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The integral Chow ring of weighted blow-ups
Veronica Arena and Stephen Obinna

Appendix written jointly with Dan Abramovich

We give a formula for the Chow rings of weighted blow-ups. Along the way, we also compute the Chow
rings of weighted projective stack bundles, a formula for the Gysin homomorphism of a weighted blow-up,
and a generalization of the splitting principle. In addition, in the Appendix we compute the Chern class of
a weighted blow-up.

1. Introduction

A short introduction to weighted blow-ups. The blow-up is an important operation that is ubiquitous
in algebraic geometry. When working with algebraic stacks, there is a natural generalization of the
blow-up, called a weighted blow-up. Weighted blow-ups appear naturally in the study of moduli spaces,
for example in [Inchiostro 2022, Theorem 2.6] M 1,2 is obtained as the weighted blow-up of the weighted
projective plane P(2, 3, 4) at a point. This is a particular case of [Arena et al. 2023, Theorem 7.3], where
M, is obtained as the blow-up of the moduli space of pseudostable curves at the cuspidal locus.

See [Quek and Rydh 2021] for a thorough introduction to weighted blow-ups, or [Arena et al. 2023]
for a more condensed version. Intuitively, a weighted blow-up is like an ordinary blow-up, but with
positive integer weights on the normal directions at each point of the center. Weighted blow-ups preserve
many of the properties of (ordinary) blow-ups such as transforming the center into a divisor or being an
isomorphism outside of the center.

For example, the blow-up of A“ at the origin {0} with weights aj, ..., a; replaces the origin with the
weighted projective stack P(ay, ..., agz), which is our exceptional divisor. Moreover, it is isomorphic to
A4~ {0} outside P(ay, .. ., az). Formally, the weights are indicated by using a Rees algebra, as illustrated
in the following example.

Example. Suppose we wish to blow up the origin X = {0} in ¥ = A? with weights 1 in the x-direction
and 2 in the y-direction. This is given by

Bly Y := Projy(@ In) - [(specY (@ In) N V(I+))/Gm} Sy,
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where

Ip=klx,yI> L =@, y)Dh=u%y)Dh=x}xy,y)D---.

The weights of x, y are the same as the maximum degree in the graded algebra € I, in which they

appear as linear terms, and I, consists of polynomials in x, y with weight at least n.

We also assume that all weighted blow-ups are regular in the sense of [Quek and Rydh 2021, Defini-
tion 5.2.7] or equivalently [Arena et al. 2023, Definition 2.13].

Content of the paper. Let f : Y > Ybea regular weighted blow-up of X C Y with positive weights
ai,...,ay and let X be the exceptional divisor. For most of the paper we will assume X, Y are smooth
algebraic spaces over a field of characteristic 0. In Section 7 we will generalize to the case of 2", %
quotient stacks by a linear algebraic group.

Then we have the commutative diagram

~

AN
f
N

A

~

which is not Cartesian, unlike the ordinary blow-up case (an example of this can be found in [Quek and
Rydh 2021, Remark 3.2.10]).

In the case of a classical blow-up, a description of the Chow ring A*(I? ) and of its A*(Y)-module
structure is given in [Fulton 1998, Exercise 8.3.9] or [Eisenbud and Harris 2016, Proposition 13.12]. The
purpose of this paper is to give a similar description for the Chow ring of a weighted blow-up.

We will use the functoriality of Chow rings including pull-backs, pushforwards and the Gysin map f"
with the key property of making the following diagram commute:

A(X) s A (D)

1,
A*(X) — AX(Y)

The formula for the Chow ring will follow from the exact sequence in the theorem below, generalizing
the key sequence in [Fulton 1998, Proposition 6.7(e)].

Theorem 6.1 (key sequence). Let X, Y, i, 17, f be as above. Then we have the exact sequence of Chow
groups

A*x) LT 4By e A*(r) 225 a* (@) - 0.

Further, if we use rational coefficients, then this becomes a split short exact sequence with g, left inverse

to (f, —iy):

0 A*X. Q) LT Ax(X. @)@ A%y, @) 25 A*(F. @) > 0.



The integral Chow ring of weighted blow-ups 1233

Note that since our blow-up diagram is not Cartesian, the codomain of f'is A*(X xy Y ), but X is the
reduction of X xy ¥ so we can identify their Chow groups.

Moreover, when working with integral coefficients, the sequence is no longer exact on the left as shown
in Example 6.2. Passing to rational coefficients however, allows us to maintain exactness on the left and
to define a left inverse of (f', —i,) via g,. In fact, it is enough to pass to Z[1/ay, ..., 1/ay]-coefficients.

From the sequence, we can get the following description of A*(I?).

Theorem 6.4 (Chow ring of a weighted blow-up). If Y >Yisa weighted blow-up of Y at a closed
subvariety X, then the Chow ring A*(Y) is isomorphic as a group to the quotient

A*(T) = (A* XD -1 ® A*(Y)
— ((P(0) = P(O))a, —ix(@)), Ya € A*(X))’

with P(t) = c;?;;; (NxY) (@) (defined below) and [)?] = —t.
The multiplicative structure on A*(?) is induced by the multiplicative structures on A*(X) and A*(Y)
and by the pull-back map in the following way:

0, B)-(,0)=(G"(B)t,0).

Equivalently A*(? ) can be expressed as a quotient of the fiber product

A*(Y) x4+ (x) A (X)[1]
((iya, P(t)a),Ya € A*(X)) ’

with i* : A*(Y) = A*(X) on the left and A*(X)[t] = A*(X) on the right given by evaluating t at 0.

In order to use the key sequence, we need to give a presentation for the Chow ring of the exceptional
divisor X.

In the classical case, X is a projective bundle over X and the Chow ring of a projective bundle can be
described via the formula [Eisenbud and Harris 2016, Theorem 9.6]. In the case of a weighted blow-up,
the exceptional divisor is a projective stack bundle, i.e., the projectivization of a weighted affine bundle
(Definitions 3.2, 3.4). In Section 3 we define the top G,,-equivariant Chern class for a weighted affine
bundle E in terms of its homogeneous pieces as

Gm Gm i
cop(E) = [ [ con(Ed) = [ [(cn, (E) + aiten, 1 (Ed) +- -+ a]'t"),
i

and we give a formula for the integral Chow ring of a projective stack bundle (which was proven for
rational coefficients in [Mustatd and Mustata 2012, Lemma 2.10(b)]).

Theorem 3.12 (weighted projective bundle formula). Let E be a weighted, affine bundle over X of rank n.
Let cgg (E)(t) be its G,,-equivariant top Chern class. Then
A*(X)[t]

A*(P(E)) = - .
con (E)(1)
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Finally, to have a complete description of the exact sequence in Theorem 6.1, we need the appropriate
generalization for the excess intersection formula [Fulton 1998, Theorem 6.3]. Unlike the case of an
ordinary blow-up, in the weighted blow-up case we don’t have an excess bundle and we describe f' as
the multiplication by a difference quotient of the top G,,-equivariant Chern class of the normal bundle.

Theorem 5.5 (weighted key formula). Ler X, Y, X, Y, f be as above. Let us identify A*(X) =
A*(X)[t]/P(t) with P(t) = c;?;;; (NxY)(t). Then we have the following formula for the Gysin homomor-
phism ' A*(X) - A*(X):
P(t)— P
fw=L0=FO,
The proof of our formula for the Gysin homomorphism relies on a generalization of the splitting
principle, Theorem 4.9, stated in terms of maps to classifying stacks BT, BGL,, BG4 ».

