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Algebraic relations among hyperderivatives of
periods and logarithms of Drinfeld modules
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We determine all algebraic relations among all hyperderivatives of the periods, quasiperiods, logarithms,
and quasilogarithms of Drinfeld modules defined over a separable closure of the rational function field. In
particular, for periods and logarithms that are linearly independent over the endomorphism ring of the
Drinfeld module, we prove the algebraic independence of their hyperderivatives and the hyperderivatives
of the corresponding quasiperiods and quasilogarithms.
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1. Introduction

The objects of study in the present paper are inspired by elliptic curves in the classical setting. Let E be an
elliptic curve defined over @. The period conjecture states that the transcendence degree over @ of the two
periods {w;, @y} and the two corresponding quasiperiods {ny, 2} of E is 2 when E has complex multipli-
cation (CM), and 4 otherwise. The CM case was confirmed to be true by Chudnovsky, while the non-CM
case is still open. With regards to logarithms of E, one can expect logarithms of algebraic numbers that are
linearly independent over End(E) to be algebraically independent over @. Although linear independence
over @ of these logarithms is known due to Masser (for the CM case), Bertrand and Masser (for the
non-CM case), and as a consequence of Wiistholz’s analytic subgroup theorem, algebraic independence
of these logarithms is still fully open. See [Baker and Wiistholz 2007; Waldschmidt 2008] for details.

In the function field setting, Drinfeld [1974] introduced “elliptic modules”, now called Drinfeld modules,
as an analogue of elliptic curves. Later, Anderson [1986] defined higher-dimensional generalizations of
Drinfeld modules, called -modules. One can ask analogous questions regarding algebraic independence
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of periods, quasiperiods, logarithms, and quasilogarithms of Drinfeld modules and Anderson ¢-modules
defined over algebraic function fields. Yu [1997] proved the sub-#-module theorem, a remarkable result
regarding linear independence among logarithms of Anderson f-modules, which is an analogue of
Wiistholz’s analytic subgroup theorem, and proved the complete transcendence results concerning periods
and logarithms of Drinfeld modules [Yu 1986; 1990]. Thiery [1992] proved algebraic independence
results among periods and quasiperiods of rank-2 Drinfeld modules with complex multiplication. Chang
and Papanikolas [2011; 2012] proved algebraic independence of periods, quasiperiods, logarithms, and
quasilogarithms of Drinfeld modules of arbitrary rank. The goal of the present paper is to generalize
completely under separability hypothesis this work of Chang and Papanikolas [2011; 2012, Theorems 3.5.4
and 5.1.5, and Corollary 5.1.6] to include all hyperderivatives, which are defined below.

Let [, be a finite field, where g is a positive power of a prime number p, and let 6 be an indetermi-
nate. For the rational function field [, (), the j-th hyperderivative 89j : Fy (@) — [F4(0) is defined by
ag em = (';.’)Qm_j, where j > 0. Taking the completion F,(1/6)) of F,(6) with respect to its co-adic
absolute value | - |, 891 (-) extends uniquely to F,((1/6)*P. Note that hyperderivatives play a role
analogous to that of formal derivatives in the classical case. Unlike in the classical setting of elliptic curves,
one can take hyperderivatives of periods and logarithms of Anderson z-modules defined over [, (6)P.
Moreover, many interpretations of objects of interest in terms of logarithms of Anderson r-modules involve
hyperderivatives. The entries of periods of the d-th tensor power €®¢ of the Carlitz module € (rank-1
Drinfeld module) are obtained using hyperderivatives [Maurischat 2018, Lemma 8.3] of Anderson—Thakur
functions [1990, §2.5]. Also, Carlitz zeta values [Thakur 2004] appear in the last coordinate of a logarithm
of €®4 [Anderson and Thakur 1990, Theorem 3.8.3]. Generalizing this, Chang, Green, and Mishiba
[Chang et al. 2021] showed that multizeta values [Thakur 2004] also appear as coordinates of logarithms
of a particular Anderson #-module and further showed that its periods and logarithms are obtained using
hyperderivatives. There are also logarithmic interpretations of special values of Goss L-functions attached
to Drinfeld modules in terms of logarithms of an Anderson f-module, where hyperderivatives play a
crucial role [Gezmis and Namoijam 2021]. These interpretations further motivate interest in determining
algebraic independence of hyperderivatives of periods and logarithms of Anderson 7-modules.

Algebraic independence among hyperderivatives of the fundamental period of the Carlitz module
were proved by Denis [1993; 1995; 2000] and Maurischat [2018; 2022a]. Further work in this direction
was also done in unpublished work by Brownawell and van der Poorten. Utilizing Yu’s sub-#-module
theorem, Brownawell and Denis [2000] and Brownawell [1999; 2001] investigated linear independence of
hyperderivatives of logarithms and quasilogarithms of Drinfeld modules. In the present paper, we determine
all algebraic independence results among all hyperderivatives of periods, quasiperiods, logarithms, and
quasilogarithms of Drinfeld modules of arbitrary rank under the hypothesis of separability.

1.1. Hyperderivatives of periods and logarithms. For a finite field [, where ¢ is a positive power of a
prime number p, we set A :=[F,[0], k :=[F,(0) and ko :=[F,((1/0)), the completion of k at its infinite
place. We further set [ to be the completion of an algebraic closure of k., and let k and k%P be the
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algebraic closure and the separable closure respectively of k inside K. For a variable # independent from 6,
we further define A :=[F,[¢] and k :=[F, (7).
For n € Z, we define the Frobenius twist t" : IK(#)) — K((?)) by setting for f =), a;t!

() =M= At (1.1.1)

For a field K C K, we define the twisted power series ring K [[t] subject to the condition 7¢ = ¢?7 for all
c € K. Then, we define the twisted polynomial ring K[7] as the subring of K[[t]], where K[t] is viewed
as a subalgebra of the [, -linear endomorphisms of the additive group of K.

For a field k € K C K, a Drinfeld A-module of rank r defined over K is an [ -algebra homomorphism
p: A — K[t] uniquely determined by

or=0+KiT+--+u,1"
such that k, #~ 0. The exponential function associated to p is given by

Exp,(z) =z + Zahzqh € K[zl
h>1

and it satisfies the functional equation Exp,(6z) = p,(Exp,(z)). The period lattice of p is the kernel A,
of Exp,, which is a free discrete A-submodule of rank r inside K.

The de Rham cohomology theory for Drinfeld A-modules was developed by Anderson, Deligne, Gekeler
[1989] and Yu [1990]. A p-biderivation is an [F,-linear map é : A — K[z ]z satisfying, for all a, b € A,

Sab = a(0)3p + 8 0p-

Let u € K[7]. Then, the p-biderivation §® defined by 8§ = up, — a(@)u for all a € A is called
an inner biderivation. If u € K[z]r, then §® is said to be strictly inner. The set of p-biderivations
Der(p) forms a K-vector space. The set of inner biderivations Derj,(p) and the set of strictly inner
biderivations Derg(p) are also [K-vector subspaces of Der(p). We define the de Rham module for p to be
HllDR (p) := Der(p)/ Derg(p), which is an r-dimensional lK-vector space. The de Rham module Hll)R (0)
parametrizes the extensions of p by G,.

For each § € Der(p) there is a unique [, -linear and entire power series

Fs(z) = Zciz(i) e K[z]
i>1

such that, for all a € A,
Fs(a(9)z) = a(0)Fs(z) +84(Exp, (2)). (1.1.2)

We call F; the quasiperiodic function associated to §. For A € A, the value Fs(1) is called a quasiperiod
of p. For u € K, the value Fs(u), which is a coordinate of logarithms of quasiperiodic extensions, is called
a quasilogarithm of p (see [Brownawell and Papanikolas 2002; Namoijam and Papanikolas 2024]).

A K-basis of Hll)R(,o) is represented by {4y, ..., 8.}, where §; is the inner biderivation such that
(01 =p;—0,and §;(t) = /=1 for 2 < j <r. We see that Fs, (z) =Expy(2) —z, and so Fs, (A) = —A for
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all A € A,. If we take {Ay, ..., A} to be an A-basis of A, and we set F.j-1(z) :=Fs,(z) for2 < j <r,
then we define the period matrix of p to be

Al Fr(kl) Ft“‘()"l)
A2 Fr()‘«Z) Fr’*I(A‘Z)

’

p =
Ar Fr()\r) Ff“l()‘-r)

which accounts for all periods and quasiperiods of p. The de Rham cohomology theory for Drinfeld
A-modules runs in parallel to the theory of elliptic functions such that the periods and quasiperiods
summarized above play the role of periods and quasiperiods of the Weierstrass gp-functions.

If the Drinfeld A-module p is defined over k%P, Denis [1995, p. 6] showed that, for a p-biderivation §
defined over k%P, if u € K such that Exp o) € kP, then u € ka and Fs(u) € kaF (see also [Namoijam
and Papanikolas 2024, Lemma 4.22]). Therefore, for n > 0 we can consider dj (1) and 9, (F5(u)). Let
dy (P,) be the matrix formed by entrywise action of d;(-) on P,,.

We define End(p) :={x e K: xA, € A,} and let K, be its fraction field. Our first main result is as
follows (restated as Theorem 4.5.1):

Theorem 1.1.3. Let p be a Drinfeld A-module of rank r defined over k*P and suppose that K, is
separable over k. If s =K, : k], then for n > 1 we have

tr.deg; k(Pp, 85(Py), ... 93 (Pp)) = (n+1) - r?/s.

Building on Theorem 1.1.3, we prove algebraic independence among hyperderivatives of logarithms and
quasilogarithms of Drinfeld A-modules. Our second main result is as follows (restated as Theorem 5.4.4):

Theorem 1.1.4. Let p be a Drinfeld A-module of rank r defined over k*%P and suppose that K, is
separable over k. Let uy, ..., u, € K with Exp,(u;) = o; € k*P for each 1 <i < w and suppose that
dipr SpanKp(M, cos AUt L Uy) =1/s +w, where s = [K, 1 k]. Then, forn > 1,

nr—1 w r

tr.degg k(U U U U@, 95 (Fri(3)), 95 uim) 95 (Fr (um))}> = (n+ D)% /s +rw).

s=0i=1m=1 j=1
For an arbitrary basis of Hll)R(,o) defined over k°°P, we deduce the following corollary.
Corollary 1.1.5. Let p be a Drinfeld A-module of rank r defined over k** and suppose that K, is
separable over k. Letuy, ..., uy, € Kwith Expp(ui) =a; € k5P foreach 1 <i <w. Let {51, ...,5,} be

a basis of HII)R(/O) defined over k°%®. If uy, ..., u,, are linearly independent over K ,, then for n > 1 the
(n 4+ Drw quantities

{U LJ (33 s, ). 95 (Fs; ). - .., 85 (Fs, <uw>>)}

s=0 j=1

are algebraically independent over k.
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Combining Theorems 1.1.3, 1.1.4, and Corollary 1.1.5, the k-linear relations among the periods and
logarithms of p and their hyperderivatives induced by endomorphisms of p account for all the k-algebraic
relations among all hyperderivatives of the periods and logarithms as well as all hyperderivatives of the
corresponding quasiperiods and quasilogarithms of p.

1.2. Remarks on structure of the paper. In [Namoijam and Papanikolas 2024], Papanikolas and the author
showed that #-motives whose period matrices comprise the values of interest in Theorems 1.1.3 and 1.1.4
are constructed from the #-motive associated to prolongations [Maurischat 2018] of p, but did not prove any
transcendence results about the values in question. Papanikolas’s theorem [2008, Theorem 1.1.7] states that
the transcendence degree of the period matrix of a #-motive is equal to the dimension of its Galois group.
The primary hurdle, then, is determining the dimension of the associated Galois group of the z-motive.

The first goal of this paper is to explicitly determine the Galois group of the f-motive corresponding
to the n-th prolongation #-module P, p of p. To do this, we calculate the Zariski closure of the image
of the Galois representation on the p-adic Tate module of P, p, for a nonzero prime p of A. Next, we
immediately extend this result. We construct new f-motives whose period matrices are comprised of both
periods and quasiperiods of P, p, and hyperderivatives of logarithms and quasilogarithms of p, and then
determine their Galois groups. We construct a sequence of surjections between specific sub-¢-motives
using consecutive prolongations P;p for 0 < ¢ < n. These surjections are crucial in establishing that
algebraic independence over k of all hyperderivatives of the logarithms and quasilogarithms depends only
on K ,-linear independence of the logarithms.

The paper is outlined as follows.
 In Section 2 we give necessary background concerning ¢#-motives and their Galois groups. Next, we
give a brief review of hyperderivatives and then discuss prolongations of dual #-motives introduced in
[Maurischat 2018].

e In Section 3, we describe r-motives and rigid analytic trivializations corresponding to Drinfeld
A-modules and their prolongations; then we state Theorem 3.4.1. Based on Theorem 3.4.1 (see [Namoijam
and Papanikolas 2024, §5.3] for a detailed account), to prove Theorem 1.1.3, for n > 1 we calculate the
Galois group I'p, , of the n-th prolongation P, M, of the 7-motive M, associated to p.

» We first make use of a direct connection I'p, 5, has with Galois representations. For a nonzero prime p
of A, let Ay, be the completion of A and let k;, be its fraction field. For a Drinfeld A-module p defined
over K, where k C K C k with [K : k] < oo, there is a representation ¢, : Gal(K**? /K) — GL,(Ay)
coming from the Galois action on the p-power torsion points p[p™] := {x € K: ppn (x) = 0}. In Section 4,
using Anderson generating functions and ¢,, we consider the Galois representation on the p-adic Tate
module of the n-th prolongation ¢-module P, p associated to p. The image of this Galois representation is
determined using hyperderivatives of the image for the Drinfeld A-module p and is naturally contained
in the ky-valued points of I'p, m, (Theorem 4.1.6).

e Forn > 1, P,_1M, is a sub-t-motive of P,M, and therefore, P, M, is not simple, which makes
determining the Zariski closure of the aforementioned image a complicated task. To find the Zariski
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closure, we bring in differential algebraic geometry. We consider hyperdifferential polynomials (precise
definition in Section A.l) to determine the above Zariski closure by first determining the defining
differential ideal of the aforementioned image and then restricting to Zariski topology (Theorem 4.3.3).
This allows us to prove Theorem 1.1.3 and compute the Galois group I'p, y, explicitly (Corollary 4.4.8).

e In Section 5, for uy, ..., u, € K satisfying Exp, (u;) € k5P for each 1 <i < w, we build on results
of Section 4 to construct new f-motives Y p, ..., Yy » such that the entries of the period matrix of
BY_, Ypn comprise |'_o Uiz} UY_, (85 (wm), 83 (Fyi ())}. Let T denote the category of z-motives.
In Lemma 5.4.3, we obtain a surjective map from certain sub-z-motives of Y, , to corresponding sub-z-
motives of Y, ; for £ <n and 1 <m < w. This map allows us to implement Theorem 5.2.2, which is
based on an End (M, )-linear independence result [Chang and Papanikolas 2012, Theorem 4.2.2], which
enables us to prove Theorem 1.1.4.

« Finally, in the Appendix, we cover necessary background concerning differential algebraic geometry
in positive characteristic. We explore various properties, especially a result on the determination of the
Zariski closure of a set in a differential field (Lemma A.1.5).

2. Preliminaries

2.1. Notation. We continue with the notation introduced in Section 1.1. We also define the following.
Let T be the Tate algebra of the closed unit disk of [,

. - h T
T:= {gaht € Kl : Jim [ |og :o},
and let L be its fraction field.
For n € Z, recall the Frobenius twist t”* from (1.1.1). In some cases, we will write o for t—!. For
M = (m;}) € Matq(K(1)), we define M® by setting M® := (m{?"). Let k(t)[o, o~'] be the Laurent
polynomial ring over k(¢) in o subject to the relation

of = fTVa, fek®).

For a field K C KK, recall from Section 1.1 the twisted power series ring K [t]] and the subring K[7]
given by 7f = f(r for all f € K. We also define K[o] and K[o] when K is a perfect field. For
b=Y ¢t e K[r], we define b* := Y ¢! ol € K[o]. If B = (b;}) € Mat,xa(K[t]) = Mator(K)[7],
then we set B* := (b}*l.). Thus, if B € Mat,»,(IK[t]) and C € Mat,,(IK[z]), then (BC)* = C*B*
Moreover, if B = o+ BiT + - - -+ Bet’, then we set dB := fy.

