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Mean values of long Dirichlet polynomials
with divisor coefficients

Fatma Çiçek, Alia Hamieh and Nathan Ng

We prove an asymptotic formula for the mean value of long smoothed Dirichlet polynomials with divisor
coefficients. Our result has a main term that includes all lower-order terms and a power saving error term.
This is derived from a more general theorem on mean values of long smoothed Dirichlet polynomials that
was previously established by the second and third authors (Adv. Math. 410:B (2022)). We thus establish
a stronger form of a conjecture of Conrey and Gonek (Duke Math. J. 107:3 (2001), Conjecture 4) in the
case of divisor functions.

1. Introduction

Mean values of Dirichlet polynomials play an important role in analytic number theory. They have
important applications to zero-density estimates, primes in short intervals, gaps between primes and mean
values of L-functions. Although we will describe some elements of the theory, one may consult [Iwaniec
and Kowalski 2004, Chapters 9, 10; Montgomery 1994, Chapter 7] for a comprehensive discussion on
mean values of Dirichlet polynomials.

For a sequence of complex numbers (a(n)), an associated Dirichlet polynomial is a partial sum in
the form ∑

n≤K

a(n)

ns .

By [Montgomery and Vaughan 1974, Corollary 3], this has the approximate behavior

1
T

∫ T

0

∣∣∣∣∑
n≤K

a(n)n−σ−i t
∣∣∣∣2 dt ≍

∑
n≤K

|a(n)|2n−2σ as K → ∞, (1)

provided that K = O(T ). If K = o(T ), then ≍ can be replaced by ∼ and thus one has an asymptotic
formula.
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Note that the integral on the left-hand side of (1) is called a mean value of the Dirichlet polynomial.
If K is not O(T ), then this integral is referred to as a mean value of a long Dirichlet polynomial and it is
considerably more difficult to evaluate. Observe that when the left-hand side of (1) is expanded out via
the identity |z|2 = zz, one encounters correlation sums in the form∑

n≤x

a(n)a(n + r) for r ∈ Z+, (2)

which are viewed as part of the off-diagonal contribution. In this case, the integral in (1) depends, in a
crucial way, on the asymptotic behavior of such correlation sums. Goldston and Gonek [1998] provided
very precise formulae for mean values of this type under some conditions on the behavior of (a(n)).
Indeed, their work can lead to asymptotic formulae for mean values of general Dirichlet polynomials in the
case that T ≤ K ≤ T 1+η for some η< 1 if there is square-root cancellation in the error term of their formula
for (2). The reader is referred to Theorems 1–3 and their corollaries in [Goldston and Gonek 1998].

In their work on the sixth and eighth moments of the Riemann zeta function, Conrey and Gonek [2001]
conjectured an asymptotic formula for the mean values of long Dirichlet polynomials when a(n) = τk(n)

and K = T 1+η with 0 < η < 1. Here for k ∈ N, τk denotes the k-th divisor function, which is defined as

τk(n) = #{(n1, . . . , nk) ∈ Nk
| n1 · · · nk = n} for n ∈ N.

For example, for k = 2, τ2(n) is the ordinary divisor function d(n).

Conjecture 1.1 [Conrey and Gonek 2001, Conjecture 4]. Let T be sufficiently large and K = T 1+η with
η ∈ (0, 1). Then ∫ 2T

T

∣∣∣∣∑
n≤K

τk(n)

n1/2+i t

∣∣∣∣2 dt ∼
ak

0(k2 + 1)
wk

(
log K
log T

)
T (log T )k2

,

where

ak =

∏
p

{(
1 −

1
p

)k2 ∞∑
α=0

τ 2
k (pα)

pα

}
,

wk(x) = xk2
{

1 −

k2
−1∑

n=0

( k2

n+1

)
γk(n)(−1)n(1 − x−n−1)

}
,

γk(n) =

k∑
i=1

k∑
j=1

(k
i

)(k
j

)( n−1
i + j −2

)( i + j −2
j −1

)
for n ∈ Z+ and γk(0) = k.

The case k = 2 of Conjecture 1.1 was established by Bettin and Conrey [2021] for all η > 0. In this
article we prove a stronger form of the conjecture in the same case, but for 0 < η < 1

3 and for smoothed
Dirichlet polynomials. To be precise, we obtain all lower-order terms with a power savings error term.
We note that both the error term and the range for η in our theorem below depend directly on bounds for
the error term in the binary additive divisor problem. We discuss this in more detail in Remark 1.4 below.
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Before presenting our result, we need to set some notation. Let (a(n)) and (b(n)) be sequences and ϕ be
some real-valued smooth function. We will specify the properties that ϕ is required to have in Section 2.1.
We define the smoothed Dirichlet polynomials

Aa,ϕ(s) =

∞∑
n=1

a(n)

ns ϕ

(
n
K

)
and Bb,ϕ(s) =

∞∑
n=1

b(n)

ns ϕ

(
n
K

)
.

We then consider the mean value

Da,b;ω(K ) =

∫
R

ω(t)Aa,ϕ

( 1
2 + i t

)
Bb,ϕ

( 1
2 − i t

)
dt, (3)

where ω is a complex-valued smooth function that satisfies the conditions

ω is smooth, (4)

the support of ω lies in [c1T, c2T ], where 0 < c1 < c2, (5)

for some positive absolute constant ν, there exists T0 ≥ T ν such that T0 ≪ T and ω( j)(t) ≪ T − j
0 . (6)

The Fourier transform of ω is

ω̂(u) =

∫
R

ω(t)e−2π iut dt. (7)

It satisfies the following property:

If |u| ≫ T −1+ε
0 , then |ω̂(u)| ≪ T −A for any A > 0. (8)

Since throughout the paper we will only study the case where a(n) = τk(n) and b(n) = τℓ(n) for some
positive integers k, ℓ, in order to simplify our notation, we set

Dk,ℓ;ω(K ) := Dτk ,τℓ;ω(K ).

We also need to introduce some real sequences (g j ) and (δ j ). These are defined as coefficients in the
Taylor series

f (s) := s ζ(1 + s) =

∞∑
j=0

g j s j, h(s) :=
1

ζ(2 + s)
=

∞∑
j=0

δ j s j.

Another sequence (c j ), which depends on the smoothing function ϕ, is defined as follows. Let

G(s) := −2
∫

∞

0
ϕ(t)ϕ′(t)t s dt.

Observe that G(s) is entire. We then write its Taylor series expansion as

G(s) =

∞∑
j=0

c j s j.

With these definitions in hand, we can state our main result.
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Theorem 1.2. Let K = T 1+η with 0 < η < 1
3 . Suppose that a weight function ω satisfies conditions (4), (5)

and (6) with ν > 1
9(5 + 3(η + 1)), while ϕ is a function satisfying the conditions in (11). Then for

D2,2;ω(K ) =

∫
R

ω(t)
∣∣∣∣ ∞∑

n=1

τ2(n)

n1/2+i t ϕ

(
n
K

)∣∣∣∣2 dt,

we have

D2,2;ω(K ) =

4∑
j=0

∫
∞

−∞

ω(t)Q j

(
log K, log

t
2π

)
dt + O

(
T 3(1+η)/4+ε

(
T
T0

)9/4

+ T 1−η/2
)

,

where each Q j (x, y) ∈ R[x, y] is a polynomial of degree j given by

Q4(x, y) =
1

4!ζ(2)

(
−x4

+ 8x3 y − 24x2 y2
+ 32xy3

− 14y4),
Q3(x, y) =

(
2δ0g1

3
+

δ1

3
−

c1δ0

6

)
x3

+ (−4δ0g1 − 2δ1 + c1δ0)x2 y

+ (8δ0g1 + 4δ1 − 2c1δ0)xy2
+

(
−4δ0g1 − 2δ1 +

4c1δ0

3

)
y3,

Q2(x, y) =

(
−2δ0g2 − 3δ0g2

1 − 4δ1g1 − 2δ2 + 2c1δ0g1 + c1δ1 −
c2δ0

2

)
x2

+
(
8δ0g2 + 12δ0g2

1 + 16δ1g1 + 8δ2 − 8c1δ0g1 − 4c1δ1 + 2c2δ0
)
xy

+
(
−5δ0g2

1 − 4δ2 − 6δ0g2 − 8δ1g1 + 8c1δ0g1 + 4c1δ1 − 2c2δ0
)
y2,

Q1(x, y) =
(
4δ0g3 + 12δ0g1g2 + 4δ0g3

1 + 8δ1g2 + 12δ1g2
1 + 16δ2g1 + 8δ3 − 4c1δ0g2 − 6c1δ0g2

1

− 8c1δ1g1 − 4c1δ2 + 4c2δ0g1 + 2c2δ1 − c3δ0
)
x

+
(
−12δ0g3 − 4δ0g1g2 − 8δ1g2 + 4δ1g2

1 + 4δ0g3
1 + 8c1δ0g2 + 12c1δ0g2

1 + 16c1δ1g1

+ 8c1δ2 − 8c2δ0g1 − 4c2δ1 + 2c3δ0
)
y,

Q0(x, y) = 16δ4 − 16δ1g3 + 32δ3g1 + 32g2
1δ2 − 24δ0g4 + 8g2

2δ0 + 5δ0g4
1 + 16δ1g3

1 − 8δ0g1g3

+ 16δ1g1g2 + 12δ0g2
1g2 + 12g2

1δ1c1 + 12δ0g1g2c1 + 8δ3c1 + 4δ0g3
1c1 + 4δ0g3c1

+ 8δ1g2c1 + 16g1δ2c1 − 4δ2c2 − 6g2
1δ0c2 − 4δ0g2c2 − 8g1δ1c2 + 4g1δ0c3 + 2δ1c3 − δ0c4.

In Appendix A, we show how to remove the smooth function ω and derive the following result.

Corollary 1.3. Let K = T 1+η with 0 < η < 1
3 , and let ϕ be a function satisfying the conditions in (11).

Then, as T → ∞, we have∫ 2T

T

∣∣∣∣ ∞∑
n=1

τ2(n)

n1/2+i t ϕ

(
n
K

)∣∣∣∣2 dt =

4∑
j=0

∫ 2T

T
Q j

(
log K, log

t
2π

)
dt + O(T max{(12+3η)/13,1−η/2}),

where the polynomials Q j (x, y) are as given in Theorem 1.2.

Observe that asymptotically, this result has the same leading term as the one in the conjecture of Conrey
and Gonek in the case k = 2 for 0 < η < 1

3 .
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Our theorem depends on a result of Hughes and Young [2010, Theorem 5.1 and (74)], who applied
Duke, Friedlander and Iwaniec’s version of the δ-method [Duke et al. 1994]. Their work only makes use
of the Weil bound for Kloosterman sums. Using ideas from Aryan [2017] and Topacogullari [2017], the
main theorem in [Duke et al. 1994] can be improved by applying the spectral theory of automorphic forms
and bounds for sums of Kloosterman sums. The spectral theory of automorphic forms was first applied
to the classical additive divisor sum D(x, r) =

∑
n≤x d(n)d(n + r) in the case r = 1 in [Deshouillers and

Iwaniec 1982]. Their ideas were extended in a wide-ranging way by Motohashi [1994], who derived an
exact formula for this sum. From this formula he derived extremely strong uniform estimates for D(x, r)

that were uniform in r . His results were later improved by Meurman [2001] in some ranges of r . The
works of Aryan [2017] and Topacogullari [2017] rely heavily on ideas from these aforementioned articles.

Our main result in this paper follows from [Hamieh and Ng 2022, Theorem 1.1], which requires an
asymptotic formula for additive divisor sums involving the shifted divisor function rather than the ordinary
divisor function (see Section 3 below for more details). Therefore, the aforementioned articles of Aryan
and Topacogullari cannot be applied directly as they prove correlation estimates for the ordinary divisor
functions of the type ∑

m−n=r

d(m)d(n) f (m, n),

where f (m, n) are certain smoothing functions. Instead, one would need to replace d(m) and d(n) by
the shifted divisor functions

σa1,a2(m) =

∑
d1d2=m

d−a1
1 d−a2

2 and σb1,b2(n) =

∑
d1d2=n

d−b1
1 d−b2

2 ,

where a1, a2, b1, b2 ∈ C. A second issue is that the smoothing functions in [Aryan 2017; Topacogullari
2017] are not general enough. For instance, in [Aryan 2017, p. 1458, equation (0.8)] f (x, y) is supported
on a box of the shape [X, 2X ] × [X, 2X ] and satisfies the bound

∂ i

∂x i

∂ j

∂y j f (x, y) ≪ X−i− j.