Theorem 4.9 (the splitting principle). Let E — X be a weighted affine bundle defined by a map
X — BGg . Let T be the standard maximal torus in GL,. Then the map X" — X in the fiber diagram

X" — BT

Lol

X' — BGL,

1 1

X — BGan

induces an injection of Chow rings A*(X) — A*(X") via pull-back.
Here G, , is the structure group of the weighted affine bundle E and GL,, is the structure group of its

associated weighted vector bundle. Note that the upper square of the diagram is equivalent to the classical
splitting principle in [Fulton 1998, page 51] as in [Totaro 2014, Theorem 2.13].

2. Equivariant intersection theory

From now on Y, X will be smooth quasiseparated algebraic spaces, of finite type over a field £ of
characteristic 0, with G,,, actions. We will also assume the G,, action is trivial on X.
Let us first recall the following definitions of equivariant Chow groups for a linear algebraic group G.

Definition 2.1. [Edidin and Graham 1998, Definition-Proposition 1] Let Y be a d-dimensional quasi-
separated algebraic space of finite type over a field k, together with a G action. Let g be the dimension
of G. The i-th G-equivariant Chow group of Y is defined as

AT(Y) 1= A (Y x U/ G),
where U is an open subspace of an /-dimensional representation, on which G acts freely and whose
complement has codimension greater than d —i.

In this article we will mostly use this definition in the particular case of a G, action. In particular, this
leaves us with very convenient choices for representations: V will be an /-dimensional vector space with
the standard G,, action with weight 1 and U = V ~ {0}.
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Example 2.2. We have Afém (X) = A*(X)[r]. Indeed, since the G,, action is trivial on X

i
A, (X) = Ag"(X) = Ag_iri1(X x U/Gy) = A" (X x P = @ A (),
k=0
with ¢ = ¢ (Opi-1(1)) and the isomorphism follows.

Definition 2.3 [Edidin and Graham 1998, Definition 1]. Let E be a G equivariant vector bundle over Y.
The equivariant Chern classes of E are the operators

T AT(Y) > AT (Y), withc§(E)Na=cj(ExU/G)Na € Aiy_j_o(¥ xU/G) = A7 ;(Y).
As mentioned in [Molina Rojas and Vistoli 2006, Section 2] many of the standard properties of Chow
groups still hold in the equivariant case. Below we collect some that will be used later.
Proposition 2.4. The following are true:

(1) The first Chern class of the tensor product of line bundles is the sum of the first Chern classes of each
line bundle: ¢$(L® L") = (L) +c(L)).

(2) Let E be a G-equivariant vector bundle over Y and f : Y' — Y a map such that f*E has a filtration
of G-equivariant vector bundles f*E =F, D --- D Fy=0. Let E; = F; /F;_1. Then

O (f*E) =[] E).
i
(3) If Z is a closed G-invariant subscheme of Y, we have the exact sequence
AG(Z) —» AG(Y) —> AG(Y N Z) — 0.
(4) Let w : E — Y be a G-equivariant vector bundle over Y and so : Y — E be the zero section. Then
the Gysin pull-back map s; : AG(E) — AG(Y) is an isomorphism equal to the inverse of ™.

Proof. We will prove (3). The proofs of the remaining parts are analogous. Let U have dimension /
high enough that Al.(;(Y) is defined as A;;;_,(Y x U/G). Then, also by definition, we have Al.G(Z) =
Ai41—1(Z x U/G). In particular, Z x U/G and Y x U/G are algebraic spaces, and the localization
sequence

A (ZxU/G)—> A* Y xU/G) > A*(Y xU/G~ZxU/G)— 0

is exact. Therefore statement (3) holds as well. O

Another proposition, that will be very useful later, is [Molina Rojas and Vistoli 2006, Lemma 2.2], for
which we will quote the statement and the proof.

Lemma 2.5 [Molina Rojas and Vistoli 2006, Lemma 2.2]. Let G be an affine linear group acting on
a smooth scheme Y. Let w : E — Y be a G-equivariant vector bundle of rank n. Call Ey C E the
complement of the zero section s : Y — E. Then the pull-back homomorphism 1 |>EO CAG(Y) — AG(Eo)
is surjective, and its kernel is generated by the top Chern class c,(f (E) € AG(Y).
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Proof. Consider the diagram
AG(Y)

AL(Y) —— AL(E) — A5(E)) —— 0

where the bottom is the localization sequence. Since s* is an isomorphism, inverse to 7 *, we see that
7 |, is surjective with kernel generated by the image of s*s,.. By the self-intersection formula, s*s is
multiplication by cY (E). O

3. Chow groups of weighted projective stack bundles

In this section we will give a formula for the Chow ring of a weighted projective stack bundle. Weighted
projective stack bundles appear as the exceptional divisor of a weighted blow-up. We start by computing
the Chern classes of weighted affine bundles, and then show we can apply Lemma 2.5 to them. A similar
formula for rational coefficients appears in [Mustatd and Mustatd 2012, Theorem 2.10(b)].

Definition 3.1. An affine bundle is a smooth affine morphism E — X such that E is, locally in the
smooth topology, isomorphic to X x A"

Definition 3.2 [Quek and Rydh 2021, Definition 2.1.3]. A weighted affine bundle is a G,,-equivariant
affine bundle £ — X, where locally in the smooth topology G,, acts linearly on A" with positive weights
ai,...,a, € 2.

We note in Remark 4.2 that the structure group is special, which means weighted affine bundles over
a scheme are Zariski-locally trivial. This is used to apply [Stacks 2005—, Tag OGUB] in the proof of
Corollary 3.11.

It will sometimes be convenient to emphasize the distinct weights of a weighted affine bundle. When
we do this we will list the distinct weights as ay, ..., a,, and use n; to refer to the dimension of the
subspace of A" where the action has weight a;. In these cases, we will highlight the fact that the weights
are distinct in the relevant statements.

Definition 3.3. A weighted vector bundle is a weighted affine bundle whose underlying G,, space is a
vector bundle. Equivalently, it is a weighted affine bundle with linear transition functions.

Notice that our terminology is slightly different from that of [Quek and Rydh 2021]. What they call
twisted/untwisted weighted vector bundles, we call weighted affine/vector bundles respectively. Also note
that the G,, action on a weighted vector bundle must preserve the degree. In particular, the bundle splits
into homogeneous vector bundles, where G, acts with the same degree.

Definition 3.4 [Quek and Rydh 2021, Definition 2.1.5]. A weighted projective stack bundle over X is
the stack-theoretic Proj of a graded algebra corresponding to a weighted affine bundle with strictly
positive weights. Precisely, if R is a graded algebra such that E = Specy(R) then Projy(R) =
[Specyx (R) N V(Ry)/Gp].


https://stacks.math.columbia.edu/tag/0GUB

The integral Chow ring of weighted blow-ups 1237

3.1. Equivariant Chern classes of a weighted line bundle. Let us denote by L — X a line bundle over X
with the trivial action. Let us denote by L the same underlying line bundle, endowed with the weight-a
G, action. This is a notation we will adopt only for Sections 3.1 and 3.2, but abandon later as the weight
of the G,, action will be clear from context.

Some of the following lemmas are likely already known, but are stated and proven for completeness as
we couldn’t find specific references.

Lemma 3.5. Let LY be a G,,-equivariant line bundle over X with weight a. Then the first equivariant
Chern class of L is c?’" (L'WY = ¢ (L) + at via the identification in Example 2.2.

Proof. We know that L@ = L@ @ Oy = L ® Ox@. In particular,
(L) = 7" (L® Ox @) = 7" (L) +acTm (Ox D).

