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Ideals in enveloping algebras
of affine Kac–Moody algebras

Rekha Biswal and Susan J. Sierra

Let L be an affine Kac–Moody algebra, with central element c, and let λ ∈ C. We study two-sided ideals
in the central quotient Uλ(L) := U (L)/(c − λ) of the universal enveloping algebra of L and prove:

(1) If λ ̸= 0 then Uλ(L) is simple.
(2) The algebra U0(L) has just-infinite growth, in the sense that any proper quotient has polynomial

growth.

As an immediate corollary, we show that the annihilator of any nontrivial integrable highest-weight
representation of L is centrally generated, extending a result of Chari for Verma modules.

We also show that universal enveloping algebras of loop algebras and current algebras of finite-
dimensional simple Lie algebras have just-infinite growth, and prove similar results to the two results
above for quotients of symmetric algebras of these Lie algebras by Poisson ideals.

1. Introduction

Fix an algebraically closed field k of characteristic 0. Let L be an affine Kac–Moody algebra over k.
This paper is concerned with the structure, and particularly the size, of two-sided ideals of the universal
enveloping algebra U (L); our main theorem shows that such ideals are extremely large, in a sense that
we make precise below.

In the introduction, to simplify discussion, we assume that L is untwisted; that is, that there is a
finite-dimensional simple Lie algebra g so that, as a vector space,

L = g[t, t−1
] ⊕ kc ⊕ kd,

where c is central, d is the derivation measuring degree, and g[t, t−1
] is the loop algebra of g. (We

consider general affine algebras in the body of the paper.) The derived subalgebra L ′ of L is

L ′
= g[t, t−1

] ⊕ kc

and is the unique (up to isomorphism) nontrivial central extension of the loop algebra g[t, t−1
]. To

emphasize the relationship between L and g, we sometimes write L = ĝ.
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If λ ∈ k, define
Uλ(L) = U (L)/(c − λ) and Uλ(L ′) = U (L ′)/(c − λ),

so
U (g[t, t−1

]) ∼= U0(L ′).

We study two-sided ideals in U (L) and in the central quotients Uλ(L). We will see that they are very big,
in a precise sense. Our main result is:

Theorem 1.1. Let λ ∈ k:

(0) The algebras Uλ(L) and Uλ(L ′) have just-infinite growth. That is, let J be a nonzero ideal of Uλ(L),
and let J ′ be a nonzero ideal of Uλ(L ′). Then Uλ(L)/J and Uλ(L ′)/J ′ have polynomial growth.

(1) In fact, if λ ̸= 0 then Uλ(L) and Uλ(L ′) are simple rings.

(2) Any nonzero ideal of U (L) or of U (L ′) contains a nonzero element of k[c]; equivalently, the algebras
U (L ′) ⊗k[c] k(c) and U (L) ⊗k[c] k(c) are simple.

Here recall that a k-algebra R has polynomial growth if there is a polynomial p(t)∈R[t] so that, for every
finite-dimensional subspace V of R, dim V n

≤ p(n) for all sufficiently large n. (For example, enveloping
algebras of finite-dimensional Lie algebras have polynomial growth.) Further, R has exponential growth if
there exists V ⊂ R so that limn→∞(dim V n)1/n > 1 and (strictly) subexponential growth if R has neither
exponential nor polynomial growth. It is well-known that Uλ(L) and Uλ(L ′) have subexponential growth.
Thus Theorem 1.1(0) tells us that two-sided ideals in these algebras are extremely large: large enough to
cut these very big algebras down to a reasonable size.

We also prove a similar theorem for Poisson ideals in the symmetric algebras of L and L ′. Recall that
the symmetric algebra S(k) of a Lie algebra k is a Poisson algebra under the Kostant–Kirillov Poisson
bracket {− , −} induced by defining {x, y} = [x, y] for x, y ∈ k. A Poisson ideal of a Poisson algebra R
is an ideal of R which is also a Lie ideal for the Poisson bracket of R. We prove:

Theorem 1.2. Let λ ∈ k and consider the Poisson algebras Sλ(L) = S(L)/(c − λ) and Sλ(L ′) =

S(L ′)/(c − λ):

(0) Let I be a nonzero Poisson ideal of Sλ(L) and let I ′ be a nonzero Poisson ideal of Sλ(L ′). Then
Sλ(L)/I and Sλ(L ′)/I ′ have polynomial growth.

(1) In fact, if λ ̸= 0 then Sλ(L) and Sλ(L ′) are Poisson simple in the sense that they have no nontrivial
Poisson ideals.

(2) Any nonzero Poisson ideal of S(L) or of S(L ′) contains a nonzero element of k[c]; equivalently,
S(L ′) ⊗k[c] k(c) and S(L) ⊗k[c] k(c) are Poisson simple.

As an immediate consequence of Theorem 1.1 we compute the annihilators of a large class of repre-
sentations of L , and in particular for all nontrivial integrable highest-weight representations of L; we
show these annihilators are all centrally generated.
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Theorem 1.3. Let N be a nonzero representation of L so that (c − λ)N = 0 for some λ ̸= 0. Then
AnnU (L)(N ) = (c − λ). In particular, if M is a nontrivial integrable highest-weight representation of L
with central character λ, then

AnnU (L)(M) = (c − λ).

Proof. Theorem 1.1(1) shows that (c − λ) is a maximal ideal of U (L). The second statement is an
immediate consequence, since nontrivial highest-weight representations of L have nontrivial central
character. □

Theorem 1.3 extends Vyjayanthi Chari’s well-known calculation of the annihilators of Verma modules
for infinite-dimensional symmetrizable Kac–Moody algebras [Chari 1985]. To our knowledge, no
annihilator of a (nontrivial) integrable highest-weight representation of an affine algebra has been known
until now.

Our investigation was partially motivated by work of Natalia Iyudu and Sierra [2020], showing that
the analogue of Theorem 1.1(0) holds for the Virasoro Lie algebra: central quotients of the enveloping
algebra of the Virasoro algebra have just-infinite growth; see [Iyudu and Sierra 2020, Theorem 1.2].
Affine Kac–Moody algebras (more precisely, their derived subalgebras) and the Virasoro algebra are
both central extensions of a graded simple Lie algebra of linear growth, and their representation theory
is related through the Sugawara construction. It is thus natural to ask whether results for the Virasoro
algebra can be extended to cover affine algebras. However, affine algebras are much more commutative
than the Virasoro algebra, where the centralizers of elements are in general finite-dimensional (in fact
two-dimensional); thus, naively, two-sided ideals in their enveloping algebras are smaller. It is surprising
to find that the two-sided structure of their enveloping algebras is similarly constrained.

The phrasing of Theorem 1.1 appears redundant; of course, since Uλ(L) is simple for λ ̸= 0, it has just-
infinite growth. However, it reflects the structure of the paper. We focus first on proving Theorems 1.1(0)
and 1.2(0). Our proof strategy here is broadly similar to the methods of [Iyudu and Sierra 2020], but
significantly more delicate because of the commutativity problem. Centralizers in L are large in general
and so the adjoint action of L is more difficult to control. Note that to prove just-infinite growth for a
(left and right) nonnoetherian algebra like Uλ(L), it is helpful for as many commutators as possible to be
nonzero in order to ensure that two-sided ideals are big.

To prove Theorems 1.1(0) and 1.2(0), we construct an ordered PBW basis for Uλ(L) and then show,
through analyzing the adjoint action of L on Uλ(L), that if B is a sufficiently large element of this basis,
then there is an element of J with leading term B. (See Lemma 5.4.) This allows us to reduce almost all
basis elements, modulo J, to smaller elements and thus to bound the growth of Uλ(L)/J.

We work first with the symmetric algebra of the positive current algebra tg[t] of g. This is the associated
graded ring of U (tg[t]) under the natural (length) filtration and so has a Poisson algebra structure; further
it is finitely graded under the grading induced by giving elements of g degree 0 and t degree 1. We
show that if I is a nontrivial Poisson ideal of S(tg[t]), then we can reduce almost all monomials in
an ordered PBW basis of S(tg[t]) to smaller monomials, modulo I. This reduction result allows us to
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prove (Theorem 3.9) that U (g[t]) has just-infinite growth. We then extend our analysis to U (g[t, t−1
]),

to general Uλ(L ′), and to Uλ(L).
A corollary of Theorem 1.1(0) is the following somewhat counterintuitive result:

Proposition 1.4 (Proposition 4.10, Corollary 7.2). Let g be a finite-dimensional simple Lie algebra,
let U (g[t, t−1

]) be the enveloping algebra of the loop algebra of g, and let J be a nontrivial ideal of
U (g[t, t−1

]). If X ⊆ Z is any infinite set (for example, X consists of all the primes), and g ∈ g \ {0}, then
J contains a (nonzero) element involving only Lie algebra elements of the form gt x for x ∈ X.

In particular, if L is the (untwisted) affine algebra associated to g and J is a nonzero ideal of U (L),
then J ∩ U (g[t]) ̸= (0).

Proposition 1.4 allows us to conclude that if h is a semisimple element of g, then any nontrivial ideal of
Uλ(L) meets the subalgebra Aλ generated by {ht i

: i ∈ Z\{0}} nontrivially. If λ ̸= 0 then Aλ is isomorphic
to an infinite Weyl algebra and is thus simple, and simplicity of Uλ(L) follows immediately. Similar
techniques give Theorem 1.1(2) and parts (1), (2) of Theorem 1.2.

To conclude the Introduction, we briefly describe the structure of the paper. Section 2 establishes
notation and basic facts about affine Lie algebras and loop algebras, as well as the basics of growth
and GK-dimension. Key results on Poisson ideals of symmetric algebras of positive current algebras
are proved in Section 3. In Section 4 we prove preparatory results needed to extend our methods from
U (tg[t]) to Uλ(L) before proving Theorems 1.1(0) and 1.2(0) in Section 5. In Section 6 we prove the
remaining parts of Theorems 1.1 and 1.2. Section 7 gives several other applications of Theorem 1.1,
including Proposition 1.4.

2. Bases and basic facts

If L is an affine Kac–Moody algebra with central element c then there is a finite-dimensional simple Lie
algebra g and σ ∈ Aut(g) so that L ′/(c) is isomorphic to the (possibly twisted) loop algebra g[t, t−1

]
σ. In

this section we establish notation and basic facts about loop algebras, and further establish ordered bases
for loop algebras and for their enveloping/symmetric algebras, which we will use in the next section. We
also recall some background on growth and Gelfand–Kirillov dimension of algebras and modules.

We adopt the following notation: Let g be a finite dimensional simple Lie algebra. Let σ ∈ Aut(g)
which (without loss of generality) we assume comes from an automorphism of the Dynkin diagram of g.
We also let σ denote the diagram automorphism and the associated automorphism of the root system of g.
Let r be the order of σ . Let η be a primitive r-th root of unity. We extend the action of σ to g[t, t−1

]

by defining σ(gt s) = σ(g)η−s t s , and denote the corresponding twisted current algebra by g[t]σ and the
twisted loop algebra by g[t, t−1

]
σ.

2.1. Basic facts about g. In this subsection we establish notation and basic facts about g. Fix a Cartan
subalgebra h of g. If α ∈ h∗, we denote the α-eigenspace of g by gα.
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If s ∈ Z, let s̄ denote the congruence class of s in Z/rZ. The automorphism σ induces a Z/rZ-grading
g =

⊕r−1
s=0 gs̄ of g, where gs̄ = {g ∈ g : σ(g) = ηs g}. If g ∈ gs̄ , we write |g| = s̄. The gs̄ for 0 ≤ s ≤ r − 1

are irreducible g0-modules under the adjoint action.
Let h0 = g0 ∩ h be the Cartan subalgebra of g0. As in [Kac 1990, page 130], for s̄ ∈ Z/rZ let 1s̄ be

the set of nonzero weights of h0 on gs̄ and define the weight space decomposition

gs̄ =

⊕
α∈1s̄∪{0}

gs̄,α.

