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Algebraic relations among hyperderivatives of
periods and logarithms of Drinfeld modules

Changningphaabi Namoijam

We determine all algebraic relations among all hyperderivatives of the periods, quasiperiods, logarithms,
and quasilogarithms of Drinfeld modules defined over a separable closure of the rational function field. In
particular, for periods and logarithms that are linearly independent over the endomorphism ring of the
Drinfeld module, we prove the algebraic independence of their hyperderivatives and the hyperderivatives
of the corresponding quasiperiods and quasilogarithms.
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1. Introduction

The objects of study in the present paper are inspired by elliptic curves in the classical setting. Let E be an
elliptic curve defined over Q. The period conjecture states that the transcendence degree over @ of the two
periods {w;, wy} and the two corresponding quasiperiods {n;, 2} of E is 2 when E has complex multipli-
cation (CM), and 4 otherwise. The CM case was confirmed to be true by Chudnovsky, while the non-CM
case is still open. With regards to logarithms of E, one can expect logarithms of algebraic numbers that are
linearly independent over End(E) to be algebraically independent over Q. Although linear independence
over @ of these logarithms is known due to Masser (for the CM case), Bertrand and Masser (for the
non-CM case), and as a consequence of Wiistholz’s analytic subgroup theorem, algebraic independence
of these logarithms is still fully open. See [Baker and Wiistholz 2007; Waldschmidt 2008] for details.

In the function field setting, Drinfeld [1974] introduced “elliptic modules”, now called Drinfeld modules,
as an analogue of elliptic curves. Later, Anderson [1986] defined higher-dimensional generalizations of
Drinfeld modules, called #-modules. One can ask analogous questions regarding algebraic independence
This project was supported by MoST Grant 110-2811-M-007-517 and partially by NSF Grant DMS-1501362.
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1260 Changningphaabi Namoijam

of periods, quasiperiods, logarithms, and quasilogarithms of Drinfeld modules and Anderson #-modules
defined over algebraic function fields. Yu [1997] proved the sub-f-module theorem, a remarkable result
regarding linear independence among logarithms of Anderson f-modules, which is an analogue of
Wiistholz’s analytic subgroup theorem, and proved the complete transcendence results concerning periods
and logarithms of Drinfeld modules [Yu 1986; 1990]. Thiery [1992] proved algebraic independence
results among periods and quasiperiods of rank-2 Drinfeld modules with complex multiplication. Chang
and Papanikolas [2011; 2012] proved algebraic independence of periods, quasiperiods, logarithms, and
quasilogarithms of Drinfeld modules of arbitrary rank. The goal of the present paper is to generalize
completely under separability hypothesis this work of Chang and Papanikolas [2011; 2012, Theorems 3.5.4
and 5.1.5, and Corollary 5.1.6] to include all hyperderivatives, which are defined below.

Let I, be a finite field, where g is a positive power of a prime number p, and let € be an indetermi-
nate. For the rational function field F, (), the j-th hyperderivative ag' : Fy(0) — F,(0) is defined by
Bej o@m = (';’)Gm_j, whg:re J = 0. Taking the completion [, ((1/0)) of F,(6) with respect to its oo-adic
absolute value |- |, 85 (-) extends uniquely to F,((1/0))°®. Note that hyperderivatives play a role
analogous to that of formal derivatives in the classical case. Unlike in the classical setting of elliptic curves,
one can take hyperderivatives of periods and logarithms of Anderson z-modules defined over [, (6)P.
Moreover, many interpretations of objects of interest in terms of logarithms of Anderson ¢#-modules involve
hyperderivatives. The entries of periods of the d-th tensor power ¢®¢ of the Carlitz module € (rank-1
Drinfeld module) are obtained using hyperderivatives [Maurischat 2018, Lemma 8.3] of Anderson—Thakur
functions [1990, §2.5]. Also, Carlitz zeta values [Thakur 2004] appear in the last coordinate of a logarithm
of €®4 [Anderson and Thakur 1990, Theorem 3.8.3]. Generalizing this, Chang, Green, and Mishiba
[Chang et al. 2021] showed that multizeta values [Thakur 2004] also appear as coordinates of logarithms
of a particular Anderson 7-module and further showed that its periods and logarithms are obtained using
hyperderivatives. There are also logarithmic interpretations of special values of Goss L-functions attached
to Drinfeld modules in terms of logarithms of an Anderson f-module, where hyperderivatives play a
crucial role [Gezmis and Namoijam 2021]. These interpretations further motivate interest in determining
algebraic independence of hyperderivatives of periods and logarithms of Anderson 7-modules.

Algebraic independence among hyperderivatives of the fundamental period of the Carlitz module
were proved by Denis [1993; 1995; 2000] and Maurischat [2018; 2022a]. Further work in this direction
was also done in unpublished work by Brownawell and van der Poorten. Utilizing Yu’s sub-f-module
theorem, Brownawell and Denis [2000] and Brownawell [1999; 2001] investigated linear independence of
hyperderivatives of logarithms and quasilogarithms of Drinfeld modules. In the present paper, we determine
all algebraic independence results among all hyperderivatives of periods, quasiperiods, logarithms, and
quasilogarithms of Drinfeld modules of arbitrary rank under the hypothesis of separability.

1.1. Hyperderivatives of periods and logarithms. For a finite field [, where ¢ is a positive power of a
prime number p, we set A :=[F,[0], k :=[F,(0) and k :=F,(1/0)), the completion of k at its infinite
place. We further set I to be the completion of an algebraic closure of ks, and let k and k%P be the



Algebraic relations among hyperderivatives of periods and logarithms of Drinfeld modules 1261

algebraic closure and the separable closure respectively of & inside IK. For a variable ¢ independent from 6,
we further define A :=[F,[] and k :=[F, (7).
For n € Z, we define the Frobenius twist t" : K((t)) — K(#)) by setting for f =) . a;t!

() ==Y al'r (1.1.1)

For a field K C K, we define the twisted power series ring K [[7] subject to the condition 7¢ = ¢?7 for all
¢ € K. Then, we define the twisted polynomial ring K[7] as the subring of K[[t]], where K[z] is viewed
as a subalgebra of the [, -linear endomorphisms of the additive group of K.

For a field k C K C K, a Drinfeld A-module of rank r defined over K is an [;-algebra homomorphism
o : A — K[t] uniquely determined by

pr=0+KiT+ -+, T
such that x, # 0. The exponential function associated to p is given by

Exp,(z) =z + Zahzqh € K[zl
h>1

and it satisfies the functional equation Exp o (0z) = p; (Exp o (2)). The period lattice of p is the kernel A,
of Exp,, which is a free discrete A-submodule of rank r inside [<.

The de Rham cohomology theory for Drinfeld A-modules was developed by Anderson, Deligne, Gekeler
[1989] and Yu [1990]. A p-biderivation is an [F,-linear map § : A — K[z ]z satisfying, for all a, b € A,

8ap = a(0)8p + 84 p-

Let u € K[t]. Then, the p-biderivation §® defined by 8% = up, — a(®)u for all a € A is called
an inner biderivation. If u € K[z]t, then §* is said to be strictly inner. The set of p-biderivations
Der(p) forms a K-vector space. The set of inner biderivations Derj,(p) and the set of strictly inner
biderivations Derg(p) are also [K-vector subspaces of Der(p). We define the de Rham module for p to be
H%)R (p) :=Der(p)/ Derg(p), which is an r-dimensional [K-vector space. The de Rham module H11)R (0)
parametrizes the extensions of p by G,.

For each § € Der(p) there is a unique [,-linear and entire power series

Fs(2) =Y ciz” e K[z]
i>1

such that, foralla € A,
Fs(a(0)z) = a(0)Fs(z) + 84 (Exp,(2)). (1.1.2)

We call F; the quasiperiodic function associated to §. For A € A, the value Fs(A) is called a quasiperiod
of p. For u € [K, the value Fs(u), which is a coordinate of logarithms of quasiperiodic extensions, is called
a quasilogarithm of p (see [Brownawell and Papanikolas 2002; Namoijam and Papanikolas 2024]).

A [K-basis of HII)R(,O) is represented by {81, ..., d,}, where §; is the inner biderivation such that
(61)r=pr—0,and §;(t) = /=1 for 2 < j <r. We see that Fs,(z) = Exp¢(z) —z, and so Fs, (A) = —A for
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all A € A,. If we take {Ay, ..., A} to be an A-basis of A, and we set F.;-1(z) :=F;;(z) for2 < j <r,
then we define the period matrix of p to be

A Fe(Ap) - Foaa(Ay)

Ay Fr(A2) -+ Fr1(A2)
Pp:=1. . :

Ar Fr(kr) Fr’—'()\-r)

which accounts for all periods and quasiperiods of p. The de Rham cohomology theory for Drinfeld
A-modules runs in parallel to the theory of elliptic functions such that the periods and quasiperiods
summarized above play the role of periods and quasiperiods of the Weierstrass g-functions.

If the Drinfeld A-module p is defined over k%P, Denis [1995, p. 6] showed that, for a p-biderivation §
defined over kP, if u € K such that Exp o) € k%P, then u € k3 and Fs(u) € kaF (see also [Namoijam
and Papanikolas 2024, Lemma 4.22]). Therefore, for n > 0 we can consider dj (1) and 9 (F5(u)). Let
dg (P,) be the matrix formed by entrywise action of d;(-) on P,,.

We define End(p) :={x e K: xA, € A,} and let K, be its fraction field. Our first main result is as
follows (restated as Theorem 4.5.1):

Theorem 1.1.3. Let p be a Drinfeld A-module of rank r defined over k°% and suppose that K, is
separable over k. If s = [K, : k], then for n > 1 we have

tr.deg k(Py, 9(Py), ..., 05 (Py) = (n +1)-r?/s.

Building on Theorem 1.1.3, we prove algebraic independence among hyperderivatives of logarithms and
quasilogarithms of Drinfeld A-modules. Our second main result is as follows (restated as Theorem 5.4.4):

Theorem 1.1.4. Let p be a Drinfeld A-module of rank r defined over k*P and suppose that K, is
separable over k. Let uy, ..., uy € K with Exp,(u;) = «; € k%P for each 1 < i < w and suppose that
dipr SpanKp()q, cos A UL, L Uy) =1 /s +w, where s = [K, 1 k]. Then, forn > 1,

nr—1 w r

tr.deg/;lE<U U U U0, 3 Ea ). 85 um), 35 (Fe (um»}) = (n+ (/s +rw).

s=0i=1m=1 j=1
For an arbitrary basis of H}DR(,O) defined over k*°P, we deduce the following corollary.
Corollary 1.1.5. Let p be a Drinfeld A-module of rank r defined over k* and suppose that K, is
separable over k. Letuy, ..., uy, € K with Exp,(u;) = a; € k5P foreach 1 <i <w. Let {51, ..., 38,} be

a basis of H]IDR(,O) defined over k°®. If uy, ..., u,, are linearly independent over K ,, then for n > 1 the
(n + )rw quantities

{U (35 s, ). 95 (Fs; (). . ... 85 (Fs, (uw»)}

s=0 j=1

are algebraically independent over k.
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Combining Theorems 1.1.3, 1.1.4, and Corollary 1.1.5, the k-linear relations among the periods and
logarithms of p and their hyperderivatives induced by endomorphisms of p account for all the k-algebraic
relations among all hyperderivatives of the periods and logarithms as well as all hyperderivatives of the
corresponding quasiperiods and quasilogarithms of p.

1.2. Remarks on structure of the paper. In [Namoijam and Papanikolas 2024], Papanikolas and the author
showed that #-motives whose period matrices comprise the values of interest in Theorems 1.1.3 and 1.1.4
are constructed from the #-motive associated to prolongations [Maurischat 2018] of p, but did not prove any
transcendence results about the values in question. Papanikolas’s theorem [2008, Theorem 1.1.7] states that
the transcendence degree of the period matrix of a z-motive is equal to the dimension of its Galois group.
The primary hurdle, then, is determining the dimension of the associated Galois group of the ¢#-motive.

The first goal of this paper is to explicitly determine the Galois group of the #-motive corresponding
to the n-th prolongation #-module P,p of p. To do this, we calculate the Zariski closure of the image
of the Galois representation on the p-adic Tate module of P, p, for a nonzero prime p of A. Next, we
immediately extend this result. We construct new #-motives whose period matrices are comprised of both
periods and quasiperiods of P, p, and hyperderivatives of logarithms and quasilogarithms of p, and then
determine their Galois groups. We construct a sequence of surjections between specific sub-z-motives
using consecutive prolongations P;p for 0 < £ < n. These surjections are crucial in establishing that
algebraic independence over k of all hyperderivatives of the logarithms and quasilogarithms depends only
on K ,-linear independence of the logarithms.

The paper is outlined as follows.
 In Section 2 we give necessary background concerning ¢-motives and their Galois groups. Next, we
give a brief review of hyperderivatives and then discuss prolongations of dual 7-motives introduced in
[Maurischat 2018].

e In Section 3, we describe 7-motives and rigid analytic trivializations corresponding to Drinfeld
A-modules and their prolongations; then we state Theorem 3.4.1. Based on Theorem 3.4.1 (see [Namoijam
and Papanikolas 2024, §5.3] for a detailed account), to prove Theorem 1.1.3, for n > 1 we calculate the
Galois group I'p, , of the n-th prolongation P, M,, of the -motive M, associated to p.

 We first make use of a direct connection I'p, 5, has with Galois representations. For a nonzero prime p
of A, let A, be the completion of A and let k;, be its fraction field. For a Drinfeld A-module p defined
over K, where k C K C k with [K : k] < oo, there is a representation ¢, : Gal(K*®?/K) — GL,(Ap)
coming from the Galois action on the p-power torsion points p[p™] := {x € [{: ppn (x) = 0}. In Section 4,
using Anderson generating functions and ¢, we consider the Galois representation on the p-adic Tate
module of the n-th prolongation f-module P, p associated to p. The image of this Galois representation is
determined using hyperderivatives of the image for the Drinfeld A-module p and is naturally contained
in the ky-valued points of I'p, M, (Theorem 4.1.6).

e Forn > 1, P,_1M, is a sub-t-motive of P,M, and therefore, P, M, is not simple, which makes
determining the Zariski closure of the aforementioned image a complicated task. To find the Zariski
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closure, we bring in differential algebraic geometry. We consider hyperdifferential polynomials (precise
definition in Section A.1) to determine the above Zariski closure by first determining the defining
differential ideal of the aforementioned image and then restricting to Zariski topology (Theorem 4.3.3).
This allows us to prove Theorem 1.1.3 and compute the Galois group I'p, », explicitly (Corollary 4.4.8).

* In Section 5, for uy, ..., uy € K satisfying Exp, (u;) € k*P for each 1 <i < w, we build on results
of Section 4 to construct new f-motives Y p, ..., Yy » such that the entries of the period matrix of
BY_, Ypun comprise o Uiz} UY_, (85 (wm), 85 (Fyi ()} Let T denote the category of z-motives.
In Lemma 5.4.3, we obtain a surjective map from certain sub-¢-motives of Y, , to corresponding sub-z-
motives of ¥, , for £ <n and 1 <m < w. This map allows us to implement Theorem 5.2.2, which is
based on an End (M, )-linear independence result [Chang and Papanikolas 2012, Theorem 4.2.2], which

enables us to prove Theorem 1.1.4.

« Finally, in the Appendix, we cover necessary background concerning differential algebraic geometry
in positive characteristic. We explore various properties, especially a result on the determination of the
Zariski closure of a set in a differential field (Lemma A.1.5).

2. Preliminaries

2.1. Notation. We continue with the notation introduced in Section 1.1. We also define the following.
Let T be the Tate algebra of the closed unit disk of [,

. - h T
T:= {I;a,,t € Klirll: Jim [ |og :0},
and let L be its fraction field.
For n € Z, recall the Frobenius twist 7" from (1.1.1). In some cases, we will write o for 71, For
M = (m;}) € Mat . (K(1)), we define M by setting M® := (m"). Let k(t)[o, o] be the Laurent
polynomial ring over k(¢) in o subject to the relation

of = f Ve, fek(@).

For a field K C K, recall from Section 1.1 the twisted power series ring K [t]] and the subring K[7]
given by tf = f(U¢ for all f € K. We also define K[[o] and K[o] when K is a perfect field. For
b=Y cit' e K[r], we define b* := Y ¢! ol € K[o]. If B = (b;;) € Matyxa(K[T]) = Mat 4 (K)[7],
then we set B* := (bjfl.). Thus, if B € Mat,,(IK[t]) and C € Mat,,(K[]), then (BC)* = C*B*
Moreover, if B = o+ BiT + - - - + B¢tt, then we set dB := .

2.2. Dual t-motives and t-motives. In this subsection, we briefly introduce the main tools used in
Papanikolas’s result. The reader is directed to [Papanikolas 2008] for further details. A pre-t-motive M
is a left k(r)[o, o ~']-module that is finite-dimensional over k(7). We denote by P the category of pre-f-
motives whose morphisms are the left k(t)[o, o ~']-module homomorphisms. Let m € Mat, (M) be
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such that its entries form a k(r)-basis of M. Then, there is a matrix ® € GL, (k(r)) such that
om=bm,

where the action of o on m is entrywise. We say that M is rigid analytically trivial if there exists a matrix
V¥ e GL,(IL) such that
v = ow,

The matrix W is called a rigid analytic trivialization for ®. Set MT := L ®iy M, where we give M Ta
left k(t)[o, o~ ']-module by letting o act diagonally:

o(f@m):=f"Vom, fek@), meM.
If we let
MB =M ={peM opn=pul

then M® is a finite-dimensional vector space over k, and M — M5 is a covariant functor from P to the
category of k-vector spaces. The natural map L ®g,) M B _ M7 is an isomorphism if and only if M is
rigid analytically trivial [Papanikolas 2008, §3.3]. If W is a rigid analytic trivialization of &, then the
entries of W~ !'m form a k-basis for M5 [loc. cit., Theorem 3.3.9(b)]. By [loc. cit., Theorem 3.3.15], the
category R of rigid analytically trivial pre-t-motives forms a neutral Tannakian category over k with fiber
functor M — MPE.

We now consider A-finite dual 7-motives, which were first introduced in [Anderson et al. 2004] (see also
[Hartl and Juschka 2020; Namoijam and Papanikolas 2024]). A dual t-motive M is a left k[t, o]-module
that is free and finitely generated as a left k[o']-module and such that (r—8)* M C o M for s €N sufficiently
large. If, in addition, M is free and finitely generated as a left k[¢]-module, then M is said to be A-finite.
Thus, if the entries of m € Mat, . (M) form a k[¢]-basis for M, then there is a matrix ® € Mat, (k[]) such
that om = ®m with det ® = ¢(r —0)* for some ¢ € k¥, s > 1. We say that M is rigid analytically trivial if
there exists a matrix ¥ € GL,(T) so that W(~D = ®W. In [Anderson et al. 2004], the term “dual #-motives”
is used for A-finite dual 7-motives. We will consider both dual z-motives and A-finite dual 7-motives.

Given an A-finite dual z-motive M,

is a pre-t-motive, where o (f @ m) := fY ® om. Then, M — M is a functor from the category of
A-finite dual f-motives to the category of pre-f-motives. We define the category T of t-motives to be
the strictly full Tannakian subcategory of R generated by the essential image of rigid analytically trivial
A-finite dual 7-motives under the assignment M +— M.

For a t-motive M, we let Tj; be the strictly full Tannakian subcategory of 7 generated by M. As Ty is
a neutral Tannakian category over k, there is an affine group scheme I'j; over k, a subgroup of the k-group
scheme GL, /k of r x r invertible matrices, so that 7j, is equivalent to the category of finite-dimensional
representations of 'y, over k, i.e., Ty = Rep([y, k) [Papanikolas 2008, §3.5]. We call I'y; the Galois
group of M.
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2.3. The difference Galois group. We now present a brief summary of the construction of the Galois
group of a r-motive as the Galois group of a system of difference equations. The reader is directed to
[Papanikolas 2008] for further details. For a subfield F C K((¢)) invariant under the action of o, let F®
denote the elements of F' fixed by o. Note that the automorphism o : L — L restricts to automorphisms
of k and k(7), and k = k° = k(1)® = L°.

For a t-motive M, let ® € GL, (k(r)) denote the action of o on a k(r)-basis of M and let ¥ € GL, (L)
be the rigid analytic trivialization for ® satisfying W1 = oW,

We define a lz(t)—algebra homomorphism v k(D[X, 1/ det X]— L by setting v(X;;) := W¥;;, where X =
(Xij) is an r x r matrix of independent variables. We let p:=kervand ¥ :=Imv = k([W, 1/detV] <L,
and set Zy = Spec . Then, Zy is the smallest closed subscheme of GL, /k(¢) such that ¥ € Zy (L).

Set Wi, ¥, € GL, (L Ok L) to be such that (W1);; = ¥;; ® 1 and (¥2);; = 1 ® W¥;;, and let U=
\I!l_llllz € G~Lr (L ®(;y L). We define a k-algebra homomorphism s : k[X, 1/det X] — L ®, L by setting
w(X;j) :=WV;;. Welet q:=ker u and A :=Im pu, and set I'y = Spec A. Then, I'y is the smallest closed
subscheme of GL, /k such that W eyl Q%) L)- The following properties hold.

Theorem 2.3.1 [Papanikolas 2008, §4]. Let M be a t-motive, and let ® € GL, k(1)) represent multiplica-
tion by o on a k(t)-basis of M. Let W € GL,(L) satisfy =D = oW,

(a) The closed k(t)-subscheme Zy is stable under right-multiplication by k(1) xx Ty and is a lg(t) X y-
torsor over 12(:). In particular, Fy([) =v1Zy (D).

(b) The k-scheme Ty is absolutely irreducible and smooth over k.
(¢) Ty =Ty over k.

For the ¢-motive M, if ® € GL, (k(¢)) NMat, (k[¢]) and det ® = c(¢ — 0)* for some c € k*, s > 1, then
we can pick W to be in GL, (T) [Papanikolas 2008, Proposition 3.3.9(c)]. Moreover, the entries of W are
regular at t = 6 [Anderson et al. 2004, Proposition 3.1.3]. Let W|,—y denote the specialization of the
entries of W at r = 6 and let k(W|,—g) be the field formed by adjoining the entries of W|,—y to k. The
main theorem of [Papanikolas 2008] is as follows.

Theorem 2.3.2 [Papanikolas 2008, Theorem 1.1.7]. Let M be a t-motive, and let Ty be its Galois
group. Suppose that ® € GL,(k(t)) N Mat, (k[t]) represents multiplication by o on a k(t)-basis of M
and that det ® = c(t —0)*, c € k*, s > 1. Let W € GL,(T) be a rigid analytic trivialization of ®. Then,
tr.deg; k(¥|,—¢) = dim ['y,.

2.4. Hyperderivatives and hyperdifferential operators. For details beyond the review here, the reader
may refer to [Brownawell 1999; Jeong 2011; Namoijam and Papanikolas 2024, §2.4]. For m, j > 0, let
(’7) € N denote the usual binomial coefficient mpdulo p. Then, for F a field of characteristic p > 0 where
0 is transcendental over F, the F-linear map 89J : F[0] — F[60] defined by setting

b = (e
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is called the j-th hyperdifferential operator with respect to 6. For each f € F[0], we call ag (f) the j-th
hyperderivative of f. The definition of 89] extends naturally to 891 : F[[6] — F[6]. The hyperdifferential
operators satisfy various identities including the product rule

J
85 (f) =" ()3 " ()
i=0
and the composition rule
i+j

@i =("7

)3 ().

The product rule extends a;' to the Laurent series field F((#)), where as usual for m > 0 we have

()= ()

For a place v of F(6) there are unique extensions 85 :F (), — F(0), and 89j :F(0), — F(0),", where
FO),"isa separable closure of F'(0),.

Proposition 2.4.1 (see [Brownawell 1999, §7; Jeong 2011, §2]). Let F be a field of characteristic p > 0,
and let v be a place of F(0). Then, for f € F(Q)f)ep, n=0,and j > 1, ag : F(Q)f,ep — F(Q)Zep, j =0,
satisfies

@5 (N if j=ep",

0 if p"1J.

For f € F(0)," and n > 0, we define the d-matrix with respect to 0, do nl f] € Mat, (F ©)y?) to be
the upper-triangular n x n matrix

P = {

F o - - wN
£ :
donlf1:= TR : (2.4.2)
e
f

Using the product rule, it is easy to see that dp ,[g] - do n[ f1 = dp n[gf]. For a matrix B := (b;;) €
Mateler(F(Q)iep), we also define the d-matrix with respect to 8, dg ,[B] € Mat,,, X,162(F(9)Svep) as in
(2.4.2), where we let 3] (B) := (3 (bij)) € Mat,, xe, (F()y7).

We further define partial hyperderivatives for two independent variables 6 and ¢ to be the F-linear maps

9], 0] F©6,1)—> F6,1), j=0,

such that for m € Z we have 9} (0™) = (")6™=/, 8/ (t") = (")r"~/, and 8] (") = 3/ (6™) = 0. Thus,
we have dg o d; = 9, 0 dg. For n > 0, we define the d-matrices dy ,[ -] and d; ,[ - ] with respect to each
independent variable 6 and ¢ as in (2.4.2).

Note that B,j extends naturally to T, and 89j extends to T Nk [£]).
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2.5. Prolongations of dual t-motives. We review the construction of prolongations of dual z-motives,
introduced in [Maurischat 2018]. For a left k[#, 0 ]-module M and n > 0, we define the n-th prolongation
of M to be the left k[t, o]-module P, M generated by symbols D;m, for m € M and 0 <i < n, subject
to the relations

(@) Di(my+my) = Dymy + Dims,
(b) Dita-m)=3_; ,;, 3" (@) Diym,
(¢) o(a-Dim)=a""V.D;(om),
where m, my, m, € M and a € k[t].
If M is an A-finite dual z-motive, then P, M is also an A-finite dual z-motive [loc. cit., Theorem 3.4].

Thus, if the entries of m = [my, ..., m,]" € M" form a k[¢]-basis of M, then a k[t]-basis of P, M is
given by the entries of

D,m = (D,m',D,_ym", ..., Dom")" € (P, M) "D (2.5.1)

where D;m := (D;m,, ..., Dim,)" € (P, M)" for each 0 <i < n [loc. cit., Proposition 4.2]. Also, if
® e GL, (k[t]) represents multiplication by o on m, then

o(D,m) =d; n+1[P]- Dym. (2.5.2)

If M is rigid analytically trivial with W € GL,(T) so that ¥(~! = ®W, then since Frobenius twisting
commutes with hyperdifferentiation with respect to ¢, we have

(i1 WDV =d; 1 [P =d) 1 [OV] = dy s 1 [Py g1 [W]. (2.5.3)

Therefore, P, M is rigid analytically trivial.
Via Dom — m, we see that Py, M is naturally isomorphic to M, and as in [loc. cit., Remark 3.2], for
0 < j <n—1 we obtain a short exact sequence of dual z-motives

prnfjfl

0—-PM—->PM——P,_; M0, (2.5.4)

where prn_j_l(D,-m) :=D;_j_ymfori > j and prn_j_l(D,-m) :==0fori <jand m € M.

3. Rigid analytic trivializations and hyperderivatives

The goal of this section is to provide necessary background on Anderson #-modules for the purpose of study-
ing Drinfeld A-modules and their prolongations, and their connection to dual 7-motives and rigid analytic
trivializations via Anderson generating functions. Then, we state Theorem 3.4.1, which provides the con-
nection between Taylor coefficients of series expansions of Anderson generating functions and hyperderiva-
tives of periods, quasiperiods, logarithms, and quasilogarithms of a Drinfeld A-module defined over k*°P.
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3.1. Anderson t-modules, dual t-motives, and Anderson generating functions. For a field K C [,
an Anderson t-module defined over K is an [,-algebra homomorphism ¢ : A — Mat,(K[t]) defined
uniquely by

¢ =Bo+ BT+ + Bit’,

where B; € Mat,(K) for 0 <i < ¢, and d¢, = By = 61; + N such that I, is the d x d identity matrix and
N is a nilpotent matrix. Then, ¢ defines an A-module structure on K¢ via

a-x=g¢s(x), acA, xek. (3.1.1)

We call d the dimension of ¢. If ¢, = By € Mat;(K), then ¢ is said to be a trivial Anderson ¢t-module. A
nontrivial Anderson z-module of dimension 1 is called a Drinfeld A-module.

There exists a unique power series Exp,,(z) = 32, CizV e Klzy, - . ., zal% z=1lz1,..., 241"
that Co = I; and satisfies

, SO

Exp, (d¢az) = ¢ (Expy (2))

for all a € A. Moreover, Exp,(z) defines an entire function Exp : K¢ — K< If Exp, is surjective,
then we say that ¢ is uniformizable. The kernel Ay C K¢ of Exp, is a free and finitely generated
discrete A-submodule of K¢ through the action of d¢(A) and it is called the period lattice of ¢. If ¢ is
uniformizable, then we have an isomorphism G [N = (Kd , ¢) of A-modules, where ([Kd , ¢) denotes NG
together with the A-module structure defined in (3.1.1) coming from ¢. For more details about Anderson
t-modules, see [Anderson 1986; Brownawell and Papanikolas 2020; Thakur 2004].

We define the dual 7-motive My associated to a 7-module ¢ defined over K C k in the following way.
We let My := Matlxd(lg[a]). To give My the k[t, o]-module structure, set

a-m=me¢,, meMgy acA, (3.1.2)

where ¢ is defined as in Section 2.1. For each m € Mg, by straightforward computation we obtain
(t—6) -me o My. Thus, My defines a dual z-motive and (3.1.2) gives a unique correspondence between
a t-module and its associated dual z-motive (see also [Brownawell and Papanikolas 2020, §4.4; Hartl and
Juschka 2020; Namoijam and Papanikolas 2024, §2.3]). If M is A-finite, then we say that ¢ is A-finite and
call the rank of M, as a left k[t]-module the rank of ¢. The reader is directed to [Hartl and Juschka 2020;
Namoijam and Papanikolas 2024, §2.3] for more information on dual #-motives associated to z-modules.

We conclude this subsection by introducing the Anderson generating functions associated to #-modules
(see [Green 2022; Maurischat 2022¢; Namoijam and Papanikolas 2024] for further details). For y € K
we define the Anderson generating function for ¢ by the infinite series

Gy(1) := Y Bxpy(dp; "' y)r" € T4, (3.1.3)

m=0
We explore the properties we will use in Sections 3.3, 4.1, 5.1. For clarity, we will denote by f,(¢) the
Anderson generating function for a Drinfeld A-module at y € K.
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3.2. Prolongations of Drinfeld A-modules and associated dual t-motives. Let p : A — K[t] be a
Drinfeld A-module defined over K C k such that

pr=0+KiT+ - FK 1,
where k, # 0. Drinfeld A-modules are uniformizable and the rank of the period lattice A, of p as an
A-module is r. As defined above for 7-modules, we define the dual z-motive M,, := k[o]. Then the
set {my,ms,...,m.}={1,0,...,0" "'} forms a k[t]-basis for M, [Chang and Papanikolas 2012, §3.3;
Namoijam and Papanikolas 2024, Example 3.35], and with respect to this basis, multiplication by o on
M, is represented by

0 1 0
®, = 0 0 o i : (3.2.1)
t=0)/k" =i e =TT i

Thus, M, is A-finite. We let M, := k(t) ®jqr) M) be the pre-z-motive associated to M,,.

For Drinfeld A-modules p and p’ defined over K C K, a morphism b : p — p’ is a twisted polynomial
b € [K[7] such that bp, = p,,b for all a € A. We say that b is defined over L C [ if b € L[t]. A morphism
b:p— p’ defined over k induces a morphism B : M, — M of A-finite dual ¢-motives in the following
way. Ifb=)" ¢;t' € L[t], recall from Section 2.1 that b* = > clg_i)a". Then, B is the k[o]-linear map
such that B(1) = b* (see [Chang and Papanikolas 2011, Lemma 2.4.2]).

The map

End(p) > {c€K:cA, S A}, Y at' b« (3.2.2)
is an isomorphism [Drinfeld 1974]. Throughout this paper, we identify End(p) with the image of this

map and let K, denote its fraction field. We state the following result due to Anderson.

Proposition 3.2.3 [Chang and Papanikolas 2012, Proposition 3.3.2, Corollary 3.3.3]. The functor p — M,
from the category of Drinfeld A-modules defined over K C k to the category of A-finite dual t-motives is
Sfully faithful. Moreover,

End(p) = Endg, ,i(M,), K, =Endr(M,),
and M, is a simple left k(t)[o, o~ -module.

Remark 3.2.4. Let i, € End,;[,’o](./\/lp) be such that i;(1) = -1 = p;. The isomorphism End(p) =
End,;[,,(,](./\/lp) in Proposition 3.2.3 sends 6 — i, and so, it sends A to A. Thus, K, = End1(M,) sends k
to k.

For n > 0, we define the n-th prolongation t-module P, p of p to be the Anderson #-module associated
to the n-th prolongation P, M, of the A-finite dual #-motive M, (see for details [Maurischat 2018,
§5; Namoijam and Papanikolas 2024, §5.2]). The Anderson #-module P,p : A — Mat, ;(K[t]) is of
dimension n + 1 and is defined by

(Pnp); = d(P,p); +diag(k)t +-- -+ diag(’(r)fr,
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where
0

_1 : .
dP.,p)i=| 0 . . , (3.2.5)

0 .- 0 —18
and diag(x;) is the (n+1) x (n+1) diagonal matrix with diagonal entries all equal to «; foreach 1 <i <r.

If we set Mp,, := Mat, X(,,Jrl)(}’g[a]) to be the dual t-motive associate to P, p defined as in (3.1.2), then
by [Namoijam and Papanikolas 2024, Proposition 5.22(b)] we have

MPnp = PnMp :
We define P, M, := k(1) ®j(r] PnM, to be the pre-z-motive associated to P, M,,.

3.3. Rigid analytic trivializations. We fix our choice of Drinfeld A-module p of rank r from Section 3.2
such that it is defined over K = k*P. In this subsection, we show that the A-finite dual #-motive M,
associated to p is rigid analytically trivial by constructing the rigid analytic trivialization W,, and then
extend to the prolongation r-module P, po. The details regarding Drinfeld A-modules can be found in
[Chang and Papanikolas 2012, §3.4; Namoijam and Papanikolas 2024, Example 4.1117].

For u € K, we let f,(t) € T denote the Anderson generating function of p given as in (3.1.3). For an

A-basis {A1, ..., A} of A,, we set f;(t) := fj, (t) for each 1 <i <r. Define the matrices
-1 —r+2 —r+1
PRI e) K kD kD
. -1,
£ pW e R
Y:=|"7 "2 2, and V:=| : : . (3.3.1)
o : 1
1 -1 Kr—1 K
fr r() fr(r ) r r
Kr

By [Chang and Papanikolas 2012, §3.4] (see also [Namoijam and Papanikolas 2024, Lemma 4.47]), it
follows that det T # 0. Set
W, = vIr®t (3.3.2)

Then W5~ = ®,W,. Thus, the pre-t-motive M, = k(t) ®f;,; M, is rigid analytically trivial and is in the
category 7 of z-motives.

By (2.5.3), the n-th prolongation f-motive P, M, = k(t) ®kpr) PnM, is rigid analytically trivial with
rigid analytic trivialization Wp, , = d; ,4+1[W,]. Thus,

Wp o =d i1 [VI sy [T (3.3.3)

3.4. Hyperderivatives of periods and logarithms. We continue with our choice of Drinfeld A-module p
of rank r defined over k£°°P. Recall from Section 1.1 that a KK-basis of H}DR(p) is represented by {61, ..., 5},
where 8 is the inner biderivation such that (§1); = p; —0 =«T+---+«,7" and §; (1) = /=1 for2 < j<r.
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Let F.j-1(z) denote the quasiperiodic function associated to the biderivation §; : ¢ /=1 Note that
Fs, (z) = Exp,(2) — z. Then, we have the following result, which is a modified version for Drinfeld
A-modules, and its proof is due to Papanikolas and the author.

Theorem 3.4.1 (see [Namoijam and Papanikolas 2024, Theorem E]). Let p be a Drinfeld A-module
defined over kP of rank r. Let u € K9 satisfy Exp,(u) € (k*PY Then, forn >0,

n.r n r—1
Span; ({1} uJUwer <r>>|t:9}) = Span; ({1} uJJ@s. 85 F, <u>)}>. (3.4.2)
s=0 =1 s=0 j=1
In particular, if {A1, ..., A} is an A-basis of the period lattice A, then
n r r—1
Spang (d; n11[W,]1™ " i=9) = Spang (U U U, a5 Fe (m)}). (3.4.3)

s=0i=1 j=1

By using Theorems 2.3.2 and 3.4.1, computing the dimension of the Galois group I'p, , forn > 1
proves Theorem 1.1.3. Moreover, by (3.4.2) if we are able to construct appropriate f-motives whose
periods span the hyperderivatives in question and determine the dimension of their associated Galois
groups, then we can prove Theorem 1.1.4.

4. Hyperderivatives of periods and quasiperiods

Let p be a Drinfeld A-module of rank r defined over k*P. Let K, be the fraction field of End(p) defined
asin (3.2.2) and let [K, : k] = s. In this section, we prove Theorem 1.1.3 (restated as Theorem 4.5.1). To
prove this theorem, we first show in Theorem 4.3.3 that dim I'p, M, = (n+ 1)- r2 /8, and in Theorem 4.4.6
that dim I'p, p, < (n+1) .r%/s. Moreover, in Corollary 4.4.8 we explicitly compute the Galois group I'p,m,
foralln > 1.

4.1. The p-adic Tate module and Anderson generation functions. Let ¢ be a uniformizable and A-finite
Anderson r-module of dimension d and rank r. For any a € A, the torsion A-module ¢[a] :={x € K7 |
¢a(x) = 0} is isomorphic to (A/(a))®" (see [Anderson 1986; Thakur 2004, Theorem 7.2.1]). For a
nonzero prime p of A, we define the p-adic Tate module

Ty(@) = lim $[p"] = A",
m
where Ay is the completion of A at p. Now, we fix a Drinfeld A-module p of rank r. If p is defined over
K such that k € K C k and [K : k] < oo, then note that every element of p[p™] is separable over K. Thus,
the absolute Galois group Gal(KP/K) of the separable closure of K inside k acts on T,(p), defining a
representation

¢p : Gal(K*P/K) — Aut(T,(p)) = GL,(Ap).
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Setp:=p(0) € A. We fix an A-basis {11, ..., A} of A, and define

§im :=Exp, (W) € plp™*']

foreach 1 <i <randm >0. Then, {x, ..., x,} is an A,-basis of 7, (p), where we set x; := (§; .0, i1, ... ).
Set x :=[x1, ..., x,]". Then, for each € € Gal(K*P/K) there exists g, € GL,(Ay) such that

Pp(€)x = gex. 4.1.1)

Theorem 4.1.2 [Maurischat and Perkins 2022, Theorem 1.2]. Let p be a Drinfeld A-module defined over K
such thatk € K C k and [K : k] < oo. Let ky be the field of fractions of Ay. For each € € Gal(K*? /K),
let g € GL,(Ap) be as in (4.1.1). Then, the assignment € — g, induces a group homomorphism

Bo : Gal(K*/K) — Ty, (Ap) := GL, (A) N Ty, (ky).

Note that in the case of p = ¢, Theorem 4.1.2 was first proved by Chang and Papanikolas [2012,
Theorem 3.5.1].
For the remainder of this subsection, we fix n > 0. By [Namoijam and Papanikolas 2024, Proposi-

tion 5.27], we have that, for z = [zo, . . ., zx]",

Expp, ,(2) = [Exp,(20). - - .. Exp, (zn)]". (4.1.3)
For u € K, set

); :=1[0,...,0,u,0,...,0]" =€ K"+, (4.1.4)
where u is in the j-th entry and all other entries are 0. By (4.1.3), using the A-basis {A1, ..., A} of A,

an A-basis of the period lattice Ap,, of P, p is

{M)j:1<i<randl1<j<n+1}.
We define

Ai
Xim :=Exp,| 2oy

foreach 1 <i <r and m > 0. By (3.1.3), the Anderson generating function f;(t) := f,(t) of p with
respect to A; is

o.¢] o.¢]
)\‘.
fin=> Expp<9m;l)rm = timt" € TNK*P[1].

Foreachl <i<rand 1 <j<n+1weletg ;({):=Gq,, () denote the Anderson generating function
of P, p with respect to (A;) ;. Then, by (3.1.3) we have

Gij () =Y Expp,((d(Pyp)) ™" () )t" € T N K],

m=0
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Observe that in (3.2.5), the subdiagonal entries of d(P,p), are —891 (0). Also, (—1)°d5(0) =0 for ¢ > 2.
Moreover, the e-th subdiagonal entries of d(P, ,0),_1 are (—1)¢dg (6~1) and so, by the product rule of
hyperderivatives, for 4 € Z we have
gh
G 6"
2.ph Lghy ph
dppi=| Y THODY

(=D"p©O" - e 330" —95(6M) 6"
Note that for m > 0 and ¢ > 1, we have (—1)¢35(0~""!) = (m+c)9_’”_1_c. Then, it follows by using

¢
(4.1.3) that
-

o.¢]
m+1 m+m+1—j)
gl,j(t) = Z(O’ DRI 0, Xi,ms < 1 )Xi,m—&-l, e ( n+1_j / )(Xi,m-‘r(n-i-l—j))) tm

m=0

00 00 m o m i
B ' - 1 . —(n+j—1)
_<0,...,0,ZX;,ml‘m,ZXt,m(1>tm v Z X”m<n+j_l)tm : > .
m=0 m=1 m=n+1-j
Thus,
1 n+1—j T n+1
Gi,j()=(0,...,0, f;, 0, (f),.... 0 (f)) eT*h (4.1.5)

For our purpose, we consider the Galois group I'y, , and its principal homogeneous space Zy,, , as in
Section 2.3, and we prove the following result.

Theorem 4.1.6. Let p be a Drinfeld A-module defined over K such that k € K C k and [K : k] < oo,
and for n > 0 let P, p be its n-th prolongation t-module. Let ky be the fraction field of A,. For each
€ € Gal(K*?/K), let g. € GL,(Ay) be as in (4.1.1). Then, the assignment € > d; ,11[g¢] induces a

group homomorphism
,Bn : Gal(KseP/K) — F\y},w (Ap) = GL(n+1)r (Ap) N F\PP;«,,D (kp)

We follow the methods used in [Maurischat and Perkins 2022]. Let Fq denote an algebraic closure of
[, inside K and let ¢ € Fq be a root of p. We define the [K-algebra map D, : T — K[ X]] by

o0
g Y ()= X™.
m=0
By [loc. cit., Lemma 2.2], the map D; : A — K[ XT]] extends to an isomorphism D, : A, — F,(O)[X].
The Galois group Gal(K*?/K) acts on K**P[[X] by acting on each coefficient. We now consider the

Galois action on Anderson generating functions of P, o and their Frobenius twists.

Proposition 4.1.7 (cf. [Maurischat and Perkins 2022, Proposition 4.2]). Foreach € € Gal(K*P/K), let g, €
GLr(Ap) be deﬁned asin (4.1.1). Let G .= [gl,l, ey gr,l, ey gl,n_H, ey gr,n_H]T (S Matr(n+1)xn+1(T).
Then,

G(Dg (g)) = De({)(dt,n+l [ge]) : De(g‘)(g),



Algebraic relations among hyperderivatives of periods and logarithms of Drinfeld modules 1275

where

(D¢ () = [(D (G1.1)s - - -+ €(De(Gr1))s - - -, €(De(Grons1))s - - -, €(Dg (Grns)]-
Proof. Note that by (4.1.5), the j-th columnof Gfor 1 <j<n-+41is

B (s 8 T 8 T s fis ey £ 0, 01T € TTOED,

Then, for my, m € Nand 1 <i <r, since 3" (/"> (f;)) = (" 1""2)3" "™ f;), the result follows by using

[Maurischat and Perkins 2022, Lemma 4.1]. " |
Proposition 4.1.8 (cf. [Maurischat and Perkins 2022, Proposition 5.1]). For 1 <i, j <r, define Y €
Mat, (T) so that Y;; := fi(j_l)(t) as in (3.3.1). Then, for any € € Gal(K*®/K) and g. € GL,(Ay) as in
(4.1.1), we have
€(Dy (dr 11 Y1) = Dee) @i nt1[8e]) - Deey (@i ns1 [TTD)
and
€(D; (We,p)) = De(ty (Wr,p) - Deir) (drnt1lge) ™

Proof. Since Frobenius twisting commutes with hyperdifferentiation with respect to z, we see by using
(4.1.5) that for 1 < j <r and 0 < ¢ <n, the ({r+j)-th column of d; ,, 1 [TD]is given by the j-th Frobenius
twist of the (£+1)-th column of G. Moreover, by (3.3.3) we have Wp,, = dt,n+1[V]_ld,’nH[T(])]_].
Then by using Proposition 4.1.7, the results follow by a straightforward adaptation of the proof of [loc. cit.,
Proposition 5.1]. U

By an abuse of the notation D, we consider the homomorphism D; : T ® 4 Ay, — K[X] defined by
Y & ®bi—> Y D) Dp(bi).
i i

Note that D, is injective on T, and so it extends to L @7 (T ®4 Ap) = L ® kp, that is, to a ring
homomorphism
D; : L@ ky — K(X)).

Proof of Theorem 4.1.6. Let S C KP*'(¢)[Y, 1/ det Y] denote a finite set of generators of the defining
ideal of Zy,, , where K Peris the perfect closure of K in K. Then, for any & € S, we have h(Wp,,) = 0.
If Wp, - d; ny [ge]_1 € Zyy,,(K((2))), then by Theorem 2.3.1 we have d; ,+1 [gé]_1 € prnp(kp). Thus,
to prove our result, we will show that A(Wp,, - d; 4 l[ge]_l) = 0 for every h € §. The proof follows
by a straightforward adaptation of the proof of [Maurischat and Perkins 2022, Theorem 1.2], but for
completeness we provide a proof.

For h € §, let hy € K(X))[Y, 1/ detY] denote its image after mapping its coefficients via the map 25;.
Then,

D (h(¥p,p - di 11817 ")) = he (De (Wp, ) - De (dr nr1lge] ™))
= h¢ (€(De-1()(Wp,))) = €(he-1(0)(De-1(y (p, )
= €(De-1() (h(¥p,,))) =0, (4.1.9)
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where the second equality is by Proposition 4.1.8 and we obtain the third equality since the coefficients of &
are in KP® (). Since ¢ is an arbitrary root of p, it follows by [Maurischat and Perkins 2022, Lemma 5.3]
that h(\anp 'dt,n+l[ge]_l) =0. 0

4.2. Elements of I'p,m,. Let p a Drinfeld A-module of rank r defined over k*P, and consider the
t-motive M, associated to p (see Section 3.1). In this subsection, for n > 1 we study the structure of
the Galois group I'p, a1, of the n-th prolongation ¢-motive P, M,,. We let End7(P,M,) denote the ring of
endomorphisms of P, M, and set K, := End7(M,). If the entries of m € Mat,,1(M,) form a k(1)-basis
of M,, then the entries of D,m form a lg(t)—basis of P,M, as in (2.5.1). Given h € End7(P,M,), let
He Matr(,,+1)(l€(t)) be such that h(D,m) = HD,m. Since ho =oh and ®p,, =d; ,4+1[P,], we have

dini1[®,JH=H"V4d, , 1[D,].

From this, we see o fixes d¢ n+1 [\Ilp]*lHd,,nJr] [W,], and thus d; ;41 [\IJp]*lHdt,nH [V,]eMat,,41)(k).
We have thus defined the injective map
End7(P,M,) — End((P,M,)?) = Mat, (,1,(k),
h> 0P =d; 1 [V,]7 Hdy i [, 4.2.1)

Since the tautological representation @, : I'p,p, — GL((P, Mp)B ) is functorial in P, M,, [Papanikolas
2008, Theorem 4.5.3], for any k-algebra R and u € I'p, m,(R), it follows that we have the following
commutative diagram:

R(w)
R® P, M,)E 25 R @y (P, M,)5

ll@hg ll@h’* 4.2.2)

()
R®x (P, M,)8 25 Ry (P, M,)5

Proposition 4.2.3. Given f € K,, let F € Mat, (k(1)) satisfy f(m) = Fm. Also, forn > 1 let h €
End7(P,M,) be such that h(D,m) = HD,m, where H = (H;;) € Matr(nﬂ)(lz(t)) and each H;; is an
r xr block for1 <i, j <n+1. Then:

(a) For n > 1 there exists g € End7(P,M,) such that g(D,m) = d; ,1[F1D,m.

(b) For 0 < j <n—1, the matrix H; := (H,,) € Mat,(jﬂ)(lz(t)), jtHl<u<n+1, 1<v<j+1,

formed by the lower left r(j + 1) x r(j + 1) square of H represents an element of Endr(P; M,).

Proof. For part (a), since fo = of, we have ®,F = F=V®,. Since multiplication by o on P, M, is
represented by ®p, , = d; ,4+1[P, ], the proof of (a) follows from the observation that

dy w1 [®p)dr 1 [F1 = dy n 1 [F1 7V, 1 [ D, ].
For part (b), using d; ,4+1[P,]H = H(_l)dt,nH[CI)p] and the definition of d-matrices, we see that, for
0 = .] =n-— 1’
dy 11 [®pIH; =H{Vd, 41 [®,],
and the result follows. U
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Foranyn >1and 0 < j <n—1, since P,_; 1M, is a sub-t-motive of P, M,, we have a surjective
map of affine group schemes over k,

nn,j,1 . FPnMp — FPn—j—lMp' (4.2.4)
We are now ready to prove the main result of this subsection.

Theorem 4.2.5. For each n > 1 and any k-algebra R, an element of T'p,p,(R) is of the form

Yo V1 Vn—1 Vn
Yo Y1 Va1
Up = : , (4.2.6)
Y1
Yo

where, for each 0 <i <n, y; is anr x r block. Furthermore, for 0 < j <n — 1, the matrix jt,—j_
Jormed by the upper left r(n — j) x r(n — j) square is an element of Up, . ,m,(R). In particular, the map

f,R,)j,l : FpnMp (R) —» Fpn_j_lMp (R) maps an element ., of FpnMp (R) o the matrix p1,—j_y.

T
Proof. Since the prolongation of an A-finite dual 7-motive is also an A-finite dual ¢-motive, by (2.5.4) for

any n > 1 and 0 < j <n — 1 we obtain a short exact sequence of #-motives
pr,.__

0—P;M, > P,M, —5 P, ; M, —0, (4.2.7)
where pr,,_;_(Dim) := D;_j_ym fori > jand pr,_;_(D;m):=0fori < j and m € My, and ¢ is the
inclusion map. Note that PoM,, = M,, via Dom + m for all m € M,,.

For any k-algebra R, we recall the action of I'p,», (R) on R ®¢ (PnMp)B from [Papanikolas 2008,
§4.5]. Since Wp,, = d; n1[W¥,], the entries of u, := d,,,,H[\pr]_anm form a k-basis of (PnMp)B
[loc. cit., Proposition 3.3.9] and similarly, for 0 < j <n — 1, we have that the entries of u,_;_| :=
d,,n,j[\llp]_an,j,lm form a k-basis of (Pn,j,lMp)B. For any u, € I'p, i, (R) and any a; € Mat;, (R),

0 <i <n, the action of , on (g, ..., a,) - u, € R®k (P,M,)? is
@0, - - an) - drys1 [¥p) " Dym > (ao, ... an) - iy dr i1 [¥,]7 Dy, (4.2.8)
We first restrict the action of 1, to R®g (P, MP)B viathe map ¢in (4.2.7). So, we take ag, . .., a,—j—1 =0

and set M;I = Buw), 1 <u,w <n+1, where each B,,, is an r x r block. By ¢ in (4.2.7), we see that
wn leaves (P; Mp)B invariant and thus

Bn—j+v,l =Bn—j+v,2= cee =Bn—j+v,n—j =0 forl<v<j+1.

Moreover, since the nonzero a; were chosen arbitrarily, we see that the matrix formed by the lower right
r(j+1) x r(j+1) square is an element of T'p,, (R). Varying j from O to n — 1, we see that w;lis a
block upper triangular matrix and that the matrix formed by the lower right r(j + 1) x r(j 4 1) square is
an element of I'p; 5y, (R) foreach 0 < j <n—1.
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We return to arbitrary a; € Mat;,(R), 0 <i <n. We restrict the action of ,, to R®g (P,,— j,lM,,)B via

the map pr,_;_, in (4.2.7). Through pr,_;_;, we see that u, leaves (Pn_j_lMp)B invariant and so the
matrix wu,— ;-1 formed by the upper left r(n — j) x r(n — j) square of w, is an element of I'p,_;_, m, (R).
Varying j from 0 to n — 1, we see that the matrices u,_ ;1 formed by the upper left r(n — j) x r(n — j)
square of u, is an element of Ip,_;_m,(R) foreach0 < j <n—1.

Now, we let 4 € End7(P,M,) be such that for H € Mat, ,41)(k(t)) we have h(D,m) =HD,m. Let
H := (H;y,), where each (H;,,) is an r x r block. For0 < j <n —1, let H; := (Hy,) € Mat,(j+1)(1€(t)),
j+1<u<n+1, 1<v<j+1,be the matrix formed by the lower left r(j+1) x r(j+1) square of
H. Using the definition of d-matrices, we see that the matrix formed by the lower left r(j + 1) x r(j 4+ 1)
square of d; ;41 [\Ilp]*lH din1[Wplisd; 11 [\Ilp]*lHj d; j+1[¥,]. By Proposition 4.2.3(b), we have that
dp j+1 [\I/p]_lHj dy, j+1[W,] is an element in the image of the natural embedding (4.2.1) for the j-th prolon-
gation. Thus, by using the commutative diagram (4.2.2) for the n-th and the (n—1)-th prolongations, we see
that since u, is upper triangular, the matrices formed by the lower right rn x rn square and the upper left

rn X rn square of w, are equal. Comparing each r x r block in this equality, we get the required result. [

4.3. Lower bound on the dimension of T'p,p,. For this subsection, the reader is directed to the Appendix
for details about differential algebra and differential algebraic geometry in characteristic p > 0. We note
that the purpose of the Appendix is for use in this subsection to prove Theorem 4.3.3. For a nonzero prime
p € A, let A, denote the completion of A at p, and let k;, be the fraction field of A,. By the properties
of hyperderivatives (see Section 2.4) we see that (ky, d;), where 0, represents hyperdifferentiation with
respect to ¢, is a d;,-field. Using Theorem 4.2.5, by a slight abuse of notation, we make the choice to let
the coordinates of I'p, , be
Xo X - X,

X = R (4.3.1)
Xy
Xo

where X, := ((Xj)i.j), an r x r matrix for 0 < h <n. We set 3/ (X;) := (3} ((Xp);.;)) and

vee(Xp) == [(X) 115 oo Xn)rts Xid12s oo Xndr2s ooy X1 ooy (Xl
which consists of all entries of X, lined up in a column vector.

Let 0 <« <n. Asin Section A.1, we define k,{Xy, ..., X} to be the d;-polynomial ring over k, with
entries of each X, for 0 </ < « as d;-indeterminates. We also define k,{X), ..., X, 1/ det Xo} to be
the localization of kp{Xo, ..., X} at det Xo. We define kp[ X, ..., X] to be the usual polynomial ring
over k, with entries of each X, for h =0, ..., « as indeterminates, and kp[ X, ..., X, 1/ det X¢] to be
the localization of ky[Xo, ..., X] at det X.

We define the centralizer Centgy,, /x(K)) to be the algebraic group over k such that, for any k-algebra R,

CentgL, /k(K,)(R) :={y € GL,(R) : yg = gy for all g € R®; K, C Mat, (R)}.
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By [Pink 1997, Theorem 0.2] and [Pink and Riitsche 2009, Theorem 0.2], the image Im By of the
homomorphism B in Theorem 4.1.2 is equal to Centgr, (4,)(K),) for all but finitely many primes of A.
Therefore, let p € A be a nonzero prime such that Im By = Centgy, ( A, (Kp). Then, by [Chang and
Papanikolas 2012, Theorem 3.5.4] we see that

FMp (Ap) = CentGLr(Ap)(Kp) =Im ,3(). (4.3.2)

Theorem 4.3.3. Fix n > 1. Let p be a Drinfeld A-module of rank r defined over k> and P, p be its
associated n-th prolongation t-module. Let M,, and P, M, be the t-motives corresponding to p and Py p
respectively. Let K, be the fraction field of End(p) defined as in (3.2.2) and suppose that [K, : k] =s.
Then,

. 72
dlIlll—‘pnA/[/7 >+ 1)?

Proof. By Theorem 4.1.6, we see that the Zariski closure Im 8,7 of Im B, is an algebraic subgroup
of I'p, um,. Therefore, our task is to prove that dim(Im B8,%) = (n + 1)r?/s. By [Chang and Papanikolas
2012, Theorem 3.5.4], we have Iy, = CentgL, /k(K,) and dim Iy, = r2 /s. Since the defining polynomials
of Centyar, (k) (K,) = Lie 'y, are homogeneous degree-1 polynomials, let its defining equations be

Z ()i j(X0)ij=0, (by)ijek, u=1,...,r*—r%/s, (4.3.4)
ij=1
which can be written as
B -vec(Xy) =0, 4.3.5)

where we set B to be the (r> — r?/s) x r? matrix of full rank with (by)ij as the u x ((j—1)r—+i)-th entry.
We see that rank B = r2 —dim Iy, = r2—r? /s. Therefore, the defining ideal of 'y, is the ideal generated
by the entries of B - vec(Xy) in k[ X, 1/ det Xg], the coordinate ring of GL, /k.

For 0 < o < n, we define a monomial order on k,{Xy, ..., X} and use the division algorithm [lima
and Yoshino 2009, Proposition 1.9] on it. We denote by Z(fg) the set of all sequences (aj, az, az, ...) of
nonnegative integers such that a; = 0 for all but finitely m_any i > 1. Any monomial in ky{Xo, ..., X4}
can be described uniquely as X? =[] atz((Xh)i,j)(bh’Z)i’j for some

b=(boo,boi...,b10.b1,1,...,b00,ba1,...)€ YAy

>0

where

i = vec(((bn,0)i ) =[Bn) 11 -y Grdrts Gn)12s s Grdrzs - os Gidirs -y bprr]

for 0 <h < a and £ € Z-( such that ((bs¢); ;) is an r x r matrix and (b ¢); ; = O for all but a finite
number of 4, £, i, j. We define a monomial order on kp{Xo, ..., Xo} as in [loc. cit., Definition 1.1] in
the following way:

e we set 3L ((Xp)11) <--- < (Xn)r1) < - < 0((Xp)1,) < < 3E((Xn)rr),
o we set 3 ((Xn)i, ) < T (Xn)iy.jp)s



1280 Changningphaabi Namoijam

¢ ¢
e weset 0, (Xp)iy,j1) <0, (Xnt1)in, )

« we take the pure lexicographic order defined such that X? < X¢ if the leftmost nonzero component
of b — c is negative,

where b, ¢ € 25, €, 01,02 € Z2, i, j, i1, i, j1, 2 €{0,...,r}and 0 < h <«

Let J(Im By) denote the defining ky-0;-ideal of Im By in k,{Xo, 1/ det Xo}, and let D (B - vec(Xy))
denote the d;-ideal in kp{Xo, 1/ det Xo} generated by the homogeneous degree-1 polynomials given by
the entries of B - vec(Xp). Also, let S3(B - vec(X()) denote the radical 0;-ideal in k,{Xo, 1/ det Xo}
generated by the entries of B - vec(X)).

Claim 1. We claim that I(Im By) = D (B - vec(Xy)).

