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Arithmetic Siegel-Weil formula on Xy(N)
Baiging Zhu

We establish the arithmetic Siegel-Weil formula on the modular curve Xy(N) for arbitrary level N, i.e.,
we relate the arithmetic degrees of special cycles on Xy(N) to the derivatives of Fourier coefficients of
a genus-2 Eisenstein series. We prove this formula by a precise identity between the local arithmetic
intersection numbers on the Rapoport—Zink space associated to Xy(N) and the derivatives of local
representation densities of quadratic forms. When N is odd and square-free, this gives a different proof
of the main results in work of Sankaran, Shi and Yang. This local identity is proved by relating it to an
identity in one dimension higher, but at hyperspecial level.
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1. Introduction

1.1. Background. The classical Siegel-Weil formula relates certain Siegel Eisenstein series to the
arithmetic of quadratic forms, namely, it expresses special values of these series as theta functions,
generating series of representation numbers of quadratic forms. Kudla initiated an influential program
to establish the arithmetic Siegel-Weil formula relating certain Siegel Eisenstein series to objects in
arithmetic geometry.

In this article, we study the case of modular curves. Let N be a positive integer. The classical modular

curve Vo(N)c over C is defined as the smooth 1-dimensional complex curve
Yo(N)¢ = GLa (@) \ Hi x GLy(A )/ To(N)(Z) = To(N) \ H,
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where I]-Eli =C\R and I]-I];r ={z=x+4+iyeC:x e R,y € R.o} is the upper half plane. The group
['o(N)(Z) is the open compact subgroup

b

To(N)(Z) = {x — <1\C/Zc d) €GLy?):a,b,c.d e Z}

of GL2(Ay), and T'o(N) = I'o(N) (Z) (1GL,(Z). Notice that the determinant of an element in the
group I['g(N) can be either 1 or —1 rather than only 1 in the classical setting because the space I]-I];—L has
two connected components.

The smooth curve )y ()¢ is not proper, its compactification Xp(N)c := Vo(N)c U {cusps} is a smooth
projective curve over C. It is a classical fact that the curve )y (V)¢ parameterizes cyclic isogenies between
elliptic curves over C. Here an isogeny 7 : E — E’ between two elliptic curves over C is called cyclic if
ker(;r) is a cyclic group.

Katz and Mazur [1985] extended the concept of cyclic isogeny to an arbitrary base scheme: an
isogeny 7 : E — E’ between two elliptic curves is called cyclic if ker(;r) is a cyclic group scheme
(see Definition 4.1.2). They also defined the ['g(/V)-level structures on elliptic curves. In this article, we
mainly work on a 2-dimensional regular flat Deligne-Mumford stack X,(N), defined in [Cesnavi¢ius
2017], which is the moduli stack of generalized elliptic curves with I'g(N)-level structures and whose
fiber over C is Xp(N)c. We define the (arithmetic) special cycles on Xy(N) and study their intersection
numbers. Finally, we prove that these intersection numbers are identified with the derivatives of Fourier
coefficients of certain Siegel Eisenstein series of genus 2.

When N is an odd, square-free positive integer, the relation has already been obtained in the work of
Sankaran, Shi and Yang [Sankaran et al. 2023, Theorem 2.14] by computing both sides explicitly based on
[Yang 1998; Kudla et al. 2006]. In this article, we use a different method and work with arbitrary level N.
We introduce a formal scheme Ny(N) which is the Rapoport-Zink space associated to Xy(N). Via formal
uniformization of the supersingular locus of the stack Xy(/N) and its special cycles, we reduce the identity,
which relates intersection numbers on Xj(/V) and derivatives of Fourier coefficients of Eisenstein series, to
a local identity between local arithmetic intersection numbers on Ny(N) and derivatives of local densities
of quadratic forms. Now the key observation is that both sides of the local identity, regardless of the
level N, can be related to another intersection problem on Rapoport—Zink space of 1 dimension higher,
but in a hyperspecial level, while the computation of the latter has been done in [Gross and Keating 1993,
Proposition 5.4; Wedhorn 2007, §2.16; Rapoport 2007, Theorem 1.1] (see also [Li and Zhang 2022,
Theorem 1.2.1]).

1.2. Summary of main results.

1.2.A. Arithmetic Siegel-Weil formula on Xy(N). Let A(N) be the rank-3 quadratic lattice

A(N):{x=<_]cva b):a,b,ceZ} (1)

a

over Z, equipped with the quadratic form x — det(x).
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We use v to denote a place of Q. For every finite place v, let A,(N) = A(N) ®z Z, be a rank-3
quadratic lattice over Z,. Let A be the ring of adeles over Q. Let V = {V,} be the incoherent collection
of quadratic spaces of A of rank 3 nearby A(N) at oo, i.e.,

Vy, =Ay(N)®Q, if v < oo, and V is positive definite. )

Consider a finite place v. Let V; : =V ® A (resp. \/? =Ve® A'jﬁ) be the quadratic space of rank 3
over Ay (resp. A;). Let .7(V?) (resp. & (\/?), 5 ((\/})2)) be the space of Schwartz functions on V2
(resp. V2, (\/vf)z). Associated to 9 = @ ® @ € . (V2), where @¥oo 1s the Gaussian function on \/go and
s (\/30), there is a classical incoherent Eisenstein series E(z, s, ¢) (see Section 3.4) on the Siegel
upper half plane,

Hy = {z=x41iy:x e Sym,(R), y € Sym,(R)-o}.

This is essentially the Siegel Eisenstein series associated to a standard Siegel-Weil section of the degenerate
principal series. The Eisenstein series here has a meromorphic continuation and a functional equation
relating s <> —s. The central value E(z, s, @) is O by the incoherence. We thus consider its central
derivative

3 Eis(z, @) = dis

S (z,5,9)

N

Associated to the standard additive character ¥ : A/Q — C*, it has a decomposition into the central
derivatives of the Fourier coefficients

dEisz.@)= »  0Eisr(z.9).
T eSym,(Q)

On the geometric side, there is a regular integral model of the modular curve Yo (N)c over Z defined
by Katz and Mazur: for any scheme S, the groupoid V(N )(S) consists of objects (E 2, E’), where E
and E’ are elliptic curves over S and 7 is a cyclic isogeny such that 7Y or = N. They proved that Yy(N)
is a 2-dimensional regular flat Deligne—-Mumford stack (see [Katz and Mazur 1985, Theorem 5.1.1]),
but Yy (V) is not proper. There is a moduli stack Xy(NV) defined in [Cesnavitius 2017] which serves as
a “compactification” of V(). It is a proper regular flat 2-dimensional Deligne-Mumford stack which
contains Yy(N) as an open substack, so we can consider the arithmetic intersection theory on Xy(N)
following the lines in [Gillet 2009].

The key concept is that of a special cycle. A typical special cycle is of the form Z(T, ¢), where T is a
2x?2 symmetric matrix and ¢ € .7 (\/?) is the characteristic function of some open compact subset of \/?.
It is a Deligne—Mumford stack finite unramified over Xy(/N). For an object (£ s E") of Yo(N)(S), the
special cycle Z(T, @) parameterizes pairs of isogenies between E and E’ with inner product matrix T
and orthogonal to the cyclic isogeny 7, along with some level structures given by the Schwartz function ¢
which is FO(N)(Z)-invariant (cf. Definition 4.3.5). For every nonsingular 7 € Sym,(Q) and prime
number [/, we say T is represented by A(N) ® QY if there exist two vectors x, x, € A(N) ® Q; such
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that T = %((x,-, x;)). Define the difference set
Diff(T, A(N)) = {l is a finite prime : T is not represented by A(N) ® ();}.

Let @Ié(XO(N )) be the codimension-2 arithmetic Chow group with complex coefficients of the regular
flat Deligne-Mumford stack Xp(N). We also construct arithmetic special cycles on the stack Xy(N). They
are elements of the form Z (T,y, )€ él\{é (X(N)), where T € Sym, (Q) is nonsingular, y € Sym, (R) is
positive definite and ¢ € % (\/%;) is a Schwartz function. Let ¢ € .% (\/?) be a T-admissible Schwartz
function, roughly meaning ¢ is invariant under the action of I'g(N)(Z) and for every p € Diff(T, A(N)),
o=@ (Xlgp, where @? € 5’((\/?)2) and ¢, =c- IAP(N)Z € Y(\/%) for some ¢ € C. Our main goal is
to relate deg(Z(T,y, ¢)) to derivatives of the Fourier coefficients of a genus-2 Siegel Eisenstein series,
where d/e?g : éﬁé (Xo(N)) — C is the arithmetic degree map (see (14)).

Theorem 1.2.1. Let N be a positive integer. Let T € Sym,(Q) be a nonsingular symmetric matrix. Let
e (\/?p) be a T-admissible Schwartz function. Then
YN

deg(Z(T.y. ¢))q" ==, 9Eisr(z.¢)

forany z=x+1iy € Hy. Here Yy (N) =N - ]_[”N(l +17Y and g7 = 20T,

1.2.B. The local arithmetic Siegel-Weil formula with level N. Fix a prime number p. Let F be the
algebraic closure of [F,,. Let W be the integer ring of the completion of the maximal unramified extension
of Q.

On the geometry side, let X be a p-divisible group over [ of dimension 1 and height 2. Let B be the
unique division quaternion algebra over Q,, so End®(X) ~ B as quadratic spaces. The Rapoport—Zink
space associated to Xp(NN) is the deformation space Ny(N) such that, for a W-scheme S where p is locally
nilpotent and an element xo € B such that xov oxg = N, the set No(N)(S) consists of elements (X = X’)
where X, X’ are deformations over S of X with certain restrictions on polarizations (see Section 5.1), the
morphism 7 is a cyclic isogeny deforming xo and 7% o7t = N.

Let W = {xo}* C B be the subspace of quasi-isogenies which are orthogonal to xg. For any x € W,
there is a closed formal subscheme Z(x) of NVy(N) over which the quasi-isogeny x lifts to an isogeny.
This is an example of a special cycle (see Definition 5.2.5) on AVy(N). For a rank-2 lattice M C W, we
choose a Z,-basis {x{, xo} of M, then define the local arithmetic intersection number of M on Ny(N)

to be
Intag (v (M) = x (Mo(N), Oz () @, ) Oz(xn))-

This number is independent of the choice of the basis {x1, x»} of M.
On the analytic side, for any two integral quadratic Z ,-lattices L and M, let Rep,, ; be the scheme of
integral representations, a Z,-scheme such that for any Z,-algebra R,

Repy 1 (R) = QHom(L ®z, R, M ®z, R),
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where QHom denotes the set of quadratic module homomorphisms. The local density of integral repre-

#Repy 1 (Zp/pd)
d-dim(Repy a,

sentations is defined to be

Den(M, L) =

d—o00 p

Let H; = 22 be the rank-2 quadratic Z,-lattice equipped with the quadratic form ¢ Hy (x,y) =xy.

For any k£ > 0, let H;,’C = (H2+ )®" be a rank-2k quadratic Z p-lattice. For any Z ,-lattice M C W of rank 2,
define the local density of M with level N to be the polynomial Deny ,v) (X, M) such that for all £ > 0

Den(A,(N)& Hy, M) when p | N
Nor (p—*, 1) P

Den X, M = 3
2000 Ml =1 penca, )y 15, ) when pf N .

NorV-Pr (p=*, 2)

where (-, - ), is the Hilbert symbol at p, the polynomials Nor®(X, n) are normalizing factors defined in
Definition 2.2.6. Then Dena ,(v)(1, M) = 0 since M can’t be isometrically embedded into the quadratic
lattice A, (N). We define the derived local density of M with level N to be

d
0 DCHAP(N)(M) = —d—X DCHA (N)(X M).

The local arithmetic Siegel-Weil formula with level N is an exact identity between the two integers
just defined.

Theorem 1.2.2. Let M C W be a Z ,-lattice of rank 2. Then
IntNO(N) (M)=29 DCHAP(N) (M).

We refer to Inta; vy (M) as the geometric side of the identity (related to the geometry of Rapoport-Zink
spaces and Shimura varieties) and 0 DenAp(N)(M ) as the analytic side (related to the derivatives of
Eisenstein series and L-functions).

1.2.C. Formal uniformization. For any prime p, let Xo(N )@SFS,; be the supersingular locus of the stack Xy (N),
i.e., those F-points of Xp(N) which are isogenous to a supersingular elliptic curve. Let B be the unique
quaternion algebra which ramifies exactly at p and co. Let Xo(N)/( AN be the completion of the
stack Xp(N) along the closed substack Xp(NV ) . Let 'o(N) (Z” ) be the group [ | I'o(N)(Z,). We
have the following formal uniformization theorem of the stack Xy(N).

v#£00, p

Proposition 1.2.3. There is an isomorphism of formal stacks over W,
Ro(N) /s ) —2% BX(@)o \ [No(N) x GLa(AD)/ To(N) @7)],

where B*(Q)q is the subgroup of B> (Q) consisting of elements whose norm has p-adic valuation 0.

This proposition was previously known only in the case that N is odd and square-free (see [Kim 2018,
Theorem 4.7] for the case p{ N and [Oki 2020, Theorem 6.1] for p | N). As a corollary, let QSS(T, Q)
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be the completion of Z(T, ¢) along its supersingular locus Z%(T, @) == Z(T, @) X x,(N) XO(N)ﬁFSp. Let
A(N)P be the unique quadratic space over Q (up to isometry) such that

(1) it is positive definite at oco;

(2) for finite primes [ # p, A(N)P) @ Q is isometric to A;(N) @ Q;;

(3) A(N)P ®Q),, is isometric to W.

For a pair of vectors x = (x1, x3) € (AN)PH? let T (x) = (%(xi, xj)) be the inner product matrix. We
have the following formal uniformization theorem of the special cycle Z(T, ¢).

Corollary 1.2.4. Let T € Sym,(Q) be a nonsingular symmetric matrix, and Diff(T, A(N)) = {p}. Let
ey (\/?c) be a T-admissible Schwartz function. Let K (’)(é‘fo(N )/ ( Xo(N)F?,)) be the Grothendieck group of

coherent sheaves of O Fo(N)/ i oy )—modules. Then we have the identity
0 Fp

8¢ -1 -1
2T, 9) = > > 9(g7'x)- O ) (Z(x), 9)
xeB (@0\(AMN)'P)? geBX (@)0\GL2(A])/ To(N)(Z7)
T(x)=T

in K(/)(i’o(N)/(XO(N)F )), where B C B* is the stabilizer of x € (A(N)P)2,
14

1.3. Strategy of the proof of main results.

1.3.A. Difference formula at the geometric side. Let N be the deformation functor such that, for a
W-scheme S where p is locally nilpotent, the set N'(S) consists of elements (X, X’), where both X and X’
are deformations over S of X with certain restrictions on polarizations (see Section 5.1). For a nonzero
integral element x € B, i.e., 0 < v,(x¥ ox) < 00, there is a closed formal subscheme Z¥(x) of A over
which the quasi-isogeny x lifts to an isogeny. This is an example of a special cycle (see Definition 5.2.1)
on N.

For a rank-3 lattice L C B, we choose a Z-basis {xi, x2, x3} of L, then define the local arithmetic
intersection number of L on N to be

Int*(L) = x (N, Oz ®0, Ozi(y) Oy Ozt (xy))-

This number is independent of the choice of the basis {x1, x2, x3} of the lattice L.

The special cycle Z%(x) is cut out by a single element f, € m = (p, 1, ) C W[#, ©], and when
vp(x¥ ox) > 2, we have f,-1, | fr. We define d; = f/f,~1, € Wt1, &2]] when v,(x" ox) > 2, and
d, = fr when v,(x¥ ox) =0 or 1. The divisor

D(x) = Spt Wlit1, 2211/dx

is called the difference divisor associated to x (see Definition 6.2.1), which was originally introduced
in [Terstiege 2011].
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Fix x¢ € B such that xOV oxog = N, recall that we have defined the deformation function Ny(N). In
Theorem 6.2.3, we prove that AVy(N) is identified with the difference divisor D(xp), i.e., there is an
isomorphism of formal schemes

D(xg) = Ny(N).

Let x{"" : X'V — X'V be the universal isogeny deforming xo over the special cycle Z%(xg). We
will prove that the base change of x(‘)’niv to D(xp) is cyclic, and therefore there is a natural morphism
D(x0) = No(N). The natural morphism is an isomorphism because both sides of the morphism are closed
formal subschemes of A/ and are represented by 2-dimensional regular local rings. The identification of
D(x0) and Ny(N) implies the following difference formula of local arithmetic intersection numbers:

Theorem 1.3.1. For any rank-2 lattice M C W,
Intp, vy (M) = Int* (M &7, - x0) — Int* (M ©Z,, - p~'xp).
We refer to this formula as the difference formula at the geometric side.