We say an element g ∈ g is weight-homogeneous if g is in some gs̄,α . Any weight-homogeneous element
is by definition σ -equivariant. It is clear that [gs̄,α, g p̄,β] ⊆ gs̄+ p̄,α+β .

We observe the following basic facts. As these are standard, most are stated without proof:

(0) We have g[t, t−1
]
σ

=
⊕

s∈Z gs̄ t s .

(1) The automorphism σ preserves the set of simple roots of g and so the height of elements of g. In
particular, the positive Borel subalgebra b+ of g and the nilpotent radical n+ of b+ are σ -invariant and
thus decompose as sums

n+
=

r−1⊕
s=0

n+

s̄ and b+
=

r−1⊕
s=0

b+

s̄

of σ -weight spaces.

(2) For each s̄ ∈ Z/rZ and each α ∈ 1s̄ we either have gs̄,α ⊆ n+ or gs̄,α ⊆ n−. Thus we can define

1+

s̄ = {α ∈ 1s̄ : gs̄,α ⊆ n+
}.

Let 1+
= {(s̄, α) : α ∈ 1+

s̄ }. Similarly, define 1−

s̄ and 1−. Let 1 = 1+
∪ 1−

= {(s̄, α) : α ∈ 1s̄}.

(3) Let θ be the longest root of g. There are (s̄, α) ∈ 1+ so that gθ = gs̄,α.

(4) For α ̸= 0 the spaces gs̄,α are one-dimensional, so we may choose a generator gs̄,α. Also, if γ is a
positive root of g, let eγ , fγ be the Chevalley generators, respectively, of gγ and g−γ . Let hγ = [eγ , fγ ].

(5) If ( p̄, β) ∈ 1±, then there are (s̄1, γ1), . . . , (s̄k, γk) ∈ 1∓ so that

[gs̄k ,γk , [. . . , [gs̄1,γ1, g±θ ], . . . ]] = g p̄,β .

(6) The centralizer of h0 in g is a Cartan subalgebra of g and is thus equal to h, and so

h = g0,0 ⊕ · · · ⊕ gr−1,0,

and h0 = g0,0.

(7) If (s̄, α) ∈ 1+, then (−s, −α) ∈ 1− and [gs̄,α, g−s,−α] ⊆ h0. Let κ be the Killing form of g, which
restricts to a nondegenerate bilinear form on h0, and let ν : h0 → h∗

0
be the induced isomorphism. Then

[gs̄,α, g−s̄,−α] = kν−1(α). Further, there is a positive root γ of g so that

gs̄,α ⊆

r−1∑
i=0

gσ i (γ ).
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r g h0 h1

2 A2ℓ, ℓ ≥ 1 {hi + h2ℓ−i+1 : 1 ≤ i ≤ ℓ} {hi − h2ℓ−i+1 : 1 ≤ i ≤ ℓ}

2 A2ℓ−1, ℓ ≥ 1 {hi + h2ℓ−i : 1 ≤ i ≤ ℓ − 1, hℓ} {hi − h2ℓ−i : 1 ≤ i ≤ ℓ − 1}

2 Dℓ+1, ℓ ≥ 3 {hi : 1 ≤ i ≤ ℓ − 1, hℓ + hℓ+1} hℓ − hℓ+1

2 E6 h1 + h5, h2 + h4, h3, h6 h1 − h5, h2 − h4

3 D4 h1 + h3 + h4, h2 h1 + ηh3 + η2h4

r h2

2 0
3 h1 + η2h3 + ηh4

Table 1. Basis for Cartan subalgebra.

Let r ′ be the σ -order of γ . Then (gs̄,α, g−s,−α) is, up to nonzero scalar multiple,

(eγ + ηeσ(γ ) + η2eσ 2(γ ), fγ + η2 fσ(γ ) + η fσ 2(γ )) if r ′
= 3 and s̄ = 1,

(eγ + η2eσ(γ ) + ηeσ 2(γ ), fγ + η fσ(γ ) + η2 fσ 2(γ )) if r ′
= 3 and s̄ = 2,

(eγ + eσ(γ ) + eσ 2(γ ), fγ + fσ(γ ) + fσ 2(γ )) if r ′
= 3 and s̄ = 0,

(eγ + eσ(γ ), fγ + fσ(γ )) if r ′
= 2 and s̄ = 0,

(eγ − eσ(γ ), fγ − fσ(γ )) if r ′
= 2 and s̄ = 1,

(eγ , fγ ) if r ′
= 1.

Also,

[gs̄,α, g−s,−α] =


hγ + hσ(γ ) + hσ 2(γ ) if r ′

= 3,

hγ + hσ(γ ) if r ′
= 2,

hγ if r ′
= 1.

Finally, up to scalars {gs̄,α, g−s,−α, [gs̄,α, g−s,−α]} forms an sl2-triple.
As σ preserves the height of elements, each gs̄,α has a well-defined height in terms of the root system

of g.

(8) When σ ̸= id (that is, when r = 2, 3) we give notation for a σ -equivariant basis of h in Table 1. In
this case g must be type A, D, or E . Let the simple roots of g be α1, α2, . . . and let hi = [eαi , fαi ] for
1 ≤ i ≤ dim h. We number the simple roots of g as in [Kac 1990, Table Fin, page 53].

(9) Let B1 = {gs̄,α : (s̄, α) ∈ 1} and let

hi
s̄ =

r ′∑
j=0

ηs j hσ j (i).

(Here r ′ is the σ -order of the simple root αi .) Then

B = B1 ∪ {hi
s̄}

is a σ -equivariant basis of g. If 0 ≤ s ≤ r − 1, let Bs̄ = {x ∈ B : |x | = s}.

2.2. Two monomial orders on S(g[t, t−1]σ ). In this section, we define PBW bases of S(g[t, t−1
]
σ ) and

U (g[t, t−1
]
σ ). We will refer to elements of these bases as monomials, and we will define two different

orders on monomials. The interplay between these monomial orders is key to proving our reduction
results.
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We first extend the σ -equivariant basis B of g to a basis of g[t, t−1
]
σ. Let

B[t, t−1
]
σ

= {gtrn+|g|
: g ∈ B, n ∈ Z},

which is a basis of g[t, t−1
]
σ. Let

B[t]σ = B[t, t−1
]
σ

∩ g[t]σ .

We will need an order on B[t, t−1
]
σ, which we define as follows.

We first give an order on the roots of g. Let R be the set of roots of g and let R+, R− be respectively the
sets of positive and negative roots. Let {αi : i ∈ {1, . . . , n}} be the set of simple roots of g. If α =

∑
biαi

is a positive root, then we define the height of α to be ht α =
∑

bi . Recall that we denote the highest root
of g by θ .

We will define a total order < on R by:

• α < β if ht α < ht β.

• If α =
∑

biαi , β =
∑

ciαi and ht α = ht β, then α < β if the tuple (b1, . . . , bn) is less than the tuple
(c1, . . . , cn) in lexicographic order.

For each β ∈ R let gβ = eβ if β ∈ R+ and gβ = f−β if β ∈ R−. Then

C = {gβ : β ∈ R} ∪ {hαi : 1 ≤ i ≤ n}

is a basis for g. Let (β1, . . . , βℓ) be an enumeration of R+ written in increasing order w.r.t. the above
total order (so βℓ = θ ). We define the following total order on C:

g−βℓ
< · · · < g−β1 < hα1 < · · · < hαn < gβ1 < · · · < gβℓ

.

Given g ∈ g, define the C-leading term of g, which we denote by LTC(g), to be the largest element of
C occurring in g with nonzero coefficient. (The reason for the subscript C in the notation is to distinguish
this from other uses of the terminology “leading term” in this paper.)

The ordering defined above on C has the property that if x, y, z ∈ C with [x, y] ̸= 0 ̸= [x, z], then

y < z ⇐⇒ LTC[x, y] < LTC[x, z]. (2.1)

We now induce orderings on each basis Bs̄ of gs̄ from our order on C. Let 0 ≤ s ≤ r − 1. If x, y ∈ Bs̄ ,
define

x < y ⇐⇒ LTC(x) < LTC(y).

(We note here that it can be seen by inspection that, since every element of Bs̄ is associated to a unique
σ -orbit in C, if LTC(x) = LTC(y) then x = y.) For g ∈ gs̄ , we define LTB(g) to be the largest element of
B occurring in g with nonzero coefficient.

It follows from (2.1) that if x ∈ Bs̄ , y ∈ gs̄ with LTB(y) < x , and z is weight-homogeneous with
[z, x] ̸= 0 ̸= [z, y], then

LTB[z, y] < LTB[z, x]. (2.2)
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As an example, we give the orderings on the Bs̄ in the case g = A2, |σ | = 2. We have

B0 : g−α1 < g−α2 < h1 + h2 < gα2 < gα1 and B1 : g−θ < h1 − h2 < gθ .

Using the total order < on the Bs̄ , we define a total order on the basis B[t, t−1
]
σ of g[t, t−1

]
σ as

follows: If xta, ytb
∈ B[t, t−1

]
σ , then xta < ytb if and only if

• a < b; or

• a = b, and x < y in the total order defined on Bā .

We now define a basis of normal words or standard monomials for S(g[t, t−1
]
σ ) and U (g[t, t−1

]
σ ).

We will refer to elements of B[t, t−1
]
σ as letters, as “words” (or monomials) in these letters will span the

algebras of interest. A standard monomial or normally ordered monomial in the letters B[t, t−1
]
σ is an

expression of the form

M = g1trm1+|g1| · · · gk trmk+|gk |, (2.3)

where the gi ∈ B, and g1trm1+|g1| ≤ · · · ≤ gk trmk+|gk |. We sometimes write a standard monomial as

M = g1tn1 · · · gk tnk ,

and when we do so we assume that na = |ga| for all a: in other words, that each gi tni ∈ g[t, t−1
]
σ, so

M ∈ S(g[t, t−1
]
σ ). We say that k is the length of M, which we denote by len M, and that the total t-power∑

a na is the degree of M, which we denote by deg(M).
We introduce two total orderings on the set of standard monomials. For two standard monomials M1

and M2, we write M1 < M2 if

• len M1 < len M2 or

• len M1 = len M2 and deg M1 < deg M2 or

• len M1 = len M2, deg M1 = deg M2, and M1 is less than M2 with respect to the left to right lexico-
graphic order when both M1 and M2 are written in increasing (that is, normal) order.

Similarly, we write M1 ≺ M2 if

• len M1 < len M2 or

• len M1 = len M2 and deg M1 < deg M2 or

• len M1 = len M2, deg M1 = deg M2, and M1 is less than M2 with respect to the right to left lexico-
graphic order when both M1 and M2 are written in increasing order.

By the PBW theorem, both U (g[t, t−1
]
σ ) and S(g[t, t−1

]
σ ) have a basis of standard monomials. Given

nonzero F ∈U (g[t, t−1
]
σ ) or F ∈ S(g[t, t−1

]
σ ), we define LT< F , respectively LT≺ F , to be the <-largest,

respectively ≺-largest, standard monomial occurring in F with nonzero coefficient when F is written as
a linear combination of standard monomials.
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2.3. Growth. In this short subsection we recall some definitions and basic facts about the growth of
algebras and modules. Let R be a finitely generated associative k-algebra and let M be a finitely generated
representation of R. Then R has polynomial growth if there is a polynomial p(t) ∈ R[t] so that, for every
finite-dimensional subspace V of R, dim V n

≤ p(n) for all sufficiently large n. Further, R has exponential
growth if there exists V ⊂ R so that limn→∞(dim V n)1/n > 1 (note that this limit always exists) and
(strictly) subexponential growth if R has neither exponential or polynomial growth. The growth of M
is defined similarly; here we let V ⊂ R and W ⊂ M be finite-dimensional vector spaces and consider
dim V nW as n → ∞. If k is an infinite-dimensional Lie algebra of polynomial growth (for example, an
affine or loop algebra) then U (k) has subexponential growth by [Smith 1976].