Proof. By Proposition A.1.6, we have D (B - vec(X()) = R(B - vec(Xy)). Clearly, D (B - vec(Xp)) C
J(Im By). To show that T(Im By) € D (B - vec(Xy)), let P € I(Im By) C ky{Xo, 1/ det Xo}. Let (X0)y, o,
denote the leading variable of er =1 (by)i,j(Xo)i,j foru=1,..., r? —r? /s with respect to the monomial
order above. This means that for £ > ¥,,, h > w,, the coefficients (b, )¢ are all 0. Moreover, by clearing
denominators, we may assume that each (b,); ; € A. Thus, the defining polynomials of Im By are now

ﬁll wll
3> i j(Xo)ij=0. (bu)ij €A u=1,....r"=r’/s, (4.3.6)
i=1 j=1

Since the rank of B is full, we may pick (b,); ; so that foreachu =1, ..., r2—r?/s—1

(X0) 00, < (X0)yy 1,041 -

By using the division algorithm [lima and Yoshino 2009, Proposition 1.9], we can write

2 2
re=re/s (ﬁu Wy

P=2 > ZZ(bu)i,j(Xo)i,f)'Z&u+5’
=0

u=I i=1 j=I
where u, is the largest number such that 9;* “((Xo0)9,.»,) Occurs as a variable in P, each z;, is in
ky{Xo, 1/det Xy}, and the remainder S is an element of J(Im fBy) \ D (B - vec(X()). Note that the
variables 8f((X0)19“‘wu) do not occur in S.
Suppose that S # 0. Then, note that there exist « > 0 and m > « such that

S € ky[97 ((X0)1,1) -, 07 (X0)rp)s - - -5 07 (XD 1,1)s - -+, 0 (Xo)r )],

when S is regarded as a usual polynomial in the variables {af((Xo)g,j) e <l<m,1<i,j, <r}overk,.
Suppose 9/ ((X0)v,,v,) for some 1 < vy, vo <r is the smallest, with respect to the above monomial order,
among the variables 9/ ((Xo); ;) occurring in S. We will show that the coefficients of S as a polynomial
in the single variable 0/ ((X¢)y,,v,) over the ring

kpl07 (X0)yy.): 8 (X0)ij) v <y Srva<ya<r 1<i j<ra<t=m]

are in J(Im By) as well.
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We pick v > 1 such that ¢V > m. Consider | € Agv of the form
r2—r?/s

f=g- [] @03 .. 43.7)
u=1

where g € Agv, gl:=0 = 0 and each (b,)y,.», € A is the coefficient of (X¢)y, 4, in (4.3.6). Note that
fl;=0 =0. Then, for « < £ < m by using the product rule for hyperderivatives and Proposition 2.4.1 we have
f forl=uq,

0 fora <l <m.

- =0/a" f= {

For f as in (4.3.7), consider & = (f; ;) € Mat, (A;), where we set f,, ,, =1%-f for (i, j) # (v1, v2), (Du, @Wu),

u=1,...,rr— r?/s, we set fi,j = re ! -f (or §;,; = 0 in the case o = 0), and finally we pick the entries
f9,.00 € Ap foreach u =1,...,r* —r?/s such that
Du—1 wy—1
O o == X Bl )
i=1 j=1

Note that each fy, 4, (=0 = 0. Then, & satisfies (4.3.5), that is,
B -vec(®) =0.

Since §; jl;=0o =0forall 1 <i, j <r, forany € e CentGLr(Ap)(Kp) =1Im By, we see that C+ & € GL, (Ay).
Moreover, € + & satisfies B - vec(& + &) =0, and so

C+6= (Qi,j) € CentGL,(Ap)(Kp) = Im By. (4.3.8)

To prove § = 0, we adapt an argument of Maurischat [2022b, Corollary 6.4]. For any € = (¢; ;) €
CentgL, (a,)(K,) =Im By, consider the polynomial We(Y) € ky[Y] created from S by making the following

assignments to the variables:
37 (X0)v;,v,) = 07 (€uy0,) + Y,

8% ((X0)y1.) = 0 (63y.0)+
3/ ((Xo)i.j) = 8 (ci.})
forvi<y <r, <y <r,1<i,j<r,and o < £ <m. Note that for €+ & in (4.3.8)
37 (@vy,uy) = 07 (Cuyuy 1%+ F) = 97 (o) +,
0 (1y.0) = 0 (Cpypy 1471 = 97 (61.0)

forv; <y <r, v <y, <r,and

0 Cei ) =0 cij +1o71 - =08 i)

2 —r?/s. Thus, since the

fora <€ <mand 1 <i, j <r suchthat (i, j) # (¥,, w,), whereu=1,...,r
variables a,‘f((x 0)9,.0,) do not occur in S, we see that We(f) is equal to the evaluation of § at the element
¢+ & eIm By and so,

We () =0.
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This implies that, for all € € J(Im Sy), the single variable polynomial We(Y) has infinitely many solutions
fe Agv of the form (4.3.7) and so W¢(Y) is identically 0. Note that We (97 ((X0)v,,0,) — 07 (¢v;,0,)) 18
simply the polynomial in the variable 0/ ((X0)y,,v,) obtained from S by letting

A ((X0)yy. ) = 0% (cpipn)s  0E((X0)ij) = 8/ (ci.j)

forvi <y <r, <y <r, 1<i,j<r,and @ <€ <m. Since, for all € € Im Sy,

0= We (97 ((X0)v;,0,) — 07 (€v;,0,)),

this implies that the coefficients of 9 ((X¢)y,.1,) in the polynomial S also lie in J(Im By). If S” denotes
such a coefficient and if 9} ((X¢)q,,4,) 1S the smallest variable with respect to the monomial order above
occurring in §’, then applying to S’ the same process above, the coefficients of 9 ((X0)4,.4,) in the
polynomial S’ also lie in J(Im ). Continuing like this, there is a nonzero element of k, which is an
element of J(Im Bp), which gives a contradiction to Im 8y # @. Thus, S = 0. U

Set
T := ?J%(B -vec(Xp), vec(at1 (Xo) — (X1)), vec(atz(Xo) —(X2)), ..., vec(d; (Xo) — (Xn)))

to be the radical 0;-ideal in k,{X), ..., X,, 1/det X} that is generated by the entries of B - vec(X)),
Vec(at1 (Xo) — (X)), Vec(atz(Xo) —(X2)), ..., vee(9/(Xo) — (X)), which are homogeneous degree-1
d;-polynomials. Then, Proposition A.1.6 implies

T =D (B - vec(Xo), vee(d! (Xo) — (X1)), vee(d>(Xo) — (X2)), ..., vee(d' (Xo) — (X)),  (4.3.9)

the 9;-ideal in k,{Xo, ..., X,,, 1/ det X¢} generated by the set of homogeneous degree-1 0;-polynomials
given by the entries of B - vec(X)), Vec(8t1 (Xo0) — (X1)), Vec(atz(XO) —(X2)), ..., vec(9/"(Xo) — (X,)).
Let J(Im B,) denote the defining ky-0;-ideal of Im B, in kp{Xo, ..., X,, 1/ det Xo}.

Claim 2. We claim that T = J(Im f3,,).

Proof of Claim 2. By Theorem 4.1.6, clearly T C J(Im 8,,). To show J(Im g,) C T, let F € 3(Im B,) C
ky{Xo, ..., Xn, 1/ det Xo}. Note that for 1 < h < n, we have 3/(3"((X¢); ;)) < 8/((X»);.;) and so the
leading monomial of each af(a,h((xo)i,j) — (Xn)i,j) is af((xh),,j). Then, by using the division algorithm
[lima and Yoshino 2009, Proposition 1.9] we see that

r n Mpi,j

F=%"3"%" 050" ((Xo)i;) — (Xn)i.j) - (wn.e)ij + H. (4.3.10)

i,j=1h=1 £=0

where my,; ; is the largest number such that 8;”’1"""((Xh),-,j) occurs as a variable in F, each (wj, ¢); ; €
ky{Xo, ..., X, 1/det X}, and the remainder H = H (Xy) is an element of kp{Xo, 1/ det X}. Note that
for g., Im B,, and Im By as in Theorem 4.1.6, there is a surjective map

Im B, — Im By
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given by d; ,+1[8e] — gc. Moreover we have F(d; ,+1[ge]) =0. Since T € J(Im B,) and

r n Mpi,j
Do (0N ((Xo)iy) — (Xw)ij) - (wa)ij € T
i,j=1h=1 £=0
we obtain from (4.3.10) that H(g.) = 0. Thus, H(Xy) is an element of J(Im By) = D (B - vec(Xp)). This
proves our claim. Therefore, J(Im 8,) = T. U

We are now ready to compute Im j,%.

Claim 3. The defining equations of Im B,% are given by
d; ni1[B]-vee([X,, ..., Xo]") =0. (4.3.11)
Proof of Claim 3. Based on Lemma A.1.5, we can find the defining equations of Im 8, if we determine
T :=TNky[Xo, X1,...,X,,1/det Xo]. (4.3.12)

By the preceding arguments, an element of F € T = J(Im B,°) is of the form (4.3.10), where H €
D (B -vec(Xy)) C ky{Xp, 1/det Xo}. Suppose

r2—r2/s vy

H = Z Z Zcux 8%((bu)l](X0)lj)

i,j=1 u=1 »=0

where v, > 0 and ¢, , € ky{Xo, 1/det X} foreach 1 <u < r?> —r?/s. By the product rule of hyper-
derivatives, we have 3 ((by)i, j(X0)i,j) = Yoweo 07 “((bu)i,j) - 0¥ ((X0):,j), and so rewriting F we have

r n Mpij
F=Y%" (Z > i) -0f (37 (Xo)i ) — (Xn)i )
i,j=1 “h=1 £=0
r2—r /s v, X
+ Z (Z Cue 07 (bu)i, 1) (X0isj+ Y D Cue 07 ((bu)i. )0 (Xo):, j>>>,
= x=1 a=1
where (wy, ¢)i,; € kp{Xo, ..., X, 1/detXo} and my,; j € Zsgfor1 <h<n, 1 <i,j<r.

Suppose that FF € T C ky[Xo, ..., X,, 1/ det Xo]. Then, since H € k,{X, 1/ det Xo}, we obtain

mp.i, j= 0.
Additionally, for each 1 <i, j <r we have

r—r/s v,

Z ZZC”” a% a((b )l]) aa((XO)tJ)+Z(wh O)lj a ((Xo)l])_

u=1 x=1a=1 h=1

From this, we see that v, < n, and for & > v, we have (wy,0); ; = 0. Moreover, since

Uy Uy Uy

ZZcM 8 (bu)i ) (X)) = D 3 Cuy - 8 (i) - 9 (Xo)i. ).

x=1 a=1 h=1y=h



1284 Changningphaabi Namoijam

we have, for 1 <h <v,,

r2—r?/s v,
—h
(wn,0)i,j =— E E Cuy -0 ((bu)i j)-
u=1 y=h

Thus, F € T is of the form

2

r r—rz/s vy v, Uy
F=%" % (Zcm-a;f«bu»,,-)-<Xo>i,,-+22cu,y-a,y"“<<bu),-,j>-<xh>,-,,~)

ij=1 u=1 “x=0 h=1y=h
r—r2/s , v, Uy Uy
—h
= > <Zcu,x-a,”<Bu>-vec(Xo>+ZZcu,y-aZ (Bu>-vec<Xh)),
u=1 x=0 h=1 y=h

where By, is the u-th row of B and each ¢, € ky[Xo, 1/ det Xo]. Varying u from 1 to r> —r?/s and
varying each v, from 0 to n, we see that the ideal in k,[Xo, ..., X,, 1/ det Xo] generated by (4.3.12) is
the same as the ideal generated by

n
{Z 8;’711(]3”) -vee(Xy), u=1,..., P2 r2/s},
h=0
which can be written as

dini1[B]-vee([X,, ..., Xol"),

where we define vec([X,,, ..., Xo]") :=[(vec X,)T,..., (vec Xo)"]". Since, by its definition, d; ,+1[B]

is a block upper triangular matrix with all diagonal blocks equal to B, we have that
rankd; , .1 [B]> (n+1) -rank B = (n+ 1) - (r> — r?/s).

Also, since d; ,41[B] is an (n+1) - (r? — r2/s) x (n+1) - r? matrix, we have that rank d; ,41[B] <
(n+1)-(r>—r?/s) and so rank d; ,, | [B] = (n+1) - (r> —r?/s). Since rank d, , [ B] is full, we see that

dyn1[B]-vee([ Xy, ... Xol) =0
are the defining equations of Im f,%. (]

Since each (b,);; is an element of k, we see that each entry of d; ,1[B] is an element of k and so,
Im B,7 is defined over k. Moreover,

dimIm 8,2 = (n+1) -r> —rankd, , .1 [Bl= (n+1)-r> —(n+1)- (r> —=r?/s) = (n+1)-r?/s, (4.3.13)
which gives the desired result. O

4.4. Upper bound on the dimension of Tp, M, Recall from Theorem 4.2.5 that for any k-algebra R and
n > 1, an element w, of I'p,p,(R) is of the form as in (4.2.6).
Note that by (4.2.4), we have a short exact sequence of affine group schemes over k,

1= Qu— oy, 2 Tp, oy — 1, (4.4.1)
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where, by Theorem 4.2.5, n,gR_)l : Tp,m, (R) = Tp,_ ar, (R) maps w, to the matrix u,—; formed by the
upper left rn x rn square. Consider

Id- 0 --- 0 v
Id. O 0
v = o € Gl (R), (4.4.2)
0
1d,
where v € Mat, (R). Then, an element of Q,(R) is of the form (4.4.2). It can easily be checked that
Id, 0 -~ 0 yvyy!
Id 0 --- 0
vyt = TR . (4.4.3)
' 0
Id,

Note that PoM,, is simply M), via the map Dom > m for all m € M,, and so M, is a sub-z-motive of P, M,.
Thus, similarly, by (4.2.4) there is a surjective map of affine group schemes over k,

o :Tp,m, = 'y,

where, by Theorem 4.2.5, n(()R) :Tp,m, (R) = Ty, (R) is the map given by w, > yp. Thus, via conjugation
there is a left action of 'y, on Q, given by (4.4.3).
Set K, := End7(M,) and for a k-algebra R define

Centyay, /k (Kp)(R) :={y € Mat,(R) : yg = gy for all g e R®; K, C Mat, (R)}.
Lemma 4.4.4. Forn > 1,letv € Q,(R) be as in (4.4.2). Then,
v € Centyay, /k (K) (R).

Proof. The entries of u, = d,,n+1[\llp]_1Dnm form a k-basis of (PnMp)B (see [Papanikolas 2008,
Proposition 3.3.9]). Recall the action of I'p,,(R) on R ® (PnMp)B from [loc. cit., §4.5] (see also
(4.2.8)) as follows: for any u, € I'p, M, (R) and any a; € Mat;,(R), 0 <i < n, the action of u, on
(ao, ..., an) -u, € Ry (P,M,)8 is

TR () 1 (@0, . an) drpy 1 [¥,] 7 Dym > (ap, . .., an) -, dy i1 [¥,17 Dy (4.4.5)

Given f € K,, let F € Mat, (k(1)) satisfy f(m) = Fm. By Proposition 4.2.3(a), for n > 1 there
exists g € Endr(P,M,) such that g(D,m) = d; ,1[F] D,m and so, d,,,,H[\I’p]_ld,,,,H[F] di n1[W,] =
di nt 1[\11;1F\11p] is an element in the image of the natural embedding (4.2.1). Then by (4.4.5) and the
commutative diagram (4.2.2), we have

drn1 [, FYp 1Y = vdy 41 [V, FW, ).
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This gives
v 'FW,0 = 0¥, 'FY,
and the desired result follows. U

Theorem 4.4.6. Let p be a Drinfeld A-module of rank r defined over k°° and, for n > 1, let P, p be its
associated n-th prolongation t-module. Let M,, and P, M, be the t-motives corresponding to p and Py, p
respectively. Let K, be the fraction field of End(p) defined as in (3.2.2) and suppose that [K, : k] = s.
Then dim Ip,m, <(n+1)- r2/s.

Remark 4.4.7. The author thanks the referee for sharing the ideas of the following proof, which is an
improvement on the ideas used in a previous proof the author obtained. The author’s previous proof
required a lemma proving smoothness of Q. This is no longer required and has been removed.

Proof. By Proposition 3.2.3 and Remark 3.2.4, we see that [K,, : k] = s and so, Centya, /x(K)) is an
additive group scheme of dimension r? /s over k [Farb and Dennis 1993, Theorem 3.15(3)].

As Q, is defined as the kernel in (4.4.1), O, is a closed subgroup of I'p, M,- Consider the closed
immersion Mat, /k < GL,+1) /k defined by v — v, where v is of the form (4.4.2). Note that 0, C
GL(n+1)r /k is isomorphic to its preimage under this closed immersion. Thus, Q, is closed in Mat, /k, and
hence closed in Centyay, /& (K,) by Lemma 4.4.4. This implies that dim Q,, < dim Centya, /£ (K,) = r? /5.

Now, by (4.4.1) our task is to prove that dim Q, +dimI'p,_,y, < (n+ 1) -r2/s, which we show by
induction. For the base case n = 1, since dim I'y;, = r?/s [Chang and Papanikolas 2012, Theorem 3.5.4]
we see that dim QO +dim Iy, < dim Centya, /x(Kp) +dim Ty, =2 - r2 /8. Suppose we have shown that
dimDp,_p, <n- r2 /s. By the same argument as in the base case, we obtain

dim Q, +dimI'p,_, y, < dim Centyga, jk (K,) +dimTp,_ p, = (n+ 1) - r%/s. a

Corollary 4.4.8. Let p be a Drinfeld A-module of rank r defined over kP and, forn > 1, let P, p be its
associated n-th prolongation t-module. Let M, and P, M,, be the t-motives corresponding to p and P, p re-
spectively. Let Im B, be the Zariski closure of Im B, where By, is as in Theorem 4.1.6. Let K o be the frac-
tion field of End(p) defined as in (3.2.2) and suppose that [K , : k] =s. Then dimT'p, », = (n+1) -r?/s and

ImB,”/k =Tp,u,.

Proof. We obtain dimT'p, p, = (n + 1) -r?/s by combining Theorems 4.3.3 and 4.4.6. By (4.3.13) we see
that dim Im ﬁnz =dimI'p, M, Then, since I'p, M, is connected and smooth by Theorem 2.3.1(b), we have
Im B,% /k = Tp,u,. O

Remark 4.4.9. By Corollary 4.4.8, we see dim Q,, = dim Centyy, /x (K,). Since the defining polynomials
of Centmay, /& (K,) are degree-1 polynomials, it is connected and smooth. Thus, Q, = Centya, /& (K)).
4.5. Algebraic independence of periods and quasiperiods. The following result proves Theorem 1.1.3.

Theorem 4.5.1. Fix n > 1. Let p be a Drinfeld A-module of rank r defined over k**P and P, p be its
associated n-th prolongation t-module. Let K, be the fraction field of End(p) defined as in (3.2.2) and
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suppose that K, is separable over k. Let M, and P, M, be the t-motives corresponding to p and Py p
respectively. Then, tr.degg IE(\Dpnp(Q)) =n+1) -r2/s, where s = [K,, : k). In particular,

n r—1 r

tr.deg; ’Q(U UU®, FaG, 850, ag(Fﬂ(A,-»}) — (1) rs.

s=1i=1 j=1

Proof. By Theorem 2.3.2, we have dim I'p,m, = tr.deg; IE(\IJpnp lr=6). Since Wp, , =d; ,41[V¥,], the result
follows from Theorem 3.4.1 and Corollary 4.4.8. O

5. Hyperderivatives of logarithms and quasilogarithms

In this section, we prove Theorem 1.1.4 (restated as Theorem 5.4.4) and Corollary 1.1.5. We fix a Drinfeld
A-module p of rank r defined over k*P and an A-basis {A1,...,A,} of A, as in Section 3.2. Let M,
be the t-motive associated to p along with a fixed k(r)-basis {mi, ..., m,} C M,, multiplication by o
given by ®, as in (3.2.1), and rigid analytic trivialization ¥, as in (3.3.2). For each n > 0, let P, M,
be the 7-motive corresponding to the n-th prolongation P,p of p as in Section 3.2. Note that PoM, is
simply M, via the map Dom +— m forallm e M,. If m = (my, ..., m,) T, then a lz(t)—basis of P, M, is
given by the entries of D,m € Mat,1)-x1(P,M,) (see (2.5.1)) such that multiplication by o is given
by ®p,, =d; n+1[P,] (see (2.5.2)) with rigid analytic trivialization Wp,, = d; ,4+1[W,] (see (2.5.3)). We
also set K, :=End7(M,) and let K, denote the fraction field of End(p).

5.1. t-motives and quasilogarithms. Given u € K such that Exp,(u) = o € k%°P, let f,(t) be the
Anderson generating function of p with respect to u given as in (3.1.3). Then, for n > 1, we see
that the Anderson generating function of P,p with respect to u,, := [u, 0, ..., 0]" e KMt is Gu, (1) =
[fu(®), 3} (fu @)y - .., 3P (fu()]T (see (4.1.5)). Moreover, by (4.1.3),

Expp ,(u,) = [Exp, @), 0,...,0]" =[a,0,...,0]" € (k*P)"*.

We define
— w1 OO+ £V i £ 1)
eI O R S Al O E Sy P 3)
sa = | =LV O+ TV RV O 6P L7 0) | e Maty e, (D),
— D@
and let hy , := (o, 0,...,0) € Mat;«,+1)-(k*P). Let Fs be the quasiperiodic function associated to

p-biderivation §, where 6; = k74 - Ak T kT = pr —6. Then, by [Brownawell and Papanikolas
2002, Proposition 3.2.2] (see also [Namoijam and Papanikolas 2024, Proposition 4.3.5(a)]) we obtain

—u+a=Fsw)=k1 fPO) +- -+ k1 LTVO) + 1, £ ). (5.1.1)
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We now define the pre-f-motive Y, , of dimension (n + 1)r + 1 over k(z) such that multiplication by o

is given by
) 0 -
cDot,n = <thp 1) € Mat(n+1)r+1(k[t])-
a,n
If we set gy.n := (Sq, a,‘ (S¢), ..., 0/ (5¢)), where the hyperderivatives are taken entrywise, then we have

-1
g(gt,n )q)Pnp = g()(,n + ha‘n- We Set

WUp 0
Wy 1= nP Mat ¢ 1y,41(T
o (ga,n\I"Pn,O 1) & ey +1( )

to obtain lI’(S,,_,,l) = Dy , Wy n- Thus, Y, , is rigid analytically trivial. The reader may consult [Namoijam
and Papanikolas 2024, Lemma 5.65] for motivation behind the construction of g, , and kg ,.

Proposition 5.1.2 (cf. [Papanikolas 2008, Proposition 6.1.3]). The pre-t-motive Yy, is a t-motive.

Proof. Set N .= Matlx(n+1),+1(l€[t]) and let e :=[eq, ..., e(n+1)r+1]T be its standard lg[t]—basis. We
give NV a left k[t, o ]-module structure by setting oce = (t —0) P, ne. Let C be the A-finite dual #-motive
associated to the Carlitz module € (rank-1 Drinfeld A-module) given by €, =6 +1 and let C := k(H® i€
be the corresponding pre-t-motive. We obtain the following short exact sequence of k[z, o ]-modules:

0 — C ®py PaM, = N — € — 0. (5.1.3)

Since C and C Qg PnM, are finitely generated left k[o ]-modules, it follows from [Anderson et al. 2004,
Proposition 4.3.2] that N\ is free and finitely generated as a left k[o]-module. Since C Ok P, M, is an
A-finite dual r-motive, we have

(t— Q)UI « ®1}[;] PnMp) Col(C ®12[;] PnMp)

for some v; € N. Moreover, (f —0)C = oC and so, by (5.1.3) we obtain (t — 0)?N C o\ for v; € N
sufficiently large. Thus, we see that A is an A-finite dual z-motive. Then, it follows from the discussion
in [Papanikolas 2008, §3.4.10] that Y, , is a -motive. O

5.2. Nontriviality in Ext%—(l, P,M,). We continue with the t-motive Y, , from the previous subsection.
Let 1 denote the trivial object of the category 7 from Section 2.2. Note that Y, , represents a class in
Ext’-(1,P,M,). Suppose e € End7(M,) and let E € Mat, (k(¢)) be such that e(m) = Em. If we set

0--- 0 E
L0 0 _
E:= .| e Matggy (k(2)), (5.2.1)
0

then one checks easily that E represents an element e of End7(P,M,). For classes Yy and Y; in
ExtlT(l, P, M,), if multiplication by o on suitable k(t)-bases are represented by

Pp,, 0 and Pp,, 0
v 1 v, 1
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respectively, then their Baer sum in ExtlT(l, P,M,) is achieved by the matrix

Pp,, 0
v+, 1)°

Moreover, we see that multiplication by o on a k(¢)-basis of the pushout e, Y; is represented by

Pp,, 0
le 1)
Note that if [K, : k] = s, then {A1, ..., A, } span a K,-vector space of dimension r/s.

Theorem 5.2.2. Suppose uy, ..., u, € K such that Expp(ui) =o; € kP for each 1 <i < w and
dimg, SpanKp()q, cos A UL, o Uy) =1 /s +w, where [K, c k] =s5s. Forn > 1, weletY;, ==Y, ,
be defined as in Section 5.1. Then, for ey, ..., e, € K,, not all zero, S := e1,Y1, + -+ ey Yy n is
nontrivial in ExtlT(l, P,M,), where each e; € End1(P,M),) corresponds to e; as in (5.2.1).

Proof. We adapt the ideas of the proof of [Chang and Papanikolas 2012, Theorem 4.2.2]. For each
l1<i<w,weleth;,:=hy,and g, := g4.n FIXE; € Mat, (k()) so that e;(m) = E;m for each
1 <i <w. Then ¢;(D,m)=E;-D,m, where E; is as in (5.2.1) with E; = E. By choosing an appropriate
k(t)-basis s for S, multiplication by o on s is represented by

. cDPnP 0 A
Gy = (ZZ_UZI hi o E, 1) € GL(u41)r+1(k(2)),

and a corresponding rigid analytic trivialization is represented by

Yp 0
Yo = npP
g (Z;ﬂ:l ginEiWp,, 1

Suppose on the contrary that § is trivial in ExtlT(l, P,M,). Then, there exists another k(t)-basis s’ of S
such that os” = (®p,, ® (1))s’, where ®p,, @ (1) is the block diagonal matrix with ®p,, and 1 in the
diagonal blocks and all other entries are zero. If we let

Id(u41)r 0) =
= e GL k(t)),
14 (J/o-"J/n 1 n+Dr+1(k(1))

) € GLu41yr+1 (D).

where y; := (y;1, ..., yj,) for each 0 < j < n be the matrix such that s’ := ys, then we obtain
y TPds = (Pp,, & (1)y. (5.2.3)

Note from [Papanikolas 2008, Proof of Proposition 3.4.5] that all denominators of entries of y are
in A and so in particular, for each 0 < j < n, the entries of y; are regular at r = 0, 09, 9‘12, .... Using
®p,, =d; n+1[P,1, the (n+1)r+1, (n—j)r+1)-th entry of (5.2.3) foreach 1 < j <n is

=
.

1) qn—j—h —r
v V8 T @ -0 k) = vt
0

>
Il
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and the ((n+1)r+1, nr+1)-th entry is

n w
Y v =0/ 4D B = Y.

h=0 i=1

For each 0 < j < n, applying (—1)1‘8}( -) to the ((n+1)r+1, (n—j)r+1)-th entry and then adding them
(we also use the product rule of hyperderivatives and the property 9/9,” (f(t)) = (”J;w) e T f(@))), we
obtain

Y 0T e ) V=0T Y B = Y (=178 (). (5.2.4)
j=0 i=1 j=0

Specializing both sides of this equation at t = 8, we obtain

=170 i) O) =Y i (B 11(6). (5.2.5)
i=1

j=0
By (5.2.3), we also have (y W)™V = (®p, , @ (1)) (y Ws) and so by [Papanikolas 2008, §4.1.6], for some

Idn Dr 0
5= (30(..+. 5 1) € GLuryr+1(K),

where §; := (8;1,...,4;,) foreach 0 < j <n, we have

yWs = (Wp,, & (1)S. (5.2.6)

Since Wp,, = d; 41,1, by applying to (5.2.6) the same methods applied on (5.2.3) to obtain (5.2.4), it
follows that
S EDH o)+ ) siBi=) (=173 8w, (5.2.7)
j=0 i=1 j=0
where for S,j (¥n—j) and a,f (8,—), the hyperderivatives are taken entrywise. Since for each 1 <i < w the

first entry of s;(0) is u; — «; by (5.1.1), using [Chang and Papanikolas 2012, Proposition 4.1.1(b)] and
specializing both sides of (5.2.7) at t = 6, we see that

Y DI sy DO + D i — ) ED 1 @) ==Y Y (=18 Gaejn) (@),

j=0 i=1 m=1 j=0

and so from (5.2.5) we have

r n w
DN =170 Gujun) Odm + Y (ED11(O)u; = 0.
m=1 j=0 i=1
Since ey, ..., ey are not all zero, E; is nonzero for some 1 <i < w. Moreover, by Proposition 3.2.3 we
see that K, = K, and so E; is invertible. By [loc. cit., Proposition 4.1.1(b),(c)] we get (E;)11(0) € pr
and thus we get a contradiction to the assumption that {u1, ..., u,} is K,-linearly independent from each
other and is K ,-linearly independent from {Ay, ..., A, }. U
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5.3. Construction of the t-motives Y and N,,. In this subsection, we construct a ¢-motive that is suitable
for the investigation of the hyperderivatives of logarithms and quasilogarithms of the Drinfeld A-module p
and the study of its Galois group. Suppose that we have uy, ..., uy, € KK with Exp,(u;) = o; € k> for
each 1 <i <w. Forn>0,welethy, :=hg, », 8« :=8a;jns Yin :=Yuo;ns Pip:i=Pg, nand ¥, , =W, ,
defined as in Section 5.1. The matrix ¥, := @;":1 W; , is arigid analytic trivialization for ¥}, := @;":1 Yin

Define the #-motive N, such that multiplication by o on a lz(t)—basis is given by @y, € GL (14 1)rw+1 (IE (1))
along with rigid analytic trivialization Wy, € GL¢;,1)rw+1(T) such that

(DPn P ‘Ian P

by = and Yy = . 5.3.1
N q)Pn;O N \Ianp ( )

hal haw 1 gﬁll\anP gaw\ljpnp 1
Similar to n = 0 case [Chang and Papanikolas 2012, §5.1], N, is an extension of 1 by (P, M,)" which
is a pullback of the surjective map Y,, — 1" and the diagonal map 1 — 1%. Thus, the two 7-motives Y,
and N, generate the same Tannakian subcategory of 7 and hence the Galois groups I'y, and I'y, are
isomorphic. For any k-algebra R, an element of I'y, (R) is of the form

7
V= - : (5.3.2)
"
V] vy 1
where i € I'p,p, (R) and for each 1 <i < w we have v; = (v;1, - .., Vi n+1) such that v; , € G, (R) =

Mat; ., (R) for each 0 < h < n. Since (P,M,)" is a sub-t-motive of N,, we have the following short exact
sequence of affine group schemes over k:

1= X, — [y, 2 Tp,a, — 1, (5.3.3)

where JT,ER) : Iy, (R) = T'p,n,(R) is the map v — p (cf. [loc. cit., p. 138]). It can be checked directly
that via conjugation (5.3.3) gives an action of any u € I'p, p, (R) on

Idg 11y,

v= € X, (R
Id(n+l)r n( )

up ce 7 1
given by
Id+1)r

-1
vy = . 534
Idgg1)r ( )

wip” e wpt

For n > 0, recall from (2.5.1) that if the entries of m € Mat, 1(M,) form a k()-basis of M,, then the
entries of D,,m form a Iz(t)—basis of P,M,. Let [D,m",y]" be a lz(t)—basis of N,. Then, the entries of
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\Il,;nl [D,m", y]" form a [, (t)-basis of Nf [Papanikolas 2008, Proposition 3.3.9]. By construction, P; M,
is a sub-t-motive of N, for each 0 < j <n — 1 and we have a short exact sequence of t-motives
Pr,_;_

0—PjM, > Ny —L5 N,_j_1 — 0, (5.3.5)
where Pr,_;_1(Dym) := Dp_;_ym for h > j, Pr,_;_1(Dym) := 0 for h < j and m € M,, and
Pr,_;_i(x) := x for x € N,/P,M,. Thus, as t-motives N,/P;M, = N,_;_; and so, N,_;_; is an
object in the Tannakian category 7y,. Therefore, we have a surjective map of affine group schemes
Iy, = Iy,_;_,- We now determine this surjective map. For any k-algebra R, we recall the action of 'y, (R)
on R ®; N,f from [Papanikolas 2008, §4.5] as follows: for any v, € I'y, (R), b € R and a;, € Mat; «,(R)
where 0 < h < n, the action of v, on (ag, . .., a,, b) - \Ilj;nl[Dan, yIT € Rk NEB is

(@0, ... @y, b) - Wy [Dym™ ¥ = (ao, ... an. b) - v Wy [Dym T, y]". (5.3.6)

Note that \IJ;/nl [D,m", Y17 = [(d; n41[¥,1"'D,m)T, — gy Dym + 17 by the definition of Wy, (see
(5.3.1)). We restrict the action of v, to R ® Nf,j,l via the map Pr,_;_ in (5.3.5). Note that an element
of I'y, (R) is of the form
()
w, 1/’

where p, € I'p, m, (R) and wy, = (w, . . ., wy) such that each wy, € G (R) =Mat;,(R). Through Pr,,_;_1,
we see that v, leaves Nf_ i invariant and so for
0
Vv, = (Mn ) € FNn (R),
w, 1
we obtain

0
Voo j1 = (Mn il 1) €Ty, (R), (5.3.7)
Wy—j—1

where 1, ;1 is the matrix formed by the upper left r(n—j) x r(n—j) square of w, and w,_;_; =
(wo, ..., w,—j—1). Note that by Theorem 4.2.5, we have wu,_;_| € Ip,_;_m,(R). Thus, the surjective
map E,—j—1: Iy, > I'n,; is given by (cf. [Chang and Papanikolas 2011, Proposition 3.1.2])

=®R)

Sn—j—1 Vp = Vp—j—1. (538)

Lemma 5.3.9. Letn > 1. If K, is separable over k, then X, in (5.3.3) is k-smooth.

Proof. We adapt the ideas of the proof of [Chang and Papanikolas 2011, Proposition 4.1.2] and the proof of
a lemma from a preliminary version of [Chang and Papanikolas 2012] (Lemma 5.1.3: arXiv:1005.5120v1).
By [Springer 1998, Corollary 12.1.3] it suffices to show that for n > 1, the induced tangent map drx,, at
the identity is surjective onto Lie I'p, M,- We prove this for w = 1 as the argument used in this case can be
applied in a straightforward manner to prove the arbitrary w case. We leave this task to the reader. Since
K, is separable over k (by hypothesis, Proposition 3.2.3, and Remark 3.2.4), we see from [Chang and
Papanikolas 2012, Corollary 3.5.6] and [Waterhouse 1979, p. 61 Problem 14] that through conjugation by
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some J € GL, (k°P), we have an isomorphism

~

)
T, <k Kp = [ [(GLys /K,
i=1
where
s GL, s

[ [GLys /K )i =

i=l1 GL, /s
and (GL,/s /K); is the canonical embedding of GL, /s /K, into the i-th diagonal block matrix of GL, /K ,.
Making a change of basis, we obtain

N
Ty, xkk = [ J(GLys /h);.
i=1
For n > 1, it follows that via conjugation by d; ,+1[J] € GL(y 1), (k*P) on I'p, y,, we obtain I_‘pn M, an
algebraic subgroup of GL ;1) / k, such that there is an isomorphism

FpnMp Xklz i) l:PnMp- (5310)

Let (@;”:1 ds n+1 [J]) @ (1) € GL(+1)rw+1(k*P) be the block diagonal matrix with d; ,41[J] in the first
w diagonal blocks and 1 in the last diagonal, and all other entries are zero. Then, via conjugation by
(@;”: 1dint1lJ ]) @(1) on I'y, we obtain r ~, such that we have an isomorphism I'y, x kl:t = I_‘Nn. Moreover,
I:N,, is an algebraic subgroup of GL (4 1)rw+1 /I:t such that 77, : I_*Nn — l:pnMp induced by 7, in (5.3.3) is
surjective. Thus, we are reduced to proving that the induced tangent map d, : Lie Ty, — Lie T'p, M, 18
surjective.

First we determine I_‘pn M,- Recall X, the coordinates of I'p, M, from (4.3.1). Since d; ,,+1[J] and its in-
verse are block upper triangular matrices, similar to X we make the choice to let the coordinates of I'p, , be

Yo Y, --- Y,
Yo .o

Y = 0 ) ,
.. Yl
Yy

where Y, :=((Y});;), an r xr matrix for 0 <h <n. Then, by construction we have X =d, ,, 1 [J1Y d; 11 (!
and so for each 0 < w <n, we obtain

Xy= ), Z'ja;“l"’a)-sz-(af’a))—l,

witwr=w h=0
wi,w2>0

where the hyperderivatives are taken entrywise. Then, we have

vee(X,)= Y Y (IO 1@y " M) -vee(Yuy) = Y 8" ()T @) - vee(Yy,),

witwr=w h=0 witwr=w
wi,w2>0 wi,w2>0
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where we obtain the first equality by using properties of the Kronecker product and the second equality
by further applying the product rule for hyperderivatives. This implies

vee([ X, ..., Xol") =du1 [A7HT @] vee([Yy. ..., Yol ), (5.3.11)
where we set

vee([ Xy, ..., Xol") :=[(veeX,)", ..., (vecXo)']",

and we further define vec([Y,,, ..., Yo]") similarly. For 0 <i <n, let l_c[YO, ..., Y;, 1/detYy] denote the
localization of I::[Yo, ..., Y;] at detYy. Then, by (4.3.11), Corollary 4.4.8, and (5.3.11), the defining ideal
of I_‘pn M, via the isomorphism (5.3.10) is the ideal in l_c[Yo, ..., Y, 1/det Yy] generated by the entries of

din1[B-((I7HT@D]-vee(lY,, ..., YoI"). (5.3.12)

It is clear by observing ]_[f:1 (GL, /s /I:’,),- that, for Yo = ((Yp);, ), the defining ideal of ]_[f:l (GL, /s /IE),-
is the ideal in k[Y;, 1/ det ¥;] generated by

{(Yo)i,j: G, J)#wr/s+vi,ur/s+v2), 0<u<s—1and 1 <vy, v, <r/s} (5.3.13)
Moreover, by (4.3.5) and (5.3.11), the defining ideal of []}_, (GL,/s /k); is also generated by the entries of
(B-(7HT QD) - vee(Yy). (5.3.14)

By (5.3.13), in the defining ideal of ]_[ls: 1(GL, /5 / k) i» there are no linear relations among
{(Y0)i,j: (G, j)=(ur/s+vi,ur/s+v2), 0<u<s—1land 1 <wvy, vy <r/s}. (5.3.15)

Since (5.3.14) also generate the defining ideal of ]_[f:1 (GL, /s /l})i, we see that the entries of B-(J~1H)T®J)
that give linear relations among the variables in (5.3.15) are all zero. Therefore, the hyperderivatives of
these entries are also all zero. Using this and using (5.3.13), for y € ]_[le(GLr/s /k)i and for 0 < ¢ <n,
we see that

3B-((HT®N) -y =0. (5.3.16)

Moreover, by (5.3.14), for 1 < h < n, the defining ideal of ]_[le(Matr/s /I:’,),- is the ideal in I:’,[Yh]
generated by the entries of

(B- ()T ®1)) - vec(Yy),

and similar to (5.3.16), for y’ € []}_, (Mat, /g /k); and for 0 < £ < n, we see that
3/(B-((HT @)y =0.

Therefore, for all ¥ € [];_,(GL, /s /k); and y, € [T;-, Mat, s /k); where 1 < h < n, we have

dipi1[B-(AHTRD1- (Yns -5 v0]") =0.
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Thus, by (5.3.12) we have

Yo|Vi|" - |Vn
. . N N
Tp,m, = B :v0 € [ [GLyss /)i, v € [ [Matyys k)i, 1 <h <np, (5.3.17)
N i=l i=1
Yo

where, for each i, (GL, ¢ /I:t)i and (Mat, /g /I:t),- are the canonical embeddings of GL, s /I} and Mat, /IE
respectively into the i-th diagonal block matrices of GL, /k and Mat, /k.

We are now ready to prove that the induced tangent map d7,, : Lie Ty, — Lie T'p, M, 1s surjective. Let
w = 1 and consider the short exact sequence of linear algebraic groups

1— X, — Ty, N Tp,m, — 1. (5.3.18)

First suppose n = 1. Then, by (5.3.17),

T, = {(’g’ ;1)) tyo € [[(GLys /)i, 1 € [[(Maty s /1;>,-}, (5.3.19)
i=1 i=1

and by (5.3.2),
Yo v1 0
= Yo Y1
I'y, C :
Ny = 0 Yo 0 (0 o

> €Tpu,, 20,21 € Gy (5.3.20)
z0 21 1

From 771, we see that X is contained in the 2r-dimensional additive group

Idr/s
G = :vieG;/s ,
Idr/s
v o Vog 1
where we call vy, ..., vy the coordinates of G. We see that via conjugation, X (I}) has a l:lep (I;)—

module structure coming from (5.3.18) (see (5.3.4)). Using (5.3.19) and this module structure, one checks
easily that there is a natural decomposition X, (I:’,) = ]_[lzi 1 Wi such that each W; is either zero or ks,
Fix any 1 <i <s. For any & € GL,s(k), we let

Id, s 0

'gi Y

Id, /s 0
&= 1d, s € Ty, (k)

&

Idr/s
w, - u - Ug Ugy) -+ Ugyy -+ Udg 1
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be an arbitrary element, which by (5.3.18) for n = 1 and (5.3.19) is a preimage of the matrix formed by
the upper left 2r x 2r square of & under the map 77;. For each j #i with 1 < j <, we claim that if
uj #0and ugy; #0,then W; = Wy ; = k’/s. To prove this claim, assuming that uj #0and ug,; #0
we pick §; € GL,/S(IE) sothatu;6; —u; #0 and usy;6; —us; #0, and let Sj € f‘Nl (k) be such that

1d, s 0

Idr/s

71(8;) =

Idr /s

Idr/s

€ Tp u, ().

en one checks direc at 87188671 is an element of X k) and its v; an Vg4 i coordinate vectors
Th hecks directly that 57 '&;8;&" lement of X (k) and its v; and vy ; coordinate vect
respectively are u;6; —u; and usy;6; — ug;, and so it follows that W; = Wy, ; = k’/s. Therefore,

multiplying &; by a suitable element of X (k) we get an element of the form

Id, s 0
& 0
1d, /s 0
éi, = Idr/s
&i
Idr/s
0 - u --- 0 0 © Uy - 0 1

€ Ty, (k).

(5.3.21)

For any b; € Mat, /g (I}), by using a method similar to that above where we take an element of the form S s

we obtain an element of the form

Id, /s 0
Idr/s bi
Id, /s 0
b= 1d, /g
Idr/s
Idr/s
0 w; 0 0 c Wsyi - 0

€ l:Nl(I;)v

(5.3.22)
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which is a preimage of the matrix formed by the upper left 2r x 2r square of I;: under the map ;. Let
H 1 ; be the Zariski closure inside Ty, of the subgroup generated by all éi’ with & running over all elements
of GL, /s (IE) and all I;lf with b; running over all elements of Mat, g (I_c). Foreach1 <i <y, let

(Tpym, /K)i = {(’g) 2) 0 € (GL, /s /k);, y1 € (Mat, /g /lé)i}. (5.3.23)
Note that dim H; < 2r?/s*+2r/s.

First suppose that dim ﬁl,,- = 2r2/s2 +2r/s. Then, we could simply take éi’ and Bl’. sothat u;, ugy;, w;
and wq,; are zero. Taking the Zariski closure Sy ; inside Ty, of the subgroup generated by all such éi’
and b; with &; and b; running over all elements of GL, (E) and Mat, (I}) respectively, we obtain

S=1(" ) v e (Fom sk 5.3.24
Sti=ylg 1) Vi€ T /by (5.3.24)
Thus, I:N1 contains a copy of (l:p1 M,/ I:T),' and so, restricting d; to Lie S 1.i, we obtain a surjection onto
Lie(f‘lep /IE),-. As we vary all 1 <i <, the surjection of dx; follows.
Next, suppose that dim H ; < 2r?/s> +2r/s. Then, via | we have a short exact sequence

_ R _
1= 01— Hi; —> (Tpm, /)i — 1,

where dim Ql’ ; <2r/s and Ql,,- is contained in an additive subgroup of G whose v; coordinate vector
is zero for all j #1i, s +1i, that is,

Idr/s 0
Idr/s 0
14, 0 v, Ui € G,
0. 14, 0= (Uit Vi), (5.3.25)
. Vsti = (vs+i,1, ey vs+i,r/s)
Idr/s
Idr/s
0o ... v, - 0 0o ... Vgyi - 0 1

Claim 4. For Ql’,- if some entry of the v; coordinate vector is nonzero or dim Ql’i #£r/s, then dim Ql,,- =0.

Proof of Claim 4. We follow the argument of the proof of [Chang and Papanikolas 2011, Lemma 4.1.1].
Suppose dim QL[ =m, where 1 <m < 2r/s. Note that QL,- is a vector group. If v; ;, vg4; ; # 0 for all
1<j<r/s,letue %) 1,,»(12) such that all the entries of u in the v; coordinate vector are nonzero. For
ack,a#0,1and 1 <€ <r/s, pick ne, %, € Hy;(k) such that 1 ; (1¢), 71,: (%¢¢) € (Tp, p, (k));, where
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1d, s 0
g 0
1
1d, 0 ..
() = e ” for ap 1= a ., (5.3.26)
r/s .
' 1
Qg
Idr/s
1d, s 0
Id, /s by
N . 0
1d, s 0
71, () = i for b, := a ,
r/s
.
Idr/s
Idr/s

where a, and b, are r/s x r/s, and a is in the £-th diagonal entries. One checks directly that the 2r/s
vectors ’7@_] Une, %, ! Wxe, where 1 < £ < m, are I:’,—linearly independent in Q 1. i(k), which contradicts the
assumption dim Ql,,- =m < 2r/s. Thus, v;, =0 for some 1 <u <r/s. Since m # 0, at least one of
Vi j, Vs, j for some 1 < j <r/s is nonzero, say v; , Or Vgy; y.

Let P, , be the permutation matrix obtained by switching the ((i—1)r/s+u)-th column and the
((i—1)r/s+v)-column of the r x r identity matrix. Pick y € H M(/E) such that

— Pu v B 1,
m,i(y) = ( Cop ) € (Tp,um, (k)i (5.3.27)

If v; , is nonzero, then since y‘l Ql,i y C Ql,i we get a contradiction to v; , =0. Therefore, dim Ql,,- =0.

Next suppose vy, is nonzero but v; ; = 0 for all 1 < j < r/s. Then by hypothesis, m < r/s. If
vsqij #Oforalll < j<r/s, letd € Ql,,-(lé) such that all the entries of ¢ in the vsy; coordinate vector
are nonzero. Then, one checks directly that for 7, as in (5.3.26), the r/s vectors n[lﬂng are k-linearly
independent in 0 L,’(I_(), which contradicts the assumption dim Q;; = m < r/s. Thus, vsy;, = 0 for
some 1 < u <r/s. Then, since vsy; , is nonzero and y‘l 01y C él,i for y as in (5.3.27), we get a
contradiction to vg4;, = 0. Therefore, dim 0 1.i=0. O

Claim 5. If dim Oy ; =0, then d7t ; : Lie Hy ; — Lie(T'p, u, /k); is surjective.
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Proof of Claim 5. To prove that dmr; ; is surjective, we follow the argument of the proof of [Chang and
Papanikolas 2011, Proposition 4.1.2]. We let the coordinates of H ; be as follows:

20 21 0
Z = Zy 0], (5.3.28)
Wo Wi 1

where
Id, /s 0

Zo= " (Zo) . Zi= () ,

' 1dys 0

such that (Zy) and (Z;) are the coordinates of GL,/; and Mat, /s respectively. For each h =0, 1, we
define (Zy) to be the r/s x r/s block ((Zp)ap) for1 <a,b <r/sand W;, :=(0,...,0,(Wp),0,...,0),

where we set (Wy,) := (W), 1, ..., Wy /). For 1 <u,v <r/s, we define the following one-dimensional
subgroups of f‘lep:
Buv 0 Idr Cuv
Tuy := = 53.2
v (o ) o= { (Y S (53.29)
where we set
Id, /s 0
By = By , Cup:= Cuw (5.3.30)
Id, /s 0
such that
1 10 -0 0
By, = * s Byy = 0 R and Cuy = ox s
. e 0
) 1 0 0 1 0

where * in B,, and C,, are in the (i, v)-coordinates. Note that the Lie algebras of the 2 - % /s algebraic
groups T, and U,, span Lie(I_‘pl M, /I})i. In what follows, we construct one-dimensional algebraic
subgroups T,, and U/ of Hy,; so that T/ = T,, and U/, = U,,. Then, since Lie(-) is a left exact

functor, it follows that Lie 7, = Lie 7,,, and Lie U,,, = Lie U,,, and so dm;; is surjective. Since Ql,i

is a zero-dimensional vector group, 7 ; is injective on points and so it follows by checking directly that

o for w # v, all Wy, and W ,, coordinates of 7%1_1.] (T,y) are zero;

o all (Wp) coordinates of 77 l.l (Uyy) are zero, and for w # v, all W ,, coordinates of 7, l.l (U,y) are zero.
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To construct 7)),

we let a, € k* \qu and pick an element y; , € ﬁl,i (I_c) so that

1

i} a B -
i (Y1) = < ' a ) ,  where a, = ay € (GL, /s (k))i, (5.3.31)
v B
1
such that a, is in the (i - r/s + v)-th diagonal entry of a,. For 1 <v <r/s, we let ¢y , and ¢, respectively
be the 2r + 1, (i — 1) -r/s +v)-th and the (2r + 1, (r + (i — 1) - r/s) + v)-th the entry of y; ,. Let 7,

be the Zariski closure of the subgroup of H1; generated by y; , for each 1 < v < r/s. Then, one checks
directly that the defining equations of the one-dimensional subgroup T, of H; can be written as

(av_1)W0,U_CO,U((ZO)U,U_l):Ov 1 EUSVZ/S,

(Zo)ww=1, w#v, 1 §v§r2/s,

(ZD)uw =0, 1 <u, v<r/s,

Whw =0, w#v, h=0,1, 1§v§r2/s,
Wo,u- 10— Wiy o =0, 1<v=r?s.

Then, we see that T, = T, via 771 ;. To construct 7, when u # v, we let b, ,, € T, (k) be a k-rational
basis for the one-dimensional vector group 7, and pick b;’v € H 1,,~(ic) so that ﬁl,i(b;’v) =by,,. We
define T, to be the one-dimensional vector group in H; via the conjugations

n, b ny form, €Tl v=1,...,r/s.

Vv’

Then, we have T, = T,, via 771 ;. Similarly, we use the methods used for T, and conjugations as above
to construct suitable one-dimensional U, such that U, = U,, for I <u, v <r/s. The arguments are

essentially the same as the ones used to construct 7, and 7},

v» and so we omit the details and leave it

to the reader. This proves our claim. (I

Claim 6. For O 1.i If all entries of the v; coordinate vector are zero and dim 0 1i =r/s, then dm; :
Lie ﬁl,i — Lie(l:lep /l:t)i is surjective.

Proof of Claim 6. We have dim H1 ; = 2r% /s> +r/s and by (5.3.25),

Id. 0 0
1= 0 Id 0]:2=1(0,...,0,v54,,0,...,0) € G, where vy, EGZ/S
0 z 1

Note that T, is an algebraic subgroup of GL, | /k such that the surjective map E¢ : Ty, — [, induced
by Ej in (5.3.8) is given by

o 0
0 v 0] — (Jz’o ?) (5.3.32)
Z0 21 1 0
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Then, the elements of Ker E(()k) C I_‘Nl (I;) are of the form

Idr Y1 0
0 Id, 0
0 Z1 1

From this, we see that for any b; € Mat, g (k), elements of the form 5; in (5.3.22) with w; = 0 are in
H L,»(I}). Multiplying such I;; by suitable elements of Ql,i(lg), we have l;lf of the form (5.3.22), where
w; = wsy; =0in H Li(l_c). Let P 1,; be the Zariski closure inside H 1.; of the subgroup generated by all
such 51’ with b; running over all elements of Mat, /g (I}). Then, clearly P 1,i = Mat, /s / k.

For any & € GL, s (IE), multiplying the elements 5[ eH 1.i (IE) of the form (5.3.21) by suitable elements
of Ql,,-(lz’,), we obtain 5[, where ug,; = 0.

For all & € GL, ¢ (k), if there is a 5{ € H ; (k) with u; = 0, then by using P ; and all such elements é;
for all §; € GL, /g (k), we could simply construct S 1.; as in (5.3.24) and restrict d; to Lie S 1.i to obtain
a surjection onto Lie(l:lep /I:t),-.

Next suppose u; # 0. Consider the short exact sequence of linear algebraic groups (see (5.3.18))

1—>)_(0—>I_‘NOE>I_‘MP—>1.

Consider the one-dimensional subgroups of I_‘Mp of the form B,, € (GL, /l})i given in (5.3.30) for
1 <u,v <r/s. The same methods used in Claim 5 to construct 7, can be applied in a straightforward
manner to construct one-dimensional subgroups B, of T'y, so that B, = B,,. We leave this to the reader.
For & € GL, /s (I_c), consider éi/ € ﬁl,,’ (l_c) of the form (5.3.21) with ug4; =0. Let 171,1' be the Zariski closure
inside H 1,i of the subgroup generated by all such éi’ with &; running over all elements of GL, s (k). Then,
we can identify v € % 1,,~(1‘c) with the image E(()k)(v) € I_‘NO (IE) where Z is the surjective map (5.3.32). Via
' for 1 <u,v <r/s is a one-dimensional subgroup of V1 ;. The Lie algebras
of the r2/s? subgroups By, span Lie GL, /s / k. Thus, since P 1,i = Mat, g /k, the Lie algebras of each By,
and Lie Fl,,- span Lie(f_‘lep /lE)i by (5.3.23). Then, since Lie(-) is a left exact, dmy ; is surjective. [J

this identification, each B’

Aswe vary all 1 <i <s, the surjection of d77; follows. Thus, for n =1 the proof of the lemma is complete.
Now suppose n > 1. We follow the methods used for n = 1 to prove that the induced tangent map dr,, at
the identity is surjective onto Lie l:pn M,- Recall I_“pn m, from (5.3.17). Let w = 1 and consider the short exact
sequence (5.3.18) of linear algebraic groups. Fix 1 <i <s. We follow the methods used for the construction
of H;,; above to construct the Zariski closure H,; inside Ty, of the subgroup generated by suitably
chosen elements of T'y, such that H, ; is contained in the (n + 1)r2/s? + (n + 1)r?/s-dimensional group

no|ni|-- (1M.]0

ML L L | o€ (GLys /k)is nj € Matys /k)i, 1 < j <n,

e m sy =(0,...,0,5,;:,0,...,0), s,; €G/* foreachO<h <n
no|0
Solsi|---|s,|1




1302 Changningphaabi Namoijam

Let
Yo vi| - |
(Tp,u, /K); = Yo : 20 € (GL /s /k);, yj € Mat, /s /k);, where 1 < j<n
R
Yo

IfdimH,; =(n+1)-r?/s’+ (@ +1)-r/s, similar to Sy ; in (5.3.24) we simply construct

Sni = {(% ?) 19 € (Up,m, (I_C))i} (5.3.33)

and restrict d7, to Lie S i to obtain a surjection onto Lie(f‘pn M, /I}),-. As we vary all 1 <i <, the
surjection of dm, follows.
Next, suppose dim H ni<@m+1)- r? / s+ m+1)-r /s. Then, via 7, we have a short exact sequence

_ _ ni = _
11— Qn,i - Hn,i — (FP,,M,,/k)i — 1.

For Q,,;, if some entry of each s, ; coordinate vector where 0 < & < n — £ is nonzero or dim Qn i = ALr/s,
then the methods used in Claim 4 to prove dim Q1 ; = 0 can be applied in a straightforward manner to
prove dim Q,L ; = 0, which we leave to the reader.

Claim 7. If diim Q,,; =0, then d7t,; : Lie H, ; — Lie(T'p,p, /k); is surjective.

Proof of Claim 7. The proof follows the same line of argument as in the proof of Claim 5 (n =1 case) and so
we include only a sketch. Similar to the coordinates Z; of H 1.; in (5.3.28), we let the coordinates of H n.i be

Zy Z -+ Z, 0
Z() T
Zl’l = T . Z] )
Zy 0
Wo Wy --- W, 1
where
Id,/s 0
Zy= (Zo) , Zj= (Zo)
Idr/s 0

for each 1 < j < n such that (Zy) is as in (5.3.28) and (Z;) is the r/s x r/s block ((Z;)4,) for
1 <a,b<r/s. Moreover, set Wj, := (0, ..., 0, (W), 0, ...,0), where we set (W) := (W, 1, ..., Wy r/s)
foreach 0 <h <n.
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Now, we prove that dr,,; : Lie H ni — Lie(f_‘pn M, /lE)i is surjective. Similar to (5.3.29), we construct

one-dimensional subgroups of I'p, a1, :

Id, 0 Cuv 0

Bow 0 - 0 ' :

Tou, = ‘ v Upuw = ' C'.w
Buy 0

Id,

such that B, and C,, are as in (5.3.30), and, for 1 < ¢ < n, C,, is in the £-th superdiagonal block
of Uy .- Similar to the n = 1 case, note that the Lie algebras of the (n+4-1) - r? / 2 algebraic groups 7 .,
and Uy ., span Lie(f‘p" M,/ I_c) ;- In what follows, we construct one-dimensional algebraic subgroups T(;,u,v
and Ué’u’v of H, ; so that T(;,u,v = To.u,» and Ué’
it follows that Lie T}

0,u,v
is a zero-dimensional vector group, 7, ; is injective on points and so it follows by checking directly that

wv = Ut uv- Then, since Lie(-) is a left exact functor,

= Lie Ty ., and Lie Ué wv = LieUg v, and so d7m, ; is surjective. Since O, ;

o forw # v and 0 < h <n, all W), ,, coordinates of 7, l.l(To,u,,)) are zero;
o all (W) coordinates of 7, }(U@ﬂu’v) are zero, and for w # v and 1 < j <n, all W;,, coordinates
of ﬁn_il(Ug,u,U) are zero.

To construct T(;,v,v’ we let a, € k* \F; and pick elements y, , € H ,,,,-(I:’,) so that

ay
Tn,i (Vn,w) = )
Ay

where a, is asin (5.3.31). For 1 <v <r/s and 0 <h <n, we let ¢, , be the (nr+1, hr+(i—1)-r/s+v)-th
the entry of y, ,. Let To/,v,u be the Zariski closure of the subgroup of H n.i generated by y, .. Then, one
checks directly that the defining equations of the one-dimensional subgroup TO/,v,v of H, ; can be written as

(al)_I)WO,U_CO,U((ZO)U,D_1):09 1 EUEFZ/S,

(Zo)ww =1, w# v, lfvfrz/s,
(Zj)uw=0, 1<j<¢ 1<u,v=r/s,

Wi =0, w#v, 0<h<{ 1<v<r?/s,
Wiy o Chyw — Wiy - Chiyw =0, O0<hi,hy<t, 1<v<r?/s.

= To.v.v via T, ;. Similarly, we use the methods used for 7)) . and conjugations

U,V 0,v,v
as in the n = 1 case to construct U; , , such that U, , = Uy, forall 1 <u,v <r/s, 1 <{ <n,

/ /
and T , , such that Tj)

as the arguments used to construct 7,;, and U, in the n = 1 case and 7 , , above, and so we omit the

Then, we see that T

e =Touy forall 1l <u,v <r/s, u# v. The arguments are essentially the same

details and leave it to the reader. This proves our claim. U
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For O, ; if sp; =0 forall 0 <h <n—¢ and dim Q, ; = £r/s, then the methods used in Claim 6 to
prove that diz; ; : Lie H;; — Lie(Tp, M,/ k); is surjective can be applied in a straightforward manner to
prove that d7z,,; : Lie H, ; — Lie(T'p, a4, /k); is surjective, which we leave to the reader.

As we vary all 1 <i < s the surjection of dm, follows. Thus, for n > 1 the proof of the lemma is
complete. (Il

5.4. Algebraic independence of logarithms and quasilogarithms. We now prove Theorem 1.1.4 (restated
as Theorem 5.4.4) and Corollary 1.1.5. Recall the short exact sequence (5.3.3):

1 — X, - Ty, In, Tp,p, = 1.

We will first show that X, can be identified with a I'p,,-submodule of ((PnMp)B)w. Let n €
Mat((+1)rw+1)x1(N,) be such that its entries form a k(t)-basis of N, and on = ®y,n. The entries
of \Dﬁnln form a k-basis of Nf [Papanikolas 2008, Proposition 3.3.9]. If we write n = [ny, ..., Ry, y]T,
where each n; € Mat(,41)-x1(N,), then the entries of [ny, ..., n,]" form a lz(t)—basis of (P,M,)" and
the entries of u := [IIIFTnlMpn], s \I/;nlMpnw]T form a k-basis of ((P,M,)®)". Given any k-algebra R,
we recall the action of T'p, 37, (R) on R ®4 ((P,M,)B)¥ from [Papanikolas 2008, §4.5] (see also (4.2.8))
as follows: for any u € I'p,m, (R) and any v, € Matjy(,+1)-(R), 0 < h < n, the action of u on
(1, ..., 0yp) U € Ry (P, M,)B)" is

oo v) u (i v

Thus, by (5.3.4) the action of T'p, 5, on ((P, Mp)B)“’ is compatible with the action of I'p, »;, on X,,. Then,
when we regard ((P, Mp)B )¥ as a vector group over k, by Lemma 5.3.9 we get the desired result.

