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Algebraic cycles and functorial lifts from G, to PGSpg

Antonio Cauchi, Francesco Lemma and Joaquin Rodrigues Jacinto

We study instances of Beilinson—Tate conjectures for automorphic representations of PGSps whose spin
L-function has a pole at s = 1. We construct algebraic cycles of codimension 3 in the Siegel-Shimura
variety of dimension 6 and we relate its regulator to the residue at s = 1 of the L-function of certain
cuspidal forms of PGSpg. Using the exceptional theta correspondence between the split group of type G,
and PGSp, and assuming the nonvanishing of a certain archimedean integral, this allows us to confirm a
conjecture of Gross and Savin on rank-7 motives of type G».
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1. Introduction

We establish a connection between algebraic cycles in Siegel sixfolds and the residue at s = 1 of spin
L-functions of automorphic representations of GSpg, as predicted by conjectures of Beilinson and Tate.
Moreover, we exploit an exceptional theta correspondence between the split group of type G, and PGSpg
to answer a question of Gross and Savin.
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1.1. Motivation. Let 7w = ®m s be a cohomological cuspidal automorphic representation of PGSpg(A),
let M (7 r) denote the spin Chow motive with coefficients in a number field L conjecturally attached to
and let L(s, M (7 ¢)(3)) be its Hasse—Weil L-function. Let

ry Hy (M) (@) @ N(M (7 f)(3) — Hiy(M(mp)(4))

denote Beilinson—Deligne regulator. Here H)\A(M (7 )(4)) denotes the first motivic cohomology group
of M(ms)(4), the group N (M (7 )(3)) denotes algebraic cycles in M (7 7)(3) up to homological equiva-
lence and H}{(M (7 £)(4)) denotes the first absolute Hodge cohomology group of M (1) (4).

Conjecture 1.1 (Beilinson-Tate). (1) The map ry induces an isomorphism
(Hp (M (75)(4) © N(M () (3))) ®a R — Hyy (M (7 5)(4)).

(2) ords=L(s, M(r5)(3)) = dimy, H ) (M (7 5)(4)).
(3) —ordy—1L(s, M(7y)(3)) = dimy N(M (7 s)(3)).

4) det(Imry) = L*(1, M(7f)(3))D(M (7 r)(4)), where D(M (7t s)(4)) denotes the Deligne L-structure
of det(H,, (M (rr;)(4)).

In [Burgos Gil et al. 2024], we studied the contribution of the motivic cohomology to this conjecture.
This corresponds to the case where L(s, M (7 ¢)(3)) does not have a pole at s = 1. In this article, we
focus on the contribution of algebraic cycles, which corresponds to the case where L(s, M (7 )(3)) has a
simple pole at s = 1.

The £-adic étale realization M (7 r) of M (7 7) is expected to be a GLg (@g)—Valued Galois representation
factoring through the spin representation Spin : Spin, (Q) — GLg(Qp). If L(s, M (7 £)(3)) has a pole
at s = 1, Conjecture 1.1(3) implies the existence of an invariant vector in this eight-dimensional Galois
representation. As the stabilizer in Spin, (Q¢) of a generic vector in the spin representation is the
exceptional group G,(@Qy), by Langlands reciprocity principle, 7 should be a functorial lift from a
group G of type G». In fact, we have Spin, 6 = Std @ 1, where Std denotes the standard representation
of G, and 1 denotes the trivial representation. Then, if o is a cuspidal automorphic representation of G (A)
lifting to 7r, Gross and Savin [1998] conjectured that the motive M (7 y) decomposes as the direct sum
of the rank-7 motive M (o) attached to o and the rank-1 trivial motive generated by the class given in
Conjecture 1.1. Moreover, inspired by local calculations, they conjectured that this class should arise
from a Hilbert modular threefold.

1.2. Main results. Let F denote a real étale quadratic Q-algebra, i.e., F is either a quadratic extension
of @ or @ x Q. Associated to the totally real étale cubic algebra E = Q x F of Q there is a Hilbert
modular threefold Shy /Q, with underlying reductive group H = {g € Resg/oGLs g | det(g) € G, }.
The group H embeds naturally into G = GSpy and one has a closed embedding ¢ : Shg < Shg of
codimension 3 in the Shimura variety attached to G, which is the Siegel variety of dimension 6. Let V*
be the irreducible algebraic representation of G of highest weight A = (X1, A2, A3, ¢) (see Section 2 for



Algebraic cycles and functorial lifts from Gz to PGSpg 553

notation on algebraic representations). The representation V* contains the trivial H-representation if
and only if ¢ = 0 and | = A 4+ A3. When this holds *V* contains Ay — A3 + 1 copies of the trivial
representation of H, which we index by the values A, > u > A3. Then, for any such u, the cycle Shy
of Sh¢ induces a class

2 W e HS (Shg, ¥3,(3)),

where 7}, is the Chow local system associated to V* and H$,(Shg, #7,(3)) is the motivic cohomology
group of Shg with coefficients in ¥/ /\A/t (3). We denote by Z%:%] € H,Z[(Shg, ”I/ﬁ(4)) (resp. Z%:g] €
Hg (Shg, “//g (3))) the image of Zgﬂ in absolute Hodge cohomology, (resp. Betti cohomology) (see
Definition 3.11 for the precise definition of ZE:Z]). Let m be a cuspidal automorphic representation of
PGSp(A) whose archimedean component belongs to the discrete series L-packet of V* and has Hodge
type (3, 3). For a cusp form W = W, ® W in the space of 7, whose archimedean component W, is a
highest weight vector in the minimal K-type of 7, we have a vector valued harmonic differential form

wy whose cohomology class [wy] is an element of H(?R’C(Sha, ”I/d’}a). Poincaré duality induces maps

(-, [ww])p : H3(Shg, ¥4 (3)) — C,
(-, [ww])s : Hy (Shg, #;(4)) — C.

The pairings (Zg’g], [wy]) g and (Zg’éfl], [ww])3 are computed in terms of the residue of a certain adelic

integral of Rankin—Selberg type considered in [Pollack and Shah 2018]. Therein it is shown that, if =
supports certain Fourier coefficients associated to F, then the local factors at unramified places v of this
integral represent the degree 8 local spin L-function L(s, m,, Spin) of m,. The following result gives
evidence for Conjecture 1.1 for the motive associated to 7.

Theorem 1.2 (Theorem 5.11). Let 1 = oo @ 7y be a cuspidal automorphic representation of PGSpg(A)
such that 7o, is a discrete series of Hodge type (3, 3) in the discrete series L-packet of V*. Then

(2 [owl) s = (2] (0w = C - Resg—y (Ts(®, WM 5)L5(s, 7, Spin)),

where C is an explicit nonzero constant independent of w, S is a sufficiently large set of places containing
the ramified and archimedean places, WM = A1 .U for some weight lowering operator A+
defined in Proposition 4.8, ® is a Schwartz—Bruhat function and Tg(®, WM | 5) is the integral defined
in Theorem 5.8.

Remark 1.3. We point out that, according to [Gan and Gurevich 2009, Proposition 12.1] there exist a
Schwartz—Bruhat function ® and a vector ¥ € 7 such that Zg(®, ¥, 1) is nonzero. However we do not
know if this holds for W, in the minimal K-type of 7. Moreover, one can show that there exists a cusp
form W € 7, which coincides with W at the archimedean place and away from S, such that

Ts(®, UM 5y = T (oo, WEH ).
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Although we have not been able to calculate it, we expect that for a natural choice of @, the archimedean
integral Zoo (P oo, \II&’“ ], s) is the Gamma factor of the spin motive attached to & by the rule of Serre,
and hence holomorphic and nonzero at s = 1.

As a corollary of this theorem, one can deduce, under the additional assumption that 7 is the Steinberg
representation at a finite place, a weak version of Conjecture 1.1(1) (Corollary 5.15) and Conjecture 1.1(3)
(Corollary 5.14).

When Res,—; L5 (s, 7, Spin) is nonzero then (see [Gan and Savin 2020, Theorem 1.1]) 7 is a weak
functorial lift of a cuspidal automorphic representation o of an exceptional group of type G,. Moreover
(see Proposition 8.1), we have

Res,— L5(s, 7, Spin) = L5(1, o, Std)Res;—1 5 (s).

Hence, up to controlling the value of the archimedean integral at s = 1, Theorem 1.2 above gives a
cohomological formula for the critical value L3(1, o, Std).

Our second main result concerns the program of Gross and Savin on rank-7 motives of Galois
type G,. The first step towards the conjecture of Gross and Savin was made in [Kret and Shin 2023],
where the authors constructed GSpin-valued Galois representations associated to cohomological cuspidal
automorphic forms of symplectic groups. Moreover, based on the calculations of [Gross and Savin 1998],
Kret and Shin [2023, Theorem 11.1] verified that, for suitable automorphic representations of PGSp¢(A)
in the image of the exceptional theta correspondence from the compact form G§ of type G, the image
of their Galois representation lies actually in G,(Q;). More precisely, let p, be the Spin, (Qy)-valued
Galois representation attached to r. Assuming that 7 is a nontrivial small theta lift of o, we have

Spino p; =Stdo p, B 1, (D)

where Std o p,; is the standard Galois representation attached to o and 1 denotes the one-dimensional
trivial representation.

Remark 1.4. Technically speaking, only the dual pair (G5, PGSpg) is considered in [Gross and Savin
1998], but their conjecture also applies to the dual pair (G2, PGSpg). Using the results of [Kret and Shin
2023] and the study of the exceptional theta correspondence for (G2, PGSpg) (see Theorem 1.8 below),
we construct (Theorem 8.3), under some assumptions, Galois representations associated to cohomological
cuspidal automorphic representations o of G,(A), which sit in a decomposition as that of (1).

Theorem 1.5 (Theorem 8.6). Let o be an irreducible cuspidal automorphic representation of G5(A)
or G2(A) such that the big theta lift © (o) to PGSpg(A) has an irreducible subquotient m = ®; Ty,
which is a cuspidal automorphic representation such that 7, is cohomological for V as above and
is the Steinberg representation for some prime number p. Assume that the integral Ts(®, W1 1) is
nonzero for some ® and W'**! as above. Then, the trivial representation 1 in (1) is generated by the étale

realization of Zgﬂ
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Remark 1.6. Note that the archimedean part 7, of 7 is not necessarily of Hodge type (3, 3). However,
it is one of the main results of [Kret and Shin 2023] that the L-packet of 7 is stable at infinity. In

particular, there exists a cuspidal automorphic representation 7733

= 73:3 ® s whose archimedean part
is cohomological and of Hodge type (3, 3) and whose nonarchimedean part is equivalent to 7 ¢. In the
integral appearing in the statement of Theorem 1.2, the archimedean part of the cusp form W!*#l is a

suitable vector in the minimal K -type of 73:3.

Remark 1.7. In Proposition 8.4 we give a list of cases where o is known to have a small theta lift 7 =
®; 7, of o to PGSpg(A) which is a cuspidal automorphic representation such that 77, is cohomological
for V as above and 7, is the Steinberg representation for some prime number p, as in the previous theorem.

We conclude this introduction explaining a result which provides cases where Theorem 1.5 can
be applied and which has its own interest. Indeed, note that a necessary condition for the integral
Ts(®, W*H1 1) to be nonzero, is that 7= supports a rank-2 Fourier coefficient associated to F. By a result
of Gan [2005, Theorem 3.1], every cuspidal automorphic representation o of G,(A) supports a Fourier
coefficient associated to an étale cubic algebra E.

Theorem 1.8 (Theorem 7.2, Proposition 7.13). Let o be a cuspidal automorphic representation of G, (A).

Assume that

e o is not globally generic;
0, is generic at some finite place p.

Then the big theta lift ® (o) is cuspidal. Moreover ® (o) supports a rank-2 Fourier coefficient associated
to F (and is in particular nonzero) if and only if o supports a Fourier coefficient associated to Q x F.

1.3. Overview of the proofs. The main difficulty for calculating the pairing of Theorem 1.2 between
the motivic class and the cohomology class [wy] resides on the fact that the first class is constructed
from the decomposition into irreducible components of the restriction of V to the subgroup H, while
the test vector is constructed from its restriction to the maximal compact subgroup U(3) of G(R). One
needs to carefully study the relationship between these two different decompositions (Theorem 4.2). As a
consequence we get a formula for the pairing in terms of a period integral (Propositions 4.8 and 4.10).
These adelic integrals are in turn related to the residue of the partial spin L-function of m by means
of the work of Pollack and Shah (Proposition 5.10), which allows to conclude the proof. Theorem 1.5
follows basically from Theorem 1.2 and 1.8. The proof of Theorem 1.8 goes as follows. We first prove
(Theorem 7.2 and Corollary 7.3) that o lifts to a cuspidal representation using the tower of exceptional
correspondences for G, studied in [Ginzburg et al. 1997b], which reduces the problem to the vanishing of
certain automorphic period integrals. Finally, we establish (Proposition 7.13) a correspondence between
Fourier coefficients of ¢ and its theta lift, which in particular implies the nonvanishing of the latter.

1.4. Structure of the manuscript. In Section 2 we fix notation, conventions, and basic results that will
be useful in the body of the article. In particular, we prove that, under some mild assumptions, the
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localization at a maximal ideal of the Hecke algebra of the cohomology of the Siegel sixfold is cuspidal
and concentrated in the middle degree. We also introduce Absolute Hodge cohomology and compute the
dimension of its 7 s-isotypical component. In Section 3 we explain the construction of the motivic class
Z}é{“ I and its realizations. In Section 4 we construct the harmonic differential form wy associated to a
suitable cuspidal form W in the space of 7 and we prove our first main result concerning the calculation of
the pairing between the motivic class and the cohomology class [wy]. In Section 5, we use the results of
Pollack and Shah to relate the pairing to the residue of the spin L-function. Sections 6 and 7 are devoted
to the study of the exceptional theta correspondence between G, and PGSp, and contain the proof of
Theorem 1.8. Finally, in Section 8 we relate the pairing to a critical value of the standard L-function of
G»,. We also deduce from the work of Kret and Shin the existence of Galois representations attached to
certain cuspidal representations of G, and we conclude with a proof of Theorem 1.5.

2. Preliminaries

2.1. Algebraic groups and algebraic representations. Let ¢/ denote an antisymmetric nondegenerate
bilinear form on a finite-dimensional (D-vector space V. The symplectic group GSp(V, ¥) is the Q-group
scheme defined by

GSp(V, ¥) ={g e GL(V) | Vv, w € V, ¥ (gv, gw) =v(Q)¥ (v, w), v(g) € Gn}.

Then v : GSp(V, ¥) — G, is a character. Let I, denote the identity matrix of size n. When V is the
0 I,
—1, 0
GSp(@?", J) and we let Sp,, denote kerv. In this paper, we are mainly interested in the case n = 3.

Q-vector space @ endowed with the bilinear form whose matrix is J = ( ), we let GSp,,, denote

Hence we will denote by G the group GSpg and by G the group Spg. Let T C G denote the maximal
diagonal torus and B C G denote the standard Borel. We have

. —1 -1 -1
T = {diag(ay, az, a3, a; v, a, v,a3 v), a1, 0,03,V € Gyl

We associate to any 4-tuple (L, A2, A3, C) € 7% such that ¢ = A 4+ A2+ A3 (mod 2) the algebraic character
A(M1, A2, A3, ¢) of T defined by

A(r1, A2, A3, ©) @ diag(ay, oo, a3, al_lv, az_lv, a3_1v) — af‘oz;zayv%(cf’\‘%r“).
This defines an isomorphism between the group of 4-tuples

(A1, A2, A3,¢) € Z* suchthat ¢ =A;+Ar~+ A3 (mod2)

and the group of algebraic characters of T. Let p; = A(1, —1,0,0) and p, = A(0, 1, —1, 0) denote the
short simple roots and let p3 = 1(0, 0, 2, 0) denote the long simple root. The set of roots of T in G is
R =RtUR™, where

RY ={p1, p2, p1 + P2, P2+ 3, P1 + P2+ p3, P1 + 202+ p3, 201 + 202+ p3, 202 + p3, P3}

is the set of positive roots with respect to B and R~ = —R™*. A weight A = A(A1, A2, A3, ¢) is dominant
for B if A; > Ay > A3z > 0. For any such A, there exists a unique (up to isomorphism) irreducible
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algebraic representation V* of G of highest weight A and every irreducible algebraic representation of G
is obtained in this way (up to isomorphism). Similarly, irreducible algebraic representations of GSp,
are classified by their highest weight which is a character of the shape A(A1, Ay, c) with A} > A, >0
and 1| + Xy = ¢ (mod 2) (see for example [Lemma 2017, §2.3] for more details). We will also use the
classification of irreducible algebraic representations of the groups Go = Sp and Sp,. To this end let us
recall that the diagonal maximal torus Ty = T N Gy of Gy is

. -1 -1 -1
T0={dlag(al’052,‘x3»a1 7a2 aa3 )’a19a2’a3eGm}

and that its group of algebraic characters is isomorphic to 73 via (A1, A2, A3) = A(A1, A2, A3), where

T -1 -1 -1 M oha A
A(A1, A, A3) sdiag(ay, ap, a3, 0, 0y 0y 0) oy ogtas? 2

A weight A =X (X1, X2, A3) is dominant with respect to the standard Borel By=B N Gyif A > Xy >X13>0
and for any such A there exists a unique (up to isomorphism) irreducible algebraic representation V* of G
of highest weight A and every irreducible algebraic representation of G is obtained in this way (up to
isomorphism). Similarly, irreducible algebraic representations of Sp, are classified by characters A(A1, A2)
with A1 > A,, with obvious notation.

2.2. Compact Lie groups and representations. Let U(n) = {g € GL,(C) |' gg = I,,} denote the unitary
group and let K, C Go(R) be the subgroup defined as

Keo={(_47)| AA'+ BB =1, AB = BA').

We have an isomorphism « : U(3) >~ K, defined by A+iB — (_2 ﬁ

subgroup of Go(R). Let Too C Koo denote {k (diag(z1, z2, 23)), 21, 22, 23 € U(1)}. Then T is Cartan sub-
group of K. Its group of algebraic characters is isomorphic to 73 via (A1, A2, A3) > A (A1, A2, A3), Where

). In fact K, is a maximal compact

N (1, Ao, A3) <k (diag(z1, 22, 23)) B> 27125225

An algebraic character is dominant if A; > A, > A3. For any dominant integral weight A/, there exists a
unique (up to isomorphism) irreducible representation 7y of K in a finite-dimensional C-vector space
and every irreducible representation of K, is obtained in this way (up to isomorphism). In what follows,
we will simply denote the irreducible representation of highest weight A'(A1, A2, A3) by (3, .2,,14)- Let
us explain the connection between the weights A of T defined by (2) in the previous section and the

weights A" defined above. Let J € G((C) denote the matrix J = J%(,Ii lII:

). Then we have
J ke (diag(z1, 22, 23))J = diag(z1, 22, 23)
and so, for any (Aq, A2, A3) € 73, we have
20, ha A Tk (21, 22, 23) ) = 2 (A, A, A3) (diag(z1, 22, 23)).

In brief, the character A'(A1, A2, A3) of T is conjugated to the restriction of A(Aq, A2, A3) to U(1)> C
C*x C* x C* =Ty(C).
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2.3. Lie algebras. Let gp (resp. £) denote the Lie algebra of G(R) (resp. K« ) and let go.c (resp. €c)
denote its complexification. Then

go={(22) e Ms(R) | B=B',C=C", A=-D'},
t= {(,éﬁ) EMé(R)|A=—At,B=Bt}.

The Lie algebra ¢ is the 1-eigenspace for the Cartan involution 6(X) = —X’. The (—1)-eigenspace is

p={(4 %) e Ms(R)| A= A", B=B'}. Letting

P = {(:I:I?A {iﬁ) € Mg(C)| A= A"},

we have pc = pg @ pc and one has the Cartan decomposition

go.c =tc D pL Dpg.

For 1 < j <3, let D; € M3(C) be the matrix with entry 1 at position (j, j) and O elsewhere. Define

T; = (_([)), %f). Then the Lie algebra h of Too ish =R - Ty ®R - T>» @ R - T3. This is a compact Cartan
J

subalgebra of go. Let (e1, e2, e3) denote the basis of b, dual to (—iTy, —iT>, —iT3). A system of positive

roots for (go,c, hc) is then given by
{e1 £ eo, e1 Le3, e2 £ e3, 2e1, 2e, 2e3}.

The simple roots are e; — ey, ex —e3 and 2e3. We note that pg is spanned by the root spaces corresponding
to the positive roots of type 2e; and e; + ;. We denote by A = {£2e;, :(e; = ¢)} the set of all roots,
Ac = {£(ej —e;)} the set of compact roots and A, = A — A, the noncompact roots. Finally, we denote
by AT, AT and A7, the set of positive, positive compact and positive noncompact roots, respectively.

