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We prove a power saving upper bound for the sum of Fourier coefficients p( ) of a fixed cubic metaplectic
cusp form f over primes. Our result is the cubic analogue of a celebrated 1990 theorem of Duke and
Iwaniec, and the cuspidal analogue of a theorem due to the author and Radziwitt for the bias in cubic
Gauss sums.

The proof has two main inputs, both of independent interest. Firstly, we prove a new large sieve
estimate for a bilinear form whose kernel function is py(-). The proof of the bilinear estimate uses
a number field version of circle method due to Browning and Vishe, Voronoi summation, and Gauss—
Ramanujan sums. Secondly, we use Voronoi summation and the cubic large sieve of Heath-Brown to
prove an estimate for a linear form involving p (). Our linear estimate overcomes a bottleneck occurring

at level of distribution .
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1. Introduction

1.1. Background and statement of results. Arithmetic functions that arise from the Fourier coefficients of
automorphic forms on congruence subgroups of SL,(Z) encode deep arithmetic and analytic information.
A famous example is the modularity theorem for elliptic curves E /Q [Breuil et al. 2001], and its resolution
of the Hasse—Weil conjecture for such curves.
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At a fundamental level, automorphic forms on congruence subgroups of SL,(Z) are nice objects
because there is an “adequate Hecke theory” available. By this, we mean the basic property that the
sequence of Fourier coefficients of an integer weight cusp form restricted to values coprime to the level
can be expressed as a linear combination of multiplicative functions given by the Hecke eigenvalues! It is
well known that a power saving upper bound for the sum of Hecke eigenvalues A, (-) over primes would
yield a rectangular zero-free region in the critical strip for associated L-function L(s, g) (thanks to the
Euler product). Unfortunately, the proof of such a bound is well out of reach of current technology!

The Fourier coefficients of half-integer weight modular forms also play a key role in arithmetic. An
important example is the use of Dedekind’s n-function (holomorphic cusp form of weight % on SL, (Z))
in the proof of Rademacher’s formula [1937] for the partition function p(n). Hecke [1983, p. 639; 1944]
observed that there is not an “adequate Hecke theory” (in the naive sense above) for modular forms of
half-integer weight. Wohlfahrt [1957] confirmed Hecke’s observations and essentially showed that there is
an algebra of Hecke operators C[{T},2},2 ] acting on half-integer weight modular forms of weight k such
that 7,2 o T, = T)2,2 = T2 0 T),2 for (m, n) = 1, T2 is a polynomial in 7, for each a € Z>, and odd
prime p, and that each Hecke operator is Hermitian (on cusp forms) with respect to the standard Petersson
inner product. In general, the Fourier coefficients of half-integer weight Hecke eigenforms at general
integer indices are not multiplicative, unless they are squares! In foundational works, Shimura [1973] and
Kohnen and Zagier [1981] studied this phenomenon in more detail. For a comprehensive summary of the
theory, the reader can consult [Koblitz 1984, §4.3].

Duke and Iwaniec [1990] gave striking quantitative evidence that the Fourier coefficients of half-integer
weight holomorphic cusp forms along squarefree integers are not multiplicative (unless their values are
zero). In particular, suppose that g is a holomorphic cusp form on I'g(N) (N =0 (mod 4)) having weight
k= % +2¢, £ € Z>,, and Fourier expansion (at co)

oo
g = Z cg(n)n(k_l)/ze(nx)e_Z”"y, z=x+iyeH, (1-1)
n=1
where cg(n) € C, e(x) := e?™¥ for all x € R, and H := R x R~ ¢ is the complex upper-half plane. For & > 0
and A, B > 10, Duke and Iwaniec [1990] proved that

Y > 1 (@aaBycg(ab) Lo (AB) (B2 + AB)|all2]|Bll2. (1-2)
a<Ab<B

where «, B are C-valued sequences and || ¢ || denotes the usual ¢;-norm. Using (1-2) together with
appropriate linear estimates, Duke and Iwaniec [1990] also proved that

Z Cg(P) <<£,g X1—1/156+€ (1_3)

p=X
p prime

as X — oo. The result in (1-3) allows for twists by primitive characters of conductor divisible by
N =0 (mod 4), and so one can restrict to sum to primes in an arithmetic progression (with the implied
constant depending on the modulus).
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The goal of this paper is to generalise the results of Duke and Iwaniec to cusp forms on the cubic
metaplectic cover of GL (in the sense of Kubota [1969; 1971]). This is the complementary case to work in
[Dunn and Radziwilt 2024] on Patterson’s conjecture for the bias of cubic Gauss sums over primes (cubic
Gauss sums are the Fourier coefficients of the cubic theta function [Patterson 1977] which is noncuspidal).
The spectral theory of cubic metaplectic forms have played a key role in [Livné and Patterson 2002;
Louvel 2014], on the distribution of certain cubic exponential sums. In their PhD thesis, Mohring [2004]
numerically investigated the Fourier coefficients of some cuspidal cubic metaplectic forms.

Before stating our results we briefly introduce some notation. Let H* := C x R.( denote hyperbolic

2mi/3

3-space. Letw =e , and Q(w) denote the Eisenstein quadratic field (class number 1). This number

field has ring of integers Z[w], discriminant —3, and the unique ramified prime is A :=+/—3 =14 2w.
Let (g) 3 denote the cubic symbol over Z[w], and A(c) denote the usual von Mangoldt function on Z[w].
Consider the following congruence subgroups of SL,(C):
[':=SLy(Z[w]),
''@3):={yel:y=1 (mod3)},

[y := (SL2(2), I'1 (3)).

The cubic Kubota [1969; 1971] character x : I'1(3) — {1, w, a)z} is defined by

_[(5); ifc#0, _(ab
x(y).—{ Vil r=(la)eno (1-4)

and extends to a well-defined homomorphism x : I'y — {1, w, w?} when one defines x| sL,(z)= 1 [Patterson
1977, §2]. The group I'; is the lowest possible level for cubic metaplectic forms. Let f be a cuspidal
cubic metaplectic form on I',, i.e.,

» f vanishes at all cusps of I';

e f(yw)=x(y)f(w)forall y eI, and w € H3;

e f is an eigenfunction of the hyperbolic Laplacian: Af = —7(2 — ) for some 7, € C.
There is an algebra of Hecke operators C[{7,3},c7[w)\(0}] acting on cubic metaplectic forms such that
T,30Ts =T, =Tys0T,s for (u,v) =1, T, is a polynomial in T3 for each a € Z> and prime

@ =1 (mod 3), and that each Hecke operator is Hermitian (on cusp forms) with respect to the standard
Petersson inner product [Proskurin 1998, §0.3.12]. The Fourier expansion of f (at co) is given by

fwy= Y pr0vKey, 1 @rvv)éw), w=(z,v) €, (1-5)
v#0
ver3Z[w]

where K, (-) is the standard K -Bessel function of order « € C, &é(z) := ¢*"!@*+2 for z € C, and pr(v)eC.

Remark 1.1. The cubic Shimura lift of Patterson [1998, Theorem 3.4] guarantees that one always has
74 € 1 +iR for cuspidal cubic metaplectic forms f on I'; (see Section 3.2).
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Let K, M > 1, and Wk 3 : (0, 00) — C be a smooth function with compact support in [1, 2] such that
for each j € Z~o we have
Wy () < MK? forall x > 0. (1-6)

If M =1 then M is omitted from the notation, and we write Wk. Let | ¢ ||, with 1 < g < oo denote
the £,-norm of a C-valued sequence indexed over elements of Z[w].
The main sums of interest in this paper are

N
Pr(X v W)= Y pf(v)A(A3v)WK< ;(”), (1-7)

ver"3Z[w]
A3v=u (mod v)

Zr(Xvu) = Y prAQRIY), (1-8)

ver 3 Z[w]
A3v=u (mod v)
Nw)<X

FrXovuy= Y pr07 ) log N(w), (1-9)
weZ[w]
w prime
w=u (mod v)
NGO 3w)<X
where 0 # v € Z[w] is such that v = 0 (mod 3), and u € Z[w]/vZ[w] is such that (u,v) = 1 and
u =1 (mod 3). It is technically convenient to restrict attention to # = 1 (mod 3). The other congruence

classes modulo 3 can be treated by a mild adaption of the methods of this paper.
Theorem 1.2. Let ¢ > 0 and the notation be as above. Then
Pr(X, v, u; W) Le.r (XKN () KN (v)*x 171734
as X — oo.
Corollary 1.3. Let ¢ > 0. In the notation above we have
Pr(X, v, 1) Lo f X1-1/578+e (1-10)
Pr(X, v, 1) Lo o X718 (1-11)
as X — oo.
Theorem 1.2 follows from new estimates for linear and bilinear sums which we now describe. A brief

sketch of the new difficulties and ideas that arise in our case (as opposed to the case in [Duke and Iwaniec
1990]) is given in Section 1.2. Let

_ N(A"3ab)
Tra, X, v, u; Wg) = Z pr(ab)Wg <T> (1-12)
beZlw]
ab=u (mod v)
denote the pointwise Type-I sum, where X > 10 and a € Z[w] with a =1 (mod 3). Let
_ N 3ab)
Ay, X,v,u Wg) = Y Y p(@aaps(hab) Wi (T) (1-13)

a,beZ|w]
ab=u (mod v)
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denote the average (over squarefree a) Type-I sum, where A, X > 10 and & := (o) is a C-valued sequence
supported on a € Z[w] with @ =1 (mod 3) and N(a) < A. Let

N(A‘3ab)) (1-14)

Br(o, B, X, v,u; W)= YN uz(a)aaﬂbpquab)WK( <

a,beZ[w]
ab=u (mod v)

denote the Type-II sum, where A, B > 10, (e,) is as above, and f := (8p) is a C-valued sequence
supported on b € Z[w] with N (b) < B. Note that we necessarily have X < AB in (1-14), otherwise the
double sum is empty.

In Section 9 we use Voronoi summation to prove the following “trivial” pointwise Type-I bound.

Lemma 1.4. Let ¢ > 0 and the notation be as above. Then
Tp(a, X; v, u; Wi) Lo p (XKN@) K*N®)'*N(a)'/2.

When J(a, ...) is multiplied by a weight o, and the estimate in Lemma 1.4 is summed trivially
over a € Z[w] with N(a) < A, the resulting bound is acceptable when A < X 2/3—¢,
In Section 10 we use the circle method to prove the following new bilinear estimate.

Theorem 1.5. Let ¢ > 0 and the notation be as above. Then for A, B > 10 and X =< AB we have
By, B. X, v, u; W) <e.p (XKN(©)*K*N@)*((AB)'2 + AV2BYH | et oI Bl2-

Theorem 1.5 is acceptable when ||pue||oo < A° and X?/3T¢ « B « X' 7%,

We point out that Lemma 1.4 and Theorem 1.5 together barely misses primes. To overcome the
bottleneck at level of distribution =< X?/3, we use Voronoi summation and Heath-Brown’s cubic large
sieve [2000] to prove the following estimate.

Proposition 1.6. Let ¢ > 0 and the notation be as above. Then for X, A > 10 we have
(e, X, v,u3 W) e, p (XKEN @) KN @)0(AX) P ie]o.

1.2. Brief sketch of the method. We close with a brief outline of the proofs of Theorem 1.5 and
Proposition 1.6. For simplicity, we suppress smooth functions, and ignore both the units of Z[w] and the
congruence condition # (mod v).

1.2.1. Linear sums. We apply Voronoi summation to the b-sum in (1-13) and perform a computation
with the arithmetic exponential sums that appear on the dual side. We obtain a bilinear form

X -
S DD u%a)g(a)aapf(v)G) , (1-15)
N(a)<A N(v)«A2?/X 3

where g(a) denotes the unnormalised cubic Gauss sum over Z[w] with modulus a. The use of Heath-
Brown’s cubic large sieve [2000] (with the squarefree condition on one variable relaxed) leads to our
average Type-I estimate.
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1.2.2. Bilinear sums. After application of Cauchy—Schwarz in the b-variable to (1-14), the sum of
interest is

Y. waep’ @)@ Y prlab)psab). (1-16)
N(a1),N(az)<A N(b)~B

aj,ap=1 (mod 3)
The natural approach would be to ignore the averaging over a; and a,, and estimate each convolution
sum ) N(b)~B Pf (a1b) ,of(sz) directly. Duke and Iwaniec [1990] proved that each convolution sum
is ¢ 84,—a, B+ (AB)® AB!/? for the case of holomorphic half-integer weight cusp forms. We explain
below why the additional averaging over a; and a; is crucial in the Maass case.

The initial move of [Duke and Iwaniec 1990] is to open one of the Fourier coefficients in terms of
sums of half-integer weight Kloosterman sums that come from writing the holomorphic cusp form as
a finite C-linear combination of Poincaré series. This opening move is not available for Maass forms!
Instead, we separate oscillations using the circle method of Browning and Vishe [2014] to obtain

I | -
Y. prlab)pr@by~— Y0 prpr() Y rifar—w/ao),  (1-17)
N(b)~B N(v1),N(»n)=<AB N(c)~B'/2

v1=0 (mod a;) (c, aran)=1
v,=0 (mod ay)

where r(n, ¢) denotes the unnormalised Ramanujan sum over Z[w] with modulus ¢ and shift n. In reality,
one must also consider moduli ¢ that are not coprime to Aaja,. This can be handled with an modification
of the method below with an additional local computation involving cubic Gauss sums with moduli
dividing rad(a;as).

We detect the congruence conditions on the vy, v, using additive characters, apply Voronoi summation
to each vy, vy sum, and perform a considerable computation with the exponential sums on the dual side.
This leads to an expression of the shape

1 -
2 2
_— (v (v r(ssajvy — syasvy, ¢). 1-18
E N (5159)1/2 E prvp)prv2) E (syajvy —sjazva, ¢) (1-18)
silay N()<KN(s1)*/A N(c)~B'/?
s2laz N)<&KN(s2)%/A (c,raraz)=1
(v1,51)=1

(v2,82)=1

We highlight that the squarefree property of a; and a; simplifies the computations considerably. One
can apply Cauchy—Schwarz and Rankin—Selberg bounds to estimate the off-diagonal (s%a v # slzaz V)
contribution in (1-18) by (AB)AB'2 The diagonal term is more subtle. The diagonal equation
sgalvl = slzazvz is equivalent to sy(ai/s1)vy = si(az/s2)va. The conditions (vi, s1) = (v2,52) = 1
together with the squarefree hypothesis on a; and a, imply that s; = s, =: 5 | (a1, a2). Thus the diagonal

contribution in (1-18) has the shape

1 ax/s ) ( ay/s )
Z — Z ,of( v)or V. (1-19)
s|(ay,az) N(s) NW)KN($)3N (a1 /s,ax/s))/A? (@ /s, a/s) (@/s, az/s)

(v,5)=1
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At this point there is no cancellation to be realistically exploited in (1-19), and so we apply the triangle
inequality and place absolute values around the Fourier coefficients. It is tempting to apply a “Deligne-type”
bound for p(-) to estimate the diagonal by (AB)® - B - (N ((a1, a2))/ A)? (which is of acceptable size).
However, no such bound for p ¢ (-) is known unconditionally, and the author is not aware of any nontrivial
bound for p¢(-) stronger than the bound implied by Rankin—Selberg. There is no “Waldspurger-type”
formula known for the coefficients of cubic metaplectic cusp forms (on GL,). Hence the strategy for
bounding these Fourier coefficients via subconvexity for twisted L-values is not available (this strategy is
used the half-integer weight case; see [Conrey and Iwaniec 2000]). To overcome this, we substitute (1-19)
into (1-16), take absolute values and the supremum norm of the o terms, and exploit the additional
averaging over a; and a, using Cauchy—Schwarz and Rankin—Selberg bounds. This yields the acceptable
estimate (AB)°AB | p’« ||§O for the diagonal of the averaged sum. It is interesting to note that an argument
of Nelson [2020] could potentially be adapted to estimate the sparse convolution sum in (1-19). We

refrain from this additional work.

1.3. Conventions. Forn e Nand N > 0, weuse n ~ N tomean N <n <2N, and n < N to mean that
there exists constants ¢y, ¢ > 0 such that cyN <n < cN.

Dependence of implied constants on parameters will be indicated in statements of results, but suppressed
throughout the body of the paper (i.e., proofs). Implied constants in the body of the paper are allowed to
depend on f € L>(I',\H?, x, ), &, D > 0 (possibly different in each instance), and the implicit constants
in the statements N(a) < A and N (b) < B.

Whenever we write r | g with 0 #r, g € Z[w] and g =1 (mod 3), it is our convention that » =1 (mod 3).
For any integer b we let Z>, :={n € Z : n > b}.

Unless otherwise specified, it should be clear from context whether X means modular inverse (with
respect to an appropriate modulus) or complex conjugation.

Unless otherwise specified, it should be clear from context whether v refers to the modulus of an
arithmetic progression or the real component of a quaternion element w = (z, v).

2. Preliminaries and background

2.1. Eisenstein quadratic field and cubic Gauss sums. We include some brief background on ((w) and
cubic Gauss sums. For more details see [Dunn and Radziwitt 2024; Patterson 1977; Proskurin 1998].

