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Algebraic relations among hyperderivatives of
periods and logarithms of Drinfeld modules

Changningphaabi Namoijam

We determine all algebraic relations among all hyperderivatives of the periods, quasiperiods, logarithms,
and quasilogarithms of Drinfeld modules defined over a separable closure of the rational function field. In
particular, for periods and logarithms that are linearly independent over the endomorphism ring of the
Drinfeld module, we prove the algebraic independence of their hyperderivatives and the hyperderivatives
of the corresponding quasiperiods and quasilogarithms.
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1. Introduction

The objects of study in the present paper are inspired by elliptic curves in the classical setting. Let E be an
elliptic curve defined over Q. The period conjecture states that the transcendence degree over @ of the two
periods {w;, wy} and the two corresponding quasiperiods {n;, 2} of E is 2 when E has complex multipli-
cation (CM), and 4 otherwise. The CM case was confirmed to be true by Chudnovsky, while the non-CM
case is still open. With regards to logarithms of E, one can expect logarithms of algebraic numbers that are
linearly independent over End(E) to be algebraically independent over Q. Although linear independence
over @ of these logarithms is known due to Masser (for the CM case), Bertrand and Masser (for the
non-CM case), and as a consequence of Wiistholz’s analytic subgroup theorem, algebraic independence
of these logarithms is still fully open. See [Baker and Wiistholz 2007; Waldschmidt 2008] for details.

In the function field setting, Drinfeld [1974] introduced “elliptic modules”, now called Drinfeld modules,
as an analogue of elliptic curves. Later, Anderson [1986] defined higher-dimensional generalizations of
Drinfeld modules, called #-modules. One can ask analogous questions regarding algebraic independence
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of periods, quasiperiods, logarithms, and quasilogarithms of Drinfeld modules and Anderson #-modules
defined over algebraic function fields. Yu [1997] proved the sub-f-module theorem, a remarkable result
regarding linear independence among logarithms of Anderson f-modules, which is an analogue of
Wiistholz’s analytic subgroup theorem, and proved the complete transcendence results concerning periods
and logarithms of Drinfeld modules [Yu 1986; 1990]. Thiery [1992] proved algebraic independence
results among periods and quasiperiods of rank-2 Drinfeld modules with complex multiplication. Chang
and Papanikolas [2011; 2012] proved algebraic independence of periods, quasiperiods, logarithms, and
quasilogarithms of Drinfeld modules of arbitrary rank. The goal of the present paper is to generalize
completely under separability hypothesis this work of Chang and Papanikolas [2011; 2012, Theorems 3.5.4
and 5.1.5, and Corollary 5.1.6] to include all hyperderivatives, which are defined below.

Let I, be a finite field, where g is a positive power of a prime number p, and let € be an indetermi-
nate. For the rational function field F, (), the j-th hyperderivative ag' : Fy(0) — F,(0) is defined by
Bej o@m = (';’)Gm_j, whg:re J = 0. Taking the completion [, ((1/0)) of F,(6) with respect to its oo-adic
absolute value |- |, 85 (-) extends uniquely to F,((1/0))°®. Note that hyperderivatives play a role
analogous to that of formal derivatives in the classical case. Unlike in the classical setting of elliptic curves,
one can take hyperderivatives of periods and logarithms of Anderson z-modules defined over [, (6)P.
Moreover, many interpretations of objects of interest in terms of logarithms of Anderson ¢#-modules involve
hyperderivatives. The entries of periods of the d-th tensor power ¢®¢ of the Carlitz module € (rank-1
Drinfeld module) are obtained using hyperderivatives [Maurischat 2018, Lemma 8.3] of Anderson—Thakur
functions [1990, §2.5]. Also, Carlitz zeta values [Thakur 2004] appear in the last coordinate of a logarithm
of €®4 [Anderson and Thakur 1990, Theorem 3.8.3]. Generalizing this, Chang, Green, and Mishiba
[Chang et al. 2021] showed that multizeta values [Thakur 2004] also appear as coordinates of logarithms
of a particular Anderson 7-module and further showed that its periods and logarithms are obtained using
hyperderivatives. There are also logarithmic interpretations of special values of Goss L-functions attached
to Drinfeld modules in terms of logarithms of an Anderson f-module, where hyperderivatives play a
crucial role [Gezmis and Namoijam 2021]. These interpretations further motivate interest in determining
algebraic independence of hyperderivatives of periods and logarithms of Anderson 7-modules.

Algebraic independence among hyperderivatives of the fundamental period of the Carlitz module
were proved by Denis [1993; 1995; 2000] and Maurischat [2018; 2022a]. Further work in this direction
was also done in unpublished work by Brownawell and van der Poorten. Utilizing Yu’s sub-f-module
theorem, Brownawell and Denis [2000] and Brownawell [1999; 2001] investigated linear independence of
hyperderivatives of logarithms and quasilogarithms of Drinfeld modules. In the present paper, we determine
all algebraic independence results among all hyperderivatives of periods, quasiperiods, logarithms, and
quasilogarithms of Drinfeld modules of arbitrary rank under the hypothesis of separability.

1.1. Hyperderivatives of periods and logarithms. For a finite field [, where ¢ is a positive power of a
prime number p, we set A :=[F,[0], k :=[F,(0) and k :=F,(1/0)), the completion of k at its infinite
place. We further set I to be the completion of an algebraic closure of ks, and let k and k%P be the
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algebraic closure and the separable closure respectively of & inside IK. For a variable ¢ independent from 6,
we further define A :=[F,[] and k :=[F, (7).
For n € Z, we define the Frobenius twist t" : K((t)) — K(#)) by setting for f =) . a;t!

() ==Y al'r (1.1.1)

For a field K C K, we define the twisted power series ring K [[7] subject to the condition 7¢ = ¢?7 for all
¢ € K. Then, we define the twisted polynomial ring K[7] as the subring of K[[t]], where K[z] is viewed
as a subalgebra of the [, -linear endomorphisms of the additive group of K.

For a field k C K C K, a Drinfeld A-module of rank r defined over K is an [;-algebra homomorphism
o : A — K[t] uniquely determined by

pr=0+KiT+ -+, T
such that x, # 0. The exponential function associated to p is given by

Exp,(z) =z + Zahzqh € K[zl
h>1

and it satisfies the functional equation Exp o (0z) = p; (Exp o (2)). The period lattice of p is the kernel A,
of Exp,, which is a free discrete A-submodule of rank r inside [<.

The de Rham cohomology theory for Drinfeld A-modules was developed by Anderson, Deligne, Gekeler
[1989] and Yu [1990]. A p-biderivation is an [F,-linear map § : A — K[z ]z satisfying, for all a, b € A,

8ap = a(0)8p + 84 p-

Let u € K[t]. Then, the p-biderivation §® defined by 8% = up, — a(®)u for all a € A is called
an inner biderivation. If u € K[z]t, then §* is said to be strictly inner. The set of p-biderivations
Der(p) forms a K-vector space. The set of inner biderivations Derj,(p) and the set of strictly inner
biderivations Derg(p) are also [K-vector subspaces of Der(p). We define the de Rham module for p to be
H%)R (p) :=Der(p)/ Derg(p), which is an r-dimensional [K-vector space. The de Rham module H11)R (0)
parametrizes the extensions of p by G,.

For each § € Der(p) there is a unique [,-linear and entire power series

Fs(2) =Y ciz” e K[z]
i>1

such that, foralla € A,
Fs(a(0)z) = a(0)Fs(z) + 84 (Exp,(2)). (1.1.2)

We call F; the quasiperiodic function associated to §. For A € A, the value Fs(A) is called a quasiperiod
of p. For u € [K, the value Fs(u), which is a coordinate of logarithms of quasiperiodic extensions, is called
a quasilogarithm of p (see [Brownawell and Papanikolas 2002; Namoijam and Papanikolas 2024]).

A [K-basis of HII)R(,O) is represented by {81, ..., d,}, where §; is the inner biderivation such that
(61)r=pr—0,and §;(t) = /=1 for 2 < j <r. We see that Fs,(z) = Exp¢(z) —z, and so Fs, (A) = —A for
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all A € A,. If we take {Ay, ..., A} to be an A-basis of A, and we set F.;-1(z) :=F;;(z) for2 < j <r,
then we define the period matrix of p to be

A Fe(Ap) - Foaa(Ay)

Ay Fr(A2) -+ Fr1(A2)
Pp:=1. . :

Ar Fr(kr) Fr’—'()\-r)

which accounts for all periods and quasiperiods of p. The de Rham cohomology theory for Drinfeld
A-modules runs in parallel to the theory of elliptic functions such that the periods and quasiperiods
summarized above play the role of periods and quasiperiods of the Weierstrass g-functions.

If the Drinfeld A-module p is defined over k%P, Denis [1995, p. 6] showed that, for a p-biderivation §
defined over kP, if u € K such that Exp o) € k%P, then u € k3 and Fs(u) € kaF (see also [Namoijam
and Papanikolas 2024, Lemma 4.22]). Therefore, for n > 0 we can consider dj (1) and 9 (F5(u)). Let
dg (P,) be the matrix formed by entrywise action of d;(-) on P,,.

We define End(p) :={x e K: xA, € A,} and let K, be its fraction field. Our first main result is as
follows (restated as Theorem 4.5.1):

Theorem 1.1.3. Let p be a Drinfeld A-module of rank r defined over k°% and suppose that K, is
separable over k. If s = [K, : k], then for n > 1 we have

tr.deg k(Py, 9(Py), ..., 05 (Py) = (n +1)-r?/s.

Building on Theorem 1.1.3, we prove algebraic independence among hyperderivatives of logarithms and
quasilogarithms of Drinfeld A-modules. Our second main result is as follows (restated as Theorem 5.4.4):

Theorem 1.1.4. Let p be a Drinfeld A-module of rank r defined over k*P and suppose that K, is
separable over k. Let uy, ..., uy € K with Exp,(u;) = «; € k%P for each 1 < i < w and suppose that
dipr SpanKp()q, cos A UL, L Uy) =1 /s +w, where s = [K, 1 k]. Then, forn > 1,

nr—1 w r

tr.deg/;lE<U U U U0, 3 Ea ). 85 um), 35 (Fe (um»}) = (n+ (/s +rw).

s=0i=1m=1 j=1
For an arbitrary basis of H}DR(,O) defined over k*°P, we deduce the following corollary.
Corollary 1.1.5. Let p be a Drinfeld A-module of rank r defined over k* and suppose that K, is
separable over k. Letuy, ..., uy, € K with Exp,(u;) = a; € k5P foreach 1 <i <w. Let {51, ..., 38,} be

a basis of H]IDR(,O) defined over k°®. If uy, ..., u,, are linearly independent over K ,, then for n > 1 the
(n + )rw quantities

{U (35 s, ). 95 (Fs; (). . ... 85 (Fs, (uw»)}

s=0 j=1

are algebraically independent over k.
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Combining Theorems 1.1.3, 1.1.4, and Corollary 1.1.5, the k-linear relations among the periods and
logarithms of p and their hyperderivatives induced by endomorphisms of p account for all the k-algebraic
relations among all hyperderivatives of the periods and logarithms as well as all hyperderivatives of the
corresponding quasiperiods and quasilogarithms of p.

1.2. Remarks on structure of the paper. In [Namoijam and Papanikolas 2024], Papanikolas and the author
showed that #-motives whose period matrices comprise the values of interest in Theorems 1.1.3 and 1.1.4
are constructed from the #-motive associated to prolongations [Maurischat 2018] of p, but did not prove any
transcendence results about the values in question. Papanikolas’s theorem [2008, Theorem 1.1.7] states that
the transcendence degree of the period matrix of a z-motive is equal to the dimension of its Galois group.
The primary hurdle, then, is determining the dimension of the associated Galois group of the ¢#-motive.

The first goal of this paper is to explicitly determine the Galois group of the #-motive corresponding
to the n-th prolongation #-module P,p of p. To do this, we calculate the Zariski closure of the image
of the Galois representation on the p-adic Tate module of P, p, for a nonzero prime p of A. Next, we
immediately extend this result. We construct new #-motives whose period matrices are comprised of both
periods and quasiperiods of P, p, and hyperderivatives of logarithms and quasilogarithms of p, and then
determine their Galois groups. We construct a sequence of surjections between specific sub-z-motives
using consecutive prolongations P;p for 0 < £ < n. These surjections are crucial in establishing that
algebraic independence over k of all hyperderivatives of the logarithms and quasilogarithms depends only
on K ,-linear independence of the logarithms.

The paper is outlined as follows.
 In Section 2 we give necessary background concerning ¢-motives and their Galois groups. Next, we
give a brief review of hyperderivatives and then discuss prolongations of dual 7-motives introduced in
[Maurischat 2018].

e In Section 3, we describe 7-motives and rigid analytic trivializations corresponding to Drinfeld
A-modules and their prolongations; then we state Theorem 3.4.1. Based on Theorem 3.4.1 (see [Namoijam
and Papanikolas 2024, §5.3] for a detailed account), to prove Theorem 1.1.3, for n > 1 we calculate the
Galois group I'p, , of the n-th prolongation P, M,, of the -motive M, associated to p.

 We first make use of a direct connection I'p, 5, has with Galois representations. For a nonzero prime p
of A, let A, be the completion of A and let k;, be its fraction field. For a Drinfeld A-module p defined
over K, where k C K C k with [K : k] < oo, there is a representation ¢, : Gal(K*®?/K) — GL,(Ap)
coming from the Galois action on the p-power torsion points p[p™] := {x € [{: ppn (x) = 0}. In Section 4,
using Anderson generating functions and ¢, we consider the Galois representation on the p-adic Tate
module of the n-th prolongation f-module P, p associated to p. The image of this Galois representation is
determined using hyperderivatives of the image for the Drinfeld A-module p and is naturally contained
in the ky-valued points of I'p, M, (Theorem 4.1.6).

e Forn > 1, P,_1M, is a sub-t-motive of P,M, and therefore, P, M, is not simple, which makes
determining the Zariski closure of the aforementioned image a complicated task. To find the Zariski
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closure, we bring in differential algebraic geometry. We consider hyperdifferential polynomials (precise
definition in Section A.1) to determine the above Zariski closure by first determining the defining
differential ideal of the aforementioned image and then restricting to Zariski topology (Theorem 4.3.3).
This allows us to prove Theorem 1.1.3 and compute the Galois group I'p, », explicitly (Corollary 4.4.8).

* In Section 5, for uy, ..., uy € K satisfying Exp, (u;) € k*P for each 1 <i < w, we build on results
of Section 4 to construct new f-motives Y p, ..., Yy » such that the entries of the period matrix of
BY_, Ypun comprise o Uiz} UY_, (85 (wm), 85 (Fyi ()} Let T denote the category of z-motives.
In Lemma 5.4.3, we obtain a surjective map from certain sub-¢-motives of Y, , to corresponding sub-z-
motives of ¥, , for £ <n and 1 <m < w. This map allows us to implement Theorem 5.2.2, which is
based on an End (M, )-linear independence result [Chang and Papanikolas 2012, Theorem 4.2.2], which

enables us to prove Theorem 1.1.4.

« Finally, in the Appendix, we cover necessary background concerning differential algebraic geometry
in positive characteristic. We explore various properties, especially a result on the determination of the
Zariski closure of a set in a differential field (Lemma A.1.5).

2. Preliminaries

2.1. Notation. We continue with the notation introduced in Section 1.1. We also define the following.
Let T be the Tate algebra of the closed unit disk of [,

. - h T
T:= {I;a,,t € Klirll: Jim [ |og :0},
and let L be its fraction field.
For n € Z, recall the Frobenius twist 7" from (1.1.1). In some cases, we will write o for 71, For
M = (m;}) € Mat . (K(1)), we define M by setting M® := (m"). Let k(t)[o, o] be the Laurent
polynomial ring over k(¢) in o subject to the relation

of = f Ve, fek(@).

For a field K C K, recall from Section 1.1 the twisted power series ring K [t]] and the subring K[7]
given by tf = f(U¢ for all f € K. We also define K[[o] and K[o] when K is a perfect field. For
b=Y cit' e K[r], we define b* := Y ¢! ol € K[o]. If B = (b;;) € Matyxa(K[T]) = Mat 4 (K)[7],
then we set B* := (bjfl.). Thus, if B € Mat,,(IK[t]) and C € Mat,,(K[]), then (BC)* = C*B*
Moreover, if B = o+ BiT + - - - + B¢tt, then we set dB := .

2.2. Dual t-motives and t-motives. In this subsection, we briefly introduce the main tools used in
Papanikolas’s result. The reader is directed to [Papanikolas 2008] for further details. A pre-t-motive M
is a left k(r)[o, o ~']-module that is finite-dimensional over k(7). We denote by P the category of pre-f-
motives whose morphisms are the left k(t)[o, o ~']-module homomorphisms. Let m € Mat, (M) be
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such that its entries form a k(r)-basis of M. Then, there is a matrix ® € GL, (k(r)) such that
om=bm,

where the action of o on m is entrywise. We say that M is rigid analytically trivial if there exists a matrix
V¥ e GL,(IL) such that
v = ow,

The matrix W is called a rigid analytic trivialization for ®. Set MT := L ®iy M, where we give M Ta
left k(t)[o, o~ ']-module by letting o act diagonally:

o(f@m):=f"Vom, fek@), meM.
If we let
MB =M ={peM opn=pul

then M® is a finite-dimensional vector space over k, and M — M5 is a covariant functor from P to the
category of k-vector spaces. The natural map L ®g,) M B _ M7 is an isomorphism if and only if M is
rigid analytically trivial [Papanikolas 2008, §3.3]. If W is a rigid analytic trivialization of &, then the
entries of W~ !'m form a k-basis for M5 [loc. cit., Theorem 3.3.9(b)]. By [loc. cit., Theorem 3.3.15], the
category R of rigid analytically trivial pre-t-motives forms a neutral Tannakian category over k with fiber
functor M — MPE.

We now consider A-finite dual 7-motives, which were first introduced in [Anderson et al. 2004] (see also
[Hartl and Juschka 2020; Namoijam and Papanikolas 2024]). A dual t-motive M is a left k[t, o]-module
that is free and finitely generated as a left k[o']-module and such that (r—8)* M C o M for s €N sufficiently
large. If, in addition, M is free and finitely generated as a left k[¢]-module, then M is said to be A-finite.
Thus, if the entries of m € Mat, . (M) form a k[¢]-basis for M, then there is a matrix ® € Mat, (k[]) such
that om = ®m with det ® = ¢(r —0)* for some ¢ € k¥, s > 1. We say that M is rigid analytically trivial if
there exists a matrix ¥ € GL,(T) so that W(~D = ®W. In [Anderson et al. 2004], the term “dual #-motives”
is used for A-finite dual 7-motives. We will consider both dual z-motives and A-finite dual 7-motives.

Given an A-finite dual z-motive M,

is a pre-t-motive, where o (f @ m) := fY ® om. Then, M — M is a functor from the category of
A-finite dual f-motives to the category of pre-f-motives. We define the category T of t-motives to be
the strictly full Tannakian subcategory of R generated by the essential image of rigid analytically trivial
A-finite dual 7-motives under the assignment M +— M.

For a t-motive M, we let Tj; be the strictly full Tannakian subcategory of 7 generated by M. As Ty is
a neutral Tannakian category over k, there is an affine group scheme I'j; over k, a subgroup of the k-group
scheme GL, /k of r x r invertible matrices, so that 7j, is equivalent to the category of finite-dimensional
representations of 'y, over k, i.e., Ty = Rep([y, k) [Papanikolas 2008, §3.5]. We call I'y; the Galois
group of M.
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2.3. The difference Galois group. We now present a brief summary of the construction of the Galois
group of a r-motive as the Galois group of a system of difference equations. The reader is directed to
[Papanikolas 2008] for further details. For a subfield F C K((¢)) invariant under the action of o, let F®
denote the elements of F' fixed by o. Note that the automorphism o : L — L restricts to automorphisms
of k and k(7), and k = k° = k(1)® = L°.

