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Semistable representations
as limits of crystalline representations

Anand Chitrao, Eknath Ghate and Seidai Yasuda

We construct an explicit sequence Vj, 4, of crystalline representations of exceptional weights converging
to a given irreducible two-dimensional semistable representation V; » of Gal(Q »/Q,). The convergence
takes place in the blow-up space of two-dimensional trianguline representations studied by Colmez and
Chenevier. The process of blow-up is described in detail in the rigid-analytic setting and may be of indepen-
dent interest. Also, we recover a formula of Stevens expressing the L-invariant as a logarithmic derivative.

Our result can be used to compute the reduction of Vj . in terms of the reductions of the V;, ,,. For
instance, using the zig-zag conjecture we recover (resp. extend) the work of Breuil and Mézard and
Guerberoff and Park computing the reductions of the Vj . for weights k at most p — 1 (resp. p + 1), at
least on the inertia subgroup. In the cases where zig-zag is known, we are further able to obtain some
new information about the reductions for small odd weights. Finally, we explain some apparent violations
to local constancy in the weight of the reductions of crystalline representations of small weight.
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1. Introduction

Let p be an odd prime. Let E be a finite extension of @, containing ,/p. Let Dy be Fontaine’s functor
inducing an equivalence of categories between semistable representations of the Galois group Gal(Q »/Qp)
over E and admissible filtered (¢, N)-modules over E. We introduce two kinds of representations using
this functor.
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For every integer k > 2 and a;, € E of positive valuation, there is an irreducible two-dimensional crys-
talline representation Vi 4, over E of Gal(Q »/Q)p) with Hodge-Tate weights (0, k — 1) and D ( Vk"j a,,) =
Dy a,, where Dia,=Ee1 ® Ee; is the filtered ¢-module defined by

(e1) = k=1g Dk,ap ifi <0,
{(p : :p o and Fil’ Dy, =\ Ee; ifl<i<k—1,
p(e2) = —e +aper 0 o

Similarly, for every integer k > 2 and L € P'(E) (called the L-invariant), there is a two-dimensional
semistable representation Vi . over E of Gal(Q »/Q)p) with Hodge—Tate weights (0, k—1) and Dst(V;:f )=
Dy r, where Dy = Ee; @ Ee; is the filtered (¢, N)-module defined by

Dk,L ifi <0,

1 . .
{§0(€1)=Pfk€1, and Fill Dy = E(e + Leo) %flil.ik—landﬁ#OO,
p(er) = pi(k_z)ez E(er +ep) ifl<i<k—1and L =00,

0 if i >k,

and N
@0=€ i oo and N=0 if£= oo,
N(ey) =0

If £ > 3, then the semistable representation Vj . is irreducible and when £ = oo is isomorphic to the
representation Vi 4, with a, = pk/? 4 pk=212,

This paper studies several relationships between the crystalline representations Vi 4, and the semistable
representations Vj o for k > 3.

In particular, we show how information about the reductions of the former representations implies
information about the reductions of the latter. In general, computing the reductions of Galois representa-
tions has applications to computing deformation rings, to the weight part of Serre’s conjecture, to the
Breuil-Mézard conjecture and to modularity lifting theorems.

1.1. Notation.
e pisan odd prime and ,/p is a fixed square root of p.
e E is a p-adic number field, i.e., a finite extension of Q,,.

* v, is the p-adic valuation normalized such that v,(p) = 1.

* {p—1 is a fixed primitive (p—1)-th root of unity in Q..

log is the p-adic logarithm, normalized by setting log(p) = 0.

* 7 is the rigid-analytic space parametrizing continuous characters of Q.

e Xl eT(Q p) for i > 0 is the character @’; — @; that sends an element to its i-th power.

» x € T(Q,) is the p-adic cyclotomic character Q}, — Q}, which maps p to 1 and which is the identity
on Z3,.

o Characters of the form x’ x for i > 0 are called exceptional characters.



Semistable representations as limits of crystalline representations 1051

* W is the character of Q, sending p to 1 € P; or @f, and 73, to 1.

* Normalize the map ), — Gal(Q »/Q p)ab of class field theory by sending p to a geometric Frobenius.
We sometimes think of x and pu; as characters of Gal(Q,/Q),).

e Let I' = Gal(Q, (1 p=)/Q,). We also think of x as a character I' = ZZ‘,. From Section 3.1, we fix a
topological generator y of I' such that x (y) = g“;’_l (14 p) for a fixed integer a.

e Ig, is the inertia subgroup of Gal(@p/@p).

* o is the fundamental character of Ig, of level 1; it has a canonical extension to Gal(Q »/Qp).

* wy is the fundamental character of Ig, of level 2; choose an extension of w; to Gal(Q p/Qp2) so
that for an integer ¢ with p + 1 {c the representation ind(w$) obtained by inducing this extension from
Gal(Q,/Q,2) to Gal(Q,/Q)) has determinant o

e R4 is the Robba ring with coefficients in A for A an affinoid algebra.
e R4(8) for § € T(A) is the (¢, I')-module of rank 1 over R 4 with action of ¢ and I':

of M) =8(p)f(A+T)P =1) and yf(T)=8(x(Nf((A+T)*" —1) foryeT.

« k is an integer greater than or equal to 2 and r = k — 2.

» v_ and v, are the largest and smallest nonnegative integers, respectively, such that v_ < %(k -2)<vyt
for k € [3, p+1].

e Hy=0and H = Zézl(l/i) is the /-th partial harmonic sum for / > 1; write Hx = H,_ .

e v=v,(L— H_— Hy) is the p-adic valuation of £ in a finite extension of Q, shifted by the partial
harmonic sums H_ and H,. Note v equals v, (L) if either quantity is negative.

o P(V) is the projectivization of a vector space V.
» ¢ is Euler’s totient function.

e ¢,(T) for n > 1 is the p"-th cyclotomic polynomial.

1.2. Limits of crystalline representations. Colmez [2008] and Chenevier [2013] have constructed a
moduli space of nonsplit trianguline (¢, I')-modules of rank 2 over the Robba ring (assuming that the
quotient of the characters occurring in the triangulation is not of a certain kind). The first goal of this
paper is to construct for k > 3 an explicit sequence of crystalline representations converging in this space
to the (dual of the) semistable representation Vi , for a prescribed L-invariant £. We will use this in
conjunction with a local constancy result to study the reductions of semistable representations.

In order to state our result, let us recall the definition of the rigid-analytic space constructed by Colmez
and Chenevier. Let 7 be the parameter space for characters of Q7. Let x : @}, — Q7, be the identity
character. Let y : @; — Z*I‘, is the p-adic cyclotomic character, sending p to 1 and such that y | zs is the
identity character. We call the characters x' x for i > 0 exceptional. For each i > 0, let F; and F! be the
closed analytic subvarieties of 7" x 7 such that, for every finite extension E of Q,,, we have
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Fi{(E) ={(81,82) € T(E) x T(E) | 8:8; ' =x"x},
F/(E) ={(81,82) € T(E) x T(E) | 88, ' =x""}.

Let F = J;»o Fi and F’' = |J;>( F;. The Colmez—Chenevier space 75 is the blow-up of (T x T)\ F’
along F in the category of rigid-analytic spaces. Our first main theorem is the following:

Theorem 1.1. Letk >3, r =k —2 and £ € PY(E). Forn > 1, let

(k+p"(p—1), p (1+1Lp"(p = 1)) if £ # oo,

2 1 1
k+p"(p—1, p2"(1+p") if L=o0. 1

(knv an) = {
Then

k ES
Viena, = Vi

i.e., the sequence of points in 7> associated to the crystalline representations V/::,, a, CONVerges to the point

in T associated to the semistable representation V| .

Remarks. (1) The weights k, appearing in the theorem are for sufficiently large n exceptional in the
sense that they are two more than twice the valuation v,(a,) of a, modulo (p — 1) [Ghate 2021]. This
will be of key importance in what follows. In fact, if (k,, a,) is an arbitrary sequence of points such
that th, a = Vi’ 0, then the k, are eventually exceptional weights. Indeed, it is not hard to see that
(kn, an) — (k, p’/*) and k,, = k mod p — 1 for large n.

(2) In the case £ # oo, the sequence of points (k,, a,) in Theorem 1.1 lies on the line a,(l) =
p?(1+3L(—k)). Clearly
a (k
L£L=2 p ). 2
ap(k)

In Section 6.2, we show that (2) holds more generally for an arbitrary sequence (k,, a,) of points on any

smooth curve a, () such that V' ~— V/*. in the blow-up space 7>. The formula (2) is a variant of a
classical formula initially proved by Greenberg and Stevens [1993, Theorem 3.18] for elliptic curves with
split multiplicative reduction (a weight-2, slope-0 case) and extended by Stevens [2010, Theorem B]
(see also [Bertolini, Darmon, and lIovita 2010, Theorem 4]) to higher weights and slopes. Further
generalizations were proved by Colmez [2010, Théoreme 0.5, Corollaire 0.7], Benois [2010, Theorem 2]
and others. This classical formula was a key local ingredient in the proof of the Mazur—Tate—Teitelbaum
conjecture for elliptic curves due to Greenberg and Stevens. Our proof of (2) is essentially geometric.
Recall the classical picture in algebraic geometry of the blow-up of A at a point shown in Figure 1.

The strict transform of the curve y = f(x) passing through the origin (0, 0) in A? passes through
the exceptional divisor P! above the origin at “height” the derivative of f at 0. The proofs of (2) and
Theorem 1.1 are based on an analogous principle in a rigid-analytic setting.

(3) The techniques used to prove Theorem 1.1 can also be used to prove that the limit of a sequence of irre-
ducible two-dimensional crystalline representations of Gal(Q »/Q)p) with Hodge-Tate weights belonging
to aninterval [a, b] is also irreducible crystalline with Hodge—Tate weights in [a, b], at least if the difference
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{(x,y,a:b) e A2 x P! : xb = ya)}

~N

{(x,y) € A%)

0,0

Figure 1. Blow-up of A? at (0, 0).

of the Hodge—Tate weights of the representations in the sequence is at least 2 infinitely often. This gives
another (geometric) proof of a special case of a general result of Berger [2004, Théoreme 1] (see Section 8).

1.3. Computing the L-invariant. In this section, we now explain the techniques involved in proving
Theorem 1.1. The discussion should also serve as an overview of the contents of Sections 2 to 6.

Let E be a finite extension of Q. Let Rg be the Robba ring over E consisting of bidirectional power
series having coefficients in E that converge on the elements of @ » with valuation in ]0, M] for some
M > 0. For a more precise description, see Section 3.

The E-valued points of 75 are tuples (81, 62, L) where 81, &, are E*-valued characters of @; (with
816, ! #x/ forany j >0)and L € P! (E) is the £-invariant of the (¢, I')-module associated to the
isomorphism class of the nonsplit extension

0—> Re(51) > x—> Rg(6) — 0,

when 816, V= xiy fori >0is an exceptional character, and is taken to be co otherwise (more precisely,
in the former case, L is the £-invariant defined by Colmez — see Section 3 — of this extension twisted
by 8; ).

The functor Dy, sets up an equivalence of categories between the category of E-linear representations
of Gal(Q »/Q)p) and the category of (¢, I')-modules over R of slope 0. Let k > 3 and r = k — 2, and,
for n > 1, let (k,, a,) be as in (1). By [Berger 2012, Proposition 3.1], Drig(Vkﬂ;’an) is an extension

0— Re(y,) = Drig(Vih o) = Ry, x' ) =0,

Yn = 3(an +Vay —4ph). 3)

This allows us to associate to (the dual of) Vi, 4, the point (iy, , 141/, x 7%, 00) of the blow-up T>. We

where

claim that for n > 1 this sequence of points converges in the blow-up to the point
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(prrzs oy x ™ =L) if £ # 00,
(2, 1y 5, 00) if £ = 00.

It turns out that the corresponding (¢, I')-module is étale (for any £) and that the corresponding Galois
representation is the semistable representation V,: ¢ (see the end of Section 6.1). In the £ = oo case, the
representation V" . is in fact crystalline. This proves Theorem 1.1.

It remains to prove the claim. Let T be the blow-up of 7\ {x~/} j>0 at {x'x}i=0. The E-valued
points of T are tuples (8, L), where § is an E*-valued character of @; (with 8 # x~/ for any j > 0) and
L € PI(E) is the £-invariant (defined by Colmez, see Section 3) of the (¢, I')-module associated to the
isomorphism class of the nonsplit extension

00— Rg(8) > *—> Rg — 0,

when 8 = x’x for i > 0 is an exceptional character, and is taken to be oo otherwise. Now a sequence of
points (81, 62,0, Ly) in 75 converges to a point (61, 6, L) in 7‘2 if and only if
 §1., and 82, converge to §; and &, respectively, in 7, and
. (81,,,52_’;, L,) converges to (8182_1, L) in 7.
That is, with respect to the commutative diagram
T » T
l l

TxT\F — T\{x};s0

where the bottom map is the restriction of the twisting map 7 x 7 — 7T sending (81, 62) to 616 ! the
top map sends (81, 82, L) to (815_1, L) and the vertical maps are the blow-up maps at F and {xix}izo,
respectively, the sequence (81 ,, 82.,, L) converges to (81, 6, L) in 7, if and only if the projections
of this sequence under the left vertical map and the top horizontal map converge to the corresponding
projections of (81, 82, L). Indeed, the top map is obtained from the universal property of the blow-up map
on the right (this can be checked on charts using the definition of the map g constructed after Lemma 2.3),
so there is an induced map from 75 to the fiber product of 7 x 7\ F’ and T over T\ {x~/} j>0 which is
a closed immersion [Schoutens 1995, Proposition 3.1.2], and hence induces an inclusion on points 7'2(E )
to the fiber product of (7 x 7'\ F’)(E) and 7~'(E) over (7\ {x‘j}jzo)(E) with closed image, and then
this is the definition of convergence in the last fiber product.

An easy check shows that the characters w,, and gy, x ' Hn converge to the characters > and

k=1'— x" . Thus,

Kty pri2 X 1=k respectively. The ratio of these characters is the exceptional character p X
if the sequence (wy,, 117y, X =k 00) converges in T3, then it converges to a point in the fiber over F,.

Thus, it remains to check that (/,Ly% ¥k =1 00) converges in T to

(x"x,—=L) if £ # o0,
“4)

(x"x,00) if £L=o00.
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In order to prove (4), we set up local coordinates U, around the point x” x, describe the blow-up U, of
this coordinate patch with center at the exceptional character x” y explicitly (see Section 2 for details)
and compute the limit in U,. Let {p—1 be a fixed primitive (p—1)-th root of unity. Associating the tuple
(8(p), 8(¢p-1), 8(1+ p) — 1) to a character § € T(Q)) identifies 7(Qp) with Q) x up—1 x pZ,. Under
this identification, the exceptional character p - x*~1 goes to the tuple (p”, g“]];j, (14 p)*~1—1). The
set p’Z}’; X {{I]j:}} x pZ, is a neighborhood of ,prer_l in 7(Q,). This leads us to consider the affinoid
algebra

U =SpQ,(S1, 8, T, T», T3)/(p"T1 — S1, 1 = T1 T, pT3 — S7)

as a neighborhood of 1 - x*~'in T because clearly U, (Q p) = p" 2L}, x pZ,. The variable S corresponds
to the first factor and §; to the second factor. From now on, by fixing the tame part of the characters
under consideration, we identify U, (E) with the subset p" O}, x {;ﬁ:{} x pOg of T(E), where O is
the ring of integers of E.

k—1

The character 1, x = x" x corresponds to the maximal ideal

m=(S1—p,S—((1+p)*'-1)

of O(U,). The blow-up U, of U, at the maximal ideal m turns out to have the following standard
description (see (5)):

U, (E) = {(51, 52, &1 : &) € U-(E) x PYE) | (s1 — p" &2 = (52— (1 + p)F 1 = 1)y ).

For large n, the points (2 xk=1 00) in T lie in U,. We prove that the sequence converges in the
blow-up U, to the point (see Section 6.1)

r

TA4+phlo1 P 1) if £+ oo,
(p(+p) (I+ p)FTlog(1+ p) L # 00

P, A+p=1,1:0) if £=o00,

where log is normalized so that log(p) = 0. The proof of (4) then follows immediately from Theorem 5.2,
a technical but important formula for the £-invariant of a point in the exceptional fiber, noting that the
fudge factor there cancels with the extra factor appearing in the third coordinate of the limit point above
when £ # oo and flips the sign.

Theorem 5.2 is proved as follows. Given a point in the exceptional fiber, we convert it to a tangent direc-
tion in U, at the point (p”, (1+p)*~1—1),i.e., an element of I]:"(Hom(m/m2®@p E. E)). This is done using
the map in Proposition 2.5. We then explicitly describe the isomorphism P(Hom(m /m?> ®q, E, E)) —
P(H'(Re(x"x))) stated in [Chenevier 2013, Theorem 2.33], using some preparatory material on the
cohomology of “big” (¢, I')-modules in Section 4. The image of the given point in the exceptional fiber
under the composition of these two maps yields a cohomology class in H!'(Rg(x"x)) (up to scalars). The
corresponding (¢, I')-module (up to isomorphism) is referred to as “the (¢, I')-module” associated to the
given point (Definition 5.1). We then represent this cohomology class as an explicit linear combination of
the basis elements of H'(Rg(x" x)) studied by Benois [2011, Proposition 1.5.4]. The original formula
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for the L-invariant due to Colmez is, however, in terms of a different basis of H'(Rg(x" x)), namely,
the one constructed in [Colmez 2008, Proposition 2.19] (see Section 3). Restating the formula for the
L-invariant in terms of Benois’ basis (Definition 3.6) allows us to give a formula for the £-invariant of
the given point in the exceptional fiber.

1.4. Reductions of semistable representations. Chenevier [2013, Proposition 3.9] proved that points
of the space ’75 lie in families of (¢, [')-modules. By [Kedlaya and Liu 2010, Theorem 0.2], such a
family comes from a family of Galois representations at least affinoid locally around an étale point.
Furthermore (see, e.g., the discussion on [Chenevier 2013, p. 1513], which uses results of [Chenevier
2014] on pseudorepresentations), the semisimplification of the reduction of Galois representations living
in connected families are isomorphic. This means that if the points in T corresponding to two Galois
representations are close, then the semisimplifications of the reductions of the two Galois representations
are the same. Moreover, the dual of the reduction of a lattice in a p-adic representation is the same as the
reduction of the dual lattice in the dual representation. Using these facts, along with Theorem 1.1, we see
that if one knows the reductions of the crystalline representations appearing in Theorem 1.1, then one can
compute the reduction of Vi . for any k > 3 and £ # oo (the case k = 2 is not as interesting since the
reduction is always reducible).

More generally, the above method allows one to compute the reduction of any irreducible two-
dimensional noncrystalline semistable representation with distinct Hodge—Tate weights. Indeed, suppose V
is such a semistable representation. Twisting by x“ for some integer a, we may assume that the Hodge—
Tate weights of the semistable representation V ® x ¢ are (0, k — 1) for an integer k > 2. By, for instance,
[Guerberoff and Park 2019, Lemma 3.1.2(3)], the filtered (¢, N)-module Dg((V ® x%)*) is the module
D(X, £) described in [Guerberoff and Park 2019, Example 3.1.1] with A = up®*~2/2 for some unit u
(since r there is equal to k — 1). Now V ® x“ ® u, is isomorphic to Vi , as can be seen by comparing
the corresponding filtered (¢, N)-modules. By [loc. cit., Lemma 3.1.2(4)], we must have k£ > 3.

This approach to computing the reduction of semistable representations using crystalline representations
is of some importance because the reductions of these two classes of representations are nowadays largely
studied by completely different methods: the crystalline case uses the compatibility of reduction between
the p-adic and mod p local Langlands correspondences, or computes the reduction of the corresponding
Wach module, whereas the reductions in the semistable case are determined by studying the reductions of
the corresponding strongly divisible modules. In our experience, the former methods, while quite intricate,
are not as complicated as the latter method. Thus, in view of the remarks above, the techniques used in
the crystalline case may be brought to bear on the study of the reductions of semistable representations.
We note, however, that the former method is only available for two-dimensional representations of
Gal(Q »/Qp), whereas the latter method is available in principle for representations of Gal(Q »/Qp) of
any dimension (though in practical terms only for those of small Hodge—Tate weights).

Let us illustrate this with some examples. The reductions of semistable representations have been
computed completely for even weights in the range [2, p — 1] by Breuil and Mézard [2002], and for
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odd weights in the same range by Guerberoff and Park [2019] at least on inertia. In [Ghate 2021], the
second author made the following conjecture called the zig-zag conjecture! describing the reductions
of crystalline representations of exceptional weights and half-integral slopes in terms of an alternating
sequence of reducible and irreducible mod p representations.

Conjecture 1.2 (Zig-zag conjecture). Say that k = ko = 2v(a,) + 2 mod (p — 1) is an exceptional
congruence class of weights for a particular half-integral slope % <vp(ap) € %Z < %( p—1). Letr =k—2
and ro = kg — 2. Define two parameters

<a§ -O)0)p
T=v,

ro
) ) and t=vp,(k— ko),
pap

where v_ and v, are the largest and smallest integers such that v(a,) lies in (v_, vy). Then, for all
weights k > ko with t sufficiently large, the (semisimplification of the) reduction \7;(,“” of the crystalline
representation Vi 4, on the inertia subgroup lg, is given by

ind(w ™) ift<t,
00 D w ift=t,
ind(w} ") ift<t<t+l,
" w? fr=t+1,
ind(@"*?7 ") fr+l<t<t+2,
a)ro—Q@a)3 lf“[:t—‘,—z,
Vk ap|1@ ~ )

’ P . +14+1ro—2)(p—1 .
1nd(a);0 2(0=D )) zft—i—%(ro—4) <T< t+%(r0—2),
w30+ @ w%ro ft=t+ %(”0 —2), } and ry is even

1 .
ind(a);m—l+§ro(p—1)) if T> t+%(ro—2),
or

. +1+Lro—1)(p—1 .
1nd(a);0 (0= D )) ift+300=3) <t <t+300-1D), and ro is odd.
w10t @ 30+ if t>14%(ro—1)

This conjecture has been verified for some small slopes (see [Buzzard and Gee 2013] for slope % [Bhat-
tacharya, Ghate, and Rozensztajn 2018] for slope 1 and [Ghate and Rai 2025] for slope %) even with t =0.?

This “crystalline” conjecture is intimately connected to the “semistable” results in [Breuil and Mézard
2002, Theorem 1.2; Guerberoff and Park 2019, Theorem 5.0.5]. More precisely, the zig-zag conjecture
and Theorem 1.1 can be used to completely recover the description of the reductions of semistable
representations in these theorems when k # 2, and even (conjecturally) extend it to the cases k = p + 1
and k = p, respectively, at least on the inertia subgroup (see Theorem 1.3 below). Moreover, in the

IThis version is mildly different from [Ghate 2021, Conjecture 1.1] in that there we require k to be sufficiently far away from
some weights which are strictly larger than p 4 1, whereas here £ is required to be sufficiently close to the weights 3 < kg < p+1.
2The condition that ¢ is sufficiently large is required for larger slopes due to some numerical observations made by Rozensztajn.
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odd-weight cases for which the zig-zag conjecture has been proved, we obtain new information about the
reductions of semistable representations on the full Galois group Gal(Q »/Qp).

To elaborate further, let us set up some notation. For an integer k in the interval [3, p + 1], define v_
and vy to be the largest and smallest integers, respectively, such that v_ < %(k —2) <vg. Forl>1,let

l
lezll,
i=1

be the /-th partial harmonic sum and set Hy = 0. For convenience, write H_ = H,_ and H, = H, . For
any L in a finite extension of @, let

v=uv,(L—H_—H,)

be the p-adic valuation of the L£-invariant shifted by the partial harmonic sums H_ and Hy. Let w and
@ denote the mod p fundamental characters of levels 1 and 2, respectively, on the inertia group Ig,.
The character @ may be thought of as a character of Gal(Q,/Q,); we choose an extension of w; to
Gal(Q »/Q,2) such that for any integer ¢ with p + 1{c, the representation ind(w$) obtained by inducing
w; from Gal(Q,/Q,>) to Gal(Q,/Q,) has determinant . Let u; be the unramified character of
Gal(Q,/Q,) mapping a geometric Frobenius element at p to A € [, or Q7. Normalizing local class field
theory by sending p to a geometric Frobenius element at p, we obtain the character u; of Q, taking p
to A and Z), to 1 used in Section 1.3. Our second main theorem is the following:

Theorem 1.3. If the zig-zag conjecture is true, then for any weight k satisfying 3 <k < p+ 1, we
have the following (k—1)-fold description of the (semisimplification of the) reduction of the semistable
representation Vi for £ € P1(Q p) on the inertia subgroup:

- Lo ifv<l-1Lk-2),
oS POw ifv=1-1(k-2),
k—2 k—2)+1 .
s TP @l T if1-tk-2)<v<2-1k-2),
o3 @ w? ifv=2-1(k-2),
_ Yet1+p(Lk—2 Ye—24p(Lk+1 .
Viocli, ~ a)ZT Pl(z )690)22 p(3k+1) if —1<v<0,
0t @ w2*=2 if v=0, and k is even
sh+p(3k—1 th—1+1pk ;
w22 +p(3 )696022 +2p if v>0,
or
1 1 1 1
SkAD+p(3(=3) o s k=3)+p(3k+D) e 1 1
0)21 , b, f 2 2> Y and k is odd.
wj(k—l) @a)j(k—l) lf V= 3

Remark. The theorem holds when £ = oo even without assuming the zig-zag conjecture by the work of
Fontaine and Edixhoven [1992], since, by convention, v,(00) = —00.
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A generalization of the v < 1 — %(k — 2) case of Theorem 1.3 has recently been proved for all weights
k >4 (and odd primes p) by [Bergdall, Levin and Liu 2023, Theorem 1.1]. Note that the term v, ((k —2)!)
in their result vanishes in our setting.

Also Theorem 1.3 above indeed matches with the results in [Breuil and Mézard 2002; Guerberoff and
Park 2019] for £ # oo and for k € [3, p — 1]:

Even k € [3, p — 1]: Breuil and Mézard [2002, Theorem 1.2] have computed the reduction of Vi  in
terms of the valuations v, (a) and v, (L), where

a= 0¥ (=1+5(5 - 1) c+2my, ).

(3k —1)) =0, and therefore

Since k € [3, p — 1], we see that vp(lk 3

2

1 1 2kl

1
_ - — 2H, = 1, 17 1 2 i
vp(a) Up((%k)(%k—l)—i_( L+ sz_1)> vp(lk k=1 L+ ; i)

2
s
:vp(_c+27+
i=1

where we have used k is even in the last equality. Now:

1
12

1
i=1

e If v > 0, then Theorem 1.3 yields

1 1 1 1
— Tk+p(Lk—1) Yk—1+1 pk
Viclig, ~ ®; D w, H

which agrees with [Breuil and Mézard 2002, Theorem 1.2(ii)].
o If v =0, then Theorem 1.3 yields

— 1 1
e ta—2
Viclig, ~@? ®w2*2),

which agrees with [loc. cit., Theorem 1.2(i)].

e Soassume v < 0. Thenv =v,(L). If v <2 — %k, then Theorem 1.3 yields \7,{,[;|1@p ~ a)’;_] @a)é’(k_]),

which agrees with [loc. cit.,, Theorem 1.2(iii)]. Now if 2 — %k <v < 0 and v € Z, then [loc. cit.,
Theorem 1.2(iii)] yields

vk,ﬁll@p ~ w%k—v @w%k-i-v—l’
which is the same as the reduction computed in Theorem 1.3. Finally, if 2 — %k <v<O0Oandv ¢Z, then
[loc. cit., Theorem 1.2(iii)] yields

= sk—v]+p(3k+Lv]-1) Tkt =14+p(Sk—1v])
Viclig, ~ @; ’ D w; ’ ,

which matches with the reduction computed in Theorem 1.3.

Remark. Since the zig-zag conjecture has already been proved for p > 5 and slope 1 in [Bhattacharya,
Ghate, and Rozensztajn 2018, Theorem 1.1], even on Gal(@ »/Qp), we recover the following result of
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Breuil and Mézard when k = 4 (see [Breuil and Mézard 2002, Theorem 1.2]):3 if p > 5 and k =4, then

ind(w3) if v <0,
\7/(,5 ~ 3 w? Do ifv=0,
ind(w; ") if v >0,
where
3
A==2(L-3).

If all nearby étale points in 7> close to a given étale point, which has a lattice with nonsplit reduction,
also have lattices with isomorphic reduction (an assumption which is stronger than the reductions being
isomorphic up to semisimplification, and which might follow by extending results of [Chenevier 2014]
from pseudorepresentations to Galois representations), then one can read off more subtle information
about whether the representation Vj  is peu or trés ramifiée (when it is reducible and A = 41) from
the corresponding information of a sufficiently close crystalline representation Vj, ,,, which, in turn, is
controlled by the size of v, (u, — &,) in the notation of [Bhattacharya, Ghate, and Rozensztajn 2018,
Theorem 1.3]. Indeed, in the middle case of the trichotomy above, we have v, (3 —2L£) = 0, putting us
in part (i) of [Breuil and Mézard 2002, Theorem 1.2]. Note that m =1 and k, — 2 = 2. There are
now two cases to consider depending on whether ¢, = &1. If v, (£ —2) = 0, then a small check shows
that ¢, = 1, so by [Bhattacharya, Ghate, and Rozensztajn 2018, Theorem 1.3(1a)], the reduction \_/k, r
(without semisimplification) is peu ramifiée. If v,(£ — 2) > 0, then another small check shows that
&, = —1 and that v, (4, — &,) = v, (L — 2). Thus, by [loc. cit., Theorem 1.3(1b)], the reduction \7;(’5
(without semisimplification) is peu ramifiée if and only if v, (£ —2) < 1, at least if £ lies in an unramified
extension of Q. Both these conclusions are consistent with the corresponding conclusions in [Breuil and
M¢ézard 2002, Theorem 1.2(1)]!

Odd k € [3, p — 1]: Guerberoff and Park [2019, Theorem 5.0.5] computed the reduction of Vi . in terms
of the valuation v, (£ —a(k — 1)), where

a(j)=Hjp+Hjpn_
for j > 1. We clearly have a(k — 1) = H_ 4+ H... Therefore, the regions used to classify the reductions in
Theorem 1.3 match with those used in [loc. cit., Theorem 5.0.5]. Now:

e If v <1— (k—2)/2, then Theorem 1.3 yields

54 k—1 pk—1)
Viclia, ~ @y @) ,

which agrees with the reduction computed in [loc. cit., Theorem 5.0.5(2)].

e Assume —% —l<v< % — [ for some [ € {0, 1,..., %(k —5)}. This region can be written as

(~l+1k=3) - Lk-2) <v < (-1 +1k-1D) - Lk-2).

3The computation a(ap/p) = (—1+2(=L+2))(p/p) = —2(£ — %) shows that the reduction agrees with the reduction
computed in [Breuil and Mézard 2002, Theorem 1.2].
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Theorem 1.3 yields

= k=D+(p=D(=1+5*=3)) _  p(k=D+(p—D(~I+5*k=3)))
Viclia, ~ @, : ® w, : ,

which agrees with the reduction computed in [Guerberoff and Park 2019, Theorem 5.0.5(1)].

« Assume v=—1 —1forsome/ € {0,1,..., 1(k—5)}. This can be written as
v=(—l+1(k—-3))—3(k—2).

Theorem 1.3 yields

W13 0-3) gy (45 0=3))

Viclig, ~

which agrees with the reduction computed in [loc. cit., Theorem 5.0.5].

e Finally, if v > %, then Theorem 1.3 yields
Vicle, ~ w2 ® D @ k=D
’ P
which agrees with the reduction computed in [loc. cit., Theorem 5.0.5].

For the small weights kK = 3 and 5, we may in fact improve on [loc. cit., Theorem 5.0.5] by computing
the reductions Vj_ . on the full Galois group Gal(Q »/Qp) (by giving formulas for 1). Indeed, since
zig-zag has been proved for slopes % and % in [Buzzard and Gee 2013, Theorem A; Ghate and Rai 2025,
Theorem 1.1], respectively, we obtain the following theorems.

Theorem 1.4. Let p >3 and k =3. We have the following dichotomy for the shape of the semisimplification

of the reduction of the semistable representation Vy :

— ind(w?) ifv<3i
Vk,ll"’{ 2 f 2
@@ py-1o  if v= g,
where
x+%=—p—%<£—1).

Theorem 1.5. Let p > 5 and k = 5. We have the following tetrachotomy for the shape of the semisimplifi-

cation of the reduction of the semistable representation Vi r:

ind(w3) ifv<-—1
. 1
% MMCU3@M;L;ICU lfv=_§a
kL™ Y. 3+ .
ind(w, Py zf—%<v<%,

2 2 - 1
Mo, @I‘L)\z—la) ifv>s,

where the constants A; are given by

Mm=-3p3(L-3), r+-—=2p1(L-13).
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Remark. We remark that recently the second author noticed that it is possible to reverse the arguments
used to prove Theorem 1.3 to give a proof of the zig-zag conjecture, at least on inertia and for all
half-integral slopes 0 < v, (a,) < %( p — 3), [Ghate 2022, v1] (these restrictions can be removed [Ghate
2022, v2] using very recent work of the first two authors [Chitrao and Ghate 2023] which computes \_/k, r
directly on Gal(@ »/Q)p) using the Iwahori mod p local Langlands correspondence [Chitrao 2025]).

1.5. Relation with local constancy. Berger [2012] proved the following theorem on the local constancy
in the weight of the semisimplification of the reduction of crystalline representations.

Theorem 1.6 [Berger 2012, Theorem B]. Let a, # 0 and k > 3v,(a,) +a(k — 1) + 1, where

| j
“(’)ZZL?"I@—DJ‘

n>1
Then there exists m = m(k, ap,) such that Vk/,ap = Vk,ap ifk'>kandk' —k e p"'(p — Z.

This local constancy result does not extend to small weights & in the sense that the bound in the theorem
is sharp. This was noticed in [Ghate 2021] using the following examples.

o Letk=4anda, = p>5. Then 4 # 3(1) + 1 and the crystalline representation Vj ,, does not satisfy
Berger’s bound on the weight. Now let k' =4+ p"(p — 1) for large n. If the above local constancy result
were to hold for Vi 4, then we would have Vk/,a . \_/k,a ,- However, Vk,a , 18 irreducible as k belongs to
the range [2, p 4 1] treated by Fontaine and Edixhoven [1992], but Vk/,ap ~ pL3a)2 @ ps-1w is reducible
by [Bhattacharya, Ghate, and Rozensztajn 2018, Theorem 1.1].

e Letk=5anda, = p>/? for p>7. Then 5 # 3(1.5) + 1 and the crystalline representation Vk.a, again
does not satisfy the bound on the weight. Now let k' = 5+ p"(p — 1), for large n. If the above local
constancy result were to hold for Vi ,,, then we would have nga ) \_/k,a ,- However, Vk,a )~ ind(a)‘z‘)
since k belongs to the Fontaine—Edixhoven range, but Vk/,ap ~ ind(a)gﬂ’ ) by [Ghate and Rai 2025,
Theorem 1.1].

However, we have the following corollary to Theorem 1.1.

Corollary 1.7. For k > 3, the sequence of crystalline representations V* , converges to the

k+p(p—1),p"/
semistable representation V' . for L = 0.

Therefore, for large n the reductions of the crystalline representations Vy ,u(,_1), 2 in the examples
above should be isomorphic to the reduction of the semistable representation Vi » with £ =0, and not
necessarily to the reduction of the crystalline representation V; > (though all may be the same, as is the
case when k = 3). Indeed, one checks that

e if k =4 and p > 5, then by [Breuil and Mézard 2002, Theorem 1.2], the reduction of the semistable
representation Vs o for L =0 is w3w> ® U3-10, and,

e if k =5 and p > 7, then by [Guerberoff and Park 2019, Theorem 5.0.5] (or, better, by Theorem 1.5),

the reduction of the semistable representation Vs  for £ =0 is ind(a);ﬂ’ ).
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Thus, there is no apparent contradiction to local constancy in the weight for the reductions of the
crystalline representations above when k is small if one works in the Colmez—Chenevier space which
includes semistable representations of weight k.

2. The blow-up of U,

In this section, we provide details about blow-ups in the rigid-analytic setting which may be of independent
interest. This is inspired by [Schoutens 1995], but we carefully work out the details and also do not work
over algebraically closed fields. For background on rigid-analytic geometry, see [Bosch, Giintzer, and
Remmert 1984]. We also recall the important Proposition 2.5, which for each finite extension E of Q,,
establishes a bijection between the E-valued points of l7r that lie above (p’, (1 + p)"‘_1 — 1) and the
tangent directions in U, at the exceptional point.

2.1. The blow-up as a rigid-analytic variety. The blow-up of U, consists of a rigid-analytic variety U,
and a map 7 : U, — U, satisfying the properties given in [Schoutens 1995, Definition 1.2.1]. In this
subsection, we will construct ﬁ,.

Recall that U, = Sp O(U,), where

OW,) =Qp(S1, 8, T\, T2, T3)/(p"T1 — S1, 1 = Th Tn, pT5 — 5).

The Q,-valued point (p”, (1 —i—p)k—1 — 1) corresponds to the maximal ideal m = ( fi, f2) of O(U,), where
fi=Si—p and fr =S, — (14 p)*~! —1). By the blow-up of U, at (p", (1 + p)*~! —1), we mean the
blow-up at the maximal ideal m.

We will construct ﬁ, by a patching argument. Let O, Q», Q/1 and Q’2 be indeterminates. For
i=0,1,..., consider the affinoid algebra

Ai =OWU) (P Q) /(o= Q1 f1),

which describes the subset of U, where | f>| < p'|fi]. Sending p'T'Q; to p- p'Q; and X to p' 0,
induces an isomorphism A;((X)/(pX — PO = A, showing that Sp A; is the affinoid subdomain
(hence an open subvariety) of Sp A, consisting of maximal ideals m such that |Q; mod m| < p’. We
therefore get a sequence of inclusions Sp A9 — SpA; — Sp A, — - -+ associated to the sequence of
affinoid algebra homomorphisms - - - — A, — A; — Ayp. Using [Bosch, Giintzer, and Remmert 1984,
Proposition 9.3.2/1] we paste together the Sp A; for i > 0 to get a rigid-analytic variety V,. The same
proposition also states that {Sp A;};>0 is an admissible cover of V. Similarly, for i > 0, we define

B = OU,){p' 02)/(fi — Q2 /2)

and glue the corresponding affinoid spaces to get a rigid-analytic variety V,. The blow-up U, is the
rigid-analytic variety obtained by gluing Vi and V, along certain open subvarieties.
We describe these open subvarieties now. For each i > 0, consider the affinoid algebra

Al =0 P 01, P O/ (fa— Q1 fi, 1 — 010,
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Sp A,‘

Sp A} = Sp B!

Sp B,'

Figure 2. Exceptional fiber of the blow-up in the rigid setting.

which describes a Laurent subdomain Sp A’ of Sp A; given by the condition |Q| > p~". Since we have
an isomorphism A (X, Y)/(pX — ptloy, py — pit! Q') = A; (sending X to p Q1 and Y to piQ’l),
we see that Sp A; is an affinoid subdomain (and hence an open subvariety) of Sp A;_ . Using [Bosch,
Giintzer, and Remmert 1984, Proposition 9.3.2/1], we paste together Sp A} for i > 0 to get a rigid-
analytic variety \7{ . Moreover, using [loc. cit., Proposition 9.3.3/1], we see that the canonical inclusions
Sp A} — Sp A; induce an inclusion V{ <> V1, identifying \71’ as a subvariety of V. Similarly, we construct

a subvariety ‘72’ of V, by gluing all the Sp B; together, where

B{ =OW,){p' 02, p' 05)/(fi = Q2f2,1 = 0205).

It turns out that Sp A} and Sp B/ are the intersections of Sp A; and Sp B; in the blow-up U, that we will
soon construct. The spaces above are summarized by Figure 2.

The space % corresponds to the surface of the sphere except the south pole in Figure 2, whereas Vs
corresponds to the surface of the sphere except the north pole.

We claim that 17]/ is an open subvariety~of ‘7, for j =1, 2. Without loss of generality, assume j = 1.
To prove this claim, we need to show that V] N Sp A; is an admissible open subset of Sp A; for each i > 0.
Write V{ NSpA; = UJpe;(SpA, NSp A;). If k > i, then Sp A, N Sp A; is the set of maximal ideals m
of A; satisfying |Q; mod m| > p~* Therefore Vl/ N Sp A; is the set of maximal ideals m of A; such that
|Q1 mod m| > 0. In other words, it is the complement of the vanishing set of Q; in Sp A;; i.e., itis a
Zariski open subset. Since Zariski open subsets are admissible open, we have proved the claim.

To glue V, and V5, we define an isomorphism ¢ : \71/ — \72/ as follows. Recall that, for i > 0,

A;=0W (P Q1. p' Q) (2= Q1fi. 1= Q10)).
B = OU)(p' Q2. p' Q3)/(fi = Q22,1 = 020%).
Consider an isomorphism of affinoid algebras B; — A; given by
p'Q2— p' O],
Py~ p'O1.
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This isomorphism gives rise to an isomorphism ¢; : Sp A} — Sp B/ of the corresponding affinoid spaces.
For i, j > 0, these maps clearly restrict to the same map on Sp A} N Sp A’j. Therefore applying [Bosch,
Giintzer, and Remmert 1984, Proposition 9.3.3/1], we get an isomorphism of rigid-analytic varieties
¢: Vl’ — \72’

Define U, to be the rigid-analytic variety obtained by gluing V) and V, along V{ and VQ/ respectively,
using the isomorphism ¢. This rigid-analytic variety is analogous to the blow-up in the classical algebraic
geometry setting.

We see this by computing its E-valued points for any finite extension E of Q. Since U, is covered by
171 and Vg, we compute V] (E) and VQ(E ) first. Recall, fori > 0,

A =0WUN(P' Q1)/(fa= Q11D).
We identify the set of E-valued points of Sp A; with

{(s1,52,q1) €U (E)X E | (1 +55— (1 4+ p)* D =q1(s1 — p"), lq1] < p'}.

The first condition is a consequence of the relation f, = Q; fi. Fori > j, the gluing map A; — A;
induces the canonical inclusion map on E-valued points Sp A ;(E) — Sp A;(E). Therefore, the set of
E-valued points of 171 is the union of all the Sp A;(E), i.e.,

VI(E) = {(s1,52,q1) € U(E) x E | (1452 — (14 p)* D) = q1(s1 — p)).

We similarly have
Va(E) = {(s1, 52, q2) € U(E) X E | (51 — p") = q2(1 + 52 — (1 4+ p)* 1)),

We can now describe U, (E). If P is an E-valued point of ViNVa, itis an E-valued point of Sp A;NSp B; =
Sp A; for some i > (. Being a point of Sp A;, it is of the form (s, 57, g1) for some s1, 52, g1 € E. Since
the gluing map between B/ and A; takes S; to Si, S> to S> and Q> to the inverse of Q; in A}, we
see that (s, 2, g, 1Y represents P as an E-valued point of Sp B; (the condition lg;, ' < p' is satisfied
because P € Sp A implies |q;| > p~ ). We can therefore identify (s, 52, q1) € ?1 (E) with the point
(s1,52, 1:q1) € Ur(E) x PY(E) and (s1, 52, g2) € V»(E) with the point (s, 52, g2 : 1) € U,(E) x P1(E), s0
that a point in the intersection goes to the same point in U, (E) x P! (E) under both of these identifications.
As a result of this discussion, we see that

Ur(E) = {(s1, 52, &1 : &) € U,(E) x P (E) | (51 = 2 = (1452 — (14 p)! ")) )
exactly as in the classical algebraic geometry setting.
2.2. The blow-up map = : ﬁ, — U,. In this subsection, we define a candidate for the blow-up map
.U, — U, using [Bosch, Giintzer, and Remmert 1984, Proposition 9.3.3/1].

To define 7, we first define its restrictions 7; to ‘7, fori =1, 2. We first define the map m; : \71 - U,.
For each i > 0, consider the map Sp A; — U, associated to the canonical homomorphism

OU,) = OWU)(p' 01/ (fo— Q1 f1) = A;.
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These maps clearly restrict to the same map on Sp A; NSp A; for i, j > 0. So using [Bosch, Giintzer,
and Remmert 1984, Proposition 9.3.3/1], we glue these maps together to get a map 7 : Vi > U, of
rigid-analytic varieties. The other map m, : \72 — U, is constructed similarly.

Now, to get a map 7 : 17, — U,, we have to check that 7| and 7, agree on the intersection of Vl and
V> in U,. Since this intersection is equal to V{ (= Vz/), we have to check that the following diagram

commutes:
Vl/ il v
~
v, K

Since ¢ is obtained by pasting the maps ¢; : Sp A} — Sp B/, the commutativity of the diagram above is
equivalent to the commutativity of the following diagram for all i > 0:

/
Sp Al T |SpA§
bi / U,
Sp B/ e

The commutativity of the diagram above can be checked by reversing all the arrows and noting that the re-
sulting maps are O (U, )-algebra homomorphisms. This shows that 71 and 5 agree on the intersection of Vi
and Vz in l7r. Therefore, we glue 7y and 7 using [loc. cit., Proposition 9.3.3/1] to get a map 7 : 17, — U,.

2.3. Proof that & : 17, — U, is the blow-up. In this subsection, we prove that the map 7 : 17, — U,
defined in the previous subsection is the blow-up of U, at the maximal ideal m = (f1, f>). To prove this,
we need to check that 7 satisfies the two properties stated in [Schoutens 1995, Definition 1.2.1], namely
the invertibility of a certain sheaf, and a corresponding universal property.

We first show that the ideal sheaf on U, corresponding to the ideal m of O(U,) extends to an invertible
ideal sheaf on l7r in the sense of [loc. cit., Definition 1.1.1]. Since this is a local criterion (this means that
the criterion can be checked over an admissible cover), we need to check that, for all i > 0, the maps
7lspa; : SpA; — U, and 7|sp g, : Sp B; — U, satisfy the same property. Let us prove this statement
for 7w lspa; : Sp A; — U,. In this case, the extended ideal sheaf corresponds to the ideal mA; on Sp A;.
Moreover, [loc. cit., Proposition 1.1.4] states that the invertibility of this sheaf is equivalent to the
invertibility of the ideal mA; , of A; n for all maximal ideals m of A;, where A; ,, is the localization
of A; at m. To show this, it is enough to prove that mA; is generated by a regular element of A; because
regular elements go to regular elements under flat base change.

Since mA; is generated by f1, we prove that f; is not a zero divisor in A; for i > 0. Note that we only
need to prove this statement for i = 0 because of the injections A; — Ag.
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Lemma 2.1. f; is not a zero divisor in Ao = O(U,;){Q1)/(f> — O1 f1)-

Proof. Recall that

To prove that f; is not a zero divisor in Ay, it is enough to prove that f; is not a zero divisor in
Qp(S1, $2, Q1)/(f2 — Q1 f1). Indeed, since Sp Ay is an affinoid subdomain (a Laurent subdomain) of
SpQ,(S1, S2, Q1)/(f2— Q1 f1), the canonical map Q,(S1, S2, Q1)/(f2— Q1 f1) — Ao is flat by [Bosch,
Giintzer, and Remmert 1984, Corollary 7.3.2/6]. Therefore, if f; is not a zero divisor in the former then,
by flatness, it is not a zero divisor in the latter.

So let us now prove that f is not a zero divisor in Q,(S1, S2, Q1)/(f2 — Q1 f1). Assume that there
exists h € Q,(S1, S2, Q1) such that f, — Q1 f1 divides f1h. We know that

f=01fi=1+S— 1+ p) =018 —p")

is S>-distinguished of degree 1 (see [loc. cit., Definition 5.2.1/1]). Applying the Weierstrass division
theorem (see [loc. cit., Theorem 5.2.1/2]) to h and f, — Q1 f1, we see that there exist unique power
series ¢ € Q,(S1, S2, Q1) and r € Q,(S1, Q1) (note that S, does not appear in r because f, — Q1 fi is
of degree 1 in §;) such that h = g(f> — Q1 f1) +r. The fact that f, — Q1 f1 divides f1h implies that
fo— Q1 f1 divides fir. This is possible only if r =0, i.e., only if fo — Q1 f1 divides h. Therefore h =0
in Q,(S1, S2, Q1)/(f2— Q1 fD). O

Having checked the first property of blow-ups for w, we now check the second property. Using
[Schoutens 1995, Lemma 1.2.4], we note that it is enough to check it for affinoid spaces. In other words,
given any affinoid space Y = Sp R and a map of rigid-analytic varieties f : ¥ — U, such that the ideal
sheaf on Y associated to the ideal m R is invertible, we prove that there exists a unique map g : ¥ — U,
such that the following diagram commutes:

U,
7' lﬂ
!
Yy > v,

Fori =1, 2, define a; = (f*(f;)R:mR) and let Y; = Y \ V(a;). We prove two lemmas about the Y;.
Lemma 2.2. Fori =1, 2,apointy €Y belongs to Y; if and only if mOy , = f*(f;)Oy,y.

Proof. We thank one of the referees for pointing out the useful [Atiyah and Macdonald 1969, Corol-
lary 3.15], which shortens the proof. Let y be a point in ¥ and m, be the corresponding maximal ideal
of R. Fix i =1, 2. Using [loc. cit., Corollary 3.15], we see that q; Rn, = (f*(f,-)Rmy :mRy,). Now,

yeYy, aiRm'V = Rm_v ~ mRmy = f*(fi)Rmy-
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Using [Bosch, Giintzer, and Remmert 1984, Proposition 7.3.2/3], we have a map Rmy — Oy,y, which
induces an isomorphism I/i\my ~0 y,y- We conclude that

mRmv = f*(fl)Rmy S mOY,y = f*(fi)OY,y-

Indeed, the forward implication is obtained by extending scalars and the reverse implication follows by
extending scalars to the completion 6y’ v and using the fact that Ry, — I/Q\my is faithfully flat. (I

Using [Schoutens 1995, Lemma 1.1.2] and the lemma above one easily checks that Y = Y| UY,. The
sets Y| and Y», being Zariski open subsets of Y, are admissible open and form an admissible cover of Y.

Before proving the next lemma, we remark that, by [loc. cit., Lemma 0.4], we have a; O(Y;) = O(Y;),
which implies that mO(Y;) = f*(f;)O(Y;) fori =1, 2.

Lemma 2.3. Leti = 1, 2. Then, f*(f;) is not a zero divisor in O(Y') for any admissible open subset Y’
of Y contained inY;.

Proof. The proof has three steps. In the first step, we prove that f*(f;) is not a zero divisor in Oy, for
any y € Y. In the second step, we prove that the canonical map O(Y’) — ]_[yey, Oy,y is injective. In the
third step, we use these two facts to conclude that f*( f;) is not a zero divisor in O(Y’). Leti =1 or 2.

« Using the remark preceding this lemma, we get mO(Y’) = f*(f;)O(Y’). Extending to the stalks, we
get mOy y, = f*(f;)Oy,y for each y € Y'. Since the sheaf associated to the ideal mO(Y) is invertible, we
see that mQOy,, is generated by a regular element of Oy, for each y € Y. Therefore f*(f;) is not a zero
divisor in Oy, foreach y € Y".

 Consider the map O(Y’) — l_[er/ Oy,y. Let a be an element of O(Y’) that maps to 0 in Oy, for each
y € Y'. Choose an admissible cover {U;}jc; of Y’ by affinoid subdomains of Y. For any j € J, the image
of a in Oy, is 0 for each y € U;. Using [Bosch, Giintzer, and Remmert 1984, Corollary 7.3.2/4], we see
that the restriction of a to O(U;) is 0 for each j € J. Since the cover {U;}c; is admissible, we see that
a=0in O(Y").

« Suppose there exists a b € O(Y’) such that f*(f;)b = 0. This means that f*(f;)b =0 in Oy, for each
y € Y. Using the fact that f*(f;) is not a zero divisor in Oy, for y € Y/, we see that the image of b in
Oy,y is 0. The injectivity of the map O(Y') — Hje] Oy,, implies that b =0 in O(Y"). Therefore f*(f;)
is not a zero divisor in O(Y’). O

We now construct g : ¥ — ﬁ,. In order to do this, we use the above lemmas to define the restrictions
of g to the elements of a refinement of the cover Y = Y; UY; and then apply the usual patching argument.

As f*(f2) emO(Yy) = f*(f1)O(Y1), there exists a g € O(Y}) such that f*(f2) =q1 f*(f1). Similarly,
there exists a go € O(Y») such that f*(f1) = g> f*(f>). Furthermore, ¢g; and ¢, are unique because of
Lemma 2.3.

Since Y; is an admissible open subset of Y, there exists an admissible cover {Yi ,}mer of Y1 by
affinoid subdomains Y; ,, of Y. Here and just below m is an element of the indexing set / and should
not confused with the maximal ideal m of O(U,) used throughout this paper. For each m € I, there
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is a restriction map O(Y;) — O(Y1,,) and so we can think of g; as an element of O(Y,,). For each
m € I, fix a natural number m such that |p”¢g;| < 1. Consider the affinoid algebra map f*: O(U,) —
O(Y) and compose it with the restriction map O(Y) — O(Y1,,). Extend this composition to a map
oWy (p" Q1) — O(Y1,m) by sending p™ Q1 to p™q;. This is possible because of [Bosch, Giintzer, and
Remmert 1984, Corollary 1.4.3/2]. Since we have the relation f*(f1) = ¢ f*(f2) in O(Y} ), we see
that this extension factors through an affinoid algebra map A,, — O(Y1,,,). Let g1, : Y1,» — Sp A,
be the corresponding map of affinoid spaces. Similarly, there is an admissible cover {Y> ,},es of Y2 by
affinoid subdomains Y; , of Y and, for each n € J, a fixed natural number » such that |p”?g,| < 1 and
a map of affinoid spaces g>,, : Y2, — Sp B, associated to the map of affinoid algebras B, — O(Y> )
sending p" Q> to p”q». Since gy, and g5 | are O(U,)-algebra homomorphisms, we see that 7 0 g1 = f
onY),andwogy,=fonYy,formel, nel.

Note that {Y| , Y2.n}mer.nes is an admissible cover of Y. To obtain g : ¥ — ﬁr, we glue all the maps
g1.m and g» ,. Without loss of generality, assume m > m’. Then, gy, and g; , agree on Y , N Yy
because the following diagram commutes:

A %
T O(Yl,m N Yl,m’)

/

Am gT.m

A similar argument shows that g, , and g» ,» agree on Y2, N Y2 ;.

We check that the maps g; ,, and g2, agree on Y ,, N Y2 ,. Let N > m, n. Think of g ,, as a map from
Y1, to Sp Ay (by composing with the map Sp A,,, — Sp Ay) and g» ,, as amap from > ,, to Sp By (by com-
posing with the map Sp B, — Sp By). We claim that gy ,, maps Y; ,,NY> , into Sp A}\, and that g» , maps
Y1.mNY2,, into Sp B}V. To show this, we first prove that g is the inverse of g in O(Y1 ,,NY2 ). Transfer the
relations f*(f2) =q1 f*(f1) and f*(f1) =q2 f*(f2) from O(Y) and O(Y>), respectively, to O(Y; ,,NY2.,)
by the restriction maps. Substituting the first relation into the second relation, we get f*(f1) =q2q1 f*(f1).
Using Lemma 2.3, we cancel f*(f;) to see that ¢; is indeed the inverse of ¢ in O(Y| , N Y2.,).

Compose gT’m : Ay — O(Y1,,) with the restriction map O(Y1,,) = O(Y1,m N Y2,,). Extend this
composition to a map Ay (p" Q') — O(Y;,NY,,) by sending pN Q' to pYq>. This is possible because
|pVq>] < 1 since the intersection of two affinoid subdomains of an affinoid space is again an affinoid
space and because under the homomorphism O(Y2 ,) = O(Y1,, NY2,,) of affinoid algebras, the image of
an element has norm at most the norm of the element itself. Using the fact that ¢, is the inverse of g; in
O(Y1,mNY2,,), we may further extend the above map to A;\, to obtain the following commutative diagram:

*
gl,m

Ay =0 (PN 01)/(f2— Q1 /1) > O(Y1m)

| |

Ay =0W)(pN 01, PN OV /(o= 01 f1, 1= 010) —— O(Y1,mNYay)
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This shows that the affinoid algebra map Ay — O(Y1,, N Y2,,) factors through the map Ay — A?v-
Reversing the arrows, we see that the restriction of gy, to Y1, N Y2, factors through the inclusion
Sp Ag\, — Sp Ay. In other words, g;,, maps Y, N Y2, into Sp A§V. Similarly, we can prove that g, ,
maps Yy, N Y2, into Sp BY,.

Now we can prove that g1 ,, and g2, agree on Y , N Y> ,. Indeed, this statement is equivalent to the
commutativity of the following diagram:

/

where the vertical map is the gluing map. This diagram commutes because under the top two maps

O(Yl,m N Yl,n)

0>+ Q) g2 and Q) — Q1 > qi, and these are exactly the images under the lower map.
By [Bosch, Giintzer, and Remmert 1984, Proposition 9.3.3/1], there exists a map of rigid-analytic
spaces g: Y — U, such that the following diagram commutes:

A

To prove that r : ﬁ, — U, is the blow-up of U, at the ideal m = (f1, f>), it remains to check that g is

Q<—Qz

unique in making the above diagram commute. Suppose g’ : Y — U, is another candidate. We prove that
g = g'. We need:
Lemma 2.4. Fori = 1,2, we have g/_l(\7,-) =Y,
Proof. Without loss of generality, assume that i = 1.
o We prove that g’*l(f/]) C Y;. Recall that 171 = UizO Sp A;. Therefore it is enough to prove that
Yi,:= g/_l(Sp A;) €Y for each i > 0. (The notation Y; ; here and Y, ; below are local to this proof.)
Fix i > 0. Consider the following commutative diagram:

Sp A;

|
b
_ f

Yii=¢"'SpA) —— U,

We know that mA; = f1A;. Extending this ideal from A; to O(Y; ;) using g, we see that mO(Y; ;) =
g*(fLOY1,) = f*(f1)O(Y1;). Let y € Y} ;. Noting that Y, ; is an admissible open subset of Y, we
have mQOy, , = f*(f1)Oy,,. By Lemma 2.2, we see that y € Y.
o We prove that Y; C g/_l(\71). This is equivalent to proving g’_l(ﬁr \ Vhcy \ Y1. Recall that U, is
covered by X71 and Vz. Since \72 = UizO Sp B;, we have

U\ Vi = U(SP B\ V).

i>0
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Thus, it is enough to prove that Y5 ; := g/_1 (Sp B; \ \71) C Y \Y; foreachi > 0. Fix i > 0. We prove that
if yeY,;, then y & Y;. We do so by proving that the ideal mOy,, of Oy, is not generated by f*(f1) (see
Lemma 2.2). So, let y € Y>; map to Sp B; \ V, under g'. Assume towards a contradiction that y € ¥;. By
Lemma 2.2, we see that mOy , is generated by f*(f1). By the analog of the first bullet point, Y>; C Y»,
so we also have mOy, y = f*(f2)Oy,,. Therefore there exists a unit u € Oy, such that f*(f1) =uf*(f2).
Consider the following commutative diagram:

Sp B,‘

o
T
Y2i =g '(SpB\ V1) —— U,

Note that Y> ; is an admissible open subset of Y. We obtain the relation f*(fi) = g™ (Q2) f*(f2) in Oy,
by pushing the relation f; = Q; f> from B; to O(Y>;) using g™ and then from O(Y; ;) to Oy,y. Since
f*(f>) is not a zero divisor in Oy, we see that g"*(Q2) = u, which is a unit of Oy,y. We prove that
this is a contradiction. We know that Sp B; N Vl is the set of maximal ideals m of B; satisfying the
extra condition | Q> mod m| > 0. Therefore Sp B; \ ‘71 is the set of maximal ideals m of B; satisfying
|Q> mod m| =0. Since g’(y) € Sp B; \ V|, we see that Q- vanishes at g’(y). In other words, if we denote
the maximal ideal of Of_,/(,) by mg/(y), then we have Q> mod my/(y) = 0. If ny is the maximal ideal of
Oy,y, then using the commutative diagram

g/*
O, &) > Ory

| |

Of/,,g’(y)/mg/(y) } OYv)’/ny

we get g”(Q>) mod n, = 0. This means that g"*(Q>) is contained in the maximal ideal of Oy, ,. In other
words, g”*(Q») is not a unit. This is a contradiction. Therefore y ¢ Y. O

To show that g = g/, we prove that their restrictions to Y; ,, and Y; , are equal forallm € [ and n € J.
We prove that g and g’ agree on Y ,,. Using the definition of g, we see that the restriction of g to Y ,,
factors as Y1, — SpA,, — 17,. Since g’ maps the affinoid space Y ,, to l7r and {Sp A;, Sp B;}; j>0 is
an admissible cover of U,, we deduce that g’ maps Y} ,, into the union of finitely many Sp A; and Sp B;.
By Lemma 2.4, we see that g’ : Y}, — ﬁr factors as Y1 ,, — SpA; — ﬁ, for some i > 0. We may
assume that i > m. To check that g and g’ agree on Y} ,, it is therefore enough to check that the following
diagram commutes:

Sp A;
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In other words, we have to check that the following diagram commutes:

Since both g* and g’* are equal to f* on O(U,), we only need to check that g*(Q1) = g"”*(Q1). Pushing
the relation f, = Q f from A; to O(Y) ) under g™, we get f*(f2) = g™ (Q1) f*(f1). Similarly, pushing
the same relation from A,, to O(Y1 ) under g* we get f*(f2) = g*(Q1) f*(f1). Using Lemma 2.3, we
get ¢*(Q1) = ¢*(Q1). This proves the commutativity of the diagram above. In other words, g and g’
agree on Y1 ,,. A similar argument shows that g and g’ agree on Y, ,. Therefore g = g’ on Y. This finally
proves that 7 : ﬁ, — U, is the blow-up of U, at the maximal ideal ( f1, f2).

2.4. Points in the exceptional fiber as tangent directions. The following standard fact allows us to
realize E-valued points of the fiber over the exceptional point (p”, (1 4 p)"+! — 1) as tangent directions
in U, at this point. Recall that the maximal ideal m of O(U,) corresponding to this exceptional point is
the ideal generated by fi =S, — p" and fH =S, — ((1 + p)*~ ' —1).

Proposition 2.5. There is a bijection
' (p, (1+ p)' = 1)(E) > P(Hom(m/m* ®q, E, E))

between the E-valued points of the fiber over the point (p, (1+ p)¥=' — 1) and the elements of the projec-
tivization of the tangent space Hom(m/m2®@p E, E) over E, which sends a point (p", (14+p)k~1—1,a:b) e
ﬁr(E) to the class in I]j’(Hom(m/m2 ®aq, E, E)) represented by v, where

v(fi®D=a and v(£®1)=b,
with bar denoting image modulo m?.

