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Rational points of rigid-analytic sets:
a Pila—Wilkie-type theorem

Gal Binyamini and Fumiharu Kato

We establish a rigid-analytic analog of the Pila—Wilkie counting theorem, giving subpolynomial upper
bounds for the number of rational points in the transcendental part of a Q,-analytic set and the number of
rational functions in a [, ((#))-analytic set. For Z((t))-analytic sets, we prove such bounds uniformly for
the specialization to every nonarchimedean local field.

1. Introduction

Our goal in this paper is to introduce a nonarchimedean version of the Pila—Wilkie counting theorem
which applies uniformly to analytic sets over local fields in the mixed-characteristic case F' = Q, and
equicharacteristic case F' = [, ((¢)). We begin by recalling the classical statement of the Pila-Wilkie

counting theorem.

1.1. Classical Pila-Wilkie. For X C R", we define the algebraic part X2 to be the union of all connected,
positive-dimensional semialgebraic sets contained in X. We set X" := X \ X2, For x € Q", we define
H(x) := max; H(x;), where H(x;) is the height of x;. We set

XQ H)=xeXNQ"|Hx) <H}.
With this notation, Pila and Wilkie [2006] proved the following counting theorem.

Theorem 1.1.1. Let X be definable in an o-minimal structure. Then, for every ¢ > 0, there exists a
constant C(X, &) such that

#XT(Q, H) < C(X,¢)- HE.

We refer the unfamiliar reader to [Scanlon 2012] for an introduction to the notion of o-minimal
structures. Theorem 1.1.1 has found numerous applications in an area of arithmetic geometry known as
“unlikely intersection problems” following a general strategy of Pila and Zannier. We also refer the reader
to [Scanlon 2012] for a survey in this direction.
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1.2. Our main result. We consider a rigid-analytic analog of the Pila—Wilkie theorem, where definable
sets are replaced by the spectra of affinoid algebras. For the precise definitions see Section 2. For the
purposes of this introduction, we first introduce two types of affinoid algebras over local fields.

Set either F =Q, and V =7,,or F =F,(t) and V = [,[[]]. An affinoid F-algebra is an F-algebra
of the form B := B[1/p] (resp. B := B[1/t]), where B is a quotient V {{x1, ..., x,))/b of a formal
power series ring (converging in the p-adic (resp. f-adic) topologies). The set of F-rational points of the
rigid-analytic spectrum of such an affinoid algebra can naturally be interpreted as a subset of the unit
polydisc V" in F". We will be concerned with counting rational points in such a spectrum. In particular,
for F =Q,, we set

(SpB)(@Q, H) :={x e SpBNQ" | max H (x;) < H}

as before, and, for F' = [, (1)), we set
(SpB)(F4 (1), H) := {x € SpBNF,(1)" | max deg, (x;) <log, H}.

We say that an irreducible closed subset of Sp F'{(x1, ..., x,)) is algebraic if it is an irreducible component
of a closed set defined by a polynomial ideal I C F{x1, ..., X)), i.e., an ideal obtained by extension
from Fl[xi, ..., x,]. More generally we say that a closed subset of Sp F{{x1, ..., x,)) is algebraic if
its irreducible components are algebraic. Finally we define (Sp B)# to be the union of all irreducible
positive-dimensional closed algebraic subsets of Sp B, and (Sp B)"™" to be its complement in Sp B. We
refer the reader to Sections 2.11-2.13 for the accurate definition of irreducibility, dimension, and algebraic
and transcendental parts, respectively. Note however that while we develop these notions in somewhat
greater generality in the present paper, for the definition of algebraic and transcendental parts, it is
sufficient to define them over complete nonarchimedean fields, and the corresponding definition may in
fact be found in standard treatments such as [Bosch et al. 1984, p. 300].
Our first analog of the Pila—Wilkie theorem is as follows.

Theorem 1.2.1. Let B be an affinoid F-algebra as above. Then, for every & > 0, there exists a constant
C (B, ¢) such that

#(Sp B)tran(Fo’ H) S C(B, 8) . Hs’ F() — {@ (F = @]7),

Fo(0)  (F =Fg ().
In the Q, case, our result is a special case of the result in [Cluckers et al. 2015], where a similar result
was proved more generally for subanalytic Q, sets. In the [, (#)) case the result is new.

Remark 1.2.2. Demangos [2015; 2016] claimed a proof of Theorem 1.2.1 in both the Q,, and the [, (?))
cases. However it has been known to the experts for several years that the proof contains a substantial
gap in both cases.

Our main result is a uniform version of Theorem 1.2.1 where we allow the field F to vary. Toward
this end, we let O denote the ring of integers of an algebraic number field and replace F by O((¢)) and V
by O[[¢]]. We develop an analogous notion of affinoid algebras in this context. For the purpose of this
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introduction, the reader may consider an affinoid algebra to be an O((¢))-algebra 5 := B[1/¢], where B is
a quotient B = O[[t][{x1, ..., x,))/b of a power series ring converging in the 7-adic topology. Consider
some local nonarchimedean field F,, with valuation ring V,, and an adic homomorphism « : O[[t]] — V.
Let & be a uniformizer of V,,, g, = pf " be the number of elements of the residue field V,, /J(m),and ry > 1
be the number given by o« (¢) = um’, where u € V. Then the fiber (Sp B),, is an F,-affinoid space. We
set
. {[Fa 1Qy] (Fu D Q@p),
Ta (Fo D Fg(@)).

Our main theorem is as follows.

Theorem 1.2.3. Let B be an affinoid O(t))-algebra. Then, for every € > 0, there exists a constant
C (B, &, 04) such that, for every fiber (Sp B)y as above,

Q (Fo D Qp),

Fq(t)  (Fo D Fq(2).

Theorem 1.2.1 follows immediately from Theorem 1.2.3. A similar result, which holds more generally

#(SpB)gan(FO[,OvH)SC(Bv 85 O'a)'QS'HS’ FO[,OZ {

for O[[¢]]-subanalytic sets, was established in [Cluckers et al. 2020, Theorem B]. However, that similar
result holds for local fields with residue characteristic larger than some N = N (X, ¢).

More generally, consider a morphism of affinoid algebras .A — 1, and view Sp B — Sp A as a family of
rigid-analytic spaces. Then any adic homomorphism « : A — V,, from a formal model A of A corresponds
to a point of Sp A, and we have the following.

Theorem 1.2.4. Let A and B be affinoid O(t))-algebras. Then, for any & > 0 and any positive integer o,
there exists a constant C(A, B, ¢, o) such that, for every fiber (Sp B), as above,

, Q (Fo D Qp),
#(SPB)gdn(Fa,O» H) SC(Aa Bv g, Ua)'qZ'Haa FO{,0= { P
Fo(t) (Fo D Fa(@)-
Theorem 1.2.4 restricts to Theorem 1.2.3 when A = O((¢)).

1.3. Overconvergent versions. Most of the technical work in the present paper is carried out with the
flavor of “overconvergence”. That is, in the notation of the previous section, we consider a formal model B
and affinoid algebra B := B[1/¢], but restrict our attention to the part of Sp 53 that belongs to the polydisc
of radius |#°| for some § € Q with § > 0. Denote this by Sp B%. For this overconvergent part, we have
the following more uniform version of Theorem 1.2.3.

Theorem 1.3.1. Let B be an affinoid O((t))-algebra. Then, for any € > 0 and any positive integer o , there
exists a constant C (B, €, 8, o) such that, for every fiber (Sp B)y as in Theorem 1.2.3,

@ (Fa D @p)v

Fy(0)  (Fo D Fg((0).

Note that here we avoid the extra g/,-term, making the result truly uniform over all Q- and [, (7))-

#(Sp BHI(Fy0, H) < C(B, &,8,04) - HY, Fuo= {

points. The proof of Theorem 1.3.1 is given in the first part of Section 5.2. Theorem 1.2.3 is obtained
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from Theorem 1.3.1 by covering Sp B by g,, polydiscs of radius |¢| and applying Theorem 1.3.1 to each
of them. This is carried out in the second part of Section 5.2.

Theorem 1.2.3 is a special case of Theorem 5.1.3, which establishes a similar result where the rigid-
analytic space Sp B is also allowed to vary in a rigid-analytic family and the constant C (B, ¢, §, o) is
uniformly bounded over the family. Similar statements have been obtained in the original Pila—Wilkie
setting [Pila and Wilkie 2006] as well as in [Cluckers et al. 2015; 2020].

1.4. Comparison with earlier work. The work of [Cluckers et al. 2015] on Pila—Wilkie counting for
Q-subanalytic sets is roughly analogous to the proof in the classical case. The key difficulty is to find a
suitable replacement for the reparametrization lemma (proved by Yomdin [1987] and Gromov [1987]
in the algebraic setting and extended to the general o-minimal structure by Pila and Wilkie [2006]).
This is accomplished in [Cluckers et al. 2015] through a systematic study of Lipschitz continuous cell
decompositions. In [Cluckers et al. 2020], this is extended to Z[[¢]]. The model-theoretic machinery then
allows one to specialize uniformly to every nonarchimedean local field of sufficiently high characteristic.

Our proofs follow a different approach to the Pila—Wilkie theorem introduced in [Binyamini and
Novikov 2017a]. This approach avoids the use of the reparametrization theorem and replaces it by an
argument in the spirit of Weierstrass preparation: instead of covering an analytic set by smooth charts as
in the reparametrization lemma, one covers it by Weierstrass polydiscs where analytic functions can be
Weierstrass prepared. It turns out, perhaps unsurprisingly, that Noether normalization provides a very
direct analog of the Weierstrass polydisc construction in the rigid-analytic setting. Our main technical
result in this direction, Theorem 3.3.2, shows that Noether normalization can be performed uniformly in
families — giving a suitable replacement of the reparametrization lemma. The main advantage of this
approach is that Noether normalization is much easier to carry out in positive characteristics than the
reparametrization approach of [Cluckers et al. 2015; 2020], and it is this feature that allows us to carry
out our proofs over [, ((#)) and indeed uniformly over all characteristics.

Remark 1.4.1. In this paper we restrict our attention to the setting of affinoid spaces, which is less
general than the subanalytic spaces considered in [Cluckers et al. 2015; 2020]. In the archimedean setting,
the approach of [Binyamini and Novikov 2017a] was also used with relatively little effort to recover the
subanalytic case from the analytic case. It seems possible that an analogous approach would yield a
“subanalytic” version of our result in the rigid-analytic setting as well. In fact, the contributions of van
den Dries [1992], Lipshitz and Robinson [2005], and Cluckers and Lipshitz [2011], together with the
overconvergent approach by Martin [2016], may be suitable for our purposes.

1.5. Toward polylogarithmic counting theorems. The Weierstrass polydisc construction developed in
[Binyamini and Novikov 2017a] has played the central role in many further developments around the
Pila—Wilkie theorem concerning questions of effectivity [Binyamini 2019] as well as in the direction
of the Wilkie conjecture, i.e., the improvement of the asymptotic O (H?) to a polylogarithmic (log H)*
[Binyamini and Novikov 2017b; Binyamini 2022]. In the nonarchimedean context, the same idea was
used in [Binyamini et al. 2022] to prove a polylogarithmic counting result for germs of analytic varieties
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defined by Pfaffian or Noetherian functions. Namely, the number of C(z)-rational curves in such a germ
grows polynomially as a function of the degree.

Since our approach here establishes a very direct analog of the Weierstrass polydisc construction in
rigid-analytic geometry, it seems likely that it could lead to similar improvements in the rigid-analytic
setting. We intend to pursue these applications in forthcoming work. To illustrate the potential of this
approach, we prove the following polylogarithmic interpolation result, which can be seen as a first step
toward polylogarithmic counting.

Theorem 1.5.1. Let B be an affinoid O((t))-algebra. Then there exists a constant

C— {C(B, 8, [F:Qpl/re) (Fo D Qp),
C(B,d) (Fo D Fy (@)

such that, for every fiber (Sp B)y as in Theorem 1.2.3, the set (Sp B”‘S)ga“(Fa,o, H) is contained in an
algebraic hypersurface of degree C(log, H ).

Similar results have been obtained in [Cluckers et al. 2015] in the Q,, setting and in [Cluckers et al. 2020]
uniformly for sufficiently large primes. However, experience from the classical R context [Binyamini and
Novikov 2017b] and the C((¢)) context [Binyamini et al. 2022] shows that the approach using Weierstrass
polydiscs makes it easier to extend such results into a full-fledged polylogarithmic counting theorem.

