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Elliptic KZB connections via universal vector extensions
Tiago J. Fonseca and Nils Matthes

Using the formalism of bar complexes and their relative versions, we give a new, purely algebraic,
construction of the so-called universal elliptic KZB connection in arbitrary level. We compute explicit
analytic formulae, and we compare our results with previous approaches to elliptic KZB equations and
multiple elliptic polylogarithms in the literature.

Our approach is based on a number of results concerning logarithmic differential forms on universal
vector extensions of elliptic curves. Let S be a scheme of characteristic 0, E→ S be an elliptic curve,
f : E ♮

→ S be its universal vector extension, and π : E ♮
→ E be the natural projection. Given a finite

subset of torsion sections Z ⊂ E(S), we study the dg-algebra over OS of relative logarithmic differentials
A = f∗�•E♮/S(logπ−1 Z). In particular, we prove that the residue exact sequence in degree 1 splits
canonically, and we derive the formality of A. When S is smooth over a field k of characteristic 0, we also
prove that sections of A1 admit canonical lifts to absolute logarithmic differentials in f∗�1

E♮/k(logπ−1 Z),
which extends a well-known property for regular differentials given by the “crystalline nature” of universal
vector extensions.
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1. Introduction

The main goal of this paper is to give a purely algebraic construction of the so-called universal elliptic
Knizhnik–Zamolodchikov–Bernard (KZB) connection in arbitrary level [Bernard 1988; Levin and Racinet
2007; Calaque et al. 2009; Calaque and Gonzalez 2020] (see also [Hain 2020; Luo 2019; Hopper 2024])
in terms of universal vector extensions of elliptic curves. In doing so, we establish a number of new
results concerning logarithmic differential forms on universal vector extensions. As an application, we
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shall also obtain new algebraic formulas for elliptic KZB connections, which in particular yield an explicit
solution to some rationality questions concerning these equations.

Our principal motivation is to provide an algebraic approach to multiple elliptic polylogarithms
[Beilinson and Levin 1994; Levin 1997; Levin and Racinet 2007; Brown and Levin 2011] and their
closely related notions, such as elliptic multiple zeta values [Enriquez 2016]. In the literature, these objects
are usually defined and studied using analytic versions of the elliptic KZB connection, and algebraicity is
only shown a posteriori. This obscures the essentially algebraic nature of the elliptic KZB connection,
and makes the relation to arithmetic algebraic geometry more indirect — e.g., it is not clear how to write
special values of multiple elliptic polylogarithms in terms of periods, in the sense of Kontsevich and
Zagier (see [Fonseca and Matthes 2020]). In this work, we use the universal vector extension of an elliptic
curve to give a purely algebraic definition of the elliptic KZB connection and we also show how to retrieve
the various versions found in the literature via “analytification”. Our theory is in complete analogy to the
genus-0 case, the Knizhnik–Zamolodchikov (KZ) connection [1984], which is most naturally defined
using algebraic formulas.

1.1. The elliptic KZB connection over C. The elliptic KZB connection on a complex elliptic curve (E,O)
can be defined as a proalgebraic connection with logarithmic singularities at O

∇E : VE −→�1
E(log O) ⊗̂VE

satisfying the following universal property: given a base point b ∈ E \O, there is a vector vE in the
fibre VE(b) such that, for every unipotent connection ∇ : V→�1

E(log O)⊗V equipped with v ∈ V(b),
there is a unique morphism (VE ,∇E)→ (V,∇) sending vE to v (see [Kim 2009, Section 1]). Recall that
“unipotent” means that (V,∇) can be written as a finite iterated extension of the trivial connection (OE , d).

Alternatively, by Serre’s GAGA and the Riemann–Hilbert correspondence, (VE ,∇E) can be charac-
terised by its prolocal system of horizontal sections VE , whose stalk at x ∈ E \O is the prounipotent
completion over C of the fundamental torsor of paths π1(E \O; b, x):

VE,x = π
un
1 (E \O; b, x).

Concretely, local sections of VE are described by holomorphic functions, possibly multivalued, given by
homotopy-invariant linear combinations of iterated integrals à la Chen

x 7−→
∫ x

b
ω1 · · ·ωn

of 1-forms ωi on the once-punctured elliptic curve E \O. Thus, the elliptic KZB connection can be
thought of more concretely as the differential equations these iterated integrals satisfy. Note that the
equations themselves do not depend on the choice of base point b.

The above description in terms of local systems immediately generalises to a family of elliptic curves

E S,

O
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where S is a complex manifold. Here, working locally over S, one can take b to be a base section of
E→ S and consider the local system VE whose stalk at a point x ∈ E \O above s ∈ S is

VE,x = π
un
1 (Es \ O(s); b(s), x).

In particular, the elliptic KZB connection of the family is an integrable connection (VE ,∇E) on the total
space of the family minus the identity section E\O, which restricts to the previously defined (VEs ,∇Es ) on
every fibre Es\O(s). In other words, it can be regarded as an isomonodromic deformation, parametrised
by S, of the elliptic KZB connection at one fibre. It is also possible to characterise (VE ,∇E) directly by
a relative version of the universal property recalled in the first paragraph above (see [Chiarellotto et al.
2023, Section 3]).

The (level-1) universal elliptic KZB connection corresponds to the universal family E → M1,1.
Higher-level elliptic KZB connections are defined analogously, with logarithmic singularities on torsion
points E[N ]; see [Calaque and Gonzalez 2020; Hopper 2024]. For the purposes of this introduction, we
focus on the level-1 case, although all of our results work more generally in arbitrary level.

1.2. Construction of KZB over the universal vector extension. We state some of our results in simplified
form. Let S be a scheme of characteristic 0, (E/S, O) be an elliptic curve over S, and

π : E♮ −→ E

be its universal vector extension. Formally, E♮ is given as an extension of E by a certain vector group of
rank 1, in the category of commutative S-group schemes, satisfying a suitable universal property (see
Section 2.1 below for a precise definition), and π is the natural projection. In this paper, the key property
of π : E♮→ E is that it is a principal Ga-bundle over which every S-unipotent vector bundle trivialises.

We shall directly construct a connection on E♮ with logarithmic singularities along the vertical divisor
π−1O which can be shown a posteriori to be the pullback of the elliptic KZB connection on E by π . Our
first result describes global relative differential forms on E♮/S with logarithmic singularities along π−1O.
For simplicity, assume that

S = Spec R

is affine and small enough so that π−1O ∼= Ga,S = Spec R[t].

Theorem 1.1. There exists a ν ∈ 0(E♮, �1
E♮/S) such that ν|π−1 O = dt. Given such a ν, there is a unique

family (ω(n))n≥0 in 0(E♮, �1
E♮/S(logπ−1O)) such that

0(E♮, �1
E♮/S)= Rν⊕ Rω(0)

and, for n ≥ 1,

(a) Res(ω(n))= tn−1/(n− 1)! ,

(b) ω(n) ∧ω(0) = 0,

(c) dω(n) = ν ∧ω(n−1).
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Moreover,
0(E♮, �1

E♮/S(logπ−1O))= Rν⊕
⊕
n≥0

Rω(n),

0(E♮, �2
E♮/S(logπ−1O))=

⊕
n≥0

Rν ∧ω(n).

We call ω(0), ω(1), . . . Kronecker differentials, as they are purely algebraic variants of classical elliptic
functions considered by Kronecker (see Section 1.3 below).

Under the above hypotheses, we can explicitly construct a relative KZB connection on E♮/S by setting

∇E♮/S :OE♮ ⊗̂ R⟨⟨a, b⟩⟩ −→�1
E♮/S(logπ−1O) ⊗̂ R⟨⟨a, b⟩⟩, ∇E♮/S = d +ωE♮/S,

with
ωE♮/S =−ν⊗ a−

∑
n≥0

ω(n)⊗ adn
a b.

Here, R⟨⟨a, b⟩⟩ denotes a ring of noncommutative power series with the (a, b)-adic topology, and ada is
the operator x 7→ ax − xa. In the above formula for ωE♮/S , an element of R⟨⟨a, b⟩⟩ acts on R⟨⟨a, b⟩⟩ by
left multiplication. The integrability of ∇E♮/S , which amounts to the equation

dωE♮/S +ωE♮/S ∧ωE♮/S = 0,

follows from Theorem 1.1(b)–(c), together with the fact that ν and ω(0) are closed 1-forms (Proposition 2.5).

Remark 1.2. The above explicit formula for the relative elliptic KZB connection is actually derived from
a natural construction involving the bar complex of the dg-algebra 0(E♮, �•E♮/S(logπ−1O)), which holds
for arbitrary S of characteristic 0 (see Section 1.6). This construction also commutes with arbitrary base
change in S. In Proposition 5.12, we characterise it by a universal property as in Section 1.1.

From now on, assume moreover that S is smooth over a field k of characteristic 0. The next step is to lift
the relative KZB connection to an absolute integrable k-connection, the “isomonodromic deformation”:

∇E♮/S/k :OE♮ ⊗̂ R⟨⟨a, b⟩⟩ −→�1
E♮/k(logπ−1O) ⊗̂ R⟨⟨a, b⟩⟩, ∇E♮/S/k = d +ωE♮/S/k .

In this simplified situation, this amounts to the construction of the absolute connection form ωE♮/S/k ,
which is a suitable lift of the relative connection form ωE♮/S satisfying the integrability equation

dωE♮/S/k +ωE♮/S/k ∧ωE♮/S/k = 0.

Our next result shows that relative logarithmic differentials on E♮/S admit canonical lifts to absolute
differentials. This extends a well-known property for regular differentials on universal vector extensions
reflecting their “crystalline nature” (see [Bost 2013, Section 6; Fonseca and Matthes 2024]).

Theorem 1.3. The relative differentials ν, ω(0), ω(1), · · · ∈ 0(E♮, �1
E♮/S(logπ−1O)) lift uniquely to

absolute differentials ν̃, ω̃(0), ω̃(1), · · · ∈ 0(E♮, �1
E♮/k(logπ−1O)) such that

e∗ν̃ = e∗ω̃(0) = 0,

where e ∈ E♮(S) denotes the identity section, and, for n ≥ 1,

ω̃(n) ∧ ν̃ ∧ ω̃(0) ≡ nα21 ∧ ν̃ ∧ ω̃
(n+1) mod�2

R/k ∧0(E
♮, �1

E♮/k),
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where α21 ∈�
1
R/k is a coefficient of the Gauss–Manin connection matrix (see [Fonseca and Matthes 2024,

Remark 3.7])
dω̃(0) = α11 ∧ ω̃

(0)
+α21 ∧ ν̃,

d ν̃ = α12 ∧ ω̃
(0)
+α22 ∧ ν̃.

Now it is natural to consider the canonical lift of the relative KZB connection:

∇̃E♮/S :OE♮ ⊗̂ R⟨⟨a, b⟩⟩ −→�1
E♮/k(logπ−1O) ⊗̂ R⟨⟨a, b⟩⟩, ∇̃E♮/S = d + ω̃E♮/S,

with

ω̃E♮/S =−ν̃⊗ a−
∑
n≥0

ω̃(n)⊗ adn
a b.

Crucially, this k-connection is not integrable. The next result computes its curvature.

Theorem 1.4. There is a unique 1-form over S with coefficients in k-derivations of R⟨⟨a, b⟩⟩

8 ∈�1
R/k ⊗̂Derk R⟨⟨a, b⟩⟩

such that

dω̃E♮/S + ω̃E♮/S ∧ ω̃E♮/S +8(ω̃E♮/S)= 0

in 0(E♮, �2
E♮/k(logπ−1O))⊗̂R⟨⟨a, b⟩⟩; here,8(ω̃E♮/S) is the 2-form with coefficients in R⟨⟨a, b⟩⟩ obtained

by “evaluating” 8 at ω̃E♮/S (see Section 6.4). In particular, the connection on OE♮ ⊗̂ R⟨⟨a, b⟩⟩ defined by

∇E♮/S/k = d +ωE♮/S/k, ωE♮/S/k = ω̃E♮/S +8,

is integrable.

In short, the elliptic KZB connection of the family is obtained by “correcting” the canonical lift of the
relative elliptic KZB connection by 8. We actually retrieve 8 as the connection form of the dual of the
Gauss–Manin connection on the relative fundamental Hopf algebra of E \O; see Section 1.6.

1.3. Analytic formulae. All of the above can be explicitly computed on a given family. In order to
compare our results with the traditional analytic approach in the literature, we work out in detail the case
of the universal framed elliptic curve over the upper half-plane E→ H, whose fibre at τ ∈ H is

Eτ = C/(Z+ τZ).

In this analytic situation, the universal vector extension can be uniformised as follows:

E♮τ = C2/Lτ , Lτ = {(m+ nτ, 2π in) ∈ C2
: m, n ∈ Z}.

Let θτ (z) be Jacobi’s odd theta function1, and consider the so-called Kronecker theta function (see
[Levin and Racinet 2007, Section 2; Brown and Levin 2011, Section 3.4])

Fτ (z, x)=
θ ′τ (0)θτ (z+ x)
θτ (z)θτ (x)

.

1Our normalisation is that of Proposition 7.1 below.
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If (z, w) denotes the coordinates on C2, then the Kronecker differentials associated to

ν = dw ∈ 0(E♮τ , �
1
E♮τ
)

by Theorem 1.1 are given by

ω(n) = ϕ(n)τ (z, w) dz ∈ 0(E♮τ , �
1
E♮τ
(logπ−1O)),

where ϕ(n)τ (z, w) are complex-analytic functions on E♮τ defined by the generating series

ewx Fτ (z, x)=
∑
n≥0

ϕ(n)τ (z, w)xn−1.

Note that ω(0) = dz. Thus, the relative KZB connection form is

ωE♮/H =−dw⊗ a−
∑
n≥0

ϕ(n)τ (z, w) dz⊗ adn
a b =−dw⊗ a− dz⊗ ada ew ada Fτ (z, ada)b.

The canonical lifts of the above relative differentials, characterised by the properties of Theorem 1.3,
are explicitly given by

ν̃ = dw, ω̃(n) = ϕ(n)τ (z, w)
(
dz−w dτ

2π i

)
+ nϕ(n+1)

τ (z, w) dτ
2π i

.

By direct computation of the curvature dω̃E♮/H+ ω̃E♮/H ∧ ω̃E♮/H, we obtain

8=−
dτ
2π i
⊗ Dτ , Dτ = b ∂

∂a
+

1
2

∑
n≥2

(2n− 1)G2n(τ )
∑

j+k=2n−1
j,k>0

[(− ada)
j b, adk

a b] ∂
∂b
, (1)

where G2n(τ )=
∑

(r,s) ̸=(0,0)(r + sτ)−2n are the classical Eisenstein series. The final expression for the
KZB connection form then becomes

ωE♮/H/C =−dw⊗ a− dz⊗ ada ew ada Fτ (z, ada)b−
dτ
2π i
⊗ (ada F ′τ (z, w, ada)b+ Dτ ),

where

F ′τ (z, w, x)= ewx ∂

∂x
Fτ (z, x)+ 1

x2.

1.4. Relation to the literature. The elliptic KZB connection [Bernard 1988] arose in conformal field
theory as a genus-1 version of the KZ connection [Knizhnik and Zamolodchikov 1984], which in its
simplest guise is the proalgebraic connection

∇KZ : VKZ −→�1
P1(log{0, 1,∞}) ⊗̂VKZ, ∇KZ = d − dz

z
⊗ x0−

dz
1−z
⊗ x1, (2)

where VKZ is the trivial provector bundle over P1 with fibre the algebra of noncommutative power series
C⟨⟨x0, x1⟩⟩. The KZ connection encodes quantities of deep arithmetic interest, obtained as iterated integrals
of the differential 1-forms dz

z , dz
1−z . Namely, flat sections of ∇KZ are described by multiple polylogarithms,

and their monodromy by multiple zeta values; see for instance [Brown 2013, Section 4].
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Motivated by an elliptic analogue of the theory of multiple polylogarithms, Levin and Racinet [2007]
were led to consider elliptic KZB connections as defined in Section 1.1. In contrast to the genus-0 case,
however, the provector bundle VE is not trivial, since the condition

H 1(E,OE) ̸= 0 (3)

amounts to the existence of nontrivial unipotent vector bundles on E . To obtain a formula as explicit
as (2), they compute the pullback of the elliptic KZB connection on Eτ = C/(Z+Zτ) by the (analytic)
uniformisation map C→ Eτ :

∇τ :OC ⊗̂C⟨⟨a, b⟩⟩ −→�1
C(log(Z+ τZ)) ⊗̂C⟨⟨a, b⟩⟩, ∇τ = d − dz⊗ ada Fτ (z, ada)b,

with corresponding action of Z+ τZ on an element f (a, b) of C⟨⟨a, b⟩⟩ given by (m + nτ) · f (a, b) =
e−2π ina f (a, b).

By considering the commutative diagram

C2 E♮τ

C Eτ

π

where horizontal arrows are the natural uniformisation maps and the left vertical arrow is the projection
(z, w) 7→ z, one can readily check that f (a, b) 7→ e−wa f (a, b) induces an isomorphism between
the pullbacks to C2 of our (OE♮τ ⊗̂ C⟨⟨a, b⟩⟩,∇E♮τ ), as given in Section 1.3, and Levin and Racinet’s
(OC ⊗̂C⟨⟨a, b⟩⟩,∇τ ).

At this point, it is also instructive to compare our construction with Brown and Levin’s theory [2011]
of multiple elliptic polylogarithms, which rely on real-analytic logarithmic 1-forms νBL, ω

(0)
BL, ω

(1)
BL, . . .

defined by

νBL = 2π i dr, e2π ir x Fτ (z, x) dz =
∑
n≥0

ω
(n)
BLxn−1,

where r(z) = Im(z)/ Im(τ ). The presence of r in their construction is justified by the transformation
property

r(z+m+ nτ)= r(z)+ n,

which, together with the modularity properties of Kronecker’s function, implies that the differentials
νBL, ω

(n)
BL descend to Eτ . In this sense, the nonalgebraicity in Brown and Levin’s work is also related

to the same cohomological obstruction (3), which turns out to be equivalent to the nonexistence of a
holomorphic function on Eτ which transforms in the same way as r .

Our Kronecker differentials ν, ω(n) should be regarded as algebraic avatars of Brown and Levin’s
differentials νBL, ω

(n)
BL. Indeed, the projection π : E♮τ → Eτ admits a real-analytic section σ : Eτ → E♮τ

induced by z 7→ (z, 2π ir(z)), and we have

νBL = σ
∗ν, ω

(n)
BL = σ

∗ω(n).
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With this point of view, the universal vector extension E♮ can be naively thought of as a space over the ellip-
tic curve Eτ obtained by adjoining a formal variablew which transforms as 2π ir under the action of Z+τZ.

The universal elliptic KZB connection was first considered in explicit form by Calaque, Enriquez, and
Etingof [Calaque et al. 2009], in relation to the representation theory of braid monodromy groups. It is
defined as an integrable connection on VKZB, the trivial infinite-rank vector bundle over H×C with fibre
C⟨⟨a, b⟩⟩, given by

∇KZB = d − dz⊗ ada Fτ (z, ada)b−
dτ
2π i
⊗ (ada Gτ (z, ada)b+ Dτ ),

where
Gτ (z, x)= ∂

∂x
Fτ (z, x)+ 1

x2,

and Dτ is as in (1). By considering a suitable action of SL2(Z)⋉Z2, the connection (VKZB,∇KZB) is then
proved to descend to the universal elliptic curve, seen as the orbifold quotient E = (SL2(Z)⋉Z2)\\(H×C).

