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Elliptic KZB connections via universal vector extensions

Tiago J. Fonseca and Nils Matthes

Using the formalism of bar complexes and their relative versions, we give a new, purely algebraic,
construction of the so-called universal elliptic KZB connection in arbitrary level. We compute explicit
analytic formulae, and we compare our results with previous approaches to elliptic KZB equations and
multiple elliptic polylogarithms in the literature.

Our approach is based on a number of results concerning logarithmic differential forms on universal
vector extensions of elliptic curves. Let S be a scheme of characteristic 0, E — S be an elliptic curve,
f : Ef — S be its universal vector extension, and 7 : E¥ — E be the natural projection. Given a finite
subset of torsion sections Z C E(S), we study the dg-algebra over Oy of relative logarithmic differentials
A= f.Q, / S(logn‘IZ). In particular, we prove that the residue exact sequence in degree 1 splits
canonically, and we derive the formality of .A. When § is smooth over a field k of characteristic 0, we also
prove that sections of .A! admit canonical lifts to absolute logarithmic differentials in f*Q}gn / , (log 77127),
which extends a well-known property for regular differentials given by the “crystalline nature” of universal
vector extensions.
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1. Introduction

The main goal of this paper is to give a purely algebraic construction of the so-called universal elliptic
Knizhnik—Zamolodchikov-Bernard (KZB) connection in arbitrary level [Bernard 1988; Levin and Racinet
2007; Calaque et al. 2009; Calaque and Gonzalez 2020] (see also [Hain 2020; Luo 2019; Hopper 2024])
in terms of universal vector extensions of elliptic curves. In doing so, we establish a number of new
results concerning logarithmic differential forms on universal vector extensions. As an application, we
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shall also obtain new algebraic formulas for elliptic KZB connections, which in particular yield an explicit
solution to some rationality questions concerning these equations.

Our principal motivation is to provide an algebraic approach to multiple elliptic polylogarithms
[Beilinson and Levin 1994; Levin 1997; Levin and Racinet 2007; Brown and Levin 2011] and their
closely related notions, such as elliptic multiple zeta values [Enriquez 2016]. In the literature, these objects
are usually defined and studied using analytic versions of the elliptic KZB connection, and algebraicity is
only shown a posteriori. This obscures the essentially algebraic nature of the elliptic KZB connection,
and makes the relation to arithmetic algebraic geometry more indirect—e.g., it is not clear how to write
special values of multiple elliptic polylogarithms in terms of periods, in the sense of Kontsevich and
Zagier (see [Fonseca and Matthes 2020]). In this work, we use the universal vector extension of an elliptic
curve to give a purely algebraic definition of the elliptic KZB connection and we also show how to retrieve
the various versions found in the literature via “analytification”. Our theory is in complete analogy to the
genus-0 case, the Knizhnik—Zamolodchikov (KZ) connection [1984], which is most naturally defined

using algebraic formulas.

1.1. The elliptic KZB connection over C. The elliptic KZB connection on a complex elliptic curve (£, O)
can be defined as a proalgebraic connection with logarithmic singularities at O

Vi : Vg — QL (log 0) ® Vg

satisfying the following universal property: given a base point b € E \ O, there is a vector vg in the
fibre Vg (b) such that, for every unipotent connection V : YV — Q }E(log 0) ® V equipped with v € V(b),
there is a unique morphism (Vg, Vg) — (V, V) sending vg to v (see [Kim 2009, Section 1]). Recall that
“unipotent” means that (), V) can be written as a finite iterated extension of the trivial connection (O, d).

Alternatively, by Serre’s GAGA and the Riemann—Hilbert correspondence, (Vg, Vi) can be charac-
terised by its prolocal system of horizontal sections Vg, whose stalk at x € E\ O is the prounipotent
completion over C of the fundamental torsor of paths 7 (E\O; b, x):

Ve =a{"(E\O; b, x).

Concretely, local sections of Vg are described by holomorphic functions, possibly multivalued, given by
homotopy-invariant linear combinations of iterated integrals a la Chen

X
x|—>[ Wi Wy
b

of 1-forms w; on the once-punctured elliptic curve E \ O. Thus, the elliptic KZB connection can be
thought of more concretely as the differential equations these iterated integrals satisfy. Note that the
equations themselves do not depend on the choice of base point b.

The above description in terms of local systems immediately generalises to a family of elliptic curves

E— S,
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where S is a complex manifold. Here, working locally over S, one can take b to be a base section of
E — S and consider the local system Vg whose stalk at a point x € E\O above s € S is

Vi x =m"(Es \ O(s); b(s), x).

In particular, the elliptic KZB connection of the family is an integrable connection (Vg, Vg) on the total
space of the family minus the identity section £\O, which restricts to the previously defined (Vg,, VE,) on
every fibre £\ O (s). In other words, it can be regarded as an isomonodromic deformation, parametrised
by S, of the elliptic KZB connection at one fibre. It is also possible to characterise (Vg, Vi) directly by
a relative version of the universal property recalled in the first paragraph above (see [Chiarellotto et al.
2023, Section 3]).

The (level-1) universal elliptic KZB connection corresponds to the universal family & — M ;.
Higher-level elliptic KZB connections are defined analogously, with logarithmic singularities on torsion
points E[N]; see [Calaque and Gonzalez 2020; Hopper 2024]. For the purposes of this introduction, we
focus on the level-1 case, although all of our results work more generally in arbitrary level.

1.2. Construction of KZB over the universal vector extension. We state some of our results in simplified
form. Let S be a scheme of characteristic 0, (E/S, O) be an elliptic curve over S, and

T:E'—E

be its universal vector extension. Formally, E* is given as an extension of E by a certain vector group of
rank 1, in the category of commutative S-group schemes, satisfying a suitable universal property (see
Section 2.1 below for a precise definition), and 7 is the natural projection. In this paper, the key property
of 7 : E* — E is that it is a principal G,-bundle over which every S-unipotent vector bundle trivialises.

We shall directly construct a connection on E® with logarithmic singularities along the vertical divisor
71O which can be shown a posteriori to be the pullback of the elliptic KZB connection on E by 7. Our
first result describes global relative differential forms on E*/S with logarithmic singularities along 7' O.
For simplicity, assume that

S = Spec R

is affine and small enough so that 7o = Gg,s = Spec R[?].

Theorem 1.1. There existsav € T'(E?, Q}EJ/S) such that v| ;-1 = dt. Given such a v, there is a unique

family (@™),=0 in T(E*, QL /S(logn—‘ 0)) such that
[(E%, Q. ) = Rv® Ro”
and, forn > 1,
(@) Res(w™) =1""1/(n—1)!,
(b) ™A@ =0,

(©) do"™ =v A",
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Moreover, 8 ol |
T(E, Q. s(logn ™' 0) = Rv® P ro™,
n>0
M(E", Q. s(logm ™' 0)) = P rvro™.
n>0
We call o, 0, ... Kronecker differentials, as they are purely algebraic variants of classical elliptic

functions considered by Kronecker (see Section 1.3 below).
Under the above hypotheses, we can explicitly construct a relative KZB connection on E"/S by setting

Vst Ops ® R(a, b) —> Qg (logn ™' O) & R(a, b), Vs =d+wgs,
with
wptyg=—v®a— Zw(") ®ad] b.
n>0
Here, R{a, b)) denotes a ring of noncommutative power series with the (a, b)-adic topology, and ad, is
the operator x > ax — xa. In the above formula for wg: s, an element of R{a, b)) acts on R{a, b) by
left multiplication. The integrability of Vg, which amounts to the equation

da)En/S +wgi s Nwgis = 0,
follows from Theorem 1.1(b)—(c), together with the fact that v and »© are closed 1-forms (Proposition 2.5).

Remark 1.2. The above explicit formula for the relative elliptic KZB connection is actually derived from
a natural construction involving the bar complex of the dg-algebra I'(E®, Q3 / g(log 7~10)), which holds
for arbitrary S of characteristic 0 (see Section 1.6). This construction also commutes with arbitrary base
change in S. In Proposition 5.12, we characterise it by a universal property as in Section 1.1.

From now on, assume moreover that S is smooth over a field k of characteristic 0. The next step is to lift
the relative KZB connection to an absolute integrable k-connection, the “isomonodromic deformation’:

Vs Op: ® Ra, b) —> Q. (logw ™ 0) & Ra, b)), Visys/x = d + wps/syi-
In this simplified situation, this amounts to the construction of the absolute connection form wg: g/,
which is a suitable lift of the relative connection form wg: g satisfying the integrability equation
da)Et/S/k +a)Et/S/k /\a)E:/S/k =0.
Our next result shows that relative logarithmic differentials on E%/S admit canonical lifts to absolute

differentials. This extends a well-known property for regular differentials on universal vector extensions
reflecting their “crystalline nature” (see [Bost 2013, Section 6; Fonseca and Matthes 2024]).

Theorem 1.3. The relative differentials v, ®?, 0V, ... € T'(E", Q}Et/s(log 7~10)) lift uniquely to

absolute differentials v, &, &V, - .. e T'(E", Q}ﬂ/k(logﬂ_1 0)) such that
ev=e*a" =0,
where e € E*(S) denotes the identity section, and, forn > 1,

" ADADY = nay ADAG"TD mod Q% AT(E", QlEt/k),
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where oy € Q}e Jk is a coefficient of the Gauss—Manin connection matrix (see [Fonseca and Matthes 2024,

Remark 3.7])
do® =a; AP +an AT,

dv = oy ACD(O) +ap AD.

Now it is natural to consider the canonical lift of the relative KZB connection:

Vs Ops @ R(a, b) —> Q. (logn ' 0) & R(a, bY), Vs =d +apss,
with
@En/g = —f)®a—z5)(")®ad2‘b.

n>0

Crucially, this k-connection is not integrable. The next result computes its curvature.
Theorem 1.4. There is a unique 1-form over S with coefficients in k-derivations of R{a, b)

® € Qg ®Deri R{a. b)
such that

dCZ)Eu/S +C7)EJ/S /\CZ)EJ/S + CD(CZ)EU/S) =0

inT(E*, Q7 /i (log n 0)&R(a, b); here, ®(@:s) is the 2-form with coefficients in R (a, b)) obtained

by “evaluating” @ at wg: s (see Section 6.4). In particular, the connection on O: ® R({a, b)) defined by
Viysk =d+ ogs sk, ©piys/x = 0pis + @,
is integrable.
In short, the elliptic KZB connection of the family is obtained by “correcting” the canonical lift of the

relative elliptic KZB connection by ®. We actually retrieve @ as the connection form of the dual of the
Gauss—Manin connection on the relative fundamental Hopf algebra of E \ O; see Section 1.6.

1.3. Analytic formulae. All of the above can be explicitly computed on a given family. In order to
compare our results with the traditional analytic approach in the literature, we work out in detail the case
of the universal framed elliptic curve over the upper half-plane £ — §), whose fibre at T € ) is

E=C/(Z+2).
In this analytic situation, the universal vector extension can be uniformised as follows:
£ =C*/L;, L,={(m+nt,2min)eC*:m,nec?).

Let 6, (z) be Jacobi’s odd theta function', and consider the so-called Kronecker theta function (see
[Levin and Racinet 2007, Section 2; Brown and Levin 2011, Section 3.4])

0,000, (z +x)
B == e

1Our normalisation is that of Proposition 7.1 below.
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If (z, w) denotes the coordinates on C?, then the Kronecker differentials associated to

v=dwel(&, Q)
by Theorem 1.1 are given by

o™ =" (z, w)dz € T(€], QL (log ' 0)),

T

where (p%")(z, w) are complex-analytic functions on &; defined by the generating series
e Fr(z,x) =y o (z, w)x" ",
n>0
Note that @ = dz. Thus, the relative KZB connection form is
wgyn=—dw®a—Y " (2, w)dz®adlb=—dw®a—dz®ad, " F.(z, ad,)b.
n>0

The canonical lifts of the above relative differentials, characterised by the properties of Theorem 1.3,

are explicitly given by

- ~(n) _ () _ df) (n+1) dt
V=dw, @ o (2, w)(dZ WS +ne " (z, w) i
By direct computation of the curvature dag: g + @gt /5 A D¢t /¢, WE Obtain
O=-2C @D, Di=bl T3 n-1Gu@ Y [(~ad)ibadibl L. (1)
2mi ’ da 2 . AT 9b’
n>2 Jj+k=2n—1
Jj.k>0

where G, (1) = Z(r’ $)#£(0,0) (r +s7)~2" are the classical Eisenstein series. The final expression for the
KZB connection form then becomes

wgzync = —dw ®@a —dz ®ad, "% Fy(z, ad,)b — % ® (ad, F;(z, w, ada)b + Dy),
where
0

Fl(z,w,x)=e"" o

Fe(z, )+ 5.
X

1.4. Relation to the literature. The elliptic KZB connection [Bernard 1988] arose in conformal field
theory as a genus-1 version of the KZ connection [Knizhnik and Zamolodchikov 1984], which in its

simplest guise is the proalgebraic connection

Vkz : Vkz —> Qpi(log{0, 1, 00) ® Vkz, Vkz=d — dZ—Z ® x0 — ld__zz ® X1, (2)

where Vg7 is the trivial provector bundle over P! with fibre the algebra of noncommutative power series
C{xo, x1). The KZ connection encodes quantities of deep arithmetic interest, obtained as iterated integrals
of the differential 1-forms df, ld—_zz. Namely, flat sections of Vg7 are described by multiple polylogarithms,

and their monodromy by multiple zeta values; see for instance [Brown 2013, Section 4].
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Motivated by an elliptic analogue of the theory of multiple polylogarithms, Levin and Racinet [2007]
were led to consider elliptic KZB connections as defined in Section 1.1. In contrast to the genus-0 case,
however, the provector bundle Vg is not trivial, since the condition

H'(E,0p) #0 3)

amounts to the existence of nontrivial unipotent vector bundles on E. To obtain a formula as explicit
as (2), they compute the pullback of the elliptic KZB connection on £&; = C/(Z + Z7) by the (analytic)
uniformisation map C — &;:

V. : O0c ® C{a, b) — quj(log(Z +12)®Cla,b), V,=d—dz®ad, F.(z,ad,)b,

with corresponding action of Z + tZ on an element f (a, b) of C{a, b) given by (m +nt) - f(a,b) =
e—lm’naf(a’ b)
By considering the commutative diagram

C? — &

Lk

C — &

where horizontal arrows are the natural uniformisation maps and the left vertical arrow is the projection
(z, w) +— z, one can readily check that f(a, b) — e " f(a, b) induces an isomorphism between
the pullbacks to C? of our ((’)53 ® C(a, b)Y, Vgg), as given in Section 1.3, and Levin and Racinet’s
(Oc & C(a, b), Vo).

At this point, it is also instructive to compare our construction with Brown and Levin’s theory [2011]
of multiple elliptic polylogarithms, which rely on real-analytic logarithmic 1-forms vgp,, wl(goL), a)l(glL) e
defined by

veL = 2midr, e F.(z,x)dz= Z wl(g"L)x"_l,
n>0
where r(z) = Im(z)/Im(z). The presence of r in their construction is justified by the transformation
property
r(z+m+nt)=r(z) +n,

which, together with the modularity properties of Kronecker’s function, implies that the differentials
VBL, a)](gnL) descend to &;. In this sense, the nonalgebraicity in Brown and Levin’s work is also related
to the same cohomological obstruction (3), which turns out to be equivalent to the nonexistence of a
holomorphic function on £; which transforms in the same way as r.

Our Kronecker differentials v, ™ should be regarded as algebraic avatars of Brown and Levin’s
differentials vgp, wé"L). Indeed, the projection 7 : EE — &, admits a real-analytic section o : &, — EE
induced by z — (z, 2wir(z)), and we have

VBL = 0¥V, w}(3n]3 =o*w™.
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With this point of view, the universal vector extension £ can be naively thought of as a space over the ellip-
tic curve &; obtained by adjoining a formal variable w which transforms as 2 ir under the action of Z+tZ.

