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Rigidity of modular morphisms via Fujita decomposition

Giulio Codogni, Victor Gonzalez Alonso and Sara Torelli

We prove that the Torelli, Prym and spin-Torelli morphisms, as well as covering maps between moduli
stacks of smooth projective curves, cannot be deformed. The proofs use properties of the Fujita decompo-
sition of the Hodge bundle of families of curves.

1. Introduction

Let M and A be Deligne—Mumford stacks. A nonconstant morphism M — A is globally rigid if it
is the unique nonconstant morphism between M and A, locally rigid if it does not admit nontrivial
local deformations with fixed target and domain, and infinitesimally rigid if it does not admit nontrivial
first-order deformations with fixed target and domain. In particular, global and infinitesimal rigidity both
imply local rigidity. However, they do not imply each other, as certain first-order deformations may not
extend to local deformations, and a discrete set of morphisms may all have no first-order deformations.
From the point of view of the corresponding moduli stack of nonconstant morphisms with fixed target
and domain, global rigidity forces the moduli to be just one point, while infinitesimal rigidity determines
whether the point is reduced.
In Section 3, we prove the following.

Theorem 1.1. For any g > 3 the Torelli morphism © : Mg — A,, from the moduli stack of genus g smooth
projective curves Mg to the moduli stack of principally polarized abelian g-folds, is infinitesimally rigid.

Farb [2024a] proved the global rigidity, i.e., uniqueness, for the Torelli morphism for g > 3 in the
category of complex orbifolds (as in [Farb 2024a, Remark 2.1]). Following his proof one obtains also
uniqueness in the category of stacks. Uniqueness as a map between coarse moduli spaces is still open.

Let us recall that the infinitesimal rigidity of M, is still unknown. To the best of our knowledge, the

most recent work in this direction is by Hacking [2008]: he proved infinitesimal rigidity for the moduli
stack M ¢.n Of stable curves of arithmetic genus g with n marked points (a result that has been extended
to positive characteristic in [Fantechi and Massarenti 2017]), and leaves the infinitesimal rigidity of M, ,
as an open question.
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The rigidity of A, is also open. To best of our knowledge, just the following is known. Let Aé, be
a finite cover of A, constructed as the moduli space of ppav with a level structure, we choose a level
structure such that there is no difference between the coarse moduli space and the stack. Let A, be a
good toroidal compactification of A’g. Then, building on [Calabi and Vesentini 1960], in [Peters 2017,
Theorem 4.3] it is shown that the pair (A'g, 0.A',) is rigid. From an arithmetic point of view, similar
rigidity results are proven in [Faltings 1984].

Our second result concerns infinitesimal rigidity of the Prym morphism Pr: R, — A, _1, from the moduli
stack R of pairs (C, n), where C is a smooth projective curve of genus g and n € J(C) is a nontrivial
line bundle on C with n®% = Oc. This morphism maps each pair (C, n) to its Prym variety Pr(C, n) (see
Section 4 for some details). It is never an immersion but it is generically injective for g > 7, namely as
soon as the dimension of the target is larger than the dimension of the domain (see, e.g., [Donagi 1992]).

As for Mg, any rigidity for R, is still unknown. However, the global rigidity of the Prym morphism
was established in [Servan 2022] and answers a question posed in [Farb 2024a]. Again, our result of
infinitesimal rigidity combined with the previous result on global rigidity provides a complete answer to
the problem of rigidity with fixed target and domain. The following theorem is proven in Section 4.

Theorem 1.2. For any g > 3 the Prym morphism Pr: Ry — Ag_1 does not admit any nontrivial first-order

deformation with fixed domain and target.

Our third result concerns the infinitesimal rigidity of the spin-Torelli morphism st : S, — N/, from the
moduli stack S, of spin curves of genus g to the moduli stack N, of pairs (A, ©) of an abelian variety
together with an effective symmetric divisor with h0(O4(®)) = 1. Closed points in S, are pairs (C, 1)
of a smooth projective curve C of genus g together with a theta-characteristic ¢ (i.e., a line bundle such
that 992 = w¢). The theta-characteristic allows to construct a unique symmetric divisor ® € J(C) and
therefore a unique closed point in N, (see Section 5 for a more detailed description). This construction
defines an injective morphism, the spin-Torelli morphism. We are not aware of any result of rigidity
regarding the moduli stacks S, or the spin-Torelli morphism; the state of the art about the rigidity of N,
is analogous to the case of A,.

The proof of the following theorem is contained in Section 5.

Theorem 1.3. For any g > 3 the spin-Torelli morphism st : S, — N, does not admit any nontrivial
first-order deformation with fixed domain and target.

We now focus on morphisms between moduli stacks of curves. By [Royden 1971], the only auto-
morphism M, — M, is the identity. In [Massarenti 2014], building on [Gibney et al. 2002], it is
shown that the automorphism group of M ¢.n 18 the symmetric group acting on the marked points, except
for some low genera cases explicitly described in [loc. cit.]. These problems are also reviewed in
[Farkas 2009, Question 4.6].

Our next and last result regards infinitesimal rigidity of certain morphisms from M, to another moduli
stack of curves M, of some genus & > g constructed as follows.
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Let X, (resp. X;) be a closed orientable real surface of genus g (resp. 4). An unramified finite
covering p : X, — X, gives a map p* : T, — T between the corresponding Teichmiiller spaces by
pulling back the complex structures. The cover p is called characteristic if p.(m(X}y)) is a characteristic
subgroup of 71 (X,), i.e., p«(1(X})) is left invariant by Aut(mr;(X,)). Topologically, these are coverings
such that every homeomorphism of X, lifts to a homeomorphism of X, and the lifting process defines a
homomorphism L, : Aut(m;(X,)) — Aut(;(Xy)). Because of this, the map p* : 7, — 7, defined by a
characteristic cover descends to a morphism p* : M, — M, (see [Biswas and Nag 1997, III.1 and II1.2]
for more details).

The study of the global rigidity of these morphisms is stated as an open question in [Farb 2024b]
(see Question 4.5, attributed to C. McMullen). All these problems extend to the Deligne-Mumford
compactification of M, given the studies on the augmented Teichmiiller space (see [Biswas and Nag
1997; Hu et al. 2021] for details).

Our contribution is to prove infinitesimal rigidity of all the morphisms p* : M, — M, induced by
characteristic covers p : X — X,.

Theorem 1.4. For any g > 3, the morphism p* : Mg — M), does not admit any nontrivial first-order

deformation with fixed domain and target.

It is natural to ask whether the compositions M, — A; of the morphisms p* : M, — M, with the
Torelli morphisms 7 : M), — A, are also rigid. The question on global rigidity is raised in [Farb 2024b].
With our techniques, we cannot solve the corresponding question on infinitesimal rigidity for the moment.
The main obstacle is discussed after the proof of Theorem 1.4.

Let us stress that our results are for morphisms between stacks. The situation for the induced morphism
between coarse spaces is discussed in Section 7.

Let us briefly explain the structure of the proofs. We first study the space of sections of the pullback of
the tangent bundle of the target via the investigated morphism. For both smooth Deligne-Mumford stacks
and normal varieties, the vanishing of all these sections suffices to conclude infinitesimal rigidity (see
Lemma 2.1). To prove this vanishing, we study those sections restricted to a complete curve B in M,
through a general point of M, and with a general tangent direction (see Lemma 2.3 for details). We
then conclude by relating these sections to the Hodge bundle associated to the family of genus g curves
over B, and using the positivity properties provided by the associated Fujita decomposition [Fujita 1978;
Catanese and Dettweiler 2017]. We explain this in detail in Section 2.2. Notice that such a complete
curve B exists for g > 3 because M, admits a compactification with boundary of codimension 2, the
Satake compactification (see for instance [Oort 1974]).

In genus g = 2, the moduli space of curves is affine; hence nontrivial sheaves on M5 have plenty of
sections. This indicates that the above results should not hold in this case.

We conclude the introduction with a couple of words about infinitesimal rigidity for moduli spaces of
surfaces. On the one hand, moduli spaces of surfaces might deform [Hacking 2008, Section 6]. On the
other hand, for higher-dimensional varieties, the Torelli map generalizes to period maps. If we consider a
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rigid surface S with strictly positive geometric genus or irregularity, then the domain of the period map is
a point (the local deformation space of §) but the codomain has positive dimension (see, for instance
[Carlson et al. 2017, Sections 4.4 and 4.5, Example 4.4.5]). Hence, in this case the period map admits
nontrivial deformations. Examples of these surfaces are the BCD surfaces constructed by Bauer and
Catanese [2008; 2018] or the surfaces with p, =g = 2 constructed by Polizzi, Rito, and Roulleau [Polizzi
et al. 2020]. We do not know under which hypotheses the period maps of higher-dimensional manifolds
with positive-dimensional moduli are rigid.

2. Preliminaries
We work over the field of complex numbers.

2.1. First-order deformations of morphisms. In this paper, we are concerned about first order infini-
tesimal deformations of certain morphisms of stacks or normal varieties f : X — Y with fixed source and
target. If Y is a smooth variety, it is known that these deformations are classified by the global sections
of f*7y [Sernesi 2006, Proposition 3.4.2, page 158]. This fact also holds in quite more general settings.
Since we have not been able to find in the literature the statement in the generality we need, we include here
a short proof (the same proof works in greater generality, but we give the statement only for our set-up).

Lemma 2.1. Let f : X — Y be a morphism of either smooth Deligne—Mumford stacks or of normal
varieties, and let Ty denote the tangent sheaf of Y. If HO(X, f*Ty) = 0, then all first-order deformations

of f with fixed source and target are trivial.

Proof. Let D be the spectrum of Cl[e]/ (¢2), and denote by {0} its closed point. A first order deformation
of f:X — Y is a D-morphism f : X x D — Y x D which, when restricted to the central fiber
X,:=X x{o} C X x Disequal to f.

Note that the ideal sheaf of the central fiber X, squares to zero, so that any D-morphism X x D — Y x D
is uniquely determined by its restriction to X, and the restriction of its differential to X,. Moreover, in
the case of a first-order deformation f , its restriction to the central fiber is given by f; hence one only
needs to study d f| X,

Since Txxp = Tx H Tp and analogously 7y« p = Ty B Tp, we have

Tx BT = Txup L f*Tyep = f*Ty BTp.

()

where v := (d f )(%)I . and the 1 in the low-right corner follows from f being a D-morphism.

From the hypothesis H*(X, f*7Ty) = 0 follows that v = 0. Thus f has the same differential as
fxidp: X x D — Y x D, and by the above remark it follows f = f xidp is the trivial deformation of f. [l

Hence we can describe dfx, as
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2.2. Fujita decompositions on the Hodge bundle. Let f :S — B be a fibration from a smooth projective
surface S to a smooth projective curve B, namely a family of projective curves of arithmetic genus g
over a smooth projective curve B whose general fiber is smooth. Denote by ¢ s the relative irregularity
of f, defined as the difference qr = g(S) — g(B) of the irregularities of § and B. To any such f
one can associate a Hodge bundle fiws/p = fiws ® a)lvg whose general fiber is of rank g isomorphic
to H(Cy, wc,), where Cp, = FLb).

Theorem 2.2 [Fujita 1978; Catanese and Dettweiler 2017]. The Hodge bundle f.ws,p has decompositions

of vector bundles _
frosp =04 ®V=U A, (0

where A is ample and U is unitary flat, which are compatible in the sense that (’)Z{ " C U as vector bundle
provides a splitting U = O%f eu.

Fujita decompositions are strongly related to the infinitesimal variation of the Hodge structure, namely
with the coboundary morphism 6, : H 0Cy, wp) — HY(Cy, Oc,) of the short exact sequence attached to
the first order deformation &, € Ext! (wc,. Oc,)=H I (T¢,) induced by f on the fiber C;,. Suppose that f is
semistable, namely that the relative canonical bundle is f-ample and the singular fibers are reduced with at
most nodal singularities; then if I' C B denotes the set of critical values and Y = f*I, there is a canonical
isomorphism fiws/p > f Qé /B (log 1), where the latter bundle is defined by the short exact sequence

0— f*wp(logT) — Qi(log 1) — Q¢ 5log T) — 0.

The connecting homomorphism
0 : frws/p = fiQe5(10g 1) — R' f.Oc @ wp(logD) 2)

is a morphism of locally free sheaves which on the fibers over b ¢ I' coincides with 8. The kernel
K =Kker @ is a vector subbundle of f.wg,p whose fiber over a general b € B is ker 0),. There are natural
inclusions Y € K C fiws/p.

We refer to [Gonzalez-Alonso and Torelli 2021] for more details on the last paragraph, and a treatment
of the non-semistable case, which requires more care and it is not used in this note.

Lemma 2.3. Let /Wg be the moduli stack of stable curves of genus g. A general complete curve
7:B—> M ¢ corresponds to a semistable fibration with U = O (more precisely, there exists an open dense
subset U of the tangent bundle T M ¢ Such that if the image of dm intersects U, then U = 0).

Proof. Curves in M ¢ correspond by construction to semistable fibrations. For a general smooth curve [Cy]
in M, and a general direction &, € Tic,] M, =~ H'(Cp, T¢,) ~ Ext!(wc,, Oc,), the induced linear map
0, : HO(Cp, wc,) = H L(Cy, Oc,) has maximal rank (see for example [Gonzélez-Alonso and Torelli 2021;
Lee and Pirola 2016, Lemma 2.4]), so the fiber Iy, is zero. As U is locally free and contained in C, we
obtain the statement. [l
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2.3. Ample vector bundles on curves.

Lemma 2.4. If A is an ample vector bundle over a smooth projective curve B, then H*(B, Sym"AY) =0

for everyn > Q.

Proof. Note first that if A is ample, then so is Sym” A [Lazarsfeld 2004, Theorem 6.1.15]. In particular
any quotient line bundle Sym”.A — Q is ample on B [Lazarsfeld 2004, Proposition 6.1.2], i.e., deg QO > 0.

Suppose H°(Sym”A) # 0 and let o be a nonzero section, which induces a morphism of sheaves
o : Op — Sym"A". Dualizing it we obtain a nonzero map Sym”".4 — Op, whose image is a quotient
of Sym" A and a nonzero subsheaf Q C Op. In particular Q is torsion-free, and hence a locally free sheaf
because B is a smooth curve. Moreover deg Q < deg Op = 0, contradicting the amplitude of Sym”.A. [

3. Proof of Theorem 1.1

In this section we give the proof of Theorem 1.1, asserting that the Torelli morphism 7 : M, — A, does
not admit nontrivial first-order deformations.

Recall that M, denotes the moduli stack of smooth projective curves of genus g, A, the moduli stack
of principally polarized abelian varieties of dimension g, and 7 : My — A, the Torelli morphism, which
at the level of points maps (the isomorphism class of) a smooth projective curve C to its Jacobian variety
J(C)= H'(C,Oc)/H'(C, Z) with its natural principal polarization Oc.

The tangent space to M, at [C] is H'(C, T¢), and the tangent space to A, at [J(C), O¢] is

Sym? H'(C, O¢) = Sym® H*(C, w¢)¥ = Hom* (H(C, we), H'(C, O¢)),

where Hom® denotes the set of symmetric (i.e., self-dual) linear maps.
Moreover the image of £ € H W, 10) = Tic) My under the differential of t can be identified (up to
nonzero scalar) with the multiplication map (cup-product followed by contraction)

H%(C,wc) > HY(C,0¢), ar>&-a.

By Lemma 2.1, Theorem 1.1 follows from the following vanishing:
Theorem 3.1. If g > 3, then HO(Mg, T*T4,) = 0.

Proof. Since 1Ty, is locally free and M, is reduced, if we show that for every point in a dense subset
of M, there exists a curve 7 : B — M, such that ho(B, T*T*T4,) =0, then hO(Mg, T*T4,) = 0.

When g > 3, the coarse moduli space of M, admits a normal projective compactification whose
boundary has codimension two, namely the Satake compactification. In My, we can look at the open
subset Mg of curves with trivial automorphism group, which is represented by a smooth scheme and whose
complement in the Satake compactification has also codimension two. Because of this, for every point
[C] of Mg and every tangent direction v in 7[c)M,, we can find a smooth projective curve 7 : B — M,
passing through [C] and tangent to v.

Consider such a curve B, the corresponding family of curves f : C — B and the Hodge bundle
E=f Qé /B> whose fiber over a point [C] € B is H 0(C, we). By the above discussion, the restriction
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of 7*7*T4, to B is naturally isomorphic to Sym? EV. Now by Theorem 2.2, E carries a decomposition
E = A® U with A ample and U unitary flat, and by Lemma 2.3, U{ is zero for general B and v. By
Lemma 2.4, h°(B, 7T T4,) =0. [l

4. Proof of Theorem 1.2

As already recalled in the introduction, we denote by R, the moduli stack of pairs (C, n), where C is a
smooth projective curve of genus g, and n € J(C) is a nontrivial line bundle of order two (i.e., n®2=0Oc).
By standard theory, such a pair is equivalent to an étale double cover 7 : C' — C, where C’ is a connected

smooth projective curve and
71.0c'=0Oc ® 1. 3)

More precisely, since 7 is finite, there is a trace morphism Tr : m,O¢c — Oc that splits the structure
morphism O¢ — 7,O¢’, and n = ker Tr.

One way to define the Prym variety Pr(C, n) of the pair (C, n) (or the cover 7 : C’ — C) is as the
cokernel of the pull-back map

7*: J(C)— J(C)),

which has dimension dim Pr(C, n) = g(C’) — g(C) = g — 1 (note that g(C") = 2g(C) — 1 by the Hurwitz
formula).

Alternatively Pr(C, n) can be defined as the connected component through [O¢’] of the norm map
Nm: J(C)) — J(C).

The natural principal polarization of J(C’) induces twice a principal polarization E on Pr(C, n). The
Prym morphism Pr: R, — A,_; is then defined (at the level of C-points) as

[C, n]l — [Pr(C, n), E].

Since R, is an €tale cover of M, (of degree 228 — 1), the tangent space of R, at a point [C, n] is
naturally isomorphic to TjcjM, = H'(C, Tc¢).

On the other hand, the tangent spaces of the Jacobians J(C) and J(C’) (at the corresponding neutral
elements) are H'(C, O¢) and H'(C’, O¢'). Thus the tangent space of Pr(C, 1) is naturally isomorphic to

H'(C', 0c)/n*H'(C, Oc) = H'(C, ).
In the last isomorphism we have combined (3) and the fact that 7 is a finite morphism to obtain
HY(C',0c)Z HY(C, 1,0c) ZHY(C, Oc)® H' (C, n).
Therefore the tangent space of Ag_; at Pr(C, ) can be naturally identified with
Sym* Ty Pr(C, n) = Sym* H'(C, ) = Hom*(H'(C, n)", H'(C, n))
= Hom' (H’(C, wc @ 1), H'(C. m),

where the last isomorphism follows from Serre duality and 7%? = Oc.
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Finally the differential of the Prym morphism at [C, ],
dPric.y : H'(C, Tc) — Sym® H'(C, 1)) = Hom’ (H*(C, we @ 1), H'(C. m)

is induced by cup-product (up to a nonzero scalar).
As in the above section, Theorem 1.2 follows from Lemma 2.1 and the following vanishing:

Theorem 4.1. When g > 3, it holds that HO(Rg, Pr* TAg—l) =0.

Proof. By construction, for a given curve C there are 226 — 1 choices of 7, and indeed this gives a natural
étale morphism ¢ : R, — M, of degree 228 1. Set Rg =¢! (Mg) to be the local chart of R, correspond-
ing to coverings C’ — C, where C has trivial automorphism group. Moreover, since Mg can be covered
by smooth projective curves, so can Rg by taking the connected components of the preimages under ¢.

Letnow B C Rg be a general smooth curve, which corresponds to a family of coverings f:C’ = C L B
The induced morphism = is also a étale double cover of surfaces. The trace of mw gives a splitting
7.0c = Oc ® L, where L = ker Tr restricts to  on a fiber C’ — C. In particular we also have

R'flOc = R'f.Oc ® R f.L, (4)
and by the above discussion on tangent spaces, there is a natural identification
Pr* T4, , = Sym*(R' f{O¢ /R £.Oc) = Sym® R' f,.L.
By relative duality, equation (4) gives
FiQpp = [ Qs ® (R fuL)Y
so that (R! f,.£)" is isomorphic to a quotient of the Hodge bundle E’ = féQé, g Of f !
We can now adapt the proof of Lemma 2.3 to show that E’ is ample for a general B, and then Lemma 2.4
concludes the proof of the theorem.
Let C' — C be one of the coverings of the family 7, with corresponding 7 € Pic’(C), and let
EecHY(C, To) = T[C]Mg = T[c/_)c]Rg be a tangent vector to B. Using the decompositions
H(C',wg) = H(C,wc) ® H'(C,wc ®n) and H'(C',Oc)=H'(C,0c)® H'(C, n)

the infinitesimal variation of Hodge structure C' — B at this point is “diagonal”, given by multiplication
with 7 on each component. By [Lee and Pirola 2016, Lemma 2.4], a general £ € H L, Te) gives isomor-
phisms in both components. Taking a smooth projective curve in Mg through [C] with tangent vector &,
and then B the appropriate connected component of its preimage in Rg induces a family f':C' — B
with ample Hodge bundle, as wanted. (I

5. Proof of Theorem 1.3

Recall from the introduction that S, is the moduli stack of pairs (C, ¢) of projective curves of genus g
with a theta characteristic 9, i.e., ¢ € Pic® _I(C ) such that 9®% = w. Since two theta characteristics
differ by a 2-torsion element of the g-dimensional abelian variety Pic’(C), the natural forgetful morphism
7 : Sg — My defined on points by (C, ) — C is étale of degree 228,
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On the other side, N, ¢ denotes the moduli stack of pairs (A, ®), where A is an abelian variety of
dimension g and ® C A is a symmetric divisor inducing a principal polarization on A, i.e., —® = ©®
and h°(04(0)) = 1.

