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Motivic distribution of rational curves and
twisted products of toric varieties

Lois Faisant

This work concerns asymptotical stabilisation phenomena occurring in the moduli space of sections of
certain algebraic families over a smooth projective curve, whenever the generic fibre of the family is a
smooth projective Fano variety, or not far from being Fano.

We describe the expected behaviour of the class, in a ring of motivic integration, of the moduli space
of sections of given numerical class. Up to an adequate normalisation, it should converge, when the class
of the sections goes arbitrarily far from the boundary of the dual of the effective cone, to an effective
element given by a motivic Euler product. Such a principle can be seen as an analogue for rational curves
of the Batyrev—Manin—Peyre principle for rational points.

The central tool of this article is the property of equidistribution of curves. We show that this notion
does not depend on the choice of a model of the generic fibre, and that equidistribution of curves holds for
smooth projective split toric varieties. As an application, we study the Batyrev—Manin—Peyre principle for
curves on a certain kind of twisted products.
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Introduction

The aim of this work is to describe the expected behaviour of moduli spaces of morphisms from a smooth
projective curve to a smooth Fano variety when the numerical class of the curves goes to infinity. More
generally, we study sections of a faithfully flat morphism to such a curve. What we consider are the
classes of these moduli spaces in a variant of the Grothendieck ring of varieties.

This is related to the classical subject of homological stability. Recent developments concern homolog-
ical stability for moduli spaces, as described for example by Ellenberg, Venkatesh and Westerland [29].
The underlying philosophy is that given a sequence (X,) of algebraic varieties defined over the finite
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field [, of growing dimension with respect to n — for instance, a sequence of moduli spaces —the

quantity | X, (F,)|g~ dim(X.)

should admit a limit as n — oo precisely when the cohomology groups of X,
stabilise [29, Section 1.8]. For example, when the X,, are smooth and geometrically irreducible varieties
of dimension n, Deligne’s proof of the Weil conjecture [25] provides an upper bound on the eigenvalues of
the Frobenius morphism, acting on the étale cohomology groups of X,,, and the Grothendieck—Lefschetz
formula allows one to pass from homological stabilisation to point-counting stabilisation.

The study of the asymptotic behaviour of the number of [, (¢)-rational points of bounded height on Fano
varieties over [, in the framework suggested by Manin and his collaborators in the late 1980s, is expected
to be an illustrative instance of this phenomenon: in that case, [, (7)-points can be interpreted as [, -points
of the moduli space of morphisms from IP[qu to the variety. One of the goals of this article is to formulate a
motivic analogue of this framework which allows “point-counting” in any characteristic (in particular, of
C(¢)-points). Actually, the motivic point of view tends to incorporate both the homological approach and
the point-counting approach. Then, techniques coming from arithmetic help one get answers to questions
concerning geometry and topology: dimension, number of components, homological stabilisation, or
even stabilisation of Hodge structures.

Let us now recall that the modern formulation of a Batyrev—Manin—Peyre principle over number fields is
the sum of works carried out by Franke—Manin—Tschinkel [32], Batyrev—Manin [1], Batyrev—Tschinkel [2],
Peyre [51], Salberger [59], Lehmann—Tanimoto [40] and Lehmann—Sengupta—Tanimoto [43], among
many others. This principle admits many variants, for example when one works over a function field of
positive characteristic [52], when one considers integral points [18] or Campana points [55], or counts
rational points on stacks [22; 30].

This literature is a rich source of inspiration for anyone wishing to consider a geometric analogue of
this principle, namely the asymptotic behaviour of rational curves of arbitrarily large degree — which
corresponds to rational points of varieties defined over a function field of arbitrary characteristic. This is
no longer strictly speaking a counting problem if the characteristic is zero, but a quite natural framework
is provided by the theory of motivic integration, introduced by Kontsevich (during his talk in Orsay,
1995) and then developed and expanded by Denef, Loeser [26], Looijenga [45] and their collaborators
[19; 47; 60]. Then counting curves means taking the classes, in the ring of motivic integration, of the
components of the moduli space of rational curves.

Following remarks by Batyrev about the dimension of the moduli space and a question raised by Peyre
in the early 2000s, one may ask whether the class of the moduli space of curves of a given degree stabilises
when the degree, which is an element of the dual of the Picard group of the variety, goes arbitrarily far
away from the boundary of the dual of the effective cone.

Any positive answer to this question for a given class of varieties would be in the spirit of a larger
family of recent stabilisation results in motivic statistics, such as those appearing in several works by
Vakil and Wood concerning moduli of hypersurfaces [64], by Bilu and Howe about moduli of sections of
vector bundles [5], by Bilu, Das and Howe about configuration spaces and Hadamard convergence [6],
and by Landesman, Vakil and Wood regarding low-degree Hurwitz spaces [39], to cite a few of them.
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Until recently, an obstruction to a precise formulation of a geometric or motivic Batyrev—Manin—Peyre
principle was the absence of a sufficiently robust notion of motivic Euler product which would play the role
of Peyre’s adelic constant. A path was opened up by Bourqui [12; 13; 14] in the late 2000s and the notion
reached a certain degree of maturity and robustness quite recently with Bilu’s thesis [3]. In this article we
make extensive use of this notion in order to formulate a motivic Batyrev—Manin—Peyre principle for curves,
as well as a stronger notion of equidistribution of curves. We test the validity of these concepts on smooth
split projective toric varieties and twisted products of toric varieties, in a continuation of [6; 11; 12; 15; 16].

Framework. We fix once and for all a smooth projective and geometrically integral curve 4 over a base
field k, with function field F = k(¥%).

Definition 1. If V is a smooth (irreducible) projective variety over F, we will say that V is a Fano-like

variety if

e V(F) is Zariski dense in V;

both cohomology groups H YV, 6y) and H*(V, Oy) are trivial;

the Picard group of V coincides with its geometric Picard group;

the geometric Picard group of V has no torsion, and its geometric Brauer group is trivial;

the class of the anticanonical line bundle of V lies in the interior of the effective cone Eff(V), which
itself is rational polyhedral: there exists a finite set of effective line bundles spanning it.

In the case of a projective variety V defined over the base field k, F-points of V correspond to
morphisms f : ¥ — V. Such a morphism will be somewhat abusively called a rational curve if € is
the projective line I]J’,lc. In general, we will consider sections of models 7 : ¥ — € of V. By model, we
mean a separated and faithfully flat morphism of finite type whose generic fibre is isomorphic to V. If
furthermore 7 is proper, F-points of V will correspond to sections of 7. For the sake of conciseness, in
this Introduction we start by assuming that V is actually defined over the base field k.

Multidegrees of curves. If L is a invertible sheaf on V and f : ¥ — V is a morphism, then a relevant
invariant of f is its degree with respect to L, that is, the degree

deg(f*L)

of the pull-back of L to ¥ through f. However, except for the canonical sheaf wy of V, there is no
canonical choice for L, and the canonical degree has no particular reason to be an invariant sharp enough,
as the analogy with the arithmetic setting may suggest (see for example [53, Section 4]). A way of
addressing this issue would be to introduce more invariants.

Our approach consists in taking all the degrees in the following manner: actually, a morphism f:4 — V
defines an element of the dual of the Picard group of V

deg f : [L] € Pic(V) — deg(f*L),
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called the multidegree. Given a class § € Pic(V)", one can show that morphisms f : ¢ — V of
multidegree § are parametrised by a quasiprojective scheme Hom,‘i (¢, V) [23, Chapter 2]. The dimension
of Homi (¢, V) admits the lower bound

§ - oy +dim(V)(1 — g(©))
called the expected dimension.
In this paper, we are interested in the behaviour of this sequence of moduli spaces when § belongs to
the dual of the effective cone Eff(V) and goes arbitrarily far from its boundaries. More precisely, we
study the sequence of the corresponding classes in a ring of varieties.

The ring of motivic integration. Let S be a scheme. The Grothendieck group of S-varieties
KoVarg

is defined as the abelian group generated by the isomorphism classes of S-varieties (by this, we mean
S-schemes of finite presentation), together with scissors relations

X-Y-U

whenever X is an S-variety, Y is a closed subscheme of X and U is its open complement in X. The class
of an S-variety X is denoted by [X]. The class of the affine line A; is denoted by Lg and when the base
scheme is clear from the context we may drop the index. Any constructible subset X of an S-variety
admits a class [X] in such a group [19, p. 59]. In our case, a constructible subset is a finite union of
locally closed subsets of an S-variety.

The product [X][Y] = [X xg Y] defines a ring structure on KyVarg with unit element the class of S
over itself with natural structural map. The localised Grothendieck ring of varieties .# is by definition
the ring KyVarg localised at the class g of the affine line.

The ring .#s admits a decreasing filtration by the virtual dimension: for m € Z, let 7". s be the
subgroup of .Zs generated by elements of the form

XL,

where X is an S-variety and i is an integer such that dimg(X) —i < —m. The completion of .Zs with
respect to this decreasing dimensional filtration is the projective limit

A" = lim A | " A,

which comes with a morphism .Zs — j/;dim. The dimensional filtration is one of the filtrations we are
going to use, another one being the filtration by the weight of the Hodge realisation; see Section 2.1.

In positive characteristic, we will work with modified versions of KyVarg and .# (see Section 4.4 of
[19, Chapter 2]). An S-morphism f : X — Y between S-varieties is called a universal homeomorphism
if for any S-morphism Y’ — Y the induced morphism X xy ¥’ — Y’ is a homeomorphism. Then the
modified ring of varieties K(‘)‘hVarg is the quotient of KyVarg by the ideal given by differences [X] —[Y]
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of classes of S-varieties such that there exists an S-morphism X — Y which is a universal homeomorphism.
If S is a @-scheme, this ideal is trivial so that K(‘)tharS ~ KyVarg [19, Chapter 2, Corollary 4.4.7].
An equivalent description is given by the quotient of KyVarg by radicial surjective morphisms; see |5,
Remark 2.1.4]. Note that we will systematically drop the “uh” exponent in this article.

Expected asymptotical behaviour. Now we are able to formulate a first version of what could be a motivic
Batyrev—Manin—Peyre principle for curves. Again by analogy with the arithmetical side, one has to take
into account the hypothetical existence of accumulating subsets. A description of these subsets in the
geometric context is given in the works of Lehmann, Tanimoto and Tschinkel [41; 42]. In particular,
we will have to focus on curves intersecting a well-chosen nonempty open subset U of V, denoting by
Homz (¢, V)y the corresponding moduli space.

Let Eff(V)) be the subset of Eff(V)" consisting of points in Pic(V)". In characteristic zero, curves
whose class belongs to this subset are moveable by [8]. With Question 5.4 in [53], Peyre raised the
following question.

Question 1. Assume that V is a Fano-like variety, defined over the base field k. Does the symbol
5.1
[Hom{ (€, V)u1lL, "

converge in //Z{ WM o5 the class 8 € Eff(V)} goes arbitrarily far from the boundaries of Eff(V)"?

Note that in some cases this formulation is too optimistic, in particular the convergence may only hold
for a filtration by the weight, which is finer than the one by the dimension, as it is the case, for example,
in [3; 4; 31], rather than for the coarser dimensional filtration. We refer to Question 2 on page 917 for a
more accurate version.

In what follows, we will say that V satisfies the motivic Batyrev—Manin—Peyre principle for curves if
the answer to the previous question is positive for V. We now give a few examples for which it is the case.

Example 1. The first and simplest example is given by the projective space of dimension n > 1. Since its
Picard group is generated by the class of a hyperplane H, the class of a moveable curve is given by a
degree d € N while an anticanonical divisor is (n + 1) H, so that the normalisation factor is [I_,(<"+])d. One

can easily compute the class of the moduli space HomZ (Pl %) in .7 and show that for d > 1
[Hom{ (P}, P)I L "V = [Py — 1™
see [53, Proposition 5.5]. The answer to Question 1 is positive in this case.

Example 2. More generally, Question 1 has a positive answer for smooth projective split toric varieties
over any field k. The work of Bourqui [12], together with the unpublished notes [14] only provided the
result in the ring of Chow motives, when k has characteristic zero. Bilu, Das and Howe [6, Section 5]
checked a residue-type result at the level of the ring of varieties and we finally show in Section 5 that
Bourqui’s study actually provides convergence of the normalised class [Homi([lﬂ’l, V)] I]_k_(S "V in Q/Z/;dim
(see Theorem B below and Theorem 5.4 on page 930).
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Example 3. Building on previous works by Chambert-Loir and Loeser [15] and Bilu [3], we show in
[31] that the answer to Question 1 is positive for equivariant compactifications of vector spaces, when k
is algebraically closed of characteristic zero and one considers the finer filtration on the ring of motivic
integration given by the weight of the mixed Hodge realisation. See Example 3.9.

Example 4. Bilu and Browning developed in [4] a motivic circle method and applied it to show that the
answer to Question 1 is positive when V C I]j’fé_1 is a hypersurface of degree d > 3 with n > 29(d — 1), if
one considers the filtration on .#¢ coming from the weight of the mixed Hodge realisation.

Main results and structure of the paper. In this article we show that our motivic Batyrev—-Manin—Peyre
principle for curves is compatible with a certain kind of twisted product [17]. A little bit more precisely,
we show:

Theorem A (Theorem 6.9). If # is a Fano-like variety over k satisfying the motivic Batyrev—Manin—
Peyre principle for curves, X is a smooth projective split toric variety over k, with torus T, and 7 is a
Zariski-locally trivial T -torsor over A, then the twisted product

X =Xx7 B

satisfies the motivic Batyrev—Manin—Peyre principle as well: the answer to Question 1 is positive for
rational curves on 2.

The proof of this result is to be found in the very last section. It requires two ingredients.

Formulating a Batyrev—-Manin—Peyre principle for curves. The first ingredient is presented in Section 3
and consists in a precise formulation of a motivic Batyrev—Manin—Peyre principle in a nonconstant setting,
namely when one considers a proper model ¥ — % of an F-variety V and studies the moduli space of
its sections o : ¥ — ¥ generically intersecting a convenient open subset U of V, as is done for example
in [3; 15; 31] for equivariant compactifications of vector spaces. Fixing line bundles forming a basis of
Pic(V) and choosing models of them over ¥, one is able to define the multidegree of a section, generalising
the previous notion (see Definition 1.5 on page 891). If ¥ is projective over the base field k, we show in the
first section of this article that the corresponding moduli space of sections Hom‘fg (€, ¥)u of multidegree &
exists as a quasiprojective k-scheme, and formulate a relative geometric Batyrev—Manin—Peyre principle
concerning the behaviour of the class

@y

[Hom’,. (¢, ¥)y 1L, (1)

when the multidegree § becomes arbitrarily large (see Question 2 on page 917).

Let t(¥) be the expected limit of (1). We give an explicit description of 7(¥’) as a motivic Euler
product, using Bilu’s construction [3] of such an object. This motivic Tamagawa number can be interpreted
as a motivic analogue of Peyre’s constant [51]. For a constant family ¥ =V x; &, where V is actually
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defined over k, it takes the form

- 0 —8(%) \ tk(Pic(V))
1-g(%)) di [Pic™(#)]L _ ; [Vp]
(V)= |]_](C g(¢))dim(V) (—k 1_[ = ﬂ_pl)rk(Plc(V)) p

—1 dim(V)’
1 _ [l—k I]_plm

PEC
where g(%) is the genus of the curve % and Pic’(%) is the connected component of the Picard group
of €. Note that the class (1 — [L;l)rk(PiC(V))([V,,] / [L‘;,lm(v)) can be rewritten as

(7] [~ (dim(V)+rk(Pic(V)))

where 7y is the' universal torsor of V.

However, the definition of 7(7') may require the use of a finer filtration on .#}, namely the filtration
by the weight of the Hodge realisation of ¥ /%, when k is a subfield of C. We refer to Definition 3.2 on
page 915.

Equidistribution of curves and models. The second ingredient is a change-of-model theorem, given by
Theorem C below. Such a result is grounded on the central idea of this article, which is the concept
of equidistribution of curves. This notion, which is presented in Section 4, describes the behaviour of
constrained curves of large multidegree: if . is a zero-dimensional subscheme of the curve %, and
¢ . — ¥ a €-morphism, broadly, the equidistribution principle says that the class of the moduli space of
curves of multidegree § whose restriction to .7 is ¢, normalised I]_i ' “’;1, converges to the restriction of the
product t(¥) to the complement of the closed points of .. More generally, one considers curves whose re-
striction to . belongs to any constructible subset of Homy (., ¥'). In particular, the notion of equidistribu-
tion is much stronger than the Batyrev—Manin—Peyre principle, see Definition 4.3 on page 921. Smooth pro-
jective split toric varieties provide a first example of varieties for which this principle holds (see Section 5).

Theorem B (Theorem 5.6). The principle of equidistribution of curves holds for smooth and projective
split toric varieties defined over any base field k, with respect to the dimensional filtration on .#,.

In particular, for such varieties, the answer to Question 1 is positive.

Our main fundamental result allows us to switch between models, whenever one has equidistribution
of curves on one of them.

Theorem C (Theorem 4.6). Assume that two proper models V /€ and V'|€ of the same Fano-like
F-variety V are given, together with models of a Z-basis of Pic(V) on each of them, defining two
multidegrees § and &', for sections of v and V', respectively.

Then there is equidistribution of curves on ¥ with respect to § if and only if there is equidistribution of

curves on V' with respect to §'.

Convention. In this article, without explicit mention, if R is a discrete valuation ring, we will always
assume that it has equal characteristic.

ISince Pic(V) = Pic(V), the universal torsor of V is unique up to isomorphism. For more about this alternative definition of
the local factor in a more general framework, see Peyre’s talk [54, around 23’].
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1. Models and moduli spaces of sections

1.1. Global models and degrees. Let € be a smooth projective and geometrically integral curve over
a field k, with function field F, and let V be a smooth F-variety. As in the Introduction, a model of V
over € is a separated, faithfully flat and finite-type ¢-scheme ¥ whose generic fibre is isomorphic to V.

Example 1.1. Let V — IPI}’ be an embedding of V in some projective space. Take ¥ to be the Zariski
closure of V in IP”}’ . Then the composition ¥ — [P’Q’ — ¢ is a projective model of V.

Remark 1.2. If 7 : ¥ — % is a proper model, the functors 7, and 7, from the category of sheaves on ¥
to the ones on ¥ coincide [46, Chapter 6, Section 3]. Since % is integral, by [38, Theorem 4.18.2] there
exists a nonempty Zariski open subset 4" C ¢ such that the Picard scheme Picy.,, /¢ representing the

Picard functor Pic(y., ¢ exists and is a disjoint union of open quasiprojective subschemes. Here

) (fpph)
we recall that Picx/s) g,p 18 the sheaf associated to the functor

(T/S) +— Pic(X x5 T)/Pic(T)

in the fppf (faithfully flat of finite type) topology, given a separated map of finite type X — S between
locally Noetherian schemes [38, Definition 2.2].
Moreover, we assume that 7z has (local) sections, so that the Picard functor Pic s, /¢) g, 18 actually

Picy /4 (T) = HY(T, R'7.(G))
for the Zariski topology [7, p. 204].

Remark 1.3. Assume there exists a closed point py € % such that H! (¥, Oy,,) =H 2(Ypy.s 0y,,) =0.
By the semicontinuity theorem [27, (7.7.5-I)], there exists an open neighborhood ¢ of py such
that H' (7, 0y,) = H*(¥,, 05,) = 0 for all p € €". This shows in particular that (R'm &) =

(R*m Oy )¢ = 0. By flat base-change [62, Lemma 02KH] applied to the generic fibre

Vv—e 7

| |

Spec(F) — ¢

we have (R'm 0y ), = H (V, Oy) for all i and in particular H'(V, 6y) = H*(V, 6y) =0. Conversely, if
HY(V, 6y) and H*(V, Oy) are both trivial, then there exists a nonempty open subset of ¥ above which
R'm &y and R?m Oy are both trivial. This argument actually shows that the assumptions on the first and
second cohomology groups of the structure sheaf of a Fano-like variety, in Definition 1, can be done
indifferently with respect to V or to a special fibre of 7.

Moreover, by [38, Proposition 5.19], Picy,,, /% is smooth over %' N¢” and by [38, Corollary 5.13]
each fibre Picy, /., above p € €' N¢" is discrete, given by H 2(7/p, Z). From this point of view, Picy,,, /¢
is a constructible sheaf on 4" and can be seen as a variation of mixed Hodge structure; see the proof of
Proposition 2.6 on page 905.
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Setting 1.4. Let ¥ — % be a proper model of a Fano-like F-variety V. We fix a finite set Ly, ..., L, of
invertible sheaves on V whose linear classes form a basis of the torsion-free Z-module Pic(V), as well as
invertible sheaves .4, ..., % on ¥ extending respectively Ly, ..., L,.

Definition 1.5 (multidegree). Let ¥ — ¢ and X = (%, ..., %) be asin Setting 1.4. A sectiono : € — ¥
defines an element deg (o) of the dual Pic(V)" by sending an effective invertible sheaf of the form

r

QA
QL
i=1
to the linear combination of degree

> ki deg(o*.£).

i=1

This element deg (o) is called the multidegree of o with respect to the model £ .

1.2. Moduli spaces of curves. Again,let ¥ — ¢ and £ = (4, ..., %) be as in Setting 1.4. For every
class § € Pic(V)V, we consider the functor

Hom’, (¢, V)
sending a k-scheme T to the set of maps o € Homsep /7 (¢ xx T', ¥ X T) such that

TT 00 = idchkT,

forallz € T, degy(o;)=34.
If U is a dense open subset of the generic fibre V, we define
Hom’,.(¢, ¥ )y

to be the subfunctor of Hom‘% (¢, V) sending a k-scheme T to the T -families of maps sending the generic
point of ¢ into U (F).

