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On the maximum gonality of a curve over a finite field

Xander Faber, Jon Grantham and Everett W. Howe

The gonality of a smooth geometrically connected curve over a field k is the smallest degree of a
nonconstant k-morphism from the curve to the projective line. In general, the gonality of a curve of
genus g > 2 is at most 2g — 2. Over finite fields, a result of F. K. Schmidt from the 1930s can be used to
prove that the gonality is at most g 4 1. Via a mixture of geometry and computation, we improve this
bound: for a curve of genus g > 5 over a finite field, the gonality is at most g. For genus g =3 and g =4,
the same result holds with exactly 217 exceptions: there are two curves of genus 4 and gonality 5, and 215
curves of genus 3 and gonality 4. The genus-4 examples were found in other papers, and we reproduce
their equations here; in supplementary material, we provide equations for the genus-3 examples.

1. Introduction

Throughout, we use the unqualified term “curve” to mean a smooth complete geometrically connected
variety of dimension 1 over a field. Let C,; be a curve of genus g over a field k. The gonality of C is the
minimum degree of a nonconstant k-morphism f : C — P!, For the algebraically inclined reader, the
function field « (C) contains infinitely many isomorphic copies of a rational function field k(x), and the
gonality of C is the minimum value of [« (C) : k(f)] as f varies over nonconstant functions on C. For the
geometrically minded reader, the gonality is the minimum degree of an effective divisor D on C whose
associated linear system has positive dimension. Taking D to be a canonical divisor, the Riemann—Roch
theorem shows that the gonality of C is at most 2g — 2 for any curve C of genus g > 2. See [Poonen
2007, Appendix] for general results on gonality.

We are interested in bounding the gonality of curves over a finite field [,. We will restrict our attention
to curves of genus g > 3 because the gonalities of curves of genus g =0, 1, 2 are known to be 1, 2, 2,
respectively. The gonality of a curve of genus g > 3 over a finite field is at most g + 1 by a theorem of
F. K. Schmidt from the 1930s [Tsfasman et al. 2007, Corollary 3.1.12], and it is at most g if the curve
admits a rational point. See [Faber and Grantham 2022, Proposition 2.1] for proofs of both of these
statements. For convenience, let us say that a curve of genus g over a finite field is excessive if it has
gonality g + 1. If C /g, is a curve of genus g > 3, and if g > 4% then Weil’s inequality implies C has
a rational point. Consequently, for a given genus g, there are only finitely many pairs (g, g) for which
an excessive curve could possibly exist. In fact, excessive curves are substantially rarer than this simple
argument suggests.
MSC2020: primary 11G20, 14H51; secondary 14Q05.
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Theorem 1.1. Let g be a prime power.
o There exists an excessive curve of genus 3 over [, if and only if g <23 or g =29 or g = 32.
o There exists an excessive curve of genus 4 over F, if and only if g =2 or g = 3.
o If C is a curve of genus g > 5 over [, then its gonality is at most g.

As there are only finitely many isomorphism classes of curves over [, of genus g, the following
consequence is immediate:

Corollary 1.2. With finitely many exceptions (up to isomorphism), a curve over a finite field of genus g > 2
admits a complete linear system of positive dimension and degree at most g. Il

We wonder whether this corollary is best possible in the following sense:

Question 1.3. Ler g > 2 be an integer and q a prime power. Does there exist a curve of genus g and
gonality g over [,?

As every genus-2 curve is hyperelliptic, the answer is “yes” in that case. A curve with genus 3 and
gonality 3 is nothing more than a smooth plane quartic with a rational point [Faber and Grantham 2022,
Corollary 2.3], and these are easy to produce over any finite field. For g =4, 5 and g < 4, the answer is
“yes” by the main results of [Faber and Grantham 2022; 2023]. More generally, to answer the question
for genus 4 and g odd, one could choose a nonsquare ¢ € F and a cubic form F € Fy[x, y, z, w] such
that the curve

Crr, :xy+z2—cw2=F(x,y,z, w)=0

is nonsingular [Faber and Grantham 2022, Lemma 5.1]. As the space of such cubics is 19-dimensional,
surely this holds for some choice of F. A similar heuristic approach using complete intersections of
quadrics in P* applies to the case of genus-5 curves [loc. cit., Lemma 6.6]. We are unsure what the
answer should be for genus larger than 5.

The first two authors originally started this sequence of papers with the following question:

Question 1.4. Does the zeta function of a curve over a finite field know the gonality of the curve?

An equivalent formulation would be to ask if gonality is an isogeny class invariant.
The short answer to these two equivalent questions is “no”. For example, consider the pair of curves
over Q
Cr:x*4+4y* +4z4 +20x2y? — 8x222 + 16y%7° =0,
C:3v% = —17u® +56u" — 84u® + 56u° — 70u* — 56u° — 84u* — 56u — 17.

The former is a smooth plane quartic, while the latter is a hyperelliptic curve of genus 3. In [Howe 2005],
the third author showed that these curves have isomorphic Jacobians (as unpolarized varieties). As both
of these models have good reduction for all p > 3, we obtain examples of curves with the same zeta
function and distinct gonalities over [, for all p > 3. See also [Howe 1996, Section 3] for an example
over [3, and the isogeny class 3.2.ac_c_ac from [LMFDB] for an example over [,.
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In a sense, this example shows that classifying curves up to isogeny is orthogonal to classifying them
by gonality. Nevertheless, we can leverage some information from the isogeny classification in order
to learn about gonality. We now summarize the proof of Theorem 1.1. For genus-3 curves, the result
follows almost immediately from work of Howe, Lauter, and Top [Howe et al. 2005] on pointless curves
of small genus. For the remaining cases, our strategy is as follows:

(1) Use the Riemann—Roch theorem to show that a curve of genus g and gonality g + 1 cannot have an
effective divisor of degree g — 2.

(2) Apply the Weil bound to rule out all but finitely many pairs (g, g) for which there could exist an
excessive curve of genus g over [,.

(3) Apply a technique of Serre and Lauter to write down a finite list of isogeny classes of abelian varieties
that contains the Jacobian of every excessive curve over [,. This limits us to the cases g =4,5,6,7,9
and very few finite fields.

(4) For each g <9, construct one or more search spaces of plane curves that contains a birational model
of each excessive curve of genus g. Substantially reduce that search space using efficient C code, and
then comb through the survivors using Magma.

(5) Rule out the single isogeny class with g = 9 using techniques from the third author’s PhD thesis.

The first two steps will be performed in Section 2. We discuss the third step in Section 3. The fourth
step requires slightly different techniques depending on the genus. The relevant computations for curves
of genus at most 5 were performed in the earlier papers [Howe et al. 2005; Faber and Grantham 2022;
2023]; these will be summarized in Section 4. Curves of genus 6 and 7 will be treated in Sections 5 and 6,
respectively. Finally, the argument to rule out genus 9 is presented in Section 7.

Remark 1.5. The work in Section 2 is sufficient to prove the qualitative result in Corollary 1.2. The
results in Sections 3 and 4 allow us to limit our remaining efforts to looking through 83 isogeny classes
of abelian varieties of dimensions 6, 7, and 9 for Jacobians whose associated curves are excessive. We
did locate a few potential needles in this haystack: at least four of the isogeny classes in dimension 7 do
contain Jacobians. However, we are able to show directly that none of the associated curves has gonality 8.
With the exception of one class in dimension 6 and one class in dimension 9, our results do not rule out
the presence of Jacobians in other isogeny classes.

Theorem 1.1 and its corollary show that there are only finitely many isomorphism classes of excessive
curves. In principle, one should be able to write them all down. This was already carried out for curves of
genus 4 in [Faber and Grantham 2023, Section 5]: there is exactly one such curve over [, and one over [3.
Defining equations can be found in [Faber and Grantham 2022, Theorem 5.4; 2023, Theorem 5.3], and
are reproduced here in Section 8. To finish the story, we carried out an exhaustive search for excessive
curves of genus 3. Every such curve arises as a pointless plane quartic. This search can be done for g <5
by brute force. For 7 < g < 23, it was necessary to be more clever in order to cut the search space of
plane quartics down to something manageable. For g = 29, we used isogeny class methods to show that
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qg| 2 3 4 5 7 8 9 11 13 16 17 19 23 29 32

#ofcurves | 4 8 21 31 32 39 27 21 11 8 7 2 2 1 1

Table 1. The number of isomorphism classes of excessive curves of genus 3 over [F,.

any such curve must be a double cover of an elliptic curve, which gives another method of searching.
And for g = 32, we used existing literature. The number of isomorphism classes of excessive curves of
genus 3 over each finite field is given in Table 1. Our methods for finding all such curves are described in
greater detail in Section 8.

