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Mean values of long Dirichlet polynomials
with divisor coefficients

Fatma Cicek, Alia Hamieh and Nathan Ng

We prove an asymptotic formula for the mean value of long smoothed Dirichlet polynomials with divisor
coefficients. Our result has a main term that includes all lower-order terms and a power saving error term.
This is derived from a more general theorem on mean values of long smoothed Dirichlet polynomials that
was previously established by the second and third authors (Adv. Math. 410:B (2022)). We thus establish
a stronger form of a conjecture of Conrey and Gonek (Duke Math. J. 107:3 (2001), Conjecture 4) in the
case of divisor functions.

1. Introduction

Mean values of Dirichlet polynomials play an important role in analytic number theory. They have
important applications to zero-density estimates, primes in short intervals, gaps between primes and mean
values of L-functions. Although we will describe some elements of the theory, one may consult [Iwaniec
and Kowalski 2004, Chapters 9, 10; Montgomery 1994, Chapter 7] for a comprehensive discussion on
mean values of Dirichlet polynomials.

For a sequence of complex numbers (a(n)), an associated Dirichlet polynomial is a partial sum in
Z a(n)

el

n<kK

the form

By [Montgomery and Vaughan 1974, Corollary 3], this has the approximate behavior

17 .
7‘/O Za(n)n—o'—ll

n<kK
provided that K = O(T). If K = o(T), then < can be replaced by ~ and thus one has an asymptotic

2
dr < Z lan)|>’n™%° as K — oo, )

n<kK

formula.
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Note that the integral on the left-hand side of (1) is called a mean value of the Dirichlet polynomial.
If K is not O(T), then this integral is referred to as a mean value of a long Dirichlet polynomial and it is
considerably more difficult to evaluate. Observe that when the left-hand side of (1) is expanded out via
the identity |z|> = zZ, one encounters correlation sums in the form

Y amam+r) forrezt, )
n<x
which are viewed as part of the off-diagonal contribution. In this case, the integral in (1) depends, in a
crucial way, on the asymptotic behavior of such correlation sums. Goldston and Gonek [1998] provided
very precise formulae for mean values of this type under some conditions on the behavior of (a(n)).
Indeed, their work can lead to asymptotic formulae for mean values of general Dirichlet polynomials in the
case that T < K < T'!'*7 for some n < 1 if there is square-root cancellation in the error term of their formula
for (2). The reader is referred to Theorems 1-3 and their corollaries in [Goldston and Gonek 1998].
In their work on the sixth and eighth moments of the Riemann zeta function, Conrey and Gonek [2001]
conjectured an asymptotic formula for the mean values of long Dirichlet polynomials when a(n) = t(n)
and K = T with 0 < n < 1. Here for k € N, 1 denotes the k-th divisor function, which is defined as

() =#n,...,n) eN [ ny - -ng=n} forneN.
For example, for k = 2, 7o(n) is the ordinary divisor function d(n).

Conjecture 1.1 [Conrey and Gonek 2001, Conjecture 4]. Let T be sufficiently large and K = T'*" with
n € (0,1). Then

2T i (n) 2 ag log K 2
/r ;{W dtNF(k2+1)wk<10gT>T(10gT) ’
where
_ 1y sz(P“)}
ak_E[{(l L) >
, k-1 2
we(x) = x* {1 =3 (g )= —x—"—l)},
n=0
kN kN n—1 it =2 .
y"(”)zzz(i)(j)(iﬂ—Z)( i ) forneZ* and yi(0) =k.

i=1 j=l1

The case k = 2 of Conjecture 1.1 was established by Bettin and Conrey [2021] for all n > 0. In this
article we prove a stronger form of the conjecture in the same case, but for 0 < n < % and for smoothed
Dirichlet polynomials. To be precise, we obtain all lower-order terms with a power savings error term.
We note that both the error term and the range for n in our theorem below depend directly on bounds for
the error term in the binary additive divisor problem. We discuss this in more detail in Remark 1.4 below.
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Before presenting our result, we need to set some notation. Let (a(n)) and (b(n)) be sequences and ¢ be
some real-valued smooth function. We will specify the properties that ¢ is required to have in Section 2.1.
We define the smoothed Dirichlet polynomials

e} oo
a(n) n b(n) n
Agy(s) =Y pr ¢<E) and By ,(s) =) ol <)

n=1 n=1

We then consider the mean value
D pi(K) = / () Ag (% +it) By, (3 —it) dt, 3)
R
where w is a complex-valued smooth function that satisfies the conditions

w 1s smooth, 4)
the support of w lies in [¢1T, caT], where 0 < c; < ¢, 5

for some positive absolute constant v, there exists Ty > T such that Ty <« T and oV (1) « TO_j . (6)

The Fourier transform of w is

Wu) = / w(t)e 1 dt. (7)
R
It satisfies the following property:
If |u| > T0_1+£, then |@(u)| K T4 for any A > 0. (8)

Since throughout the paper we will only study the case where a(n) = t;(n) and b(n) = to(n) for some
positive integers k, £, in order to simplify our notation, we set

@k,igw(K) = @rk,rg;a)(K)-

We also need to introduce some real sequences (g;) and (§;). These are defined as coefficients in the

Taylor series ~ ~
; 1 .
f@=stts) =) gjsh h)=m7o= Z‘S

j=0

Another sequence (c;), which depends on the smoothing function ¢, is defined as follows. Let

G(s) = —Zfoo o) ()t dt.
0

Observe that G (s) is entire. We then write its Taylor series expansion as

o0

G(s) = chsj.

j=0

With these definitions in hand, we can state our main result.
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Theorem 1.2. Let K =T with0 < < % Suppose that a weight function w satisfies conditions (4), (5)
and (6) with v > %(5 +3(n+ 1)), while ¢ is a function satisfying the conditions in (11). Then for

> 7 (n) n\|?
Zn1/2+n‘p K dt,

n=1

@2,2;0)(1():/0)(1‘)
R

we have

4 00 P T 9/4
Dr20(K) = f w(t)Q; (log K, log 2—) dt+ 0 <T3(1+n)/4+8 (T) + TI”/Z),
=0 —00 Y4 0

where each Q ;(x,y) € R[x, y] is a polynomial of degree j given by

1
Ou4(x,y)= m(—x“ +8x%y —24x%y? +32xy° — 14y4),
28081 , 81 c1do

3 73 T)x3 + (—48081 — 281 + c180)x”y

Q3(x’ )’) = (

4c16
+ (83081 + 481 — 2¢180)xy” + <_45081 28+ — 0>y3,

26
Q2(x,y) = (—250g2 — 38087 — 48181 — 285 +2¢18081 + €181 — %)x2

+ (88082 + 128087 + 16811 + 88, — 8c180g1 — 4c18) + 2280)xy
+(—58087 — 482 — 68082 — 83181 +8c1dogi +4c181 —2¢28)y7,
Q1(x, y) = (48083 + 12808182 +480g] + 85182 + 126187 + 168,81 + 883 — 4c18082 — 6¢18087
—8c18181 — 4182 +4cadog1 +2¢281 — ¢380)x
+ (—128083 — 4808182 — 88182 + 48187 +480g; + 8c180g2 + 12¢18087 + 16¢18181
+8c18> — 8cadog1 — 4cadi +2¢380) Y,
Qo(x, y) = 1684 — 1681 g3 + 328381 + 32878, — 248084 + 88580 + 58087 + 168187 — 8808183
+ 16818182 + 12808782 + 123811 + 128081 g2¢1 + 883¢1 + 48083 c1 + 480g3¢1
+851g2c1 + 16g182¢1 — 48202 — 68780¢2 — 48082¢2 — 88181¢2 +4g180¢3 + 2813 — Socs.
In Appendix A, we show how to remove the smooth function w and derive the following result.

Corollary 1.3. Let K =T with0 < n < %, and let ¢ be a function satisfying the conditions in (11).

Then, as T — 0o, we have
/” i nn) (n
r &= i\ k¢

where the polynomials Q j(x,y) are as given in Theorem 1.2.

2 4 por
dt=>Y" / 0, (log K. log - ) dr + O (Tm((12+3m/13.1-0/2))
]_O T J ’ 27_[ 9

Observe that asymptotically, this result has the same leading term as the one in the conjecture of Conrey

and Gonek in the case k =2 for 0 < n < %
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Our theorem depends on a result of Hughes and Young [2010, Theorem 5.1 and (74)], who applied
Duke, Friedlander and Iwaniec’s version of the §-method [Duke et al. 1994]. Their work only makes use
of the Weil bound for Kloosterman sums. Using ideas from Aryan [2017] and Topacogullari [2017], the
main theorem in [Duke et al. 1994] can be improved by applying the spectral theory of automorphic forms
and bounds for sums of Kloosterman sums. The spectral theory of automorphic forms was first applied
d(n)d(n+r) in the case r = 1 in [Deshouillers and
Iwaniec 1982]. Their ideas were extended in a wide-ranging way by Motohashi [1994], who derived an

to the classical additive divisor sum D(x, r) = anx
exact formula for this sum. From this formula he derived extremely strong uniform estimates for D (x, r)
that were uniform in r. His results were later improved by Meurman [2001] in some ranges of r. The
works of Aryan [2017] and Topacogullari [2017] rely heavily on ideas from these aforementioned articles.