Now, since the action on L is trivial, (L xU)/G,, = L x P!~ and since A" (X xP'"1) =AY (X)® A’ (X)t,
we get
ML)y =ci(L x P = ¢y (L) € AN (X).

We only need to prove c1(OxM) =1.

Let us consider the projection to a point P, f : X — P. The map defines a graded ring homomorphism
f*: AZi]m(P) — Aam (X),i.e.,amap f*:Z[t] > A*(X)[t] defined by 1 — 1 and ¢ > 1.

Now Ox(D = £*(©pM) and

C?m (Ox(l)) — C?m (f*(op(l))) — f*c?m (OP(I))

Therefore it is enough to prove c?’” (OpM) =1.
By definition ¢;" (0p ") = ¢1(Op x U /G,,) as abundle over U /G, with U /G, = A2~ (0, 0)/G,, = P,
Now, a nonzero section s : U — U x Op /G, is given by (x¢, x1) — (x¢, X1, Xo) and intersects the zero
section (xg, x1, 0) in xo = 0, which gives us Opi (1), whose first Chern class is 7 in A'(U x Op/G,,) =
AP, as desired. Il

3.2. Equivariant Chern classes of homogeneous bundles.

Proposition 3.6 (homogeneous bundles admit a splitting with line bundles). Let E® be a rank-n vector
bundle over X with Gy, acting homogeneously with weight a on it. Then there exists f : X' — X such that
F*E@ has a filtration

fPEQSFY 5. .5 FY=0

with G,,-equivariant line bundle quotients L;a) =F J(i)l /F ]@ and f* is injective.

Proof. Let us consider the underlying bundle E. Then by the splitting construction [Fulton 1998, page 51]

there is a map f : X’ — X with a filtration f*E = F,, D - -- D Fy = 0 with line bundle quotients.
These bundles naturally have the structure of (s,,-equivariant vector bundles with weight 1. By replacing

the weight-1 action with a weight-a action we get the desired sequence. O
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Corollary 3.7. Let E“ be a homogeneous G,,-equivariant vector bundle of rank n with weight a, and E
the underlying vector bundle endowed with the trivial G, action. Then the top equivariant Chern class in
Ag (X) = A*(X)[t] is
S (EWY =, (E) 4+ atcp 1 (E) +-- - +a"t".
Proof. Let f : X’ — X as in Proposition 3.6. Then com (f*E@) =11, c?’" (L;a)). By Lemma 3.5
(L) =i (Ly) +at.
Therefore c;?’” (f*E@DYy=c,(f*E)4atc,_1(f*E)+- - -+a"t". By the injectivity of f* we are done. [J

3.3. Chern classes of weighted affine bundles.

Proposition 3.8. Let E be a weighted affine bundle over X. Let 0 < a; < - - - < a, be the distinct weights

of the G, action. Then there exist unique subbundles F; such that
EDF.D---DF DO,

with well-defined quotients E; = F; / F;_1 which are homogeneous vector bundles with weights a;.

Proof. Let E = Specy (R) and {U;} be a cover for X such that E|y, is the trivial bundle. Then we have
graded isomorphisms

(ar) (a1) _(a2) (a2) (ar) (ar)
i1 Xy X ,...,xi’nz,...,xi’{,...,xi’n’r],

a; : Rly, = Oy, [x

(an) (an)

with x; 7", ..., x; " having weight ;. A general transition map
-1 (an,) (an,)
aij = ajlu; oaily, : OUl.j[xl.(’”]‘), B T s OUl.j[x;.flll), s xi ]
will map xi(“l”) to a homogeneous polynomial of degree aj,.
Now let Fily, :==a; ! Oy, [xl.(“ll), R xi(‘:fk)]) be the locus where G,, acts with weights smaller than or

equal to a;. This defines uniquely » subbundles of E. Moreover the quotients Fy/Fj_; are well-defined.
Indeed, while these are affine bundles, they are locally isomorphic to vector bundles so we can at least
take quotients locally. By construction, taking quotients locally gives us bundles consisting only of the
weight-a; pieces of E, and since the lower-degree pieces have been reduced to 0, we are left with linear
transition functions making the Fy/F;_; homogeneous vector bundles of weight ai, as needed. O

Proposition 3.9. Let E be a weighted affine bundle over X as in Proposition 3.8. Let Nx E be the
(nonweighted) normal bundle of X in E. Then, with X — E the zero section, we have

NxEZEE & ---DE,.

Proof. Let I be the ideal sheaf of X in E and let «;; be its transition functions as in Proposition 3.8, with
each xi(jh) mapped to a homogeneous polynomial of degree aj,.

When computing the transition functions «; ; for Nx E, we are taking the quotient by / 2 ie., @, j
will preserve only the linear terms of said polynomials and delete the monomials coming from local

coordinates where G, acts with lower degree.
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In particular, local coordinates on which G, acts with a certain degree must be mapped to coordinates
in the same degree, and the normal bundle splits into E{ ® E,®- - - @ E;, where G,, acts on the coordinates
of E! with weight a;.

But the way we obtained the transition functions for E; is equivalent to considering the locus F; in
Proposition 3.8 and quotient by F;_;, so we obtained the desired decomposition. (|

Definition 3.10. For an affine bundle E, with E; as in Propositions 3.8 and 3.9, we define the G,,-
equivariant total Chern class of E as c®n(E) =B (NxE )=1]] cGm (E;).

Corollary 3.11. Lemma 2.5 also holds in the case where E is a weighted affine bundle.

Proof. Note that by Definition 3.10 and Proposition 3.9, we have cl.G (E) = ciG (Nx E). The rest of the
proof is the same as in Lemma 2.5, noting that 7* : A*(X) — A*(E) is still an isomorphism by [Stacks
2005—, Tag OGUBY], and s* : A*(E) — A*™(X) is still its inverse. O

3.4. The Chow ring of a weighted projective stack bundle.

Theorem 3.12 (weighted projective bundle formula). Let E be a weighted, affine bundle over X of rank n.
Let cgg (E)(t) be its G,,-equivariant top Chern class. Then

A*(X)[r]
cm(E)t)
Proof. Note that, by definition, A*(P(E)) = A*([(E ~ X)/G,]) = AE,,,(E N X), with £ \. X being
E minus the zero section. By Lemma 2.5 we only need to prove that the image of c?”’ (E) via the
identification in Example 2.2 is []; (cn, (Ei) + aitcp,—1(Ej) + - -+ a; t").

By Corollary 3.7, it follows com (E)=]] c;?;.’” (E)) =T1;(cn,(E) +aitcn,—1(E;) +---+a;'t") and we
are done. g

AX(P(E) =

Below there are some (familiar) special cases.

Example 3.13 (the Chow ring of P(ay, ..., a,) [Inchiostro 2022, Lemma 4.7]). Let P(ay, ..., a,) be
the weighted projective stack with weights ay, ..., a,. We can consider P(ay, ..., a,) as a weighted
projective bundle over a point. In particular, we have that P(ay, ..., a,) splits into n trivial bundles with
weights ay, . .., a,. Each of these line bundles will have the first Chern class equal to zero. It follows that

. Z11]
A (73((11, ...,Cln)) = m

Example 3.14 (the Chow ring of a classical projective bundle [Eisenbud and Harris 2016, Theorem 9.6]).
Let E be a vector bundle of rank n over X in the classical sense. In this case, we have G,, acting
homogeneously on the whole space with weight 1. In particular

A*(X)[t]
cn(E)+cu_ 1 (EXt+---+1t" :

AX(P(E)) =


https://stacks.math.columbia.edu/tag/0GUB
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Example 3.15. As atoric example, this can be recovered as a consequence of [Iwanari 2009, Theorem 2.2].
The exceptional divisor X of the weighted blow-up of X = V(xq, ..., x,) in P"™*" with (possibly equal)
weights ap, ..., a,.