The universal elliptic KZB connection was first considered in explicit form by Calaque, Enriquez, and
Etingof [Calaque et al. 2009], in relation to the representation theory of braid monodromy groups. It is
defined as an integrable connection on Vkzg, the trivial infinite-rank vector bundle over $) x C with fibre
C{a, b)), given by

Vizs = d — dz ®ady Fr (2, ada)b — % ® (ad, G (2, ad)b + D),

where

0 1
G.(z,x) = aFf(z,x)Jr;,

and D; is as in (1). By considering a suitable action of SL,(Z) X 72, the connection (Vkzg, Vkzg) is then
proved to descend to the universal elliptic curve, seen as the orbifold quotient £ = (SL,(Z) x Zz)\\ HxC).
The comparison with our connection on the universal vector extension is done via a universal analogue

of the previous commutative diagram:

HxC? — &°

l Il

HxC — E&.

It follows from the explicit expressions in Section 1.3 that the pullback to ) x C? of (Oz:®C(a, b)), V- /5)C)
is isomorphic to the pullback of (Vkzg, Vkzs). There are also similar formulae for higher-level universal
elliptic KZB connections due to Calaque and Gonzalez [2020] (see [Hopper 2024]), and a comparison in
full generality is worked out in Section 7 below.

1.5. Towards motivic multiple elliptic polylogarithms. The present work has been originally motivated
by the development of a motivic theory of multiple elliptic polylogarithms, in the framework of Brown’s
motivic periods [2014; 2017] (which have been applied with great success to arithmetic questions concern-
ing multiple zeta values). Recall that motivic periods involve Betti and algebraic de Rham realisations; this
paper is purely devoted to the algebraic de Rham aspects of the theory (see [Fonseca and Matthes 2020]).

More precisely, we are concerned here with unipotent algebraic de Rham fundamental groups. In
the Tannakian formalism, this amounts to the study of unipotent vector bundles with connection over
punctured elliptic curves (see the Appendix). Our use of the universal vector extension is motivated by
the cohomological properties (over a field k of characteristic 0)

HY(EY, Op:) =k, H'(E, Op:) =0,

which imply that every unipotent vector bundle over E® is canonically trivial. The importance of the
universal vector extension in the algebraic de Rham fundamental group theory of a punctured elliptic
curve has been previously advocated by Deligne (personal communications with P. Etingof and R. Hain,
2015), and some of its Tannakian implications have already been explored by Enriquez and Etingof [2018]
(see Section A5 below).
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The above discussion is also connected to a number of natural algebraicity questions that have been
raised in the literature concerning elliptic KZB equations, as the usual approach relies on analytic
uniformisation maps. The algebraicity over Q of the universal elliptic KZB connection in level 1 was
proved by Luo [2019] (see [Levin and Racinet 2007, Section 5]) by making essential use of the moduli
space M, 7 classifying elliptic curves with a nonzero tangent vector at the identity. Here, the map
M, 1 — M, or the corresponding map on universal elliptic curves, can be thought of as a particular
G,,-bundle over which the algebraicity question becomes computationally tractable. In this sense, our
approach, which is based on the construction of the elliptic KZB connection on the universal vector
extension of a family of elliptic curves, is not far in spirit from that of Luo, with the difference that we
use a G,-bundle instead of a G,,,-bundle.

Algebraicity problems were also considered in the literature concerning elliptic polylogarithm sheaves
(in the sense of Beilinson and Levin [1994]), usually motivated by arithmetic questions concerning p-adic
realisations of elliptic polylogarithm functions [Bannai et al. 2010; Sprang 2020]. Note that Sprang’s
approach [2020] also relies on universal vector extensions, and it would be interesting to compare it with
the methods of this paper.

1.6. What we do. Let k be a field of characteristic 0, S be a smooth k-scheme, and (p : E — S, O) be
an elliptic curve over S. Consider its universal vector extension f : E¥ — S, which fits into a short exact
sequence of commutative S-group schemes

0 —— V(R'p.Ok) E* "> E 0,

and is universal for extensions of E by an S-vector group (see Section 2.1). Let Z C E be a subscheme given
by a finite union of torsion sections of p. For simplicity, we also assume Z contains the identity section O.

We shall construct the elliptic KZB connection over E* with logarithmic singularities along 7~ Z.
Our approach is based on the bar construction formalism. We refer to the recent work of Chiarellotto,
Di Proietto, and Shiho [Chiarellotto et al. 2023] for general comparison statements of different approaches
to unipotent fundamental groups. Regarding our particular framework, we have included in the Appendix
precise comparison results with the Tannakian formalism over a field.

1.6.1. Relative differentials. Consider the dg-algebra over Og of relative logarithmic differential forms
A= f*SZ}E]/S(logn_lZ).
It follows from a result due independently to Coleman [1998] and Laumon [1996] (Theorem 2.3) that A
is a model for the de Rham cohomology of E \ Z over S (Proposition 2.7):
H*(A)=HRW(E\Z2)/S).

Our main results in Section 3 concern the structure of A as a dg-algebra over Og. In particular, we
obtain in Theorem 3.7 a decomposition

A = f.op, s K,

n>1
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where the Og-submodules K are characterised by conditions involving the residue along 7 ~' Z and the
dg-algebra structure of .A. Concretely, locally over S, we have
F:Qp s =050 050", K" = @ Os0p’,

PeZ(S)

g‘) are Kronecker differentials with logarithmic singularities along 7 ~! P.

where
This also allows us to prove the formality of the dg-algebra .A. More precisely, we obtain a dg-quasi-
isomorphism (Theorem 3.9)

A— H*(A)
which plays a key role in the rest of the paper (see [Brown and Levin 2011, Theorem 19]).

1.6.2. Relative KZB. With A as above (note that A is a connected dg-algebra over Og), we consider the
bar complex

0 — BYA) —% BIA) — -

We shall only need the first two terms, which are explicitly given by B(A) = @nzo(Al )®" and B'(A) =
@nzl @151’9 (AH® 1@ A% ® (A)®"~ where tensor products are over Og. Decomposable tensors are
denoted by a1 ® -- - ®a, =[a; | - -- | a,], and the differential in degree O is explicitly given by

dp: B°(A) — B'(A),
n n—1

a1 lag)— =Y lar] - lai—11dai |aigi | - @)=Y lar] - lai1 |ainaig aiga] -+ |ay].
i=1 i=1

Finally, we consider the Og-module
Hys,z = H(B(A)) = ker(dg : B°(A) — B'(A)).

It comes with a natural commutative Hopf algebra structure, given by the deconcatenation coproduct and
the shuffle product, and a natural filtration L,Hg,s z by length (see Section 5.1). Note that Hg,s 7z can
be thought of as the Hopf algebra corresponding to the relative de Rham unipotent fundamental group
of E'\ Z over § at certain “canonical base point” (see Section A5 for a discussion in the case where S
is the spectrum of a field).

In Section 35, the relative elliptic KZB connection is naturally defined on the pullback of the continuous
dual

Hp s,z = lim Homog(LyHE)s.z, Os)
n>0

by
Verysz: [*Hgs.z — Q};t/s(logﬂ_lz) ® f*HEs.zo Veysz=d+wgysz,

where the KZB form wg:)s , € T'(S, Al ® HY: /s.z) 1s the length-1 component of the element in
I'(S, He/s,z ® Hy /s,z) induced by the Hopf algebra antipode, and acts on HY ;s,z by left multipli-
cation (see Section 5.3). In Proposition 5.12, we prove the integrability of (f*H ). /s.z» VEys.z) and
we characterise it via a universal property.
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Building on the results of Section 3, we show that Hg/s 7 is canonically isomorphic to the tensor
coalgebra TCHle((E \ Z)/S) (Theorem 5.8). In particular, locally over S, we show in Theorem 5.15 that
the continuous dual H}, /5.7 is isomorphic to the algebra of noncommutative power series

23y ~ Ogs{a,b,cp: P e Z(S))
sz = (ZPGZ(S) CP_[a’b]> ’

and, under the above isomorphism, the KZB form is given by

a)E;/S’Zz—v@)a—w(O)@b—Z Z wfﬁ”@adZ*ICP.
n>1 PeZ(S)

When Z = O (level 1), we recover the expressions in Section 1.2.

1.6.3. Canonical lifts. Our next results concern the sheaves of absolute logarithmic differentials
S S2%. / , (log n~1Z). It is known that E®/S admits a natural horizontal foliation — formally, a D-group
scheme structure — which amounts to a splitting of

LN o | — |

0 —— f*Q.IS/k — Q. E%/S

satisfying a certain integrability condition and a compatibility with the group scheme structure [Bost
2013, Section 6.4]. We show in [Fonseca and Matthes 2024] that this splitting actually comes from the
splitting of

1

E"/S > 0

00— Qé‘/k I f*QllEt/k — [

1
Ef/k

f*Q}QN/k = Q}g/k N, N =ker(e).

induced by the retraction f, 2 - Q g /k given by restriction to the identity section e € E*(S):

In Theorem 4.9, we extend this result to logarithmic differentials by showing that there is a unique
splitting of

0 Q1 f*Q}gu/k(logﬂAZ) — f*Q}EJ/S(logn*IZ) — 0

of the form
Fe Q2 logm ' 2) = Q5 @ N o P £,
n>1

where each £ maps isomorphically onto X, and for every n > 1
LDOANAN =dN A LD mod f,F2.

Here, f,F? is the second step of the (direct image) Koszul filtration on S8, / , (log n~12Z), given by the
ideal generated by Qé Jk (see Section 4.2).

Locally over S, the above result implies that the Kronecker differentials admit canonical lifts to sections
of f*Q}Et/k(log n~1Z), which we denote by 7, ®®, and cbgl) forn>1and P € Z(S).
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1.6.4. Absolute KZB. Finally, in Section 6, the elliptic KZB connection associated to E/S/k punctured
at Z is constructed as a suitable lift of the S-connection Vg g  to an integrable k-connection

Veeysiez s [ MErs 7 — Q}En/k(bg”_lz) ® S sz

As explained in Section 1.2, the key idea is to obtain Vg 5/, 7 as a correction of the canonical lift
of the relative connection Vp: /s/k,z by a certain k-connection on §, which is dual to a Gauss—Manin
connection

S HE/S,Z — Q}S/k ®HE/S,Z-

Our construction of § is a bar complex variant of the usual Katz—Oda procedure [1968], and relies on the
use of relative bar complexes. It depends crucially on Coleman and Laumon’s result on the cohomology
of universal vector extensions. We have also drawn inspiration from an analogous approach developed
by Brown and Levin [2012]. In the C*° context, there is a similar construction due to Hain and Zucker
[1987, Proposition 4.11].

Consider the dg-algebra C := f,.23, , k(logyr_1 Z), which contains €2 := Q% /casa dg-subalgebra, and
form the relative bar complex

’

0 —— B2C) —2 BLC) — -

the definition of which is similar to the usual bar complex, but tensor products are now taken over the
noncommutative ring €2 (see Section 6.1). Then, the Koszul filtration on C induces a decreasing filtration

Ba(C) = F'Bo(C) D F'Ba(C) D F?Ba(C) D - -
satisfying Bq(C)/F 'Ba(C) = B(A). We construct a projection
7w : F'Ba(C) — Q) ® B(A)[—1]
which factors through F 'Bq(C)/F?Bq(C), and we define
5(§) = —(dpé),

where § is the canonical lift of the section & of Hg/s.z = H 0(B(A)).

We prove in Theorems 6.6 and 6.10 that the above definition yields an integrable k-connection on Hg /s, 7
which preserves the length filtration and restricts to the tensor power of the Gauss—Manin connection on
the graded quotients L, Hg /s z/Ln—1HEs,z = Hle((E \ Z)/$)®". Moreover, its continuous dual

. 1 S
8" M52 —> Qs OHpys. 7
is a derivation of HE /8.2 with coefficients in €2 g /K> and the k-connection
Vesiez s f MErs 7 — Q]Et/k(log n'Z)® F*Hesz0 Veysz = "8 +dpys 2,

is an integrable lift of the relative KZB connection Vs g 7.
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2. The universal vector extension of an elliptic curve

2.1. Definition. Let S be a scheme. The S-vector group associated to a quasicoherent Og-module F is the
S-group scheme V(F) = Spec S(Sym F). If F is locally free of rank r, then V(F) is locally isomorphic
t0 (Ga,s5)"

Let p : E — S be an elliptic curve. The universal vector extension of E/S is a commutative S-group
scheme f : E* — S with a morphism of S-group schemes 7 : E% — E fitting into an exact sequence (of
abelian fppf sheaves over S)

0 —— V(R!'p,OF) E" X E 0, 4)

which is universal for extensions of E by an S-vector group. Namely,
Homoy (F, R' p.Op) —> Exts,, (E, V(F)),
¢ — the class of the pushout of (4) along V(¢) : \/(R1 p+Og) = V(F),
is an isomorphism for any vector bundle F over S [Mazur and Messing 1974, Proposition 1.10] (see
[Fonseca and Matthes 2024, Section 2.2]). Since R! p«Ogf is a line bundle over S, it follows from (4) that
7 : E* - E is a G,-bundle. In particular, f : EY — S is smooth, of finite presentation, and of relative
dimension 2. Moreover, the formation of the universal vector extension is compatible with every base

change S’ — S, meaning that there is a natural S’-isomorphism E® x5 S’ = (E x5 S')".

Example 2.1. Assume that S = Spec R is affine, with 6 invertible in R, and that £ /S admits a Weierstrass
equation of the form

E: }’ZZ = 4x? —82X22 —g3z3, 22, 83 € R, gg —27g§ e R*.

Letg(x) = 4x3 — g2x — g3 € R[x], and set
U, = Spec Rix.y. 1] , U= Spec _Rbx.z1] )
(?—g(x)) (z—2%q(x/2))
Let Uy, be the open subscheme of U; given by y # 0, and U,; be the open subscheme of U, given by
z #0. Then, E® is isomorphic to the gluing of U; and U, along the isomorphism U;, = Uy; given on
the corresponding R-algebras by

Rlx,z*, 1] _  Rlx,y*', 1]
H s
(z—23q(x/2)) (y2—q(x))

where ¢’ (x) = 12x? — g,. This follows from the interpretation of E® as a moduli space of line bundles

1 /
(X,Z, t)|_> (f’_’t_q (X))y
yy 6y

on E equipped with an S-connection [Katz 1977, C.1-C.2]. For instance, if R’ is an R-algebra, a point
(a, b, c) € U (R’) corresponds to the isomorphism class of

’

ly+b dx
(OP) ®(9(0)_1, d+wp.), wp.= (_y +c> el
2x—a y

where O = (0:1:0) € E(R’) is the identity, and P = (a : b : 1) € E(R’).
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In the category of complex analytic spaces, the universal vector extension of an elliptic curve is more
conveniently described in terms of its uniformisation.

Example 2.2. Assume that S is locally of finite type over C. Then the analytification E%®" is uniformised
by the rank-2 holomorphic vector bundle V" := \/(Hle(E /8))*" over §2": there is an exact sequence of
relative complex Lie groups over §2"

exp

0 L yan

E™ —— 0,

where L is the space over S corresponding to the locally constant sheaf (R! p2Z)V. The map L — V&
is induced by the morphism (R!p¥7)" — (Hle(E /)™)Y, which sends a locally constant family of
topological 1-cycles y to the functional o — fy o. We refer to [Mazur and Messing 1974, 1.4.4] for a
proof. In the particular case where S = Spec C, let (w, n) be a basis of HJR(E /C). Then,

EM"=C*/L, L={(f,0,[,n€C*:yecH(E™ D)

2.2. Coherent and de Rham cohomology. We keep the above notation.
Theorem 2.3 (Coleman, Laumon). If S is of characteristic 0, then

Os, =0,

R f,O0p: =
SO {o, i>1.

For a proof of the more general statement concerning universal vector extensions of abelian schemes, we
refer to [Laumon 1996, Théoreme 2.4.1] or to [Coleman 1998, Corollary 2.7]. For elliptic curves, one may
also give an elementary proof by computing the Cech cohomology of the affine cover given in Example 2.1.