Let Q(w) be the Eisenstein quadratic number field, where w is identified with ¢>*//3 € C. This quadratic
number field has ring of integers Z[w], discriminant —3, and class number 1. Let N (x) :=Ng(w),0(x) =|x |2
denote the norm form on (w)/Q. The dual of Z[w] is

Zlw)* :={z€C:é(zz)=1forall 7 € Z[w]} = A~ Z[w].

It is well known that any nonzero element of Z[w] can be uniquely written as ¢A*c with ¢ € (—w)
aunit (e, 2= 1), A := /=3 =14 20w the unique ramified prime in Z[w], k € Z>¢, and ¢ € Z|w]
with c =1 (mod 3). If p=1 (mod 3) is a rational prime, then p = w @ in Z[w] with N(w) = p and @



1830 Alexander Dunn

a prime in Z[w]. If p =2 (mod 3) is a rational prime, then p = @ is inert in Z[w], and N () = p% Thus
we have N(w) =1 (mod 3) for all primes = with (@) # (A).
The cubic Jacobi symbol defined for a =1 (mod 3) and & = 1 (mod 3) prime is defined by

a
<—> =aN@=DB (mod w),
w /3

and the condition it take values in {1, w, w?}. The cubic symbol is clearly multiplicative in ¢ and can be

(5),-11()

1

extended multiplicatively in b by setting

for any b = []; ; with @; = 1 (mod 3) primes. The cubic symbol obeys cubic reciprocity: given

(5)-C)

There are also supplementary laws for units and the ramified prime. Given

a,b =1 (mod 3) we have

d=1+a2+a32? (mod9) with o, a3e{—1,0,1}, (2-2)

(5),=0 wa (5),=o
— | =w* and -] = *. (2-3)
d3 d3

We follow the standard convention for an empty product,

we have

(%’) =1 forall a €Z[w]. (2-4)
3

Let
é(Z) = ezn*i Trq;/[R(z) — 627Ti(2+23’ z € C
For 1 € Z[w]* = A~'Z[w] and ¢ € Z[w] with ¢ = 1 (mod 3), the cubic Gauss sum (with shift ) is
defined by
d\ .( nd
g e)i= Y (;)3e<7>. (2-5)

d (mod ¢)

We write g(c) := g(1, c¢) for short. Making a change of variable in the Gauss sum we see that

A
glu,c) = (—) g, c), (2-6)
cJ/3

and so for the rest of this section it suffices to consider only u € Z[w], which we now assume. We have

(. c) = (%) g(l,¢) for (u.c)=1. 2-7)
3

The Chinese remainder theorem implies the twisted multiplicativity property

g(u,ab) = (;—Z) g(u,a)g(u,b) fora,b=1 (mod3) such that (a, b) = 1. (2-8)
3
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By (2-7) and (2-8) is suffices to understand g(@*, @) for @ = 1 (mod 3) prime and k, £ € Z>o. A
specialisation of [Proskurin 1998, property (h), p. 7] yields
1 if £ =0,
o(@?) ifl<t<k, £=0 (mod3),
—N@)* ife=k+1, £=0 (mod?3),
N(w)g(w) ift=k+1, £=1 (mod?3),
N(@)g(w) if¢=k+1, £=2 (mod3),
0 otherwise.

g(@h, ot =1 (2-9)

For w =1 (mod 3) prime we have the formula for the cube [Hasse 1950, pp. 443-445],
g(w)=—o’wm. (2-10)
Observe that (2-7)—(2-9) and (2-10) imply that
()| = u* ()N ()'/? (2-11)
for c =1 (mod 3). We denote the normalised cubic Gauss sum (with shift u € Z[w]) by
g, )= N@©~ g, o). (2-12)
The following two lemmas follow directly from combining (2-7)—(2-9).
Lemma 2.1. Let u € Z|w] and ¢ € Z[w] such that c =1 (mod 3) is squarefree. Then
g(u,c)=0 unless (u,c)=1.

Lemma 2.2. Let ¢ € Z|w] with c =1 (mod 3) and @, u € Z|w) be such that w =1 (mod 3) is prime
and w? | c. Then

g(u,c)=0 unless @ |u.

The next lemma follows directly from combining (2-7)—(2-9) and (2-11).
Lemma 2.3. Let i, c € Z[w] withc =1 (mod 3). Then
18 (1, )l = N@V2 - N((u, ).
Remark 2.4. We emphasise that ¢ € Z[w] is not necessarily squarefree in Lemma 2.3.
For b € R, and g € Z[w] with g =1 (mod 3), let

op(q) =)  N@)". (2-13)
dlq
For a given ¢ > 0, we have the standard divisor bound
00(q) K& N(q)°. (2-14)
The following lemma is immediate.
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Lemma 2.5. Let g € Z[w] with g =1 (mod 3) and b € R. Then for Y > 1 we have

Y N, 9) < Yoy i(g),

neZlw)
I<N(uw)<Y

where o (q) is as given in (2-13).
Lemma 2.6. Let g € Z[w] with g =1 (mod 3). Then for X > 1 and ¢ > 0 we have
> 1< (N@X)F. (2-15)
N()<X
rlrad(q)>

Proof. Without loss of generality we can assume X is an odd half-integer. By Perron’s formula (truncated)

we have
24i(XN(g))'0 %
S o= x [T a-Ne T o))
N(r)<X I(XN(q) @ |rad(q)
rlrad(g)® w prime
w=1 (mod 3)

The integrand is holomorphic in the half-plane Re(s) > 0. We move the contour Re(s) = ¢. Taking the
logarithm of the Euler product and then using the pointwise bound

log N(q)
@) < ioglog N(g)’ (2-16)

we obtain (after exponentiation)

1_[ (1-N@) ™)'« N(g)* for Re(s)>e.

@ |rad(q)
@ prime
w=1 (mod 3)

The result follows from Cauchy’s residue theorem. U
2.2. Group action on H? and Laplacian. Let H? denote the hyperbolic 3-space C x R-(. Embed C
and H? in the Hamilton quaternions by identifying i = /—1 with iand w=(z,v) = (x+iy,v) € H
with x + yf + vk, where 1, i, f k denote the unit quaternions. The continuous action of SL,(C) on H?
(in quaternion arithmetic) is given by

yw = (aw+b)(cw+d)7", )/:(CCZ z>€SL2(C) and w e H>.

The action of SL,(C) on H? is transitive, and the stabiliser of a point is SU;(C). In coordinates,

_ ((az+b)(cz+d) +acv? v
B lez+d|?+[c|?v? ez +d|*+ |c|*v?

w = (z,v). (2-17)

The Laplace operator A :=v2(3%/9x2+92/0y> +9%/0v?) — vd/dv acts on C*®(H?) and commutes with
the action of SL,(C) on C*°(H?).
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Consider the subgroup I' := SL;(Z[w]) of SL,(C). It has finite volume (but is not cocompact) with
respect to the SL,(C)-invariant Haar measure v 3dx dy dv on H3. In what follows, let I’ C T be a
subgroup with [T" : T] < co. Let P(I'") C Q(w) U {oo} be a complete inequivalent (finite) set of cusps
for I'". Each cusp of I'” can be written as o 0o for some o € I', and let

[ :={yel’:yoo0 =000}
denote the stabiliser group of the cusp 000 in . We have I', :=oT;0 "' NI, and let
Ay :={neC: a((l)’l‘)o‘l eI},
A :={veC:Tr(uv) e Zforall p € Ay}.
It is well known that A, and A} are lattices in C, and that A} is dual to A,.
A fundamental domain for the action of I on H? is the set

Fi={w=(z,v) e H’: |z]*+v* > 1 and z € £A},

where A is the interior of the triangle with vertices 0, (1 — w)~ ' and (1 — w?)~L The set of cusps for I'
is P(I") := {o0}.
Other congruence subgroups of significance to this paper are given in Section 3.

2.3. Automorphic forms (for general multipliers). We record some facts about automorphic forms
on I'"\H? that transform with general unitary character « : I'" — C*. For more details one may consult
[Livné and Patterson 2002; Louvel 2014; Patterson 1998; Proskurin 1998]. We specialise to cubic
metaplectic forms in Section 3.

Let  : TV — C* be a unitary character that satisfies k (—I) = 1 if —I € I"". The function defined by

w—> K(O‘((l) ’1‘)0_1) : Ay — C* is a homomorphism on the lattice A, . There exists 4, € C such that

k(o(y")o™) =é(hopn) forall e A,.

Essential cusps with respect to « are those o for which we can take i, = 0.
Let

ACT\H?, k) = {u:H > C:u(yw) =« (y)u(w) forall y € I’ and w € H}.
We say that u € A(T"\H?, «) is an automorphic form under I'" with character « if it satisfies the conditions:
e u € C*®°(H?) and is an eigenfunction of the Laplacian, i.e.,
Au=—1,(2—1,)u for some t, € C.

The quantity 7, € C is the spectral parameter for u, and is well-defined only up to 7, — 2 — 7,,.
Without loss of generality one can assume that Re(z,) > 1.

e u has moderate growth at cusps: there exists a D € R such that

luw)| < @+ A+ zHv HP  forall w=(z,v) e H.
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Let L(I" \I]-|]3, K, T) denote the C-vector space of automorphic forms under I'’ with character « and spectral
parameter 7. The norm || - ||, on L(I'"\H?, «, 7) is induced by the standard Petersson inner product

—dxdydv
(uy, uz) = uy(wuz (w) ——3—-.
F/\H3 v

Let
LA(T\H?, &, 7) i= {u € L(T'\HP, &, ) : ||ull2 < oo},

denote the finite-dimensional Hilbert space of square integrable automorphic forms having character «
-10

0 l) act on an automorphic form u# by 1, and we speak

and spectral parameter 7. We demand that (
of u being even or odd respectively.
Consulting [Proskurin 1998, Theorem 0.3.1], each u € L(I" \I]-|]3, k, 7) has Fourier expansion at the

cusp o oo given by

Us(w) :=ulow) =cy o)+ Z Pu.ocWMVK (4 |vv)é(vz), we [H]3, (2-18)

v#0
vehs+A%

where p, »(v) € C, and

e { Puo+ O + pug OV T £1,

| P71 OV logu+pug O ifT=1,
and py.6.+(0), pu.0.—(0) € C. If ooo is essential, then one can take h, = 0. If ooo is not essential,
then ¢, » (v) = 0 by [Proskurin 1998, Theorem 0.3.1]. By convention, if o = I then we omit it from the
subscripts on the Fourier coefficients.

If ¢, .+ (v) = 0 for all cusps oo, then u is a cusp form (it is necessarily a Maass form since H3 does
not have an invariant complex structure). In particular, all cusp forms have exponential decay at the cusps,
and consequently are square integrable on I\ H3.

The following crude Rankin—Selberg bound follows from a standard argument that uses Plancherel’s

theorem. The proof is analogous to that of [Iwaniec 1995, Theorem 3.2], and is omitted.

Lemma 2.7. Let t € C withRe(t) > 1, u € L>(IT"\H?, k, t) be a cusp form, o a cusp of T, and & > 0.
Then for all X > 100 we have

Z |,0u,a(U)|2 Lu,0,e XH_S-

vehs+A%
N@w)<X

An application of the Cauchy—Schwarz inequality and Lemma 2.7 give the following L'-bound.
Lemma 2.8. In the notation of Lemma 2.7 we have

> 1o W] Kuoe X'

vehs+A%
N@Ww)<X

The following Wilton-type bound follows from a standard argument using Fourier convolution with
the Dirichlet kernel. The proof is analogous to that of [Epstein et al. 1985, Theorem 3.1] and is omitted.



Metaplectic cusp forms and the large sieve 1835

Lemma 2.9. Let the notation be as in Lemma 2.7 and suppose that Re(t) = 1. Then

Z Pu.c (VE@V) Ky oo XV2TE

vehs+AY
N()<X

for any a € C. The implied constant is uniform with respect to «.
A direct consequence of partial summation and Lemma 2.9 is the following smoothed Wilton bound.

Lemma 2.10. Let the notation be as in Lemma 2.7,Re(t) =1, K, M > 1, and Wk j; : (0, 00) > C be a
smooth function with compact support in [1, 2] that satisfies (1-6). Then

N()

> pu,g(v)é(awWK,M(

vehe+A}
N(v)=X

) Luoe MKX1/2T¢

for any a € C. The implied constant is uniform with respect to .

3. Cubic metaplectic forms

3.1. Cubic Kubota character. Recall that " := SL,(Z[w]). It is well known that I' = (P, T, E), where

P=(Gu) T=(01) E:=(i o)
Let 0 # C € Z|w] satisfy C =0 (mod 3), and
' C):={yel:y=1 (modC)}.
Observe that I'1 (C) is a normal subgroup of I since it is the kernel of the reduction modulo C map. Let
I’y := (SL2(2), I'1(3)) = SLo (D' (3) =T'1(3) SL2(2), (3-1)

where the last two equalities follow because I"{(3) is normal in I". We also have [T" : I';] = 27 (see
[Patterson 1977, §2] for the calculation). Recall that x : I'» — {1, w, w?} is the cubic Kubota character
defined in Section 1.1. The cusps of I'; are P(I";) = {o0, w, w?}, and the only essential cusp of I', with
respect to x is oo.

3.2. Cubic Shimura lift. Suppose I’ C I's is a subgroup with [, : I''] < co. If h € L(I"\H?, x, 1),
then A is said to be a cubic metaplectic form on I'"” with spectral parameter T (abbreviated to cubic
metaplectic form). In this section we specialise to the lowest possible level I'' = I';, and focus on the
finite-dimensional subspace L>(I',\H?, x, t) € L(I';\H?, x, 7) that contains square integrable cubic
metaplectic forms.

We say that h € L>(I,\H?, x, 7) is a Hecke eigenform if it is an eigenfunction for all Hecke op-
erators {13}, cz[o)\(0}» 1.€., T),3h = Xh(v3)h for some Xh(v"’) € C and all v € Z[w] \ {0}. There is an
orthonormal basis (with respect to the Petersson inner product) of L?(I',\H3, x, 7) consisting of Hecke
eigenforms. Two automorphic forms are identified if they are constant multiples of one another. The
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discrete spectrum of A on L?(I';\H?, x) is completely determined via the cubic Shimura correspondence
of Flicker [1980] and Patterson [1998, Theorem 3.4]. In particular, there is a bijective correspondence
between even (resp. odd) Hecke eigenforms i € L2(F2\|H]3, X, T) and even (resp. odd) Hecke eigenforms
ge LZ(F\[I-[I3, 1, 37 —2), where in the latter case the Hecke operators are the standard ones {7, },ez[w]\ {0}
on the trivial cover of I, i.e., T,g = Ag(v)g for some Ag(v) € C and all v € Z[w] \ {0}. Under this
correspondence one also has

NOHT2R 0 = N) ™2, (v).

The only noncuspidal Hecke eigenform in Lz(l"z\[l-l]3, x) is the cubic theta function of Patterson [1977],
93(w) :=Res,—4/3E3(w, s) € L*(M2\H, x, %),

where E3(w, s) is the Kubota cubic Eisenstein series for I'; (3) at the cusp oo. Its Shimura correspondent is
the constant function 1 € L?(I"\H?, 1, 2). The countably many other Hecke eigenforms h; € LZ(I',\H?, x)
are Maass cusp forms, whose Shimura correspondents g; € L>(I"'\H?, 1) are also Maass cusp forms.
All spectral parameters are nonexceptional, i.e., Re(t,) = Re(rg, ) = 1fork=1,2,.... We also have
0 <Im(rp) <Im(tp) <..., where Im(z;,) — 00 as k — oo.

3.3. Cubic Kloosterman sums. We will encounter cubic Kloosterman sums attached to the cubic Kubota
character in our computations.
Let IV C I'y with [[T; : T'] < 00, and let o, &€ € SL;(Z[w]) denote cusps of I, Let

Co,&):={ceZlw]\{0}:0(:1)  eT}

C *

*

be the set of allowable moduli for the cusp pair (0, ). Form e A%, n e Ag‘, and ¢ € C(o, &), the cubic
Kloosterman sum is

Krgg(mn,c):= > X<g(?;)g—1)g<”m7+’“l), (3-2)

a (mod cAy)
d (mod cAg)

o(Ga)eter

where x : s — {1, , w?} is the cubic Kubota character. We have the following Weil bound [1948].

Lemma 3.1 [Livné and Patterson 2002, Proposition 5.1; Louvel 2014, (2.6)]. Let the notation be as above.
Then form,n € Z|w)] and c € C(o, §), we have

K06 (m, n, ©)] < 2N ((m,n, ) N()'/2,
where w(c) denotes the number of distinct prime divisors of c.

Remark 3.2. In [Livné and Patterson 2002, Proposition 5.1] (and propagated in [Louvel 2014, §2]), it

appears the bound in Lemma 3.1 is stated suboptimally with a factor N((m, n, c)) instead of N((m, n, c))!/ 2

This makes no difference to us because (m, n, ¢) = 1 in any instance when Lemma 3.1 is used in this paper.
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Lemma 3.3. Suppose that 7' =T"1(3) and o = ((1) (1)) Then

c\ ./ ma+nd
Kr@oom.n.co)= Y. (3)6(—0 ) (3-3)
3

a,d (mod 3c¢)
a,d=1 (mod 3)
ad=1 (mod c)

for any c € 3Z[w]\ {0}, and m,n € 2737 [w).