In order to describe the morphism st : S, — N, let’s first quickly recall one construction of the
principal polarization on the jacobian variety J(C) = Pic’(C) of a projective curve C of genus g. There
is a natural morphism

@ :C V5 PicsTH(C),  (p1y.-vs Pe1) > [Oc(pi+ -+ pe_1].

By the Riemann parametrization theorem, ¢ is birational onto its image, which is thus a divisor. Moreover,
its image is precisely the set W{g(,)_1 ={L € Picg_l(C) | hO(L) > 0}. Any fixed 0 € Picg_l(C) induces an
isomorphism (of algebraic varieties)

Pics~1(C) —» Pic%(C) = J(C), [L]1+ [L]—[9]:=[L®5"].

The image Oy = ngl —[9] of W§71 is thus a divisor in J(C) and induces the principal polarization
used in the Torelli morphism 7. An easy application of Riemann—Roch shows that ®; is symmetric if
and only if 9% = w¢.

The morphism st is defined by mapping [S, ¥] to the pair (J(C), Oy).

The above discussion also shows that the natural principal polarization on J(C) can be represented by
exactly 228 symmetric divisors; hence the forgetful morphism 7’ : \, ¢ — A, is also étale of degree 228,

As in the two preceding cases, Theorem 1.3 follows from Lemma 2.1 and the following vanishing:

Theorem 5.1. When g > 3, it holds that H(S,, st* Ty,) = 0.

Proof. As in the previous two proofs, it is enough to show that a general point of S, is contained in a
projective curve B C S, such that HO(B, st* Tn,) =0.
To this aim consider the natural commutative diagram with étale vertical arrows

Sp —— N,

nl l

Mg —F—— A,

Note that Tx;, = (/)*T4, because 7’ is étale, and thus st* Ty, = 77Ty, .

By the proof of Theorem 1.1, the general point of Mg is contained in a smooth projective curve B’ C Mg
such that the Hodge bundle E’ = (/). s Of the corresponding family of curves f':C" — B’ s
ample. Any connected component B C 7 ~!(B’) corresponds to a family of smooth projective curves
f :C — B (with a family of theta characteristics), which is nothing but the pull-back of f’ by the étale
morphism ¢ = 3 : B — B. In particular, the Hodge bundle of f,

E = f*Qé/B =~ @*E/’

is also ample.
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Thus a general point of Sg = JT_I(Mg) is contained in a smooth projective curve B C Sg such
that (m*1*A,) g = Sym? EV with ample E. Lemma 2.4 implies that H%(B, m*1* Ag) =0, as wanted. [J

Remark 5.2 (super Torelli morphism). It is possible also to define a period map for the moduli space
of Supersymmetric Riemann surfaces. Its target is again N,. As explained in [Codogni and Viviani
2019], this map is rational and factors through a nonreduced classical stack M (= ‘)JZ; / ', in the notation
of [loc. cit.]). The reduced stack underlying M is the irreducible component S; of S; where the spin
structure has an even number of sections. The restriction of the period map to S;," is the spin-Torelli map
studied also in this note. We do not know if this generalization of the spin-Torelli map is rigid.

6. Proof of Theorem 1.4

Let X be a closed orientable real surface of genus g. An unramified finite covering p : X’ — X is called
characteristic if it corresponds to a characteristic subgroup of the fundamental group 771 (X), namely 71 (X")
as a subgroup of 71 (X) must be left invariant by every element of Aut(;r;(X)). Topologically, these are
coverings such that every homeomorphism of X lifts to a homeomorphism of X’ and the lifting process
defines a homomorphism L, : Aut(1(X)) — Aut(m;(X")).

The moduli M; of curves of genus i is realized as the quotient of the Teichmiiller space 7; by the
mapping class modular group DM;. Any characteristic cover p : X’ — X defines a map 7, — 7, (where
g = g(X) and h = g(X’)). By using L, such a morphism descends to a morphism p* : M, — M,
(see [Biswas and Nag 1997, III.1 and III.2] for more details).

The statement of Theorem 1.4 follows now from Lemma 2.1 and the following theorem.

Theorem 6.1. When g > 3, it holds that H*(M,, p*T,) = 0.

Proof. We use the same strategy as in the previous proofs. A smooth projective curve B € M,
corresponds to a nonisotrivial family 7 : C — B of smooth projective curves of genus g, and the morphism
7, : My — M, produces a nonisotrivial family 7" : C" — B of curves of genus & such that over b € B
there is covering C, — C}, induced by p. The fiber of p*Ty4, over b is H I« b T¢;) (the tangent space
to M, at C; = 1,(C})), and hence

P*Tanip = R'w Teyp = (g p)" .
By [Esnault and Viehweg 1990, Theorem 3.1], the bundle n;w% 5 18 ample on B; hence by Lemma 2.4
we have H'(B, P*Tm, 8) = 0. The proof finishes as in the previous cases, by noticing that M, can be
covered by such smooth projective curves B and p*7Ty,, is torsion-free, so that H(B, p*Ty,) = 0 for a
general B implies H%(M ¢» P*Twm,) =0 as wanted. O

Composing the above studied map p* : M, — M, with the Torelli map M, — A;, we obtain a
morphism M, — Aj,. Our methods do not apply immediately to the study of its rigidity, one needs a
more sophisticated understanding of the inclusion p*(M,g) € M), and its tangent spaces. More precisely,
to prove the relevant generalization of Lemma 2.3, given a €tale covering 7 : C, — Cg, it would be
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necessary to understand if a general first order deformation of Cj, compatible with w also satisfies the
properties of [Lee and Pirola 2016, Lemma 2.4].
Given a possibly covering 7 : C;, — C, as above, one could also consider the generalized Prym variety

Pic’(Cy,) /m* Pic®(C ¢) (which inherits a polarization of a certain type 6 depending on the topological type
s
that of (h—g)-dimensional abelian varieties with polarization of type 6. The study of its rigidity presents

of ) and thus construct a generalized Prym morphism M, — Aj; _ from the moduli stack of curves to

the same difficulties of that of Mg — A;, introduced above.

7. Remarks about rigidity of coarse morphisms

Given an (infinitesimally) rigid morphism of stacks F : X — ), one can ask if the corresponding morphism
of coarse spaces f : X — Y is also (infinitesimally) rigid. The answer in this generality is negative, as
the following example shows.

Example 7.1. Let G be the group Z,, X = BG be the quotient stack of a point by G, and ) the quotient
stack of the affine line by the action of G which maps x to —x. There is a unique morphism F : X — ),
which maps BG to the fixed point of the action and is infinitesimally rigid. However, the corresponding
map of coarse spaces does deform. (To make contact with the forthcoming Proposition 7.2, note that in
this case F~!(U) is the empty set.)

It is natural to wonder if the coarse version of the modular morphisms considered in this paper are
rigid. Concerning infinitesimal rigidity, taking into account the criterion given in Lemma 2.1, we can ask
under which conditions H(X', F*Ty) = 0 implies H(X, f*Ty) = 0.

The following definition will be useful. Let V be a sheaf on a variety X, and 7' (V') the torsion subsheaf
of V. The inclusion T(V) < V induces an inclusion i : H*(X, T(V)) — H°(X, V). We say that a
global section of V is a torsion section if it is in the image of i. We have the following partial result.

Proposition 7.2. Let F : X — Y be a morphism of smooth Deligne—Mumford stacks such that
HYX,F*Ty) =0. Let p: X — X and q : Y — Y be the maps to coarse spaces and f : X — Y
the morphism induced by F. Let U C ) be the open subset where q is étale, and assume that F~'(U) C X
is a big open subset (i.e., its complement has codimension at least 2). Then all sections H*(X, f*Ty) are

torsion sections.

Proof. Over a field of characteristic zero, coarse moduli spaces of DM stacks are good; hence the
adjunction morphism f*7y — p,p* f*7Ty is an isomorphism, and thus

HOX, £*Ty) = HOX, p.p* f*Ty) = HO(X, p* *Ty).

We have p* f*Ty = F*q*Ty. On U, we have ¢*7Ty = Ty. Assume by contradiction that there exists an
element s of HO(X, p* f*Ty) which is not torsion. Since it is not torsion, its restriction to F ~1(U) is not
zero; hence HO(F~'(U), p* f*Ty | p-1ty) # 0. Then HO(F~'(U), F*Ty|p-11y) # 0.

As F~1(U) is big in X and F*Ty is locally free, we obtain that H(X, F*Ty) # 0, contradicting
the hypothesis. U
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Let us check whether the hypotheses of Proposition 7.2 are satisfied in our cases. On the one hand, the
map from the moduli stack of ppav (and its variants discussed in this paper) to its coarse moduli space is
étale over the closed points with automorphism group exactly {+1}. The preimage of this open set via
the various Torelli, spin and Prym maps is the open set of curves without automorphisms, which is big in
the moduli space of smooth curves and its variants when g > 4; see, e.g., [Hacking 2008, Lemma 5.3].

On the other hand, characteristic covers are Galois, so the image of p™* lies in the locus of genus 4 curves
with nontrivial automorphisms. This means that Proposition 7.2 cannot be applied to the morphisms
induced by characteristic covers.

Note that torsion sections of f*7y might exist even in simple cases, as the following example shows,
so we cannot exclude that the Torelli morphism has infinitesimal deformations.

Example 7.3. Let Y C C? be a quadratic cone, which has a normal singularity at the vertex. Take as X a line
through the vertex, and f the inclusion. Then f*7y is a rank two sheaf on X = C with torsion at the origin
(a direct computation reveals that the torsion subsheaf is a skyscraper sheaf with two-dimensional fiber).

Unfortunately, we do not know of any systematic study of infinitesimal deformations coming from
torsion sections. Let us pose the following general question in deformation theory, whose study goes
beyond the scope of this paper.

Question 7.4. Let f : X — Y be a morphism of normal varieties. If all global sections of f*7y are
torsion, is f locally rigid?

A variant of the phenomenon encountered here is studied in [Arbarello and Cornalba 1981, Section 6];
in the spirit of [loc. cit.], we might speculate that the answer to Question 7.4 is positive.
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Prismatic G-displays and descent theory

Kazuhiro Ito

For a smooth affine group scheme G over the ring of p-adic integers Z,, and a cocharacter u of G, we
study G-p-displays over the prismatic site of Bhatt and Scholze. In particular, we obtain several descent
results for them. If G = GL,, then our G-u-displays can be thought of as Breuil-Kisin modules with
some additional conditions. The relation between our G-p-displays and prismatic F-gauges introduced
by Drinfeld and Bhatt—Lurie is also discussed.

In fact, our main results are formulated and proved for smooth affine group schemes over the ring of
integers Of of any finite extension E of Q, by using Og-prisms, which are Og-analogues of prisms.

1. Introduction 1685
2. Preliminaries on Og-prisms 1691
3. Displayed Breuil-Kisin modules 1708
4. Display group 1714
5. Prismatic G-pu-displays 1722
6. Prismatic G-pu-displays over complete regular local rings 1738
7. p-divisible groups and prismatic Dieudonné crystals 1752
8. Comparison with prismatic F-gauges 1756
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1. Introduction

Bhatt and Scholze [2022] introduced the theory of prisms. The category of (bounded) prisms with the
flat topology is called the absolute prismatic site. It has been observed that prismatic F-crystals on the
absolute prismatic site introduced in [Bhatt and Scholze 2023] play significant roles in various aspects of
arithmetic geometry. For a smooth affine group scheme G over the ring of p-adic integers Z,, we provide
a systematic study of prismatic F-crystals with certain G-actions, which we call prismatic G-u-displays.
The results obtained here will be used to study the deformation theory of prismatic G-u-displays in [Ito
2025]. We also discuss the relation between prismatic G-u-displays and prismatic F-gauges introduced
in [Drinfeld 2024; Bhatt and Lurie 2022a; 2022b; Bhatt 2022].
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1.1. Prismatic Dieudonné crystals. Anschiitz and Le Bras [2023] introduced prismatic Dieudonné
crystals, which are prismatic F-crystals with additional conditions, and showed that prismatic Dieudonné
crystals can be used to classify p-divisible groups in mixed characteristic. The notion of prismatic
G-p-displays can be seen as a generalization of that of prismatic Dieudonné crystals. Before discussing
prismatic G-u-displays, let us state our main result for prismatic Dieudonné crystals.

Let k be a perfect field of characteristic p > 0 and let W (k) be the ring of p-typical Witt vectors of k.
Let R be a complete regular local ring over W (k) with residue field k. There exists a pair

(A, D) =WHEIn, ..., 0l ©),

with an isomorphism R >~ A/I over W(k), where £ € W (k)[[#1, ..., t,] is a formal power series whose
constant term is p. Here A admits a Frobenius endomorphism ¢ : A — A such that it acts on W (k) as the
usual Frobenius and sends ¢; to tl.p for each i. The pair (A, /) is a typical example of a prism. Let (R)a
be the absolute prismatic site of R (where R is equipped with the p-adic topology). We regard (A, I) as

an object of (R)a. We will prove (and generalize) the following result.

Theorem 1.1.1 (Proposition 7.1.1). The category of prismatic Dieudonné crystals on (R)a is equivalent
to the category of minuscule Breuil-Kisin modules over (A, I).

Anschiitz and Le Bras [2023, Theorem 5.12] proved Theorem 1.1.1 when the dimension of R is <1
(or equivalently n < 1) and stated that their result should be generalized to R of arbitrary dimension.

Remark 1.1.2. A minuscule Breuil-Kisin module over (A, I) is a free A-module M of finite rank equipped
with an A-linear homomorphism

FM:¢*M2:A®¢,AM—>M

whose cokernel is killed by /. For a prismatic Dieudonné crystal M on (R)a, the value M(A, I)
at (A, I) € (R) is by definition a minuscule Breuil-Kisin module over (A, I), and the construction

M= M(A, I) induces an equivalence between the two categories in Theorem 1.1.1.

Anschiitz and Le Bras [2023, Theorem 4.74] showed that the category of prismatic Dieudonné crystals
on (R), is equivalent to the category of p-divisible groups over R. In fact, such an equivalence is obtained
not only for R but also for any quasisyntomic ring (in the sense of [Bhatt et al. 2019, Definition 4.10]),
where we need to replace prismatic Dieudonné crystals by admissible prismatic Dieudonné crystals
[Anschiitz and Le Bras 2023, Definition 4.5].

Although (admissible) prismatic Dieudonné crystals are theoretically important, it is difficult to describe
them explicitly in general. Theorem 1.1.1 provides a practical way to study prismatic Dieudonné crystals
on (R),. For example, this shows that giving a prismatic Dieudonné crystal on (R), is equivalent to
giving a minuscule Breuil-Kisin module over (A, I). The latter can be carried out in a much simpler way
than the former.
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1.2. Prismatic G-p-displays. Let G be a smooth affine group scheme over Z, and i : G, — Gw) a
cocharacter defined over W (k), where Gw ) := G Xspec z, Spec W (k). We will generalize Theorem 1.1.1
to prismatic G-u-displays, or equivalently G-Breuil-Kisin modules of type u, as explained below.

Let (A, I') be a bounded prism in the sense of [Bhatt and Scholze 2022] such that A is a W (k)-algebra.
A G-Breuil-Kisin module over (A, I) is a G-torsor P over Spec A with an isomorphism

Fp: (@"P)[1/1]1 = PI1/1]

of G-torsors over Spec A[1/1], where ¢*P is the base change of P along the Frobenius ¢ : A — A. We
say that P is of type u if, (p, I)-completely étale locally on A, there exists some trivialization P >~ G 4
under which the isomorphism Fp is given by g — Xg for an element X in the double coset

G(Mu(d)G(A) C G(A[L/I]),

where d € I is a generator. The notion of G-Breuil-Kisin modules of type u is important in the study of
integral models of (local) Shimura varieties; see Section 1.3.

We will study G-Breuil-Kisin modules of type u via the theory of higher frames and G-u-displays
developed in [Lau 2021]. More precisely, we introduce and study the groupoid

G- Dispﬂ(A, 1)

of G-p-displays over (A, I). It turns out that G- Disp,, (A, I) is equivalent to the groupoid of G-Breuil-
Kisin modules of type n over (A, I) (Proposition 5.3.8). For a p-adically complete ring R, the groupoid
of prismatic G-u-displays over R is defined to be

G- Dispu((R)A) =2 @(A’I)E(R)AG— Dispﬂ (A, D).

The main result of this paper is as follows. Let R be a complete regular local ring over W (k) with
residue field k. As in Section 1.1, there exists a prism (W (k)[[#1, ..., t, ], (£)) with an isomorphism
R>=W()t, ..., t,1/E over W(k).

Theorem 1.2.1 (Theorem 6.1.3). Assume that the cocharacter  is 1-bounded. Then the following natural
functor is an equivalence:

G-Disp, ((R)a) = G-Disp, (W(K)[z1, ..., ta]l, (£)).

See Definition 4.2.3 for the definition of 1-bounded cocharacters. If G is reductive, then w is 1-bounded
if and only if p is minuscule. A minuscule Breuil-Kisin module of rank N over (W (k)[[t1, ..., t,1, (£))
can be regarded as a GL y-Breuil-Kisin module of type u over (W (k)[[#1, ..., t,], (£)) for a minuscule
cocharacter . Theorem 1.1.1 is a special case of Theorem 1.2.1; see Section 7 for details.

We make a few comments on the proof of Theorem 1.2.1. To simplify the notation, we set (A, ) :=
W1, ..., t.1, (€)). As in the proof of [Anschiitz and Le Bras 2023, Theorem 5.12], the key part of
the proof is to show that every G-u-display Q over (A, I) admits a unique descent datum. More precisely,
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let (A®, I?) be the coproduct of two copies of (A, I) in (R)a and let py, pr: (A, ) — (AP 1) be
the associated morphisms. Then we will prove that there exists a unique isomorphism
€:pjQ = p3Q

of G-p-displays over (A®, I®) satisfying the usual cocycle condition over the coproduct (A®), 1) of
three copies of (A, I). In the case where G = GL, the proof of this claim goes along the same lines
as that of [Anschiitz and Le Bras 2023], but it requires some additional arguments when n > 2. For
general G, we will use some techniques from the proof of [Lau 2021, Proposition 7.1.5].

We also give some basic definitions and results on prismatic G-u-displays. In particular, we establish
several descent results for prismatic G-u-displays, such as flat descent (Proposition 5.2.8) and p-complete
arc-descent (Corollary 5.6.10). We also introduce the Hodge filtration and the underlying G-¢-module of

a prismatic G-u-display. These notions will be needed in the Grothendieck—Messing deformation theory
for prismatic G-u-displays studied in [Ito 2025].

Remark 1.2.2. In fact, Theorem 1.2.1 will be formulated and proved for a smooth affine group scheme G
over the ring of integers Of of any finite extension E of Q. For this, we will use Og-analogues of
prisms, called Og-prisms. This notion was already introduced in [Marks 2023] (in which these objects
are called E-typical prisms). Section 2 is devoted to discussing results analogous to those of [Bhatt and
Scholze 2022, Sections 2 and 3] for Og-prisms. We will define G-u-displays for bounded Og-prisms
in the same way, and prove the above results for them. As explained in Remark 1.3.3 below, it will be
convenient to establish our results in this generality, but the reader (who is familiar with the theory of
prisms) may assume that Og = Z,, and skip Section 2 on a first reading. The arguments for general Og
are the same as for the case where O =Z7,,.

Remark 1.2.3. G-Breuil-Kisin modules of type p may be more familiar to readers than prismatic
G-p-displays. However, in order to prove Theorems 1.1.1 and 1.2.1, and other descent results (e.g.,
Corollaries 5.3.9 and 5.6.10), it is essential to work with prismatic G-u-displays.

Remark 1.2.4. We briefly discuss how our results are related to the theory of G-objects in crystalline
Z p-local systems. Here we follow the terminology of [Imai et al. 2024]. Let R = Ok be the ring of
integers of a finite totally ramified extension K of W (k)[1/p]. Bhatt and Scholze [2023] proved that the
category of prismatic F-crystals on (Og ), is equivalent to the category Loc%rpyS(K ) of free Z,-modules T’
of finite rank with a continuous Gal(K /K)-action such that 7'[1/p] is crystalline. (Here Gal(K /K) is
the absolute Galois group of K.) Using this result, together with [Imai et al. 2024], one can prove that
there is an equivalence of groupoids

G-Disp,, ((Ox)a) => G-Loc ", (K) (1-1)

if G is reductive, where G—Locgpyﬁsﬂ
the sense of [Imai et al. 2024]. More specifically, this follows from [loc. cit., Theorem 2, Proposition 3.13]

and [Ito 2025, Proposition 5.1.16]. Let £ € W (k)[[z] be the Eisenstein polynomial of a uniformizer

(K) is the groupoid of G-objects in Loc%rpys(l( ) having cocharacter p in
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@ € Ok. Then (1-1) and Theorem 1.2.1 give an equivalence

G-Disp,, (W (0)[[1]], (£)) = G-Loc*, (K).

A similar result was previously obtained in [Levin 2015, Corollary 4.3.8] by a completely different method.
(The result of [Bhatt and Scholze 2023] was generalized to higher-dimensional smooth p-adic formal
schemes over Ok ; see [Du et al. 2024; Guo and Reinecke 2024]. However, since a higher-dimensional
complete regular local ring R as in Theorem 1.2.1 is in general not topologically of finite type over W (k)
with respect to the p-adic topology, we cannot directly apply those results to obtain an analogue of (1-1)
for R. We do not pursue this issue here.)