The comparison with our connection on the universal vector extension is done via a universal analogue
of the previous commutative diagram:

H×C2 E♮

H×C E .

π

It follows from the explicit expressions in Section 1.3 that the pullback toH×C2 of (OE♮⊗̂C⟨⟨a,b⟩⟩,∇E♮/H/C)
is isomorphic to the pullback of (VKZB,∇KZB). There are also similar formulae for higher-level universal
elliptic KZB connections due to Calaque and Gonzalez [2020] (see [Hopper 2024]), and a comparison in
full generality is worked out in Section 7 below.

1.5. Towards motivic multiple elliptic polylogarithms. The present work has been originally motivated
by the development of a motivic theory of multiple elliptic polylogarithms, in the framework of Brown’s
motivic periods [2014; 2017] (which have been applied with great success to arithmetic questions concern-
ing multiple zeta values). Recall that motivic periods involve Betti and algebraic de Rham realisations; this
paper is purely devoted to the algebraic de Rham aspects of the theory (see [Fonseca and Matthes 2020]).

More precisely, we are concerned here with unipotent algebraic de Rham fundamental groups. In
the Tannakian formalism, this amounts to the study of unipotent vector bundles with connection over
punctured elliptic curves (see the Appendix). Our use of the universal vector extension is motivated by
the cohomological properties (over a field k of characteristic 0)

H 0(E♮,OE♮)= k, H 1(E♮,OE♮)= 0,

which imply that every unipotent vector bundle over E♮ is canonically trivial. The importance of the
universal vector extension in the algebraic de Rham fundamental group theory of a punctured elliptic
curve has been previously advocated by Deligne (personal communications with P. Etingof and R. Hain,
2015), and some of its Tannakian implications have already been explored by Enriquez and Etingof [2018]
(see Section A5 below).
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The above discussion is also connected to a number of natural algebraicity questions that have been
raised in the literature concerning elliptic KZB equations, as the usual approach relies on analytic
uniformisation maps. The algebraicity over Q of the universal elliptic KZB connection in level 1 was
proved by Luo [2019] (see [Levin and Racinet 2007, Section 5]) by making essential use of the moduli
space M1,1⃗ classifying elliptic curves with a nonzero tangent vector at the identity. Here, the map
M1,1⃗→M1,1, or the corresponding map on universal elliptic curves, can be thought of as a particular
Gm-bundle over which the algebraicity question becomes computationally tractable. In this sense, our
approach, which is based on the construction of the elliptic KZB connection on the universal vector
extension of a family of elliptic curves, is not far in spirit from that of Luo, with the difference that we
use a Ga-bundle instead of a Gm-bundle.

Algebraicity problems were also considered in the literature concerning elliptic polylogarithm sheaves
(in the sense of Beilinson and Levin [1994]), usually motivated by arithmetic questions concerning p-adic
realisations of elliptic polylogarithm functions [Bannai et al. 2010; Sprang 2020]. Note that Sprang’s
approach [2020] also relies on universal vector extensions, and it would be interesting to compare it with
the methods of this paper.

1.6. What we do. Let k be a field of characteristic 0, S be a smooth k-scheme, and (p : E→ S, O) be
an elliptic curve over S. Consider its universal vector extension f : E♮→ S, which fits into a short exact
sequence of commutative S-group schemes

0 V(R1 p∗OE) E♮ E 0,π

and is universal for extensions of E by an S-vector group (see Section 2.1). Let Z⊂ E be a subscheme given
by a finite union of torsion sections of p. For simplicity, we also assume Z contains the identity section O.

We shall construct the elliptic KZB connection over E♮ with logarithmic singularities along π−1 Z .
Our approach is based on the bar construction formalism. We refer to the recent work of Chiarellotto,
Di Proietto, and Shiho [Chiarellotto et al. 2023] for general comparison statements of different approaches
to unipotent fundamental groups. Regarding our particular framework, we have included in the Appendix
precise comparison results with the Tannakian formalism over a field.

1.6.1. Relative differentials. Consider the dg-algebra over OS of relative logarithmic differential forms

A := f∗�•E♮/S(logπ−1 Z).

It follows from a result due independently to Coleman [1998] and Laumon [1996] (Theorem 2.3) that A
is a model for the de Rham cohomology of E \ Z over S (Proposition 2.7):

H •(A)∼= H •

dR((E \ Z)/S).

Our main results in Section 3 concern the structure of A as a dg-algebra over OS . In particular, we
obtain in Theorem 3.7 a decomposition

A1
= f∗�1

E♮/S ⊕
⊕
n≥1

K(n),
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where the OS-submodules K(n) are characterised by conditions involving the residue along π−1 Z and the
dg-algebra structure of A. Concretely, locally over S, we have

f∗�1
E♮/S =OSν⊕OSω

(0), K(n) =
⊕

P∈Z(S)

OSω
(n)
P ,

where ω(n)P are Kronecker differentials with logarithmic singularities along π−1 P.
This also allows us to prove the formality of the dg-algebra A. More precisely, we obtain a dg-quasi-

isomorphism (Theorem 3.9)
A−→ H •(A)

which plays a key role in the rest of the paper (see [Brown and Levin 2011, Theorem 19]).

1.6.2. Relative KZB. With A as above (note that A is a connected dg-algebra over OS), we consider the
bar complex

0 B0(A) B1(A) · · · .
dB

We shall only need the first two terms, which are explicitly given by B0(A)=
⊕

n≥0(A
1)⊗n and B1(A)=⊕

n≥1
⊕

1≤i≤n(A
1)⊗i−1

⊗A2
⊗ (A1)⊗n−i, where tensor products are over OS . Decomposable tensors are

denoted by a1⊗ · · ·⊗ an = [a1 | · · · | an], and the differential in degree 0 is explicitly given by

dB : B0(A)−→ B1(A),

[a1 | · · · |an] 7−→−

n∑
i=1

[a1 | · · · |ai−1 |dai |ai+1 | · · · |an]−

n−1∑
i=1

[a1 | · · · |ai−1 |ai∧ai+1 |ai+2 | · · · |an].

Finally, we consider the OS-module

HE/S,Z := H 0(B(A))= ker(dB : B0(A)−→ B1(A)).

It comes with a natural commutative Hopf algebra structure, given by the deconcatenation coproduct and
the shuffle product, and a natural filtration LnHE/S,Z by length (see Section 5.1). Note that HE/S,Z can
be thought of as the Hopf algebra corresponding to the relative de Rham unipotent fundamental group
of E \ Z over S at certain “canonical base point” (see Section A5 for a discussion in the case where S
is the spectrum of a field).

In Section 5, the relative elliptic KZB connection is naturally defined on the pullback of the continuous
dual

H∨E/S,Z := lim
←−−
n≥0

HomOS (LnHE/S,Z ,OS)

by
∇E♮/S,Z : f ∗H∨E/S,Z −→�1

E♮/S(logπ−1 Z) ⊗̂ f ∗H∨E/S,Z , ∇E♮/S,Z = d +ωE♮/S,Z ,

where the KZB form ωE♮/S,Z ∈ 0(S,A1
⊗̂ H∨E/S,Z ) is the length-1 component of the element in

0(S,HE/S,Z ⊗̂H∨E/S,Z ) induced by the Hopf algebra antipode, and acts on H∨E/S,Z by left multipli-
cation (see Section 5.3). In Proposition 5.12, we prove the integrability of ( f ∗H∨E/S,Z ,∇E♮/S,Z ) and
we characterise it via a universal property.
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Building on the results of Section 3, we show that HE/S,Z is canonically isomorphic to the tensor
coalgebra T c H 1

dR((E \ Z)/S) (Theorem 5.8). In particular, locally over S, we show in Theorem 5.15 that
the continuous dual H∨E/S,Z is isomorphic to the algebra of noncommutative power series

H∨E/S,Z
∼=

OS⟨⟨a, b, cP : P ∈ Z(S)⟩⟩〈∑
P∈Z(S) cP − [a, b]

〉 ,
and, under the above isomorphism, the KZB form is given by

ωE♮/S,Z =−ν⊗ a−ω(0)⊗ b−
∑
n≥1

∑
P∈Z(S)

ω
(n)
P ⊗ adn−1

a cP .

When Z = O (level 1), we recover the expressions in Section 1.2.

1.6.3. Canonical lifts. Our next results concern the sheaves of absolute logarithmic differentials
f∗�•E♮/k(logπ−1 Z). It is known that E♮/S admits a natural horizontal foliation — formally, a D-group
scheme structure — which amounts to a splitting of

0 f ∗�1
S/k �1

E♮/k �1
E♮/S 0

satisfying a certain integrability condition and a compatibility with the group scheme structure [Bost
2013, Section 6.4]. We show in [Fonseca and Matthes 2024] that this splitting actually comes from the
splitting of

0 �1
S/k f∗�1

E♮/k f∗�1
E♮/S 0

induced by the retraction f∗�1
E♮/k→�1

S/k given by restriction to the identity section e ∈ E♮(S):

f∗�1
E♮/k =�

1
S/k ⊕N , N = ker(e∗).

In Theorem 4.9, we extend this result to logarithmic differentials by showing that there is a unique
splitting of

0 �1
S/k f∗�1

E♮/k(logπ−1 Z) f∗�1
E♮/S(logπ−1 Z) 0

of the form
f∗�1

E♮/k(logπ−1 Z)=�1
S/k ⊕N ⊕

⊕
n≥1

L(n),

where each L(n) maps isomorphically onto K(n), and for every n ≥ 1

L(n) ∧N ∧N ≡ dN ∧L(n+1) mod f∗F 2.

Here, f∗F 2 is the second step of the (direct image) Koszul filtration on f∗�•E♮/k(logπ−1 Z), given by the
ideal generated by �2

S/k (see Section 4.2).
Locally over S, the above result implies that the Kronecker differentials admit canonical lifts to sections

of f∗�1
E♮/k(logπ−1 Z), which we denote by ν̃, ω̃(0), and ω̃(n)P for n ≥ 1 and P ∈ Z(S).
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1.6.4. Absolute KZB. Finally, in Section 6, the elliptic KZB connection associated to E/S/k punctured
at Z is constructed as a suitable lift of the S-connection ∇E♮/S,Z to an integrable k-connection

∇E♮/S/k,Z : f ∗H∨E/S,Z −→�1
E♮/k(logπ−1 Z) ⊗̂ f ∗H∨E/S,Z .

As explained in Section 1.2, the key idea is to obtain ∇E♮/S/k,Z as a correction of the canonical lift
of the relative connection ∇̃E♮/S/k,Z by a certain k-connection on S, which is dual to a Gauss–Manin
connection

δ :HE/S,Z −→�1
S/k ⊗HE/S,Z .

Our construction of δ is a bar complex variant of the usual Katz–Oda procedure [1968], and relies on the
use of relative bar complexes. It depends crucially on Coleman and Laumon’s result on the cohomology
of universal vector extensions. We have also drawn inspiration from an analogous approach developed
by Brown and Levin [2012]. In the C∞ context, there is a similar construction due to Hain and Zucker
[1987, Proposition 4.11].

Consider the dg-algebra C := f∗�•E♮/k(logπ−1 Z), which contains � :=�•S/k as a dg-subalgebra, and
form the relative bar complex

0 B0
�(C) B1

�(C) · · · ,
dB

the definition of which is similar to the usual bar complex, but tensor products are now taken over the
noncommutative ring � (see Section 6.1). Then, the Koszul filtration on C induces a decreasing filtration

B�(C)= F0 B�(C)⊃ F1 B�(C)⊃ F2 B�(C)⊃ · · ·

satisfying B�(C)/F1 B�(C)∼= B(A). We construct a projection

π : F1 B�(C)−→�1
S/k ⊗ B(A)[−1]

which factors through F1 B�(C)/F2 B�(C), and we define

δ(ξ)=−π(dB ξ̃ ),

where ξ̃ is the canonical lift of the section ξ of HE/S,Z = H 0(B(A)).
We prove in Theorems 6.6 and 6.10 that the above definition yields an integrable k-connection on HE/S,Z

which preserves the length filtration and restricts to the tensor power of the Gauss–Manin connection on
the graded quotients LnHE/S,Z/Ln−1HE/S,Z ∼= H 1

dR((E \ Z)/S)⊗n. Moreover, its continuous dual

δ∨ :H∨E/S,Z −→�1
S/k ⊗̂H∨E/S,Z

is a derivation of H∨E/S,Z with coefficients in �1
S/k , and the k-connection

∇E♮/S/k,Z : f ∗H∨E/S,Z −→�1
E♮/k(logπ−1 Z) ⊗̂ f ∗H∨E/S,Z , ∇E♮/S/k,Z = f ∗δ∨+ ω̃E♮/S,Z ,

is an integrable lift of the relative KZB connection ∇E♮/S,Z .
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2. The universal vector extension of an elliptic curve

2.1. Definition. Let S be a scheme. The S-vector group associated to a quasicoherent OS-module F is the
S-group scheme V(F )= Spec

S
(SymF ). If F is locally free of rank r , then V(F ) is locally isomorphic

to (Ga,S)
r.

Let p : E→ S be an elliptic curve. The universal vector extension of E/S is a commutative S-group
scheme f : E♮→ S with a morphism of S-group schemes π : E♮→ E fitting into an exact sequence (of
abelian fppf sheaves over S)

0 V(R1 p∗OE) E♮ E 0,π (4)

which is universal for extensions of E by an S-vector group. Namely,

HomOS (F, R1 p∗OE)−→ ExtSfppf(E,V(F )),

ϕ 7−→ the class of the pushout of (4) along V(ϕ) : V(R1 p∗OE)→ V(F ),

is an isomorphism for any vector bundle F over S [Mazur and Messing 1974, Proposition 1.10] (see
[Fonseca and Matthes 2024, Section 2.2]). Since R1 p∗OE is a line bundle over S, it follows from (4) that
π : E♮→ E is a Ga-bundle. In particular, f : E♮→ S is smooth, of finite presentation, and of relative
dimension 2. Moreover, the formation of the universal vector extension is compatible with every base
change S′→ S, meaning that there is a natural S′-isomorphism E♮×S S′ ∼= (E ×S S′)♮.

Example 2.1. Assume that S= Spec R is affine, with 6 invertible in R, and that E/S admits a Weierstrass
equation of the form

E : y2z = 4x3
− g2xz2

− g3z3, g2, g3 ∈ R, g3
2 − 27g2

3 ∈ R×.

Let q(x)= 4x3
− g2x − g3 ∈ R[x], and set

U1 = Spec
R[x, y, t]
(y2− q(x))

, U2 = Spec
R[x, z, t]

(z− z3q(x/z))
.

Let U12 be the open subscheme of U1 given by y ̸= 0, and U21 be the open subscheme of U2 given by
z ̸= 0. Then, E♮ is isomorphic to the gluing of U1 and U2 along the isomorphism U12 −→

∼ U21 given on
the corresponding R-algebras by

R[x, z±1, t]
(z− z3q(x/z))

−→∼
R[x, y±1, t]
(y2− q(x))

, (x, z, t) 7−→
(

x
y
,

1
y
, t −

q ′(x)
6y

)
,

where q ′(x)= 12x2
− g2. This follows from the interpretation of E♮ as a moduli space of line bundles

on E equipped with an S-connection [Katz 1977, C.1–C.2]. For instance, if R′ is an R-algebra, a point
(a, b, c) ∈U1(R′) corresponds to the isomorphism class of

(O(P)⊗O(O)−1, d +ωP,c), ωP,c =

(
1
2

y+ b
x − a

+ c
)

dx
y
,

where O = (0 : 1 : 0) ∈ E(R′) is the identity, and P = (a : b : 1) ∈ E(R′).
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In the category of complex analytic spaces, the universal vector extension of an elliptic curve is more
conveniently described in terms of its uniformisation.

Example 2.2. Assume that S is locally of finite type over C. Then the analytification E♮,an is uniformised
by the rank-2 holomorphic vector bundle V an

:= V(H 1
dR(E/S))an over San: there is an exact sequence of

relative complex Lie groups over San

0 L V an E♮,an 0,
exp

where L is the space over San corresponding to the locally constant sheaf (R1 pan
∗

Z)∨. The map L→ V an

is induced by the morphism (R1 pan
∗

Z)∨→ (H 1
dR(E/S)an)∨, which sends a locally constant family of

topological 1-cycles γ to the functional α 7→
∫
γ
α. We refer to [Mazur and Messing 1974, I.4.4] for a

proof. In the particular case where S = Spec C, let (ω, η) be a basis of H 1
dR(E/C). Then,

E♮,an ∼= C2/L , L = {(∫γω, ∫γ η) ∈ C2
: γ ∈ H1(Ean,Z)}.

2.2. Coherent and de Rham cohomology. We keep the above notation.

Theorem 2.3 (Coleman, Laumon). If S is of characteristic 0, then

Ri f∗OE♮ =

{
OS, i = 0,
0, i ≥ 1.

For a proof of the more general statement concerning universal vector extensions of abelian schemes, we
refer to [Laumon 1996, Théorème 2.4.1] or to [Coleman 1998, Corollary 2.7]. For elliptic curves, one may
also give an elementary proof by computing the Čech cohomology of the affine cover given in Example 2.1.

Remark 2.4 (algebraic versus analytic functions). Let S = Spec C. The above theorem implies that
0(E♮,OE♮)= C, i.e., that every global regular function on E♮ is constant. The analogous statement in
the analytic category is false. In other words, E♮,an admits nonconstant holomorphic functions. In fact, it
follows from Example 2.2 that E♮,an is isomorphic to C2/Z2 ∼= C××C×.

From now on, we assume that S is of characteristic 0. Let e ∈ E♮(S) be the identity section. Since
E♮/S is a smooth group scheme, we have for every n ≥ 0 an isomorphism

f ∗e∗�n
E♮/S −→

∼ �n
E♮/S,

obtained by extending cotangent vectors at the identity to invariant differential forms via the group law.
Then, it follows from the projection formula and Theorem 2.3 that

Ri f∗�n
E♮/S
∼=

{
e∗�n

E♮/S, i = 0,

0, i ≥ 1.
(5)

The above equation for i = 0 means that every section of f∗�n
E♮/S is an invariant differential n-form

on E♮/S.
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Proposition 2.5. Every section of f∗�n
E♮/S is a closed differential form. The induced map

f∗�n
E♮/S −→ H n

dR(E
♮/S)

is an isomorphism of OS-modules.

This statement is contained in [Fonseca and Matthes 2024, Propositions 2.4 and 2.7] (see also [Coleman
1998, Theorem 2.2]). We reproduce a short proof for completeness.

Proof. We have seen that sections of f∗�n
E♮/S are invariant. That every invariant differential form is

closed is a general property of smooth commutative group schemes; it is a consequence of the Maurer–
Cartan equation. Now, that the natural maps f∗�n

E♮/S→ H n
dR(E

♮/S) are isomorphisms follows from the
f∗-acyclicity of �n

E♮/S (see (5)). □

In fact, the above isomorphism is also compatible with the natural product structures, yielding an
isomorphism of dg-algebras over OS:

f∗�•E♮/S
∼= H •

dR(E
♮/S).