Proof. Let P = (p", (1+ p)*~! —1,a : b) be an E-valued point in the fiber above the exceptional point.
Assume b # 0. Write P = (p”, (1 + p)*”!' —1,a/b : 1). From the construction of U,, we see that
P e VQ(E). Therefore P is an E-valued point of Sp B; for some i > 0. Let gp be the homomorphism
B; — E associated with P. The discussion at the end of Section 2.1 implies that gp is defined by
gp(S) = p’, gp(S2) = (1 + p)* ' — 1 and gp(Qs) = a/b. Let mp be the kernel of gp. The map
O(U,) — B; induces an E-linear surjection

(m/m?) ®a, E = f2Bi/f2Bimp s, 4, E,

given by
f1® 1= f,®(a/b),

L®l- H®1,
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where the bars over the elements on the left denote their images modulo 2 and the bars over the elements
on the right denote their images modulo f>B;m p, and where we have used fi®1= £20,®1= f>® (a/b)
in the codomain. The codomain of this map can be identified with £ up to multiplication by a nonzero
scalar. The class of the above map in P(Hom(m/ m? ®a, E, E )) is the same as that of the map v, where
v(fi®1)=aand v(f, ® 1) = b. A similar construction works if @ % 0. One checks immediately that
the resulting assignment P +— v is well-defined and a bijection. U

3. Explicit bases of H 1 Ro » (x" x)) and L-invariants

Let I' = Gal(Q, (i p) /Q)) and think of the cyclotomic character y as a character x : ' — Z}",. In this
section, we study two explicit bases of the first Fontaine-Herr cohomology group H' (Rq, (x"x)) and the
corresponding formulas for the L-invariant. Here Rq, (x" x) is the Robba ring over Q,, in the variable 7,
with the standard actions of ¢ and I" twisted by x" x.

Colmez [2008, Proposition 2.19] has constructed two power series G(|x|, » + 1) and G'(|x|, r + 1)
in Rq,,, which he uses to define a basis of H ! (Ra, (x" x)). In the first subsection, we explicitly compute
G(|x], r +1). In the second subsection, we give a partial description of G’(|x|, » + 1). In the third sub-
section, we state Colmez’s formula for the £-invariant of a nonzero element of H' (Ra, (x" x)) expressed
as a linear combination in this basis. In the same subsection, we describe another basis of H!(Rg » x"x))
studied by Benois [2011, Proposition 1.5.4]. Finally, we find the change of basis matrix between these
two bases and restate the formula for the £-invariant in terms of Benois’ basis (Definition 3.6).

We first recall that the Fontaine—Herr cohomology groups H' (D) of a (¢, I')-module D over Rq, for
i =0, 1, 2 are defined to be the cohomology groups of the complex

0—-D—D®dD— D—0, (6)

where the second map is x — ((¢ — 1)x, (y — 1)x) and the third map is (y,z) — (y — 1)y — (¢ — 1)z
for y a fixed topological generator of I". We note that this complex is as in [Chenevier 2013, Section 2.1]
and is a bit different from the one in [Colmez 2008, Section 2.1].

We now recall some standard facts about Robba rings. For M > 0, let E}EO’M] be the set of bidirectional
power series in the variable T with coefficients in E that converge on the elements of Q@ p with valuation
belonging to (0, M]. More precisely, it is the set of the series Y .- a,T" satisfying

lim v,(a,)+ns —oo forall0<s <M.
n—+o00

For each 0 < s < M, there is a valuation v, (-, s) on E}EO’M] defined by

o0

vp< > anT”,s> = inf{v,(a,) +ns | n € Z}.

n=—o0
Any sequence in Eg)’M] that is Cauchy with respect to v, (-, s) for each 0 < s < M is convergent in
Sg)’M] (see [Kedlaya 2006, Definition 2.5.1]). Moreover, choosing a sequence 0 < r; < M converging
to 0 with r; = M, we get a countable family of valuations v, (-, r;) on Eg)’M]. Note thatif r; <s <M
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for some [ > 1, then v, (f(T), s) > inf{v, (f(T), r;), v, (f(T), M)}. Therefore to check if a sequence
in & 1150 Ml g convergent, we only need to check that it converges to a common limit with respect to the
valuations v,(-,7;) for [ > 1. In particular, S}EO’M] is a Fréchet space with respect to the valuations
v, (-, rp). For the space 5}50’1/(’7_1)], wesetr;=1/¢ (pl), where ¢ is Euler’s totient function.
The Robba ring over E is defined to be Rg = ;- S}EO’M]. It is endowed with commuting actions of
an operator ¢ and the group I" via T = (14+T)? — 1 and yT = (14 T)*") — 1 for y € T, respectively.
We recall some facts from [Lazard 1962]. Let ¢,,(T) for n > 1 be the p”-th cyclotomic polynomial
defined by
1+T)" -1
(1+1T)r "' =1
The polynomials ¢, (T) are (1/¢ (p™))-extremal in the sense of [loc. cit., Definition 2.7]. This means that

n—1

on(T) = =14+ 1+T) 4 AL T)P DI 7
v, (pn(T), 1/¢(p™)) is attained at the constant and leading terms:

n—1 _
1 pi(p—1) _1 @)
o (p") é(p")

where ¢,(T) =ao+a1T + - - +apn—1(p,1)T”"_](”_l), with ag = p and a,u-1(,_;) = 1. Forn > 1, we

vp(“O) =Vp ((bn(T), ) = vp(ap"_l(pfl)) +

also have

@(@n(T)) = bpp1(T). ©)
Let t =log (14 T) € £1%V/(=DI The following formula relates ¢ and the cyclotomic polynomials:
T
t=T[] 210 (10)
n>1 p
We also have
@(t) = pt (1D
and
y(®) =x)t (12)
forall y e I.
Let r > 0. By [Colmez 2008, Proposition 2.16(i)], there is an isomorphism
g]ov],%l]/tr—&-l N l—[ S]O’P%l]/qﬁ;'H‘ (13)
n>1

By [loc. cit., Proposition 2.16(ii)], for n > 1, there is a I'-equivariant isomorphism
1
b €07 g @ gt/

obtained by sending T to e’ /P" 1. Thus the T-equivariant homomorphism
1
g]o,ﬁ]/tr-l-l — H@p(;pn)[l]/tr-i-l (14)
n>1

induced by the maps ¢, for n > 1 is an isomorphism.
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For the rest of the paper, we fix a topological generator ¢ of I" such that x (y) = {I‘j_] (14 p) for some
fixed integer a.

3.1. An explicit description of G(|x|,r + 1). Let r > 1. The first basis vector of H 1(R@p x"x))
constructed by Colmez is represented by the element

ci = (" (pTlo — DG (x|, r+ 1), Dy — DG (Ixl, r + 1)

in Rg,(x"x) ® Ra,(x" x) (for the untwisted action of ¢ and y); see [Colmez 2008, Proposition 2.19].
Here G(|x|,r + 1) is any power series f(T) in £1%1/(P=DI mapping to ]_[nZl 1/p" under the map (13)
(see [loc. cit., Section 2.6]). In other words, G (|x|, r + 1) satisfies the system of congruences

F(T) = ﬁ mod ¢ (T)'"+1,

() = # mod ¢ (T)' ',

F(T) = pi mod ¢, (T)" 1,

The goal of this section is to write down G (|x|, r 4 1) explicitly.

Definition 3.1. For eachn > 1 and r > 1, define

r+1qr+1 ' rblar4l
G pi1(T) = [1—("”2”) } il_[[l—(l——(p’(T)) ] .

n
p i>n p

To check G, ,4+1(T) is well-defined, we need to show that the infinite product converges. We prove
that for any n, r > 1 the product [[,_, (1 — (1 — (@i (T)/p))" 1) converges.

1

Lemma 3.2. Foranyc:1,2,...,p—1andanyj=1,2,...,cpi_ , we have

u,,((”’;._ ) =i=1-v,0).

Proof. We leave this as an exercise for the reader. (I

@ML) _0
p  #(phH)

UP(I—M,%)>1'—Z—1.
p o)

1

Lemma 3.3. For anyi > 1, we have

and, forl > 1, we have
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Proof. Since ¢;(T) is (1/¢(p'))-extremal, we see that by (8), v, (i (T), 1/¢(p")) = 1. Since all
the terms except the constant terms of the polynomials ¢;(T) and ¢;(T) — p are the same, we get
v, (@i (T) — p, 1/¢(p')) = 1. Therefore v, (1 — ¢i(T)/p, 1/¢(p")) =0.

Write ¢;(T) — p=a1T + arT?>+ -+ a¢(pi)T¢(pl). By expanding the powers of (1 + 7') in ¢;(T),

we see that - - |
(P 2p'” (p—Dp'~
"f—( j )*( j )*”'*( j )
By Lemma 3.2,
pUr() vp()=(=1)
vy(a ,)+¢( z)— — p(])+¢( 7y =i—1-v,(j)+ 1 >i—1—v,(j))tv,(j)—(-D)=i—-L
Therefore 6:(T) . |
AL, (T)—p, —— | —1>i—1—1. O
””( P ¢<p’)) ”1’<¢( )=r ¢<pl>> -

We now prove that the product [, (1—(1—(¢(T)/p))"*!) converges in £1%1/P=D for n, r > 1. Con-
sider the polynomials 1—(1—(¢:i(T)/p))t! as elements of £10-%°1, By [Lazard 1962, Proposition 4.11],
the product [, — (1 —¢i(T)/p)" 1) converges in £1%°°1 if and only if

. r+1
v,,((l—@) ,s)—>oo asi — 0o (15)

for each s > 0. Fix s > 0 and pick /; > 1 such that 1/¢(pl~“) <s. As (1 — (l),-(T)/p)’Jr1 contains no
negative power of 7, we have

¢ (T)\ ! ¢i(T) 1 .
vp((1—7> , )Z(r+1)vp(l—7,m> >F+D0GE—-1;,—1),

by Lemma 3.3, whence (15) holds. Therefore the product [[,_, (1 — (1 — (¢;(T)/ p))thH converges in
gl0.00]  g10.1/(p—D1,

l>l’l

Our candidate for G(|x|,r + 1) is Zzoz 1 Gnr+1(T). To see that the infinite sum is well-defined, we

prove the following theorem.

Theorem 3.4. For any positive integer [, the sequence G, ,+1(T) converges to 0 with respect to the
valuation v, (-, 1/¢ (H).
Proof. Fix [ > 1. We need to show

vp(Gn,,H(T), ﬁ) — 00 asn — 00.

Consider

1
v Gn,r (T), —>
”( D

oM\ 1 ) < < d)i(T))’“ 1 )
- 1 1-— — 1 1—(1— .
o+ )”"< < » ) g0 D 2w v ) e

1>n




Semistable representations as limits of crystalline representations 1077

r+1 r
. (c/)n(T)) _ (1_ ¢n(T>)(l+¢n(T> - ((/)n(T)) )
p p p p

Now if n > [, then
("’”( " 5w l))

Indeed, since ¢,(T) =ao+a T +- +Cl¢(pn)T¢(p ) is (1/¢(p™))-extremal, we have

Note that

Up(az)+¢( 5 > v, (a; )+¢( n) >v,(ap) =1 for any i.
Hence v(¢ o | ) e
n s T, . I~ = a = 1.
- ’ o) T
us
Up (((ﬁn(T)/p)j, q%pl)) =0 forany j>0.
Therefore

r+1
Up(l_(qﬁn(T)) ’ 11>va(1—¢"(T)v 11)>n_l_1,
P d(p) p o)

where the last inequality is a consequence of Lemma 3.3. On the other hand, writing

¢i(T)\\ ™ r+De(p)
1_(1_<T =aytal+ At ag T ’

we observe thataj =1 and a7 +---+a/ Te+D80) = _ (1 — (¢;(T)/p)) ™. By Lemma 3.3,

(r+Do(p')

) r+l1
vp(—(1—¢’(T)) : ll >>0 ifi>1.
p ¢(p')

We also know that v, (a(/)) = 0. Therefore

oM\ 1
p o(ph)

Using these estimates together, we see that, for n > [,

vp(Gn,rJr](T), ) >r+1D)n—I—1)—n=nr—+DI—F+1).

1
¢ ()
Letting n — oo, we see that v, (G, 1 (T), l/d)(p’)) — 00, as desired. Therefore the sequence G, 41 (T)
converges to 0 with respect to the valuation v, (-, 1/¢( pl )) for each [ > 0. O

Using the theorem above, we see that the series G(|x|, 7 +1) = Z;’o: 1 Gnr41(T) converges. It is easily
checked, using ¢; (T') = p mod ¢,,(T) for i > n, that it is a solution to the system of congruences that we

started with:

Glx|.r+1) = # mod ¢, (T)*! forall n € N,

Therefore, we have written down G (|x|, r + 1) explicitly.
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3.2. A partial description of G'(|x|, r + 1). Let r > 1. The second basis vector of H'! (Ra, (x"x))
constructed by Colmez is represented by the element

o= (t"""(p o —DlogT — G'(Ix],r + 1)), t "V (y =D (log T — G'(x], 7 + 1)))

in Rg,(x" x) ® Ra,(x" x) (for the untwisted action of ¢ and y); see [Colmez 2008, Proposition 2.19].
Here G’(|x|, r + 1) is an element of £1%!/(?=DI mapping to ]_[nZl log(gpne’/pn — 1) under the map (14)
(see [loc. cit., Section 2.7]).

We wish to compute G’(|x|, r + 1) explicitly, just as we did for G(|x|, r + 1). We are only able to
determine G’(|x|, r + 1) modulo ¢ but this is sufficient for our purposes.

Consider the element

g'(T) = e glopsl, (16)

1 1 t
Y 1og T —log T — og x(¥)

y—1 x(y)—1
In the proof of his Theorem 1.5.7, Benois [2011] relates g’(T) (which he calls y) to the element
dy =—1""Vo(og T) + (x(y) — 1)~! of Re,[log T, 1/1] using the equation

dy = —log(x(y) 't 'og T + ¢'(T)), (17)

where
1 logy

0=~ .
logx(y)y —1
We claim that ¢, (—g'(T)) = log(g“pne’/pn — 1) mod ¢. Indeed,

logy IOgX(V)t)

logT —logT —

n /T =in
(& () L(y—l X)) —1

1

= Og)/l log (¢pn — 1) —log(&pn — 1) mod ¢
y —
1 + ‘J/ + e + )/pn_l(p_l)_l log yPn_I(P_l)

pl’l*l(p _ 1) Vpnfl(p_l) 1 log@'P" - 1) - log(;-p" - 1) mod ¢.

Since y?" (P=1) log(¢pn — 1) =log(¢m — 1), we get
l+y+---+ ypnfl(P*l)*l
ptp—=1

1
= ———log(Na,«¢,n/0,(lp — 1)) —log(§pn — 1) mod ¢

Pt p—1)
= —log(¢,» — 1) mod ¢

(g (1) = log(¢,n — 1) —log(¢pn — 1) mod ¢

=— log(g'pnet/pn —1) mod .

Since the images of —g’(T) and G’(|x|, r + 1) under the isomorphism (14) are equal (with r there
equal to zero!), there exists g”(T) € £1%1/(P=DI guch that

G'(Ixl,r+1) = —g"(T) +18"(T). (18)

This determines G’(|x|, r + 1) explicitly modulo ¢.
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3.3. Another basis of H l(R@p (x"x)). Let r > 1. In this section, we consider a different basis
{otr11, ,3,+1} of H'(Rg ,(x"x)) described in [Benois 2011, Proposition 1.5.4] which is more suitable for
computations. Here bar denotes class in H I(R@p (x" x)). By [loc. cit., Corollary 1.5.5], for any class in
H' (Raq, (x" x)) represented by (a, b) € Rq,(x" x) ® Ra,(x" x), we have

(a,b) =N -1+ u - Br41, where M =res(at’dt) and ' =res(bt"dt). (19)
We want to compute the change of basis relation between Colmez’s basis and Benois’ basis. This

allows us to state the formula for the £-invariant of a nonzero cohomology class in terms of certain
residues.

Proposition 3.5. Let

cr= (""" e =DGUxl,r + 1,17y = DG(xl, r + 1),

2= ("""l =Dog T — G (x|, r + 1)), 17"V (y = Dog T = G' (x|, r + 1))
be elements of Ra,(x" x) ® Ra, (x" x) representing Colmez’s basis of H! (Ra, (x"x)). Then

- _1 = ~ 3
G=-L"""a.1, GH=logx(y) By

Proof. We prove the proposition using (19). We therefore need to compute the four residues
res(t~'(p~ o — DG (x|, r + 1) dt), res(t~'(y = DG (x|, r + 1) dt),
res(t 7' (p~ o — D(log T — G'(Ix|, r + 1)) dt), res(t™'(y — D(log T — G'(|x|, r + 1)) dt).
We shall use the following formulas: for any f(7) € Rq,, we have
res(p(f (1)) dt) =res(f(T)d1), (20)
res(y (f(T)) dt) = x(y)~ " res(f(T) dr). 21)
e Recall that G(|x|,r +1) =) o2, Gur4+1(T), where

Siaias oy
Gurnr=[1- (HY L (1 20)

n
P i>n p

Using equation (9), we see that (pfl(p)Gn,rH (T) = Gpg1.r4+1(T). Therefore
(P 'o—=DG(x|.r +1) = =G, (D).

Hence res(t_l(p_lgo —DG(x|,r+1) dt) = —res(t_lGL,H(T) dt). Now

r+lqr+l ) r+lr+l
om0 ] -] ]

i>1

-1 r+l1qr+l
Wres(r(22) 1= (2) ] ravar)
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AT —1 (T r+1qr+1
ao=TI(%7) =057 ]

i>1

where

An argument similar to those above shows that f(T) e £101/(?=DI Moreover, since the value of
¢(T)/patT =0is 1, we see that f(T) € 1 +TQ,[[T]]. Using (9), we see that there exists g(T') €
1+ TQ,[[T]1N &Y P=DY guch that £(T) = ¢(g(T)). We therefore have

—1 r+1qr+1
res(t ™ G (T)dt) = res(T_l (@) [1 — (@) } %(p(g(T))dt).
Adding and subtracting 1 from the term [1 — (¢1(T)/p) 711"+, we get

res(t”' G1,41(T) dt)
(@)

) 1 (! o1 (T 1! 1
o) o () (- (52 - )

The first term is equal to res(¢(g(T)/T)dt), which by (20), equals res(g(7)/T dt) = 1, since the
constant term of g(7) is 1. For the second term, we see that ¢;(T)/p divides [1 — (d)l(T)/p)’“]”rl —1
as polynomials. Also, the constant term of

7\~ 7Y\
(%7) (1-(%57) ] ey

is —1. Hence, the second residue is —1/ p. Therefore,

res(t ' (p~lo — DG (x|, r + D dt) = % —1.

* We prove res(t_1 (y —DG(x]|,r+1) dt) =0, by showing that, for all n > 1,
res(t™'(y = )Gy 11 (T) dt) = 0.
Again by (9), we see that (pflgo)G,“H (T) = Gpt1,r+1(T). Therefore
res(t ™ (y = DGy 1 (T)d1) = 1est™ (y = D(p~ )" G101 (T) d1)
Dresp" 17 (y = DG 41 (T) dt)

12 n— _
Zres(o" (X ()y = D G111 (T)) do),
which vanishes by (20) and (21).

 Using (18), we get logT — G'(|x|,r + 1) =log T + g'(T) — tg"(T), whereas rearranging the terms
in (17), we getlog T + ¢g'(T) = — log(x (v))td,. These two equations imply

log T — G'(Ix|,r + 1) = —log (x (y)tdi —tg"(T).

Therefore we have

(o — D(log T — G (x|, r + 1)) ‘E —log (x (1)) (¢ — Dy — (9 — 1)g"(T).
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By the discussion on [Benois 2011, p. 1604, p. 1601], res(((¢ — 1)dy) dt) = 0. By (20), we get

res(t ' (p~ o — D(log T — G'(|x|, r + 1)) dt) = 0.

 Similarly, we have

'y = Dog T = G'(1x], r + 1) ‘= —log (x (YN (X 1)y = Dy — (x(r)y — Dg"(T).
Using (x(y)y — 1)dy = —1/T (see the proof of [loc. cit., Theorem 1.5.7(iiib)]) and using (21), we get
res(t~'(y — D(log T — G'(|x], r + 1)) dt) = log x ().
Using (19), we see that ¢; is —((p — 1)/p) - @, 11 and ¢; is log (x (y)) - ,3r+1. O

Let us state the formula for the £-invariant using [Colmez 2008, Definition 2.20]. Let (a, b) represent
a nonzero element of H' (Ra, (x"x)). Writing (a,by=xr-¢ + W - C2, where the bar over an element
denotes its class in H'(Rg » (x" %)), Colmez defines the L-invariant associated to the class of (a, b) to be
(p=1/p)(A/n) e PHQ p).4 Using Proposition 3.5, we can restate the formula for the £-invariant in
terms of Benois’ basis.

Definition 3.6. If (a,b) = A"+ &y41+ 1 - Br41 # 0, where (a, b) is the class of (a, b) in H'(Ra, (x" X)),
then the £-invariant associated to this class is

/

A
L=—log(x(y) - =.
78

4. Cohomology of mR o w,)(dv,)

The aim of this section is to find a generator of H!(mRo,)(8y,)) for the tautological character 8y, :
@’; — O(U,)*, which will be defined in the first subsection. This generator is an essential ingredient in
the proof of Theorem 5.2.

4.1. The tautological character 8y, : @;‘, — O(U,)*. Define §y, by the equations

du, (p) = S1,
Su, (&p-1) =), (22)
Sy, (14+p)=1+4+S5,.

This character is tautological in the following sense. If § is an E-valued character of Q7 and if
6(p),8(¢p-1),8(1+ p)—1) € U (E), then we have the following commutative diagram:

4The sign is the opposite of the one in [Colmez 2008, Definition 2.20]. We believe that this choice of sign is correct.
Indeed, consider the image of p(1 + p) under the Kummer map « : @; — H! (Qp, Q@p(1)). By the discussion in [Benois 2011,
Section 1.5.6], we see that with the original choice of sign, the £-invariant associated to the image of « (p(1 + p)) under the
canonical isomorphism H! @Qp, Qp(1)) = Hl (R@p (x]x])) is —log(1 + p). However, using Tate’s formula, the £-invariant
associated to « (p(1 + p)) is equal to log(p(1 + p))/(vp(p(1 + p))) =log(1 + p). The original sign is also incompatible with
our results in the Introduction.
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ow*

2

@, —>— E

where the vertical map is induced by the affinoid algebra map O(U,) — E associated to the E-valued
point (8(p), 8({p—1), 6(1+ p) —1) of U,.
We prove that dy, is bien plagé in the sense of [Chenevier 2013, Definition 2.31].

Lemma 4.1. The character 8y, is bien plagé.

Proof. » Given any i € Z, we have to check that 1 — §y, (p)p' =1—8;p' is not a zero divisor in O(U,).
But this follows immediately from the fact that @, (S, $») is a domain and @, (S, $2) — O(U,) is flat
[Bosch, Giintzer, and Remmert 1984, Corollary 7.3.2/6].

» Given any i > 0, we have to check that the image of

1=8u, (XX T =11+ )1+ p)'

in the quotient O(U,) /(1 — 8y, (p)p~") is not a zero divisor. This again follows from the facts that

Qp(S1, $2)/(1 =8y, (p)p~") — OW,) /(1 =8y, (p)p~")

is flat [loc. cit., Corollary 7.3.2/6], that the above element is nonzero on the left (easy to check) and
that the ring on the left is a domain (indeed, if f(Si, $2)g(S1, S2) = (1 — 81 p~)h (S}, S»), then applying
the Weierstrass division theorem [loc. cit., Corollary 5.2.1/2], we have f = q(1 — S;p~') + r and
g=q'(1=S;p~")+rforsome q,q’ € Q,(S1, S2) and r, " € Q,(S5), so that (1 — S1p~ ) |rr’ and hence
one of r or r’ must be zero). U

4.2. Computation of H l(m’Ro(Ur)(SU,)). In this section, we make explicit some facts in [Chenevier
2013] about the first Fontaine—Herr cohomology groups of certain “big” (¢, I')-modules.

Let Row,)(0y,) be the Robba ring over O(U,) in the variable 7, with the standard actions of ¢ and I
twisted by 6y.: ¢T =6y, (p)(1+T)P —1) and yT =6y, (x () (1 + T)X) —1). Let ¢ be the usual
left inverse of ¢, twisted by &y, ( p7 D). Let RJ(B(U,)(‘SUJ be the power series in Ro(,)(8y,) consisting of
nonnegative powers of 7.

We work with two different versions of the Fontaine—Herr cohomology groups for (¢, I')-modules D
over the Robba ring R (v,), namely, the (¢, I')-version H(l(p’r)(D) and the (v, I')-version H(lw’r)(D).
The former groups are defined as usual as the cohomology groups of the complex (6). For the definition
of the latter groups, one replaces ¢ by ¥ in the maps in the complex (6). There is a map n from the
(¢, I')-complex to the (i, I')-complex

0O—— D —D&®D —— D —— 0

bbb

0O—— D —D®D —— D —— 0
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where
nx)=x, mkx,y)=¢¥x),y) and n(x)=—-v(x).

If y — 1 is bijective on D¥=", then 7 induces an isomorphism on cohomology: H, 1-,(D) = H, .,(D)
(see [Chenevier 2013, Section 2]).

By [loc. cit., Theorem 2.33], the cohomology group H(;’F)(RO(U,)(BU,)) is a free module of rank 1
over O(U,). First, we compute an O(U,)-generator of H({p’r)(R@(Ur)((SUr)). By [loc. cit., Theorem 2.33],
the inclusion mRowv,)(8u,) = Row,)(8y,) induces an isomorphism

H, 1 /(mRow,) Bv,)) = H, m(Row,)Bu,))-

Second, we use this isomorphism to lift the O(U, )-generator of H (l(p,r) (Row,)(8y,)) to an O(U,)-generator
of H}, 1, (mRow,)(8v,)) (see Definition 4.5).

Let D =Row,)(8y,). In Section 4.1, we showed that g, is bien placé. By [loc. cit., Proposition 2.32]
we have the isomorphisms

C(D)/(y =1) — C(D)/(y = 1) «— DV='/(y —=1) — H/;, 1,,(D),

where C(D) = (1 —¢)DV=!, Dt = RJ(g(U,)(SUr) and C(DT) = (1 — ¢)(DT)¥=!, and where we recall
that the actions of ¢ and  are the usual ones twisted by §y,.. The first map is induced by the canonical
injection of DT into D. The second map is induced by f(T) + (1 —¢) f(T). The third map is induced
by f(T)— (0, f(T)). We emphasize that the cohomology group appearing in the display above is in
the sense of (¥, I')-modules.

We wish to find an O(U,)-generator of H(ln//,r)(D)~ We do so by finding an O(U,)-generator of
C(D*")/(y — 1) and then using the isomorphisms above to get an O (U, )-generator of H(lwﬂ)(D). To find

an O(U,)-generator of C(D")/(y — 1), we prove a couple of lemmas.

Lemma4.2. C(D") = (D")V="

Proof. By definition, C (D7) is the image of the map 1 — ¢ : (DT)¥=! — (D*)¥=0, Applying [Chenevier
2013, Lemma 2.9(vi)] with A = Sy and N =0 (r > 1 = |§]| < 1), we see that this map is a bijection.
The lemma follows. U
Lemma 4.3. S;(1+ T) generates (D+)‘p:0/(y — 1) as a free O(U,)-module of rank 1.

Proof. In order to prove this, we apply [loc. cit., Proposition 2.14]. We know that DV is a free RB(U")-

module of rank 1, say with basis w. To check that D* is I'-bounded in the sense of [loc. cit., Section 1.8],
we choose the following model of O(U,):

A=7,(51,8,T1, T2, T3)/(p"T1 — S1, 1 = Th Tn, pT3 — S$1).

Then for ' € I’ we have Mat(y") = [8y, (x (¥"))] € Mi(A[[T]]), so DT is I'-bounded. Using [loc. cit.,
Proposition 2.14], we see that {S;(1 4+ T)w} is a basis of (DT)Y=Y over Rg(U,)(F) (see [loc. cit., Sec-
tion 2.12] for the definition of the last ring). Now RJ(g(Ur) () /(y—1)=O(U,). Therefore (DT)Y=0/(y—1)
is a free O(U,)-module of rank 1 generated by S;(1+ T)w. U
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For the remainder of section, we drop w when we talk about the O(U,)-generator S1(1 + T)w of
(DT¥=Y/(y — 1). Using these lemmas, we see that the quotient C(DT)/(y — 1) is generated by
S1(14T) as a free O(U,)-module. Pushing this generator to C(D)/(y — 1) under the first isomorphism
C(D)/(y —1) = C(D)/(y — 1), we see that S;(1+ T) is an O(U,)-generator of C(D)/(y —1). Now
we want a generator of D'/’=1/(y —1).

Lemma 4.4. The elementy = S1 Y oo ST+ T)?" is the preimage of S\ (1 + T) under the isomorphism
L= :DV=!/(y =1) > C(D)/(y = D).
Proof. Note y € DV=! (for the twisted ). To see this, write (for the twisted ¢)

o0 o0
S Z ST+ T)”" = go(Sl Z ST+ T)pn) + A4+ T)e(l).
n=0 n=0
From the definition of i (see [Chenevier 2013, Section 2.1]), we see that y € DV=1, Clearly (1 —¢)y =
S1(14+T). O

Finally, consider the third isomorphism DV=l/(y — 1) - H(1 I//,F)(D) induced by sending f(7T) to
(0, f(T)). Using this isomorphism, we see that the class of (0, y) is a generator of H(lw’r)(D) as a free
O(U,)-module. We repeat that this cohomology group is in the sense of (¢, I')-modules. In order to get
a generator of the (¢, I')-cohomology group, we note that D is a rank-1 module so it is tautologically
trianguline, so y — 1 is bijective on D¥=? by [loc. cit., Corollary 2.5], so

1 (—,id) 1
H, r)(D) ——— H, r)(D)

is an isomorphism of cohomology groups, by the discussion at the beginning of this section. Since
y € DV=!, we have (¢ — 1)y € D¥=". Since y — 1 is bijective on D¥=, there exists a unique x € D¥=°
such that (y — 1)x = (¢ — 1)y. Therefore (x, y) represents a class in H(lw, ry(D). Moreover, the class of
(x, y) maps to the class of (0, y) under the isomorphism above. Therefore, the class of (x, y) generates
H(l%r)(D) as a free O(U,)-module.

For the rest of this paper, every cohomology group that we write will be the (¢, I')-version, and we
drop the subscript “(¢, I')”” from the notation.

We conclude this section by describing an O(U,)-generator of H ! (mRow,)(8u,))-

Using the isomorphism H ltmD) — H'(D), we see that the class of (x, y) is represented by elements
of mD: there existsad € D such that x — (¢ — 1)d, y — (y — 1)d e mD.

Definition 4.5. We denote by e the class of (x — (p — 1)d, y — (y — 1)d) in H'(m D).

Thus e is an explicit generator of the free O(U,)-module H l(mRo(Ur)(éyr)) of rank 1.

5. The L-invariant of the limit point

Recall that the fiber in the blow-up U, of U, over the exceptional point (p”, (14 p)"*! —1) corresponding
to the maximal ideal m = (f1, f>) is parametrized by PH(Q »)- The main theorem in this section gives us
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a formula for the L-invariant (in the sense of Definition 3.6) of the (¢, [')-module associated to a general
E-valued point (p”, (14 p)" ' —1, a : b) in the exceptional fiber. Fix such a point (p”, (1+p) ' =1, a:b).
Let v € Hom(m /m? ®aq, E, E) be a tangent vector representing the tangent direction associated with this
point by Proposition 2.5. Recall that D = Ro(v,) (v, ). Consider the specialization map v*: E®q,mD —
REe(x"x) induced by the composition of maps

mD — m®D — m/m? ®q, D/mD > E ®q, Ra,*" x) =Re(x"x)
given by
fer> f@g— f@g—v()E
for all f € m, g € D, where the first map is the inverse of the multiplication map m ® D — m D (which
is an isomorphism since Ro(,) is flat over O(U,) by [Chenevier 2013, Lemma 1.3(v)]), and the second
map is the map obtained by going mod m on each factor. In particular, we have

vi(fig1 + f282) = v(f)g1 + v(f) 2,

where g1, g» € D are arbitrary, g1, g» are their images in D/mD, and f|, f> are the images of f; =S, —p”
and f> =148, — (14 p)"*! in m/m?, respectively.
The map v* yields a specialization map H Tw*): E ®a, H 'mD) — H' (Rg(x" x)) induced by

H' W1, m2) = W (1), v (12))

for (1, n2) € mD @ m D representing a cohomology class in H'!(m D). Recall that e is represented by

(x =@y, (P —Dd,y =y, (x(¥)y —Dd) emD®&mD

and is an O(U,)-generator of H 1(m D), where now ¢ and y are the usual untwisted operators (see
Definition 4.5). Here we have rewritten e in terms of these untwisted operators since this explicit formula
for e will be needed below. We make the following definition.

Definition 5.1. The (¢, I')-module associated” to the point (p”, (1+ p)"T! —1, a : b) is the image of e in
H'(Rg(x"x)) under H'(v*).

Note that the generator e and the tangent vector v are only well-defined up to scalars, but the isomorphism
class of this (¢, I')-module is unchanged under multiplication by scalars. The theorem below gives us a
formula for the £-invariant of the (¢, I')-module associated to (p”, (14 p)"*! —1, a : b) in the exceptional
fiber in terms of a and b. Note that the £-invariant only depends on the projective image of the cohomology
class H!'(v*)(e).

Theorem 5.2. The L-invariant of the (¢, I')-module associated to the E-valued point in the exceptional
fiber with coordinates (p", (14 p) ' —1,a:b) is

(1+p)*'log(1+p) a
P b
SThere is a more conceptual definition of this (¢, I')-module in terms of a cover U; of lNJr as the module (Dj);, with notation

as in the proof of [Chenevier 2013, Proposition 3.9], but this definition coincides with the more computational one given here by
[loc. cit., Theorem 2.33] (see the remarks at the end of that proof).

L= e PY(E).
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Proof. We compute the L-invariant of the (¢, I')-module given by H'(v*)(e) using Definition 3.6. For
convenience of notation, let Res(f (7)) =res(f(T)dt) for f(T) € R, Row,). Write

H'(v)(€) = Ay @rs1 + [y - Brs,
where, by (19),

Ay =Res(t"v*(x — (bu, (p)p — D)),  py =Res(t"v*(y — By, (x (¥))y — Dd)).

To compute these residues, we first note that the following square commutes:

mD ®a, E —— Rp(x'x)

lRes(tr_) lRes(t’_)

m®q, E ——— E

where we write v again for the map m® E —> m/m*® E —— E. Indeed, given any element fig,+ f>g> €

mD, we have ) )
Res(t"v*(fig1 + f282)) =Res(t" (v(f1)g1 +v(f2)§2))

=v(f1)Res(t"g1) + v(f>) Res(t" g»)
= v(Res(t"g1) f1 +Res(t" g2) f>)
=v(Res(t" (fig1 + f282))).

Now we prove that Res(#"x) = 0 and Res(¢"y) = 0. We use the following formulas, which are similar
to (20) and (21). For any f(T) € Ro,), we have

Res(p(f(T))) =Res(f(T)), (23)
Res(y (f(T))) = x ()~ ' Res(f(T)). (24)

Using the definition of x and y (see the discussion before Definition 4.5), we get

Bu, (X (V)Y = Dx =Gy, (p)g = Dy ==8(1+T),
by Lemma 4.4. Multiplying by " and taking residues, by (12) and (11), we get
Res((u, (x () x () ~"y — Dt"x) =Res(=1"S1(1+T)) =0,
Res((8y, (p)p~"¢ — Dt"y) =Res(—1"S1(1+ 7)) = 0.

Applying (24) and (23) to the terms on the left, we get Res(t"x) = 0 = Res(t"y).
Thus, using the commutativity of the diagram above, we get

Ay = v(Res(t" (x — (bu, (p)p — Dd)))

= —v(Res(t" By, (p)p — 1d))
2 _v(Res((Su, (p)p ¢ — D' d)).
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Using (23), we get
by = —v((y, (P)p~" — D Res(t"d))
2 —u($1 - p)p 7 Res(t'd))
= —v(fip " Res(t'd)) = —p "v(fiRes(t'd)).
The expression in the brackets belongs to m. Recall that v : m ® E — E is the composition of the maps
“:m—m/m?and v:m/m*>® E — E. We therefore get

Ay =—p "Res(’d) -v(fi) = —p"Res(’d) - a.
Similarly,
iy = v(Res(t" (y — (Bu, (x (¥))y — Dd)))
= —v(Res(t" (8, (x (¥))y — Dd))

2 _y(Res(Gu, (x (V) () Ty — D).

Using (24), we get
o = =v(Gu, XWX @)Y = D Res(t"d)).
Since x (y) = ;;‘_1 (1+ p), for some a, we get

o E (@ A+ 858,44 p)~ D — 1) Res(r"d))
= —v(fa(1+p)""*VRes(r"d))
= —(1+p) ""Du(f2Res(t"d)).
The expression inside the brackets is an element of m. As above, we get
po=—(1+p)""VRes(t"d) - v(f2) = =(1+ p)"""VRes(r"d) - b.
Both A, and p, cannot be equal to O simultaneously because H Tw")(e) #0. So Res(t"d) # 0. By
Definition 3.6 (or directly by [Benois 2011, Proposition 2.3.7]), the £-invariant of H!(v*)(e) is

Ay (1+p)*'log(l+p) a
—log(x () - L = — : =
My p b

6. Proof of Theorem 1.1 and generalizations

6.1. Proof of Theorem 1.1. Letk >3 andletr =k—2. Let (k,, a,) for n > 1be as in (1). These quantities
depend on £ € P1(Q p). We prove that the sequence of crystalline representations V;* , ~converges to the
semistable representation V;* ..

We recall some facts from Section 1.3. Recall that the ordered pair of characters (81 ,, 82.,) is associated

. ¥ -1 _ ky—1
to the representation V;* , ~and the sequence of characters 61,,68, , = uy2x

1

, where y, is as in (3),
converges to the exceptional character x” x . Moreover, the character 12 x*~1 corresponds to the following
point of U,:

O, (+p)ht =1,y —p (1 +pt =+ pFh. (25)
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We compute the limit of the above points in U, asn — 00 using the following lemmas.

Lemma 6.1. We have
=P [LP if £ # oo,
n—oo p"(p—1) |2p"/(p—1) if L=o0.
Proof. Assume L # oo. We have
2 A pka—1\2 141 —4pf—T5-2\2
J’Z—Pr=<an+ an2 b > —p’=a,2l< - 2p & ) -p.

For large n, the valuation of a, = p’/? + %ﬁ p"2(p — 1) is equal to %r. Therefore for large n, the
expression inside the second radical sign is an element of 1 + p!*7"P=D O where O is the ring of
integers of E. Since taking square roots is an automorphism of this group, we see that v 1 — 4 pk"_lan_ Ze
14 p'+P" =D O, Therefore we can write

1++v1—4pk=lg-2

"4y I+p"(p—1)
> 4

for some u € Og. Substituting this in the previous equation, we get

y’% _ pr — (pr +£pn+r(p — D+ %£2p2n+r(p _ 1)2)(1 _{_ZulerP"(p*l) _+_u2p2+2p”(p71)) o pr
=p +Lp" (p—D+p" W) - p

for some u’ whose valuation is bounded below. So

2 _
lim 22— P __p .
n—oo p"(p —1)
The limit in the case £ = oo is computed similarly. (Il

Lemma 6.2. We have

lim
n—>00 p'(p—1)

(1+p)f=t—A+prt {(Hp)k—l log(1+4 p) if L # oo,
o if £L=00.

Proof. Assume L # o0o. Since

(1 +P)k,rl _ (1 _*_p)k*l — (1 +p)k71[(1 +p)pn(p71) . 1]’
we see that

(14 p)P"r=b 1

n

{1+[(1+p) =D —1)}7" —1
pn

. (L4 p)a=t— (1 + p)k-!
lim

n—o00 p”

= (1+p"" lim
n—oo

= (1+p)* ! lim
n—oo
2 (14 p)*og (1+ p)r".

The limit in the case £ = oo is proved similarly. ]
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Write the sequence (25) as

yr% _ pr . ¢! _|_p)kn71 - +p)k1>

RAVESV p"(p—1) '

Using Lemmas 6.1 and 6.2, we see that the sequence above converges to the point
(P, A+t =1,Lp" : (1+ p)*log (14 p)) if £ # oo,
(p,A+pr1—-1,1:0) if £ = 0.

Assume L # co. By Theorem 5.2, the L-invariant of the (¢, I")-module associated to this limit point is

(y,%, (I+p)h =1

—L. By [Colmez 2008, Théoreme 0.5(i)], this (¢, I')-module is also €tale since (i /2, (1 /pr2 X 1=k _r)e
S \5{3‘:1 in the notation of [loc. cit.] since %r — %r =0, 1y~ 0and %r # k — 1. The corresponding Galois
representation is V(i ,r/2, /2 X 1=k _ ) in the notation of [loc. cit.]. Comparing the filtered (¢, N)-
module associated to V,: ¢ given in the Introduction with the one associated to V (w2, i1, ,r2 X 1=k _1)
using [loc. cit., Section 4.6] (more specifically, [loc. cit., Proposition 4.18] witha =1 —k, b =0,
o = Wiz, and L replaced by —L), we see that V (2, /2 X 1=k 1)~ Vi’ o Thus the sequence of
crystalline representations V;*  ~converges to the semistable representation V/* . for £ € E.

Now assume we are in the £ = oo case. By Theorem 5.2, the L-invariant associated to the above
limit point is co. The corresponding Galois representation is V(i ,r/2, (1) pr2 X 1=k 50) in the notation
of [loc. cit.]. Comparing the filtered ¢-module associated to Vi in the Introduction with the one
associated to V(i prn, ,ul/pr/lefk, oo) in [loc. cit., Section 4.5] (more precisely, take a = 1 — &,
b =0, B=pu,pr and a = pye in the second isomorphism in [loc. cit., Proposition 4.13]), we
see that V (w2, wy/pr2 ¥k, 00) ~ V,:j «- (Alternatively, the corresponding Galois representation is
V(i prr2, 12 x %) in the notation of [Berger 2012] and, by Proposition 3.1 of that work, this last
representation is isomorphic to the crystalline representation V;* a witha, = p*/? 4 p*/2=1 which as men-
tioned in the Introduction, is isomorphic to V;* .) Thus, the sequence of crystalline representations Vi
again converges to the (crystalline) representation V' .

6.2. L-invariants as logarithmic derivatives. In this subsection, all L-invariants are finite.

We prove formula (2) from the Introduction showing that £ is twice the logarithmic derivative of a,,.
More precisely, we prove thatif a, : Z, — E is a differentiable function of / with a,, (k) = pforr=k—2
and k > 3, then the crystalline representations ‘/l’f‘ap(l) converge in 7> to the semistable representation Vi .
with

-1 7
L=2ay(k)" a,(k)

as [ tends to k in the p-adic topology through integers / = k mod (p — 1) with [ # k. The condition [ =
k mod (p — 1) is necessary because V[fap(l) converges to V' . implies that (the tame part of) det V[fap(,) =
x '~ converges to (the tame part of) det Vie=1x 1=k,

This formula is a variant of a classical formula due to [Greenberg and Stevens 1993, Theorem 3.18;
Stevens 2010, Theorem B; Bertolini, Darmon, and Iovita 2010, Theorem 4; Colmez 2010, Théoreme 0.5,

Corollaire 0.7; Benois 2010, Theorem 2] and others (see Remark 6.6). Our proof of the formula seems
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new. It uses some elementary p-adic analysis (see the two lemmas below) and Theorem 5.2, which in
turn uses some geometry (the blow-up space 75) and some algebra (the interpretation of this space in
terms of trianguline (¢, I')-modules over the Robba ring).

Recall that for integer [ > 2, the (¢, I')-module Dfig(vl),ka,,(l)) is an extension of Rg(iL1/y1) X 11y by

i ap(l) + v ap(l)2 - 4plil
= > .

RE (My(l))’ where
y()

Let §1(1) = myq) and 82(1) = ,ul/y(l)xl_l. Since [ = k mod (p — 1), the characters §; s (H)~! converge
to the exceptional character x" x as [ — k. Therefore the characters &;(/)8,(/ )1 eventually belong to (7r.
Moreover, 8;(1)82(1)~! corresponds to the following point of 17,:

GO A+p) ™ =Ly =p A+ p) T = A+ p)T). (26)
We compute the limit of these points in Uyasl—k using the following two lemmas.

Lemma 6.3. We have
i y()*—p
im ———

lim —— = 2ap(k)ap(k).

Proof. The statement generalizes that of Lemma 6.1 in the case £ # oo and we give a slightly different
proof. Note that

2a,(0*+2a,()/a, (D2 —4piT—4pl—t
N 4

y)?=p" —p

a,()*—p"  ap(D?1—4a,(D2pT—p"
2 2
Therefore

yO? = p" _ap®?=p"  apO?=p" T IO -1 P
I—k 2(1—k) 2(1—k) 2(1—k) l—k

By the definition of the derivative, the first and the second summands in the equation above converge

4a, (D)~

to a, (k)a;, (k) as I — k. The last summand clearly converges to 0. The third summand also converges to
0. Indeed, as [ — k, the valuation of a, (/) becomes %r. Therefore for such [ > k we can write

(e l .
V1—da,()2p'" = ; (j)(—4ap<l>—2p’—1)’.

Using the fact that p!~! /I — k converges to 0 as [ — k, we see that

T—da, () 2pT—1
fim Y1 =4O 2P

=0.
I—k 2(1—k)
Putting everything together, we see that
/ 2 r
fim 20" =P _ 2a,(kK)a, (k). 0

-k [ —k



Semistable representations as limits of crystalline representations 1091

Lemma 6.4. We have
iy (LF p)t =1+ p)t!

=(1 = oe(1 )
him - (I+p)" " log(1+p)

Proof. This is the same as Lemma 6.2 in the case £ # 0o, so we give a slightly different proof. Write

(1+p)' ' =+ p*! LLa+p)r -1 =T l—k—1y
I—k =+pt 1T=(l+p)" 1[2?( i—1 )”]‘

=
Since (l.__ll) = (—1)I~!, taking the limit as / — k we obtain

i + p)!= = (1 + p)*t

=(1 =1og(1 ) O
lim - (I+p)" log(1+p)

Now rewrite the point (26) in the blow-up as

yO?—p" (A+pt-q +p)"‘1)
I—k I —k '

(y(l)z, (1+p~" =1,
Using Lemmas 6.3 and 6.4, we see that as [ — k, the points above converge to
(p". (14 p)F " =1, 2a, (k)al, (k) : (1 + p)*~ ' log(1 + p)).

By Theorem 5.2, we see that the L-invariant of the (¢, I')-module associated to this limit point is
—2a, (k)_la;, (k). Working as at the end of Section 6.1, we see that the corresponding Galois representation
is V(i pra, pyyprre x' 7K, —£) with £ =2a » (k)~! (k) so the crystalline representations V a, (1) CONVerge
to the semistable representation Vk’f , with £ = 2a (k)™ la;, (k).

Remark 6.5. We thank one of the referees for pointing out the following simplification to the computation
of the limits in Lemmas 6.1 and 6.3. Assume as above that a, : Z, — E is a differentiable function
of I with a, (k) = p'/? with r =k —2 and k > 3. If we replace the crystalline representations Vi, ()

by V, la’ O+p'1Jap ()’ then the limit computation in Lemma 6.3 becomes easier. Indeed, the y(l) for

the crystalline representation Vz ap )0~ Jap 1)

k mod (p — 1), the point in T a55001ated to V

is equal to a,(l). Therefore, for / close to k and | =

ay(D+p'= Jap (D) belongs to U, and is given by
ap

(@, A+p) ' =La,*—p :A+p)' ' =A+p*H.

To evaluate the limit of these points in the third coordinate, we have to evaluate the limit

12_ r
lim 7=
I—>k l—k

I=k mod p—1

But, this limit is just the derivative of a, (/ )2 at/ =k and so is immediately equal to 2a,, (k)a;7 (k). Similarly,
for the limits in Lemma 6.1. In principle, since the limit of the above sequence is the same as that of
the original sequence, the crystalline representations V; , )+ pi~1/4,¢) can also be used to compute the
reduction of the semistable representation Vi .. Note that Vl ap()+p=1 Jap () = ~V, a, () for [ close to k by
[Berger 2012, Theorem Al].
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Also, Lemmas 6.2 and 6.4 follow immediately by differentiating the function f : Z, — @Q, defined by
f)y=QA+p)latx =k

Remark 6.6 (relation to work of Greenberg and Stevens, etc.). Our formula (2) is slightly different
from the classical formula due to [Greenberg and Stevens 1993; Stevens 2010; Colmez 2010; Bertolini,
Darmon, and Iovita 2010; Benois 2010] and others. We thank D. Benois for pointing this out.

Let us explain the difference. In the classical setting, one starts with a newform f of weight k > 2
for the subgroup I'g(Np), where (N, p) = 1 (for simplicity, we assume that the nebentypus at N is
trivial) with U ,-eigenvalue «,(f) = p*=2/2 (as opposed to —p%=2/2 for simplicity). Then one takes
the Hida family F if f is ordinary (equivalently k = 2), or the Coleman family F if f has positive slope
(equivalently k > 2), passing through f with U ,-eigenvalue «, which is an analytic function of the
weight. Note that «, (k) = o, (f). The classical formula states that the L-invariant of the form f is

@, (k)
@)’

Incidentally, the above authors use various definitions of the £-invariant of the form f but these are all

L(f)=-2

equal (see [Colmez 2005] for a survey comparing these alternative definitions).

For / =k mod (p — 1), the nebentypus of the weight / member F; of the family F is trivial. Since
forms living in a Hida or Coleman family have the same slope and since the slope of the U ,-eigenvalue
of a I'g(Np)-newform of weight [/ is equal to %(Z — 2), we see that f = F is the unique classical
member in the family F' of weight [ =k mod (p — 1) that is p-new. In fact, any classical member F; with
I=k mod (p—1) and [ # k arises as a p-stabilization of a form f; that is only N-new. The U ,-eigenvalue
ap(l) of Fy is a root of

x? —a,(Hx+p',

where a([) is the T),-eigenvalue of the form F. The local Galois representation

PRlGa@, 0, = PFlca@,/a,)

is isomorphic to the crystalline representation V; 4,). Moreover, p f|Ga1(@p /Q,) is isomorphic to the
semistable representation Vi  with £ = —L(f). The change in sign is because the L-invariant in the
filtration on Dy , given in the Introduction is the negative of the one in the filtration on the filtered module
in [Mazur 1994]. Therefore in the classical setup,

o), (k)

apk)

In our setup, we have a smooth function a,, : Z, — E such that a, (k) = p*=2/2_ We prove that the

L=—L(f)=2

sequence of crystalline representations Vl*a,, () converge to the semistable representation Vi q» with

a! (k)
ap (k) ‘
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Note that there does not seem to be a common framework within which one may compare these two
formulas. Since the functions a, (/) and o, (/) associated to the Hida or Coleman families above are
related by the formula

-1
p
a,() =a,()+——1,
p p o ( l)

the a, (/) above cannot be interpolated by a smooth function a, : Z, — E. Indeed, p'~!

is not even
defined on the whole of Z,. However, we can obtain the classical formula above using the trick in
Remark 6.5. Indeed, suppose «,, : Z, — E is a differentiable function of / with (k) = p*~2/2 with
k > 3. Consider the crystalline representations Vlikoz], O+p~1 Jay () for integer / = k mod (p — 1) with [ # k.
The y(I) for these representations is &, (/). Therefore, for / close to k and / =k mod (p — 1), the point in

~ . ES ~ . .
T associated to Vl,oz,, O+p= Jay () belongs to U, and is given by

(O, 1+ p) ' =1L, =p" : (1+p) ' =1+ p)FT).

Arguing as in Remark 6.5 (with a, (/) there replaced by «, (1)), we see that as [ tends to k the limit of the
above sequence of points is

(P (14 p) 1 =1, 2a, (k)er)y (k) = (14 p) " log(1 + p)).
Using Theorem 5.2, we see that the L-invariant of the (¢, I')-module associated to the limit point is —£
ith
wi o, (k)
ap(k)

In the notation of [Colmez 2008], the corresponding Galois representation is V (i r/2, (12, —L), which

is isomorphic to V. as explained at the end of Section 6.1.

7. Proof of Theorem 1.3

In this section, we use Theorem 1.1 along with local constancy for the reduction and the zig-zag conjecture
to compute the reductions of semistable representations Vj » with weights k in the range [3, p + 1] for
p odd.

Consider the crystalline representation Vi, .., with (k,, a,) as in (1). Since v,(a,) = %r forr =k —2,
for n sufficiently large, the weight &, is an exceptional weight with respect to the half-integral slope
O<v= %r < %(p — 1) in the sense of [Ghate 2021, Section 1], namely k, =2v+2 mod (p — 1) for n
large. Therefore, we can apply Conjecture 1.2 to compute the reduction of Vj, ,, for large n. The zig-zag
conjecture specifies the reduction in terms of an alternating sequence of irreducible and reducible mod p
representations depending on the relative size of a rational parameter T with respect to (certain integer
shifts of) another integer parameter ¢.

For Vi, 4,, the formula for 7 (see [Ghate 2021, (1.1)]), which we call 7, is

(aﬁ - (e ”*)Pr>
Th =Vp >

pan
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where v_ and v, are the largest and the smallest integers, respectively, such that v_ < v < v4. Let us
simplify this. We first treat the case £ # co. We have

(p’(l + %P” (p— I)L)2 — (k+p"(p—1)—2—v—)(k+p"(p;_1)—2—v+)pr)
Tn = VUp i

U+

p (14 1pn(p—1)L)

For large n, we have v_ + vy =k —2, so

(k+p”(p—1)—2—v_) _a+ prp—D)C+p"(p—1)---(vy+p"(p—1))

Vi U+!

=14 p"(p — 1)Hy + terms involving p*"
for the harmonic sum® H, = Z:’; , 1/i. Similarly,

<k+p"(p—1)—2—v+

y ) =1+ p"(p — 1)H_ + terms involving p>"

for H_ = Z:.);l(l/i) (if v— > 1; H_ =0 if v_ = 0). Substituting, we get

7, =r4v, (141 Lp" (p—1)) =[14p" (p—1)(H_+H, )+terms involving p*'])
l+lr 1 n
—vp(p' 2 (1+3Lp" (p—1)))
=r+v,(Lp"(p—1)—(H_+Hy)p" (p—1)+terms involving p*)—(1+37)—v, (1+1Lp" (p—1)).

Thus, for large n,
T, =4r—l+n+v,(L—H_— H,)

if L#£H_+ H; (and 7, > %r — 14 2n+ ¢ for some ¢ € Q independent of n if L= H_+ H,).
As mentioned above, the zig-zag conjecture involves another parameter ¢ which for V., we call #,.
We have
th=vpky —2—r)=n.

These formulas for t, and 7, show that for large n the parameter 7, — t,, lies, independently of r,
in one of the intervals (which may possibly be a point) that appear in the statement of [Ghate 2021,
Conjecture 1.1]. This interval is determined by the size of v =v,(£— H_ — H,) (and is the rightmost one
when v = 00). The conjecture accordingly specifies the exact shape of the reductions of the crystalline

representations V, . for large n in terms of the size of v. Since taking duals commutes with taking

s
reduction, we obtain the reductions of the V;*  ~for large n in terms of the size of v. Using Theorem 1.1
and local constancy for the reduction, we get the reduction of the limiting semistable representation V" .
in terms of the size of v. Finally, taking duals again, we obtain Theorem 1.3 for £ finite.

Now assume we are in the case £ = co. Then a computation similar to the one above shows that

T, = %r —14n and t, = n?, so that for large n we have 1, < t,, (and so 1, —t,, is in the leftmost interval
Thus, the provenance of the harmonic sums that are prevalent in all the computation of the reductions of semistable

representations in the literature can now be traced back to the p-adic expansions of the binomial coefficients appearing in the
zig-zag conjecture.
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appearing in the conjecture). Using [Ghate 2021, Conjecture 1.1] and Theorem 1.1 again, we see that
Vk,oo ~ ind(a)lz‘_l), at least on the inertia subgroup Ig,. Thus Theorem 1.3 also holds for £ = oo as
v = —oo (but as remarked after the theorem, the result in this case is classical by [Edixhoven 1992] and
even holds without assuming zig-zag!).

8. Bounded Hodge-Tate weights

In this section, we use the techniques of this paper to give a proof of the fact that the limit of a sequence
of two-dimensional (irreducible) crystalline representations V,, for n > 1 with Hodge—Tate weights in
an interval [a, b] such that the difference of the Hodge—Tate weights is at least 2 infinitely often is also
(irreducible) crystalline with Hodge—Tate weights in the interval [a, b]. However, note that Berger [2004,
Théoreme 1] has proved more generally that the limit of subquotients of crystalline representations with
bounded Hodge—Tate weights belonging to [a, b] is also crystalline with Hodge—Tate weights in [a, b].
Twisting by a fixed power of the cyclotomic character, we may assume that infinitely often the Hodge—
Tate weights of V, are (0, k, — 1) with k, > 3. This sequence of integers k, is not to be confused with
the one defined in (1). Then there exists a sequence of unramified characters w, for n > 1 such that
Vi = Vi, a4, @ iy for some a, with v,(a,) > 0. For each n > 1, consider the ordered pair of characters
=k gy =1,
where y, is as in (3). The assumption that the sequence V,, converges means that the associated sequence of

(81,n, 62,n) associated with V,* under triangulation. We have 81 , = 1, -,u;l and &, = 1y, X

points in 7'2 converge to a point in 7'2 Say that the sequence (8 ,,, 82.,) converges to (81, &) in (T X T)\ F'.

First assume that 16, !'is not of the form x” x for r > 0. Then, by convention, the £-invariant associated
to the limit point is co. Using the convergence of (the unramified parts of) 61,82, and § 1,,,82_’ rlw we see
that w,, 2 converges to [, for some o € @; and My2 converges to i1y for some y € @; Therefore
810 = Iy, -u;l converges to §; = [l+qy. Similarly, 8, , converges to §, = uia/yxlfk for some k. So the

1=k 00), for some k, in the notation of [Colmez 2008]. Now

sequence V,* converges to V (U-tqay, hta/yX
k, is a bounded sequence of integers converging to k. Therefore k, = k for large n. In particular, £ > 3.
But V(ixtay, hta/yX 1=k ' 50) is equal to the crystalline representation kay Lpk-17y ® M1q. Taking duals,
we see that the sequence V), converges to the crystalline representation V; -1/, ® ,u;é. Untwisting
by the fixed power of the cyclotomic character, the original sequence V,, also converges to a crystalline
representation with Hodge—Tate weights in [a, b].

Now assume that 518;1 = x"x for some r > 0. This means that 61,n8;}l = ,uygxkfl

converges to
x" x in the neighborhood U, of x"x in 7. Let k = r 4+ 2. Since k, is a bounded sequence of integers,
the convergence implies that k, = k for all but finitely many n. In particular, we have k > 3. The point

corresponding to the character 1,2 x*~1 in the blow-up U, of U, is

OL A+p) T —1,y2—p :0)= (2, (1+p) 1 —1,1:0),

at least if y,% # p" (if y,f = p", then it is also the last point since this is the only crystalline point in the
fiber above x” x). Since y,% converges to p’, this sequence converges to the point (p”, (1+ p)*=1 —1,1:0)
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in U,. By Theorem 5.2, we see that the £-invariant associated with this limit point is co. So the limit of
the sequence V.’ is V (81, 82, 00) in the notation of [Colmez 2008].

Now 8182_1 =X"X =Ry (ul/pr/le_k)_l
and 8 =8y pr2 X 1=k, Using [loc. cit., Proposition 4.4(i)], we see that (§182)(p) is a unit. Hence §(p) is

implies that there is a character § such that §; =4 - e

a unit. Consequently, V (81, §2, 00) ~ V(i P12 L pr2 lek, 00) ® 8. Therefore the limit of the crystalline
representations V' is the crystalline representation V;*  ® é. Taking duals, we see that the limit of the
Vi is Vioo ® 87!, Note that the 81, = py, - 4, ' are unramified characters converging to §; =8 - i /2.
This forces § to be unramified and hence crystalline. Therefore Vi o, ® §~1is crystalline. The last
representation has Hodge—Tate weights (0, k — 1). Untwisting by the fixed power of the cyclotomic
character, we see that the Hodge—Tate weights of the limit representation of the original sequence again
lie in [a, b].
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Geometry-of-numbers methods in the cusp
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We develop new methods for counting integral orbits having bounded invariants that lie inside the cusps
of fundamental domains for coregular representations. We illustrate these methods for a representation
of cardinal interest in number theory, namely that of the split orthogonal group acting on the space of
quadratic forms.
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1. Introduction

A coregular representation (G, W) consists of a reductive algebraic group G, defined over Z, and a
finite-dimensional representation W of G, also defined over Z, such that the ring of polynomial invariants
for the action of the semisimplification of G on W is freely generated (say by the elements p1,..., pg).
We then say that U = Aff¥ is the space of relative invariants, and note that for any ring R we have
the natural map W(R) — U(R) given by w — (p1(w), ..., pr(w))! is freely and finitely generated
over Z. Many objects of interest in number theory and arithmetic geometry admit natural parametrizations
in terms of integral orbits of coregular representations. Typically, these parametrizations impose the
following three pieces of structure on the pair (G, W) and the associated invariant space U:

(1) an algebraic notion of nondegeneracy for the orbits of G on W
(2) a natural notion of height on U(R), which then lifts to a G(R)-invariant notion of height on W(R);
(3) an arithmetic notion of irreducibility for the orbits of G(Z) on W(Z).

We note that prehomogeneous representations, i.e., representations whose rings of invariants are generated
by a single element, are all coregular. In that case, the single generating invariant (usually termed the
discriminant) is the height that is used.

MSC2020: primary 11R29, 11R45; secondary 11HSS5, 11E76.
Keywords: geometry-of-numbers, coregular representations, fundamental domain, cusps, irreducibility.

I'More algebrogeometrically, the ring of relative invariants is Z[W]G, while the space of relative invariantsis U := W J G =
Spec(Z[W19).
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A landmark result of Borel and Harish-Chandra [19] implies that the number of nondegenerate G(Z)-
orbits on W(Z) having bounded height is finite. In light of this result, it is natural to ask the following
fundamental question: what are the asymptotics for the number of nondegenerate G(Z)-orbits on W(Z)
having bounded height? Answering this question for just those integral orbits that are irreducible has
proven to be a problem with significant applications in arithmetic statistics, the study of distributions of
arithmetic objects. Indeed, counting integral irreducible orbits of coregular representations played a key
role in the proofs of many breakthrough results, from determining asymptotics for S,-number fields of
small fixed degree ordered by discriminant (see [2; 4; 24; 29]), to computing average sizes of p-class
groups in certain families of number fields for small primes p (see [2; 14; 15; 24; 31; 46; 47; 49]), to
calculating average n-Selmer ranks of elliptic curves and hyperelliptic Jacobians for small n (see [6; 7; 8;
9; 10; 15; 32; 33; 40; 43]), and many more.