2.2. Dual t-motives and t-motives. In this subsection, we briefly introduce the main tools used in
Papanikolas’s result. The reader is directed to [Papanikolas 2008] for further details. A pre-t-motive M
is a left k(¢)[o, o ~']-module that is finite-dimensional over k(¢). We denote by P the category of pre-¢-
motives whose morphisms are the left k(t)[o, o ~']-module homomorphisms. Let m € Mat, (M) be
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such that its entries form a k(¢)-basis of M. Then, there is a matrix ® € GL, (k(¢)) such that
om= dm,

where the action of o on m is entrywise. We say that M is rigid analytically trivial if there exists a matrix
W € GL, () such that
v = oy,

The matrix W is called a rigid analytic trivialization for ®. Set M := L Q) M, where we give M Ta
left k(t)[o, o ~']-module by letting o act diagonally:

o*(f®m)::f(_l)®om, felé(t), meM.
If we let
ME = M"Y :={ueM op=npu},

then M8 is a finite-dimensional vector space over k, and M +— M3 is a covariant functor from P to the
category of k-vector spaces. The natural map L ®g,) M B _ MT is an isomorphism if and only if M is
rigid analytically trivial [Papanikolas 2008, §3.3]. If W is a rigid analytic trivialization of @, then the
entries of W~ !'m form a k-basis for M ® [loc. cit., Theorem 3.3.9(b)]. By [loc. cit., Theorem 3.3.15], the
category R of rigid analytically trivial pre-t-motives forms a neutral Tannakian category over k with fiber
functor M +— M5,

We now consider A-finite dual #-motives, which were first introduced in [Anderson et al. 2004] (see also
[Hartl and Juschka 2020; Namoijam and Papanikolas 2024]). A dual t-motive M is a left k[t, o]-module
that is free and finitely generated as a left k[o]-module and such that (r—6)* M C o M for s € N sufficiently
large. If, in addition, M is free and finitely generated as a left k[¢]-module, then M is said to be A-finite.
Thus, if the entries of m € Mat, . (M) form a k[t]-basis for M, then there is a matrix ® € Mat, (Ig[t]) such
that om = ®m with det ® = ¢(t —0)* for some ¢ € k*, s > 1. We say that M is rigid analytically trivial if
there exists a matrix ¥ € GL,(T) so that W~ = ®W. In [Anderson et al. 2004], the term “dual #-motives”
is used for A-finite dual 7-motives. We will consider both dual z-motives and A-finite dual 7-motives.

Given an A-finite dual f-motive M,

is a pre--motive, where o (f @ m) := f~Y ® om. Then, M +— M is a functor from the category of
A-finite dual r-motives to the category of pre-f-motives. We define the category T of ¢-motives to be
the strictly full Tannakian subcategory of R generated by the essential image of rigid analytically trivial
A-finite dual t-motives under the assignment M +— M.

For a t-motive M, we let Ty, be the strictly full Tannakian subcategory of 7 generated by M. As Ty, is
a neutral Tannakian category over k, there is an affine group scheme I'y; over k, a subgroup of the k-group
scheme GL, /k of r x r invertible matrices, so that 7y, is equivalent to the category of finite-dimensional
representations of 'y, over k, i.e., Ty = Rep(I'y, k) [Papanikolas 2008, §3.5]. We call [y, the Galois
group of M.
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2.3. The difference Galois group. We now present a brief summary of the construction of the Galois
group of a r-motive as the Galois group of a system of difference equations. The reader is directed to
[Papanikolas 2008] for further details. For a subfield F C K((¢)) invariant under the action of o, let F°
denote the elements of F fixed by o. Note that the automorphism o : L — L restricts to automorphisms
of k and k(t), and k = k° = k(t)° = L°.

For a t-motive M, let ® € GL, (k(r)) denote the action of o on a k(¢)-basis of M and let ¥ € GL, (L)
be the rigid analytic trivialization for ® satisfying W=D = dW.

We define a lz(t)—algebra homomorphism v k(DX 1/ det X]— L by setting v(X;;) := W;;, where X =
(X;j) is an r x r matrix of independent variables. We let p :=kerv and ¥ :=Imv = Iz(t)[\ll, 1/detW]CL,
and set Zy = Spec . Then, Zy is the smallest closed subscheme of GL, /k(t) such that ¥ € Zy (L).

Set ¥y, ¥, € GL, (L k) L) to be such that (W1);; = ¥;; ® 1 and (¥,);; = 1 ® ¥;;, and let U=
1111_1\112 € G},(I]_ k() L). We define a k-algebra homomorphism w : k[ X, 1/ det X] — L Qg L by setting
w(X;;) :=W;;. Welet q:=kerp and A :=Im pu, and set I'y = Spec A. Then, I'y is the smallest closed
subscheme of GL, /k such that Ve Iy (L ® ;) ). The following properties hold.

Theorem 2.3.1 [Papanikolas 2008, §4]. Let M be a t-motive, and let ® € GL, k(1)) represent multiplica-
tion by o on a k(1)-basis of M. Let W € GL,(L) satisfy VD = oW,

(a) The closed k(t)-subscheme Zy is stable under right-multiplication by k() xx Ty and is a k(1) xx Ty-
torsor over k(t). In particular, I'y L) =v1Zy (D).

(b) The k-scheme Ty is absolutely irreducible and smooth over k.
(¢) 'y =Ty over k.

For the t-motive M, if ® € GL, (12(:)) N Mat, (12[;]) and det ® = ¢(t — 60)* for some ¢ € k*, s > 1, then
we can pick W to be in GL, (T) [Papanikolas 2008, Proposition 3.3.9(c)]. Moreover, the entries of W are
regular at t = 6 [Anderson et al. 2004, Proposition 3.1.3]. Let W|,—g denote the specialization of the
entries of W at = @ and let k(¥|,—g) be the field formed by adjoining the entries of W|,—y to k. The
main theorem of [Papanikolas 2008] is as follows.

Theorem 2.3.2 [Papanikolas 2008, Theorem 1.1.7]. Let M be a t-motive, and let Ty be its Galois
group. Suppose that ® € GL, (k(1)) N Mat, (k[¢]) represents multiplication by o on a k(1)-basis of M
and that det ® = c(t —0)%, c € k*, s > 1. Let W € GL,(T) be a rigid analytic trivialization of ®. Then,
tr.deg k(W|,—¢) = dim I'y,.

2.4. Hyperderivatives and hyperdifferential operators. For details beyond the review here, the reader
may refer to [Brownawell 1999; Jeong 2011; Namoijam and Papanikolas 2024, §2.4]. For m, j > 0, let
(’J" ) € N denote the usual binomial coefficient mpdulo p. Then, for F a field of characteristic p > 0 where
0 is transcendental over F, the F-linear map 85 : F[0] — F[0] defined by setting

87 (™) = (’7)9’“‘1
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is called the j-th hyperdifferential operator with respect to 6. For each f € F[6], we call Bg (f) the j-th
hyperderivative of f. The definition of 891 extends naturally to 89] : F[[6] — F[0]. The hyperdifferential
operators satisfy various identities including the product rule

J
05 (f8) =Y _95()3) " ()
i=0
and the composition rule

i = (" )at .

The product rule extends 8(5 to the Laurent series field F'((#)), where as usual for m > 0 we have

(—;n) _ (_1).,-<m+]].'—1)'
sep sep

For a place v of F(6) there are unique extensions 89j :F(0), > F(9), and 89j F(0), — F(0),", where
FO),?is a separable closure of F(0),.

Proposition 2.4.1 (see [Brownawell 1999, §7; Jeong 2011, §2]). Let F be a field of characteristic p > 0,
and let v be a place of F(0). Then, for f € F(0)y", n>0,and j > 1, Bg cFO)," = F@)," j>0,
satisfies
@5 if j=ep",
0 if p"1J.

For f € F(6)," and n > 0, we define the d-matrix with respect to 6, dg ,[ f] € Mat,,(F(6),") to be
the upper-triangular n x n matrix

Py = {

fa - i
o :
dp nl f1:= SRS : (2.4.2)
SHED)
f

Using the product rule, it is easy to see that dg ,[g] - do n[ f] = dp »[gf]. For a matrix B := (b;;) €
Mat,, Xez(F(@)iep), we also define the d-matrix with respect to 6, dy ,[B] € Mat,,, X,,eZ(F(G)zep) as in
(2.4.2), where we let 8} (B) := (3] (bi})) € Mate, xe, (F(0)y 7).

We further define partial hyperderivatives for two independent variables 6 and ¢ to be the F-linear maps
95,0/ :FO.0)— F@©,0), j=0,

such that for m € Z we have 9, (0™) = ()67, 8/ (t™) = (")¢"~J, and 9] (") = 8] (6") = 0. Thus,
we have dg 0 9, = 9; 0 dg. For n > 0, we define the d-matrices dp ,[ -] and d; ,[ - ] with respect to each
independent variable 6 and ¢ as in (2.4.2).

Note that 3; extends naturally to T, and 8‘9/ extends to T Nk 1.
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2.5. Prolongations of dual t-motives. We review the construction of prolongations of dual 7-motives,
introduced in [Maurischat 2018]. For a left k[, o ]-module M and n > 0, we define the n-h prolongation
of M to be the left k[¢, o]-module P, M generated by symbols D;m, for m € M and 0 < i < n, subject
to the relations

(@) Di(my+my) = Dimy+ Dim>,

(b) Difa-m)=3,_; 1, 3'(@)- Diym,
(© o(a-Dim)=a"" . D;(om),

where m, my, m, € M and a € k[t].

If M is an A-finite dual ¢t-motive, then P, M is also an A-finite dual 7-motive [loc. cit., Theorem 3.4].
Thus, if the entries of m = [my, ..., m,]" € M" form a k[r]-basis of M, then a k[¢]-basis of P, M is
given by the entries of

D,m := (D,m',D,_ym"', ..., Dom")" € (P, M) "D, (2.5.1)

where D;m := (D;m,, ..., Dim,)" € (P, M)" for each 0 <i < n [loc. cit., Proposition 4.2]. Also, if
® e GL, (k[t]) represents multiplication by o on m, then

o(D,m) = dl,n-‘rl [®]- D,m. (2.5.2)

If M is rigid analytically trivial with ¥ € GL,(T) so that ¥ (- = ® W, then since Frobenius twisting
commutes with hyperdifferentiation with respect to ¢, we have

(i1 [ODTVY =d; 1 [V = ds 1 [OV] = dy s 1 [Py g1 [ W] (2.5.3)

Therefore, P,, M is rigid analytically trivial.
Via Dom +— m, we see that Py, M is naturally isomorphic to M, and as in [loc. cit., Remark 3.2], for
0 < j <n—1 we obtain a short exact sequence of dual r-motives

prnfjfl

0—-PM—->PM——P,_; M—=D0, (2.5.4)

where pr (Dim) := D;_j_ym fori > j and pr (Dijm):=0fori < jand m € M.

n—j—1 n—j—1

3. Rigid analytic trivializations and hyperderivatives

The goal of this section is to provide necessary background on Anderson #-modules for the purpose of study-
ing Drinfeld A-modules and their prolongations, and their connection to dual #-motives and rigid analytic
trivializations via Anderson generating functions. Then, we state Theorem 3.4.1, which provides the con-
nection between Taylor coefficients of series expansions of Anderson generating functions and hyperderiva-
tives of periods, quasiperiods, logarithms, and quasilogarithms of a Drinfeld A-module defined over k.
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3.1. Anderson t-modules, dual t-motives, and Anderson generating functions. For a field K C K,
an Anderson t-module defined over K is an [,-algebra homomorphism ¢ : A — Mat,(K[7]) defined
uniquely by

¢ =Bo+Bit+---+ Bt

where B; € Mat,(K) for 0 <i < ¢, and d¢, = By =61; + N such that 1 is the d x d identity matrix and
N is a nilpotent matrix. Then, ¢ defines an A-module structure on K¢ via

a-x=¢,(x), acA, xek? (3.1.1)

We call d the dimension of ¢. If ¢, = By € Mat,;(K), then ¢ is said to be a trivial Anderson t-module. A
nontrivial Anderson r-module of dimension 1 is called a Drinfeld A-module.

There exists a unique power series Exp,(z) = 320 Ciz? e Klzy, .. ., zal, z=1z1,..., 241", s0
that Cy = I; and satisfies

Expy (d¢az) = ¢ (Expy(2))

for all a € A. Moreover, Exp,,(z) defines an entire function Expy : K¢ — K. If Exp is surjective,
then we say that ¢ is uniformizable. The kernel Ay C K¢ of Exp, is a free and finitely generated
discrete A-submodule of K¢ through the action of d¢p(A) and it is called the period lattice of ¢. If ¢ is
uniformizable, then we have an isomorphism K4/ Ay = (K9, ¢) of A-modules, where (K¢, ¢) denotes K¢
together with the A-module structure defined in (3.1.1) coming from ¢. For more details about Anderson
t-modules, see [Anderson 1986; Brownawell and Papanikolas 2020; Thakur 2004].

We define the dual z-motive My associated to a 7-module ¢ defined over K C k in the following way.
We let My = Mat; 4 (k[o]). To give My the k[t, 0 ]-module structure, set

a-m=me,, meMgy, acA, (3.1.2)

where ¢ is defined as in Section 2.1. For each m € My, by straightforward computation we obtain
(t—0)-me o My. Thus, My defines a dual z-motive and (3.1.2) gives a unique correspondence between
a t-module and its associated dual 7-motive (see also [Brownawell and Papanikolas 2020, §4.4; Hartl and
Juschka 2020; Namoijam and Papanikolas 2024, §2.3]). If M is A-finite, then we say that ¢ is A-finite and
call the rank of My as a left k[¢]-module the rank of ¢. The reader is directed to [Hartl and Juschka 2020;
Namoijam and Papanikolas 2024, §2.3] for more information on dual #-motives associated to #-modules.

We conclude this subsection by introducing the Anderson generating functions associated to #-modules
(see [Green 2022; Maurischat 2022¢; Namoijam and Papanikolas 2024] for further details). For y € G
we define the Anderson generating function for ¢ by the infinite series

Gy(t) ==Y Expy(dg; "' y)r" e T (3.1.3)

m=0
We explore the properties we will use in Sections 3.3, 4.1, 5.1. For clarity, we will denote by f, () the
Anderson generating function for a Drinfeld A-module at y € K.
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3.2. Prolongations of Drinfeld A-modules and associated dual t-motives. Let p : A — K[t] be a
Drinfeld A-module defined over K C k such that

pr=0+KkiT+-+i T,

where k, # 0. Drinfeld A-modules are uniformizable and the rank of the period lattice A, of p as an
A-module is r. As defined above for 7-modules, we define the dual z-motive M,, := k[o]. Then the
set {my,ms, ..., my={1,0,...,0""!} forms a k[t]-basis for M, [Chang and Papanikolas 2012, §3.3;
Namoijam and Papanikolas 2024, Example 3.35], and with respect to this basis, multiplication by o on
M, is represented by

0 1 0
P, = 0 0 o i : (3.2.1)
(=0 /it =i T =i T g

Thus, M, is A-finite. We let M, .= k(1) ®jpr) M,y be the pre-z-motive associated to M,,.

For Drinfeld A-modules p and p’ defined over K C K, a morphism b : p — p’ is a twisted polynomial
b € K[r] such that bp, = p,,b for all a € A. We say that b is defined over L C Kif b € L[7]. A morphism
b:p — p’ defined over k induces a morphism B : M, — M, of A-finite dual t-motives in the following
way. If b =" c¢;t' € L[t], recall from Section 2.1 that b* = cf_i)cri. Then, B is the k[o ]-linear map
such that B(1) = b* (see [Chang and Papanikolas 2011, Lemma 2.4.2]).

The map

End(p) > {c€K:cA, S A}, D at b« (3.2.2)
is an isomorphism [Drinfeld 1974]. Throughout this paper, we identify End(p) with the image of this

map and let K, denote its fraction field. We state the following result due to Anderson.

Proposition 3.2.3 [Chang and Papanikolas 2012, Proposition 3.3.2, Corollary 3.3.3]. The functor p — M,
from the category of Drinfeld A-modules defined over K C k to the category of A-finite dual t-motives is
Sfully faithful. Moreover,

End(p) = Endg, ,,(M,), K, =Endr(M,),
and M, is a simple left k(0)[o, o ~'1-module.
Remark 3.2.4. Let i; € End,;[,’a](/\/lp) be such that i;(1) =1t -1 = p;. The isomorphism End(p) =

End,;[t’(,](/\/lp) in Proposition 3.2.3 sends 6 — i, and so, it sends A to A. Thus, K, = End1(M,) sends k
to k.

For n > 0, we define the n-th prolongation t-module P, p of p to be the Anderson f-module associated
to the n-th prolongation P, M, of the A-finite dual -motive M, (see for details [Maurischat 2018,
§5; Namoijam and Papanikolas 2024, §5.2]). The Anderson t-module P,p : A — Mat, | (K|[t]) is of
dimension n + 1 and is defined by

(Pup)r = d(Pyp); +diag(k)T + - - - +diag(k,) 7",
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where
0

-1 "-.
dPup)i=10 . . ; (3.2.5)

0 -~ 0 —186
and diag(«;) is the (n+1) x (n+1) diagonal matrix with diagonal entries all equal to «; foreach 1 <i <r.

If we set Mp,, := Matlx(nH)(lg[or]) to be the dual 7-motive associate to P, o defined as in (3.1.2), then
by [Namoijam and Papanikolas 2024, Proposition 5.22(b)] we have

Mp,, =P, M,.
We define P, M, := lz(t) O] P, M, to be the pre-z-motive associated to P, M,,.

3.3. Rigid analytic trivializations. We fix our choice of Drinfeld A-module p of rank r from Section 3.2
such that it is defined over K = k*?P. In this subsection, we show that the A-finite dual z-motive M,
associated to p is rigid analytically trivial by constructing the rigid analytic trivialization W,, and then
extend to the prolongation f-module P, p. The details regarding Drinfeld A-modules can be found in
[Chang and Papanikolas 2012, §3.4; Namoijam and Papanikolas 2024, Example 4.1117].