We close this introduction with a comment on terminology and a remark about the software and
computational resources used in this work. We view a curve C as a scheme over a base field &, and by a
“point” of C we generally mean a closed point —that is, a morphism from Spec K to C, for some finite
extension K of k. A closed point of degree d is a closed point where K is a degree-d extension, a rational
point is a closed point of degree 1, and a quadratic (or cubic, etc.) point is a closed point of degree 2
(or 3, etc.). On the other hand, when we refer to a K -rational point on C for some extension K of k, we
mean a rational point on the base extension of C to K.

We wrote our implementation of Lauter’s algorithm in [SageMath]. The large searches for plane
curves with special vanishing properties were written in C. Our C code benefited from the use of the
finite field library in Flint [Hart et al. 2020] as well as a number of bit-level optimizations suggested by
[Warren 2002, Chapter 2]. The genus, point counts, and gonality of the survivors of those searches were
computed in Magma [Bosma et al. 1997]. Most computations were performed on a cluster of Intel Xeon
E5-2699v3 CPUs running at 2.3 GHz at the Center for Computing Sciences in Bowie, MD; some Magma
computations related to enumerating excessive curves of genus 3 were performed on an Apple M1 Max
running at 3.2 GHz at the third author’s home in San Diego, CA. The programs we used are available at
https://github.com/Rational Point/excessive.

2. Implications of the Weil bound

Our goal in this section is to apply the Weil bound to show that there are only finitely many pairs (g, q)
for which a curve C/p, of genus g and gonality g + 1 could exist.

Lemma 2.1. Let C be a curve of genus g > 3 over [,. Then C admits a morphism to P! of degree g if
and only if it has an effective divisor of degree g — 2.

Proof. If D is any divisor of degree g, the Riemann—Roch theorem asserts that
dim |K — D| =dim |D|+deg(K — D)+ 1—g=dim|D|—1.

Hence, the linear system | K — D| contains an effective divisor of degree g — 2 if and only if dim |D| > 0.
The latter condition holds for some degree-g divisor D if and only if C admits a morphism to P! of
degree g. O


https://github.com/RationalPoint/excessive

On the maximum gonality of a curve over a finite field 1641

Suppose now that C g, is a curve of genus g and gonality g + 1. Then C does not admit a morphism
to P! of degree g. By the previous lemma, C has no effective divisor of degree g — 2. In particular, this
means C(F .2) = g. Weil’s inequality tells us that

#C([Fyr) > q" +1-2g¢"* (r>1).

It follows that C has an [ --rational point if g" > 2gq"/?, or equivalently, if ¢ > (2¢)*/". Applying this
with r = g — 2, we conclude that

g <(@2g)* 2.

Define f(g) to be the function on the right in the preceding inequality. Then f is decreasing for g > 3,
and f(11) < 2. It follows that there is no curve of genus g and gonality g + 1 if g > 10. For 7 < g < 10,
we find that f(g) < 3. Finally, f(3) =36, f(4) =8, f(5) = 4.64, and f(6) ~ 3.46. The following
proposition summarizes these findings.

Proposition 2.2. If there exists an excessive curve of genus g over [, then one of the following is true:
e g=3andq <32
e g=4dandq <.
e g=5andqg <4.
e g=6andgq=2or3.
e 7<g<10andq =2. O

3. Implications of Lauter’s algorithm

Following an idea of Robinson [1964] that was used by Serre [2020, VIL.2] in the context of curves over
finite fields, Lauter [2000] gave an algorithm for writing down all zeta functions of hypothetical curves
with a specified large number of points. The magic is that “large” is irrelevant to the method, and rather,
one is actually specifying zeta functions of curves with given number of rational points. We capitalize on
this method by adding constraints on the number of points of higher degree.

Let C/p, be a curve of genus g > 2 over the finite field [,. Write a, for the number of closed points of
degree d on the curve C. An inclusion-exclusion argument relates a, to the number of points on C of a
particular degree:

#C(F,) =) dag < ag= 3—1 3 ;L(Cr—l)#C([qu).
dlr rld
Proposition 3.1. Suppose that C is an excessive curve of genus g over . Write ay for the number of
closed points of degree d on C. Then the conditions in Table 2 must hold.

Proof. The argument in all cases is similar, so we describe the case g = 7 by way of example. If C is
excessive, then it has gonality 8. In particular, it does not admit a morphism to P! of degree 7, and so
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vanishing conditions

Cl1=0

ar=a, =0

8

3

4

5 a1=a3=0
6 a1=a2=a4=0

7 a1:a5:a2a3:0

8 ayl=ax=a3=as=0

9 a) =dajy = dazdsz = azds =a3a4=0

10 a1=a2=a4=ag=a3a5=0

Table 2. Conditions for Proposition 3.1.

Lemma 2.1 implies that C does not admit an effective divisor of degree 5. If C has a rational point P,
then 5P is just such an effective divisor. Hence, a; = 0.

In what remains, if P is a point of C(F,«), we write P for the effective divisor of degree d with simple
support on the Galois orbit of P. Now if C has a point P of degree 5, then the divisor P is effective of
degree 5. Hence, as = 0. If C admits a quadratic point P and a cubic point Q, then the divisor P + Q is
effective of degree 5. Hence ayaz = 0. U

The zeta function of a genus-g curve C/g, is of the form P(T)/((1 —T)(1—qT)), where P € Z[T]
is a polynomial of degree 2g. The Weil polynomial of C is the polynomial f := T?¢ P(1/T). The Weil
polynomial is a monic polynomial in Z[T'] whose roots in the complex numbers all lie on the circle of
radius /g, and whose real roots (if any) have even multiplicity. The Weil polynomial of C is determined
by the numbers ay, ..., ay. The real Weil polynomial of C is the unique polynomial 2 € Z[T] such
that f(T) =T8h(T +q/T). It is monic of degree g, all of its complex roots are real numbers in the
interval [—2,/g, 2,/q], and it is also determined by ay, ..., a,. Lauter’s algorithm takes constraints on
the ay, ..., a, and returns real Weil polynomials for hypothetical curves satisfying those constraints.
Using the vanishing conditions from Proposition 3.1 and a Sage implementation of Lauter’s algorithm,
we arrived at the following result.

Theorem 3.2. The following are true:

o There is no excessive curve of genus 4 over s or 7.
o Ifthere is an excessive curve of genus 6 over [y, then its real Weil polynomial is among the following:
(T —2)(T + 1)(T* = 2T —2)(T* - 8),
(T? = 8)(T* =3T3 —2T*+7T +1),
(T? = 8)(T* =3T3 —2T*+ 8T —2).

o There is no excessive curve of genus 6 over [Fj.
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o [fthere is an excessive curve of genus T over [y, then its real Weil polynomial is among the 79 options
given in the table in Appendix C.

o There is no excessive curve of genus 8 over [F».

o Ifthere is an excessive curve of genus 9 over Fy, then its real Weil polynomial is
(T + 1)(T* =273 —6T> +10T + 1)

o There is no excessive curve of genus 10 over 5. (|

4. Curves of genus 3,4, 5

Proposition 2.2 and Theorem 3.2 whittled down the list of fields [, for which there could exist an excessive

curve of genus 3, 4, or 5, as the following table shows:

g surviving g

3 g<32

4 qg <4

5 qg=<4

The existing literature is sufficient to finish off our description.

Consider curves of genus 3 first. We claim that such a curve is excessive if and only if it can be realized
as a smooth plane quartic with no rational point. For the forward implication, we observe that an excessive
curve has gonality 4 and no rational point. In particular, it is not hyperelliptic, so its canonical embedding
is a smooth plane quartic. For the reverse, we note that a smooth plane quartic curve is canonically
embedded and hence not hyperelliptic. Moreover, if its gonality were 3, then Lemma 2.1 asserts that it
would have a rational point. We now appeal to a result of Howe, Lauter, and Top [Howe et al. 2005]:

Theorem 4.1. There exists a pointless smooth plane quartic over I if and only if ¢ <23 or g =29 or
q =32. (|

The remaining cases of curves of genus 4 and 5 were handled by the authors in [Faber and Grantham
2022; 2023]:

Theorem 4.2. There exists a curve of genus 4 and gonality 5 over T, if and only if g < 3. O

Theorem 4.3. There does not exist a curve of genus 5 and gonality 6 over [, for any q. O

5. Curves of genus 6

Our goal for this section is to prove the following result:
Theorem 5.1. There does not exist a curve of genus 6 and gonality 7 over .

Theorem 3.2 showed that if such a curve exists, then its real Weil polynomial must be among the
following options:
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factored real Weil polynomial a, a, az as as dag

(T-2)(T+1)(T*-2T-2)(T*>-8) O O O 0 12 4
(T?=8)(T*—=3T3-2T*+7T+1) 0 0 1 0 8 3
(T?=8)(T*=3T3—2T?*+8T -2) 0 0 2 0 4 1

We treat the first case using off-the-shelf technology:
Proposition 5.2. There is no curve of genus 6 over Fr withay = ay = az = a4 = 0.

