Algebra &
Number
Theory

Volume 19

2025

No. 9

j . Rigidity of modular morphisms via Fujita decomposition
Jd J Giulio Codogni, Victor Gonzalez Alonso and Sara Torelli
4
d
| JJ d _IJJ 'JJ'JJ J -]J | JJ_I J.J
j jJJj JJJ 1 JJ . JJJJ JJJJ JJJJ JJ " JJ\?..

y - i ga"s u " w"ul 1§ : | 1l ve 3 &
i1 " JJJJ JJJ J Tl T JJJJ 1D N
- JJJJ J_I J _IJJ .]J JJj J _| J JJ _'
J J JJJ .I J s J L
S JJ -rl'!P:')J 31 JJJ L
N Y TR T T THICH LI






ALGEBRA AND NUMBER THEORY 19:9 (2025)
https://doi.org/10.2140/ant.2025.19.1671

Rigidity of modular morphisms via Fujita decomposition

Giulio Codogni, Victor Gonzalez Alonso and Sara Torelli

We prove that the Torelli, Prym and spin-Torelli morphisms, as well as covering maps between moduli
stacks of smooth projective curves, cannot be deformed. The proofs use properties of the Fujita decompo-
sition of the Hodge bundle of families of curves.

1. Introduction

Let M and A be Deligne-Mumford stacks. A nonconstant morphism M — A is globally rigid if it
is the unique nonconstant morphism between M and A, locally rigid if it does not admit nontrivial
local deformations with fixed target and domain, and infinitesimally rigid if it does not admit nontrivial
first-order deformations with fixed target and domain. In particular, global and infinitesimal rigidity both
imply local rigidity. However, they do not imply each other, as certain first-order deformations may not
extend to local deformations, and a discrete set of morphisms may all have no first-order deformations.
From the point of view of the corresponding moduli stack of nonconstant morphisms with fixed target
and domain, global rigidity forces the moduli to be just one point, while infinitesimal rigidity determines
whether the point is reduced.
In Section 3, we prove the following.

Theorem 1.1. For any g > 3 the Torelli morphism © : My — A,, from the moduli stack of genus g smooth
projective curves My to the moduli stack of principally polarized abelian g-folds, is infinitesimally rigid.

Farb [2024a] proved the global rigidity, i.e., uniqueness, for the Torelli morphism for g > 3 in the
category of complex orbifolds (as in [Farb 2024a, Remark 2.1]). Following his proof one obtains also
uniqueness in the category of stacks. Uniqueness as a map between coarse moduli spaces is still open.

Let us recall that the infinitesimal rigidity of M, is still unknown. To the best of our knowledge, the

most recent work in this direction is by Hacking [2008]: he proved infinitesimal rigidity for the moduli
stack M ¢,n Of stable curves of arithmetic genus g with n marked points (a result that has been extended
to positive characteristic in [Fantechi and Massarenti 2017]), and leaves the infinitesimal rigidity of M, ,
as an open question.
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The rigidity of A, is also open. To best of our knowledge, just the following is known. Let A/g be
a finite cover of A, constructed as the moduli space of ppav with a level structure, we choose a level
structure such that there is no difference between the coarse moduli space and the stack. Let A’, be a
good toroidal compactification of A;,. Then, building on [Calabi and Vesentini 1960], in [Peters 2017,
Theorem 4.3] it is shown that the pair (A’g, 9.A',) is rigid. From an arithmetic point of view, similar
rigidity results are proven in [Faltings 1984].

Our second result concerns infinitesimal rigidity of the Prym morphism Pr: R, — A, _1, from the moduli
stack R, of pairs (C, ), where C is a smooth projective curve of genus g and n € J(C) is a nontrivial
line bundle on C with n®? = O¢. This morphism maps each pair (C, 1) to its Prym variety Pr(C, 1) (see
Section 4 for some details). It is never an immersion but it is generically injective for g > 7, namely as
soon as the dimension of the target is larger than the dimension of the domain (see, e.g., [Donagi 1992]).

As for My, any rigidity for R, is still unknown. However, the global rigidity of the Prym morphism
was established in [Servan 2022] and answers a question posed in [Farb 2024a]. Again, our result of
infinitesimal rigidity combined with the previous result on global rigidity provides a complete answer to
the problem of rigidity with fixed target and domain. The following theorem is proven in Section 4.