For u € K, we let f,,(t) € T denote the Anderson generating function of p given as in (3.1.3). For an
A-basis {A1, ..., A} of Ay, we set fi(¢) := f,(¢) for each 1 <i <r. Define the matrices

K(*l) L D) Kr(fr+l)

1 —1 K1 K. _
S f 0 1 T
£ f(1> f(r—1> L) T Ky
Y:=|’" 72 2, and V= : (3.3.1)
oo : —1)
1 -1 Kr—1 K
fr r( ) . fr(r ) I”Cr r

By [Chang and Papanikolas 2012, §3.4] (see also [Namoijam and Papanikolas 2024, Lemma 4.47]), it
follows that det Y # 0. Set
W, = v r®h (3.3.2)

Then \le(fl) = ®,V,. Thus, the pre-t-motive M, = k(t) ®jr) M, 1s rigid analytically trivial and is in the
category 7 of t-motives.

By (2.5.3), the n-th prolongation ¢-motive P, M,, = k(t) ®gpr) PnM, is rigid analytically trivial with
rigid analytic trivialization Wp, , = d; ,+1[W,]. Thus,

Wp,, =di i1 [VI'dy i [YP]7 (3.3.3)

3.4. Hyperderivatives of periods and logarithms. We continue with our choice of Drinfeld A-module p
of rank r defined over k5P, Recall from Section 1.1 that a [K-basis of H]IZ)R (p) is represented by {61, ..., &},
where 8 is the inner biderivation such that (§1); = p; —0 =«7+---+k, 7" and §; (1) = /= for2 < j<r.
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Let F.j-1(z) denote the quasiperiodic function associated to the biderivation §; : ¢ /=1, Note that
Fs, (z) = Exp,(2) — z. Then, we have the following result, which is a modified version for Drinfeld
A-modules, and its proof is due to Papanikolas and the author.

Theorem 3.4.1 (see [Namoijam and Papanikolas 2024, Theorem E]). Let p be a Drinfeld A-module
defined over k*P of rank r. Let u € K9 satisfy Exp, (u) € (k%PYe. Then, forn >0,

n o r n r—I1
Span; ({1} ulJ U{af(f;“a))|,:e}> = Span; ({1} ulJ @i, 85, (u))}) (34.2)
s=04¢=1 s=0 j=1
In particular, if {A1, ..., A} is an A-basis of the period lattice A, then
n r r—1
Spang (dy ni11¥,1 7 1=p) = Span,;(U U U0, 95 (xi»}). (34.3)

s=0i=1 j=1

By using Theorems 2.3.2 and 3.4.1, computing the dimension of the Galois group I'p, , forn > 1
proves Theorem 1.1.3. Moreover, by (3.4.2) if we are able to construct appropriate #-motives whose
periods span the hyperderivatives in question and determine the dimension of their associated Galois
groups, then we can prove Theorem 1.1.4.

4. Hyperderivatives of periods and quasiperiods

Let p be a Drinfeld A-module of rank r defined over k*P. Let K, be the fraction field of End(p) defined
asin (3.2.2) and let [K, : k] = s. In this section, we prove Theorem 1.1.3 (restated as Theorem 4.5.1). To
prove this theorem, we first show in Theorem 4.3.3 that dim I'p, p;, > (n+ 1) - r? /s, and in Theorem 4.4.6
that dim I'p, p, < (n+1) -r?/s. Moreover, in Corollary 4.4.8 we explicitly compute the Galois group I'p, M,
forall n > 1.

4.1. The p-adic Tate module and Anderson generation functions. Let ¢ be a uniformizable and A-finite
Anderson 7-module of dimension d and rank r. For any a € A, the torsion A-module ¢[a] :={x € K |
¢q(x) = 0} is isomorphic to (A/(a))®" (see [Anderson 1986; Thakur 2004, Theorem 7.2.1]). For a
nonzero prime p of A, we define the p-adic Tate module

Ty(§) = lim p[p"] = AP,

where Ay is the completion of A at p. Now, we fix a Drinfeld A-module p of rank r. If p is defined over
K such that k € K C k and [K : k] < oo, then note that every element of p[p™] is separable over K. Thus,
the absolute Galois group Gal(K*P/K) of the separable closure of K inside k acts on T,(p), defining a
representation

p - Gal(K*P/K) — Aut(Ty(p)) = GL,(Ap).
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Setp:=p(0) € A. We fix an A-basis {Aq, ..., A} of A, and define

Ai "
Si,m = Expp(pm+1) € p[p +1]

foreach 1 <i <randm >0. Then, {xy, ..., x,}is an A,-basis of T, (p), where we set x; := (§; 0, i1, ... ).
Set x :=[x1,...,x,]". Then, for each € € Gal(K*P/K) there exists g. € GL, (Ap) such that
Pp(€)x = gex. 4.1.1)

Theorem 4.1.2 [Maurischat and Perkins 2022, Theorem 1.2]. Let p be a Drinfeld A-module defined over K
such that k € K C k and [K : k] < oo. Let ky be the field of fractions of Ay. For each € € Gal(K*? /K),
let g € GL,(Ayp) be as in (4.1.1). Then, the assignment € — g, induces a group homomorphism

Bo : Gal(K*®/K) — Ty, (Ap) := GL, (A,) N Ty, (ky).

Note that in the case of p = ¢, Theorem 4.1.2 was first proved by Chang and Papanikolas [2012,
Theorem 3.5.1].
For the remainder of this subsection, we fix n > 0. By [Namoijam and Papanikolas 2024, Proposi-

tion 5.27], we have that, for z = [zo, ..., zx]"

Expp, ,(2) = [Exp,(20). - - . . Exp, (zn)]". (4.1.3)
For u € K, set

W)= [0,...,0,u,0,...,0]" = K"*!, 4.1.4)
where u is in the j-th entry and all other entries are 0. By (4.1.3), using the A-basis {A1, ..., A} of A,

an A-basis of the period lattice Ap,, of P, p is

{A);j:1<i<randl1<j<n+1}.
J

Ai

for each 1 <i <r and m > 0. By (3.1.3), the Anderson generating function f;(t) := f3,(t) of p with
respect to A; is

We define

(o] o]
A:
fiy="7 Expp(emll)f’” =D Kimt" € TOK*[1].
m=0

m=0
Foreachl <i<rand 1 <j<n+1weletg; ;({t):=Gq,, () denote the Anderson generating function
of P, o with respect to (1;) ;. Then, by (3.1.3) we have

Gij() =Y Expp,,(([dPyp)) ™" (h);)i" € T N kP

m=0
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Observe that in (3.2.5), the subdiagonal entries of d(P,p), are —8; (). Also, (—1)“95(0) =0 for ¢ > 2.
Moreover, the e-th subdiagonal entries of d(P, ,o)t_1 are (—1)¢0d; (0~1) and so, by the product rule of
hyperderivatives, for 1 € Z we have
gh
G 6"
2(ph 1ghy nh
@l =| YD TR

(—1)"33(9’1) ... ... 3g(gh) _391 " o"
Note that for m > 0 and ¢ > 1, we have (—1)°d5(0 ") = (")0~"~1=¢. Then, it follows by using
(4.1.3) that

3 m+1 m+(n+1—j) y
m=0 ) 00 " 00 . T
m=0 m=1 m=n+1—j
Thus,
1 n-‘rl—j T n+1
Gij (@) =(0,...,0, fi, 8 (fi) -, 87 T (f)) e T 4.1.5)

For our purpose, we consider the Galois group I'y,, , and its principal homogeneous space Zy,, , as in
Section 2.3, and we prove the following result.

Theorem 4.1.6. Let p be a Drinfeld A-module defined over K such that k € K C k and [K : k] < oo,
and for n > 0 let P, p be its n-th prolongation t-module. Let ky be the fraction field of A,. For each
€ € Gal(K*?/K), let g € GL,(Ay) be as in (4.1.1). Then, the assignment € > d; ,11[g¢] induces a
group homomorphism

Bn 1 Gal(K*P/K) — Ty,  (Ap) := GLGu11),(Ap) NTyy , (kp).

We follow the methods used in [Maurischat and Perkins 2022]. Let Fq denote an algebraic closure of
[, inside KK and let ¢ € Fq be a root of p. We define the KK-algebra map D, : T — K[[X] by

o
g Y 3" (Q)l=c X
m=0
By [loc. cit., Lemma 2.2], the map D, : A — K[ XT]] extends to an isomorphism D, : A, — F,($)[X]].
The Galois group Gal(K*?/K) acts on K*P[X] by acting on each coefficient. We now consider the

Galois action on Anderson generating functions of P, o and their Frobenius twists.

Proposition 4.1.7 (cf. [Maurischat and Perkins 2022, Proposition 4.2]). For each € € Gal(K*?/K), let g €
GLr(Ap) be deﬁned asin (4.1.1). Let G := [ng, ey Qr,l, ey gl’n_;_], ey QMH]T (S Matr(,,+1)x,,+1(TT).
Then,

€(D¢(9)) = De(g)(dr n+18e)) - De(r)(9),
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where

€(D(G)) =D (G1.1)): - -+ €(D(Gr1))s - -+ €(Dg(Grns1))s - - - €(Dg(Grngi )]
Proof. Note that by (4.1.5), the j-th column of G for 1 < j <n+11is

1 s T 8 2D 8Ty fi ey £ 0,1, O € TTOHD,

Then, for my, m, e Nand 1 <i <r, since 9,"' (3;"*(f;)) = (m‘,:{lmz) 3" ™2 (£, the result follows by using

[Maurischat and Perkins 2022, Lemma 4.1]. Il
Proposition 4.1.8 (cf. [Maurischat and Perkins 2022, Proposition 5.1]). For 1 <i, j <r, define Y €
Mat, (T) so that Y;; := fl.(jfl)(t) as in (3.3.1). Then, for any € € Gal(K*?/K) and g. € GL,(A;) as in
(4.1.1), we have
€(D¢ (dr,n+11Y1)) = De(y (drns118e]) - Doy (@i n1[ Y1)
and
€(D; (Wp,p)) = De(ty(¥p,p) - De() (i n1lgeD ™

Proof. Since Frobenius twisting commutes with hyperdifferentiation with respect to ¢, we see by using
(4.1.5) that for 1 < j <r and 0 < £ <n, the (¢r+j)-th column of d; , [T "] s given by the j-th Frobenius
twist of the (£+1)-th column of G. Moreover, by (3.3.3) we have Wp, , = d,’n+1[V]_ld,,nH[T(])]_l.
Then by using Proposition 4.1.7, the results follow by a straightforward adaptation of the proof of [loc. cit.,
Proposition 5.1]. U

By an abuse of the notation D, we consider the homomorphism D, : T ®4 A, — K[ X ] defined by
Y i ®bi> Y Di(si) Dy (by).
i i

Note that D, is injective on T, and so it extends to L @7 (T ®4 Ap) = L ® kp, that is, to a ring
homomorphism
D, : L@ ky — K(X)).

Proof of Theorem 4.1.6. Let S C KP*'(¢)[Y, 1/det Y] denote a finite set of generators of the defining
ideal of Zy,, ,, where KP*" is the perfect closure of K in [<. Then, for any € S, we have h(¥p,,) = 0.
If Wp - dint1l8]™" € Zyy,, (1K((1))), then by Theorem 2.3.1 we have d; y11[ge]™" € Ty, , (k). Thus,
to prove our result, we will show that 2(Wp,, - d; n+1 [ge]*l) = 0 for every h € S. The proof follows
by a straightforward adaptation of the proof of [Maurischat and Perkins 2022, Theorem 1.2], but for
completeness we provide a proof.

For h € §, let hy € K(X))[Y, 1/ detY] denote its image after mapping its coefficients via the map 5;.
Then,

D (h(p,, - dint1lge]™)) = he (De (Wb, ) - D (dy nr1lge] ™)
= e (€(De-1(5) (WP, p))) = €(he-1(5)(Pe-1(5) (¥, )
= €(De-1() (h(¥p,,))) =0, 4.1.9)
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where the second equality is by Proposition 4.1.8 and we obtain the third equality since the coefficients of &
are in KP®(¢). Since ¢ is an arbitrary root of p, it follows by [Maurischat and Perkins 2022, Lemma 5.3]
thath(lanp ‘dt,n-i-l[ge]il) =0. O

4.2. Elements of Tbp, M, Let p a Drinfeld A-module of rank r defined over k%P, and consider the
t-motive M, associated to p (see Section 3.1). In this subsection, for n > 1 we study the structure of
the Galois group I'p, y, of the n-th prolongation z-motive P, M,. We let End7 (P, M,) denote the ring of
endomorphisms of P, M, and set K, := End7(M,). If the entries of m € Mat,,1(M,) form a k(r)-basis
of M,, then the entries of D,m form a k(t)-basis of P,M, as in (2.5.1). Given h € End7(P,M,), let
He Matr(n+1)(1€(t)) be such that /(D,m) =HD,m. Since ho =oh and ®p,, =d; ,+1[P,], we have

dipi1[®,H=H"Vd, , 1 1[D,].

From this, we see o fixes d p+1 [lpr]_lHd,,nJr] [W,], and thus d; ,, 41 [\Iip]_lHd,,,,Jr] [W,]eMat, 1) (k).
We have thus defined the injective map
End7(P, M) — End((P,M,)®) = Mat, (1) (k),
hs h® :=d, 1 [V, Hd, 1 [Y,]. 4.2.1)

Since the tautological representation @, : I'p, y, — GL((PnMp)B ) is functorial in P, M,, [Papanikolas
2008, Theorem 4.5.3], for any k-algebra R and u € I'p,p, (R), it follows that we have the following
commutative diagram:

Rw)
R®r (P, M,)8 25 Ry (P, M,)B

ll@hB ll@hB 4.2.2)

R(w)
R® P, M,)8 25 Ry (P, M,)5

Proposition 4.2.3. Given f € K,, let F € Mat, (k(¢)) satisfy f(m) = Fm. Also, forn > 1let h €
End7(P,M,) be such that h(D,m) = HD,m, where H = (H;;) € Matr(n“)(l;(t)) and each H;; is an
r x r block for 1 <i, j <n+1. Then:

(a) For n > 1 there exists g € End7(P,M,) such that g(D,m) = d; ,1[F1D,m.

(b) For 0 < j <n—1, the matrix H; := (H,,) € Matr(jﬂ)(l;(t)), jHl<u<n+1,1<v<j+1,

formed by the lower left r(j + 1) x r(j + 1) square of H represents an element of End1(P; M,).

Proof. For part (a), since fo = o f, we have ®,F = F(_I)CDP. Since multiplication by o on P, M, is
represented by ®p, , = d; ,+1[P, ], the proof of (a) follows from the observation that

dr 1 Pp)dy w1 [F1 = dy 1 [F17Vdy 1 [®].
For part (b), using d; ,41[P,]H = H(_l)dt,nﬂ[cbp] and the definition of d-matrices, we see that, for
0<j<n-—1,
dp 41 [®@pIH; =H Vd, 11 [®,],

and the result follows. O
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Foranyn >1and 0 < j <n—1, since P,_;_1M, is a sub-t-motive of P, M,, we have a surjective
map of affine group schemes over k,

Tp—j—1: FPnMp —» FPn—j—lMp' (4.2.4)
We are now ready to prove the main result of this subsection.

Theorem 4.2.5. For each n > 1 and any k-algebra R, an element of T'p,p, (R) is of the form

Yo Y1 Vn—-1 Van
Yo Y1 Va1
Mn = o] (4.2.6)
12!
Yo

where, for each 0 <i <n, y; is anr x r block. Furthermore, for 0 < j <n — 1, the matrix jt,—j_

Jormed by the upper left r(n — j) x r(n — j) square is an element of T'p,_,_,m,(R). In particular, the map

R)

i1

:I'p,m, (R) — Up,_i_im, (R) maps an element w,, of T'p, M, (R) to the matrix ft,—j_1.

Proof. Since the prolongation of an A-finite dual 7-motive is also an A-finite dual #-motive, by (2.5.4) for
any n > 1 and 0 < j <n — 1 we obtain a short exact sequence of #-motives

0—P;M, > PaM, " P, . 1M, — 0, 4.2.7)
where pr,_;_1(Dim):=D;_j_m fori > j and pr,_;_(Dim) := Ofori < jandm € M,, and ¢ is the
inclusion map. Note that PoM,, = M,, via Dom +> m for all m € M,,.

For any k-algebra R, we recall the action of I'p, », (R) on R ® (PnMp)B from [Papanikolas 2008,
§4.5]. Since Wp,, = d; ,4+1[W¥,], the entries of u, := d,’nJrl[\Dp]_anm form a k-basis of (PnMp)B
[loc. cit., Proposition 3.3.9] and similarly, for 0 < j < n — 1, we have that the entries of u,_;_| :=
d,,n_j[\llp]_an_j_lm form a k-basis of (Pn_j_lMp)B. For any u, € I'p, i, (R) and any a; € Mat; «,(R),

0 <i < n, the action of u, on (ag, ..., a,) -u, € RQy (P,,Mp)B is
@0, -+ -+ an) - dr i1 (W] Dy = (ao, ... an) - iy, ' dr i1 [,]7 Dy, (4.2.8)
We first restrict the action of 1, to R®k(PjMp)B via the map ¢in (4.2.7). So, we take ag, ..., a,—j—1=0

and set M;l = Buw), 1 <u,w <n+ 1, where each B,,, is an r x r block. By ¢ in (4.2.7), we see that
pn leaves (P;M,)® invariant and thus

Bi—jrv1=Bun—jrv2=-"=Bu_jrvn—j =0 forl<v=<j+1

Moreover, since the nonzero a; were chosen arbitrarily, we see that the matrix formed by the lower right
r(j+1) x r(j+1) square is an element of I'p,», (R). Varying j from 0 to n — 1, we see that w,lis a
block upper triangular matrix and that the matrix formed by the lower right r(j + 1) x r(j 4+ 1) square is
an element of I'p,m,(R) foreachO0<j<n-—1.
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We return to arbitrary a; € Mat;,(R), 0 <i <n. We restrict the action of x, to R® (P,— j,lMp)B via

the map Pr,_j_; in (4.2.7). Through pr,_;_, we see that w, leaves (P,_;_ Mp)B invariant and so the
matrix u,—;j—1 formed by the upper left r(n — j) x r(n — j) square of 1, is an element of I'p,_;_, p,(R).
Varying j from O to n — 1, we see that the matrices u,,— ;| formed by the upper left r(n — j) x r(n — j)
square of u, is an element of Ip,_;,_m,(R) foreachO0<j<n—1.

