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Prismatic G-displays and descent theory

Kazuhiro Ito

For a smooth affine group scheme G over the ring of p-adic integers Z, and a cocharacter 1 of G, we
study G-u-displays over the prismatic site of Bhatt and Scholze. In particular, we obtain several descent
results for them. If G = GL,, then our G-u-displays can be thought of as Breuil-Kisin modules with
some additional conditions. The relation between our G-u-displays and prismatic F-gauges introduced
by Drinfeld and Bhatt—Lurie is also discussed.

In fact, our main results are formulated and proved for smooth affine group schemes over the ring of
integers O of any finite extension E of Q, by using Og-prisms, which are Og-analogues of prisms.
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1. Introduction

Bhatt and Scholze [2022] introduced the theory of prisms. The category of (bounded) prisms with the
flat topology is called the absolute prismatic site. It has been observed that prismatic F-crystals on the
absolute prismatic site introduced in [Bhatt and Scholze 2023] play significant roles in various aspects of
arithmetic geometry. For a smooth affine group scheme G over the ring of p-adic integers Z,, we provide
a systematic study of prismatic F-crystals with certain G-actions, which we call prismatic G-u-displays.
The results obtained here will be used to study the deformation theory of prismatic G-u-displays in [Ito
2025]. We also discuss the relation between prismatic G-u-displays and prismatic F-gauges introduced
in [Drinfeld 2024; Bhatt and Lurie 2022a; 2022b; Bhatt 2022].
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1.1. Prismatic Dieudonné crystals. Anschiitz and Le Bras [2023] introduced prismatic Dieudonné
crystals, which are prismatic F-crystals with additional conditions, and showed that prismatic Dieudonné
crystals can be used to classify p-divisible groups in mixed characteristic. The notion of prismatic
G-p-displays can be seen as a generalization of that of prismatic Dieudonné crystals. Before discussing
prismatic G-pu-displays, let us state our main result for prismatic Dieudonné crystals.

Let k be a perfect field of characteristic p > 0 and let W (k) be the ring of p-typical Witt vectors of k.

Let R be a complete regular local ring over W (k) with residue field k. There exists a pair

(A, ) =WHEIn, ..., 0l &),

with an isomorphism R >~ A/I over W (k), where £ € W (k)[[#1, ..., t,] is a formal power series whose
constant term is p. Here A admits a Frobenius endomorphism ¢ : A — A such that it acts on W (k) as the
usual Frobenius and sends ¢; to tip for each i. The pair (A, I) is a typical example of a prism. Let (R)p
be the absolute prismatic site of R (where R is equipped with the p-adic topology). We regard (A, I) as
an object of (R)s. We will prove (and generalize) the following result.

Theorem 1.1.1 (Proposition 7.1.1). The category of prismatic Dieudonné crystals on (R), is equivalent
to the category of minuscule Breuil-Kisin modules over (A, I).

Anschiitz and Le Bras [2023, Theorem 5.12] proved Theorem 1.1.1 when the dimension of R is <1
(or equivalently n < 1) and stated that their result should be generalized to R of arbitrary dimension.

Remark 1.1.2. A minuscule Breuil-Kisin module over (A, I) is a free A-module M of finite rank equipped
with an A-linear homomorphism

FM2¢*MZ:A®¢’AM—>M

whose cokernel is killed by /. For a prismatic Dieudonné crystal M on (R)a, the value M(A, I)
at (A, I) € (R), is by definition a minuscule Breuil-Kisin module over (A, I), and the construction
M= M(A, I) induces an equivalence between the two categories in Theorem 1.1.1.

Anschiitz and Le Bras [2023, Theorem 4.74] showed that the category of prismatic Dieudonné crystals
on (R), is equivalent to the category of p-divisible groups over R. In fact, such an equivalence is obtained
not only for R but also for any quasisyntomic ring (in the sense of [Bhatt et al. 2019, Definition 4.10]),
where we need to replace prismatic Dieudonné crystals by admissible prismatic Dieudonné crystals
[Anschiitz and Le Bras 2023, Definition 4.5].

Although (admissible) prismatic Dieudonné crystals are theoretically important, it is difficult to describe
them explicitly in general. Theorem 1.1.1 provides a practical way to study prismatic Dieudonné crystals
on (R)y. For example, this shows that giving a prismatic Dieudonné crystal on (R), is equivalent to
giving a minuscule Breuil-Kisin module over (A, I). The latter can be carried out in a much simpler way
than the former.
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1.2. Prismatic G-p-displays. Let G be a smooth affine group scheme over Z, and i : G, — Gw) a
cocharacter defined over W (k), where Gy () := G X spec z, Spec W (k). We will generalize Theorem 1.1.1
to prismatic G-u-displays, or equivalently G-Breuil-Kisin modules of type u, as explained below.

Let (A, I) be a bounded prism in the sense of [Bhatt and Scholze 2022] such that A is a W (k)-algebra.
A G-Breuil-Kisin module over (A, I) is a G-torsor P over Spec A with an isomorphism

Fp:(¢*P)[1/11 = PI1/1]

of G-torsors over Spec A[1/1], where ¢*P is the base change of P along the Frobenius ¢ : A — A. We
say that P is of type u if, (p, I)-completely étale locally on A, there exists some trivialization P >~ G 4
under which the isomorphism Fp is given by g — Xg for an element X in the double coset

G(A)u(d)G(A) C G(A[L/T]),

where d € I is a generator. The notion of G-Breuil-Kisin modules of type u is important in the study of
integral models of (local) Shimura varieties; see Section 1.3.

We will study G-Breuil-Kisin modules of type w via the theory of higher frames and G-u-displays
developed in [Lau 2021]. More precisely, we introduce and study the groupoid

G-Disp, (A, I)

of G-p-displays over (A, I). It turns out that G- Disp,, (A, I) is equivalent to the groupoid of G-Breuil-
Kisin modules of type u over (A, I) (Proposition 5.3.8). For a p-adically complete ring R, the groupoid
of prismatic G-u-displays over R is defined to be

G-Disp, ((R)a) :=2— @(A’I)E(R)AG- Disp, (A, I).

The main result of this paper is as follows. Let R be a complete regular local ring over W (k) with
residue field k. As in Section 1.1, there exists a prism (W (k)[#1, ..., t, 1, (£)) with an isomorphism
R>~WW®)t,...,t,1/E over W(k).

Theorem 1.2.1 (Theorem 6.1.3). Assume that the cocharacter . is 1-bounded. Then the following natural
functor is an equivalence:

G-Disp, ((R)a) = G-Disp, (W(K)[11, ..., ta], (£)).

See Definition 4.2.3 for the definition of 1-bounded cocharacters. If G is reductive, then w is 1-bounded
if and only if w is minuscule. A minuscule Breuil-Kisin module of rank N over (W (k)[[t1, ..., t,], (£))
can be regarded as a GL y-Breuil-Kisin module of type u over (W (k)[[#1, ..., t, ], (£)) for a minuscule
cocharacter pu. Theorem 1.1.1 is a special case of Theorem 1.2.1; see Section 7 for details.

We make a few comments on the proof of Theorem 1.2.1. To simplify the notation, we set (A, ) :=
(W1, ..., 1.1, (£)). As in the proof of [Anschiitz and Le Bras 2023, Theorem 5.12], the key part of
the proof is to show that every G-u-display Q over (A, I) admits a unique descent datum. More precisely,
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let (A®, I®) be the coproduct of two copies of (A, I) in (R)a and let py, pr: (A, ) — (AP, D) be
the associated morphisms. Then we will prove that there exists a unique isomorphism
€:piQ = p3Q

of G-pu-displays over (A®, I®®) satisfying the usual cocycle condition over the coproduct (A, I®) of
three copies of (A, 7). In the case where G = GL, the proof of this claim goes along the same lines
as that of [Anschiitz and Le Bras 2023], but it requires some additional arguments when n > 2. For
general G, we will use some techniques from the proof of [Lau 2021, Proposition 7.1.5].

We also give some basic definitions and results on prismatic G-u-displays. In particular, we establish
several descent results for prismatic G-u-displays, such as flat descent (Proposition 5.2.8) and p-complete
arc-descent (Corollary 5.6.10). We also introduce the Hodge filtration and the underlying G-¢-module of

a prismatic G-u-display. These notions will be needed in the Grothendieck—Messing deformation theory
for prismatic G-u-displays studied in [Ito 2025].

Remark 1.2.2. In fact, Theorem 1.2.1 will be formulated and proved for a smooth affine group scheme G
over the ring of integers O of any finite extension E of Q. For this, we will use Og-analogues of
prisms, called Og-prisms. This notion was already introduced in [Marks 2023] (in which these objects
are called E-typical prisms). Section 2 is devoted to discussing results analogous to those of [Bhatt and
Scholze 2022, Sections 2 and 3] for Og-prisms. We will define G-u-displays for bounded Og-prisms
in the same way, and prove the above results for them. As explained in Remark 1.3.3 below, it will be
convenient to establish our results in this generality, but the reader (who is familiar with the theory of
prisms) may assume that Og = Z,, and skip Section 2 on a first reading. The arguments for general Of
are the same as for the case where O =7,,.

Remark 1.2.3. G-Breuil-Kisin modules of type u may be more familiar to readers than prismatic
G-u-displays. However, in order to prove Theorems 1.1.1 and 1.2.1, and other descent results (e.g.,
Corollaries 5.3.9 and 5.6.10), it is essential to work with prismatic G-u-displays.

Remark 1.2.4. We briefly discuss how our results are related to the theory of G-objects in crystalline
Z ,-local systems. Here we follow the terminology of [Imai et al. 2024]. Let R = Ok be the ring of
integers of a finite totally ramified extension K of W (k)[1/p]. Bhatt and Scholze [2023] proved that the
category of prismatic F-crystals on (O )a is equivalent to the category Loc;zs(l( ) of free Z,-modules T
of finite rank with a continuous Gal(K /K)-action such that 7'[1/p] is crystalline. (Here Gal(K /K) is
the absolute Galois group of K.) Using this result, together with [Imai et al. 2024], one can prove that
there is an equivalence of groupoids

G-Disp, (Og)a) = G-Locgjfﬂ(l() (1-1)

if G is reductive, where G—LOC;ZL (K) is the groupoid of G-objects in LOC(ZS(K ) having cocharacter u in
the sense of [Imai et al. 2024]. More specifically, this follows from [loc. cit., Theorem 2, Proposition 3.13]
and [Ito 2025, Proposition 5.1.16]. Let £ € W(k)[[#] be the Eisenstein polynomial of a uniformizer
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@ € Ok. Then (1-1) and Theorem 1.2.1 give an equivalence

G-Disp, (W (O)[[£], (£)) => G-Locy>", (K).

A similar result was previously obtained in [Levin 2015, Corollary 4.3.8] by a completely different method.
(The result of [Bhatt and Scholze 2023] was generalized to higher-dimensional smooth p-adic formal
schemes over Ok ; see [Du et al. 2024; Guo and Reinecke 2024]. However, since a higher-dimensional
complete regular local ring R as in Theorem 1.2.1 is in general not topologically of finite type over W (k)
with respect to the p-adic topology, we cannot directly apply those results to obtain an analogue of (1-1)
for R. We do not pursue this issue here.)

We will also discuss (in the case where O = Z,,) the relation between prismatic G-u-displays and
prismatic F-gauges in vector bundles introduced in [Drinfeld 2024; Bhatt and Lurie 2022a; 2022b; Bhatt
2022]. In particular, for a quasisyntomic ring S over W (k), we introduce' the groupoid

G—F-Gaugeﬂ )
of prismatic G-F-gauges of type 1 over S and construct a fully faithful functor
G—F—GaugeM(S) — G- DispM((S)A).

See Section 8 for details. This functor can be thought of as a generalization of the fully faithful functor
from the category of admissible prismatic Dieudonné crystals on (S)a to the category of prismatic
Dieudonné crystals on (S)a (see Example 8.1.15). If S is a complete regular local ring over W (k) with
residue field k, then the above functor is an equivalence (Corollary 8.2.12). Thus, we can rephrase
Theorem 1.2.1 as follows:

Corollary 1.2.5 (Theorem 6.1.3, Corollary 8.2.12). Let the notation be as in Theorem 1.2.1. Assume that

w is 1-bounded. Then we have a natural equivalence
G—F—GaugeM(R) = G- DispM(W(k)[[tl, oo, (6)).

1.3. Motivation. The primary motivation behind this work is to understand some classification results
on p-divisible groups and the local structure of integral local Shimura varieties defined in [Scholze and
Weinstein 2020], by using the theory of prisms. In the following, we explain this in more detail with a
brief review of previous studies.

We first explain the motivation for G = GLy. Let Ok be the ring of integers of a finite totally ramified
extension K of W(k)[1/p]. Let £ € W(k)[[¢] be the Eisenstein polynomial of a uniformizer @w € Ok.

Remark 1.3.1. Anschiitz and Le Bras [2023, Theorem 5.12] obtained the equivalence of categories

over Ok over (WK1, (£)) (-2

{ p-divisible groups} ~ iminuscule Breuil-Kisin modules}

L After this work was completed, Gardner and Madapusi [2024] announced that they defined (certain objects which are

essentially equivalent to) prismatic G- F-gauges of type u for more general p-adically complete rings, using the stacky approach

of Drinfeld and Bhatt-Lurie. See also [Imai et al. 2023] for the relation between our prismatic G- F-gauges of type u and those
defined in [Gardner and Madapusi 2024].
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by combining the classification theorem [Anschiitz and Le Bras 2023, Theorem 4.74] with Theorem 1.1.1
for R = Ok. This result was conjectured in [Breuil 1998], proved in [Kisin 2006; 2009] when p > 3, and
proved in [Kim 2012; Liu 2013; Lau 2014] for all p > 0.

We consider the pair (W (k)[[¢]/t", (£)), which is naturally a bounded prism for every n > 1. Lau
[2014] obtained the equivalence of categories

{ p-divisible groups} ~ {mmuseule Breuil-Kisin modules} (1-3)

over Og /" over (W&)[t1/t", (£))

by a deformation-theoretic argument and then proved (1-2) by taking the limit over n; see [Lau 2014,
Corollary 5.4, Theorem 6.6]. His proof uses the theory of displays, which was initiated by Zink and
developed by many authors, including Zink [2001; 2002] and Lau [2008; 2014]. This classification result
over Ok /@™ is important in its own right. For example, this is a key ingredient in the construction
of integral canonical models of Shimura varieties of abelian type with hyperspecial level structure in
characteristic p = 2; see [Kim and Madapusi Pera 2016] for details.

Contrary to Lau’s approach, it is not clear whether the results in [Anschiitz and Le Bras 2023] imply
(1-3) since the Grothendieck—Messing deformation theory does not apply directly to prismatic Dieudonné
crystals. This point is discussed in [Ito 2025], where we develop the deformation theory for prismatic
Dieudonné crystals, or more generally for prismatic G-u-displays when p is 1-bounded. In [loc. cit.], we
construct universal deformations of prismatic G-u-displays over k as certain prismatic G-u-displays over
complete regular local rings of higher dimension, where Theorem 1.2.1 plays a crucial role. As a result,
we can give an alternative proof of the equivalences (1-2) and (1-3).

Remark 1.3.2. In the proof of [Anschiitz and Le Bras 2023, Theorem 4.74] (and hence in the proof of
the equivalence (1-2) of that work), they use [Scholze and Weinstein 2013, Theorem B], which says that
for an algebraically closed complete extension C of Q,, the category of p-divisible groups over O¢ is
equivalent to the category of free Z,-modules T of finite rank together with a C-subspace of T ®z, C. In
[Ito 2025], we also give an alternative proof of this result.

We now explain our motivation for general G. The notion of G-u-displays (“displays with G-pu-
structures”) was first introduced in [Biiltel 2008; Biiltel and Pappas 2020] to study Rapoport—Zink spaces
and integral models of Shimura varieties (where G is reductive and p is minuscule). The theory of
G-u-displays has been developed in various settings; see for example [Langer and Zink 2019; Pappas
2023; Lau 2021; Daniels 2021; Bartling 2022]. In fact, the notion of G-u-displays over perfect prisms
was already used in [Bartling 2022]. Bartling used G-u-displays over perfect prisms to prove the local
representability and the formal smoothness of integral local Shimura varieties with hyperspecial level
structure, under a certain nilpotence assumption (introduced in [Biiltel and Pappas 2020, Definition 3.4.2]).
In [Ito 2025], we prove the same assertion without any nilpotence assumptions, by using the universal
deformations of prismatic G-u-displays over k.
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Remark 1.3.3. In [Ito 2025], we establish the above results not only when G is defined over Z,, but also
when G is defined over O, where E is any finite extension of Q,,. For this, it will be convenient to work
with Og-prisms.

The theory of G-u-displays also has applications to K3 surfaces and related varieties; see [Langer
and Zink 2019; Lau 2021; Inoue 2024]. In a future work, we plan to employ prismatic G-u-displays to
investigate the deformation theory for these varieties.

1.4. Outline of this paper. This paper is organized as follows. In Section 2, we collect some basic
definitions and facts about Og-prisms. In Section 3, we discuss the notion of displayed Breuil-Kisin
modules (of type w), which will serve as examples of prismatic G-u-displays. In Section 4, we introduce
and study the display group G, (A, I), which is used in the definition of prismatic G-u-displays. The
structural results about G, (A, I') obtained there play crucial roles in the study of prismatic G-u-displays.

Sections 5 and 6 are the main parts of this paper. In Section 5, we introduce prismatic G-u-displays,
give some basic definitions (e.g., Hodge filtrations and underlying G-¢-modules), and establish several
descent results. In Section 6, we prove our main result (Theorem 1.2.1).

In Section 7, we make a few remarks on prismatic Dieudonné crystals, and prove Theorem 1.1.1. Finally,
in Section 8, we provide a comparison between prismatic G-u-displays and prismatic F-gauges. In
particular, we introduce the notion of prismatic G- F-gauges of type p for quasisyntomic rings over W (k).

Notation. In this paper, all rings are commutative and unital. For a module M over a ring R and a ring
homomorphism f : R — R/, the tensor product M ®g R’ is denoted by Mg or f*M. For a scheme X
over R, the base change X Xgpec g Spec R’ is denoted by Xz or f*X. We use similar notation for the
base change of group schemes, p-divisible groups, etc. Moreover, all actions of groups will be right
actions, unless otherwise stated.

2. Preliminaries on Og-prisms

Throughout this paper, we fix a prime number p. Let E be a finite extension of Q, with ring of integers Of
and residue field [F,. Here [, is a finite field with g elements. We fix a uniformizer 7 € Og.

In this section, we study an “Ofg-analogue” of the notion of prisms. Such objects are called Og-prisms
in this paper. This notion was also introduced in [Marks 2023] (in which Og-prisms are called E-typical
prisms). We discuss some properties of Og-prisms which we need in the sequel. We hope that this section
will also help readers unfamiliar with [Bhatt and Scholze 2022] to understand some basic facts about prisms.

2.1. Prisms. We first recall the definition of bounded prisms.
Let A be a Zp)-algebra. A §-structure on A is amap § : A — A of sets with the following properties:
(1) 8(1) =0.
(2) 8(xy) =xP8(y) + yP8(x) + pd(x)8(y).
() s(x+y)=8(x)+8(y») + &P+ ¥y —(x+y)P)/p.
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A §-ring is a pair (A, §) of a Z(j)-algebra A and a §-structure § : A — A. The above equalities imply that
¢:A— A, x+—xP+pdx),

is a ring homomorphism which is a lift of the Frobenius A/p — A/p, x — x”.
In the following, for a ring A and an ideal I C A, we say that an A-module M is [-adically complete
(or x-adically complete if I is generated by an element x € [) if the natural homomorphism

M — M:=limM/I"M
is bijective. '
Definition 2.1.1 [Bhatt and Scholze 2022]. A bounded prism is a pair (A, I) of a 6-ring A and a Cartier
divisor I C A with the following properties:
(1) Ais (p, I)-adically complete.
(2) A/I has bounded p-torsion, i.e., (A/I)[p>™] = (A/I)[p"] for some integer n > 0.
(3) Wehave pe (I,¢(1)).

We say that a bounded prism (A, /) is orientable if I is principal.

Remark 2.1.2. Under the condition that A/ has bounded p®°-torsion, the requirement that A is (p, I)-
adically complete is equivalent to saying that A is derived (p, I)-adically complete; see [Bhatt and
Scholze 2022, Lemma 3.7]. We refer to [loc. cit., Section 1.2] and [Stacks 2005—, Tag 091N] for the
notion of derived complete modules (or complexes). For a ring A and a finitely generated ideal I C A,
if an A-module M is [-adically complete, then M is derived I-adically complete; see [Stacks 2005—,
Tag 091T] or [Positselski 2023, Lemma 2.3].

2.2. §g-rings. In this subsection, we recall the notion of §g-rings, which is an “Og-analogue” of the
notion of a §-ring. We define

80,70 —> Op, x> (x—x9)/m.

Definition 2.2.1 [Marks 2023, Definition 2.2]. (1) Let A be an Og-algebra. A §g-structure on A is a
map 6g : A — A of sets with the following properties:

(@) 8p(xy) =x98E(y) + y13E(x) + o (x)SE(Y).

(®) Sp(x+y)=8e(x)+8e(y) + T+ y! = (x+y)!) /7.

(c) 6g : A — A is compatible with §p, 7, i.e., we have 6g(x) = o, » (x) for any x € OF.
A Sg-ring is a pair (A, g) of an Og-algebra A and a §g-structure dg : A — A.

(2) A homomorphism f: (A, 8g) — (A’, §%) of §g-rings is a homomorphism f : A — A’ of Og-algebras
such that f o8g =8 o f.
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The term (x9 4+ y? — (x + y)?) /7 in (b) makes sense since we can write it as

(3t = Gyym == 3 () )y

O<i<gq

We usually denote a §g-ring (A, dg) simply by A.

Remark 2.2.2. The notion of §g-rings also appeared in [Borger 2011, Remark 1.19; Li 2022] for example.
In the end of the latter work, Li suggests using §g-structures for the study of prismatic sites of higher
level over ramified bases.

Remark 2.2.3. The notion of §¢-rings is essentially independent of the choice of 7. More precisely, let
7’ € Of be another uniformizer. We write 7 = ux’ for a unique unit u € O. If an Og-algebra A is
equipped with a §g-structure g : A — A with respect to 7, then it also admits a §g-structure with respect
to 7/, defined by x > udg(x).

For a §g-ring A, we define
Pa:A—> A, x> x1+7a8pkx).

We see that ¢4 is a homomorphism of Of-algebras and is a lift of the g-th power Frobenius A/mw — A/m,
x > x49. The homomorphism ¢4 is called the Frobenius of the §g-ring A. When there is no ambiguity,
we omit the subscript and simply write ¢ = ¢4.

Remark 2.2.4. If A is a w-torsion-free Og-algebra, then the construction g + ¢ gives a bijection
between the set of §g-structures on A and the set of homomorphisms ¢ : A — A over O that are lifts of
A/r — A/m, x — x4,

Example 2.2.5 (free § g-rings). We define an endomorphism ¢ of the polynomial ring Og[ Xy, X1, X», ... ]
by X; — X? 4+ 7 X;+1 (i > 0). By Remark 2.2.4, we get the corresponding §g-structure on the ring
Og[Xo, X1, X2, ...], which sends X; to X;1+|. We write

Op{X}

for the resulting dg-ring. As in the proof of [Bhatt and Scholze 2022, Lemma 2.11], one can check
that Op{X} has the following property: For a §g-ring A and an element x € A, there exists a unique
homomorphism f : Og{X} — A of §g-rings with f(Xp) = x. In other words, the §g-ring Op{X} is a
free object with basis X := X in the category of §g-rings.

The same argument as in the proof of [loc. cit., Lemma 2.11] also shows that the Frobenius ¢ :
Op{X} — Og{X} is faithfully flat; this fact will be used in Section 2.6.

Lemma 2.2.6. For a §g-ring A, the Frobenius ¢ : A — A is a homomorphism of §g-rings.

Proof. Let x € A be an element. We have to show that ¢ (§g(x)) = §g(¢(x)). Since there exists a
(unique) homomorphism f : Og{X} — A of §g-rings with f(X) = x, it suffices to prove the assertion
for A = Og{X}, which is clear since A is w-torsion-free and ¢ : A — A is ¢-equivariant. O
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Following [loc. cit., Remark 2.4], we shall give a characterization of §g-rings in terms of ramified Witt

vectors. For an Og-algebra A, let
Wog.x2(A)
denote the ring of m-typical Witt vectors of length 2: the underlying set of Wo, »2(A) is A x A, and for
(x0, x1), (o, Y1) € Wo 7,2(A), we have
(x0, x1) + (Yo, ¥1) = (x0 + yo, X1 + y1 + x4+ y§ — (x0 + yo) 1) /7),
(x0, x1) - (Yo, Y1) = (X0¥0, X y1 + yg X1 + T X1Y1).

If Op =7, and m = p, then Wp, ,2(A) is the ring W>(A) of p-typical Witt vectors of length 2. For

a detailed treatment of the rings of m-typical Witt vectors (of any length), we refer to [Schneider 2017,
Section 1.1; Borger 2011].

Remark 2.2.7 (cf. [Bhatt and Scholze 2022, Remark 2.4]). The map
OE - WOE,n,2(A), X = (xv 805,71 (x))y

is a ring homomorphism for any Ofg-algebra A. We regard Wp, r2(A) as an Og-algebra by this
homomorphism. Let
€: Wo, x2(A) > A, (xo, x1) — xo,

denote the projection map, which is a homomorphism of Og-algebras. For a §g-structure g : A — A,
the map s : A = Wp, »2(A) defined by x — (x, §g(x)) is a homomorphism of Og-algebras such that
€ os =1idy. By this procedure, we obtain a bijection between the set of §g-structures on A and the set of
homomorphisms s : A — Wo, »2(A) of Og-algebras satisfying € os =id4.

Remark 2.2.8 (cf. [Bhatt and Scholze 2022, Remark 2.7]). It follows from Remark 2.2.7 that the category
of § g-rings admits all limits and colimits, and they are preserved by the forgetful functor from the category
of §g-rings to the category of Og-algebras.

The following two lemmas will be used frequently in the sequel.

Lemma 2.2.9. Let A = (A, 8g) be a §g-ring and I C A an ideal. Then I is stable under &g if and only
if A/I admits a §g-structure that is compatible with the one on A. If such a §g-structure on A/1 exists,

then it is unique.

Proof. This follows immediately from the definition of §g-structures (see the proof of [Bhatt and Scholze
2022, Lemma 2.9]). Il

Lemma 2.2.10. Let A be a §g-ring and let I C A be a finitely generated ideal containing . Then, for any
integer n > 1, there exists an integer m > 1 such that, for any x € A, we have g (x +1™) Cép(x)+1" In

particular, the I-adic completion of A admits a unique Sg-structure that is compatible with the one on A.
Proof. The proof is the same as that of [Bhatt and Scholze 2022, Lemma 2.17]. O

We shall discuss some properties of perfect §-rings, which are defined as follows.
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Definition 2.2.11. We say that a §g-ring A is perfect if the Frobenius ¢ : A — A is bijective.
Lemma 2.2.12 [Marks 2023, Lemma 2.11]. A perfect §g-ring A is w-torsion-free.

Proof. This is proved in [Marks 2023, Lemma 2.11], and follows from the same argument as in the proof
of [Bhatt and Scholze 2022, Lemma 2.28]. O

Example 2.2.13. Let R be an [ -algebra. Assume that R is perfect (i.e., R — R, x > x?, is bijective).
Let W(R) be the ring of p-typical Witt vectors and we define

Wo,(R) := W(R) Qw,) OF.

Let ¢ : Wo,(R) = Wo,(R) denote the base change of the g-th power Frobenius of W(R). This is a
lift of the g-th power Frobenius of Wy, (R)/m = R. Since Wp, (R) is m-torsion-free, we obtain the
corresponding 8 g-structure on Wp, (R). It is clear that Wy, (R) is a perfect §g-ring.

Lemma 2.2.14. The functor R — Wo,(R) from the category of perfect [,-algebras to the category of

w-adically complete Og-algebras admits a right adjoint given by A — lim A/mA.

“——xt—>xP
Proof. This is well known in the case where O = Z, (see [Szamuely and Zabradi 2018, Proposition 3.12]
for example). The general case follows from this special case. (|

Corollary 2.2.15 [Marks 2023, Proposition 2.13]. The following categories are equivalent:
e The category Cy of m-adically complete perfect 5g-rings (A, 0g).
e The category Cy of m-adically complete and m-torsion-free Og-algebras A such that A/m A is perfect.

o The category C3 of perfect [F,-algebras R.

More precisely, the functors Cy — Co — C3 — Cy, defined by (A, dg) — A, Ar— A/m, R— Wp,(R),
respectively, are equivalences.

Proof. Using Lemma 2.2.14, one can prove the assertion in exactly the same way as [Bhatt and Scholze
2022, Corollary 2.31]. g

Corollary 2.2.16. Let A be a perfect $g-ring and B a w-adically complete §g-ring. Then any homomor-
phism A — B of Og-algebras is a homomorphism of Sg-rings.