We would have to consider smoothing functions on more general boxes [X, 2X ] × [Y, 2Y ], which satisfy
the bound (P/X)i (P/Y ) j for some parameter P ≥ 1. In applications, it is important to have this extra
parameter P. In [Topacogullari 2017], while the smoothing function satisfies a bound of the desired shape
(see [Topacogullari 2017, p. 155]), it is also restricted to be of the form f (x, y) = w1(x/X)w2(y/Y ),
where w1 and w2 are smooth compactly supported functions. The smoothing function required for the
application of [Hamieh and Ng 2022, Theorem 1.1] is not of this form.

By applying the advanced techniques employed in [Aryan 2017; Topacogullari 2017] to the setting
of shifted divisor functions while incorporating a more general smoothing to the correlation sum, it is
likely that one could improve [Hughes and Young 2010, Theorem 5.1 and (74)]. This would result in an
improvement of both the error term and the range of η in our Theorem 1.2.
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Remark 1.4. If the binary divisor conjecture AD2,2(ϑ2,2, C2,2, β2,2) holds for a triple (ϑ2,2, C2,2, β2,2) ∈[1
2 , 1

)
× [0, ∞) × (0, 1] (see Conjecture 3.1 below for notation), then Theorem 1.2 holds for

η <
1

ϑ2,2
− 1 and ν >

C2,2 + (ϑ2,2 + ε)(η + 1)

1 + C2,2

with an error term

O
(

T ϑ2,2(1+η)+ε

(
T
T0

)1+C2,2

+ T 1−η/2
)

.

One expects that the methods of [Aryan 2017; Topacogullari 2017] would lead to AD2,2(ϑ2,2, C2,2, β2,2)

with β2,2 = 1 − ϵ and ϑ2,2 =
1
2 + θ , where θ is the current best bound for the Ramanujan conjecture. We

are not able to predict the improved value of C2,2 without going through certain technical aspects of the
proof. In particular, if the Ramanujan conjecture is true so that ϑ2,2 =

1
2 , then Theorem 1.2 will hold for

Dirichlet polynomials with length K = T c for any c < 2.

Our approach in proving Theorem 1.2 is slightly different from that in [Goldston and Gonek 1998;
Conrey and Gonek 2001]. In both works, one of the key steps is to express the mean value in (1) in terms
of the correlation sums in (2) via partial summation. Whereas in the work of the second and the third
authors [Hamieh and Ng 2022], the starting point is to split the sum into sums over dyadic intervals via a
smooth partition of unity. Furthermore, they also work with shifted divisor functions. Conditionally on
the additive divisor conjecture [Hamieh and Ng 2022, Conjecture 4], they compute the mean value

DσI ,σJ ;ω(K ),

where

σI(n) =

∑
d1···dk=n

d−a1
1 · · · d−ak

k and σJ (n) =

∑
d1···dℓ=n

d−b1
1 · · · d−bℓ

k

are shifted divisor functions associated to sets of complex numbers I = {a1, . . . , ak} and J = {b1, . . . , bℓ}.
Then DσI ,σJ ;ω(K ) is evaluated by using a smooth partition of unity. Thus, instead of the correlation sums
as in (2), the authors work with the smoothed correlation sums∑

m,n∈Z
m−n=r

σI(n)σJ (n)F(m, n), (9)

where F is a smooth function defined on a box [M, 2M] × [N, 2N ]. The main term for DσI ,σJ ;ω(K ) is
expressed in terms of a diagonal contribution and an off-diagonal contribution. The diagonal contribution
equals a contour integral involving the Dirichlet series

ZI,J (s) =

∞∑
m=1

σI(m)σJ (m)

m1+s .

These contour integrals can be evaluated similarly to integrals that one encounters in standard applications
of Perron’s formula.
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The most difficult part is the computation of the off-diagonal terms. They may be expressed as a certain
average of sums of type (9). On the additive divisor conjecture, conjectural main terms for sums of this
type are inserted and a formula for DσI ,σJ ;ω(K ) is obtained. This idea of considering smoothed sums
originated in [Duke et al. 1994] and was employed in a similar context in [Hughes and Young 2010; Ng
2021; Ng et al. 2025]. Once the main terms from the additive divisor conjecture are inserted, there is still
a lengthy calculation that needs to be done. One encounters Dirichlet series of the shape

HI,J ;{ai1 },{bi2 }(s) =

∞∑
r=1

∞∑
q=1

cq(r)GI(1 − ai1, q)GJ (1 − bi2, q)

q2−ai1−bi2 rai1+bi2+s , (10)

where i1 ∈ {1, . . . , k}, i2 ∈ {1, . . . , ℓ}, cq(r) is the Ramanujan sum, and GI(1−ai1, q) and GJ (1−bi2, q)

are multiplicative functions that arise from the additive divisor conjecture (see (27) and (28) below).
Indeed, in some approximate way,

GI(1 − ai1, q) ≈ σI\{ai1 }(q) and GJ (1 − bi2, q) ≈ σJ \{bi2 }(q).

One requires a meromorphic continuation of the Dirichlet series HI,J ;{ai1 },{bi2 }(s) to the region ℜ(s) ≥ −1.
Furthermore, numerous facts about the gamma function are used; including the beta function identity and
various versions of Stirling’s formula. At the end, the off-diagonal contribution can be expressed as a sum
of contour integrals of the functions HI,J ;{ai1 },{bi2 }(s). From these expressions, the integrals corresponding
to the diagonal and off-diagonal contributions can be evaluated by a contour shift and the residue theorem.

In order to prove Theorem 1.2, firstly, we will apply the main theorem of [Hamieh and Ng 2022] to
our special case. The theorem provides a general asymptotic formula in the form

DσI ,σJ ;ω(K ) ∼ M0,I,J ;ω(K ) +M1,I,J ;ω(K )

as K →∞, where the terms on the right-hand side are as in (35) and (36). We will prove in Lemma 3.3 that
both M0,I,J ;ω(K ) and M1,I,J ;ω(K ) are holomorphic as functions of elements of the sets I={a1, . . . , ak}

and J = {b1, . . . , bℓ}. Note that if k = ℓ = 2 and a j = b j = 0 for j = 1, 2, then DσI ,σJ ;ω(K ) becomes
D2,2;ω(K ). Upon explicit computations, each of the main terms M0,I,J ;ω(K ) and M1,I,J ;ω(K ) will be
expressed as a sum of polar terms in a, b, a − b or a + b in the setting I = {a, 0} and J = {b, 0}. We
will then carefully analyze all the terms, and show that these polar terms cancel each other while the
remaining terms match the ones in our main theorem.

This idea of working with the shifted divisor functions σI(n) and σJ (n) and then setting the shifts
equal to zero originated in [Ingham 1927]. An advantage of this approach is that when computing the
residues one only deals with simple poles. Still, it is quite technical to find a formula for the mean value
in terms of the shifts and show that the polar terms are indeed canceled out. On the other hand, it is also
possible to compute D2,2;ω(K ) directly, that is, without using any shifts. In that case, one must deal with
poles of higher order, so the residue calculations will be more complicated.

We now comment on the use of the smooth weight functions w and ϕ in our definition of Dk,ℓ;ω(K ). Note
that the function ϕ appears in the definitions of Aa,ϕ(s) and Bb,ϕ(s). Classical forms of the approximate
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functional equation do not have smooth weights and they have much weaker error terms. In comparison,
weighted approximate equations have much smaller error terms (see [Titchmarsh 1986, (4.20.1), (4.20.2);
Iwaniec and Kowalski 2004, Theorem 5.3]). By introducing the function ϕ, one is able to make use
of the Mellin transform instead of Perron’s formula. This has the advantage of providing much better
decay rates in the resulting complex integrals. The other weight function ω can be thought of as a smooth
approximation to the indicator function 1[T,2T ](t). The purpose of weighing the mean value with such
a function is to improve the estimation of the off-diagonal terms. As in [Hamieh and Ng 2022, (4.17)
and (4.18)], for example, employing the bound in (8) for ω̂ allows one to dispense of many error terms.

On another note, mean values of weighted long Dirichlet polynomials with the von Mangoldt func-
tion 3(n) as their coefficients have been computed. Based on the results of Goldston and Gonek [1998],
Chan [2004] computed asymptotically such mean values, assuming a version of the twin prime conjecture
involving correlations of 3(n). Heap [2022] proved upper and lowers bounds for these types of mean values
assuming the Riemann hypothesis. His work circumvents the estimation of correlation sums by writing the
Dirichlet polynomial as an integral of the logarithm of the zeta function. On the critical line, the logarithm
of the zeta function can be approximated by a short Dirichlet polynomial on average, so the problem then
reduces to estimating moments of the short Dirichlet polynomial. His work is more closely related to
the articles of Soundararajan [2009] and Harper [2013] on upper bounds of the zeta function and it also
employs techniques related to the pair correlation of zeros of the zeta function as in [Montgomery 1973].

We remind the reader that mean values of long Dirichlet polynomials are known to be closely related
to the moments of the Riemann zeta function (see [Conrey and Gonek 2001; Ivić 1997a; 1997b]). The
2k-th moment is defined as

Ik(T ) =

∫ T

0

∣∣ζ ( 1
2 + i t

)∣∣2k dt.

For I2(T ), the fourth moment of the Riemann zeta function, Heath-Brown [1979] was the first to show
that it is asymptotic to TP4(log T ) for a certain polynomial P4 of degree four as T → ∞. However,
he did not compute all coefficients of this polynomial. Conrey [1996] gave several formulae for the
coefficients of this polynomial. Conrey et al. [2008] provided numerical values for all coefficients of P4.
Now, by the formulae in Conjecture 1.1, it is proposed that the first few polynomials for the asymptotics
of the moments of Dirichlet polynomials are

w2(x) = −x4
+8x3

−24x2
+32x −14,

w3(x) = −2x9
+27x8

−324x7
+2268x6

−8694x5
+19278x4

−25452x3
+19764x2

−8343x +1479.

As it turns out, the polynomials w3(x) and w4(x) are intimately related to the sixth and the eighth moments
of the Riemann zeta-function, respectively. Indeed, the identities

w3(x) + w3(3 − x) = 42 and 2w4(2) = w4(2) + w4(2) = 24024

led to Conrey and Gonek’s conjectures [2001]

I3(T ) ∼
42a3

9!
T log9 T and I4(T ) ∼

24024a4

16!
T log16 T.
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Their work also provided a heuristic argument showing that Ik(T ) could be expressed as a sum of two
mean values of long Dirichlet polynomials of k-divisor functions for k = 3, 4 as in Conjecture 1.1.

Finally, we note that with the same approach as in this article, it is likely that one could establish an
asymptotic formula for Dk,2;ω(K ) for each other integer k ≥ 3 for some K = T 1+ηk , where 0 < ηk < 1,
by building on the ideas in [Drappeau 2017; Topacogullari 2017; 2018]. This is current work in
progress. However, this approach would not allow one to estimate Dk,k;ω(K ) for K ≥ T 2. Conrey and
Keating [2016; 2019] introduced a method with new divisor sums to estimate Dk,k;ω(K ) for such K. This
created a new branch in this area of research, which is active at the present time.

Conventions and notation. Given two functions f (x) and g(x), we shall interchangeably use the no-
tation f (x) = O(g(x)), f (x) ≪ g(x) and g(x) ≫ f (x) to mean that there exists M > 0 such that
| f (x)| ≤ M |g(x)| for all sufficiently large x . The statement f (x) ≍ g(x) means that the estimates
f (x) ≪ g(x) and g(x) ≪ f (x) simultaneously hold.