1.6. Organization of this paper. This paper is organized as follows. In Section 2 we develop some
background material on rigid-analytic geometry over O((¢)), where O is an integer ring of a number field.
In Section 3 we develop a uniform version of the Noether normalization theorem in this context, which
forms our rigid-analytic analog of the “Weierstrass polydisc” construction of [Binyamini and Novikov
2017a]. In Section 4 we prove a result on interpolation of rational points in rigid spaces using algebraic
hypersurfaces, assuming that the space is Noether normalized. Finally in Section 5 we prove the point
counting theorems.

1.7. Conventions.

» We denote by N the set of all nonnegative integers.
e For a local ring R, we denote by mp its maximal ideal.

e For v=a/b € Q areduced fraction, we define H (v) = max{|al, |b|}. For v=a(t)/b(t) € F,(1) a
reduced fraction, we define H (v) = max{gdee¢, gdeeby,

2. Rigid geometry

2.1. Admissible algebras. Let Fj be a number field fixed once for all, and O = OF, be the integer ring
of Fy. We consider the formal power series ring O[[¢]] with the 7-adic topology. We denote by O[[¢]{(x))
(where x = (x1, ..., x,)) the restricted power series ring over O[[t]], i.e., the ¢t-adic completion of the
polynomial ring O[[#]][x].
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Definition 2.1.1. (1) A topologically-of-finite-type Ot ]]-algebra is an O[[¢]]-algebra A that is isomorphic
to an O[[t]]-algebra of the form O[¢]|{x))/a, where a C O[[t]]{x)) is an ideal. By a morphism of
topologically-of-finite-type O[[¢]]-algebras, we mean an O[[¢]]-algebra homomorphism.

(2) A topologically-of-finite-type O[[¢]]-algebra is said to be admissible if it is t-torsion free.

Note that topologically-of-finite-type O[[¢]]-algebras are Noetherian and 7-adically complete, and every
morphism between them is adic. We denote by Adpy; the category of admissible O[[¢]]-algebras and
O[[t]-algebra homomorphisms.

The notion of topologically-of-finite-type O[[z]]-algebras gives rise to the notion of finite-type formal
schemes over O[[¢]]. Note that if X is a finite-type formal scheme over O[[¢]], then X (the closed fiber
by ¢ = 0) is a finite-type O-scheme and hence is Jacobson.

2.1.2. Restricted power series ring over A. For any topologically-of-finite-type O[[¢]]-algebra A, we
denote by A{(x)) the t-adic completion of the polynomial ring A[x], or, what amounts to the same,

Ax) = { Y ax” € Allx]] )

for any m € 7., there exists M € Z>o}
veN”

such that [v| Z M = a, €t™A

Lemma 2.1.3. Let A be a topologically-of-finite-type O|[t]l-algebra and N C A its t-torsion part, i.e., the
ideal consisting of the t-torsion elements. Then the t-torsion part of A{x)) is the ideal

{Zavx”‘aveNforanyveN"}. )
veN#
Thus we have

A{x)/(t-torsion) = (A/(t-torsion)) {(x)).

In particular, if A is admissible, then so is A{(x)).

Proof. Let M be the t-torsion part of A{(x)). It is clear that M is contained in the ideal (1). Since A is
Noetherian, there exists sufficiently large m > 0 such that t" N = 0. If F € A{(x)) belongs to the ideal (1),
then we have ™ F =0, and hence F € M. O

2.2. Classical points. We consider rigid spaces of finite type over S = (Spf O[[]))"¢. A finite-type
affinoid over S, for example, is a rigid space isomorphic to a rigid space of the form (Spf A)"¢ given by a
topologically-of-finite-type O[[¢]]-algebra A.

Let X be a rigid space of finite type over S. Simply by a point of X', we usually mean a point of the
associated Zariski—Riemann space (X). A classical point of X is a retro-compact point-like rigid subspace
of X [Fujiwara and Kato 2018, I1.8.2.8]. Note that any classical point of X is closed [Fujiwara and Kato
2018, 11.8.2.9]. As usual, the set of all classical points of X is denoted by (X)°l. If X = (Spf A)"¢, where
A is an admissible O[[t]]-algebra, then classical points are in canonical one-to-one correspondence with
closed points of the Noetherian scheme Spec A, where A = A[1/¢] [Fujiwara and Kato 2018, I11.8.2.11].

Remark 2.2.1. The classical points in the situation of classical rigid geometry are often referred to as
rig-points; see [Bosch 2014, §8.3].
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Lemma 2.2.2. Any classical point of a rigid space of finite type over S is isomorphic to (Spf V)",
where V is a complete discrete valuation ring with finite residue field.

Proof. By [Fujiwara and Kato 2018, 11.8.2.6], the classical points are of the form (Spf V)" for a complete
discrete valuation ring V. Since V is topologically of finite type over O[[¢]], V/tV is of finite type over O.
As the residue field of V is of finite type over O, it is a finite field. U

Corollary 2.2.3. If A is a topologically-of-finite-type O|[t]l-algebra, and m is a maximal ideal of A =
A[1/t], then the residue field A/m is a nonarchimedean local field, i.e., a complete discrete valuation
field with finite residue field.

Example 2.2.4. Let us consider the case O = Z, and let p be a prime number.

(1) A classical point (SpfZ p)rig — (Spf Z[[t])"e is given by the surjective homomorphism Z[[¢]] — Z,
that maps ¢ to p.

(2) A classical point (SpfF, [t1)"e < (SpfZ[[t])"¢ is given by the canonical homomorphism
20t — F,le 1 = ZIt N/ pZIt .

Example 2.2.5. Consider the homomorphism

Zl[t1 — R =Z[t1/(p® —12).

The normalization R of R is a ramified quadratic extension of Z,,. In fact, R can be obtained from the
strict transform of the admissible blow-up X — Spf Z[[¢]] along the admissible ideal J = (p, ¢); i.e.,

X = SpfZ[[e1i{¢/ p) U Spt Z[[21Ip/ 1)) — Spt Z[[1l,

and the strict transform on Spf R is Spfﬁ — Spf R, where R= ZMeN(e/p)/(p — (t/p)?). In particular,
the closed immersion Spf R X gives rise to a classical point of (Spf Z[[¢]])"¢.

Lemma 2.2.6. Let ¢ : O[[t]] = V, where V is as in Lemma 2.2.2, be an adic morphism that arises from a
classical point of a rigid space of finite type over S, and set ¢ = ¢~ (my) and p = qN O.

(a) q (resp. p) is a maximal ideal of O|[t]] (resp. O), and q = pO[[t]] + (¢);

(b) V is finite over O[[¢]].
Proof. Since the residue field k = V /my is finite, q (resp. p) is a maximal ideal of O[[¢]] (resp. O). Since
¢ (t) € my, we have pO[[¢]] + (¢) C q. But, since O[[¢]l/(pO[t] + (t)) = O/p, we have that pO[[z]] + (¢)

is maximal, and hence we have pO[[t]] + (t) = q. Since V/tV is a finite ring, V/tV is finite over
Ollt1/tOlt]l. Then, by [Matsumura 1989, 8.4], V is finite over O[[7]]. U
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Lemma 2.2.7 (functoriality of classical points). Let X — Y be a morphism of rigid spaces of finite type
over S and (Spf V)€ — X be a classical point. Then there exists uniquely a commutative diagram

(Spfv)ie — x

I

(Spfw)ieg —— y

where W — V is finite and (Spf W)Iig < Y is a classical point. Thus we have the map (X)) — (Y)°

between the sets of classical points.

Proof. We may assume that X = (Spf A)"€ and ) = (Spf B)"2, and that X — ) is induced from a
morphism B — A of admissible O[[#]]-algebras. Then any classical point of X corresponds to an adic
morphism A — V to a complete discrete valuation ring V with finite residue field. Since classical points
in our situation are closed, we may assume that A — V is surjective.

Let ¢ : O[[t]] — V be given by the composition O[[t] - B — A — V, and set q = ¢! (my) and
p =qNO. Note that, since ), _,a,t" € O[[t] does not belong to q if and only if ay & p, we have
(i[t\]]q = Oyllz]. Let R be the imz;ge of @[?]h in V, which is a ¢-adically complete local subring of V,
and let R be the normalization of R in V, which is a t-adically complete discrete valuation subring of V.
Let J C R be the admissible ideal such that R is the admissible blow-up along J.

Consider the base change Br = B ®op; R — Ar = A ®opq R and the strict transform By — A by
R — R. Since A % — V is surjective, it defines a classical point of Xz = (Spf A )"¢. By the functoriality
of classical points over valuation rings of height 1 [Fujiwara and Kato 2018, I1.8.2.14], one has a

commutative diagram of the form

SpfV —— SpfAp

|

SpfW —*— 7

|

Spf By

where W is a complete discrete valuation ring with finite residue field, W — V is finite, i is a closed
immersion, and 7 is an admissible blow-up.

Let 7’ : Z — Spf Bg be the composition Z — Spf Bi — Spf Bg of two admissible blow-ups,
which is again an admissible blow-up [Fujiwara and Kato 2018, II.1.1.10], and let J" C By be the
corresponding admissible ideal. Let J; C B ®O[[t]] O[[t1l; be the pull-back of J’ by the surjection
B @Om Ollt1ly — Bg. Then J; is an admissible ideal of B ®O[II]] O[t]lq, and the corresponding
admissible blow-up m; : Z; — Spf B ‘§’Ol[tJJ Ollt1l4 gives rise to ' by passage to the strict transform.
Note that Z < Z; is a closed immersion. Suppose ¢V e J;. Then J; corresponds to a finitely generated
ideal J; of B ®O[[t]] O[[t]]q/(tN) =B ®O[[t]] Oy [t/ (t"), which extends to a finitely generated ideal Ja
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of B ®oy O[1/al[t]/(N) for some a € O\ p. Then the pull-back J, C B @o[[,]] O[1/a][[z]] of Jo gives
rise to the admissible blow-up 7, : Z, — Spf B ®O[[t1] O[1/a]ll¢] that extends 7r;. Now, due to [Fujiwara
and Kato 2018, I1.1.1.9], we can further extend m, to an admissible blow-up 73 : ¥ — Spf B. Thus we
have a locally closed immersion Spf W — Y, which defines a classical point of J = Y™ (see [Fujiwara
and Kato 2018, 11.8.2.9 (2)]) and fits in with the following commutative diagram:

SpfV —— SpfAr —— SpfA

|

SpfW «— L 3 Z < |— 5y

/o

Spf Bg — Spf B
The uniqueness follows from [Fujiwara and Kato 2018, I1.8.2.11]. (]

Corollary 2.2.8. Let A — B be a morphism of topologically-of-finite-type O|[t]l-algebras. Then
Spec B[1/t] — Spec A[1/t] maps closed points to closed points.

2.3. Affinoid algebras. Set O(t)) = O[[¢]I[1/1].

Definition 2.3.1. An affinoid O((t))-algebra is an O((t))-algebra that is isomorphic to an O((¢))-algebra
of the form A[1/¢] by a topologically-of-finite-type O[[¢]]-algebra A. By a morphism of affinoid O((#))-
algebras, we mean an O((¢))-algebra homomorphism.

Definition 2.3.2. (1) A formal model of an affinoid O((t))-algebra A is a topologically-of-finite-type
O[[t]-algebra A with an isomorphism A[1/t] — A of O((¢))-algebras.

(2) A formal model is said to be admissible if it is given by an admissible O[[¢]]-algebra.

If A is a formal model of A, then A/(¢-torsion) gives an admissible formal model. In particular,
any affinoid O((¢))-algebra A admits an admissible formal model. Note that a formal model A of A is
admissible if and only if the map A — A is injective.

We denote by Afo(,) the category of affinoid O((r))-algebras and O((t))-algebra homomorphisms.
There is a functor

()[1/t]: Adogg — Afoqy, A A[l/t].

Proposition 2.3.3. Any affinoid O((t))-algebra is Jacobson.

