian varieties, respectively; see
Theorem 6.2. We have

AS(F5)∼= ASt (F5)∼= AJ (F5)∼=
Z

2Z
×

Z

2Z
×

Z

8Z
and AI (F5)∼= AI t (F5)∼=

Z

4Z
×

Z

8Z
.

http://www.lmfdb.org/Variety/Abelian/Fq/2/5/a_g
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7. The dual abelian variety

In this section, we study the relationship between an abelian variety and its dual. We use the categorical
equivalences presented in Theorem 6.2 which builds a bridge between abelian varieties and fractional ideals.
In the first part, we will prove that we have an isomorphism A(Fq)∼= A∨(Fq) under certain conditions
on the endomorphism ring End(A) and the fractional ideal associated to A. Clearly, A(Fq) ∼= A∨(Fq)

whenever A is the Jacobian of a curve or, more generally, a principally polarizable abelian variety. In fact,
the implication only uses that A is a self-dual abelian variety, that is, A ∼= A∨.

In the second part of the section, we investigate when an abelian variety fails to be self-dual. In
particular, we prove that A is not self-dual if its endomorphism ring End(A) satisfies a certain local
condition. To conclude, we provide a sequence of examples comparing various properties implying and
implied by self-duality.

In this section, we use the same notation as Section 6. Specifically, we denote by Ih a squarefree
isogeny class over Fq . We set K = Q[x]/(h) and R = Z[π, π ], where π is the class of x in K .

7.1. The group of points of the dual abelian variety. In Proposition 7.1, building on results proven
previously, we give a list of conditions that guarantee the existence of an isomorphism A(Fqn )∼= A∨(Fqn ).
In Example 7.2, we exhibit a geometrically simple ordinary abelian variety A with A(Fq)≇ A∨(Fq). In
Example 7.3, we show that squarefree ordinary examples over Fq always exist in small dimensions for small
finite fields Fq . In [Rybakov 2014, Example 4.2], a nonsimple abelian surface A with A(Fq)≇ A∨(Fq) is
produced using a different method.

Proposition 7.1. Let A be in Ih , and put S = End(A). Fix n ≥ 1. If one of the following assumptions
holds, then A(Fqn )∼= A∨(Fqn ):

(a) S = S and S is Gorenstein at p for every prime p of S above (1 −πn).

(b) Ih satisfies Ord or CS, S = S, and typep(S)≤ 2 for every prime p of S above (1 −πn).

(c) Ih satisfies Ord or CS, and one of the following holds, where F (A)= I :

• For every prime p of R above (1 −πn), we have an R-linear isomorphism Ip ∼= (I )p.
• For every prime p of R above (1 −πn), we have an R-linear isomorphism Ip ∼= (I t)p.

Proof. Part (a) follows from Corollary 3.3 because End(A∨) = S = S. Part (b) follows similarly from
Proposition 6.5. By Theorem 6.2, we have Z-linear isomorphisms

A(Fqn )∼= I ⊗R
R

(1−πn)R
and A∨(Fqn )∼= I ⊗R

R
(1−πn)R

∼= I t
⊗R

R
(1−πn)R

.

Combined with Lemma 2.4, this proves Part (c). □

Example 7.2. Consider the isogeny class Ih of ordinary abelian surfaces over F4 determined by the
polynomial h = x4

+ 2x3
+ x2

+ 8x + 16. According to [LMFDB 2022], this isogeny class, which has
label 2.4.c_b, is geometrically simple and contains a Jacobian. Let OK be the maximal order of K . We
have 2OK = p2p̄2, where p is a prime of OK . Consider the order S = R +p2. It turns out that R has three

http://www.lmfdb.org/Variety/Abelian/Fq/2/4/c_b
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overorders, namely, S, S, and OK , and all of these orders are Gorenstein. Using Theorem 6.2, there is an
abelian variety A with End(A)= S; hence End(A∨)= S. Using Corollary 3.3, one computes that A(F4)

and A∨(F4) are not isomorphic. Indeed, they are

Z

28Z
and

Z

2Z
×

Z

14Z
.

Example 7.3. Consider the following set of pairs of positive integers (g, q):

{(2, q) : 2 ≤ q ≤ 128 is a prime power} ∪ {(3, q) : 2 ≤ q ≤ 9 is a prime power}

∪ {(3, 16), (3, 25)} ∪ {(4, q) : q ∈ {2, 3, 4}} ∪ {(5, 2)}.

For each pair (g, q) in the set above, there is a squarefree ordinary abelian variety A of dimension g
over Fq satisfying

A(Fq)≇ A∨(Fq).

7.2. Self-duality. Recall the following well-known theorem.

Theorem 7.4. If A is an abelian variety over Fq , then each statement below implies the next:

(a) A is a Jacobian variety.

(b) A is a principally polarizable abelian variety.

(c) A ∼= A∨ is self-dual.

