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Odd moments in the distribution of primes

Vivian Kuperberg

Montgomery and Soundararajan showed that the distribution of ¥ (x + H) — 1 (x), for 0 <x < N, is approx-
imately normal with mean ~ H and variance ~ H log(N /H), when N 8 < H < N'-% Their work depends
on showing that sums Ry (h) of k-term singular series are p;(—hlogh + Ah)*/? + Oy (h*/>=1/T0+ey,
where A is a constant and p;, are the Gaussian moment constants. We study lower-order terms in the size
of these moments. We conjecture that when k is odd, Ry (h) =< h*=D/2(log h)*+1/2_ We prove an upper
bound with the correct power of & when k = 3, and prove analogous upper bounds in the function field
setting when k = 3 and k = 5. We provide further evidence for this conjecture in the form of numerical

computations.
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1. Introduction

What is the distribution of primes in short intervals? Cramér [1936] modeled the indicator function of
the sequence of primes by independent random variables X,,, for n > 3, which are 1 (“n is prime”) with
probability 1/logn, and O (“n is composite”) with probability 1 — 1/logn. Cramér’s model predicts that
the distribution of ¥ (n + h) — ¥ (n), a weighted count of the number of primes in an interval of size &
starting at n, follows a Poisson distribution when n varies in [1, N] and when & < log N. Gallagher [1976]
proved that this follows from a quantitative version of the Hardy—Littlewood prime k-tuple conjecture:

namely, that if D = {d}, d», ..., di} is a set of k distinct integers, then
k
Y [Taw+d)=@©@) +om)N,
n<N i=1

The author is supported by NSF GRFP grant DGE-1656518 and would like to thank Kannan Soundararajan for many helpful
comments and discussions, as well as Régis de la Breteche, Alexandra Florea, Andrew Granville, Zeev Rudnick, Yuval Wigderson,
and the anonymous referee for helpful feedback.

MSC2020: 11NO5, 11N13.

Keywords: sums of singular series, distribution of primes.

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2025.19-4
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

618 Vivian Kuperberg

where G(D) is the singular series, a constant dependent on D given by
1\ * D
6(1)):1_[(1——) (1—M),
» P 4
where v, (D) denotes the number of distinct residue classes modulo p among the elements of D. The

singular series is also given by the formula

k k
(Qi) Ll,‘d,‘
sm= Y ( ’“‘—) 3 e<§ —) (1)
it 11 Y] ol N

(ai,qi)=1
> ai/qieZ

The Hardy-Littlewood prime k-tuple conjectures give us a better lens through which to understand
the distribution of primes: by understanding sums of singular series. For example, Gallagher used the

dYoem~ Y 1

DC[1,h] DC(1,h]

estimate that

to prove that the Hardy-Littlewood conjectures imply Poisson behavior in intervals of logarithmic
length. Our concern is the distribution of primes in somewhat longer intervals, namely, those of size H,
where H = o(N) and H/log N — oo as N — oo. In this setting, the Cramér model would predict
that the distribution of ¢(n + H) — ¥ (n) for n < N is approximately normal, with mean ~ H and
variance ~ H log N. However, the Hardy-Littlewood prime k-tuple conjecture gives a different answer in
this case. Montgomery and Soundararajan [2004] provided evidence based on the Hardy—Littlewood prime
k-tuple conjectures that the distribution ought to be approximately normal with variance ~ H log(N/H).
They consider the K-th moment Mg (N; H) of the distribution of primes in an interval of size H, given by

N
Mg(N; H) = ((n+H) =y (n) — ).
n=1

They conjecture that these moments should be given by the Gaussian moments
N\K/2
My(N; H) = (ux +o()N(Hlog 27) ",

where ux =1-3--- (K —1) if K is even and 0 if K is odd, uniformly for (log N)!*® < H < N'=¢. Their
technique relies on more refined estimates of sums of the singular series constants G (D). Instead of the
von Mangoldt function A (n), they consider sums of Ag(n) = A(n) — 1, where the main term has been
subtracted from the beginning. The corresponding form of the Hardy-Littlewood conjecture states that

k
> [TA0@ +di) = (&o(D) +o(1))N

n<N i=1
as N — oo, where G(D) is given by
&(D) =Y _ (-HPVIe(),

J<D
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and in turn

(D) =) So().

J<D

We can combine this with (1) to see that

wo= 3 (1155) Z (2%

q1;- i=1 ap,..., ag i=1 qi
1<q,<c>o 1<a;<q;

(ai.qi)=1

> ai/gieZ

Montgomery and Soundararajan considered the sum

Ri(h):= Y (D), 3)

1=<d;<h
d; distinct

showing that, for any nonnegative integer k, for any 4 > 1, and for any ¢ > 0,
Ri(h) = pu(—hlog h+ A"+ O (h*/21/70+e), )

where A =2 —y —log2m. Their estimate on Ry (k) implies their bound on the moments. For more on
the distribution of primes in short intervals, see for example [Chan 2006; Granville and Lumley 2023;
Montgomery and Soundararajan 2004].

For all k, the optimal error term in (4) is expected to be smaller. In the case of the variance, this was
studied in [Montgomery and Soundararajan 2002]. In this paper, we restrict our attention to the cases when
k is odd. We conjecture the following, which was mentioned in [Lemke Oliver and Soundararajan 2016].

Conjecture 1.1. Let k > 3 be an odd integer, and let h > 1. With Ry (h) defined as above,
Ry (h) < h*=D/2(1og ) *+D/2,

The conjectured power of log 4 here comes from numerical evidence, which we present in Section 5.
For k odd, we do not know, even heuristically, which terms contribute to the main term in Ry (h); for
this reason, we do not know what the constant should be in front of the asymptotic in Conjecture 1.1.
Nevertheless, our goal in this paper is to provide evidence for Conjecture 1.1. When k = 3, we can show
an upper bound with the correct power of /.

Theorem 1.2. For h > 4 and Rj defined in (3),
R3(h) < h(logh)°.

Another source of evidence for Conjecture 1.1 is the analog of this problem in the function field setting,
which is also studied in [Keating and Rudnick 2014]. As we discuss in Section 3, we can consider analogous
questions over F[T], where [ is a finite field, instead of over Z. To state the analog, we first revisit the
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techniques of Montgomery and Soundararajan in the integer case. Upon expanding (3) using (2), we get

= ¥ ¥ (T149) ¥ (3% ¥ (142) 5 T1#(2%)

ap,...,ax i=1 gi

..... diy 41 qi1s--qk 1seesd
1<d,<h 1<q,<oo 1<u,§q,- 1<q,<oo 1<a,<q,
d; distinct (ai,gi)=1 (ai,qi)=1

> ai/qiel > ai/qiel

where E(a) = ZZZI e(ma). The sums E (o) approximately detect when |«|| < 1/h.
This expression for Ry (/) is closely related to a quantity studied by in [Montgomery and Vaughan 1986].

They considered the related problem of the k-th moment of reduced residues modulo a fixed ¢, given by
q

k
mk<q;h>=z( 3 1—/1@) .

n=1 1<m<h
(mFn.q)=1

The moment m, satisfies my(q; h) = q(¢ (q)/q)k Vi(gq; h), where Vi (q; h) is the “singular series sum”,

Vilgih= Y Y (l_[ ZEZ)) P> e(iﬂ)

dy,...,dg 9159k “i=1 yeens Ak i=1 qi
1<d;<h 1<4i|q 1<a;<q;

(@i qi)=1

> ai/gieZ

which differs from Ry (%) only in that the ¢g; are now constrained to divide a fixed g. In this paper, as
well as in the work of Montgomery and Soundararajan, estimating Vi (g; #) when ¢ is a product of
primes p < h**! is a key step towards estimating Ry (k). Similarly, understanding m(g; k) is closely
related to understanding Ry (4). For example, Conjecture 1.1 predicts that Ry (h) =< hk=1/ 2(log h)ktD/2
when k is odd; this conjecture is closely related to the prediction that when ¢ is a product of primes p < h*
for a fixed power A, and when £ is odd, then we should have my(g; h) < g (h/(log h))k=D/2, Montgomery
and Vaughan [1986] predicted that m(q; h) < g (h/(log h))*~1/2 in this setting. In the function field
setting, we study an analog of the moments my(q; h).

Let [, be a finite field with g elements, and let Q be a fixed monic polynomial in [, [7]. Note that Q
in the function field case serves the same role as g in the integer case, since ¢ now represents the size of
the field. The moment m(Q; k), an analog of the k-th moment of reduced residues in short intervals
which is defined precisely in (15), is the k-th moment of the distribution of polynomials that are relatively
prime to Q lying in intervals of size ¢” in the function field [F,[z]. In this case an “interval” of size q"
centered at a polynomial G(#) consists of all polynomials F(¢) such that F(t) = G(t) mod t". We can
adapt the methods of Montgomery—Vaughan to prove a bound on my (Q; h) that has the same shape as
the bounds of Montgomery—Vaughan and Montgomery—Soundararajan.

Theorem 1.3. For any fixed k > 3 and for Q € Fyl] square-free, for h > 2,

m(Q; h) K ol |Q|
|Q|((g™)/2=1/2 4 (ghyk/ 21/ k= z>)<¢(Q)) 2412

ifk is odd.
0l 4
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The function field exponential sums are cleaner than their integer analogs, making this proof more
streamlined than the proof of Montgomery—Vaughan. As a result, the bound is tighter; in fact, for
k =3, Theorem 1.3 already yields a bound where the exponent of ¢” is 1. This is of the same shape as
Theorem 1.2, where the exponent of 4 is 1.

Using a more involved argument we can achieve a bound on the fifth moment of reduced residues in
short intervals.

Theorem 1.4. Let h > 2 and let

o= [] P

P irred.
|P<q®"
Forall e >0,

ms(Q; h) < |Qlg™*e.

As discussed above, Conjecture 1.1 would predict in the integer case that for k odd and g = [ p<iA D>
we have my(g; h) < q(h/(log h))*&=D/2_In the function field case, we have a polynomial Q(#) in place of
the modulus ¢, and an interval of size ¢" instead of one of size &, so the analog of Conjecture 1.1 would
predict that ms(Q; h) < |Q|q2h (log qh)_z. In particular, Theorem 1.4 matches the exponent of qh in this
prediction. Our techniques do not quite succeed in proving such a bound for any higher odd moments, as
we note in Section 4. However, we do get as a corollary the following bound on sums of singular series
in function fields. The sum Ry (¢") of singular series in function fields is defined very analogously to the

sum Ry (h) in the integer setting; a precise definition is given in (19).

o= [] P

P irred.

Corollary 1.5. Let h > 2 and let

|P|<q®"
Then 0] \2 101 \}
R3(q") < V3(Q; h ’(—) h(—) :
3(q") K V3(Q; h)+¢q 50 <q 50)
and, forall e > 0,
" 101 VY2 oh  avem
Rs(q") < VS(Qih)-i-(m) 9 <Lq .

This paper is organized as follows. In Section 2 we prove Theorem 1.2. In Section 3, we discuss
the analogous problem in [, [7'], and adapt the framework of Montgomery and Vaughan to the function
field setting to prove Theorem 1.3. In Section 4 we prove Theorem 1.4. Finally, in Section 5 we provide
numerical evidence for Conjecture 1.1, and in Section 6 we discuss toy problems, further directions of
inquiry, and possible applications of these questions.

2. Three-term integer sums: proof of Theorem 1.2

Our goal is to bound

R3(h) = E So(D).
dy,dz,d3
1<d;<h
d; distinct
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Expanding G (D) as an exponential sum yields

(gi . id;
R= 3, 2 (ng(g)) Z e<z“q_)

di,dr,dy 491,92:93 “i=1 i=1

l<d;<h l<gi<oo 1<a;<q;
d; distinct (ai,gi)=1
> ai/qiel

Our argument will follow the same thread as that of [Montgomery and Soundararajan 2004], which in
turn relies on the analysis of [Montgomery and Vaughan 1986] of the distribution of reduced residues.
To that end, we consider V3(q; &), which is approximately the third centered moment of the number of

reduced residues mod ¢ in an interval of length &. Precisely, Vz(g; h) is given by
3

s T T (12) ¥ (5)

dy,d»,d3 ql 42,93 Ni=1 3 i=1 qi
l<dj<h 1<qilq 1<a;=<q;

(@i qi)=1

> ai/qiel

This is very similar to the above expression for R3(4); the two differences are that the outer sum in R3(h)
is taken over distinct d;’s, whereas the outer sum for V3(g; h) is not, and that the summands ¢; range
over all integers for R3(/), but are restricted to factors of g for V3(g; h).

Theorem 2.1. Let h > 4 and let q be the product of primes p < h*. Then
Vi(g; h) < h(logh).

We use Theorem 2.1 to establish Theorem 1.2. In order to derive Theorem 1.2, it suffices to show that
terms arising from transforming V3(g; h) into R3(h) do not contribute more than O (h(log h)>); in fact
they contribute on the order of 4 (log 4)?, which is the conjectured asymptotic size of R3(h). We begin
with this derivation of Theorem 1.2 from Theorem 2.1.

To account for terms where dy, d», d3 are not necessarily distinct, we make the following definition.

Definition 2.2. Let k > 2, and let D = {d,, ..., di} be a k-tuple of not necessarily distinct integers, and

fix g a square-free integer. Then the singular series at D with respect to q is given by
£ u(gi) L ad;
soip= ¥ ([he) ¥ o(X%)
Gloenqilq Ni=1 gi la ..... ai i 4
=a;=qi

(ai,qi)=1
> ai/qiel

Just as for G(D), one can subtract off the main term of S(D; ¢) to define

So(D; q) ==y (-HPVIe(T; 9).

JCD

Combining this with the definition for &(D; ¢) yields the formula

‘ k
' (g
SoDig)= Y. (1_[(,)(%)) 2 (Z ) ;
l<qi,...qxlq “i=1 laéaz<111 =
(ai,qi)=1
> ai/qi€Z
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If the d; are not all distinct, this expression converges for any fixed ¢ but not in the ¢ — oo limit. The
singular series at D with respect to ¢ is equal to a finite Euler product.

Lemma 2.3. Let k > 2, and let D = {d,, ..., di} be a k-tuple of not necessarily distinct integers, and fix
q a square-free integer. Then
1n\* v,(D
G(D;q)zl_[(l——) (1——"( )>,
rlg p p

where v, (D) is the number of distinct residue classes mod p occupied by elements of D.