Proof. We may assume that A is m-adically complete. It then follows from Lemma 2.2.14 and
Corollary 2.2.15 that A — B is ¢-equivariant. We recall that ¢ : B — B is a homomorphism of
Sp-rings by Lemma 2.2.6. Let BP* be a limit of the diagram

B B e ...

in the category of §g-rings, which is a perfect §g-ring. Since A is perfect, A — B factors through a

perf of Og-algebras. It follows from the 7r-torsion-freeness of BPE™

¢-equivariant homomorphism A — B
(see Lemma 2.2.12) that A — BP*" is a homomorphism of §-rings. Since A — B is the composition

A — BP*f 5 B the assertion follows. O
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2.3. Og-prisms. We now introduce Og-prisms.
Definition 2.3.1 [Marks 2023, Definition 3.1]. (1) An Og-prism is a pair (A, I) of a §g-ring A and a
Cartier divisor I C A such that A is derived (s, I)-adically complete and 7 € I + ¢ (1) A.
(2) We say that an Og-prism (A, I) is bounded if A/I has bounded p*-torsion.
(3) We say that an Og-prism (A, I) is orientable if I is principal.
(4) An oriented and bounded Og-prism (A, d) is an orientable and bounded Og-prism (A, ) with a
choice of a generator d € I.
(5) Amap f: (A, I) — (A, I') of Og-prisms is a homomorphism f : A — A’ of §g-rings such
that f(I) C I'.
If Op = Z,, then bounded Og-prisms are nothing but bounded prisms.
Remark 2.3.2. Let (A, I) be a bounded Og-prism. By [Tian 2023, Proposition 2.5(1)] (see also
Lemma 2.5.1 below), we see that A is (7, I)-adically complete. Moreover, since A /1 is derived m-adically

complete and has bounded p°°-torsion, it follows that A/ is -adically complete (see [Bhatt et al. 2019,
Lemma 4.7] for example).

Let A be a §g-ring. Following [Bhatt and Scholze 2022, Definition 2.19], we say that an elementd € A

is distinguished if 8g(d) € A%, i.e., §g(d) is a unit. Since §p, (7)) =1— xi e Of,wesee that w € A
is distinguished.
Lemma 2.3.3. Let A be a §g-ring and d € A an element. Assume that 7 is contained in the Jacobson
radical rad(A) of A.

(1) Assume that d = fh for some elements f,h € A with f € rad(A). If d is distinguished, then f is

distinguished and h € A™.
(2) Assume that d € rad(A). Then d is distinguished if and only if w € (d, ¢ (d)).

Proof. This can be proved exactly in the same way as [Bhatt and Scholze 2022, Lemmas 2.24 and 2.25].
See also [Marks 2023, Lemma 2.9]. U

The following rigidity property plays a fundamental role in the theory of Og-prisms.

Lemma 2.3.4 (cf. [Bhatt and Scholze 2022, Lemma 3.5]). Let (A, I) — (A’, I') be a map of Og-prisms.
Then the natural homomorphism I @4 A" — I A’ is an isomorphism and [A" = T".

Proof. By using [Marks 2023, Lemma 3.4], this follows from the same argument as in the proof of [Bhatt
and Scholze 2022, Lemma 3.5]. We recall the argument in the case where both (A, I) and (A’, I') are
orientable. It follows from Lemma 2.3.3(2) that any generator d € [ is distinguished. Let d’ € I’ be a
generator. Then Lemma 2.3.3(1) implies that d is mapped to ud’ for some u € A’*. In particular, the
image of d in A’ is a nonzerodivisor, and we obtain ] ® 4 A’ => A’ and [A' =1T". O

The following lemma will be used several times in this paper.
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Lemma 2.3.5 (cf. the proof of [Bhatt and Scholze 2022, Lemma 4.8]). Let A be a perfect §g-ring and
(B, I) a bounded Og-prism. Then any homomorphism A — B/I of Og-algebras lifts uniquely to a
homomorphism A — B of §g-rings.

Proof. By Corollary 2.2.16, it is enough to check that the homomorphism A — B/I lifts uniquely to
a homomorphism A — B of Og-algebras. We may assume that A is w-adically complete, and then
A >~ Wo, (R) for some perfect [,-algebra R by Corollary 2.2.15. Since B is (i, I)-adically complete
and B/I is w-adically complete, it suffices to prove that, for every integer n > 1, any homomorphism
W,(R) — B/(w", I) of W,(F,)-algebras lifts uniquely to a homomorphism W, (R) — B/(z", I") of
W, (F,)-algebras (here W,(R) = W(R)/p"). This follows from the fact that the cotangent complex
Lw, )/ w,,) 18 acyclic [Szamuely and Zébradi 2018, Lemma 3.27(1)]. O

We give some examples of Og-prisms.

Example 2.3.6 (cf. [Bhatt and Scholze 2022, Example 1.3(1)]). Let A be a w-adically complete and
m-torsion-free Og-algebra. Let ¢ : A — A be a homomorphism over O which is a lift of the g-th power
Frobenius of A/m. This homomorphism induces a §g-structure on A, and the pair (A, (7)) is a bounded
Ofg-prism.

Definition 2.3.7 (Og-prism over O). Let k be a perfect field containing F,. We will write
O:=W(k)®wr,) Ok
instead of W, (k). An Og-prism over O is an Og-prism (A, I) with a homomorphism O — A of §g-rings.
Let O = W (k) ®w,) Ok be as in Definition 2.3.7. Let

Go:=0[1, ..., 4]

(where n > 0) and let ¢ : S — S be the homomorphism such that ¢ (¢;) = tl.q (1 <i <n) and its restriction
to O agrees with the Frobenius of O. Since G is w-torsion-free, ¢ gives rise to a §g-structure on Sp.

Proposition 2.3.8 (cf. [Bhatt and Scholze 2022, Example 1.3(3)]). Let £ € G be a formal power series
whose constant term is a uniformizer of O. Then the pair (Sp, (£)) is a bounded Og-prism over O.

Proof. We shall show that = € (€, ¢ (£)); the other required conditions are clearly satisfied. It is enough
to check that §g(€) € 68 For this, it suffices to show that the image of §g (&) in Gp/(t1, ..., t;,) =0 is
a unit, which is clear since the constant term of £ is a uniformizer of O. O

We call (Gp, (£)) an Og-prism of Breuil-Kisin type in this paper. Here n could be any nonnegative
integer. Such a pair is also considered in [Cheng 2018].

2.4. Perfectoid rings and Og-prisms. The notion of (integral) perfectoid rings in the sense of [Bhatt
et al. 2018, Definition 3.5] plays a central role in the theory of prismatic G-u-displays. We refer to
[loc. cit., Section 3] and [Cesnaviéius and Scholze 2024, Section 2] for basic properties of perfectoid
rings. We recall the definition of perfectoid rings and some notation from [Bhatt et al. 2018, Section 3].
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A ring R is a perfectoid ring if there exists an element @ € R such that p € (w)? and R is w-adically
complete, the Frobenius R/p — R/ p, x — x? is surjective, and the kernel of 6 : W(R") — R is principal.
Here

R’ := lim R/p
Xt=>xP
and 6 : W(R") — R is the unique homomorphism whose reduction modulo p is the projection R” — R/ p,
(x0, X1, . ..) > xg. The homomorphism 6 is the counit of the adjunction given in Lemma 2.2.14 (in the
case where O = Z,,). By [Bhatt et al. 2018, Lemma 3.9], there is an element " € R” such that 0 ([e"])
is a unit multiple of @, where [—] denotes the Teichmiiller lift.

Example 2.4.1. (1) An [ ,-algebra R is a perfectoid ring if and only if it is perfect; see [Bhatt et al.
2018, Example 3.15].

(2) Let V be a p-adically complete valuation ring with algebraically closed fraction field. Then V is a
perfectoid ring. This follows from [loc. cit., Lemma 3.10].

Let O be as in Definition 2.3.7. If R is a perfectoid ring over O (i.e., R is a perfectoid ring with a
ring homomorphism ©® — R), then R’ is naturally a k-algebra, and Wo, (R”) = W(R") ®w,) O is an
O-algebra. Let

b0, : Wo,(R") — R
be the homomorphism induced from 6.

Lemma 2.4.2 (cf. [Fargues and Scholze 2021, Proposition II.1.4]). The kernel Ker 6o, of 0o, is a
principal ideal. Moreover, any generator of Ker 6o, is a nonzerodivisor in Wo,, (R").

Proof. Let @ € R be an element such that R is w-adically complete and p € (z)”. By [Bhatt et al. 2018,
Lemma 3.10(i)], after replacing @ by 0([(zw”)V/P"]) for some integer n > 0, we have 7w € (ew). Then we
can write 7 = 6 ([e”]x) for some element x € W (R") since 6 is surjective. We shall show that & — [o”]x
generates Ker6p,, .

Let £(T)e W (k)[T] be the (monic) Eisenstein polynomial of 7 € O so that we have W (k)[T]/E(T) = O,
T — m. We see that

Wo, (R")/(r = [@"1x) = WR)IT1/(ET), T — [@"]x)
~ W(R")/E([w]x).

It thus suffices to show that £([e"]x) is a generator of the kernel Ker 6 of 9. It is clear that £ ([°]x) €
Ker6. Since £(["]x) is a unit multiple of an element of the form p + ("] v, the proof of [Bhatt et al.
2018, Lemma 3.10] shows that £([z"]x) € Ker 6 is a generator.

It remains to prove that any generator & € Ker 6, is a nonzerodivisor. We recall that Ker 6 is generated
by a nonzerodivisor & € W(R"). Since W(F,;) — Ok is flat, the element £’ is a nonzerodivisor in
Wo, (R"). This implies that £ is a nonzerodivisor since we have £’ € (§) = Ker6p - Il



Prismatic G-displays and descent theory 1699

Proposition 2.4.3 (cf. [Bhatt and Scholze 2022, Example 1.3(2)]). Let R be a perfectoid ring over O and
we write I := Ker0p,. Then the pair
(Wo, (R), Ir)

is an orientable and bounded Og-prism over O.

Proof. By the proof of Lemma 2.4.2, we know that I is generated by a nonzerodivisor of the form
£ =1 — [(w’)’]b, where @’ € R is such that R is w’-adically complete and p € (z’)”. In order to show
that Wo,, (R") is (i, £)-adically complete, it suffices to show that W (R") is (p, [(z’)"])-adically complete,
which is easy to check (see also the proof of [Cesnavi¢ius and Scholze 2024, Proposition 2.1.11(b)]).
Moreover Wp, (Rb)/ & = R has bounded p°°-torsion by [Bhatt and Scholze 2022, Lemma 3.8].

It remains to show that = € (&, ¢(&§)). It suffices to prove that 6 (§) € Wo, (R*)*. The image of 8¢ (&)
in Wo, (Rb)/[(w’)b] isequal to 1 — 797! (we note that Wo, (Rb)/[(w/)b] is T -torsion-free) and hence is
a unit, which in turn implies that 85 (£) € Wo, (R")*. 0O

A homomorphism R — § of perfectoid rings over O induces a map (Wo, (R"), Ig) — Wo,, (S, Is)
of Og-prisms over O.

Remark 2.4.4. We say that an Og-prism (A, I) is perfect if the ég-ring A is perfect. By [Marks 2023,
Lemma 3.10], a perfect Og-prism (A, I) is bounded and orientable. Moreover, in [loc. cit., Theorem 3.18],
it is proved that A/I is a perfectoid ring. These facts, together with Lemma 2.3.5 and Proposition 2.4.3,
imply that the functor (A, I) — A/I from the category of perfect Og-prisms to that of perfectoid rings
over O is an equivalence, whose inverse is given by R — (Wp, (R"), Ig). This is an analogue of [Bhatt
and Scholze 2022, Theorem 3.10].

2.5. Prismatic sites. For aring A, let D(A) denote the derived category of A-modules. Let I C A be a
finitely generated ideal. We say that a complex M € D(A) is I-completely flat (resp. I -completely faithfully
flat) if M ®HA A/I is concentrated in degree O and it is a flat (resp. faithfully flat) A//-module. One can
easily check that this definition is equivalent to the one introduced in [Bhatt and Scholze 2022, Section 1.2].

Lemma 2.5.1. Let (A, I) be a bounded Og-prism.
(1) For a complex M € D(A), the derived (w, I)-adic completion of M is isomorphic to
Rlim(M &% A/, ™).
n
In particular, if M is (7, I)-completely flat, then the derived (7, I)-adic completion of M is concen-

trated in degree (.

(2) Let M be an A-module. Assume that M is (i, I)-completely flat and derived (7, I)-adically complete.
Then M is (r, I)-adically complete. Moreover the natural homomorphism M ® 4 I — M is injective
and M /1" M has bounded p™-torsion for any n.

Proof. (1) The assertion follows from [Tian 2023, Proposition 2.5(1)] or the proof of [Bhatt and Scholze
2022, Lemma 3.7(1)]. This can also be deduced from the results discussed in [Yekutieli 2021]; by
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[ Yekutieli 2021, Corollary 3.5, Theorem 3.11], it suffices to prove that the ideal (7, I) C A is weakly
proregular in the sense of [loc. cit., Definition 3.2], which follows from the same argument as in the proof
of [loc. cit., Theorem 7.3].

(2) It follows from (1) that M is (i, I)-adically complete. The second statement can be proved in the
same way as [Bhatt and Scholze 2022, Lemma 3.7(2)]. (In [loc. cit.], we should assume that M is derived
(p, I)-adically complete.) Il

We say that a map f : (A, I) — (A’, I') of bounded Og-prisms is a (faithfully) flat map if A — A’ is
(7, I)-completely (faithfully) flat. If f is a faithfully flat map, then we say that (A’, I’) is a flat covering
of (A, ).

Remark 2.5.2. Foramap f : (A, I) — (A’, I') of bounded Og-prisms, we have A’ ®"A A/l ~ A"/l by
Lemma 2.3.4, which in turn implies that

AQyA/(m, D)= A/I'®,, A/, ). (2-1)
In particular f is a (faithfully) flat map if and only if A/I — A’/I’ is m-completely (faithfully) flat.

Definition 2.5.3. Let R be a -adically complete Og-algebra. Let

(R)a,0p

denote the category of bounded Og-prisms (A, I) together with a homomorphism R — A/I of Og-
algebras. The morphisms f : (A, I) = (A’, I') in (R)a o, are the maps of Og-prisms such that A/I —
A’/I" is a homomorphism of R-algebras. We endow the opposite category (R)z{) o, With the topology
generated by the faithfully flat maps. This topology is called the flat topology.

We note that (Og)a o, i just the category of bounded Og-prisms. If O = Z,, then (R)a o, 1s the
category (R), introduced in [Bhatt and Scholze 2022, Remark 4.7]. The category (R)a (or its opposite)
is called the absolute prismatic site of R.

Remark 2.5.4. A diagram
(Ag, L) < (A1, 1) 1> (A3, Ip)

in (R)a o, such that g is a flat map, admits a colimit (i.e., a pushout). Indeed, by Lemma 2.5.1(1),
the (77, I3)-adic completion A := (A, ® 4, A3)” is isomorphic to the derived (77, [3)-adic completion of
A> ®DA1 Asz. In particular A is (77, I3)-completely flat over As. (Here we use that J-complete flatness
is preserved under base change and taking derived J-adic completions.) It follows from Remark 2.2.8
and Lemma 2.2.10 that A admits a unique §g-structure that is compatible with the §g-structures on A;
and A3. By Lemma 2.5.1(2), we see that (A, I3A) is a bounded Og-prism. By construction, (A, I3A) is
a colimit of the above diagram. As a result, it follows that (R)X?OE is indeed a site.

Remark 2.5.5 (cf. [Bhatt and Scholze 2022, Corollary 3.12]). A faithfully flat map (A, I) — (A’, I')
induces faithfully flat homomorphisms A/(z, I)" — A’/(z, I')" and A/ (", I) — A’/(z", I') for any n.
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It follows that the functors
Or:(Ra,0op = Set, (A, I)— A,
Or : (R)r. 0, = Set, (A, I)— A/I,
form sheaves with respect to the flat topology. Here Set is the category of sets.

More generally, we have the following descent result.

Proposition 2.5.6. The fibered category over (O E)ZI,JOE which associates to each (A, I) € (Op)a, 0 the
category of finite projective A-modules satisfies descent with respect to the flat topology. The same holds
for finite projective A/I-modules.

Proof. For aring B and an ideal J C B such that B is J-adically complete, the natural functor
{finite projective B-modules} —> 2 —lim,_ {finite projective B/J"-modules}

is an equivalence; see for example [Bhatt 2016, Lemma 4.11]. The assertions of the proposition follow
from this fact and faithfully flat descent for finite projective modules over A/(w, I)" and A/(z", I),
respectively. See also [Anschiitz and Le Bras 2023, Lemma A.1, Proposition A.3]. 0

Definition 2.5.7. For a bounded Og-prism (A, I), let
(A’ I)A

be the category of bounded Og-prisms (B, J) with amap (A, I) — (B, J). We endow (A, I)Zp with the
flat topology induced from (O E)zl’J op-

Example 2.5.8. (1) Let O be as in Definition 2.3.7. The category (O)a o, is the same as the category
of bounded Og-prisms over O by Lemma 2.3.5.

(2) Let R be a perfectoid ring over Og. It follows from Lemma 2.3.5 that (R)a o, is the same as the
category (Wo, (R”), Ip)a.

Let A — B be aring homomorphism and / C A a finitely generated ideal. We say that A — B is
I-completely étale if B is derived I-adically complete, B ®HA A/ is concentrated in degree 0, and B/I B
is étale over A/1. We write A for the category of I-completely étale A-algebras. If 1 =0, then A g
is just the category Ag of étale A-algebras.

Lemma 2.5.9. Let (A, I) be a bounded Og-prism.

(1) A ring homomorphism A/l — C is w-completely étale if and only if C is mw-adically complete
and C/n" is étale over A/(n", I) for every integer n > 1. If this is the case, then C has bounded
p°-torsion.

(2) A ring homomorphism A — B is (r, I)-completely étale if and only if B is (7, I)-adically complete
and B/(m, I)" is étale over A/ (r, I)" for every n > 1. If this is the case, then B ®";4 A/l = B/IB
and A/I — B/IB is w-completely étale.
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(3) The functors
A net —> (A/Dgee = (A/(, 1)),

where the first one is defined by B +— B/IB and the second one is defined by C +— C/m, are

equivalences.

Proof. This result is well known to specialists, but we include a proof for the convenience of the reader.

(1) Assume that A/I — C is w-completely étale. Then, since A/l has bounded p°°-torsion, [Bhatt et al.
2019, Lemma 4.7] implies that C is z-adically complete and has bounded p®°-torsion. Since C/x" is flat
over A/(z", I) and C/x is étale over A/(w, I), it follows that C /" is étale over A/(xr", I) for any n.

We next prove the “if”” direction, so we assume that C is w-adically complete and C/z" is étale over
A/ (", I) for any n. We want to show that C ®”A /1 A/(m, I) is concentrated in degree 0. There exists an
étale A/I-algebra Cy such that Co/m ~ C/m over A/(m, I); see for example [Arabia 2001, Section 1.1]
or [Stacks 2005—, Tag 04D1] (this is known as a special case of Elkik’s result [1973]). One easily sees
that the derived m-adic completion of Cy, the w-adic completion of Cy, and C are isomorphic to each
other. Then we obtain

C®Yy A/, 1)~ Co®Y,; A/, I) ~ Co/m.
This proves the assertion.

(2) Assume that A — B is (i, I)-completely étale. We easily see that B/(rr, I)" is étale over A/(w, I)"
It follows from Lemma 2.5.1 that B is (s, I)-adically complete and we have B ®BL4 A/l = B/IB. ltis
then clear that A/l — B/I B is w-completely étale.

The “if” direction can be proved by the same argument as in (1). Suppose that B is (i, [)-adically
complete and B/(m, I)" is étale over A/ (s, I)" for any n. As above, there exists an étale A-algebra By
such that the (s, I)-adic completion of By is isomorphic to B. It follows from Lemma 2.5.1(1) that B is
isomorphic to the derived (i, I)-adic completion of By, which in turn implies that B is (;r, I)-completely
étale over A.

(3) This follows from the proofs of (1) and (2). Il

Lemma 2.5.10 (cf. [Bhatt and Scholze 2022, Lemma 2.18]). Let (A, I) be a bounded Og-prism and
A — B a (m, I)-completely étale homomorphism. Then B admits a unique 8 g-structure compatible with
that on A. Moreover, the pair (B, I B) is a bounded Og-prism.

Proof. Tt suffices to prove the first statement by Lemma 2.5.1. For this, we proceed as in the proof of
[Bhatt and Scholze 2022, Lemma 2.18].

We regard Wo, . 2(B) as an A-algebra via the composition A — Wo, 2(A) = Wo, ».2(B), where
A — Wpo, z2(A) is the homomorphism corresponding to the §g-structure on A (Remark 2.2.7). Then
Wop.z2(B) is (m, I)-adically complete. Indeed, we have an exact sequence of A-modules

0 —> ¢.B > Wo, x2(B) <> B —> 0,
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where we write ¢, B for B regarded as an A-algebra via the composition A P A B,and V :¢.B —
Wop.z.2(B) is defined by x — (0, x). Since B ®% A/(m, I)" is concentrated in degree 0 and both ¢, B
and B are (7w, [)-adically complete, we can conclude that Wy, » 2(B) is (r, I)-adically complete.

As in the proof of Lemma 2.5.9, there exists an étale A-algebra By such that the (7, I)-adic completion
of By is isomorphic to B. Since Wp, »2(B) is (Kere)-adically complete and A — By is étale, there
exists a unique homomorphism s : By — Wp, »2(B) of A-algebras such that € o 59 coincides with
By — B. Then, since Wp, »2(B) is (7, I)-adically complete, we see that so : Bo = Wo, »2(B) extends
to a unique homomorphism s : B — Wp, 2(B) of A-algebras such that € o s = idg, which corresponds
to a unique §g-structure on B compatible with that on A by virtue of Remark 2.2.7. O

Example 2.5.11. Let R be a perfectoid ring over O and let R — S be a mw-completely étale (or
equivalently, p-completely étale) homomorphism. By [Anschiitz and Le Bras 2023, Corollary 2.10] or
[Lau 2018, Lemma 8.11], we see that S is a perfectoid ring. Moreover, the isomorphism (2-1) implies
that Wo, (R”) — Wp, (S”) is (r, Ig)-completely étale.

Let (A, I) be a bounded Og-prism. We say that a homomorphism B — B’ of (7, I)-completely étale
A-algebras is a (7, I)-completely étale covering if

Spec B'/(rr, I) — Spec B/ (m, I)

is surjective, or equivalently, the homomorphism B — B’ is (7, I)-completely faithfully flat. We note
that B — B’ is automatically (7, I)-completely étale.

Definition 2.5.12. We write
(A b I)ét

for the category of (rr, I)-completely étale A-algebras instead of A ;). We endow the opposite
category (A, [ )gf with the topology generated by the (;r, I)-completely étale coverings, which is called
the (;r, I)-completely étale topology.

The category (A, I )gf admits fiber products. Indeed, a colimit of the diagram C <— B — D in (A, I)g
is given by the (i, I)-adic completion of C ®p D; see Remark 2.5.4. It follows that (A, I )gtp is a site.

Remark 2.5.13. Recall that, for a (7, I)-completely étale A-algebra B € (A, )¢, the pair (B, I B) is
naturally a bounded Og-prism by Lemma 2.5.10. We can regard (A, I)g as a full subcategory of the
category (A, I)a. The (r, I)-completely étale topology on (A, I )g) coincides with the one induced from
the flat topology.

Remark 2.5.14. Any bounded Og-prism (A, I) admits a (7, I)-completely étale covering A — B such
that (B, I B) is orientable. Indeed, there exists an étale and faithfully flat homomorphism A — A’ such
that I A’ is principal. The (7, I)-adic completion B of A’ is a (7, I)-completely étale covering of A (by
Lemma 2.5.1). Since /A’ is principal, the bounded Og-prism (B, I B) is orientable.
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2.6. Prismatic envelopes for regular sequences. The existence and the flatness of prismatic envelopes
for regular sequences are proved in [Bhatt and Scholze 2022, Proposition 3.13]. In this subsection, we
give an analogous result for Og-prisms. We will freely use the formalism of animated rings here. For the
definition and properties of animated rings, see for example [Cesnavigius and Scholze 2024, Section 5]
and [Bhatt and Lurie 2022a, Appendix A]. (See also [Lurie 2016, Chapter 25], where animated rings are
called simplicial rings.)

We recall some terminology from [CesnaviCius and Scholze 2024; Bhatt and Scholze 2022]. To an
animated ring A, we can attach a graded ring of homotopy groups €, .., 7, (A). For an animated ring A,
the derived quotient of A with respect to a sequence x1, ..., X, € no(A) is defined by

AN xn) = ARy, ZIX s Xl /(XL LX),

Here Z[ X1, ..., X,,]— A is amorphism such that the induced ring homomorphism Z[ X1, ..., X,,] = mo(A)
is given by X; — x;. In [Bhatt and Scholze 2022], the derived quotient is denoted by Kos(A; xi, ..., xp,).
We say that a morphism A — B of animated rings is flat (resp. faithfully flat) if mo(B) is flat (resp.
faithfully flat) over mo(A) and we have 7, (A) ®x,(a) 70(B) = m,(B) for any n > 0.

Before stating the result, let us quickly recall the definition of an Og-PD structure, and its relation to
S g-structures.

Definition 2.6.1 [Hopkins and Gross 1994, Section 10; Faltings 2002, Definition 14]. Let A be an
Og-algebra and I C A an ideal. An Og-PD structure on I is amap y : I — I of sets with the following
properties:

(1) wyz(x)=x1.
(2) yr(ax) =a%y,(x), where a € A.
B) Vrx+Y) =y () +y= M+ &I +y! = (x+y)?) /7.

Example 2.6.2 [Faltings 2002, Section 7]. Let n > 0 be an integer and let Og[(X; ;)] be the polynomial
ring with variables X; ; indexed by integers i, j with 1 <i <n and j > 0. We write

Op[X1, ..., X,I?P

for the quotient of Og[(X; ;)] by the ideal generated by the elements XZ j— X j41 foralli, j. The
image of X;o in Og[X;, ..., X, IPP is denoted by X;. We see that Op[X1, ..., X, 1%P is canonically
isomorphic to the Og-subalgebra of E[X1, ..., X,,] generated by X?/ Jrltat+a’™ (1 <i<nand j>0).
The ideal I’ c Og[X,, ..., X,]P generated by the elements X; ; admits an Og-PD structure y;, such
that y (X;. ;) = Xi j+1. In fact, the pair (Og[X1, ..., X,I*P, I*P) is the Og-PD envelope (in the usual
sense) of the polynomial ring Og[ X1, ..., X,] with respect to the ideal (X1, ..., X,).

Lemma 2.6.3 (cf. [Bhatt and Scholze 2022, Lemma 2.38]). Let B be a m-torsion-free Og-algebra.
Let x1,...,x, € B be a sequence such that (B/JT)/[L()EI, ..., Xy) is concentrated in degree 0, where
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X{,...,Xn € B/m are the images of xi, ..., x, € B. We set

x,) OelXit, ... X, %P,

.....

where Og[X1, ..., Xn] — B is defined by X; — x;. Then C is concentrated in degree 0 and mo(C) is
w-torsion-free. Moreover the pair (o(C), I'Pmo(C)) is the Og-PD envelope of B with respect to the
ideal (x1, ..., x,).

In the following, we will write

..... x,] OelX1, ..., X,I'P.

.....

Proof. The proof is identical to that of [Bhatt and Scholze 2022, Lemma 2.38]. O

We also need the following construction. Let B be a §g-ring. Let d € B be an element and be
X1, ..., X%, € B asequence. We set B{X} := B ®p, Op{X} and let

B{X1,..., Xy}
be the n-th tensor power of B{X} over B. We consider the diagram of §g-rings
B < B{X,, ..., X,) %> B{Y),....Y,),
where f is defined by X; — x; and g is defined by X; — dY;. Let
B{x\/d, ..., x,/d}

denote the pushout of this diagram, which is a §g-ring over B with the following property: For a
homomorphism B — C of §g-rings such that the image of d is a nonzerodivisor in C and x; € dC
for all i, there exists a unique homomorphism B{x,/d, ..., x,/d} — C of §g-rings over B. We let
xi/d € B{x1/d, ..., x,/d} denote the image of ¥; € B{Yy, ..., Y,}.

Using this construction, we can relate § g-structures to Og-PD structures.

Lemma 2.6.4 (cf. [Bhatt and Scholze 2022, Lemma 2.36]). We have a natural isomorphism

(Op{X1,.... Xx Do X)) /7, ..., 0(Xy)/7} = Dix,,..x,) (Op{X1, ..., Xu})
of Og{X1, ..., Xp}-algebras.

Proof. This can be proved in the same way as [Bhatt and Scholze 2022, Lemma 2.36]. We include a
sketch of the proof.