The moduli space of sections of a proper model ¥ — ¥ is well-defined: adapting the ideas of [12,
Lemme 4.1] and [15, Proposition 2.2.2] we get the following general representability lemma. Here we
assume that 7" is projective over the base field k.

Lemma 1.6. For any nonempty open subset U C 'V and any class § € Pic(V)", the functor Hom‘fg (&, ")
is representable by a quasiprojective scheme.

Proof. Let .Z be an ample invertible sheaf on ¥. For every d > 1, let
Hom{ (¢, ¥)

be the functor of morphisms ¢ : ¥ — ¥ such that deg(¢*.¥) = d and
Hom’.(¢, )

be the functor of sections o : € — ¥ such that deg(c*.¢) =d.
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By the existence theorems of Hilbert schemes [34, 4.c], there exists a quasiprojective k-scheme
HomZ (¢, V) representing Homf (¢, 7). The condition 7w oo = idyg is closed and thus Homfip (%,7)isa
closed subfunctor of Homi (¢, 7). Therefore it is represented by a quasiprojective scheme Hom(ffﬂ(% , V).

Let U be a nonempty open subset of V and let Hom‘;}(% , ¥)u be the complement of the closed
subscheme of Hom%(% , V) defined by the condition o (¢") C |#'\U|. This open subscheme Homgﬂ(% , Ny
parametrises sections o : 4 — ¥ such that f(n¢) € U (F) and deg(o*(¥)) =d. Itis again a quasiprojective
scheme, since Homf}(%, V) is.

The restriction L of .Z to V is isomorphic to a linear combination

of the L;. Let .#’ be the invertible sheaf

on V.
Let § € Pic(V)" be a multidegree and o : € — ¥ a section such that deg (o) =4 and o (n¢) € U(F).
Then
deg(c*.%) = deg(c*.%) — deg(c*.¢") + deg(c*.Z")
=deg(c*.%) —deg(c*Z')+6 - L.

Since the restriction of £ ® ()~ to the generic fibre is trivial, there exist vertical divisors E and E’
such that
L&) ~0y(E —E).

In particular, the difference deg(o*.#) — deg(c*.¢") only takes a finite number of values, since o has
intersection of degree 1 with any fibre of 7. Let a be its maximal value. Moreover, by flatness, the
r conditions given by deg ., = § are open and closed in the Hilbert scheme of #. Therefore Homi}(% , Nu
can be identified with an open subfunctor of

[[ Homf. 7y,
0<d<a+6-L
and hence the lemma. O

1.3. Greenberg schemes and motivic integrals. A reference for this subsection is given by Chapters 4
to 6 of [19].

If R is a complete discrete valuation ring, with field of fractions F and residue field x such that F
and k have equal characteristic, then the choice of a uniformiser 7 of R together with a section of R — «
provides a morphism of «-algebras

k[[t]— R, t+—m,

which is an isomorphism by Theorem 2 of [10, Chapter IX, Section 3].
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Example 1.7. If p is a closed point of the smooth projective k-curve %, the previous result applies to the
completed local ring R, = é’} p-

Definition 1.8 (Greenberg schemes). Let R be a complete discrete valuation ring, with maximal ideal m
and residue field k = R/m. Assume that R has equal characteristic and fix a section of R — «.

Let 2" be an R-variety. For any nonnegative integer m, the Greenberg scheme of order m of 2 is the
k-scheme Gr, (Z") representing the functor

A — Homg(Spec(R,, @ A), Z°)

m+1

on the category of «-algebras [19, Chapter 4, Section 2.1], where R,, = R/m’ for all m > 0. There are

canonical affine projection morphisms
9,’171’“ :Gry11(2) — Gy (2),
given by truncation, and the Greenberg scheme is the x-proscheme
Groo(Z) = l(in Gr,, (%)
(or more concisely Gr(%£")) which represents the functor
A — Hom, (Spec(A ®, R), X)
on the category of k-algebras. This scheme carries a canonical projection
0:° : Groo(Z) = Grp, (2))
for every nonnegative integer m, called the truncation of level m.

Example 1.9. If 7 — ¢ is a model of a projective variety V over F = k(%), let g, be the schematic
fibre over the completed local ring R, = 0% ,. If m, is the maximal ideal of R, then the «,-points
respectively of Gr,, () and Gr(¥g,) are in bijection respectively with the sets of points ¥, (R, /mi’,’“)
and 7g,(Rp). Moreover, if ¥ — ¢ is proper, by the valuative criterion of properness the set 7&,(R) is
in one-to-one correspondence with the set Vg, (F),), where F), is the completion of F at p.

By [19, Chapter 4, Lemma 4.2.2], the constructible subsets of Gr(2") are exactly the subsets C of
the form
C=62)"(Cn)

for a certain level m and a constructible subset C,, of Gr,,(2"). Moreover, if C is Zariski closed,
respectively Zariski open, then C,, can be chosen to be closed, respectively open. Then, a map

f:C— ZU{oo}

on a constructible subset C of Gr(:2) is said to be constructible if f~!(n) is constructible for every n € Z.
By [19, Chapter 6, Section 2], there is an additive motivic measure

~dim
wa : Consgrz) — My,
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(where 2 is the special fibre of 27) called the motivic volume or motivic density, which extends to a
countably additive motivic measure ©%, on a class Consér( 2) of measurable subsets of Gr(.2"); see [19,
Chapter 6, Section 3]. For example, if 2" is smooth of pure relative dimension d over R, then

pa (Gr(2)) = [2o] L.

If A is a measurable subset of Gr(2") and f : A — Z U {oo} has measurable fibres (by this we mean that
£~ 1(n) is measurable for all n € Z) such that the series

D (T )L

neZ

. . ~di C
is convergent in .# %lm, then the motivic integral of L=/

[T aw, = e
A neZ
is well-defined.

Remark 1.10. By the quasicompactness of the constructible topology, a constructible function f which
does not reach infinity is bounded and thus only takes a finite number of values. In particular, if f is
bounded constructible, then f is measurable and .=/ is integrable; see Example 4.1.3 in [19, Chapter 6].

As explained in [19, Chapter 4, (3.3.7)], one can go from points on .2~ with coordinates in extensions
of R of ramification index 1 to points on the Greenberg schemes of 2. For this it is convenient to use the
functors from «-algebras to rings given by

Rn A~ R, QA
for any nonnegative integer m, which form a system of functors whose limit is

Roo:Ar> R, A=1imR,, @, A.

Such functors are represented respectively by A, m € N, and A,L\‘. If k' is a field extension of k, then
R’ = Z~ (k) is an extension of R with ramification index 1 (the only one up to unique isomorphism if
k' / k is unramified), by Proposition 2.3.2 of [19, Chapter 4]. Then by the definition of Gro,(:2") there is a
canonical bijection

Groo(2) (k') => 2 (%o (K))

which is compatible with the truncation morphisms. Thus, if one wants to define functions at the level of
Greenberg schemes, it is enough to define them on R’-points for any extension R’ of ramification index 1
over the complete valuation ring R. This will allow one to use such functions on Greenberg schemes of
weak Néron models later in Section 1.5, thanks to Proposition 1.25 stated a few pages below.
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Definition 1.11 [19, Chapter 5, Section 3.1]. Let f : % — 2 be a morphism of flat R-schemes of finite
type and pure relative dimension d. Let R’ be an extension of R and ¢ € % (R’). Consider the morphism

a(q) : (f 0q)* QY% p)/ (torsion) — (¢*Q% )/ (torsion)

of free R’-modules of finite rank induced by f.
The order of the Jacobian of f along q is defined by

ordjacf (g) = lengthy, coker(a(q)).

This provides a function

ordjacf :Gr(#) — N.

Note that by Proposition 3.1.4 of [19, Chapter 5], if #" is smooth over R and the restriction of f to
generic fibres is €tale, then ordjac, is constructible and bounded.

Proposition 1.12 (smooth change of variable). Let 2" and % be two R-schemes of finite type and
pure relative dimension d, with singular loci respectively Zng and %ing. Let f : % — 2" be a mor-
phism of R-schemes. Let A and B be constructible subsets respectively of Gr(2Z) — Gr(Zsing) and
Gr(%) — Gr(%ing). Assume that f induces a bijection

B — Ak

for every extension k' of k, and that B N ordjac}1 (+00) is empty.
Let o : A — Z be a constructible function on A. Then the function

B:y € B (axoGr(f))(y)+ordjacy(y)

/ L™ dps = fo / 1P duy
A B

Proof. See Theorem 1.2.5 in [19, Chapter 6]. U

is constructible and

in %g,yo

Remark 1.13. Here the symbol L~ % plays the role of the absolute value of the determinant
|det((dx;/dy;);, ;)| in the usual change-of-variable formula.

1.4. Local intersection degrees. Let L be an invertible sheaf on V. A coherent sheaf on ¥ whose
restriction to V' is isomorphic to L is called a model of L. In this subsection we define local intersection
degrees on L of a section ¥ — ¥ at a closed point p € ¢, with respect to a model of L, and study
the difference between the degrees given by two different models of L. This is a reformulation, in the
framework of Greenberg schemes and motivic integration [19], of the p-adic and adelic metrics of [52,
Section 1.2]. Let us first recall the local definition of such metrics.
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Definition 1.14. Let R be a complete discrete valuation ring with fraction field K. Let 2" be an
R-scheme of pure dimension, X its generic fibre, L an invertible sheaf on X and . a model of L on 2~
(not necessarily invertible).

For any extension R’ of R, of ramification index 1 over R, with uniformiser @ and field of fractions K’,
we define order functions on 2" (R’) as follows: let g : Spec(R") — 2" be an R’-point of 2", g be its restric-
tion to the generic fibre and y a point of the K'-vector space ¢*L = (§*.¢) ® g K'. Then we set, if g*y #0,

ord;(y) =max{n € Z | w "y € g*.£/(torsion)}
(the unique integer £ such that =~y is a generator of the R’-lattice §*.#/(torsion)), and

ordz(y) =00
if g*y =0.
In other words, ord; (y) is the valuation of y with respect to the lattice g*./(torsion): given a generator
yo of g*.£ /(torsion),
ord; (y) = vr/(y/yo) € ZU {00},
where vg is the normalised discrete valuation extended to K’. In particular, this definition does not

depend on the choice of the uniformiser @ nor on the choice of the generator yy.
If s is a section of L on an open set containing g, then

ordos : Z(R) — 7 U {00}
is the function sending g € 2°(R’) to ord;(s(q)).

Remark 1.15. We are going to apply the previous definition as follows. Let ¥ be a proper model of a
smooth F-variety V. We fix a closed point p € ¢ and work with the R,-scheme 7%, identifying the sets
V(F,) and 7 (R) by properness. We take L to be an invertible sheaf on V and .# a model of L on 7.

If g is an F),-point of V, the function ord; is well-defined on L, (F),). Of course, any F),-point of L
belongs to the fibre of a unique F,-point of V, so that this function extends to a function

ord, : L(Fy) — ZU{oo}, y+> ord;(y) whenever y € L.
If s e I'(U, L) is a section of L above an open subset U C V, by composition one gets a map
ord,os:U(F,) - ZU{o0o}, x> ordz(s(x)).

If 2 is a Cartier divisor on ¥ given by a rational section of . and s is the restriction of this
section to V, defined on an open subset U C V, then ord,(s(x)) coincides with the intersection number
(x, 2), =deg(x*27) forall x € U(F,) notin . Besides, both take an infinite value whenever x lies in 2.

By the product formula, for all x € V (F) the (finite) sum on closed points

> ord,(s(x)) €Z

Pel?]
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does not depend on the choice of a local section s of L such that s(x) # 0, and if 0 : ¥ — ¥ is the
section of the proper model ¥ given by the point x € V (F'), then

deg(c*2) = ) ord,(s(x)).
PEl?|

We go back to the notation of Definition 1.14.

Lemma 1.16. Let 2" be a model of X and £, ' be two models of L, and ord, ord’ the corresponding
order functions given by Definition 1.14. For all X € 2 (R’), the difference

y > ordz(y) — ordz (y)
is constant on the stalks of L. This constant value defines a function
ep_g:Groo(Z2) — Z.
Proof. The difference of the two corresponding valuations is

ord;(y) — ordz(y) = vr/(y/¥0) — vr/(¥/¥0) = vr'(Yo/¥p)

for every ¥ € 2°(R’) and y € x*L, where yo and y,, are generators respectively of X*.# and X*.¢" in x*L.
Consequently, this difference induces a map

e 2 (R vr(yo/yy)

which does not depend on the choices of the generators yg and y|, of X*.¢ and ¥*.#”, since the quotient of
two generators has valuation zero. O

Remark 1.17. Note that if ., ¢’ and .¥” are three models of L, we have the relation

Epn_gp = Egn_ o —|—8$/_$.
Remark 1.18. If .7 is a coherent sheaf of ideals on 2", an order function

ord s : Gree(27) — N U {400}
can be obtained by taking
ord s (x) = inf ve/(f (X))
fess

for all points X € 2°(R’), where vg/(f (X)) = vg/ (X* f); see (4.4.3) of [19, Chapter 4]. By Corollary 4.4.8
of [19, Chapter 4] this defines a constructible function Gro (27) — NU {4o00}.

The affine local description of this function [19, Chapter 4, Example 4.4.4] shows that ord ,(X) is given
by the smallest vg/(f (X)) for f belonging to a finite set of generators of the ideal corresponding to .#. In
particular, if .# and .#’ are two coherent sheaves of ideals, with local generators respectively yo € #; and
Yo € 74 and whose restrictions I and I’ to X are invertible and isomorphic, then ord ,(¥) = vg (X*yo)
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and forall y e I, ~ I
ord’ (y) —ord; (y) = v/ (y/(1/y0) — v (y/(1/50)) = vr' (¥9/Y0)
= UR’()Z*)’(/)) - UR’(JE*}’O)
= ord 4/ (x) —ord 4 (Xx).
The (1/yp) here comes from the fact that the ideal sheaf associated to an effective Cartier divisor D on X
is Ox(—D).
Lemma 1.19. The difference € o1 o is a constructible function on Greo(Z"). By the quasicompactness of
the constructible topology, it takes only finitely many values.

Proof. Let n € Z. Assume first that n > 0. Then e¢_ o (X) > n if and only if yo/y(, belongs to the
(n+1)-th power of the maximal ideal of R if and only if its class in R, is zero.

We claim that there exists ng € Z such that e¢_ »(X) > ng for all X € 2°(R’). We choose generators
yo and y; of X*.# and X*.¢". Then the rational section yo/y, € K’ of (Z’)¥ ® £ has a vertical divisor of
poles E which is the pull-back of a formal multiple of the closed point of R’, and (£')Y ® £ ® 09 (—E)
is effective. Let zo be a generator of E; then zo(yo/y,) € R’ and

- yozo 1 Y020
e —g(X) =vr(Yo/yy) = va( — - —) = va( ; ) —vr(20) = —Vr(20).
Yo 20 Yo

We take ng = —vg/(z9) so that
eg—g(X) =vr/ (@ "yo/y0) +no

for all x. Then for a given n > ng, one has € »(x) > n if and only if & =" y(’) /Yo belongs to the
(n—no+1)-th power of the maximal ideal of R if and only if its class in R,_,, is zero. Thus

{£ €Gr(2) | ey—2(§) > n}
is constructible of level < (n — ng).
Moreover it follows from the definition that ¢ ¢/ does not reach infinity. Thus it takes only a finite
number of values by the quasicompactness of the constructible topology (see for example Theorem 1.2.4
in [19, Appendix A]). O

Remark 1.20. Note that this difference is trivial if .# and ¢’ are already isomorphic above R. In
particular, if .# and .¢" are two different models on ¥ — % of the same L on V, there exists a dense open
subset of ¥ above which they are isomorphic. Its complement S is a finite set of closed points of 4" and

deg g —degy = Z €L, —2r,

. peS
is bounded.

Definition 1.21 (motivic density associated to a model of the anticanonical sheaf). Let 2" be an R-scheme
of pure relative dimension 7.

Assume that the generic fibre X is smooth over K and take a model .Z4- of the anticanonical sheaf a);(l
over 2.
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The sheaf Qly /R of relative differentials of 2" over R [36, p. 175] is a coherent sheaf of &4 -modules
and the dual of its determinant (A" 2 (13{ / z)" is a model of w)_(l.

By Lemma 1.19 the local difference function ¢ o, _ ALy ) is a constructible function.

Its motivic integral over any measurable subset A avoiding the singular locus of 2~ will be written

—& ¢ _(anol \V
O R

and u’,,, will be called motivic density associated to L.

1.5. Weak Néron models and smoothening. In order to prove our result about invariance by change of
model (see Theorem 4.6 below), we need to collect a few additional definitions and results about weak
Néron models and relations between them. References for this subsection are the third chapter of the book
of Bosch, Liitkebohmert and Raynaud [7], together with the reminder of Section 7.1 in [19, Chapter 7],
as well as Section 3.4 in [19, Chapter 4].

1.5.1. Local models. We keep the notation of the previous subsection, except that we do not need to

assume that R is complete.

Definition 1.22. Let X be a K-variety.

A model for X is a flat separated R-scheme of finite type 2" together with an isomorphism 2% — X.

A weak Néron model® of X is a model 2" of X such that 2 is smooth over R and every K’-point of
X extends to an R’-point of 2" for every unramified extension R’ of R with fraction field K. Since by
definition 2" is separated, such an R’-point is unique.

Let ¢ be a flat separated R-scheme of finite type with smooth generic fibre. A Néron smoothening of %
is a smooth R-scheme 2 of finite type together with an R-morphism 2" — % inducing an isomorphism
2k — %k and such that 2°(R") — # (R’) is bijective for every unramified extension R’ of R.

Given 2" and 2" two weak Néron models of X, a morphism of weak Néron models is a R-morphism
2" — 2 whose restriction to the generic fibre commutes with the isomorphisms with X. In that case
we say that 2" dominates 2.

The following is a short reformulation of Theorem 3 and Corollary 4 of [7, p. 61]:

Theorem 1.23. Every R-scheme of finite type whose generic fibre is smooth over K admits a Néron
smoothening, given by the R-smooth locus of a composition of admissible blow-ups.

Even if the result is formulated in the language of formal schemes, the proof of Proposition 3.4.7 in
[19, Chapter 3], which is a variant of the Néron smoothening algorithm of [7], gives the following useful

proposition.

2We adopt the terminology used by Chambert-Loir, Nicaise and Sebag in [19]. For the comparison of this definition of weak
Néron models with the one given by Bosch, Liitkebohmert and Raynaud in [7], see Remark 7.1.6 in [19, Chapter 7]. The main
difference is a properness assumption.
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Proposition 1.24. Let X be a smooth K -variety. If 2" and 2" are two models of X, then there exists
another model 2" of X above 2" and %' whose R-smooth locus (Z")° is a Néron smoothening of both

models:
(%‘//)O

+ k
Q%‘//
2 J 2
I g

Spec(R)

In the equal characteristic case, we have the following correspondence of points of Greenberg schemes;
see Proposition 3.5.1 of [19, Chapter 4]. It allows one to apply the motivic change of variable formula,
Proposition 1.12, to Néron smoothenings.

Proposition 1.25. Let % — 2" be a morphism of separated flat R-schemes of finite type, restricting to an
immersion on generic fibres and such that % is smooth.
Then % — 2 is a Néron smoothening if and only if the induced map

Gr(#) (k") — Gr(Z) (k")
is a bijection for every separable extension k' of k.

Proposition 1.26. Let 2" be an R-model of a smooth K -variety X, of pure relative dimension n, and
% — 2 a Néron smoothening of Z.
Then
E@ly )"~ (@ ) = 0TIy

on Gr(%).

Proof. This is given by the argument of the chain rule (5.2.2) in [19, Chapter 7] and the fact that in
our situation the function ordjac, coincides with the order function of the Jacobian ideal of f. See
Lemma 3.1.3 in [19, Chapter 5] as well. O

1.5.2. From local models to global ones. We will need the following gluing result, which is a variant of
[7, p. 18, Proposition 1].

Proposition 1.27. Let ¥ — € be a model of V above €. Let €y be a dense open subset of € and
Y5, V..., ¥ be a finite number of models of V respectively over 6y and over the local rings of the
closed points py, ..., ps not in 6y. Assume that these models dominate respectively the restriction of ¥ to
6o and to these local rings. In particular, they induce isomorphisms on generic fibres.

Then there exists a model V' — € of V extending %, ..., Vs, as well as a €-morphism V' — ¥V
extending the local ones. If moreover the local models are smooth, then V' — € is smooth as well.

Proof. Let R; be the local ring of ¢ at the point p; € €\ 6y fori =1, ..., s. The morphism ¥, — ¥,
uniquely extends to a %;-morphism for a certain open neighbourhood %; of p; by [28, Théoreme 8.8.2].
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Since (”//l/ )F = (Y&, )F =V, such a model coincides with 7/0’ — %p above a nonempty open subset %6 C %0-
Then, up to removing a finite number of points of €7 so that 4; N (¢ — 4;) = {s;}, we can assume that
they coincide above 4; N % and glue them above each %; N 4, obtaining a model extending the starting
data and dominating ¥ — ¥. (]

For us, a weak Néron model of V above ¢ will be a smooth ¢-scheme ¥ of finite type, together
with an isomorphism ¥r — V and satisfying the following property concerning étale integral points:
for any closed point p and any étale local &y ,-algebra R’ with field of fractions F’, the canonical map
¥ (R") — V¢ (F') is surjective (see p. 7, Definition 1, as well as the end of p. 12, and p. 60-61 in [7]).

