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Ideals in enveloping algebras
of affine Kac—Moody algebras

Rekha Biswal and Susan J. Sierra

Let L be an affine Kac—Moody algebra, with central element c, and let A € C. We study two-sided ideals

in the central quotient U, (L) := U (L)/(c — )) of the universal enveloping algebra of L and prove:

(1) If A # 0 then U, (L) is simple.

(2) The algebra Uy(L) has just-infinite growth, in the sense that any proper quotient has polynomial
growth.

As an immediate corollary, we show that the annihilator of any nontrivial integrable highest-weight
representation of L is centrally generated, extending a result of Chari for Verma modules.

We also show that universal enveloping algebras of loop algebras and current algebras of finite-
dimensional simple Lie algebras have just-infinite growth, and prove similar results to the two results
above for quotients of symmetric algebras of these Lie algebras by Poisson ideals.

1. Introduction

Fix an algebraically closed field k of characteristic 0. Let L be an affine Kac—-Moody algebra over k.
This paper is concerned with the structure, and particularly the size, of two-sided ideals of the universal
enveloping algebra U (L); our main theorem shows that such ideals are extremely large, in a sense that
we make precise below.

In the introduction, to simplify discussion, we assume that L is untwisted; that is, that there is a
finite-dimensional simple Lie algebra g so that, as a vector space,

L=glt,t "1®kecdkd,

where ¢ is central, d is the derivation measuring degree, and g[t, #~'] is the loop algebra of g. (We
consider general affine algebras in the body of the paper.) The derived subalgebra L’ of L is

L' =glt,t Ndke

and is the unique (up to isomorphism) nontrivial central extension of the loop algebra g[t,#~']. To
emphasize the relationship between L and g, we sometimes write L =g.
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If A € k, define
Un(L)=U(L)/(c—1) and Up(L")=U(L")/(c— M),
SO
U(glt, t™']) = Uo(L)).

We study two-sided ideals in U (L) and in the central quotients U, (L). We will see that they are very big,
in a precise sense. Our main result is:

Theorem 1.1. Let A € k:

(0) The algebras U, (L) and U, (L) have just-infinite growth. That is, let J be a nonzero ideal of U, (L),
and let J' be a nonzero ideal of U, (L"). Then U, (L)/J and Uy(L')/J’ have polynomial growth.

(1) Infact, if A # 0 then Uy (L) and U, (L") are simple rings.

(2) Any nonzero ideal of U (L) or of U(L') contains a nonzero element of K[cl; equivalently, the algebras
U(L") Qe K(c) and U (L) Qe K(c) are simple.

Here recall that a k-algebra R has polynomial growth if there is a polynomial p(z) € R[] so that, for every
finite-dimensional subspace V of R, dim V" < p(n) for all sufficiently large n. (For example, enveloping
algebras of finite-dimensional Lie algebras have polynomial growth.) Further, R has exponential growth if
there exists V C R so that lim,,_, oo (dim V")!/? > 1 and (strictly) subexponential growth if R has neither
exponential nor polynomial growth. It is well-known that U, (L) and U, (L") have subexponential growth.
Thus Theorem 1.1(0) tells us that two-sided ideals in these algebras are extremely large: large enough to
cut these very big algebras down to a reasonable size.

We also prove a similar theorem for Poisson ideals in the symmetric algebras of L and L'. Recall that
the symmetric algebra S(€) of a Lie algebra £ is a Poisson algebra under the Kostant—Kirillov Poisson
bracket {—, —} induced by defining {x, y} = [x, y] for x, y € €. A Poisson ideal of a Poisson algebra R
is an ideal of R which is also a Lie ideal for the Poisson bracket of R. We prove:

Theorem 1.2. Let A € K and consider the Poisson algebras S, (L) = S(L)/(c — A) and S, (L) =
S(L)/(c —A):

(0) Let I be a nonzero Poisson ideal of S, (L) and let I’ be a nonzero Poisson ideal of S, (L"). Then
Sy(L)/I and S (L") /1 have polynomial growth.

(1) Infact, if A #0then Sy (L) and S, (L") are Poisson simple in the sense that they have no nontrivial
Poisson ideals.

(2) Any nonzero Poisson ideal of S(L) or of S(L') contains a nonzero element of K[c]; equivalently,
S(L") Qkje K(c) and S(L) Qe K(c) are Poisson simple.

As an immediate consequence of Theorem 1.1 we compute the annihilators of a large class of repre-
sentations of L, and in particular for all nontrivial integrable highest-weight representations of L; we
show these annihilators are all centrally generated.
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Theorem 1.3. Let N be a nonzero representation of L so that (c — M)N = 0 for some A # 0. Then
Anny 1) (N) = (¢c — A). In particular, if M is a nontrivial integrable highest-weight representation of L
with central character A, then

Anny 1) (M) = (c —1).

Proof. Theorem 1.1(1) shows that (¢ — A) is a maximal ideal of U (L). The second statement is an
immediate consequence, since nontrivial highest-weight representations of L have nontrivial central
character. (]

Theorem 1.3 extends Vyjayanthi Chari’s well-known calculation of the annihilators of Verma modules
for infinite-dimensional symmetrizable Kac—-Moody algebras [Chari 1985]. To our knowledge, no
annihilator of a (nontrivial) integrable highest-weight representation of an affine algebra has been known
until now.

Our investigation was partially motivated by work of Natalia Iyudu and Sierra [2020], showing that
the analogue of Theorem 1.1(0) holds for the Virasoro Lie algebra: central quotients of the enveloping
algebra of the Virasoro algebra have just-infinite growth; see [Iyudu and Sierra 2020, Theorem 1.2].
Affine Kac—Moody algebras (more precisely, their derived subalgebras) and the Virasoro algebra are
both central extensions of a graded simple Lie algebra of linear growth, and their representation theory
is related through the Sugawara construction. It is thus natural to ask whether results for the Virasoro
algebra can be extended to cover affine algebras. However, affine algebras are much more commutative
than the Virasoro algebra, where the centralizers of elements are in general finite-dimensional (in fact
two-dimensional); thus, naively, two-sided ideals in their enveloping algebras are smaller. It is surprising
to find that the two-sided structure of their enveloping algebras is similarly constrained.

The phrasing of Theorem 1.1 appears redundant; of course, since U, (L) is simple for A # 0, it has just-
infinite growth. However, it reflects the structure of the paper. We focus first on proving Theorems 1.1(0)
and 1.2(0). Our proof strategy here is broadly similar to the methods of [Iyudu and Sierra 2020], but
significantly more delicate because of the commutativity problem. Centralizers in L are large in general
and so the adjoint action of L is more difficult to control. Note that to prove just-infinite growth for a
(left and right) nonnoetherian algebra like U, (L), it is helpful for as many commutators as possible to be
nonzero in order to ensure that two-sided ideals are big.

To prove Theorems 1.1(0) and 1.2(0), we construct an ordered PBW basis for U, (L) and then show,
through analyzing the adjoint action of L on U, (L), that if B is a sufficiently large element of this basis,
then there is an element of J with leading term B. (See Lemma 5.4.) This allows us to reduce almost all
basis elements, modulo J, to smaller elements and thus to bound the growth of U, (L)/J.

We work first with the symmetric algebra of the positive current algebra #g[#] of g. This is the associated
graded ring of U (¢g[¢]) under the natural (length) filtration and so has a Poisson algebra structure; further
it is finitely graded under the grading induced by giving elements of g degree O and ¢ degree 1. We
show that if / is a nontrivial Poisson ideal of S(¢g[z]), then we can reduce almost all monomials in
an ordered PBW basis of S(zg[?]) to smaller monomials, modulo /. This reduction result allows us to
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prove (Theorem 3.9) that U (g[¢]) has just-infinite growth. We then extend our analysis to U (g[?, =1,
to general Uy (L), and to U, (L).
A corollary of Theorem 1.1(0) is the following somewhat counterintuitive result:

Proposition 1.4 (Proposition 4.10, Corollary 7.2). Let g be a finite-dimensional simple Lie algebra,
let U(g[t, t~']) be the enveloping algebra of the loop algebra of g, and let J be a nontrivial ideal of
U(glt, t='1). If X C Z is any infinite set (for example, X consists of all the primes), and g € g\ {0}, then
J contains a (nonzero) element involving only Lie algebra elements of the form gt* for x € X.

In particular, if L is the (untwisted) affine algebra associated to g and J is a nonzero ideal of U (L),
then J N U (g[t]) # (0).

Proposition 1.4 allows us to conclude that if / is a semisimple element of g, then any nontrivial ideal of
U, (L) meets the subalgebra A, generated by {ht' :i € Z\ {0}} nontrivially. If A # 0 then A, is isomorphic
to an infinite Weyl algebra and is thus simple, and simplicity of U, (L) follows immediately. Similar
techniques give Theorem 1.1(2) and parts (1), (2) of Theorem 1.2.

To conclude the Introduction, we briefly describe the structure of the paper. Section 2 establishes
notation and basic facts about affine Lie algebras and loop algebras, as well as the basics of growth
and GK-dimension. Key results on Poisson ideals of symmetric algebras of positive current algebras
are proved in Section 3. In Section 4 we prove preparatory results needed to extend our methods from
U (tg[t]) to U, (L) before proving Theorems 1.1(0) and 1.2(0) in Section 5. In Section 6 we prove the
remaining parts of Theorems 1.1 and 1.2. Section 7 gives several other applications of Theorem 1.1,

including Proposition 1.4.

2. Bases and basic facts

If L is an affine Kac—-Moody algebra with central element ¢ then there is a finite-dimensional simple Lie
algebra g and o € Aut(g) so that L'/(c) is isomorphic to the (possibly twisted) loop algebra g[z, ~'1°. In
this section we establish notation and basic facts about loop algebras, and further establish ordered bases
for loop algebras and for their enveloping/symmetric algebras, which we will use in the next section. We
also recall some background on growth and Gelfand—Kirillov dimension of algebras and modules.

We adopt the following notation: Let g be a finite dimensional simple Lie algebra. Let o € Aut(g)
which (without loss of generality) we assume comes from an automorphism of the Dynkin diagram of g.
We also let o denote the diagram automorphism and the associated automorphism of the root system of g.
Let r be the order of o. Let  be a primitive r-th root of unity. We extend the action of o to g[t, #™']
by defining o (gt*) = o (g)n—°t*, and denote the corresponding twisted current algebra by g[#]° and the
twisted loop algebra by gz, 1~!1°.