Proof. It suffices to show that, for any affinoid O((¢))-domain .A, the intersection of all maximal ideals
of A is zero. Let p be the kernel of O — A, which is a prime ideal of O. If p # (0), then p is a maximal
ideal of O, and A is an affinoid algebra over the complete discrete valuation field (O/p)(¢)). Hence A is
known to be Jacobson. Suppose p = (0). For any nonzero f € A, consider the nonempty open subset
D(f) = Spec Ay of Spec . A. We need to show that D(f) contains a closed point of Spec .A. Since the
image of ¢ : Spec A — Spec O is dense and O is Jacobson, there exists a closed point x of Spec O such
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that ¢~ (x) N D(f) # @. The fiber ¢ ' (x) is given by Spec .A/q.A, where q is the maximal ideal of O
corresponding to x and .A/q.A is an affinoid algebra over the complete discrete valuation field (O/q)((?)).
Since A/q.A is known to be Jacobson, there exists a closed point of the closed subset ¢! (x) C Spec A
in o~ '(x) N D(f). O

2.3.4. Tate algebra. Let A be an admissible O[[¢]]-algebra, and let A = A[1/¢] be the associated affinoid
O((t))-algebra. We set

Alx) == Aentl /1] = { Z ax” € Allx] such that [v| Z M = a, €t™A

for any m € 7., there exists M € Z>o}
veNn

which is an affinoid O((¢))-algebra, called the Tate algebra over A.

2.4. Norms on affinoid algebras. The ring O((t)) is equipped with a nonarchimedean norm
|-1:0@) — Rxo

defined as follows: fora(r) =) ., agt® with a, # 0, we set |a(t)| = e™", where e > 1 is a real number
fixed once for all, and |0] = 0. Noze that O((¢)) is complete with respect to this norm.

For any maximal ideal m of O((t)), the residue field K = O((t))/m is a nonarchimedean local field
(Corollary 2.2.3), and has the unique norm | - |g such that |7|x = e~ !, where 7 is the image of ¢ in K.
Note that, for any a(¢) € O((t)), we have

la()|x < la(®)l,
where a(f) is the image of a(¢) in K.

2.4.1. Gauss norm. The Tate algebra O((t)){(x)) (where x = (x1, ..., x,)) is equipped with the Gauss
norm || - ||, which is defined, as usual, as follows:
‘ Zavx” = max |a,|.
N vV
As usual, one can show that the Gauss norm is multiplicative, i.e., | FG| = || F|| - ||G||, and that the Tate

algebra O((#)){(x)) is complete with respect to the Gauss norm.
For any maximal ideal m of O((t)), the Tate algebra O((¢)) {(x)) is specialized to the usual Tate algebra
K {(x) over K = O((t))/m, and if || - || ¢ denotes the usual Gauss norm on K {(x)) relative to the norm |- |g
on K as above, we have
IF)lx < IF @)l

for any F(x) € O(t)){(x)), where F(x) denotes the image of F(x) in K ((x)).

2.4.2. Residue norm. For an affinoid O((¢))-algebra .A with a presentation A = O((¢)) {(x))/a, one has the
residue norm || - || 4 defined by

I flla=inf{|F|| | F € O(){x)) and F mod a = f}
for f € A.
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For any maximal ideal m of O((¢)), the presentation A = O((¢)){(x))/a is specialized to a presentation
Ag = K{{x))/aK {x)) of the usual affinoid algebra Ag over K = O((t))/m and thus gives rise to a residue
norm || - || 4, on Ag (induced from the Gauss norm on K {(x)) defined as above). We have

I lax < 1flla 2
for any f € A, where f is the image of f in A.

2.5. Topology on affinoid algebras. Any residue norm on an affinoid algebra A defines a complete
topology on .A. We now show that this topology does not depend on the choice of the residue norm.

Lemma 2.5.1. Let A and B be affinoid O((t))-algebras considered with arbitrary residue norms. Then
any O((t))-algebra homomorphism ¢ : A — B is continuous.

Proof. Due to closed graph theorem for metrically complete topological groups [Pettis 1974], we only need
to show the following: if a sequence { f,,} in .A converges to 0 and {¢( f,)} converges to an element g in B,
then g = 0. Take any maximal ideal m C B, and let n C O((¢)) be the image of m by Spec B — Spec O((t)),
which is a maximal ideal of O((#)) due to Corollary 2.2.8. Set K = O((#))/n (see Corollary 2.2.3).
Forany [ > 1, ¢; : A — B/m! is continuous, since A/ ker(g;) — B/m' is a mapping between finite
dimensional K -linear spaces, and the topology of A/ ker(¢;) is the induced one from that of .A. Hence
we have g € m! for any [/ > 1. Then by Krull’s theorem [Bourbaki 1972, III, §3.2, Corollary], the ideal
Ann(g) = {x € B| xg =0} is not contained in any maximal ideal of B. Hence 1 € Ann(g), i.e., g=0. O

Corollary 2.5.2. The residue norm on an affinoid algebra A gives a well-defined topology on A; i.e., the
induced topology does not depend on the choice of a presentation A= O((t)){(x))/a.

Hence, in the sequel, we will always consider affinoid O((¢))-algebras with the canonical topology as
above. Any O((t))-algebra homomorphism between affinoid algebras is continuous with respect to the
canonical topology.

Lemma 2.5.3. Let A be an affinoid O((t))-algebra and A an admissible formal model of A. Then the

restriction to A of the canonical topology on A coincides with the t-adic topology.

Proof. The assertion is clear if A = O(#)){x)) and A = O[[t]l{x)), i.e., the topology by the Gauss norm
on O[[t]l{{x)) coincides with the ¢-adic topology. In general, take a presentation A = O[[¢][{{(x))/a and the
induced presentation A = O((t)) (x))/aO(¢) {x)). Then the topology on A, which is the restriction of the
topology by the induced residue norm, is the quotient topology of the ¢-adic topology and hence is the
t-adic topology. O

Corollary 2.5.4. Let ¢ : A — B be a morphism of affinoid O((t))-algebras and A an admissible formal
model of A. Then there exists an admissible formal model B of B and a morphism ¢ : A — B such that
¢ =¢[1/t].

Proof. Take an admissible formal model B of B, and let B’ be the image of the continuous morphism
A @O[[t]] B — B. Since B’ contains B, B’ is a formal model of B, which admits A — B’, as desired. [
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Corollary 2.5.5. Let A — B be a morphism of affinoid O((t))-algebras. Then Spec B — Spec A maps
closed points to closed points.

Proof. This is immediate from Corollaries 2.5.4 and 2.2.8. ([

2.6. Reduction map. Let A be an affinoid O((¢))-algebra and A C A an admissible formal model of .A.
Set A9 = A/tA. Then we have the so-called reduction map

red4 : Spm.A — Spm Ap

from the maximal spectrum of A to the maximal spectrum of Ag, defined as follows. Any closed point
x € Spec A corresponds to a classical point (Spf V)" & — (Spf A)"€, where V is a complete discrete
valuation ring with finite residue field, whence a finite morphism Spf V' — Spf A of 7-adic formal schemes.
The last morphism induces a finite morphism Spec k — Spec Ag, where k is the residue field of V, and
hence a closed point of Spec Ag, which we define to be red4 (x).

The reduction map can be defined in a slightly more general situation. Let X’ — X = Spf A be an
admissible blow-up. Then the finite adic map Spf V — Spf A has a unique lift Spf V. — X', which gives
rise to a finite morphism Speck — X), where X, is the closed subscheme of X’ defined by # = 0, which
is a finite-type O-scheme. We thus have a reduction map

redy : Spm A — (X{)°,
which maps to the set of closed points of X,.

Lemma 2.6.1. The reduction map redy is surjective.

Proof. First, note that there exists a map (XE))Cl — Spm O since X, is of finite type over O, which is
Jacobson. Hence (X{))Cl is the disjoint union of the fibers of this map. The fiber over x € Spm O of the
reduction map redy- is the reduction map Spm.A4/p, A — (X(’)’ x)d in classical rigid geometry, where
px C O is the maximal ideal corresponding to x; note that A/p, .4 is an affinoid algebra over the complete
discrete valuation field (O/p,)(#)) and the reduction map is considered with respect to the formal model
A/pyA of A/p.A. As the reduction map in the classical situation is known to be surjective (e.g., [Bosch
2014, §8.3, Proposition 8]), the assertion follows. O

2.7. Power-bounded elements. Let A be an affinoid O((¢))-algebra. For any closed point x € Spm A4, the
residue field K, at x is a nonarchimedean local field (Corollary 2.2.3) and has the unique nonarchimedean
norm | - |, defined as in Section 2.4. One has a map

A— RZO’ f'_)|f(x)|:|f|x,

and, for any f € A, the so-called spectral seminorm

| flsp = sup{|f (x)| | x € Spm A},

which is power-multiplicative, i.e., | f"|sp = (| fsp)" for any n > 0.
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Lemma 2.7.1. The spectral seminorm is bounded by any residue norm, i.e., | flsp < || flla forany f € A,
where || - || 4 is a residue seminorm relative to an arbitrary presentation A = O((t)){(x))/a.

Proof. For any closed point x € Spm A, let y € Spm O((¢)) be its image (see Corollary 2.5.5) and K the
residue field at y. Then | f(x)| = | f(x)|, where f is the image of f in Ag. It is known in the classical
rigid geometry that | f(x)| < || f|l.4,» and, by (2) in Section 2.4, we have | f (x)| < || | 4. ]

Proposition 2.7.2. Let A be an affinoid O((t))-algebra. Then the following conditions for f € A are
equivalent:

(a) f is power-bounded, i.c., the set { f"} is bounded by a residue norm | - |4 on A (note that the
boundedness does not depend on the choice of | - | 4).

®) [flsp =1
(c) f is integral over any admissible formal model A of A.

(d) There exists an admissible formal model A of A that contains f.

Proof. The spirit of the proof is just the same as that of the corresponding theorem in the classical rigid
geometry. However, we include the proof here for the reader’s convenience.

Let us first show (a) = (b). Suppose that f is power-bounded and | f|s, > 1. Since |- |5, is power-
multiplicative, {| f"[sp} is not bounded, and hence {| f"| 4} for any residue norm | - | 4 is not bounded,
either.

Second we show (c) = (d). Suppose f is integral over an admissible formal model A of \A. Then
A[ f]is finite over A and hence is topologically of finite type, which gives an admissible formal model
of A.

Next we show (d) = (a). Take an admissible formal model A such that f € A and a presentation
A Z O[[tI{x)/a. Then we have A = O((z)){x))/aO(t)) {x)), and one has the residue norm |- |4 on A
with respect to this presentation. Since |g| 4 < 1 whenever g € A, we have (a).

Finally, let us show (b) = (c). Let A be an admissible formal model of .A. Take N > 0 sufficiently
large such that g =tV f € A, and consider the admissible ideal J = (", g) of A. Let X’ — X =SpfA
be the admissible blow-up along J. We have X = Ut U U, where

U =SpfA(g/t")/(t-torsion),
U™ =SpfA({t"/g))/(g-torsion).

We are going to show X’ = U ™. What we want to show is that the closed subscheme Zy of Z = X'\ U™
defined by ¢ = 0 is empty. First note that Z is a finite-type scheme over O. By our assumption (b),
for any x € Spm A, the image f(x) of f in the residue field K, at x belongs to the valuation ring V,.
Now the map Spf V, — Spf A lifts to Spf V, — X', whose image lies in U™ since g = ¢" f. This means
that the image of the reduction map Spm A — X{| lies in U(;r . Since the reduction map Spm A — (X(’))Cl
is surjective by Lemma 2.6.1, we deduce that Z, has no closed point of X;,. Since X{ is of finite type
over O and hence is Jacobson, this means Zy = &.
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Now, since 7 : X’ — X = Spf A is proper and affine, it is finite. In particular, I'(X, 7,Ox/) = A[f] is

finite over A, as desired. O
Corollary 2.7.3. Let A be an affinoid O((t))-algebra, and let fi, ..., f, € A be power-bounded elements.
Then there exists an admissible formal model A of A that contains fi, ..., fa.

Corollary 2.74. Let ¢ : A — B be a morphism of affinoid O((t))-algebras, and let g1, ..., g, € B be
power-bounded elements of B. Then ¢ lifts uniquely to a morphism A{x1, ..., x,)) — B such that x; — g;
fori=1,...,n.
Corollary 2.7.5. Let ¢ : A — B be a morphism of affinoid O((t))-algebras, and let A (resp. B) be an
admissible formal model of A (resp. B). Then there exists an admissible formal model B’ of B such that:

(a) B’ admits a homomorphism ¢ : A — B’ of admissible O[[t]-algebras such that ¢p[1/1] = ¢.