2.4. Weyl groups. Recall that the Weyl group of Gy is given by 2, = {£1}* x &3. The reflection o;
in the hyperplane orthogonal to 2e; simply reverses the sign of e; while leaving the other e, fixed. The
reflection o in the hyperplane orthogonal to e; — e, exchanges e; and e, and leaves the remaining ey
fixed. The Weyl group Wk of Ko, = U (3) is isomorphic to &3 and, via the embedding into G, identifies
with the subgroup of Wg, generated by the 0. With the identification Wg, = N (Tp)/ Z (1)), an explicit

description of WWg, and Wk is given as follows. The matrices corresponding to the reflections o
Sik 0
(J) —Sjk
elsewhere. The matrices corresponding to the reflection o; in the hyperplane orthogonal to 2e; are of the
0 U;
~U; 0
entries of the diagonal. This gives an explicit description of the elements of 20x_ and their length:

are ( ) where S is the matrix with entry 1 at places (¢, £), £ # j, k, (k, j) and (j, k) and zeroes

form ( ), where U; denotes the diagonal matrix with —1 at the place (j, j) and ones at the other

e.
W, = {1,012, 013, 023, 012013, 012023} 95 40.1,1, 1,2, 2},

2.5. Discrete series. We recall standard facts on discrete series for Go(R) = Spg(R) and for PGSpg(R).
For any nonsingular weight A define

AT(A) ={a e Al{a, A) >0}, AF(A)=AT(A)NA,,
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where (, ) is the standard scalar product on R3. Let A = (A1, A2, A3) be a weight of T, such that
AM>Ar>A3>0andlet p= % ZaeA‘*’ a=(3,2,1). As |Wg,/Wk_ | =8, by [Knapp 1986, Theorem 9.20],
the set of equivalence classes of irreducible discrete series representations of Go(R) with Harish-Chandra
parameter A 4 p contains 8 elements. More precisely, choose representatives {wy, ..., wg} of We,/ Wk,
of increasing length and such that for any 1 <i < 8. Then the weight w; (A 4+ p) is dominant for K
The representatives, defined by their action on p, are w;(3,2,1) = (3,2, 1), w2(3,2,1) = (3,2, —1),
w3(3,2,1)=(@3,1, —2), ws4(3,2, 1) =(2,1, —3), ws(3,2,1)=(@3, -1, -2), we(3,2,1) =2, —1, =3),
wy(3,2,1)=(1, =2, =3), ws(3,2,1)=(—1, =2, —3). Then, for any 1 <i <8, there exists an irreducible
discrete series n Where A =w;(A+p), of Harish-Chandra parameter A and containing with multiplicity 1
the minimal K.-type with highest weight A + 8¢, — 26k, , where g, (resp. 5k ) is the half-sum of
roots (resp. of compact roots) which are positive with respect to the Weyl chamber in which A lies, i.e.,
28G, == ZaeM(A) o (resp. 28k, := ZQGM(A) o). Moreover, fori # j, A=w;(A+p), A=w;j(A+p),
the representations 72} and 2 are not equivalent and any discrete series of Gy is obtained in this way.
Let V* be the irreducible algebraic representation of G of highest weight A = (A1, A2, A3) (for Tp).

Definition 2.1. The discrete series L-packet P(V*) associated to A is the set of isomorphism classes of
discrete series of Go(R) whose Harish-Chandra parameter is of the form A = w; (A 4 p) as i varies.

By [Borel and Wallach 1980, Theorem I1.5.3], for each 2} € P(V*), the space
Homg (A°go.c/tc ® V*, 72)

has dimension 1. This is a consequence of the fact (see the proof of [Borel and Wallach 1980, Theo-
rem 11.5.3]) that the minimal K »-type of 72 appears uniquely in /\6907@ /tc ® V* Using the Cartan
decomposition, we get
Ngo.c/tc = EB N'pé ®@c Nipg.
p+q=6
Hence, there exists a unique pair (p, g) such that Homg,_ (/\p Pe ® /\qu VM r ) is nonzero and
hence of dimension 1. We call such a pair (p, g) the Hodge type of 72

Lemma 2.2. There exist two elements 7'[3 3

 and 73 1 in P(V*) of Hodge type (3, 3). They are character-
ized by having Harish-Chandra parameters (A +2, A3+ 1, —A1 —3) and (A + 3, A3 — 1, =X —2)

and minimal Koo-types T(,42,05+2, -1 —4) And T(n,+4,—r3—2,—x,—2) Fespectively.

Proof. The discrete series 713’31 and 723 1 correspond to the Weyl representatives w4 and ws. Since
war = (A, A3, —A1) and wsA = (A1, —A3, —A2), the Harish-Chandra parameters of 71’003] and 772031

are as desired. When A = wq(A + p) (resp. A = ws(A + p)), observe that é¢, is equal to (2, 1, —3)
(resp 3, -1, —2)) while §x_ = (1, 0, —1) in both cases. Hence, using the formula above, the minimal
co-types of 71 1 and 7 31 are T(a,+2,23+2,—1—4) and T, 44, —1;—2,—1,—2) respectively.
Recall that, after [Vogan and Zuckerman 1984, Proposition 6.19], the Hodge type of a discrete series
representation of Harish-Chandra parameter A is (p, g), where p (resp. ¢) is the number of positive
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noncompact roots in A*(A) (resp. A~ (A)). Using this, one easily checks that the Hodge type of 7725?1
and 727 is (3, 3). O

The picture for PGSp(R) is similar, but the set of its Harish-Chandra parameters changes slightly.
This is due to the fact that, since its maximal compact subgroup has two connected components, the
set of parameters has to be considered up to the action of 20k_ and of wg, as the latter, which is the
antidiagonal matrix with all entries —1, now belongs to the connected component away from the identity
of the maximal compact subgroup. Concretely, any parameter © = (1, (2, 13) has to be identified with
wgp = (—p3, —p2, —p1). A =(x1, A2, A3) issuchthat Ay > 1, >213>0and ) _, 1; =0 (mod 2), then the
irreducible algebraic G-representation V*? of highest weight A(A1, A2, A3, 0) defines a representation of
PGSpg. The corresponding discrete series L-packet P(V*) for PGSpy(R) has thus four elements. Any
element 7o, € P(V*9) of Harish-Chandra parameter u, viewed as a G (R)-representation, decomposes
when restricted to Go(R) as the direct sum of two discrete series in P(V*) of Harish-Chandra parameters [
and wgu. As a consequence, for any such 7, the space

H*(g. K61 710 ® V*0) = Homg,, (A°ge/Lie(Ko)e. 700 ® VD),

where g = Lie(G), gc is its complexification and K¢ = R} K, is two-dimensional. The discussion
above implies the following.

Lemma 2.3. Let 1 = (A1, A2, A3) be a dominant weight for G such that ) ; A; = 0 (mod 2). Then
there exists a unique discrete series 77353 e P(V®0) of PGSpe(R), with Harish-Chandra parameter

(A +2, 23+ 1, —A1 — 3), such that

3,3 _ 33 —3,3
[ele] IGO(R) - T[OO,I 697-[00,1'

We will refer to 773:* as the discrete series of PGSpg(R) in P(V*9) of Hodge type (3, 3).

2.6. Shimura varieties. Let F denote a real étale quadratic @-algebra, i.e., F is either a totally real
quadratic extension of @ or @ x Q. Denote by GL; /Q the subgroup scheme of Resr g GL;, F sitting
in the Cartesian diagram

GL;F(—> RCSF/@ GLZ,F

T

G,—— Resrjo G, F
For instance, when F' = Q x (), we have
GL; r = {(g1, 82) € GLa x GL; | det(g) = det(g2)}-
Let H denote the group

H =GL, XGL; ;= {(g1, §2) € GLz x GL; | det(g1) = det(g2)}. 3)
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We embed H into G as follows. Let us consider the Q@ x F-module
V:i=Qe @ Fey ®Qf1 ®Ff,

where V| := Qe; @ Qf) and V;, := Fep, @ Ff, are respectively the standard representations of GL,
and GL; .. We equip V with the @ x F-valued alternating form ' : V x V. — @ x F, such that
¥'(e1, f1) = (1,0), ¥'(e2, f2) = (0, 3) and V; is orthogonal to V,. The group H acts naturally on V
and preserves ¥ up to a scalar. We can regard V as a six-dimensional Q-vector space with Q-valued
symplectic form v := trqxr),q o ¥'. Explicitly, we have

¥ (aei +aey, bfi + Bf2) = ab+ strpjo(ap).

This identification defines an embedding H — GSp(V, ¥). We now identify GSp(V, ¥) with G by
choosing a suitable (D-basis of V. Recall that the set of real quadratic (D-algebras is parametrized by
De @io/(@io)z, via D — F = Q ® Q+/D. Using the decomposition F = Q @& Q+/D, we consider the
Q-basis of V given by

{er.e2, €3, f1, o, f3} = {e1. e2, V' Dea, fi, fo, ﬁfz}-

In this basis, v is represented by the matrix J = (_OI

n

[6'); thus we obtain an isomorphism GSp(V, ¥) ~ G
and the embedding
t:H—G.

Note that the group
H':=GL, K GSp, :={(g1, g2) € GLo x GSp, | det(g1) = v(g2)}

is also naturally embedded in G and ¢ factors through H'.
Recall from [Burgos Gil et al. 2024, §2.2] that there is a three-dimensional Shimura variety Shgy
associated to the H (R)-conjugacy class of

hiS—Hg, x+iye ((52) (52 (57),

where § = Resc/r G ¢ is the Deligne torus. The associated Shimura datum has reflex field is Q and the
Shimura variety Shy can be described as follows. If V C H(Ay) is a fiber product (over the similitude
characters) V| x A V, of sufficiently small subgroups, we have

Shg (V) = Shar, (V1) xg,, Shars . (V2),

where x¢,, denotes the fiber product over the zero-dimensional Shimura variety of level W = det(V;) =
det(V3). The connected components are given by

70(Shg (V)(C)) =77/ W.

Hence, Shy can be thought as the fiber product of a modular curve and a Hilbert-Blumenthal modular
surface. We also recall that the complex points of Shg (V) are given by

Shy(V)(C) = H(@\HA)/ZpR)Kp oV,
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where Z g denotes the center of H and Ky ~, € H (R) is the maximal compact defined as the product
U(l) x U(l) x U(l).

The embedding ¢ : H — G induces a Shimura datum for G whose reflex field is (0. For any
sufficiently small compact open subgroup U of G(A ), denote by Shg (U) the associated Shimura variety
of dimension 6. We also write ¢ : Shyg (U N H) < Shg(U) the closed embedding of codimension 3
induced by the group homomorphism ¢ : H — G.

Remark 2.4. If £/Q is a totally real cubic field extension of () then one can analogously define
H = {g € Resg /o GL; g | det(g) € G} and there is a natural embedding ¢ : H — G (see [Piatetski-
Shapiro and Rallis 1987, §1] for details) inducing closed embeddings ¢ : Shg (U N H) < Shg(U) for
sufficiently small open compact U. All our results up to Section 5 will hold for any real étale cubic
algebra E over Q. Our main interest in the case E = Q) x F for F a real étale quadratic algebra over Q is
motivated by the integral representation of the spin L-function of G of [Pollack and Shah 2018].

2.7. Cohomology of Siegel sixfolds. Let w be a cuspidal automorphic representation of G (A) having
nonzero fixed vectors by a neat compact open group U € G(Ay). We assume that 7 has trivial central
character and hence we regard it as a cuspidal automorphic representation of PGSpg(A). Our purpose is
to establish that, under mild assumptions, suitable localizations at v of cuspidal, L2 inner Betti and Betti
cohomologies coincide and are concentrated in the middle degree. The assumptions are the following:

(DS) The archimedean component 7 is a discrete series representation of PGSpg(R).
(St) At a finite place p the component 7, is the Steinberg representation of PGSpg(Q,).

Let us fix for the rest of this section A = (A1, A2, A3) € Z3 satisfying Ay > A, > A3 >0and ) X, =
0 (mod 2). We will denote by V, without mentioning A anymore, the irreducible algebraic representation
of G of highest weight (A, 0). As V has trivial central character, it will be considered as an irreducible
representation of PGSpg. Then 74, belongs to the discrete series L-packet P(V). As a consequence,

H(g, Kg; oo ® V) = Hompg, (A°gc/Lie(K6)c; oo ® V) # 0,

where Kg =R} Koo.
There are natural inclusions of spaces of C-valued functions

Casp(G@\G(A)) € CF(G@\G(A)) € CR(GA\G(A)) S CF(G@\GA)),

where these spaces denote, respectively, the space of cuspidal square-integrable functions, rapidly de-
creasing functions, square-integrable functions and smooth functions, and

ocenter (G \G(A)) € CF (G\G(A)),

c/center

where the first space is the space of compactly supported modulo the center functions (for the precise
definition of these spaces, we refer to [Borel 1981]). Tensoring by V the inclusions above and applying
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the (g, K¢)-cohomology functor, we obtain the natural maps

H(,(Shg (U), Vo) — Hy(Shg(U), Ve) — H(,) (Shg(U), Ve) — H*(Shg(U), Ve)

T

H:(Shg (U), Ve)

where Vg is the C-local system associated to V. Let H(Shg (U), V) denote the image of H?(Shg (U), V)
in H*(Shg(U), Vc). Let N denote the positive integer defined as the product of prime numbers £ such
that 77, is ramified. The fact that ., is cohomological implies that there exists a number field L whose
ring of integers O, contains the eigenvalues of the spherical Hecke algebra ™" away from N and with
coefficients in Z acting on ) N T GO et ’pr N
with coefficients in L, let 6, HSph N

Considering the localization at m, of the above cohomology groups, we have the following result.

denote the spherical Hecke algebra away from N
— L denote the Hecke character of 7 and let m, := ker(6,).

Proposition 2.5. Let 7 satisfy the hypotheses (DS) and (St) above. Then
HZyp (She (U), Vo)m, = H)(Shg(U), Ve)m, = Hy'(Shg(U), Ve)m, = H*(Shg(U), Ve)m, -
Proof. By [Borel 1981, Theorem 5.3 & Corollary 5.5], the compositions of the horizontal maps

(Shg(U), Ve) = H;(Shg(U), Vo),

cusp

for x € {rd, (2), @}, are injections. By [Borel 1981, Theorem 5.2], one has an isomorphism
H:(Shg(U), Ve) = Hy(Shg(U), Vo).
Hence, if the equality Cllbp(ShG(U ), Vo)m, = H, 2)(Shg(U ), V¢ )m, holds, we have

H,p(Sha(U), Vo)m, = Hp)(Shg(U), Ve)m, = H'(Shg(U), Ve)m, -

We show the former equality as follows. By [Borel 1980, §4],
Hp, (Sha(U), Vo) = €P of ® H*(g. Kg: 000 ® V)", (4)

0CL§
where o runs over the set of isomorphism classes of automorphic representations appearing in the discrete
spectrum L3 of L?(Z(A)G(@)\G(A)). Similarly,

Hyp(She (U), Vo) = €D of ® H'(g, K6 000 ® V)™,

GCL2

where o runs over the set of isomorphism classes of automorphic representations in the cuspidal spectrum

L3 C L. From (4), we can write

Hy (She(U), VoIm, = D  of @ H*(g, Kgi 000 ® V)™,

0=0c®0f
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where o € L? is such that GEG(Z‘) o~ ﬂf (20 £ 0 at all £4N. Notice that the latter implies that afpv >~ }V ,

where for any automorphic representation 7 we have denoted r}v = Q¢ynTe- By [Kret and Shin 2023,
Lemma 8.1(2)], the Steinberg condition implies that the representation m; is tempered and unitary at
each £{N (as 7 has trivial central character). Thus, if o contributes nontrivially to the above sum, its
local component at a finite place £ N is tempered. This implies that o is necessarily cuspidal and thus
appears in Hc'usp(Shg, Ve)m, with multiplicity mo(o) = m(o). This last statement follows from the fact
that any noncuspidal automorphic representation appearing in LLZI is obtained as a residue of an Eisenstein
series and in particular it is nontempered at every place (see [Labesse 1999, Proposition 4.5.4]). We are
left to show that
Hpy) (Shg(U), Ve)m, = H*(ShG(U), Vo), -

Recall that Franke’s decreasing filtration on the space of automorphic forms for G(A) (see [Waldspurger
1997, §4.7]) yields a spectral sequence E f) 1 = HPT4(Shg(U), Ve), where

Ef= @ P (ndpy) opn? @ HIFTOm, Ky om @ WO,
(w,P)eB(p) 0=0cQ0f
Lw)<p+q

where, for all p € Z-¢, B(p) denotes a certain subset depending on p of elements (w, P) (see [Wald-
spurger 1997, §4.8]), with w € 2 and P = M - Up a standard parabolic subgroup of G, W¥*+r)—p
denotes the irreducible algebraic representation of M of highest weight w(A + p) — p, and o runs
over the set of isomorphism classes of automorphic representations appearing in the discrete spectrum
of L2(Zp(A)M(Q)\M (A)). By the proof of [Kret and Shin 2023, Lemma 8.1(1)], we have that E{q
are zero unless when (w, P) = (1, G), in which case there exists a unique pg € Z>¢, for which
pra {Héi" (ShG(U), Ve)m, if p = po,

Lz 0 otherwise.

Thus, the spectral sequence for the localization degenerates at the first page and gives
HI (ShG(U), Vohm, = EP = HP(ShG (U), Vo), 0
Proposition 2.6. Let 7w satisfy the hypotheses (DS) and (St) above. Then
H*(Shg(U), Vo), = H(Sh(U), Ve)m, # 0.

Proof. Suppose that 7 contributes to H {(Shg(U), Ve )m, - As we noted in the proof of Proposition 2.5, this
implies that, for every £{N, 7, >~ 7, is tempered and unitary (see [Kret and Shin 2023, Lemma 8.1(2)]).
Let us fix £1N; the action of the Frobenius correspondence on intersection cohomology Frob, on
IH'(Shg(U), Ve)[ts] and thus on H(Shg(U), Ve)lty] is pure of weight i, i.e., its eigenvalues all have
absolute value ¢/ (see [Morel 2010, Remark 7.2.5]). On the other hand, by the congruence relation
conjectured in [Blasius and Rogawski 1994, §6] and verified in [Wedhorn 2000], Froby is a root of the
Hecke polynomial
Hy(T) = det(T — £>spin(Frg x §)),
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which is a polynomial in 7" whose coefficients are elements in the coordinate ring of the set of Fr,-
conjugacy classes of semisimple elements of G (C) = GSpin, (C), for Fry a Frobenius element in the Weil
group of (Qy. By the untwisted Satake isomorphism, we can see Hy(7T') as a polynomial with coefficients
in the spherical Hecke algebra H(G(Qy)//G(Z,), Q) (see [Wedhorn 2000, (2.2.1) & Corollary (2.8)])
and thus we can denote by Hy(T'; t;) the specialization of Hy(T) to 1y, i.e.,

Hy(T; 1) = det(T — £3spin(¢, (Fry))),

where ¢, is the unramified Langlands parameter of t,. The congruence relation gives that H,(Froby; 7,)=0
on IH*(Shg(U), Ve)[tr], which implies that the eigenvalues of Frob, on IH*(Shg(U), Ve)[ty] are a
subset of the ones of €3spin(¢w (Froby)). As 1, is tempered, all the eigenvalues of spin(¢., (Fr;)) have
absolute value equal to 1 (see [Gross 1998, §6]). Hence the eigenvalues of Z‘gspin(qbr,Z (Frg)), and thus of
Froby, have all absolute value equal to 2. In particular, H {(Shg(U), Vo)[t r11s zero unless i = 6. Finally,
notice that H°(Shg(U), Ve)m, # 0 as the assumption (DS) implies H(Shg(U), Vo)lrp] #0. Il

Remark 2.7. The proof of Proposition 2.6 is similar to that of [Kret and Shin 2023, Proposition 8.2],
where the proof is carried out with a trace formula argument.

2.8. Hodge theory. We keep the same notation as Section 2.7. In particular, 7 = 7, ® 77 is a cusp-
idal automorphic representation of G with trivial central character which satisfies (DS) and (St), with
oo € P(V) for some irreducible algebraic representation V of G as above.

Let V denote the Q-local system on Sh¢ (U) attached to V. We can take the 7 s-isotypic component
Hg’*[nf] of Hf(Shg(U), Vc), where x € {&,!} and where V¢ denotes V ®g C. Propositions 2.5
and 2.6 imply

Hylr )= Hy 7] = Hj 7] #0. (5)
By [Blasius and Rogawski 1994, (2.3.1)] (see also [Shin and Templier 2014, Proposition 2.15]), if L
is a sufficiently large number field, Hg [ ¢] appears as a subquotient of H!(’(Shg(U ), VL), where V;,
denotes V ®q L. In particular, we have a projection

pr,, : H(Shg(U), Vi)m, (n) — H[71(n).
Since H!6(Shg(U ), V1) is a pure L-Hodge structure of weight 6, we have
HYlmsl=n7(L)® Mg(ry),

with 71]5] (L) a realization of rr}] over L and Mp(my) a pure L-Hodge structure of weight 6. Thus we

have a decomposition
Mp(rp)®@C= @ H(xy).
p+q=>6
Lemma 2.8. Under the hypotheses (DS) and (St),
dime H? (1) = {1 l.fp #3,
2 ifp=3.