1.3.B. Difference formula at the analytic side. For any rank-3 quadratic Z,-lattice L C B, define the
local density of L to be the polynomial Den(X, L) € Z[X] such that for all £ > 0,

_ Den(Hy 4, L)

Den(X, L)}sz*k = m

Then Den(1, L) = 0 since L can’t be isometrically embedded into the quadratic lattice H, j . We define
the derived local density of L to be

d Den(L) := _diX Yt Den(X, L).

Theorem 1.3.2. For any rank-2 lattice M C W, the identity
Dena,v) (X, M) =Den(X, M&Z, - xo) — X*-Den(X, M SZ,, - p~"x0)
holds. Since the lattice M & Z,, - xo can’t be isometrically embedded into the lattice H A
d Dena vy (M) =0 Den(M & Z,, - xg) —0Den(M S Z,, - p_lxo).

The theorem is proved in a more general form in Theorem 7.2.6. We refer to this formula as the
difference formula at the analytic side.

1.3.C. Proofof Theorem 1.2.1. The following local arithmetic Siegel-Weil formula is proved in [Wedhorn
2007, §2.16] (see also [Li and Zhang 2022, Theorem 1.2.1] when p is odd).

Theorem 1.3.3. For any rank-3 lattice L C B, we have the identity

Int*(L) = 3 Den(L).
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For a rank-2 lattice M C W, let L=M &7, - xo C B. The local arithmetic Siegel-Weil formula with
level N in Theorem 1.2.2 follows immediately from Int*(L) = 9 Den(L) and two difference formulas we
stated before (Theorems 1.3.1 and 1.3.2).

1.3.D. Proof of Theorem 1.2.2. Let T € Sym,(Q) be a nonsingular matrix. Let ¢ € .%/ (\/?) be a
T-admissible function. When T is not positive definite, the arithmetic special cycle Z(7,vy, @) is
essentially a (1, 1)-current on the proper smooth complex curve Xy(N)c. The number (@(E:’ (T,y, 9))
has been computed explicitly in [Sankaran et al. 2023, Theorem 4.10].

We focus on the case that T is positive definite. In this case, é(T, y, @) = [(Z(T, ¢), 0)], where
Z(T, ¢) is a cycle of codimension 2 on Xp(N). Moreover, Z(T, ¢) # & only if Diff(T, A(N)) = {p}
for some prime number p; in this case the special cycle Z(T, ¢) is concentrated in the supersingular
locus of Xy(N) in characteristic p. Suppose that the 2x2 matrix T has diagonal elements #; and #,, and
Q=@ X € 5”(\/3;), where ¢; € (V). We will show that

CTe\g(é(T’ Y, (0)) = X (Z(Tv ¢)9 OZ(I],(pl) ®l OZ(Iz,(pz)) : log(p)v

By the formal uniformization of the special cycle Z(7T, ¢) in Corollary 1.2.4, the Euler characteristic
X (Z(T, ), Oz(t,.o)®" Oz, ) is a weighted linear combination of local arithmetic intersection numbers
on NMy(N). Theorem 1.2.1 follows from the local arithmetic Siegel-Weil formula with level N at the
place p and the classical local Siegel-Weil formula at other places.

1.4. Supplement. By the windows theory developed in [Zink 2001], if v,(N) > 1, we prove that the
special fiber Z(xo), of Z(xo) has the following explicit description (cf. Theorem 6.2.6, Corollary 6.2.7):

Z(x0), :Spf[F[[tl,tz]]/ ( 1" _tgb))

a+b=n
a,b>0

Based on the isomorphism D(xg) = No(N), the special fiber No(N), of Np(N) can be described by

n n a—1 b—1
No(N)p:Spf[F[[n,tz]]/<(t1—t2” )=t J] @ -4 )P‘l).
a+b=n
a,b>1

Both these two isomorphisms are proved in [Katz and Mazur 1985, Theorems 13.4.6 and 13.4.7] by a
totally different method.

2. Quadratic lattices and local densities

2.1. Notations on quadratic lattices. Let p be a prime number. Let F be a nonarchimedean local field
of residue characteristic p, with ring of integers OF, residue field k = [, of size g, and uniformizer 7.
Let vy : F — Z U {00} be the valuation on F and |- | : F — R>¢ be the normalized absolute value on F.
Let xp = (;)F : FX/(F*)?> = {%1, 0} be the quadratic residue symbol.
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A quadratic space (U, qy) over F is a finite-dimensional vector space U over F equipped with a
quadratic form gy : U — F inducing a symmetric bilinear form given by

(. ) UxU—=F, (y)=quix+y)—qux)—qu(y). “

An isometry between two quadratic spaces (U, qy) and (U’, qy) is a linear isomorphism ¢ : U — U’
preserving quadratic forms, i.e., gy (¢ (x)) = gy (x) for any x € U. In that case, we say U and U’ are
isometric.

A quadratic lattice (L, gr) is a finite free Op-module equipped with a quadratic form gy : L — F.
The quadratic form g also induces a symmetric bilinear form L x L Lo F by a formula similar to (4).
Let LY ={x € L®o, F : (x, L) C Op}. We say a quadratic lattice is integral if g; (x) € OF forall x € L,
and is self-dual if it is integral and L = L".

Let’s assume that dimy U = n and the symmetric bilinear form (-, -) is nondegenerate. Let {x;}7_, be
abasis of U, and t;; = %(xi, xj). We define the discriminant of the quadratic space U to be

disc(U) = (=1)""~D/2 det((1;)) € F*/(F*)*.

If {x;}7_, is an orthogonal basis of U then #;; = 0 if i # j and ¢;; # 0 by the nondegeneracy of (-, -).
The Hasse invariant of the quadratic space U is

e(U) = l_[(tii» tij)F,
i<j
For a quadratic lattice L, we use disc(L) and €(L) to denote the corresponding invariants on the
quadratic space Lr = L @, F. Recall that when p is odd, quadratic spaces U over F are classified by

the three invariants
dimg U, disc(U), €(U),

i.e., two quadratic spaces U and U’ are isometric if and only if the above three invariants for U and U’
are the same.

For a quadratic space U, define xr(U) := xr(disc(U)). For a quadratic lattice L, define x (L) :=
x(L®p, F'). When p is odd, the quadratic space U admits a self-dual sublattice if and only if € (U) = +1
and xr(U) #0. We use H;’ to denote the unique self-dual lattice of rank k and

xr(Hf) =e.

When p =2, let H,\, = (H,")®" be a self-dual lattice of rank 2n, where the quadratic form on H," = 0%
is given by (x, y) € (912F = Xxy.

Example 2.1.1. Let N € Of. Let Ap(N) be the rank-3 quadratic lattice

Ap(N) = {x: (_]CV“ b) : a,b,ce(’)p}

a
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over OF, equipped with the quadratic form induced by x +— det(x). Under the basis

() =) o)

of Ar(N), the quadratic form can be represented by the symmetric matrix

-N 0 0

1

T=( o o0-1
0 -1 O

Therefore, disc(Agp(N)) = —A—ILN =—N,e(Ar(N)) =(—N, —1)r. Moreover,

Ap(N)Y = {x: (_ZCV“ 2) Lae %OF,b,ceOF}.

Therefore, Ap(N)Y/Ap(N) >~ Ofp/2N.
Throughout this article, we mainly focus on the case that F' = @Q,. In this case, we simply use A ,(N)
to denote the lattice Ag,(N) (as we did in the introduction).

2.2. Local densities of quadratic lattices.

Definition 2.2.1. Let L, M be two quadratic Op-lattices. Let Rep,, ; be the scheme of integral represen-
tations, an Op-scheme such that for any Op-algebra R,

Repy, 1 (R) = QHom(L ®o, R, M Qo R),

where QHom denotes the set of injective module homomorphisms which preserve the quadratic forms.
The local density of integral representations is defined to be

#Repy, ; (Of/7?)
qd-dim(RepM’L)p

Den(M, L) = lim
d—o00

Remark 2.2.2. If L, M have rank n, m, respectively, and the generic fiber (Repy, ;)r # 9, thenn <m
and

dim(Repy; ;) r = dimO,, — dim Oy, = (f;) B (m2—n> o n(nz—i-l).

Definition 2.2.3. Let L, M be two quadratic O-lattices. Let PRep,, ; be the Op-scheme of primitive
integral representations such that for any Op-algebra R,

PRep,, 1 (R) = {¢ € Repy, ; (R) : ¢ is an isomorphism between Ly and a direct summand of Mg},

where Ly (resp. Mg) is L ®o, R (resp. M ®p, R). The primitive local density is defined to be

#PRep,, ; (Op/m?)
qd'dim(RepM_L)p

Pden(M, L) = lim
d—00
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Remark 2.2.4. For any positive integer d, a homomorphism ¢ € Rep,, ; (OF /) or Rep m..(OF) is
primitive if and only if ¢ := ¢ mod = € PRep(Or /), which is equivalent to

dimg, (¢(L) +m - M)/ - M =ranko, (L).

Lemma 2.2.5. Let H be a self-dual quadratic lattice. Let L be a quadratic Op-lattice and k any positive

integer. Then we have the stratification
RepH,L(OF) = |_| PRCPH’L/(OF).
Lcr'cry

Proof. This is proved in [Cho and Yamauchi 2020, (3.1)]. ]

Definition 2.2.6. Let n > 0. For ¢ € {£1}, we define the normalizing factors to be

1 -1 n+1 )
Nor®(X, n) = (1 — % -eq<"+“/2x> ]_[ (1—q7%x?).
1<i<(n+1)/2
It is well known (see [Li and Zhang 2022, §3.4]) that for a quadratic lattice L of rank n, there exists a
polynomial Den(X, L) € Q[X] such that

+
Den(H,", | o

Nor™ (X, n)

L)
Den(X, L)|x=g— =

for all integers m > 0. If the lattice L can’t be isometrically embedded into the lattice Hn+ s define the
derived local density of L to be
d
Den(L) = —— Den(X, L).
d Den(L) aX e en(X, L)

3. Incoherent Eisenstein series and the main theorem

3.1. Incoherent Eisenstein series. Let W be the standard symplectic space over @ of dimension 4. Let
P =MN C Sp(W) be the standard Siegel parabolic subgroup, which takes the following form under the
standard basis of W:

0
a!

M@Q) = {m(a) = <g ; > ta € GLQ(@)},

N(@Q) = {n(b) = (102 1[)2) :be Symz(@)}.

Let A be the adele ring over (2. Let Mp(Wa ) be the metaplectic extension
1 — C' — Mp(Wa) — Sp(W)(A) — 1

of Sp(W)(A), where C! = {z € C* : |z| = 1}. There is an isomorphism Mp(Wx) => Sp(W)(A) x C!
with the multiplication on the latter given by the global Rao cycle. Therefore, we can write an element of
Mp(Wp) as (g, t), where g € Sp(W)(A) and 1 € C.
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Let P(A) = M(A)N(A) be the standard Siegel parabolic subgroup of Mp(Wy), where

MA) = {(m(a), 1) :a € GLy(A), t € C11,
N(A) = {n(b) : b € Sym,(A)}.

Recall the incoherent collection of rank-3 quadratic spaces V = {V,} over A we defined in (2),
Vy, =A,(N)®Q, if v <oo,and V is positive definite.

Then we can verify immediately that [, e(V,) = —1.

Let x : A*/Q* — C* be the quadratic character given by x (x) =[], Xv(x0) = [T<00(Xvs =N)y
for all x = (x,) € AX. Fix the standard additive character ¥ : A/Q — C* such that Yo (x) = eZ**. We
may view x as a character on M (A) by

x(m(a), 1) = x (det(a)) - y (det(a), y) " -1,

and extend it to P(A) trivially on N (A). Here y (det(a), ¥) is the Weil index (see [Kudla 1997, p. 548]).
We define the degenerate principal series to be the unnormalized smooth induction

Mp(W, +3/2
(s, ) =TIndpP 0" (x - - [0, seC.
For a standard section ®(—, s) € I (s, x) (i.e., its restriction to the standard maximal compact subgroup
of Mp(W,) is independent of s), we define the associated Siegel Eisenstein series

E@gs, @)= Y  ®(yg9),
y€P(@)\Sp(Q)

which converges for Re(s) > 0 and admits meromorphic continuation to s € C.
Recall that . (V?) is the space of Schwartz functions on V2. The fixed choice of x and ¥ gives a Weil
representation w = w, y of Mp(Wa) x O(V) on .77 (V). For g (V2), define a function

D5(8) = w(g)@(0), geMp(Wa).

Then ®g(g) € 1(0, x). Let ®g(—,s) € I(s, x) be the associated standard section, known as the standard
Siegel-Weil section associated to @. For ¢ € .7 (V?), we write E(g, s, @) == E(g, s, Dg).

3.2. Fourier coefficients and derivatives. We have a Fourier expansion of the Siegel Eisenstein series

defined above:
E(g s, ®)= Y  Er(gs, ),
T eSym, (Q)
where

Er(g,s, ®) = / E(n)g,s, ®)Y(—tr(Th))dn(b).
Sym, (@)\Sym, (A)
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The Haar measure dn(b) is normalized to be self-dual with respect to 1. When T is nonsingular, for

factorizable ® = ®,®,, we have a factorization of the Fourier coefficient into a product

Er(g.s, ®) =] Wr.u(u. s, @),

v

where the product ranges over all places v of Q and the local Whittaker function Wr ,(gy, s, ®,) is
defined by

WT,v(gva S, (Du) = /

Sym2 (Qy)

@, ) v- i, w=(_ ).
—12

It has analytic continuation to s € C. Thus we have a decomposition of the derivative of a nonsingular
Fourier coefficient,

Ep(g, s, ®) =) E7 (g5, ®),
v

where

Ef (8.5, ®) = Wi (80,5, @) [ [ Wra(gw. s, @) (6)
v #v

3.3. Whittaker functions and local densities. Let v be a finite place of Q. Define the local degenerate

principal series to be the unnormalized smooth induction

Mp(W, s
Ly(s. xo) = Ind iy (-1 573/, seC.

v

The fixed choice of x, and ¥, gives a local Weil representation @, = wy, y, of Mp(W,) x O(V,)
on the Schwartz function space .% (\/12)). We define the local Whittaker function associated to ¢, and
T € Sym,(Q,) to be

WT,v(gv» s, ‘PU) = WT,U(gU, s, q)(pv)a

where @y (gy) == @y (g0)9u(0) € 1,(0, x,) and Py (—, s) is the associated standard section.
The relationship between Whittaker functions and local densities is encoded in the following proposition.

Proposition 3.3.1. Suppose v # o0o. Let M be an integral Z,-quadratic lattice of rank 3 contained in V,.
Let L be an integral quadratic Z,-lattice of rank 2. Suppose that the quadratic form of L is represented by
a matrix T € Sym,(Q,) after a choice of Z,-basis of L. We have the identity

Wro(1,k, 1y2) = |MY /M|, - y(Vy)? - 2])/2 - Den(M © Hy, L), (7)

where the constant y (V,) = y(det(V,), wv)_l ce(Vy) - y(t/fv)_3, y (det(Vy), vry) and y (Yy) are Weil
indexes [Ranga Rao 1993, Appendix].

Proof. This is proved in [Kudla et al. 2006, Lemma 5.7.1]. U
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3.4. Classical incoherent Eisenstein series. The hermitian symmetric domain for Sp(W) is the Siegel
upper half space
Hy ={z=x4iy|x e Sym,(R),y € Sym,(R)-0}.

Let z=x+iy € H, with x, y € Sym,(R) and y = a - a positive definite. Define the classical incoherent
Eisenstein series to be

E(z,5,9) = Xoo(m(@)) ™' |det(m(a)| /% E(gz, 5, @), g =n(x)m(a) € Mp(Wa).
Notice that E(z, s, ¢) doesn’t depend on the choice of x. We write the central derivatives as
dEis(z, @) = E'(z,0,9), 9dEisr(z, @) = E}(z,0, @). )
Then we have a Fourier expansion

dEis(z.¢)= »  0Eisr(z. ).
T eSym,(Q)

For the open compact subgroup I'g(N )(2) C GL2(A¢), we choose
P=9®9x €SV

such that ¢ € .% (\/?) is [o(N )(Z)—invariant and ¢ is the Gaussian function

(000()‘:) — e—JT trT(x).

For our fixed choice of Gaussian @, we write
E(Z’ s, (D)ZE(Zs s, (P®(0oo)» aEiS(Z, (P):aEIS(Z, ¢®‘Poo), aEiST(Za ¢):aEiST(Za ¢®‘p00)7 (9)

and so on for short.

4. The modular curve X (/N) and special cycles

4.1. Cyclic group schemes. Let S be a scheme. Let G/S be a finite locally free group scheme over S.
On every connected component of §, the rank of G is a constant, if the rank is a same number N for
every connected component, we say that G has order N.