Proof. Observe that A, = 3Z[w], A} = 371Z[w]* = A73Z[w], and C(o, 0) = 3Z[w] \ {0}. Observe
that y = (“7) € I'/(3) if and only if a = d = 1 (mod 3), b, ¢ = 0 (mod 3), and ad — bc = 1. For
Yy = (’; s) e I'1(3) with ¢ # 0 we have x (y) = (c/a)3 by (1-4). The claim now follows from (3-2), (2-2),

and (2-3). O
Lemma 3.4. Suppose thatT' =T1(3),0 = ((1)(1)), and & = ((1) _(1)). Then

d\ . ma-+nd
Kr@oemno= > (Z) 6’<—> (3-4)
3

C
a,d (mod 3c¢)
a,d=0 (mod 3)
ad=1 (mod ¢)

for any ¢ € Z[w] such that c = 1 (mod 3), and m, n € A3 Z[w).

Proof. Observe that A, = A =3Z[w] and that Af =A% =3"'Z[w]* =17 Z[w]. Lety = (¢ Z) eSLy>(Z[w)).
Observe that ayé_l el'i(3)ifand only ifa=d =0 (mod 3), c =1 (mod 3), b = —1 (mod 3), and
ad —bc = 1. After recalling that x is homomorphism on I'; such that x [s,z) = 1, we see that x (yé_l) =
x(E ') = (—a/c)s = (a/c)3 by (1-4) and the convention (2-4). The claim now follows from (3-2). [J

4. The cubic large sieve

Implicit in [Heath-Brown 2000] is a version of cubic large sieve where one of the variables is not required
to be squarefree. Here we record the relevant results.

Theorem 4.1. Let ¢ > 0 be given, M, N > % and W = (V,) be a C-valued sequence supported on ¢ € Z|w]
with ¢ =1 (mod 3) and N(c) ~ N. Then

2
c
DRSS ;ﬁ(c)wc(E) Lo (MN)*M'(M + N) | %13,
N@)~M' N(c)~N 3
c=1 (mod 3)
Proof. This follows from [Heath-Brown 2000, (22) (and the display above it), (28) and the second display
on p. 123], U

Corollary 4.2. Let the notation be as in Theorem 4.1 and R = (24) be a C-valued sequence supported
ond € Zlw] with N(d) ~ M. Then

d
I Qdu%)wc(;) L (MN)* MO M2+ N'2) |2 0¥ 5.

N(d)~M N()~N 3
c=1 (mod 3)
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Proof. Application of the Cauchy—Schwarz inequality, unique factorisation in Z[w], (2-1), and Theorem 4.1

gives
2 d\ 2 2 gk c\ [
YooY v =) | =1e13(d >0 Y > wE( ) vl
Nd)~M NO~N €/3 ¢ k20 Nkmy~M! NO~N € /s 3
c=1 (mod 3) m=1 (mod 3) ¢=1 (mod 3)
K (MNY M'P(M+N)|| Q13| n*¥ |13,
as required. (|

S. The Browning—Vishe circle method for number fields

The proof of our Type-II estimates will use a circle method over number fields due to Browning and
Vishe [2014, Theorem 1.2]. Their work generalises work of Heath-Brown [1996, Theorem 1] (over Q),
and ultimately relies on the §-function technology of Duke, Friedlander, and Iwaniec [Duke et al. 1993].

Let L/Q be a number field of degree d > 2 with ring of integers Oy, and unit group O;. Let a <O,
be an integral ideal, N (a) := #O; /a denote the ideal norm of a, and

1 if a=(0),
0 otherwise.

8r(a) = {

Remark 5.1. One obtains an indicator function on Oy, by restricting to principal ideals, in which case
one writes &7, ((v)) =4 (v) for any v € Op. We also have N ((v)) = N(v), where the latter is the norm of
an element of O .

Theorem 5.2 [Browning and Vishe 2014, Theorem 1.2]. Let L/Q be a number field of degree d > 2,
C > 1, and a QO be an integral ideal. Then there exists a positive constant kc and an infinitely
differentiable function h(x, y) : (0, 00) x R — R (depending on L/Q) such that

k * N N
L@=c > 2 o(a)h<§,%>, (5-1)

(0)#c<COr o (mod ¢)

where the notation ¥* means that the sum is taken over primitive additive characters (extended to

o (mod ¢)
ideals) modulo c. The constant k¢ satisfies

kc =1+ 0,0 p(C™P) forany D> 0. (5-2)

Furthermore, we have
h(x,y) <r/ox~ " forall yeR, (5-3)
h(x,y) #0 onlyif x <max{l,2|yl}. (5-4)

Remark 5.3. In practice one usually chooses C := X !/9 to detect the condition a = (0) for a sequence
of ideals of O with norm less than or equal to X. This means that for ¢ (see (5-1)) in the generic range
N(c) < X!/2 there is no oscillation in the weight function 4 (x, y).



Metaplectic cusp forms and the large sieve 1839

Lemma 5.4 [Browning and Vishe 2014, Lemma 3.1]. Let the notation be as in Theorem 5.2. The function

h(x, y) vanishes when x > 1 and |y| < x/2. When x <1 and |y| < x/2, we have
0
—h(x,y)=0. (5-5)
dy

Lemma 5.5 [Browning and Vishe 2014, Lemma 3.2]. Let the notation be as in Theorem 5.2. Then for
i, j, D eZsy, we have

9iti i b x \?
.. —l=Jj= 1 - _
8x,.(,))yjh(x,y) <LL/Q,i,j,D X (x +mmI1, (Iyl) D (5-6)

The term xP on the right side of (5-6) can be omitted if j # 0.

Corollary 5.6. Let the notation be as in Theorem 5.2. Then for any j € Z>1 we have
Y
Wh(% ) Lo, l. (5-7)

Proof. If x <1 and |y| < x/2, then Lemma 5.4 implies that
9/
—h X, =0
By (x,y)

forall j € Zs1. If x <1 and |y| > x/2, then Lemma 5.5 (withi =0 and D = j 4 1) gives

9/
@h(x, y) L/, l
forall j € Z>;. If x > 1, then Lemma 5.4 (the vanishing condition on /) and Lemma 5.5 (with i = D =0)
gives 5
ayl
for all j € Z-,. Putting all three cases together gives the result. U

h(x,y) <r/0,j 1,

6. Vaughan’s identity
Here we record a celebrated identity of Vaughan [1975] adapted to our situation.

Proposition 6.1. Let R, S > 1. Then for any v € Z[w] withv =1 (mod 3) and N (v) > S, we have

AW = ) u(a)log(%>—ZZu(a)A(b)JrZZM(a)A(b)- (6-1)

alv ab|v ablv
N(a)<R N(a)<R N(a)>R
N®)=S N(b)>S

If N(v) <8, the right side of (6-1) vanishes.

7. Proof of Theorem 1.2 and Corollary 1.3

In this section we prove Theorem 1.2 and Corollary 1.3 assuming the truth of Lemma 1.4 and the main
inputs: Theorem 1.5 and Proposition 1.6.
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Proof of Theorem 1.2 assuming Lemma 1.4, Theorem 1.5, and Proposition 1.6. Recall the definition of the
quantity &y (X, v, u; Wg) given in (1-7). We apply Proposition 6.1 to (1-7). The parameters R, § > 1
used in our application of Proposition 6.1 will be chosen at a later point in the proof and will satisfy

S < L and 10000X < RS < 10000000X say, 7-1)

10000

for all sufficiently large X. Since the support of Wk is contained in [1, 2] and S < X /10000 by (7-1),
all summands in (X, v, u; W) are automatically supported on the condition N(v) > §. Note that
the right most sum in (6-1) vanishes since the support of Wk is contained in [1, 2] and RS > 10000X
by (7-1). We insert a smooth partition of unity in the a and b variables in the second sum in (6-1), and
then interchange these summations with the v summation after substitution of (6-1) into (1-7). We obtain

f@f(xv U, U; WK) - c@1]0(‘)(5 Rv UV, U; WK) - ZZ WZf(Xa Ma N’ U, U; WK)’ (7_2)
1<«KM«KR
1«KNKS
M, N dyadic
where 5
_ N(\"2ab)
Pip()i= > > (@) log(N(b)py (A 2ab) Wi (T) (7-3)
a,b=1 (mod 3)
ab=u (mod v)

N(@a)<R

N(A3ab N N (b
ay)i= X5 u@awns 6 abows (ML o (N o (N2). o

a,b,c=1 (mod 3)
abc=u (mod v)
N(a)<R
Nb)<S

and U : R — Rx is a fixed smooth function with compact support in [1, 2] such that

N(0)
> U(T>=l for all 0 # € € Z[w].

L dyadic

7.1. Estimate for 717(X, R, v, u; Wk). Rewriting (7-3) using additive characters we obtain
P2 e | 2 NO) NO)
Hla o Jn of JATY v v
— _—— 5 1 W ) 7_5
L Naw 2 e( av) 2 pf(”)e( av ) Og(N(A—%z)) K( X ) )
a=1 (mod 3) j (mod av) ver—3Z[w]
N(a)<R

where n € Z[w] is such that n = u (mod v) and n = 0 (mod a). Applying Lemma 2.10 (while noting
Remark 1.1) to the v summation and estimating the other sums trivially using the triangle inequality we get

P1r(-+-) K (RX)*KRX'/? (7-6)
uniformly in the modulus v.

7.2. Two estimates for Zy5(+--).

7.2.1. First estimate. For the first estimate we treat (7-4) as an average Type-I sum. That is, in (7-4) we

let h =ab
’ : _ N(@), (N®) ]
Vi(M, N) .—h:ZabMa)A(b)U( v )U( n ) (7-7)
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and interpret c as the “smooth” summation variable. We then decompose
Do) =Py )+ Py (o), (7-8)

where &3 f( ---) and 92' f( .--) have the factors u?(h) and 1 — u?(h) inserted, respectively. The weight
Mz(h)y,; (M,N) in &5(---) is supported on squarefree elements of Z[w]. We apply Proposition 1.6
(see (1-13)) to obtain

P53 (-+) K (XKN ) KPP N @) (MNy /o x'P. (7-9)
Applying Lemma 1.4 (see (1-12)) to the c-sum in 27(---) we obtain

P} () K (XKEN@) KN 2(MN) 211 = p)y' (M, NIy
L (XKN W) K*N@)'>M3N. (7-10)

Note that the support of the b variable in (7-7) imposed by the weight (1 — ?(h)) A (b) = 0 (supported on
prime powers with exponent > 2) was used to obtain (7-10). Substitution of (7-9) and (7-10) into (7-8) gives

Pop(--) K (XKN ) (K"3N ) (MN)Y X113 4 K*N ()M N). (7-11)

7.2.2. Second estimate. For the second estimate we treat (7-4) as a Type-1I sum. That is, we let h = bc, and

Nb)
Y (N X/MN) = 3" A(b)U<T).

h=bc

Observe that the weight w(a)U (N (a)/M) is supported only on squarefree a. Thus we apply Theorem 1.5
(see (1-14)) and obtain

Pop(--) K (XKN@) KN (XM™2 4 (M X)), (7-12)

7.3. Conclusion. We use (7-6) to estimate the first term of (7-2). Let 1 < L < R. We use (7-11)
(resp. (7-12)) to estimate the second term in (7-2) when M < L (resp. M > L). The net result is

Pr(X, v, u; Wi) < (XKN ) KSN ) (RX'2 4+ (L)X + LS+ XL~V + (RX)¥*) (7-13)
for any R, § > 1 satisfying (7-1) and 1 < L < R. The choice of parameters
R=1000x"", S§=1000X""" and L=x"",
satisfies (7-1) for all sufficiently large X, and substitution into (7-13) yields

Pr(X, v, u; Wr) < (XKN () KN (0)* x171/3%,

as required. O

We now remove the smoothing.
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Proof of Corollary 1.3. Let A := K~! with K > 2 and suppose that W : (0, o0) — R is smooth and

satisfies
supp(Wg) C[2—A, Z+A], 0<W(x) <1 forallx>0,

) . (7-14)
Wkx)=1 forxe [%, ZT]’ and W/(x) < K’.
Then for any Z >> 1 we have
N(v) _
X WA= Y pr AR Wi (7) +Ou(KT12Z), (7-15)
ver—3Z[w] ver—3Z[w)
A3v=u (mod v) 23v=u (mod v)
5Z/4<N()<7Z/4

where the error term follows by Cauchy—Schwarz, Lemma 2.7, and the support of Wx. Applying
Theorem 1.2 to the right side (7-15) gives

Z pr(WMAG3Y) <, (ZK)(KBZ'T13 1 k=127),
ver—3Z[w]

A3v=u (mod v)
5Z/4<N(v)<7Z/4

We choose K = Z1/289 o obtain

Yo prMAGY) «, 2! (7-16)
ver 3 Z[w]

A3v=u (mod v)
5Z/4<N(v)<7Z/4

Summing over intervals [5Z /4, 7Z /4] with 7Z /4 < X yields (1-10).
To prove (1-11) we first observe that

ZrXivu)— Zp(Xivo) = Y Y pr(A ) log N(w). (7-17)
keZ>r, wel|w]
@ prime
w¥*=u (mod v)
NOoh<x

Applying Cauchy—Schwarz to the double sum in (7-17) shows that the right side of (7-17) is

172
< X”““( > Ipf(k‘3wk)|2)

keZsr,mer™37[w]
@ prime

NOTwh<x
1/2
& X1/4+£( Z Ipf(v)lz) & X3/Ate (7-18)
ver37[w]
NO3v<x
where the last inequality follows from using Lemma 2.7. The result (1-11) now follows. 0

The rest of the paper will be dedicated to proving Lemma 1.4, Theorem 1.5, and Proposition 1.6.
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8. Voronoi summation formulae for twists

In this section we develop a Voronoi summation formula for twists of a cusp form f € L>(To\H?, x) with
spectral parameter 7 € 1+iR by appropriate non-Archimedean and Archimedean characters. Development
of this formula requires some care because we are working with the group ', = (SL,(Z), I'1(3)) in
I':=SL,(Z|w)).

8.1. Twists and Dirichlet series. We will need consider cubic metaplectic forms on groups I'; (C) with
C =0 (mod9), i.e., the spaces L*(I'1 (C)\H?3, x, 7) for r € C with Re(r) > 1. To simplify our exposition
we focus on the nonexceptional case, i.e., Re(r) = 1. Suppose that ¥ : A~'Z[w] — C is periodic modulo
(A"r)Y(A~'Z[w]). The W-twist (at 0o) of a cusp form F € L2(F1(C)\I]-I]3, X, T) is defined by

Fw; W)= ) prMW(CuK(Grpp)éwa), w=@Ev) el @)
0£ve(AC) ' Z[w]

also denoted by (F ® V) (w). By [Proskurin 1998, Theorem 0.3.12] and its proof we have
F(-; W) e LAT1(W2"r2C)\H?, x, t) is a cusp form. (8-2)

Remark 8.1. For the purposes of twisting we view the cusp form f € L>(T';\H?, x) in the larger space
L*(T; (A4)\ﬂ-ﬂ3, x)- This is immaterial in the final results and only involves extra fixed powers of the
prime A in the formulae.

In what follows it will be instructive to open the definition ¢(z) := e(z + ), z € C. We remind the
reader that the function F'(w; W) in (8-1) is a function in z, z, and v (although the notation suppresses
this). For n € Z, we define

a\" .
(—) F(w;¥) ifn>0,
9z

Fw; ¥)  ifn=0, w=(,v)eH. (8-3)

|n|

(Z) "Fw: W) ifn <0,
9z
To complement (8-1), we have the Fourier expansions (at co) for n € Z \ {0},

F(w;\lj,n)::(zn—i)lnl'

F(w: W, n) = Z { pr(WIV'W(Cv)vK,_ (4 |v|v)e(vz+1vz) ifn >0, (8-4)

_‘nl p— .
OOy -1 Z[0] PrWIV" W (Cv)vK,—1(@r|v|v)e(vz+vz) ifn<O.