This lemma is proven in [Montgomery and Soundararajan 2004, Lemma 3]; it is stated there for sets with
distinct elements, but their proof holds in this setting as well. They note first that G(D; ¢) is multiplicative
in ¢, so that it suffices to check the lemma for primes p. For a given prime p, they express the condition
that Zle ai/q; € Z in terms of additive characters mod p, and then rearrange to get the result.

Consider the following expression for &g, which is [Montgomery and Soundararajan 2004, equa-
tion (45)]. For all y > h,

i 1
SoD)= Y l_[ &A(Ql, 92,93 D)+ O (@)

q1,92,93 =1 ¢( )
qi>1
Plgi=p=y
where
> d;a;
l
AGH gD = Y e(z l—).
ap,az,as i=1 i
1<a;<q;
(ai,qi)=1
Y ai/qieZ
Apply this to R3(h) with y =h* and g = [1,<, p toget

Ry =Y ]'[“(iswl,qz g3: h) + 0 (1),
q1,92,93 = ]¢( )

gi>1
qilq

where

3
S(q1 g2 gz h) = Y Alqr, g2, g3 ddidy, dshy= D Y (qu—)

dy,da,d3 di,dy,d3 a1,02,a3 i=1
1<di<h 1<d;<h 1=ai<gq
d; distinct d; distinet (ai,gi)=1

> ai/qi€Z

If the condition that the d; should be distinct were omitted, then the main term in R3(h) would be
exactly Vz(g; h). So, it suffices to remove this condition.
Put §; ; = 1 if d; = d; and 0 otherwise, so that

1 if the d; are all pairwise distinct,
1_[ (I1—-36;;) =

i 0 otherwise,
1<i<j<3



624 Vivian Kuperberg

and

3 . .
S(q1 g2 gz )= Y ( I1 (1—5i,j)> > Q(Z%)

dy,dy,d3 “<i<j<3 i=l1
1<d;<h 1<a;=<q;
(ai,qi)=1
> ai/qieZ

Expanding the product over the §; ; yields
1 —0812—6813—0823+6812023+613812+ 823813 —81,2823013-

Note that the last four terms each require precisely that d; = d, = d3 in order to be nonzero; each of these
can be written as 1 2.3, so that their sum is 28 2 3. The following lemma addresses the contribution of

these last four terms.

Lemma 2.4. Let h > 4 be an integer. Then

Y ¥ A8 3 (3o (L) ol

(5]

d<h41.92,93 =1 ap,az,as i=1 4q
qi> 1<a;<q;
qilq (ai,gi)=1
> ai/qi€Z

Proof. Note that the left-hand expression is precisely 2 _,_, Go({d, d, d}; q). Expanding &, and
applying Lemma 2.3 yields

23 " So((d.d. d}; q) =2 (S({d. d. d}; q) —36({d. d}: ) +36({d); ¢) — 1)

d<h d<h B .
:ZZ(H( _E) _31_[( ") )
d<h “plq plq
2
q q
=2h —6h 4h,
| @ Mo
as desired. O

Now consider the contribution to R3(%) from the terms —§; 2, —81,3, and —8, 3. Via relabeling, it
suffices to only consider the term with —§; 5, which is nonzero when d; = d> and otherwise 0.

Lemma 2.5. Let h > 4 be an integer. Then

)
dl —+—= -2 h——hl h+Bh+0O(h
2. 2 H¢>(ql 2 NGt Ua )= laig 2 Vg ~iegh B0 G

d,d3<h41:92,93 i=1
gi>1 1<al<qz

gilq (ai,gi)=1
> ai/qi€Z
Proof. As in the previous lemma, we note that the left-hand side is ) duds<h Go({d, d, d3}; q). We again
expand and apply Lemma 2.3, to get

Y Golid.d.dsyig) =Y (S(id.d. ds}: q) —26({d. ds}: q) — S({d. d}: ) +2)
d,d3<h d,d3<h

q 2
=——--2 E &{d, ds}; q) —h”).
(¢<q> )(MM (sl )
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By [Montgomery and Soundararajan 2004, Lemma 4],

(g1)?
Y ed.dfigp=Y ’;(ZI)Z 3

d,d3<h q1lq 1<a=<qi
(a,q1)=1

2
E(i)‘ —h-L_ L B2 hlogh+ Bh+ O(h'/*),
q1 #(q)

with B =1—y —log2m. Thus our expression becomes

_(_ 4 q 1/2+e
=|——-2)lh—— —hlogh+Bh+0O(h ,
<¢(q> )( olq HeghtBRTOC )>

as desired. O

Combining these computations yields

2
Ry(h) = V3(q;h)+2h(i) —6hi+4h—3<i— )(hi—hlogh+3h+0(h1/2+8))

o(q) o (q) o(q) o(q)
2
= AT 7 _ 9 _ 1/2+3L>
=Vi(qg; h)—h 3hlogh 3Bh 6hloch+6Bh+4h+0O\h .
3(g; b) (¢(q>>+ BN g Oriceh OB ANt < 5@

By Theorem 2.1, Va(q; h) < h(log h)3, so Ry(h) < h(log h)3, which completes the proof of Theorem 1.2.

2.1. Preparing for the proof of Theorem 2.1. The rest of this section will be devoted to the proof of
Theorem 2.1; here we begin by fixing some notation and proving several preparatory lemmas. Specifically,
Lemmas 2.8, 2.9, 2.10, and 2.11 are general results on adding integer reciprocals along hyperplanes.
Lemmas 2.12, 2.13, and 2.14 rely on these general results to prove bounds on specific sums that will
appear in the proof of Theorem 2.1.

We begin with a reparametrization of variables into a system of common divisors. Let (g1, g2, g3) be a
triple in the sum in (5) defining V3(gq; h). The contribution of the (g1, g2, g3)-term to Vz(g; h) is zero

unless there are nontrivial solutions to

a a a
“+242ez,
aq 492 g3

or equivalently

a192q93 + a2q1q3 + azqi1q2 = 0 mod q19293,

where (a;, g;) = 1 for all i. This implies that q; | g2¢3 (and likewise g5 | g1g3 and g3 | g1¢92), since reducing
mod q; shows that a;g>q3 =0 mod g, and by assumption (aj, g1) = 1. Since q is square-free, so are g1, q2,
and g3, so we can reparametrize as follows. Let g =gcd(q1, g2, g3) be the product of all primes dividing all
three g;’s. Define x = ged(q2/8. 93/8), ¥y = ged(q1/8. 93/8), and z = ged(q1/8. g2/¢)- Then g1 = gyz,
q» = gxz, and g3 = gxy, with g, x, y, z pairwise coprime and square-free. This reparametrization is
the same as writing the system of relative greatest common divisors for q1, g2, and g3; see for example
[Elsholtz and Planitzer 2020] for more details.
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Then
m(g)m(gxyz)* o . .
Vg = Y OSSR s (e ) o)
eaaN $(8)¢(ax72) a,az,a3 8yz gxz gxy
gxy.gx0,8y2>1 0<a;<gyz,...
(ar,gyz)==

a1/(gyz)+az/(gxz)+as/(gxy)eZ

We start by taking absolute values, using the bound that, for all 0 <« < 1, |E(«)| < F(«), where

F(a) := min{h, |la| '}, %
so that
p(gxyz)® ar a @
i< Y. o N F P e ' )
g.x,y.zq ¢ (8)p(gxyz) ay,as,a3 8yz gxz gxy
8xy,8x2,8yz>1 0<a;<gyz,...
(a1,8yz)=-=1
Y ai/gyzeZ

We now split the sum V3(q; h) into three different sums, addressed separately. Let 7} consist of all terms
g,x,y,zin (8) with gx > h. Let T, consist of all terms g, x, y, zin (8) with gx <h, gy <h, and gz < h,
and ||a2/q2|l, llas/q3]| > 1/ h. Finally, let T5 consist of all terms g, x, y, z in (8) with gx < h, gy < h, and
gz < h, as well as the constraints that |a;/(gyz)|| <2/h, |laz/(gx2)|| <2/h, and |a3/(gxy)|| <2/h.
We claim that, after permuting the names of the variables as necessary, each term g, x, y, z, a1, az, as
is contained in sums for 7y, 75, or T3. Terms where any of gx, gy, or gz are > h are included in a
copy of T;. For remaining terms we have gx < h, gy < h, and gz < h. If two of the three fractions
a;/q; satisty ||a;/qill < 1/h (say i = 1,2), then the third one must satisfy ||az/q3|| < 2/h because
ai/q1+ax/q> +as/qs € Z; therefore, these terms are included up to permutation of indices in 73. The
remaining terms must be included, up to permuting the indices, in 7. This implies in particular that

Vi(g: h) K Ty +Tr+ Ts.

We will show in Lemmas 2.15, 2.16, and 2.17 respectively that T < h(log h)>, T» < h(log h)*(loglog h)?,
and T3 < h(log h)*(loglog k)2, which completes the proof of Theorem 2.1.
In what follows, it will be helpful for us to approximate fractions a/g by a nearby multiple of 1/#; to

do so, we make the following definition.

Definition 2.6. Fix 7 > 4. Letg > 1 and let 1 <a < g with (a, q) = 1. If g > h, the h-approximate

ha'| . d 1
aa it 4 < 2,
[q q — 2
h—VﬂJ ifes L

q qg 2

Meanwhile, if ¢ < h, the h-approximate numerator n(a, ¢q) is defined to be a itself.

numerator n(a, q) is defined as

e =[ng]] =

For example, if ¢ > h and 1/h < a/q <2/ h, say, then the h-approximate numerator n(a, q) is equal
to 2, so that n(a, q)/(2h) < a/q <n(a, q)/h. The definition is arranged so that n(a, ¢g) is never zero
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when (a,q) =1;if 0 < a/q < 1/h, then n(a, g) = 1. The key consequence of this definition is the
following property.

Claim 2.7. Let h > 4. For F(a) defined in (7), we have

)4zl

mm{q h}
Proof. If ¢ < h, then (9) states that |la/q||~! < 2|la/q|~", which is true.

For g > h, we restrict to considering the case when a/q € (0 ] so that ||a/q|| = a/q; the case when
aj/q e (2, 1) is analogous. Assume first that 0 <a/q < 1/h. Then F(a/q) = h and n(a, g) = 1, so that
(9) states that & < 2h, which is true. Finally assume that 1/ 4 < a/q. By definition, n(a, q) = [ha/q] =
ha/q + e, where 0 < e < 1. For any such e,

©)

|5+l =15l =23
h— q'
Thus
a\~! a  e| ' _,|Tha/q] “_1
(5 =25+l =A™
which is precisely (9) in this case. ]

We write ¢ := min{g, h}, so that F(a/q) < 2||n(a, q)/G|~". For any fraction a/q, we then have that
a/q ~n(a,q)/q in the sense that |a/q —n(a, q)/q| < 1/h, since if ¢ < h then a/q =n(a, q)/q, and if
g > h then this follows from the definition of n(a, q).

We are now ready to proceed with several lemmas concerning sums of fractions, sums over quantities
lla/q |I~!, and sums of F(«). The following four lemmas are general results on adding integer reciprocals
of points lying close to certain hyperplanes. Loosely speaking, these lemmas will appear in our argument
in the following way. For each of 71, T», and T3, we will have to evaluate a sum of the form

a a a
X)) G)
a,a0.a3 q1 q2 q3
ar/qi+az/q2+az/q3€Z
where in practice there will be further constraints on the terms a; and g;. After applying (9) and the

observation that a/q ~ n(a, q)/q, and dealing with a little casework on the sign of n(a;, ¢;), we arrive at
a sum that is roughly of the form

3
8 [ [ min{g;. h) > !

i e n(ay, qnn(az, g2)n(az, qs)°
n(a1,q1)/G1+n(az,q2)/G2+n(as,q3) /3 1~0

In particular, in order to analyze T}, T»>, T3, we will have to understand sums of reciprocals of lattice
points. Understanding the precise sums requires some amount of casework, largely coming from the
cases q; < h versus ¢; > h and the cases a;/¢q; < % versus a;/q; > % This casework is accomplished by
the Lemmas 2.8, 2.10, and 2.11.
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Lemma 2.8. Let vy > vy and oy > 1 be real numbers, and let h € N with h > 4. Then

logh (2 —v .
(v2—vi+1) +1) ifv <0,
1 o] o1

> g & log h
l<ni<h/Qar) a1r1R2ns (v2—v1+1) g2 if v =20,
1<ny<h/2 0(1
1<n3<h/2

—ani+na+n3€fvy, ]

where ny, ny, and n3 range over integers.

Proof. Since ny +n3 > vy +an; and ny +n3 > 2,

Lo 1 1, 1) 1 1.1
aininansg alnl(ng—i—ng) ny n3 _ozln]max{Z,vl—Fot]n]} ny n3 )

The sum is then bounded by

y ol oy 1 ¥ i
o ninony o n; max{v;+oing, 2 n n
Lemghyay G2 T G, G maxtvi e, 25 P, 2
l<ma<h/2 1<n3<h/2
1<n3<h/2 —aini+ny+nz€fvy,va]
—ajn+ny+n3€lvy, ;]
= ) 1 > o2
- an max{v;+any, 2 ny’
ey e L e L R o B B e AL
1<ns<h/2

—anyt+ny+n3€lvy, ]

where equality follows because the roles of n, and n3 are symmetric. For fixed values of n and n,, the
integer n3 must satisfy 1 < n3 < h/2 and n3 € [v; + ojn; — ny, v» + a1n| — ny]; the number of valid

choices of n3 is < v — vy + O(1). Thus the sum is
1 1

L(—vi+1) Z
1<y i@y C17H1 max{v; +any, 2} 1<z 2
1

L (vy—vi+1)logh Z '
1<y <h)Qay) F1H max{v; + o ny, 2}

If vy >0, then v{ /oy +n1 > 1 and the sum is
1

< =vi+Dlogh Y
L<n <kl Qan) ajny(vy +any)

logh 1 logh
- 1 E - - — 1H——,
L —v+1)— (o Jar 1) LK(—vi+1) %

L l<ni<h/Qar)
since the sum over n; is bounded by Y -2, 1/ n?, and thus by a constant. This completes the proof for

this case.
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On the other hand, if v; < 0, then the sum is

1 1
<<(vz—v1+1)logh( oo —+ Y a1n1(V1+a1n1)>

an
L<mi<h/Qoy) N 1<ni<h/Qan)

n<@2-vp)/ar+l vitang >2+a)

1 (22— 1 1
<<(v2—v1+1)10gh(—( +1)+— —)
ar\ o of 2 ni(vi/ay +ny)

1<n1<h/Q2ay)
v /e +n1>2/01+1

The final sum is bounded by Y -2, 1/ n?, and thus by a constant. (Il

Lemma 2.9. Let vy > vy > 3 and a; > 1 be real numbers, and let h € N with h > 4. Then

1 v—v;+1 . 1 .
Z < w2 ! ) logmln{vz,h}<v2—v1+1+—10gm1n{v1,h}),
ajnjnans Vi oy
1<n1<h/Qa1)
1<ny<h/2
1<n3<h/2

aini+na+n3efvy, ]
where ny, ny, and n3 range over integers.
Proof. The first part of this proof follows along identical lines to those of Lemma 2.8, but with ¢«; having

opposite signs. By following the first part of the argument of Lemma 2.8, we get that the sum we want to

bound is

1 1
o+ ny
LK(z—vi+1) Z ang max{v, —any, 2} Z

L<ni<h/Qay) I<nazhy2 P2
n<(v2—2)/a; ny<vy—an|
. 1
& (y—vi+ Dlogmin{vy, h} Y

an max{v; —ain, 2}
<y 2 2y @11 {(vi —ainy, 2}

n1<(v2—2)/a;

If max{v; —ayny,2} =2, then vi —2 < an; < v, — 2. The number of such terms is < v, — vy, and
for these terms the summand is 1/(2wn1) < 1/vy, so these terms provide an overall contribution of size
& (v —v; + 1) logmin{vy, h}(vy — vy1)/v;. For the remaining terms, ajny < vy — 2.