2.1. Basic facts about g. In this subsection we establish notation and basic facts about g. Fix a Cartan
subalgebra h of g. If @ € h*, we denote the a-eigenspace of g by g, .
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If s € Z, let s denote the congruence class of s in Z/rZ. The automorphism o induces a Z/rZ-grading
g= @;;(1) gs of g, where gs; ={g€g:0(g) =n°g}. If g € g5, we write |g| =5. The g; for0 <s <r —1
are irreducible gg-modules under the adjoint action.

Let hg = g5 N b be the Cartan subalgebra of gj. As in [Kac 1990, page 130], for s € Z/rZ let A; be
the set of nonzero weights of h; on g; and define the weight space decomposition

gs = @ 95,0
aeA;U{0}

We say an element g € g is weight-homogeneous if g is in some gz . Any weight-homogeneous element
is by definition o -equivariant. It is clear that [g5.o, 95.8] € 854,048
We observe the following basic facts. As these are standard, most are stated without proof:

(0) We have g[t,t7'1° = P,z 05’

(1) The automorphism o preserves the set of simple roots of g and so the height of elements of g. In
particular, the positive Borel subalgebra b of g and the nilpotent radical n™ of b™ are o-invariant and
thus decompose as sums

nt=@Pnf and bt =r@lbj
of o-weight spaces. =
(2) For each § € Z/rZ and each o € Ay we either have g; , € nt or g5.« € n~. Thus we can define
Al ={a e Ay:gsqa Snth
Let AT ={(5, ) : « € A]}. Similarly, define A; and A™. Let A=ATUA™ = {5, @) : o € As}.
(3) Let 0 be the longest root of g. There are (5, ) € AT so that gg = g5.q-

(4) For a # 0 the spaces g5 o are one-dimensional, so we may choose a generator g; . Also, if y is a
positive root of g, let e,, f,, be the Chevalley generators, respectively, of g, and g_,. Let h,, =[e,, f,].

O If(p,p) e A®, then there are (5, Y1), ..., (5, Yk) € AT so that
(950,70 [ - -5 [851,915 920, .. 11 = 9j5,8-
(6) The centralizer of b in g is a Cartan subalgebra of g and is thus equal to b, and so
b=g50D @80
and b(’) = 96,0-
(7) If (5, ) € A™, then (—s, —) € A~ and [g5,0, §=5. o] € by Let « be the Killing form of g, which

restricts to a nondegenerate bilinear form on by, and let v : hg — bg be the induced isomorphism. Then
[95.0> 0—5.—o] = Kv~! (). Further, there is a positive root y of g so that

r—1
G50 S ) Goicy)-
i=0
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r g bo b1
2] Ay, l>1 {hi+hoeip1:1<i <4t} {hi —hyeip1:1<i=<¢t} b5
21 Ay, 8=>1 {hij+hyi:1<i<€l—1,hy} {hj—hy_:1<i<t—-1} 0
2| Dpy1, €23 {hi:1<i<l—1,hg+he) he —heyy ’
h h h
2| K hi + hs, hy + ha b, hg hy — hs, b — ha S
3 D, hi+h3+ha, hy hi +nhs +n*hy

Table 1. Basis for Cartan subalgebra.

Let r’ be the o-order of y. Then (g5,4. §=5._) iS, up to nonzero scalar multiple,

(ey + Nés(y) + 772%2(;/)7 fy + lefa(y) + 77f02(y)) ifr' = ;
(ey + nzeﬁ()/) + ’7%2(;/)7 f)/ + nfa(}/) + 772f02(y)) ifr"=3ands = 2’
) (ey + eg(y) +ea2(y), f)/ + fa(y) + fUZ(y)) lf r/ = 3 and s = (_),
(ey +es(y), fy + foir)

ifr=2and § =0,
(ey —€o(y)» fy - fa(y)) ifr'=2ands = 1,

ey, fy) if ' = 1.
Also,
hy +hoey) +hery, ifr =3,
(85,0 8=5,—al = { hy +ho(y) if r' =2,
h, if ' =1.

Finally, up to scalars {g5,«, §=5 o [g5.0» §=5.—o ]} fOrms an sl -triple.

As o preserves the height of elements, each g5 , has a well-defined height in terms of the root system
of g.
(8) When o # id (that is, when r = 2, 3) we give notation for a o-equivariant basis of h in Table 1. In
and let h; = [e,,, fo,] for
1 <i <dimb. We number the simple roots of g as in [Kac 1990, Table Fin, page 53].

(9) Let BA ={g5.¢: (5, ) € A} and let

this case g must be type A, D, or E. Let the simple roots of g be o1, ap, ...

r/
hé = Z nsjhaf(i)-

j=0

(Here r’ is the o-order of the simple root «;.) Then
B=BaU{h}

is a o-equivariant basisof g. f 0 <s <r —1,let B ={x € B: |x| = s}.
2.2. Two monomial orders on S(gt, t~119). In this section, we define PBW bases of S(glt, t~11°) and
U(glt, t7119). We will refer to elements of these bases as monomials, and we will define two different

orders on monomials. The interplay between these monomial orders is key to proving our reduction
results.
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We first extend the o-equivariant basis B of g to a basis of g[z, 17!]°. Let
Blt,t7 117 = {gt"™ "8l . g e B,n € 7},
which is a basis of g[z, 11°. Let
Blt1° = B[z, t~'1° Ng[r1°.

We will need an order on B[z, ~']°, which we define as follows.

We first give an order on the roots of g. Let R be the set of roots of g and let R, R~ be respectively the
sets of positive and negative roots. Let {o; : i € {1, ..., n}} be the set of simple roots of g. If « = > _ b;«;
is a positive root, then we define the height of « to be hta = ) b;. Recall that we denote the highest root
of g by 6.

We will define a total order < on R by:

e a < fifhta <htp.
o Ifa=> bja;, =) cio; and htow =ht B, then o < B if the tuple (by, ..., b,) is less than the tuple
(c1, ..., cp) in lexicographic order.
Foreach B € Rlet gg =epif B € R and gg = f_p if B € R™. Then
C={gg:BeR}Ulhy :1<i=<n}

is a basis for g. Let (B, ..., B¢) be an enumeration of R™ written in increasing order w.r.t. the above
total order (so B¢, = 6). We define the following total order on C:

g*ﬁ[<"'<g*ﬁl<h0‘1<"'<ht¥n<gl31<"'<gﬁe.

Given g € g, define the C-leading term of g, which we denote by LT¢(g), to be the largest element of
C occurring in g with nonzero coefficient. (The reason for the subscript C in the notation is to distinguish
this from other uses of the terminology “leading term” in this paper.)

The ordering defined above on C has the property that if x, y, z € C with [x, y] # 0 # [x, z], then

y<z <= LT¢lx,y] <LT¢[x,z]. 2.1

We now induce orderings on each basis B; of g; from our orderon C. Let 0 <s <r —1. If x, y € Bs,
define

x<y <<= LTex) <LTe(y).

(We note here that it can be seen by inspection that, since every element of B; is associated to a unique
o-orbit in C, if LT¢(x) = LT¢(y) then x = y.) For g € g5, we define LTz(g) to be the largest element of
B occurring in g with nonzero coefficient.
It follows from (2.1) that if x € B;, y € g5 with LTg(y) < x, and z is weight-homogeneous with
[z, x] # 0 # [z, y], then
LTglz, y] < LTglz, x]. (2.2)
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As an example, we give the orderings on the B; in the case g = Aj, |o| = 2. We have
By:8-a <8 aw <hi+hy<gy <8, and Bj:g_g<hi—hy<gs.

Using the total order < on the B;, we define a total order on the basis B[t, 1~ '1° of g[t,7']° as
follows: If xt¢, ytb € B[t, 17117, then x1% < ytb if and only if

e a<b;or

e a=>, and x < y in the total order defined on B;.

We now define a basis of normal words or standard monomials for S(g[¢, t711°) and U (glz, t~11%).
We will refer to elements of B[r, 1] as letters, as “words” (or monomials) in these letters will span the

algebras of interest. A standard monomial or normally ordered monomial in the letters Blt, +~11% is an
expression of the form

M = gltrm1+|g1| . gktrmk—%lgkl’ (2.3)
where the g; € B, and g "8l < ... < g " +Fl8l We sometimes write a standard monomial as
M =gltn1 .o .gktnk’

and when we do so we assume that n, = |g,| for all a: in other words, that each g;t" € g[¢, t717°, so
M e S(glt, t~'1°). We say that k is the length of M, which we denote by len M, and that the total t-power
> 4 Na is the degree of M, which we denote by deg(M).

We introduce two total orderings on the set of standard monomials. For two standard monomials M
and M,, we write M; < M, if

e len M| < len M, or

e len M| =len M, and deg M| < deg M, or

e len M| =len M,, deg M| = deg M>, and M is less than M, with respect to the left to right lexico-

graphic order when both M| and M, are written in increasing (that is, normal) order.
Similarly, we write M| < M, if

e len M; < len M, or

e len M| =len M, and deg M| < deg M, or

e len M| =len M,, deg M| = deg M,, and M, is less than M, with respect to the right to left lexico-

graphic order when both M; and M> are written in increasing order.

By the PBW theorem, both U (g[t, t~11°)and S (glt, t~119) have a basis of standard monomials. Given
nonzero F € U (glt, t_l]") or F € S(gl[t, t~11%), we define LT F, respectively LT F, to be the <-largest,
respectively <-largest, standard monomial occurring in F with nonzero coefficient when F is written as

a linear combination of standard monomials.
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2.3. Growth. In this short subsection we recall some definitions and basic facts about the growth of
algebras and modules. Let R be a finitely generated associative K-algebra and let M be a finitely generated
representation of R. Then R has polynomial growth if there is a polynomial p(¢) € R[¢] so that, for every
finite-dimensional subspace V of R, dim V" < p(n) for all sufficiently large n. Further, R has exponential
growth if there exists V C R so that lim,_, o (dim V")!/" > 1 (note that this limit always exists) and
(strictly) subexponential growth if R has neither exponential or polynomial growth. The growth of M
is defined similarly; here we let V.C R and W C M be finite-dimensional vector spaces and consider
dim V*W as n — oo. If £ is an infinite-dimensional Lie algebra of polynomial growth (for example, an
affine or loop algebra) then U (£) has subexponential growth by [Smith 1976].