Suppose that iy : Z[w]— C is periodic modulo A r. The (normalised) Fourier transform 1/7 A 1Z[w]—C
is given by

T(x) — o -1 .
U(x) = NG > w(u)e(AMr), x e r 1 Z[w], (8-5)

u (mod A"r)
and is periodic modulo (A"'r)(A~'Z[w]). Fourier inversion asserts that

V) = 3 &(x)é(— -

Ay
xerl1Z[w]/ (W r) (A1 Z[w])

) for u € Z|w]. (8-6)
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For n € Z consider the Dirichlet series

prw () ()’
N(v)*

D(s, F;W,n):= Y . Re(s)>1,

v#0
ve(\C)~1Z[w]

and the associated Mellin transform
o
A(s, F; ¥, n) ;:/ F(v: W, v +1n=2 gy,
0

where we let v denote (0, v) for v > 0. Let
Gools, T,n) 1= 3Q2m) > M (s + 4n| =2 = D) (s + in|+ Iz = 1)), seC. (8-7)

Lemma 8.2. Let v € C withRe(t) =1, C € Z[w] with C =0 (mod 9), F € L>(I'1(C)\H?, x, t) be a
cusp form, and n € Z. For Re(s) > 1 we have

A(S, F7 ‘IJ’ n) = GOO(Sa Ta n)D(s7 Fs "I’, n)a

where G (s, T, n) is given by (8-7)

Proof. The proofs for the cases n > 0, n =0, and n < 0 are analogous. We give details for the case n > 0.
For Re(s) > 1 and n > 0 we have

A(Ss F, lIJ, }’l)
o0
:/ Z pr (VW (CV) K, (47 [v]o)v> T dv
0 v#0
ve(rC)~1Z[w]
1 pF(V)‘IJ(Cv)(ﬁ) /Oo
P — K _I(T)TZS-HI—I dT
(47-[)2s+n ; N(U)S 0 T
ve(AC)~Z[w] N
pp(v)\p(cv)<_>
=M P T(s+in—J(—D)D(s+3n+3@-D) > N@)* O (8-8)
v#0
ve(rC)™'Z[w]

The interchange of summation and integration above for Re(s) > 1 is justified by absolute convergence
(see Lemma 2.8 and [Olver et al. 2018, (10.25.3), (10.45.7)]). Furthermore, (8-8) follows from [Olver
et al. 2018, (10.43.19)]. g

8.2. A special case. Recall that f € L?(T';\H?, x) is a cusp form with spectral parameter 7/ € 1 +iR.
For £ € Z~¢, q € Z[w] with g = 1 (mod 3), and n € Z[w]/A‘qZ[w], let

firg. = Y prvKe, (4 |v[v)é(vz). (8-9)
v#0
ver 3 Z[w)
A3v=n (mod A¢q)
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Following (8-1)—(8-4) we also have the functions f(w; )fq, n, n) and their associated Fourier expansions
for each n € Z. We ultimately need a Voronoi formulae for the Fourier coefficients of f(w; )»Zq, n,n).

,Of(v)(ﬁ)n
N(v)’

Consider the Dirichlet series

Des, fi Mg, mm) = )

ver3Zw]
23v=n (mod Aq)

, Re(s) > 1,

and the associated Mellin transform
Als, f5 25, m,n) = /Ooof(v; 2q,n, @2 do,
Then Lemma 8.2 asserts that
AGs, fi25q,n,n) = Goo(s, T, m)D(s, f3 A'q, n,n) for Re(s) > 1, (8-10)

where G (s, T, n) is given by (8-7).
We detect the congruence condition in (8-9) using Fourier transforms. For n € Z[w]/ )\qu[w], 0<m<l,

and r | g, let
v nu
Yoy () = Ly () -e(——>, (8-11)

Aty
where 1, () is the principal character modulo A™r. As a shorthand we write Yrym, (1) := Yym,(u)g. The
function Yum, (- ), is periodic modulo A™r. The Fourier transform is

— 1 L k—n)u 1
() (k) = =), ker'Zio. -12
Gr( ) = goms ) e( — ) er"'Z[w] (8-12)
u (mod A™r)
(u,A"r)=1

. /\ /\ . . .
As a shorthand we write i, (k) := Yrum, (- )o(k). A straightforward computation shows the following
orthogonality relation.

Lemma 8.3. For{ € Z>pand k,n € Z[a)]/)»eql[w] we have

1

)4
o) %}%N(Amrmmr( (k) = 8k—y) (mod atq)- (8-13)

The following lemma records the standard evaluation of Ramanujan sums.
Lemma 8.4. Letr € Z|w] satisfy r =1 (mod 3) and k € Z[w]. Then we have
A 1 A kx 1 r @(r)
=ity T o) sty
N(r) Z r N(r) \(r,k) (p(ﬁ)

x (mod r)
(x,r)=1

where ¢ (- ) is the Euler @-function on Z[w).

Proof. This follows from the multiplicativity of Ramanujan sums in the modulus r, and the first, fourth,
and eighth cases in the evaluation on [Proskurin 1998, p. 11]. O
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We next prove a straightforward but crucial lemma establishing the “flatness” of Ramanujan sums
when averaged over the modulus.

Lemma 8.5. Let r, k € Z|w] satisfy r =1 (mod 3), 1’#\,(16) be the normalised Ramanujan sum as in the
statement of Lemma 8.4, and € > 0. Then for R > 1 we have

D ()] e k=0 R+ 80 (NK)R)E. (8-14)
re/lw]
N(r)~R
r=1 (mod 3)

Proof. When k = 0 we have the trivial estimate << R. When k # 0 use Lemma 8.4, Mobius inversion, and
the triangle inequality to obtain

o L ()
o= X X Neeam

reZlw) y rellw)
N(r)~R y=1'(mod3) N()~R
r=1 (mod 3) r=1 (mod 3)
(r)=y
1 oynu)
= 2 X
wP: puczie)  Nynu) ¢(nu)
y=1'(mod 3) N(nu)~R/N(y)
nu=1 (mod 3)
L (N(K)R), (8-15)
where the last display follows from standard lower bounds for the Euler ¢-function and (2-14). O

Recall the convention for twisting a cusp form f e L?(I';\H?, x) in Remark 8.1. We replace the
congruence A3y = 5 (mod A%q) with the equivalent congruence A*v = Az (mod A*'g). We have the
immediate consequence.

Lemma 8.6. Let L € Z>9,n € Z, q € Zlw] withg =1 (mod 3), and n Z[a)]/)qu[a)]. ForRe(s) > 1
we have

+1
1 —
D(s, f525q,n,n) = NG DD ONADGs, fs Fame (s 1),
rlg m=0
1 £+1 o
Als, f32q, n,n) = NGET DD NG, £ e (g 1),
rlg m=0

/\
where Yrym, (- ), is given in (8-12).

To obtain a functional equation for A(s, f; A‘q, n, n) under s — 1—s it suffices to establish a functional
—
equation for each A(s, f; ¥;»-(-),, n). We have two different cases according to whether m € Z-¢
or0<m <5.

8.3. Functional equation 1: m € Z>q. Suppose that ¢ : Z[w] — C is periodic modulo A"'r, where
r=1 (mod 3).
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Remark 8.7. The version of the functional equation proved in this section uses the automorphy of f €
L2(I',\H?, x) directly. It requires m € Z=¢, and is useful for large m.

For each ¢ with ¢ =1, let % Zlw] — C be given by

m—1
> V(= r%(k r)é(gj‘j’nr), ueZlwl.  (8-16)
3

a,d (mod A™r)
a,d=1 (mod 3)
ad=1 (mod A"r)

Vi = o

The function W? is periodic modulo A"'r.

Proposition 8.8. Ler f € L>(I,\H?, x) be a cusp form with spectral parameter T €1+iR, m € Zse,
r € Zlw] withr =1 (mod 3), and ¥ : Z[w] — C be a periodic function modulo \"r, supported only on

residue classes coprime to M r. We have

f(w;lﬁ)=2f(— T . ) T . ;wj*_.), w=(z,v) € H3, (8-17)
¢

(&= (Jz2 +v?) " A2z + v?)
where 1} and w? are given by (8-5) and (8-16) respectively.
Proof. We open the definition of the Fourier transform to obtain

N(Am)Z . v zd)f( W, o v). (8-18)

¢ d (mod A"r)
d=1 (mod 3)
d,r)=1

fw; ¥

Given ¢ ~'A"*r € Z[w] (with m € Zs¢), and each d =1 (mod 3) in (8-18) with (d, r) = 1, there exists
a matrix

d A4b
y = (_Cwﬂr ; ) el (3). (8-19)

Note that the determinant equation of this matrix implies that ad = 1 (mod A™r). A straightforward
computation using (2-17) shows that

d a z v (8-20)
_— v — — s . -
Z {_1)»’”_4}” Y ;—1)\111—4,- (é'_lkm_4r)2(lz|2—|—v2) |Am_4r|2(|z|2+v2)
We use the fact that f € L?(I',\H?, x) to obtain

d a z ;
f(Z_ clam=4p’ U) = X(V)f(é-—l)\m—%, o A =4)2(1z2 4+ v?) I)»’”_4r|2(|z|2+v2))’ (8-21)
where
X\ = T 3— T 3. _

We combine (8-21)—(8-22) in (8-18). We then use the Fourier expansion (1-5) to open f, and then
assemble the sum over d (equivalently a). O
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Corollary 8.9. Let the notation be as in Proposition 8.8 andn € Z. For v > 0 we have

s (_l)n {71)\,’"747‘ —-n 1 .
f(v’ w’ n) = N()\m74r)|n\v2|n| <§1)Lm4r> ; f(M’ wf_]’ —n). (8_23)

Proof. Setting z = 0 in Proposition 8.8 (in particular, (8-17)) gives the result for n = 0. If n > 0, we write

1 9 "
Qmi)r <8z>

to both sides of (8-17). If n < 0, we write |z|> = zZ and apply the operator

1 9 \"
Qi (a_z)

to both sides of (8-17) A computation with the chain rule yields the result. O

|z|> = zZ and apply the operator

z=0

z=0

Proposition 8.10. Let the notation be as in Proposition 8.8 and n € Z. The completed Dirichlet series
ACs, f; 1/A/, n) and A(s, f; 1//?, n) both admit meromorphic continuations to entire functions, and satisfy

<—1>"N<Am—4r>2s—1<m> Als, fidom =) A =s, fiy} —n).  (8-24)
¢

Proof. Recall that for Res > 1 we have
~ o0 ~
A(s, f39,n) =/ f@; g, mp> =2 gy,
0

The function f (v; xﬁ, n) has exponential decay at 0 and oo by (8-2), (8-3), and termwise differentiation
of (2-18) (with constant term identically zero). Thus A(s, f; 1&, n) has analytic continuation to an entire
function. The argument for f(v; Wf, n) is analogous.

We now prove (8-24). We have

N"=4r)~ o0
A(s, f; v, n) zf f(v; U, v =2 gy —l—/ f(v; U, T2 gy, (8-25)
0

N(um=4r)=1
After applying Corollary 8.9, interchanging the order of summation and integration, and a change of

variables, we obtain

N4y~ R
/ f; ¥, myu? =2 gy
0

(=D (g Ve Ly 25— in|—2
= N()Lm—4r)\n| (—1km—4r Z 0 f v|)»’"_4r|2’ w{“’ —nJv dv
¢

1y m—4,
=(_1)nN()\m4r)123< lim 4’”) Z/ F(v: w{ . 2s+|n|dv (8-26)
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and

/OO f(U, v’}’ n)v2s+|n|—2 dv

N()\mf4r)fl

( l)n C 1)\m ry / 1 # 2s—|n|—2
= > —1s d
N()\.m 41’)'”' 1)\.m 47‘ Z ()\m 47‘) 1 U|)\.m74r|2 w{ : " v

T
=(—1)"N<x""4r>1‘2‘*( iim f) Z / Fs oy, —mu 2 dy, (8-27)

Substituting (8-26) and (8-27) into (8-25) yields the result. Il

8.4. Functional equation 2 : m € Z> absolutely bounded (in particular, 0 <m <5). Letm € Z>(. The
functional equation we prove in this section is valid for all m € Z-, but is really only useful when m is
bounded by an absolute constant.

Recall that ' := SL,(Z[w]). Let I'" be a subgroup of I" with [[" : '] < oo and I'" C I'1(9). Then
by [Proskurin 1998, Theorem 0.3.1] each cusp o oo (0 € ') of I'” is essential with respect to x, and if
I :=T1(C) with C =0 (mod 9), then

I'(C)s =CZ[w] and T((C)} = (Cr)~'Z[w].

Suppose that ¥’ : Z[w] — C is periodic modulo A™, and that " : Z[w] — C is periodic modulo r,
where r =1 (mod 3). Let

2m—+4
W) = 3 v (— d)(k d) e(ﬂ), u € Z[w). (8-28)
3

N(r) a,d (modr) '
()L2n1+4a)()LZ’"+4d)zl (mod r)

The function ¢"* is periodic modulo r.
Let yy,j €l for j=1,...,[[:T (A2 +4)] be a fixed complete set of representatives for I'y (AZ’"*“)\Fz.
We have the convention that y,,, 1 := [ forall m € Z>¢. Foreach j=1,...,[T2: (W24, et

(FOV); W) = (f @Y (Ym,jw), weH, (8-29)
each having Fourier expansion
FRYN )= Y prgi VK @vv)E©), wel’, (8-30)
v#0

ver ™" 37(w]
where ,of®¢;/,j(v) eC.
If g € I'y, then

Ym,j& = &m.j(8)Vimkn, () TOr some unique gy, ;(g) € I'1(A*"**) and
1 <kp j(g) <[T2:T (A2 (8-31)

For any g, h € I', we have

8m.j(8h) = 8m.j(8)&m.ky ;(e)(N) and  ky j(gh) = km i, ;(g)(h).
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Remark 8.11. Using (8-31) we see that for g € ' we have

(f ®9");(gw) = x (&m. ;O @V, 0 (w),  w e H. (8-32)
Since I'; (A?"*4) is a normal subgroup of I'; for m € Z> (it is also a normal subgroup of I") we have
km j(g)=j for g€ 1(A*"*) and all ;. (8-33)
Then by [Patterson 1978, Lemma 2.1] we have
x(rgy™H=x(® for geT1(>" ™) and y €Ty
Thus for each j we have
(f@V); € LAT1(W¥"\H?, x, ) is a cusp form. (8-34)
Following (8-1)—(8-4) we also have the functions (f ® 1ﬁ/) j(-, W, n) and their associated Fourier
expansions for each n € Z.

Proposition 8.12. Let f € L>(I,\H?, x) be a cusp form with spectral parameter 1€l +iR, m e Z>,
1 <j<[Ty:Ty(A2"t)] an integer, r € Z[w] withr =1 (mod 3), and ' : Z[w] — C (resp. " : Z[w] — C)
be periodic functions modulo ™ (resp. r). Further assume that " is supported only on residue classes
coprime tor.

Then there exist an integer 1 <c(m, j;r) <[['p:I (AZ’"+4)] and cube root of unity w(m, j; r) such that

<f®17/>j(w;Jf”>=a>(m,j;r)<f®w/?/>c<,n,j;r><— ¢ v w)

r2(lz> +v?) " r2(z)> +v?)’
w=(z,v) e H}, (8-35)

where '""* is given in (8-28). Both ¢(m, j; r) and w(m, j; r) depend only on m € Z~, j € Z>1, and the
residue class r (mod 22" +4).

Remark 8.13. The reason why the functional equation proved in this section is only useful for m bounded
by an absolute constant is because we use the automorphy for each (f ® '); € L>(I'y A" +)\H3, x).

Proof. We adapt the proof of [Dunn and Radziwilt 2024, Lemma 5.2]. We open the definition of the
Fourier transform and obtain

T T 1 " T )‘zm+4d
<f®«/f)j(w,w)=md(§mw (—d)(f®1ﬂ)j(z— " ,v>- (8-36)
d,r)=1

Given r = 1 (mod 3) and each d € Z[w] in (8-36), we have (r, A2"t*d) = 1. Thus there exists a matrix

< r _x2m+4a

)\.2m+4d b ) € F1(3)’

and hence there exists

01 r —)\,2m+4a k2m+4d b
Yy = (_1 0) ()\2m+4d b ) = ( _r A2m+4a> € FZ- (8-37)
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Note that we implicitly we used (3-1) in the above display. Also note we have the determinant equation

A 8ad +br = 1. (8-38)
A straightforward computation using (2-17) shows that
)»2m+4d )L2m+4a 7 v
z— U ) = - , . 8-39
( : ) V< IRt |r|2<|z|2+v2>) (59

We now carefully factorise the y in (8-37) as a word in P, T and E so that (8-39) and automorphy
of (f® 1}’)1- can be used in (8-36). For each x + yw € Z[w], x, y € Z, let

A(xX + yw) := PT*PT*"'p = ((1) o +1yw>

For each r, b € Z[w] occurring in (8-37), let

S(r,b) = E3A(")EAD)EA(r) = (1 _bbr 2r1_+bljr2) eTi(3).
Then
S(r.b)Ey = ( —AIMHA G 4 by 4 A2y —b — A" hab + bPr ) — 7
’ r 202y — br? — )2 A bdr? A2 ta + 2br + 22" abr — br?

Using (8-38) we see that y € [} (A2 %) and we write
y =E3S(r,b)"'y. (8-40)
We use (8-39), (8-40), (8-32), and (8-34) to obtain

R )\2m+4d
(f®1ﬂ,)j<z— . ,v)

= % (gm.; (E*S(r, b)1>>-x(f)(f@x&/)km,,@sso,b)1>(

)\2m+4a Z— v
r r2(1z>+v?) " |r?(1z]?+v?)