Corollary 1.28. Let v and V' be two models of V above €. Then there exists a third model V" of V
above € whose €-smooth locus is a Néron smoothening of both ¥ and V' above € -

/y//

/l\

Neob
¢

v !

Moreover, if ¥ and V' are proper, then V" can be taken proper as well.

Proof. By spreading-out [28, Théoreme 8.8.2] applied to the generic point of &', we know the existence
of a nonempty open subset ¥’ C ¢ such that the restrictions of ¥ and ¥’ above ¢” are isomorphic as

¢’-schemes:
’7/%’ % AK;/
LN ol
v &' v

N
¢

Then, for each closed point p in the complement of ¢”, by Proposition 1.24 we can find a weak Néron
model which dominates both restrictions of ¥ and ¥’ to Spec(0y, ). One can use Proposition 1.27
to glue ¥4 together with these models and get the desired new weak Néron model. These operations
preserve properness, by the valuative criterion. O

1.6. Piecewise trivial fibrations. In this subsection S is a Noetherian scheme. We recall definitions and
properties of (classes in KoVaryg) of piecewise trivial fibrations, following [19, Chapter 2, Section 2.3].

Definition 1.29. Let F be an S-variety. A piecewise trivial fibration with fibre F is a morphism of schemes
f : X — Y between two S-varieties such that there exists a finite partition (Y;);<; of Y into locally closed
subsets together with an isomorphism of (Y;)eq-schemes between (X Xy Y;)req and (F X 5Y;)req foralli € 1.

Proposition 1.30. Let F be an S-variety and [ : X — Y a piecewise trivial fibration with fibre F. Then
[X]1=[FIlY]

in KgVarg.
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Proof. See Corollary 1.4.9 and Proposition 2.3.3 of [19, Chapter 2]. ]
We will make extensive use of the following criterion.

Proposition 1.31. Let F be an S-variety and f : X — Y a morphism of S-varieties. Then f is a
piecewise trivial fibration with fibre F if and only if, for every point y € Y, the «k (y)-schemes f~'(¥)req
and (F Qg k(¥))red are isomorphic.

Proof. See Proposition 2.3.4 of [19, Chapter 2] (one proceeds by Noetherian induction and applies [28,
Théoreme 8.10.5]). U

2. Motivic Euler products

2.1. The weight filtration. In this S is a variety over a subfield k of the field C of complex numbers. We
fix once and for all an embedding of k in C and consider that S is actually defined over C by extension
of scalars. We briefly recall the construction of a weight filtration on the Grothendieck ring of varieties
over S. We use [49] as a general reference for mixed Hodge modules, as well as the summaries of [3,
Chapter 4] and [19, Chapter 2, Section 3.1-3.3].

2.1.1. Mixed Hodge modules. The category MHMj of mixed Hodge modules over S was introduced
by Saito in [56; 57]. It is an abelian category which provides a cohomological realisation of the
Grothendieck group KoVarg of S-varieties. Its derived category is endowed with a six-functor formalism
a la Grothendieck. When S = Spec(C) is a point, mixed Hodge modules over S coincide with polarisable
Hodge structures as defined by Deligne [24]; see [49, Lemma 14.8].

The Grothendieck group Ko(MHMjg) of mixed Hodge modules over § is the quotient of the free
abelian group of isomorphism classes of mixed Hodge modules over S by the relations

[E]—-[F]+[G]

whenever there is a split exact sequence
0O—-E—->F—>G—0

for E, F and G objects of MHM. There is a notion of weight of a mixed Hodge module, morphisms
are strict for the weight filtration and the Grothendieck group Ko(MHMy) is generated by the classes of
pure Hodge modules.

The tensor product operation in the bounded derived category of MHMj provides a multiplicative
structure on Ko(MHMy) as follows. The Grothendieck group K(t)ri(Db (MHMy)) is defined similarly to
Ko(MHMy) by taking distinguished triangles

E*'— F'— G — E°[1]

of complexes as relations, in the place of exact sequences [35, Exposé VIII]. By the theorem of decompo-
sition of mixed Hodge modules [49, Corollary 14.4], there is an isomorphism of groups

Ko(MHMj) — K{'(D?(MHMy))



Motivic distribution of rational curves and twisted products of toric varieties 903

sending the class of a mixed Hodge module M to the class of the complex with M in degree zero. Indeed,

the inverse is given by the morphism

(M) Y (=D [H (M)
ieZ
from K(t)ri(Db (MHMy)) to Ko(MHMy). The tensor product on D?(MHMy) induces a ring structure on
K(t)ri(Db (MHMy)) and on Ko(MHMy) through the previous isomorphism.
The faithful and exact functor

rats : MHMg — Pervyg

to perverse sheaves on S sends the six-functor formalism of MHMg to the one of the bounded derived
category of constructible sheaves D’(S). In order to prove an isomorphism between two mixed Hodge
modules, it will be enough to check it at the level of perverse sheaves. Indeed, a mixed Hodge module M
is given by the data of filtrations on a D-module isomorphic to C ®g rats(M) by the Riemann—Hilbert
correspondence (comparison isomorphism [49, Section 14.1]). Moreover, the Verdier duality functor Dy
on D’ (S) lifts to MHM so that ratg oDg = Dy orats.

2.1.2. The Hodge realisation of KoVars. For every integer d we denote by @?dg(—d) the complex
of mixed Hodge modules obtained by pulling back to S the Hodge structure @;Itdg(—d) of type (d, d)
through the structure morphism S — Spec(C). If p : X — S is an S-variety, let @I;(dg be the complex
p*@?dg of mixed Hodge modules.

Definition 2.1. The Hodge realisation
Hdg
Xs : K()Val'g — KO MHMS,
sometimes called the motivic Hodge—Grothendieck characteristic, sends a class [ X L5 S1to
d i i d
[ @51 =D (=D [H (pr @y ™)),
ieZ

where the equality comes from the isomorphism
Ko(MHM;) => KJ(D”(MHMy))
described in the previous subsection.

The perverse realisation KoVars — Ko(D?(Pervy)) factors through this morphism as ratg o X?dg
[19, Chapter 2, Proposition 3.3.7]. If S = Spec(C), this is the class, in the Grothendieck group of mixed
Hodge structures, of the cohomology with compact support of X and rational coefficients, together with
its Hodge structure. This homomorphism is well-defined (see [49, Lemma 16.61] or Proposition 3.3.7 in
[19, Chapter 2] for a proof). Since X?dg sends Lg to [@?dg(—l)], which is invertible in Ko(MHMy), it
is a morphism of rings compatible with the localisation KoVars — .#.
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2.1.3. The weight filtration on KoVarg. In this subsection we collect definitions and properties from
[3, Section 4.6] and develop a few useful examples about weights.

Definition 2.2. The weight function wg : .#s — Z is given by the composition of X?dg together with the
weight function on mixed Hodge modules.

Proposition 2.3. Let S be a complex variety. The weight function ws : .#s — Z satisfies the following

properties:
(1) ws(0) = —o0.
(2) wg(a+a’) < max(wg(a), ws(a)) with equality if ws(a) # ws(a') forany a, o' € .

(3) If % — S is a variety over S then
ws (%) =2dimg(%') 4+ dim(S).

For proofs of these properties, see Lemmas 4.5.1.3, 4.6.2.1 and 4.6.3.1 of [3, Chapter 4]. This weight
function induces a filtration (W, #s),cz on s given by
W tls = {ae s | ws(a) < n}

foralln € Z.

Definition 2.4. The completion of .#s with respect to the weight topology is the projective limit
M =1m(Ms| WenMs).

2.1.4. Useful examples and vanishing properties. Let n be the dimension of the complex variety S —>
Spec(C). If S is smooth, the complex @?dg of mixed Hodge modules is concentrated in degree n and
H" @I;dg is given by the pure Hodge module of weight n associated to the constant one-dimensional
variation of Hodge structure on § of weight zero. Furthermore, we have the relation aé = ag(n)[2n], in
particular

Qym)[2n] = Qg -

The class of Ag = Ag x¢ S is sent by X?dg to

X5 ML) = (¥ (L)) &

Hd Hd
= (pr, @, 9% = Qg (=)
More generally, we have the following proposition on top-graded parts.

Proposition 2.5 [3, Lemma 4.6.3.4]. Let S be a smooth and connected complex variety of dimension n.
Let p: % — S and & — S be two smooth S-varieties with irreducible fibres of dimension d > 0. Then

ws([Z]—-[Z]) <2d+n—-1.
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Proof. Since p is smooth, one has p' ~ p*(d)[2d] and there is a morphism of mixed Hodge modules

/HZd-‘rn (P! @l;/dg) - /H2d+n (@?dg(—d)[—Zd])
which induces an isomorphism on the (2d-+n)-th graded parts [3, Remark 4.1.5.5]. This means that if
% — § is another smooth S-variety with irreducible fibres of dimension d, the corresponding top-weight
graded parts cancel out and the weight of X?dg([@ 1—[2) is at most 2d +n — 1. O

Proposition 2.6. Let S be a smooth and connected complex variety of dimension n. Let p : % — S be a
proper smooth morphism whose fibres are smooth projective varieties of dimension dimg(%') = d. Assume
that

R'p1 6y =R*p 6y =0

and that p has local sections.
Then there exists an open subset S' C S above which the relative Picard scheme exists, is smooth with
discrete fibres of rank r, and such that the class

Hd H

Hd Hd Hd.
X S = xg (L) — X ¢ £

LY = [p QN1 - [0 (—d)[—2d11 - [Qg ™" (—(d = 1)[-2(d = D]*"]
has S’-weight at most 2d +n — 3.

Proof. Recall that if a complex M is concentrated in degree n, then its shifting
Mkl = M*H*

is concentrated in degree n’ such that n’ 4+ k = n, that is to say, in degree n — k (in what follows, we will
use this with k = —2d).
Since S is smooth and connected, the complex @?dg is concentrated in degree n = dim(S) and

H2AH QY (—d)[—2d])

is a pure Hodge module of weight 2d 4+ n. As complexes, @?ydg and Z?ydg are both concentrated in
degree d + n, which will explain the shift in what follows. The morphism p induces functors p; :
D’(#) — DP(S) and p, between the bounded derived categories of sheaves respectively over %
and S, compatible with the ones on mixed Hodge modules. Since p is proper, p, and p; coincide. By
[3, Lemma 4.1.4.2], the functor p; : D?(MHMy, ) — D?(MHMy) has cohomological amplitude < d,
which means that the complex p, @;dg only has cohomology in degree at most (d +n) +d =2d +n. We
deduce that only terms of weight < 2d + n occur in X;{,dg(@ ). Hence, to prove the proposition, we have
to compute the terms of weights 2d +n, 2d +n — 1 and 2d +n — 2. By Proposition 2.5 and its proof, we
already know what is the part of weight 2d + n.
The exponential exact sequence of sheaves of abelian groups over #

0— Zg//(l) - Ga,g{/ d Gm,gy — 0
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gives rise to an exact sequence of cohomology sheaves over S

o HU(p Zy (1) — H'(pr Oy[—n]) — H"(p1 O[—n])

< T T D

H T (p1 Zy (1)) — H' T (pr Oyl—n]) — H" N (p) 65 [—n])

< T T D

H' 2 (p Zy (1)) — H' 2 (p1 Oyl—n]) ——— -+~ 2.1.1)

which on stalks specialises to the well-known exact sequence of abelian groups

0 > Z(1) > C > C*

I

H' (%(0), 2(1)) — H' (%, Oy) — H'(%;, 6})

s >

HX(#%(C), Z(1)) — HX(%, Oy) — ---

where Z(1) is the Z-Hodge structure with underlying Z-module 2iwrZ and Hodge type (—1, —1). Since
H (py On[—n]) =R p) Oy =0 for i =1, 2, the map
Picy /s =H" (pr O5[—n]) — H"2(p1Zy (1))
is an isomorphism. In particular, the map it induces on stalks
Pic(%) = H' (%, 0}) - H*(%(C), Z(1))

is an isomorphism. Since we assumed that S and # — S are smooth, this means that

Picy /s ®Qy € 2 1" (py @, (1)) (2.1.2)

is a variation of Hodge structure, of rank r, above S.

By surjectivity of the exponential map, the arrow C*— H'(#;(C), Z(1)) is trivial. Thus H'(%;(C),Z(1))
injects into H'(%;, 02,), which is trivial by assumption; thus H!(%;(C), Z(1)) is trivial as well for all
s € S, which means that 2"t (p\ Z4 (1)) is trivial.

We use the exact involutive dual functor

D : MHM — MHM°P?

of Verdier duality on mixed Hodge modules, which extends to the derived bounded category D?(MHM),
by the formula
DM* = Hom(M*, DQ"%)

in Df (MHM), where DQ'9 is the dualizing complex. Here since S is smooth,

DsQ}* ~ QY (m)[2n];
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see for example [58, Appendix A]. It sends mixed Hodge modules of weight w to mixed Hodge modules
of weight —w, and interchanges p, and p,. In our situation, it gives

Ds(p1 QL") = p.(Dy Q%) = py (Dyy Q) = py (@) 2 (n +d)[2(n +d))):;

thus
GrY 1/ (py Dy QL) = Grl 1 (py QL% (n + d)[2(n + d)]))
- Grt+2(n+d) H]+2(n+d) (P @Hdg) (213)

for all integers i and j (recall that the (n+4d)-th Tate twist translates into a double shift 2(n+4d) of the
weight). On the other hand the decomposition theorem [49, Corollary 14.4]

pr @y ~€BH"<pl@H‘lg)[ k]

in D?(MHMy) gives
Ds(p Q") ~ EPDsH (p QL *)Ik].
k

We apply [57, Proposition 2.6], which says that

DS GI‘ M = GI‘ DsM
for all M € MHM, which gives
Gl gy D (01 QL") = Grl 1Y (D (p @)
~ Gl Ds(H~/ p Q%) (by (2.1.3))
~ Dg GtV 1~ (py @;dg),
which, in turn, for j € {—(n+ 1), —(n+2)} and i = j, specialises to
Grlyp H'24 7 (p @) = Ds Grly | H™H (pr @L%),
Grn+2(d 1 2D (p, @Hdg) ~ DsGrl , H" " (p Q, dg)
We previously showed (in the paragraph right after (2.1.2)) that HI( D Zg, g(1)) is trivial; we have in

particular
Hn+1 (p' (@I;dg) =0
and the first line is zero. Finally, since by (2.1.2)
12 (pr Q5%) ~ Picy s 9QLE(—1)
is pure, the local rank of
Hdg)

Gy H 2D (p @5%) = D GrlY, H'2 () Q)
~ D5 Gr)\,,, (Picy /s ®Qg (1))

is given by the one of Picy /g ®@§I,dg above an open subset S’ C S, and hence the result. ]
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2.2. Motivic Euler product. Formal motivic Euler products have been introduced by Margaret Bilu [3],
as a notation generalising the Kapranov zeta function and behaving like a product. For our purpose we
will only need a particular case of this construction, but we will state a few useful properties of this object
in a general framework. We mostly follow the exposition one can find in Sections 3 and 6 of [5].

2.2.1. Symmetric products and configuration spaces. Let S be a k-variety and X an S-variety. The m-th
symmetric product of X relative to S is by definition the quotient

Symg(X) = (X X5 X5 X)/Gp.
m times
Let 2 = (X;)ics be a family of quasiprojective varieties above X, where I is an arbitrary set. Let
w=(m;)ic; € N be a family of nonnegative integers with finite support, which we call a partition (if
I = N* then a partition of a nonnegative integer » is a family (m;);> such that Zi>1 im; = n).> For
such a partition, we define
Sym/o(X) = [ [ Syms(X),

iel

as well as
Symly o(2) =] [ Symy (X)),

iel
which is a variety over Sym’; ¢(X). These constructions extend to elements of KoVary, using Cauchy
products; for details, see for example [5, Section 6.1.1].

Given a partition 1 € N), one can construct the restricted z-th symmetric product

Syml;(/s(%)*

. m;
as follows. If we write ([T;c; X™), y
two equal coordinates) in [ [;,.; X", then the restricted symmetric product

for the complement of the diagonal (points having at least

sometimes abbreviated
S/ (X)s.

is by definition the image of ([,c;, X™) in Sym's X. Furthermore, there is a Cartesian diagram

*,X/S

(ITier X;ni)*,x/s — e Xi"

l l

(ITies Xmi)*,x/s > [lie, X™

3Note that such partitions admit holes and that this set N of generalised partitions is denoted by P (/) in [5; 6; 37; 64],
while the set of partitions with no hole is written Q(/). We will adopt the notation P and Q only for partitions of integers, that is
to say, elements of NN,
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defining an open subset ([],; X", x/s Of points of [1;c; X" mapping to points of [],., X" with

pairwise distinct coordinates. Then one defines*

S5 () = Symly ((2), = (]‘[ Xf"") /T1&m.

iel «X/S  jer

iel iel

that is to say, the image of (]_[iel X;"") in Symﬁ/s(%).

*,X/S

Example 2.7. In the case where [ is a singleton, and 2" = (Y — X), then any partition u is given by a
nonnegative integer n and Symy s(Z s = Sym’y /5(Y)« is the scheme parametrising étale zero-cycles of
degree n above X, with labels in Y.

Example 2.8. If / =N\ {0}, then for any n € N \ {0} the disjoint union

Symy (2= [ Symys(2)s

p=(nm)eN®D
> imm=n

parametrises r-tuples of zero-cycles of degree n with labels in 2.

As well, this construction extends to families of elements of KoVary and .#x [5, Definition 6.1.7]: if

&/ = (0;)ies 1s such a family, then
Sym‘;/s () =Ny Sym')'};s (a;) € KoVarsym//LSX
and
S5 () = Symly (/). € KoVargye x),

is the restriction to 87 (X)) = Sym7 (X)), C Sym’; <(X) of Symy /(7). More generally, if K is a class
in KOVarsym7S x» we will denote by K, its image in KoVarSym7S( x), by the restriction morphism.
2.2.2. Formal and effective motivic Euler products.

Notation 2.9 (formal motivic Euler product). Let X be a variety over S and 2" = (X;);<; be a family
of elements of KogVary or .#Zx indexed by a set 1. Let (#;);c; be a family of indeterminates. Then the

I (1 Y x,.,xt,-)

xeX/S iel

product

is defined as a notation for the formal series

Y [Symly, (218",
pneNo

1

where t# =[], t;"" whenever u = (m;);cs € N,

4Denoted by S#(2°/S) in [3] and Cﬁ/s(%') or (Hiel Sym™i X,-)* X/S in [5; 6].
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Example 2.10 (formal motivic Euler product with one indeterminate over a curve). The simplest kind of

motivic Euler products we are going to use is the following. Assume that / is made of a single element.

Then a family 2" is given by a single class ¥ and u =[1, ..., 1] is the only relevant partition type for a
given positive integer m. In this setting, m times
[Ta+rn
PET
is the formal series
D [Symz (V). o™,
meN

where SymZ (Y), = Sym%""’”(Y)* parametrises étale zero cycles of ¢ of degree m with labels in Y
(whenever Y is a variety).

Proposition 2.11 [3, Section 3.8.1]. The Euler product notation is compatible with the cut-and-paste
relations: if X = U UY with Y a closed subscheme of X and U its complement, then for any family
2 = (Xi)ier of elements of KoVary or .#x

1 o500)- (1 (T30
xeX/S iel uel/S iel yeY/S iel

when considering the motivic Euler products of the restrictions
Y =(XixXxY)ier and U = (Xixx U)ier.
We will need the following generalisation of [3, Proposition 3.9.2.4].

Proposition 2.12. We assume that I is of the form Iy \ {0}, where Iy is a commutative monoid, and that
(t))ier is a collection of indeterminates, such that?

(1) Iy is endowed with a total order < such that p + q = i, where q # 0, implies p < i;

(2) foralli €1, theset{p el | p <i}isfinite;

(3) the collection of indeterminates (t;);c; satisfies t,ty =1tpiq.

Let S be a variety, X a variety over S, o/ = (A;)ie; and B = (B;)iecr any pair of families of elements
of KoVary or #x. Then, under the above hypotheses on I and (t;)<g,

I ((1 +>° A,-,xt,-) (1 +> Bi,xr,-» =[] (1 +> A,-,xz,)

xeX/S iel iel xeX/S iel

] (1 +>° B,-,xt,-).

xeX/S iel

Remark 2.13. In [3, Proposition 3.9.2.4], the family < is assumed to be made of effective elements. In
order to check that the motivic Tamagawa number of a product of two Fano-like varieties is the product
of the two motivic Tamagawa numbers, or, more generally, to compute the motivic Tamagawa number of
a fibration, we need to drop the effectiveness assumption.

SWe refer the reader to the notion of algeébre large d’un monoide in [9, Chapter 111, p. 27].
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Proof of Proposition 2.12. 1 thank Margaret Bilu for having pointed out that it is actually a direct
application of [3, Corollary 3.9.2.5]. One proceeds exactly as in [3, p. 89-90], where Proposition 2.12 is
proved for families of varieties.

Indeed, [3, Corollary 3.9.2.5] tells us that if X’ is a variety over X, and 2"/ = (X});¢; is a family of
classes in KpVary’, then

(T (X)) = TT (14X %)
xeX/S Mx'eX'/X iel X xeXx'/X iel
(see [3, Section 3.9.1] for the definition of this double-product notation). Taking X’ to be the disjoint

union of two copies of X, and <7, & to be the restrictions of 2" respectively to the first and to the second
copies, we get the expected identity. (]

Example 2.14 [64, Proposition 3.7]. The Kapranov zeta function of X/S is defined as

Zy (1) = [Syms X]1™.

meN

If the characteristic of the base field is zero, it can be rewritten

Zx = [ -0

xeX/S

ZyRo =TT a-o.

xeX/S

and then by Proposition 2.12

In positive characteristic, this equality only holds in the modified Grothendieck ring K Var'" 5 see [3,
Example 6.1.11].