(b) B C B', and B’ is finite over B.

(¢) Spf B’ — Spf B is an admissible blow-up.
Proof. Take a presentation A = O[[¢]I{(x1,...,Xn))/a, and set f; = x; moda fori = 1,...,n. Set
gi=o¢(f;) fori=1,...,n. Then, since | f;|sp < 1, we have |g;|sp < 1, and thus B’ =Bl[gi,...,gn]isan
admissible formal model of B, which is finite over B.

We need to show that Spf B’ — Spf B is an admissible blow-up. To this end, take N > 0 sufficiently

large such that t¥g; € B forany i = 1, ..., n, and consider the admissible blow-up X" — Spf B along
the admissible ideal J = (t",tVgy,...,tVg,). Then X" is covered by Spf B; fori =0, 1, ..., n, where

tN tN
By = B<<I—Ngl, R ti" >>/(t—torsi0n),

which is nothing but B’, and, fori =1, ..., n,
N tNgl tNgn N
B, =B , e t" g;-torsion),
’ <<tNgi g g /S )

which is isomorphic to the complete localization By, , of B’. Hence we have X" = Spf B, and thus we
have shown that Spf B’ — Spf B is an admissible blow-up, as desired. ([

Corollary 2.7.6. Let A be an affinoid O((t))-algebra, and let A and A’ be admissible formal models of A
such that A C A’. Then A’ is finite over A. Moreover, Spf A’ — Spf A is an admissible blow-up.

Proof. Since A’ is topologically of finite type over A, one can write A" = A{f1,..., fu)) for some
fi, ..., fn € A’. By Proposition 2.7.2, each f; is integral over A, and hence A’ = A[f1, ..., fu], which
is finite over A. The other part can be shown similarly to the proof of Corollary 2.7.5. O

Corollary 2.7.7. Let A be an affinoid O(t))-algebra, and let A and A’ be admissible formal models of A.
Then there exists an admissible formal model A" of A such that:

(a) A” contains both A and A’, and A" is finite over A and A’.
(b) Spf A” — Spf A and Spf A” — Spf A’ are admissible blow-ups.
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Proof. Take a presentation A = O[[t]|{(x1, ..., x,))/a (resp. A" = O[tN{x], ..., x,,))/a’), and set f; =
x; modafori=1,...,n (resp. f]f =x} mod o' for j =1,...,m). Then f; and f]f are power-bounded
elements, andset A" =A[f], ..., fn]1=A'[fi,..., fal. Then this A” satisfies condition (a). Condition (b)
follows from Corollary 2.7.6. ]

Remark 2.7.8. What we have seen in Corollaries 2.7.5 and 2.7.7 can be summed up in the language of
[Fujiwara and Kato 2018, II.A.4 (g)] to say that affinoid O((¢))-algebras, like classical affinoid algebras,
have the so-called canonical rigidification.

2.8. Rigid analytic geometry over O((t)). By Corollary 2.7.7, for any O((t))-affinoid algebra A4, the
affinoid space (Spf A)" does not depend on the choice of the admissible formal model A of .A. Hence
we can write, as in the classical rigid geometry,

Sp A := (Spf A)"™.

Remark 2.8.1. Note that this definition of Sp .4 differs (harmlessly) from the one in the classical situation,
where affinoid spaces in the classical setting are defined as the analytic spaces supported on the set of all
maximal ideals (i.e., classical points) of .A.

By Corollary 2.7.5, any O((t))-algebra homomorphism A — B between affinoid O((t))-algebras induces
a well-defined morphism Sp 5 — Sp A of rigid spaces over O(t)).

2.8.2. K-valued points. Let O[[t]] > K be a finite O((¢))-algebra, where K is a nonarchimedean local
field. Then, for any affinoid space Sp.A, one can consider a K-valued point o« : SpK — Sp.A as a
morphism between rigid spaces over O((¢)). By Corollary 2.5.5, o factors as

SpK —%—— SpA

N

SpL
where K /L is a finite extension of nonarchimedean local fields and § is a classical point.

2.8.3. Specialization to the classical rigid geometry. Consider a K -valued point Sp K < Sp O[[¢]], where
K is a nonarchimedean local field. Then any affinoid space Sp.A over O((¢)) can be specialized to the
affinoid space Sp Ag over K in the sense of classical rigid geometry, where Ax = A Qo) K.

More generally, for any finite-type rigid space X over O((t)), one has the base change Xk, which is a
finite-type rigid space over K.

2.9. Extension by roots of t. For a positive integer N, one has the finite extension O[[¢]] — OnNitM =
Oz, sT/(s™ — ). Since the latter ring is -adically complete, it coincides with its completion O[[z'/V]).
Note that O[[t!'/N] = O[[¢]|[¢'/V] is faithfully flat over O[¢]], and that O[[t'/¥|[1/¢] = O(t'/V)). Note
also that, if A is t-adically complete, then A ® oy Oll?'/N = A ®op,q Ollt'/V1, since the left-hand side
is already #-adically complete.
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Let A be an affinoid integral domain over O((¢)). Consider the simple field extension Frac(.A4) (t'/Ny of
Frac(A) generated by an N-th root of . We denote by

A[tl/N]

the subring of Frac(.A) /Ny generated by A and tY/N This is an affinoid O(¢!/V ))-algebra since there
exists a surjection A®o ) O(t"/N) — Alt'/N]and ARo ) O(t"/V) = ABo () O(t'/V)) is an affinoid
O(t'/N)-algebra.

If A is an admissible formal model of A, one can similarly define

ALV

to be the subring of Frac(A)(¢'/") generated by A and ¢'/V, which is the surjective image of the canonical
map A ®opq OtV = A ®opq Ot /N1 — A[t'/N]. Clearly, A[¢'/V] is an admissible formal model
of A[t!/N].

2.10. Affinoid algebra with a convergence condition. In the sequel, by the denominator of a rational
number §, we mean the smallest positive integer d(§) such that d(8) - § € Z. Similarly, the denominator

of a vector § = (81, ...,8,) € Q" of rational numbers is the smallest positive integer d(8) such that
d(d) -8 € 7. We write

=%, %) and Px=Pxy, ..., 1x,),
and, forv = (v, ..., v,) € N*,

§-v=58vi+---+v,.

2.10.1. Affinoid algebra with a convergence condition. For § = (81, ..., 8,) € ((0>¢)" and an affinoid
algebra A = A[1/¢], where A is an admissible O[[¢]]-algebra, we set

Afx; 8) = { > avx € Allxl | 1175 ay] - O as || — oo}

veN”

(not depending on the choice of a residue norm | - | on .A) and
Ax: 8) = { > ax’ € Ax: ) | ol £ |r|“'”},
veN”!

which is an A-algebra. Note that the condition |a,| < 2157 is equivalent to aﬁl(s) € t1®6) A and hence
is independent of choice of the residue norm | - |.
If §; = m; /d; is the irreducible fraction with d; > 0 fori =1, ..., n, then

Afx:8) = Al(x, y)/a,

where y = (y1, ..., y») and a is the ideal generated by tmixid" — yl.d’ fori = 1,...,n. In particular,
A{(x; 8)) is an admissible O[[¢]]-algebra, and hence A{(x; &)) = A{x; §))[1/¢] is an affinoid O((¢))-algebra.
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Moreover, it is easy to see that if x = (x],...,x,,) and 8§ = (8], ..., d),) € (Qx0)", then
Aflx, x'; (8,8)) = Afx; 8) ®4 A(x"; 8),
Afx,x'; (8,8")) = A((x: 8) ®a A((x'; 8),
where (8,8) = (81,...,84,8],....6,,).
We note that A((x; 8)) is an affinoid algebra corresponding to the polydisk of polyradius ||~ =
(e]7%, e 7o), e,
A{lx; 8) ®ope O N1 = (A ®opsy O (%),
Afx; 8) ®0o(r) O = (Ao O N (),
and, if A is an integral domain,
Al SN = AN ), Al )N = AN ),
where N is a multiple of d(4).
Lemma 2.10.2. Let § = (81,...,8,),8 = (8], ...,8)) € (Q0)", and suppose §' < §, i.e., 8. < &; for
i=1,...,n. Then A{x; 8) — A{x; 8") is flat.
Proof. We may assume that n = 1, i.e., it suffices to show that A{x;§)) — A(x;d’) for 8 < § is
flat. Since the extension O[[t]] — O[[t'/N]] is faithfully flat, we may replace A by A ®opq Ot /M1,
and thus we may assume that §, 8’ € Z. Then Sp A((x; §')) — Sp . A{(x; §)) is an open immersion since
Spf A{(x; 8') — Spf A{x; 8)) is one of the affine patches of the admissible blow-up of Spf A{(x; 8))
along the admissible ideal (I‘S_‘S', x). Then the desired flatness follows from [Fujiwara and Kato 2018,
11.6.6.1 (1)]. [l

2.10.3. Unit-polydisk part. 1§ = (81,...,8,),8 = (8], ...,8,) € (Q=0)" with §’' <4, then A((x; 8)) is
contained in A((x; 8")). In this situation, if B is an affinoid algebra over A{(x; 8)), then we define

B = B® a(xa) Al(x: 8).
Specifically, B will be called the unit-polydisk part of B, which we denote by B°.

2.11. Irreducible decomposition.

Lemma 2.11.1. Ler X be a rigid space of finite type over O(t)), and let Ny be the ideal sheaf of Ox
consisting of local nilpotent sections. Then Ny is a coherent ideal of Ox.

Proof. This can be shown similarly to [Fujiwara and Kato 2018, I1.8.2.9], using the fact that any
topologically-of-finite-type O[[¢]]-algebra is excellent (due to Gabber; see [Kurano and Shimomoto
2021]). O

With the above lemma, one finds that all the rest of [Fujiwara and Kato 2018, 11.8.3 (b)] are valid for
rigid spaces of finite type over O((#)). In particular, an affinoid Sp A = (Spf A)"'2, where A is an affinoid
O((t))-algebra and A is an admissible formal model of A, is reduced (resp. irreducible) if and only if
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the affine scheme Spec A also is (see [Fujiwara and Kato 2018, 11.8.3.5]). Thus one has the irreducible
decomposition of X = Sp A; if

m

Spec A = UX,-

i=1

is the irreducible decomposition of the Noetherian scheme Spec A, then

m
X = U X,
i=1
where
X; =SpA/q; (= (SpfA/q; N A)"E)

and ¢; is the minimal prime ideal of A corresponding to X;, gives the irreducible decomposition of X

2.12. Dimension. We refer to [Fujiwara and Kato 2018, I1.10] for the general notion of dimension of
rigid spaces. First of all, for a rigid space X and a point x € (X'), the dimension of X" at x, denoted by
dim, (X), is the Krull dimension of the local ring Oy . The dimension dim(X’) of X is then defined to
be the supremum of dim, (X) for all x € (X'). Note that if X is a rigid space of finite type over O((¢)),
then dim(X) is the supremum of dim, (X") for all classical points x of X (see [Fujiwara and Kato 2018,
I1.10.1.9]). Moreover, if X = Sp A, where A is an affinoid O((¢))-algebra, then dim, (X) at any classical
point x coincides with dimg,)(Spec .A), where s(x) is the closed point of Spec A corresponding to x. In
particular, we have
dim(X) = dim(A).

Lemma 2.12.1 (fiber dimension theorem). Let ¢ : X — Y be a morphism between rigid spaces of finite
type over O((1)), y = ¢(x) € (V) a classical point, and x € (X! a classical point over y, i.e., y = @(x).
Then we have

dim, (X) —dimy()) < dim, (X)).

Proof. What we need to show is
dim OX,x —dim Oy’y < dim OX,x/my(’)X,x,

where m, is the maximal ideal of Oy, y. Since the local rings Ox , and Oy , are Noetherian, this follows
from [Matsumura 1989, 15.1]. ]

The following lemma will be used later.