Proof. Suppose otherwise, and let C be such a curve. Our application of Lauter’s algorithm implies that
the Jacobian of C has real Weil polynomial

F(T) = (T =2)(T + 1)(T* =2T —2)(T?* - 38).

Write g1(T) = (T —2)(T +1)(T?> —8) and g»(T) = T?>—2T —2. Then f = g1g», and the Jacobian of C
is isogenous to the product of abelian varieties A;, A, with real Weil polynomials g1, g2, respectively.
By [Howe and Lauter 2012, Proposition 2.8, p. 178], the “gluing exponent” of A and A, divides 2, so
by [loc. cit., Theorem 2.2, p. 176] there is a double cover C — D for some curve D whose Jacobian is
isogenous to Aj or A,, and whose real Weil polynomial is therefore g; or g,. A curve with either of these
real Weil polynomials has a rational point, which would imply that C has either a rational or a quadratic
point. This contradiction completes the proof. (|

For the two remaining real Weil polynomials, we make the following critical observation: if such a
curve exists, it must have a cubic point.

Proposition 5.3. Suppose there exists an excessive curve Cr, of genus 6. Then C admits a singular plane

model of degree 1. Moreover, this model does not pass through a rational point of the plane.

Proof. The above discussion shows that if there exists an excessive curve of genus 6 over [, then it must
have a cubic point. Let D be the effective divisor of degree 3 that is simply supported on the Galois orbit
of such a point. Write K for a canonical divisor on C. Then deg(K — D) =7, and we aim to show that
the linear system |K — D| determines the plane model we seek.
Riemann—Roch shows that
dim |K — D| =dim |D| + 2.

If dim |D| > 0, then |D| is a g%, which would mean C has gonality at most 3, a contradiction. Thus
dim|D| =0 and dim |K — D| = 2.

We now show that |K — D| is basepoint free. Since K — D is defined over [F,, so is the base locus.
Write E > 0 for the base divisor. By definition, we have dim |K — D — E| = 2. We also know that

deg(K — D — E) =7 —deg(E).

If deg(E) > 0, then a nonzero function in the Riemann—Roch space L(K — D — E) gives a morphism to P!
of degree strictly smaller than 7, which contradicts the fact that C is excessive. Thus deg(E) =0and E =0.



On the maximum gonality of a curve over a finite field 1645

Let ¢ : C — P? be the morphism induced by the linear system |K — D|, and let C’ be its image. Note that
deg(K — D) =7 = deg(C — C')deg(C").

Since |K — D] has dimension 2, the curve C’ cannot be a line. Hence deg(C’) =7, and C’ is birational to C.

It remains to show that C” does not pass through a rational point of the plane. Suppose otherwise, and
let P € P2(F,) be such a point. Then we can project through P to get a morphism C’ — P! of degree
at most 6. But then the composition C — C’ — P! has degree strictly smaller than 7. This contradiction
completes the proof. (|

The proposition allows us to construct a search space for excessive curves of genus 6. The space of
homogeneous septic polynomials has dimension (7;2) = 36. We may insist that our polynomials do
not vanish at a rational point of the plane. Ordinarily, this is an open condition on the space. But “not
vanishing” is a closed condition on an [,-vector space, so we are able to leverage this information to cut
the space down by seven additional dimensions. We now describe how to do this in practice.

Suppose F is a homogeneous septic polynomial over [F; in x, y, z, and let C” be the plane curve it cuts
out. We find that

F includes the monomials x”, y’, and z’.

Indeed, if x7 is not present, then the point [1:0:0] lies on the curve C’. A similar argument applies to
[0:1:0]and [0:0:1]. Now we can write

F=x"4+y"4+7 +xyFi(x,y) +xzF2(x, 2) + yz2F3(y, 2) + xyzG (x, y, 2),

where
e Fy, F,, F3 are bivariate homogeneous polynomials of degree 5, and
» G is homogeneous in three variables of degree 4.

In order that F(1, 1, 0) # 0, we see that F; must have an odd number of nonzero coefficients. Half of all
bivariate polynomials have this property, so there are 2° choices for Fj. A similar count applies to F>
and F3 since F cannot vanish at [1:0:1] or [0:1:1]. Assuming we have chosen such polynomials for
the F;, we find that in order that F (1, 1, 1) %0, G must have an odd number of nonzero coefficients. The
space of polynomials of degree 4 has dimension (4;2) = 15, so there are 2'* choices for G. It follows
that there are 2% choices for F that do not vanish at a rational point of IP’%Z.

We may now perform a search over all polynomials F satisfying the above constraints. We reject any

polynomial F that satisfies one of the following additional properties:
e F vanishes at a point P € P2(F¢) and some partial derivative of F' does not vanish at P.
« F does not vanish at either of [0:1:¢]or [1:7:¢2], where £+t +1 =0.

The first property asserts that there is a smooth quadratic or quartic point P on C' = {F = 0}. If that were
to occur, then the normalization C would have a quadratic or quartic point, in violation of Proposition 3.1.
We know that a hypothetical excessive curve of genus 6 over F, must have a cubic point. Pushing that
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point down to the plane model C’ would give a cubic point or a rational point. We have already ruled out
the possibility of the latter. The group PGL3([F») acts on P2 There are two orbits of cubic points: one
contains [0: 1:7] and the other contains [1:7:#2]. So we may insist that our curve contains at least one
of these points, which justifies the second property above.

We wrote C code to execute our search for homogeneous polynomials of degree 7 satisfying the above
constraints. The search required about 2 minutes on a single CPU, and it found 110,770 polynomials. We
passed these polynomials through a Magma script that looked for irreducible plane curves of genus 6
with no point of degree 1, 2, or 4. This took around 3 minutes. No curve survived.

The results of this search, combined with Proposition 5.2, provide a proof of Theorem 5.1.

6. Curves of genus 7

We apply the same strategy as in the previous section, but there is one annoying wrinkle to be ironed out.
If C is an excessive curve of genus 7 with an effective divisor of degree 4, then C can be realized as a
singular plane curve of degree 8. We treat this case in Section 6.1. Looking at the table in Appendix C,
we find that all but three of the real Weil polynomials have a; > 0 or a4 > 0. The exceptions — entries
3, 4, and 6 — cannot support an effective divisor of degree 4. However, each of the exceptions has a3 > 0.
An excessive curve of genus 7 with an effective divisor of degree 3 can be realized as a singular plane
curve of degree 9. That case will be handled in Section 6.2.
Combining Theorems 6.3 and 6.6 below, we will obtain the desired result:

Theorem 6.1. There is no curve of genus 7 and gonality 8 over [F».

6.1. An effective divisor of degree 4. We begin with some geometry.

Proposition 6.2. Suppose there exists an excessive curve C g, of genus T with an effective divisor of
degree 4. Then C admits a singular plane model of degree 8. Moreover, this model does not pass through
a rational point of the plane.

Proof. Let K be a canonical divisor on C and D an effective divisor of degree 4. An argument virtually
identical to the one used to prove Proposition 5.3 applies to show that the linear system |K — D| is
basepoint free of degree 8 and dimension 2. If we write C’ for the image of C under the morphism
C — P? determined by |K — D|, then we find that

deg(K — D) =8 =deg(C — C’) deg(C").

We must argue that deg(C’) = 8.

Since dim |K — D| =2, we find that deg(C’) > 1. Write f : C — C' for the induced morphism from C
to the normalization C’ of C’. If the degree of C’ were 2, then C’ = C’ would be a smooth rational curve
and the morphism f would have degree 4. But the gonality of C is 8, so this cannot occur. If instead the
degree of C’ were 4, then deg( f) = 2. Writing g’ for the genus of C’, we see that g/ < (4—1)(4—2)/2=3.
If ¢’ <2, then the gonality of C’ is at most 2 [Faber and Grantham 2022, Proposition 2.1]. It would
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curve equation real Weil polynomial a; a a3
O=x*+xy  +y*+xy? +x2 +y2 + 7 (T=2)(T*-T-5 0 1 1
0=x*4+xy  +y* + 222 +xy2 +y3 + (T-)(T*~T—-4 0 2 2
0=x*+xy’ +y*+x3z+xy22 +yz3 + 24 T3-3T?>—4T+13 0 0 1
0=x*+x%y* +y* +x2yz +xy’z + 3222 + xyz® + y*2* + (T —1)° 0 7 8

Table 3. The four isomorphism classes of pointless smooth plane quartic curves over [F,, along
with their real Weil polynomial and numbers of closed points.

then follow that C has gonality at most 2 deg(f) = 4, a contradiction. Therefore, g’ =3 and C' = C’
is a smooth plane quartic. If C’ has a rational point, then it has gonality 3 [Faber and Grantham 2022,
Corollary 2.3]. Again we arrive at a contradiction because the gonality of C would be at most 2-3 = 6.
Thus C'(F,) = @.