More recently, counting reducible integral orbits of coregular representations has emerged as a problem
of significant interest in its own right, yielding applications toward determining the sizes of the 3-torsion
in the class groups of quadratic orders [11; 45], counting octic D4-number fields ordered by Artin conduc-
tor [1] and by discriminant [42], studying families of elliptic curves ordered by conductor [44], and carrying
out squarefree sieves on families of polynomials [16] and binary n-ic forms [17]. However, in all of these
applications, the counts of reducible orbits were obtained using ad hoc methods. Furthermore, the latter
three results cited above do not actually prove asymptotics, and merely obtain upper bounds on the number
of reducible orbits of bounded height. This is in stark contrast with the case of irreducible orbits, for which
systematic methods have been developed to obtain precise asymptotics with power-saving error terms.

The purpose of this article is to devise new systematic techniques for counting reducible orbits. We
illustrate our techniques for a representation that features prominently in the literature on arithmetic
statistics, namely the action of the orthogonal group of the split n-ary quadratic form on the space of
quadratic forms in n variables, where n > 3 is an arbitrary fixed integer. In particular, we provide a
complete answer to the fundamental question stated above for each representation in this infinite family
indexed by n; see Section 1.3 for precise statements of our main theorems. Before proving these general
theorems, we provide the reader with a gentle introduction to our new method by illustrating how it
applies in the context of a low-dimensional example, namely the action of PGL; on the space Sym,(2)

of binary quartic forms; see Section 2.

1.1. Background on orbit-counting, and relation to earlier work. In this section, we summarize the
orbit-counting methods that feature in the literature on arithmetic statistics leading up to the present
article, and we describe the context for our new methods of counting reducible orbits.

The critical dichotomy. Let (G, W) be a coregular representation with space of relative invariants U, and
suppose that a family of arithmetic objects can be parametrized in terms of certain G (Z)-orbits on W(Z).
We note that a natural source of examples of such coregular representations are prehomogeneous represen-
tations, i.e., the ring of relative invariants is generated by a single element, usually called the discriminant.
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Further suppose that the space U(R) admits a natural notion of height, and define the height of
(the G(R)-orbit of) an element w € W(R) to be the height of the image of w under the natural map
W(R) — U(R). In the prehomogeneous case, this height is usually taken to be the absolute value of the
discriminant. Under the above assumptions, the problem of counting arithmetic objects in the family
with bounded height can be translated into the problem of counting lattice points of bounded height in a
fundamental domain D for the action of G(Z) on W(R). This latter problem is complicated by the fact that
the fundamental domain D is usually not compact, even for the subset Dx of points in D with height less
than X. Indeed, the height-bounded fundamental domain Dy typically consists of a bounded region known
as the main body, along with one or more cusps, which are long tentacle-like regions going off to infinity.

Surprisingly, in most of the coregular representations considered in the literature thus far, the following
dichotomy holds:

(1) A proportion of 100% of irreducible orbits lie in the main body; and a proportion of 100% of points
in the main body are irreducible.

(2) A proportion of 100% of reducible orbits lie in the cusp; and a proportion of 100% of points in the
cusp are reducible.

If properties (1) and (2) above hold, then the count of points in the main body of Dy gives an asymptotic
for the number of irreducible G (Z)-orbits on W(Z) having height less than X. This main body count can
be determined in a systematic way: using geometry-of-numbers methods, the count can be expressed in
terms of the volume of the main body, and this volume can then be computed by performing a suitable
change-of-variables. The difficulty in counting the reducible orbits, which predominate in the cusp(s)
of Dy, is that geometry-of-numbers methods do not directly apply in such regions. In fact, the asymptotic
count of reducible orbits is not given in terms of the volume of the corresponding cuspidal regions. In the
examples treated in this paper, we find that the volume of the cuspidal region is an underestimate, and
that the actual answer is given in terms of a certain weighted volume.

Historical context. The development and use of the orbit-counting strategy summarized above goes back
centuries. Mertens [34] and Siegel [48] studied the action of GL; on the space Sym, (2) of binary quadratic
forms, which has a unique polynomial invariant, namely the discriminant. They developed geometry-
of-numbers methods to count the number of GL(Z)-orbits on Sym, Z? with bounded discriminant,
resolving conjectures of Gauss on the average sizes of class numbers of quadratic orders. In the series of
papers [22; 23], Davenport considered the action of GL, on the space (Sym>(2))* of binary cubic forms,
which also has the discriminant as its unique polynomial invariant. Using the strategy described above,
he obtained asymptotics for the number of irreducible GL;(Z)-orbits on (Sym? Z2)* having bounded
discriminant, and in collaboration with Heilbronn, he combined these asymptotics with results from class
field theory and sieve methods to determine the density of discriminants of cubic fields [24].

The main obstruction to generalizing the work of Mertens, Siegel, and Davenport—Heilbronn to other
representations was proving that the number of irreducible points in the cusps is negligible. A pioneering
advance was made by Bhargava (see [4]), who introduced an “averaging” method that has the effect
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of thickening the cusps, making them a bit more amenable to doing geometry-of-numbers. Bhargava’s
averaging method, which applies to general coregular representations, gives a systematic way to bound
the number of points in cuspidal regions and thus opened the door to study the distributions of a wide
variety of arithmetic objects. However, the averaging method has, until the present paper, only been used
to obtain upper bounds in the cusp and new methods are needed to obtain precise asymptotics.

1.2. Notation and setup. We first study a concrete representation in Section 2, before proceeding to our
main results on families of representations. The concrete representation we consider is that of PGL,
acting on binary quartic forms. The notation in this case is quite manageable, and largely follows that
of [9]. In this section, we introduce the other (family of) representations studied in this paper, and we
set up the notation necessary to state our main results. Let .4 be the antidiagonal n x n matrix with all
antidiagonal entries equal to 1; if viewed as a quadratic form, we note that A is split (i.e., it has a maximal
isotropic space defined over Q) and unimodular.

The representation. We first define the group G, which is slightly different for n odd and n even:

e When 7 is odd, we take G := SOy to be the split special orthogonal group scheme over Z corre-
sponding to A. That is, we have G(R) = {g € SL,(R) : g’ Ag = A} for any Z-algebra R.

e When 7 is even, we take G := Q4 /u2 to be the split projective orthogonal group scheme over Z
corresponding to .A. That is, we take G to be the cokernel of the inclusion u, < O4 of group
schemes over Z, where Oy4 := {g € GL,(R) : g’ Ag = A} for any Z-algebra R.

We now define the representation W of G. Let W denote the affine Z-scheme whose R-points consist of the
set of n x n symmetric matrices with entries in R (i.e., classically integral quadratic forms over R). Then
W has a natural structure as a G-representation, where the (left) action is given by g- B = (g~ 1) Bg~!
for g € G and B € IW. We note that W can also be interpreted as the space of self-adjoint operators for .4
over R by identifying a self-adjoint operator 7" with B = —AT € W.

The orbits of the representation of G on W have been studied extensively in the literature. For example,
Bhargava and Gross [6] (resp. Shankar and Wang [43]) obtained asymptotics for the number of irreducible
orbits of G(Z) on W(Z) having bounded height when n is odd (resp., when n is even). These asymptotics
have yielded a striking array of applications: they were utilized by the aforementioned authors to bound
the average sizes of the 2-Selmer groups of monic hyperelliptic Jacobians of any given dimension, by
Swaminathan to prove that most odd-degree binary forms fail to primitively represent a square [50], and by
Siad [46; 47] to bound the average size of the 2-torsion subgroup of the class groups of monogenic fields of
any given degree. Furthermore, by proving an upper bound on the reducible orbits of this representation,
Bhargava, Shankar, and Wang [16] determined the probability that a monic integral polynomial has
squarefree discriminant.

The invariants. Let U denote the affine Z-scheme whose R-points consist of monic degree-n polynomials
with coefficients in R. For any element B € W(R), the monic degree-n polynomial

inv(B) := (—1)!2) det(x A + B) € U(R) (1)
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is invariant under the action of G(R); in fact, by [20, Section 8.3, part (VI) of Section 13.2], its coefficients
freely generate the ring of polynomial invariants for the action of G on W. Given f € U(R), we write

inv!(f):={B e W(R):inv(B) = f}.

The notion of nondegeneracy. Let R be an integral domain. Then we say that a monic polynomial with
coefficients in R is nondegenerate if it has nonzero discriminant. We say that an element B € W(R) is
nondegenerate if the monic polynomial inv(B) has nonzero discriminant.

When R = Z or R, it is convenient to partition the set of nondegenerate elements in U(R) according
to the number of real roots, and to lift this partition to W(R). To this end, let 0 < r < n be odd if n is
odd, and let 0 <r <n be even if n is even. For R = Z or R, we define

U (R)(r )= {f € U(R): f is nondegenerate and exactly r real roots},
W(R)™ := {B € W(R) :inv(B) € U(R)"}.

The height. We order elements of U(R) and W(R) by height. Given a polynomial
n
f)=x"+)" fix" € UR),

i=1

we define its height H( f) by
H(f) = max {|£i]"/7}.
1<i<n
and given B € W(R), we define its height by H(B) := H(inv(B)). For any X > 0, we write

NOX)y:=#{f eU@® :H(f) < X}.

Notice that we have

. n2+n

NOX) ~ VP (X) 1= Vol({f € UR)T 1 H(f) < X}) = X4mW — x "5

where the volume is computed with respect to the Euclidean measure on U(R), normalized so that U(Z)
has covolume 1.

The notion of reducibility. When R is a principal ideal domain with field of fractions K, we can partition
the nondegenerate elements in W(R) into two natural G (R)-invariant subsets. We call (the G (R)-orbit of)
a nondegenerate element B € W(R) reducible if:

e Aand B, viewed as quadratic forms, share a maximal isotropic subspace over K if n is odd, or

¢ B has an isotropic subspace of dimension % over K contained within a maximal isotropic subspace

for A over K if n is even.
We say that B € W(R) is irreducible if it is nondegenerate and not reducible. There are a few good
arithmetic reasons to think of such elements as reducible. For example, pairs (A4, B) correspond to triples
(R, 1,8), where R’ is arank n ring over R, I is anidealin R’, and § € L*/L*? where L = R’ ® K, such
that /2 C (§) and N(I)? = N(§). Then it was proven in [46; 47] that (A, B) is reducible if and only if § = 1.
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As another example, pairs (A, B) also correspond to classes o € H'(K, J[2]), where J is the Jacobian
of the monic hyperelliptic curve y2 = + det(A + B), and (A, B) is reducible if and only if o is trivial.

Write the coordinates of W as [b;;]i<i<j<n. Let Wy be the subscheme of W obtained by setting
bijj =0forall (i, j) withi 4 j <n. Observe that, if R is a principal ideal domain, then every element of
Wo(R) is reducible; for this reason, we call Wy the reducible hyperplane. The reducible hyperplane is
sent to itself under the action of the lower-triangular subgroup P C G, and so we obtain a well-defined
representation of P on Wj. In what follows, for a Z-algebra R and any subset S C W(R), we sometimes
write So C S to denote the subset S N Wy (R).

1.3. Statements of main theorems. Having set up the notation, we are now in position to state our first
main result. Define the constants C, " and C,;“‘; as

Cfin l_L-LZ{ §(2i) if24n, cint . V(1) if2 4 n,
= n-2 = _n .
" ()12, ¢Qi) if2|n, 272y if 2 n.

Then we have the following result, which gives the total count of reducible G (Z)-orbits on W (Z)):

Theorem 1. The number of reducible G(Z)-orbits on W(Z)\") having height up to X is given by

n2+n n2+n

Cin(C - X" 2 ) +o(X 2).

Remark. The factor C,llnﬁ X @2 4m)/2 occurring in Theorem 1 is an asymptotic for the number of invariant
polynomials that arise from orbits of height up to X. Notice that C,‘lm; X2 Am/2 N )(X) when n is
odd and that C;"} - X (n2+n)/2  9=n/2 N (") (X) when n is even. The extra factor of 2~/2 occurs when
n is even because, for any B € W(Z), the x’ -coefficient of inv(B) is divisible by 2 for every odd number
ie{l,3,...,n—1} (see [47, Theorem 80]).

As mentioned above, the corresponding asymptotics for the irreducible G (Z)-orbits on W(Z)") have
been obtained previously in [6, Theorem 10.1 and equation (10.27)] when n is odd and in [43, Theorem 20
and equation (38)] when # is even. The main term exponents for the irreducible and reducible cases are the
same, and remarkably, the asymptotics for both cases have the same leading constant C ,‘?“, up to a rational
factor! Even more surprisingly, the manner in which C,‘?“ arises is completely different for the irreducible
and reducible counts. In the irreducible case, this constant arises from the fundamental volume of the
group G—i.e., the volume with respect to a suitably normalized Haar measure of G(Z)\G(R). However,
in the reducible case considered in this paper, it arises from a summation of volumes of lower-dimensional
slices of the cuspidal regions of a fundamental domain for G(Z) on W(R). These slices have negligible
volume unless they are very high up in the cusp. Thus, they do not detect most of the main body volume,
and this appears to be a genuinely different way of obtaining the constant C,fi",

In light of the above discussion, we are led to pose the following natural question, which we have
answered in the affirmative for the action of G on W:
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Question 2. Let (G, W) be a coregular representation with natural notions of nondegeneracy, height, and
reducibility. Let N'™(X) (resp., N (X)) denote the number of irreducible (resp., reducible) G(Z)-orbits
on W(Z) having height less than X.

(a) Is it true that as X tends to infinity we have N™(X) < N™(X)?
(b) If so, then is it true that limy _, o (N™(X)/N™(X)) is a rational constant?

We note that the answers to both parts of Question 2 are also “yes” for the action of GL, on Sym;(2)
by work of Shintani [45, Chapter 2, Section 7, Remark 2] and Bhargava and Varma [11, Section 4.1.2].
It follows by combining our results in Section 2 with the irreducible count obtained by Bhargava and
Shankar in their paper on binary quartic forms [9] that the answers are also “yes” for the action of GL,
on Symy(2). On the other hand, the answer to the first part of Question 2 is “no” for the action of SL, on
2 ® Sym?(n), where n > 4 is an arbitrary even integer; indeed, it was shown in work of Bhargava [5]
that N™4(X) = o(N'™(X)) for this representation. The situation is more complicated for the action of
GL; x SL3 on 2 ® Sym,(3). Bhargava proved in [2, Theorem 7] that N'™(X) < X, and it is well known
that N™4(X) =< X log X. However, the reducible orbits of this representation can be partitioned into
several natural subsets, and as was shown by Swaminathan [51] using the methods developed in the
present paper, the answers to both parts of Question 2 are “yes” if we restrict to one of these subsets.

Our next main results concern families defined by certain infinite sets of congruence conditions. We
call a subset S C W(Z) a big family if S = W(Z)") n ﬂp Sp,, where the sets S, C W(Z,) satisfy the
following properties:

(1) Sp is G(Zp)-invariant and is the preimage under reduction modulo p/ of a nonempty subset of
W(Z/ p’ 7) for some j > 0 for each p; and

(2) Sp contains all (G(Zp)-orbits of) elements B € Wy(Zp) such that, for all p > 1, we have that
bi(n—i)(B) is a p-adic unit for some i.

Note that a big family S is necessarily G(Z)-invariant.
Our first result on reducible orbits in big families is stated in terms of a polynomial function A on the
reducible hyperplane W, defined explicitly by
L13] i .
[1;21 bign—iy(B)* ! if24n,

MB) = n=2 52 2i—-1
bun(B) 2 [1;2) bin—i)(B) if 2| n.

(@)

Given this definition of A, we have the following asymptotic formula:

Theorem 3. Let S be a big family. Then the number of reducible G(Z)-orbits on S of height up to X is

given by
: 1 _L%J n2+n
cmf-( 1-= / IA(B)| dB)-X 2 +o(X
T 1;[< P) Be(Sp)o i

where dB denotes the Euclidean measure on Wo(Zp), normalized so that Wo(Zp) has volume 1, and

n24n
2

).

where | — |, denotes the usual p-adic absolute value.
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Our second result on reducible orbits in big families, which is equivalent to Theorem 3, is stated in

terms of a product of local orbit counts for the action of P on Wy:

Theorem 4. Let S be a big family. Then the number of reducible G(Z)-orbits on S of height up to X is

given by
.1 2
(T i (s 72 1) 00 o050 ®
p ebllZp »

where df denotes the Euclidean measure on U(Zp), normalized so that U(Zp) has volume 1.

The local product in (3) looks similar to many other mass formulas in related works with one major
difference: the group in question, P, is not reductive. To prove Theorem 4, it is therefore necessary for us
to get some control over orbits of this nonreductive group, which we do in, e.g., Section 6.3.

1.4. Methods of proof. To prove our main results, we introduce two new methods of determining
asymptotics for reducible orbits, and we describe them both as follows.

Method I. Our first method proceeds by directly counting points in the cusp(s) of an “averaged” fun-
damental domain D for the action of G(Z) on W(R). This suffices to get the count of reducible orbits
because, by the results in [6; 43], properties (1) and (2) in Section 1.1 are satisfied for the action of G
on W. This method requires us to construct fundamental domains D for the action of G(Z) on W(R),
which in turn requires us to construct a fundamental domain F for the action of G(Z) on G(R). Unlike in
most previous situations, it is simply not enough for us to invoke the work of Borel and Harish-Chandra
[18; 19], who constructed fundamental domains for general semisimple groups. Indeed, our argument
relies on F being box-shaped at infinity, meaning that F looks like a Siegel domain in a neighborhood of
the cusp. We prove the existence of such fundamental domains for our groups G.

The region D is too skewed for a direct geometry-of-numbers argument to give anything better than an
upper bound for the number of points it contains. To resolve this issue, we cut up the region D into a
countable collection of nicer-looking slices. Within each slice, we prove that the count of the integral
points is asymptotic to the volume of the slice. Summing up over all slices yields the desired total
asymptotic. Our slicing method constitutes the first higher-dimensional generalization of an argument
developed in [13], which treated the simpler case of the cusps arising from the group GL,.

Summing up the volumes of the slices gives us the desired asymptotic in terms of weighted volumes
of certain sets in the reducible hyperplane Wy (R) C W(R), where the volumes are computed with respect
to the weight A defined in (2). We evaluate these weighted volumes by proving a Jacobian change-of-
variables formula that transforms the measure A on W} into the product of the Euclidean measure on
U(R) with the Haar measure on the lower-triangular subgroup P(R) C G(R). Such change-of-variable
results have previously been proven when the group under consideration is unimodular (see, e.g., [9,
Section 3.4]), but the fact that the group P fails to be unimodular presents significant new challenges.

Method I, as applied to the representation of G on W, requires very complicated indexing and notation.
To make Method I more readily comprehensible for the reader, we begin in Section 2 by illustrating the



Geometry-of-numbers methods in the cusp 1107

method in the case of PGL; acting on Sym,(2), before proceeding with the parallel, but much more
complicated, case of G acting on W starting in Section 3. We note that Section 2 can be read more or
less independently of the rest of the paper.

Method II. Our second method proceeds by means of the following four steps. First, we claim that the
asymptotics for the number of reducible G(Z)-orbits on W(Z) are the same as the asymptotics for the
number of P(Z)-orbits on Wy(Z). This claim is an immediate corollary of the following two facts:

(a) If By, By € Wp(Z) are equivalent under G(Z) but not under P(Z), then B; and B, have nontrivial
stabilizer in G(Q), but as we establish in Proposition 32, all but negligibly many G(Z)-equivalence
classes on Wy (Z) have trivial stabilizer in G (Q).

(b) As shown in [6, Proposition 10.7] and [43, Proposition 23], all but negligibly many reducible
G (Z)-orbits on W(Z) have a representative lying on the reducible hyperplane Wy (Z).

The second step is to develop the reduction theory for the action of P on W. Specifically, we prove
that, for any field K, the group P(K) acts simply transitively on the set of elements in Wy(K) having any
fixed nondegenerate invariant polynomial. Using the fact that the group P has class number 1 over (O, we
then deduce that the orbits of P(Z) on Wy(Z) satisfy the following strong local-to-global principle:

Theorem 5. Let [ € U(Z) be a nondegenerate monic degree-n polynomial, and when n is even, suppose
that the x'-coefficient of f is divisible by 2 for each odd i. For each prime p, choose By, € Wo(Zp)
such that inv(B) = f. Then there exists B € Wy(Z), unique up to the action of P(Z), such that B is
P(Zp)-equivalent to By, for each prime p.

In fact, we prove a more general version of Theorem 5, namely Theorem 34, applying to representations
of groups having class number 1 over Q.

By Theorem 5, the number of P(Z)-orbits on Wy(Z) with nondegenerate invariant polynomial f is
simply the product over all primes p of the number of P(Z,)-orbits on Wy(Z,) lying above f. The
third step is to sum this local product formula over all invariant polynomials of bounded height. A key
ingredient for evaluating the sum is to verify that there are not too many orbits with large value of A. This
was verified in [16], where an upper bound of roughly the correct order of magnitude was obtained for
the number of P(Z)-orbits on Wy (Z) with large value of A.> We thus arrive at the surprising conclusion
that, at least for the representation of G on W, an upper bound on the number of reducible orbits can be
indirectly used to deduce a precise asymptotic!

The resulting asymptotic for the total count of reducible orbits is now expressed in terms of a product
of local orbit counts, as in Theorem 4. The fourth and final step is to evaluate this product. We do this by
using the previously mentioned Jacobian change-of-variables formula in reverse! This expresses the local
orbit count at a prime p as a certain p-adic integral, thus yielding Theorem 3; evaluating each of these
integrals and multiplying them all together yields the total asymptotic in Theorem 1.

2An even stronger upper bound for the number of orbits with large value of A can be obtained using Method I, by simply
summing over those slices with large value of A; see Theorem 33 (to follow).
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Remark. For the coregular representations considered in this paper, both of the above methods are
sufficient to obtain asymptotics for the number of reducible elements. Method I gives a direct proof
of Theorem 3, while Method II gives a direct proof of Theorem 4. Moreover, the main terms in these
two theorems can be related to each other using a Jacobian change-of-variables. However, for certain
representations such as those considered in [51; 36], Method II can be directly applied while applying
Method I seems more complicated. Moreover, for certain representations such as those considered in [1],
Method II is inapplicable, while Method I can be used.

1.5. Other applications of our methods. We expect that both of the methods that we introduce in this
paper can be used to count reducible orbits for other representations.

Our methods have already been used to derive arithmetic applications beyond the results of this paper.
Swaminathan [51] counted reducible orbits for the action of SL, on 2 ® Sym2 (n), where n is odd, and
used this to prove asymptotics for counts of 2-torsion in the ideal class groups of cubic orders in the
case n = 3. (A similar application could be pursued for counting quintic rings, which also correspond
to integral orbits of a coregular representation via a parametrization of Bhargava [3].) Also, Oller [36]
counted reducible orbits in all the Vinberg representations in Thorne’s thesis [52], and also carried out
squarefree sieves in all these cases.

One possible line of inquiry is to study the action of GL; on the space of binary n-ic forms for n > 5.
We carry out the case n = 4 in Section 2; the n = 3 case is similar and would give a simpler proof of the
results of Shintani and Bhargava—Varma mentioned previously. The spaces are not coregular for n > 5, but
when integral orbits are ordered by Julia invariant, Bhargava and Yang [12] determined asymptotics for the
number of irreducible orbits. We expect the methods introduced in this paper to have applications towards
counting the reducible orbits, ordered by Julia invariant, for these spaces. Other arithmetically interesting
families of coregular representations for which the question of counting reducible orbits remains open
may be found in the thesis of Ho [30].

2. Counting reducible integral orbits on binary quartic forms

In this section, we determine asymptotics for the number of reducible orbits of bounded height for the
action of PGL; on the space of integral binary quartic forms. Our purpose is to illustrate Method I (see
Section 1.4) in the context of a low-dimensional example, with the view of making the higher-dimensional
application treated in Sections 3—6 more readily comprehensible.

This section can be read more or less independently of the rest of the paper. We remark that some of
the notation used within this section is recycled in subsequent sections to denote different but analogous
objects. As none of the objects introduced in this section are used in subsequent sections, we do not
expect this to cause ambiguity.

Setup. Let V denote the affine Z-scheme whose R-points consist of binary quartic forms with coefficients

in R; i.e., we have

V(R):={f(x,y) =ax* +bx>y + cx*y*> +dxy> +ey*:a,b,c,d, e e R}.
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The group PGL; acts on V via (g- f)(x, y) := (detg)™2 x f((x, y)-g). The ring of invariants for the
action of PGL, on V is freely generated by two invariants, denoted by / and J. For the form f(x, y)
written as above, these invariants are given explicitly by

I(f)=12ae —3bd +c2, J(f)="T72ace + 9%cd —27ad? —27eb* —2¢3.

For convenience, we define inv : V' — A? to be the map that sends f to (I( f), J(f)). The image of this
map over Z is not all of A%(Z), but is defined by congruence conditions modulo 27; see [9, Theorem 1.7].

We define a PGL;, (R)-invariant height H on V(R) via H(f) := max{|I(f)|>, J(f)?/4}. We say that
a binary quartic form f is nondegenerate if its discriminant A(f) := (4I(f)3 — J(f)?)/27 is nonzero.
More generally, we say that a pair (I, J) is nondegenerate if the quantity A(/, J) := (413 — J?)/27 is
nonzero (so a binary quartic form is nondegenerate if and only if its invariants are nondegenerate). For
i €{0,1,2} and R = Z or R, we let V(R)@ denote the set of nondegenerate elements in V(R) having
i pairs of complex conjugate roots and 4 — 2i real roots in P!(C).

A nondegenerate binary quartic form f € V(R) is said to be reducible if it factors over R. It follows from
[9, Lemma 2.3] that the number of reducible orbits on V' (Z) having height bounded by X and factoring
into the product of two irreducible quadratic forms is O(X2/31¢€), and thus negligible. That is, 100% of re-
ducible orbits have at least one rational (and thus at least one real) linear factor. Therefore, for the purposes
of this section, it suffices to restrict our attention to counting orbits of binary quartic forms that possess a
rational linear factor, which amounts to counting reducible integral orbits in the sets V(R)© and V(R)(D,

Let Vo(R) C V(R) be the “reducible hyperplane” consisting of those forms f with a = 0 (i.e., those
forms f that are divisible by y). The reducible hyperplane is sent to itself under the action of the
lower-triangular subgroup P C PGL,,3 and so we obtain a well-defined representation of P on V;. In
what follows, for a Z-algebra R and any subset S C V(R), we sometimes write So C S to denote the
subset S N Vo(R).

Main results. Given the above setup, the main result of this section is as follows, by analogy with
Theorem 1:

Theorem 6. The number of reducible PGLy (Z)-orbits on V(Z)® having height less than X is

£(2)- (B2 X 8) 4+ 0 (X 379),

8+241 . X5/6 occurring in Theorem 6 is an asymptotic for the number of pairs

8+24i
135

, which is the volume of the space of invariants of height

L
27°

arises as the set of invariants of a binary quartic form in V(R).

Remark. The factor

(1, J) that arise as invariants of orbits of height up to X (see [9, Proposition 2.10]). The factor of

comprises two parts: the first is a factor of —8+524i

at most 1 in V(R)“, and the second is a factor of which occurs because not every pair (1, J) € R?

3More precisely, for a ring R, we define P(R) to be the image of the subgroup of lower triangular matrices in GL(R) under
the map GL,(R) — PGL2(R).
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Next, we consider subsets of V(Z) cut out by certain (possibly) infinite sets of congruence conditions.
We call S C V(Z) a big family if S = V(Z)¥) N ﬂp Sp, fori € {0, 1}, where the sets S, C V(Z,) satisfy
the following properties:

(1) Sp is PGL3(Zp)-invariant and is the preimage under reduction modulo p/ of a nonempty subset of
V(Z/ p’ Z) for some j > 0 for each p.

(2) For all p > 1, the set S}, contains (all PGL,(Zp)-orbits of) all elements f(x,y) € V(Z,) such that
a(f)=0and b(f) is a p-adic unit, where a( ) and b( f) denote the x*- and x> y-coefficients of

f(x,y), respectively.
We then have the following result, by analogy with Theorem 3:

Theorem 7. Let S C V(Z)®D be a big family. Then the number of reducible PGL(Z)-orbits on S of
height less than X is

8+24i  y2). o —1\—1 3+e
(240 x3) 1:[(1 Y [f o, [Pl df 0T,

Finally, by analogy with Theorem 4, we have the following result, which is equivalent to Theorem 7:

Theorem 8. Let S C V(Z)Y) be a big family. Then the number of reducible PGLy(Z)-orbits on S of
height less than X is

V(1 J) N (Sp)o) ) ciar 3 .
# dIdJ)- (3124 . x5) + 0 (X219,
(U/(I,J)ez,z, ( P(Z,) (5 ) + Oc(X379)

2.1. Reduction theory for the action of PGL3(Z) on V(R). To count orbits of PGL,(Z) on V(Z), we
realize these orbits as lattice points in fundamental sets for the action of PGL5(Z) on V(R). In this section,

we construct such fundamental sets by means of a two-step process: first, in Section 2.1.1, we describe
a fundamental domain F for the action of PGL,(Z) on PGL,(R); subsequently, in Section 2.1.2, we
combine F with fundamental sets for the action of PGL;(R) on V(R).

2.1.1. A box-shaped fundamental domain for PGL,(Z) ~, PGL3(R). We start by recalling Gauss’ funda-
mental domain for the action of PGL,(Z) on PGL,(R), rephrased in terms of the Iwasawa decomposition
of PGL;(R), which we now recall. Let N be the (algebraic) subgroup of PGL, consisting of lower
triangular unipotent matrices [; (1)], let T be the maximal torus defined by T = {[tgl (z)] S R>0}, and
let K = SO, (R) /{4 id}. We often abuse notation by writing u# and ¢ for the corresponding elements of
N(R) and A. If welet T/ = {t € T : t > ¥/3/~/2}, then for each ¢ € T", there exists a compact subset
N'(t) C [—3. 1] such that the set

{ut:ueN'@),teT'}-K 4)

is a fundamental domain F for the action of PGL,(Z) on PGL, (R). It is well known that N'(z) = [—%, %]

for all ¢+ > 1; consequently, we say that this fundamental domain is box-shaped at infinity. This property
of the fundamental domain is essential for our proof.
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We denote elements of K by 8. With respect to the coordinates u on N(R), ¢ on 7, and 6 on K, the
Haar measure dg on PGL;(R) is given by

dg =d0du(t™d*1), &)

where d*t = dt/t. Above, df is normalized so that [, d6 =1, and du is normalized so that N(Z)
has covolume 1 in N(R).

2.1.2. Fundamental sets for PGL3(R) ~, V(R) and PGL2(Z) ~ V(R). The action of PGL,(R) on
V(R)© L V(R)M has one orbit per set of nondegenerate invariants — i.e., a pair of invariants (1, J) € R?
such that A(Z, J) := 413 — J2 # 0. This orbit belongs to V(R)® when A(I, J) > 0 and to V(R)®)
when A(Z, J) < 0. Consider the function og given by

o0 R*~{A=0}>V(R), (I.J)—x>y—21Ixy>—LJy. (6)

It is easy to check that oy is a section of the map inv, meaning that the invariants of o¢(/, J) are I and J.
For i € {0, 1}, we take our fundamental sets for the action of PGL,(R) on V(R) to be

RO :=Rug-{o0(1, J): (=1)'A(I,J) >0, H(I,J) = 1}.

Finally, we note that the stabilizer Stabpgy, ) (F') is independent of the choice of f € V(R)®; letting
n; := #Stabpgy, ) (/) for any f € V(R) @), one readily verifies that ng = 4 and ny = 2.

We conclude that the multiset F-R) is a cover for a fundamental domain for the action of PGL, (Z) on
V(R)©). More precisely, every PGL5(Z)-orbit of 1 € V(R)® is represented exactly n; /# Stabpgr, z)(f)
times in F - R\,

2.2. The action of the subgroup P on the reducible hyperplane Vy. In this section, we examine the
action of the lower-triangular (parabolic) subgroup P on the reducible hyperplane V. Specifically, in
Section 2.2.1, we show that over many interesting base rings R, the action of P (R) on the set of forms in
Vo(R) lying over a given nondegenerate pair of invariants is simply transitive. Then, in Section 2.2.2, we
prove a Jacobian change-of-variables formula relating the Euclidean measure on Vp(R) to the product
of the Haar measure on P(R) with the Euclidean measure on R?. This formula will be applied in
Sections 2.3.3-2.3 4.

2.2.1. Reduction theory for the action of P on Vy. Let R be a field or Z, for some prime p. Then we
have the following result, which classifies the orbits and stabilizers of P(R) on Vy(R):

Proposition 9. Let R be as above, and let (I, J) € R? be such that A(I, J) is a unit. Then the set of
binary quartic forms in Vo(R) with invariants I and J is either empty or consists of a single P(R)-orbit,
and the stabilizer of any element in this orbit is trivial.

Proof. Given a form f(x,y) =bx3y+cx?y?+dxy> +ey* € Vo(R) having invariants / and J, we first
note that b2 | A(f) = A(I, J). Thus, if A(Z, J) is a unit, then so is b. As a consequence, by replacing
f(x,y) with a P(R)-translate, we can arrange that b = 1. When R # Z3, we have that 3 € R, and
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hence by replacing f with the P(R)-translate f(x—c/3y, y), we may assume that ¢ = 0. When R = 73,
we may similarly replace f with a P (R)-translate to arrange that ¢ € {0, 1,2} (depending on the residue
classes of / modulo 9 and J modulo 27). Once this has been done, the values of d and e are respectively
determined by / and J (since a = 0 implies linear relations between (/, J) and (d, e)). This proves that
the set of elements in Vy(R) with invariants / and J (if nonempty) form a single P (R)-orbit.

Next, we prove the claim regarding the stabilizer in P(R) of f € Vp(R). Suppose that an element
g € P(R), represented by a matrix with coefficients 1 and u on the diagonal and n in the lower left
coordinate, fixes f. First note that since b is a unit, the x2 y2-coefficient of g - f(x, y) will change unless
n = 0. Assume thus that n = 0. Next note that the x3 y-coefficient of g - f(x, y) is u~!h, implying that
u =1, as needed. O

The above result has the following immediate consequence by specializing to the case R = R.

Lemma 10. Ler (I, J) € R? be nondegenerate. Then the set { f € inv_(f)o : b(f) > 0} consists of a
single N(R)T -orbit.

2.2.2. A Jacobian change-of-variables formula. Proposition 9 implies that when R = R or Z,, for a
prime p, the space V(R) is a fibration over R?, where the generic fiber can be identified with P(R), so
long as it is nonempty. Thus, the Euclidean measure on Vy(R) should be related to the product of the
Haar measure on P(R) with the Euclidean measure on R?. The following proposition gives a Jacobian
change-of-variables formula relating these measures:

Proposition 11. Let R = R or Z,, for some prime p, and let ¢ : Vo(R) — R be a measurable function.
Then we have

_2 |
/f IR GLGTES /(,,,)eRz( > /h i P f)dh) d1dJ.

A(1,J)#0 fei"v_;f,’g)”o

where df, dI, and dJ are Euclidean measures, where dh is the right Haar measure on P given by

dh =t dudt, and where | — | denotes the usual absolute value on R.

Proof. First note that the result for R = R implies the result for R = Z, by the principle of permanence
of identities, so it suffices to treat the case R = R. Recall the construction of the section og in (6).
Proposition 9 implies that we have

Vo(R) = P(R)-0o({(I, J) € R : A(I, J) # O}).

Thus, the theorem follows from the equality

_2
s =g [

/ ¢(h-oo(1.J))dhdIdJ, (7)
1,J)eR? Jhe P(R)

/feP(R)-ao(Rz\{A=0
which in turn is a consequence of the following Jacobian change-of-variables computation. First note that
a typical element of the region of integration on the left-hand side of (7) is given by

I Tur* Jt4) ]

. B 2,2 (22__ 3 (34_ Jr*
(tu) ao(I,J)—[Zx Y+ 3ux“y® 4+ (3ut 3 )xy + (u”t 3 7 )Y
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By taking partial derivatives with respect to 7, u, I, and J of the coefficients of the binary quartic form
on the right-hand side above and arranging these partials into matrix form, we find that the Jacobian
determinant relating the measures df and dt du d dJ is given by

-3 2 2 3.3 4 3 4 3
—2t 06Mf—§ll 4ut —317/![ —2—7.]1

3 6ur? 3utt — 311t _ 23
_%tz —%ut“ =727t -
_%14
Therefore, we have
df = 2> dtdudl dJ.
Equation (7) then follows, since b((tu)-oo(I,J)) =t~2 O

2.3. Counting reducible PGl (Z)-orbits on V(7). Leti € {0, 1}. In this section, we obtain asymptotics
for the number of reducible orbits of PGL,(Z) on Vo(Z)® of bounded height, thus proving Theorems 6-8.
To simplify the exposition in the rest of this section, we introduce the following notation:

e For any set S C V(Z), let Sieq C S be the subset of forms in S having a rational linear factor; for
X >0, let
Sxy:={BeS:H(B)<JX},
and as before, let So := S N Vp(Z) be the set of elements of S that lie on the reducible hyperplane.
* Let Go C PGL2(R) be a fixed nonempty open bounded set such that G 1 = Gy and Gy is left- and

right-invariant under the group K’ generated by K together with the diagonal matrix having diagonal
entries 1 and —1. Such a set can be constructed by starting with a nonempty open bounded set G, and
taking Go = K'(GyU G5 ) K'.
¢ Define the multiset Boo by

Boo := Go- RV N1V (R).
Set B:= (Bx)1, and note that by the construction of R, we have (Boo)x = X 1/6p,
e We define the quantity C(B) by

1
CO) = iy [ BN ®)
ni Vol(Go) Jren
where the volume of G¢ is computed using the Haar measure dg, and where 7i; = 2n;, with n; as defined

in Section 2.1.2.

e For a finite set ¥ of PGL;(Z)-orbits on V(Z), let # ¥ be the number of elements of X, where each
f € X is counted with weight 1/# Stabpgy, z)(f).

2.3.1. Averaging over fundamental domains. We begin by applying Bhargava’s averaging technique,
developed in [2; 4]. By an argument identical to [9, Theorem 2.5], which involves averaging over translates
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of the fundamental domain F by elements of G and performing a suitable change-of-variables, we have

@) i
#/(M) _ i H#(TFh-RO N (V(Z)red)x)

nj

PGL,(2)

(@)
= —— #(gGo Ry NV(Z)eq) dg. 9

Then we have the following result:

Proposition 12. We have

VO@Dea)x) _ 1 o r} . L -
#( PGL,(2) )_n,-Vol(Go) /l=1/=_£#(utX BNVo(Z)t ™ “dud™t + O (X ), (10)

where B is the multiset
B:= (Boo)1 1= Go- RV NG (R).

Proof. The number of reducible (and irreducible) PGL,(Z)-orbits on V(Z) that have nontrivial integral
stabilizer was proven in [9, Lemma 2.4] to be bounded O (X 3/ 4"‘6). Thus, we may replace the #" in (9)
with # at the cost of an error of O(X3/4t€). We split the fundamental domain F as

F=Fulutk:ue[-1 1.t >1 kek},

where F' is absolutely bounded. When the integral over F is restricted to the compact region F, it is clear
that the number of forms with vanishing x*-coefficient is bounded by O(X2/3). By [9, Lemma 2.3], the
number of reducible forms with nonzero x*-coefficient is bounded by O¢(X 2/3 T€). These error terms
are sufficiently small. The proposition then follows upon noting that, by the left K-invariance of Gy, the
set gGOR(i ) is independent of & when g is written as g = u¢6 in Iwasawa coordinates. O

2.3.2. Slicing. Throughout this subsection we set ¥ := X 1/¢. The integrand of the right-hand side of (10)
is the number of integral points in the region uz Y BN Vy(R). This region is typically quite skewed: indeed,
whenever ¢ is high up in the cusp, the x> y-coefficient is small, so the volumes of the projections of the
set utY B away from this coefficient have the same order of magnitude as the volume of utY B itself.
Furthermore, the region where 7 is high up in the cusp contributes most of the lattice points that we are
interested in counting! We resolve this issue in this section by fibering the region utY BN Vp(R) by the
x3 y-coefficient and using a result of Davenport to estimate the number of lattice points on each fiber.

We now partition the region utY B into slices, one for each possible value of the x3 y-coefficient. For
any b € R~ {0}, and any S C V(R), let S|, denote the slice of S at b, i.e., the subset of forms in S
with x*-coefficient equal to 0 and x3y-coefficient equal to . Then we can express the integrand of the
right-hand side of (10) as

#uwYBN V(@) = Y #(wYB),nV(@)= Y Vol(urYB)|p)(1+ 0¥ "), (11)
beZ,b#0 beZ,b#0

where the final estimate is a consequence of the following proposition, due to Davenport:
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Proposition 13 [21]. Let R be a bounded, semialgebraic multiset in R" having maximum multiplicity m
that is defined by at most k polynomial inequalities, each having degree at most £. Let R’ denote the
image of R under any (upper or lower) triangular, unipotent transformation of R”". Then the number of

integer lattice points (counted with multiplicity) contained in the region R’ is given by
Vol(R) + O(max{Vol(R), 1}),

where Vol(R) denotes the greatest d-dimensional volume of any projection of R onto a coordinate
subspace obtained by equating n —d coordinates to zero, where d ranges over all values in {1, ... ,n—1}.

The implied constant in the second summand depends only on n, m, k, and {£.

Now, since unipotent transformations preserve both the value of b and the volume, we have
Vol((utY B)|p) = Vol((tY B)|p).

Combining (11) with Proposition 12 yields

# (V(i)(z)red)X
PGL,(Z)
1
= f Vol((tY B)|p)(1 + O(Y ")t 2 dud™t + O (X37€). (12)
n; Vol(Go) bezfoy Y 1SIKY 112/ |p|1/

The bound in the region of integration above is obtained by noting that the value of |b| is bounded above
by O(Y), and, for each fixed b # 0, the range of ¢ goes up to Y 1/2/.,/|b], since the x3 y-coefficients of
elements in utY B are < t~2Y. We bound the error term in the right-hand side of (12) by

. o) O(YI/Z/ﬂ) X 6dxt 40(Y) X 5
LY VOV Bl < 3 /t_l raetl <yt Yy < xd, (13)
b=1 """ b=1

Substituting the estimate (13) into (12) yields

#((V(i)(z)red)X) 1

PGL,(Z) )~ n; Vol(Gy)

d*t
l‘2

VOl(tY B ) - + Oc(X319).  (14)

/ 1/2 1/2
bezfo}  1SE<Y 1 /2/1b]Y

We now manipulate the integrand in (14) to extract its dependence on the slicing index ». Because unipo-
tent transformations leave volumes unchanged, and the action of # on V(R) scales the x’ y/ -coefficient

by t/=/, we have

Vol((tY B)|p) = Y3 Vol((tB)|p/v) = 6 X /2 Vol(Bl,25, y)- (15)

Since Gy is left- K’-invariant and since the diagonal matrix with entries 1 and —1 belongs to K’ it follows
that Vol(B|g) = Vol(B|_g) for any B € R~ {0}. Hence, setting 8 = t2b/Y (which gives d*f = 2d*1),
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we obtain
VD (2), x1/2
#(( ()ed)X)= > o2 Y282 Vol(Blg) d* B + Oc(X 1)
PGL5(2) 2n; Vol(Gy) bez<(0} b)Y <p<1
X5/6 o0 ) 3
R b_/ Vol(B|g) dB + O (X37°), (16)
rVoi(Gg) 27 [y P YOIl -+ 0K )

where the second line above follows since 5| g is a bounded set and Vol(B|g) < 1. It therefore follows that

(VO (@D)red)x 5 3,
#l —————— ) =C(2)-C(B)- X0 + O (X379, 17
(PGLZ(Z) {(2)-C(B)- X6 + 0.(Xi79) a”
where C(B) was defined in (8). Note that while going from (14) to (17), we pick up a factor of % from
d* B = 2d*t, a factor of 2 from restricting the sum over b € Z to the sum over b > 0, and another factor
of % by replacing the integral over 8 > 0 to the integral over all 8 in the definition of C(B) (which is

equivalent to the integral over all f € B).

2.3.3. Computing the constant. In this section, we compute the value of C(B). Recall that we defined B
to be the multiset B := Gy -R&l) N Vo(R). Since Gy is right K’-invariant, we may write Go = SK’ for
some S C N(R)7T. Hence, we have

B=58K"- R n1p®) =S (K'RY),.

We then have the following lemma concerning the multiplicity of the fiber of (K’ R®)o over
inv(V(R)) c R2:

Lemma 14. The map inv : (K'RW)g — {inv(V(R)D) is i1; 10 1.

Proof. We begin by noting the map is certainly surjective since the invariants / and J of x>y +dxy?+ey?
are linear in d and e, respectively. It thus suffices to prove that the map

inv:{f € (K'RD):b(f) >0} — inv(V(R)D)

is n; to 1. This is a consequence of the following two facts: first, the stabilizer in PGL, (R) of any element
in the image has size n;, and second, the group N(R)T acts simply transitively on inv= (7, J) N Vo (R)
for any (I, J) € inv(V(R)®) by Lemma 10. Indeed, given f € R® having invariants (Z, J), and
pb € Stabpgy, ) (f) with p € N(R)T and 6 € K, the element 6/ = p~! f belongs to (K'R®)¢ and
has invariants (1, J). This association yields the result. O

We are now in position to compute the constant C(B):
Proposition 15. We have

C(B) =5 Vol{(I,J) e R*: (=1)' A(1,J) >0, H(I.J) < 1}.
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Proof. We have

1 1
C(B) = 7 Vol(Go) s b df = 7 Vol(Go) s, |b(f)ldf

@ |
2 s dhdldJ
27 Vol(Gy) (—1)IAU,J)>0 hes

H(I,J)<1
_ 2Volign(S) Vol{(1, J) e R : (1)’ A1, J) >0, H(I,J) < 1}
N 27 Vol(SK') '

where the second line follows by applying the Jacobian change-of-variables established in Proposition 11

(18)

along with Lemma 14. In the third line, Vol;ign(S) denotes the volume of S with respect to the right Haar
measure on P (R). But since Vol(K) is normalized to be equal to 1, we have that Vol ign(S) = % Vol(K'S),
where the volume is computed with respect to the Haar measure on G(R). The next lemma demonstrates
that Vol(K'S) = Vol(SK'):

Lemma 16. We have K'S = SK’, and in particular Vol(K'S) = Vol(SK').

Proof of Lemma 16. Since Gg = SK’ is left- K’-invariant and inversion-invariant, it follows that

K'SCK'SK'=SK'=Go=Gy' = K'Ss7L. (19)

Since the Iwasawa decomposition of PGL,(R) is unique, (19) implies that S C S~!, and hence also that
S =871 Thus, SK’' = K'S™! = K'S, as desired. O
Combining (18) with the result of Lemma 16 completes the proof of Proposition 15. O

2.3.4. Congruence conditions. We now prove Theorem 7. Let S C V(Z)®) be a big family, and suppose
for now that § is defined by congruence conditions at finitely many places (i.e., suppose that S, = V(Zp)
for all primes p > 1). For each b € Z, ~ {0}, let

(Splolp :={S € (Splo: b(f) = b3,

and for each b € Z~ {0}, let v(So|p) := ]_[p Vol((Sp)olp) denote the density of the slice So|p in Vo(Z)|p;
here, each p-adic volume Vol((Sp)o|p) is computed with respect to the Euclidean measure on Vo (Zp)|p.,
normalized so that V(Zp )| has volume 1. Then an argument identical to the one used to obtain (14)
yields the asymptotic formula

(Sred)X 1 / ) 3
# = S Vol((tYB)|p)t ™2 d ™t + Oc(X57€). (20
(PGLz(Z) n; Vol(Gy) b Z V(Sols) t>1 oHETB)le) + Ol ) 20
e7Z~{0}
Note that the upper bound on ¢ in (14) can be omitted, since if 7 > ¢Y1/2/b1/2 for some sufficiently
large constant ¢, then (tY B)|p, is empty. The PGL3(Z)-invariance of S implies that v(So|p) = v(Sol5|)
for all b. Hence, the argument used to deduce (16) and (17) yields the estimate

(Sred)x _ ) > V(So|b) . % %—i—e
#(m)_C(B) (l; -3 )X + Oc(X3te), 1)
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To evaluate the sum over b on the right-hand side of (21), we use the following property, which is a
consequence of the fact that S is a big family: if p is a prime and b, b’ € Z,, ~ {0} are elements such that
|bilp = |b]|p for each i, then Vol((Sp)olp) = Vol((Sp)ols’). By repeatedly using this property, we obtain
the chain of equalities

i V(So|b) 1_[2 VOI((SP)0|pl

b=1 p i=0
- 1;[(1 - ;)_1 /’335 1Bl Vol(Sp)ols) db
1 —1
-T1(-7) X

where the second line above follows by partitioning the region of integration Z, ~ {0} into level sets for
the integrand and summing over all such level sets, and where the last line above follows just as in (17).
It remains to handle the case where S is a big family defined by congruence conditions at infinitely

4

many places. This case follows by using an inclusion-exclusion sieve™ in conjunction with the following

bound on the number of PGL,(Z)-equivalence classes of forms f with large b( f')-value:

Theorem 17. Fix a real number M > 0. Then the number of PGL;(Z)-equivalence classes of (or
equivalently, P(Z)-orbits of ) elements of the set { f € Vo(Z) : H(f) < X, |b(f)| = M} is bounded by
O(X5/8) M) + Oc(X3/*1€), where the implied constant is independent of M.

Proof. The required bound follows immediately from the proof of Theorem 6 by simply summing (16)
over only those b such that |b| > M. O

This concludes the proof of Theorem 7. We finish by noting that Theorem 8 follows from Theorem 7
by applying the Jacobian change-of-variables result in Proposition 11 to each p-adic integral.

3. Reduction theory for the action of G(Z) on W(R)

Fix an integer n > 3. In this section, we construct finite covers of a fundamental set for the action of
G(Z) on W(R). As in Section 2.1, we achieve this in two steps: first, in Sections 3.1-3.2, we choose a
certain fundamental domain F for the action of G(Z) on G(R), and then in Section 3.3, we combine F
with fundamental sets for the action of G(R) on W(R) to construct our required covers.

Note that it suffices to construct a fundamental domain for O4(Z) on O4(R), as such a domain would
also be a fundamental domain for G(Z) on G(R). Indeed, when 7 is odd, this follows because O4(Z)
contains an element of determinant —1, namely, the negative of the identity matrix. When » is even, this
follows because the 2-torsion elements of O4(R) are contained in O4(Z). Thus, in Sections 3.1-3.2, we
work with the group O4. Furthermore, for our counting purposes, we cannot simply use any fundamental

#We do not flesh out the sieving argument here to avoid being repetitive, because in Section 6.3 (to follow), we use the same
sort of argument to prove Theorem 4.
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domain F for the action of O4(Z) on O4(R); rather, we require that F be box-shaped at infinity, and we
prove that such a choice of fundamental domain exists in Section 3.2.

3.1. A coordinate system for Q4. We begin by recalling the Iwasawa decomposition
04(R) = N(R)TK,

where N denotes the (algebraic) group of lower triangular unipotent matrices in O 4, T denotes the set of
diagonal matrices with positive entries contained in O 4(R), and K denotes a maximal compact subgroup

of O 4(R). We note that T is a maximal torus of O 4(R), and that the elements of 7" normalize N(R).
A calculation shows that the elements of N(R) are parametrized as

_ | _
17531 1
U3y U3 1
U[E-D1 U(E1-D2 U(T51-1)3 1
e urgl2 o Ur43 s 1 L (22)
UT41+n1  U([41+0D2 Y(%21+D3 —Eufgugﬁ* —uraye) 1
: =
U(n—2)1 U(n—2)2 _iul_%-|3+* * * * 1
U(n—1)1 —%u%%]zik* * * * % oo —uzpy 1
_—%u%%n—i—* * * * * # & —upy 1
S -
U1 1
U3y U3 1
Uy Mgz Mgy
Uny Uny Uzns Un (n52) 1 23)
Unt2y; Ung2y, Unt2y, o Ungay =2y O 1 '
(391 (592 ()3 (5= ("33)
Unidyy Unidyy Untdyz o * * —Un(ns2) 1
Un—2)1 Un—2)2 * * * * k aee 1
Un—1)1 * * * * * * o0 —uzp 1
| * * * * * ¥ .-k —Upy 1|
where the u;; € Rfori €{2,...,n—1}and j € {1,... ,min{i — 1,n —1i}} are free parameters, and where

the symbol “x” is shorthand and is read as follows: if the “x” occurs in the row-i, column-; entry, then
it denotes “some polynomial of positive degree in the variables {u; ;- : i’ — j’ <i — j} with integer
coefficients and no constant term” (the polynomial being abbreviated depends on the matrix entry in
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which it occurs). We often abbreviate the tuple
(wij:ie{2,....n—1}, je{l,....min{i —1,n—i}})

by u and abuse notation by writing u for the corresponding element of N(R).

Elements of T have the form s = diag(ty, ..., ), with fjt,—j41 = 1 fori € {1,...,[%]}. (Note in
particular that when 7 is odd, we have 7, 1 1)/2 = 1.) In the sequel, it will be convenient to use the following
alternative coordinates for 7. Define the coordinates (s1, ..., S|,/2|) to be such that (¢1,...,1,/2)) is
equal to

L3

2
(]_[s—l ]_[sjl,..., sL—,}J) if 2} n, (24)
i=1

i
(—1 l_[s_l, T s S;_14,5;1,5;1-Sn§2) if 2| n, (25)

i=1 =2

where s; > 0 for each i and where s, := | /5(,—2)/25(n)/2 When n is even.
We denote the elements of K by 6. With respect to the coordinates # on N(R), s on 7, and 6 on K,

the Haar measure dg on O 4(R) is given by

dg =dO0 du(8(s)d™s), (26)
where
51i-1 15] 14 i2-2i|%] ,
ds; | if24n,
du = duj;, —, 8(s) := =1 2oy =4 o
i=1_[1jl:[1 ! 1:[ Si (S%s%)_ 5 21 slfz_l(n_l) if 2| n.

Above, df is normalized so that [, (£idNK dfB =1, and du is normalized so that N(Z) has covolume 1
in N(R).

3.2. A box-shaped fundamental domain for O 4(Z) ~ O 4(R). A fundamental domain F is said to be
box-shaped at infinity if it can be sandwiched as §; C F C S,, where §; C &; are nested generalized
Siegel sets® satisfying the following conditions:

(a) There exists an open subset ] C &1 of full measure such that every O 4(Z)-orbit on O 4(R) meets
U1 at most once.
(b) Every O 4(Z)-orbit on O 4(R) meets Sy at least once.

(c) The set S ~ S is empty “sufficiently high in the cusp,” in the sense that, for some ¢ > 0, the set
Te :={s =(s1,...,8|n/2)) € T :s; > c for all i } has the property that S " NT. K =S, N NT K.

SHere, a fundamental domain F C O_4(R) is defined to be a measurable subset such that there exists a subset M C O 4 (R) of
full measure with the property that every g € M is O 4(Z)-equivalent to a unique element of F. By a generalized Siegel set, we
mean a finite union of Siegel sets.
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Because they are defined by simple equations in the cusp, box-shaped fundamental domains are particularly
amenable to explicit computations. For instance, we use the box-shaped property to evaluate a certain
integral that arises in the proof of Theorem 1 (see (35)). As another example of the utility of box-shaped
fundamental domains, see [27; 28], where Grenier proved the analogue of Theorem 18 for the group SL,
and remarked that his result could be used to compute certain integrals of Eisenstein series that arise
when generalizing Selberg’s trace formula to the group SL, (Z). Grenier’s work has had a number of
applications in the literature (see, e.g., [26; 38; 53]), and as explained in Section 3.2 (to follow), it plays a
central role in our proof of Theorem 18.

In this subsection, we construct a box-shaped fundamental domain for the action of O 4(Z) on O 4(R).
Specifically, we prove the following result:

Theorem 18. There exists a fundamental domain for the action of O o(Z) on O 4(R) that is box-shaped
at infinity.
Our proof of Theorem 18 occurs over the next five subsubsections and is structured as follows:

« First, in Section 3.2.1, we show that it suffices to construct the nested generalized Siegel sets S; C S,
satisfying the properties (a)—(c) enumerated above.

e Next, in Section 3.2.2, we construct S, in terms of a certain compact subset A C N(R), and in
Section 3.2.3, we make a convenient explicit choice for the set \V.

e [t then remains to construct S1, which we do using the aforementioned work of Grenier. Specifically,
in Section 3.2.4, we recall the construction of Grenier’s domain, and in Section 3.2.5, we use his result to
construct Sj.

3.2.1. Reduction to constructing S1 and S». The following lemma reduces the problem of constructing
the desired fundamental domain F into the simpler problem of constructing S; and S»:

Lemma 19. Let A be a discrete subgroup of a Lie group G and denote by B(G) the Borel o-algebra of G.
Suppose that S and S’ are sets in B(G) with the property that the maps S — G /A and S’ — G/ A induced
by s — sA are, respectively, injective and surjective. Then there is a fundamental domain F in B(G) for
the action of A on G such that S C F C S..

Proof. The argument is analogous to the proof of [35, Lemma 4.1.1]. Since A is discrete, we can find a
nonempty open subset U C G such that U~'U N A = {id}. Since G is second countable, we can find a
sequence of elements {g,} C G such that G = | J;2; g, U. Let " = &’ ~ SA and set

oo
F={ (gnU ns"~| J&U ms”)A).
n=1 i<n
Lastly, define 7 = S U F’ and note that this union is disjoint. Then F € B(G) since all the operations
used in its construction keep us in the o-algebra. It is simple to check that the induced map F — G/A
sending x to xA is bijective. We conclude that F is a fundamental domain. O
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3.2.2. Constructing S,. We now construct S, in terms of a certain compact subset ' C N(R), to be
chosen explicitly in the next subsubsection. This construction is in essence due to Borel and Harish-
Chandra (see [6, Section 9.2] and [43, Section 4.1], which specialize the results of [18; 19] for semisimple
groups to the case of the group SO4). By [18, Théoreme 2.4 and Exemple 2.5], there exist a constant
¢» > 0 and a compact set ' C N(R) such that if we take

Ty :={s =(51....,S|nj2)) €T :5; > o forall i},
then the set
Sy =N T {£id}\K) 27

meets every orbit of O4(Z) on O4(R) at least once (hence satisfying property (b) above), where {+ id}\ K
denotes some strict fundamental domain for the action of the group {=+ id} by left-multiplication on K
(where “strict” means that every coset of {# id} has a unique representative).®

3.2.3. Choosing N. Having constructed S, in terms of N, we now make an explicit choice of N that
will be convenient in what follows. Let N’ C N(R) be the subset defined as

— {ue NR) : |uij| <1fori=[%], |uij| < % fori #[51]} ifnisodd,

B {ue NR): ujj| < 1 foralli, j} if n is even.
The following lemma implies that by chopping N into pieces and translating them via elements of
N(R) NO4(Z), we can replace A" with a subset of N:

Lemma 20. Let u € N(R). Then there exists i € N(R) N O4(Z) such that iu € N. Moreover, there
exists an open subset Us C N(R) of full measure such that for any u € Us there is precisely one element
it € N(R) N O4(Z) such that iiu € N.

Proof. We construct u inductively. Upon inspecting the coordinate system on N provided in Section 3.1,
we arrive at the following observation: if k € {0, ...,n—3} is an integer and u’ € N(R) is an element such
that u}; = 0 forall 7, j such thati — j <k, then (u'u);j = uj; +u;j foralli, j such thati —j =k + 1.
By the observation, we may choose u1 € N(R) N O4(Z) such that |(u1);G—1) + uii—1)| < % for each
i €{2,....] %]} and such that, for n odd, we have |(u1)[n/2]|n/2) + U[n/2]|n/2)] < 1. Suppose for
some k € {0, ...,n —4} we have chosen uy € N(R) N O4(Z) for each £ € {1,...,k + 1}; then, by the
observation, we may choose uy ., € N(R) N O4(Z) such that |(u1);;—k—2) + Ui(i—k—2)| = % for each
i € {k +3,..., LMTHJ}, unless 7 is odd and i = |_'2—1-|, in which case we can only arrange for
|(U1) [n/21(n/21-k—2) + UTn/21(Jn/21—k—2)| < 1. Having constructed u, for each £ € {1,...,n—2}, we
then take 7 = [[}23 tp—p—y.

As for uniqueness on an open subset of full measure, it suffices to show that u is unique when u lies in
the interior of V, for then we can take U3 to be the union of all (N(R) N O4(Z))-translates of the interior

6A priori, [18, Théoréme 2.4] states that a finite number o of translates of Siegel sets can be found such that their union meets
every orbit of O4(Z) on O4(R)/K at least once; here, 0 = #(04(Z)\ 04(Q)/P(Q)). But since the algebraic group O4 has
class number 1, it follows from [37, Propositions 5.4 and 5.10] that o = 1.
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of N. So take u € N. If itu € N for some it € N(R) N O4(Z), then the aforementioned observation,
together with the fact that u lies in the interior of N, implies that i i(i—1) = 0 for each i. Proceeding
inductively as we did to prove existence, we find that u = id. O

By Lemma 20, we may assume that N” C A/. We next show that A/ can be chosen to lie within an even
smaller subset of V. Let I' C O4(Z) denote the subgroup of diagonal matrices with integer entries. One
readily verifies that I' satisfies the following properties:

o T is a subgroup of K of order 2/"/21 centralizing T’

« Conjugation by elements of I" defines a group action on N with the property that for any p € I' and
u € N, we have |(p-u);j| = |uij| forall i, j.

« The orbit of every element of A" under the action of T has a representative u such that for every n we have
uji—1) € [0, 1] foreachi € {2, ..., | 2 |} and such that for odd n we have U1, /211n/2) € [—1, —3]U[0, 3].
The representative u is unique if each u;; lies in the interior of the corresponding interval or union of

intervals.

It follows that we can take N to lie within the subset
A= fu e N vy € [0, 4] foreach i € {2...... [ 3]}, upyyyy) € [-1,~3]U[0, 3] for odd n}.
By possibly expanding A, we may in fact choose A to be equal to .

3.2.4. Grenier’s domain. In the following subsubsection, we shall deduce the construction of the set Sy
from a slight reformulation of Grenier’s explicit box-shaped fundamental domain .# for the action of
SL;,—L(Z) on SL;—L(R) (see [28]). To state this reformulation, we must introduce some notation. Let
N C SL,:f (R) denote the subgroup of lower-triangular unipotent matrices; for an element u € .4, we
denote by u;; the row-i, column-; entry of u. Let .4 be the set defined by

N ={u €N |y f%foralli,j}.

Let 7 C SL,j,E (R) denote the subgroup of diagonal matrices with positive entries; for an element s € .7,
we denote by s; the quotient of the row-(i +1), column-(i +1) entry of s by the row-i, column-i entry.
Let 2 C SL,:f (R) denote a maximal compact subgroup containing K.

Consider the subset .4’ C .4 defined as

N = {u €N :upg—1) €[0. 3] foreachi € {2,....[2]},
Uji—1) € [—3.0] foreachi € {[2]+2,....n},
u(rnre €[50 200, ugusa)y €[4 4] ir2(n).