We rewrite
1 1 1

= + ,
ani(vi —ainy)  viegng o vi(vp —agng)

so that for the remaining terms we have

1 1 1
2. = 2 +
o1ng max{v; —aqny, 2} viaing - vi(vy —agng)

1<n1<h/(2ay) 1<n1<h/Q2oy)
n <(vi—2)/a n1<(vi—2)/a

1 1 1
< —logmin{v],h}—i——(l—l——logmin{v],h}). O
V1 V1 o
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Lemma 2.10. Let oy > 1 and v, > v| be ( possibly negative) real numbers, and let h € N with h > 4. Then

log h log max{vy, oy + 1} + 1
+1
max{vy, a1} +1

1
Y <o
AN Nng

1<n1<h/Q2ay)
1<ny<h/2
1<n3<h/2
ajn—ny+n3€lvy, ]

o

where ny, ny, and n3 range over integers.

Proof. Since ayny +n3 > vy +ny and ayny +n3 >« + 1, we have

1 1 1 1 1 1 1
= +—) < +—.
annany  no(ang +n3) \aing  n3 nymax{v; +na, 1 + 1} \an;  n3

The sum is then bounded by

1 1 1 1
- < I
Z ainnang Z ny max{vy +ny, aj + 1} Z (011711 * n3)

1<n1<h/Qay) 1<ny<h/2 1<ni<h/(Qa;)
1<ny<h/2 1<n3<h/2
1<n3<h/2 ajn—ny+n3€lvy,v;]

ajn—ny+n3€lvy, ;]

For fixed values of n; and n,, the integer n3 must satisfy n3 € [vi —an| + ny, vo — ayn; + no] and
1 < n3 < h/2; the number of valid choices of n3 is << v — vy + O(1). Thus

1 1 (va—v1+1) 1
5 D S I 1
1onaonyp M2 max{vita, a1} S, e “ 1<mzny2 2 Max{vi+ng, 01+1}
1<n3<h/2

ajny—ny+nz€lvy,]
log h log max{vy, a1 +1}+1
< (=) 2L 2E o, a1+l

1 max{vy, oy }+1

It remains to evaluate the 1/n3-term in the sum. Since n3 > v; — an| 4+ ny, we have

1 1
Z np max{vy +ny, a1 + 1} Z ns

n
1<ny<h/2 1<ni<h/Qay) 3
1<n3<h/2
ajny—ny+n3€lvy, 2]

1

v—v+1
< ¥ >
I<mohp M2max{vrtny, e 1} S5 TV —aing+ng]

vy —v;+1 logh
< X 21 1( £ +1)
|<mazh/2 np max{vy +ny, o1+ 1} \ o

logh N 1) log max{vy, oy + 1} + 1

— 1
L (vz—v+ )( max{vy, a1} +1

o]

If 1 = 1, we have the following stronger bound.
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Lemma 2.11. There exist absolute constants C and D such that, for all integers v > 3 and h > 4,

1 1
E <C and E <D,
l<ni=v—p 171273 l<m<p 123
1<ny<v—2 1< <v+h
1<n3<v—2 1<n3<v+h
ni+ny+n3=v ny+n3=v+n)

where the sum ranges over integer values of ny, ny, ns.

Proof. For real numbers x, x’ > 1 with [x — x| < 1, we have |1/x — 1/x’| <2/x. Thus

1 v—2 pv—x;—1 1
Z < 8/ / dx, dx;
ninan3 1 1 xX1x2(v — X1 — X2)

1<n;<h/2
1<ny<h/2 V=22 In(v—x; — 1)
1<n3<h/2 =8 ——dx;
ny+ny+n3=v _/; xl(v —x1)
v—2 1
< 16lnv/ ——dx
1 x1(v—uxp)
2In(v—1 1 In(v—1
— 16Inv n(v ):32(HV)(n(v ))‘
V vV

The function (Inv)(In(v — 1)) /v has a global maximum M; setting C = 16 M completes the proof of the
first claim.
For the second claim, we similarly have

1 h pv+x;—1 1
> 58// dxy dx;
ninan3 1 J1 x1x2(v +x1 —x2)

llfnlfhh n
1ZmE0 i = 16/ del
A=V 1 xi(v4x)
h
1 —1
516D1+16/ =Dy,
10 X1

for some constant Dy, since In(x — 1)/x is decreasing for x > 10. The integral converges to a constant as
h — o0, so setting D = 16D + 16 fl%o In(x; — 1)/x12 dx; completes the proof. ([l

The next two lemmas concern triple sums over ||a/q| ™!, which arise because of their role in the
definition of F(«) and make use of the previous four lemmas.

Lemma 2.12. Fix an integer h > 4. Then

-1 —1 -1

ni np n3 3
_ - - h°,
Z h h h <
1<n;<h-—1
| X ni/nll<3/h

where ny, ny, and n3 range over integers.

Proof. We will split into cases based on whether n; < h/2 or n; > h/2, i.e., based on the value of ||n;/h||.
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Assume first that 1 <n; <h/2foralli =1, 2, 3. Then ||n;/ || =n;/h, so we have

~1 -1 -1
n n n 1
Z ;1 f ;3 :h3 Z n1n2n3'
l<nj<h/2 l<n;<h/2
| 32 ni/nll<3/h | > ni/hll<3/h

To satisfy || > ini/h H <3/h,we musthave ny+n,+n3 € {3}Ulh—3, h+3]U[2h -3, 2h+3]U{3h—3}.
There are finitely many possible integer values for n| 4 n, 4 n3; for each one, by Lemma 2.11, the sum
over 1/(n1nyn3) is bounded by an absolute constant. Thus the lemma holds in this case.

Now consider terms where 2 /2 <n; <h—1 foralli. For each i, define m; =h—n;, sothat 1 <m; <h/2.
Then ||n;/h|| =m;/h, and

IS N

Then
m | g | ns ! Z my | ma | ms |
> —I 1=l 1= < H— —1 1= -
h/2<ni<h—1 h h h l<mi<h/2 h h h
| > ni/hl|<3/0 l'32; mi/nll<3/h

which is precisely the previous case, since 1 < m; < h/2 for all i. Thus this case is also < h>.

Finally consider terms where, for some i, n; € [1, h/2], whereas for others n; € (h/2, h — 1]. As in the
previous paragraph, we can always flip all three n;’s with & —n;. Moreover, the roles of n1, n,, and n3 are
entirely symmetric. Thus it suffices to bound those terms where n,, n3 € [1, h/2] and ny € (h/2, h — 1].
Set my = h —ny. Then

-1 -1 -1 1
o I E N R
h h h minons
h/2<n<h—1 l<mi<h/2 172743
1<nz,n3<h-—1 1<nz,n3<h/2
| 3= ni/h||<3/h l=m1/h+n2/h+n3/h||<3/h

Just as before, there are finitely many possible integer values for —m + n, 4 n3 satisfying the constraint
that || > nl-/h|| < 3/h. For each value v, by Lemma 2.11, the sum

Y —
minansy

1<m;<h/2
1<ny,n3<h/2
—m+ny+n3=v

is bounded by a constant, which completes the proof. ([l

Lemma 2.13. Let h > 4 and 1 < q| < h be integers. Then

2

I<n;<q—-1
1<ny,n3<h—1
lln1/qi+na2/h+ns/h|<3/h

-1 -1 -1

<K h7qi(logh),

a

na

h

ns

h

where ny, ny, and n3 range over integers.
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Proof. We will split into cases based on whether each of ny/q;, ny/h, and n3/h lie in (O, %] or (%, 1);

for each case, we will show that the bound holds. Assume first that all three of n/q;, ny/h, and n3/h
lie in (0, 5]. Note that

moym s 1,23

qgq h h " q h h

so the constraint that ||ny/q) +ny/h+n3/h|| <3/h is equivalent to the constraint that

ny  np n3 3 3 3 3 3
M Bl 242 ule=2 242 ul3=23
q1+h+he[ Z +h] [ 2 +h] [ : ]

h
<< —nit+nyt+nyelh—3,h+31U[2h—3,2h+3]U[3h — 3, 3Ah].
qi

These are finitely many intervals, each of bounded size. Thus these terms are given by

qth h3
2 amms 2 2

h ninons

1<ni<q1/2 (w1 o lellh—3,h+3], temepp  (A/qUmnans
1<ny,n3<h/2 [2h—3,2h+3],[3h—3,3h]} 1<ny,n3<h/2

In1 Jq1+n2/ hns ) BI<3/ h (h/q)my+ny+naelh—3.h+3]

We apply Lemma 2.9, with «; = h/q; and [v, vo] = [h — 3, h + 3], [2h — 3, 2h + 3], or [3h — 3, 3A],
respectively. By Lemma 2.9, each of these three terms is

logh
o

1
<<h3zlogh<1—|— ><<h210gh<1—|—

q1logh

h 9
which is < h2q1 log h, as desired.

Now assume that all three of n1/gi, na/h, and n3/h lie in (3, 1). Define m; = g1 —ny, my =h —na,
and m3 = h — n3, so that

—1 -1

Z ni ny ny |~ Z h?
gi/2<m=q—1 191 h h I<mr=g1/2 (h/q1)mimoms3
h/2<ny,n3<h—1 | <ma,my<h/2

ni/qi+nz/htns/h|<3/h lm /g1 Fma/ h4ms/ h1I<3/ h

This is identical to the previous case, which we have already shown to be < h%q log h.
We now tackle the cases where not all fractions lie in the same half of (0, 1). Assume thatn/q; € (%, 1)
but ny/h,n3/h € (0, %] Define m| = q; — n1, so that

—1 —1

R SO I )3 &
h h B h/q)mnans
q1/2<n1=q1—1 q1 l<mi<q1/2 (h/q1)mnan;3
1<ny,n3<h/2 1<ny,n3<h/2
ln1/qi+na/h+n3/h|<3/h l=m1/qi+n2/htn3/hl|<3/h
The constraint that
m n n 3
_mo m | 3
q1 h h
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is equivalent to the constraint that —h /g im| +n, +nj3 lies in one of the intervals [—3, 3] or [h — 3, h + 3].
Applying Lemma 2.8 to the sum over m, ny, n3, with ¢y = h/q; and [v;, v;] equal to each of these
intervals respectively, we get that

2

q1/2<n1<q1—1
1<ny,n3<h/2
n1/q1+n2/h+n3/hl|<3/h

—1 —1 —1
np

h

n3

nj
q1

log h 1
< h3—(1 + —) < h%glogh.
h/ay\ " (h/q) 71708

If n1/q1 € (0, 1] but na/h,n3/h € (1, 1), then we can once again replace n; by my = q; —ny, ns by
my = h —ny, and n3 by ms = h — n3 to revert to the previous case.

Finally assume that n;/q; € (0, %], ny/h e (%, 1), and n3/h € (0, %] The roles of n, and ns are
symmetric, and we can always replace all three n;’s by the corresponding m;-value, so this is the only
remaining case.

Define m, = h — ny, so that

-1 —1

>Rl - a
h h B h nimonsy
1<mi=q2 191 remo s (B/qmiman;
h/2<ny<h—1 1<ma<h/2
1<n3<h/2 1<ni<h/2
\n1/q1+n2/h+ns/h||<3/h 1 /qi—ma/ hi4ns/ hII<3/ h

The constraint that ||n; /gy —my/h+n3/ h| < 3h is equivalent to the constraint that —(h/q1)n; —mo +ms3
lies in one of the intervals [—3, 3] or [k — 3, & + 3]. Applying Lemma 2.10 to the sum over ny, my, n3
with oy = h/q; and [vy, 12] equal to each of these intervals respectively, we get that

-1 -1 -1
n n n logh log(h +1
Z ni ny ml (2 gh N\ g(h/q: )‘
q1 h h h h
1<n1<q1/2
h/2<ny<h—1

1<n3<h/2
lni/q1+n2/h+n3/hl|<3/h

Since log x/x is uniformly bounded for x > 1, we have ¢;/hlog(h/q1) < 1, so these terms are also
& h?q1log h, which completes the proof. ([

Finally, the following lemma directly bounds a sum over triple products of F'(a;/q;).

Lemma 2.14. Let h e N with h > 4 and let d| > 1 and d, > 2 be positive integers with dy|dy and dy < h.

Then
Yo F(E)F(2) (2 - ") « hd} + didr log di,
4 ) \&) \a " a4
1<ni<d;

1<ny<d>

where n| and ny range over integers.

Proof. Write f :=d,/d;. Then
noonmy  frmi—m

d d> d>



Since dp < h,
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fni—ny

p Moy _
d> d>

unless fn; —ny = 0. Moreover, in the range where 1 <n; <d; and 1 <ny < d,

-1 -1
F el o) and F 2y |22
d; dy dy dy
Thus
A
lemza 41 d dy dy s ! " |7y = |
1<ny<dj — hll= e + - e —
Z dl d2 Z dl d2 d2
1<n;<d; 1<n;<d;
1<nr<d> 1<ny<d>
fni=ny fni#n;

The first sum is bounded by

—1 —1 -2

ni ny ni 1
> —l 1=l =" Yool =2mad Y = <hd}
1<n;<d, I1<n;<d, 1<ni=d,
J 1 2 gl 02
1<ny<d>
fni=ny

It remains to bound the second sum. As in the proofs of Lemmas 2.12 and 2.13, we will split into

cases based on whether n;/d; and ny/d, are in (O, %] or (%, 1).