Now, note that since X, is a I'p, Mp—submodule of ((PnMp)w)B, by the equivalence of categories
Te,m, ~ Rep(I'p, p1, » k), there exists a sub-z-motive V,, of (P, M,)" such that as I'p, m,-modules

X, =vh (5.4.1)

By (4.2.7), we see that for any n > 1 and 0 < j <n — 1 we obtain a short exact sequence of ¢-motives

L prw.nfjfl
—_—

0— (PiMy)" — (P,M,)" (Pp—j—1M,)" — 0. (5.4.2)

Lemma 5.4.3. Forn > 1, let V,, be as in (5.4.1). Then, for 0 < j <n — 1 there is a surjective map of
t-motives pry n—j—1: Vy — V,_;j_1 via the map Pry, ,_j_1in (5.4.2).

Proof. We prove the result for w = 1. The following argument for w = 1 can be applied in a straightforward
manner to prove the arbitrary w case, which we leave to the reader. Let w = 1. Recall from (5.3.7) that

L0
v, = (Z 1) €Ty (R),

for any k-algebra R if

then

Mn—j—1 0
= €Ty . (R),
Vn—j—1 <wn—j—l 1) No_j1 (R)
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where p,_ ;1 is the matrix formed by the r(n—j) x r(n—j) upper-left square of 1, and w,_;_| =
(wo, - - ., wy—j—1). Also recall from (5.3.8) that the surjective map of affine group schemes I'y, — 'y, _;_,
is given by

Vn = Vp—j—1.

Since X, and X,,_;_; are k-smooth by Lemma 5.3.9, this map gives a surjective map of group schemes
Xy — Xu—j-1. By (5.4.1), this corresponds to a map of representations of I'p, y, over k, ﬁf} nejot
VnB — V,,B,j,l via the map prﬁ,n,j,l : ((PnMp)w)B — ((Pn_j_]Mp)w)B, where Pry -1 is as in
(5.4.2). By the equivalence of categories Tp,m, ~ Rep(I'p, u,, k), we obtain the required conclusion. [

Theorem 5.4.4. Let p be a Drinfeld A-module of rank r defined over k*¥. Suppose that K , is separable
overk and [K, :k]l=s. Letuy, ..., uy € Kwith Exp,(u;) = o; € k% for each 1 <i < w and suppose
that diml(p SpanKp Aoy Ay un, oo uy) =r1/s+w. Forn>1, let N, and Wy, be defined as in (5.3.1),
and, foreach 1 <i <w, letY; ,:=Y,, » be defined as in Section 5.2. Then, dimI'y, = (n+1) -r(r /s +w).
In particular,

nr—1 w r

tr-deg,;l?(U U U U@, 85Fu (). 85 ). 85<Fff<um>>}) = (n+ 1 /s +rw).
s=0i=1m=1 j=1
Proof. From the construction of Wy, , by Theorem 3.4.1 we have

nr—1 w r

k(W li=s) =1€(U U U U850, 95 (Fei ), 95 ), ag(Fri(um))}),

s=0i=1m=1 j=1
and by Theorems 2.3.2 and 4.5.1, we have

— 2
dim Iy, = tr.degg K(W, i) < (n 4+ D= + (0 + Druw.

Thus, we need to prove that dim X, = (n + 1)rw, where X,, is as in (5.3.3). By (5.4.1) it suffices to show
that VB = (P, M,)*)B. To prove this, we adapt the arguments of the proof of [Chang and Papanikolas
2012, Theorem 5.1.5] (see also [Hardouin 2011, Lemma 1.2]).

Note from (5.4.2) that for n > 1 we have a short exact sequence of 7-motives

L

0— (PoM,)" > (P, M,)" 22 (P,_ 1 M) — 0.

By Lemma 5.4.3, there is a surjective map pry ,—1 : V, — V,—1 via pr,, ,_;. Then ker(pry ,—1) is a
sub-z-motive of M /;”.

We claim that if V,_; = (P,—1M,)", then N,/V, is trivial in ExtlT(l, P,M,/V,). Since X, = VnB,
we see that I'y, acts on Nf / VnB through I'y, / X,, = I'p, M, via (5.3.3). Since pr,, ,—1 is surjective onto
V-1 = (P,—1M,)", by using (5.3.5) one finds that Nf/VnB = N()B/(kerﬁ'w,n_l)B. Recall that for any
k-algebra R, an element of I'p, 5, (R) is of the form (4.2.6) such that yy is an element of Iy, (R). Then,

(5.3.6) shows the action of T'p, , on NnB / V”B is the same as the action of I'y;, on it. Thus, N,f / VnB is an
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extension of k by ((PnMp)w)B/ VnB in Rep(I"y,, k). By [Chang and Papanikolas 2012, Corollary 3.5.7]
and the equivalence of categories Ty, ~ Rep(I'y,, k), we get the required conclusion of the claim.

Now, we prove the main result by induction. For n = 1 case, suppose to the contrary that VlB -
((PlMp)w)B. From [loc. cit., Theorem 5.1.5], we have M/')” = Vy and so, since M/')” = (PoM,)", we
have ker(pry ,—1) & M,’. Since M)’ is completely reducible in Ty, by [loc. cit., Corollary 3.3.3] and
ker(pry ,—1) is a sub-f-motive of M[f”, there exists a nontrivial morphism ¢ € Hom7(M,’, M,) so
that ker(pry, ,—1) € ker ¢;. Moreover, the morphism ¢; factors through the map M/’)” /ker(pry n—1) =
M})”/(ker ¢1). Since ¢1 € Hom1(M,’, M,), there exist ¢; | € K, not all zero such that ¢y (n1, ..., n,) =
Z;"Zl ej1(n;). For a k(t)-basis m € Mat,,(M,) of M,, suppose that E; ; € Mat,(k(r)) satisfies
ei,l(m) = E,-,lm. Set

Ei = (O E(")’l) € Maty, (k(7)).

Recall from Section 2.5 that D m forms a k(z)-basis of P1M,. By (5.2.1) there exists e; | € End 7 ((P1M)")
such that e; | (Dym) = E; 1 Dim. Let ¥y € Homy((P1M,)",P1M,) such that y{(D;ny, ..., Djn,) =
Z;U:I e; 1(D;n;) foreach j =0, 1. We see ker 1//1/M/;” =ker¢; and (P1M,)" / ker Y1 = M;’/ ker¢p1 = M,.
Then the pushout ¥, N1 :=ej,1+Y1,1 4+ - - + €y,1+Yw.1 1s a quotient of N1/ V;. By using the claim above,
it follows that ;N is trivial in ExtlT(l, P1M,). However, by Theorem 5.2.2, this is a contradiction.

Now suppose that we have shown the result for n — 1, that is, V,—; = (P,—1M,)". Suppose that
VnB - ((PnMp)w)B. Then, ker(pry ,—1) € M;)”. Since M/’f is completely reducible in Ty, by [Chang
and Papanikolas 2012, Corollary 3.3.3] and ker(pr,, ,—1) is a sub-#-motive of M/;”, there exists a non-
trivial morphism ¢, € Hom7 (M, M,) so that ker(pr,, ,—1) € ker¢,. Moreover, the morphism ¢,
factors through the map M’/ ker(pry,,—1) — My /(ker ¢,). Since ¢, € Hom7(M,", M), we can write
Gn(ny, ..., Ny) = Z;.”:l e n(n;) for some ey ,, ..., ey, € K, not all zero. Suppose that e; ,(m) =E; ,m,
where E;, € Mat, (k(t)). Set

0--- 0 Ei,
En.o=| % | eMatin, Goy.
0
Recall also from Section 2.5 that D,m forms a k(¢)-basis of P,M,. By (5.2.1) there exists e; , €
Endr((P,M)") such that e; ,(Dym) = E; ,Dim. Let ¥, € Homy((P,M,)",P,M,) such that
Yv1(Djny, ..., Djny) = Z}‘;l e; 1(Djn;) for each 0 < j < n. Similar to the base case, we see
that kery,/(P,—1M,)” = ker¢, and (P,M,)"/kery, = M/;”/kergbn = M,. Then the pushout

Vs Np = €1 Y10+ - - + €y n Yo 1S @ quotient of N,/ V,. By using the claim above, it follows that
Yy Ny, 18 trivial in Extlr(l, P,M,). However, by Theorem 5.2.2, this is a contradiction. O

Proof of Corollary 1.1.5. Let {n1, ..., 0o} S {A1, ..., Ar, U1, ..., uy} be a maximal K ,-linearly indepen-
dent set containing {u1, ..., uy}. Clearly, r/s <o <r/s +w. Since the quasiperiodic functions Fy are
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linear in é and satisfy the difference equation (1.1.2), we have

r—1 w r

k(U U Ut Fa ). um. F,i(um)}) :%(U U{F(gj(nm)}),

i=lm=1j=1 j=1m=1
Moreover, for any 1 <ij,i <r, 1 < ji, jo <a, 0 <s <n and vy, v; € K,, by the product rule of

hyperderivatives we obtain

N

33 (1 Fy, (nj,) +v2Fs, (nj,)) =Y (857" wn)ag (Fs, () + 85" (w2)df (Fs, (nj,)))-
h=0
Thus,

n r—1 w r

%(U U U U500, 9(Fa ), 95 m), 95 (F (um))}) =12(U U U{ag(FS,(Um))})

s=0i=1m=1 j=1 s=0 j=1m=1
Then, the result follows by Theorem 5.4.4. (I

Appendix: Differential algebraic geometry

We present a few topics from differential algebraic geometry in positive characteristic [Okugawa 1987]
(see [Hardouin et al. 2016] for characteristic zero). For the most part, we follow the terminology of
[Hardouin et al. 2016]. Even though the proofs of most of the results presented here are covered in
[Okugawa 1987], we present them here nevertheless for completeness.

A.1. Differential algebraic geometry in positive characteristic. Let R be a commutative ring with unity
of characteristic p > 0. A differential ring or 0-ring is a pair (R, d), where 9 represents a sequence of
additive maps 3/ : R — R that satisfy

(1) 3%a) =a,

(2) 8/(a+b) =9/ (a)+ 3/ (b),
(3) 9/ (ab) = X1 ' ()37~ (b),
@) %37 (@) = (*17)0* (a)

forall a,b € R and j, k > 0. If R is a field, then we say that (R, d) is a differential field or a d-field.
When the context is clear, we shall write R instead of (R, d). Moreover, a d-morphism between two
d-rings R and S is a morphism of rings that commute with d. For a d-ring R, if we let J C R be an ideal,
then J is called a d-ideal if 3/(J) € J for all j > 1. If, in addition, J is a radical (respectively prime)
ideal of the d-ring R regarded as a ring, then we say that J is a radical (respectively prime) 0-ideal of
the d-ring R. For a set ¥ C R, the intersection of all d-ideals containing ¥ is a d-ideal of R, which we
denote by ®(X) and it is the smallest d-ideal of R containing X. We see that ©(X) is the ideal, generated
{3/(a): j =0, a € X}, of the d-ring R regarded as a ring. We denote by R(D (X)) or R(X) the radical
of ©(X) in the d-ring R.
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Proposition A.1.1 [Okugawa 1987, p. 45, Theorem 5]. Let R be a d-ring of characteristic p > 0 and let
J C R be a 9-ideal of R. Then, the radical R(J) is a d-ideal of R.

Proof. Tt suffices to prove that 3/ (93(3)) € SR(J) for all j > 1. Let a € 3(J). Then a” € J for some n > 1.
For a sufficiently large e > 1, we see that a™ - a" = a”" € J for some m € N. Note that Proposition 2.4.1
applies here and so, for all j € N we see that 377" (aP*) = (37 (a))?". Since J is a d-ideal of R, we have
377" (aP*) € J for all j > 1. Thus, (3/(a))?" € J and so 3/ (a) € R(D). O

Remark A.1.2. The proof of Proposition A.1.1 does not work in characteristic 0. See [Hardouin et al.
2016, Proposition 2.19] for the proof of the characteristic-0 case.

The 0-polynomial ring denoted by R{yi, ..., y,,} in the 0-variables (yi, ..., ¥,) is the polynomial
ring over a d-ring R in the variables 3/(y;), j >0, 1 <i <m, made into a d-ring by setting

(a) 8/(a) =9/ (a) fora € R,
(b) 3* @7 () := (“F)F (), k= 0.

Here yy, ..., y, are called d-indeterminates.

Let K be a 0-field. A d-extension field of K is a d-field L which is an extension field of the d-field K.
Note that K and L are fields. Let K be an algebraic closure of the field K and K be the separable
closure of K in K.

Proposition A.1.3. There is a unique extension of 3/ : K — K to 3/ : K*P — K*Pwhich satisfies all the
rules of 0.

Proof. The proof follows the same argument as that for hyperderivatives [Conrad 2000, Theorem 5]. [J
Let a € K \ K*P. We say that 3 can be extended to a if 3 can be extended to some extension field of
K that contains a. The largest extension field K? of K% in K that has an extension of 9 is called the
d-closure of K in K.
For a set X C (K?)™, if we set
IJX):={PeK{y,...,ym}: Play,...,an) =0, (aj,...,an) € X},
then J(X) is a radical d-ideal in R, and we call it the defining K-0-ideal of X.
Proposition A.1.4 [Hardouin et al. 2016, Proposition 3.8]. Let X1, X C (K™ Then:
(1) If X1 € Xo, then I(X72) € I(X1).
2) I(X7UX)) =T(X1)NT(Xy).
Proof. The proofs follow the same line of argument as that for the Zariski topology. ]

Given a set X C ((K?)™, 3), we consider the Zariski closure X? C K™ of X, the closure of X as a
subset of (K?)™ equipped with the Zariski topology. Let S € K[y1, ..., Y] be a set of polynomials.
The zero set of S is defined as

Z(S):={(a1,...,am) €K™ : f(ai,...,an) =0, f €S}
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Lemma A.1.5 (cf. [Hardouin et al. 2016, Lemma 3.42]). Let X € (K?)" and let 3(X) € K{y1, ..., Ym}
be its defining K -0-ideal. Also, let K[y, ..., Y| be the usual polynomial ring in the variables yy, . .., ym
over the field K. Then its Zariski closure is the set

X2 =ZOX)NK[y1, ...\ ymDs
where J(X)NK[y1, ..., Yyml € K[y1,..., Yml.

Proof. We follow the outline of the proof of [Hardouin et al. 2016, Lemma 3.42]. Since Z(J(X) N
K[y1, ..., ym]) is Zariski closed, it is straightforward to see that

Xg)_(z gz(j(x)mK[YL-’ym])

Conversely, if SC K[y, ..., Ym]l S K{y1, ..., ym}issuch that § € J(X), then clearly SR(S) C J(X). This

implies S CR(S)NK[y1, ..., ym] CIX)NK[y1, ..., ym]. Thus, ZO(X)NK[y1,..., yu]) € Z(S).
Since S was chosen arbitrarily, we see that Z(J(X) N K[y1, ..., ym]) C X~ O
If f e K{y,...,ym}is a d-polynomial given by a linear combination over the 9-field K of 1 and

elements of the set {9/(y;) : j > 0, 1 <i < m]}, then we say that f is a degree-1 3-polynomial in
K{y1, ..., ym}. Moreover if the coefficient of 1 is 0, then we say that such f is a homogeneous degree-1

d-polynomial.

Proposition A.1.6 [Okugawa 1987, p. 74, Theorem 5]. Let S € K{y1, ..., ym} be a set of degree-1
d-polynomials. Then, R(S) = D(S).

Proof. 1t suffices to show that ©(S) is a prime ideal of the d-ring K{y1, ..., yn} regarded as a usual ring.
By definition ©(S) is generated, as an ideal of the ring K{y;, ..., yu}, by (07(L;) : i, j=>0,L; €S}

Suppose that f, g ¢ ©(S) such that fg € ©(S). Then,

fe= Y higdY (L),
LieS, j>1
where £; > 0, and ]’l[,gj € K{y1, ..., Ym}, and all but finitely many h,-’gj are zero. We see that fg is a
polynomial in a finite subset of the variables {3/ (y;) : j >0, 1 <i <m} over the d-field K regarded as a
usual field. Let us denote this subset of variables by {x1, ..., x,} for some n > 1. Then, L = ({3% (L;)})
is an ideal in K[xy, ..., x,] such that f, g ¢ L and fg € L and so L is not a prime ideal. However, for a
polynomial ring in finitely many indeterminates, ideals generated by degree-1 polynomials are prime
ideals and thus, we obtain a contradiction. |
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Mutation and torsion pairs

Lidia Angeleri Hiigel, Rosanna Laking, Jan Stovi¢ek and Jorge Vitéria

Mutation of compact silting objects is a fundamental operation in the representation theory of finite-
dimensional algebras due to its connections to cluster theory and to the lattice of torsion pairs in module
or derived categories. We develop a theory of mutation in the broader framework of silting or cosilting
t-structures in triangulated categories. We show that mutation of pure-injective cosilting objects encom-
passes the classical concept of mutation for compact silting complexes. As an application we prove that any
minimal inclusion of torsion classes in the category of finitely generated modules over an artinian ring corre-
sponds to an irreducible mutation. This generalises a well-known result for functorially finite torsion classes.
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1. Introduction

The operation of mutation has a long history in representation theory and algebraic geometry. The aim of
a mutation is to create a new object from an old one, changing a designated part of it and keeping the
other part. This operation has been around for at least thirty years, for example in the study of exceptional
collections of sheaves [Gorodentsev and Rudakov 1987] or in the combinatorial study of tilting modules
[Riedtmann and Schofield 1991; Happel and Unger 2005]. Mutation also plays a central role in the
foundations of cluster theory, which were set up by Fomin and Zelevinsky in the early 2000s. Their work,
together with the categorification results of [Buan et al. 2006], reinforced the importance of mutation in
contemporary representation theory.

As shown in [Aihara and Iyama 2012], the right framework to study mutation in derived categories
of finite-dimensional algebras is provided by silting complexes, a significant generalisation of tilting
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modules which was introduced in [Keller and Vossieck 1988]. Indeed, the categorification of cluster
algebras allows us to interpret clusters as silting complexes and cluster mutation as an operation that
produces a new silting complex from a given one by exchanging a summand. It turns out that mutation of
silting objects also provides a deep insight into the structure of the lattice tors(A) of torsion pairs in the
category mod(A) of finite-dimensional modules over a finite-dimensional algebra A. In [Adachi et al.
2014] it was shown that minimal inclusions of functorially finite torsion classes correspond, in a suitable
way, to a mutation operation on associated silting complexes. The following question was the initial
motivation for this paper.

Question. Do minimal inclusions of arbitrary torsion classes correspond to an operation of mutation?

In order to answer this question, we are forced to leave the realm of finite-dimensional modules, but
fortunately we can benefit from well-developed model-theoretic methods [Prest 2009; Laking 2020]. We
approach the above question via cosilting theory, where small silting complexes are replaced by pure-
injective cosilting objects. More recently, this concept has also appeared in the literature under the name
derived injective (or just injective) object and turned out to be indispensable in various other contexts: in
spectral algebraic geometry [Lurie 2016, Appendix C.5.7], deformation theory of dg categories [Genovese
et al. 2021] or derived commutative algebra [Shaul 2018].

Our starting point here is an observation based on [Crawley-Boevey 1994; Breaz and Zemlicka 2018;
Zhang and Wei 2017]: every “small” torsion pair in mod(A) corresponds bijectively to a “large” torsion
pair in the category Mod(A) of all A-modules, and the latter is determined by a large (i.e., not necessarily
compact) pure-injective two-term cosilting complex o . In other words, while two-term silting complexes in
the sense of [Adachi et al. 2014] only detect functorially finite torsion pairs in mod(A), two-term cosilting
complexes detect all torsion pairs in mod(A). In fact, pure-injective cosilting complexes give rise to a class
of t-structures in the derived category that encompasses those associated to compact silting complexes.

Summary of main results. We first develop a general framework to study mutation of silting and
cosilting objects in triangulated categories, without any compactness or pure-injectivity assumptions. Our
Definitions 3.2 and 5.1 extend the concept of mutation in [Aihara and Iyama 2012] to the noncompact
case, adopting the notion of (co)silting from [Psaroudakis and Vitéria 2018; Nicolds et al. 2019].

Every cosilting object o gives rise to a t-structure T, and to an abelian category H,, the heart of T,.
Moreover, every subset & of Prod(o) induces a set of injectives Hg(g) in H, and thus a hereditary
torsion pair (S, R) = (o H(? (&), Cogen(Hg(cg’))). It turns out that such torsion pairs control the process
of mutation via HRS-tilting.

Theorem A (Theorem 3.5). Let D be a triangulated category with products, and let o and o’ be two
cosilting objects in D. Let & = Prod(c) NProd(c”), and let (S, R) be the torsion pair in H, cogenerated
by HY(&).

(1) o' is a right mutation of o if and only if o admits an &-precover and T, is the right HRS-tilt of T,
at the torsion pair (S, R) in H,.
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(2) o’ is a left mutation of o if and only if the class S is closed under products (hence a TTF-class) in H,
and T4 is the left HRS-tilt of T, at the torsion pair (T, S) in H,.

An important difference with respect to the theory developed in [Aihara and Iyama 2012] is that,
even for finite-dimensional algebras, mutation of large silting or cosilting objects is not always possible
(Examples 4.10 and 9.15). Nevertheless, we show that cosilting mutation is, in itself, a generalisation of
compact silting mutation. Indeed, any mutation of a compact silting object corresponds to a mutation of a
pure-injective cosilting object (see Theorem 5.8). The class of pure-injective cosilting objects, which
includes bounded cosilting complexes in the derived category of a ring (see Example 2.8), will play a
distinguished role. The big advantage of working with a pure-injective cosilting object o lies in the fact
that the heart H, is a Grothendieck category [Angeleri Hiigel et al. 2017] —and in this case we can
characterise the existence of mutations as follows.

Theorem B (Theorem 4.9). Let o be a pure-injective cosilting object in a compactly generated trian-
gulated category D, and & = Prod(&’) a subcategory of Prod(o). Let (S, R) be the torsion pair in H,
cogenerated by H((,)(@@). The following statements are equivalent:

(1) o admits a right mutation o' with respect to &.

(2) The torsion-free class R = Cogen(Hg (&) in Hy is closed under direct limits.

(3) The cosilting object o admits an &-cover.
Dually, the following statements are equivalent:

(1) o admits a left mutation o’ with respect to &.

(2) The torsion class S = 0 H(? (&) in Hy is closed under products (that is, it is a TTF class).

(3) The object g9 @ &1 arising from an &-envelope o — &g and its cone € is a cosilting object.
In both cases, if the equivalent conditions are satisfied, any mutation o’ as in (1) is pure-injective.

We also provide an interpretation of mutation of pure-injective cosilting objects in terms of localisation
theory (see Section 6), which essentially states that the operation of mutation can be understood as a
three-step process: first restrict the associated t-structures to certain subcategories; then shift one of the
restricted t-structures; finally glue them back together.

The whole machinery of cosilting mutation in triangulated categories leads to an answer to our
motivating question concerning the study of the lattice of torsion pairs. In [Demonet et al. 2023; Barnard
et al. 2019], it was shown that minimal inclusions of torsion classes (not necessarily functorially finite)
in mod(A), for a finite-dimensional algebra A, are parametrised by bricks. These bricks turn out to
correspond to certain indecomposable summands of the associated (two-term) cosilting objects. We show
that minimal inclusions of torsion classes then correspond to swapping precisely this indecomposable
summand. We call this irreducible mutation. This result generalises the phenomenon that is well-
understood for minimal inclusions of functorially finite torsion classes. While we prove the theorem below
in a more general setting (see Setup 9.1 and Corollary 9.14), here we state it in the setting of artinian rings.
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Theorem C (Corollary 9.14). Let A be an artinian ring. Consider two cosilting torsion pairs t = (T, F)
and u= (U, V) in mod(A) such thatUU C T. Let oy and o, be the two-term cosilting complexes associated
to t and u, respectively. Then the following statements are equivalent:

(1) oy is an irreducible right mutation of o,.
(2) oy is an irreducible left mutation of oy.

(3) The class S =T NV coincides with filt(M) for a brick M in mod(A).

(4) The inclusion U C T is a minimal inclusion of torsion classes.

In forthcoming work [Angeleri Hiigel et al. 2024; 2025], we will specialise to the case of two-term
cosilting complexes in the derived category of a finite-dimensional algebra A in order to obtain a more
explicit description of the operation of mutation involving the approximation theory and the Ziegler
spectrum of Mod(A).

Structure of the paper. The paper is organised as follows.
« In Section 2 we collect the necessary background on t-structures, HRS-tilts, silting and cosilting objects.

» In Section 3 we define cosilting mutation and interpret these operations in terms of HRS-tilts. In
particular, we prove Theorem A above (Theorem 3.5).

» In Section 4 we specialise to pure-injective cosilting objects in compactly generated triangulated
categories. In this setting the situation becomes more tractable, and we are able to provide necessary and
sufficient conditions of the existence of cosilting mutation, proving Theorem B (Theorem 4.9).

 Section 5 is devoted to the dual situation of silting objects and we prove there that cosilting mutation
generalises the notion of mutation for compact silting objects, as set up in [Aihara and Iyama 2012] (see
Theorem 5.8).

« In Section 6, we interpret mutation from the point of view of localisation theory of triangulated categories
and we observe that the operation of mutation can be broken into three parts: restriction, shifting and
gluing (see Theorem 6.6).

 In Section 7 we consider general mutation of cosilting objects associated with torsion pairs in the heart
of a pure-injective cosilting t-structure and we characterise this situation in terms of wide subcategories
of the heart (Theorem 7.8).

« Section 8 clarifies the bijection between torsion pairs in “small” and “large” triangulated categories and
describes mutation of “small” torsion pairs (Theorem 8.9).

e Finally in Section 9, we focus on mutation of torsion pairs in abelian length categories. It is in this
framework that we prove, in particular, Theorem C (Corollary 9.14).

2. Preliminaries

2.1. Notation. All subcategories considered are strict and full. Given an object X in an additive category A,
we denote by Add(X) the subcategory whose objects are summands of existing coproducts of copies
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of X. Dually, we write Prod(X) for the subcategory whose objects are summands of existing products of
copies of X. We denote the isomorphism classes of indecomposable objects in A by Ind(A).

Let now .4 be a complete and cocomplete abelian category. An object A in A is said to be finitely
presented if the functor Hom 4 (A, —) commutes with direct limits. Given a class of objects A" in A, we
write fp A" for the collection of finitely presented objects in X and lim X’ for the subcategory of A formed
by direct limits of objects in X'. We further denote by Gen(X) (respectively, gen(&Xx’)) the subcategory
formed by all epimorphic images of coproducts (respectively, of finite coproducts) of objects in X', and
by Cogen(X) the subcategory formed by all subobjects of products of objects in X. Furthermore, we
denote by Filt(&X") the class of all objects M which admit an ascending chain (M, , A < u) of subobjects
indexed over an ordinal number u where My = 0, all consecutive factors M, /M, with A < u belong
toX,and M =, - . M. The class of objects with a finite filtration of this form is denoted by filt(X).

For a pair of full subcategories M and A of an abelian (respectively, triangulated) category C, we use
the notation M N for the full subcategory of C consisting of objects X such that there exists a short exact
sequence 0 —> M — X — N — 0 (respectively, a triangle M — X — N — M[1]) with M € M and N € N.

Let M be a class of objects in a triangulated category D. Given a set of integers / (which is often
expressed by symbols such as > 1, # n, or just n), we write -/ M for the orthogonal class given by the
objects X satisfying Homp (X, M[i]) =0 for all M € M and i € I, while M~/ consists of the objects X
such that Homp (M, X[i]) =0forall M € M and i € I. If M is a class of objects in an abelian category .A
and I is a set of natural numbers, we similarly denote by +/M the class given by the objects X € A
such that Ext'; (X, M) = 0 and by M the class of objects X satisfying Ext);(M, X) = 0 for all M € M
andi € 1.

Finally, when R is a ring, Mod(R) denotes the category of all left R-modules and D(R) the unbounded
derived category of Mod(R). If R is left coherent, then mod(R) denotes the abelian subcategory of
finitely presented left R-modules and D? (mod(R)) its bounded derived category.

2.2. Torsion pairs, t-structures and HRS-tilts. Recall that a torsion pair in an abelian (respectively, trian-
gulated) category C is a pair of idempotent-complete subcategories t := (7, F ) such that Hom 4 (7', F) =0
forall T in 7 and F in F and, furthermore, with the property that C = 7 x F. The subcategory 7 is often
called a forsion class, while the subcategory F is often referred to as a forsion-free class. If a torsion-free
class F is again a torsion class with respect to another torsion pair (F, G), then we say that F is a torsion
torsion-free class (or TTF class, for short).

A torsion pair (7, F) in an abelian or triangulated category C is said to be

e cogenerated by a subcategory S if T =08, and
o generated by a subcategory S if F =S,

If C is abelian, we say that (7, F) is
e hereditary if T is closed under subobjects, and

e cohereditary if F is closed under quotient objects.
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If C is furthermore ABS (i.e., a cocomplete abelian category with exact direct limits), then (7, F) is
e of finite type if F is closed under direct limits in C.

A subcategory M of an abelian (respectively, triangulated category) will be said to be extension-closed if
Mx M C M. An extension-closed subcategory X of a triangulated category D is said to be suspended
(respectively, cosuspended) if X[1] C X (respectively, if X[—1] C X).

A torsion pair T := (X, ) in a triangulated category for which X is suspended is called a z-structure.
Then X is called the aisle and ) the coaisle of T. Such torsion pairs give rise to an abelian subcategory
of D, the heart of the t-structure, which can be obtained as Hy := X[—1] N Y. Furthermore, there is a
cohomological functor associated to T, i.e., a functor H{T) : D — Hy that sends triangles to long exact
sequences, and we denote by Hwir : D — Hr the functor given by H{'T(X )= H{f (X[i]) for any i in Z. The
following useful lemma is a direct consequence of the construction of this cohomological functor.

Lemma 2.1. Let T = (X, )) be a t-structure in a triangulated category D. Let W be an object in the
heart H, and let Y be in'Y and Z in X[—1]. Then we have that Homp(W, Y) = Homy (W, H%(Y)) and
Homp(Z, W) = Homy (HY(Z), W).

A t-structure T = (X, )) is said to be
« nondegenerate if (), .z X[n] =0= [,z VInl.

It is easy to check that if T is nondegenerate, then the aisle X consists of the objects X with H{f X)=0
for all k£ > 0, and the coaisle ) of those with Hf (X)=0forall £k <O0.

If D is a triangulated category with coproducts (respectively, products), then we say that T is

» smashing if the coaisle ) is closed under coproducts, and

e cosmashing if the aisle X is closed under products.
A nondegenerate t-structure T is smashing (respectively, cosmashing) if and only if the Hff preserves
coproducts (respectively, products); see [Angeleri Hiigel et al. 2017, Lemma 3.3]. For more details on
t-structures we refer to [Beilinson et al. 1982].

For a torsion pair t:= (7, F) in the heart H of a t-structure T = (X, )), we can build a new t-structure
according to [Happel et al. 1996]. It is called the left HRS-tilt at t, and it is defined as

T = (Xt := X[1]* T[], Ve := F[1]% D).

The corresponding heart is then given by H+ = F[1]% T, it is equipped with a torsion pair (F[1], 7) and
the cohomological functor Hg : D — H+. Dually, we denote the right HRS-tilt at t by

Te = (X=X T, Y- = Fx (Y[-1]).

The corresponding heart is then given by H¢- = F =T [—1], it is equipped with a torsion pair (F, T [—1])
and the cohomological functor Hto_ D — H.
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Remark 2.2. Note that T+ = T,-[1], and T = (T )4+ for the torsion pair s = (F, T [—1]) in H,-.
Furthermore, if T is nondegenerate, then the right HRS-tilt is given by

X ={XeD|H)X)eT and HE(X) = 0 for all k > 0},
Ve ={X eD| H)(X) € F and H¥(X) = 0 for all k < 0},
and the corresponding statement holds true for the left HRS-tilt.

By construction, we have that Y € Y+ € Y[1] and Y[—1] € V- € ). These properties completely
characterise T+ as a left HRS-tilt and T as a right HRS-ilt.

Proposition 2.3 [Polishchuk 2007, Lemma 1.1.2; Woolf 2010, Proposition 2.1]. Let T = (X, Y) be a
t-structure in a triangulated category D with heart H.

(1) The assignment t — T+ defines a bijection between torsion pairs in H and t-structures T' = (X', V')
in D withY CY' C Y[1]. The inverse assignment takes a t-structure T’ with heart H' to the torsion pair
t:=(T,F)inHgivenby T =HNH and F = HNH'[-1].

(2) The assignment t+— T defines a bijection between torsion pairs in H and t-structures T' = (X', V')
in D with Y[—1]1 C Y’ C Y. The inverse assignment takes a t-structure T with heart H' to the torsion
pair t:= (T, F) in H given by T =HNH'[1] and F =HNH.

2.3. Silting and cosilting t-structures. Recall that an object o of a triangulated category D with (set-
indexed) coproducts is said to be silting if the pair (6120, 6+<0) is a t-structure in D. Dually, if D has
(set-indexed) products, an object o of D is said to be cosilting if (+=0¢, 1>9¢) is a t-structure in D. In
both cases we denote the associated (silting/cosilting) t-structure by T, its heart by #, and its associated
cohomological functor by Hf,) : D — Hs. Two (co)silting objects are said to be equivalent if they give
rise to the same t-structure.

Remark 2.4. Note that it is our convention that the heart of a t-structure is contained in the coaisle, not
in the aisle. This justifies the slight adaptation (by a shift) of the definition of the t-structure associated to
a silting object presented above (compare with [Psaroudakis and Vitéria 2018]).

We say that a subcategory M generates D if M7 =0 and M cogenerates D if 12 M = 0. If M
consists of a single object M, we say that M (co)generates D. It follows from the definition that every
silting object generates D, and every cosilting object cogenerates D. We recall the following properties of
(co)silting t-structures.

Proposition 2.5 [Psaroudakis and Vitéria 2018, Proposition 4.3 and Lemma 4.5; Angeleri Hiigel et al.
2017, Lemma 2.8, Theorem 3.5, and Corollary 3.8]. Let o be an object in a triangulated category D.

(1) If D has coproducts and o is a silting object, then the associated heart Hy = o#0 is an abelian
category with enough projectives, and the functor Hg induces an equivalence of categories between
Add(o) and Proj(H) and a natural isomorphism Homp (o, —) = HomD(H((f)(cr), H(S(—)). Furthermore,
if X =01 then Add(o) =X N X.
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(2) If D has products and o is a cosilting object, then the associated heart H, = “#°c is an abelian
category with enough injectives, and the functor H(? induces an equivalence of categories between
Prod(o) and Inj(Hy) and a natural isomorphism Homp(—, o) = Homp(H((,)(—), H((,) (0)). Furthermore,
ifY =190, then Prod(c) = Y N Y+,

Remark 2.6. If D is a triangulated category with coproducts, then every heart is known to be cocomplete
[Parra and Saorin 2015, Proposition 3.2]. Moreover, if a given t-structure is associated to a silting object,
then the corresponding heart H has a projective generator by the proposition above. Then Freyd’s adjoint
functor theorem implies that 7 is also complete (see [Faith 1973, Proposition 6.4]) and products are
necessarily exact. Moreover, H has the property of being well-powered, i.e., every object has a set
of subobjects (see [Stenstrom 1975, Proposition IV.6.6]). Dually, if D is a triangulated category with
products, then the heart H of any t-structure associated to a cosilting object is complete, cocomplete, with
exact coproducts and well-powered.

It follows in both cases from [Dickson 1966] that torsion classes are precisely those closed under
coproducts, extensions and quotients, and torsion-free classes are precisely those closed under prod-
ucts, extensions and subobjects. Furthermore, in any complete, cocomplete and well-powered abelian
category A, we then have that

o if & is a family of injective objects in A, then (+°&, Cogen(&)) is a hereditary torsion pair in A; and
o if 2 is a family of projective objects in A, then (Gen(?), 20) is a cohereditary torsion pair in .A.

We close the section with a brief review of the notion of purity in triangulated categories. Assume now
that D admits (set-indexed) coproducts. Recall that an object X in D is said to be compact if the functor
Homyp (X, —) commutes with coproducts. If the subcategory D¢ of compact objects is skeletally small and
generates D, then D is said to be compactly generated. 1t is well known that D then also admits products.

When D is a compactly generated triangulated category, the category of additive (contravariant)
functors (D)°? — Mod(Z), denoted by Mod(D¢), is a locally coherent Grothendieck category with
enough projectives. Recall that a Grothendieck category G is said to be locally coherent if its subcategory
of finitely presented objects fp G is an abelian subcategory and generates G.

Moreover, the functor y : D — Mod(D), defined by yX := Homp(—, X)pc, sends triangles to long
exact sequences. A pure triangle is a triangle in D of the form

Arx Loyt 7z xn

such that yA is a short exact sequence, i.e., y f is a monomorphism (and, hence, f is called a pure
monomorphism), yg is an epimorphism (and, hence, g is called a pure epimorphism) and yh = 0 (and,
hence, # is called a phantom map). Note that, with this terminology in place, A is a pure triangle if
and only if f is a pure monomorphism, and the latter is equivalent to g being a pure epimorphism and
equivalent to & being a phantom map. We say that an object X of D is pure-injective (respectively,
pure-projective) if yX is an injective (respectively, projective) object in Mod(D¢). Equivalently, an
object X of D is pure-injective (respectively, pure-projective) if and only if every pure triangle starting
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in X (respectively, ending in X) splits. It is well known that the pure-projective objects coincide precisely
with Add(D¢) [Beligiannis 2000, Lemma 8.1]. The following theorem explains the benefits of considering
pure-injective/pure-projective cosilting/silting objects.

Theorem 2.7 [Angeleri Hiigel et al. 2017; Nicolas et al. 2019]. Let D be a compactly generated triangu-
lated category.

(1) There is a bijection between equivalence classes of cosilting objects and smashing nondegenerate
t-structures whose heart has an injective cogenerator. Furthermore, a cosilting object is pure-injective if

and only if the heart of the associated t-structure is a Grothendieck category.

(2) There is a bijection between equivalence classes of silting objects and cosmashing nondegenerate
t-structures whose heart has a projective generator. Furthermore, a silting object is pure-projective if and
only if the associated t-structure is smashing and its heart is a Grothendieck category with a projective

generator.

Example 2.8 [Zhang and Wei 2017; Marks and Vitéria 2018]. An object o in the category K’(Inj(R))
of bounded complexes of injective R-modules is cosilting in D(R) if and only if Hompg) (o Loli) =0
for all sets / and i > 0, and K (Inj(R)) is the smallest triangulated subcategory of D(R) containing
Prod(o). Such cosilting complexes are pure injective objects of D(R) and thus give rise to t-structures
with Grothendieck heart.

3. The concept of mutation

Silting mutation was introduced in [Aihara and Iyama 2012]. In this section, we define mutation for large
silting or cosilting objects, and in Theorem 5.8 we will show that it extends Aihara and Iyama’s silting
mutation. We prove that a (co)silting object ¢’ is a (left or right) mutation of another (co)silting object o
if and only if the associated (co)silting t-structures are related by a suitable (left or right) HRS-tilt. The
torsion pair at which the HRS-tilt is performed is determined by the intersection £ = Prod(o) N Prod(c ")
in the cosilting case, and by £ = Add(o) N Add(c”) in the silting case.

We begin with a useful lemma. Recall that, given an object C in an additive category C, we say that
a morphism g : M — C with M in M is an M-precover (or a right M-approximation) if any other
morphism M’ — C with M’ in M factors through g. If, in addition, any endomorphism /& : M — M with
gh = g is an isomorphism, then g is called an M-cover. Dually, one defines M-preenvelopes (or left
M-approximations) and M-envelopes.

Lemma 3.1. Let o be an object in a triangulated category D.

(1) If D has products, o is cosilting and & = Prod(&) is a subcategory of Prod(c), then

(a) & is preenveloping in Prod(o), and
(b) & cogenerates D if and only if & = Prod(o).
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(2) If D has coproducts, o is silting and & = Add(Z?) is a subcategory of Add(c), then

(a) & is precovering in Add(c), and

(b) &2 generates D if and only if & = Add(o).
Proof. We prove the cosilting case; the silting case is analogous.
(1a): Consider the torsion pair s := (10 H?(&), Cogen(H?(£))) and take a : HY(0) — A to be the
epimorphism to a torsion-free object A with a torsion kernel (with respect to s). Consider then a
monomorphism 77 : A — H(?(E ) for some E in &. It is easy to observe that  oa is an H(?(é‘))—preenvelope
of HY(o), and by Proposition 2.5 the map W : ¢ — E such that HO(¥) = 7 oa is an &-preenvelope of o.
(1b): Let W : 0 — E be the preenvelope obtained above. If & cogenerates D, then Hf,) (&) is a cogenerating
class of injective objects in H,. In particular, H?(¥) must be a monomorphism and, thus, a split map.

Therefore W splits by Proposition 2.5, and we conclude that & = Prod(o). The converse holds by the
definition of cosilting object. U

We will first discuss mutation of cosilting objects. Later we will restrict our attention to pure-injective
cosilting objects, for which we can use some approximation-theoretic tools to simplify the definition below.

Definition 3.2. Let D be a triangulated category with products. Let o and o’ be two cosilting objects
in D, and let & = Prod(o) NProd(c’). We say that:
(1) o' is a left mutation of o if there is a triangle

o —2 ¢ €1 o[l1]

such that

e @ is an &-preenvelope of o in D, and

o g9 D £ is a cosilting object equivalent to o’

(2) o’ is a right mutation of o if there is a triangle

o[—1] 71 Y0 o
such that

e @ is an &-precover of o in D, and

* 1 @ y1 is a cosilting object equivalent to o”.
We will also say that o’ is a left (or right) mutation of o with respect to &.

Our first aim is to clarify the relation between mutations and HRS-tilts. This will allow us to see, in
particular, that mutation is defined up to equivalence of cosilting objects. For that purpose, we will make
use of the following lemma.

Lemma 3.3. Let o be a cosilting object in a triangulated category D with products, and let & = Prod(&)
be a subcategory of Prod(c). Denote by

t=(S,R) = (*"H(&), Cogen(H(£)))
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the torsion pair in H, cogenerated by the set of injective objects H((T)(éa ), and let T = (X', )’) be the right
HRS-tilt of T, at t. The following statements are equivalent for amap ® : E — o with E in &

(1) ® is an &-precover of o in D.

2) ¢ := H(?(CD) is an R-precover ofH(?(a) inHe.

(3) @ isa Y’ -precover of o in D.
Proof. (1) = (2): The map ¢ is an Hf,)(@@)-precover because Hg induces an equivalence of categories
between Prod(o) and Inj(H,). Let g: X — Hé’(o) be a map in H, with X in R = Cogen(H(?(co‘””)). Since
H(? (0) is injective, g extends along any monomorphism £ : X — Hg (E’) with E’ in &, that is, there is
t: H(E") — HY(o) such that oh = g. But then ¢ must factor through ¢, so there is ¥ : H)(E') — H(E)
such that ¢ oy =¢. This shows that g = ¢ o ¢ o , as wanted.

(2) = (3): Suppose that ¢ is an R-precover of Hg(or) in H, and let f: Y — o be a map with Y in )".
Applying H(? to the triangle induced by f we get an exact sequence

0 0y HoW o
0 —— H (K) —— H;(Y) —— H (o).
Now, since T, is nondegenerate, its right HRS-tilt T has the form described in Remark 2.2. In particular,
H(?(Y) lies in R, so the map Hc(r)(f) factors through ¢; that is, there is a map v : HC?(Y) — H((,)(E) such
that Hg( f) = ¢ o . Since E lies in Prod(o), we know from Proposition 2.5(2) that the functor H(Q
induces an isomorphism Hom(Y, E) = Hom(H?(Y), H?(E)). Hence there is a unique map ¥ : ¥ — E
such that HB(\I/) = 1. Clearly, it follows that f = ®W as wanted.

= (1): This is clear from the fact that & is contained in )’ and E, by assumption, lies in &.
(3) = (1): This is clear f he fact that & i ined in V" and E, by ption, lies in & O

Remark 3.4. It is clear that the class R in the torsion pair t = (S, R) above is enveloping (as every
torsion-free class is!), but without further assumptions on the cosilting object it may be hard to say
whether it is precovering or not. We will discuss the approximation properties of such torsion pairs in
Section 4 (compare also with the silting case in Remark 5.6).

We are now ready for our first theorem.

Theorem 3.5. Let D be a triangulated category with products. Let o and o’ be two cosilting objects in D,
and let & = Prod(c) NProd(c”).

(1) o’ is a left mutation of o if and only if -0 H(? (&) is closed under products in H, and T4 is the left
HRS-tilt of T, at the torsion pair t = (T, 0 H(g(éd)) in He.

(2) o’ is a right mutation of o if and only if o admits an &-precover and T, is the right HRS-tilt of T,
at the torsion pair t = (1 H(&), Cogen(H(&))) in H,.

In both cases, the torsion pairs involved do not depend on the triangle in Definition 3.2.

Proof. Let T = T, = (X,)) be the cosilting t-structure associated to o with heart H = H,, and
T =Tye = (X', )’) the cosilting t-structure associated to o’ with heart H' = H,.
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(1): Suppose first that o’ is a left mutation of o. Let ® be an &-preenvelope of o in D and consider the
cosilting object & = g9 @ €1, equivalent to ¢’, where ¢ is defined via the triangle

o —2 ¢ £l o[l]. (A1)

Then T = (li‘)&, l>06), and it is easy to see that Y € Y’ C Y[1]. From Proposition 2.3(1) we infer that
T’ =T is the left HRS-tilt of T at the torsion pair t := (7, F) in H given by F = HNH'[—1], and
the latter coincides with H N Y'[—1] since X[—1] C X'[—2]. Note that t only depends on ¢ and o’. It
remains to verify that 7 = Lo Hg(g).

In fact, we first observe that F = 10 Hg (g0). An object X of H lies in F if and only if X[1] lies in )".
In particular, Homp(X[1], 6[1]) = O and, thus, Homp(X, 5) = 0. By Lemma 2.1 we conclude that
Homy, (X, H(? (80)) =Homp (X, g9) =0. Conversely, if X belongs to Lo H(Q (&9), that is, Homp (X, g9) =0,
then applying Homp(X[1], —) to the triangle above and keeping in mind that X lies in ) = +>00 and &
lies in Prod(o), we see that X[1] lies indeed in 1>05 =), which amounts to X lying in F.

Finally, we show that 10 Hg (g9) = 10 H(? (&), thus proving our claim. Note that, being left orthogonal
to (classes of) injective objects in H, both these classes are torsion (see Remark 2.6), and it is clear
that +o Hf,) (&) o Hf,) (€0). So, in order to prove the desired equality, it is enough to show that the
corresponding torsion-free classes satisfy (+o H((,)(@“))LO C (o Hg(so))LO, and for that it suffices to show
that H2(&) lies in (10 H(gp))10 = Fo. Recall that )’ = F[1]* Y, and that Prod(c) = Y N (Y[—1])*°
by Proposition 2.5. Therefore, we have

Prod(c) N FLo =y nQ[-IDnF=yn(F+Y[-1D =yn Q' [-1Dr.
But the latter class coincides with &. Indeed, since )V € )’ (and, thus, (V[—1])1° D (V'[—1])1), we have
& =Prod(0) NProd(c’) = YN Y[-1D)N Q' NQ [-1D) =y n Q' [-1D.

So we have shown that, in fact, Inj(#) N F Lo = Hg (&).

Conversely, assume now that T’ is the left HRS-tilt of T at the torsion pair t = (7, F) in H,, where
F="10 Hé) (&). Note here that since the hereditary torsion class Lo H(? (&) 1s assumed to be closed under
products, it is also a torsion-free class (see Remark 2.6), so the torsion pair t is well-defined and the
condition makes sense. Consider an &-preenvelope @ : 0 — gg of o in D (see Lemma 3.1 for the existence
of such a map). We complete ® to a triangle of the form (A;) and set 6 = gy @ &1. We will show that
Prod(c’) = Prod(c). Note that since o cogenerates D, so does &. Hence, if we show that Prod(¢) is
contained in Prod(c”), Lemma 3.1(1b) guarantees the equality. For this purpose we show that & lies in
Y’ ' NY'[—1]+0, which coincides with Prod(c”) by Proposition 2.5. Recall from Remark 2.2 that

V' =Y+ =F[1]xY={XeD] H;l(X) € F, and Hé‘(X) =0forall k < —1}.

It is clear that &g lies in ) C ). We claim that also ¢ lies in ). Indeed, we infer from the triangle
above that H(f (¢1) =0 for all k < —1, and moreover, since H(? (®) is an H(g (&)-preenvelope of Hg (0),
we also have that HU_1 (1) lies in L‘)H(?(é”) = F. Hence, ¢ belongs to )'. Next, we pick an object Y
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in ). Then Hc_1 (Y) lies in F and, thus, Homp (Y, go[1]) = HomD(HU_1 (Y), Hg(so)) = 0. Moreover, as
Y’ C Y[1], we also have Homp (Y, o[2]) = 0. Thus, we infer from a rotation of the triangle above that
Homyp (Y, £1[1]) = 0. This shows that & belongs to )’ L and completes the proof.

(2): Suppose that o’ is a right mutation of o. By definition, there is an &-precover ® : yp — o in D and
6 =y ® y1 is a cosilting object equivalent to o’, where y; is defined by the triangle

o[—1] Y1 Y0 d o. (A2)

As in the previous part, one verifies that Y[—1] € )’ € Y and T’ = T¢- is the right HRS-tilt of T at a
torsion pair t = (7, F) in H where 7 = 10 H?(y). Consequently, F = Cogen(H?(yp)) by Remark 2.6.
It remains to check that 7 = Cogen(Hé) (&)). However, we know from Lemma 3.3 that Hg (®)isa
Cogen(H((f)(é"))-precover of H(? (o). Since H£ (0) is an injective cogenerator of H, it follows that indeed
F = Cogen(H?(&)).

Conversely, suppose that o admits an &-precover ® : yp — o and that T, is the right HRS-tilt of T,
at the torsion pair t in H, given by t = (+o Hg(zf), Cogen(Hf,) (&£))). Complete @ to a triangle of the form
(A;) and set 6 = Yy @ y1. We have to show that Prod(c’) = Prod(6). As in (1), it will suffice to show
that & belongs to )’ N (Y'[—1])10. Since yp lies in ), there is a truncation triangle of the form

HY (v0) — yo —— Y[—=11 —— H)(w)I[1],

with Y in Y and, thus, yp lies in FxY[—1] = V- = Y'. Since y; is an extension of o [—1] (which lies in
Y[—1] C Y’) and yy, we conclude that also y; (and, hence, &) belongs to ). Next, we pick an object Y
in )’ and apply Homp (Y, —) to the following rotation of the triangle (A»):

Yo ° a vil1] yol1].

Since, from Lemma 3.3, ® is a ))’-precover, and since )/ C Y = +>04 and o lies in Prod(o), we conclude
that & belongs to ()'[—1])"°, completing the proof. (Il

Remark 3.6. Note that the HRS-tilts discussed above involve torsion pairs in H,, of different flavours: in
the case of left mutation, T, is the HRS-tilt of T, at a torsion pair (7, F) for which F is a TTF class;
in the case of right mutation, T, is the HRS-tilt of T, at a hereditary torsion pair (S, R). Moreover, if
there exist both a left and a right mutation with respect to &, then (7, F) is left adjacent to (S, R), i.e.,
S=F(="H)(&)).

Corollary 3.7. Let D be a triangulated category with products. Then both left and right mutation of
cosilting objects in D are well-defined up to equivalence. Moreover, the induced operations on equivalence

classes of cosilting objects are inverse of each other.

Proof. Theorem 3.5 characterises the fact that two cosilting objects o and ¢’ are mutations of each other
in terms of properties of the associated cosilting t-structures and of the class & = Prod(o) N Prod(c”).
These t-structures and & depend exclusively on the equivalence class of the cosilting objects considered.
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Moreover, using the fact that products of &-precovers are &-precovers, we note that if o admits an
&-precover, then so does any cosilting object equivalent to o.

For the second statement, we observe that o’ is a left mutation of o if and only if o is a right mutation
of o’. Indeed, if & = Prod(c) NProd(c”), consider the triangle induced by an &-preenvelope @

(o) '
o £0 €1 o[l],

and the cosilting object & = gy @ &1, which, by assumption, is equivalent to ¢”. It then follows that W is
an &-precover of ¢ (since Homp(&, o[1]) =0), and 6 = ¥ @ 1., is an &-precover of o. Therefore, the
induced triangle

0
oc—— 0Py —— 0 —— o[l]
shows that o is a right mutation of . The other implication is obtained by dual arguments. O

The torsion pairs appearing the theorem above are determined by the cosilting objects involved in the
mutation process. In general it is difficult to characterise when a torsion pair arises in this way, although
we will see later that this is possible in the setting of Section 4. Nevertheless, the following definition is
helpful in characterising when mutation is possible.

Definition 3.8. Let D be a triangulated category with products and T a t-structure with heart . A torsion
pair t := (7, F) in H is said to be a cosilting torsion pair if and only if there is a cosilting object o
in D such that T~ = T,. We denote the collection of cosilting torsion pairs in H by Cosilt(#). If D is
compactly generated, then we denote the set of cosilting torsion pairs in H arising from pure-injective
cosilting objects by Cosilt, (H).

Example 3.9. Let R be a ring. The modules C = H%(0) arising as zero cohomologies of a cosilting
complex o : I° — I' of length 2, concentrated in degrees 0 and 1, are precisely the cosilting modules
introduced in [Breaz and Pop 2017]. The t-structure T, then coincides with the right HRS-tilt of the
standard t-structure T = (D=1, DZ%) of D(R) at the torsion pair t := (*oc, Cogen(C)) in Mod(R)
cogenerated by C. In other words, t is contained in Cosilt(R) := Cosilt(Mod(R)).

Furthermore, any cosilting torsion pair in Mod(R) is actually of this form. Indeed, let ¢ € D(R) be an
associated cosilting complex and T, = (X, )) the cosilting t-structure. Then o € Y € D=? is isomorphic
to a complex of injectives concentrated in nonnegative cohomological degrees. As on the other hand
D=! C ), we have

o €Yt C (D= = D)™,

which implies that such a complex of injectives is homotopy equivalent to a 2-term complex concentrated
in degrees 0 and 1 (see, e.g., [Parra et al. 2023a, Lemma 4.12]).

Recall further that all cosilting complexes of length 2 in D(R) are pure-injective (Example 2.8). Thus
Cosilt(R) = Cosilt,(Mod(R)). In fact, it follows from [Breaz and Zemlicka 2018; Zhang and Wei 2017]
that a torsion pair in Mod(R) is cosilting if and only if it is of finite type. We are going to see in
Proposition 4.5 that this is a special instance of a general phenomenon.
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The following proposition explains the relation between cosilting torsion pairs and mutation, providing
a criterion for the existence of mutation.

Proposition 3.10. Let D be a triangulated category with products. Let o be a cosilting object and
& = Prod(&) a subcategory of Prod(o). Then we have

(1) o admits a left mutation o’ with respect to & if and only if there is a cosilting torsion pair of the form
t:= (T, HX&)) in Hy, and

(2) o admits a right mutation o’ with respect to & if and only if o admits an &-precover and the torsion
pairt=(S,R) = (+o H(f.)(é"), Cogen(H(?(@@))) in Hy is a cosilting torsion pair.

Proof. (1): By Theorem 3.5, we only need to prove the “if” part. Suppose that there is a cosilting torsion
pair t = (7, F) in H, where F = 2 HY(&). By definition, there is a cosilting object o’ such that T,
coincides with the left HRS-tilt T+ = (X/, V) of the t-structure T = T, = (X, V) associated to o. As in
the proof of Theorem 3.5, we see that Prod(c”) coincides with Prod(6), where 6 = &y @ €, is obtained
from a triangle

o —2 ¢ &1 oll],

where @ is an &-preenvelope. By Theorem 3.5, it thus only remains to show that & = Prod(o) NProd(c”).
For the inclusion & C Prod(c)) NProd(c”) we have to show that & C Prod(c’) = Y’ N Y 1. Of course, &
is contained in Y € YV'. Now pick E in & and Y in )/, and consider a decomposition triangle with respect

to the t-structure T
A Y B All],

where A in X and B in ) C V', In particular, we have that A lies in X N Y’ = F[1], because )’ = Y+ =
F[1]1x Y. Applying Homp(—, E[1]) to the triangle, and using that A[—1] € F = L‘)H((,)(éa), we obtain

Homp(A, E[1]) = Homyy, (A[—1], H((,)(E)) =0.

Further, since E lies in Prod(o), we have Homp (B, E[1]) = 0 and, thus, Homp (Y, E[1]) = 0. To prove
the other inclusion, let X be an object in Prod(c’) NProd(c”’). Clearly, H(?(X ) is injective in H,,, because
X lies in Prod(o). Furthermore, if F is an object in F, since F[1] lies in V' = +>05" and X lies in
Prod(c’), we have

Homqp(F, H(?(X)) = Homp(F, X) = Homp(F[1], X[1]) =0.

It follows that H((,)(X) lies in F+o = Cogen(Hg(g)). We conclude that H((,)(X) lies in Hf,)(g) and, thus,
X liesin &.

(2): By Theorem 3.5, we only need to prove the “if”” part. Suppose that t = (o Hé)(éa), Cogen(HO(a?)))
is a cosilting torsion pair in H,. Then there is a cosilting object o’ such that T, coincides with the right
HRS-tilt Ti- = (X7, V') of the t-structure T = (X, )) associated to o. By Theorem 3.5, it only remains
to show that & = Prod(o) NProd(c”). Now & is contained in Prod(c), and also in )/, which consists of
those objects X in Y for which Hg (X) lies in Cogen(Hg(@@)) by Remark 2.2. Moreover, given E in &
and X in ), we have Homp (X, E[1]) = 0 since X lies in ) = "¢ and E lies in Prod(c’). We conclude
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that E is an object of )’ N )"+ = Prod(o’). Conversely, take X in Prod(c') N Prod(c’). Then HY(X)
is injective in H,;, because X lies in Prod(c). Furthermore, it lies in Cogen(H(?(é")), because X lies in
Prod(c’) € ). Hence H?(X) lies in H(&£) and, thus, X lies in &. O

4. Mutation and purity

As recalled in Theorem 2.7, pure-injective cosilting objects or pure-projective silting objects give rise
to Grothendieck hearts. In order to investigate mutations of these objects, we need to understand when
HRS-tilts are Grothendieck categories. Recall that a cocomplete abelian category is said to be AB4 if
coproducts are exact and it is said to be ABS if all direct limits are exact.

4.1. HRS-tilts with Grothendieck heart. Our aim in this subsection is to generalise [Parra and Saorin
2016, Theorem 1.2], which characterises when the heart of an HRS-tilt is a Grothendieck category. This
requires some preparation, however. Suppose that H is an AB4 abelian category, / a directed poset and
X=X, fij: Xi—> X |i,jel, i> j)adirect system in H. This system gives rise to a complex
Blug: - —— L X =2 11 Xy " 11 Xi —2 lim & —— 0
ip<iy<iz ip<ip ipel
in H, where d is the canonical morphism and
dn:' ]_[ . Xio_>. ]_[ X jo
ig<-+<in Jo< < jn-1

for n > 1 are described as follows: if (jo < --- < j,—1) is obtained from (ip < - - - < i,,) by removing iy
for some 0 < k < n, then the component of d,, between the corresponding summands of the coproducts
is equal to (—l)l‘f,-oj0 : Xiy — X, (we stress that f;;, = iXm.O if k > 0 as then iy = jy). All the other
components of d, vanish by definition.

We denote by BX' the complex obtained from B, by deleting the last term with the direct limit.
Hence BX is a complex over H which consists just of coproducts of objects in X and we place the term
]_[l-0 <1 Xi, in cohomological degree 0. Now we define for n > 0 functors

lim, © Hl —H
by putting lim, X := H™"(BX’). We summarise some well-known properties of these functors.

Lemma 4.1. Given a short exact sequence 0 —> X — Y — Z — 0 of [-shaped direct systems in an AB4

abelian category H, there is a natural long exact sequence
-‘-—>l‘£)n22(—>1i_r)n2y—>li_n)122—>li_n>11)(—>h_ngly—>li_n)112—>li_r)n2(—>li_n)1y—>l'£)n2—>0.
Moreover, the following statements are equivalent:
(1) H is ABS.
(2) lim; X =0 for each directed poset 1 and an I-shaped direct system X.