The idea of growth may be refined through considering the Gelfand—Kirillov dimension or GKdim of
R and of M. Here we define

GKdim R = sup limlog, dim V",
14

where the supremum is taken over all finite-dimensional subspaces V of R. Likewise,

GKdim M = sup limlog,, dim V"W,
V. W

where the supremum is taken over all finite-dimensional subspaces V of R and W of M. If R is a finitely

generated K-algebra and M is a finitely generated R-module, let V be any finite-dimensional generating
subspace of R that contains 1, and let W be any finite-dimensional generating subspace of M. Then

GKdim R = limlog, dim V", GKdim M = limlog, dim V"W,

and does not depend on the choice of V or W.

Note that R (respectively, M) has polynomial growth if and only if GKdim R < oo (respectively,
GKdim M < 00). We say that R has just-infinite growth (equivalently, just-infinite GK-dimension) if
GKdim R = oo but for any nontrivial ideal J of R, then GKdim R/J < oo. For more background about
growth and GK-dimension, we refer the reader to [Krause and Lenagan 1985].

If £ is a Lie algebra, then GKdim U () = dim €. Further, by [Smith 1976], if L is an affine Kac-Moody
algebra, then the central quotients U, (L) and U, (L’) have intermediate growth.

We will repeatedly use the following basic fact about growth of algebras.

Scholium 2.4. Let K be a field and let A C B be K -algebras. Suppose that GKdim A = oo and that J is
an ideal of B such that B/J has polynomial growth. Then J N A # (0).

Proof. This follows directly from the fact that GK-dimension does not increase on subalgebras [Krause
and Lenagan 1985, Lemma 3.1], so we cannot have A — B/ J. O

3. A reduction result for symmetric algebras of current algebras

Let g be a finite-dimensional simple Lie algebra and let o € Aut(g). We adopt the notation of Section 2;
in particular, let r be the order of o. The positive twisted current algebra of g is the subalgebra (rg[¢])°
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of the (twisted) loop algebra g[, #~']°. In this section, we consider the symmetric algebra of the positive
twisted current algebra of g and show that it has just-infinite growth as a Poisson algebra: any factor by
a proper Poisson ideal has polynomial growth. We will generalize this result in later sections to prove
Theorems 1.1 and 1.2.

The symmetric algebra S(g[z, #7']7) is a Lie algebra under the Poisson bracket {— , —} induced from
the Lie bracket on g[¢, t~11°. That is, for x, y € glt, t~11° we have {x,y} =1[x,y], and {—, —} is
anticommutative and a derivation in each input.

A Poisson ideal of S(g[t,t~']%) is an ideal of the underlying commutative algebra which is also a Lie
ideal for the Poisson bracket. Note that a Lie ideal of S(glz, t711°) is also a glt, t‘l]"—subrepresentation,
where g[t, 1~ !]% acts on the symmetric algebra by the adjoint action ad gr* ={gt¢, —}. Each S (g[t, t~'1%)
is a subrepresentation of S(g[¢, t~119) under the action of olz, =1, although of course not a Poisson
ideal.

Thus if I is a Poisson ideal of S(glz, t7119), each 1N S™ (glz, 1% is a olt, t‘l]"—subrepresentation
of S(gl[t, t7117). We will spend the bulk of this section analyzing the structure of such subrepresentations.
In fact, because we want our results to apply to Poisson ideals of current algebras, we will consider the
structure of (#g[¢])? -subrepresentations of the m-th symmetric power S (g[¢, ~179).

Our key technical result is the following:

Proposition 3.1. Fix m € N, and let I be any nonzero (tg[t])° subrepresentation of S™(g[t,t='1%). There
are n, { € Z such that for any standard monomial M = glti‘ . gmtim with i1 > n, there is Hy € I such
that LT . Hy = M and all t-powers in Hy; are > £.

This result allows us to reduce “big” monomials modulo / to a linear combination of smaller monomials.
The proof is based on the interplay between the < and <-orders on standard monomials, generalizing the
key arguments of [Iyudu and Sierra 2020] to work in our substantially more commutative context.

3.1. Preparatory results. Before proving the main reduction result Proposition 3.1, we will need several
preparatory lemmata which will help us control the <-leading terms of elements of 1. If M =gt - - - g, t'»
is a standard monomial, we say that (g1, ..., g») is the congruence class of M and write M = (g1, ..., &m)-
We will construct, for any congruence class g€ (Ba)™, an element H, € I with LT H, = 8- We will
see that the existence of these elements is sufficient to prove Propositi(;n 3.1. )

Constructing the H, will take several steps. We first show that H, exists for g = (gg, ..., g¢) or
(8—6,---,8-0); and further, we can assume, in this case, that all monomials of H, have the same
congruence class. )

Lemma 3.2. Let 0 # F € §"(g[t, t~119), and consider the adjoint action of (tg[t])° on S™ (g[t, t~11%).
Let I denote the subrepresentation generated by F:

(1) If {g5.utP™, F} =0 forall p € 7= and all (5,a) € AT then F € S"™(gylt, t~']): that is, F is a

linear combination of monomials of the form ggt*' - - - got* for some ki < - -+ < ky,.
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(2) If {g5.0t™"™, F}=0 forall p e 7>, and all (5,a) € A~ then F € S"(g_¢lt, t™"): that is, F is a
linear combination of monomials of the form g_gt*' - - - g_gt* for some ki < - - - < ky,.

(3) There are nonzero G € I N S™(gylt, T Dand G' e IN S™(g_olt, =1).

Proof. (1) Let (5, @) € A™. Let us take g € Z~ such that § =5 and so that if g1t/ - - gutim is a monomial
in F. Then g > |ji|+ -+ |jm|. Thus, if M = gt/' - - - g,,t/» is a monomial appearing in F, then

{gi,atrq—H, M} = thjz cee gmtjm [gE,ou gl]tj]—‘rq
+ gltjl gStﬁ . gmtjm [gi,aa gz]tj2+q 4. +g1tjl .. gv_ltjv—l [gg’o“ gm]t]m+q

Note that each of the monomials above are written in normal order. Since we have taken ¢ to be large
enough, none of those monomials will appear in expressions coming from the action of g5 o¢¢ on any
monomial M’ # M occurring in F. Hence by hypothesis the Lie brackets [g5.«, g;] are all zero. This is
true for all (5, ) € AT which implies that [n*, g;] =0 for 1 <i <m. Hence g; = - - - = g,, = go, which
spans the center of n™. The proof of (2) is similar.

To prove (3), we first construct 0 = G € [ so that

{g5.0t""T*, G} =0 forall peZ-; and (5,a) € A™T. (3.3)

If (3.3) holds for G = F, we are done. Otherwise there exist a € Z-; and (&, B) € A" such that
Fy ={gq pt"*"", F}#0. If (3.3) holds for G = F, we are done; else there exist b € Z>; and (U, y) € AT
such that F, = {g,;,yt’””, F1} #0. As {g5.4, —} increases the height of monomials and the height of a
monomial in S (g[¢, t~']17) is at most m ht #, this process must terminate. Thus, continuing this procedure
repeatedly, we will reach a nonzero element G of [ such that (3.3) holds.

By symmetry there is 0 # G’ € I such that {g; """, G’} =0 forall p € Z>1 and (5, @) € A™. The

two parts of (3) then follow by applying (1) and (2). ([

Enumerate At = {(&1, B1), ..., (€¢, Be)} where 0 < & <r — 1. Then the set {gél,ﬂl’ R géi’m} forms
a basis of n™ and the set {8=F . _p,» - --» 8=, —p, ) forms a basis of n~. Recall that if g € g5, then we write
5 =gl

We now prove the existence of Hé, with LT H, =g for any g€ (Ba)™.

Lemma 3.4. Let I be the (tg[t])° -subrepresentation of S™(g[t, t~'1%) generated by an element F # 0.
Let (g1, ...,8m) € (BA)™. Then there exists G in I such that LT.(G) = (g1, ..., &m)-

Proof. Let d = ht(9) > 0. Write g9 = g5,o, Which implies that g_y = g=; _, i.€., [go| = —|g_o| (mod r).
We prove by induction that for all n € {0, ..., m} there is G(n) € I with the following properties:

(1) LT<(G(n)) = gitX1 - - - guthnggthnt1 ... got*n for some ky < --- <k, € Z.
(2) ki +2rd < k;y foralli > n.
(3) ki < kiqq foralli <n.

Then G = G(m) is the element we seek.
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To construct G(0) we use Lemma 3.2. By that result, there is a nonzero H € I N S (g_g[?, 1.
Write LT H = g_gt/' ... g_gt/m where j; =--- = j, = |g_g|. Let

G(0) = (ad gt"*H1%1)2 (ad gpr ¥ H1001)2 ... (ad gpr™ M2 (H).

The monomials in G (0) are obtained from monomials in H by applying exactly two gyt’ to each g_gt/*.
(This is because (ad gy)>(g_g) =0.) The <-leading term of G (0) is obtained from LT (H) by applying the
highest powers of ¢ to the rightmost letters. Thus LT< (G (0)) = gg AL ggtk'" where k; = j; +2(ird+|gol).
It is immediate that this has the claimed properties.

Now assume we have constructed G (n) as claimed for some 1 <n <m — 1; we construct G(n + 1).
There are two cases, depending on whether g, lies in a positive or negative root space:

Negative case: g,.] €n.

Step 1-. Let H; = (ad g_pt"~1%1)2"=" (G (n)) and let

— k kn kn 2(r— ky+2(r—
N1 =g1t l"'gnt g—@t +1+2(r |g€|)"'g—9t +2(r ‘gf)l)‘

We claim that N, = LT_(H| ). This is because the <-leading term of H| is obtained from LT. (G (n))
by increasing the right-most powers of ¢ as much as possible, and this clearly gives N, .

Step 27. Let H, = (ad got"T19¢1)2m=n=D ([ 7) and let

n+11+2(r—|gol) ntatar k47

Ny =githr . gutfng gt got" .- got

We claim that N, = LT (H, ).

First, we show that N,” = LT (ad g_gtr_|g9‘)2(’"_”)(N1_). This is similar to the previous paragraph;
again, the <-leading term is obtained by increasing the right-most powers of ¢ as much as possible,
giving N, .