In this case, the Chow ring of the base will be A*(X) = A*(P™) = Z[x]/(x™*h.

The normal cone of X in P"" NyP"*" will split into the sum of n copies of Opn (1), on each one
of which G, will act with weight a;. We will denote the normal cone together with the G, action by
Na....

Now ¢1(Opn (1)) = x € Z[x]/x™*1. Therefore ¢ (NyP"*+™) = [1(x +a;t) and
Zlx, t]

""" (et T (e 4 ait)

4. The splitting principle

The goal of this section is to prove Theorem 4.9, an analog of the splitting principle. We start by proving
some facts about structure groups and classifying spaces. Using those results we construct, for any
weighted affine bundle £ — X, a map X’ — X that allows us to pull back our affine bundle to a vector
bundle E' — X' with A*(X') = A*(X).

4.1. Structure groups. From here on, let E — X be an affine bundle with fibers isomorphic to an
affine space V, n = (ny, ..., n,) be the dimensions of its homogeneous parts and a = (ay, ..., a,) be
their distinct weights. Let G, , be the group Autg, (V) of G,,-equivariant automorphisms of V and
GL, = [[ GL(n;). Moreover, define VG4, =[V/G4.,] and VGL, = [V/GL,].

Lemma 4.1. There is a surjective group homomorphism G4, — GL, and a section GL,, — G4 . The
kernel of the surjection is a unipotent group U, ,.

Proof. In [Quek and Rydh 2021, Section 2.1.7], the authors offer an explicit description of G 5. In fact,
they decompose G, , in the recursive semidirect product

Ga,n = (GLn, XGa’,n’) X GZrNr,

witha’' = (a1, ...,a,—1), n' = (ny,...,n,_1), and N, the dimension of a,-th-degree piece of a graded
polynomial algebra with free variables {x; j : 1 <i <r —1, 1 < j <n;}, where x; ; is given weight a;.

Unraveling the recursion gives

Gan=(GLy, X -+ X ((GLy, x{1}) x XMy 5 -+ ) x G
=(--- (GL, xG"M1y i ... ) x GV,

This expression provides us with the desired surjection and section. The kernel is a successive extension
of additive groups and so is unipotent. U
Remark 4.2. Let us recall that a linear algebraic group G is special (in the sense of Serre) when every
principal G-bundle is Zariski-locally trivial. The description of G, , above implies that the group G, , is
special (as noted in [Quek and Rydh 2021, Remark 2.1.8]).

This was useful in Section 3, while working with weighted affine bundles.
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4.2. Lemmas on classifying spaces.

Lemma 4.3. Let G be a linear algebraic group which is a semidirect product of groups G = L x U. Then

we get the following Cartesian diagram:
{x} — BL

Lol

BU — BG
Proof. Consider the following diagram:
BUxpgBL — BL

1 1

BU —— BG

3 1

{*} —— BL

The bottom square is a Cartesian square, coming from the short exact sequence 1 - U - G — L — 1.
Indeed an object over a scheme S of the fiber product % x g BG is a principal G-bundle P; — S with a
trivialization of the associated L-bundle (Pg x L)/ G = Pg/U = S x L. But then the preimage of S x {id} in
Pg is a principal U-bundle, that is, an object of BU. Conversely, if we have a principal U-bundle Py — S
then we have an associated G-bundle P; = (Py x G)/U whose associated L-bundle P;, = (Pg xL)/G =
Pg /U has a canonical trivialization: Pg/U = ((Py x G)/U)/U, where the second U acts on the right,
giving us Py = (Py x L)/U = S x L. One can check that these correspondences are inverse to each other.

So we have that large square is Cartesian and {x} x gy BL = BU X gg BL. Further, the composite

map on the right is the identity on BL, so that {x} xg; BL = {x}. O
Corollary 4.4. BGL, — BGg  is a U, » bundle; specifically we have the following Cartesian diagram:
Ugn — BGL,

b I
{x*} — BG4,

Consequently, given a morphism X — BGg , the fiber product X x g, , BGL, — X is a U, ,, bundle.

Proof. Applying Lemma 4.3 to G4, GL,, U, » as in Lemma 4.1 and appending on the left the Cartesian
diagram coming from the standard presentation of BU,
Uan — {*}
1 1
(¥} — BUan
we get the Cartesian diagram
Uyn — {x} — BGL,
8 1 1
{(x*} — BUyn — BGgun
as desired.
Then X x gg,, BGL, — X is the pull-back of a U, , bundle and hence is a U, , bundle. O
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Lemma 4.5. Let L be a subgroup of a group scheme G acting on a scheme V. Then the following diagram

is Cartesian:
[V/L] — BL

l !

[V/G] — BG

Proof. An object over a scheme S in [V/G] xpg BL is a triple (P, Q, «), where P — S is a G-torsor,
together with a G-equivariant map to V

Ly

“Yr < U

Q — S is an L-torsor, and « is an isomorphism of G-torsors P 5L 0x%xG /L.
Given such an object we can construct an object in [V /L] by considering the L-torsor Q — S together
with the map ¢ : Q@ — V defined as follows:

0 — 0xG/L <5 p2yy

1

S

To verify this is indeed an object of [V/L], we need to prove that ¥ is L-equivariant. Now, ¢ and o~
are G-equivariant, and in particular L-equivariant. Moreover the quotient map Q — Q x G /L maps an
element gl to [gl, e] = [qll_], le] =[gq,!]. But L acts on Q x G/L through its inclusion into G; hence
gl — |q, e]l as desired.

On the other hand given an L-torsor Q — S together with an L-equivariant map ¢ : Q — V in [V/L],
we can construct the triple (Q x G/L, O, id) as an object of [V/G] x g BL. In order for Q x G/L to
be an object in [V /G], we must equip it with a G-equivariant map Q x G/L — V or, equivalently, with
a G-equivariant, L-invariant map Q X G — V. The map ® : Q x G — V defined by (g, g) — ¥ (g)g is
L-invariant with respect to the action [ - (¢, g) = (¢gl, [ g) we are quotienting by; indeed

(ql, 17" g) = Y(ghl g = v (U ' g =¥ (q)g.
Moreover ® is G-equivariant: ®((q, g) - h) =¥ (g)gh = (¥ (q)g) - h. The verification that the functors
defined are indeed inverses is standard and will be omitted. O
4.3. The splitting principle.

Proposition 4.6. Given a weighted affine bundle E — X (respectively a weighted vector bundle), we
have a natural map X — BGg, p (respectively X — BGL,) such that E is the pull-back of VGg y
(respectively V GLp).

Proof. We prove the result for VG, ,, as the result for V GL, is effectively the same, with the obvious
modifications. Let us denote by Isom the sheaf of isomorphisms of affine bundles Isomy (E, V x X)
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(respectively, the sheaf of isomorphisms of weighted vector bundles). By a straightforward application of
the definitions, it can be seen that Isom is a principal G, , bundle over X and Isom Xy E = V X, Isom.
In particular we get the following Cartesian diagram:

Isom — {«}

1 1

X — BGgp
Then we can fit the spaces above in the commutative cube
IsomxyE —— V

l \E—>VG”

Isom —l—) {x} l
~ ~

X — BGan

where the bottom, back and side squares are fiber squares.