Now, we let & € End7(P,M,) be such that for H € Mat, ,41)(k(t)) we have h(D,m) =HD,m. Let
H := (H;), where each (H;,,) is an r x r block. For0 < j <n—1,letH; := (H,,) € Matr(j+1)(l€(t)),
j+1l<u<n+1,1<v<j+1,be the matrix formed by the lower left »(j+1) x r(j+1) square of
H. Using the definition of d-matrices, we see that the matrix formed by the lower left r(j + 1) x r(j + 1)
square of d; ;1 [\Ilp]*lHd,,nH [W,lis d;, j+1 [\pr]*lHj d; j+1[¥,]. By Proposition 4.2.3(b), we have that
dr jy1 [lIJp]_lH jdi j+1[¥,] s an element in the image of the natural embedding (4.2.1) for the j-th prolon-
gation. Thus, by using the commutative diagram (4.2.2) for the n-th and the (n—1)-th prolongations, we see
that since j, is upper triangular, the matrices formed by the lower right rn x rn square and the upper left

rn X rn square of u, are equal. Comparing each r x r block in this equality, we get the required result. [

4.3. Lower bound on the dimension of T'p,p,. For this subsection, the reader is directed to the Appendix
for details about differential algebra and differential algebraic geometry in characteristic p > 0. We note
that the purpose of the Appendix is for use in this subsection to prove Theorem 4.3.3. For a nonzero prime
p € A, let A, denote the completion of A at p, and let k,, be the fraction field of A,. By the properties
of hyperderivatives (see Section 2.4) we see that (kp, d;), where 9, represents hyperdifferentiation with
respect to ¢, is a d;,-field. Using Theorem 4.2.5, by a slight abuse of notation, we make the choice to let
the coordinates of I'p, M, be
Xo X1 -+ X,

X = R (4.3.1)
.
Xo

where X, := ((X);,j), an r x r matrix for 0 < h < n. We set 3/ (Xj) := (3 ((Xp);,;)) and

vee(Xp) :=[(Xi) 11y » Xn)rts (X125 ooy (Xi)r2s ooy (X1 oo s (Xidrr1,

which consists of all entries of X, lined up in a column vector.

Let 0 <a < n. Asin Section A.1, we define kp{Xo, ..., Xy} to be the 9;-polynomial ring over k;, with
entries of each X, for 0 < h < o as d;-indeterminates. We also define k,{Xo, ..., X, 1/det X} to be
the localization of kp{Xo, ..., Xy} at det Xo. We define ky[X), ..., X,] to be the usual polynomial ring
over k, with entries of each X, for h =0, ..., o as indeterminates, and kp[Xo, ..., X, 1/ det Xy] to be
the localization of ky[Xo, ..., X] at det Xj.

We define the centralizer Centgy, /x(K,) to be the algebraic group over k such that, for any k-algebra R,

Centgr, /k(Kp)(R) :={y € GL,(R) : yg = gy for all g € R®; K, C Mat,(R)}.



Algebraic relations among hyperderivatives of periods and logarithms of Drinfeld modules 1279

By [Pink 1997, Theorem 0.2] and [Pink and Riitsche 2009, Theorem 0.2], the image Im By of the
homomorphism By in Theorem 4.1.2 is equal to Centgr, (a,)(K,) for all but finitely many primes of A.
Therefore, let p € A be a nonzero prime such that Im By = Centgr,(a,)(K,). Then, by [Chang and
Papanikolas 2012, Theorem 3.5.4] we see that

FMp (Ap) = CentGLr(Ap)(Kp) =Im ﬂo. (4.3.2)

Theorem 4.3.3. Fix n > 1. Let p be a Drinfeld A-module of rank r defined over k**? and P, p be its
associated n-th prolongation t-module. Let M,, and P, M, be the t-motives corresponding to p and P, p
respectively. Let K, be the fraction field of End(p) defined as in (3.2.2) and suppose that [K,, : k] =s.
Then,

. r2
dim'p,p, > (n + 1)?.

Proof. By Theorem 4.1.6, we see that the Zariski closure Im $,% of Im 8, is an algebraic subgroup
of I'p,m,. Therefore, our task is to prove that dim(mz y=(n+1r? /s. By [Chang and Papanikolas
2012, Theorem 3.5.4], we have Iy, = Centgr, /x(K,) and dim 'y, = r2 /8. Since the defining polynomials
of Centyma, (k) (K,) = Lie I'y;, are homogeneous degree-1 polynomials, let its defining equations be

p
Z ()i j(X0)ij =0, (bijek,u=1,...,r*—r%/s, (4.3.4)
i,j=1

which can be written as

B -vec(X(y) =0, 4.3.5)

where we set B to be the (r? —r2/s) x r? matrix of full rank with (b,);; as the u x ((j—1)r+i)-th entry.
We see that rank B = r? —dim Iy, = r? —r?/s. Therefore, the defining ideal of [y, is the ideal generated
by the entries of B - vec(Xy) in k[ Xy, 1/ det X], the coordinate ring of GL, /k.

For 0 < o < n, we define a monomial order on k,{Xo, ..., X} and use the division algorithm [lima
and Yoshino 2009, Proposition 1.9] on it. We denote by Z(fg) the set of all sequences (ay, az, as, ...) of
nonnegative integers such that a; = 0 for all but finitely m_any i > 1. Any monomial in kp{Xo, ..., X4}
can be described uniquely as X =] 3,£((Xh)i,j)(b”v’)’3f for some

b=(boo.bo1....b10.b1.1,...,b0,0,b01,...) € 75

>0

where

bue = vee((bp0)i, )T = B0y s Grdrts Grd12s oy Bue)ras ooy Be) sy s Gdrr]

for 0 < h < a and £ € Z-( such that ((by¢); ;) is an r X r matrix and (b, ¢); ; = 0 for all but a finite
number of 4, £, i, j. We define a monomial order on k,{Xy, ..., X} as in [loc. cit., Definition 1.1] in
the following way:

e weset 3 ((Xp)11) < - <d((Xp)r1) <--- < (X)) < -+ < 3(Xn)rr),
o we set 3L ((Xn)iy. ;1) < 0T ((Xn)iy. jo)s
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o we set 9 (Xn)iyjy) < 02 ((Xnt1)ia, jo)s
« we take the pure lexicographic order defined such that X? < X¢ if the leftmost nonzero component
of b — ¢ is negative,
where b, ¢ € 7%, 0,1, 0y € 7=, i, j, i1, iz, j1, jp€(0,...,r}and 0 < h <a.
Let J(Im ,305 denote the defining k,-9d;-ideal of Im By in ky{Xo, 1/ det X}, and let D(B - vec(Xy))
denote the d;-ideal in kp{Xo, 1/det Xo} generated by the homogeneous degree-1 polynomials given by

the entries of B - vec(Xp). Also, let R(B - vec(Xy)) denote the radical 0;-ideal in k,{Xy, 1/ det Xo}
generated by the entries of B - vec(X)).

Claim 1. We claim that I(Im By) = D (B - vec(Xy)).

Proof. By Proposition A.1.6, we have D (B - vec(Xy)) = R(B - vec(Xy)). Clearly, ©(B - vec(Xyp)) C
J(Im By). To show that T(Im By) € D (B -vec(Xy)), let P € I(Im By) C ky{Xo, 1/ det Xo}. Let (X0)y, o,
denote the leading variable of Z:,j:l (by)i,j(Xo)i,j foru=1,..., r?— rz/s with respect to the monomial
order above. This means that for £ > ¥,, h > w,, the coefficients (b, )¢, are all 0. Moreover, by clearing
denominators, we may assume that each (b,); ; € A. Thus, the defining polynomials of Im 8, are now

ZHZ(b )i j(X0)ij =0, (bu)ij €A, u=1,....,r>=r%/s, (4.3.6)

i=1 j=1

Since the rank of B is full, we may pick (b,); ; so that foreachu =1, ..., r— rz/s -1

(X0)vy.00 < (X0)0yi1. 0041 -

By using the division algorithm [lima and Yoshino 2009, Proposition 1.9], we can write

r2—r2/s L, v Wy
Z 28£<Z Z(b )lj(XO)l /) ZEu+S
u=1 =

i=1 j=1

where 1, is the largest number such that 9} ((X0)w,,w,) occurs as a variable in P, each z;, is in
ky{Xo, 1/det X}, and the remainder S is an element of J(Im ) \ D (B - vec(Xy)). Note that the
variables 8f((X0)19u,wu) do not occur in S.

Suppose that S # 0. Then, note that there exist & > 0 and m > « such that

S € k97 ((X0)1,0 -5 07 ((X0)rp)s - - -5 07 (X0)1,1)s - - -5 0 (X)),

when S is regarded as a usual polynomial in the variables {af((xo),-,j) ca<{€=<m,1<1i,j,<r}overk,.
Suppose 97 ((X0)v,,v,) for some 1 < vy, vo <r is the smallest, with respect to the above monomial order,
among the variables 0 ((Xo);, ;) occurring in S. We will show that the coefficients of S as a polynomial
in the single variable 9 ((X¢)y,,,) over the ring

ko[0°((X0)yy.00), 0L (Xo)i ) iv1 <1 <1, vy <y <r, 1<i,j<r a<l<m]

are in J(Im By) as well.
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We pick v > 1 such that ¢¥ > m. Consider f € Agv of the form
r2—r?/s

f=g- [] @05 ... 43.7)
u=1

where g € Agv, glr=0 = 0 and each (b,)y,.», € A is the coefficient of (X¢)ys, », in (4.3.6). Note that
flz=0 =0. Then, for & <£ <m by using the product rule for hyperderivatives and Proposition 2.4.1 we have
f forl=c,

0 fora<f<m.

o (1% P = 0{ (1) - f = {

For f as in (4.3.7), consider & = (f; ;) € Mat, (A;), where we set f,, ,, =1%-f for (i, j) # (vi, v2), (Dy, @u),

u=1,...,r>—r?/s, we set fi,j = 1“1 § (or fi,j = 01in the case a = 0), and finally we pick the entries
f9,.0. € Ap foreachu =1, ..., 7% —r?/s such that
Fu—1 w,—1
(bu)ﬁu,wu : fﬁu,wu = —< Z Z (bu)i,j . f,"j>.
i=1 j=1

Note that each fy, o, (=0 = 0. Then, & satisfies (4.3.5), that is,
B -vec(®) =0.

Since f; jl;—o=0forall 1 <i, j <r, forany € € CentGLr(Ap)(Kp) =1Im By, we see that C+ & € GL, (Ay).
Moreover, € + & satisfies B - vec(€ + &) =0, and so

Q:+ 6= (ei,j) € CentGLr(Ap)(Kp) =Im ,30. (4.3.8)

To prove § = 0, we adapt an argument of Maurischat [2022b, Corollary 6.4]. For any € = (¢; ;) €
Centgr, (4,)(K,) =Im o, consider the polynomial We(Y) € kp[Y ] created from S by making the following

assignments to the variables:
ata((XO)vl,vz) = aza(cvl,vz) +7,

ata((XO)Vl,Vz) = ata(cyl,)/z)’
3 (Xo)i.j) =9/ (ci,j)
forvi <y <r, vy <y <r, 1<i,j<r,and @ < <m. Note that for €+ & in (4.3.8)
a;x(evl,vz) = 8?(&)1,1}2 + ta . f) = a;x(cvl,vz) + fs
ata(e)/l,)/z) = ata(cyl,)fz + ! )= 8ta(CV1,V2)
forvy <y <r, v, <y, <r,and
3 (er,j) = 0/ (¢ij + 171 ) =0/ (ci,j)

foro <€ <mand1<i,j<rsuchthat (i, j) # (9,, w,), whereu=1, ..., r? —r2/s. Thus, since the
variables 8f((X0)19u,wu) do not occur in S, we see that We () is equal to the evaluation of S at the element
¢+ & e Im By and so,

We(f) =0.
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This implies that, for all € € J(Im By), the single variable polynomial We(Y) has infinitely many solutions
fe Agv of the form (4.3.7) and so Wg(Y) is identically 0. Note that W (97 ((X0)v,,v,) — 05 (Cv;,v,)) 18
simply the polynomial in the variable 9 ((Xo),,v,) obtained from S by letting

O ((X0)ypn) = 0 (6yy3). 0 ((X0)irj) = 3/ (ci.j)
forvi <y <r, vy <y <r, 1<i,j<r,and a < <m. Since, for all € € Im gy,

0 = WQt(ata((XO)v],Uz) - 8g(cv|,vz))»

this implies that the coefficients of 3% ((X¢),.»,) in the polynomial S also lie in J(Im o). If S” denotes
such a coefficient and if 9, ((X0)q,,4,) 1S the smallest variable with respect to the monomial order above
occurring in §’, then applying to S” the same process above, the coefficients of 8;((X¢)q4,,4,) in the
polynomial S’ also lie in J(Im ). Continuing like this, there is a nonzero element of k, which is an
element of J(Im fBy), which gives a contradiction to Im 8y # @. Thus, S = 0. Il

Set
T := %(B -vec(X)p), vec(at1 (Xo) — (X)), vec(8,2(X0) —(X2)), ..., vec(d, (Xo) — (X,,)))

to be the radical 0;-ideal in k,{X, ..., X,,, 1/det X} that is generated by the entries of B - vec(Xj),
Vec(atl (Xo) — (X)), vec(atz(Xo) —(X2)), ..., vee(d/'(Xp) — (X)), which are homogeneous degree-1
0;-polynomials. Then, Proposition A.1.6 implies

T =D(B - vec(Xp), vec(d, (Xo) — (X1)), vec(d}(Xo) — (X2)), ..., vee(d] (Xo) — (X,))), (4.3.9)

the 9;-ideal in ky,{Xo, ..., X,,, 1/ det X} generated by the set of homogeneous degree-1 9;-polynomials
given by the entries of B - vec(X)), Vec(at1 (Xo) — (X1)), Vec(atz(Xo) —(X2)), ..., vec(d/ (Xg) — (Xp)).
Let J(Im B,) denote the defining ky-0;-ideal of Im 8, in kp{Xo, ..., X,, 1/ det Xo}.

Claim 2. We claim that T = J(Im B,).

Proof of Claim 2. By Theorem 4.1.6, clearly T € J(Im 8,)). To show J(Im 8,) C T, let F € J(Im §,,) C
ky{Xo, ..., X, 1/det Xo}. Note that for 1 < h < n, we have af(ath((xo),-,,-)) < 8f((Xh)i,j) and so the
leading monomial of each 9/ (3! ((X0);, ;) — (X»)i.;) is 8/ ((X4);.;)- Then, by using the division algorithm
[lima and Yoshino 2009, Proposition 1.9] we see that

r n Mpi,j

F=Y"3"3" 878/ ((X0)i.y) — (Xn)i.j) - (wn.e)ij + H, (4.3.10)

i,j=1h=1 £=0

where my, ; ; is the largest number such that 8tmh""j ((Xp)i,j) occurs as a variable in F, each (wy, ¢); j €
kp{Xo, ..., X,, 1/det Xo}, and the remainder H = H(X) is an element of kp{Xo, 1/ det Xo}. Note that
for g., Im 8, and Im By as in Theorem 4.1.6, there is a surjective map

Im B, — Im By
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given by d; ,+1[8c] — g.. Moreover we have F(d; n+1[8c]1) =0. Since T € J(Im B,)) and

r n Mpi,j
DD 0N (Xodi) — (Xndij) - (wnedij €T,
i,j=1 h=1 £=0
we obtain from (4.3.10) that H(g.) = 0. Thus, H(X) is an element of J(Im 8y) = D (B - vec(Xp)). This
proves our claim. Therefore, J(Im 8,) = T. O

We are now ready to compute Im f3,%.
Claim 3. The defining equations of Im B,% are given by
dini1[B]-vee([X,, ..., Xo]") =0. (4.3.11)
Proof of Claim 3. Based on Lemma A.1.5, we can find the defining equations of Im 8, % if we determine
T :=TnNky[Xo, X1,...,X,,1/det Xq]. (4.3.12)
By the preceding arguments, an element of F € T = J(Im B,°) is of the form (4.3.10), where H €

D(B - vec(Xp)) C ky{Xo, 1/ det Xo}. Suppose

r —r2/s vy

H= Z Do D cun (B (Xo)i ),

i,j=1 u=1 x=0
where v, > 0 and ¢, € ky{Xo, 1/det Xp} foreach 1 <u < r? —r?/s. By the product rule of hyper-
derivatives, we have 9, ((by)i,j(X0)i,j) = 2 w007 *((bu)i,j) - 9% ((X0)i,j), and so rewriting F we have

n Mpij

F= Z(Z S i3 (O (KXo )~ (Ko )

i,j=1 “h=1 €¢=0
r2—r /s vy Ve X
+ > <ZcM-a;‘<<bu>,~,,->-<xo),-,j+2Zcu,x-a;‘—“«bu)l-,,,-)-a,“((Xo),-,,,-))),

u=1 x=0 x=1a=1

where (wy¢)i,; € kp{Xo, ..., X,,1/detXo}and my,; j € Zsgfor1 <h<n, 1 <i,j <r.
Suppose that F' € T C ky[Xo, ..., X,,, 1/det Xo]. Then, since H € ky{Xo, 1/ det X}, we obtain

Mpij= 0.
Additionally, for each 1 <i, j <r we have

r2—r?/s v, x

Z chu;{‘a% a((b )l]) 8“((X0),])—|—Z(wh 0)1] 8 ((XO)I]) -

u=1 x=1a=1 h=1

From this, we see that v, < n, and for h > v, we have (wy,0); ; = 0. Moreover, since

v, Uy

ZZcM 3 (bu)i ) O ((X0)i ) = D 3 cuy - 8 T (Bu)i) - 9 (Xo)i. ).

x=1 a=1 h=1 y=h
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we have, for 1 <h <v,,
r2—r2/s vy
—h
Wr0ij == Y > cuy 3" ((bu)i)).
u=1 y=h
Thus, F € T is of the form

2

r o r —rz/s vy v, Uy
F=Y" > (Zcu,x-a;f«bu),-,,')-<Xo>,-,j+22cu,y-a,y‘h((bu»,,-)-(xh)i,,-)

i,j=1 wu=l x=0 h=1y=h
r27r2/s Uy Uy Vu
—h
= > (Z Cue 0 (Bu) - vee(Xo) + > cuy - 0] " (Bu) -vec(Xh)),
u=1 x=0 h=1 y=h

where B, is the u-th row of B and each ¢, € ky[Xo, 1/ det Xo]. Varying u from 1 to 72 —r?/s and
varying each v, from O to n, we see that the ideal in k[ Xy, ..., X,, 1/det Xo] generated by (4.3.12) is
the same as the ideal generated by

n
{Za;‘_h(Bu)vec(Xh)’ u=la---,7’2—r2/s},
h=0

which can be written as
dyns1[B]-vee([X,, ..., Xol"),

where we define vec([X,,, ..., Xo]T) :=[(vec X,)T, ..., (vec X()"1". Since, by its definition, d; ,+1[B]

is a block upper triangular matrix with all diagonal blocks equal to B, we have that
rank d; ,4[B] > (n+1) -rank B = (n + 1) - (r> — r?/s).