We now show that N, = LT.(H, ). Let N; # N, be any other monomial of H, . Suppose that
N) e gtki ... gthngrhnrit20=lg0D) gpkuiatdr . gkn 4 that is, N} involves the same ¢-powers as N, .
(If this is not the case, it is clear that Né < N, .) By construction, there must be a monomial M =
hit*1 .- hy,t*n of G(n) so that N} is a monomial in (ad ggt"~19-¢1)2"=1=1 (ad g_g¢"~1861)2m=n) (p1);
that is, Né is obtained from a monomial in G(n) with the same ¢-powers as LT G(n). Further, Né
must have been obtained from M by applying g_gt" 719! twice to each letter of M in the (n+1)-st place
or further right, and gg¢" 1%/ twice to each of the letters in the (n42)-nd place and further right; any
other combination of applying g_t" 719! and got"+19! would give either the wrong z-powers or a zero
result. The only possibility to obtain a nonzero result is if M = ht*1 ... h,thrggt*n+1 . got*m, as we
needed (ad g_gt’_‘g‘”)2 to be nonzero on the (n+1)-st and greater letters of M. Thus we have Né =
hytht . hthn g_g ke F20 100D g phniatdr o ket where necessarily hitK L bttt < gy t* L gt
So N, <N, .



Ideals in enveloping algebras of affine Kac—Moody algebras 1211

Step 3. As 0 is the longest root of g, by Fact (5) there are p € Z> and (51, 71), ..., (55, 1p) € AT so
that g,+ is a nonzero multiple of
(g5 ms [ s (85,0 801 1.
Let us define Hy = {gs, 5", {. .., {85,.4,0°", Hy } ... }} and S = Zle s; and let
kn+l+2(r_|g9‘)+s

n2+4r ki +4r

- k ky k
Ny =git"™ -+ gut™" gut1t got - 8ot

We claim that Ny” =LT-(H;"). First, LT ({gz, 5, "', {- . ., {&5,.4,7°7, N5 } ... }}) is obtained from N, by
applying the elements gz, ;% as far to the right as possible. As [g5,.,;, 891 =0 for all i (this is because 6
is the highest root of g), applying the g5, ,,. t* as far to the right as possible means applying them to the
(n+1)-st letter g_gthn+1+20=180D o obtain N5 . In other words,

Ny =LT<(gs ™ ooy (g5, % Ny b 3D

Now let N] # N, be any other monomial of H, and let

Hé = {ggl’ml‘sl, { . {ggp’npl‘sp, Né} . }}

If N) & gtht ... grhngrhnrit20=laoD grknsatdr . gpknt4r " then by comparing #-powers we must have
LT H; < N5 . Suppose now that N} involves the same ¢-powers as N, ; that is,

Né c gtkl . gtkngtkn+l+2(r_|99|)gtkn+2+4r . gtk"l+4r.

We have seen in the proof of Step 2~ that we must have
N} = Rytht kg gk F20 180D o husatr g kAT
for some hy, ..., h, € B. Then
LT (H)) = Btk t*n gy Rt P20 18D o ykngatdr g gk tdr

But as N; < N, , thus hythr o hpthn < gtk .. gt that is, LT.(H;) < N5 . Thus Ny =LT. H, , as
claimed.

Let G(n + 1) = H; . We have shown that (1) is satisfied; but the 7-powers in N5 also satisfy (2)
and (3).

Positive case: g, €nt.

Step 1*. Let H;" = (ad g_gt"~19%1)2"=1=1 (G (n)) and let

k ky kn kn 2(r— km+2(r—
N1+=g1t 1 gnt get +1g_9t +2+2(r Igﬁ‘),,,g_et +2(r |90|)‘

We claim that N 1+ =LT. Hl+ . This is because the <-leading term of Hf“ must come from the <-leading
term of G (n) by increasing the rightmost #-powers as much as possible, which gives N 1+ .
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Step 2*. As 0 is the longest root of g, by Fact (5) there are g € Z>¢ and (51, 1), - . ., (54, vq) €A™ s0
that g,+ is a nonzero multiple of

(851,10 - - - (85, 801 - - - 1]

Let Hy" = {gs, "™, {..., {85,.7,0 %, Hf} ...} Let S=gr+>.7 | s; and let

kn1+S kn+2+2(r—|ggl) . km+2(r_|g€|).

N =git" - gut* gyt g—ot gt

We claim that N2Jr =LT. (H2+ ). This is because, again, the <-leading term of H2+ comes by increasing
the rightmost #-powers as much as possible. As g5, ,,, g—¢] =0 for all i, this is done by acting on got*rt!
with all of the gs, ,,#" ™ to obtain N, .

Note that ¢ < d and each s; <r. Thus k41 + S < k41 +2rd < k,42 < ky42+2( — |gg|), using the
induction hypothesis. Therefore N2+ is a standard monomial.

Step 3*. Let H;" = (ad got"T19¢1)2n=n=D ([ F) and let

kn+|+S k,,+2+4r km+4r

N =gt gut* gyt got - got

We claim that N3+ = LT<(H3Jr ). This is because the <-leading term of H;r comes from applying
ad ggt" 18! as far to the right as possible: that is, applying ggt" 19! twice to each g_yt%+20~19D where
ie{n+2,...,m}.

Let Gn+1) = H;r . We have verified that LT G(n + 1) has the claimed congruence class, so
(1) is satisfied. The observation at the end of Step 2" ensures that (3) holds; and (2) follows as
kivi+4r — (ki +4r) =kiy1 —k;. O

Let I be a nontrivial g[z]° -subrepresentation of S™ (g[¢, t~119). We have seen that for any g € (Ba)™
there is H, € I with LT H, = g. We will use this to construct elements of I with arbitrary _<-1eading
term, as 1(;ng as all t—powerg involved are sufficiently large.

The next result considers which <-leading terms may be obtained from a particular H,. It is modeled
on the methods of [Iyudu and Sierra 2020]. )

Lemma 3.5. Let (g1,...,8n) € (BA)". Let G € §™(glt, t711°) with LT. G = gt - gt Let I
be the (tg[t])° -subrepresentation of S™(g[t,t~'1°) generated by G. Let s be the smallest power of t
occurring in G.

Suppose that (g}, ..., g,,) € B" so that

for all j there is weight-homogeneous g € g

so that (g7, g;1 is a nonzero scalar multiple of g,, ., _ ;- (3.6)
Then for all standard monomials M = g/lti1 - gt with iy > max(0, 2a,, — s), there is Hy € I with

LT_.Hy =M.
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Proof. Let
Hy = {gi/timfm’ {gé/timﬂ*az o {g’/;ltilfam’ G} o }}

Then Hy, € I because each g}/t"'"“*f*“f eg[t]° wehavea; =|g;| and sz = |g;.| implies that i, 11— ; —a; =
|g;.’|. We claim that LT Hy = M.

To prove our claim, let us consider the process by which monomials of Hj; are produced from
monomials of G. Let

A= hyt" - Ryt

be a monomial of G. Then A induces two kinds of monomials of Hy,: either we act on each letter of
A with exactly one g;.’ t'm+1-i=4; or we act on some letter of A more than once and in consequence do
not act at all on at least one letter of A. We call the first of these actions permutational and the second
nonpermutational. The <-leading term in Hj; always comes from a permutational action. This is because
in a nonpermutational action, the smallest power of ¢ is always bounded above by a,, since there will be
a missing h;t? which is not acted upon and b; < a,, by the definition of the monomial order <; whereas
in a permutational action, the lowest power of ¢ is bounded below by i + b; — a,, which is strictly bigger
than a,, because of our assumption that i; > 2a,, —s.
Now, if > b; < Y a;, then all monomials of

{gi’tim_als {gé/timfl_az e, {g’/;ltil_am, A} [N }}

have degree < deg M and so are strictly < M. We may thus assume that Y b, =Y a;.
A monomial coming from a permutational action upon A looks like

(g he ) HPe 0 gl Bt g g gy It P 3.7)
for some t € S,,, where all the Lie brackets are nonzero. We claim that
B7NH=M,

with equality only when b;;) =m+1—i and h.¢) = gu+1—; forall i.
Note that b.(1) < a,, thanks to the definition of <. We will have several different cases:
o If b;(1) < ay, then our claim is obvious because i1 + by (1) — ap < ii.

o If br(1) = ay, then we must have [g,,, h-1)] < g/l, with equality only if &, (1) = g,. This is because,
by the definition of <, h;(1) < g» and < has property (2.2).

o If b;(1) = a;, and h;(1) = g, then we want to show that
i i b'r —Um— .m b'r m) i 'm
8 Lgm 1y he@ P @™ gy T < g gl

with equality only when b ;) = am41—; and hy = gm+1—; for all 2 <i <m. This can be proved by
repeating the same procedure and moving towards the right.
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This analysis show that LT G is the only monomial which contributes to the occurrence of M in Hy,.
To finish, we note that by (3.6), then
(g &ml - (87, g1l =2g) -~ g,
for some A # 0. Thus M occurs in Hy; with nonzero coefficient CA, where
C=#r1€6,: a:¢) =ams+1-i and g¢) = gm41—; foralli } #0.
Thus LT. Hy = M. |

To use Lemma 3.5 we must prove that we can always find a situation where (3.6) holds. This is given
by the next elementary lemma.

Lemma 3.8. For any g € B there are g’ € Ba and weight-homogeneous g € g so that [g”, g'] is a nonzero
scalar multiple of g.

Proof If g = g, +p, € Ba, set g~ = 8¢, 4, Let g’ =g and g" =[g, g7 ]. As {g, g™, [g, ¢"]} form an
sly-triple, [g”, '] is a nonzero scalar multiple of g.

If g € b then we consider the action of o on g. We give the proof for r = 3. If |g| = O then
g =hg; +ho (@) +hs2(, for some simple root o; and we can take g’ = g, |.0; and " = g|—¢;|,—o;- If |g] = 1
then g =hg, +nho () +772h0(0ti) for some ;. Set g’ =eq, +1€5 (o)) +’72€o2(a,-) and 8" = fuo, + fo (o) + fo2 (e
Likewise, if |g| = 2 then g = hq, + 1*ho (a;) + Nho(@;) for some o;. Set g’ = €4, + N*eq (@;) + N€y2(q;) and
g//:faf+f0(0!i)+f02(a,-)' O

3.2. The main reduction result. We now prove our main reduction result, Proposition 3.1.

Proof of Proposition 3.1. We may assume that / is generated by a single element F' # 0. For every
g’ =(g},---, &) € (Ba)", using Lemma 3.4 choose G, € I with LT, Gy = g/. Let s, be the smallest
power of 1 occurring in G/, and let S,/ be the largest power of 7. Let n be an integer so that

n > max(0, {285y —s¢: 8" € (Ba)")).