2

Let 7' :={s € 7 :s; > ¢y forall i} for a sufficiently large constant ¢; > ¢5. Let &, € ¢ denote the
identity matrix when 7 is odd, and the diagonal matrix whose diagonal entries are given by 2 copies of
—1 followed by 5 copies of 1 when 7 is even, and let {+id, &, }\.#" denote some strict fundamental
domain for the action of the group {#id, =&, } by left-multiplication on K.
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We are now in position to state our reformulation of Grenier’s result:

Lemma 21. For every sufficiently large c1 > 0, the following property holds: If
usO,u's'0’ e /' 7" ({£id, £e,}\¥)

are SL,::: (Z)-equivalent elements such that s;, s, > ¢y for all i and such that u,u’ lie in the interior of A",
then us = u's'0’.

Proof. In [27], Grenier constructed a fundamental domain .Z C .47 for the action of SL,;—L (Z) on
SL,“,*L([R{) /# . The domain .Z has the property that no two points in its interior are SL,j,E (Z)-equivalent. In
[28, Theorem 1], Grenier established that, for every sufficiently large ¢; > 0, we have /"7’ C Z, where
N ={u €N u(nt2)/2)n/2) € [0. 5]} Consequently, the set 7 ({= id}\ %) is a fundamental domain
for the action of SL¥ (Z) on SL¥ (R) containing .47’ ({£ id}\.¢). Since &,.4 ", = .4, it follows that
there is a fundamental domain for the action of SLiE (Z) on SL,ﬂ,E (R) containing 4”7 ({£id, &, }\.%¢).
If we have two distinct SL:¥(Z)-equivalent elements us6,u’s'6’ € A" 7' ({#id, &, }\.#) such that
u,u’ lie in the interior of .#”, then one can find two distinct elements of the interior of .Z that are
SL;I—L (Z)-equivalent, which is a contradiction. O

3.2.5. Constructing S1. Let Ty :={s € T :s; > ¢ for all i }, where the constant ¢; > 0 is to be chosen
shortly. We then take
S1:=N T {+id}\K).

It is evident that S1 and S, satisfy property (c) above. The following lemma states that we can choose ¢
so that Sy lies within S; and satisfies property (a) above:

Lemma 22. There exists a constant ¢y > 0 for which (1) §1 C S and (2) there exists an open subset
Uy C 81 of full measure such that every orbit of O4(Z) on O4(R) meets Uy at most once.

Proof. Let U be an open subset of full measure contained in the interior of S1 consisting of elements
us6 satisfying the following two properties:

¢ The stabilizer under left-multiplication by O4(Z) of usf € O4(R)/K is given by {£id}.

¢ There exists a unique element ug € .4 N SL,j,E (Z) such that ugu lies in the interior of .4,

To see why we can arrange for the first property above to hold on a open subset of full measure, we use
the following lemma:

Lemma 23. There exists an open subset U C O 4(R)/ K of full measure such that the stabilizer in O 4(Z)
of any g € U is given by K N {%id}.

Proof of Lemma 23. Let F be any fundamental domain for O 4(Z) on O 4(R)/K, and let g be an element
of the interior of F. If y € O 4(Z) stabilizes g, then there is an open neighborhood U > g contained in
the interior of F such that y - U is contained in the interior of F, implying in fact that y stabilizes every
element of U. Since left-multiplication by y defines a real-analytic function on O4(R)/K, and since
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O4(R)/K is connected (as K meets both of the two connected components of O_4(R)), it follows that y
stabilizes all of O 4(R)/ K.

Now, the stabilizer in O 4(R) of any element 2 € O4(R)/K is given by hKh~!. Since y stabilizes all
of O4(R)/K, it follows that y € K := ﬂheOA(R) hKh~!. But because K is a compact normal subgroup
of O 4(R), it follows that K is discrete. Let K+ denote the intersection of X with the identity component
O4(R)™ of O4(R). Then K is a discrete normal subgroup of the connected group O 4(R)™, and so KT
is central in O 4 (R) ™. It follows that X C {# id}, and hence that K is central in O 4(R). If y’ e K~ KT,
then Y’ commutes with elements of both connected components of O 4(R), so ¥’ is central in O 4(R)
since K is normal. Thus, K C {£id}, and so y = *id.

Finally, let ¢ be the union of all O 4(Z)-translates of the interior of F. Then ¢/ is an open subset of
full measure, and we have shown above that the stabilizer in O 4(Z) of any g € U is contained in {+id},
as desired. This completes the proof of Lemma 23. O

As for the second property, observe that by the definitions of A and .#”, the desired element 1o must be
such that (u9);;—1) = 0 for each i. Then, by proving the analogue of Lemma 20 for the group SL,jf, one
finds that there exists at least one ug € .4 N SL,j,E (Z) such that ugu € .#". By our explicit characterization
of the elements of N (see (22) and (23)), the row-i, column-j entry of u is a nonconstant polynomial in
the unipotent coordinates for every pair (i, j) with i > j + 1. Thus, there exists an open subset U C N
of full measure such that for any u € U and ug € .4 N SL,:1t (Z), the row-i, column-j entry of uou is not
an integer multiple of % for every pair (i, j) withi > j, unless i +1 = j = 7, in which case u;; = 0.
In particular, if for u € U, and ug € A N SL,;—L (Z) we have ugu € .4, then uou must in fact lie in the
interior of .#”, and imitating the proof of uniqueness in Lemma 20 yields that ¢ must be unique.

Having defined U, take any us6, u’s’6’ € Uy such that g-usf = u’s’0’ for some g € O4(Z). Lete, &’ €
{£id, £¢,} be such that 6, &'0’ € {£id, £e,}\A . Let ug, uy € A4 N SLE(Z) be the unique elements
such that ug (sue), ug(e'u’e’) lie in the interior of .#”". Since s;, 5] > c1 for all 7, it follows from Lemma 21
that ug(eue)s(e6) = ugy('u’’)s’(¢'0’). By the uniqueness of the Iwasawa decomposition, we must have

uo(eue) = uy(e'u's’), s=s', e0=¢0". (28)

The third equality in (28) implies that ¢’ € K, so since &, € K when n is even, it follows that ¢’ = + id.
But ({£id})\ K contains either # or —6 and not both, meaning that ¢’ = id. Combining this with the first
equality in (28) yields that u is a translate of u’ by an element of .4 N SL,f (Z), and hence by an element of
N'NO4(Z). The uniqueness statement in Lemma 20 then implies that u = u’. We conclude that us6 = us’6’.
This completes the proof of Lemma 22, and hence also that of Theorem 18. O

3.3. Fundamental sets for G(R) ; W(R) and G(Z) ~» W(R). Let r and s be nonnegative integers with
r +2s = n. We define U(R)" to be the set of monic polynomial f(x) of degree n with r distinct real
roots and s distinct pairs of complex conjugate roots. We let W(R)\") denote inv—! (U(R)("), and let
W(R)(")-ed be the set of elements in W(R)™) that are reducible over R. Let f be an element in U(R)™).
From [6, Section 9] and [43, Section 4], we know that the set {B € W(R)")"d : inv(B) = f} consists of
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a single G(R)-orbit, and also that the quantity
Oy := #Stabg ) (B) (29)

is independent of the choice of B € W(R)).
We next exhibit an explicit representative of the reducible G(R)-orbit of inv™!( f) for polynomials
f €U(R). Denote the coefficients of f by f(x)=x"+ f1x" 1 +-.-+ f,, and define o9 : U(R) — Wy (R) by

_ | 0 7
0
1
1 0
_h
oo(f) = L =3
10 -2 —f
. _fn73
£ >
1o =2 = faa =5
_O _fn2—1 _fn
if n is odd, and by
_ ! 0 -
0
1
1 0
Vi
1 2—71
oo(f):= 1 _% le—fz _%
10 L —f
. ' : _fn—3
. . Jnzs
1o _% —fn—2 _%
0 Lt g

if n is even. These sections are constructed and used in [16, equations (11) and (27)]. It is easy to check
that we have inv(og(f)) = f, and so oy is indeed a section. This explicit section og is useful in the
proof of Proposition 27 (to follow), for its image consists of matrices whose entries are polynomials in
the f;. However, in Section 5.2 (also to follow), we shall require a section o with image consisting of
elements B whose entries are O(H(B)). To this end, we rescale gy: given f € U(R) having height Y
and nonzero discriminant, set fi(x) := f(x/Y). Then H(f1) = 1, and we define the section ¢ by
o(f):=H(f)o(f1). It is easy to check that o is also a section, and that the coefficients of B in the
image of o are bounded by O(H(B)). We now define R to be o (U(R)") c W(R)(")red

Finally, we have the following result, which follows immediately from an argument parallel to [9,
Section 2.1]:
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Proposition 24. The multiset F - R") is a cover of a fundamental domain for the action of G(Z) on
W(R))1ed More precisely, every G(Z)-orbit of B € W(R)")"4 s represented exactly 0, /# Stabg ) (B)
times in F - R,

4. The action of the subgroup P on the reducible hyperplane W

In this section, we examine the action of the lower-triangular (parabolic) subgroup P on the reducible
hyperplane Wy. Specifically, in Section 4.1, we show that over many interesting base rings R, the action
of P(R) on the set of elements in Wy (R) lying over a given nondegenerate invariant polynomial is simply
transitive. Then, in Section 4.2, we prove a Jacobian change-of-variables formula relating the Euclidean
measure on Wy(R) to the product of the Haar measure on P(R) with the Euclidean measure on U(R).
This formula will be applied in Sections 5.3-5.4 and 6.3.

4.1. Reduction theory for the action of P on Wy. Let R be either a field or Z,, for some prime p. Then,
by analogy with Proposition 9, we have the following result, which classifies the orbits and stabilizers of
P(R) on Wy(R):

Proposition 25. Let R be as above, and let f € U(R) be an element with unit discriminant. Then
inv!(f) N Wo(R) consists of a single P(R)-orbit, and the stabilizer of any element of this unique orbit
is trivial.

Proof. We first prove the transitivity claim for any integral domain R in which 2 is invertible (this includes
every field of characteristic not 2, as well as Z,, for odd primes p). Let B = [b;;] be any element in
inv!(f) N Wo(R). The idea of the proof is to show that B can be transformed under the group P(R)
into an element of the image of the section og, which is defined over R because we assumed that 2 € R*.
Since distinct elements in the image of o have distinct invariants, it will follow that B is P(R)-equivalent
to og(f), as necessary.

We now translate B into the image of oy. First, notice that each b;(,—;) is a unit in R: indeed, the
discriminant of f is a unit in R, and each b; ;) divides the discriminant of f. Thus, we may use the
action of the diagonal matrices in P(R) to transform each b;(,_;) into 1, and we may assume in what
follows that b;(,—;y = 1 for each i.

Next, using the coefficients of N given in (22) and (23), we abuse notation by denoting, for any v;; € R,
an element in N(R) called #;;, whose u;;-coefficient is v;;, and whose other coefficients are 0. We
successively replace B by N(R)-translates of itself by means of the following steps:

(1) Let vo1 € R be such that by, + tip; = 0. In other words, v21 = —b1,. We redefine B to be tip; - B.
We now have by, = 0.

(2) Set v3p := —by(,—1), and redefine B to be i35 - B. Next, set v31 := —bs, and redefine B to be
u31 - B. We now have by,—1) = b2y = 0.

(k) Letk €{3,...,n—2}, and suppose that we have transformed the first kK — 1 rows (and hence the first
k — 1 columns) of B into the required form. We now explain how to transform the k-th row (and column)
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of B into what is needed; i.e., we explain how to clear out the entries by (,— ;) for j in the appropriate

range. First set

V(k+1) min{k,n—k—1} = —Dk max{k+2,n—k+1}

and redefine B to be Uk 4 1) min{k,n—k—1} - B. Next set

V(k+1) min{k—1,n—k—2} ‘= —Dk max{k+3,n—k+2}

and redefine Bto be U (k1) min{k—1,n—k—2) - B. These two steps clear out by maxik+2,n—k+1} and
bk max{k+3,n—k+2}- Continuing in this manner, let k" € {3,... ,min{k — 1,n —k — 2}}, and suppose
that we have cleared out by ; for j € max{k +2,n—k +1},... ,max{k + k" + 1,n —k + k’}. Then set

V(k+1) min{k—k/,n—k—k/—1} := Dl max{k+k’'+2,n—k+k/+1}»

and redefine B to be U (k1) min{k—k’,n—k—k’'—1} - B. This process has now cleared out the all of the
required entries in the k-th row of B.

Having transformed the first n — 2 rows (and therefore columns) of B into the required form, note that
the last two rows are already as required. We have thus replaced B by an P(R)-translate to ensure that B
lies in the image of oy, as desired.

We now handle the case where R = Z,. In this case, when 7 is even, the argument given above works
without change. But it does not quite work when 7 is odd, because every element u € N(Z3) has the
property that u,2); is divisible by 2 for each j € {1,..., | %]} (see (22)). Thus, in step (| % |) of the
process outlined above, the action of N(Z3) can only be used to make the entries b, /| ; equal to either
0 or 1. Consequently, once all the steps have been completed, the resulting matrix B may fail to lie in
the image of 0¢( /), but only because some of the entries b, /5|, might be equal to 1. Now, it is easy to
verify that such a matrix B has b|,/>|; = 1 if and only if the x2n=2/+ 1 coefficient of f is odd. Thus,
the arrangement of 0’s and 1’s in the L%J—th row of B is uniquely determined by the invariants, and the
claim follows.

We finally handle the case where R is a field of characteristic 2. In this case, when n is even, every
element of Wy(R) has discriminant zero, and so the claim is moot. When # is odd, the argument used in
the case R = Z, works without change.

The claim regarding the stabilizers of elements in Wy (R) follows by inspection. Indeed, any element
of P(R) stabilizing B must fix each b;(,_;) and hence must lie in the subgroup N(R) C P(R); moreover,
any element of u € N(R) can be factored as u = [ [ #;;, and it follows from the points enumerated above
that u stabilizes B if and only if each u;; stabilizes B, which happens if and only if each u;; is the
identity matrix. (Note: this stabilizer computation works over any integral domain R.) O

By analogy with Lemma 10, the above result has the following immediate consequence by specializing
to the case R = R:

Lemma 26. Let f € U(R) be nondegenerate. Then the set {B € inv_'(f)o: bi(n—k)(B) > 0 for each k}
consists of a single N(R)T -orbit.
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4.2. A Jacobian change-of-variables formula. Proposition 25 implies that when R = R or Z,, for a
prime p, the space Wy(R) is a fibration over U(R), where the generic fiber can be identified with P(R),
so long as it is nonempty. Thus, the Euclidean measure on Wy(R) should be related to the product
of the Haar measure on P(R) with the Euclidean measure on U(R). By analogy with Proposition 11,
the following result shows that the relationship between these measures is governed by the polynomial
function A on W,y defined as in (2):

Proposition 27. Let R = R or Z,, for some prime p. Let ¢ : Wo(R) — R be a measurable function. Then
there exists a nonzero rational number J € Q> such that

/B o PBRBNAE =17 / er(R)( 3 /h GP(R)¢(h'B)dh)dﬁ

disc(f)#0 in—1(/)g
Beip(m

where dB and df are Euclidean measures, where dh is the right Haar measure on P given by dh =
§(s)~' du d*s, and where | — | denotes the usual absolute value on R.

Remark. Unlike in Proposition 11, which concerns a representation of small dimension, we cannot prove
Proposition 27 by means of a direct computation. Instead, we follow the general four-step strategy used to
prove [9, Propositions 3.7, 3.10], which establish an analogous change-of-variables formula in a simpler
setting, where the group P is replaced by a semisimple group, and the factor of |A(B)]| is not present. The
first step is to note that a similar equation holds, where the Jacobian constant 7 is replaced by a Jacobian
function that a priori depends on the section o, the group element /4, and the invariant f. Second, the
Jacobian function is shown to be independent of the group element % using left-invariance of the Haar
measure (which does not hold in our case). Third, the Jacobian function is shown to be independent of
the section o using right-invariance of Haar measure (which does hold in our case, and the independence
on the section follows in exactly the same way). Finally, once independence of ¢ has been established,
the section can be chosen to be a polynomial map, from which independence on the invariant can be
easily deduced by comparing degrees and dimensions of the invariants and spaces involved. This final
step also goes through without change for us.

Thus, the main difference in our case is that the Haar measure d/ is not left-invariant. As we demonstrate
below, the extra factor of | A (B)| captures how the volumes of sets in Wy (R) transform under left-translation
by group elements and therefore compensates for the failure of the measure d/ to be left-invariant.

Proof of Proposition 27. Let U C U(R) be an open set, and let o : i/ — Wy(R) be a continuous section
(such as the section o constructed in Section 3.3) with respect to inv. We first claim that we have

/ $(B)A(B)| dB = |7| / / (h-o(f)) dhdf (30)
BeP(R)-oUf) feu JheP(R)

for some nonzero rational constant 7 € @*. We prove (30) in a series of steps. First, by the Stone—
Weierstrass theorem, we may assume that o is piecewise analytic, in which case we have

/ $(B)|A(B)| dB = / / (T (. )b (h-0(f) dhdf
BeP(R)-aU4) feu JheP(R)
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where J5(h, f) denotes the determinant of the Jacobian matrix arising from the change-of-variables
taking the measure A(B) dB on to the product measure dh df. Note in particular that the function 75 is
piecewise continuous in both arguments 4 and f.

Second, we show that J, (%, f) is independent of 4. To do this, fix y € P(R), and consider the
transformation on Wy(R) sending B to y - B. Then there is a character y, : P(R) — R~ such that
A(y-B)d(y - B) = y;(y)A(B)dB; note that y, exists because A(B) is a product of coefficients that are
unchanged by the action of N(R). In fact, writing y = tu = su, the elementary computation

5] 5]
A(y-B)d(y-B) =[]/ tix)" "> 2By [~ **dB
i=1 i=2
5]
=iy 2[4 M(B)dB = 5(s) ' A(B) dB
i=2
for odd n (and a similar one for even n) reveals that y; (y) = 8(s)~! for y = su. On the other hand,
the transformation B > y - B acts on P(R) x U by sending (%, f) to (yh, f). Letting p: P(R) — R

denote the modulus for the left action of P on the right Haar measure d/, we see that

Jo(vh, f)d(yh)df = p(y)Ts(vh. f)dhdf. (31
By definition, p(y) = §(s)~! for y = su, and so we have p(y) = y,(y). Therefore, we have
Jo(vh, f)d(yh)df = A(yB)dB = y;(y)A(B)dB = y;(y)Js(h. f) dh df. (32)

Comparing (31) and (32), we see that 75 (h, f) = J(f) is independent of /.

Third, that 75 (h, f) is independent of o follows from an argument identical to Step 2 in the proof of
[9, Proposition 3.10]; this step relies crucially on the fact that the measure d/ is right-invariant. Thus, we
can take o to be the polynomial section og defined in Section 3.3. Having made this choice of section,
that Jy,(h, f) is independent of f and given by a nonzero rational constant follows from an argument
identical to Steps 3 and 4 in the proof of [9, Proposition 3.10].

We have therefore proven (30). Proposition 27 now follows from (30) and the principle of permanence
of identities in a manner identical to how [9, Proposition 3.7] is deduced from [9, Proposition 3.10]. O

We conclude this section by computing the value of the Jacobian constant | 7| € @ that arises in
Proposition 27:

Proposition 28. The value of |.7| is 1 when n is odd and 2~/ when n is even.

Proof. To compute |7, it suffices to compute |7 |, for each p since 7 € Q. To do this, we construct
convenient sets in Wy (Z,) whose volumes are computed in two different ways: first, using Proposition 27,
and second, via an [,-point count. Equating the two answers yields the value of |7 |,.

Case I: p > 2. Fix a nondegenerate polynomial f € U(F,), and let ¢, : Wo(Z,) — R be the indicator
function of the set
Y :={B e Wy(Zp) :inv(B) = f (mod p)}.
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By Proposition 25, the group P(Z,) acts simply transitively on the set of elements in ¥ having any fixed
invariant polynomial. Hence, from Proposition 27, we obtain

Vol(Z) = |Tp - Vol(P(Z)) / ccu@y) 48 =T1p Vol(P(Zp)) - p~ ™Y (33)
g=f (mod p)
On the other hand, Proposition 25 also implies that the group P([F,) acts simply transitively on the mod-p
reduction X of X. Thus, we have
#5 =#P(Fp). (34)
Since Vol(X) = p~4mWo . 43 Vol(P(Z,)) = p~4™P . #P(F,), and dim P + dim U = dim Wy, we
obtain from (33) and (34) that | 7|, = 1 for all odd primes p.

Case 2: p = 2. The proof here is similar to Case 1, so we highlight the differences. Pick an integer
m > 1, and set ¢ = 2. This time, we pick the polynomial f(x) = x" € U(Z/qZ), and we define the set

T :={B e Wo(Z2) : |bi(n—i)(B)]2 =1foralli € {1,....[ %]}, inv(B) = f (modq)}.

As before, we obtain
Vol(Z) = | T2+ Vol(P(Z2)) - ¢~ 4™V

However, the situation over Z/gZ is more complicated. Here, the mod-¢g reduction X of X breaks up
into 217/2! different P(Z /qZ)-orbits. Indeed, the L%J different coefficients labeled —g in the image of
oo(f) in Section 3.3 can be taken to be either O or %, and this gives exactly 21*/2] different elements
that are inequivalent under the action of P(Z/qZ). Therefore, this time we have

#T =251 #p(2/q2).

As before, we have Vol(X) = ¢~ 4mWo. #5 and it is easy to check that we have Vol(P(Z,))
aln/2lyg=dimP 4P (7 /q7) when n is odd and Vol(P(Z,)) = g~ 9™P . #P(Z/qZ) when n is even. It
follows that |.7|» = 1 when 7 is odd and |7 |, = 2*/2 when n is even. O

5. Counting reducible G(Z)-orbits on W(Z)

Let n > 3, r, and s be nonnegative integers with r +2s = n.” In this section, we obtain asymptotics for
the number of reducible orbits of G(Z) on W(Z)"") of bounded height, thereby proving Theorems 1, 3,
and 4 using Method I. The proofs using Method II are given in the next section.

To simplify the exposition in the rest of this section, we introduce the following notation:

e For any set S C W(Z), let Steq C S be the subset of reducible elements of S; for X > 0, let Sy :=
{B € S :H(B) < X}; and as before, let So := S N Wy(Z) be the set of elements of S that lie on the
reducible hyperplane.

7Note that definitions of quantities introduced in what follows may implicitly depend on r.
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 Let Go C G(R) be a fixed nonempty open bounded set such that G;! = G and Gy is left- and
right- K -invariant. As explained in Section 2.3, such a set can be constructed by starting with a nonempty
open bounded set G, and taking Go = K(G{ U Gy ') K.
¢ Define the multiset By, by

Boo := Go- R N Wy(R).

Set B:= (Bso)1, and note that by the construction of R, we have (Byo)x = XB.
e We define the quantity C(B) by

C(B): |A(B)|dB,

= 6, Vol(Go) '/BGB
where the volume of G¢ is computed using the Haar measure dg, and where ér :=2[/219, with 6, as
defined in (29).

* For a finite set X of G(Z)-orbits on W(Z), let # X be the number of elements of X, where each B € &
is counted with weight 1/# Stabg z)(B).

This section is organized as follows. After setting up Bhargava’s averaging method in Section 5.1, we
reduce the problem of counting reducible G (Z)-orbits on W(Z) to a question of counting integer points
in various regions of Wy (Z). This is accomplished in Proposition 29 by combining previously obtained
“main ball” counting estimates. The advantage of this result over simply applying the averaging method
over the nonreductive group P is that the integral in the right-hand side of (36) goes over 77 instead of 7.
This comes at a cost of a fairly large (but sufficient for our purposes) error term. The regions in Wy (R)
that we need to count in are very skewed. In Section 5.2, we use a slicing method to express the point
count in terms of certain constants that are expressed as products of local integrals. In Section 5.3, we use
our Jacobian change-of-variables from the previous section to evaluate the contribution to these constants
from the infinite place. Finally, in Section 5.4, we evaluate the contribution from finite places, and also
carry out a squarefree sieve proving Theorems 1, 3, and 4.

5.1. Averaging over fundamental domains. As in Section 2.3.1, we begin by applying Bhargava’s averag-
ing technique, developed in [2; 4]. Let F be a fundamental domain for the action of G(Z) on G(R) that is
box-shaped at infinity (recall that such an F exists by Theorem 18). Then, by analogy with (9), we obtain

)
#/ e = #(gGo-Ry NW(Z dg. 35
Since F is a box-shaped fundamental domain, it follows that we can write, up to a measure-0 set, F as the
disjoint union 7' UN'T; ({£ id}\ K), where \ is the compact subset of N(R) determined in Section 3.2.3,

Ty :={s=(51,....8n/2)) €T :5; > cy forall i}
is a subset of 7, and F' is a subset of

NA{s = (51,...,S|n/2)) €T :5; < cy for some i }({£id}\K).
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By combining counting results from [6; 16; 43], we prove the following result, in partial analogy with
Proposition 12:

Proposition 29. We have

, <w<z><’3>x) I / N Pinos,
# i == #usXBNWy(2))5(s)dud Oc(X 2 ), (36
( G(2) 0, Vol(Gg) JuseNT, (15 0(2))5(s) dud”s + ( ). (36)

where B is the multiset B := (Boo)1 := Go -RY) N Wo(R), and N is defined in Section 3.2.3.

Proof. Recall that B = [b;;] € Wp(R) if and only if b;; = 0 for all i + j < n. Borrowing terminology
from [17], we break up the integral on the right-hand side of (35) into three regions, the main body, the
shallow cusp, and the deep cusp, and we estimate the contributions from each region separately.

The main body is the region of the integral over F consisting of g € F such that gGg -R;;) contains
integer points B € W(Z) with b1 # 0. The number of reducible elements in the main ball has been
shown to be negligible in [6, Proposition 10.7] (for odd n) and [43, Proposition 23] (for even n). These
estimates have been improved to a power-saving bound of O (X (n*+n—0.4)/ 2+€) in Propositions 2.6
and 3.5 of [16], respectively.

Next, the shallow cusp is the region of the integral over F consisting of g € F such that every
B € gGy -Rg) satisfies |b11| < 1, and such that gGy -Rg) contains integer points B € W(Z) with
bl(n—1)/2]1(n—1)/2] # 0. The proofs of [6, Proposition 10.5] (for odd n) and [43, Proposition 21] (for
even n) prove that the number of elements in the shallow cusp is bounded by O(X (n*+n=2)/ 2). Together,
these bounds imply

#, ((W(Z)f;})x) 1 w2 tn—0.4

o) +e
- # . NWo(Z))dg + Oc(X .
G(2) 6, Vol(Go) /gef (6Go Ry’ NWo(2))dg + Oc(X 2 )

We now claim that the above estimate also holds when the region of integration F is replaced by
the region N'T;. To prove this claim, we show that the above integral is negligible when F is replaced
by F. However, this also follows from the previous bounds since F’ lies within the main body and the
shallow cusp. Indeed, note that for an element ntk € F to lie within the deep cusp (i.e., in the cusp but
not the shallow cusp), we must have log?|(,—1)/2] > log X. Moreover, since ntk € F, the condition
log t| (n—1)/2] > log X automatically implies that logs; >> log X for every i, and thus ntk ¢ F'. Finally,
we replace N with V' (see Section 3.2.3 for the definition), and to compensate, we divide by the order of
the subgroup I' C K, which is 2[/21 The result now follows from the definitions of 6, and 6. O

5.2. Slicing. Just like in Section 2.3.2, Proposition 13 is not by itself sufficient to estimate the number
of integral points in the region usX B3, which is typically quite skewed. Instead, we fiber the region
usX B by the coefficients by(,—1y,...,b|n/2)[n/21- Forany b = (b1,...,b|,/2)) € (R~ {0})L”/2J, and
any S C W(R), let S|p denote the slice of S at b, i.e.,

Slp:={B € SNWo(R) : bgn—i)(B) = by forallk € {1,....|2]}}.
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We can express the integrand of the right-hand side of (36) as

#HusXBNW@) = > #((usXB)|, N W(2)). (37)

bezln/2]
b; #0Vi

By examining the action of s on an element B = [b;;] € W(R), we define the weight w;; = w(b;;) to be
the quantity by which s scales the matrix entry b;; for each pair (i, j) € {1,...,n}?. For any subset S of
coefficients b;; of W(R), we let w(S) denote the product of the weights of all the elements in S. From
Proposition 13, it follows that

#((usXB)|p, N W(2)) = Vol((usXB)|p)(1 + O(X 1)), (38)

where the error term is seen to be X ! times the main term as follows. The weight of every coefficient
in Wy(R) not being sliced over is > 1: indeed, note that w(bg(,+1-k)) = 1 for each k, and that the
remaining weights are all at least as big. As a consequence, the range of each coefficient varying in
(usX B)p is > X, and the volume of (usX B)|p is asymptotic to the product of the ranges of these varying
coefficients. Proposition 13 then yields a saving of size X, as necessary.

Now, since unipotent transformations preserve both the value of b and the volume, we have

Vol((usX B)|p) = Vol((sX B)|p)-

Recall that we have normalized measures to ensure Vol(\') = 1. Therefore, (36), (37), and (38) yield
#, ((W@f;i)x) ¥

G(Z) 0r Vol(Go) , 0,

b;#0Vi

Define an action of T on (R ~ {0}) Ln/2] by setting s((b;)i) := (w(b;(n—i))bi)i. For fixed X and

b=(b)i € (R~{0)"/2] we write X ~1s~1(b) =: B =: (Bi)i. Let S denote the set of coefficients of Wy,

and write S = So U S°, where Sy is the set of all bi(n—iy» and Sb:= 8~ Sy. Since (sXB)|p = sX(Blg),
it follows that

/ Vol((sX B)|5)8(s) d*s + 0(X 5724 +¢) (39
seTy

Vol((sX B)|) = Vol(sX(B|g)) = X ™Sy (5) Vol(B] ). (40)

Consider the change of variables s; > f;, and note that d*s = d*p :=[[;(dBi/Bi). Write n =2g + 1
when 7 is odd, and n = 2g 4 2 when # is even. We have s, = Xﬂka:l forall 1 <k <g. Whenn is
even, we further have sg 1 = X288 g+1bg 1p= 2 +1 A direct computation now yields that

dim S° §2k
X [T5_, Sjc for n odd,

Xdlme g—1 g+1

X Em Sy, (82)8(s) =
(556:) Sg g_H)]_[i sik for n even.

Therefore, deﬁning Z(ay,...,ag) = ]_[i 1a k when n = 2g + 1 is odd and Z(ay,...,agq1) =

giink 1 a K when n = 2g + 2 is even, we have

;122—&-n @
Z(b)’

X4mS® 1 (SP)s(s) = X @1)
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We now examine each individual summand on the right-hand side of (39). For b = (b;); € (R~{0})"/2],
let |»| denote (|b;|);. Recall that Gy is K-invariant, and recall from Section 3.2.3 that K contains every
diagonal matrix in G(Z) with each entry 1. It follows that we have Vol(B|;) = Vol(B|p|). Therefore,
from (40) and (41), we deduce that

n2+n
2

/ i Vol((sX B)|)8(s) d™s = Z(B) Vol(Blg)d™p

Z(Ib]) Jperl/? <1y

for each b = (b;); € (Z ~ {0)*/2] where Ty is a region contained in the set of those f for which
Bi < X! for at least one i. Since B is a bounded set and the integral of Z(8)d*f over T} is clearly
bounded by O(X™!), we find that

n2+n

n2+n—2

Z(B)Vol(Blg)d B+ O(X 27)

2
Vol((sXB)|5)8(s)d™s = ———
/sen (CXBYDISG A7 = Z05 Jpequnsa

/12+n

n24n—2

MB)dB+O0(X" 2 ), (42)

— Z(Ib) Jpes+
where BT := {B € B: b;(4—;)(B) >0foralli € {1,...,|%]}}. Substituting (42) into (39) and summing

over b, we immediately obtain

/ (W(Z)r(ég)X _ fin n22+n n2+g_0'4+e
¥(Fom ) =cwrcin xS roux ) @3)

To recover Theorem 1 from (43), it remains to prove two facts: first, that the constant C(B) is equal to

C,il‘jﬁ, and second, that the #'-count and the #-count differ by only a negligible amount. We verify these

facts in the next two subsections.

5.3. Computing the constant. In this subsection, we compute the value of C(B3). Recall that we defined B
to be the multiset 5:= Gy -RY) N Wp(R). Since Gy is right- K -invariant, we may write Go = SK for some
S C N(R)T. Hence, we have that B = SK-RY) NWH(R) = S-(KRY))O. Then, by analogy with Lemma 14,
we have the following lemma concerning the multiplicity of the fiber of (KR))y over U(R)():

Lemma 30. The map inv : (KR™)o — UR)® is 6,-t0-1.

Proof. It suffices to prove the map inv: {B e (KRM), :bi(n—iy(B)>0forallie {1, el L%J }} —UR)™
is 6,-to-1. This is a consequence of the following two facts: first, the stabilizer in G(R) of any element of
W(R)™) has size 6,, and second, the group N(R)T acts simply transitively on inv=!( ) N Wy(R) for any
f € U(R)™ by Lemma 26. Indeed, given B € R\") having invariant polynomial £, and pk € Stabg r)(B)
with p € N(R)T and 6 € K, the element B = p~—! B belongs to (KR"))( and has invariant polynomial f.
This association yields the result. O

Now, by analogy with Proposition 15, we are in position to compute the constant C(B):

Proposition 31. We have that C(B) = C,"%.
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Proof. We have

. (r) .
- i = 1T Yohisn(S) Vol(L/ € U®® H() < 1)

, (44)
0r Vol(Go) JBes- (kR0 Vol(SK)

where the second equality follows from applying the Jacobian change-of-variables established in
Proposition 27 along with Lemma 30, and where Vol;jgn(S) denotes the volume of S with respect
to the right Haar measure on P(R). But since Vol(K) is normalized to be equal to 1, we have
Voliigh(S) = Vol(KS). In complete analogy with Lemma 16, we have Vol(KS) = Vol(SK). Com-
bining this with (44) and the computation of | 7| performed in Proposition 28 completes the proof of
Proposition 31. O

For the last missing ingredient in the proof of Theorem 1, we prove that there is no asymptotic difference
between the #’-count and the #-count. To this end, let W(Z)ys := {B € W(Z)(r) :Stabg(z)(B) # 1}. Then

red
we have the following result:

Proposition 32. We have
#((W(Z)bs)X) _ 0 (X" ey

G(2)
Proof. Following (36) and (39), we have
Wz
#(M) < / #(usX BN W(Z)us)8(s) du d*s
G(Z) useNT)
< ) #(SXBlp N (W(Z)0s))8(s5) du d”s,
pezlns2) V€T
b; #0Vi

up to an error of X (" +71=0-4)/2+¢

Next, note that if B € W(Z)ys, then the reduction of B mod p has a nontrivial stabilizer for every
prime p. Fix b = (b;); € (Z~{0})"/2] and let p be a prime such that p } [ [ bi. We claim that a positive
proportion of elements in Wy(F,)|p := {B € Wo(Fp) : bi(n—k)(B) = by for all k € {1, cee, L%J}} have
trivial stabilizer in G(F,). Indeed, this is true for every B € W(F,) whose invariant polynomial is
irreducible over F, when 7 is odd (see [6, Section 10.7]), and for every B € W([F,) whose invariant
polynomial is a linear polynomial times an irreducible polynomial over [, when n is even (see [43, proof
of Proposition 23]). A positive proportion of invariant polynomials satisfy these splitting criteria, and the
fiber in Wo(Fp)|p over each polynomial has the same size (in fact, this size is #/N(F,)). A power-saving
estimate for each summand in the above equation now follows by using the Selberg sieve analogously to
the argument in [41]. (Indeed, a power-saving bound from the Selberg sieve only requires the ability to
count these integer points with a power-saving error term, and requires a positive proportion of mod p
residue classes to be avoided. We omit the details of the computation of the precise power-saving exponent
since the argument closely follows that in [41].) The proposition now follows since the sum over b

converges absolutely. O

Theorem 1 now follows from (43) and Propositions 31 and 32.
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5.4. Congruence conditions. We now prove Theorem 3. Let S C W(Z)™ be a big family, and suppose
for now that S is defined by congruence conditions at finitely many places (i.e., suppose that S, = W(Z))
for all primes p > 1). For each b € (Z, ~ {0})/2] 1et

(Sp)olp :={B € (Sp)o : bi(n—i(B) =b; foralli € {1,....| 5 |}}.

and for each b € (Z~{0)"/2] 1et v(Solp) := ]_[p Vol((Sp)olp) denote the density of the slice Sp|p in
Wo(Z)|p; here, each p-adic volume Vol((Sp)olp) is computed with respect to the Euclidean measure on
Wo(Zp)|p, normalized so that Wy(Zp)|p has volume 1. Then an argument identical to the one used to
obtain (39) yields the asymptotic formula

#((Sred)X) ! 3 v(Sols) /  Vol((sXB)lp) B(5) s + Oc(X S s

G(2) 6, Vol(Go) |~
b 5£0 Vi

The G(Z)-invariance of S implies that v(So|p) = v(Soljp|) for all b. Hence, (42) and (45) yield the
estimate

(Sred)X) ( V(S()lb)) n2+4n n24+n—0.4 +e

# =C(B)- X2 4+ 00X 2 . 46

( c@ (B) bez%m Z0) ( ) (46)
b;>0Vi

To evaluate the sum over b on the right-hand side of (46), we use the following property, which is a
consequence of the fact that S is a big family: if p is a prime and b, b’ € (Z, ~ {0}) Ln/2] are elements
such that |b;|, = |b]|, for each i, then Vol((Sp)olp) = Vol((Sp)ols). By repeatedly using this property,
we obtain the chain of equalities

Z V(So|b) 1—[ Z

bezln/2] VAN (] )GZLn/ZJ
b;>0Vi i;j>0V;j

VOI((Sp)0|(pi1 .....
Z(pil, Ceey piL”/ZJ)

piln/2) ))

_H(l_l)_f / V01((Sp)0|(|b1|;1,...,|bL%JI;l)) b
= ln/2] -1 -1 .
. P l?ffé’ow Z(balp by D T 16ilp

=10 - f,f%ﬂ Do, Vol(Sphal)
1
-T10 ) BB,

where the second line above follows by partitioning the region of integration (Z, ~{0}) 17/2] into level sets
for the integrand and summing over all such level sets, and where the last line above follows just as in (42).

It remains to handle the case where S is a big family defined by congruence conditions at in-
finitely many places. By abuse of notation, let Z be the polynomial on W, defined by Z(B) :=
Z(bi(n—1)(B).....bn/2)[n/21(B)). Then the case of infinitely many places follows from the case
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of finitely many places by using the following bound on the number of G(Z)-equivalence classes of

elements with large Z-value, in conjunction with an inclusion-exclusion sieve:®

Theorem 33. Fix a real number M > 0. Then the number of G(Z)-equivalence classes of (or equiv-
alently, P(Z)-orbits of) elements of the set {B € Wo(Z) : H(B) < X, |Z(B)| > M?} is bounded by
O(X("2+”)/2/M) + O¢ (X(”2+”_0'4)/2+€), where the implied constant is independent of M.

Proof. The required bound follows immediately from the proof of Theorem 1 by simply summing (42)
over only those b such that | Z(b)| > M?2. O

Remark. Theorem 33 constitutes a slight strengthening of a result previously proven in [16, Sections 2.3—
2.4 and 3.3-3.4], where Bhargava, Shankar, and Wang used the averaging method to obtain an upper
bound of 06 (X(n2+n)/2+e/M) + 0€ (X(n2+n—0.4)/2+e)'

This concludes the proof of Theorem 3. We finish by noting that Theorem 4 follows from Theorem 3
by applying the Jacobian change-of-variables result in Proposition 27 to each p-adic integral, with ¢
taken to be the characteristic function of (S,)o. Indeed, Propositions 27 and 28 together imply the
equality of each factor at the odd primes; at p = 2, there is an extra factor of 2"/2 when n is even,

which perfectly accounts for the corresponding factor at infinity.

6. A local-to-global principle for the action of P(Z) on Wy (Z)

In this section, we develop an alternative method for counting reducible G(Z)-orbits on W(Z). This
method, which we called “Method II” in Section 1.4, consists of the following steps:

« First, in Section 6.1, we consider a general representation with trivial generic stabilizer, and we prove
that the integral orbits of such a representation satisfy a strong local-to-global principle, which is stated
precisely in Theorem 34.

¢ As shown in Proposition 25, the action of the group P on the reducible hyperplane W) is a representation
with trivial generic stabilizer. In Section 6.2, we deduce Theorem 5 by applying Theorem 34 to the action
of P on Wj.

¢ Finally, in Section 6.3, we explain how to use Theorem 5 to deduce asymptotics for the number of
P(Z)-orbits on Wy(Z)—and hence also for the number of reducible G(Z)-orbits on W(Z). The main
analytic ingredient is an upper bound obtained by Bhargava, Shankar, and Wang on the number of
P(Z)-orbits of elements B € Wy(Z) with the property that A(B) is large.

6.1. Group actions with trivial stabilizers. In this section, we work with the following data: an algebraic
group H, finite-dimensional H -representations V and /I, and an H -equivariant morphism ¢ : V — I,
all defined over Z. Note that we do not require ¢ to be a linear map. Any polynomial map will suffice.
Suppose that the group H has class number 1 over Q, meaning that H (Ag) is the product of its subgroups

8Just as in Section 2.3.4, we do not flesh out the sieving argument here to avoid being repetitive, because in Section 6.3 (to
follow), we use the same sort of argument to prove Theorem 4.
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H(Az) and H(Q) (i.e., for every h € H(Ag), there exist i’ € H(Az) and h” € H(Q) such that h = h'h").
Here Ag denotes the ring of adeles, and Ay is the ring of everywhere integral adeles. Suppose further
that, for some nonempty open subscheme Z C I, defined over Z, the following two assumptions hold:

(1) For every i € Z(C), the set {v € V(C) : ¢(v) =i} forms a single nonempty H (C)-orbit.
(2) Foreveryi € Z(C) and every (or equivalently, any) v € V(C) with ¢ (v) =i, we have Stabg(c)(v) = 1.
In this setting, we prove the following strong local-to-global principle for the action of H on V:

Theorem 34. Suppose thati € T(Z) is an element contained in the image ¢ (V(Z)). For each prime p, let
vp € V(Zp) be such that ¢(vp) = i. Then there exists v € V(Z), unique up to the action of H(Z), such
that v is H(Zp)-equivalent to v, for each prime p.

Before we give the proof of Theorem 34, we first use assumptions (1) and (2) enumerated above to
deduce that an analogue of assumption (1) holds for any subfield K C C:

Lemma 35. Let K C C be a subfield. For everyi € T(K), the set {v € V(K) :¢(v) =i} consists of single
H(K)-orbit.

Proof. Leti € Z(K), and let v, v’ € V(K) with ¢ (v) = ¢ (v') =i. By assumption (1), there exists & € H(C)
such that v/ = i -v. Then for any ¢ € Gal(C/K), we have v/ =%h-v,so h " 1h e Stabg(c)(v) = 1 by
assumption (2). It follows that / is fixed by Gal(C/K), and so h € H(K), as necessary. d

We now use Lemma 35, assumption (2), and the fact that H has class number 1 over ( to complete
the proof of the theorem:

Proof of Theorem 34. Let us temporarily drop assumption (2). For a principal ideal domain R with fraction
field K and an element v € V(R), define H(K)y, :={h € H(K) :h-v € H(R)}. Then it is clear that the
set of H(R)-orbits contained in the H (K)-orbit of an element v € V(R) is in natural bijection with the
double coset space H(R)\H(K),/ Stabg (k) (v). With assumption (2) reinstated, this double coset space
is simply given by H(R)\ H(K), as long as the H -invariant of v lies in the subset Z(R) C I(R).

Now, using the fact that H has class number 1 over Q, it is proven in [9, proof of Proposition 3.6]°
that the diagonal embedding H(Q) — Hp H(Q),) induces a bijection

H@)\H(Q)y, — [ [ HZp)\H(@p)u,- (47)
D

Let vg € V(Z) be an element such that ¢ (vg) = i. By the result of the previous paragraph, the bijection
in (47) may be regarded as identifying the set of H(Z)-orbits contained in the H (Q)-orbit of vy with the
product over all primes p of the set of H(Z,)-orbits contained in the H(Q),)-orbit of vg.

By Lemma 35, which implies that the H (Q,)-orbit of vg is equal to that of v, for each prime p, we
may view the tuple (vp), as an element of the right-hand side of (47). Then, under the bijection, the tuple
(vp)p corresponds to the H (Z)-orbit of the desired element v € V(Z). O

9To be clear, [9, Proposition 3.6] concerns the case H = PGL,, but it is evident that the same argument goes through for any
group H of class number 1 over Q.
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6.2. Proof of Theorem 5. We now deduce Theorem 5 from Theorem 34. To do so, we take H = P,
V =Wy, I =U, ¢ =inv,and Z C U to be the open subscheme consisting of nondegenerate polyno-
mials. Note that the group P clearly has class number 1 over (2, and note that assumptions (1) and
(2) follow immediately from Proposition 25. Applying Theorem 34 then yields the following: for any
f €Z(Z), if there exists By € Wy(Z) such that inv(Bo) = f and if there exists B, € Wp(Z,) such that
inv(Bp) = f for each prime p, then there exists B € W(Z), unique up to the action of P(Z), such that B
is P(Zp)-equivalent to B, for each prime p. To prove Theorem 5, it now remains to verify the existence
of the elements Bg and B, for each prime p.

When 7 is even, the existence of the elements By and B, is implied by the existence of the integral
section 0p given in Section 3.3—indeed, when 7 is even, we have restricted our consideration to those
monic polynomials whose x’-coefficients are divisible by 2 for each odd i, so the section oy is defined
over Z in this case. On the other hand, when 7 is odd, the section og is not defined over Z. Instead, it
is shown in [31, Section 4.1] that for any principal ideal domain R and for each f € U(R) there exists
a pair (A4, B) of n x n symmetric matrices with entries in R such that: A is split over K = Frac(R);
A and B share a maximal isotropic space over K; and det(xA 4+ yB) = (—1)\"/2] f(x, y). By the
classification of unimodular symmetric bilinear forms (see [39, Chapter V]), 4 is GL, (R)-equivalent to
A. By translating B with the same element of GL, (R), we obtain B’ € Wy (R) satisfying inv(B’) = f.

6.3. Proof of Theorem 4. We now use Theorem 5 to give a second proof of Theorem 4. We call a
subset & C Wy(Z) a big family if & = W(Z)g) N ﬂp &), where the sets &, C Wy(Z,) satisfy the
following properties:

(1) & is P(Zp)-invariant and is the preimage under reduction modulo p/ of a nonempty subset of
Wo(Z/ p’ Z) for some j > 0 for each p.

(2) & contains all elements B € Wy(Zp) such that, for all p >> 1, we have that b;,—;)(B) is a p-adic
unit for some i.

We then have the following variant of Theorem 4, from which Theorem 4 readily follows by taking
S, = (Sp)o for each p. Indeed, given this choice of &, the asymptotics for reducible G(Z)-orbits on §
are the same as those for P(Z)-orbits on &, as explained in Section 1.4.

Theorem 36. Let G C Wy (Z) be a big family. Then the number of P(Z)-orbits on & of height up to X is

given by
. .
(n/f U(z)#(%)df)'/vm(X)—l-o(X"2+"), 48)
p €UlZp /4

where df denotes the Euclidean measure on U(Z,), normalized so that U(Zp) has volume 1.

Proof. To start, fix an integer b > 1, and suppose its prime factorization is given by b = ]_[p per. We
first prove an analogue of Theorem 4 for the subfamily &(b) := {B € & : | Z(B)| = b}. Note that the
subfamily &(b) is itself a big family, where &(b), ={B € &, : |Z(B)|p = |b]p}.
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If &(b) = @, then the result is tautologically true, so we may assume that &(b) # @. For each
prime p | b, we partition U(Z,) as U(Zp) = |_|;n;’ 1 Up,j» where each Up, ; is a level set for the function
that sends f € U(Zp) to #(P(Zp)\(inv_l(f) N&(b)y)). Write “E(m)” to mean “a power of m that
depends only on n and &.” Then set Up, ; is defined by congruence conditions modulo E(p®?). The
quantity #(P(Z,)\(inv_ 1 (f) N &(b),)) is independent of the choice of f € U, ; (by the definition of a
level set) and is evidently bounded by E(p®?).

Now for each prime p 4 b, the proof of Proposition 25 implies that #(P(Z,)\(inv ™' (f) N &(b),)) = 1
for each f € inv(&(b),). It then follows from Theorem 5 that the quantity

inv ()N S(b) . inv_l(f)OG(b)p _ inv_l(f)ﬂ(‘S(b)p
(") =T ) =T (™ gy ) @

p plb

is independent of the choice of f € inv(&(b)) N ﬂp Up,j,- Therefore, for each tuple (jp),|p €
1_[1] ‘ b{lv LU vmp}, we haVe

.1 o—1 *
Z #(mv (7{()2?6(6)) :#(mv (j;(%)ﬂ 6(5)). Z 1, (50)
FEU@NN, Uy, Sem(S N0 Urip
H(f)<X H(f)<X

where f* € inv(&(b)) N ﬂp 16 Up,j, 1s any fixed element. Since & is a big family, it follows that
inv(&(b),) = U(Z)p) for every p > 1 that does not divide b. As the set inv(S(b)) N ﬂp Up,j, is defined
by congruence conditions modulo E(b), since inv(&(b),) N U, , is defined by congruence conditions
modulo E(p®?) for each p, we obtain the asymptotic

> =wom i
Fenv(@&©)NN, Up.jp p|o? S EV(S©))NTp 2
H X n —0.
(< / df + Oo(E(6)X 1 04+€)‘ 51)
feinv(&(b)p)

ptb

Substituting the asymptotic (51) into the right-hand side of (50), applying (49) to the resulting expression,

and summing that over tuples (jp)p |6 € [[, 511, ..., mp} yields
. _1 . _1
Z #(mv (7;‘)20 G(b)) NOX). 1—[/ ( nv (;‘)Zﬂ G(b)p) af
P (2) FeU@p) (Zp) s
(<X + O(E(b)X ). (52
Next, we prove that the theorem holds with “=" replaced by “>". For any real number M > 1, let

S(M):={B € &:|Z(B)| < M?}. Summing (52) over b < M yields

3 #( _I(QQ)@(M)) vow- YT ('nv-l(fmeaa)p) o

feU@) oopt p SEU@D) P(Zp)
H(f)<X

+O(EM)X "5 ey (53
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Dividing (53) through by N ) (X) and letting X — oo, we find that

v 1(f)NG
(")
lim inf — =X

X—00 N®(X)

('nv_l(f) N&(b)y
P(Zp)

=311/

b<M p S EUTp)

) it sH

Now, letting M — oo on the right-hand side of (54) and factoring the sum into an Euler product, we

nv_l(f)OG(b)p) (nv‘l(f)OG(pe)p)
d d
#( PZy) =11 ZO ffemz,,) Py /

1nV_1(f)ﬂ6p)
= #l —————= ) df. 55
l;[ /er(zp) ( P(Zp) / &)

Combining (54) with (55), we find that Theorem 4 holds with “=" replaced by “>". Note that it is not a
priori clear whether the infinite sum on the left-hand side of (55) converges, but even if it were to diverge,

obtain

ST

b=1 /] er(ZP)

it would still be equal to the product on the right-hand side! To show that the sum does indeed converge,
one can apply the Jacobian change-of-variables result in Proposition 27 to each p-adic integral; it is then
clear that the summand at b is O(b_1 ]_[p b p_l), which is sufficient, as the sum of the reciprocals of the
powerful numbers converges (see [25]).

It thus remains to prove the theorem with “=" replaced by “<”. Let §(M)’ := & ~ &(M). Then for
each B € G(M)’, we have that |Z(B)| > M2 From Theorem 33, it follows that

-1 /

#(mv (f)ﬂG(M)) (X ey (56)
fEXU%Z) P@)

H(f)<X

On the other hand, it follows from (53) that

-1
#(mv (f)ﬂG(M))
2,

Seuzp)

(.nv—l(f) NS, +1-0.4 ey (57)

) ) df + O(E(M)X

Taking M to grow as a sufficiently small power of X and combining (56) with (57) yields Theorem 36,
and hence also Theorem 4. O
We finish by noting that Theorems 1 and 3 follow from Theorem 4 by applying the Jacobian change-
of-variables result in Proposition 27 to each p-adic integral.
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Explicit isogenies of prime degree over number fields

Barinder S. Banwait and Maarten Derickx

Dedicated to the memory of Sebastiaan Johan Edixhoven, 1962-2022

We provide an explicit and algorithmic version of a theorem of Momose classifying isogenies of prime
degree of elliptic curves over number fields, which we implement in Sage and PARI/GP. Combining
this algorithm with recent work of Box, Gajovi¢ and Goodman we obtain the first classifications of the
possible prime degree isogenies of elliptic curves over cubic number fields, as well as for several quadratic
fields not previously known. While the correctness of the general algorithm relies on the generalised
Riemann hypothesis, the algorithm is unconditional for the restricted class of semistable elliptic curves.

1. Introduction

Let k be a number field, and consider the set IsogPrimeDeg(k) of primes p which arise as k-rational
isogenies of degree p as one varies over all elliptic curves over k; we refer to such p as isogeny primes
for k. The set IsogPrimeDeg(k) is necessarily infinite if £ contains the Hilbert class field of an imaginary
quadratic field, which follows from the basic theory of complex multiplication on elliptic curves, and it is
a consequence of work of Momose [1995] with Merel’s proof of uniform boundedness for torsion on
elliptic curves [Merel 1996] that the converse holds assuming the generalised Riemann hypothesis (GRH).
This consequence was written in the literature explicitly by Larson and Vaintrob.

Theorem 1.1 [Larson and Vaintrob 2014, Corollary 2]. Assume the generalised Riemann hypothesis. For
a number field k, 1sogPrimeDeg(k) is finite if and only if k does not contain the Hilbert class field of an
imaginary quadratic field.

The question of exactly determining IsogPrimeDeg(k) when it is finite originated with the seminal
work of Mazur who determined the base case of k = Q.

Theorem 1.2 [Mazur 1978, Theorem 1]. IsogPrimeDeg(Q) ={2,3,5,7, 11, 13,17, 19, 37,43, 67, 163}.

Recent work of Banwait [2023] found the first instances of the determination of IsogPrimeDeg(k) for
some quadratic fields.

MSC2020: primary 11GO0S5; secondary 11G15, 11Y60.
Keywords: elliptic curves, isogenies, prime degree.
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Theorem 1.3 (Banwait). Assuming GRH, we have

IsogPrimeDeg(Q (v —10)) = IsogPrimeDeg(Q),
IsogPrimeDeg(@(«/g)) = IsogPrimeDeg(Q) U {23, 47},
IsogPrimeDeg(@(ﬁ)) = IsogPrimeDeg(Q).

More generally, an algorithm was presented in [Banwait 2023] which took as input a quadratic field
which is not imaginary quadratic of class number one, and output a small superset for IsogPrimeDeg(k).
Results on quadratic points on low-genus modular curves [Bruin and Najman 2015; Ozman and Siksek
2019; Box 2021] together with work on everywhere local solubility of twists of modular curves [Ozman
2012] then allowed one to pass from the superset to the actual set itself.

This algorithm relied crucially on work of Momose [1995, Theorem A/Theorem 1], who proved that
if there exists an elliptic curve admitting a k-rational p-isogeny, then for p larger than a constant Cy
depending only on k, the associated isogeny character obtained from considering the Galois action on the
kernel of the isogeny must be one of three defined “types”, hereafter referred to as Momose types 1, 2
and 3. We refer to this result as Momose’s isogeny classification theorem. We will recap the definition
of these “types” in Section 3.4; for now we mention only that Momose type 3 requires that k contain
the Hilbert class field of an imaginary quadratic field, and that, with this assumption, the infinitely many
resulting isogeny primes from CM elliptic curves are of Momose type 3. In principle this reduces the
task of bounding isogeny primes for k (when this set of isogeny primes is finite) to bounding isogeny
primes arising from Momose types 1 and 2. The former appears as Theorem 3 of [Momose 1995], and
the latter — which requires GRH —as Remark 8 of [loc. cit.]. Taken together we refer to these three
results as Momose’s isogeny theorems, and we note furthermore that Momose assumed in his work that p
is unramified in k.

Momose did not make the constant Cy, explicit; this was done subsequently by David [2011b, Section 2.4;
2008, Section 2.3] in the case that k is Galois over Q. In the course of this work, David gave a more
precise and careful treatment of the proof of Momose’s Theorem 1 in the Galois case; in particular a
reproof of Momose’s Lemmas 1 and 2 [1995] (which originally assumed that k is Galois over Q); see
Section 2 of [Banwait 2023] for an overview of David’s work and for precise references to it. We note
that David also assumed that p is unramified in k.

While Momose’s Lemmas 1 and 2 do assume that k is Galois over ), Momose gives an argument
in the proof of Theorem 1 to cover the non-Galois case by passing to the Galois closure K over Q.
Unfortunately, the details given there contain some mistakes and gaps, which we indicate as the first three
items of the following; the last item indicates a mistake in Momose’s Theorem 3:

(1) Momose defines a certain group ring character ¢ at the outset of the proof, but it is unclear whether
he is taking this to be over k or over K. Based on his exposition, and his definition of d as [k : (], it
appears that he is taking the base field to be k; however he is using Lemma 1 to define ¢, and Lemma 1
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assumes that the field is Galois over Q, suggesting he is taking K to be the ground field. It is not a priori
clear that such an ¢ exists over non-Galois number fields k.

(2) Later in the proof Momose takes a set of generators of the class group of k consisting of completely
split primes in k. Such a generating set only necessarily exists in the Galois case.

(3) Immediately after the displayed equation (2), Momose writes “In the case of type 2, 8 = ¢/—q for
a 12h-th root ¢ of unity”. This would follow if one had the interpretation of “type 2” as ¢ = 6 Nmy g
as promised by Lemma 2. However, again, since Lemma 2 also assumes that the ground field is Galois
over @, this move is not valid.

(4) In the proof of Theorem 3 of [Momose 1995], Momose concludes that p — 1 | 12/ in the potentially
multiplicative reduction case (4; being the class number of k); however this bound is too strict, and
should rightly be

p | Nm(q)'#" —1
for q a prime of k coprime to p. See Remark 5.10 and its preceding discussion for more details.

One of the main contributions of this paper is to offer corrected proofs of Momose’s isogeny theorems
which furthermore strengthen them to deal with the case that p ramifies in k. In addition, since our
chief motivation is to compute exact sets of isogeny primes, we take this opportunity to recast Momose’s
Theorem 1 into a more algorithmic framing, providing a generalisation of the previous algorithm of the
first named author to arbitrary number fields. This algorithm may be found as Algorithm 3.26, and it
yields the following explicit version of Momose’s isogeny classification theorem.

Theorem 1.4. Let k be a number field. Then Algorithm 3.26 computes a nonzero integer MMIB (k) such

that, if p is an isogeny prime for k whose associated isogeny character is not of Momose type 1, 2 or 3,
then p divides MMIB (k).

We refer to MMIB(k) as the Momose multiplicative isogeny bound of k. Contrary to Momose’s passing
to the Galois closure of k over Q, our approach will be to strengthen Momose’s Lemmas 1 and 2 (or
rather, David’s versions of these lemmas) to remove the Galois assumption, which furthermore provides
for a favourable improvement to the algorithm (see Remark 4.5).

Since isogenies arising from CM elliptic curves are necessarily of Momose type 3, we cannot hope to
bound such “Momose type 3 isogeny primes”. Thus, in our attempt to find a multiplicative bound on
IsogPrimeDeg(k), we are reduced to bounding isogeny primes which arise from isogeny characters of
Momose types 1 or 2.

By building on the explicit criteria— given by work of Derickx, Kamienny, Stein and Stoll [Derickx
et al. 2023] — for when the natural map Xg( p)d — J, of the d-th symmetric power modular curve into
the winding quotient of Jo(p) is a formal immersion in positive characteristic— we are able to explicitly
and algorithmically determine a multiplicative bound on Momose type 1 primes.
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Theorem 1.5. Let k be a number field. Then Algorithm 5.1 computes a nonzero integer TypeOneBound(k)
such that, if p is an isogeny prime for k whose associated isogeny character is of Momose type 1, then p
divides TypeOneBound(k).

Algorithms 3.26 and 5.1 referenced respectively in Theorems 1.4 and 1.5 are of a similar nature, and
are implemented in the computer algebra system Sage [2021]. Dealing with isogeny primes of Momose
type 2, however, requires a different approach. Rather than identifying integers which such isogeny primes
must divide, we instead, on the one hand, identify a certain necessary condition (Proposition 6.1) which
such isogeny primes must satisfy; and then, on the other hand, determine an upper bound — conditional
on GRH — for such isogeny primes. This is the only result in our work which requires GRH. The situation
is summarised as follows, the details being given in Section 6.

Theorem 1.6. Let k be a number field of degree d and discriminant Ay, and let E / k be an elliptic curve
admitting a k-rational p-isogeny of Momose type 2. Then we have the following:

(1) E is not semistable.
(2) The pair (k, p) satisfies the necessary condition in Proposition 6.1.
(3) Assuming GRH, p satisfies

p < (8d1og(12p) + 161og(Ar) + 10d + 6)* (1-1)

and hence there are only finitely many isogeny primes of Momose type 2.

Determining whether a pair (k, p) satisfies the necessary condition of Proposition 6.1 is a matter of
checking splitting conditions on primes in the imaginary quadratic field Q(,/—p), and is thus easily
checked via Legendre symbol computations. However, the conditional bound implied by (1-1) becomes
rather large, as illustrated in Table 1, which shows the conditional bounds on type 2 primes for the number
fields of smallest absolute discriminant and class number one for each 2 < d < 10 which do not contain
the Hilbert class field of an imaginary quadratic field. Checking the necessary condition of Proposition 6.1
on all primes up to this bound is the content of Algorithm 6.4, and is implemented in PARI/GP [2021].

Combining Algorithms 3.26, 5.1 and 6.4 into Algorithm 8.1, we may summarise Theorems 1.4—1.6 as
follows. By semistable isogeny primes for k we mean the isogeny primes for k obtained by varying over
only semistable elliptic curves.

Theorem 1.7. Let k be a number field. Then Algorithm 8.1 outputs a finite set of primes Sy such that, if p
is an isogeny prime for k whose associated isogeny character is not of Momose type 3, then, conditional

on GRH, p € S. In particular:

(1) If k does not contain the Hilbert class field of an imaginary quadratic field, then Sy contains
IsogPrimeDeg(k).