Notation 2.15 (effective motivic Euler product). Let Y be an element of KgVary or .#x. The motivic

Euler product
[] a+ro
xeX/S
is by definition the series
Z [Sym?/S(Y)*]
m=0

When this series converges in a convenient completion of KoVary or .#y, its sum is written [ | xeX/s (1+Y,)
as well.

Remark 2.16. Since abstract motivic Euler products are compatible with changes of variable of the form
t' =19t [3, Section 3.6.4], this notation can be seen as the specialisation of

[T Q+7Lin =" [Symy oY xx Ap),] " = > [Syml o(¥),] L™
xeX/S m=0 m=0

att = L for any nonnegative integer a.
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2.2.3. Specialising products. The previous multiplicative property specialises.

Proposition 2.17. Assume that [ [, cx,s(1+ Ax) and [ [,cx,s(1 + Bx) converge. Then

[] a+40a+8

xeX/S
converges and

[[]a+40 J] a+Bo= [] t+400+B.

xeX/S xeX/S xeX/S

Proof. Let us consider the two formal motivic Euler products

Pty= ] (4 (As+Ba+ ABO),

xeX/S
Piat) =[] A+nAdU+nB) =[] A+0A:+0B +10ABy).
xeX/S xeX/S

We have to check that
P(1)=P1o(1, 1).
We introduce the following intermediate Euler product:
Po,1,2(to, 11, 1) = l_[ (I + 100 Ay + 1002 Bx + 1112 Ax By)
x€X/S

= [] t+0tAc+ 0B +n0AB,).
xeX/S
Then by Proposition 2.12,

Pio(, )= [] A+nAy) [ d+0B)

xeX/s xeX/S
and by [5, Proposition 6.4.5]
Poao(ti) = || (I+nAs+ 0B+ n0ABy) = Piat, 1),
xeX/s
Moreover, by [5, Lemma 6.5.1]
Po12(t,t,t) = P(1).

Taking ¢t = 1 everywhere one gets

P(1)=Po12(1,1,1) = Pio(1, 1)
as expected. (I
2.2.4. Convergence criterion with respect to the weight filtration. When k is a subfield of C, we have a

convergence criterion for motivic Euler products of families over a curve ¢. It is a particular case of [31,
Proposition 2.6], which itself is a multivariable variant of [3, Proposition 4.7.2.1].
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Proposition 2.18. Fix an integer r > 1 and an r-tuple p € (N*)". For any tuple m of nonnegative integers,
we write (p, m) = ;_, m;pj.

Assume that 2" = (Xm)menry+ is a family of elements of .M such that there exist an integer M > 0
and real numbers o < 1 and B such that

o We(Xym) <2(p, m) —2 whenever 1 < {(p,m) < M,
o Wy (Xm) < 2a(p, m)+ B — 1 whenever (p, m) > M.

Then there exists 8 € 10, 1] and 8’ > 0 such that
wC(Symg/k(%)* . alplml ... afrmr) < —8/<,O, m)

for all m € (N")*, partitions & of m and elements a, ..., a, € #¢ such that w(a;) < —-24+5—B/(M+1)
forall1 <i<r.

If we specialise the previous proposition to the polynomial F(T) = 14 YLT and consider the
convergence at 7 = L~! we get the following criterion.

Proposition 2.19. Assume that Y € #y is such that we(Y) < —2. Then the series Zm>0[Sym$(Y)*]
converges in L/Z/;w and the Euler product
[Ja+7,)

pe?
is well-defined.

Example 2.20. Recall that wgg([l_%z) =-2 dimcg(A?g) + dim(%) = —3; thus

[Ta-1?

pE?

converges in //ch. Moreover, one can show that this convergence actually holds in (////;Cdim for any k.
Let p : Y — % be a smooth %-variety with irreducible fibres of dimension d > 0. Then,

[Ta+ay,1—Lh, @)
pe?
converges in ////\kw, since
we([Y]-Lg) <2d

by Proposition 2.5; thus we (([Y] — L)L, ") < —2.
The following little lemma will help us to explicitly control error terms when studying the case of toric
varieties. One can replace the dimension by the weight or any other filtration compatible with finite sums.

Lemma 2.21. Let (¢;)menr be a family of elements of #y. Assume that there exists a constant a > 0 such
that
dim(¢y) < —alm|

for everym € N', where |m| = _\_, m;.
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Then, for any nonempty subset A C {1, ..., r} and nonnegative integer b,

. . L ] .
dlm( <Z . Cp L4 mA) < —3 min(l, a) glég(ma) — sbmin(1, 2|A| — a)
m'<m-—

forallm e N;b, where m 4 is the restriction of mto A and b = (b, ..., b).
Proof. If m', & %(m 4 — b) then the coarse upper bound

dim(cp L™ ™4) < —a|m'| — b|A|

for m’ < m — b gives

dim(c,/ I]_”’/A_"’A) < —%a mi}\l(ma —b) —b|A| = a rmn(ma) — —b(2|A| —a),
oe
while if m’/, < 2(mA—b) then m'y —m < (mA—l-bA) and
dim(c L™ ™) < —alm/| — Lma| — 1b < —L min(my) — 1b. O
aeA

3. Batyrev—-Manin—Peyre principle for curves

3.1. A convergence lemma in characteristic zero. In this subsection we assume that & is a subfield of C
and choose once and for all an embedding k < C, as in Section 2.1.

Lemma 3.1. Let ¥ — € be a proper model of a Fano-like variety V. Then for any dense open subset
€' C ¢, the motivic Euler product

[Vp] —1\rk(Pic(V))
1_[ <[Ldim(v> (I- [Lp )

pe€’ P
converges in the completion of ./ with respect to the weight filtration.

Proof. By the multiplicative property of motivic Euler products Proposition 2.11, it is enough to find
some dense open subset ¢’ C ¢ such that the product above converges. Let r be the Picard rank of V.
In .#4, we have

L™ (A =L = (1 (1= 1™ )i e ) (HZ( )<—1>"L;")
[Ay]_l%m(g(“//)_r[l_$m<g("//)—l k=l

=1+ (  dime () / +Z,
%

where

dime () r
[71-Lg™ [7] r Ky —k
#=—r Ldime ()1 + Ldime () Z(k)(_l) Ly
« « k=2
By Notation 2.15 of the motivic Euler product, we are interested in the series

dISr@N),

m=0
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where
[7/] _ I]_(;m%('y) _ ru_(?m%('y)—l
o o b

l]_dimcg(“//) +Z% e //%ﬂ
%
and in order to prove convergence, it is enough to check that w4 (%) < —2. Since the motivic Euler
product is compatible with finite products, up to replacing % by a nonempty open subset we can assume
that ¥ — ¢ is smooth with irreducible fibres. Then by Proposition 2.5 we have a first bound on the
weight
W ([7] — L4me Oy ~dime00=1) 9

and the expression of & shows that
wy(Z) < =2

as well. In order to show that wy (% — Z) < —2, we use the fact that V is Fano-like. By Remark 1.3, we
are in the situation of Proposition 2.6: up to restricting to an open subset of %, we have a decomposition

KXo S 7D) = Ot S L)) 41 (g B (L) ™ e~ 4 € Ko(MHMy),

with we (#) < 2(dimy (¥) — 1). Hence wy (¥ — %) < —2 and, by the property of the weight, one has
we (%) < —2. By the convergence criterion of Proposition 2.19, this shows that the motivic Euler product
we are considering converges in /Zl;w. ([

3.2. Motivic Tamagawa number of a model. Let V be a Fano-like F-variety of dimension n and ¥ a
proper model of V. We are now able to give a precise meaning to the motivic analogue of the Tamagawa
number.

Up to replacing ¥ by a dominating model, we can always assume that it is a good model, that is to
say, a proper model of V whose smooth locus ¥° is a weak Néron model of V, by Theorem 1.23 and
Proposition 1.27.

Furthermore, we assume that 4" admits a divisor of degree 1, which is the case for example if k = [,
by the Lang—Weil estimate, or more trivially if k = C or if ¥ is the projective line.

Definition 3.2. The motivic constant 7 (7’) of the proper model ¥" — %" with respect to a model .’ of
a);1 is the effective element of //Z{ o //’/;w given by the motivic Euler product

1—g) dim(V K i - i o
u_](( g) dim( )(rest:l;l Z(gapr(t))rk(Plc(V)) l_[ (1 _ lpl)rk(PIC(V))MT%WRI) (Gr(AI/Rp))’
pEC
where the motivic density
*
M;/M/Rp

is given by Definition 1.21 and

Tes, 1 (ZE™" (1)) = (1 = L) ZK™" (1))

-l
="

with Zgapr(t) being the Kapranov zeta function of ¢ as defined in Example 2.14.
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If 7 is a constant model of the form ¥ =V x; €, with V a nice variety defined over k, .2 = pr} (wal)
and 7 = pr,, then the constant T (") will be written t(V /%). If moreover ¢ is clear from the context,
it will be simply written (V).

Remark 3.3. The use of the motivic Euler product notation in this definition is licit. Indeed, there exists
a dense open subset 4" of ¢ on which 7 is smooth, (), /%,,)V is invertible and isomorphic to .Z. For
points p in €,

Wiy (Gr(IR ) = oy (Gr(FR,)) = [, 1L~ 4m),

Then the motivic Euler product

1_[ (1 _ [l_;l)rk(PiC(V)) IU”//RP (Gr(”j/Rp))
pet’

is obtained by applying Notation 2.15 to the family
(1 _ [L%/l)l‘k(PiC(V)) [7/(5/] ﬂ_;/dim(‘/) -1 c %6}/‘

Remark 3.4. By Lemma 3.1, when £ is a subfield of C, this class _is well-defined in j/\kw. When V is a
smooth split projective toric variety, the convergence holds in ,/ZdeIm, without any assumption on k (see
Theorem 5.4).

Remark 3.5. Since we assume that ¢ admits a divisor of degree 1, we know that the series
(1—0)(1 = L) ZE ™ ()
is actually a polynomial Py (¢) of degree 2g such that
Pe(L ) = [Pic’ ()] L. %
see, e.g., Section 1.3 in [15, Chapter 6]. Hence in that case

Py (1) [Pic’ ()11, *
1—t ),:[Lk_l R

In general, Daniel Litt showed in [44] that if d is the minimum degree of a divisor on ¥, then
(1 =11 —1d¢d )Z;fapr(t) is a polynomial. Note that if d > 1, then in general (1 —1)(1 — [th)Zf;apr(t)
is not a polynomial; see, e.g., Remark 1.3.4 of [15, Chapter 7]. Thus one should modify the previous

Kapr _
res;_y 1 Z,0 (1) = (

definitions according to that fact. This more general situation is beyond the scope of this paper.

It is possible to define variants of the motivic constant T (¥'), related to components of the moduli

space.

Definition 3.6. Let 8 be a choice of vertical components Eg of multiplicity 1, that is to say, over a finite
number of closed points p, the choice of an irreducible component of #), of multiplicity 1.
If E;p = Eg, N ¥° for all p, then
e (1)
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is the motivic Tamagawa number

-9 dim(V) ( [Pic’(¥)]1L, >rk(Pic(V))

1 — |]_ - l_[ (1 _ u_;l)rk(PiC(V))M:"ﬁVRP (Gr(Egp))

pe?
Note that 7 (¥) equals the finite sum of the T4 (¥ )8 for B running over the finite set of choices of
vertical components Eg above each closed point of .

Definition 3.7. If %’ is a nonempty open subset of %, we will call restriction of 7 (#)# to ¢, written
T (V )I/;,, the element

1—g) dim(V i - i o
[L,(( §) dim( )(rest:lgl Zg (1)) EIEV) 1_[ 1- lpl)rk(Plc(V))M%yRP (Gr(Ep)).
pET’
3.3. Motivic Batyrev—Manin—Peyre principle for curves. In order to deal with different good models
of a projective variety V over F, we need a refined version of Question 1. The previous tools make the
adaptation straightforward.

We use the notation introduced in Setting 1.4: we fix a finite set Ly, ..., L, of invertible sheaves on V
whose linear classes form a Z-basis of Pic(V), as well as invertible sheaves .47, ..., .% on ¥ extending
respectively Ly, ..., L,.

There exists a unique r-tuple of integers (A, ..., A,) such that

,

-1 X Ai

wy _®Li .
i=l1

Consequently, we have a model of a);l given by

2 =R 22" (3.3.4)
i=1
For any choice g of irreducible vertical components of multiplicity 1 of ¥, and for every nonempty
open subset U of V, the space

deg o =4

Hom,, (v, %)U

parametrizing curves of multidegree deg, = § intersecting the components given by B exists as a
quasiprojective scheme, and the space

Homy 22~ (¥, ¢)y (1.6)

is then the finite disjoint union over § of these subspaces.
Recall that Eff(V)7 is the intersection of Eff(V)" and Pic(V)" in Pic(V)" ®z Q.

Question 2 (relative geometric Batyrev—Manin—Peyre). Let ¥ and £ be as in Setting 1.4 on page 891.

Does the symbol

deg » =3
[Hom,,

-1
SO ey
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converge to T, (V) in g//’/\kw (or even more optimistic, in //Z(dim), as 8 € Eff(V)y goes arbitrarily far
away from the boundaries of the dual cone Eff(V)¥?

Remark 3.8. We can refine the previous question as follows: given a choice g8 of vertical components of
multiplicity 1: does the symbol

deg o =3

_8-wo
[Hom,, @y

1
VO Y e
converge to 7(¥)? in ////\kw, or even //Z(dim, as 8 € Eff(V)} goes arbitrarily far away from the boundaries
of the dual cone Eff(V)v?

Example 3.9. Starting from previous works by Chambert-Loir and Loeser [15] and Bilu [3], we show in
[31] that the conjecture of Remark 3.8 is true when V is an equivariant compactification of a vector space
and k is algebraically closed with characteristic zero.

Example 3.10. Bilu and Browning show in [4] that the answer to Question 2 is positive whenever ¢ = Pl
VC I]j’%_1 is a hypersurface of degree d > 3 such that n > 29(d — 1), and ¥ = I]:Dqlz xc V.
3.4. Products of Fano-like varieties.

Proposition 3.11. Let V| and V, be two Fano-like varieties over F. Let V| (respectively ¥5) be a model
of Vi above € and £\ be a model of a);ll (resp. Vo, & and a);zl). Then Y1 X¢ V5 is a model of Vi X V;
above €, (pri .21) @ (prs £») is a model of (pr} a)‘_,ll) ® (pr; a)‘_,zl) and
Tort 2o 2) (V1 Xo 12) = 14 (M) T4 (12).

Proof. In order to apply Proposition 2.17, we have to check that, for all closed points p € €,

* o % o * o

Hprr 2)@pr; D)Wy ¥, (Gr(("1 X« 7/2)Rp)) = M‘z”(“’/ﬂk,, (Gr(y/Rp))MfZ\<Vz>R,, (Gr(ﬂf/RP))-
Going back to Definition 1.21, and by the functoriality of Greenberg schemes, it is enough to check that
on Gr((#] x¢ “1/2)‘1}!7) one has
Epr; L)@ i L)~ (ARl v = Egimanal, v T En-anal, v (3:4.5)

We can assume that 77 and 75 are R,-smooth. Let R; be an unramified extension of R,, X = (X1, X2) €
(71 XRg, “//2)(R;]) ~N (R;,) Xie(p) %(R;) and take y;, y2, @1 and w; to be generators respectively of X2,
X35, Xf(A™M Q,I,/I/RP)V and X3 (A”ZQ,!,,Z/RP)V. Then y;y; is a generator of X*(pr} .£1) ® (pr; .-2>) and wiw,
is a generator of )E*(A”'”‘ZQ},/] x“//z/R[,)v' Now (3.4.5) applied to x is the identity VR, (wiwy/(y1y2)) =
R, (@01/y1) + VR, (@2/¥2). -

4. Equidistribution of curves

The goals of this section are

« to introduce and provide a definition of the equidistribution principle, which will be done with
Definition 4.3,
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« and then to prove Theorem C, which will be restated as Theorem 4.6, indicating that this principle
does not depend on the choice of models me made in Setting 1.4.

The intuition behind this result is that the equidistribution hypothesis encodes (among many other
things) the information one needs to switch from a multidegree coming from a given model to another
one. Indeed, while the Batyrev—Manin—Peyre principle, Question 2, describes the expected asymptotic
behaviour of the motivic measure of a certain moduli space of sections, the equidistribution principle
describes the asymptotic behaviour of the sequence of motivic measures itself. In particular, it measures
the motivic distribution of sections for which two different models give two different multidegrees.

In this section we assume that

e ¥ — ¥ is a proper model over ¢ of a Fano-like variety V together with a model . = (%) of a
family of invertible sheaves (L;) on V whose classes form a Z-basis of Pic(V') (see Definition 1 and
Setting 1.4);

o U is a dense open subset of V;

. the.motivic Tamagawa number 7, (¥'), see Definition 3.2 and (3.3.4), is well-defined in either
//chlm or e///l;cw. The following discussion will not depend on the choice of the filtration.
4.1. First approach. Let . be a zero-dimensional subscheme of the smooth projective curve ¢, |.#] its
set of closed points and ¢” the complement of |.|. This subscheme .7 is given by a disjoint union of
spectra of the form

Spec(G. /(" ™1)) ~ Spec(c (P17

for p € |.]. Its length is
(S =Y (my+ Dlk(p) :kl.
Pel|
Then for every %-morphism ¢ : . — ¥ and every § € Pic(V)" we define

degi =

1)
Homy ** =" (%, 7 | 9)u

as being the schematic fibre above ¢ of the restriction morphism

. deg, =4
res{{; : Hom%egg (¢, )y — Homy (7, 7).
We assume temporally that % is isomorphic to (A" Ql,/ /%))V and that ¥ — % is smooth above an
open subset containing the closed points of .. Then we say that there is weak equidistribution for .7 if,
for every ¥-morphism ¢ : . — ¥, the normalised class

—1
—3-wy,

d =4
[Homy, "2 =€, 7 | o)L, € M

converges to

— 1) dim(V ”
pel|
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when the multidegree & tends to infinity —again, by this we will always mean § € Eff(V)y and
d(8, d Eff(V)Y) — oo. This definition may be seen as a first extension of Peyre’s definition [53, 5.8] to
nonconstant families ¥ — %.

Remark 4.1. Hom »~ (., ¥») can be interpreted as the product of spaces of jets

[ Gru,7&,).
Pel|
Since

Grw, (Vr,) = Gro(Vr,) = 7)

is a Zariski-locally trivial fibration over ¥}, with ﬁbre an affine space of dimension m , dim(V'), the class
of the space of m ,-jets of TR, in K()Val‘ry/p 18 [L';l" dlm(v)[“f/p]. Finally the class

[Homg (.7, ¥)] € KoVarl-L

pe|. S| 7/!7
is sent to the finite product

[Yp] | (mp+1) dim(v)
1_[ (& () P € KyVary.
pe|ls| P

Thus weak equidistribution for . implies that

deggz

—§- ! 5
L~ " [Hom, (€, | @)yl [Homy (7, ¥)]
tends to 7(¥") when § — 0.

4.2. Equidistribution and arcs. Actually, the equidistribution hypothesis can be reformulated in terms of
constructible sets of arcs. This reformulation is natural since we already interpreted the local factors of
the motivic Tamagawa number as motivic densities of spaces of arcs. In this subsection S is any finite set
of closed points of ¥. We drop as well the previous assumption on .Z.

The restriction to Spec(ﬁ’(g, p) provides a morphism

deg o, =3
resg/ : Hom(;gi (€,7)— l_[ Groo(“I/Rp)
pes

for every multidegree § € Eff(V)% If ¢ = (¢p) pes 1s a finite collection of jets such that ¢, € Gr,, (¥&,)

0 v
1_[ O, O T€Ss
peS

for every p in S, the schematic fibre of

above ¢ is written
deg o =

s
Hom,, (.7 1.
Definition 4.2. We say that there is weak equidistribution above S at level (m ) ,es if, for every collection
© = (¢p)pes € ]_[pes Grm, (7r,) of jets above S, the class

deg o =

B —5-wj!
[Hom,, &, v | ull,
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tends to the nonzero effective element

Ty (V19) =Ty Dpars x [ [ 1, (07) 7 (@p) NGr(KZ )
PES

of .4, when 8 becomes arbitrarily large.

This definition is consistent with the previous one since we have the factorisation

v
res’, : Homé (¢, %) 5> [ [ Groo(#&,) — [ [ Gtm, (#&,) ~ Homg (., 7)
PES pes
for every S-tuple (m ) € NS and corresponding zero-dimensional subscheme .&” C ¢ with support |.#| =S.
More generally, if W is a product [ ] ,.s W), of constructible subsets W), of Groo(¥k,),

degg =

8
Hom,, @&,V | Wy

is defined as the schematic fibre of resg/ over W. Recall that each constructible set W), of arcs is nothing
else but the preimage by a projection morphism of a certain constructible subset of jets.

Definition 4.3. We will say that there is equidistribution with respect to W =[], _s W, and the multidegree

PES
deg,, where each W), is a constructible subset of arcs, if

deg » = —a-w\jl

[Homy 22 =" (@, % | W)u1L,
tends to
Ty (VW) =12, (M)ss X 1_[ /“LZ”\"VR,, (W, NGr(¥g )
peSs
when the multidegree becomes arbitrarily large.
We will say that there is equidistribution of curves, with respect to the multidegree deg ., if the previous

statement holds for every such W.