We set B := Og{X1, ..., X,,}. Since the Frobenius ¢ : B — B is faithfully flat by Example 2.2.5, it
follows that C := B{¢(X1)/7, ..., $(X,)/m} is w-torsion-free. Since ¢ (X;) /7w = X?/Tl’ +68p(X;), C can
be regarded as the smallest §g-subring of B[1/m] which contains B and X iq /m (1 <i <n). On the other
hand, since D := D(x,.....x,)(B) is w-torsion-free by Lemma 2.6.3, we see that D is the Og-subalgebra
of B[1/m] generated by B and X?J Jairat+a™ (1 <i<pand j>1).
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We shall prove that C = D in B[1/x]. Let us first show that D C C. For this, it suffices to prove that,
for every 1 <i <n, we have X?I/n1+9+”‘+‘1"_le C for all j > 1. We proceed by induction on j. The
assertion is clear for j = 1. Assume that the assertion is true for some j > 1. Then we have

Si(XY ety (X8 e (X et g

) g1 L etgl
= ¢(X)T /ptatte _x T gttt e C

To prove that Xl.qj+l/7tl+‘1+"'+qj € C, it is enough to show that ¢(X;)?’ /x2+4+-+4'~" ¢ C. Since
o X))/ = Xf /m + 8¢ (X;) is contained in C, the assertion now follows from the inequality g/ >
24q+---+q7

It remains to prove that C C D. Since ¢ (X;)/m = X? /m 4+ 6p(X;) is contained in D, the inequality
g/ >24+qg+---+q/~! for j > 1 implies that

¢(Xiq"/n1+q+---+q-"‘1) — (X)) ittt e p

for j > 1. Since . .
(Xiq-’ J\ratral e 7T(X?’“/ﬂl+qr+~~+qf) D,

we see that ¢ preserves D and that the reduction modulo 7 of ¢ : D — D is the g-th power Frobenius.
This implies that C C D. U

Corollary 2.6.5 (cf. [Bhatt and Scholze 2022, Corollary 2.39]). Let B be a m-torsion-free Sg-ring.
Let x1,...,x, € B be a sequence such that (B/JT)/[L()El, ..., Xp) is concentrated in degree 0. We

.....

Op{X1,..., Xy} = O{N, ..., Y,} is defined by X; — wY;. Then D is concentrated in degree 0.
Moreover

mo(D) = B{¢p(x))/m, ..., ¢(xn)/7}

is 7 -torsion-free, and is isomorphic to Dy, ... x,)(B) as a B-algebra.

,,,,,

Proof. Since ¢ : Og{Xy, ..., Xy} = Op{X1y, ..., X,,} is faithfully flat by Example 2.2.5, we have an
identification

.....

where Og{Xy, ..., X,;} = B is defined by X; — x;. Then Lemma 2.6.4 implies that

DZB(X)H(Z)E{XI XH}D(XI ..... X,,)(OE{le-w’Xn})-

.....

.....

and thus D >~ B ®H5)E[X1 """" x OelX1, ..., X,1PP. The assertion then follows by applying Lemma 2.6.3
again. U

Now we can state the desired result:
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Proposition 2.6.6 (cf. [Bhatt and Scholze 2022, Proposition 3.13]). Assume that (A, I) is an orientable
and bounded Og-prism. Let d € I be a generator. Let B be a §g-ring over A. Let x1,...,x, € B be a
sequence such that the induced morphism

AN d) = BN dx ) (2-2)
of animated rings is flat. (In other words, the sequence x1, . .., x, € B is (w, I)-completely regular relative
to A in the sense of [Bhatt and Scholze 2022, Definition 2.42].) We set J := (d, x1, ..., x,) C B. Then

the following assertions hold:

(1) The (t, I)-adic completion B{J/I}" of B{x1/d, ..., x,/d} is (;, I)-completely flat over A. In
particular, the pair
(B{J/1}", IB{J/1}")

is an orientable and bounded Og-prism. Moreover B{J/I}" is (w, I)-completely faithfully flat over A if
the morphism (2-2) is faithfully flat.

(2) For a bounded Og-prism (D, I D) over (A, I) and a homomorphism B — D of Sg-rings over A such
that JD C I D, there exists a unique map of Og-prisms

(B{J/ I}, IB{J/1}") — (D, ID)

over B. Moreover, the formation of B{J/I}" commutes with base change along any map (A, I) —
(A’, I') of bounded Og-prisms, and also commutes with base change along any (7, I)-completely flat
homomorphism B — B’ of §g-rings.

See [Bhatt and Scholze 2022, Proposition 3.13(3)] for the precise meaning of the last statement.

.....

B{Y, ..., Y,} in the co-category of animated rings, where the first map is defined by X; > x; and the
second one is defined by X; — dY;. It suffices to prove that if the morphism (2-2) is flat (resp. faithfully
flat), then C is (;r, I)-completely flat (resp. (7, I)-completely faithfully flat) over A. Indeed, if this is true,
then the derived (7, I)-adic completion of C is isomorphic to B{J/I}", and in particular B{J/I}" is
(7, I)-completely flat (resp. (7, I)-completely faithfully flat) over A. It is then easy to see that B{J/I}"
has the desired properties.

In order to prove that C is (i, I)-completely flat (resp. (7, I)-completely faithfully flat) over A, one
can argue as in the proof of [loc. cit., Proposition 3.13]. (The faithful flatness is not discussed in [loc. cit.],
but the same argument works.) The only difference is that we have to use Og-PD structures, instead of
usual PD structures. Here we need the results established above (e.g., Corollary 2.6.5). The details are
left to the reader. 0

The bounded Og-prism (B{J/I}", IB{J/I}") is called the prismatic envelope of B over (A, I) with
respect to the ideal J.
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Remark 2.6.7. As in [Bhatt and Scholze 2022, Proposition 3.13], we need to use animated §g-rings in
the proof of Proposition 2.6.6. (For example, in the proof of [loc. cit., Proposition 3.13], the notion of
animated 8 g-rings is used to obtain the description of the bottom right vertex C” of the diagram appearing
there.) One can define the notion of animated §¢-rings in the same way as in [Mao 2024, Section 5] (i.e.,
by animating §g-rings). Alternatively, we can follow the approach employed in [Bhatt and Lurie 2022b,
Appendix A].

3. Displayed Breuil-Kisin modules

In this section, we study Breuil-Kisin modules for bounded Og-prisms. We introduce the notions of a
displayed Breuil-Kisin module and of a minuscule Breuil-Kisin module. These objects serve as examples
of prismatic G-u-displays introduced in Section 5.

3.1. Displayed Breuil-Kisin modules. We use the following notation. Let A be a ring. For A-modules M
and N, the set of A-linear homomorphisms M — N is denoted by Hom4 (M, N). Let I C A be a Cartier
divisor. For an integer n > 1, we define I " := Hom4 (1", A). We have a natural injection ] " < [ ~"~!
for any integer n. We then define
A[l/1]:=1lim ™",
n

which is an A-algebra. For an A-module M, we set M[1/1]:= M ®4 A[1/I]. If I is generated by a
nonzerodivisor d, then we have A[1/I] = A[l/d] and [ 7" =d™"A.

Lemma 3.1.1. Let M, N be finite projective A-modules and let F : N[1/1] = M[1/1] be an A[1/1]-

linear isomorphism. For an integer i, we set
Fil (N):={x e N | F(x) e M @4 I'},
where we view M @ o I' as a subset of M[1/I]. Let m be an integer. Then the following are equivalent:
(1) FiI"*'(N) Cc IN.
(2) M4 I™ C F(N).

If these equivalent conditions are satisfied, then F restricts to an isomorphism Fil (N) => M ® I, and
in particular Fil" (N) is a finite projective A-module.

Proof. The final statement clearly follows from (2). We shall prove that (1) and (2) are equivalent. For
this, we can reduce to the case where I = (d) is principal.

Assume that (1) holds. Let x € M. We want to show that d"x € F(N). For a large enough integer n,
we have d"x € F(N). Let y € N be an element such that F(y) = d"x. If n > m + 1, then we have
y € Fil"*1(N) c I N, which in turn implies that "~'x € F(N). From this observation, we can conclude
that " x € F(N).

Assume that (2) holds. Let y € Fil"*!(N). There exists an element x € M such that F (y) =d"*x.
The condition (2) implies that " x = F(z) for some z € N. It then follows that y =dz € I N. O
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Let (A, I) be a bounded Og-prism.

Definition 3.1.2. A Breuil-Kisin module over (A, I) is a pair (M, Fjs) consisting of a finite projective
A-module M and an A[1/[]-linear isomorphism

Fuy : (9"M)[1/11 = M[1/1],

where ¢*M := A ®4 4 M. When there is no possibility of confusion, we simply write M instead of
(M, Fyy). For an integer i, we set

Fil' (¢*M) :={x € ¢*M | Fyy(x) e M @4 I'}.
Let P! C (¢p*M)/I(¢* M) be the image of Fil’ (¢* M). We often write
Mg = (@*M)/1(p*M).

Remark 3.1.3. If Fj;(¢* M) C M, then we say that M is effective. In this case, the induced homomorphism
¢*M — M is again denoted by F);. The cokernel of Fy; : ¢*M — M is killed by some power of .

Conversely, for a finite projective A-module M and a homomorphism F; : ¢*M — M of A-modules
whose cokernel is killed by some power of /, the induced homomorphism (¢p*M)[1/1] — M[1/1]is an
isomorphism. Indeed, it is clear that (¢p*M)[1/I] — M[1/I] is surjective, which in turn implies that it is
an isomorphism since (the vector bundles on Spec A associated with) ¢*M and M have the same rank.
In particular, it follows that Fy; : ¢*M — M is injective.

Remark 3.1.4. For any integer i, we have / Fili ! (¢*M) =Fil' (¢*M) N I (¢*M). In other words, the
natural homomorphism Fil’ (p*M)/1 Fil’ 71(¢*M ) — P! is bijective. We have P’ = Mgr for small

enough i and P’ = 0 for large enough i.

Definition 3.1.5. Let M be a Breuil-Kisin module over (A, I). We say that M is displayed if the
A/I-submodule P! C Mg is a direct summand for every i. In this case, the filtration { P};c7 is called
the Hodge filtration. We say that M is minuscule if it is displayed, and if we have P’ = Mg for any i <0
and P =0 for any i > 2.

The following proposition, which is basically a consequence of [Anschiitz and Le Bras 2023,
Remark 4.25], shows that the definition of a minuscule Breuil-Kisin module given in Definition 3.1.5
agrees with the usual one employed in the literature (for example in [Kisin 2006, Section 2.2] and
[Anschiitz and Le Bras 2023, Definition 4.24]).

Proposition 3.1.6. Let M be a Breuil-Kisin module over (A, I). The following statements are equivalent:

(1) M is minuscule.

(2) M is effective, and the cokernel Coker Fyy of Fyy : ¢*M — M is killed by 1.

Proof. Assume that (1) holds. It follows from P° = Mg and Nakayama’s lemma that Fil° (@*M) =™ M.
Moreover, we have IM C Fy(¢*M) by Lemma 3.1.1. This proves that (1) implies (2).
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Assume that (2) holds. It follows from Lemma 3.1.1 that Fil*>(¢*M) C I (¢*M), and hence P’ = 0 for
any i > 2. Since M is effective, we have P! = Mg for any i < 0. It remains to prove that P!l is a direct
summand of Mgr. For this, it suffices to show that (¢*M)/ Fil! (¢*M) is projective as an A/I-module.
Since we have the exact sequence of A/I-modules

0— (¢*M)/Fil'(¢*M) — M/IM — Coker Fyy — 0,

it suffices to prove that Coker Fy; is a projective A/I-module. With Lemma 3.1.7 below, this follows
from the same argument as in [Anschiitz and Le Bras 2023, Remark 4.25]. (|

Lemma 3.1.7. Let (A, I) be an Og-prism. For a perfect field k containing [, and a homomorphism
g: A/l = k of Og-algebras, there exists amap (A, I) — (O, (w)) of Op-prisms which induces g, where
O = W(k) Qw,) Ok.
Proof. Let Aper = lim " A be a colimit of the diagram A AL A ... , which is a perfect §g-ring.
Since k is perfect, the homomorphism A/m — k induced by the composition A — A/l — k factors
through a homomorphism Aper/7 — k. This homomorphism lifts uniquely to a homomorphism Aperf — O
of § g-rings by Lemma 2.3.5. The composition A — Aperr — O gives amap (A, I) — (O, (7)) which
induces g, as desired. Il
We shortly discuss the relation between the notion of minuscule Breuil-Kisin modules and that of
windows introduced by Zink and Lau. We recall the notion of windows, adapted to our context. Let

(A, d) be an oriented and bounded Og-prism.
Definition 3.1.8. A window over (A, d) is a quadruple
N = (N, Fil'(N), @, @),

where N is a finite projective A-module, Fil'(N) C N is an A-submodule, ® : N — N and ®; :
Fil'(N) — N are ¢-linear homomorphisms, such that the following conditions hold:

(1) We have dN C Fil'(N), and ®(x) = ®,(dx) for every x € N.

(2) The image P! c N/dN of Fil! (N) is a direct summand of N/dN.

(3) The linearization 1 ® & : ¢* Fill(N) — N of @ is an isomorphism.

Proposition 3.1.9 (cf. [Cais and Lau 2017, Lemma 2.1.16; Anschiitz and Le Bras 2023, Proposition 4.26]).
For a window N over (A, d), the pair (Fil'(N), F), where F : o* Fil'(N) — Fil/(N) is defined by
F=d(1® ®,), is a minuscule Breuil-Kisin module over (A, (d)). This construction gives an equivalence

between the category of windows over (A, d) and the category of minuscule Breuil-Kisin modules
over (A, (d)).

Proof. By virtue of Proposition 3.1.6, we can use the same argument as in the proof of [Cais and Lau
2017, Lemma 2.1.16]. O

We study the structure of displayed Breuil-Kisin modules. For this, we introduce the following
definition. Let (A, ) be a bounded Og-prism.
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Definition 3.1.10. Let M be a Breuil-Kisin module over (A, I). A decomposition ¢*M = P jez L
is called a normal decomposition if the isomorphism Fy; : (¢*M)[1/1] = M][1/I] restricts to an
isomorphism

P’y M

jez
of A-modules.

Remark 3.1.11. If ¢*M =P ,_, L; is a normal decomposition, then we have

JjeZ
Fit' @' m) = (P L) o (B 17L))
j=i j<i
for every i € Z. In particular, a Breuil-Kisin module over (A, /) which admits a normal decomposition is
displayed. In the next lemma, we shall prove that the converse is also true.

Lemma 3.1.12. Let M be a displayed Breuil-Kisin module over (A, I). Then there exists a normal
decomposition "M =P, L.

Proof. We choose a decomposition (¢*M)/1(¢p*M) = @jez K ; such that P = ®jzi K for every i.
Since K is a finite projective A/I-module and A is I-adically complete, there exists a finite projective
A-module L; such that L;/IL; >~ K; for every j; see [Stacks 2005—, Tag OD4A] or [Greco 1968, Theo-
rem 5.1] for example. Moreover we have L ; = 0 for all but finitely many j. Since Fil' (p*M) — P! is sur-
jective, there exists a homomorphism L; — Fil (¢* M) which fits into the following commutative diagram:

L, — K;
Fil' (¢*M) — P!
The induced homomorphism €9 jerLj— ¢*M is an isomorphism since it is a lift of the isomorphism
&P jez K = (¢*M)/1(¢*M). We shall prove that, under this isomorphism, Fil' (¢* M) coincides with
(B> Lj)®(P;; 1"/ L) forany i € Z. This implies that @, L, is a normal decomposition.
We proceed by induction on i. The assertion clearly holds for small enough i. Let us assume that the
assertion holds for an integer i. Since

(Prrs)o (Pr+'—L;) =1Fil @ M) CFi+ ¢ m)
jzi j<i
and j=it1LjC Fil'*!(¢*M) by construction, we obtain
(@ 1)o(@ 1) crrvim,
jZi+l j<i+l

The left-hand side contains I Fil' (¢*M) and the quotient by [ Fil' (p* M) is equal to P+, The same
holds for the right-hand side by Remark 3.1.4. Therefore, this inclusion is actually an equality. O
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Let f:(A,I)— (A, I') be a map of bounded Og-prisms. For a Breuil-Kisin module (M, Fj;) over
(A, I),let Fy,, : (9*(My))[1/1'] = Ma/[1/1'] be the base change of Fy;, where My :=M ®, A We
also write f*M for (My/, Fy,,).

Proposition 3.1.13. Let (M, Fy) be a Breuil-Kisin module over (A, I).

(1) Assume that (M, Fy) is displayed. Then (Ma/, Fuy,,) is a displayed Breuil-Kisin module over
(A’, I'), and we have Fil' (¢* M) @ 4 A’ => Fil' (¢p*(My)) for any integer i.

(2) Assume that (M, Fy ) is displayed and f : (A, I) — (A', I') is a faithfully flat map of Og-prisms.
Then (M, Fyp) is displayed.

Proof. (1) This follows from Remark 3.1.11, Lemma 3.1.12, and the fact that normal decompositions are
preserved under base change.

(2) We note that Fil’ (¢p*(My)) is a finite projective A’-module for any i by Lemma 3.1.12 and
Remark 3.1.11. Since Fil’ (¢*(M4)) is stable under the natural descent datum of ¢*(M /) (with respect
to the flat covering (A, I) — (A’, I')) by (1), it follows from Proposition 2.5.6 that there is a descending
filtration {Fili }iez of ¢* M by finite projective A-submodules such that Fill 4 A" — ¢*(M 4/) induces an
isomorphism Fil' @ 4 A’ => Fil' (¢*(M4)) for any i.

Let m be an integer such that M ® 4 I"™ C Fy(¢*M). Then Fil” = Fil" (¢p*M) (see Lemma 3.1.1).
Moreover, we have I Fil'~' c Fil’ for any i, and / Fil ! = Fil' fori >m+1. In particular, we obtain
Fil' = Fil' (¢*M) for i > m.

Let i be any integer. We claim that the natural homomorphism of A/I-modules

o Fill /TRl — (9" M) /1 (p* M)

is injective and its cokernel is a finite projective A/I-module. Indeed, it suffices to show that for every
closed point x € Spec A/I, the base change of ¢ to the residue field k(x) is injective. Since x is contained
in Spec A/(sw, I) and Spec A’/ (7, I') — Spec A/(m, I) is surjective, it is enough to prove that the base
change of ¢ along A/I — A’/I’ is injective and its cokernel is a finite projective A’/I’-module. This
follows from the assumption that (M, Fy,,) is displayed.

It follows from the claim that  Fil'~! = I (¢* M) NFil’, or equivalently, Fil' =' = ¢*M N (Fil' @ 417).
Since Fil' = Fil’ (¢* M) for i > m, we can conclude that Fil' = Fil’ (¢* M) for any i. This, together with
the claim, shows that (M, Fy,) is displayed. U

Remark 3.1.14. The functor
(OE) .0, — Set, (B,J)— B[1/J],

forms a sheaf (with respect to the flat topology) by Lemma 2.3.4 and Remark 2.5.5. Thus for finite
projective A-modules M, M’, the functor (A, I), — Set which associates to each (B, J) € (A, I) the
set of isomorphisms Mg[1/J] = M }3[1 /J] forms a sheaf. This fact, together with Proposition 2.5.6,
implies that the fibered category over (OE)ZI,)OE which associates to a bounded Og-prism (A, I) the
category of Breuil-Kisin modules over (A, I) satisfies descent with respect to the flat topology.
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Corollary 3.1.15. The fibered category over (O E)ZI,)OE which associates to a bounded Og-prism (A, I) the
category of displayed Breuil-Kisin modules over (A, I) satisfies descent with respect to the flat topology.

Proof. This follows from Proposition 3.1.13 and Remark 3.1.14. O
We finish this subsection by giving an example of a Breuil-Kisin module which is not displayed.

Example 3.1.16. Let (A, ) be an orientable and bounded Og-prism. We assume that A/ is 7 -torsion-
free and A/I # 0. We set M := A? and let Fy; : $*M — M be the homomorphism defined by the matrix
( Z ;12) for a generator d € I. The pair (M, Fy) is a Breuil-Kisin module over (A, I). We claim that
P! / P2 is not w-torsion-free, and thus (M, Fy) is not displayed. Indeed, since (d, 1) € Fill(qb*M ), we
have (0, 1) € P! € Mgr. One can check that the image of (0, 1) in P'/P? is not zero and is killed by .

3.2. Breuil-Kisin modules of type n. Here we introduce the notion of Breuil-Kisin modules of type w. Let
w:Gy, — GL, 0

be a cocharacter defined over O, where O = W (k) W, O¢g is as in Definition 2.3.7. There is a

unique tuple (my, ..., m,) of integers m; > - -- > m,, such that i is conjugate to the cocharacter defined
by ¢t — diag (#"', ..., ™). By abuse of notation, the tuple (my, ..., m,) is also denoted by u. Let
ri € Z>( be the number of occurrences of i in (m1, ..., m,). We set L := O and Lo := L ®p, O. The

cocharacter u induces an action of G, on Lp. We have the weight decomposition
Lo=@DLu;.
jez
where an element t € G, (0) = O* actson L, ; by x > t/x for every j € Z. (See for example [Conrad
et al. 2015, Lemma A.8.8] for the existence of the weight decomposition over a ring.) The rank of L, ;
is equal to r;.
Let (A, I) be a bounded Og-prism over O.
Definition 3.2.1. Let M be a displayed Breuil-Kisin module over (A, I). We say that M is of type u if,
for the Hodge filtration { P'};c7, the successive quotient P’/ P'*! is of rank r; (i.e., the corresponding
vector bundle on Spec A/I has constant rank r;) for every i. We say that M is banal if all successive
quotients P’/ P+ are free A/I-modules.

We write BK, (A, I') (resp. BK, (A, I)panal) for the category of Breuil-Kisin modules over (A, I) of
type w (resp. banal Breuil-Kisin modules over (A, I) of type u).
Remark 3.2.2. We set

Fill, = (DLya) & (17 (Lua) € A"
j=i j<i

where (L, j)a:=L, j®oA. Let M € BK, (A, I)pana- Let "M = @jez
Then, each L; is a free A-module of rank r;. Thus there is an isomorphism A" >~ ¢*M such that the
filtration {Fil! };z coincides with {Fil' ($*M)};cz.

L ; be a normal decomposition.
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Remark 3.2.3. Let M be a displayed Breuil-Kisin module over (A, I). Then there exists a (m, I)-
completely étale covering A — A x --- X A, such that for each 1 < j < m, the base change of M to
the bounded Ofg-prism (A, I A;) (see Lemma 2.5.10) is of type p for some p and banal. Indeed, by
Lemma 2.5.9, it suffices to prove that there exists an étale and faithfully flat homomorphism A/(z, I) —
B) X - -+ X By, such that, for all 1 < j <m and i, the base change P'/P'*1® 4, B, is free over B;, which
is clear.

4. Display group

Let G be a smooth affine group scheme over Of. Let k be a perfect field containing F, and we set
O .=W() ®W([Fq) Opg. Let
w:Gyu — Go:i=G Xspeco, Spec O

be a cocharacter defined over O. In this section, we introduce the display group G, (A, I) for an orientable
and bounded Opg-prism (A, I) over O. The display group will be used in the definition of prismatic
G-p-displays.

4.1. Definition of the display group. Let A be an O-algebra with an ideal I C A which is generated by a
nonzerodivisor d € A.

Definition 4.1.1. We define
Gu(A, 1) :={g € G(A) | u(d)gu(d)~" lies in G(A) C G(A[1/I])}.
The group G, (A, I) is called the display group. We note that G, (A, I') does not depend on the choice of d.

Remark 4.1.2. The definition of the display group given here is a translation of the one given in [Lau
2021] to our setting; see Remark 5.2.3 for details. If G is reductive and p is minuscule, such a group was
also considered in [Biiltel and Pappas 2020].

For the cocharacter u : G,, - G, we endow G with the action of G,, defined by
Go(R) X Gu(R) = Go(R), (g, 1)+ n(t)~ ' gu(®), (4-1)

for every O-algebra R. We note that this action is the inverse of the one used in Definition 4.1.1. We
write G = Spec Aj; and Ag 1= A; Qp, O, so that Gp = Spec Ag. Let

Ag = @ Ag.i

ieZ

be the weight decomposition with respect to the action of (5,,. An element t € G,,(R) = R* acts on
Agi®o R by x > tix.
Remark 4.1.3. Let R be an O-algebra. For any t € G,,(R) and any g € Go(R) with corresponding
homomorphism g*: Ag — R, the homomorphism

() 'gu®)* 1 Ag — R

corresponding to w(@) " 'gu(t) € Go(R) sends an element x € Ag,i to t'g*(x) € R.
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Lemma 4.1.4. Let g € G(A) be an element. Then g € G, (A, I) if and only if g*(x) € I' A for every
i > 0andeveryx € Ag,.

Proof. This follows from Remark 4.1.3. O

Example 4.1.5. Assume that G = GL,,. Let i : G, - GL, ¢ be a cocharacter and let (m, ..., m,) be
the corresponding tuple of integers m; > --- > m, as in Section 3.2. Let {Fil;}iez be the filtration of
M = A" defined as in Remark 3.2.2. Then we have

(GL.)u(A, I) = {g € GL,(A) | g(Fil},) =Fil!, for every i € Z}.

Let d € I be a generator. For any g € (GL,), (A, I), the following diagram commutes:

. g -
Filjj! ————— Fil}}!

_l d d -1 l«_
M u(d)gn(d) M

where FilZ“ —> M is defined by d 7" u(d).

4.2. Properties of the display group. For the cocharacter u : G,, — G, we consider the closed subgroup
schemes P, U, C Go over O defined by, for every O-algebra R,

P,(R)={geG(R)| lin(l),u(t)gu(t)_l exists},
t—
U, (R)={g € G(R) | lim pu(t)""gu(n) =1}.
(We refer to [Conrad et al. 2015, Lemma 2.1.4] for the definition of lim,_o u(¢)gu(t)~'.) We see that

Py, and U, are stable under the action of G, on Go given by (4-1). The group schemes P, and U, are
smooth over 0. Moreover, the multiplication map

UIL_ X Spec O PM — Go

is an open immersion. See [Conrad et al. 2015, Section 2.1], especially Proposition 2.1.8 of that work,
for details.

Remark 4.2.1. We have employed slightly different notation than in [Lau 2021]. For example, in that
work, the subgroup Py, (resp. U,;) is denoted by P~ (resp. U ).

Lemma 4.2.2. (1) Let R be an O-algebra and g € Go(R) an element. Then g € P, (R) if and only if
g% (x) =0 foreveryi > 0 and every x € Ag,;.
(2) We have P,(A) C G, (A, 1), and the image of G, (A, 1) in G(A/I) under the projection G(A) —
G(A/I) is contained in P,,(A/I). Moreover u(d)P, (A u(d)~ " is contained in P, (A).

Proof. Remark 4.1.3 immediately implies (1). Assertion (2) follows from (1) and Lemma 4.1.4. Il
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Definition 4.2.3 [Lau 2021, Definition 6.3.1]. The action of G, on G given in (4-1) induces an action
of G,, on the Lie algebra Lie(Gp). Let

Lie(Go) = P i
ieZ

be the weight decomposition with respect to the action of G,,,. We say that the cocharacter i : G,, —> Go
is 1-bounded if g; = 0 for i > 2.

In general, the Lie algebra Lie(U " )of U " coincides with EBl.Zl gi. (We also note that Lie(P,) =
@igo g;.) Thus w is 1-bounded if and only if Lie(Ul;) =gi.
Remark 4.2.4. If G is a reductive group scheme over Of, then u is 1-bounded if and only if u is
minuscule, that is, the equality Lie(Gp) = g—1 D go @ g1 holds.
Example 4.2.5. Assume that G = GL,,. The cocharacter G,, — GL, ¢ defined by

t > diag (¢, ..., ", " L T

N n—s
for some integers m and s (0 < s < n) is 1-bounded. In fact, any 1-bounded cocharacter of GL, o is
conjugate to a cocharacter of this form.

For a free O-module M of finite rank, we let V(M) denote the group scheme over O defined by
R +— M ®p R for every O-algebra R.

Lemma 4.2.6. There exists a Gy,-equivariant isomorphism
log : U; = V(Lie(Ui;))
of schemes over © which induces the identity on the Lie algebras. If i is 1-bounded, then the isomorphism
log is unique, and it is an isomorphism of group schemes over O.
Proof. The same arguments as in the proofs of [Lau 2021, Lemmas 6.1.1 and 6.3.2] work here. U

Remark 4.2.7. (1) An isomorphism log: U Pl V (Lie(U " )) as in Lemma 4.2.6 induces a bijection

U, (ANGL(A, ) = P 1 ®o A).

i>1
(2) If p is 1-bounded, then we identify U, with V(Lie(U,)) by the unique isomorphism log. In
particular, we view Lie(U " ) ®o A as a subgroup of G(A). We then obtain

I(Lie(U,) ®0 A) = (Lie(U,)) ®0 A) NG, (A, I).
Moreover, the following diagram commutes:
[(Lie(U,;) ®0 A)—— G, (A, I)

devJ lgwu(d)gu(d)‘
Lie(U,) ®0 A—— G(A)
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Proposition 4.2.8 (cf. [Lau 2021, Lemma 6.2.2]). Assume that A is [-adically complete. Then the
multiplication map
U, (ANGL(A, 1) x Py(A) = Gu(A, I) 4-2)

is bijective.