Since π : E♮→ E is a Ga-bundle, it follows from the Künneth formula that π∗ : H •

dR(E/S)→ H •

dR(E
♮/S)

is also an isomorphism of dg-algebras over OS . Thus, we obtain an isomorphism

f∗�•E♮/S
∼= H •

dR(E/S). (6)

Remark 2.6. By [Mazur and Messing 1974, I.4], applying the functor LieS to the exact sequence (4)
gives rise to a short exact sequence of OS-modules

0 (R1 p∗OE)
∨ LieS E♮ LieS E 0,

isomorphic to the dual of the Hodge–de Rham short exact sequence

0 p∗�1
E/S H 1

dR(E/S) R1 p∗OE 0. (7)

The composition of isomorphisms f∗�1
E♮/S
∼= (LieS E♮)∨∼=H 1

dR(E/S) coincides with the isomorphism (6).

The fact that the dg-algebra f∗�•E♮/S is a model for the de Rham cohomology of E/S can be generalised
to punctured elliptic curves as follows.

Proposition 2.7. Let Z ⊊ E be a smooth closed S-subscheme. For every n ≥ 0, the natural maps

H n( f∗�•E♮/S(logπ−1 Z)) H n
dR(π

−1(E \ Z)/S) H n
dR((E \ Z)/S)π∗

are isomorphisms.

Proof. That π∗ : H n
dR((E \ Z)/S)→ H n

dR(π
−1(E \ Z)/S) is an isomorphism follows from the Künneth

formula and from the fact that π : π−1(E \ Z)→ E \ Z is a Ga-bundle.
By Deligne’s theorem [1970, Chapter II, Corollaire 3.15, Remarque 3.16], there is a canonical isomor-

phism
Rn f∗�•E♮/S(logπ−1 Z)−→∼ H n

dR(π
−1(E \ Z)/S).
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We are left to prove that �•E♮/S(logπ−1 Z) is a complex of f∗-acyclic sheaves. For this, let i :π−1 Z→ E♮

be the inclusion, and consider the Poincaré residue exact sequence

0 �•E♮/S �•E♮/S(logπ−1 Z) i∗�•π−1 Z/S[−1] 0.Res

As each �n
E♮/S is f∗-acyclic by (5), and each i∗�n−1

π−1 Z/S is f∗-acyclic by the fact that both i and f ◦ i
are affine, we conclude from long exact sequence in cohomology associated to the above short exact
sequence that each �n

E♮/S(logπ−1 Z) is f∗-acyclic. □

3. Relative logarithmic differentials on the universal vector extension

3.1. Kronecker differentials. Recall that the sheaf of invariant differential 1-forms on the vector group
V(R1 p∗OE)/S is canonically isomorphic to R1 p∗OE : a local section t of R1 p∗OE corresponds to the
relative 1-form dt . Thus, under the identification (6), the Hodge–de Rham exact sequence (7) corresponds
to the short exact sequence of sheaves of invariant differential forms

0 p∗�1
E/S f∗�1

E♮/S R1 p∗OE 0, (8)

where the left arrow is given by pullback by π , and the right arrow is given by restriction to V(R1 p∗OE)∼=

π−1O ↪→ E♮.
Assume that S is affine and that R1 p∗OE is free with trivialisation t . Under the identification

f∗Oπ−1 O
∼=

⊕
n≥0

(R1 p∗OE)
⊗n ∼=OS[t],

we obtain a commutative diagram

0 f∗�1
E♮/S f∗�1

E♮/S(logπ−1O) OS[t] 0

0 f∗�2
E♮/S f∗�2

E♮/S(logπ−1O) OS[t]dt 0

0

Res

d d

Res

(9)

where the rows are Poincaré residue exact sequences (see the proof of Proposition 2.7).

Lemma 3.1. Let α be a global section of f∗�1
E♮/S(logπ−1O) satisfying Res(α)= 1. Then d restricts to

an isomorphism
d :OSα −→

∼ f∗�2
E♮/S.

Proof. Since Res(dα) = d Res(α) = 0, it follows from the residue exact sequence in degree 2 that dα
is a section of the line bundle f∗�2

E♮/S , so that the map in the statement is well-defined. To verify that
it is an isomorphism, it suffices to prove that it is surjective. Since H 2( f∗�•E♮/S(logπ−1O)) = 0 by
Proposition 2.7, for any section β of f∗�2

E♮/S there is a section α′ of f∗�1
E♮/S(logπ−1O) satisfying

dα′ = β. By the commutativity of (9), Res(α′) is in OS , so that Res(α′)α−α′ is in f∗�1
E♮/S . This shows

that d(Res(α′)α)= β. □



Elliptic KZB connections via universal vector extensions 1385

Remark 3.2. Note that α in the above statement is unique up to a section of f∗�1
E♮/S , so that dα is

independent of any choice; it gives a canonical trivialisation of f∗�2
E♮/S . In particular, we obtain a

symplectic pairing ⟨ · , · ⟩ : f∗�1
E♮/S ⊗ f∗�1

E♮/S→OS defined by ⟨ω1, ω2⟩ dα = ω1 ∧ω2, which induces
by (8) the classical isomorphism p∗�1

E/S
∼= (R1 p∗OE)

∨. Under the identification (6), the pairing ⟨ · , · ⟩
is the usual de Rham pairing on H 1

dR(E/S) (see [Coleman 1998]).

Theorem 3.3. Assume that S is affine, R1 p∗OE =OSt is free, and let ν be a global section of f∗�1
E♮/S

satisfying
ν|π−1 O = dt.

Then, there exists a unique family {ω(n)}n≥0 of global sections of f∗�1
E♮/S(logπ−1O) such that ω(0)

trivialises p∗�1
E/S and, for every n ≥ 1,

(i) Res(ω(n))= tn−1/(n− 1)! ,

(ii) ω(n) ∧ω(0) = 0, and

(iii) dω(n) = ν ∧ω(n−1).

Moreover, we have

f∗�1
E♮/S(logπ−1O)= f∗�1

E♮/S ⊕
⊕
n≥1

OSω
(n), f∗�1

E♮/S =OSν⊕OSω
(0), (10)

f∗�2
E♮/S(logπ−1O)= f∗�2

E♮/S ⊕
⊕
n≥1

OSν ∧ω
(n), f∗�2

E♮/S =OSν ∧ω
(0). (11)

Proof. Let α0 be any trivialisation of p∗�1
E/S (note that p∗�1

E/S is free by Remark 3.2), so that

f∗�1
E♮/S =OSν⊕OSα0, f∗�2

E♮/S =OSν ∧α0. (12)

It follows from the residue exact sequence (9) in degree 1 that, for every n ≥ 1, there is a global section αn

of f∗�1
E♮/S(logπ−1O) such that

Res(αn)=
tn−1

(n− 1)!
.

Our goal is to modify each αn by a section of f∗�1
E♮/S so that properties (ii) and (iii) are also satisfied.

Since the restriction of α0 to π−1O vanishes by (8), the 2-form αn ∧α0 is in f∗�2
E♮/S . Thus, by (12),

up to adding a multiple of ν to αn , we can assume that

αn ∧α0 = 0.

Let n ≥ 1. Since

Res(dαn)= d Res(αn)= d
(

tn−1

(n− 1)!

)
=

tn−2 dt
(n− 2)!

= Res(ν ∧αn−1),

it follows from the residue exact sequence (9) in degree 2 and from (12) that there exists a global section
rn−1 of OS such that

dαn = ν ∧αn−1+ rn−1ν ∧α0.
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For every n ≥ 0, we set

ω(n) := αn + rnα0.

Thus, ω(0) is a global section of p∗�1
E/S and ω(n) are global sections of f∗�1

E♮/S(logπ−1O) satisfying
(i), (ii), and (iii). Furthermore, since dω(1) = ν ∧ ω(0), it follows from Lemma 3.1 that ν ∧ ω(0) is a
trivialisation of f∗�2

E♮/S , so that {ν, ω(0)} is a trivialisation of f∗�1
E♮/S . Then, (10) and (11) follow from

the residue exact sequence (9).
To prove uniqueness, let {λn}n≥0 be a family of global sections of f∗�1

E♮/S(logπ−1O) such that λ0

trivialises p∗�1
E/S and λn satisfies (i), (ii), and (iii) for n ≥ 1. Then, we can write λ0 = uω(0) for some

u ∈ 0(S,O×S ), and, by (i), for every n ≥ 1,

λn = ω
(n)
+ anω

(0)
+ bnν

for some an, bn ∈ 0(S,OS). From (ii), we conclude that bn = 0. Finally, property (iii) applied to the
family {λn}n≥0 yields

ν ∧ω(n−1)
=

{
uν ∧ω(0), n = 1,
ν ∧ω(n−1)

+ an−1ν ∧ω
(0), n ≥ 2,

which implies that u = 1 and an = 0 for every n ≥ 1. □

Remark 3.4. It follows from uniqueness and from Theorem 3.3(i), (ii), and (iii), that a change in ν to
ν ′ = uν+ vω(0), with u ∈ 0(S,O×S ) and v ∈ 0(S,OS), changes ω(n) to ω(n)′ = un−1ω(n).

Corollary 3.5. With notation as in Theorem 3.3, we have ω(n) ∧ω(m) = 0 for every n,m ≥ 0.

Proof. Since E♮/S is smooth of relative dimension 2, in a formal neighbourhood of any point in the
smooth relative effective Cartier divisor π−1O, we can find S-coordinates (x, t) such that dx = ω(0),
dt = ν, so that π−1O is given by x = 0. Since ω(n) has logarithmic singularities along π−1O, there are
power series Fn(x, t), Gn(x, t) with coefficients in OS such that ω(n) = Fn(x, t)(dx/x)+Gn(x, t) dt .
By equation (ii) of Theorem 3.3, we have Gn(x, t) = 0, so that ω(n) = Fn(x, t)(dx/x). The statement
follows immediately. □

3.2. Kronecker subbundles. Let Z ⊊ E be a closed subscheme of E given by the union of torsion
sections P ∈ E(S). Assume moreover that Z contains the identity section: O ∈ Z(S).

Example 3.6. We can always take Z = O. If E/S admits a full level-N structure, we can also consider
Z = E[N ], or any other subscheme thereof which is flat over S and contains the identity.

By pulling Z back by the projection π : E♮→ E , we obtain a divisor π−1 Z on E♮, which can be
written as a disjoint union:

π−1 Z =
⊔

P∈Z(S)

π−1 P.
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Since P ∈ Z(S) is torsion and π : E♮→ E is a Ga-bundle, P admits a unique lift to a torsion section
P♮ ∈ E♮(S) [Katz 1977, Lemma C.1.1]. Thus, we obtain a trivialisation

π−1 Z −→∼ Z ×S V(R1 p∗OE), (13)

given on the component π−1 P by x 7→ (P, x − P♮). This yields an isomorphism

f∗Oπ−1 Z
∼= p∗OZ ⊗

⊕
n≥0

(R1 p∗OE)
⊗n ∼=

⊕
n≥0

p∗OZ ⊗ (R1 p∗OE)
⊗n, (14)

where tensor products are taken over OS .

Theorem 3.7. There is a decomposition

f∗�1
E♮/S(logπ−1 Z)= f∗�1

E♮/S ⊕
⊕
n≥1

K(n),

where K(n) are subbundles of f∗�1
E♮/S(logπ−1 Z) uniquely determined by the following properties:

(i) Under the identification (14), the residue map

Res : f∗�1
E♮/S(logπ−1 Z)−→ f∗Oπ−1 Z

restricts to an isomorphism between K(n) and p∗OZ ⊗ (R1 p∗OE)
⊗(n−1).

(ii) K(n) ∧K(0) = 0 in f∗�2
E♮/S(logπ−1 Z), where

K(0) := p∗�1
E/S

is seen as a rank-1 subbundle of f∗�1
E♮/S(logπ−1 Z) via pullback by π .

(iii) dK(n) = f∗�1
E♮/S ∧K

(n−1) in f∗�2
E♮/S(logπ−1 Z).

Moreover, we have

f∗�2
E♮/S(logπ−1 Z)=

⊕
n≥0

f∗�1
E♮/S ∧K

(n).

Proof. It suffices to prove existence and uniqueness locally over S. Thus, we may assume that S is
affine and that R1 p∗OE =OSt is free. Let ν, ω(0), ω(1), . . . be as in Theorem 3.3. For any P ∈ Z(S), let
τ−P♮ : E♮→ E♮ be the translation by −P♮, and set, for every n ≥ 0

ω
(n)
P := τ

∗

−P♮ω
(n)
∈ 0(S, f∗�1

E♮/S(logπ−1 P)). (15)

Let us also denote by tP = τ
∗

−P♮ t the coordinate on π−1 P induced by t under the isomorphism (13). Since
ν, ω(0) are invariant — in particular, ω(0)P = ω

(0) — it follows from Theorem 3.3 that, for every n ≥ 1,

(a) Res(ω(n)P )= tn−1
P /(n− 1)! ,

(b) ω(n)P ∧ω
(0)
= 0, and

(c) dω(n)P = ν ∧ω
(n−1)
P .
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For n ≥ 1, set
K(n) :=

⊕
P∈Z(S)

K(n)P , K(n)P :=OSω
(n)
P .

Then, the residue exact sequence, together with (a), (b), and (c), show that K(n) so defined satisfies all the
properties in the statement.

To prove uniqueness, let {Ln}n≥1 be another family of subbundles of f∗�1
E♮/S(logπ−1 Z) satisfying

(i), (ii), and (iii). By (i), Ln is trivialised by 1-forms λn,P , P ∈ Z(S), satisfying (a). Then, by the residue
exact sequence, there are global sections an,P , bn,P of OS such that

λn,P = ω
(n)
P + an,Pω

(0)
+ bn,Pν.

It follows from (ii) that λn,P satisfies (b), so that bn,P = 0. By (iii), we have

dλn,P = cn,Pν ∧ λn−1,P

for some global section cn,P of OS , where we set λ0,P := ω
(0). Thus, also using (c) for ω(n)P , we obtain,

for n = 1,
c1,Pν ∧ω

(0)
= ν ∧ω(0),

and, for n ≥ 2,
cn,Pν ∧ω

(n−1)
P + cn,Pan−1,Pν ∧ω

(0)
= ν ∧ω

(n−1)
P .

Thus, c1,P = 1, and, by taking residues along π−1 P, we see that cn,P = 1 for n ≥ 2. Then, it follows
from the same equation that an−1,P = 0. We conclude that λn,P = ω

(n)
P , which yields Ln = K(n). □

We shall always denote by
K(n) =

⊕
P∈Z(S)

K(n)P

the decomposition induced by part (i) of Theorem 3.7 and p∗OZ ∼=
⊕

P∈Z(S)OS . When R1 p∗OE is free,
a choice of ν as in Theorem 3.3 induces trivialisations ω(n)P of K(n)P as in the proof of the above theorem,
so that

f∗�1
E♮/S(logπ−1 Z)=OSν⊕OSω

(0)
⊕

⊕
n≥1

P∈Z(S)

OSω
(n)
P , (16)

f∗�2
E♮/S(logπ−1 Z)=OSν ∧ω

(0)
⊕

⊕
n≥1

P∈Z(S)

OSν ∧ω
(n)
P . (17)

3.3. The dg-algebra of relative logarithmic differentials. With same hypotheses and notation as in the
last sections, consider the dg-algebra over OS

A := f∗�•E♮/S(logπ−1 Z),

and consider the submodule of A1

K =
⊕
n≥0

K(n).
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It follows from Theorem 3.7 that the dg-algebra A is generated by its degree-1 sections. More precisely,
we have the following structure result.

Corollary 3.8. A is locally free as an OS-module, and the wedge product induces an isomorphism of
graded OS-algebras ∧

•A1/
〈∧2K

〉
−→∼ A.

Proof. That A is locally free as an OS-module follows from Theorem 3.7 and from the fact that R1 p∗OE

is locally free (see (16) and (17)).
It follows from Theorem 3.7 (see also Corollary 3.5) that the wedge product gives a well-defined

morphism of graded OS-algebras
∧
•A1/

〈∧2K
〉
→A. This is an isomorphism in degree 0 by Theorem 2.3,

and is trivially an isomorphism in degree 1. To see that it is also an isomorphism in higher degrees, we
may argue locally over S. Thus, we may assume that A1/K ∼= R1 p∗OE is free (of rank 1), and that the
short exact sequence

0 K A1 A1/K 0

splits
A1 ∼= (A1/K)⊕K.

This implies that ∧2A1 ∼= ((A1/K)⊗K)⊕
∧2K ∼=A2

⊕
∧2K,

and, for n ≥ 3, ∧nA1 ∼=
(
(A1/K)⊗

∧n−1K
)
⊕
∧nK ⊂ im

(∧n−2A1
⊗
∧2K −→

∧nA1). □

Our next result concerns the cohomology of A. It follows from A0
=OS (Theorem 2.3) that H 0(A)=OS

and that
H 1(A)= ker(d :A1

−→A2)⊂A1.

Moreover, it follows from Proposition 2.7 or from Theorem 3.7 that H n(A)= 0 for n ≥ 2.

Theorem 3.9. We have a decomposition of OS-modules

A1
= H 1(A)⊕K(1)O ⊕

⊕
n≥2

K(n).

Let ρ1
:A1
→ H 1(A) be the projector induced by the above decomposition, and

ρ :A−→ H •(A)

be the induced morphism of graded OS-algebras (ρ0
= id, and ρn

= 0 for n ≥ 2). Then, ρ is a dg-quasi-
isomorphism.

Proof. The second assertion follows immediately from the (see Proposition 2.7). To prove the decom-
position, we may work locally over S. Let ν, ω(0), ω(1)P , ω

(2)
P , . . . be as in (16). It follows from the

equations
dω(0) = dν = 0, dω(1)P = ν ∧ω

(0), dω(n)P = ν ∧ω
(n−1)
P (n ≥ 2),
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that
H 1(A)=OSν⊕OSω

(0)
⊕

⊕
P∈Z(S)\{O}

OS(ω
(1)
P −ω

(1)
O ).

To conclude, we simply remark that

K(1) =
⊕

P∈Z(S)

OSω
(1)
P =OSω

(1)
O ⊕

⊕
P∈Z(S)\{O}

OS(ω
(1)
P −ω

(1)
O ). □

4. Canonical lifts of relative logarithmic differentials

4.1. Canonical lifts of regular differentials. Keep the same notation and hypotheses of Section 3.2, and
assume moreover that S is smooth over a field k of characteristic 0.

We review some of the results of [Fonseca and Matthes 2024]. It follows from the smoothness of
f : E♮→ S that we have an exact sequence of OE♮-modules

0 f ∗�1
S/k �1

E♮/k �1
E♮/S 0.

By Theorem 2.3, we obtain an exact sequence of OS-modules

0 �1
S/k f∗�1

E♮/k f∗�1
E♮/S 0,

which admits a canonical splitting, as follows.

Proposition 4.1. The pullback by the identity section e ∈ E♮(S) induces a retraction e∗ : f∗�1
E♮/k→�1

S/k .
In particular, if N := ker(e∗), we obtain a decomposition

f∗�1
E♮/k =�

1
S/k ⊕N , N ∼= f∗�1

E♮/S.

Proof. See [Fonseca and Matthes 2024, Theorem 3.2]. □

It follows that any section ω of f∗�1
E♮/S lifts canonically to a section of N ⊂ f∗�1

E♮/k , which we
denote by ω̃. For the next result, recall that H 1

dR(E/S) is endowed with an integrable k-connection, the
Gauss–Manin connection. Under the identification (6), we get an integrable k-connection

∇ : f∗�1
E♮/S −→�1

S/k ⊗ f∗�1
E♮/S.