We will also discuss (in the case where O = Z),) the relation between prismatic G-u-displays and
prismatic F-gauges in vector bundles introduced in [Drinfeld 2024; Bhatt and Lurie 2022a; 2022b; Bhatt
2022]. In particular, for a quasisyntomic ring S over W (k), we introduce' the groupoid

G—F—GaugeM(S)
of prismatic G-F-gauges of type |1 over S and construct a fully faithful functor
G—F—GaugeM(S) — G—Dispu((S)A).

See Section 8 for details. This functor can be thought of as a generalization of the fully faithful functor
from the category of admissible prismatic Dieudonné crystals on (S)a to the category of prismatic
Dieudonné crystals on (S)a (see Example 8.1.15). If S is a complete regular local ring over W (k) with
residue field k, then the above functor is an equivalence (Corollary 8.2.12). Thus, we can rephrase
Theorem 1.2.1 as follows:

Corollary 1.2.5 (Theorem 6.1.3, Corollary 8.2.12). Let the notation be as in Theorem 1.2.1. Assume that

w is 1-bounded. Then we have a natural equivalence
G—F—GaugeM(R) = G- Dispﬂ(W(k)[[tl, oL ).

1.3. Motivation. The primary motivation behind this work is to understand some classification results
on p-divisible groups and the local structure of integral local Shimura varieties defined in [Scholze and
Weinstein 2020], by using the theory of prisms. In the following, we explain this in more detail with a
brief review of previous studies.

We first explain the motivation for G = GLy. Let Ok be the ring of integers of a finite totally ramified
extension K of W(k)[1/p]. Let £ € W(k)[[¢] be the Eisenstein polynomial of a uniformizer @ € Ok.

Remark 1.3.1. Anschiitz and Le Bras [2023, Theorem 5.12] obtained the equivalence of categories

p-divisible groups | . | minuscule Breuil-Kisin modules
= (1-2)
over Ok over (WE)[z], (£))
L After this work was completed, Gardner and Madapusi [2024] announced that they defined (certain objects which are
essentially equivalent to) prismatic G-F-gauges of type p for more general p-adically complete rings, using the stacky approach
of Drinfeld and Bhatt-Lurie. See also [Imai et al. 2023] for the relation between our prismatic G- F-gauges of type p and those
defined in [Gardner and Madapusi 2024].
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by combining the classification theorem [Anschiitz and Le Bras 2023, Theorem 4.74] with Theorem 1.1.1
for R = Ok. This result was conjectured in [Breuil 1998], proved in [Kisin 2006; 2009] when p > 3, and
proved in [Kim 2012; Liu 2013; Lau 2014] for all p > 0.

We consider the pair (W (k)[¢]/t", (£)), which is naturally a bounded prism for every n > 1. Lau
[2014] obtained the equivalence of categories

(1-3)

p-divisible groups ~ minuscule Breuil-Kisin modules
over Ok /" over (W(k)[[£]/t", (£))

by a deformation-theoretic argument and then proved (1-2) by taking the limit over n; see [Lau 2014,
Corollary 5.4, Theorem 6.6]. His proof uses the theory of displays, which was initiated by Zink and
developed by many authors, including Zink [2001; 2002] and Lau [2008; 2014]. This classification result
over Ok /@ is important in its own right. For example, this is a key ingredient in the construction
of integral canonical models of Shimura varieties of abelian type with hyperspecial level structure in
characteristic p = 2; see [Kim and Madapusi Pera 2016] for details.

Contrary to Lau’s approach, it is not clear whether the results in [Anschiitz and Le Bras 2023] imply
(1-3) since the Grothendieck—Messing deformation theory does not apply directly to prismatic Dieudonné
crystals. This point is discussed in [Ito 2025], where we develop the deformation theory for prismatic
Dieudonné crystals, or more generally for prismatic G-p-displays when p is 1-bounded. In [loc. cit.], we
construct universal deformations of prismatic G-u-displays over k as certain prismatic G-u-displays over
complete regular local rings of higher dimension, where Theorem 1.2.1 plays a crucial role. As a result,

we can give an alternative proof of the equivalences (1-2) and (1-3).

Remark 1.3.2. In the proof of [Anschiitz and Le Bras 2023, Theorem 4.74] (and hence in the proof of
the equivalence (1-2) of that work), they use [Scholze and Weinstein 2013, Theorem B], which says that
for an algebraically closed complete extension C of Q,, the category of p-divisible groups over Oc is
equivalent to the category of free Z,-modules T of finite rank together with a C-subspace of T ®z, C. In
[Ito 2025], we also give an alternative proof of this result.

We now explain our motivation for general G. The notion of G-u-displays (“displays with G-pu-
structures”) was first introduced in [Biiltel 2008; Biiltel and Pappas 2020] to study Rapoport—Zink spaces
and integral models of Shimura varieties (where G is reductive and u is minuscule). The theory of
G-u-displays has been developed in various settings; see for example [Langer and Zink 2019; Pappas
2023; Lau 2021; Daniels 2021; Bartling 2022]. In fact, the notion of G-u-displays over perfect prisms
was already used in [Bartling 2022]. Bartling used G-u-displays over perfect prisms to prove the local
representability and the formal smoothness of integral local Shimura varieties with hyperspecial level
structure, under a certain nilpotence assumption (introduced in [Biiltel and Pappas 2020, Definition 3.4.2]).
In [Ito 2025], we prove the same assertion without any nilpotence assumptions, by using the universal
deformations of prismatic G-u-displays over k.
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Remark 1.3.3. In [Ito 2025], we establish the above results not only when G is defined over Z,, but also
when G is defined over O, where E is any finite extension of Q,,. For this, it will be convenient to work
with Op-prisms.

The theory of G-u-displays also has applications to K3 surfaces and related varieties; see [Langer
and Zink 2019; Lau 2021; Inoue 2024]. In a future work, we plan to employ prismatic G-u-displays to
investigate the deformation theory for these varieties.

1.4. Outline of this paper. This paper is organized as follows. In Section 2, we collect some basic
definitions and facts about Og-prisms. In Section 3, we discuss the notion of displayed Breuil-Kisin
modules (of type 1), which will serve as examples of prismatic G-u-displays. In Section 4, we introduce
and study the display group G, (A, I), which is used in the definition of prismatic G-u-displays. The
structural results about G, (A, I') obtained there play crucial roles in the study of prismatic G-u-displays.

Sections 5 and 6 are the main parts of this paper. In Section 5, we introduce prismatic G-u-displays,
give some basic definitions (e.g., Hodge filtrations and underlying G-¢-modules), and establish several
descent results. In Section 6, we prove our main result (Theorem 1.2.1).

In Section 7, we make a few remarks on prismatic Dieudonné crystals, and prove Theorem 1.1.1. Finally,
in Section 8, we provide a comparison between prismatic G-u-displays and prismatic F-gauges. In
particular, we introduce the notion of prismatic G- F-gauges of type p for quasisyntomic rings over W (k).

Notation. In this paper, all rings are commutative and unital. For a module M over a ring R and a ring
homomorphism f : R — R/, the tensor product M ®g R’ is denoted by Mg or f*M. For a scheme X
over R, the base change X xgpec g Spec R’ is denoted by Xz or f*X. We use similar notation for the
base change of group schemes, p-divisible groups, etc. Moreover, all actions of groups will be right
actions, unless otherwise stated.

2. Preliminaries on O g-prisms

Throughout this paper, we fix a prime number p. Let E be a finite extension of Q,, with ring of integers Of
and residue field [,. Here [, is a finite field with g elements. We fix a uniformizer = € Og.

In this section, we study an “Of-analogue” of the notion of prisms. Such objects are called Og-prisms
in this paper. This notion was also introduced in [Marks 2023] (in which Og-prisms are called E-typical
prisms). We discuss some properties of Og-prisms which we need in the sequel. We hope that this section
will also help readers unfamiliar with [Bhatt and Scholze 2022] to understand some basic facts about prisms.

2.1. Prisms. We first recall the definition of bounded prisms.
Let A be a Zp)-algebra. A §-structure on A is amap é : A — A of sets with the following properties:
(1) (1) =0.
(2) 8(xy) =xP8(y) + yP8(x) + pd(x)8(y).
3) s(x+y)=8(x)+8(y) + &P +y? —(x+y)P)/p.
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A §-ring is a pair (A, §) of a Z(,)-algebra A and a §-structure 6 : A — A. The above equalities imply that
¢:A— A, x+—xP+pdx),

is a ring homomorphism which is a lift of the Frobenius A/p — A/p, x > xP.
In the following, for a ring A and an ideal I C A, we say that an A-module M is [-adically complete
(or x-adically complete if I is generated by an element x € [) if the natural homomorphism

M~ M:=limM/I"M
is bijective. '
Definition 2.1.1 [Bhatt and Scholze 2022]. A bounded prism is a pair (A, I) of a 6-ring A and a Cartier
divisor I C A with the following properties:
(1) Ais (p, I)-adically complete.
(2) A/I has bounded p-torsion, i.e., (A/I)[p>] = (A/I)[p"] for some integer n > 0.
(3) Wehave pe (1,9 (1)).

We say that a bounded prism (A, I) is orientable if I is principal.

Remark 2.1.2. Under the condition that A/ has bounded p°°-torsion, the requirement that A is (p, I)-
adically complete is equivalent to saying that A is derived (p, I)-adically complete; see [Bhatt and
Scholze 2022, Lemma 3.7]. We refer to [loc. cit., Section 1.2] and [Stacks 2005—, Tag 091N] for the
notion of derived complete modules (or complexes). For a ring A and a finitely generated ideal I C A,
if an A-module M is [-adically complete, then M is derived /-adically complete; see [Stacks 2005—,
Tag 091T] or [Positselski 2023, Lemma 2.3].

2.2. §g-rings. In this subsection, we recall the notion of §g-rings, which is an “Og-analogue” of the
notion of a §-ring. We define

80,7 O —> O, x> (x—x%)/m.

Definition 2.2.1 [Marks 2023, Definition 2.2]. (1) Let A be an Og-algebra. A §g-structure on A is a
map §g : A — A of sets with the following properties:

(@) Sp(xy) =x98p(y) + y18E(x) + w8 (X)3E(y).

(d) Sp(x+y)=38p(x)+6e() + ! +y? = (x+y)) /7.

(c) 6 : A — A is compatible with §p, . 1.e., we have §g(x) =80,  (x) for any x € Of.
A $g-ring is a pair (A, 6g) of an Og-algebra A and a §g-structure 6 : A — A.

(2) A homomorphism f : (A, 8g) — (A, 8%;) of §g-rings is a homomorphism f : A — A’ of Og-algebras
such that f odg =8 o f.
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The term (x9 4+ y? — (x + y)9) /7 in (b) makes sense since we can write it as

(Wl yt = pm== 3 ((1)/m)'yr,

O<i<gq
We usually denote a §g-ring (A, dg) simply by A.

Remark 2.2.2. The notion of § g-rings also appeared in [Borger 2011, Remark 1.19; Li 2022] for example.
In the end of the latter work, Li suggests using &g-structures for the study of prismatic sites of higher
level over ramified bases.

Remark 2.2.3. The notion of §g-rings is essentially independent of the choice of w. More precisely, let
n’ € Of be another uniformizer. We write m = usx’ for a unique unit u € Oy. If an Og-algebra A is
equipped with a §g-structure g : A — A with respect to 7, then it also admits a §g-structure with respect
to 7/, defined by x +— udg(x).

For a §g-ring A, we define
Pa:A—> A, x> x1+7w8p(x).

We see that ¢4 is a homomorphism of Of-algebras and is a lift of the g-th power Frobenius A/ — A/m,
x +— x9. The homomorphism ¢4 is called the Frobenius of the §g-ring A. When there is no ambiguity,
we omit the subscript and simply write ¢ = ¢ 4.

Remark 2.2.4. If A is a w-torsion-free Og-algebra, then the construction 6z +— ¢ gives a bijection
between the set of §g-structures on A and the set of homomorphisms ¢ : A — A over O that are lifts of
A/r — A/m, x — x9.

Example 2.2.5 (free 6 g-rings). We define an endomorphism ¢ of the polynomial ring Og[Xg, X1, X2, ...]
by X; — Xl.q + 7 X;+1 (i > 0). By Remark 2.2.4, we get the corresponding §g-structure on the ring
Of[Xo, X1, X2, ...], which sends X; to X;+1. We write

Op{X}

for the resulting §g-ring. As in the proof of [Bhatt and Scholze 2022, Lemma 2.11], one can check
that Or{X} has the following property: For a §g-ring A and an element x € A, there exists a unique
homomorphism f : Og{X} — A of §g-rings with f(Xg) = x. In other words, the §g-ring Og{X} is a
free object with basis X := X in the category of §g-rings.

The same argument as in the proof of [loc. cit., Lemma 2.11] also shows that the Frobenius ¢ :
Op{X} — Og{X} is faithfully flat; this fact will be used in Section 2.6.

Lemma 2.2.6. For a §g-ring A, the Frobenius ¢ : A — A is a homomorphism of Sg-rings.

Proof. Let x € A be an element. We have to show that ¢ (§g(x)) = §g(¢(x)). Since there exists a
(unique) homomorphism f : Og{X} — A of §g-rings with f(X) = x, it suffices to prove the assertion
for A = Og{X}, which is clear since A is m-torsion-free and ¢ : A — A is ¢-equivariant. [l
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Following [loc. cit., Remark 2.4], we shall give a characterization of §g-rings in terms of ramified Witt
vectors. For an Og-algebra A, let

Wog x2(A)
denote the ring of m-typical Witt vectors of length 2: the underlying set of Wo, 2(A) is A x A, and for
(x0, x1), (Yo, ¥1) € Wo, 7,2(A), we have
(x0, x1) + (yo, y1) = (x0 + Yo, x1 + y1 + (x§ + y§ — (xo + y0)?)/7),
(x0, x1) - (o, Y1) = (X0Y0, X4 1 + ya X1 + X1 Y1).
If Op =7, and m = p, then Wp, »2(A) is the ring W>(A) of p-typical Witt vectors of length 2. For

a detailed treatment of the rings of m-typical Witt vectors (of any length), we refer to [Schneider 2017,
Section 1.1; Borger 2011].

Remark 2.2.7 (cf. [Bhatt and Scholze 2022, Remark 2.4]). The map
OE - WOE,JT,Z(A)’ X = (x7 SOE,JT (x))’

is a ring homomorphism for any Ofg-algebra A. We regard Wy, »2(A) as an Og-algebra by this
homomorphism. Let
€:Wopx2(4) > A, (x0,x1) = xo,

denote the projection map, which is a homomorphism of Og-algebras. For a §g-structure 6 : A — A,
the map 5 : A — Wp, »2(A) defined by x — (x, §g(x)) is a homomorphism of Ofg-algebras such that
€ os =1idy4. By this procedure, we obtain a bijection between the set of §g-structures on A and the set of
homomorphisms s : A — Wo, »2(A) of Og-algebras satisfying € os =id4.

Remark 2.2.8 (cf. [Bhatt and Scholze 2022, Remark 2.7]). It follows from Remark 2.2.7 that the category
of §g-rings admits all limits and colimits, and they are preserved by the forgetful functor from the category
of §g-rings to the category of Of-algebras.

The following two lemmas will be used frequently in the sequel.

Lemma 2.2.9. Let A = (A, §g) be a Sg-ring and I C A an ideal. Then I is stable under 8 if and only
if A/I admits a §g-structure that is compatible with the one on A. If such a §g-structure on A/I exists,
then it is unique.

Proof. This follows immediately from the definition of §g-structures (see the proof of [Bhatt and Scholze
2022, Lemma 2.9]). O

Lemma 2.2.10. Let A be a §g-ring and let I C A be a finitely generated ideal containing . Then, for any
integer n > 1, there exists an integer m > 1 such that, for any x € A, we have §g(x +1™) CSg(x)+ 1" In

particular, the I-adic completion of A admits a unique Sg-structure that is compatible with the one on A.
Proof. The proof is the same as that of [Bhatt and Scholze 2022, Lemma 2.17]. (Il

We shall discuss some properties of perfect §g-rings, which are defined as follows.
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Definition 2.2.11. We say that a §g-ring A is perfect if the Frobenius ¢ : A — A is bijective.
Lemma 2.2.12 [Marks 2023, Lemma 2.11]. A perfect §g-ring A is w-torsion-free.

Proof. This is proved in [Marks 2023, Lemma 2.11], and follows from the same argument as in the proof
of [Bhatt and Scholze 2022, Lemma 2.28]. O

Example 2.2.13. Let R be an [,-algebra. Assume that R is perfect (i.e., R — R, x > x?, is bijective).
Let W(R) be the ring of p-typical Witt vectors and we define

Wo,(R) :=W(R) ®w,) Ok-

Let ¢ : Wo,(R) = Wo,(R) denote the base change of the g-th power Frobenius of W(R). This is a
lift of the g-th power Frobenius of Wy, (R)/m = R. Since Wp, (R) is m-torsion-free, we obtain the
corresponding 8 g-structure on Wp, (R). It is clear that Wy, (R) is a perfect §g-ring.

Lemma 2.2.14. The functor R — Wo, (R) from the category of perfect F,-algebras to the category of

w-adically complete Og-algebras admits a right adjoint given by A +— lim A/TA.

Xt—>xP

Proof. This is well known in the case where O = Z, (see [Szamuely and Zabradi 2018, Proposition 3.12]
for example). The general case follows from this special case. U

Corollary 2.2.15 [Marks 2023, Proposition 2.13]. The following categories are equivalent:
o The category Cy of m-adically complete perfect §g-rings (A, Sg).
o The category C; of m-adically complete and m-torsion-free Og-algebras A such that A/ A is perfect.
o The category C3 of perfect [F,-algebras R.

More precisely, the functors Ci — Cy — C3 — Cy, defined by (A, 8g) — A, Ar— A/, R+— Wp,.(R),
respectively, are equivalences.

Proof. Using Lemma 2.2.14, one can prove the assertion in exactly the same way as [Bhatt and Scholze
2022, Corollary 2.31]. (I

Corollary 2.2.16. Let A be a perfect §g-ring and B a w-adically complete §g-ring. Then any homomor-
phism A — B of Og-algebras is a homomorphism of 8g-rings.

Proof. We may assume that A is m-adically complete. It then follows from Lemma 2.2.14 and
Corollary 2.2.15 that A — B is ¢-equivariant. We recall that ¢ : B — B is a homomorphism of
8p-rings by Lemma 2.2.6. Let BP* be a limit of the diagram

B B e ...

in the category of §g-rings, which is a perfect §g-ring. Since A is perfect, A — B factors through a
¢-equivariant homomorphism A — BP of Og-algebras. It follows from the 7 -torsion-freeness of BP™
(see Lemma 2.2.12) that A — B is a homomorphism of §g-rings. Since A — B is the composition
A — BPf 5 B the assertion follows. |
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2.3. Og-prisms. We now introduce Og-prisms.
Definition 2.3.1 [Marks 2023, Definition 3.1]. (1) An Og-prism is a pair (A, I) of a §g-ring A and a
Cartier divisor I C A such that A is derived (7, I)-adically complete and w € I + ¢ (1) A.
(2) We say that an Og-prism (A, I) is bounded if A/I has bounded p>-torsion.
(3) We say that an Og-prism (A, I) is orientable if I is principal.
(4) An oriented and bounded Og-prism (A, d) is an orientable and bounded Og-prism (A, I) with a
choice of a generator d € 1.
(5) Amap f: (A, I) — (A, I') of Og-prisms is a homomorphism f : A — A’ of §g-rings such
that f(I) C I’
If O = Z,, then bounded Og-prisms are nothing but bounded prisms.
Remark 2.3.2. Let (A, I) be a bounded Og-prism. By [Tian 2023, Proposition 2.5(1)] (see also
Lemma 2.5.1 below), we see that A is (;r, I)-adically complete. Moreover, since A/ is derived m-adically

complete and has bounded p°-torsion, it follows that A/ is w-adically complete (see [Bhatt et al. 2019,
Lemma 4.7] for example).

Let A be a §g-ring. Following [Bhatt and Scholze 2022, Definition 2.19], we say that an elementd € A

is distinguished if §g(d) € A, i.e., §g(d) is a unit. Since §p, »(m) =1— n? e OE, we see thatm € A
is distinguished.
Lemma 2.3.3. Let A be a §g-ring and d € A an element. Assume that 7w is contained in the Jacobson
radical rad(A) of A.

(1) Assume that d = fh for some elements f,h € A with f € rad(A). If d is distinguished, then f is

distinguished and h € A™.
(2) Assume that d € rad(A). Then d is distinguished if and only if w € (d, ¢ (d)).

Proof. This can be proved exactly in the same way as [Bhatt and Scholze 2022, Lemmas 2.24 and 2.25].
See also [Marks 2023, Lemma 2.9]. O

The following rigidity property plays a fundamental role in the theory of Og-prisms.

Lemma 2.3.4 (cf. [Bhatt and Scholze 2022, Lemma 3.5]). Let (A, I) — (A’, I') be a map of Og-prisms.

Then the natural homomorphism I @ 4 A’ — I A’ is an isomorphism and [A' = TI".