The idea of growth may be refined through considering the Gelfand–Kirillov dimension or GKdim of
R and of M. Here we define

GKdim R = sup
V

lim logn dim V n,

where the supremum is taken over all finite-dimensional subspaces V of R. Likewise,

GKdim M = sup
V,W

lim logn dim V nW,

where the supremum is taken over all finite-dimensional subspaces V of R and W of M. If R is a finitely
generated k-algebra and M is a finitely generated R-module, let V be any finite-dimensional generating
subspace of R that contains 1, and let W be any finite-dimensional generating subspace of M. Then

GKdim R = lim logn dim V n, GKdim M = lim logn dim V nW,

and does not depend on the choice of V or W .
Note that R (respectively, M) has polynomial growth if and only if GKdim R < ∞ (respectively,

GKdim M < ∞). We say that R has just-infinite growth (equivalently, just-infinite GK-dimension) if
GKdim R = ∞ but for any nontrivial ideal J of R, then GKdim R/J < ∞. For more background about
growth and GK-dimension, we refer the reader to [Krause and Lenagan 1985].

If k is a Lie algebra, then GKdim U (k) = dim k. Further, by [Smith 1976], if L is an affine Kac–Moody
algebra, then the central quotients Uλ(L) and Uλ(L ′) have intermediate growth.

We will repeatedly use the following basic fact about growth of algebras.

Scholium 2.4. Let K be a field and let A ⊆ B be K -algebras. Suppose that GKdim A = ∞ and that J is
an ideal of B such that B/J has polynomial growth. Then J ∩ A ̸= (0).

Proof. This follows directly from the fact that GK-dimension does not increase on subalgebras [Krause
and Lenagan 1985, Lemma 3.1], so we cannot have A ↪→ B/J. □

3. A reduction result for symmetric algebras of current algebras

Let g be a finite-dimensional simple Lie algebra and let σ ∈ Aut(g). We adopt the notation of Section 2;
in particular, let r be the order of σ . The positive twisted current algebra of g is the subalgebra (tg[t])σ
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of the (twisted) loop algebra g[t, t−1
]
σ. In this section, we consider the symmetric algebra of the positive

twisted current algebra of g and show that it has just-infinite growth as a Poisson algebra: any factor by
a proper Poisson ideal has polynomial growth. We will generalize this result in later sections to prove
Theorems 1.1 and 1.2.

The symmetric algebra S(g[t, t−1
]
σ ) is a Lie algebra under the Poisson bracket {− , −} induced from

the Lie bracket on g[t, t−1
]
σ. That is, for x, y ∈ g[t, t−1

]
σ we have {x, y} = [x, y], and {− , −} is

anticommutative and a derivation in each input.
A Poisson ideal of S(g[t, t−1

]
σ ) is an ideal of the underlying commutative algebra which is also a Lie

ideal for the Poisson bracket. Note that a Lie ideal of S(g[t, t−1
]
σ ) is also a g[t, t−1

]
σ -subrepresentation,

where g[t, t−1
]
σ acts on the symmetric algebra by the adjoint action ad gta

={gta, −}. Each Sm(g[t, t−1
]
σ )

is a subrepresentation of S(g[t, t−1
]
σ ) under the action of g[t, t−1

]
σ, although of course not a Poisson

ideal.
Thus if I is a Poisson ideal of S(g[t, t−1

]
σ ), each I ∩ Sm(g[t, t−1

]
σ ) is a g[t, t−1

]
σ -subrepresentation

of S(g[t, t−1
]
σ ). We will spend the bulk of this section analyzing the structure of such subrepresentations.

In fact, because we want our results to apply to Poisson ideals of current algebras, we will consider the
structure of (tg[t])σ -subrepresentations of the m-th symmetric power Sm(g[t, t−1

]
σ ).

Our key technical result is the following:

Proposition 3.1. Fix m ∈ N, and let I be any nonzero (tg[t])σ subrepresentation of Sm(g[t, t−1
]
σ ). There

are n, ℓ ∈ Z such that for any standard monomial M = g1t i1 · · · gm t im with i1 ≥ n, there is HM ∈ I such
that LT< HM = M and all t-powers in HM are ≥ ℓ.

This result allows us to reduce “big” monomials modulo I to a linear combination of smaller monomials.
The proof is based on the interplay between the < and ≺-orders on standard monomials, generalizing the
key arguments of [Iyudu and Sierra 2020] to work in our substantially more commutative context.

3.1. Preparatory results. Before proving the main reduction result Proposition 3.1, we will need several
preparatory lemmata which will help us control the ≺-leading terms of elements of I. If M = g1t i1 · · · gm t im

is a standard monomial, we say that (g1, . . . , gm) is the congruence class of M and write M ≡ (g1, . . . , gm).
We will construct, for any congruence class g ∈ (B1)m , an element Hg ∈ I with LT≺ Hg ≡ g. We will
see that the existence of these elements is sufficient to prove Proposition 3.1.

Constructing the Hg will take several steps. We first show that Hg exists for g = (gθ , . . . , gθ ) or
(g−θ , . . . , g−θ ); and further, we can assume, in this case, that all monomials of Hg have the same
congruence class.

Lemma 3.2. Let 0 ̸= F ∈ Sm(g[t, t−1
]
σ ), and consider the adjoint action of (tg[t])σ on Sm(g[t, t−1

]
σ ).

Let I denote the subrepresentation generated by F :

(1) If {gs̄,αtr p+s, F} = 0 for all p ∈ Z≥1 and all (s̄, α) ∈ 1+ then F ∈ Sm(gθ [t, t−1
]): that is, F is a

linear combination of monomials of the form gθ tk1 · · · gθ tkm for some k1 ≤ · · · ≤ km .
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(2) If {gs̄,αtr p+s, F} = 0 for all p ∈ Z≥1 and all (s̄, α) ∈ 1− then F ∈ Sm(g−θ [t, t−1
]): that is, F is a

linear combination of monomials of the form g−θ tk1 · · · g−θ tkm for some k1 ≤ · · · ≤ km .

(3) There are nonzero G ∈ I ∩ Sm(gθ [t, t−1
]) and G ′

∈ I ∩ Sm(g−θ [t, t−1
]).

Proof. (1) Let (s̄, α)∈1+. Let us take q ∈ Z≥1 such that q̄ = s̄ and so that if g1t j1 · · · gm t jm is a monomial
in F. Then q > | j1| + · · · + | jm |. Thus, if M = g1t j1 · · · gm t jm is a monomial appearing in F , then

{gs̄,αtrq+s, M} = g2t j2 · · · gm t jm [gs̄,α, g1]t j1+q

+ g1t j1 g3t j3 · · · gm t jm [gs̄,α, g2]t j2+q
+ · · · + g1t j1 · · · gv−1t jv−1[gs̄,α, gm]t jm+q .

Note that each of the monomials above are written in normal order. Since we have taken q to be large
enough, none of those monomials will appear in expressions coming from the action of gs̄,αtq on any
monomial M ′

̸= M occurring in F . Hence by hypothesis the Lie brackets [gs̄,α, gi ] are all zero. This is
true for all (s̄, α) ∈ 1+ which implies that [n+, gi ] = 0 for 1 ≤ i ≤ m. Hence g1 = · · · = gm = gθ , which
spans the center of n+. The proof of (2) is similar.

To prove (3), we first construct 0 ̸= G ∈ I so that

{gs̄,αtr p+s, G} = 0 for all p ∈ Z≥1 and (s̄, α) ∈ 1+. (3.3)

If (3.3) holds for G = F , we are done. Otherwise there exist a ∈ Z≥1 and (ū, β) ∈ 1+ such that
F1 = {gū,β tra+u, F} ̸= 0. If (3.3) holds for G = F1, we are done; else there exist b ∈ Z≥1 and (v̄, γ ) ∈ 1+

such that F2 = {gv̄,γ trb+v, F1} ̸= 0. As {gs̄,α, −} increases the height of monomials and the height of a
monomial in Sm(g[t, t−1

]
σ ) is at most m ht θ , this process must terminate. Thus, continuing this procedure

repeatedly, we will reach a nonzero element G of I such that (3.3) holds.
By symmetry there is 0 ̸= G ′

∈ I such that {gs̄,αtr p+s, G ′
} = 0 for all p ∈ Z≥1 and (s̄, α) ∈ 1−. The

two parts of (3) then follow by applying (1) and (2). □

Enumerate 1+
= {(ξ 1, β1), . . . , (ξ ℓ, βℓ)} where 0 ≤ ξi ≤ r −1. Then the set {gξ1,β1

, . . . , gξ ℓ,βℓ
} forms

a basis of n+ and the set {g
−ξ1,−β1

, . . . , g
−ξℓ,−βℓ

} forms a basis of n−. Recall that if g ∈ gs̄ , then we write
s̄ = |g|.

We now prove the existence of Hg with LT≺ Hg ≡ g for any g ∈ (B1)m .

Lemma 3.4. Let I be the (tg[t])σ -subrepresentation of Sm(g[t, t−1
]
σ ) generated by an element F ̸= 0.

Let (g1, . . . , gm) ∈ (B1)m . Then there exists G in I such that LT≺(G) ≡ (g1, . . . , gm).

Proof. Let d = ht(θ) > 0. Write gθ = gs̄,α , which implies that g−θ = g−s,−α i.e., |gθ | = −|g−θ | (mod r).
We prove by induction that for all n ∈ {0, . . . , m} there is G(n) ∈ I with the following properties:

(1) LT≺(G(n)) = g1tk1 · · · gntkn gθ tkn+1 · · · gθ tkm for some k1 ≤ · · · ≤ km ∈ Z.

(2) ki + 2rd ≤ ki+1 for all i > n.

(3) ki < ki+1 for all i ≤ n.

Then G = G(m) is the element we seek.
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To construct G(0) we use Lemma 3.2. By that result, there is a nonzero H ∈ I ∩ Sm(g−θ [t, t−1
]).

Write LT≺ H = g−θ t j1 . . . g−θ t jm where j̄1 = · · · = j̄m = |g−θ |. Let

G(0) = (ad gθ trd+|gθ |)2(ad gθ t2rd+|gθ |)2
· · · (ad gθ tmrd+|gθ |)2(H).

The monomials in G(0) are obtained from monomials in H by applying exactly two gθ t i to each g−θ t jk .
(This is because (ad gθ )

3(g−θ )=0.) The ≺-leading term of G(0) is obtained from LT≺(H) by applying the
highest powers of t to the rightmost letters. Thus LT≺(G(0))= gθ tk1 · · · gθ tkm where ki = ji +2(ird+|gθ |).
It is immediate that this has the claimed properties.

Now assume we have constructed G(n) as claimed for some 1 ≤ n ≤ m − 1; we construct G(n + 1).
There are two cases, depending on whether gn+1 lies in a positive or negative root space:

Negative case: gn+1 ∈ n−.

Step 1−. Let H−

1 = (ad g−θ tr−|gθ |)2(m−n)(G(n)) and let

N−

1 = g1tk1 · · · gntkn g−θ tkn+1+2(r−|gθ |) · · · g−θ tkm+2(r−|gθ |).

We claim that N−

1 = LT≺(H−

1 ). This is because the ≺-leading term of H−

1 is obtained from LT≺(G(n))

by increasing the right-most powers of t as much as possible, and this clearly gives N−

1 .

Step 2−. Let H−

2 = (ad gθ tr+|gθ |)2(m−n−1)(H−

1 ) and let

N−

2 = g1tk1 · · · gntkn g−θ tkn+1+2(r−|gθ |)gθ tkn+2+4r
· · · gθ tkm+4r .