Proposition 4.2. There is a canonical isomorphism �1
S/k ⊗ f∗�1

E♮/S
∼= f∗�2

E♮/k/�
2
S/k , under which we

have
∇ω = dω̃ mod�2

S/k

for any section ω of f∗�1
E♮/S .

Proof. See [Fonseca and Matthes 2024, Propositions 2.6 and 3.5]. □

Example 4.3. If ω(0), ν is a trivialisation of f∗�1
E♮/S as in Section 3.1, and αi j ∈0(S, �1

S/k) are defined by

∇ω(0) = α11⊗ω
(0)
+α21⊗ ν,

∇ν = α12⊗ω
(0)
+α22⊗ ν,
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then the canonical lifts satisfy (see [Fonseca and Matthes 2024, Remark 3.7])

dω̃(0) = α11 ∧ ω̃
(0)
+α21 ∧ ν̃,

d ν̃ = α12 ∧ ω̃
(0)
+α22 ∧ ν̃.

(18)

Note that the above equations hold “on the nose”, and not only modulo �2
S/k .

For later reference, we consider the following auxiliary results.

Lemma 4.4. Assume that S is affine, that R1 p∗OE is trivial, and let ω(0), ν, and t be as in Theorem 3.3.
Then

ω̃(0)|π−1 O =−α21 t, ν̃|π−1 O = dt −α22 t.

Proof. As π−1O is isomorphic to Ga,S via the coordinate t , we have

0(S, f∗�1
π−1 O/k)

∼= 0(S, �1
S/k)[t] +0(S,OS)[t] dt.

Thus, since ω(0)|π−1 O = 0 and ν|π−1 O = dt , we can write

ω̃(0)|π−1 O =
∑
n≥0

γntn, ν̃|π−1 O = dt +
∑
n≥0

δntn (19)

for unique γn, δn ∈ 0(S, �1
S/k), with γn = δn = 0 for n ≫ 0. The condition e∗ω̃(0) = e∗ν̃ = 0 implies

that γ0 = δ0 = 0. Plugging (19) into (18), a short calculation shows that γn = δn = 0 for n ≥ 2, and that
γ1 =−α21 and δ1 =−α22. □

Lemma 4.5. Let ω̃∈0(S,N ) and Q ∈ E♮(S) be a torsion section. If τQ : E♮→ E♮ denotes the translation
by Q, then τ ∗Qω̃ = ω̃. In particular, global sections of N are invariant under translation by P♮ ∈ E♮(S)
for every P ∈ Z(S).

Proof. Since every section of f∗�1
E♮/S is invariant (see Section 2.2), there exists β ∈ 0(S, �1

S/k) such
that τ ∗Qω̃ = ω̃+β. By induction, for any n ≥ 1, we obtain

τ ∗nQω̃ = ω̃+ nβ.

By pulling back the above equation by e, we get

(nQ)∗ω̃ = e∗ω̃+ nβ = nβ,

where we have also used that e∗ω̃ = 0. Since Q is torsion and S is of characteristic 0, we conclude that
β = 0. □

4.2. Canonical lifts of Kronecker differentials. Define the Koszul filtration F 0
⊃ F1

⊃ · · · on the
complex �•E♮/k(logπ−1 Z) by

F p
:= im

(
f ∗�p

S/k ⊗�
•

E♮/k(logπ−1 Z)[−p] −→�•E♮/k(logπ−1 Z)
)
,

where the above map is given by the wedge product. This gives rise to a filtration f∗F p on f∗�•E♮/k(logπ−1Z)
by direct image on each component.
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Proposition 4.6. For every p ≥ 0, there is a canonical isomorphism of complexes of OS-modules

f∗F p/ f∗F p+1 ∼=�
p
S/k ⊗ f∗�•E♮/S(logπ−1 Z)[−p].

Proof. Using that

0 f ∗�1
S/k �1

E♮/k(logπ−1 Z) �1
E♮/S(logπ−1 Z) 0

is locally split, and that�•E♮/k(logπ−1 Z)=
∧
•
�1

E♮/k(logπ−1 Z), we see that the Koszul filtration satisfies

F p/F p+1 ∼= f ∗�p
S/k ⊗�

•

E♮/S(logπ−1 Z)[−p] for every p ≥ 0. (20)

Thus, by the projection formula, it suffices to check that each F p is a complex of f∗-acyclic OE♮-modules.
This statement is local on S, so we may assume that S→ Spec k is finitely presented, which implies in
particular that FN

= 0 for some N ≥ 0. We prove the desired assertion, which is trivially true for p ≥ N,
by descending induction on p. By (20), we have a short exact sequence

0 F p+1 F p f ∗�p
S/k ⊗�

•

E♮/S(logπ−1 Z)[−p] 0.

Note that f ∗�p
S/k⊗�

•

E♮/S(logπ−1 Z)[−p] is a complex of f∗-acyclic OE♮-modules by the same argument
in the proof of Proposition 2.7. Thus, if F p+1 is also a complex of f∗-acyclic OE♮-modules, so is F p by
the long exact sequence in cohomology. □

Theorem 4.7. Assume that S is affine, that R1 p∗OE is free, and let ν, ω(0), ω(1), . . . be as in Theorem 3.3.
There is a unique family {ω̃(n)}n≥1 of global sections of f∗�1

E♮/k(logπ−1O) such that, for every n ≥ 1,
ω̃(n) is a lift of ω(n) satisfying

ω̃(n) ∧ ν̃ ∧ ω̃(0) ≡ nα21 ∧ ν̃ ∧ ω̃
(n+1) mod f∗F 2,

where α21 ∈ 0(S, �1
S/k) is a coefficient of the Gauss–Manin connection as in Example 4.3.

Proof. We first prove uniqueness. Any other lift of ω(n) would be of the form ω̃(n) + βn for some
βn ∈ 0(S, �1

S/k). By the condition in the statement, we deduce that

βn ∧ ν̃ ∧ ω̃
(0)
≡ 0 mod f∗F 2.

In other words, the image of βn ∧ ν̃ ∧ ω̃
(0) in f∗F1/ f∗F 2 vanishes. By Proposition 4.6, this means that

βn⊗ ν∧ω
(0)
= 0 in �1

S/k⊗ f∗�2
E♮/S(logπ−1O), which implies that βn = 0, since ν∧ω(0), ν∧ω(1), . . .

is a trivialisation of f∗�2
E♮/S(logπ−1O) by Theorem 3.3.

For the existence, let ϕn ∈ 0(S, f∗�1
E♮/k(logπ−1O)) be any lift of ω(n). By Proposition 4.6 and the

fact that f∗�2
E♮/S(logπ−1O) is trivialised by ν ∧ω(0), ν ∧ω(1), . . . , there exist unique γn,i ∈ 0(S, �1

S/k)

such that

ϕn ∧ ν̃ ∧ ω̃
(0)
≡

∑
i≥0

γn,i ∧ ν̃ ∧ϕi mod f∗F 2.
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We take residues along π−1O on both sides of the above equation. By Theorem 3.3 and Lemma 4.4, we
get on the one hand

Res(ϕn ∧ ν̃ ∧ ω̃
(0))=

tn

(n−1)!
α21 ∧ dt + tn+1

(n−1)!
α22 ∧α21,

and, on the other hand,

Res(γn,i ∧ ν̃ ∧ϕi )=

0, i = 0,
t i−1

(i−1)!
γn,i ∧ dt + t i

(i−1)!
α22 ∧ γn,i , i ≥ 1.

In particular, we get
tn

(n−1)!
α21 ∧ dt =

∑
i≥1

t i−1

(i−1)!
γn,i ∧ dt,

so that γn,n+1 = nα21 and γn,i = 0 for i ̸∈ {0, n+ 1}. We conclude that

ϕn ∧ ν̃ ∧ ω̃
(0)
≡ γn,0 ∧ ν̃ ∧ ω̃

(0)
+ nα21 ∧ ν̃ ∧ϕn+1 mod f∗F 2.

Thus, ω̃(n) := ϕn − γn,0 are lifts of ω(n) satisfying the equation in the statement. □

Remark 4.8. If we consider ν ′ = uν+ vω(0) as in Remark 3.4, then, by uniqueness, the canonical lifts of
the corresponding Kronecker differentials are ω̃(n)′ = un−1ω̃(n).

Theorem 4.9. Let K(n) be the Kronecker subbundles of f∗�1
E♮/S(logπ−1 Z) defined in Theorem 3.7. For

every n ≥ 1, there is a unique lift of K(n) to a subbundle L(n) of f∗�1
E♮/k(logπ−1 Z) such that

L(n) ∧N ∧N ≡ dN ∧L(n+1) mod f∗F 2. (21)

Moreover, we have
f∗�1

E♮/k(logπ−1 Z)=�1
S/k ⊕N ⊕

⊕
n≥1

L(n).

Proof. We may work locally over S, so that the hypotheses of Theorem 4.7 are satisfied. The proof is
similar to that of Theorem 3.7: for every P ∈ Z(S), we set

ω̃
(n)
P := τ

∗

−P♮ω̃
(n). (22)

Using that ν̃ and ω̃(0) are invariant under translation by P♮ (Lemma 4.5), we obtain

dω̃(n)P ∧ ν̃ ∧ ω̃
(0)
≡ nα21 ∧ ν̃ ∧ ω̃

(n+1)
P mod f∗F 2.

Thus, the subbundles
L(n) :=

⊕
P∈Z(S)

L(n)P , L(n)P =OSω̃
(n)
P ,

satisfy (21). The second assertion follows immediately from the exactness of

0 �1
S/k f∗�1

E♮/k(logπ−1 Z) f∗�1
E♮/S(logπ−1 Z) 0

and from Theorem 3.7.
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For uniqueness, let L(n)′ be another family of subbundles of f∗�1
E♮/S(logπ−1 Z) satisfying (21). Since

L(n)′ is isomorphic to K(n) =
⊕

P∈Z(S)K
(n)
P , we have a decomposition L(n)′ =

⊕
P∈Z(S) L

(n)
P
′. Let ω̃(n)P

′ be
the trivialisation of L(n)P

′ corresponding to the trivialisation ω(n)P of K(n)P . Let βn
P ∈0(S, �

1
S/k) be such that

ω̃
(n)
P
′
= ω̃

(n)
P +β

n
P .

Since π−1 Z =
⊔

P∈Z(S) π
−1 P, and ω̃(n)P

′ has singularities only along the component π−1 P, equation (21)
implies that, for every P ∈ Z(S), we have

OSω̃
(n)
P
′
∧ ν̃ ∧ ω̃(0) ≡OSα21 ∧ ν̃ ∧ ω̃

(n+1)
P

′ mod f∗F 2.

Under the identification f∗F1/ f∗F 2 ∼=�1
S/k ⊗ f∗�•E♮/S(logπ−1 Z) of Proposition 4.6, we deduce that

βn
P ⊗ ν ∧ω

(0)
∈OSα21⊗ ν ∧ω

(n+1)
P .

This is only possible if βn
P = 0, since ν ∧ω(0), ν ∧ω(1)P , . . . trivialise f∗�2

E♮/S(logπ−1 Z). □

5. Relative elliptic KZB connections

5.1. Reminders on the bar construction. We work in the category of OS-modules for some scheme S.
All tensor products are taken over OS .

Let A be a graded-commutative dg-algebra over OS , and assume that A is connected: A0
=OS . We

denote by

I :=
⊕
n≥1

An

the kernel of the augmentation A→ OS given by projection onto the component of degree 0. Local
sections of a tensor power I⊗n will be written in “bar notation”

a1⊗ · · ·⊗ an =: [a1 | · · · | an].

The bar construction associated to A is the total complex of OS-modules (B•(A), dB) associated to the
double complex (B•,•(A), d1, d2) given by

B−s,t(A) := (I⊗s)t , s, t ≥ 0,

d1 : B−s,t(A)−→ B−s,t+1(A), [a1 | · · · |an] 7−→

n∑
i=1

(−1)i [Ja1 | · · · | Jai−1 |dai |ai+1 | · · · |an],

d2 : B−s,t(A)−→ B−s+1,t(A), [a1 | · · · |an] 7−→

n−1∑
i=1

(−1)i−1
[Ja1 | · · · | Jai−1 | Jai∧ai+1 |ai+2 | · · · |an],

where J : I→ I is the involution acting by (−1) j in degree j . Note that B−s,t(A) has total degree t − s
and the bar differential (i.e., the total differential) dB has total degree 1.
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The length filtration on B(A) is the increasing exhaustive filtration by the OS-submodules

Ln B(A) :=
n⊕

m=0

I⊗m, n ≥ 0.

Note that d1 sends Ln B(A) to itself, while d2 sends it to Ln−1 B(A). In particular, the bar differential
dB = d1+ d2 preserves the length filtration.

The bar construction is functorial: if ϕ :A1→A2 is a morphism of connected graded-commutative
dg-algebras, then

B(ϕ) : B(A1)−→ B(A2), B(ϕ) :=
⊕
n≥0

ϕ̄⊗n,

is a morphism of complexes of OS-modules, where ϕ̄ : I1→ I2 is obtained from ϕ by restriction to the
kernel of the augmentation. The next result shows that, under a suitable Künneth-type condition, the
functor B also preserves quasi-isomorphisms.

Lemma 5.1. Let ϕ : A1 → A2 be a dg-quasi-isomorphism between connected graded-commutative
dg-algebras. Assume that for all m, n ≥ 0 the natural maps⊕

i1+···+in=m

H i1(I j )⊗ · · ·⊗ H in (I j )−→ H m(I⊗n
j ) (23)

are isomorphisms for j = 1, 2. Then, the induced map B(ϕ) : B(A1)→ B(A2) is a quasi-isomorphism.

Proof. It suffices to prove that the induced map Ln B(A1)→ Ln B(A2) is a quasi-isomorphism for every
n ≥ 0. We proceed by induction on n, the base case n = 0 being trivial. Now fix n ≥ 1 and consider the
following commutative diagram with exact rows:

0 Ln−1 B(A1) Ln B(A1) Ln B(A1)/Ln−1 B(A1) 0

0 Ln−1 B(A2) Ln B(A2) Ln B(A2)/Ln−1 B(A2) 0

The vertical arrow on the left is a quasi-isomorphism by induction hypothesis. That the vertical arrow on
the right is a quasi-isomorphism follows from the isomorphisms (23). We conclude by an application of
the five lemma. □

Remark 5.2. For the hypotheses of Lemma 5.1 to be satisfied, it is sufficient that all of In
j , dIn

j , and
H n(I j ) are flat OS-modules (n ≥ 0, j = 1, 2); see [Weibel 1994, Theorem 3.6.3].

We state without proof the following standard result.

Proposition 5.3. The cohomology in degree 0 of the bar construction

H 0(B(A))= ker(dB : B0(A)−→ B1(A))

is naturally equipped with the structure of a filtered commutative Hopf algebra over OS , given by:
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• A commutative multiplication : H 0(B(A))⊗ H 0(B(A))→ H 0(B(A)), the shuffle product, which
is defined on local sections by

[a1 | · · · | am] [am+1 | · · · | am+n] =
∑
σ

[aσ(1) | · · · | aσ(m+n)],

where the sum ranges over all permutations σ of {1, . . . ,m+ n} such that σ−1 is strictly increasing on
{1, . . . ,m} and {m+ 1, . . . ,m+ n}. The unit for is 1 ∈ B0,0(A)=OS .

• A comultiplication 1 : H 0(B(A))→ H 0(B(A))⊗ H 0(B(A)), the deconcatenation coproduct, which
is defined on local sections by

1([a1 | · · · | an])= [a1 | · · · | an]⊗ 1+ 1⊗[a1 | · · · | an] +

n−1∑
r=1

[a1 | · · · | ar ]⊗ [ar+1 | · · · | an].

The counit for 1 is the augmentation map ε : H 0(B(A))→OS .

• An antipode σ : H 0(B(A))→ H 0(B(A)), given on local sections by

σ([a1 | · · · | an])= (−1)n[an | · · · | a1].

• A length filtration Ln H 0(B(A)) := Ln B(A)∩ H 0(B(A)).

Example 5.4. If An
= 0 for n ≥ 2, then dB = 0, so that

H 0(B(A))= B0(A)= T cA1.

Here, T cA1
=
⊕

n≥0(A
1)⊗n denotes the tensor coalgebra on A1, with the above structure of filtered Hopf

algebra over OS . If moreover A1
=OSα1⊕ · · ·⊕OSαr , then we can identify

H 0(B(A))∼=OS⟨α1, . . . , αr ⟩,

where the length filtration Ln is spanned by words in α1, . . . , αr of length ≤ n.

In general, denote by prn : H
0(B(A))→ (A1)⊗n the natural projection onto the component of pure

length n. Comodules for the Hopf algebra H 0(B(A)) can be characterised as follows.

Proposition 5.5. Let E be a vector bundle over S, and ρ : E→ H 0(B(A))⊗E be an OS-morphism. Write
ρ =

∑
n≥0 ρn , where ρn = (prn ⊗ id)◦ρ : E→ (A1)⊗n

⊗E . Then, ρ is a comodule structure if and only if

(i) ρ0 = idE , and

(ii) ρn is the n-fold composition

[ρ1]
n
:= (id(A1)⊗n−1 ⊗ρ1) ◦ · · · ◦ (idA1 ⊗ρ1) ◦ ρ1 : E −→ (A1)⊗n

⊗ E

for every n ≥ 1.

Moreover, given an OS-linear map ω :E→A1
⊗E , there exists a comodule structure ρ :E→H 0(B(A))⊗E

satisfying ρ1=ω if and only if ω is locally nilpotent (i.e., locally over S, we have [ω]n = 0 for n≫ 0), and

dω+ω∧ω = 0

in A2
⊗ End(E).
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Proof. Since the counit ε of H 0(B(A)) is equal to pr0, statement (i) is equivalent to the comodule axiom
(ε⊗ id) ◦ ρ = id. Let

δi, j : (A1)⊗i+ j
−→∼ (A1)⊗i

⊗ (A1)⊗ j , [a1 | · · · | ai+ j ] 7−→ [a1 | · · · | ai ]⊗ [ai+1 | · · · | ai+ j ],

be the “deconcatenation isomorphisms”. Using the expression ρ =
∑

n≥0 ρn and the definition of the
deconcatenation coproduct 1 of H 0(B(A)), we obtain

(1⊗ id) ◦ ρ =
∑
n≥0

(1⊗ id) ◦ ρn =
∑
n≥0

∑
i+ j=n

(δi, j ⊗ id) ◦ ρn =
∑

i, j≥0

(δi, j ⊗ id) ◦ ρi+ j

and

(id⊗ρ) ◦ ρ =
(

id⊗
∑
i≥0

ρi

)
◦

∑
j≥0

ρ j =
∑

i, j≥0

(id⊗ρi ) ◦ ρ j .

By induction, this shows that the comodule axiom (1⊗ id) ◦ ρ = (id⊗ρ) ◦ ρ is equivalent to (ii).
For the last assertion, note that any OS-linear map ω : E→A1

⊗ E defines an OS-linear map

ρ := ([ω]n)≥0 : E −→
∏
n≥0

(A1)⊗n
⊗ E .