Proof. By using [Marks 2023, Lemma 3.4], this follows from the same argument as in the proof of [Bhatt
and Scholze 2022, Lemma 3.5]. We recall the argument in the case where both (A, I) and (A’, I) are
orientable. It follows from Lemma 2.3.3(2) that any generator d € I is distinguished. Let d’ € I’ be a
generator. Then Lemma 2.3.3(1) implies that d is mapped to ud’ for some u € A’*. In particular, the
image of d in A’ is a nonzerodivisor, and we obtain / @4 A" => IA’ and [A' =T". O

The following lemma will be used several times in this paper.
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Lemma 2.3.5 (cf. the proof of [Bhatt and Scholze 2022, Lemma 4.8]). Let A be a perfect §g-ring and
(B, I) a bounded Og-prism. Then any homomorphism A — B/I of Og-algebras lifts uniquely to a
homomorphism A — B of §g-rings.

Proof. By Corollary 2.2.16, it is enough to check that the homomorphism A — B/ lifts uniquely to
a homomorphism A — B of Og-algebras. We may assume that A is w-adically complete, and then
A >~ Wo, (R) for some perfect [,-algebra R by Corollary 2.2.15. Since B is (i, I)-adically complete
and B/I is m-adically complete, it suffices to prove that, for every integer n > 1, any homomorphism
W,(R) — B/(x", I) of W,([F,)-algebras lifts uniquely to a homomorphism W,(R) — B/(x", I") of
W, (F,)-algebras (here W,(R) = W(R)/p"). This follows from the fact that the cotangent complex
Lw,r)/w,,) 18 acyclic [Szamuely and Zabradi 2018, Lemma 3.27(1)]. g

We give some examples of Of-prisms.

Example 2.3.6 (cf. [Bhatt and Scholze 2022, Example 1.3(1)]). Let A be a m-adically complete and
m-torsion-free Og-algebra. Let ¢ : A — A be a homomorphism over O which is a lift of the g-th power
Frobenius of A/m. This homomorphism induces a §g-structure on A, and the pair (A, (;r)) is a bounded
Og-prism.

Definition 2.3.7 (Og-prism over O). Let k be a perfect field containing [,. We will write
O:=W(k)®wr,) OF
instead of Wp,, (k). An Og-prism over O is an Og-prism (A, I) with a homomorphism O — A of §g-rings.
Let O = W (k) W, Og be as in Definition 2.3.7. Let

G :=0I[t,..., ]

(where n > 0) and let ¢ : Gp — G be the homomorphism such that ¢ (¢;) = tiq (1 <i <n)and its restriction
to O agrees with the Frobenius of O. Since G is w-torsion-free, ¢ gives rise to a g-structure on Sp.

Proposition 2.3.8 (cf. [Bhatt and Scholze 2022, Example 1.3(3)]). Let £ € G be a formal power series
whose constant term is a uniformizer of O. Then the pair (S, (£)) is a bounded Og-prism over O.

Proof. We shall show that & € (£, ¢ (£)); the other required conditions are clearly satisfied. It is enough
to check that g (&) € 68 For this, it suffices to show that the image of 6g(€) in Gp/(t, ..., 1) =0 is
a unit, which is clear since the constant term of £ is a uniformizer of O. O

We call (Gp, (£)) an Og-prism of Breuil-Kisin type in this paper. Here n could be any nonnegative
integer. Such a pair is also considered in [Cheng 2018].

2.4. Perfectoid rings and Og-prisms. The notion of (integral) perfectoid rings in the sense of [Bhatt
et al. 2018, Definition 3.5] plays a central role in the theory of prismatic G-u-displays. We refer to
[loc. cit., Section 3] and [éesnaviéius and Scholze 2024, Section 2] for basic properties of perfectoid
rings. We recall the definition of perfectoid rings and some notation from [Bhatt et al. 2018, Section 3].
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A ring R is a perfectoid ring if there exists an element @ € R such that p € (w)? and R is w-adically
complete, the Frobenius R/p — R/p, x — xP is surjective, and the kernel of # : W (R”) — R is principal.
Here

R’ := lim R/p
X—>xP
and @ : W(R") — R is the unique homomorphism whose reduction modulo p is the projection R* — R/ p,
(x0, X1, - ..) > x9. The homomorphism 8 is the counit of the adjunction given in Lemma 2.2.14 (in the
case where O =Z,,). By [Bhatt et al. 2018, Lemma 3.9], there is an element " € R’ such that 8([z"])
is a unit multiple of ', where [—] denotes the Teichmiiller lift.

Example 2.4.1. (1) An [ ,-algebra R is a perfectoid ring if and only if it is perfect; see [Bhatt et al.
2018, Example 3.15].

(2) Let V be a p-adically complete valuation ring with algebraically closed fraction field. Then V is a
perfectoid ring. This follows from [loc. cit., Lemma 3.10].

Let O be as in Definition 2.3.7. If R is a perfectoid ring over O (i.e., R is a perfectoid ring with a
ring homomorphism © — R), then R” is naturally a k-algebra, and Wo, (R”) = W(R") ®w,) O is an
O-algebra. Let

b0, : Wo, (R”) — R

be the homomorphism induced from 6.

Lemma 2.4.2 (cf. [Fargues and Scholze 2021, Proposition II.1.4]). The kernel Ker0p, of 6o, is a

principal ideal. Moreover, any generator of Ker 6o, is a nonzerodivisor in Wep,, (R").

Proof. Let @ € R be an element such that R is @ -adically complete and p € (z)”. By [Bhatt et al. 2018,
Lemma 3.10(i)], after replacing @ by O([(w”)V/P"]) for some integer n > 0, we have w € (zw). Then we
can write 7 = 6 ([e "]x) for some element x € W (R") since 6 is surjective. We shall show that 7w — [°]x
generates Kerfp,, .

Let £(T)e W (k)[T] be the (monic) Eisenstein polynomial of = € O so that we have W(k)[T]/E(T) = O,
T — m. We see that

Wo, (R)/(x = [@"1x) = W(R)IT1/(ET), T — [@"]x)
~ W(R")/E([w]x).

It thus suffices to show that £([z°]x) is a generator of the kernel Ker 6 of 6. It is clear that £ ([w"1x) €
Ker 6. Since £([e”]x) is a unit multiple of an element of the form p + [ "]y, the proof of [Bhatt et al.
2018, Lemma 3.10] shows that £([z°]x) € Ker 6 is a generator.

It remains to prove that any generator & € Ker 6, is a nonzerodivisor. We recall that Ker 6 is generated
by a nonzerodivisor £’ € W(R"). Since W(F,) — Ok is flat, the element £’ is a nonzerodivisor in
Wo, (R"). This implies that & is a nonzerodivisor since we have &’ € (§) = Ker6p, . [l
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Proposition 2.4.3 (cf. [Bhatt and Scholze 2022, Example 1.3(2)]). Let R be a perfectoid ring over O and
we write I := Ker 6p,. Then the pair
(Wo (R), Ig)

is an orientable and bounded O g-prism over O.

Proof. By the proof of Lemma 2.4.2, we know that I is generated by a nonzerodivisor of the form
£ =m —[(w')"]b, where @’ € R is such that R is w’-adically complete and p € (z')”. In order to show
that Wo,, (R) is (7, £)-adically complete, it suffices to show that W (R") is (p, [(z’)"])-adically complete,
which is easy to check (see also the proof of [éesnaviéius and Scholze 2024, Proposition 2.1.11(b)]).
Moreover W, (R")/& = R has bounded p*-torsion by [Bhatt and Scholze 2022, Lemma 3.8].

It remains to show that = € (§, ¢(&)). It suffices to prove that 6 (§) € Wo,, (R")*. The image of §g (&)
in Wp,, (Rb)/[(w’)b] isequal to 1 — 721 (we note that Wo, (Rb)/[(w’)b] is mr-torsion-free) and hence is
a unit, which in turn implies that 8¢ (§) € Wo, (R")*. [l

A homomorphism R — S of perfectoid rings over O induces a map (Wo, (R"), Iz) — (Wo, (S), Is)
of Og-prisms over O.

Remark 2.4.4. We say that an Og-prism (A, I) is perfect if the §g-ring A is perfect. By [Marks 2023,
Lemma 3.10], a perfect Og-prism (A, 1) is bounded and orientable. Moreover, in [loc. cit., Theorem 3.18],
it is proved that A/ is a perfectoid ring. These facts, together with Lemma 2.3.5 and Proposition 2.4.3,
imply that the functor (A, I) — A/I from the category of perfect Og-prisms to that of perfectoid rings
over Of is an equivalence, whose inverse is given by R — (Wop, (R"), Ig). This is an analogue of [Bhatt
and Scholze 2022, Theorem 3.10].

2.5. Prismatic sites. For aring A, let D(A) denote the derived category of A-modules. Let I C A be a
finitely generated ideal. We say that a complex M € D(A) is I-completely flat (resp. I-completely faithfully
flat) it M ®DA A/1 is concentrated in degree O and it is a flat (resp. faithfully flat) A//-module. One can
easily check that this definition is equivalent to the one introduced in [Bhatt and Scholze 2022, Section 1.2].

Lemma 2.5.1. Let (A, I) be a bounded Og-prism.

(1) For a complex M € D(A), the derived (i, I)-adic completion of M is isomorphic to
RUm(M @Y A/(t. 1)").
n

In particular, if M is (7w, I)-completely flat, then the derived (i, I)-adic completion of M is concen-
trated in degree Q.

(2) Let M be an A-module. Assume that M is (rw, I)-completely flat and derived (i, I)-adically complete.
Then M is (r, I)-adically complete. Moreover the natural homomorphism M ® 4 I — M is injective
and M /I""M has bounded p™-torsion for any n.

Proof. (1) The assertion follows from [Tian 2023, Proposition 2.5(1)] or the proof of [Bhatt and Scholze
2022, Lemma 3.7(1)]. This can also be deduced from the results discussed in [Yekutieli 2021]; by
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[Yekutieli 2021, Corollary 3.5, Theorem 3.11], it suffices to prove that the ideal (7, I) C A is weakly
proregular in the sense of [loc. cit., Definition 3.2], which follows from the same argument as in the proof
of [loc. cit., Theorem 7.3].

(2) It follows from (1) that M is (m, I)-adically complete. The second statement can be proved in the
same way as [Bhatt and Scholze 2022, Lemma 3.7(2)]. (In [loc. cit.], we should assume that M is derived
(p, I)-adically complete.) U

We say thatamap [ : (A, I) — (A’, I') of bounded Og-prisms is a (faithfully) flat map if A — A’ is
(7, I-completely (faithfully) flat. If f is a faithfully flat map, then we say that (A’, I') is a flat covering
of (A, 1).

Remark 2.5.2. Foramap f : (A, I) — (A, I') of bounded Og-prisms, we have A’ ®£ A/l ~ A/l by
Lemma 2.3.4, which in turn implies that

A'QuA/(m, 1)~ A/T' R, A/, ). 2-1)
In particular f is a (faithfully) flat map if and only if A/I — A’/I’ is w-completely (faithfully) flat.

Definition 2.5.3. Let R be a -adically complete Og-algebra. Let

(R, 05

denote the category of bounded Og-prisms (A, I) together with a homomorphism R — A/l of Og-
algebras. The morphisms f : (A, I) — (A’, I') in (R)a o, are the maps of Og-prisms such that A/I —
A’/I' is a homomorphism of R-algebras. We endow the opposite category (R)/ZI?OE with the topology
generated by the faithfully flat maps. This topology is called the flat topology.

We note that (Og)a 0, 18 just the category of bounded Og-prisms. If O = Z,, then (R)a o, is the
category (R), introduced in [Bhatt and Scholze 2022, Remark 4.7]. The category (R)a (or its opposite)
is called the absolute prismatic site of R.

Remark 2.5.4. A diagram
(Ar, ) <& (A1, I) L5 (43, 1)

in (R)a 0, such that g is a flat map, admits a colimit (i.e., a pushout). Indeed, by Lemma 2.5.1(1),
the (7, I3)-adic completion A := (A2 ®4, A3)” is isomorphic to the derived (7, I3)-adic completion of
As ®DA1 As. In particular A is (7, I3)-completely flat over As. (Here we use that J-complete flatness
is preserved under base change and taking derived J-adic completions.) It follows from Remark 2.2.8
and Lemma 2.2.10 that A admits a unique §g-structure that is compatible with the §g-structures on A,
and Az. By Lemma 2.5.1(2), we see that (A, I3A) is a bounded Og-prism. By construction, (A, I3A) is
a colimit of the above diagram. As a result, it follows that (R)X?OE is indeed a site.

Remark 2.5.5 (cf. [Bhatt and Scholze 2022, Corollary 3.12]). A faithfully flat map (A, I) — (A’, I')
induces faithfully flat homomorphisms A/(r, I)" — A’/(z, I")" and A/(n", I) — A’/(x", I') for any n.
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It follows that the functors
Or:(Rr0, = Set, (A, I)— A,
O : (R)r.0, = Set, (A, I)— A/I,
form sheaves with respect to the flat topology. Here Set is the category of sets.

More generally, we have the following descent result.

Proposition 2.5.6. The fibered category over (O E)ZI?OE which associates to each (A, I) € (Og)a, 0, the
category of finite projective A-modules satisfies descent with respect to the flat topology. The same holds
for finite projective A/I-modules.

Proof. For aring B and an ideal J C B such that B is J-adically complete, the natural functor
{finite projective B-modules} — 2 — lim, {finite projective B/J"-modules}

is an equivalence; see for example [Bhatt 2016, Lemma 4.11]. The assertions of the proposition follow
from this fact and faithfully flat descent for finite projective modules over A/(w, I)" and A/(xw", I),
respectively. See also [Anschiitz and Le Bras 2023, Lemma A.1, Proposition A.3]. (Il

Definition 2.5.7. For a bounded Og-prism (A, I), let
(A, Da

be the category of bounded Of-prisms (B, J) with a map (A, ) — (B, J). We endow (A, I)/zp with the
flat topology induced from ((’)E)XI?OE.

Example 2.5.8. (1) Let O be as in Definition 2.3.7. The category (O)a o, is the same as the category
of bounded Opg-prisms over O by Lemma 2.3.5.

(2) Let R be a perfectoid ring over Og. It follows from Lemma 2.3.5 that (R)a ¢, is the same as the
category (Wo,(R"), Ir)a.

Let A — B be aring homomorphism and / C A a finitely generated ideal. We say that A — B is
I-completely étale if B is derived [-adically complete, B ®"A A/I is concentrated in degree 0, and B/I B
is étale over A/I. We write A for the category of I-completely étale A-algebras. If 1 =0, then A; ¢
is just the category A¢ of étale A-algebras.

Lemma 2.5.9. Let (A, I) be a bounded Og-prism.

(1) A ring homomorphism A/l — C is m-completely étale if and only if C is mw-adically complete
and C /7" is étale over A/(n", I) for every integer n > 1. If this is the case, then C has bounded
pC-torsion.

(2) A ring homomorphism A — B is (rr, I)-completely étale if and only if B is (w, I)-adically complete
and B/(mw, I)" is étale over A/(m, 1)" for every n > 1. If this is the case, then B ®HA A/l = B/IB
and A/1 — B/IB is w-completely étale.
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(3) The functors
A e —> (A/Dge = (A/ (7, I))ers

where the first one is defined by B — B/IB and the second one is defined by C — C/m, are

equivalences.

Proof. This result is well known to specialists, but we include a proof for the convenience of the reader.

(1) Assume that A/I — C is w-completely étale. Then, since A/l has bounded p°°-torsion, [Bhatt et al.
2019, Lemma 4.7] implies that C is w-adically complete and has bounded p®°-torsion. Since C/x" is flat
over A/(x", I) and C/m is étale over A/(m, I), it follows that C /7" is étale over A/(x", I) for any n.

We next prove the “if”” direction, so we assume that C is w-adically complete and C /7" is étale over
A/(z", I) for any n. We want to show that C ®LL‘ /1 A/(m, I) is concentrated in degree 0. There exists an
étale A/I-algebra Cy such that Co/m >~ C/m over A/(m, I); see for example [Arabia 2001, Section 1.1]
or [Stacks 2005—, Tag 04D1] (this is known as a special case of Elkik’s result [1973]). One easily sees
that the derived mr-adic completion of Cy, the w-adic completion of Cy, and C are isomorphic to each
other. Then we obtain

C®Y A/, 1)~ Co®Y,, A/, 1)~ Co/m.
This proves the assertion.

(2) Assume that A — B is (i, I)-completely étale. We easily see that B/(rr, I)" is étale over A/(m, I)"
It follows from Lemma 2.5.1 that B is (i, [)-adically complete and we have B ®% A/l = B/IB. Itis
then clear that A/l — B/I B is m-completely étale.

The “if”” direction can be proved by the same argument as in (1). Suppose that B is (7, [)-adically
complete and B/ (s, I)" is étale over A/ (s, I)" for any n. As above, there exists an étale A-algebra By
such that the (i, I)-adic completion of By is isomorphic to B. It follows from Lemma 2.5.1(1) that B is
isomorphic to the derived (s, I)-adic completion of By, which in turn implies that B is (;r, I)-completely
étale over A.

(3) This follows from the proofs of (1) and (2). U

Lemma 2.5.10 (cf. [Bhatt and Scholze 2022, Lemma 2.18]). Let (A, I) be a bounded Og-prism and
A — B a (w, I)-completely étale homomorphism. Then B admits a unique §g-structure compatible with
that on A. Moreover, the pair (B, I B) is a bounded Og-prism.

Proof. 1t suffices to prove the first statement by Lemma 2.5.1. For this, we proceed as in the proof of
[Bhatt and Scholze 2022, Lemma 2.18].

We regard Wo,. .2(B) as an A-algebra via the composition A — Wo, r2(4) = Wo, ».2(B), where
A — Wpo, z2(A) is the homomorphism corresponding to the ég-structure on A (Remark 2.2.7). Then
Wo,.x2(B) is (m, I)-adically complete. Indeed, we have an exact sequence of A-modules

0—> ¢.B > Wo, n2(B) <> B —> 0,
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where we write ¢, B for B regarded as an A-algebra via the composition A LN B,and V : ¢.B —
Wog.z,2(B) is defined by x — (0, x). Since B ®BL4 A/(m, I)" is concentrated in degree 0 and both ¢, B
and B are (7, [)-adically complete, we can conclude that Wy, » 2(B) is (r, I)-adically complete.

As in the proof of Lemma 2.5.9, there exists an étale A-algebra By such that the (;r, I)-adic completion
of By is isomorphic to B. Since Wy, »2(B) is (Ker€)-adically complete and A — By is étale, there
exists a unique homomorphism sg : By = W, »2(B) of A-algebras such that € o 59 coincides with
By — B. Then, since Wp, »2(B) is (i, I)-adically complete, we see that so : Bo — Wo, »2(B) extends
to a unique homomorphism s : B — Wp, ».2(B) of A-algebras such that € o s =idp, which corresponds
to a unique dg-structure on B compatible with that on A by virtue of Remark 2.2.7. U

Example 2.5.11. Let R be a perfectoid ring over O and let R — S be a w-completely étale (or
equivalently, p-completely étale) homomorphism. By [Anschiitz and Le Bras 2023, Corollary 2.10] or
[Lau 2018, Lemma 8.11], we see that S is a perfectoid ring. Moreover, the isomorphism (2-1) implies
that Wo, (R”) — Wo, (S”) is (, Ig)-completely étale.

Let (A, I) be a bounded Og-prism. We say that a homomorphism B — B’ of (rr, I)-completely étale
A-algebras is a (7, I)-completely étale covering if

Spec B'/(rr, I) — Spec B/(m, I)

is surjective, or equivalently, the homomorphism B — B’ is (rr, I)-completely faithfully flat. We note
that B — B’ is automatically (7, I)-completely étale.

Definition 2.5.12. We write
(A, Dg

for the category of (s, I)-completely étale A-algebras instead of A 1)«. We endow the opposite
category (A, I )ztp with the topology generated by the (i, /)-completely étale coverings, which is called
the (;r, I)-completely étale topology.

The category (A, 1 )ZF admits fiber products. Indeed, a colimit of the diagram C <— B — D in (A, I)g
is given by the (77, I)-adic completion of C ® g D; see Remark 2.5.4. It follows that (A, I )(é)tp is a site.

Remark 2.5.13. Recall that, for a (;r, I)-completely étale A-algebra B € (A, I)¢, the pair (B, I B) is
naturally a bounded Og-prism by Lemma 2.5.10. We can regard (A, I)g as a full subcategory of the
category (A, I)a. The (m, I)-completely étale topology on (A, I )gf coincides with the one induced from
the flat topology.

Remark 2.5.14. Any bounded Og-prism (A, 1) admits a (7, I)-completely étale covering A — B such
that (B, I B) is orientable. Indeed, there exists an étale and faithfully flat homomorphism A — A’ such
that I A’ is principal. The (7, I)-adic completion B of A’ is a (7, I)-completely étale covering of A (by
Lemma 2.5.1). Since 1 A’ is principal, the bounded Og-prism (B, I B) is orientable.
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2.6. Prismatic envelopes for regular sequences. The existence and the flatness of prismatic envelopes
for regular sequences are proved in [Bhatt and Scholze 2022, Proposition 3.13]. In this subsection, we
give an analogous result for Og-prisms. We will freely use the formalism of animated rings here. For the
definition and properties of animated rings, see for example [Cesnavi&ius and Scholze 2024, Section 5]
and [Bhatt and Lurie 2022a, Appendix A]. (See also [Lurie 2016, Chapter 25], where animated rings are
called simplicial rings.)

We recall some terminology from [Cesnavitius and Scholze 2024; Bhatt and Scholze 2022]. To an
animated ring A, we can attach a graded ring of homotopy groups D, 7, (A). For an animated ring A,
the derived quotient of A with respect to a sequence xi, ..., X, € no(;ﬂ) is defined by

.....