Assume first that both n;/d; and n,/d, are in (O, %], or that both n;/d; and n,/d, are in (%, 1). In the
latter case, we can substitute m| = d; —n; and my = d — nj to revert precisely to the former case, so it

suffices to assume that both n|/d; and ny/d, are in (O, %] Then

3 didy fnldz—nz - 3 did? Py dyd?

nn nin ny—n niny(n), — J'n )
Lo 2 1<mzdi2 ™1 2(fn1—ny) L2 ™1 2(ny — fny)
1<n;<d>/2 1<ny<d>/2 1<ny<d>/2
fni#na fni>ny fni<ny

By applying Lemma 2.8 with «; = f and v; = v, = 0, the first sum is bounded by <« c123 logds/ f* =
dlzdz logd,. For the second sum, we can achieve a bound that is somewhat stronger than the bound
furnished by Lemma 2.10 in this special case. Specifically we have, writing nz =n, — fnj,

; [ e 1 (1 1
% Z % Z fn Z nz—ﬂ3(n3 )

frninans

I<ni=dy /2 1<mi=di2 7 i <ma<da 2 2
1§n2§d2/2 1§n3§d2/2
1<n3<d,/2 fni+nz=ns
fni—na+n3=0 1 1 1
w Yy (L
2
temeae ST i N S
1 lo dz
<d; Z 5 logds <<d§g—2:d12dzlogdz-
ez (fn1) f

Thus in this case, the second sum is < d12d2 logd,.
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Now assume that n;/d; € (%, 1) but ny/d; € (O, %], by swapping both n;’s with m; = d; — n;, this is
the same as the case that ny/d| € (O, %] but ny/d, € (%, 1), so it is our only remaining case.
On substituting m| = d; — ny, the sum in this case becomes

didy | fmy+na | did? did?
Z miny d> - Z mlnz(fm1+”2)+ Z mina(day —np — fmy)’
1<mi=<d/2 I<mi=<d/2 1<mi=<d/2
1<n;<d>/2 1<ny<d>/2 1<n;<d>/2
fmi+ny<ds fmi+ny<d>/2 dr/2< fmi+ny<dy
The first sum is
1 d,d?
<didl Y — < 2 logdy = d}d log db.

1<m;<d /2 fmin f

1<ny<d>/2

fmi+na<d

As for the second sum, setting n3 = d, —np, — fm, we can bound it by applying Lemma 2.9, where
o = f and v; = v, = d, to get that

1 1 logd
&Y —— < d—logdy 1+ 22 ) « B logdy +didr log d,
fminans da f
l<mi<d/2
1<ny<d/2

1<n3<d,/2
fmi+na+n3=d;

both of which are « d12d2 log d,. O

2.2. Bounding Ti: terms with gx > h. Define

2
X a a u
ne Y RS % F( 1>F< 2>F< 3)- (10)
exyzlg P ()¢ (xyz) arads gyz gxz gxy
gx>h (ay,gyz)=-=1
ay/gyz+--€Z

For these terms, the rough argument that “the probability that each of a; /g, and a3 /g3 are sufficiently
small is about 1/h, making the size of the sum 4!*¢ instead of #3+¢” can be made precise, although
some of the counting arguments are rather involved, and rely on the lemmas of the previous section.
Nevertheless, we will use this basic idea to prove the following bound.

Lemma 2.15. Let h > 4, let q be the product of primes p < h*, and define Ty by (10). Then
T} < h(logh)’.

Proof. Recall that g; = gyz, g» = gxz, and g3 = gxy. Since gx > h, gxy and gxz (i.e., g and g3) must
also both be > h. Recall the notation that g; = min{g;, &}, so that g» = g3 = h.
Since a1 /q1 +ax/q> + az/q3 € Z, the sum

n(ay, n(as, n(as,
(I~QI)+(%Q2)+(3:513)
q1 q2 q3
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satisfies
n(a,qn) | (@ q) | nas. q3) ‘ B R Z n(ai,qi) ai
q1 92 q3 qa 92 43 i1 gi
since |a/q —n(a, q)/q| < 1/h always. We can then bound the sum by replacing the fractions a;/g; by

3
<_s
~h

their h-approximations n(a;, q;)/q;. Precisely, we have

n(gxyz)? (al) (az> (a3>
Ty = SRR FI2)F(2)r(Z2
=2 ¢(8)°¢(xyz)? m;@ a1) \a2/ \g3

8.x.y.zlq
gx>h (ai,gi)=1
Y iai/qiel
—1 —1 —1
n(gxyz)? n(ai, qi) n(az, q2) n(as, q3)
< Z ¢( )fqﬁfx 2)2 Z ot 4 > < > 4
P ¢4 ya? q1 ) d3
gxzh (a;, Qt) 1
Y ai/qiel
M(ngZ)2 ny || ns |
< 2 soems 2= al |zl 1zl 2"
g.x,v,2]q 1<ni,n2,n3=<g;—1 (Z]_’a,z)’g31
gxzh 122 misaill <3/ S wejareZ
n((lli’qi)=ni

The inside sum is the number of triplets ay, az, a3 with n(a;, g;) = n; for all i, (a;,q;) = 1, and
Zi ai/q; € Z. The constraint that n(a;, g;) = n; implies that each g; lies in an interval of length
K qi/h+1;thatis, for g; > h, (g;/h)n; <a; < (q;/h)(n; +1).

The constraint that ) a; /¢; € Z, after multiplying out denominators, is equivalent to the constraint

aix +ay + a3z =0 mod gxyz. (11)

Once the g;’s (or equivalently g, x, y, and z) are fixed, there are < g1/ h + 1 choices of a; such that
n(ai, q1) = n1. Once a; is fixed, a; is determined mod z by (11). Since 1 < a, < gxz, fixing a
is equivalent to choosing a congruence class mod gx for a,; there are < gx/h + 1 choices of this
congruence class such that a; lies within the interval where n(ay, g2) = ny. Since gx > h by assumption,
gx/h+1<K gx/h. Once a; and a; have been fixed, as is entirely determined by (11). Thus the total
number of triplets ay, a;, az satisfying all constraints is < (q1/h + 1)(gx/h).

Thus 7 is bounded by
—1

—1 —1
M(é’xyz)z Q1 gx ni na e
h< Z b ()3 (xv)2 +1)= Z ar n n
enyela P (g)o(xyz) h S L] h h
gxzh | > mi/aill<3/n

Consider first those terms where ¢; = h. Thus ¢1/h > 1, and by Lemma 2.12, the inside sum is < h3,
This implies that the terms with g; = & are bounded by

n(gxyz)? q1 8% 3
< 2 Gtk B

8.x.y.zlq
gx>h )2
n(gxyz .
<h ) Wgzxyz (since g1 = gyz).
8:X.¥,2,1q

gx>h
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Recalling that ¢ is the product of all primes p < h*, this sum is

2

P 3p 4
<h <1+ + )<< h(logh)”.
pl_,[ (=13 (p—17 s

The remaining terms are those where ¢; = g; < h. By applying Lemma 2.13 to the inside sum, the
terms with g; = ¢; < h are bounded by

wigxyz)? gx 5
€ 2 G@retyar i Wartosh)

8:X.y.z1q
gx>h

<hlogh Y

8.x.y.zlq
gx>h

1(gxyz)?g2xyz

@0 NN =8

< h(lo h)l_[(l+ P, 3 )<<h(lo hys
LT - T -1y =

Thus T; < h(log h)* +h(logh)’ <« h(logh)>, as desired. O

2.3. Bounding T;: terms with gx, gy, gz small and a,, as large. We now consider T, which is the
sum of terms in (8) where gx, gy, and gz are all < h and ||ay/gxz|| > 1/h, and |lasz/(gxy)|| = 1/h. That

is, define
2
X a a a
= Y. % » F( 1>F< 2>F< 3>. 12
g.x,v,2|q ¢(g) ¢(xyz) ai,a»,a; 8y 8X7 gxy
x,y,z<h/g (al,gyz):...z
ay/gyz+--€Z
llaz/gxzl|=1/h
llas/gxyl=1/h

The strategy for bounding 7 is very different from that used to bound 7. Intuitively, since the fractions
a»/(gxz) and az/(gxy) are far from an integer, we are now considering terms where the values of
F(ay/(gxz)) and F(a3/(gxy)) are relatively small, except perhaps at the boundary where a,/(gxz) and
az/(gxy) are very close to 1/h. Since the denominators are loosely constrained to be small, there cannot
be too many points on this boundary. We will prove a precise bound in the following lemma.

Lemma 2.16. Let h > 4, let g be the product of primes p < h*, and let T» be defined as in (12). Then
T> < h(log h)*(loglog h)>.

Proof. We begin by reparametrizing the sum in (12) over ay, ay, as. For fixed g, x, y, z and fixed a;, a2, a3
satisfying the constraints of the sums in (12), we will fix parameters a, b, c as follows. By the Chinese
remainder theorem, and since g, x, and y are pairwise relatively prime, there exist unique values 1 <a <x

and 1 < b < gy such that
as a
—=—-——mod 1.
gxy x 8y
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Similarly, there exist unique values 1 <a’ < x and 1 < ¢ < gz such that
/
a c a
B mod 1.
gxz gz X

Since a1 /(gyz) +az/(gxz) +a3/(gxy) € Z, we have
az

a b c d a—a
gyz (—+—)GZ = gyz(———-l————)ez = gyz( €.
gxXz = gxy X gy 8z X X

Since (gyz, x) = 1, this implies x|(a — a’); thus a = a’. Finally, a;/(gyz) + a2/(gxz) + a3z/(gxy) € Z

implies that

ap ar as b c
—=—-—— - = — — — mod]l,
8yz gxz gxy 8y 82

so that the triple a;, a», a3 uniquely determines (and is uniquely determined by) a triple a, b, ¢ with
l1<a<x,1<b<gy,and 1 <c < gz such that

b
i———imodl ﬁzi—gmodl, and a—3=C—l——mod1
gyz 8y 8z 8xz 82 X gxy x gy

Upon moving the sums over y and z in (12) inside, we get

n(gx)?
T = Sy (g,
=2 b(21p(x)?2 Z 2(8, %, a),

g:xlq
x<h/g (a, X) 1

where S>(g, x, a) denotes the sum

2
X a b b c c a
Sigxa)= Y M 3 F(———)F(———)F(———). (13)
o 209 o X o8y gy 82 gz x
y.z<h/g (b,gy)=(c,g2)=1
le/gz—a/x||=1/h
la/x=b/gyl=1/h

Since gy < h and gz < h, the product yz is less than 42, so that

—~_ < loglog(h?) « loglogh.
¢>( 2)
Thus we can replace the expression 1/¢ (yz)? in (13) with (loglog 7)?/(y*z?).
Let ¢ and m be such that 2¢ < y < 26+ and 2™ < 7 <2+ and further define n, and n,, to be variables
ranging from 1 to g2¢ and 1 to g2™ respectively.

If
ng

g2€+1 -

P a b < F ne \.
X gy g2£+1 ’

X

I’lg +1
gzl-i-l ’

then
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crucially, this upper bound depends only on ¢ and n¢, and does not depend on b or y. Similarly, if

< Ny +1
- g2m+1’

n
_m -
g2m+1 -

C a

gz x

P c a < F 7.
gz X g2m+l '

Because of the assumption that ||a/x —b/(gy)|| > 1 / h, the constraint

I’lg-{—l
- v 2e+1

then

ng
g2€+1 -

is satisfied for some n, with 1 <n, < g2%; in particular, the case that n, = 0 is ruled out. Similarly, the
case that n,, = 0 is ruled out by our assumptions on c/(gz) —a/x.

Thus
log, (h/g) g2t —1 g2mt1—]

Sx(g, x, a) < (loglog h)? Z Z Z 22(%

l,m=1 ne=1 np=1
ny N ne2" — n,,2¢
X F(g25+1>F(g2m+1>F( g20Fm+ Z L.
2/é<)752/é+l
2m<Z§2m+1

ne=g2* la/x—b/(gy)<ne+1
nm£82m+l llc/(gz)—a/x||<nm+1

Define

b a ne+1 ga n a n a np+1
Cg,nk=#{b,y:—e<g ¢ g €> (g +_e g——i— ¢
y X y X y X y X y

and define C,, ,, in the same way, so that the inside sum of S»(g, x, a) is C¢ ,,Cp 5, The minimum

)’ 1§b<g2€+1’ 2€<y§25+1}’

spacing of two distinct points b;/y; and b»/y, with denominators y; < 2! is 0(272), so

2¢

Cone < 7 <2,

and similarly C,, ,, < 2. This implies that

log, (h/g) o+m 82 tH gom n n[zm n 25
2 m — Ny
Stex.0 < ogloeh® Y- 2o 3 3 F( i ) () (M)

l,m=1 ne=1 ny=1

By the symmetry of £ and m, we can restrict the sum to the terms where £ < m. Applying Lemma 2.14
to the sums over ny, n,, with d; = gZ“Z and d, = g2™ gives

log, (/8)
$y(g. x,a) < (loglogh)> > 2£+m(hg222£+g322[+mm)
,m=1
<m
log, (h/g) 1og, (h/g) A2
< h(loglogh)*g® o g > m2f <<h(10glogh)2g2<log§),
l,m=1 l,m=1

L<m <m
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and thus

2
T, < h(loglogh)? Z ¢(Z’§§;zﬂ2 Z <log )

a

ffh‘/qg (a,x)=1
1n(gx)*g?
&« h(log h)*(loglog h)? o2
B ogloe” D S
x;h/g
2 2 P’ 1
<K h(logh)“(loglogh) (1+ + ) (since = )
g h)*(loglog ]_[4 TR q l_[4p
p=h p=<h
& h(log h)*(loglog h)>. O

2.4. Bounding Ts: terms with gx, gy, gz small and each a; small. All that remains is to analyze the
sum 73, which consists of the terms in (8) where gx, gy, and gz < h, and, for each i, ||la;/q;|| <2/h.
Precisely, we define

2
T3 := Z % Z F( a )F( a )F( a3 ) (14
2.%,v,21¢q ¢(g) ¢>(xyz) ( a|,a)2,a3 | 8Y< gxXz gxy
) ai, ==
x,y.z<h/g a:/g};rmez
llai/gyzll<2/h

laz/gxzll<2/h
las/gxyll<2/h

Intuitively, there are simply not many triples of fractions a;/q; where the denominators are not too big,
each fraction is close to an integer, and the sum of all three is in Z. We will make this precise in the
following lemma bounding 73, where the key savings come from bounding the number of satisfactory
triples.