(2) The above results are unconditional for the restricted set of semistable isogeny primes for k.
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d Ak LMFDB label type 2 bound
2 5 2.2.5.1 5.65 x 1010
3 49 3.3.49.1 4.09 x 10"
4 125 4.0.125.1 1.46 x 102
5 14641 5.5.14641.1 4.75 x 10"
6 300125 6.6.300125.1 1.12 x 10"
71 594823321 7.7.594823321.1 2.65 x 1013
8 64000000 8.0.64000000.2 4.16 x 10"3
9 | 16983563041 9.9.16983563041.1 7.60 x 103
10 | 572981288913 | 10.10.572981288913.1 | 1.24 x 10'*

Table 1. The bound, conditional on GRH, on type 2 primes for the smallest Galois number fields
of class number one not containing the Hilbert Class field of an imaginary quadratic field for each
degree between 2 and 10.

d Ay LMFDB label possible isogeny primes time(s)
2 5 2.2.5.1 23,47 0.92
3 49 3.3.49.1 23,29,31,73 3.23
4 125 4.0.125.1 23,29, 31,41,47,53,61,73,97, 103 3.77
5| 14641 | 5.5.14641.1 23,29,31,41,47,59,71,73,97 35.42

23,29, 31,41, 47,53, 59, 61, 71, 73,
6 | 300125 | 6.6.300125.1 | 79, 83,97, 103, 107, 109, 113, 127, 131, 191, | 206.62
211, 263, 311, 503

Table 2. The possible isogeny primes p ¢ IsogPrimeDeg(Q) for the number fields from Table 1
for 2 < d < 6, as well as the time taken to obtain this running the algorithm on an old laptop. The
time only measures checking possible Momose type 2 primes up to 10°; checking all up to the
conditional bound adds several hours to the runtime in each case.

Here we have highlighted that our results are unconditional for semistable isogeny primes since the
restricted class of semistable elliptic curves arises naturally in the context of Frey curves and solving Dio-
phantine equations [Freitas and Siksek 2015]. Moreover, Algorithm 8.1 does more than merely combine the
different subalgorithms dealing with each of the isogeny types in Momose’s classification; it also includes
several methods for ruling out possible isogeny primes, based on congruence conditions, class field theory,
and explicit computations with Jacobians of modular curves. These methods are discussed in Section 7.

To give the reader a sense of the size of this superset Sy for IsogPrimeDeg(k) as well as the runtime, we
show in Table 2 the output of the algorithm on the number fields from Table 1 for 2 <d < 6, as well as the
time taken for this to complete on an old laptop. Since the output necessarily contains IsogPrimeDeg(Q)
in each case, we show only those possible primes not in IsogPrimeDeg(Q). In addition, in Table 2 the
timings refer to only checking possible Momose type 2 primes up to 10%; checking up to the bounds
given in Table 1 is the main bottleneck of the algorithm, and doing so for each number field in the table
takes several hours of parallel computation in PARI/GP, which results in no additional possible isogeny
primes beyond those listed.


https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/4.0.125.1
https://www.lmfdb.org/NumberField/5.5.14641.1
https://www.lmfdb.org/NumberField/6.6.300125.1
https://www.lmfdb.org/NumberField/7.7.594823321.1
https://www.lmfdb.org/NumberField/8.0.64000000.2
https://www.lmfdb.org/NumberField/9.9.16983563041.1
https://www.lmfdb.org/NumberField/10.10.572981288913.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/4.0.125.1
https://www.lmfdb.org/NumberField/5.5.14641.1
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Determining which of the primes p in these supersets are actually isogeny primes for k requires one to
determine whether X((p)(k) contains any noncuspidal points, a subject which has hardly been explicitly
studied for deg(k) > 3. However, by building on recent work of Box, Gajovi¢ and Goodman [Box et al.
2023] in which the authors determine the finitely many cubic points on some modular curves Xo(N), we
are able to exactly determine IsogPrimeDeg(k) for some cubic fields, yielding the first instances of the
determination of IsogPrimeDeg(k) for number fields of degree at least three.

Theorem 1.8. Assuming GRH, we have
IsogPrimeDeg(Q(¢7)") = IsogPrimeDeg(Q),

IsogPrimeDeg(Q(«)) = IsogPrimeDeg(Q) U {29},
IsogPrimeDeg(Q(B)) = IsogPrimeDeg(Q).
where a® —a?> =200 —20=0and > — > —-38+1=0.

In addition to cubic fields, our algorithm provides for several key improvements which allow us to
determine several more instances of quadratic isogeny primes. The following is obtained by combining
our algorithm with standard techniques for working explicitly with modular curves in Magma [1997]; see
[Banwait 2023, Section 7] for an overview of these techniques.

Theorem 1.9. Let D # 1 be a squarefree integer such that |D| < 50 and Q(v/D) is not imaginary
quadratic of class number 1. Then lsogPrimeDeg(Q(+/D)) = lsogPrimeDeg(Q) unless D is listed in
Table 3, in which case the additional isogeny primes are listed in the column “new isogeny primes”, and
any primes not yet determined are listed in the column “undetermined”’.

The implementation of the combined Algorithm 8.1 is available at https://github.com/isogeny-
primes/isogeny-primes. As with its predecessor [Banwait 2021], it has been released as a command line
tool under the GPLv3+ licence and the README.md contains detailed instructions on its use and an
overview of the testing strategy. All filenames will refer to files in this repository [Banwait and Derickx
2021].

The outline of the paper is as follows: Section 2 sets the notation to be used throughout the paper as well
as some basic results about roots of characteristic polynomials of Frobenius of elliptic curves over finite
fields. The heart of the paper is Section 3 which strengthens and fixes Momose’s isogeny classification
theorem, and presents the algorithmic version of it. Section 4 discusses some optimisation aspects of
the implementation of the algorithm dealing with the so-called generic isogeny primes, those which arise
from isogeny characters which are not of type 1, 2 or 3.! Sections 5 and 6 deal respectively with isogeny
primes arising from isogeny characters of Momose type 1 and 2, and Section 7 presents methods to further
eliminate possible isogeny primes, based largely on methods of explicit class field theory. Combining all
of the algorithms up to this point into the main Algorithm 8.1 is done in Section 8. Finally in Section 9
we present results related to cubic points on modular curves, and prove Theorem 1.8. (The verification
required for Theorem 1.9 is given in magma _scripts/QuadraticVerifs.m in the above repository.)

'Here we mean “signature type” rather than “Momose type”. This distinction will be made clear in Section 3.


https://github.com/isogeny-primes/isogeny-primes
https://github.com/isogeny-primes/isogeny-primes
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D | new isogeny primes | undetermined
—47 31 61
-39 - 97
-37 - 59, 131
—31 73 -
-23 29, 31 -
—15 23 -
=5 23 -
5 23,47 -
13 31 -
17 - 23
29 29 -
37 - 23
41 41 -
47 - 59

Table 3. Determination of IsogPrimeDeg(@(«/ﬁ)) for squarefree |D| < 50, excluding the

nine imaginary quadratic fields of class number one.

If D is not listed here, then

IsogPrimeDeg(Q(+/D)) = IsogPrimeDeg(Q). The primes in “new isogeny primes” have been
verified to be isogeny primes; it is currently not known whether the primes in “undetermined” are
isogeny primes for Q(+/D) or not.

2. Notation and preliminaries

In this section we set the notation for relevant objects to be used throughout the paper. Certain sections

below will introduce their own notation in addition to those set here. This is the default notation to be

taken, unless a particular result overrides the notation set here. We will also prove some results of a

preliminary nature to be used later:

d:
k:

Clk

an integer > 1
a number field of degree d

: the class group of k

: the class number of k

: Gal(k/k), the absolute Galois group of k

: the Galois closure of k over Q@

: Hom(k, K), the embeddings of k£ in K

: a rational prime (denoting the isogeny prime we seek to bound)
: the mod-p cyclotomic character of Gy,

: a chosen and fixed prime ideal of K lying above p
: a rational prime different from p

: a prime ideal of k lying above ¢

: the order of q in Clk
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Yq - a generator of qhq in Cl
[ : the residue field of g
Froby : a choice of lift of Frobenius in G
Lq - the embedding of k into its g-adic completion
E : an elliptic curve over k admitting a k-rational p-isogeny
A : the isogeny character of E; that is, the Galois action on the isogeny’s kernel
w2
¢ : the signature of A (see Section 3.1).

Note that u is unramified outside of p [David 2011b, Propositions 1.4 and 1.5; 2011a, Propositions 3.3
and 3.5] and its image is abelian, hence w(Frob,) is well defined. Neither of these facts are true for A
itself, which is why we take the twelfth power; it is then expedient and minimises overload of notation to
introduce a new symbol for A!2.

Remark 2.1. By precomposing with the Artin map from class field theory, we may view each of A and p
as character on the group of fractional ideals of k coprime to p. This is done in a minority of places in
the paper (specifically, Proposition 3.4, the proof of Lemma 4.3, and Section 7.2), and is done largely so
that one may employ the following convenient shorthand notation for p(()):

u((@) = | | m(Frobg)*=.
q

The following result will be used in Section 3.4.

Proposition 2.2. Let L be an imaginary quadratic field, q an odd rational prime, q a prime of O above
q,and f a positive integer such that ¢/ = q/. Suppose that q/ is principal, generated by aq € L. Then
Oléz = Nmy, ()%

Proof. We split up the prove according to the splitting behaviour of ¢ in L. Firstly, if g splits in L
then q/ # q_f and there is nothing to prove. Secondly, if ¢ is inert in L then q = g©; and Nm(q) = ¢°.
This implies a0y = g’ O and hence that aq/ g/ is a unit. Since L is imaginary quadratic this means
aéz — ¢'2/ = Nm(q)®’.

Finally, suppose that ¢ ramifies in L. Then q> = ¢O; and Nm(q) = ¢. This implies aé(’)L =q/0;
and hence that O‘czl /q' is a unit. Since g > 2 is ramified in L we know L # Q(i) and hence the order of
this unit divides 6. This means «g* = ¢%/ = Nm(q)*/. O

Remark 2.3. The condition ¢ > 2 is necessary, since q := (i + 1)Z[i] is an ideal invariant under complex
conjugation and (i + 1)!> = —64 = — Nm(q)® # Nm(q)®. However when g = 2 one can in general still
conclude that oz02|4 = Nm(q) 127,

Remark 2.4. The above proposition is in fact true if one replaces q/ by an arbitrary principal ideal /
coprime to 2 such that / = I, but we won’t need this.
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The remainder of this section will collect consequences and explicit statements derived from Theo-
rem 4.1 of [Waterhouse 1969], which is an explicit version of the Honda-Tate theorem that describes
isogeny classes of abelian varieties in terms of characteristic polynomials of Frobenius. We will first state
the theorem using notation which is compatible with the variables used in our work.

Theorem 2.5 (Waterhouse). Let g be a prime and f an integer. The polynomials that occur as the
characteristic polynomial of Frobenius of an elliptic curve over F s are exactly the polynomials of the
form x*> +tx 4+ q' with t an integer such that |t| < 2\/q/ that satisfy one of the following conditions:

(D) (t,q9) =1

(2) fisevenandt==42q/".

(3) fiseven,q #1 (mod3)andt = +q'/?
(4) fisodd,q=2,3andt==4q+V/2,

(5) () fisoddandt=0.
(i1) fiseven, p %1 (mod4) andt =0.

The first case only occurs for ordinary elliptic curves, while the other cases only occur for supersingular

elliptic curves.

The description of the roots of the characteristic polynomials of Frobenius for supersingular elliptic
curves given in Theorem 2.5 is summarised in Table 4. In the sequel we refer to such roots as supersin-
gular Frobenius roots, while by ordinary Frobenius roots we shall mean the roots of the characteristic
polynomials of Frobenius for ordinary elliptic curves.

Corollary 2.6. Let B be an ordinary Frobenius root of an elliptic curve over F . Then for alln > 1, B" is
not rational.

Proof. Let E/F,; be an ordinary elliptic curve with characteristic polynomial of Frobenius equal to
(x — B)(x — B). Then (x — B")(x — B") is the characteristic polynomial of Frobenius of E viewed
over [, . Since being ordinary is invariant under base change one has that " is a root of a polynomial
x2 +1t'x +¢/" of the form of Case 1 of Theorem 2.5; that is, gcd(’, ¢) = 1, and therefore || < 2\/q>f,
which implies that the discriminant of this polynomial is negative. In particular 8" is the root of an
irreducible polynomial, and hence not rational. ]

Corollary 2.7. Let B be a supersingular Frobenius root of an elliptic curve over Fs. Then B 12 is rational.

Proof. This is clear from the last column of Table 4. U

Corollary 2.8. Let E/k be an elliptic curve over a number field, and q a prime of k of odd residue
characteristic q such that E admits potentially good supersingular reduction at q. Let B be a root of the
characteristic polynomial of Frobenius at q acting on the p-adic Tate module of E (for any p # q; this is
independent of the choice of p). Then ' = Nm(q)®.
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case of Theorem 2.5| f t B ,312
(2 even| +2¢//? +q'7? ¢*

3) even| +q//? 039712 or + 1271 ¢
@ odd £2UHD2] (i — 1)2U D2 or £ (=i — 1)2VD/2 | —¢f
+30+D/2 +(z3— 1)3(f—1)/2 or + (4_32 _ 1)3(f'—l)/2 q()f

Q0] odd 0 —q7 ¢S

(5) (1) even ig!? Py

Table 4. Description of the roots of the characteristic polynomials of Frobenius of supersingular
elliptic curves.

Proof. By considering the different types of additive reduction from the Kodaira—Néron classification
of the special fibre of the Néron model of E over O, the elliptic curve E attains good reduction over a
totally ramified extension L of k of degree 1, 2, 3, 4 or 6. Since L is totally ramified, the reduction of
E/L at the unique prime of L above q is an elliptic curve over the residue field [, of k at q, and hence
B is a root of the characteristic polynomial of Frobenius of a supersingular elliptic curve over F. This
elliptic curve over [ is not unique, since it depends on the choice of L; however another choice of L will
only lead to a curve which is a quadratic, quartic or sextic twist of E. Thus 8! is independent of this
choice.

Writing f for the residue field degree of g, we see from the last column of Table 4 that 8'> =Nm(q)®. O

We conclude this background section with a recap on Serre’s fundamental characters.

2.1. Fundamental characters of level n. The canonical reference for the material here is [Serre 1972,
Section 1].

For our number field k£ and prime p, let p be a prime of k over p, and consider the tame inertia group
I, = Gal(laJ /ky"), where ky” is the maximal unramified extension of &, in Ig Both of these fields have
the same residue field, which is an algebraic closure of [, that we denote by [F,.

Inside [, one has all finite extensions [ ,» of [, with norm maps Fyw — F ). whenever n|m, and
there is a natural identification 6 of I, with the inverse limit of this system of norm maps [Serre 1972,
Proposition 2].

We therefore obtain, for each power ¢ = p”, the natural projection

Op—1: 1, = [F;;

this may be considered the fundamental character of level n, and by composing it with an automorphism
of F; (i.e., a power ¢' of the Frobenius automorphism ¢ : x > x”) we obtain all other fundamental

l .
characters of level n, viz. 0:_1 =¢' 00,1, fori =0,...,n—1.
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3. On Momose’s isogeny classification theorem

In this section we generalise and make Theorem 1 of [Momose 1995] algorithmic, and address the gaps
and mistakes in the original proof in [loc. cit.] mentioned in the introduction.

3.1. Strengthening Momose’s Lemma 1. In this subsection we provide a version of Momose’s Lemma 1
without the assumptions that p is unramified in k or that k is Galois over Q.

The first step is to describe the possible integers a, which can occur in the statement of Momose’s
Lemma 1. A fuller description of these integers was given by David [2011a, Proposition 3.2] under the
assumption that p is unramified in k. We thus begin by providing the more general version of this result
of David.

Let p be a prime of k lying above p, I, = Gall(laJ /ky") < Gal(laJ / kp) the inertia subgroup at p and let
w be the twelfth power of a p-isogeny character over k. Then we would like to describe the possible
actions of p restricted to /.

This is provided by following result, which is a generalisation of Proposition 3.2 of [David 2011a],
since for an unramified extension, the zeroth fundamental character 6,_; is equal to the cyclotomic
character y, restricted to I,. See Section 2.1 for more on fundamental characters.

Proposition 3.1. Let i = A'? be the twelfth power of a p-isogeny character, and v | p a prime of k
with ramification index ey. Suppose that p > 5. Then there exists an integer 0 < a, < 12ey, such that
wlr, = 0;"_1. We have ay =0, 4,6 or 8 (mod 12), and if E is semistable, then a, =0 (mod 12).

Proof. This proof is essentially the same as the proof of Proposition 3.2 of [David 2011a], the main
difference being that we here are keeping track of the ramification index ey, (which for David was equal
to 1). In the interest of being self-contained, we supply the details.
In the case that we have potentially multiplicative reduction we have 12| 1, 18 either trivial or XI%. Now
since 0;”_1 = xp it follows that u|;, = 9;”_1, /
In the case that we have potentially good reduction there exists an integer a{J such that A, = GZ”_ 1

where ap, =0 or ap, = 12¢.

Additionally there exists a purely ramified extension k, C k{J over which the elliptic curve E obtains
good reduction. Writing E,, for this reduced elliptic curve, we have that the degree e; = [k{J : ky] of this
extension divides the size of the geometric automorphism group Aut(Ey); see the proof of Theorem 2
in Section 2 of [Serre and Tate 1968]. Since p > 5, we obtain that e;J divides 2, 4 or 6. Let Il; denote
the inertia subgroup of Gal(ky /). Then eyey is the ramification degree of k;/Q,. Writing 6/, for the

fundamental character of level one of k‘;, we have on I'; the equality 6,_; = (01’7_1)4. Since E has good
/

p
that on I; we have A = (9;_1 )"». Putting all of these relations between characters on I’; together we obtain

(O, = (Bp—1)% = (0),_)>.

reduction over k, we know by [Serre 1972, Section 1.13] that there exists an integer 0 < r, < ey, such

Since the order of 9;_1 is p — 1 one obtains
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Multiplying by the integer 12/e, gives (12/ey)ry, = (12/ey)epa, = 12a, mod p — 1, so that

ap

— 12
I’Lllp _)\’ |Ip _Qp_19

with a, = (12/ el’g)rp. Observe that the possible range of r, gives that 0 < a, < 12e,.

We now show that a, = (12/ e{,)rp =0,4, 6 or 8 mod 12. This can be done by studying the possible
values 1, 2, 3,4, 6 of e’; separately. In the cases e; =1, 2 or 3 one has 12/3;J =0,4, 6 or 8 mod 12, hence
ay satisfies that congruence as well. If e;, = 4 respectively 6, then 12/e), = 3 respectively 2. Furthermore,
rp= e;)a;J mod p — 1 implies ry, is even, which gives the result in these two cases also.

Finally we establish that, if E is semistable, then we have a, =0 (mod 12). If E has multiplicative
reduction, then this was established at the very beginning of the proof. If £ has good reduction, then this

follows from observing that the integer e; is equal to 1, whence ap = 12r. (]

Remark 3.2. The character 6, is surjective, so in particular the residue class a, mod p —1 is determined
by . Thus if p —1 > 12e,, then the integer aj is unique.

In order to get the results we need without the Galois assumption we will first make the following
definition following Freitas and Siksek [2015]; see the discussion just before Proposition 2.2 in [loc. cit.].

Definition 3.3. Let k£ be a number field with Galois closure K over Q. For each o € ¥ := Hom(k, K) let
a, €{0,4,6, 8,12} be an integer and denote by ¢ = ZU a,o a formal sum. Then ¢ is called a k-isogeny
signature.

Foro € k*,and e =) a,0 ak-isogeny signature we prefer to use Momose’s notation o to denote
what David calls MV («):

(k> K, am [[o@®.
oeX
We prefer this approach since it makes explicit the dependence on ¢.

Proposition 3.1 describes w on the local inertia groups at the different primes p above p in terms of
fundamental characters. However since u is unramified outside of p these are the only inertia subgroups
on which p acts nontrivially.

Now let k C k" be the smallest abelian extension that trivializes u. Then p induces an injective
morphism fz : Gal(k*/k) — . Let [y denote the idéles of k. Then class field theory provides the global
reciprocity map

r: 0y — Gal(k"/k).

The units £* embed diagonally into [; and one has r(k*) = {Ids«}, and composing the inclusions
ky* — I with r gives the local reciprocity map ry, at p. Since the order of Gal(k*/k) is coprime to
p the local reciprocity map vanishes on 1+ pOy, and hence we also get a map ry : i — Gal(k" /k).
Let [, denote the residue field at p and write p" = #[,. Then the fundamental character of level n
can be seen as a map 6,n—; : Iy — F. Finally by choosing an embedding k" — Izp we get a map
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dp: 1y C Gal(laJ /ky) — Gal(k" /k). This can be summarised in the following commutative diagram:

O FX i I
kp P~_n o F
[ ou—)fp(a_')l < lulz;@ﬁ”l
Ky —————— Gal(k"/ k) —————3 F%
m—>rp(a’l) 123

where the equality ¢, (s) =rp00,n_1 (s7His Proposition 3 of [Serre 1972]. Since 6,1 = Nmg, /r, oy _
we know that the map that is needed at the place of the question marks to make everything commute is
x = Nmg, p, (x)%.

In particular this commutative diagram allows one to describe L ory : (’),:p — [ more directly by

pLory (@) = Nm[pp/[pp (o (mod ]J))_ap .

Having this concise description of it ory on Olfp for all primes p | p using local class field theory, as
well as the fact that p is unramified outside p, allows one to describe ; more generally as in the following
proposition, in which we have used the ideal theoretic description of class field theory to see u as a
character on the fractional ideals coprime to p; see Remark 2.1.

Proposition 3.4 (generalisation of [David 2011b, Proposition 2.6]). Let k be a number field, K its Galois
closure over Q) and p the twelfth power of a p-isogeny character over k. Then for every prime ideal pg
lying above p in K there exists a k-isogeny signature € =gy = ay0 such that for all @ € k* prime to p,

p((@)) = o (mod po).
Furthermore if p > 13 and p is unramified in k, then for every pg there is an unique such signature &,

Proof. View [t or as a character on [ that vanishes on k™. Since u is the twelfth power of another
character, [t or, is trivial for all infinite places v of k. We can use this to compute

-1
| =T orate x [T morstan = [ ucFroby« x (TN, @ modpy)

atp plp atp plp
If p were unramified then we could write
Nmg, 5, (@ modp))=  []  o() (modp'),

o €Hom(k,,Qy)
where p’ is the prime of @p lying over p, and the proposition would follow by setting a; := a5-1,,) and
rewriting as follows:

HNm[Fp/[FP (o (mod p))*» = 1_[ 1_[ o (a)® (mod p’)

plp PIP o eHom(ky,Qp)

[[ o@* (modpg) =a* (modpo),

oeHom(k,K)

where in the last step we choose an embedding K C K, — Gjp.
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Suppose now that a prime p | p ramifies in k. Let e, denote the ramification index at p. Then we can

write
€p

Hom(ky, (LT,,) = U Sp.i
i=1
as the union of ey, different sets of size [[y : [, ], so that for each S, ; we have
Nmg, ¢, (¢ (modp)) = [] o(@) (modp’).

UGSP.,'

Furthermore the conditions on a;, from Proposition 3.1 allow us to write a, = Zle": | @p,i With each
0<ap; <12anday; =0,4,6 or 8 mod 12, whence

€p
Nmg ¢, (@ (mod p))® =[] ] o(@® (modp).
. i=1o€eS;
Writing
€p
Hom(k, K) = Hom(k, @,) = _J ] Sp.
plpi=1
and setting a, = ay,; for o € S, ; we can rewrite

p
[TIT [T ot modyp)

[ [Nme, /¢, (@ (mod p))

plp plp i=10€Sy ;i
= J] o (modpo)=e (modpo)
oeHom(k,K)
as in the unramified case and we are done. O

We refer to ep, as the isogeny signature of A with respect to po. Note that since Gal(K/Q) acts
transitively on the primes above p, a different choice of prime py merely permutes the integers a,. We
will therefore often drop the subscript po and speak of ¢ as the isogeny signature of A. Note that fixing an
ordering to the embeddings in ¥ = Hom(k, K) allows one to think of the signature as a d-tuple valued in
the set {0, 4, 6, 8, 12}, and hence one sees that there are precisely 5¢ possible isogeny signatures for a
degree d number field. If all the integers a, are the same integer a, then clearly the ordering on ¥ does
not matter, and in the sequel we denote this signature as the d-tuple (a, ..., a).

From the construction of &, in the above proof, we obtain the following condition which must be
satisfied by the integers a, .

Corollary 3.5. Let g,y =)
Hom(k, K),

vex Ao0 be an isogeny signature with respect to po. Then, for o, 7 € ¥ =

o ') =7""(p)) = dr=ar (mod p—1).
In particular, if p is inert in k and p > 17, then all the integers a, are the same.

Isogeny signatures satisfying this condition will be referred to as admissible. Note furthermore that if
one of the integers in the signature ¢ is 4 or 8 (respectively 6), then from the proof of Proposition 3.1
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we have that Aut(gp) = ue and p =2 (mod 3) (respectively Aut(Ep) = g and p =3 (mod 4)). We
therefore refer to such signatures as sextic (respectively quartic). The overlap of these two designations
(i.e., the signature contains both 4 and 6 or both 8 and 6) is an interesting source of isogenies, and will
be referred to as mixed. Signatures, all of whose defining integers are the same, will be referred to as
constant.

Example 3.6. In the case that Xy(p) is elliptic or hyperelliptic, one may generate quadratic points on
Xo(p) by taking the pullback of rational points along the hyperelliptic map to P!'. The corresponding
isogeny ¢ may be constructed in Magma. After passing to a suitable ramified extension of k, over which
E obtains semistable reduction, we let abe the power series representation of ¢ on the formal groups of
the elliptic curves. Then as in [Serre 1972, Section 1.10], we may directly compute the a, integers as the
p-adic valuation of the coefficient of X in a(X ). In this way one may actually compute the signature of
isogenies, as the following examples show; in both cases o denotes the nontrivial automorphism of the
corresponding quadratic field:

(1) Let k = Q(+/—1120581), and let E/k be an elliptic curve with j-invariant

ersisery (—344992121+/~ 1120581 — 182301639894).

Then E admits a k-rational 11-isogeny of signature 6 Id +8c, and in particular shows that isogenies
of mixed signature exist.

(2) Let k = ((+/38731793), and let E/k be an elliptic curve with j-invariant
4329499018988087705974500+/38731793 + 26944581751932950083389335625.

Then E admits a k-rational 23-isogeny of signature (6, 6).

The Magma code in magma__scripts/EpsilonTypes.m was used to find and verify these examples (and
others); this script has also been used to generate test cases for our software package.

Remark 3.7. Note that Larson and Vaintrob have similarly removed the Galois assumption in Momose’s
Lemma 1, using the notion of algebraic characters; see Definition 2.2 and Corollary 2.4 of [Larson
and Vaintrob 2014]. The left-hand side of the equation in their Corollary 2.4 is the space of algebraic
characters, whilst the right-hand side may be identified with the space of isogeny signatures.

3.2. A general divisibility criterion. Let q be a prime ideal of & which is coprime to p, and consider the
reduction of E at q, which is either potentially multiplicative, potentially good supersingular, or potentially
good ordinary. In both of the potentially good cases, the characteristic polynomial of Frobenius Frobg
acting on the p-adic Tate module of E has coefficients in Z and is independent of p [Serre and Tate 1968,
Theorem 3]; we may thus write Py(X) for this polynomial. This is a quadratic polynomial whose roots
have absolute value »/Nm(q). We write L9 for the splitting field of this polynomial, which is either @ or
an imaginary quadratic field.
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In all cases of reduction at g, one obtains congruence conditions modulo p on A(Froby). If E has
potentially multiplicative reduction at ¢, then A(Froby) is either 1 or Nm(q) (mod p) [David 2011a,
Proposition 3.3; 2011b, Proposition 1.4]. In the potentially good reduction case, for P9 a prime of L9
above p, the images of the roots of Pq(X) in Orq/P% are in [F;, and there is a root B of Py(X) such that
A(Froby) = B (mod P%) [David 201 1a, Proposition 3.6; 2011b, Proposition 1.8]. For simplicity we will
sometimes drop the q subscript on S, particularly when “looping” over several such roots.

Write hq for the order of q in the class group Cl; of k, and let y; be a generator of the principal
ideal g"a. We apply Proposition 3.4 to ¥q and obtain, with the ideal-theoretic interpretation for the domain
of u as Remark 2.1, the following expression:

1 ((vg) =y, (mod po).
Replacing this with the Galois character interpretation for s, and using g1 = (v4), we obtain
wha (Frobg) = yqa (mod pg).

This expression, when combined with the aforementioned congruence conditions modulo p on w(Froby),
yield divisibility conditions for p, namely that p must divide one of the integers defined as follows.

Definition 3.8. Let k be a number field with Galois closure K over Q, q a prime ideal of k of order &,
in the class group of k, and y; a generator of the principal ideal q"a. For a set S of integers, let lem(S)
denote the least common multiple of the integers in S, with the convention that this will be 0 if O € S.
Then we define the integers

A(e, q) := Nmgo(yy — 1),

B(e, q) := Nmg g (y; —Nm(q)'?"),

Cs(e,q) = lcm({NmK(ﬂ)/@(yqe — ,Bm’q) | B is a supersingular Frobenius root over Fg}),
Cole, q) = lcm({NmK(ﬁ)/@(yqe — ﬂlth) | B is an ordinary Frobenius root over [Fg}),

C(S’ CI) = lcm(co(‘gv CI)» CS(89 q)),

where in C; (¢, q) (respectively C, (¢, q)) the Icm is taken over all roots 8 of characteristic polynomials of
Frobenius of supersingular (respectively, ordinary) elliptic curves defined over the residue field [ of &
at g.
Remark 3.9. Using Waterhouse’s Theorem 2.5, specifically Table 4 derived from it, one may show that
B(2¢, q) if |Fy| =2/ with f odd,
Cs (87 q) = e 6h .
Nmy, /@(yq —Nm(q)®*") otherwise.

We frame the above discussion as follows.

Corollary 3.10. (1) If E has potentially multiplicative reduction at q, then p divides either A(e, q)
or B(e, q).

(2) If E has potentially good ordinary reduction at q, then p divides C, (¢, q).
(3) If E has potentially good supersingular reduction at q, then p divides Cs (e, q).
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everywhere
condition Yq QB) Vg €Q? (ar)res unramified | signature type
character
Ae,q) =0 1 all 0 m
type 1
B(e,q)=0 g'?ha yes all 12 /)
Ci(e,q) =0 £q Ot Q=9 all 6 /Xy type 2
a, = 12 for
B12ha for B @(,3).2 k, T € Xo@p)
an ordinary p spl?ts or 0 otherwise
Coe; @) =0 | Frobenius root | ramifies in Q(f), no a, =0 for type 3
over [y Nmyaqp () = T € Xap);
(B) or (B) 12 otherwise

Table 5. Summary of what happens if one of the integers A, B, C; or C, is zero.

3.3. Removing the Galois assumption in Momose’s Lemma 2. Having identified integers which p must
divide, the question of the nonzeroness of these integers becomes relevant. This is the motivation for
Momose’s Lemma 2, or [David 2011b, Proposition 2.15], both of which assume that &k is Galois over Q.

We thus provide the following non-Galois version of Momose’s Lemma 2. The proof is modelled
on David’s proof, and many of the arguments carry over mutatis mutandis, though the details in type 3
require some additional ideas. For L a subfield of k, we denote by X; C X the subset of embeddings of
k in K which act as the identity on L.

Proposition 3.11. Let p > 17, let q # p be a rational prime which splits completely in k, and let q
be a prime of k over q. If the condition shown in the left-most column of Table 5 is satisfied, then the

corresponding assertions in the rest of the table hold.

Proof. First observe, from the assumption that g splits completely in k, we have that g splits completely
in K; see for example Chapter 1, Section 9, Exercise 4 in [Neukirch 1999]. This will be used throughout
the proof.

Before considering the various cases, we set the following notation to be used throughout the proof. Let
qi, - - -, qq be the distinct prime ideals of k lying over ¢, and we suppose q = q;. We label the embeddings
in ¥ as oy, ..., g4, where oy is the inclusion k € K. We let M = Gal(K /o (k)) = Gal(K / k), viewed as
a subgroup of G := Gal(K /Q); let n denote the size of M. For each 1 <i <d, we let Qii), o, 08 be
the distinct prime ideals of K dividing o;(q)Ok (recalling that if g splits completely in k then g splits
completely in K). Because ¢ is unramified, it follows that 0, (q)Ox = ]_[;le Q;i). Write ¢ = Zle a;o;.
We define the set

Sq={0V:1<i<d 1<j<n}

which is a priori only a subset of the prime ideals of K lying over g. However, since S, is stable under G,
and G acts transitively on the set of primes in K lying over g, we have that S, actually equals the set of
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all primes lying over g. Finally we let 7y, ..., 74 denote the (left) coset representatives of G/M, chosen
such that 7; o 01 = 0;. Fixing Q = Qil)
oi(MOk =1 @0k = [[ ©
QenMQ
Since G acts faithfully on the primes lying over ¢, this means that 0;(q) and o (q) are coprime if i # j.

, this implies that

We now come to the three cases for the value of ng.
Consider first that y; = 1. By considering the ideal of Ok generated by y;’, we obtain

d
Ok = l—[ 01 (q)"".
i=1
Since the o;(q) are pairwise coprime we obtain that a; = 0 for all i. Since u;, = X;p and u is unramified
away from p, we obtain that u is unramified everywhere.

In the second case ycf =g '?"a, one similarly obtains that a; = 12 for all i, whence 1t/ x 11,2 is everywhere
unramified.

In the third case, we have that V; = B'?"a, where B is a root of the characteristic polynomial of
Frobenius of an elliptic curve over 4. We write L = Q(), which is either Q or an imaginary quadratic
field. By assumption, the element y; —a priori in K —is also in L; so either y; is rational, or it generates
L and therefore L is contained in K.

In the first of these two subcases, 2" is rational; therefore it is equal to its complex conjugate B'%"s;
in particular there is a 12h4-th root of unity ¢ € L such that 8 = ¢ B. However, since L is imaginary
quadratic, it only admits n-th roots of unity for n = 2, 4 or 6; thus ,812 is rational. Moreover, since S
is an algebraic integer, '2 is an integer. Since the absolute value of 8 is v/Nm(q) = /4, we get that
B'? = 44", and therefore

6hq
I o(q)ok) .

oex

[[ o0k =yi0k = B0k = ¢ 0k = (
oeX
Since 0;(q)Ok and o (q)Ok are coprime for i # j we obtain that all a, are equal to 6. That pu/ X,(,’
is everywhere unramified follows as previously. To show that Q(8) = Q(,/—¢) one observes from
Corollaries 2.6 and 2.7 that 8 is a supersingular Frobenius root, so one simply checks through the
possibilities in Table 4 (observing that we have f = 1 because we are assuming ¢ is completely split).
In the second subcase, L is an imaginary quadratic field contained in K. We let H := Gal(K/L). As
in the first subcase, we consider the K-ideal

d n \dihg
(y§>=1‘[<1‘[ Q§-’)> :

i=1 \j=1

the crucial observation is that, since this ideal is invariant under H (because ng € L), it must factor in the

<y;)=< I Q)%( ]_[AQ>QV (3-1)

QecHO QeHyQ

form
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for y € G an element which induces complex conjugation on L, and ajq and a, are integers; in particular,
there are only two choices (viz. ayq or a, ) for each a;.

Suppose for a contradiction that M Z H. Choose § € M\ H, and consider the two primes Qand§Q in Sy-
These are both ideals dividing (yqa) with the same exponent (viz. ajhy), but are in different H-orbits under
the H-action on S,. This forces ayy = a,, whence ng = Nmg q(o1(yq))?; ie., yqs € Q, contradicting
the subcase that we are currently in. Therefore M C H, which establishes that L is contained in k.

We now have

(v4)OL = (Nmy/L (Yg)OL)™ - (Nmy 1, (vq)Or)* (from (3-1))
= (BOp)'™" = (NmyL, (@)™ (Nmyz ()",

Since ¢ = B, we obtain that the L-ideal Nmy /1.(q) is either O, or BO, which yields that the pair
of integers (a4, a,/) is either (0, 12) or (12, 0), yielding the two possible forms of ¢ as in the table.

The only remaining assertion to prove is that p splits or ramifies in L = (J(8) in the type 3 case.
Suppose for a contradiction that p is inert in L, and let Frob,, € Gal(K/Q) be a choice of a lift of
Frobenius at po. The automorphism Froby, satisfies the following two properties:

(1) It fixes po.
(2) Its restriction to L is also a lift of Frobenius of the prime ideal pO, of residue class degree 2, and

hence its restriction to L is the nontrivial element of Gal(L/Q).

We now consider the two embeddings of k in K: o7 and Froby,, ooi. By property (1) above, the
preimage of pg in k£ under each of these embeddings is the same, and therefore, by Corollary 3.5,
a1 = AFrob, oo (mod p — 1). On the other hand, property (2) forces one of these integers to be 0, and the
other 12 (mod p — 1). We therefore obtain a contradiction for primes p such that p — 1112 (and hence
for all p > 17). [l

Proposition 3.11 suggests that the signatures identified in Table 5 require particular attention. This
motivates the following definition.

Definition 3.12. Let ¢ = )__ a,0 be an isogeny signature:
eIfe=0)  oore=12)_o,then ¢ is of type .
e« If e =6) _ o (or equivalently ¢ = 6 Nm(k/Q)), then ¢ is of type 2.
o If there exists an index 2 subgroup H C G := Gal(K /Q) with Gal(K /k) € H, L := K is imaginary

quadratic and either
8:1220' or £€=12 Z o,
oeXy O'EE\EL

then ¢ is of type 3 with field L.

 If ¢ is not of type 1, 2 or 3 then ¢ is generic.
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An equivalent definition of a type 3 isogeny signature is that £ contains an imaginary quadratic field L
such that e = 12Nm(K /L) or e = po 12Nm(K /L), where p : L — L is complex conjugation. Note that
when given an explicit ¢, the group H can be retrieved as H = {g € Gal(K/Q) | g o € = &}, the stabiliser
of €. In particular, if ¢ is also type 3 with field L, then L = L’.

At this point it is instructive to recap what we are aiming to do in this section, and how far towards
this goal we have come. This will clarify what will be happening in the rest of the section.

Our goal in this section (stated at the outset) is to generalise and make Momose’s isogeny classification
theorem algorithmic [Momose 1995, Theorem A/Theorem 1], as well as address the gaps and mistakes in
his original proof. By generalise, we mean to remove the assumptions of k being Galois over @, and also
address primes p that ramify in k.

Momose’s isogeny classification theorem says that, for a given number field &, there is a constant Cy
such that, if p is an isogeny prime for k that is larger than Cy, then the associated isogeny character must
be one of three types, that in the introduction we called Momose types 1, 2 and 3.

In this section, we have identified (in Definition 3.12) three types for the signature for which certain
integers (the A, B and C integers from Definition 3.8) could be zero. Outside of these special types
of signature — that is, if the signature is generic— we know that these integers are nonzero; thus, by
defining the integer

ABC(g, q) :=lem(Nm(q), A(e, q), B(¢, 9), C (e, 9)),
we may deal with the generic isogeny primes as a direct consequence of Corollary 3.10 and Proposition 3.11:

Corollary 3.13. Let p > 17 be an isogeny prime whose associated isogeny signature € is generic. Then
for all completely split prime ideals q, p divides the nonzero integer ABC (¢, q).

Therefore, taking a completely split prime ideal q in k, and taking the lcm of ABC (¢, q) across all of
the generic signatures &, one would obtain a nonzero integer C’ such that, if p is an isogeny prime for k
that does not divide C’, then the associated isogeny signature would be of type 1, 2 or 3.

If it were true that the signature types 1, 2 and 3 identified in Definition 3.12 coincided with Momose’s
types 1, 2 and 3, then we would be done with our goal. This is however not the case; while an isogeny
character of Momose type n (to be defined in the next subsection) implies that the signature is of type n,
the converse is not necessarily true (although it is true for n = 1).

What remains to be done, therefore, is to bound the prime degrees of isogenies whose signatures are
of type n but that are not themselves of Momose type #n. If we can do this for n = 2 and 3 (again this
is not required for n = 1) then we have succeeded in making Momose’s isogeny classification theorem
algorithmic. We call this strategy going from signature type n to Momose type n. Specifically, this means
that we will prove the following result.

Theorem 3.14. Let k be a number field. Then for n = 2 or 3, there exist explicitly computable integers
B, (K) such that if ptB,(K) one has that if A is a p-isogeny character of signature type n, then the

isogeny character A is of Momose type n.
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We refer to Corollary 3.18 and Proposition 3.24 that respectively establish this result for » = 2 and 3.
In the next section we will carry out this strategy, by studying the type 1, 2 and 3 signatures more
closely.

3.4. From signature types to Momose types. We emphasise that the types identified in Definition 3.12
are properties of the signature of an isogeny, while the Momose types to be defined in the sequel are
properties of the isogeny character A. The three special signature types identified in the previous section
do not in all cases correspond exactly to Momose’s three types identified for the isogeny character A.
They do, however, for type 1 signatures, which Table 5 shows.

Definition 3.15. We say that an isogeny character A is of Momose type 1 if either A2 or (A/x,)'? is
everywhere unramified.

Momose type 1 primes will be handled in Section 5.

3.4.1. Signature type 2. We now consider isogenies of signature type 2; that is, ¢ = 6 Nm(k/Q). Observe
from Table 5 that this corresponds to © and X,? being the same up to an everywhere unramified character.
The notion of Momose type 2 goes further to say what this everywhere unramified character should be.

Definition 3.16. We say that an isogeny character A is of Momose type 2 if 112 = XS-

That is, the everywhere unramified character should be trivial. Note in this case that necessarily
p =3 (mod 4), by the discussion appearing immediately after Corollary 3.5.
The following key result relates the notions of signature type 2 and Momose type 2.

Proposition 3.17. Let E/k be an elliptic curve admitting a k-rational p-isogeny of isogeny character A
of signature ¢. If the following two conditions hold:

(1) €is of type 2.

(2) There exists a set of primes Gen generating Cli, such that for all q € Gen
(a) qis coprime to p;
(b) q does not lie over the rational prime 2;
(c) E has potentially good supersingular reduction at q.

Then M is of Momose type 2.

Proof. From (1) we have that px 6 is an everywhere unramified character, and hence defines an abelian
extension of k contained in the Hilbert class field of &, and thus is determined by its values at Frobenius
automorphisms Frob, for q running through a set of generators of Cl;. Let g € Gen. From (2¢) and from
the discussion at the beginning of Section 3.2, we obtain

L(Frobg) = B, (mod P%)

for B, a supersingular Frobenius root over q and for P% a prime ideal above p inside a field that is either
@ or an imaginary quadratic field (this is the field denoted as L1 in Section 3.2). By the same reasoning as
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in Remark 3.9 we have that, for such g, that ,8;2 = Nm(q) (this step requires q to have odd characteristic),
and hence
f1(Frobg) = Nm(q)® (mod p) = x, (Frob,)®.

Since this is true for all q € Gen, we obtain u = XS (i.e., not just equal up to an everywhere unramified
character). U

Corollary 3.18. Let E/k be an elliptic curve admitting a k-rational p-isogeny of isogeny character A of
signature ¢. Suppose that ¢ is of type 2, but A is not of Momose type 2. Then, for every set of prime ideal
generators Gen of Cly of odd characteristic, p divides the nonzero integer

ABC,(Gen) := lcmqeGen(A(s, CI), B(e, CI), Co(e, Cl), Nm(q))

Proof. Since X is assumed not of Momose type 2, then by Proposition 3.17, there must exist a prime q in
Gen such that E does not have potentially good supersingular reduction at q; therefore p must divide
the integer ABC,(Gen) by Corollary 3.10. The proof therefore consists in showing that this integer is
nonzero.

Let g € Gen. Since ¢ is of type 2, we obtain that
ve =Nm(q)®"s.

This is clearly not equal to 1, hence A(e, q) # 0. It is also clearly not equal to Nm(q)'?"s, whence
B(e, q) # 0. Finally suppose that C, (¢, q) = 0. We would then obtain

Nm(q)®s = 3"
for By an ordinary Frobenius root over [F;, which contradicts Corollary 2.6. ]

One then deals separately with isogenies of Momose type 2; this will be done in Section 6. Note
that when h; = 1 then we can take the empty set of generators in Corollary 3.18, and hence we obtain
that an isogeny of signature type 2 is automatically of Momose type 2. The above Corollary 3.18 is the
culmination of the strategy of going from signature type 2 to Momose type 2.

3.4.2. Signature type 3. Finally we consider isogenies of signature type 3 with field L. Note that
Proposition 3.4 only implies that the signature corresponding to an isogeny is unique for unramified
primes greater than 13. Thus, for ramified primes we have some freedom in the choice of signature that
we can associate to an isogeny character in order to study it more precisely.

Proposition 3.19. Let L C k be an imaginary quadratic field in which p ramifies and let p be the unique
prime of L above p. Then a p-isogeny character A defined over k has a signature of type 2 if and only if it
has a signature of type 3.

Proof. 1t suffices to prove that for all @ € k> coprime to p we have

Nmy, . (@)'? (mod p) = Nmk/@(a)6 (mod p) = Nmyz ()'? (mod p).



Explicit isogenies of prime degree over number fields 1169

Since p ramifies in the quadratic field L we have x = x (mod p) for all x € L, and the proposition follows
from the equality Nmy,g = Nmy,; -Nmy . O

The above proposition shows that when p ramifies in L, there is no difference between a character
having a signature of type 2 and a signature of type 3. Since we already have a strategy for studying
isogeny characters with a type 2 signature, we are reduced to studying isogenies with a type 3 signature
where p is unramified in L, which we assume for the rest of this subsection.

We now define the notion of Momose type 3.

Definition 3.20. We say that a k-rational p-isogeny character A is of Momose type 3 if k contains an
imaginary quadratic field L as well as its Hilbert class field, p splits in L as p - p, and for any prime g of
k coprime to p,

A'2(Frobg) = a'? (mod p) (3-2)

for any o € L™ a generator of Nmy /7 (q).

Since this definition is rather more involved than Momose type 2, we describe how one may go from
signature type 3 to Momose type 3 in three steps; these will be Corollary 3.22, and Propositions 3.23
and 3.24 below. We remark here that p splitting in L is automatic from ¢ being of signature type 3, since
the proof given at the end of the proof of Proposition 3.11 is independent of q.

We take p to be the prime of L lying below our choice of pg in K. Notice that by changing the prime
po if necessary we may assume ¢ = 12 ZU@:L o.

Lemma 3.21. Let ¢ be an isogeny signature of type 3 with field L C k, and let q be a prime ideal of k.
Then the integers A(e, q), B(e, q) are nonzero. If in addition the ideal Nmy 1 (q) is not principal, then
C(e, q) is nonzero.

Proof. Write y, for the generator of q"s. By definition of &, we obtain that, up to complex conjugation
in L,

& _

ye =Nmy(vg)"?

and hence, by considering the ideals generated in L,
yEOL =Nmy . (q)' .

If A(e, ) =0, then y; =1 and we would obtain Nmy, (q)'?"a = O which is clearly not the case. If
B(e, q) = 0, then yqs = Nm(q)m’ﬂ and we would obtain Nmk/L(q)nhﬂ = (Nm(q)(DL)IZh‘i, taking the
norm form L to @ of this equation gives Nm(q)'?"s = (Nm(q)?)'?"a which cannot happen either. Finally,
if C(e, q) =0, then yqs = ,Bquh“ for a Frobenius root 8 over [y, which implies that Nmy ;. (q) = B0 is
principal. (]

We then obtain Step 1 of the three step process from signature type 3 to Momose type 3.

Corollary 3.22 (Step 1 of 3). Let ¢ be an isogeny signature of type 3 with field L C k. Then either k

contains the Hilbert class field of L, or for any prime ideal q of k whose norm to L is nonprincipal, we
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have that the integer ABC (g, q) is nonzero; in particular, in this latter case, there are infinitely many

such prime ideals q.

Proof. The norm on ideals induces a norm map Nm : Cl; — Cl, let N := ker Nm denote its kernel. If
N = Cly then by class field theory k contains the Hilbert class field of L and we are done. So from now
on assume N # Cli. Then by Lemma 3.21 ABC(q, ¢) will be nonzero for all primes ¢ in k that are in
Cl; \ N, and since Cl; \N # & this set of primes is infinite. [l

We are now reduced to the case of k containing the Hilbert class field of L, and would like to show that
(3-2) is satisfied for all primes q of k coprime to p. Step 2 reduces this task to showing (3-2) is satisfied
for all prime ideals in a set of ideals generating Cl.

Proposition 3.23 (Step 2 of 3). Let A be a k-rational p-isogeny character of signature €. If the following
conditions hold:

(1) e =12Nmy, is of type 3 with field L.

(2) k contains the Hilbert class field of L.

(3) There is a generating set Gen of Cly, such that (3-2) is satisfied for all primes q € Gen.
Then A is of Momose type 3.

Proof. Let q be a prime of k. Then by (2) the ideal Nmy,; (q) is principal. Let a € L be a generator of
Nmy, 1 (q); then we need to show that Alz(Frobq) =a!? (mod p).

Write qy, . .., g, for the elements of Gen with n = |Gen|. Since Gen generates the class group we can
write
n
q=¢]]af (3-3)
i=1
with & € k* and ey, ..., e, positive integers. Again by (2) all the ideals Nmy,7 (q;) are principal. Let

a; € L™ be a generator of Nmy 7 (q;), then Alz(Frobqi) = ailz (mod p). This means

212 (Frobg) = Nmy, ., (§)' [ [ »"*(Froby,) (mod po) = Nmy. ()" [ [ /> (mod p)

where the first congruence follows from Proposition 3.4. Now applying Nmy,;, to (3-3) gives that o’ :=
Nmy, (&)'2 I1 al.lz is a generator of Nmy, 7 (q) so in particular (3-2) holds for the generator o’ of Nmy /1 ().
Now since o and o both generate Nmy,; (q) we have o/’ € L* is a unit. Since L is imaginary quadratic
this unit has order dividing 12 and hence (o /' Y2=1.1In particular Alz(Frobq) =o' =u'? (mod p). U

The final step is then to show that we can arrange for Condition (3) above to be satisfied. We first
define
C*(e,q) = lcm({NmK(,g)/@(ycf — B'?hay | B € k is a Frobenius root over Fq)), (3-4)

where in the lcm we only take nonzero terms. Note that this may be considered the necessarily nonzero
part of the integer C (¢, ), and the notation has been chosen to reflect this.
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Proposition 3.24 (Step 3 of 3). Let A be a k-rational p-isogeny character of signature € of type 3 with
field L. Assume moreover that p > 17 and is unramified in L, and that k contains the Hilbert class field
of L. Let Gen be a set of prime ideal generators of Cly of odd residue characteristic. Then, either p

divides the nonzero integer
ABC*(E), Gen) = lcmqeGen(A(g’ q)7 B(87 q)» C*({;‘, q)v Nm(q))’
or, for all q € Gen, writing aq for a generator of Nmy ;1 (q), we have that

A'?(Frobg) = o (mod p)
and thus A is of Momose type 3.

Proof. Let q € Gen, and write g for the rational prime under q. Since k contains the Hilbert class field of
L one has that Nmy; (q) is principal, so write aqO; = Nmy/; (q). Let h = hq be the order of q in Cl
and (y) = q" be a principal generator.

Since p > 17 and is assumed unramified in L, one shows in exactly the same way as in the final
assertion of the proof of Proposition 3.11 that p splits in L. By applying Proposition 4.9 of [David 2011b]
(which is just using her Proposition 2.4 together with the fact that p splits in L) to the principal ideal (y)
we obtain

1t(Frobg)" = Nmy,r.(y)'? (mod p).

= 1 and we may rewrite the above as

Since Nmk/L(y)/oeg is a unit in O we get (Nmk/L()/)/otfl')12

M(Frobq)h = aéz" (mod p);

but for the h-th power, this is what we want to obtain, and the rest of the proof is about how to gracefully
take the A-th root.

If E has potentially multiplicative reduction at ¢, then p divides either A(e, q) or B(e, ¢), both of
which are nonzero by Lemma 3.21. Thus, for p not dividing lem(A(e, q), B(e, q)), we have that E has
potentially good reduction at g, and so there exists a Frobenius root 8, € L% of an elliptic curve over [,
and a prime ideal p’ of L9 lying over p such that

A(Frobg) = B; (modp') =  p(Froby) = B> (mod p').
We therefore obtain an equality in FJ:
By (mod p') = g™ (mod p).

Suppose we had actual equality in characteristic 0:

12h 12k
By” =g

There are two ways this equation could be satisfied: either L = LY, or L # L% and this equality is between
rational numbers. By Corollaries 2.6 and 2.7, the second case can only occur for supersingular values of 3.
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In the case L = L% we take the 12A-th root to obtain B = ¢ - oq for ¢ € L a 12h-th root of unity.
However, since L is imaginary quadratic, all roots of unity are either second, fourth, or sixth roots of

unity, whence we obtain ,8;2 = aéz and conclude

11(Frobg) = o> (mod p)
as required.
In the case L # L9 we have that j; is supersingular and we argue as follows. The definition of
yields the equality of L-ideals
Nmk/L(q)]Zh _ O(‘;Zh(’)L.

12h
q

also on Nmy, 7 (q). Let g’ be the prime of L lying below q and f the integer such that Nmy,; (q) = q)7,

Since ;" € Q, the Gal(L/Q)-action acts trivially on it and hence also on Nmy, L(q)12h and therefore

then applying Proposition 2.2 to (q")/ gives
0‘c1|2 =Nmy,q(q)% = Nmy,o(Nmy,7(9)®) = Nmy,g(q)°.

On the other hand, since B, is a supersingular Frobenius root, we have from Corollary 2.8 that /8;2 =
Nm(q)® (using that q has odd residue characteristic). Combining these we get aéz = ﬂc}z and again conclude

w(Froby) = oz;z (mod p)

as required. The final claim that A is of Momose type 3 now follows from Proposition 3.23.

12h
q

finished. Of course, we cannot in general jump from an equality in characteristic p to one in characteristic 0;

To summarise, if we had actual equality in characteristic zero between «,~" and ,Bc}zh, then we are

but we may do so for p outside the support of an explicitly computable integer. Namely, if ﬂ(}zh = otéﬂ‘,
then p would divide the nonzero integer Nmy (gy/0 (ﬂo}% — ozéy’). Since we need to cover all possible
roots B, and observing that we may take aéZh to be y,, we obtain equality in characteristic zero outside of
the integer C*(e, q) defined in (3-4). Doing this for all g € Gen yields the integer defined in the statement

of the proposition. U

In conclusion, we recap this treatment of going from signature type 3 to Momose type 3. Signature
type 3 requires only that k contain an imaginary quadratic field, whereas Momose type 3 requires further
that k contain the Hilbert class field of L. Step 1 of the above process Corollary 3.22 identifies a nonzero
integer, outside of which an isogeny character of signature type 3 must have k containing the Hilbert
Class field of L. However, a Momose type 3 isogeny character requires even more than just £ containing
the Hilbert Class field of L, so Step 3 (Proposition 3.24) identifies a nonzero integer outside of which
the isogeny character is indeed of Momose type 3. Taking both of these nonzero integers gives us a
multiplicative bound, outside of which an isogeny character of signature type 3 must be of Momose
type 3. (This is the integer D(e3) in Algorithm 3.26 in the next subsection.)

3.5. The algorithmic version of Momose’s isogeny theorem. We summarise the previous subsections
and present the algorithmic version of Momose’s isogeny classification Algorithm 3.26 below takes as
input a number field k, and outputs an integer MMIB(k), referred to as the Momose multiplicative isogeny
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bound of k. Before showing the details of the algorithm, we present the main result concerning it, which
is the main result of the paper.

Theorem 3.25. Let k be a number field. Then the integer MMIB (k) output by Algorithm 3.26 is nonzero.
Furthermore, if there exists an elliptic curve over k admitting a k-rational p-isogeny of isogeny character A,
with pt MMIB(k), then A is of Momose type 1,2 or 3.

For the reader’s convenience we will collect the relevant results from this section into a unified proof
of the above theorem. Before we can do that, however, we need to present the algorithm that computes
MMIB(k). This depends on the choice of two “auxiliary sets” which are declared at the outset of the
following.

Algorithm 3.26. Given a number field k, compute an integer MMIB(k) as follows:

(1) Choose a finite set Aux of prime ideals of k which contains at least one totally split prime; if the class
number hy of k is greater than 1, and k contains an imaginary quadratic field L but not its Hilbert class

field, then Aux is also required to contain at least one prime ideal of k whose norm to L is nonprincipal.

(2) Choose a finite set AuxGen of sets Gen of prime ideal generators for the class group Cly of k of odd
characteristic.

(3) Make the following definitions:

K = Galois closure of k over Q,
q = a prime ideal of k,
[ = residue field of q of degree f,
S = the generic isogeny signatures for k (see Definition 3.12),
&6 = the type 2 signature (6, ..., 0),
A(e, q) =Nmg oy, — D),
B(e, ) = Nmg a(y; —Nm(q)'*"),

C.le. q) — B(2¢, q) if |Fql =2/ with f odd,
&4 = Nmg q(y§ —Nm(q)®)  otherwise,

B is an ordinary })

Cole,a) = lcm({NmK(ﬂ)/@(y; —B") Frobenius root over [,
C(e, q) =lem(Cy(e, ), Cs(e, ),
ABC(e, q) =lem(A(e, q), B(¢, q), C(¢, q), Nm(q)),
ABC,(Gen) = lcmgegen(A(gs, ), B(gs, 9), Co(es, 9), Nm(q)),
lem* = an Icm over only nonzero terms in a given set,
C*(e,q) = lcm*({NmK(ﬁ)/@(yqs — B'?hay | B is a Frobenius root over Fq 1),
ABC* (e, Gen) = lemgegen(A(e, q), B(e, q), C* (e, q), Nm(q)),

GenericBound(k) = lcmgcs( gcd (ABC (¢, q))),
qeAux
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TypeTwoNotMomoseBound(k) = ged (ABC,(Gen)),

GeneAuxGen
S3 = the type 3 signatures for k,
L(e3) = the imaginary quadratic field corresponding to €3 € S3,
A[(¢y) = the discriminant of L(¢3),
HCF(L(e3)) = the Hilbert class field of L(e3),
D(es) = | Eaenn(ABC(e3, @) if HCF(L(e3)) Z k,
’ ngGeneAuxGen (ABC*(e3, Gen)) otherwise,
1 D if HCF(L k
TypeThreeNotMomoseBound (k) = cmees, (D(€)) if ( (83)) L k,
lecmges, (D(g), Ape)) otherwise,

GenericBound(k),
MMIB(k) = lcm< TypeTwoNotMomoseBound(k), )

TypeThreeNotMomoseBound(k)
(4) Return MMIB (k).

Note that in the above, contrary to the previous sections, we are taking several prime ideals q and
several generating sets Gen in items (1) and (2); this allows us to take multiplicative sieves and thereby
get a smaller MMIB(k); this explains the gcds appearing in item (3) of the above algorithm.

We now prove Theorem 3.25.

Proof of Theorem 3.25. Let E/k be an elliptic curve admitting a k-rational p-isogeny of isogeny
character A. We suppose that A is not of Momose type 1, 2 or 3. We wish to show that p | MMIB(k).

Write ¢ for the signature of A. If ¢ is generic, then by Corollary 3.13 we have that p divides the nonzero
integer ABC (¢, q) for all completely split prime ideals q; and hence, by definition of Aux, p divides the
nonzero integer GenericBound(k).

If ¢ is of type 1, then A is of Momose type 1, which we have precluded. If ¢ is of type 2,
then we are in the setup of Corollary 3.18, and we obtain that p must divide the nonzero integer
TypeTwoNotMomoseBound (k).

Finally, if ¢ is of type 3 with field L, then we condition on whether or not HCF(L) C k. If this is not the
case, then we argue as follows. From Corollary 3.10 we have that p divides gcdgca,(ABC (€3, 9)); to
show that this integer is nonzero we use Corollary 3.22, observing that this is precisely why we included
in Aux at least one prime ideal of k£ whose norm to L is nonprincipal. On the other hand, if HCF(L) C &,
then from Proposition 3.24 we have that p divides D(¢) or p divides Ay ). In both cases we obtain that
p divides the nonzero integer TypeThreeNotMomoseBound (k).

Thus, in all cases, we obtain that p divides the nonzero integer MMIB(k) as required. Il

4. GenericBound

This section deals with some aspects of the implementation of GenericBound(k), particularly regarding
how it may be optimised for speed and for obtaining smaller multiplicative bounds. Names of functions
refer to functions defined in sage code/generic.py unless otherwise specified.
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4.1. Unit precomputation. We apply Proposition 3.4 in the case where « is a unit in k, from which we
get the following immediate corollary.

Corollary 4.1. Let A be a p-isogeny character over k of signature € and o € O] a unit in k. Then p
divides Nmg /g (a® — 1).

The following result shows that there are many situations in which Nmg /g (a® — 1) is guaranteed to be
nonzero for some unit & and hence the divisibility bound on p from the above corollary is nontrivial.

Proposition 4.2. Let k be a totally real number field of degree d and ¢ =) a,0 a k-isogeny signature

such that o® = 1 for all a € O;. Then all the integers a, are the same.

Proof. This is essentially the same proof as Lemma 3.3 of [Freitas and Siksek 2015]. In this proof (and
only in this proof) we override the A and p notation from the rest of the paper to accord with the notation
in [Neukirch 1999]. Write o1, ..., o4 for the embeddings of k in K, and write a; for a,,. We consider
the basic map from the setup of Dirichlet’s unit theorem:

A O >R us (logloy)l, . .., logloa(u))),
and we have the following facts about A; see for example Chapter 1, Section 7 of [Neukirch 1999]:
o The image of A is contained in the trace-zero hypersurface
H:={x e R’ : Tr(x) = 0},
and moreover is a complete lattice inside H.
» The kernel of A is isomorphic to the roots of unity w (k) inside k, which in our case of k totally real
is just {%1}.
We therefore obtain that O, /{#1} maps isomorphically to a complete lattice of dimension d — 1 under A.
By our assumption, we also have that O,° is contained in the hypersurface
ax1+---+agxg =0.

If not all of the a; are the same, then this is a different hypersurface to H, and therefore O;° would be
contained in two distinct hypersurfaces; it would thus be contained in their intersection, which would be
of dimension d — 2. It is then clear that OkX /{%£1} could not be a complete lattice of dimension d — 1,
yielding the desired contradiction. O

This observation is useful in practice to quickly obtain a bound on isogeny primes of signature ¢, since
it only requires the computation of a few norm values related to generators of the unit group O,° which
are typically very fast. As such, the resulting divisibilities are computed as an initial step in the main
routine, in the function get U integers.

4.2. Choosing auxiliary primes. The set Aux of auxiliary primes is of central importance in the algorithm
to compute GenericBound(k), and there are two strategies for constructing Aux implemented in isogeny

primes.
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The first is to take all prime ideals up to a bound on the norm which the user may specify (default: 50).
The resulting divisibility conditions are not guaranteed to be nontrivial, as this set might not contain a
completely split prime of k (which ensures that the integer ABC (¢, q) is nonzero); if it does not contain
a completely split prime, then we simply add one in. This possibly newly added prime ideal is referred to
in the code as an emergency auxiliary prime.

The default strategy, however, is an auto-stop strategy which successively takes only completely split
prime ideals as auxiliary primes, computes the successive integers GenericBound(k), and terminates
when a certain number of them (default: 4) are the same. This is the default behaviour since it was
observed during testing that this results in faster runtime whilst not compromising on the tightness of the
multiplicative bound.