In particular, dim;, Mp(my) = 8.
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Proof. Thanks to (5), we have that

Hg[ﬂf] ®C= Hgyz[n'f] ®C= ng,cusp[nf] ®C;
hence

Hila 1@ C =7 &P H* (g, Koi 0 ® V)",
O
where 0 runs over the elements of the discrete series L-packet P (V) of PGSpg(R) and m (o) denotes
the multiplicity of o = 0 ® 7. Notice that H (g, Kg; 000 ® V) equals

Homg (A°go/t, ok ® V) ®@Homg_ (N°go/t, 5L @ V), (6)

where we have denoted o Go® = aolo Do éo According to [Borel and Wallach 1980, Theorem I1.5.3(b)],
each space in the decomposition above is one-dimensional. Moreover there exists a unique pair of
integers (rq,, Ss,,) satisfying r,_ + S5, = 6 such that (6) equals

Homg, (N7 pt® N™pg, ok ® V) @ Homg (N7pL @ No<pg, ol @ V).

As we remarked in Section 2.5, the set P(V) has four elements and is in bijection with the set of
Hodge types up to conjugation. Since the Hodge structure in Hg’
deduce that

[ r] is induced by this splitting, we

cusp

m(o) ifrs, #3,

dime H'me o (7 1) =
fme (Ts) {2m(0) if ro. = 3.

By [Kret and Shin 2023, Theorem 12.1], the multiplicity of o is either O or 1, while thanks to [Kret
and Shin 2023, Corollaries 8.4 & 12.4] the dimension of Mp(7 ) equals 8. Hence m(o) = 1 for all
0so € P(V), which concludes the proof. Ol

2.9. Absolute Hodge cohomology. Let us first recall some definitions from [Beilinson 1986]. A mixed
R-Hodge structure consists of a finite-dimensional R-vector space Mk equipped with an increasing finite
filtration W, called the weight filtration and a decreasing finite filtration F* on M¢ = Mg ®g C called the
Hodge filtration, such that each pair (Gr,vlv M, (Gr,‘iv Mg, F*)) is a pure R-Hodge structure of weight n
[Deligne 1971, Définition 2.1.10]. The category of mixed R-Hodge structures is an abelian category
[Deligne 1971, Théoreme (2.3.5)] and we denote it by MHSR.

Definition 2.9. A real mixed R-Hodge structure is given by a mixed R-Hodge structure such that Mp is
equipped with an involution FZ, stabilizing the weight filtration and whose C-antilinear complexification
l?o = FZ ®c, where ¢ denotes the complex conjugation, defines an involution on M stabilizing the
Hodge filtration.

We will refer to FZ% as the real Frobenius and to F% as the de Rham involution. We denote by MHSE‘J
the abelian category of real mixed Hodge R-structures. For any pair of objects M, N € D(MHSE'RE), one
has R Homyst (M, N) = R Homyms, (M, ), since taking invariants by FZ, is an exact functor.
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Definition 2.10. If M = (Mg, F}) € C (MHS&S) is a complex of real mixed R-Hodge structure, its
absolute Hodge cohomology is defined as

RT3 (M) = R Hommus;, (R(0), Mp).
Its real absolute Hodge cohomology is defined as
RT3/m(M) := R Homyyyy: (R(0), M) = RT3 (Mg)"™.

The cohomology groups H é (Shg (U), Vr), where Vg =V ®q R, are equipped with a real Frobenius F3,
acting as the complex conjugation on (the complex points) Shg (U) and on Vg, define real mixed R-Hodge
structures. This can be deduced directly from [Deligne 1971] since the cohomology with coefficients is a
direct factor of the cohomology of a fiber product of the universal abelian variety of Shg (U), or from the
theory of mixed Hodge modules of [Saito 1990]. We let M € C (MHSE) be the complex of real mixed
R-Hodge structures given by (EB, N H };(Shg(U ), Vr)[—i], F:o) and we define the absolute real Hodge
cohomology HZt(Shg(U)/[R, Vr(4)) of Shg(U) and coefficients in Vr(4) to be HI(RFH/R(M(4))).
Then we have the short exact sequence

0 — Extyye (R(0). HE(Shg (U). Va(4)) — Hjy(She(U)/R. Va(4))
— Homyys (R(0), Hg(Shg (U), Vr(4))) — 0.

If m =7 ® 7y is as above, we denote by
Hy (M (7 p)r(4)) := (Hy(She (U)/R, Va(4)) ® L)[n /]
the 7 r-isotypical component.

Lemma 2.11. Under the hypotheses (DS) and (St), we have a canonical short exact sequence of finite
rank-free R ®q L-modules

0— F*H{[n /] — HElw1>="1(3) - H} (M (7 /)r(4)) — 0.

Moreover, we have
dimpgq, Hy (M (7 p)r(4)) = dime f .

Proof. It follows from the existence of the short exact sequence above and from Proposition 2.6 that we
have a canonical isomorphism

Hy (M (7 )(4)) ~ Extyy, o (R(0), Hg(Sha (U), Va(@))lr ).

Hence, the first statement of the lemma follows as in [Lemma 2017, Lemma 4.11]. In particular, the map
F*HS [ f1 — HE[ws17%=71(3) is defined by the composition of

F*H§m 1 — Hyplns1® C~ Hy(Shg(U), Ve)lrsl,
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of the projection to Hg (Sha(U), Vo)l ] F5=1 where FZ is the complexification F% ®c, with ¢ denoting
the complex conjugation, and of the projection

HE(Sha (), Vo)lms1™=" = Hiln ;1771 3) @ Hyln 1"~ (4) — Hglwp1"~="1(3).
Finally, by Lemma 2.8, we have that

dimpgqr F*Hgplmy]=3dim, 7 (L) =3dime 7{ .

On the other hand,

dimpg,. Hylm1"™>="'3) = 3+ hr**)dime 7,
where 4> is the dimension of the C-vector space {x € H3’3(7Tf) : FZ (x) = —x} (see [Burgos Gil et al.
2024, §3.4.2]). By the proof of Lemma 2.8, we have 2>+ = 1, which implies the result. U

3. Construction of the motivic class

3.1. Cartan product. Before starting, we briefly recall some properties of the Cartan product of irreducible
representations that will be needed (see [Sun 2017, §2.5] for more details). Let A denote either a connected
compact Lie group or a semisimple algebraic group. Fix a Cartan subgroup of A and an orientation of
the roots. Irreducible algebraic representations of A are parametrized by dominant weights. If A and o
are two dominant weights with corresponding representations V* and V', then the representation V*+°
appears in V* ® V° with multiplicity one. We denote it by V* - V7 and we call it the Cartan component
of V*® V. Clearly, the tensor product of two highest weight vectors maps to a corresponding highest
weight vector. We denote by v ® w > v - w the projection from V*® V7 to its Cartan component V* - V°.

Lemma 3.1 [Sun 2017, Lemma 2.12]. Every nonzero pure tensor in V* @ V° projects nontrivially to the

Cartan component.

3.2. Branching laws. In what follows, we fix a totally real field F' over which H splits. Since H is split
over F, its finite-dimensional irreducible representations are determined by the highest weight theory and
we can thus use the branching laws for algebraic representations from G to H established in [Cauchi and
Rodrigues Jacinto 2020].

Lemma 3.2. The G-representation V* over F of highest weight .. = (A1, A3, A3, ¢) contains the trivial
H-representation if and only if c = 0 and »1 = Ay + Az. When this holds the trivial representation of H
appears in (VA)\H with multiplicity .y — Az + 1.

Proof. From [Cauchi and Rodrigues Jacinto 2020, Lemma 2.10], the sum of all irreducible sub-H-
representations of V* isomorphic (up to a twist) to Sym*%? for some k > 0 is given by

Al—A2+A3 |
@ r- Sym(k’o’o) ® detz2 (M0

k=|A1—A2—23]
k=|A| (mod 2)
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for r = Ay — A3 + 1. From this we deduce that V* contains the trivial H-representation with multiplicity
r=Ay—Az+1lifand onlyif Ay — Ay — A3 =0. =

It will be useful to construct explicitly generators of the trivial H-representations inside V* given
by the branching laws. We achieve this by constructing some vectors in the representations V (1:1:0:0)
and V@119 and then by taking their Cartan product. From now on, all the representations are defined
over F. Moreover, since the branching laws are determined by the restriction to the derived subgroups, in
the following we work with the groups

Hy :=SL, x SL, x SL, — Hé :=SL, x Sp4 — Gog = Spé.

Recall that we associate to any A = (A1, Ap) € 72 such that A; > A, > 0, the irreducible Sp,-representation
with highest weight A. Applying the branching laws [Cauchi and Rodrigues Jacinto 2020, Proposition 2.8],
we get the following decompositions of representations of H:

VL0 — (gymO KV ©0) g (Sym? KV D) @ (Sym! KV 1),
VELD = Sym’®V!D) @ (Sym’ KV ) @ (Sym' KV T?) @ (Sym' KV ED) @ (Sym? ®V D).

By Lemma 3.2, V1.9 contains two copies of the trivial Hy-representation, each of which lies re-
spectively in Sym® V@0 and Sym® XV -V while V®!-D contains a unique trivial Hy-representation
appearing in Sym’ XV 1-D_ Using these facts, we can explicitly define generators of these three trivial
representations of Hj.

Let V be the standard representation of G with its symplectic basis (e1, e>, e3, f1, f2, f3) given in
Section 2.6. According to our choice of embedding Hé — Gy, (e1, f1) (resp. {(ez, e3, f2, f3)) defines
a basis of the standard representation of SL, (resp. Sp,). We first recall how one can realize the
representations V(1.0 and V11D~ Ag explained in [Fulton and Harris 1991, §17.1], V1.9 is realized
inside /\2 V as the complement of the Gy-invariant subspace generated by the vector ey A fi+exA fo+e3A f3
corresponding to the symplectic form or, in other words, as the kernel of the map /\2V — V sending
v] A vy to ¥ (vy, v2). By [Fulton and Harris 1991, Theorem 17.5], the irreducible representation y (LLD
is identified with the kernel of the map ¢ : NV =V, vy Avs Avs > ij’k#i’j Y (i, v) (= 1)~ Ty

Lemma 3.3. Let F(0) denote the trivial Hy-representation. We have
vi=er A fr—e3A fz € F(0) C Sym’ Ky D ¢ y 110
wi=es A fr+e3A fz—2e A f1 € F(0) C Sym® KV ©0 ¢ y 1.0
z:=z1—2 € F(0) C Sym’ Ky D c y &L,

where
zii=er-(finexN fo— finesn f3),

22:=fi-(e1Nex A fo—ej Ne3 A f3),

and - denotes the Cartan product.
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Proof. The vector v is obtained from the highest weight vector e; A ey in V(1.0 by applying the
composition X ,1,—1) © X(0,—2,0) © X(—1,0,1)» Where X(_1.0,1), X0,-2.0), X(0,1,—1) € 5P denote the weight
vectors for A(—1, 0, 1), A(0, =2, 0), and (0, 1, —1) respectively (see [Fulton and Harris 1991, §16.1] for
the precise description). Moreover, the vector X(_j,0,1)(e1 A e2) = —e2 A e3 is of weight (0, 1, 1), which
appears only in the component Sym® XV D and X (0.1 _1), X(0.-2.0) € 5ps C 5pg s0 v still lies inside
Sym? XV (D The vector w is Hj-invariant and therefore it generates the only trivial Hjj-representation
in V119 We now explain the definition of z. Note that e; € V109 and fiAesA fo— finesA fze VLD,
Thus, by the properties of the Cartan product

V00 @ yULD _ (L0 g y@ LD y@LD ey sy

z1 is a nonzero vector in V1 by Lemma 3.1. The vector z; is fixed by {I»} x SL2, but not by
SL, x {Ib} x {I,}, however, as it is easy to verify, we have that

i=u+h-a=201—-2€FO) cVEY with h=((_,") b, b),
generates the unique trivial Hy-representation of V1.1, O
Lemma 3.4. Let A = (Ay + A3, A2, A3, 0) with Ay > A3 > 0. For each Ay > |t > A3, the vector
W=l T e F(0) € (V)
realizes a distinct copy of the trivial representation F(0) of H inside (V*)|,.
Proof. For p, q,r € N, we have

vPw? 7" e F(0)C Symo )Y PHrptr) ¢y (ptat2rptatrr),

The vectors v, w, z are H-highest weight vectors, and thus v!*+*! is too. We are left to show that each of the
vectors is different. This follows from the fact that each v/*#! lies in Sym® KV P23 —rdatis—i) g n—ra=1s

and these representations are all different as u varies. O

3.3. The motivic class. As in the section above, we fix a totally real field F such that H splits over F.
For a smooth quasiprojective scheme S over a field of characteristic zero, let CHMy (S) denote the
tensor category of relative Chow motives over S with coefficients in a number field L and denote by
M : Var/S — CHM[ (S) the contravariant functor from the category of smooth projective schemes over S
to the category of relative Chow motives over S (see [Ancona 2015, §2.1]). By [Deninger and Murre
1991, Corollary 3.2], if A/S is an abelian scheme of relative dimension g, there is a decomposition
M(A) = @lzi | h'(A) in CHM (S). Let G temporarily denote one of the groups H or G, and denote by
Rep (G) the category of finite-dimensional algebraic representations of G defined over F. Ancona [2015]
constructed an additive functor

1S :Repp(G) — CHMp(Shg (U)),

where U is a sufficiently small open compact subgroup of G (A ). We recall some of its properties.
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Proposition 3.5 [Ancona 2015, Théoreme 8.6]. The functor ,ug respects duals, tensor products and
satisfies the following properties.

(1) If V is the standard representation of G, then ,ug(V) = h'(g), where g is the universal abelian
scheme over Shg (U).

2) If v: G — Gy, is the multiplier, then ,ug(v) is the Lefschetz motive F(—1).

(3) For a G-representation V defined over F, the Betti realization of Mg(V) is the local system Vp
associated to the vector bundle

G@\(Xg x V x(G(Ay)/U)) = Shg(U)(C).

(4) For any prime v of F above £ and G-representation V, the v-adic étale realization V, of [,Lg(V) is
the étale sheaf associated to V @ F,, with U acting on the left via U < G(Ay) — G(Qy).

Definition 3.6. Let V* be the finite-dimensional irreducible algebraic representation over @ of G of
highest weight L. We denote by ”//1? the relative Chow motive associated to V* ® F.

Let U C G(Ay) be a sufficiently small compact open subgroup and let U’ = U N H(Ay). Recall that
we have a closed embedding ¢ : Shy (U’) < Shg (U) which is of codimension 3. Let V* the algebraic
representation of G (over F) of highest weight A = (A, A, A3, ¢) such that A} = Ay + A3 and ¢ = 0.
Using the branching laws of Lemma 3.2 and [Torzewski 2020, Theorem 1.2], we get the following (see
[Cauchi and Rodrigues Jacinto 2020, Proposition 2.17]).

Proposition 3.7. For any Ay > i > A3, we have a Gysin morphism

(M HY (Shr (U'), F(0) — HY(Sha (U), 77 (3)),
corresponding to the embedding of F(0) C 1*V* given by the H-trivial vector v'**! of Lemma 3.4.
Definition 3.8. We let Z}"\) € HS,(Shg(U), ¥ (3)) be the image by (£ of

Ishy () € CH'(Shy (UN)F = HY (Shg(U"), F(0)).
3.4. Realizations.
3.4.1. Etale realization. Let [ be a prime of F above £. We have an étale cycle class map
cle - HY(Sha (U), 72 (3)) — Hg (Sha (U), W (3)) — H (Sha (U)g. Vi (3)) %0,

where the last arrow is the natural map obtained from the Hochschild—Serre spectral sequence. We define
the following.

Definition 3.9. We let Z}4) := cla (2l 1)) € H (Sha (U)g, Vi(3))%.
Remark 3.10. « Notice that ZZ‘Q] equals to the image of 1 € Hé?t(Sh g (U’ )g» F1(0)) via the étale Gysin

map
M HY (Shy (U g, Fi(0) — HY(Shy (U)g, Vi) — HS(She (U)g, Vi(3)).

ét,x
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o As the representation V* is self dual, we have a Galois equivariant perfect pairing
Hg . (She(U)g, Vi (3)) x Hg(She (U)g, V(' (3)) — Fi(0).

Hence, by duality, ZEQ]

determines a map
HS, .(Shg(U)g. V{(3)) — Fi(0).
3.4.2. Betti realizations. As in the previous subsection, we define the class
zil e H§(Shg(U)(©), VE(3))
as the image of Zgﬁ via the Betti cycle class map
clp : H$((Shg (U), %(3)) — H§(Sha (U)(C), VE(3)).
Note that, as F is totally real, the image satisfies

Im(clg) C H§(Shg (U)(C), Vi(3)™=",

where FJ denotes the composition of the map induced by complex conjugation on the C-points of
Shg (U) with complex conjugation on the coefficients.

3.4.3. Absolute Hodge realizations. Let HS,(Shg(U), 77 (3))° =ker(clg) denote the subgroup of homo-
logically trivial classes and let Hf\’/[(Shc;(U ), 7/}(3))h0m denote the quotient

HY(Sha (U), ¥ (3))/H (Sha (V). 75 (3))".
Note that when Ap = A3 =0, i.e., the representation V* is the trivial representation, then
HY((Shg(U), 7 (3)) = Hyy(Shg (U), F(3)) = CH (Shg(U))
is the usual Chow group of 3-codimensional cycles modulo rational equivalence and the space
H{((ShG (U), 77 (3)hom = N> (Sha (U))

is the space of 3-codimensional cycles modulo homological equivalence, with coefficients in F. In this
section, we define a natural injective map

H{,(Shg(U), 77 (3)hom — H},(Sha(U), Vi(4)). (7)

The definition is similar to the one for smooth projective varieties (see [Schneider 1988, §5]) and we
recall it for the convenience of the reader. The cycle class map is an injection

clg : HS(Shg(U), ¥7(3))hom — Hy(Sha(U), Vr(3) =" N HY(Sha(U), VE(3))*,
where Hg(Sh(;(U ), Vé(3))0’0 denotes the subspace of

WoHS(Shg(U), VE(3)) = Gry H3(Shg (U), VE(3))
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of vectors which have Hodge type (0, 0). The composite of the inclusions

HY(Shg(U), Ve(3))~="n HS(Shg (U), VE(3))"°
> WoH% (Shg(U), Ve(3)) = WaH5:(Sha(U), Vr(3)) = WoHS% (Sha (U), Vr(4))

and of the projection

WoHS: (Sha (U), Vr(4))
— WoHS(Shg (U), Ve(4) "\ WoHS: (Sha (U), Vr(4))/ FOWoHS (Shg (U), Vr(4))

is injective. As the last space above is canonically isomorphic to
Extyyys: (R(0). Hy(Sh (U), Va(4))),
we obtain a natural injective map

H{;(Shg (V). 7 (3))hom = Extyye: (R(0), H(She (U). Va())).

Composing this map with the canonical injection

Extyys (R(0), HE(Sh (U). Va(4)) — Hjy(Sh(U), Vi)

we obtain the map (7). We denote by cly, : HY,(Shg (U), ¥(3)) — H],(Shg(U), V4(4)) the composition
of the map (7) with the projection H/?/t (Shg (U), 7/1? 3) — H/‘;’A (Shg (U), ”I/If} (3))hom-

Definition 3.11. We define
zhrl =y (2 ) € H](Sha(U), Vi(@)).

Remark 3.12. Let  be a cuspidal automorphic representation of PGSp(A) which satisfies the hypotheses
of Lemma 2.11 and let S be a finite set of places containing the ramified places of 7 and co. By the
conjectures of Beilinson and Tate and the local calculations of Gross and Savin [1998], there should exist
a cubic étale algebra E/Q such that the cycle Zg”ff,fl], with H defined by E/Q, and their Hecke translates
are expected to generate H%L(M (7 r)r(4)) when ord,—; L3(s, mr, Spin) = —1. Assuming the nonvanishing

of the archimedean integral, Corollary 5.15 confirms this expectation.

4. Construction of the differential form and pairing with the motivic class

The purpose of this section is to study the Betti and Hodge realizations of the cycle constructed
in Section 3.3 by relating their pairing with a suitable cuspidal harmonic differential form to an
automorphic period.

4.1. Test vectors. Recall that the discrete series L-packets for PGSpe(R) have four elements, each indexed
by a Hodge type (and its conjugate). Let = denote a cuspidal automorphic representation of PGSpg(A)
for which 7, is the discrete series of Hodge type (3,3) in the L-packet of V*, where A = (A1, A2, A3, 0)
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and A1 = Ay + A3. This translates into saying that 7 is a cuspidal automorphic representation of G (A)

with trivial central character for which

HS(g, Kg: 0o @ V) #0,

33 o =33
and such that oo|Gom) = 70 @ T

spective Harish-Chandra parameters (A +2, A3+ 1, —A; —3) and (A1 + 3, —A3 — 1, —A — 2). Recall
that these discrete series contain with multiplicity one their minimal Ko.-types t(,+2.1;+2.—,—4) and

is the direct sum of the discrete series representations of re-

T(h +4,—23—2,—1,—2) Tespectively. On the other hand, as K. -representations we have

6 3 3, —
Npe 2 N'pE @ N'pg = @ T 2722,-4 D T4,-2,-2),

4
where the equality expresses the decomposition of the tensor product into irreducible K -representations.