Our main result in this paper follows from [Hamieh and Ng 2022, Theorem 1.1], which requires an
asymptotic formula for additive divisor sums involving the shifted divisor function rather than the ordinary
divisor function (see Section 3 below for more details). Therefore, the aforementioned articles of Aryan
and Topacogullari cannot be applied directly as they prove correlation estimates for the ordinary divisor
functions of the type

> dmyd(n) f(m, n),
m-—n=r

where f(m, n) are certain smoothing functions. Instead, one would need to replace d(m) and d(n) by
the shifted divisor functions

—ay j—a —by ;—b
Ual,az(m) = Z dl ldz 2 and Ubl,bz(n) = E dl ldz 2,
didy=m dydr=n

where a1, a, by, by € C. A second issue is that the smoothing functions in [Aryan 2017; Topacogullari
2017] are not general enough. For instance, in [Aryan 2017, p. 1458, equation (0.8)] f(x, y) is supported
on a box of the shape [X, 2X] x [X, 2X] and satisfies the bound
9t oy i
@Wf(x, V)L X
We would have to consider smoothing functions on more general boxes [X, 2X] x [Y, 2Y], which satisfy
the bound (P/X)'(P/Y)/ for some parameter P > 1. In applications, it is important to have this extra
parameter P. In [Topacogullari 2017], while the smoothing function satisfies a bound of the desired shape
(see [Topacogullari 2017, p. 155]), it is also restricted to be of the form f(x,y) = w;(x/X)w2(y/Y),
where wi and w, are smooth compactly supported functions. The smoothing function required for the
application of [Hamieh and Ng 2022, Theorem 1.1] is not of this form.

By applying the advanced techniques employed in [Aryan 2017; Topacogullari 2017] to the setting
of shifted divisor functions while incorporating a more general smoothing to the correlation sum, it is
likely that one could improve [Hughes and Young 2010, Theorem 5.1 and (74)]. This would result in an
improvement of both the error term and the range of n in our Theorem 1.2.
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Remark 1.4. If the binary divisor conjecture AD; 2(%2,2, C2.2, B2,2) holds for a triple (92,2, C2.2, B2.2) €
[%, 1) X [0, 0co) x (0, 1] (see Conjecture 3.1 below for notation), then Theorem 1.2 holds for

1 Cro+(ho+e)(n+1)
n<——1 and v>
%2 14+ Coo

14C,
0<Tﬁ2,2(1+n)+8(1> . + T1U/2)‘
Ty

One expects that the methods of [Aryan 2017; Topacogullari 2017] would lead to AD; 2(92.2, C2.2, f2.2)
with fo2o=1—€ and ¥, = % + 6, where 6 is the current best bound for the Ramanujan conjecture. We

with an error term

are not able to predict the improved value of C; > without going through certain technical aspects of the
proof. In particular, if the Ramanujan conjecture is true so that ¥, , = %, then Theorem 1.2 will hold for
Dirichlet polynomials with length K = T for any ¢ < 2.

Our approach in proving Theorem 1.2 is slightly different from that in [Goldston and Gonek 1998;
Conrey and Gonek 2001]. In both works, one of the key steps is to express the mean value in (1) in terms
of the correlation sums in (2) via partial summation. Whereas in the work of the second and the third
authors [Hamieh and Ng 2022], the starting point is to split the sum into sums over dyadic intervals via a
smooth partition of unity. Furthermore, they also work with shifted divisor functions. Conditionally on
the additive divisor conjecture [Hamieh and Ng 2022, Conjecture 4], they compute the mean value

Do1,07:0(K),
where
ormy= Y  d;"--di™ and oym)y= Y d;"---d”
dy---dy=n dy--dy=n
are shifted divisor functions associated to sets of complex numbers Z ={ay, ..., ar}and J = {by, ..., bs}.

Then Zs;.,6.,:0(K) is evaluated by using a smooth partition of unity. Thus, instead of the correlation sums
as in (2), the authors work with the smoothed correlation sums

Y oz(mog(n)F(m,n), ©)

m,ne
m—n=r

where F' is a smooth function defined on a box [M, 2M] x [N, 2N]. The main term for Z,, ;0 (K) is
expressed in terms of a diagonal contribution and an off-diagonal contribution. The diagonal contribution
equals a contour integral involving the Dirichlet series

o.¢]

st = 32
m=1

These contour integrals can be evaluated similarly to integrals that one encounters in standard applications
of Perron’s formula.
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The most difficult part is the computation of the off-diagonal terms. They may be expressed as a certain
average of sums of type (9). On the additive divisor conjecture, conjectural main terms for sums of this
type are inserted and a formula for %, »,.»(K) is obtained. This idea of considering smoothed sums
originated in [Duke et al. 1994] and was employed in a similar context in [Hughes and Young 2010; Ng
2021; Ng et al. 2025]. Once the main terms from the additive divisor conjecture are inserted, there is still
a lengthy calculation that needs to be done. One encounters Dirichlet series of the shape

Gz(l1—ai,q)Gy(1—b,,
He 7t ) () = chq(r) (1 —ai, )Gy ( 61)’ (10)

2 ai, btzr“'1+b12+s
r=1qg=1

where iy € {1,...,k},ix €{l,..., €}, ¢,(r) is the Ramanujan sum, and Gz(1 —a;,, q) and G 7 (1 —b;,, q)
are multiplicative functions that arise from the additive divisor conjecture (see (27) and (28) below).
Indeed, in some approximate way,

Gz(1 —ai, @) ®on\(q,}(¢) and Gyl —biy, q) = o7\p,)(q)-

One requires a meromorphic continuation of the Dirichlet series Hz, 7. {ai, ), (i} (8) tO the region N(s) > —1.
Furthermore, numerous facts about the gamma function are used; 1nc1ud1ng the beta function identity and
various versions of Stirling’s formula. At the end, the off-diagonal contribution can be expressed as a sum
of contour integrals of the functions Hz, 7:(a, },(,,} (s). From these expressions, the integrals corresponding
to the diagonal and off-diagonal contrlbutlons can be evaluated by a contour shift and the residue theorem.

In order to prove Theorem 1.2, firstly, we will apply the main theorem of [Hamieh and Ng 2022] to
our special case. The theorem provides a general asymptotic formula in the form

Dor,07:0(K) ~ Mo 1,7,0(K) + My 1,7,0(K)

as K — oo, where the terms on the right-hand side are as in (35) and (36). We will prove in Lemma 3.3 that
both My 7. 7., (K) and M 1 7., (K) are holomorphic as functions of elements of the sets Z={ay, . .., ax}
and J ={by,...,b}. Note thatif k =¢ =2 and a; =b; =0 for j =1, 2, then %, 5 ,,,(K) becomes
D1.2:(K). Upon explicit computations, each of the main terms My 7 7., (K) and M 7 7.,(K) will be
expressed as a sum of polar terms in a, b, a — b or a + b in the setting Z = {a, 0} and J = {b, 0}. We
will then carefully analyze all the terms, and show that these polar terms cancel each other while the
remaining terms match the ones in our main theorem.

This idea of working with the shifted divisor functions oz(n) and o 7(n) and then setting the shifts
equal to zero originated in [Ingham 1927]. An advantage of this approach is that when computing the
residues one only deals with simple poles. Still, it is quite technical to find a formula for the mean value
in terms of the shifts and show that the polar terms are indeed canceled out. On the other hand, it is also
possible to compute 2 7., (K) directly, that is, without using any shifts. In that case, one must deal with
poles of higher order, so the residue calculations will be more complicated.

‘We now comment on the use of the smooth weight functions w and ¢ in our definition of Z 4.,,(K). Note
that the function ¢ appears in the definitions of A, ,(s) and B ,(s). Classical forms of the approximate
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functional equation do not have smooth weights and they have much weaker error terms. In comparison,
weighted approximate equations have much smaller error terms (see [Titchmarsh 1986, (4.20.1), (4.20.2);
Iwaniec and Kowalski 2004, Theorem 5.3]). By introducing the function ¢, one is able to make use
of the Mellin transform instead of Perron’s formula. This has the advantage of providing much better
decay rates in the resulting complex integrals. The other weight function w can be thought of as a smooth
approximation to the indicator function 1;7271(¢). The purpose of weighing the mean value with such
a function is to improve the estimation of the off-diagonal terms. As in [Hamieh and Ng 2022, (4.17)
and (4.18)], for example, employing the bound in (8) for & allows one to dispense of many error terms.

On another note, mean values of weighted long Dirichlet polynomials with the von Mangoldt func-
tion A(n) as their coefficients have been computed. Based on the results of Goldston and Gonek [1998],
Chan [2004] computed asymptotically such mean values, assuming a version of the twin prime conjecture
involving correlations of A (n). Heap [2022] proved upper and lowers bounds for these types of mean values
assuming the Riemann hypothesis. His work circumvents the estimation of correlation sums by writing the
Dirichlet polynomial as an integral of the logarithm of the zeta function. On the critical line, the logarithm
of the zeta function can be approximated by a short Dirichlet polynomial on average, so the problem then
reduces to estimating moments of the short Dirichlet polynomial. His work is more closely related to
the articles of Soundararajan [2009] and Harper [2013] on upper bounds of the zeta function and it also
employs techniques related to the pair correlation of zeros of the zeta function as in [Montgomery 1973].

We remind the reader that mean values of long Dirichlet polynomials are known to be closely related
to the moments of the Riemann zeta function (see [Conrey and Gonek 2001; Ivié 1997a; 1997b]). The
2k-th moment is defined as

T
I(T) = /0 (L +i)[* dr.

For I,(T), the fourth moment of the Riemann zeta function, Heath-Brown [1979] was the first to show
that it is asymptotic to TP4(log T) for a certain polynomial P4 of degree four as T — co. However,
he did not compute all coefficients of this polynomial. Conrey [1996] gave several formulae for the
coefficients of this polynomial. Conrey et al. [2008] provided numerical values for all coefficients of P;.
Now, by the formulae in Conjecture 1.1, it is proposed that the first few polynomials for the asymptotics
of the moments of Dirichlet polynomials are

wy(x) = —x* 4+ 8x> —24x% +32x — 14,

w3(x) = —2x7 +27x® —324x7 +2268x° — 8694x” + 19278x* —25452x> + 19764x> — 8343x + 1479.
As it turns out, the polynomials w3 (x) and w4(x) are intimately related to the sixth and the eighth moments
of the Riemann zeta-function, respectively. Indeed, the identities

w3(x)+w3B—x)=42 and 2w4(2) = ws(2)+ wqa(2) =24024

led to Conrey and Gonek’s conjectures [2001]

I3(T) ~ TTlog T and I4(T)~ TTlog T.
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Their work also provided a heuristic argument showing that I; (7") could be expressed as a sum of two
mean values of long Dirichlet polynomials of k-divisor functions for k = 3, 4 as in Conjecture 1.1.