To summarize, we are now assuming that C’ is a smooth plane quartic with no rational point, and
f : C — C’ has degree 2. A direct computer search shows that there are four isomorphism classes of
smooth pointless plane quartics over [F,. Table 3 gives representative equations for these four classes,
their number of points over [, F4, and Fg, and their real Weil polynomials. By a result of Tate [1966,
Theorem 1(b)], the real Weil polynomial for C’ divides that of C. Looking through all of the entries in
Appendix C, we find that none of those polynomials is divisible by any of the polynomials in Table 3.
We conclude that C’ cannot have degree 4.

Thus, we have shown that C’ has degree 8, and the morphism C — C’ is birational. To complete the
proof, we note that C’ cannot pass through a rational point; otherwise, we could project through that point
to get a morphism C — C’ — P! of degree strictly smaller than 8. O

We now spell out the differences between the genus-6 search and the related genus-7 search. Octic
homogeneous polynomials that do not vanish at any of the rational points of the plane have the form
F=x3+y 4+ 84+ xyFi(x,y) +x2F(x,2) + yzF3(,2) + xyzG(x, y, 2),
where
e Fy, F,, F5 are bivariate homogeneous polynomials of degree 6,
« G is homogeneous in three variables of degree 5, and
e the F; and G each has an odd number of nonzero coefficients.

There are 23® polynomials satisfying these constraints. We loop over all such polynomials and reject any
that satisfies one of the following additional properties:

e F vanishes at a point P € P?(Fys) and some partial derivative of F does not vanish at P.
e F does not vanish at any of the points [0:1:s], [1:s :s2],0r[0:1:52+ 5], where s* + s+ 1 =0.

The first property asserts that the plane model C’ has a smooth quintic point, which would mean C has a
smooth quintic point, a contradiction. By hypothesis, we know C has an effective divisor of degree 4,
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and hence a quadratic or quartic point. It follows that C’ must pass through such a point. (Note that
the image of a quartic point may be a quadratic point on C”.) There are two PGL3([F,)-orbits of quartic
points and one orbit of quadratic points; representatives are [0:1:s],[1:s :s2],and [0:1:52+s], where
s*Hs+1=0.

We divided the space of 238 such polynomials into 64 tiles and distributed the search to 64 CPUs. The
entire search required about 70 minutes of wall time. Each tile generated around 2.2 million polynomials
for further investigation. We ran 64 instances of our Magma script, one for each tile; these required
between 3 and 4 hours to complete. Out of the entire pool of approximately 140 million polynomials,
only 606 describe irreducible genus-7 curves that have no quintic point and that do not simultaneously
have a quadratic and a cubic point. More precisely, we found

» 248 curves with a4-sequence (0, 2, 0, 3, 0, 3, 12), and

» 358 curves with a4-sequence (0, 2, 0, 6, 0, 4, 16).
Each of these curves has gonality 4. We determined this by searching for divisors D of degree 2 or 4
with dim | D| > 0; such a divisor must be a linear combination of Galois orbits of quadratic or quartic

points. We used Magma to verify the existence of these divisors and to compute the dimension of the
relevant Riemann—Roch spaces. We summarize our findings thus far:

Theorem 6.3. If there is an excessive curve of genus T over [, then its real Weil polynomial is one of the
following options from the table in Appendix C:

no. factored real Weil polynomial a, a, az as as deg dadj

3 T(T®—3T° —12T*+39T3+27T>—126T+57) 0 O 3 0 O 13 9
4 T7T—3T6— 1273 +40T*+24T3 —132T>+75T+1 0 0 4 0 O 9 10
6 (T3 —=T*=TT +6)(T* =273 —TT?> + 14T —2) 0O 0 5 0 0 9 12

6.2. An effective divisor of degree 3. Again, we begin with some geometry.

Proposition 6.4. Suppose there exists an excessive curve C g, of genus T with an effective divisor of
degree 3. Then C admits a singular plane model of degree 9. Moreover, this model does not pass through

a rational point of the plane.

Proof. Let D be an effective divisor of degree 3 and let K be a canonical divisor. Then dim |K — D| >
dim | K| — 3 = 3. If this dimension were larger than 3, we would have

dim |[K —2D| > dim |K — D| —deg(D) > 1,

which means C admits a nonconstant morphism to P! of degree deg(K —2D) = 6, a contradiction. We
conclude that |K — D| has degree 9 and dimension 3.

Now we argue that | K — D| is basepoint free. Let E > 0 be its base divisor. Thendim |[K — D — E| =3
and deg(K — D — E) =9 —deg(FE). If deg(E) > 2, then L(K — D — E) contains a nonconstant rational
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function of degree at most 7, a contradiction. If deg(E) = 1, then E is supported at a rational point, which
an excessive curve cannot have. Thus, E = 0.

The linear system |K — D| determines a morphism C — P3. Composing this with projection through
a rational point of P (which does not lie on C), we obtain a morphism to P2 Write C’ for the image in
the plane. Then

deg(K — D) =9 = deg(C — C')deg(C").

The curve C’ does not lie in a line, so its degree is bigger than 1. If deg(C") = 3, then C’ has genus 0 or 1,
and so gonality at most 2. But then deg(C — C’) = 3, and composing C — C’ with a morphism to P! of
minimum degree would show that C has gonality at most 6, a contradiction. So C” has degree 9, as desired.

Finally, suppose that C’ passes through a rational point P of the plane. Since C has no rational point,
and since C — C’ is the normalization morphism, we see that P cannot be smooth. Suppose that P
has multiplicity » > 2 on C’. Then linear projection through P gives rise to a morphism C — P! of
degree 9 — r < 7, which contradicts the fact that C has gonality 8. We conclude that C’ cannot pass
through a rational point. 0

Following the proposition, our first attempt might be to search through plane curves defined by
homogeneous polynomials of degree 9. The space of such polynomials has [F>-dimension (9‘52) =55. As
in the case of degree-6 curves, we can avoid looking at polynomials that vanish at a rational point of the

248

plane, which cuts the space down to 2*° polynomials. This is much too large to be efficiently searched, so

we need an additional improvement. We will leverage the fact that curves in the three remaining isogeny
classes have at least three cubic points.

Proposition 6.5. Suppose there exists an excessive curve Cr, of genus T with at least three distinct closed
points of degree 3. Write Fg = F(t), where t> +t +1 = 0. Then C is birational to a plane curve of
degree 9 that passes through no rational point of the plane, and that satisfies at least one of the following:
e C has a triple point at [0:1:¢].
e C has a double point at [0:1:t] and passes through [0:1:¢t4+1].
o C passes through [0:1:t]and [1:0:¢].
Proof. By hypothesis, C has three effective divisors Dy, D,, D3 of degree 3 with pairwise disjoint support.

Let K be an effective canonical divisor. The proof of Proposition 6.4 shows that dim |K — D;| = 3. For
j=1,2,3, we also see that

dim|K—D1—Dj|=0,

since otherwise this linear system would give a morphism to P! of degree 6. It follows that there are
unique effective divisors E, E, E3 of degree 6 such that

K —Dy~Dy+Ey~ Dy+ E>~ D3+ E3.
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Let f1, f2, f3 € L(K — D) be rational functions corresponding to these three linear relations; the f; are
unique up to a constant.

Suppose first that the f; generate a subspace of L(K — D;) of dimension 1. Then there is a single
function f on C with

div(f)=2D1+E—K=D\+D)+E,—K=D,+ D3+ E; — K.

Since the D; have disjoint support, we see that div(f) = 2D 4+ Dy + D3 — K. Using f as one of the
coordinate functions for our map C — P2 we see that there is a line £ C P? that passes through the
images of Dy, D;, and Ds. Let C’ be the image of C in P2 and let P;, P>, P3 be the images of the cubic
points in C’ corresponding to Dy, D>, D3, respectively. None of the P; is rational since C’ cannot pass
through a rational point of the plane. Moreover, the P; cannot all be distinct, for otherwise the line £
would contain three distinct cubic closed points. (An [F,-rational line contains three rational points and
two cubic closed points.) Thus, either C’ has a triple point at Py, or C’ has a double point at P; and a
second cubic point on the line £. Since PGL3(F,) acts transitively on the set of 14 cubic closed points of
the plane that lie on some F,-rational line, we may assume without loss that we are in one of the first two
cases of the proposition.