Also, since d; ,41[B] is an (n+1) - (r* — r?/s) x (n+1) - r* matrix, we have that rankd, ,.1[B] <
(n+1)-(r>—r?/s) and so rank d; , 1| [B] = (n+1) - (r> —r?/s). Since rank d, ,, 1[B] is full, we see that

dyns1[B]-vee([X,, ..., Xo]") =0
are the defining equations of Im 3, %. O

Since each (b,);; is an element of k, we see that each entry of d; ,,;1[B] is an element of k and so,
Im B,% is defined over k. Moreover,

dimImB,% = (n+1)-r? —rankd, , 11 [Bl= (n+1)-r2 = (n+1)- 2 =r?/s) = (n+ 1) - r¥/s, (4.3.13)
which gives the desired result. O

4.4. Upper bound on the dimension of Tp,p,. Recall from Theorem 4.2.5 that for any k-algebra R and
n > 1, an element u, of I'p,p, (R) is of the form as in (4.2.6).
Note that by (4.2.4), we have a short exact sequence of affine group schemes over k,

1= Qn— Tou, —5 Tp, o, — 1, (4.4.1)

n—1
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where, by Theorem 4.2.5, JrflR_)l :p,m,(R) = I'p,_, i, (R) maps pu, to the matrix u,_; formed by the
upper left rn x rn square. Consider

Id. 0 --- 0 v
Id 0 --- 0
p= ot e Gl (R), (4.4.2)
0
Id,
where v € Mat, (R). Then, an element of Q,(R) is of the form (4.4.2). It can easily be checked that
Id 0 --- 0 yovyo_l
Id 0 --- 0
vyt = TP . (4.4.3)
' 0
1d,

Note that Py M, is simply M,, via the map Dom +> m for all m € M,, and so M, is a sub-t-motive of P, M,.
Thus, similarly, by (4.2.4) there is a surjective map of affine group schemes over k,

7o :Ip,m, > 'y,

where, by Theorem 4.2.5, n(()R) :Tp,m,(R) = T'y, (R) is the map given by w,, — yp. Thus, via conjugation
there is a left action of 'y, on O, given by (4.4.3).
Set K, := End1(M,) and for a k-algebra R define

Centya, /k (Kp) (R) :={y € Mat,(R) : yg = gy for all g e R®; K, € Mat, (R)}.
Lemma 4.4.4. Forn > 1,letv € Q,(R) be as in (4.4.2). Then,
v € Centyy, /k (K,)(R).

Proof. The entries of u, = d,7n+1[\Dp]*1Dnm form a k-basis of (PnMp)B (see [Papanikolas 2008,
Proposition 3.3.9]). Recall the action of I'p,, (R) on R ® (PnMp)B from [loc. cit., §4.5] (see also
(4.2.8)) as follows: for any u, € I'p,m,(R) and any a; € Mat;,(R), 0 <i < n, the action of u, on
(ao, - - -, an) -y € Ry (P,M,)8 is

TR () 2 @0, - @n) dr i1 (Y17 Dym > (ap, . .., an) -, dy i1 [¥,17 Dy (4.4.5)

Given f € K,, let F € Mat, (k(7)) satisfy f(m) = Fm. By Proposition 4.2.3(a), for n > 1 there
exists g € Endr(P,M,) such that g(D,m) = d; ,+1[F] D,m and so, dt,n+1[\Ilp]_ld,,nH[F]d,,nH[lIJp] =
ds pt1 [\IJ;IF\IJp] is an element in the image of the natural embedding (4.2.1). Then by (4.4.5) and the
commutative diagram (4.2.2), we have

dy 1 [Y,) PO, = vd; 51 [V, 'FE, .
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This gives
v 'FU,0 = 0¥ 'FU,
and the desired result follows. O

Theorem 4.4.6. Let p be a Drinfeld A-module of rank r defined over k°P and, for n > 1, let P, p be its
associated n-th prolongation t-module. Let M, and P, M,, be the t-motives corresponding to p and P, p
respectively. Let K, be the fraction field of End(p) defined as in (3.2.2) and suppose that [K,, : k] = .
Then dimTp,y, < (n+1)-r?/s.

Remark 4.4.7. The author thanks the referee for sharing the ideas of the following proof, which is an
improvement on the ideas used in a previous proof the author obtained. The author’s previous proof
required a lemma proving smoothness of Q,,. This is no longer required and has been removed.

Proof. By Proposition 3.2.3 and Remark 3.2.4, we see that [K, : k] = s and so, Centya, /& (K)) is an
additive group scheme of dimension r2/s over k [Farb and Dennis 1993, Theorem 3.15(3)].

As Q, is defined as the kernel in (4.4.1), O, is a closed subgroup of I'p, M,- Consider the closed
immersion Mat, /k < GL,+1), /k defined by v — v, where v is of the form (4.4.2). Note that 0, C
GL(n+1)r /k is isomorphic to its preimage under this closed immersion. Thus, Q, is closed in Mat, /k, and
hence closed in Centya, /& (K),) by Lemma 4.4.4. This implies that dim Q,, < dim Centyay, /£ (K)) = r2 /s.

Now, by (4.4.1) our task is to prove that dim Q, +dimI'p,_p, < (n+1)- rz/s, which we show by
induction. For the base case n = 1, since dim I'y;, = r?/s [Chang and Papanikolas 2012, Theorem 3.5.4]
we see that dim Q +dim 'y, < dim Centyay, /x(Kp) +dim Ty, =2+ r2/s. Suppose we have shown that
dimI'p M, <n- r2 /s. By the same argument as in the base case, we obtain

n—1

dim Q, +dim'p,_, p, < dim Centygy, jx(K,) +dimTp,_ py, = (n+ 1) -r%/s. O

Corollary 4.4.8. Let p be a Drinfeld A-module of rank r defined over k*P and, for n > 1, let P, p be its
associated n-th prolongation t-module. Let M,, and P, M), be the t-motives corresponding to p and P, p re-
spectively. Let Im B, be the Zariski closure of Im B, where By, is as in Theorem 4.1.6. Let K p be the frac-
tion field of End(p) defined as in (3.2.2) and suppose that [K , : k] =s. Then dim I'p, py, = (n+1) -r%/s and

ImB,”/k =Tp,u,.

Proof. We obtain dim'p, p, = (n + 1) - r?/s by combining Theorems 4.3.3 and 4.4.6. By (4.3.13) we see
that dim Im ,3,,2 =dim 'p, py,. Then, since I'p, y, is connected and smooth by Theorem 2.3.1(b), we have
Im B, % /k = Tp,u,. O

Remark 4.4.9. By Corollary 4.4.8, we see dim Q,, = dim Centyyy, /x(K,). Since the defining polynomials
of Centmay, /& (K,) are degree-1 polynomials, it is connected and smooth. Thus, Q,, = Centya, /x(K)).
4.5. Algebraic independence of periods and quasiperiods. The following result proves Theorem 1.1.3.

Theorem 4.5.1. Fix n > 1. Let p be a Drinfeld A-module of rank r defined over k*? and P, p be its
associated n-th prolongation t-module. Let K, be the fraction field of End(p) defined as in (3.2.2) and
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suppose that K, is separable over k. Let M, and P, M, be the t-motives corresponding to p and P,p
respectively. Then, tr.degj I;(‘I’pnp(e)) =m+1)-r?/s, where s = (K, : k]. In particular,

n r—1 r

tr-degzz’?(U U U Fa 0, 350), 95 (Fa (/\j))}) =n+1)-r?/s.

s=li=1 j=1

Proof. By Theorem 2.3.2, we have dim I'p,m, =tr. deg; IE(\IJpnplt:g). Since Wp, , = d; n+1[W¥,], the result
follows from Theorem 3.4.1 and Corollary 4.4.8. U

5. Hyperderivatives of logarithms and quasilogarithms

In this section, we prove Theorem 1.1.4 (restated as Theorem 5.4.4) and Corollary 1.1.5. We fix a Drinfeld
A-module p of rank r defined over k* and an A-basis {1, ..., A,} of A, as in Section 3.2. Let M,
be the r-motive associated to p along with a fixed k(t)-basis {mi, ..., m,} C M, multiplication by o
given by @, as in (3.2.1), and rigid analytic trivialization W, as in (3.3.2). For each n > 0, let P, M,
be the 7-motive corresponding to the n-th prolongation P,p of p as in Section 3.2. Note that PoM, is
simply M, via the map Dom +— m forallm € M,,. It m = (my, ..., m,)T, then a Iz(t)—basis of P, M, is
given by the entries of D,m € Mat,1)-x1(P,M,) (see (2.5.1)) such that multiplication by o is given
by ®p,, =d; n+1[P,] (see (2.5.2)) with rigid analytic trivialization Wp, , = d; ,41[W,] (see (2.5.3)). We
also set K, := End7(M,) and let K, denote the fraction field of End(p).

5.1. t-motives and quasilogarithms. Given u € [K such that Exp,(u) = o € k*F, let f,(¢) be the
Anderson generating function of p with respect to u given as in (3.1.3). Then, for n > 1, we see
that the Anderson generating function of P,p with respect to u,, := [u, 0, ..., 0]" e KM is Ou, (1) =
[£u(®), 3L (fu(@®))s ..., 3 (fu()]T (see (4.1.5)). Moreover, by (4.1.3),

Exppnp(ul’l) = [Expp(u)7 O’ R ] O]T = [a’ Os ey O]T € (ksep)n+l .

We define
—(er O+ Aot 70O + 0 £ ()
—ey RO O+ Ak RO+ R @)
sa = | =Gy A O+ TP RTV O+ ATV @) | e Maty,, (T,
— Y @y
and let Ay, := (, 0, ...,0) € Mat; 1) (k*P). Let Fs be the quasiperiodic function associated to

p-biderivation 8, where 8, =k 17+ - - +k,_17" "' +k,7" = p; —6. Then, by [Brownawell and Papanikolas
2002, Proposition 3.2.2] (see also [Namoijam and Papanikolas 2024, Proposition 4.3.5(a)]) we obtain

—u+a=Fsw)=k1 " O)+ -+ 1 [0 + K, £76). (5.1.1)
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We now define the pre-#-motive Y, , of dimension (n + 1)r + 1 over k(t) such that multiplication by o

is given by
® 0 —
Popi=(, " ) € Matgrs )11 (k1))
hy, 1
If we set go.n := (Sq, 8,1 (8a), - .., 0/ (s¢)), where the hyperderivatives are taken entrywise, then we have

gé;zl)q)pnp =gun+ho, Weset
Yp 0
W, , = " Mat T
o,n (ga,n\IJPnp 1) € Mal (n+1)r+1( )
to obtain \11‘5[;11) = ¥y Wy n- Thus, Y, , is rigid analytically trivial. The reader may consult [Namoijam
and Papanikolas 2024, Lemma 5.65] for motivation behind the construction of g, , and k.

Proposition 5.1.2 (cf. [Papanikolas 2008, Proposition 6.1.3]). The pre-t-motive Yy, is a t-motive.

Proof. Set N := Matlx(n+1)r+1(l€[t]) and let e := [ey, ..., e(,,+1),+1]T be its standard k[z]-basis. We
give N a left k[t, o ]-module structure by setting ce = (t —0)®, ,e. Let C be the A-finite dual #-motive
associated to the Carlitz module € (rank-1 Drinfeld A-module) given by &, =0+t and let C := k(t)® ki) C
be the corresponding pre-f-motive. We obtain the following short exact sequence of k[¢, o ]-modules:

0= C®fy PaM, — N — € — 0. (5.1.3)

Since C and C ®jy,; P M, are finitely generated left k[o]-modules, it follows from [Anderson et al. 2004,
Proposition 4.3.2] that AV is free and finitely generated as a left k[o']-module. Since C ®fpr) PnMp 1s an
A-finite dual f-motive, we have

(r— Q)UI (© ®/}[;J PnM,o) Col(C ®1§[[J PnMp)

for some v; € N. Moreover, (t —0)C = oC and so, by (5.1.3) we obtain (t — 6)2N C o N for vy € N
sufficiently large. Thus, we see that N is an A-finite dual #-motive. Then, it follows from the discussion
in [Papanikolas 2008, §3.4.10] that Y, , is a t-motive. Ol

5.2. Nontriviality in Ext%-(l, P,M,). We continue with the #-motive Y, , from the previous subsection.
Let 1 denote the trivial object of the category 7 from Section 2.2. Note that Y, , represents a class in
ExtlT(l, P,M,). Suppose e € End7(M,) and let E € Mat, (12@)) be such that e(m) = Em. If we set

0..- 0 E
E = .. | € Matg 1), (k(2)), (5.2.1)

0

then one checks easily that E represents an element e of End7(P,M,). For classes Y; and Y; in
ExtlT(l, P, M,), if multiplication by o on suitable k(t)-bases are represented by

$p,, 0 and Pp,, 0
vy 1 v, 1
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respectively, then their Baer sum in ExtlT(l, P, M,) is achieved by the matrix

®p, 0
v+, 1)°

Moreover, we see that multiplication by o on a k(¢)-basis of the pushout e, Y; is represented by

Pp,, 0
V1 E 1)
Note that if [K, : k] =, then {A1, ..., A, } span a K,-vector space of dimension r/s.

Theorem 5.2.2. Suppose uy, ..., u, € K such that Exp,(u;) = a; € kP for each 1 < i < w and
dimg, SpanKp(Al, e A UL, L Uy) =T1/s +w, where [K, c k]l =s. Forn > 1, weletY;, =Y, ,
be defined as in Section 5.1. Then, for ey, ..., e, € K,, not all zero, S := €11, + -+ 4+ €y Yy n is
nontrivial in ExtlT(l, P,M,), where each e; € End1(P,M,) corresponds to e; as in (5.2.1).

Proof. We adapt the ideas of the proof of [Chang and Papanikolas 2012, Theorem 4.2.2]. For each
l<i<w,weleth;,:=h,and g;, := gy FIXE; € Mat, (k(7)) so that e;(m) = E;m for each
1 <i <w. Then e;(D,m) = E; - D,m, where E; is as in (5.2.1) with E; = E. By choosing an appropriate
k(t)-basis s for S, multiplication by o on s is represented by

dp 0
Dy = "o
> (Z;‘;l hi E; 1

and a corresponding rigid analytic trivialization is represented by

) € GL (g 1yr41(k (1)),

Yp 0
Yo = npP
g <Z:'U:1 ginEiVp,, 1

Suppose on the contrary that § is trivial in ExtlT(l, P,M,). Then, there exists another k(t)-basis s’ of S
such that os” = (®p,, ® (1))s’, where ®p,, @ (1) is the block diagonal matrix with ®p,, and 1 in the
diagonal blocks and all other entries are zero. If we let

) € GL+1)r+1(D).