Per our notation, ε denotes an arbitrarily small positive constant which may vary from instance to
instance. The letter p will always be used to denote a prime number. We also adopt the usual notation
that for s ∈ C, its real part is σ = ℜ(s). The integral notation∫

(c)
f (s) ds =:

∫ c+i∞

c−i∞
f (s) ds

for a complex function f (s) and real number c will be used frequently.
Give two sequences (a(n)), (b(n)), we define their additive convolution ((a ⋆ b)(n)) by

(a ⋆ b)(n) =

∑
u,v≥0

u+v=n

a(u)b(v).

This is so that ( ∞∑
n=0

a(n)Xn
)( ∞∑

n=0

b(n)Xn
)

=

∞∑
n=0

(a ⋆ b)(n)Xn

for a variable X. We will also use the notation (−1)• to denote the sequence ((−1)n)∞n=0.

Organization. The plan of our paper is as follows. In Section 2 we define some special functions and fix
the notation that will be used throughout the paper. In Section 3, we recall the main theorem in [Hamieh
and Ng 2022], which provides an asymptotic formula for DσI ,σJ ;ω(K ). We prove that the main terms
M0,I,J ;ω(K ) and M1,I,J ;ω(K ) in this formula are holomorphic functions of the elements of I and J.
Then in Section 4, we prove Theorem 1.2 by computing M0,I,J ;ω(K ) +M1,I,J ;ω(K ) explicitly in a
special case of |I| = |J | = 2. In Appendix A, we show that Theorem 1.2 will still hold if the weight
function w in the mean value is replaced by 1[T,2T ] and thus prove Corollary 1.3. Finally in Appendix B,
we rewrite the expressions for Q0(x, y), Q1(x, y), Q2(x, y), and Q3(x, y) that appear in Theorem 1.2 in
terms of the γ j and ζ ( j)(2) for suitable j.
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2. Setting and preliminaries

2.1. Properties of ϕ. For a fixed number µ ∈
(
0, 1

2

)
, let ϕ be a smooth, nonnegative function defined

on R≥0 such that

ϕ(t) =

{
1 for 0 ≤ t ≤ 1,

0 for t ≥ 1 + µ,

ϕ( j)(t) ≪ µ− j for all j ≥ 0.

(11)

Its Mellin transform is

8(s) =

∫
∞

0
ϕ(t)t s−1 dt, (12)

which converges absolutely for ℜ(s) > 0. The function 8 has an analytic continuation to the entire
complex plane with the exception of a simple pole at s = 0 with residue 1.

For c > 0 and ℜ(s) > c, we define

82(s) =
1

2π i

∫
(c)

8(s1)8(s − s1) ds1. (13)

Observe that

82(s) =

∫
∞

0
ϕ(t)2t s−1 dt and ϕ(t)2

=
1

2π i

∫
(c)

82(s)t−s ds for c > 0. (14)

Note that 82(s) has a simple pole at s = 0. It also satisfies the bound

|82(s)| ≪m
µ1−m(1 + µ)σ+m−1

|s(s + 1) · · · (s + m − 1)|
(15)

for m ≥ 1 and s ∈ C \ {0, −1, . . . ,−(m − 1)}.

2.2. Taylor expansions of some functions. First, we recall the definitions of the functions f, h and G:

f (s) = s ζ(1 + s) =

∞∑
j=0

g j s j,

h(s) =
1

ζ(2 + s)
=

∞∑
j=0

δ j s j,

G(s) = −2
∫

∞

0
ϕ(t)ϕ′(t)t s dt =

∞∑
j=0

c j s j.

(16)

We will provide precise formulae for these coefficients, g j , δ j , and c j . Recall that

ζ(s) =
1

s − 1
+

∞∑
j=0

(−1) jγ j

j !
(s − 1) j, (17)
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where, for j ≥ 0,

γ j = lim
m→∞

( m∑
k=1

(log k) j

k
−

(log m) j+1

j + 1

)
.

It follows that the function f (s) = sζ(1 + s) is entire with the Taylor series expansion

f (s) =

∞∑
j=0

g j s j,

where

g j =


1 for j = 0,

(−1) j−1γ j−1

( j −1)!
for j ≥ 1.

(18)

Observe that g1 = γ0 = γ is Euler’s constant.
We also have

1
ζ(2 + s)

=

∞∑
j=0

δ j s j, (19)

where

δ0 =
1

ζ(2)
, δ1 = −

ζ ′(2)

ζ(2)2 , δ2 =
2(ζ ′(2))2

− ζ(2)ζ ′′(2)

ζ(2)3 ,

δ3 =
−6(ζ ′(2))3

− ζ ′′′(2)ζ(2)2
+ 6ζ(2)ζ ′(2)ζ ′′(2)

ζ(2)4 ,

δ4 =
24(ζ ′(2))4

− ζ (4)(2)ζ(2)3
+ 6ζ(2)2(ζ ′′(2))2

+ 8ζ ′′′(2)ζ(2)2ζ ′(2) − 36ζ(2)(ζ ′(2))2ζ ′′(2)

ζ(2)5 ,

(20)

and in general δ j lies in the field generated by the ζ ( j)(2) with j ∈ N.
Now, since

G(s) = −2
∫

∞

0
ϕ(t)ϕ′(t)t s dt = s82(s)

for 82(s) as defined in (14), it follows that G(s) is an entire function and the coefficients of its Taylor
series are given by

c j =
(−2)

j !

∫
∞

0
ϕ(t)ϕ′(t)(log t) j dt for j = 0, 1, . . . .

In particular, we have

c0 = −2
∫

∞

0
ϕ(t)ϕ′(t) dt = ϕ(1)2

= 1.

Furthermore, we find that

|c j | ≪ µ−1
∫ 1+µ

1
log j (t) dt ≪ µ−1

· µ · max
t∈[1,1+µ]

log j (t) = log j (1 + µ) ≪ µ j

as long as µ ∈ [0, 1].
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We also introduce the following entire functions and their Taylor expansions, which will appear in our
calculations in Section 4:

F(s) = s f ′(s) − f (s) = s2ζ ′(1 + s) =

∞∑
j=0

g′

j s
j, where g′

j = ( j − 1)g j ,

H(s) = −
ζ ′

ζ 2 (2 + s) =

∞∑
j=0

δ′

j s
j, where δ′

j = ( j + 1)δ j+1,

L = log
t

2π
, Y = log K, X = Y − L , E1(s) = esL

=

∞∑
j=0

α j s j, E2(s) = esY
=

∞∑
j=0

β j s j.

(21)

3. A mean value theorem under an additive divisor conjecture

We now recall the main theorem in [Hamieh and Ng 2022], in which an asymptotic formula is established
for mean values of long Dirichlet polynomials with higher-order shifted divisor functions, assuming a
smoothed additive divisor conjecture for higher-order shifted divisor functions. Before we state this result,
we shall introduce some necessary notation and recall the statement of the additive divisor conjecture.

We set

K = {1, . . . , k} and L = {1, . . . , ℓ}.

Throughout this section, I and J are multisets of complex numbers indexed by K and L respectively and
are given by

I = {a1, . . . , ak} and J = {b1, . . . , bℓ}

such that
|ai |, |b j | ≪

1
log T

for i ∈ K and j ∈ L (22)

and
|ai1 − ai2 | ≫

1
log T

and |b j1 − b j2 | ≫
1

log T
for i1 ̸= i2 ∈ K and j1 ̸= j2 ∈ L, (23)

for some parameter T ≥ 2.
Also, for a set of shifts I = {a1, . . . , ak} as before, we define a shifted divisor function as

σI(n) =

∑
d1···dk=n

d−a1
1 · · · d−ak

k .

Observe that if I = {0, . . . , 0}, then σI(n) = τk(n).

3.1. The additive divisor conjecture. We define the shifted convolution sum

DF;I,J (r) =

∑
m,n≥1
m−n=r

σI(m)σJ (n)F(m, n). (24)
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Here we assume that, for some X, Y and P ≥ 1,

support(F) ⊂ [X, 2X ] × [Y, 2Y ] (25)

and that
xm yn F (m,n)(x, y) ≪m,n Pm+n. (26)

For a finite multiset of complex numbers A = {a1, . . . , am} and s ∈ C, we define two multiplicative
functions n 7→ gA(s, n) and n 7→ G A(s, n) by

gA(s, n) =

∏
pe||n

( ∞∑
j=0

σA(p j+e)

p js

)/( ∞∑
j=0

σA(p j )

p js

)
(27)

and

G A(s, n) =

∑
d|n

µ(d)ds

φ(d)

∑
e|d

µ(e)
es gA

(
s,

ne
d

)
. (28)

Notice that for n ∈ N we have
∞∑
j=1

σA( jn)

j s = gA(s, n)
∏
a∈A

ζ(s + a).

We are now prepared to state a conjectural asymptotic formula for DF;I,J (r).

Conjecture 3.1 (k-ℓ additive divisor conjecture). There exists a triple

(ϑk,ℓ, Ck,ℓ, βk,ℓ) ∈
[ 1

2 , 1
)
× [0, ∞) × (0, 1]

for which the following holds (henceforth to be referred to as ADk,ℓ(ϑk,ℓ, Ck,ℓ, βk,ℓ) conjecture).
Let ε be a positive absolute constant, P > 1, and X, Y > 1

2 satisfy Y ≍ X. Let F be a smooth function
satisfying the conditions (25) and (26), and suppose that I = {a1, a2, . . . , ak} and J = {b1, . . . , bℓ} are
sets of distinct complex numbers such that |ai |, |b j | ≪ 1/log X for all i ∈ {1, . . . , k} and j ∈ {1, . . . , ℓ}.
Then for DF;I,J (r) as defined in (24), in the cases where X is sufficiently large (in absolute terms), one has

DF;I,J (r) =

k∑
i1=1

ℓ∑
i2=1

∏
j1 ̸=i1

ζ(1 − ai1 + a j1)
∏
j2 ̸=i2

ζ(1 − bi2 + b j2)

∞∑
q=1

cq(r)GI(1 − ai1, q)GJ (1 − bi2, q)

q2−ai1−bi2

×

∫
∞

max(0,r)

f (x, x − r)x−ai1 (x − r)−bi2 dx + O(PCk,ℓ Xϑk,ℓ+ε)

uniformly for 1 ≤ |r | ≪ Xβk,ℓ.

We say that ADk,ℓ(ϑk,ℓ, Ck,ℓ, βk,ℓ) holds if the k-ℓ additive divisor conjecture holds for a triple
(ϑk,ℓ, Ck,ℓ, βk,ℓ) ∈

[ 1
2 , 1

)
×[0, ∞)× (0, 1]. It is important to note that in the case |I| = |J | = 2, Hughes

and Young [2010, p. 218] proved that ADk,ℓ(ϑk,ℓ, Ck,ℓ, βk,ℓ) holds for ϑ2,2 =
3
4 , C2,2 =

5
4 and β2,2 = 1

by using Duke, Friedlander and Iwaniec’s δ-method [Duke et al. 1994].
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3.2. Mean values of long Dirichlet polynomials with shifted divisor functions as coefficients. We now
consider the mean value of long Dirichlet polynomials associated with the shifted divisor functions σI

and σJ as defined in (3). For simplicity, we set

DI,J ;ω(K ) = DσI ,σJ ;ω(K ).

Definition. Let I,J be finite multisets of complex numbers. We define B(I,J ) as the series

B(I,J ) =

∞∑
n=1

σI(n)σJ (n)

n
, (29)

provided that the series converges (for example, when ℜ(a), ℜ(b) > 0 for all a ∈ I and b ∈ J ), and by
analytic continuation elsewhere.

Observe that when the series (29) converges, we use the multiplicativity of σIσJ to write

B(I,J ) =

∏
p

∞∑
u=0

σI(pu)σJ (pu)

pu .

Upon factoring out
∏

p
∏

i∈K
j∈L

(1 − p−1−ai −b j )−1 from the right-hand side of this, we obtain

B(I,J ) =

∏
p

∏
i∈K
j∈L

(1 − p−1−ai −b j )−1
∏

p

∏
i∈K
j∈L

(1 − p−1−ai −b j )

∞∑
u=0

σI(pu)σJ (pu)

pu .