Let £ be the smallest power of ¢ occurring in F.

Fix M = gt - - - g,ut" with iy > n. We construct Hy. Using Lemma 3.8, choose g/, ..., g, € Ba
and weight-homogeneous g/, ..., g, € g so that [g;.’ , g}] is a nonzero multiple of g,,41—; for 1 < j <m.

Let G =Gy . ¢ €1 and write LT. G = gyt - - - g, 1%". Let

.....

Hy = {g/t" ™ (..., {ght"™™, G},...}}.

The proof of Lemma 3.5 shows that
M =LT. Hy,

which is in I as our definition of n ensures that 0 <i; —a, <i; —a,4i—; for any j.
Throughout the proofs of Lemmata 3.2, 3.4, and 3.5 we acted on F only with positive powers of ¢.
Thus the smallest z-power in Hyy is > £. U
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From Proposition 3.1 we deduce our first just-infinite growth result.
Theorem 3.9. Let g be a finite-dimensional simple Lie algebra and let o € Aut g:
(1) The enveloping algebra U (g[t]°) has just-infinite growth. That is, if J is a nonzero ideal of U (g[t]°),
then U (glt]°)/J has polynomial growth.
(2) Let I be a nonzero Poisson ideal of S(g[t]°). Then S(g[t]1°)/1 has polynomial growth.

Proof. If M is a standard monomial in the letters B[¢]°, we define the modified degree of M to be
mdM =degM +len M.

Let 24/ be the subspace of U (g[t]°) spanned by standard monomials of modified degree < j, and let S/
be the corresponding subspace of S(g[t]?). As U(g[z]°) is degree-graded, and, by the PBW theorem, is
filtered by length, thus Z/* defines a filtration on U (g[¢]°): that is, UU! CU I forall i, j € N. Likewise,
S* defines a filtration on S(g[¢]?). It suffices to prove that

U+ S/ +1

dim and dim

have polynomial growth.
Let
grna(Uglr17) = Pu’ ju =",
J
This is a (commutative) Poisson algebra: if F e/ and G €4/ then FG—GF e/~ so grq Uglt]?)
is commutative.

Define o
FG—GF4Uuti—2
Ui+i-2

{grmd F, gmd G} = S (grmd U(g[l]a))i+j_1 .

In fact, as degree alone defines a grading on U (g[¢]?), there is a canonical identification gr, 4 U (g[f]°) =
2., (U (g[£]°)) = S(gl?]°) as Poisson algebras. Further, gr,, 4 / is a nontrivial md-homogeneous Poisson
ideal of S(g[?]°). Likewise, gr,.4 I is a nontrivial md-homogeneous Poisson ideal of S(g[t]°). As

u+J

S/ J
— dim O +8maJ

Elnd J

dim

and similarly for I, it suffices to prove:

Claim: Let K be a nontrivial md-homogeneous Poisson ideal of S(g[¢]°). Then dim((S’/ 4+ K)/K) is
bounded by a polynomial in j.

Let K’ = grj.,(K), which is a nontrivial len-graded Poisson ideal of S(g[¢]”), and thus meets some
S™(g[¢]°) nontrivially. Note that K’ N S™(g[z]?) is a (¢g[t])?-subrepresentation of S™(g[¢t]°). By
Proposition 3.1, there is n € Z~ so that for any standard monomial M = g t'! - - - g,,t'» with i; > n, there
is Hj, € K’ such that LT_ H;, = M. Now, for each standard monomial M as above, there is Hy € K
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with H), = gri., Hy. As the monomial ordering < compares length first, M = LT_ Hy; as well. Further,
as K is md-graded we may take Hjy; to be md-homogeneous.

Let F € S/. Repeatedly using the Hj; to reduce monomials involving m or more powers of ¢ which
are bigger than n, we may rewrite F' (modulo K) without increasing md F so that no monomial in F
contains more than m — 1 ¢-powers bigger than n. That is, (S/ 4+ K)/K is spanned by the image of the
set of standard monomials M with md(M) < j which admit a factorization M = M| M,, where M| is a
standard monomial involving ¢-powers < n — 1, and M, is a standard monomial of length < m involving
t-powers > n. Let us call such monomials normal words, and let

S/+K

r(j) = #{normal words M : md(M) < j} > dim
It is clear that r(j) < b(j)c(j), where

b(j) = #{ standard monomials M, involving only ¢-powers <n — 1 with md M < j }

and
c(j) = #{ standard monomials M; of length < m involving only #-powers > n and with md M, < j}.

Now, modified degree exceeds length, so b(j) does not exceed the number of standard monomials of
length < j involving #-powers between 0 and n — 1, which is ((dimgj{)n“ ) and is bounded above by a
polynomial in j of degree n(dim g). And in a monomial M, of degree at most j and length at most m — 1
in z-powers > n there are no more than j dim g choices for each letter of M>, so ¢(j) < (j dim g)” .

Thus r(j) is bounded above by a polynomial in j of degree n(dim g) +m — 1. [l

Remark 3.10. A small modification to the proof of Theorem 3.9 shows that if J is a nonzero ideal of
U((tg[t])?) and I is a nonzero Poisson ideal of S((zg[t])?) then U ((tg[¢])?)/J and S((¢tg[t])?)/I have
polynomial growth. We leave the details to the reader.

4. Useful technical results

We will prove the just-infinite growth results Theorems 1.1(0) and 1.2(0) in the next section. In this
section we establish a number of useful preparatory results which will allow similar counting arguments
to those in the proof of Theorem 3.9 to apply to affine Kac—Moody algebras.

We establish notation, which will apply to the next two sections. Let L be an affine Kac—Moody
algebra, with central element ¢ and derivation d. Then there are a finite-dimensional simple Lie algebra g
and an automorphism o of g so that

L'/(c)=glt,t7']°.

(Here L' is the derived subalgebra of L.) We may assume that o induces an automorphism of the Dynkin
diagram and the root system of g; we denote this diagram automorphism by o as well. Let r be the order
of o. Throughout the rest of the paper we fix the meanings of L, g, o, r, d, ¢ as in this paragraph. We
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further fix a primitive r-th root of unity, n, and induce a Z/rZ-grading on g as in Section 2. We will use
other notation from Section 2 without comment.

Let A € k. Define U, (L) = U(L)/(c —A) and S3 (L) = S(L)/(c — 1). As ¢ — A is Poisson central in
S(L), the factor S, (L) is a Poisson algebra. Note that So(L") = S(g[z, t~119) as Poisson algebras.

We first show that every nonzero Poisson ideal of Sy (L) meets S; (L’). This requires a technical lemma.

Lemma 4.1. Let A € K. Let G € S, (L), and suppose that there exists a o-equivariant x € g so that
{xt"7¥ Gy =0 forall j € Z. Then G € S, (L").

Proof. Write G = ) '_,d'G;, where G; € S;(L'). Then for any o-equivariant x € g and m € rZ + |x]|,
0={xt", G} =Y d'(=(i+ Dmxt"Gip1 + (xt", G}). 4.2)
i=0
Thus for all m, i, the coefficient of d' in (4.2) must vanish, and so we have
{xt", Gi} = (i + Dmxt"G;41. “4.3)

Fix i and let m > 0 be large enough so that =™ does not occur in G;. As m >> 0 varies, from the definition
of the Poisson bracket on §; (L) we see that the LHS of (4.3) changes only in the powers of ¢+ which occur,
and not in the coefficients. On the other hand, the expressions for the coefficients of the right-hand side
involve a factor of m and so vary with m. Thus (4.3) cannot hold for all values of m € rZ + |x| unless
both sides are identically 0. We conclude that G; =0 for all i > 1, and G = G € Sy (L'). [l

Corollary 4.4. Let A € K and let I be a nonzero Poisson ideal of S, (L). Then I N S, (L") # (0).
Proof. Let 0 # G € I, and choose (5, ) € AT. There is k > 1 so that

{at™ 5, ... {gat™,G}...} =0
for all iy, ..., iy € Z; without loss of generality let £ be minimal. Thus there is some
H = {gat™™ ' ... {gat™,G}...} #£0.

By Lemma 4.1, H € I NS, (L). O

We need to extend the orderings < and < defined on loop algebras to U, (L) and S, (L). To this end,
define a o-equivariant basis B of g as in Basic Fact (9), and note that {d} U {gt'"/*!8| : g € B, j € Z} is
a basis of L/(c). We denote this basis by Bt, t711°. We extend the ordering < on B[t, 117 to an
ordering on B%[¢, =11 by saying that d > g¢" if and only if n < 0 and d < g¢" if and only if n > 0.

We must modify (2.3) to give a basis of U, (L) and S, (L). We will say that a standard monomial in
the elements of B¢, r~']° is an expression of the form

M = gltrm1+|g1\ L. gitrmiJrlgfldjgitrnHr\gil L gl/{trnkJrlg;'(l’ 4.5)
where g,, g, € B and

trml+|gl| <...< ,trmi"‘lgil <d < /tr”I‘HgH <...< /tr”k‘i“g//(l.
81 8i 81 8k
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‘We sometimes write a standard monomial as
M=git™ - git™dl gt - gpt™,

and when we do so we assume that i, = |g,| and nn, = |g}| for all a; in other words, that this monomial
is an element of S(L).

By the PBW theorem, both U, (L) and S, (L) have a basis of standard monomials in the elements of
BY[t,t~'1°. We say that i + j +k is the length of M, which we denote by len M, and that the total #-power
Za rmg + |gal + Zb rnp + |ng| is the degree of M, which we denote by deg(M). Note that U, (L") and
S, (L") have a basis of standard monomials in the elements of B[z, ¢ ~1]°.

We extend the monomial orderings < and < from Section 2.2 to define two orderings < and < on
standard monomials in the elements of B[z, 1117 the ordering < compares length first, then degree,
and then compares monomials lexicographically from left to right, whereas < compares length first, then
degree, then compares monomials lexicographically from right to left.