Theorem 1.2. For any g > 3 the Prym morphism Pr: Ry — Aq_1 does not admit any nontrivial first-order
deformation with fixed domain and target.

Our third result concerns the infinitesimal rigidity of the spin-Torelli morphism st : S, — N/, from the
moduli stack S, of spin curves of genus g to the moduli stack N, of pairs (A, ®) of an abelian variety
together with an effective symmetric divisor with h0(O4(®)) = 1. Closed points in S, are pairs (C, 1)
of a smooth projective curve C of genus g together with a theta-characteristic ¥ (i.e., a line bundle such
that 9®2 = (). The theta-characteristic allows to construct a unique symmetric divisor ® C J(C) and
therefore a unique closed point in NV, (see Section 5 for a more detailed description). This construction
defines an injective morphism, the spin-Torelli morphism. We are not aware of any result of rigidity
regarding the moduli stacks S, or the spin-Torelli morphism; the state of the art about the rigidity of N,
is analogous to the case of A,.

The proof of the following theorem is contained in Section 5.

Theorem 1.3. For any g > 3 the spin-Torelli morphism st : S, — N, does not admit any nontrivial
first-order deformation with fixed domain and target.

We now focus on morphisms between moduli stacks of curves. By [Royden 1971], the only auto-
morphism M, — M, is the identity. In [Massarenti 2014], building on [Gibney et al. 2002], it is
shown that the automorphism group of M ¢.n 18 the symmetric group acting on the marked points, except
for some low genera cases explicitly described in [loc. cit.]. These problems are also reviewed in
[Farkas 2009, Question 4.6].

Our next and last result regards infinitesimal rigidity of certain morphisms from M, to another moduli
stack of curves M, of some genus i > g constructed as follows.
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Let X, (resp. X;,) be a closed orientable real surface of genus g (resp. #). An unramified finite
covering p : X, — X, gives a map p* : T, — 7T, between the corresponding Teichmiiller spaces by
pulling back the complex structures. The cover p is called characteristic if p,(71(X})) is a characteristic
subgroup of 71 (X,), i.e., p«(w1(X})) is left invariant by Aut(mr; (X,)). Topologically, these are coverings
such that every homeomorphism of X, lifts to a homeomorphism of X}, and the lifting process defines a
homomorphism L, : Aut(;(X,)) — Aut(;(Xy)). Because of this, the map p* : 7, — 7, defined by a
characteristic cover descends to a morphism p* : Mg, — M, (see [Biswas and Nag 1997, III.1 and II1.2]
for more details).

The study of the global rigidity of these morphisms is stated as an open question in [Farb 2024b]
(see Question 4.5, attributed to C. McMullen). All these problems extend to the Deligne-Mumford
compactification of M, given the studies on the augmented Teichmiiller space (see [Biswas and Nag
1997; Hu et al. 2021] for details).

Our contribution is to prove infinitesimal rigidity of all the morphisms p* : M, — M, induced by
characteristic covers p : X, — X,.

Theorem 1.4. For any g > 3, the morphism p* : Mg — M), does not admit any nontrivial first-order

deformation with fixed domain and target.

It is natural to ask whether the compositions M, — A;, of the morphisms p* : M, — M), with the
Torelli morphisms t : M), — A, are also rigid. The question on global rigidity is raised in [Farb 2024b].
With our techniques, we cannot solve the corresponding question on infinitesimal rigidity for the moment.
The main obstacle is discussed after the proof of Theorem 1.4.

Let us stress that our results are for morphisms between stacks. The situation for the induced morphism
between coarse spaces is discussed in Section 7.

Let us briefly explain the structure of the proofs. We first study the space of sections of the pullback of
the tangent bundle of the target via the investigated morphism. For both smooth Deligne-Mumford stacks
and normal varieties, the vanishing of all these sections suffices to conclude infinitesimal rigidity (see
Lemma 2.1). To prove this vanishing, we study those sections restricted to a complete curve B in M,
through a general point of M, and with a general tangent direction (see Lemma 2.3 for details). We
then conclude by relating these sections to the Hodge bundle associated to the family of genus g curves
over B, and using the positivity properties provided by the associated Fujita decomposition [Fujita 1978;
Catanese and Dettweiler 2017]. We explain this in detail in Section 2.2. Notice that such a complete
curve B exists for g > 3 because M, admits a compactification with boundary of codimension 2, the
Satake compactification (see for instance [Oort 1974]).

