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Ribbon Schur functors
Keller VandeBogert

We investigate a generalization of the classical notion of a Schur functor associated to a ribbon diagram.
These functors are defined with respect to an arbitrary algebra, and in the case that the underlying algebra
is the symmetric/exterior algebra, we recover the classical definition of Schur/Weyl functors, respectively.
In general, we construct a family of 3-term complexes categorifying the classical concatenation/near-
concatenation identity for symmetric functions, and one of our main results is that the exactness of these
3-term complexes is equivalent to the Koszul property of the underlying algebra A. We further generalize
these ribbon Schur functors to the notion of a multi-Schur functor and construct a canonical filtration of
these objects whose associated graded pieces are described explicitly; one consequence of this filtration is
a complete equivariant description of the syzygies of arbitrary Segre products of Koszul modules over the
Segre product of Koszul algebras. Further applications to the equivariant structure of derived invariants,
symmetric function identities, and Koszulness of certain classes of modules are explored at the end, along
with a characteristic-free computation of the regularity of the Schur functor Sλ applied to the tautological
subbundle on projective space.

1. Introduction

1.1. Ribbon Schur functors. Schur functors are fundamental objects that lie at the intersection of
representation theory, algebraic geometry, combinatorics, and commutative algebra. Representation
theoretically, the Schur functors Sλ corresponding to a partition λ are irreducible GL(V )-representations
in characteristic 0, and (up to twists by the determinant representation) these constitute all irreducible
representations of the general linear group; see, for instance, [Weyman 2003, Chapter 2]. From the
algebro-geometric perspective, Schur functors corresponding to partitions may be constructed via the
famous Borel–Weil theorem (see [Serre 1959; Bott 1957], or [Kempf 1976]), which realizes these objects
as the global sections of canonical line bundles on the complete flag variety. Combinatorially, Schur
functors may be identified with their multigraded characters to obtain Schur polynomials, which are a
fundamental basis for the ring of symmetric functions; see, for instance, [Grinberg and Reiner 2014] for
more on this perspective. Finally, for a commutative algebraist, Schur modules over arbitrary commutative
rings were constructed in the foundational work of Akin, Buchsbaum and Weyman [Akin et al. 1982],
where these objects may be described as the image of a map constructed using the (graded) commutative
Hopf algebra structure on the symmetric/exterior powers.
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Figure 1. The skew shape on the left is not a ribbon, since the bottom two rows have overlap
size 2. The shape on the right is a ribbon.

· = +

Figure 2. The concatenation/near-concatenation identity (here we are identifying the ribbon
diagrams with their corresponding Schur polynomials).

We take the perspective that Schur functors corresponding to ribbon diagrams are “more natural” than
Schur functors corresponding to partitions. A ribbon diagram is a skew shape for which consecutive rows
overlap by exactly one block.

From a representation-theoretic point of view, ribbon Schur functors may seem quite unnatural: they
are highly reducible, even in characteristic 0. However, experts in the theory of symmetric functions
have long known that ribbon Schur polynomials also generate the ring of symmetric functions and are in
many ways much more well-behaved than Schur polynomials corresponding to partitions; see [Lascoux
and Pragacz 1988; Billera et al. 2006; Reiner et al. 2007; Huang 2016]. For example, ribbon Schur
polynomials satisfy a much simpler Pieri-type formula (the concatenation/near-concatenation identity)
than Schur polynomials corresponding to partitions, which require the Littlewood–Richardson rule to
expand in general.

One of the most fundamental reasons ribbon diagrams are desirable is that Schur functors corresponding
to ribbons can be defined solely using the algebra structure on the symmetric algebra S(V ), whereas
Schur functors for partitions almost always need the full Hopf algebra structure; this is immediate from
the work of Akin, Buchsbaum and Weyman [1982], which establishes a canonical, characteristic-free
presentation of Schur modules associated to skew partitions. This means that there is an evident way to
generalize ribbon Schur functors to arbitrary algebras, and the main theme of this paper is that in order
for this theory to work “as it should”, the underlying algebra needs to be Koszul.

Example 1.1. In this example, identify the skew shapes with their corresponding Schur functors. Then

= Ker

S2(V )⊗k S2(V )→
S4(V )
⊕

S3(V )⊗k V

 and = Ker (S2(V )⊗k S2(V )→ S4(V )) .

In the first equality, the map S2(V )⊗k S2(V )→ S3(V )⊗k V is the composition of both comultiplication
and multiplication on the symmetric algebra, whereas the second ribbon diagram is simply the kernel of
the canonical multiplication map S2(V )⊗k S2(V )→ S4(V ).
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1.2. Koszul algebras and Backelin’s theorem. A k-algebra A is Koszul if its residue field k has a
linear homogeneous minimal free resolution over A. Koszul algebras are one method of generalizing
standard graded polynomial rings and make their appearance in a wide range of seemingly disconnected
settings. Topologically, Koszul duality for quadratic algebras can be used to translate between facts
about equivariant and standard cohomology; see [Goresky et al. 1998]. In the context of number theory,
Positselski [2014] has shown that certain classes of Milnor rings are Koszul algebras and relates the
Milnor–Bloch–Kato conjecture to Koszulness of certain quotient rings. Combinatorially, early work
of Backelin [1981] showed that there was an equivalence between Koszul algebras and distributivity
of certain associated subspace lattices, and since then Koszulness of rings associated to combinatorial
objects has been an active and fruitful area of research; see for instance [Yuzvinskiı̆ 2001; Mastroeni and
McCullough 2023].

Suppose for the time being that V is a vector space over a field k; all tensor products will be taken
over k. Recall that a quadratic algebra A is any quotient of the tensor algebra T (V ) by a quadratic ideal
(Q2)⊂ T⩾2(V ), where Q2 ⊂ V ⊗ V . In particular, each graded piece of A is the quotient

An =
V⊗i

Q2⊗ V⊗n−2+ V ⊗ Q2⊗ V⊗n−3+ · · ·+ V⊗n−2⊗ Q2
.

Although Koszulness is often defined in terms of a homological property of the residue field of A, a well-
known result of Backelin establishes the elegant fact that Koszulness has an equivalent formulation in terms
of a purely combinatorial property of the collections Q2⊗ V⊗n−2, V ⊗ Q2⊗ V⊗n−3, . . . , V⊗n−2

⊗ Q2.

Theorem 1.2 ([Backelin 1981], see also [Beilinson et al. 1996]). Let A be a quadratic algebra. Then
A is Koszul if and only if the collection Q2⊗ V⊗n−2, V ⊗ Q2⊗ V⊗n−3, . . . , V⊗n−2

⊗ Q2 generates a
distributive subspace lattice for all n ⩾ 2.

This alternative (equivalent) formulation of Koszulness is surprising because it implies that the Koszul-
ness assumption gives you “more than you bargained for”; the backwards implication of Backelin’s
theorem is evident, but a priori distributivity seems like a much stronger property than Koszulness. In this
paper, we reinterpret this distributivity property as being equivalent to the exactness of a family of 3-term
sequences; see Proposition 3.14. A key observation here is that these 3-term sequences yield a defining
identity for a generalization of ribbon Schur functors to any Koszul algebra.

1.3. Generalized ribbon Schur functors and the concatenation/near-concatenation criterion for Koszul-
ness. Let A be any standard graded quadratic R-algebra and α = (α1, . . . , αn) any sequence of positive
integers.1 Then the ribbon Schur module SαA is defined as the kernel of the map

Aα1 ⊗R Aα2 ⊗R · · · ⊗R Aαn →

n−1⊕
i=1

Aα1 ⊗R · · · ⊗R Aαi+αi+1 ⊗R · · · ⊗R Aαn ,

1The quadratic assumption is unnecessary, but since these objects are most well-behaved when the algebra A is assumed to be
Koszul, we will often be in this setting anyway.
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where each component of the map is induced by the natural multiplication maps Aαi ⊗R Aαi+1→ Aαi+αi+1 .
As mentioned previously, when A = S•(V ) is the symmetric algebra, this definition recovers the Akin,
Buchsbaum and Weyman [1982] definition of the Schur functor associated to the ribbon diagram induced
by α. The importance of using ribbon Schur functors to canonically describe syzygies of modules over
Veronese subalgebras of the polynomial ring was discovered in [Almousa et al. 2024], and the goal of
this paper is to fully expand upon this perspective in a much more general setting.

One of our first main results is the following (for notation, see Definition 4.1). This statement may
be interpreted as saying that the concatenation/near-concatenation identity observed in the classical
theory of Schur polynomials is the shadow of a canonical short exact sequence of functors, and that the
concatenation/near-concatenation identity is actually a defining property of Koszulness.

Theorem 1.3. Let A be any Koszul R-algebra (where R is any commutative ring) and α, β be any two
compositions:

(1) There is a canonical isomorphism of R-modules

(SαA)
∗ ∼= Sα

t

A!,

where (−)! denotes the quadratic dual, αt denotes the transposed ribbon diagram, and (−)∗ :=
HomR(−, R).

(2) There is a canonical short exact sequence

0→ S
α·β

A → SαA⊗R S
β

A→ S
α⊙β

A → 0.

Conversely, this sequence is exact for all compositions if and only if A is Koszul.

This is surprising since, intuitively, the classical concatenation/near-concatenation identity for symmet-
ric functions may seem like a consequence of the combinatorial/representation-theoretic structure on the
symmetric algebra S•(V ). Theorem 1.3 tells us that this additional structure is more of a red herring, and
the classical identity is actually a consequence of a much more fundamental algebraic property.

One could also ask if this equivalent formulation of Koszulness is actually useful for proving classes of
modules are Koszul, and in Section 6.4 we use this criterion to give quick proofs of the existence of large
classes of Koszul modules over arbitrary Koszul algebras A. In the case of the symmetric/exterior algebras,
this criterion for Koszulness gives a very simple proof that a general class of modules parametrized by
arbitrary skew-partitions are Koszul. Previous proofs that these modules were Koszul only worked for
diagrams corresponding to partitions, and resorted to geometric arguments that realized these objects
as arising from taking cohomology of line bundles on flag varieties; see, for instance, [Gao and Raicu
2024, Theorem 2.2]. Our proof is totally characteristic-independent, allows for the algebra to be over any
commutative ring, and requires no machinery coming from algebraic geometry.

We also generalize this definition of Schur functors to allow for module inputs M and N , denoted
by SαM,A,N ; this is a generalization even in the classical case of Schur functors, and allows for elegant
descriptions of the higher derived invariants associated to pairs of Koszul modules.
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Theorem 1.4. Let A be a Koszul algebra and N (resp. M) a left (resp. right) Koszul A-module. Then
there is a canonical isomorphism of A-modules

TorA
i (M, N )= S

(1i )
M,A,N .

If M is instead a left A-module, then there is a canonical isomorphism of A-modules

ExtiA(M, N )= S
(i)
M !,A!,(N∗)! .

If A, M , and N have any ambient group action, then the above isomorphisms are equivariant.

Remark 1.5. Note that there are other places in the literature where generalizations of Schur functors
have been considered, such as the work of Sam and Snowden [2017; 2019] which approaches the problem
from a much more representation-theoretic perspective. These constructions are done in the standard type
ABCD framework and do not apply to arbitrary Koszul algebras like the constructions in this paper do.

1.4. Multi-Schur functors. Let us first motivate the construction of a multi-Schur functor. Segre subalge-
bras of the tensor product of Koszul algebras are well known to be Koszul algebras. Given Koszul algebras
A and B, let A ◦ B denote the Segre product; the homogeneous components of the (dual) quadratic dual
may be computed as the kernel of a map that applies the multiplication on A and B “diagonally”. For
example, there is an equality

((A ◦ B)!)∗3 = Ker

A⊗3
1 ⊗ B⊗3

1 →

A2⊗ A1⊗ B2⊗ B1

⊕

A1⊗ A2⊗ B1⊗ B2.

 .

This is the same thing as applying the defining relations for the Schur modules S
(13)
A and S

(13)
B diagonally,

and leads us directly to the notion of a multi-Schur functor.
A multi-Schur functor S

α

A takes as inputs tuples of compositions and algebras

α = (α1, . . . , αn), A = (A1, . . . , An),

and is defined by taking the kernel of the defining relations of each of the ribbon Schur modules Sα
i

Ai applied
diagonally, exactly as above. Surprisingly, multi-Schur modules satisfy an identical concatenation/near-
concatenation sequence (appropriately generalized; see Lemma 5.8), and we can further extend this
definition to allow for tuples of modules. This gives us a similar clean description of Tor modules over
Segre products.

Theorem 1.6. Consider tuples of the form

A = (A1, . . . , An), N = (N 1, . . . , N n), M = (M1, . . . ,Mn),

where each Ai is a Koszul R-algebra and N i (resp. M i ) is a left (resp. right) Ai -module. Then there is a
canonical isomorphism of A1

◦ · · · ◦ An-modules

TorA1
◦···◦An

i (M1
◦ · · · ◦Mn, N 1

◦ · · · ◦ N n)= S
(1i )
M,A,N .

This isomorphism is natural with respect to morphisms of algebras; in particular it is equivariant if each
of the Koszul algebras has any ambient group action.
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Canonical filtrations. Although Theorem 1.6 is simple to state, it still gives us very little information
about the relationship between a multi-Schur functor (which is a priori a purely formal construction)
and objects that we may better understand. A standard method of trying to understand an object is to
construct a filtration whose associated graded objects are “simple” in the appropriate sense.

As it turns out, multi-Schur functors S
α

M,A,N admit a canonical (that is, totally functorial) filtration
whose associated graded pieces are tensor products of the Schur functors S

β i

M i ,Ai ,N i , where 1 ⩽ i ⩽ n.
The difficult part is determining the poset that parametrizes this filtration, and our main result related to
multi-Schur functors is an explicit description of this parametrization.

Before stating the result, we need to introduce one piece of notation: given a composition α =
(α1, . . . , αℓ) and a subset I ⊂ [ℓ− 1], the notation σI (α) denotes the composition obtained by adding αi

and αi+1 for all i ∈ I . For example

σ{1,2,4,6,7}(2, 1, 3, 5, 3, 6, 5, 3)= (6, 8, 14).

With this notation in hand, we have:

Theorem 1.7. Consider the tuple
α = (α1, . . . , αn),

where each composition αi has a fixed length ℓ. With notation and hypotheses as in Theorem 1.6, the
multi-Schur module S

α

M,A,N admits a canonical filtration with associated graded pieces of the form

S
σI1 (α

1)

M1,A1,N 1 ⊗R S
σI2 (α

2)

M2,A2,N 2 ⊗R · · · ⊗R S
σIn (α

n)

Mn,An,N n ,

where the subsets I1, . . . , In ⊂ [ℓ−1] range over all choices such that I1∩ I2∩· · ·∩ In =∅. This filtration
is equivariant with respect to any kind of ambient group action.

Example 1.8. If in the statement of Theorem 1.7, one has n = 2 and each composition has length 3, the
poset parametrizing the filtration factors has Hasse diagram:

({1, 2},∅) ({1}, {2}) ({2}, {1}) (∅, {1, 2})

({1},∅) ({2},∅) (∅, {1}) (∅, {2})

(∅,∅)

For a concrete example of the explicit filtration factors, see Example 5.25.

1.5. Organization of paper. This paper is organized as follows. In Section 2 we recall some background
on augmented bar complexes and their homogeneous strands. We also establish conventions and notation
that will be used throughout the paper. In Section 3 we recall the notion of distributivity for collections of
arbitrary R-submodules; much of this material is essentially contained in [Polishchuk and Positselski
2005], but since we do not assume the ambient ring is a field, there are some additional details that need
to be checked. We also introduce a collection of modules L I

M1,...,Mn
associated to a distributive collection

of R-submodules that will end up being an equivalent way to define ribbon Schur functors in the setting
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of arbitrary quadratic algebras. Under appropriate assumptions, we also show that distributivity behaves
well with respect to “dualization”.

Sections 4 and 5 develop the theory of ribbon Schur functors associated to arbitrary quadratic
algebras/modules. In Section 4, we define ribbon Schur functors associated to arbitrary quadratic
algebras/modules and prove the concatenation/near-concatenation Koszulness criterion. Section 4.2 is
devoted to giving explicit examples and illustrating the statements for concrete choices of Koszul algebras,
and the main proofs of the results in full generality are given in Section 4.3. We will see that many duality
properties of Schur and Weyl functors in the classical setting as a consequence of Koszul duality for these
more general ribbon Schur functors.

In Section 5 we define multi-Schur functors as described earlier. The beginning of this section explains
how to upgrade all of the statements of Section 4 to this level of generality; it turns out that there is a
large amount of additional bookkeeping needed when doing this. Sections 5.1 and 5.2 prove all of the
results necessary to construct the filtration as stated in Theorem 1.7.

Section 6 is where we get to see the utility of the theory developed in Sections 4 and 5 for giv-
ing canonical descriptions/filtrations to many of the invariants associated to Koszul algebras/modules.
Section 6.1 proves the isomorphisms of Tor and Ext between Koszul modules as stated in Theorem 1.4, and
Sections 6.2 and 6.3 give canonical descriptions of the derived invariants over Veronese/Segre subalgebras
in terms of the original algebra(s), and even deduce an interesting symmetric function identity as a result
taking a character count on the minimal free resolution over a Segre product. In Section 6.4, we construct
a large class of Koszul modules over an arbitrary Koszul algebra and, in the case of symmetric/exterior
algebras, we generalize a construction of Koszul modules associated to Schur functors corresponding to
arbitrary skew partitions. We use this to give a characteristic free computation of the sheaf cohomology
of Sλ(R) on P(V ), where R denotes the tautological subbundle on projective space.

The Appendix recalls the equivalence between Koszulness and distributivity (that is, Backelin’s theorem)
and interprets distributivity in terms of exactness properties of so-called refinement complexes. Again,
much of this material follows from straightforward generalizations of the material in [Polishchuk and
Positselski 2005], but we check the details for sake of completeness. In Section A.1 we first discuss some
generalities and definitions related to general quadratic algebras. The bulk of this appendix is dedicated
to the material of Section A.2, which defines refinement complexes and establishes some important
conventions for these refinement complexes. In Sections A.3 and A.4, we recall Backelin’s theorem along
with the appropriate analogs for Koszul modules and translate these results into statements about the
family of refinement complexes. Finally, in Section A.5 we recall the Priddy complex and some of its
properties in the generality in which we are working.

2. Augmented bar constructions

In this section, we establish some conventions and notation to be used for the remainder of the paper.
We also define one of the most important elements of the paper: the augmented bar complex associated



778 Keller VandeBogert

to an augmented R-algebra. Unsurprisingly, understanding homogeneous strands of the augmented bar
complex is equivalent to understanding Koszulness of the algebra A.

Definition 2.1. Let R be a commutative Noetherian ring and A any associative unital R-algebra:

(1) The algebra A is (Z-)graded if A =
⊕

i∈Z Ai with Ai · A j ⊂ Ai+ j for all i, j ∈ Z, and 1A ∈ A0.

(2) The algebra A is augmented if A = R⊕ A+, where R = R · 1A and A+ is a two-sided ideal in A.

(3) The algebra A is quadratic if A = T (A1)/(Q A
2 ), where T (−) denotes the tensor algebra functor,

Q A
2 ⊂ A1⊗R A1, and (Q2) denotes the two-sided ideal generated by Q2.

(4) A left A-module M is graded if M =
⊕

i∈Z Mi and Ai M j ⊂ Mi+ j for all i, j ∈ Z.