This fact will be useful to construct an element in

HO(g, Kg; oo ® V*) = Homg (A°pe, 7100 ® V) = Homg (Apc ® V*, 70a0),

where the last equality follows from the fact that V* is self-dual. Before stating the next result, let us fix
the following data:

* A highest weight vector Wy, of the minimal K o-type 7(5,42,35+2,-1,—4) of J'ri’f 1

« A highest weight vector W, of the minimal K -type Ty +4,—h3—2,—1y—2) OF ﬁzfl.
o A highest weight vector X2 2 _4) of 722 _4).
o A highest weight vector X 4,2 —2) of 74,—2,—2).

« Ahighest weight vector v* of 7;; C V*, where 7,/ denotes the irreducible algebraic K ,.-representations
of highest weight 1’ = (A2, A3, —A1).

* A highest weight vector vt of 13, C V*, where 13, denotes the irreducible algebraic K «-representations
of highest weight A’ = (A1, =13, —A2).
Lemma 4.1. The spaces Homg_ (/\6p@ ®V*, 71;31) and Homg __ (/\6]3@ ®V*, ﬁi;l) are of dimension 1
and the elements
wy,, € Homg (A°pc ® V*, m20). og, €Homg, (Npc @ V*, 7200)
defined by
oy, (X022, -4 ® V) = Wy, oy (X@,-2,-2® V) =Ty

are generators of these spaces.
Proof. This is a consequence of [Borel and Wallach 1980, Theorem I1.5.3 b)] and its proof. O

4.2. Restrictionto H. Let . = (A, A2, A3, 0), with A; = A, + A3 and let V* be as above. Let h denote
the Lie algebra of H(R) and £y the maximal compact modulo the center Kg. Observe that via the
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embedding ¢ : H(R) — G(R), the group K g is isomorphic to T. One has a Cartan decomposition
bc =¢H.c @ pH . c, where pg ¢ is six-dimensional and is spanned by the noncompact root spaces. We fix
once and for all a generator X of the one-dimensional C-vector space /\6p HcC /\6p@ as in [Burgos Gil
et al. 2024, §5.2]. The main result of this section is the following.

Theorem 4.2. Let wy, , and O be the elements of Homg (/\61343 ® V*, JTOO) defined in Lemma 4.1.
Let X be as above and let v be any H-invariant vector in V*. Then

oy, (Xo®v) #0, wg_(Xo®v) #0.

The proof of Theorem 4.2 will be constructive and occupies the rest of this section. We start by
recalling the following result.

Lemma 4.3 [Burgos Gil et al. 2024, Lemma 5.4]. Let X be as above. Then the image of X by
Nprc— Npe — Nt @ Npe — 10.2,-a),

where the first map is induced by the embedding H — G and the second and the third maps are the

natural projections, is nonzero.

We next study the interaction between the branching laws of V* to the subgroup H of G and to
its maximal compact subgroup. More precisely, we show that the H-invariant vectors constructed in
Lemma 3.4 project nontrivially to 7, and 7;, and moreover that their projections form a basis of the
corresponding (0, 0, 0)-weight spaces for the action of T.

Lemma 4.4. Let 7y and 73, be the irreducible algebraic sub-K -representations of V* of highest weight
A = (A, A3, —A1) and X' = (A1, —A3, —A2). Then the weight (0,0, 0) appears in both T, and T3, with
multiplicity Ay — A3 + 1.

Proof. Let no(A’) denote the multiplicity of the weight (0, 0, 0) in 7;,. The Kostant multiplicity formula

reads as .
no0)= Y (=D PO +px.) — px.),

weQDKOC
where px_ = % D we AT = (1,0, —1) and the function u +— P (u) calculates the number of ways for
which the weight pu can be expressed as a linear combination
a(e; —ez) + Bler —e3) +y(e2 —e3),
with «, B, y € Z>¢ (see [Fulton and Harris 1991]). Using this formula, it is a tedious but straightforward
calculation to verify that n9(1') = A» — A3 + 1 and the same for A’ = wg’. O

According to Lemma 4.4, there are A, — A3z + 1 linearly independent vectors of weight (0, 0, 0) in ;.
We now show that these weight vectors correspond one to one to the H-invariant vectors of Lemma 3.2.

Lemma 4.5. Let v, w be the vectors of V19 and let 7 be the vector of V-V defined in Lemma 3.3.
The irreducible algebraic representation t(1 0,1y (resp. T(1,1,—2) and T2, —1,—1)) appear in the restriction
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of VL (resp. of V1D t0 K o with multiplicity 1. Moreover, we have v, w € 71,01 € VL0 and
Z2€T111,-2) P12 -1,-1) C VLD pith 7 projecting nontrivially to each factor of this decomposition.

Proof. First observe that v, w € V(19 and z € VLD are vectors of weight (0, 0, 0) both for the
split and the compact tori of Go(R). Indeed these vectors are fixed (up to a constant) by the matrix J
sending the noncompact torus Ty to the compact torus T, defined in Section 2.2. Using branching laws
from Go(R) to K, we have a decomposition of K,-representations

y(1L.1.0) T(1,1,00 D T(1,0,—1) D T(0,—1,—1)-

The weight (0, 0, 0) appears only in 7(1 0,—1) and with multiplicity 2. Since it has also multiplicity 2
in VL1L.O we deduce that {v, w} forms a basis for the (0, 0, 0)-eigenspace of 7(1,0,—1). On the other
hand, we have

y&LD =T(-1,-1,-2)PT(1,-1,-2DT(1,1,00 P T(1,1,-2) P T(1,0,-H D T2, -1,-H DT, 1,-1H) D T2, 1,H PT©O,~1,-1)-
The weight (0, 0, 0) only appears in 7(1,1,—2) ® T(1,0,—1) D T(2,—1,—1), Which implies that
ZE€T(1,1,-2) D T1,0,—1) D T2,—1,-1)-

Notice that the decomposition of the standard representation of Gy

V =1711.0,00 ® 7(0,0,—1)

of Ko-representations can be realized by picking the basis {vy, vy, v3, wi, wy, w3}, where v, := e, +if;
and w, :=ie, + f,. The set {v,}1<,<3 (resp. {w, }1<,<3) defines a basis for 7(;0,0) (resp. 7(,0,—1)). We
now write z in terms of this basis. By using the relations
er =50 — 5w, fr= 3w, — §vp,
we have that
e® fin(enfr—esn fz)—fi®erN(ea N fr—esN f3)
is equal to
%(U1®w1/\(vz/\wz—vg/\wg)—wl®v1/\(v2/\w2—v3/\w3)).
Thus,
=12 —Z2=i(v1-w1A(v2Aw2—v3Aw3)—w1-v1 /\(vg/\wz—v3/\w3)).

Notice that the vector w; A (2 A wy — v3 A w3) € VLD §g of weight (—1,0,0) for T, while
v A (1 Awy — 3 Aws) € VLD s of weight (1, 0, 0) for Tao. As

y LD — T, P TA,—1,-1) DT, 1,-1) D T(=1,-1,—-1),
and as the weight (—1, 0, 0) appears only in 7(;,—1,—1) and (1, 0, 0) only in 7(1 1,—1), we have that

wiA(VyAwy —v3Aws) € T1,-1,-1)s VI A (v Awy —v3AW3) € T(1,1,-1)-
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By the properties of the Cartan product, the vector s1 := vy -wi A (v2 Awa —v3Aw3) is nONZero in 72 —1,—1),
while s := w1 - v1 A (V2 A w2 — v3 A w3) 1S nonzero in 7(j,1,—2). This shows that the vector z € y@LD

lives in 72, —1,—1) ® 7(1,1,—2), thus finishing the proof. Il

Proposition 4.6. The set {prw(v[’\*‘”)} u (resp. {prfx,(v[’\’“])} ) forms a basis of the weight (0, 0, 0)-
eigenspace of T,y C V* (resp. T C V.

Proof. Recall that we have defined
W= it e F(0) € (V).

By Lemma 4.5, we have that v, w € 7(,0,—1) € v (LLO) o that, for any A3 < u < Xy, we have
VMR @ whth € t(‘?koz:klj and we deduce that the projection of v*27# . Wt g V(*2723.22-43.0) g
T(,—13,0,A3—1,) coincides with their Cartan product with respect to K. Moreover, each of these projections

is nonzero because of Lemma 3.1. Since the vectors
Ao— —A
VT W T € T, 05,0,05-00)

are all different as they live in different H| subrepresentations (see the proof of Lemma 3.4), we
conclude that they span the A, — A3 4+ 1-dimensional weight (0, 0, 0)-eigenspace of T(x,—5.0,2;3—1,)-
We now show that z*3 projects nontrivially to both (25, —1,.—1,) and (.5, —215)- Notice that, as the
weights (213, —A3, —A3) and (A3, A3, —2A3) are extremal in v (223.23.23) and appear uniquely, we have a

commutative diagram

(V(Z,l,l))®)~3 . V (243.43,43)
(prl,pr’l)l lprz
(T2—1.-1)®" @ (71.1,-2) B —— T@i3.—r3.—13) B T(hs.3.~243)

where the horizontal arrows are the Cartan projections and the vertical arrows are the natural projections
given by the decomposition of V*""") as K. -representations. Thanks to the commutativity of the
diagram, we know that the vector z®* e (V@ 1:1D)®%3 maps to

pry(z™) = pry ()™ +pry ()™ =577 +57°,

where s1, 5 are as in Lemma 4.5. This shows, again by Lemma 3.1, that each v!**] projects nontrivially
to both 7,/ and 73, and that each of these projections are different by Lemma 3.4. Indeed,

[uly — o=, =23 | A3 [uly — o=, i=A3 | A3
prw(v )=v -w 817, pr,x/(v )=v -w 857

By Lemma 4.4, this means that {prw(v“’“])}u (resp. {prrx,(v[’\*“])}u) defines a basis of the weight
(0, 0, 0)-eigenspace of T,/ (resp. 73,). This finishes the proof. O

We can now conclude the proof of Theorem 4.2
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Proof of Theorem 4.2. By construction, the map wy,, factors through 7,122 -4) € 72,2,-4) ® Tv.
Lemma 4.3 shows that the projection of X to 7(2 2 —4) is nonzero, while Proposition 4.6 shows that
prw(v[’\’“]) is nonzero. Since Tj4(2.2,—4) is the Cartan product of 722 —4) and 7/, we deduce from
Lemma 3.1 that the image of the pure tensor pr,,, , (Xo) ® pr,, (v™#) is nonzero. U

4.3. The pairing. Let  denote a cuspidal automorphic representation of PGSp4(A) for which 7 is the
discrete series of Hodge type (3,3) in the L-packet of V* with A = (Aa+A3, A2, 13, 0). Let U = U ® W
denote a cusp form in 7 = 7o ® wy. We assume that W, is a highest weight vector of the minimal
Koo-type Tu+2.03+2,—2—4) Of ToolGom). We let [wy_ ] € Hﬁ(g, Kg; T ® V) be the cohomology class
of the harmonic differential form wy , defined in Lemma 4.1. We also assume that W ¢ € Vy, is U-invariant.
Then we have [wy] = [0y, ® Vsl € H%(g, Kg; 7Y @ V).

Lemma 4.7. There is a Hecke-equivariant inclusion
H(g, Kg; ¥ @ V*) C Hip (Sha(U), V).
Moreover, if m,, is the Steinberg representation for some finite place w, such an inclusion is unique.

Proof. Let C(G(Q)\G(A)/ U, V*) denote the space of V*-valued C*-functions on the double quo-
tient G(Q)\G(A)/U which, together with all their right ${(gc)-derivatives, are rapidly decreasing
in the sense of [Harris 1990]. As = is cuspidal and cusp forms are rapidly decreasing, we have
HS(g, Kg; oo ® Vé‘)”’(”) ® JTch] C H%g, Kg: CT(G@\GA)/U, V*)). Thus the result follows from
the fact that, according to [Borel 1981, Theorem 5.2] (see also [Harris 1990, Theorem 1.4.1]), there exists a
canonical Hecke equivariant isomorphism Hg (Shg(U), V*) ~ HS(g, Kg: CF(G(@\G(A)/U, VY)).
Finally, if m,, is Steinberg at a finite place w, we have, as in Lemma 2.8, that m () = 1. O

4.3.1. The pairing in Betti cohomology. Poincaré duality is a perfect pairing
(.): Hy(Shg(U), Vi(3)) x Hf .(Shg(U), V}) — F(=3),

which is a morphism of mixed F-Hodge structures. Fix the choice of a measure dh on H (A) as follows.
For each finite place p, we take the Haar measure dh, on H(Q),) that assigns volume 1 to H(Z,). For
the archimedean place, we let Xg € /\6p H.c be the generator fixed at the beginning of Section 4.2. The
choice of X¢ induces an equivalence between top differential forms on Xg = H(R)/K g, and invariant
measures dhs on H(R) assigning measure one to Ky  (see [Harris 1997, p. 83] for details). We
let dhoo denote the measure associated in this way to the pullback of (Pt to X g and we then define
dh=dhe ]_[p dh,.

Proposition 4.8. We have

hy
(2 low)) = - A (k) dh,

~ @ri)} vol(U') Juzemnma

where hyr = 47 Zg(Q\Zc(Af)/(Zg(Ar) NU")| and A" € U (k) is an element for which A+ .
Voo = 0y, (Xo @ v*H]),
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Proof. By [Borel 1981, Corollary 5.5], there exists a V*-valued rapidly decreasing differential form 1 of
degree five on Shg (U) such that w. := wy + dn is compactly supported. We have
(25 0wl = lp M sn, @), [0c])
= (" Mlelp (Ashy ), [@c])

= (clg(Ishy @) ¥ ])
1

- N 3/ t[}l’u]*wca
(2mi)” Jshy W

where (&% . *V* . F(0) is the H-equivariant projection dual to the inclusion (** : F(0) — (*V*
defined by 1 > v*#l € V* where v*'# is the vector defined in Lemma 3.4. According to [Borel 1981,

§5.6], we have
/ gy = 0.
Shy (U’)

Hence, using Theorem 4.2 we have

1

(Zhy lov]) = 5o [s e
_ 1
Qi) JSshpwn
_ 1
@iy’ L(@)\H(A)/MR)KMU’
_ hy:
- @)} Jrp@ze@nm@u
_ hy:
— i)} vol(U) Ju@zemnm®)

wy (Xo ® v (h) dh

AWM (h) dh

AMH W (h) dh

A*H () dh,

where the third equality follows from Theorem 4.2 as wy_(Xo ® v**]) is nonzero and thus it is
of the form A™M . W, for some AM* e U(te), because Wy, is the highest weight vector of the
minimal Ks-type T(,42,1542,—1,—4). Moreover, the fourth equality follows from the fact that W is
fixed by the center of G, whence, using that |Zg(R)/(Zg N H)(R)| = 4, the constant iy is equal to
47 NZg(@\Zg(Ap) /(Zg(Ap) NU)|. O

Remark 4.9. In view of Proposition 4.8, we immediately notice that if & is not H-distinguished, namely

/ ¢z (h)dh =0

H(@)Zg(M\H (A)

for any cusp form ¢, in the space of 7, we have that prﬂvzgjg] =0. As we discuss later in Section 8, the
H-distinguishability is related to the property of 7 being a (functorial) lift from G, which is (conjecturally)
equivalent to the fact that the spin L-function of 7 has a pole at s = 1.
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4.3.2. The pairing in absolute Hodge cohomology. Let
(, )u: Hy(Shg(U)/R, Va(#) x Hy, (Sh(U)/R, Vr(3)) = R

be the natural pairing between absolute Hodge cohomology and compactly supported cohomology as
constructed in [Beilinson 1986, §4.2]. In order to ease notation, we will denote by H ; (i) and Hg (i) the
cohomology groups H;C(Sh(;(U), Vr(i)) and Hj(Shg(U), VE(i)), respectively. Recall from Section 2.9
that absolute Hodge cohomology and compactly supported cohomology live in exact sequences

0 — Extyys, (R(0), H3(4)) — Hj,(Shg(U), Vr(4)) — Homuns, (R(0), Hz(4)) =0, (8)

0 — Extyys, (R(0), Hp .(3)) = Hj, .(She(U), Vr(3)) — Hommms, (R(0), Hy .(3)) = 0,  (9)
which are deduced from the description of absolute Hodge cohomology as a cone of a diagram of complexes
of Hodge structures. Let [wy] € Hg’ (Shg (U), Vﬁ (3)) be the compactly supported cohomology class of the
harmonic differential form wy. This class is of Hodge type (3, 3) and hence, since Wngﬁc(3) = Hg,c(3),

it naturally lives in the space Hommpus, (R(0), Hg’c(3)) = WoHp (3)N FOHB’C(3)@. Denote by [cfo\\;]
any lift of [wy] in H{_’L,C(Shg(U ), Vr(3)) via the surjection of the exact sequence (9).

Proposition 4.10. The pairing (Zg‘:?’i}, [ow 1)y depends only on [wy] and not on the choice of lift. We
denote this value by (ZE:%], [wy ). Moreover, the pairing is given by the natural Poincaré duality
pairing. In particular, we have

hr
[A, 1] _ U [A,p]
Zaay o)y = ———7++ AV (h) dh.
H# Qi) -vol(U") Ju@zemn\m®)

Proof. We give a sketch of the proof and we refer to [Beilinson 1986] or to [Burgos Gil et al. 2007, §5.1]

for the facts used here. It follows from the description of the pairing between absolute Hodge cohomology

and compactly supported cohomology given in [Beilinson 1986, §4.2] that, since our cycle class ZE:Z]

lives in the subspace Extyys. (R(0), H§(4)) of HJ,(Shg(U), Vr(4)), the map
(25401, =)« HE, (Sha(U), Ve(3)) > R
factors through Hompygs, (R(0), Hg’c(3)) and coincides with the natural Poincaré duality pairing

Extigus, (R(0), Hj(4)) ® Homuns, (R(0), Hj (3) — Extygys, (R(0), H3(4) ® H .(3))
> Exthps, (R0), H2.(7))
155 Exthgys, (R(0), R(1) = R

This shows the first two assertions. The last formula follows from Proposition 4.8. 0

5. Integral representation and residue of the spin L-function

In this section, using the result of [Pollack and Shah 2018], we explain the precise connection between
the period integral appearing in the statement of Proposition 4.8 and the residue of the spin L-function
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of 7 in the case where the cubic totally real étale algebra E over Q defining H is of the form (2 x F,
with F' a quadratic real étale algebra over Q. We start by recalling well-known analytic properties of
some Eisenstein series for GL,.

5.1. Eisenstein series for GL,. Let T, denote the maximal diagonal torus of GL, and let B, = T,U,
denote the standard Borel. We denote by 4§ the character of 7, defined by diag(t;, ) + t;/t> and
we regard § as a character of B, by extending it trivially to the unipotent radical. Let ® € S(A?) be a
Schwartz—Bruhat function. Following Jacquet, for any s € C, we attach to ® the function f¢ € Indgi“f@)és

defined by
Jo(h,s) = |det(h)|“/ (0, )h)|t|* d*t
Ax

and the Eisenstein series

Eo(h,s)= Y folrh,s).

Y E€B(@\GL2(Q)

In the statement of the following lemma, we denote by 5(0) = f a2 P(x, y)dxdy the value at 0 of the
Fourier transform of ®.

Lemma 5.1. (1) The Eisenstein series E¢(h, s) is absolutely convergent for Re(s) big enough and has a

meromorphic continuation to C.

(2) We have
|det(h)|*~' @(0)
E h, - R h’ 9
0l 5) = ) S RO )
where R(h, s) is an entire function in s for any h € GLy(A).

Proof. Statement (1) is [Jacquet 1972, Proposition 19.2]. According to [Jacquet and Shalika 1981,
Lemma (4.2)] and its proof, we have
det(h) |1 ®(0
Eoth,9) = TO2Q 4 kan, ),
s [—
where R (h, s) is holomorphic for Re(s) >0andc = (s — 1) flt\<1 |1]26=1 d*¢, the integral being over the

set {t € A*/Q* : |¢] < 1}. By Iwasawa-Tate we have ¢ = % O

5.2. Fourier coefficients. Here we discuss the definition and basic properties of some Fourier co-
efficients for cusp forms for G, which appear in the integral representation of the spin L-function
of [Pollack and Shah 2018].

5.2.1. The Siegel parabolic. We let Q = L3U;3 denote the standard Siegel parabolic subgroup of G, with
Levi L3 >~ GL3 x GL;. Explicitly,

Ly={m(g. n) = (* Mlg—l) | ¢ € GL3, u € GL},
U3={n(u)=(13 Z), u€M3|ut:u}.
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Denote Sym(3) = {« € M3 | ' = a}. To each @ € Sym(3)(Q), we associate the unitary character
Yo 1 Us(@Q\U3(A) — C* by n(u) € Us(A) — e(Tr(au)), where e : Q\A — C* is the additive character
with eq (x) 1= €2™* for x € R, and conductor 1 at the finite places. For each « € Sym(3)(Q), we define
a Fourier coefficient along Us for a cuspidal automorphic representation 7 of G(A) as follows.

Definition 5.2. Let W be a cusp form in the space of 7. Define

Yy, y, (8) = / U W)W (ug) du.