In genus g =2, the moduli space of curves is affine; hence nontrivial sheaves on M, have plenty of
sections. This indicates that the above results should not hold in this case.

We conclude the introduction with a couple of words about infinitesimal rigidity for moduli spaces of
surfaces. On the one hand, moduli spaces of surfaces might deform [Hacking 2008, Section 6]. On the
other hand, for higher-dimensional varieties, the Torelli map generalizes to period maps. If we consider a
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rigid surface S with strictly positive geometric genus or irregularity, then the domain of the period map is
a point (the local deformation space of §) but the codomain has positive dimension (see, for instance
[Carlson et al. 2017, Sections 4.4 and 4.5, Example 4.4.5]). Hence, in this case the period map admits
nontrivial deformations. Examples of these surfaces are the BCD surfaces constructed by Bauer and
Catanese [2008; 2018] or the surfaces with p, = g = 2 constructed by Polizzi, Rito, and Roulleau [Polizzi
et al. 2020]. We do not know under which hypotheses the period maps of higher-dimensional manifolds
with positive-dimensional moduli are rigid.

2. Preliminaries

We work over the field of complex numbers.

2.1. First-order deformations of morphisms. In this paper, we are concerned about first order infini-
tesimal deformations of certain morphisms of stacks or normal varieties f : X — Y with fixed source and
target. If Y is a smooth variety, it is known that these deformations are classified by the global sections
of f*7y [Sernesi 2006, Proposition 3.4.2, page 158]. This fact also holds in quite more general settings.
Since we have not been able to find in the literature the statement in the generality we need, we include here
a short proof (the same proof works in greater generality, but we give the statement only for our set-up).

Lemma 2.1. Let f : X — Y be a morphism of either smooth Deligne—Mumford stacks or of normal
varieties, and let Ty denote the tangent sheaf of Y. If H*(X, f*Ty) = 0, then all first-order deformations

of f with fixed source and target are trivial.

Proof. Let D be the spectrum of C[e]/(g2), and denote by {o} its closed point. A first order deformation
of f: X — Y is a D-morphism f : X x D — Y x D which, when restricted to the central fiber
X,:=X x{o} C X x Disequalto f.

Note that the ideal sheaf of the central fiber X, squares to zero, so that any D-morphism X x D — Y x D
is uniquely determined by its restriction to X, and the restriction of its differential to X,. Moreover, in
the case of a first-order deformation f , its restriction to the central fiber is given by f; hence one only
needs to study d ﬁ X,

Since Txxp = Tx B Tp and analogously Ty« p = Ty B Tp, we have

Tx BTo = Tawp <L F*Tyep = 5Ty BTp.

)

where v := (d f )(f—g)l . and the 1 in the low-right corner follows from f being a D-morphism.

From the hypothesis H°(X, f*7y) = 0 follows that v = 0. Thus f has the same differential as
fxidp: X x D — Y x D, and by the above remark it follows f = f xidp is the trivial deformation of f. [

Hence we can describe dfx, as
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2.2. Fujita decompositions on the Hodge bundle. Let f : S — B be a fibration from a smooth projective
surface S to a smooth projective curve B, namely a family of projective curves of arithmetic genus g
over a smooth projective curve B whose general fiber is smooth. Denote by ¢ the relative irregularity
of f, defined as the difference qr = q(S) — q(B) of the irregularities of § and B. To any such f
one can associate a Hodge bundle fiws/p = fiws ® a)g whose general fiber is of rank g isomorphic
to H(Cy, wc,), where Cp, = ()}

Theorem 2.2 [Fujita 1978; Catanese and Dettweiler 2017]. The Hodge bundle f,ws,p has decompositions

of vector bundles
frosp =04 ®V=UB A, (1)

where A is ample and U is unitary flat, which are compatible in the sense that O%f C U as vector bundle
provides a splitting U = OF dU.