For a t-motive M, let ® € GL, (k(r)) denote the action of o on a k(r)-basis of M and let ¥ € GL, (L)
be the rigid analytic trivialization for ® satisfying W1 = oW,

We define a lz(t)—algebra homomorphism v k(D[X, 1/ det X]— L by setting v(X;;) := W¥;;, where X =
(Xij) is an r x r matrix of independent variables. We let p:=kervand ¥ :=Imv = k([W, 1/detV] <L,
and set Zy = Spec . Then, Zy is the smallest closed subscheme of GL, /k(¢) such that ¥ € Zy (L).

Set Wi, ¥, € GL, (L Ok L) to be such that (W1);; = ¥;; ® 1 and (¥2);; = 1 ® W¥;;, and let U=
\I!l_llllz € G~Lr (L ®(;y L). We define a k-algebra homomorphism s : k[X, 1/det X] — L ®, L by setting
w(X;j) :=WV;;. Welet q:=ker u and A :=Im pu, and set I'y = Spec A. Then, I'y is the smallest closed
subscheme of GL, /k such that W eyl Q%) L)- The following properties hold.

Theorem 2.3.1 [Papanikolas 2008, §4]. Let M be a t-motive, and let ® € GL, k(1)) represent multiplica-
tion by o on a k(t)-basis of M. Let W € GL,(L) satisfy =D = oW,

(a) The closed k(t)-subscheme Zy is stable under right-multiplication by k(1) xx Ty and is a lg(t) X y-
torsor over 12(:). In particular, Fy([) =v1Zy (D).

(b) The k-scheme Ty is absolutely irreducible and smooth over k.
(¢) Ty =Ty over k.

For the ¢-motive M, if ® € GL, (k(¢)) NMat, (k[¢]) and det ® = c(¢ — 0)* for some c € k*, s > 1, then
we can pick W to be in GL, (T) [Papanikolas 2008, Proposition 3.3.9(c)]. Moreover, the entries of W are
regular at t = 6 [Anderson et al. 2004, Proposition 3.1.3]. Let W|,—y denote the specialization of the
entries of W at r = 6 and let k(W|,—g) be the field formed by adjoining the entries of W|,—y to k. The
main theorem of [Papanikolas 2008] is as follows.

Theorem 2.3.2 [Papanikolas 2008, Theorem 1.1.7]. Let M be a t-motive, and let Ty be its Galois
group. Suppose that ® € GL,(k(t)) N Mat, (k[t]) represents multiplication by o on a k(t)-basis of M
and that det ® = c(t —0)*, c € k*, s > 1. Let W € GL,(T) be a rigid analytic trivialization of ®. Then,
tr.deg; k(¥|,—¢) = dim ['y,.

2.4. Hyperderivatives and hyperdifferential operators. For details beyond the review here, the reader
may refer to [Brownawell 1999; Jeong 2011; Namoijam and Papanikolas 2024, §2.4]. For m, j > 0, let
(’7) € N denote the usual binomial coefficient mpdulo p. Then, for F a field of characteristic p > 0 where
0 is transcendental over F, the F-linear map 89J : F[0] — F[60] defined by setting

b = (e
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is called the j-th hyperdifferential operator with respect to 6. For each f € F[0], we call ag (f) the j-th
hyperderivative of f. The definition of 89] extends naturally to 891 : F[[6] — F[6]. The hyperdifferential
operators satisfy various identities including the product rule

J
85 (f) =" ()3 " ()
i=0
and the composition rule
i+j

@i =("7

)3 ().

The product rule extends a;' to the Laurent series field F((#)), where as usual for m > 0 we have

()= ()

For a place v of F(6) there are unique extensions 85 :F (), — F(0), and 89j :F(0), — F(0),", where
FO),"isa separable closure of F'(0),.

Proposition 2.4.1 (see [Brownawell 1999, §7; Jeong 2011, §2]). Let F be a field of characteristic p > 0,
and let v be a place of F(0). Then, for f € F(Q)f)ep, n=0,and j > 1, ag : F(Q)f,ep — F(Q)Zep, j =0,
satisfies

@5 (N if j=ep",

0 if p"1J.

For f € F(0)," and n > 0, we define the d-matrix with respect to 0, do nl f] € Mat, (F ©)y?) to be
the upper-triangular n x n matrix

P = {

F o - - wN
£ :
donlf1:= TR : (2.4.2)
e
f

Using the product rule, it is easy to see that dp ,[g] - do n[ f1 = dp n[gf]. For a matrix B := (b;;) €
Mateler(F(Q)iep), we also define the d-matrix with respect to 8, dg ,[B] € Mat,,, X,162(F(9)Svep) as in
(2.4.2), where we let 3] (B) := (3 (bij)) € Mat,, xe, (F()y7).

We further define partial hyperderivatives for two independent variables 6 and ¢ to be the F-linear maps

9], 0] F©6,1)—> F6,1), j=0,

such that for m € Z we have 9} (0™) = (")6™=/, 8/ (t") = (")r"~/, and 8] (") = 3/ (6™) = 0. Thus,
we have dg o d; = 9, 0 dg. For n > 0, we define the d-matrices dy ,[ -] and d; ,[ - ] with respect to each
independent variable 6 and ¢ as in (2.4.2).

Note that B,j extends naturally to T, and 89j extends to T Nk [£]).
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2.5. Prolongations of dual t-motives. We review the construction of prolongations of dual z-motives,
introduced in [Maurischat 2018]. For a left k[#, 0 ]-module M and n > 0, we define the n-th prolongation
of M to be the left k[t, o]-module P, M generated by symbols D;m, for m € M and 0 <i < n, subject
to the relations

(@) Di(my+my) = Dymy + Dims,
(b) Dita-m)=3_; ,;, 3" (@) Diym,
(¢) o(a-Dim)=a""V.D;(om),
where m, my, m, € M and a € k[t].
If M is an A-finite dual z-motive, then P, M is also an A-finite dual z-motive [loc. cit., Theorem 3.4].

Thus, if the entries of m = [my, ..., m,]" € M" form a k[¢]-basis of M, then a k[t]-basis of P, M is
given by the entries of

D,m = (D,m',D,_ym", ..., Dom")" € (P, M) "D (2.5.1)

where D;m := (D;m,, ..., Dim,)" € (P, M)" for each 0 <i < n [loc. cit., Proposition 4.2]. Also, if
® e GL, (k[t]) represents multiplication by o on m, then

o(D,m) =d; n+1[P]- Dym. (2.5.2)

If M is rigid analytically trivial with W € GL,(T) so that ¥(~! = ®W, then since Frobenius twisting
commutes with hyperdifferentiation with respect to ¢, we have

(i1 WDV =d; 1 [P =d) 1 [OV] = dy s 1 [Py g1 [W]. (2.5.3)

Therefore, P, M is rigid analytically trivial.
Via Dom — m, we see that Py, M is naturally isomorphic to M, and as in [loc. cit., Remark 3.2], for
0 < j <n—1 we obtain a short exact sequence of dual z-motives

prnfjfl

0—-PM—->PM——P,_; M0, (2.5.4)

where prn_j_l(D,-m) :=D;_j_ymfori > j and prn_j_l(D,-m) :==0fori <jand m € M.

3. Rigid analytic trivializations and hyperderivatives

The goal of this section is to provide necessary background on Anderson #-modules for the purpose of study-
ing Drinfeld A-modules and their prolongations, and their connection to dual 7-motives and rigid analytic
trivializations via Anderson generating functions. Then, we state Theorem 3.4.1, which provides the con-
nection between Taylor coefficients of series expansions of Anderson generating functions and hyperderiva-
tives of periods, quasiperiods, logarithms, and quasilogarithms of a Drinfeld A-module defined over k*°P.
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3.1. Anderson t-modules, dual t-motives, and Anderson generating functions. For a field K C [,
an Anderson t-module defined over K is an [,-algebra homomorphism ¢ : A — Mat,(K[t]) defined
uniquely by

¢ =Bo+ BT+ + Bit’,

where B; € Mat,(K) for 0 <i < ¢, and d¢, = By = 61; + N such that I, is the d x d identity matrix and
N is a nilpotent matrix. Then, ¢ defines an A-module structure on K¢ via

a-x=g¢s(x), acA, xek. (3.1.1)

We call d the dimension of ¢. If ¢, = By € Mat;(K), then ¢ is said to be a trivial Anderson ¢t-module. A
nontrivial Anderson z-module of dimension 1 is called a Drinfeld A-module.

There exists a unique power series Exp,,(z) = 32, CizV e Klzy, - . ., zal% z=1lz1,..., 241"
that Co = I; and satisfies

, SO

Exp, (d¢az) = ¢ (Expy (2))

for all a € A. Moreover, Exp,(z) defines an entire function Exp : K¢ — K< If Exp, is surjective,
then we say that ¢ is uniformizable. The kernel Ay C K¢ of Exp, is a free and finitely generated
discrete A-submodule of K¢ through the action of d¢(A) and it is called the period lattice of ¢. If ¢ is
uniformizable, then we have an isomorphism G [N = (Kd , ¢) of A-modules, where ([Kd , ¢) denotes NG
together with the A-module structure defined in (3.1.1) coming from ¢. For more details about Anderson
t-modules, see [Anderson 1986; Brownawell and Papanikolas 2020; Thakur 2004].

We define the dual 7-motive My associated to a 7-module ¢ defined over K C k in the following way.
We let My := Matlxd(lg[a]). To give My the k[t, o]-module structure, set

a-m=me¢,, meMgy acA, (3.1.2)

where ¢ is defined as in Section 2.1. For each m € Mg, by straightforward computation we obtain
(t—6) -me o My. Thus, My defines a dual z-motive and (3.1.2) gives a unique correspondence between
a t-module and its associated dual z-motive (see also [Brownawell and Papanikolas 2020, §4.4; Hartl and
Juschka 2020; Namoijam and Papanikolas 2024, §2.3]). If M is A-finite, then we say that ¢ is A-finite and
call the rank of M, as a left k[t]-module the rank of ¢. The reader is directed to [Hartl and Juschka 2020;
Namoijam and Papanikolas 2024, §2.3] for more information on dual #-motives associated to z-modules.

We conclude this subsection by introducing the Anderson generating functions associated to #-modules
(see [Green 2022; Maurischat 2022¢; Namoijam and Papanikolas 2024] for further details). For y € K
we define the Anderson generating function for ¢ by the infinite series

Gy(1) := Y Bxpy(dp; "' y)r" € T4, (3.1.3)

m=0
We explore the properties we will use in Sections 3.3, 4.1, 5.1. For clarity, we will denote by f,(¢) the
Anderson generating function for a Drinfeld A-module at y € K.
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3.2. Prolongations of Drinfeld A-modules and associated dual t-motives. Let p : A — K[t] be a
Drinfeld A-module defined over K C k such that

pr=0+KiT+ - FK 1,
where k, # 0. Drinfeld A-modules are uniformizable and the rank of the period lattice A, of p as an
A-module is r. As defined above for 7-modules, we define the dual z-motive M,, := k[o]. Then the
set {my,ms,...,m.}={1,0,...,0" "'} forms a k[t]-basis for M, [Chang and Papanikolas 2012, §3.3;
Namoijam and Papanikolas 2024, Example 3.35], and with respect to this basis, multiplication by o on
M, is represented by

0 1 0
®, = 0 0 o i : (3.2.1)
t=0)/k" =i e =TT i

Thus, M, is A-finite. We let M, := k(t) ®jqr) M) be the pre-z-motive associated to M,,.

For Drinfeld A-modules p and p’ defined over K C K, a morphism b : p — p’ is a twisted polynomial
b € [K[7] such that bp, = p,,b for all a € A. We say that b is defined over L C [ if b € L[t]. A morphism
b:p— p’ defined over k induces a morphism B : M, — M of A-finite dual ¢-motives in the following
way. Ifb=)" ¢;t' € L[t], recall from Section 2.1 that b* = > clg_i)a". Then, B is the k[o]-linear map
such that B(1) = b* (see [Chang and Papanikolas 2011, Lemma 2.4.2]).

The map

End(p) > {c€K:cA, S A}, Y at' b« (3.2.2)
is an isomorphism [Drinfeld 1974]. Throughout this paper, we identify End(p) with the image of this

map and let K, denote its fraction field. We state the following result due to Anderson.

Proposition 3.2.3 [Chang and Papanikolas 2012, Proposition 3.3.2, Corollary 3.3.3]. The functor p — M,
from the category of Drinfeld A-modules defined over K C k to the category of A-finite dual t-motives is
Sfully faithful. Moreover,

End(p) = Endg, ,i(M,), K, =Endr(M,),
and M, is a simple left k(t)[o, o~ -module.

Remark 3.2.4. Let i, € End,;[,’o](./\/lp) be such that i;(1) = -1 = p;. The isomorphism End(p) =
End,;[,,(,](./\/lp) in Proposition 3.2.3 sends 6 — i, and so, it sends A to A. Thus, K, = End1(M,) sends k
to k.

For n > 0, we define the n-th prolongation t-module P, p of p to be the Anderson #-module associated
to the n-th prolongation P, M, of the A-finite dual #-motive M, (see for details [Maurischat 2018,
§5; Namoijam and Papanikolas 2024, §5.2]). The Anderson #-module P,p : A — Mat, ;(K[t]) is of
dimension n + 1 and is defined by

(Pnp); = d(P,p); +diag(k)t +-- -+ diag(’(r)fr,
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where
0

_1 : .
dP.,p)i=| 0 . . , (3.2.5)

0 .- 0 —18
and diag(x;) is the (n+1) x (n+1) diagonal matrix with diagonal entries all equal to «; foreach 1 <i <r.

If we set Mp,, := Mat, X(,,Jrl)(}’g[a]) to be the dual t-motive associate to P, p defined as in (3.1.2), then
by [Namoijam and Papanikolas 2024, Proposition 5.22(b)] we have

MPnp = PnMp :
We define P, M, := k(1) ®j(r] PnM, to be the pre-z-motive associated to P, M,,.

3.3. Rigid analytic trivializations. We fix our choice of Drinfeld A-module p of rank r from Section 3.2
such that it is defined over K = k*P. In this subsection, we show that the A-finite dual #-motive M,
associated to p is rigid analytically trivial by constructing the rigid analytic trivialization W,, and then
extend to the prolongation r-module P, po. The details regarding Drinfeld A-modules can be found in
[Chang and Papanikolas 2012, §3.4; Namoijam and Papanikolas 2024, Example 4.1117].

For u € K, we let f,(t) € T denote the Anderson generating function of p given as in (3.1.3). For an

A-basis {A1, ..., A} of A,, we set f;(t) := fj, (t) for each 1 <i <r. Define the matrices
-1 —r+2 —r+1
PRI e) K kD kD
. -1,
£ pW e R
Y:=|"7 "2 2, and V:=| : : . (3.3.1)
o : 1
1 -1 Kr—1 K
fr r() fr(r ) r r
Kr

By [Chang and Papanikolas 2012, §3.4] (see also [Namoijam and Papanikolas 2024, Lemma 4.47]), it
follows that det T # 0. Set
W, = vIr®t (3.3.2)

Then W5~ = ®,W,. Thus, the pre-t-motive M, = k(t) ®f;,; M, is rigid analytically trivial and is in the
category 7 of z-motives.

By (2.5.3), the n-th prolongation f-motive P, M, = k(t) ®kpr) PnM, is rigid analytically trivial with
rigid analytic trivialization Wp, , = d; ,4+1[W,]. Thus,

Wp o =d i1 [VI sy [T (3.3.3)

3.4. Hyperderivatives of periods and logarithms. We continue with our choice of Drinfeld A-module p
of rank r defined over k£°°P. Recall from Section 1.1 that a KK-basis of H}DR(p) is represented by {61, ..., 5},
where 8 is the inner biderivation such that (§1); = p; —0 =«T+---+«,7" and §; (1) = /=1 for2 < j<r.
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Let F.j-1(z) denote the quasiperiodic function associated to the biderivation §; : ¢ /=1 Note that
Fs, (z) = Exp,(2) — z. Then, we have the following result, which is a modified version for Drinfeld
A-modules, and its proof is due to Papanikolas and the author.

Theorem 3.4.1 (see [Namoijam and Papanikolas 2024, Theorem E]). Let p be a Drinfeld A-module
defined over kP of rank r. Let u € K9 satisfy Exp,(u) € (k*PY Then, forn >0,

n.r n r—1
Span; ({1} uJUwer <r>>|t:9}) = Span; ({1} uJJ@s. 85 F, <u>)}>. (3.4.2)
s=0 =1 s=0 j=1
In particular, if {A1, ..., A} is an A-basis of the period lattice A, then
n r r—1
Spang (d; n11[W,]1™ " i=9) = Spang (U U U, a5 Fe (m)}). (3.4.3)

s=0i=1 j=1

By using Theorems 2.3.2 and 3.4.1, computing the dimension of the Galois group I'p, , forn > 1
proves Theorem 1.1.3. Moreover, by (3.4.2) if we are able to construct appropriate f-motives whose
periods span the hyperderivatives in question and determine the dimension of their associated Galois
groups, then we can prove Theorem 1.1.4.

4. Hyperderivatives of periods and quasiperiods

Let p be a Drinfeld A-module of rank r defined over k*P. Let K, be the fraction field of End(p) defined
asin (3.2.2) and let [K, : k] = s. In this section, we prove Theorem 1.1.3 (restated as Theorem 4.5.1). To
prove this theorem, we first show in Theorem 4.3.3 that dim I'p, M, = (n+ 1)- r2 /8, and in Theorem 4.4.6
that dim I'p, p, < (n+1) .r%/s. Moreover, in Corollary 4.4.8 we explicitly compute the Galois group I'p,m,
foralln > 1.

4.1. The p-adic Tate module and Anderson generation functions. Let ¢ be a uniformizable and A-finite
Anderson r-module of dimension d and rank r. For any a € A, the torsion A-module ¢[a] :={x € K7 |
¢a(x) = 0} is isomorphic to (A/(a))®" (see [Anderson 1986; Thakur 2004, Theorem 7.2.1]). For a
nonzero prime p of A, we define the p-adic Tate module

Ty(@) = lim $[p"] = A",
m
where Ay is the completion of A at p. Now, we fix a Drinfeld A-module p of rank r. If p is defined over
K such that k € K C k and [K : k] < oo, then note that every element of p[p™] is separable over K. Thus,
the absolute Galois group Gal(KP/K) of the separable closure of K inside k acts on T,(p), defining a
representation

¢p : Gal(K*P/K) — Aut(T,(p)) = GL,(Ap).
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Setp:=p(0) € A. We fix an A-basis {11, ..., A} of A, and define

§im :=Exp, (W) € plp™*']

foreach 1 <i <randm >0. Then, {x, ..., x,} is an A,-basis of 7, (p), where we set x; := (§; .0, i1, ... ).
Set x :=[x1, ..., x,]". Then, for each € € Gal(K*P/K) there exists g, € GL,(Ay) such that

Pp(€)x = gex. 4.1.1)

Theorem 4.1.2 [Maurischat and Perkins 2022, Theorem 1.2]. Let p be a Drinfeld A-module defined over K
such thatk € K C k and [K : k] < oo. Let ky be the field of fractions of Ay. For each € € Gal(K*? /K),
let g € GL,(Ap) be as in (4.1.1). Then, the assignment € — g, induces a group homomorphism

Bo : Gal(K*/K) — Ty, (Ap) := GL, (A) N Ty, (ky).

Note that in the case of p = ¢, Theorem 4.1.2 was first proved by Chang and Papanikolas [2012,
Theorem 3.5.1].
For the remainder of this subsection, we fix n > 0. By [Namoijam and Papanikolas 2024, Proposi-

tion 5.27], we have that, for z = [zo, . . ., zx]",

Expp, ,(2) = [Exp,(20). - - .. Exp, (zn)]". (4.1.3)
For u € K, set

); :=1[0,...,0,u,0,...,0]" =€ K"+, (4.1.4)
where u is in the j-th entry and all other entries are 0. By (4.1.3), using the A-basis {A1, ..., A} of A,

an A-basis of the period lattice Ap,, of P, p is

{M)j:1<i<randl1<j<n+1}.
We define

Ai
Xim :=Exp,| 2oy

foreach 1 <i <r and m > 0. By (3.1.3), the Anderson generating function f;(t) := f,(t) of p with
respect to A; is

o.¢] o.¢]
)\‘.
fin=> Expp<9m;l)rm = timt" € TNK*P[1].