4.3. Optimising signatures. For a number field k of degree d, the number of possible k-isogeny signatures
& to be considered (including the type 1 and 2 signatures) is 5¢, which becomes prohibitively large very
quickly. Corollary 4.4 below allows one to reduce the number of signatures to be considered by a factor
of 2d in the Galois case, and by a factor of 2 otherwise. We first establish the following lemma.

Lemma 4.3. Let E/k be an elliptic curve over a number field admitting a k-rational p-isogeny with
isogeny character of signature €. Then, for o € Aut(k/Q), the conjugate elliptic curve o (E) admits a
k-rational p-isogeny of signature e o 0.

Proof. Write H=Aut(k/Q) ande =) __ cHom(k, k) 97 T» and let A be the isogeny character with signature ¢.
Write as before i = A2, and identify (as in Proposition 3.4; see also Remark 2.1)  as an [, -valued
character on the group I (p) of ideals of k coprime to p. Fix a prime ideal p of K above p. From the
natural Aut(k/Q)-action on I;(p) we obtain, for & € k> coprime to p that

w’ (@) = u((o(@))) = (o (@))® (mod p)
= [[ @)™ modp) =[] r(@) ' (modp) = (modp),

teG teG

whence the result follows. O
Fore =) a,0, we write 12 — ¢ for the isogeny signature ) (12 —ay)o.
Corollary 4.4. Let A be a p-isogeny character over k of signature € and q a prime of k coprime to p:

(1) If p divides ABC (¢, q), then p also divides ABC (12 — ¢, q).
(2) For o € Aut(k/Q), if p divides ABC (¢, q), then p also divides ABC (e o0, q).
Proof. For A a p-isogeny character of signature ¢, we have from [Momose 1995, Remark 2] that the dual

isogeny has character X,,)Fl and is of signature 12 — ¢; since the dual isogeny also has degree p, this
proves (1), and (2) similarly follows from Lemma 4.3. [l
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type description examples
type 1 alla; =0orallag; =12 0,0,0), (12,12, 12)
. all ¢; € {0, 12} 0, 12,0)
quadratic nonconstant not all identical (12, 12, 0)
sextic constant Alla; =4oralla; =8 “4,4,4), (8,8, 8)
all a; € {0, 4,8, 12} 4,0,4)
sextic nonconstant not all identical 4,8,8)
at least one a; is 4 or 8 0,0,4)
type 2 alla; =6 (6, 6,6)
All a; € {0, 6, 12} 0,6,0)
quartic nonconstant not all identical (12,6, 0)
at least one a; is 6 (6,6,0)
mixed tuple contains 6 and either 4 or 8 4,6,0),(8,0,6)

Table 6. The seven signature types. a; refers to the integers in the signature. The examples show
possible signatures for each type arising from a non-Galois cubic number field.

The code which generates the minimum set of ¢ tuples to be considered (i.e., modding out by the
¢ > 12 — ¢ and Aut(k/Q) actions) is implemented in the function generic _signatures. This returns a
dictionary with keys the minimum set of signatures, and values the type of that signature, as defined (for
all signatures, not just the generic ones) in Table 6.

The reason for grouping all signatures into these particular groups is explained in Section 7.1.

Remark 4.5. Since the number of signatures to be considered is exponential in the degree of k, passing
to the Galois closure of k over Q — which was Momose’s method of proof of his isogeny theorem —
incurs a significant cost to the algorithm. This was one of our main motivations for seeking a method
for bounding k-isogenies of prime degree which did not pass to the Galois closure, which led to re-
moving the Galois assumptions in Momose’s Lemmas 1 and 2 (which are Propositions 3.4 and 3.11 in
Section 3).

5. TypeOneBound

In this section we treat isogenies of signature type 1; thatis, e =(0,...,0) or (12,..., 12). As mentioned
in the proof of Corollary 4.4, if an elliptic curve admits an isogeny with character of signature (12, ..., 12),
then the dual isogeny will be of signature ¢ = (0, ..., 0), so for our purposes of bounding the possible
isogeny primes of this signature, we may assume without loss of generality throughout this section that
e=¢y=10(0,...,0).

The main goal of this section is to explain how the following algorithm produces a multiplicative
bound on the isogeny primes of Momose type 1.
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Algorithm 5.1. Given a number field k of degree d, compute an integer TypeOneBound(k) as follows:

(1) Choose a finite set Aux of odd rational primes q.
(2) Make the following definitions.

BadFormallmmersion(d) = product of the bad formal immersion primes in degree d
(see Definition 5.4 and Theorem 5.5);

AGFl;(q) = product of the almost good formal immersion primes in degree d which
are bad formal immersion primes in characteristic q
(see Definition 5.4 and Theorem 5.5);

g0 = the type 1 signature (0, ..., 0);

D(Aux) = ged (Iem(B(go, q), C (g0, 4), Nm(q), AGFl4(g)))

RN (see Definition 3.8 for B and C);

TypeOneBound(k) = lem(BadFormallmmersion(d), D (Aux)).

(3) Return TypeOneBound(k).
Specifically, the main result of this section is Theorem 1.5 from the introduction.

Theorem 5.2. Let k be a number field. Then TypeOneBound(k) is nonzero. Moreover, if p is an isogeny
prime for k whose associated isogeny character is of Momose type 1, then p divides TypeOneBound(k).

As one may see from the definitions made in Algorithm 5.1, Theorem 5.2 is concerned with the notion
of good and bad formal immersion primes of a given degree. We therefore explain these notions before
commencing with the proof of Theorem 5.2.

For a scheme X, let Ox denote the structure sheaf, Oy , the local ring at a point x of X, and (/)\X’x the
completion of the local ring with respect to its maximal ideal my ,. Following [Mazur 1978, Section 3],
we make the following definition.

Definition 5.3. If f : X — Y is a morphism of finite type between noetherian schemes, we say that f is
a formal immersion at a point x if the induced map on the completion of local rings
5Y,f(x) - 6X,x
is surjective.
We will take X to be the d-th symmetric power (for d > 1 an integer) of the modular curve X (p) (for
p prime), which we write as Xo(p)?, and which we regard as a smooth scheme over S := Spec(Z[1/p]).
We then have a map
AP Xop)§ = Jop)s = Jeys
D [D —d(c0)] = [D —d(00)] (mod y3Jo(p));

here J is the winding ideal of (see [Mazur 1977, Chapter II, Section 18]) and J, is the winding quotient
of Jo(p), the largest rank zero quotient of Jy(p) assuming the Birch-Swinnerton-Dyer conjecture.
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The point x € X at which we consider the formal immersion notion will be the S-section co? :=
(00, ..., 00); however, we will only ever be concerned with a “local” notion of formal immersion; that is,
we say that f,S‘” is a formal immersion at co? in characteristic g (for g # p) if it is a formal immersion
when the schemes are considered over the base Spec(Zy)).

Merel [1996, Proposition 3] proved, for p sufficiently large with respect to d, that the map f,gd) is in
fact a formal immersion along oo? in characteristic 3, and even gave an explicit bound on p, which was
subsequently improved by Parent [1999, Theorem 1.8 and Proposition 1.9] and Oesterlé,” the latter of
whom never published his bound, but which may be found explained in [Derickx et al. 2023, Section 6].

We however take a more algorithmic and general approach which works for all odd primes g (not
just equal to 3; we will in fact be able to gain some information from considering g = 2 as well; see
Remark 5.11). To explain our strategy, we make the following definitions.

Definition 5.4. Let d > 1 be an integer:

(1) For p and ¢ distinct primes, we say that p is a bad formal immersion prime in degree d at character-

istic q if the map ,S‘” is not a formal immersion in characteristic g.

(2) We say that p is a bad formal immersion prime in degree d if the map f,gd) is not a formal immersion
in characteristic ¢ for infinitely many primes q.

(3) We say that p is an almost good formal immersion prime in degree d if the map f,gd) is not a formal
immersion in characteristic g for at least one but at most finitely many primes g #= 2, p.

(4) We say that p is a good formal immersion prime in degree d if the map f,gd) is a formal immersion
in characteristic g for all primes g # 2, p.

The last definition here might be more accurately described as being good outside 2 and p, but for
simplicity we prefer to have this implicit. Also, since d is usually fixed, we often drop the “in degree d”
qualifier.

Our strategy is based on the following result.

Theorem 5.5. Let d > 1 be an integer:

(1) The set of bad formal immersion primes in degree d is finite and effectively computable.

(2) For q # 2, the set of almost good formal primes in degree d which are bad formal immersion primes

in characteristic q is finite and effectively computable.

This result allows us to define the integers BadFormallmmersion(d) and AGFl;(g) that were already
shown in Algorithm 5.1.

To prove Theorem 5.5 we first establish an upper bound on the bad formal immersion primes. Parent
[1999, Theorem 1.8 and Proposition 1.9] gives the general bound of 65(2d)%; however the following

2Pierre Parent was also a student of Bas Edixhoven.
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result allows us to reduce this considerably. To state it, we let M > 3 denote an odd integer, we represent
cosets of (Z/MZ)* by a+ MZ with a chosen to satisfy 0 < a < M, and we define the map

0 ifl<a<M/2,

ey (Z/MZ)* — {0,1}, a+MZ+— { ]
1 otherwise.

For a given u € (Z/MZ)* we may then define the matrix

Rau = (em(na) —ey(nu/a))1<p<da, acz/mz)=»
with entries taken in Z. This is a d X ¢ (M) matrix, where ¢ denotes the Euler totient function.

Proposition 5.6. Let d be a positive integer, M > 3 an odd integer, and u € (Z/MZ)*. If the matrix
Ry, has rank d over Z, then for all primes p > 2Md such that pu =1 (mod M), p is a good formal
immersion prime in degree d.

Proof. This is in fact a reformulation of Corollary 6.8 in [Derickx et al. 2023]. Here one replaces the
auxiliary prime 3 with g throughout Section 6 of [loc. cit.]. The integer M is chosen such that the matrix in
the statement of Corollary 6.8 of [loc. cit.] with entries taken in [, has rank d for all u € (Z/MZ)*, so the
images of Lye, ..., Lge in H{(Xo(p)(C), F,) are linearly independent over [, which by Corollary 6.6
in [loc. cit.] means that we have a formal immersion. O

We may therefore replace Parent’s bound of 65(2d)° with 2Md, where M is the smallest value of M such
that the matrix Ry, has rank d for all u € (Z/MZ)*; this may be found algorithmically by trying succes-
sively larger odd values of M until one is found which satisfies the rank conditions; the search is terminated
at Parent’s bound. This is implemented in the construct M function in sage code/type one_primes.py.

Having now found a bound depending only on d beyond which every prime p is a good formal
immersion prime, it follows that, for a given d, there are only finitely many primes for which we need to
determine whether they are good, almost good, or bad. The next theorem of Parent— often referred to as
Kamienny’s criterion —is the main ingredient for doing this; to state it, some notation is required:

T : the Hecke algebra [Mazur 1977, Chapter II, Section 6].
T, : the n-th Hecke operator [Mazur 1977, Chapter II, Section 6].
e : the winding element [Mazur 1977, Chapter II, Section 18].

Theorem 5.7 [Parent 1999, Theorem 4.18]. Let p and g be distinct primes with q # 2. Then f,gd)

is a formal immersion at q if and only if the modular symbols Tie, ..., Tye are linearly independent
inTe/qTe.

Note that the condition g # 2, p is not mentioned explicitly in [Parent 1999, Theorem 4.18], but it is a
running assumption in that is mentioned earlier in the text.
We may now finish the proof of Theorem 5.5.

Proof of Theorem 5.5. From Proposition 5.6 and the definition of M, we have that for p > 2Md, pisa
good formal immersion prime; thus both of the sets in the statement of the theorem are finite and bounded
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d | SGFIP sporadic bad FI primes

2 23 37

3 41 43,73

4 47 53,61, 67,73,97

5 59 61, 67,73,97

6 71 73,79, 83,97, 103, 109, 113

7| 101 103, 107, 109, 113, 127, 137, 157

8| 131 137, 149, 157, 163, 193

9| 131 | 137,139,149, 151, 157, 163, 181, 193
10 | 167 181, 193, 197, 211, 241

Table 7. The good and bad formal immersion primes in degrees d < 10. The prime is good if it is
larger than or equal to “SGFIP” (smallest good formal immersion prime) and is not in “sporadic
bad FI primes”. For these degrees no almost bad formal immersion primes were found.

by 2Md, and it remains only to argue that they are effectively computable. We do this by showing that for
a given prime p one can exactly compute the primes g #% 2, p at which f,gd) is not a formal immersion.

By computing Hecke operators up to the Sturm bound one may compute a basis of T and hence a basis
of Te. One then defines a linear map A : Z¢ — Te which sends the i-th basis element to Tje.

If A is not injective, then for all primes g the modular symbols Tie, ..., Tye are linearly dependent in
Te/qTe, and hence p is bad formal immersion prime by Theorem 5.7.

If A is injective, then The, ..., Tye are linearly independent over Z, and the finitely many primes g
for which they become linearly dependent in Te/qTe can be obtained from the Smith normal form of a
matrix for A. In particular, p is a good formal immersion prime if all nonzero coefficients of the Smith
normal form are coprime to 2p, and p is an almost good formal immersion prime otherwise. U

Remark 5.8. Kamienny [1992b, Proposition 3.1] originally formulated his criterion in terms of the linear
independence of Hecke operators in T ® [,. This was subsequently developed by Merel, Oesterlé and
Parent, and most recently generalised and made algorithmic by work of Derickx, Kamienny, Stein and
Stoll; the state-of-the-art for general modular curves X g is Proposition 5.3 of [Derickx et al. 2023] which
also works when g = 2, but has the drawback of not giving an if and only if statement. Our algorithm

only works for Xo(p) and ¢ > 2, however it gives more precise information.

The algorithm given by the proof of Theorem 5.5 is implemented in our package as the functions R _dp,
is_formal _immersion and bad formal immersion data in sage code/type one primes.py. The
results of the computation are stored in bad formal immersion data.json as a method of caching these
results to save time on subsequent runs of the algorithm for a given degree. (That is, this computation
is only run once for each new d encountered; thereafter the values are looked up in the JSON file.)
Table 7 shows the results of running this algorithm for degrees d < 10, where it was found that there
were no almost good formal immersion primes (i.e., every prime p 7~ 2 was either a good or a bad formal
immersion prime in degree d).
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Remark 5.9. We in fact ran the computation for all degrees up to 20, and still found no almost good
formal immersion primes. We can find no reason to explain this.

We are now ready to present the proof of the main theorem of this section.

Proof of Theorem 5.2. We take g # p a rational prime, and q | ¢ an auxiliary prime. If E has potentially
good reduction at g, then by Corollary 3.10 p will divide C(gg, q). If this integer were zero, then by
definition of C (g, q) there would exist a Frobenius root f satisfying g2 = yqs", where y, is a generator
of the principal ideal g"s; but since g9 = (0, ..., 0), we deduce that 8'*"a = 1, which cannot happen
(since B has absolute value an integer multiple of ,/q); thus C(e, q) # 0, which gives a multiplicative
bound on the primes p for which E has potentially good reduction at ¢, and explains the presence of the
integer C (&g, q) in the integer D (Aux) in item (2) of Algorithm 5.1.

We are thus reduced to considering E having potentially multiplicative reduction at q. That is, writing
x for the noncuspidal K-point on X¢o(p) corresponding to E, we have that x reduces modulo g to one of
the two cusps 0 or oo.

Suppose first that x reduces modulo ¢ to the zero cusp. This means that the kernel W of the isogeny
specialises to the identity component (E/r q)o of the reduction of E at q. Since this coincides with the
group scheme 1), of p-th roots of unity over an (at most) quadratic extension of [, we obtain an equality
of groups between W(I?q) and p p(I?q), where K, denotes the completion of K at g. This precise case is
considered by David in the proof of Proposition 3.3 of [David 2011a], and corresponds to the isogeny
character satisfying Az(Frobq) = Nm(q)2 (mod p). However, since ¢ = (0, . .., 0) we obtain that 1'%/
acts trivially on Froby, yielding the divisibility

p | Nm(q)'?ha —1, (5-1

i.e., that p | B(&o, q).

Suppose next that x reduces modulo ¢ to the infinite cusp. We may then consider the point x?, for
o € X an embedding of k in K, and observe that, if there is an x° which specialises to the zero cusp
modulo q, then we may apply the previous argument to the conjugate curve E° (which also has isogeny
signature (0, ..., 0)) and conclude as before that p | B(&g, q).

We are thus reduced to considering the case that the S-section (x?),cx (for S := Spec(Z[1/p]) as
before) of Xo( p)(d) “meets” the section oo? at q (to use Kamienny’s terminology in the discussion
immediately preceding his Theorem 3.4 in [Kamienny 1992a]; Mazur’s language for this in the proof of
Corollary 4.3 of [Mazur 1978] is that these two sections “cross” at q). By applying Kamienny’s extension
of Mazur’s formal immersion argument [Kamienny 1992b, Theorem 3.3], augmented with Merel’s use of
the winding quotient instead of the Eisenstein quotient, this implies that the map f [(,d) is not a formal
immersion along oo in characteristic ¢; therefore, either p divides BadFormallmmersion(d), or p divides
AGFl;(q). Since these integers are defined as products of primes, they are nonzero. (I

Remark 5.10. Note that Momose obtains the erroneous bound p — 1| 12A; at the point where we obtain
the multiplicative bound in (5-1). This occurs in the proof of [Momose 1995, Theorem 3], and is arrived
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at through the claim that “the restriction of A to the inertial subgroup I, of qis £6,” (6, being Momose’s
notation for the mod- p cyclotomic character). Momose cites the whole of [Deligne and Rapoport 1973]
for this claim, which alas we were unable to find in those 174 pages. If this claim were true, then, since
we also know that A2 is unramified at q, we would obtain that p — 12, i.e., that p =2 or 3.

Remark 5.11. While Theorem 5.5 is enough to obtain a finite superset for the type 1 primes, it is not
making use of information that may be obtained from considering the auxiliary prime g = 2. The difficulty
here is that there is no currently known lower bound (analogous to Proposition 5.6) on the primes p
beyond which p(d) is a formal immersion at co? in characteristic 2.

Nevertheless, one may still employ Kamienny’s criterion for various small values of d and primes up
to a reasonable bound and record the primes for which we do have formal immersion in characteristic 2.
This was in fact already done for 3 < d < 7 and for primes 11 < p <2281 in Lemma 5.4 of [Derickx
et al. 2023], using Magma code which may be found on Stoll’s webpage [2017]. Running this code also
for d =2 and slightly extending the bound on p allows us to make use of the auxiliary prime 2 to rule
out possible type one primes p which are less than 2371, unless they are in an explicitly computed set
which is found in the file formal immersion at_2.json, which contains the hardcoded information, for
each 2 < d <7 and each prime 13 < p <2371, whether or not we have formal immersion at 2.

6. Momose type 2 primes

In this section we consider isogenies whose signature is not only of type 2, but whose isogeny character
is furthermore of Momose type 2. We start with a necessary condition on p which must by satisfied by
such isogenies. This generalises the condition (“Condition CC”) given for quadratic fields by the first
named author in [Banwait 2023].

Proposition 6.1. Let k be a number field, and E |/ k an elliptic curve admitting a k-rational p-isogeny
of Momose type 2. Let q be a rational prime, and q a prime ideal of k dividing q of residue degree f
satisfying the following conditions:

() ¢’ < p/4.

(2) fisodd.

(3) ¢*/ +¢q/ +1#£0 (mod p).
Then g does not split in Q(\/—p).
Proof. If E has potentially good reduction at q, then by the first and second assumption, we get from
[Momose 1995, Lemma 5] that g is inert in Q(\/—p).

We claim that if £ has potentially multiplicative reduction at ¢, and g splits in Q(,/—p), then

g*! +¢g/ +1=0 (mod p), contradicting assumption 3.

To establish the claim, denote by A the isogeny character of E, assumed to be of Momose type 2. From
[Momose 1995, Lemma 3], X is of the form ¥ x ;,p /4 for a character Y of order dividing 6.
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This claim is then established as follows:
Nm(q) = 1ﬂ(Frobq)jEz (mod p)(by [Momose 1995, Lemma 4])
= Nm(q) is a third root of unity in [F; (since ¥ has order dividing 6 by [Momose 1995, Lemma 3])

< ¢’ is a third root of unity in [F; (by definition of f)

& ¢* +¢7 +1=0 (mod p) (since (1) implies g/ # 1 (mod p)). O

Remark 6.2. See Lemma 5.1 of [Banwait 2023] for more details on the proofs of Lemmas 3, 4 and 5 in
[Momose 1995].

Next we provide a bound on the isogeny primes of Momose type 2. This is the only result in our work
which requires the generalised Riemann hypothesis.

Proposition 6.3. Assume GRH. Let k be a number field of degree d, and E | k an elliptic curve possessing
a k-rational p-isogeny, for p a type 2 prime. Then p satisfies

p < (8d log(12p) + 16log(Ax) + 10d + 6)*. (6-1)
In particular, there are only finitely many primes p as above.

Proof. In the proof of Theorem 6.4 of [Larson and Vaintrob 2014], the authors prove that a Momose

p < (14+vNm& ()4, (6-2)

where v is a prime ideal of k such that v is split in k(\/—p), is of degree 1, does not lie over 3, and

type 2 prime p satisfies

satisfies the inequality

Nmy/o(v) < c7 - (log Ay /xp) + i xp) 108 3)°
for an effectively computable absolute constant c¢;7 (note that they use £ instead of p, and n; denotes the
degree of k).

The existence of such a v follows from their Corollary 6.3, which requires GRH. Stepping into
the proof of this Corollary, we arrive at a point where they apply the effective Chebotarev density
theorem to Gal(E’/ k) — for a certain Galois extension E’ which fits into a tower of successive extensions
E’/E/k/Q—to bound the norm of v as

Nmy/o(v) < cs(log Ag)?

for an effectively computable absolute constant cs.
However, we may at this breakpoint instead use Theorem 5.1 of [Bach and Sorenson 1996] on the
Galois extension E’/k of absolute degree 4d to obtain

Nmy /g (v) < (4log Ap 4 10d + 5)°.
This then subsequently (stepping back out into the proof of Theorem 6.4) yields the bound
Nmy g (v) < (16log A +8d log p +8d log 6 + 8d log 2 + 10d + 5)2.
Inserting this into (6-2) yields the result. ]
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Coupling Proposition 6.1 with the explicit bound on type 2 primes given in Proposition 6.3, we are
able to algorithmically determine a superset for the type 2 primes.

Algorithm 6.4. Given a number field k of degree d, compute a set of primes TypeTwoPrimes(k) as
follows:

(1) Initialise TypeTwoPrimes(k) to the empty set.
(2) Compute the bound By, on p implied by (6-1).
(3) For p < By:
(a) For each of the finitely many q satisfying the conditions (1)-(3) of Proposition 6.1:
(i) If q splits in Q(\/—p), then break this for-loop over q, and continue to the next p.
(i1) else continue to the next q.

(iii) If one has not continued to the next p by this point, then append p to TypeTwoPrimes(k)

before continuing to the next p.

(4) Return TypeTwoPrimes(k).

From the above discussion it is clear that the returned set is a superset for the primes p for which there
exists an elliptic curve over k admitting a k-rational p-isogeny of Momose type 2. This algorithm is
implemented in the function type 2 primes in sage code/type two primes.py, though as in [Banwait
2023] the bounds become rather large, so an optimised and parallelised implementation in PARI/GP
may be found in gp _scripts/partype2primes.gp. Note that, by Proposition 3.1, if E is semistable, then
signature type 2 does not arise, so one does not have Momose type 2 primes, and hence the algorithm to
compute a superset for the semistable isogeny primes is unconditional.

7. Automatic weeding

With the ideas presented in the paper up to this point, we obtain, for each signature &, a nonzero integer
M (¢g) such that, if there is an elliptic curve over k admitting a k-rational p-isogeny, then p | M (¢). We
refer to M (e) as the multiplicative upper bound on the isogeny primes of signature ¢, since primes dividing
this integer are not necessarily actual isogeny primes for k.

This gives rise to the notion of weeding, by which we mean techniques and conditions for ruling out
possible isogeny primes for k. As part of our new software package Isogeny Primes, we have automated
many of these methods, which this section gives an overview of. These methods are all applied after a
call to prime__divisors has been made, so one has in hand candidate isogeny primes p at this point.

The top-level function which executes these automated weeding methods is apply weeding in
sage code/weeding.py, called at the end of the routine.

7.1. Filtering isogeny primes of signature €. By combining the admissibility criterion Corollary 3.5
with the necessary congruence conditions for the arising of the integers 4, 6 and 8 in an isogeny signature,
we obtain the following necessary conditions.
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type p must split or ramify? | congruence conditions
type 1 no none
quadratic nonconstant yes none
sextic constant no p =2 (mod 3)
sextic nonconstant yes p =2 (mod 3)
type 2 no p =3 (mod4)
quartic nonconstant yes p =3 (mod4)
mixed yes p=1 (mod12)

Table 8. Necessary conditions for the existence of a k-rational p-sisogeny for each broad e-type.
“NO” is to be interpreted as “not necessarily”.

Corollary 7.1. For each signature type, Table 8 gives necessary conditions that must be satisfied for the

existence of a k-rational p-isogeny.

These necessary conditions are implemented in filter  ABC primes in sage code/common _utils.py,
and it explains the splitting of epsilons into the seven broad types expressed in Table 6. We take the LCM
of the multiplicative upper-bound integers for each ¢ of a given type, and call prime _divisors on each
of the resulting 7 integers, allowing one to significantly reduce the number of calls to this potentially

expensive function. This filtering always occurs by default in the algorithm.

7.2. Isogeny character enumeration. The grouping of all signatures into seven broad types, while
possibly allowing for faster runtime, does come at the expense of possibly worse filtering. Knowing that
a p-isogeny must arise from a given isogeny signature & allows for finer necessary conditions, which we
refer to as isogeny character enumeration.

This approach is based on the interpretation of a p-isogeny character A chiefly as a character of the
group of ideals of k£ coprime to p (see Remark 2.1), which is achieved via class field theory. Since we
need to be quite precise about this, we introduce the following notation to be used in addition to that set
in Section 2:

P : the set of primes of k lying over p
mp: HpeP b
T : the fractional ideals of k
7, : the fractional ideals of k coprime to m,,
k™ : the units in K coprime to m,,
k™! : the subgroup of a € k™ satisfying vy(a — 1) > vy(m,) =1 forp € P
ka” C I;{“” : the principal ideals generated by k™
ka”’l - I,?l” : the principal ideals generated by k™!
Cl:" : I;:” / R:” ’l, the ray class group of modulus m,,.

Since the codomain of A!2 is [ it follows that 112 is tamely ramified at all primes in P, and we have
seen from earlier that A'? is unramified at all primes outside of P. Thus it is clear that m p 1s @ modulus
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. 1
for A!2, meaning that Rzl” " C ker A'? and hence that A'2 : I;{n” — [, factors through Clzl” . From the
exact sequence

1> Ry /R S ClY = Cle — 1,

together with the isomorphism RZI” / RZI” = (Or/m,)* /O;°, Proposition 3.4 can be interpreted as saying

that ¢ classifies the possibilities of )\.lzlnmp. In particular ¢ and py together determine )\.12|R“‘I).
k k
Now, given a prime pg in Ok, and a signature € one can define

Xepo - k™7 — (Ok /po)™, o« a® (mod pp).

There are two necessary conditions which the character . p, should satisfy in order for it to come
from the twelfth power of an isogeny character:

(1) Xepy (OF) = L.
(2) im Xe py  (F)'> C (Ok /po)*.

The first condition comes from the fact that x. ,, () should only depend on the ideal that o generates,
and the second one is clear since isogeny characters are [} valued.

Condition (1) is easy to computationally verify since one can just compute x; ,, on a set of generators
for O, . Condition (2) can also be verified by observing that x; ,, factors through the natural map

K™ = (Og/mp)* = [](Ok, /0)".
peP
so it suffices to verify condition (2) on lifts of generators of each finite field (O, / p)*.
Once conditions (1) and (2) are satisfied by x, ,, we can define Xe/,po as the character Xé,Po :RZI” — ([F;)12
making the following diagram commute:

1 Oy k™ Ry’ 1

lxapo lxg\po

(Ok /mp)* +—(F)"2

Thus, the question of whether x, ,, arises as the twelfth power of an isogeny character is equivalent to
whether Xé,po can be extended to a character u :I,\c11 P — ([F;)lzz

1 —— R ke Cly 1
e
X2, 7
pol "
(F)'"

Since Cly is a finitely generated group this can be determined algorithmically as follows. Starting with
asetofideals Iy, ..., I; € I,]:l” which together generate Cl; we iteratively compute a list L; that contains
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the different sequences of possible values (1), ..., u(f;) fori =1, ..., j. Precisely, we implement the
following algorithm.

Algorithm 7.2. Given a number field k, a prime p, and isogeny signature &, return a set L as follows:

(1) Compute ideals I, ..., 1; € I,‘:‘” that together generate Cly.

(2) Let Clp := 1 C Clg be the trivial subgroup, and fori =1, ..., j let Cl; C Cly be the subgroup
generated by I, ..., I;.

(3) Let Ip = (1) and Lo = [[1]].
4) Fori=1,..., ] do:

(a) Let L; ;=[] be the empty list.
(b) Compute h; as the order of I; in Cly / Cl;_;.

(c) Write I} ~ 15\ 17 in Cl;_y.

(d) Compute a generator «; of the principal ideal I 1_[

—eij

j=l1 J
(e) For each sequence of possible values cg, c1, ..., ci—1 € (I]:;j)12 of Li_1 do:
(i) Compute ¢ := x; p,(ct;) H] 1 J"".
(ii) Compute the set {ry, ..., rq} of hi-th roots of ¢ in ([F;)lz.
(iii) Append [co, c1, ..., ci—1, 1] up to [co, c1, ..., Ci—1,Tq] to L;.

(5) Return L = L ;.

At the end of this algorithm L will be a list of (j + 1)-tuples corresponding to all possible extensions i
of Xs/,po (o) to I,':‘” (fori=1,..., j); specifically, for c = co, c1, ..., c¢;, the extension p. corresponding
to it is the character such that u.(I;) =c; fori =1, ..., j.

Remark 7.3. At every single iteration of each loop, we have that ¢y = 1, so it can be left out. However
the algorithm seems easier to understand with this initial condition.

Given one such j-tuple cy, ..., c¢j corresponding to an extension p of Xg,po, one may readily compute
the value w(I) for I any ideal of I,:n " as follows.

Algorithm 7.4. Givena j-tuple cy, ..., c;j of elements of ([F;)12 corresponding to an extension [i Oer/,po’

and an ideal I of I, s , compute u(I) € (I]:X)12 as follows:

(1) Write I ~ I in Cl.

tli

(2) Compute a generator a of the prmczpal ideal 1 ]_[l s
(3) Return (1) = xe py (@) 1_[1 L Cl

Having computed all characters u extending ng,p , We can try to prove that Xs/,po does not come from
the twelfth power of an isogeny character by proving that any u extending it does not come from an
isogeny character. This is achieved by the following algorithm, which for an input prime ideal q computes
whether 1 (q) is a twelfth power of a Frobenius root mod p.
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Algorithm 7.5. Given a j-tuple cy, ..., c;j of elements of ([F;)12 corresponding to an extension L of Xé,po’
and a prime ideal q of Oy, that is prime to p, return True or False as follows:
(1) Compute c = u(q) as in Algorithm 7.4 .
(2) For all twelfth roots r € F of ¢ do:
(a) Compute aq :=r +Nm(q)/r.
(b) For all ag € Z with ag = aq (mod p) and |aq| < 2/Nm(q) do:
() If x> — aqx +Nm(q) is a Frobenius polynomial, return True and terminate.
(3) Return False.
Step (2.b.i) can be verified using Theorem 2.5. Note that it makes sense to run this algorithm for all g

with 4./Nm(q) < p, since for these q there is a chance that an a4 as in step (b) does not exist, and hence
that the algorithm returns False.

In the type 1 case things work differently, since here we have to consider that u is either trivial or x 1],2.
Specifically, we apply the following.

Algorithm 7.6. Givena j-tuple i, ..., c; of elements of (F) 12 corresponding to an extension | of Xsl,po’
return True or False as follows:

(1) Set values = [].
(2) For all primes qy, ..., qq|qOx do:
(a) Compute 1u(q;) as in Algorithm 7.4.
(b) If u(q;) is an q;-Frobenius root mod p, return False.
(c) Append (q;) to values.
(3) Ifvalues = [1,1, ..., 1] or [Nm(q1)'?, Nm(q2)'?, ..., Nm(qy)'?], return True; else return False.

Note that if ©(q;) at step (2.b) above is not 1 or Nm(q;) (mod p) then in fact u cannot be an isogeny
character.

Putting all of these parts together, we arrive at the main algorithm based on isogeny charac-
ter enumeration, which is implemented in the function character enumeration filter located in
sage code/character enumeration.py, and which requires one to call to prime _divisors for each ¢.

Algorithm 7.7. Given a number field k, a prime p, and isogeny signature ¢, return True or False as follows:
(1) Run Algorithm 7.2, and write L for the output of it.
(2) If € is not of signature type 1:

(a) For each j-tuple in L, apply Algorithm 7.4. If any tuple returns True, return True; else return
False.

(3) If & is of signature type 1:

(a) For each j-tuple in L, apply Algorithm 7.6. If any tuple returns True, return True; else return
False.
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Remark 7.8. The filtering arising from Isogeny character enumeration occurs as default in the implemen-
tation, but may be switched off via a command line argument by users who are experiencing performance
issues, or who would like an answer more quickly. In practice we have found that calling prime _divisors
on every M (¢) integer is not a significant bottleneck for number fields of degree at most 12.

7.3. The “no growth in minus part” method. Lemma A.2 in the Appendix of [Banwait 2023] gives a
general method to conclude that Xo(p)(K) = Xo(p)(Q) provided certain conditions are satisfied, the
most crucial of which is that the Mordell-Weil group of the minus part Jo(p)_ of the Jacobian Jy(p)
does not grow when base extending from @Q to K. Indeed — while it is not needed in the current paper —
the method there works mutatis mutandis replacing p with an arbitrary integer N.

Algorithmically checking this nongrowth condition for a general K is at present not entirely straight-
forward; however in this section we illustrate how it may be checked in Sage in the simpler case that
K /Q is an abelian extension of prime degree, using modular symbols computations.

After constructing Jo(p)— as the kernel of w, + 1 on the cuspidal subspace of modular symbols of
level ['g(p), one may count the size of the reduction m_([ﬂ:) at various primes p of good reduction.
One takes the GCD of the resulting point counts, and compares it to the size of the (D-torsion subgroup
of Jo(p)—. Since all of the Q-torsion of Jy(p) is contained in Jo(p)_ by Chapter 3, Corollary 1.5 of
[Mazur 1977], this latter size is simply the numerator of ((p — 1)/12) by Theorem 1 of [loc. cit.]. If the
two quantities agree, then one can conclude that the torsion does not grow in the extension, and proceed
to the rank check; although if they do not agree, then it is not necessarily the case that the torsion gets
larger. In this case, since we are not sure, we abandon the routine.

The rank of Jo(p)_(K) is equal to the rank of Jo(p)_(Q) plus the rank of the twist Jo(p)* (Q), where
x 1is the Dirichlet character corresponding to K; this is where the assumption that K /Q is abelian of
prime degree is used. One is therefore reduced to checking whether or not the rank of the x-twist is zero,
which can be checked with a modular symbols computation involving the so-called x-twisted winding
element; see Section 2.2.2 of Bosman’s PhD thesis [2008]; this can also be found as Section 6.3.3 of
[Bosman 2011].3

We therefore obtain the following algorithm which, if it returns False, then we may remove the possible

isogeny prime p from the final superset.

Algorithm 7.9. Given an abelian extension K /Q of prime degree d, and a prime p, return True or False

as follows:
(1) If the class number of Q(\/—p) is either 1 or d, return True and terminate.
(2) If the gonality of Xo(p) is < 2, return True and terminate.
(3) Compute x, the Dirichlet character associated to K.

4) Ifd =2 and x(p) = —1, return True and terminate.

3Johan Bosman was also a PhD student of Bas Edixhoven.
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(5) For rational primes q # p up to a fixed bound B, compute the cardinality IJ/OE/p),([Fq)I forqlq
(Which must have residue field degree either 1 or d), and take the GCD. If this does not equal the
numerator of ((p — 1)/12), return True and terminate.

(6) Compute the x-twisted winding element e(x) associated to the modular symbols space of weight 2
and level p.

(7) Compute the image of e(x) under the rational period mapping associated to each of the factors in
the Hecke decomposition of the cuspidal modular symbol space associated to Jo(p)—. If any of these

images are zero, return True and terminate.

(8) If not returned by this point, return False.

The implementation of this algorithm may be found in the method works method of appendix in
sage code/weeding.py.

7.4. Quadratic weeding. In the case that K is a quadratic field, another method that was used previously
by the first named author in determining IsogPrimeDeg(K) was the Ozman sieve. This relied on the work
of Bruin and Najman [2015], Ozman and Siksek [2019], and Box [2021] who determined the so-called
exceptional quadratic points on small genus modular curves, together with earlier work of Ozman in
deciding on everywhere local solubility of twisted modular curves X g (N).

This method has now been fully automated in the current package. The relevant information on
quadratic points on modular curves has been encoded into the file quadratic_ points_catalogue.json.
For each candidate isogeny prime p, if the exceptional quadratic points on X((p) have been determined,
and none are rational over K, then the function oezman _sieve(q,p) is called for all ramified primes q
in K which furthermore are unramified in Q(,/— p); if any of these return False, then one has a local
obstruction at Q, to Q-rational points on Xg (p), where K = Q(Vd).

As the literature on the cataloguing of quadratic points on modular curves grows, these will be added
to quadratic_points catalogue.json, so over time our algorithm will improve. Having catalogues of all
degree d exceptional points on modular curves will likewise be of great benefit.

One further weeding method employed in the case of a quadratic field K is similar to the Ozman
sieve, and is based on [Najman and Trbovi¢ 2022, Theorem 2.13]. This applies in the case that X((p)
is hyperelliptic, and lists the primes which must be unramified in any quadratic field K such that
Xo(p) admits a K -point which is not a @-point. These unramified primes have also been encoded into
quadratic_points_ catalogue.json. We refer to this method as the Najman—Trbovi¢ filter.

Putting these together we obtain the following algorithm which, if it returns False, then we may remove
the possible isogeny prime p from the returned superset.

Algorithm 7.10. Given a quadratic field K = Q(~/d) and a prime p, return True or False as follows:

(1) If the exceptional quadratic points on Xo(p) have all been determined:

(a) If Xo(p) admits an exceptional K -point, return True and terminate.



1192 Barinder S. Banwait and Maarten Derickx

(b) Compute the primes S which are ramified in K but unramified in Q(\/—p).
(c) If oezman _sieve(q,p) returns False for any q € S, return False and terminate.

(2) If Xo(p) is hyperelliptic of genus > 2:

(a) If any prime divisor p of the discriminant of K is listed as being an unramified prime by [Najman
and Trbovi¢ 2022, Theorem 2.13], return False and terminate.

(3) If not returned by this point, return True.

The function apply quadratic_ weeding in sage code/weeding.py implements this algorithm.

8. The combined algorithm

In this section we collect all of the previously mentioned algorithms into one; this is the main algorithm
which the package Isogeny Primes implements, and serves as an overview of all of the other algorithms
in the paper.
Algorithm 8.1. Given a number field k of degree d, compute a finite set of primes Sy, as follows:

(1) Initialise Sy to the empty set.

(2) Run Algorithm 3.26 to produce MMIB(k). Append the prime divisors of MMIB (k) to Sk.

(3) Run Algorithm 5.1 to produce TypeOneBound(k). Append the prime divisors of TypeOneBound(k)

to S;.
(4) Run Algorithm 6.4 to produce TypeTwoPrimes(k). Add to Sy the primes in TypeTwoPrimes(k).

(5) For each p in S, apply the following filters. If any return False, then remove p from Sy, and go to
the next p:
(a) Apply the congruence conditions expressed in Table 8.
(b) Apply Isogeny character enumeration (Algorithm 7.7).
(¢) If k is an abelian extension of Q of prime degree, then apply the “no growth in minus part”
method (Algorithm 7.9).
(d) Ifk is a quadratic extension of Q, then apply quadratic weeding (Algorithm 7.10).

(6) Return Sy.

We recall the main result (Theorem 1.7 from the introduction) concerning the significance of the above
algorithm for the determination of IsogPrimeDeg(k), and provide a summary proof.

Theorem 8.2. Let k be a number field. Then Algorithm 8.1 outputs a finite set of primes Sy such that, if p
is an isogeny prime for k whose associated isogeny character is not of Momose type 3, then, conditional
on GRH, p € S;. In particular,

(1) if k does not contain the Hilbert class field of an imaginary quadratic field, then Sy contains
IsogPrimeDeg(k);

(2) the above results are unconditional for the restricted set of semistable isogeny primes for k.
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Proof. That S is finite follows from the nonzeroness of the integers MMIB(k) (Theorem 1.4) and
TypeOneBound(k) (Theorem 1.5), and the finiteness of the set TypeTwoPrimes(k). That it is (conditional
upon GRH) a superset for the isogeny primes for & which are not of Momose type 3 follows from the
following facts:

(1) MMIB(k) is a multiplicative bound on isogeny primes which are not of Momose type 1, 2 or 3
(Theorem 1.4).

(2) TypeOneBound(k) is a multiplicative bound on isogeny primes which are of Momose type 1
(Theorem 1.5).

(3) TypeTwoPrimes(k) is, conditional upon GRH, a superset for the isogeny primes which are of Momose
type 2 (Theorem 1.6).

Item (1) follows from the definition of Momose type 3 isogenies (Definition 3.20), which requires k to
contain the Hilbert class field of an imaginary quadratic field, and Item (2) follows from the observation
Proposition 3.1 that semistable elliptic curves cannot possess isogenies of signature type 2, and hence a
fortiori not of Momose type 2; we therefore unconditionally have that TypeTwoPrimes(k) is empty. [

9. Degree three points on X¢(p)

In this next section we will determine IsogPrimeDeg(K) for various cubic fields K, and prove Theorem 1.8.
This requires a study of cubic points on the modular curves Xo(p) for small primes p. Such a study has
recently been carried out by Box, Gajovié¢ and Goodman [2023], who explicitly determine all cubic points
on Xo(p) for the primes p =53, 61, 67 and 73. These primes are such that Jy(p) has positive rank, and the
authors of [loc. cit.] skip the relatively easy cases of where Jo(p) is of rank 0. We therefore augment their
work with the following two results: Theorem 9.1 which deals with the genus 2 cases, and Theorem 9.4,
which deals with the higher genus cases. Note that for all p considered below, Xo(p) is hyperelliptic.

Theorem 9.1. Suppose p =23,29 or 31. Let K be a cubic field such that Xo(p) admits a noncuspidal
K -rational point. Then we have the following:

(1) The discriminant Ak of K is negative.

(2) There is a finite set of explicitly computable hyperelliptic curves over Q of genera 2 or 3 such that the

quadratic twist at Ak of at least one of them admits a Q-rational point.

Proof. We use the usual strategy for studying degree 3 points by studying Xo(p)®(Q) and it’s canonical
map to Pic’ Xo(p)(Q). For each of these 3 values of p the curve X((p) is hyperelliptic with the Atkin—
Lehner involution being the hyperelliptic involution. Additionally Jo(p) is of rank 0. This implies that

Jo(p)(@) = Jo(p)(@)iors = Z/NZ(0 — 00)

with N = Numerator((p — 1)/12). In particular if a runs over all residue classes in Z/NZ then
300 + a(0 — 0o) runs over a complete set of representatives of Pic> Xo( p)(Q), meaning that every divisor
of degree 3 is linearly equivalent to one of the form 300 4 a(0 — o0).
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Consider the associated Riemann—Roch spaces L(300+a(0—00)) foralla € Z/NZ. Note that these are
all 2-dimensional, since the genus of these curves is 2, so the Riemann—Roch theorem for a degree 3 divisor
D gives dim Hy(X, D) =dim Hy(X, D)—dim Hy(X, K —D)=deg D+1—g =2. In particular, this shows
that every effective divisor of degree 3 is contained in exactly one 1-dimensional family parametrised by P!.

By following the techniques in work of Derickx with Najman [2019, see particularly the proofs of
Lemmas 4.9 and 4.11] one may explicitly compute defining equations for each of these finitely many
families. Briefly, one constructs models f(x, ) = 0 for Xy(p) whose projections to the ¢-coordinate
coincides with the degree 3 map to P! induced by the global sections of La (300 + a(0 — o0)) for each
a € Z/NZ. The cubic field corresponding to a value of t = b € Q is K, = Q[x]/f (x, b). Hence the
discriminant of K differs from the discriminant of f by a square in Q. Write g(t) = A, f(x, t), where
A, means taking the discriminant with respect to the variable x. Then in particular we have

A(Kp)y* = g(b) (9-1)

for some value of y in @. We checked that g(x) < 0 proving that A(K}) <0 and hence (1). For (2), we
computed the genera of the curves C : y?> = g(x) and checked that they were all of genus 2 or 3. Since
(9-1) gives the quadratic twist of C, this completes the proof of (2). The computations described in this
proof are carried out in magma _ scripts/Genus2Cubic.m. g

Since totally real cubic fields must have positive discriminant, and cyclic cubic fields must always be
totally real, we immediately obtain the following result.

Corollary 9.2. Suppose p = 23,29 or 31, and let K be a totally real cubic field. Then Xo(p)(K) consists
only of the two Q-rational cusps.

Remark 9.3. The hyperelliptic curves constructed in the proof of Theorem 9.1 are computed in the main
function of magma__scripts/Genus2Cubic.m. For p =23, 29 and 31, there are respectively 9, 5 and 3
such curves. For p = 31, since there are only three of them, we list them here:

Cr:y? = =3x8 — 8x7 +392x% +992x° — 32976x* — 286336x° — 980352x% — 1560064x — 963328.
Ca: y* = =3x8+ 104x° — 1400x* 4 9040x> — 27696x + 34880x — 22208.
Cs3:y* = —108x% +2552x — 12276x* — 64944x> — 124436x2 — 134728x — 66188.

Theorem 9.4. Suppose p =41,47,59 or 71; then Xo(p) has 2,2, 1 and 0 degree 3 points respectively.
Furthermore the degree 3 number fields over which these points are defined are as follows:

p =41: Q[x]/(x* = x* 4+ x 4+ 2) of discriminant —139.
p =47 Q[x]/(x> 4+ x? 4 2x + 12) of discriminant —883.
p =59 Q[x]/(x*> — x> — x +2) of discriminant —59.

Proof. The proof proceeds as in the proof of Theorem 9.1, although now it is no longer true that
L300+ a(0 —o0)) has dimension 2 foralla e Z/NZ.
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Ak fx LMFDB label | new isogeny primes

49 X —x?—2x+1 3.3.49.1 -
148 x3—x2—3x+1 3.3.148.1 -
—2891 | x> —x%2—2x—20 3.1.2891.3 29

Table 9. Determination of IsogPrimeDeg(K) for some cubic number fields K.

We proceed via explicit Magma computation. For each value of p we found exactly two values of a
where £(300 + a(0 — 00)) was 2-dimensional; these two cases correspond to the 1-dimensional families
of degree 3 divisor of the form co + D and 0+ D where D is a divisor in the hyperelliptic class. Hence
these two families don’t correspond to degree 3 points.

In each of the remaining cases £(3004a(0— 00)) was either 0- or 1-dimensional. In the 0-dimensional
cases there is nothing to do. For the 1-dimensional cases we explicitly found the unique effective divisor
of degree 3 linearly equivalent to 300 + a(0 — 00). In the cases this divisor was irreducible we explicitly
computed a defining polynomial for the residue field of this divisor, this gives the classification. The code
carrying out these explicit computations is found in magma _scripts/HigherGenusCubic.m. ]

Corollary 9.5. Let K be a cubic field of positive discriminant. If there exists an elliptic curve over K
admitting a K -rational p-isogeny, for p not in IsogPrimeDeg(Q), then p > 79.

Proof. We combine Theorems 9.1 and 9.4 with Theorem 1.1 of [Box et al. 2023], and check that the
finitely many cubic fields given in Section 5.2 of [loc. cit.] all have negative discriminant. ]

By combining the results of this section with the program Isogeny Primes explained in this paper, we
determine IsogPrimeDeg(K) for some cubic fields K, thereby proving Theorem 1.8.

Theorem 9.6. Assume GRH. For each number field in Table 9, the column “new isogeny primes” lists the
isogeny primes for that number field which are not in lsogPrimeDeg(Q).

Proof. Running Isogeny primes on the first two number fields in Table 9 shows that the largest possible
isogeny prime is at most 73, so we conclude with Corollary 9.5. For the last cubic field K in Table 9, we
run isogeny primes to obtain a superset as follows:

IsogPrimeDeg(K) C IsogPrimeDeg(Q) U {23, 29, 31, 73}.

From [Box et al. 2023] we know that 73 is not an isogeny prime for this cubic field. A search for
K -rational points on the modular curve X¢(29) in Magma reveals that there are elliptic curves admitting
a K-rational 29-isogeny. The primes 23 and 31 are ruled out with part (2) of Theorem 9.1. We computed
the finite set of hyperelliptic curves, and showed that the quadratic twist by the squarefree part of —2891
(i.e., —59) of each of these curves was not everywhere locally soluble, thereby showing that none of them
admit a Q-point. O


https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/3.3.148.1
https://www.lmfdb.org/NumberField/3.1.2891.3
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Ideals in enveloping algebras
of affine Kac—Moody algebras

Rekha Biswal and Susan J. Sierra

Let L be an affine Kac—Moody algebra, with central element c, and let A € C. We study two-sided ideals

in the central quotient U, (L) := U (L)/(c — )) of the universal enveloping algebra of L and prove:

(1) If A # 0 then U, (L) is simple.

(2) The algebra Uy(L) has just-infinite growth, in the sense that any proper quotient has polynomial
growth.

As an immediate corollary, we show that the annihilator of any nontrivial integrable highest-weight
representation of L is centrally generated, extending a result of Chari for Verma modules.

We also show that universal enveloping algebras of loop algebras and current algebras of finite-
dimensional simple Lie algebras have just-infinite growth, and prove similar results to the two results
above for quotients of symmetric algebras of these Lie algebras by Poisson ideals.

1. Introduction

Fix an algebraically closed field k of characteristic 0. Let L be an affine Kac—-Moody algebra over k.
This paper is concerned with the structure, and particularly the size, of two-sided ideals of the universal
enveloping algebra U (L); our main theorem shows that such ideals are extremely large, in a sense that
we make precise below.

In the introduction, to simplify discussion, we assume that L is untwisted; that is, that there is a
finite-dimensional simple Lie algebra g so that, as a vector space,

L=glt,t "1®kecdkd,

where ¢ is central, d is the derivation measuring degree, and g[t, #~'] is the loop algebra of g. (We
consider general affine algebras in the body of the paper.) The derived subalgebra L’ of L is

L' =glt,t Ndke

and is the unique (up to isomorphism) nontrivial central extension of the loop algebra g[t,#~']. To
emphasize the relationship between L and g, we sometimes write L =g.
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If A € k, define
Un(L)=U(L)/(c—1) and Up(L")=U(L")/(c— M),
SO
U(glt, t™']) = Uo(L)).

We study two-sided ideals in U (L) and in the central quotients U, (L). We will see that they are very big,
in a precise sense. Our main result is:

Theorem 1.1. Let A € k:

(0) The algebras U, (L) and U, (L) have just-infinite growth. That is, let J be a nonzero ideal of U, (L),
and let J' be a nonzero ideal of U, (L"). Then U, (L)/J and Uy(L')/J’ have polynomial growth.

(1) Infact, if A # 0 then Uy (L) and U, (L") are simple rings.

(2) Any nonzero ideal of U (L) or of U(L') contains a nonzero element of K[cl; equivalently, the algebras
U(L") Qe K(c) and U (L) Qe K(c) are simple.

Here recall that a k-algebra R has polynomial growth if there is a polynomial p(z) € R[] so that, for every
finite-dimensional subspace V of R, dim V" < p(n) for all sufficiently large n. (For example, enveloping
algebras of finite-dimensional Lie algebras have polynomial growth.) Further, R has exponential growth if
there exists V C R so that lim,,_, oo (dim V")!/? > 1 and (strictly) subexponential growth if R has neither
exponential nor polynomial growth. It is well-known that U, (L) and U, (L") have subexponential growth.
Thus Theorem 1.1(0) tells us that two-sided ideals in these algebras are extremely large: large enough to
cut these very big algebras down to a reasonable size.

We also prove a similar theorem for Poisson ideals in the symmetric algebras of L and L'. Recall that
the symmetric algebra S(€) of a Lie algebra £ is a Poisson algebra under the Kostant—Kirillov Poisson
bracket {—, —} induced by defining {x, y} = [x, y] for x, y € €. A Poisson ideal of a Poisson algebra R
is an ideal of R which is also a Lie ideal for the Poisson bracket of R. We prove:

Theorem 1.2. Let A € K and consider the Poisson algebras S, (L) = S(L)/(c — A) and S, (L) =
S(L)/(c —A):

(0) Let I be a nonzero Poisson ideal of S, (L) and let I’ be a nonzero Poisson ideal of S, (L"). Then
Sy(L)/I and S (L") /1 have polynomial growth.

(1) Infact, if A #0then Sy (L) and S, (L") are Poisson simple in the sense that they have no nontrivial
Poisson ideals.

(2) Any nonzero Poisson ideal of S(L) or of S(L') contains a nonzero element of K[c]; equivalently,
S(L") Qkje K(c) and S(L) Qe K(c) are Poisson simple.

As an immediate consequence of Theorem 1.1 we compute the annihilators of a large class of repre-
sentations of L, and in particular for all nontrivial integrable highest-weight representations of L; we
show these annihilators are all centrally generated.
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Theorem 1.3. Let N be a nonzero representation of L so that (c — M)N = 0 for some A # 0. Then
Anny 1) (N) = (¢c — A). In particular, if M is a nontrivial integrable highest-weight representation of L
with central character A, then

Anny 1) (M) = (c —1).

Proof. Theorem 1.1(1) shows that (¢ — A) is a maximal ideal of U (L). The second statement is an
immediate consequence, since nontrivial highest-weight representations of L have nontrivial central
character. (]

Theorem 1.3 extends Vyjayanthi Chari’s well-known calculation of the annihilators of Verma modules
for infinite-dimensional symmetrizable Kac—-Moody algebras [Chari 1985]. To our knowledge, no
annihilator of a (nontrivial) integrable highest-weight representation of an affine algebra has been known
until now.

Our investigation was partially motivated by work of Natalia Iyudu and Sierra [2020], showing that
the analogue of Theorem 1.1(0) holds for the Virasoro Lie algebra: central quotients of the enveloping
algebra of the Virasoro algebra have just-infinite growth; see [Iyudu and Sierra 2020, Theorem 1.2].
Affine Kac—Moody algebras (more precisely, their derived subalgebras) and the Virasoro algebra are
both central extensions of a graded simple Lie algebra of linear growth, and their representation theory
is related through the Sugawara construction. It is thus natural to ask whether results for the Virasoro
algebra can be extended to cover affine algebras. However, affine algebras are much more commutative
than the Virasoro algebra, where the centralizers of elements are in general finite-dimensional (in fact
two-dimensional); thus, naively, two-sided ideals in their enveloping algebras are smaller. It is surprising
to find that the two-sided structure of their enveloping algebras is similarly constrained.

The phrasing of Theorem 1.1 appears redundant; of course, since U, (L) is simple for A # 0, it has just-
infinite growth. However, it reflects the structure of the paper. We focus first on proving Theorems 1.1(0)
and 1.2(0). Our proof strategy here is broadly similar to the methods of [Iyudu and Sierra 2020], but
significantly more delicate because of the commutativity problem. Centralizers in L are large in general
and so the adjoint action of L is more difficult to control. Note that to prove just-infinite growth for a
(left and right) nonnoetherian algebra like U, (L), it is helpful for as many commutators as possible to be
nonzero in order to ensure that two-sided ideals are big.

To prove Theorems 1.1(0) and 1.2(0), we construct an ordered PBW basis for U, (L) and then show,
through analyzing the adjoint action of L on U, (L), that if B is a sufficiently large element of this basis,
then there is an element of J with leading term B. (See Lemma 5.4.) This allows us to reduce almost all
basis elements, modulo J, to smaller elements and thus to bound the growth of U, (L)/J.

We work first with the symmetric algebra of the positive current algebra #g[#] of g. This is the associated
graded ring of U (¢g[¢]) under the natural (length) filtration and so has a Poisson algebra structure; further
it is finitely graded under the grading induced by giving elements of g degree O and ¢ degree 1. We
show that if / is a nontrivial Poisson ideal of S(¢g[z]), then we can reduce almost all monomials in
an ordered PBW basis of S(zg[?]) to smaller monomials, modulo /. This reduction result allows us to
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prove (Theorem 3.9) that U (g[¢]) has just-infinite growth. We then extend our analysis to U (g[?, =1,
to general Uy (L), and to U, (L).
A corollary of Theorem 1.1(0) is the following somewhat counterintuitive result:

Proposition 1.4 (Proposition 4.10, Corollary 7.2). Let g be a finite-dimensional simple Lie algebra,
let U(g[t, t~']) be the enveloping algebra of the loop algebra of g, and let J be a nontrivial ideal of
U(glt, t='1). If X C Z is any infinite set (for example, X consists of all the primes), and g € g\ {0}, then
J contains a (nonzero) element involving only Lie algebra elements of the form gt* for x € X.

In particular, if L is the (untwisted) affine algebra associated to g and J is a nonzero ideal of U (L),
then J N U (g[t]) # (0).

Proposition 1.4 allows us to conclude that if / is a semisimple element of g, then any nontrivial ideal of
U, (L) meets the subalgebra A, generated by {ht' :i € Z\ {0}} nontrivially. If A # 0 then A, is isomorphic
to an infinite Weyl algebra and is thus simple, and simplicity of U, (L) follows immediately. Similar
techniques give Theorem 1.1(2) and parts (1), (2) of Theorem 1.2.

To conclude the Introduction, we briefly describe the structure of the paper. Section 2 establishes
notation and basic facts about affine Lie algebras and loop algebras, as well as the basics of growth
and GK-dimension. Key results on Poisson ideals of symmetric algebras of positive current algebras
are proved in Section 3. In Section 4 we prove preparatory results needed to extend our methods from
U (tg[t]) to U, (L) before proving Theorems 1.1(0) and 1.2(0) in Section 5. In Section 6 we prove the
remaining parts of Theorems 1.1 and 1.2. Section 7 gives several other applications of Theorem 1.1,

including Proposition 1.4.

2. Bases and basic facts

If L is an affine Kac—-Moody algebra with central element ¢ then there is a finite-dimensional simple Lie
algebra g and o € Aut(g) so that L'/(c) is isomorphic to the (possibly twisted) loop algebra g[z, ~'1°. In
this section we establish notation and basic facts about loop algebras, and further establish ordered bases
for loop algebras and for their enveloping/symmetric algebras, which we will use in the next section. We
also recall some background on growth and Gelfand—Kirillov dimension of algebras and modules.

We adopt the following notation: Let g be a finite dimensional simple Lie algebra. Let o € Aut(g)
which (without loss of generality) we assume comes from an automorphism of the Dynkin diagram of g.
We also let o denote the diagram automorphism and the associated automorphism of the root system of g.
Let r be the order of o. Let  be a primitive r-th root of unity. We extend the action of o to g[t, #™']
by defining o (gt*) = o (g)n—°t*, and denote the corresponding twisted current algebra by g[#]° and the
twisted loop algebra by gz, 1~!1°.

2.1. Basic facts about g. In this subsection we establish notation and basic facts about g. Fix a Cartan
subalgebra h of g. If @ € h*, we denote the a-eigenspace of g by g, .
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If s € Z, let s denote the congruence class of s in Z/rZ. The automorphism o induces a Z/rZ-grading
g= @;;(1) gs of g, where gs; ={g€g:0(g) =n°g}. If g € g5, we write |g| =5. The g; for0 <s <r —1
are irreducible gg-modules under the adjoint action.

Let hg = g5 N b be the Cartan subalgebra of gj. As in [Kac 1990, page 130], for s € Z/rZ let A; be
the set of nonzero weights of h; on g; and define the weight space decomposition

gs = @ 95,0
aeA;U{0}

We say an element g € g is weight-homogeneous if g is in some gz . Any weight-homogeneous element
is by definition o -equivariant. It is clear that [g5.o, 95.8] € 854,048
We observe the following basic facts. As these are standard, most are stated without proof:

(0) We have g[t,t7'1° = P,z 05’

(1) The automorphism o preserves the set of simple roots of g and so the height of elements of g. In
particular, the positive Borel subalgebra b of g and the nilpotent radical n™ of b™ are o-invariant and
thus decompose as sums

nt=@Pnf and bt =r@lbj
of o-weight spaces. =
(2) For each § € Z/rZ and each o € Ay we either have g; , € nt or g5.« € n~. Thus we can define
Al ={a e Ay:gsqa Snth
Let AT ={(5, ) : « € A]}. Similarly, define A; and A™. Let A=ATUA™ = {5, @) : o € As}.
(3) Let 0 be the longest root of g. There are (5, ) € AT so that gg = g5.q-

(4) For a # 0 the spaces g5 o are one-dimensional, so we may choose a generator g; . Also, if y is a
positive root of g, let e,, f,, be the Chevalley generators, respectively, of g, and g_,. Let h,, =[e,, f,].

O If(p,p) e A®, then there are (5, Y1), ..., (5, Yk) € AT so that
(950,70 [ - -5 [851,915 920, .. 11 = 9j5,8-
(6) The centralizer of b in g is a Cartan subalgebra of g and is thus equal to b, and so
b=g50D @80
and b(’) = 96,0-
(7) If (5, ) € A™, then (—s, —) € A~ and [g5,0, §=5. o] € by Let « be the Killing form of g, which

restricts to a nondegenerate bilinear form on by, and let v : hg — bg be the induced isomorphism. Then
[95.0> 0—5.—o] = Kv~! (). Further, there is a positive root y of g so that

r—1
G50 S ) Goicy)-
i=0
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r g bo b1
2] Ay, l>1 {hi+hoeip1:1<i <4t} {hi —hyeip1:1<i=<¢t} b5
21 Ay, 8=>1 {hij+hyi:1<i<€l—1,hy} {hj—hy_:1<i<t—-1} 0
2| Dpy1, €23 {hi:1<i<l—1,hg+he) he —heyy ’
h h h
2| K hi + hs, hy + ha b, hg hy — hs, b — ha S
3 D, hi+h3+ha, hy hi +nhs +n*hy

Table 1. Basis for Cartan subalgebra.