Remark 4.4. Note that the notion of equidistribution of curves is stronger that the motivic Batyrev—
Manin-Peyre principle for curves we formulate in Question 2.

Remark 4.5. In Definition 4.3 one may ask if it would be possible to replace constructible by measurable
to get a more general notion of equidistribution, or consider constructible subsets which are not products
over S of constructible sets, as in Theorem 5.6, but this higher level of generality would be mostly useless
in the present work.

4.3. Checking equidistribution pointwise. Let . be a zero-dimensional subscheme of €. Assume that,
for every § € Pic(V)", there exists a k-scheme Fj (which depends on .#) such that

degg =

)
Homcg (€, 7 | v = (F5s ®k(X))red

for every point x € Homy (., ¥') corresponding to a ¢ -morphism ¢ : . — ¥. Then by Proposition 1.31,

the reduction map

d =4
Homy, = "(¢., 7 | ¢)y — Homg (7, ¥)
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is a piecewise trivial fibration with fibre Fs and by Proposition 1.30, for every constructible subset W of
Homy (7, 7),

degi =

[Homy*2 =" (¢, ¥ | W)yl = [F51[W]

in KoVar,. Hence, if one wishes to show that there is equidistribution of curves on ¥ above ., a strategy
is to prove the existence of such an Fs and then study the convergence of the normalised class [ Fj] [L,:‘S "“;l.
In general the situation is not as simple, but we use a similar argument in Section 5.5 in order to prove
Theorem B.

4.4. Equidistribution and models. Our goal for the end of this section is to prove the following main
result, which does not depend on the choice of the filtration (dimensional or by the weight) on .Z.

Theorem 4.6 (change of model). Let ¥ and V' be two proper models over € of the same Fano-like
F-variety V, together with models £ = (%) and ' = (<)), respectively on ¥ and V", of a family (L;)
of invertible sheaves forming a Z-basis of Pic(V), as in Setting 1.4.

Then there is equidistribution of curves for (V', £), in the sense of Definition 4.3, if and only if there is
equidistribution of curves for (V', £').

The remainder of this section is devoted to the proof of Theorem 4.6. We take ¥, ., ¥’ and .¢’ as
in Setting 1.4. As before, we know the existence of a nonempty open subset ¢’ C ¢ above which we
have an isomorphism of ¢”-schemes. By Corollary 1.28, we can find a proper model ¥ — € of V whose
¢-smooth locus is a Néron smoothening of both ¥ and ¥. Above %, the three models are isomorphic:

v
f f!

v / ‘ﬂ\ v
N
€
Homgg(%, 4/7)(]

Home (¢, )y Homy (¢, V")u

This diagram induces morphisms

between moduli spaces of sections.

Let . and .,izl/ be respectively the pull-backs of the sheaves .#; and &/ to ¥ for all i. Then both %
and .,22;’ are models of L; on 7. Up to shrinking ¢”, we can assume that they are isomorphic above ¢”. If
& is a section of 7 and o = f o, one has the relation

deg((6)*.%) = deg((3)" f*4) = deg((f 06)*%4) = deg(c™ %)
foralli € {1, ..., r}, sothat f, bijectively sends points of

deg &> =

B ~
Hom, = (¢, ")y
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to points of
deg o, =

Hom*2 =" (%, )y,

and similarly for f] when considering the multidegrees given by 2/ and .¢'. By Proposition 1.31 this
implies equality of the corresponding classes in KqVary.
We are going to compare the multidegrees deg & and deg ;.

4.4.1. Lifting equidistribution. As an application of the change-of-variable formula Proposition 1.12, we
show that equidistribution of curves holds for (7, ) if and only if it holds for (V~ , 2).
Let S be the complement of ¢ in ¢ .

Lemma 4.7. Let W be a finite product of constructible subsets Wp C Gr(%gp) for p €S, and let W be its
image by f. Then

w7, (V| W) =12,/ | W)
and

d > =4 ~ ~ =
[Homy *Z =" (%, 7 | W)y] = [Homy * =" (4,7 | W)y]

for every § € Pic(V)Y.

In particular, for everym € Z,
aRTY, deg 7 =3 aRTT, 5wy m

Tz, (V| W) —[Hom, &, v | Wyl v.e F" My

if and only if
degy =35 -

Ty, (V| W) — [Homy 22 =" (¢, v | W)yl L5 e F" .
Proof. Up to shrinking ¢ and adding trivial conditions, one can assume that S is contained in the comple-
ment of ¢”. By Theorem 3.2.2 of [19, Chapter 5], the image of Wp in Gr(7g,) is a constructible subset W),.

Then f, bijectively sends points of Homdc;gi =g, Va | VT/) v to points of Homd;gi =%(¢, ¥ | W)y and
by Proposition 1.31,

d > =4 ~ ~ =
[Homy 2 =" (%, 7 | W)y] = [Homy * =" (4,7 | W)y]

so that the only thing to show is the equality of the motivic Tamagawa numbers.
Up to shrinking ¢” again, we only have to show the equality of local factors

M}W"VR,, w,nN Gr("fé’p)) = MZ;'% w,nN Gr(”fﬁ?p))
P

above closed points p € S. By assumption V is smooth and both ¥ and ¥ are models of V; thus by
Corollary 3.2.4 of [19, Chapter 5] ordjac fry only takes a finite number of values. By the change of variable
formula, Proposition 1.12, applied to the constructible function

8$W,(AHQ;//RP)V (see Definition 1.21)
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one has the following relation between local factors:

° _sg, —(A"Ql W
Wiy (Wp NG ) = f LI 4y,

WyNGr(7 )

—ord¢., +ord 1 v
b4 @anel, o)
— /R
= [ ) L P dM"f/Rp
WyNGr(7 )

—f*orde.,, +f*ord ,, 1 v — ordjac ¢
_ /~ L % Al o) dMiRP
WyNGr (7% )
_Ordjy —',-ord(Aan~ W ~ ~
= /N L V/Rp dM"Zep = ,u:';z~ (W, ﬂGr(”f/RP))
WpNGr(7% ) 7R
in .7y, , where we used the relations
ordg, —f*ordg, =0
and
£ ord(AnQ;V/Rp)v — ord(AnQE?/Rp)v = ordjac (by Proposition 1.26)
above the smooth R-locus. Taking the product over S, one gets
Tey (VIW)=15,(V|W),
and hence the lemma. O

4.4.2. Switching the degree. The difference of degrees on Gr(“/zgp) is given by the map

£y g Gr(“Izgp) — Pic(V)Y, x> <® Li.g)di — Zd,-eji/_ﬁ(x)),
j i=1

l

which is trivial for all p ¢ S. For any ¢, € Pic(V)", let
Po(ep) =e5_Uep).
As a direct consequence of Lemma 1.19, we have the following.

Lemma 4.8. The map ¢ z1_ 7 is constructible and there is only a finite number of values of ¢, € Pic(V)Y
for which %(8 p) IS nonempty.

Now, for every ¢ = (&) € (Pic(V)V)3, let

W (&) =] [ #e(es) C || Groo(FR,)

seS seS

and let W be any finite product [Les W, of constructible subsets W, C Gr(7#% ). Let W, W/, W, and W/
be the corresponding images by f and f’. By the previous lifting lemma, Lemma 4.7,

deg > =4 ~ o~ ~ 5w ~ o~ ~
[Hom, = (&, 7V |WNH()y|L™° — 15,V | WNH(e))

when § € Eff(V)) becomes arbitrarily large.
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Let #(¢) be the image of W (¢) in I1 Gr(”i/lés). We decompose our classes as follows:

seS
deg,r =6 deg,r =6
[Homy "% ™" (&, 7 |WhH]= Y [Hom, 2 =" (@. 7' |W N7 ()]
ge(Pic(V)¥)S
d ’”/:3/ ~ ~ ~
= Y [Hom, 2~ @. 7| Wn#(e)]:
ee(Pic(V)V)S
these sums are finite by Lemma 4.8. Normalising, we get
dego,r =6 oo
[Homi, *4' =" (¢, v | WH L= V'
d "’/:3/ ~ ~ ~ ’ —
= Y [Hom,*¥ (&, 7| Wn#en]L e
e (Pic(V)V)S
deg 5 =6'— ~ o~ , - -
= Y [Homg T e 7 W (e L e e
ge(Pic(V)Y)S

where |¢| stands for ) . _c &5 € Pic(V)". Then

deg oo/

[Homiy ¥ =" (¢, " | W] L= oV’

~ o~ ~ —1 ~ o~
e T, (V| WAH (@)L =1 (V| W)=1g0 (V' | W
- SUSD DR A (&) 7, V1 W) =10, (/" | W)
e€(Pic(V)V)S

and Theorem 4.6 is proved.

5. Rational curves on smooth split projective toric varieties

In this section, we prove equidistribution of rational curves on smooth split projective toric varieties over
any base field.

As a warm-up, we start with proving that the motivic Batyrev—Manin—Peyre principle holds for rational
curves on this class of varieties, in line with the works of Bourqui [11; 12], Bilu [3] and Bilu-Das-Howe
[6]; see Theorem 5.4.

Then we generalise this result, by proving equidistribution of rational curves on smooth split projective
toric varieties; see Theorem 5.6.

5.1. Geometric setting. General references for toric varieties are [21; 33; 48]. Let U be a split torus of
dimension n over k. Let
X*(U) =Hom(U, G,,)

be its group of characters and X, (U) = Homz(X*(U), Z) its dual as a Z-module. Let X be a complete
and regular fan of X, (U), which defines a smooth projective toric variety Vy over k, with open orbit
isomorphic to U. Let

r =1k(Pic(Vy))

be its Picard number, 3 (1) the set of rays of the fan ¥ and (Dy)qex (1) the set of its U-invariant divisors.
Each ray o € X (1) admits a minimal generator p, € X, (U) and the map sending a character x € X™*(U)
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to the divisor

Y (X Pa)Da

aex(l)
is part of the exact sequence [21, Theorem 4.1.3]

0— X*(U) — @ 7D, — Pic(Vs) — 0, (5.1.6)
aex(l)

which provides, in particular, the equality
1Z(D)|=n+r.

If o is an element of the fan X, let o(1) C X (1) be the subset of rays which are faces of o.

5.2. Mébius functions. Let By C {0, 1}*) be the complement of the image of
2= 1{0. %Y o Lomy(@)aesy-
In [12, Section 3.5], this set By is described explicitly as
By ={ne{0, 1}V |Voex, Jae=(1), a ¢ o(1), and ny = 1}.

It has a geometric interpretation in terms of the effective divisors D,: it corresponds to the subsets
I C 2(1) such that
ﬂ Dy=02.

ael

Then, the universal torsor of Vy admits an explicit description which goes back to Salberger [59]:

Ty = AT ( U Mixe :0}).

JeBy aelJ

5.2.1. Local Mobius function. Bourqui inductively defines a local Mobius function

nl, {0, 130 -7
through the relation
L, 1200 gy (1) = Z M%E (n')

o<n’'<n

for every n € {0, 1}*(, It comes with a generating polynomial

Pp()= ) uh, (mi"
ne{0,1}=M

and a series
Pg, (t)

)= —————.
Qs () [loezay(I —ta)

Let
A(Bx) c NED
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be the set of tuples n € N*() such that there is no n’ € By with n > n’. In particular, 0 € A(By). It is
the set of elements of N*(1 not lying above By in the sense of [6, Section 4.4]. Let

UBy NED 5 7
be the local Mobius function defined by the relation
L) = Y pp,(n). (5.2.7)
o<n’'<n

As Bilu, Das and Howe [6, Section 5.2] pointed out, up, coincides with u%z on {0, 1}2(1) and is zero
outside of this set. Hence
Qp()= ) "
neA(Bs)

5.2.2. Global motivic Mébius function. For any e € N*(, let (P;)%_ be the open subset of
Symj k(IP’,l()

parametrizing X (1)-tuples of effective zero-cycles of degree e, having disjoint supports with respect
to By. More precisely,

(I]j’,i)%z = :(Ca) € Symfk(Pi) ‘ m Supp(Cy) = @ for all J € By }

ael
Up to a tuple of multiplicative factors, this set corresponds to X (1)-tuples of homogeneous polynomials
P (Tpy, Ty) of degree e, with coefficients in k such that for all J € By, the polynomials (P,)qes have no
common root in any finite extension of k; see [12, Lemme 5.10].
Then, applying the definition of the motivic Euler product in Bilu’s sense [3], we get

[T2s0= 3 [@®bs1e"

peP} deN=D)
The formalism of pattern-avoiding zero cycles allowed Bilu, Das and Howe to work with Bilu’s motivic
Euler product and to give a positive answer to a technical question of Bourqui [12, Question 5], which
in turn provides a lift of Bourqui’s main theorem [12, Théoréme 1.1] from the localised Grothendieck
ring of Chow motives ///kx to the localised Grothendieck ring of varieties .#}; see [6, Lemma 4.5.4,
Remark 4.5.7]. Indeed, since

Qp, (1) =P, (t) [[ 1—1)7",

aex(l)

one obtains, by taking motivic Euler products (in Bilu’s sense)

Yo IPOEI =[] Qs =[] Pe®x [ Zp (i), (5.2.8)
deNTM) peP; peP; aeX(l)
where Z ! (t) is Kapranov’s zeta function of the projective line

Zpi (1) = ) _[Sym{ (P11,

e=0
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Bourqui’s construction [12, Section 3.3], applied to the projective line over k and the set By, provides a
motivic global Mobius function

us . NED My,
given by the relation

[(POS =Y nx(e)Sym* (Pp]

ecNZ=(D
e'<e

for all e e N*(V1, which is nothing else than what one obtains by considering the coefficient of multide-

gree e in expression (5.2.8).
It follows from the definitions that the motivic global M&bius function is linked to the local one by the

H( > u32<m>t"')= > usr.

peP} "meNED ecN=(D)

relation

5.3. Motivic Tamagawa number. By the following proposition and remark, the constant t(Vyx) is well-
~ dim

defined in .2,

Proposition 5.1. The motivic Euler product

(H stx(t))([tk‘ h= H( > uBz(m)[L;"”') = > us@L

peP} pePi "meNTO ecNZ()

is well-defined in //Z(dim

Proof. By [12, Lemme 3.8], the valuation of Pp, (T) — 1 is at least equal to 2. Thus by [6, Lemma 4.2.5]
the formal motivic Euler product [ ] pep) Pp, (t) converges at t = L~! for the dimensional filtration. [J

Remark 5.2. The local factor of the motivic Euler product above is actually

. —m| _ [Vs ®«(p)] —1\rk(Pic(Vs)) _ [Ts @k (p)]
PosO = 2, s )y ™ === (1 = L DM = s

meN=()

==

Indeed, we can interpret [Ty ® « (p)]L, as the motivic density of «(p)-arcs of A,{E(l) with origin

in 7x, and l;lml as the motivic density of the subspace V,, of k (p)-arcs with X (1)-tuple of valuations
greater than m:

Vi = {x e ATV (D) | xo € 1™k (p)[[2]) for all @ € =(1)}.
We consider as well the subspace of arcs with given valuation:
Ve =[x e A7V (M) | xo € 1™k ()] and xg ¢ 1<+ i (p)[2]] for all & € (1)}
=Va\ J Vmrr,.

aeX(l)
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The arc-space of Ty, is the space of arcs whose X (1)-tuple of valuations does not lie above By:

Gro(Tz®@x(p) = | | Vo= |] (Vm\ U Vmﬂa)

meA(By) meA(By) aeXx(1)

[Tz @c(p)IL, V= 3" MV(Vm\ U vmm)

meA(By) aeX(l)

=y ¥ (—D”'Mv(ﬂ Vmﬂa)

meA(By) JCE(1) ael

= 2 L™ la-5h

meA(By) aeX(l)

= <(QB): (t)) l_[ (1 - ta)) ] = (PBz (t))mx:u_;l

aeX () lta=L,

and thus

as expected.

By compatibility of formal motivic Euler products with changes of variables of the form ¢, = L{#, with a
an integer [3, Section 3.6.4], together with the compatibility with partial specialisation [5, Lemma 6.5.1],
what we get by taking the corresponding motivic Euler product is exactly the motivic Tamagawa number
of Vx given by Definition 3.2 and Notation 2.15:

T
(M) = (T (F5 1)), o
peP}, [te=L p |[t=1

pe[P’,l{
5.4. Nonconstrained rational curves. Let
Hom? (P}, Vs)u

be the quasiprojective scheme parametrizing morphisms [P’}( — Vs of multidegree § € Pic(X)" intersecting
the dense open subset U C Vs (see Definition 1.5 and Lemma 1.6). It is empty whenever 8 ¢ Eff(Vz)y
(see the remark after Notation 5.4 in [12]), so we will always assume that § € Eff(Vyx)y in the remaining
of this section.

Through the injection Pic(Vy)Y < Z*() given by the exact sequence (5.1.6), Eff(Vx)y can be see as
the submonoid of tuples (dy)gex(1) € NZ(M such that

> dulx, pa) =0

aeXx(l)

for all x € X*(U). Note that this submonoid is denoted by N(E*gl) in Bourqui’s work [12, Notation 5.3].

For every d € Eff(Vy)7, let

phd
)by
be the inverse image of the open subset

dy
P, cSymf, P~ ] P
aeX(l)
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through the G,,%(l) -torsor

[T @& \iop— [ P

aex (1) aeX(1)
One of Bourqui’s key results is the following proposition.

Proposition 5.3 [12, Proposition 5.14]. For everyd € Eff(Vg)%,

—_—~—

PD%. / Tns

represents the functor Homg (P, Vs)y.

Theorem 5.4. The normalised class
—1

5w
[Hom{ (P, Vs)ull, =

tends to the nonzero effective element

L™ [Vz ®k k(p)] 1 ~d
— — 1 ~yrk(Pic(Vs)) m
t(Vz) = (1 — L Hyrk(Pie(Ve)) l_[ g dim(Vs) (=L, €Ay

k peP} p

when § € Eff(Vx) goes arbitrarily far away from the boundary of the dual of the effective cone of V.
Moreover the error term

8 ol —8- oy
(Vy) — [Homp (P, Vs)ull,
has virtual dimension at most
—1 min (8,) +dim(Vy).
aeX ()

Proof. First note that since Za es ) D, is an anticanonical divisor of Vy, the anticanonical degree of a
curve of multidegree d € Eff(Vy)y is [d| =), ex(l) dy. By Proposition 5.3, we have the relation

[Hom{ (P}, Vs)u] = (L — D™D (@]

for every d € Eff(Vy)y. Therefore studying the asymptotic behaviour of [Homj, 4Pl Ve)yl L, ' when
min, (dy) — oo goes back to studying the one of [(I]j’,i)‘f,z] [I_k_ld‘. Moreover it is convenient to drop the
assumption d € Eff(Vy)7.

Then (5.2.8) gives
> P51 =TT Py [T 25" ()

deNZ(D) peP} aeX(1)

and we proceed as in [31, Section 4.1]. First, recall that

zg"0=01-n""A-Ln"

Forany A C (1), set
Zao) =[]0 -t [T — Lt

acA a¢A
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so that

1 1 L (—L )\Z(I)HA\
Kapr k k

Zo (ty) = - = —————————Z4(1). 549
1_[ P} (ta) l_[ 1—[Lk(1—la 1_[tha> Z (1 —L)=OI A(0) ( )

acx(l) aeX(l) ACE(1)
The coefficient of order d € N of

Za@)x [] P (®)
pEI]J’}c
for a given A C X (1) is the finite sum

aE dy—ey d _
Z “E(e)[LkZ S =[LLZ(”\A| Z ux(e)l, el

ecN=(D eeNZ()
e<d e<$

where we use again the notation of Lemma 2.21 for the restriction of e € N*( to a subset of X(1).
.. d| .. L
Normalizing by ;" and writing ex1)\o = € — e4 one gets the sum

> us(ely el (5.4.10)

eeN=D
e<d

If A = o, this is exactly the d-th partial sum

> uxsleL

eeNZD)
e<d

and when minyeyx (1) dy goes to infinity, we know by Proposition 5.1 that this sum converges to
_ [V ®k(p)] -
> us@L =] — (- L, (by Remark 5.2)
p

ecNZ(D) peP}

in ////\kdim. By the proof of [6, Lemma 4.2.5] we have dim(,uz(e)[Lk_'e') < —3le| for any e € N*(. Thus

the error term
> uxneL "

eeN=()

etd
has virtual dimension at most —% mingex (1)(de +1).
If A # @, then by Lemma 2.21 (taking m = e, ¢, = ug(e)l, %, a = % and b = 0), the sum (5.4.10)
has virtual dimension at most

1 .
—-min(d,);
4(X€A( 0{)3

hence it becomes negligible in comparison with the term given by A = & as min(d,) — 0.
Finally, putting everything together, one concludes that the normalised class

5ol —8- oy
[Homp (P, Vs)ull,
tends to

dim(Vs)
pomvs 1—[ [V ® k(p)] (1— I]_;l)rk(Pic(V);))

_ 1 —1yrk(Pic(Vs)) dim(Vy)
(=L = pe! L,




932 Lois Faisant

in /’/\kdim when § € Eff(Vx)) goes arbitrarily far away from the boundary 9 Eff(Vy)", with error term of
virtual dimension bounded by —i mingeyx (1)(8y) +dim(Vy). |

Corollary 5.5. Let
Ft)= Y [Hom}®}, Ve)ple® [] (1 —Lita).