Lemma 2.17. Let h > 4, let g be the product of all primes p < h* and define Tz by (14). Then
T3 < h(log h)*(log log h)>.

Proof. Since |lasz/(gxy)| < 2/h, we must have (1/gxy) <2/h,soif y < /h/(2g), then x > /h/(2g).
By the same logic with a; and ay, at most one of x, y, z can be < v/h/(2g). By relabeling if necessary,

we get that
n(gxyz)* < a ) ( a ) ( a3 >
T; < -t Fl— \F( = F|—=).
V< Z ¢ (g3 (xyz)? Z gyz gxz gxy

8.x,y,zlq ai,az,as

x,y,z2<h/g (alkgyz)f.uzz
),2>h/(2g) ay/gyz+--€
P CY lai/gyzll<2/h

llaz/gxzl|<2/h
llas/gxyll<2/h

As in the proof of Lemma 2.16, there are unique values a, b, ¢ with
ay b c a c a as

b
—=———modl, —=———-—mod1, and —Zz——modl
gyz 8y 82 8xz 8z X gxy x gy
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and we can reparametrize 73 in terms of sums over a, b, ¢ instead of ay, a,, az. Doing so, and moving
the sums over b, y, ¢, and z inside, we get that

Haw Y PE S ),
. 03¢ (x)? 38
g.x|q a=x

gx<h (a,x)=1

2
b 2 2
S3(g, x,a) = Z M(yz)2 #{b,c:—,ie <g——,c—l+—)}.
#(yz) gy 8 \x h x h
Vh]2g)<y<h/(2g)
Vh/(2g)<z<h/(2g)
Since y, z < h, the product yz is < 42, and thus
1 (loglog h)?
¢ (y2)? y2z2
when this term appears in S3(g, x, @). In order to bound S3(g, x, a), we split the sums over y and z
dyadically, defining £ such that 2¢ < y <2 and 2" < 7 <27+,

where

9

Then
logy(h/g)
c,C
S3(g, ¥, a) < (loglogh)® )~ ﬁ
£,m=(log,(h/g))/2
where

b 2 2
Co:=#1b,y:—¢€ 84_28 g+ g JI<b<y y<2th
y X h’ h

and C,, is defined identically, with m in place of £. The minimum spacing of two distinct points b;/y;
and b,/y, with denominators at most 2¢+! is 0 (1/2%¢), so Cy <« 2%¢(g/h) + 1. Since £ > %(log2 (h/g)),
22¢(g/h) > 1, so in particular C; < 2%¢(g/h), and similarly C,, < 2> (g/h).
Plugging this in gives
log, (1/g) 20~2m 2 2
S3(g. x,a) < (loglogh)* )~ %% <« %(Iog Z) (loglog 1)?,
£,m=(logy(h/£))/2

2,2 2
T3 < h(loglogh)* ) ﬁgii(xﬂ 2 ( )

g.xlq
gx<h (a, x) 1

n(gx)*g*
$ (g3 (x)

so that

< h(log h)*(loglog h)*

8.xlq
gx<h

2 1
h(log h)2(log log h)? 1 P ,
< h(log h)*(loglog ) ]_[<+(p_1)3+p_1>

p=<h*

recalling that ¢ =[]+ p. Thus T3 < h(log h)*(loglog h)*. O
Putting Lemmas 2.15, 2.16, and 2.17 together completes the proof of Theorem 2.1.
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3. Function field analogs: proof of Theorem 1.3

We now turn to considering analogous questions when working in [, [] rather than in Z. To begin with,
let us set up the situation in the function field case. Fix a finite field [,. Rather than primes in N, consider
monic irreducible polynomials in [F,[7].

deg F

The norm of a polynomial F € F,[¢] is given by |F| = ¢°®#". We consider intervals in norm, where

the interval I (F, h) of degree & is defined as
I(F,h):={G eF,lt]:|F — G| <q"}.

For a fixed monic polynomial Q, we define
A
C(Q) = 0 eFyle]: 1Al < |Qlf,

A
R(Q) = {E elgle] 1Al <101, (A, Q) = 1}-

For Q =1, we instead for convenience define C(Q) = {1} =R(Q). If deg Q > 0, the set of polynomials F
with deg F < deg Q is a canonical set of representatives of F,[7]/(Q); in what follows, we will identify
{F el,[t]:deg F <deg Q} with F,[¢]/(Q). If QO =1, we will take 1 to represent the unique equivalence
class of Fy[7]/(Q).

We consider the k-th moment of the distribution of irreducible polynomials in intervals 1 (F, h). As in
the integer case, we begin by considering the related quantity of the distribution of reduced residues modulo
a square-free monic polynomial Q. That is, for Q a fixed square-free monic polynomial, we consider

h k
mon- % (3 )-"42)
FeC(Q)

Gel(F.h)
(G, 0)=1

Here we are taking the centered moment my(Q; h) by subtracting q"¢(Q)/|Q|, which is the mean value

of X Gerr.m. c.o=1 1-
As in the integer case, we can express the moment my(Q; ) in terms of exponential sums. For

a = F/G € [F,(t) arational function, let res(cr) denote the coefficient of 1/¢ when « is written as a
Laurent series with finitely many positive terms. Then define

e(a) :=ey(res(a)) = exp(2mi - tr(res(a))/ p),

where ¢ is a power of the prime p and tr: [, — [, is the trace function. This exponential function, like
its integer analog, satisfies the crucial property that, for a monic polynomial F € F[1],

1 if F=1,
> ela)= 0 otherwi
weC(F) otherwise.

We then have the following lemma, analogous to [Montgomery and Vaughan 1986, Lemma 2].



644 Vivian Kuperberg
Lemma 3.1. Let Q € (1] be square-free and let h € N 1. Define mi(Q; h) by (15). Then

¢(Q)

i h
m(Q; h) = IQI( 0]

) Vi(Q; h),

where

won= 2 TG T () (7)

Ry,..., Rr1Qi=l1 Pls-es Pk
[Ri|>1 Pi€R(R;)
R; monic > i pi/Ri=0

and where, for a € F4(t) a rational function,

E(a) = Z e(Ma).

Mel(0,h)

The proof follows that of [Montgomery and Vaughan 1986, Lemma 2] very closely.

Proof. Let k(R) =1 when (R, Q) =1, and «(R) = 0 otherwise. Then

KBR)= Y ()—Z“(S) > e(Ro )—Z( > e(RA))(Z %)

SI(R,Q) S0 o €eC(S) T|Q *AeC(T) T|SIQ
(A, T)=1

Here the second factor is (¢ (Q)/|Q|)(u(T)/|T|). The function « (R) has mean value ¢ (Q)/|Q|, so we
subtract ¢ (Q)/| Q| from both sides, which removes the term when 7 = 1. We then substitute R = M + N,
and sum over M to see that
R A NA
X et Sk X A (%)
|M|<q" R1Q ¢ A€eC(R)

(M+N,0Q)=1 [R|>1 (A,R)=1
The argument is completed upon raising both sides to the k-th power, summing over N, multiplying out
the right-hand side, and appealing to the fact that
qg¢ if > e,

3 eN (@ +-+ap) = {0 L -

IN|<q?
One important difference between the integer setting and the function field setting is the behavior of the
sums E(«), which are particularly well-behaved in [, [#]. These sums have also been studied in [Hayes
1966, Theorem 3.5].

Lemma 3.2. Let o € [, () be a rational function with dega < —1. Then

q" if dega < —h,

E(a):{ :
0 if dega > h.

Proof. Let P;, C [y [¢] be the set of polynomials of degree less than h. Assume first that dega < —h.
Then, for all M € Py, degMa =degM +dega <h—1—h —1= -2, so the Laurent series for M« has
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no 1/¢-term, and thus res(Ma) = 0. But then

E@= Y eMa)= ) eylres(Ma))= > 1=g".
MePy MePy, MePy,

Now assume that dega > —h. Consider the map res, : P, — [F, which at a polynomial M returns the
residue of M. This map is linear over [, so its image is either O or all of ;. Let M =~ degea—1 Since
—h <dega <—1,wehave 0 < —dega — 1 <h — 1, so M indeed is a polynomial in Pj,. On the other
hand, res(M«) is precisely the leading coefficient of «, which must be nonzero. Thus the image of res,
is nonzero, so it is all of ;. In particular, res, (M) takes each value in [, equally often. Thus

E@) = ) eyres(Ma))
MePpPy
is a balanced exponential sum, which has sum 0. ]
This fact and other properties of the sums E(«) mean that the analysis in [Montgomery and Vaughan

1986] in the function field setting is more streamlined. In fact, their work automatically gives the analog
of our desired bound for the third moment in the function field case.

3.1. The analog of [Montgomery and Vaughan 1986] in the function field setting. We begin with the
following fundamental lemma, with an identical proof to the integer case.

Lemma 3.3 (Fundamental lemma). Let Ry, ..., Ry € F,[t] be square-free monic polynomials with
R =[Ry, ..., R¢). Suppose, for all irreducible P|R, P divides at least two R;’s. Let G; be positive
real-valued function defined on C(R;). Then
A; 2\ 1/2
Gi| — .
(Ri> )

Ay Ax
E GiZL) - G =2
Ry Ry,

A;eC(R;)

> Ai/Ri=0

The proof follows [Montgomery and Vaughan 1986] very closely.

< l%ﬁ(um >

i=1 A;eC(R;)

Proof. We proceed by induction on k.
Assume first that k = 2. Then we must have Ry = R, = R. By Cauchy-Schwarz,

£ o(@e@]<(Z oG (Z)=G))

|A|<|R| [Al<|R|
which after a bit of rearranging gives the desired result.

Now assume by induction that the result holds for j <k —1. For arbitrary k, set D = (R, R;), and write
D = ST, with S|R3 - -- Ry and (T, R3 - - - Ri) = 1. Furthermore, write Ry = DR/ and R, = DR),. Consider
any term in the sum. Since ) ; A;/R; =0, we have T|(A{/Ri+A2/R>). Thus A{/(STR})+A2/(STR))
can be expressed as a fraction A/(R|R}S).

By the Chinese remainder theorem,

AL _w By A e B
STR, R, ST STR, R, ST’
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where
BBy
ST ST S
because T|(A;/Ri + Az/R3). Thus A;/R; and A,/ R, can be written as
A A’ ) A AS 5
Loy and = —+z——,
Ry R, D R, S D

with each rational function of degree less than 0.
Let R* = R|R}S. For each A* with |A*| < |R*|, A*/R* is uniquely of the form

AT _ AL A o
R* R, R, S’
Define . A/ ,
A 1) o 1)
G = G — Gyl ==+ —— —
( ) 2 1(R D) 2<R’+S D)
seC(D) 1 2
Then the sum in question is
< AT A3 Ak
> G G .Gy
R* R?, Rk
A*eC(R)
A;€C(R;)

A*JR* Y% A/ Ri=0
Via Cauchy—Schwarz as well as the induction hypothesis, the above is
k 2\ 1/2
T s ATV Ai
|R||R|ZGR* ]"[umZa-E :
A*€C(R*) i=3 A;€C(R;)
It remains to bound the sum over G* in terms of G| and G,. By Cauchy—Schwarz,

A*\? AL 8N A, o 8\
(A 9 Ay, 0 _ 9
¢ (R) 5( 2 G‘(R +D>)< 2 GZ(R”LS D) )
seC(D) 1 seC(D) 2

so summing over A* gives

L ole)=o(z e E =(®) -

A*€C(R¥)
We now present several preliminary lemmas about the sums E (). The following lemma is analogous
to [Montgomery and Vaughan 1986, Lemma 4].

Lemma 3.4. For any polynomial R € [, [t],

> E<£)2=max{q2h IRIq"}
- , .

SeC(R)
Moreover, for any polynomial R € [F,[t] and any rational function o € [, (1),

2 . _
S =max{g™", [R|g"} if o] <q~",
Z E E—i_a <|R| h—1 if|0l|> —h
SeC(R) - q =4 -
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Proof. If deg R < h, then, for all S with 0 # |S| < |R|, we have h > deg R —deg S, and thus E(S/R)*=0.
Meanwhile, E(0)? = q2h, so in this case ZSEC(R) E(S/R)2 = q2h.
Now suppose deg R > h. Then E(S/R) is nonzero if and only if deg S < deg R — h. Thus

S\ S\ 2h h
> oe(3) = T E(3) = X =i,
SeC(R) SeC(R) SeC(R)
IS|<IRI/q" IS|<|RI/q"

which completes the first portion.

Fix a rational function «. For all S/R, E(S/R 4+ «) is unchanged by replacing o with its fractional
part, i.e., subtracting off the polynomial portion of « so that |¢| < 1, including the possibility that o« = 0.

If a term E(S/R + «) is nonzero, then |S/R +«| < ¢~ We’ll split into two cases, when |x| < g~ "
and when || > ¢”. First, if |a| < ¢~", then |S/R +«| < ¢~ if and only if |S/R| < ¢~ If |R| > ¢",

h

there are |R|/q" values of S satisfying this; if not, there is one value. Thus if |«| < ¢ ~", we have

S V(S
Z E(— +ot> E(— +a) = max(qZh, |R|qh).
SeC(R) R R
Now assume || > ¢~". If |S/R + «a| < ¢, we must have |S/R| = |a| > ¢~". Also, the first
dego + h + 1 terms of S/R are fixed, because they must cancel with the corresponding terms of « to
yield a rational function of small enough degree. Correspondingly, the first dego + & + 1 terms of § are
determined. Since |S| = |R«/|, there are at most |Ra| - 1/(le|-|¢"T']) = |R|g~"~! nonzero choices of S.
Thus in this case, Y gccz) E(S/R+a)* < [Rlg" . O

The following lemma corresponds to Lemma 6 of [Montgomery and Vaughan 1986].

Lemma 3.5. Let R € [,[t] be a polynomial, and let o, B € [, (t) be rational functions. Then

> E(E +a>E(§ +/8> KE@=Bg™" ) E<§ +a)2.
SeC(R) R R SeC(R) R
Proof. Again, we split into two cases. Assume first that & — 8| > ¢ ™", so E(a — 8) = 0. Then either
|IS/R+B|>qg" or|S/R+«a| > ¢~". Thus for each S/R, either E(S/R +a)=0o0r E(S/R+B) =0,
so the product must be 0, and thus the sum is 0.
Now assume that |« — 8| <q ™", so E(a—B) =¢". By Lemma 3.2, if |« — 8] < ¢ ", then E(S/R+a) =
E(S/R + B) for all S. This gives the result. (Il

We are now ready to prove the following lemma, which is analogous to [Montgomery and Vaughan
1986, Lemma 7].