Definition. For a prime p and s ∈ C, we set z p(s) = (1− p−s)−1. From the local factors z p(s), we define

Z(I,J ) =

∏
p

∏
i∈K
j∈L

z p(1 + ai + b j ), (30)

A(I,J ) =

∏
p

∏
i∈K
j∈L

z−1
p (1 + ai + b j )

∞∑
u=0

σI(pu)σJ (pu)

pu . (31)

Observe that we have
Z(I,J ) =

∏
i∈K, j∈L

ζ(1 + ai + b j )

and
B(I,J ) = A(I,J )Z(I,J ). (32)

Next, we require some notation regarding set operations. Given a multiset U = {α1, . . . , αn} and ξ ∈ C,
we define U+ξ ={α1+ξ, . . . , αn+ξ}. We also set −U ={−α1, . . . ,−αn}. With this notation, the identity

σU+ξ (n) = n−ξσU (n) (33)

holds.
We are now ready to state [Hamieh and Ng 2022, Theorem 1.1].
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Theorem 3.2. Let |I| = k and |J | = ℓ with k, ℓ ≥ 2, and suppose that elements of both I and J
satisfy (22) and (23). Assume that ADk,ℓ(ϑk,ℓ, Ck,ℓ, βk,ℓ) holds for some triple (ϑk,ℓ, Ck,ℓ, βk,ℓ) ∈[1

2 , 1
)
× [0, ∞) × (0, 1]. Let K = T 1+η with η > 0, and let ω satisfy (4), (5), and (6) with

ν >
(1 − βk,ℓ)(1 + η)

1 − ϵ
and 0 < ϵ < 1.

Then we have

DI,J ;ω(K ) = M0,I,J ;ω(K ) +M1,I,J ;ω(K ) + O
(

K ϑk,ℓ+ε

(
T
T0

)1+Ck,ℓ
)

, (34)

where

M0,I,J ;ω(K ) =
ω̂(0)

2π i

∫
(c)

K s82(s)B(I + s,J ) ds (35)

and

M1,I,J ;ω(K ) =

∫
∞

0
ω(t)

∑
i∈K, j∈L

(
t

2π

)−ai −b j

Z(I \ {ai }, {−ai })Z({−b j },J \ {b j })

×
1

2π i

∫
(c)

82(s)
(

2π K
t

)s

Z
(
(I \ {ai }) + s,J \ {b j }

)
ζ(1 − ai − b j − s)

×A
(
(I \ {ai }) ∪ {−b j − s}, ((J \ {b j }) + s) ∪ {−ai }

)
ds dt. (36)

Here c > 0 is fixed and 82(s) is as defined in (13).

3.3. Holomorphy of M0,I,J ;ω(K ) and M1,I,J ;ω(K ). We will now prove that the main term in the
asymptotic formula (34) is holomorphic as a function of the shifts a1, . . . , ak, b1, . . . , bℓ. As a consequence
of this, in another lemma we will prove that Theorem 3.2 holds without the restrictions in (23).

Lemma 3.3. Under the hypothesis of Theorem 3.2 and with the same definitions, the terms M0,I,J ;ω(K )

and M1,I,J ;ω(K ), which are written in (35) and (36), respectively, are both holomorphic as functions of
the variables a1, . . . , ak, b1, . . . , bℓ.

Proof. We follow the argument that was employed in [Baluyot and Turnage-Butterbaugh 2025, Section 6].
Recall that ai , b j ≪ 1/log T for all i ∈ K and j ∈ L.

First, we consider M0,I,J ;ω(K ). We repeat (35) here:

M0,I,J ;ω(K ) =
ω̂(0)

2π i

∫
(c)

K s82(s)B(I + s,J ) ds,

where, as in (32) , we have

B(I + s,J ) = A(I + s,J )Z(I + s,J )

with

A(I+s,J )=
∏

p

∏
x∈I+s,y∈J

(
1−

1
p1+x+y

) ∞∑
u=0

σI+s(pu)σJ (pu)

pu , Z(I+s,J )=
∏

x∈I+s,y∈J

ζ(1+x+y).
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From (29) and (33), we see that B(I + s,J ) is holomorphic as a function of the variables ai and b j due
to the restriction on the size of the ai and b j . Thus M0,I,J ;ω(K ) is also holomorphic in the ai and the b j .

We proceed with M1,I,J ;ω(K ), which, by (36), is given as

M1,I,J ;ω(K ) =

∫
∞

0
ω(t)

∑
i0∈K, j0∈L

(
t

2π

)−ai0−b j0

Z(I \ {ai0}, {−ai0})Z({−b j0},J \ {b j0})

×
1

2π i

∫
(c)

82(s)
(

2π K
t

)s

Z
(
(I \ {ai0}) + s,J \ {b j0}

)
ζ(1 − ai0 − b j0 − s)

×A
(
(I \ {ai0}) ∪ {−b j0 − s}, ((J \ {b j0}) + s) ∪ {−ai0}

)
ds dt.

For now, we assume that both sets I and J have distinct elements and that their intersection is empty.
We expand each Z-term and A-term in the above. By definition,

Z(I \ {ai0}, {−ai0}) =

∏
x∈I\{ai0 },

y∈{−ai0 }

ζ(1 + x + y) =

∏
i ̸=i0

ζ(1 + ai − ai0), (37)

Z({−b j0},J \ {b j0}) =

∏
x∈J \{b j0 },

y∈{−b j0 }

ζ(1 + x + y) =

∏
j ̸= j0

ζ(1 + b j − b j0). (38)

Also, by an argument of inclusion-exclusion we have

Z({−b j0},J \ {b j0}) =

∏
i∈K, j∈L,
i ̸=i0, j ̸= j0

ζ(1 + ai + s + b j )

=

∏
i∈K, j∈L ζ(1 + ai + s + b j )∏

i∈K ζ(1 + ai + s + b j0)
∏

j∈L ζ(1 + ai0 + s + b j )
ζ(1 + ai0 + s + b j0). (39)

For the A-term as defined via (31), we note the following for its Euler product part:∏
x∈(I\{ai0 })∪{−b j0−s},

y∈((J \{b j0 })+s)∪{−ai0 }

(
1 −

1
p1+x+y

)
=

∏
x∈I\{ai0 },y∈(J \{b j0 })+s

(
1 −

1
p1+x+y

) ∏
x∈I\{ai0 },

y∈{−ai0 }

(
1 −

1
p1+x+y

)

×

∏
x∈{−b j0−s},

y∈(J \{b j0 })+s

(
1 −

1
p1+x+y

) ∏
x∈{−b j0−s},

y∈{−ai0 }

(
1 −

1
p1+x+y

)
.

Again by inclusion-exclusion, this can also be written as∏
x∈(I\{ai0 })∪{−b j0−s},

y∈((J \{b j0 })+s)∪{−ai0 }

(
1 −

1
p1+x+y

)

=

∏
i∈K, j∈L

(
1 −

1
p1+ai +b j +s

)∏
i∈K

(
1 −

1

p1+ai +b j0+s

)−1 ∏
j∈L

(
1 −

1

p1+ai0+b j +s

)−1(
1 −

1
p

)−2

×

∏
i∈K

(
1 −

1

p1+ai −ai0

)∏
j∈L

(
1 −

1

p1+b j −b j0

)(
1 −

1

p1+ai0+b j0+s

)(
1 −

1

p1−ai0−b j0−s

)
.

(40)
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In view of these expressions, it will be useful to define for each prime p

P(p)= P(z1, z2, s; p)

:=

∏
i∈K, j∈L

(
1 −

1
p1+ai +b j +s

)∏
i∈K

(
1 −

1
p1+ai −z2+s

)−1 ∏
j∈L

(
1 −

1
p1+b j −z1+s

)−1

×

(
1 −

1
p

)−2 ∏
i∈K

(
1 −

1
p1+ai +z1

)∏
j∈L

(
1 −

1
p1+b j +z2

)(
1 −

1
p1−z1−z2+s

)(
1 −

1
p1+z1+z2−s

)
.

By using Cauchy’s theorem, we can now write M1,I,J ;ω(K ) as a sum of residues and thus as an integral.
By (37), (38) and (39) we have

M1,I,J ;ω(K )

=

∫
∞

0
ω(t)

∑
i∈K, j∈L

(
t

2π

)z1+z2 1
2π i

∫
(c)

82(s)
(

2π K
t

)s

×
1

(2π i)2

∫
|z1|=c/4

∫
|z2|=c/4

∏
i∈K

ζ(1 + z1 + ai )
∏
j∈L

ζ(1 + z2 + b j )ζ(1 + z1 + z2 − s)ζ(1 − z1 − z2 + s)

×

∏
i∈K, j∈L ζ(1 + ai + b j + s)∏

i∈K ζ(1 + ai − z2 + s)
∏

j∈L ζ(1 − z1 + b j + s)

×

∏
p

P(p)

∞∑
u=0

σ(I\{−z1})∪{z2−s}(pu)σ((J \{−z2})+s)∪{z1}(pu)

pu dz1 dz2 ds dt. (41)

This is because the pairs z1 = −ai and z2 = −b j for i ∈K, j ∈L are the only poles of the above integrand,
all of which are simple.

Moreover, the integrand is holomorphic as a function of the ai , b j whenever they are distinct as per
our assumption. This is clear to see for the part of the integrand that involves ζ -values. It thus remains to
show that the Euler product in the above converges absolutely. For this, note that by (40) we have

P(p)

∞∑
u=0

σ(I\{−z1})∪{z2−s}(pu)σ((J \{−z2})+s)∪{z1}(pu)

pu

=

∏
x∈(I\{−z1})∪{z2−s},

y∈((J \{−z2})+s)∪{z1}

(
1−

1
p1+x+y

) ∞∑
u=0

σ(I\{−z1})∪{z2−s}(pu)σ((J \{−z2})+s)∪{z1}(pu)

pu

=

(
1+

σ(I\{−z1})∪{z2−s}(p)σ((J \{−z2})+s)∪{z1}(p)

p

) ∏
x∈(I\{−z1})∪{z2−s},

y∈((J \{−z2})+s)∪{z1}

(
1−

1
p1+x+y

)
+Oε

(
1

p2−8c+ε

)
. (42)

In the last step, we used the estimate
∞∑

u=2

σ(I\{−z1})∪{z2−s}(pu)σ((J \{−z2})+s)∪{z1}(pu)

pu ≪ε

1
p2−8c+ε

for suitable ε > 0. (43)



1444 Fatma Çiçek, Alia Hamieh and Nathan Ng

This estimate follows from the fact that, for any ε > 0,

σ(I\{−z1})∪{z2−s}(pu) ≪ε pu(− minv∈(I\{−z1})∪{z2−s}{ℜv}+ε)
≪ pu(2c+ε),

since
ℜ(v) ≫ −c −

c
4

≥ −2c for v ∈ (I \ {−z1}) ∪ {z2 − s},

and from the similar estimate
σ((J \{−z2})+s)∪{z1}(pu) ≪ε pu(2c+ε).

On the other hand, as in [Baluyot and Turnage-Butterbaugh 2025, Lemma 4.1], we see that, for
suitable ε > 0,∏

x∈(I\{−z1})∪{z2−s},
y∈((J \{−z2})+s)∪{z1}

(
1 −

1
p1+x+y

)
= 1 −

σ(I\{−z1})∪{z2−s}(p)σ((J \{−z2})+s)∪{z1}(p)

p
+ O

(
1

p1+ε

)
.

By combining this with (43), we obtain(
1 +

σ(I\{−z1})∪{z2−s}(p)σ((J \{−z2})+s)∪{z1}(p)

p

) ∏
x∈(I\{−z1})∪{z2−s},

y∈((J \{−z2})+s)∪{z1}

(
1 −

1
p1+x+y

)
= 1 + O

(
1

p1+ε

)
+ Oε

(
1

p2−8c+ε

)
for ε > 0 sufficiently small. Finally by (42) and by choosing c > 0 suitably, we deduce that the Euler
product in (41) converges absolutely, hence it is holomorphic in the ai and b j . Therefore, we have shown
that if both I and J have no repeated elements and that they don’t have any elements in common, then
the right-hand side of (41) is a holomorphic function of the ai and b j . By analytic continuation, the same
expression, and thus M1,I,J ;ω(K ), is a holomorphic function of the shifts a1, . . . , ak, b1, . . . , bℓ that
satisfy the condition ai , b j ≪ 1/log T for all i, j. □

Lemma 3.4. Theorem 3.2 holds without assuming the size restriction in (23).