(d) A(Fq)∼= A∨(Fq) are isomorphic groups.

When A is squarefree, the following item (d′) is also implied by self-duality (c):

(d′) End(A)= End(A) is stable under complex conjugation.

We already observed in Example 7.2 that properties (d) and (d′) do not always hold. Now we show
that there are counterexamples to all of the reverse implications in Theorem 7.4. For (b) ⇏ (a), see
Example 7.5, and for (c) ⇏ (b), see Example 7.6. In Example 7.8, we show that (d) and (d′) combined
do not imply (c). Moreover, in Example 7.9, we show that (d) ⇏ (d′), which is another exhibition that
(d′) ⇏ (c). Note that we have the implication (d′) ⇒ (d) under certain hypotheses; see Proposition 7.1.

The following example is well known, but we record it for completeness.

Example 7.5 (principally polarizable but not Jacobian). It is easy to find principally polarizable varieties
which are not Jacobians. For example, there are currently 30,079 geometrically simple ordinary isogeny
classes in the LMFDB which contain a principally polarizable abelian variety but no Jacobian varieties
[LMFDB 2022].

Example 7.6 (self-dual but not principally polarizable). If Ih is a simple ordinary isogeny class, then
the class number of the field K = Q[x]/(h) is equal to the number of abelian varieties in Ih whose
endomorphism ring is maximal; see [Waterhouse 1969, Theorem 6.2]. In particular, if K has class
number 1, then any abelian variety A in Ih whose endomorphism ring is End(A)= OK must be self-dual.
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It is easy to find isogeny classes satisfying this property which do not contain any principally polarizable
abelian varieties by using [Howe 1995, Theorem 1.3], for example. See the LMFDB isogeny class
2.2.ab_ab for a concrete ordinary example, or 4.2.ad_c_f_an for one which is also geometrically simple.

One way to find examples of abelian varieties which are not self-dual is to first use the categorical
equivalence in Theorem 6.2 to compute all isomorphism classes, and then use Theorem 6.2 (a) to determine
which classes are self-dual. Alternatively, one may use the following proposition which only requires
inspecting the local properties of orders in the endomorphism algebra. The latter technique easily finds
Example 7.8.

Proposition 7.7. Let A be any abelian variety in Ih satisfying Ord or CS, let S be an order in K such that
S = S, and let p be a prime of S such that typep(S)= 2 and p = p̄. If S ⊆ End(A) and Sp = End(A)p,
then A is not self-dual. In particular, such an A is not principally polarizable and cannot be a Jacobian.

Proof. This follows from Proposition 2.12 and Theorem 6.2 (a). □

Example 7.8 (same endomorphism ring but not self-dual). We go back to the isogeny class Ih from
Example 6.7. One computes that R has a unique minimal overorder T and [T : R] = 2. Such an order
is then necessarily stable under complex conjugation; that is, T = T . Also, T has a unique prime q

above 2 which also then satisfies q = q̄. This prime is the unique noninvertible prime of T , and we have
typeq(T )= 2. Recall that abelian varieties in Ih with endomorphism ring T exist by Theorem 6.2. By
Proposition 6.5, every abelian variety with endomorphism ring T has group of rational points isomorphic
to T/(1 −π)T . On the other hand, by Proposition 7.7, we see that A ≇ A∨ for every abelian variety A
with endomorphism ring T .

We observe that the non-self-dual abelian variety A found in Example 7.8 also satisfies A(F5)∼= A∨(F5),
thereby exhibiting (d) ⇏ (c) in Theorem 7.4. This is also exhibited in the following example, which
additionally proves (d) ⇏ (d′) in the same theorem.

Example 7.9 (isomorphic groups but different endomorphism ring). Consider the ordinary isogeny
class Ih of abelian surfaces defined over F3 determined by the polynomial

h = x4
− x3

+ 4x2
− 3x + 9 = (x2

− 2x + 3)(x2
+ x + 3).

The order R = Z[π, π ] has index [OK : R] = 9 in the maximal order OK of K . Since h(1) = 10 is
coprime with the conductor (R : OK ), we deduce that Ih is cyclic by Theorem 4.5. Moreover, since 10 is
a squarefree integer, we get that Ih is also trivially rich; see Theorem 5.7.

We observe that R has exactly two primes above the singular rational prime 3. These two primes are
complex conjugates to each other, and we denote them by p and p̄. There are only two orders between R
and OK , both with index 3. These can be realized as the multiplicator rings S = (p : p) and S = (p̄ : p̄). By
Theorem 6.2, we conclude that there is an abelian variety A in Ih such that End(A)= S and End(A∨)= S
are not equal, but A(F3)∼= A∨(F3)∼= Z/10Z.

http://www.lmfdb.org/Variety/Abelian/Fq/2/2/ab_ab
http://www.lmfdb.org/Variety/Abelian/Fq/4/2/ad_c_f_an
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