Remark 2.4 (algebraic versus analytic functions). Let S = Spec C. The above theorem implies that
I'(E%, Og:) =C, i.e., that every global regular function on E? is constant. The analogous statement in
the analytic category is false. In other words, E%*" admits nonconstant holomorphic functions. In fact, it
follows from Example 2.2 that E%®" is isomorphic to C*/Z> = C* x C*.

From now on, we assume that S is of characteristic 0. Let e € E*(S) be the identity section. Since
E®/S is a smooth group scheme, we have for every n > 0 an isomorphism

f*e*Qn

Ef/S;)Q

n
E1/S

obtained by extending cotangent vectors at the identity to invariant differential forms via the group law.
Then, it follows from the projection formula and Theorem 2.3 that

Rif*Q};jh/S; EY/S’ (5)

{e*Q” i=0,
0, i>1.

The above equation for i = 0 means that every section of f,Q is an invariant differential n-form

%h/s
on E%/S.
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Proposition 2.5. Every section of f.Q2 is a closed differential form. The induced map

n
EY/S
fepe ;s — HiR(EF/S)
is an isomorphism of Og-modules.

This statement is contained in [Fonseca and Matthes 2024, Propositions 2.4 and 2.7] (see also [Coleman
1998, Theorem 2.2]). We reproduce a short proof for completeness.

Proof. We have seen that sections of .7, /s
closed is a general property of smooth commutative group schemes; it is a consequence of the Maurer—

are invariant. That every invariant differential form is

n

Cartan equation. Now, that the natural maps f, 27, s Hi (E 9/8) are isomorphisms follows from the
Js-acyclicity of Q7. /s (see (9)). [l

In fact, the above isomorphism is also compatible with the natural product structures, yielding an
isomorphism of dg-algebras over Os:

[ s = Hig (EF/S).

Since v : E? — E is a G,-bundle, it follows from the Kiinneth formula that 7 * : HiR(E/S) — H(;R(E”/S)
is also an isomorphism of dg-algebras over Og. Thus, we obtain an isomorphism

F1 Qa5 = Hig(E/S). ©)

Remark 2.6. By [Mazur and Messing 1974, 1.4], applying the functor Lieg to the exact sequence (4)
gives rise to a short exact sequence of Og-modules

0 —— (R'p,Of)Y —— Lieg E? —— LiesE —— 0,
isomorphic to the dual of the Hodge—de Rham short exact sequence
0 —— puQp,g — Hg(E/S) —— R'p,Op —— 0. @)

The composition of isomorphisms f; Q. =(LiesEHYZX=H d]R(E /) coincides with the isomorphism (6).

Eb/S
The fact that the dg-algebra f,.€23., /s
to punctured elliptic curves as follows.

is a model for the de Rham cohomology of E /S can be generalised

Proposition 2.7. Let Z C E be a smooth closed S-subscheme. For every n > 0, the natural maps
H" (R, s(logm ™1 2)) —— Hi(x™(E\ 2)/$) «"— Hlp(E\ 2)/5)

are isomorphisms.

Proof. That r* : Hig ((E\ Z2)/S) — Hé’R(n_l(E \ Z)/S) is an isomorphism follows from the Kiinneth
formula and from the fact that 7 : 7 ~1(E \ Z) = E \ Z is a G,-bundle.
By Deligne’s theorem [1970, Chapter 11, Corollaire 3.15, Remarque 3.16], there is a canonical isomor-
phism
R" £ Q. g(logn ' Z) => Hip(x ™ (E\ 2)/9).
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We are left to prove that 27, y s(log n~1Z) is a complex of f,-acyclic sheaves. For this, leti : 7~'Z — E°
be the inclusion, and consider the Poincaré residue exact sequence

0 — Q) — Q. (ogn'2) == i@, [-1] — 0.
As each Q7 /s is fi-acyclic by (5), and each i*in,lz /s is fi-acyclic by the fact that both i and f oi

are affine, we conclude from long exact sequence in cohomology associated to the above short exact
sequence that each Q' / g(og 771Z) is f.-acyclic. O

3. Relative logarithmic differentials on the universal vector extension

3.1. Kronecker differentials. Recall that the sheaf of invariant differential 1-forms on the vector group
V(R!p,OF)/S is canonically isomorphic to R! p,OF: a local section ¢ of R! p,Of corresponds to the
relative 1-form d¢. Thus, under the identification (6), the Hodge—de Rham exact sequence (7) corresponds
to the short exact sequence of sheaves of invariant differential forms

1

EY/S ? RIP*OE — 0, ()

0—— p*Q}g/s — f*Q

where the left arrow is given by pullback by 7, and the right arrow is given by restriction to V(R' p,O) =
710 — E".
Assume that S is affine and that R! p«Op is free with trivialisation ¢. Under the identification

f+Or-10 = EP(R' p.Op)®" = Os1],

n>0

we obtain a commutative diagram

0 — £} —— fuf2L, ((ogm™'0) —Res 05[] —— 0
lo ld ld )
0 — fiQ. o — fuf2}, s(ogm~'0) == Osltldi —— 0

where the rows are Poincaré residue exact sequences (see the proof of Proposition 2.7).

Lemma 3.1. Let o be a global section of f*Qzu/S(log 771 0) satisfying Res(a) = 1. Then d restricts to
an isomorphism

d:Osa = fQp. g
Proof. Since Res(da) = d Res() = 0, it follows from the residue exact sequence in degree 2 that do

2

E%/S®

it is an isomorphism, it suffices to prove that it is surjective. Since H?>(f; Q% / s(log 7710)) =0 by
2

is a section of the line bundle f,2 so that the map in the statement is well-defined. To verify that

Proposition 2.7, for any section 8 of f,.2 there is a section o’ of f*Q}Eu / s(log 71 0) satisfying

E"/S

do’ = B. By the commutativity of (9), Res(a’) is in Og, so that Res(a')a — ' is in f*Q}EJ/S. This shows

that d (Res(o)a) = B. O
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1
E/S’
In particular, we obtain a

Remark 3.2. Note that « in the above statement is unique up to a section of f, 2 so that do is

2
Ev/s®
symplectic pairing (-, - ) : f*Q}Et/S ® f*Qgt/S — Oy defined by (w1, w2) da = w| A w,, which induces

independent of any choice; it gives a canonical trivialisation of f, 2

by (8) the classical isomorphism p*Q}E /s = (R! p«Op)Y. Under the identification (6), the pairing (-, -)
is the usual de Rham pairing on Hle(E /S) (see [Coleman 1998]).

1

Theorem 3.3. Assume that S is affine, R' p,Op = Ost is free, and let v be a global section of f*QEﬂ/S

satisfying
V|-190 =dt.
Then, there exists a unique family {©™},=o of global sections of f.S2k: /s (logw~10) such that »©
trivialises p*Q}E/S and, for everyn > 1,
(i) Res(w™) =1""1/(n —1)!,
(i) o™ Aw® =0, and
(iil) do™ =v A"V,

Moreover, we have

fiQp: slogn ™1 0) = £iQp. s @ P Os0™.  fiQ: /g =Osv® 050, (10)
n>1

[ s(logn ™' 0) = £.95. @ P Osv A 0™, foQ. g =0sv A0®. (11)
n>1

Proof. Let a be any trivialisation of p*Q}E /s (note that p*Q}E /s is free by Remark 3.2), so that
f*Q}gq/S=OSV®OSaO, f*QéJ/S=05\)/\C¥0. (12)

It follows from the residue exact sequence (9) in degree 1 that, for every n > 1, there is a global section «,,
of f*Q}Et/S(log 7~ 10) such that

tn—l
R = .
es(ay,) D
Our goal is to modify each «;, by a section of f, Q2 }EJ /s S0 that properties (ii) and (iii) are also satisfied.
Since the restriction of g to 7 ~' O vanishes by (8), the 2-form «;, A o is in 22 Thus, by (12),

Eb/S
up to adding a multiple of v to «,,, we can assume that

o, ANag =0.

Let n > 1. Since

Res(da,) = d Res(a,) =d il 2 de Res(v A )
an = an = = = v an7 ,
n—1)!) m—2)! !

it follows from the residue exact sequence (9) in degree 2 and from (12) that there exists a global section
rn—1 of Og such that
do, =v ANoy_1 +rp—1v Aap.
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For every n > 0, we set

o™ = a, + rye.

Thus, »® is a global section of p,Qy ¢ and @™ are global sections of £, Q2 / ;(log w1 0) satisfying
(i), (ii), and (iii). Furthermore, since dw'" = v A @@, it follows from Lemma 3.1 that v A »© is a
trivialisation of f, 3, g+ S0 that {v, w©®} is a trivialisation of f,Q], /s~ Then, (10) and (11) follow from
the residue exact sequence (9).

To prove uniqueness, let {1, },>0 be a family of global sections of f*Q}EJ / S(logn_] 0) such that Ag
trivialises p*Q}E /s and A, satisfies (i), (i), and (iii) for n > 1. Then, we can write 1o = uw® for some
u € I'(S, O¢), and, by (i), for every n > 1,

tn =0 +a,0 +b,v

for some a,, b, € I'(S, Og). From (ii), we conclude that b,, = 0. Finally, property (iii) applied to the
family {A,},>0 yields

(nfl) uv /\C()(O), n = 1,
VA®T = (n—1) ©
vAL" "V +a,_ivAae”, n>2,

which implies that ¥ = 1 and a,, = 0 for every n > 1. ]

Remark 3.4. It follows from uniqueness and from Theorem 3.3(i), (ii), and (iii), that a change in v to
V' =uv+vo®, with u € I'(S, OF) and v € I'(S, Oy), changes ©™ to ™ = =1y,

Corollary 3.5. With notation as in Theorem 3.3, we have o™ A 0™ =0 for every n, m > 0.

Proof. Since E°/S is smooth of relative dimension 2, in a formal neighbourhood of any point in the
smooth relative effective Cartier divisor 7' O, we can find S-coordinates (x, 7) such that dx = »©,
dt = v, so that 771 O is given by x = 0. Since ™ has logarithmic singularities along 7 ~! O, there are
power series F,(x,t), G,(x, t) with coefficients in Og such that " = F,(x, t)(dx/x) + G,(x, t) dt.
By equation (ii) of Theorem 3.3, we have G, (x, t) = 0, so that ™ = F, (x, t)(dx/x). The statement
follows immediately. U

3.2. Kronecker subbundles. Let Z C E be a closed subscheme of E given by the union of forsion
sections P € E(S). Assume moreover that Z contains the identity section: O € Z(S).

Example 3.6. We can always take Z = O. If E/S admits a full level-N structure, we can also consider
Z = E[N], or any other subscheme thereof which is flat over S and contains the identity.

By pulling Z back by the projection 7 : E* — E, we obtain a divisor 7 ~'Z on E¥, which can be
written as a disjoint union:

7'z = |_| T 'p.
PeZ(S)
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Since P € Z(S) is torsion and 7 : E? — E is a G,-bundle, P admits a unique lift to a torsion section
P" € E%(S) [Katz 1977, Lemma C.1.1]. Thus, we obtain a trivialisation
17 'Z = Z xs V(R p.Op), (13)
given on the component 7' P by x — (P, x — P?). This yields an isomorphism
[0z = p07 PR p.0)®" =P p. 02 @ (R' p.OL)™", (14)
n>0 n>0

where tensor products are taken over Os.

Theorem 3.7. There is a decomposition
il slogn™' 2) = 0y s @ P L™,
n>1
where are subbundles of f ogm™ uniquely determined by the following properties:
here K™ bbundl SZ}EJ/S(I 1Z) uniquely d ined by the followi j

(i) Under the identification (14), the residue map

Res:f*QlEn/s(logn_IZ) — f:Op-17

restricts to an isomorphism between K™ and 0z ® (R! p:O )@,
(i) KM AK® =0in f.QF, /s(log n7'Z), where

0) . 1
KO = P«Sg/s

1
E?/S

(iii) dK™ = f*Q}Et/S/\IC("_l) in f*Q%J/S(logn_1Z).

is seen as a rank-1 subbundle of f,<2 (log w~'Z) via pullback by .

Moreover, we have
FiSpyslogn ™' Z) = P fuQp: s AK™.
n>0
Proof. It suffices to prove existence and uniqueness locally over §. Thus, we may assume that § is
affine and that Rlp*OE = Ogt is free. Let v, @, oV ... be as in Theorem 3.3. For any P € Z(9), let
T_p: : E¥ — EF be the translation by — P?, and set, for every n > 0

wp) =1 p0™ eT(S, £y s(logm ' P)). (15)

Let us also denote by tp = t* .1 the coordinate on 7~ P induced by ¢ under the isomorphism (13). Since
v, ®? are invariant— in particular, a)g)) = »©® —it follows from Theorem 3.3 that, for every n > 1,
(a) Res(@\) =1/ — 1)1,
) 0% Aw® =0, and

() da)g’) =v /\a)gl_l).
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Forn > 1, set
K™ = K, K = 0s0p).
PGGZ?S) P P

Then, the residue exact sequence, together with (a), (b), and (c), show that K™ so defined satisfies all the
properties in the statement.

To prove uniqueness, let {£,},>1 be another family of subbundles of f*Q}Et / s(log n~'Z7) satisfying
(1), (i1), and (iii). By (i), £, is trivialised by 1-forms A, p, P € Z(S), satisfying (a). Then, by the residue
exact sequence, there are global sections a;, p, b, p of Og such that

An.p= a)gl) + an,pa)(o) + by pv.
It follows from (ii) that A, p satisfies (b), so that b, p = 0. By (iii), we have

dlp,p=CppVAdy_1p

for some global section ¢, p of Og, where we set Ao p := »©. Thus, also using (c) for a)ﬁf), we obtain,

forn=1,
c1.pv Ao =vAw®,
and, for n > 2,

(n

(n—1)
Cn, PV NWp P .

—1
)—{-Cn,Pan_l’pl)/\a)(O) =VAW®

Thus, c;,p = 1, and, by taking residues along 71 P, we see that cn.p = 1 for n > 2. Then, it follows
from the same equation that a,,_1 p = 0. We conclude that 1, p = a)g’), which yields £,, = K, |

We shall always denote by

’C(n): @ ,Cgl)

PeZ(S)

the decomposition induced by part (i) of Theorem 3.7 and p, Oz = @ p. z(s) Os- When R'p,Og is free,
a choice of v as in Theorem 3.3 induces trivialisations wg’) of ICgl) as in the proof of the above theorem,
so that

f*Q}EJ/S(lOgTL’_IZ)=OS1)@OSQ)(O)EB @ Osw(;), (16)
Pg%éS)
f*Q%J/S(logn*IZ)=Osv/\w(0)® @ Ogv/\a)g’). (17)
Pg%éS)

3.3. The dg-algebra of relative logarithmic differentials. With same hypotheses and notation as in the
last sections, consider the dg-algebra over Og

A= f*Q}Et/S(logn_IZ),

K=k™.

n>0

and consider the submodule of A!
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It follows from Theorem 3.7 that the dg-algebra A is generated by its degree-1 sections. More precisely,
we have the following structure result.

Corollary 3.8. A is locally free as an Os-module, and the wedge product induces an isomorphism of
graded Os-algebras

NAYYNK) = A
Proof. That A is locally free as an Og-module follows from Theorem 3.7 and from the fact that R' p,Of
is locally free (see (16) and (17)).

It follows from Theorem 3.7 (see also Corollary 3.5) that the wedge product gives a well-defined
morphism of graded Og-algebras /\"A'/ (/\21C> — A. This is an isomorphism in degree 0 by Theorem 2.3,
and is trivially an isomorphism in degree 1. To see that it is also an isomorphism in higher degrees, we
may argue locally over S. Thus, we may assume that Al /K= R! p«OF is free (of rank 1), and that the
short exact sequence

0 K Al Al/JK —— 0

splits
Al=z U4/ e k.
This implies that
NA = (A0 e e NK= A0 NK,

and, for n > 3,
NA = (A0 NT'K) @ N'E cim(N' A @ NV K — N'AY. O

Our next result concerns the cohomology of A. It follows from A° = Og (Theorem 2.3) that H%(A) = O
and that
H'(A) =ker(d : A' — A*) c A".