Proof. We follow the argument that was employed in [Ng 2021, Section 5]. We set a = (a1, a2, . . . , ak)

and b = (b1, b2, . . . , bℓ). We also let L(a, b) = DI,J ;ω(K ) and R(a, b) =M0,I,J ;ω(K )+M1,I,J ;ω(K )

for convenience. By Theorem 3.2, we know that

L(a, b) − R(a, b) = O
(

K ϑk,ℓ+ε

(
T
T0

)1+Ck,ℓ
)

, (44)

provided that coordinates of a and b satisfy the conditions (22) and (23). By Lemma 3.3, we also know
that L(a, b) − R(a, b) is holomorphic as a function of the variables a1, . . . , ak, b1, . . . , bℓ.

Suppose that a1, . . . , ak, b1, . . . , bℓ are complex numbers satisfying |a j |, |b j | ≤ C0/log T for some
positive constant C0. Consider the polydisc D ⊂ Ck+ℓ given by

D =

k∏
j=1

D j

ℓ∏
j=1

D̃ j ,
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where
D j = {z ∈ C : |z − a j | ≤ r j }, D̃ j = {z ∈ C : |z − b j | ≤ r j } and r j =

2 j+1C0

log T
.

Let ∂ D j and ∂ D̃ j be the boundaries of the discs D j and D̃ j respectively. By Cauchy’s integral formula,
we have

L(a, b) − R(a, b) =
1

(2π i)k+ℓ

∫
∂ D1

· · ·

∫
∂ Dk

∫
∂ D̃1

· · ·

∫
∂ D̃ℓ

L(z, w) − R(z, w)

(z − a)(w − b)
dz dw, (45)

where

dz = dz1 · · · dzk, dw = dw1 · · · dwℓ, z − a =

k∏
j=1

(z j − a j ) and w − b =

ℓ∏
j=1

(w j − b j ).

Observe that for 1 ≤ j2 < j1 ≤ k we have

|z j1 − z j2 | ≥ |z j1 − a j1 | − |z j2 − a j2 | − |a j1 | − |a j2 | ≥
2C0

log T
,

|w j1 − w j2 | ≥ |w j1 − b j1 | − |w j2 − b j2 | − |b j1 | − |b j2 | ≥
2C0

log T
.

Hence z j and w j satisfy the conditions (22) and (23). In particular, (44) holds for (z1, . . . , zk)∈
∏k

j=1 ∂ D j

and (w1, . . . , wℓ) ∈
∏ℓ

j=1 ∂ D̃ j . More precisely, we have

L(z, w) − R(z, w) = O
(

K ϑk,ℓ+ε

(
T
T0

)1+Ck,ℓ
)

.

By using this bound in (45), we obtain

L(a, b) − R(a, b) ≪ K ϑk,ℓ+ε

(
T
T0

)1+Ck,ℓ k∏
j=1

length(∂ D j )

r j

ℓ∏
j=1

length(∂ D̃ j )

r j

≪ K ϑk,ℓ+ε

(
T
T0

)1+Ck,ℓ

,

as desired. □

4. Proof of Theorem 1.2

As a first step in proving Theorem 1.2, we shall apply Theorem 3.2 with I = {a, 0} and J = {b, 0}. In
the case |I| = |J | = 2, we know that ADk,ℓ(ϑk,ℓ, Ck,ℓ, βk,ℓ) holds with ϑ2,2 =

3
4 , C2,2 =

5
4 , and β2,2 = 1

[Hughes and Young 2010, p. 218]. Hence, Theorem 3.2 holds unconditionally for any η < 1
3 .

In order to compute D2,2;ω(K ), we will simplify the expressions for M0,I,J ;ω(K ) and M1,I,J ;ω(K )

that were provided by Theorem 3.2. We will move the contours of integration to the left, and then the
residues that are obtained will be part of the main term in our formula for D2,2;ω(K ). Once we obtain the
whole main term in terms of a and b, we will first let b tend to a, and then let a tend to 0. The resulting
limit will provide us with the result of Theorem 1.2.

Note that we will frequently refer to the special functions that were defined in (16) and (21).
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4.1. Computing M0,I,J ;ω(K ).

Proposition 4.1. Let I = {a, 0} and J = {b, 0}, and let M0,I,J ;ω(K ) be defined by (35). Then we have

M0,I,J ;ω(K ) = ω̂(0)(R1(a, b) +R′

1(a, b)) + O(TK −1/2+2δ),

where

R1(a,b) = (Y +c1+γ0)
f (a+b)

a+b
f (a)

a
f (b)

b
h(a+b)+2

f (a+b)

a+b
f (a)

a
f (b)

b
H(a+b)

+

(
f ′(a+b)

a+b
−

f (a+b)

(a+b)2

)
f (a)

a
f (b)

b
h(a+b)+

f (a+b)

a+b

(
f ′(a)

a
−

f (a)

a2

)
f (b)

b
h(a+b)

+
f (a+b)

a+b
f (a)

a

(
f ′(b)

b
−

f (b)

b2

)
h(a+b),

and

R′

1(a,b) = a−2G(−a)K −a f (b)

b
f (b−a)

b−a
f (−a)h(b−a)+b−2G(−b)K −b f (a)

a
f (a−b)

a−b
f (−b)h(a−b)

+(a+b)−2G(−a−b)K −a−b f (−b)

b
f (−a)

a
f (−a−b)h(−a−b).

Proof. By (1.31) and then by (1.28) in [Hamieh and Ng 2022], we can write

M0,I,J ;ω(K ) =
ω̂(0)

2π i

∫
(2c)

K s82(s)B(Is,J ) ds ds

=
ω̂(0)

2π i

∫
(2c)

K s82(s)
ζ(1 + a + b + s)ζ(1 + a + s)ζ(1 + b + s)ζ(1 + s)

ζ(2 + 2s + a + b)
ds.

We move the line of integration to ℜ(s) = −
1
2 + 2δ capturing the residue of the integrand at s = 0 in

addition to the residues at s = −a, −b, −a − b. This gives

M0,I,J ;ω(K ) = ω̂(0) Ress=0

(
s−2G(s)K s ζ(1 + a + b + s)ζ(1 + a + s)ζ(1 + b + s) f (s)

ζ(2 + 2s + a + b)

)
+ ω̂(0) Ress=−a

(
s−2G(s)K s ζ(1 + a + b + s)ζ(1 + a + s)ζ(1 + b + s) f (s)

ζ(2 + 2s + a + b)

)
+ ω̂(0) Ress=−b

(
s−2G(s)K s ζ(1 + a + b + s)ζ(1 + a + s)ζ(1 + b + s) f (s)

ζ(2 + 2s + a + b)

)
+ ω̂(0) Ress=−a−b

(
s−2G(s)K s ζ(1 + a + b + s)ζ(1 + a + s)ζ(1 + b + s) f (s)

ζ(2 + 2s + a + b)

)
+

ω̂(0)

2π i

∫
(−1/2+2δ)

82(s)K s ζ(1 + a + b + s)ζ(1 + a + s)ζ(1 + b + s)ζ(1 + s)
ζ(2 + 2s + a + b)

ds.

It follows from (15) that∫
(−1/2+2δ)

82(s)K s ζ(1 + a + b + s)ζ(1 + a + s)ζ(1 + b + s)ζ(1 + s)
ζ(2 + 2s + a + b)

ds ≪ K −1/2+2δ.
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Let us now compute the residue of

s−2G(s)K s ζ(1 + a + b + s)ζ(1 + a + s)ζ(1 + b + s) f (s)
ζ(2 + 2s + a + b)

at s = 0. This is

Y
f (a + b)

a + b
f (a)

a
f (b)

b
h(a + b) + c1

f (a + b)

a + b
f (a)

a
f (b)

b
h(a + b)

+

(
f ′(a + b)

a + b
−

f (a + b)

(a + b)2

)
f (a)

a
f (b)

b
h(a + b) +

f (a + b)

a + b

(
f ′(a)

a
−

f (a)

a2

)
f (b)

b
h(a + b)

+
f (a + b)

a + b
f (a)

a

(
f ′(b)

b
−

f (b)

b2

)
h(a + b) + γ0

f (a + b)

a + b
f (a)

a
f (b)

b
h(a + b)

+ 2
f (a + b)

a + b
f (a)

a
f (b)

b
H(a + b).

Further, this is equal to

(Y + c1 + γ0)
f (a + b)

a + b
f (a)

a
f (b)

b
h(a + b) + 2

f (a + b)

a + b
f (a)

a
f (b)

b
H(a + b)

+

(
f ′(a + b)

a + b
−

f (a + b)

(a + b)2

)
f (a)

a
f (b)

b
h(a + b) +

f (a + b)

a + b

(
f ′(a)

a
−

f (a)

a2

)
f (b)

b
h(a + b)

+
f (a + b)

a + b
f (a)

a

(
f ′(b)

b
−

f (b)

b2

)
h(a + b),

which is R1(a, b). The desired result is obtained by simply observing that

R′

1(a, b) = Ress=−a

(
s−2G(s)K s ζ(1 + a + b + s)ζ(1 + a + s)ζ(1 + b + s) f (s)

ζ(2 + 2s + a + b)

)
+ Ress=−b

(
s−2G(s)K s ζ(1 + a + b + s)ζ(1 + a + s)ζ(1 + b + s) f (s)

ζ(2 + 2s + a + b)

)
+ Ress=−a−b

(
s−2G(s)K s ζ(1 + a + b + s)ζ(1 + a + s)ζ(1 + b + s) f (s)

ζ(2 + 2s + a + b)

)
. □

We will now rewrite R1(a, b) whereby we simplify its expression. For this, we introduce some notation:

L0 := Y + c1 + g1,

κ11(a, b) := f (a) f (b) f (a + b)h(a + b),

κ̃11(a, b) := f (a) f (b) f (a + b)H(a + b),

κ12(a, b) := f (a) f (b)h(a + b)
(
(a + b) f ′(a + b) − f (a + b)

)
= f (a) f (b)F(a + b)h(a + b),

κ13(a, b) := f (b) f (a + b)h(a + b)(a f ′(a) − f (a)) = F(a) f (b) f (a + b)h(a + b),

κ14(a, b) := f (a) f (a + b)h(a + b)(b f ′(b) − f (b)) = f (a)F(b) f (a + b)h(a + b).

Observe that we can now write

R1(a, b) = (R11 +R12 +R13 +R14)(a, b),
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where we set

R11(a, b) =
1

ab(a + b)
L0κ11(a, b) + 2

1
ab(a + b)

κ̃11(a, b),

R12(a, b) =
1

ab(a + b)2 κ12(a, b),

R13(a, b) =
1

a2b(a + b)
κ13(a, b),

R14(a, b) =
1

ab2(a + b)
κ14(a, b).

(46)

4.2. Computing M1,I,J ;ω(K ). First, we observe that by (36) we have

M1,I,J ;ω(K ) =

∑
i1∈K,i2∈L

ci1,i2

2π i

∫
∞

−∞

ω(t)
∫

ℜ(s)=2ϵ

Ii1i2(s, t) ds dt

for sufficiently small ϵ > 0, where

ci1,i2 = Z(I\{ai1}, {−ai1})Z({−bi2},J \{−bi2}) =

∏
j1∈K\{i1}

ζ(1 − ai1 + a j1)
∏

j2∈L\{i2}

ζ(1 − bi2 + b j2),

Ii1i2(s, t) = 82(s)K s
(

2π

t

)ai1+bi2+s

ζ(1 − ai1 − bi2 − s)
∏

j1∈K\{i1}
j2∈L\{i2}

ζ(1 + a j1 + b j2 + s)

×A
(
(I \ {ai1}) ∪ {−bi2 − s}, ((J \ {bi2}) + s) ∪ {−ai1}

)
.