We claim that N−

2 = LT≺(H−

2 ).
First, we show that N−

2 = LT≺(ad g−θ tr−|gθ |)2(m−n)(N−

1 ). This is similar to the previous paragraph;
again, the ≺-leading term is obtained by increasing the right-most powers of t as much as possible,
giving N−

2 .
We now show that N−

2 = LT≺(H−

2 ). Let N ′

2 ̸= N−

2 be any other monomial of H−

2 . Suppose that
N ′

2 ∈ gtk1 · · · gtkngtkn+1+2(r−|gθ |)gtkn+2+4r
· · · gtkm+4r — that is, N ′

2 involves the same t-powers as N−

2 .
(If this is not the case, it is clear that N ′

2 ≺ N−

2 .) By construction, there must be a monomial M =

h1tk1 · · · hm tkm of G(n) so that N ′

2 is a monomial in (ad gθ tr−|g−θ |)2(m−n−1)(ad g−θ tr−|gθ |)2(m−n)(M);
that is, N ′

2 is obtained from a monomial in G(n) with the same t-powers as LT≺ G(n). Further, N ′

2

must have been obtained from M by applying g−θ tr−|gθ | twice to each letter of M in the (n+1)-st place
or further right, and gθ tr+|gθ | twice to each of the letters in the (n+2)-nd place and further right; any
other combination of applying g−θ tr−|gθ | and gθ tr+|gθ | would give either the wrong t-powers or a zero
result. The only possibility to obtain a nonzero result is if M = h1tk1 . . . hntkn gθ tkn+1 . . . gθ tkm , as we
needed (ad g−θ tr−|gθ |)2 to be nonzero on the (n+1)-st and greater letters of M. Thus we have N ′

2 =

h1tk1 . . . hntkn g−θ tkn+1+2(r−|gθ |)gθ tkn+2+4r . . . gθ tkm+4r , where necessarily h1tk1 . . . hntkn ≺ g1tk1 . . . gntkn .
So N ′

2 ≺ N−

2 .
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Step 3−. As θ is the longest root of g, by Fact (5) there are p ∈ Z≥0 and (s1, η1), . . . , (sp, ηp) ∈ 1+ so
that gn+1 is a nonzero multiple of

[gs̄1,η1, [. . . , [gs̄p,ηp , g−θ ] . . . ]].

Let us define H−

3 = {gs̄1,η1 t s1, {. . . , {gs̄p,ηp t sp , H−

2 } . . . }} and S =
∑p

i=1 si and let

N−

3 = g1tk1 · · · gntkn gn+1tkn+1+2(r−|gθ |)+Sgθ tkn+2+4r
· · · gθ tkm+4r .

We claim that N−

3 = LT≺(H−

3 ). First, LT≺({gs̄1,η1 t s1, {. . . , {gs̄p,ηp t sp , N−

2 } . . . }}) is obtained from N−

2 by
applying the elements gs̄i ,ηi t

si as far to the right as possible. As [gs̄i ,ηi , gθ ] = 0 for all i (this is because θ

is the highest root of g), applying the gs̄i ,ηi t
si as far to the right as possible means applying them to the

(n+1)-st letter g−θ tkn+1+2(r−|gθ |) to obtain N−

3 . In other words,

N−

3 = LT≺({gs̄1,η1 t s1, {. . . , {gs̄p,ηp t sp , N−

2 } . . . }}).

Now let N ′

2 ̸= N−

2 be any other monomial of H−

2 and let

H ′

3 = {gs̄1,η1 t s1, {. . . , {gs̄p,ηp t sp , N ′

2} . . . }}.

If N ′

2 ̸∈ gtk1 · · · gtkngtkn+1+2(r−|gθ |)gtkn+2+4r
· · · gtkm+4r , then by comparing t-powers we must have

LT≺ H ′

3 ≺ N−

3 . Suppose now that N ′

2 involves the same t-powers as N−

2 ; that is,

N ′

2 ∈ gtk1 · · · gtkngtkn+1+2(r−|gθ |)gtkn+2+4r
· · · gtkm+4r .

We have seen in the proof of Step 2− that we must have

N ′

2 = h1tk1 · · · hntkn g−θ tkn+1+2(r−|gθ |)gθ tkn+2+4r
· · · gθ tkm+4r

for some h1, . . . , hn ∈ B. Then

LT≺(H ′

3) = h1tk1 · · · hntkn gn+1tkn+1+2(r−|gθ |)+Sgθ tkn+2+4r
· · · gθ tkm+4r .

But as N ′

2 ≺ N−

2 , thus h1tk1 · · · hntkn ≺ g1tk1 · · · gntkn : that is, LT≺(H ′

3) ≺ N−

3 . Thus N−

3 = LT≺ H−

3 , as
claimed.

Let G(n + 1) = H−

3 . We have shown that (1) is satisfied; but the t-powers in N−

3 also satisfy (2)

and (3).

Positive case: gn+1 ∈ n+.

Step 1+. Let H+

1 = (ad g−θ tr−|gθ |)2(m−n−1)(G(n)) and let

N+

1 = g1tk1 · · · gntkn gθ tkn+1 g−θ tkn+2+2(r−|gθ |) · · · g−θ tkm+2(r−|gθ |).

We claim that N+

1 = LT≺ H+

1 . This is because the ≺-leading term of H+

1 must come from the ≺-leading
term of G(n) by increasing the rightmost t-powers as much as possible, which gives N+

1 .
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Step 2+. As θ is the longest root of g, by Fact (5) there are q ∈ Z≥0 and (s1, γ1), . . . , (sq , γq) ∈ 1− so
that gn+1 is a nonzero multiple of

[gs̄1,γ1, [. . . , [gs̄q ,γq , gθ ] . . . ]].

Let H+

2 = {gs̄1,γ1 tr+s1, {. . . , {gs̄q ,γq tr+sq , H+

1 } . . . }}. Let S = qr +
∑q

i=1 si and let

N+

2 = g1tk1 · · · gntkn gn+1tkn+1+Sg−θ tkn+2+2(r−|gθ |) · · · g−θ tkm+2(r−|gθ |).

We claim that N+

2 = LT≺(H+

2 ). This is because, again, the ≺-leading term of H+

2 comes by increasing
the rightmost t-powers as much as possible. As [gs̄i ,γi , g−θ ] = 0 for all i , this is done by acting on gθ tkn+1

with all of the gs̄i ,γi t
r+si to obtain N+

2 .
Note that q ≤ d and each si ≤ r . Thus kn+1 + S < kn+1 + 2rd ≤ kn+2 < kn+2 + 2(r − |gθ |), using the

induction hypothesis. Therefore N+

2 is a standard monomial.

Step 3+. Let H+

3 = (ad gθ tr+|gθ |)2(m−n−1)(H+

2 ) and let

N+

3 = g1tk1 · · · gntkn gn+1tkn+1+Sgθ tkn+2+4r
· · · gθ tkm+4r .

We claim that N+

3 = LT≺(H+

3 ). This is because the ≺-leading term of H+

3 comes from applying
ad gθ tr+|gθ | as far to the right as possible: that is, applying gθ tr+|gθ | twice to each g−θ tki +2(r−|gθ |), where
i ∈ {n + 2, . . . , m}.

Let G(n + 1) = H+

3 . We have verified that LT≺ G(n + 1) has the claimed congruence class, so
(1) is satisfied. The observation at the end of Step 2+ ensures that (3) holds; and (2) follows as
ki+1 + 4r − (ki + 4r) = ki+1 − ki . □

Let I be a nontrivial g[t]σ -subrepresentation of Sm(g[t, t−1
]
σ ). We have seen that for any g ∈ (B1)m

there is Hg ∈ I with LT≺ Hg ≡ g. We will use this to construct elements of I with arbitrary <-leading
term, as long as all t-powers involved are sufficiently large.

The next result considers which <-leading terms may be obtained from a particular Hg. It is modeled
on the methods of [Iyudu and Sierra 2020].

Lemma 3.5. Let (g1, . . . , gm) ∈ (B1)m . Let G ∈ Sm(g[t, t−1
]
σ ) with LT≺ G = g1ta1 · · · gm tam . Let I

be the (tg[t])σ -subrepresentation of Sm(g[t, t−1
]
σ ) generated by G. Let s be the smallest power of t

occurring in G.
Suppose that (g′

1, . . . , g′
m) ∈ Bm so that

for all j there is weight-homogeneous g′′

j ∈ g

so that [g′′

j , g j ] is a nonzero scalar multiple of g′

m+1− j . (3.6)

Then for all standard monomials M = g′

1t i1 · · · g′
m t im with i1 > max(0, 2am − s), there is HM ∈ I with

LT< HM = M.
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Proof. Let

HM = {g′′

1 t im−a1, {g′′

2 t im−1−a2 . . . , {g′′

m t i1−am , G} . . . }}.

Then HM ∈ I because each g′′

j t im+1− j −a j ∈g[t]σ we have ā j =|g j | and ī j =|g′

j | implies that im+1− j − a j =

|g′′

j |. We claim that LT< HM = M.
To prove our claim, let us consider the process by which monomials of HM are produced from

monomials of G. Let

A = h1tb1 · · · hm tbm

be a monomial of G. Then A induces two kinds of monomials of HM : either we act on each letter of
A with exactly one g′′

j t im+1− j −a j , or we act on some letter of A more than once and in consequence do
not act at all on at least one letter of A. We call the first of these actions permutational and the second
nonpermutational. The <-leading term in HM always comes from a permutational action. This is because
in a nonpermutational action, the smallest power of t is always bounded above by am since there will be
a missing hi tbi which is not acted upon and bi ≤ am by the definition of the monomial order ≺; whereas
in a permutational action, the lowest power of t is bounded below by i1 + b1 −am which is strictly bigger
than am because of our assumption that i1 > 2am − s.

Now, if
∑

bi <
∑

ai , then all monomials of

{g′′

1 t im−a1, {g′′

2 t im−1−a2 . . . , {g′′

m t i1−am , A} . . . }}

have degree < deg M and so are strictly < M. We may thus assume that
∑

bi =
∑

ai .
A monomial coming from a permutational action upon A looks like

[g′′

m, hτ(1)]t i1+bτ(1)−am [g′′

m−1, hτ(2)]t i2+bτ(2)−am−1 · · · [g′′

1 , hτ(m)]t im+bτ(m)−a1 (3.7)

for some τ ∈ Sm , where all the Lie brackets are nonzero. We claim that

(3.7) ≤ M,

with equality only when bτ(i) = m + 1 − i and hτ(i) = gm+1−i for all i .
Note that bτ(1) ≤ am thanks to the definition of ≺. We will have several different cases:

• If bτ(1) < am then our claim is obvious because i1 + bτ(1) − am < i1.

• If bτ(1) = am , then we must have [g′′
m, hτ(1)] ≤ g′

1, with equality only if hτ(1) = gm . This is because,
by the definition of ≺, hτ(1) ≤ gm and < has property (2.2).

• If bτ(1) = am and hτ(1) = gm , then we want to show that

g′

1t i1[g′′

m−1, hτ(2)]t i2+bτ(2)−am−1 · · · [g′′

1 , hτ(m)]t im+bτ(m)−a1 ≤ g′

1t i1 · · · g′

m t im ,

with equality only when bτ(i) = am+1−i and hτ(i) = gm+1−i for all 2 ≤ i ≤ m. This can be proved by
repeating the same procedure and moving towards the right.



1214 Rekha Biswal and Susan J. Sierra

This analysis show that LT≺ G is the only monomial which contributes to the occurrence of M in HM .
To finish, we note that by (3.6), then

[g′′

m, gm] · · · [g′′

1 , g1] = λg′

1 · · · g′

m

for some λ ̸= 0. Thus M occurs in HM with nonzero coefficient Cλ, where

C = #{τ ∈ Sm : aτ(i) = am+1−i and gτ(i) = gm+1−i for all i } ̸= 0.