Foreachl <i<rand 1 <j<n+1weletg ;({):=Gq,, () denote the Anderson generating function
of P, p with respect to (A;) ;. Then, by (3.1.3) we have

Gij () =Y Expp,((d(Pyp)) ™" () )t" € T N K],

m=0
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Observe that in (3.2.5), the subdiagonal entries of d(P,p), are —891 (0). Also, (—1)°d5(0) =0 for ¢ > 2.
Moreover, the e-th subdiagonal entries of d(P, ,0),_1 are (—1)¢dg (6~1) and so, by the product rule of
hyperderivatives, for 4 € Z we have
gh
G 6"
2.ph Lghy ph
dppi=| Y THODY

(=D"p©O" - e 330" —95(6M) 6"
Note that for m > 0 and ¢ > 1, we have (—1)¢35(0~""!) = (m+c)9_’”_1_c. Then, it follows by using

¢
(4.1.3) that
-

o.¢]
m+1 m+m+1—j)
gl,j(t) = Z(O’ DRI 0, Xi,ms < 1 )Xi,m—&-l, e ( n+1_j / )(Xi,m-‘r(n-i-l—j))) tm

m=0

00 00 m o m i
B ' - 1 . —(n+j—1)
_<0,...,0,ZX;,ml‘m,ZXt,m(1>tm v Z X”m<n+j_l)tm : > .
m=0 m=1 m=n+1-j
Thus,
1 n+1—j T n+1
Gi,j()=(0,...,0, f;, 0, (f),.... 0 (f)) eT*h (4.1.5)

For our purpose, we consider the Galois group I'y, , and its principal homogeneous space Zy,, , as in
Section 2.3, and we prove the following result.

Theorem 4.1.6. Let p be a Drinfeld A-module defined over K such that k € K C k and [K : k] < oo,
and for n > 0 let P, p be its n-th prolongation t-module. Let ky be the fraction field of A,. For each
€ € Gal(K*?/K), let g. € GL,(Ay) be as in (4.1.1). Then, the assignment € > d; ,11[g¢] induces a

group homomorphism
,Bn : Gal(KseP/K) — F\y},w (Ap) = GL(n+1)r (Ap) N F\PP;«,,D (kp)

We follow the methods used in [Maurischat and Perkins 2022]. Let Fq denote an algebraic closure of
[, inside K and let ¢ € Fq be a root of p. We define the [K-algebra map D, : T — K[ X]] by

o0
g Y ()= X™.
m=0
By [loc. cit., Lemma 2.2], the map D; : A — K[ XT]] extends to an isomorphism D, : A, — F,(O)[X].
The Galois group Gal(K*?/K) acts on K**P[[X] by acting on each coefficient. We now consider the

Galois action on Anderson generating functions of P, o and their Frobenius twists.

Proposition 4.1.7 (cf. [Maurischat and Perkins 2022, Proposition 4.2]). Foreach € € Gal(K*P/K), let g, €
GLr(Ap) be deﬁned asin (4.1.1). Let G .= [gl,l, ey gr,l, ey gl,n_H, ey gr,n_H]T (S Matr(n+1)xn+1(T).
Then,

G(Dg (g)) = De({)(dt,n+l [ge]) : De(g‘)(g),
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where

(D¢ () = [(D (G1.1)s - - -+ €(De(Gr1))s - - -, €(De(Grons1))s - - -, €(Dg (Grns)]-
Proof. Note that by (4.1.5), the j-th columnof Gfor 1 <j<n-+41is

B (s 8 T 8 T s fis ey £ 0, 01T € TTOED,

Then, for my, m € Nand 1 <i <r, since 3" (/"> (f;)) = (" 1""2)3" "™ f;), the result follows by using

[Maurischat and Perkins 2022, Lemma 4.1]. " |
Proposition 4.1.8 (cf. [Maurischat and Perkins 2022, Proposition 5.1]). For 1 <i, j <r, define Y €
Mat, (T) so that Y;; := fi(j_l)(t) as in (3.3.1). Then, for any € € Gal(K*®/K) and g. € GL,(Ay) as in
(4.1.1), we have
€(Dy (dr 11 Y1) = Dee) @i nt1[8e]) - Deey (@i ns1 [TTD)
and
€(D; (We,p)) = De(ty (Wr,p) - Deir) (drnt1lge) ™

Proof. Since Frobenius twisting commutes with hyperdifferentiation with respect to z, we see by using
(4.1.5) that for 1 < j <r and 0 < ¢ <n, the ({r+j)-th column of d; ,, 1 [TD]is given by the j-th Frobenius
twist of the (£+1)-th column of G. Moreover, by (3.3.3) we have Wp,, = dt,n+1[V]_ld,’nH[T(])]_].
Then by using Proposition 4.1.7, the results follow by a straightforward adaptation of the proof of [loc. cit.,
Proposition 5.1]. U

By an abuse of the notation D, we consider the homomorphism D; : T ® 4 Ay, — K[X] defined by
Y & ®bi—> Y D) Dp(bi).
i i

Note that D, is injective on T, and so it extends to L @7 (T ®4 Ap) = L ® kp, that is, to a ring
homomorphism
D; : L@ ky — K(X)).

Proof of Theorem 4.1.6. Let S C KP*'(¢)[Y, 1/ det Y] denote a finite set of generators of the defining
ideal of Zy,, , where K Peris the perfect closure of K in K. Then, for any & € S, we have h(Wp,,) = 0.
If Wp, - d; ny [ge]_1 € Zyy,,(K((2))), then by Theorem 2.3.1 we have d; ,+1 [gé]_1 € prnp(kp). Thus,
to prove our result, we will show that A(Wp,, - d; 4 l[ge]_l) = 0 for every h € §. The proof follows
by a straightforward adaptation of the proof of [Maurischat and Perkins 2022, Theorem 1.2], but for
completeness we provide a proof.

For h € §, let hy € K(X))[Y, 1/ detY] denote its image after mapping its coefficients via the map 25;.
Then,

D (h(¥p,p - di 11817 ")) = he (De (Wp, ) - De (dr nr1lge] ™))
= h¢ (€(De-1()(Wp,))) = €(he-1(0)(De-1(y (p, )
= €(De-1() (h(¥p,,))) =0, (4.1.9)
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where the second equality is by Proposition 4.1.8 and we obtain the third equality since the coefficients of &
are in KP® (). Since ¢ is an arbitrary root of p, it follows by [Maurischat and Perkins 2022, Lemma 5.3]
that h(\anp 'dt,n+l[ge]_l) =0. 0

4.2. Elements of I'p,m,. Let p a Drinfeld A-module of rank r defined over k*P, and consider the
t-motive M, associated to p (see Section 3.1). In this subsection, for n > 1 we study the structure of
the Galois group I'p, a1, of the n-th prolongation ¢-motive P, M,,. We let End7(P,M,) denote the ring of
endomorphisms of P, M, and set K, := End7(M,). If the entries of m € Mat,,1(M,) form a k(1)-basis
of M,, then the entries of D,m form a lg(t)—basis of P,M, as in (2.5.1). Given h € End7(P,M,), let
He Matr(,,+1)(l€(t)) be such that h(D,m) = HD,m. Since ho =oh and ®p,, =d; ,4+1[P,], we have

dini1[®,JH=H"V4d, , 1[D,].

From this, we see o fixes d¢ n+1 [\Ilp]*lHd,,nJr] [W,], and thus d; ;41 [\IJp]*lHdt,nH [V,]eMat,,41)(k).
We have thus defined the injective map
End7(P,M,) — End((P,M,)?) = Mat, (,1,(k),
h> 0P =d; 1 [V,]7 Hdy i [, 4.2.1)

Since the tautological representation @, : I'p,p, — GL((P, Mp)B ) is functorial in P, M,, [Papanikolas
2008, Theorem 4.5.3], for any k-algebra R and u € I'p, m,(R), it follows that we have the following
commutative diagram:

R(w)
R® P, M,)E 25 R @y (P, M,)5

ll@hg ll@h’* 4.2.2)

()
R®x (P, M,)8 25 Ry (P, M,)5

Proposition 4.2.3. Given f € K,, let F € Mat, (k(1)) satisfy f(m) = Fm. Also, forn > 1 let h €
End7(P,M,) be such that h(D,m) = HD,m, where H = (H;;) € Matr(nﬂ)(lz(t)) and each H;; is an
r xr block for1 <i, j <n+1. Then:

(a) For n > 1 there exists g € End7(P,M,) such that g(D,m) = d; ,1[F1D,m.

(b) For 0 < j <n—1, the matrix H; := (H,,) € Mat,(jﬂ)(lz(t)), jtHl<u<n+1, 1<v<j+1,

formed by the lower left r(j + 1) x r(j + 1) square of H represents an element of Endr(P; M,).

Proof. For part (a), since fo = of, we have ®,F = F=V®,. Since multiplication by o on P, M, is
represented by ®p, , = d; ,4+1[P, ], the proof of (a) follows from the observation that

dy w1 [®p)dr 1 [F1 = dy n 1 [F1 7V, 1 [ D, ].
For part (b), using d; ,4+1[P,]H = H(_l)dt,nH[CI)p] and the definition of d-matrices, we see that, for
0 = .] =n-— 1’
dy 11 [®pIH; =H{Vd, 41 [®,],
and the result follows. U
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Foranyn >1and 0 < j <n—1, since P,_; 1M, is a sub-t-motive of P, M,, we have a surjective
map of affine group schemes over k,

nn,j,1 . FPnMp — FPn—j—lMp' (4.2.4)
We are now ready to prove the main result of this subsection.

Theorem 4.2.5. For each n > 1 and any k-algebra R, an element of T'p,p,(R) is of the form

Yo V1 Vn—1 Vn
Yo Y1 Va1
Up = : , (4.2.6)
Y1
Yo

where, for each 0 <i <n, y; is anr x r block. Furthermore, for 0 < j <n — 1, the matrix jt,—j_
Jormed by the upper left r(n — j) x r(n — j) square is an element of Up, . ,m,(R). In particular, the map

f,R,)j,l : FpnMp (R) —» Fpn_j_lMp (R) maps an element ., of FpnMp (R) o the matrix p1,—j_y.

T
Proof. Since the prolongation of an A-finite dual 7-motive is also an A-finite dual ¢-motive, by (2.5.4) for

any n > 1 and 0 < j <n — 1 we obtain a short exact sequence of #-motives
pr,.__

0—P;M, > P,M, —5 P, ; M, —0, (4.2.7)
where pr,,_;_(Dim) := D;_j_ym fori > jand pr,_;_(D;m):=0fori < j and m € My, and ¢ is the
inclusion map. Note that PoM,, = M,, via Dom + m for all m € M,,.

For any k-algebra R, we recall the action of I'p,», (R) on R ®¢ (PnMp)B from [Papanikolas 2008,
§4.5]. Since Wp,, = d; n1[W¥,], the entries of u, := d,,,,H[\pr]_anm form a k-basis of (PnMp)B
[loc. cit., Proposition 3.3.9] and similarly, for 0 < j <n — 1, we have that the entries of u,_;_| :=
d,,n,j[\llp]_an,j,lm form a k-basis of (Pn,j,lMp)B. For any u, € I'p, i, (R) and any a; € Mat;, (R),

0 <i <n, the action of , on (g, ..., a,) - u, € R®k (P,M,)? is
@0, - - an) - drys1 [¥p) " Dym > (ao, ... an) - iy dr i1 [¥,]7 Dy, (4.2.8)
We first restrict the action of 1, to R®g (P, MP)B viathe map ¢in (4.2.7). So, we take ag, . .., a,—j—1 =0

and set M;I = Buw), 1 <u,w <n+1, where each B,,, is an r x r block. By ¢ in (4.2.7), we see that
wn leaves (P; Mp)B invariant and thus

Bn—j+v,l =Bn—j+v,2= cee =Bn—j+v,n—j =0 forl<v<j+1.

Moreover, since the nonzero a; were chosen arbitrarily, we see that the matrix formed by the lower right
r(j+1) x r(j+1) square is an element of T'p,, (R). Varying j from O to n — 1, we see that w;lis a
block upper triangular matrix and that the matrix formed by the lower right r(j + 1) x r(j 4 1) square is
an element of I'p; 5y, (R) foreach 0 < j <n—1.
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We return to arbitrary a; € Mat;,(R), 0 <i <n. We restrict the action of ,, to R®g (P,,— j,lM,,)B via

the map pr,_;_, in (4.2.7). Through pr,_;_;, we see that u, leaves (Pn_j_lMp)B invariant and so the
matrix wu,— ;-1 formed by the upper left r(n — j) x r(n — j) square of w, is an element of I'p,_;_, m, (R).
Varying j from 0 to n — 1, we see that the matrices u,_ ;1 formed by the upper left r(n — j) x r(n — j)
square of u, is an element of Ip,_;_m,(R) foreach0 < j <n—1.

Now, we let 4 € End7(P,M,) be such that for H € Mat, ,41)(k(t)) we have h(D,m) =HD,m. Let
H := (H;y,), where each (H;,,) is an r x r block. For0 < j <n —1, let H; := (Hy,) € Mat,(j+1)(1€(t)),
j+1<u<n+1, 1<v<j+1,be the matrix formed by the lower left r(j+1) x r(j+1) square of
H. Using the definition of d-matrices, we see that the matrix formed by the lower left r(j + 1) x r(j 4+ 1)
square of d; ;41 [\Ilp]*lH din1[Wplisd; 11 [\Ilp]*lHj d; j+1[¥,]. By Proposition 4.2.3(b), we have that
dp j+1 [\I/p]_lHj dy, j+1[W,] is an element in the image of the natural embedding (4.2.1) for the j-th prolon-
gation. Thus, by using the commutative diagram (4.2.2) for the n-th and the (n—1)-th prolongations, we see
that since u, is upper triangular, the matrices formed by the lower right rn x rn square and the upper left

rn X rn square of w, are equal. Comparing each r x r block in this equality, we get the required result. [

4.3. Lower bound on the dimension of T'p,p,. For this subsection, the reader is directed to the Appendix
for details about differential algebra and differential algebraic geometry in characteristic p > 0. We note
that the purpose of the Appendix is for use in this subsection to prove Theorem 4.3.3. For a nonzero prime
p € A, let A, denote the completion of A at p, and let k;, be the fraction field of A,. By the properties
of hyperderivatives (see Section 2.4) we see that (ky, d;), where 0, represents hyperdifferentiation with
respect to ¢, is a d;,-field. Using Theorem 4.2.5, by a slight abuse of notation, we make the choice to let
the coordinates of I'p, , be
Xo X - X,

X = R (4.3.1)
Xy
Xo

where X, := ((Xj)i.j), an r x r matrix for 0 < h <n. We set 3/ (X;) := (3} ((Xp);.;)) and

vee(Xp) == [(X) 115 oo Xn)rts Xid12s oo Xndr2s ooy X1 ooy (Xl
which consists of all entries of X, lined up in a column vector.

Let 0 <« <n. Asin Section A.1, we define k,{Xy, ..., X} to be the d;-polynomial ring over k, with
entries of each X, for 0 </ < « as d;-indeterminates. We also define k,{X), ..., X, 1/ det Xo} to be
the localization of kp{Xo, ..., X} at det Xo. We define kp[ X, ..., X] to be the usual polynomial ring
over k, with entries of each X, for h =0, ..., « as indeterminates, and kp[ X, ..., X, 1/ det X¢] to be
the localization of ky[Xo, ..., X] at det X.

We define the centralizer Centgy,, /x(K)) to be the algebraic group over k such that, for any k-algebra R,

CentgL, /k(K,)(R) :={y € GL,(R) : yg = gy for all g € R®; K, C Mat, (R)}.



Algebraic relations among hyperderivatives of periods and logarithms of Drinfeld modules 1279

By [Pink 1997, Theorem 0.2] and [Pink and Riitsche 2009, Theorem 0.2], the image Im By of the
homomorphism B in Theorem 4.1.2 is equal to Centgr, (4,)(K),) for all but finitely many primes of A.
Therefore, let p € A be a nonzero prime such that Im By = Centgy, ( A, (Kp). Then, by [Chang and
Papanikolas 2012, Theorem 3.5.4] we see that

FMp (Ap) = CentGLr(Ap)(Kp) =Im ,3(). (4.3.2)

Theorem 4.3.3. Fix n > 1. Let p be a Drinfeld A-module of rank r defined over k> and P, p be its
associated n-th prolongation t-module. Let M,, and P, M, be the t-motives corresponding to p and Py p
respectively. Let K, be the fraction field of End(p) defined as in (3.2.2) and suppose that [K, : k] =s.
Then,

. 72
dlIlll—‘pnA/[/7 >+ 1)?

Proof. By Theorem 4.1.6, we see that the Zariski closure Im 8,7 of Im B, is an algebraic subgroup
of I'p, um,. Therefore, our task is to prove that dim(Im B8,%) = (n + 1)r?/s. By [Chang and Papanikolas
2012, Theorem 3.5.4], we have Iy, = CentgL, /k(K,) and dim Iy, = r2 /s. Since the defining polynomials
of Centyar, (k) (K,) = Lie 'y, are homogeneous degree-1 polynomials, let its defining equations be

Z ()i j(X0)ij=0, (by)ijek, u=1,...,r*—r%/s, (4.3.4)
ij=1
which can be written as
B -vec(Xy) =0, 4.3.5)

where we set B to be the (r> — r?/s) x r? matrix of full rank with (by)ij as the u x ((j—1)r—+i)-th entry.
We see that rank B = r2 —dim Iy, = r2—r? /s. Therefore, the defining ideal of 'y, is the ideal generated
by the entries of B - vec(Xy) in k[ X, 1/ det Xg], the coordinate ring of GL, /k.

For 0 < o < n, we define a monomial order on k,{Xy, ..., X} and use the division algorithm [lima
and Yoshino 2009, Proposition 1.9] on it. We denote by Z(fg) the set of all sequences (aj, az, az, ...) of
nonnegative integers such that a; = 0 for all but finitely m_any i > 1. Any monomial in ky{Xo, ..., X4}
can be described uniquely as X? =[] atz((Xh)i,j)(bh’Z)i’j for some

b=(boo,boi...,b10.b1,1,...,b00,ba1,...)€ YAy

>0

where

i = vec(((bn,0)i ) =[Bn) 11 -y Grdrts Gn)12s s Grdrzs - os Gidirs -y bprr]

for 0 <h < a and £ € Z-( such that ((bs¢); ;) is an r x r matrix and (b ¢); ; = O for all but a finite
number of 4, £, i, j. We define a monomial order on kp{Xo, ..., Xo} as in [loc. cit., Definition 1.1] in
the following way:

e we set 3L ((Xp)11) <--- < (Xn)r1) < - < 0((Xp)1,) < < 3E((Xn)rr),
o we set 3 ((Xn)i, ) < T (Xn)iy.jp)s
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¢ ¢
e weset 0, (Xp)iy,j1) <0, (Xnt1)in, )

« we take the pure lexicographic order defined such that X? < X¢ if the leftmost nonzero component
of b — c is negative,

where b, ¢ € 25, €, 01,02 € Z2, i, j, i1, i, j1, 2 €{0,...,r}and 0 < h <«

Let J(Im By) denote the defining ky-0;-ideal of Im By in k,{Xo, 1/ det Xo}, and let D (B - vec(Xy))
denote the d;-ideal in kp{Xo, 1/ det Xo} generated by the homogeneous degree-1 polynomials given by
the entries of B - vec(Xp). Also, let S3(B - vec(X()) denote the radical 0;-ideal in k,{Xo, 1/ det Xo}
generated by the entries of B - vec(X)).

Claim 1. We claim that I(Im By) = D (B - vec(Xy)).