Here Z[ X1, ..., X,]— A is a morphism such that the induced ring homomorphism Z[ X1, ..., X, ] — mo(A)
is given by X; — x;. In [Bhatt and Scholze 2022], the derived quotient is denoted by Kos(A4; x1, ..., X,).
We say that a morphism A — B of animated rings is flat (resp. faithfully flat) if mo(B) is flat (resp.
faithfully flat) over mo(A) and we have 7, (A) ®x,(a) 70(B) = 7,(B) for any n > 0.

Before stating the result, let us quickly recall the definition of an Og-PD structure, and its relation to
S g-structures.

Definition 2.6.1 [Hopkins and Gross 1994, Section 10; Faltings 2002, Definition 14]. Let A be an
Og-algebra and I C A an ideal. An Og-PD structure on I is a map y, : I — I of sets with the following
properties:

(1) myr(x) =x4.
(2) Yr(ax) =alyy(x), where a € A.
Q) Ve x+Y) =y (X)) + (V) + &+ y! — (x+y)9) /7.

Example 2.6.2 [Faltings 2002, Section 7]. Let n > 0 be an integer and let Og[(X; ;)] be the polynomial
ring with variables X; ; indexed by integers i, j with 1 <i <n and j > 0. We write

OplXy, ..., X,I'P

for the quotient of Og[(X; ;)] by the ideal generated by the elements XZ i wX; jy1 foralli, j. The

image of X; o in Og[X}, ..., X,1PP is denoted by X;. We see that Op[X1, ..., X, PP is canonically
isomorphic to the Og-subalgebra of E[X1, ..., X,] generated by Xiqj/7r1+q+”‘+q’7l (1<i<nandj>0).
The ideal I'° c Og[X4, ..., X,I*P generated by the elements X; ; admits an Og-PD structure y;, such

that y (X; ;) = X j+1. In fact, the pair (Og[X1, ..., X,I*P, I*P) is the Og-PD envelope (in the usual
sense) of the polynomial ring Og[ X1, ..., X,] with respect to the ideal (Xy, ..., X,).

Lemma 2.6.3 (cf. [Bhatt and Scholze 2022, Lemma 2.38]). Let B be a m-torsion-free Og-algebra.

Let xi, ..., X, € B be a sequence such that (B/w)/" (X1, ..., X,) is concentrated in degree 0, where
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X1, ...,Xy € B/m are the images of xi,...,x, € B. We set
C = B®p,x,...x,) OElX1, .., Xal™P,

where OplX1, ..., Xn] — B is defined by X; — x;. Then C is concentrated in degree 0 and mo(C) is
1 -torsion-free. Moreover the pair (7y(C), IPP70(C)) is the O-PD envelope of B with respect to the
ideal (x1, ..., Xxp).

In the following, we will write
Dy,....0)(B) = 110(C) = B ®0y1x,....x,1 OE[X1, ... X,I™P.

Proof. The proof is identical to that of [Bhatt and Scholze 2022, Lemma 2.38]. O

We also need the following construction. Let B be a §g-ring. Let d € B be an element and be
X1,...,%, € B asequence. We set B{X}:= B ®p, Opg{X} and let

B{Xi,..., X,}
be the n-th tensor power of B{X} over B. We consider the diagram of §¢-rings
B <L B{Xy, ..., X} %> B{Y),..., Y,
where f is defined by X; — x; and g is defined by X; — dY;. Let
Bi{xi/d, ..., x,/d}

denote the pushout of this diagram, which is a §g-ring over B with the following property: For a
homomorphism B — C of §g-rings such that the image of d is a nonzerodivisor in C and x; € dC
for all i, there exists a unique homomorphism B{x;/d, ..., x,/d} — C of §g-rings over B. We let
xi/d € B{x1/d, ..., x,/d} denote the image of ¥; € B{Yy,..., Y, }.

Using this construction, we can relate § g-structures to Og-PD structures.

Lemma 2.6.4 (cf. [Bhatt and Scholze 2022, Lemma 2.36]). We have a natural isomorphism

(Oe{X1, ..., XuDlo(XD) /7, ..., ¢0(Xn)/7w} = Dx,...x,)(Oe{X1, ..., Xu})
of Op{X1i, ..., X,}-algebras.

Proof. This can be proved in the same way as [Bhatt and Scholze 2022, Lemma 2.36]. We include a
sketch of the proof.

We set B := Op{Xy, ..., X,}. Since the Frobenius ¢ : B — B is faithfully flat by Example 2.2.5, it
follows that C := B{¢(X1)/7, ..., (X,)/m} is w-torsion-free. Since ¢ (X;) /7w = X?/n +6r(X;), C can
be regarded as the smallest é g-subring of B[1/m] which contains B and X? /7 (1 <i <n). On the other
hand, since D := D(x,,....x,)(B) is w-torsion-free by Lemma 2.6.3, we see that D is the Og-subalgebra
of B[1/m] generated by B and X;’J Jaitat+d™ (1 <j<pand j>1).
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We shall prove that C = D in B[1/x]. Let us first show that D C C. For this, it suffices to prove that,
for every 1 <i < n, we have X?j Jita+-+4""'c C for all j > 1. We proceed by induction on j. The
assertion is clear for j = 1. Assume that the assertion is true for some j > 1. Then we have

SE(XT fm'tat ey = (X pm ety (O m ratt  ay

) g1 i+ tqd
=X /potat e X gltatte e

To prove that X?Hl/nl*‘”'”*qj € C, it is enough to show that ¢(X;)? /x?ta+-+4'" ¢ C. Since
¢ (X;)/m = Xiq /m + 8g(X;) is contained in C, the assertion now follows from the inequality g/ >
24q+-+q7
It remains to prove that C C D. Since ¢(X;)/m = X ? /T 4+ 6p(X;) is contained in D, the inequality

g/ >24+q+---+¢q/~ for j > 1 implies that

$(XT Jr oty = g (x0T e
for j > 1. Since

(X9 jritat 4 = g (x?" itattdy e o,

we see that ¢ preserves D and that the reduction modulo 7w of ¢ : D — D is the g-th power Frobenius.
This implies that C C D. U

Corollary 2.6.5 (cf. [Bhatt and Scholze 2022, Corollary 2.39]). Let B be a m-torsion-free §g-ring.
Let x1,...,x, € B be a sequence such that (B/rr)/[L()?], ..., Xy) is concentrated in degree 0. We

.....

Op{X1,..., X} = O{Y,...,Y,} is defined by X; — wY;. Then D is concentrated in degree 0.
Moreover

mo(D) = B{lop(x1) /7, ..., d(x,)/7}

is 7 -torsion-free, and is isomorphic to D(y,, . x,)(B) as a B-algebra.

.....

Proof. Since ¢ : Og{Xy, ..., X} = Og{Xy, ..., X,} is faithfully flat by Example 2.2.5, we have an
identification

D=B&%, x, .x) OpX1, ... X, DOXD /7, ..., (X)),
where Og{X1, ..., X,} — B is defined by X; — x;. Then Lemma 2.6.4 implies that
D~ B®p,x,...x,) Dxix (O£{X1, ... X))
By Lemma 2.6.3, we have

..... X0 (Op{X1, .., Xa) = Op{X1, ..., Xu} ®b,1x,...x.) OFI X1, ooy X

.....

again. O

Now we can state the desired result:
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Proposition 2.6.6 (cf. [Bhatt and Scholze 2022, Proposition 3.13]). Assume that (A, I) is an orientable
and bounded Og-prism. Let d € I be a generator. Let B be a §g-ring over A. Let x1,...,x, € B bea
sequence such that the induced morphism

A/M d) = B/Mdxi - x) (22)
of animated rings is flat. (In other words, the sequence x1, . .., x, € B is (w, I)-completely regular relative
to A in the sense of [Bhatt and Scholze 2022, Definition 2.42].) We set J :=(d, x1, ..., x,) C B. Then

the following assertions hold:

(1) The (z, I)-adic completion B{J/I}" of B{x\/d, ...,x,/d} is (z, I)-completely flat over A. In
particular, the pair
(B{J/I}", I1B{J/1}")

is an orientable and bounded Og-prism. Moreover B{J/I}" is (7, I)-completely faithfully flat over A if
the morphism (2-2) is faithfully flat.

(2) For a bounded Og-prism (D, I D) over (A, I) and a homomorphism B — D of §g-rings over A such
that J D C I D, there exists a unique map of Og-prisms

(B{J/ I}, IB{J/I}") — (D, ID)

over B. Moreover, the formation of B{J/I}" commutes with base change along any map (A, I) —
(A', I') of bounded Og-prisms, and also commutes with base change along any (7, I)-completely flat
homomorphism B — B’ of 8g-rings.

See [Bhatt and Scholze 2022, Proposition 3.13(3)] for the precise meaning of the last statement.

.....

B{Yi, ..., Y,} in the co-category of animated rings, where the first map is defined by X; — x; and the
second one is defined by X; — dY;. It suffices to prove that if the morphism (2-2) is flat (resp. faithfully
flat), then C is (7, I)-completely flat (resp. (7, I)-completely faithfully flat) over A. Indeed, if this is true,
then the derived (7, I')-adic completion of C is isomorphic to B{J/I}", and in particular B{J/I}" is
(7, I)-completely flat (resp. (7, I)-completely faithfully flat) over A. It is then easy to see that B{J/I}"
has the desired properties.

In order to prove that C is (&, I)-completely flat (resp. (;r, I)-completely faithfully flat) over A, one
can argue as in the proof of [loc. cit., Proposition 3.13]. (The faithful flatness is not discussed in [loc. cit.],
but the same argument works.) The only difference is that we have to use Og-PD structures, instead of
usual PD structures. Here we need the results established above (e.g., Corollary 2.6.5). The details are
left to the reader. U

The bounded Og-prism (B{J/I}", IB{J/I}") is called the prismatic envelope of B over (A, I) with
respect to the ideal J.
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Remark 2.6.7. As in [Bhatt and Scholze 2022, Proposition 3.13], we need to use animated §g-rings in
the proof of Proposition 2.6.6. (For example, in the proof of [loc. cit., Proposition 3.13], the notion of
animated 8 g-rings is used to obtain the description of the bottom right vertex C” of the diagram appearing
there.) One can define the notion of animated g-rings in the same way as in [Mao 2024, Section 5] (i.e.,
by animating §g-rings). Alternatively, we can follow the approach employed in [Bhatt and Lurie 2022b,
Appendix A].

3. Displayed Breuil-Kisin modules

In this section, we study Breuil-Kisin modules for bounded Og-prisms. We introduce the notions of a
displayed Breuil-Kisin module and of a minuscule Breuil-Kisin module. These objects serve as examples
of prismatic G-u-displays introduced in Section 5.

3.1. Displayed Breuil-Kisin modules. We use the following notation. Let A be a ring. For A-modules M
and N, the set of A-linear homomorphisms M — N is denoted by Hom4 (M, N). Let I C A be a Cartier
divisor. For an integer n > 1, we define /™" := Homy4 (/", A). We have a natural injection / ™" <— [ —n—1
for any integer n. We then define

All/I]:=lim 17",

which is an A-algebra. For an A-module M, we set M[1/I] := M ®4 A[1/I]. If I is generated by a
nonzerodivisor d, then we have A[1/I]= A[l/d] and I ™" =d"A.

Lemma 3.1.1. Let M, N be finite projective A-modules and let F : N[1/1] = M[1/1] be an A[1/1]-

linear isomorphism. For an integer i, we set
Fil'(N):={x e N|F(x) e M®4 I'},
where we view M @4 I' as a subset of M[1/I]. Let m be an integer. Then the following are equivalent:
(1) Fil"™(N) CIN.
(2) M4 1™ C F(N).

If these equivalent conditions are satisfied, then F restricts to an isomorphism Fil™ (N) => M ® I, and

in particular Fil" (N) is a finite projective A-module.

Proof. The final statement clearly follows from (2). We shall prove that (1) and (2) are equivalent. For
this, we can reduce to the case where / = (d) is principal.

Assume that (1) holds. Let x € M. We want to show that d"x € F(N). For a large enough integer n,
we have d"x € F(N). Let y € N be an element such that F(y) = d"x. If n > m + 1, then we have
y € Fil"*!(N) c I N, which in turn implies that " ~'x € F(N). From this observation, we can conclude
that " x € F(N).

Assume that (2) holds. Let y € Fil" ! (N). There exists an element x € M such that F (y) =d"*x.
The condition (2) implies that d"x = F(z) for some z € N. It then follows that y =dz € I N. [l
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Let (A, I) be a bounded Og-prism.

Definition 3.1.2. A Breuil-Kisin module over (A, I) is a pair (M, Fjs) consisting of a finite projective
A-module M and an A[1/[]-linear isomorphism

Fy : (@"M)[1/1] = M[1/I],

where ¢*M := A ®4,4 M. When there is no possibility of confusion, we simply write M instead of
(M, Fyr). For an integer i, we set

Fil (¢*M) :={x € ¢*M | Fyy(x) e M @4 I'}.
Let P! C (¢*M)/I(¢p*M) be the image of Fil’ (¢* M). We often write
MR = (¢*"M)/1(¢p*M).

Remark 3.1.3. If Fj;(¢*M) C M, then we say that M is effective. In this case, the induced homomorphism
¢*M — M is again denoted by Fjs. The cokernel of Fj; : ¢*M — M is killed by some power of 1.

Conversely, for a finite projective A-module M and a homomorphism Fj; : ¢*M — M of A-modules
whose cokernel is killed by some power of /, the induced homomorphism (¢*M)[1/1] — M[1/I] is an
isomorphism. Indeed, it is clear that (¢*M)[1/1] — M[1/1] is surjective, which in turn implies that it is
an isomorphism since (the vector bundles on Spec A associated with) ¢*M and M have the same rank.
In particular, it follows that Fy; : ¢*M — M is injective.

Remark 3.1.4. For any integer i, we have I Fil' " (¢* M) = Fil' (¢* M) N I (¢*M). In other words, the
natural homomorphism Fil’ (p*M)/1 Fili_l(cgb*M) — P! is bijective. We have P! = Mgy for small
enough i and P! = 0 for large enough i.

Definition 3.1.5. Let M be a Breuil-Kisin module over (A, I). We say that M is displayed if the
A/I-submodule P! C Mg is a direct summand for every i. In this case, the filtration {P'};c7 is called
the Hodge filtration. We say that M is minuscule if it is displayed, and if we have P/ = Mg for any i <0
and P! =0 for any i > 2.

The following proposition, which is basically a consequence of [Anschiitz and Le Bras 2023,
Remark 4.25], shows that the definition of a minuscule Breuil-Kisin module given in Definition 3.1.5
agrees with the usual one employed in the literature (for example in [Kisin 2006, Section 2.2] and
[Anschiitz and Le Bras 2023, Definition 4.241]).

Proposition 3.1.6. Let M be a Breuil-Kisin module over (A, I). The following statements are equivalent:

(1) M is minuscule.

(2) M is effective, and the cokernel Coker Fyy of Fy - ¢*M — M is killed by 1.

Proof. Assume that (1) holds. It follows from P® = Myr and Nakayama’s lemma that Fil’(¢*M) = ¢* M.
Moreover, we have IM C Fy(¢*M) by Lemma 3.1.1. This proves that (1) implies (2).
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Assume that (2) holds. It follows from Lemma 3.1.1 that Fil? (¢*M) C I1(¢p*M), and hence P’ =0 for
any [ > 2. Since M is effective, we have Pl = MR for any i <0. It remains to prove that P! is a direct
summand of Mgr. For this, it suffices to show that (¢*M)/ Fil' (¢*M) is projective as an A/I-module.
Since we have the exact sequence of A/I-modules

0— (¢p*M)/Fil'(¢*M) — M/IM — Coker Fy; — 0,

it suffices to prove that Coker F; is a projective A/I-module. With Lemma 3.1.7 below, this follows
from the same argument as in [Anschiitz and Le Bras 2023, Remark 4.25]. O

Lemma 3.1.7. Let (A, I) be an Og-prism. For a perfect field k containing T, and a homomorphism
g: A/l — k of Og-algebras, there exists amap (A, I) — (O, (w)) of Og-prisms which induces g, where
O :=W(k) Qwe, Ok.
Proof. Let Aperf := liAr% A be a colimit of the diagram A 2Ad A , which is a perfect §g-ring.
Since k is perfect, the homomorphism A/m — k induced by the composition A — A/l — k factors
through a homomorphism Aperr/r — k. This homomorphism lifts uniquely to a homomorphism Apef — O
of § g-rings by Lemma 2.3.5. The composition A — Ape;r — O gives amap (A, I) — (O, (7)) which
induces g, as desired. [l
We shortly discuss the relation between the notion of minuscule Breuil-Kisin modules and that of
windows introduced by Zink and Lau. We recall the notion of windows, adapted to our context. Let

(A, d) be an oriented and bounded Og-prism.
Definition 3.1.8. A window over (A, d) is a quadruple
N = (N, Fil'(N), @, @),

where N is a finite projective A-module, Fil'(N) C N is an A-submodule, ® : N — N and ® :
Fil'(N) — N are ¢-linear homomorphisms, such that the following conditions hold:

(1) We have dN C Fill(N), and ®(x) = ®,(dx) for every x € N.

(2) The image P! € N/dN of Fil' (N) is a direct summand of N /dN.

(3) The linearization 1 ® ®; : ¢* Fil'(N) — N of ®, is an isomorphism.

Proposition 3.1.9 (cf. [Cais and Lau 2017, Lemma 2.1.16; Anschiitz and Le Bras 2023, Proposition 4.26]).
For a window N over (A, d), the pair (Fil'(N), F), where F : o* Fil'(N) — Fil/(N) is defined by
F=d(1® ®,), is a minuscule Breuil-Kisin module over (A, (d)). This construction gives an equivalence

between the category of windows over (A, d) and the category of minuscule Breuil-Kisin modules
over (A, (d)).

Proof. By virtue of Proposition 3.1.6, we can use the same argument as in the proof of [Cais and Lau
2017, Lemma 2.1.16]. ]

We study the structure of displayed Breuil-Kisin modules. For this, we introduce the following
definition. Let (A, I) be a bounded Og-prism.
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Definition 3.1.10. Let M be a Breuil-Kisin module over (A, I). A decomposition ¢p*M = jez Lj
is called a normal decomposition if the isomorphism Fy; : (¢*M)[1/1] = M][1/I] restricts to an
isomorphism

P17y =M

jez
of A-modules.

Remark 3.1.11. If p*M =, _, L; is a normal decomposition, then we have

jez
Fit' ¢ = (P L) o (D 17L))
jzi j<i
for every i € Z. In particular, a Breuil-Kisin module over (A, 1) which admits a normal decomposition is
displayed. In the next lemma, we shall prove that the converse is also true.

Lemma 3.1.12. Let M be a displayed Breuil-Kisin module over (A, I). Then there exists a normal
decomposition *M =P, L;.

Proof. We choose a decomposition (¢*M)/1(¢p*M) = @jez K ; such that Pl = ®jzi K; for every i.
Since K is a finite projective A/I-module and A is I-adically complete, there exists a finite projective
A-module L; such that L;/IL; >~ K for every j; see [Stacks 2005—, Tag 0D4A] or [Greco 1968, Theo-
rem 5.1] for example. Moreover we have L ; = 0 for all but finitely many j. Since Fil' (¢*M) — P! is sur-
jective, there exists a homomorphism L; — Fil’ (¢* M) which fits into the following commutative diagram:

L,'—>Ki

| |

Fil' (p*M) —> P!

The induced homomorphism €5 jezLj— ¢*M is an isomorphism since it is a lift of the isomorphism
P jez K; = (¢*M)/I(¢*M). We shall prove that, under this isomorphism, Fil' (¢* M) coincides with
(Bjsi Lj)@(B;; '/ L)) forany i € Z. This implies that @ ;. L, is a normal decomposition.

We proceed by induction on i. The assertion clearly holds for small enough i. Let us assume that the
assertion holds for an integer i. Since

(@ ILj) o (@ 1f+1—ij> — [ Fil (¢*M) C Fil'*! (¢* M)
jzi J<i
and 5 j=it1 Lj C Fil'*!(¢* M) by construction, we obtain
(@ 1)s(@ 1) crrm,
ji+l j<i+l

The left-hand side contains I Fil' (¢* M) and the quotient by I Fil (¢*M) is equal to P'*!. The same
holds for the right-hand side by Remark 3.1.4. Therefore, this inclusion is actually an equality. ]
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Let f:(A,I)— (A, I') be a map of bounded Og-prisms. For a Breuil-Kisin module (M, Fj;) over
(A, I),let Fyy,, : (9" (Ma))[1/1'] => Ma/[1/1'] be the base change of Fy;, where My :=M ®, A’. We
also write f*M for (M4, Fy,,).

Proposition 3.1.13. Let (M, Fy;) be a Breuil-Kisin module over (A, I).

(1) Assume that (M, Fyy) is displayed. Then (Mya/, Fuy,,) is a displayed Breuil-Kisin module over
(A’, I'), and we have Fil' (¢* M) @ 4 A’ => Fil' (p*(My)) for any integer i.

(2) Assume that (M y', Fy,,) is displayed and f : (A, 1) — (A', I') is a faithfully flat map of Og-prisms.
Then (M, Fyp) is displayed.

Proof. (1) This follows from Remark 3.1.11, Lemma 3.1.12, and the fact that normal decompositions are
preserved under base change.