Thus LT< HM = M. □

To use Lemma 3.5 we must prove that we can always find a situation where (3.6) holds. This is given
by the next elementary lemma.

Lemma 3.8. For any g ∈B there are g′
∈B1 and weight-homogeneous g′′

∈ g so that [g′′, g′
] is a nonzero

scalar multiple of g.

Proof. If g = g±ξi ,±βi ∈ B1, set g−
= g∓ξi ,∓βi . Let g′

= g and g′′
= [g, g−

]. As {g, g−, [g, g−
]} form an

sl2-triple, [g′′, g′
] is a nonzero scalar multiple of g.

If g ∈ h then we consider the action of σ on g. We give the proof for r = 3. If |g| = 0 then
g = hαi +hσ(αi )+hσ 2(αi ) for some simple root αi and we can take g′

= g|αi |,αi and g′′
= g|−αi |,−αi . If |g|=1

then g =hαi +ηhσ(αi )+η2hσ(αi ) for some αi . Set g′
=eαi +ηeσ(αi )+η2eσ 2(αi ) and g′′

= fαi + fσ(αi )+ fσ 2(αi ).
Likewise, if |g| = 2 then g = hαi + η2hσ(αi ) + ηhσ(αi ) for some αi . Set g′

= eαi + η2eσ(αi ) + ηeσ 2(αi ) and
g′′

= fαi + fσ(αi ) + fσ 2(αi ). □

3.2. The main reduction result. We now prove our main reduction result, Proposition 3.1.

Proof of Proposition 3.1. We may assume that I is generated by a single element F ̸= 0. For every
g′

= (g′

1, . . . , g′
m) ∈ (B1)m , using Lemma 3.4 choose Gg′ ∈ I with LT≺ Gg′ ≡ g′. Let sg′ be the smallest

power of t occurring in Gg′ , and let Sg′ be the largest power of t . Let n be an integer so that

n ≥ max(0, {2Sg′ − sg′ : g′
∈ (B1)m

}).

Let ℓ be the smallest power of t occurring in F .
Fix M = g1t i1 · · · gm t im with i1 > n. We construct HM . Using Lemma 3.8, choose g′

1, . . . , g′
m ∈ B1

and weight-homogeneous g′′

1 , . . . , g′′
m ∈ g so that [g′′

j , g′

j ] is a nonzero multiple of gm+1− j for 1 ≤ j ≤ m.
Let G = G(g′

1,...,g
′
m) ∈ I, and write LT≺ G = g′

1ta1 · · · g′
m tam . Let

HM = {g′′

1 t im−a1, {. . . , {g′′

m t i1−am , G}, . . . }}.

The proof of Lemma 3.5 shows that
M = LT< HM ,

which is in I as our definition of n ensures that 0 ≤ i1 − am ≤ i j − am+1− j for any j .
Throughout the proofs of Lemmata 3.2, 3.4, and 3.5 we acted on F only with positive powers of t .

Thus the smallest t-power in HM is ≥ ℓ. □
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From Proposition 3.1 we deduce our first just-infinite growth result.

Theorem 3.9. Let g be a finite-dimensional simple Lie algebra and let σ ∈ Aut g:

(1) The enveloping algebra U (g[t]σ ) has just-infinite growth. That is, if J is a nonzero ideal of U (g[t]σ ),
then U (g[t]σ )/J has polynomial growth.

(2) Let I be a nonzero Poisson ideal of S(g[t]σ ). Then S(g[t]σ )/I has polynomial growth.

Proof. If M is a standard monomial in the letters B[t]σ, we define the modified degree of M to be

md M = deg M + len M.

Let U j be the subspace of U (g[t]σ ) spanned by standard monomials of modified degree ≤ j , and let S j

be the corresponding subspace of S(g[t]σ ). As U (g[t]σ ) is degree-graded, and, by the PBW theorem, is
filtered by length, thus U • defines a filtration on U (g[t]σ ): that is, U iU j

⊆ U i+ j for all i, j ∈ N. Likewise,
S• defines a filtration on S(g[t]σ ). It suffices to prove that

dim
U j

+ J
J

and dim
S j

+ I
I

have polynomial growth.
Let

grmd(U (g[t]σ )) =

⊕
j

U j/U j−1.

This is a (commutative) Poisson algebra: if F ∈U i and G ∈U j then FG −G F ∈U i+ j−1 so grmd U (g[t]σ )

is commutative.
Define

{grmd F, grmd G} =
FG − G F +U i+ j−2

U i+ j−2 ∈ (grmd U (g[t]σ ))i+ j−1.

In fact, as degree alone defines a grading on U (g[t]σ ), there is a canonical identification grmd U (g[t]σ ) ∼=

grlen(U (g[t]σ )) = S(g[t]σ ) as Poisson algebras. Further, grmd J is a nontrivial md-homogeneous Poisson
ideal of S(g[t]σ ). Likewise, grmd I is a nontrivial md-homogeneous Poisson ideal of S(g[t]σ ). As

dim
U j

+ J
J

= dim
S j

+ grmd J
grmd J

and similarly for I, it suffices to prove:

Claim: Let K be a nontrivial md-homogeneous Poisson ideal of S(g[t]σ ). Then dim((S j
+ K )/K ) is

bounded by a polynomial in j .
Let K ′

= grlen(K ), which is a nontrivial len-graded Poisson ideal of S(g[t]σ ), and thus meets some
Sm(g[t]σ ) nontrivially. Note that K ′

∩ Sm(g[t]σ ) is a (tg[t])σ -subrepresentation of Sm(g[t]σ ). By
Proposition 3.1, there is n ∈ Z≥1 so that for any standard monomial M = g1t i1 · · · gm t im with i1 ≥ n, there
is H ′

M ∈ K ′ such that LT< H ′

M = M. Now, for each standard monomial M as above, there is HM ∈ K



1216 Rekha Biswal and Susan J. Sierra

with H ′

M = grlen HM . As the monomial ordering < compares length first, M = LT< HM as well. Further,
as K is md-graded we may take HM to be md-homogeneous.

Let F ∈ S j . Repeatedly using the HM to reduce monomials involving m or more powers of t which
are bigger than n, we may rewrite F (modulo K ) without increasing md F so that no monomial in F
contains more than m − 1 t-powers bigger than n. That is, (S j

+ K )/K is spanned by the image of the
set of standard monomials M with md(M) ≤ j which admit a factorization M = M1 M2, where M1 is a
standard monomial involving t-powers ≤ n − 1, and M2 is a standard monomial of length < m involving
t-powers ≥ n. Let us call such monomials normal words, and let

r( j) = #{normal words M : md(M) ≤ j} ≥ dim
S j

+ K
K

.

It is clear that r( j) ≤ b( j)c( j), where

b( j) = #{ standard monomials M1 involving only t-powers ≤ n − 1 with md M1 ≤ j }

and

c( j) = #{ standard monomials M2 of length < m involving only t-powers ≥ n and with md M2 ≤ j}.

Now, modified degree exceeds length, so b( j) does not exceed the number of standard monomials of
length ≤ j involving t-powers between 0 and n − 1, which is

(
(dim g)n+ j

j

)
and is bounded above by a

polynomial in j of degree n(dim g). And in a monomial M2 of degree at most j and length at most m −1
in t-powers ≥ n there are no more than j dim g choices for each letter of M2, so c( j) ≤ ( j dim g)m−1.
Thus r( j) is bounded above by a polynomial in j of degree n(dim g) + m − 1. □

Remark 3.10. A small modification to the proof of Theorem 3.9 shows that if J is a nonzero ideal of
U ((tg[t])σ ) and I is a nonzero Poisson ideal of S((tg[t])σ ) then U ((tg[t])σ )/J and S((tg[t])σ )/I have
polynomial growth. We leave the details to the reader.

4. Useful technical results

We will prove the just-infinite growth results Theorems 1.1(0) and 1.2(0) in the next section. In this
section we establish a number of useful preparatory results which will allow similar counting arguments
to those in the proof of Theorem 3.9 to apply to affine Kac–Moody algebras.

We establish notation, which will apply to the next two sections. Let L be an affine Kac–Moody
algebra, with central element c and derivation d . Then there are a finite-dimensional simple Lie algebra g

and an automorphism σ of g so that

L ′/(c) ∼= g[t, t−1
]
σ .

(Here L ′ is the derived subalgebra of L .) We may assume that σ induces an automorphism of the Dynkin
diagram and the root system of g; we denote this diagram automorphism by σ as well. Let r be the order
of σ . Throughout the rest of the paper we fix the meanings of L , g, σ , r , d, c as in this paragraph. We
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further fix a primitive r -th root of unity, η, and induce a Z/rZ-grading on g as in Section 2. We will use
other notation from Section 2 without comment.

Let λ ∈ k. Define Uλ(L) = U (L)/(c − λ) and Sλ(L) = S(L)/(c − λ). As c − λ is Poisson central in
S(L), the factor Sλ(L) is a Poisson algebra. Note that S0(L ′) ∼= S(g[t, t−1

]
σ ) as Poisson algebras.

We first show that every nonzero Poisson ideal of Sλ(L) meets Sλ(L ′). This requires a technical lemma.

Lemma 4.1. Let λ ∈ k. Let G ∈ Sλ(L), and suppose that there exists a σ -equivariant x ∈ g so that
{xtr j+|x |, G} = 0 for all j ∈ Z. Then G ∈ Sλ(L ′).

Proof. Write G =
∑n

i=0 d i Gi , where Gi ∈ Sλ(L ′). Then for any σ -equivariant x ∈ g and m ∈ rZ + |x |,

0 = {xtm, G} =

n∑
i=0

d i (−(i + 1)mxtmGi+1 + {xtm, Gi }). (4.2)

Thus for all m, i , the coefficient of d i in (4.2) must vanish, and so we have

{xtm, Gi } = (i + 1)mxtmGi+1. (4.3)

Fix i and let m ≫ 0 be large enough so that t−m does not occur in Gi . As m ≫ 0 varies, from the definition
of the Poisson bracket on Sλ(L) we see that the LHS of (4.3) changes only in the powers of t which occur,
and not in the coefficients. On the other hand, the expressions for the coefficients of the right-hand side
involve a factor of m and so vary with m. Thus (4.3) cannot hold for all values of m ∈ rZ + |x | unless
both sides are identically 0. We conclude that Gi = 0 for all i ≥ 1, and G = G0 ∈ Sλ(L ′). □

Corollary 4.4. Let λ ∈ k and let I be a nonzero Poisson ideal of Sλ(L). Then I ∩ Sλ(L ′) ̸= (0).

Proof. Let 0 ̸= G ∈ I, and choose (s̄, α) ∈ 1+. There is k ≥ 1 so that

{gαtrik+s, . . . , {gαtri1+s, G} . . . } = 0

for all i1, . . . , ik ∈ Z; without loss of generality let k be minimal. Thus there is some

H = {gαtrik−1+s, . . . , {gαtri1+s, G} . . . } ̸= 0.

By Lemma 4.1, H ∈ I ∩ Sλ(L ′). □

We need to extend the orderings < and ≺ defined on loop algebras to Uλ(L) and Sλ(L). To this end,
define a σ -equivariant basis B of g as in Basic Fact (9), and note that {d} ∪ {gtr j+|g|

: g ∈ B, j ∈ Z} is
a basis of L/(c). We denote this basis by Bd

[t, t−1
]
σ. We extend the ordering < on B[t, t−1

]
σ to an

ordering on Bd
[t, t−1

]
σ by saying that d > gtn if and only if n < 0 and d < gtn if and only if n ≥ 0.