We use the following reduction lemma, which applies Proposition 3.1 to ideals of U, (L), U, (L’) or
Poisson ideals of Sy (L), Sy (L’).

Lemma 4.6. Let 1 € k:
(1) Let J be a nonzero ideal of Uy (L) or of Uy (L'). There are m, £,n € Z, with m, n > 0, so that if
M = glti' .- ~gmtim
is a standard monomial in the elements of Blt, t~11% with i} > n, then there is Hy € J so that
LT_.Hy=M

and so that all t-powers occurring in Hy are > £.
(2) Let I be a nonzero Poisson ideal of Sy (L) or of S, (L'). There are m, £,n € Z, withm, n > 0, so that
if

M = gll‘il e gm[i"’

is a standard monomial in the elements of Blt, t~11° with i} > n, then there is Gy € I so that
LT.Gy=M
and so that all t-powers occurring in Gy are > L.

Proof. (1) We give the proof for J <U, (L); the proof for J <U, (L) is similar but easier. We filter U, (L)
by length of monomials, and define a Poisson bracket on gr.,, U (L) as in the proof of Theorem 3.9. The
relation

xtiytj — ytjxti =[x, y]tiﬂ +i8iqj0k(x, y)A 4.7

on U, (L) induces the Poisson bracket

{xt', yt/} =[x, y1t't/
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in gry., Ux(L) and so gr,, U, (L) may be identified with So(L) as Poisson algebras. By Corollary 4.4
applied to gr.,, J, which is a nonzero Poisson ideal of So(L), there is 0 = H € J so that gr., H € So(L').

Let m =len(gr,,, H) =len H and let £ be the smallest z-power occurring in H. Let I be the Poisson
ideal of Sy(L) generated by gr,,,, H. By Proposition 3.1 there is n € Z so that if M = gt'! - - - g, t' is
a standard monomial with iy > n, there is Gy € I N Sy(L’) with LT. Gy, = M. The procedure in the
proof of Proposition 3.1 that produces Gy, (that is, the procedure in Lemmata 3.2, 3.4, and 3.5) produces
By, ..., B;€B[t,t7']°, involving only nonnegative ¢-powers, so that

{B1,{.... {Bs, gt1en H}, ... } = Gu.
Now, if B € B[t,t~']° and P € U, (L), then

ghenB, P1=1{B, gri., P}, 1if (B, gr., P} #0. 4.8)
Let
Hy =1[Bi,[...,[Bs, H]...].

Applying (4.8) we see that Gy = gry., Hy, and as the monomial ordering < compares length first,
LT. Hy =LT. Gy = M. As the t-powers in the B; are nonnegative, the r-powers in Hy; are no smaller
than .

(2) This proof is similar to the proof of (1). By Corollary 4.4 it suffices to give the proof for a Poisson
ideal I of S; (L’). Let 0 # G € I. Let m = len G and let ¢ be the smallest 7-power occurring in G.

Filter S; (L") by length, as in the proof of (1), so gry., Sa (L") = So(L’). We again apply Proposition 3.1
to obtain n so that if M is a standard monomial of length m involving only ¢-powers > n, then there is
Gy in the Poisson ideal of Sy(L’) generated by gr,., G with LT_ Gy = M.

Temporarily, let {—, —}¢ denote the Poisson bracket in Sy(L’) and let {—, —}, denote the Poisson
bracket in S, (L"). Then, similarly to (4.8), if B € B[t,t~']1° and P € Sy (L’), then

grlen({B» P}k) = {B7 Ellen P}Oa if {B, Ellen P}O 3& 0. (49)

As in the proof of (1), there are By, ..., By € Blt, t~11°, involving only nonnegative powers of ¢, so that

GM = {Blv {"'7 {BS7 gr]en G}07 L) }0
Let
HM:{BI7 {7 {BS7 G})w 7})&

As I is a Poisson ideal, Hy; € 1. As before, applying (4.9) this time, LT Hy; = M, and Hj; does not
involve any ¢-powers smaller than £. (Il

Let L, be the sub-Lie algebra of L generated by all g¢* with n > 0, and similarly define L_ to be
generated by all g¢" with n < 0. For all A, then U (L), U(L_) are subalgebras of U, (L), and similarly
S(L+), S(L-) € S5 (L), where these second inclusions are inclusions of Poisson algebras.

We next apply Lemma 4.6 to show that a nontrivial ideal of U, (L) must meet U (L), and, symmetri-
cally, U(L_). We do not know of a way to show this without using growth.
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Proposition 4.10. Let A € k:

(1) Let J be a nonzero ideal of U (L) or of U (L'). There are nonzero elements H € JNU (L) and
H-eJNU(L.).

(2) Let I be a nonzero Poisson ideal of Sy (L) or of S (L'). There are nonzero elements G € INS(L )
and G- e INS(L-).

Proof. We give the proof if J <U, (L).

By symmetry, it suffices to prove the result for H;. Let A = U, (L)/J. We claim that A has finite
GK-dimension as a right or left U (L4 )-module; by symmetry it suffices to consider the GK-dimension
as a right module.

The proof of Lemma 4.6(1) produces H € J and, from H, integers m, £, n so that if

M =gt ... gt
is a standard monomial with i; > n, then there is Hy, € U(L/ZO)HU(L’ZO) so that
LT_-Hy =M
and so that all 7-powers occurring in Hy, are > €. Without loss of generality, £ < 0. Let
D=({dimg)(n—1)+m — 1.

We claim that the GK-dimension of A as a U (L. )-module is at most D.

Let V C U, (L) be a finite-dimensional subspace which includes 1; we will show that the U (L )-
module X = (U(L{)VU(Ly)+ J)/J has GKdim < D. (As GKdimy () A is by the definition the
supremum over all finitely generated U (L) submodules A" € A of GKdimy .,y A’, this is sufficient to
prove the claim.) Since U (L) is finitely graded, for any j € Z-( the subspace {x € X :degx < j} is
finite dimensional, so it suffices to show that the dimension, considered as a function of j, grows as a
polynomial of degree < D.

We may enlarge V without damage, so assume that H € VU (L,). Let s be the minimum ¢-power
occurring in any element of V and let m’ be the maximum length of any element of V. We may enlarge V
again so that s < ¢ (recall that £ < 0) and m’ > m and so that V = =" (g;¢* @gmt”l - - -@g()to o kd).
The minimal degree of an element of V is sm’ <0.

Note that if xt* € L and M is a monomial in V, then

xt*M = Mxt* + a sum of monomials of length < len(M) involving 7-powers > s.

Thus xt*M € VU (Ly). By induction, U(L+)VU(Ly) = VU(L4). Thus X is spanned by standard
monomials M which admit a factorization M = MOM", where M? is a standard monomial of length < m’
involving d and ¢-powers between s and 0, and M is a standard monomial involving z-powers > 1. For
all such M, our assumption that s < ¢ and our choice of V mean that Hy; € VU (L) =U(L+)VU(L).
Working modulo J to rewrite the monomials M! and repeatedly applying Lemma 4.6, we see that X is
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spanned by the image of standard monomials M in VU (L) which admit a factorization M = M°M; M,
where M? is a standard monomial of length < m’ involving d and ¢-powers between s and 0, M is a
standard monomial involving t-powers between 1 and n — 1, and M, is a standard monomial of length
< m involving only ¢-powers > n.

Thus, the growth of X is thus bounded by the growth of

Y = {(M°M; M>)},

where MY is a standard monomial of length < m involving d and f-powers between s and 0, M is a
standard monomial involving ¢-powers between 1 and n — 1, and M, is a standard monomial involving
only f-powers > n and with len M, < m. It thus suffices to show that

q(j) =#M €Y :deg(M) < j}

is bounded by a polynomial in j of degree D.
Clearly g (j) is bounded by ab(j)c(j), where

a=dimS=" (gt' & - ® g1’ ® kd),
b(j) =#{standard monomials M; of degree < j —sm’ involving only z-powers between 1 and n — 1},

c(j) = #{standard monomials M, of length < m and degree < j —sm’ involving only ¢-powers > n}.

As M, involves only positive t-powers, deg M| > len M1, and so b(j) does not exceed the number of stan-

(dim g) (n—l)-‘rj—sm’)
j—sm’

and is bounded above by a polynomial in j of degree (dim g)(n — 1). And in a monomial M, of degree

dard monomials of length < j —sm’ involving ¢-powers between 1 and n—1, which is < (

at most j — sm’ and length at most m — 1 in 7-powers > n there are no more than (j —sm’) dim g choices
for each letter of M>, so c(j) < ((j —sm’) dim g)"~!. Thus there is A € R so that ¢(j) < Aj? for all but
finitely many j, proving the claim.

As GKdim U (L) = oo, the natural map U (L) — A cannot be injective, and thus U (L) NJ # (0).
(This argument is essentially Scholium 2.4, but for modules, not algebras.)

The proofs of other statements are similar, using other parts of Lemma 4.6. ]

5. Just-infinite growth

We now prove our first main results, Theorems 1.1(0) and 1.2(0). Throughout, fix A € K. Let J be a
nonzero ideal of U (L) and let A= U, (L)/J. Let J’ be a nonzero ideal of U; (L") and let A’ = U, (L")/J".
Let I be a nonzero Poisson ideal of Sy (L) and let C = S, (L)/I, and let I’ be a nonzero Poisson ideal of
Sy (L") and let C' = S, (L")/I.

We first prove Theorem 1.1(0). As U, (L) is not finitely graded, there are some technical issues in the
proof. Our solution is to extend the definition of modified degree from the proof of Theorem 3.9 so that the
associated graded ring B = gr,q U,/ gr,,q J of A will be (finitely) connected graded. Here recall that an
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N-graded K-algebra R = P, R, is finitely connected graded if each dim R, < oo and Ry = K. We then
use the Poisson GK—dimensio;l of [Petukhov and Sierra 2020] to bound the GK-dimension of A and of A’.
We extend the earlier definition of modified degree to define the modified degree of an element of
Bt, t711° to be
mdgt" =|n|+1, mdd=1.