We regard T cA1
=
⊕

n≥0(A
1)⊗n as a submodule of

∏
n≥0(A

1)⊗n. Since E is an OS-module of finite
type, we see that ρ factors through T cA1

⊗ E if and only if, locally over S, we have [ω]n = 0 for every
sufficiently large n. Finally, since H 0(B(A)) = ker(dB) and E is flat, the image of ρ is contained in
H 0(B(A))⊗ E if and only if (dB ⊗ id) ◦ ρ = 0. In bar notation, we have

(dB⊗id)◦ρ =
∑
n≥1

dB [ω | · · · |ω]︸ ︷︷ ︸
length n

=−

∑
n≥1

( n∑
i=1

[ω | · · · |

i-th position︷︸︸︷
dω | · · · |ω]︸ ︷︷ ︸

length n

+

n−1∑
i=1

[ω | · · · |

i-th position︷︸︸︷
ω∧ω | · · · |ω︸ ︷︷ ︸

length n−1

]

)

=−

∑
n≥1

n∑
i=1

[ω | · · · |

i-th position︷ ︸︸ ︷
dω+ω∧ω | · · · |ω︸ ︷︷ ︸

length n

],

so that the identity (dB ⊗ id) ◦ ρ = 0 is equivalent to dω+ω∧ω = 0. □

5.2. Fundamental Hopf algebra. Let S be a scheme of characteristic 0, p : E→ S be an elliptic curve,
and Z be a divisor on E/S as in Section 3.2. Let f : E♮→ S be the universal vector extension of E/S
and π : E♮→ E be the natural projection.

Definition 5.6. The de Rham fundamental Hopf algebra of E/S punctured at Z is the filtered Hopf
algebra over OS defined by

HE/S,Z := H 0(B( f∗�•E♮/S(logπ−1 Z))).

The affine group scheme over S corresponding to HE/S,Z can be regarded as a base-point-free version
of the “relative unipotent de Rham fundamental group” of E \ Z over S (see [Chiarellotto et al. 2023]).
We refer to the Appendix for precise comparison theorems in the case where S is the spectrum of a field.
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Example 5.7. Assume that S is affine, that R1 p∗OE is trivial, and let ν, ω(0), ω(1)P , ω
(2)
P , . . . be as in (16).

Then, a section ξ of HE/S,Z is an OS-linear combination of words in these 1-forms, satisfying dBξ = 0.
For instance,

[ω(0) |ω(0)], [ω(0) | ν] + [ω
(1)
P ], [ω

(1)
P −ω

(1)
O | ν] + [ω

(2)
−ω

(2)
O ]

are sections of length 2, and

[ω(0) | ν |ω(0) | ν | ν] + [ω
(1)
P |ω

(0)
| ν | ν] − [ω(0) |ω

(1)
P | ν | ν] + [ω

(0)
| ν |ω

(1)
P | ν] + 2[ω(1)P |ω

(1)
| ν]

− 2[ω(0) |ω(2)P | ν] + [ω
(0)
| ν |ω

(2)
P ] + 3[ω(1)P |ω

(2)
P ] − 3[ω(0) |ω(3)P ]

is a section of length 5.

Theorem 5.8. The projector ρ from Theorem 3.9 induces an isomorphism of filtered Hopf algebras
over OS

HE/S,Z −→
∼ T c H 1

dR((E \ Z)/S).

Proof. This follows immediately from the fact that ρ is a dg-quasi-isomorphism (Theorem 3.9) and
from Lemma 5.1. To verify the Künneth-type hypotheses of Lemma 5.1 (see Remark 5.2), we apply
Theorems 3.7 and 3.9. □

Example 5.9. Locally over S, the isomorphism of the above theorem is given explicitly by writing a
section of HE/S,Z as an OS-linear combination of words in ω(0), ν, ω(1)P −ω

(1)
O , ω

(1)
O , ω

(n)
P (where n ≥ 2

and P ∈ Z(S)), and by sending ω(1)O , ω
(n)
P to zero. For instance, the length-2 section

[ω(0) | ν] + [ω
(1)
P ] = [ω

(0)
| ν] + [ω

(1)
P −ω

(1)
O ] + [ω

(1)
O ]

of HE/S,Z is sent to the length-2 section [ω(0) | ν] + [ω(1)P −ω
(1)
O ] of T c H 1

dR((E \ Z)/S).

We also deduce from the above theorem that the formation of HE/S,Z commutes with every base
change in S.

Corollary 5.10. For any morphism of schemes ϕ : S′→ S, the natural map

ϕ∗HE/S,Z −→H(E×S S′)/S,Z×S S′

is an isomorphism of filtered Hopf algebras over OS′ .

Proof. It is well known that, for proper and smooth schemes, the formation of the de Rham cohomology
commutes with arbitrary base change. Using the residue exact sequence

0 H 1
dR(E/S) H 1

dR((E \ Z)/S) H 0
dR(Z/S) H 2

dR(E/S) 0Res

we deduce that the formation of H 1
dR((E \ Z)/S) commutes with arbitrary base change. To conclude we

apply Theorem 5.8 and the fact that the formation of the universal vector extension also commutes with
arbitrary base change (see Section 2.1). □
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5.3. Elliptic KZB connection. We keep the notation of Section 5.2. It follows from Theorem 5.8 that
there are canonical isomorphisms

LnHE/S,Z/Ln−1HE/S,Z ∼= H 1
dR((E \ Z)/S)⊗n. (24)

In particular, each LnHE/S,Z is a vector bundle over S. The continuous dual of HE/S,Z is the OS-module

H∨E/S,Z := lim
←−−

n
(LnHE/S,Z )

∨, (LnHE/S,Z )
∨
=HomOS (LnHE/S,Z ,OS),

with the dual structure of a completed Hopf algebra over OS (see [Burgos Gil and Fresán, Section 3.2.6]).
For instance, its multiplication is given by

1∨ :H∨E/S,Z ⊗̂H∨E/S,Z −→H∨E/S,Z , 1∨ := lim
←−−

n
(1|LnHE/S,Z )

∨.

Regarding the restriction of the antipode σ to LnHE/S,Z as a global section of LnHE/S,Z ⊗ (LnHE/S,Z )
∨,

we get a global section
σ̂ = lim

←−−
n
σ |LnHE/S,Z ∈ 0(S,HE/S,Z ⊗̂H∨E/S,Z ).

Definition 5.11. The KZB form of E/S punctured at Z is the global section

ωE♮/S,Z := (pr1⊗ id)(σ̂ ) ∈ 0(S, f∗�1
E♮/S(logπ−1 Z) ⊗̂H∨E/S,Z ),

where pr1 :HE/S,Z → f∗�1
E♮/S(logπ−1 Z) is the projection onto the component of length 1.

By letting ωE♮/S,Z act on H∨E/S,Z by left multiplication via 1∨, we can also regard it as an OS-linear
map

ωE♮/S,Z :H∨E/S,Z −→ f∗�1
E♮/S(logπ−1 Z) ⊗̂H∨E/S,Z .

Proposition 5.12. We have
dωE♮/S,Z +ωE♮/S,Z ∧ωE♮/S,Z = 0.

Moreover, if we let
1 := lim

←−−
n
(ε|LnHE/S,Z )

∨
∈ 0(S,H∨E/S,Z ),

then the triple (H∨E/S,Z , ωE♮/S,Z , 1) satisfies the following universal property: for every triple (E, ω, e),
where E is a vector bundle over S, ω : E→ f∗�1

E♮/S(logπ−1 Z)⊗ E is a locally nilpotent OS-linear map
satisfying dω+ω∧ω = 0, and e ∈ 0(S, E), there is a unique OS-linear map ϕ :H∨E/S,Z → E such that
(id⊗ϕ) ◦ωE♮/S,Z = ω ◦ϕ and ϕ(1)= e.

Proof. Let ρ : E → HE/S,Z ⊗ E be the comodule structure corresponding to ω as in Proposition 5.5.
Working locally over S, we may assume that there is some n0 ≥ 0 such that ρ(E)⊂ Ln0HE/S,Z ⊗ E . For
every n ≥ n0, define

ϕn : (LnHE/S,Z )
∨
−→ E, λ 7−→ (λ⊗ id) ◦ (σ ⊗ id) ◦ ρ(e). (25)

Then, a straightforward computation shows that ϕ := lim
←−−n ϕn :H∨E/S,Z→ E is an OS-linear map satisfying

the properties in the statement. To prove uniqueness, let ρE/S,Z : H∨E/S,Z → HE/S,Z ⊗̂ H∨E/S,Z be
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the completed comodule structure corresponding to ωE♮/S,Z via Proposition 5.5. It is given by left
multiplication by σ̂ . If ϕ′ :H∨E/S,Z→ E is an OS-morphism satisfying ϕ′(1)= e and (id⊗ϕ′)◦ωE♮/S,Z =

ω ◦ϕ′, then it follows from Proposition 5.5 that this last equation can be lifted to

(id⊗ϕ′) ◦ ρE/S,Z = ρ ◦ϕ
′.

Thus,
ρ(e)= (id⊗ϕ′) ◦ ρE/S,Z (1)= (id⊗ϕ′)(σ̂ ).

Let n ≥ n0 be as above. For any section λ of (LnHE/S,Z )
∨, we have

(λ⊗ id) ◦ ρ(e)= (λ⊗ id) ◦ (id⊗ϕ′)(σ̂ )= ϕ′ ◦ (λ⊗ id)(σ̂ )= ϕ′n(λ ◦ σ |LnHE/S,Z ),

where in the last equality we regard λ ◦ σ |LnHE/S,Z as a section of (LnHE/S,Z )
∨. Finally, using that σ is

an involution, we conclude that ϕ′n is given by the same formula as ϕn in (25). □

Definition 5.13. Consider the completed pullback f ∗H∨E/S,Z := lim
←−−n f ∗(LnHE/S,Z )

∨. The relative
elliptic KZB connection of E/S punctured at Z is the S-connection

∇E♮/S,Z : f ∗H∨E/S,Z −→�1
E♮/S(logπ−1 Z) ⊗̂ f ∗H∨E/S,Z , ∇E♮/S,Z = d +ωE♮/S,Z .

Proposition 5.14. The formation of ∇E♮/S,Z is compatible with arbitrary base change in S.

Proof. This follows from Corollary 5.10 and from the fact that ωE♮/S,Z is induced by the antipode of the
Hopf algebra HE/S,Z . □

We shall now give explicit formulas for the relative elliptic KZB connection. Assuming that S is affine
and that R1 p∗OE is trivial, let ν, ω(0), ω(1)P , ω

(2)
P , . . . be as in (16). Recall that

{ν, ω(0)} ∪ {ω
(1)
P −ω

(1)
O : P ∈ Z(S) \ {O}}

trivialises the vector bundle H 1( f∗�•E♮/S(logπ−1 Z)) over S (see the proof of Theorem 3.9). We denote by

{a, b} ∪ {bP : P ∈ Z(S) \ {O}}

the dual trivialisation of H 1( f∗�•E♮/S(logπ−1 Z))∨. By Theorem 5.8 (see Example 5.4), we have

H∨U/S
∼=OS⟨⟨a, b, bP : P ∈ Z(S) \ {O}⟩⟩.

Note that Hopf algebra unit 1 as defined in Proposition 5.12 gets identified with the constant 1. It will
be more convenient to write

OS⟨⟨a, b, bP : P ∈ Z(S) \ {O}⟩⟩ ∼=
OS⟨⟨a, b, cP : P ∈ Z(S)⟩⟩〈∑

P∈Z(S) cP − [a, b]
〉 ,

where the isomorphism is given by sending bP to cP for every P ∈ Z(S) \ {O}.

Theorem 5.15. With the above notation, we have

ωE♮/S,Z =−ν⊗ a−ω(0)⊗ b−
∑
n≥1

∑
P∈Z(S)

ω
(n)
P ⊗ adn−1

a cP , (26)

where ada x = [a, x] = ax − xa.
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Proof. Call ω′ the right-hand side of (26). We show that ω′ satisfies the universal property for the KZB
form. For this, let (E, ω, e) be a triple as in Proposition 5.12. As ν, ω(0), ω(n)P (n ≥ 1, P ∈ Z(S)) trivialise
f∗�1

E♮/S(logπ−1 Z), we can uniquely write

ω =−ν⊗ A−ω(0)⊗ B−
∑
n≥1

∑
P∈Z(S)

ω
(n)
P ⊗C (n)

P ,

where A, B,C (n)
P are nilpotent endomorphisms of E (with C (n)

P = 0 for n≫ 0). Since

0= dω+ω∧ω = ν ∧ω(0)⊗
(
[A, B] −

∑
P∈Z(S)

C (1)
P

)
+

∑
n≥1

ν ∧ω
(n)
P ⊗

(
[A,C (n)

P ] −C (n+1)
P

)
,

we conclude that ∑
P∈Z(S)

C (1)
P = [A, B], C (n)

P = adn−1
A C (1)

P .

Thus, there is a unique OS-morphism ϕ :H∨E/S,Z → E satisfying ϕ(1)= e, ϕ(a)= Ae, ϕ(b)= Be, and
ϕ(cP) = C (1)

P e for every P ∈ Z(S). To finish the proof, it suffices to remark that these conditions are
equivalent to ϕ(1)= e and (id⊗ϕ) ◦ω′ = ω ◦ϕ. □

Example 5.16. When Z = O, we have H∨E/S,O
∼=OS⟨⟨a, b⟩⟩. Since cO = [a, b] = ada b, the formula for

ωE♮/S,Z becomes

ωE♮/S,O =−ν⊗ a−
∑
n≥0

ω(n)⊗ adn
a b,

where ω(n) = ω(n)O .

6. Absolute elliptic KZB connections

6.1. Bar construction relative to a dg-algebra. Let S be a smooth scheme over a field k of characteristic 0.
In this subsection, we consider a variant of the bar construction relative to the dg-algebra � :=�•S/k .

To lighten the notation, tensor products without subscripts are over OS . If F and G are bimodules over
the (noncommutative) OS-algebra �, we define

F ⊗� G := (F ⊗G)/R,

where R is the submodule generated by ( f ∧ω)⊗ g− f ⊗ (Jω∧ g), with f, g, ω sections of F,G, �
respectively.

Let C =
⊕

n≥0 C
n be a graded OS-algebra equipped with a k-linear differential d : C→ C[1] making it a

commutative dg-algebra over k. Assume that C0
=OS and that C contains � both as a graded subalgebra

over OS and as a dg-subalgebra over k. The relative bar construction on C is defined as follows. Let
J =

⊕
n≥1 C

n be the kernel of the projection on the component of degree 0 C→OS , and set

B−s,t
� (C) := (J ⊗�s)t , s, t ≥ 0.
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Here, we also denote local sections of a tensor power J ⊗�n in “bar notation”:

c1⊗ · · ·⊗ cn =: [c1 | · · · | cn].

With the above notion of tensor product, one can readily check that

d1 : B
−s,t
� (C)−→ B−s,t+1

� (C), [c1 | · · · |cn] 7−→

n∑
i=1

(−1)i [Jc1 | · · · | Jci−1 |dci |ci+1 | · · · |cn],

d2 : B
−s,t
� (C)−→ B−s+1,t

� (C), [c1 | · · · |cn] 7−→

n−1∑
i=1

(−1)i−1
[Jc1 | · · · | Jci−1 | Jci∧ci+1 |ci+2 | · · · |cn],

are well-defined (even though d is only k-linear), so that we obtain a double complex (B•,•� (C), d1, d2).
The relative bar construction is the associated total complex (B•�(C), dB).

Remark 6.1. Similarly to the usual bar construction, as an OS-module, B�(C) is simply the tensor module

B�(C)=
⊕
n≥0

J ⊗�n,

with a shift on the grading: deg([c1 | · · · | cn])=
∑n

i=1(deg(ci )− 1).

6.2. Koszul filtration on the relative bar construction. We take

C := f∗�•E♮/k(logπ−1 Z),

with hypotheses and notation as in Section 5.2. The Koszul filtration by OE♮-submodules F 0
⊃ F1

⊃ · · ·

on �•E♮/k(logπ−1 Z) (see Section 4.2) induces by direct image a filtration by OS-submodules f∗F 0
⊃

f∗F1
⊃ · · · on C. Note that each f∗F p is actually a �-submodule of C. Let F •J be the induced filtration

on J ⊂ C, so that

F pJ =
{
J , p = 0,
f∗F p, p ≥ 1.

This induces a filtration on B�(C):

F p B�(C)=
⊕
n≥1

∑
p1+···+pn=p

im(F p1J ⊗� · · · ⊗� F pnJ −→ J ⊗�n).

In what follows, let A= f∗�•E♮/S(logπ−1 Z) and I =
⊕

n≥1 A
n (see Section 5.1). By Proposition 4.6,

we have J /F1J ∼= I. Let

B�(C)−→ B(A)

be the natural map induced by the quotient map J → I.

Lemma 6.2. The sequence

0 F1 B�(C) B�(C) B(A) 0

is exact.
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Proof. By flatness of J , F1J , and I, we have, for every n ≥ 1, an exact sequence of OS-modules

0
⊕n

i=1 J
⊗i−1
⊗ F1J ⊗J ⊗n−i J ⊗n I⊗n 0.

Since the map J ⊗n
→ I⊗n factors through J ⊗�n

→ I⊗n, we obtain an exact sequence of OS-modules

0
⊕n

i=1 J
⊗�i−1

⊗� F1J ⊗� J ⊗�n−i J ⊗�n I⊗n 0.

This proves that the sequence in the statement is an exact sequence of OS-modules. □

Let
σn,i : I⊗i−1

⊗ (�1
[1]⊗ I)⊗ I⊗n−i

−→∼ �1
[1]⊗ I⊗n

be the “Koszul sign rule” isomorphism given by

[a1 | · · · | ai−1 |ω⊗ ai | ai+1 | · · · | an] 7−→ (−1)i−1ω⊗[Ja1 | · · · | Jai−1 | ai | · · · | an].

Lemma 6.3. For n ≥ 1 and 1≤ i ≤ n, let

πn,i : J ⊗i−1
⊗ F1J ⊗J ⊗n−i

−→�1
[1]⊗ I⊗n

be the projection given by F1J → F1J /F2J ∼= �1
[1] ⊗A→ �1

[1] ⊗ I (see Proposition 4.6) on the
i-th factor and by J → J /F1J ∼= I on the other factors, composed with σn,i . Then:

(i) The sum

πn =
∑

1≤i≤n

πn,i :

n⊕
i=1

J ⊗i−1
⊗ F1J ⊗J ⊗n−i

−→�1
[1]⊗ I⊗n

factors through an OS-linear map

πn :

n∑
i=1

im(J ⊗�i−1
⊗� F1J ⊗� J ⊗�n−i

−→ J ⊗�n)−→�1
[1]⊗ I⊗n.

(ii) The induced OS-linear map

π : F1 B�(C)−→�1
[1]⊗ B(A)∼=�1

⊗ B(A)[−1]

is a morphism of complexes over k.