(2) We note that Fil’ (¢*(M4)) is a finite projective A’-module for any i by Lemma 3.1.12 and
Remark 3.1.11. Since Fil' (¢*(M 4/)) is stable under the natural descent datum of ¢*(M 4/) (with respect
to the flat covering (A, I) — (A’, I')) by (1), it follows from Proposition 2.5.6 that there is a descending
filtration {Fil'};cz of ¢*M by finite projective A-submodules such that Fil' @ 4 A’ — ¢*(M4/) induces an
isomorphism Fil' ® 4 A’ => Fil’ (¢*(M4)) for any i.

Let m be an integer such that M @ 4 I C Fy(¢*M). Then Fil"™ = Fil" (¢*M) (see Lemma 3.1.1).
Moreover, we have I Fil'~! c Fil’ for any i, and / Fill "' = Fil' fori >m+1. In particular, we obtain
Fil' = Fil' (¢p*M) for i > m.

Let i be any integer. We claim that the natural homomorphism of A//-modules

coFil JTFiI~ — (¢*M) /1 (¢p* M)

is injective and its cokernel is a finite projective A/I-module. Indeed, it suffices to show that for every
closed point x € Spec A/1, the base change of ¢ to the residue field k(x) is injective. Since x is contained
in Spec A/(w, I) and Spec A’/ (rr, I') — Spec A/(m, I) is surjective, it is enough to prove that the base
change of « along A/I — A’/I’ is injective and its cokernel is a finite projective A’/I’-module. This
follows from the assumption that (M4, Fyy,,) is displayed.

It follows from the claim that  Fil' ' = I (¢* M) NFil’, or equivalently, Fil ~! = ¢*M N (Fil' @ 417 1).
Since Fil' = Fil' (¢* M) for i > m, we can conclude that Fil' = Fil' (¢* M) for any i. This, together with
the claim, shows that (M, Fj,) is displayed. O

Remark 3.1.14. The functor
(OB, 0, — Set, (B, J)— B[1/J],

forms a sheaf (with respect to the flat topology) by Lemma 2.3.4 and Remark 2.5.5. Thus for finite
projective A-modules M, M’, the functor (A, I)y — Set which associates to each (B, J) € (A, I) the
set of isomorphisms Mp[l1/J] = M 1’9[1 /J1] forms a sheaf. This fact, together with Proposition 2.5.6,
implies that the fibered category over (OE)ZI? Op which associates to a bounded Og-prism (A, I) the
category of Breuil-Kisin modules over (A, I') satisfies descent with respect to the flat topology.
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Corollary 3.1.15. The fibered category over (OE)ZE,)OE which associates to a bounded Og-prism (A, I) the
category of displayed Breuil-Kisin modules over (A, I) satisfies descent with respect to the flat topology.

Proof. This follows from Proposition 3.1.13 and Remark 3.1.14. U
We finish this subsection by giving an example of a Breuil-Kisin module which is not displayed.

Example 3.1.16. Let (A, /) be an orientable and bounded Og-prism. We assume that A/[ is w-torsion-
free and A/I # 0. We set M := A? and let Fy; : $*M — M be the homomorphism defined by the matrix
(Z jz) for a generator d € I. The pair (M, F);) is a Breuil-Kisin module over (A, I). We claim that
P! / P? is not w-torsion-free, and thus (M, Fy;) is not displayed. Indeed, since (d, 1) € Fi11(¢>*M ), we

have (0, 1) € P! € Mgr. One can check that the image of (0, 1) in P'/P? is not zero and is killed by 7.
3.2. Breuil-Kisin modules of type j.. Here we introduce the notion of Breuil-Kisin modules of type w. Let
M Gm - GLn,O

be a cocharacter defined over O, where O = W (k) QW (F,) Org is as in Definition 2.3.7. There is a

unique tuple (my, ..., m,) of integers m; > - -- > m,, such that u is conjugate to the cocharacter defined
by t +— diag (™', ..., t"). By abuse of notation, the tuple (my, ..., m,) is also denoted by u. Let
ri € Z> be the number of occurrences of i in (my, ..., m,). Weset L := O% and Lp := L ®p, O. The

cocharacter x induces an action of G, on Lp. We have the weight decomposition
Lo=@PLy,.
jez
where an element t € G,,(0) = O™ actson L, ; by x t/x for every j € Z. (See for example [Conrad
et al. 2015, Lemma A.8.8] for the existence of the weight decomposition over a ring.) The rank of L, ;
is equal to r;.
Let (A, I) be a bounded Og-prism over O.
Definition 3.2.1. Let M be a displayed Breuil-Kisin module over (A, ). We say that M is of type u if,
for the Hodge filtration {P!};c7, the successive quotient P!/ Pi*1 s of rank r; (i.e., the corresponding
vector bundle on Spec A/I has constant rank r;) for every i. We say that M is banal if all successive
quotients P’/ Pi*! are free A/I-modules.

We write BK,, (A, I) (resp. BK, (A, I)panal) for the category of Breuil-Kisin modules over (A, I') of
type u (resp. banal Breuil-Kisin modules over (A, I) of type w).

Remark 3.2.2. We set
Fill = <EB(LM-)A) ® (GB 1"—<f(L,L,,~)A) C A",
j=i j<i
where (L, j)a =L, Qo A. Let M € BK, (A, Ipanal. Let ¢*M = @jez
Then, each L; is a free A-module of rank r;. Thus there is an isomorphism A" >~ ¢*M such that the
filtration {Fil! };cz coincides with {Fil' (¢*M)};ez.

L ; be a normal decomposition.
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Remark 3.2.3. Let M be a displayed Breuil-Kisin module over (A, I). Then there exists a (m, I)-
completely étale covering A — A X --- X A, such that for each 1 < j < m, the base change of M to
the bounded Ofg-prism (A, I A;) (see Lemma 2.5.10) is of type  for some p and banal. Indeed, by
Lemma 2.5.9, it suffices to prove that there exists an étale and faithfully flat homomorphism A/(r, I) —
By X - -+ X By, such that, for all 1 < j <m and i, the base change P'/P'*'®,,; B, is free over B;, which
is clear.

4. Display group

Let G be a smooth affine group scheme over Of. Let k be a perfect field containing [, and we set
O .=W(k) ®W([Fq) Opg. Let
w:Gy — Go =G Xspeco, Spec O

be a cocharacter defined over O. In this section, we introduce the display group G, (A, I') for an orientable
and bounded Og-prism (A, I) over O. The display group will be used in the definition of prismatic
G-p-displays.

4.1. Definition of the display group. Let A be an O-algebra with an ideal I C A which is generated by a
nonzerodivisor d € A.

Definition 4.1.1. We define
Gu(A,1):={g € G(A) | u(d)gu(d)~" lies in G(A) C G(A[1/1])}.
The group G, (A, I) is called the display group. We note that G, (A, I') does not depend on the choice of d.

Remark 4.1.2. The definition of the display group given here is a translation of the one given in [Lau
2021] to our setting; see Remark 5.2.3 for details. If G is reductive and p is minuscule, such a group was
also considered in [Biiltel and Pappas 2020].

For the cocharacter i : G,, - G, we endow G » with the action of G, defined by

Go(R) x Gy (R) — Go(R), (g,1) > () 'gu(), (4-1)

for every O-algebra R. We note that this action is the inverse of the one used in Definition 4.1.1. We
write G = Spec Aj; and Ag := A; Qp, O, so that Gp = Spec Ag. Let

Ag = @ Ag,i

ieZ

be the weight decomposition with respect to the action of G,,. An element t € G,,(R) = R* acts on
Agi ®o Rby x — tix.
Remark 4.1.3. Let R be an O-algebra. For any ¢ € G,,(R) and any g € Go(R) with corresponding
homomorphism g*: Ag — R, the homomorphism

() 'gu@)*: Ag — R

corresponding to w(®) " 'gu(t) € Go(R) sends an element x € Ag,ito t'g*(x) € R.
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Lemma 4.1.4. Let g € G(A) be an element. Then g € G, (A, I) if and only if g*(x) € I'A for every
i > 0andeveryx € Ag,;.

Proof. This follows from Remark 4.1.3. U

Example 4.1.5. Assume that G = GL,,. Let i : G,, - GL, ¢ be a cocharacter and let (m, ..., m,) be
the corresponding tuple of integers m; > --- > m, as in Section 3.2. Let {Fil;}iez be the filtration of
M := A" defined as in Remark 3.2.2. Then we have

(GL.) (A, I) = {g € GL,(A) | g(Fil},) =Fil!, for every i € Z}.
Let d € I be a generator. For any g € (GL,), (A, I), the following diagram commutes:
Fil"t ——*— Fil™
_j/ d d -1 l_
M pu(d)gu(d) M

where FilZ” —> M is defined by d™"' u(d).

4.2. Properties of the display group. For the cocharacter i : G,, — G, we consider the closed subgroup
schemes P, U, C Go over O defined by, for every O-algebra R,

P,(R)={geGR) | lim (g~ exists}),
t—
Uy (R)={g € G(R) | lim ()" gpu(r) = 1}.
(We refer to [Conrad et al. 2015, Lemma 2.1.4] for the definition of lim,_,¢ 1 (f)gu()~'.) We see that

P, and U, are stable under the action of G,, on Go given by (4-1). The group schemes P, and U, are
smooth over O. Moreover, the multiplication map

Ult_ X Spec © PM — Go

is an open immersion. See [Conrad et al. 2015, Section 2.1], especially Proposition 2.1.8 of that work,
for details.

Remark 4.2.1. We have employed slightly different notation than in [Lau 2021]. For example, in that
work, the subgroup P, (resp. U,;) is denoted by P~ (resp. U .

Lemma 4.2.2. (1) Let R be an O-algebra and g € Go(R) an element. Then g € P, (R) if and only if
g% (x) =0 foreveryi > 0 and every x € Ag,;.
(2) We have P,(A) C G, (A, 1), and the image of G, (A, I) in G(A/I) under the projection G(A) —
G(A/I) is contained in P,(A/I). Moreover ju(d) P, (A pu(d)~ " is contained in P, (A).

Proof. Remark 4.1.3 immediately implies (1). Assertion (2) follows from (1) and Lemma 4.1.4. U
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Definition 4.2.3 [Lau 2021, Definition 6.3.1]. The action of (5, on G given in (4-1) induces an action
of G,, on the Lie algebra Lie(G»). Let

Lie(Go) = P i
ieZ

be the weight decomposition with respect to the action of G,,. We say that the cocharacter u : G,, - Go
is 1-bounded if g; = 0 for i > 2.

In general, the Lie algebra Lie(U " )of U " coincides with @izl g;- (We also note that Lie(P,) =
;<0 9:-) Thus w is 1-bounded if and only if Lie(U,) = g1.
Remark 4.2.4. If G is a reductive group scheme over O, then u is 1-bounded if and only if wu is
minuscule, that is, the equality Lie(Gp) = g—1 @ go D g1 holds.
Example 4.2.5. Assume that G = GL,,. The cocharacter G,, — GL,, ¢ defined by

t— diag (¢, ..., "™ T

S n—s
for some integers m and s (0 <s < n) is 1-bounded. In fact, any 1-bounded cocharacter of GL, o is
conjugate to a cocharacter of this form.

For a free O-module M of finite rank, we let V(M) denote the group scheme over O defined by
R+— M ®p R for every O-algebra R.

Lemma 4.2.6. There exists a G,,-equivariant isomorphism
log : v, = V(Lie(Ul:))
of schemes over O which induces the identity on the Lie algebras. If u is 1-bounded, then the isomorphism
log is unique, and it is an isomorphism of group schemes over O.
Proof. The same arguments as in the proofs of [Lau 2021, Lemmas 6.1.1 and 6.3.2] work here. O

Remark 4.2.7. (1) An isomorphism log: U e V (Lie(U " )) as in Lemma 4.2.6 induces a bijection

U, (ANGL(A, ) = P I (gi ®0 A).

i>1
(2) If p is 1-bounded, then we identify U, with V(Lie(U,)) by the unique isomorphism log. In
particular, we view Lie(U) ®v A as a subgroup of G(A). We then obtain

I(Lie(U,) ®0 A) = (Lie(U,) ®0 A) NG, (A, I).
Moreover, the following diagram commutes:
I(Lie(U,) ®0 A)—— G (A, I)

dvr—»vl lg*—ﬁt(d)g//«(d)l
Lie(UM_) R A—— G(A)
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Proposition 4.2.8 (cf. [Lau 2021, Lemma 6.2.2]). Assume that A is I-adically complete. Then the
multiplication map

WU, (ANGL(A, 1) x P(A) = Gu(A, I) 4-2)
is bijective.
Proof. Since P,(A) C G,(A,I) by Lemma 4.2.2, the map (4-2) is well-defined. Since the map
U, Xspeco Py — G o is an open immersion, the map (4-2) is injective.

We shall show that the map (4-2) is surjective. Let g € G, (A, I) be an element. By Lemma 4.2.2, the
image of g in G(A/I) is contained in P,(A/I). Since P, is smooth and A is [-adically complete, there
exists an element r € P,(A) whose image in P, (A/I) coincides with the image of g. The restriction
of the morphism gz~! : Spec A — G to Spec A/I factors through the open subscheme U 1 Xspeco Py
Since I C rad(A), it follows that gfl : Spec A — Gy itself factors through U 1w Xspeco Py In other
words, there are elements u € U, (A) and ¢’ € P, (A) such that g = ut’t. We note that u € G, (A, I). In
conclusion, we have shown that g is contained in the image of the map (4-2). O

Proposition 4.2.9. Assume that i : G,, — G is 1-bounded. Assume further that A is I-adically complete.
Then the multiplication map
I(Lie(U,) ®0 A) x Py (A) = G (A, I) 4-3)

is bijective. Moreover G, (A, I) coincides with the inverse image of P, (A/I) in G(A) under the projection
G(A) — G(A/I), and we have the bijection

GA)/Gu(A, I) = GA/)/P,(A/]). 4-4)

Proof. 1t follows from Remark 4.2.7 and Proposition 4.2.8 that the map (4-3) is bijective. Let G;L CcCG(A)
be the inverse image of P,(A/I). We have G, (A, I) C G;L. By the same argument as in the proof of
Proposition 4.2.8, one can show that G;L CI(Lie(U,) ®o A) x P,(A). Thus, we obtain G, (A, I) = G;.

It remains to prove that the map (4-4) is bijective. Since G is smooth and A is /-adically complete, the
projection G(A) — G(A/I) is surjective, which in turn implies the surjectivity of (4-4). The injectivity
follows from the equality G, (A, I) = G/,. O

For an integer m > 0, let G="(A) be the kernel of G(A) — G(A/I™). We set
Gim(A, I):=G,(A, )NG7"(A).
We record a structural result about the quotient G;’" (A, 1)/ G;’”“ (A, D).

Lemma 4.2.10. Assume that A is I-adically complete. Then we have the isomorphisms of groups
G(A/D) (m=0),
Lie(Go) ®o I" /1" (m > 1),
Py (A/T) (m=0),
(DBicp 8i) 0 I™/I™F" (m = 1).

G="(A)/G="(A) ~ {

G:"(A /G (A D)~ {
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Proof. Since A is I -adically complete and G is smooth, the map G(A) — G(A/I™) is surjective. It follows
that G="(A)/G="*1(A) is isomorphic to the kernel Ker(G(A/I"™*!) — G(A/I™)) of G(A/I"t!) —
G(A/I'). This is equal to G(A/I) when m = 0. If m > 1, then we have a canonical identification

Ker(G(A/I"T) — G(A/I™)) = Lie(Gp) ®o 1" /1"

since I /I™*! C A/I"*! is a square zero ideal. This proves the first assertion.

Since P, (A) — P,(A/I) is surjective (as A is [-adically complete and P, is smooth), it follows from
Lemma 4.2.2 that G, (A, I)/Gﬁ1 (A, I) >~ P,(A/I). To prove the second assertion, it then suffices to
show that the image of the natural homomorphism

Gim(A, 1) = Ker(G(A/I™Y) — G(A/I™)) = Lie(Go) Qo 1™ /1" !
is (@iSm g,-) ®p I /1™ for any m > 1. By Proposition 4.2.8, we may identify Gﬁm (A, I) with
(U, (ANGZ"(A, D) x P (A),
where P;’”(A) := P,(A)NG="(A). By the same argument as above, we have

PEM(A)/PEM-"-] (A) ~ Lle(Pﬂ) ®o IM/II’VH—] — (@ gl) R0 Im/IWH-] .
i<0

It now suffices to prove that the image of the natural homomorphism
U, (A)NG;™(A, T) — Ker(U, (A/I"*") - U, (A/I"™) =Lie(U,) @ 1" /1" (4-5)

is (D) <i<m 8i)®0 1™ /1™, For this, we fix an isomorphism log : U, => V(Lie(U,,)) asin Lemma 4.2.6.
Since log induces the identity on the Lie algebras, the isomorphism

Ker(U, (A" — U (A/T™) => Lie(U,) ®0 1" /"
induced by log is the same as the one in (4-5). Since log induces

Uy NG, D= (P a)gol"e (@ a)eol’

I<i=m izm+1

by Remark 4.2.7(1), the result follows. O

4.3. Display groups on prismatic sites. In this subsection, for a bounded Og-prism (A, I) over O, we
define the display group sheaf G, 4 ; on the site (A, I )zf and discuss some basic results on G, 4, ;-torsors.

Let (A, I') be a bounded Og-prism over 0. We begin with a comparison result between torsors over
Spec A (or Spec A/I) with respect to the usual étale topology, and torsors on the sites (A, )gf and
(A, 1 )Zp from Section 2.5. To an affine scheme X over O (or A), we attach a functor

Xaa:(A, Dp— Set, (B,J)— X(B).

This forms a sheaf (with respect to the flat topology) by Remark 2.5.5 since X (B) can be regarded as the
set of homomorphisms R — B of O-algebras (or A-algebras) where X = Spec R. Similarly, to an affine
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scheme X over O (or A/I), we attach a sheaf
Xia:(A, Da— Set, (B,J)— X(B/J).
The restrictions of these sheaves to (A, )¢ are denoted by the same notation (see also Remark 2.5.13).

Proposition 4.3.1. Let H be a smooth affine group scheme over O.

(1) For an Hyr-torsor P over Spec A /I with respect to the étale topology, which is an affine scheme
over A/, the sheaf Py 4 on (A, I )Zp is an Hy ,-torsor with respect to the flat topology. The functor

IP'_)PA’A

is an equivalence from the groupoid of Hai-torsors over Spec A/ to the groupoid of Hy ,-torsors
on (A, I)Zp. The same holds if we replace (A, I)AZp by (A, I)gf.

(2) The construction
P 'PA, A

gives an equivalence from the groupoid of Ha-torsors over Spec A to the groupoid of Hp a-torsors
on (A, I)zp. The same holds if we replace (A, I)AZp by (A, I)ZF.

Proof. (1) 1t follows from Lemma 2.5.9 that Pj , is trivialized by a (7, I)-completely €tale covering
of A. Thus Pj 4 is an Hz_,-torsor on both (A, I),” and (A, I)g. It then suffices to prove that the fibered
category over (A, )Zp which associates to each (B, J) € (A, I)a the groupoid of Hp, -torsors over
Spec B/J is a stack with respect to the flat topology.

It is known that, for any O-algebra R, the groupoid of Hg-torsors over Spec R is equivalent to the
groupoid of exact tensor functors Rep,,(H) — Vect(R), where Rep, (H) is the category of algebraic
representations of H on free O-modules of finite rank, and Vect(R) is the category of finite projective R-
modules; see [Scholze and Weinstein 2020, Theorem 19.5.1] and [Broshi 2013, Theorem 1.2]. (Although
this result is stated only for the case where O = Z,, in [Scholze and Weinstein 2020, Theorem 19.5.1],
the proof also works for general O.) Using this Tannakian perspective, the desired claim follows from
Proposition 2.5.6 and the following fact: For a w-completely faithfully flat homomorphism C — C’ of
mr-adically complete O-algebras, a complex

0> M — M, — M;—0
of finite projective C-modules is exact if the base change
0> MQcC - MeC —>M®C—0

is exact. (This fact follows from the following criterion: A complex 0 — M| — M, — M3 — 0 of finite
projective modules over a ring C is exact if for every closed point x € Spec C, its base change to the
residue field k(x) is exact.)

(2) This can be proved in the same way as (1). U
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Definition 4.3.2. Let (A, I)a ori be the category of orientable and bounded Og-prisms (B, J) with a
map (A, I) — (B, J). We endow (A, [ )Z[? i With the flat topology. If (A, I) is orientable, then we have
(A, Daori = (A, Da.

Remark 4.3.3. By Remark 2.5.14, the objects in (A, 1)," . form a basis for (A, I),". We may identify
sheaves on (A, I )Z{’ori with sheaves on (A, )Zp.

Definition 4.3.4. We define the functor
Gaa: (A, I)p— Set, (B,J)— G(B).
As explained above, the functor G 4 forms a group sheaf. We also define the functor
Guag:(A, Daoi— Set, (B,J)r— G, (B, J).

Since the functor (A, I)a — Set, (B, J) — G(B[1/J]) forms a group sheaf (Remark 3.1.14), it follows
that G, 4,7 forms a group sheaf. We regard G, 4,7 as a group sheaf on (A, / )Zp . The restrictions of Ga 4
and G, 4,1 to (A, I)g will be denoted by the same notation.

We remark that Proposition 4.3.1 cannot be applied directly to G, 4,;-torsors. However, it is still
useful for analyzing G, 4 ;-torsors in several places below, since we have the following lemma. For the
notation used below, see Lemma 4.2.10.

Lemma 4.3.5. (1) For an integer m > 0, the functor
G.'h 1 (A, Daori — Set, (B, J) GIZL’"(B, J)/GimH(B, J),

forms a group sheaf , and it is isomorphic to (Py)x 4 (resp. V(EBiSm g,')A ) if m=0 (resp.m = 1).