By (8-33) the integer km,j(E3S(r, b)~!) depends only on m, j € N and matrix residue class

>. (8-41)

—14br b

3 -1 _
E°56.5) _(—2r+br2 —1+br

) (mod 22"+,

Thus the integer &, ;j(E 3S@(r,b)~h depends only on m, j € N and the residue class » (mod A2ty
since b (mod A?"*%) is determined by (8-38). By (8-31) we have

gm(E3S(r,b)™") =y, E*S(r, b)_lyn;,}cm,,-(E3S(r,h)fl) e [y (2,

and each matrix in the product on the right side is an element of I';. Thus

X8 j(E*S( 5)™0) = X (rm DA EDX ST DX Wyt assirm1) = XV DXV, spr)

is a cube root of unity depending only on m € Z~, j € Z-1 and the residue class » (mod A>"*+*). For ease

of notation we relabel
c(m, j; 1) =kn j(E>S(r,b)™h), (8-42)

o, j;1) = X Vm )X Vmk, | 35001, (8-43)

,1)
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A computation following [Dunn and Radziwitt 2024, p. 23] establishes that
)»2m+4d
x(7)= ( ) : (8-44)
r 3

We combine (8-41)—(8-44) in (8-36). We then use the Fourier expansion (8-30) to open ( f ® ﬁ/)c(m’j;,),
and assembling the sum over d (equivalently a) shows that

(f ® 1&/)](w’ ‘/A/N) = a)(m’ j; I’)(f ® ﬁ/)c(m,j;r)< < v . 1)[///,>~r>’

Cr2(1z2 402 PP 4]
as required. O

Corollary 8.14. Let the notation be as in Proposition 8.12 and n € Z. For v > 0 we have

T T (_l)nw(m’j;r) " v 1 1%
(feY)j(w; ", n)= (;) (fey )c(m,j;r)(—‘ (2 ,—n)- (8-45)

N (r)Inly2inl Ir|2v’
The proof is analogous to that of Corollary 8.9 so we omit it.

Proposition 8.15. Let the notation be as in Proposition 8.12 and n € Z. The completed Dirichlet series
AG, (f® lﬁ/)j; U, n) and A(s, (f ® ﬁ/)j; ¥'*, n) both admit meromorphic continuation to an entire
function, and satisfy
n 2s—1 r . TIN LT _ .. T RYN/R
(=D"N(r) ~) Al (f @YD YT n) =wm, j; DAL =5, (f @V )etm.jiry; ¥, —n). (8-46)
Proposition 8.15 follows from Corollary 8.14, and the proof is analogous to that of Proposition 8.10.
We omit the proof.

8.5. Level aspect Voronoi formula. We now prove a Voronoi summation formula for the Fourier coeffi-
cients for the form f(w; )L[q, n) given in (8-9).
We recall some basic facts concerning the complex Mellin transform. Let C* :=C\ {0}. Let K, M > 1

and Vg y € C2°(C*) have compact support contained in the disc of radius 100 (say), and also satisfy
it o
——— Vi m(z) < j MK' forall z e C*”. (8-47)
axtox/ ’

The complex Mellin transform is given by
Vim(s,n) = / Vi @)z (z/12) 7" dxz (8-48)
CX

for s € C and n € Z, where dyz := |z| % dx dy. Note that VK,M(S, n) is entire with respect to s for
each n € Z. After making a change of variables z = re(0/2) with r € (0, c0) and 0 € [0, 27), we obtain

oo p2m
Vi (s, n) = / / Vi (re(@/2)r> " e(—n6/2) db dr. (8-49)
0 JO
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After repeated integration by parts, we obtain
K/tk
[(25);1(1 +|n])* }

for j, k € Z>p, s € C in a fixed vertical strip, and n € Z. It follows for D, D, > 0, we have

?K,M(S,n) Kk M-min{l,

R MKDH-Dz
% , 8-50
k.m(s,n) Kp,.p, A3 sDP (11 ) - (8-50)
for s € C in a fixed vertical strip, and n € Z. The complex Mellin inversion formula is given by
1 ~
Vew@ =525 3 | Tew.mlel @/l ds (8-51)
2 4i neZ (o)

foro >0,z€C,andn € Z.

Remark 8.16. Suppose further that Vk j is radial, i.e., Vg p(re(8)) = Vg (r) for all 6 € R. Then
o0
Vik.m(s,n) = 8p=02m f Vi (N~ dr = 8,202 - Vi i (25) = 8pom - Wi i (5), (8-52)
0

where VK, m(s) denotes the usual Mellin transform for functions on (0, oo), and Wk j is such that
Wk m(r) = Vg m(4/r). Then (8-51) becomes the standard Mellin inversion formula for functions
on (0, co) after a change of variable in s.

Proposition 8.17. Let f € L2(T>,\H3, x) be a cusp form with spectral parameter 1r el +iR, L€ Z,
g € Z[w] with ¢ = 1 (mod 3), n € Z[w]/A'qZ[w], and Vk.m € C(C*) be a smooth function with
compact support in the disc of radius 100 satisfying (8-47) for some K, M > 1. Then for X > 0 we have

+1 2
X .
E p,f(v)VK,M(V/«/X)=—N(M+1 ) E E =n" E E Z, (X, A", m,n; Vi y) (8-53)
ver 3 Z[w] q rlg nez m=0 p=1

13v=n (mod A%q)
where
Zi (X, A"r,n, 5 View) )
:= 80<m<min(5,0+1) - N()»m)(;) w(m, 1;7)

v " * 2m—+4 y N(U)
X Z pf®l/fm(-\)m,c(m,l;r)(v) <m) wr ( ) )A21n+]n()\' 1)) VK,M (N(F)Z/X ,n, (8_54)

ver—2m=37[w]

Zor (X, X", m,m; Vi )
E—l)\‘m—4r —-n
= S6<m=t+1- N Z(W
¢

AN - N)
Xvekgz[w]pf(V)<M) ‘/’)ﬁﬂr(')M,;—l(k“v)VK,M(mm_—W,I’l), (8-55)
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where W? and * are given in (8-16) and (8-28) (with " — ) respectively, VK’M( -, n):(0,00) = Ris
given by

G ) ) 55
—/ y=s GG T 5o nyds, (8-56)
@ Gl —s,17,n)

Goo(s, T,n) is given in (8-7), and w(m, j,r) and c(m, j, r) are both as in Proposition 8.12.
Remark 8.18. From Remark 8.16 we see that if Vi is radial then only n = 0 is relevant on the right side

of (8-53). In this case » is omitted from the notation.

Proof. Recall the definition of the function Y, (), in (8-11), and its Fourier transform g[Ar,\m,( I
in (8-12). We apply complex Mellin inversion (8-51) to the smooth function Vg, Lemma 8.6, and then
interchange of the order of integration and summation by absolute convergence. This yields

Yo prVkm(v/VX)

ver 3Z[w]
23v=n (mod Aq)

min{5,¢+1}  ¢+1

1 m % SD(s. F T ]
=mmz< Z +m2::6>N()L ")Z/(\Z)VK,M(&”)X D(s, f; Yamr( )An»n)ds- (8-57)

rlg m=0 neZ

The Chinese remainder theorem implies that
Vo (g () = Yom C )oY (- o), u € Z[w], (8-58)
and by a change of variables we have
TN T (4 2m T~
Vr (- )p2ms1yA"u) = (o), u € Z[w]. (8-59)
Recall the definition of twisting (8-1) and the convention in Remark 8.1. Using (8-2) we see that
f® m e L2 (T (W2 )\H3, x, 7) is a cusp form. Using (8-58) and (8-59) we obtain
— N T NT T Ty 2m
f(w, lﬂxmr( . ))L’?’ n) = f(w, lﬁ‘)\m ( . ))»Vlwr( . ))‘—ZWHIU oA s n)
/\ /\
= (f @V (- )an) (W Yr () 2m41y, 1)
forall0 <m <{f+1,r|q, and n € Z[w]. The analogous Dirichlet series identity reads
D(s, [ ¥amr (Dan, ) =D, f R Yom (- ags Yr (- )pzmriy, ), Re(s) > 1. (8-60)

Substituting (8-60) into (8-57) for 0 <m < min{5, £+ 1} we see that the right side of (8-57) is equal to

1 1 min{5,£+1} . _ 9 -
7Z—HZZ( > NG f Vi m (s, )X D(s, f®n ()g: Ur (- )y2mery, n) ds
2w N()L q) rlg neZ m=0 @
£+1
m 54 s —
+Y NG / Vi.m(s,m)X D(S,f;lﬁwr(')xn,”)dS) (8-61)
(2)

m=6
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Both of the integrands in (8-61) are entire by Propositions 8.10 and 8.15 and Lemma 8.2. We shift
the contour in (8-57) to Re(s) = —1 and then use the functional equations (8-24) and (8-46). We see
that (8—61) is equal to

1 n
27 zN()»Hl )ZZ( D

rlg neZ

min{5,¢+1} _\—n B
r -~ X Goo(l =5, 74, —1)
NO™MN @) - ,1: % , :
X( mZ:() N (r> wim din) - Kuls n)<N(F)2> Goo(s, Ty, n)

e — *
X D(l -, (f &® lﬁxm ( : )An)c(m,l;r); % ( ' )Azmﬂn, _n) ds

041 - Ty R x s
+ZZN(A )N (r) ( = 4r> /(_I)VK,M(S,H)<W)

m=6 ¢

00(1 -9, Tf’ _n)
GOO(S’ Tf, n)

D=5, 5 Y (apets —n)ds>. (8-62)

We make the change of variable s — 1 — s in both integrals in (8-62), open up both of the Dirichlet
series in the region of absolute convergence, and interchange the order of summation and integration to
obtain (8-53) with the transforms given by (8-54)—(8-56). Il

We now compute the Archimedean and non-Archimedean transforms on the dual side of the Voronoi
formula in Proposition 8.17. Recall that Kt , ¢ (m, n, ¢) denotes a cubic Kloosterman attached to the

cusp pair (o, &) of I'/; see (3-2).

Lemma 8.19. Letm € Z-¢,r € Z[w] withr =1 (mod 3), n € Z[w]/A"rZ|w], Ym,(-), be as in (8-11),
and ¢ be such that ¢% = 1. Then for v € A3Z[w] we have

Ui (i ) = Kr,3).0.0 20,10, 22" 1r),

N (Am+3r)

where II’? is given in (8-16), 0 = ((1) ?) and the cubic Kloosterman sum is given in (3-2).

Z (;‘kmlr> V(a)ﬁv +d17>
e
m—1
a,d (mod A"r) d 3 EAm=tr
a,d=1 (mod 3)

ad=1 (mod A"r)

_ 1 cNeN L arv +dn
~ NGy 2 a S\ Tomy
a,d (mod A"F1r) 3

a,d=1 (mod 3)
ad=1 (mod A"r)

1 NN L ar3v +dn
= , 8-63
N(}\‘m+3r) Z < d )36( ;)\‘m—lr > ( )
a,d (mod A +1r)

a,d=1 (mod 3)
ad=1 (mod M~ r)

and the result follows from Lemma 3.3. O

Proof. We have
i (e W) =

N("mr)
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Lemma 8.20. Let the notation be as in Lemma 8.19 and m € Z(. Then for v € A2 =371 w] we have

* 1 NG Y NE
Yr () pame, (A2 T) = N0 Kr,3).0.6 Q23 F30) 430, 1),

where * is given in (8-28), 0 = ((]) (1)), &= ((1) _(])), and M e Z|w] is such that Aal=1 (mod r) for € € Z>y,.
Proof. By definition
1 )\.2m+4d )\2m+4 d )\‘Zerl
(s, G2 ) = 3 ( ) é("( V) £ G ) (8-64)
3

N(r) r r
a,d (modr)
(}\2m+4a)()\2m+4d)51 (mod r)

The change of variables a — A2"*+4q (mod r) and d — A?"+4d (mod r) shows that the right side of (8-64)

is equal to
! 1 d\ . (A2 HBa(2 )+ 23nd
> —)¢ , (8-65)
N(r) r)s r
a,d (modr)

ad=1 (modr)

and we can lift this to the sum

1 3 (d) V(Wa(kzm”v)—k)?nd)
N(r) )i ’

r
a,d (mod 3r)

a,d=0 (mod 3)

ad=1 (modr)

and the result now follows from Lemma 3.4. O

Lemma 8.21. Let K, M > 1 and Vi y € C°(C*) be a smooth function with compact support in
[1, 2] whose derivatives satisfy (8-47). Let Tt € 1 +iR, n € Z, G (s, T,n) be as in (8-7), and let
VK,M( -,n):(0,00) = C be as in (8-56). Then for D; > 0 and D, > 0 we have

Vi m(Y, n) Lr.p,.py MK P1EPDy =Di(|p| 4 1)P1—4D2=2
forallY > 0.

Proof. In the definition (8-56) we move the contour to Re(s) = D;. Stirling’s formula [Olver et al. 2018,
(5.11.1)] implies that

G s Ly ™ —
0o(s, T n)) x|s+%|n|—%(r—1)|2Dl 1

P A |2D171
Go(l—s,7,n0

Js 3l 5@ =D (8-66)

as ‘Im(s:l: %(r — 1))‘ — 00. Using (8-50) (with Dy — 4D and D, — 4D;) and (8-66) in (8-56) we obtain
Vi,u(Y,n)

1 1 | |
|S+‘|n|—§(f—1)| '|s+§|n|+§(f—l)|
<010 MK“(D‘*D”Y‘DI<1+|n|>_4D2( / 2 ds|
o (D1) (14+]1=s*D
Ke,py, 0y MEAPEPY Y =D1 (1 |y #P1=4P272,

2D;—1 2D;—1

as required. O
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8.6. Level aspect Voronoi summation for multiple sums. Here we record a Voronoi formula that is an
iterated version of Proposition 8.17. Let z =(z1, z2) = (x11+iy12, X21+iy») € (C*)? x11, Y12, X21, yn €R.
Let K,M>1,and Hg y € Cf"((CX)z) be a smooth function with compact support in a ball of radius 100
such that for any i = (i11, i12, i21, i22) € (230)4 we have

0" Hg y(2) <i MK Z1=is=2iic 7 ¢ (C%)2, (8-67)

If M =1 then M is omitted from the notation and we write Hx. For each n = (n;, ny) € Z2 consider the
double complex Mellin transform

2 —n;
= . Zi
Arts.m= || ZHK,M(z)(l_[W'(m) )dxz, s=(1s) el (368)
©) P i

where dxz :=dx| dy; dx; dyz/lzlz2|2. For D := (D, D12, D31, D) € ([F\Rzo)“, repeated integration by
parts using polar coordinates yields the bound

2
Hy y(s,m) <o.p MKZ1=02 20 TT(0+ 15 )72 (1 mi ) P2 (8-69)

i=1

Consider the function HK, u(-,n): (0,002 >R given by

2
. 1 s Goo(SivTp,—n) \ &

Hg. (Y,n)::—./ / <IIY ' Hg y(1—s,n)ds,

KM (27‘[21)2 @ J@\;_ ' Goo(l_si,ffyni) oM (8-70)

Y = (Y1, 12) € (0, 00)?,

where G (s, T, n) is given by (8-7), and ds := ds; ds,. After moving the contours in (8-70) to Re(s) =
D11 > 0 and Re(sy) = D,; > 0, observe that (8-66) and (8-69) applied to (8-70) imply that

2
Hx (Y, ) <o p MK* @i D0 [Ty 20 (i 4 DPn74P272 0y € 0,007 (8-71)
i=1
Mellin inversion and an iterated application of the functional equation in Proposition 8.17 yields the
following result. We omit the proof for the sake of brevity.

Proposition 8.22. Let f € L2(I',\H?, x) be a cusp form with spectral parameter T € 14+iIiR, €=y, 4) €
(Z=0)% q=(q1, 92) € (Z[w])? with q1,q2=1 (mod 3), and = (11, 12) € Z[w] /A q1 Z[w] x Z[w] /A2 g Z[ ).
Let Hg y € C°((C*)?) be a smooth function with compact support in the disc of radius 100 satisfy-
ing (8-67) for some K, M > 1. Then for X = (X1, X») € (0, 00)? we have

JE— V] 1%
Z ,0f(1)1),0f(V2)HK,M<_’ )
VX1 VX
ve(A73Z[w])? 1 ?
vi:A3vi=n; (mod Al g;)

4
X1Xo ,
T NQOFIg) N BT g) Z Z Z(—l)”l*"zz.@pf(x,xmr,n,n;HK,M), (8-72)
keZlo)/ L) o T, | nel? p=1

Vi:ki=1 (mod 3) Viorilai

Virj=k; (mod A'%)
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where
1 ¢(X, X"r,q, n; Hg n)
— NN /—\"2
I ” _
= 8, €[0,min{5,¢,+1}] - Smae[0,min{5, t2+1}] - N()»m')N()»mz)(r—> (z> w(my; 1, kpw(ma, 1, k)
|
—n — \—N2
V1 V2
x 2 pf®wml,c<m1,1;k1>(”l)pf®x/fm2,c<mz,1;kz)(”2)(m) <@>

vier™2mM=37[w)
VaEX"2m =37 w)

. . N(v1) N(v2)
Y3 G T e O (e ) 67
oy (X, N"r, y, n; Hy m) i
"_1 —ni
= Om, €[0,min{5,¢,+1}] -5m2e[6,z2+1]N(km])N(k4)(Z) w(my, 1; k)
—ny — \—2
—( V1 V2
DY Pf®ml,c<m1,1;k.>(”1)/’f<”2>(m) (@)
vier"2m=37[w]
verT3Z[w]
g amt\" 2my+4 ¥ 3
Z(H— U5 Dsmty GF ) gl (4, o1 (R02)
e} 2 2
.. N N (v
xHK,M( ) V) n) (8-74)
N@r)*/ X1 N(A™~%r)*/ X,
D3 (X, X", q, 5 Hy m) )
7"_2 2
=8, €16,0,+1] * Omre[0,min{5, t2+1)] - N()»4)N(lm2)<g) w(ma, 1; k)
—n — \N—N2
V1 V2
x ) Pf<V1>pf®m2,c<mz,1;kz><"2>(m) (@)
vierT3Z[w]
VaEX"2mM737(w)
—1 —4 —nj
& AT # 4 " G
(B ) i 090 T G0
&1 1 1
.. N N
x Hg m ) Ny (8-75)
TANGAMTA)2/ X N()?/ X

Day(X, X"r,q, n; Hg n) ) )
. V| —ni 1)—2 —n2
i= Smyel6.1+1] - Smacl6.ta1] - N(A®) Z Pf(Vl)Pf(VZ)(_1> <—)

ve(h3Z[w])? vl V2|

-1 —4 —nj —1ymy—4 na
g AT §y AT
x Z(—l ) W (et G0 Y, (), G0

VIR SN s
. N N
x i ) __ W) ). (8-76)
TAN@AMAr)2 X N 4)2 X,
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W? and y* are given in (8-16) and (8-28) (with "' — ) respectively, and I;iK,M( -, n): (0,00 — Ris
given by (8-70), and w(m, j,r) and c¢(m, j, r) are both as in Proposition 8.12.