Proof. For clarity, we only give details for the case n = 2; the general case is similar.
To prove (i), we first remark that, from the flatness of F1J , J , and J /F1J ∼= I, we obtain an exact

sequence

0 (F1J )⊗2 (F1J ⊗J )⊕ (J ⊗ F1J ) J ⊗2,

where the injection is given by x 7→ (x,−x). For i = 1, 2, we have π2,i ((F1J )⊗2) = 0, since there is
always a projection J → J /F1J in one of the factors. This shows that π2 factors through

π2 : im((F1J ⊗J )⊕ (J ⊗ F1J )−→ J ⊗2)= F1J ⊗J +J ⊗ F1J −→�1
[1]⊗ I⊗2.
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We are left to show that π2 factors through the image of F1J ⊗J +J ⊗ F1J in J ⊗�2. By definition,
the kernel of J ⊗2

→ J ⊗�2 is generated by sections of the form

x = (c1 ∧ω)⊗ c2− c1⊗ (Jω∧ c2),

with c1, c2 sections of J and ω a section of�n with n≥ 1. Every such element is in F1J ⊗J +J ⊗F1J ,
so we only need to prove that π2(x)= 0. Using that �i

=
∧i
�1, we can reduce to the case where ω is a

section of �1: if ω = ω′ ∧ω′′, then we can write

x = ((c1∧ω
′)∧ω′′)⊗ c2− (c1∧ω

′)⊗ (Jω′′∧ c2)+ (c1∧ω
′)⊗ (Jω′′∧ c2)− c1⊗ (Jω′∧ (Jω′′∧ c2)).

Finally, assuming that ω is a section of �1, we have x = (c1 ∧ω)⊗ c2+ c1⊗ (ω∧ c2), so that

π(x)= π2,1((c1 ∧ω)⊗ c2)+π2,2(c1⊗ (ω∧ c2))

= π2,1((ω∧ Jc1)⊗ c2)+π2,2(c1⊗ (ω∧ c2))

= ω⊗ (Jc1⊗ c2)−ω⊗ (Jc1⊗ c2)= 0.
This ends the proof of (i).

To prove (ii), we simply compute

dB([ω∧ c1 | c2 | · · · | cn])=−[dω∧ c1−ω∧ dc1 | c2 | · · · | cn]

−

n∑
i=2

(−1)i [ω∧ Jc1 | · · · | Jci−1 | dci | ci+1 | · · · | cn]

−

n∑
i=1

(−1)i−1
[ω∧ Jc1 | · · · | Jci−1 | Jci ∧ ci+1 | ci+2 | · · · | cn]

Thus,
π2(dB([ω∧ c1 | c2 | · · · | cn]))=−(id⊗dB)(π2([ω∧ c1 | c2 | · · · | cn])).

This finishes the proof, since every section of F1 B�(C) is a combination of sections of the form
[ω∧ c1 | c2 | · · · | cn]. □

6.3. Gauss–Manin connection on the fundamental Hopf algebra. Consider the splitting

0 �1 C1 A1 0,

induced by the canonical lift of Kronecker differentials, as in Section 4. Locally,

ν 7−→ ν̃, ω
(n)
P 7−→ ω̃

(n)
P , n ≥ 0, P ∈ Z(S).

It induces a splitting

0 F1 B0
�(C) B0

�(C) B0(A) 0.

s

given by
s[a1 | · · · | an] = [ã1 | · · · | ãn].

Lemma 6.4. If ξ is a section of H 0(B(A)), then dB ◦ s(ξ) ∈ F1 B1
�(C).
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Proof. This follows immediately from the commutative diagram with exact rows

0 F1 B0
�(C) B0

�(C) B0(A) 0

0 F1 B1
�(C) B1

�(C) B1(A) 0

dB dB

s

given by Lemma 6.2. □

Thus, we can define a k-linear map

δ : H 0(B(A))−→�1
⊗ B0(A), δ =−π ◦ dB ◦ s.

Lemma 6.5. The image of δ is contained in �1
⊗ H 0(B(A)).

Proof. By definition, (id⊗dB) ◦ δ = −(id⊗dB) ◦ π ◦ dB ◦ s. Then, using that π is a morphism of
k-complexes (part (ii) of Lemma 6.3), we get −(id⊗dB) ◦π ◦ dB ◦ s = π ◦ dB ◦ dB ◦ s = 0. □

In the notation of Definition 5.6, we obtain a k-linear map

δ :HE/S,Z −→�1
S/k ⊗HE/S,Z .

Theorem 6.6. The above-defined map δ is an integrable k-connection on the OS-module HE/S,Z . Moreover:

(i) The connection δ preserves the length filtration.

(ii) For every n ≥ 1, the induced connection on LnHE/S,Z/Ln−1HE/S,Z gets identified with the n-th
tensor power of the Gauss–Manin connection on H 1

dR((E \ Z)/S) under the isomorphism (24). In
particular, δ is regular singular at infinity.

(iii) The deconcatenation coproduct 1 and the antipode σ are horizontal for δ, namely,

(id⊗1) ◦ δ = (δ⊗ id+ id⊗δ) ◦1, δ ◦ σ = (id⊗σ) ◦ δ.

(iv) The formation of δ is compatible with base change of the form S′→ S, where S′ is a smooth k-scheme,
and with extension of scalars k ⊂ k ′.

Proof. To show that δ is a connection, let γ =
∑

j [c
j
1 | · · · | c

j
n j ] be a section of B0

�(C) such that dBγ

lies in F1 B1
�(C). For a section r of OS , we have

dB(rγ )=
∑

j

dB[rc j
1 | · · · | c

j
n j
] = −

∑
j

[dr ∧ c j
1 | · · · | c

j
n j
] + rdBγ.

In particular, dB(rγ ) is also a section of F1 B1
�(C), and

π ◦ dB(rγ )=−dr ⊗ γ̄ + rπ ◦ dB(γ ),

where γ̄ denotes the image of γ in B0(A). If γ = s(ξ) for some section ξ of HE/S,Z = H 0(B(A)), this
shows that

δ(rξ)= dr ⊗ ξ + rδ(ξ).

Thus, δ is a k-connection.
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Note that the definition of δ only involves the canonical splitting s, which is compatible with base
change, and natural operations on the bar construction. Therefore, (iv) follows from Corollary 5.10. The
compatibility with base change immediately implies the integrability of δ, since the moduli stack of
elliptic curves is a 1-dimensional smooth Deligne–Mumford stack, and every connection on a smooth
curve is integrable.

Properties (i) and (iii) are straightforward to verify. We are left to prove (ii). Recall that, by Katz
and Oda’s construction [1968], the Gauss–Manin connection ∇ on H 1

dR((E \ Z)/S) can be explicitly
described as follows. Under the isomorphism

H 1
dR((E \ Z)/S)∼= H 1(A)= ker(d :A1

−→A2)

of Proposition 2.7 (see Section 3.3), for a cohomology class given by a closed differential form ω in A1,
let ω′ be any lift of ω to an absolute differential form in C1; then

∇ω = dω′ mod f∗F 2
=

n∑
i=1

αi ⊗ωi (27)

for unique αi in �1 and ωi in A1 closed (see Proposition 4.6).
Now, given [ω1 | · · · |ωn] in H 1(A)⊗n, let ξ be a section of LnHE/S,Z mapping to ω1⊗· · ·⊗ωn under

the isomorphism (24). Since HE/S,Z ⊂ B0(A) = T cA1, we can write ξ = ξn + ξn−1+ · · · + ξ0, where
each ξi is of pure length i , and ξn = [ω1 | · · · |ωn]. We have

(−dB ◦ s)(ξ)=
n∑

i=1

[ω̃1 | · · · | dω̃i | · · · | ω̃n] + lower length.

Then, since each ω̃i is a lift of ωi to an absolute differential in C1, it follows from (27) and from the
definition of π that

δ(ξ)=∇⊗n([ω1 | · · · |ωn])+ lower length.

The last statement of (ii) follows from the regularity at infinity of the Gauss–Manin connection [Deligne
1970, II, §7] and from the fact that regularity is preserved by extensions [loc. cit., II, Proposition 4.6(i)]. □

6.4. Lifting the relative elliptic KZB connection. The absolute elliptic KZB connection will be given by
combining the relative connection ∇E♮/S,Z (Definition 5.13) with the dual of δ:

δ∨ :H∨E/S,Z −→�1
S/k ⊗̂H∨E/S,Z .

For this, let

ω̃E♮/S,Z = (s⊗ id)(ωE♮/S,Z ) ∈ 0(S, f∗�1
E♮/k(logπ−1 Z) ⊗̂H∨E/S,Z )

be the canonical lift of the KZB form, and let it act on H∨E/S,Z by left multiplication.

Definition 6.7. The absolute elliptic KZB connection of E/S/k punctured at Z is the k-connection

∇E♮/S/k,Z : f ∗H∨E/S,Z −→�1
E♮/k(logπ−1 Z) ⊗̂ f ∗H∨E/S,Z , ∇E♮/S/k,Z = f ∗δ∨+ ω̃E♮/S,Z .
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Proposition 6.8. The formation of ∇E♮/S/k,Z is compatible with every base change of the form S′→ S,
where S′ is a smooth k-scheme, and with extension of scalars k ⊂ k ′.

Proof. This follows immediately from Proposition 5.14 and Theorem 6.6. □

To prove integrability, consider the following lemma.

Lemma 6.9. Let A be a k-algebra (not necessarily commutative) and (�, d,∧) be a dg-algebra over k.
Let ϕ ∈�1

⊗Derk(A) and α ∈�1
⊗ A. We identify A as a subspace of Endk(A) by left multiplication.

Then, the following equation holds in �2
⊗Endk(A):

d(ϕ+α)+ (ϕ+α)∧ (ϕ+α)= (dϕ+ϕ ∧ϕ)+ (dα+α∧α)+ϕ(α),

where ϕ(α) is the element of �2
⊗ A given by “evaluating” ϕ at α.

Proof. It suffices to prove that ϕ ∧α+α∧ϕ = ϕ(α). Since this equation is linear in ϕ and in α, we can
assume that ϕ = ω⊗ ∂ and α = η⊗ a. Then,

ϕ ∧α+α∧ϕ = ω∧ η⊗ (∂ ◦ a)+ η∧ω⊗ (a ◦ ∂)

= ω∧ η⊗ (∂ ◦ a− a ◦ ∂)= ω∧ η⊗ ∂(a)= ϕ(α),

where we used that ∂ is a derivation in the penultimate equality above. □

Theorem 6.10. The k-connection ∇E♮/S/k,Z is integrable.

Proof. We may work locally over S and assume that R1 p∗OE is trivial. Moreover, by Proposition 6.8,
we can also assume that dim S = 1 (see the proof of Theorem 6.6). Then, with notation as in (16) and
Section 5.3, we identify

H∨E/S,Z
∼=OS ⊗̂ A, A =

k⟨⟨a, b, cP : P ∈ Z(S)⟩⟩〈∑
P∈Z(S) cP − [a, b]

〉
and we write

δ∨ = d +8, 8 ∈ 0(S, �1
S/k)⊗Endk(A),

so that ∇E♮/S/k,Z is a k-connection on OE♮ ⊗̂ A, given by

∇E♮/S/k,Z = d +8+ ω̃E♮/S,Z .

Since the multiplication in H∨E/S,Z is given by the dual of the deconcatenation coproduct 1, it follows
from Theorem 6.6 that 8 ∈ 0(S, �1

S/k)⊗Derk(A). Moreover, since δ∨ is integrable, we conclude from
Lemma 6.9 that the integrability of ∇E♮/S/k,Z is equivalent to the equation

dω̃E♮/S,Z + ω̃E♮/S,Z ∧ ω̃E♮/S,Z +8(ω̃E♮/S,Z )= 0. (28)

Recall from Section 5.3 that σ̂ is the element of 0(S,HE/S,Z ) ⊗̂ A ∼= 0(S,HE/S,Z ⊗̂H∨E/S,Z ) corre-
sponding to the antipode σ of HE/S,Z , and that ωE♮/S,Z = (pr1⊗ id)(σ̂ ). Since left multiplication by σ̂
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defines a (completed) HE/S,Z -comodule structure on H∨E/S,Z , it follows from Proposition 5.5 that

σ̂ =
∑
n≥0

[ωE♮/S,Z | · · · |ωE♮/S,Z ]︸ ︷︷ ︸
length n

.

Since σ :HE/S,Z →HE/S,Z is horizontal for the connection δ by Theorem 6.6, and since δ∨ is defined as
the dual of δ, we have

(δ⊗ id+ id⊗δ∨)(σ̂ )= 0. (29)

On the one hand, using the definition of δ =−π ◦ dB ◦ s, we get

(δ⊗ id)(σ̂ )=
∑
n≥1

n∑
i=1

(π ⊗ id)([ω̃E♮/S,Z | · · · |

i-th position︷ ︸︸ ︷
dω̃E♮/S,Z + ω̃E♮/S,Z ∧ ω̃E♮/S,Z | · · · | ω̃E♮/S,Z ]︸ ︷︷ ︸

length n

).

On the other hand, using that 8 has coefficients in k-derivations of A, we obtain

(id⊗δ∨)(σ̂ )=
∑
n≥1

n∑
i=1

[ωE♮/S,Z | · · · |

i-th position︷ ︸︸ ︷
8(ωE♮/S,Z ) | · · · |ωE♮/S,Z ]︸ ︷︷ ︸

length n

.

Thus, (29) is equivalent to

(π ⊗ id)(dω̃E♮/S,Z + ω̃E♮/S,Z ∧ ω̃E♮/S,Z +8(ω̃E♮/S,Z ))= 0.

To conclude, we simply remark that the hypothesis dim S = 1 implies that F2J = f∗F 2
= 0, so that π is

injective on F1J = f∗F1 (see Proposition 4.6), which yields (28). □

7. Analytic formulae

7.1. Kronecker differentials. Let E be an elliptic curve over C and let τ ∈H be such that Ean∼=C/(Z+τZ),
so that H1(Ean,Z)∼= Z+ τZ. Consider the basis (ω, η) of H 1

dR(E/C) given by

ω = dz, η = (℘τ (z)+G2(τ )) dz, (30)

where ℘τ (z)= z−2
+
∑
′

m,n((z−m− nτ)−2
− (m+ nτ)−2) is the Weierstrass ℘-function associated to

the lattice Z+ τZ, and G2(τ )=
∑

n
∑
′

m(m+ nτ)−2 is the Eisenstein series of weight 2 and level 1. It
follows from Example 2.2 and [Katz 1973, Lemma A1.3.9] that

E♮,an ∼= C2/Lτ , Lτ = {(m+ nτ, 2π in) ∈ C2
: m, n ∈ Z}. (31)

If z, w denote the coordinates on C2, then the basis (ω, η) of H 1
dR(E/C) corresponds under the isomorphism

(6) to the basis

ω(0) := dz, ν := dw

of 0(E♮, �1
E♮/C).
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Proposition 7.1. Let

Fτ (z, x) :=
θ ′τ (0)θτ (z+ x)
θτ (z)θτ (x)

,

where
θτ (z)=

∑
n∈Z

(−1)nq
1
2(n+

1
2)

2

e2π i(n+ 1
2)z, q = e2π iτ ,

denotes Jacobi’s odd theta function. Consider the functions ϕ(n)τ (z, w) defined by the generating series

ewx Fτ (z, x)=
∑
n≥0

ϕ(n)τ (z, w)xn−1.

Then the Kronecker differentials associated to ν = dw (Theorem 3.3) are given by

ω(n) = ϕ(n)τ (z, w) dz, n ≥ 0.

Proof. It follows from the transformation property

Fτ (z+m+ nτ, x)= e−2π inx Fτ (z, x) (32)

of the Kronecker function (see [Levin and Racinet 2007, equations (10) and (11)]) that ϕ(n)τ (z, w) dz are
well-defined 1-forms on E♮ with logarithmic poles along the divisor π−1O (which is explicitly given by
the equation z = 0 under (31)). A straightforward computation shows that they satisfy properties (i), (ii),
and (iii) of Theorem 3.3. By uniqueness, we conclude that ω(n) = ϕ(n)τ (z, w) dz. □

Corollary 7.2. Let P ∈ E(C) be a torsion point represented by α + βτ , for some α, β ∈ Q, under
Ean ∼= C/(Z+ τZ). Then, for every n ≥ 0,

ω
(n)
P = ϕ

(n)
τ (z−α−βτ,w− 2π iβ) dz.

Proof. It suffices to use (15) and to note that P♮ ∈ E♮(C) is represented by (α+βτ, 2π iβ) under (31). □

7.2. Analytic canonical lifts. We work in the category of complex analytic spaces. Let p : EH→ H be
the universal framed elliptic curve over the upper half-plane H, with fibre at τ ∈ H given by p−1(τ )=

C/(Z+ τZ)=: Eτ , and let E♮ be its universal vector extension. Explicitly, we can write

E♮H ∼= (C
2
×H)/L ,

where L→H is the “relative lattice” with fibre at τ ∈H given by Lτ as in (31). We denote by f : E♮H→H

the structure map, and by π : E♮H→ EH the projection, which in this case is induced by (z, w) 7→ z. Note
that the divisor π−1O is given by z = 0, and the identity section e ∈ E♮H(H) is given by z = w = 0.

In Section 7.1, we have described the differentials

ν = dw, ω(0) = dz, ω(1) = ϕ(1)τ (z, w) dz, . . . , (33)

which we now regard as global sections of f∗�1
EH♮/H

(logπ−1O). Next, we describe their canonical lifts
to “absolute differentials” on E♮H, i.e., global sections of f∗�1

EH♮
(logπ−1O). As our algebraic results do
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not immediately apply to the analytic category due to the failure of GAGA (see Remark 2.4), we shall first
define these canonical lifts by explicit formulas, and then characterise them via uniqueness statements
which mimic their algebraic counterparts. Set

ν̃ := dw, ω̃(0) := dz−w dτ
2π i

.

Proposition 7.3. The above formulas yield well-defined absolute 1-forms ν̃, ω̃(0) ∈ 0(E♮H, �
1
EH♮
) lifting

the relative 1-forms ν, ω(0) ∈ 0(E♮H, �
1
E♮H/H

). Moreover, we have

e∗ω̃(0) = e∗ν̃ = 0, (34)

dω̃(0) = dτ
2π i
∧ ν̃, d ν̃ = 0, (35)

and these properties characterise ν̃, ω̃(0) uniquely among lifts of ν, ω(0).

Proof. For the first claim, it suffices to check that the above formulas for ν̃ and ω̃(0) are invariant under
the action of the lattice L . For instance

d(z+m+ nτ)− (w+ 2π in) dτ
2π i
= dz−w dτ

2π i
.

Equations (34) and (35) are straightforward from the explicit formulas. The last claim follows from the
following fact: if γ is a global section of �1

E♮ of the form

γ = f (z, w, τ)dτ, f ∈ 0(E♮H,OE♮H
),

satisfying
0= e∗γ = f (0, 0, τ ) dτ

and
0= dγ = ∂ f

∂z
(z, w, τ) dz ∧ dτ + ∂ f

∂w
(z, w, τ) dw∧ dτ

then γ = 0. □

Remark 7.4. Note that (ω(0), ν) corresponds to the frame (ω, η) = (dz, (℘τ (z)+ G2(τ )) dz) of the
analytic de Rham cohomology H 1

dR(EH/H). The Gauss–Manin connection in this frame is given by (see
[Katz 1973, Section A1])

∇ω =
dτ
2π i
⊗ η, ∇η = 0,

so that (35) are the analytic versions of (18).

Define lifts of ω(n) (n ≥ 1) to absolute logarithmic 1-forms by

ω̃(n) := ϕ(n)τ (z, w)
(
dz−w dτ

2π i

)
+ nϕ(n+1)

τ (z, w) dτ
2π i

,

where ϕ(n)τ (z, w) is as in Proposition 7.1.