Finally, we note that with the same approach as in this article, it is likely that one could establish an
asymptotic formula for % ».,,(K) for each other integer k > 3 for some K = T+ where 0 < < 1,
by building on the ideas in [Drappeau 2017; Topacogullari 2017; 2018]. This is current work in
progress. However, this approach would not allow one to estimate % x.,,(K) for K > T2 Conrey and
Keating [2016; 2019] introduced a method with new divisor sums to estimate Z .., (K) for such K. This
created a new branch in this area of research, which is active at the present time.

Conventions and notation. Given two functions f(x) and g(x), we shall interchangeably use the no-
tation f(x) = O(g(x)), f(x) < g(x) and g(x) > f(x) to mean that there exists M > 0 such that
| f(x)] < M|g(x)| for all sufficiently large x. The statement f(x) =< g(x) means that the estimates
f(x) < g(x)and g(x) < f(x) simultaneously hold.

Per our notation, ¢ denotes an arbitrarily small positive constant which may vary from instance to
instance. The letter p will always be used to denote a prime number. We also adopt the usual notation
that for s € C, its real part is o = 9i(s). The integral notation

c+ioco

f(s)ds ::f f(s)ds
(c) c

"—i00

for a complex function f(s) and real number ¢ will be used frequently.
Give two sequences (a(n)), (b(n)), we define their additive convolution ((a » b)(n)) by

@xb)my= > a@b().

u,v>0
u+v=n

(Z a(n)X”) (Z b(n)X”) - Z(a *b)(n) X"
n=0 n=0 n=0

for a variable X. We will also use the notation (—1)* to denote the sequence ((—1)")72.

This is so that

Organization. The plan of our paper is as follows. In Section 2 we define some special functions and fix
the notation that will be used throughout the paper. In Section 3, we recall the main theorem in [Hamieh
and Ng 2022], which provides an asymptotic formula for %, ;. (K). We prove that the main terms
Mo.1.7:0(K) and M 1, 7.,(K) in this formula are holomorphic functions of the elements of Z and J.
Then in Section 4, we prove Theorem 1.2 by computing My 7, 7.,(K) + M1 7, 7.0 (K) explicitly in a
special case of |Z| = |J| = 2. In Appendix A, we show that Theorem 1.2 will still hold if the weight
function w in the mean value is replaced by 17,27 and thus prove Corollary 1.3. Finally in Appendix B,
we rewrite the expressions for Qg (x, y), Q1(x, y), O2(x, y), and Q3(x, y) that appear in Theorem 1.2 in
terms of the y; and ¢ (2) for suitable j.
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2. Setting and preliminaries

2.1. Properties of ¢. For a fixed number u € (0, %), let ¢ be a smooth, nonnegative function defined
on Rx¢ such that
1 forO<t<l,
p(1) =
0 forzt>1+pu, (11)
eV (1)« pn™/ forall j >0.
Its Mellin transform is

d(s) = /oo(p(t)ts_l dr, (12)
0

which converges absolutely for %i(s) > 0. The function ® has an analytic continuation to the entire
complex plane with the exception of a simple pole at s = 0 with residue 1.
For ¢ > 0 and (s) > ¢, we define

1
CI>2(S)=—./ D(s))P(s — 1) dsy. (13)
27Tl (c)
Observe that
D, (s) = / e 'dr and @(t)?=— | ®a(s)t*ds forc>0. (14)
0 2mi (c)

Note that ®,(s) has a simple pole at s = 0. It also satisfies the bound

M]—m(l +M)(’+m_l
[ D2 (s)| Kim Iss+ 1) - (s+m—1)] (15)

form>1andseC\{0,—1,...,—(m—1)}.

2.2. Taylor expansions of some functions. First, we recall the definitions of the functions f, h and G:

f&)=st(+s5)=>)g;s/,

j=0
his) = = 5.5/
(s) C2+s) o A (16)
G(s) = —2/00 P’ O dt =Y cjs’.
0 im0

We will provide precise formulae for these coefficients, g;, §;, and c;. Recall that

() = +Z ”’( 1Y/, (17)



Mean values of long Dirichlet polynomials with divisor coefficients 1437

where, for j > 0,
m

j j+1
y, = lim (Z (logk)’  (logm) )

m— 00 p k Jj+ 1

It follows that the function f(s) = s¢ (1 +s) is entire with the Taylor series expansion

f)=Y g,

j=0
where
1 for j =0,
& =1y . (18)
W for ] > 1.
Observe that g; = yp = y is Euler’s constant.
We also have
1 N
— Y 1
g.(z_"_s) ]2::0 ]s ’ ( 9)
where
o L 5 YO 20 =@
(2’ ¢(2* £(2)? ’
_ "2 3 _ o) 22 N2 e (2
55— 6(5'(2))” —¢"(2)¢( )4+6§( )§()§()’ (20)
¢(2)
5y — 24’ Q) =t D)) + 62 (222" (2)* + 82" (D¢ (22 (2) — 360 (2)('(2)%¢" (2)
B (2 ’

and in general §; lies in the field generated by the ¢ (2) with j e N.
Now, since

G(s)=-2 /oo () ()1° dt = sPy(s)
0

for ®,(s) as defined in (14), it follows that G(s) is an entire function and the coefficients of its Taylor
series are given by

(—2) * / J P
cj:T ; o) (t)(logt)! dt for j =0,1,....
In particular, we have

co= —2/0 e (1) dt = p(1)* = 1.

Furthermore, we find that

1+n . . . )
lejl < lfl/ log/(t)dt < p~" - - max log/ (1) =log/ (1 + ) < p/
1 te[l,14+u]

as long as u € [0, 1].
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We also introduce the following entire functions and their Taylor expansions, which will appear in our
calculations in Section 4:

F(s)=sf'(s) = f(5) =s2C'(1+s) =Y gis?.  where ¢} = (j — Dg;.
j=0

¢ Sy .
H(s)=—§(2+s)=28;s], where 8 = (j + 1)8;41, 1)
j=0

o0 0
t ) . .
L:logz—, Y=logK, X=Y—L,E(s)=¢t= § a5/, Ex(s)=e" = § Bjs’.
T
i=0 j=0

3. A mean value theorem under an additive divisor conjecture

We now recall the main theorem in [Hamieh and Ng 2022], in which an asymptotic formula is established

for mean values of long Dirichlet polynomials with higher-order shifted divisor functions, assuming a

smoothed additive divisor conjecture for higher-order shifted divisor functions. Before we state this result,

we shall introduce some necessary notation and recall the statement of the additive divisor conjecture.
We set

K={l,...,k} and L={1,...,¢}.
Throughout this section, Z and J are multisets of complex numbers indexed by K and L respectively and

are given by
I:{al,...,ak} and jz{bl,...,bg}

such that 1
lail, |bj| K —— forieKand jeLl (22)
log T
and | |
lai, — ai,| > @ and |bj, —bj,| > @ foriy i e Kand j, # j, € L, (23)
for some parameter 7 > 2.
Also, for a set of shifts Z = {ay, ..., a;} as before, we define a shifted divisor function as

or(m)= Y di"--di™

dy---dr=n

Observe that if Z = {0, ..., 0}, then oz (n) = 7y (n).
3.1. The additive divisor conjecture. We define the shifted convolution sum

Drry(r)= Y or(m)oz(n)F(m,n). (24)

m,n>1
m—n=r
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Here we assume that, for some X, Y and P > 1,

support(F) C [X, 2X] x [Y, 2Y] (25)

and that
XMy E (x, y) Lo P (26)
For a finite multiset of complex numbers A = {ay, ..., a,} and s € C, we define two multiplicative

functions n +— g4 (s, n) and n — G4 (s, n) by

gals,m) = H(i M)/(i "A(?’j)) @7)
Jj=0

pein N0 P pJs
and
o pd)d? u(e) ne
GA(s,n)_dXM: @) de - ne d). (28)

Notice that for n € N we have

3 (’AJ(’") =gats.m) [] ¢s +a).

j=l1 acA
We are now prepared to state a conjectural asymptotic formula for Dp.7, 7(r).

Conjecture 3.1 (k-£ additive divisor conjecture). There exists a triple

(Fk.e» Croe, Bre) € [3.1) x [0, 00) x (0, 1]

Sfor which the following holds (henceforth to be referred to as ADy ¢(Vx ¢, Ck.¢, Bk.¢) conjecture).

Let € be a positive absolute constant, P > 1, and X,Y > % satisfy Y =< X. Let F be a smooth function
satisfying the conditions (25) and (26), and suppose that T ={a, ay, ..., ar}and J ={by, ..., by} are
sets of distinct complex numbers such that |a;|, |b;j| < 1/log X foralli € {1, ..., k}and j €{1,...,£}.
Then for Dr.1, 7(r) as defined in (24), in the cases where X is sufficiently large (in absolute terms), one has

Dp.1,7(r) = Z Z l_[ t(1—a;, +a;) l_[ c(1— by, +by,) Z cq(r)Gz(1— Zi_l;:jllig(l —bi), q)

i1=1i=1 j1#i JaFEin 4q

oo
X / f, x—r)x % (x —r)_biz dx + O(PCk,zXﬁk,e—i-a)

max(0,r)

uniformly for 1 < |r| < XPre,

We say that ADy ¢(9k.¢, Ck.¢, Br.¢) holds if the k-£ additive divisor conjecture holds for a triple
Wr.e, Cre, Proe) € [%, l) x [0, co) x (0, 1]. It is important to note that in the case |Z| = | 7| = 2, Hughes
and Young [2010, p. 218] proved that ADy ¢ (P ¢, Ck.e, Pk.¢) holds for 9, = %, Cop= % and By, =1
by using Duke, Friedlander and Iwaniec’s §-method [Duke et al. 1994].