(3) lim, X =0 for each directed poset I, an 1-shaped direct system X and n > 0.



Mutation and torsion pairs 1329

Proof. The short exact sequence 0 - X — Y — Z — 0 yields a short exact sequence of complexes
0 - BX — BY — BZ — 0 since we assume # to be AB4. The “moreover” part is standard: The
implications (3) = (2) = (1) are straightforward. Regarding (1) = (3), one observes that BX,g is a
direct limit of contractible complexes, and hence exact assuming (1). Indeed, I is easily seen to be a
direct union of finite directed subsets F' C I, and each such F has a unique maximal element max(F) € F
(which is an upper bound of all the elements in F). The corresponding complex for the restricted direct
system X[ is canonically identified with a subcomplex of B, of the form

dy di dy
B(X|F)ag: ---— I Xiy— I Xiy — I Xip — Xmax(;) —— 0
ig<i|<ip in<iy igeF

and is contractible. A particular nullhomotopy is given by (s,),>0, where
Sp - ]_[ on —_— ]_[ Xio,
Jo<'<jn—1 ig<++<ip
with the components (—1)”ide0 if (jp<---<ip_1 <ip)=(jo<---< jpn—1 <max(F)), and zero maps
otherwise. The special case of 5o : Xmax(r) — ]—[io <r Xi, 1s the obvious split inclusion. Finally, one observes
that BX,ug = lim; B(X|F)aug, Where F runs over all finite directed subsets of /, ordered by inclusion. [J

Now we focus on how the lim, -functors interact with HRS tilting.

Lemma 4.2. Let D be a triangulated category with coproducts, let T be a smashing t-structure with an
ABS heart H, and let t = (T, F) be a torsion pair in H. We recall that the heart H- of the right HRS-tilt
has a torsion pair (F, T [—1]). Then the following hold:

(1) If X is a direct system in T and T =lim X in ‘H, then T[—1] is the direct limit of X[—1] in Hs- and
h_r)nn X[—1]1=0in H;- for eachn > Q.

(2) Assume moreover that (T, F) is of finite type in H. If X is a direct system in F and F =1lim X in H,
then F is also the direct limit of X in H;- and lim, X = 0 in H;- for each n > 0.

Proof. We prove (2) only, as the proof of (1) is completely analogous. Since the complex B X, is acyclic
in 4 by Lemma 4.1, we have induced triangles in D,
Zn+1 I ) ]_[ ) Xio — Zn — Zn+1[1]
fg<<iy

for all n > 0. Here, Z, = Im(d,) are the images in H and the coproducts can be taken equally well
in H and in D as T is smashing. Since F is closed under coproducts (# is ABS5) and subobjects, we
have Z, € F for each n > 1. We also have Z; € F since we assume ¢ = (7, F) to be of finite type.
Consequently, the triangles above induce short exact sequences in H,-. Note further that T,- is a smashing
t-structure and H;- is closed under coproducts in D. It follows that ;- is AB4, and that the coproducts in
the triangles above are also coproducts in H,-. Thus, the complexes B X, taken in H and H,- coincide
and are both acyclic in the corresponding hearts. (]

Now we can give the promised generalisation of [Parra and Saorin 2016, Theorem 1.2].
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Theorem 4.3. Let D be a triangulated category with coproducts, let T be a smashing t-structure with an
ABS heart H, and let t = (T, F) be a torsion pair in H. Then the torsion pair (F, T [—1]) is of finite type
in the right HRS-tilt H,~ and the following statements are equivalent:

(1) H;- is ABS.
(2) The torsion pair t = (T, F) is of finite type in H.

If D is compactly generated, the conditions above are further equivalent to
(3) Hs- is a Grothendieck category.

Proof. The torsion pair (F, T [—1]) is of finite type in H,;- thanks to Lemma 4.2(1). If (7, F) is of finite
type in H, then lim, vanishes in H,- on all direct systems in F or 7 [—1] by Lemma 4.2. If X is any
direct system in #,-, we obtain a short exact sequence of direct systems

0 Xr X XT[—l] —0,

where X7 and X7 _1) are the direct systems of torsion and torsion-free parts of X with respect to
(F, T[—1)]), respectively. If we take the direct limit, by Lemma 4.1, we obtain an exact sequence

0 = limy Xr — lim, & — lim, 71 =0,

and the same lemma tells us (since, by [Parra and Saorin 2015, Proposition 3.3], H,- is AB4), that H,- is
also ABS.

Suppose conversely that H,- is ABS. Then we can apply the previous arguments to H,- with torsion
pair (F, T[—1]). As the left HRS-tilt is equivalent to H with (7, F), it follows that the latter torsion
pair is of finite type.

Now assume that D is compactly generated, with D¢ denoting its subcategory of compact objects.
Suppose that (1) holds true. In order to prove that H,- is a Grothendieck category, it remains to exhibit a
generator. We claim that | | Hto_ (C), where the coproduct runs over all isoclasses of compact objects C
in D, is a generator of H,-. Indeed, given any X in -, the canonical map

@ : [ cHomp(C.X) ¥

is a pure epimorphism. Note that Hto_ : D — H,- sends pure triangles in D to short exact sequences by
[Krause 2000, Corollary 2.5]. Therefore, Hto, (®) is an epimorphism, which proves the claim. ]

4.2. Mutation of pure-injective cosilting objects. We are now ready to examine mutation of pure-injective
cosilting objects. We will see that this setting is somewhat nicer than the general setting explored in
Section 3.

In view of Proposition 3.10, we begin by investigating cosilting torsion pairs in Grothendieck hearts.
As indicated in Example 3.9, when t = (7, F) is a cosilting torsion pair in the heart H of a t-structure T
in D, and o is a cosilting object such that T- = T, it is interesting to study properties of the object
C= H{? (o). As the following lemma says, this object in fact determines the torsion pair t and hence the
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cosilting object o up to equivalence. To this end, recall that an object C in a complete abelian category H
is called quasicotilting if Cogen(C) = gen(Cogen(C)) N+ C (one can also define quasitilting objects and
prove a dual analogous version of the following lemma, but it is not needed here).

Lemma 4.4. Let D be a triangulated category with products and T = (X, ) be a t-structure with heart H.
Suppose that H is complete and that t = (T, F) is a cosilting torsion pair in H, and o is a cosilting object
such that T- = T,. Then the object C = H% (0) is quasicotilting in H and F = Cogen(C).

Proof. We will adapt the argument for [Parra et al. 2023a, Theorem 4.1(3) = (2)]. Recall that there
is a torsion pair (F, 7 [—1]) in the heart H, of T~ = (X, Vi), and that the torsion part of X € H,
with respect to this torsion pair equals Hw(r) (X) [Happel et al. 1996, Corollary 2.2]. Hence the functor
H{ElHa :'Hs — H, being a composition of the right adjoints H, — F and inc : F — H, is itself a right
adjoint. Since E := H?(o) is an injective cogenerator of 7, by Proposition 2.5, any object F € F admits
a monomorphism F — E’ for some set 1, which induces a monomorphism F = H}(F) — HX(E)! in H.
Moreover, since o € Y- C ), we observe that E is an X-[—1]-coreflection of o and C is an X[—1]-
coreflection of o, which is the same as an X'[—1]-coreflection of E € )-. In particular, C = H{T)(E ), the
object F embeds in C' and, hence, 7 € Cogen(C). Since clearly C € F and F is closed under products
and subobjects, we obtain the equality 7 = Cogen(C).

In order to prove that C is quasicotilting, we first claim that Ext%_[(F ,C) =Homp(F[—1], C) =0 for
each F in F = X[—1] N Y-. To see this, recall from the discussion above that there is a decomposition

triangle
Y[-2] C o Y[-1],

where Y € ) (and C € X[—1]). Notice now that Homp(F[—1], Y[—2]) = 0 since F[—1] € X[-2], and
that Homp(F[—1],0) =0 as F[—1] € Y-[—1] and 0 € (V-)*". It follows from the decomposition
triangle that Homp (F[—1], C) = 0, proving the claim.

It remains to check that every object X € gen(Cogen(C)) N+ C lies in F. Each such X is part of a
short exact sequence in A of the form

0 F’ F X 0,

with F’, F € F. First note that since C is an X[—1]-coreflection of o, we have a natural isomorphism
Homy (—, C) = Homp(—, 0)|y. Applying Homy(—, C) to the above exact sequence and using this
natural isomorphism, we obtain a commutative diagram with exact rows:

Homy(F, C) — Homy (F', C) — Ext}, (X, C) =0

% F

Homp(F, 0) —— Homp(F’, 0) —— Homp(X[—1], 0) —— Homp(F[—1],0) =0

It follows that Homy,, (H; ' (X), E) = Homp(X[—1],0) =0,50 H;'(X)=0and X e HNH, = F. O
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We now characterise cosilting torsion pairs in Grothendieck hearts coming from pure-injective cosilting
objects. A similar result is proved in [Parra et al. 2023a, Theorem A] (see also [Parra et al. 2023b,
Proposition 6.20]) when the ambient category D is the derived category of .

Proposition 4.5. Let o be a pure-injective cosilting object in a compactly generated triangulated cate-
gory D. Let H be the heart of the associated t-structure and let t = (T, F) be a torsion pair in H. The
following statements are equivalent:

(1) The torsion pair t is of finite type.

(2) The torsion-free class F is covering in H.

(3) Any injective cogenerator of H admits an F-cover.

(4) There is a quasicotilting object C in H such that F = Cogen(C).

(5) The torsion pair t is a cosilting torsion pair arising from a pure-injective cosilting object.

(6) The torsion pair t is cosilting.

Before we prove the proposition, we point out an immediate corollary, which goes back to [Bazzoni
2003, Theorem 2.8], later generalised in [éoupek and Stovitek 2020, Theorem 3.9].

Corollary 4.6. Let o be a pure-injective cosilting object in a compactly generated triangulated category D
and let H be the heart of the associated t-structure. Then every cosilting torsion pair in H arises from a
pure-injective cosilting object, i.e., Cosilt(H) = Cosilt, (H).

Proof of Proposition 4.5. Let T denote the t-structure associated to o. Recall from Theorem 2.7 that T is
a smashing nondegenerate t-structure and that # is a Grothendieck category.

(1) = (2): If F is closed under direct limits, it follows from [El Bashir 2006, Theorem 3.2] that F is
covering.

(2) = (3): This is trivial.

(4) = (1): This follows from [Parra et al. 2023a, Theorem A].

(3) = (4): Let E be an injective cogenerator of  and let f : FF — E be an F-cover. Consider the exact

sequence

0— K-+t E

We claim that C = F @ K 1is quasicotilting. First note that 7 = Cogen(F') = Cogen(C). Indeed Cogen(F’)
is clearly contained in F and, conversely, for any object X in F, any given monomorphism g : X — E’
(which exists for some set I) will factor through the precover f! via a monomorphism.

Next, we show the equality Cogen(C) = gen(Cogen(C))ﬁLl C. Let us first verify that Cogen(C) C Lic.
If X lies in F, consider an exact sequence

0 F Y X 0.
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Since F = Cogen(F) is extension-closed, there is a monomorphism € : ¥ — F” for some set J. Since E
is injective, the map f extends along e oo to amap g: F/ — E, ie., goecoa = f. Since f is an
F-(pre)cover of E, there is h : F/ — F such that f o h = g. Finally, we observe that since f is right
minimal, f oh o€ oa = f implies that /1 o € o is an isomorphism and, therefore, « splits. This shows
that Ext%{ (X, F) = 0. The condition Ext%{(X , K) = 0 follows from the fact that f is an F-cover by a
result known as Wakamatsu’s lemma. This proves that F = Cogen(C) C *!C.

Let now X be an object in gen(Cogen(F)) N+ K and consider a short exact sequence

a b

0 L Y X 0,

with Y in Cogen(F). Let ¢ : X — E be a nonzero map. Then ¢ o b factors through f since f is an
F-(pre)cover; i.e., there ismap d : Y — F such that f od = ¢ o b. This induces a map c: L — K such
that k oc = d oa. Since Ext%_[ (X, K) =0, it follows that Homy (a, K) is surjective and, thus, there is
amap g : Y — K such that g oa = c. In summary, up to this moment, we have the solid part of the
following diagram with exact rows:

0 Ly -—Ltox 0
L% ld a P&
k = f
0 K F E

Now a standard argument (using for example a dual version of [Stovitek et al. 2014, Lemma 2.8])
yields a map « : X — F, indicated by the dotted arrow above, such that f oo« = ¢. We have shown that
Homy (X, f) is a surjective map. As above, we infer that any given monomorphism g : X — E factors
through f! via a monomorphism, showing that X lies in Cogen(F), as wanted.

(1) = (5): If tis of finite type, T¢- is a smashing t-structure with a Grothendieck heart by Theorem 4.3,
so it corresponds to a pure-injective cosilting object in D by Theorem 2.7.

(5) = (6): This is trivial.
(6) = (4): This is proved in Lemma 4.4. U

For pure-injective cosilting objects in compactly generated triangulated categories, we can now provide
a more convenient characterisation for the existence of left or right mutation. We first need some
preliminary results on the existence of approximations.

Lemma 4.7. Let A be a (not necessarily additive) category, R a covering class and T an enveloping
class. The class R is closed under T-envelopes if and only if the class T is closed under R-covers.

Proof. Suppose that R is closed under Z-envelopes. First we show that 7 is closed under retracts. Suppose
that we have an object J in Z together with a retraction & : J — [ and its right inverse ¢ : [ — J.
Consider an Z-envelope f : I — Ez(I) of I. As f is an Z-envelope, there exists a factorisation ¢ = gf
for some g : Ez(I) — J. Then (7g) f = mt =id and so f has a left inverse. Moreover, we have that
f(rg)f = fmi= f so, by the minimality of f, we have that f(;rg) is an isomorphism, so f has a right
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inverse. Thus, we conclude that f is an isomorphism and [ lies in Z. Now, let & : Cr(l) — I be an
R-cover of an object I inZ and let e : Cr(I) — Ez(Cxr (1)) be an Z-envelope of C([). Since e is an
T-envelope and £ is a morphism to Z, we have a factorisation 1 = me for some m : Ez(Cr(l)) — I.
Moreover, since E7(Cr (1)) lies in R and & is an R-cover, there is a factorisation m = hk for some
k: Ez(Cr(I)) — Cr(I). Then we have hke = me = h, and so ke is an isomorphism because 4 is
minimal. We have shown that C([) is a retract of Ez(Cr([)) and so Cr (1) lies in Z. The converse
statement is dual. O

Lemma 4.8. Let o be a pure-injective cosilting object in a compactly generated triangulated category D,
and & = Prod(&) a subcategory of Prod(o). Let (S, R) be the torsion pair in H, cogenerated by Hg(é”).

(1) & is an enveloping class.
(2) If (S, R) is a cosilting torsion pair, then every object in Prod(o) admits an &-cover.

Proof. (1) Recall from Lemma 3.1 that & is preenveloping. Since o is pure-injective and H, is a
Grothendieck category, it follows that, in fact, & is enveloping. Indeed, this is the same as proving
that H?(&) is enveloping in H,, and such envelopes can be constructed as injective envelopes of the
torsion-free part with respect to the hereditary torsion pair (S, R).

(2) By Proposition 4.5, the torsion-free class R is a covering class in H,. Hence, if y is in Prod(o), the
injective object H2(y) of H, admits an R-cover. Moreover, since (S, R) is a hereditary torsion pair, R
is closed under injective envelopes and, thus, by Lemma 4.7, injectives are closed under R-covers. The
assertion then follows by Lemma 3.3. (Il

The following theorem refines Proposition 3.10 in the case the ambient category is compactly generated
and the cosilting object is pure-injective. It also says that mutation of such objects is automatically again
pure-injective.

Theorem 4.9. Let o be a pure-injective cosilting object in a compactly generated triangulated category D,
and & = Prod(&) a subcategory of Prod(o). Let (S, R) be the torsion pair in H, cogenerated by H((,)(é‘)).
(1) The following statements are equivalent:

(a) o admits a left mutation o’ with respect to &.
(b) The torsion class S = 10 H(? (&) in Hy is closed under products (that is, it is a TTF class).
(c) The object ey @ €1 arising from an &-envelope 0 — €y and its cone €1 is a cosilting object.

(2) The following statements are equivalent:

(a) o admits a right mutation o’ with respect to &.
(b) The torsion-free class R = Cogen(H((,)(é")) in Hy is closed under direct limits.
(¢) The cosilting object o admits an &-cover.

In both cases, if the equivalent conditions are satisfied, any mutation o’ as in (a) is pure-injective.

Proof. The last assertion of the theorem is a consequence of Corollary 4.6.
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(1): (a) = (c¢): By definition, there are a cosilting object o’ and a triangle

®/
o &0 & ol[l]

such that @' is an &-preenvelope of o and o’ = & ® &] up to equivalence. Consider now the triangle

o s ) &l o[1]

arising from an &-envelope of o and the object 0” = g9 ® £;. By well-known properties of envelopes, we
have that g; is isomorphic to a direct summand of ] for i = 0 and i = 1. This implies that Prod(c”) C
Prod(c’). Moreover, o” cogenerates D since so does o. We infer from Lemma 3.1 that Prod(c”) =
Prod(o”), thus proving that o” is a cosilting object (equivalent to o).

The implications (a) = (b) and (c) = (b) follow immediately from Theorem 3.5(1).

(b) = (a): Since ° Hg (&) is a torsion class, t := (7, 10 H(? (&)) is a torsion pair of finite type in the
Grothendieck category H,,, and hence a cosilting torsion pair associated to a pure-injective cosilting object
by Proposition 4.5. Tt follows from Proposition 3.10(1) that o admits a left mutation o’ with respect to &.

(2): Recall from Theorem 2.7(1) that H,, is a Grothendieck category. We apply Proposition 4.5 to the
torsion pair (S, R) in H, .

(a) < (b): By Proposition 4.5, a torsion pair in H, is cosilting if and only if it is of finite type, and
the associated cosilting object must be pure-injective in this case. It follows from Proposition 3.10 and
Lemma 4.8 that (b) amounts to the existence of a right mutation ¢’ of o with respect to &.

(b) < (c): This follows combining Proposition 4.5 with Lemmas 4.8 and 3.3. O

Example 4.10. Let A be the path algebra over an algebraically closed field k of the Kronecker quiver

° : °.
Recall that the finite-dimensional indecomposable regular modules form a tubular family (,),cx indexed
by the projective line X = P! (k). We pick a subset P C X, denote by P = X\ P its complement, and
consider the torsion pair (7p, Fp) in Mod(A) generated by tp = |, p tc. If P = &, we take the torsion
pair generated by the preinjective modules (whose torsion class is indeed contained in Ty for all Q # ).
It is a cosilting torsion pair cogenerated by the cosilting (in fact, even cotilting) module

Cr=GO[[{S[-ocl|Setp}®][{S[oo]| S €5},

where S[—oc] and S[oo] denote the adic and the Priifer module corresponding to the simple regular
module S, respectively, and G is the generic module. Notice that the corresponding cosilting complex op
is quasi-isomorphic to Cp and lies in the heart H,, = o p#.

Let us look at the two extreme cases

Co=G[]{S[oc] | Setx} and Cx=GD[[{S[—0o0]]|S € t}.
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For any P € X, we have that op is a right mutation of o at the set
& =Add (G []{S[co] | S €tp})

(if P # X, we can also express & as Prod({S[oo] | § € £5})). Indeed, we can construct an &-cover of oy
from the canonical sequences

0 — S[—o0] — G — S[co] — 0, S etp,

as in [Buan and Krause 2003, Lemma 2.4], which are easily seen to be &-covers since Exti‘ (G, S[—o0])=0
and S[—oo0] is indecomposable. When taking a product of these short exact sequences for all § € P
together with the trivial short exact sequences 0 — 0 — S[oo] — S[oo] — O for all S € P, we obtain a
short exact sequence of the form

0 —— [T{S[—00] | S € tp} —— GV @TT{S[00] | S € t5) —— [Tsex; SL00] —— 0.

Since the middle term lies in &, the map ¢ is an &-precover. Moreover, the right-hand side term is a cotilting
module equivalent to Cy (the generic module is a summand of the term by [Ringel 1998, Proposition 4]),
while the sum of the left-hand and the middle terms is a cotilting module equivalent to Cp, so the last
short exact sequence yields an approximation triangle witnessing that op is a right mutation of og.

On the other hand, ox does not admit right mutation at & = Prod({S[—oc] | S € ¢p}) for any nonempty
subset P C X. In fact, condition (2b) in Theorem 4.9 fails, due to the fact that the generic module G is
not contained in the torsion-free class Cogen(&) in Hqy, although it can be realised as a direct summand
of a direct limit of a direct system S[—oo] — S[—oo] — - -- for any simple regular S by [Ringel 1998,
Proposition 4].

Similarly, oz does not admit a left mutation at & = Prod({S[oc] | S € ¢p}) for any proper subset P C X,
because condition (1b) in Theorem 4.9 fails. Namely, Lo H(QZ (&) contains any S[oo] with S € ¢5, but the
generic module G is not contained in -° Hgg (&), although it can be realised as a direct summand of a
direct product of S[oo] for any simple regular S by [Ringel 1998, Proposition 4].

Example 4.11. Let D be a compactly generated triangulated category and let o be a pure-injective
cosilting object in D. Recall from Theorems 2.7 and 4.9 that the associated t-structure has a Grothendieck
heart H, and right mutations of o bijectively correspond to hereditary torsion pair of finite type in .
In this example, we consider a commutative noetherian ring R and D = D(R). In this setting, a com-
bination of [Alonso Tarrio et al. 2010, Theorem 3.10 and Theorem 3.11] and [Hrbek and Nakamura 2021,
Corollary 2.14] (see [Angeleri Hiigel and Hrbek 2021, Theorem 3.8] for details) yields a bijection between

« equivalence classes of pure-injective cosilting objects in D, and

 nondegenerate sp-filtrations of Spec(R), i.e., functions ¢ from Z to the power set £ (Spec(R)) of
Spec(R) such that
— forany i in Z, ¢ (i) is specialisation-closed, i.e., for any p in ¢ (i) and for any p C q, qisin ¢ ().
— ¢ is decreasing, i.e., (i) D (@ + 1).
— the intersection over Z of all sets ¢ (i) is the empty set, and their union is Spec(R).
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Moreover this bijection restricts to a bijection between equivalence classes of cosilting complexes in D
that lie in K®(Inj(R)) (which are automatically pure-injective, see Example 2.8) and the sp-filtrations ¢
of Spec(R) for which there are integers a < b such that ¢ (a) = Spec(R) and ¢ (b) = &. Denote by ¢,
the sp-filtration associated to a pure-injective cosilting object o.

Recall that a cosilting object o is said to be cotilting if Prod(c) is contained in the heart H, of the
t-structure associated to 0. We review some examples in the literature of mutations of cotilting objects
in D which lie in K?(Inj(R)).

(1) It follows from [Angeleri Hiigel and Hrbek 2017, Theorem 5.1] that every two-term cosilting complex
in D is a right mutation of the injective minimal cogenerator of Mod(R).

(2) All cotilting modules over a commutative noetherian ring, and more generally, all cotilting modules
of cofinite type over an arbitrary commutative ring can be constructed as iterated right mutations of an
injective cogenerator of Mod(R); see [Stovitek et al. 2014, §4] and [Hrbek and Stoviek 2020, §8].

(3) In some cases, we know how to translate right mutation of pure-injective cosilting objects into an
operation on sp-filtrations. It follows from [Pavon and Vitéria 2021, Theorem 4.5(1b)] that, given a
specialisation-closed subset W of Spec(R), there is a hereditary torsion pair of finite type tw := (Tw, Fw)
in ‘H, in which 7y coincides with the class of objects of #, supported in W. Hence, it makes sense
to consider the right mutation of ¢ associated with W, which we may denote by o : it is the cosilting
object (unique up to equivalence) corresponding the right HRS-tilt of the t-structure associated to o with
respect to the torsion pair ¢y . It then follows from [loc. cit., Proposition 4.7(2)] that the sp-filtration ¢,
associated to oy is given by
Goy () = (WNo (i — 1)) U (i).

Indeed, ¢, describes a compactly generated t-structure that is a right HRS-tilt! of the t-structure associated
to ¢, and [loc. cit., Proposition 4.7(2)] states that the torsion class that gives rise to this HRS-tilt must
be the one supported on the union over Z of ¢, (i) \ ¢4 (i). This union is clearly W and, thus, the torsion
pair whose right HRS-tilt corresponds to ¢y, is tw.

Example 4.12. When D = D(Qcoh(X)) for a noetherian scheme X, a class of mutations of the injective
cogenerator of Qcoh(X) was studied in [Coupek and Stovitek 2020, §6] (albeit not in this terminology).
However, in contrast to the previous example (where X was an affine scheme), in this case there can be
more 2-term cosilting complexes than hereditary torsion pairs of finite type (see [loc. cit., Example 6.14],
which is closely related to Example 4.10 as D(Qcoh([P’,i)) ~ D(A)). This means that not every 2-term
cosilting complex in D can be obtained by a right mutation of the injective cogenerator of Qcoh(X).

In the following proposition, we will use the notation Ind(o) for the collection of isoclasses of
indecomposable objects in Prod(o), where o is a pure-injective cosilting object. Observe that, by
Proposition 2.5, we have that Ind(o) is a set because the isomorphism classes of the indecomposable
injective objects in the Grothendieck category H, form a set. We will show that if pure-injective cosilting

INote that, in the reference, left HRS-tilts are used for this description; since we are discussing right mutations, we use right
HRS-tilts. These differ from the left HRS-tilts by a [—1]-shift (see Remark 2.2).
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objects o and o’ are related by a mutation, there is a natural bijection between Ind(o) and Ind(c”).
While in the case of silting mutation of compact silting objects over a finite-dimensional algebra this was
implicit from the very beginning (see for example [Aihara and Iyama 2012, Corollary 2.28]), in the case
of cosilting mutation in our context, this phenomenon was noticed for derived categories of modules
over commutative noetherian rings [Stovitek et al. 2014, Theorem 5.4] and quasicoherent sheaves on
noetherian schemes [Coupek and Stovicek 2020, Remark 6.5].

Proposition 4.13. Let o be a pure-injective cosilting object in a compactly generated triangulated
category D and & = Prod(&) a subcategory of Prod(o) such that there is a right mutation of o at &,
say o'. For each object o in Ind(o) \ Ind(&), consider the triangle induced by an &-cover ® of o

o 2 eo ® a'[1]. (A3)

Then, the assignment a — o' defines a bijection between Ind(o)\Ind(&) and Ind(c")\Ind(&) and the map
Q in each such triangle is an &-envelope. As a consequence, there is a bijection between Ind(o) and Ind(c”).

Note that by Corollary 3.7 a result analogous to the one above is available for left mutations.

Example 4.14. While reading the proof of the proposition, it is instructive to keep in mind that it also
covers the case of trivial right mutations where & =0 and ¢’ = o [—1].

Proof of Proposition 4.13. We first show that the assignment is well-defined. Let o be an indecomposable
object in Prod(o) \ &; this implies that &’ # 0. Note also since @ is an &-cover of an indecomposable
object, ® is an indecomposable object in the category of morphisms in D. To see that, if & = Oy H Py,
then one of the ®; must be of the form ey ; — 0, which contradicts the fact that ® is a cover. Since the
completion of a direct sum of maps to a triangle is isomorphic to the direct sum of the two triangles
completing the summands, it follows that (A3) is an indecomposable triangle (this makes sense since
triangles in D themselves form an additive category). Now it quickly follows that €2 is an &-envelope.
Indeed, an &-envelope exists (Lemma 4.8) and is a summand of 2. However, €2 must be indecomposable
in the category of morphisms, or else (A3) could not be indecomposable in the category of triangles.
By the same token, &’ is indecomposable, since otherwise that &-envelope Q could be expressed as a
direct sum of &-envelopes of summands of «’. Finally, &’ cannot lie in &, as otherwise 2 had to be an
isomorphism and « the zero object. This completes a proof of the fact that the assignment from the
statement of the proposition is well-defined.

Further observe that, in particular, we have shown that « is determined up to isomorphism from «/,
and the assignment is injective. Regarding the surjectivity, suppose that ¢’ is an indecomposable object in
Prod(c’)\ &. Since o’ is (up to equivalence) the right mutation of o at &, we have o is (up to equivalence)
the left mutation of o at & (see Corollary 3.7). As every object in Prod(c’) admits an &-envelope (see
Lemma 4.8) we can take Q : o’ — ¢q to be this envelope and let « be its cone. We therefore obtain a
triangle as in the statement of the proposition, and dual arguments to the ones presented above can be
used to show that @ is an &-cover (which we know to exist, see Lemma 4.8) and that « is indecomposable
in Prod(o) \ &, thus finishing the proof. U
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5. Silting mutation

In this section, we state the dual results for silting objects. Then we establish a compatibility between
silting and cosilting mutation, showing that cosilting mutation encompasses mutation between compact
silting objects.

Definition 5.1. Let D be a triangulated category with coproducts. Let o and o’ be two silting objects

in D, and let £ = Add(c) N Add(c”’). We say that:

(1) o’ is a left mutation of o if there is a triangle

o —2 g £l o[1]

such that

o & is a P-preenvelope of ¢ in D, and

o g9 @ £ is a silting object equivalent to o’

(2) o’ is a right mutation of o if there is a triangle

o[—1] Y1 Y0 o
such that
e ®isa P-precover of o in D, and

e 10 @y is a silting object equivalent to o,
We will also say that o’ is a left (or right) mutation of o with respect to 2.

Silting mutation can also be expressed in terms of HRS-tilts. The proof of the following theorem is
dual to the one of Theorem 3.5.

Theorem 5.2. Let D be a triangulated category with coproducts, let o and o’ be two silting objects in D,
and let 2 = Add(o) N Add(c”’). Then we have that:

(1) o’ is a left mutation of o if and only if o admits a P-preenvelope and T, is the left HRS-tilt of T,
at the torsion pair t = (Gen(Hg(@)), HS(@)LO) inHe.

(2) o’ is a right mutation of o if and only if Hg (2)10 is closed under coproducts in Hy and T, is the
right HRS-tilt of T, at the torsion pair t = (H(?(f@)“, F)inHy.

In both cases, the torsion pairs involved do not depend on the choice of the triangle in Definition 5.1.
Again, as noted for cosilting mutation in Remark 3.6, the torsion pairs involved have different flavours:

left mutation will yield an HRS-tilt at a cohereditary torsion pair, while right mutation will give rise to an
HRS-tilt at a torsion pair (7, F) for which 7 is a TTF class.

Definition 5.3. Let D be a triangulated category with coproducts and T a t-structure with heart H. A
torsion pair t:= (7, F) in H is said to be a silting torsion pair if and only if there is a silting object o
in D such that T+ =T,
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Example 5.4. Let R be aring. The modules T = H®(o) arising as zero cohomologies of a silting complex
o : P| — Py of length 2 concentrated in cohomological degrees —1 and 0O are precisely the silting modules
introduced in [Angeleri Hiigel et al. 2016]. The t-structure T, then coincides with the left HRS-tilt of the
standard t-structure of D(R) at the torsion pair t := (Gen(7), T-9) in Mod(R) generated by 7. In other
words, t is a silting torsion pair in the sense of the definition above, and as in Example 3.9, one can show
that all silting torsion pairs in the sense of the definition are of this form.

Again, we can extract from the theorem above a criterion for the existence of a mutation with respect
to a given subset &. Once again, we omit the proof as it is dual to the proof of Proposition 3.10.

Proposition 5.5. Let D be a triangulated category with coproducts. Let o be a silting object and
P = Add(Z) a subcategory of Add(c). Then we have that:

(1) o admits a left mutation o’ with respect to & if and only if o admits a P-preenvelope and the pair
(Gen(H2(2)), HY(2)1) in M, is a silting torsion pair.

(2) o admits a right mutation o’ with respect to 2 if and only if the torsion class Hé)((@)lo defines a
silting torsion pair t := (Hf(ﬂ)“, F)inHy.

Remark 5.6. In the case where D is a compactly generated triangulated category, the condition that o
admits a &-preenvelope is redundant.

Indeed, let T = T, be a t-structure associated to a silting object o, let t = (7, F) be a silting torsion
pair in the heart H,, and let y be a silting object in D such that T+ = T,,. We know from [Angeleri Hiigel
et al. 2020, Proposition 3.8] (see also [Bondarko 2016, Theorem 3.2.4]) that yL>0 is a TTF class. Let
® : 0 — B denote a yL>°—preenvelope of o. In particular, Hg (B) lies in 7. We claim that ¢ := H(Q (D)
is a T -preenvelope of the projective generator HS (o). To that end, suppose that f : Hg(o) — T isa
morphism in H,, with 7 in 7. Then the composition f o7 : 0 — T, where 7 : 0 — H?(0) is the natural
truncation map, factors through ® (since 7 lies in y+>°). In other words, there is a : B — T such that
fom =aod. If we apply H? to this equality we get f = H(a) o ¢, as wanted.

Finally, if 7 = Gen(Hg(gz)) as in Proposition 5.5(1), there is an epimorphism p : H(?(P) — H(‘,)(B)
in H, with P in & and the preenvelope ¢ : H?(0) — H?(B) factors through p as H?(o) is projective
in H,. Clearly, the resulting map ¢ : H’(0) — HC(P) is a T-preenvelope as well and there is a map
@' : 0 — P such that ¢’ = H?(®') by Proposition 2.5(1). Finally, ®’ is a &-preenvelope by arguments
dual to those in Lemma 3.3.

Let us now delve into the connection between silting mutation and cosilting mutation. For this purpose
we restrict ourselves to the setting of compactly generated triangulated categories. Recall that, in a
compactly generated triangulated category D, for any compact object K there is an object BC(K ), called
the Brown—Comenetz dual of K, such that

Homyz(Homp (K, —), Q/Z) = Homp(—, BC(K)).
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Note that, since K is compact, Homz (Homp (K, —), Q/Z) sends pure triangles to short exact sequences
and, thus, BC(K) is pure-injective by [Krause 2000, Corollary 2.5]. The following lemma is an easy
observation.

Lemma 5.7. Let D be a compactly generated triangulated category and o a compact silting object. Then
BC(o) is a pure-injective cosilting object such that T, = Tpc(o).

Recall that in [Aihara and Iyama 2012, Section 4] the authors consider compact silting objects in
compactly generated triangulated categories. To see that, for a compact object, the definition of silting
given in [loc. cit., Definition 4.1] is equivalent to the definition of silting given is Section 2.3, we refer
the reader to [loc. cit., Corollary 4.7]. The following theorem shows that the operation of mutation of
compact silting objects defined in [loc. cit.] is a special case of the operation of mutation of both silting
objects and pure-injective cosilting objects.

Theorem 5.8. Let D be a compactly generated triangulated category. Let o be a compact silting object
in D and p = add(p) a subcategory of add(o) and define & = Add(p).

(1) Any p-preenvelope of o is a &?-preenvelope and any p-precover of o is a &?-precover.

(2) If o admits a p-preenvelope (respectively, a p-precover), then it has a compact left (respectively,
right) mutation o’ with respect to 2. Moreover, the t-structure T, is the cosilting t-structure

associated to a pure-injective left (respectively, right) mutation of the cosilting object BC(0).

Proof. (1): Let ® : 0 — gg be a p-preenvelope of o and let f : 0 — P be a map to an object P in &.
Without loss of generality we may assume that P is a coproduct of objects in p. Since o is compact,
f factors through a finite subsum of objects in p and hence through ®. Dually, let W : y9 — o be a
p-precover and g : P — o a map from an object P in &2. Again, without loss of generality assume that
P is a coproduct of objects in p. Since a factorisation through W exists for each summand of P, the
universal property of the coproduct yields a factorisation for g.

(2): If o admits a p-preenvelope @ : 0 — &, the triangle

o —2 ¢ &1 o[l]

yields a compact silting object 0’ = g9 @ €| by [Aihara and Iyama 2012, Theorem 2.31]. By (1) this is
the left mutation of o with respect to &2 in the sense of Definition 5.1.

By (the proof of) Theorem 5.2, the t-structure T, is the left HRS-tilt of T, at the torsion pair in H, with
torsion-free class F = HY(#)*° = H (g9)* in H,. By Proposition 2.5, F = eé" NH, in D. Consider
now the Brown—Comenetz dual of & and define & := Prod(BC(g)). Note that F = 0BC(go) N H, in D
since Homp (&g, X) = 0 if and only if Homp (X, BC(gg)) = 0 and, thanks to Proposition 2.5, we infer that
F="10 Hg(@@) in H,. Recall from Lemma 5.7 that T, = Tgc(s) and T5' = Tgery. By Theorem 3.5(1)
the t-structure T, then coincides with the one associated to a left mutation of BC(o) with respect to &.

Now we turn to the dual case. If yy — o is a p-precover, then we see with analogous arguments that
there is a compact silting object o’ such that T, is the right HRS-tilt of T, at the torsion pair in H, with
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torsion class 7 = H((T)(yo)LO =10 BC(yp), and Lemma 5.7 yields again that T, = Tpc(s) and Ty = Tpe(o)-
Note that 7 = -+ Hg(g), where & = Prod(BC(yp)) € Prod(BC(o)). Hence T, is the right HRS-tilt of
T, at the cosilting torsion pair cogenerated by H?(&). Moreover, BC(o) has an &-cover by Lemma 4.8.
So we infer from Theorem 3.5(2) that the t-structure T, coincides with the one associated to a right
mutation of BC(o) with respect to &. O

6. Mutation and localisation

In this section we will show that, in nice enough contexts, mutation can be understood as three-step
process: first restrict the t-structures (to certain subcategories); then shift one of the restricted t-structures;
finally glue them back together. In order to prove this, we need to review some ideas concerning restricting
and gluing.

6.1. Restricting and gluing along (co)localising sequences. A sequence of exact functors between
triangulated (respectively, abelian categories)

B—Lsp-%¢
is said to be a short exact sequence if F is fully faithful, the Verdier quotient (respectively, the Serre
quotient) D/Im(F) is well-defined (where Im(F’) denotes the essential image of the functor F'), there are
an equivalence L : D/Im(F) — C and a natural isomorphism 6 : G — L o g, where g : D — D/Im(F).
A short exact sequence of triangulated (respectively, abelian) categories as above is said to be a
localising sequence if both F and G admit right adjoints. Dually, it is said to be a colocalising sequence

if both F and G admit left adjoints. A short exact sequence is said to be a recollement if it is both a
localising and a colocalising sequence. Note that a localising sequence of triangulated categories

i J*
B——D——¢C
can be transformed into a colocalising sequence

%

j i
C—D——B.
However, the same observation does not hold for abelian categories. This is due to the fact that, in the
triangulated setting, adjoints of exact functors are exact, while this is not the case in the abelian setting.
Recall that, for abelian categories, quotient functors by Serre subcategories (i.e., subcategories closed
under subobjects, quotient objects and extensions) are always exact.

Definition 6.1. Given a short exact sequence of triangulated categories

Qi , AN ,
we say that a t-structure T = (X, )) in D restricts along the exact sequence if (X NIm(F), Y NIm(F)) is
a t-structure in Im(F) and (G(X), G()))) is a t-structure in C.
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Proposition 6.2. Let T be a t-structure in a triangulated category D and suppose there is a short exact
sequence of triangulated categories
B——--p-sec

(1) [Chuang and Rouquier 2017, Lemma 3.3] The following statements are equivalent for a t-structure T:

(a) T restricts along the exact sequence.

(b) G(T):=(G(X), G()) is a t-structure in C.

© TNIm(F):=XNIm(F),YNIm(F)) is a t-structure in Im(F), and the heart of this t-structure is a

Serre subcategory of the heart of T.

(2) If T restricts along the exact sequence, then there is an induced short exact sequence of abelian
categories formed by the associated hearts. If the exact sequence of triangulated categories is a localising,

respectively colocalising, sequence, then so is the corresponding sequence of hearts.

Proof. For simplicity, since F is fully faithful, we identify B with Im(F) and assume, without loss of
generality, that F is the inclusion functor. Denote by H the heart of T and by #3 and # the hearts of
G(T) and T NIm(F) respectively. Define F : Hp — H to be the restriction of F to Hg and G : H — He
to be the restriction of G to H. Note that these functors are well-defined by the construction of the
t-structures G(T) and T N Im(F). Under the equivalent conditions of (1), it follows as in [Chuang and
Rouquier 2017, Lemma 3.9] (see also [Beilinson et al. 1982, Section 1.4; Beligiannis and Reiten 2007,
Proposition 2.5]) that there is a short exact sequence of abelian categories

M —— 1 —T e
Next we observe that if F has a right adjoint, then so does F. Indeed, if R : D — B is a right adjoint
to F, then X is an object of B, and D is an object of D, then we have a canonical isomorphism
Homp(F(X), D) = Homg(X, R(D)).
In particular, Homg (X, R(D)) = 0 for each X € X NIm(F) whenever D € ). It immediately follows
that R())) € Y NIm(F) and that we have canonical isomorphisms
Homy, (F(X), D) = Homp(F(X), D) = Homp(X, R(D)) = Homy,, (X, H%B(R(D)))

for any X € Hp and D € H. Therefore the following composition is a right adjoint to F:
. HY
inc R s

H D B Hpg.

An analogous argument shows that if S : C — D is a right adjoint to G, then the composition

inc HY
He ey u

is a right adjoint to G:H— He. Indeed, if C € G()), then Homp(D, S(C)) = Home(G(D),C) =0
for any D € X. Thus, S(G())) € Y and, for any D in ‘H and C in H¢, we have canonical isomorphisms

Homy,, (G(D), C) = Home(G(D), C) = Homp (D, S(C)) = Homy (D, HA(S(C))).

Finally, the assertion for left adjoints follows in similar fashion. U
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Remark 6.3. Let T = (X', )) be a t-structure in a triangulated category D which restricts along a short
exact sequence of triangulated categories
ABEsD e
Then it follows from [Beilinson et al. 1982] that:
(1) If A is a localising sequence, then Y = (¥ N Im(i,)) * j. j*())), where j, is the right adjoint of j*,

(2) If A is a colocalising sequence, then X = j, j*X x (X NIm(i,)), where j is the left adjoint of j*.

6.2. Mutation and localising sequences. We are now going to explore the relation between mutation of
pure-injective cosilting (respectively, pure-projective silting) objects and categorical localisations. First of
all, given a cosilting object o, we show that sets of pure-injective objects in Prod(o’) induce localising
sequences both at triangulated and abelian level.

Proposition 6.4. Let o be a cosilting object in a compactly generated triangulated category D. Let
& = Prod(&) be a subcategory of Prod (o) in which every object is pure-injective. Then there is a torsion
pair (*12&, Cg) in D and, thus, a localising sequence

i J*
leg ~ D —Cg,
where i, and j. are the inclusion functors. Moreover, the cosilting t-structure T, restricts along the

sequence, thus giving rise to a localising sequence of abelian categories

i J
S — Hy —— Sto,
where iy, and j, are the inclusion functors, S = 10 H((,)(g) is a hereditary torsion class, and S0 is the

associated Giraud subcategory in H.

Proof. First, we observe that since & is made of pure-injective objects, it follows from [Saorin and
Stovicek 2023, Proposition 6.9] that there is a torsion pair of the form (*2&, Cs) in D. This is equivalent
to the existence of the claimed localisation sequence. We now show that T, = (X, ))) restricts along this
exact sequence using Proposition 6.2. Indeed, if D lies in +2&, consider its truncation triangle for T,

x(D) D y(D) x(X)[].

Clearly Lz =1>0£n1=0£ and, since & is contained in Prod(o), we have that X C L=0&and Yy C1>0# and,
thus, x (D) lies in +=0& and y(D) lies in ~>°&. Moreover, since +=°& is suspended, y(D) also lies in +=0¢&,
and since 1>0& is cosuspended, x (D) lies in +>0&". This shows that the truncation triangle restricts to 2¢&.
Furthermore, note that H, N2& is the subcategory of objects X in H, such that Homy (X, H((,)(E ) =0
for all E in &. Recall that H(E) is injective for all E in & and, therefore, H, N+26 =L HY(&) =S
is a hereditary torsion class in H,. Our claim then follows from Proposition 6.2 and from the fact that
the right adjoint of the localising functor in a short exact sequence of abelian categories identifies the
quotient category with the Giraud subcategory S*0! associated to S. ]
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Next, as promised earlier, we prove that if o and o’ are pure-injective cosilting objects which are
mutations of each other, the associated t-structures can be described in terms of some operations along
the localising sequence induced by & = Prod(c) NProd(c”).

Lemma 6.5. Ler 0 and o’ be pure-injective cosilting objects in a compactly generated triangulated
category D. Let T, = (X, Y) and T, = (X', V') be the associated cosilting t-structures and let

*

g " ,p t e,
be the localising sequence induced by & = Prod(c) NProd(c”).
(1) If o' is a right mutation of o, then we have the following equalities for the restricted t-structures:
(@) ToNt2& =T, NL28)[—1]in 12&.
(b) j*(To) = j*(To) in Ce.
(2) If o' is a left mutation of o, then we have the following equalities for the restricted t-structures:
(@) T, N8 =T, NL2e)[1]in 126,
(b) j*(To) = j*(To) inCe.
Proof. We prove (1). The assertion (2) follows analogously, taking into account Corollary 3.7(3).
By assumption we know that T, is the right HRS-tilt of T, at the torsion pair (S, R) in H,. Recall
from Proposition 6.4 that the t-structures T, and T, restrict along the localising sequence determined
by &, and the heart of T, N12& is H, N12& = L(’H((,)(é") = S. We show that the heart of T, N +2&

coincides with S[—1]. To this end, we consider the torsion pair (R, S[—1]) in H,. It is clear that
S[—1] € H, N+2&. For the converse, we pick an object X in Hy N 1z£ with torsion decomposition

0 r(X) X X/r(X) —0,

where r(X) isin R, and X/r(X) is in S[—1] and thus in 172£ N H, . Since this exact sequence yields a
triangle in D and since Lzg is triangulated, it follows that r(X) lies in 1z£. But then r(X) lies in R and
in H, N12& = S. We conclude that (X) = 0, as wanted.

Now, combining the fact that the heart of T, N+2& lies in Y[—1] with the inclusions Y[—1]C Y’ C ),
we easily obtain the equality in (1a). Next, we check the equality in (1b). Since the right adjoint j, of the
quotient functor j* is fully faithful, this amounts to verifying j, j*()) = j«j*()’). Observe that Y’ C Y
implies j,j*()’) C j.j*(}). For the reverse inclusion, we pick an object X in j,j*())) and consider a
truncation triangle with respect to the t-structure T,-,

A X B All],

with A in X" and B in )". Again, since j,j*()’) €)Y’ C Y and since the latter is cosuspended, we have
that A lies in X’ N Y, which coincides with the torsion class S = 0 HB (&) of H,. But this means that A
lies in +Z& and, in particular, it has no maps to objects in the essential image of j,, where X lies. Hence
X is isomorphic to B, proving the desired equality. U
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Now we can give a precise description of mutated cosilting t-structures associated to pure-injective
cosilting objects in terms of localisation.

Theorem 6.6. Let o be a pure-injective cosilting object in a compactly generated triangulated category D
with associated t-structure T, = (X, )). Let & = Prod(&) be a subcategory of Prod(o), and consider the

localising sequence induced by &

Lig ™ sp_ .o,
(1) o admits a right mutation with respect to & if and only if there is a cosilting object ¢’ with associated
coaisle Y’ = (Y N2E)[—1]* j j* (V).
(2) o admits a left mutation with respect to & if and only if there is a cosilting object o' with associated
coaisle Y = (Y N2E)[1] % jo j* (V).

Proof. Recall that a mutation of a pure-injective cosilting object is again pure-injective by Theorem 4.9.
The “only if” part in (1) and (2) follows directly from Lemma 6.5 and Remark 6.3. For the “if” part, let us
consider the hereditary torsion pair (S, R) in H, cogenerated by H(&) and verify the conditions (1b) and
(2b) in Theorem 4.9, respectively. In fact, we show in both cases that ¢’ is the corresponding mutation.

(1): We have to show that the torsion-free class R is closed under direct limits. By Proposition 4.5 this
amounts to proving that (S, R) is a cosilting torsion pair. Indeed, we claim that T, is a right HRS-tilt of
T, at (S, R). For a proof, we apply Proposition 2.3 and verify that Y[—1] C V' C Y and R = Hs N Hy.

Observe first that )’ C Y since j,j*()) € Y by Proposition 6.4 and Remark 6.3. On the other hand,
let Y be an object in ) and consider the triangle associated to Y[—1] given by the localising sequence
induced by &,

A——Y[-1]—%5 j j*Y[—-1] — A[1]. (Ag)

As j,j*Y[—1] € Y[—1] C Y and, consequently, A € (YN 1z2£)[—1], we have Y[—1] C )"

We now finish the proof of part (1) by showing that #, N )’ = H, NH, = R. To that end, let ¥ be
an object in H, and consider the triangle (A4) associated to Y given by the localising sequence induced
by &. By assumption, Y lies in )’ if and only if A lies in (¥ N+2&)[—1]. Now, applying the functor H
to the triangle, and using that j, j*())) € ), we see that A lies in )V, and we get an exact sequence

HY (@) .
0 —— HY(A) —— Y ——— HY(j,j*Y).
Observe that A lies in (¥ N+2&)[—1] if and only if H?(A) = 0, which means that H(«) is a monomor-
phism. But H?(a) is the reflection of Y in the Giraud subcategory S0 (see Proposition 6.4) and, hence,
it is a monomorphism if and only if Y lies in the torsion-free class R.

(2): We have to show that the torsion class S is closed under direct products. For this purpose, it suffices
to show that S = H Lo’ ). Indeed, )’ is contained in Y[1], and by the definition of products in the
heart #,, the functor H_ ! sends products in Y[1] to products in H,,. Hence H 1)) is closed under
products, because so is )’ being the coaisle of a t-structure.
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Now, as j,j*()) is contained in ), we have by assumption
H'(V) = Hy (N2 &)+ ji j* ) = H (YN[ = HY(YNH8),

which clearly consists of the objects X in H, such that Homp (X, &) =0. Since & is contained in Prod(o),
the latter are precisely the objects of S = 0 H(? (&), as wanted. ]

Example 6.7. We continue Example 4.10 over the Kronecker algebra A. Let P C X, and consider the
right mutation op of oy at the set & = Prod({S[oo] | § € £5}). Notice that the heart H associated with o
is equivalent to the category of quasicoherent sheaves over the projective line X, where the simple sheaves
are in bijection with the simple regular A-modules. Moreover, the hereditary torsion pair (S, R) in H
cogenerated by & corresponds to the torsion pair generated by the simple sheaves which are determined
by the family of tubes £p = |, . p tx. Combining Proposition 6.4 with [Angeleri Hiigel and Kussin 2017,
Corollary 5.8] we obtain a localising sequence of hearts

S=Ilim, tp — H —> Mod(Ap),

where A p is a hereditary ring obtained as the universal localisation of A at the modules from ¢p. On the
other hand, the heart H’ associated with the mutation op is a locally coherent Grothendieck category
which is neither hereditary nor locally noetherian if P # &.

Finally, we turn to the dual case. We first need a technical lemma.

Lemma 6.8. Let D be a compactly generated triangulated category and P € D a pure-projective object.
Then there exists a set of maps L between compact objects such that

P ={(XeD| Homp(f, X) =0 foreach f € I}.

Proof. Recall from Section 2.3 that the category of pure-projective objects is equivalent to that of projective
Df-modules via y : D — Mod(D¢). By a theorem of Kaplansky, every projective module is a direct sum
of countably generated ones [Mitchell 1972, Lemma 36.3], so we can without loss of generality assume
that y P is countably generated. In particular, there is a sequence of compact objects of D,

C N C fa Cs f3

such that y P = lim yC, and, given any X € D, we have isomorphisms
Homp (P, X) = Hompmod(pe) (¥ P, yX) = lim Hompmod(pe) (yCr, ¥y X) = lim Homp (Cy, X)

(the outer isomorphisms follow by the Yoneda lemma and the fact that y preserves coproducts and
summands). Moreover, as one can trace back to [Whitehead 1980, Theorem 1.9] and as is explained in
[Herbera and Pfihoda 2014, §1], up to passing to a cofinal subsystem, one can assume that there exist
morphisms

82 83 84
C C3 Cy

such that g, fu+1f» = fu for each n > 0.
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We claim that, given any X € D, we have Homp (P, X) = 0 if and only if Homp( f,,, X) = 0 for each
n > 0. The “if” part being clear, we focus on the “only if” part. Applying Homp(—, X) to the direct
system above, we obtain an inverse system of abelian groups

It s 3
Homp (Cy, X) +—— Homp(Cy, X) +—— Homp(C3, X) «—— - -
and one readily verifies that Im(f,") = Im(f," f, +1) for each n > 0, as f,(h) = hf, = hgnt1 fos1 fn =
fo i1 (hgnyr) for any h : Cpyp — X. Using the same argument as in [Saroch and Stovi¢ek 2008,
Lemma 4.5], we deduce that also the image of the limit map

Homp(C,, X) +— 1<i£1HornD(Cn, X) ZHomp(P, X)

equals Im( f,") for each n > 0. Hence, if Homp(P, X) = 0, then Im(f,’) = O for each n > 0, or in other
words Homp( f;,;, X) = 0 for each n > 0. O

Now we see that pure-projective silting objects even induce recollements of triangulated categories

and of the associated hearts.

Proposition 6.9. Let o be a silting object in a compactly generated triangulated category D. Let
& = Add(2) be a subcategory of Add(o) in which every object is pure-projective. Then there is a TTF
triple (S, 2+7,C») in D and, thus, a recollement

i* Jr

N

i J
gl = s p_1 48,
where i, and j are the inclusion functors. Moreover, the silting t-structure T restricts along the sequence,

thus giving rise to a recollement of abelian categories

/,\/\

T —H, — T,
N NS
where 1_1k and ]_* are the inclusion functors, T = H((,) (@)LO is a TTF class, and T+ is the associated
Giraud subcategory in ‘H,.
If o and o' are pure-projective silting objects with associated t-structures T, = (X, Y) and T, =
(X', V"), and &’ is a left mutation of o at P, then we have X' = j, j*(X) » (X N 212)[1], while in the
case of right mutation we have X' = j,j*(X)» (X N 2+7)[—1].

Proof. The class 27 is preenveloping by Lemma 6.8 and [Krause 2000, Proposition 3.11], and the
inclusion i, : 217 — 2 has a left adjoint i* by [Neeman 2010, Proposition 5.1]. In fact, the latter tells
us that there is colocalising sequence

/\/\

plz  p 1,5,
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It follows from that 27 is itself a compactly generated triangulated category and that the sequence is also
localising; see [Krause 2000, Proposition 2.6 and Lemma 4.1] (see also [Laking and Vitéria 2020, Propo-
sition 6.3]). Hence, we get the recollement. The proof that the t-structure restricts along the recollement
is analogous to Proposition 6.4. From [Beilinson et al. 1982] it follows that there is such a recollement of
hearts. Finally, the last statement is shown with arguments similar to those in the proof of Lemma 6.5. [

7. Mutation of torsion pairs

We now wish to consider mutations of cosilting torsion pairs. We will make use of the notation set up in
Definition 3.8. We will also freely use the fact that a cosilting object o’ is a right mutation of a cosilting
object o if and only if o is a left mutation of o’; see Corollary 3.7.

Definition 7.1. Let D be a triangulated category with products and coproducts and T a t-structure with
heart . Furthermore, let u = (I/, V) and t = (7, F) be in Cosilt(H) with associated cosilting objects oy,
and oy in D. If oy is a right mutation of oy, then we will say that t is a right mutation of u and u is a left

mutation of t.

By Corollary 3.7, the definition is independent of the cosilting objects we choose to represent u and .

7.1. Inclusions of torsion pairs and filtration triples. If a cosilting torsion pair t = (7, F) is a right
mutation of some cosilting torsion pair u = (U4, V), then, by Theorem 3.5, we have that T is a right
HRS-tilt of T,~. By Proposition 2.3, we have that X},- C X~ and so &/ C 7. Consequently, we begin by
studying such nested torsion pairs, which are known to give rise to filtrations (see [Baumann et al. 2014]).

Definition 7.2. Let U, S, F be full subcategories of an abelian category A. We will call (4, S, F) a
filtration triple if Hom 4 (U, S) =0, Hom4 (U, F) =0, Hom4(S, F) = 0 and, for every object X in A,
there exists a filtration
0=X0CX1CX,SX3=X

such that X/ Xo = X liesin U, X,/ X, lies in S and X3/ X, = X/ X, lies in F.
Proposition 7.3. Let A be an abelian category. There is a bijection between

(1) pairs of torsion pairs U, V), (T, F) in Awithtd C T, and

(2) filtration triples U, S, F) in A.
The mutually inverse bijections are given by

U, (T, F)=>UVNT, F) and U,S F)> U,S*F), UxS,F).

Proof. Let (U, V), (T, F) be a pair of torsion pairs in A such that &/ C 7. We show that (U, VNT, F)
is a filtration triple in A. Let S := )V N 7. Firstly, the Hom-orthogonality conditions are clear because
Hom4 (U, V) =0=Homy(7, F). Let X be an arbitrary object in .4 with torsion decompositions

0—X  —X—X/X1—0 and 00— X, —X— X/X,—0,
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where X is contained in/, X/Xisin )V, X, isin T and X/ X5 is in F. Then X,/ X is the torsion-free
part of X, with respect to (U, V) and is a quotient of X,, and so X,/ X liesin S. Hence 0 = Xo C X C
X, C X is the desired filtration of X.

Let (U, S, F) be a filtration triple in .4. We show that ({/ xS, F) is a torsion pair in .4; the proof that
(U, S F) is a torsion pair is similar. If we consider objects U in I/, S in S and an exact sequence

0O—U—X—S—0

and we apply Hom 4(—, F), then we obtain that Hom 4(X, ) = 0 and hence Hom4 (U xS, F) = 0.
Moreover, by the definition of filtration triple, for each object A in .4, we have a short exact sequence

0—A)—A—A/A) — 0,
with A/A, in F, A in U » S because there is a short exact sequence
0— A — Ay — A1/A; — 0,

where A liesin i/ and A;/A; lies in S§. Thus (U xS, F) is a torsion pair. O

Proposition 7.4. Let H be the heart of a t-structure in a triangulated category D and let (U, S, F) be a
filtration triple in ‘H. The following statements hold:

(1) (F,Ul—-1], S[—1)) is a filtration triple in H¢-, where t = (U xS, F).
(2) (S, F,U[—1]) is a filtration triple in H,-, where u = (U, S x F).
Proof. We prove statement (1); the proof of (2) is similar. We show that (F, U[—1], S[—1]) is a filtration

triple in Hy-. First we prove the Hom-orthogonality conditions
Homy _ (U[—1], S[—1]) = HompU[—-1], S[-1]) = Homp (U, S) = Homy (U, S)=0.
Also, sinceld,S CT :=UxS and (F, T[—1]) is a torsion pair in H;-, it follows that
Homgy,_ (F,U[—1]) =0=Homy_ (F, S[-1]).

Next we prove the existence of a filtration by (F, U[—1], S[—1]) for an arbitrary object Y € H-. The
torsion pair (F, 7 [—1]) with 7 [—1] =U[—1]xS[—1] induces the following commutative diagram in H-
with exact rows and columns, where the object X is obtained as a pullback:

0 0

| |

0O—F —X—>U[-1]—0

[

0O—F—Y——T[-1]1—0

| !

Then, the sequence 0 =Yy C F C X C Y is a (F,U[—1], S[—1])-filtration of Y. |
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Let us summarise the situation in Proposition 7.4 as follows:

U, S, F) in H ~~os (F,U[—1], S[=1]) in Hc

(S, F,U[—1]) in H,~

We are now going to see that this diagram can be completed to a commutative triangle. Recall that
the collection of torsion pairs in an abelian category H has a partial order: we say that u is less than t if
U < T. This gives rise to a poset which we denote by tors(#).

Proposition 7.5. Let ‘H be the heart of a t-structure T = (X, )) in a triangulated category D, and let
u= U, V) be a torsion pair in H. The assignment taking t = (T, F) tos = (T NV, F xU[—1]) induces
an order-preserving bijection between

(1) torsion pairs t = (T, F) in HwithUd C T, and
(2) torsion pairs s = (S, R) in Hy- with S C V.