Fujita decompositions are strongly related to the infinitesimal variation of the Hodge structure, namely
with the coboundary morphism 6, : H 0Cy, wp) = HY(Cy, Oc,) of the short exact sequence attached to
the first order deformation &, € Ext! (wc,, Oc,)=H (T, c,) induced by f on the fiber Cj,. Suppose that f is
semistable, namely that the relative canonical bundle is f-ample and the singular fibers are reduced with at
most nodal singularities; then if I' C B denotes the set of critical values and Y = f*T, there is a canonical
isomorphism fiws/p > f*Qé / 5(log 1), where the latter bundle is defined by the short exact sequence

0— f*wp(logl) - Q4(log 1) — Q¢ 5log T) — 0.

The connecting homomorphism
0 : frwsis = feQe/plog T) = R' f.Oc @ wp(logT) )

is a morphism of locally free sheaves which on the fibers over b ¢ I' coincides with 6,. The kernel
K =ker6 is a vector subbundle of f.ws,p whose fiber over a general b € B is ker 6. There are natural
inclusions U C K C fiwg/p.

We refer to [Gonzédlez-Alonso and Torelli 2021] for more details on the last paragraph, and a treatment
of the non-semistable case, which requires more care and it is not used in this note.

Lemma 2.3. Let /Wg be the moduli stack of stable curves of genus g. A general complete curve
T:B— M ¢ corresponds to a semistable fibration with U = O (more precisely, there exists an open dense
subset U of the tangent bundle T M ¢ such that if the image of dm intersects U, then U = 0).

Proof. Curves in M ¢ correspond by construction to semistable fibrations. For a general smooth curve [Cp]
in M, and a general direction &, € TicyM ¢ > H NCy, Tc,) ~ Ext! (wc,, Oc,), the induced linear map
0, : HO(Cy, wc,) — H Ly, Oc,) has maximal rank (see for example [Gonzélez-Alonso and Torelli 2021;
Lee and Pirola 2016, Lemma 2.4]), so the fiber Iy, is zero. As U is locally free and contained in C, we
obtain the statement. Il
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2.3. Ample vector bundles on curves.

Lemma 2.4. If A is an ample vector bundle over a smooth projective curve B, then H*(B, Sym"AY) =0

for everyn > Q.

Proof. Note first that if A is ample, then so is Sym” A [Lazarsfeld 2004, Theorem 6.1.15]. In particular
any quotient line bundle Sym”.A — Q is ample on B [Lazarsfeld 2004, Proposition 6.1.2], i.e., deg Q > 0.

Suppose H’(Sym”"AY) # 0 and let o be a nonzero section, which induces a morphism of sheaves
o : Op — Sym" AY. Dualizing it we obtain a nonzero map Sym”. A — Opg, whose image is a quotient
of Sym".A and a nonzero subsheaf Q € Op. In particular Q is torsion-free, and hence a locally free sheaf
because B is a smooth curve. Moreover deg Q < deg Op = 0, contradicting the amplitude of Sym".A4. [J

3. Proof of Theorem 1.1

In this section we give the proof of Theorem 1.1, asserting that the Torelli morphism 7 : M, — A, does
not admit nontrivial first-order deformations.

Recall that M, denotes the moduli stack of smooth projective curves of genus g, A, the moduli stack
of principally polarized abelian varieties of dimension g, and 7 : Mg — A, the Torelli morphism, which
at the level of points maps (the isomorphism class of) a smooth projective curve C to its Jacobian variety
J(C)= H'Y(C,Oc)/H'(C, Z) with its natural principal polarization Oc.

The tangent space to M, at [C] is HY(C, T¢), and the tangent space to A, at [J(C), Oc] is

Sym? H'(C, O¢) = Sym*> H°(C, w¢)¥ = Hom®* (H°(C, wc), H'(C, O¢)),

where Hom® denotes the set of symmetric (i.e., self-dual) linear maps.
Moreover the image of & € H!(C, T¢) = TjcyM ¢ under the differential of 7 can be identified (up to
nonzero scalar) with the multiplication map (cup-product followed by contraction)

H(C,wc) > H'(C,0¢), o &-a.

By Lemma 2.1, Theorem 1.1 follows from the following vanishing:
Theorem 3.1. If g > 3, then HO(Mg, t*T4,) =0.