Since we chose I = {a, 0} and J = {b, 0}, the terms ci1,i2 and Ii1,i2(s, t) that appear in M1,I,J ;ω(K ) can
be written more explicitly. We find that

I11(s, t) = 82(s)K s
(

2π

t

)a+b+s

ζ(1 − a − b − s)ζ(1 + s)A
(
{0, −b − s}, {s, −a}

)
=

G(s)
s

K s
(

2π

t

)a+b+s

ζ(1 − a − b − s)ζ(1 + s)
1

ζ(2 − a − b)
,

I12(s, t) = 82(s)K s
(

2π

t

)a+s

ζ(1 − a − s)ζ(1 + b + s)A
(
{0, −s}, {b + s, −a}

)
=

G(s)
s

K s
(

2π

t

)a+s

ζ(1 − a − s)ζ(1 + b + s)
1

ζ(2 + b − a)
,

I21(s, t) = 82(s)K s
(

2π

t

)b+s

ζ(1 − b − s)ζ(1 + a + s)A
(
{a, −b − s}, {s, 0}

)
=

G(s)
s

K s
(

2π

t

)b+s

ζ(1 − b − s)ζ(1 + a + s)
1

ζ(2 + a − b)
,
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I22(s, t) = 82(s)K s
(

2π

t

)s

ζ(1 − s)ζ(1 + a + b + s)A
(
{a, −s}, {b + s, 0}

)
=

G(s)
s

K s
(

2π

t

)s

ζ(1 − s)ζ(1 + a + b + s)
1

ζ(2 + a + b)
.

One can compute ci1,i2 in a straightforward manner. We collect the results in Table 1.
Hence we can write

M1,I,J ;ω(K ) =
1

2π i

∫
∞

−∞

ω(t)
∫

ℜ(s)=2ϵ

(
ζ(1−a)ζ(1−b)I11(s, t)+ζ(1−a)ζ(1+b)I12(s, t)

+ζ(1+a)ζ(1−b)I21(s, t)+ζ(1+a)ζ(1+b)I22(s, t)
)

ds dt. (47)

Proposition 4.2. Let K = T 1+η with 0 < η < 1
3 , and suppose that a weight function ω satisfies (4), (5),

and (6) with ν > (5 + 3(η + 1))/9. Let I = {a, 0} and J = {b, 0} satisfy (22) and (23). In particular,
assume that |a|, |b| ≤ δ with δ < η/2(2 + 3η). Then we have

M1,I,J ;ω(K ) =

∫
∞

−∞

ω(t) · (−R′

1(a, b) +R2(a, b)) dt + O(K −1/2+3δT 3/2−δ),

where R′

1(a, b) is as given in Proposition 4.1 and

R2(a, b) = −

(
2π

t

)a+b

h(−a − b)
f (−a)

a
f (−b)

b

(
F(−a − b)

(a + b)2 +
f (−a − b)

a + b
(X + g1 + c1)

)
+

(
2π

t

)a

h(b − a)
f 2(−a)

a2

f 2(b)

b2 +

(
2π

t

)b

h(a − b)
f 2(−b)

b2

f 2(a)

a2

− h(a + b)
f (a)

a
f (b)

b

(
F(a + b)

(a + b)2 +
f (a + b)

a + b
(X − g1 + c1)

)
+ K −b

(
2π

t

)a−b

h(b − a)
G(−b)

b
f (b − a)

b − a
f (−a)

a
f (b)

b

+ K −a
(

2π

t

)b−a

h(a − b)
G(−a)

a
f (a − b)

a − b
f (a)

a
f (−b)

b

− K −a−b
(

2π

t

)−a−b

h(a + b)
G(−a − b)

a + b
f (a + b)

a + b
f (a)

a
f (b)

b
. (48)

(i1, i2) ci1,i2 Ii1i2(s, t)

(1, 1) ζ(1 − a)ζ(1 − b)
1
s2

G(s)K s
(2π

t

)a+b+s
ζ(1 − a − b − s) f (s) 1

ζ(2−a−b)

(1, 2) ζ(1 − a)ζ(1 + b)
1
s

G(s)K s
(2π

t

)a+s
ζ(1 − a − s)ζ(1 + b + s) 1

ζ(2+b−a)

(2, 1) ζ(1 + a)ζ(1 − b)
1
s

G(s)K s
(2π

t

)b+s
ζ(1 − b − s)ζ(1 + a + s) 1

ζ(2+a−b)

(2, 2) ζ(1 + a)ζ(1 + b) −
1
s2

G(s)K s
(2π

t

)s
ζ(1 + a + b + s) f (−s) 1

ζ(2+a+b)

Table 1. The terms ci1,i2 and Ii1,i2(s, t).
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Proof. Observe that by Table 1, each of I11(s, t) and I22(s, t) in (47) has

• a double pole at s = 0,

• a simple pole at s = −(a + b),

whereas I12(s, t) and I21(s, t) in (47) each has

• a simple pole at s = 0,

• a simple pole at s = −a,

• a simple pole at s = −b.

We denote by Ri1i2(a, b) the sum of the residues of Ii1i2(s, t) at these poles. Moving the contour of
integration in (47) to the line ℜ(s) = −

1
2 + 3δ gives

M1,I,J ;ω(K ) =

∫
∞

−∞

ω(t)
(
ζ(1 − a)ζ(1 − b)R11(a, b) + ζ(1 − a)ζ(1 + b)R12(a, b)

+ ζ(1 + a)ζ(1 − b)R21(a, b) + ζ(1 + a)ζ(1 + b)R22(a, b)
)

dt

+

∑
i1∈K,i2∈L

ci1,i2

2π i

∫
∞

−∞

ω(t)
∫

(−1/2+3δ)

Ii1i2(s, t) ds dt. (49)

We first estimate the second term on the right-hand side, which is equal to∑
i1∈K,i2∈L

ci1,i2

1
2π i

∫
(−1/2+3δ)

A((I \ {ai1}) ∪ {−bi2 − s}, ((J \ {bi2}) + s) ∪ {−ai1})K s82(s)

× ζ(1 − ai1 − bi2 − s)
∏

j1∈K\{i1}
j2∈L\{i2}

ζ(1 + a j1 + b j2 + s)
∫

∞

−∞

(
t

2π

)−s−ai1−bi2

ω(t) dt ds.

By using |ζ(σ + i t)| ≪ t (1−σ)/2 log t for σ ∈ (0, 1) and |ζ(σ + i t)| ≪ 1 for σ ∈ [1.01, 2], we observe that
for s = −

1
2 + 3δ + iu, we have

ζ(1 − ai1 − bi2 − s)
∏

j1∈K\{i1}
j2∈L\{i2}

ζ(1 + a j1 + b j2 + s) ≪
(
(|u| + 1)1/4−δ/2 log(2 + |u|)

)(k−1)(ℓ−1)
.

We also know by [Hamieh and Ng 2022, Proposition 5.2] that

A((I \ {ai1}) ∪ {−bi2 − s}, ((J \ {bi2}) + s) ∪ {−ai1}) = O(1)

when ℜ(s) ≥ −1 + 2δ + ϵ. It follows that∫
(−1/2+3δ)

A((I \ {ai1}) ∪ {−bi2 − s}, ((J \ {bi2}) + s) ∪ {−ai1})K s82(s)

× ζ(1 − ai1 − bi2 − s)
∏

j1∈K\{i1}
j2∈L\{i2}

ζ(1 + a j1 + b j2 + s)
(

t
2π

)−s

ds ≪ K −1/2+3δt1/2−3δ.
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Therefore,∑
i1∈K,i2∈L

ci1,i2

1
2π i

∫
(−1/2+3δ)

A((I \ {ai1}) ∪ {−bi2 − s}, ((J \ {bi2}) + s) ∪ {−ai1})K s82(s)

× ζ(1 − ai1 − bi2 − s)
∏

j1∈K\{i1}
j2∈L\{i2}

ζ(1 + a j1 + b j2 + s)
∫

∞

−∞

(
t

2π

)−s−ai1−bi2

ds ω(t) dt

≪ K −1/2+3δ

∫
∞

−∞

ω(t)t1/2−δ dt ≪ K −1/2+3δT 3/2−δ. (50)

Note that since K = T 1+η, we require δ < η/2(2 + 3η).
Next, we compute the terms R11(a, b), R12(a, b), R21(a, b) and R22(a, b) in (49). We have

R11(a, b) = Ress=0(I11(s)) + Ress=−a−b(I11(s)).

For the first residue, we have

Ress=0(I11(s)) = Ress=0

(
U (s)

s2

)
= U ′(0),

where

U (s) =

(
2π

t

)a+b 1
ζ(2 − a − b)

(
K
t

2π

)s

ζ(1 − a − b − s) f (s)G(s).

Since X = log
(
K
/ t

2π

)
, we have

U ′(0) =

(2π
t
)a+b

ζ(2 − a − b)

(
Xζ(1 − a − b) f (0)G(0) − ζ ′(1 − a − b) f (0)G(0) + ζ(1 − a − b) f ′(0)G(0)

+ ζ(1 − a − b) f (0)G ′(0)
)
.

It follows that

Ress=0(I11(s)) = U ′(0) =

(2π
t
)a+b

ζ(2 − a − b)

(
−ζ ′(1 − a − b) + ζ(1 − a − b)(X + g1 + c1)

)
.

Since s = −(a + b) is a simple pole, we have

Ress=−a−b(I11(s)) = −82(−a − b)K −a−bζ(1 − a − b)
1

ζ(2 − a − b)
.

Thus we obtain

R11(a, b) =

(2π
t
)a+b

ζ(2 − a − b)

(
−ζ ′(1 − a − b) + ζ(1 − a − b)(X + g1 + c1)

)
− 82(−a − b)K −a−bζ(1 − a − b)

1
ζ(2 − a − b)

= −

(
2π

t

)a+b

h(−a − b)

(
F(−a − b)

(a + b)2 +
f (−a − b)

a + b
(X + g1 + c1)

)
− K −a−bh(−a − b)

G(−a − b)

a + b
f (−a − b)

a + b
. (51)
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Next for R22, we note that

R22(a, b) = Ress=0(I22(s)) + Ress=−a−b(I22(s)).

Here
Ress=0(I22(s)) = Ress=0

(
V (s)

s2

)
= V ′(0),

where

V (s) = −
1

ζ(2 + a + b)

(
K
t

2π

)s

ζ(1 + a + b + s) f (−s)G(s).

We compute

V ′(0) = −
1

ζ(2 + a + b)

(
Xζ(1 + a + b) f (0)G(0) + ζ ′(1 + a + b) f (0)G(0)

+ ζ(1 + a + b)(−1) f ′(0)G(0) + ζ(1 + a + b) f (0)G ′(0)
)
.

It then follows that

Ress=0(I22(s)) = V ′(0) = −
1

ζ(2 + a + b)

(
ζ ′(1 + a + b) + ζ(1 + a + b)(X − g1 + c1)

)
.

For the other residue, since s = −(a + b) is a simple pole we have

Ress=−a−b(I22(s)) = 82(−a − b)K −a−b
(

2π

t

)−a−b

ζ(1 + a + b)
1

ζ(2 + a + b)
.

Hence

R22(a, b) = −
1

ζ(2 + a + b)

(
ζ ′(1 + a + b) + ζ(1 + a + b)(X − g1 + c1)

)
+ 82(−a − b)K −a−b

(
2π

t

)−a−b

ζ(1 + a + b)
1

ζ(2 + a + b)

= −h(a + b)

(
F(a + b)

(a + b)2 +
f (a + b)

a + b
(X − g1 + c1)

)
+ K −a−b

(
2π

t

)−a−b

h(a + b)
G(−a − b)

−a − b
f (a + b)

a + b
. (52)

It remains to compute R12 and R21. We have

R12(a, b) = Ress=0(I12(s)) + Ress=−a(I12(s)) + Ress=−b(I12(s)),

R21(a, b) = Ress=0(I21(s)) + Ress=−a(I21(s)) + Ress=−b(I21(s)).