9. Type-I estimates

Recall the notation from Section 1, in particular (1-12) and (1-13).

Remark 9.1. We can uniquely factorise v = A°"¢,vg, where e, € Z>,, g“f =1, and vy = 1 (mod 3).
In view of the congruence condition ab = u (mod v), we can assume without loss of generality that
v = A®vy with vy = 1 (mod 3). In particular, since (u, v) =1 and ab = u (mod v) in (1-12) and (1-13),
we have (a, v) = 1.

Proof of Lemma 1.4. We write (1-12) as

N(v)
Sr(a, X, v, u; = . -1
rla, X, v, u; W) > pf(v>WK( X ) (9-1)
ver3Z[w]
A3v=0 (mod a)
A3v=u (mod 1 vp)

Since (a, A*vg) =1, we let a € Z[w] be such that aa =1 (mod A vg). The congruence conditions placed
on v in (9-1) are equivalent to A3V = uaa (mod A va) by the Chinese remainder theorem.

9.1. Application of Voronoi summation. Applying Voronoi summation (Proposition 8.17) we obtain

N (Aevtlyga)
k (mod )\.14) m,r,t
k=1 (mod3) 0=m=e,+1
rla, tlvg

rt=k (mod A'%)

2
X .
yf(a9X7 v, Uu; WK)=— E § E pr(Xv)"mrtv n’oa WK)’ (9_2)
p=1

where Z,¢(---) for p =1, 2 are given in (8-54) and (8-55) respectively. The weight functions involved
are radial, see Remarks 8.16 and 8.18, so only n = 0 occurs on the dual side of Voronoi summation.

9.2. Evaluation and bounds for arithmetic exponential sums. We now consider the arithmetic exponen-
tial sum Wf,,,rt( IR (M%) for v € A73Z[w] that occurs in Z, £(+++). Throughout this computation we
will repeatedly use the facts n = uaa (mod A vpa), aa =1 (mod A®vg),0<m <e,+1,7r|a, and t | vy,
without further reference. Using Lemma 8.19 we have

Yl (a1 W) = Kr (.00 (CA30), £, A" Mrp), (9-3)

N(Am+3rt)

10
01

using the Chinese remainder theorem (with coprime moduli A"~ 1t and r), (2-1), and (2-7), to obtain

where 0 = ( ) After opening the cubic Kloosterman sum in (9-3), we then perform a computation

1
N(F)I/ZN()»’"'HI)

71)\‘m71t T S— _ _ B
Vit (g1 ) = (g p )g(/\3v,r)Kr,<3),o,a(§r(/\3v),g“ru,)»m '1). (9-4)
3

The bound
Wi (et V) K NOre) ™2 N (WP, r)2 (9-5)
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for v € A3Z[w] and m € Zs¢ follows from using Lemmas 2.3 and 3.1 in (9-4), (2-16), and the fact
(CF(A3v), cru, Am 1) = 1.

We now give a similar treatment of the arithmetic sum v, () ,\zm“n(kz’”*“v) that occurs in Zy¢(---).
Using Lemma 8.20 we have

1 - —
Yl () pamr, AF"H) = NGD Kr,(3),0.6 A2 H3 (2" 0) 230, rt), (9-6)

0
1

a computation using the Chinese remainder theorem (with coprime moduli ¢ and ) and (2-7), to obtain

where o is as above, and & := ( _(1)). After opening the cubic Kloosterman sum in (9-6), we then perform

1 k2;11t _
* 2m+4_ N\ _ ~ 1 dm+3 2m~+3: (9 2m+3 3=
Y (Dpomery 7 0) = N(r)l/ZN(t)< r )38(’\ "0, 1)Ky 3),0,6 W), WP, 1) (9-7)
The bound
1Y (- gzt AP0 K N (rt) TN (P, 1)) (9-8)

for v € A~2"737[w] follows from using Lemmas 2.3 and 3.1 in (9-6), (2-16), and the fact
A2mH3F W23y A3Fu, 1) = 1.

9.3. Truncations and conclusion. We substitute (9-7) and (9-4) into Z,¢(- - -) for p =1, 2 respectively.
We recall Remark 8.18, use Lemma 8.21 (with D; > 0 large and fixed and D, = 0) together with
Lemma 2.8 and (9-8) (resp. (9-5)) to truncate the v-sums in Z,¢(---) for p =1 (resp. p =2) to

N®O) < (XKN @) - K*NOW"r1)’Xx~ ' =: P, (9-9)

with negligible error O ((XKN (v))~2%%%). Denote the truncated expressions by Z’pf( -, P)yforp=1,2.
Without loss of generality, we can restrict our attention to the case P > (XKN (v))~¢ otherwise
both Z;f( ..., P)for p=1,2. are O((XKN (v))~2%00) by the above argument. Thus

Fr(a, X;v,u; Wg)

2
X —
~ NOetla) > > Y 7, (. P)+ O(XKN(@®))"'%). (9-10)
0 k (mod A1* m,r,t p=1
k=1 (mod3) 0sm=e,+l

rla, t|vg
rt=k (mod A1%)
P>(XKN (v))~¢

Using the triangle inequality and (9-5), (9-8), and Lemma 8.21 (with D; = ¢ and D, = 0) we obtain

/ e my1+e —1/2+4¢ e
Zi (- P) K (XK NG N ) 2. 1Preguch,

ver~m=37[w]
NW)KP

com 10 WIN (20, )2

for 0 <m <min{5, e,+1}, (9-11)

Zh (-, P) K (XK) N\ re)~ /2 Z s WIN(G3v, r)? for 6<m <e,+1. (9-12)

ver3Z[w]
N@)KP
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We now bound (9-11) and (9-12) by applying the Cauchy—Schwarz inequality to the v-sums, Lemma 2.5,
Lemma 2.7, and (2-14). Substitution of the result into (9-10) gives

£ 4 m 2
X(XKN (v)) Z (N(A’"rt)l/z- K*N(A"rt)

Fr(a, X; v, u; W) L ) + (XKN (v))~ 1000

w1
NG tloga) X
0<m<e,+1
rla, t|vg
P>(XKN (v))~¢
K (XKN@) KN @) *N(a)'/?, (9-13)
as required. (|

Proof of Proposition 1.6. We multiply (9-1) by u?(a)a, and sum over a € Z[w]. We repeat the same
steps on the v sum as in the proof of Lemma 1.4 up to the display (9-2). We then insert a smooth dyadic
partition of unity in r variable. We obtain

Ap(--)= Y (-, R, (9-14)
where 1R<<d§a<§i?
dr(---, R)
2
X 12 (@)aq N () .
= U Z,e (X, A"rt, n,0; Wg), (9-15
N (revtlyg) Z N(a) Z Z R Z pr( re,m k), ( )
ael[w] 14 m,r,t —
k (mod A'%) o7 p=1
k=1 (mod3) O0=m=e,+l

rla, tlvo
rt=k (mod A'%)

where the Z,¢(---) for p =1, 2 are given by (8-54) and (8-55) respectively. We recall Remark 8.18, use
Lemma 8.21 (with D; > 0 large and fixed and D, = 0) together with Lemma 2.8 and (9-8) (resp. (9-5))
to truncate the v-sums in Z,¢(---) for p =1 (resp. p =2) with N(r) ~ R to obtain

N(v) < (XKN@))¢-K*R*N(W ")’ X~ =: Py, (9-16)
with negligible error O (XKN (v)) 290y Denote the truncated expressions by Z;)f(- -, Py forp=1,2.
Without loss of generality, we can restrict our attention to the case that Py > (XKN (v)) ¢ otherwise
both Z;f( v+, Py) are O((XKN (v))~2000) by the above argument. Thus (9-15) becomes

z 14 T,
ri=k (mod 1) +O((XKN @)™ " @lell).  (9-17)
Po>>(XKN (v))~*

. X w(a)ag, N(r) : /
"Q{f(”"R)_N(Afv“vo) > I > > U( = >[;Z[Jf(...,PO)
rla, tlvo

9.4. Further simplification using the squarefree support of a. We further open each Z; (s Po) in
(9-17) and manipulate them by further simplifying (9-4) and (9-7) under the assumption that r =1 (mod 3)
is squarefree (as is the case in (9-17)). For r squarefree and u € Z[w], Lemma 2.1 guarantees that
g(u,r) =0unless (u,r) =1. When (u, r) = 1 we note that (2-7) implies that

Fu.r) = (ﬁ) ().
rJs
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Thus (9-4) becomes

Yl (age-1 OF)

~1)2 Ehm T — (Vv m43 -1 =03 B
N(r) — g(r) - -NA"D) 7 Kr,3),0,0 (E7F (A7), SFu, A1)
3 : it Wv,r) =1,

0 otherwise

forallm € Z>¢ and v € 2737 [w]. Similarly, (9-7) becomes

Y (- )pame, )

)\‘th - )\‘2m+3v o
N(I’)_I/Z( ) g(’,)( ) . N(t)_lKFl(3),g,§()\2m+3f()»2m+31)), A3fu, )
3 3

r r
= if W23y, ry =1,

0 otherwise

forallm € Z>p and v € A7 =37(w).

(9-18)

(9-19)

9.5. Preparations for the cubic large sieve. We substitute (9-19) and (9-18) into the expressions for
Z;,f(- -+, Py) for p=1 (resp. p=2) in (9-17), insert a smooth dyadic partition of unity in the v variable,

open the transforms WK( -) with (8-56) and move the resulting contour integral to Re(s) = ¢, resolve

the r, A3v, A2"+3 variables into congruence classes modulo A™**7 =1t "and interchange the order of

summation/integration by absolute convergence (see (8-50) and (8-66)). Then (9-17) becomes

Ap( R = (- R+ A (o R+ O(XKN )" el ]2),

where
ﬂ}(m , R)
X N (™) A2my
P — w(m,1;k) —
N (2t 1) 2 N (1) 2 . 2 v /3
m,t k (mod A!%) JjeZ[w]/9Z[w])?
O=m=min(5,e,+1} k=1 (mod 3) ji=1 (mod 3)
!lvo (i.n=1

Py>(XKN (v))~*°

N T Sral e S 1 G (S, Tr, 0) — _
><KF1<3>,a,s(/\2m+3th,/\311u,t)-—/ o S Wrg(1l—s)X"
©

2 Goo(1 —5,77,0)
A2m+3v
x Y ( > > Qs A"k, S)\Ilr(s,R)( ))ds;
1LS<KPy ver 2 37[w) reZlol " 3

S dyadic )\2m+3vzj2 (mod 9) r=j; (mod 9¢)
Nw)~S rt=k (mod 1'%

N(r)~R

(9-20)

(9-21)
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Q{}’(... , R
v Y W > (=
T N@etlg) N(Gm=11) i s
gom,t Je@[w] /A"t Z[w])?
6<m=<e,+1 ji=1 (mod 3)

1o j1,0)=1
P> (XKN (v))~¢ ()

- - _ 1 Gools, 77,0) —~ _ _
X Kr,3).0.0 (CJ1j2s S J1ut, A1) - — / o Wi (l—s)X SN H>
(

270 Je) Goo(l —5,7£,0)
23
x Y ( > > Qs )Y, R)(T)) ds, (9-22)
1<KS<KPy ver3Z[w] reZlw]
S dyadlc }ustjz (mod }melt) rzjl (mod )»"1_11)
N@)~S N(@)~R
_ N 2
W5, R = Ny PN gou(B2) 9-23)
R N(a)
a=0 (mod r)
s NOVW)
4 m . N . .
Qs A"k, S) :=N(®) U(—S )pf®%m(_)M’c(mmk)(v),

" sy NW)
Q,(5,8) :=N() U( 3 >pf(v).

Observe that the weights W, (s, R) in (9-23) are supported on squarefree r (see (2-11)).

9.6. Application of the cubic large sieve and conclusion. Consider the bilinear form in v and r and in
the last display of (9-21). Using Corollary 4.2 (the cubic large sieve) we obtain

)\,2m+31)
> Yo QA" kWG, R)( )
r 3

ver~2"37[w] reZlo]
22m+3y=j» (mod 9¢) "=]1 (mod 9r)
NW)~S rt=k (mod 1'%
N(@r)~R
1/2 1/2
< (RS)ES‘“(S”%R‘/Z)( D 1QUGs, A"k, S>|2> ( > NG, R)|2> . (9-24)
ver~2"=37[w) reZlw]

r=1 (mod 3)

where we dropped some of the congruence conditions in the L?-norms by positivity. Lemma 2.7 gives

YR A"k, )P S (9-25)

ver—2"=37[w]

: A (a)a, |
N(a)

for each 0 <m < min{5, e, + 1} and § > 1. Using (2-11) and (2-12) we compute
2 2 HZ(”)
Y O RP= Y

U < N (r)>
1—4Re(s)
reZlw] reZlw] N(I”) R ael|w]
r=1 (mod 3) r=1 (mod 3) a=0 (mod r)
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2 2
_ e (a)og
R 1+

< > | X e

reZlw] ael|w]

r=1 (mod 3) a=0 (mod r)

N(@)~R

AR Y )l P < (ARTATIR |p’el. (9-26)
u,reZlw)
u,r=1 (mod 3)

where the penultimate display follows from the Cauchy—Schwarz inequality, a change of variables, and
the last display follows from (2-14). Substituting (9-25) and (9-26) into (9-24), and summing both sides
of the result inequality over dyadic values of S yields we obtain (for each 0 < m < min{5, e, 4+ 1})

, " A2m+3v
Z‘ > > Qsa ,k,S)\IJ,(s,R)( - )3

IKSKPy' ver 2"37[w] reZlw)
S dyadic 22143 )=, (mod 9¢) "=J1 (mod 91t4)
N©w)~S rt=k (mod A'")

N(r)~R

< (XKN@)E (K*BN@PBRY A2 X1/ L KSPN @Y PR A2 X231l (9-27)

where (9-16) was used to obtain the last display. We insert the bound (9-27) into (9-21), and then
use (8-50), (8-66), and Lemma 3.1 to obtain

JZ{}( e R) < (XKN(U))S(K14/3N(v)5/6R4/3A—l/2x—l/6+K8/3N(v)—l/6R5/6A—l/2X1/3) ||IL2¢¥||2~ (9_28)

An analogous computation shows that ;zf}’ (---, R) satisfies the same bound as that in (9-28). After
substituting these bounds into (9-20), we then substitute the result into (9-14) to obtain

() K (XKN )5 (KN ()/0x 10 43/6 4 K33 N )~ 10(A X)) | a2
< (XKN ) KB3N @) (AX) 3 | pall,, (9-29)

where the last inequality follows since A << X. The result follows. O

10. Type-II estimates via average (homogenous) convolution

Recall the notation from Section 1, in particular (1-14). The first result in this section bounds the Type-II
sum in terms of a homogeneous average convolution problem.

Lemma 10.1. Let the notation be as above and X =< AB. Then

1/2
By (e, B. X, v.u; W) < 1Bz (Z WA (anag 1 (@2)de 2@, X, v, u; WK>) :
a
where

-3 -3
Zr@, X,v,u; Wg)i= Y pf(,\—3a1b)pf(x—3a2b)w,(<M>WK<N(AT“ZZ’)). (10-1)

belZ|w] X
ajb=u (mod v)
arb=u (mod v)
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2>1/2

The result follows from expanding the square modulus in the above expression and interchanging the

Proof. We apply the Cauchy—Schwarz inequality to the b-sum in (1-14) to obtain

N(\"3ab
7] < ||ﬂ||2~( ) %)
beZ|w]

> M(a)aapf(r%b)m(

ael|w]
ab=u (mod v)

order of summation. O

Proposition 10.2. Let the notation be as above and X < AB. Then

> @ de 1 (@) Ly (@, X, v, u; W) Le.p (XKN ) K'°N @) (AB + A*B'%) || p’er||%.

a

Remark 10.3. It will be helpful to remember the normalisation in (8-12) throughout the proof. We also
use the same notation and convention as Remark 9.1.

Proof. We begin by separating oscillations using the circle method.