Let r’ be the o-order of y. Then (g5,4. §=5._) iS, up to nonzero scalar multiple,

(ey + Nés(y) + 772%2(;/)7 fy + lefa(y) + 77f02(y)) ifr' = ;
(ey + nzeﬁ()/) + ’7%2(;/)7 f)/ + nfa(}/) + 772f02(y)) ifr"=3ands = 2’
) (ey + eg(y) +ea2(y), f)/ + fa(y) + fUZ(y)) lf r/ = 3 and s = (_),
(ey +es(y), fy + foir)

ifr=2and § =0,
(ey —€o(y)» fy - fa(y)) ifr'=2ands = 1,

ey, fy) if ' = 1.
Also,
hy +hoey) +hery, ifr =3,
(85,0 8=5,—al = { hy +ho(y) if r' =2,
h, if ' =1.

Finally, up to scalars {g5,«, §=5 o [g5.0» §=5.—o ]} fOrms an sl -triple.

As o preserves the height of elements, each g5 , has a well-defined height in terms of the root system
of g.
(8) When o # id (that is, when r = 2, 3) we give notation for a o-equivariant basis of h in Table 1. In
and let h; = [e,,, fo,] for
1 <i <dimb. We number the simple roots of g as in [Kac 1990, Table Fin, page 53].

(9) Let BA ={g5.¢: (5, ) € A} and let

this case g must be type A, D, or E. Let the simple roots of g be o1, ap, ...

r/
hé = Z nsjhaf(i)-

j=0

(Here r’ is the o-order of the simple root «;.) Then
B=BaU{h}

is a o-equivariant basisof g. f 0 <s <r —1,let B ={x € B: |x| = s}.
2.2. Two monomial orders on S(gt, t~119). In this section, we define PBW bases of S(glt, t~11°) and
U(glt, t7119). We will refer to elements of these bases as monomials, and we will define two different

orders on monomials. The interplay between these monomial orders is key to proving our reduction
results.



Ideals in enveloping algebras of affine Kac—Moody algebras 1205

We first extend the o-equivariant basis B of g to a basis of g[z, 17!]°. Let
Blt,t7 117 = {gt"™ "8l . g e B,n € 7},
which is a basis of g[z, 11°. Let
Blt1° = B[z, t~'1° Ng[r1°.

We will need an order on B[z, ~']°, which we define as follows.

We first give an order on the roots of g. Let R be the set of roots of g and let R, R~ be respectively the
sets of positive and negative roots. Let {o; : i € {1, ..., n}} be the set of simple roots of g. If « = > _ b;«;
is a positive root, then we define the height of « to be hta = ) b;. Recall that we denote the highest root
of g by 6.

We will define a total order < on R by:

e a < fifhta <htp.
o Ifa=> bja;, =) cio; and htow =ht B, then o < B if the tuple (by, ..., b,) is less than the tuple
(c1, ..., cp) in lexicographic order.
Foreach B € Rlet gg =epif B € R and gg = f_p if B € R™. Then
C={gg:BeR}Ulhy :1<i=<n}

is a basis for g. Let (B, ..., B¢) be an enumeration of R™ written in increasing order w.r.t. the above
total order (so B¢, = 6). We define the following total order on C:

g*ﬁ[<"'<g*ﬁl<h0‘1<"'<ht¥n<gl31<"'<gﬁe.

Given g € g, define the C-leading term of g, which we denote by LT¢(g), to be the largest element of
C occurring in g with nonzero coefficient. (The reason for the subscript C in the notation is to distinguish
this from other uses of the terminology “leading term” in this paper.)

The ordering defined above on C has the property that if x, y, z € C with [x, y] # 0 # [x, z], then

y<z <= LT¢lx,y] <LT¢[x,z]. 2.1

We now induce orderings on each basis B; of g; from our orderon C. Let 0 <s <r —1. If x, y € Bs,
define

x<y <<= LTex) <LTe(y).

(We note here that it can be seen by inspection that, since every element of B; is associated to a unique
o-orbit in C, if LT¢(x) = LT¢(y) then x = y.) For g € g5, we define LTz(g) to be the largest element of
B occurring in g with nonzero coefficient.
It follows from (2.1) that if x € B;, y € g5 with LTg(y) < x, and z is weight-homogeneous with
[z, x] # 0 # [z, y], then
LTglz, y] < LTglz, x]. (2.2)
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As an example, we give the orderings on the B; in the case g = Aj, |o| = 2. We have
By:8-a <8 aw <hi+hy<gy <8, and Bj:g_g<hi—hy<gs.

Using the total order < on the B;, we define a total order on the basis B[t, 1~ '1° of g[t,7']° as
follows: If xt¢, ytb € B[t, 17117, then x1% < ytb if and only if

e a<b;or

e a=>, and x < y in the total order defined on B;.

We now define a basis of normal words or standard monomials for S(g[¢, t711°) and U (glz, t~11%).
We will refer to elements of B[r, 1] as letters, as “words” (or monomials) in these letters will span the

algebras of interest. A standard monomial or normally ordered monomial in the letters Blt, +~11% is an
expression of the form

M = gltrm1+|g1| . gktrmk—%lgkl’ (2.3)
where the g; € B, and g "8l < ... < g " +Fl8l We sometimes write a standard monomial as
M =gltn1 .o .gktnk’

and when we do so we assume that n, = |g,| for all a: in other words, that each g;t" € g[¢, t717°, so
M e S(glt, t~'1°). We say that k is the length of M, which we denote by len M, and that the total t-power
> 4 Na is the degree of M, which we denote by deg(M).

We introduce two total orderings on the set of standard monomials. For two standard monomials M
and M,, we write M; < M, if

e len M| < len M, or

e len M| =len M, and deg M| < deg M, or

e len M| =len M,, deg M| = deg M>, and M is less than M, with respect to the left to right lexico-

graphic order when both M| and M, are written in increasing (that is, normal) order.
Similarly, we write M| < M, if

e len M; < len M, or

e len M| =len M, and deg M| < deg M, or

e len M| =len M,, deg M| = deg M,, and M, is less than M, with respect to the right to left lexico-

graphic order when both M; and M> are written in increasing order.

By the PBW theorem, both U (g[t, t~11°)and S (glt, t~119) have a basis of standard monomials. Given
nonzero F € U (glt, t_l]") or F € S(gl[t, t~11%), we define LT F, respectively LT F, to be the <-largest,
respectively <-largest, standard monomial occurring in F with nonzero coefficient when F is written as

a linear combination of standard monomials.



Ideals in enveloping algebras of affine Kac—Moody algebras 1207

2.3. Growth. In this short subsection we recall some definitions and basic facts about the growth of
algebras and modules. Let R be a finitely generated associative K-algebra and let M be a finitely generated
representation of R. Then R has polynomial growth if there is a polynomial p(¢) € R[¢] so that, for every
finite-dimensional subspace V of R, dim V" < p(n) for all sufficiently large n. Further, R has exponential
growth if there exists V C R so that lim,_, o (dim V")!/" > 1 (note that this limit always exists) and
(strictly) subexponential growth if R has neither exponential or polynomial growth. The growth of M
is defined similarly; here we let V.C R and W C M be finite-dimensional vector spaces and consider
dim V*W as n — oo. If £ is an infinite-dimensional Lie algebra of polynomial growth (for example, an
affine or loop algebra) then U (£) has subexponential growth by [Smith 1976].

The idea of growth may be refined through considering the Gelfand—Kirillov dimension or GKdim of
R and of M. Here we define

GKdim R = sup limlog, dim V",
14

where the supremum is taken over all finite-dimensional subspaces V of R. Likewise,

GKdim M = sup limlog,, dim V"W,
V. W

where the supremum is taken over all finite-dimensional subspaces V of R and W of M. If R is a finitely

generated K-algebra and M is a finitely generated R-module, let V be any finite-dimensional generating
subspace of R that contains 1, and let W be any finite-dimensional generating subspace of M. Then

GKdim R = limlog, dim V", GKdim M = limlog, dim V"W,

and does not depend on the choice of V or W.

Note that R (respectively, M) has polynomial growth if and only if GKdim R < oo (respectively,
GKdim M < 00). We say that R has just-infinite growth (equivalently, just-infinite GK-dimension) if
GKdim R = oo but for any nontrivial ideal J of R, then GKdim R/J < oo. For more background about
growth and GK-dimension, we refer the reader to [Krause and Lenagan 1985].

If £ is a Lie algebra, then GKdim U () = dim €. Further, by [Smith 1976], if L is an affine Kac-Moody
algebra, then the central quotients U, (L) and U, (L’) have intermediate growth.

We will repeatedly use the following basic fact about growth of algebras.

Scholium 2.4. Let K be a field and let A C B be K -algebras. Suppose that GKdim A = oo and that J is
an ideal of B such that B/J has polynomial growth. Then J N A # (0).

Proof. This follows directly from the fact that GK-dimension does not increase on subalgebras [Krause
and Lenagan 1985, Lemma 3.1], so we cannot have A — B/ J. O

3. A reduction result for symmetric algebras of current algebras

Let g be a finite-dimensional simple Lie algebra and let o € Aut(g). We adopt the notation of Section 2;
in particular, let r be the order of o. The positive twisted current algebra of g is the subalgebra (rg[¢])°
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of the (twisted) loop algebra g[, #~']°. In this section, we consider the symmetric algebra of the positive
twisted current algebra of g and show that it has just-infinite growth as a Poisson algebra: any factor by
a proper Poisson ideal has polynomial growth. We will generalize this result in later sections to prove
Theorems 1.1 and 1.2.

The symmetric algebra S(g[z, #7']7) is a Lie algebra under the Poisson bracket {— , —} induced from
the Lie bracket on g[¢, t~11°. That is, for x, y € glt, t~11° we have {x,y} =1[x,y], and {—, —} is
anticommutative and a derivation in each input.

A Poisson ideal of S(g[t,t~']%) is an ideal of the underlying commutative algebra which is also a Lie
ideal for the Poisson bracket. Note that a Lie ideal of S(glz, t711°) is also a glt, t‘l]"—subrepresentation,
where g[t, 1~ !]% acts on the symmetric algebra by the adjoint action ad gr* ={gt¢, —}. Each S (g[t, t~'1%)
is a subrepresentation of S(g[¢, t~119) under the action of olz, =1, although of course not a Poisson
ideal.

Thus if I is a Poisson ideal of S(glz, t7119), each 1N S™ (glz, 1% is a olt, t‘l]"—subrepresentation
of S(gl[t, t7117). We will spend the bulk of this section analyzing the structure of such subrepresentations.
In fact, because we want our results to apply to Poisson ideals of current algebras, we will consider the
structure of (#g[¢])? -subrepresentations of the m-th symmetric power S (g[¢, ~179).

Our key technical result is the following:

Proposition 3.1. Fix m € N, and let I be any nonzero (tg[t])° subrepresentation of S™(g[t,t='1%). There
are n, { € Z such that for any standard monomial M = glti‘ . gmtim with i1 > n, there is Hy € I such
that LT . Hy = M and all t-powers in Hy; are > £.

This result allows us to reduce “big” monomials modulo / to a linear combination of smaller monomials.
The proof is based on the interplay between the < and <-orders on standard monomials, generalizing the
key arguments of [Iyudu and Sierra 2020] to work in our substantially more commutative context.

3.1. Preparatory results. Before proving the main reduction result Proposition 3.1, we will need several
preparatory lemmata which will help us control the <-leading terms of elements of 1. If M =gt - - - g, t'»
is a standard monomial, we say that (g1, ..., g») is the congruence class of M and write M = (g1, ..., &m)-
We will construct, for any congruence class g€ (Ba)™, an element H, € I with LT H, = 8- We will
see that the existence of these elements is sufficient to prove Propositi(;n 3.1. )

Constructing the H, will take several steps. We first show that H, exists for g = (gg, ..., g¢) or
(8—6,---,8-0); and further, we can assume, in this case, that all monomials of H, have the same
congruence class. )

Lemma 3.2. Let 0 # F € §"(g[t, t~119), and consider the adjoint action of (tg[t])° on S™ (g[t, t~11%).
Let I denote the subrepresentation generated by F:

(1) If {g5.utP™, F} =0 forall p € 7= and all (5,a) € AT then F € S"™(gylt, t~']): that is, F is a

linear combination of monomials of the form ggt*' - - - got* for some ki < - -+ < ky,.
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(2) If {g5.0t™"™, F}=0 forall p e 7>, and all (5,a) € A~ then F € S"(g_¢lt, t™"): that is, F is a
linear combination of monomials of the form g_gt*' - - - g_gt* for some ki < - - - < ky,.

(3) There are nonzero G € I N S™(gylt, T Dand G' e IN S™(g_olt, =1).

Proof. (1) Let (5, @) € A™. Let us take g € Z~ such that § =5 and so that if g1t/ - - gutim is a monomial
in F. Then g > |ji|+ -+ |jm|. Thus, if M = gt/' - - - g,,t/» is a monomial appearing in F, then

{gi,atrq—H, M} = thjz cee gmtjm [gE,ou gl]tj]—‘rq
+ gltjl gStﬁ . gmtjm [gi,aa gz]tj2+q 4. +g1tjl .. gv_ltjv—l [gg’o“ gm]t]m+q

Note that each of the monomials above are written in normal order. Since we have taken ¢ to be large
enough, none of those monomials will appear in expressions coming from the action of g5 o¢¢ on any
monomial M’ # M occurring in F. Hence by hypothesis the Lie brackets [g5.«, g;] are all zero. This is
true for all (5, ) € AT which implies that [n*, g;] =0 for 1 <i <m. Hence g; = - - - = g,, = go, which
spans the center of n™. The proof of (2) is similar.

To prove (3), we first construct 0 = G € [ so that

{g5.0t""T*, G} =0 forall peZ-; and (5,a) € A™T. (3.3)

If (3.3) holds for G = F, we are done. Otherwise there exist a € Z-; and (&, B) € A" such that
Fy ={gq pt"*"", F}#0. If (3.3) holds for G = F, we are done; else there exist b € Z>; and (U, y) € AT
such that F, = {g,;,yt’””, F1} #0. As {g5.4, —} increases the height of monomials and the height of a
monomial in S (g[¢, t~']17) is at most m ht #, this process must terminate. Thus, continuing this procedure
repeatedly, we will reach a nonzero element G of [ such that (3.3) holds.

By symmetry there is 0 # G’ € I such that {g; """, G’} =0 forall p € Z>1 and (5, @) € A™. The

two parts of (3) then follow by applying (1) and (2). ([

Enumerate At = {(&1, B1), ..., (€¢, Be)} where 0 < & <r — 1. Then the set {gél,ﬂl’ R géi’m} forms
a basis of n™ and the set {8=F . _p,» - --» 8=, —p, ) forms a basis of n~. Recall that if g € g5, then we write
5 =gl

We now prove the existence of Hé, with LT H, =g for any g€ (Ba)™.

Lemma 3.4. Let I be the (tg[t])° -subrepresentation of S™(g[t, t~'1%) generated by an element F # 0.
Let (g1, ...,8m) € (BA)™. Then there exists G in I such that LT.(G) = (g1, ..., &m)-

Proof. Let d = ht(9) > 0. Write g9 = g5,o, Which implies that g_y = g=; _, i.€., [go| = —|g_o| (mod r).
We prove by induction that for all n € {0, ..., m} there is G(n) € I with the following properties:

(1) LT<(G(n)) = gitX1 - - - guthnggthnt1 ... got*n for some ky < --- <k, € Z.
(2) ki +2rd < k;y foralli > n.
(3) ki < kiqq foralli <n.

Then G = G(m) is the element we seek.
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To construct G(0) we use Lemma 3.2. By that result, there is a nonzero H € I N S (g_g[?, 1.
Write LT H = g_gt/' ... g_gt/m where j; =--- = j, = |g_g|. Let

G(0) = (ad gt"*H1%1)2 (ad gpr ¥ H1001)2 ... (ad gpr™ M2 (H).

The monomials in G (0) are obtained from monomials in H by applying exactly two gyt’ to each g_gt/*.
(This is because (ad gy)>(g_g) =0.) The <-leading term of G (0) is obtained from LT (H) by applying the
highest powers of ¢ to the rightmost letters. Thus LT< (G (0)) = gg AL ggtk'" where k; = j; +2(ird+|gol).
It is immediate that this has the claimed properties.

Now assume we have constructed G (n) as claimed for some 1 <n <m — 1; we construct G(n + 1).
There are two cases, depending on whether g, lies in a positive or negative root space:

Negative case: g,.] €n.

Step 1-. Let H; = (ad g_pt"~1%1)2"=" (G (n)) and let

— k kn kn 2(r— ky+2(r—
N1 =g1t l"'gnt g—@t +1+2(r |g€|)"'g—9t +2(r ‘gf)l)‘

We claim that N, = LT_(H| ). This is because the <-leading term of H| is obtained from LT. (G (n))
by increasing the right-most powers of ¢ as much as possible, and this clearly gives N, .

Step 27. Let H, = (ad got"T19¢1)2m=n=D ([ 7) and let

n+11+2(r—|gol) ntatar k47

Ny =githr . gutfng gt got" .- got

We claim that N, = LT (H, ).

First, we show that N,” = LT (ad g_gtr_|g9‘)2(’"_”)(N1_). This is similar to the previous paragraph;
again, the <-leading term is obtained by increasing the right-most powers of ¢ as much as possible,
giving N, .

We now show that N, = LT.(H, ). Let N; # N, be any other monomial of H, . Suppose that
N) e gtki ... gthngrhnrit20=lg0D) gpkuiatdr . gkn 4 that is, N} involves the same ¢-powers as N, .
(If this is not the case, it is clear that Né < N, .) By construction, there must be a monomial M =
hit*1 .- hy,t*n of G(n) so that N} is a monomial in (ad ggt"~19-¢1)2"=1=1 (ad g_g¢"~1861)2m=n) (p1);
that is, Né is obtained from a monomial in G(n) with the same ¢-powers as LT G(n). Further, Né
must have been obtained from M by applying g_gt" 719! twice to each letter of M in the (n+1)-st place
or further right, and gg¢" 1%/ twice to each of the letters in the (n42)-nd place and further right; any
other combination of applying g_t" 719! and got"+19! would give either the wrong z-powers or a zero
result. The only possibility to obtain a nonzero result is if M = ht*1 ... h,thrggt*n+1 . got*m, as we
needed (ad g_gt’_‘g‘”)2 to be nonzero on the (n+1)-st and greater letters of M. Thus we have Né =
hytht . hthn g_g ke F20 100D g phniatdr o ket where necessarily hitK L bttt < gy t* L gt
So N, <N, .
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Step 3. As 0 is the longest root of g, by Fact (5) there are p € Z> and (51, 71), ..., (55, 1p) € AT so
that g,+ is a nonzero multiple of
(g5 ms [ s (85,0 801 1.
Let us define Hy = {gs, 5", {. .., {85,.4,0°", Hy } ... }} and S = Zle s; and let
kn+l+2(r_|g9‘)+s

n2+4r ki +4r

- k ky k
Ny =git"™ -+ gut™" gut1t got - 8ot

We claim that Ny” =LT-(H;"). First, LT ({gz, 5, "', {- . ., {&5,.4,7°7, N5 } ... }}) is obtained from N, by
applying the elements gz, ;% as far to the right as possible. As [g5,.,;, 891 =0 for all i (this is because 6
is the highest root of g), applying the g5, ,,. t* as far to the right as possible means applying them to the
(n+1)-st letter g_gthn+1+20=180D o obtain N5 . In other words,

Ny =LT<(gs ™ ooy (g5, % Ny b 3D

Now let N] # N, be any other monomial of H, and let

Hé = {ggl’ml‘sl, { . {ggp’npl‘sp, Né} . }}

If N) & gtht ... grhngrhnrit20=laoD grknsatdr . gpknt4r " then by comparing #-powers we must have
LT H; < N5 . Suppose now that N} involves the same ¢-powers as N, ; that is,

Né c gtkl . gtkngtkn+l+2(r_|99|)gtkn+2+4r . gtk"l+4r.

We have seen in the proof of Step 2~ that we must have
N} = Rytht kg gk F20 180D o husatr g kAT
for some hy, ..., h, € B. Then
LT (H)) = Btk t*n gy Rt P20 18D o ykngatdr g gk tdr

But as N; < N, , thus hythr o hpthn < gtk .. gt that is, LT.(H;) < N5 . Thus Ny =LT. H, , as
claimed.

Let G(n + 1) = H; . We have shown that (1) is satisfied; but the 7-powers in N5 also satisfy (2)
and (3).

Positive case: g, €nt.

Step 1*. Let H;" = (ad g_gt"~19%1)2"=1=1 (G (n)) and let

k ky kn kn 2(r— km+2(r—
N1+=g1t 1 gnt get +1g_9t +2+2(r Igﬁ‘),,,g_et +2(r |90|)‘

We claim that N 1+ =LT. Hl+ . This is because the <-leading term of Hf“ must come from the <-leading
term of G (n) by increasing the rightmost #-powers as much as possible, which gives N 1+ .



1212 Rekha Biswal and Susan J. Sierra

Step 2*. As 0 is the longest root of g, by Fact (5) there are g € Z>¢ and (51, 1), - . ., (54, vq) €A™ s0
that g,+ is a nonzero multiple of

(851,10 - - - (85, 801 - - - 1]

Let Hy" = {gs, "™, {..., {85,.7,0 %, Hf} ...} Let S=gr+>.7 | s; and let

kn1+S kn+2+2(r—|ggl) . km+2(r_|g€|).

N =git" - gut* gyt g—ot gt

We claim that N2Jr =LT. (H2+ ). This is because, again, the <-leading term of H2+ comes by increasing
the rightmost #-powers as much as possible. As g5, ,,, g—¢] =0 for all i, this is done by acting on got*rt!
with all of the gs, ,,#" ™ to obtain N, .

Note that ¢ < d and each s; <r. Thus k41 + S < k41 +2rd < k,42 < ky42+2( — |gg|), using the
induction hypothesis. Therefore N2+ is a standard monomial.

Step 3*. Let H;" = (ad got"T19¢1)2n=n=D ([ F) and let

kn+|+S k,,+2+4r km+4r

N =gt gut* gyt got - got

We claim that N3+ = LT<(H3Jr ). This is because the <-leading term of H;r comes from applying
ad ggt" 18! as far to the right as possible: that is, applying ggt" 19! twice to each g_yt%+20~19D where
ie{n+2,...,m}.

Let Gn+1) = H;r . We have verified that LT G(n + 1) has the claimed congruence class, so
(1) is satisfied. The observation at the end of Step 2" ensures that (3) holds; and (2) follows as
kivi+4r — (ki +4r) =kiy1 —k;. O

Let I be a nontrivial g[z]° -subrepresentation of S™ (g[¢, t~119). We have seen that for any g € (Ba)™
there is H, € I with LT H, = g. We will use this to construct elements of I with arbitrary _<-1eading
term, as 1(;ng as all t—powerg involved are sufficiently large.

The next result considers which <-leading terms may be obtained from a particular H,. It is modeled
on the methods of [Iyudu and Sierra 2020]. )

Lemma 3.5. Let (g1,...,8n) € (BA)". Let G € §™(glt, t711°) with LT. G = gt - gt Let I
be the (tg[t])° -subrepresentation of S™(g[t,t~'1°) generated by G. Let s be the smallest power of t
occurring in G.

Suppose that (g}, ..., g,,) € B" so that

for all j there is weight-homogeneous g € g

so that (g7, g;1 is a nonzero scalar multiple of g,, ., _ ;- (3.6)
Then for all standard monomials M = g/lti1 - gt with iy > max(0, 2a,, — s), there is Hy € I with

LT_.Hy =M.
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Proof. Let
Hy = {gi/timfm’ {gé/timﬂ*az o {g’/;ltilfam’ G} o }}

Then Hy, € I because each g}/t"'"“*f*“f eg[t]° wehavea; =|g;| and sz = |g;.| implies that i, 11— ; —a; =
|g;.’|. We claim that LT Hy = M.

To prove our claim, let us consider the process by which monomials of Hj; are produced from
monomials of G. Let

A= hyt" - Ryt

be a monomial of G. Then A induces two kinds of monomials of Hy,: either we act on each letter of
A with exactly one g;.’ t'm+1-i=4; or we act on some letter of A more than once and in consequence do
not act at all on at least one letter of A. We call the first of these actions permutational and the second
nonpermutational. The <-leading term in Hj; always comes from a permutational action. This is because
in a nonpermutational action, the smallest power of ¢ is always bounded above by a,, since there will be
a missing h;t? which is not acted upon and b; < a,, by the definition of the monomial order <; whereas
in a permutational action, the lowest power of ¢ is bounded below by i + b; — a,, which is strictly bigger
than a,, because of our assumption that i; > 2a,, —s.
Now, if > b; < Y a;, then all monomials of

{gi’tim_als {gé/timfl_az e, {g’/;ltil_am, A} [N }}

have degree < deg M and so are strictly < M. We may thus assume that Y b, =Y a;.
A monomial coming from a permutational action upon A looks like

(g he ) HPe 0 gl Bt g g gy It P 3.7)
for some t € S,,, where all the Lie brackets are nonzero. We claim that
B7NH=M,

with equality only when b;;) =m+1—i and h.¢) = gu+1—; forall i.
Note that b.(1) < a,, thanks to the definition of <. We will have several different cases:
o If b;(1) < ay, then our claim is obvious because i1 + by (1) — ap < ii.

o If br(1) = ay, then we must have [g,,, h-1)] < g/l, with equality only if &, (1) = g,. This is because,
by the definition of <, h;(1) < g» and < has property (2.2).

o If b;(1) = a;, and h;(1) = g, then we want to show that
i i b'r —Um— .m b'r m) i 'm
8 Lgm 1y he@ P @™ gy T < g gl

with equality only when b ;) = am41—; and hy = gm+1—; for all 2 <i <m. This can be proved by
repeating the same procedure and moving towards the right.
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This analysis show that LT G is the only monomial which contributes to the occurrence of M in Hy,.
To finish, we note that by (3.6), then
(g &ml - (87, g1l =2g) -~ g,
for some A # 0. Thus M occurs in Hy; with nonzero coefficient CA, where
C=#r1€6,: a:¢) =ams+1-i and g¢) = gm41—; foralli } #0.
Thus LT. Hy = M. |

To use Lemma 3.5 we must prove that we can always find a situation where (3.6) holds. This is given
by the next elementary lemma.

Lemma 3.8. For any g € B there are g’ € Ba and weight-homogeneous g € g so that [g”, g'] is a nonzero
scalar multiple of g.

Proof If g = g, +p, € Ba, set g~ = 8¢, 4, Let g’ =g and g" =[g, g7 ]. As {g, g™, [g, ¢"]} form an
sly-triple, [g”, '] is a nonzero scalar multiple of g.

If g € b then we consider the action of o on g. We give the proof for r = 3. If |g| = O then
g =hg; +ho (@) +hs2(, for some simple root o; and we can take g’ = g, |.0; and " = g|—¢;|,—o;- If |g] = 1
then g =hg, +nho () +772h0(0ti) for some ;. Set g’ =eq, +1€5 (o)) +’72€o2(a,-) and 8" = fuo, + fo (o) + fo2 (e
Likewise, if |g| = 2 then g = hq, + 1*ho (a;) + Nho(@;) for some o;. Set g’ = €4, + N*eq (@;) + N€y2(q;) and
g//:faf+f0(0!i)+f02(a,-)' O

3.2. The main reduction result. We now prove our main reduction result, Proposition 3.1.

Proof of Proposition 3.1. We may assume that / is generated by a single element F' # 0. For every
g’ =(g},---, &) € (Ba)", using Lemma 3.4 choose G, € I with LT, Gy = g/. Let s, be the smallest
power of 1 occurring in G/, and let S,/ be the largest power of 7. Let n be an integer so that

n > max(0, {285y —s¢: 8" € (Ba)")).

Let £ be the smallest power of ¢ occurring in F.

Fix M = gt - - - g,ut" with iy > n. We construct Hy. Using Lemma 3.8, choose g/, ..., g, € Ba
and weight-homogeneous g/, ..., g, € g so that [g;.’ , g}] is a nonzero multiple of g,,41—; for 1 < j <m.

Let G =Gy . ¢ €1 and write LT. G = gyt - - - g, 1%". Let

.....

Hy = {g/t" ™ (..., {ght"™™, G},...}}.

The proof of Lemma 3.5 shows that
M =LT. Hy,

which is in I as our definition of n ensures that 0 <i; —a, <i; —a,4i—; for any j.
Throughout the proofs of Lemmata 3.2, 3.4, and 3.5 we acted on F only with positive powers of ¢.
Thus the smallest z-power in Hyy is > £. U
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From Proposition 3.1 we deduce our first just-infinite growth result.
Theorem 3.9. Let g be a finite-dimensional simple Lie algebra and let o € Aut g:
(1) The enveloping algebra U (g[t]°) has just-infinite growth. That is, if J is a nonzero ideal of U (g[t]°),
then U (glt]°)/J has polynomial growth.
(2) Let I be a nonzero Poisson ideal of S(g[t]°). Then S(g[t]1°)/1 has polynomial growth.

Proof. If M is a standard monomial in the letters B[¢]°, we define the modified degree of M to be
mdM =degM +len M.

Let 24/ be the subspace of U (g[t]°) spanned by standard monomials of modified degree < j, and let S/
be the corresponding subspace of S(g[t]?). As U(g[z]°) is degree-graded, and, by the PBW theorem, is
filtered by length, thus Z/* defines a filtration on U (g[¢]°): that is, UU! CU I forall i, j € N. Likewise,
S* defines a filtration on S(g[¢]?). It suffices to prove that

U+ S/ +1

dim and dim

have polynomial growth.
Let
grna(Uglr17) = Pu’ ju =",
J
This is a (commutative) Poisson algebra: if F e/ and G €4/ then FG—GF e/~ so grq Uglt]?)
is commutative.

Define o
FG—GF4Uuti—2
Ui+i-2

{grmd F, gmd G} = S (grmd U(g[l]a))i+j_1 .

In fact, as degree alone defines a grading on U (g[¢]?), there is a canonical identification gr, 4 U (g[f]°) =
2., (U (g[£]°)) = S(gl?]°) as Poisson algebras. Further, gr,, 4 / is a nontrivial md-homogeneous Poisson
ideal of S(g[?]°). Likewise, gr,.4 I is a nontrivial md-homogeneous Poisson ideal of S(g[t]°). As

u+J

S/ J
— dim O +8maJ

Elnd J

dim

and similarly for I, it suffices to prove:

Claim: Let K be a nontrivial md-homogeneous Poisson ideal of S(g[¢]°). Then dim((S’/ 4+ K)/K) is
bounded by a polynomial in j.

Let K’ = grj.,(K), which is a nontrivial len-graded Poisson ideal of S(g[¢]”), and thus meets some
S™(g[¢]°) nontrivially. Note that K’ N S™(g[z]?) is a (¢g[t])?-subrepresentation of S™(g[¢t]°). By
Proposition 3.1, there is n € Z~ so that for any standard monomial M = g t'! - - - g,,t'» with i; > n, there
is Hj, € K’ such that LT_ H;, = M. Now, for each standard monomial M as above, there is Hy € K



1216 Rekha Biswal and Susan J. Sierra

with H), = gri., Hy. As the monomial ordering < compares length first, M = LT_ Hy; as well. Further,
as K is md-graded we may take Hjy; to be md-homogeneous.

Let F € S/. Repeatedly using the Hj; to reduce monomials involving m or more powers of ¢ which
are bigger than n, we may rewrite F' (modulo K) without increasing md F so that no monomial in F
contains more than m — 1 ¢-powers bigger than n. That is, (S/ 4+ K)/K is spanned by the image of the
set of standard monomials M with md(M) < j which admit a factorization M = M| M,, where M| is a
standard monomial involving ¢-powers < n — 1, and M, is a standard monomial of length < m involving
t-powers > n. Let us call such monomials normal words, and let

S/+K

r(j) = #{normal words M : md(M) < j} > dim
It is clear that r(j) < b(j)c(j), where

b(j) = #{ standard monomials M, involving only ¢-powers <n — 1 with md M < j }

and
c(j) = #{ standard monomials M; of length < m involving only #-powers > n and with md M, < j}.

Now, modified degree exceeds length, so b(j) does not exceed the number of standard monomials of
length < j involving #-powers between 0 and n — 1, which is ((dimgj{)n“ ) and is bounded above by a
polynomial in j of degree n(dim g). And in a monomial M, of degree at most j and length at most m — 1
in z-powers > n there are no more than j dim g choices for each letter of M>, so ¢(j) < (j dim g)” .

Thus r(j) is bounded above by a polynomial in j of degree n(dim g) +m — 1. [l

Remark 3.10. A small modification to the proof of Theorem 3.9 shows that if J is a nonzero ideal of
U((tg[t])?) and I is a nonzero Poisson ideal of S((zg[t])?) then U ((tg[¢])?)/J and S((¢tg[t])?)/I have
polynomial growth. We leave the details to the reader.

4. Useful technical results

We will prove the just-infinite growth results Theorems 1.1(0) and 1.2(0) in the next section. In this
section we establish a number of useful preparatory results which will allow similar counting arguments
to those in the proof of Theorem 3.9 to apply to affine Kac—Moody algebras.

We establish notation, which will apply to the next two sections. Let L be an affine Kac—Moody
algebra, with central element ¢ and derivation d. Then there are a finite-dimensional simple Lie algebra g
and an automorphism o of g so that

L'/(c)=glt,t7']°.

(Here L' is the derived subalgebra of L.) We may assume that o induces an automorphism of the Dynkin
diagram and the root system of g; we denote this diagram automorphism by o as well. Let r be the order
of o. Throughout the rest of the paper we fix the meanings of L, g, o, r, d, ¢ as in this paragraph. We
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further fix a primitive r-th root of unity, n, and induce a Z/rZ-grading on g as in Section 2. We will use
other notation from Section 2 without comment.

Let A € k. Define U, (L) = U(L)/(c —A) and S3 (L) = S(L)/(c — 1). As ¢ — A is Poisson central in
S(L), the factor S, (L) is a Poisson algebra. Note that So(L") = S(g[z, t~119) as Poisson algebras.

We first show that every nonzero Poisson ideal of Sy (L) meets S; (L’). This requires a technical lemma.

Lemma 4.1. Let A € K. Let G € S, (L), and suppose that there exists a o-equivariant x € g so that
{xt"7¥ Gy =0 forall j € Z. Then G € S, (L").

Proof. Write G = ) '_,d'G;, where G; € S;(L'). Then for any o-equivariant x € g and m € rZ + |x]|,
0={xt", G} =Y d'(=(i+ Dmxt"Gip1 + (xt", G}). 4.2)
i=0
Thus for all m, i, the coefficient of d' in (4.2) must vanish, and so we have
{xt", Gi} = (i + Dmxt"G;41. “4.3)

Fix i and let m > 0 be large enough so that =™ does not occur in G;. As m >> 0 varies, from the definition
of the Poisson bracket on §; (L) we see that the LHS of (4.3) changes only in the powers of ¢+ which occur,
and not in the coefficients. On the other hand, the expressions for the coefficients of the right-hand side
involve a factor of m and so vary with m. Thus (4.3) cannot hold for all values of m € rZ + |x| unless
both sides are identically 0. We conclude that G; =0 for all i > 1, and G = G € Sy (L'). [l

Corollary 4.4. Let A € K and let I be a nonzero Poisson ideal of S, (L). Then I N S, (L") # (0).
Proof. Let 0 # G € I, and choose (5, ) € AT. There is k > 1 so that

{at™ 5, ... {gat™,G}...} =0
for all iy, ..., iy € Z; without loss of generality let £ be minimal. Thus there is some
H = {gat™™ ' ... {gat™,G}...} #£0.

By Lemma 4.1, H € I NS, (L). O

We need to extend the orderings < and < defined on loop algebras to U, (L) and S, (L). To this end,
define a o-equivariant basis B of g as in Basic Fact (9), and note that {d} U {gt'"/*!8| : g € B, j € Z} is
a basis of L/(c). We denote this basis by Bt, t711°. We extend the ordering < on B[t, 117 to an
ordering on B%[¢, =11 by saying that d > g¢" if and only if n < 0 and d < g¢" if and only if n > 0.

We must modify (2.3) to give a basis of U, (L) and S, (L). We will say that a standard monomial in
the elements of B¢, r~']° is an expression of the form

M = gltrm1+|g1\ L. gitrmiJrlgfldjgitrnHr\gil L gl/{trnkJrlg;'(l’ 4.5)
where g,, g, € B and

trml+|gl| <...< ,trmi"‘lgil <d < /tr”I‘HgH <...< /tr”k‘i“g//(l.
81 8i 81 8k
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‘We sometimes write a standard monomial as
M=git™ - git™dl gt - gpt™,

and when we do so we assume that i, = |g,| and nn, = |g}| for all a; in other words, that this monomial
is an element of S(L).

By the PBW theorem, both U, (L) and S, (L) have a basis of standard monomials in the elements of
BY[t,t~'1°. We say that i + j +k is the length of M, which we denote by len M, and that the total #-power
Za rmg + |gal + Zb rnp + |ng| is the degree of M, which we denote by deg(M). Note that U, (L") and
S, (L") have a basis of standard monomials in the elements of B[z, ¢ ~1]°.

We extend the monomial orderings < and < from Section 2.2 to define two orderings < and < on
standard monomials in the elements of B[z, 1117 the ordering < compares length first, then degree,
and then compares monomials lexicographically from left to right, whereas < compares length first, then
degree, then compares monomials lexicographically from right to left.

We use the following reduction lemma, which applies Proposition 3.1 to ideals of U, (L), U, (L’) or
Poisson ideals of Sy (L), Sy (L’).

Lemma 4.6. Let 1 € k:
(1) Let J be a nonzero ideal of Uy (L) or of Uy (L'). There are m, £,n € Z, with m, n > 0, so that if
M = glti' .- ~gmtim
is a standard monomial in the elements of Blt, t~11% with i} > n, then there is Hy € J so that
LT_.Hy=M

and so that all t-powers occurring in Hy are > £.
(2) Let I be a nonzero Poisson ideal of Sy (L) or of S, (L'). There are m, £,n € Z, withm, n > 0, so that
if

M = gll‘il e gm[i"’

is a standard monomial in the elements of Blt, t~11° with i} > n, then there is Gy € I so that
LT.Gy=M
and so that all t-powers occurring in Gy are > L.

Proof. (1) We give the proof for J <U, (L); the proof for J <U, (L) is similar but easier. We filter U, (L)
by length of monomials, and define a Poisson bracket on gr.,, U (L) as in the proof of Theorem 3.9. The
relation

xtiytj — ytjxti =[x, y]tiﬂ +i8iqj0k(x, y)A 4.7

on U, (L) induces the Poisson bracket

{xt', yt/} =[x, y1t't/



Ideals in enveloping algebras of affine Kac—Moody algebras 1219

in gry., Ux(L) and so gr,, U, (L) may be identified with So(L) as Poisson algebras. By Corollary 4.4
applied to gr.,, J, which is a nonzero Poisson ideal of So(L), there is 0 = H € J so that gr., H € So(L').

Let m =len(gr,,, H) =len H and let £ be the smallest z-power occurring in H. Let I be the Poisson
ideal of Sy(L) generated by gr,,,, H. By Proposition 3.1 there is n € Z so that if M = gt'! - - - g, t' is
a standard monomial with iy > n, there is Gy € I N Sy(L’) with LT. Gy, = M. The procedure in the
proof of Proposition 3.1 that produces Gy, (that is, the procedure in Lemmata 3.2, 3.4, and 3.5) produces
By, ..., B;€B[t,t7']°, involving only nonnegative ¢-powers, so that

{B1,{.... {Bs, gt1en H}, ... } = Gu.
Now, if B € B[t,t~']° and P € U, (L), then

ghenB, P1=1{B, gri., P}, 1if (B, gr., P} #0. 4.8)
Let
Hy =1[Bi,[...,[Bs, H]...].

Applying (4.8) we see that Gy = gry., Hy, and as the monomial ordering < compares length first,
LT. Hy =LT. Gy = M. As the t-powers in the B; are nonnegative, the r-powers in Hy; are no smaller
than .

(2) This proof is similar to the proof of (1). By Corollary 4.4 it suffices to give the proof for a Poisson
ideal I of S; (L’). Let 0 # G € I. Let m = len G and let ¢ be the smallest 7-power occurring in G.

Filter S; (L") by length, as in the proof of (1), so gry., Sa (L") = So(L’). We again apply Proposition 3.1
to obtain n so that if M is a standard monomial of length m involving only ¢-powers > n, then there is
Gy in the Poisson ideal of Sy(L’) generated by gr,., G with LT_ Gy = M.

Temporarily, let {—, —}¢ denote the Poisson bracket in Sy(L’) and let {—, —}, denote the Poisson
bracket in S, (L"). Then, similarly to (4.8), if B € B[t,t~']1° and P € Sy (L’), then

grlen({B» P}k) = {B7 Ellen P}Oa if {B, Ellen P}O 3& 0. (49)

As in the proof of (1), there are By, ..., By € Blt, t~11°, involving only nonnegative powers of ¢, so that

GM = {Blv {"'7 {BS7 gr]en G}07 L) }0
Let
HM:{BI7 {7 {BS7 G})w 7})&

As I is a Poisson ideal, Hy; € 1. As before, applying (4.9) this time, LT Hy; = M, and Hj; does not
involve any ¢-powers smaller than £. (Il

Let L, be the sub-Lie algebra of L generated by all g¢* with n > 0, and similarly define L_ to be
generated by all g¢" with n < 0. For all A, then U (L), U(L_) are subalgebras of U, (L), and similarly
S(L+), S(L-) € S5 (L), where these second inclusions are inclusions of Poisson algebras.

We next apply Lemma 4.6 to show that a nontrivial ideal of U, (L) must meet U (L), and, symmetri-
cally, U(L_). We do not know of a way to show this without using growth.
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Proposition 4.10. Let A € k:

(1) Let J be a nonzero ideal of U (L) or of U (L'). There are nonzero elements H € JNU (L) and
H-eJNU(L.).

(2) Let I be a nonzero Poisson ideal of Sy (L) or of S (L'). There are nonzero elements G € INS(L )
and G- e INS(L-).

Proof. We give the proof if J <U, (L).

By symmetry, it suffices to prove the result for H;. Let A = U, (L)/J. We claim that A has finite
GK-dimension as a right or left U (L4 )-module; by symmetry it suffices to consider the GK-dimension
as a right module.

The proof of Lemma 4.6(1) produces H € J and, from H, integers m, £, n so that if

M =gt ... gt
is a standard monomial with i; > n, then there is Hy, € U(L/ZO)HU(L’ZO) so that
LT_-Hy =M
and so that all 7-powers occurring in Hy, are > €. Without loss of generality, £ < 0. Let
D=({dimg)(n—1)+m — 1.

We claim that the GK-dimension of A as a U (L. )-module is at most D.

Let V C U, (L) be a finite-dimensional subspace which includes 1; we will show that the U (L )-
module X = (U(L{)VU(Ly)+ J)/J has GKdim < D. (As GKdimy () A is by the definition the
supremum over all finitely generated U (L) submodules A" € A of GKdimy .,y A’, this is sufficient to
prove the claim.) Since U (L) is finitely graded, for any j € Z-( the subspace {x € X :degx < j} is
finite dimensional, so it suffices to show that the dimension, considered as a function of j, grows as a
polynomial of degree < D.

We may enlarge V without damage, so assume that H € VU (L,). Let s be the minimum ¢-power
occurring in any element of V and let m’ be the maximum length of any element of V. We may enlarge V
again so that s < ¢ (recall that £ < 0) and m’ > m and so that V = =" (g;¢* @gmt”l - - -@g()to o kd).
The minimal degree of an element of V is sm’ <0.

Note that if xt* € L and M is a monomial in V, then

xt*M = Mxt* + a sum of monomials of length < len(M) involving 7-powers > s.

Thus xt*M € VU (Ly). By induction, U(L+)VU(Ly) = VU(L4). Thus X is spanned by standard
monomials M which admit a factorization M = MOM", where M? is a standard monomial of length < m’
involving d and ¢-powers between s and 0, and M is a standard monomial involving z-powers > 1. For
all such M, our assumption that s < ¢ and our choice of V mean that Hy; € VU (L) =U(L+)VU(L).
Working modulo J to rewrite the monomials M! and repeatedly applying Lemma 4.6, we see that X is
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spanned by the image of standard monomials M in VU (L) which admit a factorization M = M°M; M,
where M? is a standard monomial of length < m’ involving d and ¢-powers between s and 0, M is a
standard monomial involving t-powers between 1 and n — 1, and M, is a standard monomial of length
< m involving only ¢-powers > n.

Thus, the growth of X is thus bounded by the growth of

Y = {(M°M; M>)},

where MY is a standard monomial of length < m involving d and f-powers between s and 0, M is a
standard monomial involving ¢-powers between 1 and n — 1, and M, is a standard monomial involving
only f-powers > n and with len M, < m. It thus suffices to show that

q(j) =#M €Y :deg(M) < j}

is bounded by a polynomial in j of degree D.
Clearly g (j) is bounded by ab(j)c(j), where

a=dimS=" (gt' & - ® g1’ ® kd),
b(j) =#{standard monomials M; of degree < j —sm’ involving only z-powers between 1 and n — 1},

c(j) = #{standard monomials M, of length < m and degree < j —sm’ involving only ¢-powers > n}.

As M, involves only positive t-powers, deg M| > len M1, and so b(j) does not exceed the number of stan-

(dim g) (n—l)-‘rj—sm’)
j—sm’

and is bounded above by a polynomial in j of degree (dim g)(n — 1). And in a monomial M, of degree

dard monomials of length < j —sm’ involving ¢-powers between 1 and n—1, which is < (

at most j — sm’ and length at most m — 1 in 7-powers > n there are no more than (j —sm’) dim g choices
for each letter of M>, so c(j) < ((j —sm’) dim g)"~!. Thus there is A € R so that ¢(j) < Aj? for all but
finitely many j, proving the claim.

As GKdim U (L) = oo, the natural map U (L) — A cannot be injective, and thus U (L) NJ # (0).
(This argument is essentially Scholium 2.4, but for modules, not algebras.)

The proofs of other statements are similar, using other parts of Lemma 4.6. ]

5. Just-infinite growth

We now prove our first main results, Theorems 1.1(0) and 1.2(0). Throughout, fix A € K. Let J be a
nonzero ideal of U (L) and let A= U, (L)/J. Let J’ be a nonzero ideal of U; (L") and let A’ = U, (L")/J".
Let I be a nonzero Poisson ideal of Sy (L) and let C = S, (L)/I, and let I’ be a nonzero Poisson ideal of
Sy (L") and let C' = S, (L")/I.

We first prove Theorem 1.1(0). As U, (L) is not finitely graded, there are some technical issues in the
proof. Our solution is to extend the definition of modified degree from the proof of Theorem 3.9 so that the
associated graded ring B = gr,q U,/ gr,,q J of A will be (finitely) connected graded. Here recall that an



1222 Rekha Biswal and Susan J. Sierra

N-graded K-algebra R = P, R, is finitely connected graded if each dim R, < oo and Ry = K. We then
use the Poisson GK—dimensio;l of [Petukhov and Sierra 2020] to bound the GK-dimension of A and of A’.
We extend the earlier definition of modified degree to define the modified degree of an element of
Bt, t711° to be
mdgt" =|n|+1, mdd=1.

Let S = gr, 4 Us(L) and let S’ = gr, 4 Us(L'). As md([gt?, ht’]) < |a+b|+1 < |a| +|b| +2 =
md(gr?) + md(h?), and md([d, gt?]) < md(gt?) + md(d), thus U, (L) is almost commutative with
respect to the filtration induced by md, and so, as a ring, S is isomorphic to a polynomial ring in the
variables d and gt"**18l, graded by deg(gt*) = |a| + 1 and degd = 1. The subring S’ is isomorphic to a
polynomial ring in the variables g¢"“*1¢!. Thus S is connected graded. Further, S has a Poisson bracket

(g, h1t**t? ifab >0,

d {d, gt} =agt’
0 else, and - {d, g1} = ag

{gt*, ht"} = {
induced from the commutator in Uy (L), as in the proof of Theorem 3.9, and S’ is a Poisson subalgebra of S.
Let B =S/ gr,q J, and note that B is the associated graded ring of A with respect to the filtration
induced by md. Likewise, let B’ = S’/ gr,,q4 J'; we have B’ = gr, 4(A’). As usual, gr, 4 J is a Poisson
ideal of S (respectively, gr, 4 J' is a Poisson ideal of S”) and so the Poisson bracket on S (respectively, S”)
descends to B (respectively, B).
The point of introducing the filtration md is that the GK-dimension of A may be computed from the
growth of B. For j € N, let S<; denote the span in § of standard monomials of modified degree < j and

similarly define S’ Iz

Proposition 5.1. For j € N, let B(j) be the image of S<; in B and let B'(j) be the image of S’Sj in B
Then
GKdim A =limlog; dim B(j) and GKdim A" =limlog; dim B'(j).

Proof. This is [Petukhov and Sierra 2020, Proposition 3.14]. We must check that the hypotheses of
that result apply; that is, for B, that {B(i), B(j)} € B(i + j) for all i, j, and that for some s, we have
B(j) € B(s)U! for all j, and similarly for B’. Here recall that if V' is a subspace of B, then V /! is defined
inductively:

. VIO =k
e For j € N, define VU = vyl (v, vl
o In particular VIl = V.

The needed properties for B and B’ follow immediately from similar properties for S<;, taking s =r + 1.
That {B(i), B(j)} € B(i + j) is immediate. And by Lemma 5.3,

gat "V = (ad ggt")" N (gat®) S (S<r11)™ (5.2)

fora €{0,...,r —1}. Thus S<; C (S<,—)!) for all j. O
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We give the proof of (5.2).
Lemma 5.3. Fora € {0, ...,r — 1}, we have
ga = [95. 9al = span([x, y]: x € g5, ¥ € ga).

Proof. A basis for g; is made up of the gz o for @ € A; and the hg from Table 1. We show that all these
elements are in [gg, gz]. From the Basic Facts we have [g—; _,, ga.«] € 95, and [[g=; 4. &a.a ], &a,a] 1S
a nonzero scalar multiple of g; ,. Writing

r/
hG = Z N heiys
Jj=0

let
r’ r
e=D Coie) €8 [ =D 1Y foiw € ta-
Jj=0 j=0
Then [e, f]= h‘a The lemma follows. |

Let0£HYeJNU(Ly)and 0# H™ € JNU(L_) be the elements produced by Proposition 4.10.
Let Gt =gr, s H" and let G~ = gr,,y H~. We now apply the reduction procedure in Proposition 3.1 to
obtain a reduction result for B. This is:

Lemma 5.4. There exist positive integers m, n so that the following hold:
(1) Every standard monomial M = g; t/' - - - g; t'm withn < j; <--- < j, satisfies
M=H+Y cM,

where H € gr, 4 J N S(Ly) is homogeneous in modified degree, the sum is finite, c; € K*, and the
My are standard monomials so that for each t we have at least one t-power < n featuring in Mj.

(2) Every standard monomial M = g; t/' - - - g; t/m with j} < --- < j, < —n satisfies
M=H+) cM,,

where H € gr, 4 J N S(L_) is homogeneous in modified degree, the sum is finite, c; € K*, and the
M, are standard monomials so that for each t we have at least one t-power > —n featuring in M.

Proof. It suffices to prove (1). Noting that S(L;) C S is an inclusion of Poisson algebras, we apply
Proposition 3.1 to reduce M modulo the Poisson ideal of S(L,) generated by G*. This produces an
element H € gr,y J N S(L) satisfying all claimed properties but md-homogeneity. But since G7 is
md-homogeneous and the adjoint action of homogeneous elements of L, as is used in the proof of
Proposition 3.1, preserves md-homogeneity, H is md-homogeneous as claimed. (I

We now prove Theorem 1.1(0).
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Proof of Theorem 1.1(0). The proofs for U, (L) and for U, (L’) are very similar; we give the proof
for U, (L). By Proposition 5.1, it suffices to show that dim B(j) has polynomial growth. (For U, (L") we
show that dim B’(j) has polynomial growth.)

Let F € B(j). Repeatedly applying Lemma 5.4 to F', we may rewrite F without increasing md F’ so that
no monomial in F' contains more than m — 1 ¢-powers bigger than n or more than m — 1 t-powers smaller
than —n. That is, B(j) is spanned by the image of the set of standard monomials M with md(M) < j
which admit a factorization M = MyM | M;, where M| is a standard monomial of length < m involving
t-powers < —n, M, is a standard monomial involving d and ¢-powers between 1 —n and n — 1, and M3
is a standard monomial of length < m involving ¢#-powers > n. Let us call such monomials normal words,
and let

r(j) = #{normal words M : md(M) < j}.

We have seen that dim B(j) < r(j); an argument very similar to the proof of Proposition 4.10 shows that

r(j) < e(j)c(j)?, where

e(j) =#{M : M is a standard monomial involving only d

and ¢-powers between 1 —n andn —1 and md M < j}

and
c(j) =#{M> : M, is a standard monomial of length < m involving only z-powers > n with deg M, < j}.

We have seen that c(j) < (j dimg)™~!. Similarly to the proofs of Theorem 3.9 and Proposition 3.1,
e(j)< (<dlm 9)(2’;—1)+1+j), Thus r(j) is bounded by a polynomial in j of degree (dim g)(2n—1)+2m—1. [J

We also have:

Proposition 5.5. Let L be an affine Kac—Moody algebra with central element c. Then U (L) Qi1 K(c)
and U (L") ®xic) K(c) have just-infinite growth as K(c)-algebras.

Proof. None of the steps in the proof of Theorem 1.1(0) used that K is algebraically closed. Thus
we may change the ground field to k(x), where x is an indeterminate, to obtain: for any A € Kk(x),
Uk(x)(L)/(c — A) has just-infinite growth as a K(x)-algebra. This holds in particular for A = x, giving that
Uk(x)(L)/(c —x) = U (L) ®kjc) K(c) has just-infinite growth as a K(c)-algebra, and similarly for L". O

We will also use modified degree to prove Theorem 1.2(0).

Proof of Theorem 1.2(0). As above, modified degree introduces a filtration on C and on C’, and we have
2ma CES/ gl =R, grpg(CH =S/ grpg(I) =R

Define R(j), R'(j) to be the elements of R (respectively, R") of modified degree < j. As in the proof
of Theorem 1.1, we may use G*, G~ from Proposition 4.10 to find m, n € Z so that for all j, R(j) is
spanned by the image of the set of standard monomials M with md(M) < j which admit a factorization
M = MyMM,, where My is a standard monomial of length < m involving ¢-powers < —n, M is a
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standard monomial involving d and ¢-powers between 1 —n and n — 1, and M, is a standard monomial
of length < m involving ¢t-powers > n. Let D = (dimg)(2n — 1) +2m — 1. The same argument as in
the proof of Theorem 1.1 shows that dim R(j) is bounded by a polynomial in j of degree D and so is
bounded by some A;j”.

Let V be a finite-dimensional subspace of C, containing 1, and choose a so that gr,.4 V € R(a). Then
dim V/ < dim R(aj) < AaP? jP. Therefore GKdim C < D.

The proof that GKdim C’ < oo is similar. O

We also have:

Proposition 5.6. Let I be a nonzero Poisson ideal of S(L) Qxc1K(c) and let 1" be a nonzero Poisson ideal
of S(L") ®xjc1 K(c). Then S(L) Qe K(c)/I and S(L") ®x(ey K(c) /1" have polynomial growth.

We leave the proof to the reader.

Remark 5.7. Propositions 5.5 and 5.6 should be viewed as temporary results, as later we will prove,
as stated in Theorems 1.1(2) and 1.2(2), that U (L) ®(cj K(c) and U (L") ®x(c K(c) are simple, and that
S(L) ®xqe1 k(c) and S(L') ®xje1 K(c) are Poisson simple.

Remark 5.8. The strategy of proof of Theorems 1.1(0) and 1.2(0) can be modified to give new proofs of
[Iyudu and Sierra 2020, Theorems 5.3 and 5.6]. Recall that the Witt algebra W = K[, t~119 is the Lie
algebra of polynomial vector fields on the punctured line (here 0= %
the unique nontrivial central extension of W. As a vector space we have

) and the Virasoro algebra Vir is

Vir=W @ kc
with Lie bracket
[f0,831=(fg — f'8)d+Reso(f'¢" — g f")e, ¢ central.

We describe the necessary modifications to prove [loc. cit., Theorem 5.3], that central quotients of U (Vir)
have just-infinite growth.

Let A € k and let J be a nonzero ideal of U, := U (Vir)/(c — A). The proof of Proposition 4.10 may
be modified (using the reduction in [loc. cit., Lemma 2.2] instead of Proposition 3.1) to show that there
are nonzero Ht € JNUK[t]9) and H~ € J N U (¢t~ 'kt~ 1]9). Similarly to our methods here, filter
U, by modified degree, where we define md(t"t19) = |n| + 1. Let G* = grmd(Hi) € groq(J). The
reduction argument in [loc. cit., Lemma 2.2] now gives a version of Lemma 5.4 for gr, (U, /J) and a
similar counting argument to the proof of Theorem 1.1 shows that U, /J has polynomial growth.

6. Simplicity of nontrivial central quotients

In this section, we prove Theorem 1.1(1,2) and Theorem 1.2(1,2). Throughout the section, let L be an
affine Kac—-Moody algebra with central element ¢ and derivation d, and let L' /(c) = g[t, t~']°, where g
is a finite-dimensional simple Lie algebra and o € Aut(g).
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One of our main techniques will be to use the following corollary of Theorem 1.1(0). (This was the
reason for proving such a general version of this theorem, even though the result for A # 0 will soon be
superseded.)

Proposition 6.1. Let A € kK* and let B be either Uy (L) or U, (L’). Let A be a K-subalgebra of B with
GKdim A = oo. If J is a nonzero ideal of B then J N A # (0).

Proof. Combine Scholium 2.4 with Theorem 1.1(0). O

We will show that we can restrict without loss of generality to the case g = sl (and 0 = 1). Thus to
begin we consider this case.

6.1. The sl; case. In this subsection assume now that L has type Agl) (so g=slp and o0 =1). The derived
subalgebra L’ of L is isomorphic as a vector space to slp[¢, '] @ ke. We fix notation for elements of L':
let e, f, h be the standard basis of sl; and for n € Z let e, = et”, f, = ft", h, = ht". Let A € k*. In this
subsection we will show that U; (L) is simple.

Theorem 6.2. Let L be an affine Lie algebra of type AW 5o L= ;[;:

(1) For any A € K*, the algebra U, (L) is simple.

(2) Any nonzero ideal of U(L') contains a nonzero polynomial in c; equivalently, U (L") Qi K(c) is
simple.

Proof. (1) Let A; be the subalgebra of U, (L") generated by {h; : i € Z\ {0}}. We claim that A, is
isomorphic to the infinite Weyl algebra and is thus a simple ring. To see this, let A be the infinite Weyl
algebra of differential operators on K[x{, x2, ...]. We have

A= k(xl, 81,x2, 82, ...)/(xixj ij'xi, aiaj = 8j8i, 3,')6] —Xjai 251'7]' | i,jezzl).

It is well known that A is simple; for example, A is a direct limit of the (finite) Weyl algebras A,, generated
by x1, ..., X4, 01, ..., 0, which are simple by [Goodearl and Warfield 2004, Corollary 2.2].
A presentation for A, is

K(hi :i € Z\{0})/{hihj —hjh; =2i)A8;1}0)

from (4.7). Thus the map 9d; — h;/(2iA), x; — h_; induces an isomorphism A => A;.
Let J be a nonzero ideal of U, (L’). By Proposition 6.1, J N A, # (0). As A, is simple, 1 € J.

(2) The proof is similar. Suppose that J is a nonzero ideal of U(L’). Then J(c) := J Q1 K(c) is a
nonzero ideal of U (L) ®k K(c). Combining Scholium 2.4 and Proposition 5.5 we see that J(c) has
a nontrivial intersection with the K(c)-subalgebra of U(L’) ®x K(c) generated by {h; : i € Z\ {0}}.
Observe now that x; — h_;, 3; — h;/(2ic) induces an isomorphism between the simple ring A ®g K(c¢)
and this subalgebra. Thus 1 € J(c), and it follows that J Nk[c] # (0). [l
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6.2. The general case. We now let L be an arbitrary affine Lie algebra. To complete the proof of
Theorem 1.1, we note that L contains (in fact, many choices of) a subalgebra isomorphic to 5/[;

Lemma 6.3. Let L be an affine Kac—Moody algebra, with Chevalley generators e;, f;, h;, central ele-
ment c, and derivation d. For any f;, there is a subalgebra L of L which contains f;, ¢ and d and is

isomorphic to 5/[; via an isomorphism which sends the positive Borel of 5/[; into the positive Borel of L.
Proof. This is well known, and is proved in [Carbone et al. 2021]. |

We now complete the proof of Theorem 1.1 by proving parts (1) and (2), which are, respectively,
parts (1) and (2) of the next result.

Theorem 6.4. Let L be an affine Lie algebra:

(1) For any A € K*, the algebras U, (L) and U, (L') are simple.
(2) Any nonzero ideal of U (L) or of U (L’) contains a nonzero element of K[c]; equivalently, the algebras
U(L) ®ie1 k(c) and U(L') Qe K(c) are simple.
Proof. By Lemma 6.3, let L be a Lie subalgebra of L which is isomorphic to 5/[;

(1) Let J be a nonzero ideal of U, (L) or of U, (L’). By Proposition 6.1, J N U, (L") # (0) and thus 1 € J
by Theorem 6.2(1).

(2) This proof is similar, applying Scholium 2.4, Proposition 5.5, and Theorem 6.2(2) to the localized

ideal J Q] k(c). O
We next finish the proof of Theorem 1.2 by proving parts (1) and (2).

Theorem 6.5. Let L be an affine Lie algebra:

(1) For any A € K*, the algebras S (L) and S, (L") are Poisson simple.

(2) Any nonzero Poisson ideal of S(L) or of S(L) contains a nonzero element of K[c]; equivalently,
S(L) ®xqe1 k(c) and S(L') Qe K(c) are Poisson simple.

Proof. Again, let L be a Lie subalgebra of L which is isomorphic to g[; Define e, h,, fn € L’ as in
Section 6.1. Fori € Z>1, let x; = h_; and let y; = h; /(2Ai), and let S be the subalgebra of S, generated
by the x; and y;. Here the {x;} Poisson commute, as do the {y;}, and {y;, x;} =, ;. Thus S is isomorphic
to the infinite Poisson Weyl algebra, which is Poisson simple. One way to see this is that the (Poisson)
subalgebras K[xi, ..., x,, y1, ..., y,] are all Poisson simple; a proof is given in [Bavula 2020].

(1) Let J be a nonzero Poisson ideal of S; (L) or Sy (L'). By Theorem 1.2(0) and Scholium 2.4, JNS # (0).
As S is Poisson simple, 1 € J.

(2) The proof is similar, using Proposition 5.6 and a modification of the proof of Theorem 6.4(2). We
leave the details to the reader. U
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7. Other applications

In this section, we give other applications of our growth results.

In Proposition 4.10 we used growth to show that nontrivial ideals of U, (L) must meet U (L,.). However,
we can use Theorem 1.1(0) to obtain much stronger results of a similar flavor.

For simplicity, we state this next result only for untwisted loop algebras, although a similar result clearly
holds in the twisted case. Corollary 7.2, which is an immediate consequence, seems rather surprising
without the growth context.