Proof. By Proposition A.1.6, we have D (B - vec(X()) = R(B - vec(Xy)). Clearly, D (B - vec(Xp)) C
J(Im By). To show that T(Im By) € D (B - vec(Xy)), let P € I(Im By) C ky{Xo, 1/ det Xo}. Let (X0)y, o,
denote the leading variable of er =1 (by)i,j(Xo)i,j foru=1,..., r? —r? /s with respect to the monomial
order above. This means that for £ > ¥,,, h > w,, the coefficients (b, )¢ are all 0. Moreover, by clearing
denominators, we may assume that each (b,); ; € A. Thus, the defining polynomials of Im By are now

ﬁll wll
3> i j(Xo)ij=0. (bu)ij €A u=1,....r"=r’/s, (4.3.6)
i=1 j=1

Since the rank of B is full, we may pick (b,); ; so that foreachu =1, ..., r2—r?/s—1

(X0) 00, < (X0)yy 1,041 -

By using the division algorithm [lima and Yoshino 2009, Proposition 1.9], we can write

2 2
re=re/s (ﬁu Wy

P=2 > ZZ(bu)i,j(Xo)i,f)'Z&u+5’
=0

u=I i=1 j=I
where u, is the largest number such that 9;* “((Xo0)9,.»,) Occurs as a variable in P, each z;, is in
ky{Xo, 1/det Xy}, and the remainder S is an element of J(Im fBy) \ D (B - vec(X()). Note that the
variables 8f((X0)19“‘wu) do not occur in S.
Suppose that S # 0. Then, note that there exist « > 0 and m > « such that

S € ky[97 ((X0)1,1) -, 07 (X0)rp)s - - -5 07 (XD 1,1)s - -+, 0 (Xo)r )],

when S is regarded as a usual polynomial in the variables {af((Xo)g,j) e <l<m,1<i,j, <r}overk,.
Suppose 9/ ((X0)v,,v,) for some 1 < vy, vo <r is the smallest, with respect to the above monomial order,
among the variables 9/ ((Xo); ;) occurring in S. We will show that the coefficients of S as a polynomial
in the single variable 0/ ((X¢)y,,v,) over the ring

kpl07 (X0)yy.): 8 (X0)ij) v <y Srva<ya<r 1<i j<ra<t=m]

are in J(Im By) as well.
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We pick v > 1 such that ¢V > m. Consider | € Agv of the form
r2—r?/s

f=g- [] @03 .. 43.7)
u=1

where g € Agv, gl:=0 = 0 and each (b,)y,.», € A is the coefficient of (X¢)y, 4, in (4.3.6). Note that
fl;=0 =0. Then, for « < £ < m by using the product rule for hyperderivatives and Proposition 2.4.1 we have
f forl=uq,

0 fora <l <m.

- =0/a" f= {

For f as in (4.3.7), consider & = (f; ;) € Mat, (A;), where we set f,, ,, =1%-f for (i, j) # (v1, v2), (Du, @Wu),

u=1,...,rr— r?/s, we set fi,j = re ! -f (or §;,; = 0 in the case o = 0), and finally we pick the entries
f9,.00 € Ap foreach u =1,...,r* —r?/s such that
Du—1 wy—1
O o == X Bl )
i=1 j=1

Note that each fy, 4, (=0 = 0. Then, & satisfies (4.3.5), that is,
B -vec(®) =0.

Since §; jl;=0o =0forall 1 <i, j <r, forany € e CentGLr(Ap)(Kp) =1Im By, we see that C+ & € GL, (Ay).
Moreover, € + & satisfies B - vec(& + &) =0, and so

C+6= (Qi,j) € CentGL,(Ap)(Kp) = Im By. (4.3.8)

To prove § = 0, we adapt an argument of Maurischat [2022b, Corollary 6.4]. For any € = (¢; ;) €
CentgL, (a,)(K,) =Im By, consider the polynomial We(Y) € ky[Y] created from S by making the following

assignments to the variables:
37 (X0)v;,v,) = 07 (€uy0,) + Y,

8% ((X0)y1.) = 0 (63y.0)+
3/ ((Xo)i.j) = 8 (ci.})
forvi<y <r, <y <r,1<i,j<r,and o < £ <m. Note that for €+ & in (4.3.8)
37 (@vy,uy) = 07 (Cuyuy 1%+ F) = 97 (o) +,
0 (1y.0) = 0 (Cpypy 1471 = 97 (61.0)

forv; <y <r, v <y, <r,and

0 Cei ) =0 cij +1o71 - =08 i)

2 —r?/s. Thus, since the

fora <€ <mand 1 <i, j <r suchthat (i, j) # (¥,, w,), whereu=1,...,r
variables a,‘f((x 0)9,.0,) do not occur in S, we see that We(f) is equal to the evaluation of § at the element
¢+ & eIm By and so,

We () =0.
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This implies that, for all € € J(Im Sy), the single variable polynomial We(Y) has infinitely many solutions
fe Agv of the form (4.3.7) and so W¢(Y) is identically 0. Note that We (97 ((X0)v,,0,) — 07 (¢v;,0,)) 18
simply the polynomial in the variable 0/ ((X0)y,,v,) obtained from S by letting

A ((X0)yy. ) = 0% (cpipn)s  0E((X0)ij) = 8/ (ci.j)

forvi <y <r, <y <r, 1<i,j<r,and @ <€ <m. Since, for all € € Im Sy,

0= We (97 ((X0)v;,0,) — 07 (€v;,0,)),

this implies that the coefficients of 9 ((X¢)y,.1,) in the polynomial S also lie in J(Im By). If S” denotes
such a coefficient and if 9} ((X¢)q,,4,) 1S the smallest variable with respect to the monomial order above
occurring in §’, then applying to S’ the same process above, the coefficients of 9 ((X0)4,.4,) in the
polynomial S’ also lie in J(Im ). Continuing like this, there is a nonzero element of k, which is an
element of J(Im Bp), which gives a contradiction to Im 8y # @. Thus, S = 0. U

Set
T := ?J%(B -vec(Xp), vec(at1 (Xo) — (X1)), vec(atz(Xo) —(X2)), ..., vec(d; (Xo) — (Xn)))

to be the radical 0;-ideal in k,{X), ..., X,, 1/det X} that is generated by the entries of B - vec(X)),
Vec(at1 (Xo) — (X)), Vec(atz(Xo) —(X2)), ..., vee(9/(Xo) — (X)), which are homogeneous degree-1
d;-polynomials. Then, Proposition A.1.6 implies

T =D (B - vec(Xo), vee(d! (Xo) — (X1)), vee(d>(Xo) — (X2)), ..., vee(d' (Xo) — (X)),  (4.3.9)

the 9;-ideal in k,{Xo, ..., X,,, 1/ det X¢} generated by the set of homogeneous degree-1 0;-polynomials
given by the entries of B - vec(X)), Vec(8t1 (Xo0) — (X1)), Vec(atz(XO) —(X2)), ..., vec(9/"(Xo) — (X,)).
Let J(Im B,) denote the defining ky-0;-ideal of Im B, in kp{Xo, ..., X,, 1/ det Xo}.

Claim 2. We claim that T = J(Im f3,,).

Proof of Claim 2. By Theorem 4.1.6, clearly T C J(Im 8,,). To show J(Im g,) C T, let F € 3(Im B,) C
ky{Xo, ..., Xn, 1/ det Xo}. Note that for 1 < h < n, we have 3/(3"((X¢); ;)) < 8/((X»);.;) and so the
leading monomial of each af(a,h((xo)i,j) — (Xn)i,j) is af((xh),,j). Then, by using the division algorithm
[lima and Yoshino 2009, Proposition 1.9] we see that

r n Mpi,j

F=%"3"%" 050" ((Xo)i;) — (Xn)i.j) - (wn.e)ij + H. (4.3.10)

i,j=1h=1 £=0

where my,; ; is the largest number such that 8;”’1"""((Xh),-,j) occurs as a variable in F, each (wj, ¢); ; €
ky{Xo, ..., X, 1/det X}, and the remainder H = H (Xy) is an element of kp{Xo, 1/ det X}. Note that
for g., Im B,, and Im By as in Theorem 4.1.6, there is a surjective map

Im B, — Im By
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given by d; ,+1[8e] — gc. Moreover we have F(d; ,+1[ge]) =0. Since T € J(Im B,) and

r n Mpi,j
Do (0N ((Xo)iy) — (Xw)ij) - (wa)ij € T
i,j=1h=1 £=0
we obtain from (4.3.10) that H(g.) = 0. Thus, H(Xy) is an element of J(Im By) = D (B - vec(Xp)). This
proves our claim. Therefore, J(Im 8,) = T. U

We are now ready to compute Im j,%.

Claim 3. The defining equations of Im B,% are given by
d; ni1[B]-vee([X,, ..., Xo]") =0. (4.3.11)
Proof of Claim 3. Based on Lemma A.1.5, we can find the defining equations of Im 8, if we determine
T :=TNky[Xo, X1,...,X,,1/det Xo]. (4.3.12)

By the preceding arguments, an element of F € T = J(Im B,°) is of the form (4.3.10), where H €
D (B -vec(Xy)) C ky{Xp, 1/det Xo}. Suppose

r2—r2/s vy

H = Z Z Zcux 8%((bu)l](X0)lj)

i,j=1 u=1 »=0

where v, > 0 and ¢, , € ky{Xo, 1/det X} foreach 1 <u < r?> —r?/s. By the product rule of hyper-
derivatives, we have 3 ((by)i, j(X0)i,j) = Yoweo 07 “((bu)i,j) - 0¥ ((X0):,j), and so rewriting F we have

r n Mpij
F=Y%" (Z > i) -0f (37 (Xo)i ) — (Xn)i )
i,j=1 “h=1 £=0
r2—r /s v, X
+ Z (Z Cue 07 (bu)i, 1) (X0isj+ Y D Cue 07 ((bu)i. )0 (Xo):, j>>>,
= x=1 a=1
where (wy, ¢)i,; € kp{Xo, ..., X, 1/detXo} and my,; j € Zsgfor1 <h<n, 1 <i,j<r.

Suppose that FF € T C ky[Xo, ..., X,, 1/ det Xo]. Then, since H € k,{X, 1/ det Xo}, we obtain

mp.i, j= 0.
Additionally, for each 1 <i, j <r we have

r—r/s v,

Z ZZC”” a% a((b )l]) aa((XO)tJ)+Z(wh O)lj a ((Xo)l])_

u=1 x=1a=1 h=1

From this, we see that v, < n, and for & > v, we have (wy,0); ; = 0. Moreover, since

Uy Uy Uy

ZZcM 8 (bu)i ) (X)) = D 3 Cuy - 8 (i) - 9 (Xo)i. ).

x=1 a=1 h=1y=h
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we have, for 1 <h <v,,

r2—r?/s v,
—h
(wn,0)i,j =— E E Cuy -0 ((bu)i j)-
u=1 y=h

Thus, F € T is of the form

2

r r—rz/s vy v, Uy
F=%" % (Zcm-a;f«bu»,,-)-<Xo>i,,-+22cu,y-a,y"“<<bu),-,j>-<xh>,-,,~)

ij=1 u=1 “x=0 h=1y=h
r—r2/s , v, Uy Uy
—h
= > <Zcu,x-a,”<Bu>-vec(Xo>+ZZcu,y-aZ (Bu>-vec<Xh)),
u=1 x=0 h=1 y=h

where By, is the u-th row of B and each ¢, € ky[Xo, 1/ det Xo]. Varying u from 1 to r> —r?/s and
varying each v, from 0 to n, we see that the ideal in k,[Xo, ..., X,, 1/ det Xo] generated by (4.3.12) is
the same as the ideal generated by

n
{Z 8;’711(]3”) -vee(Xy), u=1,..., P2 r2/s},
h=0
which can be written as

dini1[B]-vee([X,, ..., Xol"),

where we define vec([X,,, ..., Xo]") :=[(vec X,)T,..., (vec Xo)"]". Since, by its definition, d; ,+1[B]

is a block upper triangular matrix with all diagonal blocks equal to B, we have that
rankd; , .1 [B]> (n+1) -rank B = (n+ 1) - (r> — r?/s).

Also, since d; ,41[B] is an (n+1) - (r? — r2/s) x (n+1) - r? matrix, we have that rank d; ,41[B] <
(n+1)-(r>—r?/s) and so rank d; ,, | [B] = (n+1) - (r> —r?/s). Since rank d, , [ B] is full, we see that

dyn1[B]-vee([ Xy, ... Xol) =0
are the defining equations of Im f,%. (]

Since each (b,);; is an element of k, we see that each entry of d; ,1[B] is an element of k and so,
Im B,7 is defined over k. Moreover,

dimIm 8,2 = (n+1) -r> —rankd, , .1 [Bl= (n+1)-r> —(n+1)- (r> —=r?/s) = (n+1)-r?/s, (4.3.13)
which gives the desired result. O

4.4. Upper bound on the dimension of Tp, M, Recall from Theorem 4.2.5 that for any k-algebra R and
n > 1, an element w, of I'p,p,(R) is of the form as in (4.2.6).
Note that by (4.2.4), we have a short exact sequence of affine group schemes over k,

1= Qu— oy, 2 Tp, oy — 1, (4.4.1)
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where, by Theorem 4.2.5, n,gR_)l : Tp,m, (R) = Tp,_ ar, (R) maps w, to the matrix u,—; formed by the
upper left rn x rn square. Consider

Id- 0 --- 0 v
Id. O 0
v = o € Gl (R), (4.4.2)
0
1d,
where v € Mat, (R). Then, an element of Q,(R) is of the form (4.4.2). It can easily be checked that
Id, 0 -~ 0 yvyy!
Id 0 --- 0
vyt = TR . (4.4.3)
' 0
Id,

Note that PoM,, is simply M), via the map Dom > m for all m € M,, and so M, is a sub-z-motive of P, M,.
Thus, similarly, by (4.2.4) there is a surjective map of affine group schemes over k,

o :Tp,m, = 'y,

where, by Theorem 4.2.5, n(()R) :Tp,m, (R) = Ty, (R) is the map given by w, > yp. Thus, via conjugation
there is a left action of 'y, on Q, given by (4.4.3).
Set K, := End7(M,) and for a k-algebra R define

Centyay, /k (Kp)(R) :={y € Mat,(R) : yg = gy for all g e R®; K, C Mat, (R)}.
Lemma 4.4.4. Forn > 1,letv € Q,(R) be as in (4.4.2). Then,
v € Centyay, /k (K) (R).

Proof. The entries of u, = d,,n+1[\llp]_1Dnm form a k-basis of (PnMp)B (see [Papanikolas 2008,
Proposition 3.3.9]). Recall the action of I'p,,(R) on R ® (PnMp)B from [loc. cit., §4.5] (see also
(4.2.8)) as follows: for any u, € I'p, M, (R) and any a; € Mat;,(R), 0 <i < n, the action of u, on
(ao, ..., an) -u, € Ry (P,M,)8 is

TR () 1 (@0, . an) drpy 1 [¥,] 7 Dym > (ap, . .., an) -, dy i1 [¥,17 Dy (4.4.5)

Given f € K,, let F € Mat, (k(1)) satisfy f(m) = Fm. By Proposition 4.2.3(a), for n > 1 there
exists g € Endr(P,M,) such that g(D,m) = d; ,1[F] D,m and so, d,,,,H[\I’p]_ld,,,,H[F] di n1[W,] =
di nt 1[\11;1F\11p] is an element in the image of the natural embedding (4.2.1). Then by (4.4.5) and the
commutative diagram (4.2.2), we have

drn1 [, FYp 1Y = vdy 41 [V, FW, ).
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This gives
v 'FW,0 = 0¥, 'FY,
and the desired result follows. U

Theorem 4.4.6. Let p be a Drinfeld A-module of rank r defined over k°° and, for n > 1, let P, p be its
associated n-th prolongation t-module. Let M,, and P, M, be the t-motives corresponding to p and Py, p
respectively. Let K, be the fraction field of End(p) defined as in (3.2.2) and suppose that [K, : k] = s.
Then dim Ip,m, <(n+1)- r2/s.

Remark 4.4.7. The author thanks the referee for sharing the ideas of the following proof, which is an
improvement on the ideas used in a previous proof the author obtained. The author’s previous proof
required a lemma proving smoothness of Q. This is no longer required and has been removed.

Proof. By Proposition 3.2.3 and Remark 3.2.4, we see that [K,, : k] = s and so, Centya, /x(K)) is an
additive group scheme of dimension r? /s over k [Farb and Dennis 1993, Theorem 3.15(3)].

As Q, is defined as the kernel in (4.4.1), O, is a closed subgroup of I'p, M,- Consider the closed
immersion Mat, /k < GL,+1) /k defined by v — v, where v is of the form (4.4.2). Note that 0, C
GL(n+1)r /k is isomorphic to its preimage under this closed immersion. Thus, Q, is closed in Mat, /k, and
hence closed in Centyay, /& (K,) by Lemma 4.4.4. This implies that dim Q,, < dim Centya, /£ (K,) = r? /5.

Now, by (4.4.1) our task is to prove that dim Q, +dimI'p,_,y, < (n+ 1) -r2/s, which we show by
induction. For the base case n = 1, since dim I'y;, = r?/s [Chang and Papanikolas 2012, Theorem 3.5.4]
we see that dim QO +dim Iy, < dim Centya, /x(Kp) +dim Ty, =2 - r2 /8. Suppose we have shown that
dimDp,_p, <n- r2 /s. By the same argument as in the base case, we obtain

dim Q, +dimI'p,_, y, < dim Centyga, jk (K,) +dimTp,_ p, = (n+ 1) - r%/s. a

Corollary 4.4.8. Let p be a Drinfeld A-module of rank r defined over kP and, forn > 1, let P, p be its
associated n-th prolongation t-module. Let M, and P, M,, be the t-motives corresponding to p and P, p re-
spectively. Let Im B, be the Zariski closure of Im B, where By, is as in Theorem 4.1.6. Let K o be the frac-
tion field of End(p) defined as in (3.2.2) and suppose that [K , : k] =s. Then dimT'p, », = (n+1) -r?/s and

ImB,”/k =Tp,u,.

Proof. We obtain dimT'p, p, = (n + 1) -r?/s by combining Theorems 4.3.3 and 4.4.6. By (4.3.13) we see
that dim Im ﬁnz =dimI'p, M, Then, since I'p, M, is connected and smooth by Theorem 2.3.1(b), we have
Im B,% /k = Tp,u,. O

Remark 4.4.9. By Corollary 4.4.8, we see dim Q,, = dim Centyy, /x (K,). Since the defining polynomials
of Centmay, /& (K,) are degree-1 polynomials, it is connected and smooth. Thus, Q, = Centya, /& (K)).
4.5. Algebraic independence of periods and quasiperiods. The following result proves Theorem 1.1.3.

Theorem 4.5.1. Fix n > 1. Let p be a Drinfeld A-module of rank r defined over k**P and P, p be its
associated n-th prolongation t-module. Let K, be the fraction field of End(p) defined as in (3.2.2) and
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suppose that K, is separable over k. Let M, and P, M, be the t-motives corresponding to p and Py p
respectively. Then, tr.degg IE(\Dpnp(Q)) =n+1) -r2/s, where s = [K,, : k). In particular,

n r—1 r

tr.deg; ’Q(U UU®, FaG, 850, ag(Fﬂ(A,-»}) — (1) rs.

s=1i=1 j=1

Proof. By Theorem 2.3.2, we have dim I'p,m, = tr.deg; IE(\IJpnp lr=6). Since Wp, , =d; ,41[V¥,], the result
follows from Theorem 3.4.1 and Corollary 4.4.8. O

5. Hyperderivatives of logarithms and quasilogarithms

In this section, we prove Theorem 1.1.4 (restated as Theorem 5.4.4) and Corollary 1.1.5. We fix a Drinfeld
A-module p of rank r defined over k*P and an A-basis {A1,...,A,} of A, as in Section 3.2. Let M,
be the t-motive associated to p along with a fixed k(r)-basis {mi, ..., m,} C M,, multiplication by o
given by ®, as in (3.2.1), and rigid analytic trivialization ¥, as in (3.3.2). For each n > 0, let P, M,
be the 7-motive corresponding to the n-th prolongation P,p of p as in Section 3.2. Note that PoM, is
simply M, via the map Dom +— m forallm e M,. If m = (my, ..., m,) T, then a lz(t)—basis of P, M, is
given by the entries of D,m € Mat,1)-x1(P,M,) (see (2.5.1)) such that multiplication by o is given
by ®p,, =d; n+1[P,] (see (2.5.2)) with rigid analytic trivialization Wp,, = d; ,4+1[W,] (see (2.5.3)). We
also set K, :=End7(M,) and let K, denote the fraction field of End(p).