Lemma 3.6. Let k > 3, and let Ry, ..., Ry € F,[t] be square-free polynomials with |R;| > 1 for all i.
Let R=[Ry,..., R¢]. Let D= (Ry, Ry) and D = ST, with S|R3--- Ry and (T, Rz --- Ry) = 1. Write
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Ry = DR/, Ry = DR}, and R* = R{R}S. Define

k A
S(Ry,...,Ry) = Z HE(E)

AeR(R)) i=1
> Ai/Ri=0

If, for some i, |R;| < qh, then S(Ry, ..., Ry) =0. Otherwise,

S(R1, ..., R) <Ry - Rel - IR (@2 (X1 + X2+ X3),
where

D' if [R||>q", SI72 if Ri =Ry,
X1=q_h/2, X2:{| | if IRl >q X3={|| if Ry 2

0 otherwise, 0 otherwise.

Proof. Assume first that, for some i, |R;| < ¢". Then E(A;/R;) =0 whenever A; # 0, so in particular
for all A; with (A;, R;) = 1, so the sum is 0. Assume from now on that |R;| > ¢" for all i.
We now return to the proof of the fundamental lemma. For A*/R* = A|/R| + A,/R} +c/S, define
A* A8 A, o §
(%) 2 (Rﬁu) (Rﬁs D
seC(D)

(DA|+8R},R)=1
(DA, +R)To—R)5,Ry)=1

For this sum to be nonempty, (A}, R}) = (A}, R}) = 1. Then

IT| AF\2\1/2 k 1/2
S(Rl,...,Rmsﬁ(mﬂ > G*<E)) 1‘[<|R,-| > 1) :
A*eC(R¥) i=3 AieR(R)
|Ail<|Ril/q"

By Lemma 3.4, the product is < |R3 - - - Ri|¢™/?>~". Thus it suffices to show that

*

A 2
> G*(R—) KRl - |Ra| - IS1g™" (X7 + X3 + X3).

*

A*€C(R¥)
By Lemma 3.5,
A* A* § A
()< () 2 o k)
R* R* sec(D) D R}
so by Lemma 3.4,
A* |
E| = ) max{¢", |D f|— e
G*(A*) « (R*) x{g", DI} i R, <q
S T o T e e
R* Ry~ '

Summing over A* then gives

A ’ A* ’ 2h 2 A ? 2
> G*<F> < > E(F) max{g?, D+ Y E(F> D2 (16)
A*eC(R*) A*eC(R*) A*eC(R*)
|A*/R*|<q~" |A*/R*|<q "
|AV/Ry|<q ™" |A}/Rj|=g™"
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Here as in the definition of G*, for any nonzero term we must have (A}, R}) = (A}, R,) = 1. In particular,
A} =0 mod R] only if Rj = 1. We now split into cases based on whether or not |R*| > g" and whether
or not |R!| > ¢".

First assume that |[R*| > ¢” and |R| > q". Then

*

A*\? IRIIIR;S] A*\?
> G*<ﬁ) < max{g”, |DP)g* —=—2=+|DI> ) E(R—)
A*eC(R*) q q A*eC(R*)
< max{g®, |DI*}|R*| + |DI*|R*|q" 14"/R*|<q""

b s ) |A" /R |=¢"
L |Ri|- Rz - |S|g™" (X7 + X3).

Now assume that | R*| > ¢”* but |R| < g". The first sum in (16) is empty unless R| =1 (and A} =0).
If Ri =1,then Ry = D, so |D| > qh. Equation (16) then becomes

A* |R*|
> G*(R*> <q"|DP +— o q”"|D? —|R1R25|¢12h(

+q ) < |R1RyS|g*" (X?).
A*eC(R*)

|R¥|

If R # 1, then the first sum is empty, so (16) becomes

k
3 0(2) < B 212 = Ry Ry 12 (2.
A*eC(R*)

Finally, assume that |R*| < qh and thus |R| < qh. In this case the only nonzero term in (16) in either
sum is when A* = 0, which forces A} = A, = o =0. But then since (A}, R}) = (A}, R}) =1, we also
have R| = R} =1, and thus R| = R, = D, which has magnitude > q". Thus

#\2
> G(%) < ¢”"|DP =R R:S|g”" - 1S|7" = |Ri Ry S1g ™" X5, O
A*eC(R*)
We now turn to the proof of Theorem 1.3, which corresponds to [Montgomery and Vaughan 1986,
Lemma 8]. The main strategy here is a careful application of Lemma 3.6, keeping in mind that we can

choose which variables play the roles of R and R».

Lemma 3.7. For any fixed k > 3, for Q € F,[t] square-free, for h > 1 and m;(Q; h) defined by (15),

k/2 —2K1+k/2
i <1016 (PN (1 e (2 ),

Proof. We begin with the bound that

S(Ry,..., R
m(Q; h)<<|QI<¢(Q)> ooy 2Ry

O] Ko &0 d(Ry) -+ (Ry)
R monic  R; monic
[Ri|>1
[Ri,...,Re]=R
where
S(Ri,....RO= ) ]'[ ( )
A;eR(R)) i=1

> Ai/Ri=0
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We apply Lemma 3.6, but while using the fact that we have flexibility in how we label R, ..., Ry in our
application of Lemma 3.6. For clarity, we will write Ry and R, to be the R;’s that serve as the first two in
our application of Lemma 3.6. Choose R 1 and ﬁz as follows.

If, for any i, |R;| < qh, then S(Ry, ..., Ry) must be 0, so assume that |R;| > qh for all i. Let
Rij = (Ri, R)). Forall i, since R; | [];.; R;, we have R; | [];; Ri; as well. Thus for all i, thfre exisAth
j #i such that |R;;| > |R;|Y*=D_If, for some i, j, |R;;| > |R;|'"/*~V but R; # R}, then pick R and R,
to be R; and R;, respectively.

If no such i exists, then, for each i, there is some j # i with R; = R;. If there exists any triple
R; = Rj = Ry, then pick ﬁl = R;, §2 = R;. If not, then the R;’s must be equal in pairs and otherwise
disjoint, and k must be even. Without loss of generality, say that Ry = Ry, R3 = R4, ..., Rk—1 = Ry.
Write R = UV, where V is the product of all primes dividing at least two Ry;’s, and U is the product of
all primes dividing exactly one R;. Then

k/2
V2| H(Rzl, HR2,>,
J#
so there exists some i with |(R2i, ]_[j#i sz)| > |V|4/k. Take ﬁl and ﬁg to be Ry; and Ry;_;.
Now we return to our bound on m;(Q; h). We have

1 Ri---R
mi(Q: h)<<|Q|(¢(Q)) @Y B R x4 ),

R R{)--- R
0l & IR R 9RO
R monic R; monic
[Ri|>1
[Ry,....,R(]=R

where the X; arise by use of Lemma 3.6 as described above.
Consider the contribution from each X;. Since X; = q_h/ 2 the X;-terms contribute

d’(Q) hnk/2—1/2 |R1"'Rk|
<102 ¢ LS
I ,;Q Rle ¢(R1)- - d(Ro)
R monic R; monic
|Ri|>q"
[Ry,..., Rr]=R
e 1))
<io(g) @ s
< |Q|<qh)k/21/z<¢<Q>>‘2k+"
10| '

Now consider the X,-contribution. If X, # 0, then |R’ | > qh and by our choice of R;, R,, we have
|D| > |Ry|V*=D = |R: . D|V/&=D But then |D|~' < ¢7"/*=2) 50 in turn X, < g~/*=2. By the same
logic as for the X-terms, the X, terms contribute < IQI(qh)k/2 V=2 (¢(Q)/| Q)2+,

Finally, consider X3. If X3 # 0, then R; = R,. By our choice of R; and R, for the application of
Lemma 3.6, in this case each R; is equal to some R;. If there exists some R; = Ry = R, with i > 3, then
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S =R; = Ry, 50 |S| > ¢", and thus for these terms we get a saving of g~/

and the bound for X applies.
If not, then k is even and the R;’s must be equal in pairs. Let R = UV as above, where U is the product of
irreducibles P dividing exactly one pair of R;’s, and V is the product of all other irreducibles P dividing R.

Write R; = U, V;, where U; = (R;, U) and V; = (R;, V). For fixed U, V, let C(U, V) be the set of k-tuples

(Ry, ..., Ry) yielding U and V. There are at most 74 2(U) choices for U, Uy, ..., Uy, where 12 is
the k/2-fold divisor function. Since V; | V, there are at most T(V)K/2 choices for Vs, V4, ..., Vi. Thus
#C(U, V)| < tx2(U)d(V)*/2. In our application of Lemma 3.6 we have |S| > |V|¥% so
k
1 Z (l—[ IR ) » Z T (U)(U/UN> T (V2 V] /¢ (V)
IV 11+2/k
UV|‘Q|UV| ..... R)EC(U,V) ¢ (Ri) uv|Q U1V
monic monic
_l—[ 1+ k| P +2k/2(|PI/(|PI—1))k
2(1P| = 1)? | P|1+2/k
PlQ
< (¢(Q)>‘k/2
10| ’
so the X3-terms contribute < |Q|(qh)k/ 2(p(Q)/|Q)*/? which completes the proof. U
The final contribution of X3 only arises when k is even, so when k is odd we have the estimate
k—2k
(03 1) < |Q1((g"M/2712 4 (g1 2>)<¢’|(QQ|)> .

For k = 3 this implies that

m3(Q; h) < 1Qlq <¢|(QQ|))

In the case when k = 5, we can bound ms(Q; h) via a more involved argument.

4. The fifth moment of reduced residues in the function field setting

Our goal in this section is to prove Theorem 1.4, which is a stronger bound on m5(Q; k) when Q =
[T, pj<4on P- We will also prove Corollary 1.5, bounding R3(¢") and Rs(¢") in the ring Fy[z].

Lemma 3.7 already implies a bound on ms(Q; h), showing that ms(Q :h) < |Q|(¢")'¥/®(¢(Q) /107"
Our goal is a bound where the power of ¢” is 2+ ¢ for all & > 0; note that Conjecture 1.1 would predict a

bound where the power of ¢” is 2. In turn, this will allow us to prove Corollary 1.5, that R5(g") <« q>+o".

4.1. Proof of Theorem 1.4. As in the proof of Lemma 3.7, we begin by bounding
(DY S(Ry, ..., Rs)
ms(Q; h) <<|Q|< ooy e

Ri)---d(R
Ko ko d(Ry) - d(Rs)
R monic  R; monic
|R|>1
[Ry,...,R5]=R
where
S(Ri.....Rs)= ) H ( )
A;eR(R;) i=1

> Ai/Ri=0
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Our goal is to apply Lemma 3.6 to bound the size of S(Rj, ..., Rs5). But, when applying this lemma,
we can freely choose which of the R;’s plays the roles of R; and R;. As in the previous section, we will
denote our choice by ﬁl and ﬁz. If any R; satisfies |R;| < qh, the choice is immaterial, so assume that
|R;| > qh for all i. If there is any triple R;, R;, R, with R; = R; = Ry, pick ﬁl = R; and ﬁz =R;. In
this case X, will have no contribution, and X3 and X will each be < q*h/ 2 for a total contribution to
ms(Q; h) from these terms (as in the proof of Lemma 3.7) of < |Q lg?" (¢ (Q)/1Q])~?". If there is no such
triple, but there exists R; # R; with either |R; /(R;, R;)| <q", or |R;/(R;, R;)| > q" and |(R;, R))| > ¢"/?,
then we choose ﬁl = R; and Ez = R;. In this case we have X3 =0 and X, X each contributing < q_h/z,
and again the total contribution to ms(Q; h) from these terms is < |Q |q2h (@ (0)/10)~?%". So, it remains
to bound what happens in the remaining cases. We first show that in the remaining cases, up to some

reordering, certain factors of R, and R3 are bounded.
Lemma 4.1. For fixed square-free Q € Fy[t], let (Ry, ..., Rs) be a tuple of divisors of Q such that
e |R;| > q" foralli,
 no three R;’s are equal,
o forany R;, R;, either R; = R;, or |R;/(R;, R;)| > q" and |(R;, R;)| < ¢"/*, and
e Ry, Ry, and Rz are all distinct.
Then

* |R2/(Ry1, R2)| > g", and
e |R3/(R3, RiR2)| > g">.

Loosely, this lemma states that in the cases that we cannot already bound by the tools of the previous
section, prime factors must “spread out” among the first three R;’s.

Remark. The bound on |R3/(R3, R1R,)| above is worse than the bound on |Ry/(R;, Ry)|. In order

h/2 5o the bound on

to apply Lemma 4.3 below, we will need both of them to be at least of size g
|R>/(R1, Ry)| is better than necessary.

However, the fact that these bounds get worse is precisely what prevents us from applying our technique
to bound higher moments. If instead we applied the same argument to a 7-tuple (Ry, ..., R7) of divisors
of O, we would not be able to guarantee that |R4/ (R4, R{ Ry R3)| > qh/ 2 even if we weaken the conditions

to allow reordering. This threshold is crucial for our argument, which does not generalize to 7-tuples.

Proof. The fact that |R,/(R1, Ry)| > qh, follows directly from the third assumption, since R # R».
For the second conclusion, let Rjp3 = gcd(Ry, Ry, R3) and let Rj3 = (Ry, R3)/gcd(Ry, Rz, R3) and
Ry3 = (R2, R3)/(Ry1, R2, R3), so that Ry3 is the product of all primes dividing R; and R3 but not R;, and

h/2

vice versa. Then (R3, R1Ry) = R13R23R123. By assumption, |(Rz, R3)| < ¢"/~, s0 |R3 R3] < qh/z, and

in particular |R3| < ¢"/2. Now assume by contradiction that |R3/(R3, R1R>)| < ¢"/% Then
R; R; R3

(R1, R3) R13R123 Ri3R23R123

which contradicts the third assumption because R| # R3. |

h
W2 gh

Ryl < ¢"*-q
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The following auxiliary lemma provides a standard bound on 1, the k-fold divisor function, in the
function field setting. We will also use that ¢ (F) > |F|/loglog|F| for all F € F,[?].

Lemmad4.2. Fixk> 1. Let M = maxbzl(tk(tb))l/b. Then

) log 74 (F) loglog | F|
lim sup =
deg F—o00 10g |F|

log M,

and thus, for all ¢ > 0, we have t;,(F) <. |F|°

Proof. The proof of the above lemma follows closely along the lines of [Shiu 1980]. We will show one
direction of the statement, adapted to our setting; the other direction also follows very closely, so we omit

it. Note first that
—1\1/b b+k—1)e\* /P
1 < (me*)'? = (bH; ) < (%) — 1

as b — 00, so M exists.