Proposition 7.1. Let g be a finite-dimensional simple Lie algebra. Let J be a nonzero ideal of U (g[t, t~'])
and let £ be any infinite-dimensional Lie subalgebra of g[t, t~']. Then J N U (8) is nonzero.

Proof. This is a direct application of Proposition 6.1 with A = 0. ]

Corollary 7.2. In the situation of Proposition 7.1, if X C Z is any infinite set, for example X consists of
all of the powers of T or all of the primes, and g is any element of g, then J contains an element involving
only gt* for x € X.

Proof. The vector space spanned by {g#* : x € X} is an infinite-dimensional (abelian) Lie subalgebra of
glt, t~1, so this follows directly from Proposition 7.1. O

It is well known that the enveloping algebras U (g[¢]?), U (L), etc., are not left or right noetherian.
However, the results of this paper, as well as [Leén Sdnchez and Sierra 2023, Corollary 5.14], raise the
natural question of whether they satisfy the ascending chain condition on two-sided ideals. We close with
two results related to this question.

In the next two results, let g be a finite-dimensional simple Lie algebra with diagram automorphism o,
and let L be the affine Kac—-Moody algebra associated to g and o.

Proposition 7.3. The algebras U(g[t]°), U(L), and U (L) satisfy the ascending chain condition (ACC)

on completely prime ideals.

Proof. The proof of [Iyudu and Sierra 2020, Proposition 6.4] works in our setting, appealing to
Proposition 5.5 and Theorems 1.1 and 3.9 as necessary. We omit the details. (I

Remark 7.4. Let W, = tzk[t]% be the positive Witt algebra. 1t is shown in[lyudu and Sierra 2020,
Theorem 1.2] that U (W..) has just-infinite growth. Further, by [Petukhov and Sierra 2020, Theorem 1.5],
the symmetric algebra S(W. ) satisfies the ascending chain condition on radical Poisson ideals. These
results are supporting evidence for the conjecture [Petukhov and Sierra 2020, Conjecture 1.3] that the
enveloping algebra U (W) satisfies the ascending chain condition on two-sided ideals.

It is now known [Ledén Sdnchez and Sierra 2023] that symmetric algebras of (twisted) loop algebras
satisfy the ascending chain condition on radical Poisson ideals, and this can easily be extended to symmetric
algebras of affine Kac—Moody algebras. Combining this result with Theorem 1.1 and Proposition 7.3, it is
natural to ask if enveloping algebras of affine Kac—Moody algebras satisfy the ascending chain condition
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on two-sided ideals. (It is easy to see that these enveloping algebras are not left or right noetherian.) This
is the subject of ongoing research. Note that this question is only really interesting for Uy(L’).

A ring R is Hopfian if R is not isomorphic to any proper quotient R/J (equivalently, any epimorphism
from R — R is an isomorphism). If R satisfies the ascending chain condition on two-sided ideals, then R
must be Hopfian. We do not know if enveloping algebras of affine Lie algebras satisfy this ACC, butitis a
consequence of our growth results that they are Hopfian. Further, enveloping algebras of current algebras
and central quotients of enveloping algebras of affine algebras satisfy the stronger Bassian property, where
aring R is Bassian if there is no injection of R into any proper quotient R/J.

Proposition 7.5. The algebras U (g[t]?), Uy(L'), and Uy(L) are Bassian and Hopfian. Further, U (L)
and U (L") are Hopfian.

Proof. This proof is similar to the proof of [Iyudu and Sierra 2020, Proposition 6.5], but as it is fairly
brief we give it here in full.

If R has just infinite growth, then GKdim R/J < GKdim R for any proper ideal J of R, so R cannot
inject in R/J. Thus the Bassian (and thus Hopfian) property for U (g[¢]°) follows from Theorem 3.9, and
for Uy(L’) and Uy(L) it follows from Theorem 1.1(0).

Let U be either U(L) or U(L’). To show that U is Hopfian, let f be a surjective endomorphism of U,
with kernel J. As U/J = Im(f) = U is torsion-free as a module over K[c], the complex

0 — J ®uie; K(©) = U @k K(e) L2 U @iger Kie) > 0

is exact. Now by Proposition 5.5, we must have J Q. K(c) = 0, as otherwise a K(c)-algebra of
finite GK-dimension would surject onto one of infinite GK-dimension. As U is K[c]-torsion-free (or by
Theorem 1.1(2)), J =0. [l
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The integral Chow ring of weighted blow-ups
Veronica Arena and Stephen Obinna

Appendix written jointly with Dan Abramovich

We give a formula for the Chow rings of weighted blow-ups. Along the way, we also compute the Chow
rings of weighted projective stack bundles, a formula for the Gysin homomorphism of a weighted blow-up,
and a generalization of the splitting principle. In addition, in the Appendix we compute the Chern class of
a weighted blow-up.

1. Introduction

A short introduction to weighted blow-ups. The blow-up is an important operation that is ubiquitous
in algebraic geometry. When working with algebraic stacks, there is a natural generalization of the
blow-up, called a weighted blow-up. Weighted blow-ups appear naturally in the study of moduli spaces,
for example in [Inchiostro 2022, Theorem 2.6] M ; is obtained as the weighted blow-up of the weighted
projective plane P(2, 3, 4) at a point. This is a particular case of [Arena et al. 2023, Theorem 7.3], where
M, is obtained as the blow-up of the moduli space of pseudostable curves at the cuspidal locus.

See [Quek and Rydh 2021] for a thorough introduction to weighted blow-ups, or [Arena et al. 2023]
for a more condensed version. Intuitively, a weighted blow-up is like an ordinary blow-up, but with
positive integer weights on the normal directions at each point of the center. Weighted blow-ups preserve
many of the properties of (ordinary) blow-ups such as transforming the center into a divisor or being an
isomorphism outside of the center.

For example, the blow-up of A“ at the origin {0} with weights ay, ..., a4 replaces the origin with the
weighted projective stack P(ay, ..., ag), which is our exceptional divisor. Moreover, it is isomorphic to
A4\ {0} outside P(ay, ..., ag). Formally, the weights are indicated by using a Rees algebra, as illustrated
in the following example.

Example. Suppose we wish to blow up the origin X = {0} in ¥ = A? with weights 1 in the x-direction
and 2 in the y-direction. This is given by

Bly Y = Projy(@ 1,,) - [(Specy (@ I,,) N V(1+))/Gm] Sy,
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where

Ip=klx,y]> L =, ) Dh=x*y) D L= xy,y)D--- .

The weights of x, y are the same as the maximum degree in the graded algebra &b I, in which they
appear as linear terms, and /,, consists of polynomials in x, y with weight at least n.

We also assume that all weighted blow-ups are regular in the sense of [Quek and Rydh 2021, Defini-
tion 5.2.7] or equivalently [Arena et al. 2023, Definition 2.13].

Content of the paper. Let f : Y > Ybea regular weighted blow-up of X C Y with positive weights
ai, ..., aq and let X be the exceptional divisor. For most of the paper we will assume X, Y are smooth
algebraic spaces over a field of characteristic 0. In Section 7 we will generalize to the case of 2", %
quotient stacks by a linear algebraic group.

Then we have the commutative diagram

<

AN
f
i

A P

h<

which is not Cartesian, unlike the ordinary blow-up case (an example of this can be found in [Quek and
Rydh 2021, Remark 3.2.10]).

In the case of a classical blow-up, a description of the Chow ring A*(?) and of its A*(Y)-module
structure is given in [Fulton 1998, Exercise 8.3.9] or [Eisenbud and Harris 2016, Proposition 13.12]. The
purpose of this paper is to give a similar description for the Chow ring of a weighted blow-up.

We will use the functoriality of Chow rings including pull-backs, pushforwards and the Gysin map f*
with the key property of making the following diagram commute:

A*(X) I ax(¥)

q A
A*(X) — A*(Y)

The formula for the Chow ring will follow from the exact sequence in the theorem below, generalizing
the key sequence in [Fulton 1998, Proposition 6.7(e)].

Theorem 6.1 (key sequence). Let X, Y, i, IN’, f be as above. Then we have the exact sequence of Chow
groups
Aqx) LT 4Ry @ axr) 225 4@ > 0.

Further, if we use rational coefficients, then this becomes a split short exact sequence with g, left inverse
to (f!a _l*)
* (f!s_i*) s * Js+r* S
0—-A"X,Q) — A"(X, QDA™ (Y,Q) —— A*(Y,Q) — 0.
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Note that since our blow-up diagram is not Cartesian, the codomain of f'is A*(X xy ?), but X is the
reduction of X xy ¥ so we can identify their Chow groups.

Moreover, when working with integral coefficients, the sequence is no longer exact on the left as shown
in Example 6.2. Passing to rational coefficients however, allows us to maintain exactness on the left and
to define a left inverse of (', —i,) via g,. In fact, it is enough to pass to Z[1/ay, ..., 1/ay]-coefficients.

From the sequence, we can get the following description of A*(? ).

Theorem 6.4 (Chow ring of a weighted blow-up). If Y—>Yisa weighted blow-up of Y at a closed
subvariety X, then the Chow ring A*(Y) is isomorphic as a group to the quotient

A = (A1) -1 ® A*(Y)
~ ((P() = P(O)a, —i(@)). Y € A*(X))

with P (t) = cgn (NxY)(t) (defined below) and [X] = —t.
The multiplicative structure on A*(?) is induced by the multiplicative structures on A*(X) and A*(Y)
and by the pull-back map in the following way:

0,B)- (1,00 = G*(B)t, 0).
Equivalently A*(? ) can be expressed as a quotient of the fiber product

A*(Y) xaxx) AT(X)[1]
((iset, P(D)at), Yo € A*(X))’

withi* : A*(Y) — A*(X) on the left and A*(X)[t] — A*(X) on the right given by evaluating t at 0.

In order to use the key sequence, we need to give a presentation for the Chow ring of the exceptional
divisor X.

In the classical case, X is a projective bundle over X and the Chow ring of a projective bundle can be
described via the formula [Eisenbud and Harris 2016, Theorem 9.6]. In the case of a weighted blow-up,
the exceptional divisor is a projective stack bundle, i.e., the projectivization of a weighted affine bundle
(Definitions 3.2, 3.4). In Section 3 we define the top G,,-equivariant Chern class for a weighted affine
bundle E in terms of its homogeneous pieces as

cop(E) = [ [ can(En) =] [(en (E) + aiten,—1 (i) ++ - +a}t™),
i

and we give a formula for the integral Chow ring of a projective stack bundle (which was proven for
rational coefficients in [Mustatd and Mustatd 2012, Lemma 2.10(b)]).

Theorem 3.12 (weighted projective bundle formula). Let E be a weighted, affine bundle over X of rank n.

Let c;?;g (E)(2) be its Gy,-equivariant top Chern class. Then

AT (X)[1]

A*(P(E) = -
car (E)(1)
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Finally, to have a complete description of the exact sequence in Theorem 6.1, we need the appropriate
generalization for the excess intersection formula [Fulton 1998, Theorem 6.3]. Unlike the case of an
ordinary blow-up, in the weighted blow-up case we don’t have an excess bundle and we describe f' as
the multiplication by a difference quotient of the top G,,-equivariant Chern class of the normal bundle.

Theorem 5.5 (weighted key formula). Ler X, Y, X, Y, f be as above. Let us identify A*(X) =
A*(X)[t]/P(t) with P(t) = c;‘?;g (NxY)(t). Then we have the following formula for the Gysin homomor-
phism f': A*(X) - A*(X):
P(t)—P(O
fw=t0=FO,
The proof of our formula for the Gysin homomorphism relies on a generalization of the splitting
principle, Theorem 4.9, stated in terms of maps to classifying stacks BT, BGL,, BG4 p.

Theorem 4.9 (the splitting principle). Let E — X be a weighted affine bundle defined by a map
X — BGgy. Let T be the standard maximal torus in GL,. Then the map X" — X in the fiber diagram

X" — BT

Loy

X' — BGL,

1 s

X — BGap

induces an injection of Chow rings A*(X) — A*(X") via pull-back.
Here G, , is the structure group of the weighted affine bundle £ and GL,, is the structure group of its

associated weighted vector bundle. Note that the upper square of the diagram is equivalent to the classical
splitting principle in [Fulton 1998, page 51] as in [Totaro 2014, Theorem 2.13].

2. Equivariant intersection theory

From now on Y, X will be smooth quasiseparated algebraic spaces, of finite type over a field k of
characteristic 0, with G,, actions. We will also assume the G,,, action is trivial on X.
Let us first recall the following definitions of equivariant Chow groups for a linear algebraic group G.

Definition 2.1. [Edidin and Graham 1998, Definition-Proposition 1] Let ¥ be a d-dimensional quasi-
separated algebraic space of finite type over a field k, together with a G action. Let g be the dimension
of G. The i-th G-equivariant Chow group of Y is defined as

AZ(Y) 1= Ay, (Y x U/G),
where U is an open subspace of an /-dimensional representation, on which G acts freely and whose
complement has codimension greater than d — i.

In this article we will mostly use this definition in the particular case of a G, action. In particular, this
leaves us with very convenient choices for representations: V will be an [-dimensional vector space with
the standard G, action with weight 1 and U = V ~ {0}.



The integral Chow ring of weighted blow-ups 1235

Example 2.2. We have A&‘;m (X) = A*(X)[t]. Indeed, since the G,, action is trivial on X

i
A, (X) = A7 (X) = A1 (X x U/Gy) = A/(X x '™ =P A ()",
k=0
with # = ¢ (Opi-1(1)) and the isomorphism follows.

Definition 2.3 [Edidin and Graham 1998, Definition 1]. Let E be a G equivariant vector bundle over Y.
The equivariant Chern classes of E are the operators

T AT(Y) > AT ;(Y), withc§(E)YNa=cj(ExU/G)Na € Aiy_j oY xU/G)=A{ ;(Y).
As mentioned in [Molina Rojas and Vistoli 2006, Section 2] many of the standard properties of Chow
groups still hold in the equivariant case. Below we collect some that will be used later.
Proposition 2.4. The following are true:

(1) The first Chern class of the tensor product of line bundles is the sum of the first Chern classes of each
line bundle: ¢S (L® L") = cY(L) +cF(L").

(2) Let E be a G-equivariant vector bundle over Y and f :Y' — Y a map such that f*E has a filtration
of G-equivariant vector bundles f*E =F, D --- D Fy=0. Let E; = F; /F;_1. Then

O (f*E) =[] En.
i
(3) If Z is a closed G-invariant subscheme of Y, we have the exact sequence
AG(Z) — AG(Y) —> AG(Y N Z) — 0.
(4) Let w : E — Y be a G-equivariant vector bundle over Y and so : Y — E be the zero section. Then
the Gysin pull-back map s; : Ag(E) — A;(Y) is an isomorphism equal to the inverse of w™.

Proof. We will prove (3). The proofs of the remaining parts are analogous. Let U have dimension /
high enough that Al.(;(Y) is defined as A;;;_4(Y x U/G). Then, also by definition, we have Al.G(Z) =
Ai41—1(Z x U/G). In particular, Z x U/G and Y x U/G are algebraic spaces, and the localization
sequence

A" (ZxU/G)—> A" Y xU/G) > A*(Y xU/G~ZxU/G)—>0

is exact. Therefore statement (3) holds as well. O

Another proposition, that will be very useful later, is [Molina Rojas and Vistoli 2006, Lemma 2.2], for
which we will quote the statement and the proof.

Lemma 2.5 [Molina Rojas and Vistoli 2006, Lemma 2.2]. Let G be an affine linear group acting on
a smooth scheme Y. Let m : E — Y be a G-equivariant vector bundle of rank n. Call Ey C E the
complement of the zero section s : Y — E. Then the pull-back homomorphism 1 |Z~O CAG(Y) — AG(Eo)
is surjective, and its kernel is generated by the top Chern class an (E) e AG(Y).
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Proof. Consider the diagram
AL(Y)

NG

AL(Y) —— AL(E) — AL(Ep) —— 0

where the bottom is the localization sequence. Since s* is an isomorphism, inverse to 7 *, we see that
b4 |’;:0 is surjective with kernel generated by the image of s*s,. By the self-intersection formula, s*s, is
multiplication by c% (E). O

3. Chow groups of weighted projective stack bundles

In this section we will give a formula for the Chow ring of a weighted projective stack bundle. Weighted
projective stack bundles appear as the exceptional divisor of a weighted blow-up. We start by computing
the Chern classes of weighted affine bundles, and then show we can apply Lemma 2.5 to them. A similar
formula for rational coefficients appears in [Mustatd and Mustatd 2012, Theorem 2.10(b)].

Definition 3.1. An affine bundle is a smooth affine morphism £ — X such that E is, locally in the
smooth topology, isomorphic to X x A".

Definition 3.2 [Quek and Rydh 2021, Definition 2.1.3]. A weighted affine bundle is a G,,-equivariant
affine bundle £ — X, where locally in the smooth topology G, acts linearly on A" with positive weights
ai,...,a, €7Z.

We note in Remark 4.2 that the structure group is special, which means weighted affine bundles over
a scheme are Zariski-locally trivial. This is used to apply [Stacks 2005—, Tag OGUB] in the proof of
Corollary 3.11.

It will sometimes be convenient to emphasize the distinct weights of a weighted affine bundle. When
we do this we will list the distinct weights as ay, ..., a,, and use n; to refer to the dimension of the
subspace of A" where the action has weight a;. In these cases, we will highlight the fact that the weights
are distinct in the relevant statements.

Definition 3.3. A weighted vector bundle is a weighted affine bundle whose underlying G,, space is a
vector bundle. Equivalently, it is a weighted affine bundle with linear transition functions.

Notice that our terminology is slightly different from that of [Quek and Rydh 2021]. What they call

twisted/untwisted weighted vector bundles, we call weighted affine/vector bundles respectively. Also note
that the G, action on a weighted vector bundle must preserve the degree. In particular, the bundle splits
into homogeneous vector bundles, where G, acts with the same degree.
Definition 3.4 [Quek and Rydh 2021, Definition 2.1.5]. A weighted projective stack bundle over X is
the stack-theoretic Proj of a graded algebra corresponding to a weighted affine bundle with strictly
positive weights. Precisely, if R is a graded algebra such that E = Specy(R) then Projy(R) =
[Specy (R) N V(R1)/Gn].


https://stacks.math.columbia.edu/tag/0GUB
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3.1. Equivariant Chern classes of a weighted line bundle. Let us denote by L — X a line bundle over X
with the trivial action. Let us denote by L the same underlying line bundle, endowed with the weight-a
Gy, action. This is a notation we will adopt only for Sections 3.1 and 3.2, but abandon later as the weight
of the G,, action will be clear from context.

Some of the following lemmas are likely already known, but are stated and proven for completeness as
we couldn’t find specific references.

Lemma 3.5. Let LY be a G,,-equivariant line bundle over X with weight a. Then the first equivariant
Chern class of L' is c?’" (L@)Y = ¢ (L) + at via the identification in Example 2.2.

Proof. We know that L@ =LD®0x=L®0x%. In particular,
P (L@) = B (L ® Ox @) = B (L) + acP" (0x D).

Now, since the action on L is trivial, (L xU)/G,, = L x P!~ and since A'(X xP'=1) = AL (X)® A" (X1,
we get
MLy =i (L x PN = ¢)(L) € AN (X).

We only need to prove ¢ (Ox") =1.

Let us consider the projection to a point P, f : X — P. The map defines a graded ring homomorphism
f*: A?ém(P) — AEW (X),i.e,amap f*:Z[t] > A*(X)[t] defined by 1+ 1 and ¢ > 1.

Now Ox = £*(©p D) and

P (Ox D) = (1 (0p M) = frePm(0p ™M),

Therefore it is enough to prove c?’" OpM)y=1.
By definition c?’" (OpMD)y=c(Op x U/G,,) as abundle over U /G,,, with U /G, =A2~(0, 0)/Gy = Pl
Now, a nonzero section s : U — U x Op /G, is given by (xg, x1) — (x¢, X1, Xo) and intersects the zero
section (xg, x1, 0) in xo = 0, which gives us Op1 (1), whose first Chern class is 7 in A'(U x Op/G,,) =
A'(P), as desired. U

3.2. Equivariant Chern classes of homogeneous bundles.

Proposition 3.6 (homogeneous bundles admit a splitting with line bundles). Let E“ be a rank-n vector
bundle over X with G, acting homogeneously with weight a on it. Then there exists f : X' — X such that
f*E“ has a filtration

FFEOSFO 5. 5FY=0

with G,,-equivariant line bundle quotients LE-“) = Fﬁ)l /F ;a) and f* is injective.

Proof. Let us consider the underlying bundle E£. Then by the splitting construction [Fulton 1998, page 51]

there is a map f : X’ — X with a filtration f*E = F,, D - -- D Fy = 0 with line bundle quotients.
These bundles naturally have the structure of G,,-equivariant vector bundles with weight 1. By replacing

the weight-1 action with a weight-a action we get the desired sequence. U
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Corollary 3.7. Let E“ be a homogeneous G,,-equivariant vector bundle of rank n with weight a, and E
the underlying vector bundle endowed with the trivial G,, action. Then the top equivariant Chern class in
Ag, (X) =A*(X)lt] is
cEm(E@) = ¢, (E) +atcy—1(E) +---+a"t".
Proof. Let f : X' — X as in Proposition 3.6. Then cf”” (f*E@) = [T, c?’” (LE“)). By Lemma 3.5
(LYY = ¢\ (L) +at.
Therefore cf’”’ (f*E@WY=c,(f*E)+atc,_1(f*E)+- - -+a"t". By the injectivity of f* we are done. [

3.3. Chern classes of weighted affine bundles.

Proposition 3.8. Let E be a weighted affine bundle over X. Let 0 < a; < - -- < a, be the distinct weights
of the G, action. Then there exist unique subbundles F; such that

EDF.D---DF DO,

with well-defined quotients E; = F; / F;i_1 which are homogeneous vector bundles with weights a;.

Proof. Let E = Specy (R) and {U;} be a cover for X such that E|y, is the trivial bundle. Then we have

graded isomorphisms

(ar) (@) (@) @ Kl (ar)
R|U—>OU[X111,--- 1nl]’ [ EERERR 1n2 .. 11"“’ 1n,]
with x(“”) (“”) " having weight a,. A general transition map
_ ( ) (an,)
aij:aj|Uijoai|U (QU,J[xl(all),... 4 "'1— O, [xj(all),..., jflr ]

will map xl.(f}") to a homogeneous polynomial of degree ay,.

Now let Fily, :==a; ! Oy, [xl.(fll‘), ... l(‘Z‘k)]) be the locus where G,, acts with weights smaller than or
equal to ag. This defines uniquely r subbundles of E. Moreover the quotients Fy/Fj_; are well-defined.
Indeed, while these are affine bundles, they are locally isomorphic to vector bundles so we can at least
take quotients locally. By construction, taking quotients locally gives us bundles consisting only of the
weight-a; pieces of E, and since the lower-degree pieces have been reduced to 0, we are left with linear

transition functions making the Fy/F;_; homogeneous vector bundles of weight ai, as needed. ]

Proposition 3.9. Let E be a weighted affine bundle over X as in Proposition 3.8. Let NxE be the
(nonweighted) normal bundle of X in E. Then, with X — E the zero section, we have

NxEEE| & ---DE,.

Proof. Let I be the ideal sheaf of X in E and let «;; be its transition functions as in Proposition 3.8, with

each x( an)

mapped to a homogeneous polynomial of degree ay,.
When computing the transition functions «; ; for Nx E, we are taking the quotient by / 2 e, Q. |
will preserve only the linear terms of said polynomials and delete the monomials coming from local

coordinates where G, acts with lower degree.
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In particular, local coordinates on which G,, acts with a certain degree must be mapped to coordinates
in the same degree, and the normal bundle splits into E{ @ E,&®- - - @ E,, where G, acts on the coordinates
of E! with weight a;.

But the way we obtained the transition functions for E; is equivalent to considering the locus F; in
Proposition 3.8 and quotient by F;_;, so we obtained the desired decomposition. (Il

Definition 3.10. For an affine bundle E, with E; as in Propositions 3.8 and 3.9, we define the G,,-
equivariant total Chern class of E as c®n(E) = O (NxyE) = I1 c®n(E)).

Corollary 3.11. Lemma 2.5 also holds in the case where E is a weighted affine bundle.

Proof. Note that by Definition 3.10 and Proposition 3.9, we have ciG (E) = cl.G (Nx E). The rest of the
proof is the same as in Lemma 2.5, noting that 7* : A*(X) — A*(E) is still an isomorphism by [Stacks
2005—, Tag OGUB], and s* : A*(E) — A*(X) is still its inverse. O

3.4. The Chow ring of a weighted projective stack bundle.

Theorem 3.12 (weighted projective bundle formula). Let E be a weighted, affine bundle over X of rank n.

Let c;?;;; (E)(2) be its Gy,-equivariant top Chern class. Then

A*(X)[r]
Cm(E)(1)
Proof. Note that, by definition, A*(P(E)) = A*([(E ~ X)/G,]) = AEm (E \ X), with E \ X being
E minus the zero section. By Lemma 2.5 we only need to prove that the image of cf’" (E) via the
identification in Example 2.2 is [, (cy, (E;) + ajtcp,—1(E;) 4+ - - - +a. t").

By Corollary 3.7, it follows ¢y (E) = [T cn” (Ei) = [1;(cn; (Ei) + aitcn, -1 (Ei) + - - -+a1") and we
are done. ]

A*(P(E)) =

Below there are some (familiar) special cases.

Example 3.13 (the Chow ring of P(ay, ..., a,) [Inchiostro 2022, Lemma 4.7]). Let P(ay, ..., a,) be
the weighted projective stack with weights a1, ..., a,. We can consider P(ay, ..., a,) as a weighted
projective bundle over a point. In particular, we have that P(ay, ..., a,) splits into n trivial bundles with
weights ay, . .., a,. Each of these line bundles will have the first Chern class equal to zero. It follows that

VAL
A*(P(ay, ..., a) = #
ap---apt"
Example 3.14 (the Chow ring of a classical projective bundle [Eisenbud and Harris 2016, Theorem 9.6]).

Let E be a vector bundle of rank n over X in the classical sense. In this case, we have G, acting
homogeneously on the whole space with weight 1. In particular

AT (X))

A™(P(E)) = P RNy
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Example 3.15. As a toric example, this can be recovered as a consequence of [Iwanari 2009, Theorem 2.2].
The exceptional divisor X of the weighted blow-up of X = V (x1, ..., x,) in P"*" with (possibly equal)
weights ay, ..., a,.

In this case, the Chow ring of the base will be A*(X) = A*(P") = Z[x]/(xm+1).

The normal cone of X in P*™", Ny[P"*™ will split into the sum of n copies of Opn (1), on each one
of which G,, will act with weight a;. We will denote the normal cone together with the G,, action by
Nay,....a,P" ™.

Now ¢1(Opn (1)) = x € Z[x]/x™ 1. Therefore co™ (NxP" ™) = [](x +a;t) and
Zlx, t]

""" (U T (e 4 ain)

4. The splitting principle

The goal of this section is to prove Theorem 4.9, an analog of the splitting principle. We start by proving
some facts about structure groups and classifying spaces. Using those results we construct, for any
weighted affine bundle £ — X, a map X’ — X that allows us to pull back our affine bundle to a vector
bundle £/ — X’ with A*(X') = A*(X).

4.1. Structure groups. From here on, let E — X be an affine bundle with fibers isomorphic to an
affine space V, n = (ny, ..., n,) be the dimensions of its homogeneous parts and @ = (ay, ..., a,) be
their distinct weights. Let G4, be the group Autg, (V) of Gy,-equivariant automorphisms of V and
GL, = [[ GL(n;). Moreover, define VG4, =[V/G4.n] and VGL, =[V/GL,].

Lemma 4.1. There is a surjective group homomorphism G, , — GL, and a section GL, — Gg . The

kernel of the surjection is a unipotent group U, ,.

Proof. In [Quek and Rydh 2021, Section 2.1.7], the authors offer an explicit description of G, . In fact,
they decompose G, , in the recursive semidirect product

Ga,n = (GLn, XGa’,n/) X GZrNr,

witha’' = (a1, ...,a,—1), n' = (ny,...,n,—1), and N, the dimension of a,-th-degree piece of a graded
polynomial algebra with free variables {x; ; : 1 <i <r —1, 1 < j <n;}, where x; ; is given weight ;.

Unraveling the recursion gives

Gan=(GLy, X -+ x ((GLy, x{1}) x GIN) - -+ ) x G
= (- (GL, xG"NM1y i - .. ) x G,

This expression provides us with the desired surjection and section. The kernel is a successive extension
of additive groups and so is unipotent. U
Remark 4.2. Let us recall that a linear algebraic group G is special (in the sense of Serre) when every
principal G-bundle is Zariski-locally trivial. The description of G, , above implies that the group G, , is
special (as noted in [Quek and Rydh 2021, Remark 2.1.8]).

This was useful in Section 3, while working with weighted affine bundles.



The integral Chow ring of weighted blow-ups 1241

4.2. Lemmas on classifying spaces.

Lemma 4.3. Let G be a linear algebraic group which is a semidirect product of groups G = L x U. Then
we get the following Cartesian diagram:
{x} — BL

oo

BU — BG
Proof. Consider the following diagram:
BUxpggBL — BL

1 1

BU —— BG

1 l

{*} — BL

The bottom square is a Cartesian square, coming from the short exact sequence | - U —- G — L — 1.
Indeed an object over a scheme S of the fiber product % x gy BG is a principal G-bundle P; — S with a
trivialization of the associated L-bundle (Pg x L)/ G = P/ U = S x L. But then the preimage of S x {id} in
Pg is a principal U-bundle, that is, an object of BU. Conversely, if we have a principal U-bundle Py — S
then we have an associated G-bundle Pg = (Py x G)/U whose associated L-bundle P; = (PgxL)/G =
P¢ /U has a canonical trivialization: Pg/U = ((Py x G)/U)/U, where the second U acts on the right,
giving us P, = (Py x L)/U = § x L. One can check that these correspondences are inverse to each other.

So we have that large square is Cartesian and {x} xg; BL = BU X gg BL. Further, the composite

map on the right is the identity on BL, so that {x} xg; BL = {x}. Il
Corollary 4.4. BGL, — BG, , is a U, , bundle; specifically we have the following Cartesian diagram:
Usn — BGL,

U 8
{x} — BGan

Consequently, given a morphism X — BGgy the fiber product X X gg,, BGLy — X is a Uy, bundle.

Proof. Applying Lemma 4.3 to G, ,, GL,, U, as in Lemma 4.1 and appending on the left the Cartesian
diagram coming from the standard presentation of BU, p
Uan — {*}
1 1
(¥} — BUan
we get the Cartesian diagram
Uyn — {x} — BGL,
1 U 1
{x} — BUgn — BGgn
as desired.
Then X xgg,, BGL, — X is the pull-back of a U, , bundle and hence is a U, , bundle. |



1242 Veronica Arena and Stephen Obinna

Lemma 4.5. Let L be a subgroup of a group scheme G acting on a scheme V. Then the following diagram

is Cartesian:
[V/L] — BL

b !

[V/G] — BG

Proof. An object over a scheme S in [V /G] xpg BL is a triple (P, Q, a), where P — S is a G-torsor,

together with a G-equivariant map to V

Sy

< U

Q — S is an L-torsor, and « is an isomorphism of G-torsors P SN 0OxG/L.
Given such an object we can construct an object in [V /L] by considering the L-torsor Q — S together
with the map ¢ : Q0 — V defined as follows:

0 — OxG/L 25 p 2y

l

S

To verify this is indeed an object of [V /L], we need to prove that v is L-equivariant. Now, ¢ and o~
are G-equivariant, and in particular L-equivariant. Moreover the quotient map Q — Q x G/L maps an
element g/ to [gl, e] = [qll_1 ,le] =[q,!1]. But L acts on Q x G/L through its inclusion into G; hence
ql — [q, e]l as desired.

On the other hand given an L-torsor Q — S together with an L-equivariant map ¥ : Q — V in [V /L],
we can construct the triple (Q x G/L, Q, id) as an object of [V/G] x g BL. In order for Q x G/L to
be an object in [V /G], we must equip it with a G-equivariant map Q x G/L — V or, equivalently, with
a G-equivariant, L-invariant map Q X G — V. The map ® : Q x G — V defined by (g, g) — ¥ (g)g is
L-invariant with respect to the action [ - (¢, g) = (g/, ["'g) we are quotienting by; indeed

(gl 17"g) = Y(gDI g =y (@l g =¥ (q)g.
Moreover @ is G-equivariant: ®((g, g) -h) =¥ (g)gh = (¥ (q)g) - h. The verification that the functors
defined are indeed inverses is standard and will be omitted. O
4.3. The splitting principle.

Proposition 4.6. Given a weighted affine bundle E — X (respectively a weighted vector bundle), we
have a natural map X — BGgp (respectively X — BGLy) such that E is the pull-back of VG, p
(respectively V GLp).

Proof. We prove the result for VG, ,, as the result for V GL,, is effectively the same, with the obvious
modifications. Let us denote by Isom the sheaf of isomorphisms of affine bundles Isomy (E, V x X)
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(respectively, the sheaf of isomorphisms of weighted vector bundles). By a straightforward application of
the definitions, it can be seen that Isom is a principal G, , bundle over X and Isom Xy E = V x,} Isom.
In particular we get the following Cartesian diagram:

Isom —— {x}

1 i

X — BGqn
Then we can fit the spaces above in the commutative cube
Isom xy E —— V
l o E —) VG,, n

Isom —l—) {} l
~ ~

X — BGan

where the bottom, back and side squares are fiber squares.

Note that Isom x x E — FE is a principal G, , bundle. Moreover, the action of G4, on Isom gives a
G4 p-equivariant map Isom x y E — V via the identification of Isom x x E with V x Isom. This gives us
a map of quotient stacks £ — V G, , which makes the top of the cube Cartesian.

It follows that
E — VGgn

Lol

X — BGan

is a fiber square, as needed. (Il

Corollary 4.7. Let E — X be a weighted affine bundle, with corresponding map X — BG4 . Then E,
the pull-back of E via the map X' = X x g, , GL, — X, is a weighted vector bundle.

Proof. Consider the following diagram:
E — X’
> | >
l VGL, —— BGL,
Pt |
>t >
VGagn —— BGun

The back and right squares are Cartesian by construction. By Lemma 4.5 and Proposition 4.6 we have
that the front and bottom squares are Cartesian. Any such cube with these sides Cartesian is Cartesian, in
particular the top square. Since E’ — X' is the pull-back of the vector bundle VGL, — BGL,, itis a
vector bundle as desired. ]

Lemma 4.8. Let X' — X be as in Corollary 4.7. Then the pull-back map of Chow rings A*(X) — A*(X’)

is an isomorphism.
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Proof. By Corollary 4.4, X’ 2, Xisa U, n-bundle and U, , is a unipotent group. In particular, U, , is
a successive extension of the additive group G, by itself and being a U, ,-bundle is equivalent to being a
succession of affine bundles; hence by [Stacks 2005—, Tag 0GUB] we obtain an isomorphism of Chow
rings ¢* : A*(X) - A*(X'). O

Theorem 4.9 (the splitting principle). Let E — X be a weighted affine bundle defined by a map X —
BGg n. Let T be the standard maximal torus in GLy, and BT :=[x/T] its classifying stack. Then the map
X" — X in the fiber diagram

X" — BT

Lol

X' — BGL,

i 1

X — BGan
induces an injection of Chow rings A*(X) — A*(X") via pull-back.

Proof. By the argument in the proof of [Totaro 2014, Theorem 2.13] we have an injection A*(X') —
A*(X"). By composing with the isomorphism in Lemma 4.8, we have the desired map. O

5. The Gysin homomorphism induced by a weighted blow-up

The goal for this section is to prove Theorem 5.5, which replaces the excess bundle formula in the case of
weighted blow-ups.

The strategy for the proof is to reduce to the special case of the weighted blow-up of BT = [{0}/T] in
[A?/T] induced by zero section, which will be computed in Section 5.3.

The reduction to the special case is performed in two steps: first we reduce to the case of the blow-up
of an affine space (Section 5.2), and then we apply the splitting principle Theorem 4.9.

Some caution is needed when defining f', as we don’t always have the needed Cartesian diagram. In
Section 5.1 we address the issue as well as setting some notation for the rest of the paper.

5.1. Notation. LetY — Y be the weighted blow-up of Y centered at X, and let X be the exceptional divisor.
As observed in [Quek and Rydh 2021, Remark 3.2.10] the commutative square is not always Cartesian

X 7Y
4

X =Y

and when defining f' we have to make sure to define it with respect to the fiber square

XXy?—)Y

. 8

X —Y


https://stacks.math.columbia.edu/tag/0GUB
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Moreover we have X = (X xy ?)red and the diagram below commutes:
—> Xy
X ——

When looking at Chow rings though, we have a natural isomorphism

h<<T~<l

(red), : A*(X) — A*(X xy ¥)

induced by the reduction map red : X—> XxyY.
In particular, it makes sense to talk about f' as the composition of (red); ! o f'. Throughout the rest of
the paper, we will refer to it simply as f".

Lemma 5.1. The map f': A*(X) — A*(X) is of the form ‘(o) = g*(a) - y for some element y € A*(X).

Proof. In a similar fashion to what we did in Proposition 2.4, we will prove the statement by passing
through algebraic spaces.

Precisely, let Xy =WxY ~0)xU /Gy, with U open as in Definition 2.1 inducing isomorphisms
of Chow groups for X of the appropriate degree. In fact, if U is chosen large enough we also get the
algebraic space Yy with analogous induced isomorphisms of Chow groups for Y.

For the appropriate degrees, the induced maps fy : Yy — Y with (y,u)— f(y)and gy : Xy — X with
(%, u) — g(x) will themselves induce group homomorphisms fgj AT X)) > A*()N(U) and g;; : A*(X) —
A*(Xv).

Now gy : X v — X is a smooth map and by [Fulton 1998, Theorem 17.4.2] we have isomorphisms

‘lgu]

AR )= AKXy S X)) B A%y - X).

In particular, for the degrees on which AP(§U) = Agm WNxY~N0) = Ap(g), we have that fL!, =yu-lgul=
Yu - g, for some yy € Ap(iy) is equivalent to saying (@) = yu - g* (o) for some element yy € A”(f).

Since the elements Yy must agree whenever U has high enough dimension, they must coincide. Hence
there exists a unique element y € A*()Nf ) such that f'(a) =y - g*(a). [l

5.2. Specialization to the weighted normal cone. Analogously to [Fulton 1998, Section 5.2], Quek and
Rydh [2021, Section 4.3] constructed a deformation to the weighted normal cone of X in Y, which is a
weighted affine bundle in our case. We will be using their construction to reduce our argument to the case
where Y a weighted affine bundle over X. A similar construction can be found in [Mustatda and Mustata
2012, Section 2.3].

Note that when given a weighted embedding that defines a weighted blow-up of smooth varieties, the
weighted normal cone is a weighted affine bundle, which we will denote by NxY.



1246 Veronica Arena and Stephen Obinna

Theorem 5.2. Let X, Y, X, Y be as usual. Let N = N xY be the weighted normal affine bundle of X in Y
and fy: N — N be the weighted blow-up of the zero section of said bundle, with the same weights as
f: Y — Y. Then the induced maps f! tA*(X) — A*(f) and fz!v tA*X) — A*(f) coincide.

Proof. Let M° be the deformation to the weighted normal cone as defined in [Quek and Rydh 2021,
Definition 4.3.3] and let M° be the weighted blow-up of X x Al in M with the same weights as f, i.e.,
the weighted blow-up induced by the weighted embedding in [loc. cit., Definition 4.3.4,(iv)]. Let M, and
M, respectively, be the fibers over 7. Let Z = (X x A!) x 370 M°. V1°. Then we have the following diagram:

X x Al A7I"
s, /| /‘ ,
AN
J X x Al — —>M0
oA A

By looking at the composition X — M; — M? in the subdiagram

Z, — M, — M°

[

X — M, — M°

we see that for + # 0 we have that f/{4 CAYNX) —> A*(Zy) = A*()?) is precisely f!, and for r =0 it is
precisely fz!\/' Now looking at the composition X — X x Al — M? in the subdiagram

Zi —— Z —— M°

| ! lfM

X — X xA!l — Mo

we want to show that fZ{,, tAYX) > A (Z)) = A*()?) is the same for all 7.
By [Fulton 1998, Theorem 6.4] the following diagram commutes:

AN(Z) = A*(X) +————— A"(Z) = A*(X x A

i
fﬁﬁ fﬂﬂ

A*(X) < A*(X x A

.k
L

But the horizontal maps are isomorphisms, inverse to the pull-back along the products with A!. Since
the horizontal maps are independent of ¢ and the map on the right is independent of ¢, so is the map on
the left. U
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5.3. The special case of [A?/T]. Let us now study the particular case of a point in the affine space over
the diagonal action of the torus:

Py, ..., aq) — 0xpaBly o A —L 5 Bl, . A?

0 i > A
In order to explicitly give a formula for f' we need presentations for the equivariant Chow rings
A% (—).

Now A% (0) = A*}(Ad) = Z[x1, ..., xq]. Details about A% (0) can be found in [Edidin and Graham
1998] and in [Iwanari 2009] for equivariant Chow rings of toric stacks.

Let us first observe that, since P(ay, ..., aq) is the reduction of 0 xa¢ Bly,, 4, A4, there is an
isomorphism of Chow rings A% (0 xa¢ Bly, ... 4, Ay = AL (P(ai, ..., aq)).
Moreover Bl .. 4, A is a line bundle over P(ay, . . ., ag); in fact it is the total space of Op(q,....an(—1),
and we have the isomorphism A% (Bl o, AY) = A%(P(ay, ..., aq)).
We are left with computing A% (P(ay, ..., aq)).
d
~ Z[)C], ...,xd,t]
Lemma 5.3. AL(Pay, ..., aq)) = — 0 where P(1) := il](x,- +tap).
Proof. By construction P(ay, ..., a4) = [(AY \.0) /G,,;] and the actions of G,, and T on A? ~ 0 commute.
In particular
A5 (P(ar, ... a0) Z A5 ([(AY N 0)/Gp)) = Af g, (A N 0).
Similarly to the computation above,
Af, O Z AT o AD) ZZ[xy, ... xq4.1],
where x|, ..., x4 are given by the action of T and ¢ is given by the action of G,,. Finally, the image of

the first map in the localization sequence,
e, (0) = Ao (AY) —> A3 o (AT \0) > 0,

is generated by P(¢) := ]—[fl:1 (x; 4+ ta;). Indeed the top Chern class of the T x G,,-equivariant bundle
splits along each component of A%. On the i-th component of A? the i-th component of T acts with
weight 1 and the other components of 7 act with weight 0, while G,, acts with weight a;.

Therefore A% (P(ay, ..., aq)) and A7 (Blg, .. 4, A?) are both isomorphic to Z[x1, ..., x4, t]/P(t). O

,,,,,

Theorem 5.4. Let f : [Bl,,
ai, ..., aq. Then

a A/ T] — [A?/T] be the blow-up of [0/T] in [A?/T] with weights

.....

£ (cE;;(W/T])(r) = cé‘ig([ﬂw/T]xm)
t .
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Proof. By [Edidin and Graham 1998, Proposition 3] and Lemma 5.1 f' satisfies f*i, = j, f', making the
following diagram commute:

A% (P(ay, . .., aq)) —2— A%(Bl,, .

f%l)-g*T f T

A* () ———— A*(AD)g

Since A? is a rank-d bundle over 0 and Bl,,

the homomorphisms i* and j* are isomorphisms of T-equivariant Chow rings, which gives us the

a A? is the tautological line bundle over P(ay, ..., az),

.....

following:

AL(P(ar, ..., aq) —2= ALBly,...a A —L— AL(P(ay, ..., aq))

.....

f’(l)~g*T f*T g*T
A*(O)p —— s A* A —— s A*(O)7
Now i*iy : A%.(0) — A’.(0) is just the multiplication by the top equivariant Chern class of the bundle Ad
over 0. Specifically i*i, (o) = o - x1 - - - X4.
Similarly, j*j. is the image of the top equivariant Chern class of the bundle Bl,, . ., A? over
Play, ...,aq). ButBl,,
by —t, where P(ay, ..., az) has the presentation of Example 3.13. Therefore we must have

frid@) =o x1-xg=a-con((AY/THO) = f(Da(-1) = juf'(@)

ag A? is the total space of Op(q,..._a,)(—1), so we have that j* j, is multiplication

..........

and since 7 is not a zero divisor in A%} (P(ay, ..., aq)), we must have

—Ciop AL/ THO)  egn (AT TN(1) — cion (IA4/ T1)(0)
t N t ’
as needed. ([l

iy =

5.4. A formula for the Gysin homomorphism.

Theorem 5.5. Let X, Y, X, Y, f be as usual. Let us identify A*(X) = A*(X)[t]/P(t) with P(t) =

cg;’ (NxY)(t). Then we have the following formula for the Gysin homomorphism f AR (X)) —> A*(i ):

P(@)— PO o
-«

Proof. With the presentation of A*()A(' ) above, the map g™ is the natural inclusion of A*(X) in A*(X)[¢]/ P (¢)
and, by Lemma 5.1 we only need to show

i) =

y P(@)— PO
ray=EO=FO

By Theorem 5.2 we can assume that Y is a weighted affine bundle over X. By the splitting principle in
Theorem 4.9 it is enough to prove the equality for the pull-back X”. Since weighted blow-ups commute
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with base change, the blow-up f” : ¥ — Y sits in the commutative diagram

X~ [Plar,..., a0/ T]
YN ) [B1a1 ..... ap An/T]
) {
X7 — s BT l

Sy \ [A"/T]

which induces the following commutative diagram of Chow groups:

A*(X") <¢3—* A*([P(ai, ..., ay)/T))
S T
" A*(Y") < A*([Bly,...o A"/T])

A*(X") < T pe A*(BT) \ T
N
A*(Y") < A*([A"/T])

Since equivariant Chern classes commute with pull-backs and Y” is a vector bundle over X", by
Theorem 5.4 the following holds:

D = (@ (1) =* ( op A"/ TD(® = iy W/T)(O))

t

_ (C%(&*[A"/T])(t) Cmp(¢ [A"/T] )(0)) (cmp(Y”)(t)—ctO (Y”)(O))

t t

which is the desired difference quotient. U

6. The Chow ring of a weighted blow-up

In this section we generalize the key sequence in [Fulton 1998, Proposition 6.7(e)] and then use it to
compute a formula for the Chow ring of a weighted blow-up.

Let us recall the notation. Let f : Y — Y be the weighted blow-up of ¥ at X. Let X be the exceptional
divisor. Then we have the commutative diagram

X 1oy
b
X vy
and the map f' (computed in 5.5) is
P()— PO
Fay PO=PO,

t
P@) = ctO "(NxY)(z) and f* is the Gysin homomorphism defined as in [Vistoli 1989, Definition 3.10].
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6.1. The Grothendieck sequence.

Theorem 6.1 (key sequence). Ler X, Y, XY, f. i, j be as above. Then we have the exact sequence of

Chow groups

A*x) LT 4 Xy @ A* () L A+ (@) > 0.

Further, if we use rational coefficients, then this becomes a split short exact sequence with g, left inverse
fo (f!a _l*)

0 A* (X, @ L7 A% @ @ a*(r, @) 225 4%, @) - 0.
Proof. To prove exactness let us look at the double complex of higher Chow groups given by localization

sequence as in [Bloch 1986, Theorem 3.1]

CARUL D) Uy ARR) s ar ) —— AYU) —— 0

| A H

AU 1) 2y AR(X) —E s AR(Y) —— A*(U) —— 0

where U XY~ X =Y X.
Since both of the complexes are exact, the total complex

AU, D) @ AR(X) > ANX) @ AT(Y) — A*(Y) @ A*(U) — A*(U) — 0

is also exact.

Let us prove that the map A*(X) @A*(Y)%A*(Y) is surjective. Let « be any cycle in A*(Y) o be
the restriction of @ to A*(U), and B € A*(Y) be any cycle that restricts to & in A*(U). By commutativity,
a — f*(B) restricts to 0 in A*(U) and must be in the image of j,.. So « is in the image of j, + f*

Therefore the complex

CAYU, D) @ AN(X) — AYX) @ A*(Y) — A*(Y) = 0
is still exact. y
Moreover, the 1mage of the map A*(U, 1) & A*(X )—Lf_l——)A (f ) @ A*(Y) coincides with the
one ofA*(X) — A*(X)EBA*(Y) Indeed, let (%, y) = (=8 (u)+ f'(x), —i.(x)) and let x’ _x+81(u)
Then f'(x") = f'(x) = f'G1(w)) = f'(x) = 61 () =X and i, (x') =i, (x) — i (81 () = ix(x) =
It follows that ker(j, + f*) = Im(f!, —i,) and that

A x) LT 4Ry e A* () L A @) > 0
is exact.

Lastly, if we use rational coefficients then there is a left inverse of (f L—i%) given by (o, B) > g« (o).
Indeed, let x € A*(X). Then g.(f'(x)) = g«(y - g"(x)) = g«(y) - x, with y the difference quotient
(P(t)— P(0))/t as in Theorem 5.5. Now y is a degree-(n—1) polynomial in ¢, of which only the leading

term aj - - - a,t"~! will survive the pushforward. We only need to show that g, ™ H=1 /(ay---ay).
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It is enough to verify this when X is a point and X is the weighted projective stack P(ay, ..., an).
Notice that a;t = x;, where the x; are the fundamental classes of the usual coordinate divisors, so
ay---ap_1t""' = x| ---x,_1, which is the fundamental class of a stacky point isomorphic to Bu,, and
so pushes forward to 1/a,; thus g*(t”_l) =1/(@ay---ap). O

Example 6.2. To see why the sequence with integer coefficients is not short exact, let us consider X an
elliptic curve in ¥ = P2 Let Y be the blow-up of Y at X with weight 2. Let P, O € X be distinct points
of order 2 and consider the difference [P] —[Q] € A*(X). When pushed forward to A*(Y) via i,, all
points are rationally equivalent; hence i.([P] —[Q]) = 0. On the other hand, f 'is multiplication by 2, so
fY(PD = f'([Q)) =0. But [P]—[Q] is nonzero, so (f', —i,) is not injective.

Remark 6.3. Note that, when looking at the double complex in the proof of Theorem 6.1 and taking the
total complex, one defines a long exact sequence of higher Chow groups. The isomorphisms of higher
Chow groups

o AS(Y N X, i) > AS(Y ~ X, i)

allow us to delete A*(I? X ) and A*(Y \ X) from the complex via a diagram chase analogous to the
ones in the proof. Then we can obtain the long exact sequence

i ANX, D) = AKX, DB AR, i) —> AN(Y, i) > AT (X, i—1)— .- .

6.2. The Chow ring of a weighted blow-up.

Theorem 6.4 (Chow ring of a weighted blow-up). If Y—>Yisa weighted blow-up of Y at a closed
subvariety X, then the Chow ring A*(Y) is isomorphic as a group to the quotient

(A*(XO[t]) -1 @ A*(Y)

A E PO = PO)a, (@) Ya € A (X))

with P(1) = cgn (Nx Y)(1) and [X] = .

The multiplicative structure on A*(l?) is induced by the multiplicative structures on A*(X) and A*(Y)
and by the pull-back map in the following way:

0, B) - (t,0) = G*(B)t,0).

Equivalently A*(Y) can be expressed as a quotient of the fiber product

A*(Y) x4+ (x) A¥(X)[1]
((iya, P(H)a), Ya € A*(X)) ’

with i* : A*(Y) = A*(X) on the left and A*(X)[t] = A*(X) on the right given by evaluating t at (.

Proof. The exact sequence in Theorem 6.1 gives us an isomorphism of groups
A*(X) @ A*(Y)
((fY(@), —ix(@)), Yo € A*(X))

A*(Y) =
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If we use Theorem 3.12 to rewrite A*(i ) and also add an explicit factor of [i ] to represent how A*(f )
is mapped into A*(Y), then as a group we can rewrite A*(Y) as
(A* OO - [X]) @ A*(Y)
((CS’S WxY)(D[X],0), (f'(@)[X], —i*(@)¥Ya € A*(X))

Notice that t[i 1= —[X (since ¢ is the class of O%(1)) so that there is an 1som0rphlsm between the
ring presented above and the ring presented without the symbol [X ] given by replacing [X ] with —¢.
Now we need to determine the ring structure. Since much of the ring structure is inherited from that of

A*(Y) and A*(i ), what remains is just to determine how to multiply elements coming from A*(Y) with
those coming from A*(X). Consider the usual commutative square:

X —7Y

ol

X —Y

Intersecting some class 8 € A*(Y) with X amounts to pulling it back to A* (X). By commutativity we
have g*(i*(B8)) = j*(f*(,B)) and by pushforward we obtain (0, 8) x (¢, 0) = (i*(8)t, 0).
Finally, notice also that cto’” NyY )(t)[X ] is now redundant, as for « = 1 we have

Ctom WNxY)(1) — copNxY)
t

O (f @) (1) —ix(@)) = (t)< (=) — i*(1)>

— 1 (—cln (Nx V) (1) + opWx ¥) — ix(1)) = (—1) - clan (Nx V) (1).
The last equality comes from ¢ - i, (1) = g*(i*(i,(1))) = cop(NxY).
Putting everything together, we have that A*(?) is the group

(A*(XO[t]) -1 @ A*(Y)
((P(1) = P(0))at, —ix(@)), Vo € A*(X))’

with the desired multiplication. (I

A*(Y) =

Corollary 6.5. If i* : A*(Y) — A*(X) is surjective, then this formula simplifies to resemble a formula of
Keel [1992, Theorem 1, page 571]

A*(Y)[r]
(t -ker(i*), Q(1)’
where Q(t)—cm WNxY)(1) — Cto’,?’(NXY)(O)-i-[X]

A*(Y) =

Proof. We first prove that we can suppress A*(X) from the presentation in Theorem 6.4, i.e., that the
elements of the form (« - ¢, 0) with @ € A*(X) can be described as pairs of the form (0, 8) - (¢, 0) for some
B € A*(Y). Let B such that i *(8) = «. By the multiplicative-structure condition of Theorem 6.4 gives

(-1,0)=(G"(B)-1,0)=(,0)

as desired.
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In particular, the condition 7 - (8 —i*(B))VS € A*(Y) reduces to ¢ - ker(i*).

Finally, 7 - f'(@) 4 ix() = (c;‘f;';; WNxY)(#) = clopWNx Y))ax +is(e) and iy () = i (i*(B)) = [X] - B for
some B € A*(Y). Sot- f'+i, is multiplication by (cgg WNxY)(t) —ciop(NxY) +[X]), which is precisely
the Q(t) desired. O

6.3. An example: the Chow ring of ./\_/11,2. The Chow ring A*(Mj,) has been computed in [Di Lorenzo
et al. 2024; Inchiostro 2022]. The latter uses the construction of M 1,2 as the weighted blow-up of
P2, 3,4). We give yet another computation of the ring, using the same blow-up construction.

We start by recalling the following:

Theorem 6.6 [Inchiostro 2022, Theorem 2.6]. There exists an isomorphism M 2 = BIS® P(2, 3, 4),
where BI(Z4’6) P2, 3, 4) is the weighted blow-up of the point Z = [s2:53:0]in P(2, 3, 4) with weights (4, 6).
Given this, A*(M 1,2) becomes a straightforward computation,
Proposition 6.7 [Inchiostro 2022, Theorem 4.12].
Zly, 1]
(ty, 242+ y?))’
Proof. First, since i : Z — P(2, 3, 4) is just the inclusion of a point, we have that i is surjective, and since
A*(P(2,3,4) = Z[y]/(24y3) we know the kernel is (y). By Corollary 6.5 we then have
— L AYPQ2,3,4)] Zly, 1]
A (Mip) = = —— :
(ty, Q@) (24y°, ty, Q1))
where Q(t) restricts to c;‘f;g (NV7zY) and has constant term [Z]. As NzY splits into trivial line bundles, we

see c;‘f;;; (NzY) = (41)(6t). Writing Z =V (x3)NV (x3 —x2), we see [Z] = (4y)(6Y), s0 Q(t) =2412+24y2.

Lastly, the term 24y> is now redundant and we have

AF (M) =

2y, t]

A M) = @)

]

7. Generalization to quotient stacks

Let us now consider the case of % = [Y/G], where Y is an algebraic space and G is a linear algebraic
group; hence it is possible to define the G-equivariant Chow ring Af;(Y) as in [Edidin and Graham 1998].

A weighted embedding of 2" in % defines a weighted embedding of X in Y via pull-back and, since
the quotient maps are smooth, we have 7 = [)7 /G] and ¥ = [i /Gl.

Theorem 7.1. The theorems in Sections 3, 5, and 6 hold for f : Y > weighted blow-up of % at Z.

Proof. Let us prove that A*(ff ) = A*(Z)[t]/P(¢) as in Theorem 3.12; the proof for the other results
will be almost identical.

For any p let U be as in Definition 2.1 of dimension high enough such that A?(Xy) = A‘é (X)Z=AU(Z)
with Xy := X x U/G, up to degree p.



1254 Appendix by Dan Abramovich, Veronica Arena, and Stephen Obinna

Since Xy is an algebraic space, by Theorem 3.12
A*(Xy) = A (X1 P ().

Note that Py (1) = cff;;; (Nx, Yu) is the pull-back of P (¢) = cff;;; (N %), which is a finite-degree polynomial.
In particular for large enough p, Py () does not depend on U and it is exactly P (¢).

Since Xy is open inside a vector bundle, we have isomorphisms A9 (i v) = AND) up to degree p.
Since Theorem 3.12 holds up to degree p, for any p we have the desired isomorphism of Chow rings. [

Appendix: Chern class of weighted blow-up

Al. The goal. Consider a smooth subvariety X of a smooth variety Y, with blow-up Y and exceptional
divisor, as in the following standard diagram:

<

f
Y

N(TX‘I

VAN
AN

Fulton [1998, Theorem 15.4] provided a formula for the total Chern class c(? ) :=c(T%) in terms of
the blow-up data. The purpose of this note is to revisit that formula and generalize it to the case of a
weighted blow-up. Since smoothness is important in these considerations, our weighted blow-ups are
always stack-theoretic.

A2. Setup and formula. In our setup, X and Y are still smooth varieties, and X is the support of a
weighted center with weighted normal bundle N of rank d = codim(X C Y). The weighted normal bundle
is a weighted affine bundle with total Chern class we denote by ¢(N) € A*(X) and total G,,-equivariant
Chern class ¢®(N) = Q(t) € AE,,, (X) = A*(X)[t], where ¢ is the equivariant parameter corresponding
to the standard character of G,,. In particular Q(0) = c¢(N).

We recall from Theorem 6.4 in the main text that

A*(Y) = (A* (V) @ 1 A*(X))/1,
where
1= (ix()® —(2() — Q(0)a | &« € A*(X)).
We denote by
q: AT YV) @ tA*(X)[t] = (A*(Y) D 1A*(X))/1 = A*(Y)

the natural quotient map.

Theorem A.1. We have

=q
fre¥) Q)
We note that the right-hand side is of the form ¢ (1 & ¢ - R(¢)), with some R(t) € A*(X)[¢].

o¥) <<1 —t)Q(t)).
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The formula was proved for Chow groups with rational coefficients by Anca and Andrei Mustata [2012,
Proposition 2.12]. Our proof in essence verifies that their arguments carry over integrally.

A3. Approach. Our approach combines the equivariant methods used in the main text to study and
compute Chow rings of weighted projective stack bundles and weighted blow-ups, combined with ideas in
Aluffi’s paper [2010] and lecture [2011], especially the user-friendly presentation of the formula in Aluffi’s
lecture. While Aluffi provides a proof only for complete intersections, the methods of Theorem 6.4 allow
us to reduce the general case to a situation where Aluffi’s proof applies.

A3.1. The quotient class. One first notes that the class 0(17 )/(f*c(Y)) appearing on the left-hand side
has properties enabling flexible treatment:

Lemma A.2. The class c(?)/(f*c(Y)) is of the form q(1 @t - R(t)), with some R(t) € A*(X)[[t]l, and is

functorial for smooth morphisms Y' — Y and closed embeddings Y’ — Y that meet X transversely.

Proof. To see that it has this form, consider the localization sequence
A*(X) > A*(Y) » A*(Y ~ X) — 0.

Since c(f;) and f*c(Y) must pull back to the same class on A*(? X ), and their ratio pulls back to 1. In
particular we see that c(l?)/(f*c(Y)) — 1 must be in the image of A*()Nf), which means c(l?)/(f*c(Y))
is of the desired form.

To see functoriality, consider the following diagram:

N
[
y sy
We must show N N
o) e
fre¥’) fre(Y)’

but this is equivalent to
@) . )
hee(Y) 7 hre¥)’

This is true when £ is smooth because the relative tangent bundle of / is compatible with pull-back
under f, and true when 4 is a closed embedding since the normal bundle of /4 is compatible with pull-back
under f. O

A3.2. Degeneration to the weighted normal bundle. Applying the lemma to the degeneration to the
weighted normal bundle we obtain:

Lemma A.3. It suffices to prove the theorem, namely to compute R(t) and c(Y) /(f*c(Y)), when
Y = NyxY.
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Proof. Recall the diagram from Theorem 5.2

X x Al )1\70
A \ /| - }J
X s M, fu
\l XXAI l MO

X —

where M, =Y fort # 0 and My = NxY.

By the previous lemma, the expression c(ﬁ,) /(f*c(M;)) can be pulled back from M° along the
embedding corresponding to ¢ and is determined by a class on X. However, neither X nor M° depend
on ¢ so it is enough to compute things when ¢ = 0, that is, for NxY. O

A3.3. The universal case. By Theorem 4.9, the homomorphism A*(BG, ,) — A*(BT) is injective.
Therefore:

Lemma A.4. It suffices to prove the theorem when X = BT and Y = [V /T]. Equivalently, it suffices to
prove the theorem T -equivariantly when X is a point, the origin on Y = A%,

Proof. This follows from functoriality and Theorem 4.9 since the maps X — BG,,, and BT — BGg p
are smooth. u

A3.4. The toric case of affine space. Finally, let X be the origin of ¥ = A, Let

AL0) = ARAY) = Z[xy, ..., x4]
and
Z[xl’ cees Xd, t]
A% (P(ay, ..., aq)) = A% (Bl Adyx 1070 ]
T( ( 1 d)) T( (ai,...,aq) ) (H(_xi +alt))
as in Section 5.3.
Proposition A.5. We have ¢’ (Y) = Q(0) and CT(7) =q((1—-1)0@1)).

Proof. This is essentially the same argument as [Aluffi 2006, Theorem 4.2].
Let D = £X; + X be the sum of all the irreducible toric divisors on Y. By repeating the argument in
[Fulton 1993, Proposition p. 87], we have the exact sequence

d
0— Qf — Qb(log D) — (@ OX,) B 0z — 0,
i=1

and Q%(log D) is trivial. By Whitney’s formula,

1

Tioly —
¢ (Q2p) CT(OQ)CT(@OZ)

- (1+r)]_[(1 —a;it — x;).
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By taking the dual we obtain
T =0-n ][0 +ar+x)=0@.

The same argument works to prove cT'(Y) = 0(0). O

The theorem follows.
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