5.1. t-motives and quasilogarithms. Given u € K such that Exp,(u) = o € k%°P, let f,(t) be the
Anderson generating function of p with respect to u given as in (3.1.3). Then, for n > 1, we see
that the Anderson generating function of P,p with respect to u,, := [u, 0, ..., 0]" e KMt is Gu, (1) =
[fu(®), 3} (fu @)y - .., 3P (fu()]T (see (4.1.5)). Moreover, by (4.1.3),

Expp ,(u,) = [Exp, @), 0,...,0]" =[a,0,...,0]" € (k*P)"*.

We define
— w1 OO+ £V i £ 1)
eI O R S Al O E Sy P 3)
sa = | =LV O+ TV RV O 6P L7 0) | e Maty e, (D),
— D@
and let hy , := (o, 0,...,0) € Mat;«,+1)-(k*P). Let Fs be the quasiperiodic function associated to

p-biderivation §, where 6; = k74 - Ak T kT = pr —6. Then, by [Brownawell and Papanikolas
2002, Proposition 3.2.2] (see also [Namoijam and Papanikolas 2024, Proposition 4.3.5(a)]) we obtain

—u+a=Fsw)=k1 fPO) +- -+ k1 LTVO) + 1, £ ). (5.1.1)
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We now define the pre-f-motive Y, , of dimension (n + 1)r + 1 over k(z) such that multiplication by o

is given by
) 0 -
cDot,n = <thp 1) € Mat(n+1)r+1(k[t])-
a,n
If we set gy.n := (Sq, a,‘ (S¢), ..., 0/ (5¢)), where the hyperderivatives are taken entrywise, then we have

-1
g(gt,n )q)Pnp = g()(,n + ha‘n- We Set

WUp 0
Wy 1= nP Mat ¢ 1y,41(T
o (ga,n\I"Pn,O 1) & ey +1( )

to obtain lI’(S,,_,,l) = Dy , Wy n- Thus, Y, , is rigid analytically trivial. The reader may consult [Namoijam
and Papanikolas 2024, Lemma 5.65] for motivation behind the construction of g, , and kg ,.

Proposition 5.1.2 (cf. [Papanikolas 2008, Proposition 6.1.3]). The pre-t-motive Yy, is a t-motive.

Proof. Set N .= Matlx(n+1),+1(l€[t]) and let e :=[eq, ..., e(n+1)r+1]T be its standard lg[t]—basis. We
give NV a left k[t, o ]-module structure by setting oce = (t —0) P, ne. Let C be the A-finite dual #-motive
associated to the Carlitz module € (rank-1 Drinfeld A-module) given by €, =6 +1 and let C := k(H® i€
be the corresponding pre-t-motive. We obtain the following short exact sequence of k[z, o ]-modules:

0 — C ®py PaM, = N — € — 0. (5.1.3)

Since C and C Qg PnM, are finitely generated left k[o ]-modules, it follows from [Anderson et al. 2004,
Proposition 4.3.2] that N\ is free and finitely generated as a left k[o]-module. Since C Ok P, M, is an
A-finite dual r-motive, we have

(t— Q)UI « ®1}[;] PnMp) Col(C ®12[;] PnMp)

for some v; € N. Moreover, (f —0)C = oC and so, by (5.1.3) we obtain (t — 0)?N C o\ for v; € N
sufficiently large. Thus, we see that A is an A-finite dual z-motive. Then, it follows from the discussion
in [Papanikolas 2008, §3.4.10] that Y, , is a -motive. O

5.2. Nontriviality in Ext%—(l, P,M,). We continue with the t-motive Y, , from the previous subsection.
Let 1 denote the trivial object of the category 7 from Section 2.2. Note that Y, , represents a class in
Ext’-(1,P,M,). Suppose e € End7(M,) and let E € Mat, (k(¢)) be such that e(m) = Em. If we set

0--- 0 E
L0 0 _
E:= .| e Matggy (k(2)), (5.2.1)
0

then one checks easily that E represents an element e of End7(P,M,). For classes Yy and Y; in
ExtlT(l, P, M,), if multiplication by o on suitable k(t)-bases are represented by

Pp,, 0 and Pp,, 0
v 1 v, 1
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respectively, then their Baer sum in ExtlT(l, P,M,) is achieved by the matrix

Pp,, 0
v+, 1)°

Moreover, we see that multiplication by o on a k(¢)-basis of the pushout e, Y; is represented by

Pp,, 0
le 1)
Note that if [K, : k] = s, then {A1, ..., A, } span a K,-vector space of dimension r/s.

Theorem 5.2.2. Suppose uy, ..., u, € K such that Expp(ui) =o; € kP for each 1 <i < w and
dimg, SpanKp()q, cos A UL, o Uy) =1 /s +w, where [K, c k] =s5s. Forn > 1, weletY;, ==Y, ,
be defined as in Section 5.1. Then, for ey, ..., e, € K,, not all zero, S := e1,Y1, + -+ ey Yy n is
nontrivial in ExtlT(l, P,M,), where each e; € End1(P,M),) corresponds to e; as in (5.2.1).

Proof. We adapt the ideas of the proof of [Chang and Papanikolas 2012, Theorem 4.2.2]. For each
l1<i<w,weleth;,:=hy,and g, := g4.n FIXE; € Mat, (k()) so that e;(m) = E;m for each
1 <i <w. Then ¢;(D,m)=E;-D,m, where E; is as in (5.2.1) with E; = E. By choosing an appropriate
k(t)-basis s for S, multiplication by o on s is represented by

. cDPnP 0 A
Gy = (ZZ_UZI hi o E, 1) € GL(u41)r+1(k(2)),

and a corresponding rigid analytic trivialization is represented by

Yp 0
Yo = npP
g (Z;ﬂ:l ginEiWp,, 1

Suppose on the contrary that § is trivial in ExtlT(l, P,M,). Then, there exists another k(t)-basis s’ of S
such that os” = (®p,, ® (1))s’, where ®p,, @ (1) is the block diagonal matrix with ®p,, and 1 in the
diagonal blocks and all other entries are zero. If we let

Id(u41)r 0) =
= e GL k(t)),
14 (J/o-"J/n 1 n+Dr+1(k(1))

) € GLu41yr+1 (D).

where y; := (y;1, ..., yj,) for each 0 < j < n be the matrix such that s’ := ys, then we obtain
y TPds = (Pp,, & (1)y. (5.2.3)

Note from [Papanikolas 2008, Proof of Proposition 3.4.5] that all denominators of entries of y are
in A and so in particular, for each 0 < j < n, the entries of y; are regular at r = 0, 09, 9‘12, .... Using
®p,, =d; n+1[P,1, the (n+1)r+1, (n—j)r+1)-th entry of (5.2.3) foreach 1 < j <n is

=
.

1) qn—j—h —r
v V8 T @ -0 k) = vt
0

>
Il
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and the ((n+1)r+1, nr+1)-th entry is

n w
Y v =0/ 4D B = Y.

h=0 i=1

For each 0 < j < n, applying (—1)1‘8}( -) to the ((n+1)r+1, (n—j)r+1)-th entry and then adding them
(we also use the product rule of hyperderivatives and the property 9/9,” (f(t)) = (”J;w) e T f(@))), we
obtain

Y 0T e ) V=0T Y B = Y (=178 (). (5.2.4)
j=0 i=1 j=0

Specializing both sides of this equation at t = 8, we obtain

=170 i) O) =Y i (B 11(6). (5.2.5)
i=1

j=0
By (5.2.3), we also have (y W)™V = (®p, , @ (1)) (y Ws) and so by [Papanikolas 2008, §4.1.6], for some

Idn Dr 0
5= (30(..+. 5 1) € GLuryr+1(K),

where §; := (8;1,...,4;,) foreach 0 < j <n, we have

yWs = (Wp,, & (1)S. (5.2.6)

Since Wp,, = d; 41,1, by applying to (5.2.6) the same methods applied on (5.2.3) to obtain (5.2.4), it
follows that
S EDH o)+ ) siBi=) (=173 8w, (5.2.7)
j=0 i=1 j=0
where for S,j (¥n—j) and a,f (8,—), the hyperderivatives are taken entrywise. Since for each 1 <i < w the

first entry of s;(0) is u; — «; by (5.1.1), using [Chang and Papanikolas 2012, Proposition 4.1.1(b)] and
specializing both sides of (5.2.7) at t = 6, we see that

Y DI sy DO + D i — ) ED 1 @) ==Y Y (=18 Gaejn) (@),

j=0 i=1 m=1 j=0

and so from (5.2.5) we have

r n w
DN =170 Gujun) Odm + Y (ED11(O)u; = 0.
m=1 j=0 i=1
Since ey, ..., ey are not all zero, E; is nonzero for some 1 <i < w. Moreover, by Proposition 3.2.3 we
see that K, = K, and so E; is invertible. By [loc. cit., Proposition 4.1.1(b),(c)] we get (E;)11(0) € pr
and thus we get a contradiction to the assumption that {u1, ..., u,} is K,-linearly independent from each
other and is K ,-linearly independent from {Ay, ..., A, }. U
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5.3. Construction of the t-motives Y and N,,. In this subsection, we construct a ¢-motive that is suitable
for the investigation of the hyperderivatives of logarithms and quasilogarithms of the Drinfeld A-module p
and the study of its Galois group. Suppose that we have uy, ..., uy, € KK with Exp,(u;) = o; € k> for
each 1 <i <w. Forn>0,welethy, :=hg, », 8« :=8a;jns Yin :=Yuo;ns Pip:i=Pg, nand ¥, , =W, ,
defined as in Section 5.1. The matrix ¥, := @;":1 W; , is arigid analytic trivialization for ¥}, := @;":1 Yin

Define the #-motive N, such that multiplication by o on a lz(t)—basis is given by @y, € GL (14 1)rw+1 (IE (1))
along with rigid analytic trivialization Wy, € GL¢;,1)rw+1(T) such that

(DPn P ‘Ian P

by = and Yy = . 5.3.1
N q)Pn;O N \Ianp ( )

hal haw 1 gﬁll\anP gaw\ljpnp 1
Similar to n = 0 case [Chang and Papanikolas 2012, §5.1], N, is an extension of 1 by (P, M,)" which
is a pullback of the surjective map Y,, — 1" and the diagonal map 1 — 1%. Thus, the two 7-motives Y,
and N, generate the same Tannakian subcategory of 7 and hence the Galois groups I'y, and I'y, are
isomorphic. For any k-algebra R, an element of I'y, (R) is of the form

7
V= - : (5.3.2)
"
V] vy 1
where i € I'p,p, (R) and for each 1 <i < w we have v; = (v;1, - .., Vi n+1) such that v; , € G, (R) =

Mat; ., (R) for each 0 < h < n. Since (P,M,)" is a sub-t-motive of N,, we have the following short exact
sequence of affine group schemes over k:

1= X, — [y, 2 Tp,a, — 1, (5.3.3)

where JT,ER) : Iy, (R) = T'p,n,(R) is the map v — p (cf. [loc. cit., p. 138]). It can be checked directly
that via conjugation (5.3.3) gives an action of any u € I'p, p, (R) on

Idg 11y,

v= € X, (R
Id(n+l)r n( )

up ce 7 1
given by
Id+1)r

-1
vy = . 534
Idgg1)r ( )

wip” e wpt

For n > 0, recall from (2.5.1) that if the entries of m € Mat, 1(M,) form a k()-basis of M,, then the
entries of D,,m form a Iz(t)—basis of P,M,. Let [D,m",y]" be a lz(t)—basis of N,. Then, the entries of
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\Il,;nl [D,m", y]" form a [, (t)-basis of Nf [Papanikolas 2008, Proposition 3.3.9]. By construction, P; M,
is a sub-t-motive of N, for each 0 < j <n — 1 and we have a short exact sequence of t-motives
Pr,_;_

0—PjM, > Ny —L5 N,_j_1 — 0, (5.3.5)
where Pr,_;_1(Dym) := Dp_;_ym for h > j, Pr,_;_1(Dym) := 0 for h < j and m € M,, and
Pr,_;_i(x) := x for x € N,/P,M,. Thus, as t-motives N,/P;M, = N,_;_; and so, N,_;_; is an
object in the Tannakian category 7y,. Therefore, we have a surjective map of affine group schemes
Iy, = Iy,_;_,- We now determine this surjective map. For any k-algebra R, we recall the action of 'y, (R)
on R ®; N,f from [Papanikolas 2008, §4.5] as follows: for any v, € I'y, (R), b € R and a;, € Mat; «,(R)
where 0 < h < n, the action of v, on (ag, . .., a,, b) - \Ilj;nl[Dan, yIT € Rk NEB is

(@0, ... @y, b) - Wy [Dym™ ¥ = (ao, ... an. b) - v Wy [Dym T, y]". (5.3.6)

Note that \IJ;/nl [D,m", Y17 = [(d; n41[¥,1"'D,m)T, — gy Dym + 17 by the definition of Wy, (see
(5.3.1)). We restrict the action of v, to R ® Nf,j,l via the map Pr,_;_ in (5.3.5). Note that an element
of I'y, (R) is of the form
()
w, 1/’

where p, € I'p, m, (R) and wy, = (w, . . ., wy) such that each wy, € G (R) =Mat;,(R). Through Pr,,_;_1,
we see that v, leaves Nf_ i invariant and so for
0
Vv, = (Mn ) € FNn (R),
w, 1
we obtain

0
Voo j1 = (Mn il 1) €Ty, (R), (5.3.7)
Wy—j—1

where 1, ;1 is the matrix formed by the upper left r(n—j) x r(n—j) square of w, and w,_;_; =
(wo, ..., w,—j—1). Note that by Theorem 4.2.5, we have wu,_;_| € Ip,_;_m,(R). Thus, the surjective
map E,—j—1: Iy, > I'n,; is given by (cf. [Chang and Papanikolas 2011, Proposition 3.1.2])

=®R)

Sn—j—1 Vp = Vp—j—1. (538)

Lemma 5.3.9. Letn > 1. If K, is separable over k, then X, in (5.3.3) is k-smooth.

Proof. We adapt the ideas of the proof of [Chang and Papanikolas 2011, Proposition 4.1.2] and the proof of
a lemma from a preliminary version of [Chang and Papanikolas 2012] (Lemma 5.1.3: arXiv:1005.5120v1).
By [Springer 1998, Corollary 12.1.3] it suffices to show that for n > 1, the induced tangent map drx,, at
the identity is surjective onto Lie I'p, M,- We prove this for w = 1 as the argument used in this case can be
applied in a straightforward manner to prove the arbitrary w case. We leave this task to the reader. Since
K, is separable over k (by hypothesis, Proposition 3.2.3, and Remark 3.2.4), we see from [Chang and
Papanikolas 2012, Corollary 3.5.6] and [Waterhouse 1979, p. 61 Problem 14] that through conjugation by
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some J € GL, (k°P), we have an isomorphism

~

)
T, <k Kp = [ [(GLys /K,
i=1
where
s GL, s

[ [GLys /K )i =

i=l1 GL, /s
and (GL,/s /K); is the canonical embedding of GL, /s /K, into the i-th diagonal block matrix of GL, /K ,.
Making a change of basis, we obtain

N
Ty, xkk = [ J(GLys /h);.
i=1
For n > 1, it follows that via conjugation by d; ,+1[J] € GL(y 1), (k*P) on I'p, y,, we obtain I_‘pn M, an
algebraic subgroup of GL ;1) / k, such that there is an isomorphism

FpnMp Xklz i) l:PnMp- (5310)

Let (@;”:1 ds n+1 [J]) @ (1) € GL(+1)rw+1(k*P) be the block diagonal matrix with d; ,41[J] in the first
w diagonal blocks and 1 in the last diagonal, and all other entries are zero. Then, via conjugation by
(@;”: 1dint1lJ ]) @(1) on I'y, we obtain r ~, such that we have an isomorphism I'y, x kl:t = I_‘Nn. Moreover,
I:N,, is an algebraic subgroup of GL (4 1)rw+1 /I:t such that 77, : I_*Nn — l:pnMp induced by 7, in (5.3.3) is
surjective. Thus, we are reduced to proving that the induced tangent map d, : Lie Ty, — Lie T'p, M, 18
surjective.

First we determine I_‘pn M,- Recall X, the coordinates of I'p, M, from (4.3.1). Since d; ,,+1[J] and its in-
verse are block upper triangular matrices, similar to X we make the choice to let the coordinates of I'p, , be

Yo Y, --- Y,
Yo .o

Y = 0 ) ,
.. Yl
Yy

where Y, :=((Y});;), an r xr matrix for 0 <h <n. Then, by construction we have X =d, ,, 1 [J1Y d; 11 (!
and so for each 0 < w <n, we obtain

Xy= ), Z'ja;“l"’a)-sz-(af’a))—l,

witwr=w h=0
wi,w2>0

where the hyperderivatives are taken entrywise. Then, we have

vee(X,)= Y Y (IO 1@y " M) -vee(Yuy) = Y 8" ()T @) - vee(Yy,),

witwr=w h=0 witwr=w
wi,w2>0 wi,w2>0
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where we obtain the first equality by using properties of the Kronecker product and the second equality
by further applying the product rule for hyperderivatives. This implies

vee([ X, ..., Xol") =du1 [A7HT @] vee([Yy. ..., Yol ), (5.3.11)
where we set

vee([ Xy, ..., Xol") :=[(veeX,)", ..., (vecXo)']",

and we further define vec([Y,,, ..., Yo]") similarly. For 0 <i <n, let l_c[YO, ..., Y;, 1/detYy] denote the
localization of I::[Yo, ..., Y;] at detYy. Then, by (4.3.11), Corollary 4.4.8, and (5.3.11), the defining ideal
of I_‘pn M, via the isomorphism (5.3.10) is the ideal in l_c[Yo, ..., Y, 1/det Yy] generated by the entries of

din1[B-((I7HT@D]-vee(lY,, ..., YoI"). (5.3.12)

It is clear by observing ]_[f:1 (GL, /s /I:’,),- that, for Yo = ((Yp);, ), the defining ideal of ]_[f:l (GL, /s /IE),-
is the ideal in k[Y;, 1/ det ¥;] generated by

{(Yo)i,j: G, J)#wr/s+vi,ur/s+v2), 0<u<s—1and 1 <vy, v, <r/s} (5.3.13)
Moreover, by (4.3.5) and (5.3.11), the defining ideal of []}_, (GL,/s /k); is also generated by the entries of
(B-(7HT QD) - vee(Yy). (5.3.14)

By (5.3.13), in the defining ideal of ]_[ls: 1(GL, /5 / k) i» there are no linear relations among
{(Y0)i,j: (G, j)=(ur/s+vi,ur/s+v2), 0<u<s—1land 1 <wvy, vy <r/s}. (5.3.15)

Since (5.3.14) also generate the defining ideal of ]_[f:1 (GL, /s /l})i, we see that the entries of B-(J~1H)T®J)
that give linear relations among the variables in (5.3.15) are all zero. Therefore, the hyperderivatives of
these entries are also all zero. Using this and using (5.3.13), for y € ]_[le(GLr/s /k)i and for 0 < ¢ <n,
we see that

3B-((HT®N) -y =0. (5.3.16)

Moreover, by (5.3.14), for 1 < h < n, the defining ideal of ]_[le(Matr/s /I:’,),- is the ideal in I:’,[Yh]
generated by the entries of

(B- ()T ®1)) - vec(Yy),

and similar to (5.3.16), for y’ € []}_, (Mat, /g /k); and for 0 < £ < n, we see that
3/(B-((HT @)y =0.

Therefore, for all ¥ € [];_,(GL, /s /k); and y, € [T;-, Mat, s /k); where 1 < h < n, we have

dipi1[B-(AHTRD1- (Yns -5 v0]") =0.