Proof. Since 7T 4, is locally free and M, is reduced, if we show that for every point in a dense subset
of M, there exists a curve 7 : B — M, such that ho(B, T*T*T4,) =0, then ho(./\/lg, *T4,) = 0.

When g > 3, the coarse moduli space of M, admits a normal projective compactification whose
boundary has codimension two, namely the Satake compactification. In M,, we can look at the open
subset Mg of curves with trivial automorphism group, which is represented by a smooth scheme and whose
complement in the Satake compactification has also codimension two. Because of this, for every point
[C] of Mg and every tangent direction v in 7jc1M,, we can find a smooth projective curve 7 : B — M,
passing through [C] and tangent to v.

Consider such a curve B, the corresponding family of curves f : C — B and the Hodge bundle
E = f*Qé /B> whose fiber over a point [C] € B is H 0(C, we). By the above discussion, the restriction
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of w*t*T4, to B is naturally isomorphic to Sym? EV. Now by Theorem 2.2, E carries a decomposition
E = A® U with A ample and U/ unitary flat, and by Lemma 2.3, U/ is zero for general B and v. By
Lemma 2.4, hO(B, n*r*TAg) =0. O

4. Proof of Theorem 1.2

As already recalled in the introduction, we denote by R, the moduli stack of pairs (C, 1), where C is a
smooth projective curve of genus g, and n € J(C) is a nontrivial line bundle of order two (i.e., n®%=O¢).
By standard theory, such a pair is equivalent to an étale double cover 7 : C' — C, where C’ is a connected

smooth projective curve and
7.0c = Oc ® 1. 3)

More precisely, since 7 is finite, there is a trace morphism Tr : 7,.O¢c — Oc that splits the structure
morphism O¢ — m,O¢, and n = ker Tr.
One way to define the Prym variety Pr(C, n) of the pair (C, n) (or the cover 7 : C' — C) is as the
cokernel of the pull-back map
a*: J(C) = J(C),

which has dimension dim Pr(C, n) = g(C") — g(C) = g — 1 (note that g(C") =2g(C) — 1 by the Hurwitz
formula).

Alternatively Pr(C, n) can be defined as the connected component through [O¢/] of the norm map
Nm: J(C") — J(O).

The natural principal polarization of J(C’) induces twice a principal polarization E on Pr(C, n). The
Prym morphism Pr: Ry — A, is then defined (at the level of C-points) as

[C, n] — [Pr(C, n), E].

Since R, is an étale cover of M, (of degree 228 — 1), the tangent space of R, at a point [C, n] is
naturally isomorphic to Tjc)M, = H(C, T¢).

On the other hand, the tangent spaces of the Jacobians J(C) and J(C’) (at the corresponding neutral
elements) are H'(C, O¢) and H'(C’, O¢). Thus the tangent space of Pr(C, n) is naturally isomorphic to

H'(C', Oc)/m*H (C,0c) = H'(C, n).
In the last isomorphism we have combined (3) and the fact that 7 is a finite morphism to obtain
H'(C',0c) = H(C, 1.0c) = H'(C,0c)® H'(C, ).
Therefore the tangent space of A,_; at Pr(C, n) can be naturally identified with
Sym? Ty Pr(C, n) = Sym* H'(C, ) = Hom® (H'(C, n)", H'(C, n))
= Hom* (H°(C, wc ® 1), H'(C, 1)),

where the last isomorphism follows from Serre duality and n%? = Oc.
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Finally the differential of the Prym morphism at [C, 7],
dPric,y : H'(C, Tc) — Sym® H'(C, 1) = Hom' (H*(C, wc ® 1), H'(C, )

is induced by cup-product (up to a nonzero scalar).
As in the above section, Theorem 1.2 follows from Lemma 2.1 and the following vanishing:

Theorem 4.1. When g > 3, it holds that HO(Rg, Pr* T4,_,) =0.

Proof. By construction, for a given curve C there are 226 — 1 choices of 7, and indeed this gives a natural
étale morphism ¢ : R, — M, of degree 228 —1. Set Rg =¢! (Mg) to be the local chart of R correspond-
ing to coverings C’ — C, where C has trivial automorphism group. Moreover, since Mg can be covered
by smooth projective curves, so can R(g) by taking the connected components of the preimages under ¢.