Proof. Since P,(A) C G,(A,I) by Lemma 4.2.2, the map (4-2) is well-defined. Since the map
U, Xspeco Py — G o is an open immersion, the map (4-2) is injective.

We shall show that the map (4-2) is surjective. Let g € G, (A, I) be an element. By Lemma 4.2.2, the
image of g in G(A/I) is contained in P, (A/I). Since P, is smooth and A is /-adically complete, there
exists an element ¢ € P, (A) whose image in P,(A/I) coincides with the image of g. The restriction
of the morphism gz~! : Spec A — G to Spec A/ factors through the open subscheme U 1 XSpeco Py
Since I C rad(A), it follows that gr~! : Spec A — Gy itself factors through U . Xspeco Py. In other
words, there are elements u € U, (4 and ¢’ € P,,(A) such that g = ut’t. We note that u € G, (A, I). In
conclusion, we have shown that g is contained in the image of the map (4-2). g

Proposition 4.2.9. Assume that u : G,, — G is 1-bounded. Assume further that A is I-adically complete.
Then the multiplication map
I(Lie(U,) ®0 A) x Py (A) > G, (A, I) (4-3)

is bijective. Moreover G, (A, I) coincides with the inverse image of P, (A/I) in G(A) under the projection
G(A) — G(A/I), and we have the bijection

G(A) /G (A, T) = G(A/I)/P,(A/I). (4-4)

Proof. 1t follows from Remark 4.2.7 and Proposition 4.2.8 that the map (4-3) is bijective. Let G;L CG(A)
be the inverse image of P,(A/I). We have G, (A, I) C G’M. By the same argument as in the proof of
Proposition 4.2.8, one can show that G;L C I(Lie(U,)) ®0 A) x P, (A). Thus, we obtain G, (A, I) = G;A.

It remains to prove that the map (4-4) is bijective. Since G is smooth and A is /-adically complete, the
projection G(A) — G(A/I) is surjective, which in turn implies the surjectivity of (4-4). The injectivity
follows from the equality G, (A, I) = G),. O

For an integer m > 0, let G=""(A) be the kernel of G(A) — G(A/I™). We set
Gim(A, D :=Gu(A, I)N G="(A).
We record a structural result about the quotient Gﬁ’"(A, I/ GE’"“ (A, D).

Lemma 4.2.10. Assume that A is I-adically complete. Then we have the isomorphisms of groups

Lie(Gp) ®0 Im/lm'H (m=>1)),
Pu(A/T) (m=0),
(@ifm 91’) Qo I /I (m > 1).

G="(A)/G="(A) ~ !

G:"(A, )/G" (A, )~ {
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Proof. Since A is I-adically complete and G is smooth, the map G(A) — G(A/I™) is surjective. It follows
that G="(A)/G="*1(A) is isomorphic to the kernel Ker(G(A/I"*!) — G(A/I™)) of G(A/I"T!) —
G(A/I'™). This is equal to G(A/I) when m = 0. If m > 1, then we have a canonical identification

Ker(G(A/I"T") — G(A/I™)) = Lie(Gp) ®p I" /1"

since 1™ /I"™*T! ¢ A/I"™*! is a square zero ideal. This proves the first assertion.

Since P, (A) — P,(A/I) is surjective (as A is I-adically complete and P, is smooth), it follows from
Lemma 4.2.2 that G, (A, I)/Gﬁ1 (A, 1)~ P,(A/I). To prove the second assertion, it then suffices to
show that the image of the natural homomorphism

Gim(A, 1) — Ker(G(A/I™Y) — G(A/I™)) =Lie(Go) @ I™ /1™ !
is (@igm g,-) ®o I"™/I"*! for any m > 1. By Proposition 4.2.8, we may identify Gﬁ’" (A, I) with
(U, (ANGZ"(A, D) x PT"(A),
where PE’"(A) := P,(A)NG7"(A). By the same argument as above, we have

PE(A)/ P (4) = Lie(P) @0 I" /1" = (D ai) @0 1" /1.
i<0

It now suffices to prove that the image of the natural homomorphism
U, (A)NG" (A, I) — Ker(U, (A/I"t") - U, (A/I"™) =Lie(U,) ®0 1" /1" (4-5)

is (B<i=m 0i)®0 1™ /1™ For this, we fix an isomorphism log : U, => V(Lie(U;)) asin Lemma 4.2.6.
Since log induces the identity on the Lie algebras, the isomorphism

Ker(U;(A/I’”“) - U, (A/I"™) = Lie(U,)) ®0 /!
induced by log is the same as the one in (4-5). Since log induces

Uy NG, n = (@ g)eor"e (@ o)eol’

1<i<m i>m+1

by Remark 4.2.7(1), the result follows. O

4.3. Display groups on prismatic sites. In this subsection, for a bounded Og-prism (A, ) over O, we
define the display group sheaf G, 4 ; on the site (A, 1 )gtp and discuss some basic results on G, 4,7-torsors.

Let (A, I) be a bounded Og-prism over O. We begin with a comparison result between torsors over
Spec A (or Spec A/I) with respect to the usual étale topology, and torsors on the sites (A, / )gf and
(A, I),¥ from Section 2.5. To an affine scheme X over O (or A), we attach a functor

Xaa:(A, Iy — Set, (B,J)— X(B).

This forms a sheaf (with respect to the flat topology) by Remark 2.5.5 since X (B) can be regarded as the
set of homomorphisms R — B of O-algebras (or A-algebras) where X = Spec R. Similarly, to an affine
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scheme X over O (or A/I), we attach a sheaf
Xz a: (A, Dp— Set, (B,J)—> X(B/J).
The restrictions of these sheaves to (A, I)¢ are denoted by the same notation (see also Remark 2.5.13).

Proposition 4.3.1. Let H be a smooth affine group scheme over Q.

(1) For an Hyy-torsor P over Spec A /1 with respect to the étale topology, which is an affine scheme
over A/I, the sheaf Py 4 on (A, I )Zp is an Hy ,-torsor with respect to the flat topology. The functor

P}_)PA,A

is an equivalence from the groupoid of Ha i-torsors over Spec A /I to the groupoid of Hy 4-torsors
on (A, I)zp. The same holds if we replace (A, I)Zp by (A, I)gf’.

(2) The construction
P 'PA’ A

gives an equivalence from the groupoid of Ha-torsors over Spec A to the groupoid of Hp a-torsors
on (A, I)zp. The same holds if we replace (A, I)Zp by (A, I)gf’.

Proof. (1) It follows from Lemma 2.5.9 that Pj , is trivialized by a (s, I)-completely €étale covering
of A. Thus Py , is an Hy ,-torsor on both (A, I )a” and (A, I).P. It then suffices to prove that the fibered
category over (A, [ )zp which associates to each (B, J) € (A, I)a the groupoid of Hp,;-torsors over
Spec B/J is a stack with respect to the flat topology.

It is known that, for any O-algebra R, the groupoid of Hg-torsors over Spec R is equivalent to the
groupoid of exact tensor functors Rep,,(H) — Vect(R), where Rep,, (H) is the category of algebraic
representations of H on free O-modules of finite rank, and Vect(R) is the category of finite projective R-
modules; see [Scholze and Weinstein 2020, Theorem 19.5.1] and [Broshi 2013, Theorem 1.2]. (Although
this result is stated only for the case where O = Z,, in [Scholze and Weinstein 2020, Theorem 19.5.1],
the proof also works for general O.) Using this Tannakian perspective, the desired claim follows from
Proposition 2.5.6 and the following fact: For a w-completely faithfully flat homomorphism C — C’ of
m-adically complete O-algebras, a complex

0—>M1—>M2—>M3—>0
of finite projective C-modules is exact if the base change
0> M Q@C' - M,®@cC' — M3cC' =0

is exact. (This fact follows from the following criterion: A complex 0 — M; — M, — M3 — 0 of finite
projective modules over a ring C is exact if for every closed point x € Spec C, its base change to the

residue field k(x) is exact.)

(2) This can be proved in the same way as (1). O
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Definition 4.3.2. Let (A, I)a ori be the category of orientable and bounded Og-prisms (B, J) with a
map (A, I) — (B, J). We endow (A, I)Xl?ori with the flat topology. If (A, I) is orientable, then we have
(A, Daori = (A, Da.

Remark 4.3.3. By Remark 2.5.14, the objects in (A, [ )Z%’Ori form a basis for (A, I),’. We may identify
sheaves on (A, I )21? ori With sheaves on (A, 1 )/Zp .

Definition 4.3.4. We define the functor
Gaa:(A, Iy — Set, (B,J)— G(B).
As explained above, the functor G 4 forms a group sheaf. We also define the functor
Guar1:(A, Daoi— Set, (B,J)— Gu(B,J).

Since the functor (A, I)» — Set, (B, J) — G(B[1/J]) forms a group sheaf (Remark 3.1.14), it follows
that G, 4,7 forms a group sheaf. We regard G, 4,7 as a group sheaf on (A, / )Zp. The restrictions of Ga 4
and G, 4,1 to (A, I)g will be denoted by the same notation.

We remark that Proposition 4.3.1 cannot be applied directly to G, 4,;-torsors. However, it is still
useful for analyzing G, 4 ;-torsors in several places below, since we have the following lemma. For the
notation used below, see Lemma 4.2.10.

Lemma 4.3.5. (1) For an integer m > 0, the functor
(A Daori = Set, (B, J)+— GZ"(B,J)/G;"(B, ),
Jorms a group sheaf, and it is isomorphic to (P )j 4 (resp. V(@iim g,-)A ) if m=0(resp.m > 1).
Moreover, the functor
G;’"}{’[ : (Av I)A,Ol‘i - Setv (Bv J) = G,M(Bv ])/Gim(Bv J)v
forms a group sheaf.

(2) Fora G a,1-torsor Q on (A, I)Zp, we write Q=" for the pushout of Q along G, a1 — G;,’ff” (see
Remark 4.3.6 below). Then we have Q => lim, Q=". The same holds for G, a j-torsors on (A, I)gf.

Proof. (1) The statement about G:,”}L ; follows from Lemma 4.2.10. Using the exact sequence
L G [(B) > G (B) —> Gy (B) — 1,
the statement about G ;" ; then follows by induction on m.

(2) We may assume that Q is a trivial G, 4 j-torsor and (A, I) is orientable. Then it is enough to prove
that G, 4, = lim,, G;”Z" ;on (A, 1 )Zp. By Proposition 4.2.8, the multiplication map

WU, (ANGL(A, 1)) x Py(A) = Gu(A, )

is bijective. Note that G, (A, I)/Gi’" (A, I) can be identified with the image of G, (A, I) in G(A/I™).
Let U=" be the image of U, (A) NG,(A,I) in U, (A/I"™). Then the multiplication map induces a
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bijection
U™ x P, (A/I") = GL(A, I)/Gﬁm(A, I).
We have P, (A) = lim P, (A/I™). Moreover, using Lemma 4.2.6, one can check that
U, (ANG(A ) = lim U=".

Thus, we obtain G, (A, I) = lim G, (A, I)/GE’"(A, I). The same assertion holds for any (B, J) €
(A, I, and hence G 4,1 = l(iﬂlG:’"A’I. O

Remark 4.3.6. Let f : H — H’ be a homomorphism of groups and Q a set with an H-action. We can
attach to Q a set Q/ with an H’-action and an H-equivariant map Q — Q7 with the following universal
property: for any set Q" with an H'-action and any H-equivariant map Q — Q’, the map Q — Q' factors
through a unique H'-equivariant map Q/ — Q’. Explicitly, we can define Q/ as the contracted product

0/ =(Qx H)/H,

where the action of an 7 € H on Q x H' is defined by (x, h') — (xh, f(h)~'h’). We call Q/ the pushout
of Qalong f:H— H'

Similarly, for a homomorphism f : H — H’ of group sheaves on a site and a sheaf Q with an action
of H, we can form the pushout Q/ with the same properties as above. If Q is an H-torsor, then Q is an
H'-torsor.

We will use the following notation. Let us denote the inclusion G, 4,1 = Ga, 4 by T. The composition
of T with the projection map Ga 4 — Gj 4 is denoted by 7. (Here G3 4 := (Go); 4.) By Lemma 4.2.2,
the homomorphism 7 factors through a homomorphism 7p : G 4,1 = (Pp)x 4- In summary, we have
the following commutative diagram of group sheaves on (A, [ )Zp (oron (A, ] )gf ):

T
G[L,A,[ ” GA,A

l \ J (4-6)

(Puaa— Gz

Corollary 4.3.7. A G, ,;-torsor Qon (A, I)‘Zp is trivial if the pushout of Q along Tp : G a.1 —> (Pu)j 4
is trivial as a (P ) a-torsor on (A, I)zp. The same holds if we replace (A, I)ZlD by (A, I)(é)tp.

Proof. We prove the assertion for (A, I )Zp; the argument for (A, )e?f is similar. By Lemma 4.3.5(2), it
suffices to show that Q=" is trivial as a G ;" ,-torsor for any m. We proceed by induction on m. The
assertion is true for m = 1 by our assumption. We assume that Q=" is trivial for an integer m > 1, so that
there exists an element x € Q<" (A). The fiber of the morphism Q<"*! - Q<" atx is a Gi’ﬁ" ;-torsor.
Lemma 4.3.5(1) shows that sz’;” ~ V(@iim g[-)A’A. By Proposition 4.3.1, the fiber arises from a
V(@i <m gi) 4yg-torsor over Spec A /1, which is trivial since Spec A/I is affine. This implies that the

G;'Tll—torsor O<"+1 is trivial, as desired. 0
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Corollary 4.3.8. A G, 4 ;-torsor Q on (A, I )Zp is trivialized by a (mw, I)-completely étale covering
A — B, i.e., the restriction of Q to (B, I B)‘,zp is trivial. Moreover, the restriction functor induces an

equivalence from the groupoid of G, a 1-torsors on (A, I )Zp to the groupoid of G, a,1-torsors on (A, I )2j .

Proof. The first assertion follows from Corollary 4.3.7 since any (Pu)x a-torsor P on (A, I )Xp arises
from a (P,) 4/1-torsor over Spec A /I with respect to the étale topology, which in turn implies that P is
trivialized by a (i, I)-completely étale covering A — B (see also Lemma 2.5.9). The second assertion is
a formal consequence of the first one. O

Remark 4.3.9. To a G, 4 ;-torsor Q on (A, ] )Zp, we can associate the G a-torsor Q° and the (P )z 4-
torsor Q7 on (A, I),, and there is a canonical isomorphism between the Gj 4-torsors associated with
Q" and Q™. We assume that w is 1-bounded. Then, by Proposition 4.2.9, this construction induces an
equivalence from the groupoid of G, 4 ;-torsors on (A, [ )Zp to the groupoid of triples consisting of a
Ga a-torsor, a (Py)5 4-torsor, and an isomorphism between the Gj 4-torsors associated with them. The
same holds if we replace (A, I )zp by (A, I )th . Corollaries 4.3.7 and 4.3.8 also follow from this fact and
Proposition 4.3.1 when p is 1-bounded.

5. Prismatic G-pu-displays

In this section, we come to the heart of this paper, namely prismatic G-u-displays. We first discuss the
notion of G-Breuil-Kisin modules of type w in Section 5.1. Then we introduce and study prismatic G-u-
displays in Sections 5.2-5.7. Our prismatic G-u-displays are essentially equivalent to G-Breuil-Kisin
modules of type u, and the latter may be more familiar to readers. Nevertheless, in many cases, such
as the proof of the main result (Theorem 6.1.3) of this paper, it will be crucial to work with prismatic
G-p-displays.

We retain the notation of Section 4. Recall that G is a smooth affine group scheme over Og and
u: G, > Gp is a cocharacter defined over O = W (k) ®w,) OE.

5.1. G-Breuil-Kisin modules of type u. Let (A, I) be a bounded Og-prism over O.
Definition 5.1.1. A G-Breuil-Kisin module over (A, I) is a pair (P, Fp) consisting of a G 4-torsor P
over Spec A (with respect to the étale topology) and an isomorphism
Fp: (¢*P)1/11 = P[1/1]
of G aq1/1)-torsors over Spec A[1/1].

Here, for a G 4-torsor P over Spec A, we let ¢*P denote the base change of P along the Frobenius
¢ : A— A. Since ¢ is Og-linear and G is defined over Of, we have ¢*G s = G 4, and hence ¢*P
is a G 4-torsor over Spec A. Moreover, we write P[1/1] := P Xspec 4 Spec A[1/1]. When there is no
ambiguity, we simply write P = (P, Fp).

Example 5.1.2. Assume that G = GL,,. Let (M, F);) be a Breuil-Kisin module of rank »n over (A, I). Let
P(M) :=Isom(A", M)
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be the GL,, 4-torsor over Spec A defined by sending an A-algebra B to the set of isomorphisms B" >~ Mp.
Together with the isomorphism (¢*P(M))[1/1] = P(M)[1/1] induced by Fy;, we regard P(M) as a
GL,,-Breuil-Kisin module over (A, 7). This construction M — P(M) induces an equivalence between the
groupoid of Breuil-Kisin modules of rank n over (A, I) and the groupoid of GL,,-Breuil-Kisin modules
over (A, I).

Remark 5.1.3. Let P and P’ be G 4-torsors over Spec A. Using that the functor (Og)a 0, — Set,
(B, J) — B[1/J], forms a sheaf (see Remark 3.1.14) and that P, P’ are affine and flat over Spec A, one
can show that the functor (A, 1), — Set which associates to each (B, J) € (A, I)a the set of isomorphisms
Pgl1/J1=> Pyl[1/J] of G i/ -torsors forms a sheaf. This, together with Proposition 4.3.1, implies
that the fibered category over (A, I )Zp which associates to each (B, J) € (A, I)a the groupoid of G-
Breuil-Kisin modules over (B, J) is a stack with respect to the flat topology.

We introduce G-Breuil-Kisin modules of type w. Recall that for a (7, I)-completely étale A-algebra
B € (A, I)g, the pair (B, I B) is naturally a bounded Og-prism; see Lemma 2.5.10.

Definition 5.1.4 (G-Breuil-Kisin module of type ©). We say that a G-Breuil-Kisin module (P, Fp)
over (A, I) is of type u if there exists a (7, I)-completely étale covering A — B such that (B, [ B) is
orientable, the base change Py is a trivial G g-torsor, and via some (and hence any) trivialization Pg >~ G g,
the isomorphism Fp is given by g — Y g for an element Y in the double coset

G(B)u(d)G(B) C G(B[1/1B)),
where d € I B is a generator. If these conditions are satisfied for B = A, then we say that (P, Fp) is banal.

We write
G-BK,(A,I) and G-BK, (A, Ivanal
for the groupoid of G-Breuil-Kisin modules of type u over (A, I) and the groupoid of banal G-Breuil—-
Kisin modules of type w over (A, I) (when (A, I) is orientable), respectively.

Remark 5.1.5. By Remark 5.1.3, the fibered category over (A, I );p which associates to each B € (A, I)g
the groupoid of G-Breuil-Kisin modules of type u over (B, I B) is a stack with respect to the (i, I)-
completely étale topology. We will prove that the same result holds for the flat topology in Corollary 5.3.9
below, using G-u-displays introduced in the next subsection.

Example 5.1.6. Let M be a Breuil-Kisin module of rank n over (A, I) and let P (M) be the associated GL,, -
Breuil-Kisin module over (A, I) (see Example 5.1.2). If P(M) is of type i, then M is of type w in the sense
of Definition 3.2.1 by Proposition 3.1.13. We will prove that the converse is also true in Example 5.3.10.

5.2. G-p-displays. We now introduce prismatic G-p-displays. To an orientable and bounded Og-prism
(A, I) over O, we attach the display group G, (A, I) as in Definition 4.1.1. Since G is defined over O,
the Frobenius ¢ of A induces a homomorphism ¢ : G(A) — G(A). For each generator d € I, we define
the homomorphism

opd: Gu(A, 1) = G(A), g dp(ud)gu(d)™). (5-1)
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We endow G (A) with the following action of G, (A, I):
G(A) x Gu(A, ) > G(A), (X.9)r> X -g:=g 'Xou.a(g). (5-2)

We write G(A) = G(A)y when we regard G(A) as a set with this action of G, (A, I). For another
generator d’ € I, we have d = ud’ for a unique element u € A*. The map G(A); — G(A)y defined by
X+ X¢(u(u)) is G, (A, I)-equivariant. Then we define the set

G(A):=lmG(A)q
d

equipped with a natural action of G, (A, I), where d runs over the set of generators d € 1. The projection
map G(A); — G(A)y is an isomorphism. For an element X € G(A);, let

X4 €G(A)y

denote the image of X. Although G(A); depends on the cocharacter 1, we omit it from the notation. We
hope that this will not cause any confusion.
Let (A, I) be a bounded Og-prism over O. We recall the category (A, I)a ori from Definition 4.3.2.
We define the functor
Gaag:(A, Daoi— Set, (B,J)— G(B)j.

This forms a sheaf. We regard Ga 4.; as a sheaf on (A, I)‘Zp (see Remark 4.3.3). The sheaf Gp 4,1 is
equipped with a natural action of the group sheaf G, 4 ; on (A, )Zp defined in Definition 4.3.4.

The restriction of Ga_ 4.1 to (A, I)¢ is denoted by the same notation. We define prismatic G-u-displays,
using the (7, I)-completely étale topology, as follows.

Definition 5.2.1 (G-u-display). Let (A, I) be a bounded Og-prism over O.

(1) A G-u-display over (A, I) is a pair
(Q, o),

where Qisa G, 4 -torsor on (A, 1)) and ag: Q — Ga a1 is a G 4 j-equivariant map of sheaves.
The G 4 -torsor Q is called the underlying G, 4 j-torsor of (Q,ag). We say that (Q, ag) is
banal if Q is trivial as a G, 4 ;-torsor. When there is no possibility of confusion, we write Q instead
of (9, ag).
(2) Anisomorphism g: (9, o) = (R, ar) of G-u-displays over (A, I) is an isomorphism g : Q = R
of G, 4, -torsors such that ag o g = ao.
We write
G- DispM(A, I) and G- DispM (A, Dpanal
for the groupoid of G-u-displays over (A, I) and the groupoid of banal G-u-displays over (A, I),
respectively.

Remark 5.2.2. The notion of G-u-displays was originally introduced in [Biiltel 2008; Biiltel and Pappas
2020; Lau 2021] in different settings. The definition given here is an adaptation of Lau’s approach to
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the context of (Og-)prisms; see also Remark 5.2.3 below. If O = 7, and u is 1-bounded, the notion of
G-p-displays for an oriented perfect prism has already appeared in [Bartling 2022]. He also claimed that
the same construction should work for more general oriented prisms in [loc. cit., Remark 14].

Remark 5.2.3. Assume that (A, I) is orientable. We consider the graded ring
Rees(1") := (D 1'r ") @ (P ar) c Al 71,
i=0 i<0
where the degree of # is —1. Let v : Rees(/*) — A be the homomorphism of A-algebras defined by ¢ +— 1.
For a generator d € I, let o, : Rees(I*) — A be the homomorphism defined by a;t = +— ¢ (a;d~") for any
i € Z. The triple
(Rees(I°), 04, T)

can be viewed as an analogue of a higher frame introduced in [Lau 2021, Definition 2.0.1]. We note that
by Lemma 4.1.4, the homomorphism 7 induces an isomorphism between the display group G, (A, I)
and the subgroup

G (Rees(I7))? c G(Rees(I*))

consisting of homomorphisms g* : Ag — Rees(/*) of graded O-algebras. Under this isomorphism, the
homomorphism o, 4 agrees with the one G(Rees(/ ‘)% - G(A) induced by o4. Therefore, the action
(5-2) is consistent with the one considered in [loc. cit., (5-2)].

Remark 5.2.4. Let k be a perfect field containing k. We set O:= W(lg) ®w,) Ok. Let n:G, — Ga
be the base change of . Then, for a bounded Og-prism (A, I) over 0,a G-ji-display over (A, I) is the
same as a G-u-display over (A, I).

We have the following alternative description of banal G-u-displays, which we will use frequently in
the sequel.

Remark 5.2.5. Assume that (A, I) is orientable. Let

[G(A)1/Gu(A, D]
denote the groupoid whose objects are the elements X € G(A); and whose morphisms are defined by
Hom(X, X') ={g € G, (A, I)| X'- g = X}. Here (—) - g denotes the action of g € G,(A, I) on G(A);.
To each X € G(A),, we attach a banal G-p-display

Qx :=(Gya,1,ax)
over (A, I), where ax : G, 4,1 — Ga, 4,118 given by 1 — X. We obtain an equivalence

[G(A)I/G;L(Aa D] = G- DiSpM(A, Dpanat, X +— Qx,

of groupoids.

We discuss the notion of base change for G-u-displays. Let f : (A,I) — (A’, I') be a map of
orientable and bounded Og-prisms over O. We have natural homomorphisms f : G(A) - G(A’) and
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f:Gu(A, I)— G (A, I'). Letd € I and d’ € I’ be generators and let u € A’ be the unique element
satisfying f(d) = ud’. Then the composition of G, (A, I)-equivariant maps

G(A) = G(A)g — G(ANy = G(A )y,

where the second map is defined by X — f(X)¢ (u(u)), is independent of the choices of d and d’, and is
also denoted by f.

We now consider a map f : (A, I) — (A’, I') of (not necessarily orientable) bounded Og-prisms
over O. The functor (A, I)gtp — (4, I/)gtp sending B € (A, I)gtp to the (7, I)-adic completion B’ of
B ®4 A’ induces a morphism of the associated topoi

(A ™ = (A, D)™

(since it sends (7, I)-completely étale coverings to (7, I’)-completely étale coverings, sends final objects
to final objects, and commutes with fiber products). We have a natural homomorphism f : f1G, 4.1 —
G, A, of group sheaves. Moreover, the maps G(A); — G(A")p defined in the orientable case glue

together to a morphism f : f‘lGA,A,, — G 4, of sheaves.

Definition 5.2.6. Let (Q, og) be a G-u-display over (A, I). Let f*Q be the pushout of the f‘lGH,A,I—
torsor f~1Q along f : f‘lGu,A,[ — G, 4,1~ By the universal property of f*Q, the composition

-1
fto EALEIN f'Gaas— Ganr

factors through a unique G, 4/, /-equivariant map f*(ag) : f*Q — Ga, a’,r. The base change of (Q, ag)
along f: (A, I)— (A’, I') is defined to be (f*Q, f*(xg)).

Example 5.2.7. Assume that (A, /) is orientable. For the banal G-u-display Qx associated with an
element X € G(A); (see Remark 5.2.5), we have f*(Qx) = Qrx)-

By definition, it is clear that G-u-displays form a stack with respect to the (7, I)-completely étale
topology. In fact, we can prove the following flat descent result, which is an analogue of [Lau 2021,
Lemma 5.4.2].

Proposition 5.2.8 (flat descent). The fibered category over ((’))2[? Op which associates to each (A, I) €
(O)a, 0 the groupoid G-Disp,, (A, I) is a stack with respect to the flat topology.

Proof. It suffices to prove that G- Disp,, (A, I) is equivalent to the groupoid of pairs (Q, o), where Q is a
G, a,1-torsoron (A, I )zp (with respect to the flat topology) and ag : Q@ — Ga 4,1 is a G 4 -€quivariant
map of sheaves on (A, [ )zp. This follows from Corollary 4.3.8. (]

5.3. G-p-displays and G-Breuil-Kisin modules of type p. Here we shall show that G-u-displays are
essentially equivalent to G-Breuil-Kisin modules of type . Let (A, I) be a bounded Ofg-prism over O.

Definition 5.3.1. To a G, 4 ;-torsor Q on (A, I)gf, we attach a G 4-torsor Qg over Spec A as follows.

We first assume that (A, I) is orientable. Let d € I be a generator. Let Opx 4 be the pushout of Q along
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the homomorphism
Guag = Gaa, g+ mdgud)™".

Let d’ € I be another generator and let u € A* be the unique element such that d = ud’. We define ad(u(u)) :
Ga.a => Ga.a by g+ (u)gu(u)~". The pushout (Qpk 4)* ™) can be identified with Qpx 4. The
composition

Opi.ar — (Qpk,a) M) = Qg ¢ X1, Oy 4 (5-3)

is an isomorphism of G, 4-torsors. (See Remark 4.3.6 for the first map.) Then we define
Opk = lim Opk 4,
d
where d runs over the set of generators d € 1.
In general, the sheaves constructed in the banal case glue together to a G 4-torsor Opk on (A, )gtp .
By Proposition 4.3.1, we regard Ok as a G 4-torsor over Spec A.

op

Remark 5.3.2. Recall that 7 : G, 4,1 <> Ga 4 is the natural inclusion. For a G, 4, ;-torsor Q on (A, )4,

let
Qu:=0Q°

be the pushout of Q along 7, regarded as a G 4-torsor over Spec A (by Proposition 4.3.1). There exists
a canonical isomorphism

Qall/Il = Qpkl1/1]

of G a[1/1)-torsors over Spec A[1/1] obtained as follows. We first assume that (A, I) is orientable. Let
d € I be a generator. Similarly to (5-3), the composition

QAl1/1] — (Qal1/11)MH @) = Qg 4[1/1] 2ZEEDy Qpy 4[1/1]

is an isomorphism of G (y,7}-torsors, where ad(w(d)) : G a[1/11 = G a1/1] is defined by g+ ,u(d)g,u(d)*l.
We then obtain the desired isomorphism as

Qull/I1 >~ Qpk.all/11 = Qpk[1/1],
which does not depend on the choice of d € I. By Remark 5.1.3, the isomorphisms in the banal case glue
together to an isomorphism Qu4[1/1] = Opk[1/1].