Note that Isom x x £ — E is a principal G, , bundle. Moreover, the action of G4 , on Isom gives a
G4 n-equivariant map Isom x y £ — V via the identification of Isom x x £ with V x Isom. This gives us
a map of quotient stacks £ — V G, , which makes the top of the cube Cartesian.

It follows that
E — VGgn

Lol

X — BGqun
is a fiber square, as needed. 0

Corollary 4.7. Let E — X be a weighted affine bundle, with corresponding map X — BG4 . Then E/,
the pull-back of E via the map X' = X x g, , GLy — X, is a weighted vector bundle.

Proof. Consider the following diagram:

E — X’

>t | >t
l VGL, —— BGL,

P v |
> >
VGa’n H BGa’n

The back and right squares are Cartesian by construction. By Lemma 4.5 and Proposition 4.6 we have
that the front and bottom squares are Cartesian. Any such cube with these sides Cartesian is Cartesian, in
particular the top square. Since E’ — X' is the pull-back of the vector bundle VGL, — BGL,, itis a
vector bundle as desired. O

Lemma 4.8. Let X' — X be as in Corollary 4.7. Then the pull-back map of Chow rings A*(X) — A*(X)

is an isomorphism.



1244 Veronica Arena and Stephen Obinna

Proof. By Corollary 4.4, X’ 2, Xisa Ug.n-bundle and U, , is a unipotent group. In particular, U, , is
a successive extension of the additive group G, by itself and being a U, ,-bundle is equivalent to being a
succession of affine bundles; hence by [Stacks 2005—, Tag 0GUB] we obtain an isomorphism of Chow
rings ¢* : A*(X) - A*(X'). O

Theorem 4.9 (the splitting principle). Let E — X be a weighted affine bundle defined by a map X —
BGg . Let T be the standard maximal torus in GL, and BT := [/ T] its classifying stack. Then the map
X" — X in the fiber diagram

X" — BT

Lo

X" — BGL,

1 |

X — BGan
induces an injection of Chow rings A*(X) < A*(X") via pull-back.

Proof. By the argument in the proof of [Totaro 2014, Theorem 2.13] we have an injection A*(X') <
A*(X"). By composing with the isomorphism in Lemma 4.8, we have the desired map. U

5. The Gysin homomorphism induced by a weighted blow-up

The goal for this section is to prove Theorem 5.5, which replaces the excess bundle formula in the case of
weighted blow-ups.

The strategy for the proof is to reduce to the special case of the weighted blow-up of BT = [{0}/T] in
[A?/T] induced by zero section, which will be computed in Section 5.3.

The reduction to the special case is performed in two steps: first we reduce to the case of the blow-up
of an affine space (Section 5.2), and then we apply the splitting principle Theorem 4.9.

Some caution is needed when defining f*, as we don’t always have the needed Cartesian diagram. In
Section 5.1 we address the issue as well as setting some notation for the rest of the paper.

5.1. Notation. LetY — Y be the weighted blow-up of Y centered at X, and let X be the exceptional divisor.
As observed in [Quek and Rydh 2021, Remark 3.2.10] the commutative square is not always Cartesian

X 7Y
|

X =Y

and when defining f' we have to make sure to define it with respect to the fiber square

XXy?—)?

. 8

X —Y


https://stacks.math.columbia.edu/tag/0GUB
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Moreover we have X = (X xy Y )red and the diagram below commutes:
X — X

When looking at Chow rings though, we have a natural isomorphism

><<—><
%(T’ﬂl

(red), : A*(X) — A*(X xy Y)

induced by the reduction map red : X —> XxyY.
In particular, it makes sense to talk about f' as the composition of (red); ! o f*. Throughout the rest of
the paper, we will refer to it simply as f".

Lemma 5.1. The map f': A*(X) — A*(g) is of the form f'(a) = g*() - y for some element y € A*(f).

Proof. In a similar fashion to what we did in Proposition 2.4, we will prove the statement by passing
through algebraic spaces.

Precisely, let X v =WxY \0) x U/G, with U open as in Definition 2.1 inducing isomorphisms
of Chow groups for X of the appropriate degree. In fact, if U is chosen large enough we also get the
algebraic space Yy with analogous induced isomorphisms of Chow groups for Y.

For the appropriate degrees, the induced maps fy : Yy — Y with (y,u)— f(¥)and gy : Xy — X with
(X, u) — g(x) will themselves induce group homomorphisms fl!] tAY(X) > A*()?U) and g;; : A¥(X) —
A*(Xy).

Now gy : X v — X is a smooth map and by [Fulton 1998, Theorem 17.4.2] we have isomorphisms

[gu]

AP (X)) = AP Xy S X)) B4 A%y — X).

In particular, for the degrees on which A” ()7U) = Agm NxY~N0)= Ap(f), we have that fl’/ =yu-lgul=
Yu - 81y for some yy € A”()N(U) is equivalent to saying f'(«) = yy - g* () for some element yy € A”()Nf).

Since the elements yy must agree whenever U has high enough dimension, they must coincide. Hence
there exists a unique element y € A*()N( ) such that f'(a) =y - g*(@). O

5.2. Specialization to the weighted normal cone. Analogously to [Fulton 1998, Section 5.2], Quek and
Rydh [2021, Section 4.3] constructed a deformation to the weighted normal cone of X in Y, which is a
weighted affine bundle in our case. We will be using their construction to reduce our argument to the case
where Y a weighted affine bundle over X. A similar construction can be found in [Mustatd and Mustata
2012, Section 2.3].

Note that when given a weighted embedding that defines a weighted blow-up of smooth varieties, the
weighted normal cone is a weighted affine bundle, which we will denote by NxY.



1246 Veronica Arena and Stephen Obinna

Theorem 5.2. Let X, Y, X, Y be as usual. Let N = NxY be the weighted normal affine bundle of X in Y
and fy : N — N be the weighted blow-up of the zero section of said bundle, with the same weights as
f: Y — Y. Then the induced maps f! tA*X) — A*(?) and lev AR X)) — A*(?) coincide.

Proof. Let M° be the deformation to the weighted normal cone as defined in [Quek and Rydh 2021,
Definition 4.3.3] and let M° be the weighted blow-up of X x Al in M with the same weights as f, i.e.,
the weighted blow-up induced by the weighted embedding in [loc. cit., Definition 4.3.4,(iv)]. Let M, and
M, respectively, be the fibers over . Let Z = (X x A) x 0 M. Then we have the following diagram:

X x Al >1\710
/ \ / | - /‘l
Zt >Ml‘ fM
l X><A1 l 0
/
X —— M,

By looking at the composition X — M; — M in the subdiagram

Z, — M, — M°

Lol e

X — M, — M°

we see that for ¢ # 0 we have that f,{,, CA*NX) > A*(Zy) = A*()N() is precisely f', and for ¢ = 0 it is
precisely f;\,. Now looking at the composition X — X x Al — M? in the subdiagram

Zi—— 7 — M°

! | lfM

X — X xA! — m°

we want to show that f/{,, tAYX) — AY(Z) = A*(f) is the same for all ¢.
By [Fulton 1998, Theorem 6.4] the following diagram commutes:

AN(Z) = A*(X) +————— A"(Z) = A*(X x A

iy
f,L,T fﬂ

A*(X) < A*(X x Al

%k
L

But the horizontal maps are isomorphisms, inverse to the pull-back along the products with A!. Since
the horizontal maps are independent of ¢ and the map on the right is independent of ¢, so is the map on
the left. -



The integral Chow ring of weighted blow-ups 1247

5.3. The special case of [A%/T]. Let us now study the particular case of a point in the affine space over
the diagonal action of the torus:

Pai,...,aq) — 0xpaBly, o AY —L— Bl,, ., A4

\ lh lf
0 i > A

In order to explicitly give a formula for f' we need presentations for the equivariant Chow rings
AT(—).