Letnow B C Rg be a general smooth curve, which corresponds to a family of coverings f’:C’' = C LB
The induced morphism 7 is also a étale double cover of surfaces. The trace of w gives a splitting
.00 = Oc ® L, where L = ker Tr restricts to n on a fiber C’ — C. In particular we also have

R'f,0c =R f.Oc ®R' f.L, )
and by the above discussion on tangent spaces, there is a natural identification
Pr* Ta, , = Sym*(R' f{Oc¢'/R' f,Oc) = Sym® R f.L.
By relative duality, equation (4) gives
FiR s = £ ® (R £iL)Y
so that (R' f,£)" is isomorphic to a quotient of the Hodge bundle E' = f;Qé /B of f".
We can now adapt the proof of Lemma 2.3 to show that E’ is ample for a general B, and then Lemma 2.4
concludes the proof of the theorem.

Let C’ — C be one of the coverings of the family 7, with corresponding € Pic®(C), and let
EeH WC, Te) = T[C]Mg = T[Cgc]Rg be a tangent vector to B. Using the decompositions

H(C', wp) = H'(C, wc) ® H'(C,wc ®n) and H'(C',Oc')=H'(C,Oc)® H'(C, )

the infinitesimal variation of Hodge structure C" — B at this point is “diagonal”, given by multiplication
with 1 on each component. By [Lee and Pirola 2016, Lemma 2.4], a general £ € H L, Te) gives isomor-
phisms in both components. Taking a smooth projective curve in Mg through [C] with tangent vector &,
and then B the appropriate connected component of its preimage in Rg induces a family f':C’ — B
with ample Hodge bundle, as wanted. (|

5. Proof of Theorem 1.3

Recall from the introduction that S, is the moduli stack of pairs (C, ©) of projective curves of genus g
with a theta characteristic 9, i.e., ¥ € Pic® 71(C ) such that 9®% = wc. Since two theta characteristics
differ by a 2-torsion element of the g-dimensional abelian variety Pic’(C), the natural forgetful morphism
7 : Sy — My defined on points by (C, ) — C is étale of degree 228,
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On the other side, N, denotes the moduli stack of pairs (A, ®), where A is an abelian variety of
dimension g and ® C A is a symmetric divisor inducing a principal polarization on A, i.e., —® = ®
and h°(04(®)) = 1.

In order to describe the morphism st : S, — N, let’s first quickly recall one construction of the
principal polarization on the jacobian variety J(C) = Pic’(C) of a projective curve C of genus g. There
is a natural morphism

@:C5 ' = Picts 1(C),  (p1,..., pe—1) > [Oc(p1+- -+ pg-1)].

By the Riemann parametrization theorem, ¢ is birational onto its image, which is thus a divisor. Moreover,
its image is precisely the set Wé?_l ={L € Picg_l(C) | hO(L) > 0}. Any fixed 9 € Picg_l(C) induces an
isomorphism (of algebraic varieties)

Pict~1(C) = Pic®(C) = J(C), [L]~[L]—-[9]:=[L®V"]

The image Oy := Wg_l

used in the Torelli morphism 7. An easy application of Riemann—Roch shows that ®; is symmetric if

—[U] of Wg_l is thus a divisor in J(C) and induces the principal polarization

and only if 992 = wc.
The morphism st is defined by mapping [S, ©] to the pair (J(C), ©Oy).
The above discussion also shows that the natural principal polarization on J(C) can be represented by
exactly 2%¢ symmetric divisors; hence the forgetful morphism 7’ : N, ¢ —> Ag 1s also étale of degree 228,
As in the two preceding cases, Theorem 1.3 follows from Lemma 2.1 and the following vanishing:

Theorem 5.1. When g > 3, it holds that H*(S,, st* Tn,) =0.
Proof. As in the previous two proofs, it is enough to show that a general point of S, is contained in a

projective curve B C S, such that H(B, st* Tn,) =0.
To this aim consider the natural commutative diagram with étale vertical arrows

S ———— N,

Hl lﬂ,

My ——— A,

Note that T, = (7")*T4, because 7’ is étale, and thus st* Ty, = 7*7*T4,.