SEEf(Vs)y aex(l)
Then % (t) converges at t, = I]_,:l to Tp! (Vy).
Proof. Let bg be the coefficient of multidegree d of .7 (¢). Since
g0 [ -k =20 Y 1,

aeX(l) deNZ0)
we have the relation

[Hom{(Pf, Vs)ul= Y bal"
d+d'=5
for every § € Eff(Vy);, which becomes after normalisation

5 w3}
[Hom! (PL, Vs)yIL, % = > bl
e<d
This is exactly the §-th partial sum of the series .# ([Lk_l). Since [Homi([@}(, Vs)ul I]_k_‘s“";zI converges to
Tp! (V) when min(é,) tends to infinity, the claim follows. O

5.5. Equidistribution. In the remainder of this section, we prove equidistribution of rational curves on
smooth split projective toric varieties.

Theorem 5.6. Let
=11 %
Pels|

be a zero-dimensional subscheme of IP}C, (m p) pe|.»| nonnegative integers such that
e(yp) = (mp + D« (p) : k]

forall p € |.7]|,and W a constructible subset of Homy (.7, V) =~ Hpelﬁf’l Grp, (Vs ® k(p)).
Then, when § € Eff(Vs)y goes arbitrarily far away from the boundary of the dual of the effective cone,
the normalised class
—1
[Hom} (P, Vs | W)y1L 2% e 4

tends to the nonzero effective element

I]_dim( Vs)

Ve |W)=—*%
(Ve | W) (1 — L DykePiecVe)

— i V ®K(P)] i —(m,+1) dim(V;
1 —1\rk(Pic(V; )) D) —1\rk(Pic(Vg))p —(mp+1) dim(Vs)
X H (1 [Lp ) § dlm(V;;) (W] 1_[ (1- ) *Ly

el pel.s|

. . —~di
in the completion /) "
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Moreover, the error term

—bw — dim
t(Ve | W) — [Homl (PL, Ve | Wyl ® €.’
has virtual dimension smaller than
—% mzi?l)(éa) +2()+ (1 —£())(dim(Vx) — 1) +dim(W)
ae

for all § € Eff(Vy).

Corollary 5.7. For any nonzero multidegree § € Eff(Vx); such that

min (§,) = 84(S) —4,
(1)

ae
the moduli space Hom;i(ﬂ:bl, Vs | W)y has dimension
5wy +dim(Vs)(1 — £()) +dim(W)
as expected.

Remark 5.8. The upper bound on the dimension of the error term we give can be made uniform in the
set W of conditions, since the dimension of W is bounded by ¢() dim(Vy).

The remainder of this section is devoted to the proof of Theorem 5.6. We see A,% \ {0} as the universal
G ,,,-torsor
A7\ {0} — P}.

Given a cocharacter x : G,, — G,E(l), or equivalently a tuple d = (d,) € 7> (we will switch freely
between both notations), we consider the functor from k-schemes to sets

Hom* (A2 \ {0}, A" ") : § ~ Hom% (A2 \ {0}, AYD)
of y-equivariant morphisms, as well as its restriction
Hom* (A7 \ {0}, A7 V) : § ~ Hom{ (A2\ {0}, A} V)"
to x-equivariant morphisms with no trivial coordinate and its second restriction
Hom* (A7 \ {0}, 7)* : S ~ Hom{ (A} \ {0}, 75 xx S)*
to nondegenerate y-equivariant morphisms with no trivial coordinate. These functors are represented

dat1
[T A

aeXx(l)

respectively by the product

its restriction

[T @it \ o,

aeX(l)



934 Lois Faisant

and the open subset

s < ] @E\op
aex(l)

(defined on page 930 just before Proposition 5.3).
If x lies in Eff(Vx), composition by 7 : 7z — V5 provides a map of functors

7, : Hom”* (A7 \ {0}, Tx)* — Hom¢ (P}, V)

and we recover the Tys-torsor

—_—

(PH%  — Hom{ (P, Vs)uy
of Proposition 5.3.

5.5.1. Restrictingto .. Leti: ¥ — [P’,i be a zero-dimensional subscheme of [P’,i. In what follows, we
will work with the restriction to . of the universal torsor A2\ {0} — P!, defined over any base scheme S
by the following Cartesian square:

A\ 0Dy —— A\ {0}

bl

S xS —— P

For any cocharacter x € X*(G,i(l)), we consider the set of y-equivariant S-morphisms

Hom (A3 \ {0}, A5 ),

as well as its subset of morphisms landing in the universal torsor Ty C Akz(l)

Hom{ (A5\ {0D)17, Tx.s)-
The groups Gz(l)(S) and Tns(S) act on these sets via their action on the target.
Lemma 5.9. Forall x € X*(G,%(l)), the functors
S ~» Hom{{ (A3 \ {0D)7, A )
and

S ~~ Hom% (A3 \ (0D, Ts.5)

are respectively represented by the finite products
=
[T Grm, A
PElZ|
and
[ Grm, (T xix(p)
pels|
of jet schemes.
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Proof. Since the restriction of A,% \ {0} — [P’,]( to .7 is a trivial bundle, we may fix a section s : ./ —

(A,% \ {0})|.. Then composition by s induces a map
Hom{ (A5\ {0}, AT") = AFV (7 xS), f > fo(s,idy),

which is functorial in S.
Now remark that an element of Hom§ ((A_z9 \ {O0})).7, A?m) is entirely determined by its restriction to
the image of s: indeed, for all y € (A% \ {0})|.~(S), one has the relation

FOM =x(y sopry( ") flsopry ().

where y - (s o pry;(y))_1 € G, #(S) is given by the G, o-torsor structure. An . xj S-point of ASE(I) is
the datum of such a restriction; hence it provides a unique x-equivariant morphism. By the definition of
Greenberg schemes, the conclusion follows. O

Composition by s and 7 : Ty — Vx provides a map (functorial in §)
Hom§ (AZ\ {0D)17, Tx,5) = V(& %k S), [+ (m,ids) o f o (s, idy).

Two x-equivariant morphisms @, ¢’ : (A% \ {0} — A?m induce the same (. x S)-point of Vy if and
only if there is an element a € Tns(7 Xk S) such that § = a - ¢’. This map defines a Tys, o -torsor over
Hom(.~, Vy).

Definition 5.10. For any constructible subset W C Hom? (A% \ {0}),7, A?m), we denote by
X (A2 2 Gy &)
Homg (A5 \ {0}, Ag™ | W)

the subset of Hom? (A% \ {0}, ASE(I))(*) of morphisms whose restriction to (A3 \ {0}),.» belongs to W (in
the sequel the exponent *) will be a convenient notation to say that one can restrict to morphisms having
no trivial coordinate).
We will say that a x-equivariant S-morphism is nondegenerate above . if its pull-back to (A§ \ {0}~
. . =(1)
has image in T s CA§" .

This defines subfunctors of Hom”* (A,% \ {0}, AE(U).

5.5.2. Euclidean division. Fixing coordinates on AZ, we can see x -equivariant morphisms A,%\{O} — Akz M
as X (1)-tuples of homogeneous polynomials in two indeterminates 7y and f;. Let us temporarily choose
a generator  of the ideal defining . in P, that is to say, a nontrivial homogeneous polynomial of
degree £(.#) in two indeterminates. Up to changing coordinates on [Ij’llc we may assume furthermore that
[0: 1] does not belong to . (that is to say, ty does not divide @ ).

Then, the Euclidean division of a polynomial P (¢) of degree at most d by @ (t) = @w (1, t) is the unique
decomposition of the form

P(1) = Q(n)w (1) + R(1),
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where Q(t) is of degree at most d — £(.%) and R of degree strictly smaller than (). This provides a
Euclidean division of P(ty, t;) = t(‘)l P (t1/1y) of the form

P(to, 1) =t Q(t1/to)m (t1/10) + 1§ R (11 /1) = Q(to, t1)w (1o, 11) + R(to, 11),

where Q(to, 11) =1 " 011 /10),

w (to, 1) = lg(y)w(ll/lo),

R(t0, 11) = 1§ R(t1/10).
Note that Q(#y, t1), @ (fo, t1) and R(fy, t;) are homogeneous polynomials of degree d and that they do
not depend on the choice of @ . The first one uniquely defines an element of

Hom? (A7 \ {0}, A} | res.» =0),
while the second one uniquely defines an element of

Hom? (A2 \ {0}, AD),

since in that case the k-vector space

ki@ ()~ [ AL k@@ ™) = TT G, (AZ5) e (p))
pelY| PelY|

provides a concrete incarnation of such a space of morphisms. Remember as well that taking the restriction
to . is a linear operation.

One can perform this Euclidean division simultaneously for all the coordinates of an element of
Hom* (A,% \ {0}, AE(I)). Recall that we fixed a section s : .7 — (A2 \ {0})|.~ in Lemma 5.9 so that

l_[ Gr’"p (AE((P])))
pel|

represents the functor S ~~ H0m§ ((A_% \{OD).~, A?m). We can see elements of this product of arc spaces
as tuples (74 (f))aex(1) of polynomials of degree at most £(.#’) — 1. From these remarks, we deduce the
following lemma.

Lemma 5.11. For every x € N*) X*(GE(D) ~ 7*W, Euclidean decomposition corresponds to the
exact sequence of vector spaces over k

0 —— ker(resy) —— Hom* (A2 \ {0}, AZ")

< /= N

HomX ((A2\ {0}),, A7) s 0

andres o is a piecewise trivial fibration. Moreover the a-th coordinate of res o is surjective if xo 2 £(7)—1,
injective if xo < () — 1, and nonempty fibres of res » have dimension

> min(0, xu — () +1).
aeXx(l)
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Hence for any constructible subset W C I | Gtim, (&2(1) ) we have the dimensional upper bound

pels k(p)

dimy (Hom* (A \ {0}, AZV | W)) < dim(W) + Y min(0, xo — £(#) + 1). (5.5.11)
aex(l)

Assume x 2 £()— 1. Then for any g € GE,(U(Y) and constructible subset W C HPGIYI Grp, (AKE(([})))

there is a commutative diagram

res. s

Hom* (A2 \ {0}, AZ" | W)™ 225 Hom ((A2\ {0}),», AF ")

fgl g'l
Hom (A2\ {0}, AZ" | g- W)™ 122, HomX ((A2\ {0}),», AZD)

in which the vertical arrows are isomorphisms. The first one, t,, sends a morphism of Euclidean
decomposition

(Gas Ta)aes (1)
to

(Ga» 8a *Ta)aex(l)-

Up to a multiplicative constant, rational curves of degree d € N in P’} are given by (n+1)-tuples
of degree-d homogeneous polynomials with no common factor. Conversely, the parameter space of
(n+1)-tuples of degree-d homogeneous polynomials admits a decomposition into disjoint subspaces
corresponding to the degree of the common factor. The M&bius inversion we performed for nonconstrained
curves generalises this remark.

Definition 5.12. We will say that a zero-cycle avoids .7 if it has support outside |.|. This terminology
naturally extends to x-equivariant morphisms by considering their image through the Gi(l)—torsor

Hom* (A7 \ {0}, A¥")* — TT Pf ~ Sym’, (P}).
aex(l)
5.5.3. The motivic Mobius inversion in details. Equivariant morphisms with image contained in Ty are
the morphisms A,% \ {0} — AE () Wwith no forbidden zeros, which we also call having no degeneracies. Our
goal now is to adapt the Mobius inversion technique to the context of constrained curves. More precisely,
we provide a relation between the classes of equivariant morphisms and the ones obtained by adding degen-
eracies to nondegenerate morphisms. This relation relies heavily on the following piecewise identification.
Then we specialise this relation to morphisms with constraints. Finally, we approximate it and conclude.

Identification 5.13. Let G = GE(I). We stratify Hom” (A2 \ {0}, A¥())* with respect to the vanishing
order at oo. Each stratum can be viewed as the subspace of tuples of homogeneous polynomials of the form

oo (Py
Po(To, T1) = ag T Qo (To, T1),

where a, € k*, voo(Py) is the vanishing order of P, at oo, and the coefficient of TIX"‘_”“’(P") in Qg
is 1; hence Q4 can be identified with a zero-cycle avoiding co. In this decomposition, a, is the leading
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coefficient of P, (1, T'). Then, each stratum can be identified with G x Symj(,: oo ([P’}( \ {c0}) by sending
(Py) to ((ay), (Qg)). This piecewise correspondence identifies

Hom” (A2 \ {0}, A7 (V)*

with
G x; Sym’, (P}) =~ Sym’(Pg,),
and
HomX (A7 \ {0}, Tx)
with

G Xk Syméi/k(lA(BZ)P/i) ~ Syméb/G(lA(BZ)lpé)
(recall the definition of A(Byx) given on page 926).
In particular, tuples such that a, =1 for every o € X (1) deserve to be called unitary and are identified
with their tuple of zero-divisors living in
Symé}(/k([@}() ~{lg} x Syméi/k(ﬂj’}() ~ Syméb/G(P{IIG}).
The proof of the following lemma is left to the reader.

Lemma 5.14. Let S be a scheme, and X, Y be two S-varieties. Assume that there exists a piecewise
isomorphism f = (f;: X; — Y;) between X and Y, that is to say, a finite number of pairwise disjoint
locally closed subsets X j and Y j, respectively of X and Y, such that X =|_| jXjandY = L ;j Yj, together
with isomorphisms f; : X; — Y.

Then

[Z— Y] [fY(Z—>]=) [ (ZxyY;—Y))]

J

defines a ring isomorphism KyVary >~ KoVary.
Notation 5.15. Let W be a constructible subset of Hom(.#, Vy). Its preimage through the map
Hom” (A5 \ {0)). Tx.5) — Hom(~, V)
will be written W. It is a Zariski-locally trivial Txs, o -torsor above W.
For every d € N, we fix a section of
Hom‘ (A7 \ {0}, A}) =25 Tm(res») € Hom? (A7 \ {0})%, A})
so that we are able to see reduction modulo . as morphisms in Hom? (A,% \ {0}, A,i).

Remark 5.16. Up to replacing . by ¥ U {[1 : 0]} and W by W x Vx, we can always assume that
[1:0] = oo is a closed point of .7.
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Notation 5.17. We will freely use the convenient notation

g7 = (8, Daexz)
for the inverse of the restriction to . of any y-equivariant morphism g : A,% \ {0} — Akz(l) avoiding |.7|.
Definition 5.18. Forany x, x’ € N*( such that x’ < x, let d>§, the morphism given by the coordinatewise
multiplication
@%, : Hom” (A7 \ {0}, A7 ") x Hom* (A2 \ {0}, A7) — Hom (A \ {0}, AF ),
((fo)aez)s (8a)aex ) = (fu8a)aex(1)-

For any (x — x/)-equivariant morphism g, consider the induced map
®% : Hom* (A7 \ {0}, A7) ® k (g) — Hom™ (A2 \ {0}, Ar V) @k (g),
(Jadaex) = (fa8a)aex()-

Our goal is to give an interpretation of the motivic Mdobius inversion in terms of the <I>§,, in a
way compatible with the stratification and piecewise identification of HomX (A% \ {0}, AZD) from
Identification 5.13.

As a first step, instead of working over k, we are going to work with zero-cycles on [P’g relative to
G = an1(1). In what follows, we are going to exploit the details of the proof of the multiplicative property
of motivic Euler products as it is done in [3, Section 3.9]. We take Ip = N*() and I = I, \ {0}, but in
general one can take / to be any abelian semigroup and Ip = I U {0}; see [3, Section 3.9.3].

Let X be a variety above a certain base scheme S and take n, n’, n” € N*( such that

n=n"+n".
Let " and «” be partitions respectively of n’ and n”. The previous relation becomes
Zi/c,f + Z ik] =n.
iel iel
Lety = (np,q)p DelR\0) be a collection of integers such that, for all p, q € I,

) o
§ :”p,q—"p’ § :”p,q—"q-

qel pel
Let k = k(y) be the “overlap partition” of n given by

Ki= Z "p.q
p+q=i
for all i € I. It is important to note that «, k" and «” are entirely determined by y. Let
Sym¥s(X)s x;, Symg(X),

be the locally closed subset of
Sym(X). x Symg(X),
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’ "

given by points whose Syml/cf”g (X)-component and Sym'/(g (X)-component overlap exactly above an effective
zero-cycle of degree n, 4 [3, Section 3.9.6]. One can show by induction [3, Section 3.9.7.3] that there is
a canonical isomorphism

Sym7’s<x>*xy8ym7;<x>*:(1‘[ ] Sym7§*q<x>).
%k

iel (p,q)eld\{0}
ptq=i

The right-hand side will be denoted by Sym}’S(X ). Then, there is a canonical morphism
O 1 Sym¥g(X), x, Sym’g(X), > Sym/s(X), —> Sym'y{ (X), (5.5.12)

induced by the morphisms
[T sym}%x) — symi{”(x), iel
p+q=i

If @ = (Ap)per and B = (By)qe; are two families of X-varieties, then
Sym'y ¥ () x, Sym'y ¥ ()
is the class above SymjiS(X )x Xy Sym’/(;(X )« obtained from
Symiy (¥ (o) K Sym'y ¥ ()
by pull-back, while Sym}’s (o Ry B), is defined as
(]_[ [] Symyis(A, Rx B,,)) :
icl p+q=i *
Example 5.19. Taking S = G and X = P,
Symi, (PG« xy Sym, o (PG)s,
the canonical morphism ®?
’ " (024
Sym’/‘G(P};)* Xy Sym'/‘G([P’lG)* ~ ( 1_[ Sym'/l’(’;“’ ([IIIG)) — Sym;’(GV)([P’lG)*
(P.9)€\{0) *

sends pairs of tuples of zero-cycles to their coordinatewise sum. This is the zero-cycle version of the
map <I>§, we previously defined.

Proposition 5.20 (multiplicativity of motivic Euler products: refined version). Let X be a variety above a
base scheme S. Let o/ and % be families of varieties above X indexed by I. Let y = (npﬂ)(p,q)elg\{O} be
a collection of integers as above. Then

Sym(s(e/ Ry ), = Symy)¥ (7). x, Symiy 3 ().
in K()Val‘sym;/céy)(x).

Proof. See [3, Section 3.9.7]. U
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In the following remarks, the use of the subscript () means that the claims remain valid when one
takes the restriction of the symmetric products to the complement of the diagonal.

Remark 5.21. Let a be a class in the Grothendieck ring of varieties over a certain S-variety X. Then, for
any k € N*,
Symly /5(2a) (s = Z Sym"%2 (a, @) )
ki1+ko=k
in KOVﬁrsym’;S X’ and more generally, for any k, £ € N*,

ki k
Sym’%/s(ﬁa)(*)= Z Symy s (a, ..., @) .
ki+--+ke=k

It is important to recall that if a = [V — X] is an effective class, and Y1, ..., Y, are £ copies of Y, these
identities come from the canonical decomposition of

Symg/S(Y1 ---a Yz)(*)

into the Sym];';‘s"’k‘(Yl, ..., Yp) () relative to Sym’/‘S(X)(*).

Remark 5.22. Denoting by Q@ ¢ N™ the set of partitions of integers (in the usual sense) without holes,
for any k£ € N* we have the relation

k=(k;)ieNn€Q
S ki=k

above Sym’/‘ (X)) [5, Example 6.1.4]. Again, it is important to remember where this relation comes from.
If a =[Y — X] is an effective class in KoVary, then Sym’§( ,s(—a) 18 by definition the degree-k part

of the inverse of (the class of)

Symy,s(Y) = (1,7, Symi/S(Y), )
viewed above

Symj(X) = [ [ Sym{s(X).
£eN

Indeed, KOVarsym7 <(X) admits a natural structure of graded K(Varyx-algebra for which the product law
is induced by the natural maps

Sym;S(X) X Sym];S_i X)) — Syml/‘S(X);
see [5, Section 6.1.1]. Then, one writes

1 1
Symy s(¥Y) 14 (Symy,o(¥)—1)

oo
=Y (=D¥0, Y. Symy 5(Y), .. )

k=0
and takes the degree-k part. This provides an explicit definition of Sym’% ss(=[¥1]) in terms of the classes
of the Sym’ ss(Y), for k € Q, partition of k and above Sym'/‘ ¢(X). In particular, the arrows are explicit:
they are the natural ones.
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Now, starting from the relation

Pp, ()
[loexy(I —1a)

> 1A<Bz)<n>t"=< > t)( > ugz(n)t")

neN>0 neN>M neNZM

Qs (1) =

in Z[[t]], that is to say,

(the definition of A(By) was given on page 926), we take the motivic Euler products associated to the
corresponding PL -families

Aase) MIPGD, (P, (ws @IP D),

all three of them being indexed by n € N¥()\ {0} (an index we will drop in the following computations).
More precisely, we apply Proposition 5.20 on page 940 to <« = (IP ) and # = (up, (n)[IP’{llG}]). If w is
any generalised partition of a certain nonzero tuple r € N*(D, then one gets the relation in K oVarSym;aG PL)

Sym3) o (Lan) [PeDe= ) Syml, (PG Rp gy [Pl

V:(np,q)
()=

D Symp 7L (PG« xy Sym " (s, [P D

V:(”p,q)
k(y)=w

Each
«'(y)

Symig, 7 (B xy Symiig” (up [Py ) D
can be explicitly decomposed above
Sym (P x, Sym' (" (Pl ).
as a linear combination of effective classes. Indeed, using the previous two remarks, we get that for all
p € N*\ {0} the class
Sym[pl L/G (MBE (P)[P“G}])*
(which is zero if p ¢ By) is

kiyoskipg )l .
> Symy, g (sign(iss (PDIPY)])
kittkiug s 1=k ()

above Sym/G(y)([P’};). If g, (p) is negative, we replace

Ky (¥)
Symp’}G/G(—[P{llG}])

by its definition

> (=N Ol gyml (P )]

A=) enx€Q
ZL Al:’(;(y)
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complement of the diagonal. This shows explicitly that

symﬁug)c(ﬂ)é)* Xy Sym) " (s [P ) D

is a linear combination with integer coefficients of restrictions of

! " ¢J/
Sym';c(;y)(ﬂj’lc)* Xy Sym’u;IG(;/c);(p{]lc})* — Sym'/{g)([lj’lc)*

to constructible subsets of the form

"(y) 1 )‘Psl‘l""’)‘lhl.\lis (Pl 1
Symy " (Pg)x Xy (HHSym/G ; (P{lc})) :
*

p >1

with
Z()\p,z,l + o Aplusg (p) = K;(y)

L
for all p € I = N*M\ {0} and
()\'p,l,l +-+ )\p,z,lm_z;Z (p)|)zeN* € Q.