1440 Fatma Cicek, Alia Hamieh and Nathan Ng

3.2. Mean values of long Dirichlet polynomials with shifted divisor functions as coefficients. We now
consider the mean value of long Dirichlet polynomials associated with the shifted divisor functions oz

and o7 as defined in (3). For simplicity, we set
91.7:0(K) = ‘@UI,UJ;CU(K)'

Definition. Let Z, 7 be finite multisets of complex numbers. We define B(Z, [J) as the series

B(Z,J)=

i oz(n)oz(n) 29)
—,

n=1
provided that the series converges (for example, when N(a), R(b) > 0 for all a € Z and b € J), and by

analytic continuation elsewhere.

Observe that when the series (29) converges, we use the multiplicativity of ozo 7 to write

82,5 =] i oz(p")ij(p”).

P u=0 p
Upon factoring out [ | » [Tiex (1 — p‘l_“i_bf')_1 from the right-hand side of this, we obtain
jeL
Yoz (p")
—_—

BT =[]]]a-p ") 'TT[Ta-p""%")> Gz(p”p
u=0

P iek p i€k
jeL jeL

Definition. For a prime p and s € C, we set z,,(s) = (1 — p~*)~L. From the local factors z »(s), we define

2@ ) =]]]]z(0 +a+b), (30)

p iek
jeL

AT, J)z]‘[]‘[z;‘(1+ai+bj)zw. (31)

P iek u=0
jeL

Observe that we have

2@, =[] ¢(+a+bj)

iek,jel
and
B(Z,J)=AZ,J)ZZ,T). (32)
Next, we require some notation regarding set operations. Given a multiset U = {1, ..., o, } and &€ € C,
we define U+& ={a1+E, ..., a,+&}. Wealsoset —U ={—u«y, ..., —a,}. With this notation, the identity
oute(n) =n" oy (n) (33)
holds.

We are now ready to state [Hamieh and Ng 2022, Theorem 1.1].
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Theorem 3.2. Let |Z| = k and |J| = £ with k, £ > 2, and suppose that elements of both T and J
satisfy (22) and (23). Assume that ADy ¢(Ok.e, Ck.¢, Br.e) holds for some triple (Ok¢, Crq, Br.e) €
[% 1) x [0, 00) x (0, 1]. Let K = T'*" with n > 0, and let w satisfy (4), (5), and (6) with

(I = Bre)(1+n)
V>

and 0 <e < 1.

1—c¢
Then we have
T 1+Cr ¢
@I,J;a}(K) =MO,I,j;a)(K)+M1,I,.7;w(K)+ O(I(ﬁk'z—HB (F) ), (34)
0
where
@(0) s
Moz, 7,0(K) = i K ®y(s)B(Z+s,J)ds (35)
(©)

and

00 —ai—b;
Mz 7:0(K) = /0 o) Y (é) Z@\ (@), (~aDZ({—bs). T\ (b))

iek,jel
1 27K\’
X5 d>2(s)(—) Z(@\{ai) +5, T\{b;})¢(1 —ai —bj —s)
TS f
x A(@\{aih U{=bj —s}, (T \{b;}) +5) U{—a;})dsdt. (36)

Here ¢ > 0 is fixed and ©;(s) is as defined in (13).

3.3. Holomorphy of My, z1,7:,(K) and M 1, 7.,(K). We will now prove that the main term in the
asymptotic formula (34) is holomorphic as a function of the shifts ay, ..., ax, b1, ..., by. Asaconsequence
of this, in another lemma we will prove that Theorem 3.2 holds without the restrictions in (23).

Lemma 3.3. Under the hypothesis of Theorem 3.2 and with the same definitions, the terms Mo 1. 7:,(K)
and M 1, 7.,(K), which are written in (35) and (36), respectively, are both holomorphic as functions of
the variables ay, ..., ax, by, ..., by.

Proof. We follow the argument that was employed in [Baluyot and Turnage-Butterbaugh 2025, Section 6].
Recall that a;, b; < 1/logT foralli e K and j € L.

First, we consider My 7, 7.,(K). We repeat (35) here:
@(0) s
Moz 7.0(K)=—" K ®y(s)B(Z +s,J)ds,
2mwi ()

where, as in (32) , we have

BZ+s,J)=AZ+s, NNZIT+s,T)
with

1 S s u u
st =[] 1 (155 D020 g ] cbaen

u
P x€I+s,yeJ u=0 p x€Zl+s,yeJ
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From (29) and (33), we see that B(Z + s, J) is holomorphic as a function of the variables a; and b; due
to the restriction on the size of the a; and b;. Thus My 7, 7.,,(K) is also holomorphic in the a; and the b;.
We proceed with M 7. 7., (K), which, by (36), is given as
00 ¢ —a,-O—bjO
Miz.7.0(K) = /O o) Y. (§> Z(T \ai) A—aiDZ({~bjo}. T\ b))

l'()EK:,j()E[:
1 2K\
X o CI>2(s)(—) Z(@\{aih) +5, T\ {bjp}) (1 —aiy —bj, —s)
Tl J(e) t
x A((Z \{ai,}) U{=bj, — s}, (T \{bjo}) +5) U{—ai,}) ds dt.

For now, we assume that both sets Z and 7 have distinct elements and that their intersection is empty.
We expand each Z-term and .A-term in the above. By definition,

Z@\{ai) (—a )= ] cO+x+y=[]¢0+a—ay), (37)
xeT\{aj,}, i#io
y€{—aiy}

Z(=bjh, T\ b= ] ¢U+x+y=]]c0+b;—bj). (38)
xeT\{bjo}, J#io
ye{=bj,}

Also, by an argument of inclusion-exclusion we have
Z(-bph, I\tbih = [ ¢ +ai+s+b)
iek,jeLl,
i#io, j#jo 1_[ a b
icic icr S +a; +5s+b;
= iek,jel i J §(1+a,~0+s—|—bj0). (39)
[Liex ¢ +ai+s+bj) [1je  ¢(1+ai,+s+0b))

For the A-term as defined via (31), we note the following for its Euler product part:

1 1 1
TG S B (S Iy W (R
xeZ\{aj,} x€Z\{aiy},

x€(@\{aipHU(bjy—s), YET\bjp D+
Ve((I\(bjgh+9)0{—aj, ) vel—ai)
1 1
x l_[ (1 - p1+x+y) l_[ (1 - p1+x+y)'
xe{=bj,—s}, xe{—=bj,—s},
ve(T\(bjgh+s vel—aip)

Again by inclusion-exclusion, this can also be written as

| 1

| | o p1+x+y
xe(@\{aiyhU{=bj,—s},
YT\ Djg D+9)U{—aiy}

B X 1 1 M/, 1 WA
- 1_[ _p1+a,»+b,~+s zl;[c 1_p1+a,-+bj0+s l_[ _p1+a,«0+b,-+s _;

iek,jel jeL

1 1 1 1
[T(1- = ) TT(1- == )(1- - .
X < pl+ai7ai0 ) ( p1+bj7bj0 ) < pl+a,-0+bj0+s> ( plfaio *bjo S) (40)

iek jeL
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In view of these expressions, it will be useful to define for each prime p

P(p)="P(z1,22,5; p)

1 1 ! 1 !
= l_[ (1 - p1+a,-+b_,~+s> ll;[C<1 o p1+a,-Z2+S) l_[(l - pl+b_,~—Z|+s>

iek,jel jeL
1\ 1 1 1 1
x (1 o ;) zl;[C(l o p1+ai+Z1 ) g(l o p1+b,-+z2> (1 o pl—Z1—zz+s) (1 - p1+21+zz—s>'
By using Cauchy’s theorem, we can now write M| 7, 7., (K) as a sum of residues and thus as an integral.
By (37), (38) and (39) we have
Mi1,7,0(K)

> r N 2K\
=[Te0 ¥ () [ oo ()

1
x—.z/ / H§(1+Z1+ai)H§(1+Z2+bj)§(l+zl+22_S)§(1_Z1_ZZ+S)
Qi) Jizij=c/a Jial=c/a ;i o
% niezc,jeg§(1+ai+bj—|—s)
[lex ¢ tai—z22+9)[[jep¢(0—21+bj+9)

00 " "
Xl—[P(p)ZU(I\{—Zl})U{Zz—s}(p )O—IE(J\{—Zz})-i-S)U{m}(p )le dz ds dt. @n
p
p u=0

This is because the pairs z; = —a; and z, = —b; fori € K, j € L are the only poles of the above integrand,
all of which are simple.