Now A% (0) = A*}(Ad ) = Z[x1, ..., xq]. Details about A% (0) can be found in [Edidin and Graham
1998] and in [Iwanari 2009] for equivariant Chow rings of toric stacks.

Let us first observe that, since P(ay, ..., aq) is the reduction of 0 xp¢ Bly, . 4, A4, there is an
isomorphism of Chow rings A% (0 x ¢ Bly, .. 4, Ay = AL (P(ay, ..., aq)).

Moreover Bl ... 4, A is a line bundle over P(ay, . .., ag); in fact it is the total space of Op(q,....an(—1),
and we have the isomorphism A% (Bl 4, AY) = A%(P(ay, . . ., da))-

We are left with computing A% (P(ay, ..., aq)).

d
~ Z[xl, ey Xd, l‘]

Lemma 5.3. AL (Pay, ..., aq) = —py o Where ()= H(xi +tap).
Proof. By construction P(ay, ...,a4) = [(A4 . 0) /G,,] and the actions of G,,, and T on A? < 0 commute.

In particular
A3 (Par, ..., a) = AF([(AY N 0)/Gp]) = A (AY0),

Similarly to the computation above,
A, O =A% o (A ZZ[xy, ..., x4, 1],

where x|, ..., x4 are given by the action of T and ¢ is given by the action of G,,. Finally, the image of
the first map in the localization sequence,

A;XGm (O) - A;XGW, (Ad) - A;XGW, (Ad AN O) —> O,

is generated by P(t) := ]_[f:1 (x; +ta;). Indeed the top Chern class of the T x G,,-equivariant bundle
splits along each component of A?. On the i-th component of A¢ the i-th component of T acts with
weight 1 and the other components of T act with weight 0, while G,, acts with weight q;.

Therefore A% (P(ay, ..., aq)) and A% (Bly, ... 4, A?) are both isomorphic to Z[xy, ..., xq4,t]/P(t). U

.....

Theorem 5.4. Let f : [Bl,,
ai, ..., aq. Then

ay A/ T — [AY/T] be the blow-up of [0/T] in [A?/ T with weights

.....
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Proof. By [Edidin and Graham 1998, Proposition 3] and Lemma 5.1 f' satisfies f*i, = j. f', making the
following diagram commute:

A% (P(ay, ..., aq)) ey Ax * (Bla,....ag A?)

f’(1)~g*T f T

A*(0)y ————— A*(AD)r

Since A is a rank-d bundle over 0 and Bl,,

the homomorphisms i* and j* are isomorphisms of T-equivariant Chow rings, which gives us the

ag A is the tautological line bundle over P(ay, ..., aq),

.....

following:

AL (P(ai, ..., aq)) —) AL Bl .. a A —) AL (P(ai, ..., aq))

f!(l)‘g*T f*T g*T

A*(O)y ———— A*AY) ———— A*(O)r

Now i*i, : A}.(0) — A%.(0) is just the multiplication by the top equivariant Chern class of the bundle A
over 0. Specifically i*i (o) =0 - x1 - xq4.
Similarly, j*j. is the image of the top equivariant Chern class of the bundle Bl,, . 4, A? over

P(ai, ...,aq). ButBl,,

.....

o, A? is the total space of Op(ay,....aq)(—1), so we have that j* j, is multiplication

..........

by —t, where P(ay, ..., ad) has the presentation of Example 3.13. Therefore we must have
friv@) =a-x1-xg=a-cgn (A THO0) = f'(Da(—1) = juf (@)
and since ¢ is not a zero divisor in A} (P(ay, ..., aq)), we must have

(1) = cto’S([Ad/T])(o) cto (A4 T (1) — CmP([A“/T (0)
t

as needed. O

5.4. A formula for the Gysin homomorphism.

Theorem 5.5. Let X, Y, X, Y, f be as usual. Let us identify A*(X) = A*(X)[t]/P(t) with P(t) =
c{?;g (NxY)(t). Then we have the following formula for the Gysin homomorphism f LLAR(X) > A*()? ):
P@)— P(0
f@="0=FO,
Proof. With the presentation of A*()? ) above, the map g* is the natural inclusion of A*(X) in A*(X)[t]/ P (t)

By Theorem 5.2 we can assume that Y is a weighted affine bundle over X. By the splitting principle in
Theorem 4.9 it is enough to prove the equality for the pull-back X”. Since weighted blow-ups commute
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with base change, the blow-up f”: ¥” — Y” sits in the commutative diagram

X — s [Pay, ... an)/T]
7 s [Bly,...a A"/ T]

T Bl
X" —l¢—> BT l

which induces the following commutative diagram of Chow groups:

A*(X") NE— A*([P(ai, ...,ay)/T))
S T
" A*(Y") < A*([Bly,....q, A"/ T])

A*(X") < T pr A*(BT) T
~
AM Y < i A*(A"/TY)

Since equivariant Chern classes commute with pull-backs and Y” is a vector bundle over X", by
Theorem 5.4 the following holds:

G G
| R = ( Crop [A"/TD(1) — ciop (A"/T)(0)
M=) =9 (Ctp / . Cop A/ )

(cé‘i;; (@ A"/ TD(1) — con (&*W/T})(m) B (c;‘?;;m)m —cCiop (Y”><0>>
t t ’

which is the desired difference quotient. O

6. The Chow ring of a weighted blow-up

In this section we generalize the key sequence in [Fulton 1998, Proposition 6.7(e)] and then use it to
compute a formula for the Chow ring of a weighted blow-up.

Let us recall the notation. Let f : Y — Y be the weighted blow-up of ¥ at X. Let X be the exceptional
divisor. Then we have the commutative diagram

¥ .7
b
X ‘v
and the map f' (computed in 5.5) is
P(t)— PO
flay="0=L0,

t

P() = cg;’ (NxY)(¢) and f* is the Gysin homomorphism defined as in [Vistoli 1989, Definition 3.10].
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6.1. The Grothendieck sequence.

Theorem 6.1 (key sequence). Let X, Y, X, Y, f. i, j be as above. Then we have the exact sequence of

Chow groups

Jxkf*

A0 LT 4@y @ Aty 25 A%T) S o0,

Further, if we use rational coefficients, then this becomes a split short exact sequence with g, left inverse
! .
to (f’ _l*):

Jetf*

0— A*(X, @) A*(X,Q)® A*(Y, Q) 2 A*(Y, Q) — 0.

Proof. To prove exactness let us look at the double complex of higher Chow groups given by localization

sequence as in [Bloch 1986, Theorem 3.1]

CARUL D) s Ax(X) LAY —— A U) —— 0

| ATl H

CARUL 1) s AR(X) —E s AR(Y) —— A*(U) —— 0

where UZ Y X XY X.
Since both of the complexes are exact, the total complex

CATUL D) @ AR(X) = AFX) @ A*(Y) — A*(Y) @ A*(U) — A*(U) — 0

is also exact.
Let us prove that the map A*(X)@ A* (V)L
the restriction of @ to A*(U), and 8 € A*(Y) be any cycle that restricts to @ in A*(U). By commutativity,

Jut S A*(?) is surjective. Let « be any cycle in A*(?), a be

o — f*(B) restricts to 0 in A*(U) and must be in the image of j,. So « is in the image of j, + f*
Therefore the complex

L AYUL D) @ AN(X) — AX(X) @ A*(Y) = A*(Y) = 0
is still exact.