Moreover, if t and s correspond to each other under this bijection, then (T-)s- = T. That is, we have a

commutative diagram

T~ T

e

Ty-

Proof. In view of Proposition 7.3, the statement can be rephrased in terms of a bijection between filtration
triples (U, S, F) in ‘H with S x F =V and filtration triples (S, F, U[—1]) in H,~ with the same property.
By Proposition 7.4, every filtration triple (U, S, F) in ‘H induces a filtration triple (S, F, U[—1]) in H,-,
which in turn induces a filtration triple (4[—1], S[—1], F[—1]) in (Hy-)y-, where v = (V,U[—1]) is
the tilted torsion pair in H,-. By Remark 2.2 we have (H,-),- = H[—1], and the latter filtration
triple corresponds to the filtration triple (4, S, F) in ‘H. This establishes the desired bijection, which is
order-preserving by construction.

Next, we prove the stated equality of t-structures by comparing the coaisles. We have Y- = F x Y[—1]
and ),- =V« Y[—1]. Then, keeping in mind that R = F xU/[—1], we obtain

Vi) = R*x Y- [ 11 = FxU[-1]*V[-1]* V[-2] = Fx H[-1]* V[-2] = Fx Y[-1]=)-. U

7.2. Mutation of cosilting torsion pairs. In this subsection, we apply Proposition 7.5 to cosilting torsion
pairs and determine when they are related by mutation.

We will see that this can be expressed in terms of the notion of a wide subcategory. Recall that a full
additive subcategory W of an abelian category H is an exact abelian subcategory if it is closed under
kernels and cokernels. The subcategory W is wide if it is an exact abelian subcategory that is closed
under extensions. We will need the following lemma.
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Lemma 7.6. Let D be an arbitrary triangulated category and let H and H' be hearts of t-structures
(X,Y) and (X', V') respectively. Then the following statements hold.:

(1) Let W be a full subcategory of H. Then W is an exact abelian subcategory of H if and only if
WxWI[1] € W[1]x W (equivalently, the cone of every morphism f in W is contained in W[1]xW).

(2) Let W be a full subcategory contained in HN\H'. Then W is an exact abelian subcategory of H if
and only if W is an exact abelian subcategory of H'.

(3) Let W be a full subcategory contained in HNH'. Then W is a wide subcategory of H if and only if
W is a wide subcategory of H'.

Proof. Statements (2) and (3) follow immediately from the first statement because then the required
closure conditions depend only on the ambient triangulated category and not on the specific t-structures.
We therefore prove statement (1). Let f be a morphism in W and let L := cone(f). Consider the
triangle Ly — L — Ly — L x[1] corresponding to the t-structure (X', V). Then Ker(f) = Lx[—1] and
Coker(f) = Ly, so the statement follows. O

Let us now consider the following situation.

Setup 7.7. Let D be a compactly generated triangulated category with a t-structure T = (X', )) and let H
be the heart of T. Let further u = (4, V) and t = (7, F) be torsion pairs in Cosilt,(#) such that i/ C 7.
Let us fix the following notation:

e 5= (S, R)=(T NV, FxU[—1]) is the torsion pair in H,- uniquely determined by u and t according
to Proposition 7.5.
e t = (R, S[—1]) is the tilted torsion pair of s in (T,-)s- = Ty-.

We can visualise the setup in the following commutative diagram:
-
T~~~ T
vt
Ty-

Theorem 7.8. Suppose we are in Setup 7.7. Then s is in Cosilt, (H,-) and v is in Cosilt, (H-). Moreover,

the following statements are equivalent:

(1) tis a right mutation of u.

(2) S is a wide subcategory of H.

(3) s = (S, R) is a hereditary torsion pair in H,-.
(4) S[—1])isa TTF class in Hy-.

Proof. Let oy and o, denote the pure-injective cosilting objects in D associated to u and t respectively.
The fact that s is a cosilting torsion pair follows immediately from the fact that (T,-)s- = T~ = Ty, by
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Proposition 7.5. Similarly, we have that (T )~ = T,-[—1] =T, [—1] by Remark 2.2. From Corollary 4.6
we infer that s is in Cosilt,(#,-) and t is in Cosilt, (H-).

(1) < (3): Since o¢ and oy, are pure-injective, the hearts H,~ = H,, and H = H,, are Grothendieck
categories by Theorem 2.7. It is well known that, in a Grothendieck category, a torsion pair is hereditary
if and only if it is cogenerated by a class of injective objects.

Now, if oy is a right mutation of oy, then we know from Theorem 3.5 that the t-structure T,, = T
is the right HRS-tilt of T,, = T, at the torsion pair (+o HL?_ (&), Cogen(Hl?_ (&))) in H,~ induced by
& = Prod(oy) N Prod(o¢). But T is also the right HRS-tilt of T,- at the torsion pair s = (S, R). It
follows that s = (1o Hl?_ (&), Cogen(Hl?_ (€))). We know that Hl?_ (&) is a set of injective objects in H,,-
(see Proposition 2.5) and so we have shown that (3) holds.

Conversely, suppose that S = 07 for some class Z = Prod(Z) of injective objects in 7,-. Then there
is a class & = Prod(&) € Prod(oy) such that Z = HL?_ (&) (see Proposition 2.5 again) and, moreover,
5 = (LOHL?, (&), Cogen(Hl?, (&£))) is a cosilting torsion pair in #,- because (T,-)s- = T~ = T4, by
Proposition 7.5. It follows from Proposition 4.5 and Theorem 4.9 that o, admits a right mutation & with
respect to &, which is equivalent to oy because T is the right HRS-tilt of T, at s.

(2) < (3): Note that S is a full subcategory of D that is contained in H N H,~ so, by Lemma 7.6(3), we
have that S is a wide subcategory of # if and only if S is a wide subcategory of H,,-. Since S is a torsion
class in H,-, it is closed under extensions and quotients. The equivalence of (2) and (3) then follows
from the fact that s is hereditary if and only if S is closed under subobjects in H,,- if and only if S is
closed under kernels in H,,- if and only if S is a wide subcategory of H,,-.

(2) & (4): By analogous arguments as in the previous paragraph, we observe that S is wide in A if and
only if v = (R, S[—1]) is a cohereditary torsion pair in H-, that is, if and only if S[—1] is closed under
quotient objects in H-. Since a torsion-free class in a Grothendieck category is always closed under
coproducts, this happens if and only if S[—1] is a torsion class in H-. [l

Inspired by Theorem 7.8(2), we conclude the section with a useful criterion for when the intersection
of a torsion and a torsion-free class is a wide subcategory. It is closely related to a construction of [Ingalls
and Thomas 2009, §2.3], which was generalised in [Marks and Stovitek 2017, §3].

Proposition 7.9. Let H be an abelian category and w= (U, V) and t = (T, F) be torsion pairs in H such
that U C T. Then the following are equivalent:

(1) T NV is awide subcategory of H.

) Ifg:T—Visamapin HwithT inT and V in V, then Ker(g) lies in T and Coker(g) lies in V.
Proof. Let us write W :=T N .
(1)= (2): Let g : T — V be a morphism in # with 7 in 7 and V in V. By Proposition 7.3, we have that

T lies in U x W and V lies in W % F, so there are short exact sequences

b a

0 U T S 0 and 0 S>

v F 0,




1354 Lidia Angeleri Hiigel, Rosanna Laking, Jan Stovi¢ek and Jorge Vitéria

with S and S; in W, U in Y and F in F. Since Hom4 (U, V) = 0 and Homy4 (S, F) = 0, we may use
the kernel/cokernel properties to obtain a morphism f : S} — S, such that g = afb. By assumption
we have that both Ker(f) and Coker(f) lie in W. By taking the pullback of the canonical embedding
Ker(f) — S along b, we obtain a short exact sequence

0 U K Ker(f) —— 0.

By checking the universal property, it is straightforward to show that K = Ker(g) and, hence, Ker(g) lies
inU W =T. A dual argument yields that there is a short exact sequence

0 —— Coker(f) —— Coker(g) —— F —— 0,

and hence Coker(g) lies in W F = V.

(2)=(1): Let g: T — V be amap with T and V in W. Then Ker(g) lies in 7 by assumption and Ker(g)
lies in V because V is a torsion-free class in . Therefore, Ker(g) lies in WW. Similarly, we have that
Coker(g) lies in W. U

8. Mutations of torsion pairs in D? (mod(R))

In this section we will assume that D is the derived category D(R) of a left coherent ring R. We will
use the techniques developed in the previous sections to study torsion pairs in hearts of t-structures in
D?(mod(R)). In order to do that, we must first lift these t-structures to the whole derived category D and
then extend the torsion pairs from the original heart to the lifted heart. Let us begin with the process
of extending torsion pairs within a locally coherent Grothendieck category (of which Mod(R) is, by
assumption on R, an example).

Proposition 8.1 [Crawley-Boevey 1994, Lemma 4.4]. Let A be a locally coherent Grothendieck category
and t = (T, F) a torsion pair in fp A. Then:
(1) The pairz = (T, .7_3) = (N(TY), TY) in A is a torsion pair, called the lift of t.
(2) The assignment of a torsion pair in fp A to its lift in A induces a bijection between
(a) torsion pairs in fp A,
(b) torsion pairs (X, ) of finite type in A such that X Nfp A is a torsion class in fp A.

If Ais locally noetherian (i.e., if A is a Grothendieck category with a set of noetherian generators), then the

assignment above establishes a bijection between torsion pairs in fp A and torsion pairs of finite type in A.

Note that torsion pairs of finite type in Mod(R), for any ring R, are precisely the ones in Cosilt,(Mod(R)).
This also holds for a more general class of hearts in D(R); see Proposition 4.5.

Let us now consider an analogous result for certain t-structures in D?(mod(R)). Recall that a t-structure
T = (X,Y) in D(R) or in D’(mod(R)) is called intermediate if there are integers m > n such that

D=°[m] <Y < D='[n],

where D2 is the standard coaisle in D(R) or in D?(mod(R)), respectively.
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Proposition 8.2 [Marks and Zvonareva 2023, Lemma 3.1 and Corollary 4.2]. Let R be a left coherent
ring and let T := (U, V) be an intermediate t-structure in D?(mod(R)). Then:

(1) The pair T = (U, V) := (*UL), UL) in D(R) is a t-structure, called the lift of T
(2) The assignment of a t-structure in D?(mod(R)) 1o its lift in D(R) induces a bijection between

(a) intermediate t-structures in D”(mod(R)),
(b) intermediate, compactly generated t-structures in D(R) with a locally coherent heart H such
that fp H = H N D? (mod(R)).

Note that the t-structures in D(R) obtained as lifts of t-structures in D? (mod(R)) correspond to pure-
injective cosilting objects (see [Angeleri Hiigel et al. 2017, Theorem 4.9]); that is, for every intermediate
t-structure T in D?(mod(R)) with heart #, there is a pure-injective cosilting object o such that T= Ty.
Note that, since T is intermediate, it follows that o is in fact a complex in K?(Inj(R)) (see, for example,
[Psaroudakis and Vitéria 2018, Proposition 4.16]). The t-structure T = T, has a locally coherent
Grothendieck heart H, with fp H, = H. We will often denote this heart by ’}7[; see the remark below.

Remark 8.3. Let us briefly justify the notation (:) used in the assignments discussed in the two theorems.
In fact, if H is a locally coherent Grothendieck category, it is shown in [Crawley-Boevey 1994] that, for a
torsion pair (77, F) in fp 7, we have that - (71) and 7+ are the closure under direct limits of 7 and F,
respectively, inside . Similarly, if (4, V) is an intermediate t-structure in D? (mod(R)) for a left coherent
ring R, it is shown in [Marks and Zvonareva 2023] that LWUt), Ut and the heart - (U [—1]NUL are the
closure under directed homotopy colimits of ¢/, } and of the heart [—1] NV, respectively, inside D(R).
Recall that in the derived category of a ring, we may consider directed homotopy colimits as the derived
functor of the direct limit functor.

Finally, the following proposition relates the two lifts enunciated in the theorems above via HRS-tilting.
This result is essentially contained in [Saorin 2017, Proposition 5.1] and [Marks and Zvonareva 2023,

Proposition 5.1]. We include a proof since the formulations therein are slightly different.

Proposition 8.4. Let R be a left coherent ring and T = (X, ))) an intermediate t-structure in D?(mod(R))
with heart H. Consider a torsion pair t = (T, F) in H and a torsion pair p = (P, Q) in the heart H of T
in D(R). Then p is the lift of tto H if and only if W_fpf is the lift of T to D(R), i.e.,

In particular, for any torsion pair t in H, the heart of Ti isa locally coherent Grothendieck category

with He- as its subcategory of finitely presented objects.

Proof. We make use of the description of T given in Remark§.3. Suppose that TTpf = Tﬂf. Since H%)
sends directed homotopy colimits in D(R) to direct limits in H (see [Saorin et al. 2023, Lemma 5.7]),
it follows that an object X of D(R) lies in 7 if and only if it lies in HNX «. This latter intersection
coincides by assumption with X p- N 7, which is precisely P, thus proving the desired equality.
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Conversely, suppose that p = f. Let X be an object in X ¢. Then, there is a directed coherent diagram
(i.e., an object of the derived category D(Mod(R)!) of I-shaped diagrams of R-modules) that gives rise
to (X;)ijes in X, ’_ such that L lim,_, X; = X. Agaln since H U sends directed homotopy colimits in D(R)
to direct limits in 7, we have that H 0(X ) lies in 7, and thlS latter class coincides with P by assumption.
As a consequence, since Tis mtermedlate and, thus, nondegenerate we have that X «— C by p- (see also
Remark 2.2). Conversely, since both 7 and X are contained in Xr, it follows that X p- = =X*P=XxT
is contained in X <. The final statement follows from Proposition 8.2. (]

Informally, one of the implications of the statement above tells us that the tilt at the lifted torsion pair
coincides with the lift of the tilted t-structure. In other words, the operations /ift and tilt, when correctly
interpreted, commute.

Example 8.5. Let us go back to the setting of Example 4.11, i.e., let R be a commutative noetherian
ring and D = D(R). From Proposition 8.2, every intermediate t-structure T in D?(mod(R)) gives rise to
a cosilting object o in D, lying in K”(Inj(R)), such that T= Ts. It is shown in [Pavon and Vitéria 2021,
Corollaries 6.17 and 6.18] that the cosilting complexes o obtained in this way are actually cotilting, and
that there is a bijection between hereditary torsion pairs of finite type in H, and specialisation-closed
subsets of Spec(R). In particular, if o is associated to an sp-filtration ¢, , then the right mutations of o are
precisely the cosilting objects associated to the sp-filtrations of the form ¢, described in Example 4.11,
for W a specialisation closed subset of Spec(R).

Moreover, it follows from [Pavon and Vitéria 2021, Proposition 6.10 and Corollary 6.15] that every
cosilting object o obtained from a lift of an intermediate t-structure in D? (mod(R)) (and, thus, cotilting)
is an iterated right mutation of a shift of the injective cogenerator. A key to this observation is in the spirit
of the proposition above: lifting and then tilting yields the same result as tilting first and then lifting.

We are now ready to establish the setup with which we will work in this section.
Setup 8.6. Let R be a left coherent ring and T an intermediate t-structure in D?(mod(R)) with heart .
Consider two torsion pairs u = (I, V) and t = (7, F) in ‘H with &/ € T and let us fix the notation:

» o denotes a pure-injective cosilting object in D(R) such that T= Ty,.

e s =(S5,R) = (T NV, FxU[—1]) denotes the torsion pair in H,- determined by u and t by

Proposition 7.5.

e t = (R, S[—1]) denotes the tilted torsion pair of s in (T-)s- = T¢-.

An important example of Setup 8.6 is given by taking T to be the standard t-structure in D(R) and
u=U,V) and t = (T, F) any torsion pairs in mod(R) with &/ C 7.

The following lemma makes it clear that, in our setup, Proposition 7.5 is compatible with the operations
of lifting of torsion pairs and t-structures. This will be useful for us later on.

Lemma 8.7. Suppose we are in Setup 8.6 and consider the torsion pairi and 1 in H. Then the torsion
pairs (%ﬂ f/, .7-'*5{[—1]) in 7?[;17 and (j:*lj{[—l], (%ﬂ f/)[—l]) in ﬁg_ given by Proposition 7.5 coincide
with 5 and ¥, respectively.
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Proof. Note that, by Proposition 8.4, we have ﬁﬁ— = 7?{,11— and 7?[;7 = 7?&—. By Proposition 7.5, the torsion
pair for which a right HRS-tilt allows us to pass from 7?lu— to 7?[t— is uniquely determined as the torsion
pair p := (710 V, Fxll [—1]). On the other hand, it follows from Proposition 8.4 that this torsion pair
must be 5. An analogous argument holds for the equality (j} *U [—1], (’7'0 f))[—l]) =Tin T;f. O

In the context of the lemma above, when f is a right mutation of i, the torsion pair s is a hereditary
torsion pair of finite type, as shown in Theorem 7.8 and Proposition 4.5. We will make use of the close
relationship between such torsion pairs and the spectrum of locally coherent Grothendieck categories,
which we summarise in the next theorem.
Theorem 8.8 [Krause 1997; Herzog 1997]. Let A be a locally coherent Grothendieck category A. The
(isoclasses of ) indecomposable injective objects form a topological space, Spec(A), with a basis of open
subsets given by sets of the form

O(C) ={FE € Spec(A) | Homy(C, E) #0}, CefpA.

There are bijections between

(a) hereditary torsion pairs of finite type in A,

(b) Serre subcategories of tp A, and

(c) open subsets of Spec(A).

The bijection between (a) and (b) is given by the assignments (S, R) — SNfp A and L+ (F0(L10), £10).

The assignment (b) — (c) takes a Serre subcategory L to © = {E € Spec(A) | E & L1°). The assignment

(c) — (a) maps an open set O to the hereditary torsion pair (S, R) cogenerated by the complement O°.
Let us come back to Setup 8.6. We are now in a position to show that, if the lifted torsion pairs fand il

in 7 are related by mutation, then this mutation is controlled by objects of H = fp H.

Theorem 8.9. Suppose we are in Setup 8.6. The following statements are equivalent:

(1) tisa right mutation of 1.

(2) S is a wide subcategory of H.

B)Ifg:T—>Visamapin HwithT inT and V inV, then Ker(g) lies in T and Coker(g) lies in V.

Proof. (1) = (2): From Theorem 7.8 and Lemma 8.7, the class S is a wide subcategory in H. We prove
that S = SN A, thus showing that S is a wide subcategory of H. We have S=VNT = YNTNH. The
latter class coincides with ¥ N 710 D (mod(R)) by Proposition 8.2 and, moreover, from Lemma 8.7, we
have that it equals SND? (mod(R)). Using Proposition 8.2 again, we conclude our claim.
(2) = (1): Both hearts A and #,~ in D?(mod(R)) contain W. By Lemma 7.6(3), our assumption implies
that W = S NH,~ is a wide subcategory of H,-. In fact, it is even a Serre subcategory: it is closed under
quotients in H,~ because S is a torsion class, and so it is also closed under subobjects. By Theorem 8.8 we
then have that s is a hereditary torsion pair of finite type and, therefore, by Lemma 8.7 and Theorem 7.8,
we conclude that f is a right mutation of 1.

(2) < (3): This is an immediate consequence of Proposition 7.9. [l
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9. Mutation and simple objects

In this section we specialise the results of Section 8 to the case where the heart 7 (of an intermediate
t-structure in D? (mod(R)), R left coherent) is a length category. These hearts are known to occur frequently
when R is an artinian ring. In this setting we will show that mutation is controlled by simple objects.

9.1. Abelian length categories. Recall that an abelian category A is called a length category if filt(S) = A,
where S is the set of simple objects in .A. A Grothendieck category G is called locally finite if it has a set
of finite-length generators. Recall that an object is of finite length if and only if it is both noetherian and
artinian. By [Popescu 1973, Proposition 8.2] we have that G is locally finite if and only if fp G is a length
category if and only if G is locally noetherian and Filt(2) = G, where 2 is the set of simple objects in G.
In particular, if in Setup 8.6 H is a length category, Proposition 8.1 tells us that every torsion pair of finite
type in 7 is of the form © for a torsion pair v in H. We will replace Setup 8.6 with the following.

Setup 9.1. (= Setup 8.6 + H length category) Let R be a left coherent ring and T an intermediate
t-structure in D?(mod(R)) whose heart 7 is a length category. Consider two torsion pairs u = (U4, V) and
t=(7,F) in H with Y/ €T and let us fix the notation:

» o denotes a pure-injective cosilting object in D(R) such that T= Ts.

o5 =(S,R) = (T NV, FxU[—1]) denotes the torsion pair in H,- determined by u and t by
Proposition 7.5.

e v = (R, S[—1]) denotes the tilted torsion pair of 5 in (Ty-)s- = T¢-.

An important example of Setup 9.1 is given by taking T to be the standard t-structure in D (mod(R)),
with R being artinian, and any pair of torsion pairs u = (U4, V) and t = (7, F) in mod(R) with & C T.

Remark 9.2. In view of Proposition 8.1, mutation of torsion pairs in Cosilt, (7?[) admits an interpretation
inside the lattice tors(H) of torsion classes in H with partial order given by inclusion. We refer to
[Demonet et al. 2023; Asai 2020; Barnard et al. 2019; Asai and Pfeifer 2022] for details about the lattice
structure of tors(#).

Following [Asai and Pfeifer 2022, Section 6], we will say that t is a right mutation of u (and u a left
mutation of t) when we are in the situation of Theorem 8.9. Note also that condition (2) in that theorem,
in the terminology of [loc. cit.], states that the interval [U/, T ] is a wide interval of tors(H).

The following well-known theorem due to Ringel tells us that every object in a wide subcategory W
of H admits a finite filtration by simple objects of W. This is the point of view from which wide intervals
are studied in [loc. cit.]. An object X in # is called a brick if Endy (X) is a skew-field. A collection of
bricks €2 in H is called a semibrick if Homy (S, S") = 0 whenever S and S’ are in Q and S # S'.

Theorem 9.3 [Ringel 1976]. Let A be a length category. If we assign to a wide subcategory W of A
the set M of its simple objects, we obtain a semibrick M such that VW = filt(M). This yields a one-one

correspondence between wide subcategories and semibricks in A.
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When a wide subcategory arises as in Theorem 8.9(2), it is possible to characterise its simple objects
more precisely, and we do so in Lemma 9.6. First we need the following definition.

Definition 9.4 [Angeleri Hiigel et al. 2024]. Let u= (i, V) be torsion pair in an abelian category H. We
say that a nonzero object M in V is almost torsion (for u) if the following conditions are satisfied:

(i) All proper quotients of M are in U.
(i1) For all short exact sequences 0 > M — Y — Z — 0, with Y in V, we have that Z lies in V.
Almost torsion-free objects for u are defined dually.

Remark 9.5. (1) If H is a Grothendieck category and u = (I, V) is a hereditary torsion pair in H, it is
well known that the right adjoint of the localisation functor H — H /U establishes an equivalence between
the Serre quotient and the subcategory /0! of H. It follows that the torsion-free almost torsion objects
in 7 (for u) are precisely the simple objects in /0! (see [Angeleri Hiigel et al. 2024, Example 3.3],
where this is written for module categories; the same proof holds for Grothendieck categories).

(2) [Angeleri Hiigel et al. 2024; Rapa 2019, Theorem 2.3.6] If H is the heart of a t-structure in an arbitrary
triangulated category, then an object M in V is almost torsion if and only if M becomes a (torsion) simple
object in the tilted heart H,- = V xU[—1]. The almost torsion-free objects for u are precisely those N
in U for which N[—1] becomes a simple object in H,,-.

(3) [Sentieri 2023, Section 2] Let A be a finite-dimensional algebra and u = (I/, V) a torsion pair in
mod(A) with lifted torsion pair 1t in Mod(A). The finite-dimensional torsion-free, almost torsion modules
for 1 coincide with the torsion-free, almost torsion modules for u and are precisely the minimal extending
modules defined in [Barnard et al. 2019]. Moreover, all torsion, almost torsion-free modules for 1 are
finite-dimensional and coincide with the torsion, almost torsion-free modules for u, that is, with the
minimal coextending modules from [Barnard et al. 2019].

(4) It is easy to check that the arguments in [Sentieri 2023] yield the same results for locally finite
categories. In particular, in the situation of Setup 9.1, every object M which is torsion-free, almost torsion
for u becomes a simple object in ”H}, and every object N which is torsion, almost torsion-free for t gives
rise to a simple object N[—1] in 7—[1—.

Lemma 9.6. Suppose we are in Setup 9.1. If t is a right mutation of u, then the following statements are
equivalent for an object B in H:

(1) B is contained in the semibrick associated to the wide subcategory S of H.
(2) B is a torsion-free, almost torsion object for u that belongs to T.
(3) B is a torsion, almost torsion-free object for t that belongs to V.

Proof. Let M denote the semibrick associated to S, that is, the set of simple objects of S. We show the
equivalence of (1) and (2). The equivalence of (1) and (3) uses a dual argument.

We begin by showing that every B in M is torsion-free, almost torsion for u. Let N = B/K be a
proper factor of B; we wish to show that N lies in &/ and hence condition (i) from Definition 9.4 holds.
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Let Uy and Vy be objects in I/ and V such that there is a short exact sequence 0 — Uy — N — Vy — 0.
First suppose that Uy # 0 and consider the pullback diagram:

By condition (3) of Theorem 8.9 applied to f, we have that X lies in S. Since B is a simple object in S,
the morphism g is an isomorphism and so Vy = 0. That is, we have N = Uy, which lies in &/. Now
suppose that Uy = 0 and so N lies in V. We may apply condition (3) of Theorem 8.9 to / and so we
have that K lies in S. Then / is an isomorphism; that is, we have N = 0. Condition (ii) in Definition 9.4
follows immediately from statement (3) of Theorem 8.9.

Conversely, if B in H is torsion-free, almost torsion for u and belongs to 7, then certainly B lies in S,
and every nonzero subobject K in S of B satisfies that B/K lies in S € V, but also in ¢/ by condition (i)
in Definition 9.4; hence K = B. This shows that B is a simple object of S; hence it belongs to M. [

Let A be a Grothendieck category, and let 2 be the set of isoclasses of simple objects in A. Given
a subset Q" of 2, we consider the torsion pair generated by . It has the shape (Filt(22'), (Q)10); see
[Stenstrom 1975, Proposition VIII.3.2]. Moreover, it is hereditary because, for every simple S in © and
every object M in G, there exists a nonzero map S — E (M) if and only if S embeds in M, and so (')10
is closed under injective envelopes. By [loc. cit., Lemma VIIL.2.4], the torsion pairs generated by subsets
of €2 are precisely the hereditary torsion pairs of the form (S, R) with S C Filt(€2); we call such a pair a
simple torsion pair. Observe that an object M is contained in Filt(€2) if and only if every nonzero quotient
of M has a nonzero socle; see [loc. cit., Proposition VII.2.5]. For the sake of the next result, we will say
that a TTF class F is a simple TTF class if F = Filt(2") for some set Q' C Q.

Theorem 9.7. Suppose we are in Setup 9.1. Let M be the set of all torsion-free, almost torsion objects
for u which belong to T. Let N be the set of all torsion, almost torsion-free objects for t which belong
to V. The following statements are equivalent:

(1) tis a right mutation of .

(2) §=1ilt(M) in H.

(3) S =Ailt(N) in H.

(4) The pair s is a simple (hereditary) torsion pair in ’H:l—.
(5) The class 3[—1] is a simple TTF class in 7—[}.
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Proof. The equivalence of the first three statements follows immediately from Theorem 8.9, Theorem 9.3
and Lemma 9.6.

(2) = (4): First observe that, since S is extension-closed, condition (2) implies that S also coincides with
filt(M) in ‘H,-. Hence, we have that R =8 =ML in 7-[:1—, and the latter is the torsion-free class in a
simple hereditary torsion pair in Hye by Remark 9.5. Thus, § is indeed a simple torsion pair in Hy.

(4) = (5): We know from Theorem 7.8 that S [—1]is a TTF class in 7—[}. By assumption, there exists
a set of simple objects Q' in 7—[:— such that S = Filt(2"). Tt follows easily from the definitions that the
torsion, almost torsion-free objects for a hereditary torsion pair coincide with the torsion simple objects.
Thus, the objects in S that are almost torsion-free coincide with M. By Remark 9.5, we have that the
objects '[—1] are simple in ’H} = (’H})g—. Since, considering the subcategory Filt(2) of ’H} and the
subcategory Filt(Q'[—1]) of 7—[}, we have

S[—1] = (Filt())[~1] = Filt(Q[—1])
and, thus, S [—1] is a simple TTF class in H:—.
(5) = (1): This implication is immediate by Theorem 7.8. O

Generalising results from [Ingalls and Thomas 2009] again, we obtain certain “distinguished” mutations
of a torsion pair in a length category.

Lemma 9.8. Suppose H is a length category with a torsion pair v = (X, ).
(1) There is a torsion pair © = ()v(, )v/) in H such that
X = {X e H|every f e Homy(X,Y) withY € Y has Coker(f) € V}.
(2) There is a torsion pair © = (:\f\, ?) in H such that
Y={Y €H |every f € Homy(X, Y) with X € X has Ker(f) € X}.
Moreover, we have X CXC X and both X N Y and X N /37 are wide subcategories of H.

Proof. We prove only (1) and one half of the final statements. The others follow by a dual analogous
argument.

It is easy to check that X C X and X is closed under quotients. To see that X is closed under extensions,
consider an exact sequence 0 > X; — X — X, — 0in # such that X, X, € X and consider further a
homomorphism f : X — Y with Y € ). If we denote by Y; the image of the composition X| - X — Y
and by Y, the cokernel of the same map, we obtain a commutative diagram with exact rows and columns:

0—>X1 X X2—>0
l | |
0—>Y1 Y Y2—>0

| | |

0 — Coker(f) — C, — 0
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Now Y, € Y since X; € /’\vf, and C, € Y since X, € X. This shows that Coker(f) € Y and, hence,
X € X. As X C H is closed under quotients and extensions in the length category H, it is a torsion
class in . Finally, XNYis a wide subcategory of H by the argument for [Ingalls and Thomas 2009,
Proposition 2.12]. U

Combining the last two results with those from [Asai and Pfeifer 2022] allows us to describe all right or
left mutations of a torsion pair in terms of almost torsion objects or almost torsion-free objects, respectively.
Moreover, we identify the “distinguished” mutations from Lemma 9.8 as “extremal” mutations of the
given torsion pair.

Corollary 9.9. Suppose we are in Setup 9.1.

(1) Let M be a representative set of isomorphism classes of torsion-free, almost torsion objects for u.
Then the right mutations of u bijectively correspond to subsets of M. In particular, u admits a proper
right mutation if and only if there are torsion-free, almost torsion objects for u. Moreover, if tis a right
mutation of u, thend CT C u.

(2) Let N be a representative set of isomorphism classes of torsion, almost torsion-free objects for t. Then
the left mutations of t bijectively correspond to subsets of N. In particular, t admits a proper left mutation
if and only if there are torsion, almost torsion-free objects for t. Moreover, if u is a left mutation of t,
then T CcCUCT.

Proof. We prove (1); the argument for (2) is dual. To start with, note that M is a semibrick by Remark 9.5(1)
(as it is a set of pairwise nonisomorphic simple objects in H,-), and so is any subset of M.

The assignment between right mutations and subsets of M can be described as follows. Given a
right mutation t = (7, F) of u = (U4, V), the intersection S = 7 NV is a wide subcategory of H by
Theorem 8.9, and so is of the form S = filt(M’) for a unique subset M’ C M by Theorem 9.7 (recall
that simply M’ = M NS by Theorem 9.3). This assignment is injective since one can recover 7 from
M’ as T = U «filt(M’); see Proposition 7.3.

On the other hand, if M’ € M CV is any subset, then M’ C u by the very definition of almost torsion
objects for u. Following [Asai and Pfeifer 2022, §6], we denote by W, (V) := UNYV the wide subcategory
of H obtained by applying Lemma 9.8 to u. Note that W, (V) is also a wide subcategory of H,- by
Lemma 7.6; hence M’ becomes a set of simple objects in W, (V). As W, (V) is necessarily an abelian
length category, S := filt(M’) is torsion class of a hereditary torsion pair in W, (V). Now it follows from
[loc. cit., Theorems 4.2 and 6.6] that 7 :=U xS is a torsion class in H such that VN T = S = filt(M).
Hence, the assignment from the previous paragraph is also surjective. U

9.2. Irreducible mutations. In this final subsection we consider irreducible mutations of torsion pairs.
The notation Ind(c) and Ind(o”) is used for the isoclasses of indecomposable objects in Prod(c) and
Prod(c”’) respectively.

Definition 9.10. Suppose o and ¢’ are pure-injective cosilting objects in a compactly generated trian-
gulated category D and let & be the class Prod(o) N Prod(c”). Suppose o’ is a right mutation of o or,
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equivalently, that o is a left mutation of ¢’ (see Corollary 3.7). We will say that o’ is an irreducible
right mutation of o if |Ind(o) \ Ind(&)| = 1. We will say that o is an irreducible left mutation of o’ if
lInd(c”) \ Ind(&)| = 1.

Recall that, by Proposition 4.13, there is a bijection between Ind(o) \ Ind(&) and Ind(c”) \ Ind(&) and
so o’ is an irreducible right mutation of o if and only if o is an irreducible left mutation of o’
Notation. Within Setup 9.1, we fix some further notation that we use in the remainder of the section.

» Denote by o, and o the cosilting objects in D(R) such that H,, = .- and Ho = Hy-.
« In the case where t is a right mutation of u, let M be the semibrick associated to S. For each M in M,

we know from Remark 9.5 and Lemma 9.6 that

— M is a simple object in 7-[:1—; we denote by oy, the object in Ind(oy,) such that ng (o) is the
injective envelope of M in the locally coherent Grothendieck category H,.

— M|[—1] is a simple object in H} and we similarly denote by os[—1) the object in Ind(o¢) such that
Hto_ (omr—17) is the injective envelope of M[—1] in the locally coherent Grothendieck category H,.

Lemma 9.11. Suppose we are in Setup 9.1 and that t is a right mutation of w. Let oy, and oy be a cosilting
object associated to u and t respectively and consider & = Prod(o,) N Prod(oy). Then

(1) the set Ind(oy) \ Ind(&) coincides with {op | M € M}, and
(2) the set Ind(oy) \ Ind(&) coincides with {oy—17 | M € M}.
Proof. (1) By Theorems 3.5(2) and 9.7, we have that
(S, R) = (2 H? (&), Cogen(H_ (£))) = (Filt(M), M)
is a hereditary torsion pair of finite type in H,,. By Theorem 8.8
O :={E € Spec(H,,) | E ¢ M1}

is the associated open set in Spec(H,, ), and it clearly consists of the injective envelopes of the simple
objects from M. In other words, we have that O = {ng (om) | M € M}. Since ng (&) is the class of
torsion-free injective objects of H,, it follows that HC?“ induces a bijection between Ind(oy) \ Ind(&) and
O, and the claim is proven.

(2) It follows from the proof of Theorem 9.7, Remark 9.5 and the fact that direct limits in both 7?{{— and 7?{11—
are directed homotopy colimits (see [Saorin et al. 2023, Corollary 5.8]) that S[——l)] =3 [-1]1=Filt(N[-1])
in H¢-. Recall that, by Lemma 8.7, TTuf is the left HRS-tilt of Tﬂf at the torsion pair t = (ﬁ, m Since
u is a left mutation of t, it follows from Theorem 3.5(1) that ﬁ = 1o H(?t(éa). The same arguments as
(1) yield that Ind(oy) \ Ind(&’) coincides with {o—17 | M € M}. [l

Remark 9.12. It follows from Lemma 9.11 that right mutation of a torsion pair u within Setup 9.1 consists
of removing indecomposable summands of an associated cosilting object o, in D(R) and replacing them
with new ones. Indeed, since o), corresponds to the injective envelope of a simple object in H,, for
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every M in M, it follows that o, is a direct summand of every cosilting object equivalent to o,,. Similarly,
for every M in M, the indecomposable object o —1; is a direct summand of every cosilting object
corresponding to t.

As a corollary of the results above we are able to characterise minimal inclusions of torsion classes
in length hearts ‘H (as in Setup 9.1) in terms of irreducible mutations of the associated cosilting objects.
Recall that if the inclusion &/ C T is proper, it is said to be a minimal inclusion of torsion classes if for
any other torsion class X of H, if U/ C X C 7 theneitherd =X or T = X.

Remark 9.13. If in Setup 9.1 we have H = mod(A) for a finite-dimensional algebra A, it is shown in
[Barnard et al. 2019, Theorem 2.8] that if &/ C 7 is a minimal inclusion of torsion classes, then 7 can be
built by adjoining to ¢/ an indecomposable module satisfying certain properties. This module turns out to
be precisely the unique torsion-free, almost torsion module for the torsion pair u, as shown in [Sentieri
2023]. It can easily be checked that these arguments hold also for an arbitrary length category #, by
replacing the notion of dimension by length where necessary.

Corollary 9.14. Suppose we are in Setup 9.1. The following statements are equivalent:

(1) oy is an irreducible right mutation of o,,.
(2) The class S coincides with filt(M) for a brick M in H.

(3) The inclusion U C T is a minimal inclusion of torsion classes.

Proof. (2) = (1): By Theorem 9.3, we have that S is a wide subcategory of H and so, by Theorem 8.9,
we have that oy is a right mutation of oy,. It follows from Lemma 9.6 that M = {M}. By Lemma 9.11, we
have that oy is an irreducible right mutation of o,.

(3) = (2): By Remark 9.13, there is a torsion-free, almost torsion object for u in S. By Remark 9.5, it
follows that M is a simple object in H,-. Thus &’ := filt(M) is a nontrivial torsion class in H,- that is
contained in S, and in particular, in V. By Proposition 7.5, there exists a torsion class i/ C 7' C T in H. By
assumption, we have that 7 =7 and so, by another application of Proposition 7.5, we conclude that S =S’

(1) = (3): By assumption and Lemma 9.11, the semibrick M associated to S consists of the unique (up to
isomorphism) simple object S in S, and S = filt(S). Consider a torsion class X in A such thatif C X C 7.
We must show that i/ = X or 7 = X. By Proposition 7.5, there exists a torsion class S’ €S CV in H,-
(given by X NV). If §' is trivial, then by Proposition 7.5, i/ = X. Suppose that S’ is nontrivial and let
X be a nonzero object of S’. Then X is contained in S = filt(S); thus S is a quotient of X and lies in S
This shows that &’ = S and, thus, that 7 = X, again by Proposition 7.5. U

Example 9.15. We revisit Example 4.10. This time we consider the indecomposable preprojective
modules P,, n € N, over the Kronecker algebra A and the torsion pairs t, = (top,, Cogen(P,)) co-
generated by them. It is well known that t, is an irreducible mutation of t,,11; the corresponding wide
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subcategory is Lop, NCogen(P,+1)Nmod(A) =add(P,+1). Notice that Lop, NCogen(P,2)Nmod(A) =
add(P,+1 @ P,4p) is not wide, so t,, is not a mutation of t,,,. This shows that a sequence of irreducible
mutations is not a mutation in general.

We can also rediscover the fact that ox does not admit right mutation. Indeed, ox is associated with the
torsion pair u = (Gen(t), V) generated by all finite-dimensional indecomposable regular modules, so any
torsion pair t = (7, F) in Cosilt(A) lying above u has the form t = t,, for some n, and 7NV Nmod(A) =
add(Py41 @ P42 @ - - -) is clearly not wide.

Finally, we remark that the set & in Lemma 9.11 may differ from Prod({oy; | M € Q\ M}), where Q2
is the set of isoclasses of simple objects in H,-. To this end, we consider op with P =X\ {x} for some
x € X. Here M only contains the simple regular module S corresponding to the tube £,, and the set Q2
consists of the Priifer module S, and the adic modules corresponding to £p = Uy 4 ty- Thus the generic
module G belongs to the set &, but not to Prod({oy | M € Q\ M}).
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Elliptic KZB connections via universal vector extensions

Tiago J. Fonseca and Nils Matthes

Using the formalism of bar complexes and their relative versions, we give a new, purely algebraic,
construction of the so-called universal elliptic KZB connection in arbitrary level. We compute explicit
analytic formulae, and we compare our results with previous approaches to elliptic KZB equations and
multiple elliptic polylogarithms in the literature.

Our approach is based on a number of results concerning logarithmic differential forms on universal
vector extensions of elliptic curves. Let S be a scheme of characteristic 0, E — S be an elliptic curve,
f : Ef — S be its universal vector extension, and 7 : E¥ — E be the natural projection. Given a finite
subset of torsion sections Z C E(S), we study the dg-algebra over Oy of relative logarithmic differentials
A= f.Q, / S(logn‘IZ). In particular, we prove that the residue exact sequence in degree 1 splits
canonically, and we derive the formality of .A. When § is smooth over a field k of characteristic 0, we also
prove that sections of .A! admit canonical lifts to absolute logarithmic differentials in f*Q}gn / , (log 77127),
which extends a well-known property for regular differentials given by the “crystalline nature” of universal
vector extensions.
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1. Introduction

The main goal of this paper is to give a purely algebraic construction of the so-called universal elliptic
Knizhnik—Zamolodchikov-Bernard (KZB) connection in arbitrary level [Bernard 1988; Levin and Racinet
2007; Calaque et al. 2009; Calaque and Gonzalez 2020] (see also [Hain 2020; Luo 2019; Hopper 2024])
in terms of universal vector extensions of elliptic curves. In doing so, we establish a number of new
results concerning logarithmic differential forms on universal vector extensions. As an application, we
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shall also obtain new algebraic formulas for elliptic KZB connections, which in particular yield an explicit
solution to some rationality questions concerning these equations.

Our principal motivation is to provide an algebraic approach to multiple elliptic polylogarithms
[Beilinson and Levin 1994; Levin 1997; Levin and Racinet 2007; Brown and Levin 2011] and their
closely related notions, such as elliptic multiple zeta values [Enriquez 2016]. In the literature, these objects
are usually defined and studied using analytic versions of the elliptic KZB connection, and algebraicity is
only shown a posteriori. This obscures the essentially algebraic nature of the elliptic KZB connection,
and makes the relation to arithmetic algebraic geometry more indirect—e.g., it is not clear how to write
special values of multiple elliptic polylogarithms in terms of periods, in the sense of Kontsevich and
Zagier (see [Fonseca and Matthes 2020]). In this work, we use the universal vector extension of an elliptic
curve to give a purely algebraic definition of the elliptic KZB connection and we also show how to retrieve
the various versions found in the literature via “analytification”. Our theory is in complete analogy to the
genus-0 case, the Knizhnik—Zamolodchikov (KZ) connection [1984], which is most naturally defined

using algebraic formulas.

1.1. The elliptic KZB connection over C. The elliptic KZB connection on a complex elliptic curve (£, O)
can be defined as a proalgebraic connection with logarithmic singularities at O

Vi : Vg — QL (log 0) ® Vg

satisfying the following universal property: given a base point b € E \ O, there is a vector vg in the
fibre Vg (b) such that, for every unipotent connection V : YV — Q }E(log 0) ® V equipped with v € V(b),
there is a unique morphism (Vg, Vg) — (V, V) sending vg to v (see [Kim 2009, Section 1]). Recall that
“unipotent” means that (), V) can be written as a finite iterated extension of the trivial connection (O, d).

Alternatively, by Serre’s GAGA and the Riemann—Hilbert correspondence, (Vg, Vi) can be charac-
terised by its prolocal system of horizontal sections Vg, whose stalk at x € E\ O is the prounipotent
completion over C of the fundamental torsor of paths 7 (E\O; b, x):

Ve =a{"(E\O; b, x).

Concretely, local sections of Vg are described by holomorphic functions, possibly multivalued, given by
homotopy-invariant linear combinations of iterated integrals a la Chen

X
x|—>[ Wi Wy
b

of 1-forms w; on the once-punctured elliptic curve E \ O. Thus, the elliptic KZB connection can be
thought of more concretely as the differential equations these iterated integrals satisfy. Note that the
equations themselves do not depend on the choice of base point b.

The above description in terms of local systems immediately generalises to a family of elliptic curves

E— S,
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where S is a complex manifold. Here, working locally over S, one can take b to be a base section of
E — S and consider the local system Vg whose stalk at a point x € E\O above s € S is

Vi x =m"(Es \ O(s); b(s), x).

In particular, the elliptic KZB connection of the family is an integrable connection (Vg, Vg) on the total
space of the family minus the identity section £\O, which restricts to the previously defined (Vg,, VE,) on
every fibre £\ O (s). In other words, it can be regarded as an isomonodromic deformation, parametrised
by S, of the elliptic KZB connection at one fibre. It is also possible to characterise (Vg, Vi) directly by
a relative version of the universal property recalled in the first paragraph above (see [Chiarellotto et al.
2023, Section 3]).

The (level-1) universal elliptic KZB connection corresponds to the universal family & — M ;.
Higher-level elliptic KZB connections are defined analogously, with logarithmic singularities on torsion
points E[N]; see [Calaque and Gonzalez 2020; Hopper 2024]. For the purposes of this introduction, we
focus on the level-1 case, although all of our results work more generally in arbitrary level.

1.2. Construction of KZB over the universal vector extension. We state some of our results in simplified
form. Let S be a scheme of characteristic 0, (E/S, O) be an elliptic curve over S, and

T:E'—E

be its universal vector extension. Formally, E* is given as an extension of E by a certain vector group of
rank 1, in the category of commutative S-group schemes, satisfying a suitable universal property (see
Section 2.1 below for a precise definition), and 7 is the natural projection. In this paper, the key property
of 7 : E* — E is that it is a principal G,-bundle over which every S-unipotent vector bundle trivialises.

We shall directly construct a connection on E® with logarithmic singularities along the vertical divisor
71O which can be shown a posteriori to be the pullback of the elliptic KZB connection on E by 7. Our
first result describes global relative differential forms on E*/S with logarithmic singularities along 7' O.
For simplicity, assume that

S = Spec R

is affine and small enough so that 7o = Gg,s = Spec R[?].

Theorem 1.1. There existsav € T'(E?, Q}EJ/S) such that v| ;-1 = dt. Given such a v, there is a unique

family (@™),=0 in T(E*, QL /S(logn—‘ 0)) such that
[(E%, Q. ) = Rv® Ro”
and, forn > 1,
(@) Res(w™) =1""1/(n—1)!,
(b) ™A@ =0,

(©) do"™ =v A",
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Moreover, 8 ol |
T(E, Q. s(logn ™' 0) = Rv® P ro™,
n>0
M(E", Q. s(logm ™' 0)) = P rvro™.
n>0
We call o, 0, ... Kronecker differentials, as they are purely algebraic variants of classical elliptic

functions considered by Kronecker (see Section 1.3 below).
Under the above hypotheses, we can explicitly construct a relative KZB connection on E"/S by setting

Vst Ops ® R(a, b) —> Qg (logn ™' O) & R(a, b), Vs =d+wgs,
with
wptyg=—v®a— Zw(") ®ad] b.
n>0
Here, R{a, b)) denotes a ring of noncommutative power series with the (a, b)-adic topology, and ad, is
the operator x > ax — xa. In the above formula for wg: s, an element of R{a, b)) acts on R{a, b) by
left multiplication. The integrability of Vg, which amounts to the equation

da)En/S +wgi s Nwgis = 0,
follows from Theorem 1.1(b)—(c), together with the fact that v and »© are closed 1-forms (Proposition 2.5).

Remark 1.2. The above explicit formula for the relative elliptic KZB connection is actually derived from
a natural construction involving the bar complex of the dg-algebra I'(E®, Q3 / g(log 7~10)), which holds
for arbitrary S of characteristic 0 (see Section 1.6). This construction also commutes with arbitrary base
change in S. In Proposition 5.12, we characterise it by a universal property as in Section 1.1.

From now on, assume moreover that S is smooth over a field k of characteristic 0. The next step is to lift
the relative KZB connection to an absolute integrable k-connection, the “isomonodromic deformation’:

Vs Op: ® Ra, b) —> Q. (logw ™ 0) & Ra, b)), Visys/x = d + wps/syi-
In this simplified situation, this amounts to the construction of the absolute connection form wg: g/,
which is a suitable lift of the relative connection form wg: g satisfying the integrability equation
da)Et/S/k +a)Et/S/k /\a)E:/S/k =0.
Our next result shows that relative logarithmic differentials on E%/S admit canonical lifts to absolute

differentials. This extends a well-known property for regular differentials on universal vector extensions
reflecting their “crystalline nature” (see [Bost 2013, Section 6; Fonseca and Matthes 2024]).

Theorem 1.3. The relative differentials v, ®?, 0V, ... € T'(E", Q}Et/s(log 7~10)) lift uniquely to

absolute differentials v, &, &V, - .. e T'(E", Q}ﬂ/k(logﬂ_1 0)) such that
ev=e*a" =0,
where e € E*(S) denotes the identity section, and, forn > 1,

" ADADY = nay ADAG"TD mod Q% AT(E", QlEt/k),
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where oy € Q}e Jk is a coefficient of the Gauss—Manin connection matrix (see [Fonseca and Matthes 2024,

Remark 3.7])
do® =a; AP +an AT,

dv = oy ACD(O) +ap AD.

Now it is natural to consider the canonical lift of the relative KZB connection:

Vs Ops @ R(a, b) —> Q. (logn ' 0) & R(a, bY), Vs =d +apss,
with
@En/g = —f)®a—z5)(")®ad2‘b.

n>0

Crucially, this k-connection is not integrable. The next result computes its curvature.
Theorem 1.4. There is a unique 1-form over S with coefficients in k-derivations of R{a, b)

® € Qg ®Deri R{a. b)
such that

dCZ)Eu/S +C7)EJ/S /\CZ)EJ/S + CD(CZ)EU/S) =0

inT(E*, Q7 /i (log n 0)&R(a, b); here, ®(@:s) is the 2-form with coefficients in R (a, b)) obtained

by “evaluating” @ at wg: s (see Section 6.4). In particular, the connection on O: ® R({a, b)) defined by
Viysk =d+ ogs sk, ©piys/x = 0pis + @,
is integrable.
In short, the elliptic KZB connection of the family is obtained by “correcting” the canonical lift of the

relative elliptic KZB connection by ®. We actually retrieve @ as the connection form of the dual of the
Gauss—Manin connection on the relative fundamental Hopf algebra of E \ O; see Section 1.6.

1.3. Analytic formulae. All of the above can be explicitly computed on a given family. In order to
compare our results with the traditional analytic approach in the literature, we work out in detail the case
of the universal framed elliptic curve over the upper half-plane £ — §), whose fibre at T € ) is

E=C/(Z+2).
In this analytic situation, the universal vector extension can be uniformised as follows:
£ =C*/L;, L,={(m+nt,2min)eC*:m,nec?).

Let 6, (z) be Jacobi’s odd theta function', and consider the so-called Kronecker theta function (see
[Levin and Racinet 2007, Section 2; Brown and Levin 2011, Section 3.4])

0,000, (z +x)
B == e

1Our normalisation is that of Proposition 7.1 below.
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If (z, w) denotes the coordinates on C?, then the Kronecker differentials associated to

v=dwel(&, Q)
by Theorem 1.1 are given by

o™ =" (z, w)dz € T(€], QL (log ' 0)),

T

where (p%")(z, w) are complex-analytic functions on &; defined by the generating series
e Fr(z,x) =y o (z, w)x" ",
n>0
Note that @ = dz. Thus, the relative KZB connection form is
wgyn=—dw®a—Y " (2, w)dz®adlb=—dw®a—dz®ad, " F.(z, ad,)b.
n>0

The canonical lifts of the above relative differentials, characterised by the properties of Theorem 1.3,

are explicitly given by

- ~(n) _ () _ df) (n+1) dt
V=dw, @ o (2, w)(dZ WS +ne " (z, w) i
By direct computation of the curvature dag: g + @gt /5 A D¢t /¢, WE Obtain
O=-2C @D, Di=bl T3 n-1Gu@ Y [(~ad)ibadibl L. (1)
2mi ’ da 2 . AT 9b’
n>2 Jj+k=2n—1
Jj.k>0

where G, (1) = Z(r’ $)#£(0,0) (r +s7)~2" are the classical Eisenstein series. The final expression for the
KZB connection form then becomes

wgzync = —dw ®@a —dz ®ad, "% Fy(z, ad,)b — % ® (ad, F;(z, w, ada)b + Dy),
where
0

Fl(z,w,x)=e"" o

Fe(z, )+ 5.
X

1.4. Relation to the literature. The elliptic KZB connection [Bernard 1988] arose in conformal field
theory as a genus-1 version of the KZ connection [Knizhnik and Zamolodchikov 1984], which in its

simplest guise is the proalgebraic connection

Vkz : Vkz —> Qpi(log{0, 1, 00) ® Vkz, Vkz=d — dZ—Z ® x0 — ld__zz ® X1, (2)

where Vg7 is the trivial provector bundle over P! with fibre the algebra of noncommutative power series
C{xo, x1). The KZ connection encodes quantities of deep arithmetic interest, obtained as iterated integrals
of the differential 1-forms df, ld—_zz. Namely, flat sections of Vg7 are described by multiple polylogarithms,

and their monodromy by multiple zeta values; see for instance [Brown 2013, Section 4].
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Motivated by an elliptic analogue of the theory of multiple polylogarithms, Levin and Racinet [2007]
were led to consider elliptic KZB connections as defined in Section 1.1. In contrast to the genus-0 case,
however, the provector bundle Vg is not trivial, since the condition

H'(E,0p) #0 3)

amounts to the existence of nontrivial unipotent vector bundles on E. To obtain a formula as explicit
as (2), they compute the pullback of the elliptic KZB connection on £&; = C/(Z + Z7) by the (analytic)
uniformisation map C — &;:

V. : O0c ® C{a, b) — quj(log(Z +12)®Cla,b), V,=d—dz®ad, F.(z,ad,)b,

with corresponding action of Z + tZ on an element f (a, b) of C{a, b) given by (m +nt) - f(a,b) =
e—lm’naf(a’ b)
By considering the commutative diagram

C? — &

Lk

C — &

where horizontal arrows are the natural uniformisation maps and the left vertical arrow is the projection
(z, w) +— z, one can readily check that f(a, b) — e " f(a, b) induces an isomorphism between
the pullbacks to C? of our ((’)53 ® C(a, b)Y, Vgg), as given in Section 1.3, and Levin and Racinet’s
(Oc & C(a, b), Vo).

At this point, it is also instructive to compare our construction with Brown and Levin’s theory [2011]
of multiple elliptic polylogarithms, which rely on real-analytic logarithmic 1-forms vgp,, wl(goL), a)l(glL) e
defined by

veL = 2midr, e F.(z,x)dz= Z wl(g"L)x"_l,
n>0
where r(z) = Im(z)/Im(z). The presence of r in their construction is justified by the transformation
property
r(z+m+nt)=r(z) +n,

which, together with the modularity properties of Kronecker’s function, implies that the differentials
VBL, a)](gnL) descend to &;. In this sense, the nonalgebraicity in Brown and Levin’s work is also related
to the same cohomological obstruction (3), which turns out to be equivalent to the nonexistence of a
holomorphic function on £; which transforms in the same way as r.

Our Kronecker differentials v, ™ should be regarded as algebraic avatars of Brown and Levin’s
differentials vgp, wé"L). Indeed, the projection 7 : EE — &, admits a real-analytic section o : &, — EE
induced by z — (z, 2wir(z)), and we have

VBL = 0¥V, w}(3n]3 =o*w™.
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With this point of view, the universal vector extension £ can be naively thought of as a space over the ellip-
tic curve &; obtained by adjoining a formal variable w which transforms as 2 ir under the action of Z+tZ.

The universal elliptic KZB connection was first considered in explicit form by Calaque, Enriquez, and
Etingof [Calaque et al. 2009], in relation to the representation theory of braid monodromy groups. It is
defined as an integrable connection on Vkzg, the trivial infinite-rank vector bundle over $) x C with fibre
C{a, b)), given by

Vizs = d — dz ®ady Fr (2, ada)b — % ® (ad, G (2, ad)b + D),

where

0 1
G.(z,x) = aFf(z,x)Jr;,

and D; is as in (1). By considering a suitable action of SL,(Z) X 72, the connection (Vkzg, Vkzg) is then
proved to descend to the universal elliptic curve, seen as the orbifold quotient £ = (SL,(Z) x Zz)\\ HxC).
The comparison with our connection on the universal vector extension is done via a universal analogue

of the previous commutative diagram:

HxC? — &°

l Il

HxC — E&.

It follows from the explicit expressions in Section 1.3 that the pullback to ) x C? of (Oz:®C(a, b)), V- /5)C)
is isomorphic to the pullback of (Vkzg, Vkzs). There are also similar formulae for higher-level universal
elliptic KZB connections due to Calaque and Gonzalez [2020] (see [Hopper 2024]), and a comparison in
full generality is worked out in Section 7 below.

1.5. Towards motivic multiple elliptic polylogarithms. The present work has been originally motivated
by the development of a motivic theory of multiple elliptic polylogarithms, in the framework of Brown’s
motivic periods [2014; 2017] (which have been applied with great success to arithmetic questions concern-
ing multiple zeta values). Recall that motivic periods involve Betti and algebraic de Rham realisations; this
paper is purely devoted to the algebraic de Rham aspects of the theory (see [Fonseca and Matthes 2020]).

More precisely, we are concerned here with unipotent algebraic de Rham fundamental groups. In
the Tannakian formalism, this amounts to the study of unipotent vector bundles with connection over
punctured elliptic curves (see the Appendix). Our use of the universal vector extension is motivated by
the cohomological properties (over a field k of characteristic 0)

HY(EY, Op:) =k, H'(E, Op:) =0,

which imply that every unipotent vector bundle over E® is canonically trivial. The importance of the
universal vector extension in the algebraic de Rham fundamental group theory of a punctured elliptic
curve has been previously advocated by Deligne (personal communications with P. Etingof and R. Hain,
2015), and some of its Tannakian implications have already been explored by Enriquez and Etingof [2018]
(see Section A5 below).
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The above discussion is also connected to a number of natural algebraicity questions that have been
raised in the literature concerning elliptic KZB equations, as the usual approach relies on analytic
uniformisation maps. The algebraicity over Q of the universal elliptic KZB connection in level 1 was
proved by Luo [2019] (see [Levin and Racinet 2007, Section 5]) by making essential use of the moduli
space M, 7 classifying elliptic curves with a nonzero tangent vector at the identity. Here, the map
M, 1 — M, or the corresponding map on universal elliptic curves, can be thought of as a particular
G,,-bundle over which the algebraicity question becomes computationally tractable. In this sense, our
approach, which is based on the construction of the elliptic KZB connection on the universal vector
extension of a family of elliptic curves, is not far in spirit from that of Luo, with the difference that we
use a G,-bundle instead of a G,,,-bundle.

Algebraicity problems were also considered in the literature concerning elliptic polylogarithm sheaves
(in the sense of Beilinson and Levin [1994]), usually motivated by arithmetic questions concerning p-adic
realisations of elliptic polylogarithm functions [Bannai et al. 2010; Sprang 2020]. Note that Sprang’s
approach [2020] also relies on universal vector extensions, and it would be interesting to compare it with
the methods of this paper.

1.6. What we do. Let k be a field of characteristic 0, S be a smooth k-scheme, and (p : E — S, O) be
an elliptic curve over S. Consider its universal vector extension f : E¥ — S, which fits into a short exact
sequence of commutative S-group schemes

0 —— V(R'p.Ok) E* "> E 0,

and is universal for extensions of E by an S-vector group (see Section 2.1). Let Z C E be a subscheme given
by a finite union of torsion sections of p. For simplicity, we also assume Z contains the identity section O.

We shall construct the elliptic KZB connection over E* with logarithmic singularities along 7~ Z.
Our approach is based on the bar construction formalism. We refer to the recent work of Chiarellotto,
Di Proietto, and Shiho [Chiarellotto et al. 2023] for general comparison statements of different approaches
to unipotent fundamental groups. Regarding our particular framework, we have included in the Appendix
precise comparison results with the Tannakian formalism over a field.

1.6.1. Relative differentials. Consider the dg-algebra over Og of relative logarithmic differential forms
A= f*SZ}E]/S(logn_lZ).
It follows from a result due independently to Coleman [1998] and Laumon [1996] (Theorem 2.3) that A
is a model for the de Rham cohomology of E \ Z over S (Proposition 2.7):
H*(A)=HRW(E\Z2)/S).

Our main results in Section 3 concern the structure of A as a dg-algebra over Og. In particular, we
obtain in Theorem 3.7 a decomposition

A = f.op, s K,

n>1
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where the Og-submodules K are characterised by conditions involving the residue along 7 ~' Z and the
dg-algebra structure of .A. Concretely, locally over S, we have
F:Qp s =050 050", K" = @ Os0p’,

PeZ(S)

g‘) are Kronecker differentials with logarithmic singularities along 7 ~! P.

where
This also allows us to prove the formality of the dg-algebra .A. More precisely, we obtain a dg-quasi-
isomorphism (Theorem 3.9)

A— H*(A)
which plays a key role in the rest of the paper (see [Brown and Levin 2011, Theorem 19]).