Lemma 2.12.2. Let ¢ : A{y1, ..., Ya; 61, -..,06q)) — B be a finite morphism of affinoid O((t))-algebras
with nilpotent kernel. Then, for any morphism A — R of affinoid O((t))-algebras, the induced map

O RV - os Yai 810 8a) = BR=B®4R

is finite and ker(¢r) is contained in the nilpotent radical.
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Proof. First, since the extension of the form O[[7]] — O[N] is faithfully flat, one can first reduce to the
case where 61, ..., 84 € Z by faithfully flat descent, and then to the case §; = - - - = §; = 0 by replacing
each y; by t‘siyi fori=1,...,d.

Second, as the map in question is clearly finite, we only need to show that ¢z consists of nilpotent
elements. Suppose not, and take a nonnilpotent f € ker(¢). By Proposition 2.3.3, there exists a classical
point x =m, of SpR{y1, ..., yq)) (m, is the corresponding maximal ideal of R{(y1, ..., y4))) such that
f ¢ m,. Let y =m, be the image of x in SpR, which is a classical point of SpR (Lemma 2.2.7). Let
K =R/m,, and consider the induced diagram

K= K{(y1, ..., ya) ¥ B,
where ¢k is, by our construction, finite but not injective. It is clear that
dim Sp Bx =dim K {{y1, ..., ya))/ ker(¢px) < d.
On the other hand, by Lemma 2.12.1,

dim Sp B > dim, Sp B—dim, Sp A =d,
which is absurd. O

2.13. Algebraic and transcendental parts. Having formally introduced the notions of irreducibility and
dimension in our context, we now give the general form of the definition of algebraic and transcendental
parts.

Let F be a local nonarchimedean field and Sp B a closed subset of Sp F(#)) {(x)). We say that Sp B is
algebraic if each of its irreducible components is an irreducible component of a closed set defined by a
polynomial ideal I C F{x1, ..., x,)), i.e., an ideal obtained by extension from F[x, ..., x,]. Note that
this is a property of Sp B as a subset of Sp F((¢)) {(x)), not an intrinsic property of Sp 5.

We define (Sp B)¥2 to be the union of all irreducible positive-dimensional closed algebraic subsets of
Sp B and (Sp B)™" to be the its complement in Sp B.

2.14. Formal blow-up of affinoids. Let A be an affinoid O((¢))-algebra and A an admissible formal
model of A. Let J = (fo, ..., f) be an ideal of A. We want to discuss the formal blow-up of Sp A along
the ideal J. This includes the notion of admissible blow-ups in the case where J is an admissible ideal.
Consider the algebraic blow-up Y = Proj @, J k _ Spec A along J. Then
r
Y = USpec A, A= A[ﬁ, R £i|/f,~—torsion.
i=0 fi fi

Taking formal completion,

Y = USpfA,-, /ii = A<<ﬁ, e £>>/f,-—t0rsi0n,
i=0 fi fi
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and the associated rigid spaces, we have the desired formal blow-up ) — Sp .4, where

,
Y=y = U SpA;, A= Ai[l/t] = A<<E, e £>>/fl~-torsion.
i=0 fi fi

2.14.1. Essential center. Let us say that the ideal 7 = J A is the essential center of the formal blow-up
Y= U;:o SpA; — Sp A. Note that if J is an admissible ideal, then 7 = A, i.e., the essential center is
“empty” in the affinoid space Sp A.

If Sp B— Sp A is a morphism of finite type, take an admissible formal model A — B of A — B. Then
X = X", where X is the formal blow-up of Spec B along J B, and the map X — Y from the universality
of blow-ups gives rise to the morphism X — ), which we call the strict transform of the formal blow-up
Y — SpAby SpB — Sp A.

Lemma 2.14.2. Let Sp A be an irreducible affinoid, and let Y — Sp A be the formal blow-up along
J = (fo,..., fr) C A. Suppose J is not nilpotent.

(1) The morphism Y — Sp A is surjective. Moreover, any classical point Sp K — Sp A, where K is a
nonarchimedean local field, lifts to a classical point Sp K — Y of .

(2) If Ais an integral domain, then so is A; fori =0,...,r.

Proof. (1) For any rigid point « : Spf W — Spf A, where W is a tr-adically complete valuation ring,
the extension ideal J W is invertible (since J is finitely generated), and so there exists a factoring map
Spec W — Y which gives, by formal completion, a rigid point above «. The second assertion can be
shown similarly.

(2) If A is an integral domain, then so is A, since A is t-torsion free. Then A; (i =0, ..., r) are integral
domains [EGAII 1961, II, (8.1.4)]. Since A; are excellent, A,- are integral domains, and so are 4; for
i=0,...,r. O

3. Noether normalization for rigid spaces over O((t))
3.1. Diagram modeled on a rooted tree.

3.1.1. Rooted tree. In what follows, by a rooted tree we simply mean a finite directed rooted tree with
the orientation away from the root. As usual, we will often regard a rooted tree T as a category with the
unique minimal object. The set of all vertices is denoted by V7, and, for any v € V, the set of all edges
outgoing from v is denoted by E}L(v). If v — u is a directed edge of T, we say v is a parent of u, and
u is a child of v. Note that the set EJTr (v) can be identified with the set of all children of v. We say a
vertex w is a descendant of v, and v is an ancestor of w, if there exists a directed path from v to w. A
maximal vertex, i.e., a vertex with no children, will be called a leaf.

A basic tree is a height-1 rooted tree, i.e., a rooted tree consisting of a root and its children. Any rooted
tree can be decomposed into the union of basic trees.
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3.1.2. Diagrams. We will consider functors of the form 7' — Adpyj or T — Afo(,) from a rooted tree,
which we shall simply call diagrams. A diagram of admissible algebras A, : T — Adpj,j induces by
composition with the functor (-)[1/¢]: Adop — Afo) (see Section 2.3) the diagram 7 — Afp () of
affinoid algebras, which we denote by A.[1/t]. Basic diagrams are diagrams modeled on a basic tree.

Let A, be a diagram modeled on a rooted tree. An ideal a, of A, consists of ideals a, C A, for any
vertex v € Vr such that, for any edge v — u of T', we have a, A, C a,. In this situation, one can construct
the diagram A, /a, given by A,/a, for v € V.

Example 3.1.3. We will often use diagrams of the following form, denoted by
o™ or O@'M) (= ol N /1])

and defined as follows. The diagram O[[¢'/V+]] modeled on a rooted tree T consists of O[[¢!/N*]] for
vertices v, where NV, are positive integers, such that, for any edge v — u of T, N, is a multiple of N, and
Oft'Ne]) — of/Ne]]

1/Ny l/Nu)Nu/Nv'

is the unique morphism determined by ¢ — (¢

Definition 3.1.4. A transformation diagram modeled on a rooted tree T is a chain of morphisms
Ot ™1 — Ay — Au(x:; 82) — Bi= Aul(x.s 8.) /0. 3)
of diagrams of admissible O[[¢]]-algebras modeled on T satisfying the following conditions:

(a) Forv e Vy, we have x, = (xy.1, ..., Xy) and 8, = Gy 1, - . ., 8y.n) € (Q=0)", where the number of
variables n is fixed and does not depend on v.

(b) For any directed edge v — u of T, we have §, > §,,i.e., 8,; >6,; fori=1,...,n.
(c) For any directed edge v — u, we have a, A, {(x,; 8,)) C ay.

In the following, we will write A, = A,[1/¢] and B, = B,[1/¢]. The induced diagram
O@'™N) = Ay = Au((,: 8.) = Bo = Aul(X 8.) /a0 Au (343 8.) )
will be called the transformation diagram of affinoid O((t))-algebras modeled on T .

3.2. Rational diagrams. Letus say thata coordinate y=(yy, ..., ) is a Z-rational coordinate transform
of x = (x1, ..., x,) if the coordinate transformation is given by polynomials over Z, i.e., y; = F;(x)
is given by F; € Z[x] and x; = G(y) is given by G; € Z[y] (i, j =1, ...,n). Note that Z-rational
coordinate transformation preserves the unit-polydisk since any polynomial mapping maps points in the
unit-polydisk to a point in the unit-polydisk.

Definition 3.2.1. (1) A rational diagram modeled on a rooted tree T is a transformation diagram of
admissible O[[¢]]-integral domains modeled on 7 as in (3) of Definition 3.1.4 satisfying the following
conditions:
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(a) Every vertex v is equipped with an ideal J,, = (co, ..., ¢,,) of A, with fixed generators, and the set
EJTr (v) of edges outgoing from v consists of exactly r, + 1 elements v — u; (i =0, ..., r,) such
that each A,, is of the form A,, = A; [¢1/4], where d; is a positive integer and

o Cr, .
A; = AU<<—, R —‘>>/c,~-t0r31on,
Ci Ci

i.e., A, is the i-th affine patch of the formal blow-up (see Lemma 2.14.2 (2)) of A with respect to

Jy = (co, ..., c,) with a base extension by a root of 7, and N,, is the least common multiple of N,
and d;.

(b) For any directed edge v — u of T, we have that x, = (x, 1, ..., X,.,) 1S a Z-rational coordinate
transform of x, = (xy 1, ..., Xy.n)-

(c) Each By, is of the form B,, = B; [£1/4], where d; is as in (a) and B; is the strict transform
Bi = (By ®4, (x,:8.) Ai {(%u;5 8, )/ ci-torsion.

(2) A stratified rational diagram modeled on a rooted tree T is a transformation diagram of admissible
Ol[[t]-algebras modeled on T as in (3) of Definition 3.1.4 that satisfies the following conditions:

(d) For any v € Vp, the set EJTr (v) of edges outgoing from v is partitioned into two parts,
Ef(v) =E}' (v) LES*(v),
which we call rype 1 and fype 2 edges, respectively.

(e) If EJT“1 (v) # @, then A, and B, are integral domains, and the conditions (a) ~ (c) in (1) with
EJTr(v) replaced by EJT“I(U) is satisfied; i.e., E_;’l(v) consists of exactly r, + 1 elements v — u;
i=0,...,r),and A, = A,, are of the form as in (a) constructed from a formal blow-up of A,
along an ideal J,,.

(f) The type 2 edges are of the form EJTF’Z(v) ={v—>w;li=1,...,[,j=1,...,m;} such that

(f1) Ny,; = Ny, xy,; = Xy, and Swi]. =4, for all (i, j);
(f2) foranyi =1, ...,/ all the A, are equal to an A;;
(f3) A; = A;[1/t] and Buy,; = Bu;[1 /t] are given by the irreducible decompositions (Section 2.11)

l m;

SpAv/du={JSpAi. SpBy®a, A = SpBu,:
i=1 Jj=1
if p; is the kernel of A, — A;, then A; = A, /p; N Ay; if q;; is the kernel of A; (x,; 8,)) —
By @4 A — Bwij, then Ay, = qij N A;{{xy; 6,)) and Bwij = A; {xy; Sv))/awij.
In other words, the type 2 edges comprise the basic diagram by irreducible decomposition of the
induced family over the essential blow-up center.

Remark 3.2.2. Note that if A, and B, are integral domains at a vertex v of T, then by Lemma 2.14.2 (2)
A, and B,, for any descendants w of v are integral domains.
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Remark 3.2.3. If O[[t/M]] - A, — A.{(xs; 84)) = By = A, {(x,; 8.))/0, is a stratified rational diagram
(resp. rational diagram) modeled on a rooted tree 7 and S C T is a subtree consisting of descendants of a
fixed vertex v, then the restriction

Ot M |s — Auls = Aul(Xi; 8D |s = Bals = Aul(Xs; 84)) /auls

on § is a stratified rational diagram (resp. rational diagram) modeled on S.
Proposition 3.2.4. Let N be a multiple of all the N,.

(1) Consider the morphism

[ ISpAsle' /N1 — Sp Ay, [1'/M],
A

1/N

where A runs through all leaves of T. Then any classical point o : Sp K — Sp Ay, [t/ ] lifts to a classical

point of the left-hand side.

(2) Consider the morphism
[ [Sp@Blt" /M 1)* — Sp(By, [N 1),
)

where X runs through all leaves of T and ( -)* denotes the unit-polydisk part (see page 1597). Then any
classical point a : Sp K — Sp(By,[t'/N1)* valued in a subfield F C K lifts to a classical point of the
left-hand side valued in F.

Proof. (1) It suffices to show that the morphism

[ SpAwlt"/N]— Sp A, [t'/¥],

v—>w
where v is a vertex of T and w runs through all children of v, has a similar property. If the image of
a classical point o : Sp K — Sp A, [t'/V] lies outside of the essential center, then the assertion follows
from Lemma 2.14.2 (1). If not, it lifts to the component corresponding to a type 2 edge.