Now suppose that the f; generate a subspace of L(K — D;) of dimension at least 2. We use two
linearly independent f; as coordinate functions for our map C — P2 Keeping the notation of the previous
paragraph, it follows there are distinct lines ¢; and ¢, containing cubic points P; and P, of C'. After
applying a linear transformation of the plane, we may assume that our lines are £; = {x = 0} and
£y = {y = 0}. The subgroup of PGL3([F>) that fixes these two lines is given by

* O =
* = O

0
0| =z/27x2)27.
1

One can verify directly that this group acts faithfully on the set of four cubic closed points on £; U £5. It
follows that there is some transformation mapping P; to the Galois orbit of [0:1:¢] and P5 to the Galois
orbitof [1:0:¢7]. O

The preceding proposition allows us to restrict our attention to homogeneous polynomials of degree 9
over [, with certain extra vanishing conditions. In each of the three cases, we obtain a number of linear
constraints on the coefficients of our polynomials: 18, 12, and 6, respectively. Starting with a space
of dimension 55, this means we have three search spaces to consider, consisting of 237 2% and 2%
polynomials, respectively. Using linear algebra, we can produce three explicit bases for the spaces of
polynomials with these vanishing conditions. Unlike the basis of monomials used in Section 6.1, a
naive choice of new basis may not be well conditioned for efficiently searching for polynomials that do
not vanish at a rational point. For completeness, we write down explicit bases of polynomials that are
well conditioned in Appendix A and argue that they have the properties we want. In the first two cases,

avoiding polynomials that vanish at a rational point cuts five dimensions off the search space; in the third
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case CPUs C search time survivors Magma search time survivors
1 1 37m 162,552 43m 24
2 64 54m 5,314,648 28m 0
3 64 11h 45m 75,877,946 1h 44m 40

Table 4. Search resources and wall time for the three cases of Proposition 6.5.

case it cuts seven dimensions off the search space. In summary, this means we will have three searches

consisting of 232 238 and 242

polynomials, respectively.

Table 4 describes the search resources, wall time, and number of survivors for the three searches we
performed, one for each case of Proposition 6.5. As expected, the C search times for Cases 2 and 3
are approximately 64 times and 1024 times that of Case 1, respectively. For Case 1, the 24 curves that
survived the Magma search were equally split between the first and third isogeny classes of Theorem 6.3.
For Case 3, twelve of the curves that survived fell into the first isogeny class of Theorem 6.3, while the
remainder fell into the third isogeny class of the theorem. Using Magma, we verified that all 64 of the

survivors have gonality 6 by producing an effective divisor D of degree 6 with dim |D| > 0. In summary:

Theorem 6.6. There is no curve of genus 7 and gonality 8 over [, that admits at least three closed points
of degree 3. O

7. Genus 9

Theorem 3.2 shows that if there is an excessive curve C of genus 9 over [, then its real Weil polynomial
and counts of closed points of various degrees are as below:

factored real Weil polynomial a, a, az as as dag a; dg doy

(T+1)(T*—2T3—6T2+10T+1)> 0 4 0 0 0 8 0 18 64

In particular, note that C has a closed point of degree 6. If we took the tack of Section 5, we could show
that a hypothetical excessive curve of genus 9 over [, admits a singular plane model of degree 10 with

no rational point. There are 2

such curves that we would need to search. Even after imposing vanishing
conditions at the four quadratic points, we would not be able to shrink the search space below about
2% polynomials. This is far too large for us to handle, so instead we will use a different method: By
analyzing the principally polarized varieties with the given real Weil polynomial, we can show that there
is no genus-9 curve over [, (of any gonality) with the given real Weil polynomial. Our argument uses
results and techniques from [Howe 1995; Howe and Lauter 2003; 2012]; an expository overview of many

of these results can be found in [Howe 2023].

Theorem 7.1. Lethy =T + 1 and let hy = T* —2T3 — 6T% + 10T + 1. Then there is no curve over [,

whose real Weil polynomial is equal to hlhg.

Proof. Let E , be the unique elliptic curve with real Weil polynomial /1. Suppose there were a curve Cf,
with real Weil polynomial & lhé. Since the resultant of the two polynomials A and h; is —12, we see from
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[Howe and Lauter 2003, Lemma 7] (or its generalization [Howe and Lauter 2012, Lemma 2.3]; see also
[Howe 2023, Propositions 3.7 and 3.10]) that there is an abelian variety A r, with real Weil polynomial h%
and a finite 12-torsion group scheme A such that the Jacobian of C fits into an exact sequence

0>A—ExA—JacC — 0,

and where the induced maps A — E and A — A are both embeddings. Furthermore, the pullback to
E x A of the canonical principal polarization of Jac C is the product A x u of a polarization A of E and
a polarization u of A, and the images of A in E and in A are the kernels of A and u.

If we let A be the canonical principal polarization of E, then every polarization of E is of the form
d\g for a positive integer d. Since the group scheme A is killed by 12, it follows that A is isomorphic
to E[d] for a divisor d of 12.

From [Howe and Lauter 2012, Lemma 4.3] (see also [Howe 2023, Proposition 4.13]) we see that there
must be a nonconstant degree-d map from C to E. It follows that the number of closed points of degree
at most d on C must be at least the number of rational points of E, because each rational point of E has
at least one closed point of C lying over it, and the degree of each such closed point is at most d. Since
E has five rational points, while C has no closed points of degree 1, 3, or 4 and only four of degree 2,
we see that d > 4. That leaves open only two possibilities: d =6 or d = 12.

We claim that neither of these possibilities can occur, because there is no polarization of A whose
kernel is isomorphic to either E[6] or E[12]. To prove this, we use the results of [Howe 1995], which
give us information on the group schemes that occur as kernels of polarizations of abelian varieties in
a given ordinary isogeny class. Given a finite multiset of finite simple group schemes, the results tell
us whether there is a polarization of a variety in the given isogeny class such that the composition series
of the kernel of the polarization is equal to the given multiset.

Let 7 denote the Frobenius endomorphism of A and let & denote its dual isogeny (the Verschiebung).
Honda-Tate theory [Tate 1971] shows that the minimal polynomial of the endomorphism 7 + 7 is &5,
and since 7 = 2/m, we find that the minimal polynomial of 7 is f := T*hy(T +2/T). Let R denote
the subring Z[r, 7] of End A. Then K := R ® Q is the number field defined by f, and we can view R
as an order in this field. The field K is a CM field, and its maximal real subfield K is Q(w + 7). We
let R denote the subring Z[7 + 7] of R.

Let G be a finite group scheme that is a subgroup scheme of an abelian variety isogenous to A, so that
the Frobenius and Verschiebung endomorphisms F and V of G satisfy f(F) = f(V) = 0. We associate
to G a finite R-module Mody G as follows. First, we write G as a product G,, X G,¢ X Gy, where
G,, is a reduced group scheme with reduced dual, G,; is a reduced group scheme with local dual, and
G is a local group scheme with reduced dual. (Every finite group scheme over a finite field can be
written as a product of three such group schemes together with another factor that is local with local dual
[Manin 1963, p. 17; Waterhouse 1979, Corollary, p. 52], but for group schemes that can be embedded in
an ordinary abelian variety, the local-local factor is trivial; this follows from the fact that, geometrically,
the local part of the p-torsion of an ordinary abelian variety is isomorphic to a power of the local-reduced
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group scheme p » [Deligne 1969, Section 2].) Let k be an algebraic closure of F,. Let M,, and M,, be
the finite R-modules whose underlying abelian groups are G, (k) and G, (k), respectively, and whose
R-module structure is such that 7 acts as F and 7 acts as V. Let Gy, be the Cartier dual of Gy,, and
let M, be the finite R-module whose underlying abelian group is f}\g, (k) and where 7 acts as V and @
acts as F. Finally, we take Modg G = M, ® M,y & My,.

The Grothendieck group 4 (S) of an order S in a number field is the group obtained from the free abelian
group on finite S-modules by dividing out by the subgroup generated by the expressions [M']—[M]—[M"]
for every exact sequence 0 > M — M’ — M" — 0 of finite S-modules. The group ¥4(S) is free, with
a basis given by the classes of the simple S-modules.

The main result of [Howe 1995] tells us exactly which elements of the Grothendieck group of R
contain the classes [Modr G] of the R-modules corresponding to kernels G of polarizations of varieties
isogenous to A. (Such classes are called attainable.) To state the result, we need to define a certain
quotient of the group 4(R™).

Every finite R-module is also a finite R*-module, and an exact sequence of R-modules is also an
exact sequence of R*-modules. Thus there is a homomorphism Ng g+ : 4(R) — ¢ (R™). Also, for every
nonzero element « of R™ we have a finite R*-module Rt /aR™. We let Z(R) denote the quotient of
%(R™) by the subgroup generated by the image of Ng, g+ and by the classes of the modules Rt /a R,
where we let « range over the totally positive elements of R — that is, the elements that are positive under
every embedding of R into the real numbers. Since R = R™[rr] is free of rank 2 as an R™-module, if we
take any finite RT-module M we find that Ng/r+([M ®g+ R]) = 2[M], so the group #(R) is 2-torsion.

We define an element I € #(R) associated to the isogeny class of A as in [Howe 1995, Definition 5.4].
Since Z(R) is 2-torsion and since A is isogenous to the square of a simple abelian variety, the formula
in [loc. cit., Definition 5.4] shows that I = 0.