Example 5.3.3. Assume that G = GL,,. Let the notation be as in Example 4.1.5. Let M be a Breuil-Kisin
module of type u over (A, I). Recall the filtration {Fil' (p*M)};cz of ¢*M from Definition 3.1.2. Let
{Fil;}iez be the filtration of A” defined in Remark 3.2.2. The functor

Q(M) := Isomg; (A", p*M) : (A, I)¢ — Set

~

sending B € (A, I)g to the set of isomorphisms & : B" => (¢*M)p preserving the filtrations is a
(GL,) ., a,1-torsor by Remark 3.2.2, Example 4.1.5, and the fact that M is (7, I)-completely étale locally
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on A banal. We note that
QM) 4 =1Isom(A", p*M).

We set M := Fil™ (¢*M) ® 4 I~™. Then we have a canonical identification
Q(M)px = Isom(A", M).
If A is orientable and d € [ is a generator, then Q(M)pk 4 = Isom(A”, M ) and the natural map Q(M) —

Q(M)pk 4 sends h € Q(M)(A) to the composition of isomorphisms

PURCCRN i W Ly v
If d’ € I is another generator, then the isomorphism Q(M)gk o => Q(M)gxk 4 from (5-3) is the identity
Isom(A”, 1\71) — Isom(A", M).
The isomorphism Q(M)4[1/1] = Q(M)gk|[1/1] defined in Remark 5.3.2 agrees with the one induced
from the equality (¢*M)[1/1]= M[1/1].

To construct G-Breuil-Kisin modules of type p from G-u-displays, we use the following proposition,
which also gives an alternative description of G-u-displays.

Proposition 5.3.4. Let Q be a G, A -torsor on (A, I )gf . Then there is a natural bijection o — o' from
the set of G, 1-equivariant maps o : Q — G 4, to the set of isomorphisms o' : $*(Qpk) => Qa of
G a-torsors over Spec A.

Proof. We shall construct the bijection when (A, I') is orientable and Q is a trivial G, 4 ;-torsor; the
general case follows by gluing. Leto: @ — Ga 4,1 be a G, 4, r-equivariant map. We choose a trivialization
Q2> Gy a,1- Then o can be regarded as a G 4, 7-equivariant map G, 4,1 — Ga a7, Which is determined
by the image X € G(A); of 1 € G, (A, I). We may also identify Q4 with G4. Let d € I be a generator.
Then we may identify Opk with G4 by

OBK > 9OBK,d = (G a,1)BK.d = Ga.

(See Definition 5.3.1 for Ok 4.) Via these identifications, we define o’ : ¢*(Qpk) => Q4 by
P (QBK) =0"Ga=Ga > Goa=Q4, g+ X4-g,

where Xy € G(A) = G(A), is the image of X € G(A);. One can check that the resulting isomorphism o’
does not depend on the choices of Q >~ G, 47 and d € I. It is clear that the map o — o' is a bijection. [J

Remark 5.3.5. By Proposition 5.3.4, a G-u-display over (A, I) can be thought of as a pair (Q, &) of a
G, a,1-torsor Q on (A, I)¢ and an isomorphism o' : $*(Qpk) => Qqa of G 4-torsors over Spec A.

Definition 5.3.6. Let (Q, xg) be a G-u-display over (A, I) and let (ag)’ : ¢*(Qpk) = Q4 be the
corresponding isomorphism. We denote by F the composition

@ (Qp)[1/11 %2 0411/11 = Qpk[1/1],
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where the second isomorphism is constructed in Remark 5.3.2. By construction, we see that OQpk, together
with the isomorphism F, is a G-Breuil-Kisin module of type u. (See also Example 5.3.7 below.) We
have a functor

G-Disp,(A,I) - G-BK,(A,I), Q> Opk. (5-4)

Example 5.3.7. Assume that (A, ) is orientable and let d € I be a generator. Let Qx be the banal
G-p-display associated with an element X € G(A); (Remark 5.2.5). The trivial G 4-torsor G 4 with the
isomorphism

(@*G)I1/11=Gall/I] = Gall/1], g+ (u(d)Xa)g,
is a banal G-Breuil-Kisin module of type u over (A, I), which is denoted by Px,. By construction, we
have (Qx)sk = Px,.

Proposition 5.3.8. Let (A, I) be a bounded Og-prism over O. The functor (5-4)
G-Disp, (A, I) — G-BK, (A, I), Q> Opk,

is an equivalence.

Proof. By Remark 2.5.14, Remark 5.1.5, and (7, I)-completely étale descent for G-u-displays, it suffices
to prove that the functor

G- DiSPM(A, Dpanal — G_BK}L(A’ Dvana, Q'+ 9Bk,

is an equivalence when (A, I) is orientable.
We shall prove that the functor is fully faithful. It suffices to prove that, for all X, X’ € G(A); and the
associated banal G-u-displays Qx, Qx’ over (A, I), we have

Hom(Qx, Qx/) = Hom((Qx)Bk, (2x/)BK)- (5-3)

We fix a generator d € I. The left-hand side can be identified with

{g€Gu(A, D g ' Xjop(udgnd)™") = X4}

(See Remark 5.2.5.) By Example 5.3.7, we have (Qx)pk = Px, and (Qx/)prx — PX:J. Thus the
right-hand side of (5-5) can be identified with

{he G(A) | h™" u(d)X ¢ (h) = p(d) X a).

The map (5-5) is given by g — u(d) giu(d)~" under these identifications. In particular, the map is
injective. For surjectivity, let # € G(A) be an element such that /4! u(d)X,¢(h) = u(d)Xq. The
element g := u(d) " 'hu(d) = X;qﬁ(h)X;l belongs to G(A), and hence g € G, (A, I). It follows that
g € Hom(Qx, Qx), and g is mapped to A.

It remains to prove that the functor is essentially surjective. It is enough to show that a banal G-
Breuil-Kisin module P of type u over (A, I), such that P = G4 and Fp corresponds to an element
Y € G(A)u(d)G(A), is isomorphic to Py, for some X € G(A);. After changing the trivialization P =G 4,
we may assume that ¥ € u(d)G(A). Then the result is clear. O
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Corollary 5.3.9. The fibered category over (O)X?OE which associates to each (A, I) € (O)a.0, the
groupoid G-BK (A, I) of G-Breuil-Kisin modules of type p over (A, I) is a stack with respect to the flat
topology.

Proof. This follows from Propositions 5.2.8 and 5.3.8. g
Example 5.3.10. Assume that G = GL,,. We retain the notation of Example 5.3.3. Let M be a Breuil-
Kisin module of type u over (A, I'). Since M is of type u, it follows from Lemma 3.1.1 that F; restricts
to an isomorphism M <> M. The base change ¢*(Fy) : gb*M => ¢*M induces an isomorphism

o' 1 ¢"(Q(M)BK) => Q(M) 4

of GL,, 4-torsors over Spec A. The (GL,) 4, -torsor Q(M) with &’ is a GL,-u-display over (A, I).
By construction, the GL,-Breuil-Kisin module Q(M)gk agrees with the one 73(1\7 ) associated with
the Breuil-Kisin module (1\7 , Fi;), where the isomorphism Fj; is

(¢* M)/ 11 505 (¢* M)[1/1] = M[1/1].
(See 73(]\7 ) for Example 5.1.2.) We note that F; : M => M is an isomorphism of Breuil-Kisin modules.
Since Q(M)pk is of type u, it follows that P(M) is of type w.
Corollary 5.3.11. Let (A, I) be a bounded Og-prism over O. We have equivalences of groupoids
BK, (A, I)™ = GL,-BK,(A,I), M P(M),
BK, (A, )~ = GL, -Disp, (A, I), M — Q(M).
Here BK, (A, I)~ is the groupoid of Breuil-Kisin modules of type i over (A, I).

Proof. The first equivalence follows from Examples 5.1.2, 5.1.6, and 5.3.10. We shall prove that the
functor M +— Q(M) is an equivalence. It follows from Example 5.3.10 that the composition of this
functor with the functor (5-4) is isomorphic to the functor M — P(M). Since (5-4) is an equivalence by
Proposition 5.3.8, the result follows. O

5.4. Hodge filtrations. We define the Hodge filtrations for G-u-displays, following [Lau 2021, Sec-
tion 7.4]. Let (A, I) be a bounded Og-prism over O. We recall the commutative diagram (4-6) from
Section 4.3.

Definition 5.4.1 (Hodge filtration). Let Q be a G-u-display over (A, I). We write
Qayr:=0Q" (tesp. P(Q)ayr == Q™)

for the pushout of the underlying G, 4 j-torsor Q on (A, I )(é)tp along T (resp. Tp), which is a Gj 4-torsor
(resp. a (Py )4 4-torsor) on (A, 1 )(é)tp . There is a natural (P,); 4-equivariant injection

P(Q) a1 = Qayr-

We call P(Q)a,; (or the injection P(Q)a/1 <> Qay1) the Hodge filtration of Q4. If there is no risk of
confusion, we also say that P(Q)4,; is the Hodge filtration of Q.
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Example 5.4.2. Assume that G = GL, and let the notation be as in Example 5.3.3. Let M be a
Breuil-Kisin module over (A, I) of type n and let Q = Q(M) be the associated GL,,-u-display over
(A, I) given in Example 5.3.10. Recall that the filtration {Fil’ (¢p*M)};cz defines the Hodge filtration
{Pi}icz of Mar = (¢*M) /1 (¢p*M). Similarly, the filtration {FilL},-ez of A" induces a filtration of (A/I)".
Let Isom((A/1)", Mgr) (resp. Isomg, ((A/1)", Mgr)) be the functor sending B € (A, I)¢ to the set of
isomorphisms (B/I B)" = (Mgr) ;1  (resp. the set of isomorphisms (B/I B)" = (MgRr) p,1 p preserving
the filtrations). Since M is of type u, we see that Isompg; ((A/I)", Mgr) is naturally a (Py)x, a-torsor. It
follows that the natural morphism

Q = Isomg; (A", " M) — Isomg; ((A/I)", Mgr)
induces an isomorphism
P(Q)ay1 = Isomg;((A/1)", MgR)-

Similarly, we obtain Q4,7 = Isom((A/I)", Mgr).

Remark 5.4.3. Let Q be a G-u-display over (A, I). By Proposition 4.3.1, the Gj 4-torsor Q4 (resp.
the (P )4 4-torsor P(Q)a,r) corresponds to a G 4/;-torsor (resp. a (Py,)a/1-torsor) over Spec A/1, which
will be denoted by the same symbol.

Example 5.4.4. Assume that (A, I) is orientable. Let X € G(A); be an element. Then the Hodge
filtration associated with Qx can be identified with the natural inclusion (P,) a1 = Gay;.

Proposition 5.4.5. A G-u-display Q over (A, I) is banal if and only if the Hodge filtration P(Q) 4,1 is a
trivial (P,)a/1-torsor over Spec A/l

Proof. This is a restatement of Corollary 4.3.7 in the current context. (]

5.5. Underlying G-¢-modules. Let (A, I) be a bounded Og-prism over O and let (M, Fys) be a Breuil—
Kisin module over (A, I). Since {Fil’ (¢*M)};c7 is the filtration of ¢*M, it is sometimes reasonable
to consider ¢*M (rather than M) as “the underlying A-module” of the Breuil-Kisin module (M, Fy).
The same applies to G-Breuil-Kisin modules P over (A, I). In fact, the Frobenius of ¢*P will also be
important. For example, this can be observed in the Grothendieck—Messing deformation theory studied in
[Ito 2025].

It will be convenient to make the following definition. We assume that (A, I) is orientable for simplicity.
We set A[1/¢(1)] := A[1/¢(d)] for a generator d € I, which does not depend on the choice of d.

Definition 5.5.1. A G-¢-module over (A, I) is a pair (P, ¢p) consisting of a G 4-torsor P over Spec A
and an isomorphism
¢p : (@ P)1/d ()] = P/ ()]

of G aq1/¢(1y)-torsors over Spec A[1/¢(I)]. (Here P[1/¢(I)] :="P Xspec a4 Spec A[1/¢(1)].) If there is
no possibility of confusion, we write P = (P, ¢p).
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Here we explain how to attach a G-¢-module over (A, I) to a G-u-display Q over (A, I). Recall
Q4 := QF from Remark 5.3.2, which we regard as a G 4-torsor over Spec A. We define

P, (@ (QuNI1/P (D] = Qall/$(D)]

as the composition

(@ (QaN[1/$(D] = (#"(Qex)[1/$ ()] = Qall/p(D)],

where the first isomorphism is the base change of Q4[1/1] = Ogk[1/1] given in Remark 5.3.2 along
¢ : A[l1/I] — A[1/¢(I)], and the second one is the base change of (xg)’ : ¢*(Qpk) => Q4 given in
Proposition 5.3.4 along the natural homomorphism A — A[1/¢(1)].

Definition 5.5.2 (underlying G-¢-module). Let Q be a G-u-display over (A, I). The G-¢p-module

Qyp = (Qa, do,)
over (A, I) is called the underlying G-¢-module of Q.

Example 5.5.3. Let Qx be the banal G-u-display associated with an element X € G(A);. The underlying
G-¢-module (Qx)y of Qx is the trivial G 4-torsor G 4 with the isomorphism

@ GD/@(D]=Gall/p(D] = Gall/Pp(D], g+ Xadp(u(d))g,

for a generator d € 1. We note that the element X ¢ (1(d)) € G(A[1/¢(I)]) is independent of the choice
ofdel

Remark 5.5.4. Let Q be a G-u-display over (A, I). The base change ¢*(Qpx) of the associated G-Breuil—
Kisin module Qg is naturally a G-¢-module over (A, I). We note that (xg)" gives an isomorphism
¢*(9Qpk) = Qy of G-¢-modules. Therefore, one can also define the underlying G-¢-module of Q as
¢*(9pk). However, the construction of Qg4 is more natural and will be useful in [Ito 2025].

5.6. G-p-displays for perfectoid rings. Let R be a perfectoid ring over O. We discuss p-complete
arc-descent results for G-p-displays over the Og-prism (Wp, (R”), IR).

Remark 5.6.1. Assume that O = Z,,. In [Bartling 2022], the notion of G-Breuil-Kisin modules over
(W(R"), Ig) of type n was introduced in a different way; namely, a G-Breuil-Kisin module P over
(W(R"), Ig) is said to be of type u if for any homomorphism R — V with V a p-adically complete
valuation ring of rank < 1 whose fraction field is algebraically closed, the base change Py (y» is of type u
in the sense of Definition 5.1.4. In Proposition 5.6.11 below, we will prove that this notion agrees with
the one introduced in Definition 5.1.4.

Let Perfdg be the category of perfectoid rings over R. We endow Perfd;}p with the topology generated by
the 7 -complete arc-coverings (or equivalently, the p-complete arc-coverings) in the sense of [Cesnavitius
and Scholze 2024, Section 2.2.1]. This topology is called the m-complete arc-topology.
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Remark 5.6.2. We quickly review the notion of a w-complete arc-covering.

(1) We say that a homomorphism R — S of perfectoid rings over O is a w-complete arc-covering if for
any homomorphism R — V with V a w-adically complete valuation ring of rank < 1, there exist an
extension V — W of m-adically complete valuation rings of rank < 1 and a homomorphism § — W

|

V—Ww

such that the following diagram commutes:
—

(2) The category Perfd(,)ep admits fiber products; a colimit of the diagram S, < S; — S5 in Perfdy is
given by the m-adic completion of $; ®g, S3 (see [Cesnaviéius and Scholze 2024, Proposition 2.1.11]).
We see that Perfd(l)ep is indeed a site.

(3) Let R — S be a m-completely étale covering. Then S is perfectoid as explained in Example 2.5.11,
and R — S is a w-complete arc-covering; see [loc. cit., Section 2.2.1].

(4) There exists a w-complete arc-covering of the form R — [[,_; V;, where V; are m-adically complete

iel
valuation rings of rank < 1 with algebraically closed fraction fields; see [Cesnavitius and Scholze 2024,

Lemma 2.2.3].

Proposition 5.6.3 [Ito 2023, Corollary 4.2]. The fibered category over Perfd(;ep which associates to a
perfectoid ring S over R the category of finite projective S-modules satisfies descent with respect to the
-complete arc-topology. In particular, the functor Perfdg — Set, S — S, forms a sheaf.

Proof. See [Ito 2023, Corollary 4.2]. The second assertion was previously proved in [Bhatt and Scholze
2022, Proposition 8.10]. (|

Remark 5.6.4. In fact, it is proved in [Ito 2023, Theorem 1.2] that the functor on Perfd associating to each
S € Perfdy the co-category Perf(S) of perfect complexes over § satisfies 7-complete arc-hyperdescent.
Using this, we can prove that for any integer n > 1, the functor S > Perf(Wp, (S*)/1 ¢) on Perfdy satisfies
7 -complete arc-hyperdescent, by induction on 7. This implies that the functor S > Perf(Wp, (S")) satisfies
m-complete arc-hyperdescent as well. See the discussion in [loc. cit., Section 4.1].

Corollary 5.6.5. The fibered category over Perfd(;ep which associates to a perfectoid ring S over R the
category of finite projective W, (S”)-modules satisfies descent with respect to the t-complete arc-topology.
The same holds for finite projective Wo, (S*)/1 g-modules.

Proof. By the same argument as in the proof of [loc. cit., Corollary 4.2], we can deduce the assertion
from Remark 5.6.4. 0

In particular, the functor Perfdg — Set, § — Wo, (") forms a sheaf. This fact also follows from
[éesnaviéius and Scholze 2024, Lemma 4.2.6] or the proof of [Bhatt and Scholze 2022, Proposition 8.10]
(using that W (F,) — Ok is flat).
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Remark 5.6.6. In the case where O = Z,, the first assertion of Corollary 5.6.5 is proved in [Ito 2023,
Corollary 4.2]. The general case can also be deduced from this special case, using that a module over
Wo, (S”) is finite projective if and only if it is finite projective over W (SP).

For an affine scheme X over O (or R), we define a functor Xj : Perfdg — Set, § — X (S). By
Proposition 5.6.3, this forms a sheaf. Similarly, for an affine scheme X over O (or Wo, (R")), we define
a functor X, : Perfdg — Set, S — X (Wp, (")), which forms a sheaf by Corollary 5.6.5. We have the

following analogue of Proposition 4.3.1.
Proposition 5.6.7. Let H be a smooth affine group scheme over O.

(1) The functor P +— Py from the groupoid of Hg-torsors over Spec R to the groupoid of Hx-torsors on
Perfdcl’i,p is an equivalence.

(2) The functor P +— Pp from the groupoid of Hy, (r»-torsors over Spec Wo, (R”) to the groupoid of
Hj-torsors on Perfd%p is an equivalence.

Proof. This can be proved by the same argument as in the proof of Proposition 4.3.1, using Proposition 5.6.3
and Corollary 5.6.5. 0

Remark 5.6.8. Arguing as in Remark 5.1.3, we see that the fibered category over Perfd(;ep which associates
to each S € Perfdg the groupoid of G-Breuil-Kisin modules over (Wo, (8", I) is a stack with respect
to the w-complete arc-topology.

As in Section 5.2, the functors
G, :Perfdg — Set, S+ GM(WOE(Sb), Is),
Ga.1 : Perfdg — Set, S+ G(Wo,(S"));,
form sheaves, and the group sheaf G, ; acts on Ga ;.

Lemma 5.6.9. Let Q be a G, j-torsor with respect to the w-complete arc-topology. Then Q is trivialized

by a w-completely étale covering R — S.

Proof. We claim that if the pushout of Q along the homomorphism G, ; — (P,); is trivial as a (P )z-
torsor, then Q is itself trivial. Indeed, one can prove the analogue of Lemma 4.3.5 for G, ;, and then the
argument as in the proof of Corollary 4.3.7 works.

By the claim, it suffices to prove that any (P, );-torsor with respect to the 7 -complete arc-topology can
be trivialized by a w-completely étale covering R — S. This is a consequence of Proposition 5.6.7. [

Corollary 5.6.10. The fibered category over Perfd%p which associates to a perfectoid ring S over R the
groupoid of G-u-displays over (Wo, (S "), Is) is a stack with respect to the wt-complete arc-topology. The
same holds for G-Breuil-Kisin modules of type p over (Wo, (S "), Is).

Proof. The first assertion can be deduced from Lemma 5.6.9 by the same argument as in the proof of

Proposition 5.2.8. The second assertion follows from the first one, together with Proposition 5.3.8. [

Now we are ready to prove the following result:
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Proposition 5.6.11. For a G-Breuil-Kisin module P over (Wp,, (R), Ig), the following conditions are

equivalent:
(1) P is of type u (in the sense of Definition 5.1.4).

(2) There exists a w-complete arc-covering R — S such that the base change of P along (Wo, (R ), Ir)—
(Wo,(8°).1s) is of type .

(3) For any homomorphism R — V with V a m-adically complete valuation ring of rank < 1 whose
fraction field is algebraically closed, the base change of P along (Wo, (R"), Ig) — Wo, V), Iy)
is of type |

Proof. It is clear (1) implies (2) and (3). By Remark 5.6.8 and Corollary 5.6.10, we see (2) implies (1).

Assume that the condition (3) is satisfied. We want to show that this implies (2), which will conclude
the proof of the proposition. By Remark 5.6.2(4), there exists a 7r-complete arc-covering R — S =[], V;,
where V; are w-adically complete valuation rings of rank < 1 with algebraically closed fraction fields.
Since Wo, (VD) is strictly henselian, the base change P, 0 (V) isatrivial G, 0, (V") -torsor. Since PWO (5"
is affine and Wo, (S*) =TT, WOE(V ), it follows that PWO (s» has a Wo, (Sb) valued point, and hence
is a trivial GWO (s»y-torsor. We fix a trivialization PWO (s = GWO s Let§ € Isbe a generator The
condition (3) implies that, for each i, the base change of Fp along WOE(R ) — WOE(V ) corresponds
to an element of G(W@E(Vi )[1/&1) which is of the form Z; (&) Z! for some Z;, Z! € G(WoE(Vi )), via

the induced trivialization PWoE v ~ GWoE Wy We set

Z:=(Zi)i € GWo,($") = [ 6(Wo, (V)

1
and similarly let Z’" := (Z}); € G(Wo,(5")). Then the base change of Fp along Wo, (R") — Wo, (S”)
corresponds to the element Zu(§)Z'. This means that the condition (2) is satisfied. O

5.7. Examples. We discuss some examples of G-u-displays and G-Breuil-Kisin modules of type w for
certain pairs (G, w).

We first discuss a pair (G, u) of Hodge type. Let G be a connected reductive group scheme over Og
and 1 : G,, &> G a cocharacter. We assume that there exists a closed immersion G < GL,, over Of
such that the composition G&,, - Go — GL,, ¢ is conjugate to the cocharacter defined by

t>diag(r,....1,1,...,1)
—— ——

-
s n—s

for some s. In particular 1 is 1-bounded. We set L := O'.. By [Kisin 2010, Proposition 1.3.2], there exists
a finite set of tensors {sq}oca C L® such that G < GL, is the pointwise stabilizer of {s4}qeca, where L®
is the direct sum of all Og-modules obtained from L by taking tensor products, duals, symmetric powers,
and exterior powers. Let

Lo=L,1®L,o

be the weight decomposition with respect to p. (Here the composition G,, - Go — GL, ¢ is also
denoted by w.)
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Let (A, I) be a bounded Og-prism over O. Let M be a Breuil-Kisin module of type p over (A, I).
We note that M is minuscule in the sense of Definition 3.1.5, and that the rank of the Hodge filtration
P! c (¢*M)/I(¢*M) is s. For a finite set of tensors {sy pr}aca C M® which are Fy-invariant, we say
that the pair (M, {so. m}aca) 18 G-p-adapted if there exist a (7, I)-completely étale covering A — B
and an isomorphism ¥ : Lp => Mp such that ¥ carries s, to sy ) for each @ € A and the reduction
modulo I of ¢*y identifies (L, 1)p/rp C Lp,rp with the Hodge filtration (PI)B/IB.

Proposition 5.7.1. With the notation above, the groupoid G-Disp,, (A, I) is equivalent to the groupoid of
G-p-adapted pairs (M, {sq. m}acn) over (A, I).

Proof. We shall construct a functor from the groupoid of G--adapted pairs over (A, I) to G-Disp , (A, I).
Let (M, {Sq.m}aen) be a G-p-adapted pair over (A, I). Let

Q :=Isomg (. \(La, M) : (A, g — Set

be the functor sending B € (A, I)¢ to the set of isomorphisms 4 : Lg => (¢* M) g preserving the filtrations
and carrying s, to 1 ® sq p for each @ € A. Here L4 is equipped with the filtration {Fﬂit}iez given
in Remark 3.2.2. We claim that Q is a G, 4 ;-torsor. For this, we may assume that there exists an
isomorphism v : L4 => M such that ¢ carries sy to sy, for each « € A and the reduction modulo 7 of
h := ¢* identifies (L, 1) /1 With P!. Under the isomorphism 4 : L4 => ¢*M, we have

{Fill,}icz = {Fil' (¢*M)}icz.
which in turn implies that h € Q(A). To see this, it suffices to prove that Fil, = Fil' (¢*M) since M
is minuscule. We observe that FilL and Fill(qb*M ) are the inverse images of (L, 1)a;; C Lay; and
P! C (¢*M)/1(¢*M), respectively. It then follows that Fil, = Fil' (¢*M).

We define M := Fil' (¢*M)®4 I~ Since M is of type u, we see that F restricts to an isomorphism
M = M, and we may regard {1 @ sy, p}aea as tensors of M. Similarly to Example 5.3.3, we have

Qgpx = Isom, (L4, M),

where Isom, (L4, M) is the G a-torsor over Spec A defined by sending an A-algebra B to the set of
isomorphisms Lp = M p carrying s, to 1 ® s,y for each « € A. Moreover, we have

Qa =Isom, \(La, ¢*M).

The base change ¢*(Fyy) : qb*]\? > ¢*M induces an isomorphism &’ : ¢*(Qpk) => Qa of G s-torsors.
The G, 4, r-torsor Q with &’ is a G-p-display over (A, I); see Remark 5.3.5. In this way, we obtain a
functor from the groupoid of G-u-adapted pairs over (A, I) to G-Disp, (A, I).

One can prove that this functor is an equivalence in the same way as in the case of G = GL,; see
Section 5.3. O

Remark 5.7.2. In [Kisin 2010, Proposition 1.3.4], [Kim and Madapusi Pera 2016, Theorem 2.5], and [Imai
et al. 2023], it is observed that G-p-adapted pairs naturally arise from crystalline Galois representations
associated with integral canonical models of Shimura varieties of Hodge type with hyperspecial level
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structure. The notion of G-p-adapted pairs plays a central role in the construction of integral canonical
models in [Kisin 2010, Proposition 1.5.8] and [Kim and Madapusi Pera 2016, Section 3].

We include the following two important examples. The details will be presented elsewhere.

Example 5.7.3 (G-shtuka). Let G be a connected reductive group scheme over Og. We assume that k is
an algebraic closure of [, and let 4 : G,, — Go be a 1-bounded (or equivalently, minuscule) cocharacter.
Let C be an algebraically closed nonarchimedean field over O[1 /7] with ring of integers O¢. We consider
the perfectoid space S = Spa(C, O¢) and its tilt S = Spa(C”, Obc). We can show that the groupoid of
G-u-displays over (Wp, (Obc), Ip,) is equivalent to the groupoid of G-shtukas over S” with one leg at S
which are bounded by 1 (or bounded by 1!, depending on the sign convention) introduced in [Scholze
and Weinstein 2020]. See [Ito 2025, Section 5.1] for details.

Example 5.7.4 (orthogonal Breuil-Kisin module). Let n = 2m be an even positive integer and we set
L := O%. We define the quadratic form
Q:L— Og

by (ai, ..., aym) — Z;":] a;aym—i+1- The quadratic form Q is perfect in the sense that the bilinear form
on L defined by (x, y) — Q(x +y) — Q(x) — Q(y) is perfect. Let G := O(Q) C GL,, be the orthogonal
group of Q, which is a smooth affine group scheme over Og. Let u : G,, — G C GL,, be the cocharacter
defined by

t— diag(t,1,...,1,¢7").

Let (A, I) be a bounded Og-prism. An orthogonal Breuil-Kisin module of type n over (A, ) is a
Breuil-Kisin module M of type u over (A, I) together with a perfect quadratic form Qy : M — A
which is compatible with F; in the sense that for every x € M, we have ¢ (Quy(x)) = Ou(Fpr(1 Q@ x))
in A[1/1]. Let

P :=Isom,(La, M)

be the G 4-torsor over Spec A defined by sending an A-algebra B to the set of isomorphisms Lg >~ Mp
of quadratic spaces. One can show that P, together with the isomorphism Fp : (¢*P)[1/1] = P[1/]]
induced by Fj, forms a G-Breuil-Kisin module of type u over (A, I). This construction gives an
equivalence between the groupoid of orthogonal Breuil-Kisin modules of type p over (A, I) and the
groupoid G-BK, (A, I). Thus, by Proposition 5.3.8, the groupoid of orthogonal Breuil-Kisin modules
of type p over (A, I) is equivalent to the groupoid G-Disp,, (A, I). The details will be presented in a
forthcoming paper.