Moreover, the functor
u "1 (A, Daori — Set, (B, J) = G.(B, J)/Gim(B, J),
forms a group sheaf.

(2) Fora G a,1-torsor Q on (A, I)A , we write Q=" for the pushout of Q along G, ;1 — G ") HALT (see
Remark 4.3.6 below). Then we have Q => lim, Q=". The same holds for G, a i-torsors on (A, I)et

Proof. (1) The statement about G7”, a1 follows from Lemma 4.2.10. Using the exact sequence
1> G (B) > G (B) > Gy (B) — 1,
the statement about G ;" ; then follows by induction on m.

(2) We may assume that Q is a trivial G, 4 ;j-torsor and (A, I) is orientable. Then it is enough to prove
that G, 4.1 = lim, G<”}4 ;on (A, I)/A By Proposition 4.2.8, the multiplication map

U, (ANGu(A, 1)) x Py(A) = Gu(A, I)

is bijective. Note that G, (A, I)/G;’” (A, I) can be identified with the image of G, (A, I) in G(A/I™).
Let U=" be the image of U, (A)NGL(A,I) in U, (A/I'™). Then the multiplication map induces a
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bijection
U™ x P,(A/I™) = G,(A, I)/Gi’"(A, I).
We have P, (A) = lim P, (A/I™). Moreover, using Lemma 4.2.6, one can check that
U, (ANG, (A T) = lim U =",

Thus, we obtain G, (A, I) = lim G, (A, I)/G/fm (A, I). The same assertion holds for any (B, J) €
(A, Ia, and hence G, 4.1 = l(iLnG;’"}“. O

Remark 4.3.6. Let f : H — H’ be a homomorphism of groups and Q a set with an H-action. We can
attach to Q a set Q/ with an H'-action and an H -equivariant map Q — 0/ with the following universal
property: for any set Q" with an H’-action and any H -equivariant map Q — Q’, the map Q — Q’ factors
through a unique H'-equivariant map Q/ — Q’. Explicitly, we can define Q/ as the contracted product

0/ =(Qx H"/H,

where the action of an 4 € H on Q x H' is defined by (x, ') — (xh, f(h)~'h’). We call Q7 the pushout
of Qalong f: H— H'

Similarly, for a homomorphism f : H — H’ of group sheaves on a site and a sheaf Q with an action
of H, we can form the pushout Q/ with the same properties as above. If Q is an H-torsor, then Q/ is an
H'-torsor.

We will use the following notation. Let us denote the inclusion G, 4,7 <> Ga, 4 by T. The composition
of 7 with the projection map Ga o — Gj 4 is denoted by 7. (Here G 4 := (Go)j 4-) By Lemma 4.2.2,
the homomorphism 7 factors through a homomorphism 7p : G a1 — (Py); 4- In summary, we have
the following commutative diagram of group sheaves on (A, / )zp (oron (A, I )gf :

T
Gua1r—Gaa

l \ l (4-6)

(Paa—Gza

Corollary 4.3.7. A G, a,1-torsor Qon (A, 1)2p is trivial if the pushout of Q along Tp : G a1 —> (Pu)j A
is trivial as a (Py)x a-torsor on (A, I)Zp. The same holds if we replace (A, I)Zp by (A, I)(é)f’.

Proof. We prove the assertion for (A, I),’; the argument for (A, I)¢ is similar. By Lemma 4.3.5(2), it
suffices to show that Q=" is trivial as a G;’”ZL ;-torsor for any m. We proceed by induction on m. The
assertion is true for m = 1 by our assumption. We assume that Q=" is trivial for an integer m > 1, so that
there exists an element x € Q=" (A). The fiber of the morphism Q<mtl 5, 9<m atxisa G;”}L ;-torsor.
Lemma 4.3.5(1) shows that G:,”;x,[ o~ V(@iSm g,-)AA. By Proposition 4.3.1, the fiber arises from a
V(Bizn i), ,~torsor over Spec A/1, which is trivial since Spec A/1 is affine. This implies that the

G;’TII -torsor Q<"*! is trivial, as desired. O
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Corollary 4.3.8. A G, 4,;-torsor Q on (A, I)zp is trivialized by a (w, I)-completely étale covering
A — B, i.e., the restriction of Q to (B, I B)/Zp is trivial. Moreover, the restriction functor induces an

equivalence from the groupoid of G, o -torsors on (A, I )zp to the groupoid of G, a,1-torsors on (A, I )ztp .

Proof. The first assertion follows from Corollary 4.3.7 since any (P,); 4-torsor P on (A, I),” arises
from a (P,,) 4/1-torsor over Spec A /I with respect to the étale topology, which in turn implies that 7P is
trivialized by a (7, I)-completely étale covering A — B (see also Lemma 2.5.9). The second assertion is

a formal consequence of the first one. (I

Remark 4.3.9. To a G, 4 ;-torsor Q on (A, I)Zp, we can associate the G _4-torsor Q° and the (Pui. a-
torsor Q™ on (A, I),", and there is a canonical isomorphism between the G 4-torsors associated with
Q" and Q™. We assume that w is 1-bounded. Then, by Proposition 4.2.9, this construction induces an
equivalence from the groupoid of G, 4 ;-torsors on (A, I )Zp to the groupoid of triples consisting of a
Ga a-torsor, a (Py,); 4-torsor, and an isomorphism between the G5 4-torsors associated with them. The
same holds if we replace (A, )/Zp by (A, I )gtp . Corollaries 4.3.7 and 4.3.8 also follow from this fact and
Proposition 4.3.1 when u is 1-bounded.

5. Prismatic G-u-displays

In this section, we come to the heart of this paper, namely prismatic G-u-displays. We first discuss the
notion of G-Breuil-Kisin modules of type w in Section 5.1. Then we introduce and study prismatic G-u-
displays in Sections 5.2-5.7. Our prismatic G-u-displays are essentially equivalent to G-Breuil-Kisin
modules of type u, and the latter may be more familiar to readers. Nevertheless, in many cases, such
as the proof of the main result (Theorem 6.1.3) of this paper, it will be crucial to work with prismatic
G-p-displays.

We retain the notation of Section 4. Recall that G is a smooth affine group scheme over O and
u:G,, = Gp is a cocharacter defined over O = W (k) ®w,) OF.

5.1. G-Breuil-Kisin modules of type 1. Let (A, I) be a bounded Og-prism over O.
Definition 5.1.1. A G-Breuil-Kisin module over (A, I) is a pair (P, Fp) consisting of a G 4-torsor P
over Spec A (with respect to the étale topology) and an isomorphism
Fp:(¢™P)1/11 = P[1/1]
of G aq1/1)-torsors over Spec A[1/1].

Here, for a G 4-torsor P over Spec A, we let ¢*P denote the base change of P along the Frobenius
¢: A — A. Since ¢ is Og-linear and G is defined over O, we have ¢*G 4 = G4, and hence ¢*P
is a G 5-torsor over Spec A. Moreover, we write P[1/1] := P Xgpec 4 Spec A[1/1]. When there is no
ambiguity, we simply write P = (P, Fp).

Example 5.1.2. Assume that G =GL,,. Let (M, F),) be a Breuil-Kisin module of rank n over (A, I). Let
P(M) :=Isom(A", M)
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be the GL,, 4-torsor over Spec A defined by sending an A-algebra B to the set of isomorphisms B" >~ Mp.
Together with the isomorphism (¢*P(M))[1/1] = P(M)[1/1] induced by F);, we regard P(M) as a
GL,,-Breuil-Kisin module over (A, I). This construction M — P (M) induces an equivalence between the
groupoid of Breuil-Kisin modules of rank n over (A, I) and the groupoid of GL,-Breuil-Kisin modules
over (A, I).

Remark 5.1.3. Let P and P’ be G 4-torsors over Spec A. Using that the functor (Og)a 0, — Set,
(B, J) — B[1/J], forms a sheaf (see Remark 3.1.14) and that P, P’ are affine and flat over Spec A, one
can show that the functor (A, 1), — Set which associates to each (B, J) € (A, I), the set of isomorphisms
Ppll/J] = P};[l /J1 of Gpj1,)-torsors forms a sheaf. This, together with Proposition 4.3.1, implies
that the fibered category over (A, 1 )Zp which associates to each (B, J) € (A, I) the groupoid of G-
Breuil-Kisin modules over (B, J) is a stack with respect to the flat topology.

We introduce G-Breuil-Kisin modules of type . Recall that for a (7, I')-completely étale A-algebra
B € (A, I)g, the pair (B, I B) is naturally a bounded Og-prism; see Lemma 2.5.10.

Definition 5.1.4 (G-Breuil-Kisin module of type u). We say that a G-Breuil-Kisin module (P, Fp)
over (A, I) is of type u if there exists a (i, I)-completely étale covering A — B such that (B, [ B) is
orientable, the base change Pp is a trivial G g-torsor, and via some (and hence any) trivialization Pg >~ G g,
the isomorphism Fp is given by g — Y g for an element Y in the double coset

G(B)u(d)G(B) C G(B[1/1B])),
where d € I B is a generator. If these conditions are satisfied for B = A, then we say that (P, Fp) is banal.

We write
G-BK,(A,I) and G-BK, (A, Ivanal
for the groupoid of G-Breuil-Kisin modules of type u over (A, I) and the groupoid of banal G-Breuil-
Kisin modules of type u over (A, I) (when (A, I) is orientable), respectively.

Remark 5.1.5. By Remark 5.1.3, the fibered category over (A, 1 )gf which associates to each B € (A, I)g
the groupoid of G-Breuil-Kisin modules of type i over (B, I B) is a stack with respect to the (7, I)-
completely étale topology. We will prove that the same result holds for the flat topology in Corollary 5.3.9
below, using G-u-displays introduced in the next subsection.

Example 5.1.6. Let M be a Breuil-Kisin module of rank n over (A, I) and let P(M) be the associated GL,,-
Breuil-Kisin module over (A, I) (see Example 5.1.2). If P(M) is of type u, then M is of type w in the sense
of Definition 3.2.1 by Proposition 3.1.13. We will prove that the converse is also true in Example 5.3.10.

5.2. G-p-displays. We now introduce prismatic G-u-displays. To an orientable and bounded Og-prism
(A, I) over O, we attach the display group G, (A, I') as in Definition 4.1.1. Since G is defined over O,
the Frobenius ¢ of A induces a homomorphism ¢ : G(A) — G(A). For each generator d € I, we define
the homomorphism

Oua: Gu(A D) = G(A), g ¢p(ud)gn(d) ™). (5-1)



1724 Kazubhiro Ito

We endow G(A) with the following action of G, (A, I):
G(A) x Gu(A, ) = G(A), (X, X-g:=g 'Xo,.4(g). (5-2)

We write G(A) = G(A)y; when we regard G(A) as a set with this action of G, (A, I). For another
generator d’ € I, we have d = ud’ for a unique element u € A*. The map G(A)y — G(A)y defined by
X+ X¢p(u(u))is G, (A, I)-equivariant. Then we define the set

G(A):=limG(A)y
d

equipped with a natural action of G, (A, I), where d runs over the set of generators d € I. The projection
map G(A); — G(A)y is an isomorphism. For an element X € G(A)/, let

X4 €G(A)y

denote the image of X. Although G(A); depends on the cocharacter w, we omit it from the notation. We
hope that this will not cause any confusion.
Let (A, I) be a bounded Og-prism over O. We recall the category (A, I)a o from Definition 4.3.2.
We define the functor
Gaag:(A, Dpoi— Set, (B,J)— G(B),.

This forms a sheaf. We regard Ga 4 ; as a sheaf on (A, [ )Xp (see Remark 4.3.3). The sheaf Gp 4 7 is
equipped with a natural action of the group sheaf G, 4.7 on (A, I )zp defined in Definition 4.3.4.

The restriction of Ga 4.1 to (A, I)¢ is denoted by the same notation. We define prismatic G-u-displays,
using the (7, I)-completely étale topology, as follows.

Definition 5.2.1 (G-u-display). Let (A, I) be a bounded Og-prism over O.

(1) A G-u-display over (A, I) is a pair
(Q,ag),

where Qisa G 4 -torsor on (A, ) and ag: Q — Ga s is a G, 4 j-equivariant map of sheaves.
The G, 4, -torsor Q is called the underlying G, a j-torsor of (Q,ag). We say that (Q, ag) is
banal if Q is trivial as a G, 4 j-torsor. When there is no possibility of confusion, we write Q instead
of (Q, @o).
(2) Anisomorphism g: (Q, ag) = (R, ar) of G-u-displays over (A, I) is an isomorphism g : Q = R
of G, 4, j-torsors such that ar o g = ag.
We write
G- Dispu (A,I) and G- Dispu (A, Ipanal
for the groupoid of G-u-displays over (A, I) and the groupoid of banal G-u-displays over (A, I),
respectively.

Remark 5.2.2. The notion of G-u-displays was originally introduced in [Biiltel 2008; Biiltel and Pappas
2020; Lau 2021] in different settings. The definition given here is an adaptation of Lau’s approach to
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the context of (Og-)prisms; see also Remark 5.2.3 below. If Op =7, and u is 1-bounded, the notion of
G-u-displays for an oriented perfect prism has already appeared in [Bartling 2022]. He also claimed that
the same construction should work for more general oriented prisms in [loc. cit., Remark 14].

Remark 5.2.3. Assume that (A, I) is orientable. We consider the graded ring
Rees(1") = (@D 1'r") @ (P ar~) c alr. ™,
i=0 i<0
where the degree of # is —1. Let v : Rees(/*) — A be the homomorphism of A-algebras defined by 7 — 1.
For a generator d € I, let o4 : Rees(I*) — A be the homomorphism defined by a;t =" + ¢ (a;d ") for any
i € Z. The triple
(Rees(1*), 04, T)

can be viewed as an analogue of a higher frame introduced in [Lau 2021, Definition 2.0.1]. We note that
by Lemma 4.1.4, the homomorphism 7 induces an isomorphism between the display group G, (A, I)
and the subgroup

G (Rees(I1°))? c G(Rees(I*))

consisting of homomorphisms g* : Ag — Rees(/*) of graded O-algebras. Under this isomorphism, the
homomorphism o, 4 agrees with the one G(Rees(/ ‘N? - G(A) induced by o,. Therefore, the action
(5-2) is consistent with the one considered in [loc. cit., (5-2)].

Remark 5.2.4. Let k be a perfect field containing k. We set O:= W(lz) ®w,) Ok. Let G, — Ga
be the base change of w. Then, for a bounded Og-prism (A, I) over (5, a G-fi-display over (A, I) is the
same as a G-u-display over (A, I).

We have the following alternative description of banal G-u-displays, which we will use frequently in
the sequel.

Remark 5.2.5. Assume that (A, I) is orientable. Let

[G(A)1/Gu(A, D]
denote the groupoid whose objects are the elements X € G(A); and whose morphisms are defined by
Hom(X, X') ={g € G,(A,I)| X'- g = X}. Here (—) - g denotes the action of g € G, (A, I) on G(A);.
To each X € G(A),, we attach a banal G-u-display

Qx :=(Gy.a,1,ax)
over (A, I), where ax : G, a1 — Ga a1 is given by 1 — X. We obtain an equivalence

[G(A)I/G/L(Aa n] = G- DiSpM(A, Dpanal, X +— Qy,

of groupoids.

We discuss the notion of base change for G-u-displays. Let f : (A, I) — (A’,I') be a map of
orientable and bounded Og-prisms over O. We have natural homomorphisms f : G(A) — G(A’) and
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f:1Gu(A, I)— G, (A", I'). Letd € I and d’ € I’ be generators and let u € A’ be the unique element
satisfying f(d) = ud’. Then the composition of G, (A, I)-equivariant maps

G(A); = G(A)g — G(A)y =~ G(A)y,

where the second map is defined by X — f(X)¢ (i (u)), is independent of the choices of d and d’, and is
also denoted by f.

We now consider a map f : (A, I) — (A’, I’) of (not necessarily orientable) bounded Og-prisms
over O. The functor (A, I)Ztp — (A, I’)ztp sending B € (A, I)Ztp to the (s, I)-adic completion B’ of
B ®4 A’ induces a morphism of the associated topoi

(AL ™ = (A, D)™

(since it sends (7r, I)-completely étale coverings to (7r, I")-completely étale coverings, sends final objects
to final objects, and commutes with fiber products). We have a natural homomorphism f : f ’IGM,A,I —
G, 4, of group sheaves. Moreover, the maps G(A); — G(A’)p defined in the orientable case glue
together to a morphism f : f*IGA,A,I — Ga_ 4 p of sheaves.

Definition 5.2.6. Let (Q, ag) be a G-u-display over (A, I). Let £*Q be the pushout of the f~! Gu.al-
torsor f~'Q along f: f'G,.a.1 — G, .. By the universal property of f*Q, the composition

_ o) _
f IQ%JC 'Ganr — Gaar

factors through a unique G, 4, p/-equivariant map f*(ag) : f*Q — Ga a', . The base change of (Q, ag)
along f: (A, I)— (A, I') is defined to be (f*Q, f*(xg)).

Example 5.2.7. Assume that (A, I) is orientable. For the banal G-u-display Qx associated with an
element X € G(A); (see Remark 5.2.5), we have f*(Qx) = Qrx).

By definition, it is clear that G-u-displays form a stack with respect to the (7, I)-completely étale
topology. In fact, we can prove the following flat descent result, which is an analogue of [Lau 2021,
Lemma 5.4.2].

Proposition 5.2.8 (flat descent). The fibered category over (O)Z?OE which associates to each (A, I) €
(O)a, 0 the groupoid G-Disp,, (A, I) is a stack with respect to the flat topology.

Proof. 1t suffices to prove that G- Disp,, (A, ) is equivalent to the groupoid of pairs (Q, o), where Q is a
G a,1-torsoron (A, 1 )Zp (with respect to the flat topology) and ag : Q — Ga 4,7 is a G, 4, 7-€quivariant
map of sheaves on (A, )Zp. This follows from Corollary 4.3.8. (I

5.3. G-u-displays and G-Breuil-Kisin modules of type pu. Here we shall show that G-u-displays are
essentially equivalent to G-Breuil-Kisin modules of type p. Let (A, I) be a bounded Og-prism over O.

Definition 5.3.1. To a G, 4 ;-torsor Q on (A, ] )gtp , we attach a G 4-torsor Qg over Spec A as follows.

We first assume that (A, I) is orientable. Let d € I be a generator. Let Opk 4 be the pushout of Q along
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the homomorphism

Guai = Gaa, g udgud) ™.

Letd’ € I be another generator and let u € A* be the unique element such that d = ud’. We define ad (i («)) :
Ga.a = Ga.a by g p(u)gu(u)~!. The pushout (Qpk 4)* ™) can be identified with Qpx 4. The
composition

Opk.a — (QpK.a)* ) = Qpk 4 EiasTiON OBK,d (5-3)

is an isomorphism of G, 4-torsors. (See Remark 4.3.6 for the first map.) Then we define

OBK = Ll:llg OBK.d>

where d runs over the set of generators d € I.
In general, the sheaves constructed in the banal case glue together to a G 4-torsor Opk on (A, )gf .
By Proposition 4.3.1, we regard Opk as a G 4-torsor over Spec A.

op

Remark 5.3.2. Recall that 7 : G, 4,1 <> Ga 4 is the natural inclusion. For a G, 4,j-torsor Q on (A, [) ,

let
Qp:=0Q°

be the pushout of Q along 7, regarded as a G 4-torsor over Spec A (by Proposition 4.3.1). There exists
a canonical isomorphism

Qall/Il = Qpkl1/1]

of G aq1/1)-torsors over Spec A[1/1] obtained as follows. We first assume that (A, I) is orientable. Let
d € I be a generator. Similarly to (5-3), the composition

QAl1/11 — (Qul1/11)MH D) = Qgy ,[1/17 222Dy Oy J[1/1]

is an isomorphism of G [y ,7-torsors, where ad(u(d)) : G ar1/11=> G a[1/17 18 defined by g— /L(d)gu(d)_l.
We then obtain the desired isomorphism as

Qall/11~ Qpk.all/1] >~ Opkl[l/1],
which does not depend on the choice of d € I. By Remark 5.1.3, the isomorphisms in the banal case glue
together to an isomorphism Q4 [1/1] = Ogk[1/1].

Example 5.3.3. Assume that G = GL,,. Let the notation be as in Example 4.1.5. Let M be a Breuil-Kisin
module of type  over (A, I). Recall the filtration {Fil' (¢*M)};cz of ¢*M from Definition 3.1.2. Let
{FilL}ieZ be the filtration of A" defined in Remark 3.2.2. The functor

Q(M) :=Isomg; (A", p*M) : (A, I)¢ — Set

~

sending B € (A, I)¢ to the set of isomorphisms & : B" => (¢*M)p preserving the filtrations is a
(GL,)) 1,4, 1-torsor by Remark 3.2.2, Example 4.1.5, and the fact that M is (7, I)-completely étale locally
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on A banal. We note that
O(M) 4 =Isom(A", ¢*M).

We set M := Fil™ (¢*M) ®4 I~™'. Then we have a canonical identification
Q(M)pk = Isom(A", M).
If A is orientable and d € [ is a generator, then Q(M)pk 4 = Isom(A", M ) and the natural map Q(M) —

Q(M)k.q sends h € Q(M)(A) to the composition of isomorphisms

PURECEN T I Ly v
If d’ € I is another generator, then the isomorphism Q(M)pk o => Q(M)gx 4 from (5-3) is the identity
Isom(A", M) — Isom(A", A~4).
The isomorphism Q(M)4[1/1] => Q(M)pk[1/1] defined in Remark 5.3.2 agrees with the one induced
from the equality (¢*M)[1/1]1= M[1/I].