The notation Aop denotes the opposite algebra of A; that is, the underlying set of Aop is the same as A
but with multiplication defined by a · b := b · a. Any right A-module is equivalently a left Aop-module.

Remark 2.2. For quadratic R-algebras, we will always assume that the grading is induced by the standard
grading on the tensor algebra. In particular, all quadratic algebras are nonnegatively graded.

The following convention is extremely important, and without it most of the arguments given later in
this paper cannot even get off the ground.

Convention 2.3. Throughout this paper, all graded R-algebras A will be assumed to be finitely-generated
flat R-modules in each degree. Similarly, all graded A-modules will be assumed to be finitely-generated
and flat in each degree. Sometimes we will assume that A or M is even R-projective in each degree, but
it is always true that they are at least finitely-generated and flat in each degree.

There are two fundamental operations on algebras that will be particularly interesting for us.

Definition 2.4. Let A and B be graded R-algebras. The d-th Veronese power A(d) of A is defined to be
the subalgebra

A(d) :=
⊕

i≡0 mod d

Ai ⊂ A.

Let M be a graded (left) A-module of initial degree t . Then the d-th Veronese power M (d) is defined to
be the A(d)-module

M (d)
:=

⊕
i≡t mod d

Mi ⊂ M.

The Segre product A ◦ B of A and B is defined to be the subalgebra

A ◦ B :=
⊕
i⩾0

Ai ⊗R Bi ⊂ A⊗R B.

The d-th Segre power A[d] of A is defined to be the iterated Segre product

A ◦ A ◦ · · · ◦ A︸ ︷︷ ︸
d times

⊂ A⊗Rd .
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Given a graded left A (resp. B)-module M (resp. N ) of initial degree s (resp. t), the Segre product M ◦N
is the left A ◦ B module defined as

M ◦ N :=
⊕
i⩾0

Mi+s ⊗R Ni+t .

The Segre product of Koszul right modules is defined identically.
The d-th Segre power M [d] of M is defined to be the Segre product

M ◦ · · · ◦M︸ ︷︷ ︸
d times

.

Remark 2.5. Often one uses the convention that the generators of the Veronese/Segre subalgebras have
been rescaled to have degree 1. We will actually have no need for this convention in the paper as long as
we define an algebra to be Koszul if the associated Priddy complex (see Theorem A.25) is a resolution;
this is equivalent to the distributivity of a certain set of submodules (by Backelin’s theorem), which is
again a condition that still makes sense regardless of the generators having degree 1. That being said,
many of the results stated in this paper will be written as if the generators are in degree 1, but again this
condition is only required “up to rescaling”.

Likewise, the graded dual of an algebra will be useful for describing certain Ext modules. All duals in
this paper are understood to be graded duals; that is

HomA(M, R) :=
⊕
i∈Z

HomR(Mi , R).

Definition 2.6. Let M be a left A-module, where A is any graded R-algebra. Then the graded dual
M∗ := HomA(M, R) is canonically a right A-module via the action

(m∗a)(n) := m∗(an), m∗ ∈ M∗, a ∈ A, n ∈ M.

Moreover, there is a natural isomorphism of Aop-modules (Mop)∗ ∼= (M∗)op.

Recall that modules over (positively) graded algebras satisfy a strong form of Nakayama’s lemma:

Lemma 2.7 (Nakayama’s lemma). Let A be any nonnegatively graded R-algebra and M a graded left
A-module with Mi = 0 for i ≪ 0. If A+M = M , then M = 0.

Now we define the augmented bar complex.

Definition 2.8. Let A be any augmented R-algebra and let A+ := A/A0. Given any left A-module M ,
the augmented Bar complex BarA(M) is the complex of A-modules with

BarA
i (M) := A⊗R A⊗i

+
⊗R M,

with differential

d B(a0⊗a1⊗· · ·⊗ai ⊗m) :=
i−1∑
j=0

(−1) j a0⊗· · ·⊗a j ·a j+1⊗· · ·⊗ai ⊗m+ (−1)i a0⊗· · ·⊗ai−1⊗ai m.
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The augmented cobar complex CobarA(M) on M is the graded R-dual of BarA(M). The bar complex
and cobar complex are both bigraded by the homological and internal degree. In other words

BarA
i (M) j =

⊕
k0+···+ki+ℓ= j

A j1 ⊗R · · · ⊗R A jk ⊗R Mℓ.

With respect to the internal grading, the differential of BarA(M) has degree 0.
The notation BarA(M)n will denote the (internal) degree n strand of the bar complex.

Remark 2.9. For right A-modules M , there is a similar bar complex construction BarA(M)op, where
M appears as the leftmost tensor factor and the differential is defined analogously. This construction is
compatible with taking the opposite algebra in the sense that there is an isomorphism of complexes

BarAop
(M)∼= BarA(M)op,

where M is viewed as a left Aop-module on the left-hand side of this isomorphism. This means that
throughout this section, it is of no loss of generality to assume that M is a left A-module.

Example 2.10. The degree-4 strand (R⊗A BarA(M))4 is the following complex of projective R-modules:

A⊗4
1 →

A2⊗R A⊗2
1

⊕

A1⊗R A2⊗R A1

⊕

A⊗2
1 ⊗R A2

→

A3⊗R A1

⊕

A2⊗R A2

⊕

A1⊗R A3

→ A4.

The following are some fundamental properties of (co)bar constructions that will be useful in later
sections.

Proposition 2.11. Let A be an augmented graded R-algebra and M any left A-module:

(1) The augmented bar complex BarA(M) is a flat resolution of M.

(2) The augmented cobar complex CobarA(A) is an associative DG-algebra via the standard tensor
algebra product. Likewise, the cobar construction CobarA(M) is a right DG-module over BarA(A).

(3) There are isomorphisms

Hi (R⊗A BarA(M))= TorA
i (R,M), H i (BarA(M)∗)= ExtiA(M, R).

(4) For any right A-module N , there are isomorphisms

Hi (N ⊗A BarA(M))= TorA
i (N ,M), TorA

i (N ,M)∗ ∼= ExtiA(M, N ∗),

where N ∗ is a left A-module via the convention of Definition 2.6. If N is instead a left A-module,
there is an isomorphism

H i (HomA(BarA(M), N ))= ExtiA(M, N ).
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Proof. Both (1) and (2) are well known. The statements (3) and (4) follow from the fact that Tor and Ext
may be computed using flat resolutions instead of projective resolutions. □

We conclude this section with a straightforward observation that will be useful to write explicitly, since
it will be cited many times in later sections.

Observation 2.12. Let M be any R-module and

0→ M→ F0→ F1→ · · · → Fn→ 0

any exact complex such that Fi is a flat (resp. projective) R-module for each i = 0, . . . , n. Then M is flat
(resp. projective).

Proof. Proceed by induction on n, where the case n= 0 implies M = F0 is evidently flat (resp. projective).
If n > 0, let C := im(F0→ F1). By the inductive hypothesis, the module C is flat (resp. projective) and
there is a short exact sequence

0→ M→ F0→ C→ 0.

If C is projective, this sequence splits and hence M is also projective. If C is instead flat, apply the
functor −⊗R N for every R-module N and employ the long exact sequence of homology to deduce that
M is flat. □

3. Distributivity and submodule lattices

In this section, we recall a general family of complexes that may be associated to any collection of
R-submodules M1, . . . ,Mn ⊂ M ; see [Polishchuk and Positselski 2005, Chapter 2] for the case over a
field, though the theory is essentially identical here. The exactness properties of these complexes will
be used to define distributivity, and under some additional hypotheses on the collection M1, . . . ,Mn

we will see that distributivity satisfies a simple duality. The purpose of this section is to introduce
the modules L I

M1,...,Mn
of Definition 3.11 and study their flatness/projectivity/duality properties in the

generality established in the previous section.
All modules in this section are assumed to be finitely generated (including all submodules). For

convenience, we recall the definition of a lattice.

Definition 3.1. A poset is a set S equipped with a partial order ⩽. A poset is a lattice if any two pairs of
elements a, b ∈ S have a well-defined meet and join, denoted a ∧ b and a ∨ b, respectively.

Notation 3.2. Let [n] := {1, . . . , n} for some integer n. The j -th degeneracy map s j : [n] → [n− 1] is
defined to be the surjection

s j (i) :=
{

i if i ⩽ j,
i − 1 if i > j.

Likewise, the j -th face map d j : [n− 1] → [n] is defined to be the map

d j (i) :=
{

i if i < j,
i + 1 if i ⩾ j.
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Likewise, given any set I ⊂ [n], the notation sgn( j, I ) for any j /∈ I denotes the sign of the permutation
that reorders the set (I, j) into ascending order.

Remark 3.3. The terminology “face” and “degeneracy” maps is borrowed from the terminology used in
the simplicial category 1.

The following definition associates a lattice to any collection of R-submodules:

Definition 3.4. Let M be any R-module and M1, . . . ,Mn ⊂ M a collection of R-submodules. The
collection of submodules M1, . . . ,Mn generates a lattice with operations

Mi ∧M j := Mi ∩M j , Mi ∨M j := Mi +M j .

The following construction introduces a fundamental family of complexes that can be associated to any
collection of submodules. The terms of these complexes are built by taking “intervals” above elements in
the associated submodule lattices, and the exactness properties of these complexes will be very important
in later sections.

Construction 3.5. Let M be any R-module and M1, . . . ,Mn ⊂ M a collection of R-submodules. Given
any subset I ⊂ J , let ρI,J denote the canonical surjection

ρI,J :
M∨

j∈I M j
→

M∨
j∈J M j

.

Define the (cochain) complex C •(M;M1, . . . ,Mn) via

C i (M;M1, . . . ,Mn) :=
⊕
|I |=i

M∨
j∈I M j

,

with differential

dC•
∣∣

M∨
i∈I Mi

:=

∑
j /∈I

sgn( j, I )ρI∪ j,I .

In the above, we use the convention that C0(M;M1, . . . ,Mn) := M .
Likewise, given any subset I ⊂ J , let ιJ,I denote the natural inclusion

ιJ,I :
∧
i∈J

Mi →
∧
i∈I

Mi .

Define the (chain) complex C•(M;M1, . . . ,Mn) via

Ci (M;M1, . . . ,Mn) :=
⊕
|I |=i

∧
j∈I

M j ,

with differential

dC•
∣∣∧

i∈I Mi
:=

∑
j /∈I

sgn( j, I )ιI,I∪ j .
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If I ⊂ [n] is any subset, define the complex C •I (M;M1, . . . ,Mn) by restricting to all direct summands
of the form

C i
I (M;M1, . . . ,Mn)=

⊕
I⊂J,
|J |−|I |=i

M∨
j∈J M j

.

Likewise, define the complex C I
•
(M;M1, . . . ,Mn) by restricting to all direct summands of the form

C I
i (M;M1, . . . ,Mn) :=

⊕
I⊂J,
|J |−|I |=i

∧
j∈J

M j .

Remark 3.6. Notice that by definition there are equalities

C•(M;M1, . . . ,Mn)= C∅
•
(M;M1, . . . ,Mn),

C •(M;M1, . . . ,Mn)= C •∅(M;M1, . . . ,Mn).

Example 3.7. If M1,M2,M3 is a length 3 collection of R-submodules of M , the associated complexes
of Construction 3.5 are explicitly given by

C•(M;M1,M2,M3) : M1 ∩M2 ∩M3 →

M1 ∩M2

⊕

M1 ∩M3

⊕

M2 ∩M3

→

M1

⊕

M2

⊕

M3

→ M,

C •(M;M1,M2,M3) : M →

M
M1

⊕
M
M2

⊕
M
M3

→

M
M1+M2

⊕
M

M1+M3

⊕
M

M2+M3

→
M

M1+M2+M3
.

In the above, note that C•(M;M1,M2,M3) is homologically indexed, whereas C •(M;M1,M2,M3) is
cohomologically indexed. By construction, both complexes have terms parametrized by the Boolean
poset on {1, 2, 3}.

We can now define the notion of distributivity using the complexes of Construction 3.5.

Definition 3.8. Let M be an R-module and M1, . . . ,Mn a collection of R-submodules of M . The
collection M1, . . . ,Mn is called distributive if the complexes

C I
•
(M;M1, . . . ,Mn) and C •I (M;M1, . . . ,Mn)

are exact in positive (co)homological degrees for all subsets I ⊂ [n].

Remark 3.9. At first glance, this definition of distributive might seem quite different from the definition
in terms of the submodule lattice generated by M1, . . . ,Mn , but it turns out that these definitions are in
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fact equivalent by, for instance, [Polishchuk and Positselski 2005, Chapter 1, Proposition 7.2] (the result
here is stated over a field, but it holds over any commutative ring).

The following is a trivial consequence of the inductive structure of the complexes C •I and C I
•
:

Observation 3.10. If M1, . . . ,Mn⊂M is a distributive collection, then every subcollection of M1, . . . ,Mn

is distributive.

Next, we introduce a collection of subquotients that may be associated to any collection of R-
submodules. In later sections, we will see that all ribbon Schur functors arise as modules of this
form for some appropriate collection of submodules:

Definition 3.11. Let M be an R-module and M1, . . . ,Mn a collection of R-submodules of M . Given an
indexing set I ⊂ [n], define the R-module

L I
M1,...,Mn

:=

∧
i /∈I Mi∨
i∈I Mi

.

Remark 3.12. By convention, we set

L [n]M1,...,Mn
:=

M
M1+ · · ·+Mn

and L∅
M1,...,Mn

:= M1 ∩ · · · ∩Mn.

Moreover, notice that for the sake of conciseness of notation, the notation N/L for two R-submodules
N , L ⊂ M is understood to mean N/(L ∩ N ).

The following observation is proved just by the definition of the complexes of Construction 3.5 and
the equivalence between the exactness of these complexes and distributivity:

Observation 3.13. Let M be an R-module and M1, . . . ,Mn any collection of R-submodules of M . For
every I ⊂ [n] the complexes

C I
•
(M;M1, . . . ,Mn) and C •I (M;M1, . . . ,Mn)

satisfy

H0(C I
•
(M;M1, . . . ,Mn))↠ L [n]\IM1,...,Mn

and L I
M1,...,Mn

↪→ H 0(C •I (M;M1, . . . ,Mn)).

If the collection M1, . . . ,Mn is distributive, then the above surjection/inclusion are equalities.

Proof. By definition, the zeroth homology of C I
•
(M;M1, . . . ,Mn) is the cokernel of the map⊕

j /∈I

∧
ℓ∈I∪ j

Mℓ→

∧
ℓ∈I

Mℓ,

which is precisely the quotient ∧
ℓ∈I Mℓ∑

j /∈I
∧
ℓ∈I∪ j Mℓ

.

There is always a containment ∑
j /∈I

∧
ℓ∈I∪ j

Mℓ ⊂

(∑
j /∈I

M j

)
∩

∧
ℓ∈I

Mℓ,
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and thus there is a natural surjection H0(C I
•
(M;M1, . . . ,Mn))↠ L [n]\IM1,...,Mn

. If the collection M1, . . . ,Mn

is distributive, then the above containment is an equality and thus the surjection is also an equality.
Similarly, the zeroth cohomology of C •I (M;M1, . . . ,Mn) is the kernel of the map

M∨
ℓ∈I Mℓ

→

⊕
j /∈I

M∨
ℓ∈I∪ j Mℓ

.

Again, there is always a containment∧
j /∈I

( ∨
ℓ∈I∪ j

Mℓ

)
⊃

∧
j /∈I

M j +
∨
ℓ∈I

Mℓ

and thus a natural inclusion L I
M1,...,Mn

↪→ H 0(C •I (M;M1, . . . ,Mn)). When the collection M1, . . . ,Mn is
distributive the above containment is an equality in which case the inclusion is also an equality. □

The following proposition gives 3 different equivalent conditions equivalent to distributivity. In
particular, the exactness of C I

•
for all I ⊂ [n] is equivalent to the exactness of C •I , and this exactness is in

turn equivalent to a family of short exact sequences. These short exact sequences will end up modeling
the concatenation/near-concatenation sequences in later sections.

Recall the notation d j and s j for face and degeneracy maps, respectively, of Notation 3.2 in the
statement of the following result:

Proposition 3.14. Let M be any R-module and M1, . . . ,Mn ⊂ M a collection of R-submodules. Then
the following are equivalent:

(1) For all nonempty I ⊂ [n], the sequence

0→ L I\ j
M1,...,Mn

→ Ls j (I\ j)
M1,...,M̂ j ,...,Mn

→ L I
M1,...,Mn

→ 0

is exact.

(2) For all I ⊂ [n], the cochain complex C •I (M;M1, . . . ,Mn) is exact in positive cohomological degrees.

(3) For all I ⊂ [n], the chain complex C I
•
(M;M1, . . . ,Mn) is exact in positive homological degrees.

In other words, to check distributivity it suffices to check exactness of either the complex C I
•
(M;M1, . . . ,Mn)

or C •I (M;M1, . . . ,Mn) for all I ⊂ [n].

Remark 3.15. When |I | = 1 is a singleton set, the sequence above simply reads

0→ M1→ M→ M/M1→ 0.

In general, the sequence

0→ L I\ j
M1,...,Mn

→ Ls j (I\ j)
M1,...,M̂ j ,...,Mn

→ L I
M1,...,Mn

→ 0

is a complex that is exact at the left and rightmost nontrivial terms by definition. This means that
Proposition 3.14 gives equivalent conditions for this sequence to be exact at the middle term.



786 Keller VandeBogert

Proof. Notice first that there are canonical short exact sequences of complexes (where −̂ denotes omission),
for j ∈ I

0→ C •I (M;M1, . . . ,Mn)[−1]

→ C •I\ j (M;M1, . . . ,Mn)→ C •s j (I\ j)(M;M1, . . . , M̂ j , . . . ,Mn)→ 0, (3.15.1)

and, for j /∈ I ,

0→ C s j (I )
•

(M;M1, . . . ,Mn)→ C I
•
(M;M1, . . . ,Mn)→ C I∪ j

•
(M;M1, . . . ,Mn)[−1] → 0. (3.15.2)

(1)⇐⇒ (2): By induction on n, we may assume that the collection M1, . . . , M̂ j , . . . ,Mn is distributive;
in particular, the complex C •s j (I\ j)(M;M1, . . . , M̂ j , . . . ,Mn) is exact in positive cohomological degrees,
and moreover by a downward induction on |I | (with base case I = [n]) we may also assume that
C •I (M;M1, . . . ,Mn) is exact in positive cohomological degrees.

Employing the long exact sequence of cohomology on the short exact sequence (3.15.1) along with
Observation 3.13 yields

0→ H 0(C •I\ j (M;M1, . . . ,Mn))→ Ls j (I\ j)
M1,...,M̂ j ,...,Mn

→ L I
M1,...,Mn

→ H 1(C •I (M;M1, . . . ,Mn))

→ H 1(C •I\ j (M;M1, . . . ,Mn))→ H 1(C •s j (I\ j)(M;M1, . . . , M̂ j , . . . ,Mn))→ · · · .

The inductive hypothesis immediately implies that

H i (C •I (M;M1, . . . ,Mn))= 0 for all i > 1,

and there is an exact sequence

0→ H 0(C •I\ j (M;M1, . . . ,Mn))→ Ls j (I\ j)
M1,...,M̂ j ,...,Mn

→ L I
M1,...,Mn

→ H 1(C •I (M;M1, . . . ,Mn))→ 0.