Moreover, the integrand is holomorphic as a function of the a;, b; whenever they are distinct as per
our assumption. This is clear to see for the part of the integrand that involves ¢-values. It thus remains to
show that the Euler product in the above converges absolutely. For this, note that by (40) we have

o0
P(p) Z U(I\{—Zl})U{Zz—s}(pu);i(J\{—m})-i-S)U{Z]}(pu)
u=0

o0
_ 1—[ o1 Z O\~ 21 )U{z2—s} (PO T\ [~ 22D +9)Uz1} (P)
- p1+x+y p
xe(I\{—z1})U{z2—s}, u=0
ye((T\[—22D)+9)U(z1)

_ O(T\{—21)Ulza—s} (P)O(T\ (=22 +)Uz1} (P) 1 1
_<1+ p I1 I_W +0; =y | (42)
xe(T\{ 1

—z1HhU{za—s
ye((I\{—z22h+s)VU{z1}

In the last step, we used the estimate

o0

Z O(T\(—2 DUl —s} (PO (T \[=2a)+9)U(z1} (DY) < 1
pH € p2—8c+s
u=2

for suitable & > 0. 43)
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This estimate follows from the fact that, for any ¢ > 0,

O\ (21 Ulza—s} (P*) Ko p*(T MMzl B o puCete),
since
C
Rw) > —c— a > —2c¢ forve(ZT\{—z1})U{zn—s},

and from the similar estimate

O\ —z2) 40l ) () Ko pHOTE,

On the other hand, as in [Baluyot and Turnage-Butterbaugh 2025, Lemma 4.1], we see that, for
suitable € > 0,

I - — I\ L o@D abtnuedP) o 1)
p +x+y p p1+€
xe(T\{=z1})U{z2—s},

ye((T\{—z22D)+9)U{z1}

By combining this with (43), we obtain

(1 n U(I\{—m})u{zz—s}(P)U((J\{—Zz})-i'S)U{Zl}(p)) 1‘[ (1 — %ﬂ)
p xe(@\{—z1HU{z2—s}, p

ye((I\{=z2D+s)U{z1) 1 1
=1+ 0<p1+6> + Os<p28c+£>

for ¢ > O sufficiently small. Finally by (42) and by choosing ¢ > 0 suitably, we deduce that the Euler

product in (41) converges absolutely, hence it is holomorphic in the a; and b;. Therefore, we have shown
that if both Z and J have no repeated elements and that they don’t have any elements in common, then
the right-hand side of (41) is a holomorphic function of the a; and b;. By analytic continuation, the same
expression, and thus M 1, 7.,(K), is a holomorphic function of the shifts ay, ..., ax, by, ..., b, that
satisfy the condition a;, b; < 1/log T for all 7, j. U

Lemma 3.4. Theorem 3.2 holds without assuming the size restriction in (23).

Proof. We follow the argument that was employed in [Ng 2021, Section 5]. We set a = (ay, aa, . .., ax)
and b = (bl, bz, ey bz). We also let L(a, b) = gl,j;w(K) and R(a, b) = MO,I,j;w(K) +M1,I,j;w(K)
for convenience. By Theorem 3.2, we know that

1+Ck,g
L(a,b)— R(a,b) = 0([(”““(%) ) (44)

provided that coordinates of a and b satisfy the conditions (22) and (23). By Lemma 3.3, we also know
that L(a, b) — R(a, b) is holomorphic as a function of the variables ay, ..., at, by, ..., by.

Suppose that ay, ..., ai, by, ..., by are complex numbers satisfying |a;|, |b;| < Co/log T for some
positive constant Cy. Consider the polydisc D C C¥* given by

k 12
p=[]b;[]D;

j=t  j=lI
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where .
~ 2]+1C0
Dj ={Z€C1 Iz—ajl Sl”j}, DJ' Z{ZECZ |Z—bj| fl’j} and rj= IOgT .

Let dD; and aD ; be the boundaries of the discs D; and D ; respectively. By Cauchy’s integral formula,

we have | L( ) R( )
, W) — , W
L(a,b)—R(a,b):ﬁf / f / ‘ 22 dzdw, (45
Qm i)t Jop, ap, Jab, ab, (@—a)(w—b)
where
k 1
dz=dzy---dzx, dw=dw;---dwy, z—azl_[(zj —aj) and w—b= l_[(wj —bj).
j=1 j=1
Observe that for 1 < j, < j; < k we have
2Cy
|Zj1 _ijl = |Zj| —4aj | — |ij _ajzl - |aj1 | — Iajz| = IOgT’
2Cy
|w.i1 - w.izl z |wj1 _b.ill - |wj2 _b.i2| - |bj1| - |bj2| z IOgT.
Hence z; and w; satisfy the conditions (22) and (23). In particular, (44) holds for (z1, ..., zx) € ]_[];:1 0D;
and (wi, ..., wy) € ]_[f.:1 85j. More precisely, we have
T 14+Cye
L(z,w)— R(z, w) = O(KWW(T) )
0

By using this bound in (45), we obtain

T\ *+Cee K length(3D ) ¢ length(3D ;)
Deote( L ! ’
L(a.b)~ R(a.b) < K’ (T) [ [1

rj rj
0 j=1 J j=1 J

14+C
< Kﬂkl—i_s 1 ke
T ’

as desired. O

4. Proof of Theorem 1.2

As a first step in proving Theorem 1.2, we shall apply Theorem 3.2 with Z = {a, 0} and J = {b, 0}. In
the case |Z] = |7| = 2, we know that ADy ¢ (V.¢, Cr.¢. Br.¢) holds with 9 =2, Cp =2, and By, = 1
[Hughes and Young 2010, p. 218]. Hence, Theorem 3.2 holds unconditionally for any n < %

In order to compute 25 ., (K), we will simplify the expressions for My 7. 7.,(K) and M 1, 7.,(K)
that were provided by Theorem 3.2. We will move the contours of integration to the left, and then the
residues that are obtained will be part of the main term in our formula for 2, ».,(K). Once we obtain the
whole main term in terms of a and b, we will first let b tend to a, and then let a tend to 0. The resulting
limit will provide us with the result of Theorem 1.2.

Note that we will frequently refer to the special functions that were defined in (16) and (21).
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4.1. Computing My, 1, 7;0(K).
Proposition 4.1. Let 7 = {a, 0} and J = {b, 0}, and let My 1, 7., (K) be defined by (35). Then we have

Mo 1.7:0(K) = &(0)(Ri(a, b) + R} (a, b)) + O(TK /%),
where

Sfla+b) f(a) f(b) fla+b) f(a) f(b)
a+b a b ha+b)+2 a+b a b

f'a+b) f(a+b)\ f(a) f(b) fla+b) (f'(a) f(a)\ f(D)
+( a+b _(a+b)2) hlatb)+ ( a a2> b

Ri(a,b) =Y +ci1+y)

H(a+b)

h(a+b
b atb (a+b)

n fla+b) f(a) (f/(b) f )

atb a \ b B2 )h(a+b)’

and
f(b)f(b a) f(a b)

b—a

f(—a)h(b—a)+b~2G(—b)K~ bf(“)
f( —a)

R/l(a,b)chzG(—a)K a f(=b)h(a—b)

+(a+b)*G(—a—b)K ™~ bf( i

f(—a=b)h(—a—D).

Proof. By (1.31) and then by (1.28) in [Hamleh and Ng 2022], we can write
@(0)

2ri oo

=c?)(0) §(1+a+b+s)§(l+a+s)§(l+b+s)§(1+s)ds

K5 ®,(s
271 o) 2(5) Q2425 +a+b)

Moz, 7:0(K) = K*®,(s)B(Zs, J)ds ds

We move the line of integration to Ji(s) = —% + 25 capturing the residue of the integrand at s = 0 in

addition to the residues at s = —a, —b, —a — b. This gives

{(1—i—a—l—b—l—s){(l—l—a—{-s){(l—i—b—i—s)f(s))
{(2+2s+a+b)

{(1+a+b+s);‘(1+a+s)§(1+b+s)f(s)>
t24+2s+a+b)

{(1+a+b+s)§(1+a+s)§(1+b+s)f(s))

Mo z,7:0(K) = ©(0) Ress=o (S_QG(S)KS

+&(0) Resy—_, (s_zG(s)Ks

cQ2+2s+a+b)

§(1+a+b+s)§(1+a+s)§(1+b+s)f(s))
{2425 +a+b)

. a)(O) (Dz(S)KS;(l +a+b+s)(A+a+s)c(1+b+s)c(1+5s) Js
2mi (—1/2+425) tQ24+2s+a+b)

+ &(0) Ress—_p (szG(s)Ks

+®(0)Ress——_q_p <s—2G(s)KS

It follows from (15) that

/ S0 +a+b+s)c(d+a+s)c(1+b+s)c(1+s)
Dr(s)K
(=1/2+28) CR+2s+a+b)

ds < K122,
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Let us now compute the residue of

(A4+a+b+s)t(d+a+s)c(1+b+s)f(s)

-2 s
sTGWK {2425 4+a+b)
at s =0. This is
f(a+b)f(a)f(b) fla+b) f(a) f(b)
P h(a+b)+c; b 2 b h(a +b)
f'la+b)  fla+b) f(a)f(b) fla+b)(f'@ f@)fb)
+< a+b _(a+b)2> h(a+b)+ a+b < a a2> hia +b)
fla+b) fla)(f'b) [fb) fla+b) fla) f(b)
TTaTb a ( b )h(“+b)+”° atb o b ath
f(a+b)f(a)f(b)
a+b a b H@+b).
Further, this is equal to
f(a+b)f(a)f(b) fla+b) fla) f(b)
Y +c1+w “th  a h(a+b)+2 e h 2 b H(a+b)
f'la+b) fla+b) f(a)f(b) fla+b)(f'(a) fla)\f(Db)
+< > —(a+b)2> ; h(a+b)+ o ( P a2) h(a+Db)
f(a+b)f(a) ') fb)
atb a ( b B )h(“+b)’
which is R (a, b). The desired result is obtained by simply observing that
Rﬁ(a,b)=Ressz—a(s_2G(s)KS€(1+a+b+s)§(1+a+s)§(1+b+s)f(s)>
2+2s+a+b)
+Ress:b(s_zG(s)K"'g(l+a+b+s)§(l+a+s)§(1+b+s)f(s))
{2+2s+a+b)
+Ress:—a—b<s_2G(s)K‘Y§(l+a+b+s)§(1+a+s)§(1+b+s)f(s)). O
{Q2+2s+a+b)

We will now rewrite R (a, b) whereby we simplify its expression. For this, we introduce some notation:
Lo:=Y +c1+g1,
«kii(a, b) ;= f(a) f(D) f(a+D)h(a+b),
Kki1(a, b) == f(a)f(b)fa+b)H(a+Db),
ki2(a, b) := f(a) f(b)h(a+b)((a+b) f'(a+b) — fa+b)) = f(a)f(b)F(a+b)h(a+b),
k13(a, b) := f(b) f(a+b)h(a+b)(af'(a) — f(a)) = F(a) f(b) f(a+b)h(a+Db),
k1a(a, b) := f(a) f(a+b)h(a+b)(bf'(b) — f(b)) = f(a)F (b) f (a+b)h(a+b).