Us(@\U3(A)
We let L3(Q) acts on Sym(3)(Q) via the right action o - m(g, n) = u~'g'ag.
Lemma 5.3. Let o, 8 € Sym(3)(Q). If there exists m € L3(Q) such that B = « - m, then

Vs oy, (8) = Y.y, (Mg).
Proof. Suppose that 8 = o - m with m = m(g, n). The result follows from the equality
Yp(n(w) = e(Tr(n ™" g'agu)) = e(Tr(agup ™" g") = Yo (mn@wym™"). O

In this manuscript, we are interested in Fourier coefficients associated to the set of rank-2 elements
of Sym(3)(Q), which we denote by Sym™?(3)(Q). Let D € @* and let F denote the étale quadratic
extension Q(+/D) of Q. If D is not a square then F is a field, else F = Q x Q.

Definition 5.4. We let ¢p : Us(Q)\U3(A) — C* be the unitary character
Vp :n(u) — e(Tr(apu)) = e(uz3 — Duyy)
associated to ap = (0 ) 1) € Sym™(3)(Q).
Lemma 5.5. A set of representatives of Sym™*(3)(Q)/ ~M;(Q) IS given by
{ap: D eQ*/(@%)%).

In view of Lemmas 5.3 and 5.5, the set of Fourier coefficients associated to the Siegel parabolic and a
rank-2 symmetric matrix is parametrized by the set of étale quadratic algebras of Q.

5.2.2. Fourier coefficients of type (42). We now turn our attention to Fourier coefficients associated
to the unipotent orbit of G associated to the partition (4 2). The corresponding unipotent subgroup is
the unipotent radical subgroup of the nonmaximal standard parabolic P = Lp - Up, which arises as the
intersection of the Siegel parabolic Q with the Klingen parabolic. Notice that P has Levi L p = GL, x GL%,

a
{( ? ,1):a,ueGL1, geGLz}.
wsg

Following [Pollack and Shah 2018, §2.1], we define a unitary character which we still denote

given by

Yo Up(@\Up(A) > C*
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as follows. Every element of Up /[Up, Up] can be expressed as the product of n(v)n(u), where
1 v vy 1

1 1 u) u23

n(v) = b €eG, ii(u)= b ms s | e Us,
—vp 1 1

! 1

We will denote by N, (resp. N,) the set of the n(v)’s (resp. 71(u)’s). If n = n(v)n(u) modulo [Up, Up],
define
Vp(n) :=e(vi +usz — Duy) = e(v))Yp(n(u)).

Let 7 be a cuspidal automorphic representation of G(A). We define the following Fourier coefficients.

Definition 5.6. Let W be a cusp form in the space of 7. Define

\IJUPa‘//D(g) ::f WBl(M)‘P(Mg)du
Up(@\Up(A)

In the following proposition, we relate these Fourier coefficients to the ones for the Siegel parabolic
associated to rank-2 symmetric matrices.

Proposition 5.7. For a cusp form WV in the space of m, the following two conditions are equivalent.

(1) Yy,,y,(8) #0.
(2) There exists a € Symrk2(3)(@) with o ~ @) op such that Wy, ,(g) # 0.

Proof. Fourier expand Wy, y,(g) over N, to get

Wy g (8) = / W e@pdvt Y W08,
@A yeStaby () (@)\L(Q)
The term
[ Yy, yp(n(v)g)dv = / WBl(ﬁ(u)) Y (nin(u)g) dni dn(u)
@\A)2 Nu(@\N, () Uk (@\Uk (A)

and the inner integral vanishes because of cuspidality of W along the unipotent radical Uk of the Klingen
parabolic. Thus
\IIU3,WD (g) = Z LIJUP,WD (J/g)
Y
This relation implies the result as follows. If Wy, 4, (g) # 0, the Fourier coefficient Wy, 4, (g) does not
vanish identically. Vice versa, if Wy, y,,(g) # 0 then there is a character ' in the L(Q)-orbit of ¥ p such
that Wy, 4 (g) # 0. O

5.3. The spin L-function and its residue at s = 1. Let m denote any cuspidal automorphic representation
of G(A) with trivial central character. Let S denote a finite set of places of Q0 containing the ones where
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is ramified and the archimedean place. If Spin : Spin;(C) — GL(V3) denotes the eight-dimensional spin
representation, the partial spin L-function of 7 is defined to be

1

LS ’ , S . :: b
(s, 7, Spin) := [ | det(1 — £~ Spin(sy,))

¢S

where s, denotes the Satake parameter of the unramified local component 77,. Let H be the group (3)
associated to the étale cubic algebra @ x F, where F = Q(+/D) with either D # 1 Q%,/ (@%)? in
which case F is a real quadratic field, or D = 1 mod (Q*)? in which case F = @ x Q. For any cusp
form W e V,, Pollack and Shah [2018] gave an integral representation

(P, ¥, s5) = / Eo(hy, s)W(h)dh
Z(A)H(@\H(A)

of L5(s, , Spin). For any ® and W, the integral Z(®, W, s) is absolutely convergent for Re(s) big enough

and has a meromorphic continuation to C. According to [Gan and Gurevich 2009, Proposition 7.1], for

Re(s) big enough we have the unfolding

I(0, W, 5) = / Folht, $)Wup.y, () dh,
Upy (R)Z(A)\H (A)

where Up, is the unipotent radical of the upper triangular Borel subgroup By of H and Wy, v, is the
Fourier coefficient of Definition 5.6.

Theorem 5.8 [Pollack and Shah 2018]. For a set ¥ of places of Q, denote

I (P, ¥, s):/ fhy, @5, )Wy, y,(h) dh.
Usg@x)Z6(Qx)\H(Q5x)

Let W be a cusp form in the space of . Then, for any factorizable Schwartz—Bruhat function ® on A?

and up to enlarging S, we have

Z(d, W, s) = Zs(®, W, s)L5 (s, 7, Spin).

Moreover, there exists a cusp form U in the space of w and a factorizable Schwartz—Bruhat function ®

on A? such that -
I(P, U, 5) = oo (D, W, 5) L5 (s, 7w, Spin).

Note that if = does not support a rank-2 Fourier coefficient (for the Siegel parabolic Q) and thus, by
Proposition 5.7, a Fourier coefficient for P, the integral Z(®, W, s) is identically zero.

Corollary 5.9 [Pollack and Shah 2018]. Suppose that 7w supports a rank-2 Fourier coefficient. Then the
partial spin L-function L (s, 7, Spin) has meromorphic continuation in s, is holomorphic outside s = 1,

and has at worst a simple pole at s = 1.

As we explain in later sections, using results of Gan and Gurevich, Pollack and Shah further proved
that when L5 (s, 7, Spin) has a simple pole at s = 1, 7 lifts to the split G, under the exceptional theta
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correspondence. This observation is based on the following key relation between the residue at s = 1
of L5(s, 7, Spin) and the automorphic period we have introduced in Section 4.3.

Proposition 5.10. For any factorizable Schwartz—Bruhat function ® on A2, we have
(0)

2 . Z(A)H(@\H (A)

Proof. Thanks to Lemma 5.1, the residue at s = 1 of Z(®P, W, 5) equals
®(0)

T . Z(A)H(@\HA)

W (h) dh = Res,_ (Zs(®, W, s)L (s, 7, Spin)).

W (h)dh.

The result then follows from Theorem 5.8. O

We now state our first main result. Let 7 denote a cuspidal automorphic representation of PGSp¢(A) for
which 7., is the discrete series of Hodge type (3,3) in the L-packet of V* with A = (A, 413, A2, A3, 0). Let
Zg”g], Z%:;fl], and wy be as in Sections 3.4 and 4.3. Let W*# denote AM#1. W, where A»H e U (k)
is the operator defined in Proposition 4.8.

Theorem 5.11. We have

(2t [oul)n = (25, [we]) = C - Res,— (Zs(®, W, 5)LS (s, 7, Spin)),

where R
P (0)hy

~ 2@ni)} vol(U')’
Proof. By Propositions 4.8 and 4.10, we have that

hir
(2l [oul) = (2l [we]) = L w4 (n) dh,

Qi) vol(U) Ju@zgmnm®

where U' =UNH(Ay) and hy = 4_1|Z(;(@)\Zg(Af)/(Zg(Af) N U")|. By Proposition 5.10, we have

(2 [ow]) = C - Resy_y (Zs(®, W, 5) LS (s, 7, Spin)),

where .
P 0)hy

= 202ni)} vol(U))’
This finishes the proof. O

Let us fix a Schwartz—Bruhat function ® such that 6(0) #0.
Corollary 5.12. Suppose that 7 satisfies the following hypotheses:

o Zg(®, WM 1) £ 0 for some .

e The partial L-function L5 (s, 7, Spin) has a pole at s = 1.

Then ] -
(2 low]) = (2[5 [we])y #0.
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Proof. By [Pollack and Shah 2018, Theorem 1.3] the function L3(s, m, Spin) = 1 has at most a simple
pole. As a consequence Res;—;L5(s, 7, Spin) # 0. By Theorem 5.11, under the assumption that
Ts(®, WP, 1) # 0, this implies that (2], [wg]) # 0. O

Remark 5.13. If the automorphic representation 7 supports a rank-2 Fourier coefficient and its partial
spin L-function has a (necessarily simple) pole at s = 1, by the results of [Pollack and Shah 2018] it is
H-distinguished, namely the map Py € Hompga) (7, 1) defined by

Vi Pg(W) = / W(h)dh
Z(MH(@)\HA)
is not identically zero. Then, asking Zg(®, W*#! 1) £ 0 for some 1 is equivalent to asking that the map
obtained as the composition of Py with an H (R)-equivariant embedding 7, — 7 restricts nontrivially
to the minimal K-type of 7.

Denote by H/6V( (Shg(U), ”1/}(3))h0m the F-vector space defined in Section 3.4.3 and denote by
H/?A(Shg(U ), “V}(S))hom[rr}/] its n]Y-isotypical component. This is a finite-dimensional L-vector space,
where L is the number field introduced in Section 2.8. The Tate conjecture for the motive attached to 7
(see Conjecture 1.1(3)) predicts the equality

—ord— L(s, , Spin) = dim;, H}(Shg (U). 77 (3))homl7} 1.
Corollary 5.14. If Zs(®, W*# 1) £ 0, then
—ords—; L*(s, 7, Spin) < dim;, HY(Shg(U), ¥ (3))nom[7 1.

Proof. If LS(s, mr, Spin) does not have a pole at s = 1, there is nothing to prove. If not, Corollary 5.12
implies that the projection of Zg”g] to the n]Y—isotypical component is nonzero, showing the result. [J

The following result verifies a weaker form of Conjecture 1.1(3) for the motive M (JT)Y)(3) at the cost
of supposing that Zg(®, W*#1 1) is nonzero for some .

Corollary 5.15. Suppose that © satisfies the hypotheses of Corollary 5.12 and that (St) holds. Then
pr,,vZ%:;fl] and its Hecke translates generate H;i M (JT}/)R(4)).

Proof. If 7, is the Steinberg representation, it follows from the second statement of Lemma 2.11 and its
proof that H,{[ (M (nJY)R(4)) is a rank-1 module over the full Hecke algebra of level U. Hence the result
follows by Corollary 5.12. U

6. Exceptional theta lifts from G, to PGSp,

In this section, we discuss the exceptional theta correspondence for the dual reductive pair (G2, PGSpg)
and describe the set of Fourier coefficients associated to the Heisenberg parabolic for cuspidal automorphic
forms of G;(A). Its sole purpose is to fix notation and to recall some well-known results that will be
used later, so the knowledgeable reader might skip it.
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S1 2 S3 131 15 13 S4 17

S1 0 -1 15 S4 0 0 0 S1
2 13 0 - 0 S4 0 0 Y
s3 | = 5] 0 0 0 S4 0 53
5] 17 0 0 0 §3 =52 n 0
%) 0 171 0 —s3 0 S1 15 0
13 0 0 7 $2 =5 0 13 0
S4 S1 \Y) 53 0 0 0 S4 0
7 0 0 0 3] %) 13 0 171

Table 1. Multiplication table for the basis {sy, 52, 53, $4, 11, 12, 13, t4}.

6.1. Split G, and E;. In this section we will follow the exposition of the Appendix of [Harris et al.
2023] by Savin.

6.1.1. The group G,. Let H be the algebra of Hamilton quaternions over Q with the usual basis {1, i, j, k}.
The conjugate a of an element a = og + «o1i + a2 j + a3k € His a = ap — a1i — apj — azk. The split
octonion algebra over Q is O = H & H with multiplication

(a,b)-(c,d) = (ac+db, ad + cb).

Then O is a noncommutative, nonassociative (D-algebra. However it is alternative, which means that for
any x,yeOwehavex-(x-y)=(x-x)-yand (x-y)-y=x-(y-y) (see [Jacobson 1958]). If x = (a, b),
let X = (a, —b). Then x — X is a (D-linear involution on O satisfying X -y =y -x. The norm N: QO — Q
is the quadratic form defined by x + x - X = x - x. The trace Tr: O — Q is defined by x +— x 4+ x. For
any x, y, z € O, the properties

N(x - y) =N@)N(y),

Tr(x - y) =Tr(y - x),

Tr(x - (y-2)) =Tr((x - y) - 2)
are satisfied. For x, y € O, we write y € x* if y is orthogonal to x with respect to the bilinear form
(x,y) — Tr(x - y), which means that x - y +y-x =0.
Let! =(0,1) € O so that {1,4, j, k,1,1i,lj, k} is a basis of Q. From this, one constructs another
useful basis {sy, 52, 53, 84, t1, I2, 13, 14}, Where
s1=50+1i), s2=50+1)), s3=3k+1k), s4=3(1+D),
n=y0—l), n=3G-1j), t=3k=1k, t=301-D.
See Table 1 for the multiplication table, as given in Table 1 of the Appendix of [Harris et al. 2023].
We define

G2 :={geGLO) | g(x-y)=(gx)-(gy),Vx,y € O}.
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to be the group of automorphisms of 0. We note that G, acts transitively on nonzero elements of trace
zero and norm zero. We will denote the set of trace zero octonions by either O or V7, where the latter
notation emphasizes that this set defines the standard irreducible seven-dimensional representation of G,
and induces an embedding

G, — SO7.

6.1.2. The dual reductive pair. We consider the Albert algebra J over (O, which is the set of matrices

dzy
A=z e x|,
yx f

where d, e, f € Q and x, y, z € O. The algebra J is equipped with a cubic form, called the determinant,
which is given by
det(A) =def —dN(x) —eN(y) — fN(2) + Tr(zyx).
The group of isogenies of this form is a group of type E¢ and its orbits on J are classified by the rank.
We will need to consider the set  of rank-1 elements A € J, i.e., those A # 0 such that A> = Tr(A) - A.
This condition means that the entries of A satisfy the equalities
N@x)=ef, Ny =df, N()=de,
_ o - (10)
dx=y-z, ey=17-X, fz=x-y.

Let G denote the split adjoint group of type E7, which is constructed from J by the Koecher—Tits
construction (see Section 3 of [Kobayashi and Savin 2015]). The group G has a maximal parabolic
P = MN and its opposite P = M N, with N ~ J and such that the action under conjugation of the Levi M
on N gives an isomorphism of M and the group of similitudes of the cubic form on J

M ={g e GL(J) | det(gA) = Adet(A) for some A € G, and all A € J}.

The group G, can be realized as a subgroup of M via its action on J by the rule

dzy d gz gy
g-lzex)=|gz e gx].
yx f gy gx f

This action has fixed points J3, the Jordan algebra of symmetric 3 x 3 matrices with entries in Q. Note
that the left action of GL3 on J3 = N given by

=

g+ A=det(g) 'gAg’ (11)

extends to an action on J preserving the determinant form up to scalar, thus defining an embedding
of GL3 into M. Then GLj is the centralizer of G, in M and Q = GL3Us (which is the Siegel parabolic
of PGSpy) is the centralizer of G, in P. Similarly, the opposite Q is the centralizer of G, in P. This
gives the dual reductive pair (G2, PGSpg) in G.

6.2. Fourier coefficients for G;.

6.2.1. Root system and parabolic subgroups. Let T be a (rank-2) maximal split torus over Q in G, and
let A (resp. AT C A) be the set of roots (resp. a subset of positive roots) for G,. Let a (resp. b) denote
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the long (resp. short) simple root in A™. Then
At ={a,b,a+b,a+2b,a+3b,2a+3b)}.

We let B = TU denote the Borel subgroup of G, associated to A™. Other than B, there are two proper
standard parabolic subgroups P, and P, of G», such that P, N P, = B. They are characterized by the
following. For any o € A™, denote by x,, : G, = U the one parameter unipotent subgroup associated to .
Then, for each r € {a, b}, the Levi L, of P, is isomorphic to GL, and contains x,. We fix an isomorphism
GL, ~ L, such that (1 1) > X (u).

Let U, be the unipotent radical of P,. It is a 3-step nilpotent group of dimension 5 with filtration

U, DU DU D {1},

where U,/ U, is generated by {xp, x,4p}, U;/U, is isomorphic to the one parameter unipotent sub-
group x,.42p, and Uy is generated by {x,43p, X24435}. As representations of L,, U,/ U, is the standard
representation, while U; /U, is the determinant (see [Gan and Savin 2023, §2.4]).

We denote by H := P, the so-called Heisenberg parabolic and let L iy Uy denote its Levi decomposition.
The unipotent radical Uy is of dimension 5 and admits the filtration

with Uy /[Uy, Ug] being the four-dimensional abelian unipotent group generated by

{Xa, Xatby Xat2b> Xas3b)s
while [Ug, Ug] is isomorphic to the one parameter unipotent subgroup x2,43p.

6.2.2. An embedding of SLj3 into G,. The group G, acts transitively on the set
Fe:={xe0 | Nx)=—c}

By [Jacobson 1958, Theorem 4], the stabilizer of an element yy € I'; is isomorphic to SL3. Choose yy
such that the unipotent radical Ugy, of the upper triangular Borel of SL3 is generated by the one-parameter
subgroups

{Xas Xa+3bs X2a+3b}-
In terms of the basis chosen in Section 6.1.1, this is achieved by choosing yp = s4 — #4. In this case,
one shows (see [Rallis and Schiffmann 1989, Lemma 2]) that the stabilizer of y leaves invariant the
subspace (s, 52, s3) and is identified with SL3 = SL({s, 52, 53)).

6.2.3. The Lie algebra of G,. The multiplication map on O induces a map V7 ® V; — V7 given by
XY %(xy — yx). This map is alternating; hence it induces a G,-equivariant map N V7 — V7 which
is surjective. Then the Lie algebra g, of G, can be identified with the kernel of this map. Under this
identification, one has an explicit description of the action of g, on V7, namely

(wAx)-v={(x,v)w—{(w, v)x.



590 Antonio Cauchi, Francesco Lemma and Joaquin Rodrigues Jacinto

We will also need (see [Fulton and Harris 1991, §22.2]) the decomposition
g2 = sl3 @ Stdz @ Std3, (12)

where Stdj is the standard representation of SL3 with basis {v, vz, v3} and Stdj is its dual with basis
{61, 82, 83} and where we denote by E;;, 1 <i < j <3 the standard basis vectors of s(3. The identification
between the two descriptions (see [Pollack 2021, §2.2]) of g is given by E;; =t; As;, 1 <i < j <3,
Vi= (84 —t) AS; +tir1 Atigp and §; = (s4 —t4) At; +5i41 ASivo, 1 <i <3, where indices are taken
modulo 3. Moreover, the component sl3 is the Lie algebra of the copy of SL3 embedded into G, as above.
In particular, E15, E13 and Ey3 are root vectors for the roots a, 2a + 3b and a + 3b respectively. Moreover,
the vectors vy, vp and &3 are root vectors for the roots a + b, b and a + 2b, respectively. Via (12), the Lie
algebra uy of Uy is

uygy =u3L3€|9@v1@@53. (13)

Under (12) the Lie algebra [y of the Levi Ly is generated by the Cartan subalgebra and the root

vectors vy, 8.

6.2.4. Fourier coefficients. We now describe the Fourier coefficients for G, associated to the Heisenberg
parabolic. We closely follow [Pollack 2021] and refer to it for more details. In order to describe the
Fourier coefficients associated to H, we need to study the L y-representation Vg := Uy /[Upy, Ug]. As
a GL,-representation, Vg is isomorphic to Sym3 (Stdy) ® detfl(Stdz), where Std, denotes the standard
representation of GL;. Under the identification of (13), (a representative of) an element of V5 (Q) can be
written as

Xa(A)Xarp(A2/3)Xa120(A3/3)Xa13p(Aa),  with A; € Q,

which corresponds to the binary cubic polynomial
p(x, ¥) = 1x> 4+ Aox?y + A3xy? + Aay,

where x, y form a basis of Std,. Associated to p, there is the cubic Q-algebra R with basis {1, i, j} with

multiplicative table .
ij=—ad

i’=—ac+bi—aj
j?=—bd+di—cj.
Example 6.1. (1) [Gross and Lucianovic 2009, 3.2] If p(x, y) = x2y —xy? then the associated Q-algebra
R is isomorphic to @>.
(2) [Gross and Lucianovic 2009, 3.3] If p(x, y) = x> — Dxy? (or equivalently p(x, y) = —Dx?y + y°
using the action of (9 J)) then the associated Q@-algebra R is isomorphic to @ @ Q(+v/D).