When pp, (p) is positive, as a convention, we will always take
Ap=Qpua -+ Apifups (pens € Q

to be the trivial partition A, = (/c;,/(y), 0, ...) and we will only have to perform a sum over all possible
partitions (in the usual sense) of KZ()/) of length g, (p).
For all x, we apply Lemma 5.14 to the G-equivariant piecewise isomorphism between

Hom” (A% \ {0}, A=)
and
G x symfk(P,L) ~ Sym;(G([P’]G)

from Identification 5.13 on page 937. In particular, in
KovarHomX(A,%\{O}AkE(U)* ~ KQVal'Sym76(PlG)
we identify the class of the space of unitary x-equivariant morphisms with the one of
1~ 1
SymfG(IP{lG}) ~ Symj(k(l]j’k).

Recall that this induces a piecewise identification between Hom* (A%\ {0}, Tx) and Symé] /G (L ac BZ)[P’};).
These piecewise isomorphisms commute with addition of cycles (the ®7 of (5.5.12) onGpage 940) and
multiplication of the corresponding polynomials (the @;, of Definition 5.18 on page 939). Putting all this
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together, we get
[Hom™ (A \ {0}, T3]

= Z Sym?l;é);)G(P%;)* Xy Sym’/(c;(}/)(“Bz[P{llc}])*

w partition of x

V=(nq,p)
k(y)=o
= X > (—Fretrag o Ol g e O L),
@ parti(tion c))fx ((Ap,)ien*)€Qx{pellppy (p)<0}
v rap 2 hpu=kp(y) Aptseeshplupg ()
k(y)=m k4 g, (9= X, (]’[ [[Sym,¢ PL,y)  (55.13)
pel 1 >1 *
in KoVary Az\{o} AZ(Mye = KoVarsym (pLy> With structure morphisms given by the ®”, seen as restric-

tions of the CI>
Example 5.23. If V =P}, then By ={(1,..., 1)} = {1} and

M By, (0) = 1’
sy (1) = —
Upy(m) =0 whenever n ¢ {0, 1},

so in this case (5.5.13) is the sum over all y = ((n4.0), (74.1), n0.1) € N x N x N and all possible

partitions A € Q of the number «”(y)1 =no.1+ ) _,c; 1q,1 Of the class

qel
(=DM PO §yms & (PE).c x, Syt (Pl

the overlap partition being « (y) = (n4,0) + (n4—1,1). The relation one obtains corresponds to the removal
of certain spaces of common divisors of the coordinates of the morphisms.

Example 5.24. Let V be the blow-up in one point of IP%. Let Ly, L, and L3 be strict transforms of three
distinct lines such that the intersection of L and L3 is the point we blew up and the third one does not
contain it. Let £ = Ly be the exceptional line. Since L, N Lo = @ and L| N L3 = & are the only empty
possible intersections between two of these four divisors, the minimal elements of By, are (1, 0, 1, 0) and
(0, 1,0, 1). Then one checks that

ey (0) =1, pp ((1,0,1,0)) = pnp, (0, 1,0, )= —

wps (1) =1, Ups(n) =0 otherwise,
and hence

Z wps (Mt" =1 — (totr + t113) + tot1 1213.
nel0,1)*

Since | py ()| < 1 for all n, the sets of partitions of the A, , are trivial in (5.5.13). The product over /
becomes

A ) A . )
((H(Sym (1,0.1,0), (|]3> ) % Sym (0,1,0,1), (l]j){llg}))) x Sym (1 1,1,1) (lp{llg})> .
=1

*
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In general, the combinatorics involved in our computation quickly become complicated, as the following
second example shows. In particular, | p, | can take values different from O or 1.

Example 5.25. Let V be the blow-up of IP’% in three general points pi, p> and ps. This case (for which
n 4+ r = 6) was already considered in the arithmetic setting in an unpublished work of Peyre from
1993 [50].

Let L, L, and L3 be the exceptional lines in V' lying above the three general points, respectively py,
p2 and p3, and let L4, Ls and Lg be the strict transforms of the lines (p3, p3), (p1, p3) and (p1, p2).

Then pp, can be more easily computed by considering the so-called graph ¢ of nonintersection of
these six exceptional lines, whose vertices are labelled by the L;’s, i € {1, ..., 6} = X(1), and edges are
(L1, L2), (L2, L3), (L3, L1), (L4, Ls), (Ls, L), (Le, L4) and (L1, L4), (L2, Ls), (L3, Le).

Indeed, the set By can be identified with the set of induced subgraphs of ¢ by sending n € By to the
subgraph of ¢ induced by {L; | n; = 1}. Actually it is enough to compute the values of w g, for connected
ones, g, being multiplicative for pairs of elements having disjoint supports. For the convenience of
the reader, we include an exhaustive list of these connected subgraphs (for |n| > 2), together with the
corresponding values of pp,, in Figure 1. In the end, the polynomial Pg, () equals

Z Uy (MW" =1 — (1112 + tat3 + tat] + tats + tste + teta + 1114 + tats + tale)
nel0,1)¢ + 2(t1 1213 + tat5t6)
+ (tatats + titatr + ti1314 + B1ate + b t3ts + 31516)
+ (titats + titats + tit3te + titale + Dat3te + tatste)
— (112145 + 11 131416 + 12 131516)
— (W htstg + 3t4tste + t ittty + titatste + L1 t3ts + hhtatsts)
+ Hhztat5t6.
In particular, the monomials #,#,#3 and t4¢5t contribute twice (with a positive coefficient); hence we have

aaaaaaaaaa

Taking symmetric products, one gets this sort of exclusion-inclusion relation (5.5.13) between our
class of interest, [HomX (A,% \ {0}, Tx)], and classes of subspaces of Hom* (A,% \ {0}, Ag) consisting of
equivariant morphisms which may take values in some intersection of hyperplanes that is not allowed.

5.5.4. Detwisting. In what follows p is any partition of x — x' whose support is contained in By.
We identify Sym’f k(l]j’}()* with the space of unitary (x —x’)-equivariant morphisms whose zeros have
multiplicities prescribed by w. We are going to use the subscript notation

C-w
for the preimages of Hom* (A2 \ {0}, A=V | W) by the @7, as well as the concise notation

Sf’b/ﬁ* and H*

respectively for Sym7 k([P’}( \ |- )« and HomX, when necessary.
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connected subgraph of

Ly Ly
N/
Ly
L,1+L5
\L /
6
|n| Hps (1)
induced by n € By,
Ly e L Ly Ly Li—Ls 1 Ly 1 Lo
N/ A4 N/ AN N/ AN
Ly Ls Ly Ly Ly Ls
Ly Ls Ly L L,«\»L; L4+L5 L4+L; Ly Ls -1
AN N1/ ANV N1/ NIz /
Lg Lg Lg Lg Lg Lg
2
Li——L, 1 Ly Ly Ly
N/ N/ N/
3 Ls Ls
L +L L +L L +L -1
4 5 4 5 4 5
NI/ N
6 L 6
Lym———L, Li——1L,
N 7 AN
Ly Ls
Ly Ls Ly Ls
N / 2
Lg Lg
LI\LE/LQ LI\LS/LZ
3
Ly Ls Ly Ls 1
NI/ AN
L Lg
Ly Ly Li——L>
Ls Lg
Ly Ls Ly Ls 1
AN NIz
L Lg
-1
Ljm—L, L, Ly LjmeeL, L, L Ljm—Ly L, Ls
\N 7/ A \N 7/ AN \N 7 AN
4 Ly Ly Ly Ly Ly Ly
Ly Ly Ly Ls Ly Ly Ly Ls Ly Ly Ly Ls -1
AN \Nlvs NI/ NI/ NI/
Le L Le L L Lg
Lym——L, L L, L Ly Limeel, L, L, L Ly
N/ \N 7 N 7 AN N/ A4
Ly Ly Ly Ly Ly Ly
1,,1{»1‘5 L,«l»Lg L1~|»L, L,,+L; Li—*—L, L,l—*—Ls 0
NI/ \Nl7z NI/ N1/
Le L Le Lg Lg Lg
Lt 11\—L3/Lz hosh hgsh hosh Lok
5 Ly Ly Ls Ly Ls Ly Ls Ly Ls Ly Ls 0
NI/ \Nl7z AN g \Nlz AN g \Nlz
Lg Lg Le Lg Lg Lg
Ly Loy
\N 7/
Ls
6 L, L 1
7/
L

Figure 1. Values of g, for the blow-up of IP’i in three general points.
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Let
(Hom?' (A7 \ {0}, Ay )" x Sym/ (Ph).) i = (Hom" (A7 \ {0}, A )" x Syml (P \ |.7):)
= A\ {0}, Ay ) x SE D)

be the preimage of Hom* (A,% \ {0}, Akz(l) | W)* by
X . x' Z(1)y* X E(1)y*
@/ : Hom (Ak \ {0}, A x Sym/k(ﬂj’k)* — Hom (Ak \ {0}, A )7,

where the first equality comes from the fact that one cannot add common zeros above .7 since Wisa
constructible subset of Hom(., Tx). The projection onto the second factor endows it with the structure

of a Sym7 k([lj’}()*—variety. We are going to compare its class with the one of
Hom” (A7 \ {0}, AZ™ | W)* x Sym!, (P4 \ |7 ).

The relation between all the spaces involved is summarised by the following commutative diagram:

oL -
(HY (A2\{0}, AE(I))*Xsf‘yI )i i R HX(A,%\{O},AE“) 7y
/ oF
HY (B0 ALY S 5, ;| > HA AR\ (0), AZ0)* s
l(reSy,prz)
(res.oo, pry) (Hom(.~, AE(I))XSM (¢, D)—>¢l . W

— ) )W /

Hom(.7, AX V) xS @.D)>¢D » Hom(.#, A¥")

[7]

For any point D € Sym’fk([lj’}{ \ |+, the preimage of Hom* (A,% \ {0}, Akz(l) | ﬁ/)* by d% is the

subspace
Hom™ (A2 ) \ {0}, AZ) | D™ W)
of x’-equivariant morphisms whose reduction modulo . lies in D~! W. Moreover, when x> £(.%), this
preimage is isomorphic to
Hom?' (AZ ) \ {0}, AZ) | W)*,
the isomorphism being explicitly given in Lemma 5.11: it sends an element of Euclidean decomposition
modulo @
(@as Dy ' Wa)acz ),

with (wgy) € W, to

(Qa, wo{)aeE(l)-

Now we can prove the following version of the motivic Mobius inversion.
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Proposition 5.26. For all x € N*(1, ywe have

[Hom (A7 \ {0). 75 | W)*] = D [Hom (A7 \ (0}, AF " | W) Symy, (s, - [PL\ 171D + E”
X' 1

in KoVary, with the error term EX of bounded dimension

dimy (E*) < —arenzig)(xa) +1x]+ (1= [ZMDHEES) — 1) + dim(W).

Proof. First, note that the class Symgi (npy - [IF",l \ ||« is zero if the support of p is not contained
in By. Then, using the decomposition (5.5.13) on page 944 of the motivic Mobius inversion we made
explicit in the previous pages (starting from on page 940 concerning the notation), and pulling it back to
Hom* (A,% \ {0}, A,? M | VT’)*, we get that [HomX (A,% \ {0}, Tx | 17[7)*] is a linear combination with integer
coefficients of restrictions of the ®7. More explicitly,

[Hom” (A7 \ {0}, 75 | W)*]
= > (Symi ®p xy Symp, 0 (s [Pl D)

w partition of x
yz(nq,p)
k(y)=w

@ partition of x (()\p,L)LeN*)EQX{PelllJLBE (p)<0}

y=(ng.p) > A=Ky (¥)
€)= pad et hp gy (1 =kp.
Apadoshplugy (p)
(Symk(y)([P’G)* (Hl_[Sym " (I]J’{llg}))>~. (5.5.14)
x/ W

pel >1

Ky s
plobp, \ugz(p)l

(Symkc;y)(lpc)* (Hpe[ [T Sym, | )\|/|)) )

For every y appearing in the first sum, we apply Identification 5.13 to the factors of the locally closed

LlseoAp i luge (P
<Syml( (V)([FDG)* <l_[ l_[ Sym Ap, pLltps (p (P{llc} \ |y|)> ) )
*/ W

pel i >1

subsets

of

(SymK (y)(pc)* X Symgl(;/();(p{]lc})*)‘x/'

In particular, it is sufficient to approximate the class of

’ ” <1>X
(Hom” (A2 \ {0}, A V)* x Sym', ¥ (@f\ |.71).) 5 =2 Hom* (A2 \ {0}, AV | W)*  (5.5.15)

whenever k’(y) is a partition of x’, since all the other classes involved are obtained from this one by pull-
back and restriction. Moreover, since we are going to perform a motivic sum over Hom* (A2 \ {0}, A¥(| W)*
we can view (5.5.15) as a variety above SymK (V)([P’,]( \ |-Z])s« and then take the motivic sum, using the
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commutativity of the following diagram:

(Hom” (A2 \ {0}, A7 V)* x Syl ) (BL\ |7)).) g —— Syml, T (@I |7))s

x
l/(l) "(y) l

HomX (A2 \ {0}, A | W)* > Spec(k)

y [5, Lemma 2.5.5] it is enough to argue fibre by fibre, so that the previous diagram becomes

/ —_1~
Hom™ (A2 ), \ {0}, AZ) | D™ W)* —— Spec(x (D))

b |

HomX (A2 \ {0}, Ay V)* @ k(D) ——— Spec(k)

and our argument will be entirely compatible with restrictions to constructible subsets of Sym, k(y) ( IPk\LS” 1)«
such as [T,.¢; [T,5; Sym)g " » e Pl (Pl A\ 7).

We can apply the second part of Lemma 5 .11 on page 936 only when x' > £(.#) — 1, which in that
case gives

Hom™ (A2, \ {0}, AZ) | D™ "Wyt = Hom* (A2\ {0}, AZV | W)* @ k(D)
as k (D)-schemes. In general, we consider the error term
EX = [(Hom* (A7 \ {0}, A7 V)" x sym“ L EINLD 5]
— [Hom* (A2 \ {0}, A | W)* x SymK DI\ 17]).] € KoVar
as well as its restrictions

Aplseeshpilup (p
E;:[(symKW)(umG)* (HHSym | Z()'(P{HG}\IYI)>)N]
*/ W

pel i>1

[(SymK ()/)([FDG)*)W <l_[ l—[ Sym)»pt 1 )\p,t.IILBE (Pl ([FD{]G} \ |y|)> i|

pel i >1

"
Syme, @A)
k

for every (Ap) = ((Ap,)en+) € @ x I such that ) A, , = K”(y) and Ap o1+ + Ap s, (p)) = Apo
(still with the convention that we only consider the trivial partition of K”(y) if wp; (p) > 0). The previous
argument shows that EX =0if x' > () — 1. By (5.5.11) of Lemma 5.11, the relative dimension
of E ,f (hence also of E ;: ) is bounded by

dim(W)+ )" max(0, x, — £(5) +1)
aex(l)
and if x" # £(.#) — 1, then there is at least one term of this sum which is equal to zero. Hence under this

assumption it is bounded by

—arenzi?l)(xé) + () = 1+ X |+ 2D = £(7)) + dim(W). (5.5.16)
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Now we bound the total dimension of E ﬁ/, that is to say,
dimi(Ef0) = dimgypr o1\ .79, (E) +dime(Symil, (PL\17D.).
k

Since in practice we work with the family pp, [IP’}(], remembering that up, (n) =0if n ¢ By, we can
assume that p is a partition of the form

= (8;)seps € NP
Let ¢(8) € NED c x,(GL™") be the cocharacter whose a-coordinate is

P8y =Y 5.

Jou

Then, by (5.5.16) E ,)f/ has dimension over k bounded by

— min () + €)= 1+ 1)1+ DA = £7)) +dim(W) + 3

= —alenzil(ll)(xa —0®)a) + x| = l9@] + 18] + (Z(D)] = D = £()) + dim(W)

<= min () + x|+ (2= D =) +dim(W),
where the first equality is given by
x=x"+90©)

and the last inequality comes from the expression

lp@®1=Y_ 1718,

JE€By,

together with the fact that |J| > 2 for all J € By; hence
. B B < _ S
ag{ﬁ)(x"‘ P(8)a) — lp(8)] < arerg?l)(xa) + a‘;‘gﬁ)(‘p@a) lp(d)] < aIerg?l)(Xd)

and the proposition is finally proved for EX = Z% 2 EI by replacing every

/ Aplseshp i lupe (o)
(92 @b (TTTTswmye ™= @i 1) )
k

pel i >1
with
/ A ,L‘]?"”)\' NN (§2]]
(Symig” (PG (HHSym/é e <Phc}\lfl>>
pel i >1 *
in (5.5.14) on page 948. ([

Final computation. Let

Ew(t) = Z EX¢tX,

xeNZM)
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The previous proposition can be rewritten as

> [Hom® (AZ\{0}, Tx | W)*1t? = (]_[ Pp; (t)) x( > [Hom? A\ {0}, AV | W)*] t”’)+EW<t>

deNZD) T34 deNZOD
in KoVar[[¢]]. We define ,ulzyl (e), e € N*D), to be the coefficients of the motivic Euler product
[T Ps:®.
P&l
By the definition of W, together with Proposition 5.3 and the equivalent description of the functor
S~ Hom§ (A% \ {0}, Tx.5)* we gave, we have the relation

(L — 1)’ [Hom{ (P, Vs | W)y] = [Hom{ (A*\ {0}, 75 | W)*]
as soon as d € Eff(V)7, and by Lemma 5.11
[Hom{ (A%\ {0}, AV | W)*] = [WI@L — D)= [T e
aex(l)
whenever d > (). Thus we decompose the following series into two parts:
> Hom AP\ (0}, AFV | )1 = [WIL - DD [T 1725 (1) + Hy (o),
deNZO) aes(l) ‘
where

Hy ()= Y [Hom? A7\ {0}, A7V | W) 1.

deN=®
d0(7)

Then, we use again the decomposition (5.4.9) given on page 931

[l #ra- ¥

aex(l) ACX(1)

(—L)I=MI=A]

(1—1)=OI Za(®)

of this product of Kapranov zeta functions, where for any A C X(1)

Zay=[]0-) " [Ta L™

acA a¢A
By identification, the coefficient of order d of

"z x [] Psr®)
PEls|
is the sum

5z () —
5i = 3 uf @1 eer =t
e<d
whenever d > £(.%), and zero otherwise.
If A = @, then after dividing by L7/ it becomes
5tfil[|_—|d\ — L~ 1EMDIE) Z /ngl(e)l]__le‘
e<d
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which is, up to the factor L~*(VI) the d-th partial sum of [1p¢7 PBs (L~"). The corresponding error
term
L0 N @)L
etd

has virtual dimension at most
—|Z()e(#) — 5 min (do + 1).
aex(l)

If A # @, then one gets instead

u_—(lz(l)l—\Al)f(Y) Zﬂ‘i;y)l(e)ﬂ—_‘elﬂ—ldA_eAl-
e<d

In that case, recalling that dim(uy (e)[I_k_‘el) < —%|e| for all e € N*), Lemma 2.21 on page 913 gives

i 171 gy —lel] [da—eal < —L min(d,).
lm@luz (e  min(d,)
e

Now we consider the terms coming from Hy . The coefficient of order d of

Hy (@) x [ Pss(®
PelZ]
is
ba= Y uy'(@[Hom? =2\ {0}, A7V | W) ].

e<d
dAU(S)+e

Dividing by L4l we get
hal = 3w @)L [Hom? (A7 \ {0}, AV | W)y L1,

e<d
dA0(S)+e

As for the coefficients of Ew(t), we have the dimensional upper bound coming from (5.5.11) of
Lemma 5.11
. d o n2 () | Gk L . /
dlm(Hom A\{O0}, A W) ) <dim(W) + Z min(0, d, — €(7) + 1).
aex(l)
Given d’' € N*( such that d’ % €(.7), there exists at least one element « € (1) such that dy < £(.¥),
that is to say, such that min(0, d, — £(.) + 1) = 0. Hence the sum

> min(0.d}, — £(7) + 1)

aex(l)
is bounded by

ld'| + = (D)1 —£(S)) — mzil(ll)(do/,)+€(«5”)—1
ae
d,<|7|
and the bound on dim (Hom®' (A2 \ {0}, Akz(l) | VT/)*) becomes
dim(Hom® (A2\ {0}, Ay " | W)*) < dim(W)+1d'|+|= (1) (1 —£(5)) — rnzil(ll)(d&)—i-ﬁ(f)—l (5.5.17)
ae
d,<|.7|
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for all d’ € N*M such that d’ # £(.%). Thus the dimension of
[Hom?~¢(A7\ {0}, AZD | W)] L7

in the expression of h; above is bounded. We can be more precise and argue as we did in the proof of
Lemma 2.21. If 2e < d then 2(d — e) > d and

dim(uy (@)Ll [Hom? (A2 \ (0}, AF D | W)y*]L~1—¢])
is at most
_%agﬁ)(d"‘) +dim(W) + (1 — () (= (D)] — D),
while if 2e £ d, we use the coarse upper bound deduced from (5.5.17)
dim([Hom?=¢ (A2 \ {0}, AF D | W) ] L71=¢l) < dim(W) + (1 — &) (= ()| — 1)
together with

: |71 - 1 1 :
dim(uy (@L™) < —3lel <~y min (do).