Observe that we can now write

Ri(a,b) = (Ri1 +Ri2+Ri3 +Ris)(a, b),
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where we set

1 1
R b)y=——L b)) +2———k ,b),
11(a, b) ab@1 D) ok11(a, b) + ab(a—l—b)K“(a )
1
Ri2(a, b) = ————«ki2(a, b),
b b)?
a (al—i- ) (46)
)= ——— b
Riz(a, b) azb(a—i-b)KB(a’ )
1
R )= —————— b).
14(a, b) abz(a-l—b)KM(a’ )

4.2. Computing M1z, 7,0(K). First, we observe that by (36) we have

21

o
.
Mizza®)= 3 522 [ o0 liiy(s, 1) ds di
i1ek,irel - R(s)=2¢

for sufficiently small € > 0, where

Ciiy = Z(@\ai } {—an DEA=bn), IN(~bp.) =[] ¢ —a,+a) [ ¢d—by+b),

JIeR\{i1} 2L\ iz}
2 ail+bi2+s
Ii|i2(sit)=cb2(s)Ks(T) é‘(l_al] _biz_s) l_[ {(1+a]]+b]2+s)
Jrek\fir}
J2€L\{iz}

A(@\ fai, ) U{=bi, =5}, (T \ (bi,)) +5) U {=a;}).

Since we chose Z = {a, 0} and J = {b, 0}, the terms c;, ;, and I;, ;, (s, t) that appear in M 1 7.,(K) can
be written more explicitly. We find that

27T a+b+s
Ill(s,t)zcbg(s)Ks( ) t(1—a—b—s)t(1+5)A({0, —b—s}, s, —a})
a+b+s
G“)KY( ) td—a—b—s)c(+s)

2
Ii2(s, 1) = CDg(s)KS( ) 1 —a—s)c(1 +b—|—s).A({0, —s}, {b+s, —a})

a-+s
_ G“)KY(Z”) t(l—a—s)(1+b+s)

{2—a—-b)’

Q2+b—a)’

2

t
b+s

_ @KS<2”> c(1=b—5)(1+a+ts)

t

b+s
D1 (s, t)_CDz(s)KS( ) {(1—b—s)§(1+a—|—s)A({a,—b—s},{s,O})

tQ2+a—b)
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(s, 1) = Py(s)K? (277{> t(1=5)¢(1+a +b+s)A({a, —s}, {b+s, 0})
G(s)

< ; >§(1—s)§(1+a+b+S)m.

One can compute ¢;, ;, in a straightforward manner. We collect the results in Table 1.
Hence we can write

o]

1
M 1.7.0(K) = %/ w(1) (t(1=a)sc(A=b) 111 (s, )+ (1—a); (14b) I15(s, 1)
—00 N(s)=2¢
+§(1+a)§(1—b)121(s,t)+€(1+a)€(1+b)122(s,t))dsdt- (47)
Proposition 4.2. Let K =T with0 < p < 3., and suppose that a weight function o satisfies (4), (5),
and (6) withv > (54+3(n+1))/9. Let T = {a, 0} and J = {b, 0} satisfy (22) and (23). In particular,
assume that |a|, |b| <& with § <n/2(2+ 3n). Then we have

o0
Miz.7.0(K) = / w(t) - (=R (a, b) + Ra(a, b)) dt + O (K V>3 13278,

—o0

where R (a, b) is as given in Proposition 4.1 and

a+b
Rz(a,b):—(zTn) h(—a—b)f(;a) f(—b)<F(—a—b) f(—a—Db)

(X +g1 +61)>

b (a+b)? a+b
2 f2(—a) f2(b) fz( b) f*(a)
+<t)h(b— R +< )h( —b)
f(a)f(b) Fla+b) f(a+b)
—h(a+Db) b ((a+b)2 > (X—81+01))

N K_b(2_ﬂ)“‘bh(b ) GED f=a) fa) f®)
t b b—a a b
A G(=a) fla=b) f(@) f(=b)
K <T> ha=b) a a—b a b
_ Kab<2_ﬂ )‘“"’h(a Ly GEa=b) fla+b) f@ f®)
t a+b a+b a b

(48)

(i1, 12) Cir.iy Liyi, (s, 1)

(1,1)  ¢(l—a)(—b) —G()K(zn) 5(1_“_b_s)f(s);(2—la—b)

1
(Q2+b—a)

(1,2)  c(—a)(+b) %G()K°<2n> t(l—a—s)c(14+b+s)

2, 1) ¢td4+a)d—Db) %G()Ks(zn) ;(1—b—s)§(1+a+s)—§(2+la_b)

1

2,2)  t(d+a)c(+b) —S—ZG(S)K“(T) (A tatb+)f (=)o

Table 1. The terms ¢;, ;, and ;, ;, (s, ).
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Proof. Observe that by Table 1, each of I1,(s, t) and I» (s, t) in (47) has

 a double pole at s =0,
» a simple pole at s = —(a + b),
whereas I1>(s, t) and I (s, t) in (47) each has
 a simple pole at s =0,
 a simple pole at s = —a,
 a simple pole at s = —b.
We denote by R;;,(a, b) the sum of the residues of I;,;,(s, t) at these poles. Moving the contour of

integration in (47) to the line 9i(s) = —% + 35 gives

o0

Mi1.7.0(K)= f w®)(¢(1—a)¢(1 —b)Ryi(a, b) +¢(1 —a)¢(1+b)Riz(a, b)
+¢(+a)t(1—b)Ra(a,b) + (1 +a); (1 +b)Rx(a, b)) dt

(o.¢]

Ciii
> 2;1,?/ (1) Ly (s, t)dsdt.  (49)

i1e,irel —00 (—=1/2+36)
We first estimate the second term on the right-hand side, which is equal to

1
E Cirias— / AT\ {ai, D) U{=bi, — s}, (T \ {bi,}) +5) U{—a; DK  Da(s)
T J(—1/2+38)

i]E]C,izEﬁ

0 /¢ \ TS —biy
x ¢(1—aj, —bi, —s) 1_[ §(1+aj1+bjz+S)f <2—> w(t)dtds.
Jrek\in) —oo \ 5T
J€L\{iz}

By using [{ (0 +it)| K< td-0)/2 logt foro € (0, 1) and |¢ (0 +it)| < 1 for o €[1.01, 2], we observe that
for s = —% + 368 +iu, we have

— k—1)(¢—1

¢A—ay—by—s) [T ¢+ay+bs+9 < ((ul+ D log@+ up) .
Jrek\{ir}
J2€L\iz}

We also know by [Hamieh and Ng 2022, Proposition 5.2] that
A(@\Aai, H U{=bi, —s}, (T \{bi,) +5)U{—a;,}) = O(1)
when R(s) > —1+ 26 + €. It follows that
/ AWZ \{ai, }) U{=bi, — s}, (T \{bi) +5) U{—a; H K" P2 (s)
(—1/2+35)

t —S 3 3
x¢(l—ay —by—s) ] §(1+a,-l+b,~2+s)(§> ds < K~1/2H301/273%,

Jrek\{i1}
J2€L\{iz}
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Therefore,

1
D Gy / AT\ {ai, D UL=bi, — s}, (T \{bi,}) + ) U{—ai DK o (s)
T J(—1/2+38)

e, el

s—ai, —bi,
X {(l_all - i 1_[ §(1+a]1 +b]2 +S)/ (271) ds a)(t) dt

JreR\{ir}
J2€L\{iz}

oo
< K1/2+38/ w(t)tl/zfé dt < K71/2+33T3/275‘ (50)

—o0
Note that since K = T, we require § < 1/2(2 + 3n).
Next, we compute the terms Ry (a, b), Ry2(a, b), Ry1(a, b) and Ry (a, b) in (49). We have

Rii(a, b) = Ress—o(111(s)) +Ress—_q—p(111(5)).

For the first residue, we have

R (57)-
ess—0(111(s)) = Res;— U'(0),

U B 2T a+b 1 K § . b G
(S)—(T) m g ((l—a—>b—ys)f(s)G(s).

where

Since X = log(K/#), we have
(2n)a+b
U'(0) = )(X§(1 —a—b) f(0)G0)—¢'(1—a—b)f(0)GO)+¢(1—a—Db)f'(0)G(0)

2 —
q +¢(1—a—b)f(0)G(0)).

It follows that

()

{2—a—Db)

Since s = —(a + b) is a simple pole, we have

Res;—o(111(s)) = U'(0) = (—¢'d—a—=b)+¢(1—a—b)(X +gi+c1)).

1

Ress——q—p(111(5)) = —Da(—a —b)K *P¢(1 —a— b)m.

Thus we obtain

()

Ryi(a,b) = m(

—{'(1—a—=b)+¢(1—a—b)(X +gi+c1))
1

®y(—a—b)K ™ P¢(1—a b){(z_a_b)

a+b o o
:_(2_”> h(—a—b)(F( azb)  Jiza b)(X+g1+c1))

t (a+b)? a+b
_ K p(ea—pyEEATD T gy
a+b a+b
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Next for R»>, we note that

Ry (a, b) = Resg—o(122(s)) +Resg——_q—p (I22(5)).

Here
\%
Res;—o(122(5)) =Ress=o( s(f )> =V'(0),
where s
K
= | — 1 - .