Let Og be the structure sheaf of the scheme S. Let G/S be a finite locally free group scheme of
order N. Then the structure sheaf Og of G is finite locally free of rank N as an Og-module. Any element
f € Og acts on itself by left multiplication. This defines an Og-linear endomorphism of Og, and the
characteristic polynomial of this endomorphism

det(T — /) =TN —uwe(HTV '+ -+ (=DVN())

is a monic polynomial in Og[T] of degree N.
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Definition 4.1.1. We say that a set of N not necessarily distinct points {Pi}lN: , in G(S) is a full set of
sections of G /S if the following condition is fulfilled: for any element f € Og, the equality

N
det(T — f)=[](T = f(P))
i=1

of polynomials with coefficients in Og holds.

Definition 4.1.2. We say a finite locally free group scheme G/S of rank N is cyclic over S if there exists
a section P € G(S) such that {a P }flV:l forms a full set of sections of G/S. We call P a generator of G
over S. We say G/S is cyclic if G is cyclic over T after some fppf covering by some scheme 7" — .

Remark 4.1.3. The cyclicity of a group scheme is preserved under base change by the definition, i.e., if
G/S is cyclic, then for any morphism S” — S, the base change group scheme G x s S8’/S’ is also cyclic.

Proposition 4.1.4. Let S be a scheme, E /S an elliptic curve over S, and G C E[N] a finite locally free
group scheme of order N over S. Then there exists a closed subscheme SY¢ C S which is universal for the
condition “G is cyclic”, in the sense that for any morphism T — S, the base change Gt /T is cyclic if

and only if the morphism T — S factors through the closed subscheme S°.
Proof. This is proved in [Katz and Mazur 1985, Theorem 6.4.1]. O

Lemma 4.1.5. Let W be a discrete valuation ring with residue characteristic p and uniformizer 7. Let
S be a reduced, noetherian, quasiseparated and flat scheme over W. Let G be a finite locally free group
scheme of order p" over S which is also embedded into an elliptic curve E/S. If, for every generic point &

of S, G¢ doesn’t factor through the multiplication-by-p morphism of Eg, then G is a cyclic group scheme.

Proof. Since S is quasiseparated, quasicompact and flat over W, then S[ ~!] is dense in S since the
scheme-theoretic image commutes with flat base change, therefore every generic point £ lies in the open
dense subscheme S[7~!]. Let « (£) be the residue field of £; it has characteristic 0.

The group scheme G¢ is of order p" over the characteristic O field «(§). Hence G¢ ~ ]_[f:1 7] p%Z,
where Zle a; = n. The fact that G¢ doesn’t factor through the multiplication-by-p morphism of E¢ is
equivalent to saying that E[p] ~ (Z/pZ)* ¢ G. Hence the only possibility is k = 1 and G:>7Z/p"Z.

Let S°¢ be the closed subscheme described by Proposition 4.1.4. We know that every generic point is
contained in the closed subscheme S¢, and hence S¢ = § since S is reduced. O

Corollary 4.1.6. Let W be a discrete valuation ring with residue characteristic p and uniformizer 7.
Let S be an integral noetherian scheme, quasiseparated and flat over W. Let G be a finite locally free
group scheme of order p" over S which is also embedded into an elliptic curve E/S. If the isogeny
g E — E/G doesn’t factor through the multiplication-by-p morphism of E, then G is a cyclic group
scheme.

Proof. The isogeny g : E — E/G factors through the multiplication-by- p morphism of E if and only if
ker([p]g) is contained (as a Cartier divisor on E) in G. This is a closed condition on the base scheme S
by [Katz and Mazur 1985, Lemma 1.3.4]. We use Z # 0 (since the morphism 7 doesn’t factor through
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the multiplication-by-p morphism of E) to denote the ideal sheaf of this closed subscheme of §; it is
functorial with respect to the base change of S.

Let & be the only generic point of S, then G¢ doesn’t factor through the multiplication-by-p morphism
because otherwise Z: = 0, but the injection Z — 7 will imply that Z = 0, which is a contradiction. Then
the corollary follows from Lemma 4.1.5. ]

4.2. To(N)-structures on elliptic curves. Let S be a scheme. We say a scheme C over S is a smooth
curve over S if the structure morphism C — § is a smooth proper morphism of relative dimension 1.

Definition 4.2.1. A closed immersion i : D — C is called an effective Cartier divisor if the following
conditions hold:

(i) The closed subscheme D is flat over S.

(i1) The ideal sheaf Z(D) defining D is an invertible O¢-module.

Lemma 4.2.2. [f C/S is a smooth curve, then any section s € C(S) defines an effective Cartier divisor
on C, denoted by [s].

Proof. This is proved in [Katz and Mazur 1985, Lemma 1.2.2]. U

Given two effective Cartier divisors D and D’ on C/S, we can define their sum D+ D’. It is an effective
Cartier divisor on C/S defined locally by the product of the defining equations of D and D’. Explicitly, if
S = Spec R and if over an affine open subscheme Spec A of C, the Cartier divisor D (resp. D’) is defined
by an element f € A (resp. g € A), then the Cartier divisor D 4+ D’ is defined by the equation fg.

Lemma 4.2.3. Suppose E/S and E’/S are two elliptic curves over S and w : E — E' is an isogeny,
i.e., w is surjective and Ker(m) is a finite flat group scheme locally of finite presentation over S. Then

ker(w) — E is an effective Cartier divisor.

Proof. By the cancellation theorem of morphisms of locally finite presentation, any morphism between
abelian schemes are locally of finite presentation. Hence 7 is locally of finite presentation, and therefore
ker(sr) is also locally of finite presentation over S. Then the lemma follows from [Katz and Mazur 1985,
Lemma 1.2.3]. O

Definition 4.2.4. We say an isogeny 7 : E — E’ between two elliptic curves E and E’ is a cyclic
N-isogeny if 7¥ o = N, and there exists an fppf covering of S by a scheme T — S with a point

P e ker(mr)(T) such that the equality
N

ker(m)r = Z [aP]

a=1
of Cartier divisors on E7 holds. A T'o(N)-structure on an elliptic curve E /S is a cyclic N-isogeny E = E'.

Lemma 4.2.5. Let w : E — E’ be an isogeny between two elliptic curves E and E’, the isogeny 7 is an
N-cyclic isogeny if and only if ker(;r) is a cyclic group scheme of order N.
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Proof. By [Katz and Mazur 1985, Theorem 1.10.1], the set {aP}flV:1 (where P € ker(m)(S)) forms a full
set of sections of ker(s) if and only if we have the equality

N

ker(m) = Z [aP]

a=1

of effective Cartier divisors in £/S, which is exactly the definition of the cyclicity of a N-isogeny. [

Example 4.2.6. (a) Suppose T =x +iy € [H]T. We consider the elliptic curve E; = C/Z + Zt and a
finite subgroup K generated by 1/N inside E;. Then 7 : E; — E;/K is a cyclic isogeny.

(b) Suppose E/S is an elliptic curve over an [ ,-scheme S. Then for any n > 1, the n-th iterated relative

Frobenius
F':E— EP)

is a cyclic p"-isogeny. The origin P = 0 is a generator of ker(F") because ker(F") >~ OS[T]/(T””)
Zariski locally (cf. [Katz and Mazur 1985, Lemma 12.2.1]).

Let &1l be the stack of elliptic curves, i.e., for an arbitrary scheme S, £/I(S) is a groupoid whose
objects are elliptic curves p : E — § and morphisms are isomorphisms of elliptic curves over S. We
use Vo(NNV) to denote the stack which consists of all the I'g(N)-structures on elliptic curves, i.e., for a
scheme S, Vo(N)(S) is a groupoid whose objects are cyclic N-isogenies (E = E’) where E and E’ are
elliptic curves over S, and a morphism between two cyclic isogenies (E; —> E 1) and (E» LEN E})isa
pair of isomorphisms of elliptic curves a : E; => E; and @’ : E{ = E), such that @’ oy = m0a. We
have functors

s:Vo(N)— &ll, (E/ST>E'/S)— E/S.

Lemma 4.2.7. Both Yy(N) and EIl are 2-dimensional Deligne—Mumford stacks. The above functor
s : Yo(N) — &l is finite flat of degree ¥ (N) = N - ]_[”N(l +171), and representable by schemes. Also, s
is étale over Spec Z[1/N].

Proof. This is proved in [Katz and Mazur 1985, Theorem 5.1.1]. The key input is that a finite order group
scheme is automatically étale if the order is invertible in the base scheme. |

For a Z,)-scheme S, a geometric point § of S and an elliptic curve E over S, let E; be the base change
of E tos. Let T?(Ej) (resp. VP(Ej5)) be the integral (resp. rational) Tate module of the elliptic curve Ej.
A Z(Xp)—isogeny f+E— E’over S is a quasi-isogeny and there exists a prime-to-p number M such that
M o f is an isogeny. Let V?(f) be the homomorphism on rational Tate modules induced by f.

Lemma 4.2.8. Let £l be the localization of the stack E11 to Spec Z ). Then Ell(,) can be described by
the following stack: for every Z p)-scheme S, El1(,)(S) is a groupoid whose objects are pairs (E /S, nP),
where nP is a w1 (S, §5)-invariant GL, (Z" )-equivalence class of an isomorphism

n”: VP (E;) = (A%
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A morphism between two objects (E/S, nP) and (E'/S, n'P) is a Z?p)-isogeny f :E — E' over S such
that n®? = VP (f)on'P.

Proof. We temporarily use /1’ to denote the stack described in the lemma. It suffices to show that for a
connected scheme S over Spec Z ), there is a category equivalence between £11(S) and EII'(S). We first
construct a functor F from E/1(S) to £1I'(S). Given an elliptic curve E over S and a geometric point §

of S, we choose an isomorphism
P TP(E5) =~ (ZF)%.

Then clearly the GLg(zp)—orbit of n? is 71 (S, §)-invariant (because (S, 5) acts linearly on T?(Ej)).
We define F(E) = (E, n?); this functor is independent of the choice of n”.

Now we prove that this functor is essentially surjective and fully faithful. For essential surjectivity, we
pick an arbitrary object (E/S, n?) of £I'(S). By [Lan 2013, Corollary 1.3.5.4], there is a Z(Xp)—isogeny
f:E — Esuchthatn’? =n? o VP(f): VP(E)) = (A‘;)Z maps T7(E}) to (ZP)2. Therefore the object
(E/S, nP) is isomorphic to (E’/S, r]_/l’), which is the essential image of E’ € Ob £II(S).

Next we show that there is an isomorphism

Homgys)(E, E') =~ Homgs)((E, nP), (E', n'P)). (10)

This is clearly injective by the above discussion. Now we pick an arbitrary element f from the right-hand
side. Then f isa pr)—isogeny, and n'? = n? o VP(f). There exists an integer M prime to p such that
f =M o fisanisogeny from E to E’. We claim that this isogeny factors through the multiplication-by-M
map, i.e., f itself is an isogeny. By the relation n’” = n” o VP (f) and the construction above, V?(f) maps
TP (Ej3) isomorphically to T”(E?), then obviously f maps E.[M]~ E'[M]; to 0. This holds for every
geometric point § of S, so since S is a Z(p)-scheme and by the rigidity result [Mumford and Fogarty 1982,
Proposition 6.1], we know the isogeny f vanishes on E'[M]. Hence f itself is an isogeny. Now ker( f)
is a finite flat group scheme over S of order prime to p, but since V7 (f) maps T7(E5) isomorphically
to T? (Eé), this group scheme must be trivial, i.e., f is an isomorphism, and therefore it comes from an
element of the left-hand side of (10). O

Remark 4.2.9. We consider the Deligne-Mumford stack
H=_Ellxz¢&Il.

For any prime p, we use ) to denote the localization of H to Spec Z,).

There is a similar description of the stack #,): for any Z,)-scheme S, the groupoid #,)(S) consists
of pairs ((E, E), (P, n'P)), where nP (resp. n'P) is a 1 (S, §)-invariant GLZ(ZP)-equivalence class of
an isomorphism V7 (E;) = (AD)? (resp. VP (E}) = (AD)?).

For any N € Z. ¢, let wy be the 2 x 2 matrix

N O
wN=01.
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We consider the following stack Yo(N )/(p) over Spec Z(): for every Z,)-scheme S, Vo(N )’(p)(S) isa
groupoid whose objects are pairs

(E5 E',(n?,0'P)),
where E 5> E' is a cyclic N-isogeny and (n”, n’P) is a pair of 7 (S, §)-invariant I'o(N) (Z” )-equivalence
classes (we specify the action of I'g(N )(21’ ) in (12)) of isomorphisms

n”VP(Es) = (AD?, 7 VP(E) = (A))?,

which maps T7(E;) and T?(E}) to (21’ )2, and the isomorphism 1'? is determined by the commutative
diagram
VP (E5) SN (A%)?

lv"(m le (11)
/p

V”(E)—>(A )’

A morphism from (E; => E/, (ny, n/lp)) to (E» =2 ES, (5, n/zp)) is a pair (f, f’) of isomorphisms
f:Ei— E>and f': E{ — E such that

flom=mof and (,n)=5oVP(f),nl oVP(f))

as FO(N)(Z”)—orbits. The action of FO(N)(Z”) on the pair (n?, n'?) is given by
g (. n')) = (gon” wygwy' on?). (12)

Lemma 4.2.10. Let Vo(N) () be the localization of Yo(N) to Z,). Then there is an isomorphism
G :Jo(N)(py = yo(N)/(p) of stacks over Spec Z ;).

Proof. Let S be a scheme over Spec Z ), and (E I E') an object in the groupoid Yo(N)p)(S). For
a geometric point 5§ of §, the cyclicity of & implies that 5 is also cyclic. Since [ is invertible in
Speck(5) if I # p, there exist isomorphisms n? : T?(E5) ~ (ZP)? and n'? : TP(EL) ~ (ZP)? such that
wyon? =n"PoTP? (7). Now we consider a different choice of (n”, n'?), say (777, '?), satisfying the above
conditions. Then 7'? differs from n” by an element g € GLy(Z2P), ie., iP = g on?, and correspondingly
0P = a)Nga);,1 on'?. However, a)Nga);,l € GL,(Z") since both n'? and 7'? give isomorphisms from
TP (E5) to (ZP)?; therefore, g € GL,(ZP) rm;vl GL,(ZP)wy = To(N)(ZP). Thus the T'o(N)(ZP)-orbit
(nl’ n'P) is well-defined. We define G((E = E’)) = (E 5 E'), (P, ’P)) For a pair of isomorphisms
(f, f)), where f: Ey — E{ and f': E; — E}, define G((f, f") = (f, f).
It suffices to show that for a connected scheme S over Spec Z,,, the functor

G(8) : Yo(N)(p)(S) = Yo(N)(p)(S)

is an equivalence of categories. This functor is essentially surjective by definition; now we show that it is
fully faithful, i.e., the following morphism between sets is bijective:
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HomyO(N)(p)(S)((El = E)), (E; =, Eé))

LN HomyO(N)(p>(S)((E1 L EL o), (B2 2 ES, (), n p)))
f, = (f. ),

but this is clearly bijective by the definition. ]

There is a natural morphism from Vo (N)(p) to Hp), i.e., (E I E') > (E, E’). By Remark 4.2.9 and
Lemma 4.2.10, we can also describe it as

NNy = Hipy, (ES E, (P, 0'P)) — (E, E), 0P, 1'P)). (13)

4.2.A. Compactification of Yo(N). Next we introduce the compactification of the moduli stack Jy(N).
Let S be a scheme. We first introduce the notion of Néron n-gons.

Definition 4.2.11. For any integer n > 1 and a scheme S, the Néron n-gon over S is the coequalizer of
Lls= e
ieZ/nZ ieZ/nZ
where the top (resp. the bottom) closed immersion includes the i-th copy of § as the O (resp. co) section
of the i-th (resp. (i41)-st) copy of IP_lg.

Definition 4.2.12. A generalized elliptic curve over a scheme § consists of the following data:

« A proper, flat, finitely presented morphism E — S each of whose geometric fibers is either a smooth
connected curve of genus 1 or a Néron n-gon for some n > 1.

* An S-morphism E* x5 E %5 E that restricts to a commutative S-group scheme structure on E5™
for which + becomes an S-group action such that via the pullback of line bundles the action +
induces the trivial action of E°™ on Pic% /s

We use X to denote the moduli stack consisting of generalized elliptic curves whose degenerate fibers
are Néron 1-gons, i.e., for a scheme S, X' (S) is a groupoid whose objects are generalized elliptic curves
E over S and whose geometric fibers are either elliptic curves or Néron 1-gons. The following result is
proved in [Cesnaviéius 2017].