(2) The existence of the lifting can be shown similarly to (1). Note that if w is a child of v, since
the coordinate x,, = (xy.1, ..., Xw,) is a Z-rational coordinate change of x, = (xy 1, ..., Xy ), both
“unit-polydisk part” and “valued in F” are preserved by the morphism Sp B,,[t!/¥] — Sp B,[¢t'/N]. O

3.3. Noether normalization.

Proposition 3.3.1. Let § = (81,...,8,),8 = (&, ..., 8) € Q" be vectors of rational numbers such
that 0 < §' < 8 (i.e., 0 < &/ <& fori =1,...,n). Let A be an affinoid O(t))-integral domain and
B = A{x;d)/a, where x = (x1, ..., x,) and a is a prime ideal of A{x; 8)). Let A be an admissible

formal model of A, and set B = A{(x; §))/a, where a = aN A{(x; 8)), which is an admissible formal model

of B. Then there exists a rational diagram
Ol M)l = Ay — Aul(xs; 8.) = Bi = Aul(x; 8.) /0

modeled on a rooted tree T such that the following conditions are satisfied:
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(a) Let vg € Vr be the root of T. Then Ay, = A, x,, =x, 8,, =46, and a,, = a (hence B,, = B).
(b) For any leaf X of T, we have 8' < 8; < 8, and the map A, — B, factors as
Ay = AplX s oo Xaas Oats - Saay ) > By,

where d, > 0 is a nonnegative integer and the right-hand map is injective and finite. Moreover, one
can take 8, such that §, 1 =--- =06, q4,.

Proof. The proposition follows by induction from the following:

() If a # (0), then, for any 8" € (Q-0)" such that §” < §, there exists a rational diagram as above
satisfying the condition (a) and

(b’) for any leaf A of T, we have 8" < 8§, <d foralli =1, ...,n, and there exists a finite injection of
the form
Aj{Xats s Xan—13 81y oy San—1) /05 <> By,
where 8, 1 = --- = 8, »,—1; moreover, we have dim A, = A and dim B; = dim B.

Indeed, the proposition follows by repeated application of (x), each time replacing A by A, and B by
A3 V1. yo1)/ . as long as ), # (0).

Consider the reversed lexicographical ordering on N", i.e., forv=(vy, ..., v;), u =1, ..., Un) €N,
we have v < pu if and only if v # u and vy < g, where k = max{i | v; # u;}.

Suppose a # (0). Take a nonzero F € a=aN A{x; §)) and write

Fx)=) cx’, c €A
veN?
Consider the content ideal of F:

Cont(F) = (¢, | v € N™).

This is a nonzero ideal of a Noetherian ring A((x; 8)) and is of the form (c,,, ..., c¢,,), where we suppose
that vy < - - - < v, and that the set of generators has been chosen such that v is the smallest possible. Let
us call such an v, the maximal content degree of F, denoted by mcd(F'). The proof of () will be done
by induction on mcd(F); suppose that the claim is already proved for smaller mcd(F).

Step 1. We consider the formal blow-up {A — A; |i =0, ..., s} along the content ideal, i.e.,

c c
A; = A<<ﬂ . >>/cv,.—torsion.

Cy, Cy,

For eachi =0,...,s, we have F(x) in A;{(x;d)) is of the form c,, F; for F; € A;{(x;d)). We have
¢y, F; =0 1n B;, the strict transform of B by A — A;, and, since B; is ¢, -torsion free, we have F; =0
in B;, and so F; € aA;{{x;d). Fori <s, F;(x) has a strictly smaller maximal content degree since
¢y, = (¢y, /¢y, )cy,, and hence the claim (x) for A; follows by induction. The last patch A will be treated
in the next step (with A replaced by A).
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Step 2. We discuss the case where med(F) = vy and ¢, = 1. Take a natural number M such that

e M is not divisible by the characteristic of A,

e M > |vg|+1and MM~1 > n|yyl,

« if we set

e= /MM 1M 1 MM, 1 M),
then §” <38 —e.

Set N = MM"™" and replace A by A[¢!/¥]. Note that:
(i) Ifvg < u,thene-vy < e - u.

Indeed, if = (1, . .., wp) and vo = (vo,1, . .., Vo,n) With b, = v, ..., k1 =Vok41 and fg > vo i
for 1 <k <n, then

_pn—k _ pgn—k+1 _agn—1
e (—v0) =M™ (e —vo) + MM (s —vors )+ A MM (g — g )
2 M_Mnfk . M_Mnkarl |v0| L M_Mnfl |1)0|
_Mn—k (k - l)lv()l _Mn—k n|])0|

We need to consider the scaling of the coordinate ¥ = ¢t~ ®x. Note that A{x;d)) = A{x; 8 — &)
(<= A{x; 8)). If we set F(i:) = F(x), we have
F@ =) &&, &=t
veN"
By (i) above, we have:
(ii) If vg < , then Gy, = 180 | t8%¢,, | t8H ¢, = C,; a fortiori, ¢, /¢y, is divisible by /N,
Indeed, ¢, /¢y, is divisible by ¢ “(1=w) "where & - (i — o) > 0 by (i) and, in the notation as in the proof

of (i) above,
e-(u—vg) = M_Mnfl{MMnfl_Mnfk (g —vox)+-+ -+ —vo,1)} = % - (positive integer).
In particular, we have mcd(l? ) £ vp = mcd(F). Let
Cont(F (%)) = (Gups - - -» )

(mo < - -+ < u,) be the content ideal of F in A’, where u, = mcd(f). By (ii) we have u, < vg. If u, < vy,
then we can finish by induction. So we assume u, = vy. We perform the formal blow-up along the
content ideal of F (x), obtaining affine patches A jfor j=0,...,r as before. Similarly as before, we
may finish by induction for the patches A jforj<r.

On the patch Ar, the strict transform ﬁr of F is of the form

F (%) = f,(&)+1VG (),

where f,(X¥) =x" 4 .- is a monic polynomial and all terms in G (x) are of degree strictly larger than vy.
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Now we consider the famous coordinate change
{xn = Yn,
n—k
Xk=y,iw 4y (k=1,...,n—1).

By our choice of &, the above coordinate change gives rise to a coordinate change

Xn = Yn,»
~ Agn—k

=M 45 (k=1,...,n—1)

from x to y =t~ %y, and we have

3 =G +1"V6),
where
(i) f,(J) = uyL + (lower), where u is a unit and L = M"~'vg | +M" 2195 + - - - + Vo u;
(iv) all terms in G(y) are of degree strictly larger than vy.

Now let B be the strict transform of B by A — Ar, and set Br =B ®Ar (y:8) A,((j}; 8)). Consider the
surjection

Ar(5:8) > B,

whose kernel is a, := aA, (( y; 8)). Let E; be the image of

A58 = ATty o a3 81y ey But) — By
We have B, = B/ (J,; 8,)). Note that
A5 8) =A(y;8—e) and A58 ) =A(y;8 —¢),

where &' = (1, ..., €,—1), and hence B, = E; {yn; 80 — €n)).

‘We need to show that Br is finite over B;. It suffices to show that (1§,)0 = Br / tYN E, is finite over
(B/)o = B!/t'/N B/ [Matsumura 1989, 8.4]. But this follows from (iii) and (iv).

To conclude the proof, let A be a leaf, and let A), = A,, x, =y, 6, =3 —¢,and B; = B,. Moreover,

we claim that we can put §, | =--- =, ,—1. To this end, define 6 =min{§, ; |i =1,...,n—1}, and let
X, =1, ... X n—1) and 8, = (8,1, ..., 8:.n—1). We take the base change of the finite injective map
A (x5 80 /a5 > By = Ap((xi; 8) /an = (A (x5 85) ®a, A l(Xn; San)/ )

by A;(x]; &) — A.((x}; 8)), followed by killing z-torsions. Here, by an abuse of notation, § in the
right-hand side stands for the vector (8, ..., §) of size n — 1. We claim that the resulting map

Aslxs; 80 /0 — By = Ay {(x), xu3 8, 8in)) /0

is again finite and injective. Finiteness is obvious. To show it is injective, it suffices to show that its
localization by 1/¢,
A ((xs 8) /o As(xs; 8) — B, (6)
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is injective. Consider the base change diagram

Ap s O /0l As(x3s 8) —— Br ® 4, a8y Ar (x5 8)

I [

A (g3 850 /o) Ap (x5 83)) < > By,

by A; (x}; 6;)) — A, ((x}; 8)), where the lower horizontal arrow is the localization by 1/7 of (5), which
is finite and injective. The upper horizontal arrow is injective, since A, ((x;; &) — A (x5 &) is flat
due to Lemma 2.10.2. Moreover, by finiteness of the horizontal arrows, By ® 4, TR A {(x}; 8)) is
already complete and hence coincides with B;, i.e., the upper horizontal arrow coincides with (6), whence
the desired injectivity. Now, we finish the proof by replacing A, ((x;; 8,)) by A (X}, x5 .; 8, 5x»)) and
B), by B;. Il

Let us call the rational diagram
Ol M)l = Ay — Aul(Xs; 8.) = Bi = Aul(x; 8.) /0

modeled on T as in Proposition 3.3.1 a normalization diagram. Note that if S C T is a subtree of
descendants of a fixed vertex, then O[[1'/N+]||s — A, {(xx; 8:)|s = Buls = Ax{(xs: 8.))/ayls is again a
normalization diagram.

Theorem 3.3.2 (stratified Noether normalization). Let 8 = (81, ..., 8,), 8 = (8},...,8,) € Q" be vectors
of rational numbers such that 0 < §' < § (i.e., 0 < 8. < §; fori =1,...,n). Let A be an affinoid
O((t)-algebra and B = A{x; 8))/a, where x = (x1, ..., x,) and a is an ideal of A{x; 8)). Let A be an
admissible formal model of A, and set B = A{(x; 8))/a, where a = aN A{(x; 8)), which is an admissible
formal model of B. Then there exists a stratified rational diagram

O[[tl/N*]] — Ay = A{(xy; 84) = By = Ay ((xy; 84)ay
modeled on a rooted tree T such that the conditions (a) and (b) in Proposition 3.3.1 are satisfied.

Proof. First perform the formal blow-up of A along (0), which gives the empty set of type 1 edges, and
the type 2 edges correspond to the irreducible decomposition of Sp B. Then one can construct the desired
stratified normalization diagram by the normalization diagrams as in Proposition 3.3.1 starting from the
irreducible components, joining at each vertex the normalization diagrams from irreducible components
of the induced families over the essential center of the formal blow-ups. (]

The stratified rational diagram as above will be called the stratified normalization diagram. Note that
if S C T is a subtree of descendants of a fixed vertex, then

Ails = Al 8D s = Bils = Asl(xs: 8:))/axls

is again a stratified normalization diagram.
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4. Interpolation of algebraic points

4.1. Interpolation determinants.

4.1.1. Situation. In this section, we fix § > 0, an admissible O[[¢]]-algebra A, and B = A{(x; 6))/a, where

X = (x1,...,x,) and & stands for the row vector (3, ..., 5). Moreover, we assume that there exists a
factoring map
A= Alxy, ..., x5 8) 2> B (7)
such that
ed=n,
* ¢ is finite with nilpotent kernel.
We set A = A[1/t] and B = B[1/t] and fix a minimal set of generators vy,...,vg of B as an

A{xy, ..., xq; 6)-module.

We moreover fix a K-valued point « : Sp K — Sp A, where K is a nonarchimedean local field finite
over O((1)), and let Sp B, — Sp K be the fiber of Sp B — Sp A over «, i.e., B, =B RuK (=B@4K),
which is an affinoid algebra over K. Note that B, has B, = B R4 Vk /(t-torsion) (= B®4 Vi /(t-torsion))
as an admissible formal model, where Vi is the valuation ring of K. We have the base change of (7)

Vk — Vi {x1, ..., xq; 8) 25 By, (8)

where ¢,, is finite with nilpotent kernel due to Lemma 2.12.2.