V(s) {(2+a+b)<#)g( +a+b+s)f(—s)G(s)

We compute
"0)= —— (X1 "a

V(0) §(2+a—|—b)( (A+a+b) f(OGO)+¢(1+a+b)f(0)G(0)

+ ¢ +a+b)(—1) f(0)G(0) +¢(1+a+b)f(0)G'(0)).
It then follows that

Res;—o(I22(s)) = V'(0) = ('A+a+b) +c(l+a+b)(X —gi+cn).

1
¢Q2+a+b)
For the other residue, since s = —(a + b) is a simple pole we have

o) —a—>b
Ress—_q—p(I(s5)) = Pa(—a —b)K " (771) ((1+a+b)

¢@+a+b)
Hence
Rzz(a,b):—m(;’(l+a+b)+;(1+a+b)(X—g1+aclz)
+<I>2(—a—b)K_“_b(27n> §(1+a+b)m
= —h(a+ b)(fﬂz)@ +7 i‘fb” X — g+ c1>)
—a—b
L Kb (27”) h(a+b) G(_:l“__bb) f ;“:bb) . (52)

It remains to compute R, and Rp;. We have
Riz(a, b) = Ress—o(112(s)) + Resg—_ (112(s)) + Ress—_p (112(5)),
Roi(a, b) = Res;—o(1r1(s)) +Resg——_q (121 (s)) + Resg=—p (121 (5)).
For Ri»(a, b), we note that

27\’
Res,—o(I12(s)) = (T) (I —a)s(l+ b)m,

Ress——a(l12(5)) = —P2(-a) K701 + b - Q)M’

a—b
Ress—_5(112(s)) = q’z(—b)Kb(z—n) ¢(1+b— a);,
t t24+b—a)
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SO

Ris(a. by — (2”>h<b_ )f( a)f(b) _ah(”‘“)G(;a)fz(pb__aa)

k- (271) b — )G( b)f(b—a)‘ (53)
t b—a

For Ryi(a, b), we will use

27\
RCSS:()(Iz](S)) == (T) {(1 - b)((l +a)§(2+a —b)’

1

- _ _ —b - py—
Res——(121(9)) = =®2(=h)K ¢l +a—b) o

) b—a 1
Res;——p(L21(s)) = Po(—a)K (777) ¢d—b+ Q)M’

and find that
b
Rai(a, b) = (2”) AORR AR S —b>G(_b) fa=b)
! b a b a—b
T a a—>b
Inserting (50)—(54) into (49) yields the desired result. 0

Now we will rewrite R (a, b) and simplify its expression. We set

E/:X+g1+c1 and C//:X—gl—l—cl,

and also
k2s5(a, b) = —E\(—a —b)h(—a —b) f(—a) f(—b)F(—a — D),

i25(a, b) = Ei(—a —b)h(—a — D) f(=a) f(=b) f(—a = b),
k6@, b) = Ex(—a)h(b —a) f (—a)” f (b)*,
kx(a, b) = Ex(=b)h(a —b) f (a)* f (—b)?,
Kkas(a, b) = h(a+b) f(a) f(b)((a+b) f'(a+b)— fla+D)), (55)
i2(a, b) =h(a+b)f(a)f(b)f(a+Db),
Kk29(a, b) = Ex(=D)E1(b —a)h(b —a)G(=b) f(=a) f(b) f(b—a),
K210(a, b) = Ex(=a)E\(a —b)h(a —b)G(—a) f(a) f(=b) f(a —b),
Ka11(a, b) = Ex(—a —b)Ei(a+b)h(a+b) f(a) f (D)G(—a —b) f(a + D).

With this notation and by (48), we can write

Ra(a, b) = (Ras + Ras + Ra7 + Rag + Rao + Raio + Raii) (a, b),
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where we set

Ras(a, b) = mms(a, b) — m@s(a, b)L,

Ras(a, b) = (a119)2K26(a’ b),

Rar(a, b) = (a119)2K27(a’ b),

Ras(a, b) = —m@s(a, b) — mﬁzs(a, b)L", (56)
Rag(a, b) = mlfm(a, b),

Raiola, b) = mlmo(a, b),

Raiila, b) = —m@u(a, b).

By Theorem 3.2 and Propositions 4.1 and 4.2 we arrive at the following proposition.

Proposition 4.3. Let 7 = {a, 0} and J = {b, 0}. Then

%0 T \9/4
%J;w(K)=/ w(t)-R(a,b)dt+0<T3“+'7>/4+8<_) +T1"/2>,
—00 TO
where
a, = K a, K a, K a,
ab\(a+b) ~ SV atb)" a@ b
1 1

’b Y ’b - K ,b L/ e ’b

+b(a+b)K]4(a )+ (a+b)2K25(a ) (a+b)K25(a ) +ablc26(a )
- D)+ ——— b))+ —— b)) — —— . b)).
+abK27(a )+b(b—a)K29(a )—i—a(a_b)/czlo(a ) (a+b)2K2“(a ))

Proof. We have R(a, b) =R (a, b)+Ry(a, b). The result follows from (46), (56), and the observations that
ki2(a,b) =ks(a,b), «i1(a,b) =kys(a,b) and Lo—L" =log 2L +2g1=L+2g. 0
J

4.3. Computing lim, ;_,0 R(a, b). Our goal is now reduced to computing the limit of R(a, b) as
a, b — 0. To this end, we write down the Taylor series expansions of the entire functions 1, k24 and K4
using (21) and (55), and then we combine the terms with similar coefficients to obtain the expression

R(a,b):(A1+A1+A2+A3+A4+A5+A6)(a,b), (57)
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where the functions Aq, Al, Ay, A3z, A4, As, and Ag are given as follows:

1 1
Aj(a,by=——(L+2 D)+ ———
1(a, b) ab(a—i—b)( +2g1)k11(a )+a2b(a+b)

1 L .
= @D ”Z, 218/, (g%8) s (L +2g1)a’' b7 (a + b)”
2,J3

1
+ a’b(a +b)

1
t @ +b)

Kki3(a, b) + k14(a, b)

1
ab*(a +b)

D 8185(g*8) ;3G — Dal' b (a +b)”

J1,J2.J3

> 2ii8i(g*8) (o — Dal'b?(a+b)7,
J15J2:J3

~ 2 2 o )
Al(a,b)=mm(a b) = W Z gjlgjz(g*é/)ha“b”(a+b)J3,

J1sJ2.J3

As(a,b) =

kas(a, b) + ——k27(a, b)

1
(ab)?

D (D) (@ xg#g)j(g%8)pdj{al b2 + (=1 a”bI (b — a)”,

JisJ2,J3

1
(a b)2

()2

As(a,b) = Kk9(a, b) +

1 1
ab?(b —a) ’ a’b(a —b)

1
= 20— Z gi(cxBx(=1)g);(g*xax8),(—=D)"T2al b2 (b —a)”
J1,J2,J3

D giexBr(=1)'g) (g xax8) (=) T (=1)Pa”bl (b —a)P,

JisJ2, 73

k210(a, b)

1
 a2b(b—a)

Ay(a, b) = — Kk211(a, b)

1
ab(a + b)?

1 o .
= ThE L SEn(Errex (C1 e (Z)B) sl bR b)Y
J1.J2: 3

As(a,b) = Kk2s5(a, b)

1
ab(a + b)?

1

= +j2+J3 01 102 73
- 2 Z 818 (axg *8)5(— 1)/ al'b(a + b)”,
ab(a+b) J1j2J3

/

L -
Ag(a, b) = —mkzs(a» b)

L - |
- m Z gilgjz(g*‘x*5).i3(—1)11+J2+Jsa11bjz(a_i_b)B.
J1sJ25J3



1456 Fatma Cicek, Alia Hamieh and Nathan Ng

We will first compute limp_., R(a, b) and then use Maple to find lim,_,o(limp—., R(a, b)). It is straight-
forward to see that

. 1 L
lim Ar(@,b) =55 37 8385(8*8)j(L+2gn2 al it
J1,J2,J3
1 . R
o Z 81182 (g*8)j5(j1 — 1)27al T2t
J1,J2,J3

_ Z gjlgj2(8*5)j3(j2—1)2j3aj1+j2+j3,

J1,J2:J3
.= 1 S
;}EBZAI(Q’ b) = a3 Z gjlgjz(g*6/)j3213a]1+n+}3,
J1,J2,J3 (58)
lim A;(a b)—@Z(—l)ﬁ(a* x2): (g% g)nall TP
b~>a2’ _(14 ggjlggjz s
JisJ2
li ! . . 23 gJ1t+iatis
lim Ay(a,b) =~ Z 8118 (g*x8xax (—1)°cx(—=1)°*B);;2"a 3,
Jisd2 g3
li — ! "%8 1)1ttt
bl—rgAS(a’b)__rdd',Z_ gjlgjz(oz*g* )j3(— ) 32134 3,
Jisd2s g3
r o
l}glz Agla, b) = —7‘3 Z gjlgjz(g*Ol*5)j3(—1)J'+]2+]32J3a]1+]2+13.
J1,J2:J3
It remains to compute lim,_,, A3(a, b). We have
As(a, b) = Wzgjl(c*ﬂ*( 1)* g)jz( 1)]1+]20J'b12
J15J2
x ((g*a*8>o+<g*a*8>1<b—a>+Z(g*a*6>j3<b—a>f3)
J3=2
1 L
— m Z &i (c*lg*(_1)°g)j2(_1)J1+JzanbJ1
JisJ2
x ((g*a*mo—(g*a*a)l(b—awZ(g*aw)j3<—1>f3<b—a)fs).

J3=>2
It follows that

l}i_l;l}lA3(a,b) (g*a*S)Ohm{ Zgjl( 1)“61”2(0*;3*( 1)°8)j,(— 1)2bi

W a
WZ&]( DABIY (ex Br (—1)°9) o~ 1>fza’2}
72
) o o
4 B i 3w (<1 (D a (59)

Ji J2
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At this point, we need the following lemma to simplify the limit on the right-hand side of (59).