1.6.2. Relative KZB. With A as above (note that A is a connected dg-algebra over Og), we consider the
bar complex

0 — BYA) —% BIA) — -

We shall only need the first two terms, which are explicitly given by B(A) = @nzo(Al )®" and B'(A) =
@nzl @151’9 (AH® 1@ A% ® (A)®"~ where tensor products are over Og. Decomposable tensors are
denoted by a1 ® -- - ®a, =[a; | - -- | a,], and the differential in degree O is explicitly given by

dp: B°(A) — B'(A),
n n—1

a1 lag)— =Y lar] - lai—11dai |aigi | - @)=Y lar] - lai1 |ainaig aiga] -+ |ay].
i=1 i=1

Finally, we consider the Og-module
Hys,z = H(B(A)) = ker(dg : B°(A) — B'(A)).

It comes with a natural commutative Hopf algebra structure, given by the deconcatenation coproduct and
the shuffle product, and a natural filtration L,Hg,s z by length (see Section 5.1). Note that Hg,s 7z can
be thought of as the Hopf algebra corresponding to the relative de Rham unipotent fundamental group
of E'\ Z over § at certain “canonical base point” (see Section A5 for a discussion in the case where S
is the spectrum of a field).

In Section 35, the relative elliptic KZB connection is naturally defined on the pullback of the continuous
dual

Hp s,z = lim Homog(LyHE)s.z, Os)
n>0

by
Verysz: [*Hgs.z — Q};t/s(logﬂ_lz) ® f*HEs.zo Veysz=d+wgysz,

where the KZB form wg:)s , € T'(S, Al ® HY: /s.z) 1s the length-1 component of the element in
I'(S, He/s,z ® Hy /s,z) induced by the Hopf algebra antipode, and acts on HY ;s,z by left multipli-
cation (see Section 5.3). In Proposition 5.12, we prove the integrability of (f*H ). /s.z» VEys.z) and
we characterise it via a universal property.
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Building on the results of Section 3, we show that Hg/s 7 is canonically isomorphic to the tensor
coalgebra TCHle((E \ Z)/S) (Theorem 5.8). In particular, locally over S, we show in Theorem 5.15 that
the continuous dual H}, /5.7 is isomorphic to the algebra of noncommutative power series

23y ~ Ogs{a,b,cp: P e Z(S))
sz = (ZPGZ(S) CP_[a’b]> ’

and, under the above isomorphism, the KZB form is given by

a)E;/S’Zz—v@)a—w(O)@b—Z Z wfﬁ”@adZ*ICP.
n>1 PeZ(S)

When Z = O (level 1), we recover the expressions in Section 1.2.

1.6.3. Canonical lifts. Our next results concern the sheaves of absolute logarithmic differentials
S S2%. / , (log n~1Z). It is known that E®/S admits a natural horizontal foliation — formally, a D-group
scheme structure — which amounts to a splitting of

LN o | — |

0 —— f*Q.IS/k — Q. E%/S

satisfying a certain integrability condition and a compatibility with the group scheme structure [Bost
2013, Section 6.4]. We show in [Fonseca and Matthes 2024] that this splitting actually comes from the
splitting of

1

E"/S > 0

00— Qé‘/k I f*QllEt/k — [

1
Ef/k

f*Q}QN/k = Q}g/k N, N =ker(e).

induced by the retraction f, 2 - Q g /k given by restriction to the identity section e € E*(S):

In Theorem 4.9, we extend this result to logarithmic differentials by showing that there is a unique
splitting of

0 Q1 f*Q}gu/k(logﬂAZ) — f*Q}EJ/S(logn*IZ) — 0

of the form
Fe Q2 logm ' 2) = Q5 @ N o P £,
n>1

where each £ maps isomorphically onto X, and for every n > 1
LDOANAN =dN A LD mod f,F2.

Here, f,F? is the second step of the (direct image) Koszul filtration on S8, / , (log n~12Z), given by the
ideal generated by Qé Jk (see Section 4.2).

Locally over S, the above result implies that the Kronecker differentials admit canonical lifts to sections
of f*Q}Et/k(log n~1Z), which we denote by 7, ®®, and cbgl) forn>1and P € Z(S).
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1.6.4. Absolute KZB. Finally, in Section 6, the elliptic KZB connection associated to E/S/k punctured
at Z is constructed as a suitable lift of the S-connection Vg g  to an integrable k-connection

Veeysiez s [ MErs 7 — Q}En/k(bg”_lz) ® S sz

As explained in Section 1.2, the key idea is to obtain Vg 5/, 7 as a correction of the canonical lift
of the relative connection Vp: /s/k,z by a certain k-connection on §, which is dual to a Gauss—Manin
connection

S HE/S,Z — Q}S/k ®HE/S,Z-

Our construction of § is a bar complex variant of the usual Katz—Oda procedure [1968], and relies on the
use of relative bar complexes. It depends crucially on Coleman and Laumon’s result on the cohomology
of universal vector extensions. We have also drawn inspiration from an analogous approach developed
by Brown and Levin [2012]. In the C*° context, there is a similar construction due to Hain and Zucker
[1987, Proposition 4.11].

Consider the dg-algebra C := f,.23, , k(logyr_1 Z), which contains €2 := Q% /casa dg-subalgebra, and
form the relative bar complex

’

0 —— B2C) —2 BLC) — -

the definition of which is similar to the usual bar complex, but tensor products are now taken over the
noncommutative ring €2 (see Section 6.1). Then, the Koszul filtration on C induces a decreasing filtration

Ba(C) = F'Bo(C) D F'Ba(C) D F?Ba(C) D - -
satisfying Bq(C)/F 'Ba(C) = B(A). We construct a projection
7w : F'Ba(C) — Q) ® B(A)[—1]
which factors through F 'Bq(C)/F?Bq(C), and we define
5(§) = —(dpé),

where § is the canonical lift of the section & of Hg/s.z = H 0(B(A)).

We prove in Theorems 6.6 and 6.10 that the above definition yields an integrable k-connection on Hg /s, 7
which preserves the length filtration and restricts to the tensor power of the Gauss—Manin connection on
the graded quotients L, Hg /s z/Ln—1HEs,z = Hle((E \ Z)/$)®". Moreover, its continuous dual

. 1 S
8" M52 —> Qs OHpys. 7
is a derivation of HE /8.2 with coefficients in €2 g /K> and the k-connection
Vesiez s f MErs 7 — Q]Et/k(log n'Z)® F*Hesz0 Veysz = "8 +dpys 2,

is an integrable lift of the relative KZB connection Vs g 7.
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2. The universal vector extension of an elliptic curve

2.1. Definition. Let S be a scheme. The S-vector group associated to a quasicoherent Og-module F is the
S-group scheme V(F) = Spec S(Sym F). If F is locally free of rank r, then V(F) is locally isomorphic
t0 (Ga,s5)"

Let p : E — S be an elliptic curve. The universal vector extension of E/S is a commutative S-group
scheme f : E* — S with a morphism of S-group schemes 7 : E% — E fitting into an exact sequence (of
abelian fppf sheaves over S)

0 —— V(R!'p,OF) E" X E 0, 4)

which is universal for extensions of E by an S-vector group. Namely,
Homoy (F, R' p.Op) —> Exts,, (E, V(F)),
¢ — the class of the pushout of (4) along V(¢) : \/(R1 p+Og) = V(F),
is an isomorphism for any vector bundle F over S [Mazur and Messing 1974, Proposition 1.10] (see
[Fonseca and Matthes 2024, Section 2.2]). Since R! p«Ogf is a line bundle over S, it follows from (4) that
7 : E* - E is a G,-bundle. In particular, f : EY — S is smooth, of finite presentation, and of relative
dimension 2. Moreover, the formation of the universal vector extension is compatible with every base

change S’ — S, meaning that there is a natural S’-isomorphism E® x5 S’ = (E x5 S')".

Example 2.1. Assume that S = Spec R is affine, with 6 invertible in R, and that £ /S admits a Weierstrass
equation of the form

E: }’ZZ = 4x? —82X22 —g3z3, 22, 83 € R, gg —27g§ e R*.

Letg(x) = 4x3 — g2x — g3 € R[x], and set
U, = Spec Rix.y. 1] , U= Spec _Rbx.z1] )
(?—g(x)) (z—2%q(x/2))
Let Uy, be the open subscheme of U; given by y # 0, and U,; be the open subscheme of U, given by
z #0. Then, E® is isomorphic to the gluing of U; and U, along the isomorphism U;, = Uy; given on
the corresponding R-algebras by

Rlx,z*, 1] _  Rlx,y*', 1]
H s
(z—23q(x/2)) (y2—q(x))

where ¢’ (x) = 12x? — g,. This follows from the interpretation of E® as a moduli space of line bundles

1 /
(X,Z, t)|_> (f’_’t_q (X))y
yy 6y

on E equipped with an S-connection [Katz 1977, C.1-C.2]. For instance, if R’ is an R-algebra, a point
(a, b, c) € U (R’) corresponds to the isomorphism class of

’

ly+b dx
(OP) ®(9(0)_1, d+wp.), wp.= (_y +c> el
2x—a y

where O = (0:1:0) € E(R’) is the identity, and P = (a : b : 1) € E(R’).
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In the category of complex analytic spaces, the universal vector extension of an elliptic curve is more
conveniently described in terms of its uniformisation.

Example 2.2. Assume that S is locally of finite type over C. Then the analytification E%®" is uniformised
by the rank-2 holomorphic vector bundle V" := \/(Hle(E /8))*" over §2": there is an exact sequence of
relative complex Lie groups over §2"

exp

0 L yan

E™ —— 0,

where L is the space over S corresponding to the locally constant sheaf (R! p2Z)V. The map L — V&
is induced by the morphism (R!p¥7)" — (Hle(E /)™)Y, which sends a locally constant family of
topological 1-cycles y to the functional o — fy o. We refer to [Mazur and Messing 1974, 1.4.4] for a
proof. In the particular case where S = Spec C, let (w, n) be a basis of HJR(E /C). Then,

EM"=C*/L, L={(f,0,[,n€C*:yecH(E™ D)

2.2. Coherent and de Rham cohomology. We keep the above notation.
Theorem 2.3 (Coleman, Laumon). If S is of characteristic 0, then

Os, =0,

R f,O0p: =
SO {o, i>1.

For a proof of the more general statement concerning universal vector extensions of abelian schemes, we
refer to [Laumon 1996, Théoreme 2.4.1] or to [Coleman 1998, Corollary 2.7]. For elliptic curves, one may
also give an elementary proof by computing the Cech cohomology of the affine cover given in Example 2.1.

Remark 2.4 (algebraic versus analytic functions). Let S = Spec C. The above theorem implies that
I'(E%, Og:) =C, i.e., that every global regular function on E? is constant. The analogous statement in
the analytic category is false. In other words, E%*" admits nonconstant holomorphic functions. In fact, it
follows from Example 2.2 that E%®" is isomorphic to C*/Z> = C* x C*.

From now on, we assume that S is of characteristic 0. Let e € E*(S) be the identity section. Since
E®/S is a smooth group scheme, we have for every n > 0 an isomorphism

f*e*Qn

Ef/S;)Q

n
E1/S

obtained by extending cotangent vectors at the identity to invariant differential forms via the group law.
Then, it follows from the projection formula and Theorem 2.3 that

Rif*Q};jh/S; EY/S’ (5)

{e*Q” i=0,
0, i>1.

The above equation for i = 0 means that every section of f,Q is an invariant differential n-form

%h/s
on E%/S.
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Proposition 2.5. Every section of f.Q2 is a closed differential form. The induced map

n
EY/S
fepe ;s — HiR(EF/S)
is an isomorphism of Og-modules.

This statement is contained in [Fonseca and Matthes 2024, Propositions 2.4 and 2.7] (see also [Coleman
1998, Theorem 2.2]). We reproduce a short proof for completeness.

Proof. We have seen that sections of .7, /s
closed is a general property of smooth commutative group schemes; it is a consequence of the Maurer—

are invariant. That every invariant differential form is

n

Cartan equation. Now, that the natural maps f, 27, s Hi (E 9/8) are isomorphisms follows from the
Js-acyclicity of Q7. /s (see (9)). [l

In fact, the above isomorphism is also compatible with the natural product structures, yielding an
isomorphism of dg-algebras over Os:

[ s = Hig (EF/S).

Since v : E? — E is a G,-bundle, it follows from the Kiinneth formula that 7 * : HiR(E/S) — H(;R(E”/S)
is also an isomorphism of dg-algebras over Og. Thus, we obtain an isomorphism

F1 Qa5 = Hig(E/S). ©)

Remark 2.6. By [Mazur and Messing 1974, 1.4], applying the functor Lieg to the exact sequence (4)
gives rise to a short exact sequence of Og-modules

0 —— (R'p,Of)Y —— Lieg E? —— LiesE —— 0,
isomorphic to the dual of the Hodge—de Rham short exact sequence
0 —— puQp,g — Hg(E/S) —— R'p,Op —— 0. @)

The composition of isomorphisms f; Q. =(LiesEHYZX=H d]R(E /) coincides with the isomorphism (6).

Eb/S
The fact that the dg-algebra f,.€23., /s
to punctured elliptic curves as follows.

is a model for the de Rham cohomology of E /S can be generalised

Proposition 2.7. Let Z C E be a smooth closed S-subscheme. For every n > 0, the natural maps
H" (R, s(logm ™1 2)) —— Hi(x™(E\ 2)/$) «"— Hlp(E\ 2)/5)

are isomorphisms.

Proof. That r* : Hig ((E\ Z2)/S) — Hé’R(n_l(E \ Z)/S) is an isomorphism follows from the Kiinneth
formula and from the fact that 7 : 7 ~1(E \ Z) = E \ Z is a G,-bundle.
By Deligne’s theorem [1970, Chapter 11, Corollaire 3.15, Remarque 3.16], there is a canonical isomor-
phism
R" £ Q. g(logn ' Z) => Hip(x ™ (E\ 2)/9).
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We are left to prove that 27, y s(log n~1Z) is a complex of f,-acyclic sheaves. For this, leti : 7~'Z — E°
be the inclusion, and consider the Poincaré residue exact sequence

0 — Q) — Q. (ogn'2) == i@, [-1] — 0.
As each Q7 /s is fi-acyclic by (5), and each i*in,lz /s is fi-acyclic by the fact that both i and f oi

are affine, we conclude from long exact sequence in cohomology associated to the above short exact
sequence that each Q' / g(og 771Z) is f.-acyclic. O

3. Relative logarithmic differentials on the universal vector extension

3.1. Kronecker differentials. Recall that the sheaf of invariant differential 1-forms on the vector group
V(R!p,OF)/S is canonically isomorphic to R! p,OF: a local section ¢ of R! p,Of corresponds to the
relative 1-form d¢. Thus, under the identification (6), the Hodge—de Rham exact sequence (7) corresponds
to the short exact sequence of sheaves of invariant differential forms

1

EY/S ? RIP*OE — 0, ()

0—— p*Q}g/s — f*Q

where the left arrow is given by pullback by 7, and the right arrow is given by restriction to V(R' p,O) =
710 — E".
Assume that S is affine and that R! p«Op is free with trivialisation ¢. Under the identification

f+Or-10 = EP(R' p.Op)®" = Os1],

n>0

we obtain a commutative diagram

0 — £} —— fuf2L, ((ogm™'0) —Res 05[] —— 0
lo ld ld )
0 — fiQ. o — fuf2}, s(ogm~'0) == Osltldi —— 0

where the rows are Poincaré residue exact sequences (see the proof of Proposition 2.7).

Lemma 3.1. Let o be a global section of f*Qzu/S(log 771 0) satisfying Res(a) = 1. Then d restricts to
an isomorphism

d:Osa = fQp. g
Proof. Since Res(da) = d Res() = 0, it follows from the residue exact sequence in degree 2 that do

2

E%/S®

it is an isomorphism, it suffices to prove that it is surjective. Since H?>(f; Q% / s(log 7710)) =0 by
2

is a section of the line bundle f,2 so that the map in the statement is well-defined. To verify that

Proposition 2.7, for any section 8 of f,.2 there is a section o’ of f*Q}Eu / s(log 71 0) satisfying

E"/S

do’ = B. By the commutativity of (9), Res(a’) is in Og, so that Res(a')a — ' is in f*Q}EJ/S. This shows

that d (Res(o)a) = B. O
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1
E/S’
In particular, we obtain a

Remark 3.2. Note that « in the above statement is unique up to a section of f, 2 so that do is

2
Ev/s®
symplectic pairing (-, - ) : f*Q}Et/S ® f*Qgt/S — Oy defined by (w1, w2) da = w| A w,, which induces

independent of any choice; it gives a canonical trivialisation of f, 2

by (8) the classical isomorphism p*Q}E /s = (R! p«Op)Y. Under the identification (6), the pairing (-, -)
is the usual de Rham pairing on Hle(E /S) (see [Coleman 1998]).

1

Theorem 3.3. Assume that S is affine, R' p,Op = Ost is free, and let v be a global section of f*QEﬂ/S

satisfying
V|-190 =dt.
Then, there exists a unique family {©™},=o of global sections of f.S2k: /s (logw~10) such that »©
trivialises p*Q}E/S and, for everyn > 1,
(i) Res(w™) =1""1/(n —1)!,
(i) o™ Aw® =0, and
(iil) do™ =v A"V,

Moreover, we have

fiQp: slogn ™1 0) = £iQp. s @ P Os0™.  fiQ: /g =Osv® 050, (10)
n>1

[ s(logn ™' 0) = £.95. @ P Osv A 0™, foQ. g =0sv A0®. (11)
n>1

Proof. Let a be any trivialisation of p*Q}E /s (note that p*Q}E /s is free by Remark 3.2), so that
f*Q}gq/S=OSV®OSaO, f*QéJ/S=05\)/\C¥0. (12)

It follows from the residue exact sequence (9) in degree 1 that, for every n > 1, there is a global section «,,
of f*Q}Et/S(log 7~ 10) such that

tn—l
R = .
es(ay,) D
Our goal is to modify each «;, by a section of f, Q2 }EJ /s S0 that properties (ii) and (iii) are also satisfied.
Since the restriction of g to 7 ~' O vanishes by (8), the 2-form «;, A o is in 22 Thus, by (12),

Eb/S
up to adding a multiple of v to «,,, we can assume that

o, ANag =0.

Let n > 1. Since

Res(da,) = d Res(a,) =d il 2 de Res(v A )
an = an = = = v an7 ,
n—1)!) m—2)! !

it follows from the residue exact sequence (9) in degree 2 and from (12) that there exists a global section
rn—1 of Og such that
do, =v ANoy_1 +rp—1v Aap.
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For every n > 0, we set

o™ = a, + rye.

Thus, »® is a global section of p,Qy ¢ and @™ are global sections of £, Q2 / ;(log w1 0) satisfying
(i), (ii), and (iii). Furthermore, since dw'" = v A @@, it follows from Lemma 3.1 that v A »© is a
trivialisation of f, 3, g+ S0 that {v, w©®} is a trivialisation of f,Q], /s~ Then, (10) and (11) follow from
the residue exact sequence (9).

To prove uniqueness, let {1, },>0 be a family of global sections of f*Q}EJ / S(logn_] 0) such that Ag
trivialises p*Q}E /s and A, satisfies (i), (i), and (iii) for n > 1. Then, we can write 1o = uw® for some
u € I'(S, O¢), and, by (i), for every n > 1,

tn =0 +a,0 +b,v

for some a,, b, € I'(S, Og). From (ii), we conclude that b,, = 0. Finally, property (iii) applied to the
family {A,},>0 yields

(nfl) uv /\C()(O), n = 1,
VA®T = (n—1) ©
vAL" "V +a,_ivAae”, n>2,

which implies that ¥ = 1 and a,, = 0 for every n > 1. ]

Remark 3.4. It follows from uniqueness and from Theorem 3.3(i), (ii), and (iii), that a change in v to
V' =uv+vo®, with u € I'(S, OF) and v € I'(S, Oy), changes ©™ to ™ = =1y,

Corollary 3.5. With notation as in Theorem 3.3, we have o™ A 0™ =0 for every n, m > 0.

Proof. Since E°/S is smooth of relative dimension 2, in a formal neighbourhood of any point in the
smooth relative effective Cartier divisor 7' O, we can find S-coordinates (x, 7) such that dx = »©,
dt = v, so that 771 O is given by x = 0. Since ™ has logarithmic singularities along 7 ~! O, there are
power series F,(x,t), G,(x, t) with coefficients in Og such that " = F,(x, t)(dx/x) + G,(x, t) dt.
By equation (ii) of Theorem 3.3, we have G, (x, t) = 0, so that ™ = F, (x, t)(dx/x). The statement
follows immediately. U

3.2. Kronecker subbundles. Let Z C E be a closed subscheme of E given by the union of forsion
sections P € E(S). Assume moreover that Z contains the identity section: O € Z(S).

Example 3.6. We can always take Z = O. If E/S admits a full level-N structure, we can also consider
Z = E[N], or any other subscheme thereof which is flat over S and contains the identity.

By pulling Z back by the projection 7 : E* — E, we obtain a divisor 7 ~'Z on E¥, which can be
written as a disjoint union:

7'z = |_| T 'p.
PeZ(S)
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Since P € Z(S) is torsion and 7 : E? — E is a G,-bundle, P admits a unique lift to a torsion section
P" € E%(S) [Katz 1977, Lemma C.1.1]. Thus, we obtain a trivialisation
17 'Z = Z xs V(R p.Op), (13)
given on the component 7' P by x — (P, x — P?). This yields an isomorphism
[0z = p07 PR p.0)®" =P p. 02 @ (R' p.OL)™", (14)
n>0 n>0

where tensor products are taken over Os.

Theorem 3.7. There is a decomposition
il slogn™' 2) = 0y s @ P L™,
n>1
where are subbundles of f ogm™ uniquely determined by the following properties:
here K™ bbundl SZ}EJ/S(I 1Z) uniquely d ined by the followi j

(i) Under the identification (14), the residue map

Res:f*QlEn/s(logn_IZ) — f:Op-17

restricts to an isomorphism between K™ and 0z ® (R! p:O )@,
(i) KM AK® =0in f.QF, /s(log n7'Z), where

0) . 1
KO = P«Sg/s

1
E?/S

(iii) dK™ = f*Q}Et/S/\IC("_l) in f*Q%J/S(logn_1Z).

is seen as a rank-1 subbundle of f,<2 (log w~'Z) via pullback by .

Moreover, we have
FiSpyslogn ™' Z) = P fuQp: s AK™.
n>0
Proof. It suffices to prove existence and uniqueness locally over §. Thus, we may assume that § is
affine and that Rlp*OE = Ogt is free. Let v, @, oV ... be as in Theorem 3.3. For any P € Z(9), let
T_p: : E¥ — EF be the translation by — P?, and set, for every n > 0

wp) =1 p0™ eT(S, £y s(logm ' P)). (15)

Let us also denote by tp = t* .1 the coordinate on 7~ P induced by ¢ under the isomorphism (13). Since
v, ®? are invariant— in particular, a)g)) = »©® —it follows from Theorem 3.3 that, for every n > 1,
(a) Res(@\) =1/ — 1)1,
) 0% Aw® =0, and

() da)g’) =v /\a)gl_l).
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Forn > 1, set
K™ = K, K = 0s0p).
PGGZ?S) P P

Then, the residue exact sequence, together with (a), (b), and (c), show that K™ so defined satisfies all the
properties in the statement.

To prove uniqueness, let {£,},>1 be another family of subbundles of f*Q}Et / s(log n~'Z7) satisfying
(1), (i1), and (iii). By (i), £, is trivialised by 1-forms A, p, P € Z(S), satisfying (a). Then, by the residue
exact sequence, there are global sections a;, p, b, p of Og such that

An.p= a)gl) + an,pa)(o) + by pv.
It follows from (ii) that A, p satisfies (b), so that b, p = 0. By (iii), we have

dlp,p=CppVAdy_1p

for some global section ¢, p of Og, where we set Ao p := »©. Thus, also using (c) for a)ﬁf), we obtain,

forn=1,
c1.pv Ao =vAw®,
and, for n > 2,

(n

(n—1)
Cn, PV NWp P .

—1
)—{-Cn,Pan_l’pl)/\a)(O) =VAW®

Thus, c;,p = 1, and, by taking residues along 71 P, we see that cn.p = 1 for n > 2. Then, it follows
from the same equation that a,,_1 p = 0. We conclude that 1, p = a)g’), which yields £,, = K, |

We shall always denote by

’C(n): @ ,Cgl)

PeZ(S)

the decomposition induced by part (i) of Theorem 3.7 and p, Oz = @ p. z(s) Os- When R'p,Og is free,
a choice of v as in Theorem 3.3 induces trivialisations wg’) of ICgl) as in the proof of the above theorem,
so that

f*Q}EJ/S(lOgTL’_IZ)=OS1)@OSQ)(O)EB @ Osw(;), (16)
Pg%éS)
f*Q%J/S(logn*IZ)=Osv/\w(0)® @ Ogv/\a)g’). (17)
Pg%éS)

3.3. The dg-algebra of relative logarithmic differentials. With same hypotheses and notation as in the
last sections, consider the dg-algebra over Og

A= f*Q}Et/S(logn_IZ),

K=k™.

n>0

and consider the submodule of A!
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It follows from Theorem 3.7 that the dg-algebra A is generated by its degree-1 sections. More precisely,
we have the following structure result.

Corollary 3.8. A is locally free as an Os-module, and the wedge product induces an isomorphism of
graded Os-algebras

NAYYNK) = A
Proof. That A is locally free as an Og-module follows from Theorem 3.7 and from the fact that R' p,Of
is locally free (see (16) and (17)).

It follows from Theorem 3.7 (see also Corollary 3.5) that the wedge product gives a well-defined
morphism of graded Og-algebras /\"A'/ (/\21C> — A. This is an isomorphism in degree 0 by Theorem 2.3,
and is trivially an isomorphism in degree 1. To see that it is also an isomorphism in higher degrees, we
may argue locally over S. Thus, we may assume that Al /K= R! p«OF is free (of rank 1), and that the
short exact sequence

0 K Al Al/JK —— 0

splits
Al=z U4/ e k.
This implies that
NA = (A0 e e NK= A0 NK,

and, for n > 3,
NA = (A0 NT'K) @ N'E cim(N' A @ NV K — N'AY. O

Our next result concerns the cohomology of A. It follows from A° = Og (Theorem 2.3) that H%(A) = O
and that
H'(A) =ker(d : A' — A*) c A".

Moreover, it follows from Proposition 2.7 or from Theorem 3.7 that H"(A) =0 for n > 2.
Theorem 3.9. We have a decomposition of Os-modules

1 1 (1)

A'=H'WeKky, o Pr™.
n>2

Let p' : A — H'(A) be the projector induced by the above decomposition, and
p:A— H'(A)

be the induced morphism of graded Os-algebras (p° = id, and p" = 0 for n > 2). Then, p is a dg-quasi-
isomorphism.

Proof. The second assertion follows immediately from the (see Proposition 2.7). To prove the decom-
position, we may work locally over S. Let v, 0@, wg), a)g), ... be as in (16). It follows from the
equations

do® =dv=0, doy) =vr0®, do¥ =vArel™" n=>2),



1390 Tiago J. Fonseca and Nils Matthes

that
H'W)=0v0050%® P 05y —wp).
PeZ(S)\{0}
To conclude, we simply remark that
KO = @ Oswly) = Oswy & EB Os(@% — o). O
PeZ(S) PeZ(S)\{0}

4. Canonical lifts of relative logarithmic differentials

4.1. Canonical lifts of regular differentials. Keep the same notation and hypotheses of Section 3.2, and
assume moreover that S is smooth over a field k of characteristic 0.

We review some of the results of [Fonseca and Matthes 2024]. It follows from the smoothness of
f : E" — S that we have an exact sequence of O g:-modules

0 — f*Qy — Qpy — Qg —— 0.
By Theorem 2.3, we obtain an exact sequence of Og-modules
0 Q.IS/k f* Eﬂ/k ? f* Et/S — O,

which admits a canonical splitting, as follows.

Proposition 4.1. The pullback by the identity section e € E*(S) induces a retraction e* : f, 21 e Q _19 Ik

In particular, if N := ker(e*), we obtain a decomposition

f* t/k—Qs/k®N NE= f* EJ/S
Proof. See [Fonseca and Matthes 2024, Theorem 3.2]. |

It follows that any section w of f,Q lifts canonically to a section of N' C f,Q which we

ED s E”/k’
denote by @. For the next result, recall that H(}R(E /S) is endowed with an integrable k-connection, the

Gauss—Manin connection. Under the identification (6), we get an integrable k-connection
V[ s — le/ko@f*szgt/s.

Proposition 4.2. There is a canonical isomorphism Q. sk ® S« = f.Q Et Ik / Sk under which we

Et /s =
have
Vo = do mod 5,
for any section w of f,2 Et/S
Proof. See [Fonseca and Matthes 2024, Propositions 2.6 and 3.5]. (I

Example 4.3. If ), v is a trivialisation of f,Q as in Section 3.1, and «;; € I' (S, Ql s/ i) are defined by

Eu/s
Vol =a1; @ 0 + 21 @ v,
Vv=ap®w0® +anv,
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then the canonical lifts satisfy (see [Fonseca and Matthes 2024, Remark 3.7])

do® =01 N +an; A D,
. - ) ~ (18)
dv=ap Ao +axn Av.

Note that the above equations hold “on the nose”, and not only modulo Q% Ik
For later reference, we consider the following auxiliary results.

Lemma 4.4. Assume that S is affine, that R! p«Og is trivial, and let @O, v, and t be as in Theorem 3.3.
Then
67)(0)|n—10 = —ay1t, T)I,T—lo =dt —oxpt.
Proof. As 7710 is isomorphic to G, s via the coordinate ¢, we have
L(S. £:2L 1,0 =TS, QY I+ T (S, Os)lr] dr.

Thus, since ®@|,-1, =0 and v|,-1, = dt, we can write

3OO0 =Y wat"s Dleig=di+Yy 8" (19)

n>0 n>0

for unique y;,, 8, € ['(S, Q]g/k), with y, = §, = 0 for n > 0. The condition *d0 =e*D =0 implies
that y9 = 8o = 0. Plugging (19) into (18), a short calculation shows that y,, = §, = 0 for n > 2, and that
Y1 = —ay; and §; = —a). O
Lemmad.5. Let &' (S, N) and Q € E'(S) be a torsion section. If TQ: E" — E" denotes the translation
by Q, then tad) = &. In particular, global sections of N are invariant under translation by P% € E*(S)
for every P € Z(S).
1

Et/S
that 7@ = & + B. By induction, for any n > 1, we obtain

Proof. Since every section of f, 2 is invariant (see Section 2.2), there exists 8 € I'(S, Qé / ) such
By pulling back the above equation by e, we get

nQ)Y*d=e"®+nB =np,
where we have also used that e*@ = 0. Since Q is torsion and S is of characteristic 0, we conclude that
g =0. a

4.2. Canonical lifts of Kronecker differentials. Define the Koszul filtration F° > F' > - on the

complex Q}:_J/k(log 77 1'Z) by

FP = im(f*szg’/k®Q°En/k(10gn*12)[—p] — sz;;n/k(logn*IZ)),

where the above map is given by the wedge product. This gives rise to a filtration f, F” on £, 2, . (logmw ~'Z)

Ek
by direct image on each component.
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Proposition 4.6. For every p > 0, there is a canonical isomorphism of complexes of Og-modules

FFPIRFP = Q6 ® fuQy g(logn ™' Z)[—pl.
Proof. Using that

0—— f*QIS/k SN qu/k(logn_]Z) SN Q}EJ/S(logn_1Z) — 0

is locally split, and that Qy, , (log n'Z)y= Ny, /i (log n~1Z), we see that the Koszul filtration satisfies

FPFrHl = f*Qg/k ® SZ}EJ/S(logn_1 Z)[—p] forevery p>0. (20)
Thus, by the projection formula, it suffices to check that each F? is a complex of f,-acyclic Ofz;-modules.
This statement is local on S, so we may assume that S — Speck is finitely presented, which implies in

particular that F N =0 for some N > 0. We prove the desired assertion, which is trivially true for p > N,
by descending induction on p. By (20), we have a short exact sequence

0 —— FIH s PP s 0, 09y, (log T Z) - p] —— O

Note that f *Q§ k@8, / g(logm ~1Z)[—p]is acomplex of fy-acyclic O g:-modules by the same argument
in the proof of Proposition 2.7. Thus, if FP*! is also a complex of f,-acyclic Og:-modules, so is F” by
the long exact sequence in cohomology. (I

Theorem 4.7. Assume that S is affine, that Rlp*OE is free, and let v, @@, 0w .. beasin Theorem 3.3.
There is a unique family {&™},>1 of global sections of f*Q}Et/k(log 7~10) such that, for every n > 1,
@™ is a lift of o™ satisfying

O ADADY =nay AVADTY mod £, F2,
where ay1 € I'(S, Qg / ) I8 a coefficient of the Gauss—Manin connection as in Example 4.3.

Proof. We first prove uniqueness. Any other lift of w™ would be of the form &@™ + B, for some
B, el(S, SZ]g / «)- By the condition in the statement, we deduce that

Bu AV AD?Y =0 mod [, F>.

In other words, the image of 8, A D A ®© in f,F'/f.F? vanishes. By Proposition 4.6, this means that
B, v Aw® =0in Qé/k ® f*Q%t/S(log 71 0), which implies that 8, =0, since v Aw®, v A, ...
is a trivialisation of f*QfEJ / s(log 7710) by Theorem 3.3.

For the existence, let ¢, € I'(S, f*Q}En/k(log 7~10)) be any lift of ™. By Proposition 4.6 and the
fact that f*QZED/S(logTr*I 0) is trivialised by v A 0@, v A @, ..., there exist unique y, ; € T'(S, Qé/k)
such that

on ADAGY ="y AD A mod f, F7.

i>0
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We take residues along 7 ~' O on both sides of the above equation. By Theorem 3.3 and Lemma 4.4, we

get on the one hand
tn+l
ANdt + ———an Aayy,

tn
(n—11%? (n—D!

Res(p, AV A &) =

and, on the other hand,

RCS(]/n i N\ v /\(pl') = ti—l [i
’ — i ANdE+ —— 0 A Yy, 1> 1.
iy i N Ty A e

In particular, we get

n

1
i e M = 3 Gy

so that y,, ,4+1 = nagy and y,; =0 fori & {0, n 4 1}. We conclude that
o AVADQ =y, 0 ADADD +noy AD A @y mod £ F2
Thus, @™ := @, — y,.0 are lifts of @™ satisfying the equation in the statement. U

Remark 4.8. If we consider v/ = uv + v @ as in Remark 3.4, then, by uniqueness, the canonical lifts of
the corresponding Kronecker differentials are &' = u"~'®™,

Theorem 4.9. Let K™ be the Kronecker subbundles of f.Q EJ g(logm ~12) defined in Theorem 3.7. For
every n > 1, there is a unique lift of K™ to a subbundle £ of [« Ej/k(logn_1 Z) such that

LOANAN =dN ALY mod f,F2. (21)
Moreover, we have
fQpsy logn™'2) = Q5 @ N @ P L.

n>1
Proof. We may work locally over S, so that the hypotheses of Theorem 4.7 are satisfied. The proof is
similar to that of Theorem 3.7: for every P € Z(S), we set

cT)Ef) = rfptd)(”). (22)
Using that v and ®© are invariant under translation by P (Lemma 4.5), we obtain
doW A A D =nay ADAGSTY mod £, 72
Thus, the subbundles
= @ L0 £ oW,
PeZ(S)

satisfy (21). The second assertion follows immediately from the exactness of

0 Qé/k Y Eu/k(logn ') — £.Q EJ/S(logn*IZ) — 0

and from Theorem 3.7.
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For uniqueness, let £’ be another famlly of subbundles of f,2 S(log n~'Z) satisfying (21). Since
LM is isomorphic to K™ = Drezs) ICP , we have a decomposmon E(") =Drezs) E(")’ Let @ (")/ be
the trivialisation of Eg’)/ corresponding to the trivialisation a)fp) of IC("). Let B eI'(S, Q! s/ ) be such that

O =aW + B,

Since 7~ 'Z =| | pezs) T 'P, and a)( ")’ has singularities only along the component 7 ~! P, equation (21)
implies that, for every P € Z(S), we have

Oy a) "ADVADD = Oga0, AT A w("+l)’ mod £, F>.

Under the identification f, F!/f,F? = Qé k® S+, / s(log n~1Z) of Proposition 4.6, we deduce that

Br v Aw® e Osar @v /\a)("+1)

1)

This is only possible if g% =0, since v A 0@, v Aw}’, ... trivialise £.Q2,, (logm~'2Z). O

Et/S
5. Relative elliptic KZB connections

5.1. Reminders on the bar construction. We work in the category of Og-modules for some scheme S.
All tensor products are taken over Og.
Let A be a graded-commutative dg-algebra over Og, and assume that A is connected: A° = Og. We

I:=@A"

n>1

denote by

the kernel of the augmentation .4 — Oy given by projection onto the component of degree 0. Local
sections of a tensor power Z®" will be written in “bar notation”

aQ---®a,=:lar| -+ |ayl.

The bar construction associated to A is the total complex of Og-modules (B*(A), dp) associated to the
double complex (B**(A), di, d») given by

B~ (A):=(Z®), 5,t>0,
n

B™(A) — BN A), [ar| - ag)— Y (=D Uar| - [ Jaiy |da|aiy | -+ | ag),
i=1
n—1
B™(A) — BH(A), [ar| - ag)— Y (=1 War| - [ Jaioy | Tainai laiga | -+ | ag,
i=1
where J : T — T is the involution acting by (—1)/ in degree j. Note that B~ (A) has total degree t — s
and the bar differential (i.e., the total differential) dp has total degree 1.
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The length filtration on B(A) is the increasing exhaustive filtration by the Og-submodules

n
L,B(A):=@PI®", n=0.
m=0

Note that d; sends L, B(A) to itself, while d» sends it to L,_; B(A). In particular, the bar differential
dp = d| + d; preserves the length filtration.

The bar construction is functorial: if ¢ : A; — A, is a morphism of connected graded-commutative
dg-algebras, then

B(p): B(A)) — B(4y), B(p) =P s*".
n>0

is a morphism of complexes of Og-modules, where ¢ : 7| — 7, is obtained from ¢ by restriction to the
kernel of the augmentation. The next result shows that, under a suitable Kiinneth-type condition, the
functor B also preserves quasi-isomorphisms.

Lemma 5.1. Let ¢ : Ay — Ay be a dg-quasi-isomorphism between connected graded-commutative
dg-algebras. Assume that for all m, n > 0 the natural maps

P H'a@H® - 9H"(Z)— H"(IF" (23)
i1 tig=m

are isomorphisms for j = 1, 2. Then, the induced map B(¢) : B(A;) — B(Ay) is a quasi-isomorphism.

Proof. It suffices to prove that the induced map L, B(A;) — L,B(A,) is a quasi-isomorphism for every
n > 0. We proceed by induction on #, the base case n = 0 being trivial. Now fix n > 1 and consider the
following commutative diagram with exact rows:

0 —— L,1B(A) — L,B(A) —— L,B(A))/L,-1B(A)) —— 0

l | l

0 —— Ly 1B(Ay) —— LyB(A2)) —— LyB(A2)/Ly—1B(A) —— 0

The vertical arrow on the left is a quasi-isomorphism by induction hypothesis. That the vertical arrow on
the right is a quasi-isomorphism follows from the isomorphisms (23). We conclude by an application of
the five lemma. U

Remark 5.2. For the hypotheses of Lemma 5.1 to be satisfied, it is sufficient that all of I;.l, dI;.’, and
H"(Z;) are flat Og-modules (n > 0, j =1, 2); see [Weibel 1994, Theorem 3.6.3].

We state without proof the following standard result.

Proposition 5.3. The cohomology in degree 0 of the bar construction
H(B(A)) =ker(dp : B°(A) — B'(A))

is naturally equipped with the structure of a filtered commutative Hopf algebra over Os, given by:
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o A commutative multiplication 111 : H'(B(A)) ® H*(B(A)) — H°(B(A)), the shuffle product, which
is defined on local sections by

lar] -+ Tan] W @t | == [men] = D laoay |+ doquen]:
o
where the sum ranges over all permutations o of {1, ..., m +n} such that o~ is strictly increasing on
{1,...,m}and {m +1, ..., m+n}. The unit for L1 is 1 € B*%(A) = Oy.

o A comultiplication A : H*(B(A)) — H°(B(A)) ® H(B(A)), the deconcatenation coproduct, which

is defined on local sections by
n—1

Aar| -+~ lapD) =Tlai| -+ la ] @1+1@[ar | --- Ian]+Z[all e la ] ®largr | - lanl.
r=1

The counit for A is the augmentation map ¢ : H°(B(A)) — Os.
e An antipode o : H*(B(A)) — H°(B(A)), given on local sections by
o(lar] -+ lax) = (=D"[an] -+ a1l.
o A length filtration L, HO(B(A)) := L,B(A) N H(B(A)).
Example 5.4. If A" =0 for n > 2, then dg = 0, so that
HY(B(A) =B (A) =T A".

Here, T°A! = @, o(A")®" denotes the tensor coalgebra on A', with the above structure of filtered Hopf
algebra over Og. If moreover Al = Og01 ® - - - @ Osax,, then we can identify

HY(B(W) = Oslai, ... ),
where the length filtration L, is spanned by words in oy, ..., o, of length < n.

In general, denote by pr, : H?(B(A)) — (A")®" the natural projection onto the component of pure
length n. Comodules for the Hopf algebra H O(B(A)) can be characterised as follows.

Proposition 5.5. Let £ be a vector bundle over S, and p : € — H°(B(A)) @ € be an Os-morphism. Write
p= ano Pn, where p, = (pr, ®id)op : £ — (AH®" Q@ E. Then, p is a comodule structure if and only if

(1) po =1idg, and
(1) p, is the n-fold composition
[o1]" = (id41yn1 ®p1) 0+ -0 (id g1 ®p1) 0 p1 : € —> (AN ® E
for everyn > 1.

Moreover, given an Og-linear map w: € — A'QE, there exists a comodule structure p: € — HY(B(A))QE
satisfying p1 = w if and only if w is locally nilpotent (i.e., locally over S, we have [w]" =0 for n > 0), and

do+owoAw=0
in A2Q End(€).
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Proof. Since the counit ¢ of H(B(A)) is equal to pry, statement (i) is equivalent to the comodule axiom
(e®id) o p =id. Let

P(ANEH = (AN e ANY®, Jar| - lair ]l la | - la) ®@laigr | - laig]

be the “deconcatenation isomorphisms”. Using the expression p =} . o, and the definition of the
deconcatenation coproduct A of H O(B(A)), we obtain

A®idop=) (A®idop, =) Y Bi;j®@idop,= ) (&, ®id)opis;

n>0 n>0i+j=n i,j=0
and
(id®p)op=(id®2pi) Y o= (d®p)op;.
i>0 j=0 i,j>0

By induction, this shows that the comodule axiom (A ® id) o p = (id ® p) o p is equivalent to (ii).
For the last assertion, note that any Og-linear map w : £ — A! ® £ defines an Og-linear map

pi=(0z0: & — [ (AN @€
n>0
We regard T¢A! = @nzo(.Al)@” as a submodule of ano(Al)®n- Since £ is an Og-module of finite
type, we see that p factors through 7¢A' ® € if and only if, locally over S, we have [w]" = O for every
sufficiently large n. Finally, since H 9(B(A)) = ker(dp) and & is flat, the image of p is contained in
H°(B(A)) ® € if and only if (dg ®id) o p = 0. In bar notation, we have

i-th position i-th posmon

——
dp®id)op = > d =— d A
(dp®id)op =Y dglw| - |w] Z(Z[m Jdo |- |w1+Z | @ra |- |a>1>
nz1 length n nzl length n length n—1
n i-th position
———
=Y Yol ldotore |- |ol,
nzli=l1 length n
so that the identity (dp ® id) o p = 0 is equivalent to dw + w A w = 0. O

5.2. Fundamental Hopf algebra. Let S be a scheme of characteristic 0, p : E — S be an elliptic curve,
and Z be a divisor on E/S as in Section 3.2. Let f : E? — S be the universal vector extension of E/S

and 7 : E7 — E be the natural projection.

Definition 5.6. The de Rham fundamental Hopf algebra of E/S punctured at Z is the filtered Hopf
algebra over Og defined by

Heys,z = H(B(foQy: s(logm ' 2))).

The affine group scheme over S corresponding to H /s, 7z can be regarded as a base-point-free version
of the “relative unipotent de Rham fundamental group” of E \ Z over S (see [Chiarellotto et al. 2023]).
We refer to the Appendix for precise comparison theorems in the case where S is the spectrum of a field.
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Example 5.7. Assume that S is affine, that Rlp*(’)E is trivial, and let v, ©©, a)g), a)g), ... be asin (16).
Then, a section & of Hg/s 7 is an Og-linear combination of words in these 1-forms, satisfying dgé = 0.
For instance,
1 1 1 2
[0? 0@, [0 v]+[0D], [0 -0l [v]+[0? -]

are sections of length 2, and

1 1 1 1
[ v [v[v]+10p) [0 v = [0 [0p) v v+ |v]ep [vi+2e) |0V v]

2 2 2 3
iS a SeCtiOﬂ Of 1ength 5

Theorem 5.8. The projector p from Theorem 3.9 induces an isomorphism of filtered Hopf algebras

over Og
Hess.z = T°Hr((E\ 2)/5).

Proof. This follows immediately from the fact that p is a dg-quasi-isomorphism (Theorem 3.9) and
from Lemma 5.1. To verify the Kiinneth-type hypotheses of Lemma 5.1 (see Remark 5.2), we apply
Theorems 3.7 and 3.9. (I

Example 5.9. Locally over S, the isomorphism of the above theorem is given explicitly by writing a

Q) @ @
P

section of Hp,s 7z as an Og-linear combination of words in 09 v, 0 — Wy, Wy, P) (where n > 2

and P € Z(S5)), and by sending a)g), a)gf) to zero. For instance, the length-2 section
[0 [v]+ [0p] = [0 V] + [0, — 0p']+ 0]
of Hgs,z is sent to the length-2 section [0© | v]+ [a)g) — a)g)] of TCHle((E \Z2)/S).

We also deduce from the above theorem that the formation of Hg,s, 7 commutes with every base
change in S.

Corollary 5.10. For any morphism of schemes ¢ : S’ — S, the natural map
O HEs, 7 —> H(Exs8)/S.Zx5S
is an isomorphism of filtered Hopf algebras over Og.

Proof. It is well known that, for proper and smooth schemes, the formation of the de Rham cohomology
commutes with arbitrary base change. Using the residue exact sequence

0 —— HR(E/S) —— HR(E\Z)/S) == H(Z/S) —— HER(E/S) —— 0

we deduce that the formation of Hle((E \ Z)/S) commutes with arbitrary base change. To conclude we
apply Theorem 5.8 and the fact that the formation of the universal vector extension also commutes with
arbitrary base change (see Section 2.1). ]
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5.3. Elliptic KZB connection. We keep the notation of Section 5.2. It follows from Theorem 5.8 that
there are canonical isomorphisms

LyHEgss.z/La-1Mess.z = Hg((E\ 2)/9)®". (24)
In particular, each L, H /s 7 is a vector bundle over S. The continuous dual of Hg s 7 is the Og-module

Hé/g,z =1im (L, HEss,2)",  (LaHtess,z)’ =Homog(LaHEss,z, Os),
n

with the dual structure of a completed Hopf algebra over Oy (see [Burgos Gil and Fresan, Section 3.2.6]).
For instance, its multiplication is given by
A Uy s 7 ®Hi sz —> Miysze AV =1 (AlL5,)"
n
Regarding the restriction of the antipode o to L, Hg/s, 7 as a global section of L, HE;s 7 ® (L, Hgys, 7)Y,
we get a global section

G = Eyz,nﬁanHE/s,z €T (S, Heys.z®Hys 7)-
Definition 5.11. The KZB form of E /S punctured at Z is the global section
wgiys.z = (pr; ®id)(6) € I'(S, f*Q}EJ/S(logn_IZ) & Hy15.2):
where pry : Hg/s.z — f*QlEt/s (logw~!Z) is the projection onto the component of length 1.
By letting wg:/s 7 act on Hj, /5.7 by left multiplication via AY, we can also regard it as an Og-linear

map

WEs.7 : HE/S’Z — f*Q}Et/S(logrr—lZ) ®’H%/S’Z.

Proposition 5.12. We have
dwpis 7 +wpiys. 7z Nwgtys .z = 0.
Moreover, if we let

1 = l(iLn(€|Ln’HE/S’Z)V € F(Sa H%/S’Z)’
n

then the triple (’HE/S’Z, wg)s,7, 1) satisfies the following universal property: for every triple (€, w, e),
1

Et/
satisfying do+wAw=0,and e € I'(S, £), there is a unique Og-linear map ¢ : ,H%/S,Z — & such that

(id®¢p) owgs sz =woyp and p(1) =e.

where £ is a vector bundle over S, w: & — [, (log 77 'Z) ® € is a locally nilpotent Og-linear map

Proof. Let p : £ — HEg/s,7 ® £ be the comodule structure corresponding to w as in Proposition 5.5.
Working locally over S, we may assume that there is some no > 0 such that p(£) C L, HE/s,z ® £. For
every n > ng, define

@n: (LaMEes,z)’ — €, Ar— (A®id)o (0 ®id) o p(e). (25)

Then, a straightforward computation shows that ¢ :=1im, ¢, : H, 152> € is an Og-linear map satisfying
the properties in the statement. To prove uniqueness, let pg/s 7 : %%/S,Z — HEgys,z ® ,H%/S,Z be
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the completed comodule structure corresponding to wg: /g 7 via Proposition 5.5. It is given by left
multiplication by 6. If ¢’ : Hg/s,z — £ is an Og-morphism satisfying ¢’ (1) = e and (id ®¢") o w1 /5 7 =
wo ¢, then it follows from Proposition 5.5 that this last equation can be lifted to

(id®¢") o pp/s.z=pog.
Thus,
p(e) = (id®¢") o pess,z(1) = (id ®¢")(6).

Let n > ng be as above. For any section A of (L, HEg/s,7)", we have
(A ®id)op(e) = (A ®id) 0 (i[d®¢")(6) = ¢" 0 (A ®1d)(6) = ¢, (A 0 T |1, 315.,)

where in the last equality we regard A o o|r, 3 s , as a section of (L,HEg;s,z)". Finally, using that o is
an involution, we conclude that ¢/, is given by the same formula as ¢, in (25). ]

Definition 5.13. Consider the completed pullback f*Hy ¢ , :=lim, f*(L,HEss,z)". The relative
elliptic KZB connection of E /S punctured at Z is the S-connection

Veysz: [P HEs.z — QIED/S(IOg 7' Z2)® f*Hys.z0 Veysz =d+opys .
Proposition 5.14. The formation of Vs 7 is compatible with arbitrary base change in S.

Proof. This follows from Corollary 5.10 and from the fact that wg: /g  is induced by the antipode of the
Hopf algebra Hg /s, 7. |

We shall now give explicit formulas for the relative elliptic KZB connection. Assuming that S is affine
and that Rlp*OE is trivial, let v, 0©, a)g), a)g), ... be as in (16). Recall that

W, 0 U Y -0l : P ez($)\{0})
trivialises the vector bundle H'( f Q% / S(log 7~1Z)) over S (see the proof of Theorem 3.9). We denote by
{a,b}U{bp: P € Z(S)\{0O}}
the dual trivialisation of H'( JS2%. /s (log 7 1Z)V. By Theorem 5.8 (see Example 5.4), we have
HZ,/S = QOs{a,b,bp: P € Z(S)\{0}).

Note that Hopf algebra unit 1 as defined in Proposition 5.12 gets identified with the constant 1. It will
be more convenient to write
OS«a, b’ cp: Pe Z(S)»

(ZPeZ(S) cp —la, b]>
where the isomorphism is given by sending bp to cp for every P € Z(S) \ {O}.

Os{a,b,bp: P € Z(S)\{0}) =

Theorem 5.15. With the above notation, we have

wpsz=—v@a—0V@b->" > o} ®adi ' cp, (26)
n>1 PeZ(S)
where ad, x = [a, x] = ax — xa.
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Proof. Call ' the right-hand side of (26). We show that o’ satisfies the universal property for the KZB
form. For this, let (£, w, €) be a triple as in Proposition 5.12. As v, ®©, a)g’) (n>1, P € Z(S)) trivialise
[+, ss(log 771Z), we can uniquely write

=—eA-0V@B->" Y oy ecy,
n>1 PeZ(S)

where A, B, C Ef) are nilpotent endomorphisms of £ (with C ﬁf) =0 for n > 0). Since

O=dot+oro=vr0¥® ([A, Bl- > c;”) +> Ay @ (A, Cpl1-cpth),
PeZ(S) n>1
we conclude that
Y Y =[A.B], Cy'=ady!Cp.
PeZ(S)

Thus, there is a unique Og-morphism ¢ : HE/S , — & satisfying (1) = e, ¢(a) = Ae, ¢(b) = Be, and
p(cp) = Cl(,,)e for every P € Z(S). To finish the proof, it suffices to remark that these conditions are
equivalent to ¢(1) = e and (id ®¢) o’ = w0 ¢. O

Example 5.16. When Z = O, we have HE/S’O = Og{a, b). Since cp = [a, b] = ad, b, the formula for
wE) g,z becomes
wgs.0=—v®a— Zw(") ®ad] b,
n>0

where o™ = a)(O”).

6. Absolute elliptic KZB connections

6.1. Bar construction relative to a dg-algebra. Let S be a smooth scheme over a field k of characteristic 0.
In this subsection, we consider a variant of the bar construction relative to the dg-algebra €2 := Q% Ik

To lighten the notation, tensor products without subscripts are over Og. If F and G are bimodules over
the (noncommutative) Og-algebra 2, we define

FReG =(FRG/R,

where R is the submodule generated by (f Aw) R g — f ® (Jo A g), with f, g, @ sections of F, G, Q
respectively.

LetC= @n>0 C" be a graded Og-algebra equipped with a k-linear differential d : C — C[1] making it a
commutative dg-algebra over k. Assume that C® = Og and that C contains 2 both as a graded subalgebra
over Og and as a dg-subalgebra over k. The relative bar construction on C is defined as follows. Let
J =D, C" be the kernel of the projection on the component of degree 0 C — O, and set

BG"(C):=(T®), 5,120,
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Here, we also denote local sections of a tensor power J ®em ip “bar notation”:
Q- Qcp=:[c1| - |cnl

With the above notion of tensor product, one can readily check that

n
dy: BG™(C) — BG™ N0, ler] -+ leal— Y (=D e |- | Jeimrldecigr| -+ | eal,

i=1

n—1
dy: B (€)—> BG(0), erl - leal— Y (=D er| - e [ Jcincivalcigal -+ e,
i=1
are well-defined (even though d is only k-linear), so that we obtain a double complex (B (C), di, d>).
The relative bar construction is the associated total complex (Bg,(C), dp).

Remark 6.1. Similarly to the usual bar construction, as an Og-module, Bg (C) is simply the tensor module
Bo(C) = @ j®9",
n>0

with a shift on the grading: deg([c; | -+« | cx]) = Zf’:l(deg(ci) —1).
6.2. Koszul filtration on the relative bar construction. We take
Ci= fiQy,  (ogn ' 2),

with hypotheses and notation as in Section 5.2. The Koszul filtration by O g:-submodules F° > F! > - .-
on Q'Eu y k(log 7~1Z) (see Section 4.2) induces by direct image a filtration by Og-submodules f,F 0>
f«F! > .. onC. Note that each f, FP” is actually a Q-submodule of C. Let F*.7 be the induced filtration

on J C C, so that
s
f«FP, p=>1.
This induces a filtration on B (C):

FPBo(O)=@) Y. im(F"JI®q-- ®qF"J — J®M.

n>1 pi1+-+pp=p
In what follows, let A = f*Q'ED/S(IOgJT_IZ) and 7 = @nz] A" (see Section 5.1). By Proposition 4.6,
we have j/Flj =7. Let
B (C) — B(A)

be the natural map induced by the quotient map J — Z.
Lemma 6.2. The sequence

0 —— F'Bq(C) —— Bq(C) —— B(A) —— 0

is exact.
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Proof. By flatness of J, F 17, and Z, we have, for every n > 1, an exact sequence of Og-modules

0 5 @?:1 j®i71 ®F1j®j®n7i , j®n I®" 0.

Since the map J®" — Z®" factors through J7®2" — T®" we obtain an exact sequence of Og-modules

0 —— @, T% 1 @q F17 ®q J®~ J®an 7% .
This proves that the sequence in the statement is an exact sequence of Og-modules. ]
Let
oni 1297 @ (QIIOD ®I® = Q1@ I®"
be the “Koszul sign rule” isomorphism given by
lar] - laimlo®a|aivt | -+ lan] — (D)o@ [Jar | -~ [Jai—1la;| - |anl.
Lemma 6.3. Forn > 1land 1 <i <n, let
i T @ F 707" — Q110 1®"

be the projection given by F'7 — F'\7/F*7 = Q'[11® A — Q![1]1® T (see Proposition 4.6) on the
i-th factor and by J — J/F'J =T on the other factors, composed with o, ;. Then:

(i) The sum
n
=) mi PI¥ T eF'7es” T — QeI
I<i<n i=1
factors through an Og-linear map
n
T Y im(IT® @ F1T @0 79— 799 — Q1@ 1%,

i=1

(ii) The induced Og-linear map
m: F'Bo(C) — Q'[11® B(A) = Q' ® B(A)[-1]
is a morphism of complexes over k.

Proof. For clarity, we only give details for the case n = 2; the general case is similar.
To prove (i), we first remark that, from the flatness of F 17 F,and J /F 17~ 7, we obtain an exact
sequence

0 — (F17)®? — (FIlIQT)®(JTQF'\J) — J%?,

where the injection is given by x — (x, —x). Fori =1, 2, we have Jrz,,-((F]J)‘m) = 0, since there is
always a projection 7 — J/F!7 in one of the factors. This shows that 1, factors through

1 im(FlI® N O JTRF' T) — T =F'y T+ TQF'J — Q110 7%%
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We are left to show that m, factors through the image of F 'l 7T+ T QF'J in J®22 By definition,
the kernel of 782 — J®22 jg generated by sections of the form

x=(CIAN0)Qcr—c1Q (Jw Acp),

with ¢y, ¢; sections of 7 and w a section of 2" with n > 1. Every such element is in F 17T +JTQF' 7,
so we only need to prove that 5 (x) = 0. Using that Q' = /A\'Q!, we can reduce to the case where w is a
section of Q': if w = &’ A @”, then we can write

x=((1 "NHADN)VRcr — (1 AN )R (J" Aeo) + (1 AR (Jo" Aer) —c1 @ (Jo' A (Jw" A ).
Finally, assuming that w is a section of Q' we have x = (c] Aw) ® c2 +¢1 ® (w A ¢3), so that
m(x) =m,1((c1 Aw) @ c2) +m22(c1 ® (WA €2))
=mi1((@AJc) ®cr) +m22(c1 @ (wAc2))

=0 (Jc1®c)—w®(Jcr®cy) =0.
This ends the proof of (i).
To prove (ii), we simply compute

dp(lonci|ca| - - |ep) =—[doAnci—wnder|ca| - |cpl
—Y Do der| - [Jeiildei || -+ e
i=2
—Z(—l)i_l[w/\fcﬂ [ Jeizi | Jei Acigr | ciga ] - | enl
i=l1
Thus,
m(dp([wAci|ca| - |en])) ==(1d®dp)(ma([w Actea| -+ |enl)).

This finishes the proof, since every section of F!'Bgq(C) is a combination of sections of the form
[wAci]ea] -+ el U

6.3. Gauss—Manin connection on the fundamental Hopf algebra. Consider the splitting

0 Q! S 0,

induced by the canonical lift of Kronecker differentials, as in Section 4. Locally,

Vi—> D, a);'f)|—>d)ff), n>0, PeZ(S).

It induces a splitting ;

N
0 —— F'BY() — BY(C) —— B°(4) —— 0.

given by

slair| -+ laxl=lai | --- |anl.

Lemma 6.4. If £ is a section of H*(B(A)), then dp o s(§) € F'BL(C).
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Proof. This follows immediately from the commutative diagram with exact rows

s
VRS

0 —— F'BY(C) —— BY(C) —— B(A4A) —— 0
1 oo
0 —— F!BL(C) —— BL(C) —— B'(A) —— 0
given by Lemma 6.2. |

Thus, we can define a k-linear map
§:H(B(A) — Q'@ B°A), 8§=-modgos.
Lemma 6.5. The image of § is contained in Q' @ HY(B(A)).