Lemma 4.2.13. X is a proper smooth 2-dimensional Deligne—Mumford stack.
Proof. This is proved in [Cesnaviéius 2017, Theorem 3.1.6]. O

We have a natural morphism of Deligne-Mumford stacks £/l — X, which sends an elliptic curve E
over S to itself. This morphism is an open immersion, i.e., the stack £/ is an open substack of X'. Recall
that we have a finite flat representable morphism )Yy(N) — &Il by Lemma 4.2.7. Let Xp(N) be the
normalization of )y(N) with respect to this morphism. A moduli description of Xy(/NV) in terms of level
structures on the generalized elliptic curves can be found in [Cesnaviéius 2017, §5.9]. The stack Jy(N)
can be realized as an open substack of the stack Xy(N) based on this description. We also have the
following theorem:
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Theorem 4.2.14. Xy(N) is a regular proper 2-dimensional Deligne—Mumford stack. It is finite flat over X.
Proof. This is proved in [Cesnavi¢ius 2017, Theorem 5.13]. O
4.3. Special cycles on H and Xy(N). Let p be a prime number, we first define the special cycles on the
stack Hp).

Definition 4.3.1. For every symmetric nxn matrix T = (Tj;), let @7 be the characteristic function of an
open compact subset @ of M, (A?)” invariant under the action of GL, (Z” ) x GL, (ZF ). We consider the
stack Z*(T, @”), whose fibered category over a Z; p-scheme S consists of the objects

(E,E), (1P, 0'P), ),
where ((E, E'), (n?, n'P)) is an object in H(,)(S), j = (1, j2s .-, jn) € Hom(E, E") ®7 Z(,))" and
() :=nP o VP(j)o(n?)~! € @”. Moreover,
T = 5(deg(ji + ji) — deg(ji) — deg(j)) = 5(ji 0 iy’ + je © ji¥)-
The special cycle Z4(T, @) may be empty.

For every symmetric n x n matrix 7', we have a natural finite unramified morphism i 5 ( ZN(T, o) = Hp
by forgetting the morphisms j of an object ((E, E'), (9P, n'P), j) of Z5(T, $”). We recall the following
definition of generalized Cartier divisor from [Howard and Madapusi 2022, Definition 2.4.1].

Definition 4.3.2. Suppose D — X is any finite, unramified and relatively representable morphism of
Deligne-Mumford stacks. Then there is an étale cover U — X by a scheme such that the pullback

DU:|_|D§,
i

with each map Db — U a closed immersion. If each of these closed immersions is an effective Cartier

Dy — U is a finite disjoint union

divisor on U in the usual sense (the corresponding ideal sheaves are invertible), then we call D — X a
generalized Cartier divisor.

Proposition 4.3.3. Let ¢ be the characteristic function of an open compact subset ®P of MZ(A?)
invariant under the action of GL; (21’ ) x GL, (Zl’ ). For any positive number d € Q, the finite unramified
morphism if : 28(d, P) — Hp) is a generalized Cartier divisor.

Proof. This is proved in [Howard and Madapusi 2020, Proposition 6.5.2] (see also [Howard and Madapusi
2022, Proposition 2.4.3]). (]

Now let’s turn to the special cycles on the stack Xy(N)(p) and Vo(N) (). We first introduce the notion
of special morphisms for the moduli stack Vo (N)(p).

Definition 4.3.4. Let S be a scheme over Spec Z ;). For an object ((E I EN, (P, n'P)) in Yo(N) () (S),

a special morphism of this object is an element j € Hom(E, E') ®7 Z,) satisfying
jor ' +moj'=0.

We denote this space by S(E, 7).



1792 Baiging Zhu

Definition 4.3.5. For every symmetric n x n matrix T = (T};), let ¢ be the characteristic function
of an open compact subset @” of (\/?)” invariant under the action of I'g(V) (21’). We consider the
stack Z(T, ¢”), whose fibered category over a Z,)-scheme § consists of the objects

((E 5 EN, P, n'P), J),

where ((E = E’), (n?, 1'P)) is an object in Yo(N) () (S), j = (j1, jos - -+ ju) € S(E, )" and n*(j) :=
NP o VP(j)onP)~' € wP. Moreover,

Ty = 5 (deg(ji + ji) — deg(ji) — deg(j)) = 3(ji 0 i + jx 0 ji))-
The special cycle Z(T, ¢?) may be empty.

For every symmetric n x n matrix 7, we have a natural morphism i, : Z(T, ¢”) — YJo(N)(p) by
forgetting the special morphisms.

Remark 4.3.6. Let T € Sym, (Q). Let @” be the characteristic function of an open compact subset
®@P of M, (Ap )"* invariant under the action of GL, (Z” ) x GL, (z” ). Let @? be the restriction of @f to
the subspace (\/ )" of MZ(A )". Then ¢@? is the characteristic function of an open compact subset
w? of (\/’;)" invariant under the action of I'g(N )(Z"), and the special cycle Z(T, ¢”) is a union of
some connected components of the fiber product ZNT, ¢P) X#, Yo(N)(p)- Therefore the morphism
in: Z2(T,@P) — Yo(N)(p is also finite unramified. In particular, forn =1 and T =d € Q., the
morphism i : Z(d, ¢?) — Yo(N)(p) is a generalized Cartier divisor by Proposition 4.3.3.

We show next that the composite 17,1 1 Z(T, ¢?) In, Yo(N)(p) — X(N)(p) is also finite unramified. We
start with the case that n = 1.

Proposition 4.3.7. Let ¢” be the characteristic function of an open compact subset w? of \/" | invariant
under the action of T'o(N) (Zp). For any positive number d € Q, the morphism i 11 2 Z(d, pP) — X(N)(p)
is finite unramified, and Z(d, ¢?) is a generalized Cartier divisor.

Proof. The morphism 7} is unramified since 71 is unramified and the open immersion Yo (N ) » = Xo(N)
is also unramified. Therefore we only need to show the finiteness of 7.

We first prove that the stack Z(d, ¢?) is flat over Z ). Since the morphism Z(d, ?)Vo(N)p) is a
generalized Cartier divisor by Remark 4.3.6, the flatness of Z(d, ¢?) is equivalent to the fact that its local
equation is not divisible by p since the stack Vo(N),) is flat over Z,). We assume the converse and
suppose that there exists a point z € Z(d, ¢? )(F p) such that the equation of Z(d, ¢?) in the étale local
ring Oy (N).. 18 divisible by p. Then the stack Z(d, ¢”) contains an irreducible component of Yo(N)g,
in an étale neighborhood of z. Let (E &> E’, (P, n'?)) be the object corresponding to the generic point
of this irreducible component. Then End(E) ~ Z since the j-invariant of £ must be transcendental
over [, (by the description of the stack Yo(N )E, in [Katz and Mazur 1985, Proposition 13.4.5 and
Theorem 13.4.7]). There also exists an isogeny j € Hom(E, E’) @7 Zp) such that jY o + 7" 0 j =0.
Leto = j~' o € End°(E) := End(E) ® @ ~ Q. Then o2 =—Nd ! <0, contradicting the fact
that End°(E) >~ Q
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Therefore, the stack Z(d, ¢?) is flat over Z(,), and hence equals the flat closure of its generic fiber
Z(d, p")q = Z(d, ¢) xz,, Q. The stack Z(d, ¢”)q consists of finitely many points whose residue
fields are finite extensions of Q. Therefore the structure sheaf Oz 4r) of Z(d, ¢?) is a finite product
of subrings of the integer rings of these residue fields. Hence the stack Z(d, ¢?”) is finite over Z,), so
i:Z (d, pP) — Xy(N)(p) is proper since Xo(N)(p) is proper over Z ). The morphism i is obviously
quasifinite by the finiteness of Z(d, ¢”) over Z(,), and hence i1 is finite.

We already know that the morphism ijisa generalized Cartier divisor over the open substack Vo (N) ()
of Xy(N)(p). Moreover, €tale locally around a cusp point of Xy(N)p), the stack Z(d, ¢?) is cut out
by 1 since i) factors through the noncuspidal locus Vo(N)(p). Thus the finite unramified morphism
i 2 (d, pP) — Xy(N)(p) is a generalized Cartier divisor on the stack Xo(N) (). O

Corollary 4.3.8. Let ¢? = []/_, (pip be the characteristic function of an open compact subset @”
?f (\/?)” invariant under the action of T'o(N) (2” ). For any matrix T € Sym, (Q)-0, the morphism
in: Z(T, @") — Xo(N)(p) is finite unramified.

Proof. Suppose the diagonal elements of T are dj, . .., d,. Proposition 4.3.7 implies that the morphism
Z(dy, <pf) X Xo(N) () * " X Xo(N)py Z (s oy — Xo(N)(p) is finite unramified. The stack Z(T, ¢”) is a con-
nected component of Z(d1, 97)X xy(N) )" * *X Xo(N) () Z (dn @1 ), 30 the morphism in: Z(T, @P)— Xo(N)(p)
is finite unramified. O

We mainly focus on the case that T is a nonsingular 2 x2 symmetric matrix with coefficients in (2. For
every such matrix 7', recall that we have defined the difference set to be

Diff(T, A(N)) = {l is a finite prime : T is not represented by A(N) ® C();}.

Proposition 4.3.9. Let T € Sym,(Q) be a nonsingular matrix. If Z(T, ¢?)(F p) # & for some prime p,
then T is positive definite, and

DIff(T, A(N)) = {p}.

Moreover, in this case, the special cycle Z(T, @P) is supported in the supersingular locus of the special
fiber Yo(N)E,,.

Proof. Since Z(T, @? )(F ») # @, Corollary 4.3.8 implies that there are two elliptic curves [E and E’ over F P>
a cyclic isogeny 7w € Hom(E, E') and two isogenies x, x, € Hom(E, [E’)(p) such that

T= (30 x;)) and (x),7)=(xz,7)=0.

Therefore, T must be positive definite and both [ and E’ are supersingular elliptic curves over F p since
dimg Hom(E, E') ® @ > 3. The quadratic space Hom(E, E') ® Q,, is isometric to the underlying quadratic
space of the unique division quaternion algebra B over Q,,.

The isogenies xi, x3 lie in {7}* C Hom(E, E') ® @, ~ B, where 7" o 7 = N. However, {7}* and
A(N)® Q) have the same discriminant — N but opposite Hasse invariants. Therefore p € Diff(T', A(N)).
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At the same time, by choosing some level structures on [ and E’ away from p, we get that T can be realized
in A(N) ® Qy for any finite prime / # p. Therefore p is the only prime in the set Diff(7, A(N)). O

Remark 4.3.10. Proposition 4.3.9 implies that the special cycle Z(T, ¢?) is also finite unramified over
the stack Xo(N)(,) because the scheme-theoretic image Z (T, @?) of Z(T, @?) in Xy(N)(p) is supported
in the supersingular locus of the special fiber Xo(N)r,, which equals the supersingular locus of the special
fiber Yo (N )[F,,- Hence Z(T, ¢?) is contained in V(N )(p), and therefore equals the scheme-theoretic
image of Z(T', ¢?) in Yy(N)(p), over which Z(T, @) is finite unramified.

For any nonsingular 2 x2 symmetric matrix 7’ € Sym, (Q), a Schwartz function 9 =), _,, ¢» € %/ (\/3,)
is called T-admissible if ¢ is invariant under the action of I'g(N )(Z), @ =@ x @ for g; € S(Vy) and

T is not positive definite, or
T is positive definite and |Diff(7, A(N))| # 1, or

o T is positive definite, Diff(T, A(N)) = {p} for some prime number p, and ¢ = ¢” ® ¢,, where
P e 5”((\/?)2) and ¢, =c- IA,,(N)2 for some ¢ € C.

Definition 4.3.11. For a nonsingular 2x2 matrix 7 € Sym,(Q) and a T -admissible Schwartz function
e (\/ip) which is also a characteristic function of a I'g(N )(2)—invariant open compact subset @ of V2,
we define a stack finite unramified over XyH(N) as

Z(T, @) :=2(T, ¢") — X(N)(p) = X(N),
where p € Diff(T, A(N)). If |Diff(T, A(N))| # 1, we define Z(T, @) = @.

Remark 4.3.12. By Proposition 4.3.9, Z(T, ¢) is nonempty only if |Diff(7, A(N))| = 1, so the above
definition makes sense.

Remark 4.3.13. If we view Z(T, ¢) as an element in CH%(XO(N )), we can drop the restrictions
in Definition 4.3.11 that the Schwartz function ¢ is the characteristic function of an open compact
subset of \/?. Since any T-admissible Schwartz function ¢ on \/? is a finite linear combination of
['o(N)(Z)-invariant characteristic functions of some open compact subsets, we can define Z(7, @) as the
corresponding linear combination of elements in CH% (Xp(N)).

4.3.A. Comparison with [Sankaran et al. 2023, §2.2]. Another kind of special cycle of Xy(N) is defined
in [Sankaran et al. 2023, §2.2] as follows,

Definition 4.3.14. For m € Z, let Z(m) denote the moduli stack whose S points, for a base scheme S, are

given by Zm)(S) ={(E S E',a)},

where (E 5 E’) € Yo(N)(S) and o € End(E) satisfies the following conditions:
(@) «¥oa=mN and ¥ +a =0.
(b) a o' e Hom(E', E).
(c) Toaon~! € End(E").
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Lemma 4.3.15. For every prime number p, let Z(m) ) ‘= Z(m) Xz Zp). Then we have an isomorphism
of stacks

T:Z(m)gp — Z(m,1 (ESE o)~ (ES E (ni’ n'P), (@om™ ))

A(N)@ZP)’

Proof. We first prove that T is well-defined. For any connected Z,)-scheme S, let 5 be a geometric point
of S. We can choose trivializations n? : V?(E5) => (Ap)2 and n'? : VP(E}) = (A P)2 such that 7?7 (E3)
and T?(E%) are mapped isomorphically to (Zp)2, and n’p VP(r)o(nP) ' = wy by the cyclicity of .
Moreover,

(O{on’*l)von —{—n’vo(aon*l) = %Trv oa”om _i_%”v owoTm

:%nvo(av—i-a)onzo.

Hence (e o 7~ ")Y € S(E, 1), so (b) implies that n’” o VP ((@or ")) o (p?)~! € A(N) @ ZP C \/’}.
Therefore (E = E', (n?, n'P), (@on ™)) € Z(m, 1 y,570)(S)-
We define the morphism

R: Z(m, lA(N)®2P) — Z(m) ), (E I E, (g7, n'P), )= (ES E', jYom).

We show that R is well-defined. For any connected Z(,)-scheme S, an obJect (ES E, (np n'P), j)
being in Z(m, IA(N)®Z,,)(S) means that j EA Hom(E, E') ® Z(p) and j¥Y o + ¥ o j = 0, and the
fact that n’”? o VP(j) o (n?)~! is in A(N) ® Z” implies that j € Hom(E, E’). Then j¥ o w € End(E),
(jYom)o(jVomr)y=mVojojYomr=mN and (jYon)"+ jYomr =n¥oj+ j’om =0, which
is exactly (a). Moreover, (b) and (c) are easily verified. Hence (E = E’, j¥ o) € Z(m)(S), so the
morphism R is well-defined. It’s easy to see that T and R are inverse to each other, and therefore the
lemma is proved. U

4.3.B. Arithmetic special cycles on Xy(N). We apply the arithmetic intersection theory developed in
[Gillet 1984; 2009] to the regular proper flat Deligne—-Mumford stack Xy(N). We obtain the arithmetic
Chow ring of Ap(N),

2
CHE (Xo(N)) = @D CHE (X (N)).
n=0

Roughly speaking, a class in @IE(XO(N )) is represented by an arithmetic cycle (Z, gz), where Z is a
closed substack of Xy(N) of codimension n with C-coefficients, and gz is a Green current for Z(C), i.e.,

gz is a current on the proper smooth complex curve Xy(N )¢ of degree (n — 1, n — 1) for which there

exists a smooth w such that
dd‘(g) +6; = [w].

Here [w] is the current defined by integration against the smooth form w. The rational arithmetic cycles
are those of the form cTi;(f) = (div(f), te[— 1og(|f|2)]), where f € k(Z)* is a rational function on a
codimension-(n—1) integral substack ¢ : Z — Xy(N), together with classes of the form (0, an + 517/ ). By
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definition, the arithmetic Chow group CH{.(Xp(NV)) is the quotient of the space of arithmetic cycles by
the C-subspace spanned by those rational cycles.

Let Z be an irreducible codimension-2 cycle on Xy(N). Then Z is a Deligne-Mumford stack over [,
for some prime number p and the groupoid Z(F p) 18 a singleton with a finite automorphism group Aut(Z).
The rational function field k (Z) of Z is a finite extension of [F,. Clearly §z = 0 because Z(C) =

Let (Z,g2) = (Zl ni[Zil, g) be an arithmetic cycle of codimension 2, where each Z; is an irreducible
codimension-2 cycle on Xy(N). We define the degree map

— = log|xk (Zi)|
deg: CHL(Xo(N) = C,  [(Z.8)]— Z AWZ) + f g (14)
Xo(N)(C)

Here the integration f Xo(W)e & is the integration of the constant function 1 on Ap(N)c against the (1, 1)-
current g. It is a finite number since the stack Xy(N) is proper. This number is independent of the choice
of representing element (Z, g) as a consequence of the product formula [Kudla et al. 2006, §2.1].