We must modify (2.3) to give a basis of Uλ(L) and Sλ(L). We will say that a standard monomial in
the elements of Bd

[t, t−1
]
σ is an expression of the form

M = g1trm1+|g1| · · · gi trmi +|gi |d j g′

1trn1+|g′

1| · · · g′

k trnk+|g′

k |, (4.5)

where ga, g′

b ∈ B and

g1trm1+|g1| ≤ · · · ≤ gi trmi +|gi | < d < g′

1trn1+|g′

1| ≤ · · · ≤ g′

k trnk+|g′

k |.



1218 Rekha Biswal and Susan J. Sierra

We sometimes write a standard monomial as

M = g1tm1 · · · gi tmi d j g′

1tn1 · · · g′

k tnk ,

and when we do so we assume that ma = |ga| and na = |g′
a| for all a; in other words, that this monomial

is an element of S(L).
By the PBW theorem, both Uλ(L) and Sλ(L) have a basis of standard monomials in the elements of

Bd
[t, t−1

]
σ. We say that i + j +k is the length of M, which we denote by len M, and that the total t-power∑

a rma + |ga| +
∑

b rnb + |g′

b| is the degree of M, which we denote by deg(M). Note that Uλ(L ′) and
Sλ(L ′) have a basis of standard monomials in the elements of B[t, t−1

]
σ.

We extend the monomial orderings < and ≺ from Section 2.2 to define two orderings < and ≺ on
standard monomials in the elements of Bd

[t, t−1
]
σ : the ordering < compares length first, then degree,

and then compares monomials lexicographically from left to right, whereas ≺ compares length first, then
degree, then compares monomials lexicographically from right to left.

We use the following reduction lemma, which applies Proposition 3.1 to ideals of Uλ(L), Uλ(L ′) or
Poisson ideals of Sλ(L), Sλ(L ′).

Lemma 4.6. Let λ ∈ k:

(1) Let J be a nonzero ideal of Uλ(L) or of Uλ(L ′). There are m, ℓ, n ∈ Z, with m, n > 0, so that if

M = g1t i1 · · · gm t im

is a standard monomial in the elements of B[t, t−1
]
σ with i1 ≥ n, then there is HM ∈ J so that

LT< HM = M

and so that all t-powers occurring in HM are ≥ ℓ.

(2) Let I be a nonzero Poisson ideal of Sλ(L) or of Sλ(L ′). There are m, ℓ, n ∈ Z, with m, n > 0, so that
if

M = g1t i1 · · · gm t im

is a standard monomial in the elements of B[t, t−1
]
σ with i1 ≥ n, then there is G M ∈ I so that

LT< G M = M

and so that all t-powers occurring in G M are ≥ ℓ.

Proof. (1) We give the proof for J ◁Uλ(L); the proof for J ◁Uλ(L ′) is similar but easier. We filter Uλ(L)

by length of monomials, and define a Poisson bracket on grlen Uλ(L) as in the proof of Theorem 3.9. The
relation

xt i yt j
− yt j xt i

= [x, y]t i+ j
+ iδi+ j,0κ(x, y)λ (4.7)

on Uλ(L) induces the Poisson bracket

{xt i , yt j
} = [x, y]t i+ j
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in grlen Uλ(L) and so grlen Uλ(L) may be identified with S0(L) as Poisson algebras. By Corollary 4.4
applied to grlen J, which is a nonzero Poisson ideal of S0(L), there is 0 ̸= H ∈ J so that grlen H ∈ S0(L ′).

Let m = len(grlen H) = len H and let ℓ be the smallest t-power occurring in H . Let I be the Poisson
ideal of S0(L) generated by grlen H . By Proposition 3.1 there is n ∈ Z so that if M = g1t i1 · · · gm t im is
a standard monomial with i1 ≥ n, there is G M ∈ I ∩ S0(L ′) with LT< G M = M. The procedure in the
proof of Proposition 3.1 that produces G M (that is, the procedure in Lemmata 3.2, 3.4, and 3.5) produces
B1, . . . , Bs ∈ B[t, t−1

]
σ, involving only nonnegative t-powers, so that

{B1, {. . . , {Bs, grlen H}, . . . } = G M .

Now, if B ∈ B[t, t−1
]
σ and P ∈ Uλ(L), then

grlen[B, P] = {B, grlen P}, if {B, grlen P} ̸= 0. (4.8)

Let
HM = [B1, [. . . , [Bs, H ] . . . ].

Applying (4.8) we see that G M = grlen HM , and as the monomial ordering < compares length first,
LT< HM = LT< G M = M. As the t-powers in the Bi are nonnegative, the t-powers in HM are no smaller
than ℓ.

(2) This proof is similar to the proof of (1). By Corollary 4.4 it suffices to give the proof for a Poisson
ideal I of Sλ(L ′). Let 0 ̸= G ∈ I. Let m = len G and let ℓ be the smallest t-power occurring in G.

Filter Sλ(L ′) by length, as in the proof of (1), so grlen Sλ(L ′) = S0(L ′). We again apply Proposition 3.1
to obtain n so that if M is a standard monomial of length m involving only t-powers ≥ n, then there is
G M in the Poisson ideal of S0(L ′) generated by grlen G with LT< G M = M.

Temporarily, let {− , −}0 denote the Poisson bracket in S0(L ′) and let {− , −}λ denote the Poisson
bracket in Sλ(L ′). Then, similarly to (4.8), if B ∈ B[t, t−1

]
σ and P ∈ Sλ(L ′), then

grlen({B, P}λ) = {B, grlen P}0, if {B, grlen P}0 ̸= 0. (4.9)

As in the proof of (1), there are B1, . . . , Bs ∈ B[t, t−1
]
σ, involving only nonnegative powers of t , so that

G M = {B1, {. . . , {Bs, grlen G}0, . . . , }0.

Let
HM = {B1, {. . . , {Bs, G}λ, . . . , }λ.

As I is a Poisson ideal, HM ∈ I. As before, applying (4.9) this time, LT< HM = M, and HM does not
involve any t-powers smaller than ℓ. □

Let L+ be the sub-Lie algebra of L generated by all gtn with n > 0, and similarly define L− to be
generated by all gtn with n < 0. For all λ, then U (L+), U (L−) are subalgebras of Uλ(L), and similarly
S(L+), S(L−) ⊆ Sλ(L), where these second inclusions are inclusions of Poisson algebras.

We next apply Lemma 4.6 to show that a nontrivial ideal of Uλ(L) must meet U (L+), and, symmetri-
cally, U (L−). We do not know of a way to show this without using growth.
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Proposition 4.10. Let λ ∈ k:

(1) Let J be a nonzero ideal of Uλ(L) or of Uλ(L ′). There are nonzero elements H+
∈ J ∩ U (L+) and

H−
∈ J ∩ U (L−).

(2) Let I be a nonzero Poisson ideal of Sλ(L) or of Sλ(L ′). There are nonzero elements G+
∈ I ∩ S(L+)

and G−
∈ I ∩ S(L−).

Proof. We give the proof if J ◁ Uλ(L).
By symmetry, it suffices to prove the result for H+. Let A = Uλ(L)/J. We claim that A has finite

GK-dimension as a right or left U (L+)-module; by symmetry it suffices to consider the GK-dimension
as a right module.

The proof of Lemma 4.6(1) produces H ∈ J and, from H , integers m, ℓ, n so that if

M = g1t i1 · · · gm t im

is a standard monomial with i1 ≥ n, then there is HM ∈ U (L ′

≥0)HU (L ′

≥0) so that

LT< HM = M

and so that all t-powers occurring in HM are ≥ ℓ. Without loss of generality, ℓ ≤ 0. Let

D = (dim g)(n − 1) + m − 1.

We claim that the GK-dimension of A as a U (L+)-module is at most D.
Let V ⊂ Uλ(L) be a finite-dimensional subspace which includes 1; we will show that the U (L+)-

module X = (U (L+)V U (L+) + J )/J has GKdim ≤ D. (As GKdimU (L+) A is by the definition the
supremum over all finitely generated U (L+) submodules A′

⊆ A of GKdimU (L+) A′, this is sufficient to
prove the claim.) Since U (L+) is finitely graded, for any j ∈ Z≥0 the subspace {x ∈ X : deg x ≤ j} is
finite dimensional, so it suffices to show that the dimension, considered as a function of j , grows as a
polynomial of degree ≤ D.

We may enlarge V without damage, so assume that H ∈ V U (L+). Let s be the minimum t-power
occurring in any element of V and let m′ be the maximum length of any element of V . We may enlarge V
again so that s ≤ ℓ (recall that ℓ ≤ 0) and m′

≥ m and so that V = S≤m′

(gs̄ t s
⊕gs+1t s+1

⊕· · ·⊕g0t0
⊕kd).

The minimal degree of an element of V is sm′
≤ 0.

Note that if xtk
∈ L+ and M is a monomial in V , then

xtk M = Mxtk
+ a sum of monomials of length ≤ len(M) involving t-powers ≥ s.

Thus xtk M ∈ V U (L+). By induction, U (L+)V U (L+) = V U (L+). Thus X is spanned by standard
monomials M which admit a factorization M = M0 M1, where M0 is a standard monomial of length ≤ m′

involving d and t-powers between s and 0, and M1 is a standard monomial involving t-powers ≥ 1. For
all such M, our assumption that s ≤ ℓ and our choice of V mean that HM ∈ V U (L+) = U (L+)V U (L+).
Working modulo J to rewrite the monomials M1 and repeatedly applying Lemma 4.6, we see that X is
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spanned by the image of standard monomials M in V U (L+) which admit a factorization M = M0 M1 M2,
where M0 is a standard monomial of length ≤ m′ involving d and t-powers between s and 0, M1 is a
standard monomial involving t-powers between 1 and n − 1, and M2 is a standard monomial of length
< m involving only t-powers ≥ n.

Thus, the growth of X is thus bounded by the growth of

Y = {M0 M1 M2},

where M0 is a standard monomial of length ≤ m involving d and t-powers between s and 0, M1 is a
standard monomial involving t-powers between 1 and n − 1, and M2 is a standard monomial involving
only t-powers ≥ n and with len M2 < m. It thus suffices to show that

q( j) = #{M ∈ Y : deg(M) ≤ j}

is bounded by a polynomial in j of degree D.
Clearly q( j) is bounded by ab( j)c( j), where

a = dim S≤m′

(gt s
⊕ ·· · ⊕ gt0

⊕ kd),

b( j) = #{standard monomials M1 of degree ≤ j − sm′ involving only t-powers between 1 and n − 1},

c( j) = #{standard monomials M2 of length < m and degree ≤ j − sm′ involving only t-powers ≥ n}.

As M1 involves only positive t-powers, deg M1 ≥ len M1, and so b( j) does not exceed the number of stan-
dard monomials of length ≤ j−sm′ involving t-powers between 1 and n−1, which is ≤

(
(dim g)(n−1)+ j−sm′

j−sm′

)
and is bounded above by a polynomial in j of degree (dim g)(n − 1). And in a monomial M2 of degree
at most j − sm′ and length at most m −1 in t-powers ≥ n there are no more than ( j − sm′) dim g choices
for each letter of M2, so c( j) ≤ (( j − sm′) dim g)m−1. Thus there is λ ∈ R so that q( j) ≤ λ j D for all but
finitely many j , proving the claim.

As GKdim U (L+) = ∞, the natural map U (L+) → A cannot be injective, and thus U (L+)∩ J ̸= (0).
(This argument is essentially Scholium 2.4, but for modules, not algebras.)