Algebraic relations among hyperderivatives of periods and logarithms of Drinfeld modules 1295

Thus, by (5.3.12) we have

Yo|Vi|" - |Vn
. . N N
Tp,m, = B :v0 € [ [GLyss /)i, v € [ [Matyys k)i, 1 <h <np, (5.3.17)
N i=l i=1
Yo

where, for each i, (GL, ¢ /I:t)i and (Mat, /g /I:t),- are the canonical embeddings of GL, s /I} and Mat, /IE
respectively into the i-th diagonal block matrices of GL, /k and Mat, /k.

We are now ready to prove that the induced tangent map d7,, : Lie Ty, — Lie T'p, M, 1s surjective. Let
w = 1 and consider the short exact sequence of linear algebraic groups

1— X, — Ty, N Tp,m, — 1. (5.3.18)

First suppose n = 1. Then, by (5.3.17),

T, = {(’g’ ;1)) tyo € [[(GLys /)i, 1 € [[(Maty s /1;>,-}, (5.3.19)
i=1 i=1

and by (5.3.2),
Yo v1 0
= Yo Y1
I'y, C :
Ny = 0 Yo 0 (0 o

> €Tpu,, 20,21 € Gy (5.3.20)
z0 21 1

From 771, we see that X is contained in the 2r-dimensional additive group

Idr/s
G = :vieG;/s ,
Idr/s
v o Vog 1
where we call vy, ..., vy the coordinates of G. We see that via conjugation, X (I}) has a l:lep (I;)—

module structure coming from (5.3.18) (see (5.3.4)). Using (5.3.19) and this module structure, one checks
easily that there is a natural decomposition X, (I:’,) = ]_[lzi 1 Wi such that each W; is either zero or ks,
Fix any 1 <i <s. For any & € GL,s(k), we let

Id, s 0

'gi Y

Id, /s 0
&= 1d, s € Ty, (k)

&

Idr/s
w, - u - Ug Ugy) -+ Ugyy -+ Udg 1
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be an arbitrary element, which by (5.3.18) for n = 1 and (5.3.19) is a preimage of the matrix formed by
the upper left 2r x 2r square of & under the map 77;. For each j #i with 1 < j <, we claim that if
uj #0and ugy; #0,then W; = Wy ; = k’/s. To prove this claim, assuming that uj #0and ug,; #0
we pick §; € GL,/S(IE) sothatu;6; —u; #0 and usy;6; —us; #0, and let Sj € f‘Nl (k) be such that

1d, s 0

Idr/s

71(8;) =

Idr /s

Idr/s

€ Tp u, ().

en one checks direc at 87188671 is an element of X k) and its v; an Vg4 i coordinate vectors
Th hecks directly that 57 '&;8;&" lement of X (k) and its v; and vy ; coordinate vect
respectively are u;6; —u; and usy;6; — ug;, and so it follows that W; = Wy, ; = k’/s. Therefore,

multiplying &; by a suitable element of X (k) we get an element of the form

Id, s 0
& 0
1d, /s 0
éi, = Idr/s
&i
Idr/s
0 - u --- 0 0 © Uy - 0 1

€ Ty, (k).

(5.3.21)

For any b; € Mat, /g (I}), by using a method similar to that above where we take an element of the form S s

we obtain an element of the form

Id, /s 0
Idr/s bi
Id, /s 0
b= 1d, /g
Idr/s
Idr/s
0 w; 0 0 c Wsyi - 0

€ l:Nl(I;)v

(5.3.22)
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which is a preimage of the matrix formed by the upper left 2r x 2r square of I;: under the map ;. Let
H 1 ; be the Zariski closure inside Ty, of the subgroup generated by all éi’ with & running over all elements
of GL, /s (IE) and all I;lf with b; running over all elements of Mat, g (I_c). Foreach1 <i <y, let

(Tpym, /K)i = {(’g) 2) 0 € (GL, /s /k);, y1 € (Mat, /g /lé)i}. (5.3.23)
Note that dim H; < 2r?/s*+2r/s.

First suppose that dim ﬁl,,- = 2r2/s2 +2r/s. Then, we could simply take éi’ and Bl’. sothat u;, ugy;, w;
and wq,; are zero. Taking the Zariski closure Sy ; inside Ty, of the subgroup generated by all such éi’
and b; with &; and b; running over all elements of GL, (E) and Mat, (I}) respectively, we obtain

S=1(" ) v e (Fom sk 5.3.24
Sti=ylg 1) Vi€ T /by (5.3.24)
Thus, I:N1 contains a copy of (l:p1 M,/ I:T),' and so, restricting d; to Lie S 1.i, we obtain a surjection onto
Lie(f‘lep /IE),-. As we vary all 1 <i <, the surjection of dx; follows.
Next, suppose that dim H ; < 2r?/s> +2r/s. Then, via | we have a short exact sequence

_ R _
1= 01— Hi; —> (Tpm, /)i — 1,

where dim Ql’ ; <2r/s and Ql,,- is contained in an additive subgroup of G whose v; coordinate vector
is zero for all j #1i, s +1i, that is,

Idr/s 0
Idr/s 0
14, 0 v, Ui € G,
0. 14, 0= (Uit Vi), (5.3.25)
. Vsti = (vs+i,1, ey vs+i,r/s)
Idr/s
Idr/s
0o ... v, - 0 0o ... Vgyi - 0 1

Claim 4. For Ql’,- if some entry of the v; coordinate vector is nonzero or dim Ql’i #£r/s, then dim Ql,,- =0.

Proof of Claim 4. We follow the argument of the proof of [Chang and Papanikolas 2011, Lemma 4.1.1].
Suppose dim QL[ =m, where 1 <m < 2r/s. Note that QL,- is a vector group. If v; ;, vg4; ; # 0 for all
1<j<r/s,letue %) 1,,»(12) such that all the entries of u in the v; coordinate vector are nonzero. For
ack,a#0,1and 1 <€ <r/s, pick ne, %, € Hy;(k) such that 1 ; (1¢), 71,: (%¢¢) € (Tp, p, (k));, where
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1d, s 0
g 0
1
1d, 0 ..
() = e ” for ap 1= a ., (5.3.26)
r/s .
' 1
Qg
Idr/s
1d, s 0
Id, /s by
N . 0
1d, s 0
71, () = i for b, := a ,
r/s
.
Idr/s
Idr/s

where a, and b, are r/s x r/s, and a is in the £-th diagonal entries. One checks directly that the 2r/s
vectors ’7@_] Une, %, ! Wxe, where 1 < £ < m, are I:’,—linearly independent in Q 1. i(k), which contradicts the
assumption dim Ql,,- =m < 2r/s. Thus, v;, =0 for some 1 <u <r/s. Since m # 0, at least one of
Vi j, Vs, j for some 1 < j <r/s is nonzero, say v; , Or Vgy; y.

Let P, , be the permutation matrix obtained by switching the ((i—1)r/s+u)-th column and the
((i—1)r/s+v)-column of the r x r identity matrix. Pick y € H M(/E) such that

— Pu v B 1,
m,i(y) = ( Cop ) € (Tp,um, (k)i (5.3.27)

If v; , is nonzero, then since y‘l Ql,i y C Ql,i we get a contradiction to v; , =0. Therefore, dim Ql,,- =0.

Next suppose vy, is nonzero but v; ; = 0 for all 1 < j < r/s. Then by hypothesis, m < r/s. If
vsqij #Oforalll < j<r/s, letd € Ql,,-(lé) such that all the entries of ¢ in the vsy; coordinate vector
are nonzero. Then, one checks directly that for 7, as in (5.3.26), the r/s vectors n[lﬂng are k-linearly
independent in 0 L,’(I_(), which contradicts the assumption dim Q;; = m < r/s. Thus, vsy;, = 0 for
some 1 < u <r/s. Then, since vsy; , is nonzero and y‘l 01y C él,i for y as in (5.3.27), we get a
contradiction to vg4;, = 0. Therefore, dim 0 1.i=0. O

Claim 5. If dim Oy ; =0, then d7t ; : Lie Hy ; — Lie(T'p, u, /k); is surjective.
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Proof of Claim 5. To prove that dmr; ; is surjective, we follow the argument of the proof of [Chang and
Papanikolas 2011, Proposition 4.1.2]. We let the coordinates of H ; be as follows:

20 21 0
Z = Zy 0], (5.3.28)
Wo Wi 1

where
Id, /s 0

Zo= " (Zo) . Zi= () ,

' 1dys 0

such that (Zy) and (Z;) are the coordinates of GL,/; and Mat, /s respectively. For each h =0, 1, we
define (Zy) to be the r/s x r/s block ((Zp)ap) for1 <a,b <r/sand W;, :=(0,...,0,(Wp),0,...,0),

where we set (Wy,) := (W), 1, ..., Wy /). For 1 <u,v <r/s, we define the following one-dimensional
subgroups of f‘lep:
Buv 0 Idr Cuv
Tuy := = 53.2
v (o ) o= { (Y S (53.29)
where we set
Id, /s 0
By = By , Cup:= Cuw (5.3.30)
Id, /s 0
such that
1 10 -0 0
By, = * s Byy = 0 R and Cuy = ox s
. e 0
) 1 0 0 1 0

where * in B,, and C,, are in the (i, v)-coordinates. Note that the Lie algebras of the 2 - % /s algebraic
groups T, and U,, span Lie(I_‘pl M, /I})i. In what follows, we construct one-dimensional algebraic
subgroups T,, and U/ of Hy,; so that T/ = T,, and U/, = U,,. Then, since Lie(-) is a left exact

functor, it follows that Lie 7, = Lie 7,,, and Lie U,,, = Lie U,,, and so dm;; is surjective. Since Ql,i

is a zero-dimensional vector group, 7 ; is injective on points and so it follows by checking directly that

o for w # v, all Wy, and W ,, coordinates of 7%1_1.] (T,y) are zero;

o all (Wp) coordinates of 77 l.l (Uyy) are zero, and for w # v, all W ,, coordinates of 7, l.l (U,y) are zero.
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To construct 7)),

we let a, € k* \qu and pick an element y; , € ﬁl,i (I_c) so that

1

i} a B -
i (Y1) = < ' a ) ,  where a, = ay € (GL, /s (k))i, (5.3.31)
v B
1
such that a, is in the (i - r/s + v)-th diagonal entry of a,. For 1 <v <r/s, we let ¢y , and ¢, respectively
be the 2r + 1, (i — 1) -r/s +v)-th and the (2r + 1, (r + (i — 1) - r/s) + v)-th the entry of y; ,. Let 7,

be the Zariski closure of the subgroup of H1; generated by y; , for each 1 < v < r/s. Then, one checks
directly that the defining equations of the one-dimensional subgroup T, of H; can be written as

(av_1)W0,U_CO,U((ZO)U,U_l):Ov 1 EUSVZ/S,

(Zo)ww=1, w#v, 1 §v§r2/s,

(ZD)uw =0, 1 <u, v<r/s,

Whw =0, w#v, h=0,1, 1§v§r2/s,
Wo,u- 10— Wiy o =0, 1<v=r?s.

Then, we see that T, = T, via 771 ;. To construct 7, when u # v, we let b, ,, € T, (k) be a k-rational
basis for the one-dimensional vector group 7, and pick b;’v € H 1,,~(ic) so that ﬁl,i(b;’v) =by,,. We
define T, to be the one-dimensional vector group in H; via the conjugations

n, b ny form, €Tl v=1,...,r/s.

Vv’

Then, we have T, = T,, via 771 ;. Similarly, we use the methods used for T, and conjugations as above
to construct suitable one-dimensional U, such that U, = U,, for I <u, v <r/s. The arguments are

essentially the same as the ones used to construct 7, and 7},

v» and so we omit the details and leave it

to the reader. This proves our claim. (I

Claim 6. For O 1.i If all entries of the v; coordinate vector are zero and dim 0 1i =r/s, then dm; :
Lie ﬁl,i — Lie(l:lep /l:t)i is surjective.

Proof of Claim 6. We have dim H1 ; = 2r% /s> +r/s and by (5.3.25),

Id. 0 0
1= 0 Id 0]:2=1(0,...,0,v54,,0,...,0) € G, where vy, EGZ/S
0 z 1

Note that T, is an algebraic subgroup of GL, | /k such that the surjective map E¢ : Ty, — [, induced
by Ej in (5.3.8) is given by

o 0
0 v 0] — (Jz’o ?) (5.3.32)
Z0 21 1 0
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Then, the elements of Ker E(()k) C I_‘Nl (I;) are of the form

Idr Y1 0
0 Id, 0
0 Z1 1

From this, we see that for any b; € Mat, g (k), elements of the form 5; in (5.3.22) with w; = 0 are in
H L,»(I}). Multiplying such I;; by suitable elements of Ql,i(lg), we have l;lf of the form (5.3.22), where
w; = wsy; =0in H Li(l_c). Let P 1,; be the Zariski closure inside H 1.; of the subgroup generated by all
such 51’ with b; running over all elements of Mat, /g (I}). Then, clearly P 1,i = Mat, /s / k.

For any & € GL, s (IE), multiplying the elements 5[ eH 1.i (IE) of the form (5.3.21) by suitable elements
of Ql,,-(lz’,), we obtain 5[, where ug,; = 0.

For all & € GL, ¢ (k), if there is a 5{ € H ; (k) with u; = 0, then by using P ; and all such elements é;
for all §; € GL, /g (k), we could simply construct S 1.; as in (5.3.24) and restrict d; to Lie S 1.i to obtain
a surjection onto Lie(l:lep /I:t),-.

Next suppose u; # 0. Consider the short exact sequence of linear algebraic groups (see (5.3.18))

1—>)_(0—>I_‘NOE>I_‘MP—>1.

Consider the one-dimensional subgroups of I_‘Mp of the form B,, € (GL, /l})i given in (5.3.30) for
1 <u,v <r/s. The same methods used in Claim 5 to construct 7, can be applied in a straightforward
manner to construct one-dimensional subgroups B, of T'y, so that B, = B,,. We leave this to the reader.
For & € GL, /s (I_c), consider éi/ € ﬁl,,’ (l_c) of the form (5.3.21) with ug4; =0. Let 171,1' be the Zariski closure
inside H 1,i of the subgroup generated by all such éi’ with &; running over all elements of GL, s (k). Then,
we can identify v € % 1,,~(1‘c) with the image E(()k)(v) € I_‘NO (IE) where Z is the surjective map (5.3.32). Via
' for 1 <u,v <r/s is a one-dimensional subgroup of V1 ;. The Lie algebras
of the r2/s? subgroups By, span Lie GL, /s / k. Thus, since P 1,i = Mat, g /k, the Lie algebras of each By,
and Lie Fl,,- span Lie(f_‘lep /lE)i by (5.3.23). Then, since Lie(-) is a left exact, dmy ; is surjective. [J

this identification, each B’

Aswe vary all 1 <i <s, the surjection of d77; follows. Thus, for n =1 the proof of the lemma is complete.
Now suppose n > 1. We follow the methods used for n = 1 to prove that the induced tangent map dr,, at
the identity is surjective onto Lie l:pn M,- Recall I_“pn m, from (5.3.17). Let w = 1 and consider the short exact
sequence (5.3.18) of linear algebraic groups. Fix 1 <i <s. We follow the methods used for the construction
of H;,; above to construct the Zariski closure H,; inside Ty, of the subgroup generated by suitably
chosen elements of T'y, such that H, ; is contained in the (n + 1)r2/s? + (n + 1)r?/s-dimensional group

no|ni|-- (1M.]0

ML L L | o€ (GLys /k)is nj € Matys /k)i, 1 < j <n,

e m sy =(0,...,0,5,;:,0,...,0), s,; €G/* foreachO<h <n
no|0
Solsi|---|s,|1
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Let
Yo vi| - |
(Tp,u, /K); = Yo : 20 € (GL /s /k);, yj € Mat, /s /k);, where 1 < j<n
R
Yo

IfdimH,; =(n+1)-r?/s’+ (@ +1)-r/s, similar to Sy ; in (5.3.24) we simply construct

Sni = {(% ?) 19 € (Up,m, (I_C))i} (5.3.33)

and restrict d7, to Lie S i to obtain a surjection onto Lie(f‘pn M, /I}),-. As we vary all 1 <i <, the
surjection of dm, follows.
Next, suppose dim H ni<@m+1)- r? / s+ m+1)-r /s. Then, via 7, we have a short exact sequence

_ _ ni = _
11— Qn,i - Hn,i — (FP,,M,,/k)i — 1.

For Q,,;, if some entry of each s, ; coordinate vector where 0 < & < n — £ is nonzero or dim Qn i = ALr/s,
then the methods used in Claim 4 to prove dim Q1 ; = 0 can be applied in a straightforward manner to
prove dim Q,L ; = 0, which we leave to the reader.

Claim 7. If diim Q,,; =0, then d7t,; : Lie H, ; — Lie(T'p,p, /k); is surjective.

Proof of Claim 7. The proof follows the same line of argument as in the proof of Claim 5 (n =1 case) and so
we include only a sketch. Similar to the coordinates Z; of H 1.; in (5.3.28), we let the coordinates of H n.i be

Zy Z -+ Z, 0
Z() T
Zl’l = T . Z] )
Zy 0
Wo Wy --- W, 1
where
Id,/s 0
Zy= (Zo) , Zj= (Zo)
Idr/s 0

for each 1 < j < n such that (Zy) is as in (5.3.28) and (Z;) is the r/s x r/s block ((Z;)4,) for
1 <a,b<r/s. Moreover, set Wj, := (0, ..., 0, (W), 0, ...,0), where we set (W) := (W, 1, ..., Wy r/s)
foreach 0 <h <n.
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Now, we prove that dr,,; : Lie H ni — Lie(f_‘pn M, /lE)i is surjective. Similar to (5.3.29), we construct

one-dimensional subgroups of I'p, a1, :

Id, 0 Cuv 0

Bow 0 - 0 ' :

Tou, = ‘ v Upuw = ' C'.w
Buy 0

Id,

such that B, and C,, are as in (5.3.30), and, for 1 < ¢ < n, C,, is in the £-th superdiagonal block
of Uy .- Similar to the n = 1 case, note that the Lie algebras of the (n+4-1) - r? / 2 algebraic groups 7 .,
and Uy ., span Lie(f‘p" M,/ I_c) ;- In what follows, we construct one-dimensional algebraic subgroups T(;,u,v
and Ué’u’v of H, ; so that T(;,u,v = To.u,» and Ué’
it follows that Lie T}

0,u,v
is a zero-dimensional vector group, 7, ; is injective on points and so it follows by checking directly that

wv = Ut uv- Then, since Lie(-) is a left exact functor,

= Lie Ty ., and Lie Ué wv = LieUg v, and so d7m, ; is surjective. Since O, ;

o forw # v and 0 < h <n, all W), ,, coordinates of 7, l.l(To,u,,)) are zero;
o all (W) coordinates of 7, }(U@ﬂu’v) are zero, and for w # v and 1 < j <n, all W;,, coordinates
of ﬁn_il(Ug,u,U) are zero.

To construct T(;,v,v’ we let a, € k* \F; and pick elements y, , € H ,,,,-(I:’,) so that

ay
Tn,i (Vn,w) = )
Ay

where a, is asin (5.3.31). For 1 <v <r/s and 0 <h <n, we let ¢, , be the (nr+1, hr+(i—1)-r/s+v)-th
the entry of y, ,. Let To/,v,u be the Zariski closure of the subgroup of H n.i generated by y, .. Then, one
checks directly that the defining equations of the one-dimensional subgroup TO/,v,v of H, ; can be written as

(al)_I)WO,U_CO,U((ZO)U,D_1):09 1 EUEFZ/S,

(Zo)ww =1, w# v, lfvfrz/s,
(Zj)uw=0, 1<j<¢ 1<u,v=r/s,

Wi =0, w#v, 0<h<{ 1<v<r?/s,
Wiy o Chyw — Wiy - Chiyw =0, O0<hi,hy<t, 1<v<r?/s.