Moreover, it follows from Proposition 2.7 or from Theorem 3.7 that H"(A) =0 for n > 2.
Theorem 3.9. We have a decomposition of Os-modules

1 1 (1)

A'=H'WeKky, o Pr™.
n>2

Let p' : A — H'(A) be the projector induced by the above decomposition, and
p:A— H'(A)

be the induced morphism of graded Os-algebras (p° = id, and p" = 0 for n > 2). Then, p is a dg-quasi-
isomorphism.

Proof. The second assertion follows immediately from the (see Proposition 2.7). To prove the decom-
position, we may work locally over S. Let v, 0@, wg), a)g), ... be as in (16). It follows from the
equations

do® =dv=0, doy) =vr0®, do¥ =vArel™" n=>2),
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that
H'W)=0v0050%® P 05y —wp).
PeZ(S)\{0}
To conclude, we simply remark that
KO = @ Oswly) = Oswy & EB Os(@% — o). O
PeZ(S) PeZ(S)\{0}

4. Canonical lifts of relative logarithmic differentials

4.1. Canonical lifts of regular differentials. Keep the same notation and hypotheses of Section 3.2, and
assume moreover that S is smooth over a field k of characteristic 0.

We review some of the results of [Fonseca and Matthes 2024]. It follows from the smoothness of
f : E" — S that we have an exact sequence of O g:-modules

0 — f*Qy — Qpy — Qg —— 0.
By Theorem 2.3, we obtain an exact sequence of Og-modules
0 Q.IS/k f* Eﬂ/k ? f* Et/S — O,

which admits a canonical splitting, as follows.

Proposition 4.1. The pullback by the identity section e € E*(S) induces a retraction e* : f, 21 e Q _19 Ik

In particular, if N := ker(e*), we obtain a decomposition

f* t/k—Qs/k®N NE= f* EJ/S
Proof. See [Fonseca and Matthes 2024, Theorem 3.2]. |

It follows that any section w of f,Q lifts canonically to a section of N' C f,Q which we

ED s E”/k’
denote by @. For the next result, recall that H(}R(E /S) is endowed with an integrable k-connection, the

Gauss—Manin connection. Under the identification (6), we get an integrable k-connection
V[ s — le/ko@f*szgt/s.

Proposition 4.2. There is a canonical isomorphism Q. sk ® S« = f.Q Et Ik / Sk under which we

Et /s =
have
Vo = do mod 5,
for any section w of f,2 Et/S
Proof. See [Fonseca and Matthes 2024, Propositions 2.6 and 3.5]. (I

Example 4.3. If ), v is a trivialisation of f,Q as in Section 3.1, and «;; € I' (S, Ql s/ i) are defined by

Eu/s
Vol =a1; @ 0 + 21 @ v,
Vv=ap®w0® +anv,
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then the canonical lifts satisfy (see [Fonseca and Matthes 2024, Remark 3.7])

do® =01 N +an; A D,
. - ) ~ (18)
dv=ap Ao +axn Av.

Note that the above equations hold “on the nose”, and not only modulo Q% Ik
For later reference, we consider the following auxiliary results.

Lemma 4.4. Assume that S is affine, that R! p«Og is trivial, and let @O, v, and t be as in Theorem 3.3.
Then
67)(0)|n—10 = —ay1t, T)I,T—lo =dt —oxpt.
Proof. As 7710 is isomorphic to G, s via the coordinate ¢, we have
L(S. £:2L 1,0 =TS, QY I+ T (S, Os)lr] dr.

Thus, since ®@|,-1, =0 and v|,-1, = dt, we can write

3OO0 =Y wat"s Dleig=di+Yy 8" (19)

n>0 n>0

for unique y;,, 8, € ['(S, Q]g/k), with y, = §, = 0 for n > 0. The condition *d0 =e*D =0 implies
that y9 = 8o = 0. Plugging (19) into (18), a short calculation shows that y,, = §, = 0 for n > 2, and that
Y1 = —ay; and §; = —a). O
Lemmad.5. Let &' (S, N) and Q € E'(S) be a torsion section. If TQ: E" — E" denotes the translation
by Q, then tad) = &. In particular, global sections of N are invariant under translation by P% € E*(S)
for every P € Z(S).
1

Et/S
that 7@ = & + B. By induction, for any n > 1, we obtain

Proof. Since every section of f, 2 is invariant (see Section 2.2), there exists 8 € I'(S, Qé / ) such
By pulling back the above equation by e, we get

nQ)Y*d=e"®+nB =np,
where we have also used that e*@ = 0. Since Q is torsion and S is of characteristic 0, we conclude that
g =0. a

4.2. Canonical lifts of Kronecker differentials. Define the Koszul filtration F° > F' > - on the

complex Q}:_J/k(log 77 1'Z) by

FP = im(f*szg’/k®Q°En/k(10gn*12)[—p] — sz;;n/k(logn*IZ)),

where the above map is given by the wedge product. This gives rise to a filtration f, F” on £, 2, . (logmw ~'Z)

Ek
by direct image on each component.
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Proposition 4.6. For every p > 0, there is a canonical isomorphism of complexes of Og-modules

FFPIRFP = Q6 ® fuQy g(logn ™' Z)[—pl.
Proof. Using that

0—— f*QIS/k SN qu/k(logn_]Z) SN Q}EJ/S(logn_1Z) — 0

is locally split, and that Qy, , (log n'Z)y= Ny, /i (log n~1Z), we see that the Koszul filtration satisfies

FPFrHl = f*Qg/k ® SZ}EJ/S(logn_1 Z)[—p] forevery p>0. (20)
Thus, by the projection formula, it suffices to check that each F? is a complex of f,-acyclic Ofz;-modules.
This statement is local on S, so we may assume that S — Speck is finitely presented, which implies in

particular that F N =0 for some N > 0. We prove the desired assertion, which is trivially true for p > N,
by descending induction on p. By (20), we have a short exact sequence

0 —— FIH s PP s 0, 09y, (log T Z) - p] —— O

Note that f *Q§ k@8, / g(logm ~1Z)[—p]is acomplex of fy-acyclic O g:-modules by the same argument
in the proof of Proposition 2.7. Thus, if FP*! is also a complex of f,-acyclic Og:-modules, so is F” by
the long exact sequence in cohomology. (I

Theorem 4.7. Assume that S is affine, that Rlp*OE is free, and let v, @@, 0w .. beasin Theorem 3.3.
There is a unique family {&™},>1 of global sections of f*Q}Et/k(log 7~10) such that, for every n > 1,
@™ is a lift of o™ satisfying

O ADADY =nay AVADTY mod £, F2,
where ay1 € I'(S, Qg / ) I8 a coefficient of the Gauss—Manin connection as in Example 4.3.

Proof. We first prove uniqueness. Any other lift of w™ would be of the form &@™ + B, for some
B, el(S, SZ]g / «)- By the condition in the statement, we deduce that

Bu AV AD?Y =0 mod [, F>.

In other words, the image of 8, A D A ®© in f,F'/f.F? vanishes. By Proposition 4.6, this means that
B, v Aw® =0in Qé/k ® f*Q%t/S(log 71 0), which implies that 8, =0, since v Aw®, v A, ...
is a trivialisation of f*QfEJ / s(log 7710) by Theorem 3.3.

For the existence, let ¢, € I'(S, f*Q}En/k(log 7~10)) be any lift of ™. By Proposition 4.6 and the
fact that f*QZED/S(logTr*I 0) is trivialised by v A 0@, v A @, ..., there exist unique y, ; € T'(S, Qé/k)
such that

on ADAGY ="y AD A mod f, F7.

i>0
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We take residues along 7 ~' O on both sides of the above equation. By Theorem 3.3 and Lemma 4.4, we

get on the one hand
tn+l
ANdt + ———an Aayy,

tn
(n—11%? (n—D!

Res(p, AV A &) =

and, on the other hand,

RCS(]/n i N\ v /\(pl') = ti—l [i
’ — i ANdE+ —— 0 A Yy, 1> 1.
iy i N Ty A e

In particular, we get

n

1
i e M = 3 Gy

so that y,, ,4+1 = nagy and y,; =0 fori & {0, n 4 1}. We conclude that
o AVADQ =y, 0 ADADD +noy AD A @y mod £ F2
Thus, @™ := @, — y,.0 are lifts of @™ satisfying the equation in the statement. U

Remark 4.8. If we consider v/ = uv + v @ as in Remark 3.4, then, by uniqueness, the canonical lifts of
the corresponding Kronecker differentials are &' = u"~'®™,

Theorem 4.9. Let K™ be the Kronecker subbundles of f.Q EJ g(logm ~12) defined in Theorem 3.7. For
every n > 1, there is a unique lift of K™ to a subbundle £ of [« Ej/k(logn_1 Z) such that

LOANAN =dN ALY mod f,F2. (21)
Moreover, we have
fQpsy logn™'2) = Q5 @ N @ P L.

n>1
Proof. We may work locally over S, so that the hypotheses of Theorem 4.7 are satisfied. The proof is
similar to that of Theorem 3.7: for every P € Z(S), we set

cT)Ef) = rfptd)(”). (22)
Using that v and ®© are invariant under translation by P (Lemma 4.5), we obtain
doW A A D =nay ADAGSTY mod £, 72
Thus, the subbundles
= @ L0 £ oW,
PeZ(S)

satisfy (21). The second assertion follows immediately from the exactness of

0 Qé/k Y Eu/k(logn ') — £.Q EJ/S(logn*IZ) — 0

and from Theorem 3.7.
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For uniqueness, let £’ be another famlly of subbundles of f,2 S(log n~'Z) satisfying (21). Since
LM is isomorphic to K™ = Drezs) ICP , we have a decomposmon E(") =Drezs) E(")’ Let @ (")/ be
the trivialisation of Eg’)/ corresponding to the trivialisation a)fp) of IC("). Let B eI'(S, Q! s/ ) be such that

O =aW + B,

Since 7~ 'Z =| | pezs) T 'P, and a)( ")’ has singularities only along the component 7 ~! P, equation (21)
implies that, for every P € Z(S), we have

Oy a) "ADVADD = Oga0, AT A w("+l)’ mod £, F>.

Under the identification f, F!/f,F? = Qé k® S+, / s(log n~1Z) of Proposition 4.6, we deduce that

Br v Aw® e Osar @v /\a)("+1)

1)

This is only possible if g% =0, since v A 0@, v Aw}’, ... trivialise £.Q2,, (logm~'2Z). O

Et/S
5. Relative elliptic KZB connections

5.1. Reminders on the bar construction. We work in the category of Og-modules for some scheme S.
All tensor products are taken over Og.
Let A be a graded-commutative dg-algebra over Og, and assume that A is connected: A° = Og. We

I:=@A"

n>1

denote by

the kernel of the augmentation .4 — Oy given by projection onto the component of degree 0. Local
sections of a tensor power Z®" will be written in “bar notation”

aQ---®a,=:lar| -+ |ayl.

The bar construction associated to A is the total complex of Og-modules (B*(A), dp) associated to the
double complex (B**(A), di, d») given by

B~ (A):=(Z®), 5,t>0,
n

B™(A) — BN A), [ar| - ag)— Y (=D Uar| - [ Jaiy |da|aiy | -+ | ag),
i=1
n—1
B™(A) — BH(A), [ar| - ag)— Y (=1 War| - [ Jaioy | Tainai laiga | -+ | ag,
i=1
where J : T — T is the involution acting by (—1)/ in degree j. Note that B~ (A) has total degree t — s
and the bar differential (i.e., the total differential) dp has total degree 1.
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The length filtration on B(A) is the increasing exhaustive filtration by the Og-submodules

n
L,B(A):=@PI®", n=0.
m=0

Note that d; sends L, B(A) to itself, while d» sends it to L,_; B(A). In particular, the bar differential
dp = d| + d; preserves the length filtration.

The bar construction is functorial: if ¢ : A; — A, is a morphism of connected graded-commutative
dg-algebras, then

B(p): B(A)) — B(4y), B(p) =P s*".
n>0

is a morphism of complexes of Og-modules, where ¢ : 7| — 7, is obtained from ¢ by restriction to the
kernel of the augmentation. The next result shows that, under a suitable Kiinneth-type condition, the
functor B also preserves quasi-isomorphisms.

Lemma 5.1. Let ¢ : Ay — Ay be a dg-quasi-isomorphism between connected graded-commutative
dg-algebras. Assume that for all m, n > 0 the natural maps

P H'a@H® - 9H"(Z)— H"(IF" (23)
i1 tig=m

are isomorphisms for j = 1, 2. Then, the induced map B(¢) : B(A;) — B(Ay) is a quasi-isomorphism.

Proof. It suffices to prove that the induced map L, B(A;) — L,B(A,) is a quasi-isomorphism for every
n > 0. We proceed by induction on #, the base case n = 0 being trivial. Now fix n > 1 and consider the
following commutative diagram with exact rows:

0 —— L,1B(A) — L,B(A) —— L,B(A))/L,-1B(A)) —— 0

l | l

0 —— Ly 1B(Ay) —— LyB(A2)) —— LyB(A2)/Ly—1B(A) —— 0

The vertical arrow on the left is a quasi-isomorphism by induction hypothesis. That the vertical arrow on
the right is a quasi-isomorphism follows from the isomorphisms (23). We conclude by an application of
the five lemma. U

Remark 5.2. For the hypotheses of Lemma 5.1 to be satisfied, it is sufficient that all of I;.l, dI;.’, and
H"(Z;) are flat Og-modules (n > 0, j =1, 2); see [Weibel 1994, Theorem 3.6.3].

We state without proof the following standard result.

Proposition 5.3. The cohomology in degree 0 of the bar construction
H(B(A)) =ker(dp : B°(A) — B'(A))

is naturally equipped with the structure of a filtered commutative Hopf algebra over Os, given by:
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o A commutative multiplication 111 : H'(B(A)) ® H*(B(A)) — H°(B(A)), the shuffle product, which
is defined on local sections by

lar] -+ Tan] W @t | == [men] = D laoay |+ doquen]:
o
where the sum ranges over all permutations o of {1, ..., m +n} such that o~ is strictly increasing on
{1,...,m}and {m +1, ..., m+n}. The unit for L1 is 1 € B*%(A) = Oy.

o A comultiplication A : H*(B(A)) — H°(B(A)) ® H(B(A)), the deconcatenation coproduct, which

is defined on local sections by
n—1

Aar| -+~ lapD) =Tlai| -+ la ] @1+1@[ar | --- Ian]+Z[all e la ] ®largr | - lanl.
r=1

The counit for A is the augmentation map ¢ : H°(B(A)) — Os.
e An antipode o : H*(B(A)) — H°(B(A)), given on local sections by
o(lar] -+ lax) = (=D"[an] -+ a1l.
o A length filtration L, HO(B(A)) := L,B(A) N H(B(A)).
Example 5.4. If A" =0 for n > 2, then dg = 0, so that
HY(B(A) =B (A) =T A".

Here, T°A! = @, o(A")®" denotes the tensor coalgebra on A', with the above structure of filtered Hopf
algebra over Og. If moreover Al = Og01 ® - - - @ Osax,, then we can identify

HY(B(W) = Oslai, ... ),
where the length filtration L, is spanned by words in oy, ..., o, of length < n.

In general, denote by pr, : H?(B(A)) — (A")®" the natural projection onto the component of pure
length n. Comodules for the Hopf algebra H O(B(A)) can be characterised as follows.

Proposition 5.5. Let £ be a vector bundle over S, and p : € — H°(B(A)) @ € be an Os-morphism. Write
p= ano Pn, where p, = (pr, ®id)op : £ — (AH®" Q@ E. Then, p is a comodule structure if and only if

(1) po =1idg, and
(1) p, is the n-fold composition
[o1]" = (id41yn1 ®p1) 0+ -0 (id g1 ®p1) 0 p1 : € —> (AN ® E
for everyn > 1.