Assuming (2), we may employ Observation 3.13 to deduce the short exact sequence of (1). On the other
hand, assuming (1) there is a commutative diagram with exact rows:

0 L I\ j
M1,...,Mn

Ls j (I\ j)
M1,...,M̂ j ,...,Mn

L I
M1,...,Mn

0

0 H 0(C •I (M;M1, . . . ,Mn)) Ls j (I\ j)
M1,...,M̂ j ,...,Mn

L I
M1,...,Mn

H 1(C •I (M;M1, . . . ,Mn))

Since the inner two maps are isomorphisms, both of the outer two inclusions are isomorphisms and thus
C •I\ j (M;M1, . . . ,Mn) is also exact in positive degree for all j ∈ I . It follows that C •I (M;M1, . . . ,Mn)

is exact in positive cohomological degrees for all I if and only if the sequence of (1) is exact for all I .

(1) ⇐⇒ (3): This proof proceeds similarly: by induction on n, we may assume that the collection
M1, . . . , M̂ j , . . . ,Mn is distributive and C s j (I )

• (M;M1, . . . ,Mn) is exact in positive homological degrees,
and likewise by a downward induction on |I | we may assume that H1(C I∪ j

•
(M;M1, . . . ,Mn)) is exact

in positive homological degrees.
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Employing the long exact sequence of homology on the second short exact sequence (3.15.2) along
with Observation 3.13 yields

· · · → H1(C I∪ j
•
(M;M1, . . . ,Mn))→ H1(C s j (I )

•
(M;M1, . . . ,Mn))

→ H1(C I
•
(M;M1, . . . ,Mn))→ L [n]\(I∪ j)

M1,...,Mn
→ L [n−1]\s j (I )

M1,...,M̂ j ,...,Mn
→ L [n]\IM1,...,Mn

→ 0.

Set I ′ := [n]\I and notice that

[n]\(I ∪ j)= I ′\ j and [n− 1]\s j (I )= s j ([n]\(I ∪ j))= s j (I ′\ j).

Again, this at least implies that Hi (C I
•
(M;M1, . . . ,Mn))= 0 for i > 1 and there is an exact sequence

0→ H1(C I
•
(M;M1, . . . ,Mn))→ L I ′\ j

M1,...,Mn
→ Ls j (I ′\ j)

M1,...,M̂ j ,...,Mn
→ H0(C I

•
(M;M1, . . . ,Mn)→ 0.

The result thus follows by identical reasoning as in (1)⇐⇒ (2). □

The following lemma shows that the property of distributivity “dualizes well”. This will be essential to
prove the appropriate analogs of Koszul duality.

Lemma 3.16. Let M be a flat R-module and M1, . . . ,Mn⊂M a sequence of submodules with M/Mi a flat
R-module for all 1⩽ i ⩽n. For a submodule N ⊂M , use the notation N∨ := (M/N )∗ :=HomR(M/N , R).
Then:

(1) Assume that M/
∑

i∈I Mi is a flat R-module for all I ⊂ [n]. Then

the collection M1, . . . ,Mn⊂M is distributive ⇐⇒ the collection M∨1 , . . . ,M∨n ⊂M∗ is distributive

(notice that each M∨i may be viewed as a submodule of M∗ by dualizing the surjection M→ M/Mi ). In
this case, each of the modules L I

M1,...,Mn
are R-flat.

(2) Assume that M1, . . . ,Mn is a distributive collection. Then there are isomorphisms(
M∨

i∈I Mi

)∗
∼=

∧
i∈I

M∨i and
(∧

i∈I

Mi

)∗
∼=

M∗∨
i∈I M∨i

,

where I ⊂ [n].

(3) Assume that M1, . . . ,Mn is a distributive collection. Then there are isomorphisms of complexes

C •I (M;M1, . . . ,Mn)
∗∼=C I

•
(M∗;M∨1 , . . . ,M∨n ) and C I

•
(M;M1, . . . ,Mn)

∗∼=C •I (M
∗
;M∨1 , . . . ,M∨n ).

In particular, for all I ⊂ [n] there is an isomorphism

(L I
M1,...,Mn

)∗ ∼= L [n]\IM∨1 ,...,M
∨
n
.

Proof. The progression of the proof actually follows by first proving (2) and (3), then noting that (1) is an
immediate consequence of (3).



788 Keller VandeBogert

Proof of (2). Proceed by induction on n, where the base case is for n = 1. In this case, the short exact
sequence

0→ Mi → M→ M/Mi → 0

implies that Mi is a flat R-module for all i , and hence dualizing yields the short exact sequence

0→ (M/Mi )
∗
:= M∨i → M∗→ M∗i → 0.

This implies that M∗i = M∗/M∨i , yielding the base case.
Let n > 1 and consider the complexes C •(M;M1, . . . ,Mn) and C•(M;M1, . . . ,Mn). Each term

of these complexes falls within the inductive hypothesis, in which case we may dualize to obtain the
isomorphisms

C •(M;M1, . . . ,Mn)
∗∼=C•(M∗;M∨1 , . . . ,M∨n ) and C•(M;M1, . . . ,Mn)

∗∼=C •(M∗;M∨1 , . . . ,M∨n ).

Taking zeroth (co)homology of each of the above complexes and employing Proposition 3.14 yields the
isomorphisms (

M∨
i∈[n] Mi

)∗
∼=

∧
i∈[n]

M∨i and
( ∧

i∈[n]

Mi

)∗
∼=

M∗∨
i∈[n] M∨i

.

Proof of (3). Since each term of the complex C •I (M;M1, . . . ,Mn) is of the form M/
∨

i∈J Mi for some
subset J ⊂ [n], dualizing and using part (2) implies that C •I (M;M1, . . . ,Mn)

∗ has terms
∧

i∈J M∨i , and
it is clear that the dualized differentials are the same as those of C I

•
(M∗;M∨1 , . . . ,M∨n ). The proof for

C I
•
(M;M1, . . . ,Mn) is identical and the isomorphism (L I

M1,...,Mn
)∗ ∼= L [n]\IM∨1 ,...,M

∨
n

follows upon taking
zeroth (co)homology and using Proposition 3.14.

Proof of (1). Assume that M1, . . . ,Mn is distributive. The assumption that each quotient M/
∑

i∈I Mi is
flat implies that

∧
i∈I Mi is flat for all I = (i1, . . . , ik)⊂ [n], since each of the augmented complexes∧

i∈I

Mi → C •(M;Mi1, . . . ,Mik )

is exact and by assumption C •(M;Mi1, . . . ,Mik ) is a complex of flat R-modules. Thus
∧

i∈I Mi is flat
by Observation 2.12.

Using this, it follows that for every I ⊂ [n] the chain complex C I
•
(M;M1, . . . ,Mn) is exact in

positive homological degrees and the zeroth homology is a flat R-module. This means that the dual
C I
•
(M;M1, . . . ,Mn)

∗ is a cochain complex with cohomology concentrated in degree 0, and by the
isomorphism of (3) combined with Proposition 3.14, the collection M∨1 , . . . ,M∨n is distributive. This
argument is inherently symmetric in the roles of Mi and M∨i , whence the result follows. □

Corollary 3.17. Let M be any projective R-module and M1, . . . ,Mn ⊂ M a distributive collection of
R-submodules. Assume that

M/
∑
i∈I

Mi
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is a projective R-module for all I ⊂ [n]. Then for all subsets I ⊂ [n], the R-module

L I
M1,...,Mn

is a projective R-submodule.

Proof. By (3) of Lemma 3.16, each of the modules L I
M1,...,Mn

has a right resolution by projective R-
modules given by the complex C •I (M;M1, . . . ,Mn). By Observation 2.12, the R-module L I

M1,...,Mn
must

itself be projective. □

4. A generalization of Schur modules for ribbon diagrams

In this section, we introduce ribbon Schur functors associated to arbitrary Koszul algebra (and module)
inputs. We show that the exactness of the concatenation/near-concatenation sequence is actually equivalent
to Koszulness and establish a set of properties generalizing many well-known properties for classically
defined Schur functors corresponding to ribbon diagrams.

4.1. Standard operations between compositions. Before defining ribbon Schur functors, it will be helpful
to establish multiple conventions and define certain natural operations on the Boolean/refinement posets.
These operations are standard in the combinatorial literature, but for the sake of establishing conventions,
we define things explicitly with examples here.

Definition 4.1 (operations on compositions). Given any integer d > 0, a composition of d is a tuple
α = (α1, . . . , αk) with αi > 0 for each 1 ⩽ i ⩽ k and |α| := α1+· · ·+αk = d . The integer k is the length
of α, denoted ℓ(α).

Given two compositions α and β, the concatenation of α and β, denoted α · β, is defined as the
composition

α ·β := (α1, . . . , αk, β1, . . . , β j ).

The near-concatenation of α and β, denoted α⊙β, is defined as the composition

α⊙β := (α1, . . . , αk−1, αk +β1, β2, . . . , β j ).

Finally, given any integer d > 0, the notation α(d) is defined to be the composition

α(d) := (dα1, . . . , dαk).

Definition 4.2 (ribbon diagrams associated to compositions). Given any composition α, one can associate
the ribbon diagram by building a diagram whose row lengths (read from bottom to top) are given by
α1, . . . , αn , and such that consecutive rows have overlap size precisely 1.

The transpose of a composition, denoted αt , is the composition obtained by transposing the ribbon
diagram associated to α.
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Example 4.3. The ribbon diagram associated to the composition (3, 1, 1, 2, 4) is the diagram

The transpose of this shape is given by the shape

and hence, upon reading the row lengths from bottom to top we find

(3, 1, 1, 2, 4)t = (1, 1, 1, 2, 4, 1, 1).

Likewise, if α = (1, 1, 2) and β = (2, 3, 1) then:

α ·β = · = and α⊙β = · =

With the ribbon diagrams, we see that concatenation corresponds to “stacking” the diagrams, and near
concatenation corresponds to merging the diagrams along their rows.

Definition 4.4. Let n ∈ N be any nonnegative integer and C(n) denote the set of compositions of n into
positive parts. Let [n] := {1, . . . , n} with the convention that [0] :=∅, and let [a, b] := {a, a+ 1, . . . , b}.
The set 2[n−1] is a poset with the standard Boolean poset structure, and C(n) is also a poset with the
standard refinement poset structure. Whenever the notation α ⩽ β is used for two compositions α and β,
the partial order ⩽ is understood to be the refinement order.

There is moreover a standard isomorphism of posets

φ : 2[n−1]
→ C(n).

This isomorphism may be given explicitly as follows: given I ⊂ [n− 1], write

I = [a1, b1] ∪ [a1, b2] ∪ · · · ∪ [ak, bk]

for ai < bi and bi < ai+1− 1 for each i . Then

φ(I )= (1a1−1, b1− a1+ 1, 1a2−b1−1, b2− a2+ 1, . . . , bk − ak + 1, n− bk).
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Example 4.5. The following example shows the Boolean poset 2{1,2,3} and the refinement poset C(4)
side by side. The map φ is even a morphism of distributive lattices:

{1, 2, 3} (4)

{1, 2} {1, 3} {2, 3} (3, 1) (2, 2) (1, 3)

{1} {2} {3} (2, 1, 1) (1, 2, 1) (1, 1, 2)

∅ (1, 1, 1, 1)

Observation 4.6. Let α and β be two compositions and I ⊂ [n]. Then

(α ·β)t = β t
⊙αt , (α⊙β)t = β t

·αt and rev(φ(I )t)= φ([n]\I ),

where rev denotes the reversal operator, which simply reverses the order of the entries of a composition.

Definition 4.7 (partitioned compositions). Let α = (α1, . . . , αn) be a composition of some integer d. A
partition of α is any choice of decomposition of α as a concatenation of subcompositions of α. The
composition α is ℓ-partitioned if α is endowed with a partition that decomposes α into ℓ parts.

Given an ℓ-partitioned composition α, the notation pi (α) denotes the i-th piece of partition of α. In
other words, every ℓ-partitioned composition α may be written as the concatenation

α = p1(α) · p2(α) · · · pℓ(α).

Remark 4.8. We will employ a minor abuse of notation when dealing with partitioned compositions,
since the chosen partition will often not be specified. More precisely, the data of a partitioned composition
includes both the data of a composition α and a chosen partition P , which can be encoded by any chosen
subset of [ℓ(α)− 1]. The word “composition” without any adjective will only refer to a composition as
defined in Definition 4.1.

Convention 4.9. By convention, any ℓ-partitioned composition α may be viewed as a j-partitioned
composition for any j < ℓ by concatenating the last ℓ− j pieces of α. In other words, if

α = p1(α) · · · · · pℓ(α),

then α may be viewed as the j-partitioned composition

α = p1(α) · · · · p j−1(α) · (p j (α) · p j+1(α) · · · pℓ(α)).

This convention will become essential when we deal with multi-Schur modules, as defined later.
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Example 4.10. Let α= (2, 2, 1, 4, 3) and consider the 4-partition of α induced by the subset {1, 3, 4}⊂ [4].
This decomposes α as the concatenation

(2) · (2, 1) · (4) · (3).

Via Convention 4.14, α may also be viewed as the 3-partitioned composition

(2) · (2, 1) · (4, 3).

Definition 4.11. Let α be an ℓ-partitioned composition and let I = {i1 < · · ·< ik} ⊂ [ℓ−1] be any subset:

(1) The notation σI (α) denotes the composition obtained by near-concatenating p j (α) and p j+1(α) for
every j ∈ I .

(2) The notation νI (α) denotes the ribbon diagram obtained by disconnecting p j (α) and p j+1(α) for
every j ∈ I .

(3) The notation µI (α) denotes the composition ν[ℓ−1−|I |] ◦ σI (α).

Example 4.12. Let α := (2) · (2, 1) · (4) · (3) be the 4-partitioned shape of Example 4.10. As a ribbon
diagram:

α =

Let I := {1, 3}. Then:

σI (α)= (4, 1) · (7)= (viewed as 2-partitioned)

νI (α)=

µI (α)= ν{1}(σI (α))=

Remark 4.13. The operation µI can be reformulated in words as the operation that near-concatenates all
elements pi (α) and pi+1(α) for i ∈ I , then disconnects everything else.

Convention 4.14. Let α and β be j and k-partitioned compositions, respectively. By convention, the
concatenation α ·β will be viewed as a j + k-partitioned composition with

ps(α ·β)=

{
ps(α) if s ⩽ j,
ps− j (β) if s > j.

Likewise, the near-concatenation α⊙β will be viewed as a j + k− 1-partitioned composition with

ps(α⊙β)=


ps(α) if s < k,
pk(α)⊙ p1(β) if s = k,
ps− j+1(β) if s > k.
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Definition 4.15. Let A be any quadratic R-algebra. The notation Ad for any integer d ∈ Z denotes the
degree d component of A. Given a tuple α = (α1, . . . , αn), use the notation

Aα := Aα1 ⊗R · · · ⊗ Aαn .

Likewise, given a quadratic left (resp. right) A-module N (resp. M), use the notation

(M ⊗R A)α := Mα1 ⊗R Aα2 ⊗R · · · ⊗R Aαn and (A⊗R N )α:= Aα1 ⊗R · · · ⊗R Aαn−1 ⊗R Nαn .

We use the convention that (M ⊗R A)α = Mα1 and (A⊗R N )α := Nα1 if ℓ(α)= 1.
Similarly, for ℓ(α)⩾ 2, use the notation

(M ⊗R A⊗R N )α := Mα1 ⊗R Aα2 ⊗R · · · ⊗R Aαn−1 ⊗R Nαn ,

where we use the convention that (M ⊗R A⊗R N )α = Mα1 ⊗R Nα2 if ℓ(α)= 2.

4.2. Ribbon Schur modules for Koszul algebras. In this subsection, we will hold off on proving the
statements until the next subsection (where the statements will be proved in more generality). This
subsection will mainly be used to illustrate the construction of ribbon Schur functors and their various
properties with examples.

Definition 4.16. Let A be a Koszul A-module and α any composition. Define the ribbon Schur module SαA

as the kernel of the natural map

SαA = Ker
(

Aα→
⊕
α⋖β

Aβ

)
.

where ⋖ denotes the covering relation in the refinement poset.

Remark 4.17. Since the ribbon Schur module SαA is defined only using the algebra structure on A, this
definition is canonical and is well-defined for any Koszul algebra A (in fact, it is well-defined for any
algebra, but the Koszul property will ensure uniformity in the properties of these objects).

Example 4.18. Let α = (3, 2, 1, 3). Then in the refinement poset, α is covered by the compositions

(5, 1, 3), (3, 3, 3) and (3, 2, 4).

Thus for any Koszul algebra S
(3,2,1,3)
A is defined to be the kernel of the map:

A3⊗R A2⊗R A1⊗R A3→

A5⊗R A1⊗R A3

⊕

A3⊗R A3⊗R A3

⊕

A3⊗R A2⊗R A4

The following proposition justifies usage of the terminology “ribbon Schur functor”.
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Proposition 4.19. Formation of the ribbon Schur module SαA is functorial in the ring argument; that is,
given a morphism of R-algebras ψ : A→ B, there is an induced morphism

Sαψ : S
α
A→ SαB .

Example 4.20. When A= S(V ), the symmetric algebra on a free R-module V , the ribbon Schur module
coincides with the classical Schur module definition corresponding to the skew ribbon shape defined by α.

Likewise, for A=
∧
• V the exterior algebra on some free R-module, the ribbon Schur module coincides

with the Weyl module associated to the ribbon diagram of α.
The functoriality of the classical Schur and Weyl functors is precisely that of Proposition 4.19, and

there are isomorphisms of functors

SαS(−) = Sα(−), Sα∧•
(−)
=Wα(−).

Example 4.21. When A= T (V ), the tensor algebra on some flat R-module V , the ribbon Schur modules
are particularly simple:

SαT (V ) =

{
V⊗α1 if ℓ(α)= 1,
0 otherwise.

Example 4.22. If α = (1i ) for some integer i ⩾ 1, then by definition

S
(1i )
A = (A

!)∗i .

Thus the Priddy complex may be reformulated as the complex

· · · → A⊗R S
(1i )
A → A⊗R S

(1i−1)
A → · · · → A⊗R S

(1)
A → A→ 0.

Lemma 4.23. Let A be a Koszul R-algebra. Then:

(1) For all compositions α, the ribbon Schur module SαA is a flat R-module.

(2) For any two compositions α and β there is a canonical short exact sequence of R-modules

0→ S
α·β

A → SαA⊗R S
β

A→ S
α⊙β

A → 0.

Moreover, this sequence is exact for all compositions if and only if A is a Koszul algebra.

(3) There is a canonical isomorphism of R-modules

(SαA)
∗ ∼= Sα

t

A! .

If A is assumed R-projective, then the ribbon Schur module SαA is R-projective for all compositions α.

Remark 4.24. As mentioned in the introduction, in the theory of symmetric functions the short exact
sequence of (2) is an explicit realization of the so-called concatenation/near-concatenation identity.

Remark 4.25. Notice that Observation 4.6 implies that the sequences

0→ S
α·β

A → SαA⊗R S
β

A→ S
α⊙β

A → 0 and 0→ S
β t
·αt

A! → S
β t

A! ⊗R Sα
t

A!→ S
β t
⊙αt

A! → 0

are naturally dual to each other.
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Example 4.26. Let Sα(−) and Wβ(−) denote the classical Schur and Weyl functors corresponding to
the skew ribbon shapes defined by the compositions α and β, respectively. Then by definition, for any
free R-module V there are equalities

Sα(V )= SαS(V ), Wαt
(V ∗)= Sα∧• V ∗ .

The duality mentioned in the statement of Lemma 4.23 is thus a generalization of the well-known
isomorphism

Sα(V )∗ ∼=Wαt
(V ∗).