Moreover, the image of the map A*(U, 1) ® A*(X) A*(X) ® A*(Y) coincides with the
one of A*(X) ) A*(X)GBA*(Y). Indeed, let (%, y) = (=8 (u)+ f'(x), —ix(x)) and let x’ = x+38; (u).
Then f'(x') = f'(x) — f'G1) = f'(x) = §1(u) = % and i, (x') = i (x) — (81 () = i (x) =y

It follows that ker(j, + f*) = Im(f’, —i,) and that

(=81+ £ =i

A* (X) — > A" (X)EBA (Y) — A" (Y)—>0
is exact.

Lastly, if we use rational coefficients then there is a left inverse of (f L—i*) given by («, B) — g« (o).
Indeed, let x € A*(X). Then g.(f'(x)) = g«(y - g*(x)) = g«(y) - x, with y the difference quotient
(P(t)— P(0))/t as in Theorem 5.5. Now y is a degree-(n—1) polynomial in ¢, of which only the leading
term aj - - - a,t" ! will survive the pushforward. We only need to show that g, =1 /(ay - -ap).
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It is enough to verify this when X is a point and X is the weighted projective stack P(ay, ..., an).
Notice that a;t = x;, where the x; are the fundamental classes of the usual coordinate divisors, so
ay---ap_1t""Y =x;---x,_1, which is the fundamental class of a stacky point isomorphic to Bpu,, and
so pushes forward to 1/a,; thus g*(t"_l) =1/(ay---ay). ]

Example 6.2. To see why the sequence with integer coefficients is not short exact, let us consider X an
elliptic curve in ¥ = P2 Let Y be the blow-up of Y at X with weight 2. Let P, Q € X be distinct points
of order 2 and consider the difference [P] — [Q] € A*(X). When pushed forward to A*(Y) via iy, all
points are rationally equivalent; hence i, ([P] —[Q]) = 0. On the other hand, f' is multiplication by 2, so
f'(PD) = f'([Q]) =0. But [P]—[Q] is nonzero, so (f', —i,) is not injective.

Remark 6.3. Note that, when looking at the double complex in the proof of Theorem 6.1 and taking the
total complex, one defines a long exact sequence of higher Chow groups. The isomorphisms of higher
Chow groups

o AS(Y N X, i) > A*(Y ~ X, i)

allow us to delete A*(I7 <X ) and A*(Y \ X) from the complex via a diagram chase analogous to the
ones in the proof. Then we can obtain the long exact sequence

o AKX, D) > ANXL, DB ANY, i) > AT, i) > ARX, i — 1) > -
6.2. The Chow ring of a weighted blow-up.

Theorem 6.4 (Chow ring of a weighted blow-up). If Y >VYisa weighted blow-up of Y at a closed
subvariety X, then the Chow ring A*(I? ) is isomorphic as a group to the quotient

A*(T) = (A* XD -1 ® A*(Y)
—((P(1) = P(O)at, —ix(a)), Ya € A*(X))’

with P(t) = e (NxY)(1) and [X] = —t.
The multiplicative structure on A*(Y) is induced by the multiplicative structures on A*(X) and A*(Y)
and by the pull-back map in the following way:

0,B)-(,0)=G"(B)t,0).

Equivalently A*(Y) can be expressed as a quotient of the fiber product

A*(Y) x g+ (x) A¥(X)[1]
((ixa, P(H)a), Vo € A*¥(X)) ’

with i* : A*(Y) — A*(X) on the left and A*(X)[t] — A*(X) on the right given by evaluating t at 0.

Proof. The exact sequence in Theorem 6.1 gives us an isomorphism of groups
A*(X) @ A*(Y)
((f'(@), —ix(@)), Yo € A*(X))

A*(Y) =
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If we use Theorem 3.12 to rewrite A*(i ) and also add an explicit factor of [)? ] to represent how A*()? )
is mapped into A*(I? ), then as a group we can rewrite A*(?) as
(A* (O[] - [X]) @ A*(Y)
((CE;’];’(NXY)(t)[X], 0), (f'(@)[X], —i*(a))Va € A*(X))

Notice that t[)~( 1= —[)? 1% (since 7 is the class of O3 (1)) so that there is an isomorphism between the
ring presented above and the ring presented without the symbol [X] given by replacing [X] with —z.
Now we need to determine the ring structure. Since much of the ring structure is inherited from that of

A*(Y) and A*()’Z ), what remains is just to determine how to multiply elements coming from A*(Y) with
those coming from A*(X). Consider the usual commutative square:

X —7Y

G

X =Y

Intersecting some class 8 € A*(Y) with X amounts to pulling it back to A*(X). By commutativity we
have g*(i*(8)) = j*(f*(B)) and by pushforward we obtain (0, 8) x (¢, 0) = (i*(B8)t, 0).
Finally, notice also that cff;;; (NxY) (t)[i ] is now redundant, as for « = 1 we have

Clam (NxY) (1) — ciopNx Y)
13

O (f (@)(=1) —ix(@) = (t)( (=) — i*(1)>

= 1(—cgn (Nx Y) (1) + clopNx ¥) — i5 (1) = (—1) - con (Nx V) (0).

p
The last equality comes from ¢ - i, (1) = g*(i*(ix(1))) = cop(NxY).
Putting everything together, we have that A*(Y) is the group
A*(T) = (A* (X)) -1 d A*(Y)
(P (1) = P(0)a, —ix(a)), Yo € A*(X))’

with the desired multiplication. (|

Corollary 6.5. If i* : A*(Y) — A*(X) is surjective, then this formula simplifies to resemble a formula of
Keel [1992, Theorem 1, page 571]

(t-ker(i%), Q1))

where Q(t) = cgn (NxY)(1) — con (Nx ¥)(0) + [X].

Proof. We first prove that we can suppress A*(X) from the presentation in Theorem 6.4, i.e., that the
elements of the form (« - ¢, 0) with « € A*(X) can be described as pairs of the form (0, 8) - (¢, 0) for some
B € A*(Y). Let B such that i *(8) = «. By the multiplicative-structure condition of Theorem 6.4 gives

(-1,0)=("(B)-1,0)=(¢,0)

as desired.
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In particular, the condition 7 - (8 — i*(B8))VB € A*(Y) reduces to ¢ - ker(i*).

Finally, ¢ - f'(a) +is () = (cﬂf;’; WNxY) () = copWNxY))a +is (@) and iy (o) = i, (i*(B)) = [X]- B for
some B € A*(Y). Sot- f'+i, is multiplication by (cgg WxY)(t) — crop(NxY) +[X]1), which is precisely
the Q(¢) desired. U

6.3. An example: the Chow ring of ./\_41,2. The Chow ring A*(M 1,2) has been computed in [Di Lorenzo
et al. 2024; Inchiostro 2022]. The latter uses the construction of M 1,2 as the weighted blow-up of
P(2,3,4). We give yet another computation of the ring, using the same blow-up construction.

We start by recalling the following:

Theorem 6.6 [Inchiostro 2022, Theorem 2.6]. There exists an isomorphism M, 2 = BIS® P(2, 3, 4),
where Bl(z4’6) P2, 3, 4) is the weighted blow-up of the point Z = [s2:53:0]in P(2, 3, 4) with weights (4, 6).

Given this, A*(M 1,2) becomes a straightforward computation,

Proposition 6.7 [Inchiostro 2022, Theorem 4.12].