Now we are going to construct Green currents for the special cycle Z(T, ¢). Let

={ze AN)®zC:(z,2) =0, (z,2) <0} /C* CP(AN) Q).

We have the GL;(R)-equivariant identification

_ N2
I]-[I?El)[[]), r|—>spanC{< 11\11: ]ZT)}

Next, we ass001ate to any nonsingular 7' € Sym,(Q) and T'-admissible Schwartz function ¢ € . (\/ )
an element in CH@ (Xo(N)). Lety ='a-a € Sym,(R) be a positive definite matrix, where a € GLZ(R)

« For a positive definite 7 and T -admissible Schwartz function ¢, we consider the element
N =2
Z(T,y, @) = (Z(T, ¢),0) € CHg(Xp(N)).

» For another nonsingular 7" which is not positive definite, we apply the general machine developed
n [Garcia and Sankaran 2019], which is made explicit in [Sankaran et al. 2023]. For any x € V4
and [z] € D, let R(x, [z]) = —|(x, 2)|*- (z, Z)~". We define an element in . (V) ® A1 (HT) by letting,
for x = (x1, x2) € VX and [z] € D,

dx Ndy
o

2 2

_ 1

v, [2]) = (—n 2 ;a«xi, [e]) + (. x»)) exp(—zn ;(Rui, [e]) + 5 i, m)) :
1= 1=

Then we define a smooth (1, 1)-form g(7, y, ¢) on D by letting its value at the point [z] € D be

0.¢]

Ty o)D)= > ox- f v(r”zx-fa,[z])-%

xe(AN)®D)? 1
T(x)=T

The sum converges absolutely, and descends to a smooth (1, 1)-form on the modular curve Vy(N)c.
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Lemma 4.3.16. For nonsingular T € Sym,(R) which is not positive definite, the form g(T,y, @) is
absolutely integrable on Xo(N)c. Hence g(T,y, @) defines a (1, 1)-current on Xo(N)c.

Proof. This is proved in [Sankaran et al. 2023, Lemma 2.9]. O

To sum up, let T € Sym,(Q) be a nonsingular matrix, y € Sym, (R)-, and ¢ € Y(\/%c) a T-admissible
Schwartz function. We define

([Z(T, ¢)],0) when T is positive definite,

15
0, g(T,y,9)) when T is not positive definite. (1)

Z(T,y, ¢) = {

It is an element in (fl\-lqz: (X(N)).

4.4. Arithmetic Siegel-Weil formula on Xy(N). Now we can state the main theorem of this article,
which proves an identity between arithmetic intersection numbers on Xy(/N) and derivatives of Fourier
coefficients of Eisenstein series,

Theorem 4.4.1. Let N be a positive integer, T € Sym,(Q) a nonsingular symmetric matrix, and
e (\/?c) a T-admissible Schwartz function. Then
YN

deg(Z(T.y, 9))q" = =~ 9 Bisr (z. ¢)

for any z=x+1iy € Hy. Here y(N) = N - [,y (1 +17Y), g7 = 2min(T2),

The article [Sankaran et al. 2023] proves this formula in the case that T is not positive definite without
any restrictions on the level N, and the case that T is positive definite but with the restriction that N is odd
and square-free. We give a proof of the case that T is positive definite and N is arbitrary in Section 8.3.

5. Rapoport-Zink spaces and special cycles

5.1. T'y(N)-structures on p-divisible groups. For a prime p, let [ be the algebraic closure of [,, W the
completion of the maximal unramified extension of Q, and Nilpy, the category of schemes S over
Spec W such that p is locally nilpotent on S. Let S be the closed subscheme of S defined by the ideal
sheaf pOyg. For a p-divisible group X, we use X" to denote the dual p-divisible group. We introduce
two Rapoport—Zink spaces in this chapter. They are essentially isomorphic to the completed local rings
of supersingular points in characteristic p of the moduli stacks H and Xp(N).

Let X be a p-divisible group over F of dimension 1 and height 2. The associated filtered isocrystal
D(X)g has pure slope %, e.g., we can take X to be E[p>°], where [ is a supersingular elliptic curve over [.
Let 1o : X => X" be a principal polarization. We consider the following functor A on the category Nilpy,:
for any S € Nilpy,, the set N'(S) is the isomorphism classes of tuples ((X, p, A), (X', p’, A")), where

(1) X and X’ are two p-divisible groups over S, and p, o’ are two quasi-isogenies between p-divisible
groups,o:Xx[Fb_’—>XXS§, p/:Xx[FS‘—> X' x5S
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(2) A:X = XV, ) : X’ — X'V are two principal polarizations such that Zariski locally on S, we have
pYorop=c(p)-ro, pYorop =c(p) Ao
for some c(p), c(p’) € Zy.

Proposition 5.1.1. The functor N is represented by the formal scheme Spf W{t1, t2]| over Spf W.

Proof. When p is odd, this is explained in [Li and Zhang 2022, Example 4.5.3(ii)]. In general, the
deformation space of the supersingular elliptic curve [ is isomorphic to Spf W[[¢]]. By the Serre—Tate
theorem, this is also the deformation space of the p-divisible group X with certain restrictions on the
polarization, as in the definition of the deformation functor A. Therefore,

N:ShW[[l‘l]] X Spf W ShW[[l‘z]] ZShW[[l‘l,tz]]. |

Let ((XUniY, puniv junivy - x/univ. ,/univ 3/univy) be the universal p-divisible group over N'=Spf W[t %]
By Lemma 6.1.3 below, the category of p-divisible groups over Spf W{[t;, ;] is equivalent to the category
of p-divisible groups over Spec W[t;, t,]l. We still use ((XU"Y, puniv, Aunivy (x/univ_pruniv jrunivyy o
denote the corresponding p-divisible group over Spec W[¢, £, ].

Next we fix an N-isogeny xg : X — X, i.e., xg o x(\)’ = N. Ny(N) is a contravariant set-valued functor
defined over Nilpy,. For every S € Nilpy,, the set Ny(N)(S) consists of the isomorphism classes of
elements of the form (X = X/, (p, p), (A, 1)), where

(1) X and X' are two p-divisible groups over S, and p, p’ are two quasi-isogenies between p-divisible
groupsp:XxF§—> Xxsg, p’:Xx[F§—> X’XSE;

(2) A: X — XV, ) : X' — X'V are two principal polarizations, such that Zariski locally on S, we have
p'okop=c(p)-ro, pYorop =c(p): 2o

for some c(p), c(p’) € Z%;

(3) x: X — X' is a cyclic isogeny (i.e., ker(x) is a cyclic group scheme over S) lifting p’ o xgo p~!.

We will prove later that the functor Ny (N) is represented by a closed formal subscheme of Spf W([[z1, 7,
cut out by a single equation (see Theorem 6.2.3).

5.2. Special cycles on N" and Ny(N). Now we give the definition of special cycles on the formal schemes
N and Ny(N). Recall that ((XUniv, puniv junivy (x/univ - runiv 5 /univyy jq the universal p-divisible group
over AV, and B ~ End’(X) is the unique division quaternion algebra over Q p» Whose Hasse invariant as a
quadratic space is —1.

Definition 5.2.1. For any subset L C B, define the special cycle Z%(L) to be the closed formal subscheme of
N where the groupoid Z¥(L)(S), for an object S € Nilpy,, consists of pairs ((X, p, 1), (X', p’, 1)) e N'(S)

1

such that the quasi-isogeny p’ ox o p~" is an isogeny from X to X'.

Remark 5.2.2. The special cycle Z*(L) only depends on the Z ,-linear span of L in B, and is nonempty
only when this span is an integral quadratic Z ,-lattice in B.
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Proposition 5.2.3. Let x € B be a nonzero and integral element, i.e., 0 < v,(x" ox) < 0o. Then Z%(x) is
a Cartier divisor on N, i.e., it is defined by a single nonzero element f, € W|[t, t]l. Moreover, Z*(x) is
also flat over Spt W, i.e., pt f.

Proof. When p is odd, the formal scheme N is an example of GSpin Rapoport-Zink space [Li and Zhang
2022, Example 4.5.3(ii)], and the proposition has been proved for every GSpin Rapoport—Zink space in
[Li and Zhang 2022, Proposition 4.10.1]. For all p (especially p = 2), this is proved in [Katz and Mazur
1985, Theorem 6.8.1]. 0

Now let’s come to the special cycles on NVy(N). Firstly, we give the definition of the space of special
quasi-isogenies. Recall that we have fixed an N-isogeny xo when we define the formal scheme Ay(N).

Definition 5.2.4. We call a quasi-isogeny x € B = End’(X) special to xq if
xoxy +xp0x’ =0.

By definition, the space of quasi-isogenies special to xq is just the quadratic space W = {xo}* C B. By
Witt’s theorem, it is a 3-dimensional quadratic space over (), whose isometric class is independent of the
choice of the N-isogeny xg.

Definition 5.2.5. Let (X ENS ' (8, B), (A, X)) be the universal object over Np(N). For any subset
M C W, define the special cycle Z(M) C Ny(N) to be the closed formal subscheme cut out by the
conditions

§ oxop ! e Hom(X, X') forany x € M.

For any subset M C W C B, we have the Cartesian diagram

Z(M) —— Ny(N)

L]

ZH M) —— N

5.3. Formal uniformization of Xy(N) and the special cycle Z(T, ¢). Let B be the unique quaternion
algebra over Q ramified exactly at p and co. Then B ®q Q, >~ B is the unique division quaternion algebra
over Q. Let E be a supersingular elliptic curve over [ and X = E[p*°] the p-divisible group of E. Then
B ~ End’(E) and B ~ End’(X). Suppose xo € B comes from a cyclic N-isogeny of E under the above
isomorphism End’(F) ®q @, =~ B.

We ﬁrAst state and explain the formal uniformization theorem of the supersingular locus ﬁFSp of Hp,.
We use H/ ) to denote the completion of # along the closed substack ’H,Ei.

Theorem 5.3.1. There is an isomorphism of formal stacks over W
A~ ® ~
/s, ) —> B* @7\ IN x GLa(A])?/ GLa(27)?], (16)

where B*(Q)q is the subgroup of B> (Q) consisting of elements whose norm has p-adic valuation 0.
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Theorem 5.3.1 is proved in [Rapoport and Zink 1996, Theorem 6.24]. Here we only describe the
isomorphism, especially the group action on the right-hand side of (16). Let 770 VP(E) = (A} P)2 be a
prime-to- p level structure of E. Let E be a deformation of E to W, and let X := E[ p°°] be the correspondmg
deformation of X to W. For some object S € Nilpy,, we pick an object

(X, 0. ), (X', 0,2, (8. 8)) € N(S) x GL2(A]).
The quasi-isogeny p (resp. p’) gives rise to a quasi-isogeny p : Xs —> X (resp. o' : Xs — X’). Then there
exists an elliptic curve E (resp. E’) up to prime-to-p isogeny over S and a quasi-isogeny pg :ES — E

(resp. pg :Eg — E’) such that E[p™®]~ X (resp. E'[p™] ~ X’) and pg (resp. pg’) induces f (resp. p')
under this isomorphism. The object ((X, p, A), (X', p’, 1), (g, &) is mapped to

((E,E, (7'ng o VP(pg "), &' 'ng o VP (0ph)) € H(S).
The group action is given, for a pair of elements (b, b') € B*(Q)¢ x B*(Q)o, by the map
B(Q) — B(Q,) ~End’(X) £> End’(X) (resp. 2> End’(X")),
and a fixed isomorphism B (A?) ~ GL, (A?). We obtain another triple

(0. D) (X, p, 1), (X, 0/ ), (8. 87) = (X, po b, 2), (X, p' o b1, 1), (bg. b'g)).

Now let Xy(N )SS (resp. Yo(N )SS) be the supersingular locus of Xp(N)f, (resp. Yo(N)F,). Let
XO(N)/(XO(N)ss ) (resp yo(N)/(yO(N)ss y) be the completion of Xy(N) (resp. Vo(N)) along the closed
substack XO(N) (resp. Vo(N)P ) By the definition of AH(N), we have XO(N) = Jo(N)pP F, and

therefore /"CO(N)/(XO(N)F ) yo(N)/(yo(N)“‘ .

Proposition 5.3.2. There is an tsomorphlsm of formal stacks over W,

Xo(N)

XO(N)/(XO(N)’“ ) ————> B* (@) \ [No(N) x GLo(A%)/ To(N)(ZP)], (17)

where B*(Q)q is the subgroup of B> (Q) consisting of elements whose norm has p-adic valuation 0.
Proof. The following diagram is Cartesian, with all arrows closed immersions:
SS SS
yO(N)[Fp — H[F,,
W(N) ——H

this diagram gives a closed immersion i : /’\’O(N)/(,\go(N)IF ) yo(N)/(yO(N)ss ) —> H/(Hss .
Recall that we have the isomorphism

H/(HSS ) —> B (@)0 \ [NX GLz(A ) /GLz(Zp) ]

Let S be an object in Nilpy,, and let (z, (g, g')) € N(S) x GLZ(A P)2 be a point in the closed formal
substack V(N )[F,,‘ Then clearly z € Np(N)(S). Suppose z corresponds to a cyclic isogeny E = E’ by
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our description of the isomorphism ®4,. Then g’ is determined by g by the diagram

g nlovripgh

VP(Es) (Af)?
lv,,(n) le (18)
g "ngoV? (0,
VP (E) s (A)?

Thus we only focus on the pair (z, g) € Np(N)(S) x GL, (A?). Consider the morphism
© : No(N) x GLa(Af) = H/p ). (2.8) = 03/ (2, (8. 8))-

The image of ® lies in the closed formal substack X 0(N)/ (xi( IOERE

Let (z1, g1), (22, £2) € No(N)(S) x GLQ(A}’) be two points. Then ®(z;, g1) = O(z2, g2) if and only if
there exist b, b’ € B*(Q)o and k, k| € GLo(Z”) such that (z2, (g2, 85)) = (b, b')«z1, (bgik1, b'g\k))).
We still use E = E’ to denote the corresponding point of z, under ®y,. Notice that (22, (g2, g5)) =
(22, (bg1, b'g})) in the quotient stack [N x GLz(Afi)2 / GL,(ZP)?]. Therefore

On (22, (g2, 82)) = O3 (22, (bg1, b'gY)) € ?eo(N)/(XO(N);;)(S),
and hence both (g> = bgiki, g5 = b'g1k}) and (bgy, b'g}) satisfy the commutative diagram (18). Then
ki = kalw;,l.

Since both k; and k| belongs to GL, (ZP) == I1 GL,(Z,), there exist a, b, ¢, d € ZP such that

v#00, p

b .
ki = (A‘;C d) e To(N)(ZP).

Moreover, the element b’ is also determined by b by the diagram (18). Therefore ®(z1, g1) = ©(z2, g2)
if and only if there exists b € B*(Q)o and k € ['o(N) (Zp) such that (z2, g2) = (b«z1, bg1k). O

Let Z5(T, @) be the completion of Z(T, ¢) along its supersingular locus
ZX(T, 9) = Z(T, @) xxyv) Xo(N)E -
Let A(N)?) be the unique quadratic space over @ (up to isometry) such that
(1) itis positive definite at co;
(2) for finite prime [ # p, A(N)P) @ Q is isometric to A;(N) ® Q;:
3) A(N)P Q, is isometric to W.

As a corollary of the formal uniformization of the supersingular locus of Xy(N) (see Proposition 5.3.2),
we have the following formal uniformization of the special cycles on Ap(N).



1802 Baiging Zhu

Corollary 5.3.3. Let T € Sym,(Q) be a nonsingular symmetric matrix, and Diff(T, A(N)) = {p}. Let
e (\/3;) be a T -admissible Schwartz function. Let K 6(2@ o(N)/ (xo N )) be the Grothendieck group of
N P
N _ . / « . .
coherent sheaves of O To(N) /<Xo(N)?Fsp) modules. Then in Ky (Xo(N)/ Xo(N)[Fp)) we have the identity

ZNT, 9) = > > 9(g7'x) - O3y, (ZX), 2,
xeB* (@%)(o\)(AT(N)(”))Z 2EBZ (@0\GL2(A})/ To(N)(ZP)
X)=

where B C B* is the stabilizer of x € (A(N)P)2,
Proof. We only need to prove the corollary when ¢ is the characteristic function of some open compact

subset @ of\/%. Let S be an object in Nilpy,. Suppose @};(N) (z,8) € E:’SS(T, @)(S) for some z € Ny(N)(S).
Then z gives rise to a cyclic isogeny E = E’, along with two isogenies x1, x» € Hom(E, E ")(p) such that

T= (3, x;)) and (x1,7)=(x2,7)=0.