Moreover, given an Og-linear map w: € — A'QE, there exists a comodule structure p: € — HY(B(A))QE
satisfying p1 = w if and only if w is locally nilpotent (i.e., locally over S, we have [w]" =0 for n > 0), and

do+owoAw=0
in A2Q End(€).
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Proof. Since the counit ¢ of H(B(A)) is equal to pry, statement (i) is equivalent to the comodule axiom
(e®id) o p =id. Let

P(ANEH = (AN e ANY®, Jar| - lair ]l la | - la) ®@laigr | - laig]

be the “deconcatenation isomorphisms”. Using the expression p =} . o, and the definition of the
deconcatenation coproduct A of H O(B(A)), we obtain

A®idop=) (A®idop, =) Y Bi;j®@idop,= ) (&, ®id)opis;

n>0 n>0i+j=n i,j=0
and
(id®p)op=(id®2pi) Y o= (d®p)op;.
i>0 j=0 i,j>0

By induction, this shows that the comodule axiom (A ® id) o p = (id ® p) o p is equivalent to (ii).
For the last assertion, note that any Og-linear map w : £ — A! ® £ defines an Og-linear map

pi=(0z0: & — [ (AN @€
n>0
We regard T¢A! = @nzo(.Al)@” as a submodule of ano(Al)®n- Since £ is an Og-module of finite
type, we see that p factors through 7¢A' ® € if and only if, locally over S, we have [w]" = O for every
sufficiently large n. Finally, since H 9(B(A)) = ker(dp) and & is flat, the image of p is contained in
H°(B(A)) ® € if and only if (dg ®id) o p = 0. In bar notation, we have

i-th position i-th posmon

——
dp®id)op = > d =— d A
(dp®id)op =Y dglw| - |w] Z(Z[m Jdo |- |w1+Z | @ra |- |a>1>
nz1 length n nzl length n length n—1
n i-th position
———
=Y Yol ldotore |- |ol,
nzli=l1 length n
so that the identity (dp ® id) o p = 0 is equivalent to dw + w A w = 0. O

5.2. Fundamental Hopf algebra. Let S be a scheme of characteristic 0, p : E — S be an elliptic curve,
and Z be a divisor on E/S as in Section 3.2. Let f : E? — S be the universal vector extension of E/S

and 7 : E7 — E be the natural projection.

Definition 5.6. The de Rham fundamental Hopf algebra of E/S punctured at Z is the filtered Hopf
algebra over Og defined by

Heys,z = H(B(foQy: s(logm ' 2))).

The affine group scheme over S corresponding to H /s, 7z can be regarded as a base-point-free version
of the “relative unipotent de Rham fundamental group” of E \ Z over S (see [Chiarellotto et al. 2023]).
We refer to the Appendix for precise comparison theorems in the case where S is the spectrum of a field.
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Example 5.7. Assume that S is affine, that Rlp*(’)E is trivial, and let v, ©©, a)g), a)g), ... be asin (16).
Then, a section & of Hg/s 7 is an Og-linear combination of words in these 1-forms, satisfying dgé = 0.
For instance,
1 1 1 2
[0? 0@, [0 v]+[0D], [0 -0l [v]+[0? -]

are sections of length 2, and

1 1 1 1
[ v [v[v]+10p) [0 v = [0 [0p) v v+ |v]ep [vi+2e) |0V v]

2 2 2 3
iS a SeCtiOﬂ Of 1ength 5

Theorem 5.8. The projector p from Theorem 3.9 induces an isomorphism of filtered Hopf algebras

over Og
Hess.z = T°Hr((E\ 2)/5).

Proof. This follows immediately from the fact that p is a dg-quasi-isomorphism (Theorem 3.9) and
from Lemma 5.1. To verify the Kiinneth-type hypotheses of Lemma 5.1 (see Remark 5.2), we apply
Theorems 3.7 and 3.9. (I

Example 5.9. Locally over S, the isomorphism of the above theorem is given explicitly by writing a

Q) @ @
P

section of Hp,s 7z as an Og-linear combination of words in 09 v, 0 — Wy, Wy, P) (where n > 2

and P € Z(S5)), and by sending a)g), a)gf) to zero. For instance, the length-2 section
[0 [v]+ [0p] = [0 V] + [0, — 0p']+ 0]
of Hgs,z is sent to the length-2 section [0© | v]+ [a)g) — a)g)] of TCHle((E \Z2)/S).

We also deduce from the above theorem that the formation of Hg,s, 7 commutes with every base
change in S.

Corollary 5.10. For any morphism of schemes ¢ : S’ — S, the natural map
O HEs, 7 —> H(Exs8)/S.Zx5S
is an isomorphism of filtered Hopf algebras over Og.

Proof. It is well known that, for proper and smooth schemes, the formation of the de Rham cohomology
commutes with arbitrary base change. Using the residue exact sequence

0 —— HR(E/S) —— HR(E\Z)/S) == H(Z/S) —— HER(E/S) —— 0

we deduce that the formation of Hle((E \ Z)/S) commutes with arbitrary base change. To conclude we
apply Theorem 5.8 and the fact that the formation of the universal vector extension also commutes with
arbitrary base change (see Section 2.1). ]
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5.3. Elliptic KZB connection. We keep the notation of Section 5.2. It follows from Theorem 5.8 that
there are canonical isomorphisms

LyHEgss.z/La-1Mess.z = Hg((E\ 2)/9)®". (24)
In particular, each L, H /s 7 is a vector bundle over S. The continuous dual of Hg s 7 is the Og-module

Hé/g,z =1im (L, HEss,2)",  (LaHtess,z)’ =Homog(LaHEss,z, Os),
n

with the dual structure of a completed Hopf algebra over Oy (see [Burgos Gil and Fresan, Section 3.2.6]).
For instance, its multiplication is given by
A Uy s 7 ®Hi sz —> Miysze AV =1 (AlL5,)"
n
Regarding the restriction of the antipode o to L, Hg/s, 7 as a global section of L, HE;s 7 ® (L, Hgys, 7)Y,
we get a global section

G = Eyz,nﬁanHE/s,z €T (S, Heys.z®Hys 7)-
Definition 5.11. The KZB form of E /S punctured at Z is the global section
wgiys.z = (pr; ®id)(6) € I'(S, f*Q}EJ/S(logn_IZ) & Hy15.2):
where pry : Hg/s.z — f*QlEt/s (logw~!Z) is the projection onto the component of length 1.
By letting wg:/s 7 act on Hj, /5.7 by left multiplication via AY, we can also regard it as an Og-linear

map

WEs.7 : HE/S’Z — f*Q}Et/S(logrr—lZ) ®’H%/S’Z.

Proposition 5.12. We have
dwpis 7 +wpiys. 7z Nwgtys .z = 0.
Moreover, if we let

1 = l(iLn(€|Ln’HE/S’Z)V € F(Sa H%/S’Z)’
n

then the triple (’HE/S’Z, wg)s,7, 1) satisfies the following universal property: for every triple (€, w, e),
1

Et/
satisfying do+wAw=0,and e € I'(S, £), there is a unique Og-linear map ¢ : ,H%/S,Z — & such that

(id®¢p) owgs sz =woyp and p(1) =e.

where £ is a vector bundle over S, w: & — [, (log 77 'Z) ® € is a locally nilpotent Og-linear map

Proof. Let p : £ — HEg/s,7 ® £ be the comodule structure corresponding to w as in Proposition 5.5.
Working locally over S, we may assume that there is some no > 0 such that p(£) C L, HE/s,z ® £. For
every n > ng, define

@n: (LaMEes,z)’ — €, Ar— (A®id)o (0 ®id) o p(e). (25)

Then, a straightforward computation shows that ¢ :=1im, ¢, : H, 152> € is an Og-linear map satisfying
the properties in the statement. To prove uniqueness, let pg/s 7 : %%/S,Z — HEgys,z ® ,H%/S,Z be
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the completed comodule structure corresponding to wg: /g 7 via Proposition 5.5. It is given by left
multiplication by 6. If ¢’ : Hg/s,z — £ is an Og-morphism satisfying ¢’ (1) = e and (id ®¢") o w1 /5 7 =
wo ¢, then it follows from Proposition 5.5 that this last equation can be lifted to

(id®¢") o pp/s.z=pog.
Thus,
p(e) = (id®¢") o pess,z(1) = (id ®¢")(6).

Let n > ng be as above. For any section A of (L, HEg/s,7)", we have
(A ®id)op(e) = (A ®id) 0 (i[d®¢")(6) = ¢" 0 (A ®1d)(6) = ¢, (A 0 T |1, 315.,)

where in the last equality we regard A o o|r, 3 s , as a section of (L,HEg;s,z)". Finally, using that o is
an involution, we conclude that ¢/, is given by the same formula as ¢, in (25). ]

Definition 5.13. Consider the completed pullback f*Hy ¢ , :=lim, f*(L,HEss,z)". The relative
elliptic KZB connection of E /S punctured at Z is the S-connection

Veysz: [P HEs.z — QIED/S(IOg 7' Z2)® f*Hys.z0 Veysz =d+opys .
Proposition 5.14. The formation of Vs 7 is compatible with arbitrary base change in S.

Proof. This follows from Corollary 5.10 and from the fact that wg: /g  is induced by the antipode of the
Hopf algebra Hg /s, 7. |

We shall now give explicit formulas for the relative elliptic KZB connection. Assuming that S is affine
and that Rlp*OE is trivial, let v, 0©, a)g), a)g), ... be as in (16). Recall that

W, 0 U Y -0l : P ez($)\{0})
trivialises the vector bundle H'( f Q% / S(log 7~1Z)) over S (see the proof of Theorem 3.9). We denote by
{a,b}U{bp: P € Z(S)\{0O}}
the dual trivialisation of H'( JS2%. /s (log 7 1Z)V. By Theorem 5.8 (see Example 5.4), we have
HZ,/S = QOs{a,b,bp: P € Z(S)\{0}).

Note that Hopf algebra unit 1 as defined in Proposition 5.12 gets identified with the constant 1. It will
be more convenient to write
OS«a, b’ cp: Pe Z(S)»

(ZPeZ(S) cp —la, b]>
where the isomorphism is given by sending bp to cp for every P € Z(S) \ {O}.

Os{a,b,bp: P € Z(S)\{0}) =

Theorem 5.15. With the above notation, we have

wpsz=—v@a—0V@b->" > o} ®adi ' cp, (26)
n>1 PeZ(S)
where ad, x = [a, x] = ax — xa.
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Proof. Call ' the right-hand side of (26). We show that o’ satisfies the universal property for the KZB
form. For this, let (£, w, €) be a triple as in Proposition 5.12. As v, ®©, a)g’) (n>1, P € Z(S)) trivialise
[+, ss(log 771Z), we can uniquely write

=—eA-0V@B->" Y oy ecy,
n>1 PeZ(S)

where A, B, C Ef) are nilpotent endomorphisms of £ (with C ﬁf) =0 for n > 0). Since

O=dot+oro=vr0¥® ([A, Bl- > c;”) +> Ay @ (A, Cpl1-cpth),
PeZ(S) n>1
we conclude that
Y Y =[A.B], Cy'=ady!Cp.
PeZ(S)

Thus, there is a unique Og-morphism ¢ : HE/S , — & satisfying (1) = e, ¢(a) = Ae, ¢(b) = Be, and
p(cp) = Cl(,,)e for every P € Z(S). To finish the proof, it suffices to remark that these conditions are
equivalent to ¢(1) = e and (id ®¢) o’ = w0 ¢. O

Example 5.16. When Z = O, we have HE/S’O = Og{a, b). Since cp = [a, b] = ad, b, the formula for
wE) g,z becomes
wgs.0=—v®a— Zw(") ®ad] b,
n>0

where o™ = a)(O”).

6. Absolute elliptic KZB connections

6.1. Bar construction relative to a dg-algebra. Let S be a smooth scheme over a field k of characteristic 0.
In this subsection, we consider a variant of the bar construction relative to the dg-algebra €2 := Q% Ik

To lighten the notation, tensor products without subscripts are over Og. If F and G are bimodules over
the (noncommutative) Og-algebra 2, we define

FReG =(FRG/R,

where R is the submodule generated by (f Aw) R g — f ® (Jo A g), with f, g, @ sections of F, G, Q
respectively.

LetC= @n>0 C" be a graded Og-algebra equipped with a k-linear differential d : C — C[1] making it a
commutative dg-algebra over k. Assume that C® = Og and that C contains 2 both as a graded subalgebra
over Og and as a dg-subalgebra over k. The relative bar construction on C is defined as follows. Let
J =D, C" be the kernel of the projection on the component of degree 0 C — O, and set

BG"(C):=(T®), 5,120,
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Here, we also denote local sections of a tensor power J ®em ip “bar notation”:
Q- Qcp=:[c1| - |cnl

With the above notion of tensor product, one can readily check that

n
dy: BG™(C) — BG™ N0, ler] -+ leal— Y (=D e |- | Jeimrldecigr| -+ | eal,

i=1

n—1
dy: B (€)—> BG(0), erl - leal— Y (=D er| - e [ Jcincivalcigal -+ e,
i=1
are well-defined (even though d is only k-linear), so that we obtain a double complex (B (C), di, d>).
The relative bar construction is the associated total complex (Bg,(C), dp).

Remark 6.1. Similarly to the usual bar construction, as an Og-module, Bg (C) is simply the tensor module
Bo(C) = @ j®9",
n>0

with a shift on the grading: deg([c; | -+« | cx]) = Zf’:l(deg(ci) —1).
6.2. Koszul filtration on the relative bar construction. We take
Ci= fiQy,  (ogn ' 2),

with hypotheses and notation as in Section 5.2. The Koszul filtration by O g:-submodules F° > F! > - .-
on Q'Eu y k(log 7~1Z) (see Section 4.2) induces by direct image a filtration by Og-submodules f,F 0>
f«F! > .. onC. Note that each f, FP” is actually a Q-submodule of C. Let F*.7 be the induced filtration

on J C C, so that
s
f«FP, p=>1.
This induces a filtration on B (C):

FPBo(O)=@) Y. im(F"JI®q-- ®qF"J — J®M.

n>1 pi1+-+pp=p
In what follows, let A = f*Q'ED/S(IOgJT_IZ) and 7 = @nz] A" (see Section 5.1). By Proposition 4.6,
we have j/Flj =7. Let
B (C) — B(A)

be the natural map induced by the quotient map J — Z.
Lemma 6.2. The sequence

0 —— F'Bq(C) —— Bq(C) —— B(A) —— 0

is exact.
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Proof. By flatness of J, F 17, and Z, we have, for every n > 1, an exact sequence of Og-modules

0 5 @?:1 j®i71 ®F1j®j®n7i , j®n I®" 0.

Since the map J®" — Z®" factors through J7®2" — T®" we obtain an exact sequence of Og-modules

0 —— @, T% 1 @q F17 ®q J®~ J®an 7% .
This proves that the sequence in the statement is an exact sequence of Og-modules. ]
Let
oni 1297 @ (QIIOD ®I® = Q1@ I®"
be the “Koszul sign rule” isomorphism given by
lar] - laimlo®a|aivt | -+ lan] — (D)o@ [Jar | -~ [Jai—1la;| - |anl.
Lemma 6.3. Forn > 1land 1 <i <n, let
i T @ F 707" — Q110 1®"

be the projection given by F'7 — F'\7/F*7 = Q'[11® A — Q![1]1® T (see Proposition 4.6) on the
i-th factor and by J — J/F'J =T on the other factors, composed with o, ;. Then:

(i) The sum
n
=) mi PI¥ T eF'7es” T — QeI
I<i<n i=1
factors through an Og-linear map
n
T Y im(IT® @ F1T @0 79— 799 — Q1@ 1%,

i=1

(ii) The induced Og-linear map
m: F'Bo(C) — Q'[11® B(A) = Q' ® B(A)[-1]
is a morphism of complexes over k.