Id(n+1)r 0> 7
= e GL k(1)),
Y <)/0"')/n 1 (n+Dyr+1(k (1))

where y; := (yj1, ..., yjr) for each 0 < j < n be the matrix such that s’ := ys, then we obtain

yPog = (Dp,, ® (1)y. (5.2.3)

Note from [Papanikolas 2008, Proof of Proposition 3.4.5] that all denominators of entries of y are
in A and so in particular, for each 0 < j < n, the entries of y; are regular at t = 6, 6, 0”2, .... Using
Pp,, =d; n+1[P,], the (n+1)r+1, (n—j)r+1)-th entry of (5.2.3) foreach 1 < j <n is

N
~.

_ i} _
v TN =0y k) = yas i,
0

>
Il
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and the ((n+1)r+1, nr+1)-th entry is

n w
Sy =0/ + D i B = v
h=0 i=1
For each 0 < j < n, applying (—1)131( -) to the ((n+1)r+1, (n—j)r+1)-th entry and then adding them
(we also use the product rule of hyperderivatives and the property 9.9, (f(t)) = (”J;w) 3TV (f (1)), we
obtain

DD ey ) TR =0 /T Y @B =Y (=18 (). (5.2.4)
j=0 i=1 j=0

Specializing both sides of this equation at t = 6, we obtain

Y DI (s )©) =Y i B (0. (5.2.5)

j=0 i=1
By (5.2.3), we also have (yWg) ™D = (®p, , @ (1))(y ¥s) and so by [Papanikolas 2008, §4.1.6], for some

Idn Dr 0
d= <5o(' +§n 1) € GL(uy1)r+1(k),

where §; := (81, ...,8;,) foreach 0 < j <n, we have

yWs= (Yp,, ®(1))3. (5.2.6)

Since Wp, , = d; »+1[V¥,], by applying to (5.2.6) the same methods applied on (5.2.3) to obtain (5.2.4), it
follows that
n . w n ) .
DD e+ ) siEi=) (=175 (8, v, (5.2.7)
j=0 i=1 j=0
where for atf (Yn—j) and Btj (8n—j), the hyperderivatives are taken entrywise. Since for each 1 <i < w the

first entry of s;(0) is u; — «; by (5.1.1), using [Chang and Papanikolas 2012, Proposition 4.1.1(b)] and
specializing both sides of (5.2.7) at t = 6, we see that

Y DI )@ + D i — ) ED @) ==Y Y (=178 Gaejm) @A,

j=0 i=1 m=1 j=0

and so from (5.2.5) we have

r n w
DD =070 Gum ) 2 + Y (BN (O)u; =0.
m=1 j=0 i=1
Since ey, ..., e, are not all zero, E; is nonzero for some 1 <i < w. Moreover, by Proposition 3.2.3 we
see that K, = K, and so E; is invertible. By [loc. cit., Proposition 4.1.1(b),(c)] we get (E;)11(0) € K;
and thus we get a contradiction to the assumption that {u, ..., u,} is K,-linearly independent from each
other and is K ,-linearly independent from {A1, ..., A,}. O
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5.3. Construction of the t-motives Y and N,. In this subsection, we construct a -motive that is suitable

for the investigation of the hyperderivatives of logarithms and quasilogarithms of the Drinfeld A-module p

and the study of its Galois group. Suppose that we have uy, ..., u, € K with Exp,(4;) = o; € k*P for

each 1 <i <w. Forn>0,welethy, :=hg, n, 8a; :=8ajns Yin:=Yo;n» Pin:=Po pnand ¥, , =W, ,

defined as in Section 5.1. The matrix W, := @, V; , is a rigid analytic trivialization for ¥, := @;_, ¥; .

Define the r-motive N, such that multiplication by o on a IE(t)—basis is givenby &, € GL(y4-1)rw+1 (IE (1))

along with rigid analytic trivialization Wy, € GL(;41)rw+1(T) such that
q)Pnp lI’Pmo

Dy, = B O, and WYy, = W,

hal hotw 1 g(xl\anp gawlIJPnp 1

(5.3.1)

Similar to n = 0 case [Chang and Papanikolas 2012, §5.1], N, is an extension of 1 by (P, M,)" which
is a pullback of the surjective map Y,, — 1* and the diagonal map 1 — 1%. Thus, the two z-motives Y,
and N, generate the same Tannakian subcategory of 7 and hence the Galois groups I'y, and I'y, are
isomorphic. For any k-algebra R, an element of I'y, (R) is of the form

"
b= , 53.2
" (5.3.2)
V] v, 1
where € I'p,p, (R) and for each 1 <i < w we have v; = (v; 1, - .., Vi n+1) such that v; , € G, (R) =

Mat; ., (R) for each 0 < h < n. Since (P,M,)" is a sub-t-motive of N,,, we have the following short exact
sequence of affine group schemes over k:

1= X, — [y, = Tp,u, — 1, (5.3.3)

where JT,ER) : I'n,(R) = T'p,m, (R) is the map v = p (cf. [loc. cit., p. 138]). It can be checked directly
that via conjugation (5.3.3) gives an action of any p € I'p, p, (R) on

Idgg1yr

v= € X,(R
Id(r1+1)r n( )

uy e U, 1
given by
Idgi41)r
-1 -
oy = . 534
Id(n-H)r ( )

1 T |

U

For n > 0, recall from (2.5.1) that if the entries of m € Mat, 1 (M,) form a k(t)-basis of M,, then the
entries of D,m form a k(¢)-basis of P,M,. Let [D,m",y]" bea k(1)-basis of N,,. Then, the entries of
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1111;”1 [D,m", y]T form a [, (¢)-basis of Nf [Papanikolas 2008, Proposition 3.3.9]. By construction, P; M,
is a sub-t-motive of N, for each 0 < j <n — 1 and we have a short exact sequence of ¢-motives

Tn—j—1

. P
0—-P;M,—> N, ——> N,_j_1—0, (5.3.5)

where Pr,_;_1(Dym) := Dp_j_ym for h > j, Pr,_;_1(Dym) := 0 for h < j and m € M,, and
Pr,_;_i(x) := x for x € N,/P,M,. Thus, as t-motives N,/P;M, = N,_;_ and so, N,_;_ is an
object in the Tannakian category 7y,. Therefore, we have a surjective map of affine group schemes
I'n, = n,_;_,- We now determine this surjective map. For any k-algebra R, we recall the action of I'y, (R)
on R ®y N,f from [Papanikolas 2008, §4.5] as follows: for any v, € I'y, (R), b € R and a;, € Mat; «,(R)
where 0 < h < n, the action of v, on (aqg, ..., a,, b) - \I!,;’}[D,,mT, y]T € R®x Nf is

(@0, .. @y, b) - Wy [Dym™ ¥ = (ao, ... @y, b) v WL Dy, Y], (5.3.6)

Note that \IJA_,: [D,m", Y17 = [(d; n41[¥,1"'D,m)", —gy Dym + y]" by the definition of Wy, (see
(5.3.1)). We restrict the action of v, to R®y Nf_ i via the map Pr,_;_; in (5.3.5). Note that an element
of I'y, (R) is of the form
(o)
w, 1)’

where (1, € I'p, u, (R) and wy, = (wy, . . ., wy) such that each w;, € G, (R) =Mat,; «, (R). Through Pr,,_;_,
we see that v, leaves N2 i invariant and so for

2 0
%=($ Jermmx

n

we obtain

o Ha—j1 O
Un_/_l - <wnjl 1) € FNy,fjfl(R)v (537)

where (,_;_1 is the matrix formed by the upper left r(n—j) x r(n—j) square of u, and w,_;_| =
(wo, ..., wy—j—1). Note that by Theorem 4.2.5, we have u,_;_ € Ip,_;_m,(R). Thus, the surjective
is given by (cf. [Chang and Papanikolas 2011, Proposition 3.1.2])

map E,—j-1: Iy, > FN,FH

=~(R)

“n—j—1

SVUp > Dy (5.3.8)
Lemma 5.3.9. Letn > 1. If K, is separable over k, then X, in (5.3.3) is k-smooth.

Proof. We adapt the ideas of the proof of [Chang and Papanikolas 2011, Proposition 4.1.2] and the proof of
a lemma from a preliminary version of [Chang and Papanikolas 2012] (Lemma 5.1.3: arXiv:1005.5120v1).
By [Springer 1998, Corollary 12.1.3] it suffices to show that for n > 1, the induced tangent map drn,, at
the identity is surjective onto Lie I'p, M, We prove this for w = 1 as the argument used in this case can be
applied in a straightforward manner to prove the arbitrary w case. We leave this task to the reader. Since
K, is separable over k (by hypothesis, Proposition 3.2.3, and Remark 3.2.4), we see from [Chang and
Papanikolas 2012, Corollary 3.5.6] and [Waterhouse 1979, p. 61 Problem 14] that through conjugation by
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some J € GL, (k*P), we have an isomorphism

N
T, <k Ky = [ [(GLrys /K )i
i=l1
where
C‘Lr/s

N
[ [GLys /K = .
i=1 GL, /s
and (GL,/s /K ); is the canonical embedding of GL, s / K, into the i-th diagonal block matrix of GL, /K ,.
Making a change of basis, we obtain

N
Cu, xik = [ J(GLys /k):.
i=1
For n > 1, it follows that via conjugation by d; ,+1[J] € GL(41)-(k*P) on I'p, M, We obtain I_‘pn M,> an
algebraic subgroup of GL(,41), / k, such that there is an isomorphism

T, v, X & = T, (5.3.10)

Let (@;”:1 d,,nH[J]) @ (1) € GL(+1)rw+1(k*P) be the block diagonal matrix with d; ,41[J] in the first
w diagonal blocks and 1 in the last diagonal, and all other entries are zero. Then, via conjugation by
(B, di.ns1171)® (1) on I'y, we obtain Ty, such that we have an isomorphism I'y, x xk =Ty, . Moreover,
I:IN,, is an algebraic subgroup of GL (4 1)rw+1 /l:’, such that 7, : f‘Nn — f‘pn M, induced by 7, in (5.3.3) is
surjective. Thus, we are reduced to proving that the induced tangent map d,, : Lie Ty, — Lie T'p, M, 18
surjective.

First we determine l:pn m,- Recall X, the coordinates of I'p, p, from (4.3.1). Since d; ,+1[J] and its in-
verse are block upper triangular matrices, similar to X we make the choice to let the coordinates of T'p, M, be

Yo Y, - Y,
Y — YO . ,
.. Yl
Yy

where Y}, :=((Y});;), an r xr matrix for 0 <h <n. Then, by construction we have X =d, ,,+1[J1Y d; 41 [0-!
and so for each 0 < w < n, we obtain

Xp= ) ia;"""(D-sz-(aﬁ(J»—l,

witw2=w h=0
wi,w2>0

where the hyperderivatives are taken entrywise. Then, we have

vee(X,)= Y Y (IO T @3 ™" M) -vee(Yuy) = Y 8" ()T ®J) - vee(Yy,),

witwr=w h=0 witwr=w
wi,wz>0 wi,w2>0
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where we obtain the first equality by using properties of the Kronecker product and the second equality
by further applying the product rule for hyperderivatives. This implies

vee([Xy, ..., Xol") =dr 1[0 T @1 vee([Yy, ..., YoI'), (5.3.11)
where we set

vec([X,, ..., Xol") :=[(veeX,)", ..., (vecXo)']",

and we further define vec([Y,,, ..., Yo]") similarly. For 0 <i <n, let IE[YO, ..., Y;, 1/ det Yy] denote the
localization of I}[Yo, ..., Y;] at detYy. Then, by (4.3.11), Corollary 4.4.8, and (5.3.11), the defining ideal
of I_‘pn M, via the isomorphism (5.3.10) is the ideal in IE[YO, ..., Y, 1/det Yy] generated by the entries of

din1[B-(HT@D]-vee([Yy, ..., Yol). (5.3.12)

It is clear by observing [;_, (GL,/s /k); that, for Yo = ((Yo); ;), the defining ideal of []}_, (GL,/s /k);
is the ideal in I}[Yo, 1/ det Yy] generated by

{(Y0)i,j: A, J)# ur/s+vi,ur/s+v2), 0<u<s—1land1=<wv, v, <r/s} (5.3.13)
Moreover, by (4.3.5) and (5.3.11), the defining ideal of ]_[f:1 (GL, /s /lz)i is also generated by the entries of
(B-((HT®1)) - vec(¥y). (5.3.14)

By (5.3.13), in the defining ideal of ]_[le (GL,/s / I_c),-, there are no linear relations among
{(Y0)i,j: G, j)=r/s+v,ur/s+v3), 0<u<s—1land 1 <vy,vy <r/s}. (5.3.15)

Since (5.3.14) also generate the defining ideal of ]_[f:1 (GL, /s / k)i, we see that the entries of B-(J~HT®J)
that give linear relations among the variables in (5.3.15) are all zero. Therefore, the hyperderivatives of
these entries are also all zero. Using this and using (5.3.13), for y € ]_[le(GLr/s /I:t),- and for 0 < ¢ <n,
we see that

3B -(IHT@N) -y =0. (5.3.16)

Moreover, by (5.3.14), for 1 < h < n, the defining ideal of ]_[le(Mat, /s /I_c),- is the ideal in IE[Y;,]
generated by the entries of

(B-(I7HT @) - vee(Ys),

and similar to (5.3.16), for y’ € []}_, (Mat, /s /k); and for 0 < £ < n, we see that
3/(B-(HT@N) -y =0.

Therefore, for all ¥ € [];_,(GL, /s /k); and y, € [T;-; Mat, /s /k); where 1 < h < n, we have

dip1[B-(A™HT@D1 (Yns - 0] =0.
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Thus, by (5.3.12) we have

Yo Vi " |Vn
. . N S
Tp,u, = L v € [ [(GLyys k)i, yw e [ [Matyys /)i, 1 <h<np . (53.17)
ERRZ! i=1 i=1
Yo

where, for each i, (GL, 4 /I:’,),- and (Mat, ¢ /I:’,)[ are the canonical embeddings of GL, /k and Mat, ¢ /k
respectively into the i-th diagonal block matrices of GL, /k and Mat, /k.

We are now ready to prove that the induced tangent map d7,, : Lie Ty, — Lie T'p, M, 1s surjective. Let
w = 1 and consider the short exact sequence of linear algebraic groups

1= X, — Ty, = T, — 1. (5.3.18)
First suppose n = 1. Then, by (5.3.17),
S N
Tp,um, = {()g) ;1)) ty0 € [ [(GLys /)i, »1 € [ [Maty s /k)i}» (5.3.19)
i=1 =1
and by (5.3.2), l l
B o 0 Yo v ~
v <l 0 o] (" ") elpu. 20.21€GLY . (5.3.20)
0 Yo °
Z0 21 1

From 771, we see that X is contained in the 2r-dimensional additive group

Idr/s
G:= v €G5Y
Idr/s
(] PN Vog 1
where we call vy, ..., vy, the coordinates of G. We see that via conjugation, X 1(k) has a f‘lep (I:t)—

module structure coming from (5.3.18) (see (5.3.4)). Using (5.3.19) and this module structure, one checks
easily that there is a natural decomposition X, (k) = lei 1 Wi such that each W; is either zero or ks,
Fix any 1 <i <s. For any § € GL,, (k), we let

Id, /s 0

.gi Y

1d, s 0
& = 1d, s € Ty, (k)

&i

Idr/s
ul e ul .. uS uS+1 DR uS+l e u2§ 1
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be an arbitrary element, which by (5.3.18) for n = 1 and (5.3.19) is a preimage of the matrix formed by
the upper left 2r x 2r square of & under the map 7. For each j # i with 1 < j <, we claim that if
uj #0and ug,; #0,then W; = Wy, ; = k’/s. To prove this claim, assuming that u; #0and ug; #0
we pick 6; € GL, /s (I},) sothatu;§; —u; #0and uyy;6; —us,; #0, and let SJ- € I_‘Nl (I_c) be such that

Id, s 0

Idr/s

7)) =

Idr/s

Idr/s

(S I:PIM/) (];)

Then one checks directly that 5;1% S ] é;l is an element of X (IE) and its v; and vz ; coordinate vectors
respectively are u;8; —u; and ug;6; — usyj, and so it follows that W; = Wy, ; = k’/s. Therefore,

multiplying & by a suitable element of X (k) we get an element of the form

1d, 0
& 0
1d, s 0
& = 1d, s
&
Idr/s
0 -« u --- 0 0 w001

€ Ty, (k). (5.3.21)

For any b; € Mat, /g (IE), by using a method similar to that above where we take an element of the form S s

we obtain an element of the form

e Ty, (b, (5.3.22)

Id, s 0
Id, s b;
Id, /s 0
bl/ = Idr/s
Idr/s
Idr/s
0 w; 0 0 - Wy 0 1
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which is a preimage of the matrix formed by the upper left 2r x 2r square of I;l’ under the map 7. Let
H 1 ; be the Zariski closure inside Ty, of the subgroup generated by all éi’ with &; running over all elements
of GL, /s (IE) and all I;g with b; running over all elements of Mat, /g (IE). Foreach1 <i <, let

(Cpm, /K); = {(’g’ i;) Y0 € (GLyjs /R):, v1 € (Mat, g /lé)i}. (5.3.23)

Note that dim H; < 2r?/s> +2r/s.