By the proof of Theorem 1.1, the general point of Mg is contained in a smooth projective curve B’ C Mg
such that the Hodge bundle E' = ().}, s Oof the corresponding family of curves f’:C" — B’ is
ample. Any connected component B C ! (B’) corresponds to a family of smooth projective curves
f :C — B (with a family of theta characteristics), which is nothing but the pull-back of f’ by the étale
morphism ¢ = 7|3 : B — B. In particular, the Hodge bundle of f,

E = f*Qé/B g(p*El’

is also ample.
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Thus a general point of Sg = n_l(Mg) is contained in a smooth projective curve B C Sg such
that (m*1*A4,) 1 = Sym2 E" with ample E. Lemma 2.4 implies that H°(B, T*1*A,) =0, as wanted. [J

Remark 5.2 (super Torelli morphism). It is possible also to define a period map for the moduli space
of Supersymmetric Riemann surfaces. Its target is again N,. As explained in [Codogni and Viviani
2019], this map is rational and factors through a nonreduced classical stack M (= S)JT; / ', in the notation
of [loc. cit.]). The reduced stack underlying M is the irreducible component S; of S, where the spin
structure has an even number of sections. The restriction of the period map to Sg+ is the spin-Torelli map
studied also in this note. We do not know if this generalization of the spin-Torelli map is rigid.

6. Proof of Theorem 1.4

Let X be a closed orientable real surface of genus g. An unramified finite covering p : X’ — X is called
characteristic if it corresponds to a characteristic subgroup of the fundamental group 771 (X), namely 771 (X")
as a subgroup of 71 (X) must be left invariant by every element of Aut(;r;(X)). Topologically, these are
coverings such that every homeomorphism of X lifts to a homeomorphism of X’ and the lifting process
defines a homomorphism L, : Aut(; (X)) — Aut(m;(X")).

The moduli M; of curves of genus i is realized as the quotient of the Teichmiiller space 7; by the
mapping class modular group DM;. Any characteristic cover p : X’ — X defines a map 7, — 7, (where
g = g(X) and h = g(X’)). By using L, such a morphism descends to a morphism p* : M, — M,,
(see [Biswas and Nag 1997, III.1 and II1.2] for more details).

The statement of Theorem 1.4 follows now from Lemma 2.1 and the following theorem.

Theorem 6.1. When g > 3, it holds that H*(Mg, p*Ti,) = 0.

Proof. We use the same strategy as in the previous proofs. A smooth projective curve B C M,
corresponds to a nonisotrivial family 7 : C — B of smooth projective curves of genus g, and the morphism
7, : My — M, produces a nonisotrivial family 7" : C" — B of curves of genus 4 such that over b € B
there is covering C; — C}, induced by p. The fiber of p* Ty, over b is H I« b T¢;) (the tangent space
to My, at C, = 1,(C})), and hence

P T, B = Rln;Tc//B =~ (Jr;a)@ﬁg)v.

By [Esnault and Viehweg 1990, Theorem 3.1], the bundle n;w% p 1s ample on B; hence by Lemma 2.4
we have H%(B, P*Tm, 8) = 0. The proof finishes as in the previous cases, by noticing that M, can be
covered by such smooth projective curves B and p*Ty,, is torsion-free, so that H(B, p*Ty,) =0 for a
general B implies H O(/\/lg, P*Tm,) =0 as wanted. O

Composing the above studied map p* : M, — M, with the Torelli map M, — A;, we obtain a
morphism M, — Aj;. Our methods do not apply immediately to the study of its rigidity, one needs a
more sophisticated understanding of the inclusion p*(M,) C M), and its tangent spaces. More precisely,
to prove the relevant generalization of Lemma 2.3, given a étale covering 7 : C, — C,, it would be
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necessary to understand if a general first order deformation of C;, compatible with w also satisfies the
properties of [Lee and Pirola 2016, Lemma 2.4].

Given a possibly covering 7 : C;, — C, as above, one could also consider the generalized Prym variety
Pic’(Cy)/m* Pic®(C ¢) (which inherits a polarization of a certain type § depending on the topological type
of ) and thus construct a generalized Prym morphism M, — A‘;_ . from the moduli stack of curves to
that of (h—g)-dimensional abelian varieties with polarization of type &. The study of its rigidity presents
the same difficulties of that of M — A, introduced above.