10.1. Application of the circle method. Rewriting (10-1) we obtain

S N N 23 23
Z@.o= Y pf(vl)pf(vz)WK< ;’”)WK( ("2))5@(@(ﬂ_ ”‘). (10-2)

X a ai
ve(A3Z[w])?
Vi:a3v;=0 (mod a;)
Vi:A3vi=u (mod 1Y vg)

After noting Remark 5.3 we choose C > 0 such that
C*:=X/A < B. (10-3)

We use Theorem 5.2 and Remark 5.1 to obtain

k3v2 k3v1
%0 a  a

3 3 14 3 _ 13
_ % Z Z N(Xic)lzxec(kavz _ A v1>h<N(K C)’ N()\ 1)2/612 A vl/al)) (10_4)
2

a C? ct
I<t<logC ceZlw] 1
c=1 (mod 3)

for any v € (A 3Z[w])? such that A3v; =0 (mod a;) for i = 1, 2, and where ¢, denotes the principal
character modulo Afc. Let £y := max{£, e,}. We substitute (10-4) into (10-2), interchange the order of
summation, and resolve A3v; into congruence classes (mod A%a;voc) for i = 1, 2. We obtain

k R
L@ =g Y ) > N(A‘cmfc(i—z—]—l>

ai
1§£<<10g C CGZ[&)] jel_[izzl Z[w]/)»(oa,- U()CZ[L!)]

c=1 (mod 3) Vi:j[Eu (mod A€V v0)
x Y e Hg «(—‘” —”2) (10-5)
7 f f K,C2/N()\c) «/Y’«/Y’
ve(A3Z[w])?

Vi:A3y; =j; (mod A0a;vpc)
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where Hy c2/n.t¢)(2) = Hg c2/nGt0) (25 @, Afe, X, C) is given by
NGLe) X[Wzi/ay —)»3zz/a2|2)

o C4 (10-6)

We now justify the subscripts for the function Hy 2y ) (2) (see (8-47)). Recall that C*:=X/A < B,
N(a;) < A,and |z;| <1 fori =1, 2. Thus

Hyg c2/note) () = Wk (21 |2)WK(|ZZ|2)h(

XXz /ar — PaofarP/CH < 1. (10-7)
Observe that (10-7) and (5-4) imply that
N(Afe) XIAzi/a1 —Mz/anl?
h c? ’ c4
The chain rule, (1-6) (with M = 1), (5-3), Corollary 5.6, (10-8) and the fact that K > 1 together imply
that for any i = (i1, i12, i21, i22) € (Z>0)* we have

#0 onlyif N(1c) « C2. (10-8)

2

. C o
I Hy 2o @) i ors Lk (10-9)

10.2. Double application of Voronoi summation. We use (double)-Voronoi summation (Proposition 8.22).
By abuse of notation we denote (X, X) by X. We obtain

Vi V2
Z ,Of(vl),Of(Vz)HKc2/N(xfc)<f \/_)
ve(A3Z[w])?
Vi:Ady; =j; (mod A%a;vyc)

X2
~ N+ uee)?N(aran)
4
x Z Z Z (—pme Z Dy (X, A"r, j.n: Hy coyngieey),  (10-10)
14 2 m,r > -1
kevl(z[_‘i]l/ ’\(mf(g“g])) Vi:0<m <to+1 "7 P

Vi:rilajvoc
Vi:ri=k; (mod A'%)

where the Z,¢(- - -) are given by (8-73)—(8-76). We substitute (10-10) into (10-5) to obtain

Lra,..) =Y Mya,..), (10-11)
=1
where
kc NG5 ! /i
IO T F e . — Vace|
pf C4 N(alaz)N(U0)2 1<[§) c ; N()\£°+1)2 N(C) Z{ A ap ai
gC ce [w] JGH | Z[w]/ A 0a;vocZ[w)
c=1 (mod 3) Vz ji=0 (mod a;)
Vi:ji=u (mod A% vp)
x ) D D DG (XA jon: Hy c2yngie)- (10-12)
ke@lwl/ 4 Z[w)? |, o M nez?
ik mod3) VSl

Vi:ry=k; (mod A'%)
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We now make a sequence of manipulations to .#,(a, ...) in (10-12). First we make a change of
variable j; — a; j; fori =1, 2 (the new j; variables run (mod 2fvpc)). We then uniquely factorise each
c € Z[w] withc =1 (mod 3) as c =tq'q

! 1

, where t, ¢/, q" € Z[w] satisfy
t.q'.q" =1 (mod3), ¢|rad(vp)®, ¢'|rad(a1a)®, and (q”,ajazve) =1. (10-13)
Note this factorisation exists and is unique since (vg, aja) = 1. We also uniquely factorise each r; | a;vgc

with r; = k; (mod A'%) as r; = tirr/', where t;, r/, r/" satisfy

ti,ri,rf =1 (mod3), ¢ |vot, rilaiq’, r'|lq", and rir] =k fori=1,2. (10-14)

1
We use the Chinese remainder theorem on the new j; variables (with the pairwise coprime moduli
Auot, ¢', and ¢”) and i = 1, 2 to write
Ji=4'q"q'q"J + rovotq " Movgtq” J' + 1 0vtq Movetq' J”, (10-15)
J; =a;u (mod A®vy) for i=1,2,

where @;, g'q”, Movgtq”, A\ovgtq’ € Z[w] are such that a;a; = 1 (mod A vp), ¢'q"q'q” =1 (mod Afovr),

Aovotg’Aovgtg’ =1 (mod g”), and Aovgtg” A vgtq” =1 (mod ¢’). Without loss of generality we may
assume that e, > 14. We further make the change of variable

J = A%vJ + (Y1u, You) (10-16)

in (10-15), where Y; € Z[w] is such that Y; = a; (mod A’ v). Observe that the new J;, J, variables run
(mod Af~¢vt). We also use the multiplicativity of Ramanujan sums 1/}\/)\130( )= @Ae,( . )ﬁq/( . )I}qn( -), and
interchange the order of summation by absolute convergence. The net result is

Mpr(a, . ..)

D DI D e

4 2 Lo+1)2 /7

C Niama)Nwo)™ | (=8 o i VAT Nq'q")
(10-13)

X > S D DS, (A g A"y s Hy o2 yngugrgn). (10-17)

keZw]/A¥Z[w)? mtr'r”  neZ?
Vitk;=1 (mod3) Vi 0<m,<€o+1
(10-14)
where

—\—N1 ;=\
; i 1 2 — 7
S17(-++) = Smefo.min(s,eo+112 N AN (A "ﬂ(;) (Z) w(my; 1, k)w(ma, 1, k)

—ny — \—12
V1 1%)
x Z 'Of®mu,c(m1,1;kl)(”l)pf@vmu,c(mz,l;kz)("Z)(m) (@)

vIEATHM 37 w]
v er M 37[w]

N(vy) N(v2) i
N(rir)?/ X’ N(tryr)?/ X’
x € (a,v, \'tq'q", \"tr'r"); (10-18)

X HK,CZ/N()\.(tq/q”) (
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ri 1
NYICER R 5me[0,min{5,zo+1}]x[6,zo+1]N()»m1)N()»4)(r—> w(my; 1, ky)
1

—ny — \—12
— Vi 1%)
x ji: pf®¢§ETF3;“cmu,hkn(vl)pf(VZ)(];}]) (];;])

viEA"2M37(w]

mer3Z[w]
H N(vy) N(1v)
X K,CZ/N()Jth'q”) N(tlr/ //)Z/X N()\mz 4t2rér )Z/Xv n
x Grla, v, \tq'q", A" tr'r"), (10-19)

—\ 2

r _—
S3p(---) = 5me[6,z0+1]x[o,min{s,z0+1}]N()»4)N(?»m2)(E> w(ma; 1, ko)

—n 7 —ny
X Z Iof(vl)'of@W)Lmz( D €(ma, 1 k2)( 2)(|U1|> (M)

vierT3Z[w]
ver~2m=37(w]

i N(vy) N(v2)
X K CZ/N()J’tq q") N()\,m] 4t1r'ré’)2/X N(tzrzrg)z/X n
x C(a, v, A'tq'q", N"tr'r"), (10-20)

Sar(-) = merotorip - N

X Z pf(”l)ﬁf(”Z)(%) <£>

Y
vl,VQE)»73Z[(u] | 2|

o H . ) N(\)]) N(VZ)
KCNGII O\ N Gmi=a (12 X N )/ X"
x Cula, v, \tq'q", A" tr'r"), (10-21)
()= Z xﬁkzt(kevvo(h—J1)—|—M(Yz—Yl))lifq/(fz/—Jf)‘/}q”(Jz//—Jl//)

Je@lw) /W0~ 1Z[w])?
J e(Zlw]/q'Z[w])?
J'e@[w]/q"Z[w])?
XY (aamisig, AT Yr () amg, (2 0), (10-22)

hryr,

-1 —4 ny
b AT
(T
czz &y Ay
X Z Ve w0 (Jy — ) + u(Ya — Y)Wy (Jy — IDVrgr (J) — 7))
JeZ[w]/2 0~ 1Z[w])>

J €Z[w)/q'7[w))?
J'e@w)/q"7|w))*

* 2my+4 # 4
X Wn,w( : )AZ'"1+1a1jl (A vl)w)»”’hzréré/( : )Mlzjz,é.'z_] (A*v2), (10-23)
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-1 —4 —n
& AT
421 gy Am Ay
X Z Wi (A0 (Jy — Jl)+M(Y2—Y1))‘ﬁq’(J2/_ Jll)&‘l”(JZ//_ U
JeZlw]/r 0~ 1Z[w])>

J' eZ[w]/q'Z[w))?
J'eZlw)/q" 7))

X wf"’l tlriri,( ' ))\aljl,ffl (k4vl)w;rﬁr§’( ) )kzmz“azjz (A2mt4ny), (10-24)
' fl_l)xm]_4r' —nj {2_1)»’"2_41”2 ny
%4(...);2( LA e M
z &y AT &y AT
x > Vst W v00( Ty = 1) + u(Yy = Y)W (J5 — T Urgr (3 = T}

JeZ[w]/r o=t Z[w])?
J elw]/q'Z[w))*
J"eZlw)/q"Z]w])?

# 4 #
X %mm r{r;/( ) )}»ﬂljl,Cfl (A ”1)%'"2:2@;’( : ))Lasz’;z*l (AHy), (10-25)

and j is given by (10-15) with subsequent change of variable (10-16).

Remark 10.4. Recalling (10-11) and recalling the averaging over a we have

4

D wianae ut @)@ Zr(a, .. ) =Y Y pa)ta k(@) My @, ). (10-26)
a p:l a

The following arguments focus on the case p =4 on the right side of (10-26). The cases p =1, 2, 3 will

follow mutatis mutandis, and will be omitted for the sake of brevity.

10.3. Evaluation and bounds for arithmetic exponential sums. We first compute and bound é4(- - -)
in (10-25).

A computation using Lemma 8.19, (8-63), (10-15), the Chinese remainder theorem (with pairwise
coprime moduli &A™ ¢, r{ and r/’ for i = 1, 2), cubic reciprocity, and Lemma 3.4 yields

- 3
§1Am1—4r1 " ;2k7712—4r2 "2 e, 1 n
bu(---) = e e i Gyi(a, v, \'t ’th///’ 10-27
e ;(4“1)»'”'—41"1 [oAm2=4r, ,I=11 ai(@, v, 2tq'q ", EATLrTY) ( )
where
1 R .
Gar(-o) = NOm+3t )N (Amat3,) 2 : Y Ao (J2 — J1) +u(Y2 — Y1)

Je(Z[w]/1 0~ 1 Z[w)])?

X Kr,(3),0.0 (17! 03 v1), 71 (@i A ooy + ar Yiu), ™)

X K, (3),0,0 (515 0302, 11y (aah@H g o + hax Yau), (oam2=11y),  (10-28)
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1 A
Ga- )= — o Yy

N(rir
(ryr) J'ew]/q'Z[w])?

X Kt,3).0.6 QA=) O3v1), coam=1r! (hay J)), 1)

X Kr,3),0,6 (02A™ 7 0or) (A3v2), oA ory (hay 15), 1)), (10-29)

1 " /
Guy(- )= D V=]

N(@r
( 172 J”e(Z[w]/q”Z[w])z

X Kr,(3).06 (A= 1r] (WP vy), coam =1 rl (ar J)), i)

X Kr,3),0,6 (A" ary (A302), oA~ or (har J3), 15). (10-30)
We now evaluate and bound each (10-28)—(10-30).

10.3.1. Treatment of (10-29). We open the normalised Ramanujan sums and the cubic Kloosterman
sums in (10-29), use orthogonality in J’, and then reassemble the result to obtain

Ga(---)
2 PP .
1 {i)»mi_ltir.// {ikm'_ltir{’
= N(q/)( 8( iq'/ q)=1 < ! i
E aiq’/r;.q N(I”l/) r{ 3 ré 3
X 0\ Lo B x AN p a3 vy
% Z _/1 _3 p %) 2/2 X1 & 1/1 %2\ (10-31)
r/3\" /3 r ry

xe(Z[w]/r|Z[w])x (Z[w]/ryZ[w])
A ) (ag' [ r)x=
ax™ = ] (aaq’ /r5)x1 (mod q')

The delta conditions in (10-31) are nonzero only if ¢" | / for i = 1, 2. We make the change of variables
r'— q's" where s/ | a; fori =1, 2. We detect the congruence with additive characters and reassemble to get

Gan( ) 1 ( 2 5 1 <§ikm,-—lt,-rl{/> (Ci)hmi_ltiri”>)
a\ )= 5N (ai/s;,q")=1
N\ AN (s q'sy 3 q's; 3

x Y B tkzr, ¢'sDE(nA v +kza, q'sh).

k (mod ¢")
where
yi=0M"""nr), =0 " ] (@/sh)s], (10-32)
=0 !, = oA (an/s))sh. (10-33)

We then factorise ¢'s; = q’(s;, q") - (s//(s}, q")). Since a; is squarefree and s/ | a; for i = 1, 2, the pair
of moduli ¢’(s!, ¢’) and s/(s/, ¢") are coprime. Thus (2-8), Lemma 2.1, and (2-7) imply that
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2 1. .
1 1 {,-)J"i—lt,-r.” {i)\m’_ltir.”
G L = 5 . ’ 7Y — ‘6 3. ’ / YY) — L !
42( ) N(q/) <l~I:1| (a,/s,-,q )=1 ()ﬁv,,si/(sl,q )N=1 N(sl{)l/z ( q/si 5 C]’Sé 3

== o 461dD Y ((4'(s5.9) Cz)»mzltzrgk3v1>
Xg(s1/(31’q))8(52/(S2vq))(Si/(si’q/))3(sé/(sé’q/))3( Si/(si’q/) 3

{2)»’"2711‘21’”%31)2 — B
x( e 2,) > gtk g/ (51, qNE (A vatkza. (55, 9))).  (10-34)
SZ S2’ q 3 k (mod q/)

Observe that Lemma 2.2 applied to the last two Gauss sums in the previous display imply that
Gap(v, Atq'q”, eA"tq's'r") # 0 only if A3v; =0 (mod (s;,q") fori =1,2. Thus

1
N(q')

2
Gu(--)= (1_[ 8ai/s,q)=1"0(x3v;.5]/(s!.g)=1 " 0331=0 (mod (s/.4"))
i=1

ami—1lyg 5.0 mi—lg -
y (q/(si,q/) ) m(gzkmzltzrgk3vl> (§2Am2_1t2r£/)»3vz>
s1/(s1,4") J3\ 85/ (5. 4") /5 s1/(s154") 3 55/(s5,q") 3
X Z gyia3vr+kz1, q'(s], @ NE (A va + k22, 4 (s, 4). (10-35)
k (mod q’)

Using Lemma 2.3 (noting the normalisation in (2-12)) gives

Y 1B vk, g/ (57, gD 1§ aA v + k22, 4 (55, 4)))

k (mod q’)
2
= (1_[ 833,20 (mod (51" * N ((s}, 61/))1/2)
i=1
Ay 21 NS vy 22 A2
* . %;q/) N<<y1 (s1.4") +k(Si,q’) 4 )) N<<y2 (s3.9") +k(S§, ¢! ))
2
K N(@gH'™* (1—[ 8235,=0 (mod (s).q") * N (57, q/))”z), (10-36)

i=1
where the last display follows from using Cauchy—Schwarz in k and then a change of variable to k (mod ¢")
in each resulting braket (the change of variable is valid since (z1/(s{,¢"), ¢") = (z2/(s},9"), q") = 1).
We use the triangle inequality in (10-34), substitute (10-36), and then change variables back s" — (1/¢")r’

to obtain

|Gaa ()|
N (/g g
1+ s
KN S(H&aiq’/r;,q'):l'5<x3v,~,(r{/q’)/(r{/q’,q'»:l5x3v,-zo(mod(r{/q',q’» voyiz ) 103D
4

i=l




1872 Alexander Dunn

10.3.2. Treatment of (10-30). We open the normalised Ramanujan sums and the cubic Kloosterman
sums in (10-30), use orthogonality in the J’, J}' variables, and by a similar argument to the above we
reassemble the result to obtain

Gaz(--+) .
=(TTs-)-(%) (M) (=) (M) Py (P — PPvy). (10:38)
i1 q" /3 q 3\q" /3 q 3
where
P = (A" 'r))?a; and Py = (G A™ T ) as. (10-39)
We have the bound
2
Gas(-- )] < (]"[ ar;/:q/) g (P13 v = Pad’w)). (10-40)
i=1