Note that K has the unique norm | - | such that |¢| = e~ !, where e > 1 is the real number fixed in
Section 2.4.
4.1.2. Interpolation determinants. Let a; : Sp K — Sp B, fori =1, ..., u be K-valued points over
Sp K, i.e., sections of Sp 5, — Sp K, and p; : By — Vg the Vg-algebra homomorphisms corresponding
to «;.

Set p=(p1,...,pu). For f=(f1,..., fu) € B!/, we consider the interpolation determinant

A(f, p)=detlp;(fi) i, j=1,...,ul

We want to estimate the norm of A(f, p) in terms of

p=pp)=I"|- max |p;(x;)—p;(x)l,
JsJ =1,~--€2u
i.e., the radius of the smallest ball containing the projections of the points a1, ..., &, to the y-coordinates,
normalized by a factor of |¢°|. The following estimate of |A(f, p)| is the key to our approach, which
goes back to an idea by Bombieri and Pila [1989]. Cluckers, Comte and Loeser [Cluckers et al. 2015]
have used a similar nonarchimedean analog in their work using smooth parametrizations, but we require
a somewhat different statement as we replace parametrizing maps by finite modules. In the complex
analytic context, a similar argument using finite modules was used in Binyamini and Novikov [2017a].
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Proposition 4.1.3. We have

1/ 1+1/d

|A(S, p)| < p&E ,

where Cy is a positive constant depending only on d. (Recall that E is the number of minimal generators
of B as an A{(xy, ..., xq; §))-module; see the situation given in Section 4.1).

Proof. We first claim that we may assume, without loss of generality, that

p=1"]- max [p;(x)l. ©)
j=1,...un
i=1,....d
To do this, we consider an automorphism (parallel translation) ® of Vg {(xy, ..., x4; é)) of the form

D(x;)=x;—s;fori =1,...,d, where the s; € Vg are chosen such that (s; =) p1(s;) = p1(x;). Pulling
back by @, we have a similar situation, where B,, is replaced by an isomorphic copy

O* By = By ®vi (x1,xaio), @ VK (X1, - - .5 Xa5 8).
Note that, on ®*B,, we have p|(x;) =0fori =1, ..., d. Then the desired inequality is equivalent to the
corresponding one on ®* B, in which the p is given as in (9).
Fori=1,..., u, write
E
fi= Zfikvk, fik € Vk{x1, ..., xa5 8),
k=1

and further expand
5
fe=Y_ cikny’s cikn€t"V,

veNd
where y = (x1, ..., x4). We now expand A(f, p) by multilinearity with respect to each column, as a
sum of interpolation determinants of the form A(f’, p), where fl.’ = Ci kv, Y U, for some choice of k;
and v; foreachi =1, ..., u. It will be enough to estimate each such A(f’, p) separately.
Now comes the main idea of Bombieri and Pila: if, for two different columns corresponding to fq’
and f/, one makes the same choice k =k, =k, and v = v, = v,, then

p(f) =cqirn PO, P =criw POy 0,

and the corresponding columns thus agree up to a constant from K, and hence the determinant vanishes.
So, in order for the determinant A(f’, p) to be nonzero, one has to choose, for each pair (k;, v;), at
most one ¢; ;v ¥ vg,. For any such choice and any p;, we have

dv; [vi

1pj(Cits iy v < 1tV - 1pj(y")] < p™,

and therefore
|A(f/, P =< pzizl,...,u vl 10

It is clear that the largest value for the right-hand side will be obtained if we choose as many monomials
y" as possible with |v;| = 0, then as many as possible with |v;| = 1, etc. There are at most ®4 (k41
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monomials y” with |v;| = k, and each can appear at most E times for different choices of k; =1, ..., E.

Since the number of summands is w, we solve

N " 1/d
Yk'E=p = N= Qd(—)
E
k=1
and deduce that the largest possible |A(f’, p)| will include all possible summands up to order |v| = [N ].

In this case, we have
N

"
Dl = Y KE = Qu(Ep™!) = Qu(E™Vpt ),
i=1 k=1

which, combined with (10), yields our assertion. O

4.2. Polynomial interpolation determinants.

4.2.1. Situation. We continue working in the situation in Section 4.1, and we further make the following
setup.

Assume that the K -valued point « : Sp K — Sp A lies over a fixed F'-valued point 8 : Sp F — Sp O((¢)),
i.e., F is a nonarchimedean local subfield of K such that K/F is a finite extension, and

SpK —— SpA

| |

Sp F T) SpO(@)

is commutative. We denote by 7 € Vi the uniformizer of F and by ¢ = p/ the number of elements of
the residue field Vg /(;r). Note that F has the unique norm | - | such that |¢| = e~ !, where e > 1 is the
real number fixed in Section 2.4, and this norm coincides with the restriction of the norm on K as in
Section 4.1. We have t = us” by u € V;* and r > 1. In particular, we have |¢| < |r|.

Note that, even though we are interested in counting F-valued points of the affinoid spaces, we need to
consider a larger field K to capture them, since we occasionally take base change by O((t)) — O(t'/V)).

Let = (D) be the dimension of the space of polynomials of degree at most D € N in d 4-1 variables.
We fix d + 1 functions f = (f1,..., fs+1) € Bgf“ and a pu-tuple of K-valued points p = (p1, ..., pu)
(with p; : B, — V), as before. We assume

e pi(fiyeFforj=1,...,pandi=1,...,d+1,
e pi(x)eFforj=1,...,pandi=1,...,d.

We define the polynomial interpolation determinant AP (f, p) to be

AP(f.p)=Ag,p), g=(f"lveNt v <D).

In the following, we will denote by | - | the archimedean norm in order to distinguish it from the
norm | - |. The following lemma follows by elementary linear algebra.
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Lemma 4.2.2. Let P be a collection of adic morphisms p : By — Vi over Vg such that p(f;) € F for
i=1,...,d+1,and suppose that AP (f, p) vanishes for every u-tuple p of points from P. Then the set
of points

{p(f)|pepPyc Ft

is contained in a hypersurface defined by a polynomial Q € Flxy, ..., x4+1] of degree at most D.
Now, let H € N be an arbitrary natural number, and set 1 =log, H.

Proposition 4.2.3. Suppose H(p;(fj)) < H fori =1,...,uand j =1,...,d + 1. Then either

AP(f,p)=0or
|¢|(F:Qp)/Pllogy (W +E+1 Dk} (F 5 Q)

D
[AY(f, p)| = {|t|(d+2)D;4h (F D Fy(0)).

Proof. Suppose that AP (f, p) # 0, and let us first treat the case where F is a finite extension of @ p» SO
that p;(f;) = a;j/b;; are rational numbers and |a;j|oo, |bijloc < H. Set p =vr* forve V; and s > 1,
so that

lgl” = 1)/ = [T,
D

ij?
and setting b = ]_[j bj we have |b| < H@+DDr Since every entry in the matrix defining AP (f, p) is

All numbers in the column of AP (f, p) corresponding to p ; have denominators dividing b; =[], b

bounded in the classical absolute value by H?, we also have

IAP(f, P)loo < w! HPH.
Then bAP(f, p) € Z and
IbAP(f, p)loo < ! H@DP1,

and therefore

D o
|AD(f, p)| > |bAD(f, p)| > |q|10gq BAZ(f,P)loo — |t|(fé/r){logq(u!)+(d+2)Duh}.

Similarly, in the F = F,((7r)) case, all rational functions p;(f;) = a;;j/b;; € F,(t) in the column of
AP(f, p) corresponding to p ; have denominators dividing b; as above, and b has degree bounded by
(d+1)Dh. Since every entry in the matrix defining AP (f, p) is a rational function of degree at most D#,
we also have

deg, A”(f. p) < Duh.
Then bAP(f, p) € F,[t] and
deg, bAP(f, p) < (d +2)Duh,
and therefore
|AP(f. p)| = [bAP(f. p)| = degbAP (f, p) = |1]“TPP1E,

as claimed. |



1612 Gal Binyamini and Fumiharu Kato

4.3. Interpolation by a hypersurface. Let P be as in Lemma 4.2.2, and let

p#p'e
i=1,..d

p=p(P)=t]’ max |p(x;)—p ().
#p'eP

Comparing Propositions 4.1.3 and 4.2.3 we obtain the following corollary.

Corollary 4.3.1. Suppose H(p(fi)) < H fori =1,...,d+1and p € P. Let ¢ > 0. There exist a

constant

B {D(d, e, E,[F:Q,]) (F>Q,),
" |DW, e, E,r) (F D F, (1)),

which does not depend on o : Sp K — Sp A, such that if p < |7|"¢, then the set of points

{p(f) | pePyc FH

is contained in a hypersurface defined by a polynomial Q € F[X1, ..., Xq+1] of degree at most D.

Proof. By Lemma 4.2.2, it is enough to prove that AP (f, p) = 0 for every u-tuple p C P. Assume the
contrary. In the F D Q,, case, we have by Proposition 4.2.3 a lower bound

|AD(f, p)| > |t|([F:@p]/r){logq(M!)+(d+2)Dﬂh}‘

On the other hand, by Proposition 4.1.3, we have an upper bound

IA(S. p)| < pCef

Thus
pCdEfl/dMHl/d > |t|([F:@p]/r){logq(M!)+(d+2)Duh}‘

Taking p ~¢ D41 and p < |7 |" = |¢|*"/" into account, we have a contradiction as soon as
Cyhe EZVA DT > [F - Q,1{(d + 1) log, D + (d +2)C;j D1}

with suitable constants C(/J, C;f . Thus we obtain a contradiction, with a suitable D ~4 E - ([F : Q] /a)d ,
for instance.

In the F D [F,((t)) case, we have

pCdE_l/d/'L]_H/d (d+2)DM/’l

> |t
Similarly to the previous case, we have a contradiction as soon as

CL/IEE—I/dDd-i-Z-H/d > (d + Z)CC/I/D‘H_zr
with suitable constants C); and C/j. Thus we obtain a contradiction, with a suitable D ~; E - (r/ )4, for
instance. ([l

Proposition 4.3.2. Let H € N and ¢ > 0. There exist a constant

L {D’(d, e, E,8,[F:Q,]) (F>Q,),
D'(d, e E,8,r) (F D F, (1))
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not depending on o : Sp K — Sp A, and a collection of H® hypersurfaces in Ft', each of degree at
most D', such that the following holds: for every K -valued point p : B, — K over a such that p(f;) € F
and H(p(f;)) < H fori=1,...,d+ 1, the point p(f) belongs to one of the hypersurfaces.

Proof. Suppose first that he/(2d) > 1. Apply Corollary 4.3.1 with £/(2d) in place of ¢, and denote by D’
the resulting degree. It will suffice to subdivide the collection of points p : By, — Vi as above into
H? = g"* subcollections P, satisfying p(P,) <|mw |"¢/d) For each j the residues pxj)e Vi /(7w )The/CD]
take at most ¢ !"¢/C41 different values. Defining each collection to consist of points that give the same
residue for each j, we obtain
gdThe/ @Y _ jdhe/d < pre

such collections, as required.

Now suppose he/(2d) < 1. Apply Corollary 4.3.1 with 8¢/(2d) in place of ¢, and denote by D’ the
resulting degree. Then the collection of all points p : B, — Vg as above satisfies

p(P) < 1] < | |¥/CD,

so a single hypersurface of degree D’ suffices to interpolate all points in P. O
We also prove a polylogarithmic interpolation result, as follows.

Proposition 4.3.3. Let H € N and ¢ > 0. There exist a constant

_ {C(d, E.8,[F:Qp)/r) (F>Q,),
Cd, E,9) (F D Fy(@)),

not depending on o : Sp K — Sp A, and a hypersurface V.C KT of degree at most C - h? such that the
following holds: for every K-valued point p : B, — K over a such that p(f;) € F and H(p(f;)) < H
forj=1,...,d+1,wehave p(f) e V.