First suppose that dim H 1Li= 2r2 / s2+2r /8. Then, we could simply take éi’ and I;l’ sothat u;, ugy;, w;
and wq; are zero. Taking the Zariski closure S;; inside Iy, of the subgroup generated by all such éi’
and blf with & and b; running over all elements of GL, /g (l}) and Mat, s (IE) respectively, we obtain

Sii= i(‘g ?) 1V € (I:PlM,,/ic)i}- (5.3.24)

Thus, f‘Nl contains a copy of (f‘p1 M,/ IE),- and so, restricting dm; to Lie S 1.i» we obtain a surjection onto
Lie(I_‘pl M, /IE),; As we vary all 1 <i <, the surjection of dm; follows.
Next, suppose that dim H ; < 2r?/s? 4+ 2r/s. Then, via 7; we have a short exact sequence

_ _ T _ _
1= 01— Hij —> (Tpu, /0 — 1,

where dim O 1.i <?2r/s and 0 1,i 1s contained in an additive subgroup of G whose v; coordinate vector
is zero for all j # i, s + i, that is,

1d, 0
1d, s 0
' 1d, 0 v, vy € G
él,i g Idr/s V= (vi,ls D) vi,r/s)s . (5325)
. Vi = (vs+i,lv cees vs+i,r/s)
Id»r/s
Idar/s
0 v; 0 0 A 0 1

Claim 4. For Ql,i if some entry of the v; coordinate vector is nonzero or dim Ql,i #r/s, then dim Ql,i =0.

Proof of Claim 4. We follow the argument of the proof of [Chang and Papanikolas 2011, Lemma 4.1.1].
Suppose dim Ql,,- =m, where 1 <m < 2r/s. Note that Qu is a vector group. If v; ;, vsy; ; # O for all
1<j<r/s,letne 9] L,-(IE) such that all the entries of u in the v; coordinate vector are nonzero. For
ack, a #0,1and 1 <€ <r/s, pick ng, »x; € ﬁlyi(l;) such that 7wy ; (), 71, (%) € (l:lep (l}))i, where
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1d, s 0
Qg 0
1
1d, 0 ..
71,i(Me) = a ” for ag 1= a . (5.3.26)
r/s .
' 1
%
Idr/s
1d, s 0
Id, s b,
N _ 0
1d, s 0 -
71, (%) = ” for b, := a ,
r/s
.
Id»r/s
Idr/s

where a, and b, are r/s x r/s, and a is in the £-th diagonal entries. One checks directly that the 2r/s
vectors T]Z_I[,H’}g, %, l,bb}(g, where 1 < £ <m, are l::—linearly independent in Q 1.i (I;), which contradicts the
assumption dim él,i =m < 2r/s. Thus, v; , =0 for some 1 <u <r/s. Since m # 0, at least one of
v; j, Vg4, j for some 1 < j <r/s is nonzero, say v; , OF Vg y; p.

Let P, , be the permutation matrix obtained by switching the ((i —1)r/s+u)-th column and the
((i—1)r/s+v)-column of the r x r identity matrix. Pick y € H Li(lz) such that

TLi(y) = (P”’“ P ) € (Tp,u, (k));. (5.3.27)

If v; , is nonzero, then since y‘l QL,- y C QL,- we get a contradiction to v; , =0. Therefore, dim Ql’i =0.

Next suppose v, is nonzero but v; ; =0 for all 1 < j < r/s. Then by hypothesis, m < r/s. If
vgyij #Oforalll < j<r/s letd e Ql’i(l}) such that all the entries of ¥ in the vs; coordinate vector
are nonzero. Then, one checks directly that for 5, as in (5.3.26), the r/s vectors ne_lﬂm are I;—linearly
independent in Q 1,1-(12), which contradicts the assumption dim Q;; = m < r/s. Thus, vsy;, = 0 for
some 1 < u <r/s. Then, since vs;, is nonzero and y‘l 01y S QL,- for y as in (5.3.27), we get a
contradiction to vgy; , = 0. Therefore, dim Ql,i =0. Il

Claim 5. If dim Ql’i =0, then dmy ; : Lie ﬁl,i — Lie(I_‘lep/IE)i is surjective.
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Proof of Claim 5. To prove that dm; ; is surjective, we follow the argument of the proof of [Chang and
Papanikolas 2011, Proposition 4.1.2]. We let the coordinates of H ; be as follows:

Zo Z1 0
Z = Zy 0], (5.3.28)
Wo Wi 1

where
Id, /s 0

2y = (Zo) ., Z1= (Z1) .
' 1dy 0

such that (Zy) and (Z,) are the coordinates of GL, /s and Mat, s respectively. For each h =0, 1, we
define (Z;) to be the r/s x r/s block ((Zp)yp) for1 <a,b <r/sand W, := (0, ...,0, (W,),0,...,0),

where we set (Wy,) := (Wj, 1, ..., Wy /). For 1 <u, v <r/s, we define the following one-dimensional
subgroups of I_‘lep:
B 0 Id, Cyy
Ty = = 3.2
v G ) ve={ (Y S (53.29)
where we set
Id, s 0
Buy = B, , Cup:i= Cuv (5.3.30)
Id, /s 0
such that
I 10 -0 0
va - * ’ Buv = . and Cuv - »
’ 1 0 0 1 0

where * in B, and C,, are in the (u, v)-coordinates. Note that the Lie algebras of the 2 - r? /s2 algebraic
groups T, and U,, span Lie(l:p1 M, /lg)i. In what follows, we construct one-dimensional algebraic
subgroups 7, and U,, of H;; so that 7, = T,, and U,,, = U,,. Then, since Lie(-) is a left exact
functor, it follows that Lie 7, = Lie T,,, and Lie U,,, = Lie Uy,, and so d7; ; is surjective. Since O1.i
is a zero-dimensional vector group, 71 ; is injective on points and so it follows by checking directly that

e for w # v, all Wy, and W ,, coordinates of 7 l.l(T,w) are zero;

e all (W) coordinates of ﬁlf l.l (Uyv) are zero, and for w # v, all Wy ,, coordinates of 77, l.l (U,y) are zero.
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To construct 7"/

vy, weleta, € k* \F; and pick an element y; , € Hl,i(l;) so that

1

_ a B .
T, (Y1) = ( v . ) ,  where a, = ay € (GL,/s(k));, (5.3.31)
v .
1
such that a, is in the (i -7 /s + v)-th diagonal entry of a,. For 1 <v <r/s, we let ¢y , and ¢ , respectively
be the 2r+1, (i —1)-r/s +v)-th and the (2r +1, (r + (i — 1) - /s) + v)-th the entry of y; ,. Let T},

be the Zariski closure of the subgroup of H; generated by y; , for each 1 < v < r/s. Then, one checks
directly that the defining equations of the one-dimensional subgroup T, of H; can be written as

(ay — DWoy —cov((Zo)yy— 1D =0, 1<v<r?/s,

(Zo)w,w =1, w#v, 1<v=<rls,

(Z)uw =0, 1 <u, v<r/s,

Whw =0, w#v, h=0,1, 1 <v<r?/s,
Wo,u-cly—Wip-con=0, 1 <v<r?s.

Then, we see that T, = T,, via 771 ;. To construct 7, when u # v, we let b, ,, € T,,,(k) be a k-rational
basis for the one-dimensional vector group 7, and pick b;’v eH 1,,~(IE) so that ﬁ'l,i(b,;,v) = by . We
define 7, to be the one-dimensional vector group in H; via the conjugations

n,'b n, forn, eT.,v=1,...,1/s.

VU

Then, we have T, = T, via 771 ;. Similarly, we use the methods used for T}, and conjugations as above
to construct suitable one-dimensional U, such that U, = Uy, for 1 <u, v <r/s. The arguments are

essentially the same as the ones used to construct 7, and 7,,, and so we omit the details and leave it

uv?

to the reader. This proves our claim. O

Claim 6. For Ql,,- if all entries of the v; coordinate vector are zero and dim Ql,i =r/s, then dmy; :
Lie ﬁlﬂ,‘ — Lie(I_‘lep /lz)i is surjective.

Proof of Claim 6. We have dim H, ; = 2r? /s> +r/s and by (5.3.25),

Id, 0 0
01i=1| 0 1d, 0]):2=(0,...,0,v,4,,0,...,0) € G, where v,,; € G/*
0 z 1

Note that Ty, is an algebraic subgroup of GL, 1 / k such that the surjective map Z : Ty, — Ty, induced
by Ep in (5.3.8) is given by

Yo 1 0
0 1 0| (g‘) (1)) (5.3.32)
Z0 21 1 0
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Then, the elements of Ker E(()’;) C IT‘Nl (I_c) are of the form
Idr V1 0
0 Id. 0
0 z; 1

From this, we see that for any b; € Mat, (IE), elements of the form Bl’. in (5.3.22) with w; = 0 are in
H L,-(I;). Multiplying such I;l’ by suitable elements of 0 Li(l:t), we have I;l’ of the form (5.3.22), where
w; = wsq; =0in H L,-(I}). Let P 1.; be the Zariski closure inside H 1.; of the subgroup generated by all
such Bl’. with b; running over all elements of Mat, /g (k). Then, clearly }_’1, i = Mat, /s / k.

For any & € GL, g (I_c), multiplying the elements 5{ €eH 1i (IE) of the form (5.3.21) by suitable elements
of Ql’i(lg), we obtain §i’, where ug,; =0.

For all §; € GL, /4 (]_C), if there is a él’ € Hly,»(lé) with u; = 0, then by using I_’l,,- and all such elements Ei’
for all §; € GL, /g (I}), we could simply construct S 1.; as in (5.3.24) and restrict d7mr; to Lie S 1.i to obtain
a surjection onto Lie(l_“p,Mp /I:t)i.

Next suppose u; # 0. Consider the short exact sequence of linear algebraic groups (see (5.3.18))

1—>)_(0—>1:N0£%1:Mp—>1.

Consider the one-dimensional subgroups of I_‘Mﬂ of the form B, € (GL, s /Ig)i given in (5.3.30) for
1 <u,v <r/s. The same methods used in Claim 5 to construct 7},, can be applied in a straightforward

manner to construct one-dimensional subgroups B, of T'y, so that B, = B,,. We leave this to the reader.
For & € GL, /s (I;), consider éi’ eH 1.i (l}) of the form (5.3.21) with ug,; =0. Let \_/1,,- be the Zariski closure
inside H 1,i of the subgroup generated by all such Ei’ with &; running over all elements of GL, (l:’,). Then,
we can identify v € \_/H(I}) with the image E(()k)(v) € I_‘No (IE) where Z is the surjective map (5.3.32). Via
this identification, each B;U for 1 <u,v <r/s is a one-dimensional subgroup of vV 1.i- The Lie algebras
of the r2/s? subgroups B,, span Lie GL, /s /k. Thus, since Py = Mat, ¢ /k, the Lie algebras of each By,

and Lie P 1.i span Lie(l:p1 M, /lz)i by (5.3.23). Then, since Lie( - ) is a left exact, dm ; is surjective. [J

As we vary all 1 <i <s, the surjection of d7r| follows. Thus, for n =1 the proof of the lemma is complete.
Now suppose n > 1. We follow the methods used for n = 1 to prove that the induced tangent map dr,, at
the identity is surjective onto Lie f‘pn M, Recall r p,m, from (5.3.17). Let w =1 and consider the short exact
sequence (5.3.18) of linear algebraic groups. Fix 1 <i <s. We follow the methods used for the construction
of H;,; above to construct the Zariski closure H,; inside Ty, of the subgroup generated by suitably
chosen elements of I:Nn such that H n.i 1s contained in the (n + 1)r?/s* + (n + 1)r?/s-dimensional group

no M| - |1 |0
G Moy L | no € (GLys /k)i, nj € Matys /k)i, 1 < j <n,
Poi= 3 S . : }
n.i ml sp=0,...,0,5,;,0,...,0), s,; €G/* foreachO<h <n
100




1302 Changningphaabi Namoijam

Let
Yo Vi|" - |Vn
(Tp,m, /)i = A :¥0 € (GLyys /R)i, v € (Matyys /)i, where 1 < j <n
N
Y0

IfdimH,; =(m+1)-r?/s’> 4+ (n+ 1) -r/s, similar to Sy ; in (5.3.24) we simply construct

Sni = {(% ?) 10 € (Tp, m, (IE»i} (5.3.33)

and restrict dz, to Lie gn,i to obtain a surjection onto Lie(f‘pn M, /k);. As we vary all 1 <i <y, the
surjection of dm, follows.
Next, suppose dim H ni <@m4+1) -r2/s>+ (n+1)-r/s. Then, via 7, we have a short exact sequence

_ R -
l— Qui—> Hyi —> (Tp,m,/k)i — 1.

For Q,,;, if some entry of each s, ; coordinate vector where 0 < h <n — £ is nonzero or dim (_2,, i = Lr/s,
then the methods used in Claim 4 to prove dim Qlyi = 0 can be applied in a straightforward manner to
prove dim Qn ; = 0, which we leave to the reader.

Claim 7. If diim Q,; =0, then d7t,; : Lie H, ; — Lie(Tp,u, /k); is surjective.

Proof of Claim 7. The proof follows the same line of argument as in the proof of Claim 5 (n =1 case) and so
we include only a sketch. Similar to the coordinates Z; of H 1.; in (5.3.28), we let the coordinates of H n.i be

Z Z -+ Z, 0
Zy .o
ZI’Z = el Z] )
Zy 0
Wo Wiy -+ W, 1
where
Id, /s 0
Zp= (Zo) , Zj= (Zo)
Id, /s 0

for each 1 < j < n such that (Zy) is as in (5.3.28) and (Z;) is the r/s x r/s block ((Z;)a,) for
1 <a, b <r/s. Moreover, set W), := (0, ...,0,(Wy),0,...,0), where we set (W) := (W, 1, ..., W ,/s)
foreachO < h <n.
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Now, we prove that 7T, ; : Lie H, ; — Lie(T'p, u, /k); is surjective. Similar to (5.3.29), we construct

one-dimensional subgroups of T'p, s,

Idr (| Cuv -+ 0

By 0 --- 0 . :
TO,u,v = - . - s UZ,u,v = ‘ CL:“)
Buv . 0
\ 1d,

such that B, and C,, are as in (5.3.30), and, for 1 < £ < n, C,, is in the £-th superdiagonal block
of Uy, . Similar to the n =1 case, note that the Lie algebras of the (n +1) - r2 / §2 algebraic groups T .y
and Uy , , span Lie(I_‘pn M, /I})i. In what follows, we construct one-dimensional algebraic subgroups TO/’M
and Ué,u’v of H,; so that T(;’M,v = To.u,» and Ué’u’v = Uy y.y- Then, since Lie( ) is a left exact functor,

it follows that Lie T()/,u,v = Lie Ty 4., and Lie Ué’w = Lie Uy y v, and so dm,, ; is surjective. Since Qn,i
is a zero-dimensional vector group, 7, ; is injective on points and so it follows by checking directly that

e for w # v and 0 < h <n, all W ,, coordinates of ﬁ;il(To,u,v) are zero;

e all (Wy) coordinates of ﬁn_’il(Ug,u,v) are zero, and for w # v and 1 < j < n, all W; ,, coordinates

of 7, [ (Up.u.v) are zero.

To construct 7}

00,00 WE let a, € k* \F; and pick elements y;, , € ﬁn’i(l_c) so that

ay

T_[n,i(yn,v) = s
Ay

where a, is as in (5.3.31). For 1 <v <r/sand 0 <h <n, we let ¢, , be the (nr+1, hr+(i—1)-r/s+v)-th
the entry of y, ,. Let T(;,v,v be the Zariski closure of the subgroup of H n.i generated by y, . Then, one
checks directly that the defining equations of the one-dimensional subgroup 7, (;’v’v of H,; can be written as

(av_l)WO,v_CO,v((ZO)v,v_1)20’ 1 EUSFZ/S,

(Zo)ww =1, w # v, 1§v§r2/s,

(Zj)uw =0, I<j=<¢ 1<u,v=r/s,

Whw =0, w#v, 0<h<4t 1<v<r?s,
Wi, v Chyw — Why o - Chiyw =0, 0<hi,hy<t, 1<v<r?s.

Then, we see that TO’ .o = To,v,v via 7, ;. Similarly, we use the methods used for TO’ »., and conjugations
as in the n = 1 case to construct U, , , such that U,

; MUEUgﬁu,Uforalll§u,v§r/s,1§E§n,
and TO/,u,U such that Té’u’ ; =Touy forall 1 <u,v <r/s, u #v. The arguments are essentially the same
as the arguments used to construct 7, and U, in the n =1 case and 7 , , above, and so we omit the

details and leave it to the reader. This proves our claim. O
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For Q,; if sp; =0forall 0 <h <n—¢ and dim Q, ; = £r/s, then the methods used in Claim 6 to
prove that d7z; ; : Lie H;; — Lie(Tp, M,/ k); is surjective can be applied in a straightforward manner to
prove that d7,, ; : Lie H, ; — Lie(Tp,u, /k); is surjective, which we leave to the reader.

As we vary all 1 <i < s the surjection of dm, follows. Thus, for n > 1 the proof of the lemma is
complete. (|

5.4. Algebraic independence of logarithms and quasilogarithms. We now prove Theorem 1.1.4 (restated
as Theorem 5.4.4) and Corollary 1.1.5. Recall the short exact sequence (5.3.3):

1—>Xn—>FNnn—n>FpnMp—> 1.