Then x1, x, and 7 induce endomorphisms of the corresponding p-divisible groups, and hence endomor-
phisms of X. We still use x1, x, to denote the endomorphisms of X. Let 7T'(x) := (%(x,-, X j)) be the inner
product matrix of x = (x, x2)). We have

T=T(x) and (x1,x0) = (x2,x0) =0,

ie,xi,xe{xt=WxAWN)P @q Q,. We can also identify x; and x; as elements in A(N)P ®A?
via the level structures n(’)’ o V”(pgl) and n(’)’ o V”(pg,l) of E and E’. The positivity assumption on T
makes it embeddable into A(N)?) ®q R. By carefully choosing the isometry W ~ A(N)?) ®¢q Q p» WE
can find x € (A(N)®)? which induces x; and x; locally at every place of (.

Then the condition ®}J(N)(z, g) € ZQ’SS(T, @)(S) implies that

1

z€Z(x) and g xc€w (here g€ GLy(Ay) with g, =1),

and this is exactly the meaning of the identity in the theorem. ]

6. Difference formula at the geometric side

6.1. p-divisible groups over adic noetherian rings.

Definition 6.1.1. A topological ring R is an adic noetherian ring if it is noetherian as a ring and it has a
topological basis consisting of all translations of the neighborhoods of zero of the form I (n > 0), where
I C R is a fixed ideal of R, and R is Hausdorff and complete in that topology. A choice of such an ideal
is said to be the defining ideal of the topological ring R.

Lemma 6.1.2. Let A be an adic noetherian local ring whose defining ideal is the maximal ideal m. Then

any ideal I C A is complete in the topological ring A, i.e.,
I=()d+m".
n

Moreover, A/l is an adic noetherian ring with defining ideal m/1.
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Proof. Nakayama’s lemma implies that (), m"/ = 0. Then we can apply [Stacks, Lemma 031B] to
conclude that / is m-adically complete, i.e., [ =~ I= lim, I/m"[.

We have the exact sequence
0—>1—-A— A/l —0.

Since A is noetherian, after taking completion with respect to the maximal ideal m, we get
0>1—>A— A//\I — 0.

However, A = A and I = I, and hence Z/\I ~ A/I. We conclude A/I is an adic noetherian ring.
By definition, X/\I =lim, A/(I +m"). Hence /T/\I ~ A/I implies that I = (),(I +m"). O
Lemma 6.1.3. Let A be an adic noetherian ring whose defining ideal is 1. Then the functor
{category of p-divisible groups over Spec A} — {category of p-divisible groups over Spf(A)},
G =(Gn/A) > (Gr = (Gr(n) = G(n) x4 A/T))p=1.
is an equivalence.

Proof. This is proved in [de Jong 1995, Lemma 2.4.4]. (I

6.2. Difference divisors on N. Recall that for every nonzero integral x € B, we define the special divisor
Z*(x) on \V as the closed formal subscheme of A/ over where x lifts to an isogeny (cf. Definition 5.2.1
and Proposition 5.2.3). It is cut out by an element f, € W[#, £2].

For any nonzero x € B such that v,(x" ox) > 2, there is a closed immersion

i: Zﬁ(p_lx) — Zﬁ(x),

by composing every deformation of p~!

x with the multiplication-by-p morphism. Since W{t, t,] is a
unique factorization domain, we get fp—lx | fx. Define d, = fx/fp—lx € Wity t2] when v, (x¥ ox) > 2

and dy = f, when v,(x" ox) =0or 1.
Definition 6.2.1. Let x € B be a nonzero and integral element. The difference divisor associated to x is
D(x) = Spt W[t1, ©211/d.

The notion of difference divisor was first introduced in [Terstiege 2011]. Proposition 5.2.3 implies
that p 1 fx, so p {d,. Therefore the difference divisor D(x) is flat over Spf W. The following theorem
asserts that D(x) is regular.

Theorem 6.2.2. Let x € B be a nonzero and integral element. Let m = (p, t1, t2) be the maximal ideal
of Wlity, ©2]]. Then dy € m\ m2, i.e., the difference divisor D(x) is regular. Moreover, for anyi > 1, d,

and d,-i, are coprime to each other if p~'x is also integral.

Proof. Let n > 0 be the p-adic valuation of x* o x. We first prove this result when n = 0. In this case the
result follows from [Li and Zhu 2018, Lemma 3.2.2] (p odd) and [Rapoport 2007, Lemma 3.1] (p = 2),
and W{t, 6,1/ fr =~ W]t] is even smooth over W.
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Now we suppose n > 1. We can always find an element x” € B such that x"¥ o x’ has p-adic valuation 0
and (x, x’) = 0. We consider the formal closed subscheme Z%(x) x - Z%(x’). It is cut out by the ideal
(fx» fv) Cm;itis also a formal closed subscheme of Zi(x") ~ Spf W[i¢] cut out by the image fx of fy
under the surjective map A — W[¢]. By [Gross and Keating 1993, (5.10)] (see also [Li and Zhang 2022,
§5.1]), we have the following decomposition of Z%(x) x »r Z%(x’) into Cartier divisors on Z%(x"):

[n/2]
) <y 2 =) 2, (19)
i=0
with each Z; >~ Spf Oy ;, where O ; is the ring of integers of some nonarchimedean local field. Hence it
is a regular local ring, and they are different from each other. Let d; € W[[z]] be the function defining the
divisor Z; on Z*(x’). Then we have the identity
[n/2]
fe=(unit) x [ di. (20)
i=0
The regularity of O[g,i implies that d; € (p, 1) \ (p, 1)
Let d i be the image of d,,-i, under the surjective map A — A/(fy') =~ W[¢]. By definition we have
fx = (unit) x ]_[l[":/o2 ] d,-iy. Therefore,
[n/2]
fe=(nit) x ] dpix. 1)
i=0

We induct on n to conclude that Jx = (unit) x dju 21 € (p, 1)\ (p, )2 Whenn = 1, we simply get

d, = (unit) x dp € (p, 1) \ (p, 1)%. Let’s assume the claim is true for n < m for some m > 2. We prove

Ix and x.

the result for n = m. For this, we just need to compare (20) and (21) for p~
Therefore we have proved that A/(d,, f.') is a regular local ring, and hence we conclude that d, € m\m?
and D(x) >~ Spf A/(d,) is regular. Moreover, since all pieces on the right-hand side of (19) are different

from each other, we conclude that d, and d,,-i, are coprime to each other. (Il

Fix an N-isogeny xo € B. Recall that we have defined the deformation functor My(N) in Section 5.1.
Compare the moduli interpretations of Ny(N) and Z %(xo). We have a natural functor

P NO(N) = ZF(xg), (X 22595 X7 (p, p)), (1, M) > (X 5 X, (p, '), 0 1)),
Theorem 6.2.3. The natural functor i is a closed immersion, and induces an isomorphism
No(N) = D(xp).

Proof. By Proposition 5.2.3, Z*(xo) is represented by Spf W([t1, 2]/ fx,- We consider the maximal ideal
m = (p, 11, 1z) of W[[t,, 2] and a projective system of rings lim R,, where R, = W([it;, 2]/ (fx, +m").
We use (X, = X!, (ony p1)s (kns X)) to denote the corresponding object in Z#(x()(R,) by the natural
morphism W{t, ©21/fx, = Rn, which is essentially the base change from Z8(xp) to Spec R, of the

universal object v
2o

(Xuniv X/univ’ (puniv, p/uniV), ()\univ’ )L/uniV)).
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The following diagram is commutative:

Xy — Xt

lxn lxrw]

/ !/
Xn Xn+1

By [de Jong 1995, Lemma 2.4.4], x,, fits together to be an isogeny of p-divisible groups x(‘)‘“iv: Xuniv_, x/univ
over Spec W{t1, 21/ fx,.

Now we apply the Serre-Tate theorem [Serre 2015] to the projective system lim, R,. We obtain a
direct system of elliptic curves E,, E; over Spec R, and X, € Endg, (E,, E,,) such that

(i) there exist isomorphisms i, : E,[p>*] >~ X, and i, : E,[p™] =~ X,
(i) x, =i/ o X,[p>loit.

Since every elliptic curve is equipped with a canonical ample line bundle given by the unit section,
we can apply Grothendieck’s algebraization theorem [Stacks, Theorem 089A, Lemma 0A42] to obtain
a triple (E"™Y 20, pruniv, (pUMIY, p’Univy (AUNIVA/univyy “where EMY and E’UMY are two elliptic curves

over Spec W{[t1, 1211/ fx, with the isomorphisms

iuniv . Euniv[poo] ~ Xuniv, l-/univ . E/univ[poo] ~ X/univ7
and xj™V = §"9V o F4V[ p>] o (""V) =1, Then we have

ker(x§"™) =~ ker(X"""[p™]) = ker(i{"")[p>] — E"™",

where ker(i(‘)‘“iv)[ p°°] is the p-torsion subgroup scheme of the finite locally free group scheme ker(i(‘)’“iv).
Therefore, the universal kernel ker(x(‘)mi") is embedded into an elliptic curve. We can apply Proposition 4.1.4
and conclude that there is an ideal Z%(xo) C W|[[t1, 2]] containing fy, such that for S € Nilpy, and an
object (X = X', (p, p), (A, 1)) € Z%(x0)(S), the isogeny x is a cyclic isogeny if and only if the morphism
S — Spf W11, ©21/ fx, factors through Spf W[z, t211/Z%¢(x9). We conclude from here that No(N) is
represented by the formal scheme Spf W{[#, t211/Z%°(xp) and the natural functor i is a closed immersion.

Recall that we use d,, to denote the equation that cuts out the difference divisor D(xp). In the
following, we use D to denote the difference divisor D(xg). Let xp : Xp — X7, be the base change
of xgniv : XUV s X/univ 4o D We first show that xp doesn’t factor through the multiplication-by-p
morphism of Xp. Let’s assume the converse, i.e., xp = p o x;,, where x, : Xp — X7, is an isogeny.
Let D, = Spec W[[t1, 1211/ (dx, +m"). The base change of x7, from D to D, is a deformation of " x0,
and hence the natural morphism D, — Z%(xg) factors through Z5( p_lxo) >~ Spf Wllt, t211/( fp_1 x0)-
Since W11, 211/ (dy,) =~ lim, W1, 1211/ (dy, + m") by Lemma 6.1.2, we get a ring homomorphism
Wi, tz]]/(fpflx()) — Wlit1, 1211/ (dy,). However, dy, is coprime to fpfle by Theorem 6.2.2, a contra-
diction. Hence xp doesn’t factor through the multiplication-by-p morphism of Xp.

Lemma 4.1.5 and Corollary 4.1.6 imply that ker(xp) is a cyclic group scheme since D is an integral
noetherian scheme which is also separated and flat over W. Hence there exists a natural morphism from
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Spec Wit1, ©211/dy, to Spec Wit1, t211/Z°(x0). Therefore, we conclude that Z(x) C (dy,) C W11, t2].
This shows that the closed immersion D(xg) — Z%(x() decomposes as

D(x9) = No(N) = Z%(xo).

Therefore, we have an inclusion of ideals ( fy,) C Z%(xg) C (dx,) € WIlt1, t2]. Theorem 6.6.1 of [Katz
and Mazur 1985] (see also their Case II of 5.3.2.1) asserts that W[z, r,]1/Z°(xp) is a 2-dimensional
regular local ring. Recall that we have already proved in Theorem 6.2.2 that W[z, t21/dy, is also a
regular local ring. Hence we must have Z¢(xg) = (dy,), i.e., D(xp) = No(N). O

6.2.A. Special Fibers. In this part we use the identification Ny(N) = D(xo) to explicitly describe the
special fiber of the local ring Ny(N). The main results of this part will not be used in the following
calculations, so readers can skip on first reading.

Let a = (1, ) C W[t,]. Let a be the image of a in F[[z;, »]l. Let A, = W[z, ©2]/a" and
R, =1, t11/a", with Ag = W]z, r,]] and Ry = F[[#, 2]]. Equip each A,, with a morphism ¢ which
extends the Frobenius morphism on W and maps #; to tlp , b to t2p . Then A,, is a frame for R,, in the sense
of [Zink 2001, Definition 1]. For any n > 0, let (M, M, ®) be an A,-window in the sense of [Zink 2001,
Definition 2]. Since ® (M) C p- M and p is not a zero-divisor in A,, we define ®; : M| — M to be
p~'®. The morphism ®; is o-linear and induces an isomorphism &7 : M7 — M because both sides
are free A,-modules of the same rank and ®f is surjective by the definition of windows [Zink 2001,
Definition 2(ii)]. Let « be the injective A,-morphism

oy—1
a: My —> M % M7 .
Theorem 6.2.4. For any n > 0, we have the category equivalences
{A,-window (M, M, ®)} <= {formal p-divisible groups over R,}.
Moreover, both these two categories are equivalent to the category

{pairs (M1, o : M; — M7) such that Coker(«) is a free R,-module},

where the functor from A,-windows (M, My, ®) to pairs (My, o : My — MY) is given by the constructions
above.

Proof. This is proved in [Zink 2001, Theorem 4]. O

Let (X, p, 1), (X', p’, 1)) be the universal object in N'(F[[#1, t]), i.e., the base change of the uni-
versal object ((XUnV, puniv_ punivy (xruniv - pruniv prunivyy over Wit t> ] to F[[#1, #2]l. The corresponding
window can be described as follows. Let D = W - e+ W - f be the Dieudonne module of X, where
Fe=Ve=f,Ff=Vf=p-e(F and V are the Frobenius and Verschiebung morphisms on D). Then
welet M =D®w Wit and M = (W - f+ pW -e) @w W[¢]. We still use o to denote the Frobenius
action on W{t]] which sends ¢ to ” and extends the Frobenius morphism on W. Let ® be the o -linear
map from M to M such that ®(e®@1)=7-(eR@ 1D+ fR1, P(f®1)=p-(e®1). Then (M, My, D) is
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the W[¢]-window corresponding to the universal deformation of X over F[[¢] (see [Zink 2002, (86)]).
Let (M', M}, ®') be the corresponding window for X'. Then the W{[#;, #]]-window corresponding to the
universal deformation of X x§ X' over F[[;, ] is given by (M ®M', M1 @ M|, DS D'), or (M S M|, ),
where under the basis {p-(e® 1), f® 1, p(e’ ® 1), f' ® 1}, the map « is given by the matrix

1
_|p 1

*= 1

p —n
Any quasi-isogeny x € B induces the endomorphism

o(a) —o(b)
_ —p-b a

D(x) = o (b)
p-b o(a)

of the window M; @ M| of X x§ X' under the basis {p -e, f, p-¢', f'}, where a, b € Q.

Let Mi(n) = M ®a, A, M{(n) = M| ®4, Ap, a(n) = ®4, A,. By Theorem 6.2.4, a quasi-isogeny
x lifts to an isogeny over R, if and only if there exists x(n) € End((M 1(n) ® Mi(n), a(n))) such that
x(1) = D(x) and the following diagram commutes:

M) & M{(n) —% My(n)* ® M (n)°
lx(n) la(x(”))

Mi(m) & M (n) —% My(n)* & M (n)°

Under the basis {p-(e® 1), f®1, p(¢’® 1), f' ® 1}, the morphism x(n) has the form

_[A@m) Y(n)
W=\ xw Bm))

where X (n), Y (n), A(n), B(n) € M,(A,) satisfy the equations,
X(n)=p U () -o(X(n)-Ut)), Ym)=p U () oY (n) U,
Am)=p~'U'(t) -0 (Am)-Ut)), B(n)=p 'U ) o(Bn)- U,

U(t)=( 1) and U’(t)=(t 1).
p —t p

Since A(1) = B(1) =0, we conclude (by comparing degrees of ¢; and #,) that A(n) = B(n) =0.
For any A € M»(A, ®7 Q), the matrix o (A) is a well-defined element in M2 (A ,, @z Q). Therefore,
starting from X (1) and Y (1), we can define successively

where

XY =p WU ®) - cX(@P)-Uw), YPTH=p U)o (p)) Um). (22
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Since the local ring Oz(,) only depends (up to noncanonical isomorphisms) on the valuation of x, we
take the following specific choice of x and D(x) in the following computations:

» When ord, (x" o x) = 2k for some k > 0, we take

k
X()=Y(l)= (p k) .
p
By computation based on the recursion formula (22), it turns out that for any / > 1,

1 ({0 (=D (1 1)@ =D/0=1 (P _ !
X(Pl)=pzk(< (=D (tir2) (13 r) +p-C),

0 0
1 ({0 (1)Y= (t12,) @ =D/ =1 (P P
Y(pz>:_p1_k<(o< G R

for some matrices C, D € Ma(A ).

» When ord, (x" o x) = 2k + 1 for some k > 0, we take

k
X()=—Y(l)= (pk—i-l p )

By computation based on the recursion formula (22), it turns out that for any / > 1,

_1 (r'=1/(p-1
X(pl):ﬁ<(0 ( 1) (tltZ)p P )‘i‘pc/),

0 0
1 0 (—1)!=1(t1tp)P'—D/(P=D
Y(pH)y=— .D’
(r") = <<0 0 +p

for some matrices C’, D" € My (A ).