Proof. By Lemma 4.2.2 it is enough to prove that AP (f, p) = 0 for every u-tuple p of points as above.
Assume the contrary. In the F' O Q, case, we have by Proposition 4.2.3 a lower bound

|AD(f, p)| > |t|([F:@p]/r){logq(M!)+(d+2)Dﬂh}‘

On the other hand, by Proposition 4.1.3, we have an upper bound

—1/d ,, 1+1/d —1/d ,, 1+1/d
IACS, p)| < pCaE™ T < g BCaET T

Thus

|t|5ch—1/dul+1/d > |¢|(1F:@p1/r)log, (uh+(d+2) Dyuh},

Recalling that 1 ~4 D4*!, we have a contradiction as soon as
Cyr8E~VIDIHHE > [F - Q,1{(d + 1) log, D+ (d +2)CyD*"*h}

with suitable constants Cc/l, CZI/ . Thus we obtain a contradiction, with a suitable D ~; E-(h-[F : Q,]/ er)d,
for instance.
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In the F D [F,((t)) case, we have

|t|8C,1E—1/dM1+1/d - |t|(d+2)D/,Lh'

Similarly to the previous case, we have a contradiction as soon as
CQSE—I/dDd+2+1/d > (d +2)Cng+2h
with suitable constants C; and CJ;, for instance with a suitable D ~; E(h/ )4, O

4.4. Families of hypersurfaces.

4.4.1. The space H,. As usual, we identify N” with the set of all monomials in n variables X =
(X1, X)) byv=(v1,..., ) —> X" =X]"--- X, and let

L(D,n)={veN"||v| <D}

denote the set of monomials of degree at most D. Let O(#))“P-" be the O((t))-module of all maps of
the form L (D, n) — O(t)), and consider the O((t))-scheme

Pp » = Proj(Sym O (1)),

which is the parameter space that parametrizes all hypersurfaces of degree at most D in n variables
over O((t)). Let

HD,n — PD,n Xo@) SPCCO((Z))[XI, ) Xn]

Pp. e/prl

Similarly, we consider the analytic parameter space Pp , = Pj}', and the universal family

be the universal family.

Hpn < Ppn xo@) SPO@) (X1, ..., Xn)

L
Ppun P

Note that the fiber of Hp , — Pp., over a K-valued point Sp K — Pp , is an affinoid, which is the
intersection of the fiber (Hp , xp,, Spec K)*" and the closed unit-disc Sp K (X1, ..., X,,)).

4.4.2. The space Hp 4. Letd <n. For any subset I = {iy,...,iz41} C{1,...,n}of d41 elements, let
P]é,d+1 (resp. Pll),d+1) be the copy of Pp 441 (resp. Pp,q+1) with the coordinates X; = (X;,, ..., X;, ).

We set
Ppnd= l_[ P[I,ynyd (resp. Ppond = l_[ P{)’n’d),
I I
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where the product is taken over all subsets I C {1, ...,n} of d + 1 elements. Similarly to the above
constructions, we have the universal families

1 1
Hppa= 1_[ Hp g1 Ppna, Hpna= HHD,d—H — Pp.n.d-
1 1

Lemma 4.4.3. The fibers of Hp.n.a — Pp.n.a over K-valued points are of dimension at most d.

Proof. 1t suffices to show that the fibers of Hp , 4 — Pp.n.4 over closed points of the form Spec K —
Pp .4, where K 1is a field, are of dimension at most d. This is then completely a question in classical
algebraic geometry. Let F be such a fiber over K, and suppose that the dimension of F is k > d. Then, at
a generic point, F is smooth of dimension k, and in particular one can choose a subset I C {1, ...,n} of
size d + 1 such that the projection X = (X1, ..., X;,)) = X; =(X;,, ..., X;,,,) restricted on F is smooth
on a Zariski open subset. But this contradicts the fact that the image of this projection is contained in a
hypersurface defined by a nonzero polynomial of degree at most D. (]

5. Proof of the counting theorems

In this section we prove the point-counting theorems. In Section 5.1 we formulate and prove a version
of the counting theorem which is uniform in families for the overconvergent setting. In Section 5.2 we
deduce from this general result the various point-counting theorems formulated in the introduction.

5.1. The general counting theorem. Let § = (51, ...,8,) € (Q=()" be a vector of positive rational
numbers, A an affinoid O((¢))-algebra, and B = A{(x; 8))/a, where x = (x1, ..., x,) and a is an ideal of
A{(x; 8)). Let A be an admissible formal model of A, and set B = A{(x; §))/a, where a = a N A{x; §)),
which is an admissible formal model of B. Thus we have a family

0: X=SpB—>)Y=SpA

of analytic subspaces in the polydisk of polyradius |¢|~ = (7| 7%, ..., |t]™%).
Fix fi1, ..., fu € B which are algebraic over A[x] and generate B over A, and set f := (f1,..., fu)-
For a classical point 8 : Sp F — Sp O((¢)) and a classical point « : Sp K — ) over 8, we denote
by X, = Sp B, the fiber of ¢ over «. For any classical point &’ : Sp K’ — X, with the corresponding
homomorphism g : B, — K’, where K’ is a finite extension of F containing K, such that ¢(f;), g(x;) € F
fori =1,...,n, the height H(a'; f) is the maximum of the heights of ¢(f;) € F (i =1, ..., n). Denote
by X, (Vp, H; f) the set of all such points a’ of the unit-polydisk part (X,)* such that H(a'; f) < H,

1.€.,

X (Ve H: f) = {o/:SpK/—> ()" ‘Q(fi) and ¢ (x;) lies in F fori = 1,...,n}‘

and H(e'; f) < H
Finally, let o4 be the constant
oy = {[F :Q,1 (FDQ,),
rp (F > Fq(1)),

where rg is the positive integer such that r = us"#, with 7 the uniformizer of Vr and u € V*.
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Definition 5.1.1. Let K be a nonarchimedean local field.

(1) An irreducible analytic subspace Z < Sp K {(x; §)) is said to be algebraic if there exists an algebraic
subvariety Z < Spec K [x] such that Z4' < 7 and dim Z = dim Z.

(2) An analytic subspace Z < Sp K ((x; 8)) is said to be algebraic if each of its irreducible components
is algebraic.

Definition 5.1.2. Let ¢ : X = SpB — Y = Sp A be a morphism of affinoids over O((¢)) as above.

(1) The family ¢ is said to have algebraic fibers if every fiber &}, over a classical point of Y is algebraic
in the sense of Definition 5.1.1 (2).

(2) The maximal fiber dimension of the family ¢ is the maximum over the dimension of the fibers A,
where o ranges over the classical points of ).

Note that under our assumptions on f, being algebraic over the f coordinates is equivalent to being
algebraic over the x coordinates.

Theorem 5.1.3. Let ¢ > 0. There exist a transformation diagram of the form
O[[tl/N*]] = Ay = Au{(Xy; 84) = By = Ax{(X4; 84)) /0y (1)
of admissible O[[t]]-algebras modeled on a rooted tree T and, for any positive integer o, a constant
C (B, ¢, o) satisfying the following conditions:
(a) Ay, — By, at the root vy coincides with A — B.
(b) For any leaf w, we have that @, : Xy, = Sp By — Yy = Sp Ay, has equidimensional algebraic fibers.
(¢) For any classical point « : Sp K — Y above B : Sp F — Sp O((t)), we have
XV Hy ) C U (X)a,(Ve. H: ),
(wj.atj)
where {(w;, o)} is a collection of C(B, €, 08) - H® pairs, where w;j is a leaf of T and o; is a
classical point of Yy, lying over a. Here f on the right-hand side denotes the image of f in
(Buw;)a,-

Remark 5.1.4. In fact, the families ¢, : X, = Sp By, = Vi = Sp Ay, as in (b) that we will obtain in the
following proof are not only of algebraic fibers, but are algebraic over ).

To show the theorem, we need the following proposition, which is the main inductive step in the proof
of the theorem.

Proposition 5.1.5. Let ¢ > 0. There exists a transformation diagram of the form (11) as above satisfying
the conditions (), (¢), and the following (b)’ instead of (b):

(b") For any leaf w, either ¢y, : Xy = Sp By — Yy = Sp Ay, has equidimensional algebraic fibers, or

the maximal fiber dimension of @, is strictly smaller than that of ¢.
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Proof. We begin constructing 7' by forming the stratified Noether normalization tree starting from A — B.
According to Proposition 3.2.4, it will suffice to construct a transformation diagram from each of the
leaves of the stratified Noether normalization tree. Hence we may assume without loss of generality that
A — B is already normalized, i.e., there exists a factoring map

A— A{x1,...,xq;6) — B

which is finite and injective.

Let I ={iy,...,iq41} be asubsetof sized+1of {1,...,n}, and write f; =(f;,,..., fi,.,).- We apply
Proposition 4.3.2 with ¢/N and f;, where N is the number of possible I C {1, ..., n}, and, repeating
this for all I C {1, ..., n} of size d + 1, we conclude that the set X, (Vr, H) is contained in at most H?

S -pullbacks of fibers of Hp .4 = Pp.n.a. where D is the number given in Proposition 4.3.2.

More formally, one can replace Pp , 4 by an affinoid open subspace that contains all the points over
which the fibers of Hp , 4 are those we are considering, and so we may assume that both Hp , 4 and
Pp.n,a are affinoids. Let A’ be the affinoid algebra such that () :=) Sp A’ = Sp A X)) Pp,n,a, and
define X’ = Sp B’ by the Cartesian square

P > Ppond X0 SpB
Hpnd — Ppnd Xo@) SpOUN (X1, ... Xu)
where the right vertical arrow is induced by X; — f; fori =1, ..., n. By what we have seen above, we
have
Xo(Ve, Hs f) | X, (Ve, Hs ), (12)

J

where {«} is a collection of C,, - H® points of )’ = Sp A’ lying over «, which correspond to suitable
choices of the hypersurfaces of the form Q( f;) = 0 for each /. Here C, is some constant depending only
on 7.

Now we augment our tree by adding a child v of the root, and set A, = A" and B, = B’, where A" and
B’ are suitable admissible formal models of A" and B’, respectively. We then perform another stratified
Noether normalization of A, — B,, appending the resulting tree to the root v.

Proposition 3.2.4 and (12) ensure that the condition (c) in the statement holds. It remains to verify the
condition (b)’. Having performed stratified Noether normalization, we know that each leaf ¢,, : X, — Yy
has constant fiber dimension d = d,,. If d,, < d, we are done. Otherwise, the fibers of X, over classical
points of ), are d-equidimensional and contained in a fiber of Hp , 4, which is of dimension d due to
Lemma 4.4.3. Hence ¢, : X, — ), has algebraic fibers, as desired. U

Proof of Theorem 5.1.3. This is proved by applying Proposition 5.1.5 to the initial family ¢ : ¥ — ) and
then applying it repeatedly to each of the leaves that have nonalgebraic fibers. Since the maximal fiber
dimension of the fibers drops at each step, this process terminates after at most n repetitions. U
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5.2. Proofs of the statements from the Introduction.

5.2.1. Proof of Theorem 1.3.1. Let B denote a formal model for B, and recall that

B =Olt1I{x1, ..., x,)/b.

Set B'=O[[t1((tx1, ..., tx,)/b’, where b’ is the image of b by the map x; — tx;. Then Sp B%' corresponds
to (Sp B')" under this rescaling. We will now apply Theorem 5.1.3 to B’, where we take A = O[[¢]]
and f = (txy, ..., tx,). In the resulting tree T, whenever a leaf w has positive-dimensional fibers, it
corresponds by definition to the algebraic part of Sp B. The remaining fibers are zero-dimensional, and in
particular their cardinality is uniformly bounded by some constant depending only on B (for instance by
Remark 5.1.4). The conclusion of Theorem 1.3.1 therefore follows from the conclusion of Theorem 5.1.3.

5.2.2. Proof of Theorem 1.2.4. Let B denote a formal model for B and recall that B = A{(x1, ..., x,))/b.
Set A'=A{y1,..., wm)and B'=A'{{tz1, ..., tz,))/b’, where b’ is the image of b by the map x; = y; +1z;.

Fix o and F,, as in the statement of Theorem 1.2.4, and let V,, be the valuation ring of F,,. Let p be
the morphism p : A — V,, corresponding to «. Recall that g, is the cardinality of the residue field of F,.
Then we may choose a collection of ¢/} points «; € V' corresponding to morphisms p; : A" — V,, with
pjla = p such that the union of polydiscs of radius |¢| around each «; covers V.

Now apply Theorem 5.1.3 to B’ with f; = y; +tz;. Then the points in X, (Vy, H; f) are in bijection
with the points of (Sp B)y (Fu,0, H) belonging to the ball of radius |¢| around o, and in particular the
union of g, such sets is in bijection with (Sp B)«(Fy,0, H). The conclusion of Theorem 1.2.4 thus follows
from Theorem 5.1.3.
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