7. Remarks about rigidity of coarse morphisms

Given an (infinitesimally) rigid morphism of stacks F : X — )/, one can ask if the corresponding morphism
of coarse spaces f : X — Y is also (infinitesimally) rigid. The answer in this generality is negative, as
the following example shows.

Example 7.1. Let G be the group Z;, X = BG be the quotient stack of a point by G, and ) the quotient
stack of the affine line by the action of G which maps x to —x. There is a unique morphism F : X — Y,
which maps BG to the fixed point of the action and is infinitesimally rigid. However, the corresponding
map of coarse spaces does deform. (To make contact with the forthcoming Proposition 7.2, note that in
this case F~1(U) is the empty set.)

It is natural to wonder if the coarse version of the modular morphisms considered in this paper are
rigid. Concerning infinitesimal rigidity, taking into account the criterion given in Lemma 2.1, we can ask
under which conditions H(X, F*Ty) = 0 implies HO(X, f*Ty) =0.

The following definition will be useful. Let V' be a sheaf on a variety X, and 7' (V') the torsion subsheaf
of V. The inclusion T(V) < V induces an inclusion i : H(X, T(V)) — H%(X, V). We say that a
global section of V is a torsion section if it is in the image of i. We have the following partial result.

Proposition 7.2. Let F : X — Y be a morphism of smooth Deligne—Mumford stacks such that
HO(X,F*Ty) =0. Let p: X — X and q : Y — Y be the maps to coarse spaces and f : X — Y
the morphism induced by F. Let U C ) be the open subset where q is étale, and assume that F wycx
is a big open subset (i.e., its complement has codimension at least 2). Then all sections H*(X, f*Ty) are
torsion sections.

Proof. Over a field of characteristic zero, coarse moduli spaces of DM stacks are good; hence the
adjunction morphism f*7y — p.p* f*7Ty is an isomorphism, and thus

HY(X, f*Ty) = H'(X, p.p* f*Ty) = H(X, p* f*Ty).

We have p* f*Ty = F*q*Ty. On U, we have ¢*Ty = Ty. Assume by contradiction that there exists an
element s of HO(X, p* f*Ty) which is not torsion. Since it is not torsion, its restriction to F~!(U) is not
zero; hence HO(F~'(U), p* f*Ty | p-1t)) # 0. Then HO(F~'(U), F*Ty|p-11y) # 0.

As F~1(U) is big in X and F*Ty is locally free, we obtain that HO(X, F*Ty) # 0, contradicting
the hypothesis. O
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Let us check whether the hypotheses of Proposition 7.2 are satisfied in our cases. On the one hand, the
map from the moduli stack of ppav (and its variants discussed in this paper) to its coarse moduli space is
étale over the closed points with automorphism group exactly {#-1}. The preimage of this open set via
the various Torelli, spin and Prym maps is the open set of curves without automorphisms, which is big in
the moduli space of smooth curves and its variants when g > 4; see, e.g., [Hacking 2008, Lemma 5.3].

On the other hand, characteristic covers are Galois, so the image of p* lies in the locus of genus / curves
with nontrivial automorphisms. This means that Proposition 7.2 cannot be applied to the morphisms
induced by characteristic covers.

Note that torsion sections of f*7y might exist even in simple cases, as the following example shows,
so we cannot exclude that the Torelli morphism has infinitesimal deformations.

Example 7.3. Let Y C C? be a quadratic cone, which has a normal singularity at the vertex. Take as X a line
through the vertex, and f the inclusion. Then f*7y is a rank two sheaf on X = C with torsion at the origin
(a direct computation reveals that the torsion subsheaf is a skyscraper sheaf with two-dimensional fiber).

Unfortunately, we do not know of any systematic study of infinitesimal deformations coming from
torsion sections. Let us pose the following general question in deformation theory, whose study goes
beyond the scope of this paper.

Question 7.4. Let f : X — Y be a morphism of normal varieties. If all global sections of f*7y are
torsion, is f locally rigid?

A variant of the phenomenon encountered here is studied in [Arbarello and Cornalba 1981, Section 6];
in the spirit of [loc. cit.], we might speculate that the answer to Question 7.4 is positive.
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