Proposition 6.2.5. Let x € B be an integral nonzero element which has valuation n and induces X (1)
and Y (1) as described above. Let f, € W|[t1, t2]] be the element cutting out Z(x). Then

n/2+1 .
when n is even,

n n/2 n/2
G tz)(” /2_1)/(p—1)(t£’ _tll’ ) mod (¢, t)? 23)

(t11) PP =D/P=D mod (1, 1,)P " when 7 is odd.

f_x ‘= fy mod p = (unit) x {

Proof. By the above formula for X (p') and Y (p'), we can conclude that x can be lifted to an isogeny
over R iz but not over R ,i»/21+1. Then the formula for X ( pl/2+1y and Y (pln/2+T imply (23). O

Theorem 6.2.6. Let x € B be an integral nonzero element which has valuation n and induces X (1) and
Y (1) as described above. Let f, € W|[t,, t;]] be the element cutting out Z(x). Then fx is divisible by

tl—tg, tlp —1t, forO0<a<nanda=nmod?2.
- a a -
Moreover, f, has no other irreducible factors and the multiplicity of t| — tf , tf —tyin fyis p=D/2,

Proof. We first prove that !’ i ty “ divides fx, where ki, k» > 0 and k; + ko = n. We prove this by
k k k k
showing that X (p'), ¥ (p') mod (¢ —0'") e Ma(A i /(t]" —11")) for any [ > 0.
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e When n = 2k is even, the recursion formula (22) implies that,

X(ph) = U Uy - U Hua - uah U,
Y(ph) = U Uy - U Al Hue ) - UhHU ).

ko —ky+1—t

1—t
Let’s assume first that k; < k. For any 0 <t <[ — k;, we have the relation tf = tf . Hence
It ko —kq+l—t
v Hyual Y=p-D.
pl—t pkz—k]-H—r pl—t
Moreover, when 1 <t <k, —k;, we havet, =1, =0. Hence U(z; )= U(0) and we get

ky—1 k-1 k k
X(pPY=U)U'@Y) - U@ Ul ) UeHU @) e My(Ay /] —117)),
ky—1 ky—1 k k
Y(p)=U' U’y U@l U@ ) U U (1) e Ma(Ap /(] —107)).
The proof of the case k; > k; is similar and we get the same formula for X ( p!) and Y (p') as above.
k k -
Therefore, we conclude that t{7 g té’ * divides fx when ki, ko > 0 and k| + ko = 2k by Theorem 6.2.4.
Hence f, is divisible by the polynomial
k

k 2a 2a pk—a
GRS L | (GO ICET T )
a=1
‘We also know that
k 2 2 k k k
k a a —a k_ _ k+1
=) (=t =) =@ P VPV @ =) mod (11, 12)"
a=1

The lemma follows by comparing this formula with (23).

e When n =2k + 1 is odd, the recursion formula (22) implies

1

X =p VU ) U (2 0) ua - uahHU @),

-1 01 -1
Y(ph=p*u'apyu'aly---u'af (p 0) Ui )---U@HU(@1).
1—t kn—ky+I1—t
Let’s assume ki < k. For any 0 <t <[ — kj, we have the relation t; =1 2 and hence
1—t ko —k1+1—t I—t ko —ky+1—t
U/(tzp )U(tlp2 ' )= p-I,. Moreover, when 1 <t < kp, — k;, we have tzp =tlp2 " =0. So
1

U(tzp _’) = U(0), and we get

X(PH=U' Uy U@ Hua™ ) UahHU @) e My(A /@l —177)),
Y(pl) = U’([l)U/([f) ... U’(tlpkl—l)U(tzpkz—l) . U(ZZP)U(IQ) c MZ(API/(Ilpkl _ tzpkz))_

Therefore we conclude that tf h_ tf ° divides fx when ki, kp > 0 and k; + ky = 2k + 1 by Theorem 6.2.4.
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Hence f, is divisible by the polynomial

k

[T(@ =2 D10

a=0

2a+1 k—a

)”

2a+ k41

a k—a 3
We also know that [15_,((r1 — Y =1 1))” = (111) P =D/P=D mod (#1, )" The lemma
follows by comparing this formula with (23). ([l

Corollary 6.2.7. Let x € B be an integral nonzero element which has valuation n > 1. Let Z(x), be

special fiber of Z(x). Then
2(x), = SpfFln, o] / ( T« —zg”)),

a+b=n
a,b>0

Let D(x), (resp. No(N) p) be the base change of D(x) (resp. No(N)) to Flit1, t2]. Then

NO(N)p:D(x)p:spf[F[[zl,zz]]/((rl_;;’”).(tz—t{’"). I1 G —tzp”")p—l).
a+b=n
a,b>1

Proof. The statement for Z(x), follows from Theorem 6.2.6. The statement for D(x), follows from the

definition of difference divisors. |

Remark 6.2.8. The same formula has been proved in [Katz and Mazur 1985, Theorems 13.4.6 and 13.4.7]
by a totally different method.

6.3. Local arithmetic intersection numbers. Now we give the definition of the local arithmetic intersec-
tion numbers.

Definition 6.3.1. For any rank-3 lattice L C B, we choose a Z ,-basis {x1, x2, x3} of L. Let Oz, be
the structure sheaf of the special cycle Z%(x;). Let Oy be the structure sheaf of the formal scheme N
Let — ®%) - — be the derived tensor product functor in the derived category of coherent sheaves on N.
Define the local arithmetic intersection number of L on A to be

Int* (L) = x(V, Oz, ®%9N Ozz(xy) ®%9N Oz (xy))-

This number is finite and independent of the choice of the basis {x,-}?:1 of L because of the following
result.

Lemma 6.3.2. Let x, y € B be linearly independent. Then the tor sheaves E?N (Ozt(x), Oz1(y)) vanish
foralli > 1. In particular,
Oz ®o, Oz:(y) = Ozix) ®0y Oz (y)-

Moreover, the same formula holds if Z*(x) or Z%(y) (or both) are replaced by D(x) or D(y), respectively.
Let L C B be an integral quadratic lattice of rank 3 over Z, with basis {x1, x2, x3}. Then the derived
tensor product O zz (X%N Ozt(xy) ®%9N O z:(xy) s independent of the choice of the basis.
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Proof. This is proved in [Terstiege 2011, Lemma 4.1 and Proposition 4.2]. ]

Now let’s come to the local arithmetic intersection numbers on Ay(N). For a fixed N-isogeny xo of X,
recall that we have defined the space of quasi-isogenies of X special to xg (see Definition 5.2.4) to be

those x € B such that
xoxy +xp0x’ =0.

Recall that we use W to denote this space.

Definition 6.3.3. For any rank-2 lattice M C W, we choose a Z,-basis {x1, x} of M. Let Oz, be the
structure sheaf of the special cycle Z(x;). Let Opy(n) be the structure sheaf of the formal scheme Ny(N).
Let —®% — be the derived tensor product functor in the derived category of coherent sheaves on Ny(N).
Define the local arithmetic intersection number of M on Ny(N) to be

Inta, vy (M) = x (No(N), Oz(x)) ®%NO(N) Oz(xy))-

This number is independent of the choice of the basis {x;, x»} of M because of Lemma 6.3.2 and
Theorem 6.2.3. We relate it to the derivative of the local density of the quadratic lattice M with level N.
The following theorem is the starting point of our calculation.

Theorem 6.3.4. For any prime number p, let L C B be a Z ,-lattice of rank 3. Then
Int*(L) = 3 Den(L).

Proof. In [Gross and Keating 1993, §4], the Gross—Keating invariants (a;, a;, az) of the rank-3 quadratic
lattice L are defined. Then the local arithmetic intersection number Int*(L) is computed explicitly in
terms of these invariants (see also [Rapoport 2007, Theorem 1.1]). In [Wedhorn 2007, §2.11], the local
density Den™ (X, L) is also expressed explicitly in terms of the Gross—Keating invariants (a1, a, az),
hence the derived local density d Den™ (L). The theorem is proved by comparing the expressions of both
sides in terms of (ai, az, az) (see [Wedhorn 2007, §2.16]). See also [Li and Zhang 2022] for a recent new
proof when p is odd. U

6.4. Difference formula of the local arithmetic intersection numbers. Fix an N-isogeny x¢ € End(X),
and recall that W = {x¢}* — B.

Theorem 6.4.1. For any rank-2 lattice M C W, we have the identity
Intpg, vy (M) = Intﬁ(M@Zp - x0) — Int*(M Oz, -p~'x0).

Proof. Let {x1, x»} be a basis of M. By Lemma 6.3.2 and the isomorphism D(xg) >~ No(N), we have the
following isomorphism as complexes of coherent sheaves on N:

L L ~ L
Ono) oy Ozi(xy) 0 Ozt () = Oz(x)) ®0r Oz (1)
N L L
= Oz(1) B0, OP0) 0y Ozi(xy)

~ L
=~ O0z(n) B0, V20
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When v, (N) =0 or 1, the difference divisor D(xp) is just Z%(xp). Hence Intpg (M) = Intﬁ(M@Zp - X0)
and Int*(M ©Z D p~1x0) =0 since p~'xg is not integral, and therefore

Intp, vy (M) = Int? (M ©Z,, - x0) —Int* (M SZ, - p~ ' xp).
When v,(N) > 2, we have the exact sequence
Xdy,
0= Ozz(p-1xy) —> Ozi() = Oy = Onpvy) = 0.

Tensoring the above exact sequence with the complex Oz, ) ®% v Oz:(xy) 10 the derived category of
coherent sheaves on N, we get an exact triangle

L L L L
Ozt (p-1x0) Qo Ozxy) B0 Oz2(xy) = Ozi(xg) Q0 Oz2ay) ®0r Oz ()
L L
= ON) @0, Ozt (x)) @0, Ozt (ry) = -

Hence we have the identity

L L
X (Oz:(x) ®0, Ozz(x)) B0y Oz (ny)
L L L L
= X (Oz:(p-1x) B0y Oz2(x)) B0y Ozt (ny) + X (Ony(v) @0 Ozzx)) @0, Ozt ()

We already know that Oz (v ®%9N Ozt(x)) (X%N Oztx,) = Oz ®2L9NO(N) Oz(xy) since No(N) = D(xo).
Hence

Intrp vy (M) = x(Oz(x)) ®2L9@<,x0> Oz() = X (Onyv) ®p, Ozz(x)) @0 Oz2(a)
= X (Ozz(xy) ®%N Oz ®%9N Oz:(xy) = X(Ozz(p-1xy) ®2L9N Oz:(x)) ®%9N Ozi(xy))
=Int*(MBZ, - x0) —In* (M SZ, - p~'x0). O

7. Difference formula at the analytic side

Let p be a prime number. Let F' be a nonarchimedean local field of residue characteristic p, with ring of
integers O, residue field k = [, of size ¢, and uniformizer 7.

7.1. Primitive decomposition. Let N € F. Recall that we use ((N), q(n)) to denote the rank-1 quadratic
lattice over O with an Op-generator [y such that g(yy(Ix) = N. Then (N) is an integral quadratic lattice
if and only if N € Op. Let n = v, (N). All the rank-1 integral quadratic lattices L’ containing (N) have

the form n

L'=7 "Ny~ (x"2N) fori=0,1,..., [5]
Let H be a self-dual quadratic Op-lattice of finite rank. Since gy (x) € OF for every x € H, Lemma 2.2.5

gives the decomposition
[n/2]

Repy (v (OF) = |_| PRepy (z-2i 5y (OF).
i=0
Now for every 0 <i < [n/2], we pick an arbitrary ¢ € PRepy ;-2 y,(OF) and consider the following

sublattice of H:
H(¢) ={x € H:(x,¢(n)) =0}
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Lemma 7.1.1. The isometric class of H() is independent of the choice of ¢ € PRepy -2y (OF).

Proof. Let ¢' € PRepy (,-2iy,(OF) be another element. The homomorphisms ¢ and ¢’ are totally
determined by x = ¢(l,-2) and x’ := ¢'(l, 2 ). The fact that ¢ and ¢’ are primitive implies that
x ¢m-Handx' ¢ m- H. Therefore,

(x, H)=Of, (',H)=0F,

where we use (-, -) to denote the associated bilinear form on H. Since H is self-dual, then by [Morin-
Strom 1979, Theorem 5.3], there exists ¢ € O(H)(OF) such that ¢(x) = x". The homomorphism ¢ also
induces an isometry between H (¢) and H(¢’) because H(¢) =x N H and H(¢') = x'"* N H. O

Let N € OF be an element of valuation n. For every 0 <i < [n/2] and ¢ € PRepy, (T2 N) (OFp), we
use H(N, i) to denote the quadratic lattice H (¢).

Example 7.1.2. Let N € O have valuation n. When k > 4, we have an orthogonal decomposition
Hf{ ~H ®H ,.

Recall that the symbol H,’ is understood in the following way: when p is odd, k can be any positive
integer, and ¢ € {%1} is arbitrary; when p = 2, k is even and ¢ = +1. The lattice M,(OF) is equipped
with the quadratic form induced by the determinant; it is self-dual and xr(M2(OF)) = 1, and hence we
can view M»(OF) as a model lattice for H f .

Let’s consider the element ¢ € PRep g (w2 Ny (OF) given by

) —2i
¢ (TNY = Ma(OF) = H < HE, iy > (” N 0) i

0 1

The corresponding element in Rep HE(N) (OF) sends
I s TN 0
N 0 =)
Lemma 7.1.1 implies that the following quadratic lattices are isometric:

HE(N, i) = HE (¢0) ~ i) © H

where ¢; (I, 2 )™ is the space of elements in M (OF) that are orthogonal to ¢; (I, -2 ), it can be described

2
¢i(ln—2iN)L:{x:( T Na Z):a,b,CEOF}.

c

explicitly as

It is exactly the lattice Ap(w —2( N) defined in Example 2.1.1. Therefore

HE(N, i)~ Ap(r ™ N)DHf ,.
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7.2. Difference formula of local densities.
Theorem 7.2.1. Let H be a self-dual quadratic Of-lattice of finite rank k. Let M be an integral quadratic
Op-lattice of finite rank r. Let N € O be an element of valuation n. Then

[n/2]
Den(H, M & (N)) = Z g@ ki Pden(H, (¥ N)) -Den(H (N, i), M).
i=0

The proof of this theorem is based on the following lemmas.

Lemma 7.2.2. Let H be a self-dual quadratic Op-lattice. Let N € O be an element of valuation n. Then
there is a bijective map

[n/2]
D: RepH’(N)(OF/JTd) = |_| |_| PRCPH’QT—ZiN_HTd—Zix)(OF/T[dil)
i=0 )EEOF/T[i

when the positive integer d is large enough.

Proof. Let Iy be a generator of the rank-1 Op-module (N) such that gny(Iy) = N. Any f in
RepH’(M(OF/nd) is determined by f(Iy) € H/w?H. There is a natural filtration on H /7% H given as

OCn_d—lH/ndHCﬂd—zH/ﬂdHC...Cn-ZH/jrdHCnH/n’dHCH/JTdH.

Let i be the minimal integer such that f(l;) € JTiH/JTdH. Then 0 <i < [n/2] since v;(N) =n. So
there exists / € H such that f(Iy) =n‘l e 7' H/n? H; the image of [ in H /7~ H is uniquely determined
by f. Let g be the quadratic form on H. Then

N mod pi? = gy (y) = G(f(In) = 7% §(1) = n%q().

Hence w2ig(l) = 7% N mod w%=% . Therefore there exists x € Of such that ql) = TN 472y,
Next we show that X € O /z’ is independent of the choice of / € H when d is large enough. Suppose
I’ is another element of H such that f(/y) = 'l’. Then there exists § € H such that I’ — [ = 7¢77§.

Therefore, when d is large enough,

g =ql+7"78) =ql)+ 77U, 8) + 7> ¢(8) = q(I) mod 79~

Suppose g (I') =2 N4+m9=% x’ for some x’ € Of. The above congruence between ¢ (I) and ¢ (I’) implies
x'=x mod 7'. The above construction gives the homomorphism D (f) in PRep . -2y 4 pa-2 ) (OF /7471
sending the generator [, iy 4 a2, of (T2 N + 7972 x) /md= (z 2 N + 7972 x) to le H/m?'H.

Now for any element ¢ € PRepy (-2 yy7a-2i,(OF/ m9="), we consider the morphism

@ (N)/m(N)y = H/mH, [y 7' @y2iyipiay).

Then ¢ € Repy (v (OF /m?) because §(¢(Iy)) =2 (w =2 N +w9-2ix) = N mod 7. This construction
gives the inverse map of D. U
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Let M be an integral quadratic OF-lattice of finite rank. Let N € OF be an element of valuation n. Let
M* = M & (N) be a quadratic Og-lattice of one rank higher than M. For any positive integer d and any
self-dual quadratic Op-lattice H, there is a natural restriction map

res : RepH’Mn(OF/nd) — RepH’<N>((’)F/71d),
given by composing any element in the set Repy 5,:(OF/ 7¢) with the natural inclusion of (N)/m¢(N)
in M* /¢ M*. The next lemma describes the fiber of the map D ores.