10.3.3. Treatment of (10-28). Recall that £ := max{¢, e,}. We open the normalised Ramanujan sums
and the cubic Kloosterman sums in (10-28), use orthogonality in the Ji, J, variables, and then reassemble
the result to obtain

Gu(---)
) o
N (rto—evp)? 1 Sku(Y,—Y)) oMy oam =g,
T NG HN(Ami+3t-) 2 ¢ Y, 2 X1 X
i=1 "k (mod AL x€%1(k)x B (k) 3 3
(k=1

V(riri/(k%lx_l +ra1Yiuxy) réré/()ﬁvzx_g + AayYouxy)
X € —

,  (10-41
gam=ly LAy ) ( )

where fori = 1, 2 we have

B (k) := {x; (mod A" '8;) : (x;, A;) =1, x; = 1 (mod 3),

rir] a7 (vt /1) x; = kAP vy (mod A9 r) ). (10-42)
For a given k € Z[w] with (k, A‘t) = 1, any solution y; (mod A%~¢¢) to the congruence

rir] Gail O (ot /1) y; = kA% vy (mod Af0vr) (10-43)

corresponds to N (AMax{0.mi+1=toteuly N (. /(¢ ;)) distinct solutions x; (mod A" +1#;). The congruence
in (10-43) has a solution y; (mod A%~¢¢) if and only if

(r,'/r,'llfiai)nzo_mi+2(vol‘/t,-), rAoevr)y | katoty,. (10-44)
Since ¢ | rad(vo)®, t; | vot, (r/r/'¢ia;, Avo) = (A, vo) = 1, we have

(rjr] a2 o~ (ot /), A0ty = a0 mmER 0= (ugt /), 1) = AT O (09, 1) /17 (10-45)
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for i = 1,2. Observe that (10-45) and the fact (k, ‘) = 1 (recall that £ > 1) imply that (10-44) is
equivalent to the two conditions
t|[vo,t;] and min{ly—m; +2,€g—e,} <Lly— ¢ (10-46)
for i =1, 2. Under the restriction 0 < m; < £y + 1, the conditions in (10-46) are equivalent to
t][vg, ;] and 1<£<e,=¥ (10-47)
fori =1, 2. Thus (10-41) becomes

2
N(1)? 1

Gar(-)=38 AN So e

41(-++) =01<r<e, NGO (il_l1 1[vo.ti] N(Ami+3ti)>

Jf ku(Y2 —Y7) oAM=y L=l
X e\ ———
> ( 7 > A ey )
x B, (k) x 2 (k)

k (mod Atr)
(k,Atn=1

é(rl/_r{/(ﬁle_l + Aa1Yiuxy) @()ﬁvgx_z + AarYouxs)

. (10-48
aam—ly L=l ) ( )

Furthermore, under the conditions in (10-47) and 0 <m; <e,+ 1 fori =1, 2, (10-45) and the sentence
containing (10-43) imply that for each k € Z[w] with (k, Af) =1 we have

2 | t(vo, 1;)
|51 (k) x (k)| < <,l] 5z|[u0,t,-]N()»m'+l)N<(tvf)—ti)))- (10-49)

Using (10-49), we bound (10-48) trivially by

2
> (vo, 1;)
1Gar ()] < S1<e=e, - <l_[5z|[vo 4 ( "oy t; )) < i<tz -N(vo)6<1_[5z|[uO,nJ>- (10-50)
e i=1

10.4. Further technical manipulations and insertion of smooth dyadic partitions of unity. We sub-
stitute (10-21) into (10-17) to obtain

N®ke X2 Z Z N5 1

///4f(a, )= 1 3 7
. +1)2 ! oyl
CH Naa)Nw)? | o . £~ NOOHTZN(g'q")
(10-13) o e
_— V1 1%}
X —1)mtm v )| — —
E E § (=D E prvppes( 2)<IV1I> (|v2|>
ke(@Z[w]/AMZ[w)?  m.tr'r"  nez? ve(A~3Z[w])?

Viki=1 (mod3) Vi: 6<m; <to+1
(10-14)

H N(V]) N(UZ)
X K,CZ/N(Aftq’q”) N()\ml 4[1}’/ //)2/X N()\mz 4[21’&7’ )Z/X»Il

x Cya, v, \otq'q”  A"tr'r"),  (10-51)

where €4(- - -) is given by (10-25) (and (10-27)). Note that the summands .#4 (- - -) do not depend on
the congruence classes k; (mod A1%) (unlike the other My(---) for p=1,2,3). Thus the sum over k
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in (10-51), and the last condition in (10-14) can be dropped. Equality (10-27) and the delta conditions
in (10-31) (resp. (10-38)) imply that we can make the change of variable r’ — ¢’s’ where sl.’ | a; and
(ai/s!,q’) =1 (resp. r" — q" where ¢ = (¢”, ¢"")) in (10-51). The delta conditions in (10-48) tells us
that 1 <¢ <e, and ¢ | [vg, #;]. Thus the multiple summation Zm,t’”/, in (10-51) subject to 6 <m; <{p+1
fori = 1,2 and (10-14), can be written as , subjectto 6 <m; <e,+1fori =1, 2, and

m,t,s

ti lvot, tllvo, 8], silai, (aifs;,q)=1 fori=12. (10-52)

We further note that the delta conditions in (10-35) imply that v sum in (10-51) is supported on the

conditions
/

331 =0 (mod (5], ¢)) and (ASU,-,(/S—i/)>=1 for i =1,2. (10-53)
si,q

We then insert a smooth partition of unity in the variables ¢, ¢/, and ¢” in (10-51). Thus

Mys(a,...)= > Mys(a, ..., NOHTQ' Q", (10-54)
I1<l<e,
1/2<T,Q’, 0" dyadic
N(AZ)TQ/Q//<<C2
where

Map(a,...,NOHTQ'Q")

8 2 L ’ "
— N(A%)kc X°N(") Z 1 U(N(t))U(N(CI))U(N(q ))
C*  N(aia)N (e tlug)? . N(tq'q") T Q' Q"

q/q//EZ[w]
(10-13) e
ny+na — (M (7 ’
x> Y (=D Y. prprn) il ol
mt,s  ne7? ve(A3Z[w])? ! 2
6<m;<e,+1 (10-53)
(10-52)
o H . ) N(vp) N(v) n
K,C*/N(tq'q") N()»ml_4t1siq/q//)2/X ’ N()»mz_“tzséq/q”)z/x ’

x Ci(a, v, \'tq'q", A"tq's'q"). (10-55)

The restriction
NOHTQ'Q" < C? (10-56)
in (10-54) follows from (10-8).

Using (10-9), (8-71) (with M — C?/(N(A)TQ'Q"), D;; = D;, > 0 large and fixed, and Dty =
D412 = ¢ small and fixed), Lemma 2.8, (10-37), (10-40), and (10-50), we truncate the v;-sum
in (10-55) by

Nw) < (XKN@)*K®- (NQ"1s) Q' Q") X~ =: &, (10-57)
with negligible error O ((XKN (v))~20%) . Without loss of generality we can restrict our attention to

the case E; > (XKN (v)) ¢, otherwise #4s(a, ..., N(X)TQ' Q") is a negligible O ((XKN (v))~200).
Observe that (8-71) with D1y = Djp = Dy = Dy = ¢ > 0 small and fixed, (10-3), (10-56), and (10-57)
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imply that

He oo N(v1) N(v2) "
K,C?/N(A*tq'q") N(/\ml“‘tw{q/q”)z/X’ N(Amz—“tzséq’q”)z/x’
2

& (XKN(v))* - NOligq"

2
JTanml+ D72+ (10-58)
i=1

We apply the triangle inequality in (10-55), and then use (10-57), (10-27), (10-37), (10-40), (10-50),
and (10-58) to obtain

Myp(a,...,NOHTQ' Q")

XN (vg)? 2
< (XKN (v))® - (o) -
CATQ' Q"N (A&t )
N((s!, g'N'?
x oy > H NGO > lpsnllpsm)l
tq'€Z[w] ¢mts  i=l1 ve(h3Z[w))?
N()~T,N(qg")~Q' 6<m;<e,+1 Vi:N(v))KE;
t|rad(vy)>® (10-52) (10-53)

q'Irad(a1a2)™

XY g (PP = PP vy + O((XKN () 72%),  (10-59)

q"eZ|w]
q"=1 (mod 3)
N(g")~Q"
(q",a1a2v9)=1
where

1= (A" ng'sp’ar and Py = (A" T g s)) an. (10-60)
We drop the condition (¢”, ajavp) = 1 in (10-59) by positivity, and use Lemma 8.5 to obtain

Z [Wgr (P13 01 — PP 12)| K 8pasn iy - Q"+ 8piasueppin, - (XKN (). (10-61)

q"eZ|w]
q"=1 (mod 3)
N(q//)N Q//

We substitute the bound (10-61) into (10-59), and obtain
Map(a, ..., NOHTQ'Q") K Mif(a,...,NG.HTQ' Q")+ &p(a, ..., NG.HTQ'Q"),  (10-62)

where the terms on the right correspond to the diagonal and off-diagonal respectively. Using (10-54)
and (10-62) it suffices to estimate

> Zu (@), |11 (@) |y | Mg (a, ..., NOHTQ'Q"), (10-63)
1<t<e,
1/2<T,Q’,Q"dyadic
NOHTQ' Q"< C?

S D dales |k @)lag |, ... . NOHTQ'Q"), (10-64)
1<t<e, a
1/2<T,Q’, Q" dyadic
N(}LZ)TQ,Q”<<C2

with C given by (10-3).
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10.5. Off-diagonal: (10-64). We drop the condition PiA%v; # PoA%v; and (A2v;, 5//(s!,q")) = 1 for
i =1, 2 (see (10-53)) by positivity, and then use the Cauchy—Schwarz inequality, p r(0) =0, and Lemma 2.7

to obtain
172 1/2 gl+e
Y leril = oo Yo o) <5 (10-65)
N((s}, g NV
vierT3Z[w] 05£v; €13 Z[w] viEAT3Z[w] !
N)<KE; N ) <KE; N)<E;
23v;=0 (mod (s7,q")) 231;=0 (mod (s],q"))
fori=1,2.
We use (10-65), (10-52), and Lemma 2.6 to conclude that
Gipa, ..., NOHTQ'Q") < (XKN (v))° K '°N(vo)* N(1*)*AC(TQ'Q")*. (10-66)

Substituting (10-66) into (10-64) and using Cauchy—Schwarz we see that (10-64) is

<K (XKN@)*K'°N(v)*A*B'?|| a3

L (XKN ) KN ) A3 BY? | u2a)|%.. (10-67)
10.6. Diagonal: (10-63). Consulting (10-53) we make the change of variable

3. (o N\ 3. . -3 ro Ny 3, Sz{ _
A'v = (s;,q)A; suchthat 0# w; e A\ Zw] and ((s;, )L wi, /—/) =1 (10-68)
s, q

for i =1, 2. Since a; is squarefree and s; | g;, the coprimality condition in (10-68) is equivalent to

3 5
Mpiy ——= | =1 (10-69)
$i-4q")

for i =1, 2. The diagonal equation P33y, = PaA%y, with P; and P, given in (10-60) is equivalent to

s’ s
2030 = @am ) —1 2253, (10-70)

_ 1
(LA™ 1)?
(s5.9") s} (s'.q") s}

where 0 # A3u; satisfies (10-69) for i = 1,2. The hypothesis that the a; are squarefree for i = 1,2

guarantees that
s s
L ometlp @) (22 im0 (10-71)
/ / / / / /
(sl»CI) S (SQ»CI) SH

Using (10-69) and (10-71) we conclude from (10-70) that

s/

= 1 o)
= = , , 10-72
= G (1072
and thus (10-70) is equivalent to
1. 4 Y
(LA™ 1t2>2s—}x3m=<;lx )P R, (10-73)
1 2

where 0 # A3u; satisfies (10-69) for i =1, 2.
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We use (10-68)—(10-73) to rewrite (10-63), set g; := (s;, ¢’) and release using Mobius inversion, and
then interchange the order of summation. We obtain

> k)l |1 (@)la | M@, ..., NOHTQ' Q")

2 2
=(XKN(v))8-( XN () )1

CATQ'N(A+1) ) Q"
w(hy)p(hz) 2 2
x Y > Nhidihady) M (hidigiri)|an digir 10 (hadagar2) |Xydsgors |
¢,m,t hd.g.r
Vi:6<m;<e,+1 Vi:h;.d;,g;,ri=1 (mod 3)
Vi:t; [rad(vp)>® hidy=hyd
< Y sl lpr(n)] > 1, (10-74)
ve(A3Z[w])? tq'€Z[w)
Vi:N (1)< E] N()~T,N(g")~Q'
(10-76) [11,22]vot
(10-77) 1| ([vo,t11,[vo,221)
[h181,h2821lq" Irad(h1d1 g1had282)™
where (see (10-57))
B/ := (XKN () K3 - (N t;hidig) Q' Q") X1 for i =1,2, (10-75)
(Mvi, hid)=1 and A3v; =0 (mod g;) for i =1,2, (10-76)
A A
(A" )2 = = (A" )P (10-77)
81 82
We dyadically partition all of the auxiliary variables, i.e.,
N(h;) ~H;, N(d;)~Di, N(g)~G;, N@E)~R, N@@)~T,
such that
H;D;G;R; <A, H;G;<Q', and T; K N(vo)T fori=1,2. (10-78)

We estimate the sum over ¢ and ¢’ in (10-74) by (XKN (v))® using (2-14) and Lemma 2.6 respectively.
We then apply the bound |2 (@)a,| < ||p2all. We see that the entirety of (10-74) is

2 2
<<(XKN(v))8||u2a||§o-( XN (vo) )1

CATQ/N()\eﬁ'l) Q"
1
X
Z ) Z (H\D\H,Dy)'/?
¢,m Vi:H;,D;,Gi,R;,T;
Vi:6<m;<e,+1 dyadic
(10-78)

x Yy > > Y. losnl-lpr)l. (10-79)

ve(A3Z[w])?

Vi:N ()< E/
(10-76)
(10-77)

t LT h.d g
Vi:N(@)~T; YENGO~R g Zpod, Vi:N(gi)~G;
t;|rad(vg)>® ri=1 (mod 3) Vi:N(h;))~H; Vi:gi=1 (mod3)
Vi:N(d;)~D;
Vi:h;,d;=1 (mod 3)
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where (see (10-75))
2/ := (XKN()*K®- (NOW™)T; H; D;G; Q' Q")*X ! (10-80)
fori =1, 2.
We apply Cauchy—Schwarz to the sum over g and v in (10-79), and then rearrange the order of sum-

mation to obtain

> > sl lorm)l

. ve(A3Z[w))?
VEN(@)~Gi viiN (v)< &)
Vi:gi=1 (mod 3) (10-76) i
(10-77)
1/2
2
5( PIERICH I > > 1) (10-81)
v er37Z[w] N(g)~G1  N(g2)~G2  ner3Z[w]
N@)<KE] _gllf\zw g=1 (mod3)  N()«E)
(Fvp,nd)=1 g1=1 (mod 3) (02 had)=1
A’ vp=0 (mod g2)
“aony
1/2
2
(T woar XXX 1) . aoe
ner3Z[w] N(g2)~G2  N(g)~Gi  vier—Z[w]
N(1n)<E) _Z,’z\ksvz g1=1 (mod 3) Nw)<E]
(302 hado)=1 §2=l (mod3) (Fvp,hdy)=1
23v;=0 (mod g1)
(10-77)

Consider the bracketed expression in (10-81). The conditions on the vy-sum imply that the v;-sum
is bounded by 1. We then estimate the sum over g, trivially, and then apply the divisor bound (2-14) to
estimate the sum over g;. Thus the sum over g;, g; and v, satisfies << X®G,. We use this bound, drop the
condition (A3vy, h1d;) = 1 by positivity, and then apply Lemma 2.7 to estimate the v;-sum. We obtain
that the entire bracketed expression in (10-81) satisfies < X°G,E;. The analogous argument can be
applied to obtain a bound of << X¢G E, for the bracketed expression in (10-82). We deduce that

> D sl lpr () K XH(G2ED V(G E' (10-83)
o8 ve(\3Z[w])?
Vi:N(8)~Gi  \yini (o) ol
Visgi=1 (mod3) ¥ '12’1(0”_'35“1'
(10-77)

Substituting (10-83) into (10-79), bounding the remaining sums trivially (using Lemma 2.6 for the 71, #,
sums), and recalling that X =< AB we obtain

> @) lag lnt@)log | M@, ..., NGHTQ' Q")

I 3/2 3/2
CORN@)Y Il K N @) XQ'CAT 37 (HIDIRTIG D2 R TGy )
Vi:H;,D;,G;,R;,T;
dyadic
(10-78)

<K (XKN())°K*N(v9)°ABC>Q' Q" || w*et]3,. (10-84)
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Substituting (10-84) into (10-63) we see that (10-63) is

< (XKN () K3N (v0) AB||er||3, (10-85)

Combining (10-67) and (10-85), and then using N (vg) < N (v), yields the result after recalling (10-26)

and Remark 10.4. 0

Proof of Theorem 1.5. This follows immediately from Lemma 10.1 and Proposition 10.2. U
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