Let S = gr, 4 Us(L) and let S’ = gr, 4 Us(L'). As md([gt?, ht’]) < |a+b|+1 < |a| +|b| +2 =
md(gr?) + md(h?), and md([d, gt?]) < md(gt?) + md(d), thus U, (L) is almost commutative with
respect to the filtration induced by md, and so, as a ring, S is isomorphic to a polynomial ring in the
variables d and gt"**18l, graded by deg(gt*) = |a| + 1 and degd = 1. The subring S’ is isomorphic to a
polynomial ring in the variables g¢"“*1¢!. Thus S is connected graded. Further, S has a Poisson bracket

(g, h1t**t? ifab >0,

d {d, gt} =agt’
0 else, and - {d, g1} = ag

{gt*, ht"} = {
induced from the commutator in Uy (L), as in the proof of Theorem 3.9, and S’ is a Poisson subalgebra of S.
Let B =S/ gr,q J, and note that B is the associated graded ring of A with respect to the filtration
induced by md. Likewise, let B’ = S’/ gr,,q4 J'; we have B’ = gr, 4(A’). As usual, gr, 4 J is a Poisson
ideal of S (respectively, gr, 4 J' is a Poisson ideal of S”) and so the Poisson bracket on S (respectively, S”)
descends to B (respectively, B).
The point of introducing the filtration md is that the GK-dimension of A may be computed from the
growth of B. For j € N, let S<; denote the span in § of standard monomials of modified degree < j and

similarly define S’ Iz

Proposition 5.1. For j € N, let B(j) be the image of S<; in B and let B'(j) be the image of S’Sj in B
Then
GKdim A =limlog; dim B(j) and GKdim A" =limlog; dim B'(j).

Proof. This is [Petukhov and Sierra 2020, Proposition 3.14]. We must check that the hypotheses of
that result apply; that is, for B, that {B(i), B(j)} € B(i + j) for all i, j, and that for some s, we have
B(j) € B(s)U! for all j, and similarly for B’. Here recall that if V' is a subspace of B, then V /! is defined
inductively:

. VIO =k
e For j € N, define VU = vyl (v, vl
o In particular VIl = V.

The needed properties for B and B’ follow immediately from similar properties for S<;, taking s =r + 1.
That {B(i), B(j)} € B(i + j) is immediate. And by Lemma 5.3,

gat "V = (ad ggt")" N (gat®) S (S<r11)™ (5.2)

fora €{0,...,r —1}. Thus S<; C (S<,—)!) for all j. O
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We give the proof of (5.2).
Lemma 5.3. Fora € {0, ...,r — 1}, we have
ga = [95. 9al = span([x, y]: x € g5, ¥ € ga).

Proof. A basis for g; is made up of the gz o for @ € A; and the hg from Table 1. We show that all these
elements are in [gg, gz]. From the Basic Facts we have [g—; _,, ga.«] € 95, and [[g=; 4. &a.a ], &a,a] 1S
a nonzero scalar multiple of g; ,. Writing

r/
hG = Z N heiys
Jj=0

let
r’ r
e=D Coie) €8 [ =D 1Y foiw € ta-
Jj=0 j=0
Then [e, f]= h‘a The lemma follows. |

Let0£HYeJNU(Ly)and 0# H™ € JNU(L_) be the elements produced by Proposition 4.10.
Let Gt =gr, s H" and let G~ = gr,,y H~. We now apply the reduction procedure in Proposition 3.1 to
obtain a reduction result for B. This is:

Lemma 5.4. There exist positive integers m, n so that the following hold:
(1) Every standard monomial M = g; t/' - - - g; t'm withn < j; <--- < j, satisfies
M=H+Y cM,

where H € gr, 4 J N S(Ly) is homogeneous in modified degree, the sum is finite, c; € K*, and the
My are standard monomials so that for each t we have at least one t-power < n featuring in Mj.

(2) Every standard monomial M = g; t/' - - - g; t/m with j} < --- < j, < —n satisfies
M=H+) cM,,

where H € gr, 4 J N S(L_) is homogeneous in modified degree, the sum is finite, c; € K*, and the
M, are standard monomials so that for each t we have at least one t-power > —n featuring in M.

Proof. It suffices to prove (1). Noting that S(L;) C S is an inclusion of Poisson algebras, we apply
Proposition 3.1 to reduce M modulo the Poisson ideal of S(L,) generated by G*. This produces an
element H € gr,y J N S(L) satisfying all claimed properties but md-homogeneity. But since G7 is
md-homogeneous and the adjoint action of homogeneous elements of L, as is used in the proof of
Proposition 3.1, preserves md-homogeneity, H is md-homogeneous as claimed. (I

We now prove Theorem 1.1(0).
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Proof of Theorem 1.1(0). The proofs for U, (L) and for U, (L’) are very similar; we give the proof
for U, (L). By Proposition 5.1, it suffices to show that dim B(j) has polynomial growth. (For U, (L") we
show that dim B’(j) has polynomial growth.)

Let F € B(j). Repeatedly applying Lemma 5.4 to F', we may rewrite F without increasing md F’ so that
no monomial in F' contains more than m — 1 ¢-powers bigger than n or more than m — 1 t-powers smaller
than —n. That is, B(j) is spanned by the image of the set of standard monomials M with md(M) < j
which admit a factorization M = MyM | M;, where M| is a standard monomial of length < m involving
t-powers < —n, M, is a standard monomial involving d and ¢-powers between 1 —n and n — 1, and M3
is a standard monomial of length < m involving ¢#-powers > n. Let us call such monomials normal words,
and let

r(j) = #{normal words M : md(M) < j}.

We have seen that dim B(j) < r(j); an argument very similar to the proof of Proposition 4.10 shows that

r(j) < e(j)c(j)?, where

e(j) =#{M : M is a standard monomial involving only d

and ¢-powers between 1 —n andn —1 and md M < j}

and
c(j) =#{M> : M, is a standard monomial of length < m involving only z-powers > n with deg M, < j}.

We have seen that c(j) < (j dimg)™~!. Similarly to the proofs of Theorem 3.9 and Proposition 3.1,
e(j)< (<dlm 9)(2’;—1)+1+j), Thus r(j) is bounded by a polynomial in j of degree (dim g)(2n—1)+2m—1. [J

We also have:

Proposition 5.5. Let L be an affine Kac—Moody algebra with central element c. Then U (L) Qi1 K(c)
and U (L") ®xic) K(c) have just-infinite growth as K(c)-algebras.

Proof. None of the steps in the proof of Theorem 1.1(0) used that K is algebraically closed. Thus
we may change the ground field to k(x), where x is an indeterminate, to obtain: for any A € Kk(x),
Uk(x)(L)/(c — A) has just-infinite growth as a K(x)-algebra. This holds in particular for A = x, giving that
Uk(x)(L)/(c —x) = U (L) ®kjc) K(c) has just-infinite growth as a K(c)-algebra, and similarly for L". O

We will also use modified degree to prove Theorem 1.2(0).

Proof of Theorem 1.2(0). As above, modified degree introduces a filtration on C and on C’, and we have
2ma CES/ gl =R, grpg(CH =S/ grpg(I) =R

Define R(j), R'(j) to be the elements of R (respectively, R") of modified degree < j. As in the proof
of Theorem 1.1, we may use G*, G~ from Proposition 4.10 to find m, n € Z so that for all j, R(j) is
spanned by the image of the set of standard monomials M with md(M) < j which admit a factorization
M = MyMM,, where My is a standard monomial of length < m involving ¢-powers < —n, M is a
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standard monomial involving d and ¢-powers between 1 —n and n — 1, and M, is a standard monomial
of length < m involving ¢t-powers > n. Let D = (dimg)(2n — 1) +2m — 1. The same argument as in
the proof of Theorem 1.1 shows that dim R(j) is bounded by a polynomial in j of degree D and so is
bounded by some A;j”.

Let V be a finite-dimensional subspace of C, containing 1, and choose a so that gr,.4 V € R(a). Then
dim V/ < dim R(aj) < AaP? jP. Therefore GKdim C < D.

The proof that GKdim C’ < oo is similar. O

We also have:

Proposition 5.6. Let I be a nonzero Poisson ideal of S(L) Qxc1K(c) and let 1" be a nonzero Poisson ideal
of S(L") ®xjc1 K(c). Then S(L) Qe K(c)/I and S(L") ®x(ey K(c) /1" have polynomial growth.

We leave the proof to the reader.

Remark 5.7. Propositions 5.5 and 5.6 should be viewed as temporary results, as later we will prove,
as stated in Theorems 1.1(2) and 1.2(2), that U (L) ®(cj K(c) and U (L") ®x(c K(c) are simple, and that
S(L) ®xqe1 k(c) and S(L') ®xje1 K(c) are Poisson simple.

Remark 5.8. The strategy of proof of Theorems 1.1(0) and 1.2(0) can be modified to give new proofs of
[Iyudu and Sierra 2020, Theorems 5.3 and 5.6]. Recall that the Witt algebra W = K[, t~119 is the Lie
algebra of polynomial vector fields on the punctured line (here 0= %
the unique nontrivial central extension of W. As a vector space we have

) and the Virasoro algebra Vir is

Vir=W @ kc
with Lie bracket
[f0,831=(fg — f'8)d+Reso(f'¢" — g f")e, ¢ central.

We describe the necessary modifications to prove [loc. cit., Theorem 5.3], that central quotients of U (Vir)
have just-infinite growth.

Let A € k and let J be a nonzero ideal of U, := U (Vir)/(c — A). The proof of Proposition 4.10 may
be modified (using the reduction in [loc. cit., Lemma 2.2] instead of Proposition 3.1) to show that there
are nonzero Ht € JNUK[t]9) and H~ € J N U (¢t~ 'kt~ 1]9). Similarly to our methods here, filter
U, by modified degree, where we define md(t"t19) = |n| + 1. Let G* = grmd(Hi) € groq(J). The
reduction argument in [loc. cit., Lemma 2.2] now gives a version of Lemma 5.4 for gr, (U, /J) and a
similar counting argument to the proof of Theorem 1.1 shows that U, /J has polynomial growth.

6. Simplicity of nontrivial central quotients

In this section, we prove Theorem 1.1(1,2) and Theorem 1.2(1,2). Throughout the section, let L be an
affine Kac—-Moody algebra with central element ¢ and derivation d, and let L' /(c) = g[t, t~']°, where g
is a finite-dimensional simple Lie algebra and o € Aut(g).



1226 Rekha Biswal and Susan J. Sierra

One of our main techniques will be to use the following corollary of Theorem 1.1(0). (This was the
reason for proving such a general version of this theorem, even though the result for A # 0 will soon be
superseded.)