Theorem 5.6 of [loc. cit.] says that a class of ¢4(R) is attainable if and only if it is of the form
[M ®g+ R] for an R*-module M such that the image of the class [M] € 4(R") under the quotient
map 4(RT) — %(R) is equal to I. (Note that if a class in Z(R) is of the form [M ®g+ R] for an
RT-module M, then the class [M] € 4(R™) is unique. Indeed, the map T : (R™) — %(R) given by
[M]+— [M ®g+ R]is a homomorphism because R is flat over R™, and this homomorphism is injective
because its composition with the norm from ¢ (R) to ¢(R™) is the multiplication-by-2 map on 4(R™).)
To complete our proof of Theorem 7.1, then, it will be enough for us to show that both Modg E[6] and
Modg E[12] are of the form M @+ R for an RT-module M whose image in %(R) is not equal to I;
that is, the image of M in #(R) should be nonzero.

Let g3 be the prime ideal (3, m +m + 1) of R, let g, be the prime ideal (2, # — 1) = (2, 7) of R, and
let > be the complex conjugate (2, 7 — 1) = (2, w) of qo. We check that E[6] and E[12] can both be
embedded in A, and that

[Modg E[6]] = [Modg E[3]1+ [Modg E[2]] = [R/g3]+ [R/q2]1+ [R/q2],
[Modg E[12]] = [Modg E[3]]+2[Modg E[2]] = [R/q3]1+2[R/q2] + 2[R /q2].
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Let p3 be the prime ideal (3, 7 +7 + 1) of R and let p; be the prime ideal (2, 7 +7 + 1) of RT. We
check that
(R*/p2) ®r+ RER/92 @ R/G2 and  (R™/p3) ®r+ R= R/,

so [Howe 1995, Theorem 5.6] says that [Modg E[6]] will be attainable if and only if the image of
[RT/p3]+[RT/p2] € 9(R™) in B(R) is equal to zero, and that [Modg E[12]] will be attainable if and
only if the image of [R™/p3] + 2[R /p,] in Z(R) is equal to zero.

As a first step, we note that Ng,g+([R/q2]) = [RT/p2], so [RT/p2] is in the kernel of the map
4(R1) — Z(R). Thus, to complete the proof of the theorem, all we must show is that the image of
[R*/p3] in Z(R) in nonzero. Our next step, then, is to compute the group Z(R).

Let ¢ be the maximal order of K = Q(7r) and & be the maximal order of K+. Computing the discrim-
inants of ¢ and ¢'*, we find that no finite prime of ¢ ramifies in @, so [loc. cit., Proposition 10.2] tells us
#(0)=Gal(K/K™), and under this isomorphism the map ¥ (0") — %(0) is essentially the Artin map: if
B is a prime of &', then the class of 0 /B in 4 () is sent to 0 in Z(&) if and only if 3 splits in K /K .

The inclusion map i : R — & gives us a pullback map i * : Z(0) — %(R), and [loc. cit., Proposition 10.5]
gives us two finite 2-torsion groups D and Cs, maps from these groups to #(¢’) and ZA(R), respectively,
and a map Dy — C; such that the diagram

Dy — #(0)

Cs — B(R)
is a pushout diagram.

We see from [Howe 1995, pp. 2386-2387] that the group Cs is an [F»-vector space with a basis consisting
of symbols x, for the singular primes p of R* that are inert in R/R™. We compute that the discriminant
of R is 16 times the discriminant of &', so the only singular prime of R™ is the unique prime of R™
that lies over 2, namely p,. Since p; splits in R/R™, the group C; is trivial.

To compute Dy we again use the definition found in [loc. cit., pp. 2386-2387] together with [loc. cit.,
Remark 10.6]. We find that Dy is an [-vector space with a basis consisting of symbols yy for the
primes B of &7 that are inert in ¢ /0" and such that 8 N R™ lies under a singular prime of R. Using
[loc. cit., Proposition 9.4] we compute that the discriminant of R is 2'6-3%.112 and since the discriminant
of ¢ is 2% -3%. 112 the singular primes of R all lie above p,. There is only one prime of &t that lies
over 2, and it splits in ¢ /0. Therefore D is also trivial.

Since the diagram above is a pushout diagram, we find that the map i* : #(0) — Z(R) is an
isomorphism.

To compute the image of R™/p3 in Z(R), we use another pushout diagram that relates %(¢) and
Z(R), namely the one found in [loc. cit., Proposition 10.4], which is

GO0/ Nojo+(4(0)) ——— B(0)

¢ I

4(R")/Ng/r+(@(R)) —— B(R).
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Here the map N on the left side of the diagram is induced from the map ¥ (1) — 4(R™") that takes
the class of a finite ¢ -module M to the class of M viewed as an R™-module.

Let 33 be the prime (3,7 + 7 + 1) of ¢*; this is the unique prime of &% over 3. Since R is
nonsingular at 3, the restriction of B3 to R* is p3, and the map N in the diagram takes the class of
0" /B3 in the upper-left group to the class of R*/p3 in the lower-left group. Since i* is an isomorphism,
the image of R™/p3 in Z(R) is nonzero if and only if the image of 67 /B3 in Z(0) is nonzero. We
check that 33 is inert in K /K™, so the image of 07 /B3 in #(0) is nonzero. Therefore the image of
R™/p3 in Z(R) is nonzero, and the theorem is proved. O

8. Enumerating all excessive curves

As we noted in Section 4, an excessive curve over [, of genus 3 is precisely a nonhyperelliptic curve
of genus 3 with no rational points (a “pointless curve”), and a result of Howe, Lauter, and Top [Howe
et al. 2005, Theorem 1.1] says that such curves exist over [, if and only if g <23 or ¢ =29 or g = 32.
In this section we sketch the method we used to enumerate all such curves over these fields. In total,
there are 215 excessive genus-3 curves over these fields; the counts over each finite field were given in
Table 1 in the Introduction.! Together with the excessive curve of genus 4 over F, defined by the two
equations xy + z> +zw +w? =0 and x> + y> + 23 + y?>w + xzw = 0 in P* [Faber and Grantham 2022,
Theorem 5.4] and the excessive curve of genus 4 over F3 defined by the two equations xy + z2 + w? =0
and x3 + y3 + yz2 + xw? — yw? — zw? = 0 in P* [Faber and Grantham 2023, Theorem 5.3], this gives a
total of exactly 217 excessive curves over finite fields.

A human- and computer-readable Magma file, A11Genus3.magma, containing a list of all 215 of the
excessive genus-3 curves over finite fields, is available with the other programs associated with this paper.

For g <5, we used a simple brute force search to find representatives of the PGL,([F,) orbits of
pointless plane quartics. We find unique representatives of each orbit by explicitly calculating the orbits.
We confirmed our computations for ¢ = 2 and g = 3 by checking the [LMFDB] database, which includes
data collected from every curve of genus 3 over [F; and Fs.

For 7 < g <23, we used a more efficient brute force search that depends on the curves having enough
quadratic points. Note that the Weil bound shows that if ¢ > 7, then a genus-3 curve over [, has at
least g2 + 1 — 6 > 8 points over F,2. If the curve is also pointless over [y, then it must have at least 4
quadratic points, and this will be enough for our method to work. Let us explain the idea.

Let 51 and s; be distinct elements of [> that are conjugate over [,. We let Py be the quadratic point
of P? whose geometric points are [s;:0:1] and [s2:0:1], and we let P, be the quadratic point of P2
whose geometric points are [0:sy:1]and [0:s5:1]. If f € F;[x, y, z] is a homogeneous quartic, we say
that f is pinned (with respect to P and P,) if it vanishes at P; and P».

Suppose C/g, is an excessive curve of genus 3 that has at least three quadratic points. We identify
C with one of its plane quartic models, so that C is given by a homogeneous quartic f € Fy[x, y, z].

INote that the curve (x2 +xz)% + (y2 + yz)(x2 +xz) + (y2 + yz)2 + 7% = 0 is excessive as a curve over 5 and as a curve
over [3;, but we count it twice in our enumeration because we consider curves to be schemes over a base field.



1656 Xander Faber, Jon Grantham and Everett W. Howe

q 7 8 9 11 13 16 17 19 23

CPUs 1 1 1 1 1 1 16 64 o4
walltime(m) | O O 1 7 42 281 90 113 778

Table 5. Search resources and wall time for finding excessive plane quartic curves.

Each quadratic point of C determines a rational line in the plane, and at most two quadratic points of
C can lie on a given line because C is defined by a quartic. Since we are assuming that C has at least
three quadratic points, we can choose two such points that determine distinct rational lines. Then there
are exactly four automorphisms of P? that take the two chosen quadratic points to the quadratic points
P and P, respectively. By applying such an automorphism, we can assume that C passes through P;
and P;; that is, we may assume that f is a pinned quartic.