Next, we introduce a class of complexes whose terms are tensor products of ribbon Schur functors;
this complex generalizes the short exact sequence of Lemma 4.23(2); more defining this complex we
make a simple observation:

Observation 4.27. Recall the operator µI as in Definition 4.11. Let A be a Koszul algebra and α any
ℓ-partitioned composition. Then for all I ⊂ J there is a natural surjection

ρI,J : S
µI (α)
A → S

µJ (α)
A .

This surjection is defined by taking the tensor products of the surjections as in the right map of the short
exact sequence of Lemma 4.23 (as dictated by the subsets I and J ).

Definition 4.28. Let α be any ℓ-partitioned composition. Define the cochain complex (HA(α), δ) whose
i-th term is

Hi
A(α) :=

⊕
I⊆[ℓ−1]:
|I |=i

S
µI (α)
A ,

with differential

dHA
∣∣
SµI (α) :=

∑
j /∈I

sgn( j, I )ρI,I∪ j .

Theorem 4.29. For all ℓ-partitioned compositions α, the complex HA(α) is a cochain complex with

H 0(Hi
A(α))

∼= SαA,

and which is exact in positive cohomological degrees. If A also has a compatible action by a group G,
then the complex H(α) is also G-equivariant.

Remark 4.30. The complexes H•A(α) for an ℓ-partitioned composition α may be viewed as a categorifi-
cation of the Hamel–Goulden identities (see [Hamel and Goulden 1995]) associated to the (horizontal)
ribbon decomposition induced by the partitioning data of α.
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Example 4.31. Let α = (3, 1, 2, 2, 4, 1, 5), viewed as a 4-partitioned composition with p1(α)= (3, 1),
p2(α)= (2, 2), p3(α)= (4), and p4(α)= (1, 5). Then the complex HA(α) takes the following form:

S
(3,1)
A ⊗R S

(2,2)
A ⊗R S

(4)
A ⊗R S

(1,5)
A

S
(3,3,2)
A ⊗R S

(4)
A ⊗R S

(1,5)
A S

(3,1)
A ⊗R S

(2,6)
A ⊗R S

(1,5)
A S

(3,1)
A ⊗R S

(2,2)
A ⊗R S

(5,5)
A

S
(3,3,6)
A ⊗R S

(1,5)
A S

(3,3,2)
A ⊗R S

(5,5)
A S

(3,1)
A ⊗R S

(2,7,5)
A

S
(3,3,7,5)
A

⊕ ⊕

⊕ ⊕

4.3. Ribbon Schur modules with Koszul module inputs. In this section, we generalize the ribbon Schur
functors to allow for Koszul module inputs as well. The same type of concatenation/near-concatenation
sequence may be used to detect Koszulness of modules. In the following, recall the notation established
in Definition 4.15.

Definition 4.32. Let α be any composition and recall the conventions of Definition 4.15. Given a Koszul
left (resp. right) A-module M with initial degree t , define the ribbon Schur module SαA,M (resp. SαM,A) as
the kernel of the natural map

SαA,M := Ker
(
(A⊗R M)α·(t)→

⊕
α·(t)⋖β

(A⊗R M)β

)
,

resp. SαM,A := Ker
(
(M ⊗R A)(t)·α→

⊕
(t)·α⋖β

(M ⊗R A)β

)
.

Given a Koszul left (resp. right) A-module N (resp. M) of initial degree s (resp. t), define the ribbon
Schur module SαM,A,N as the kernel of the natural map

SαM,A,N := Ker
(
(M ⊗R A⊗R N )(t)·α·(s)→

⊕
(t)·α·(s)⋖β

(M ⊗R A⊗R N )β

)
.

Remark 4.33. Notice that if α is the empty partition, we use the convention that

S
()
A,M = Mt , S

()
M,A,N = Mt ⊗R Ns .

Notation 4.34. The definition of SαM,A,N may be extended to disconnected ribbon diagrams by using
the convention that disconnected portions of the diagram correspond to tensor products of the respective
Schur modules. We will use this convention for the remainder of the paper, since it drastically simplifies
notational issues in the following proofs/constructions.
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Example 4.35. Let α := (3, 1, 1) and β = (2, 2). Then by the convention of Notation 4.34, there is an
equality

SA = SA ⊗R SA = S
(3,1,1)
A ⊗R S

(2,2)
A .

Example 4.36. Let A be any Koszul algebra and α a composition. Recall that every truncation of A is
Koszul by Corollary A.21, whence Ar

+
is a Koszul (left and right) A-module for all r ⩾ 0. By definition,

there are equalities
Sα

Ar
+,A,A

r ′
+

= S
(r)·α·(r ′)
A .

The following definition is an evident extension of Definition A.10 to allow for both left and right
A-modules:

Definition 4.37. Given a Koszul left (resp. right) A-module N (resp. M) with initial degrees s and t ,
respectively, define the collection Sn

M,A,N ,1, . . . , Sn
M,A,N ,n−1 ⊂ Mt ⊗R A⊗n−1

1 ⊗R Ns for n ⩾ 2 via

Sn
M,A,N ,i :=


QM

t+1⊗R A⊗n−2
1 ⊗R Ns if i = 1,

QM
t ⊗R A⊗i−3

1 ⊗R Q A
2 ⊗R A⊗n−i+1

1 ⊗R Ns if 2 ⩽ i ⩽ n− 2,
Mt ⊗R A⊗n−2

1 ⊗R QN
s+1 if i = n− 1.

If n = 1, use the convention that S1
M,A,N ,0 := 0.

Recall the notation of µI for a subset I as established in Definition 4.11 in the following:

Definition 4.38. Let A be a Koszul algebra and M any left A-module of initial degree s. Given any
ℓ-partitioned composition α, view the concatenation α · (s) as (ℓ+ 1)-partitioned via Convention 4.14.
Then, for any subset I ⊂ [ℓ] write µI (α · (s)) = α1

∪ · · · ∪ αℓ−|I | as a disjoint union of compositions
α1, . . . , αℓ−|I |, where αℓ−|I | has length g. Then we define

S
µI (α)
A,M := Sα

1

A ⊗R Sα
2

A ⊗R · · · ⊗R S
α
ℓ−|I |
⩽g−1

A,M
⩾αℓ−|I |g +s

.

As a quick example let α = (2, 1) · (3, 4) · (4, 3, 3) be a 3-partitioned composition and I = {1, 3} ⊂ [3].
Then for any Koszul algebra A and left A-module M of initial degree s, there is an equality

S
µI (α)
A,M := S

(2,4,4)
A ⊗R S

(4,3)
A,M⩾3+s

.

Remark 4.39. The slight technicality in defining S
µI (α)
A,M when taking account of a module input stems

from the fact that M has its own initial degree, in which case we should be defining the corresponding
ribbons with respect to the composition α · (s).

The following observation is an immediate consequence of the identification of the ribbon Schur
functors with the modules of Definition 3.11, noted in Observation 4.42.

Observation 4.40. Let A be a Koszul algebra and M any left A-module. Given an ℓ-partitioned compo-
sition α and subsets I ⊂ J ⊂ [ℓ], there is a canonical morphism of R-modules

S
µI (α)
A → S

µJ (α)
A .
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The following observation is a direct consequence of the definition of a ribbon Schur functor, but will
be very useful later on:

Observation 4.41. Let α, β, and γ be any (possibly empty) compositions. Given a Koszul algebra A and
a Koszul left (resp. right) A-module N (resp. M), there is an equality

S
α·β·γ

M,A,N = (S
α·β

M,A⊗R S
γ

A,N )∩ (S
α
M,A⊗R S

β·γ

A,N ),

where the intersection is being viewed as taking place in (M ⊗R A⊗R N )α·β·γ .

Finally, we are able to tie ribbon Schur functors to the modules introduced in Definition 3.11.
This reformulation combined with the equivalence of Proposition 3.14 will yield quick proofs of the
concatenation/near-concatenation formulation of Koszulness.

Observation 4.42. Let α be any composition of length ℓ. Given a Koszul algebra A and a Koszul left
A-module M , there is an isomorphism of R-modules

SαA,M = Lφ
−1(α)

Sn
A,M,1,...,S

n
A,M,n−1

,

where the map φ is the isomorphism of posets of Definition 4.4 and the module L I
M1,...,Mn

is from
Definition 3.11. The analogous statement for right Koszul modules also holds.

Likewise, given a Koszul left (resp. right) A-module N (resp. M), there is an equality

SαM,A,N = Lφ
−1(α)

Sn
M,A,N ,1,...,S

n
M,A,N ,n−1

.

We arrive at the statement and proof of the relevant properties for ribbon Schur functors associated to
Koszul algebras/modules; again, the proof here is deceptively short, but the proof combines all of the
machinery developed thus far. Recall the notation for the reversal operator rev from Observation 4.6.

Lemma 4.43. Let A be a Koszul R-algebra and M (resp. N ) a Koszul right (resp. left) A-module. Then:

(1) For all compositions α, the ribbon Schur module SαA,M (resp. SαN ,A) is a flat R-module. If A and M
are R-projective, then SαA,M (resp. SαN ,A) is also R-projective.

(2) For any two compositions α and β there is a short exact sequence of R-modules

0→ S
α·β

A,M → SαA⊗R S
β

A,M → S
α⊙β

A,M → 0 resp. 0→ S
α·β

N ,A→ SαN ,A⊗R S
β

A→ S
α⊙β

N ,A → 0.

Conversely, if the sequences

0→ S
α·β

A,M⩾d
→ SαA⊗R S

β

A,M⩾d
→ S

α⊙β

A,M⩾d
→ 0 resp. 0→ S

α·β

N⩾d ,A→ SαN⩾d ,A⊗R S
β

A→ S
α⊙β

N⩾d ,A→ 0.

are exact for all integers d ⩾ 0 and compositions α, β, then M (resp. N ) is a Koszul left (resp. right)
A-module.
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(3) There is a canonical isomorphism of R-modules

(SαA,M)
∗ ∼= S

rev(αt )

M !,A! resp. (SαN ,A)
∗ ∼= S

rev(αt )

A!,N ! .

Remark 4.44. There is a convention here that is important to take note of in the short exact sequence
of (2): if the composition β is the empty composition, write α = α′ · (αn); the short exact sequence (2)
then reads

0→ SαA,M → SαA⊗R Mt → Sα
′

A,M⩾t+αn
→ 0.

There is a similar convention in the right module case: if α is empty, write β = (β1) ·β
′. Then the short

exact sequence reads

0→ S
β

N ,A→ Nt ⊗R S
β

A→ S
β ′

N⩾t+β1 ,A
→ 0.

Notice moreover that the reason Lemma 4.23(3) does not have the reversal rev(αt) is because there is by
construction a canonical isomorphism Sα

t

A
∼= S

rev(αt )
A for any composition α.

Proof. Proof of (1). This just combines Lemma 3.16(1), Theorem A.19, and Observation 4.42.

Proof of (2). This is precisely the short exact sequence of Proposition 3.14, so again the result follows
from Theorem A.19 combined with Observation 4.42.

Proof of (3). This just combines Lemma 3.16(3), Theorem A.19, and Observation 4.42. □

The case of having double module inputs in the associated Schur functor has to be treated separately,
since the distributivity criterion cannot be used directly:

Corollary 4.45. Let A be a Koszul R-algebra and N (resp. M) any left (resp. right) Koszul A-module.
Then:

(1) For all compositions α, the ribbon Schur module SαM,A,N is a flat R-module. If A, M , and N are
R-projective, then SαM,A,N is R-projective.

(2) For any two compositions α and β there is a short exact sequence of R-modules

0→ S
α·β

M,A,N → SαM,A⊗R S
β

A,N → S
α⊙β

M,A,N → 0.

(3) There is a canonical isomorphism of R-modules

(SαM,A,N )
∗ ∼= S

rev(αt )

N !,A!,M ! .

Proof. Notice that (3) follows from Lemma 3.16(3) combined with Observation 4.42.

Proof of (2). As noted in Remark 3.15, the sequence

0→ S
α·β

M,A,N → SαM,A⊗R S
β

A,N → S
α⊙β

M,A,N → 0
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is exact at the left and rightmost terms, so it suffices to prove exactness for the middle term. Assume first
that ℓ(α)= 1 and ℓ(β)= 0. Then there is a commutative diagram:

0 0 0

0 S
(α1)
M,A,N S

(α1)
M,A⊗R Ns Mt ⊗R Ns+α1 0

0 Mt ⊗R S
(α1)
A,N Mt ⊗R Aα1 ⊗R Ns Mt ⊗R Ns+α1 0

0 Mt+α1 ⊗R Ns Mt+α1 ⊗R Ns

0 0

The middle row and column is exact by Lemma 4.43(2), and the last row and column are evidently exact.
Let 2 denote the surjection

2 : S
(α1)
M,A⊗R Ns→ Mt ⊗R Ns+α1 .

A quick diagram chase shows that

Ker(2)⊂ (S(α1)
M,A⊗R Ns)∩ (Mt ⊗R S

(α1)
A,N ),

and by Observation 4.41 this intersection is precisely the Schur module S
(α1)
M,A,N . Since the reverse

inclusion evidently holds, the top row is exact.
Assume now that ℓ(α), ℓ(β) > 0. Write β = β ′ · (βk) for some composition β ′ with ℓ(β ′)= ℓ(β)− 1.

Then there is a commutative diagram:

0 0 0

0 S
α·β

M,A,N SαM,A⊗R S
β

A,N S
α⊙β

M,A,N 0

0 S
α·β ′

M,A⊗R S
(βk)

A,N SαM,A⊗R S
β ′

A ⊗R S
(βk)

A,N S
α⊙β ′

M,A ⊗R S
(βk)

A,N 0

0 S
α·β ′⊙(βk)

M,A,N SαM,A⊗R S
β ′⊙(βk)

A.N S
α⊙β ′⊙(βk)

M,A,N 0

0 0 0
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The bottom two rows and the rightmost two columns are exact by induction (combined with the flatness
proved in Lemma 4.43), and an identical diagram chase as above shows that the top row must also be
exact.

Proof of (1). Proceed by induction on the length ℓ(α), where the base cases ℓ(α)= 0 or 1 are evident
since S∅

M,A,N := Mt ⊗R Ns and there is a short exact sequence

0→ S
(α1)
M,A,N → Mt ⊗R S

(α1)
A,N → Mt+α1 ⊗R Ns→ 0.

The latter two terms in this sequence are flat (resp. projective) by Lemma 4.43, so S
(α1)
M,A,N is flat (resp.

projective) by Observation 2.12.
Assuming now that ℓ(α)⩾ 2, write α = β · γ for two compositions β, γ with ℓ(β), ℓ(γ ) > 0. Then

by (2) there is a short exact sequence

0→ SαM,A,N → S
β

M,A⊗R S
γ

A,M → S
β⊙γ

M,A,N → 0.

The latter two terms are flat (resp. projective) by the induction hypothesis, whence Observation 2.12
again implies that SαM,A,N is flat (resp. projective). □

Definition 4.46. Let α be any ℓ-partitioned composition. Given a Koszul algebra A and a Koszul left
A-module M , define the cochain complex (HA,M(α), δ) whose i-th term is

Hi
A(α) :=

⊕
I⊆[ℓ]:
|I |=i

S
µI (α)
A,M ,

with differential

dHA,M
∣∣
SµI (α) :=

∑
j /∈I

sgn( j, I )ρI,I∪ j .

Remark 4.47. Note the difference between the components of the modules for the complex of
Definition 4.46 versus Definition 4.28: in the first case, the direct sums are parametrized by subsets
of [ℓ] because of the additional component coming from the module M , whereas the components of
Definition 4.28 only range over subsets of [ℓ− 1] since there is no additional module M .

Finally, we conclude this section with the analog of the Hamel–Goulden type complexes from
Definition 4.28 for ribbon Schur functors admitting a module input. Recall the notation of Definition 4.38
in the theorem below:

Theorem 4.48. For all ℓ-partitioned composition α, the complex HA,M(α) is a cochain complex with

H 0(HA,M(α))∼= SαA,M ,

and which is exact in positive cohomological degrees.
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Proof. First, observe that the statement that H 0(HA,M(α))∼=SαA,M is evidently true. Proceed by induction
on ℓ, with the base case ℓ= 2. In this case, write α = β · γ ; the complex HA,M(α) simply becomes the
length 1 complex

HA,M(α) : S
β

A⊗R S
γ

A,M → S
β⊙γ

A,M → 0.

These are the last two terms of the short exact sequence from Lemma 4.43(2), so the statement holds.
Assume now that ℓ(α) > 2. Write α = α′ · pℓ(α). Then there is a short exact sequence of complexes:

0→HA,M(α
′
⊙ pℓ(α))[−1] →HA,M(α)→HA(α

′)⊗R S
pℓ(α)
A,M → 0.

By the inductive hypothesis, both of the complexes HA,M(α
′
⊙ pℓ(α)) and HA(α

′)⊗R S
pℓ(α)
A,M are exact in

positive cohomological degrees; taking the long exact sequence of cohomology yields

0→ SαA,M → Sα
′

A ⊗R S
pℓ(α)
A,M → S

α′⊙pℓ(α)
A,M → H 1(HA,M(α))→ 0.

The map Sα
′

A ⊗R S
pℓ(α)
A,M →S

α′⊙pℓ(α)
A,M is precisely the map of Lemma 4.43(2), which is of course surjective.

Thus H 1(HA,M(α))= 0 and the result follows. □

Recall that Example 4.31 gives an explicit example of the complex of Theorem 4.48 when just using
the Schur modules SαA.

Example 4.49. As a more concrete example of Theorem 4.48, let A := S(V ) ∼= k[x1, . . . , xn] be the
symmetric algebra (viewed as a polynomial ring) and m := (x1, . . . , xn) the homogeneous maximal ideal.
Given any composition α and integer d ⩾ 1, notice that by definition there is an equality

SαA,md = S
α·(d)
A .

Consider the composition α := (14) for any integer. Then we can see the difference in the complex of
Theorem 4.48 based on how we view the composition α. Viewed as a 3-partitioned composition, the
complex of Theorem 4.48 yields:

A1⊗R A1⊗ A1⊗R Ad →

A2⊗R A1⊗R Ad

⊕

A1⊗R A2⊗R Ad

⊕

A1⊗R A1⊗R Ad+1

→

A3⊗R Ad

⊕

A2⊗R Ad+1

⊕

A1⊗R Ad+2

→ Ad+3

This is simply the degree d + 3 homogeneous strand of the Bar complex on md . If we instead view α as
2-partitioned via (13)= (12) · (1), we obtain something distinct from a strand of the Bar complex:

S
(12)
A ⊗R A1⊗R Ad →

S
(12)
A ⊗R Ad+1

⊕

S
(1,2)
A ⊗R Ad

→ S
(1,d+2)
A
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Finally, we can also view (13) as 1-partitioned; recalling that S
(13)
A =

∧3 V in this setting, Theorem 4.48
implies that there is a short exact sequence

0→ S(1
3,d)
→

3∧
V ⊗R Sd(V )→ S

(12,d+1)
A → 0.

Note that S
(13,d)
A and S

(12,d+1)
A are equal to the classical defined Schur modules S(d,1

3)(V ) and S(d+1,12)(V ),
respectively, in which case the above short exact sequence recovers the well-known description of hook
Schur modules as arising from homogeneous strands of the Koszul complex; see [Buchsbaum and
Eisenbud 1975]. Thus Theorem 4.48 yields a family of complexes that interpolates between the full
strands of the Bar complex and homogeneous strands of the Koszul complex.