There is an action of GL,(Q) on the set of bases {1, i, j} of a given cubic algebra R, which makes the
association p(X, Y) — (R, {1, 1, j}) GL,(Q)-equivariant. Since any cubic algebra admits a basis of this
shape, we have the following.
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Proposition 6.2 [Gross and Lucianovic 2009, Proposition 2.1]. There is a bijection between the GL,(Q)-
orbits on Vi (Q) and the set of isomorphism classes of cubic Q-algebras. Moreover, each orbit has a

well-defined discriminant in Q* /(Q*)?2

Let e : Q\A — C* be the additive character introduced in Section 5.2.1. Let ( , ) denote the symplectic
pairing on Vg defined as follows. If v, v’ € V correspond to p(x, y) and p’(x, y) respectively, then

(v, V) = LA — $AoAs + FA3h) — Agl].

Any character ¢ : Uy (Q)\Ug (A) — C* factors through Vg (A); hence we consider the projection 7 of
n € Ug(A) to Vg (A), which, by (13), can be written as

it = xa (A Xagb 3 Ay Xa 425 5 M3 Xat3n (M)
If v € Vg (Q) corresponds to p(x, y), we then define v, : Uy (Q)\Ug (A) — C* by
n > e((v, 1)) = e(AA} — 32205 4 A3k, — Ash)).

The character v, is nondegenerate if and only if v corresponds to an étale cubic algebra over Q. In this
manuscript, we are interested in étale cubic algebras of the form Q x F, with F of either the form Q(+/D)
(with @*/(@*)? > D # 1) or @ x Q (with D = 1 mod (Q*)?).

Definition 6.3. Let ¥y p : Uy (Q)\Up (A) — C* denote the character associated to @ x F. Given a
cusp form ¢ for G,(A), define

‘pUHJ//H,D(g) = / w[;,lp(n)(/)(ng) dn.
Un(@\UnA)

6.3. The theta lift from G, to PGSpg. Let I1= ®; [T, denote the restricted tensor product of the minimal
representations IT, of E7(Q,) over all places v of Q. A unitary model of the minimal representation is
given by L?(2), where recall that Q denotes the subset of rank-1 elements in J. There is a unique up to a
nonzero scalar embedding

0: 11 — A(E7(Q)\E7(A))

of IT in the space A(E7(Q)\ E7(A)) of automorphic forms of E7 (see [Ginzburg et al. 1997a; Kobayashi
and Savin 2015]). For f € IT and ¢ € A(G2(Q)\G2(A)), we define a function O (f, ¢) on PGSpg(A) by

oo = | 6(/)(&'0(g)dg’
G2(@\G2(A)
Definition 6.4. Let o be a cuspidal automorphic representation of G, (A).
(1) Define ® (o) to be the span of the functions ®( f, ¢), where f € I1 and ¢ runs through the cusp
forms in the contragredient oV of .

(2) We say that a cuspidal automorphic representation 7w of PGSpg(A) is a ®-lift of o if it appears as an
irreducible subquotient of ® (o).
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If a ®-lift of o exists, then its local constituents are compatible with the local theta correspondence
between G, and PGSpy.

Proposition 6.5. Let w be a ©-lift of 0. Then 1, is an irreducible subquotient of ® (o).
Proof. See [Harris et al. 2023, Theorem 1.7(1)]. O

After imposing certain local conditions on o, in the next section we use one of the main results of
[Ginzburg et al. 1997b] to show that ® (o) is nonzero and cuspidal, thus proving the existence of a
nontrivial ®-lift of o. Before doing so, we first recall the properties of the local theta correspondence
needed later.

6.3.1. Discrete series and a conjecture of Gross. Let T, denote a compact torus in G,(R), which is
contained in the maximal compact subgroup K¢, > (SUz x SUz)/u2 of G2(R). We abuse notation
denoting again by a, b the simple positive roots for 7, (with the short root » which we assume to be
compact) and A™ the resulting set of positive roots. Then, p = % Y wea+ @ =3a+5b. The set of positive
compact roots is given by

A} = {b,2a + 3b},

which, in the notation of [Li 1997], is {2¢2, 2¢1}. The Weyl group 2, is isomorphic to the dihedral
group Dg of 12 elements and it is generated by w, and w;, where w, denotes the reflections around the
line orthogonal to . The Weyl group QBKG2 ~(Z/ 27)? is generated by wp, and woy,43p = W WpWWHW,.

Let y be a dominant weight for G, with respect to 7,. The set of equivalence classes of irreducible
discrete series of G2(R) associated to y has cardinality equal to |¢, /g, | = 3. Choose representatives
{wy, wy, ws} of QBGZ/QIIKGZ such that w; p is dominant for K,. Then, for any 1 <i < 3, there exists
an irreducible discrete series o of Harish-Chandra parameter I' = w; (¥ + p) and minimal K,-type
I'+86,—28k;,, Where 8¢, (resp. 8k, ) is the half-sum of roots (resp. compact roots) which are positive with
respect to the Weyl chamber in which I" lies. Precisely, if we let wy =id, w; = w,, and w3 = wpw,, then

wip = p =3e1 + &,
wop =2a +5b =2¢e1 +4¢,
w3p =a-+4b =¢; + 5e.

We let D3 1, Ds 4, and D 5 denote the sets of discrete series of G2(R) whose Harish-Chandra parameter
lies in the Weyl chamber corresponding to wip, w»p, and wsp respectively. Elements of D3 | are the
quaternionic discrete series, while elements of D; 4 are the generic discrete series.

Gross has given a precise conjectural description of the entire discrete spectrum of the dual pair
(G2, PGSpg) (see [Li 1997, Conjecture 1.2]). Recall that there are four families of discrete series for
PGSps(R), indexed by the set of Hodge types up to conjugation. In particular, the discrete series of
PGSps(R) of Hodge type (4, 2) (resp. (6, 0)) are the generic (resp. holomorphic) discrete series.

Conjecture 6.6 (Gross). Let 1, be the minimal representation of E7(R). The discrete spectrum of the
restriction of Iy to the dual pair G2 (R) x PGSpg(R) is the direct sum of all tensor products 0o, ® 8 (0s),
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where 0, belongs to the discrete series of G,. If 0 has infinitesimal character y + p =re; + s& and
belongs to either D3 1, D, 4, or Dy 5, then O(o4) is the discrete series of PGSpg(R) with infinitesimal
character (r, 3(r +5), 3 (r —s)) and Hodge type (3, 3), (4,2), or (5, 1) respectively.

Partial results towards the conjecture of Gross were shown by Li for discrete series in D3 ; (see
Section 6.3.2 below) and for the generic family D, 4 by Harris, Khare and Thorne [Harris et al. 2023,
Theorems 1.5 and 1.7(ii)] using the main result of Savin’s appendix to [Harris et al. 2023] and the
nonvanishing of the global theta lift given by [Ginzburg et al. 1997b, Corollary 4.2]. Li [1997, Theorem 4.3]
also gave evidence to the predictions of Gross for a proper subset D’l’ 5 of Dy 5. We also note that the
remaining equivalence class of holomorphic discrete series of PGSpg(R) (of Hodge type (6, 0)) is realized
in an exceptional theta correspondence studied by Gross and Savin between the compact real form G5(R)
of G, and PGSp¢(R) and moreover this is the only Hodge type that appears in that correspondence (see
[Gross and Savin 1998, Theorem 3.5]).

6.3.2. Quaternionic discrete series and their theta lift. We describe the main result of [Li 1997]. We first
notice that a discrete series 05" of Harish-Chandra parameter x&; + ye; lies in the set of quaternionic
discrete series D3 ; if x, y are two nonnegative integers such that x —3 >y —1> 0 and x — y is even.
The minimal Kg,-type of o5’ € D3, is given by

Sym**1(Std,,) ® Sym*~! (Std,, ),

where Std,, (resp. Std,,) is the standard representation of the SU, corresponding to the long root g
(resp. the short root &3).

Proposition 6.7. Let I, denote the minimal representation of E7(R). We have

MeolG,@xPaspe® 2 6P 05 ®6(55).

05" €Ds

where 0(03”) € P(V*), with » = (x -3, %(x +y)—2, %(x —y)—1, 0), is the discrete series ngf of
Hodge type (3, 3) and Harish-Chandra parameter (%(x +y), %(x —-y), —x).

Proof. See [Li 1997, Theorem 1.1; Huang et al. 1996, Theorem 5.4]. Ol

The set D3| contains an important family of discrete series, which were studied by Gross and
Wallach [1994; 1996].

Definition 6.8. For every n > 2, the quaternionic discrete series o, is the element of D3 | of Harish-

Chandra parameter (2n — 1)e| 4+ &2 and minimal K¢,-type
Sym*"(Std,,) X 1.

A fundamental property of the members of this family is that they admit (unique) models with respect
to the unipotent radical of the Heisenberg parabolic and nondegenerate characters corresponding to totally
real étale cubic algebras. Recall, as in Section 6.2.4, that a nondegenerate character ¥ : Uy (R) — C*
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corresponds to a cubic algebra, whose discriminant is either positive or negative. The first type corresponds
to the GL, (R)-orbit on Vg (R) given by R3, while the second to the GL, (R)-orbit of Rx C. A representative
¥ : U (R) — C* of the totally real orbit is given by e**/, where f : Uy (R) — R is nonzero on the one
parameter unipotent subgroups x4, and x,42p and trivial on x, and x,435 (see [Gan et al. 2002, §6]). A
special case of the main result of [Wallach 2003] gives the following.

Proposition 6.9. Let i be a nondegenerate character of Vg (R). There is (at most) a one-dimensional

space of yr-equivariant linear functionals on ,,. Moreover,
dim Homy, () (04, ¥) =1,
exactly when r corresponds to a totally real cubic algebra.

6.3.3. The nonarchimedean theta correspondence. We describe the properties of the nonarchimedean
theta correspondence which will be later needed to study the global theta correspondence. Let o be
an irreducible admissible representation of G»2(Q,). The maximal o -isotypic quotient of the minimal
representation IT, of E7(Q),) can be expressed as o X © (o), with ® (o) a smooth representation of
PGSp¢(Q,) which is called the big theta lift of o

Proposition 6.10. For an irreducible admissible representation o of G2(Q),), © (o) has finite length with
unique irreducible quotient (if nonzero) 6(o). Moreover, one has the following.

(1) Let o be an unramified generic representation of G2(Q),) with Satake parameter s. Then m = 60(0) is
the unramified representation of PGSpg(Q ) whose Satake parameter is ¢ os, where ¢ : G < Spin,
is the map of L-groups.

(2) Let Stg, (resp. Stpgsp,) be the Steinberg representation of G2(Qp) (resp. PGSpg(Q))). Then
0 (StG,) = Stpasp,-

Proof. See [Gan and Savin 2023, Theorems 1.2, 15.3(v); Gross and Savin 1998, Proposition 3.1]. Il

7. Cuspidality and Fourier coefficients of the global theta lift

In this section, based on [Ginzburg et al. 1997b; Gross and Savin 1998], and the appendix of Savin in
[Harris et al. 2023], we give a criterion on the cuspidality of representations in the image of the exceptional
theta lift and on their possession of Fourier coefficients of type (4 2).

7.1. Cuspidality of the global lift. Let V denote the unipotent subgroup of SL3; (embedded into G, as in
Section 6.2.2) generated by the roots a +3b and 2a +3b. We further consider the subgroup SL, embedded
into G via the Levi of the “long root” parabolic P, and denote, for any cusp form ¢ for G>(A),

oS (g) = / f o(vmg) dv dm.
SLy(@)\SL2(A) JV(Q)\V(A)

We will now show that the above period vanishes whenever ¢ is not globally generic. We are thankful to
David Ginzburg for kindly sharing with us a proof of this fact.
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Lemma 7.1. Let 0 be a cuspidal automorphic representation of G,(A), which is not globally generic.
For any cusp form ¢ € V, and g € Gy(A), we have 2" (g) =0

Proof. Let Z denote the unipotent subgroup of G, generated by the roots a + 2b, a + 3b, and 2a + 3b.
Let ¢ € V,. If we Fourier expand the period ¢52" (g) along the one-dimensional unipotent subgroup
Xa426(r) of G, we get
o>V (9) =% () + ) 9™V (),
v
where the sum runs over nontrivial additive characters ¥ : Z(Q)\Z(A) — C* supported on the root

a+2b, 3% (g) is the period of ¢ over [SL,Z], and

oS (g) = f / o (umg)y () du dm.
SLy(@\SL2(A) J Z(@)\Z(A)

By [Ginzburg et al. 1997b, Lemma 2.1], ¢3%2%(g) =0 for all ¢ in o and g € G»(A). Hence ¢ (g) =0
if and only if ¢52%¥(g) = 0 for all nontrivial #. We now argue by contradiction. Suppose that
@S2Z¥ (g) # 0 for a certain 1. We claim that this implies that o supports Whittaker Fourier coefficients,
thus contradicting our hypothesis.

Let U, be the unipotent radical of P, introduced in Section 6.2.1. Since V is normal in U,, we can
consider the quotient Vy = U,/ V, which is isomorphic to the Heisenberg group in three variables and
it is generated by the roots b, a 4+ b, and a 4 2b. The center of V; is generated by the root a 4 2b
and is identified with the quotient Zy := Z/V. As SL, is embedded into G, via the Levi L, of P,, it
acts trivially on the quotient Zy. Therefore, D := SL, Vj is a Jacobi group in the sense of [Ikeda 1994,
Definition on p. 619]. Let

D(A) :=SLo(A) Vo(A),
with SLz (A) denoting the metaplectlc cover of SL,(A), and denote by C c><>(D(@)\D(A)) the space ¢ of
functions f on D(@)\D(A) such that f(zvh) =¥ (2) f (vh) for any z€ Zp(A), ve Vy(A), h e SLZ(A)
For any Schwartz function ® € S(A), we let 9 , € C Oo(D(@)\D(A)) be the theta function defined in

[Ikeda 1994, p. 620]. By [Ikeda 1994, Propos1t10n 1.3], if W is a closed subspace of C 1(D(<1;D)\D(A))
which is invariant under right translation of V(A), the functions of the form

vh — 9 (vh) f(uh)@ (uh) du, (14)
Vo(@)\Vo(A)

with v € Vy(A), h € m), feW, &, P, e S(A), generate a dense subspace of W. We apply this to
the space W given by the closure of the subspace generated by the right V,(A)-translations of
o7V (g) = / @ug)yr () du.
Z@\ZA)

Assume that ¢®2%-¥ is not identically zero. By considering right translates of ¢ we can assume that
@32Z:¥ (1) is nonzero. This implies that the integral

Ii(p, @1, ®2) :=/ Og;. (m) 0%V (um)Og® (um) du dm
SL2(@\SLa(A) Vo(@)\Vo(A)
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is nonzero for some choice of data (@, ®;,). Note that the integral I, (¢, @, P;) is well-defined because
the functions in (14) are not genuine for our space W. Since qu)fz (zg) = Iﬂ(z)GSq)Lz2 (g) forall z € Zp(A),
we can write 11 (¢, @1, ®,) as

/ / @ (xp (V1) Xa5(V2) X0 126 (1) Xa 436 (r2) X2a 435 (r3)m)
SLr(@)\SLa2(A) J(Q\A)S

0512, (6 (V1) Xa +5(V2) Xa 425 (r)M)Og", () dv; dr; dm.
The integral 11 (¢, @1, @) is the residue of the global zeta integral which calculates the standard L-function
for ¢ when ¢ admits Whittaker coefficients. Namely, by the Siegel-Weil formula Géble (m) is the residue
ats = % of an Eisenstein series Eiss~L2 (m, s) (depending on @) on the metaplectic cover of SL, normalized
as in [Ginzburg 1993, §2]. By [Ginzburg 1993, Theorem 4] I, (¢, ®1, ®») is the residue of

L(p, 1, Py, 5) 1=/

/ @ (xp (V1) Xq b (V2) Xap26 (1) Xa436 (r2) X2a435 (r3)m)
SLy(@)\SLa(A) J (@\A)3

. GS@L@ (xp (V1) Xa+5(v2)Xa+2b(r1)m)Eisgy, (m, s) dv; dri dm.
We can now prove our claim. Suppose that 5%V (1) # 0. Then I;(¢, ®1, ®,) is not zero for some
choice (@, ®,). This implies that, for Re(s) large enough, the integral (¢, ®, ®», s) is not zero.
By [Ginzburg 1993, Theorem 1], Ir(¢, @1, 2, s) unfolds to the Whittaker model and thus contains a
Whittaker coefficient of ¢ as an inner integration. This shows that if ¢52%-¥ (1) = 0 for some choice of
data, the Whittaker coefficient for ¢ is nontrivial and thus o is globally generic. This finishes the proof. [

Theorem 7.2. Let o be a cuspidal automorphic representation of G(A). Assume that

(1) o is not globally generic;

(2) there exists a finite place p such that o, is generic.
Then the big theta lift © (o) of o to PGSpg is cuspidal.

Proof. We show the result by using the tower of theta lifts from G, and its properties studied in [Ginzburg
et al. 1997b]. If o lifts trivially to PGSp, then there is nothing to prove, so suppose that o has a nonzero
theta lift 7 to PGSpg. Then, by [Ginzburg et al. 1997b, Theorem A] 7 is cuspidal if and only if the lifts
of o to PGSp, and PGL3 are both zero. By [Ginzburg et al. 1997b, Theorem 4.1(3)], the lift to PGSp, is
zero if and only if

oS3 (g) = f o(xg)dx = 0 and g%V (g) = / o(xg)dx =0
[SL3] [SU®2,1)]

for any g € G,(A), any ¢ € V,v. Here, SL3 embeds into G, as the stabilizer of a norm —1 vector (see
Section 6.2.2), while SU(2, 1) is realized as the stabilizer of a norm —c vector, with ¢ not a square in Q.
We argue by contradiction. Suppose that ¥ has a nontrivial SU(2, 1)-functional. This implies that, at
every finite v, o, admits one. By Frobenius reciprocity,

Homsy(,1)(e,’, €) = Homg, (c-Indg? , |/ (C), )
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and hence, since o, is irreducible, one deduces that each local component o, of o is a quotient of
CX(G2(Q,)/SU(2, 1)(Qy)). In particular, o, is identified with such a quotient. This is a contradiction as,
by hypothesis, o, is generic but, by [Gross and Savin 1998, Lemma 4.10], C2°(G2(Q,)/SU(2, 1)(Q)))
does not admit a Whittaker functional. The same argument also shows the vanishing of ¢33, We claim
finally that the theta lift of o to PGL3 also vanishes. Since o is not globally generic, Lemma 7.1 shows
that, for all ¢ € o, 32V (g) = 0. We can then apply [Ginzburg et al. 1997b, Theorem 4.1(4)] to deduce
that the theta lift of o to PGLj3 is zero and conclude the proof. (]

Corollary 7.3. Let o be a cuspidal automorphic representation of G,(A). Assume that
(1) 0 is a discrete series;
(2) there exists a finite place p such that o, is Steinberg.

Then © (o) is cuspidal.

Proof. We distinguish two cases. We first suppose that o is globally generic. Then we apply [Harris et al.
2023, Theorem 1.7(ii)] to deduce that its theta lift is cuspidal. If, instead, o is not globally generic, the
result follows from Theorem 7.2 as the Steinberg representation o, = Stg, is generic. U

7.2. Calculation of orbits. This preparatory section presents an elementary but crucial calculation needed
in the proof of Proposition 7.7.

Let e : Q\A — C* be the standard nontrivial character introduced in Section 5.2 and let A € J(Q).
We define the character ¥4 : N(@)\N(A) — C* by ¥4 (X) =e(Tr(Ao X)), where Ao X = %(AX + XA)
is the Jordan product. Recall from Section 5.2 that, for any B € J3(Q), we define a character

¥ Us(Q)\U3(A) — C*

by ¥p(n(X)) = e(Tr(BX)). In particular, we have denoted by 1{/p the character associated to

0

w(Q) :={A € Q@) | Yalv;) =¥}

Define

i.e., the set of rank-1 matrices in J(Q) inducing the same character as ap on the unipotent radical
of the Siegel parabolic. In the following, we will always see w(Q) inside N(Q). In particular, if
g € GL3(Q) € M(Q), its action on A is the dual action to (11), namely g- A = det(g)(g’) "' Ag~". Finally,

denote by A(x, y, z) the matrix
0 z vy
—-D x| el
y x 1

(@) ={A(x,y,2) : Tr(x) =Tr(z) =0,N(x) = —=D,N(z) =0,z e x*, y = =D 'zx}.

N

Lemma 7.4. We have
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Proof. Let

X=—x, y=-y, ZI=-2Z.
This together with the condition that A has rank 1 (equation (10)) give
N(x)=-D, N(y)=N(z) =0,
vz =0, zx = —Dy, Xy =2.
We claim that these conditions imply that z € x*, which means that zX +xZ = 0, or equivalently zx = —xz.
Indeed, multiplying z = xy on the left by x and using alternativity, we obtain
xz=x(xy)=(xx)y =Dy = —zx.

Finally, as N(x) = —D and Tr(x) = 0, we have x> = D and hence x~! = D~!x, which implies that

1

y=x"z=D"xz.