The proofs of other statements are similar, using other parts of Lemma 4.6. □

5. Just-infinite growth

We now prove our first main results, Theorems 1.1(0) and 1.2(0). Throughout, fix λ ∈ k. Let J be a
nonzero ideal of Uλ(L) and let A = Uλ(L)/J. Let J ′ be a nonzero ideal of Uλ(L ′) and let A′

= Uλ(L ′)/J ′.
Let I be a nonzero Poisson ideal of Sλ(L) and let C = Sλ(L)/I, and let I ′ be a nonzero Poisson ideal of
Sλ(L ′) and let C ′

= Sλ(L ′)/I ′.
We first prove Theorem 1.1(0). As Uλ(L) is not finitely graded, there are some technical issues in the

proof. Our solution is to extend the definition of modified degree from the proof of Theorem 3.9 so that the
associated graded ring B = grmd Uλ/ grmd J of A will be (finitely) connected graded. Here recall that an
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N-graded k-algebra R =
⊕

n≥0 Rn is finitely connected graded if each dim Rn < ∞ and R0 = k. We then
use the Poisson GK-dimension of [Petukhov and Sierra 2020] to bound the GK-dimension of A and of A′.

We extend the earlier definition of modified degree to define the modified degree of an element of
Bd

[t, t−1
]
σ to be

md gtn
= |n| + 1, md d = 1.

Let S = grmd Uλ(L) and let S′
= grmd Uλ(L ′). As md([gta, htb

]) ≤ |a + b| + 1 < |a| + |b| + 2 =

md(gta) + md(htb), and md([d, gta
]) < md(gta) + md(d), thus Uλ(L) is almost commutative with

respect to the filtration induced by md, and so, as a ring, S is isomorphic to a polynomial ring in the
variables d and gtra+|g|, graded by deg(gta) = |a| + 1 and deg d = 1. The subring S′ is isomorphic to a
polynomial ring in the variables gtra+|g|. Thus S is connected graded. Further, S has a Poisson bracket

{gta, htb
} =

{
[g, h]ta+b if ab ≥ 0,

0 else,
and {d, gta

} = agta

induced from the commutator in Uλ(L), as in the proof of Theorem 3.9, and S′ is a Poisson subalgebra of S.
Let B = S/ grmd J, and note that B is the associated graded ring of A with respect to the filtration

induced by md. Likewise, let B ′
= S′/ grmd J ′; we have B ′ ∼= grmd(A′). As usual, grmd J is a Poisson

ideal of S (respectively, grmd J ′ is a Poisson ideal of S′) and so the Poisson bracket on S (respectively, S′)
descends to B (respectively, B ′).

The point of introducing the filtration md is that the GK-dimension of A may be computed from the
growth of B. For j ∈ N, let S≤ j denote the span in S of standard monomials of modified degree ≤ j and
similarly define S′

≤ j .

Proposition 5.1. For j ∈ N, let B( j) be the image of S≤ j in B and let B ′( j) be the image of S′

≤ j in B ′.
Then

GKdim A = lim log j dim B( j) and GKdim A′
= lim log j dim B ′( j).

Proof. This is [Petukhov and Sierra 2020, Proposition 3.14]. We must check that the hypotheses of
that result apply; that is, for B, that {B(i), B( j)} ⊆ B(i + j) for all i, j , and that for some s, we have
B( j) ⊆ B(s){ j} for all j , and similarly for B ′. Here recall that if V is a subspace of B, then V { j} is defined
inductively:

• V {0}
= k.

• For j ∈ N, define V { j+1}
= V V { j}

+ {V, V { j}
}.

• In particular V {1}
= V .

The needed properties for B and B ′ follow immediately from similar properties for S≤ j , taking s = r + 1.
That {B(i), B( j)} ⊆ B(i + j) is immediate. And by Lemma 5.3,

gāt (n−1)r+a
= (ad g0tr )n−1(gāta) ⊆ (S≤r+1)

{n} (5.2)

for a ∈ {0, . . . , r − 1}. Thus S≤ j ⊆ (S≤r−1)
{ j} for all j . □
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We give the proof of (5.2).

Lemma 5.3. For a ∈ {0, . . . , r − 1}, we have

gā = [g0, gā] = span([x, y] : x ∈ g0, y ∈ gā).

Proof. A basis for gā is made up of the gā,α for α ∈ 1ā and the hi
ā from Table 1. We show that all these

elements are in [g0, gā]. From the Basic Facts we have [g−a,−α, gā,α] ∈ g0, and [[g−a,−α, gā,α], gā,α] is
a nonzero scalar multiple of gā,α. Writing

hi
ā =

r ′∑
j=0

ηaj hσ j (i),

let

e =

r ′∑
j=0

eσ j (αi ) ∈ g0, f =

r ′∑
j=0

ηaj fσ j (αi ) ∈ gā.

Then [e, f ] = hi
ā . The lemma follows. □

Let 0 ̸= H+
∈ J ∩ U (L+) and 0 ̸= H−

∈ J ∩ U (L−) be the elements produced by Proposition 4.10.
Let G+

= grmd H+ and let G−
= grmd H−. We now apply the reduction procedure in Proposition 3.1 to

obtain a reduction result for B. This is:

Lemma 5.4. There exist positive integers m, n so that the following hold:

(1) Every standard monomial M = gi1 t j1 · · · gim t jm with n ≤ j1 ≤ · · · ≤ jm satisfies

M = H +

∑
cs Ms,

where H ∈ grmd J ∩ S(L+) is homogeneous in modified degree, the sum is finite, cs ∈ k×, and the
Ms are standard monomials so that for each t we have at least one t-power < n featuring in Ms .

(2) Every standard monomial M = gi1 t j1 · · · gim t jm with j1 ≤ · · · ≤ jm ≤ −n satisfies

M = H +

∑
cs Ms,

where H ∈ grmd J ∩ S(L−) is homogeneous in modified degree, the sum is finite, cs ∈ k×, and the
Ms are standard monomials so that for each t we have at least one t-power > −n featuring in Ms .

Proof. It suffices to prove (1). Noting that S(L+) ⊂ S is an inclusion of Poisson algebras, we apply
Proposition 3.1 to reduce M modulo the Poisson ideal of S(L+) generated by G+. This produces an
element H ∈ grmd J ∩ S(L+) satisfying all claimed properties but md-homogeneity. But since G+ is
md-homogeneous and the adjoint action of homogeneous elements of L+, as is used in the proof of
Proposition 3.1, preserves md-homogeneity, H is md-homogeneous as claimed. □

We now prove Theorem 1.1(0).
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Proof of Theorem 1.1(0). The proofs for Uλ(L) and for Uλ(L ′) are very similar; we give the proof
for Uλ(L). By Proposition 5.1, it suffices to show that dim B( j) has polynomial growth. (For Uλ(L ′) we
show that dim B ′( j) has polynomial growth.)

Let F ∈ B( j). Repeatedly applying Lemma 5.4 to F , we may rewrite F without increasing md F so that
no monomial in F contains more than m −1 t-powers bigger than n or more than m −1 t-powers smaller
than −n. That is, B( j) is spanned by the image of the set of standard monomials M with md(M) ≤ j
which admit a factorization M = M0 M1 M2, where M1 is a standard monomial of length < m involving
t-powers ≤ −n, M2 is a standard monomial involving d and t-powers between 1 − n and n − 1, and M3

is a standard monomial of length < m involving t-powers ≥ n. Let us call such monomials normal words,
and let

r( j) = #{normal words M : md(M) ≤ j}.

We have seen that dim B( j) ≤ r( j); an argument very similar to the proof of Proposition 4.10 shows that
r( j) ≤ e( j)c( j)2, where

e( j) = #{M : M is a standard monomial involving only d
and t-powers between 1 − n and n − 1 and md M ≤ j}

and

c( j) = #{M2 : M2 is a standard monomial of length < m involving only t-powers ≥ n with deg M2 ≤ j}.

We have seen that c( j) ≤ ( j dim g)m−1. Similarly to the proofs of Theorem 3.9 and Proposition 3.1,
e( j)≤

(
(dim g)(2n−1)+1+ j

j

)
. Thus r( j) is bounded by a polynomial in j of degree (dim g)(2n−1)+2m−1. □

We also have:

Proposition 5.5. Let L be an affine Kac–Moody algebra with central element c. Then U (L)⊗k[c] k(c)
and U (L ′) ⊗k[c] k(c) have just-infinite growth as k(c)-algebras.

Proof. None of the steps in the proof of Theorem 1.1(0) used that k is algebraically closed. Thus
we may change the ground field to k(x), where x is an indeterminate, to obtain: for any λ ∈ k(x),
Uk(x)(L)/(c −λ) has just-infinite growth as a k(x)-algebra. This holds in particular for λ = x , giving that
Uk(x)(L)/(c − x) ∼= U (L) ⊗k[c] k(c) has just-infinite growth as a k(c)-algebra, and similarly for L ′. □

We will also use modified degree to prove Theorem 1.2(0).

Proof of Theorem 1.2(0). As above, modified degree introduces a filtration on C and on C ′, and we have

grmd C ∼= S/ grmd I = R, grmd(C
′) ∼= S′/ grmd(I ′) = R′.

Define R( j), R′( j) to be the elements of R (respectively, R′) of modified degree ≤ j . As in the proof
of Theorem 1.1, we may use G+, G− from Proposition 4.10 to find m, n ∈ Z so that for all j , R( j) is
spanned by the image of the set of standard monomials M with md(M) ≤ j which admit a factorization
M = M0 M1 M2, where M0 is a standard monomial of length < m involving t-powers ≤ −n, M1 is a
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standard monomial involving d and t-powers between 1 − n and n − 1, and M2 is a standard monomial
of length < m involving t-powers ≥ n. Let D = (dim g)(2n − 1) + 2m − 1. The same argument as in
the proof of Theorem 1.1 shows that dim R( j) is bounded by a polynomial in j of degree D and so is
bounded by some λ j D .

Let V be a finite-dimensional subspace of C , containing 1, and choose a so that grmd V ⊆ R(a). Then
dim V j

≤ dim R(aj) ≤ λaD j D . Therefore GKdim C ≤ D.
The proof that GKdim C ′ < ∞ is similar. □

We also have:

Proposition 5.6. Let I be a nonzero Poisson ideal of S(L)⊗k[c] k(c) and let I ′ be a nonzero Poisson ideal
of S(L ′) ⊗k[c] k(c). Then S(L) ⊗k[c] k(c)/I and S(L ′) ⊗k[c] k(c)/I ′ have polynomial growth.

We leave the proof to the reader.

Remark 5.7. Propositions 5.5 and 5.6 should be viewed as temporary results, as later we will prove,
as stated in Theorems 1.1(2) and 1.2(2), that U (L) ⊗k[c] k(c) and U (L ′) ⊗k[c] k(c) are simple, and that
S(L) ⊗k[c] k(c) and S(L ′) ⊗k[c] k(c) are Poisson simple.

Remark 5.8. The strategy of proof of Theorems 1.1(0) and 1.2(0) can be modified to give new proofs of
[Iyudu and Sierra 2020, Theorems 5.3 and 5.6]. Recall that the Witt algebra W = k[t, t−1

]∂ is the Lie
algebra of polynomial vector fields on the punctured line

(
here ∂ =

d
dt

)
and the Virasoro algebra Vir is

the unique nontrivial central extension of W . As a vector space we have

Vir = W ⊕ kc

with Lie bracket

[ f ∂, g∂] = ( f g′
− f ′g)∂ + Res0( f ′g′′

− g′ f ′′)c, c central.

We describe the necessary modifications to prove [loc. cit., Theorem 5.3], that central quotients of U (Vir)
have just-infinite growth.

Let λ ∈ k and let J be a nonzero ideal of Uλ := U (Vir)/(c − λ). The proof of Proposition 4.10 may
be modified (using the reduction in [loc. cit., Lemma 2.2] instead of Proposition 3.1) to show that there
are nonzero H+

∈ J ∩ U (tk[t]∂) and H−
∈ J ∩ U (t−1k[t−1

]∂). Similarly to our methods here, filter
Uλ by modified degree, where we define md(tn+1∂) = |n| + 1. Let G±

= grmd(H±) ∈ grmd(J ). The
reduction argument in [loc. cit., Lemma 2.2] now gives a version of Lemma 5.4 for grmd(Uλ/J ) and a
similar counting argument to the proof of Theorem 1.1 shows that Uλ/J has polynomial growth.