Proof. For clarity, we only give details for the case n = 2; the general case is similar.
To prove (i), we first remark that, from the flatness of F 17 F,and J /F 17~ 7, we obtain an exact
sequence

0 — (F17)®? — (FIlIQT)®(JTQF'\J) — J%?,

where the injection is given by x — (x, —x). Fori =1, 2, we have Jrz,,-((F]J)‘m) = 0, since there is
always a projection 7 — J/F!7 in one of the factors. This shows that 1, factors through

1 im(FlI® N O JTRF' T) — T =F'y T+ TQF'J — Q110 7%%
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We are left to show that m, factors through the image of F 'l 7T+ T QF'J in J®22 By definition,
the kernel of 782 — J®22 jg generated by sections of the form

x=(CIAN0)Qcr—c1Q (Jw Acp),

with ¢y, ¢; sections of 7 and w a section of 2" with n > 1. Every such element is in F 17T +JTQF' 7,
so we only need to prove that 5 (x) = 0. Using that Q' = /A\'Q!, we can reduce to the case where w is a
section of Q': if w = &’ A @”, then we can write

x=((1 "NHADN)VRcr — (1 AN )R (J" Aeo) + (1 AR (Jo" Aer) —c1 @ (Jo' A (Jw" A ).
Finally, assuming that w is a section of Q' we have x = (c] Aw) ® c2 +¢1 ® (w A ¢3), so that
m(x) =m,1((c1 Aw) @ c2) +m22(c1 ® (WA €2))
=mi1((@AJc) ®cr) +m22(c1 @ (wAc2))

=0 (Jc1®c)—w®(Jcr®cy) =0.
This ends the proof of (i).
To prove (ii), we simply compute

dp(lonci|ca| - - |ep) =—[doAnci—wnder|ca| - |cpl
—Y Do der| - [Jeiildei || -+ e
i=2
—Z(—l)i_l[w/\fcﬂ [ Jeizi | Jei Acigr | ciga ] - | enl
i=l1
Thus,
m(dp([wAci|ca| - |en])) ==(1d®dp)(ma([w Actea| -+ |enl)).

This finishes the proof, since every section of F!'Bgq(C) is a combination of sections of the form
[wAci]ea] -+ el U

6.3. Gauss—Manin connection on the fundamental Hopf algebra. Consider the splitting

0 Q! S 0,

induced by the canonical lift of Kronecker differentials, as in Section 4. Locally,

Vi—> D, a);'f)|—>d)ff), n>0, PeZ(S).

It induces a splitting ;

N
0 —— F'BY() — BY(C) —— B°(4) —— 0.

given by

slair| -+ laxl=lai | --- |anl.

Lemma 6.4. If £ is a section of H*(B(A)), then dp o s(§) € F'BL(C).
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Proof. This follows immediately from the commutative diagram with exact rows

s
VRS

0 —— F'BY(C) —— BY(C) —— B(A4A) —— 0
1 oo
0 —— F!BL(C) —— BL(C) —— B'(A) —— 0
given by Lemma 6.2. |

Thus, we can define a k-linear map
§:H(B(A) — Q'@ B°A), 8§=-modgos.
Lemma 6.5. The image of § is contained in Q' @ HY(B(A)).

Proof. By definition, (id ®dp) 0§ = —(id®dp) o m o dp o s. Then, using that 7 is a morphism of
k-complexes (part (ii) of Lemma 6.3), we get —(id ®dp)om odpos =modgodgos =0. O

In the notation of Definition 5.6, we obtain a k-linear map
8:HEss,z —> Q_lg/k Q@ HE/s,z
Theorem 6.6. The above-defined map § is an integrable k-connection on the Os-module H s 7. Moreover:

(1) The connection § preserves the length filtration.

(i1) For every n > 1, the induced connection on L,Hg/s.7/L,—1HE;s z gets identified with the n-th
tensor power of the Gauss—Manin connection on Hle((E \ Z)/S) under the isomorphism (24). In

particular, § is regular singular at infinity.

(iii) The deconcatenation coproduct A and the antipode o are horizontal for §, namely,
(d®A)od=(0®Rid+1d®RS)o A, dooc =((dR®0o)o4.

(iv) The formation of 8 is compatible with base change of the form S' — S, where S’ is a smooth k-scheme,

and with extension of scalars k C k'.
Proof. To show that § is a connection, let y = ) j [c{ [ <] c,],.j] be a section of Bg (C) such that dgy
lies in F!BL(C). For a section r of Og, we have

dg(ry) =y dglrc]| -+ |c) == ldrAnc]| - |c]1+rdpy.
j J

In particular, dg(ry) is also a section of F 1Bgl2 (C), and

wodp(ry)=—dr®@y +rmodp(y),
where 7 denotes the image of y in B%(A). If y = s(&) for some section & of Hess,z = HY(B(A)), this

shows that
S(ré&)=dr®&+ré).

Thus, § is a k-connection.
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Note that the definition of § only involves the canonical splitting s, which is compatible with base
change, and natural operations on the bar construction. Therefore, (iv) follows from Corollary 5.10. The
compatibility with base change immediately implies the integrability of 8, since the moduli stack of
elliptic curves is a 1-dimensional smooth Deligne-Mumford stack, and every connection on a smooth
curve is integrable.

Properties (i) and (iii) are straightforward to verify. We are left to prove (ii). Recall that, by Katz
and Oda’s construction [1968], the Gauss—Manin connection V on Hle((E \ Z)/S) can be explicitly
described as follows. Under the isomorphism

HR(E\Z)/S) = H'(A) =ker(d : A' — A?)

of Proposition 2.7 (see Section 3.3), for a cohomology class given by a closed differential form w in A,
let @’ be any lift of w to an absolute differential form in C!; then

n
Vo =do' mod f,F? = Z a; ® w; (27)
i=1

for unique «; in Q' and w; in A' closed (see Proposition 4.6).

Now, given [w1 | -+ | w,] in H'(A)®" let £ be a section of L, HE;s,z mapping to w| ® - - - ® w, under
the isomorphism (24). Since Hp/s,z C BY%(A) = T¢Al, we can write E=&,+&,14+ -+ &), where
each §; is of pure length i, and §, = [w | - - - | w,]. We have

n
(—dpos)(&) = Z [@1] - |d@;| --- | ®,] + lower length.

i=1
Then, since each @; is a lift of w; to an absolute differential in C!, it follows from (27) and from the
definition of 7 that

8(8) =V (w1 | --- | w,]) +lower length.

The last statement of (ii) follows from the regularity at infinity of the Gauss—Manin connection [Deligne
1970, 11, §7] and from the fact that regularity is preserved by extensions [loc. cit., I, Proposition 4.6(i)]. [

6.4. Lifting the relative elliptic KZB connection. The absolute elliptic KZB connection will be given by
combining the relative connection Vg: g 7 (Definition 5.13) with the dual of §:

87 HYz/s,z - QlS/k ®H%/s,z-
For this, let
Wgiys,7z = (s ®id) (w5 7) € T'(S, f*Q}w/k(logn_lz) ®Hé/s,z)

be the canonical lift of the KZB form, and let it act on H}, /5.7 Dy left multiplication.

Definition 6.7. The absolute elliptic KZB connection of E/S/k punctured at Z is the k-connection

Vesiez s S MErs 7 — Q}En/k(log n'Z)® " Herszo Veysz = 178" +dpys 2.
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Proposition 6.8. The formation of Vg ,si, 7 is compatible with every base change of the form S' — S,
where S’ is a smooth k-scheme, and with extension of scalars k C k'.

Proof. This follows immediately from Proposition 5.14 and Theorem 6.6. ]
To prove integrability, consider the following lemma.

Lemma 6.9. Let A be a k-algebra (not necessarily commutative) and (2, d, N\) be a dg-algebra over k.
Let g € Q' @ Dery(A) and o € Q' @ A. We identify A as a subspace of Endy(A) by left multiplication.
Then, the following equation holds in Q> ® Endg(A):

dlp+a)+(@+a)n(p+ta)=do+eAp)+datana)+ela),
where ¢(a) is the element of 2> ® A given by “evaluating” ¢ at a.

Proof. It suffices to prove that ¢ A« 4+ o A ¢ = ¢(a). Since this equation is linear in ¢ and in «, we can
assume that ¢ = w ® 0 and @ = n ® a. Then,
PANAFoaANPp=wAN®@Boa)+nNAw® (aod)
=wAnN®@Boa—aocd)=wAnQadla) =e(x),
where we used that d is a derivation in the penultimate equality above. (I

Theorem 6.10. The k-connection Vgt sy 7 is integrable.

Proof. We may work locally over S and assume that R! p,Op is trivial. Moreover, by Proposition 6.8,
we can also assume that dim S = 1 (see the proof of Theorem 6.6). Then, with notation as in (16) and
Section 5.3, we identify

k{a,b,cp: P € Z(S))

Hys7=0s®A, A=
/ <ZP€Z(S) cp— [a’b]>

and we write

8V=d+®, ®eT (S, Q) ®Endi(A),
so that Vg: g/x 7 is a k-connection on O ® A, given by
Veiysikz=d+ P+ dprs 7

Since the multiplication in H} /5.7 is given by the dual of the deconcatenation coproduct A, it follows
from Theorem 6.6 that ® € I'(S, Q}Q / ) ® Dery(A). Moreover, since §" is integrable, we conclude from
Lemma 6.9 that the integrability of V:/g/; 7 is equivalent to the equation

dCT)En/S,Z-FCT)Et/S’Z /\CA(‘)EJ/S’Z'FCD(CT)ED/S’Z):O. (28)

Recall from Section 5.3 that & is the element of I'(S, Hg/s,7) RAXTI(S, Hes,z ® ’H%/sz) corre-
sponding to the antipode o of Hg/s,z, and that wg: /5 ; = (pr; ® id)(6). Since left multiplication by &



1408 Tiago J. Fonseca and Nils Matthes

defines a (completed) H g /s, z-comodule structure on 7—[% /8,2 it follows from Proposition 5.5 that

G = Z wEsys.z | -+ |®Eys. 2]

n>0

length n

Since o : HEg/s,z — HEys,z is horizontal for the connection § by Theorem 6.6, and since & V' is defined as
the dual of §, we have

B ®id+id®sY)(6) =0. (29)
On the one hand, using the definition of § = —m odp o5, we get
n i-th position
($®id)(0) = Z Z(ﬂ Qid)([@pi/5,7 | -+ | dOpsys 7+ @p1)5 7 N@Erys,7 | -+ |0p1/s 7])-

nzli=l length n

On the other hand, using that ® has coefficients in k-derivations of A, we obtain

i-th position

n
. ~ f_'/\ﬁ
(d®8)(6) =Y Y lwpysz| -+ | P@pysz) | -+ |opys 7]
nzl i=1 length n

Thus, (29) is equivalent to
(7T ® id)(dCT)Et/S’Z + CT)E”/S,Z AN (Z)EH/S,Z + CD(CT)Et/S,Z)) =0.
To conclude, we simply remark that the hypothesis dim § = 1 implies that F2.7 = f,F> =0, so that 7 is
injective on F 17 = £, F! (see Proposition 4.6), which yields (28). U
7. Analytic formulae

7.1. Kronecker differentials. Let E be an elliptic curve over C and let T € § be such that E** =C/(Z+t72),
so that H|(E*™", Z) = Z + tZ. Consider the basis (w, n) of Hle(E/CD) given by

w=dz, n=(p:(2)+Ga(1))dz, (30)

where . (z) = 7724 Z:n’n((z —m —nt)"% — (m+nt)~?) is the Weierstrass g-function associated to
the lattice Z+tZ, and Go(7) =), Z;n (m +nt)~2 is the Eisenstein series of weight 2 and level 1. It
follows from Example 2.2 and [Katz 1973, Lemma A1.3.9] that

E*™~C2/L,, L,={(m+nt,27in) € C*:m,neZ). (31)

If z, w denote the coordinates on C2, then the basis (w, 1) of H d]R (E /C) corresponds under the isomorphism
(6) to the basis

0® = dz, v:=dw

of I'(E", Q}WC).
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Proposition 7.1. Let
F.(z,x):= w’
07 (2)0: (x)
where
0.(z) = Z(_l)nq%(n+%)262ni(n+%)z’ g= esz,
neZ

denotes Jacobi’s odd theta function. Consider the functions (pgl) (z, w) defined by the generating series
e Fr(z,x) =) o (2, w)x"
n>0

Then the Kronecker differentials associated to v = dw (Theorem 3.3) are given by
o™ = (pi”)(z, w)dz, n>0.
Proof. 1t follows from the transformation property

Fo(z4+m+nt,x)=e " F.(z,x) (32)

of the Kronecker function (see [Levin and Racinet 2007, equations (10) and (11)]) that ¢§")(z, w) dz are

well-defined 1-forms on E* with logarithmic poles along the divisor 7 ~' O (which is explicitly given by
the equation z = 0 under (31)). A straightforward computation shows that they satisfy properties (i), (ii),
and (iii) of Theorem 3.3. By uniqueness, we conclude that o™ = <p§")(z, w)dz. U

Corollary 7.2. Let P € E(C) be a torsion point represented by o + Bt, for some a, B € Q, under
E™ =ZC/(Z+ tZ). Then, for every n > 0,

a)g’) = (pi”)(z —a—Bt,w—2mip)dz.
Proof. It suffices to use (15) and to note that P* € E*(C) is represented by (o 4 A7, 2mif) under (31). O
7.2. Analytic canonical lifts. We work in the category of complex analytic spaces. Let p : £ — §) be

the universal framed elliptic curve over the upper half-plane ), with fibre at T € §) given by p~! (1) =
C/(Z +1Z) =: &, and let £° be its universal vector extension. Explicitly, we can write

£ = (C*x H)/L,

where L — §) is the “relative lattice” with fibre at T € ) given by L, as in (31). We denote by f : 5% -9
the structure map, and by 7 : Sg — &g the projection, which in this case is induced by (z, w) — z. Note
that the divisor 7' O is given by z = 0, and the identity section e € 8% ($) is given by z = w =0.
In Section 7.1, we have described the differentials
v=dw, o9 =dz, oV =9V wydz ..., (33)
1

Es°/9
to “absolute differentials” on 8%, i.e., global sections of f; ngﬁn (log w~'0). As our algebraic results do

which we now regard as global sections of f,2 (logw~10). Next, we describe their canonical lifts
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not immediately apply to the analytic category due to the failure of GAGA (see Remark 2.4), we shall first
define these canonical lifts by explicit formulas, and then characterise them via uniqueness statements

which mimic their algebraic counterparts. Set

dt

i

Proposition 7.3. The above formulas yield well-defined absolute 1-forms v, ®® e I'(€ 1 Q (lsﬁﬂ) lifting

the relative 1-forms v, »© e F(é’;, Qégm). Moreover, we have

bi=dw, &Y :=dz—w

o0 = e*p =0, (34)
46O — % A, db=0, (35)

and these properties characterise v, ®© uniquely among lifts of v, 0.
Proof. For the first claim, it suffices to check that the above formulas for ¥ and ®© are invariant under
the action of the lattice L. For instance

diz+m+nt) — (w+2nin)2d—7_:i =dz—w2—m_.

Equations (34) and (35) are straightforward from the explicit formulas. The last claim follows from the
following fact: if y is a global section of SZISu of the form

y=fGw.ndt, fel(E Og).
satisfying
0=¢*y = f(0,0,7)dt
and
O0=dy= %(Z, w,T)dzANdT + ﬂ(z, w, T)dw AdT
0z Jw
then y = 0. U

Remark 7.4. Note that (0, v) corresponds to the frame (w, n) = (dz, (- (z) + G2(7)) dz) of the
analytic de Rham cohomology H(}R (€5/9). The Gauss—Manin connection in this frame is given by (see
[Katz 1973, Section Al])
dt
Vo=—- Vn =
w=,-®n Vn=0,

so that (35) are the analytic versions of (18).