Lemma 4.4. Let f| and f, be entire functions. Consider

_ S1(z1) f2(z2) — f1(22) f2(21)

{1 — 22

F(z1,22):

Then
lim Fa.b) = fi@@) fr(a) — fi(a) f>(a).

Proof. Note that if a # b, then

(fil@) = i) fola) — fila)(fala) — fo(b))
a—>b a—>b '

As b — a, we obtain F(a, b) — f{(a) fr(a) — fi(a) f,(a). O

F(a,b) =

We may apply this lemma for

fi(@) =z Z 8 (_l)jlzjl and fr(z) = Z(C*ﬂ " (—1)°g)j2(—1)j22j2.
J1 i
These are both entire functions since f(z) = —zzg“(l —z)and f>r(z) = 2G(—2)e=¥ (1 + 7). When we
apply the lemma in this setting, (59) becomes

)fl (a) f2(b) —

1 (gxaxd)
T 0 A@) + 5 @ @

l}i_r)l}lA3:(g*a*5)ogi_r)r;< a’b2(b—a

s )
= 0 i) @) — @) @) + EXE f ) fota)
a a

(gxa*8)o . o o

=T A Zgjl (cxBx(=1)°8)j,(jo— j1 — D(=1)/1F12q)1 0

JisJ2 ) 5 -

+—(g*a0;* )1 Zgjl (C*ﬂ*(—1)'g)j2(—l)J'HZa”HZ.
Jisj2

Then upon adding the right-hand sides of (58) to the right-hand side of the last equation above, we obtain

R(a,a) = I}im R(a, b)

1 . . . i . . . . . .
= CF( Z Ci(j1, ja, j3)al T2 H05 4 Z C2(j1, Jz)ahﬂz)
J1 2.3 i
1 . . . i ; . . . i .
T a_3( > DiG, jas a3 Do, Jz)a~“+12),

J1,J2,J3 Ji.j2
where
Ci(jr, oo J3) =3+ 2 —2)20g,8/,(8%8) j, — 1278, 8, (g*Sxax (—1)*cx (—1)*B)

— Al{(_ 1)]'1+j2-|-j32j3gj1 gpaxg' x8)j,,
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Ca(ji1, j2) =280(= 1)/ (ax g% )}, (g%8) j + (=) 2(ja— ji — 1) (g xa*8)og), (cx f*(—1)°g) »,
Dl(jh j27 ]3) = %(L +2gl)2j3gj1 8 (8*8)j3 +2j3gj1gj2 (g*s/)b - %E/(_l)jl+j2+j32j3gj1 8> (g*a*a)jw
Dz(jl,jz):2(—1)j‘+-i2(g*a*8)1gjl(c*ﬂ*(—l)'g)jz.
Hence
1 & .
Ra,a)=— Y C(ja’,
j=0
where
C(0) = C1(0, 0, 0) + C2(0,0),

and for j € N we have

ChH= Y. DiGuin+ Y, DGnid+ Y, CiGuinp+ Y, Clij).

iR b A=) fRo-
Using Maple we show that C(j) =0 for j =0, 1, 2, 3, and we compute
R(0,0)=C(4)

=—1580L*—80L*Y*+380L Y + 180 LY  — 2 80Y* +(—281+380c1 —4g180) L

+ (381 — £80c1 +38180) Y +(—280c1 +481 +88180) L*Y +(—281 —4g180+80c1) LY
+(8g1¢180—8g181 —482— 58180 +4c181 — 2802 —68280) L
+(—8g1c180+ 128780 —4c181 +280c2+88082+ 168181 +88,) LY
+ (81014281180 —282—38780— 2802 — 28082 —48161) Y

+(12g780c1 4818082+ 16810181 —8g1c280 — 4808182 — 88182 — 128083 — 428
+280¢3+882¢1 +480g7 +4g781) L

+(=8oc3 —6g780c1 —4c180g2—8g1¢181 +4g180c2+ 1280182 +883+ 12g78,
+480g7 —4c1824+281c2+480g3+ 16818, +88182)Y
+1684— 168183 +328381 432878, — 248084+ 88380 +5808] + 168183 — 8808123
+16381g182+ 12508%824- 12g%516‘1 +1280g182¢1+883¢1 +45og%01 +480g3¢1
+881g2¢1+ 16818201 —48200 — 6878002 — 4808202 — 8818102 +48180¢3 +281¢3 — o ca.

Note that the above expression is a polynomial in ¥ and L. By collecting terms of the same degree
in R[Y, L] and noting from (21) that Y =log K and L = log # we find that

4
R(0,0) =" 0Q,(¥, L),

J=0

where the polynomials Q; are defined within the statement of Theorem 1.2.
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Appendix A: Proof of Corollary 1.3
Let r(t) = 1;7,27(¢) and choose smooth functions o™t (t) and o™ (¢) which satisfy

o (D) <) S0t (@),

where
n 0 ift<T—Tyort>2T+T,
o' (1) = )
1 fT+Ty<t=<2T —T,
and also
Note that

@2,2;(0* (K) = -@2,2;}’(1() =< -@2,2;(fr (K)’ (60)

where we let
Lo t T\
D2t (K) = Z/ wr(1)Q; <log K, log —) dt + 0(T3“+")/4+8<—) > +0(T'="?).
im0V 2w Ty

It follows from the above that

4 ~ o
Z{f w+(l)Qj<10gK, 10g2L> dt—/ r(t)Qj<logK log 2—) dt}

j=0"7%°
2T+ Ty .
_Z{/ / }a)+(t)Qj(logK, log —) dt < Ty(log T)4,
Iy J2r 2

Note that a similar argument establishes the same bound when w™ is replaced by w™. Thus by (60) we have

9/4
Dror(K) = Z/ r)Q; (log K, log 2—) dt+0 <T3(1+”)/4+5(;;> )

+ O(T'™"?) + 0(Ty(log T)*).

We then select Ty = T (12+31/13 5o that the first and the third error terms are equal, and obtain

4 [o.¢]
t
Droir(K) =Y / r(t)Q ,-<log K. log 5~ >dt+0(Tma"{(u””)/”’1"7/2}).
— ’ T
j=077°

Appendix B: Computation of the coefficients in Theorem 1.2

In this section, we rewrite the expressions for Qo(x, ¥), O1(x, y), Q2(x, y), and Q3(x, y) that appear
in Theorem 1.2 by using the definitions of g; and §; in terms of y;_; and ¢ (2) as described in (18)
and (20). Note that co = 1 and the rest of the coefficients c¢; that appear in Theorem 1.2 depend on the
smoothing function ¢.
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Using Maple we compute the following expressions for O3, 0>, Q1 and Qy:

4y  120'Q2) 1\ ; 6ci 24y T20'Q)\ , 12c¢; 48y 144¢'(2)
Q3(x’y)=<ﬁ_7_ﬁ S e e S L s s S
24y 720(2) 8er 4
+<‘?+7+? v
12y, 18y2 1447'(Q)y  4320'(2)° 36¢"(2) 121y 367/ 32\ ,
QEN=\"7 "3 . 6t T a2 )t
T T T T T T v v

48¢ 72y2% 1447 (2)c 12¢ 48 57627 (2 1728/22 1447”7 (2
+(_ v 72T 5()1+ 2 By é"())/+ §'(2)° 14407 (2)

w2 w2 a4 w2 w2 T4

76

T4

72 w4 w2 w2 a4

48c1y  30y%  1447'(Q)cr 12, 36y 288C'(Q)y  864¢'(2)%  72¢7(2)
7 - - S R A - +

76

36c1v2  24y3  24c 288¢1¢'(2 24c¢ 72 4327'(2)y2
T 24y ey 288a8 @y 2day  T2yyi 4320 Q)y

Ql(x’y):(_ 7_[2

(2164”(2)2 18;”(2)) 72¢,8'(2)  6¢c3
—4¢y _ _

0 b 4 w2

w2 w2 i w2 w2

12y,

T4

T4

288" (D

72

T4

)

Jo

)

4

1(7\2 1 773 / 1 7
+16(216§ 27 18 (2)>y_10368§ @, 172802 Q) 48 (2))x

o T 8

76

+<72c1y2+24y3 48ciy1  576¢1L'(Q)y 48c2y+24yy1 1447’ (2)y?

w2 w2 w2 w4 w2 w2

12¢c3 36y, 28872y

T4

T4

4

216¢'(2)% 187" (2 144¢,7' (2
+8C1< 74;6()_ ;(>>+ ar'@)

T b

31104/22 7o) 1152¢7 () e (2 72¢'(2 6
Qolx,y)=— 5758)4'()_’_ '2)¢ ()_ f()CS_ﬁ

0 a4 72

72

72

T4

8

249

8 76 a4

773 / ” " 7(9\2 i
+8(_1296§ @, 2160/ (2) 6 (2))C1_4(216§ @ 18")

76

T4

e

864:"(2)% 12441677 (2)  24y;  30y* 48y 24yico 36y2c,  T2y°
L3647 Q)7 ¢ vs [ S0yT A8y 2Avicr Sbyter  T2y7y

T4

76 710 72 | g2 2 2

773 ’ " "
+32(_1296§8(2) L 216¢ (26); 2) 6¢ :2))
T T 4

+16y( por; o

216¢'(2)% 187" (2 288¢/(2 12
@ C())CH_ é“g))/z_i_ V201+

_ 2y ST60'Q)y? 2880 Dnicr | 288yL'Qer | 576Dy m

w2 b b 4
Tyyict 432970 ()
2 a4 '

T4

72 2
216¢'(2)%  18¢"(2)
2
y—|—32y( T
24ycy  24y3¢
2 w2 + w2

)
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