= To.v.v via T, ;. Similarly, we use the methods used for 7)) . and conjugations

U,V 0,v,v
as in the n = 1 case to construct U; , , such that U, , = Uy, forall 1 <u,v <r/s, 1 <{ <n,

/ /
and T , , such that Tj)

as the arguments used to construct 7,;, and U, in the n = 1 case and 7 , , above, and so we omit the

Then, we see that T

e =Touy forall 1l <u,v <r/s, u# v. The arguments are essentially the same

details and leave it to the reader. This proves our claim. U
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For O, ; if sp; =0 forall 0 <h <n—¢ and dim Q, ; = £r/s, then the methods used in Claim 6 to
prove that diz; ; : Lie H;; — Lie(Tp, M,/ k); is surjective can be applied in a straightforward manner to
prove that d7z,,; : Lie H, ; — Lie(T'p, a4, /k); is surjective, which we leave to the reader.

As we vary all 1 <i < s the surjection of dm, follows. Thus, for n > 1 the proof of the lemma is
complete. (Il

5.4. Algebraic independence of logarithms and quasilogarithms. We now prove Theorem 1.1.4 (restated
as Theorem 5.4.4) and Corollary 1.1.5. Recall the short exact sequence (5.3.3):

1 — X, - Ty, In, Tp,p, = 1.

We will first show that X, can be identified with a I'p,,-submodule of ((PnMp)B)w. Let n €
Mat((+1)rw+1)x1(N,) be such that its entries form a k(t)-basis of N, and on = ®y,n. The entries
of \Dﬁnln form a k-basis of Nf [Papanikolas 2008, Proposition 3.3.9]. If we write n = [ny, ..., Ry, y]T,
where each n; € Mat(,41)-x1(N,), then the entries of [ny, ..., n,]" form a lz(t)—basis of (P,M,)" and
the entries of u := [IIIFTnlMpn], s \I/;nlMpnw]T form a k-basis of ((P,M,)®)". Given any k-algebra R,
we recall the action of T'p, 37, (R) on R ®4 ((P,M,)B)¥ from [Papanikolas 2008, §4.5] (see also (4.2.8))
as follows: for any u € I'p,m, (R) and any v, € Matjy(,+1)-(R), 0 < h < n, the action of u on
(1, ..., 0yp) U € Ry (P, M,)B)" is

oo v) u (i v

Thus, by (5.3.4) the action of T'p, 5, on ((P, Mp)B)“’ is compatible with the action of I'p, »;, on X,,. Then,
when we regard ((P, Mp)B )¥ as a vector group over k, by Lemma 5.3.9 we get the desired result.

Now, note that since X, is a I'p, Mp—submodule of ((PnMp)w)B, by the equivalence of categories
Te,m, ~ Rep(I'p, p1, » k), there exists a sub-z-motive V,, of (P, M,)" such that as I'p, m,-modules

X, =vh (5.4.1)

By (4.2.7), we see that for any n > 1 and 0 < j <n — 1 we obtain a short exact sequence of ¢-motives

L prw.nfjfl
—_—

0— (PiMy)" — (P,M,)" (Pp—j—1M,)" — 0. (5.4.2)

Lemma 5.4.3. Forn > 1, let V,, be as in (5.4.1). Then, for 0 < j <n — 1 there is a surjective map of
t-motives pry n—j—1: Vy — V,_;j_1 via the map Pry, ,_j_1in (5.4.2).

Proof. We prove the result for w = 1. The following argument for w = 1 can be applied in a straightforward
manner to prove the arbitrary w case, which we leave to the reader. Let w = 1. Recall from (5.3.7) that

L0
v, = (Z 1) €Ty (R),

for any k-algebra R if

then

Mn—j—1 0
= €Ty . (R),
Vn—j—1 <wn—j—l 1) No_j1 (R)
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where p,_ ;1 is the matrix formed by the r(n—j) x r(n—j) upper-left square of 1, and w,_;_| =
(wo, - - ., wy—j—1). Also recall from (5.3.8) that the surjective map of affine group schemes I'y, — 'y, _;_,
is given by

Vn = Vp—j—1.

Since X, and X,,_;_; are k-smooth by Lemma 5.3.9, this map gives a surjective map of group schemes
Xy — Xu—j-1. By (5.4.1), this corresponds to a map of representations of I'p, y, over k, ﬁf} nejot
VnB — V,,B,j,l via the map prﬁ,n,j,l : ((PnMp)w)B — ((Pn_j_]Mp)w)B, where Pry -1 is as in
(5.4.2). By the equivalence of categories Tp,m, ~ Rep(I'p, u,, k), we obtain the required conclusion. [

Theorem 5.4.4. Let p be a Drinfeld A-module of rank r defined over k*¥. Suppose that K , is separable
overk and [K, :k]l=s. Letuy, ..., uy € Kwith Exp,(u;) = o; € k% for each 1 <i < w and suppose
that diml(p SpanKp Aoy Ay un, oo uy) =r1/s+w. Forn>1, let N, and Wy, be defined as in (5.3.1),
and, foreach 1 <i <w, letY; ,:=Y,, » be defined as in Section 5.2. Then, dimI'y, = (n+1) -r(r /s +w).
In particular,

nr—1 w r

tr-deg,;l?(U U U U@, 85Fu (). 85 ). 85<Fff<um>>}) = (n+ 1 /s +rw).
s=0i=1m=1 j=1
Proof. From the construction of Wy, , by Theorem 3.4.1 we have

nr—1 w r

k(W li=s) =1€(U U U U850, 95 (Fei ), 95 ), ag(Fri(um))}),

s=0i=1m=1 j=1
and by Theorems 2.3.2 and 4.5.1, we have

— 2
dim Iy, = tr.degg K(W, i) < (n 4+ D= + (0 + Druw.

Thus, we need to prove that dim X, = (n + 1)rw, where X,, is as in (5.3.3). By (5.4.1) it suffices to show
that VB = (P, M,)*)B. To prove this, we adapt the arguments of the proof of [Chang and Papanikolas
2012, Theorem 5.1.5] (see also [Hardouin 2011, Lemma 1.2]).

Note from (5.4.2) that for n > 1 we have a short exact sequence of 7-motives

L

0— (PoM,)" > (P, M,)" 22 (P,_ 1 M) — 0.

By Lemma 5.4.3, there is a surjective map pry ,—1 : V, — V,—1 via pr,, ,_;. Then ker(pry ,—1) is a
sub-z-motive of M /;”.

We claim that if V,_; = (P,—1M,)", then N,/V, is trivial in ExtlT(l, P,M,/V,). Since X, = VnB,
we see that I'y, acts on Nf / VnB through I'y, / X,, = I'p, M, via (5.3.3). Since pr,, ,—1 is surjective onto
V-1 = (P,—1M,)", by using (5.3.5) one finds that Nf/VnB = N()B/(kerﬁ'w,n_l)B. Recall that for any
k-algebra R, an element of I'p, 5, (R) is of the form (4.2.6) such that yy is an element of Iy, (R). Then,

(5.3.6) shows the action of T'p, , on NnB / V”B is the same as the action of I'y;, on it. Thus, N,f / VnB is an
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extension of k by ((PnMp)w)B/ VnB in Rep(I"y,, k). By [Chang and Papanikolas 2012, Corollary 3.5.7]
and the equivalence of categories Ty, ~ Rep(I'y,, k), we get the required conclusion of the claim.

Now, we prove the main result by induction. For n = 1 case, suppose to the contrary that VlB -
((PlMp)w)B. From [loc. cit., Theorem 5.1.5], we have M/')” = Vy and so, since M/')” = (PoM,)", we
have ker(pry ,—1) & M,’. Since M)’ is completely reducible in Ty, by [loc. cit., Corollary 3.3.3] and
ker(pry ,—1) is a sub-f-motive of M[f”, there exists a nontrivial morphism ¢ € Hom7(M,’, M,) so
that ker(pry, ,—1) € ker ¢;. Moreover, the morphism ¢; factors through the map M/’)” /ker(pry n—1) =
M})”/(ker ¢1). Since ¢1 € Hom1(M,’, M,), there exist ¢; | € K, not all zero such that ¢y (n1, ..., n,) =
Z;"Zl ej1(n;). For a k(t)-basis m € Mat,,(M,) of M,, suppose that E; ; € Mat,(k(r)) satisfies
ei,l(m) = E,-,lm. Set

Ei = (O E(")’l) € Maty, (k(7)).

Recall from Section 2.5 that D m forms a k(z)-basis of P1M,. By (5.2.1) there exists e; | € End 7 ((P1M)")
such that e; | (Dym) = E; 1 Dim. Let ¥y € Homy((P1M,)",P1M,) such that y{(D;ny, ..., Djn,) =
Z;U:I e; 1(D;n;) foreach j =0, 1. We see ker 1//1/M/;” =ker¢; and (P1M,)" / ker Y1 = M;’/ ker¢p1 = M,.
Then the pushout ¥, N1 :=ej,1+Y1,1 4+ - - + €y,1+Yw.1 1s a quotient of N1/ V;. By using the claim above,
it follows that ;N is trivial in ExtlT(l, P1M,). However, by Theorem 5.2.2, this is a contradiction.

Now suppose that we have shown the result for n — 1, that is, V,—; = (P,—1M,)". Suppose that
VnB - ((PnMp)w)B. Then, ker(pry ,—1) € M;)”. Since M/’f is completely reducible in Ty, by [Chang
and Papanikolas 2012, Corollary 3.3.3] and ker(pr,, ,—1) is a sub-#-motive of M/;”, there exists a non-
trivial morphism ¢, € Hom7 (M, M,) so that ker(pr,, ,—1) € ker¢,. Moreover, the morphism ¢,
factors through the map M’/ ker(pry,,—1) — My /(ker ¢,). Since ¢, € Hom7(M,", M), we can write
Gn(ny, ..., Ny) = Z;.”:l e n(n;) for some ey ,, ..., ey, € K, not all zero. Suppose that e; ,(m) =E; ,m,
where E;, € Mat, (k(t)). Set

0--- 0 Ei,
En.o=| % | eMatin, Goy.
0
Recall also from Section 2.5 that D,m forms a k(¢)-basis of P,M,. By (5.2.1) there exists e; , €
Endr((P,M)") such that e; ,(Dym) = E; ,Dim. Let ¥, € Homy((P,M,)",P,M,) such that
Yv1(Djny, ..., Djny) = Z}‘;l e; 1(Djn;) for each 0 < j < n. Similar to the base case, we see
that kery,/(P,—1M,)” = ker¢, and (P,M,)"/kery, = M/;”/kergbn = M,. Then the pushout

Vs Np = €1 Y10+ - - + €y n Yo 1S @ quotient of N,/ V,. By using the claim above, it follows that
Yy Ny, 18 trivial in Extlr(l, P,M,). However, by Theorem 5.2.2, this is a contradiction. O

Proof of Corollary 1.1.5. Let {n1, ..., 0o} S {A1, ..., Ar, U1, ..., uy} be a maximal K ,-linearly indepen-
dent set containing {u1, ..., uy}. Clearly, r/s <o <r/s +w. Since the quasiperiodic functions Fy are
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linear in é and satisfy the difference equation (1.1.2), we have

r—1 w r

k(U U Ut Fa ). um. F,i(um)}) :%(U U{F(gj(nm)}),

i=lm=1j=1 j=1m=1
Moreover, for any 1 <ij,i <r, 1 < ji, jo <a, 0 <s <n and vy, v; € K,, by the product rule of

hyperderivatives we obtain

N

33 (1 Fy, (nj,) +v2Fs, (nj,)) =Y (857" wn)ag (Fs, () + 85" (w2)df (Fs, (nj,)))-
h=0
Thus,

n r—1 w r

%(U U U U500, 9(Fa ), 95 m), 95 (F (um))}) =12(U U U{ag(FS,(Um))})

s=0i=1m=1 j=1 s=0 j=1m=1
Then, the result follows by Theorem 5.4.4. (I

Appendix: Differential algebraic geometry

We present a few topics from differential algebraic geometry in positive characteristic [Okugawa 1987]
(see [Hardouin et al. 2016] for characteristic zero). For the most part, we follow the terminology of
[Hardouin et al. 2016]. Even though the proofs of most of the results presented here are covered in
[Okugawa 1987], we present them here nevertheless for completeness.

A.1. Differential algebraic geometry in positive characteristic. Let R be a commutative ring with unity
of characteristic p > 0. A differential ring or 0-ring is a pair (R, d), where 9 represents a sequence of
additive maps 3/ : R — R that satisfy

(1) 3%a) =a,

(2) 8/(a+b) =9/ (a)+ 3/ (b),
(3) 9/ (ab) = X1 ' ()37~ (b),
@) %37 (@) = (*17)0* (a)

forall a,b € R and j, k > 0. If R is a field, then we say that (R, d) is a differential field or a d-field.
When the context is clear, we shall write R instead of (R, d). Moreover, a d-morphism between two
d-rings R and S is a morphism of rings that commute with d. For a d-ring R, if we let J C R be an ideal,
then J is called a d-ideal if 3/(J) € J for all j > 1. If, in addition, J is a radical (respectively prime)
ideal of the d-ring R regarded as a ring, then we say that J is a radical (respectively prime) 0-ideal of
the d-ring R. For a set ¥ C R, the intersection of all d-ideals containing ¥ is a d-ideal of R, which we
denote by ®(X) and it is the smallest d-ideal of R containing X. We see that ©(X) is the ideal, generated
{3/(a): j =0, a € X}, of the d-ring R regarded as a ring. We denote by R(D (X)) or R(X) the radical
of ©(X) in the d-ring R.
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Proposition A.1.1 [Okugawa 1987, p. 45, Theorem 5]. Let R be a d-ring of characteristic p > 0 and let
J C R be a 9-ideal of R. Then, the radical R(J) is a d-ideal of R.

Proof. Tt suffices to prove that 3/ (93(3)) € SR(J) for all j > 1. Let a € 3(J). Then a” € J for some n > 1.
For a sufficiently large e > 1, we see that a™ - a" = a”" € J for some m € N. Note that Proposition 2.4.1
applies here and so, for all j € N we see that 377" (aP*) = (37 (a))?". Since J is a d-ideal of R, we have
377" (aP*) € J for all j > 1. Thus, (3/(a))?" € J and so 3/ (a) € R(D). O

Remark A.1.2. The proof of Proposition A.1.1 does not work in characteristic 0. See [Hardouin et al.
2016, Proposition 2.19] for the proof of the characteristic-0 case.

The 0-polynomial ring denoted by R{yi, ..., y,,} in the 0-variables (yi, ..., ¥,) is the polynomial
ring over a d-ring R in the variables 3/(y;), j >0, 1 <i <m, made into a d-ring by setting

(a) 8/(a) =9/ (a) fora € R,
(b) 3* @7 () := (“F)F (), k= 0.

Here yy, ..., y, are called d-indeterminates.

Let K be a 0-field. A d-extension field of K is a d-field L which is an extension field of the d-field K.
Note that K and L are fields. Let K be an algebraic closure of the field K and K be the separable
closure of K in K.

Proposition A.1.3. There is a unique extension of 3/ : K — K to 3/ : K*P — K*Pwhich satisfies all the
rules of 0.

Proof. The proof follows the same argument as that for hyperderivatives [Conrad 2000, Theorem 5]. [J
Let a € K \ K*P. We say that 3 can be extended to a if 3 can be extended to some extension field of
K that contains a. The largest extension field K? of K% in K that has an extension of 9 is called the
d-closure of K in K.
For a set X C (K?)™, if we set
IJX):={PeK{y,...,ym}: Play,...,an) =0, (aj,...,an) € X},
then J(X) is a radical d-ideal in R, and we call it the defining K-0-ideal of X.
Proposition A.1.4 [Hardouin et al. 2016, Proposition 3.8]. Let X1, X C (K™ Then:
(1) If X1 € Xo, then I(X72) € I(X1).
2) I(X7UX)) =T(X1)NT(Xy).
Proof. The proofs follow the same line of argument as that for the Zariski topology. ]

Given a set X C ((K?)™, 3), we consider the Zariski closure X? C K™ of X, the closure of X as a
subset of (K?)™ equipped with the Zariski topology. Let S € K[y1, ..., Y] be a set of polynomials.
The zero set of S is defined as

Z(S):={(a1,...,am) €K™ : f(ai,...,an) =0, f €S}
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Lemma A.1.5 (cf. [Hardouin et al. 2016, Lemma 3.42]). Let X € (K?)" and let 3(X) € K{y1, ..., Ym}
be its defining K -0-ideal. Also, let K[y, ..., Y| be the usual polynomial ring in the variables yy, . .., ym
over the field K. Then its Zariski closure is the set

X2 =ZOX)NK[y1, ...\ ymDs
where J(X)NK[y1, ..., Yyml € K[y1,..., Yml.

Proof. We follow the outline of the proof of [Hardouin et al. 2016, Lemma 3.42]. Since Z(J(X) N
K[y1, ..., ym]) is Zariski closed, it is straightforward to see that

Xg)_(z gz(j(x)mK[YL-’ym])

Conversely, if SC K[y, ..., Ym]l S K{y1, ..., ym}issuch that § € J(X), then clearly SR(S) C J(X). This

implies S CR(S)NK[y1, ..., ym] CIX)NK[y1, ..., ym]. Thus, ZO(X)NK[y1,..., yu]) € Z(S).
Since S was chosen arbitrarily, we see that Z(J(X) N K[y1, ..., ym]) C X~ O
If f e K{y,...,ym}is a d-polynomial given by a linear combination over the 9-field K of 1 and

elements of the set {9/(y;) : j > 0, 1 <i < m]}, then we say that f is a degree-1 3-polynomial in
K{y1, ..., ym}. Moreover if the coefficient of 1 is 0, then we say that such f is a homogeneous degree-1

d-polynomial.

Proposition A.1.6 [Okugawa 1987, p. 74, Theorem 5]. Let S € K{y1, ..., ym} be a set of degree-1
d-polynomials. Then, R(S) = D(S).

Proof. 1t suffices to show that ©(S) is a prime ideal of the d-ring K{y1, ..., yn} regarded as a usual ring.
By definition ©(S) is generated, as an ideal of the ring K{y;, ..., yu}, by (07(L;) : i, j=>0,L; €S}

Suppose that f, g ¢ ©(S) such that fg € ©(S). Then,

fe= Y higdY (L),
LieS, j>1
where £; > 0, and ]’l[,gj € K{y1, ..., Ym}, and all but finitely many h,-’gj are zero. We see that fg is a
polynomial in a finite subset of the variables {3/ (y;) : j >0, 1 <i <m} over the d-field K regarded as a
usual field. Let us denote this subset of variables by {x1, ..., x,} for some n > 1. Then, L = ({3% (L;)})
is an ideal in K[xy, ..., x,] such that f, g ¢ L and fg € L and so L is not a prime ideal. However, for a
polynomial ring in finitely many indeterminates, ideals generated by degree-1 polynomials are prime
ideals and thus, we obtain a contradiction. |

Acknowledgements

The author is immensely grateful to Matthew A. Papanikolas for many valuable discussions and for pointing
out the appropriate references that have aided in the completion of this paper. The author further thanks him
for his encouragement throughout the process of writing this paper. The author also thanks Chieh-Yu Chang,
Oguz Gezmis, and Federico Pellarin for helpful comments and suggestions; Yen-Tsung Chen for helpful



1310 Changningphaabi Namoijam

discussions; and Andreas Maurischat for his questions that helped in closing a gap in the proof of one of
the results. Finally, the author is thankful to the referees for many questions, comments, and suggestions,
which have helped correct arguments and greatly improved clarity of arguments and exposition.