This shows one inclusion of the statement.
In the other direction let x, z € O be as in the right-hand side of the statement. We have to show that
y := —D~zx has norm and trace equal to zero and that xy = z. We have

N(y) =(=D)?N(z)N(x) =0 and Tr(y)=—D"'Tr(zx) = D~ Tr(zx) =0
as z € x*. Hence Tr(y) = 0. Moreover
xy=—D"'x(zx) =D 'x(x2) = D' (xx)z = z.
This shows that A € w(Q) and concludes the proof of the lemma. Il

As for any A(x, y, z) € w(Q), the octonion y = —D~!zx is determined by x and z and we will often
denote A(x, y, z) by A(x, z). Note that there is an action of G,(Q) on the set w(Q) given by the action
on the coefficients. The following proposition describing the orbits of this action will be essential.

Proposition 7.5. The group G,(Q) acts on w(Q) with a finite number of orbits. Moreover, representatives

of the orbits and their respective stabilizers are given as follows.
(1) If D is a square in Q*:
(a) Az = A(x,0), where x = (s4 — t4)v/D and Stabg, @) (A(x, 0)) = SL3, where SL3 is embedded
into G as Section 6.2.2.
(b) Ay = A(x, t3) with Stabg,(Az) = SLo,V C SL3, where SLy and V embed into SL3 as in
Section 7.1.
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(c) A1 = A(x, s3) with Stabg, (A1) = SL,V C SL3, where SL, is as in (1)(b) and V is the opposite
unipotent subgroup to V.

(d) Ao = A(x, s1 + t3) with Stabg,(Ao) = Up, where Up denotes the unipotent radical of the
upper-triangular Borel of SL3 (denoted by Usy, in Section 7.1).

(2) If D is not square in Q*:
(a) Aj = A(x,0) € w(Q), forany x #0 for which N (x) = —D, with

Stabg, @) (A(x, 0)) = SU?,

where SU3D = SUx1Y) is the unitary group for the restriction of the norm form to the three-
dimensional Q(v/D)-subspace of O° orthogonal to x.'

(b) Ag= A(x, 2), for any norm zero z in x+, with Stabg, (Ag) > Up, where Up denotes the unipotent
radical of the upper-triangular Borel of SU? .

Proof. Step 1. By [Rallis and Schiffmann 1989, Theorem 1], the group G acts transitively on the set of
trace zero elements of norm — D and hence on the sets A(x, 0). The description of the stabilizer in (1)(a)
follows from [Jacobson 1958, Theorem 4] or [Rallis and Schiffmann 1989, Lemma 2]. The description
of the stabilizer in (2)(a) follows from [Jacobson 1958, Theorem 3] or [Rallis and Schiffmann 1989,
Lemma 3]. More precisely, according to [Rallis and Schiffmann 1989, Lemma 3] the subspace x* of Q°
of elements which are orthogonal to x has the structure of a three-dimensional Q(~/D)-vector space and
the action of Stabg,(x) on x* induces an isomorphism Stabg, (x) >~ SU3D .

Step 2. We now study the remaining G,-orbits when D is a square in Q. Again, we can assume that
D = 1. Recall from Section 6.2.2 that SL3 embeds into G, as the stabilizer of s4 —#4. This identification is
explicitly given as follows (see [Rallis and Schiffmann 1989, Lemma 2]). An element of g € SL3 induces
an action on QY fixing s4 — #4 and given by the left multiplication by g on (s, 2, s3) and by (g")~!
on (t1, fp, t3). One verifies that this actions respects multiplication and hence defines an element in G5.
Assume z # 0 is such that A(x, z) € w(Q). Since z is trace zero and orthogonal to x = s4 — 74 we can
write z =21 +22 with z; = Zi o;s; and 7o = Zi Biti. Since the group SLj3 acts transitively on the nonzero
elements of (s, 52, s3) and (¢, 2, #3), then the cases where z; = 0 or z, = 0 give rise to exactly two orbits.
When z; = 0, taking zo = #3 as a generator of this orbit, the corresponding stabilizer is

which coincides with SL,V as in (1)(b). Similarly, when z, = 0, taking z; = s3 as the generator of the

* % 0
* % 0 C SL3.
* % 1

IThe unitary group SU3D is a form of SL3 which splits over @(+/D) and which is isomorphic to SU(2, 1) (resp. SL3) if
D <0 (resp. D > 0) over R.

orbit, then the stabilizer is
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This is nothing but SL,V, with SL, which again embeds in the Levi of the long root parabolic P, and V
is the opposite unipotent subgroup to V generated by the negative roots —a — 3b, —2a — 3b. Finally we
treat the case z1, zo # 0. Write

z=ays1 +azsy +azsy + ity + Bata + B3tz.
The condition N (z) = O translates then in

a1 B +axfr+a3B3 =0. (15)

We can assume that z, = #3. Then a3 = 0 by (15) and, using the action of the stabilizer of #3, we can
assume that z; = s;. It is then immediate to check that the stabilizer of A(sq4 — t4, 51 +#3) is as in (1)(d).
This concludes the proof of (1).

Step 3. We finally deal with the case where D is not a square in Q. By Witt’s theorem, the group SU?
acts transitively on the isotropic vectors of the three-dimensional @(+/D) vector space x. We thus have
two orbits for G,(Q) on w(Q), generated by A(x, 0) and A(x, z), where 7 is any nonzero vector in x*
with zero norm. We are now left with calculating the stabilizer of the latter orbit. The action of SU%
on x is given by its natural action on Q(+/D)>. More precisely, after extending scalars to Q(+/D), we
can decompose

x* ®a QWD) =Q(D)(s1, 52, 53) @ QWD) (11, 12, 13).
The projection to the first component induces an isomorphism of Q(+/D)-vector spaces
= QWD) s1, 52, 5)

(see [Rallis and Schiffmann 1989, Lemma 3]), with SU? acting naturally on the basis {sy, 53, s3}. Here,
we choose the Hermitian form (with respect to the extension Q(v/D)/Q) defining SU3D given by
NI
1 € GL;(Q(VD)).
-vD

We can then suppose that z is sent to s; and the corresponding stabilizer is given by

1 % %
0 % x| t NSUY = Up. O
0 % %

7.3. Nonvanishing of Fourier coefficients, I. Recall that we have denoted by IT = ®:} [T, the minimal
representation of the group E7. Moreover, in Section 6.3, for f € 1 and ¢ € A(G2(Q)\G2(A)), we have
defined the function ®( f, ¢) on PGSpg(A) by

Of. ¢)(g) = f 6(F)(g'9)e(g) dg (16)

G2(@\G2(A)
For any A € J(Q) and f € I, consider the Fourier coefficient

0(f)a(g) = f 6(f)(ng)wry (n)dn.

N@\NA)
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We then have the Fourier expansion (see [Harris et al. 2023, §A.3])

0@ =0( o+ > 0(al®. (17)
AeQ (@)
where Q(Q) C J(Q) is the subset of rank-1 elements.

The following lemma will be used in the proof of Proposition 7.7. Its proof is similar to that of
[Gross and Savin 1998, Lemma 4.6] but we give details for the convenience of the reader. Let Ag be
the representative of the open G-orbit on w(Q) given in Proposition 7.5. Note that there is no harm
in conjugating Ag € J(Q) by an element of the Levi GL3(Q) of the Siegel parabolic of PGSpy. Thus,
conjugating by diag(n, n, n), Ao gets multiplied by n? and so we can assume that the entries x, y, z of Ag
are in O(2).

Lemma 7.6. Let S denote a finite number of places containing 2 and oo, and let f = ®!, f,, € I1 be such
that, forv ¢ S, we have f, = fl? , Where f]? denotes the spherical vector normalized such that f]?(Ao) =1
Let Q5 = [],c5 Qu. If g € G2(A), we write g = gsg> where gs € G2(Qy) and g° € ]—[U¢S G>(Qy). Then
there exists a nonzero constant c s, such that for every g € G2(A) we have

0(f)a(8) = capfs(g5" A0) [ [ xv(su),

veS

where fg= ®U cs Jv and x, is the characteristic function of Up(Z,)\G2(Z,).

Proof. By uniqueness of local functionals [Harris et al. 2023, Theorem A.4], there exists a nonzero
scalar c4, such that, for any g € E7(A), we have 0(f)4,(g) = ca,(I1(g) f)(Aop). For g € G2(A) we have
(T1(g) f)(Ag) = f(g~"Ap), where g~ Ag is the result of the natural action of g~! on the off-diagonal
entries of Ag. Hence 6(f),(g) = cAof(g_le) =ca ], fo (gv_le) for g € G2(A). Let us prove that
for any p ¢ S, we have fp(glleo) = xp(gp). Solet g, € G2(Q,) be such that f[?(g;le) # 0 and
let x’, y', z denote the off-diagonal entries of g;le. According to [Harris et al. 2023, Theorem A.5]
the spherical vector f19 is supported in J(Z,). Hence x’,y’,z' € O(Z,). Consider O(F,) the split
octonion algebra over [F,. The projections of (x, y, z) and (x', y’, Z') to O(F,) are G»([F,)-conjugated
by the proof of Step 1 in Proposition 7.5, which is still valid over the base field [, as long as p # 2. It
follows from Hensel’s lemma that (x, y, z) and (x’, y’, z’) are G2(Z,)-conjugated. Therefore the function
gp — [(g," Ao) is supported in Up(Z,)\G2(Z,) C Up(Q,)\G2(Q)). Since f, is G(Z,)-invariant,
for g, € G2(Z,) we have f,?(gl;le) = fg(Ao) = 1. This completes the proof. O

Proposition 7.7. Let o be a cuspidal automorphic representation of Go(A) as in Theorem 7.2 and let
@ € 0" be a cuspidal form. Then the following conditions are equivalent:

(D) Of, ©)up,yp(1) #O0 for some choice of f.
(2) ¢UP(g) # 0 for some g € Ga(A).

In particular, if any of the conditions holds then ® (o) is nonzero.
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Proof. Recall first that, according to Proposition 5.7, we have O(f, ¢)uy, v, # 0 if and only if
O(f, ¢)u;.« 70 for some o € Symrk2(3)(®) with o ~7@) ap. We write

O(f, 9us.yp (D) =/ Of, )Wy () du

Us(@\U3(A)

0(f)a(ug)e(Vp' (u)dudg,

‘/GZ(@)\GZ(A) ‘/1;3(@)\U3(A) AEQ(@)

where in the second equality we used the definition (16) of ®(f, ¢) and the Fourier expansion (17)
of 6(f). Since Us € N, we have that 0 (f)a(ug) = va(u)0(f)a(g) and

/ Vay ' (w) = {VOI(U“@i))\U“/'\)) V= Yl
U3 (@\U3(A) otherwise.
Hence
O(f, P)us.yp (1) = vol(U3(@)\U3 (A)) Z 0(f)a(g)e(g)dg. (13)

GZ(@)\GZ(A) AE(U(@)

Let (A;); be the finite representatives of the orbits of the action of G,(Q) on w(Q) as given by
Proposition 7.5, and write Stab,, for the stabilizers of A; in G,. The integral on the right-hand side
of (18) becomes

2 /G > 0(f)a,(g'R)p(e)dg ="

2@NG2:A) grestab,. (@\G(@) i

| 0(f)a ()9 (9) ds.
Staba; (@\G2(A)

Observe now that, by [Harris et al. 2023, Theorem A.4], we have 0(f)4.(g) = ca, f(g~'A;) for any
g € G,. Hence, since Staby, (A) fixes the matrix A;, we deduce that the function g — 6(f)4,(g) is left
Stab 4, (A)-invariant. Making an inner integration over Staby, ((2)\Stab4, (A) in each term of the outer
sum, we deduce that the above equals

/ 0(f)a; (8)9°™™i (g) dg,
Staba; (A\G2(A)

i
where <pStabAi (g) denotes the period of ¢ over Staby, (Q)\Staby, (A). We now analyze two different
possibilities. If D is not a square in Q, then, by Proposition 7.5(2), G>(Q) acts on w(Q) with two
orbits, one closed and one open. Let Ag, A denote representatives of these two orbits with stabilizers
Staby, = Up and Staby, = SU? in G,. By the proof of Theorem 7.2, (pSUé) (g) = 0, and hence the
only surviving term is the one corresponding to the orbit represented by Agy. If D is a square in Q,
then by Proposition 7.5(1), G2(Q) acts on the set w(Q) with four orbits, three closed and one open.
Let A;, 0 <i < 3 denote representatives of those orbits, with Ay representing the open one. The
corresponding stabilizers are Up, SL3, SL,V and its conjugate SL, V. By the proof of Theorem 7.2, we
have ¢S (g) = 0. By hypothesis o (and o) is not globally generic; hence Lemma 7.1 implies that
SV (g) = (pSsz(g) = (. From this, we deduce that, for any D,

Of. )y (1) = / 0(F)a0(8)9" (2) dsg. (19)

Up(A\G2(A)



Algebraic cycles and functorial lifts from Gz to PGSpg 603

where ¢U? (g) is the constant term of ¢ along Up. This shows that if @ ( f, ©)us,yp (1) # 0 then eUp £0
since the period appears as an inner integral of the Fourier coefficient.

We now show the converse, i.e., that if ¢U? £ 0 then, for some choice of f € IT, the Fourier coefficient
O(f, ¢)u,,yp does not vanish. Let S be as in Lemma 7.6. By enlarging S if necessary, we can assume
that the cusp form ¢ is G,(Z,)-invariant for all v ¢ S. By Lemma 7.6, the integral of (19) equals

CA() . (/ fS(g_IAQ)QDUD (g) dg) . HVOI(UD(ZU)\GZ(ZU)v dgv)
Up(@5)\G2(@Qs) vgs

It remains to show that, when @Y? #£ 0, then for a good choice of f at the places in S, the integral satisfies

/ fs(g ' Ap)pYP (g) dg #0.
Up(Qs)\G2(Qs)

It follows from [Harris et al. 2023, Theorem A.4] that fs can be any smooth compactly supported function
on Q(Qg). Let gy € G»(Qy) be such that ¢Y?(gg) # 0. We can take a nonnegative f supported in a
sufficiently small neighborhood of g to ensure the nonvanishing of the integral. This finishes the proof
of the proposition. (|

7.4. Nonvanishing of Fourier coefficients, II. The purpose of this section is to prove the following result.

Theorem 7.8. Let F denote a quadratic étale algebra and o = 05 ® 0 be a cuspidal automorphic
representation of G,(A) such that

* 0 IS a nongeneric discrete series with infinitesimal character re| + sé€y;
e there exists a finite prime p such that o, is Steinberg;
o the representation o supports Fourier coefficient associated to the cubic algebra Q) x F.

The theta lift © (o) = ®, O (0y) is a nonzero cuspidal automorphic representation of PGSpg(A). Moreover,
if m denotes any nonzero irreducible subquotient of ® (o), then

* NI IS a discrete series of infinitesimal character (r, %(r +5), %(r — s));
e 7, is Steinberg;
o the representation w supports a nontrivial Fourier coefficient of type (4 2) associated to F.

Remark 7.9. As it will follow from the proof, the condition of o being nongeneric can be replaced
by o not being locally generic, i.e., that there exists one local component of o, of o which is not generic.

Let us first fix some notation first. Recall from Section 6.1.2 that the centralizer of G, in M is GLj3

and let Lab
U=1[010
001

be the unipotent radical of its Borel subgroup of upper triangular matrices. Note that the unipotent
subgroup UpUs is the unipotent radical of the parabolic subgroup P of PGSps of Levi GL, x GL%
appearing in Section 5.2.2.
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Definition 7.10. Define the character v : Up(Q)\Up(A) — C* by sending

Vo(u) = e(a).

Note that Y1 p is the character (simply denoted by ¥p) on Up (Q)\Up (A) introduced in Section 5.2.2.

As explained in Section 7.2, we view the space 2 of rank-1 elements in J inside N so that Uy acts
on €2 via the natural right action of GLz € M on N. Then we let Uy act on the left on w and hence on the
triples (x, y, z) of off-diagonal terms by the rule

ul - (x,y,2) = (x +ay+bz, y,2). (20)

7.4.1. The relation between Up and Uy. In what follows, we relate the unipotent subgroup Uy to the
unipotent radical Uy of the Heisenberg parabolic. Such a relation will be employed in Proposition 7.13
to establish a relation between Fourier coefficients for the Heisenberg parabolic of G-cusp forms and
Fourier coefficients of type (4 2) of their theta lifts.

Before stating our result, we make the following comments on the choice of representatives of the
open orbits in Proposition 7.5. First, suppose that D = d?, with d € Q*. There is no harm in assuming
d € 7. Recall that the stabilizer in G, of the vector s4 — #4 can be identified with SL3 = SL({s1, $2, 53)).
Since the Heisenberg parabolic H = Ly - Uy is the stabilizer of the flag (s1, #3), its unipotent radical Uy
contains Up = Stabg, (Ap), where

Ag=Ad(s4—13),51 —13,d(s1 +13)) € J(Z)

is the representative of the open orbit of the action of G, on w(Q) as in Proposition 7.5. Moreover,
Uy /Up is two-dimensional and supported on the roots a + b and a + 2b. Let us now suppose that D is
not a square in @*. The vector x = s, 4+ D1, is a trace zero octonion of norm —D and orthogonal to #3.
We choose the representative of the open orbit to be

Ao =A(s2+ Dty, 51, 13) € J(2).
Lemma 7.11. There is a natural surjection p : Uy — Uy inducing an isomorphism
UH/UD —> U().

Proof. By the description of the action in (20) and the linear independence of the coordinates (x, y, z) of
the representative of the open orbit, one sees that Uy acts freely on it. Hence, the result follows from
showing that any element in Up acts on the triple (x, y, z) as an element of Uy and vice versa.

Case 1. We start with the case where D is a square in Q. The action of Uy is given by
u”'(d(ss—ta), 51— 13, d(s1 +13)) = (d(s4 — 14) + (a+ db)s1 + (db — a)ts, sy — 13, d (51 +13)). (21)

Since any element of Uy fixes s; and 73, it suffices to show that Uy acts on (s4 — #4) as an element of Uj.
We verify this by studying the action of the Lie algebra. By (13), we know that the Lie algebra of Uy is
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generated by the Lie algebra of the unipotent upper-triangular subgroup Up in SL3 and by the vectors vy
and 3. Using the explicit action of the action of the Lie algebra given in Section 6.2.3, one checks that

The above equations show that, for u; = x,,5(A1) and us = x,425(2) for some scalars A1, A, we have
up-(d(sa—1a)) =d(sa—ta+ris1), uz-(d(ss—1s)) =d(s4 —ts+ Aot3).

This gives the desired isomorphism: if u € Uy /Up is identified with the product of x5 (A1)xq425(A2),
then, from (21), we see that it gets sent to the element

1 d(v —2) F(+42)
0 1 0 e U.
0 0 1

Case 2. We now suppose that D is not a square in Q*. Similarly to Case 1, it suffices to calculate
u-(so+ D1p) for any u € Ug. As above, one checks that

Epp-(s2+Dty) =51, Exn-(s2+Dt))=Dt3, Ei3-(s2+ D) =0,
v1-(s2+ D) =13, 83-(s2+ Dtp) = —Dsy.
This implies that if u € Vg = Uy /[Ug, Ug] is equal to x, (A1) X4+ (XA2)Xa420(A3) X443 (As), then
u-(sp+ Dtr) =50+ Dtr + (A — A3D)s1 + (Ay + DAg)ts.

In particular, Up embeds into Uy as the subgroup of matrices with Ay = A3D and A = —A4D, and the
map p: Uy /Up — Uy sends u to the element

1 My —A3D A+ AsD
0 1 0 e Uy. U
0 0 1

Corollary 7.12. Under the isomorphism p : Uy /Up — Uy, we have
Yu.p="1voop,
where Y p: U (Q)\Ug (A) — C* is the character corresponding to the étale cubic algebra Q x QD).

Proof. We start with the case where D is a square in (Q*. For simplicity, we can (and do) assume that
D = 1. From Lemma 7.11, if n € Uy /Up is identified with the product of x,15(A1)xq125(A2), it is sent

1 I —2) 200 +12)
0 1 0 e Up.
0 0 1

via p to

Hence, the character ¥go p : Uy (Q@)\Uy (A) — C* sends n — e(%()q — )»2)). We now show that this
corresponds to the character ¥y p associated to Q x Q x Q as in Section 6.2.4. Recall that each character
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on Uy (@)\Upg (A) is of the form n — e({w, 1)), where 1 denotes the projection of n to Uy /[Ug, Ug]
and w € Uy (Q)/[Un (Q), Uy (Q)] corresponds to a binary cubic form

Fue,y) =ax® + 00x%y + Asxy? + A4y,
with A; € Q. Furthermore, as i1 = x4 (X)) Xa45 (A} /3)Xa125(A5/3)Xa135(A}) corresponds to f'(x,y) =
Axd 4+ A5x%y + A5xy? 4 Ay, the pairing is
(w, /1) = AAy — 3A2h5 + 3A3h, — Agd].
Then, the character ¥y o p corresponds to an element wp for which A1, A4 =0 and X,, A3 = %, namely

the binary cubic polynomial fp(x, y) = %(x2 y 4+ xy?). The latter is in the L g (Q)-orbit corresponding to
the cubic algebra @, Indeed, if we let g = (2 _2) € Ly(Q) act on fp, we get

g fp(x,y) = =3 fp2x, =2y) = g(8x’y — 8xy’) = x%y —xy’,
which corresponds to @* by Example 6.1(1).
We now suppose that D is not a square in Q*. Then, by Lemma 7.11, if
n = xg(A)Xabp(A2)Xa126(A3)Xa135(24) mod [Up, Un],

the character Yoo p : Ug(Q)\Ug (A) — C* sends n — e(A; — A3 D). This character is associated to the
binary cubic polynomial fp(x, y) = Dx2y—y?, which corresponds to @ x Q(+/D) by Example 6.1(2). [

7.4.2. Comparison of Fourier coefficients. The following proposition can be paired with Proposition 7.7
to give three equivalent ways of proving that the theta lift of an automorphic representation of G, does
not vanish.