For R12(a, b), we note that

Ress=0(I12(s)) =

(
2π

t

)a

ζ(1 − a)ζ(1 + b)
1

ζ(2 + b − a)
,

Ress=−a(I12(s)) = −82(−a)K −aζ(1 + b − a)
1

ζ(2 + b − a)
,

Ress=−b(I12(s)) = 82(−b)K −b
(

2π

t

)a−b

ζ(1 + b − a)
1

ζ(2 + b − a)
,
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so

R12(a, b) = −

(
2π

t

)a

h(b − a)
f (−a)

a
f (b)

b
+ K −ah(b − a)

G(−a)

a
f (b − a)

b − a

− K −b
(

2π

t

)a−b

h(b − a)
G(−b)

b
f (b − a)

b − a
. (53)

For R21(a, b), we will use

Ress=0(I21(s)) =

(
2π

t

)b

ζ(1 − b)ζ(1 + a)
1

ζ(2 + a − b)
,

Ress=−a(I21(s)) = −82(−b)K −bζ(1 + a − b)
1

ζ(2 + a − b)
,

Ress=−b(I21(s)) = 82(−a)K −a
(

2π

t

)b−a

ζ(1 − b + a)
1

ζ(2 + a − b)
,

and find that

R21(a, b) = −

(
2π

t

)b

h(a − b)
f (−b)

b
f (a)

a
+ K −bh(a − b)

G(−b)

b
f (a − b)

a − b

− K −a
(

2π

t

)b−a

h(a − b)
G(−a)

a
f (a − b)

a − b
. (54)

Inserting (50)–(54) into (49) yields the desired result. □

Now we will rewrite R2(a, b) and simplify its expression. We set

L′
= X + g1 + c1 and L′′

= X − g1 + c1,

and also
κ25(a, b) = −E1(−a − b)h(−a − b) f (−a) f (−b)F(−a − b),

κ̃25(a, b) = E1(−a − b)h(−a − b) f (−a) f (−b) f (−a − b),

κ26(a, b) = E1(−a)h(b − a) f (−a)2 f (b)2,

κ27(a, b) = E1(−b)h(a − b) f (a)2 f (−b)2,

κ28(a, b) = h(a + b) f (a) f (b)((a + b) f ′(a + b) − f (a + b)),

κ̃28(a, b) = h(a + b) f (a) f (b) f (a + b),

κ29(a, b) = E2(−b)E1(b − a)h(b − a)G(−b) f (−a) f (b) f (b − a),

κ210(a, b) = E2(−a)E1(a − b)h(a − b)G(−a) f (a) f (−b) f (a − b),

κ211(a, b) = E2(−a − b)E1(a + b)h(a + b) f (a) f (b)G(−a − b) f (a + b).

(55)

With this notation and by (48), we can write

R2(a, b) =
(
R25 +R26 +R27 +R28 +R29 +R210 +R211

)
(a, b),
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where we set

R25(a, b) =
1

ab(a + b)2 κ25(a, b) −
1

ab(a + b)
κ̃25(a, b)L′,

R26(a, b) =
1

(ab)2 κ26(a, b),

R27(a, b) =
1

(ab)2 κ27(a, b),

R28(a, b) = −
1

ab(a + b)2 κ28(a, b) −
1

ab(a + b)
κ̃28(a, b)L′′,

R29(a, b) =
1

ab2(b − a)
κ29(a, b),

R210(a, b) =
1

a2b(a − b)
κ210(a, b),

R211(a, b) = −
1

ab(a + b)2 κ211(a, b).

(56)

By Theorem 3.2 and Propositions 4.1 and 4.2 we arrive at the following proposition.

Proposition 4.3. Let I = {a, 0} and J = {b, 0}. Then

DI,J ;ω(K ) =

∫
∞

−∞

ω(t) ·R(a, b) dt + O
(

T 3(1+η)/4+ε

(
T
T0

)9/4

+ T 1−η/2
)

,

where

R(a, b) =
1

ab

(
1

(a + b)
(L + 2g1)κ11(a, b) + 2

1
(a + b)

κ̃11(a, b) +
1

a(a + b)
κ13(a, b)

+
1

b(a + b)
κ14(a, b) +

1
(a + b)2 κ25(a, b) −

1
(a + b)

κ̃25(a, b)L′
+

1
ab

κ26(a, b)

+
1

ab
κ27(a, b) +

1
b(b − a)

κ29(a, b) +
1

a(a − b)
κ210(a, b) −

1
(a + b)2 κ211(a, b)

)
.

Proof. We have R(a, b)=R1(a, b)+R2(a, b). The result follows from (46), (56), and the observations that

κ12(a, b) = κ28(a, b), κ11(a, b) = κ̃28(a, b) and L0 −L′′
= log t

2π
+ 2g1 = L + 2g1. □

4.3. Computing lima,b→0 R(a, b). Our goal is now reduced to computing the limit of R(a, b) as
a, b → 0. To this end, we write down the Taylor series expansions of the entire functions κ1∗, κ2∗ and κ̃2∗

using (21) and (55), and then we combine the terms with similar coefficients to obtain the expression

R(a, b) =
(

A1 + Ã1 + A2 + A3 + A4 + A5 + A6
)
(a, b), (57)
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where the functions A1, Ã1, A2, A3, A4, A5, and A6 are given as follows:

A1(a, b) =
1

ab(a + b)
(L + 2g1)κ11(a, b) +

1
a2b(a + b)

κ13(a, b) +
1

ab2(a + b)
κ14(a, b)

=
1

ab(a + b)

∑
j1, j2, j3

g j1 g j2(g ⋆ δ) j3(L + 2g1)a j1b j2(a + b) j3

+
1

a2b(a + b)

∑
j1, j2, j3

g j1 g j2(g ⋆ δ) j3( j1 − 1)a j1b j2(a + b) j3

+
1

ab2(a + b)

∑
j1, j2, j3

g j1 g j2(g ⋆ δ) j3( j2 − 1)a j1b j2(a + b) j3,

Ã1(a, b) =
2

ab(a + b)
κ̃11(a, b) =

2
ab(a + b)

∑
j1, j2, j3

g j1 g j2(g ⋆ δ′) j3a j1b j2(a + b) j3,

A2(a, b) =
1

(ab)2 κ26(a, b) +
1

(ab)2 κ27(a, b)

=
1

(ab)2

∑
j1, j2, j3

(−1) j1(α ∗ g ∗ g) j1(g ∗ g) j2δ j3{a
j1b j2 + (−1) j3a j2b j1}(b − a) j3,

A3(a, b) =
1

ab2(b − a)
κ29(a, b) +

1
a2b(a − b)

κ210(a, b)

=
1

ab2(b − a)

∑
j1, j2, j3

g j1(c ⋆ β ⋆ (−1)•g) j2(g ⋆ α ⋆ δ) j3(−1) j1+ j2a j1b j2(b − a) j3

−
1

a2b(b − a)

∑
j1, j2, j3

g j1(c ⋆ β ⋆ (−1)•g) j2(g ⋆ α ⋆ δ) j3(−1) j1+ j2(−1) j3a j2b j1(b − a) j3,

A4(a, b) = −
1

ab(a + b)2 κ211(a, b)

= −
1

ab(a + b)2

∑
j1, j2, j3

g j1 g j2(g ⋆ δ ⋆ α ⋆ (−1)•c ⋆ (−1)•β) j3a j1b j2(a + b) j3,

A5(a, b) =
1

ab(a + b)2 κ25(a, b)

= −
1

ab(a + b)2

∑
j1, j2, j3

g j1 g j2(α ⋆ g′ ⋆ δ) j3(−1) j1+ j2+ j3a j1b j2(a + b) j3,

A6(a, b) = −
L′

ab(a + b)
κ̃25(a, b)

= −
L′

ab(a + b)

∑
j1, j2, j3

g j1 g j2(g ⋆ α ⋆ δ) j3(−1) j1+ j2+ j3a j1b j2(a + b) j3 .
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We will first compute limb→a R(a, b) and then use Maple to find lima→0(limb→a R(a, b)). It is straight-
forward to see that

lim
b→a

A1(a, b) =
1

2a3

∑
j1, j2, j3

g j1 g j2(g ⋆ δ) j3(L + 2g1)2 j3a j1+ j2+ j3

+
1

2a4

∑
j1, j2, j3

g j1 g j2(g ⋆ δ) j3( j1 − 1)2 j3a j1+ j2+ j3

+
1

2a4

∑
j1, j2, j3

g j1 g j2(g ⋆ δ) j3( j2 − 1)2 j3a j1+ j2+ j3,

lim
b→a

Ã1(a, b) =
1
a3

∑
j1, j2, j3

g j1 g j2(g ⋆ δ′) j32 j3a j1+ j2+ j3,

lim
b→a

A2(a, b) =
2δ0

a4

∑
j1, j2

(−1) j1(α ∗ g ∗ g) j1(g ∗ g) j2a j1+ j2,

lim
b→a

A4(a, b) = −
1

4a4

∑
j1, j2, j3

g j1 g j2(g ⋆ δ ⋆ α ⋆ (−1)•c ⋆ (−1)•β) j32 j3a j1+ j2+ j3,

lim
b→a

A5(a, b) = −
1

4a4

∑
j1, j2, j3

g j1 g j2(α ⋆ g′ ⋆ δ) j3(−1) j1+ j2+ j32 j3a j1+ j2+ j3,

lim
b→a

A6(a, b) = −
L′

2a3

∑
j1, j2, j3

g j1 g j2(g ⋆ α ⋆ δ) j3(−1) j1+ j2+ j32 j3a j1+ j2+ j3 .

(58)

It remains to compute limb→a A3(a, b). We have

A3(a, b) =
1

ab2(b − a)

∑
j1, j2

g j1(c ⋆ β ⋆ (−1)•g) j2(−1) j1+ j2a j1b j2

×

(
(g ⋆ α ⋆ δ)0 + (g ⋆ α ⋆ δ)1(b − a) +

∑
j3≥2

(g ⋆ α ⋆ δ) j3(b − a) j3

)
−

1
a2b(b − a)

∑
j1, j2

g j1(c ⋆ β ⋆ (−1)•g) j2(−1) j1+ j2a j2b j1

×

(
(g ⋆ α ⋆ δ)0 − (g ⋆ α ⋆ δ)1(b − a) +

∑
j3≥2

(g ⋆ α ⋆ δ) j3(−1) j3(b − a) j3

)
.

It follows that

lim
b→a

A3(a, b) = (g ⋆ α ⋆ δ)0 lim
b→a

{
a

a2b2(b − a)

∑
j1

g j1(−1) j1a j1
∑

j2

(c ⋆ β ⋆ (−1)•g) j2(−1) j2b j2

−
b

a2b2(b − a)

∑
j1

g j1(−1) j1b j1
∑

j2

(c ⋆ β ⋆ (−1)•g) j2(−1) j2a j2

}

+
(g ⋆ α ⋆ δ)1

a3

∑
j1

g j1(−1) j1a j1
∑

j2

(c ⋆ β ⋆ (−1)•g) j2(−1) j2a j2 . (59)



Mean values of long Dirichlet polynomials with divisor coefficients 1457

At this point, we need the following lemma to simplify the limit on the right-hand side of (59).

Lemma 4.4. Let f1 and f2 be entire functions. Consider

F(z1, z2) :=
f1(z1) f2(z2) − f1(z2) f2(z1)

z1 − z2
.

Then

lim
b→a

F(a, b) = f ′

1(a) f2(a) − f1(a) f ′

2(a).

Proof. Note that if a ̸= b, then

F(a, b) =
( f1(a) − f1(b)) f2(a)

a − b
−

f1(a)( f2(a) − f2(b))

a − b
.

As b → a, we obtain F(a, b) → f ′

1(a) f2(a) − f1(a) f ′

2(a). □

We may apply this lemma for

f1(z) = z
∑

j1

g j1(−1) j1 z j1 and f2(z) =

∑
j2

(c ⋆ β ⋆ (−1)•g) j2(−1) j2 z j2 .