Therefore, for any d we have
dim(haL ) < —3 min (da) +dim(W) + (1 — () ()] - 1).
oe
Remember from Proposition 5.26 that the d-th term of Ew (¢) has dimension bounded by
— min (dg) + x|+ (Z(1) = D1 = () + dim(W).
aex(l)
Now we rewrite the motivic density of W as

[WILEO) = Lm0 o (7 17 = U(/)dlmww [Ta-uy.
pel|
Putting everything together, we get

[Hom¢ (P}, Vs | W)y L~

:([L_l)—r([uzu>|[ﬁ,] ) (_[L)—|A53[L—d|+hdl—|d|+ed[L—|d|)

ACE(1)
 dim(Vs)

r[w] H_fe(y)dim(Vg) l_[ (1_[L;1)r 1_[ PB):([Lfl)

=0y
=1 pelZ| PES|

+ an error term of dimension at most — Alf rnzi?l)(da) + (1 —-£4(&))(dim(Vy) — 1) +dim(W)
ae

foralld € Eff(V):)E. This concludes the proof of Theorem 5.6. O

6. Twisted products of toric varieties

The goal of this section is to apply the notion of equidistribution of (rational) curves to the case of a
certain kind of twisted product. It provides a going-up theorem answering the following question in a
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particular setting: given a fibration, if a Batyrev—Manin—Peyre principle holds for the base and for the
fibres, does it hold for the entire fibration?

First, we recall the construction and geometric properties of such a twisted product, as is done in [17].
Then we study the moduli space of rational curves and apply the change of model Theorem 4.6 to this
context.

6.1. Generalities on twisted products. In this section we adapt the framework of [17] and [63] to the
study of rational curves. Concerning torsors, we will refer to [20].
In this paragraph S is a scheme, G is a linear flat group scheme over S, with connected fibres, and
g : % — § aflat scheme over S. Recall that a G-torsor over 4 is a scheme 7 — % over % which is
faithfully flat and locally of finite presentation, endowed with a G-action t : G x5 .9 — 7 over % such
that the induced morphism
(t,pry) : G X5 T = T xg T

is an isomorphism. Moreover, in this article we will only consider torsors which are locally trivial for the

Zariski topology.

6.1.1. Twisted products and twisted invertible sheaves. Following [17, Section 2], let f : X — S be a flat
(quasicompact and quasiseparated) S-scheme endowed with an action of G/S. Let .7 — % be a G-torsor lo-
cally trivial for the Zariski topology. We construct a fibration 7 : 2" = .7 x Y X — % locally isomorphic to X
over &4 in the following manner. Let (U;);<; be a Zariski covering of % together with trivialisation ¢; : G X g
Ui — Jy,. Foralli, j € I there exists a unique section g;; of G over U;NU; such that ¢; = g;;¢; on U;NU;.
This data provides a cocycle whose class in H Y(Bzar, G) represents the isomorphism class of  as a G-
torsor. Then we set 2; = X x gU;. The action of G /S on X /S induces an action of g;; over X x s (U;NUj)
and the later yields an isomorphism g;; : %j‘ vinu; = Zi\u;nu;- Gluing via the ¢;; defines 7 : 2" — 2.
Up to a unique isomorphism, this construction does not depend on the choice of the open sets (U;).

There exists a functor ¢ from the category of G-linearised quasicoherent sheaves over X to the category
of quasicoherent sheaves over 2" [17, Construction 2.1.7] which is compatible with the standard operations
for sheaves (direct sum, tensor product, localisation). It sends a G-linearised quasicoherent sheaf over X
to its twisted version over 2, the gluing isomorphisms being given by the ¢; ;. This functor induces a
map on the isomorphism classes. In particular, such a map sends 52;( /s to Qly sz 17, Proposition 2.1.8].

If X = S then 2" = # and this functor ¢ is written 1. It induces a group morphism X*(G) — Pic(%),
also written 14, sending x to the (isomorphism class of the) line bundle on &% obtained via the gluing
morphisms

(u, 1) € (U; NU)) x5 Ag > (u, x(8i))1) € (U NU;) x5 Ag,

where (g;;) € H Y( B4, G) is the cocycle defined above.
We define Pic® (X) to be the group of isomorphism classes of G-linearised invertible sheaves on X. If
X /S and #/S are smooth, the canonical sheaf over X /S is endowed with a canonical G-linearisation and

wy s =V (wx/s) @M ways
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by [17, Proposition 2.1.8]. The forgetful functor @ induces a forgetful morphism
@ : Pic%(X) = Pic(X).
Let
L1 X*(G) — PicY(X)
be the group morphism sending yx to the (isomorphism class of the) trivial bundle
X X S Aé,
together with the action of G given by
g-(x, 1) =(g-x, x(&)t)
for all (x,7) € X xsA} and g € G.
Putting ¢, n», ¥ and 7* together, we get morphisms
X4(G) L2, picS (X) @ Pic(#)

and

PicC (X) @ Pic(2) 227 Pic(2).

For every character yx, there is a canonical isomorphism of invertible sheaves on 2~

PO =7 07 (X) (6.1.18)
by [17, Proposition 2.1.11].

6.1.2. Twisted products over a field: an exact sequence. Assume that S is the spectrum of a field k, that
% is a smooth proper and geometrically integral variety over k and G is a multiplicative group. Then,
there is an exact sequence [20, (2.0.2), Theorem 1.5.1]

0— H'(k, G) > H' (%, G) - Hom(X*(G), Pic(#)) — H*(k, G) - H*(%, G).

Assume moreover that % admits an open subset U such that Pic(U) = 0. Then by [20, Remark 2.2.7,
Proposition 2.2.8], in the previous exact sequence H?(k, G) — H?*(#, G) is injective and the resulting
short exact sequence

0— H'(k,G) —> H' (%, G) - Hom(X*(G), Pic(#B)) — 0 (6.1.19)

splits. It is the case if the base £ has a k-rational point, the splitting being given by the evaluation map
H'(%,G) — H'(k, G) at this point.

6.1.3. H90 multiplicative groups. We again take S to be the spectrum of a field k and G is a linear
connected group over k.

Definition 6.1. We will say that G is an H90 multiplicative algebraic group if
e H'(k, G) is trivial;

» G is multiplicative and solvable over k.
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If G acts on a projective k-variety V, we will always assume that every line bundle on V admits a
G-linearisation.

Example 6.2. If k£ has cohomological dimension at most 1 and G is a linear connected group which is
solvable over k, then by [61, Théoréme 1] the first cohomology group H'(k, G) is trivial.

Example 6.3. If V is a split smooth toric variety and G is its torus, then G is an H90 multiplicative
algebraic group, by Hilbert 90.

6.2. Twisted models of X over [P’}c. From now on we assume that X is Fano-like, that G is H90 multiplica-

tive and acts on X, and that # (k) is Zariski dense in #. Moreover, we assume that the Picard groups of #

and X coincide respectively with their geometric Picard group: Pic(%) ~ Pic(#) and Pic(X) ~ Pic(X).
Then the sequence

0 — X*(G) 17, picG (X) @ Pic(#) 2% Pic(2) —> 0 (6.2.20)

is exact by [17, Théoréme 2.2.4]. As a corollary, we get exact sequences
0 — X*(G) = Pic’(X) = Pic(X) — 0
(by taking 2 = Spec(k) in (6.2.20)) and
0 —> Pic(#) > Pic(2) 2> Pic(X) —> 0. (6.2.21)
The map @ : Pic(2") — Pic(X) above is the map sending the class of a line bundle of the form
P (L) @™ (L),
with . a line bundle on % and L a G-linearised line bundle on X, to the one of @w (L).

6.2.1. Pulling-back. Let f : I]3’,1c — 9 be a rational curve on 4. It induces a morphism deg f : Pic(%#) —
Pic([l:",i) ~ 7. Since in our situation we assume G to be an H90 multiplicative group, type and class
coincide by (6.1.19), so that s and the type o € Hom(X*(G), Pic(%)) of the G-torsor .7 — 2 can
be identified (we refer the interested reader to [20, Section 2] for the precise definition of type). The
pulling-back operation

T F— T

7]

1 f

Py, — #

induces a G-torsor .7y whose type (or class) is given by (deg f) o o € &, (G), together with functors on
quasicoherent sheaves ¥y = f}- o and ng, = f*ongz.
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Then, remark that the pull-back

2y 12y o

1"

pl L s %
only depends on the multidegree of f since it is exactly the twisted product obtained by starting from the
G-torsor Fy — P} of class f*ony = deg(f)oa.

In order to compare degrees of line bundles on models of X above [P’,lc coming from different f of
the same multidegree 64, we need to find canonical isomorphisms between the Picard groups of these
different models. So we take f and f’ to be two rational curves P! — % of equal multidegree §.7. They
induce pull-backs ¢, 77 and 27, 2. Since .7y and .7 have equal types and classes, 2y and 27
are isomorphic as G-varieties. We get a commutative diagram of exact sequences

0 —— X*G) o Pic’ (X) @ Pic(%) o Pic(2) —— 0

H s lf%
0 — X*(G) = Pic? (X) @ Pic(P}) Srand Plc(%f
0 —— XG) ——

f/

)Pch(X)EBPlc([P’k) —; Plc(%f/) —> 0

providing a canonical isomorphism Pic(27r) >~ Pic(Z7).

6.2.2. Multidegrees of sections of 2y — I]j’,i. Assume now that f : [P’,l — 2 comes from a morphism
g: [P’,‘( — %, that is to say, f = o g. Then we obtain the Cartesian square

%f—)%

g,

P1—>@

in which g induces a unique section o : |]3’,1c — 2 such that g = f4 oo. We deduce from this square the
relations on degree maps

deg(g) =deg(o) o f5-,
deg(f) =deg(g)on™ =deg(c)o f5 on™,

Setting 6.4. Let Ly, ..., L,, be a family of line bundles on X whose classes form a Z-basis of Pic(X).
We fix a section s : Pic(X) — Pic%(X) by choosing a G-linearisation on each L;.
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From (6.2.20) and (6.2.21) one deduces the commutative diagram of exact sequences

0 — Pic(#) —~— Pic(2) —Z— PicY(X)/u(X*(G)) ~ Pic(X) — 0

ldeg(f ) lfg,; H

0 —— Pic(P!) — Pic(27) —Ls Pic (X)/1(X*(G)) ~ Pic(X) —— 0

where the arrow @ s : Pic(27) — Pic(X) ~ Z is obtained from @ by replacing ¢ by ¢ and 7 by 7.
Furthermore deg(o) : Pic(Z7) — Pic([P’,‘() induces by composition with s : Pic(X) — Pic®(X) and
vy Pic® (X) — Pic(Z7f) a multidegree

8x (o) : Pic(X) — Pic(P}) ~Z
sending the class of a line bundle L on X to

deg(o) - (¥ os)([L]) =deg(g) - (Fos)([L]).

If o’ is another section obtained in this way, that is to say, from another g’ and another f’ such that
mog = f' and deg(g) = deg(g’), then deg(f) = deg(f’) = 85, and 2y ~ 2. The following
commutative diagram summarises the situation and shows that §x (o) = 8x(0’) = deg(g) o ¥ o s, which
is an element of Pic(X)" and will be denoted by 8y (g):

vos
\ KT
0 —— Pic(#) ——— Pic(2) —> Pic(X) —— 0

de}g(g/ l
e |
fOS

s 0 —— PIC([FD ) —> Plc(%f) -|— Pic(X) —— 0

—
| = L |
- o
0—— P1c(l]3’k) —) Pic(Zf) —— Pic(X) —— 0
deg(o)

By duality, from (6.2.20) we get an exact sequence
0 —> Pic(2)" ™, PicS (X)¥ @ Pic(#)” —> X,(G) —> 0,

which allows us to decompose a multidegree on 2.

Lemma 6.5. Ler deg(g) = (8)((; (2), 8.4(2)) viewed in Pic® (X) @ Pic(B)". Then the morphism
[L] € PicP(X) —> 6$(g) - [L]1—8x(g) - [ (L)] € Pic(P}) ~7Z

defines a cocharacter of G given by

X € X*(G) = 85(8) - (N7 o)(X).
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Proof. We use again our favourite exact sequences to get the diagram

0 0
G=nz) l

Pic% (X) @ Pic(#) — Pic®(X)

/ﬁ@”* / 5<\ >
~ ~

0 — Pic(#) — =% Pic(2) — " Pic(X) — 0
deg(g)
Bﬁ(g)l

0 — Pic(P))

3x(g)

from which one reads dx(g) = (Sg (g)os and 3g(g) =deg(g) o V.
Let L be a G-linearised line bundle on X. Since s is a section of @, there exists a unique character
x € X*(G) such that

[L]= (so@)([L]) +t(x)
in Pic® (X). Taking intersection degrees, we get

8$(2) - [L1=6%(g) - (som) (LD +58$(2) - t(x)
=08x(g) - @ ([L]) +deg(g) - (¥ ot(x))
=0x(g) - w([L]) +deg(g) - (t*onz(x)) (by (6.1.18) on page 955)

=0x(g) - w([L]) +82(8) - n7(x).
Hence

85(g) -9 —68x(g) - @) : [L1—> 85 - n7(IL] —sow[L])
lies in X, (G). O

We reformulate these remarks in terms of moduli spaces of rational curves in the following section.

6.3. Moduli spaces of morphisms and sections. In what follows % is a dense open subset of 4, U is a
dense open subset of X which is stable under the action of G, and % is the intersection of the preimage
of % with 7 x6 U in 2.

Let k' be an extension of k and f : IP}C, — %y be a k’-morphism given by a k’-point x of Hom(l]j’}c, By.
As before, the morphism f defines pull-backs 7y = 7 x ¢ P}, and 2 =P}, x s 2 over P},. We fix once
and for all a representative .75, of the isomorphism class of .7y, whenever 6 = deg(f) : Pic(%y) —
Pic([lj’,i,), as well as a corresponding twisted product 2. We have canonical isomorphisms 75, >~ 7,
Lsp = Xt and Pic(Zs,,) = Pic(Z7).
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Lemma 6.6. The schematic fibre M, of
. : Hom(P}, 2°)7 — Hom(P}, 2)4
over the k'-point x corresponding to f is canonically isomorphic to
Hompi/(P,i,, 2y =~ Hompi/([@,ﬁ,, Ls)U-
Proof. On the one hand, if we consider T-points of My, where T is a scheme over k’, we get T-morphisms

g: T xp IP}C, — T xp Zp and the following commutative diagram:

Prac,

2T X By [FD; — 27

oy | / l

8
id
|]:°1T (id7 x f) By

The product Z7 X 4, [P’lT is the extension of scalars of 27+ to T, and the previous square is

Tkaﬁ?,/f — T Xp Z

prP‘TlTa! % l(idxnko (6.3.22)

id
T Xk’ U:Dllc, (—>1 rxf) T Xk 93/{/
giving the existence of a unique 7-section o : PlT — T Xy Zy. On the other hand, such a T-section
defines a unique 7' -morphism g : [P’IT — T x 2 making the bottom right triangle commutative, that is, a
unique T-point of My.. Thus the schematic fibre of 7, at the k’-point x corresponding to f : P!, — %
is canonically isomorphic to Homp: ([]3’,1,, Zr) as a k'-scheme. O
k/

In particular, the previous argument shows that for every k’-scheme T there is a map of sets

G
dyos

Ys(T) :Homi(l]:",i, ZWNT) — Hom[pl
k

(Py. 25,)(T)
sending a T-point g : [P"T — 2 X T of multidegree § € Pic(2")" to the unique T -point o of
Homg; (P}, 27) =~ Homgpy (P}, 25,,)

given by the dashed arrow in (6.3.22). Note that this construction is functorial in 7, leading to a morphism

of schemes
ISG

%5 : Homl (P}, 2) — Homp’i"‘(u},ﬁ, Ls0p)-
From Proposition 1.30 on page 901 we deduce:

Proposition 6.7. Let s : Pic(X) — PicY(X) be a section of the forgetful morphism w. Then for any class
8 = (8%, 8.4) we have

G
dyos

[Homy” (P, 27) 7] = [Hom;” (P} )51 [Hom} " (B 25,)u]

in K()Val‘k.
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6.4. Asymptotic behaviour.. We assume that the motivic constants Tp! (X) and Tp! (#) are well-defined
in./; = l////\kw or M =//7kdlm
Lemma 6.8. The symbol Tp! (X)) is well-defined and one has

in . #y.
Proof. As abstract series, the equality Tp) () = Tp) (X )r[pi (£) is a consequence of the multiplicative
property of the motivic Euler product given by Proposition 2.12. Indeed, by local triviality of the fibration,
one has the relation [ 2~ X I]j’,i] =[X X P,ﬁ][% Xk [P’,i] in //[Pi' Since Tp! (X) and Tp! (%) both converge
in //?k so does rpi(ﬁ”). O
Theorem 6.9. Let X and % be two Fano-like varieties® defined over the base field k. Assume that G is an
HO0-multiplicative group’ acting on X and that every line bundle on X admits a G-linearisation. Let U
and % be dense open subsets respectively of X and A, with U stable under the action of G.
Let T be a G-torsor over % and
2 =7x%x%X
the twisted product® of X and T over A. Let U be the intersection of the preimage of % with 7 x° U
in Z.
Assume that the motivic Batyrev—Manin—Peyre principle for rational curves® holds both for X and %
for curves generically intersecting U and % respectively, which means that
—1
[Homy* (P}, X)L — (X),
[Hom(# (P}, ), 1177 “% — 7(%)

when d(8x, 3 Eff(X)") and d(8., 3 Eff()") both tend to infinity, in 4 = 4," or 4"
Assume furthermore that equidistribution of rational curves'® holds for X.
Then for § € Eff(2") the normalised class

[Hom} (P}, 2°) 71172
tends to the nonzero effective element

1(2) =t(X)1(B) € My
when the distance d(8, d Eff(2°)Y) goes to infinity.

Together with Theorem 5.6, we get the following.

6See Definition 1 on page 885.

7See Definition 6.1 on page 955. For example, take G to be a split torus.
8See Section 6.1 on page 954.

9See Question 1 on page 887, and more generally Question 2 on page 917.
10See Definition 4.3 on page 921.
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Corollary 6.10. Let X be a smooth projective split toric variety with open orbit U >~ G and T — %
a G -torsor above a Fano-like variety 2. Assume that the Batyrev—Manin—Peyre principle holds for
rational curves on . Then it holds as well for rational curves on the twisted product 2 = 7 x° X.

Proof of Theorem 6.9. Let § 9 = (8,((;, 8) € Pic(2)V viewed in Pic® (X)Y @ Pic(%#)". Fix a section
s : Pic(X) — Pic%(X)

of the forgetful morphism z as in Setting 6.4. That is to say, fix line bundles Ly, ..., L,, forming a
basis of Pic(X) together with a G-linearisation on each of them.

Given a curve f : I]3’,1c — %, we know from the previous sections that the isomorphism class (as a
scheme over [P’,lc) of the pull-back 27 only depends on its multidegree §» and that it is a twisted model
of X over IP}C. In the beginning of Section 6.3, we chose once and for all a representative 25, of its
isomorphism class:

Xsg —— X
-
L7 )
P, —— 2
This model comes with functors s, so that s, (L;) is a twisted model of L; on Z5,,, and ¥ (sow (a);(1 )
a model of a);(l. We fix §4 and consider sections o of Z5,, of corresponding multidegree

8G 05 [L1r> 85 - s(IL]) =8 - D5, (s([L]).
By Theorem 4.6,
8 os (8 os) - wy,
[Hom (Pk, Zsgz)ull™ v

tends to tﬂ(vow(afl))(%) as d(SG os,d Eff(X) ) — o0. Note that doing this we obtain a motivic
Tamagawa number with respect to the model (s o @ (wy ) of a)X and that we can apply Lemma 6.5 to
get the relation

8 17 (o, 1—sow[wy']) 8 -7 (o, 1-sow([wy'])
Ty (sow (wy! ))(%@)—[LJ 7 ' 9 (wy! )(%@)—lj 7 " (X).

By Proposition 6.7 we have the equality of classes
[Homy (P}, 2),7] = [Hom,* (P, %) ] [Hom " (Pr Zsg)ul.

Moreover, the expression

wy =V (wx) @ (wg)

and the projection formula provide the decomposition of anticanonical degrees

5 - a)[—BX a)X +dz - a)ﬁl

= (8X os) - zzr[a)v 1+68% - ny([wal] —sow[w;l])-i-&% . w;

so that the normalised class .
[Hom} (P}, 2) 71170 @
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is the product

G
dyos

G -1 ] 4
p! (Pi, «%393)(]] L~ 0Gx08) - wy | =z - nz(wy l-sowloy D

[Hom,i”@ (I]j’,l, %’)%] L 0% @5 x [Hom

of well-normalised classes, as expected.
To conclude the proof, we use [17, Théoréeme 2.2.9] ensuring that under our assumptions we have

Eff(2)7 = 9 (Bff° (X)); & 7™ (Eff(#))
in Pic® (X)Y @ Pic(%)". Hence the condition d (8, d Eff(2)Y) — 0o means
d(8$, dEff° (X)) — 0o and d(84, d Eff(X)") — oo,

the first of these two conditions implying d ((Sg os, d Eff(X)Y) — oo by Lemma 6.5 for § 4 fixed. The
result follows by continuity of the multiplication. O
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