The space of plane quartics (up to scalars) is 14-dimensional. By limiting ourselves to pinned quartics,
we cut our search space down to 10 dimensions. We can further increase our efficiency in looping through
this search space by using the fact that we only want to consider pointless quartics f. For example, since
f£(1,0,0) and £(0, 1,0) and f(0, 0, 1) are all supposed to be nonzero, we see that the coefficients of x4
y* and z* in f are all nonzero. Going further, we can choose the collection of coefficients of x*, x3y,
x2 yz, xy3, and y4 all at once, and use the requirement that f(a, b, 0) # 0 for all a, b € [, to limit the
possible values of these coefficients. We implemented our search using these ideas as often as possible.

Suppose f € [Fy[x, y, z] is a homogeneous quartic that defines an excessive curve C. It is a straightfor-
ward matter to produce a list of all pinned quartics g that define a curve isomorphic to C: simply loop
through all of the pairs (Q1, O2) of noncollinear quadratic points on C, and for each such pair write down
the four pinned quartics obtained by moving Q1 to P; and Q5 to P;. There are at most (g + 6g + 1)/2
quadratic points on C, and so there are roughly ¢* pinned quartics defining C. For the prime powers g
that we are considering, we can easily list all of these quartics. If we order them — say, by number of
nonzero terms, and lexicographically within that grouping— we can then identify the first one. This “first
pinned quartic” is a well-defined normal form for C that allows us to quickly test whether two pointless
quartics are isomorphic to one another.

The basic idea of our enumeration strategy is to run through all pointless pinned quartics f using the
method described above. If such an f defines a curve of genus 3 (that is, if f is geometrically irreducible
and defines a nonsingular curve), then we compute its “first pinned quartic” normal form and add this to
our list of excessive curves, if it is not already on the list.

We wrote Magma code to implement this algorithm, and ran it for all ¢ < 16. Running in Magma
2.26-10 on a 3.2 GHz Apple M1 Max, the case g = 16 took just under 90 core-hours. To double-check
our work and to reach the larger values of ¢, we rewrote the code in C as well, and ran it on a cluster of
Intel Xeon E5-2699v3 CPUs. This allowed us to reach all ¢ < 23. See Table 5 for resources and timing
for this computation.

We estimate that it would take about 10,000 CPU-hours to do this calculation for g = 29, and about
30,000 CPU-hours for g = 32. Fortunately, there are other methods available for these cases.
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For g =29, we use Lauter’s algorithm to show that if there is a genus-3 curve C/f,, with no points,
then its real Weil polynomial is (T — 10)>. Suppose there is such a C, and let J be its Jacobian. There are
two elliptic curves over Fog that have real Weil polynomial T — 10: the curve E; : y?> = x> + x, whose
endomorphism ring is isomorphic to Z[i], where i> = —1, and the curve E, : y? = x3 4 12x? +4x, whose
endomorphism ring isomorphic to Z[2i]. From [Kani 2011, Theorem 2] we see that J is isomorphic (as
an abelian threefold without polarization) to one of the products

E]XE]XE], E]XE]XEz, E]XEQXEz, and EQXEQXEz.

Let A:= E| x E1 x E;. Then there is an isogeny ¢ : A — J of degree 1, 2, 4, or 8, depending on which of
the four products J is isomorphic to. The principal polarization on J pulls back to a polarization A on A
of degree 1, 4, 16, or 64. This polarization can be represented by a Hermitian matrix M € M3(Z[i]) of
determinant 1, 2, 4, or 8. Then [Howe and Lauter 2012, Table 2, p. 190] shows that there is an embedding
Y E1 — A such that ¥*\ is either the principal polarization on E; or twice the principal polarization
on E;. We see from [loc. cit., Lemma 4.3] that then there must be a map C — E; of degree 1 or 2. A
degree-1 map would be impossible, so C must be a double cover of E;. It is a straightforward matter to
enumerate all of the genus-3 double covers of E; see [Howe and Lauter 2003, Section 6.1] for a detailed
description of the similar calculation of all genus-4 double covers of an elliptic curve over a finite field.
We find that up to isomorphism, there is exactly one pointless plane quartic over [F,g, already listed in
[Howe et al. 2005, Table 2]: the curve x* + y4 +74=0.

For g = 32, we note that it was already proven in [Elkies 1999, Section 3.3] that there is exactly one
pointless plane quartic over [3, (and that this curve is the reduction modulo 2 of a twist of the Klein quartic).

Appendix A: Polynomial bases for Proposition 6.5

For completeness, we give the bases of polynomials used to search for singular plane curves of genus 7
as described by Proposition 6.5. To unify the presentation, we formalize the properties these bases must
have in order to efficiently construct curves that do not pass through a rational point of the plane.

Formalism A.1. Let Sy, ..., S5 be five sets of homogeneous polynomials of degree 9 in F»[x, y, z] that
satisfy the following hypotheses:

o At each of the three points [1:0:0], [0:1:0], and [0:0: 1], exactly one element of S; is nonzero.
Each element of S; with i > 1 vanishes at these three points.

o At the point P = [1:1:0], each polynomial in S, is nonzero. Each polynomial in S3, S4, and S;s
vanishes at P. An even number of elements of S; are nonzero at P.

o At the point P = [1:0:1], each polynomial in S5 is nonzero. Each polynomial in S5, S4, and Ss
vanishes at P. An even number of elements of S; are nonzero at P.

o Atthe point P =[0:1:1], each polynomial in S is nonzero. Each polynomial in S,, S3, and S5 vanishes
at P. If S, is nonempty (resp. empty), an even (resp. odd) number of elements of S| are nonzero at P.
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o Atthe point P =[1:1:1], each polynomial in §; is nonzero for i =2, 3,4, 5. If S4 is nonempty (resp.
empty), an odd (resp. even) number of elements of S are nonzero at P.

Let F; be the sum of all polynomials in S;. Fori =2, 3, 4, 5, let F; be the sum of an odd number of polyno-
mials in S;. If S4 = &, we take F4 =0. Then F = )_ F; does not vanish at any rational point of the plane.

Remark A.2. This formalism applies to our constructions in Sections 5 and 6.1. For g =6 and g =7,

we used 1 gl g+l
Sp={x8"0, y8T, 28T,

Sy ={xiy$TI= 1 <i<g),

Sy={x'z# 1 <i<g),

Sa={y'# 1 <i<g),

Ss={x'y/z8t 1 <i<g—1, 1< j<g—i}
Al. Triple cubic point on a line. In the language of Formalism A.1, we take the following to be our basis
for the space of degree-9 homogeneous polynomials that vanish to order 3 at the cubic point [0:1:7]:

Si={", (P +y7z+29%,

Sy ={x'y? 73 <i < QYUY Py e+, 1y’ Py + ),

Sy ={x'z"7:3<i <8) U’z +y*2+2)2, x 2 P+,

Sy=0,

Ss={x'y/z°71:3<i<7,1<j<5i+j<9)

Ulxyz(0 +3%24+2%)2%, ¥2yz2(y° +yz4+20), 2y 22 (P +y%z2+27), x2y° 207 +y* 2+ 7).

One verifies directly that all of these polynomials vanish to order 3 at [0:1:¢]. Each polynomial in
S:= S U---USs, except for the element x?y?z%(y* + y2z + z°) of Ss, has the property that it contains a

monomial that is not present in any other polynomial in S. Consequently, the full set of 37 polynomials

in S must be linearly independent over [».

Appendix B. Double and single cubic points on a line

In the language of Formalism A.1, we take the following to be our basis for the space of degree-9
homogeneous polynomials that vanish at the cubic points [O:1:#] and [0:1:¢ 4 1], with order at least 2

at the former:
Si={, P +y?+2) P +y 2+,
Sy={x'y’ 2 <i <8UxY (P +yz+2))),
Sy={x'2"":2<i <8} U (Y +y 2 +27)7),
S4=0,
Ss={xiy/?7 7/ :2<i<7,1<j<6,i+j<9}
Ulxyz(3 +y°z+27)%, xy°2(30 +y2* +20). x9° 2 (0 +y°2+20), 0y 2 (0P + 372+ 20)
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One verifies directly that all of these polynomials vanish at [0:1:7] and at [O:1:¢+ 1] to the correct
orders. Each polynomial in S := S; U- - - U Ss, except for xy*z(y3 + y?>z +z%) and xy>z%(y® + y?z 4+ 2°),
has the property that it contains a monomial that is not present in any other polynomial in S. Therefore,
every nontrivial linear relation among the polynomials in S must involve only the two exceptional
polynomials, and since those two polynomials are distinct, the full set of 43 polynomials in S must be
linearly independent over F5.