Define lifts of ™ (n > 1) to absolute logarithmic 1-forms by

id

oM = (pi")(z, w)(dz —ws

(n+1) dt
) +ne " (z, w)zm,,

where ¢§’”(z , w) is as in Proposition 7.1.
Proposition 7.5. For every n > 1, the above formula yields a well-defined absolute logarithmic 1-form

o™ e F(Eu), Q}g% (log =1 0)) which lifts the relative logarithmic 1-form w"™. Moreover, we have

S AT ABO = n% AT ABHD (36)
l

and this property characterises @™ uniquely among lifts of w™.
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Proof. The first claim follows from Proposition 7.3 and (32). Equation (36) follows immediately from the
explicit formulas. To show that it characterises @ uniquely among lifts of w™), we let

"' =" + fuew, AT, fuzow, 1) €T(E O),
be other lifts of ™ satisfying (36). Then
@™ + fulz, w, ) dt) AT AGD = nzdn ADA @Y + £z, w, T) dT)

if and only if
fu(z,w, T)dt Adw Adz =0
so that f, =0 for every n > 1. 0

As an application, we can use the above uniqueness statements to prove an algebraicity result.

Proposition 7.6. Consider the pullback diagram
14

(C/‘y) _— Eﬂn

l 0 l 37)
‘6 . 3 San
where
e § = SpecClg, g3, (gg — 27g§)*1], and E /S is the universal Weierstrass elliptic curve given by the
equation y*z = 4x3 — gox7> — g3,
o the map s : $ — S* is given by s(t) = (g2(7), g3(t)), where g2(t) = 60 Z;"n(m +nt)"* and
g3(r) =140 (m+n1)~",

o the map  : Eq — E™ is given on each fibre by
(pr(2) 17 (2) 2 D), [2] #0,
&, =C/(Z+17) = E* ., — T
Tﬁr T /( ) (1) [z] {(0: 1:0). [z] =
Consider the frame (wag, Nalg) = (dx/y, x dx/y) of the algebraic de Rham cohomology Hle(E/S), and
let wjj) € T(E%, Q). ((logw~'0)) and &y € T(E*, Q.
Kronecker differentials and their canonical lifts (see Remark 3.2). Then,

(logm~'0)) (n > 1) be the corresponding

W* E(ng) w(n), W* (n) o™

for everyn > 1.

Proof Let (a)alg, b /s corresponding to (walg, Nalg). Since the frame (w©, v) of

[ 2 gﬁ /) corresponds to (w, 1), which is given by the formula (30), we obtain

valg) be the frame of f,2

Vi 2(1?; _dZ=(1)(O)’ w*valgzdw—Gz dz = U—Gza)(o)

It follows from Remark 3.4 and from the uniqueness part of Theorem 3.3 that w*a)gg and 0™ agree in

every fibre of f : 5% — §), so that

) _ ,m
w* a]g

for every n > 1.
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Let (o;j)1<i, j<2 be the matrix of the Gauss—-Manin connection V on H, le(E /$) in the frame (wag, Naig).

so that
VC‘)alg =11 Q@ walg + ¥21 & Nalg,

Valg = @12 @ Walg + 022 @ Nalg.

It follows from Remark 7.4 that the Gauss—Manin connection V on H lR (Ey /%) satisfies

% a' dt d %
VW Wylg = Vo = ‘ ® 271 ®(¢’ nalg‘i‘GZV/ a)alg) - G2_®¢’ walg+ t@d’ Nalg,
% dt dt dt
vy 77alg:V(ﬂ—sz):—dGz(X)a)—Gzﬁ@ﬁ: (~dG2-G3 55 )@V wug— gt @ .

Since the formation of the Gauss—Manin connection commutes with base change, we conclude from the

2dt
s*ay s*ar _ GZ 27i —dGs — GZ 2mi
s*aa s*ax dr —Gri

2mi

above equations that

Then, using the equations of Example 4.3, one can check that

- d ~ Y D
A @) = 5 = AP Tag+ G20 "), d(Y T+ G26”) = 0

and we conclude from Proposition 7.3 that

Vrag =0 ¥l =76

By pulling back the defining equation for cb;g in Theorem 4.7, we obtain

w* .((52 A (U - Gza)(o)) A a)(o) — I’l; A (\) _ sz(O)) A w* (n-l,-])

(note that f, 72 = 0 since §) is 1-dimensional). Clearly,

/) ;’fg) AD =GN A = W*w("g) ADADQ,

Since ¥ * @, +1) differs from @"+1 by an element of I' (£}, 05” ydt and @© A@"+D is a multiple of dt,

we obtain

dt 0 ~(n+1) _ df ~ (n+1)
o= A0 =G ) Ay i = ng = AB Ay
Thus, by Proposition 7.5, we conclude that ¥ *@, (") =™ for every n > 1. ]

Let P € £x($) be a torsion section. Then, there are ¢, 8 € (2 such that P(t) is represented by « + Bt
under &; = C/(Z + tZ) for every t € §. The next result gives the canonical lift of a)SD ) defined in
Corollary 7.2.

Corollary 7.7. Set

cbg’) — goi")(z — Bt,w —2mip) (dz — w2d_> —{—nq)(n—i—l)(z —a—fBt,w— 2711'/3)%.
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Let T be an S-scheme and assume that the diagram (37) factors as

14
55'3 i E%n Ean
| o | o |
y) Tan gan

Let Pyg € ET(T) be a torsion section and (I)gg Pag be the corresponding Kronecker differentials on E1

with logarithmic singularities along 7w~ Pyg. If P = t* Pyg, then ‘/’1*5’;12, Pug = cbff).

Proof. The unique lift to a torsion section Ple 5% ($) is such that P%(7) is represented by (« + Bt, 2wif)
under &7 = €2 /L. for every T € §). One can check that @ and ¥ are invariant under translation by — P*
(see Lemma 4.5), so that d)gf) =t* ch7)<”). Then, the statement follows immediately from (22) and from

the previous theorem. O

7.3. Level-N elliptic KZB connection. Let N > 1 be an integer and denote by I'y := Eg[N]($) the
group of N-torsion sections of p : &y — $. Note that T'y = (N~12)2/7>
Consider the completed Hopf algebra over Og given by
Ogfa,b,cp: P €l'y)
.AN = .
(ZPEFN cp—|a, b])
If E is an (algebraic) complex elliptic curve such that E*" = £, then it follows from the discussion in

Section 5.3 that the fibre of Ay at T is isomorphic to the dual of the fundamental Hopf algebra of £/C
punctured at Z = E[N]:

AN’-L- g HE/C,E[N]'
Then, the relative elliptic KZB connection is given by

VN ff Ay — Qe (ogmTIESIND & f* Ay, Vv =d+o,
5]
where
wN :—v®a—a)(0)®b—2 Z a)gl)®adg_10p,
n>1 Pel'y

with v, @, and a)gl) as in the above paragraphs. If P(7) is represented by o + B, let us define

kp(z, w, x) 1= WO (7 — 0 — B, x) — %

the dependence on t being omitted in the notation for simplicity. Then, it follows from the results of
Section 7.1 that we can rewrite

oy =—dw®a—dz® (b—i— Z kp(z, w, ada)CP)-
PEFN
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According to Section 6.4, the relative connection Vy lifts to an absolute elliptic KZB connection,

which we shall denote more simply as
VN s [T Ay — Q logm EgIND & f7 Aw,
and which is an integrable connection explicitly given by (see the proof of Theorem 6.10)
Vy =d+ oy + Dy,

where @y is the canonical lift of the KZB form wy, and ®p is the matrix of the dual Gauss—Manin

connection 8" (see Section 6.3). Next, we determine Vy explicitly.

Lemma 7.8. For every P € I'y, set

gpr(z, w, x) = %kp(z, w, x) —wkp(z, w, x).
We have
d
v=—dw®a—dzQ® (b+ > kp(zow, ada)cP> — 2—; ® (—wb—i— > erGzow, ada)cP).
PEFN PEFN
Proof. By definition,
in=-710a—00@b-) " of @adi ' cp

n>1 Pel'y

We put together the explicit expressions for the canonical lifts: 7 = dw, @ = dz — w2 —» and, by
Corollary 7.7,

Z~(n) n—1 Z¢(n>(z_a_ﬂf,w—2niﬁ)x”*1dz

n>1
+3 (191D (—a— P, w—2miB)x" —wp (z—a—pr, w—2rif)x"")

n>1

dz.
2

dt
= —. O
kp(z,w,x)dz+gp(z, w, x)2m'
For Q € I'y, let us define A,, o(7) by the generating series

2-0(0,0,x) =k 5(0,0,x) =Y A o(r)x",

m=>0
where k’_Q(z, w, x) =(0/90x)k_g(z, w, x). When Q = O, we have
9 (8 1
80(0,0,1) = - (L 10g0, (1) + 5 = (e (1) — 55) = D@k = DG,
k>2

so that A,, o are level-1 Eisenstein series. For general Q, the functions A,, ¢ are Eisenstein series of
level N; see [Hopper 2024, Proposition 10.1].
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Theorem 7.9. We have

¢N=_%®( iy ZAm,Q(ﬂam,Q),

Qell'y m>0
where
Smo= Y O [(—adep,adicp ol + 3 lep,ad) cpg+(—ady)" cp+Q]—
i,jz0 Pely PeTy

i+j=m—1
The proof is based on the following lemma.

Lemma 7.10. Let Ay = C{a,b,cp: P € FN))/<ZP€1~N cp—la, b]), so that Ay = Og ® Ay, and let
v el'(%, Q}J) ® Derc(An). The following are equivalent:

(i) The connection d + @y + WV is integrable.

(ii) doy + oy Aoy +¥(oy) =0.
(i) ¥ = dy.
Proof. The equivalence between (i) and (ii) follows immediately from Lemma 6.9. Since Vy =d+adny+ Dy

is integrable, (ii) is equivalent to
V(dn) = Py(wn). (38)

To finish, it is enough to verify that (38) implies (iii). Let us write &y = —% ®dy and ¥ = 2m ® D.
Then, (38) is equivalent to

dt dt Ao©® d ~(n) 1.
5 AT ®Da+2 N ®Db+ZZ 3 ® Dad!~

27
n>1 Pel'y
=%Au®aNa+2"—Aw<o>®aNb+Z Z AW ®@dyad " ep.  (39)
n>1 PeI‘N

Since J J J

at 5 4t =0 LA -

27_”_/\, 2m_/\a) , 7_”/\ p, Pely, n>1,
trivialise F1? = f*QL@Q; /ﬁ(logn_lé}j[N]) (see (20)), it follows from (39) that Da =0dya, Db=0dyb,
and Dcp = dycp for all P eFN;thus U =0oy. O

Proof of Theorem 7.9. The proof is a long computation; we merely indicate the main steps. Let

_drt d 1
o= _?®D D := (b%-i-i Z ZAm,Q(T)Sm,Q)‘

Qel'y m>0

By Lemma 7.10, it suffices to prove that
dioy +oy Aoy +VY(oy) =0
It follows from the “mixed heat equation” [Brown and Levin 2011, Proposition 5(ii)] that

.0 0
Zﬂlakp(z, w,x) = a—ZgP(z, w, Xx),
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so that
N 0 dt 0
doy = —dw/\dz®< Z %kp(z, w, ada)c*p) —dw/\ﬁ@) (—b+ Z %gp(Z, w, ada)CP>
Pel'y Pel'y
=—dwAdz® (ada b+ > adkp(z, w, ada)CP)
Pel'y d
T
—dw A 307 ® (—b —wad, b+ Z ad, gp(z, w, ada)CP>, (40)

Pel'y
where in the last equality we used the equations

D kpcow, 1) =xkp(@ w, )+ 1, egp(zw,x) =xgp(z, w,x)—w, Y cp=ad,b.

ow 0x
PGFN
Now, we have

oN ANONy =dwAdzZ® (ada b+ Z ad, kp(z, w, ada)cP)

d Pely

+dw/\—T.® <—w ad, b+ Z ad, gP(Z»UJ,ada)CP>
2mi
d-L- PEFN
+dz/\ﬁ®[b+ Z kp(z, w,ad,)cp, —wb + Z gQ(z,w,ada)cQ]. 41)
Pel'y QEFN

By putting (40) and (41) together, we get
d

doy +oy Aoy = __‘L’. Adw @b
2mi

dt
—5 ANdz ® [b—i— E kp(z, w,ad,)cp, —wb + E go(z, w, ada)ch|. (42)
Pely Qel'y

We borrow the following notation from [Levin and Racinet 2007]: for f(x, y) =}, =0 fi, xiyl e
Clx,ylland t,r,s € Ay, we set

Fe I sle= Y fijladir ad! s].
i,j>0
Note that

Je e, sle =—=f @, 0)ls, 1. (43)

To finish the proof, we are left to show that the right-hand side of (42) is equal to —W (@y), or equivalently
that

D(b+ Z kp(z, w, ada)cP> = |:b+ Z kp(z,w,ad,)cp, —wb + Z 8oz, w, ada)cQ]

Pel'y PEFN QEFN

1
=ady ) kp@woadaer+5 Y frobuylecg.cplla.  (44)
Pely P,Qely

where k', (z, w, x) = %kp(z, w, x) and

fP,Q(x’ }7) = kQ(Z’ w, x)k/P(Z’ w, y) _kP(Z’ w, y)k/Q(Z’ w, X).



Elliptic KZB connections via universal vector extensions 1417

We now compute the left-hand side of (44). Using the symmetry g_o(0, 0, x) = g0 (0, 0, —x), we get
by direct computation

—_0(0,0,y)—20_p(0,0,
D(b):% Z gr—o y) —8o—p( x)

co.cpla.
X—I-y [[Q P]]a

P,Qely
Applications of [Levin and Racinet 2007, Lemma 3.1.4] and (43) show that

1
D( > ke(z, w,ada>cp> =ady ) kp.w.addep+5 Y oG yleg. cpla.

Pely Pely P,Qelly
where
kp(z,w,x+y) —kp(z,w,y) —xkp(z, w, y)
hpo(x,y) = 2
B ko(z,w,x +y)—ko(z, w, x) — yk/Q(z, w, X)
2
y

+ko(z, w,x+y)gp—0(0,0,y) —kp(z, w,x +y)go-p(0,0, x).
Thus, to establish (44), it suffices to prove that, for every P, Q € I'y, we have

gp-0(0,0,y) —go-p(0,0,x)
x+y

frox,y)—hpo(x,y) — 0,

which is equivalent to

1 1 1 1
K 0,0, v)—— || ko(z, w, — -l % 0,0, x)—— || kp(z, w, —_—
( p_0(0.0, ) yz)( 0z w x+y)+x+y) ( o—p(0.0,x) xz)( Pz w x+y>+x+y)

1 1 1 1
+(k/Q(2, w, X)-;) (kP(Z, w, y)+;)_(k/13(27 w, y)—;) (kQ(z, w, x)—i—)—C) =0.

This, in turn, follows immediately from the formula [Brown and Levin 2011, equation (3.3)] in the case
P = Q, and from the Fay identity [Brown and Levin 2011, Proposition 5(iii)] in the case P # Q. U

Appendix: Unipotent connections and Tannakian theory
We fix a base field k of characteristic 0, which will be implicit throughout this appendix.

Al. Unipotent connections. Let X be a smooth k-scheme and D be a normal crossings divisor in X.
Recall that a vector bundle with integrable connection over X with logarithmic singularities along D
is a pair (£, V), where £ is a vector bundle over X and V : £ — Qﬁf /x(og D) ®oy € is an integrable
logarithmic k-connection on £. A morphism (£, V) — (€', V') is a horizontal Ox-linear map f : & — &/,
meaning that V'o f = (id ® f) o V. We thus obtain a category which we denote by VIC(X, log D). When
D is empty, it is denoted by VIC(X).

Example A.1. If £ = Ox ®; F for some k-vector space F, then we can write V = d 4+ o for a
unique o € I'(X, Q}( / ((log D)) ®; Endy(F). Integrability amounts to the equation dw +w A w =0
in I'(X, Qg(/k(log D)) ®; Endy(F). In general, a frame of a connection (£, V) is an isomorphism
(0%",d+w) = (£, V), and 0 € My, (T' (X, Q% /1 (log D))) is the matrix of V in this frame.
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Recall that the category VIC(X, log D) is k-linear and admits the usual multilinear operations, such
as duals and tensor products. A horizontal section of (£, V) is some s € I'(X, £) satisfying Vs = 0; it
can also be thought as a morphism (Ox, d) — (£, V). In particular, a morphism (£, V) — (£/, V') is the
same as a horizontal section of (£, V)Y ® (£/, V).