Remark 5.7.5. Let the notation be as in Example 5.7.4. Our main result (Theorem 6.1.3) cannot be
applied to Breuil-Kisin modules of type u since u is not 1-bounded as a cocharacter of GL,. However,
since u is 1-bounded as a cocharacter of G = O(Q), the result can be applied to orthogonal Breuil-Kisin
modules of type . Such an observation was made in [Lau 2021] in the context of the deformation theory
of K3 surfaces.
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6. Prismatic G-u-displays over complete regular local rings

In this section, we prove the main result (Theorem 6.1.3) of this paper, which we state in Section 6.1.
The proof will be given in Section 6.5. In Sections 6.2—6.4, we discuss a few technical results that will be
used in the proof.

6.1. G-u-displays on absolute prismatic sites. In this paper, we use the following definition.
Definition 6.1.1. Let R be a w-adically complete O-algebra. A prismatic G-u-display over R is defined
to be an object of the groupoid

G- Dispu((R)AﬁoE) =2 l(iLl(AJ)E(R)AOE G- DispM(A, I).

Remark 6.1.2. Giving a prismatic G-u-display £ over R is equivalent to giving a G-pu-display Q4 )
over (A, I) for each (A, I) € (R)a 0, and an isomorphism
ve: Q) = Qar

for each morphism f : (A, I) — (A, I') in (R)a,0,, such that ys o (f/*yf) = Yfror (via the natural
identification f'* o f* >~ (f’ o f)*) for two morphisms f : (A, I) — (A’,I'yand f': (A", I') — (A", I").
We call Q(A,I) the value of Q at (A, I) € (R)A,OE-

Assume that R is a complete regular local ring over O with residue field k. Let (O[[¢1, ..., t, 1, (£))
be an Og-prism of Breuil-Kisin type with an isomorphism R >~ O[[ty, ..., t,]1/€ over O (where n > 0
is the dimension of R). Such an Og-prism exists; see for example [Cheng 2018, Section 3.3]. We set
Gp :=0lt, ..., t,]. Our goal is to prove the following result.

Theorem 6.1.3. Assume that the cocharacter  is 1-bounded. Then the functor
G-Disp, ((R)a,0,) = G-Disp,(So, (£)), Q> Qe @)

given by evaluation at (&, (£)) is an equivalence.

The rest of this section is devoted to the proof of Theorem 6.1.3.

6.2. Coproducts of Breuil-Kisin prisms. In this subsection, we establish some properties of the object
(S0, (&) € (R)a,0-
We begin with the following result.

Proposition 6.2.1. For any (A, I) € (R)a.0,, there exists a flat covering (A, I) — (A, I') in (R)a.0,
such that (A', I') admits a morphism (Sp, (£)) — (A', I') in (R)a,0,-

Proof. We may assume that (A, I) is orientable by Remark 2.5.14. Let d € I be a generator. Let
Vi, ..., U, € A be elements such that each v; is a lift of the image of #; € & under the composition
SGo—>R—> A/l Let B:= AQ®p &pn. We set

x;i =1t —v;,®1 € B.
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Then the morphism A/ ”‘(7‘[, d)— B/ "‘(77,', d, xi, ..., x,) of animated rings is faithfully flat. Indeed, using
that the natural homomorphism O[t4, . . ., t,] & G is flat, we see that A/[L(n, d)— B/[L(n, d,xi1,...,%x)
is flat. Since the composition Sp — R — A/(w, d) induces a homomorphism B/(w, d, x1, ..., Xy) —
A/(m,d) over A/(m,d), it follows that A/[L(JT, d) —> B/[L(TL’, d, xy,...,xp,) is faithfully flat.

Let S0, 00 be the (7, £)-adic completion of a colimit lim " G of the diagram

6@L>6@i>60—>”-.

Since ¢ : Gp — Sy is faithfully flat, we see that Sp — G  is (7, £)-completely faithfully flat.
In fact, it is faithfully flat by [Yekutieli 2018, Theorem 1.5]. We set B’ := B ®g, 60,00 Then
A/H‘(T[, d) — B//H‘(JT, d, xi, ..., xp) is faithfully flat as well. Thus, by Proposition 2.6.6, we can consider
the prismatic envelope

(A", 1'):= (B'{(J/1)", IB'{(J/1}")

of B" over (A, I') with respect to the ideal J := (d, x1, ..., x,) C B". The map (A, I) — (A’, I') is a flat
covering.

We shall construct a morphism (S, (£)) — (A, I') in (R)a.0,. We remark that since A’/I’ is not
necessarily m-adically complete for the maximal ideal m C R, it is not clear that the natural homomorphism
Sp — A’ induces a morphism (Sp, (£)) = (A’, I’) in (R)a 0,. Instead, we construct a morphism
(&0, () — (A, I) as follows. Since G  can be identified with the (7, £)-adic completion of

1 m m
U Solt,’?", ... 1}/,
m>0
the quotient Ry := &, /€ is the m-adic completion of UmZO R[fll/q’”, el t_,l/q’"], where t; € R is the
image of #;. Here

Solt}/*" .. 1" = Sol X1, ..., X/ (X! =11, X = 1)

n
and similarly for R[t_l1 /4" .. i/4"]. The composition R — A/I — A’/I’ factors through the homomor-
phism
g:Reo— AJI'
defined by sending 77" to the image of 1®1,/?" € A’, which is well-defined since 1 ® 1; = v; ® 1 in

A’/I'. By Lemma 2.3.5, there exists a unique map (Sp o0, (£)) — (A’, I’) of bounded Og-prisms which
induces g. By construction, the composition

(60, (6) = (60,00, (£)) = (A", )
is a morphism in (R)a 0, - U
Remark 6.2.2. Assume that O = Z,,. In this case, Proposition 6.2.1 is proved in [Bhatt and Scholze
2022, Example 7.13] and [Anschiitz and Le Bras 2023, Lemma 5.14], using [Bhatt and Scholze 2022,

Proposition 7.11]. Moreover, if Gp = W (k)[[z]] and £ € W (k)[¢] is an Eisenstein polynomial, then an
alternative argument using prismatic envelopes is given in [Bhatt and Scholze 2023, Example 2.6]. Our
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argument is similar to the one given there, but we have to modify it slightly in order to treat the case
where A/I is not m-adically complete.

In a similar way, we obtain the following result:

Lemma 6.2.3. Let (A, I) € (R)a, 0, and let f1, f2: (Go, (£)) = (A, I) be two morphisms in (R)a, o,
If f1(t;) = f2(t;) in A for any i, then we have f = g.

Proof. As in the proof of Proposition 6.2.1, let G  be the (r, £)-adic completion of lim " S, which is
faithfully flat over G. After replacing (A, I) by a flat covering, we may assume that f; : (Gp, (£)) —
(A, I) factors through a map fl 1 (60,00, (£)) = (A, I) of Op-prisms. Since Sp  is the (7, £)-adic

completion of Umzo 6o[tll/q e tnl/q ], there exists a map fz : 60,00 = A extending f> such that

A"y = e

for all m and i. The map f> preserves the 8z-structures by Corollary 2.2.16. It suffices to prove that
fi = f>. We note that both f; and f> induce the same homomorphism R — A/I. Since Ry = G0 /€
is the r-adic completion of (¢ R [t_ll / qm, e t_nl/ qm], it follows that the homomorphism Ry, — A/I
induced by f; agrees with the one induced by f>. Then, by Lemma 2.3.5, we conclude that f; = f>. O

We next study a coproduct of two copies of (Sp, (£)) in the category (R)a o, - To simplify the notation,
we write
(A, 1) := (60, ()
in the rest of this section. We set
B :=Alxy,...,x,1

and let p| : A — B be the natural homomorphism. There exists a unique §-structure on B such that p|
is a homomorphism of §g-rings and the associated Frobenius ¢ : B — B sends x; to (x; +#)7 — tl.q for
every i. We consider the prismatic envelope

(A(2), I (2))

of B over (A, I) with respect to the ideal (£, x1, ..., x,) C B as in Proposition 2.6.6. Let p; : (A, ) —
(A®, @) denote the natural map. We view (A®, [@) as an object of (R)a o, via the homomorphism
p1:R— AP /I? induced by p;.

The homomorphism p) : A — B over O defined by #; = x; +#; is a homomorphism of §¢-rings. Let
p2: A — A@ be the composition of p} with the natural homomorphism B — A®.

Lemma 6.2.4. Let the notation be as above.

(1) We have py(I) C I, and the induced map py: (A, I) — (AP 1Y isa morphism in (R)a op.

(2) The object (AP, 1?) ¢ (R)a .0y with the morphisms py, p2: (A, I) — (AP 1D) jsa coproduct of
two copies of (A, I) in the category (R)a 0.
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Proof. (1) It suffices to show that the composition of p; : A — A® with A® — AP /I coincides
with the composition of A — R with py : R — A®/I®. For any h € A, the element p)(h) — p|(h) € B
is contained in the ideal (xi, ..., x,) C B. Since the image of x; in A® is contained in 7®, we have
pa(h) — p1(h) € I®, which implies the assertion.

(2) We have to show that for any (A’, I') € (R)a.0, and two morphisms fi, f>: (A, I) — (A’,I') in
(R)a 0 there exists a unique morphism

fi(APD TPy (A1)

in (R)a,0, such that fop; = fiand fopr= fa.
We first prove the uniqueness of f. Let f': B — A’ be the composition of f with B — A®. Then we
have f"o p’ = f; (j=1,2),and f’sends x; = py(t;) — p(t;) to

Ht)— fit)el c A

for any i. Since A’ is I’-adically complete, such a homomorphism f” of §¢-rings is uniquely determined
(if it exists). The uniqueness of f now follows from the universal property of the prismatic envelope
(A(Z), ](2))‘

We next prove the existence of f. Since f>(#;) — fi1(t;) € I’ C A’ and A’ is I’-adically complete, there
exists a unique homomorphism f’: B — A’ over O such that "o p| = fi and f'(x;) = f2(t;) — f1(t;)
for every i.

We claim that f’ is a homomorphism of §g-rings. Indeed, as in the proof of Proposition 6.2.1, let A
be the (7, £)-adic completion of lim A. Then A is faithfully flat over A. After replacing (A, I')bya
flat covering, we may assume that f; factors through a morphism f; : (As, 1Asc) = (A", I') in (R)a, 0,
for each j = 1, 2. For an integer m > 0 and i, we set

~ 1 m ~ 1 m
Xim = H@ ") = [Ty e A

Since we have x?; € (m, I'), it follows that A’ is (X1, ..., X,.m)-adically complete for every m (see
[Stacks 2005—, Tag 090T] for example). Thus, for each m > 0, there exists a unique homomorphism
f'(m) : B— A’ such that f'(m) o p| is the composition

A= A 25 A L A
and f'(m)(x;) = x;, for any i. Since f'(m) = f'(m + 1) o ¢, they give rise to a homomorphism
1 lim, B — A’. By Corollary 2.2.16, f' is a homomorphism of 8z-rings. Since f’ is the composition
B — lim, B — A’, we conclude that f’ is a homomorphism of §¢-rings.

By the universal property of the prismatic envelope (A®, I1?), the homomorphism f’ extends to a
unique morphism f : (AP 1) - (A, I') in (R)a,0;- By construction, we have f o p; = f. It follows
from Lemma 6.2.3 that f o pr = f5.

The proof of Lemma 6.2.4 is complete. O
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Remark 6.2.5. It might be more natural to expect that the prismatic envelope (C, IC) of A ®» A over
(A, I) with respect to the ideal (E® 1,11 ®1 —-1®1, ..., 6, ®1—-1®1,) is a coproduct of two copies of
(A, I) in the category (R)a o, where we regard AQ A as an A-algebra via the homomorphism a = a®1.
However, this does not seem to be the case in general. For example, it is not clear that the homomorphism
A— C, a+— 1®a, induces a morphism (A, I) — (C, IC) in (R)a 0, (see the proof of Proposition 6.2.1).

Let
m: (AP, 1) > (A, )

be the unique morphismin (R)a o, such that mop; =mop> =ida, ). Let K be the kernel of m : AD 5 A,
Let d € I® be a generator.

Lemma 6.2.6 (cf. [Anschiitz and Le Bras 2023, Lemma 5.15]). We have ¢ (K) C dK.

Proof. It suffices to show that ¢ (K) C dA®. Indeed, let x € K, and we assume that ¢ (x) = dy for some
y € A®. Then, since m(¢(x)) =0 and m(d) € A is a nonzerodivisor, we have y € K.

We shall prove that ¢ (K) C d A®. We may assume that d = p; (€). The image p|(£) € B is also denoted
by d. It follows from Proposition 2.6.6 that A® can be identified with the (i, d)-adic completion of

C:=B{x/d,...,x,/d}.

We write y; := x; /d. The composition C - A® — A sends 8‘{; (yi) to O for any j > 0 and any i. Here
5{5 is the j-th iterate of the map dg : C — C. Since the kernel of the homomorphism B — A defined by
x; — 0 (1 <i <n) coincides with (x1, ..., x,), it follows that the kernel Ky of C — A is generated by

{52()’i)}1§i§n,j20-

We note that K can be identified with the (7, d)-adic completion of Ky. We also note that dA® =
Nis0(dA®@ + (7, d) AP) since A® /d is 7-adically complete (see Remark 2.3.2). It then suffices to show
that ¢ (& g (yi)) €edA® for any j >0 and any i. This can be proved by the same argument as in the first para-
graph of the proof of [Anschiitz and Le Bras 2023, Lemma 5.15] when £ € A is not contained in 7 A. A sim-
ilar argument holds when £ € w A. We include the argument in this case for the convenience of the reader.

We may assume that £ = 7. In fact, we prove a more general statement: for any j > 0, we have
qﬁl (6£ (yi)) e 7' A® for any /> 1 and any i. We proceed by inductionon j. Letu; :=x;+t; =my;+t; € A®.

Then we have ,

i I L
¢ (i) =uf —1f = Z (62 )(T[yi)q hih e 7! t1A®),
0<h<q'—1

Thus, we obtain ¢ (y;) € 7! A®, which proves the assertion in the case where j = 0. Suppose that the
assertion holds for some j > 0. Since

7! S () = ' @8 () = 6L B SL i) — 8L () D) = ¢ THSL () — (5L (i),

the induction hypothesis implies that Tl ((S‘grl (i) € 71 AP, whence ¢/ (8“5rl (i) e Tt AP, O
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The following lemma plays a crucial role in the proof of Theorem 6.1.3 (especially in the proof of
Proposition 6.4.1 below). As in the proof of Lemma 6.2.6, we set y; :=x;/d € A®.

Lemma 6.2.7. Let M C A% be the ideal generated by ¢(y1)/d, ..., ¢ (y,)/d € K. Then we have
inclusions
¢(K)CdM +d(m,d)K and ¢ (M) Cd(ty,..., t,)M+d(n,d)K.

The proof of Lemma 6.2.7 will be given in Section 6.3.

Remark 6.2.8. There exists a coproduct (AP, [®) of three copies of (A, I) in the category (R)a 0.
Indeed, one can define (A, I®)) as a pushout of the diagram

(AP 1@y L2 (A, 1) L2 (AP, 1P),

which exists since p; is a flat map (see Remark 2.5.4). Let g1, g2, g3 : (A, I) = (A®, I®) denote the
associated three morphisms. For 1 <i < j <3, let p;; : (A(z), @) = (A [ (3)) be the unique morphism
such that p;; o py =¢; and p;j o p» =gq;.

Corollary 6.2.9. Letm : (AP 1Y (A, I) be the unique morphismin (R)a o, such that mogq; =ida 1)
fori=1,2,3. Let L be the kernel of m : A®) — A. Let d € I® be a generator. Then the following
assertions hold:

(1) We have ¢ (L) C dL.

(2) Let N C A® be the ideal generated by {¢(p12(y))/d, $(p23(31))/d}1<i<n C L. Then we have
inclusions

¢(L) CAN +d(mw,d)L and ¢(N) Cd(gi(t1),...,q1(t:))N +d(mw, d)L.

Proof. We may assume that d is the image of a generator of 1¥, again denoted by d, under the
homomorphism pj». As in Remark 6.2.8, we identify A® with the (77, d)-adic completion of Ag) =
A® ® P2 A, p1 A®@. Under this identification, the homomorphism pj, (resp. p»3) is induced by the
homomorphism A® — A(()3) defined by a = a ® 1 (resp. a — 1 ® a). The kernel Ly of the natural
homomorphism A(()3) — A coincides with K@, A® + AP ®4 K, and L is the (1, d)-adic completion of L.

In order to prove the assertion (1), it suffices to show that for any element x € L which lies in the
image of Ly — L, we have ¢ (x) € dA®. (Note that A®) /d is w-adically complete by Remark 2.3.2.)
This follows from Lemma 6.2.6. Similarly, the assertion (2) follows from Lemma 6.2.7. We note here
that, since q;(#) — q; () = pij(x;)) €dL for 1 <i < j <3, the ideal d(q(t1), ..., qi1(t,))N +d(w,d)L
is unchanged if we replace q; by ¢; (1 <i < 3). O

Remark 6.2.10. Assume that O =Z,,. Under the assumption that n =1 and R is p-torsion-free, Anschiitz
and Le Bras [2023, Section 5.2] gave a proof of the analogue of Theorem 6.1.3 for minuscule Breuil-Kisin
modules. (We will come back to this result in Section 7.1.) In the proof, they use that the map K — K,
x = ¢ (x)/d is topologically nilpotent with respect to the (p, d)-adic topology [loc. cit., Lemma 5.15]. This
topological nilpotence may not be true if n > 2 or p =0 in R. We will use Lemma 6.2.7, Corollary 6.2.9,
and the fact that the local ring A is complete and noetherian to overcome this issue; see Section 6.4.
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6.3. Proof of Lemma 6.2.7. The proof of Lemma 6.2.7 will require some preliminary results. We first
introduce some notation.

If £ is not contained in 7 A, then the image of £ in A/m is a nonzerodivisor (since A/ is an integral
domain). In this case, the §g-ring A{¢ (€)/m} is w-torsion-free, and is isomorphic to the Og-PD envelope
D) (A) of A with respect to the ideal (£); see Corollary 2.6.5. Let A” be the 7-adic completion of
A{p(E)/m}, and let g : A — A” be the natural homomorphism. We note that A” is also 7 -torsion-free.
We consider the following pushout squares of ég-rings:

Py

A B A A
A A
A B’ A A
A N A
A" B(/)/ A(()Z)” A"

Let A®" be the 7-adic completion of A(()z)” and K" the kernel of the induced homomorphism A®" — A”.
Since A — A® is flat (by Proposition 2.6.6 and [Yekutieli 2018, Theorem 1.5]), so is A” — A(()z)/./ It
follows that A®" is 7-torsion-free. In the case where € € TA, we set AD" .= A® and K" := K.

Lemma 6.3.1. Let the notation be as above. Then the following assertions hold:
(1) We have ¢ (K'Y c wK".

(2) We have x; € t K" for any 1 <i < n. (Here we denote the image of x; € B in A" again by x;.)
We set w; := x;/m € K. Then K" /7t K" is generated by the images of {62(w,-)}1§,-5,,,j20 as an
AY “module.

Proof. If £ € w A, then the assertions follow from Lemma 6.2.6 and its proof. Thus, we may assume that £
is not contained in T A. Let i : A® — A@" denote the natural homomorphism. Since g(¢(€))/m e A" isa
unit by Lemma 2.3.3(1), it follows that 4 (d) € A®"is a unit multiple of 77. The kernel K” of A®" — A” can
be identified with the w-adic completion of 4* K. Therefore, the assertion (1) follows from Lemma 6.2.6.

Using that the image of g(¢(€)) in By is a unit multiple of 7, we see that A®@" agrees with the 7 -adic
completion of B{{x/m, ..., x,/m}. Since the kernel of B — A” is generated by x1, ..., x,, it follows
that the kernel of B{{x;/m, ..., x,/m} — A” is generated by {(Sé(x,-/n)}lgifn,jzo, which implies (2). [J
Lemma 6.3.2. We define

¢1:K"—- K", x— ¢(x)/m.

The induced ¢-linear homomorphism K" /[m K" — K" /mw K" is denoted by the same symbol ¢;. Let
M" C K"/nK" be the A?" -submodule generated by the images of ¢1(w), . .., ¢1(w,) € K”. Then we
have inclusions

o (K" ) mrK"YCM" and ¢ (M) C (ty,...,t,)M",

where we denote the image of t; € A® in A®" again by t,.



Prismatic G-displays and descent theory 1745

Proof. We have x4 = ¢ (x) —8g(x) € K" for every x € K” by Lemma 6.3.1. Let J C K" be the ideal
generated by {x9/m},ck». For any x € K”, we have

o1(x /1) = p(x? m) /= p(x)1 /m? = w1 NP1 (x) /) e 7,

and thus we obtain ¢(J) C 7 J.

We shall prove that K”/(J + 7 K") is generated by the images of wy, ..., w, as an A®"-module. By
Lemma 6.3.1, it suffices to show that for any j > 0 and any i, the image of 82(11),-) inK"/(J+nrK")is
contained in the A®"-submodule of K”/(J +7 K") generated by the images of wy, . .., w,. We proceed
by induction on j. If j =0, then the assertion holds trivially. Assume that the assertion is true for some
j = 0. Since

$1(wi) = ¢ () [ = (i + 1) — 1) /m* = (Grw; + 1) — 1) /m?,

we can write ¢ (w;) as
$1(wi) = 7972w + (g /m)t! ™ w; + b (6-1)

for some element b; € K”. For any x € K", we have 8¢ (x) = ¢;(x) in K”/J. Thus the image of (SFI (w;)
in K"/(J + mwK") agrees with the one of d)l((Sé(wi)), which is contained in the A®"-submodule of
K" /(J + 7 K") generated by the images of ¢; (wy), ..., ¢1(w,) by the induction hypothesis. Then (6-1)
implies the assertion for j + 1.

We have shown that every x € K” can be written as

X = ( Z aiwl‘)+b+750

l<i<n
for some a; € AP (1 <i <n),beJ, and c € K". Since ¢;(b) € 7 J, the image of ¢;(x) in K" /w K"
coincides with that of }_,_;_, ¢ (a;)¢1(w;). This proves that ¢;(K"/mK") C M". Moreover, since
¢1(wi) = d)(w,‘)d)l(wffl) is contained in K", it follows from (6-1) that the image of ¢ (¢1(w;))
in K”/7 K" is equal to that of ¢1((q/7r)tiq_lwi) = (q/n)tl.q(q_l)@(w,-). This proves that ¢ (M") C
(t,...,t)M". O

We now prove Lemma 6.2.7.

Proof of Lemma 6.2.7. We first treat the case where £ € w A. In this case d is a unit multiple of &. Thus,
the assertion follows from Lemma 6.3.2.
We now assume that £ is not contained in wr A. We define

¢1:K—> K, x—¢x)/d.

The induced ¢-linear homomorphism K /(w,d)K — K/(mw,d)K is also denoted by ¢;. Let M C
K/(,d)K be the AP -submodule generated by the images of ¢;(y1), ..., #1(y,) € K. It suffices to
prove that ¢y (K /(w,d)K) C M and ¢; (M) C (11, ..., t,) M.

Let f: A® — A@' denote the natural homomorphism. Let K’ be the kernel of the homomorphism
A®" — A, which can be identified with f*K. We define ¢| : K’ — K’ by x > ¢(x)/f(d), and let
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M'CK'/(w, f(d))K' be the A?-submodule generated by the images of @] (f (1)), ..., ¢|(f (y)) €K'
Since ¢ : A — A is faithfully flat, sois f. Therefore, in order to prove the assertion, it is enough to prove that

¢1(K'/(r, f@)K)C M and ¢(M) C(f(tr),.... ft)M'. (6-2)

The homomorphism A®@" 5 A®" induced by g: A — A” is again denoted by g. The element g(f(d))
is a unit multiple of 7 in A®". Thus, for ¢; : K” — K" defined in Lemma 6.3.2, the element g(¢ (x)) is
a unit multiple of ¢ (g(x)) for any x € K. Also, the induced homomorphism AY /(m, f(d)) > A®" /7,
again denoted by g, sends M’ into M". It follows from Lemma 6.3.2 that, for any x € K'/(r, f(d))K’
(resp. x € M), we have

g(P1(x)) e M"  (resp. g(@](x)) € (g(f (), ..., g(f(t))M"). (6-3)
Since A”/m >~ D(£y(A)/m, we can find a homomorphism
s: A"/ — A/, $(E))

of Og-algebras such that the composition A/(rr, ¢ (E)) AN A ln SLEN A/, ¢(£)) is the identity; see
Example 2.6.2 and Lemma 2.6.3. We consider the following pushout squares of Og-algebras:

Y/ p——C L}y 1

I

A/, ¢(E) —— AP J(m, f(d) — A/ (7, $(E))

The homomorphism g : AD /(z, f(d)) - AP /7 is a section of §. We observe that §(K”/7K") C
K'/(m, f(d)K' and 5(M") C M'. It follows from (6-3) that, for any x € K'/(7r, f(d))K' (resp. x € M"),
its image ¢/ (x) = 5(g(¢](x))) belongs to M’ (resp. (f(t1), ..., f(t,))M'). This proves (6-2), and the
proof of Lemma 6.2.7 is now complete. 0

6.4. Deformations of isomorphisms. As in Section 6.2, we write (A, I) = (&, (£)). In this subsection,
as a preparation for the proof of Theorem 6.1.3, we study deformations of isomorphisms of G-p-displays
over (A, I) along the morphisms m : (A®, I®) — (A, 1) and m : (A®, I®) — (A, I) defined in
Section 6.2. Throughout this subsection, we assume that u is 1-bounded.

Our setup is as follows. Let (A’, I') := (AP, I®) (resp. (A", I') := (AP, I®)). Let m : (A", I') —
(A, I) denote m : (A®@, 1) — (A, 1) (resp. m : (AD, I®) = (A, I)). Let fi, f> € {p1, p2} (resp.
f1, f2 €{q1, g2, g3}). We do not exclude the case where f| = f>.

The purpose of this subsection is to prove the following result:

Proposition 6.4.1. Assume  is 1-bounded. Let Q) and Q, be G-u-displays over (A, I). Then the map

m* : Homg-pisp,, (a7,1 (f{ (Q1), 15 (Q2)) = Homg-pisp, (4,1 (21, Q2) (6-4)

induced by the base change functor m* : G- DispM(A/, ') — G- Disp,, (A, I) is bijective.
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We need some preliminary results for the proof of Proposition 6.4.1. We will use the following notation.
Let H be a group scheme over O. For an ideal J C A’, we write

H(J):=Ker(H(A") — H(A'/J))

for the kernel of the homomorphism H(A") — H(A'/J). If H = G, then we simply write G(J) :=
Go(J).

Let K denote the kernel of m : A’ — A. (We note that if A’ = A®, then this kernel was denoted by L
in Corollary 6.2.9.) Let d € I’ be a generator.

Lemma 6.4.2. Let J C A’ be an ideal such that J C dK and, for any x € J, we have ¢ (x/d) € J. Then
the homomorphism o, 4 : G, (A', I') — G(A') (see (5-1)) sends G(J) C G, (A', I') into itself.

Proof. We note that, by Proposition 4.2.9, we have G(J) C G(dK) C G, (A’, I'), and the multiplication
map U 1 XSpecO P, — G induces a bijection

(Lie(U,) ®0 J) x P (J) = G(J).

Thus, it suffices to prove that o, 4(P,(J)) C G(J) and au,d(Lie(Ul:) RoJ)C GWJ]).

By Remark 4.1.3 and Lemma 4.2.2, we have u(d) PM(J)/L(d)_1 C P, (J). (In fact, this holds for any
ideal J C A") Since ¢(J) C J, we have ¢(G(J)) C G(J). It follows that o, 4(P,(J)) C G(J).

Since w is 1-bounded, the homomorphism G, (A’, I') — G(A’), g > u(d)gu(d)™", restricts to a
homomorphism

Lie(UM_) Ko J — Lie(UM_) R0 %J, v v/d.
(See Remark 4.2.7.) Since ¢ ((1/d)J) C J, we obtain au,d(Lie(U/:) QRoJ)C GWJ). Il

Definition 6.4.3. Let J/ C A’ be an ideal as in Lemma 6.4.2. For an element X € G(A’), we define a
homomorphism
Upx :GJ)— G(J), g+ Xoua(g)X '

We also define a map of sets
Vix:G(J) = GU), g Usx(®)g "

Let J, C J; C A’ be two ideals which satisfy the assumption of Lemma 6.4.2. Then U, x : G(J;) —
G (J1) induces a homomorphism

G/ G(J2) = GJ1)/G(J),

which we denote by the same symbol U, x. Let V; x : G(J1)/G(J2) — G(J1)/G(J2) be the map of sets
defined by g > Uy x(g)g™".