5. Multi-Schur functors

In this section, we define multi-Schur functors. As mentioned in the introduction, the intuition behind
these objects is that they are obtained by taking kernels of the defining ribbon Schur module relations
diagonally; they will be particularly helpful for describing canonical equivariant decompositions of the
derived invariants over Segre subalgebras.

Definition 5.1. Let α1, . . . , αn be a sequence of compositions of fixed length ℓ and A1, . . . , An be a
sequence of Koszul R-algebras. The multi-Schur module S

α1,...,αn

A1,...,An is defined to be the kernel of the
natural map

(A1
⊗R · · · ⊗R An)(α1,...,αn)→

ℓ−1⊕
i=1

(A1
⊗R · · · ⊗R An)(σi (α1),...,σi (αn)).

Given a sequence of Koszul left Ai -modules M i of initial degree t i for 1 ⩽ i ⩽ n, the multi-Schur module
S
α1,...,αn

(A1,M1),...,(An,Mn)
is defined to be the kernel of the natural map

((A1
⊗R M1)⊗R · · · ⊗R (An

⊗R Mn))(α1·(t1),...,αn ·(tn))

→

ℓ−1⊕
i=1

((A1
⊗R M1)⊗R · · · ⊗R (An

⊗R Mn))(σi (α1·(t1)),...,σi (αn ·(tn))).

The definition for a right A-module is analogous. Assume now that ℓ(α1)⩾ 2. Given Koszul right (resp.
left) A-modules M1, . . . ,Mn (resp. N 1, . . . , N n) of initial degrees t i (resp. si ), the multi-Schur module
S
α1,...,αn

(M1,A1,N 1),...,(Mn,An,N n)
is defined to be the kernel of the natural map

((M1
⊗R A1

⊗R N 1)⊗R · · · ⊗R (Mn
⊗R An

⊗R N n))((t1)·α1·(s1),...,(tn)·αn ·(sn))

→

ℓ−1⊕
i=1

((M1
⊗R A1

⊗R N 1)⊗R · · · ⊗R (Mn
⊗R An

⊗R N n))(σi ((t1)·α1·(s1)),...,σi ((tn)·αn ·(sn))).
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In a similar way to the ribbon Schur functors for single inputs, the multi-Schur modules can also be
described as modules of the form L I

M1,...,Mn
for some collection of submodules, but the translation is a

little more subtle.

Construction 5.2. Adopt notation and hypotheses as in Definition 5.1, and recall the notation for the
R-submodules S j

A,N ,i and S j
M,A,N ,i as introduced in Definitions A.18 and 4.37, respectively. For each of

the compositions αi , there are isomorphisms of R-modules

(Ai
⊗R N i )αi ·(si )

∼=
Ai⊗|αi

|

1 ⊗R Nsi∨
j∈φ−1(αi ) S|α

i |
A,N , j

and (M i
⊗R Ai

⊗R N i )(t i )·αi ·(si )
∼=

Mt i ⊗R Ai⊗|αi
|

1 ⊗R Nsi∨
j∈φ−1(αi ) S|α

i |
M,A,N , j

.

By the assumption that each αi has length ℓ, each of the sets

[|αi
| − 1]\φ−1(αi )

has length ℓ−1.2 Let ψαi : [|αi
|−1]\φ−1(αi )→[ℓ−1] denote the unique order-preserving isomorphism

between these two sets and consider the induced collections

SαA,N , j := S|α
1
|

A1,N 1,ψ−1
α1 ( j)
+ S|α

2
|

A2,N 2,ψ−1
α2 ( j)
+ · · ·+ S|α

n
|

An,N n,ψ−1
αn ( j)

⊂ (A1⊗|α1
|

1 ⊗R N 1
s1)⊗R (A

2⊗|α2
|

1 ⊗R N 2
s2)⊗R · · · ⊗R (A

n⊗|αn
|

1 ⊗R N n
sn ),

SαM,A,N , j := S|α
1
|

M1,A1,N 1,ψ−1
α1 ( j)
+ S|α

2
|

M2,A2,N 2,ψ−1
α2 ( j)
+ · · ·+ S|α

n
|

Mn,An,N n,ψ−1
αn ( j)

⊂ (M1
t1 ⊗R A1⊗|α1

|

1 ⊗R N 1
s1)⊗R (M2

t2 ⊗R A2⊗|α2
|

1 ⊗R N 2
s2)⊗R · · · ⊗R (Mn

tn ⊗R An⊗|αn
|

1 ⊗R N n
sn ).

In the above, we are abusing notation for sake of clarity: the module S|α
i
|

Ai ,N i , j is defined as an R-submodule
of Ai⊗|αi

|

1 ⊗R N i
si , but in the above expressions we are viewing each of these submodules as the i-th tensor

factor of

(A1⊗|α1
|

1 ⊗R N 1
s1)⊗R (A

2⊗|α2
|

1 ⊗R N 2
s2)⊗R · · · ⊗R (A

n⊗|αn
|

1 ⊗R N n
sn ).

The running flatness assumption implies that inclusion into the i-th tensor factor is actually a well-defined
injection. The same abuse of notation is used for S|α

i
|

M i ,Ai ,N i , j .

Observation 5.3. Adopt notation and hypotheses as in Construction 5.2. Then there are isomorphisms of
R-modules

S
α1,...,αn

(A1,N 1),...,(An,N n)
∼=

∧
j∈[ℓ−1] S

α

A,M∨
j /∈φ−1(α1) S|α

1|

A1,N 1, j + · · ·+
∨

j /∈φ−1(αn) S|α
n |

An,N n, j

,

S
α1,...,αn

(M1,A1,N 1),...,(Mn,An,N n)
∼=

∧
j∈[ℓ−1] S

α

M,A,M∨
j /∈φ−1(α1) S|α

1|

M1,A1,N 1, j + · · ·+
∨

j /∈φ−1(αn) S|α
n |

Mn,An,N n, j

.

2Put more informally, quotienting by the module Sn
A,i has the effect of deleting the i-th comma in the composition (1|α|) and

replacing it with addition; if α is ℓ-partitioned, that means there are ℓ− 1 commas not deleted from (1|α|).
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An interesting aspect of multi-Schur modules is that one can define the multi-Schur modules when the
input compositions have different sizes; to make sense of this, the inputs need to be ℓ-partitioned into the
same number of parts, instead:

Definition 5.4. Let α1, . . . , αn be a sequence of ℓ-partitioned compositions and A1, . . . , An be a sequence
of Koszul R-algebras. The multi-Schur module S

α1,...,αn

A1,...,An is defined as the kernel of the natural map

S
µ∅(α1)

A1 ⊗R S
µ∅(α2)

A2 ⊗R · · · ⊗R S
µ∅(αn)

An →

ℓ−1⊕
i=1

S
µi (α

1)

A1 ⊗R S
µi (α

2)

A2 ⊗R · · · ⊗R S
µi (α

n)
An .

If α := α1
= α2

= · · · = αn then the more concise notation SαA1,...,An will be used to denote S
α1,...,αn

A1,...,An .

Likewise, given a Koszul left A-module M , define the multi-Schur module S
α1,...,αn

(A1,M1),...,(An,Mn)
as the

kernel of the natural map

S
µ∅(α1)

(A1,M1)
⊗R S

µ∅(α2)

(A2,M2)
⊗R · · · ⊗R S

µ∅(αn)

(An,Mn)→

ℓ⊕
i=1

S
µi (α

1)

(A1,M1)
⊗R S

µi (α
2)

(A2,M2)
⊗R · · · ⊗R S

µi (α
n)

(An,Mn).

Finally, given a Koszul left (resp. right) A-module N (resp. M), define the multi-Schur module

S
α1,...,αn

(M1,A1,N 1),...,(Mn,An,N n)

as the kernel of the natural map

S
µ∅(α1)

(M1,A1,N 1)
⊗R · · · ⊗R S

µ∅(αn)

(Mn,An,N n)→

ℓ⊕
i=1

S
µi (α

1)

(M1,A1,N 1)
⊗R · · · ⊗R S

µi (α
n)

(Mn,An,N n).

The following is the evident analog of Observation 4.41 for multi-Schur modules:

Observation 5.5. Let αi , β i , and γ i be ℓ (resp. j , k)-partitioned partitions. Given a collection of Koszul
algebras Ai and left (resp. right) Koszul Ai -modules Ni (resp. Mi ) for 1 ⩽ i ⩽ n, there is an equality

S
α1
·β1
·γ 1,...,αn

·βn
·γ n

(M1,A1,N 1),...,(Mn,An,N n)
= (S

α1
·β1,...,αn

·βn

(M1,A1,N 1),...,(Mn,An,N n)
⊗R S

γ 1,...,γ n

(M1,A1,N 1),...,(Mn,An,N n)
)

∩ (S
α1,...,αn

(M1,A1,N 1),...,(Mn,An,N n)
⊗R S

β1
·γ 1,...,βn

·γ n

(M1,A1,N 1),...,(Mn,An,N n)
).

The following properties are immediate from the definition of multi-Schur modules:

Proposition 5.6. Let α1, . . . , αn be a sequence of ℓ-partitioned compositions and A1, . . . , An be a
sequence of Koszul R-algebras. Then:

(1) Let τ ∈6n be any permutation of [n]. Then there is a natural isomorphism

S
α1,...,αn

A1,...,An
∼= S

ατ(1),...,ατ(n)

Aτ(1),...,Aτ(n) .

(2) If ℓ= 1, there is an isomorphism

S
α1,...,αn

A1,...,An
∼= Sα

1

A1 ⊗R · · · ⊗R Sα
n

An .
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(3) If each Ai admits the structure of a R[Gi
]-module for some group Gi (where 1 ⩽ i ⩽ n), then the

multi-Schur module S
α1,...,αn

A1,...,An admits the structure of a R[G1
× · · · × Gn

]-module, and all of the
above isomorphisms are G1

× · · ·×Gn-equivariant.

In view of Observation 5.5, the notation for multi-Schur modules can quickly become overwhelming.
For this reason, we introduce the following shorthand notation:

Notation 5.7. Let α1, . . . , αn be a collection of ℓ-partitioned compositions. Given a collection of Koszul
algebras Ai and left (resp. right) Koszul Ai -modules Ni (resp. Mi ) for 1 ⩽ i ⩽ n, use the more concise
notation

S
α

M,A,N := S
α1,...,αn

(M1,A1,N 1),...,(Mn,An,n)
.

For given tuples of compositions α and β, extend the operations of Definitions 4.4 and 4.1 by applying
them coordinatewise to the tuples. With this identification, we have the equalities

α := {α1, . . . , αn
}, M := {M1, . . . ,Mn

}, A := {A1, . . . , An
}, N := {N 1, . . . , N n

}.

The following lemma is the multi-Schur analog of Lemma 4.43, but the proof is actually a little more
subtle due to the added difficulty of allowing compositions of different sizes.

Lemma 5.8. Let α and β be sequences of k-partitioned and ℓ− k-partitioned compositions, respectively,
for some fixed 1 ⩽ k ⩽ ℓ. Let A = {A1, . . . , An

} be a sequence of Koszul R-algebras and M a sequence
of Koszul left A-modules. Then:

(1) Every multi-Schur module is R-flat.

(2) There is a canonical short exact sequence

0→ S
α·β

A,M → S
α

A⊗R S
β

A,M → S
α⊙β

A,M → 0.

If all Koszul algebras/modules are R-projective, then every multi-Schur module S
α

A,M is also R-projective.
The analogous statement for right modules holds as well.

Proof. It suffices to prove (2), since (1) is a consequence of (2) combined with Observation 2.12.

Proof of (2). Let p := max{ℓ(pi (α
j )) | 1 ⩽ i ⩽ k, 1 ⩽ j ⩽ n} and define q := |{i | ℓ(pi (α

j )) = p}|.
The proof is by a double induction on the values p and q. Notice that when p = 1 and q is arbitrary,
recall that A1

⊗R · · ·⊗R An is a Koszul algebra and the tensor product M1
⊗R · · ·⊗R Mn is a left Koszul

module over A1
⊗R · · · ⊗R An by Corollary A.23. By Observation 5.3 combined with Proposition 3.14,

the sequence of (2) is exact.
Assume now that p > 1 and q = 1. This means that there is some element of one of the compositions

α or β whose largest part is strictly greater than 1. Reversing the order of α and β, it is of no loss of
generality to assume that α contains a part of size p. Moreover, for simplicity of notation, let us assume
that the first element of α has size p (the general case is identical but notationally more cumbersome).
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Write α = (a) ·α′, so that by construction α′ has all parts of size < p. There is a commutative diagram:

0 0 0

0 S
α·β

A,M S
α

A⊗R S
β

A,M S
α⊙β

A,M 0

0 S
(a)
A ⊗R S

α′·β

A,M S
(a)
A ⊗R S

α′

A ⊗R S
β

A,M S
(a)
A ⊗R S

α′⊙β

A,M 0

0 S
(a)⊙α′·β
A,M S

(a)⊙α′

A ⊗R S
β

A,M S
(a)⊙α′⊙β
A,M 0

0 0 0

In the above diagram, notice that the bottom two rows and the last two columns are exact by the
inductive hypothesis. We may also assume by induction on p that the map

2 : S
(a)
A ⊗R S

α′·β

A,M → S
(a)⊙α′·β
A,M

is a surjection. We claim that with this information the first column of the above diagram is exact. It is
evident just by definition that the map

S
(a)·α′·β
A,M → S

α

A⊗R S
β

A,M

is always an injection, so it remains to prove exactness at the middle term S
α

A ⊗R S
β

A,M . However, a
diagram chase employing exactness of the middle column shows that

Ker2⊂ (SαA⊗R S
β

A,M)∩ (S
(a)
A ⊗R S

α′·β

A,M),

and this latter intersection is precisely equal to S
α·β

A,M by Observation 5.5. Since the reverse containment
evidently holds, exactness of the first column follows, and hence all columns of the above diagram are
exact. Employing the long exact sequence of homology, it follows that the first row is exact.

For the inductive step on q , the argument is actually identical. After choosing a similar decomposition
of α, there is an identical commutative diagram. By construction, the bottom two rows and rightmost two
columns are exact by induction on q. A verbatim argument works for showing that the first column is
exact, and hence the long exact sequence of homology yields the statement in general. □

Corollary 5.9. Let α and β be a collection of k and ℓ− k-partitioned compositions, respectively. Let Ai

be a collection of Koszul algebras and Ni (resp. Mi ) a collection of left (resp. right) Koszul Ai -modules
for 1 ⩽ i ⩽ n. Then:
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(1) Every multi-Schur module S
α

M,A,N is R-flat.

(2) There is a canonical short exact sequence

0→ S
α·β

M,A,N → S
α

M,A⊗R S
β

A,N → S
α⊙β

M,A,N → 0.

If all the Koszul algebras/modules are R-projective, then every multi-Schur module S
α

A,M is also R-
projective.

Proof. This proof is formally identical to the proof of Corollary 4.45 but with the multi-index notation of
Notation 5.7 used instead. □

Finally, we have the generalization of the complexes H(α) of Definition 4.46 for the multi-Schur
setting.

Definition 5.10. Let α1, . . . , αn be a sequence of ℓ-partitioned compositions. Given Koszul algebras Ai

and left Koszul modules M i for 1 ⩽ i ⩽ n, define the cochain complex H•
(A1,M1),...,(An,Mn)

(α1, . . . , αn)

via

Hi
(A1,M1),...,(An,Mn)

(α1, . . . , αn) :=
⊕
|I |=i

S
µI (α

1),...,µI (α
n)

(A1,M1),...,(An,Mn)

with differential

dH
(A1,M1),...,(An ,Mn )

∣∣
S
µI (α1),...,µI (αn )

A1,...,An

:=

∑
j /∈I

sgn( j, I )ρI,I∪ j .

Corollary 5.11. Let α1, . . . , αn be a sequence of ℓ-partitioned compositions. Given Koszul algebras Ai

and left Koszul modules M i for 1 ⩽ i ⩽ n, the cochain complex H•
(A1,M1),...,(An,Mn)

(α1, . . . , αn) is exact
in positive cohomological degrees and

H 0(H•
(A1,M1),...,(An,Mn)

(α1, . . . , αn))= S
α1,...,αn

A1,...,An .

5.1. Some generalities on filtrations. We now turn our attention to the task of filtering the multi-Schur
modules S

α

M,A,N for given choices of α. This section collects a few general results on “splicing” filtrations
together; these results are essentially trivial, but it will be useful to refer to them explicitly. First, let us
recall the definition of a filtration.

Definition 5.12. Let M be an R-module. A (ascending) filtration of M is a chain of R-submodules

0= F0 ⊂ F1 ⊂ · · · ⊂ Fn−1 ⊂ Fn = M.

The successive quotients Fi/Fi−1 are called the associated graded pieces.

The following observation is likely a common first exercise on properties of filtrations, but we state
and prove it here for completeness. The intuition here is that filtrations whose graded pieces admit further
filtrations may be refined to a single filtration of the larger object with the same graded pieces.
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Observation 5.13. Let M be an R-module equipped with a finite filtration

F : 0= F0 ⊂ F1 ⊂ · · · ⊂ Fn−1 ⊂ Fn = M.

Suppose that for all i ⩾ 1, the i-th graded piece Gi := Fi/Fi−1 admits a finite filtration

F i
: 0= F i

0 ⊂ F i
1 ⊂ · · · ⊂ F i

ni−1 ⊂ F i
ni
= Gi

with graded pieces Gi
j := F i

j/F i
j−1 for each j ⩾ 1. Then the filtration F of M may be refined to a filtration

F ′ of M with associated graded pieces Gi
j for 1 ⩽ i ⩽ n, 1 ⩽ j ⩽ ni .

The above observation may be used to understand how to filter tensor products of modules, each
equipped separately with their own filtrations; this is the content of the following corollary.

Corollary 5.14. Let M1,M2, . . . ,Mℓ be a collection of R-modules equipped with filtrations

F i
: 0= F i

0 ⊂ F i
1 ⊂ · · · ⊂ F i

ni−1 ⊂ F i
ni
= M i ,

and assume that each associated graded piece Gi
j := F i

j/F i
j−1 is a flat R-module. Then each of the

R-modules M i is flat and there is a filtration of M1
⊗R M2

⊗R · · · ⊗R Mℓ with associated graded pieces
of the form

G1
i1
⊗R G2

i2
⊗R · · · ⊗R Gℓ

iℓ,

where 1 ⩽ ik ⩽ nk for each 1 ⩽ k ⩽ ℓ.

Proof. Proceed by induction on ℓ, with the base case ℓ= 1 being vacuous. Assume ℓ > 1 and let F ′ be a
filtration of M1

⊗R M2
⊗R · · · ⊗R Mℓ−1 with associated graded pieces of the form

G1
i1
⊗R · · · ⊗R Gℓ−1

iℓ−1
.

By the flatness assumption, the induced filtration F ′⊗R Mℓ has associated graded pieces of the form

G1
i1
⊗R · · · ⊗R Gℓ−1

iℓ−1
⊗R Mℓ.

Further filtering each graded piece by the filtration Fℓ of Mℓ, we may employ Observation 5.13 to deduce
the result. □

5.2. A canonical filtration of multi-Schur functors. The following short exact sequence, when combined
with some of the other filtration results proved in this subsection, will be the essential ingredient for
proving Theorem 5.20. It will be used to place an object we want to understand in the middle of a short
exact sequence whose outer terms have a well-understood filtration.