Proposition 7.5. For every n ≥ 1, the above formula yields a well-defined absolute logarithmic 1-form
ω̃(n) ∈ 0(E♮H, �

1
E♮H
(logπ−1O)) which lifts the relative logarithmic 1-form ω(n). Moreover, we have

ω̃(n) ∧ ν̃ ∧ ω̃(0) = n dτ
2π i
∧ ν̃ ∧ ω̃(n+1) (36)

and this property characterises ω̃(n) uniquely among lifts of ω(n).
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Proof. The first claim follows from Proposition 7.3 and (32). Equation (36) follows immediately from the
explicit formulas. To show that it characterises ω̃(n) uniquely among lifts of ω(n), we let

ω̃(n)′ = ω̃(n)+ fn(z, w, τ) dτ, fn(z, w, τ) ∈ 0(E
♮

H,OE♮H
),

be other lifts of ω(n) satisfying (36). Then

(ω̃(n)+ fn(z, w, τ) dτ)∧ ν̃ ∧ ω̃(0) = n dτ
2π i
∧ ν̃ ∧ (ω̃(n+1)

+ fn+1(z, w, τ) dτ)

if and only if
fn(z, w, τ)dτ ∧ dw∧ dz = 0,

so that fn = 0 for every n ≥ 1. □

As an application, we can use the above uniqueness statements to prove an algebraicity result.

Proposition 7.6. Consider the pullback diagram

EH Ean

H San

ψ

s

□ (37)

where

• S = Spec C[g2, g3, (g3
2 − 27g2

3)
−1
], and E/S is the universal Weierstrass elliptic curve given by the

equation y2z = 4x3
− g2xz2

− g3z3,

• the map s : H→ San is given by s(τ ) = (g2(τ ), g3(τ )), where g2(τ ) = 60
∑
′

m,n(m + nτ)−4 and
g3(τ )= 140

∑
′

m,n(m+ nτ)−6,

• the map ψ : EH→ Ean is given on each fibre by

ψτ : Eτ = C/(Z+ τZ)−→∼ Ean
s(τ ), [z] 7−→

{
(℘τ (z) : ℘ ′τ (z) : 1), [z] ̸= 0,
(0 : 1 : 0), [z] = 0.

Consider the frame (ωalg, ηalg)= (dx/y, x dx/y) of the algebraic de Rham cohomology H 1
dR(E/S), and

let ω(n)alg ∈ 0(E
♮, �1

E♮/S(logπ−1O)) and ω̃(n)alg ∈ 0(E
♮, �1

E♮/C(logπ−1O)) (n ≥ 1) be the corresponding
Kronecker differentials and their canonical lifts (see Remark 3.2). Then,

ψ∗ω
(n)
alg = ω

(n), ψ∗ω̃
(n)
alg = ω̃

(n)

for every n ≥ 1.

Proof. Let (ω(0)alg, νalg) be the frame of f∗�1
E♮/S corresponding to (ωalg, ηalg). Since the frame (ω(0), ν) of

f∗�1
EH/H corresponds to (ω, η), which is given by the formula (30), we obtain

ψ∗ω
(0)
alg = dz = ω(0), ψ∗νalg = dw−G2 dz = ν−G2ω

(0).

It follows from Remark 3.4 and from the uniqueness part of Theorem 3.3 that ψ∗ω(n)alg and ω(n) agree in
every fibre of f : E♮H→ H, so that

ψ∗ω
(n)
alg = ω

(n)

for every n ≥ 1.
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Let (αi j )1≤i, j≤2 be the matrix of the Gauss–Manin connection ∇ on H 1
dR(E/S) in the frame (ωalg, ηalg),

so that
∇ωalg = α11⊗ωalg+α21⊗ ηalg,

∇ηalg = α12⊗ωalg+α22⊗ ηalg.

It follows from Remark 7.4 that the Gauss–Manin connection ∇ on H 1
dR(EH/H) satisfies

∇ψ∗ωalg =∇ω =
dτ
2π i
⊗η =

dτ
2π i
⊗(ψ∗ηalg+G2ψ

∗ωalg)= G2
dτ
2π i
⊗ψ∗ωalg+

dτ
2π i
⊗ψ∗ηalg,

∇ψ∗ηalg =∇(η−G2ω)=−dG2⊗ω−G2
dτ
2π i
⊗η =

(
−dG2−G2

2
dτ
2π i

)
⊗ψ∗ωalg−G2

dτ
2π i
⊗ψ∗ηalg.

Since the formation of the Gauss–Manin connection commutes with base change, we conclude from the
above equations that (

s∗α11 s∗α12

s∗α21 s∗α22

)
=

(
G2

dτ
2π i −dG2−G2

2
dτ
2π i

dτ
2π i −G2

dτ
2π i

)
.

Then, using the equations of Example 4.3, one can check that

d(ψ∗ω̃(0)alg)=
dτ
2π i
∧ (ψ∗ν̃alg+G2ω̃

(0)), d(ψ∗ν̃alg+G2ω̃
(0))= 0,

and we conclude from Proposition 7.3 that

ψ∗ω̃
(0)
alg = ω̃

(0), ψ∗ν̃alg = ν̃−G2ω̃
(0).

By pulling back the defining equation for ω̃(n)alg in Theorem 4.7, we obtain

ψ∗ω̃
(n)
alg ∧ (ν̃−G2ω̃

(0))∧ ω̃(0) = n dτ
2π i
∧ (ν̃−G2ω̃

(0))∧ψ∗ω̃
(n+1)
alg

(note that f∗F 2
= 0 since H is 1-dimensional). Clearly,

ψ∗ω̃
(n)
alg ∧ (ν̃−G2ω̃

(0))∧ ω̃(0) = ψ∗ω̃
(n)
alg ∧ ν̃ ∧ ω̃

(0).

Since ψ∗ω̃(n+1)
alg differs from ω̃(n+1) by an element of 0(E♮H,OE♮H

) dτ and ω̃(0)∧ ω̃(n+1) is a multiple of dτ ,
we obtain

n dτ
2π i
∧ (ν̃−G2ω̃

(0))∧ψ∗ω̃
(n+1)
alg = n dτ

2π i
∧ ν̃ ∧ψ∗ω̃

(n+1)
alg .

Thus, by Proposition 7.5, we conclude that ψ∗ω̃(n)alg = ω̃
(n) for every n ≥ 1. □

Let P ∈ EH(H) be a torsion section. Then, there are α, β ∈Q such that P(τ ) is represented by α+βτ
under Eτ ∼= C/(Z+ τZ) for every τ ∈ H. The next result gives the canonical lift of ω(n)P , defined in
Corollary 7.2.

Corollary 7.7. Set

ω̃
(n)
P := ϕ

(n)
τ (z−α−βτ,w− 2π iβ)

(
dz−w dτ

2π i

)
+ nϕ(n+1)

τ (z−α−βτ,w− 2π iβ) dτ
2π i

.
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Let T be an S-scheme and assume that the diagram (37) factors as

EH Ean
T Ean

H T an San

ψt

ψ

t

s

□ □

Let Palg ∈ ET (T ) be a torsion section and ω̃(n)alg,Palg
be the corresponding Kronecker differentials on ET

with logarithmic singularities along π−1 Palg. If P = t∗Palg, then ψ∗t ω̃
(n)
alg,Palg

= ω̃
(n)
P .

Proof. The unique lift to a torsion section P♮ ∈ E♮H(H) is such that P♮(τ ) is represented by (α+βτ, 2π iβ)
under E♮τ ∼= C2/Lτ for every τ ∈H. One can check that ω̃(0) and ν̃ are invariant under translation by −P♮

(see Lemma 4.5), so that ω̃(n)P = τ
∗

−P♮ω̃
(n). Then, the statement follows immediately from (22) and from

the previous theorem. □

7.3. Level-N elliptic KZB connection. Let N ≥ 1 be an integer and denote by 0N := EH[N ](H) the
group of N -torsion sections of p : EH→ H. Note that 0N ∼= (N−1Z)2/Z2.

Consider the completed Hopf algebra over OH given by

AN :=
OH⟨⟨a, b, cP : P ∈ 0N ⟩⟩〈∑

P∈0N
cP − [a, b]

〉 .
If E is an (algebraic) complex elliptic curve such that Ean ∼= Eτ , then it follows from the discussion in
Section 5.3 that the fibre of AN at τ is isomorphic to the dual of the fundamental Hopf algebra of E/C
punctured at Z = E[N ]:

AN ,τ ∼=H∨E/C,E[N ].

Then, the relative elliptic KZB connection is given by

∇N : f ∗AN −→�1
E♮H/H

(logπ−1EH[N ]) ⊗̂ f ∗AN , ∇N = d +ωN ,

where

ωN =−ν⊗ a−ω(0)⊗ b−
∑
n≥1

∑
P∈0N

ω
(n)
P ⊗ adn−1

a cP ,

with ν, ω(0), and ω(n)P as in the above paragraphs. If P(τ ) is represented by α+βτ , let us define

kP(z, w, x) := e(w−2π iβ)x Fτ (z−α−βτ, x)− 1
x
,

the dependence on τ being omitted in the notation for simplicity. Then, it follows from the results of
Section 7.1 that we can rewrite

ωN =−dw⊗ a− dz⊗
(

b+
∑

P∈0N

kP(z, w, ada)cP

)
.
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According to Section 6.4, the relative connection ∇N lifts to an absolute elliptic KZB connection,
which we shall denote more simply as

∇N : f ∗AN −→�1
E♮H
(logπ−1EH[N ]) ⊗̂ f ∗AN ,

and which is an integrable connection explicitly given by (see the proof of Theorem 6.10)

∇N = d + ω̃N +8N ,

where ω̃N is the canonical lift of the KZB form ωN , and 8N is the matrix of the dual Gauss–Manin
connection δ∨ (see Section 6.3). Next, we determine ∇N explicitly.

Lemma 7.8. For every P ∈ 0N , set

gP(z, w, x) := ∂

∂x
kP(z, w, x)−wkP(z, w, x).

We have

ω̃N =−dw⊗ a− dz⊗
(

b+
∑

P∈0N

kP(z, w, ada)cP

)
−

dτ
2π i
⊗

(
−wb+

∑
P∈0N

gP(z, w, ada)cP

)
.

Proof. By definition,

ω̃N =−ν̃⊗ a− ω̃(0)⊗ b−
∑
n≥1

∑
P∈0N

ω̃
(n)
P ⊗ adn−1

a cP .

We put together the explicit expressions for the canonical lifts: ν̃ = dw, ω̃(0) = dz −w dτ
2π i , and, by

Corollary 7.7,∑
n≥1

ω̃
(n)
P xn−1

=

∑
n≥1

ϕ(n)τ (z−α−βτ,w−2π iβ)xn−1 dz

+

∑
n≥1

(
nϕ(n+1)

τ (z−α−βτ,w−2π iβ)xn−1
−wϕ(n)τ (z−α−βτ,w−2π iβ)xn−1) dτ

2π i

= kP(z, w, x) dz+gP(z, w, x) dτ
2π i

. □

For Q ∈ 0N , let us define Am,Q(τ ) by the generating series

g−Q(0, 0, x)= k ′
−Q(0, 0, x)=

∑
m≥0

Am,Q(τ )xm,

where k ′
−Q(z, w, x)= (∂/∂x)k−Q(z, w, x). When Q = O, we have

gO(0, 0, x)= ∂

∂x

(
∂

∂x
log θτ (x)

)
+

1
x2 =−

(
℘τ (x)−

1
x2

)
=

∑
k≥2

(2k− 1)G2k(τ )x2k−2,

so that Am,O are level-1 Eisenstein series. For general Q, the functions Am,Q are Eisenstein series of
level N ; see [Hopper 2024, Proposition 10.1].
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Theorem 7.9. We have

8N =−
dτ
2π i
⊗

(
b ∂
∂a
+

1
2

∑
Q∈0N

∑
m≥0

Am,Q(τ )δm,Q

)
,

where

δm,Q :=
∑

i, j≥0
i+ j=m−1

∑
P∈0N

[(− ada)
i cP , ad j

a cP−Q]
∂

∂b
+

∑
P∈0N

[cP , adm
a cP−Q + (− ada)

mcP+Q]
∂

∂cP
.

The proof is based on the following lemma.

Lemma 7.10. Let AN = C⟨⟨a, b, cP : P ∈ 0N ⟩⟩/
〈∑

P∈0N
cP − [a, b]

〉
, so that AN = OH ⊗̂ AN , and let

9 ∈ 0(H, �1
H)⊗DerC(AN ). The following are equivalent:

(i) The connection d + ω̃N +9 is integrable.

(ii) dω̃N + ω̃N ∧ ω̃N +9(ω̃N )= 0.

(iii) 9 =8N .

Proof. The equivalence between (i) and (ii) follows immediately from Lemma 6.9. Since∇N =d+ω̃N+8N

is integrable, (ii) is equivalent to
9(ω̃N )=8N (ω̃N ). (38)

To finish, it is enough to verify that (38) implies (iii). Let us write 8N =−
dτ
2π i ⊗ ∂N and 9 =− dτ

2π i ⊗ D.
Then, (38) is equivalent to

dτ
2π i
∧ ν̃⊗ Da+ dτ

2π i
∧ ω̃(0)⊗ Db+

∑
n≥1

∑
P∈0N

dτ
2π i
∧ ω̃

(n)
P ⊗ D adn−1

a cP

=
dτ
2π i
∧ ν̃⊗ ∂N a+ dτ

2π i
∧ ω̃(0)⊗ ∂N b+

∑
n≥1

∑
P∈0N

dτ
2π i
∧ ω̃

(n)
P ⊗ ∂N adn−1

a cP . (39)

Since
dτ
2π i
∧ ν̃,

dτ
2π i
∧ ω̃(0),

dτ
2π i
∧ ω̃

(n)
P , P ∈ 0N , n ≥ 1,

trivialise F1,2∼= f ∗�1
H⊗�

1
EH♮/H

(logπ−1EH[N ]) (see (20)), it follows from (39) that Da=∂N a, Db=∂N b,
and DcP = ∂N cP for all P ∈ 0N ; thus 9 =8N . □

Proof of Theorem 7.9. The proof is a long computation; we merely indicate the main steps. Let

9 := −
dτ
2π i
⊗ D, D :=

(
b ∂
∂a
+

1
2

∑
Q∈0N

∑
m≥0

Am,Q(τ )δm,Q

)
.

By Lemma 7.10, it suffices to prove that

dω̃N + ω̃N ∧ ω̃N +9(ω̃N )= 0.

It follows from the “mixed heat equation” [Brown and Levin 2011, Proposition 5(ii)] that

2π i ∂
∂τ

kP(z, w, x)= ∂

∂z
gP(z, w, x),
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so that

dω̃N =−dw∧dz⊗
(∑

P∈0N

∂

∂w
kP(z, w, ada)cP

)
−dw∧ dτ

2π i
⊗

(
−b+

∑
P∈0N

∂

∂w
gP(z, w, ada)cP

)
=−dw∧ dz⊗

(
ada b+

∑
P∈0N

ada kP(z, w, ada)cP

)
− dw∧ dτ

2π i
⊗

(
−b−w ada b+

∑
P∈0N

ada gP(z, w, ada)cP

)
, (40)

where in the last equality we used the equations

∂

∂w
kP(z, w, x)= xkP(z, w, x)+ 1, ∂

∂x
gP(z, w, x)= xgP(z, w, x)−w,

∑
P∈0N

cP = ada b.

Now, we have

ω̃N ∧ ω̃N = dw∧ dz⊗
(

ada b+
∑

P∈0N

ada kP(z, w, ada)cP

)
+ dw∧

dτ
2π i
⊗

(
−w ada b+

∑
P∈0N

ada gP(z, w, ada)cP

)
+ dz ∧

dτ
2π i
⊗

[
b+

∑
P∈0N

kP(z, w, ada)cP ,−wb+
∑

Q∈0N

gQ(z, w, ada)cQ

]
. (41)

By putting (40) and (41) together, we get

dω̃N + ω̃N ∧ ω̃N =−
dτ
2π i
∧ dw⊗ b

−
dτ
2π i
∧ dz⊗

[
b+

∑
P∈0N

kP(z, w, ada)cP ,−wb+
∑

Q∈0N

gQ(z, w, ada)cQ

]
. (42)

We borrow the following notation from [Levin and Racinet 2007]: for f (x, y)=
∑

i, j≥0 fi, j x i y j
∈

C[[x, y]] and t, r, s ∈ AN , we set

f (x, y)[[r, s]]t :=
∑

i, j≥0

fi, j [adi
t r, ad j

t s].

Note that

f (x, y)[[r, s]]t =− f (y, x)[[s, r ]]t . (43)

To finish the proof, we are left to show that the right-hand side of (42) is equal to−9(ω̃N ), or equivalently
that

D
(

b+
∑

P∈0N

kP(z, w, ada)cP

)
=

[
b+

∑
P∈0N

kP(z, w, ada)cP ,−wb+
∑

Q∈0N

gQ(z, w, ada)cQ

]
= adb

∑
P∈0N

k ′P(z, w, ada)cP +
1
2

∑
P,Q∈0N

fP,Q(x, y)[[cQ, cP ]]a, (44)

where k ′P(z, w, x)= ∂
∂x kP(z, w, x) and

fP,Q(x, y)= kQ(z, w, x)k ′P(z, w, y)− kP(z, w, y)k ′Q(z, w, x).
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We now compute the left-hand side of (44). Using the symmetry g−Q(0, 0, x)= gQ(0, 0,−x), we get
by direct computation

D(b)= 1
2

∑
P,Q∈0N

gP−Q(0, 0, y)− gQ−P(0, 0, x)
x + y

[[cQ, cP ]]a.

Applications of [Levin and Racinet 2007, Lemma 3.1.4] and (43) show that

D
(∑

P∈0N

kP(z, w, ada)cP

)
= adb

∑
P∈0N

k ′P(z, w, ada)cP +
1
2

∑
P,Q∈0N

h P,Q(x, y)[[cQ, cP ]]a,

where

h P,Q(x, y)=
kP(z, w, x + y)− kP(z, w, y)− xk ′P(z, w, y)

x2

−
kQ(z, w, x + y)− kQ(z, w, x)− yk ′Q(z, w, x)

y2

+ kQ(z, w, x + y)gP−Q(0, 0, y)− kP(z, w, x + y)gQ−P(0, 0, x).

Thus, to establish (44), it suffices to prove that, for every P, Q ∈ 0N , we have

fP,Q(x, y)− h P,Q(x, y)−
gP−Q(0, 0, y)− gQ−P(0, 0, x)

x + y
= 0,

which is equivalent to(
k ′P−Q(0, 0, y)−

1
y2

)(
kQ(z, w, x+y)+

1
x+y

)
−

(
k ′Q−P(0, 0, x)−

1
x2

)(
kP(z, w, x+y)+

1
x+y

)
+

(
k ′Q(z, w, x)−

1
x2

)(
kP(z, w, y)+

1
y

)
−

(
k ′P(z, w, y)−

1
y2

)(
kQ(z, w, x)+

1
x

)
= 0.

This, in turn, follows immediately from the formula [Brown and Levin 2011, equation (3.3)] in the case
P = Q, and from the Fay identity [Brown and Levin 2011, Proposition 5(iii)] in the case P ̸= Q. □

Appendix: Unipotent connections and Tannakian theory

We fix a base field k of characteristic 0, which will be implicit throughout this appendix.