By Lemma 6.2.6 and Corollary 6.2.9, we have ¢(K) C dK. Thus, the ideal dK C A’ satisfies the
assumption of Lemma 6.4.2. We shall prove (in Proposition 6.4.7 below) that V; x : G(dK) — G(dK)
is bijective for any X € G(A’), from which we will deduce Proposition 6.4.1. For this purpose, we need

the following lemmas.
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Lemma 6.4.4. Let J, C J; C A’ be two ideals which satisfy the assumption of Lemma 6.4.2. Assume that
for any x € Ji, we have ¢ (x/d) € J,. Then we have

0.,d(G(J1)) C G(J2).

In particular, the map Vy x : G(J1)/G(J2) — G(J1)/G(J>) is equal to the map g — g ! for any
X e G(A).

Proof. The same argument as in the proof of Lemma 6.4.2 shows that 0, 4(G(J1)) C G(J2). The second
assertion immediately follows from the first one. U

Lemma 6.4.5. Let J; C J, C J; C A’ be three ideals which satisfy the assumption of Lemma 6.4.2. Let
X € G(A'). If the maps

Vax :G(U1)/G(2) = G(J1)/G(J2) and Vux:G(J2)/G(J3) = G(J2)/G(J3)
are bijective, then V; x : G(J1)/ G(J3) = G(J1)/ G (J3) is also bijective.

Proof. Let us prove the surjectivity. Let 2 € G(J1)/ G (J3) be an element. The image ' € G(J1)/G(J>) of h
can be written as i’ =V, x(g’) for some element g’ € G(J;)/G(J2). We choose some g € G(J1)/G(J3)
which is a lift of g". Then we see that U x(g)"'hg is contained in G(J,)/ G(J3), so that there exists an
element g” € G(J,)/G(J3) such that

Vax(€) =Usx(@Ne" ™ =Usx(g) 'hg.

It follows that 2 =V, x(gg”). This proves that V; x : G(J1)/G(J3) = G(J1)/G(J3) is surjective. The
proof of the injectivity is similar. U

Lemma 6.4.6. Let | > 0 be an integer. For any X € G(A'), the map

Vax : G, d)dK)/G((r, ) dK) — G((, d)'dK)/ G ((r, d)*'dK)
is bijective.
Proof. Step 1. We set K; := (7, d) K. We consider the ideal K~ := K>+ (7, d)K and let K, :=(x, d)K~.
All of dK;, dK;y1, dK; satisfy the assumption of Lemma 6.4.2. Since

¢(K») C d*K* C d(m, d)K,

we have ¢ (K;") Cd K. Thus, it follows from Lemma 6.4.4 that V; x is bijective for G(dK; )/ G(d K} 41).
By Lemma 6.4.5, it now suffices to show that Vy x is bijective for G(dK;)/G(dK").

Step 2. By Lemma 6.2.7 and Corollary 6.2.9, there exists a finitely generated ideal M C A’ which is
contained in K such that ¢(K) C dM +dK~ and ¢(M) C (t,...,t,)dM + dK—, where we abuse
notation and denote the image of #; € A under the morphism p; : A — A’ (resp. g1 : A — A)if A’ = AP
(resp. if A" = A®) by the same symbol. We set M; := (m, d)'M C K;. Then we have inclusions

¢(K) CdM;+dK; and ¢(M) C (11, ..., t,)dM;+dK; . (6-5)
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In particular, the ideals dM; + dK;” C dK, satisty the assumption of Lemma 6.4.4, so that V; x is
bijective for G(dK;)/G(dM; +dK; ). By Lemma 6.4.5, it is enough to prove that V, x is bijective for
GdM;+dK;)/GK|).

Step 3. We shall prove that

G(dM; +dK[)/G(dK;) <> im G(dM; +dK; )/ G((t1, ..., t,) dM; +dK]). (6-6)
r>0
To simplify the notation, we set C; := A"/(dM;+dK; ) and C; := A’/dK, . Let N C C, be the image
of dM; +dK,; . We first claim that
Al = l(iLnA//dKr, (6-7)

r>0

C, = @Cz/(l‘l,...,tn)rN. (6-8)

r>0

Since d is a nonzerodivisor and K is (i, d)-adically complete, it follows that d K => LiLano dK/dK,.
This implies (6-7). Since N is killed by K, we see that N is a finitely generated module over A’/ K => A.

Since A is noetherian and is (71, ..., t,)-adically complete, it follows that N is also (¢1, ..., t,)-adically
complete, which means that N = lim__, N/(t1, ..., #,)" N. This implies (6-8).

We next show that G(A") — G(C) is surjective. Indeed, by (6-7) and the fact that G(A"/dK,11) —
G(A'/dK,) is surjective (as G is smooth), it follows that G(A") — G(A’/dK,) is surjective for any r.
Since we have (dKl_)2 CdK;41 CdK,, we see that G(A"/dK ;1) — G(C») is surjective (again by the
smoothness of G). Therefore G(A’) — G(C») is surjective, as desired. Similarly, it follows from (6-8)
that G(Cp) = G(Co/(t1, ..., ;)" N) is surjective.

Using the results obtained in the previous paragraph, we see that

GdM;+dK;)/G(dK;) = Ker(G(C2) — G(Cy)),
GdM;+dK;)/G((t1,...,t)"dM;+dK; ) = Ker(G(Cy/(t1, ...,1,)"N) = G(Cy)).
Now (6-6) follows from (6-8).

Step 4. We claim that V), x is bijective for
G((t, - ) dM+dK) /G, .. 1) T M+ dK])

for any r > 0. Indeed, the second inclusion of (6-5) shows that the assumption of Lemma 6.4.4 is satisfied
in this case, and hence the assertion follows.
Using Lemma 6.4.5 repeatedly, we see that V; x is bijective for

GAM;+dK;)/G((t1,...,t)" dM;+dK;")
for any r > 0. It then follows from (6-6) that V,; x is bijective for G(dM; +dK; )/G(dK, ) as well. [

Let us now prove the desired result.

Proposition 6.4.7. For any X € G(A’), the map V,; x : G(dK) — G(dK) is bijective.
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Proof. By (6-7) in the proof of Lemma 6.4.6, we have
G(dK) = lim G(dK)/G((n, d)'dK).
>0
In order to show that V; x : G(dK) — G(dK) is bijective, it suffices to check that

Vix :GWdK)/G((r,d)dK)— G(dK)/G((,d)dK)
is bijective for any [ > 0. This follows from Lemma 6.4.6 by using Lemma 6.4.5 repeatedly. O
We also need the following lemma:

Lemma 6.4.8. Let Q be a G-p-display over (A, I). Then there exists a finite extension k of k such that the
base change of Qto (Ag, I Ag) is banal, where O:= W(%)@W(Fq)OE and Ag = A®@5 = 5[[1‘1, R

Proof. The Hodge filtration P(Q)4,; = P(Q)g of Q is a (P,)g-torsor over Spec R. There exists a finite
extension k of k such that P (Q) R Xspec R SPec k is trivial. Since Py, is smooth and R ®¢ Oisa complete
local ring, it follows that P(Q)g is trivial over R Q¢ 0. By Proposition 5.4.5, the base change of Q to
(Ap, IAp) is banal. O

Proof of Proposition 6.4.1. By Lemma 6.4.8, there exists a finite Galois extension k of k such that the
base changes of Q; and Q; to (A, I Ap) are banal. Here O:= W(IE) ®w, Ok and Az = AQo (5; we
use the same notation for O-algebras. We can identify (A’x, I’ A’5) with a coproduct of two (resp. three)
copies of (Ag, IAg) in (R@)a.0, if A'=A® (resp. if A’ = A®). By Galois descent for G-j-displays,
it suffices to prove the same statement for banal G-u-displays over (A, [ Az). We may thus assume
without loss of generality that Q; and Q; are banal G-u-displays over (A, I).

If Q; and Q; are not isomorphic to each other, then the assertion holds trivially. Thus, we may
assume that Q) = 9, = Qy for some Y € G(A);. Let d := f>(£). We have fi(£) = ud for some
u € A”. With the choice of d € I, the G-p-displays f;*(Qy) and f;(Qy) correspond to the elements
[iYe)p (u(w)), f2(Ye) € G(A')q, respectively. Thus we can identify Home- pisp,, a7.1) (f{ (Qr), f3(Qr))
with the set

(8 €GuAL 1) | g7 rYe)oua(g) = ilYe)d(nw))).

We set X := f>(Yg). We shall prove that the map (6-4) is injective. Let g, h € G, (A’, I') be two
elements in HomG_DispM(A/,p)(fl*(Ql), f5(Q2)) such that m(g) =m(h) in G, (A, I). We set B := gh_l.
Since m(B) = 1, we have u(d)Bu(d)~! € G(K). It then follows from ¢ (K) C dK that 0,,4(B) € GK).
The equalities

8 X0u.4(8) = [il¥e)¢ (uw)) =h~"' Xoy, a(h)

imply that 8 = Xaﬂyd(ﬁ)X_l. It follows that 8 € G(dK), and we have V; x(8) = 1 for the map
Vix :G(dK)— G(dK). Since V; x is bijective by Proposition 6.4.7, we obtain 8 = 1.

It still remains to prove that the map (6-4) is surjective. For this, it is sufficient to prove that
HomG—Dispu(A’,l’) (f{(Qy), f5(Qy)) is notempty. (Once we have obtained an isomorphism g : f*(Qy) =
/5 (Qy), we can write any isomorphism 4 : Qy = Qy as m*(f; (ho m*(g~")) o g).) We claim that
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d(uw)) € GAK) and y := £,(Ye)™! fi(Ye) € G(dK). Indeed, since m(u) = 1, we have u(u) € G(K),
which in turn implies that ¢ (1 (1)) € G(dK). Since the morphisms f; and f, induce the same homo-
morphism R — A’/I’, we see that y € G(I’). Using that I’ N K = dK, we then obtain y € G(dK).
Since V;. x : G(dK) — G(dK) is bijective, there exists an element g € G(dK) such that Vd,X(g_l) =
Xo(uw))~'y~1X~1 or equivalently

g H(Ye)oua(g) = fi(Ye)p (uw)).

In other words, the element g gives an isomorphism f*(Qy) = f;(Qy). O

6.5. Proof of Theorem 6.1.3. In this section, we prove Theorem 6.1.3 using our previous results.
As in Section 6.2, we write (A, I) = (G, (£)). Let

G-Displ,”(A, I)

be the groupoid of pairs (Q, €) consisting of a G-u-display Q over (A, I) and an isomorphism € :
piQ = p;Q of G-u-displays over (A®, 1) satisfying the cocycle condition Di3€ = Py3€ 0 pir€. An
isomorphism (Q, €) => (Q’, €) is an isomorphism f : @ => Q' of G-u-displays over (A, I) such that
€o(pifH=(p3/)oe.

For a prismatic G-u-display £ over R, we have the associated isomorphism

Yo+ Pi (Qan) = Qo o)

fori =1,2. Lete:= yp‘zl o ¥p,- Then € satisfies the cocycle condition, so that the pair (Q(a, 1), €) is an
object of DispBD (A, I). This construction induces a functor

G-Disp,, (R)a.0;) = G-Disp,"(A, I), Q> (Qa.p. €).
Proposition 6.5.1. The functor G- Disp (R, 0,) = G- DispED(A, 1) is an equivalence.
Proof. This is a formal consequence of Propositions 5.2.8 and 6.2.1. O

Proof of Theorem 6.1.3. We assume that u is 1-bounded. By virtue of Proposition 6.5.1, it suffices to
show that the forgetful functor

G-Disp.,"(A, I) - G-Disp, (A, I)

is an equivalence. Letm : (A®, @) (A, I)bethe unique morphismin (R)a, o, such thatmop; =id(4, 1)
fori=1,2,andletm’: (A®, I®) — (A, I) be the unique morphism in (R)s. o, such that mog; =id(a 1)
fori =1,2,3. Let Q be a G-u-display over (A, I). We claim that an isomorphism € : p7Q = p;Q
satisfies the cocycle condition pj;e = p3;€ o p},€ if and only if m*e =idg. Indeed, since the map

m'™: Homg_pisp, a®,10)(q7 Q. 45 Q) = Homg.pisp,, (4,1 (Q, Q)

is bijective by Proposition 6.4.1, we see that € satisfies the cocycle condition pj;e = p3,€ o p},e€ if and
only if m*e = m*e om*e, which is equivalent to saying that m*e = ido.
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By Proposition 6.4.1, the map
m* HomG_DiSpﬂ(Aag](z))(p]kQ, p>Q) — Homg_pisp, (4,1 (Q, Q)

is bijective. Therefore, for any G-u-display Q over (A, I), there exists a unique isomorphism € : p7 Q =
p; Q satisfying the cocycle condition pj;€ = p3;€ o p},€, and € is characterized by the condition that
m*e =idg. It follows that the forgetful functor G- DispED (A, I) - G-Disp, (A, I) is an equivalence. []

7. p-divisible groups and prismatic Dieudonné crystals

In this section, we make a few remarks on prismatic Dieudonné crystals, which are introduced in [Anschiitz
and Le Bras 2023].

7.1. A remark on prismatic Dieudonné crystals. Let R be a w-adically complete Og-algebra. Recall
the sheaf Oy on the site (R),",, from Remark 2.5.5.

We say that an Op-module M on (R)ZI’DOE is a prismatic crystal in vector bundles if M(A, I) is a finite
projective A-module for any (A, I) € (R)a,0,, and for any morphism (A, I) — (A’, I') in (R)a 0., the
natural homomorphism

MA, DRy A — M(A', T')

is bijective. A prismatic Dieudonné crystal on (R)/ZP? Op (or on (R)a 0, ) is a prismatic crystal M in vector
bundles on (R)XI;OE equipped with a ¢-linear homomorphism

om:M—> M
such that for any (A, 1) € (R)a 0., the finite projective A-module M(A, I) with the linearization

1®@r : @*(M(A, I)) > M(A, I) is a minuscule Breuil-Kisin module over (A, I) in the sense of
Definition 3.1.5 (see also Proposition 3.1.6). For a bounded Og-prism (A, I), let

BKmin(Aa I)

be the category of minuscule Breuil-Kisin modules over (A, I). Then the category of prismatic Dieudonné

crystals on (R)a, o, 1S equivalent to the category

2— @(A,I)E(R)AVOEBKmin(A’ ).

As in Section 6, let R be a complete regular local ring over O with residue field k. Let (Gp, (£)) be
an Og-prism of Breuil-Kisin type, where G = O[[11, ..., t, ]|, with an isomorphism R >~ & /€ over O.
By using the results of Section 6, we can prove the following proposition, which is obtained in the proof
of [Anschiitz and Le Bras 2023, Theorem 5.12] if n < 1 (and O = Z)).

Proposition 7.1.1. The functor M +— M(Gp, (£)) from the category of prismatic Dieudonné crystals on
(R)a, 0 to the category BKnin(So, (€)) is an equivalence.

Proof. This follows from Corollary 5.3.11, Theorem 6.1.3, and the following fact: a functor of additive
categories is an equivalence if and only if it induces an equivalence of the associated groupoids. This fact
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follows since homomorphisms f : X — Y in an additive category can be completely described in terms

of automorphisms of X @ Y by considering (i(;f ié)y). U

7.2. Quasisyntomic rings. In the following (and in Section 8 below), we will need the notions of
quasisyntomic rings in the sense of [Bhatt et al. 2019, Definition 4.10] and quasiregular semiperfectoid
rings in the sense of [loc. cit., Definition 4.20]. Let

QSyn
be the category of quasisyntomic rings and let
QRSPerfd C QSyn

be the full subcategory spanned by quasiregular semiperfectoid rings. We endow both QSyn°P and
QRSPerfd®? with the quasisyntomic topology, i.e., the topology generated by the quasisyntomic coverings;
see [loc. cit., Definition 4.10]. We will assume that the reader is familiar with basic properties of QSyn
and QRSPerfd discussed in [loc. cit., Section 4]. Here we just recall that quasiregular semiperfectoid
rings form a basis for QSyn; see [loc. cit., Lemma 4.28].

Example 7.2.1. A p-adically complete regular local ring is a quasisyntomic ring (see [Anschiitz and
Le Bras 2023, Example 3.17]). A perfectoid ring is a quasiregular semiperfectoid ring (see [Bhatt et al.
2019, Example 4.24]).

Remark 7.2.2. Let R € QSyn be a quasisyntomic ring. In [Anschiitz and Le Bras 2023, Definition 4.5],
Anschiitz—Le Bras defined prismatic Dieudonné crystals over R as sheaves on the quasisyntomic site
of R. By virtue of [loc. cit., Proposition 4.4], the category of prismatic Dieudonné crystals on (R)a in
our sense is equivalent to the category of prismatic Dieudonné crystals over R in the sense of [loc. cit.,
Definition 4.5].

7.3. p-divisible groups and minuscule Breuil-Kisin modules. In this subsection, we consider the case
where O = Z,,. Let R be a p-adically complete ring, and let G be a p-divisible group over Spec R. We
define the functors

G:(R)a — Set, (A, I)— G(A/I),

Glp"l: (R)a — Set, (A, D)~ GIp"I(A/D).

These functors form sheaves on the site (R)zp. In [loc. cit., Proposition 4.69], it is proved that the
Op-module

gxr(lR)A (G, On)

on (R)Zp is a prismatic crystal in vector bundles. (Here we simply write é’xt(lR)/A (G, Op) rather than
g.xt(lR)op (gﬂ OA)')
A

Remark 7.3.1. (1) For an integer n > 1, the map [p"] : G — G induced by multiplication by p" is
surjective. This follows from [loc. cit., Corollary 3.25].
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(2) We have Hom g), (G, Op) = 0. Indeed, since [p] : G — G is surjective and the topos associated with
(R)zp is replete in the sense of [Bhatt and Scholze 2015, Definition 3.1.1], the projection l(iLn[p] g—>g
is surjective. Since Oy (A, I) = A is p-adically complete for any (A, I) € (R)a, we can conclude that
Hom (g, (G, Op) = 0. As a consequence, the local-to-global spectral sequence implies that

Extly 1, (G, On) => Extly, (G, On)(A, T)

for any (A, I) € (R)a». Here we regard the site (A, 1 )Zp as the localization of (R)‘Xp at (A, I), and the
restriction of G to (A, )Zp is denoted by the same symbol. In particular Extz A1), (G, On) 1s a finite
projective A-module and its formation commutes with base change along any morphism (A, I) — (A’, I')
in (R)A.

We assume that R is quasisyntomic. In [Anschiitz and Le Bras 2023, Theorem 4.71], it is proved
that Ext /g, (G, Oa) with the ¢-linear homomorphism Ext /g, (G, Op) = Extlp, (G, Op) induced by the
Frobenius ¢ : Op — O, is a prismatic Dieudonné crystal. More precisely, they showed that Ex t(lR)A (G, On)
is admissible in the sense of [loc. cit., Definition 4.5]. (See also Remark 7.2.2.) We shall recall the
argument.

Proposition 7.3.2 [Anschiitz and Le Bras 2023, Theorem 4.71]. Let R € QSyn and (A, I) € (R)p. We
write M := ExtéAJ)A (G, On). Then M with the induced homomorphism Fy : ¢*M — M is a minuscule
Breuil-Kisin module over (A, I).

Proof. By the fact that the formation of Extz 4.1, (G, Oa) commutes with base change along any morphism
(A, I)— (A, I) (see Remark 7.3.1) and Corollary 3.1.15, the assertion can be checked (p, I)-completely
flat locally. Let R — R’ be a quasisyntomic covering with R’ a quasiregular semiperfectoid ring.
Applying [Bhatt and Scholze 2022, Proposition 7.11] to the p-adic completion of A/I ®g R’, which is
a quasisyntomic covering of A/I, we can find a flat covering (A, I) — (A’, I’) in (R), such that there
exists a homomorphism R" — A’/I’ over R. After replacing R by R’ and replacing (A, I) by (A, I'), we
may assume that R is a quasiregular semiperfectoid ring. Then, by choosing a surjective homomorphism
from a perfectoid ring to R and using [Anschiitz and Le Bras 2023, Corollary 2.10, Lemma 4.70], we may
assume that R is a perfectoid ring and (A, I) = (W(R"), Ig). (Here we regard (W (R"), I¢) as an object
of (R), via the homomorphism 6 : W(R") — R. In [loc. cit.], the composition 8 o ¢! is used instead.)

Let & € Ig be a generator. By Proposition 3.1.6, it suffices to prove that the cokernel of F), is killed
by £. By Remark 5.6.2(4) and p-complete arc-descent (Proposition 5.6.3), we may further assume that R
is a p-adically complete valuation ring of rank < 1 with algebraically closed fraction field.

If p =0in R, then R is perfect by Example 2.4.1. In this case, the Frobenius F); can be identified
with the homomorphism

Ext%A’I)A(@*_Q), Op) — Ext%A’I)A (G, On)

induced by the relative Frobenius G — ¢*@G. Thus, the Verschiebung homomorphism ¢*G — G induces a
W (R)-linear homomorphism Vy, : M — ¢*M such that Fy; o Vyy = p, which in turn implies the assertion.
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It remains to treat the case where p is a nonzerodivisor in R, so that R is the ring of integers O¢ of an
algebraically closed nonarchimedean extension C of Q,,. We set

. 1 n
Mn = EXt(W(OZ),I(’)C)A(g[p ]’ OA)

By the proof of [Anschiitz and Le Bras 2023, Proposition 4.69], the natural homomorphism M — M,
induces an isomorphism M/p" => M, for any n > 1. In particular, we obtain

n

and M, is a free W, (Obc)—module of finite rank. We claim that the cokernel of the Frobenius Fyy, :
¢*M, — M, is killed by &. Indeed, there is an embedding G[p”] < X into an abelian scheme X over
Spec O¢; see [Berthelot et al. 1982, Théoreme 3.1.1]. Let Y be the p-adic completion of X, which is a
smooth p-adic formal scheme over Spf O¢. It follows from the proofs of [Anschiitz and Le Bras 2023,
Theorem 4.62, Proposition 4.66] that there exists a surjection

HY(Y/W(O.) = M,
which is compatible with Frobenius homomorphisms. Here HAI(Y / W((’)bc)) is the first prismatic co-
homology of Y (with respect to (W((’)bc), 1p.)) defined in [Bhatt and Scholze 2022]. By [loc. cit.,
Theorem 1.8(6)], the cokernel of the Frobenius
¢"HY(Y/W(O0) — HL(Y/W(Op)
is killed by &, which in turn implies the claim. Since the image of £ in W, ((’)bc) is a nonzerodivisor, it fol-
lows that F)y, is injective. Since F); =lim, Fy,, we can conclude that the cokernel of Fy, is killed by &§. [J

Remark 7.3.3. Our proof of Proposition 7.3.2 in the case where A = Oc is slightly different from
that given in [Anschiitz and Le Bras 2023]. For example, we do not use [Scholze and Weinstein 2020,
Proposition 14.9.4] (see the proof of [Anschiitz and Le Bras 2023, Proposition 4.48]).

Finally, we recall the following classification theorem for p-divisible groups given in [Anschiitz and
Le Bras 2023]. Let R be a complete regular local ring with perfect residue field k of characteristic p. Let
(6, (&)) be a prism of Breuil-Kisin type, where & := W (k)[[11, ..., t,]], with an isomorphism R >~ &G /&
which lifts id; : k — k.

Theorem 7.3.4 [ Anschiitz and Le Bras 2023, Theorem 4.74, Theorem 5.12].

(1) The contravariant functor
{ p-divisible groups over Spec R} — {prismatic Dieudonné crystals on (R)p}

defined by G — <€'xt(1R)/A (G, Op) is an antiequivalence of categories.

(2) The contravariant functor
{ p-divisible groups over Spec R} — {minuscule Breuil-Kisin modules over (S, (£))}

defined by G — Ext(le’(g))A (G, Op) is an antiequivalence of categories.
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Proof. (1) This is a consequence of [Anschiitz and Le Bras 2023, Theorem 4.74, Proposition 5.10].

(2) The assertion follows from (1) and Proposition 7.1.1. This result was already stated in [loc. cit.,
Theorem 5.12], and the proof was given in the case where n < 1. O

8. Comparison with prismatic F-gauges

For the sake of completeness, we discuss the relation between our prismatic G-u-displays and prismatic
F-gauges introduced in [Drinfeld 2024, 1.8.1; Bhatt and Lurie 2022a; 2022b; Bhatt 2022, Definition 6.1.1].
For simplicity, we assume that O = Z,, throughout this section, and we restrict ourselves to the case
where base rings R are quasisyntomic. In this case, Guo and Li [2023] studied prismatic F-gauges over
R in a slightly different way, without using the original stacky approach. Here we follow the approach
employed in [Guo and Li 2023]. In Section 8.1, we compare prismatic F-gauges in vector bundles
with displayed Breuil-Kisin modules. In Section 8.2, we introduce prismatic G- F-gauges of type . and
explain their relation to prismatic G-u-displays.

We work with the category QSyn of quasisyntomic rings and the full subcategory QRSPerfd C QSyn
spanned by quasiregular semiperfectoid rings (see Section 7.2).

8.1. Prismatic F-gauges in vector bundles. We recall the definition of prismatic F-gauges in vector
bundles over quasisyntomic rings, following [Guo and Li 2023].
Let S € QRSPerfd be a quasiregular semiperfectoid ring. By [Bhatt and Scholze 2022, Proposition 7.10],
the category (S)a admits an initial object
(As, Is) € (Sa.

Moreover the bounded prism (Ag, Ig) is orientable. We often omit the subscript and simply write I = 5.
Following [loc. cit., Definition 12.1], we define

Fil\ (Ag) := {x € As | ¢p(x) € I' As}

for a nonnegative integer i > 0. For a negative integer i < 0, we set Filj\/(A s) = Ag. The filtration
{Filj'v(A s)}iez is called the Nygaard filtration. We recall the following terminology from [Bhatt 2022,
Section 5.5].

Definition 8.1.1. The extended Rees algebra Rees(Fil};(Ag)) of the Nygaard filtration {Filj\/(AS)}iez is
defined by ' _
Rees(Fily (As)) := @) Fil\(as)t ™ C Aglt, 171,
ieZ
We view Rees(Fil}/(Ag)) as a graded ring, where the degree of 7 is —1. Let
7 : Rees(Fil) (Ag)) — Ag

be the homomorphism of Ag-algebras defined by 7 — 1. We consider the graded ring €, ., I it C
As[1/10[t,t7']. Let o
o :Rees(Fily (Ag)) — @ I't™
ieZ
be the graded homomorphism defined by a;t = +— ¢ (a;)t~' for any i € Z.
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Remark 8.1.2. For the grading of Rees(Fil/(Ayg)), our sign convention is opposite to that of [Bhatt
2022], where the degree of ¢ is defined to be 1. Our grading is chosen to be consistent with the convention
of [Lau 2021].

Definition 8.1.3 (Drinfeld, Bhatt-Lurie). Let S € QRSPerfd. A prismatic F-gauge in vector bundles
over § is a pair (N, Fy) consisting of a graded Rees(Fil-(Ag))-module N which is finite projective as a
Rees(Fil}/(As))-module, and an isomorphism

Fy:(c"™N)) = t*N
of Ag-modules. Here (0*N)g is the degree-0 part of the graded €, ., I it~i-module o*N.
Let F-Gauge'**'(S) be the category of prismatic F-gauges in vector bundles over S.

Remark 8.1.4. Let M = @, _, M; be a graded P, , I't~'-module. For any i € Z, we have a natural

~

isomorphism Mo ®a 1 it =5 M; of As-modules. It follows that the functor M +— M, from the category
of graded P, ., 1 it~'-modules to the category of Ag-modules is an equivalence, whose inverse is given

by L = L Qg (EBiGZ Iit_i)‘

Remark 8.1.5. The notion of prismatic F-gauges in vector bundles is closely related to the notion of
(higher) displays in the sense of [Lau 2021, Definition 3.2.1]. See Remark 8.2.7 for more details.

We collect some useful facts about graded Rees(Fil};(As))-modules.

Remark 8.1.6. Let N = @, _, N; be a graded Rees(Fil}/(As))-module which is finite projective as a
Rees(Fil};(Ag))-module. Then each degree-i part N; is a direct summand of a Ag-module of the form
@7:1 Filj('/(A §)t 7%, and in particular N; is (p, I)-adically complete. This follows from the following
fact: for a graded ring A, a graded A-module N is projective as an A-module if and only if V is projective

in the category of graded A-modules; see [Lau 2021, Lemma 3.0.1].

Let
p : Rees(Fil\/(Ag)) — AS/Filjl\/(As) (8-1)

be the composition of the projection Rees(Fily,(Ag)) — Ag with the natural homomorphism Ag —
Ag/ Fil}v(A s). The map p is a ring homomorphism. For an integer n > 1, we write

A, :=Rees(Fily(As)) ®ag As/(p, )"
Letp: Aé\{ .~ As/ (Fil}\,(A s) + (p, I)) be the homomorphism induced by p.
Lemma 8.1.7 (cf. [Lau 2021, Lemma 3.1.1, Corollary 3.1.2]).