A=
P 24 )

Proof. First, since i : Z — P(2, 3, 4) is just the inclusion of a point, we have that i is surjective, and since
A*(P(2,3,4)) = Z[y]/(24y>) we know the kernel is (y). By Corollary 6.5 we then have

AFPQR3 DI L Zly.1]

(ty, Q1) (43,1, Q(1)’
where Q(t) restricts to cg’; (NzY) and has constant term [Z]. As NzY splits into trivial line bundles, we
see c;?;;; (NzY) = (41)(61). Writing Z =V (x3)NV (x7 —x3), we see [Z] = (4y)(6Y), s0 O () =241>+24y>.

Lastly, the term 24y> is now redundant and we have

A*(M ) =

2y, t]

. O
(ty,24(2+y2))

A*(Myp) =

7. Generalization to quotient stacks

Let us now consider the case of % = [Y/G], where Y is an algebraic space and G is a linear algebraic
group; hence it is possible to define the G-equivariant Chow ring Ay;(Y) as in [Edidin and Graham 1998].

A weighted embedding of 2" in # defines a weighted embedding of X in Y via pull-back and, since
the quotient maps are smooth, we have g = [?/ G] and ¥ = [f /Gl.

Theorem 7.1. The theorems in Sections 3, 5, and 6 hold for f : Y > weighted blow-up of % at Z'.

Proof. Let us prove that A*(f&”v ) = A*(ZX)[t]/P(¢) as in Theorem 3.12; the proof for the other results
will be almost identical.

For any p let U be as in Definition 2.1 of dimension high enough such that A? (X y) = AqG (XH)=EA1X)
with Xy := X x U/G, up to degree p.
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Since Xy is an algebraic space, by Theorem 3.12
A*(Xy) = A* X))/ Py ().

Note that Py (t) = cff;g (Nx, Yp) is the pull-back of P () = c;‘f;';; (Mo %), which is a finite-degree polynomial.
In particular for large enough p, Py (¢) does not depend on U and it is exactly P(¢).
Since Xy is open inside a vector bundle, we have isomorphisms A9 ()N( v) = AN up to degree p.

Since Theorem 3.12 holds up to degree p, for any p we have the desired isomorphism of Chow rings. [

Appendix: Chern class of weighted blow-up

Al. The goal. Consider a smooth subvariety X of a smooth variety Y, with blow-up Y and exceptional
divisor, as in the following standard diagram:

A v
=
X Ly

Fulton [1998, Theorem 15.4] provided a formula for the total Chern class c(? ) :=c¢(Ty) in terms of
the blow-up data. The purpose of this note is to revisit that formula and generalize it to the case of a
weighted blow-up. Since smoothness is important in these considerations, our weighted blow-ups are
always stack-theoretic.

A2. Setup and formula. In our setup, X and Y are still smooth varieties, and X is the support of a
weighted center with weighted normal bundle N of rank d = codim(X C Y). The weighted normal bundle
is a weighted affine bundle with total Chern class we denote by ¢(N) € A*(X) and total G,,-equivariant
Chern class ¢®" (N) = Q(t) € Aam (X) = A*(X)[r], where t is the equivariant parameter corresponding
to the standard character of G,,. In particular Q(0) = c(N).

We recall from Theorem 6.4 in the main text that

AM(Y) = (A*(Y) @ 1A*(X))/I,
where
I = (is(@) ® —(Q(1) — Q0 | & € A*(X)).
We denote by
q: A*(Y) B AT (X[t — (A*(Y) ®1A*(X))/I = A*(Y)

the natural quotient map.

Theorem A.1. We have

@) _ q((l - r)Q(z))
freY) 0(0) '
We note that the right-hand side is of the form ¢(1 &7 - R(¢)), with some R(¢) € A*(X)[¢].
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The formula was proved for Chow groups with rational coefficients by Anca and Andrei Mustata [2012,
Proposition 2.12]. Our proof in essence verifies that their arguments carry over integrally.

A3. Approach. Our approach combines the equivariant methods used in the main text to study and
compute Chow rings of weighted projective stack bundles and weighted blow-ups, combined with ideas in
Aluffi’s paper [2010] and lecture [2011], especially the user-friendly presentation of the formula in Aluffi’s
lecture. While Aluffi provides a proof only for complete intersections, the methods of Theorem 6.4 allow
us to reduce the general case to a situation where Aluffi’s proof applies.

A3.1. The quotient class. One first notes that the class c(? )/(f*c(Y)) appearing on the left-hand side
has properties enabling flexible treatment:

Lemma A.2. The class c(?)/(f*c(Y)) is of the form q(1 @t - R(t)), with some R(t) € A*(X)[t]l, and is
functorial for smooth morphisms Y’ — Y and closed embeddings Y' — Y that meet X transversely.

Proof. To see that it has this form, consider the localization sequence
A*(X) > A*(Y) - A*(Y ~ X) = 0.

Since c(? ) and f*c(Y) must pull back to the same class on A*(IN’ X ), and their ratio pulls back to 1. In
particular we see that c(?)/(f*c(Y)) — 1 must be in the image of A*()~(), which means c(?)/(f*c(Y))
is of the desired form.

To see functoriality, consider the following diagram:

R

bl

y sy
We must show

V) _ e
SreY’) fre¥)’
but this is equivalent to
c¥) . cY)
h*e(¥Y) 7 h¥c(Y)

This is true when £ is smooth because the relative tangent bundle of 4 is compatible with pull-back
under f, and true when /4 is a closed embedding since the normal bundle of /4 is compatible with pull-back
under f. O

A3.2. Degeneration to the weighted normal bundle. Applying the lemma to the degeneration to the
weighted normal bundle we obtain:

Lemma A.3. It suffices to prove the theorem, namely to compute R(t) and c(f/ )/ (f*c(Y)), when
Y = NyY.
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Proof. Recall the diagram from Theorem 5.2

X x Al >1\710
A \ /| A

s M, fu

\ l\/x i&l —l M°

X —— M,

X

where M, =Y fort # 0 and My = NyY.

By the previous lemma, the expression c(Mt) /(f*c(M;)) can be pulled back from Me along the
embedding corresponding to ¢ and is determined by a class on X. However, neither X nor M? depend
on ¢ so it is enough to compute things when ¢ = 0, that is, for NxY. O

A3.3. The universal case. By Theorem 4.9, the homomorphism A*(BG,,) — A*(BT) is injective.
Therefore:

Lemma A.4. It suffices to prove the theorem when X = BT and Y = [V /T]. Equivalently, it suffices to
prove the theorem T -equivariantly when X is a point, the origin on Y = A<,

Proof. This follows from functoriality and Theorem 4.9 since the maps X — BG, , and BT — BGg
are smooth. Il

A3.4. The toric case of affine space. Finally, let X be the origin of ¥ = A, Let

A5(0) = AL AN = Z[xy, . . ., x4]

and
o ZIx1, ..., xq, 1]

AT (P(ay, ..., aq)) = AT (B, W

as in Section 5.3.
Proposition A.5. We have ¢’ (Y) = Q(0) and cr(?) =q((1—1)Q(@1)).

Proof. This is essentially the same argument as [Aluffi 2006, Theorem 4.2].
Let D = £X; + X be the sum of all the irreducible toric divisors on Y. By repeating the argument in
[Fulton 1993, Proposition p. 87], we have the exact sequence

d
0— Q} > Qb (log D) — (EB (’)X[) ® 0z — 0,
i=l

and Q%(log D) is trivial. By Whitney’s formula,

1

Q) =— .
cT(O5)cT (P Ox,)

=1+ ][]0 -ait —x).
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By taking the dual we obtain

@) =0-n]]a+ar+x)=00.

The same argument works to prove cT'(Y) = Q(0). O

The theorem follows.
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