Proposition 7.13. Let o be a cuspidal automorphic representation of Go(A) as in Theorem 7.2 and let
@ € 0" be a cuspidal form. The following conditions are equivalent:

(D) O(f, @up,yp (1) #0 for some choice of f € Il.
2) ouy.yup(8) #0 for some g € Ga(A).
In particular, if any of the conditions holds then © (o) is nonzero.

Proof. Decomposing Up = UyUs, we have

Of. ) (1) = /

/ O(f. @) YWy (W ) du du.
Uo(@\Uo(A) JU3(@)\U3(A)

As in the proof of Proposition 7.7, this equals

/ / 0(F) 4, ue)p"? ()5 () dg du.
Uo(@\Up(A) JUp(A)\G2(A)

Exchanging integrals and making an inner integration over Up (A)\Ug (A), we get

/ / ( / 9<f>A0<uu/g>z/f,;;<u>du)goUD (u'g) du dg.
U (AN\G2(A) JUp(A)\Ug (A) \J Up(@\Up(A)
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The isomorphism p : Uy /Up = Uy of Lemma 7.11 induces
Uo(@\Uo(A) = Un (Q)Up(A)\Up (A)

such that ¥y p = ¥ o p (see Corollary 7.12). Thus, we can write the integral as

/ [ ( | 0(f) a0t 207 (1) du)«pUD ('g) du dg.
U (A\G2(A) JUp(A)\Un (A) \J U (@ Up(A\Upn (A)

Exchanging integrals, we have

/ / ( / 6(f) ao(utd )" (u/g)du/) Yirlp (o) dudg
U (A\G2(A) YU (@ Up(A\Un (A) Up(A\Un (A)

= f f ( / > 9<f>A0<uyu/g)soUD(yu/g)du/)
Un\G2 () JUn @UpA)\Un (M) \Un @UpPN\Un ) |, iy 7, (@) »
: wH,D(”) dudg

-/ Z( / e(f>A0(yuu’g)<o”D(yu/g)du’)w;}D(wdudg
Un\G2(A) J U (@Q)Up(A\Upy (A) Y Ug(@UpAN\UH(A)

Changing variable u’ +— u” = yuu’ = uyu” in the inner integral, the above becomes

/ / ( / OF) ao (" )" (u—lu”g)du”) il () dudg
U (A\G2(A) JUu(Q)Up(A)\Ug (A) Up(A\UH(A) '

which, after rearranging the integrals, is equal to

O(f)ay " 0uy yy , " g) du" dg = / 0(f)ay(&)ouy,vup(8) dg.

LH(A)\Gz(A) /UD(A)\UH(A) Up(A\G2(A)

This shows that (1) implies (2). The proof of the converse is identical as the one given in Proposition 7.7. [J

Proof of Theorem 7.8. Let o be a cuspidal automorphic representation satisfying the hypotheses of the
Theorem. We first apply Corollary 7.3 to deduce that ® (o) is cuspidal. Moreover, by Proposition 7.13,
the theta lift supports a Fourier coefficient of type (42) and, in particular, it is nonzero. Let 7 be an
irreducible subquotient of ® (o). Its component at p is the Steinberg representation by the compatibility
between the global and local correspondences (Proposition 6.5) and by Proposition 6.10(2). We are now
left to prove the statement on its archimedean component. As 7 is unitary, 7o, is a unitarizable Harish-
Chandra module by [Flath 1979, Theorem 4]. Moreover, as o, is a discrete series with infinitesimal
character re; +sé&3, it follows from the discussion in [Li 1997, p. 204] and by Table 1 on [Li 1999, p. 375]
that ® (04 ) has infinitesimal character (r, %(r +5), %(r — s)), which is strongly regular in the sense of
[Salamanca-Riba 1999, Definition 1.5]. By another application of Proposition 6.5, 7 is a subquotient
of ® (o), and hence has a strongly regular infinitesimal character. As a consequence, we can apply
[Salamanca-Riba 1999, Theorem 1.8] to deduce that 7, is cohomological. By [Kret and Shin 2023,
Corollary 2.8], since ), is Steinberg and o, is cohomological, 7 is a discrete series with infinitesimal
character (r, $(r +5), 3(r —5)). 0O
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Remark 7.14. Suppose that 0 is a discrete series in D3 ;. If ®(0x) admits a unique irreducible quotient
0(0x), then by the results of [Li 1997], (o) is a discrete series of Hodge type (3, 3). This implies that
oo = 0(0) is a discrete series of Hodge type (3, 3). Although Howe duality conjecture for the pair
(G2, PGSpg) is known at nonarchimedean places [Gan and Savin 2023], the conjecture is still open at the
archimedean place.

8. The cycle class formula and the standard motive for G,

We conclude this article with the arithmetic applications described in the introduction.

8.1. The relation between L-functions of G2 and PGSp4. The dual group of G, is G2(C), which can
be realized as the intersection SO7(C) N Spin, (C). More precisely, we have the commutative diagram

Std

G2(C)—— SO7(C)—— GL7(C)

. (22)

Spin, (C)—— SOg(C)—— GLg(C)
Spin

where Std : G2(C) — GL(V7) is the standard representation given by trace zero octonions, Spin :
Spin; (C) — GL(V3) is the eight-dimensional spin representation, while the embedding ¢ is defined
from the fact that the stabilizer in Spin,(C) of a generic vector of Vg is isomorphic to G,(C). From the
commutative diagram, one immediately sees that

Vg‘Gz =V:®1.

In particular, if 7, is an unramified smooth representation of PGSp4(Q,) with Satake parameter sy,
belonging to ¢ (G2(C)), then

L(s, g, Spin) = L(s, 7mg, Std)Ze(s),
where

1
L(s, mg, Std) :=
e ) = G T = 6 StdGsm)

denotes the Euler factor at £ of the seven-dimensional standard L-function for G,.

Let now m be a cuspidal automorphic representation of PGSp¢, which is unramified outside a finite set
of places S containing the archimedean place. As a special case of Langlands functoriality, one expects
that if L5 (s, 7r, Spin) has a simple pole at s = 1, then 7 is a functorial lift from either G, or G$, recalling
that G, denotes the form of G, which is compact at co and split at all finite places of Q). We invite
the reader to consult [Ginzburg and Jiang 2001; Gan and Gurevich 2009; Pollack and Shah 2018; Gan
and Savin 2020] for results in this direction. Moreover, the existence of a pole is usually related to the
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nonvanishing of a certain period. The following result,” summarizing and complementing known results
in this direction, gives equivalence conditions for 7 to be a weak functorial lift from G».

Proposition 8.1. Suppose that w satisfies the hypotheses (DS) and (St) of Section 2.7. Then 1 is tempered
and the following statements are equivalent:

(1) The partial L-function L5 (s, 7, Spin) has a simple pole at s = 1.
(2) For almost all £, the Satake parameter sy, € {(G2(C)).

(3) There exists a cuspidal automorphic representation o of either G, or G5 such that 7 is a weak
functorial lift of 0.

Moreover, if m supports a Fourier coefficient of rank-2 associated to the quadratic extension F these

conditions are equivalent to

(4) m is H-distinguished, with H = GL, X GL;’ > i.e., that there exists a cusp form V in 7w such that

/ W(h)dh #0.
Z(A)H(@\H(A)
If one of the first three conditions hold, the residue at s = 1 of the partial L-function L® (s, 7, Spin) is
given by
Resg—1 L5 (s, , Spin) = L5(1, o, Std) ]_[(1 —¢h.

teS
Proof. Since 7 is cohomological and it is Steinberg at a finite place, we can apply [Kret and Shin 2023,
Lemma 2.7] to deduce that 7 is essentially tempered at all places. As  has trivial central character, this
is equivalent to being tempered. The equivalence between (2) and (3) and the implication (1) = (3)
follow from [Gan and Savin 2020, Theorem 1.1]. By [Gan and Gurevich 2009, Proposition 5.2], if
is H-distinguished then its big theta lift to G, is nonzero and is contained in the space of cusp forms
on G,. By the compatibility between the local and global theta correspondence, this implies that every
local component 7, appears in the local theta correspondence. When v is a finite unramified place for 7,
[Gan and Gurevich 2009, Proposition 5.1] implies that s, € £(G2(C)). This shows (4) = (3).

We next prove that (1) = (4), for which we’ll use the hypothesis on the existence of a Fourier
coefficient of rank-2. By [Pollack and Shah 2018, Theorem 2.7] (see Theorem 5.8), given a cusp form W
in 7T, there exists a cusp form W and a Schwartz—Bruhat function ® such that

I(®, U, 5) = Too (P, U, s) L5 (s, 7, Spin).
By Proposition 5.10, taking residues at s = 1 on both sides we have
20, W (h) dh = Resy—1 (Zoo(®, W, 5)L5 (s, 7, Spin)),
2 JzmyH@\H®)

ZWe point out that Proposition 8.1 is not really needed in the following (it is cited in the proof of Theorem 8.6, but only to
show that the L-function of the lift from G, to PGSpg has a pole at s = 1), but it might be of independent interest.
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where ¢ > 0 is the constant of Lemma 5.1. We now use [Gan and Gurevich 2009, Proposition 12.1] to
deduce that there exists local data &, and W, such that 7, (P, ¥, 1) # 0. Hence, up to modifying ¥
and @ at oo, we obtain
(0) - U(h)dh = C -Res;_ L3 (s, 7, Spin),
Z(MH(@\H (A)
with C a certain nonzero constant in C. Note finally that we have the freedom to choose @ such that

() # 0. This follows from the fact that, given the two nonzero linear maps
L :SAY) > C, ® > Too(®, W, 1) and I : S(A?) — C, d > d(0), ker(l;) Uker(ly) # S(A?).
This shows that if L5 (s, 7, Spin) has a simple pole and 7 supports a Fourier coefficient of rank 2, then 7

is H-distinguished.
We finally show the implication (2) => (1). The commutative diagram (22) implies that

L5(s, , Spin) = L5(s, 7, Std)z5(s),

where LS (s, m, Std) is the partial L-function of m associated to the standard seven-dimensional repre-
sentation of Spin,. By [Labesse and Schwermer 2019, Theorem 1.1.1], the restriction to Sps(A) of &
contains a cuspidal automorphic representation 7 such that (up to possibly enlarging S)

L3(s, 7, Std) = L5(s, 7°, Std).

By [Kret and Shin 2023, Corollary 2.2 & Lemma 2.3], there exists a cuspidal automorphic representation 7 *
of GL7(A) such that
L5(s, 7", Std) = L5(s, %),

where L3(s, %) denotes the standard L-function of 7%, We claim that L5(1, 7%) % 0. By [Jacquet and
Shalika 1976, Theorem (1.3)], L(s, 7%) # 0 for any s with Re(s) = 1. If we write

LG, 7" = LGs, 7)) [ [ Lis. w7
Les

then our claim follows from the fact that each L(s, ng ) has no pole at s = 1 (see [Rudnick and Sarnak
1996, p. 317]). This implies that
L5(1, 7, Std) # 0.
Thus, L3(s, 7, Spin) has a simple pole at s = 1. This proves that (2) implies (1).
If now we assume (3), i.e., that 7 is a weak functorial lift of o, then (up to possibly enlarging §)

L5(1,0,Std) = L5(1, 7, Std) #0,
where the first equality is a consequence of the fact that the Satake parameters of o and & agree almost
everywhere. In particular

Res,—; L5(s, 7, Spin) = L5(1, o, Std) Res,—; £5(s) = L5(1, o, Std)l_[(l —h,

. . teS
showing the final claim. O
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Remark 8.2. Let 7 be as in Corollary 5.12. Assuming (St), m is a weak functorial lift of o as in
Proposition 8.1 and Theorem 5.11 reads as

(2l [oul)y = C - Zs(@, w1 1) T -7 - L5(1, 0, Std).
teS
8.2. Galois representations of G,-type. The following result for the compact form of G, is shown in [Kret
and Shin 2023, Theorem 11.1 and Corollary 11.3]. The same proof works for the split form of G, as long
as one has some information on its lift to PGSpg, and we only sketch it for the convenience of the reader.

Theorem 8.3. Let o be a cuspidal automorphic representation of G2(A) or G5(A) which lifts to a nonzero
cuspidal automorphic representation w of G(A) such that

* Moo Is cohomological,
e 7, is the Steinberg representation at some finite prime p.

Then, for each prime £ and 1:C= @g, there exists a Galois representation ps = g, Gal(@/ Q)— Gz(@()
such that:

o For every finite place v # £ where o is unramified, p, is unramified at v. Moreover, the semisimple
part of ps (Frob,) is conjugate to the Satake parameter ((ss,) in Gz(@e).

* pg, is de Rham, and it is crystalline if o is unramified at {.

e [ 0 py = Py, Where m is a theta lift of 0, and ¢ : G2(C) — Spin,(C) is the embedding appearing
in (22).

o The Zariski closure of the image of p, maps onto either the image of a principal SL, in G, or

onto G».

Proof. By [Kret and Shin 2023, Theorem A], there exists a representation o : Gal(Q /Q) — Spin, (Qy)
attached to w. By the proof of [Kret and Shin 2023, Theorem 11.1], one has that the image of p, is
contained in Gg(@g), and thus we have p, such that ¢ o p, = p, for a suitable choice of embedding
¢ 1 G2(C) — Spin,(C) fitting in the diagram (22). Hence, by [Kret and Shin 2023, Theorem A]
and Proposition 6.10(1), the representation p, : Gal(Q/Q) — G»(Qy) satisfies the desired first three
properties. Finally, by [Kret and Shin 2023, Theorem A(v)], the Zariski closure of p, must map onto
either a principal SL; in SO7 N Gy, or Gj. O

In the following proposition, we describe several cases where Theorem 8.3 applies. Before doing that,
we need to introduce some notation. Let w|, w, denote the two fundamental weights for G,, where w; is
the highest weight of the standard representation and w, of the fourteen-dimensional adjoint representation.
According to our convention on the root system for G, in Section 6.2.1, w; = a + 2b and w, = 2a + 3b.

Proposition 8.4. Let o be a cuspidal automorphic representation of G3(A) with o € {&, ¢} such that o
is a discrete series of infinitesimal character (r, s), wherer —3>s—1>0andr — s is even (ifo =c
then o is the irreducible algebraic representation of G5(R) of highest weight (s —1)w; + % (r—s —2)w2)
and o, is Steinberg at some finite place p. Suppose that one of the following conditions holds.
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(1) We have o = ¢ and there exists o € o and a quaternion subalgebra D of the nonsplit octonions O°

such that
Pac :=/ a(v)dv #0,
C@\CA)

where C is the centralizer of D in G5,

(2) We have o = @ and either o is globally generic or o is nongeneric and o supports a Fourier

coefficient of type (42) corresponding to Q x F, where F is a real quadratic étale Q-algebra.

Then there exists a nontrivial small theta lift ® of o to G(A) which is a cuspidal automorphic repre-
sentation, such that w~ is a discrete series with infinitesimal character (r, %(r + ), %(r — s)) and 1,
is Steinberg.

Proof. Let o be as in assumption (1). Since the Steinberg representation is generic, then by [Gross
and Savin 1998, Corollary 4.9] the big theta lift of o to G(A) has a nontrivial cuspidal irreducible
subquotient r, which is unramified at almost all places. The infinitesimal character of its archimedean
component is given in [Gross and Savin 1998, Theorem 3.5], and by Propositions 6.5 and 6.10 we have
that 77, is Steinberg. Under the assumption (2), if o is globally generic, the result follows from [Harris
et al. 2023, Theorem 1.7], and if 0, is not generic and o supports a Fourier coefficient as in the statement,
the result follows from Theorem 7.8. 0

By construction, the composition of the Galois representation p, (and thus p,) with the spin represen-
tation appears in Hé6t (ShG’@, V} (3)), where the latter denotes the direct limit of the cohomology at level U
in coefficients in the £-adic lisse sheaf associated to an irreducible algebraic representation V* of G, as U
varies. This direct limit is a smooth admissible @g—representation of G(Ay), endowed with an action of
Gal(Q/Q) commuting with the one of G (A 7). Let o and 7 be as in the statement of Theorem 8.3. Choose
an embedding of the rationality field L of 7 in @,. Then by Lemma 2.8, the n;—isotypic component of
Héﬁt,!(ShG’@, V} (3)) is eight-dimensional Q,-vector space, and we have

Héﬁ,!(ShG,@’ VQ(S))[TK}/] = VSpinop” ®7T}/ = VSpino{opc, ®7T}/

If the image of p, is Zariski dense in Gz(@g), we have Spino¢ o p, = Std op, @ 1, where Std op,; is the
irreducible “standard” Galois representation attached to o. If not, by Theorem 8.3, the image of p, is
Zariski dense onto a principal & : SL,(Q;) — G»(Qy). Then the branching law of [Gross 2000, (7.1)]
gives that Spin oZ o p, = Sym® op, @1, where Sym® op, is the irreducible symmetric sixth power Galois
representation attached to o. Denote by M, (s r) the Galois representation Vspinop, and let My(o ) be
either the Galois representation Vsigop, Or VSym6 ops* Then we have that M, (crf)G@ =0and M,(my)
decomposes as the direct sum

My(my) =Mi(of) D1, (23)

where 1 denotes the one-dimensional trivial representation.

Remark 8.5. In the case where p, is not Zariski dense in G,(Qy), the Satake parameter s, € §(SL2(C))
for any unramified prime p. By Langlands reciprocity principle, o should be the functorial lift of a
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cuspidal automorphic representation T of PGL,(A), while VSym6 ops should be a geometric realization of
the motive of the symmetric sixth power of .

8.3. On a question of Gross and Savin. Tate conjecture predicts the existence of a cycle which gives
rise to the trivial representation appearing in the decomposition of (23). Gross and Savin [1998], inspired
by local computations, conjectured that this cycle should come from a Hilbert modular 3-fold inside Shg.
Theorem 8.6 below supports this expectation for certain cuspidal automorphic representations o of G,
and G5.

Let o be a cuspidal automorphic representation of G5(A) with o € {&, ¢} such that o is a discrete
series of infinitesimal character (r, s) withr —3 >s —1 >0 and r — s even and o, is Steinberg at some
finite place p and let 7 be the small theta lift of o given by Proposition 8.4. Let V* denote an irreducible
algebraic representation of G of highest weight A = (r -3, %(r +s5)—2, %(r —s)—1, O). Note that V*| g
contains the trivial representation by Lemma 3.2. Let U C G(A ) denote a neat compact open subgroup
such that JT;»] # (. For any %(r +s5)—2>u=> %(r —s)—1, let

Ziphl = cla(Zi ) € HY (Shg (U)g. Vi (3))

be the étale realization of the motivic class Zgﬂ (see Definition 3.9), where H = GL, XIGL; . Fix a
vector Wy € 71}]. By composing the projection to the ny—isotypic component together with the projection
given by the vector ¥, we get

2%« = Vrpr (Zhhh) € My(op) @ D% = 1.

By (the proof of) Lemma 2.8, there exists a cuspidal automorphic representation 73> = ngo’3 ®mrof G(A)
whose archimedean component is a discrete series of Hodge type (3, 3) with the same infinitesimal
character of 7, and whose nonarchimedean part 7 ¢ is the same as the one of . Let ¥ = W, ® W be
the cusp form in the space of 733 such that W, is a highest weight vector of the minimal K -type of
”35,31 c ”0363|Sp6(R>~ For any p as above, recall that we denote W*#l = A W @ W, where AM#]
is the operator that appeared in Proposition 4.8.

Theorem 8.6. Assume that the integral Zs(®, W 1) is nonzero for some Schwartz—Bruhat function ®.

Then the class Zg; ,, generates the trivial subrepresentation 1 of My (7 r).

Proof. By the comparison theorem between étale and Betti cohomology [SGA 43 1973, Exposé XI,
Theorem 4.4(iii)], Proposition 8.1 and Corollary 5.12, we know that the projection prnvZ};:g] to
My(my)® (Tl']lc])v generates a one-dimensional subspace, which is trivial for the action of the Galois group.
As we have explained above, the image of p, is either dense in G,(Q;) or in SL,(Q;) — PGL,(Q¢) —
G»(Qy). In either case, the representation My (o) is irreducible and the trivial factor 1 in M,(ms) is

hence generated by the image of Z7 .. O
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