A1. Unipotent connections. Let X be a smooth k-scheme and D be a normal crossings divisor in X.
Recall that a vector bundle with integrable connection over X with logarithmic singularities along D
is a pair (E,∇), where E is a vector bundle over X and ∇ : E → �1

X/k(log D)⊗OX E is an integrable
logarithmic k-connection on E . A morphism (E,∇)→ (E ′,∇ ′) is a horizontal OX -linear map f : E→ E ′,
meaning that ∇ ′ ◦ f = (id⊗ f )◦∇. We thus obtain a category which we denote by VIC(X, log D). When
D is empty, it is denoted by VIC(X).

Example A.1. If E = OX ⊗k F for some k-vector space F, then we can write ∇ = d + ω for a
unique ω ∈ 0(X, �1

X/k(log D))⊗k Endk(F). Integrability amounts to the equation dω + ω ∧ ω = 0
in 0(X, �2

X/k(log D)) ⊗k Endk(F). In general, a frame of a connection (E,∇) is an isomorphism
(O⊕n

X , d +ω)∼= (E,∇), and ω ∈ Mn×n(0(X, �1
X/k(log D))) is the matrix of ∇ in this frame.
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Recall that the category VIC(X, log D) is k-linear and admits the usual multilinear operations, such
as duals and tensor products. A horizontal section of (E,∇) is some s ∈ 0(X, E) satisfying ∇s = 0; it
can also be thought as a morphism (OX , d)→ (E,∇). In particular, a morphism (E,∇)→ (E ′,∇ ′) is the
same as a horizontal section of (E,∇)∨⊗ (E ′,∇ ′).

Definition A.2. We say that an object (E,∇) of VIC(X, log D) is unipotent if it admits a finite filtration

0= (E0,∇0)⊆ (E1,∇1)⊆ · · · ⊆ (En,∇n)= (E,∇)

such that, for every 1≤ i ≤ n, the quotient (Ei ,∇i )/(Ei−1,∇i−1) is isomorphic to (OX ⊗ Fi , d ⊗ id) for
some k-vector space Fi . The full subcategory of VIC(X, log D) given by unipotent objects is denoted by
UVIC(X, log D) (or UVIC(X), when D is empty). The smallest n for which such a filtration exists is
the index of unipotency of (E,∇).

A2. Local form. In this subsection, we give a local characterisation of unipotent connections.

Lemma A.3. Let A be a commutative k-algebra and �• ↪→�•A/k be a subcomplex of k-modules such that

H n(�•)−→∼ H n(�•A/k) is an isomorphism and H n+1(�•) ↪→ H n+1(�•A/k) is injective (Cn)

for some n ≥ 0. Given ω ∈�n
A/k , the following are equivalent:

(1) dω ∈�n+1.

(2) There exists ν ∈�n−1
A/k such that ω+ dν ∈�n.

In practice, we only use this lemma when �• ↪→�•A/k is a quasi-isomorphism, so that the conditions
(Cn) are satisfied for every n ≥ 0.

Proof. Only the direction (1)⇒ (2) is nontrivial. The form dω∈�n+1 is closed and defines a cohomology
class in H n+1(�•). As H n+1(�•) ↪→ H n+1(�•A/k) is injective, and dω is exact in �•A/k , it must also
be exact in �•. Thus, there exists η ∈ �n such that dη = dω. Since ω− η ∈ �n

A/k is closed, it defines
a cohomology class in H n(�•A/k). Finally, from the isomorphism H n(�•) −→∼ H n(�•A/k), we obtain
ν ∈�n−1

A/k such that ω− η+ dν ∈�n; as η ∈�n, we conclude that ω+ dν ∈�n. □

Theorem A.4. Let X = Spec A be a smooth affine k-scheme, (E,∇) be an object of UVIC(X), and
�• ↪→�•A/k be a subcomplex of k-modules satisfying condition (C1). Then E is trivial and there exists a
frame

(O⊕n
X , d +ω)∼= (E,∇)

in which the matrix ω is strictly upper triangular and has all of its entries in �1.

Proof. We proceed by induction on the rank n of E . The base case n = 1 is trivial, since (E,∇) must be
isomorphic to (OX , d). Assume that the statement holds in rank ≤ n− 1. By the unipotency of (E,∇),
there is an exact sequence

0 (E ′,∇ ′) (E,∇) (OX , d) 0,
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where (E ′,∇ ′) is an object of UVIC(X), with E ′ of rank n− 1. By the induction hypothesis, E ′ is trivial
and admits a frame e′ : (O⊕n−1

X , d+ω′)−→∼ (E ′,∇ | E ′) in which ω′ is strictly upper-triangular and has all
of its entries in �1.

As X is affine, there is a splitting

0 E ′ E OX 0,

en

so that E is trivial and admits the frame (e′, en) : (O⊕n
X , d +ω)−→∼ (E,∇), in which

ω =


ω1 n

ω′i j
...

ωn−1 n

0 · · · 0 0

 ,
where ωi j = ω

′

i j ∈�
1 whenever j < n.

To finish, we explain how to inductively modify en so that ωin ∈ �
1 for all 1 ≤ i ≤ n. Note that

ωnn = 0 ∈�1. By descending induction in i , assume that ωkn ∈�
1 for all i +1≤ k ≤ n. The integrability

equation dω+ω∧ω = 0 at the entry (i, n) means that

dωin +

n−1∑
k=i+1

ωik ∧ωkn = 0.

Since, for every i + 1≤ k ≤ n− 1, both ωik and ωkn belong to �1, we have
∑n−1

k=i+1 ωik ∧ωkn ∈�
2. By

Lemma A.3, there exists g ∈ A such that ωin + dg ∈�1. Thus

∇(en + ge′i )=
i−1∑
k=1

(ωkn + gωki )⊗ e′k + (ωin + dg)⊗ e′i +
n−1∑

k=i+1

ωkn ⊗ e′k

and we conclude that the matrix ω̃ of ∇ in the frame (e′, en+ ge′i ) satisfies ω̃kn ∈�
1 for all i ≤ k ≤ n. □

A3. Canonical extension. Let X be a smooth k-scheme and D be a normal crossings divisor in X. We
say that an object (E,∇) of VIC(X, log D) (resp. VIC(X \ D)) is locally unipotent along D if, for every
x ∈ D, there exists an open neighbourhood V of x such that the restriction (E,∇)|V (resp. (E,∇)|V \D)
is unipotent. For simplicity, let us denote the corresponding full subcategories of VIC(X, log D) and
VIC(X \ D) by L1 and L2.

Theorem A.5 (see [Deligne 1970, Proposition 5.2]). If j : X \ D→ X denotes the inclusion, then the
restriction functor

j∗ : L1 −→ L2, (E,∇) 7−→ (E,∇)|X\D,

is an equivalence of tensor categories.

Proof. Since

Hom((E ′,∇ ′), (E,∇))∼= Hom((OX , d), (E ′,∇ ′)∨⊗ (E,∇))



1420 Tiago J. Fonseca and Nils Matthes

and since Hom((OX , d), (E,∇)) is canonically isomorphic to 0(X, E∇), where E∇ denotes the subsheaf
of horizontal sections of E , to show that j∗ : L1→ L2 is fully faithful, it is enough to prove that

0(X, E∇)−→ 0(X \ D, E∇), s 7−→ s|X\D, (45)

is bijective for every (E,∇) in L1.
As E is locally free, the injectivity of (45) follows from the fact that D is locally defined by a torsion-

free section of OX . Granted the injectivity, we can prove the surjectivity of (45) locally. We can thus
assume that (E,∇) admits a frame e : (O⊕n

X , d +ω) −→∼ (E,∇) in which ω is strictly upper triangular
(Theorem A.4). We must prove that a horizontal section s ∈ 0(X \ D, E∇) extends to X. By writing
s =

∑n
j=1 s j ⊗ e j , with s j ∈ 0(X \ D,OX ), we get

0=∇(s)=
n∑

i=1

(
dsi +

n∑
j=i+1

s jωi j

)
⊗ ei .

Since dsn = 0, sn extends to X. By descending induction on i , it follows from the above equation that dsi

has at most logarithmic singularities along D, so that si extends to X for every 1≤ i ≤ n. This finishes
the proof that (45) is bijective.

We are left to prove that j∗ : L1 → L2 is essentially surjective; we use that it is fully faithful to
reduce it to a local statement. We can thus assume that X is affine and that (E,∇) is in UVIC(X \ D).
Since we are in characteristic 0, the injection �•X/k(log D) ↪→ j∗�•(X\D)/k is a quasi-isomorphism (see
[Deligne 1970, Corollaire 3.14, Remarque 3.16]), so that we can apply Theorem A.4 to find a frame
e : (O⊕n

X\D, d+ω)−→∼ (E,∇) in which ωi j ∈0(X, �1
X/k(log D)) for every 1≤ i, j ≤n. Then, (O⊕n

X , d+ω)
is an extension of (E,∇). □

Given an object (E,∇) of L2, the unique object (E,∇) of L1 such that (E,∇)|X\D = (E,∇) is called
the canonical extension of (E,∇). This yields a quasi-inverse to the restriction j∗ : L1→ L2, which can
be checked to be additive, exact, and tensor.

Corollary A.6. With the above notation, the restriction functor

UVIC(X, log D)−→ UVIC(X \ D), (E,∇) 7−→ (E,∇)|X\D, (46)

is an equivalence of tensor categories.

Proof. Since UVIC(X, log D) (resp. UVIC(X \ D)) is a full subcategory of L1 (resp. L2), it follows
immediately from Theorem A.5 that (46) is fully faithful. To see that it is essentially surjective, we must
check that, for any object (E,∇) of UVIC(X \ D), its canonical extension (E,∇) is in UVIC(X, log D).
If (E,∇) = (OX\D ⊗ F, d ⊗ id) for some k-vector space F, then it follows from the uniqueness of the
canonical extension that (E,∇)= (OX ⊗ F, d ⊗ id). Since the canonical extension functor is exact, the
general case follows by induction on the index of unipotency of (E,∇). □

A4. A1-invariance. By an affine bundle we mean a morphism of k-schemes Y → X which is, locally
over X, of the form Am

U →U.
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Theorem A.7. If X is a smooth k-scheme and π : Y → X is an affine bundle, then the pullback functor

π∗ : UVIC(X)−→ UVIC(Y ), (E,∇) 7−→ (π∗E, π∗∇),

is an equivalence of tensor categories.

Proof. By the same initial argument of the proof of Theorem A.5, to verify that π∗ is fully faithful, it is
enough to check that, for every object (E,∇) of UVIC(X), the pullback map on horizontal sections

0(X, E∇)−→ 0(Y, (π∗E)π
∗
∇) (47)

is bijective.
The injectivity of (47) immediately follows from the faithful flatness of π . As in Theorem A.5, granted

the injectivity, we can reduce the proof of surjectivity to a local statement. Thus, we can assume that
X = Spec B is affine, and that Y = Am

X . By induction on m, we can further assume that m = 1, so that
Y = Spec A, with A = B[t]. Set M = 0(X, E); the map (47) then becomes the inclusion of k-vector
spaces

M∇→ M[t]π
∗
∇ .

An element of M[t] is of the form q =
∑

n≥0 xntn for some xn ∈ M . If q is horizontal for π∗∇, then

0= π∗∇(q)=
∑
n≥0

tn
∇(xn)+

∑
n≥1

dt ⊗ ntn−1xn,

and we must have
∑

n≥1 dt ⊗ ntn−1xn = 0. Since k is of characteristic 0, we get xn = 0 for every n ≥ 1.
Thus, q = x0 is in the image of (47).

We first prove that π∗ : UVIC(X)→ UVIC(Y ) is essentially surjective locally on X. Let (E,∇) be
an object of UVIC(Y ). We use the notation from the last paragraph: X = Spec B and Y = Spec A, with
A = B[t]. Since �•B/k ↪→ �•A/k is a quasi-isomorphism, we can apply Theorem A.4 to find a frame
(O⊕n

Y , d +ω)−→∼ (E,∇) in which ω has all of its entries in �1
B/k . Thus, π∗(O⊕n

X , d +ω)∼= (E,∇).
In general, let (E,∇) be an object of UVIC(Y ). Since we already know that π∗ is fully faithful, the

above local constructions glue, yielding a (locally unipotent) vector bundle with integrable k-connection
(E ′,∇ ′) on X satisfying π∗(E ′,∇ ′)∼= (E,∇). We are left to check that (E ′,∇ ′) is unipotent. If (E,∇)=
(OX ⊗ F, d ⊗ id) for some k-vector space F, then (E ′,∇ ′)∼= (OY ⊗ F, d ⊗ id) by the fully faithfulness
of π∗. Since π is faithfully flat, the pullback π∗ is an exact functor, so that the general case follows by
induction on the index of relative unipotency of (E,∇). □

The above statement also admits a logarithmic version. We keep the above notation and let D be a
normal crossings divisor in X.

Theorem A.8. With the above notation, the pullback functor

π∗ : UVIC(X, log D)−→ UVIC(Y, logπ−1 D), (E,∇) 7−→ (π∗E, π∗∇),

is an equivalence of tensor categories.
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Proof. One can prove it directly, as in the proof of Theorem A.7, or derive it as a corollary of Theorems A.5
and A.7. Indeed, let j : X \ D→ X be the inclusion. Then, the diagram of pullback functors

UVIC(X, log D) UVIC(X \ D)

UVIC(Y, logπ−1 D) UVIC(Y \π−1 D)

π∗

j∗

commutes, so that π∗ is fully faithful and essentially surjective because all other arrows are. □

A5. De Rham fundamental group of a punctured elliptic curve. Recall that, if X is a smooth and
geometrically connected k-scheme, UVIC(X) is a neutral Tannakian category over k (see [Deligne 1989,
§10.26]). Given a fibre functor b : UVIC(X)→ Vectk , the unipotent de Rham fundamental group of X at
b is the Tannakian fundamental group

πdR
1 (X, b) := Aut⊗UVIC(X)(b).

It is a prounipotent affine group scheme over k.
Let E be an elliptic curve over k, Z ⊂ E be a divisor as in Section 3.2, and π : E♮ → E be the

canonical projection from the universal vector extension. The following two results can be attributed to
Deligne (see [Enriquez and Etingof 2018]).

Lemma A.9. If V is a unipotent vector bundle over E♮, then the natural map 0(E♮,V)⊗k OE♮→ V is
an isomorphism.

Proof. This follows, as in [Deligne 1989, Proposition 12.3], by an inductive argument on the rank of V ,
using that H 0(E♮,OE♮)= k and H 1(E♮,OE♮)= Ext1(OE♮,OE♮)= 0 (Theorem 2.3). □

Proposition A.10. The functor

bcan : UVIC(E \ Z)−→ Vectk, (E,∇) 7−→ 0(E♮, π∗E),

is a fibre functor over k.

Proof. Let UV(E♮) be the category of unipotent vector bundles on E♮. The functor bcan is the composition

UVIC(E \ Z) UVIC(E, log Z) UVIC(E♮, logπ−1 Z) UV(E♮) Vectk,
π∗ 0(E♮,−)

where the first arrow is the canonical extension and the third arrow is the forgetful functor (V,∇) 7→ V .
By Corollary A.6 and Theorem A.8, the first two arrows are k-linear equivalences of tensor categories.
The third is trivially a k-linear tensor faithful functor. Finally, the last arrow is k-linear, tensor, and faithful
by Lemma A.9. □

Our next goal is to relate the fundamental group πdR
1 (E \ Z , bcan) with the Hopf algebra HE/k,Z

constructed in Section 5.2. Let (E,∇) be an object of UVIC(E \ Z) and write V := bcan(E,∇). It follows
from Lemma A.9 that

(π∗E, π∗∇)∼= (OE♮ ⊗ V, d +ω)
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for a unique nilpotent (in the sense of Proposition 5.5) ω ∈ 0(E♮, �1
E♮/k(logπ−1 Z))⊗End(V ) satisfying

dω+ω∧ω= 0. Thus, it defines a HE/k,Z -comodule structure ρ =
∑

n≥0[ω]
n on V. These constructions

are natural, so that we obtain a functor

UVIC(E \ Z)−→ Comod(HE/k,Z ), (E,∇) 7−→ (V, ρ), (48)

extending bcan.

Theorem A.11. The functor (48) is an equivalence of tensor categories over k. In particular, it induces
an isomorphism of affine group schemes over k:

πdR
1 (E \ Z , bcan)∼= SpecHE/k,Z .

Proof. That (48) is a k-linear equivalence of categories is an immediate consequence of Corollary A.6,
Theorem A.8, and Proposition 5.5. We are left to show that (48) is a tensor functor.

We already know that bcan is tensor by Proposition A.10. Now, the tensor structure on the category
Comod(HE/k,Z ) is induced by the shuffle product: given comodules (V, ρ), (V, ρ ′), the tensor comodule
structure ρ ρ ′ on V ⊗ V ′ is given by

V⊗V ′
ρ⊗ρ′

−−→ (HE/k,Z⊗V )⊗(HE/k,Z⊗V ′)∼= (HE/k,Z⊗HE/k,Z )⊗(V⊗V ′)
⊗id

−−−→HE/k,Z⊗(V⊗V ′),

where all of the above tensor products are over k. By Proposition 5.5, if ρ=
∑

i≥0[ω]
i and ρ ′=

∑
j≥0[ω

′
]

j ,
then

ρ ρ ′ =
∑

i, j≥0

[ω]i [ω′] j =
∑
n≥0

[ω⊗ id+ id⊗ω′]n.

To finish, we simply remark that the tensor structure of UVIC(E♮, logπ−1 Z) is given by

(OE♮ ⊗ V, d +ω)⊗ (OE♮ ⊗ V ′, d +ω′)∼= (OE♮ ⊗ V ⊗ V ′, d +ω⊗ id+ id⊗ω′). □

Corollary A.12. There is a canonical isomorphism πdR
1 (E \ Z , bcan)∼= Spec T c H 1

dR((E \ Z)/k).

Proof. This is an immediate consequence of Theorems A.11 and 3.9. □

Note that H∨E/k,Z is a projective limit of finite-dimensional k-vector spaces, and the pullback f ∗H∨E/k,Z

is simply the base change OE♮ ⊗̂H∨E/k,Z . Let

∇E♮/k,Z :OE♮ ⊗̂H∨E/k,Z −→�1
E♮/k(logπ−1 Z) ⊗̂H∨E/k,Z , ∇E♮/k,Z = d +ωE♮/k,Z ,

be the elliptic KZB connection of E/k punctured at Z constructed in Section 5.3. It is a pro-object of
UVIC(E♮, logπ−1 Z). By Theorem A.8, it corresponds to a pro-object (VKZB,∇KZB) of UVIC(E, log Z).
Note that 0(E♮, π∗VKZB) is the complete Hopf algebra H∨E/k,Z , and we denote by 1 ∈H∨E/k,Z its unit.

Proposition A.13. The provector bundle with logarithmic connection (VKZB,∇KZB) (resp. its restriction
(VKZB,∇KZB)|E\Z ) satisfies the following universal property: for every triple (V,∇, v), where (V,∇) is
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an object of UVIC(E, log Z) (resp. UVIC(E \ Z)), and v ∈ 0(E♮, π∗V) (resp. v ∈ 0(E♮, π∗V)), there is
a unique horizontal map

ϕ : (VKZB,∇KZB)−→ (V,∇) (resp. ϕ : (VKZB,∇KZB)|E\Z −→ (V,∇))

satisfying ϕ(1)= v.

Proof. It suffices to combine Proposition 5.12 with the equivalence of Theorem A.11. □
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