Lemma 7.2.3. Let H be a self-dual quadratic Op-lattice and M an integral quadratic O -lattice of finite
rank r. For N € O an element of valuation n, let M* = M & (N) be a quadratic Or-lattice of rank r + 1.
Let 0 <i <[n/2] be an integer. Given ¢ € PRepy (72 yyrd-2iy) (Op/m?=h), for d large enough we have

#(Dores) "' (¢) =q" - #Repyy.iy m(Or /7).
Proof. Let f be an element in RepH,Mn((’)p/nd) such that D ores(f) = ¢. By the proof of Lemma 7.2.2,
there exists I}, € H \ w H such that fy) = mily, and g(I}y) = 7% N when d is large enough.
Let {e;}7_, be an Op-basis of M. Then f is determined by {x; := f(e;) € H/ndH};zl. Therefore
(D ores) ™! (¢) can be described by the set
(Dores) ' (¢) ={(x1,...,x,) € (H/m H) : (xi, wily) =0, (x;, x;) = (&, &) for i # j,
and g (x;) = qu (&) forevery i.}. (24)

Let L be the rank-1 sublattice of H generated by /},. We have the exact sequence
0—>LOHNN,)S> H—>Q:=H/L®&H(N,i)— 0,

where 6 is the natural inclusion map. After tensoring the above exact sequence with O /79, we get the
following exact sequence by the flatness of H over Op:

0— Tory, (Q,Op/n") — L/7L@® H(N,i)/m'H(N,i) % H/n'H - 0/7%0 —0. (25
Claim. Let K = {x € H/nH : (x, i) = 0}. When d is large enough, for every x € K there exists
x' € L and x" € H(N, i) such that the image of x' +x" € L/m*L & H(N,i)/7*H (N, i) under 0 in
H/n%H is x.

Proof of the claim. We have the decomposition
x=x"+x"
in the quadratic space V = H ®¢, F, where x' € Ly := L ®0, F and x" € (Lp)t C V.

The fact that X € K implies that (x', Iy) = (x, Iy) € (¢). Therefore x’ € (w?™") -1y € L. It turns
out that x’ € L C H when d is large enough, and hence x’ =x —x’ € HN{ly}* = H(N, i). O

We get the following description of the inverse image of the set (D ores)~!(¢) under ® :=6 x - -- x 0

by (24): .
Ao O (Dor) @) = (@ "L/mL) x Repy v iy (O /7). (26)

The claim implies that the map O (D ores) ' () N (Dores) ' (g) is surjective.
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Now we compute #ker(®), which equals (#ker(8))" by definition. By the exact sequence (25),
#ker(0) = #Torggﬁ_(Q, Or/n?) =#Q/7? Q. Therefore, when d is large enough, Q/7?Q = Q. Since
Iy ¢ m H, there exists y € H such that (I}, y) = 1. The existence of y implies the exact sequence

0> HWN,)S H—>L"—0, x—Ix):veLr (x,v).

Therefore, H ~ LY @ H(N, i) as Op-modules, and Q ~ LV /L ~ 7*~"L/L. Then, by (26),

r(n—i)

q

#(Dores) ' (p) = P

#RePH(N,i),M(OF/”d) =q" '#RepH(N,i),M(OF/T[d)- 0

Proof of Theorem 7.2.1. By Lemmas 7.2.2 and 7.2.3, we only need to know the size of the set
PRepy (r-2i Ny mi-2ix) (Op /74"y when x € Op. We first show that when d is large enough,

# PRGPH’ (=2 N+4md—2ix) (OF/?Td_i) = #PRepH’ (T2 N) (OF/T[d_i)

holds for any x € O, because when d is large enough, we could find ¢, € O such that c;z =14+7IN""x
mod 779~"; then for any element / € PRepH,<n.—2iN+nd—2ix>(OF/T[d_i), cx-le PRepH,mfz,-N)(Op/nd_i).
Let M* = M & (N). We have

. #Repy 4 (Op/7?)
Den(H, M S(N)) = dll)rgo GAECED=HDG+2)/2)

2 . .
A #PRepy ooy (OF /7T git #Repyy .y m(OF /7Y
= lim Zq .

d 00 gt g =D) 'qi(kfl) ) qd(G=Dr—r(r+1)/2)
[n/2] ‘ .

=Y q® 7. Pden(H, (x ¥ N))-Den(H(N, i), M). O
i=0

Remark 7.2.4. When p odd, it has been calculated explicitly (see [Li and Zhang 2022, (3.3.2.1)]) that
for any N € Of

1—qg'* when k is odd and 7 | N,

Pden(H, (N}) = 14+ exp(N)g =072 when k is odd and 7 { N, o7
’ (1—eq (1 +eq'*/?) whenkisevenand | N,
1 —eq k2 when k is even and 77 { N.

When p = 2, the same formula makes sense and holds true only in the case that k is even and ¢ = +1.

Definition 7.2.5. Let N € Op. Let M be a quadratic lattice of rank r > 2 over Op. Define the local
density of M with level N to be a polynomial Dena (v (X, M) satisfying, for m > 0,

Den(Ap(N)SHy L. 5, M)
Nort(g=™,r — 1)
Den(Ap(N)SHy, L5, M)
Nor*# M) (g=m_ r)

when 7 | N,
Deng (v (X, M) |X=q_m =

when 7 { N.
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Moreover, if the lattice M & (N) can’t be isometrically embedded into the self-dual lattice Hr—:—2’ define
the derived local density of M with level N to be

d
dX X=1

Theorem 7.2.6. Let N € Op. Let M be a quadratic lattice of rank r > 2 over Op. Then we have

8DenAF(N)(M)=— DCHAF(N)(X, M)

Dena, vy (X, M) =Den(X, M © (N)) — X*-Den(X, M & (7 >N)).
Moreover, if the lattice M & (N) can’t be isometrically embedded into the self-dual lattice H:rz, then
0 Dena,(vy(M) = 0 Den(M © (N)) — 0 Den(M O (m72N)).

Proof. Recall the definition of the polynomial Nor® (X, n) in Definition 2.2.6. We can verify immediately

by formula (27) that, for any x € OF,
Pden(H? , (x)) - NorX*r @ (g=™ r)  when 7 { x,

T L @1 +
Pden(H;, ..., (x))-Nort (g™, r—1) whenx |x.

Let n = v;(N). Theorem 7.2.1 and Example 7.1.2 imply the decomposition

[n/2]

Den(Hs), ,, . MO(N)) =Y g™ -Pden(Hy}, ,, ., (x> N))-Den(Hy, ., ,(N.i), M)
i=0

[n/2]
=Y g *™ -Pden(Hs,,, .. (x % N)) -Den(Ap(r ¥ N)OHy, . ,. M).
i=0
By Definition 7.2.5, when p is odd, we have the formula
[n/2] .
Den(X, M & (N)) = ZXZ’ -Deny 2y (X, M). (28)
i=0
When n =0 or 1, Den(X, M & (N)) = Denn,(v)(X, M) and Den(X, M @ (7 "2N)) = 0 since 7 2N
isnotin OF. Therefore Dena . (v)(X, M) =Den(X, MS(N)) — X?.Den(X, M& (7 ~2N)). Whenn > 2,
Dena,.x) (X, M) =Den(X, M @ (N)) — X*-Den(X, M & (x~2N)) follows from the formula (28).
The fact that the lattice M & (N) can’t be isometrically embedded into the quadratic space Hr—:—Z implies
that Den(1, M @ (N)) = Den(1, M & (7 ~2N)) = 0. The second formula in the theorem follows from the
first one and the definitions of the symbols d Dena () and 0 Den. |

Now we apply Theorem 7.2.6 to the case that we are interested in, i.e., F =Qp, andr =2. Let N € Z,.
We get a difference formula of local density functions:

Dena,v)(X, M) =Den(X, M & (N)) — X* - Den(X, M & (p~*N)). (29)

Note that the lattice M @ (N) is a sublattice of B ~ End’(X), which is the unique division quaternion
algebra over Q,. Hence the lattice M & (N) can’t be isometrically embedded into the quadratic space
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H : ® Q, >~ M;(Q)). Therefore, Theorem 7.2.6 implies the difference formula

9 Deny () (M) = 8 Den(M & (N)) — d Den(M & (p~>N)) (30)
of the derivatives of local densities.

7.3. Examples. Assume p is odd. In the following example, we compute an explicit example of local
densities and compare our formulas with known formulas given in [Wedhorn 2007; Sankaran et al. 2023].

Example 7.3.1. Let N = N be a positive integer with v,(No) =0 or 1. Let M be a rank-2 Z ,-lattice
such that M is isometrically embedded into W and is GL,(Z)-equivalent to the matrix diag{s| p* ep’),
where €1, &) € Z;. Let Ny = kaNo, where Ny is a positive integer with v, (Ng) =0 or I and k > 1 is an
integer. By the formula in [Wedhorn 2007, §2.11],
Den(X, M & (Ng))

— 14 pX + (p+ pHX2 4 p2X3 4 p2X* — p2x U0, (No) _ 2 x 24240, (No)

_ (p + pZ)X2k+3+v,,(N()) _ szk+4+l)p(N()) _ X2k+5+UP(N0) When k Z 3

The formula (29) implies
Deny, vy (X, M) =1+ pX +(p* + p— DX?+ (p* — p)X° — pX* — p?X* — p?X° — p?X©

when k > 3. Therefore, d Denn ,(v,) (M) =2+4p + 6p* when k > 3.
We double-check our results by comparing with the formulas of local density given in [Yang 1998,

Theorem 7.1]. The theorem implies that for a sufficiently large positive integer m,

Den(A,(No) © Hy,,, M) = 1+ Ri1(X) + Roe(X)] s
where

8 8
Rix(X) =) Nix(X) and Rox(X)=(—p )Y hix(X)+p " hei(X).

i=1 i=l
11 i x(X) and I ; x (X) are polynomials explicitly constructed at the beginning of Section 7 of [ Yang 1998].
In our case, when k > 3,

LX) =(p-—p HX+@P* = DX Lau(X)=-X>, L3x(X)=0, [45=—p>X*,
LX) =(p* = DX, hi3i(X)=hsi(X)=hL7t(X)=0,
Lox(X)=—pX*—pX°, har(X)=-p*X°—p?X®, Ler(X)=pX', hLsi(X)=pX*+p*X*

Therefore, when m is sufficiently large,

Den(A,(NOOH,, M)=1+(p—p HX+(P*+p-2X*+(p*—2p+p ' - DX?
—@p=DX*+ 1= pHX°+ (= )X+ pX" [y 0
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By Definition 7.2.5, when k > 3,

Den(A ,(Ny)SH,
DCHAP(Nk)(X, M)|X:p*m = Ily_p_m_l2m

= 14+pX+(p*+p—DX*+(p*—p) X’ —pX*—p*X*'—p* X°—p*X°| ,

M)

=p~m
Hence,

Deny, vy (X, M) = 1+ pX + (p* + p— DX>+ (p* — pX° — pX* — p?X* — p?X° — p?X©

when k > 3. This agrees with our previous calculations.

8. Proof of the arithmetic Siegel-Weil formula on X (V)

8.1. Local arithmetic Siegel-Weil formula with level N. Let p be a prime number. The difference
formulas at the analytic side and the geometric side are combined to prove the following theorem.

Theorem 8.1.1. Let M CW be a Z ,-lattice of rank 2. Then
Intaq(v) (M) = 8 Dena , vy (M). 3D
Proof. Theorem 6.4.1 gives the difference formula of local arithmetic intersection numbers
Intp, vy (M) = Int* (M ©Z,, - x0) —Int* (M &Z, - p~ ' xp).
We also have the difference formula of the derived local densities (see (30))
d Dena ,(v)(M) = dDen(M SZ, - xo) —3d Den(M & Z,, - pilxo).

Theorem 6.3.4 implies that Int*(L) = d Den(L) for any rank-3 lattice L C B. Therefore (31) holds by
combining the above two difference formulas. ([

8.2. Intersection numbers and Whittaker functions. Let p be a prime number.

Proposition 8.2.1. Let M C'W be a Z ,-lattice of rank 2. Then

W}(I,O, lAp(N)z) = ¢, - Intyy vy (M) -log(p), (32)

where the constant c,, is given as

B {(1 —p ) (N, =1),-IN|,-[2[/* when p|N,
=

(1= p™2) (N, =1, INI,- 121/ when p{N.
Proof. Recall that A,(N)Y/A,(N) =~ Z,/2NZ, (see Example 2.1.1). By Proposition 3.3.1 and the
explicit formula given in the appendix of [Ranga Rao 1993],
Wr (L, k, 1a,v2) = 12N, - ¥ (A, (N) @ Qp)* - [2]}/% - Den(A ,(N) & Hyf,, M)
=N, (N, —=1),-12[/*-Den(A,(N) & Hy, M). (33)
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Taking derivatives of both sides of (33),

Wr(1,0, La,v2) =c¢p -9 Denp vy (M) -log(p).
The formula (32) follows from Theorem 8.1.1. [l

8.3. Proof of the main theorem.

Proposition 8.3.1. Let T € Sym,(Q) be a positive definite symmetric matrix. Let ¢ € ./ (\/?) be a
T -admissible Schwartz function. Suppose @ = @ X @2, where ; € (Vr). Then for any y € Sym,(R)-,
we have

X(ET, 9). Oz, ® Oz(ty.4m) -log(p)  when Diff(T, A(N)) = {p},

deg(2(T.y, 9)) = { 0 when #Diff(T, A(N)) # 1.

Proof. By definition (see (15)), the arithmetic special cycle Z(T,y, @) is ([Z(T, ¢)],0). Therefore
d’e\g(f:’(T, y, ¢)) is independent of y. We can assume Diff(7', A(N)) = {p} for some prime number p
since otherwise both sides are 0 since Z(T, ¢) would be an empty stack.

Let x € Z(T, @) (F p) be a geometric point. It is contained in Vp(N) by Corollary 4.3.8, and hence
the special divisors Z(¢1, ¢1) and Z(t,, ¢;) intersect properly at x because T is nonsingular. Then
X (Z(T, ), Oz.0n@ Oz 1. 4))-10g(p) is the sum of the length of local rings O x,(x).» cut out by these two
divisors times log(p), which is exactly d/e\g(f*:’ (T,y, ¢)) by definition of the degree homomorphism. [J

Proof of Theorem 4.4.1. We first consider the case that T is positive definite. By Proposition 4.3.9, we
only need to consider the case Diff(7, A(N)) = {p} for some prime number p because otherwise both
sides are 0. The same proposition and Corollary 4.3.8 imply that the special cycle Z(7T, ¢) lies in the
supersingular locus of Xy(N)f,. Then by the definition of special cycles and the formal uniformization
of the special cycle Z(T, ¢) (see Corollary 5.3.3),

X(Z(T,9), Oz (1.9 ®" Oz(tr.pm) -l0g(p)

= > > @(g~'x) - Intw v (x) - log(p).
xeB™ (@o\(A(N)'P)? ge B (@)0\GL2(A})/ To(N)(ZP)
T(x)=T

It is known (see (32)) that
Wr(1,0, 15, vy2) = ¢p - Intag vy (%) - log(p),

with constants ¢, given by Proposition 8.2.1.
There exists a Haar measure on GL, (A?) such that

> > R

. 7P / )AL
x€B* @\ (AN)P)? ge By (@)0\GLa(AS)/ To(N)(Z) vol(To(N)(Z))  Jsom»a))
T(x)=T

@” (g7 'x) dg.

By definition, the last integral is a product of “local” integrals

/ o’(g ' x)dg= [] / @u(gy 'x) dgy.
SO(A(N)(W)(A?) VEp,0o SO(Ay(N)(Qy)
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By the classical local Siegel-Weil formula, made explicit in [Kudla et al. 2006, Proposition 5.3.3], for
every place v of Q there exists a number d,, € R* such that
/ (ov(gv_lx)dgv:dv‘WT,v(lsO, o),
SO(Ay(N)(Qy)
d, = 1. Moreover, [Kudla et al. 2006, Lemma 5.3.9] implies
(1—-v72) when vt N,
INI7'(1+v7!) whenv|N.

with ]

VOl(To(N)y, dgy) = dy - ¥ (A, (N))2 - [2)3/2 {

It can be checked immediately that
VOUTo(N) @) - dpdo - cp =272y ()71 25,
Suppose z =x+iy. It’s a classical result that

Wr.00(82, 0, @) = —2727% - det(y) /¢ " .

Combining these with the definitions made in previous sections (see (6) and (8)) and Proposition 8.3.1,
we get the formula stated in the theorem.

When T is not positive definite, the equality follows from [Sankaran et al. 2023, §4.2] and our
computations of the volume of vol(I'g(N) (2)) =11 vol(I'g(N),, dgy) above. O

V<0
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