Lemma 5.15. Let α1, . . . , αn and β1, . . . , βn be sequences of k-partitioned and ℓ− k-partitioned compo-
sitions, respectively, for some fixed 0 ⩽ k < ℓ. Let A1, . . . , An be a sequence of Koszul R-algebras and
N i (resp. M i ) be Koszul left (resp. right) Ai -modules for 1 ⩽ i ⩽ n. Then there is a canonical short exact
sequence

0→ S
α1
·β1,...,αn−1

·βn−1,αn

M,A,N ⊗R S
βn

Mn,An,N n → S
α1
·β1,...,αn

·βn

M,A,N → S
α1
⊙β1,...,αn−1

⊙βn−1,αn
·βn

M,A,N → 0.
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In the above, the sequences of α1
· β1, . . . , αn−1

· βn−1, αn and α1
⊙ β1, . . . , αn−1

⊙ βn−1, αn
· βn are

being viewed as k and ℓ− 1-partitioned compositions via the convention of Convention 4.14.

Example 5.16. Let A and B be two Koszul R-algebras and α1
= β1

= (13), viewed as a 3-partitioned
composition. Then the short exact sequence of Lemma 5.15 takes the form

S
(13),(12)
A,B ⊗R B1→ S

(13),(13)
A,B → S

(1,2),(13)
A,B → 0.

In the above, (13) is being viewed as the 2-partitioned composition (1) · (12) in the first term of the
sequence, and likewise for the last term in the sequence.

Proof. For simplicity of notation, we will prove the theorem only for Koszul algebra inputs (otherwise
the relevant diagrams are too large to display). The proof follows by examining the commutative diagram
of Figure 3; the base case and the inductive step are outlined in the caption. □

The next lemma can be seen as a “first approximation” of the filtration in Theorem 5.20.

Lemma 5.17. Let α1, . . . , αn be a sequence of ℓ-partitioned compositions and A1, . . . , An be a sequence
of Koszul R-algebras and N i (resp. M i ) be Koszul left (resp. right) Ai -modules for 1 ⩽ i ⩽ n. Then the
multi-Schur module S

α

M,A,N admits a canonical filtration with graded pieces of the form

S
σI (α

1),...,σI (α
n−1)

(M1,A1,N 1),...,(Mn−1,An−1,N n−1)
⊗R S

ν[ℓ]\I (α
n)

(Mn,An,N n),

where I ranges over all subsets of [ℓ− 1].

Proof. Proceed by induction on ℓ, where the base case ℓ= 1 is trivial. Assume now that ℓ > 1 and write
each αi

= β i
· γ i , where γ i

:= pℓ(αi ). By Lemma 5.15 there is a canonical short exact sequence

0→ S
β1
·γ 1,...,βn−1

·γ n−1,βn

M,A,N ⊗R S
γ n

Mn,An,N n → S
β1
·γ 1,...,βn

·γ n

M,A,N → S
β1
⊙γ 1,...,βn−1

⊙γ n−1,βn
·γ n

M,A,N → 0.

By the inductive hypothesis, the multi-Schur module S
β1
·γ 1,...,βn−1

·γ n−1,βn

M,A,N admits a filtration with graded
pieces of the form

S
σI (α

1),...,σI (α
n−1)

(M1,A1,N 1),...,(Mn−1,An−1,N n−1)
⊗R S

ν[ℓ−1]\I (β
n)

(Mn,An,N n),

where I ⊂ [ℓ− 2]. Likewise, the multi-Schur module S
β1
⊙γ 1,...,βn−1

⊙γ n−1,βn
·γ n

M,A,N admits a filtration with
graded pieces of the form

S
σJ (β

1
⊙γ 1),...,σJ (β

n−1
⊙γ n−1)

(M1,A1,N 1),...,(Mn−1,An−1,N n−1)
⊗R S

ν[ℓ−1]\J (β
n
·γ n)

(Mn,An,N n) ,

where J ⊂ [ℓ−2]. Note that ranging over all I ⊂ [ℓ−2] as in the first case is the same as ranging over all
I ⊂ [ℓ− 1] with ℓ− 1 /∈ I , and ranging over all J as in the second case is equivalent to ranging over all
J ⊂ [ℓ− 1] with ℓ− 1 ∈ J . Combining both of these filtrations with Corollary 5.14 yields the result. □
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Lemma 5.18. Let α be any ℓ-partitioned composition. Let A be a Koszul R-algebra and N (resp. N ) any
left (resp. right) Koszul A-module. For any I ⊂ [ℓ− 1], the module S

νI (α)
M,A,N admits a canonical filtration

with associated graded pieces of the form
S
σJ (α)
M,A,N ,

where J ⊂ [ℓ− 1] ranges over all subsets with J ⊆ I .

Proof. Proceed by induction on |I |, with base case I = ∅ being vacuous since there is an equality
S
ν∅(α)
M,A,N = S

σ∅(α)
M,A,N . For |I | > 0, let j ∈ I be the largest element of I . Write α = p< j (α) · p⩾ j (α) and

consider the short exact sequence

0→ S
νI\ j (α)

M,A,N → S
νI (α)
M,A,N → S

νI\ j (p< j (α)⊙p⩾ j (α))

M,A,N → 0.

Let us consider the filtrations of the outer two terms: by the inductive hypothesis, S
νI\ j (α)

M,A,N has a filtration
with graded pieces of the form

S
σK (α)
A ,

where K ⊂ [ℓ− 1] ranges over all subsets with K ⊂ I\ j . Likewise, the term S
νI\ j (p< j (α)⊙p⩾ j (α))

M,A,N has a
filtration with graded pieces of the form

S
σL (p< j (α)⊙p⩾ j (α))

M,A,N ,

where L ⊂ [ℓ− 2] ranges over all subsets L ⊂ s j (I\ j). Notice that p< j (α)⊙ p⩾ j (α)) is the same as
σ j (α), in which case ranging over all K and L as above is the same as just ranging over all subsets
J ⊂ [ℓ− 1] with J ⊂ I . The result thus follows from Corollary 5.14. □

Example 5.19. Let A = S(V ), the symmetric algebra on some free R-module V . Then A is a GL(V )-
representation and Lemma 5.18 implies that there is a GL(V )-equivariant filtration of the tensor power V⊗d

with graded pieces of the form SαA, where α ranges over all compositions of d (since V⊗d
= S

ν[d−1](1d )

S(V ) ).
Assuming R is a field of characteristic 0, the ring R[GL(V )] is semisimple and hence this yields a

GL(V )-equivariant direct sum decompositions

V⊗d
=

⊕
|α|=d

SαA.

Finally, we arrive at the main result of this section; this result furnishes the multi-Schur functors with a
canonical filtration whose associated graded pieces are easily described as tensor products of the ribbon
Schur functors of Section 4.

Theorem 5.20. Let α1, . . . , αn be a sequence of ℓ-partitioned compositions and A1, . . . , An be a sequence
of Koszul R-algebras and N i (resp. M i ) be Koszul left (resp. right) Ai -modules for 1 ⩽ i ⩽ n. Then the
multi-Schur module S

α

M,A,N admits a canonical filtration with graded pieces of the form

S
σI1 (α

1)

(M1,A1,N 1)
⊗R S

σI2 (α
2)

(M2,A2,N 2)
⊗R · · · ⊗R S

σIn (α
n)

(Mn,An,N n),

where the subsets I1, . . . , In ⊂ [ℓ− 1] range over all choices such that I1 ∩ I2 ∩ · · · ∩ In =∅.
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Remark 5.21. Notice that the parametrizing set for the associated graded pieces is inherently symmetric
under permuting the tensor factors, which is expected by the invariance of the multi-Schur module on the
ordering of the inputs.

In general, the number of ways to choose n subsets of [ℓ−1]with no common intersection is (2n
−1)ℓ−1,

so the number of associated graded pieces grows exponentially with respect to both n and ℓ.

Remark 5.22. The adjective “canonical” used in Theorem 5.20 means that this filtration is really true at
the level of functors; in other words, the functor Sα which takes as inputs n-tuples of Koszul R-algebras
and outputs the associated multi-Schur module admits a canonical filtration whose associated graded
pieces are given by the functors of the form

SσI1 (α
1)
⊗R SσI2 (α

2)
⊗R · · · ⊗R SσIn (α

n).

Proof of Theorem 5.20. Proceed by induction on n (the number of Koszul algebras), with base case
n = 2. To prove the base case, we induct on ℓ (where the case ℓ = 1 is vacuous). Let ℓ > 1 and write
α = α′ · pℓ(α) and β = β ′ · pℓ(β). By Lemma 5.15 there is a short exact sequence

0→ S
α,β ′

A,B ⊗R S
pℓ(β)
B → S

α,β

A,B→ S
α′⊙pℓ(α),β
A,B → 0.

By the inductive hypothesis, the outer 2 terms admit filtrations with graded pieces of the correct form.
This establishes the base case.

Assume now that n> 2. By Lemma 5.17 the multi-Schur module S
α1,...,αn

A1,...,An admits a canonical filtration
with associated graded pieces of the form

S
σI (α

1),...,σI (α
n−1)

A1,...,An−1 ⊗R S
ν[ℓ]\I (α

n)

An ,

where I ranges over all subsets of [ℓ−1]. By the inductive hypothesis, each of the modules S
σI (α

1),...,σI (α
n−1)

A1,...,An−1

admits a canonical filtration with associated graded pieces of the form

S
σI1 (α

1)

A1 ⊗R S
σI2 (α

2)

A2 ⊗R · · · ⊗R S
σIn−1 (α

n−1)

An−1 ,

where the above ranges over all choices of I1, . . . , In−1 with I1 ∩ · · · ∩ In−1 = I . On the other hand, the
module S

ν[ℓ−1]\I (α
n)

An admits a canonical filtration with associated graded pieces of the form S
σIn (α

n)

An , where
In ranges over all subsets In ⊂ [ℓ− 1] such that In ∩ I = ∅. This is overall the same thing as ranging
over all choices I1, . . . , In ⊂ [ℓ− 1] such that I1 ∩ · · · ∩ In =∅. □

Example 5.23. Let A and B be Koszul algebras. Let us use the argument of Theorem 5.20 to filter the
multi-Schur module S

(13),(13)
A,B , helping to illustrate the idea of the proof in a concrete setting. Recall by

Example 5.16 that we have the short exact sequence

S
(13),(12)
A,B ⊗R B1→ S

(13),(13)
A,B → S

(1,2),(13)
A,B → 0.
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Iteratively applying this sequence to the outer two terms yields

0→ A3⊗R (B1)
⊗3
→ S

(13),(12)
A,B → S

(2,1)
A ⊗R S

(12)
B ⊗R B1→ 0,

0→ S
(1,2)
A ⊗R B1⊗R S

(12)
A → S

(1,2),(13)
A,B → A3⊗R S

(13)
B → 0.

The terms involving B appearing on the ends of these short exact sequences are precisely the filtra-
tion factors of Lemma 5.17, and are filtered further by Lemma 5.18, yielding the filtration factors of
Theorem 5.20.

Remark 5.24. Let 2[ℓ−1] denote the Boolean poset on n elements. Then the product (2[ℓ−1])×n is naturally
a ranked poset (in fact, isomorphic to the Boolean poset 2[ℓ−1]×[n]), and the set S of all tuples (I1, . . . , In)

with I1 ∩ · · · ∩ In =∅ is a ranked subposet. Choosing any total order < refining the partial order on this
subposet, the filtration of the multi-Schur module S

α1,...,αn

A1,...,An is parametrized by <. In other words, the
filtration is of the form

{F(I1,...,In)}(I1,...,In)∈S,

with

F(I1,...,In)/Fpred(I1,...,In)
∼= S

σI1 (α
1)

A1 ⊗R · · · ⊗R S
σIn (α

n)

An .

In the above, pred denotes the predecessor function (i.e., the largest element strictly smaller with respect
to <).

Example 5.25. Let α = (1, 2) · (2) · (1) and β = (3) · (4, 2) · (2) be two 3-partitioned compositions and
let us compute the composition factors of the multi-Schur module S

α,β

A,B for any two Koszul algebras A
and B. The subposet (in fact, meet semilattice) of (2[2])×2 that parametrizes the filtration factors has
Hasse diagram:

({1, 2},∅) ({1}, {2}) ({2}, {1}) (∅, {1, 2})

({1},∅) ({2},∅) (∅, {1}) (∅, {2})

(∅,∅)

This translates to filtration factors of the following form:

S
(1,5)
A ⊗R S

(3,4,2,2)
B S

(1,4,1)
A ⊗R S

(3,4,4)
B S

(1,2,3)
A ⊗R S

(7,2,2)
B S

(1,2,2,1)
A ⊗R S

(7,4)
B

S
(1,4,1)
A ⊗R S

(3,4,2,2)
B S

(1,2,3)
A ⊗R S

(3,4,2,2)
B S

(1,2,2,1)
A ⊗R S

(7,2,2)
B S

(1,2,2,1)
A ⊗R S

(3,4,4)
B

S
(1,2,2,1)
A ⊗R S

(3,4,2,2)
B
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If for instance A = B = S(V ), the symmetric algebra, then the above filtration is also GL(V )×GL(V )
equivariant (and in characteristic 0 yields a direct sum decomposition).

6. Applications

The following section is the reward for enduring the technical details of Sections 4 and 5; we are able
to arrive at the other end with a rather robust theory that allows us to give elegant and simple closed
form descriptions of higher derived invariants associated to (Veronese/Segre subalgebras of) Koszul
algebras; see also [Bărcănescu and Manolache 1981]. In Section 6.4 we show how to use this theory to
build a large class of Koszul modules over an arbitrary Koszul algebra A, and specialize to the case of
a polynomial ring to prove a uniform, characteristic-free regularity result for certain classes of vector
bundles on projective space.

6.1. Tor and Ext. In this section we prove the following theorem, which gives some concise descriptions
of Tor and Ext between pairs of Koszul modules in terms of ribbon Schur functors.

Theorem 6.1. Let A be a Koszul algebra and M (resp. N ) a Koszul right (resp. left) A-module of initial
degree t (resp. s). Then there is a canonical isomorphism of A-modules

TorA
i (M, N )∼= S

(1i )
M,A,N for all i > 0.

If M is instead a Koszul left A-module, then there is a canonical isomorphism

ExtiA(M, N )∼= S
(i)
M !,A!,(N∗)! for all i > 0.

In particular, both of the above modules are flat R-modules annihilated by A+.

Proof. By the definition of Tor combined with Theorem A.25, the module TorA
i (M, N ) may be computed

by looking at the homology of the complex

· · · → M ⊗R S
(1i+1)
A,N → M ⊗R S

(1i )
A,N → M ⊗R S

(1i−1)
A,N → · · · .

Splitting this complex into graded pieces, there is a commutative diagram:

M j ⊗R S
(1i )
A,N M j+1⊗R S

(1i−1)
A,N

M j ⊗R A1⊗R S
(1i−1)
A.N

S
(1)
M⩾ j ,A⊗R S

(1i−1)
A,N

(di ) j+i+s

This implies that there is an equality

Ker(di )i+ j+s = (M j ⊗R S
(1i )
A,N )∩ (S

(1)
M⩾ j ,A⊗R S

(1i−1)
A,N ).
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By Observation 4.41, this latter intersection is precisely S
(1i )
(M⩾ j ,A,N ). On the other hand, by definition of

the Priddy differential there is also a commutative diagram for all j > s:

M j−1⊗R S
(1i+1)
A,N M j ⊗R S

(1i )
A,N

S
(1i )
M⩾ j ,A,N M j ⊗R A1⊗R S

(1i−1)
A,N

(di+1) j+i+s

This implies that there is also an equality

im(di+1) j+i+s = S
(1i )
M⩾ j ,A,N .

Putting both of the above equalities together, it follows that

TorA
i (M, N )i+ j+s =

{
S
(1i )
M,A,N if j = s,

0 otherwise.

To prove the isomorphism for Ext, recall first that there is a canonical isomorphism

ExtiA(M, N )∼= (TorA
i (N

∗,M))∗.

By Observation A.22, the graded dual N ∗ is a Koszul right A-module, and by the isomorphism just
proved for Tor there is an isomorphism

TorA
i (N

∗,M)∼= S
(1i )
N∗,A,M .

Dualizing and using the isomorphism of Corollary 4.45(3), the result follows immediately. □

Example 6.2. Assume that A is any Koszul algebra and recall that

S
(1i )

A,Ad
+

= S
(1i ,d)
A .

By Theorem A.25, the minimal free resolution of Ad
+

thus has the form

· · · → A⊗R S
(1i ,d)
A → A⊗R S

(1i−1,d)
A → · · · → A⊗R Ad → Ad

+
.

The ribbon Schur module S
(1i ,d)
A may be presented as the cokernel of the composition

(A!)∗i+2⊗R Ad−2→ (A!)∗i+1⊗R A1⊗R Ad−2→ (A!)∗i+1⊗R Ad−1,

in which case we see that there is an isomorphism with the ribbon Schur functor

S
(1i ,d)
A
∼= L A

i−1,d−1,

where the module L A
i+1,d−1 is defined as in [Faber et al. 2021]. Thus Theorem 6.1 at least recovers the

minimal free resolution of powers of the maximal ideal of a Koszul algebra constructed in [loc. cit.].

Corollary 6.3. Let A be any Koszul algebra such that S
(1i )
A = 0 for all i > 1. Then every Koszul module

over A is a flat R-module. If A is R-projective, then every Koszul module over A is R-projective.



Ribbon Schur functors 817

6.2. Veronese subalgebras. Recall the definition of the Veronese subalgebra as in Definition 2.4. The
following observation shows that the operation (−)(d) on compositions as defined in Definition 4.1
interacts functorially with the formation of the ribbon Schur functor:

Observation 6.4. Let A be any Koszul algebra and M (resp. N ) any Koszul right (resp. left) A-module.
For any integer d > 0 and integers i, j ∈ Z there are isomorphisms

SαA(d) = Sα
(d)

A and SαM (d),A(d),N (d)
∼= Sα

(d)

M,A,N .

Combining Theorem 6.1 with Observation 6.4 immediately yields:

Corollary 6.5. Let A be any Koszul algebra and M (resp. N ) any Koszul right (resp. left) A-module. For
any integer d > 0 there is an isomorphism

TorA(d)
i (M (d), N (d))= S

(d i )
M,A,N ,

where t (resp. s) is the initial degree of M (resp. N ). In particular, there are canonical isomorphisms

TorA(d)
i (A(⩾r ,d), A(⩾r ′,d))∼= S

(r,d i ,r ′)
A .

Remark 6.6. The isomorphism

TorA(d)
i (A(⩾r ,d), A(⩾r ′,d))∼= S

(r,d i ,r ′)
A .

was originally proved in the case A = S(V ) (the symmetric algebra) in the work [Almousa et al. 2024].
However, one notices that the original proof of this isomorphism does not invoke anything more than the
Koszulness properties of the symmetric algebra (and its truncations), which leads to the generalization
presented in Corollary 6.5.

6.3. Segre subalgebras. In this subsection, we apply the construction of multi-Schur modules and their
filtrations to study Segre products of Koszul algebras. The following observation is a straightforward
translation of the quadratic dual for a Koszul R-algebra:

Observation 6.7. Let A1, . . . , An be a collection of Koszul algebras and M i a Koszul left Ai -module for
1 ⩽ i ⩽ n. Then there are isomorphisms of R-modules

((A1
◦ · · · ◦ An)!)∗i = S

(1i )

A1,...,An and ((M1
◦ · · · ◦Mn)!)∗i = S

(1i )

(A1,M1),...,(An,Mn)
.