Definition A.2. We say that an object (£, V) of VIC(X, log D) is unipotent if it admits a finite filtration
0 = (80’ VO) g (515 vl) g te g (E}’h Vn) = (57 v)

such that, for every 1 <i < n, the quotient (&;, V;)/(&i—1, Vi—1) is isomorphic to (Ox ® F;, d ® id) for
some k-vector space F;. The full subcategory of VIC(X, log D) given by unipotent objects is denoted by
UVIC(X, log D) (or UVIC(X), when D is empty). The smallest n for which such a filtration exists is
the index of unipotency of (£, V).

A2. Local form. In this subsection, we give a local characterisation of unipotent connections.

Lemma A.3. Let A be a commutative k-algebra and Q* — Q% Jk be a subcomplex of k-modules such that
H"'(Q) = H" (2% /4) is an isomorphism and H™ Q) — H'H! (2% /4) is injective C)

for some n > 0. Given w € Q’A/k, the following are equivalent:
(1) dw € Q"1
(2) There exists v € QZ‘?}( such that w +dv € Q".

In practice, we only use this lemma when £2* < € , is a quasi-isomorphism, so that the conditions
(C,) are satisfied for every n > 0.

Proof. Only the direction (1) = (2) is nontrivial. The form dw € Q"*! is closed and defines a cohomology
class in H"1(Q*). As H"T/(Q*) — H”“(Q;‘/k) is injective, and do is exact in €}, ;, it must also
be exact in 2°. Thus, there exists n € Q" such that dn = dw. Since w — 1 € Q’}Uk is closed, it defines
a cohomology class in H"(Q‘A/k). Finally, from the isomorphism H"(2°) = H”(Qk/k), we obtain
NS Q;‘J; such that w — n+dv € Q"; as n € Q”", we conclude that w 4+ dv € Q" O

Theorem A.4. Let X = Spec A be a smooth affine k-scheme, (£, V) be an object of UVIC(X), and
QF — Q% Jk be a subcomplex of k-modules satisfying condition (Cy). Then & is trivial and there exists a
frame

(0", d+w) = (,V)

in which the matrix w is strictly upper triangular and has all of its entries in Q.

Proof. We proceed by induction on the rank n of £. The base case n =1 is trivial, since (£, V) must be
isomorphic to (Oyx, d). Assume that the statement holds in rank < n — 1. By the unipotency of (£, V),
there is an exact sequence

0 —— (€, V) — (£, V) — (Ox,d) — 0,
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where (£, V') is an object of UVIC(X), with &’ of rank n — 1. By the induction hypothesis, £’ is trivial
and admits a frame ¢’ : (O%n Ld+o ) => (&', V| &) in which &' is strictly upper-triangular and has all
of its entries in Q.

As X is affine, there is a splitting

O 8/ g < 3 OX 07

so that & is trivial and admits the frame (¢/, ¢,,) : (02", d + w) => (&, V), in which

@Dln

where w;; = w}; € Q' whenever j < n.

To finish, we explain how to inductively modify e, so that w;, € Q! for all 1 <i < n. Note that
wun =0 € QL. By descending induction in i, assume that wy, € Q' for all i + 1 < k < n. The integrability
equation dw + w A w = 0 at the entry (i, n) means that

n—1

dwi, + Z Wik N Wy = 0.
k=i+1
Since, for every i + 1 <k <n — 1, both w;; and wy, belong to ', we have ZZ;}H wix A wgn € Q% By
Lemma A.3, there exists g € A such that w;, +dg € Q. Thus
i—1 n—1

Vien+ge) =Y (0 + g0ki) @€+ (@in +dg) @€+ Y . wxn D¢
k=1 k=i+1

and we conclude that the matrix @ of V in the frame (¢’, e,, + gelf) satisfies @y, € Q! foralli <k <n. O

A3. Canonical extension. Let X be a smooth k-scheme and D be a normal crossings divisor in X. We
say that an object (£, V) of VIC(X, log D) (resp. VIC(X \ D)) is locally unipotent along D if, for every
x € D, there exists an open neighbourhood V' of x such that the restriction (£, V)|y (resp. (£, V)|y\p)
is unipotent. For simplicity, let us denote the corresponding full subcategories of VIC(X, log D) and
VIC(X \ D) by L and L.

Theorem A.5 (see [Deligne 1970, Proposition 5.2]). If j : X \ D — X denotes the inclusion, then the
restriction functor
j*:Ll —> Ly, (£,V)— (&, v)lX\Ds

is an equivalence of tensor categories.

Proof. Since
Hom((&', V'), (€, V)) = Hom((Ox, d), (', V)Y ® (£, V))
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and since Hom((Ox, d), (£, V)) is canonically isomorphic to I'(X, £ V), where £V denotes the subsheaf
of horizontal sections of £, to show that j*: Ly — L, is fully faithful, it is enough to prove that

[(X, &) — O(X\D,EY), s+ slx\p, (45)

is bijective for every (£, V) in L.

As £ is locally free, the injectivity of (45) follows from the fact that D is locally defined by a torsion-
free section of Ox. Granted the injectivity, we can prove the surjectivity of (45) locally. We can thus
assume that (£, V) admits a frame e : (O;‘?", d 4+ w) = (£, V) in which w is strictly upper triangular
(Theorem A.4). We must prove that a horizontal section s € I'(X \ D, £Y) extends to X. By writing
s = Z?:l siQej, withs; e (X \ D, Ox), we get

n n
0=V(s) = Z(dsi + Z sja),-j) Re;.
i=1 j=i+1
Since ds, =0, s, extends to X. By descending induction on i, it follows from the above equation that d's;
has at most logarithmic singularities along D, so that s; extends to X for every 1 <i < n. This finishes
the proof that (45) is bijective.

We are left to prove that j* : L} — L, is essentially surjective; we use that it is fully faithful to
reduce it to a local statement. We can thus assume that X is affine and that (£, V) is in UVIC(X \ D).
Since we are in characteristic 0, the injection 5 / r(log D) — .2} X\D)/k is a quasi-isomorphism (see
[Deligne 1970, Corollaire 3.14, Remarque 3.16]), so that we can apply Theorem A.4 to find a frame
e: (O3, d+w) => (€, V) in which w;; € T(X, QY (log D)) for every 1 <i, j <n. Then, (0%", d+w)
is an extension of (£, V). O

Given an object (£, V) of L,, the unique object (&, V) of L; such that (&, §)|X\D = (&, V) is called
the canonical extension of (£, V). This yields a quasi-inverse to the restriction j* : L1 — L,, which can
be checked to be additive, exact, and tensor.

Corollary A.6. With the above notation, the restriction functor
UVIC(X, log D) — UVIC(X\ D), (&,V)+— (&, V)|x\p, (46)
is an equivalence of tensor categories.

Proof. Since UVIC(X, log D) (resp. UVIC(X \ D)) is a full subcategory of L; (resp. L;), it follows
immediately from Theorem A.5 that (46) is fully faithful. To see that it is essentially surjective, we must
check that, for any object (£, V) of UVIC(X \ D), its canonical extension (&, V) is in UVIC(X, log D).
If (£,V) = (Ox\p ® F, d ®1id) for some k-vector space F, then it follows from the uniqueness of the
canonical extension that (£, V) = (Ox ® F, d ® id). Since the canonical extension functor is exact, the
general case follows by induction on the index of unipotency of (£, V). U

A4. Al-invariance. By an affine bundle we mean a morphism of k-schemes ¥ — X which is, locally

over X, of the form A}] — U.
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Theorem A.7. If X is a smooth k-scheme and 7w : Y — X is an affine bundle, then the pullback functor
7% : UVIC(X) — UVIC(Y), (&,V)r— (&, 7*V),
is an equivalence of tensor categories.

Proof. By the same initial argument of the proof of Theorem A.5, to verify that 7 * is fully faithful, it is
enough to check that, for every object (£, V) of UVIC(X), the pullback map on horizontal sections

[(X,&Y) — (Y, (@)™ Y) (47)
is bijective.

The injectivity of (47) immediately follows from the faithful flatness of 7. As in Theorem A.5, granted
the injectivity, we can reduce the proof of surjectivity to a local statement. Thus, we can assume that
X = Spec B is affine, and that ¥ = A%}. By induction on m, we can further assume that m = 1, so that
Y = Spec A, with A = B[t]. Set M =TI'(X, £); the map (47) then becomes the inclusion of k-vector
spaces

MY — M"Y,

An element of M[¢] is of the form g = ano x,t" for some x,, € M. If g is horizontal for 7*V, then

0=7n*V(q) = Zt”V(xn) + Zdt Qnt" 'x,,
n>0 nz=1
and we must have ), _, dt ® nt"~'x, = 0. Since k is of characteristic 0, we get x,, = 0 for every n > 1.
Thus, g = xq is in the i_mage of (47).

We first prove that 7* : UVIC(X) — UVIC(Y) is essentially surjective locally on X. Let (£, V) be
an object of UVIC(Y). We use the notation from the last paragraph: X = Spec B and Y = Spec A, with
A = B[t]. Since Q% = Q% is a quasi-isomorphism, we can apply Theorem A.4 to find a frame
(0%",d +w) => (£, V) in which  has all of its entries in 2} /- Thus, 7O, d 4+ w) = (£, V).

In general, let (£, V) be an object of UVIC(Y). Since we already know that 7 * is fully faithful, the
above local constructions glue, yielding a (locally unipotent) vector bundle with integrable k-connection
(&', V') on X satisfying 7*(&’, V') = (€, V). We are left to check that (£, V') is unipotent. If (£, V) =
(Ox ® F, d ®1id) for some k-vector space F, then (£/, V') = (Oy ® F, d ® id) by the fully faithfulness
of m* Since 7 is faithfully flat, the pullback 7* is an exact functor, so that the general case follows by
induction on the index of relative unipotency of (£, V). (I

The above statement also admits a logarithmic version. We keep the above notation and let D be a
normal crossings divisor in X.

Theorem A.8. With the above notation, the pullback functor
7* : UVIC(X, log D) — UVIC(Y, logw ™' D), (£,V)+— (n*E, 7*V),

is an equivalence of tensor categories.
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Proof. One can prove it directly, as in the proof of Theorem A.7, or derive it as a corollary of Theorems A.5
and A.7. Indeed, let j : X \ D — X be the inclusion. Then, the diagram of pullback functors

UVIC(X, log D) S AN UVIC(X \ D)

| l

UVIC(Y, logz~'D) —— UVIC(Y \7w~'D)
commutes, so that 7w * is fully faithful and essentially surjective because all other arrows are. O

AS. De Rham fundamental group of a punctured elliptic curve. Recall that, if X is a smooth and
geometrically connected k-scheme, UVIC(X) is a neutral Tannakian category over k (see [Deligne 1989,
§10.26]). Given a fibre functor b : UVIC(X) — Vecty, the unipotent de Rham fundamental group of X at
b is the Tannakian fundamental group

7R (X, b) = Autyic x) (0)-

It is a prounipotent affine group scheme over k.

Let E be an elliptic curve over k, Z C E be a divisor as in Section 3.2, and 7 : E¥ — E be the
canonical projection from the universal vector extension. The following two results can be attributed to
Deligne (see [Enriquez and Etingof 2018]).

Lemma A.9. If V is a unipotent vector bundle over E", then the natural map T'(E®, V) @i Op: — Vis
an isomorphism.

Proof. This follows, as in [Deligne 1989, Proposition 12.3], by an inductive argument on the rank of V,
using that HO(E?, Op:) =k and H'(E", Of:) = Ext! (Og:, Of:) = 0 (Theorem 2.3). O
Proposition A.10. The functor

bean : UVIC(E \ Z) — Vecty, (£,V)—> I'(E?, n*8),
is a fibre functor over k.
Proof. Let UV(E®) be the category of unipotent vector bundles on E". The functor beqy is the composition

% b
UVIC(E \ Z) — UVIC(E, log Z) — % UVIC(E", log 7' Z) —— UV(E®) “L27% Veey,

where the first arrow is the canonical extension and the third arrow is the forgetful functor (V, V) — V.
By Corollary A.6 and Theorem A.8, the first two arrows are k-linear equivalences of tensor categories.
The third is trivially a k-linear tensor faithful functor. Finally, the last arrow is k-linear, tensor, and faithful
by Lemma A.9. (]

Our next goal is to relate the fundamental group J'rf‘R(E \ Z, bcan) with the Hopf algebra Hg i z
constructed in Section 5.2. Let (£, V) be an object of UVIC(E \ Z) and write V := b¢n (€, V). It follows
from Lemma A.9 that

(T*E, T* V)= (Op: @V, d+w)
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for a unique nilpotent (in the sense of Proposition 5.5) w € I'(E", Q! E%) k(log 77'7)) @ End(V) satisfying

dw+w Aw=0. Thus, it defines a H g/, z-comodule structure p = ano[w]" on V. These constructions
are natural, so that we obtain a functor

UVIC(E\ Z) —> Comod(HEg/k,z), (E,V)— (V,p), (48)
extending bcap.

Theorem A.11. The functor (48) is an equivalence of tensor categories over k. In particular, it induces
an isomorphism of affine group schemes over k:

TR(E\ Z, bean) = Spec HE 1. z-

Proof. That (48) is a k-linear equivalence of categories is an immediate consequence of Corollary A.6,
Theorem A.8, and Proposition 5.5. We are left to show that (48) is a tensor functor.

We already know that by, is tensor by Proposition A.10. Now, the tensor structure on the category
Comod(H £k, z) is induced by the shuffle product: given comodules (V, p), (V, p’), the tensor comodule
structure p LI p" on V ® V' is given by

LLI®id
V®V/—> (Hejk,z®@V)Q(HEe/k,z®QV) = HEe/k,zQHE/,2)®(VRV) —>7'lE/k zQ(VReV),

where all of the above tensor products are over k. By Proposition 5.5, if p = Zizo[w]i and p'=)" jzo[a)/]j,
then

pllp =Y o) Wl =) lo®id+id®w']".

i,j>0 n>0
To finish, we simply remark that the tensor structure of UVIC(E®, log w ~' Z) is given by
OpRV,d+0)@ OV ,d+)ZEOpRVEV,d+o®id+id@w). O
Corollary A.12. There is a canonical isomorphism JTlR(E \ Z, bean) = Spec T°H le((E \ 2)/k).
Proof. This is an immediate consequence of Theorems A.11 and 3.9. ]

Note that H . /kZ is a projective limit of finite-dimensional k-vector spaces, and the pullback f*# Y. Kz
is simply the base change Op: ® Hj, ;. ;. Let

Vi z : Of: ®Hg/k,z — Q};t/k(log”_lz) ®H%/k,z’ Viikz =d+ ogt i 7,

be the elliptic KZB connection of E/k punctured at Z constructed in Section 5.3. It is a pro-object of
UVIC(E?, log 7 12). By Theorem A.8, it corresponds to a pro-object (Vkzg, Vkzg) of UVIC(E, log Z).
Note that I'(E®, 7*Vkzg) is the complete Hopf algebra H Y, /k.z» and we denote by 1 € Hj ,  its unit.

Proposition A.13. The provector bundle with logarithmic connection (Vkzs, Vkzg) (resp. its restriction
(VkzB, VkzB)|E\7) satisfies the following universal property: for every triple (V, V, v), where (V, V) is
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an object of UVIC(E, log Z) (resp. UVIC(E \ Z)), and v € T'(E®, 7*V) (resp. v € T (E", 7*V)), there is
a unique horizontal map

¢ : (Vkzs, VkzB) — (V, V) (resp. ¢ : VkzB, VkzB) lE\z —> (V, V)

satisfying ¢ (1) = v.

Proof. 1t suffices to combine Proposition 5.12 with the equivalence of Theorem A.11. O
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