Proposition 6.1. Let A € kK* and let B be either Uy (L) or U, (L’). Let A be a K-subalgebra of B with
GKdim A = oo. If J is a nonzero ideal of B then J N A # (0).

Proof. Combine Scholium 2.4 with Theorem 1.1(0). O

We will show that we can restrict without loss of generality to the case g = sl (and 0 = 1). Thus to
begin we consider this case.

6.1. The sl; case. In this subsection assume now that L has type Agl) (so g=slp and o0 =1). The derived
subalgebra L’ of L is isomorphic as a vector space to slp[¢, '] @ ke. We fix notation for elements of L':
let e, f, h be the standard basis of sl; and for n € Z let e, = et”, f, = ft", h, = ht". Let A € k*. In this
subsection we will show that U; (L) is simple.

Theorem 6.2. Let L be an affine Lie algebra of type AW 5o L= ;[;:

(1) For any A € K*, the algebra U, (L) is simple.

(2) Any nonzero ideal of U(L') contains a nonzero polynomial in c; equivalently, U (L") Qi K(c) is
simple.

Proof. (1) Let A; be the subalgebra of U, (L") generated by {h; : i € Z\ {0}}. We claim that A, is
isomorphic to the infinite Weyl algebra and is thus a simple ring. To see this, let A be the infinite Weyl
algebra of differential operators on K[x{, x2, ...]. We have

A= k(xl, 81,x2, 82, ...)/(xixj ij'xi, aiaj = 8j8i, 3,')6] —Xjai 251'7]' | i,jezzl).

It is well known that A is simple; for example, A is a direct limit of the (finite) Weyl algebras A,, generated
by x1, ..., X4, 01, ..., 0, which are simple by [Goodearl and Warfield 2004, Corollary 2.2].
A presentation for A, is

K(hi :i € Z\{0})/{hihj —hjh; =2i)A8;1}0)

from (4.7). Thus the map 9d; — h;/(2iA), x; — h_; induces an isomorphism A => A;.
Let J be a nonzero ideal of U, (L’). By Proposition 6.1, J N A, # (0). As A, is simple, 1 € J.

(2) The proof is similar. Suppose that J is a nonzero ideal of U(L’). Then J(c) := J Q1 K(c) is a
nonzero ideal of U (L) ®k K(c). Combining Scholium 2.4 and Proposition 5.5 we see that J(c) has
a nontrivial intersection with the K(c)-subalgebra of U(L’) ®x K(c) generated by {h; : i € Z\ {0}}.
Observe now that x; — h_;, 3; — h;/(2ic) induces an isomorphism between the simple ring A ®g K(c¢)
and this subalgebra. Thus 1 € J(c), and it follows that J Nk[c] # (0). [l
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6.2. The general case. We now let L be an arbitrary affine Lie algebra. To complete the proof of
Theorem 1.1, we note that L contains (in fact, many choices of) a subalgebra isomorphic to 5/[;

Lemma 6.3. Let L be an affine Kac—Moody algebra, with Chevalley generators e;, f;, h;, central ele-
ment c, and derivation d. For any f;, there is a subalgebra L of L which contains f;, ¢ and d and is

isomorphic to 5/[; via an isomorphism which sends the positive Borel of 5/[; into the positive Borel of L.
Proof. This is well known, and is proved in [Carbone et al. 2021]. |

We now complete the proof of Theorem 1.1 by proving parts (1) and (2), which are, respectively,
parts (1) and (2) of the next result.

Theorem 6.4. Let L be an affine Lie algebra:

(1) For any A € K*, the algebras U, (L) and U, (L') are simple.
(2) Any nonzero ideal of U (L) or of U (L’) contains a nonzero element of K[c]; equivalently, the algebras
U(L) ®ie1 k(c) and U(L') Qe K(c) are simple.
Proof. By Lemma 6.3, let L be a Lie subalgebra of L which is isomorphic to 5/[;

(1) Let J be a nonzero ideal of U, (L) or of U, (L’). By Proposition 6.1, J N U, (L") # (0) and thus 1 € J
by Theorem 6.2(1).

(2) This proof is similar, applying Scholium 2.4, Proposition 5.5, and Theorem 6.2(2) to the localized

ideal J Q] k(c). O
We next finish the proof of Theorem 1.2 by proving parts (1) and (2).

Theorem 6.5. Let L be an affine Lie algebra:

(1) For any A € K*, the algebras S (L) and S, (L") are Poisson simple.

(2) Any nonzero Poisson ideal of S(L) or of S(L) contains a nonzero element of K[c]; equivalently,
S(L) ®xqe1 k(c) and S(L') Qe K(c) are Poisson simple.

Proof. Again, let L be a Lie subalgebra of L which is isomorphic to g[; Define e, h,, fn € L’ as in
Section 6.1. Fori € Z>1, let x; = h_; and let y; = h; /(2Ai), and let S be the subalgebra of S, generated
by the x; and y;. Here the {x;} Poisson commute, as do the {y;}, and {y;, x;} =, ;. Thus S is isomorphic
to the infinite Poisson Weyl algebra, which is Poisson simple. One way to see this is that the (Poisson)
subalgebras K[xi, ..., x,, y1, ..., y,] are all Poisson simple; a proof is given in [Bavula 2020].

(1) Let J be a nonzero Poisson ideal of S; (L) or Sy (L'). By Theorem 1.2(0) and Scholium 2.4, JNS # (0).
As S is Poisson simple, 1 € J.

(2) The proof is similar, using Proposition 5.6 and a modification of the proof of Theorem 6.4(2). We
leave the details to the reader. U
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7. Other applications

In this section, we give other applications of our growth results.

In Proposition 4.10 we used growth to show that nontrivial ideals of U, (L) must meet U (L,.). However,
we can use Theorem 1.1(0) to obtain much stronger results of a similar flavor.

For simplicity, we state this next result only for untwisted loop algebras, although a similar result clearly
holds in the twisted case. Corollary 7.2, which is an immediate consequence, seems rather surprising
without the growth context.

Proposition 7.1. Let g be a finite-dimensional simple Lie algebra. Let J be a nonzero ideal of U (g[t, t~'])
and let £ be any infinite-dimensional Lie subalgebra of g[t, t~']. Then J N U (8) is nonzero.

Proof. This is a direct application of Proposition 6.1 with A = 0. ]

Corollary 7.2. In the situation of Proposition 7.1, if X C Z is any infinite set, for example X consists of
all of the powers of T or all of the primes, and g is any element of g, then J contains an element involving
only gt* for x € X.

Proof. The vector space spanned by {g#* : x € X} is an infinite-dimensional (abelian) Lie subalgebra of
glt, t~1, so this follows directly from Proposition 7.1. O

It is well known that the enveloping algebras U (g[¢]?), U (L), etc., are not left or right noetherian.
However, the results of this paper, as well as [Leén Sdnchez and Sierra 2023, Corollary 5.14], raise the
natural question of whether they satisfy the ascending chain condition on two-sided ideals. We close with
two results related to this question.

In the next two results, let g be a finite-dimensional simple Lie algebra with diagram automorphism o,
and let L be the affine Kac—-Moody algebra associated to g and o.

Proposition 7.3. The algebras U(g[t]°), U(L), and U (L) satisfy the ascending chain condition (ACC)

on completely prime ideals.

Proof. The proof of [Iyudu and Sierra 2020, Proposition 6.4] works in our setting, appealing to
Proposition 5.5 and Theorems 1.1 and 3.9 as necessary. We omit the details. (I

Remark 7.4. Let W, = tzk[t]% be the positive Witt algebra. 1t is shown in[lyudu and Sierra 2020,
Theorem 1.2] that U (W..) has just-infinite growth. Further, by [Petukhov and Sierra 2020, Theorem 1.5],
the symmetric algebra S(W. ) satisfies the ascending chain condition on radical Poisson ideals. These
results are supporting evidence for the conjecture [Petukhov and Sierra 2020, Conjecture 1.3] that the
enveloping algebra U (W) satisfies the ascending chain condition on two-sided ideals.

It is now known [Ledén Sdnchez and Sierra 2023] that symmetric algebras of (twisted) loop algebras
satisfy the ascending chain condition on radical Poisson ideals, and this can easily be extended to symmetric
algebras of affine Kac—Moody algebras. Combining this result with Theorem 1.1 and Proposition 7.3, it is
natural to ask if enveloping algebras of affine Kac—Moody algebras satisfy the ascending chain condition
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on two-sided ideals. (It is easy to see that these enveloping algebras are not left or right noetherian.) This
is the subject of ongoing research. Note that this question is only really interesting for Uy(L’).

A ring R is Hopfian if R is not isomorphic to any proper quotient R/J (equivalently, any epimorphism
from R — R is an isomorphism). If R satisfies the ascending chain condition on two-sided ideals, then R
must be Hopfian. We do not know if enveloping algebras of affine Lie algebras satisfy this ACC, butitis a
consequence of our growth results that they are Hopfian. Further, enveloping algebras of current algebras
and central quotients of enveloping algebras of affine algebras satisfy the stronger Bassian property, where
aring R is Bassian if there is no injection of R into any proper quotient R/J.

Proposition 7.5. The algebras U (g[t]?), Uy(L'), and Uy(L) are Bassian and Hopfian. Further, U (L)
and U (L") are Hopfian.

Proof. This proof is similar to the proof of [Iyudu and Sierra 2020, Proposition 6.5], but as it is fairly
brief we give it here in full.

If R has just infinite growth, then GKdim R/J < GKdim R for any proper ideal J of R, so R cannot
inject in R/J. Thus the Bassian (and thus Hopfian) property for U (g[¢]°) follows from Theorem 3.9, and
for Uy(L’) and Uy(L) it follows from Theorem 1.1(0).

Let U be either U(L) or U(L’). To show that U is Hopfian, let f be a surjective endomorphism of U,
with kernel J. As U/J = Im(f) = U is torsion-free as a module over K[c], the complex

0 — J ®uie; K(©) = U @k K(e) L2 U @iger Kie) > 0

is exact. Now by Proposition 5.5, we must have J Q. K(c) = 0, as otherwise a K(c)-algebra of
finite GK-dimension would surject onto one of infinite GK-dimension. As U is K[c]-torsion-free (or by
Theorem 1.1(2)), J =0. [l
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