Example 6.8. Let A be any Koszul algebra and consider the filtration of Theorem 5.20 applied to
computing (A[2] !)∗3 = S

(13)
A,A. The poset parametrizing the filtration terms are the same as those of
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Example 5.25, which yields the filtration factors:

S
(3)
A ⊗R S

(13)
A S

(2,1)
A ⊗R S

(1,2)
A S

(1,2)
A ⊗R S

(2,1)
A S

(13)
A ⊗R S

(3)
A

S
(2,1)
A ⊗R S

(13)
A S

(1,2)
A ⊗R S

(13)
A S

(13)
A ⊗R S

(2,1)
A S

(13)
A ⊗R S

(1,2)
A

S
(13)
A ⊗R S

(13)
A

Suppose now that A= S(V ), the symmetric algebra on a vector space V . If R is a field of characteristic 0,
this induces a GL(V )×GL(V )-equivariant direct sum decomposition of (A[2] !)∗3 into irreducibles

(A[2] !)∗3=
( 3∧

V⊗
3∧

V
)
⊕

( 3∧
V⊗R S(2,1)(V )

)⊕4

⊕

( 3∧
V⊗S3(V )

)⊕2

⊕(S(2,1)(V )⊗S(2,1)(V ))⊕2.

Observation 6.9. Let α ∈ C(d) be any composition of some integer d > 0 and A1, . . . , An a sequence of
Koszul R-algebras admitting a compatible Gi -action for each 1 ⩽ i ⩽ n. Assume that M i (resp. N i ) is a
Koszul right (resp. left) Ai -module admitting a compatible Gi -action. Then the multi-Schur module

Sα
(M1,A1,N 1),...,(Mn,An,N n)

admits a G1
× · · ·×Gn-equivariant filtration with associated graded pieces of the form

Sα
1

(M1,A1,N 1)
⊗R · · · ⊗R Sα

n

(Mn,An,N n),

where α1, . . . , αn range over all compositions of |α| satisfying α1
∧ · · · ∧αn

= α.
In particular, if each of the group rings R[Gi

] is semisimple, then there is a G1
×· · ·×Gn-equivariant

decomposition

Sα
(M1,A1,N 1),...,(Mn,An,N n)

∼=

⊕
(α1,...,αn)∈C(d)×n

α1
∧···∧αn

=α

Sα
1

(M1,A1,N 1)
⊗R · · · ⊗R Sα

n

(Mn,An,N n).

Proof. This is just a retranslation of Theorem 5.20 combined with the fact that the refinement poset on
α is isomorphic to the Boolean poset on [ℓ(α)− 1], and the meet operation corresponds to intersection
under this isomorphism. □

Remark 6.10. The appearance of compositions ranging over the refinement poset as filtration factors is
likely related to the connection between Segre products and internal cohomomorphisms as discovered by
Manin [1987; 1991]. Indeed, another perspective on the filtration given in Theorem 5.20 is as a canonical
filtration of the graded pieces of the cohomomorphism algebra.

Next, we use Theorem 5.20 to prove a symmetric function identity; we first need to recall some notation
related to Schur polynomials and establish some multi-index conventions.
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Notation 6.11. Let n ⩾ 1 be any integer and consider sets of indeterminates x1, . . . , xn . Recall that the
Schur polynomial associated to a skew shape λ/µ is the polynomial

sλ/µ(x) :=
∑

T∈SST(λ/µ)

xT ,

where xT denotes the multigraded character of the semistandard tableau T . If α is a composition, the
notation sα(x) denotes the Schur polynomial corresponding to the ribbon shape determined by α. The
complete symmetric polynomial hd(x) is defined to be s(d)(x).

Given a tuple of compositions α = (α1, . . . , αn), use the notation

sα(x) := sα1(x1) · sα2(x2) · · · sαn (xn).

In particular, for a single composition α = (α1, . . . , αn) there is the equality

hα(x)= hα1(x
1) · hα2(x

2) · · · hαn (x
n).

Corollary 6.12. With notation as in Notation 6.11, there is an equality of symmetric polynomials

hdn+α(x)=
d∑

i=1

∑
β1,...,βn

|β1
|=···=|βn

|=i
β1
∧···∧βn

=1i

(−1)i+1h(d−i)n (x) · sβ·α(x).

Remark 6.13. In the statement of Corollary 6.12, if β = (β1, . . . , βn) is a tuple of compositions and
α = (α1, . . . , αn) is a composition, then we use the convention

β ·α := (β1
· (α1), β

2
· (α2), . . . , β

n
· (αn)).

Proof. Assume R = k is a field of characteristic 0 and let A = S(V ) for some vector space V . Note that
A and A⩾d = Ad

+
are polynomial functors for all d ⩾ 1. Taking Segre products, this means that A[n] and

Aα
+
:= Aα1

+ ◦ Aα2
+ ◦ · · · ◦ Aαn

+ are also polynomial functors, and hence there is an equality

Ch(Aα
+
)= Ch(A[n]) ·

∑
i⩾0

(−1)i Ch(TorA[n]
i (Aα

+
, k)), (6.13.1)

where Ch(−) denotes the multigraded character. By definition there are equalities

Ch(Aα
+
)=

∑
d⩾1

hdn+α(x), Ch(A[n])=
∑
d⩾0

hdn (x).

On the other hand, by Theorem 5.20 there is an equality

Ch(TorA[n]
i (Aα

+
, k))=

∑
β1,...,βn

|β1
|=···=|βn

|=i
β1
∧···∧βn

=1i

sβ·α(x).
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Combining all of these expressions and comparing degrees on each side of the equality (6.13.1) yields
the result. □

Remark 6.14. When n = 1, this reduces to the well-known classical character identity

hd+a(x)=
d∑

i=1

(−1)i+1hd−i (x)s(1i ,a)(x).

Moreover, taking s-th Veronese powers of the polynomial ring and performing an identical argument
yields the same identity, but every composition is replaced with its s-th rescaling (i.e., apply the operation
(−)(s) to all compositions).

Example 6.15. Let n= 2, d= 2, and α= (α1, α2) be any composition. Then the identity of Corollary 6.12
reads

h2+α1(x
1)h2+α2(x

2)= hd−1(x1)hd−1(x2)s(1,α1)(x
1)s(1,α2)(x

2)

−s(12,α1)(x
1)s(12,α2)(x

2)− s(12,α1)(x
1)s(2,α2)(x

2)− s(2,α1)(x
1)s(12,α2)(x

2).

Our next corollary is an evident consequence of Theorem 6.1 combined with Observation 6.9 (by
setting α = (1i )).

Corollary 6.16. Let A1, . . . , An a sequence of Koszul R-algebras admitting a compatible Gi -action for
each 1 ⩽ i ⩽ n. Assume that M i (resp. N i ) is a Koszul right (resp. left) Ai -module admitting a compatible
Gi -action. Then the module

TorA1
◦···◦An

i (M1
◦ · · · ◦Mn, N 1

◦ · · · ◦ N n)

admits a G1
× · · ·×Gn-equivariant filtration with associated graded pieces of the form

Sα
1

M1,A1,N 1 ⊗R · · · ⊗R Sα
n

Mn,An,N n ,

where the compositions range over all tuples (α1, . . . , αn) ∈ C(i)×n with α1
∧ · · · ∧αn

= (1i ).
Likewise, the module

Tor(A
1
◦···◦An)(d)

i ((M1
◦ · · · ◦Mn)(d), (N 1

◦ · · · ◦ N n)(d))

admits a G1
× · · ·×Gn-equivariant filtration with associated graded pieces of the form

Sα
1

M1,A1,N 1 ⊗R · · · ⊗R Sα
n

Mn,An,N n ,

where the compositions range over all tuples (α1, . . . , αn) ∈ C(di)×n with α1
∧ · · · ∧αn

= (d i ).

Example 6.17. Let A be any Koszul algebra and let us compute the filtration factors of (A[3]!)∗2 = S
(12)

A[3]

(unfortunately, trying this for S
(13)

A[3] yields 49 filtration factors, which is too big of an example). The poset
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parametrizing the filtration factors is:

({1}, {1},∅) ({1},∅, {1}) (∅, {1}, {1})

({1},∅,∅) (∅, {1},∅) (∅,∅, {1})

(∅,∅,∅)

This yields filtration factors:

S
(2)
A ⊗R S

(2)
A ⊗R S

(12)
A S

(2)
A ⊗R S

(12)
A ⊗R S

(2)
A S

(12)
A ⊗R S

(2)
A ⊗R S

(2)
A

S
(2)
A ⊗R S

(12)
A ⊗R S

(12)
A S

(12)
A ⊗R S

(2)
A ⊗R S

(12)
A S

(12)
A ⊗R S

(12)
A ⊗R S

(2)
A

S
(12)
A ⊗R S

(12)
A ⊗R S

(12)
A

Example 6.18. Let A be any Koszul algebra and let T (V ) denote the tensor algebra on some projective
R-module V . Then by definition the R-module S

(1i )
A,T (V ) admits a filtration with graded pieces of the form

Sα
1

A ⊗R Sα
2

T (V ),

with α1
∧ α2
= (1i ). Note that the only choice of α2 for which Sα

2

T (V ) is nonzero is for α2
= (i). Thus

α1
= (1i ) and we find

S
(1i )
A,T (V ) = S

(1i )
A ⊗R S

(i)
T (V ) = (A

!)∗i ⊗R V⊗i .

In particular, after dualizing and collecting graded pieces, there is an isomorphism of R-algebras

(A ◦ T (V ))! = A! ◦ T (V ∗).

Of course, this could be verified using more direct methods, but the point is to demonstrate the utility of
Theorem 5.20.

Example 6.19. Let A = S(V ), B = S(W ) be symmetric algebras on free R-modules V and W both
of rank 2. Let M = Ar

+
◦ B and N = A ◦ Br ′

+
, viewed as modules over the Segre product A ◦ B. By

Corollary 6.16 there is an equality

TorA◦B
i (M, N )= S

(1i )

(A,Ar
+)◦(B,B

r ′
+ )
.

The module S
(1i )

(A,Ar
+)◦(B,B

r ′
+ )

has a GL(V )×GL(W )-equivariant filtration with associated graded pieces of
the form

SαA,Ar
+
⊗R S

β

B,Br ′
+

,
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where α and β range over all partitions with α∧β = (1i ). Notice that since V and W have rank 2, we are
really only ranging over all partitions α and β such that all parts of αt and β t are at most 2, and such that
αt
∨β t
= (i). Retranslating this in terms of subsets of the Boolean poset, this is asking for all ways to

partition the set [i−1] into the union of two totally disconnected sets Iα ∪ Iβ , where 1 ∈ Iβ and i−1 ∈ Iα .
One quickly sees that there is no such decomposition if i − 1 is odd and only 1 such decomposition when
i − 1 is even:

[i − 1] = {2, 4, . . . , i − 1} ∪ {1, . . . , i − 2}.

Retranslating this in terms of compositions, we find there is a GL(V )×GL(W )-equivariant isomorphism

TorA◦B
i (M, N )=

{
Sr−1(V )⊗R det(V )(i+1)/2

⊗R Sr ′−1(W )⊗R det(W )(i+1)/2 if i > 0 is odd,
0 if i > 0 is even.

6.4. Koszul modules built from ribbons and general skew shapes. In this section we apply the Koszulness
criterion of Lemma 4.43 to deduce that a large class of modules parametrized by ribbons are Koszul
modules. This immediately yields interesting Koszul modules over any Koszul algebra (generalizing
powers of A+), and in the case of the symmetric algebra we are able to give a quick and much more
general proof of the Koszulness of certain classes of modules formed by attaching rows to a fixed Schur
functor associated to a skew-partition. We conclude with an application of these results that allows us to
compute the regularity of the sheaf Sλ(R) in arbitrary characteristic.

Notation 6.20. Let A be any Koszul algebra and α any fixed composition. Define the right A-module
Sα⊙•A via

Sα⊙•A :=

⊕
d⩾0

S
α⊙(d)
A ,

with right A-module action induced by the canonical surjections SαA ⊗R Ad ↠ S
α⊙(d)
A . Similarly, the

right (A!)∗-comodule S
α·(1•)
A is defined via

S
α·(1•)
A :=

⊕
d⩾0

S
α·(1d )
A ,

with comodule action induced by the canonical injections S
α·(1d )
A ↪→ SαA⊗R (A!d)

∗. The left A-modules
S•⊙αA and left (A!)∗-comodules S

(1•)·α
A are defined identically, but with the appropriate concatenation/near-

concatenation appearing on the left.

Example 6.21. If α = (e) is a single integer, then the module S
(e)⊙•
A is simply (A+)e, viewed as a

right A-module. More generally, let �i
⩾ j (R) denote the i-th syzygy of the A-module R,3 truncated past

degree j . Then

�i
⩾ j (R)= S

(1i−1, j)⊙•
A .

3That is, the image of the i-th differential in any A-projective resolution of R.
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Theorem 6.22. Let A be any Koszul algebra and α any composition. Then the right A-module Sα⊙•A is a
Koszul A-module, and the minimal free resolution over A has the form

· · · → S
α·(1i )
A ⊗R A(−i)→ S

α·(1i−1)
A ⊗R A(−i + 1)→ · · · → Sα·(1)⊗R A(−1)→ SαA⊗R A.

In particular, the quadratic dual of Sα⊙•A is precisely the left A!-module S
•⊙rev(αt )

A! .

Proof. Let α be any fixed partition and set M := Sα⊙•A . We use the criterion of Lemma 4.43(2). Let d ⩾ 0
be any integer and observe first that

S
β

M⩾d ,A = S
α⊙d·β
A .

Thus for any compositions β, γ the exactness of the sequence

0→ S
β·γ

M⩾d ,A→ S
β

M⩾d ,A⊗R S
γ

A→ S
β⊙γ

M⩾d ,A→ 0

is equivalent to the exactness of the sequence

0→ S
δ·γ

A → SδA⊗R S
γ

A→ S
δ⊙γ

A → 0,

where δ= α⊙ (d) ·β. This latter sequence is evidently exact, since the algebra A is assumed to be Koszul,
whence the module M is Koszul. The latter statements are trivial consequences of the Priddy complex
associated to a Koszul module (see Theorem A.25). □

The modules Sα⊙•A are constructed in such a way that they are totally compatible with any kind of
ambient group actions, and the naturality of this construction leads one to wonder if there are classes of
Koszul modules in the literature that are “secretly” of the form Sα⊙•A for some α. We pose this question
formally.

Question 6.23. Are there interesting examples of Koszul modules in the literature of the form Sα⊙•A for
some composition α? (One such class of examples arises as in Example 6.21.)

For the remainder of this subsection, we assume that A = S•(V ) (the symmetric algebra) or
∧
• V (the

exterior algebra), where V is any free R-module (R is still assumed to be a commutative ring). In this
setting, we have access to the classically defined Schur functors SD(V ) of Akin, Buchsbaum and Weyman
[1982], where D = λ/µ is a skew partition. For a composition α, the notation D⊙ α will denote the
skew partition obtained by attaching the bottom row of α to the top row of the diagram D. Likewise, the
notation D ·α is defined to be the skew partition obtained by concatenating the ribbon diagram associated
with α to the top row of D.

Example 6.24. Let D = (3, 3, 2)/(1) and α = (2, 2). Then:

D⊙α = and D ·α =
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Remark 6.25. The concatenation/near-concatenation of arbitrary diagrams D and D′ is defined in
[Almousa et al. 2024, Definition 3.4], but we will not need this level of generality here.

Definition 6.26. Let D = λ/µ be a skew-partition. The notation SD⊙•(V ) will denote the S•(V )-module
with

SD⊙•(V ) :=
⊕
d⩾0

SD⊙(d)(V ),

with multiplication induced by the canonical surjections

SD(V )⊗R Sd(V )↠ SD⊙d(V ).

Likewise, the notation SD·(1•)(V ) denotes the
∧
• V -comodule with

SD·(1•)(V ) :=
⊕
d⩾0

SD·(1d )(V )

with comultiplication induced by the natural inclusions

SD·(1d )(V ) ↪→ SD(V )⊗R

d∧
V .

The analogous definitions for SD replaced by the Weyl functors WD will be used, with the tacit knowledge
that the module WD⊙•(V ) is instead a

∧
• V -module. Likewise, the modules S•⊙D(V ) (resp. W•⊙D(V ))

and S(1
•)·D(V ) (resp. W(1•)·D(V )) are defined analogously.

Remark 6.27. A simple way to define the module structure on SD⊙•(V ) is to take advantage of the short
exact sequence, see [Almousa et al. 2024, Proposition 3.6],

0→ SD·(1)(V )→ SD
⊗R V → SD⊙(1)(V )→ 0,

and then define SD⊙•(V ) to be the quadratic S•(V )-module induced by the above short exact sequence,
there is always a standard way to do this; see, for instance, [Polishchuk and Positselski 2005].

Theorem 6.28. Let A := S•(V ), the symmetric algebra on a free R-module V . For any skew partition
D := λ/µ, the S•(V )-module SD⊙•(V ) is Koszul, and the minimal free resolution over A has the form

· · ·→SD·(1i )
⊗R A(−i)→SD·(1i−1)(V )⊗R A(−i +1)→· · ·→SD·(1)(V )⊗R A(−1)→SD(V )⊗R A.

In particular, the quadratic dual of SD⊙•(V ) is precisely the
∧
• V ∗-module W•⊙Dt

(V ). The analogous
statement for the A =

∧
• V -module WD⊙•(V ) also holds.

Proof. Define M := SD⊙•(V ) and notice that by identical reasoning to the proof of Theorem 6.22, for
any integer d ⩾ 0 and composition α there is an equality

SαM⩾d ,A = SD⊙(d)·α(V ),

whence the sequences of Lemma 4.43 read

0→ SD⊙(d)·α·β(V )→ SD⊙(d)·α(V )⊗R S
β

A→ SD⊙(d)·α⊙β(V )→ 0.
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By [Almousa et al. 2024, Proposition 3.6], this sequence is exact; in the notation of [Almousa et al. 2024],
the diagram denoted D is the diagram D⊙ (d) ·α in our notation and D′ is the ribbon diagram associated
to β. By Lemma 4.43(2), the module M is Koszul, and the latter statements are again an immediate
consequence of the Priddy complex (see Theorem A.25). □

As a further application, we conclude this section with a characteristic-free computation of the regularity
of a certain class of vector bundles on projective space by using the resolution of Theorem 6.28.

Notation 6.29. Let V be any k-vector space and P(V ) denote projective space on V . The tautological
subbundle R on P(V ) is the twisted sheaf �(1), where � denotes the cotangent bundle. More concretely,
R is defined via a twist of the Euler sequence

0→R→ V ⊗k OP(V )→OP(V )(1)→ 0.

For convenience, recall that a sheaf F on some variety X is r -regular if

H i (X,F(r − i))= 0

for all i > 0. The regularity of a sheaf F is defined to be the minimal integer r such that F is r -regular.
We conclude our applications with a characteristic-free regularity computation for a canonical class of
vector bundles on projective space.

Theorem 6.30. Let V be a k-vector space and R the tautological subbundle on P(V ). Given any partition
λ= (λ1, . . . , λn) (where n = dim V ), there is an exact sequence of vector bundles of P(V )

· · · → S(λ1,λ)·1i
(V )⊗k OP(V )(−λ1− i)→ · · · → S(λ1,λ)·1(V )⊗k OP(V )(−λ1− 1)

→ S(λ1,λ)(V )⊗k OP(V )(−λ1)→ Sλ(R)→ 0. (6.30.1)

Moreover, writing λt
= (λt

1, . . . , λ
t
m) (where λt

m > 0),4 there is an equality

Hλt
m (P(V ),Sλ(R)(λ1− λ

t
m − 1))= S((λ1−1)λ

t
m+1,λ2,...,λn)(V ).