References

[Anderson 1986] G. W. Anderson, “z-motives”, Duke Math. J. 53:2 (1986), 457-502. MR Zbl

[Anderson and Thakur 1990] G. W. Anderson and D. S. Thakur, “Tensor powers of the Carlitz module and zeta values”, Ann. of
Math. (2) 132:1 (1990), 159-191. MR Zbl

[Anderson et al. 2004] G. W. Anderson, W. D. Brownawell, and M. A. Papanikolas, “Determination of the algebraic relations
among special I"-values in positive characteristic”, Ann. of Math. (2) 160:1 (2004), 237-313. MR Zbl

[Baker and Wiistholz 2007] A. Baker and G. Wiistholz, Logarithmic forms and Diophantine geometry, New Mathematical
Monographs 9, Cambridge University Press, 2007. MR Zbl

[Brownawell 1999] W. D. Brownawell, “Linear independence and divided derivatives of a Drinfeld module, I”’, pp. 47-61 in
Number theory in progress, Vol. 1 (Zakopane-KoScielisko, 1997), edited by K. Gydry et al., de Gruyter, Berlin, 1999. MR Zbl

[Brownawell 2001] W. D. Brownawell, “Minimal extensions of algebraic groups and linear independence”, J. Number Theory
90:2 (2001), 239-254. MR Zbl

[Brownawell and Denis 2000] W. D. Brownawell and L. Denis, “Linear independence and divided derivatives of a Drinfeld
module, 11, Proc. Amer. Math. Soc. 128:6 (2000), 1581-1593. MR Zbl

[Brownawell and Papanikolas 2002] W. D. Brownawell and M. A. Papanikolas, “Linear independence of gamma values in
positive characteristic”, J. Reine Angew. Math. 549 (2002), 91-148. MR Zbl

[Brownawell and Papanikolas 2020] W. D. Brownawell and M. A. Papanikolas, “A rapid introduction to Drinfeld modules,
t-modules, and t-motives”, pp. 3-30 in z-motives: Hodge structures, transcendence and other motivic aspects, edited by
G. Bockle et al., EMS Publ. House, Berlin, 2020. MR Zbl

[Chang and Papanikolas 2011] C.-Y. Chang and M. A. Papanikolas, “Algebraic relations among periods and logarithms of rank 2
Drinfeld modules”, Amer. J. Math. 133:2 (2011), 359-391. MR Zbl

[Chang and Papanikolas 2012] C.-Y. Chang and M. A. Papanikolas, “Algebraic independence of periods and logarithms of
Drinfeld modules”, J. Amer. Math. Soc. 25:1 (2012), 123—-150. MR Zbl

[Chang et al. 2021] C.-Y. Chang, N. Green, and Y. Mishiba, “Taylor coefficients of Anderson—Thakur series and explicit
formulae”, Math. Ann. 379:3-4 (2021), 1425-1474. MR Zbl

[Conrad 2000] K. Conrad, “The digit principle”, J. Number Theory 84:2 (2000), 230-257. MR Zbl

[Denis 1993] L. Denis, “Transcendance et dérivées de I’exponentielle de Carlitz”, pp. 1-21 in Séminaire de Théorie des Nombres
(Paris, 1991-92), edited by S. David, Progr. Math. 116, Birkhéuser, Boston, MA, 1993. MR Zbl

[Denis 1995] L. Denis, “Dérivées d’un module de Drinfeld et transcendance”, Duke Math. J. 80:1 (1995), 1-13. MR Zbl

[Denis 2000] L. Denis, “Indépendance algébrique des dérivées d’une période du module de Carlitz”, J. Austral. Math. Soc. Ser.
A 69:1 (2000), 8-18. MR Zbl

[Drinfeld 1974] V. G. Drinfeld, “Elliptic modules”, Mat. Sb. (N.S.) 94:4 (1974), 594-627. In Russian; translated in Math.
USSR-Sb. 23:4 (1974), 561-592. MR Zbl

[Farb and Dennis 1993] B. Farb and R. K. Dennis, Noncommutative algebra, Graduate Texts in Mathematics 144, Springer,
1993. MR Zbl

[Gekeler 1989] E.-U. Gekeler, “On the de Rham isomorphism for Drinfeld modules”, J. Reine Angew. Math. 401 (1989),
188-208. MR Zbl

[Gezmis and Namoijam 2021] O. Gezmis and C. Namoijam, “On the transcendence of special values of Goss L-functions
attached to Drinfeld modules”, preprint, 2021. arXiv 2110.02569

[Green 2022] N. Green, “Tensor powers of rank 1 Drinfeld modules and periods”, J. Number Theory 232 (2022), 204-241. MR
Zbl


https://doi.org/10.1215/S0012-7094-86-05328-7
http://msp.org/idx/mr/850546
http://msp.org/idx/zbl/0679.14001
https://doi.org/10.2307/1971503
http://msp.org/idx/mr/1059938
http://msp.org/idx/zbl/0713.11082
https://doi.org/10.4007/annals.2004.160.237
https://doi.org/10.4007/annals.2004.160.237
http://msp.org/idx/mr/2119721
http://msp.org/idx/zbl/1064.11055
http://msp.org/idx/mr/2382891
http://msp.org/idx/zbl/1145.11004
http://msp.org/idx/mr/1689498
http://msp.org/idx/zbl/0931.11026
https://doi.org/10.1006/jnth.2001.2638
http://msp.org/idx/mr/1858075
http://msp.org/idx/zbl/0997.11056
https://doi.org/10.1090/S0002-9939-00-05633-1
https://doi.org/10.1090/S0002-9939-00-05633-1
http://msp.org/idx/mr/1709742
http://msp.org/idx/zbl/1099.11509
https://doi.org/10.1515/crll.2002.068
https://doi.org/10.1515/crll.2002.068
http://msp.org/idx/mr/1916653
http://msp.org/idx/zbl/1002.11051
http://msp.org/idx/mr/4321964
http://msp.org/idx/zbl/1440.14020
https://doi.org/10.1353/ajm.2011.0009
https://doi.org/10.1353/ajm.2011.0009
http://msp.org/idx/mr/2797350
http://msp.org/idx/zbl/1216.11065
https://doi.org/10.1090/S0894-0347-2011-00714-5
https://doi.org/10.1090/S0894-0347-2011-00714-5
http://msp.org/idx/mr/2833480
http://msp.org/idx/zbl/1271.11079
https://doi.org/10.1007/s00208-020-02103-4
https://doi.org/10.1007/s00208-020-02103-4
http://msp.org/idx/mr/4238269
http://msp.org/idx/zbl/1472.11241
https://doi.org/10.1006/jnth.2000.2507
http://msp.org/idx/mr/1795792
http://msp.org/idx/zbl/1017.11061
https://doi.org/10.1007/978-1-4757-4273-2_1
http://msp.org/idx/mr/1300879
http://msp.org/idx/zbl/0823.11031
https://doi.org/10.1215/S0012-7094-95-08001-6
http://msp.org/idx/mr/1360609
http://msp.org/idx/zbl/0848.11028
https://doi.org/10.1017/S1446788700001804
http://msp.org/idx/mr/1767389
http://msp.org/idx/zbl/0961.11020
https://doi.org/10.1070/SM1974v023n04ABEH001731
https://www.mathnet.ru/links/76f9fc03fef3f2ae91762338ef6fedc4/sm3735_eng.pdf
https://www.mathnet.ru/links/76f9fc03fef3f2ae91762338ef6fedc4/sm3735_eng.pdf
http://msp.org/idx/mr/384707
http://msp.org/idx/zbl/0321.14014
https://doi.org/10.1007/978-1-4612-0889-1
http://msp.org/idx/mr/1233388
http://msp.org/idx/zbl/0797.16001
https://doi.org/10.1515/crll.1989.401.188
http://msp.org/idx/mr/1018059
http://msp.org/idx/zbl/0672.14011
http://msp.org/idx/arx/2110.02569
https://doi.org/10.1016/j.jnt.2019.03.016
http://msp.org/idx/mr/4343829
http://msp.org/idx/zbl/1480.11075

Algebraic relations among hyperderivatives of periods and logarithms of Drinfeld modules 1311

[Hardouin 2011] C. Hardouin, “Unipotent radicals of Tannakian Galois groups in positive characteristic”, pp. 223-239 in
Arithmetic and Galois theories of differential equations, edited by L. Di Vizio and T. Rivoal, Sémin. Congr. 23, Soc. Math.
France, Paris, 2011. MR Zbl

[Hardouin et al. 2016] C. Hardouin, J. Sauloy, and M. F. Singer, Galois theories of linear difference equations: an introduction
(Santa Marta, 2012), Mathematical Surveys and Monographs 211, Amer. Math. Soc., Providence, RI, 2016. MR Zbl

[Hartl and Juschka 2020] U. Hartl and A.-K. Juschka, “Pink’s theory of Hodge structures and the Hodge conjecture over function
fields”, pp. 31-182 in t-motives: Hodge structures, transcendence and other motivic aspects, edited by G. Bockle et al., EMS
Publ. House, Berlin, 2020. MR Zbl

[Iima and Yoshino 2009] K.-i. Iima and Y. Yoshino, “Grobner bases for the polynomial ring with infinite variables and their
applications”, Comm. Algebra 37:10 (2009), 3424-3437. MR Zbl

[Jeong 2011] S. Jeong, “Calculus in positive characteristic p”, J. Number Theory 131:6 (2011), 1089-1104. MR Zbl

[Maurischat 2018] A. Maurischat, “Prolongations of #-motives and algebraic independence of periods”, Doc. Math. 23 (2018),
815-838. MR Zbl

[Maurischat 2022a] A. Maurischat, “Algebraic independence of the Carlitz period and its hyperderivatives”, J. Number Theory
240 (2022), 145-162. MR Zbl

[Maurischat 2022b] A. Maurischat, “Anderson #-modules with thin #-adic Galois representations”, Proc. Amer. Math. Soc. 150:3
(2022), 927-940. MR Zbl

[Maurischat 2022¢] A. Maurischat, “Periods of z-modules as special values”, J. Number Theory 232 (2022), 177-203. MR Zbl

[Maurischat and Perkins 2022] A. Maurischat and R. Perkins, “Taylor coefficients of Anderson generating functions and Drinfeld
torsion extensions”, Int. J. Number Theory 18:1 (2022), 113-130. MR Zbl

[Namoijam and Papanikolas 2024] C. Namoijam and M. A. Papanikolas, Hyperderivatives of periods and quasi-periods for
Anderson t-modules, Mem. Amer. Math. Soc. 1517, Amer. Math. Soc., Providence, RI, 2024. MR Zbl

[Okugawa 1987] K. Okugawa, Differential algebra of nonzero characteristic, Lectures in Mathematics 16, Kinokuniya, Tokyo,
1987. MR Zbl

[Papanikolas 2008] M. A. Papanikolas, “Tannakian duality for Anderson—Drinfeld motives and algebraic independence of
Carlitz logarithms”, Invent. Math. 171:1 (2008), 123—-174. MR Zbl

[Pink 1997] R. Pink, “The Mumford-Tate conjecture for Drinfeld-modules”, Publ. Res. Inst. Math. Sci. 33:3 (1997), 393-425.
MR Zbl

[Pink and Riitsche 2009] R. Pink and E. Riitsche, “Adelic openness for Drinfeld modules in generic characteristic”, J. Number
Theory 129:4 (2009), 882-907. MR Zbl

[Springer 1998] T. A. Springer, Linear algebraic groups, 2nd ed., Progress in Mathematics 9, Birkhéduser, Boston, MA, 1998.
MR Zbl

[Thakur 2004] D. S. Thakur, Function field arithmetic, World Scientific, River Edge, NJ, 2004. MR Zbl

[Thiery 1992] A. Thiery, “Indépendance algébrique des périodes et quasi-périodes d’un module de Drinfel’d”, pp. 265-284 in
The arithmetic of function fields (Columbus, OH, 1991), edited by D. Goss et al., Ohio State Univ. Math. Res. Inst. Publ. 2,
de Gruyter, Berlin, 1992. MR Zbl

[Waldschmidt 2008] M. Waldschmidt, “Elliptic functions and transcendence”, pp. 143—188 in Surveys in number theory, edited
by K. Alladi, Dev. Math. 17, Springer, 2008. MR Zbl

[Waterhouse 1979] W. C. Waterhouse, Introduction to affine group schemes, Graduate Texts in Mathematics 66, Springer, 1979.
MR Zbl

[Yu 1986] J. Yu, “Transcendence and Drinfeld modules”, Invent. Math. 83:3 (1986), 507-517. MR Zbl
[Yu 1990] J. Yu, “On periods and quasi-periods of Drinfeld modules”, Compositio Math. 74:3 (1990), 235-245. MR Zbl
[Yu 1997] J. Yu, “Analytic homomorphisms into Drinfeld modules”, Ann. of Math. (2) 145:2 (1997), 215-233. MR Zbl

Communicated by Samit Dasgupta
Received 2023-02-01 Revised 2024-06-09 Accepted 2024-09-03

cnamoijam@gmail.com Department of Mathematics, Colby College, Waterville, ME, United States

mathematical sciences publishers :.msp


http://msp.org/idx/mr/3076083
http://msp.org/idx/zbl/1304.18018
https://doi.org/10.1090/surv/211
http://msp.org/idx/mr/3410204
http://msp.org/idx/zbl/1345.39001
http://msp.org/idx/mr/4321965
http://msp.org/idx/zbl/1451.14013
https://doi.org/10.1080/00927870802502878
https://doi.org/10.1080/00927870802502878
http://msp.org/idx/mr/2561854
http://msp.org/idx/zbl/1181.13026
https://doi.org/10.1016/j.jnt.2010.12.006
http://msp.org/idx/mr/2772490
http://msp.org/idx/zbl/1225.13027
https://doi.org/10.4171/dm/635
http://msp.org/idx/mr/3861044
http://msp.org/idx/zbl/1450.11085
https://doi.org/10.1016/j.jnt.2022.01.006
http://msp.org/idx/mr/4458237
http://msp.org/idx/zbl/1502.11082
https://doi.org/10.1090/proc/15815
http://msp.org/idx/mr/4375693
http://msp.org/idx/zbl/1494.11053
https://doi.org/10.1016/j.jnt.2018.09.024
http://msp.org/idx/mr/4343828
http://msp.org/idx/zbl/1495.11090
https://doi.org/10.1142/S1793042122500099
https://doi.org/10.1142/S1793042122500099
http://msp.org/idx/mr/4369795
http://msp.org/idx/zbl/1498.11163
https://doi.org/10.1090/memo/1517
https://doi.org/10.1090/memo/1517
http://msp.org/idx/mr/4813037
http://msp.org/idx/zbl/07946547
http://msp.org/idx/mr/1014683
http://msp.org/idx/zbl/0757.12004
https://doi.org/10.1007/s00222-007-0073-y
https://doi.org/10.1007/s00222-007-0073-y
http://msp.org/idx/mr/2358057
http://msp.org/idx/zbl/1235.11074
https://doi.org/10.2977/prims/1195145322
http://msp.org/idx/mr/1474696
http://msp.org/idx/zbl/0895.11025
https://doi.org/10.1016/j.jnt.2008.12.002
http://msp.org/idx/mr/2499412
http://msp.org/idx/zbl/1246.11122
https://doi.org/10.1007/978-0-8176-4840-4
http://msp.org/idx/mr/1642713
http://msp.org/idx/zbl/0927.20024
https://doi.org/10.1142/9789812562388
http://msp.org/idx/mr/2091265
http://msp.org/idx/zbl/1061.11001
http://msp.org/idx/mr/1196524
http://msp.org/idx/zbl/0798.11021
http://msp.org/idx/mr/2462949
http://msp.org/idx/zbl/1210.11084
http://msp.org/idx/mr/547117
http://msp.org/idx/zbl/0442.14017
https://doi.org/10.1007/BF01394419
http://msp.org/idx/mr/827364
http://msp.org/idx/zbl/0586.12010
http://www.numdam.org/item?id=CM_1990__74_3_235_0
http://msp.org/idx/mr/1055694
http://msp.org/idx/zbl/0703.11067
https://doi.org/10.2307/2951814
http://msp.org/idx/mr/1441876
http://msp.org/idx/zbl/0881.11055
mailto:cnamoijam@gmail.com
http://msp.org

Jason P. Bell
Bhargav Bhatt
Frank Calegari
J-L. Colliot-Thélene
Brian D. Conrad
Samit Dasgupta
Héléne Esnault
Gavril Farkas
Sergey Fomin
Edward Frenkel
Wee Teck Gan
Andrew Granville
Ben J. Green
Christopher Hacon
Roger Heath-Brown

Janos Kollar

Michael J. Larsen

Algebra & Number Theory

msp.org/ant

MANAGING EDITOR
Antoine Chambert-Loir
Université Paris-Diderot

France

EDITORIAL BOARD CHAIR
David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of Waterloo, Canada
University of Michigan, USA
University of Chicago, USA

CNRS, Université Paris-Saclay, France
Stanford University, USA

Duke University, USA

Freie Universitit Berlin, Germany
Humboldt Universitit zu Berlin, Germany
University of Michigan, USA
University of California, Berkeley, USA
National University of Singapore
Université de Montréal, Canada
University of Oxford, UK

University of Utah, USA

Oxford University, UK

Princeton University, USA

Indiana University Bloomington, USA

Philippe Michel
Martin Olsson
Irena Peeva
Jonathan Pila
Anand Pillay
Bjorn Poonen
Victor Reiner
Peter Sarnak
Michael Singer
Vasudevan Srinivas
Shunsuke Takagi
Pham Huu Tiep
Ravi Vakil
Akshay Venkatesh

Melanie Matchett Wood

Shou-Wu Zhang

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

Ecole Polytechnique Fédérale de Lausanne
University of California, Berkeley, USA
Cornell University, USA

University of Oxford, UK

University of Notre Dame, USA
Massachusetts Institute of Technology, USA
University of Minnesota, USA

Princeton University, USA

North Carolina State University, USA
SUNY Buffalo, USA

University of Tokyo, Japan

Rutgers University, USA

Stanford University, USA

Institute for Advanced Study, USA
Harvard University, USA

Princeton University, USA

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2025 is US $565/year for the electronic version, and $820/year (+$70, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University

of California, Berkeley, CA 94720-3840 is published continuously online.

ANT peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY

:I mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2025 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

Algebra & Number Theory

Volume 19 No. 7 2025

Algebraic relations among hyperderivatives of periods and logarithms of Drinfeld modules
CHANGNINGPHAABI NAMOIJAM
Mutation and torsion pairs
LIDIA ANGELERI HUGEL, ROSANNA LAKING, JAN ST 0VICEK and JORGE VITORIA
Elliptic KZB connections via universal vector extensions
TIAGO J. FONSECA and NILS MATTHES

Mean values of long Dirichlet polynomials with divisor coefficients
FATMA CICEK, ALIA HAMIEH and NATHAN NG

1259

1313

1369

1427


http://dx.doi.org/10.2140/ant.2025.19.1259
http://dx.doi.org/10.2140/ant.2025.19.1313
http://dx.doi.org/10.2140/ant.2025.19.1369
http://dx.doi.org/10.2140/ant.2025.19.1427

	1. Introduction
	1.1. Hyperderivatives of periods and logarithms
	1.2. Remarks on structure of the paper

	2. Preliminaries
	2.1. Notation
	2.2. Dual t-motives and t-motives
	2.3. The difference Galois group
	2.4. Hyperderivatives and hyperdifferential operators
	2.5. Prolongations of dual t-motives

	3. Rigid analytic trivializations and hyperderivatives
	3.1. Anderson t-modules, dual t-motives, and Anderson generating functions
	3.2. Prolongations of Drinfeld A-modules and associated dual t-motives
	3.3. Rigid analytic trivializations
	3.4. Hyperderivatives of periods and logarithms

	4. Hyperderivatives of periods and quasiperiods
	4.1. The frak p-adic Tate module and Anderson generation functions
	4.2. Elements of Gamma_{P_n M_rho}
	4.3. Lower bound on the dimension of Gamma_{P_n M_rho}
	4.4. Upper bound on the dimension of Gamma_{P_n M_rho}
	4.5. Algebraic independence of periods and quasiperiods

	5. Hyperderivatives of logarithms and quasilogarithms
	5.1. t-motives and quasilogarithms
	5.2. Nontriviality in Ext_T^1(1, P_n M_rho)
	5.3. Construction of the t-motives Y and N_n
	5.4. Algebraic independence of logarithms and quasilogarithms

	Appendix: Differential algebraic geometry
	A.1. Differential algebraic geometry in positive characteristic

	Acknowledgements
	References
	
	