Proof. By definition, (id ®dp) 0§ = —(id®dp) o m o dp o s. Then, using that 7 is a morphism of
k-complexes (part (ii) of Lemma 6.3), we get —(id ®dp)om odpos =modgodgos =0. O

In the notation of Definition 5.6, we obtain a k-linear map
8:HEss,z —> Q_lg/k Q@ HE/s,z
Theorem 6.6. The above-defined map § is an integrable k-connection on the Os-module H s 7. Moreover:

(1) The connection § preserves the length filtration.

(i1) For every n > 1, the induced connection on L,Hg/s.7/L,—1HE;s z gets identified with the n-th
tensor power of the Gauss—Manin connection on Hle((E \ Z)/S) under the isomorphism (24). In

particular, § is regular singular at infinity.

(iii) The deconcatenation coproduct A and the antipode o are horizontal for §, namely,
(d®A)od=(0®Rid+1d®RS)o A, dooc =((dR®0o)o4.

(iv) The formation of 8 is compatible with base change of the form S' — S, where S’ is a smooth k-scheme,

and with extension of scalars k C k'.
Proof. To show that § is a connection, let y = ) j [c{ [ <] c,],.j] be a section of Bg (C) such that dgy
lies in F!BL(C). For a section r of Og, we have

dg(ry) =y dglrc]| -+ |c) == ldrAnc]| - |c]1+rdpy.
j J

In particular, dg(ry) is also a section of F 1Bgl2 (C), and

wodp(ry)=—dr®@y +rmodp(y),
where 7 denotes the image of y in B%(A). If y = s(&) for some section & of Hess,z = HY(B(A)), this

shows that
S(ré&)=dr®&+ré).

Thus, § is a k-connection.
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Note that the definition of § only involves the canonical splitting s, which is compatible with base
change, and natural operations on the bar construction. Therefore, (iv) follows from Corollary 5.10. The
compatibility with base change immediately implies the integrability of 8, since the moduli stack of
elliptic curves is a 1-dimensional smooth Deligne-Mumford stack, and every connection on a smooth
curve is integrable.

Properties (i) and (iii) are straightforward to verify. We are left to prove (ii). Recall that, by Katz
and Oda’s construction [1968], the Gauss—Manin connection V on Hle((E \ Z)/S) can be explicitly
described as follows. Under the isomorphism

HR(E\Z)/S) = H'(A) =ker(d : A' — A?)

of Proposition 2.7 (see Section 3.3), for a cohomology class given by a closed differential form w in A,
let @’ be any lift of w to an absolute differential form in C!; then

n
Vo =do' mod f,F? = Z a; ® w; (27)
i=1

for unique «; in Q' and w; in A' closed (see Proposition 4.6).

Now, given [w1 | -+ | w,] in H'(A)®" let £ be a section of L, HE;s,z mapping to w| ® - - - ® w, under
the isomorphism (24). Since Hp/s,z C BY%(A) = T¢Al, we can write E=&,+&,14+ -+ &), where
each §; is of pure length i, and §, = [w | - - - | w,]. We have

n
(—dpos)(&) = Z [@1] - |d@;| --- | ®,] + lower length.

i=1
Then, since each @; is a lift of w; to an absolute differential in C!, it follows from (27) and from the
definition of 7 that

8(8) =V (w1 | --- | w,]) +lower length.

The last statement of (ii) follows from the regularity at infinity of the Gauss—Manin connection [Deligne
1970, 11, §7] and from the fact that regularity is preserved by extensions [loc. cit., I, Proposition 4.6(i)]. [

6.4. Lifting the relative elliptic KZB connection. The absolute elliptic KZB connection will be given by
combining the relative connection Vg: g 7 (Definition 5.13) with the dual of §:

87 HYz/s,z - QlS/k ®H%/s,z-
For this, let
Wgiys,7z = (s ®id) (w5 7) € T'(S, f*Q}w/k(logn_lz) ®Hé/s,z)

be the canonical lift of the KZB form, and let it act on H}, /5.7 Dy left multiplication.

Definition 6.7. The absolute elliptic KZB connection of E/S/k punctured at Z is the k-connection

Vesiez s S MErs 7 — Q}En/k(log n'Z)® " Herszo Veysz = 178" +dpys 2.
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Proposition 6.8. The formation of Vg ,si, 7 is compatible with every base change of the form S' — S,
where S’ is a smooth k-scheme, and with extension of scalars k C k'.

Proof. This follows immediately from Proposition 5.14 and Theorem 6.6. ]
To prove integrability, consider the following lemma.

Lemma 6.9. Let A be a k-algebra (not necessarily commutative) and (2, d, N\) be a dg-algebra over k.
Let g € Q' @ Dery(A) and o € Q' @ A. We identify A as a subspace of Endy(A) by left multiplication.
Then, the following equation holds in Q> ® Endg(A):

dlp+a)+(@+a)n(p+ta)=do+eAp)+datana)+ela),
where ¢(a) is the element of 2> ® A given by “evaluating” ¢ at a.

Proof. It suffices to prove that ¢ A« 4+ o A ¢ = ¢(a). Since this equation is linear in ¢ and in «, we can
assume that ¢ = w ® 0 and @ = n ® a. Then,
PANAFoaANPp=wAN®@Boa)+nNAw® (aod)
=wAnN®@Boa—aocd)=wAnQadla) =e(x),
where we used that d is a derivation in the penultimate equality above. (I

Theorem 6.10. The k-connection Vgt sy 7 is integrable.

Proof. We may work locally over S and assume that R! p,Op is trivial. Moreover, by Proposition 6.8,
we can also assume that dim S = 1 (see the proof of Theorem 6.6). Then, with notation as in (16) and
Section 5.3, we identify

k{a,b,cp: P € Z(S))

Hys7=0s®A, A=
/ <ZP€Z(S) cp— [a’b]>

and we write

8V=d+®, ®eT (S, Q) ®Endi(A),
so that Vg: g/x 7 is a k-connection on O ® A, given by
Veiysikz=d+ P+ dprs 7

Since the multiplication in H} /5.7 is given by the dual of the deconcatenation coproduct A, it follows
from Theorem 6.6 that ® € I'(S, Q}Q / ) ® Dery(A). Moreover, since §" is integrable, we conclude from
Lemma 6.9 that the integrability of V:/g/; 7 is equivalent to the equation

dCT)En/S,Z-FCT)Et/S’Z /\CA(‘)EJ/S’Z'FCD(CT)ED/S’Z):O. (28)

Recall from Section 5.3 that & is the element of I'(S, Hg/s,7) RAXTI(S, Hes,z ® ’H%/sz) corre-
sponding to the antipode o of Hg/s,z, and that wg: /5 ; = (pr; ® id)(6). Since left multiplication by &
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defines a (completed) H g /s, z-comodule structure on 7—[% /8,2 it follows from Proposition 5.5 that

G = Z wEsys.z | -+ |®Eys. 2]

n>0

length n

Since o : HEg/s,z — HEys,z is horizontal for the connection § by Theorem 6.6, and since & V' is defined as
the dual of §, we have

B ®id+id®sY)(6) =0. (29)
On the one hand, using the definition of § = —m odp o5, we get
n i-th position
($®id)(0) = Z Z(ﬂ Qid)([@pi/5,7 | -+ | dOpsys 7+ @p1)5 7 N@Erys,7 | -+ |0p1/s 7])-

nzli=l length n

On the other hand, using that ® has coefficients in k-derivations of A, we obtain

i-th position

n
. ~ f_'/\ﬁ
(d®8)(6) =Y Y lwpysz| -+ | P@pysz) | -+ |opys 7]
nzl i=1 length n

Thus, (29) is equivalent to
(7T ® id)(dCT)Et/S’Z + CT)E”/S,Z AN (Z)EH/S,Z + CD(CT)Et/S,Z)) =0.
To conclude, we simply remark that the hypothesis dim § = 1 implies that F2.7 = f,F> =0, so that 7 is
injective on F 17 = £, F! (see Proposition 4.6), which yields (28). U
7. Analytic formulae

7.1. Kronecker differentials. Let E be an elliptic curve over C and let T € § be such that E** =C/(Z+t72),
so that H|(E*™", Z) = Z + tZ. Consider the basis (w, n) of Hle(E/CD) given by

w=dz, n=(p:(2)+Ga(1))dz, (30)

where . (z) = 7724 Z:n’n((z —m —nt)"% — (m+nt)~?) is the Weierstrass g-function associated to
the lattice Z+tZ, and Go(7) =), Z;n (m +nt)~2 is the Eisenstein series of weight 2 and level 1. It
follows from Example 2.2 and [Katz 1973, Lemma A1.3.9] that

E*™~C2/L,, L,={(m+nt,27in) € C*:m,neZ). (31)

If z, w denote the coordinates on C2, then the basis (w, 1) of H d]R (E /C) corresponds under the isomorphism
(6) to the basis

0® = dz, v:=dw

of I'(E", Q}WC).
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Proposition 7.1. Let
F.(z,x):= w’
07 (2)0: (x)
where
0.(z) = Z(_l)nq%(n+%)262ni(n+%)z’ g= esz,
neZ

denotes Jacobi’s odd theta function. Consider the functions (pgl) (z, w) defined by the generating series
e Fr(z,x) =) o (2, w)x"
n>0

Then the Kronecker differentials associated to v = dw (Theorem 3.3) are given by
o™ = (pi”)(z, w)dz, n>0.
Proof. 1t follows from the transformation property

Fo(z4+m+nt,x)=e " F.(z,x) (32)

of the Kronecker function (see [Levin and Racinet 2007, equations (10) and (11)]) that ¢§")(z, w) dz are

well-defined 1-forms on E* with logarithmic poles along the divisor 7 ~' O (which is explicitly given by
the equation z = 0 under (31)). A straightforward computation shows that they satisfy properties (i), (ii),
and (iii) of Theorem 3.3. By uniqueness, we conclude that o™ = <p§")(z, w)dz. U

Corollary 7.2. Let P € E(C) be a torsion point represented by o + Bt, for some a, B € Q, under
E™ =ZC/(Z+ tZ). Then, for every n > 0,

a)g’) = (pi”)(z —a—Bt,w—2mip)dz.
Proof. It suffices to use (15) and to note that P* € E*(C) is represented by (o 4 A7, 2mif) under (31). O
7.2. Analytic canonical lifts. We work in the category of complex analytic spaces. Let p : £ — §) be

the universal framed elliptic curve over the upper half-plane ), with fibre at T € §) given by p~! (1) =
C/(Z +1Z) =: &, and let £° be its universal vector extension. Explicitly, we can write

£ = (C*x H)/L,

where L — §) is the “relative lattice” with fibre at T € ) given by L, as in (31). We denote by f : 5% -9
the structure map, and by 7 : Sg — &g the projection, which in this case is induced by (z, w) — z. Note
that the divisor 7' O is given by z = 0, and the identity section e € 8% ($) is given by z = w =0.
In Section 7.1, we have described the differentials
v=dw, o9 =dz, oV =9V wydz ..., (33)
1

Es°/9
to “absolute differentials” on 8%, i.e., global sections of f; ngﬁn (log w~'0). As our algebraic results do

which we now regard as global sections of f,2 (logw~10). Next, we describe their canonical lifts
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not immediately apply to the analytic category due to the failure of GAGA (see Remark 2.4), we shall first
define these canonical lifts by explicit formulas, and then characterise them via uniqueness statements

which mimic their algebraic counterparts. Set

dt

i

Proposition 7.3. The above formulas yield well-defined absolute 1-forms v, ®® e I'(€ 1 Q (lsﬁﬂ) lifting

the relative 1-forms v, »© e F(é’;, Qégm). Moreover, we have

bi=dw, &Y :=dz—w

o0 = e*p =0, (34)
46O — % A, db=0, (35)

and these properties characterise v, ®© uniquely among lifts of v, 0.
Proof. For the first claim, it suffices to check that the above formulas for ¥ and ®© are invariant under
the action of the lattice L. For instance

diz+m+nt) — (w+2nin)2d—7_:i =dz—w2—m_.

Equations (34) and (35) are straightforward from the explicit formulas. The last claim follows from the
following fact: if y is a global section of SZISu of the form

y=fGw.ndt, fel(E Og).
satisfying
0=¢*y = f(0,0,7)dt
and
O0=dy= %(Z, w,T)dzANdT + ﬂ(z, w, T)dw AdT
0z Jw
then y = 0. U

Remark 7.4. Note that (0, v) corresponds to the frame (w, n) = (dz, (- (z) + G2(7)) dz) of the
analytic de Rham cohomology H(}R (€5/9). The Gauss—Manin connection in this frame is given by (see
[Katz 1973, Section Al])
dt
Vo=—- Vn =
w=,-®n Vn=0,

so that (35) are the analytic versions of (18).

Define lifts of ™ (n > 1) to absolute logarithmic 1-forms by

id

oM = (pi")(z, w)(dz —ws

(n+1) dt
) +ne " (z, w)zm,,

where ¢§’”(z , w) is as in Proposition 7.1.
Proposition 7.5. For every n > 1, the above formula yields a well-defined absolute logarithmic 1-form

o™ e F(Eu), Q}g% (log =1 0)) which lifts the relative logarithmic 1-form w"™. Moreover, we have

S AT ABO = n% AT ABHD (36)
l

and this property characterises @™ uniquely among lifts of w™.
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Proof. The first claim follows from Proposition 7.3 and (32). Equation (36) follows immediately from the
explicit formulas. To show that it characterises @ uniquely among lifts of w™), we let

"' =" + fuew, AT, fuzow, 1) €T(E O),
be other lifts of ™ satisfying (36). Then
@™ + fulz, w, ) dt) AT AGD = nzdn ADA @Y + £z, w, T) dT)

if and only if
fu(z,w, T)dt Adw Adz =0
so that f, =0 for every n > 1. 0

As an application, we can use the above uniqueness statements to prove an algebraicity result.

Proposition 7.6. Consider the pullback diagram
14

(C/‘y) _— Eﬂn

l 0 l 37)
‘6 . 3 San
where
e § = SpecClg, g3, (gg — 27g§)*1], and E /S is the universal Weierstrass elliptic curve given by the
equation y*z = 4x3 — gox7> — g3,
o the map s : $ — S* is given by s(t) = (g2(7), g3(t)), where g2(t) = 60 Z;"n(m +nt)"* and
g3(r) =140 (m+n1)~",

o the map  : Eq — E™ is given on each fibre by
(pr(2) 17 (2) 2 D), [2] #0,
&, =C/(Z+17) = E* ., — T
Tﬁr T /( ) (1) [z] {(0: 1:0). [z] =
Consider the frame (wag, Nalg) = (dx/y, x dx/y) of the algebraic de Rham cohomology Hle(E/S), and
let wjj) € T(E%, Q). ((logw~'0)) and &y € T(E*, Q.
Kronecker differentials and their canonical lifts (see Remark 3.2). Then,

(logm~'0)) (n > 1) be the corresponding

W* E(ng) w(n), W* (n) o™

for everyn > 1.

Proof Let (a)alg, b /s corresponding to (walg, Nalg). Since the frame (w©, v) of

[ 2 gﬁ /) corresponds to (w, 1), which is given by the formula (30), we obtain

valg) be the frame of f,2

Vi 2(1?; _dZ=(1)(O)’ w*valgzdw—Gz dz = U—Gza)(o)

It follows from Remark 3.4 and from the uniqueness part of Theorem 3.3 that w*a)gg and 0™ agree in

every fibre of f : 5% — §), so that

) _ ,m
w* a]g

for every n > 1.
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Let (o;j)1<i, j<2 be the matrix of the Gauss—-Manin connection V on H, le(E /$) in the frame (wag, Naig).

so that
VC‘)alg =11 Q@ walg + ¥21 & Nalg,

Valg = @12 @ Walg + 022 @ Nalg.

It follows from Remark 7.4 that the Gauss—Manin connection V on H lR (Ey /%) satisfies

% a' dt d %
VW Wylg = Vo = ‘ ® 271 ®(¢’ nalg‘i‘GZV/ a)alg) - G2_®¢’ walg+ t@d’ Nalg,
% dt dt dt
vy 77alg:V(ﬂ—sz):—dGz(X)a)—Gzﬁ@ﬁ: (~dG2-G3 55 )@V wug— gt @ .

Since the formation of the Gauss—Manin connection commutes with base change, we conclude from the

2dt
s*ay s*ar _ GZ 27i —dGs — GZ 2mi
s*aa s*ax dr —Gri

2mi

above equations that

Then, using the equations of Example 4.3, one can check that

- d ~ Y D
A @) = 5 = AP Tag+ G20 "), d(Y T+ G26”) = 0

and we conclude from Proposition 7.3 that

Vrag =0 ¥l =76

By pulling back the defining equation for cb;g in Theorem 4.7, we obtain

w* .((52 A (U - Gza)(o)) A a)(o) — I’l; A (\) _ sz(O)) A w* (n-l,-])

(note that f, 72 = 0 since §) is 1-dimensional). Clearly,

/) ;’fg) AD =GN A = W*w("g) ADADQ,

Since ¥ * @, +1) differs from @"+1 by an element of I' (£}, 05” ydt and @© A@"+D is a multiple of dt,

we obtain

dt 0 ~(n+1) _ df ~ (n+1)
o= A0 =G ) Ay i = ng = AB Ay
Thus, by Proposition 7.5, we conclude that ¥ *@, (") =™ for every n > 1. ]

Let P € £x($) be a torsion section. Then, there are ¢, 8 € (2 such that P(t) is represented by « + Bt
under &; = C/(Z + tZ) for every t € §. The next result gives the canonical lift of a)SD ) defined in
Corollary 7.2.

Corollary 7.7. Set

cbg’) — goi")(z — Bt,w —2mip) (dz — w2d_> —{—nq)(n—i—l)(z —a—fBt,w— 2711'/3)%.
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Let T be an S-scheme and assume that the diagram (37) factors as

14
55'3 i E%n Ean
| o | o |
y) Tan gan

Let Pyg € ET(T) be a torsion section and (I)gg Pag be the corresponding Kronecker differentials on E1

with logarithmic singularities along 7w~ Pyg. If P = t* Pyg, then ‘/’1*5’;12, Pug = cbff).

Proof. The unique lift to a torsion section Ple 5% ($) is such that P%(7) is represented by (« + Bt, 2wif)
under &7 = €2 /L. for every T € §). One can check that @ and ¥ are invariant under translation by — P*
(see Lemma 4.5), so that d)gf) =t* ch7)<”). Then, the statement follows immediately from (22) and from

the previous theorem. O

7.3. Level-N elliptic KZB connection. Let N > 1 be an integer and denote by I'y := Eg[N]($) the
group of N-torsion sections of p : &y — $. Note that T'y = (N~12)2/7>
Consider the completed Hopf algebra over Og given by
Ogfa,b,cp: P €l'y)
.AN = .
(ZPEFN cp—|a, b])
If E is an (algebraic) complex elliptic curve such that E*" = £, then it follows from the discussion in

Section 5.3 that the fibre of Ay at T is isomorphic to the dual of the fundamental Hopf algebra of £/C
punctured at Z = E[N]:

AN’-L- g HE/C,E[N]'
Then, the relative elliptic KZB connection is given by

VN ff Ay — Qe (ogmTIESIND & f* Ay, Vv =d+o,
5]
where
wN :—v®a—a)(0)®b—2 Z a)gl)®adg_10p,
n>1 Pel'y

with v, @, and a)gl) as in the above paragraphs. If P(7) is represented by o + B, let us define

kp(z, w, x) 1= WO (7 — 0 — B, x) — %

the dependence on t being omitted in the notation for simplicity. Then, it follows from the results of
Section 7.1 that we can rewrite

oy =—dw®a—dz® (b—i— Z kp(z, w, ada)CP)-
PEFN
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According to Section 6.4, the relative connection Vy lifts to an absolute elliptic KZB connection,

which we shall denote more simply as
VN s [T Ay — Q logm EgIND & f7 Aw,
and which is an integrable connection explicitly given by (see the proof of Theorem 6.10)
Vy =d+ oy + Dy,

where @y is the canonical lift of the KZB form wy, and ®p is the matrix of the dual Gauss—Manin

connection 8" (see Section 6.3). Next, we determine Vy explicitly.

Lemma 7.8. For every P € I'y, set

gpr(z, w, x) = %kp(z, w, x) —wkp(z, w, x).
We have
d
v=—dw®a—dzQ® (b+ > kp(zow, ada)cP> — 2—; ® (—wb—i— > erGzow, ada)cP).
PEFN PEFN
Proof. By definition,
in=-710a—00@b-) " of @adi ' cp

n>1 Pel'y

We put together the explicit expressions for the canonical lifts: 7 = dw, @ = dz — w2 —» and, by
Corollary 7.7,

Z~(n) n—1 Z¢(n>(z_a_ﬂf,w—2niﬁ)x”*1dz

n>1
+3 (191D (—a— P, w—2miB)x" —wp (z—a—pr, w—2rif)x"")

n>1

dz.
2

dt
= —. O
kp(z,w,x)dz+gp(z, w, x)2m'
For Q € I'y, let us define A,, o(7) by the generating series

2-0(0,0,x) =k 5(0,0,x) =Y A o(r)x",

m=>0
where k’_Q(z, w, x) =(0/90x)k_g(z, w, x). When Q = O, we have
9 (8 1
80(0,0,1) = - (L 10g0, (1) + 5 = (e (1) — 55) = D@k = DG,
k>2

so that A,, o are level-1 Eisenstein series. For general Q, the functions A,, ¢ are Eisenstein series of
level N; see [Hopper 2024, Proposition 10.1].



Elliptic KZB connections via universal vector extensions 1415

Theorem 7.9. We have

¢N=_%®( iy ZAm,Q(ﬂam,Q),

Qell'y m>0
where
Smo= Y O [(—adep,adicp ol + 3 lep,ad) cpg+(—ady)" cp+Q]—
i,jz0 Pely PeTy

i+j=m—1
The proof is based on the following lemma.

Lemma 7.10. Let Ay = C{a,b,cp: P € FN))/<ZP€1~N cp—la, b]), so that Ay = Og ® Ay, and let
v el'(%, Q}J) ® Derc(An). The following are equivalent:

(i) The connection d + @y + WV is integrable.

(ii) doy + oy Aoy +¥(oy) =0.
(i) ¥ = dy.
Proof. The equivalence between (i) and (ii) follows immediately from Lemma 6.9. Since Vy =d+adny+ Dy

is integrable, (ii) is equivalent to
V(dn) = Py(wn). (38)

To finish, it is enough to verify that (38) implies (iii). Let us write &y = —% ®dy and ¥ = 2m ® D.
Then, (38) is equivalent to

dt dt Ao©® d ~(n) 1.
5 AT ®Da+2 N ®Db+ZZ 3 ® Dad!~

27
n>1 Pel'y
=%Au®aNa+2"—Aw<o>®aNb+Z Z AW ®@dyad " ep.  (39)
n>1 PeI‘N

Since J J J

at 5 4t =0 LA -

27_”_/\, 2m_/\a) , 7_”/\ p, Pely, n>1,
trivialise F1? = f*QL@Q; /ﬁ(logn_lé}j[N]) (see (20)), it follows from (39) that Da =0dya, Db=0dyb,
and Dcp = dycp for all P eFN;thus U =0oy. O

Proof of Theorem 7.9. The proof is a long computation; we merely indicate the main steps. Let

_drt d 1
o= _?®D D := (b%-i-i Z ZAm,Q(T)Sm,Q)‘

Qel'y m>0

By Lemma 7.10, it suffices to prove that
dioy +oy Aoy +VY(oy) =0
It follows from the “mixed heat equation” [Brown and Levin 2011, Proposition 5(ii)] that

.0 0
Zﬂlakp(z, w,x) = a—ZgP(z, w, Xx),
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so that
N 0 dt 0
doy = —dw/\dz®< Z %kp(z, w, ada)c*p) —dw/\ﬁ@) (—b+ Z %gp(Z, w, ada)CP>
Pel'y Pel'y
=—dwAdz® (ada b+ > adkp(z, w, ada)CP)
Pel'y d
T
—dw A 307 ® (—b —wad, b+ Z ad, gp(z, w, ada)CP>, (40)

Pel'y
where in the last equality we used the equations

D kpcow, 1) =xkp(@ w, )+ 1, egp(zw,x) =xgp(z, w,x)—w, Y cp=ad,b.

ow 0x
PGFN
Now, we have

oN ANONy =dwAdzZ® (ada b+ Z ad, kp(z, w, ada)cP)

d Pely

+dw/\—T.® <—w ad, b+ Z ad, gP(Z»UJ,ada)CP>
2mi
d-L- PEFN
+dz/\ﬁ®[b+ Z kp(z, w,ad,)cp, —wb + Z gQ(z,w,ada)cQ]. 41)
Pel'y QEFN

By putting (40) and (41) together, we get
d

doy +oy Aoy = __‘L’. Adw @b
2mi

dt
—5 ANdz ® [b—i— E kp(z, w,ad,)cp, —wb + E go(z, w, ada)ch|. (42)
Pely Qel'y

We borrow the following notation from [Levin and Racinet 2007]: for f(x, y) =}, =0 fi, xiyl e
Clx,ylland t,r,s € Ay, we set

Fe I sle= Y fijladir ad! s].
i,j>0
Note that

Je e, sle =—=f @, 0)ls, 1. (43)

To finish the proof, we are left to show that the right-hand side of (42) is equal to —W (@y), or equivalently
that

D(b+ Z kp(z, w, ada)cP> = |:b+ Z kp(z,w,ad,)cp, —wb + Z 8oz, w, ada)cQ]

Pel'y PEFN QEFN

1
=ady ) kp@woadaer+5 Y frobuylecg.cplla.  (44)
Pely P,Qely

where k', (z, w, x) = %kp(z, w, x) and

fP,Q(x’ }7) = kQ(Z’ w, x)k/P(Z’ w, y) _kP(Z’ w, y)k/Q(Z’ w, X).
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We now compute the left-hand side of (44). Using the symmetry g_o(0, 0, x) = g0 (0, 0, —x), we get
by direct computation

—_0(0,0,y)—20_p(0,0,
D(b):% Z gr—o y) —8o—p( x)

co.cpla.
X—I-y [[Q P]]a

P,Qely
Applications of [Levin and Racinet 2007, Lemma 3.1.4] and (43) show that

1
D( > ke(z, w,ada>cp> =ady ) kp.w.addep+5 Y oG yleg. cpla.

Pely Pely P,Qelly
where
kp(z,w,x+y) —kp(z,w,y) —xkp(z, w, y)
hpo(x,y) = 2
B ko(z,w,x +y)—ko(z, w, x) — yk/Q(z, w, X)
2
y

+ko(z, w,x+y)gp—0(0,0,y) —kp(z, w,x +y)go-p(0,0, x).
Thus, to establish (44), it suffices to prove that, for every P, Q € I'y, we have

gp-0(0,0,y) —go-p(0,0,x)
x+y

frox,y)—hpo(x,y) — 0,

which is equivalent to

1 1 1 1
K 0,0, v)—— || ko(z, w, — -l % 0,0, x)—— || kp(z, w, —_—
( p_0(0.0, ) yz)( 0z w x+y)+x+y) ( o—p(0.0,x) xz)( Pz w x+y>+x+y)

1 1 1 1
+(k/Q(2, w, X)-;) (kP(Z, w, y)+;)_(k/13(27 w, y)—;) (kQ(z, w, x)—i—)—C) =0.

This, in turn, follows immediately from the formula [Brown and Levin 2011, equation (3.3)] in the case
P = Q, and from the Fay identity [Brown and Levin 2011, Proposition 5(iii)] in the case P # Q. U

Appendix: Unipotent connections and Tannakian theory
We fix a base field k of characteristic 0, which will be implicit throughout this appendix.

Al. Unipotent connections. Let X be a smooth k-scheme and D be a normal crossings divisor in X.
Recall that a vector bundle with integrable connection over X with logarithmic singularities along D
is a pair (£, V), where £ is a vector bundle over X and V : £ — Qﬁf /x(og D) ®oy € is an integrable
logarithmic k-connection on £. A morphism (£, V) — (€', V') is a horizontal Ox-linear map f : & — &/,
meaning that V'o f = (id ® f) o V. We thus obtain a category which we denote by VIC(X, log D). When
D is empty, it is denoted by VIC(X).

Example A.1. If £ = Ox ®; F for some k-vector space F, then we can write V = d 4+ o for a
unique o € I'(X, Q}( / ((log D)) ®; Endy(F). Integrability amounts to the equation dw +w A w =0
in I'(X, Qg(/k(log D)) ®; Endy(F). In general, a frame of a connection (£, V) is an isomorphism
(0%",d+w) = (£, V), and 0 € My, (T' (X, Q% /1 (log D))) is the matrix of V in this frame.
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Recall that the category VIC(X, log D) is k-linear and admits the usual multilinear operations, such
as duals and tensor products. A horizontal section of (£, V) is some s € I'(X, £) satisfying Vs = 0; it
can also be thought as a morphism (Ox, d) — (£, V). In particular, a morphism (£, V) — (£/, V') is the
same as a horizontal section of (£, V)Y ® (£/, V).

Definition A.2. We say that an object (£, V) of VIC(X, log D) is unipotent if it admits a finite filtration
0 = (80’ VO) g (515 vl) g te g (E}’h Vn) = (57 v)

such that, for every 1 <i < n, the quotient (&;, V;)/(&i—1, Vi—1) is isomorphic to (Ox ® F;, d ® id) for
some k-vector space F;. The full subcategory of VIC(X, log D) given by unipotent objects is denoted by
UVIC(X, log D) (or UVIC(X), when D is empty). The smallest n for which such a filtration exists is
the index of unipotency of (£, V).

A2. Local form. In this subsection, we give a local characterisation of unipotent connections.

Lemma A.3. Let A be a commutative k-algebra and Q* — Q% Jk be a subcomplex of k-modules such that
H"'(Q) = H" (2% /4) is an isomorphism and H™ Q) — H'H! (2% /4) is injective C)

for some n > 0. Given w € Q’A/k, the following are equivalent:
(1) dw € Q"1
(2) There exists v € QZ‘?}( such that w +dv € Q".

In practice, we only use this lemma when £2* < € , is a quasi-isomorphism, so that the conditions
(C,) are satisfied for every n > 0.

Proof. Only the direction (1) = (2) is nontrivial. The form dw € Q"*! is closed and defines a cohomology
class in H"1(Q*). As H"T/(Q*) — H”“(Q;‘/k) is injective, and do is exact in €}, ;, it must also
be exact in 2°. Thus, there exists n € Q" such that dn = dw. Since w — 1 € Q’}Uk is closed, it defines
a cohomology class in H"(Q‘A/k). Finally, from the isomorphism H"(2°) = H”(Qk/k), we obtain
NS Q;‘J; such that w — n+dv € Q"; as n € Q”", we conclude that w 4+ dv € Q" O

Theorem A.4. Let X = Spec A be a smooth affine k-scheme, (£, V) be an object of UVIC(X), and
QF — Q% Jk be a subcomplex of k-modules satisfying condition (Cy). Then & is trivial and there exists a
frame

(0", d+w) = (,V)

in which the matrix w is strictly upper triangular and has all of its entries in Q.

Proof. We proceed by induction on the rank n of £. The base case n =1 is trivial, since (£, V) must be
isomorphic to (Oyx, d). Assume that the statement holds in rank < n — 1. By the unipotency of (£, V),
there is an exact sequence

0 —— (€, V) — (£, V) — (Ox,d) — 0,
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where (£, V') is an object of UVIC(X), with &’ of rank n — 1. By the induction hypothesis, £’ is trivial
and admits a frame ¢’ : (O%n Ld+o ) => (&', V| &) in which &' is strictly upper-triangular and has all
of its entries in Q.

As X is affine, there is a splitting

O 8/ g < 3 OX 07

so that & is trivial and admits the frame (¢/, ¢,,) : (02", d + w) => (&, V), in which

@Dln

where w;; = w}; € Q' whenever j < n.

To finish, we explain how to inductively modify e, so that w;, € Q! for all 1 <i < n. Note that
wun =0 € QL. By descending induction in i, assume that wy, € Q' for all i + 1 < k < n. The integrability
equation dw + w A w = 0 at the entry (i, n) means that

n—1

dwi, + Z Wik N Wy = 0.
k=i+1
Since, for every i + 1 <k <n — 1, both w;; and wy, belong to ', we have ZZ;}H wix A wgn € Q% By
Lemma A.3, there exists g € A such that w;, +dg € Q. Thus
i—1 n—1

Vien+ge) =Y (0 + g0ki) @€+ (@in +dg) @€+ Y . wxn D¢
k=1 k=i+1

and we conclude that the matrix @ of V in the frame (¢’, e,, + gelf) satisfies @y, € Q! foralli <k <n. O

A3. Canonical extension. Let X be a smooth k-scheme and D be a normal crossings divisor in X. We
say that an object (£, V) of VIC(X, log D) (resp. VIC(X \ D)) is locally unipotent along D if, for every
x € D, there exists an open neighbourhood V' of x such that the restriction (£, V)|y (resp. (£, V)|y\p)
is unipotent. For simplicity, let us denote the corresponding full subcategories of VIC(X, log D) and
VIC(X \ D) by L and L.

Theorem A.5 (see [Deligne 1970, Proposition 5.2]). If j : X \ D — X denotes the inclusion, then the
restriction functor
j*:Ll —> Ly, (£,V)— (&, v)lX\Ds

is an equivalence of tensor categories.

Proof. Since
Hom((&', V'), (€, V)) = Hom((Ox, d), (', V)Y ® (£, V))
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and since Hom((Ox, d), (£, V)) is canonically isomorphic to I'(X, £ V), where £V denotes the subsheaf
of horizontal sections of £, to show that j*: Ly — L, is fully faithful, it is enough to prove that

[(X, &) — O(X\D,EY), s+ slx\p, (45)

is bijective for every (£, V) in L.

As £ is locally free, the injectivity of (45) follows from the fact that D is locally defined by a torsion-
free section of Ox. Granted the injectivity, we can prove the surjectivity of (45) locally. We can thus
assume that (£, V) admits a frame e : (O;‘?", d 4+ w) = (£, V) in which w is strictly upper triangular
(Theorem A.4). We must prove that a horizontal section s € I'(X \ D, £Y) extends to X. By writing
s = Z?:l siQej, withs; e (X \ D, Ox), we get

n n
0=V(s) = Z(dsi + Z sja),-j) Re;.
i=1 j=i+1
Since ds, =0, s, extends to X. By descending induction on i, it follows from the above equation that d's;
has at most logarithmic singularities along D, so that s; extends to X for every 1 <i < n. This finishes
the proof that (45) is bijective.

We are left to prove that j* : L} — L, is essentially surjective; we use that it is fully faithful to
reduce it to a local statement. We can thus assume that X is affine and that (£, V) is in UVIC(X \ D).
Since we are in characteristic 0, the injection 5 / r(log D) — .2} X\D)/k is a quasi-isomorphism (see
[Deligne 1970, Corollaire 3.14, Remarque 3.16]), so that we can apply Theorem A.4 to find a frame
e: (O3, d+w) => (€, V) in which w;; € T(X, QY (log D)) for every 1 <i, j <n. Then, (0%", d+w)
is an extension of (£, V). O

Given an object (£, V) of L,, the unique object (&, V) of L; such that (&, §)|X\D = (&, V) is called
the canonical extension of (£, V). This yields a quasi-inverse to the restriction j* : L1 — L,, which can
be checked to be additive, exact, and tensor.

Corollary A.6. With the above notation, the restriction functor
UVIC(X, log D) — UVIC(X\ D), (&,V)+— (&, V)|x\p, (46)
is an equivalence of tensor categories.

Proof. Since UVIC(X, log D) (resp. UVIC(X \ D)) is a full subcategory of L; (resp. L;), it follows
immediately from Theorem A.5 that (46) is fully faithful. To see that it is essentially surjective, we must
check that, for any object (£, V) of UVIC(X \ D), its canonical extension (&, V) is in UVIC(X, log D).
If (£,V) = (Ox\p ® F, d ®1id) for some k-vector space F, then it follows from the uniqueness of the
canonical extension that (£, V) = (Ox ® F, d ® id). Since the canonical extension functor is exact, the
general case follows by induction on the index of unipotency of (£, V). U

A4. Al-invariance. By an affine bundle we mean a morphism of k-schemes ¥ — X which is, locally

over X, of the form A}] — U.
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Theorem A.7. If X is a smooth k-scheme and 7w : Y — X is an affine bundle, then the pullback functor
7% : UVIC(X) — UVIC(Y), (&,V)r— (&, 7*V),
is an equivalence of tensor categories.

Proof. By the same initial argument of the proof of Theorem A.5, to verify that 7 * is fully faithful, it is
enough to check that, for every object (£, V) of UVIC(X), the pullback map on horizontal sections

[(X,&Y) — (Y, (@)™ Y) (47)
is bijective.

The injectivity of (47) immediately follows from the faithful flatness of 7. As in Theorem A.5, granted
the injectivity, we can reduce the proof of surjectivity to a local statement. Thus, we can assume that
X = Spec B is affine, and that ¥ = A%}. By induction on m, we can further assume that m = 1, so that
Y = Spec A, with A = B[t]. Set M =TI'(X, £); the map (47) then becomes the inclusion of k-vector
spaces

MY — M"Y,

An element of M[¢] is of the form g = ano x,t" for some x,, € M. If g is horizontal for 7*V, then

0=7n*V(q) = Zt”V(xn) + Zdt Qnt" 'x,,
n>0 nz=1
and we must have ), _, dt ® nt"~'x, = 0. Since k is of characteristic 0, we get x,, = 0 for every n > 1.
Thus, g = xq is in the i_mage of (47).

We first prove that 7* : UVIC(X) — UVIC(Y) is essentially surjective locally on X. Let (£, V) be
an object of UVIC(Y). We use the notation from the last paragraph: X = Spec B and Y = Spec A, with
A = B[t]. Since Q% = Q% is a quasi-isomorphism, we can apply Theorem A.4 to find a frame
(0%",d +w) => (£, V) in which  has all of its entries in 2} /- Thus, 7O, d 4+ w) = (£, V).

In general, let (£, V) be an object of UVIC(Y). Since we already know that 7 * is fully faithful, the
above local constructions glue, yielding a (locally unipotent) vector bundle with integrable k-connection
(&', V') on X satisfying 7*(&’, V') = (€, V). We are left to check that (£, V') is unipotent. If (£, V) =
(Ox ® F, d ®1id) for some k-vector space F, then (£/, V') = (Oy ® F, d ® id) by the fully faithfulness
of m* Since 7 is faithfully flat, the pullback 7* is an exact functor, so that the general case follows by
induction on the index of relative unipotency of (£, V). (I

The above statement also admits a logarithmic version. We keep the above notation and let D be a
normal crossings divisor in X.

Theorem A.8. With the above notation, the pullback functor
7* : UVIC(X, log D) — UVIC(Y, logw ™' D), (£,V)+— (n*E, 7*V),

is an equivalence of tensor categories.
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Proof. One can prove it directly, as in the proof of Theorem A.7, or derive it as a corollary of Theorems A.5
and A.7. Indeed, let j : X \ D — X be the inclusion. Then, the diagram of pullback functors

UVIC(X, log D) S AN UVIC(X \ D)

| l

UVIC(Y, logz~'D) —— UVIC(Y \7w~'D)
commutes, so that 7w * is fully faithful and essentially surjective because all other arrows are. O

AS. De Rham fundamental group of a punctured elliptic curve. Recall that, if X is a smooth and
geometrically connected k-scheme, UVIC(X) is a neutral Tannakian category over k (see [Deligne 1989,
§10.26]). Given a fibre functor b : UVIC(X) — Vecty, the unipotent de Rham fundamental group of X at
b is the Tannakian fundamental group

7R (X, b) = Autyic x) (0)-

It is a prounipotent affine group scheme over k.

Let E be an elliptic curve over k, Z C E be a divisor as in Section 3.2, and 7 : E¥ — E be the
canonical projection from the universal vector extension. The following two results can be attributed to
Deligne (see [Enriquez and Etingof 2018]).

Lemma A.9. If V is a unipotent vector bundle over E", then the natural map T'(E®, V) @i Op: — Vis
an isomorphism.

Proof. This follows, as in [Deligne 1989, Proposition 12.3], by an inductive argument on the rank of V,
using that HO(E?, Op:) =k and H'(E", Of:) = Ext! (Og:, Of:) = 0 (Theorem 2.3). O
Proposition A.10. The functor

bean : UVIC(E \ Z) — Vecty, (£,V)—> I'(E?, n*8),
is a fibre functor over k.
Proof. Let UV(E®) be the category of unipotent vector bundles on E". The functor beqy is the composition

% b
UVIC(E \ Z) — UVIC(E, log Z) — % UVIC(E", log 7' Z) —— UV(E®) “L27% Veey,

where the first arrow is the canonical extension and the third arrow is the forgetful functor (V, V) — V.
By Corollary A.6 and Theorem A.8, the first two arrows are k-linear equivalences of tensor categories.
The third is trivially a k-linear tensor faithful functor. Finally, the last arrow is k-linear, tensor, and faithful
by Lemma A.9. (]

Our next goal is to relate the fundamental group J'rf‘R(E \ Z, bcan) with the Hopf algebra Hg i z
constructed in Section 5.2. Let (£, V) be an object of UVIC(E \ Z) and write V := b¢n (€, V). It follows
from Lemma A.9 that

(T*E, T* V)= (Op: @V, d+w)
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for a unique nilpotent (in the sense of Proposition 5.5) w € I'(E", Q! E%) k(log 77'7)) @ End(V) satisfying

dw+w Aw=0. Thus, it defines a H g/, z-comodule structure p = ano[w]" on V. These constructions
are natural, so that we obtain a functor

UVIC(E\ Z) —> Comod(HEg/k,z), (E,V)— (V,p), (48)
extending bcap.

Theorem A.11. The functor (48) is an equivalence of tensor categories over k. In particular, it induces
an isomorphism of affine group schemes over k:

TR(E\ Z, bean) = Spec HE 1. z-

Proof. That (48) is a k-linear equivalence of categories is an immediate consequence of Corollary A.6,
Theorem A.8, and Proposition 5.5. We are left to show that (48) is a tensor functor.

We already know that by, is tensor by Proposition A.10. Now, the tensor structure on the category
Comod(H £k, z) is induced by the shuffle product: given comodules (V, p), (V, p’), the tensor comodule
structure p LI p" on V ® V' is given by

LLI®id
V®V/—> (Hejk,z®@V)Q(HEe/k,z®QV) = HEe/k,zQHE/,2)®(VRV) —>7'lE/k zQ(VReV),

where all of the above tensor products are over k. By Proposition 5.5, if p = Zizo[w]i and p'=)" jzo[a)/]j,
then

pllp =Y o) Wl =) lo®id+id®w']".

i,j>0 n>0
To finish, we simply remark that the tensor structure of UVIC(E®, log w ~' Z) is given by
OpRV,d+0)@ OV ,d+)ZEOpRVEV,d+o®id+id@w). O
Corollary A.12. There is a canonical isomorphism JTlR(E \ Z, bean) = Spec T°H le((E \ 2)/k).
Proof. This is an immediate consequence of Theorems A.11 and 3.9. ]

Note that H . /kZ is a projective limit of finite-dimensional k-vector spaces, and the pullback f*# Y. Kz
is simply the base change Op: ® Hj, ;. ;. Let

Vi z : Of: ®Hg/k,z — Q};t/k(log”_lz) ®H%/k,z’ Viikz =d+ ogt i 7,

be the elliptic KZB connection of E/k punctured at Z constructed in Section 5.3. It is a pro-object of
UVIC(E?, log 7 12). By Theorem A.8, it corresponds to a pro-object (Vkzg, Vkzg) of UVIC(E, log Z).
Note that I'(E®, 7*Vkzg) is the complete Hopf algebra H Y, /k.z» and we denote by 1 € Hj ,  its unit.

Proposition A.13. The provector bundle with logarithmic connection (Vkzs, Vkzg) (resp. its restriction
(VkzB, VkzB)|E\7) satisfies the following universal property: for every triple (V, V, v), where (V, V) is
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an object of UVIC(E, log Z) (resp. UVIC(E \ Z)), and v € T'(E®, 7*V) (resp. v € T (E", 7*V)), there is
a unique horizontal map

¢ : (Vkzs, VkzB) — (V, V) (resp. ¢ : VkzB, VkzB) lE\z —> (V, V)

satisfying ¢ (1) = v.

Proof. 1t suffices to combine Proposition 5.12 with the equivalence of Theorem A.11. O
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Mean values of long Dirichlet polynomials
with divisor coefficients

Fatma Cicek, Alia Hamieh and Nathan Ng

We prove an asymptotic formula for the mean value of long smoothed Dirichlet polynomials with divisor
coefficients. Our result has a main term that includes all lower-order terms and a power saving error term.
This is derived from a more general theorem on mean values of long smoothed Dirichlet polynomials that
was previously established by the second and third authors (Adv. Math. 410:B (2022)). We thus establish
a stronger form of a conjecture of Conrey and Gonek (Duke Math. J. 107:3 (2001), Conjecture 4) in the
case of divisor functions.

1. Introduction

Mean values of Dirichlet polynomials play an important role in analytic number theory. They have
important applications to zero-density estimates, primes in short intervals, gaps between primes and mean
values of L-functions. Although we will describe some elements of the theory, one may consult [Iwaniec
and Kowalski 2004, Chapters 9, 10; Montgomery 1994, Chapter 7] for a comprehensive discussion on
mean values of Dirichlet polynomials.

For a sequence of complex numbers (a(n)), an associated Dirichlet polynomial is a partial sum in
Z a(n)

el

n<kK

the form

By [Montgomery and Vaughan 1974, Corollary 3], this has the approximate behavior

17 .
7‘/O Za(n)n—o'—ll

n<kK
provided that K = O(T). If K = o(T), then < can be replaced by ~ and thus one has an asymptotic

2
dr < Z lan)|>’n™%° as K — oo, )

n<kK

formula.

Hamieh and Ng were supported by the NSERC discovery grants RGPIN-2018-06313 and RGPIN-2020-06032, respectively.

Cicek was supported by a Pacific Institute for the Mathematical Sciences (PIMS) postdoctoral fellowship at the University of

Northern British Columbia. This research was also funded by the PIMS Collaborative Research Group L-functions in Analytic

Number Theory.

MSC2020: primary 11M06, 11M26, 11M41; secondary 11N37, 11N75.

Keywords: Dirichlet polynomials, mean value problems, moments of Riemann zeta function, generalized divisor functions,
additive divisor sums.

© 2025 The Authors, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2025.19-7
https://doi.org/10.2140/ant.2025.19.1427
http://dx.doi.org/10.1016/j.aim.2022.108759
http://dx.doi.org/10.1215/S0012-7094-01-10737-0
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

1428 Fatma Cicek, Alia Hamieh and Nathan Ng

Note that the integral on the left-hand side of (1) is called a mean value of the Dirichlet polynomial.
If K is not O(T), then this integral is referred to as a mean value of a long Dirichlet polynomial and it is
considerably more difficult to evaluate. Observe that when the left-hand side of (1) is expanded out via
the identity |z|> = zZ, one encounters correlation sums in the form

Y amam+r) forrezt, )
n<x
which are viewed as part of the off-diagonal contribution. In this case, the integral in (1) depends, in a
crucial way, on the asymptotic behavior of such correlation sums. Goldston and Gonek [1998] provided
very precise formulae for mean values of this type under some conditions on the behavior of (a(n)).
Indeed, their work can lead to asymptotic formulae for mean values of general Dirichlet polynomials in the
case that T < K < T'!'*7 for some n < 1 if there is square-root cancellation in the error term of their formula
for (2). The reader is referred to Theorems 1-3 and their corollaries in [Goldston and Gonek 1998].
In their work on the sixth and eighth moments of the Riemann zeta function, Conrey and Gonek [2001]
conjectured an asymptotic formula for the mean values of long Dirichlet polynomials when a(n) = t(n)
and K = T with 0 < n < 1. Here for k € N, 1 denotes the k-th divisor function, which is defined as

() =#n,...,n) eN [ ny - -ng=n} forneN.
For example, for k = 2, 7o(n) is the ordinary divisor function d(n).

Conjecture 1.1 [Conrey and Gonek 2001, Conjecture 4]. Let T be sufficiently large and K = T'*" with
n € (0,1). Then

2T i (n) 2 ag log K 2
/r ;{W dtNF(k2+1)wk<10gT>T(10gT) ’
where
_ 1y sz(P“)}
ak_E[{(l L) >
, k-1 2
we(x) = x* {1 =3 (g )= —x—"—l)},
n=0
kN kN n—1 it =2 .
y"(”)zzz(i)(j)(iﬂ—Z)( i ) forneZ* and yi(0) =k.

i=1 j=l1

The case k = 2 of Conjecture 1.1 was established by Bettin and Conrey [2021] for all n > 0. In this
article we prove a stronger form of the conjecture in the same case, but for 0 < n < % and for smoothed
Dirichlet polynomials. To be precise, we obtain all lower-order terms with a power savings error term.
We note that both the error term and the range for n in our theorem below depend directly on bounds for
the error term in the binary additive divisor problem. We discuss this in more detail in Remark 1.4 below.
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Before presenting our result, we need to set some notation. Let (a(n)) and (b(n)) be sequences and ¢ be
some real-valued smooth function. We will specify the properties that ¢ is required to have in Section 2.1.
We define the smoothed Dirichlet polynomials

e} oo
a(n) n b(n) n
Agy(s) =Y pr ¢<E) and By ,(s) =) ol <)

n=1 n=1

We then consider the mean value
D pi(K) = / () Ag (% +it) By, (3 —it) dt, 3)
R
where w is a complex-valued smooth function that satisfies the conditions

w 1s smooth, 4)
the support of w lies in [¢1T, caT], where 0 < c; < ¢, 5

for some positive absolute constant v, there exists Ty > T such that Ty <« T and oV (1) « TO_j . (6)

The Fourier transform of w is

Wu) = / w(t)e 1 dt. (7)
R
It satisfies the following property:
If |u| > T0_1+£, then |@(u)| K T4 for any A > 0. (8)

Since throughout the paper we will only study the case where a(n) = t;(n) and b(n) = to(n) for some
positive integers k, £, in order to simplify our notation, we set

@k,igw(K) = @rk,rg;a)(K)-

We also need to introduce some real sequences (g;) and (§;). These are defined as coefficients in the

Taylor series ~ ~
; 1 .
f@=stts) =) gjsh h)=m7o= Z‘S

j=0

Another sequence (c;), which depends on the smoothing function ¢, is defined as follows. Let

G(s) = —Zfoo o) ()t dt.
0

Observe that G (s) is entire. We then write its Taylor series expansion as

o0

G(s) = chsj.

j=0

With these definitions in hand, we can state our main result.
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Theorem 1.2. Let K =T with0 < < % Suppose that a weight function w satisfies conditions (4), (5)
and (6) with v > %(5 +3(n+ 1)), while ¢ is a function satisfying the conditions in (11). Then for

> 7 (n) n\|?
Zn1/2+n‘p K dt,

n=1

@2,2;0)(1():/0)(1‘)
R

we have

4 00 P T 9/4
Dr20(K) = f w(t)Q; (log K, log 2—) dt+ 0 <T3(1+n)/4+8 (T) + TI”/Z),
=0 —00 Y4 0

where each Q ;(x,y) € R[x, y] is a polynomial of degree j given by

1
Ou4(x,y)= m(—x“ +8x%y —24x%y? +32xy° — 14y4),
28081 , 81 c1do

3 73 T)x3 + (—48081 — 281 + c180)x”y

Q3(x’ )’) = (

4c16
+ (83081 + 481 — 2¢180)xy” + <_45081 28+ — 0>y3,

26
Q2(x,y) = (—250g2 — 38087 — 48181 — 285 +2¢18081 + €181 — %)x2

+ (88082 + 128087 + 16811 + 88, — 8c180g1 — 4c18) + 2280)xy
+(—58087 — 482 — 68082 — 83181 +8c1dogi +4c181 —2¢28)y7,
Q1(x, y) = (48083 + 12808182 +480g] + 85182 + 126187 + 168,81 + 883 — 4c18082 — 6¢18087
—8c18181 — 4182 +4cadog1 +2¢281 — ¢380)x
+ (—128083 — 4808182 — 88182 + 48187 +480g; + 8c180g2 + 12¢18087 + 16¢18181
+8c18> — 8cadog1 — 4cadi +2¢380) Y,
Qo(x, y) = 1684 — 1681 g3 + 328381 + 32878, — 248084 + 88580 + 58087 + 168187 — 8808183
+ 16818182 + 12808782 + 123811 + 128081 g2¢1 + 883¢1 + 48083 c1 + 480g3¢1
+851g2c1 + 16g182¢1 — 48202 — 68780¢2 — 48082¢2 — 88181¢2 +4g180¢3 + 2813 — Socs.
In Appendix A, we show how to remove the smooth function w and derive the following result.

Corollary 1.3. Let K =T with0 < n < %, and let ¢ be a function satisfying the conditions in (11).

Then, as T — 0o, we have
/” i nn) (n
r &= i\ k¢

where the polynomials Q j(x,y) are as given in Theorem 1.2.

2 4 por
dt=>Y" / 0, (log K. log - ) dr + O (Tm((12+3m/13.1-0/2))
]_O T J ’ 27_[ 9

Observe that asymptotically, this result has the same leading term as the one in the conjecture of Conrey

and Gonek in the case k =2 for 0 < n < %
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Our theorem depends on a result of Hughes and Young [2010, Theorem 5.1 and (74)], who applied
Duke, Friedlander and Iwaniec’s version of the §-method [Duke et al. 1994]. Their work only makes use
of the Weil bound for Kloosterman sums. Using ideas from Aryan [2017] and Topacogullari [2017], the
main theorem in [Duke et al. 1994] can be improved by applying the spectral theory of automorphic forms
and bounds for sums of Kloosterman sums. The spectral theory of automorphic forms was first applied
d(n)d(n+r) in the case r = 1 in [Deshouillers and
Iwaniec 1982]. Their ideas were extended in a wide-ranging way by Motohashi [1994], who derived an

to the classical additive divisor sum D(x, r) = anx
exact formula for this sum. From this formula he derived extremely strong uniform estimates for D (x, r)
that were uniform in r. His results were later improved by Meurman [2001] in some ranges of r. The
works of Aryan [2017] and Topacogullari [2017] rely heavily on ideas from these aforementioned articles.

Our main result in this paper follows from [Hamieh and Ng 2022, Theorem 1.1], which requires an
asymptotic formula for additive divisor sums involving the shifted divisor function rather than the ordinary
divisor function (see Section 3 below for more details). Therefore, the aforementioned articles of Aryan
and Topacogullari cannot be applied directly as they prove correlation estimates for the ordinary divisor
functions of the type

> dmyd(n) f(m, n),
m-—n=r

where f(m, n) are certain smoothing functions. Instead, one would need to replace d(m) and d(n) by
the shifted divisor functions

—ay j—a —by ;—b
Ual,az(m) = Z dl ldz 2 and Ubl,bz(n) = E dl ldz 2,
didy=m dydr=n

where a1, a, by, by € C. A second issue is that the smoothing functions in [Aryan 2017; Topacogullari
2017] are not general enough. For instance, in [Aryan 2017, p. 1458, equation (0.8)] f(x, y) is supported
on a box of the shape [X, 2X] x [X, 2X] and satisfies the bound
9t oy i
@Wf(x, V)L X
We would have to consider smoothing functions on more general boxes [X, 2X] x [Y, 2Y], which satisfy
the bound (P/X)'(P/Y)/ for some parameter P > 1. In applications, it is important to have this extra
parameter P. In [Topacogullari 2017], while the smoothing function satisfies a bound of the desired shape
(see [Topacogullari 2017, p. 155]), it is also restricted to be of the form f(x,y) = w;(x/X)w2(y/Y),
where wi and w, are smooth compactly supported functions. The smoothing function required for the
application of [Hamieh and Ng 2022, Theorem 1.1] is not of this form.

By applying the advanced techniques employed in [Aryan 2017; Topacogullari 2017] to the setting
of shifted divisor functions while incorporating a more general smoothing to the correlation sum, it is
likely that one could improve [Hughes and Young 2010, Theorem 5.1 and (74)]. This would result in an
improvement of both the error term and the range of n in our Theorem 1.2.
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Remark 1.4. If the binary divisor conjecture AD; 2(%2,2, C2.2, B2,2) holds for a triple (92,2, C2.2, B2.2) €
[%, 1) X [0, 0co) x (0, 1] (see Conjecture 3.1 below for notation), then Theorem 1.2 holds for

1 Cro+(ho+e)(n+1)
n<——1 and v>
%2 14+ Coo

14C,
0<Tﬁ2,2(1+n)+8(1> . + T1U/2)‘
Ty

One expects that the methods of [Aryan 2017; Topacogullari 2017] would lead to AD; 2(92.2, C2.2, f2.2)
with fo2o=1—€ and ¥, = % + 6, where 6 is the current best bound for the Ramanujan conjecture. We

with an error term

are not able to predict the improved value of C; > without going through certain technical aspects of the
proof. In particular, if the Ramanujan conjecture is true so that ¥, , = %, then Theorem 1.2 will hold for
Dirichlet polynomials with length K = T for any ¢ < 2.

Our approach in proving Theorem 1.2 is slightly different from that in [Goldston and Gonek 1998;
Conrey and Gonek 2001]. In both works, one of the key steps is to express the mean value in (1) in terms
of the correlation sums in (2) via partial summation. Whereas in the work of the second and the third
authors [Hamieh and Ng 2022], the starting point is to split the sum into sums over dyadic intervals via a
smooth partition of unity. Furthermore, they also work with shifted divisor functions. Conditionally on
the additive divisor conjecture [Hamieh and Ng 2022, Conjecture 4], they compute the mean value

Do1,07:0(K),
where
ormy= Y  d;"--di™ and oym)y= Y d;"---d”
dy---dy=n dy--dy=n
are shifted divisor functions associated to sets of complex numbers Z ={ay, ..., ar}and J = {by, ..., bs}.

Then Zs;.,6.,:0(K) is evaluated by using a smooth partition of unity. Thus, instead of the correlation sums
as in (2), the authors work with the smoothed correlation sums

Y oz(mog(n)F(m,n), ©)

m,ne
m—n=r

where F' is a smooth function defined on a box [M, 2M] x [N, 2N]. The main term for Z,, ;0 (K) is
expressed in terms of a diagonal contribution and an off-diagonal contribution. The diagonal contribution
equals a contour integral involving the Dirichlet series

o.¢]

st = 32
m=1

These contour integrals can be evaluated similarly to integrals that one encounters in standard applications
of Perron’s formula.
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The most difficult part is the computation of the off-diagonal terms. They may be expressed as a certain
average of sums of type (9). On the additive divisor conjecture, conjectural main terms for sums of this
type are inserted and a formula for %, »,.»(K) is obtained. This idea of considering smoothed sums
originated in [Duke et al. 1994] and was employed in a similar context in [Hughes and Young 2010; Ng
2021; Ng et al. 2025]. Once the main terms from the additive divisor conjecture are inserted, there is still
a lengthy calculation that needs to be done. One encounters Dirichlet series of the shape

Gz(l1—ai,q)Gy(1—b,,
He 7t ) () = chq(r) (1 —ai, )Gy ( 61)’ (10)

2 ai, btzr“'1+b12+s
r=1qg=1

where iy € {1,...,k},ix €{l,..., €}, ¢,(r) is the Ramanujan sum, and Gz(1 —a;,, q) and G 7 (1 —b;,, q)
are multiplicative functions that arise from the additive divisor conjecture (see (27) and (28) below).
Indeed, in some approximate way,

Gz(1 —ai, @) ®on\(q,}(¢) and Gyl —biy, q) = o7\p,)(q)-

One requires a meromorphic continuation of the Dirichlet series Hz, 7. {ai, ), (i} (8) tO the region N(s) > —1.
Furthermore, numerous facts about the gamma function are used; 1nc1ud1ng the beta function identity and
various versions of Stirling’s formula. At the end, the off-diagonal contribution can be expressed as a sum
of contour integrals of the functions Hz, 7:(a, },(,,} (s). From these expressions, the integrals corresponding
to the diagonal and off-diagonal contrlbutlons can be evaluated by a contour shift and the residue theorem.

In order to prove Theorem 1.2, firstly, we will apply the main theorem of [Hamieh and Ng 2022] to
our special case. The theorem provides a general asymptotic formula in the form

Dor,07:0(K) ~ Mo 1,7,0(K) + My 1,7,0(K)

as K — oo, where the terms on the right-hand side are as in (35) and (36). We will prove in Lemma 3.3 that
both My 7. 7., (K) and M 1 7., (K) are holomorphic as functions of elements of the sets Z={ay, . .., ax}
and J ={by,...,b}. Note thatif k =¢ =2 and a; =b; =0 for j =1, 2, then %, 5 ,,,(K) becomes
D1.2:(K). Upon explicit computations, each of the main terms My 7 7., (K) and M 7 7.,(K) will be
expressed as a sum of polar terms in a, b, a — b or a + b in the setting Z = {a, 0} and J = {b, 0}. We
will then carefully analyze all the terms, and show that these polar terms cancel each other while the
remaining terms match the ones in our main theorem.