(1) Let M be a finite graded A@{n—module. If p*M =0, then we have M = Q.

(2) Let M and N be finite graded A{g\’[ ,-modules. Assume that N is projective as a A/SY ,-module. Then a
homomorphism f : M — N of graded Ajs\,[ ,-modules is an isomorphism if p* f : p*M — p*N is an

isomorphism.
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Proof. (1) By [Anschiitz and Le Bras 2023, Lemma 4.28], the pair (Ag, Fil}\/(AS)) is henselian. In
particular we have Fil/l\/ (As) Crad(As). Using this fact, we can prove the assertion by the same argument
as in the proof of [Lau 2021, Lemma 3.1.1].

(2) By (1), we see that f is surjective. Since N is projective as a graded A@{ ,~-module (Remark 8.1.6),
we have M >~ N @ Ker f as graded AJS\{ ,-modules. Thus Ker f is a finite graded AJS\{ ,~-module such that
p*Ker f =0. By (1) again, we have Ker f = 0. O
Corollary 8.1.8. Let N = P, N; be a graded Rees(Fil};(As))-module with the following properties:

(1) The degree-i part N; is (p, I)-adically complete for every i € Z.

(2) N":=N/(p, "N is a finite projective Ag\(n-modulefor everyn > 1.
Then there exists a graded finite projective Ag-module L with an isomorphism

L ®a, Rees(Fily,(Ag)) ~ N

of graded Rees(Fil}\/(As))-modules. In particular N is a finite projective Rees(Fil}/(A))-module.

Proof. Since Ay is henselian with respect to both ideals Fil}\/(A s) and (p, I), there exists a graded finite
projective Ag-module L with an isomorphism

L/(Fil\(As) + (p, )L => p*N'

of graded modules (by [Stacks 2005—, Tag O0D4A] or [Greco 1968, Theorem 5.1]). This isomorphism lifts
to a homomorphism
f L @as Rees(Fily (Ag)) — N

of graded Rees(Fil};(Ag))-modules (see Remark 8.1.6). By Lemma 8.1.7, the reduction modulo (p, I)"
of f is bijective for every n. Since degree-i parts of L ®a  Rees(Fily (As)) and N are (p, I)-adically
complete for every i € Z, it follows that f is an isomorphism. O

For a bounded prism (A, I), let BKgisp (A, 1) be the category of displayed Breuil-Kisin modules over
(A, I) (see Definition 3.1.5). Prismatic F-gauges in vector bundles over S can be related to displayed
Breuil-Kisin modules over (Ag, Is) as follows.

Proposition 8.1.9. Let S € QRSPerfd. There exists a fully faithful functor
F-Gauge"**'(S) — BKuisp(As, Is)

which is compatible with base change along any homomorphism S — S’ in QRSPerfd.

Proof. To each (N, Fy) € F-Gauge"**'(S), we attach a displayed Breuil-Kisin module (M, Fy;) over
(As, I) as follows. Let M := t*N. The kernel of 7 : Rees(Fil}/(As)) — Ag is generated by t — 1, so
that M = N /(t — 1)N. It follows that the natural homomorphism N; — M of Ag-modules is injective,
whose image is denoted by Fil' (M) C M. We have Fil'T!(M) c Fil' (M), and the corresponding map
Ni41 — N; is given by x — tx. Moreover we have M = |, Fil' (M). Let i be a small enough integer
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such that Fil' (M) = M. We define ¢*M — M[1/I] to be the composition

—i z|—>1

¢*M = ¢* Fil (M) => ¢*N; — (0*N); => (0*N)o®a, I't " % M @n, 't~ =5 M[1/11.

(For the isomorphism (6*N); = (6*N)o Qag [ it=!, see Remark 8.1.4.) This homomorphism ¢*M —
M][1/1]is independent of the choice of i. Let Fy; : (¢*M)[1/1]— M[1/1] be the induced homomorphism.
We shall prove that (M, Fy,) is a displayed Breuil-Kisin module over (Ag, ). By Corollary 8.1.8, we
may assume that
N = L ®a, Rees(Fil}/(Ay))

for some graded finite projective Ag-module L = &P jez Lg._]). Then we have M = L and

Fir on = (P L") o (@ Fi @soL ") (8-2)
j=i j<i
foreveryi € Z. We set L := ¢*L§._1). By sending ¢ to 1, we obtain (6*N)g = @jez(l‘j Qg I77),
and the isomorphism Fj can be written as
Fy:@PLj@n I77) = M.
jez

Now Fyy : @jez L;[1/I1— M[1/I] is the base change of Fy. (In particular F; is an isomorphism.)
Recall the filtration {Fil’ (¢* M)};cz of ¢*M from Definition 3.1.2. We see that Fil’ (¢* M) C ¢*M is the
intersection of ¢*M = @jez L; with @jez(Lj ®ag I'77), and thus

Fil' (¢* M) = (@ L ) (@ IHL]-). (8-3)
jzi j<i
From this description, we see that (M, Fjy) is a displayed Breuil-Kisin module. (Moreover ¢*M =
@,z L; is a normal decomposition in the sense of Definition 3.1.10.)

We have constructed a functor F-Gauge"*'(S) — BKisp(As, Is). The full faithfulness of this functor
follows from [Guo and Li 2023, Corollary 2.53]. The important point is that the filtration {Fil' (M)}; ez of
M can be recovered from (M, Fj;). Namely, Fil' (M) agrees with the inverse image of M ®a I " under
the composition

M 2B a1/ 2 M.

(Compare (8-2) with (8-3).) Since the full faithfulness of the functor also follows from Example 5.3.10,
Example 8.2.9, and Proposition 8.2.11 below (compare with the argument in the proof of Proposition 7.1.1),
we omit the details here. g

The following result is essential for the definition of prismatic F-gauges in vector bundles over a
quasisyntomic ring.

Proposition 8.1.10. The fibered category over QRSPerfd®P which associates to each S € QRSPerfd the
category F-Gauge"**'(S) satisfies descent with respect to the quasisyntomic topology.
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Proof. This was originally proved by Bhatt and Lurie (see [Bhatt 2022, Remark 5.5.18]). In [Guo and
Li 2023, Proposition 2.29], this result was obtained by a slightly different method. We briefly recall the
argument given in that proposition.

Let S — S’ be a quasisyntomic covering in QRSPerfd. By the proof of [loc. cit., Proposition 2.29], the

N

induced homomorphism A, — A/S\/f’ , 1s faithfully flat for every n > 1, and for a homomorphism § — §|

in QRSPerfd, the following natural homomorphism of graded rings is an isomorphism:

N N o~y AN
AS’,n ®AJS\'[,, ASIJ’l - AS’@SSL”’

where §' ®g S € QRSPerfd is the p-adic completion of §’ ®g S;. Using these results, we can prove that
the natural functor from the category of prismatic F-gauges in vector bundles over S to the category
of prismatic F-gauges in vector bundles over S’ with a descent datum (with respect to § — §’) is an
equivalence. We only prove the essential surjectivity of the functor.

Let (N', Fy') € F-Gauge"*°'(S’) with a descent datum. By the results recalled in the previous paragraph
and by faithfully flat descent, we see that, for every n > 1, the graded A/s\'/, ,-module N "/(p, )" N’ with
the descent datum arises from a graded A/S\( ,-module N" =P, _, N/ such that N” is finite projective as a
A@{ ,-module. Let N; :=1im, N/ and we define N := D,z Ni, which is a graded Rees(Fil’y (A 5))-module.
We have N/(p, I)"N = N" for every n > 1. By Corollary 8.1.8, we see that N is a finite projective
Rees(Fil}/(Ag))-module. Moreover the natural homomorphism

N ®Rees(Fily, a.5)) Rees(Fily (Ag)) — N’

is an isomorphism (as its reduction modulo (p, I)" is an isomorphism for every n). Since (Ag, Is) —
(Ag, Is) is a faithfully flat map of Og-prisms and the (p, I)-adic completion of A 5 @ ¢ A s is isomorphic
to Agg s (see the proof of [Guo and Li 2023, Proposition 2.29]), the isomorphism Fy- descends to an
isomorphism Fy : (6*N)o => t*N by Proposition 2.5.6. This shows that (N’, Fy/) with the descent
datum arises from (N, Fy) € F-Gauge"*“(S). a

Proposition 8.1.10, together with [Bhatt et al. 2019, Proposition 4.31], shows that the fibered category
S > F-Gauge'*“'(S) over QRSPerfd’? extends uniquely to a fibered category

R — F-Gauge"**'(R)
over the category QSyn® that satisfies descent with respect to the quasisyntomic topology.

Definition 8.1.11 (Drinfeld, Bhatt—Lurie, Guo-Li). Let R € QSyn. An object N € F-Gauge"**'(R) is
called a prismatic F-gauge in vector bundles over R. For a homomorphism R — S with § € QRSPerfd,
the image of N in F-Gauge"**'(S) is denoted by (N, Fy;).

A fully faithful functor from F-Gauge"*“'(R) to the category of prismatic F-crystals on (R)a (in the
sense of [Bhatt and Scholze 2023]) is obtained in [Guo and Li 2023, Corollary 2.53]. More precisely, we
have the following result.
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Proposition 8.1.12. Let R € QSyn. There exists a fully faithful functor

F-Gauge"™(R) — 2 —1im , ;) BKaisp(A. I). (8-4)

This functor is compatible with base change along any homomorphism R — R’ in QSyn.
Proof. By Proposition 8.1.10, the left-hand side of (8-4) satisfies quasisyntomic descent. By [Bhatt

and Scholze 2022, Proposition 7.11] and Corollary 3.1.15, the right-hand side of (8-4) also satisfies
quasisyntomic descent; see also the proof of [Bhatt and Scholze 2023, Proposition 2.14]. Thus, the

assertion follows from Proposition 8.1.9. O
As in Section 3.2, let u = (m;, ..., m,) be a tuple of integers m; > --- > m,. Let r; € Z>( be the
number of occurrences of i in (my, ..., m,). We want to compare prismatic F-gauges in vector bundles

with (displayed) Breuil-Kisin modules of type p in the sense of Definition 3.2.1.

Remark 8.1.13. Let S € QRSPerfd. By [Bhatt and Scholze 2022, Theorem 12.2], the Frobenius ¢ :
As — Ags induces an isomorphism
As/Filj (Ag) = S.

Using this, we regard the homomorphism p (see (8-1)) as p : Rees(Fily/(Ag)) — S.

Definition 8.1.14. Let R € QSyn. Let N € F-Gauge"*'(R). We say that N is of type u if for any R — S
with S € QRSPerfd, the degree-i part (p*Ny); of the graded S-module p* Ny is of rank r; for any i € Z.

Let
F-Gauge, (R) C F-Gauge"*'(R)

be the full subcategory spanned by those objects of type p. The property of being of type p can be
checked locally in the quasisyntomic topology. Thus the fibered category R — F-Gauge, (R) over
QSyn®P satisfies descent with respect to the quasisyntomic topology.

By construction, the functor (8-4) induces a fully faithful functor

F—GaugeM(R) —2— l(iLn(AJ)e(R)ABK,L(A, I (8-5)

for any R € QSyn. (Recall that BK, (A, I) is the category of Breuil-Kisin modules over (A, 1) of type u.)
We will prove later that the functors (8-4) and (8-5) are equivalences if R is a perfectoid ring or a complete
regular local ring with perfect residue field k of characteristic p; see Corollary 8.2.13 below.

Example 8.1.15. Let R € QSyn. Let F —Gauge[vgfltj(R) C F-Gauge'*“'(R) be the full subcategory of those
N € F-Gauge"*“*(R) such that for any homomorphism R — S with S € QRSPerfd, we have (p*Ng); =0
for all i # 0, 1. The functor (8-4) induces a fully faithful functor

F—Gauge‘[’gflt](R) — 2—1m, ;)cg), BKmin(4, D).

The right-hand side can be identified with the category of prismatic Dieudonné crystals on (R)a; see
Section 7.1. By [Guo and Li 2023, Theorem 2.54], the essential image of this functor is the full subcategory
of admissible prismatic Dieudonné crystals on (R),. If R is a perfectoid ring or a complete regular local
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ring with perfect residue field k of characteristic p, then any prismatic Dieudonné crystal on (R), is
admissible by [Anschiitz and Le Bras 2023, Propositions 4.12 and 5.10], and hence the above functor is
an equivalence in this case. This fact also follows from Corollary 8.2.13.

8.2. Prismatic G-F-gauges of type p. Let G be a smooth affine group scheme over Z,. Let u :
Gm — Gw) be a cocharacter where k is a perfect field of characteristic p. We introduce prismatic
G-F-gauges of type u in the same way as for prismatic G-u-displays.

We retain the notation of Section 4. For the cocharacter i, we have the action (4-1) of G, on
Gw) = Spec Ag. Let Ag = ;.7 Ag,i be the weight decomposition. We define Ag’il) = (qb_l)*AG,,-,
where ¢! : W (k) — W (k) is the inverse of the Frobenius. Since (¢~ 1)*As = Ag, we have

Ac=@DASY.
ieZ
Let u=Y : G,y = Gy be the base change of  along ¢~!. Then Ag = D, , A(Gfil) is the weight
decomposition with respect to the action of G,, induced by u(~".
Let S be a quasiregular semiperfectoid ring over W (k).

Definition 8.2.1. Let

Gun(S) CG(As)
be the subgroup consisting of homomorphisms g* : Ag — Ag of W (k)-algebras such that g*(Ag;_’il)) -
Filﬂ\/(As) for any i € Z. The group G, A(S) is called the gauge group.
Remark 8.2.2. It follows from Lemma 4.1.4 that G, »(S) C G(Ay) is the inverse image of the display
group G, (As, Is) C G(Ag) under the homomorphism ¢ : G(Ag) — G(Ag).

For a generator d € Ig, we have the homomorphism
ound: Gun(S) = Glbg), g nd¢@ud) ",
by Remark 8.2.2. Let G(Ag)xr,q be the set G(Ag) together with the following action of G, Ar(S):
G(As) X Gun(S) = G(As), (X,8)—~> X-g:=g 'Xoun.a(g). (8-6)

For another generator d’ € I and the unique element u € A§ such that d = ud’, the bijection G (As)n,q —
G(As)nas X = Xu(u),is Gy n(S)-equivariant. Then we set

GAg)y :=lmG(As)N.a,
d

which is equipped with a natural action of G, /(S). Here d runs over the set of generators d € Is.
Although G(As) depends on p, we omit it from the notation.

Remark 8.2.3. We recall some notation from [Bhatt and Scholze 2023, Definition 2.9]. Let R be
a quasisyntomic ring. Let (R)qgsyn (resp. (R)qrsp) be the category of quasisyntomic rings R’ (resp.
quasiregular semiperfectoid rings R’) with a quasisyntomic map R — R’. We endow both (R)OQpSyn and
(R)g‘r)Sp with the quasisyntomic topology. Since quasiregular semiperfectoid rings form a basis for QSyn,
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we may identify sheaves on (R)Ostyn with sheaves on (R)glr)sp. On the site (R)OQpSyn, we have the sheaves A,
and I, such that

A (S)=As and L(S)=Ig
for each S € (R)qrsp-

Lemma 8.2.4. Let R be a quasisyntomic ring over W (k). The functors
Gun: (Rgsp —> Set, S Gy a(S),
Gan: (R)qrsp — Set, S+ G(As)w,

form sheaves with respect to the quasisyntomic topology.

Proof. As A, is a sheaf, so is Ga . Since 1, is a sheaf, it follows that the functor S — Filj\[(A s) forms a
sheaf for any i € Z. This implies that G, ,r is a sheaf. U

We regard G, v and G as sheaves on (R)gpsyn. The sheaf Ga  is equipped with an action of G, .

Definition 8.2.5 (prismatic G- F-gauge of type ). Let R be a quasisyntomic ring over W (k). A prismatic
G-F-gauge of type | over R is a pair
(2, a9),

where 2 is a G, y-torsor on (R)OQpSyn and g : 2 — Gp v is a G, n-equivariant map. We say that
(2, ag) is banal if 2 is trivial as a G, xr-torsor. When there is no possibility of confusion, we write 2
instead of (2, o). An isomorphism of prismatic G-F-gauges of type u over R is defined in the same
way as in Definition 5.2.1.

Let
G—F—GaugeM(R)

be the groupoid of prismatic G-F-gauges of type u over R. For a homomorphism f : R — R’ of
quasisyntomic rings over W (k), we have a base change functor

f*: G-F-Gauge,(R) — G-F-Gauge, (R")
defined in the same way as in Definition 5.2.6.

Remark 8.2.6. A “truncated analogue” of the notion of prismatic G-F-gauges of type p was introduced
by Drinfeld [2023, Appendix C] for a p-adic formal scheme X which is formally of finite type over
SpfZ,, in terms of certain torsors on the syntomification of X in the sense of Drinfeld and Bhatt—Lurie.
It should be possible to define prismatic G-F-gauges of type u over any p-adic formal scheme by using
certain torsors on syntomifications, but we will not discuss this here.?

Remark 8.2.7. Let S be a quasiregular semiperfectoid ring over W (k). For a generator d € I, let
o4 : Rees(Fily (Ag)) — Ag be the homomorphism defined by a;t ™' +> ¢ (a;)d ™" for any i € Z. Recall the

2 After this work was completed, and during the refereeing process, this has been carried out by Gardner and Madapusi [2024].
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homomorphism 7 : Rees(Fil/(Ag)) — Ag from Definition 8.1.1. Similarly to the triple (Rees(/*), o4, T)
in Remark 5.2.3, the triple
(Rees(Fil}y(As)), 04, T)
is an analogue of a higher frame in the sense of Lau. The homomorphism t induces an isomorphism
G (Rees(Fily (As))? = G, (S),
where G (Rees(Fil} (A )Y is the group of elements g € G(Rees(Fil/(Ay))) such that
g*: Ac =P A5’ — Rees(Fily (As))
ieZ

is a homomorphism of graded W (k)-algebras. Via this isomorphism, the homomorphism o, s 4 agrees
with the one induced by 0. Thus, the action (8-6) is consistent with the one considered in [Lau 2021, (5-2)].

Roughly speaking, prismatic F'-gauges in vector bundles (resp. prismatic G- F-gauges of type w) over S
can be considered as displays (resp. G-u-displays) over the “higher frame” (Rees(Fily/(Ay)), 04, 7).
On the other hand, displayed Breuil-Kisin modules (resp. prismatic G-u-displays) over (Ag, Is) can
be thought of as displays (resp. G-u-displays) over the “higher frame” (Rees(/5), 04, 7). See also [Lau
2021, Section 3.7] where the relation between displays over higher frames and Frobenius gauges in the
sense of [Fontaine and Jannsen 2021, Section 2.2] is discussed.

Let us discuss the relation between prismatic F-gauges in vector bundles of type p and prismatic
GL,- F-gauges of type u.
Example 8.2.8. Let i : G,, — GL,, w ) be a cocharacter and let (m, ..., m,) be the corresponding tuple

L. .
jez g
be the weight decomposition with respect to the action of G,, on Lw k) = W (k)" induced by . We set

of integers m; > - - - > m,, as in Section 3.2. We retain the notation of Section 3.2. Let Ly ), = P

Ll(;;) := (¢~1)*L,,. ;. By the decomposition Ly ) = Dz Lifjl) we regard Ly ) as a graded module.
Let S be a quasiregular semiperfectoid ring over W (k). Then, via the isomorphism

GL, (Rees(Fily(A5))” => (GLy) A (S)

given in Remark 8.2.7, we may identify (GL,), A (S) with the group of graded automorphisms of
Lw k) ®@w k) Rees(Filj/(Ag)).
Example 8.2.9. Let the notation be as in Example 8.2.8. Let R be a quasisyntomic ring over W (k). We
shall construct an equivalence

F—GaugeM(R): = GL, —F—GaugeM(R), N+ 2(N), (8-7)

where F-Gauge, (R)~ is the groupoid of prismatic F-gauges in vector bundles of type u over R. Let
NeF —GaugeM(R). We consider the sheaf

2(N): (R)stn — Set
sending S € (R)gsp to the set of graded isomorphisms

h: Lw ) ®w«) Rees(Fily (As)) = Ns.
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Such an isomorphism /% exists locally in the quasisyntomic topology by (the proof of) Corollary 8.1.8. By
Example 8.2.8, the sheaf 2(N) then admits the structure of a (GL, ), a-torsor. Let d € I be a generator.
We fix an isomorphism / as above. Then we have the isomorphisms

(0*N)o =~ @(Lu,j Qwy Ig”) = Lag,
jeZ
where the second isomorphism is given by 1 (d). We also have t*N =~ L. Thus, the isomorphism Fy
gives an element «(h)y € GL,(As) = GL,(As)n 4. The element a(h) € GL, (Ag)a corresponding to
a(h)y does not depend on the choice of d. In this way, we get a (GL,), ar-equivariant map o : 2(N) —
(GLy)a v, so that the pair (2(N), o) belongs to GL,, -F -Gauge,, (R). This construction gives the functor
(8-7). Using quasisyntomic descent, one can check that this functor is an equivalence.

We now compare prismatic G-u-displays with prismatic G-F-gauges of type u. We first note the
following result.

Proposition 8.2.10. Let R be a quasisyntomic ring over W (k). The fibered category over (R)OQPSyn which
associates to each R’ € (R)Qsyn the groupoid G- Disp u ((R")a) is a stack with respect to the quasisyntomic
topology.

Proof. This follows from [Bhatt and Scholze 2022, Proposition 7.11] and Proposition 5.2.8 by a standard
argument. (See also the proof of [Bhatt and Scholze 2023, Proposition 2.14].) U

Proposition 8.2.11. Let R be a quasisyntomic ring over W (k). There exists a fully faithful functor
G—F—Gaugeﬂ(R) — G- Dispu((R)A). (8-8)
This functor is compatible with base change along any homomorphism R — R’ in QSyn.

Proof. 1t is clear that the left-hand side of (8-8) satisfies quasisyntomic descent. By Proposition 8.2.10,
the right-hand side of (8-8) also satisfies quasisyntomic descent. It thus suffices to construct, for each
quasiregular semiperfectoid ring S over W (k), a fully faithful functor

G'F'Gaugeﬂ(s)banal — G- Dispﬂ (As, Is)banal (8-9)

that is compatible with base change along any homomorphism S — S’ in the subcategory QRSPerfd. Here
G-F-Gauge,, (S)banal 1s the groupoid of banal prismatic G-F-gauges of type 1 over S. By Remark 5.2.5,
we may identify G- Dispﬂ (As, Is)banar With the groupoid [G(Ag)i;/ G (As, Is)]. Similarly, we may
identify G-F —GaugeM(S)banal with the groupoid

[G(ASIN/Gpn(S)]

whose objects are the elements X € G(Ag)n and whose morphisms are defined by Hom(X, X') =
{g€Gun(S)| X -g=X}. The map ¢ : G(As) - G(As) induces a map ¢ : G(As)y — G(Ag)
such that, for every X € G(Ag)n and every g € G, A/(S), we have ¢ (X - g) = ¢(X) - ¢(g), where
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¢ (g) € G, (Ag, Is) is the image of g under the natural homomorphism ¢ : G, A(S) — G, (As, Is). Then
we define the functor (8-9) as

[GAIN/Cun (9] = [G(AS)/Gulhs, Is)], X ¢(X). (8-10)

This functor is fully faithful. Indeed, let d € I's be a generator. It suffices to prove that for all X, X' € G(Ay),
the map

(e €Gun(S) g ' X0y nal@) =X} = (heGulhs, Is) | h ' (X)oya(h) = $(X))

defined by g — ¢ (g) is bijective. (Recall o, r.a(g) = u(d)p(g)i(d) ' and o,y 4 (h) =P (u(d)hp(d)™").)
One can check that the map i — X'u(d)hu(d)~' X! gives the inverse of the above map. Indeed, for an
element g € G, »(S) in the left-hand side, we have

X' u@d¢@ud) ' X '=Xouna(@X ' =g
Similarly, for an element 7 € G, (Ag, Is) in the right-hand side, we have
¢ (X' 1w d)hpd)™' X = ¢(X)oa(M)(X) " =h.
The proof of Proposition 8.2.11 is complete. U

Corollary 8.2.12. Let R be a perfectoid ring over W (k) or a complete regular local ring over W (k) with
residue field k. Then the functor (8-8) is an equivalence:

G—F—Gaugeﬂ (R) = G- DispM((R)A).

Proof. Since we already know that this functor is fully faithful (Proposition 8.2.11), it suffices to prove
the essential surjectivity. The assertion can be checked locally in the quasisyntomic topology.
We first assume that R is a perfectoid ring over W (k). In this case, we have

G-Disp,, (R)a) => G-Disp, (W (R"), Ig).

Since every G-u-display over (W(R"), Ig) is banal over a p-completely étale covering R — R’ with
R’ a perfectoid ring (Example 2.5.11), it suffices to prove that the functor (8-10) given in the proof of
Proposition 8.2.11 is essentially surjective when S = R. This follows since (Ag, Ig) =~ (W(R"), Ig) and
the Frobenius ¢ : W(R") — W(R®) is bijective.

The case where R is a complete regular local ring over W (k) with residue field k follows from the
previous case since there exists a quasisyntomic covering R — R’ with R’ a perfectoid ring by [Anschiitz
and Le Bras 2023, Proposition 5.8]. O

Corollary 8.2.13. The functors (8-4) and (8-5) are equivalences if R is a perfectoid ring or a complete

regular local ring with perfect residue field k of characteristic p.

Proof. We need to prove that (8-4) and (8-5) are essentially surjective. For (8-5), this follows from
Corollary 8.2.12 together with Examples 5.3.10 and 8.2.9. For (8-4), we argue as follows. As in the proof
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of Corollary 8.2.12, it suffices to treat the case where R is a perfectoid ring. Then we have

2 —1im, ;e (r), BKaisp(A, 1) => BKaisp(W(R’), Ig).

For each M € BKdisp(W(Rb), IRr), there exists a p-completely étale covering R — R X - -- X R, with

Ry, ..., R, perfectoid rings such that, for any 1 <i < m, the base change M is of type u for

(W(R)).Ix,)
some ; see Example 2.5.11 and Remark 3.2.3. Since (8-5) is essentially surjective, we can conclude that

(8-4) is also essentially surjective by using p-completely étale descent. (|

Remark 8.2.14. Let R be a quasisyntomic ring over W (k). For a bounded prism (A, I) € (R)a, we
defined the groupoid G-BK, (A, I) of G-Breuil-Kisin modules of type w over (A, I) in Section 5.1 and
showed that it is equivalent to G- Disp,, (A, I) in Proposition 5.3.8. Thus the fully faithful functor (8-8)
can be written as

G-F-Gauge, (R) - G-BK,((R)) :==2— l(iLn(AJ)G(R)/A G-BK, (A, I).

The essential image of this functor consists of those P € G-BK,,((R)a) such that for some quasisyntomic
covering R — § with § a quasiregular semiperfectoid ring, the image P, 1) € G-BK, (Ag, I5) of P
is a trivial G -torsor, and via some trivialization Py, 15) 2 Gay, the isomorphism Fp, ,  is given by
g +— Yg for an element Y in

n(d)¢(G(As)) C G(As[1/1s]),

where d € Iy is a generator. Therefore, we can simply define a prismatic G- F-gauge of type © over R as an
object P € G-BK ((R),) that satisfies the above condition. However, similarly to prismatic G-p-displays,
it should be more technically convenient to work with the one introduced in Definition 8.2.5.

We shall give an example which shows that the functors (8-4) and (8-8) are not essentially surjec-
tive in general. This also shows that there exists a nonadmissible prismatic Dieudonné crystal (see
Example 8.1.15).

Let Oc¢ be the ring of integers of an algebraically closed nonarchimedean extension C of Q,. Then
the quotient S = O¢/p is a quasiregular semiperfectoid ring. The natural homomorphism S — Ag/Is is
injective, and the Frobenius ¢ : Ag — Ay induces an isomorphism Ag/ Fil}v(A s) = S (see [Bhatt and
Scholze 2022, Theorem 12.2]). The Hodge—Tate comparison theorem for the conjugate filtration with
respect to the natural homomorphism O¢ — S shows that S — Ag/Is is not surjective; see [loc. cit.,
Section 12.1]. We fix a generator d € Is.

Example 8.2.15. Let the notation be as above. We assume that G = GL; and u : G,, — GL; is the
I-bounded cocharacter defined by ¢ — diag (¢, 1). We choose an element x € Ag whose image x € Ag/Is
is not contained in S. Let X € G(Ag) 4 be the element such that Xy = ()1( ?) € G(Ag). We shall show that
X is not contained in the essential image of the functor (8-10). If X is contained in the essential image,
then there are Y € G(Ag)n and g € G (Ag, Is) such that the equality X - g = ¢ (Y) holds in G(Ag) ;.
In particular, we see that g*IXd belongs to the image of ¢ : G(Ag) — G(Ag). We write

811 812
= eG, (A ,I .
§ (821 822) u(bs. Is)
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By Proposition 4.2.9, we have go; € Is and g11, g2 € A?. By computing the image of g_le in G(Ag/Iy)
and using that g_le € ¢(G(Ag)), it follows that x /g2, 1/g20 € Ag/Is are contained in S. We thus
have x € §, which leads to a contradiction.
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