We now show that
. log 74 (F) loglog | F|
lim sup >
deg F—o00 10g |F|

log M.

Fix b such that 73 (%) = MP?. Let

F = ]_[ P’,

deg P=d
P irred.

so that 73 (F) = ]_[deg Ped 7 (PP) = (tp (t2))" @ F0) = pb7(diFe) We have that 77 (d; Fy)~ q%/d as d — oo,
so that
log |F| = bd log g7 (d; Fy) ~ bq* logg,
and
loglog |F|=dlogqg+ O(1).
Thus as d — oo,

d

log M log |F
log 7e(F) = brr(d; Fy) log M ~ blog M - L ~ log M log | F|
d loglog | F|

SO

. log 7 (F) loglog | F|
lim sup >

>log M.
deg F—o00 logIFI

As mentioned above, the proof that

. log 74 (F) loglog | F|
lim sup <
deg F—o00 1Og |F|

log M

also follows the proof in [Shiu 1980] closely, so we omit it. ]
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The above bound implies that, for all & > 0, 7 (F) = |F|C(/1ogloglFD) — g (|F|?).

Here we have a final preparatory lemma before the main proposition leading to the bound on ms(Q; h).
In what follows, our main strategy will be carefully isolating factors of the R;’s in order to bound the
number of terms in our sum. In doing so, we will make use of the following bound.

Lemma 4.3. Let Q € [,[t] be a square-free polynomial, and let n € N>>. Let T C [, (t) be an interval
of size q_h. That is to say, for some rational function o € Ty (1), let T :={B € F, (1) : | — B| < q_h}.
Assume in the following that X;, Y; € F,[t] for all i. Then, for any ¢ > 0,

Z “(n' Y)z ~h(1—e)

Ln,e q

Y TT 4(V)\2
Ylam,Yle 1_[ ¢( )
X;eR(Y:)
Z[ X,‘/Y,‘EI
qh/2§| I, Yi|§q2h

Proof. For given Xi,..., X, and Y1, ..., Y,, let X and Y be defined so that Y =[], ¥; and X/Y =
> Xi/Y;. Then for all tuples considered in the sum, X/Y € Z and q"? <|Y| < ¢*". Proceed by counting
the number of possibilities for X/Y satisfying this constraint, which is bounded above by the number of
points in Z with denominator smaller than ¢?”, and finally count the number of ways of splitting ¥ up
into Yy, ..., Y,. However, we want to also consider the weighting in the sum of 1/ ¢(Y)2, so we start by
splitting the sum up into different sizes of Y, and then applying bounds on ¢ (Y).

To begin with, we rewrite the sum in terms of X and Y. Note that all Y; in our sum are relatively prime,
because of the Mobius factor. Thus Y is square-free and ¢ (Y) = ]_[l. ¢ (Y;). Moreover, a choice of X, Y,
and a decomposition ¥ =Y - - - ¥, determines X; for each i by the Chinese remainder theorem. Our sum

> > ¢EY;2 Yi,.. Y, : Y1 Y, =Y}

q"*<|Y|<g* X/YEL

is thus equal to

Now split the sum up according to |Y|, defining m := deg Y. The sum is then equal to

2h 2 2
(Y)? - (Y)“(loglog |Y])
Z Z Z g( )2 7, (Y) <, ,€ Z q™) 3 Z Z a |0Yg|20g )

m=h/2 Y|Q XeR(Y) m=h/2 Y10 XeR(Y)
|Y|=¢™ X/YeL |Y|=¢™ X/YeL

by Lemma 4.2 and the fact that ¢ (Y Y2 L (Y] /loglog|Y )2 We can further relax the condition
that |Y| = ¢™ to the condition that |Y| < ¢™. The number of X/Y with |Y| < g™ in the interval Z is
g "+ 0(1); since m > h/2, this is < ¢>"~". Thus the sum is

2h 2h

(loglog(g™)? 5,,_4 _ h(—
<<n’€ Z qm(£/3)Tq2m l/ Lq h Z qm(2£/3) <q h(l 8)’
m=h/2 q m=h/2
as desired. O
We now turn to bounding the contribution to the fifth moment ms(Q; k) coming from tuples (Ry, ..., Rs)

satisfying the conclusions of Lemma 4.1.
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Proposition 4.4. Fix h > 1 and let Q €[] be square-free. Let S be the set of tuples (Ry, ..., Rs) such that
e R | Q foralli,

e ¢" <|R;)| <q* foralli,
e |R2/(R1, R2)| = ¢"?, and
e |R3/(R3, RiRy)| > g"/.

Then, for all ¢ > 0,

Tl 0]
Sh Q+e)h
> Il D AT e
(Ri,...R5)eS i=1 (Ri) AR (R;) $(Q)
|Ai/Ril<q™"
2 Ai/Ri=0
1<i<5

Proof. We begin by sketching an overview of the strategy. For each subset / C [5], let

R,:]_[P

P|RViel
PIRVigI

be the product of the irreducible factors dividing R; if and only if i € /. Note that these R;’s must be
pairwise relatively prime.

We start by using the constraint that |A;/R;| < ¢~".

We will count the total number of rational
functions in this interval with denominator of degree at most 24. For each option of A;/R;, we can
decompose Ry =[[,5; R, so the number of ways to decompose R; into these R;-factors is 7y-1_1(R}),
which we can bound based on the degree of R;. We then also get A|/R; = Zbl A /Ry, where the A;’s
are determined by the Chinese remainder theorem.

We will then focus on the constraint that |A;/R;| < q_h. However, (R}, Ry) = ]_[1’2E ; Ry has already
been fixed, so the same analysis as used for R; applies to the remaining factors of R;. Crucially,
R>/(R1, Ry) remains relatively large by assumption, which will ensure that we save enough by doing
this. Finally, the constraint on A3/ Rs3, using our assumption that R3/(R3, R R») is large enough, yields
savings in the same way.

We begin by rewriting our sum in terms of the R;. For each subset I C [5], and for a fixed Ry, ..., Rs,
we again define R; to be the product of all primes P so that P divides R; for each i € I and P does
not divide R; for all j ¢ I. The R; are a system of relative greatest common divisors; see [Elsholtz
and Planitzer 2020] for details. For example, R; ; is the product of all primes dividing R and R, but
(Ri1,2), Rj) =1for j =3,4,5. The polynomials R; must satisfy the following properties, implied by the
constraints on the R;’s:

« Each R; divides Q, and, for each I # J C[5], (R;, Ry) =1.

 Each irreducible polynomial dividing an R; must divide at least two of them in order for the sum over
A; to be nonempty, so Ry = 1 unless |/| > 2. We will always assume that |/| > 2.
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» Each choice of A; is equivalent to a choice of A; ; for all subsets / containing i, that is, A;/R; =
> rsi Ail/Ri.

o The quantity (A;, R;) is equal to 1 for all i if and only if (A; ;, Ry) isequal to 1 forall 7, i.

o The constraint that, for all i, |A;/R;| < q_h, implies that, for each index i,

Aj g
2R,

I>i

<q_h.

o The constraint that Z?:l A;/R; = 0 implies that, for each subset 7,

> Air=0.

iel
Finally, define £; to be the minimum element of a subset I C [5]. The requirement that (R;, ..., Rs) € S
implies the following:
e Forall i,
qh < 1_[ RI < C]2h.

I>i

¢ Since Rz/(R], Rz) = 1_[61:2 R[, and R3/(R1, Rz, R3) = 1_[@[:3 R],

1" 1"

=2 ;=3

th/Z and th/z‘

The sum under consideration is then

2
< q5h Z M Z 1.

Ri|Q [T, o(RD Liel
IC[5] Ai 1€R(Ry)
q"<|T1;s Ril<q™ Vi,| Yo Aii/Ril<q™"
|1_[z,:2 RI|Z(1/1/2 V1Y e Ai1=0

|Hz,:3 Ri|z¢""

Note first that if m; is the maximum element of a subset /, then A,,, ; is fully determined by the other
A, ; and the fact that )
the number of options for A; ;; namely that there are at most R; choices for A; ;. For the rest of this

ic; Ai,1 =0. Then fori € I with £; <i < mj, we will use the trivial bound on
bound, we treat A; ; as fixed when €; <i <mj.

We finally consider the number of options for the remaining Ay, ;, where £; is the smallest element
in I, which is where the savings in the argument will come from. We will proceed by ordering the
intervals [ in our sum by £;; we will first sum over options for A; when I = {4, 5}, with ¢; = 4, and
then over A; ; for all I with £; =3, and so on. As we do this, we will need at each step to satisfy the
constraints that, for each i,

<q™, (17)
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where as we split up the sums over different A; ;’s, some of the values in this sum will be fixed and others
will still be free to vary in our sum. But even if some of the terms in the sum above are fixed, the remaining
terms are still constrained to lie in some interval of size ¢ ", possibly an interval centered at a nonzero
rational function. In particular, the constraints in (17) are equivalent to the constraints that, for all i,

F,-+ZAR#’I’

I1<[5]
=i

<q_h,

where F; is a fixed rational function determined by the values of A; ; when £; <i <m;. The bounds we use

h

are independent F;, only requiring that the size of the interval is ¢ ™", so we can replace F; by 0. This yields

2
< g% Z M(HIRI) l_[¢(R1)m_2 Z 1. (18)
I

R
Rilo [Ty ¢(RD) Aty 1 €R(R))
= IC[5
q"<|TTj=i Ril<g™ vi.| Y Z-[ ]R [<¢™"
= >i = s Cy=i iJ/Ri1<q

| ne,zz R/|=¢"?
| Mo Ri |22

The only terms A; ; that remain in (18) are of the form Ay, ;, and there is only one term for each
subset /, so to simplify our notation we will write A; := Ay, ; from now on.
Consider subsets I with £; = 4. There is only one of these, namely {4, 5}, so we rewrite the sum as

5h M(HI R1)2 1
<™ D He®? 2 2 Raa?

Ri|Q AT€R(R)) Rus 10
IC[5],1#{4,5} IC[5],1#{4,5} A 5)€R (R, s5))
q"<[T1jsi Ril<g™ Vi,|ZzJ:iAJ/RJ|<q_h

Ty 2 Ri |24
Ty Ril=a2

In the inside sum, we have dropped the additional constraint that A4 s5)/ R4 5) must lie in an interval of

size q‘h, since ignoring it only increases the size of the sum. For each Ry s), there are ¢ (R4 5)) choices

of A s), so the inner sum becomes

L _
Raa10 ¢ (Rus)  ¢(Q)
since Q is square-free.
Now consider subsets I with £; =3, i.e., {3, 4}, {3, 4, 5}, and {3, 5}. We first bookkeep by isolating
these terms in the sum, yielding

< qSh& Z u(I1, RI)2 Z Z “(H€1=3 R1)2

2 2°
2@ o TLe®R)? |, A PR | IO
IC[5],4,<3 I1C[5],4,<3 R0
h 2h : ) ~h AT€R(Ry)
q"'< -1 Ril=q Vi, _;AJ/R;s|<q I
< | 1= Ri| 3 | ¢, =i As/Ryl @< Tly —s Ril =g
a"?=<|Tg, =2 Ril=q =3

| ¢, =3 Ar/Ril<q™"
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We now bound the inner sum using Lemma 4.3. The inner sum comprises three terms R;, so apply
the lemma with n = 3 to get that the inner sum is < g ~"(1+®),

We repeat the process, now considering subsets / with £; = 2. Isolating these terms yields

anven 191 Z (Hz, 1 RI) Z Z M(H/z,zz R;)

<4q T A (R2 2"
$0Q) o T ¢®D? o P | T
I1C[5],¢;=1 I1C[5],4;=1 R;| QO
qh§|nzl=1 Ry|<q™ IZ(;,:l Ar/Ri|<q™ Ar€R(RI)

¢"?<[T1g, =2 Ril=¢®
| 220, <2 Ar/Ril<q™"
Here there are seven R; terms and seven A; terms in the inner sum, so, again applying Lemma 4.3, the

—h+teh, Lastly, we address the terms with £; = 1:

2
< q3hq28h O] Z M(l_[e,:l R’) Z 1

inner sum is < ¢

2
90 o My o®RY e
IC[5],4;=1 IC[5],¢;=1
qh§|l_[4,:1Rl|§q2h |Ze,:1A1/Rl|<q_h

We apply Lemma 4.3 one final time, this time with n = 15, since there are 15 sets I C [5] with |I| > 2
and £; = 1. This yields

< g 12

#(Q)’
as desired. O

We are now ready to prove a general bound on ms5(Q; h).
Theorem 4.5. Fix ¢ > 0 and let Q € [F[t] be square-free. Define ms(Q; h) by (15). Then

—4 27
h 2h+g( |0 ) 2h< |O] )
ms(Q; h) < [Qlg (0 +10lq (0

Proof. Using Lemma 3.1, we can express

¢(Q)

i h
ms(Q; h) = IQI( 0]

) V5(Q: h),

where

V(i) = > Hf;ﬁ,’ifi 2 E(%)EGTz)

LRs|Qi=1 At,...,A5€R(R;})
|R |>1 > Ai/Ri=0
R; monic

Now apply Lemma 3.6 to bound the contribution to Vs5(Q; &) from many tuples Ry, ..., Rs. If |[R;| < g"
for any i, then these terms contribute 0; assume from now on that |R;| > ¢". If for any triple i, j, k we
have R; = R; = Ry, then we apply Lemma 3.6 with fil = R; and ﬁz = R;; in this case X, =0 and X and
X3 are O(g~"/?), so these terms contribute O (¢>*(|Q|/¢(Q))>?). If there exist R; # R ;j such that either
IR;/(R;, Rj)| < qh or [(Ri, Rj)| > qh/z, then we apply Lemma 3.6 with 131 = R; and 1?2 = R;; in this
case, X3 =0, and X and X, are each O (¢ ~"*/?), so these terms contribute O (¢>"(|Q|/¢(Q))3?) as well.
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Assume now that (Ry, Ry, R3, R4, Rs) does not fall into either of the above cases. Then, for all i,
|R;| < q2h. To see this, assume that (R, Ra, R3, R4, Rs) hasno i, j, k with R; = R; = Ry, and that, for
all R; # R;, |Ri/(Ri, Rj)| > q" and |(R;, R;)| < ¢"/% Assume, relabeling if necessary, that R; > g*".
Since R | HJ'#(RI’ R;), we must have (R, R;)| > g"/* for some j # 1. This cannot be true for
some j with R; # Ry, so we have R; = R;. At the same time, there can only be one j # 1 with
R; = Ry, so without loss of generality our tuple must be of the form (R, Ry, R3, R4, Rs). There cannot
be an additional equal pair among R3, R4, and Rs; if there is (without loss of generality R3 = Ry), then
Rs| (Ry, Rs)(R3, Rs), so since |Rs| > ¢ either |(Ry, Rs)| > ¢"/? or |(R3, Rs)| > ¢"/?, which along with
the lack of equal triples yields a contradiction. Now consider R3. Note that R3 | (Ry, R3)(R4, R3)(Rs, R3)
and (R3/(R1, R3)) | (R4, R3)(Rs, R3). But by assumption, |R3/(Ry, R3)| > ¢" and (R4, R3)(Rs, R3)| <
(q"*)? = ¢", which yields a contradiction.