This idea of working with the shifted divisor functions oz(n) and o 7(n) and then setting the shifts
equal to zero originated in [Ingham 1927]. An advantage of this approach is that when computing the
residues one only deals with simple poles. Still, it is quite technical to find a formula for the mean value
in terms of the shifts and show that the polar terms are indeed canceled out. On the other hand, it is also
possible to compute 2 7., (K) directly, that is, without using any shifts. In that case, one must deal with
poles of higher order, so the residue calculations will be more complicated.

‘We now comment on the use of the smooth weight functions w and ¢ in our definition of Z 4.,,(K). Note
that the function ¢ appears in the definitions of A, ,(s) and B ,(s). Classical forms of the approximate
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functional equation do not have smooth weights and they have much weaker error terms. In comparison,
weighted approximate equations have much smaller error terms (see [Titchmarsh 1986, (4.20.1), (4.20.2);
Iwaniec and Kowalski 2004, Theorem 5.3]). By introducing the function ¢, one is able to make use
of the Mellin transform instead of Perron’s formula. This has the advantage of providing much better
decay rates in the resulting complex integrals. The other weight function w can be thought of as a smooth
approximation to the indicator function 1;7271(¢). The purpose of weighing the mean value with such
a function is to improve the estimation of the off-diagonal terms. As in [Hamieh and Ng 2022, (4.17)
and (4.18)], for example, employing the bound in (8) for & allows one to dispense of many error terms.

On another note, mean values of weighted long Dirichlet polynomials with the von Mangoldt func-
tion A(n) as their coefficients have been computed. Based on the results of Goldston and Gonek [1998],
Chan [2004] computed asymptotically such mean values, assuming a version of the twin prime conjecture
involving correlations of A (n). Heap [2022] proved upper and lowers bounds for these types of mean values
assuming the Riemann hypothesis. His work circumvents the estimation of correlation sums by writing the
Dirichlet polynomial as an integral of the logarithm of the zeta function. On the critical line, the logarithm
of the zeta function can be approximated by a short Dirichlet polynomial on average, so the problem then
reduces to estimating moments of the short Dirichlet polynomial. His work is more closely related to
the articles of Soundararajan [2009] and Harper [2013] on upper bounds of the zeta function and it also
employs techniques related to the pair correlation of zeros of the zeta function as in [Montgomery 1973].

We remind the reader that mean values of long Dirichlet polynomials are known to be closely related
to the moments of the Riemann zeta function (see [Conrey and Gonek 2001; Ivié 1997a; 1997b]). The
2k-th moment is defined as

T
I(T) = /0 (L +i)[* dr.

For I,(T), the fourth moment of the Riemann zeta function, Heath-Brown [1979] was the first to show
that it is asymptotic to TP4(log T) for a certain polynomial P4 of degree four as T — co. However,
he did not compute all coefficients of this polynomial. Conrey [1996] gave several formulae for the
coefficients of this polynomial. Conrey et al. [2008] provided numerical values for all coefficients of P;.
Now, by the formulae in Conjecture 1.1, it is proposed that the first few polynomials for the asymptotics
of the moments of Dirichlet polynomials are

wy(x) = —x* 4+ 8x> —24x% +32x — 14,

w3(x) = —2x7 +27x® —324x7 +2268x° — 8694x” + 19278x* —25452x> + 19764x> — 8343x + 1479.
As it turns out, the polynomials w3 (x) and w4(x) are intimately related to the sixth and the eighth moments
of the Riemann zeta-function, respectively. Indeed, the identities

w3(x)+w3B—x)=42 and 2w4(2) = ws(2)+ wqa(2) =24024

led to Conrey and Gonek’s conjectures [2001]

I3(T) ~ TTlog T and I4(T)~ TTlog T.
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Their work also provided a heuristic argument showing that I; (7") could be expressed as a sum of two
mean values of long Dirichlet polynomials of k-divisor functions for k = 3, 4 as in Conjecture 1.1.

Finally, we note that with the same approach as in this article, it is likely that one could establish an
asymptotic formula for % ».,,(K) for each other integer k > 3 for some K = T+ where 0 < < 1,
by building on the ideas in [Drappeau 2017; Topacogullari 2017; 2018]. This is current work in
progress. However, this approach would not allow one to estimate % x.,,(K) for K > T2 Conrey and
Keating [2016; 2019] introduced a method with new divisor sums to estimate Z .., (K) for such K. This
created a new branch in this area of research, which is active at the present time.

Conventions and notation. Given two functions f(x) and g(x), we shall interchangeably use the no-
tation f(x) = O(g(x)), f(x) < g(x) and g(x) > f(x) to mean that there exists M > 0 such that
| f(x)] < M|g(x)| for all sufficiently large x. The statement f(x) =< g(x) means that the estimates
f(x) < g(x)and g(x) < f(x) simultaneously hold.

Per our notation, ¢ denotes an arbitrarily small positive constant which may vary from instance to
instance. The letter p will always be used to denote a prime number. We also adopt the usual notation
that for s € C, its real part is o = 9i(s). The integral notation

c+ioco

f(s)ds ::f f(s)ds
(c) c

"—i00

for a complex function f(s) and real number ¢ will be used frequently.
Give two sequences (a(n)), (b(n)), we define their additive convolution ((a » b)(n)) by

@xb)my= > a@b().

u,v>0
u+v=n

(Z a(n)X”) (Z b(n)X”) - Z(a *b)(n) X"
n=0 n=0 n=0

for a variable X. We will also use the notation (—1)* to denote the sequence ((—1)")72.

This is so that

Organization. The plan of our paper is as follows. In Section 2 we define some special functions and fix
the notation that will be used throughout the paper. In Section 3, we recall the main theorem in [Hamieh
and Ng 2022], which provides an asymptotic formula for %, ;. (K). We prove that the main terms
Mo.1.7:0(K) and M 1, 7.,(K) in this formula are holomorphic functions of the elements of Z and J.
Then in Section 4, we prove Theorem 1.2 by computing My 7, 7.,(K) + M1 7, 7.0 (K) explicitly in a
special case of |Z| = |J| = 2. In Appendix A, we show that Theorem 1.2 will still hold if the weight
function w in the mean value is replaced by 17,27 and thus prove Corollary 1.3. Finally in Appendix B,
we rewrite the expressions for Qg (x, y), Q1(x, y), O2(x, y), and Q3(x, y) that appear in Theorem 1.2 in
terms of the y; and ¢ (2) for suitable j.
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2. Setting and preliminaries

2.1. Properties of ¢. For a fixed number u € (0, %), let ¢ be a smooth, nonnegative function defined
on Rx¢ such that
1 forO<t<l,
p(1) =
0 forzt>1+pu, (11)
eV (1)« pn™/ forall j >0.
Its Mellin transform is

d(s) = /oo(p(t)ts_l dr, (12)
0

which converges absolutely for %i(s) > 0. The function ® has an analytic continuation to the entire
complex plane with the exception of a simple pole at s = 0 with residue 1.
For ¢ > 0 and (s) > ¢, we define

1
CI>2(S)=—./ D(s))P(s — 1) dsy. (13)
27Tl (c)
Observe that
D, (s) = / e 'dr and @(t)?=— | ®a(s)t*ds forc>0. (14)
0 2mi (c)

Note that ®,(s) has a simple pole at s = 0. It also satisfies the bound

M]—m(l +M)(’+m_l
[ D2 (s)| Kim Iss+ 1) - (s+m—1)] (15)

form>1andseC\{0,—1,...,—(m—1)}.

2.2. Taylor expansions of some functions. First, we recall the definitions of the functions f, h and G:

f&)=st(+s5)=>)g;s/,

j=0
his) = = 5.5/
(s) C2+s) o A (16)
G(s) = —2/00 P’ O dt =Y cjs’.
0 im0

We will provide precise formulae for these coefficients, g;, §;, and c;. Recall that

() = +Z ”’( 1Y/, (17)
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where, for j > 0,
m

j j+1
y, = lim (Z (logk)’  (logm) )

m— 00 p k Jj+ 1

It follows that the function f(s) = s¢ (1 +s) is entire with the Taylor series expansion

f)=Y g,

j=0
where
1 for j =0,
& =1y . (18)
W for ] > 1.
Observe that g; = yp = y is Euler’s constant.
We also have
1 N
— Y 1
g.(z_"_s) ]2::0 ]s ’ ( 9)
where
o L 5 YO 20 =@
(2’ ¢(2* £(2)? ’
_ "2 3 _ o) 22 N2 e (2
55— 6(5'(2))” —¢"(2)¢( )4+6§( )§()§()’ (20)
¢(2)
5y — 24’ Q) =t D)) + 62 (222" (2)* + 82" (D¢ (22 (2) — 360 (2)('(2)%¢" (2)
B (2 ’

and in general §; lies in the field generated by the ¢ (2) with j e N.
Now, since

G(s)=-2 /oo () ()1° dt = sPy(s)
0

for ®,(s) as defined in (14), it follows that G(s) is an entire function and the coefficients of its Taylor
series are given by

(—2) * / J P
cj:T ; o) (t)(logt)! dt for j =0,1,....
In particular, we have

co= —2/0 e (1) dt = p(1)* = 1.

Furthermore, we find that

1+n . . . )
lejl < lfl/ log/(t)dt < p~" - - max log/ (1) =log/ (1 + ) < p/
1 te[l,14+u]

as long as u € [0, 1].
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We also introduce the following entire functions and their Taylor expansions, which will appear in our
calculations in Section 4:

F(s)=sf'(s) = f(5) =s2C'(1+s) =Y gis?.  where ¢} = (j — Dg;.
j=0

¢ Sy .
H(s)=—§(2+s)=28;s], where 8 = (j + 1)8;41, 1)
j=0

o0 0
t ) . .
L:logz—, Y=logK, X=Y—L,E(s)=¢t= § a5/, Ex(s)=e" = § Bjs’.
T
i=0 j=0

3. A mean value theorem under an additive divisor conjecture

We now recall the main theorem in [Hamieh and Ng 2022], in which an asymptotic formula is established

for mean values of long Dirichlet polynomials with higher-order shifted divisor functions, assuming a

smoothed additive divisor conjecture for higher-order shifted divisor functions. Before we state this result,

we shall introduce some necessary notation and recall the statement of the additive divisor conjecture.
We set

K={l,...,k} and L={1,...,¢}.
Throughout this section, Z and J are multisets of complex numbers indexed by K and L respectively and

are given by
I:{al,...,ak} and jz{bl,...,bg}

such that 1
lail, |bj| K —— forieKand jeLl (22)
log T
and | |
lai, — ai,| > @ and |bj, —bj,| > @ foriy i e Kand j, # j, € L, (23)
for some parameter 7 > 2.
Also, for a set of shifts Z = {ay, ..., a;} as before, we define a shifted divisor function as

or(m)= Y di"--di™

dy---dr=n

Observe that if Z = {0, ..., 0}, then oz (n) = 7y (n).
3.1. The additive divisor conjecture. We define the shifted convolution sum

Drry(r)= Y or(m)oz(n)F(m,n). (24)

m,n>1
m—n=r
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Here we assume that, for some X, Y and P > 1,

support(F) C [X, 2X] x [Y, 2Y] (25)

and that
XMy E (x, y) Lo P (26)
For a finite multiset of complex numbers A = {ay, ..., a,} and s € C, we define two multiplicative

functions n +— g4 (s, n) and n — G4 (s, n) by

gals,m) = H(i M)/(i "A(?’j)) @7)
Jj=0

pein N0 P pJs
and
o pd)d? u(e) ne
GA(s,n)_dXM: @) de - ne d). (28)

Notice that for n € N we have

3 (’AJ(’") =gats.m) [] ¢s +a).

j=l1 acA
We are now prepared to state a conjectural asymptotic formula for Dp.7, 7(r).

Conjecture 3.1 (k-£ additive divisor conjecture). There exists a triple

(Fk.e» Croe, Bre) € [3.1) x [0, 00) x (0, 1]

Sfor which the following holds (henceforth to be referred to as ADy ¢(Vx ¢, Ck.¢, Bk.¢) conjecture).

Let € be a positive absolute constant, P > 1, and X,Y > % satisfy Y =< X. Let F be a smooth function
satisfying the conditions (25) and (26), and suppose that T ={a, ay, ..., ar}and J ={by, ..., by} are
sets of distinct complex numbers such that |a;|, |b;j| < 1/log X foralli € {1, ..., k}and j €{1,...,£}.
Then for Dr.1, 7(r) as defined in (24), in the cases where X is sufficiently large (in absolute terms), one has

Dp.1,7(r) = Z Z l_[ t(1—a;, +a;) l_[ c(1— by, +by,) Z cq(r)Gz(1— Zi_l;:jllig(l —bi), q)

i1=1i=1 j1#i JaFEin 4q

oo
X / f, x—r)x % (x —r)_biz dx + O(PCk,zXﬁk,e—i-a)

max(0,r)

uniformly for 1 < |r| < XPre,

We say that ADy ¢(9k.¢, Ck.¢, Br.¢) holds if the k-£ additive divisor conjecture holds for a triple
Wr.e, Cre, Proe) € [%, l) x [0, co) x (0, 1]. It is important to note that in the case |Z| = | 7| = 2, Hughes
and Young [2010, p. 218] proved that ADy ¢ (P ¢, Ck.e, Pk.¢) holds for 9, = %, Cop= % and By, =1
by using Duke, Friedlander and Iwaniec’s §-method [Duke et al. 1994].
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3.2. Mean values of long Dirichlet polynomials with shifted divisor functions as coefficients. We now
consider the mean value of long Dirichlet polynomials associated with the shifted divisor functions oz

and o7 as defined in (3). For simplicity, we set
91.7:0(K) = ‘@UI,UJ;CU(K)'

Definition. Let Z, 7 be finite multisets of complex numbers. We define B(Z, [J) as the series

B(Z,J)=

i oz(n)oz(n) 29)
—,

n=1
provided that the series converges (for example, when N(a), R(b) > 0 for all a € Z and b € J), and by

analytic continuation elsewhere.

Observe that when the series (29) converges, we use the multiplicativity of ozo 7 to write

82,5 =] i oz(p")ij(p”).

P u=0 p
Upon factoring out [ | » [Tiex (1 — p‘l_“i_bf')_1 from the right-hand side of this, we obtain
jeL
Yoz (p")
—_—

BT =[]]]a-p ") 'TT[Ta-p""%")> Gz(p”p
u=0

P iek p i€k
jeL jeL

Definition. For a prime p and s € C, we set z,,(s) = (1 — p~*)~L. From the local factors z »(s), we define

2@ ) =]]]]z(0 +a+b), (30)

p iek
jeL

AT, J)z]‘[]‘[z;‘(1+ai+bj)zw. (31)

P iek u=0
jeL

Observe that we have

2@, =[] ¢(+a+bj)

iek,jel
and
B(Z,J)=AZ,J)ZZ,T). (32)
Next, we require some notation regarding set operations. Given a multiset U = {1, ..., o, } and &€ € C,
we define U+& ={a1+E, ..., a,+&}. Wealsoset —U ={—u«y, ..., —a,}. With this notation, the identity
oute(n) =n" oy (n) (33)
holds.

We are now ready to state [Hamieh and Ng 2022, Theorem 1.1].
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Theorem 3.2. Let |Z| = k and |J| = £ with k, £ > 2, and suppose that elements of both T and J
satisfy (22) and (23). Assume that ADy ¢(Ok.e, Ck.¢, Br.e) holds for some triple (Ok¢, Crq, Br.e) €
[% 1) x [0, 00) x (0, 1]. Let K = T'*" with n > 0, and let w satisfy (4), (5), and (6) with

(I = Bre)(1+n)
V>

and 0 <e < 1.

1—c¢
Then we have
T 1+Cr ¢
@I,J;a}(K) =MO,I,j;a)(K)+M1,I,.7;w(K)+ O(I(ﬁk'z—HB (F) ), (34)
0
where
@(0) s
Moz, 7,0(K) = i K ®y(s)B(Z+s,J)ds (35)
(©)

and

00 —ai—b;
Mz 7:0(K) = /0 o) Y (é) Z@\ (@), (~aDZ({—bs). T\ (b))

iek,jel
1 27K\’
X5 d>2(s)(—) Z(@\{ai) +5, T\{b;})¢(1 —ai —bj —s)
TS f
x A(@\{aih U{=bj —s}, (T \{b;}) +5) U{—a;})dsdt. (36)

Here ¢ > 0 is fixed and ©;(s) is as defined in (13).

3.3. Holomorphy of My, z1,7:,(K) and M 1, 7.,(K). We will now prove that the main term in the
asymptotic formula (34) is holomorphic as a function of the shifts ay, ..., ax, b1, ..., by. Asaconsequence
of this, in another lemma we will prove that Theorem 3.2 holds without the restrictions in (23).

Lemma 3.3. Under the hypothesis of Theorem 3.2 and with the same definitions, the terms Mo 1. 7:,(K)
and M 1, 7.,(K), which are written in (35) and (36), respectively, are both holomorphic as functions of
the variables ay, ..., ax, by, ..., by.

Proof. We follow the argument that was employed in [Baluyot and Turnage-Butterbaugh 2025, Section 6].
Recall that a;, b; < 1/logT foralli e K and j € L.

First, we consider My 7, 7.,(K). We repeat (35) here:
@(0) s
Moz 7.0(K)=—" K ®y(s)B(Z +s,J)ds,
2mwi ()

where, as in (32) , we have

BZ+s,J)=AZ+s, NNZIT+s,T)
with

1 S s u u
st =[] 1 (155 D020 g ] cbaen

u
P x€I+s,yeJ u=0 p x€Zl+s,yeJ
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From (29) and (33), we see that B(Z + s, J) is holomorphic as a function of the variables a; and b; due
to the restriction on the size of the a; and b;. Thus My 7, 7.,,(K) is also holomorphic in the a; and the b;.
We proceed with M 7. 7., (K), which, by (36), is given as
00 ¢ —a,-O—bjO
Miz.7.0(K) = /O o) Y. (§> Z(T \ai) A—aiDZ({~bjo}. T\ b))

l'()EK:,j()E[:
1 2K\
X o CI>2(s)(—) Z(@\{aih) +5, T\ {bjp}) (1 —aiy —bj, —s)
Tl J(e) t
x A((Z \{ai,}) U{=bj, — s}, (T \{bjo}) +5) U{—ai,}) ds dt.

For now, we assume that both sets Z and 7 have distinct elements and that their intersection is empty.
We expand each Z-term and .A-term in the above. By definition,

Z@\{ai) (—a )= ] cO+x+y=[]¢0+a—ay), (37)
xeT\{aj,}, i#io
y€{—aiy}

Z(=bjh, T\ b= ] ¢U+x+y=]]c0+b;—bj). (38)
xeT\{bjo}, J#io
ye{=bj,}

Also, by an argument of inclusion-exclusion we have
Z(-bph, I\tbih = [ ¢ +ai+s+b)
iek,jeLl,
i#io, j#jo 1_[ a b
icic icr S +a; +5s+b;
= iek,jel i J §(1+a,~0+s—|—bj0). (39)
[Liex ¢ +ai+s+bj) [1je  ¢(1+ai,+s+0b))

For the A-term as defined via (31), we note the following for its Euler product part:

1 1 1
TG S B (S Iy W (R
xeZ\{aj,} x€Z\{aiy},

x€(@\{aipHU(bjy—s), YET\bjp D+
Ve((I\(bjgh+9)0{—aj, ) vel—ai)
1 1
x l_[ (1 - p1+x+y) l_[ (1 - p1+x+y)'
xe{=bj,—s}, xe{—=bj,—s},
ve(T\(bjgh+s vel—aip)

Again by inclusion-exclusion, this can also be written as

| 1

| | o p1+x+y
xe(@\{aiyhU{=bj,—s},
YT\ Djg D+9)U{—aiy}

B X 1 1 M/, 1 WA
- 1_[ _p1+a,»+b,~+s zl;[c 1_p1+a,-+bj0+s l_[ _p1+a,«0+b,-+s _;

iek,jel jeL

1 1 1 1
[T(1- = ) TT(1- == )(1- - .
X < pl+ai7ai0 ) ( p1+bj7bj0 ) < pl+a,-0+bj0+s> ( plfaio *bjo S) (40)

iek jeL
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In view of these expressions, it will be useful to define for each prime p

P(p)="P(z1,22,5; p)

1 1 ! 1 !
= l_[ (1 - p1+a,-+b_,~+s> ll;[C<1 o p1+a,-Z2+S) l_[(l - pl+b_,~—Z|+s>

iek,jel jeL
1\ 1 1 1 1
x (1 o ;) zl;[C(l o p1+ai+Z1 ) g(l o p1+b,-+z2> (1 o pl—Z1—zz+s) (1 - p1+21+zz—s>'
By using Cauchy’s theorem, we can now write M| 7, 7., (K) as a sum of residues and thus as an integral.
By (37), (38) and (39) we have
Mi1,7,0(K)

> r N 2K\
=[Te0 ¥ () [ oo ()

1
x—.z/ / H§(1+Z1+ai)H§(1+Z2+bj)§(l+zl+22_S)§(1_Z1_ZZ+S)
Qi) Jizij=c/a Jial=c/a ;i o
% niezc,jeg§(1+ai+bj—|—s)
[lex ¢ tai—z22+9)[[jep¢(0—21+bj+9)

00 " "
Xl—[P(p)ZU(I\{—Zl})U{Zz—s}(p )O—IE(J\{—Zz})-i-S)U{m}(p )le dz ds dt. @n
p
p u=0

This is because the pairs z; = —a; and z, = —b; fori € K, j € L are the only poles of the above integrand,
all of which are simple.

Moreover, the integrand is holomorphic as a function of the a;, b; whenever they are distinct as per
our assumption. This is clear to see for the part of the integrand that involves ¢-values. It thus remains to
show that the Euler product in the above converges absolutely. For this, note that by (40) we have

o0
P(p) Z U(I\{—Zl})U{Zz—s}(pu);i(J\{—m})-i-S)U{Z]}(pu)
u=0

o0
_ 1—[ o1 Z O\~ 21 )U{z2—s} (PO T\ [~ 22D +9)Uz1} (P)
- p1+x+y p
xe(I\{—z1})U{z2—s}, u=0
ye((T\[—22D)+9)U(z1)

_ O(T\{—21)Ulza—s} (P)O(T\ (=22 +)Uz1} (P) 1 1
_<1+ p I1 I_W +0; =y | (42)
xe(T\{ 1

—z1HhU{za—s
ye((I\{—z22h+s)VU{z1}

In the last step, we used the estimate

o0

Z O(T\(—2 DUl —s} (PO (T \[=2a)+9)U(z1} (DY) < 1
pH € p2—8c+s
u=2

for suitable & > 0. 43)
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This estimate follows from the fact that, for any ¢ > 0,

O\ (21 Ulza—s} (P*) Ko p*(T MMzl B o puCete),
since
C
Rw) > —c— a > —2c¢ forve(ZT\{—z1})U{zn—s},

and from the similar estimate

O\ —z2) 40l ) () Ko pHOTE,

On the other hand, as in [Baluyot and Turnage-Butterbaugh 2025, Lemma 4.1], we see that, for
suitable € > 0,

I - — I\ L o@D abtnuedP) o 1)
p +x+y p p1+€
xe(T\{=z1})U{z2—s},

ye((T\{—z22D)+9)U{z1}

By combining this with (43), we obtain

(1 n U(I\{—m})u{zz—s}(P)U((J\{—Zz})-i'S)U{Zl}(p)) 1‘[ (1 — %ﬂ)
p xe(@\{—z1HU{z2—s}, p

ye((I\{=z2D+s)U{z1) 1 1
=1+ 0<p1+6> + Os<p28c+£>

for ¢ > O sufficiently small. Finally by (42) and by choosing ¢ > 0 suitably, we deduce that the Euler

product in (41) converges absolutely, hence it is holomorphic in the a; and b;. Therefore, we have shown
that if both Z and J have no repeated elements and that they don’t have any elements in common, then
the right-hand side of (41) is a holomorphic function of the a; and b;. By analytic continuation, the same
expression, and thus M 1, 7.,(K), is a holomorphic function of the shifts ay, ..., ax, by, ..., b, that
satisfy the condition a;, b; < 1/log T for all 7, j. U

Lemma 3.4. Theorem 3.2 holds without assuming the size restriction in (23).

Proof. We follow the argument that was employed in [Ng 2021, Section 5]. We set a = (ay, aa, . .., ax)
and b = (bl, bz, ey bz). We also let L(a, b) = gl,j;w(K) and R(a, b) = MO,I,j;w(K) +M1,I,j;w(K)
for convenience. By Theorem 3.2, we know that

1+Ck,g
L(a,b)— R(a,b) = 0([(”““(%) ) (44)

provided that coordinates of a and b satisfy the conditions (22) and (23). By Lemma 3.3, we also know
that L(a, b) — R(a, b) is holomorphic as a function of the variables ay, ..., at, by, ..., by.

Suppose that ay, ..., ai, by, ..., by are complex numbers satisfying |a;|, |b;| < Co/log T for some
positive constant Cy. Consider the polydisc D C C¥* given by

k 12
p=[]b;[]D;

j=t  j=lI
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where .
~ 2]+1C0
Dj ={Z€C1 Iz—ajl Sl”j}, DJ' Z{ZECZ |Z—bj| fl’j} and rj= IOgT .

Let dD; and aD ; be the boundaries of the discs D; and D ; respectively. By Cauchy’s integral formula,

we have | L( ) R( )
, W) — , W
L(a,b)—R(a,b):ﬁf / f / ‘ 22 dzdw, (45
Qm i)t Jop, ap, Jab, ab, (@—a)(w—b)
where
k 1
dz=dzy---dzx, dw=dw;---dwy, z—azl_[(zj —aj) and w—b= l_[(wj —bj).
j=1 j=1
Observe that for 1 < j, < j; < k we have
2Cy
|Zj1 _ijl = |Zj| —4aj | — |ij _ajzl - |aj1 | — Iajz| = IOgT’
2Cy
|w.i1 - w.izl z |wj1 _b.ill - |wj2 _b.i2| - |bj1| - |bj2| z IOgT.
Hence z; and w; satisfy the conditions (22) and (23). In particular, (44) holds for (z1, ..., zx) € ]_[];:1 0D;
and (wi, ..., wy) € ]_[f.:1 85j. More precisely, we have
T 14+Cye
L(z,w)— R(z, w) = O(KWW(T) )
0

By using this bound in (45), we obtain

T\ *+Cee K length(3D ) ¢ length(3D ;)
Deote( L ! ’
L(a.b)~ R(a.b) < K’ (T) [ [1

rj rj
0 j=1 J j=1 J

14+C
< Kﬂkl—i_s 1 ke
T ’

as desired. O

4. Proof of Theorem 1.2

As a first step in proving Theorem 1.2, we shall apply Theorem 3.2 with Z = {a, 0} and J = {b, 0}. In
the case |Z] = |7| = 2, we know that ADy ¢ (V.¢, Cr.¢. Br.¢) holds with 9 =2, Cp =2, and By, = 1
[Hughes and Young 2010, p. 218]. Hence, Theorem 3.2 holds unconditionally for any n < %

In order to compute 25 ., (K), we will simplify the expressions for My 7. 7.,(K) and M 1, 7.,(K)
that were provided by Theorem 3.2. We will move the contours of integration to the left, and then the
residues that are obtained will be part of the main term in our formula for 2, ».,(K). Once we obtain the
whole main term in terms of a and b, we will first let b tend to a, and then let a tend to 0. The resulting
limit will provide us with the result of Theorem 1.2.

Note that we will frequently refer to the special functions that were defined in (16) and (21).
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4.1. Computing My, 1, 7;0(K).
Proposition 4.1. Let 7 = {a, 0} and J = {b, 0}, and let My 1, 7., (K) be defined by (35). Then we have

Mo 1.7:0(K) = &(0)(Ri(a, b) + R} (a, b)) + O(TK /%),
where

Sfla+b) f(a) f(b) fla+b) f(a) f(b)
a+b a b ha+b)+2 a+b a b

f'a+b) f(a+b)\ f(a) f(b) fla+b) (f'(a) f(a)\ f(D)
+( a+b _(a+b)2) hlatb)+ ( a a2> b

Ri(a,b) =Y +ci1+y)

H(a+b)

h(a+b
b atb (a+b)

n fla+b) f(a) (f/(b) f )

atb a \ b B2 )h(a+b)’

and
f(b)f(b a) f(a b)

b—a

f(—a)h(b—a)+b~2G(—b)K~ bf(“)
f( —a)

R/l(a,b)chzG(—a)K a f(=b)h(a—b)

+(a+b)*G(—a—b)K ™~ bf( i

f(—a=b)h(—a—D).

Proof. By (1.31) and then by (1.28) in [Hamleh and Ng 2022], we can write
@(0)

2ri oo

=c?)(0) §(1+a+b+s)§(l+a+s)§(l+b+s)§(1+s)ds

K5 ®,(s
271 o) 2(5) Q2425 +a+b)

Moz, 7:0(K) = K*®,(s)B(Zs, J)ds ds

We move the line of integration to Ji(s) = —% + 25 capturing the residue of the integrand at s = 0 in

addition to the residues at s = —a, —b, —a — b. This gives

{(1—i—a—l—b—l—s){(l—l—a—{-s){(l—i—b—i—s)f(s))
{(2+2s+a+b)

{(1+a+b+s);‘(1+a+s)§(1+b+s)f(s)>
t24+2s+a+b)

{(1+a+b+s)§(1+a+s)§(1+b+s)f(s))

Mo z,7:0(K) = ©(0) Ress=o (S_QG(S)KS

+&(0) Resy—_, (s_zG(s)Ks

cQ2+2s+a+b)

§(1+a+b+s)§(1+a+s)§(1+b+s)f(s))
{2425 +a+b)

. a)(O) (Dz(S)KS;(l +a+b+s)(A+a+s)c(1+b+s)c(1+5s) Js
2mi (—1/2+425) tQ24+2s+a+b)

+ &(0) Ress—_p (szG(s)Ks

+®(0)Ress——_q_p <s—2G(s)KS

It follows from (15) that

/ S0 +a+b+s)c(d+a+s)c(1+b+s)c(1+s)
Dr(s)K
(=1/2+28) CR+2s+a+b)

ds < K122,
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Let us now compute the residue of

(A4+a+b+s)t(d+a+s)c(1+b+s)f(s)

-2 s
sTGWK {2425 4+a+b)
at s =0. This is
f(a+b)f(a)f(b) fla+b) f(a) f(b)
P h(a+b)+c; b 2 b h(a +b)
f'la+b)  fla+b) f(a)f(b) fla+b)(f'@ f@)fb)
+< a+b _(a+b)2> h(a+b)+ a+b < a a2> hia +b)
fla+b) fla)(f'b) [fb) fla+b) fla) f(b)
TTaTb a ( b )h(“+b)+”° atb o b ath
f(a+b)f(a)f(b)
a+b a b H@+b).
Further, this is equal to
f(a+b)f(a)f(b) fla+b) fla) f(b)
Y +c1+w “th  a h(a+b)+2 e h 2 b H(a+b)
f'la+b) fla+b) f(a)f(b) fla+b)(f'(a) fla)\f(Db)
+< > —(a+b)2> ; h(a+b)+ o ( P a2) h(a+Db)
f(a+b)f(a) ') fb)
atb a ( b B )h(“+b)’
which is R (a, b). The desired result is obtained by simply observing that
Rﬁ(a,b)=Ressz—a(s_2G(s)KS€(1+a+b+s)§(1+a+s)§(1+b+s)f(s)>
2+2s+a+b)
+Ress:b(s_zG(s)K"'g(l+a+b+s)§(l+a+s)§(1+b+s)f(s))
{2+2s+a+b)
+Ress:—a—b<s_2G(s)K‘Y§(l+a+b+s)§(1+a+s)§(1+b+s)f(s)). O
{Q2+2s+a+b)

We will now rewrite R (a, b) whereby we simplify its expression. For this, we introduce some notation:
Lo:=Y +c1+g1,
«kii(a, b) ;= f(a) f(D) f(a+D)h(a+b),
Kki1(a, b) == f(a)f(b)fa+b)H(a+Db),
ki2(a, b) := f(a) f(b)h(a+b)((a+b) f'(a+b) — fa+b)) = f(a)f(b)F(a+b)h(a+b),
k13(a, b) := f(b) f(a+b)h(a+b)(af'(a) — f(a)) = F(a) f(b) f(a+b)h(a+Db),
k1a(a, b) := f(a) f(a+b)h(a+b)(bf'(b) — f(b)) = f(a)F (b) f (a+b)h(a+b).

Observe that we can now write

Ri(a,b) = (Ri1 +Ri2+Ri3 +Ris)(a, b),
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where we set

1 1
R b)y=——L b)) +2———k ,b),
11(a, b) ab@1 D) ok11(a, b) + ab(a—l—b)K“(a )
1
Ri2(a, b) = ————«ki2(a, b),
b b)?
a (al—i- ) (46)
)= ——— b
Riz(a, b) azb(a—i-b)KB(a’ )
1
R )= —————— b).
14(a, b) abz(a-l—b)KM(a’ )

4.2. Computing M1z, 7,0(K). First, we observe that by (36) we have

21

o
.
Mizza®)= 3 522 [ o0 liiy(s, 1) ds di
i1ek,irel - R(s)=2¢

for sufficiently small € > 0, where

Ciiy = Z(@\ai } {—an DEA=bn), IN(~bp.) =[] ¢ —a,+a) [ ¢d—by+b),

JIeR\{i1} 2L\ iz}
2 ail+bi2+s
Ii|i2(sit)=cb2(s)Ks(T) é‘(l_al] _biz_s) l_[ {(1+a]]+b]2+s)
Jrek\fir}
J2€L\{iz}

A(@\ fai, ) U{=bi, =5}, (T \ (bi,)) +5) U {=a;}).

Since we chose Z = {a, 0} and J = {b, 0}, the terms c;, ;, and I;, ;, (s, t) that appear in M 1 7.,(K) can
be written more explicitly. We find that

27T a+b+s
Ill(s,t)zcbg(s)Ks( ) t(1—a—b—s)t(1+5)A({0, —b—s}, s, —a})
a+b+s
G“)KY( ) td—a—b—s)c(+s)

2
Ii2(s, 1) = CDg(s)KS( ) 1 —a—s)c(1 +b—|—s).A({0, —s}, {b+s, —a})

a-+s
_ G“)KY(Z”) t(l—a—s)(1+b+s)

{2—a—-b)’

Q2+b—a)’

2

t
b+s

_ @KS<2”> c(1=b—5)(1+a+ts)

t

b+s
D1 (s, t)_CDz(s)KS( ) {(1—b—s)§(1+a—|—s)A({a,—b—s},{s,O})

tQ2+a—b)
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(s, 1) = Py(s)K? (277{> t(1=5)¢(1+a +b+s)A({a, —s}, {b+s, 0})
G(s)

< ; >§(1—s)§(1+a+b+S)m.

One can compute ¢;, ;, in a straightforward manner. We collect the results in Table 1.
Hence we can write

o]

1
M 1.7.0(K) = %/ w(1) (t(1=a)sc(A=b) 111 (s, )+ (1—a); (14b) I15(s, 1)
—00 N(s)=2¢
+§(1+a)§(1—b)121(s,t)+€(1+a)€(1+b)122(s,t))dsdt- (47)
Proposition 4.2. Let K =T with0 < p < 3., and suppose that a weight function o satisfies (4), (5),
and (6) withv > (54+3(n+1))/9. Let T = {a, 0} and J = {b, 0} satisfy (22) and (23). In particular,
assume that |a|, |b| <& with § <n/2(2+ 3n). Then we have

o0
Miz.7.0(K) = / w(t) - (=R (a, b) + Ra(a, b)) dt + O (K V>3 13278,

—o0

where R (a, b) is as given in Proposition 4.1 and

a+b
Rz(a,b):—(zTn) h(—a—b)f(;a) f(—b)<F(—a—b) f(—a—Db)

(X +g1 +61)>

b (a+b)? a+b
2 f2(—a) f2(b) fz( b) f*(a)
+<t)h(b— R +< )h( —b)
f(a)f(b) Fla+b) f(a+b)
—h(a+Db) b ((a+b)2 > (X—81+01))

N K_b(2_ﬂ)“‘bh(b ) GED f=a) fa) f®)
t b b—a a b
A G(=a) fla=b) f(@) f(=b)
K <T> ha=b) a a—b a b
_ Kab<2_ﬂ )‘“"’h(a Ly GEa=b) fla+b) f@ f®)
t a+b a+b a b

(48)

(i1, 12) Cir.iy Liyi, (s, 1)

(1,1)  ¢(l—a)(—b) —G()K(zn) 5(1_“_b_s)f(s);(2—la—b)

1
(Q2+b—a)

(1,2)  c(—a)(+b) %G()K°<2n> t(l—a—s)c(14+b+s)

2, 1) ¢td4+a)d—Db) %G()Ks(zn) ;(1—b—s)§(1+a+s)—§(2+la_b)

1

2,2)  t(d+a)c(+b) —S—ZG(S)K“(T) (A tatb+)f (=)o

Table 1. The terms ¢;, ;, and ;, ;, (s, ).
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Proof. Observe that by Table 1, each of I1,(s, t) and I» (s, t) in (47) has

 a double pole at s =0,
» a simple pole at s = —(a + b),
whereas I1>(s, t) and I (s, t) in (47) each has
 a simple pole at s =0,
 a simple pole at s = —a,
 a simple pole at s = —b.
We denote by R;;,(a, b) the sum of the residues of I;,;,(s, t) at these poles. Moving the contour of

integration in (47) to the line 9i(s) = —% + 35 gives

o0

Mi1.7.0(K)= f w®)(¢(1—a)¢(1 —b)Ryi(a, b) +¢(1 —a)¢(1+b)Riz(a, b)
+¢(+a)t(1—b)Ra(a,b) + (1 +a); (1 +b)Rx(a, b)) dt

(o.¢]

Ciii
> 2;1,?/ (1) Ly (s, t)dsdt.  (49)

i1e,irel —00 (—=1/2+36)
We first estimate the second term on the right-hand side, which is equal to

1
E Cirias— / AT\ {ai, D) U{=bi, — s}, (T \ {bi,}) +5) U{—a; DK  Da(s)
T J(—1/2+38)

i]E]C,izEﬁ

0 /¢ \ TS —biy
x ¢(1—aj, —bi, —s) 1_[ §(1+aj1+bjz+S)f <2—> w(t)dtds.
Jrek\in) —oo \ 5T
J€L\{iz}

By using [{ (0 +it)| K< td-0)/2 logt foro € (0, 1) and |¢ (0 +it)| < 1 for o €[1.01, 2], we observe that
for s = —% + 368 +iu, we have

— k—1)(¢—1

¢A—ay—by—s) [T ¢+ay+bs+9 < ((ul+ D log@+ up) .
Jrek\{ir}
J2€L\iz}

We also know by [Hamieh and Ng 2022, Proposition 5.2] that
A(@\Aai, H U{=bi, —s}, (T \{bi,) +5)U{—a;,}) = O(1)
when R(s) > —1+ 26 + €. It follows that
/ AWZ \{ai, }) U{=bi, — s}, (T \{bi) +5) U{—a; H K" P2 (s)
(—1/2+35)

t —S 3 3
x¢(l—ay —by—s) ] §(1+a,-l+b,~2+s)(§> ds < K~1/2H301/273%,

Jrek\{i1}
J2€L\{iz}
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Therefore,

1
D Gy / AT\ {ai, D UL=bi, — s}, (T \{bi,}) + ) U{—ai DK o (s)
T J(—1/2+38)

e, el

s—ai, —bi,
X {(l_all - i 1_[ §(1+a]1 +b]2 +S)/ (271) ds a)(t) dt

JreR\{ir}
J2€L\{iz}

oo
< K1/2+38/ w(t)tl/zfé dt < K71/2+33T3/275‘ (50)

—o0
Note that since K = T, we require § < 1/2(2 + 3n).
Next, we compute the terms Ry (a, b), Ry2(a, b), Ry1(a, b) and Ry (a, b) in (49). We have

Rii(a, b) = Ress—o(111(s)) +Ress—_q—p(111(5)).

For the first residue, we have

R (57)-
ess—0(111(s)) = Res;— U'(0),

U B 2T a+b 1 K § . b G
(S)—(T) m g ((l—a—>b—ys)f(s)G(s).

where

Since X = log(K/#), we have
(2n)a+b
U'(0) = )(X§(1 —a—b) f(0)G0)—¢'(1—a—b)f(0)GO)+¢(1—a—Db)f'(0)G(0)

2 —
q +¢(1—a—b)f(0)G(0)).

It follows that

()

{2—a—Db)

Since s = —(a + b) is a simple pole, we have

Res;—o(111(s)) = U'(0) = (—¢'d—a—=b)+¢(1—a—b)(X +gi+c1)).

1

Ress——q—p(111(5)) = —Da(—a —b)K *P¢(1 —a— b)m.

Thus we obtain

()

Ryi(a,b) = m(

—{'(1—a—=b)+¢(1—a—b)(X +gi+c1))
1

®y(—a—b)K ™ P¢(1—a b){(z_a_b)

a+b o o
:_(2_”> h(—a—b)(F( azb)  Jiza b)(X+g1+c1))

t (a+b)? a+b
_ K p(ea—pyEEATD T gy
a+b a+b
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Next for R»>, we note that

Ry (a, b) = Resg—o(122(s)) +Resg——_q—p (I22(5)).

Here
\%
Res;—o(122(5)) =Ress=o( s(f )> =V'(0),
where s
K
= | — 1 - .

V(s) {(2+a+b)<#)g( +a+b+s)f(—s)G(s)

We compute
"0)= —— (X1 "a

V(0) §(2+a—|—b)( (A+a+b) f(OGO)+¢(1+a+b)f(0)G(0)

+ ¢ +a+b)(—1) f(0)G(0) +¢(1+a+b)f(0)G'(0)).
It then follows that

Res;—o(I22(s)) = V'(0) = ('A+a+b) +c(l+a+b)(X —gi+cn).

1
¢Q2+a+b)
For the other residue, since s = —(a + b) is a simple pole we have

o) —a—>b
Ress—_q—p(I(s5)) = Pa(—a —b)K " (771) ((1+a+b)

¢@+a+b)
Hence
Rzz(a,b):—m(;’(l+a+b)+;(1+a+b)(X—g1+aclz)
+<I>2(—a—b)K_“_b(27n> §(1+a+b)m
= —h(a+ b)(fﬂz)@ +7 i‘fb” X — g+ c1>)
—a—b
L Kb (27”) h(a+b) G(_:l“__bb) f ;“:bb) . (52)

It remains to compute R, and Rp;. We have
Riz(a, b) = Ress—o(112(s)) + Resg—_ (112(s)) + Ress—_p (112(5)),
Roi(a, b) = Res;—o(1r1(s)) +Resg——_q (121 (s)) + Resg=—p (121 (5)).
For Ri»(a, b), we note that

27\’
Res,—o(I12(s)) = (T) (I —a)s(l+ b)m,

Ress——a(l12(5)) = —P2(-a) K701 + b - Q)M’

a—b
Ress—_5(112(s)) = q’z(—b)Kb(z—n) ¢(1+b— a);,
t t24+b—a)
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SO

Ris(a. by — (2”>h<b_ )f( a)f(b) _ah(”‘“)G(;a)fz(pb__aa)

k- (271) b — )G( b)f(b—a)‘ (53)
t b—a

For Ryi(a, b), we will use

27\
RCSS:()(Iz](S)) == (T) {(1 - b)((l +a)§(2+a —b)’

1

- _ _ —b - py—
Res——(121(9)) = =®2(=h)K ¢l +a—b) o

) b—a 1
Res;——p(L21(s)) = Po(—a)K (777) ¢d—b+ Q)M’

and find that
b
Rai(a, b) = (2”) AORR AR S —b>G(_b) fa=b)
! b a b a—b
T a a—>b
Inserting (50)—(54) into (49) yields the desired result. 0

Now we will rewrite R (a, b) and simplify its expression. We set

E/:X+g1+c1 and C//:X—gl—l—cl,

and also
k2s5(a, b) = —E\(—a —b)h(—a —b) f(—a) f(—b)F(—a — D),

i25(a, b) = Ei(—a —b)h(—a — D) f(=a) f(=b) f(—a = b),
k6@, b) = Ex(—a)h(b —a) f (—a)” f (b)*,
kx(a, b) = Ex(=b)h(a —b) f (a)* f (—b)?,
Kkas(a, b) = h(a+b) f(a) f(b)((a+b) f'(a+b)— fla+D)), (55)
i2(a, b) =h(a+b)f(a)f(b)f(a+Db),
Kk29(a, b) = Ex(=D)E1(b —a)h(b —a)G(=b) f(=a) f(b) f(b—a),
K210(a, b) = Ex(=a)E\(a —b)h(a —b)G(—a) f(a) f(=b) f(a —b),
Ka11(a, b) = Ex(—a —b)Ei(a+b)h(a+b) f(a) f (D)G(—a —b) f(a + D).

With this notation and by (48), we can write

Ra(a, b) = (Ras + Ras + Ra7 + Rag + Rao + Raio + Raii) (a, b),
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where we set

Ras(a, b) = mms(a, b) — m@s(a, b)L,

Ras(a, b) = (a119)2K26(a’ b),

Rar(a, b) = (a119)2K27(a’ b),

Ras(a, b) = —m@s(a, b) — mﬁzs(a, b)L", (56)
Rag(a, b) = mlfm(a, b),

Raiola, b) = mlmo(a, b),

Raiila, b) = —m@u(a, b).

By Theorem 3.2 and Propositions 4.1 and 4.2 we arrive at the following proposition.

Proposition 4.3. Let 7 = {a, 0} and J = {b, 0}. Then

%0 T \9/4
%J;w(K)=/ w(t)-R(a,b)dt+0<T3“+'7>/4+8<_) +T1"/2>,
—00 TO
where
a, = K a, K a, K a,
ab\(a+b) ~ SV atb)" a@ b
1 1

’b Y ’b - K ,b L/ e ’b

+b(a+b)K]4(a )+ (a+b)2K25(a ) (a+b)K25(a ) +ablc26(a )
- D)+ ——— b))+ —— b)) — —— . b)).
+abK27(a )+b(b—a)K29(a )—i—a(a_b)/czlo(a ) (a+b)2K2“(a ))

Proof. We have R(a, b) =R (a, b)+Ry(a, b). The result follows from (46), (56), and the observations that
ki2(a,b) =ks(a,b), «i1(a,b) =kys(a,b) and Lo—L" =log 2L +2g1=L+2g. 0
J

4.3. Computing lim, ;_,0 R(a, b). Our goal is now reduced to computing the limit of R(a, b) as
a, b — 0. To this end, we write down the Taylor series expansions of the entire functions 1, k24 and K4
using (21) and (55), and then we combine the terms with similar coefficients to obtain the expression

R(a,b):(A1+A1+A2+A3+A4+A5+A6)(a,b), (57)
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where the functions Aq, Al, Ay, A3z, A4, As, and Ag are given as follows:

1 1
Aj(a,by=——(L+2 D)+ ———
1(a, b) ab(a—i—b)( +2g1)k11(a )+a2b(a+b)

1 L .
= @D ”Z, 218/, (g%8) s (L +2g1)a’' b7 (a + b)”
2,J3

1
+ a’b(a +b)

1
t @ +b)

Kki3(a, b) + k14(a, b)

1
ab*(a +b)

D 8185(g*8) ;3G — Dal' b (a +b)”

J1,J2.J3

> 2ii8i(g*8) (o — Dal'b?(a+b)7,
J15J2:J3

~ 2 2 o )
Al(a,b)=mm(a b) = W Z gjlgjz(g*é/)ha“b”(a+b)J3,

J1sJ2.J3

As(a,b) =

kas(a, b) + ——k27(a, b)

1
(ab)?

D (D) (@ xg#g)j(g%8)pdj{al b2 + (=1 a”bI (b — a)”,

JisJ2,J3

1
(a b)2

()2

As(a,b) = Kk9(a, b) +

1 1
ab?(b —a) ’ a’b(a —b)

1
= 20— Z gi(cxBx(=1)g);(g*xax8),(—=D)"T2al b2 (b —a)”
J1,J2,J3

D giexBr(=1)'g) (g xax8) (=) T (=1)Pa”bl (b —a)P,

JisJ2, 73

k210(a, b)

1
 a2b(b—a)

Ay(a, b) = — Kk211(a, b)

1
ab(a + b)?

1 o .
= ThE L SEn(Errex (C1 e (Z)B) sl bR b)Y
J1.J2: 3

As(a,b) = Kk2s5(a, b)

1
ab(a + b)?

1

= +j2+J3 01 102 73
- 2 Z 818 (axg *8)5(— 1)/ al'b(a + b)”,
ab(a+b) J1j2J3

/

L -
Ag(a, b) = —mkzs(a» b)

L - |
- m Z gilgjz(g*‘x*5).i3(—1)11+J2+Jsa11bjz(a_i_b)B.
J1sJ25J3
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We will first compute limp_., R(a, b) and then use Maple to find lim,_,o(limp—., R(a, b)). It is straight-
forward to see that

. 1 L
lim Ar(@,b) =55 37 8385(8*8)j(L+2gn2 al it
J1,J2,J3
1 . R
o Z 81182 (g*8)j5(j1 — 1)27al T2t
J1,J2,J3

_ Z gjlgj2(8*5)j3(j2—1)2j3aj1+j2+j3,

J1,J2:J3
.= 1 S
;}EBZAI(Q’ b) = a3 Z gjlgjz(g*6/)j3213a]1+n+}3,
J1,J2,J3 (58)
lim A;(a b)—@Z(—l)ﬁ(a* x2): (g% g)nall TP
b~>a2’ _(14 ggjlggjz s
JisJ2
li ! . . 23 gJ1t+iatis
lim Ay(a,b) =~ Z 8118 (g*x8xax (—1)°cx(—=1)°*B);;2"a 3,
Jisd2 g3
li — ! "%8 1)1ttt
bl—rgAS(a’b)__rdd',Z_ gjlgjz(oz*g* )j3(— ) 32134 3,
Jisd2s g3
r o
l}glz Agla, b) = —7‘3 Z gjlgjz(g*Ol*5)j3(—1)J'+]2+]32J3a]1+]2+13.
J1,J2:J3
It remains to compute lim,_,, A3(a, b). We have
As(a, b) = Wzgjl(c*ﬂ*( 1)* g)jz( 1)]1+]20J'b12
J15J2
x ((g*a*8>o+<g*a*8>1<b—a>+Z(g*a*6>j3<b—a>f3)
J3=2
1 L
— m Z &i (c*lg*(_1)°g)j2(_1)J1+JzanbJ1
JisJ2
x ((g*a*mo—(g*a*a)l(b—awZ(g*aw)j3<—1>f3<b—a)fs).

J3=>2
It follows that

l}i_l;l}lA3(a,b) (g*a*S)Ohm{ Zgjl( 1)“61”2(0*;3*( 1)°8)j,(— 1)2bi

W a
WZ&]( DABIY (ex Br (—1)°9) o~ 1>fza’2}
72
) o o
4 B i 3w (<1 (D a (59)

Ji J2
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At this point, we need the following lemma to simplify the limit on the right-hand side of (59).

Lemma 4.4. Let f| and f, be entire functions. Consider

_ S1(z1) f2(z2) — f1(22) f2(21)

{1 — 22

F(z1,22):

Then
lim Fa.b) = fi@@) fr(a) — fi(a) f>(a).

Proof. Note that if a # b, then

(fil@) = i) fola) — fila)(fala) — fo(b))
a—>b a—>b '

As b — a, we obtain F(a, b) — f{(a) fr(a) — fi(a) f,(a). O

F(a,b) =

We may apply this lemma for

fi(@) =z Z 8 (_l)jlzjl and fr(z) = Z(C*ﬂ " (—1)°g)j2(—1)j22j2.
J1 i
These are both entire functions since f(z) = —zzg“(l —z)and f>r(z) = 2G(—2)e=¥ (1 + 7). When we
apply the lemma in this setting, (59) becomes

)fl (a) f2(b) —

1 (gxaxd)
T 0 A@) + 5 @ @

l}i_r)l}lA3:(g*a*5)ogi_r)r;< a’b2(b—a

s )
= 0 i) @) — @) @) + EXE f ) fota)
a a

(gxa*8)o . o o

=T A Zgjl (cxBx(=1)°8)j,(jo— j1 — D(=1)/1F12q)1 0

JisJ2 ) 5 -

+—(g*a0;* )1 Zgjl (C*ﬂ*(—1)'g)j2(—l)J'HZa”HZ.
Jisj2

Then upon adding the right-hand sides of (58) to the right-hand side of the last equation above, we obtain

R(a,a) = I}im R(a, b)

1 . . . i . . . . . .
= CF( Z Ci(j1, ja, j3)al T2 H05 4 Z C2(j1, Jz)ahﬂz)
J1 2.3 i
1 . . . i ; . . . i .
T a_3( > DiG, jas a3 Do, Jz)a~“+12),

J1,J2,J3 Ji.j2
where
Ci(jr, oo J3) =3+ 2 —2)20g,8/,(8%8) j, — 1278, 8, (g*Sxax (—1)*cx (—1)*B)

— Al{(_ 1)]'1+j2-|-j32j3gj1 gpaxg' x8)j,,
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Ca(ji1, j2) =280(= 1)/ (ax g% )}, (g%8) j + (=) 2(ja— ji — 1) (g xa*8)og), (cx f*(—1)°g) »,
Dl(jh j27 ]3) = %(L +2gl)2j3gj1 8 (8*8)j3 +2j3gj1gj2 (g*s/)b - %E/(_l)jl+j2+j32j3gj1 8> (g*a*a)jw
Dz(jl,jz):2(—1)j‘+-i2(g*a*8)1gjl(c*ﬂ*(—l)'g)jz.
Hence
1 & .
Ra,a)=— Y C(ja’,
j=0
where
C(0) = C1(0, 0, 0) + C2(0,0),

and for j € N we have

ChH= Y. DiGuin+ Y, DGnid+ Y, CiGuinp+ Y, Clij).

iR b A=) fRo-
Using Maple we show that C(j) =0 for j =0, 1, 2, 3, and we compute
R(0,0)=C(4)

=—1580L*—80L*Y*+380L Y + 180 LY  — 2 80Y* +(—281+380c1 —4g180) L

+ (381 — £80c1 +38180) Y +(—280c1 +481 +88180) L*Y +(—281 —4g180+80c1) LY
+(8g1¢180—8g181 —482— 58180 +4c181 — 2802 —68280) L
+(—8g1c180+ 128780 —4c181 +280c2+88082+ 168181 +88,) LY
+ (81014281180 —282—38780— 2802 — 28082 —48161) Y

+(12g780c1 4818082+ 16810181 —8g1c280 — 4808182 — 88182 — 128083 — 428
+280¢3+882¢1 +480g7 +4g781) L

+(=8oc3 —6g780c1 —4c180g2—8g1¢181 +4g180c2+ 1280182 +883+ 12g78,
+480g7 —4c1824+281c2+480g3+ 16818, +88182)Y
+1684— 168183 +328381 432878, — 248084+ 88380 +5808] + 168183 — 8808123
+16381g182+ 12508%824- 12g%516‘1 +1280g182¢1+883¢1 +45og%01 +480g3¢1
+881g2¢1+ 16818201 —48200 — 6878002 — 4808202 — 8818102 +48180¢3 +281¢3 — o ca.

Note that the above expression is a polynomial in ¥ and L. By collecting terms of the same degree
in R[Y, L] and noting from (21) that Y =log K and L = log # we find that

4
R(0,0) =" 0Q,(¥, L),

J=0

where the polynomials Q; are defined within the statement of Theorem 1.2.



Mean values of long Dirichlet polynomials with divisor coefficients 1459
Appendix A: Proof of Corollary 1.3
Let r(t) = 1;7,27(¢) and choose smooth functions o™t (t) and o™ (¢) which satisfy

o (D) <) S0t (@),

where
n 0 ift<T—Tyort>2T+T,
o' (1) = )
1 fT+Ty<t=<2T —T,
and also
Note that

@2,2;(0* (K) = -@2,2;}’(1() =< -@2,2;(fr (K)’ (60)

where we let
Lo t T\
D2t (K) = Z/ wr(1)Q; <log K, log —) dt + 0(T3“+")/4+8<—) > +0(T'="?).
im0V 2w Ty

It follows from the above that

4 ~ o
Z{f w+(l)Qj<10gK, 10g2L> dt—/ r(t)Qj<logK log 2—) dt}

j=0"7%°
2T+ Ty .
_Z{/ / }a)+(t)Qj(logK, log —) dt < Ty(log T)4,
Iy J2r 2

Note that a similar argument establishes the same bound when w™ is replaced by w™. Thus by (60) we have

9/4
Dror(K) = Z/ r)Q; (log K, log 2—) dt+0 <T3(1+”)/4+5(;;> )

+ O(T'™"?) + 0(Ty(log T)*).

We then select Ty = T (12+31/13 5o that the first and the third error terms are equal, and obtain

4 [o.¢]
t
Droir(K) =Y / r(t)Q ,-<log K. log 5~ >dt+0(Tma"{(u””)/”’1"7/2}).
— ’ T
j=077°

Appendix B: Computation of the coefficients in Theorem 1.2

In this section, we rewrite the expressions for Qo(x, ¥), O1(x, y), Q2(x, y), and Q3(x, y) that appear
in Theorem 1.2 by using the definitions of g; and §; in terms of y;_; and ¢ (2) as described in (18)
and (20). Note that co = 1 and the rest of the coefficients c¢; that appear in Theorem 1.2 depend on the
smoothing function ¢.
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Using Maple we compute the following expressions for O3, 0>, Q1 and Qy:

4y  120'Q2) 1\ ; 6ci 24y T20'Q)\ , 12c¢; 48y 144¢'(2)
Q3(x’y)=<ﬁ_7_ﬁ S e e S L s s S
24y 720(2) 8er 4
+<‘?+7+? v
12y, 18y2 1447'(Q)y  4320'(2)° 36¢"(2) 121y 367/ 32\ ,
QEN=\"7 "3 . 6t T a2 )t
T T T T T T v v

48¢ 72y2% 1447 (2)c 12¢ 48 57627 (2 1728/22 1447”7 (2
+(_ v 72T 5()1+ 2 By é"())/+ §'(2)° 14407 (2)

w2 w2 a4 w2 w2 T4

76

T4

72 w4 w2 w2 a4

48c1y  30y%  1447'(Q)cr 12, 36y 288C'(Q)y  864¢'(2)%  72¢7(2)
7 - - S R A - +

76

36c1v2  24y3  24c 288¢1¢'(2 24c¢ 72 4327'(2)y2
T 24y ey 288a8 @y 2day  T2yyi 4320 Q)y

Ql(x’y):(_ 7_[2

(2164”(2)2 18;”(2)) 72¢,8'(2)  6¢c3
—4¢y _ _

0 b 4 w2

w2 w2 i w2 w2

12y,

T4

T4

288" (D

72

T4

)

Jo

)

4

1(7\2 1 773 / 1 7
+16(216§ 27 18 (2)>y_10368§ @, 172802 Q) 48 (2))x

o T 8

76

+<72c1y2+24y3 48ciy1  576¢1L'(Q)y 48c2y+24yy1 1447’ (2)y?

w2 w2 w2 w4 w2 w2

12¢c3 36y, 28872y

T4

T4

4

216¢'(2)% 187" (2 144¢,7' (2
+8C1< 74;6()_ ;(>>+ ar'@)

T b

31104/22 7o) 1152¢7 () e (2 72¢'(2 6
Qolx,y)=— 5758)4'()_’_ '2)¢ ()_ f()CS_ﬁ

0 a4 72

72

72

T4

8

249

8 76 a4

773 / ” " 7(9\2 i
+8(_1296§ @, 2160/ (2) 6 (2))C1_4(216§ @ 18")

76

T4

e

864:"(2)% 12441677 (2)  24y;  30y* 48y 24yico 36y2c,  T2y°
L3647 Q)7 ¢ vs [ S0yT A8y 2Avicr Sbyter  T2y7y

T4

76 710 72 | g2 2 2

773 ’ " "
+32(_1296§8(2) L 216¢ (26); 2) 6¢ :2))
T T 4

+16y( por; o

216¢'(2)% 187" (2 288¢/(2 12
@ C())CH_ é“g))/z_i_ V201+

_ 2y ST60'Q)y? 2880 Dnicr | 288yL'Qer | 576Dy m

w2 b b 4
Tyyict 432970 ()
2 a4 '

T4

72 2
216¢'(2)%  18¢"(2)
2
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