These are both entire functions since f1(z) = −z2ζ(1 − z) and f2(z) = zG(−z)e−zY ζ(1 + z). When we
apply the lemma in this setting, (59) becomes

lim
b→a

A3 = (g ⋆α ⋆δ)0 lim
b→a

(
1

a2b2(b−a)
f1(a) f2(b)−

1
a2b2(b−a)

f1(b) f2(a)

)
+

(g ⋆α ⋆δ)1

a4 f1(a) f2(a)

=
(g ⋆α ⋆δ)0

a4

(
f ′

1(a) f2(a)− f1(a) f ′

2(a)
)
+

(g ⋆α ⋆δ)1

a4 f1(a) f2(a)

=
(g ⋆α ⋆δ)0

a4

∑
j1, j2

g j1(c⋆β ⋆(−1)•g) j2( j2 − j1 −1)(−1) j1+ j2a j1+ j2

+
2(g ⋆α ⋆δ)1

a3

∑
j1, j2

g j1(c⋆β ⋆(−1)•g) j2(−1) j1+ j2a j1+ j2 .

Then upon adding the right-hand sides of (58) to the right-hand side of the last equation above, we obtain

R(a, a) = lim
b→a

R(a, b)

=
1
a4

( ∑
j1, j2, j3

C1( j1, j2, j3)a j1+ j2+ j3 +

∑
j1, j2

C2( j1, j2)a j1+ j2

)

+
1
a3

( ∑
j1, j2, j3

D1( j1, j2, j3)a j1+ j2+ j3 +

∑
j1, j2

D2( j1, j2)a j1+ j2

)
,

where

C1( j1, j2, j3) =
1
2( j1 + j2 −2)2 j3 g j1 g j2(g ⋆δ) j3 −

1
4 2 j3 g j1 g j2(g ⋆δ ⋆α ⋆(−1)•c⋆(−1)•β) j3

−
1
4(−1) j1+ j2+ j32 j3 g j1 g j2(α ⋆g′ ⋆δ) j3,
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C2( j1, j2) = 2δ0(−1) j1(α∗g ∗g) j1(g ∗g) j2 +(−1) j1+ j2( j2 − j1 −1)(g ⋆α ⋆δ)0g j1(c⋆β ⋆(−1)•g) j2,

D1( j1, j2, j3) =
1
2(L +2g1)2 j3 g j1 g j2(g ⋆δ) j3 +2 j3 g j1 g j2(g ⋆δ′) j3 −

1
2L

′(−1) j1+ j2+ j32 j3 g j1 g j2(g ⋆α ⋆δ) j3,

D2( j1, j2) = 2(−1) j1+ j2(g ⋆α ⋆δ)1g j1(c⋆β ⋆(−1)•g) j2 .

Hence

R(a, a) =
1
a4

∞∑
j=0

C( j)a j ,

where
C(0) = C1(0, 0, 0) + C2(0, 0),

and for j ∈ N we have

C( j) =

∑
j1, j2, j3

j1+ j2+ j3= j−1

D1( j1, j2, j3)+
∑
j1, j2

j1+ j2= j−1

D2( j1, j2)+
∑

j1, j2, j3
j1+ j2+ j3= j

C1( j1, j2, j3)+
∑
j1, j2

j1+ j2= j

C2( j1, j2).

Using Maple we show that C( j) = 0 for j = 0, 1, 2, 3, and we compute

R(0,0) = C(4)

= −
7

12δ0L4
−δ0L2Y 2

+
4
3δ0L3Y +

1
3δ0LY 3

−
1

24δ0Y 4
+
(
−2δ1+

4
3δ0c1−4g1δ0

)
L3

+
(1

3δ1−
1
6δ0c1+

2
3 g1δ0

)
Y 3

+(−2δ0c1+4δ1+8g1δ0)L2Y +(−2δ1−4g1δ0+δ0c1)LY 2

+
(
8g1c1δ0−8g1δ1−4δ2−5g2

1δ0+4c1δ1−2δ0c2−6g2δ0
)
L2

+
(
−8g1c1δ0+12g2

1δ0−4c1δ1+2δ0c2+8δ0g2+16g1δ1+8δ2
)
LY

+
(
δ1c1+2g1c1δ0−2δ2−3g2

1δ0−
1
2δ0c2−2δ0g2−4g1δ1

)
Y 2

+
(
12g2

1δ0c1+8c1δ0g2+16g1c1δ1−8g1c2δ0−4δ0g1g2−8δ1g2−12δ0g3−4c2δ1

+2δ0c3+8δ2c1+4δ0g3
1 +4g2

1δ1
)
L

+
(
−δ0c3−6g2

1δ0c1−4c1δ0g2−8g1c1δ1+4g1δ0c2+12δ0g1g2+8δ3+12g2
1δ1

+4δ0g3
1 −4c1δ2+2δ1c2+4δ0g3+16g1δ2+8δ1g2

)
Y

+16δ4−16δ1g3+32δ3g1+32g2
1δ2−24δ0g4+8g2

2δ0+5δ0g4
1 +16δ1g3

1 −8δ0g1g3

+16δ1g1g2+12δ0g2
1g2+12g2

1δ1c1+12δ0g1g2c1+8δ3c1+4δ0g3
1c1+4δ0g3c1

+8δ1g2c1+16g1δ2c1−4δ2c2−6g2
1δ0c2−4δ0g2c2−8g1δ1c2+4g1δ0c3+2δ1c3−δ0c4.

Note that the above expression is a polynomial in Y and L . By collecting terms of the same degree
in R[Y, L] and noting from (21) that Y = log K and L = log t

2π
, we find that

R(0, 0) =

4∑
j=0

Q j (Y, L),

where the polynomials Q j are defined within the statement of Theorem 1.2.
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Appendix A: Proof of Corollary 1.3

Let r(t) = 1[T,2T ](t) and choose smooth functions ω+(t) and ω−(t) which satisfy

ω−(t) ≤ r(t) ≤ ω+(t),

where

ω+(t) =

{
0 if t < T − T0 or t > 2T + T0,

1 if T + T0 ≤ t ≤ 2T − T0,

and also

(ω±)( j)
≪ T − j

0 .

Note that

D2,2;ω−(K ) ≤ D2,2;r (K ) ≤ D2,2;ω+(K ), (60)

where we let

D2,2;ω±(K ) =

4∑
j=0

∫
∞

−∞

ω±(t)Q j

(
log K, log

t
2π

)
dt + O

(
T 3(1+η)/4+ε

(
T
T0

)9/4)
+ O(T 1−η/2).

It follows from the above that

4∑
j=0

{∫
∞

−∞

ω+(t)Q j

(
log K, log

t
2π

)
dt −

∫
∞

−∞

r(t)Q j

(
log K, log

t
2π

)
dt
}

=

4∑
j=0

{∫ T

T −T0

+

∫ 2T +T0

2T

}
ω+(t)Q j

(
log K, log

t
2π

)
dt ≪ T0(log T )4.

Note that a similar argument establishes the same bound when ω+ is replaced by ω−. Thus by (60) we have

D2,2;r (K ) =

4∑
j=0

∫
∞

−∞

r(t)Q j

(
log K, log

t
2π

)
dt + O

(
T 3(1+η)/4+ε

(
T
T0

)9/4)
+ O(T 1−η/2) + O(T0(log T )4).

We then select T0 = T (12+3η)/13 so that the first and the third error terms are equal, and obtain

D2,2;r (K ) =

4∑
j=0

∫
∞

−∞

r(t)Q j

(
log K, log

t
2π

)
dt + O(T max{(12+3η)/13,1−η/2}).

Appendix B: Computation of the coefficients in Theorem 1.2

In this section, we rewrite the expressions for Q0(x, y), Q1(x, y), Q2(x, y), and Q3(x, y) that appear
in Theorem 1.2 by using the definitions of g j and δ j in terms of γ j−1 and ζ ( j)(2) as described in (18)
and (20). Note that c0 = 1 and the rest of the coefficients c j that appear in Theorem 1.2 depend on the
smoothing function ϕ.
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Using Maple we compute the following expressions for Q3, Q2, Q1 and Q0:

Q3(x, y) =

(
4γ

π2 −
12ζ ′(2)

π4 −
c1

π2

)
x3

+

(
6c1

π2 −
24γ

π2 +
72ζ ′(2)

π4

)
x2 y+

(
−

12c1

π2 +
48γ

π2 −
144ζ ′(2)

π4

)
x y2

+

(
−

24γ

π2 +
72ζ ′(2)

π4 +
8c1

π2

)
y3,

Q2(x, y) =

(
12γ1

π2 −
18γ 2

π2 +
144ζ ′(2)γ

π4 −
432ζ ′(2)

2

π6 +
36ζ ′′(2)

π4 +
12c1γ

π2 −
36ζ ′(2)c1

π4 −
3c2

π2

)
x2

+

(
−

48c1γ

π2 +
72γ 2

π2 +
144ζ ′(2)c1

π4 +
12c2

π2 −
48γ1

π2 −
576ζ ′(2)γ

π4 +
1728ζ ′(2)

2

π6 −
144ζ ′′(2)

π4

)
xy

+

(
48c1γ

π2 −
30γ 2

π2 −
144ζ ′(2)c1

π4 −
12c2

π2 +
36γ1

π2 +
288ζ ′(2)γ

π4 −
864ζ ′(2)

2

π6 +
72ζ ′′(2)

π4

)
y2,

Q1(x, y) =

(
−

36c1γ
2

π2 +
24γ 3

π2 +
24c1γ1

π2 +
288c1ζ

′(2)γ

π4 +
24c2γ

π2 −
72γ γ1

π2 −
432ζ ′(2)γ 2

π4

−4c1

(
216ζ ′(2)

2

π6 −
18ζ ′′(2)

π4

)
−

72c2ζ
′(2)

π4 −
6c3

π2 +
12γ2

π2 +
288ζ ′(2)γ1

π4

+16
(

216ζ ′(2)
2

π6 −
18ζ ′′(2)

π4

)
γ −

10368ζ ′(2)
3

π8 +
1728ζ ′(2)ζ ′′(2)

π6 −
48ζ ′′′(2)

π4

)
x

+

(
72c1γ

2

π2 +
24γ 3

π2 −
48c1γ1

π2 −
576c1ζ

′(2)γ

π4 −
48c2γ

π2 +
24γ γ1

π2 −
144ζ ′(2)γ 2

π4

+8c1

(
216ζ ′(2)

2

π6 −
18ζ ′′(2)

π4

)
+

144c2ζ
′(2)

π4 +
12c3

π2 −
36γ2

π2 −
288ζ ′(2)γ1

π4

)
y,

Q0(x, y) = −
31104ζ ′(2)

2
ζ ′′(2)

π8 +
1152ζ ′(2)ζ ′′′(2)

π6 −
72ζ ′(2)c3

π4 −
6c4

π2

+8
(

−
1296ζ ′(2)

3

π8 +
216ζ ′(2)ζ ′′(2)

π6 −
6ζ ′′′(2)

π4

)
c1−4

(
216ζ ′(2)

2

π6 −
18ζ ′′(2)

π4

)
c2−

24ζ (4)(2)

π4

+
864ζ ′′(2)

2

π6 +
124416ζ ′(2)

4

π10 +
24γ3

π2 +
30γ 4

π2 +
48γ 2

1

π2 +
24γ1c2

π2 −
36γ 2c2

π2 −
72γ 2γ1

π2

+32
(

−
1296ζ ′(2)

3

π8 +
216ζ ′(2)ζ ′′(2)

π6 −
6ζ ′′′(2)

π4

)
γ +32γ 2

(
216ζ ′(2)

2

π6 −
18ζ ′′(2)

π4

)
+16γ

(
216ζ ′(2)

2

π6 −
18ζ ′′(2)

π4

)
c1+

288ζ ′(2)γ2

π4 +
12γ2c1

π2 +
24γ c3

π2 +
24γ 3c1

π2

−
24γ γ2

π2 −
576ζ ′(2)γ 3

π4 +
288ζ ′(2)γ1c1

π4 +
288γ ζ ′(2)c2

π4 +
576ζ ′(2)γ γ1

π4

−
72γ γ1c1

π2 −
432γ 2ζ ′(2)c1

π4 .
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