We will first show that X, can be identified with a I'p, Mp—submodule of ((PnMp)B)w. Let n €
Mat(,+1)rw+1)x1(N,) be such that its entries form a lz(t)—basis of N, and on = ®y,n. The entries
of \I/I\’,”ln form a k-basis of Nf [Papanikolas 2008, Proposition 3.3.9]. If we write n = [ny, ..., By, y]T,
where each n; € Mat(,41),x1(V,), then the entries of [ny, ..., n,]" forma IE(t)—basis of (P,M,)" and
the entries of u := [\IJ;nlMpn], e, \Il;nl,%nw]-r form a k-basis of ((PnMp)B)w. Given any k-algebra R,
we recall the action of T'p, », (R) on R ®4 ((P,M,)B)¥ from [Papanikolas 2008, §4.5] (see also (4.2.8))
as follows: for any u € I'p,m,(R) and any v, € Mat;xu+1)-(R), 0 < h < n, the action of u on
(v1, ..., V) U € Ry (P, M,)B)¥ is

1

(vl,...,vw)‘uH(vlﬂi a~"akuil).u‘

Thus, by (5.3.4) the action of T'p, », on ((PnMp)B )" is compatible with the action of I'p, 5, on X,,. Then,
when we regard ((P, Mp)B )¥ as a vector group over k, by Lemma 5.3.9 we get the desired result.

Now, note that since X, is a I'p, Mp—submodule of (P, Mp)w)B, by the equivalence of categories
Te,m, ~ Rep(I'p, u, » k), there exists a sub-t-motive V,, of (P,M,)" such that as I'p, m,-modules

X, =vE (5.4.1)

By (4.2.7), we see that for any n > 1 and 0 < j <n — 1 we obtain a short exact sequence of f-motives

pru},n—j—l
_—

0— (PjM,)" 5 (P,M,)" (Pu—j—1M,)" — 0. (5.4.2)

Lemma 5.4.3. Forn > 1, let V, be as in (5.4.1). Then, for 0 < j <n — 1 there is a surjective map of

t-motives pry n—j—1 : Vy = Vy_j_1 via the map Pry 1 in (54.2).

Proof. We prove the result for w = 1. The following argument for w =1 can be applied in a straightforward
manner to prove the arbitrary w case, which we leave to the reader. Let w = 1. Recall from (5.3.7) that

by = (’“‘ O) e Ty, (R).
w, 1

for any k-algebra R if

then

Mn—j-1 0
i1 = el'y . (R),
Y j—1 <wn—j—1 1) anjfl( )
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where ,_;_; is the matrix formed by the r(n—j) x r(n—j) upper-left square of u, and w,_;_| =
(wo, ..., wy—j—1). Also recall from (5.3.8) that the surjective map of affine group schemes I'y, — I'n,
is given by

Vp = Vp—j—1.

Since X, and X,,_;_1 are k-smooth by Lemma 5.3.9, this map gives a surjective map of group schemes

Xy — Xn—j-1. By (5.4.1), this corresponds to a map of representations of I'p, , over k, ﬁi,n—j—l :
VnB — VnB_j_1 via the map prﬁsn_j_1 : ((PnMp)“’)B — ((Pn_.,-_lMp)“’)B, where Pry n—j—1 is as in

(5.4.2). By the equivalence of categories Tp,m, ~ Rep(I'p, i, k), we obtain the required conclusion. [

Theorem 5.4.4. Let p be a Drinfeld A-module of rank r defined over k*P. Suppose that K, is separable
overk and [K, 1kl =s. Letuy, ..., u, € Kwith Exp,(u;) =a; € k5P for each 1 <i < w and suppose
that dimg SpanKp Ay oo At oo uy) =1/s4+w. Forn>1, let N, and Wy, be defined as in (5.3.1),
and, foreach 1 <i <w, letY; ,:=Y,, , be defined as in Section 5.2. Then, dimI'y, = (n+1)-r(r/s +w).
In particular,

nr—1 w r

tr.deg,;E<U U U U@, 95 (Foi A )), 85 em), 85 (Fr (um))}> = (n+ D) /s +rw).
s=0i=1m=1 j=1
Proof. From the construction of Wy, , by Theorem 3.4.1 we have

n r—1 w r

k(W li=0) =12(U U U U500, 95(Fai ), 95 ), ag(Ffwum))}),

s=0i=1m=1 j=1
and by Theorems 2.3.2 and 4.5.1, we have

— 2
dim Ty, = tr.deg; k(¥y, |i—o) < (n + 1)% +(m+ Drw.

Thus, we need to prove that dim X, = (n + 1)rw, where X, is as in (5.3.3). By (5.4.1) it suffices to show
that VB = (P, M,)*)5. To prove this, we adapt the arguments of the proof of [Chang and Papanikolas
2012, Theorem 5.1.5] (see also [Hardouin 2011, Lemma 1.2]).

Note from (5.4.2) that for n > 1 we have a short exact sequence of f-motives

Pry,n—1

0— (PoM,)" 5 (P, M,)" —“ (P,_ 1 M,)" — 0.

By Lemma 5.4.3, there is a surjective map pry ,—i : V, — V,_; via pr Then ker(pr,, ,—1) is a

w,n—1-
sub-z-motive of M /;”.

We claim that if V,_; = (P,—1M,)", then N,/V, is trivial in Extlr(l, P,M,/V,). Since X, = VnB,
we see that Ty, acts on N/ V.2 through Ty, /X, = I'p,, via (5.3.3). Since pr, ,1 is surjective onto
Vo1 = (P,—1M,)", by using (5.3.5) one finds that NnB/ VnB = N(f/(kerp_rw,n,l)B. Recall that for any
k-algebra R, an element of I'p, », (R) is of the form (4.2.6) such that yy is an element of I'y, (R). Then,
(5.3.6) shows the action of I'p, 3, on N,?/V,P is the same as the action of ['y;, on it. Thus, N/ VP is an
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extension of k by ((PnMp)w)B / VnB in Rep(I'y;,, k). By [Chang and Papanikolas 2012, Corollary 3.5.7]
and the equivalence of categories 7y, ~ Rep(I'y,, k), we get the required conclusion of the claim.

Now, we prove the main result by induction. For n = 1 case, suppose to the contrary that VIB -
((PlMp)w)B. From [loc. cit., Theorem 5.1.5], we have M;)” = Vy and so, since M;)” = (PoM,)", we
have ker(pry ,—1) G M’j”. Since M,f” is completely reducible in Ty, by [loc. cit., Corollary 3.3.3] and
ker(pry, ,—1) is a sub-z-motive of M, there exists a nontrivial morphism ¢; € Hom7(M’, M,) so
that ker(pr,, ,—1) C ker ¢;. Moreover, the morphism ¢; factors through the map Mg’ / ker(pry ,—1) —
M;”/(kerqﬁl). Since ¢1 € Hom7 (M}, M,), there exist ¢; 1 € K, not all zero such that ¢1(ny, ..., ny,) =
Z?:l ei,1(n;). For a k(t)-basis m € Mat,,1(M,) of M,, suppose that E; ; € Mat,(k(r)) satisfies
ei1(m) =E; m. Set

Ei| = (0 Eé‘l) € Maty, (k(1)).

Recall from Section 2.5 that D m forms a k(z)-basis of P, M,. By (5.2.1) there exists e; 1 e End 7 ((P1 M)")
such that e; | (Dym) = E; 1 Dym. Let ¥y € Hom7((P1M,)"”, P1M,) such that ¥{(D;ny, ..., Djny) =
Z;"Zl e; 1(D;n;) foreach j =0, 1. We see ker 1!’1/M;f’ =ker¢; and (P1M,)"/ker Y1 = M;f/ ker¢p1 =M,.
Then the pushout ¥, N1 := e 1s+Y1,1 4+ - -+ ey, 1+ Yw.1 1S a quotient of N/ V;. By using the claim above,
it follows that 1, Ny is trivial in ExtlT(l, P1M,). However, by Theorem 5.2.2, this is a contradiction.

Now suppose that we have shown the result for n — 1, that is, V,,_1 = (P,—1M,)". Suppose that
VnB - ((P,,Mp)w)B. Then, ker(pry ,—1) & M;". Since M';“ is completely reducible in Ty, by [Chang
and Papanikolas 2012, Corollary 3.3.3] and ker(pr,, ,—1) is a sub-z-motive of M, there exists a non-
trivial morphism ¢, € Hom7 (M}, M,) so that ker(pr,, ,—1) C ker¢,. Moreover, the morphism ¢,
factors through the map M’/ ker(pry ,—1) — My /(ker ¢,). Since ¢, € Hom7(M,", M)), we can write
On(ny, ..., ny) = Z;‘;l e n(n;) for some ey p, ..., ey, € K, not all zero. Suppose that e; ,(m) =E,; ,m,
where E; , € Mat, (k(z)). Set

0--- 0 E,
. L0 _
Ei,n = X . € Mat(n—i—l)r(k(t))-

0
Recall also from Section 2.5 that D,m forms a k(r)-basis of P,M,. By (5.2.1) there exists e; , €
Endr((P,M)") such that e, ,(Dim) = E; ,Dim. Let ¥, € Homy((P,M,)",P,M,) such that
Yi(Djny, ..., Djny) = Z;”zl e;1(Djn;) for each 0 < j < n. Similar to the base case, we see
that ker v,/ (P,—1M,)" = ker¢, and (P,M,)"/kery, = M'g’/kerqﬁn = M,. Then the pushout

YNy = €1y Y10+ - -+ €y s Yu n is a quotient of N,/ V,,. By using the claim above, it follows that
Y Ny, 18 trivial in Extlr(l, P,M,). However, by Theorem 5.2.2, this is a contradiction. O

Proof of Corollary 1.1.5. Let {n1, ..., na} S{A1, ..., Ar, u1, ..., uy} be a maximal K ,-linearly indepen-
dent set containing {uy, ..., uy}. Clearly, r/s <o <r/s + w. Since the quasiperiodic functions Fjs are
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linear in 6 and satisfy the difference equation (1.1.2), we have

r—1 w r

lé(U U Ut Fa ). s, F,,-(u,,,)}> =1€(U U{Fg_,(nm)}),

i=1m=1 j=1 j=1m=1
Moreover, for any 1 <ij,io <r, 1 < ji, jo <a, 0 <s <n and vy, v, € K,, by the product rule of

hyperderivatives we obtain

N

33 (w1 Fs, () +vaFs, (1) = Y (957" 1)y (Fs, nj,)) + 85" (w2)df (F,, (11,))).
h=0
Thus,

nr—1 w r

1€<U U U U850, 9 (Fui (2 )). 95 ), a;(Ffwum))}) =1€(U U U{ag(Fa,mm))}).

s=0i=1m=1 j=1 s=0 j=1m=l1
Then, the result follows by Theorem 5.4.4. (|

Appendix: Differential algebraic geometry

We present a few topics from differential algebraic geometry in positive characteristic [Okugawa 1987]
(see [Hardouin et al. 2016] for characteristic zero). For the most part, we follow the terminology of
[Hardouin et al. 2016]. Even though the proofs of most of the results presented here are covered in
[Okugawa 1987], we present them here nevertheless for completeness.

A.1. Differential algebraic geometry in positive characteristic. Let R be a commutative ring with unity
of characteristic p > 0. A differential ring or 0-ring is a pair (R, d), where 0 represents a sequence of
additive maps 3/ : R — R that satisfy

(1) 3%a) =a,

(2) 8/(a+b) =9/ (a)+ 93/ (b),
(3) 8 (ab) = 31_ 9" ()37~ (b),
@) 937 (a) = (*17)9* (a)

forall a,b € R and j, kK > 0. If R is a field, then we say that (R, 0) is a differential field or a d-field.
When the context is clear, we shall write R instead of (R, ). Moreover, a d-morphism between two
d-rings R and S is a morphism of rings that commute with 9. For a d-ring R, if we let J C R be an ideal,
then J is called a d-ideal if 3/(J) C J for all j > 1. If, in addition, J is a radical (respectively prime)
ideal of the d-ring R regarded as a ring, then we say that J is a radical (respectively prime) 0-ideal of
the d-ring R. For a set ¥ C R, the intersection of all d-ideals containing ¥ is a d-ideal of R, which we
denote by (X)) and it is the smallest d-ideal of R containing X. We see that D (X) is the ideal, generated
{3/(a): j =0, a € X}, of the d-ring R regarded as a ring. We denote by R(D (X)) or R(XT) the radical
of ®(X) in the d-ring R.
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Proposition A.1.1 [Okugawa 1987, p. 45, Theorem 5]. Let R be a d-ring of characteristic p > 0 and let
J C R be a 9-ideal of R. Then, the radical R(J) is a 0-ideal of R.

Proof. Tt suffices to prove that 3/ (93(J)) C 93(J) for all j > 1. Let a € 93(J). Then a” € J for some n > 1.
For a sufficiently large e > 1, we see that a™ - a" = a?* € J for some m € N. Note that Proposition 2.4.1
applies here and so, for all j € N we see that 9/p° (ape) = (aj(a))l’e. Since J is a d-ideal of R, we have
377" (aP") € 3 for all j > 1. Thus, (8 (a))?" € J and so 3/ (a) € R(J). O

Remark A.1.2. The proof of Proposition A.1.1 does not work in characteristic 0. See [Hardouin et al.
2016, Proposition 2.19] for the proof of the characteristic-0 case.

The 0-polynomial ring denoted by R{yy, ..., y,} in the d-variables (yy, ..., ¥,) is the polynomial
ring over a d-ring R in the variables 38/ (y;), j >0, 1 <i < m, made into a d-ring by setting

(a) 3/(a) :=9/(a) fora € R,
(b) %@ (y)) := (“1)a*+ (), k= 0.
Here y1, ..., y, are called d-indeterminates.
Let K be a d-field. A d-extension field of K is a d-field L which is an extension field of the d-field K.

Note that K and L are fields. Let K be an algebraic closure of the field K and K be the separable
closure of K in K.

Proposition A.1.3. There is a unique extension of 3/ : K — K to 3/ : K> — K*®P which satisfies all the
rules of 0.

Proof. The proof follows the same argument as that for hyperderivatives [Conrad 2000, Theorem 5]. [

Let a € K \ K*P. We say that 9 can be extended to a if d can be extended to some extension field of
K that contains a. The largest extension field K? of K% in K that has an extension of 9 is called the
d-closure of K in K.

For a set X C (K%)™, if we set
IJX):={PeK{y1,....,Ym}: Plal,...,an)=0, (ai,...,an) € X},
then J(X) is a radical d-ideal in R, and we call it the defining K-0-ideal of X.
Proposition A.1.4 [Hardouin et al. 2016, Proposition 3.8]. Let X, X, C (K™ Then:
(1) If X1 € Xo, then 3(X2) € I(X1).
(2) 3(X1U X2) =T(X1) NT(X2).
Proof. The proofs follow the same line of argument as that for the Zariski topology. (|

Given a set X C ((K?)™, 9), we consider the Zariski closure X% C K™ of X, the closure of X as a
subset of (K?)™ equipped with the Zariski topology. Let S € K[yi, ..., y.] be a set of polynomials.
The zero set of S is defined as

Z(S):={(a1,...,an) € K™: f(a1,...,am) =0, f €S}
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Lemma A.1.5 (cf. [Hardouin et al. 2016, Lemma 3.42]). Let X € (K°)" and let 3(X) € K{y1, ..., Ym}
be its defining K -0-ideal. Also, let K[y1, ..., ym] be the usual polynomial ring in the variables yi, . .., Yn
over the field K. Then its Zariski closure is the set

XZ=ZOX)NK[y1, ..., ymD),

where J(X)NK[y1, ..., ym] S Kly1, ...\ Ym]-
Proof. We follow the outline of the proof of [Hardouin et al. 2016, Lemma 3.42]. Since Z(J(X) N
K[y1, ..., ym]) is Zariski closed, it is straightforward to see that
XCSX*CZOAX)NK[y1. -\ ym)).

Conversely, if SC K[y1, ..., Ym] S K{y1, ..., ym}is such that § C J(X), then clearly SR(S) C J(X). This
implies S CR(S) N K[y1, ..+, ym] STX)NK[y1, ..., ym]- Thus, Z(T(X) N K[y1, ..., ym]) S Z(S).
Since S was chosen arbitrarily, we see that Z(J(X) N K[y1, ..., Ym]) C XZ. O

If f € K{y1,..., Yy} is a 0-polynomial given by a linear combination over the d-field K of 1 and

elements of the set {8/(y;) : j > 0, 1 <i < m}, then we say that f is a degree-1 3-polynomial in
K{yi1, ..., ym}. Moreover if the coefficient of 1 is 0, then we say that such f is a homogeneous degree-1
d-polynomial.

Proposition A.1.6 [Okugawa 1987, p. 74, Theorem 5]. Let S € K{y1, ..., ym} be a set of degree-1
o-polynomials. Then, R(S) = D(S).

Proof. Tt suffices to show that ©(S) is a prime ideal of the d-ring K{y1, ..., y;n} regarded as a usual ring.
By definition ©(S) is generated, as an ideal of the ring K{y;, ..., yu}, by {37(L;) : i,j>0, L; €S}

Suppose that f, g ¢ ©(S) such that fg € ©(S). Then,

fe= > higdY (L),
LieS, j>1
where £; > 0, and hi’gj € K{y1,..., Ym}, and all but finitely many hi’gj are zero. We see that fg is a
polynomial in a finite subset of the variables {3/ (y;) : j >0, 1 <i <m} over the 0-field K regarded as a
usual field. Let us denote this subset of variables by {x1, ..., x,} for some n > 1. Then, L = ({3% (L;)})
is an ideal in K[xy, ..., x,] such that f, g ¢ L and fg € L and so L is not a prime ideal. However, for a
polynomial ring in finitely many indeterminates, ideals generated by degree-1 polynomials are prime
ideals and thus, we obtain a contradiction. O
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