B1. Cubic point on two distinct lines. In the language of Formalism A.1, we take the following to be
our basis for the space of degree-9 homogeneous polynomials that vanish at the cubic points [0:1:¢]
and [1:0:¢]:

1= {27+, Y207+, 26T+,

Sy={x'y"™"
S3 = {x2z(x3+x22423)2, X222 (4 +20), x P2 (P Hxt420), 3P x4, 22 (P x4,
Sa={y*2(y° +y*z+2)2, Y222 +yt+20), vy Oy +2), y 2 Oy ), y2 (P +y i),
S5={xiyjz97i7j A=<i<7,1<j<7,i+j <9}

11 <i <8},

One verifies directly that all of these polynomials vanish at [0:1:#] and [1:0:¢]. Every polynomial
in §:=8U---USs, except for those in
Ti={x(° +xz* +20), X220 +xt+2), y2 00 +yt +20), 2207 +yt+ )
has the property that it contains a monomial that is not present in any other polynomial in S. Therefore,
if there is a nontrivial linear relation among the polynomials in S, it must involve only the polynomials
in T. But now we note that every polynomial in 7 includes a monomial that appears in no other element
of T, so the elements of T — and hence the elements of § — are linearly independent over [,.

Appendix C: Isogeny classes for genus 7

Here we collect the real Weil polynomials for potentially excessive curves of genus 7 over [, that survived
Lauter’s algorithm and the corresponding numbers of places; see Theorem 3.2.

no. factored real Weil polynomial a, a, az as as ag ay
1 T7—3T°—12T54+36T*+44T3—132T%>—44T+141 0 0O O 8 0 4 9
2 T7—3T%—127° 4387443473 - 132724+ 13T+78 0 0 2 4 0 6 1
3 T(T®—3T3—12T*+39T3 +27T? — 126T +57) 0 0 3 0 0 13 9
4 T7—3T°—12T° +40T*+24T3 — 13272 + 75T +1 0 0 4 0 0 9 10
5 (T3—4T> 43T+ D(T*+T3—11T%*—8T +25) 0 0 4 1 0 5 6
6 (T?—T?—TT+6)(T*—-2T3—7T*+ 14T —2) 0 0 5 0 0 9 12
7 T7—=3T°— 11T +33T* 43373 —99T2 — 14T +52 0 1 0 4 0 9 10
8 (T+2)(T¢—5T>—T*+35T3—-36T>—30T +38) 01 0 5 0 4 10
9 T7—-3T°—11T°+33T*+35T>—105T2—-25T+86 0 1 0 6 0 4 11
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no.

factored real Weil polynomial
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T7—3T®— 1173 +33T* 43573 — 105T% — 24T +83
(T3 =2T* =5T +8)(T* = T3 —8T?+4T +12)

T7 —37%—10T° +30T* 42473 —72T? + 11

(T? =T —5)(T°> =2T*—7T3*+13T%+3T —7)

T7 —3T%— 1073 +30T* 42573 — 75T% — 3T +21
T7 —3T%— 1073 +30T*+25T% - 75T+ 2T +7
(T —1)(T?>—T —5)(T*—T3>—8T*+5T +9)

T7 —3T%— 107> +30T*+26T% —78T% — 6T + 31
T7 —3T%— 107> +30T*+26T° — 787> — 5T +28
(T? =T —5)(T° =2T* =773+ 13T?>+5T — 11)
T7 —3T%— 107> 4+30T* 42773 —81T% — 13T +52
T7 —37T°—10T° +30T* 42773 —81T% —9T + 41
(T? —2T —2)(T° —T* — 1073 +8T*+23T — 19)
T7 —3T°— 1073 +307T* 42873 — 84T?% — 15T + 59
T7 —37T%— 1075 +307T*+2873 — 84T — 12T + 51
(T + 1)(T?—27%*—5T +8)?

T7 =375 —9T5 +27T* + 1873 —54T> + T + 11
T(T>—T —5)(T*—2T3—6T>+ 11T — 1)

T7 —37%—9T3 +27T*+ 1973 — 57T? — 2T +21
T7 —3T%—9T3 +27T* 4+ 1973 — 577> - T + 18
(T2 =T =5)(T> =2T*—6T3*+11T?*-2)

T7 —3T% —9T3 +27T* 4+ 1973 —57T*+3T +7
T7 =376 —9T3 +27T* + 1973 —STT> +4T +4
(T3 =T?=5T +1)(T*—-2T3—-6T*+10T + 1)

(T — D)(T?=2T —2)(T*—9T? — 2T + 14)

T7 —3T%—9T> 4+ 27T* 42073 — 60T? — 3T +25
(T2 =T =5)(T° =2T*—6T3*+11T%2+T —4)

T7 —3T%—9T3 +27T*+2073 — 60T2 + 17

T7 —3T%—9T> 4+ 27T*+20T3 - 60T+ T + 14
T7 —3T%—9T° 4+ 27T* 42073 — 60T? 4+ 2T + 11
T7 —3T%—9T> 4+ 27T* 42073 — 60T? +3T + 8
(T3 =T?—6T +3)(T*—2T3 —5T*>4+7T +3)

T7 —3T%—9T> 4+ 27T*+20T3 — 60T? +4T + 6
T7 —3T% — 973 4+ 27T* 42173 —63T% —5T +32
(T —)(T?=2T —=2)(T>—T —=5(T*>+T -3)

T7 —3T% — 973> 4+ 27T* + 2173 — 637> —3T +27
T7 —3T% — 97> 4+ 27T* 4+ 2173 —63T? —2T +24
T7 —3T% — 97> 4+ 27T* 42173 —63T> —T 421
(T3 —6T —3)(T* =3T3 —-3T*+ 12T —6)

T7 —37%— 975 +27T*+21T3 — 63T+ 19

T7 =379 —9T5 +27T*+22T3 — 66T — 5T +34
T7 =379 —9T5 4 27T*+2273 — 66T —4T + 31
(T — (T +2)(T?>—2T —2)(T? —2T?>—5T +38)
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no. factored real Weil polynomial a, a a3 a4 as dag dag
53 (T —1)(T®—=2T°—10T*+14T34+28T>—-14T—-11) 0 4 0 0 0 7 20
54 (T3 —=T?—6T +4)(T*—2T3 —4T? +4T +2) 0 4 0 0 0 8 20
55 T7—3T®—8T°+24T*+14T3 —42T2 +4T +9 0 4 0 0 0 8 21
56 T7—3T®—8T°+24T*+14T3 —42T>+5T +6 0 4 0 0 0 9 21
57 T7—3T%—8T>+24T* + 14T3 —42T*+6T +3 0 4 0 0 0 10 21
58 T(T®—3T>—8T*+24T3 +14T?> —42T +7) 0 4 0 0 0 11 21
59 (T —1)(T®—2T°—10T*4+14T3+29T>—-16T—13) 0 4 O 1 0 7 22
60 T7—3T%—8T>+24T*+ 1573 —45T2+4T + 10 0 4 0 1 0 8 22
61 T7—3T%—8T>4+24T*+ 1573 —45T2 +4T + 11 0 4 0 1 0 8 23
62 T7—3T°—8T>+4+24T*+15T% —45T>+5T +7 0 4 0 1 0 9 22
63 T7—3T°—8T3+4+24T*+15T% —45T>+5T +38 0 4 0 1 0 9 23
64 T7—3T°—8T°+24T*+15T% —45T> +6T +4 0 4 0 1 0 10 22
65 (T*—T —5)(T°—=2T*=5T3+9T%>—-T —1) 0 4 0 1 0 10 23
66 T7—3T°—8T°+24T*+ 1573 —45T>+7T +1 0 4 0 1 0 11 22
67 T7—3T°—8T>+24T*+15T% —45T>+7T +2 0 4 0 1 0 11 23
68 T(T?—2T*—5T +8)(T>—T>—5T+1) 0 4 0 1 0 12 24
69 T7—3T°—8T°+24T*+16T3 —48T>+3T + 14 0 4 0 2 0 7 23
70 (T —DX(T?>—T —5)(T°—6T —3) 0 4 0 2 0 7 24
71 T7 —3T%—8T° +24T* + 1673 —48T> +4T + 11 0 4 0 2 0 8 23
72 (T3 =2T% —4T +6)(T* — T3 —6T?+2T +2) 0 4 0 2 0 8 24
73 T7—3T%—8T3 +24T* +16T3 —48T> +4T + 13 0 4 0 2 0 8 25
74 (T +2)(T®—5T%+2T*+20T3 —24T? +5) 0 4 0 2 0 9 25
75 (T —1)(T®—2T° —9T* 4+ 1273 +23T%? — 10T — 1) 0 5 0 0 0 10 28
76 T7—3T°—7T3+21T*+ 1173 —33T*+9T +2 0 5 0 0 0 10 29
77 (T —DT(T +2)(T*=3T +1)(T* =T =5) 0 5 0 0 0 11 30
78 T7T—3T6—7T3 +21T*+ 1173 —-33T>+ 10T +1 0 5 0 0 0 11 31
79 (T —1)(T?=T2?—=5T +1)2 0 5 0 0 0 12 32
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