6. Simplicity of nontrivial central quotients

In this section, we prove Theorem 1.1(1,2) and Theorem 1.2(1,2). Throughout the section, let L be an
affine Kac–Moody algebra with central element c and derivation d , and let L ′/(c) = g[t, t−1

]
σ, where g

is a finite-dimensional simple Lie algebra and σ ∈ Aut(g).
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One of our main techniques will be to use the following corollary of Theorem 1.1(0). (This was the
reason for proving such a general version of this theorem, even though the result for λ ̸= 0 will soon be
superseded.)

Proposition 6.1. Let λ ∈ k∗ and let B be either Uλ(L) or Uλ(L ′). Let A be a k-subalgebra of B with
GKdim A = ∞. If J is a nonzero ideal of B then J ∩ A ̸= (0).

Proof. Combine Scholium 2.4 with Theorem 1.1(0). □

We will show that we can restrict without loss of generality to the case g = sl2 (and σ = 1). Thus to
begin we consider this case.

6.1. The sl2 case. In this subsection assume now that L has type A(1)
1 (so g= sl2 and σ = 1). The derived

subalgebra L ′ of L is isomorphic as a vector space to sl2[t, t−1
]⊕ kc. We fix notation for elements of L ′:

let e, f, h be the standard basis of sl2 and for n ∈ Z let en = etn, fn = f tn, hn = htn. Let λ ∈ k∗. In this
subsection we will show that Uλ(L ′) is simple.

Theorem 6.2. Let L be an affine Lie algebra of type A(1)
1 , so L ∼= ŝl2:

(1) For any λ ∈ k∗, the algebra Uλ(L ′) is simple.

(2) Any nonzero ideal of U (L ′) contains a nonzero polynomial in c; equivalently, U (L ′) ⊗k[c] k(c) is
simple.

Proof. (1) Let Aλ be the subalgebra of Uλ(L ′) generated by {hi : i ∈ Z \ {0}}. We claim that Aλ is
isomorphic to the infinite Weyl algebra and is thus a simple ring. To see this, let A be the infinite Weyl
algebra of differential operators on k[x1, x2, . . . ]. We have

A ∼= k⟨x1, ∂1, x2, ∂2, . . .⟩/⟨xi x j = x j xi , ∂i∂ j = ∂ j∂i , ∂i x j − x j∂i = δi, j | i, j ∈ Z≥1⟩.

It is well known that A is simple; for example, A is a direct limit of the (finite) Weyl algebras An generated
by x1, . . . , xn, ∂1, . . . , ∂n which are simple by [Goodearl and Warfield 2004, Corollary 2.2].

A presentation for Aλ is

k⟨hi : i ∈ Z \ {0}⟩/⟨hi h j − h j hi = 2iλδi+ j,0⟩,

from (4.7). Thus the map ∂i 7→ hi/(2iλ), xi 7→ h−i induces an isomorphism A −→∼ Aλ.
Let J be a nonzero ideal of Uλ(L ′). By Proposition 6.1, J ∩ Aλ ̸= (0). As Aλ is simple, 1 ∈ J.

(2) The proof is similar. Suppose that J is a nonzero ideal of U (L ′). Then J (c) := J ⊗k[c] k(c) is a
nonzero ideal of U (L ′) ⊗k[c] k(c). Combining Scholium 2.4 and Proposition 5.5 we see that J (c) has
a nontrivial intersection with the k(c)-subalgebra of U (L ′) ⊗k[c] k(c) generated by {hi : i ∈ Z \ {0}}.
Observe now that xi 7→ h−i , ∂i 7→ hi/(2ic) induces an isomorphism between the simple ring A ⊗k k(c)
and this subalgebra. Thus 1 ∈ J (c), and it follows that J ∩ k[c] ̸= (0). □
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6.2. The general case. We now let L be an arbitrary affine Lie algebra. To complete the proof of
Theorem 1.1, we note that L contains (in fact, many choices of) a subalgebra isomorphic to ŝl2.

Lemma 6.3. Let L be an affine Kac–Moody algebra, with Chevalley generators ei , fi , hi , central ele-
ment c, and derivation d. For any fi , there is a subalgebra L of L which contains fi , c and d and is
isomorphic to ŝl2 via an isomorphism which sends the positive Borel of ŝl2 into the positive Borel of L.

Proof. This is well known, and is proved in [Carbone et al. 2021]. □

We now complete the proof of Theorem 1.1 by proving parts (1) and (2), which are, respectively,
parts (1) and (2) of the next result.

Theorem 6.4. Let L be an affine Lie algebra:

(1) For any λ ∈ k∗, the algebras Uλ(L) and Uλ(L ′) are simple.

(2) Any nonzero ideal of U (L) or of U (L ′) contains a nonzero element of k[c]; equivalently, the algebras
U (L) ⊗k[c] k(c) and U (L ′) ⊗k[c] k(c) are simple.

Proof. By Lemma 6.3, let L be a Lie subalgebra of L which is isomorphic to ŝl2.

(1) Let J be a nonzero ideal of Uλ(L) or of Uλ(L ′). By Proposition 6.1, J ∩Uλ(L ′) ̸= (0) and thus 1 ∈ J
by Theorem 6.2(1).

(2) This proof is similar, applying Scholium 2.4, Proposition 5.5, and Theorem 6.2(2) to the localized
ideal J ⊗k[c] k(c). □

We next finish the proof of Theorem 1.2 by proving parts (1) and (2).

Theorem 6.5. Let L be an affine Lie algebra:

(1) For any λ ∈ k∗, the algebras Sλ(L) and Sλ(L ′) are Poisson simple.

(2) Any nonzero Poisson ideal of S(L) or of S(L ′) contains a nonzero element of k[c]; equivalently,
S(L) ⊗k[c] k(c) and S(L ′) ⊗k[c] k(c) are Poisson simple.

Proof. Again, let L be a Lie subalgebra of L which is isomorphic to ŝl2. Define en, hn, fn ∈ L ′ as in
Section 6.1. For i ∈ Z≥1, let xi = h−i and let yi = hi/(2λi), and let S be the subalgebra of Sλ generated
by the xi and yi . Here the {x j } Poisson commute, as do the {yi }, and {yi , x j } = δi, j . Thus S is isomorphic
to the infinite Poisson Weyl algebra, which is Poisson simple. One way to see this is that the (Poisson)
subalgebras k[x1, . . . , xn, y1, . . . , yn] are all Poisson simple; a proof is given in [Bavula 2020].

(1) Let J be a nonzero Poisson ideal of Sλ(L) or Sλ(L ′). By Theorem 1.2(0) and Scholium 2.4, J ∩S ̸= (0).
As S is Poisson simple, 1 ∈ J.

(2) The proof is similar, using Proposition 5.6 and a modification of the proof of Theorem 6.4(2). We
leave the details to the reader. □
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7. Other applications

In this section, we give other applications of our growth results.
In Proposition 4.10 we used growth to show that nontrivial ideals of Uλ(L) must meet U (L+). However,

we can use Theorem 1.1(0) to obtain much stronger results of a similar flavor.
For simplicity, we state this next result only for untwisted loop algebras, although a similar result clearly

holds in the twisted case. Corollary 7.2, which is an immediate consequence, seems rather surprising
without the growth context.

Proposition 7.1. Let g be a finite-dimensional simple Lie algebra. Let J be a nonzero ideal of U (g[t, t−1
])

and let k be any infinite-dimensional Lie subalgebra of g[t, t−1
]. Then J ∩ U (k) is nonzero.

Proof. This is a direct application of Proposition 6.1 with λ = 0. □

Corollary 7.2. In the situation of Proposition 7.1, if X ⊂ Z is any infinite set, for example X consists of
all of the powers of 7 or all of the primes, and g is any element of g, then J contains an element involving
only gt x for x ∈ X.

Proof. The vector space spanned by {gt x
: x ∈ X} is an infinite-dimensional (abelian) Lie subalgebra of

g[t, t−1
], so this follows directly from Proposition 7.1. □

It is well known that the enveloping algebras U (g[t]σ ), U (L), etc., are not left or right noetherian.
However, the results of this paper, as well as [León Sánchez and Sierra 2023, Corollary 5.14], raise the
natural question of whether they satisfy the ascending chain condition on two-sided ideals. We close with
two results related to this question.

In the next two results, let g be a finite-dimensional simple Lie algebra with diagram automorphism σ ,
and let L be the affine Kac–Moody algebra associated to g and σ .

Proposition 7.3. The algebras U (g[t]σ ), U (L), and U (L ′) satisfy the ascending chain condition (ACC)
on completely prime ideals.

Proof. The proof of [Iyudu and Sierra 2020, Proposition 6.4] works in our setting, appealing to
Proposition 5.5 and Theorems 1.1 and 3.9 as necessary. We omit the details. □

Remark 7.4. Let W+ = t2k[t] d
dt be the positive Witt algebra. It is shown in[Iyudu and Sierra 2020,

Theorem 1.2] that U (W+) has just-infinite growth. Further, by [Petukhov and Sierra 2020, Theorem 1.5],
the symmetric algebra S(W+) satisfies the ascending chain condition on radical Poisson ideals. These
results are supporting evidence for the conjecture [Petukhov and Sierra 2020, Conjecture 1.3] that the
enveloping algebra U (W+) satisfies the ascending chain condition on two-sided ideals.

It is now known [León Sánchez and Sierra 2023] that symmetric algebras of (twisted) loop algebras
satisfy the ascending chain condition on radical Poisson ideals, and this can easily be extended to symmetric
algebras of affine Kac–Moody algebras. Combining this result with Theorem 1.1 and Proposition 7.3, it is
natural to ask if enveloping algebras of affine Kac–Moody algebras satisfy the ascending chain condition
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on two-sided ideals. (It is easy to see that these enveloping algebras are not left or right noetherian.) This
is the subject of ongoing research. Note that this question is only really interesting for U0(L ′).

A ring R is Hopfian if R is not isomorphic to any proper quotient R/J (equivalently, any epimorphism
from R → R is an isomorphism). If R satisfies the ascending chain condition on two-sided ideals, then R
must be Hopfian. We do not know if enveloping algebras of affine Lie algebras satisfy this ACC, but it is a
consequence of our growth results that they are Hopfian. Further, enveloping algebras of current algebras
and central quotients of enveloping algebras of affine algebras satisfy the stronger Bassian property, where
a ring R is Bassian if there is no injection of R into any proper quotient R/J.

Proposition 7.5. The algebras U (g[t]σ ), U0(L ′), and U0(L) are Bassian and Hopfian. Further, U (L)

and U (L ′) are Hopfian.

Proof. This proof is similar to the proof of [Iyudu and Sierra 2020, Proposition 6.5], but as it is fairly
brief we give it here in full.

If R has just infinite growth, then GKdim R/J < GKdim R for any proper ideal J of R, so R cannot
inject in R/J. Thus the Bassian (and thus Hopfian) property for U (g[t]σ ) follows from Theorem 3.9, and
for U0(L ′) and U0(L) it follows from Theorem 1.1(0).

Let U be either U (L) or U (L ′). To show that U is Hopfian, let f be a surjective endomorphism of U ,
with kernel J. As U/J ∼= Im( f ) = U is torsion-free as a module over k[c], the complex

0 → J ⊗k[c] k(c) → U ⊗k[c] k(c) f ⊗1
−−→ U ⊗k[c] k(c) → 0

is exact. Now by Proposition 5.5, we must have J ⊗k[c] k(c) = 0, as otherwise a k(c)-algebra of
finite GK-dimension would surject onto one of infinite GK-dimension. As U is k[c]-torsion-free (or by
Theorem 1.1(2)), J = 0. □
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