So, the only terms remaining are those with |R;| < ¢*" for all i, no equal triple, and either [(R;, R;)| >
qh/2 or |[R;/(R;, R))| < qh whenever R; # R;. By Lemma 4.1, (Ry, ..., Rs) satisfies the constraints
of Proposition 4.4. By Proposition 4.4, these terms contribute O (g (2+e)h |01/ (Q)) to V5(Q; h) for all
& > 0. Thus, for all ¢ > 0,

32
Vs(Q: ) <<q<2+s>hﬂ+qzh< 10 > |

»(0) $(0)
SO
—4 27
h (2+$)h< 19 ) Zh( |0 ) . 0
ms(Q; h) < |Qlq 20 +10lg (0

As in the integer case, we particularly want to consider Q to be the product of irreducible polynomials P
with | P| < ¢?". In this case, |Q|/#(Q) < h, so that we get the following corollary.

Corollary 4.6. Fix e > 0 and let Q € [F,[t] be given by

o= [] P

P irred.
|P|<q®"

Then
ms(Q: h) < |Qlg®+e".

4.2. Proof of Corollary 1.5: bounds on Ry (g"). In this subsection, we discuss the transition from bounds
on Vi (Q; h), from Theorem 1.4 and Lemma 3.7, to bounds on sums of singular series in function fields,
in order to prove Corollary 1.5. Much of this is similar to the integer case discussion in Section 2.

As in the integer case, for D = {Dj, ..., D} a set of distinct polynomials in F,[T], we define the

singular series

B (1—vp(D)/IP]) Ry £ A;D;
o= [l g = 2 (H«p(R)) 2 e(ZT)

P monic, irred. Ry,..., R, ti=1
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where vp (D) is the number of equivalence classes of F,[7]/(P) occupied by elements of D. We also
define Gy(D), given by So(D) := ZJED(—I)‘D\j‘G(j), and consider

Re(g"):= D &o({Di,....Dx)). (19)
Di,.... Dy
D; distinct
|Dil<q"
Our results on m(Q; h) (and equivalently Vi (Q; h)) imply bounds on these sums of k-fold singular
series, just as in the integer case in Section 2. We set Q to be the product of all monic irreducible
polynomials of degree at most 24, so that |Q[/¢(Q) <, h. Just as in the integer case, we can truncate

the expression for Go(D) to only contain terms dividing Q, with an acceptable error term. In particular,

we get
Ww(R;) D;A;
= T ¥ 15 T (X5 on.
..... Dy Ry,...Ry i=1 Al A Ni=l
D dlstlnct |Ri|>1 A €R(R;)
IDi|<q" RilQ > Ai/Ri=0
It will again be helpful for us to define the singular series of a k-tuple D = (D1, ..., Dy) relative to the

modulus Q. Here the k-tuple can have repeated elements; since the Euler product is finite, convergence is

not a concern. We define

k k
o U—w@/IP) H(R) AiD;
so:o= |1 G pr = 2 (H¢(R,.)) 2 e<Z R, )
Pl 77 Ry, Ri | Q Aq,...,Ax i=1
P monic R monic Ai€R(R;)

> Ai/Ri=0

If D has a repeated element, so that D = {D, D, D3, ..., D}, then

&0: 0)= 2 s, Ds...... D) 0),

$(Q)
so we can remove repeated elements from D at the expense of a factor of |Q|/¢ (Q). We define Gy (D; Q)
to be the alternating sum chp(—l)m\m@(j; 0), so we have

Ri@ = Y So(Di,..., D} Q)+ O(1).

Dy,...,Dy
D; distinct
|Di|=q"

This is quite close to the quantity V. (Q; h), except with the added constraint that the D;’s must be distinct.
It suffices to remove this condition. To do so, we put §;; = 1 if D; = D; and 0 otherwise, so that

Z So(D1,.... D Q)= Y. ( I1 <1—8ij))60({01,...,0k}; Q).

D(,i..., Dy, Dy Msi<jsk
istinct D;|<
Dyl g IDil=q
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We can expand the product and group terms according to which D;’s are required to be equal, noting that,
for example, §12823 = 813523. We can also combine terms according to symmetry; the term 81, and the
term 834 will have identical contributions in the final sum.

Let us now proceed with analyzing Rs(g"). After some counting, we get that

Y. &(Di,....Dsk Q= Y f(Giijes)SoD, ..., Ds); Q),

Dy,...,Ds Dy,...,Ds
D; distinct |D;|<q"
|Dil<q"

where
F(dij)ijers) =1 — 10812 + 20812813 + 15812834 — 20812813845 — 30812813814 + 24812813614015.

We will consider the contribution from each term in f. The term 1 gives us precisely V5(Q; k), which we
have already analyzed. We can then bound each of the remaining six terms by expanding & into a sum
of &, removing any repeated terms in the appropriate tuple, and applying Lemma 3.7 to bound Vi (Q; h)
for some k < 5. These computations are summarized in the following lemma.

Lemma 4.7. Using the notation of this section,

(@) Y.py,ps5,0:,0s S0({D1, D1, D3, D4, Ds}; Q) < ¢*(101/¢(Q))°,
|Dil<q"

() Y"p1.0s.0s So({D1, D1, D1, D4, Ds}; Q) < ¢*"(101/$(Q))* + 4" (1Q1/¢(ON ',

|Dil<q"
©) Z%ws &o({D1, D1, D3, D3, Ds}; Q) < g*(101/6(Q))* +4"(1Q1/6(0)'"°,
(d) Zg_ll,f_;h So({D1, D1, D1, D, Da}; Q) < q*(101/9(2))* +4"(101/6(0))*,
(e) Zglléqsh So({D1, D1, Dy, D1, Ds}; Q) < ¢"(101/¢(0))*,
(f) ZD?;qh &o({D1, D1, D1, Dy, D1} Q) < q"(101/6(Q))*

Proof. For the sake of brevity we omit most of these computations, which are very similar, but we will
show that the term corresponding to 817, in part (a), is K qz”(l Q|/¢(Q))9.
Assume we have a tuple D = {D1, D1, D3, D4, D5}, with one repeated term. As mentioned above,

S(D; Q) = EG({Dl, D3, Dy, Ds}; Q).

¢(Q)

Expanding & and applying this relation shows that

So(D; Q) = (% - 2)60({01, Ds, Dy, Ds}; 0) + (% - 1)60<{D3, Ds. Ds): ),
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so in this way we can remove repeated elements from our sum. The term we want to bound is

Y So({D1, Dy, D3, Dy, Ds}; Q)

Dy, D5 By, Ds 0] I
|Dil<q" = —— —2|6¢({Dy, D3, D4, D + 1)6 Ds, D4, Ds);
) 032;4 (qb(Q) ) o({D1, D3, D4, Ds}; Q) (¢(Q) o({D3, D4, Ds}; Q)
IDil<q
10 h( 0 ) . )
_ —2\v —— —1|V3(0; h
((¢(Q) )“(Q VTG e
1Y |0 2%
<« (¢(Q)>q +(<¢><Q>)" |
where in the last step the bounds follow from Lemma 3.7. (I

This lemma gives the following corollary.

Corollary 4.8. Let

I] »

P irred.
|Pl=q®
Forall e >0,

Rs(a") < Vs(0: h 2h( |Q|) @+erh
5(g7) K Vs(Q;h)+¢q 5(0) <Lq

Performing the same analysis when k = 3 yields the bound:

Corollary 4.9. Let Q be as above. Then

2
Ra(a" Vi(0: h h<|Q|> (IQI)
3(q") K V3(Q; h)+¢q 50 <q 5(0)

5. Numerical evidence for odd moments

Here we present several charts supporting our conjectures on the sizes of the odd moments. To begin
with, we have computed ¢ R3(h) = Y1 _y -y a4, <n So(d1. da, d3}). In Figure 1, left, { R3(h) is plotted
in black. We expect R3(%), and thus also %R3 (h), to be of the shape A/ (log h)? for some constant A. We
found an experimental best fit value of A = 0.373727, and for this A have plotted Ak (log h)? alongside
éR3 (h), as a dashed gray line.

The fit of the theoretical gray dashed curve is quite close, but there are lower-order fluctuations; in
Figure 1, right, we plot the difference between %Rg (h) and Ah(log h)>.

Our analysis above includes relatively little discussion about the moments of the distribution of primes
themselves. We have computed several third, fifth, and seventh moments of the distribution of primes,
shown in Figures 2—4. Specifically, we have computed

2N

~ 1

M(N; N = < 3 (@ +N*) =g (m) — N*)*
n=N

for each of § = 0.25, 0.5 and 0.75, and for each of k =3, 5, 7. For a fixed § and k, we plot Mk(N; N?)
for values of N ranging from 1 to 107, and growing exponentially.
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Each of the plots in Figures 2—4 is drawn with both x- and y-axes on a logarithmic scale. We expect
the k-th moment to be of size approximately O (H*~V/2(log(N/H))*+D/2 where H = N?, so to give a
sense of size, for each plot, N°*=D/2(log N1=3)*+D/2 i5 plotted in dashed red. We have also plotted the
reflection of the red dashed curve across the x-axis, since the odd moments are frequently negative.

The fit of the red line is reasonably good in all cases, but not perfect. In every case here we seem to
see that the odd moments are more frequently positive than negative, but still take on negative values.
For § = 0.25, the odd moments seem to be positive for sufficiently large N; it is possible that this effect
occurs for all sufficiently large N, where the threshold depends on k and §.

6. Toy models and open problems

Throughout, we have studied the sum

k k
n(qi) ai
man= ¥ (TT58) S T1(%).
iy qk Ni=1 ¢(ql) a,...,ax =1 qi

1<q,' lga,- =qi

(gi,qi)=1

Y ai/qieZ
where E(a) = Zf;:l e(ma). The sums E(«) approximately detect when ||«|| < 1/h; the analogous
sum in the function field case precisely detects when « has small degree. As a result, much of our

understanding boils down to answering the following key question.

Question 6.1. Let 6 > 0 and let Q > 1/5. What is

#{611,---,% €[0,20],a; modg; : '

<5, Z“—fez}?

. i

i
We conjecture that the answer to this question is as follows.

Conjecture 6.2. Let § > 0 and let Q > 1/8. Let S be the size of the set in Question 6.1. Then for any

>0,
Qktegk/z k even,

S <K {Qk+88(k+1)/27 k odd.

As we discussed in the Introduction, Montgomery and Vaughan [1986] considered the related problem
of moments of reduced residues modulo g. Their work depends on the following answer to Question 6.1
above.

Theorem 6.3. Let S be the size of the set in Question 6.1. Then

2--. 2
sk/2 Z —ri k2 4 §k/2-1/Tk Z I1""’k7 k even,
0<nz2o lCMU) 0<nea €M)
S K I<i<k/2 1<i<k
sk/2=1/7k Z AL k odd.
lem(r;)
0<r;<20

1<i<k
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The proof of the above theorem is identical to the proof in [Montgomery and Vaughan 1986]. This
agrees with Conjecture 6.2 for the case when k is even, but gives a weaker bound when & is odd.

We can also consider generalizations of Question 6.1. For example, instead of specifying that
llai/qill <8, we may ask that it lie in any specified interval.

Question 6.4. Let Q > 1/5 and let Iy, ..., I} be k intervals in [0, 1] with |1;| > 6 for all j. What is
a; a;
#{ql,...,qke[Q,2Q],ai mod g; :)— el Z—GZ}?
qi qi

i
Answers to these questions would give us more refined understanding of sums of singular series. The
conjectures above are related to sums over S({A1, ..., ht}), where each h; lies in the same interval [0, A].
We can instead ask about sums of singular series restricted to arbitrary intervals, or along arithmetic
progressions. We state the following questions using smooth cutoff functions as opposed to intervals.

Question 6.5. Let @y, ..., Dy be smooth functions with compact support on R, and let H € R~o. What is
hy hi
Go{hy, ..., NP | — -d
Z o({h k}) I(H) k<H>
hreZ
Question 6.6. Ler @4, ..., <I>k be smooth functions with compact support on R, and let H € R(. For
arithmetic progressions a; mod q1, . .., ay mod gx, what is
h] hk
> So(fh, ... k)P LDy ?
H H
hkeZ
h _a, mod g;

Question 6.5 addresses the correlations of ¥ (x + h) — ¥ (x) and ¥ (x + h| +h) — ¥ (x 4+ hy); in other
words, the correlations of the number of primes in intervals in different places. Question 6.6 addresses
the correlations of the number of primes in distinct arithmetic progressions. For both of these questions,
the main term ought to come from diagonal terms where & = h;, for example, thus collapsing the weight
function, whereas the error term ought to arise from off-diagonal contributions.

In the case when £ = 2, Question 6.6 has been widely studied in the context of prime number races.
The “Shanks—Rényi prime number race” is the following problem: Let 7 (x; ¢, a) denote the number of
primes p < x with p =a mod ¢g. Then, for any n-tuple (ay, ..., a,) of equivalence classes mod ¢ that
are relatively prime to ¢, will we have the ordering

w(x;q,a1) >n(x;q,az) >--->m(x;q,a)

for infinitely many integers x? Many aspects of this question have been studied; see for example the
expositions of [Granville and Martin 2006; Ford and Konyagin 2002].

Ford, Harper, and Lamzouri [2019] showed that, although any ordering appears infinitely often, for n
large with respect to ¢, the prime number races among orderings can exhibit large biases. They rely on
the fact that counts of primes in distinct progressions have negative correlations, which they arrange to
produce a bias. This analysis is also connected to the work of Lemke Oliver and Soundararajan [2016],
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who use averages of two-term singular series in arithmetic progressions to show bias in the distribution of
consecutive primes. It is plausible that a more precise understanding of the questions above would lead to
an extension of the work of Lemke Oliver and Soundararajan.
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