In particular, the sheaf Sλ(R) has regularity λ1.

Remark 6.31. Theorem 6.30 generalizes a theorem of Gao and Raicu [2024, Theorem 2.2], where the
authors used the Kempf–Weyman geometric technique [Weyman 2003] to construct the above resolution
in the case λ= (a); they used this to prove that the regularity of the sheaf Sa(R) is precisely a.

The subtlety of needing to concatenate the partition λ on the rightmost column was not present in [Gao
and Raicu 2024], since concatenating a column of the left/right of the diagram for the partition (a, a)
yields isomorphic representations.

4In other words, λt
m is the length of the rightmost column of the tableau associated to λ.
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Example 6.32. Consider the partition

λ := (3, 3, 2, 1)=

so that λt
= (4, 3, 2). Then Theorem 6.30 implies that there is a resolution of the form

· · · → ⊗k OP(V )(−5)→ ⊗k OP(V )(−4)→ ⊗k OP(V )(−3)→ S(3,3,2,1)(R),

where in the above complex a Young diagram for shape λ/µ corresponds to the Schur module Sλ/µ(V ).
By stripping off the rightmost column of the shapes appearing in the above complex, Theorem 6.30 also
implies that there is an isomorphism

H 2(P(V ),S(3,3,2,1)(R))= S(2,2,2,2,1)(V ).

This is particularly evident if the ambient vector space V has dimension 4, since the above resolution
becomes the short exact sequence

0→ S(2,2,2,2,1)(V )⊗k det(V )⊗k OP(V )(−4)→ S(3,3,3,2,1)(V )⊗k OP(V )(−3)→ S(3,3,2,1)(R)→ 0.

Proof of Theorem 6.30. The complex (6.30.1) arises by taking sheaves associated to the resolutions of
Theorem 6.28 for the partition λ. The sheaf associated to the module Sλ⊙•(V ) is precisely Sλ(R), whence
the sequence (6.30.1) is indeed an exact sequence of vector bundles.

Observe that it is of no loss of generality to assume that λn = 0, since if λn > 0 we may write

Sλ(R)= det(R)λn ⊗OP(V ) S(λ1−λn,λ2−λn,...,λn−1−λn,0)(R).

Using the fact that det(R) = OP(V )(−1), we see that it indeed suffices to prove the statement of
Theorem 6.30 with λn = 0.

Twist the complex (6.30.1) by λ1− λ
t
m − 1. The cohomology of each of the terms

S(λ1,λ)·1i
(V )⊗k OP(V )(−i − λt

m − 1︸ ︷︷ ︸
=−λ1−i+(λ1−λt

m−1)

)

is 0 unless i = n − λt
m − 1, since if i < n − λt

1 − 1 then 0 > −i − λt
m − 1 > −n and hence the

twists OP(V )(−i − λt
m − 1) have 0 cohomology identically. If i > n− λt

m − 1, then the Schur module

S(λ1,λ)·(1n−λt
m−1)(V ) is identically 0, since the rightmost column has length strictly greater than n (which

is the rank of V ). It follows that

H j (P(V ),S(λ1,λ)·(1n−λt
m−1)(V )⊗k OP(V )(−n))=

{
S(λ1,λ)·1n−λt

m−1
(V )⊗k det(V ∗) if j = n− 1,

0 otherwise.
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Combining the fact that S(λ1,λ)·1n−λt
m−1
(V )= S((λ1−1)λ

t
m+1,λ2,...,λn)(V )⊗k det(V ) with the above equality,

the hypercohomology spectral sequence implies that

H j (P(V ),Sλ(R)(λ1− λ
t
m − 1))=

{
S((λ1−1)λ

t
m+1,λ1−1,λ2,...,λn)(V ) if j = λt

m,

0 otherwise.

The fact that H i (P(V ),Sλ(R)(r − i))= 0 for all r ⩾ λ1 is an immediate consequence of the complex
(6.30.1), since twisting by any s > λ1− λ

t
m − 1 will yield a complex of vector bundles whose terms have

at most global sections. □

Appendix: Koszul algebras and modules over commutative rings

The purpose of this appendix is to define Koszul algebras/modules and their quadratic duals and recall
Backelin’s theorem in the generality established in Section 2. After developing the machinery of refinement
complexes, we relate Backelin’s theorem to the exactness properties of these complexes. Much of
the material in this section follows from straightforward extensions of the material of [Polishchuk and
Positselski 2005], but since we assume that R is an arbitrary commutative ring and our algebras are only flat
R-modules in each homogeneous component, there are some additional details/technicalities to be verified.

A.1. Generalities on quadratic algebras and modules.

Definition A.1. Let A be any quadratic algebra and M any graded (left) A-module M of initial degree t .
There is a canonical multiplication map A⊗d

1 ⊗R Mt → Mt+d for every d ⩾ 0; the kernel of this map will
be denoted QM

t+d .
The module M is called quadratic if

(1) the canonical map A⊗d
1 ⊗R Mt → Mt+d is surjective for all d ⩾ 0, and

(2) for every d ⩾ 0, there is an equality

QM
d+t = Q A

2 ⊗R A⊗d−2
1 ⊗R Mt + · · ·+ A⊗i

1 ⊗R Q A
2 ⊗R A⊗d−i−2

1 ⊗R Mt︸ ︷︷ ︸
(i+1)-th position

+ · · ·+ A⊗d−1
1 ⊗R QM

t+1.

Definition A.2 (quadratic duals). Let A be a quadratic R-algebra and M any quadratic left A-module of
initial degree t . The quadratic dual A! ⊂ Ext•A(R, R) is defined to be the subalgebra⊕

i∈Z

ExtiA(R, R)i ⊂ Ext•A(R, R).

Notice that this is indeed a well-defined subalgebra, since the Yoneda product respects both the cohomo-
logical and internal grading. Viewing ExtiA(M, R) as a right A!-module (via Yoneda composition), define
the quadratic dual M ! ⊂ ExtiA(M, R) to be the A!-submodule⊕

i∈Z

ExtiA(M, R)i+t ⊂ Ext•A(M, R).

The quadratic dual M ! of a right A-module M is defined analogously and is a left A!-module.
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Remark A.3. The above definition is indeed well-defined for right A-modules, since a right A-module is
equivalently a left Aop-module, and it is evident that there is an isomorphism of algebras

Ext•Aop(R, R)∼= Ext•A(R, R)op.

Thus Ext•A(M, R) is a right Ext•A(R, R)op-module, and hence a left Ext•A(R, R)-module.

Remark A.4. The notion of a quadratic dual is typically only reserved for Koszul algebras. The modules
A! and M ! as defined in Definition A.2 are sometimes referred to as diagonal subalgebras and diagonal
submodules of the Ext algebra/module, but in view of the observation below it seems appropriate to use
the name quadratic dual for the general construction.

Observation A.5. Let A be a quadratic R-algebra and M any quadratic left A-module of initial degree t .
Then the quadratic dual A! is a quadratic algebra, and likewise the quadratic dual M ! is a quadratic right
A!-module.

Proof. Dualizing the Bar complex BarA(A), the n-th graded piece of the quadratic dual A! is by definition
defined to be the cokernel of the map

n−1⊕
i=1

A∗⊗i−1
1 ⊗R A∗2⊗R A∗⊗n−i−1

1 → A∗⊗n
1 .

Moreover, the Yoneda product is induced by the tensor algebra product on the cobar construction, in
which case the algebra A! is by definition a quadratic algebra. Similarly, dualizing the bar complex
BarA(M) implies that

M !n := Coker

 M∗t+1⊗R A∗⊗n−t−1
1

⊕⊕n−t−1
i=1 M∗t ⊗R A∗⊗i−1

1 ⊗R A∗2⊗R A∗⊗n−t−i−1
1

→ M∗t ⊗R A∗⊗n−t
1

 .

Again, the right Yoneda module structure is induced by the right tensor algebra structure on the cobar
complex, in which case M ! is a quadratic right A!-module. □

Finally, we conclude this section by defining a Koszul algebra/module:

Definition A.6. Let A be a quadratic R-algebra. The algebra A is Koszul if there is an isomorphism of
R-algebras

A! ∼= Ext•A(R, R).

Likewise, let M be any left A-module. Then the module M is Koszul if there is an isomorphism of right
A!-modules

M ! ∼= Ext•A(M, R).

In other words, the inclusions of Definition A.2 are actually equalities.
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A.2. Refinement complexes. In this section, we recall the notion of refinement complexes; it should be
noted here that the terminology is new, but such complexes (often unnamed) have been studied before;
see for instance [Polishchuk and Positselski 2005, Chapter 2.8]. These complexes may be understood as
(subquotients of) homogeneous strands of the augmented bar complex associated to a quadratic algebra A.

Throughout this section, we will use the notation for compositions and the standard operations between
them established in Section 4.1.

Definition A.7 (refinement complexes). Let α= (α1, . . . , αn) be a composition of some integer d . Define
the refinement (chain) complex R A,M

•
(α) to be the chain complex with

R A,M
i (α)=

⊕
β⩾α

ℓ(β)−ℓ(α)=i

((A!)∗⊗R (M !)∗)β,

and differential induced by the cobar differential on CobarA!(M !). Likewise, define the refinement
(cochain) complex R•A,M(α) to be the cochain complex with

Ri
A,M(α)=

⊕
β⩾α

ℓ(β)−ℓ(α)=i

(A⊗R M)β,

and differential induced by the bar differential on BarA(M). The notation R A
i (α) and R A

i (α) will be
shorthand for R A,A+

i (α) and Ri
A,A+(α), respectively.

Example A.8. If A = S(V ) is the symmetric algebra on some free R-module V , then

RS(V )
•

(3, 2, 4) :
9∧

V →

∧5 V ⊗
∧4 V
⊕∧3 V ⊗

∧6 V
→

3∧
V ⊗

2∧
V ⊗

4∧
V .

Likewise, using the notation of Definition 4.15,

R•A(3, 2, 4, 3) : A(3,2,4,3) →

A(5,4,3)
⊕

A(3,6,3)
⊕

A3,2,7)

→

A(9,3)
⊕

A(5,7)
⊕

A(3,9)

→ A12.

A.3. Koszulness and distributivity. In this section, we recall Backelin’s theorem for Koszul algebras.
For convenience, we state explicitly the following equivalent conditions for Koszulness, which are trivial
retranslations of the definition.

Observation A.9. Let A be any quadratic algebra. Then the following are equivalent:

(1) The algebra A is Koszul.

(2) For all j > i , one has ExtiA(R, R) j = 0.

(3) For all j > i , one has TorA
i (R, R) j = 0.



830 Keller VandeBogert

Definition A.10. Let A be a quadratic R-algebra. Given positive integers n, i > 0, use the notation

Sn
A,i := A⊗i−1

1 ⊗R Q A
2 ⊗R A⊗n−i−1

1 ⊂ A⊗n
1 .

The following crucial observation ties all the machinery introduced in Section A.2 to the theory of
distributivity developed in Section 3.

Observation A.11. Let A be a Koszul R-algebra with n, i > 0 positive integers. Then there is an
isomorphism of R-modules

A⊗n
1∨

i∈I Sn
A,i

∼= Aφ(I ).

In particular, with notation as in Definition 4.4 and Construction 3.5 there are isomorphisms of complexes

R A
•
(α)= Cφ−1(α)

•
(A⊗|α|1 ; Sn

A,1, . . . , Sn
A,n−1) and R•A(α)= C •

φ−1(α)
(A⊗|α|1 ; Sn

A,1, . . . , Sn
A,n−1).

Finally, we state and prove the generalization of Backelin’s theorem. Notice that the proof is deceptively
short, but relies on the entirety of the material developed thus far in the paper.

Theorem A.12. Let A be any quadratic R-algebra. Then

A is Koszul ⇐⇒ the collection Sn
A,1, . . . , Sn

A,n−1 ⊂ A⊗n
1 is distributive for all n > 0.

In particular, the refinement complexes R•A(α) and R A
•
(α) are exact in positive (co)homological degrees

for all compositions α.

Remark A.13. Notice that it is clear that distributivity implies that A is Koszul, since this means that
the complex R•A(1

d) is in particular exact in positive cohomological degrees. It is not obvious at all
that Koszulness should be sufficient to imply exactness of the refinement complexes for all choices of
compositions.

Proof. This is an immediate consequence of Backelin’s theorem combined with Observation A.11. □

Remark A.14. Notice that with the distributivity perspective of Koszul algebras,

An←→ A!n corresponds to
A⊗n

1

Sn
1,A+ · · ·+ Sn

n−1,A
←→

A∗⊗n
1

Sn
1,A
∨
+ · · ·+ Sn

n−1,A
∨
.

This is another quick way to see that A ∼= (A!)! as R-algebras.

Corollary A.15. Let A be a quadratic R-algebra. Then A is Koszul if and only if A(d) is Koszul for every
d > 0.

Remark A.16. Of course, the nontrivial direction of Corollary A.15 is the fact that A is Koszul implies
that A(d) is Koszul for all d > 0. The distributivity criterion makes this a trivial consequence; it is worth
mentioning that this was originally proved by Barcanescu and Manolache [1981].
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A.4. Koszul modules over Koszul algebras. The following section makes some additional observations
about Koszul modules that will be useful to reference explicitly in earlier sections. We start with an
analogous observation on equivalent conditions for Koszulness of a module:

Observation A.17. Let A be a Koszul algebra and M any quadratic left A-module of initial degree t .
Then the following are equivalent:

(1) The module M is Koszul.

(2) For all j > i , one has ExtiA(M, R)t+ j = 0.

(3) For all j > i , one has TorA
i (M, R)t+ j = 0.

The following submodule collections are the evident analog of the collection in Definition A.10 for
quadratic modules:

Definition A.18. Let A be a quadratic algebra and M any quadratic left A-module of initial degree t .
Given positive integers n, i > 0, use the notation

Sn
A,M,i :=

{
A⊗i−1

1 ⊗R Q2⊗R An−i−2
1 ⊗R Mt if i < n− 1,

A⊗n−1
1 ⊗R QM

t+1 if i = n− 1
⊂ A⊗n−1

1 ⊗R Mt .

The submodules Sn
M,A,i ⊂ Mt ⊗R A⊗n−1

1 for a right A-module M are defined analogously.

Theorem A.19. Let M be a left (resp. right) A-module of initial degree t , where A is a Koszul R-algebra.
Then

M is Koszul ⇐⇒ the collection Sn
A,M,1, . . . , Sn

A,M,n−1 ⊂ A⊗n
1 ⊗R Mt is distributive for all n > 0.

The analogous statement for right A-modules holds as well. In particular, the refinement complexes
R•A,M(α) and R A,M

•
(α) are exact in positive (co)homological degrees for all compositions α.

Proof. The proof is identical to the proof of Theorem A.12. □

The following observation is immediate upon applying−⊗R M to the augmented bar complex BarA(A):

Observation A.20. Let A be a Koszul R-algebra. Then any flat R-module is a Koszul A-module by
viewing the R-module as a left (or right) A-module concentrated in some fixed degree.

Corollary A.21. If M is a Koszul left (resp. right) A-module, then the truncation M⩾d is a Koszul left
(resp. right) A-module for all d ∈ Z.

Proof. Let t denote the initial degree of M , and proceed by induction on the difference d − t . When
d − t = 0, it is by assumption that M⩾t = M is Koszul.

Let d − t > 0. There is a short exact sequence

0→ M⩾d−t → M⩾d−t−1→ Md−t−1→ 0,

where Md−t−1 is a flat R-module viewed as being concentrated in degree d − t − 1. By the inductive
hypothesis, the truncation M⩾d−t−1 is Koszul and by Observation A.20 the A-module Md−t−1 is Koszul.
By the long exact sequence of cohomology, the truncation M⩾d−t must also be Koszul. □
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Observation A.22. If M is a Koszul left A-module over a Koszul algebra A, then the graded dual M∗ is
a Koszul right A-module.

Proof. It is clear by definition that each graded component of M∗ is a flat R-module, so it remains to
prove that Ext•Aop(M∗, R) is generated in minimal internal degree. There is a string of isomorphisms of
algebras

Ext•A(M, R)op ∼= Ext•Aop(R,M)∼= TorAop

•
(R,M∗)∗.

Since Ext•A(M, R) is generated in minimal internal degrees, so is TorAop

•
(R,M∗). This implies that M∗ is

Koszul. □

We conclude this subsection with a statement about the Koszulness of tensor products of Koszul
algebras. This will be most useful when dealing with multi-Schur functors.

Corollary A.23. Let A and B be two Koszul algebras and let M (resp. N ) a left A (resp. B)-module.
Then the tensor product A⊗R B is a Koszul algebra and M ⊗R N is a Koszul left A⊗R B-module.

Proof. Recall that for any (left) A-module M and B-module N , the shuffle product

∇ : BarA(M)⊗R BarB(N )→ BarA⊗R B(M ⊗R N )

is a well-defined morphism of complexes. The complex BarA⊗R B(M⊗R N ) is a flat resolution of M⊗R N ,
and by the assumption that all the modules A, B, M , and N are flat as R-modules the tensor product
BarA(M)⊗R BarB(N ) is also a flat resolution of M ⊗R N . Since R ⊗A BarA(M) and R ⊗B BarB(N )
both have homology concentrated in minimal degrees, so does R⊗A⊗R B BarA⊗R B(M ⊗R N ). □

A.5. The Priddy complex. In this section, we recall the well-known construction of the Priddy complex
(originally proved in the work of Priddy [1970]) for our setting. The definition is identical to that of the orig-
inal definition over fields, but we include the definition along with the relevant properties for completeness.

Construction A.24. Let A be a Koszul R-algebra and M a left Koszul module. For each i ⩾ 0, there is a
canonical inclusion of left A-modules

A⊗R (M !)∗t+i ↪→ A⊗R A⊗i
1 ⊗R Mt = BarA

i (M)i ,

where the left A-module structure on A⊗R (M !)∗ comes from only allowing A to act on the leftmost
tensor factor. This inclusion thus lifts to an inclusion of complexes

A⊗R (M !)∗• ↪→ BarA(M).

The differential on the complex A⊗R (M !)∗• is induced by the Bar complex differential (this is indeed
well-defined).

Theorem A.25. Let A be a quadratic algebra and M any left A-module. Then the following are equivalent:

(1) The left A-module M is Koszul.

(2) The complex A⊗R (M !)∗ is a flat resolution of M over A.
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Proof. (2)=⇒ (1): This implication is clear, since if A⊗R (M !)∗ is a flat resolution of M over A, tensoring
with R over A implies that TorA

i (R,M) is concentrated in degree i + t (recall that Tor may be computed
using flat resolutions).

(1) =⇒ (2): Let ι : A⊗R (M !)∗ be the inclusion of Construction A.24 and consider the mapping cone
Cone(ι). There is the tautological short exact sequence of complexes

0→ R⊗A BarA(M)→ Cone(R⊗A ι)→ (M !)∗[−1] → 0.

The assumption that M is Koszul implies that R⊗A ι is a quasiisomorphism, so that Cone(R⊗A ι) is an
exact complex of flat R-modules. However, this implies by Nakayama’s lemma Cone(ι) must be an exact
complex, whence A⊗R (M !)∗ is an A-flat resolution of M . □
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