To construct G-Breuil-Kisin modules of type p from G-pu-displays, we use the following proposition,
which also gives an alternative description of G-u-displays.

Proposition 5.3.4. Let Q be a G, 4 -torsor on (A, ] )ZF . Then there is a natural bijection o — o' from
the set of G, A, 1-equivariant maps o . Q — Gp a1 to the set of isomorphisms o ¢p*(Qk) => Q4 of
G 4-torsors over Spec A.

Proof. We shall construct the bijection when (A, I) is orientable and Q is a trivial G, 4 ;-torsor; the
general case follows by gluing. Leta : Q@ — Ga 4.7 be a G, 4, 7-equivariant map. We choose a trivialization
Q2> Gy a,1- Then a can be regarded as a G, 4, 7-equivariant map G, 4,1 — Ga, 4,1, Which is determined
by the image X € G(A); of 1 € G, (A, I). We may also identify Q4 with G 4. Let d € I be a generator.
Then we may identify Opx with G4 by

OBk = OBK,d = (G, a,1)BK.d = G 4.

(See Definition 5.3.1 for Opk 4.) Via these identifications, we define «’ : ¢*(Qpk) => Q4 by
P*(QBK) =0 Ga=Ga > Ga=0Q4, g X4-8,

where X; € G(A) = G(A), is the image of X € G(A);. One can check that the resulting isomorphism o’
does not depend on the choices of Q > G, 4,7 and d € I. It is clear that the map o — o is a bijection. [J

Remark 5.3.5. By Proposition 5.3.4, a G-u-display over (A, I) can be thought of as a pair (Q, ¢’) of a
G a,1-torsor Q on (A, I)(é)f and an isomorphism o’ : ¢*(Qpk) => Qa of G s-torsors over Spec A.

Definition 5.3.6. Let (Q, «g) be a G-u-display over (A, I) and let (ag) : ¢*(Qpk) = Q4 be the
corresponding isomorphism. We denote by F the composition

(@*(Qs)[1/11 %25 Qu[1/11 = Qpk[1/1],
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where the second isomorphism is constructed in Remark 5.3.2. By construction, we see that Qpk, together
with the isomorphism F, is a G-Breuil-Kisin module of type . (See also Example 5.3.7 below.) We
have a functor

G-Disp, (A, I) > G-BK,(A, 1), Q> Ogpk. (5-4)

Example 5.3.7. Assume that (A, I) is orientable and let d € I be a generator. Let Qx be the banal
G-u-display associated with an element X € G(A); (Remark 5.2.5). The trivial G 4-torsor G 4 with the
isomorphism

(@*GI1/I1=Gall/I]1 = Gall/I]l, g+ (u(d)Xa)g,
is a banal G-Breuil-Kisin module of type u over (A, I'), which is denoted by Py,. By construction, we
have (Qx)sk = Px,.

Proposition 5.3.8. Let (A, I) be a bounded Og-prism over O. The functor (5-4)
G-Disp, (A, I) > G-BK,(A, 1), Q> Ogk,
is an equivalence.

Proof. By Remark 2.5.14, Remark 5.1.5, and (7, I)-completely étale descent for G-u-displays, it suffices
to prove that the functor

G- DiSPM(A, D)vanal = G_BK;L(Av Dvana, Q'+ 9BK,

is an equivalence when (A, I) is orientable.
We shall prove that the functor is fully faithful. It suffices to prove that, for all X, X" € G(A); and the
associated banal G-u-displays Qx, Qx’ over (A, I), we have

Hom(Qx, Qx/) = Hom((Qx)gk, (2x/)BK)- (5-5)

We fix a generator d € I. The left-hand side can be identified with

lg€Gu(A, D g ' Xop(udgu(d)™") = X4}

(See Remark 5.2.5.) By Example 5.3.7, we have (Qx)px = Px, and (Qx)pr — PX,’;' Thus the
right-hand side of (5-5) can be identified with

th e G(A) [ h™ u(d)X ¢ (h) = u(d)Xa).

The map (5-5) is given by g — u(d)gu(d)~" under these identifications. In particular, the map is
injective. For surjectivity, let # € G(A) be an element such that 4 ~! ;L(d)Xild)(h) = u(d)Xy4. The
element g := u(d) 'hu(d) = X;lqb(h)X;l belongs to G(A), and hence g € G, (A, I). It follows that
g € Hom(Qy, Qx’), and g is mapped to A.

It remains to prove that the functor is essentially surjective. It is enough to show that a banal G-
Breuil-Kisin module P of type u over (A, I), such that P = G4 and Fp corresponds to an element
Y e G(A)u(d)G(A), is isomorphic to Py, for some X € G(A),. After changing the trivialization P = G 4,
we may assume that ¥ € u(d)G(A). Then the result is clear. U
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Corollary 5.3.9. The fibered category over (O)ZE,)OE which associates to each (A, I) € (O)a 0, the
groupoid G-BK (A, I) of G-Breuil-Kisin modules of type  over (A, I) is a stack with respect to the flat
topology.

Proof. This follows from Propositions 5.2.8 and 5.3.8. ([

Example 5.3.10. Assume that G = GL,,. We retain the notation of Example 5.3.3. Let M be a Breuil-
Kisin module of type u over (A, I). Since M is of type u, it follows from Lemma 3.1.1 that F, restricts
to an isomorphism M => M. The base change ¢™(Fy) : ¢*]\7 => ¢*M induces an isomorphism

o' 1" (QM)BK) = Q(M)a

of GL,, 4-torsors over Spec A. The (GL,),, ,r-torsor Q(M) with o’ is a GL,-u-display over (A, I).
By construction, the GL,-Breuil-Kisin module Q(M)gk agrees with the one 73(1\71 ) associated with
the Breuil-Kisin module (1\7 , Fi7), where the isomorphism Fj; is

(" MD11/11 50 (@ M) /11 = M1/,
(See 73(1\7 ) for Example 5.1.2.) We note that Fjy : M => M is an isomorphism of Breuil-Kisin modules.
Since Q(M)gk is of type u, it follows that P(M) is of type .
Corollary 5.3.11. Let (A, I) be a bounded Og-prism over O. We have equivalences of groupoids
BK, (A, )~ = GL,-BK,(A,I), M+ PM),
BK, (A, )~ = GL, -Disp, (A, I), M +— Q(M).
Here BK, (A, I)~ is the groupoid of Breuil-Kisin modules of type i over (A, I).

Proof. The first equivalence follows from Examples 5.1.2, 5.1.6, and 5.3.10. We shall prove that the
functor M — Q(M) is an equivalence. It follows from Example 5.3.10 that the composition of this
functor with the functor (5-4) is isomorphic to the functor M +— P(M). Since (5-4) is an equivalence by
Proposition 5.3.8, the result follows. ]

5.4. Hodge filtrations. We define the Hodge filtrations for G-u-displays, following [Lau 2021, Sec-
tion 7.4]. Let (A, I) be a bounded Og-prism over O. We recall the commutative diagram (4-6) from
Section 4.3.

Definition 5.4.1 (Hodge filtration). Let Q be a G-u-display over (A, I). We write
Qa/r:=0Q" (resp. P(Q)ayr :=Q")

for the pushout of the underlying G, 4 ;-torsor Q on (A, I )gf) along 7 (resp. Tp), which is a G ,-torsor
(resp. a (Py,)z 4-torsor) on (A, I)g. There is a natural (P,); 4-equivariant injection

P(Q)a/r = Qayr-

We call P(Q)a,; (or the injection P(Q) 4,1 = Qay1) the Hodge filtration of Q4. If there is no risk of
confusion, we also say that P(Q),,; is the Hodge filtration of Q.
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Example 5.4.2. Assume that G = GL, and let the notation be as in Example 5.3.3. Let M be a
Breuil-Kisin module over (A, I) of type i and let Q@ = Q(M) be the associated GL,,-u-display over
(A, I) given in Example 5.3.10. Recall that the filtration {Fil’ (¢*M)}icz defines the Hodge filtration
{Pi}icz of Mg = (¢p*M)/1(¢*M). Similarly, the filtration {FilL}ieZ of A" induces a filtration of (A/I)".
Let Isom((A/1I)", Mgr) (resp. Isomg, ((A/1)", Mgr)) be the functor sending B € (A, I)¢ to the set of
isomorphisms (B/1 B)" => (Mgr) /1  (resp. the set of isomorphisms (B/I B)" = (Mgr) ;1 g preserving
the filtrations). Since M is of type u, we see that I[somg; ((A/I)", Mqr) is naturally a (P, )z 4-torsor. It
follows that the natural morphism

Q= mFi1(An, M) — ISﬂlFﬂ((A/I)", Mgr)
induces an isomorphism
P(Q)as1 = Isomg; ((A/1)", Mgr).

Similarly, we obtain Q4,7 = Isom((A/I)", MgRr).

Remark 5.4.3. Let Q be a G-u-display over (A, I). By Proposition 4.3.1, the G 4-torsor Q4 (resp.
the (Py,)x 4-torsor P(Q)a,s) corresponds to a G 4 /;-torsor (resp. a (P,,) a/7-torsor) over Spec A/1, which
will be denoted by the same symbol.

Example 5.4.4. Assume that (A, /) is orientable. Let X € G(A); be an element. Then the Hodge
filtration associated with Qx can be identified with the natural inclusion (P,) a1 = Gay;.

Proposition 5.4.5. A G-u-display Q over (A, I) is banal if and only if the Hodge filtration P(Q) 4,1 is a
trivial (P,) a/1-torsor over Spec A/

Proof. This is a restatement of Corollary 4.3.7 in the current context. (I

5.5. Underlying G-¢-modules. Let (A, I) be a bounded Og-prism over O and let (M, Fjs) be a Breuil-
Kisin module over (A, I). Since {Fil' (¢*M)};cz is the filtration of ¢*M, it is sometimes reasonable
to consider ¢*M (rather than M) as “the underlying A-module” of the Breuil-Kisin module (M, Fy).
The same applies to G-Breuil-Kisin modules P over (A, I). In fact, the Frobenius of ¢*P will also be
important. For example, this can be observed in the Grothendieck—-Messing deformation theory studied in
[Ito 2025].

It will be convenient to make the following definition. We assume that (A, I) is orientable for simplicity.
We set A[1/¢(I)] := A[1/¢(d)] for a generator d € I, which does not depend on the choice of d.

Definition 5.5.1. A G-¢-module over (A, I) is a pair (P, ¢p) consisting of a G 4-torsor P over Spec A
and an isomorphism
¢p : (@*P)1/d (D] = P[1/$(I)]

of G a[1/¢(1y)-torsors over Spec A[1/¢(I)]. (Here P[1/¢(I)] :="P Xspec 4 Spec A[1/¢(1)].) If there is
no possibility of confusion, we write P = (P, ¢p).



1732 Kazubhiro Ito

Here we explain how to attach a G-¢-module over (A, I) to a G-u-display Q over (A, I). Recall
Q4 = QT from Remark 5.3.2, which we regard as a G 4-torsor over Spec A. We define

P, (@ (QuNI1/d (D] = Qall/$(D)]

as the composition

(@ (QuI1/$ (D] = (#"(Qex)I1/$(D] = Qall/P (D],

where the first isomorphism is the base change of Q4[1/1] = Opk[1/] given in Remark 5.3.2 along
¢ : A[1/I]1 — A[1/¢(I)], and the second one is the base change of («g)’ : ¢*(Qpk) => Q4 given in
Proposition 5.3.4 along the natural homomorphism A — A[1/¢ (1)].

Definition 5.5.2 (underlying G-¢-module). Let Q be a G-u-display over (A, I). The G-¢p-module

Q¢ = (QA» ¢QA)
over (A, I) is called the underlying G-¢-module of Q.

Example 5.5.3. Let Qx be the banal G-u-display associated with an element X € G(A);. The underlying
G-¢-module (Qx)y of Qx is the trivial G 4-torsor G 4 with the isomorphism

(@*GO/$(D]=Gall/p(D] = Gall/Pp(D], g+ Xap((d))g,

for a generator d € 1. We note that the element X ;¢ (1(d)) € G(A[1/¢(1)]) is independent of the choice
ofd e L

Remark 5.5.4. Let Q be a G-u-display over (A, I). The base change ¢*(Qgk) of the associated G-Breuil-
Kisin module Qg is naturally a G-¢-module over (A, I). We note that («g)" gives an isomorphism
¢*(Qpk) = Q4 of G-¢-modules. Therefore, one can also define the underlying G-¢-module of Q as
¢*(9pk). However, the construction of Q4 is more natural and will be useful in [Ito 2025].

5.6. G-p-displays for perfectoid rings. Let R be a perfectoid ring over O. We discuss p-complete
arc-descent results for G-u-displays over the Og-prism (Wo, (R"), Ig).

Remark 5.6.1. Assume that O = Z,,. In [Bartling 2022], the notion of G-Breuil-Kisin modules over
(W(R"), Ig) of type i was introduced in a different way; namely, a G-Breuil-Kisin module P over
(W(R”), Ig) is said to be of type ju if for any homomorphism R — V with V a p-adically complete
valuation ring of rank < 1 whose fraction field is algebraically closed, the base change Py (y») is of type u
in the sense of Definition 5.1.4. In Proposition 5.6.11 below, we will prove that this notion agrees with
the one introduced in Definition 5.1.4.

Let Perfdg be the category of perfectoid rings over R. We endow Perfd(;ep with the topology generated by
the 77 -complete arc-coverings (or equivalently, the p-complete arc-coverings) in the sense of [Cesnavicius
and Scholze 2024, Section 2.2.1]. This topology is called the m-complete arc-topology.
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Remark 5.6.2. We quickly review the notion of a w-complete arc-covering.

(1) We say that a homomorphism R — S of perfectoid rings over O is a w-complete arc-covering if for
any homomorphism R — V with V a m-adically complete valuation ring of rank < 1, there exist an
extension V — W of m-adically complete valuation rings of rank < 1 and a homomorphism § — W

| |

V—W

such that the following diagram commutes:
—

(2) The category Perfd(,)ep admits fiber products; a colimit of the diagram S, <— §; — S5 in Perfdy is
given by the w-adic completion of S, ®s, S3 (see [Cesnaviéius and Scholze 2024, Proposition 2.1.11]).
We see that Perfd%p is indeed a site.

(3) Let R — S be a w-completely étale covering. Then S is perfectoid as explained in Example 2.5.11,
and R — S is a w-complete arc-covering; see [loc. cit., Section 2.2.1].

(4) There exists a w-complete arc-covering of the form R — [],_, Vi, where V; are m-adically complete

iel
valuation rings of rank < 1 with algebraically closed fraction fields; see [Cesnavitius and Scholze 2024,

Lemma 2.2.3].

Proposition 5.6.3 [Ito 2023, Corollary 4.2]. The fibered category over Perfd(l)ep which associates to a
perfectoid ring S over R the category of finite projective S-modules satisfies descent with respect to the
7 -complete arc-topology. In particular, the functor Perfdg — Set, S+ S, forms a sheaf.

Proof. See [Ito 2023, Corollary 4.2]. The second assertion was previously proved in [Bhatt and Scholze
2022, Proposition 8.10]. 0

Remark 5.6.4. In fact, it is proved in [Ito 2023, Theorem 1.2] that the functor on Perfd g associating to each
S e Perfdy the oo-category Perf(S) of perfect complexes over § satisfies w-complete arc-hyperdescent.
Using this, we can prove that for any integer n > 1, the functor S — Perf(Wo, (S"/1 ¢) on Perfdp satisfies
w-complete arc-hyperdescent, by induction on . This implies that the functor S+ Perf(Wop,. (S)) satisfies
m-complete arc-hyperdescent as well. See the discussion in [loc. cit., Section 4.1].

Corollary 5.6.5. The fibered category over Perfd(;ep which associates to a perfectoid ring S over R the
category of finite projective Wo . (S *Y-modules satisfies descent with respect to the 1t -complete arc-topology.
The same holds for finite projective Wo,.(S”)/1 g-modules.

Proof. By the same argument as in the proof of [loc. cit., Corollary 4.2], we can deduce the assertion
from Remark 5.6.4. |

In particular, the functor Perfdg — Set, § — Wp, (S ") forms a sheaf. This fact also follows from
[Cesnaviéius and Scholze 2024, Lemma 4.2.6] or the proof of [Bhatt and Scholze 2022, Proposition 8.10]
(using that W (F,) — O is flat).
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Remark 5.6.6. In the case where O = Z,,, the first assertion of Corollary 5.6.5 is proved in [Ito 2023,
Corollary 4.2]. The general case can also be deduced from this special case, using that a module over
Wo, (S) is finite projective if and only if it is finite projective over W (S).

For an affine scheme X over O (or R), we define a functor Xj : Perfdg — Set, S — X(S). By
Proposition 5.6.3, this forms a sheaf. Similarly, for an affine scheme X over O (or Wp, (R”)), we define
a functor X, : Perfdgp — Set, S — X (Wp, (S *)), which forms a sheaf by Corollary 5.6.5. We have the
following analogue of Proposition 4.3.1.

Proposition 5.6.7. Let H be a smooth affine group scheme over O.

(1) The functor P > Py from the groupoid of Hg-torsors over Spec R to the groupoid of Hx-torsors on
Perfd(;ep is an equivalence.
(2) The functor P +— Pp from the groupoid of Hy,, (r»-torsors over Spec Wo, (R) to the groupoid of

Hy-torsors on PerfdY is an equivalence.
A R q

Proof. This can be proved by the same argument as in the proof of Proposition 4.3.1, using Proposition 5.6.3
and Corollary 5.6.5. U

Remark 5.6.8. Arguing as in Remark 5.1.3, we see that the fibered category over Perfd(;ep which associates
to each S € Perfdg the groupoid of G-Breuil-Kisin modules over (Wp, (S *), I) is a stack with respect
to the w-complete arc-topology.

As in Section 5.2, the functors
G,.1 :Perfdg — Set, S+ G, (Wo,(S"), Is),
Ga.; :Perfdg — Set, S+ G(Wo,(S"))r,
form sheaves, and the group sheaf G, ; acts on Ga ;.

Lemma 5.6.9. Let Q be a G, -torsor with respect to the w-complete arc-topology. Then Q is trivialized
by a m-completely étale covering R — S.

Proof. We claim that if the pushout of Q along the homomorphism G, ; — (P,); is trivial as a (P, )z-
torsor, then Q is itself trivial. Indeed, one can prove the analogue of Lemma 4.3.5 for G, ;, and then the
argument as in the proof of Corollary 4.3.7 works.

By the claim, it suffices to prove that any (P, );-torsor with respect to the 7 -complete arc-topology can
be trivialized by a -completely étale covering R — S. This is a consequence of Proposition 5.6.7. [J

Corollary 5.6.10. The fibered category over Perfd(;elD which associates to a perfectoid ring S over R the
groupoid of G-pu-displays over (Wo, (S), Is) is a stack with respect to the w-complete arc-topology. The
same holds for G-Breuil-Kisin modules of type u over (Wo, (S %), Is).

Proof. The first assertion can be deduced from Lemma 5.6.9 by the same argument as in the proof of
Proposition 5.2.8. The second assertion follows from the first one, together with Proposition 5.3.8. [

Now we are ready to prove the following result:
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Proposition 5.6.11. For a G-Breuil-Kisin module P over (Wo, (R), IR), the following conditions are
equivalent:

(1) P is of type pu (in the sense of Definition 5.1.4).

(2) There exists a w-complete arc-covering R — S such that the base change of P along (Wo, (R Y, Ig)—
(Wo,(8),15) is of type ju.
(3) For any homomorphism R — V with V a m-adically complete valuation ring of rank < 1 whose
fraction field is algebraically closed, the base change of P along (Wo, (R"), Ig) — Wo, V"), Iy)
is of type L.
Proof. It is clear (1) implies (2) and (3). By Remark 5.6.8 and Corollary 5.6.10, we see (2) implies (1).
Assume that the condition (3) is satisfied. We want to show that this implies (2), which will conclude
the proof of the proposition. By Remark 5.6.2(4), there exists a r-complete arc-covering R — S =[], V,
where V; are m-adically complete valuation rings of rank < 1 with algebraically closed fraction fields.
Since Wp, ( Vb) is strictly henselian, the base change P, 0, (V) isatrivial G, 0, (V) -torsor. Since PW@ (8%
is affine and Wp, (S”) = [T Wo.(V; ) it follows that PWO sy has a Wo, (Sb) valued point, and hence
is a trivial GWO (sn-torsor. We fix a trivialization PWO (s =~ GWO sy Let§ € Isbe a generator The
condition (3) implies that, for each i, the base change of Fp along Wp, (R”) — Wo, (V; ) corresponds
to an element of G(WOE(VZ. )[1/&1) which is of the form Z; (&) Z! for some Z;, Z] € G(W@E(Vi )), via

the induced trivialization PWOE V) ~ GWoE vy We set

Z = (Z)i € G(Wo, (8) = [ [ 6(Wo, (V).

1
and similarly let Z" := (Z}); € G(Wo, (S")). Then the base change of Fp along Wo, (R") — Wo, (S
corresponds to the element Zu(&)Z’. This means that the condition (2) is satisfied. O

5.7. Examples. We discuss some examples of G-u-displays and G-Breuil-Kisin modules of type u for
certain pairs (G, w).

We first discuss a pair (G, n) of Hodge type. Let G be a connected reductive group scheme over O
and i : G,, > G a cocharacter. We assume that there exists a closed immersion G < GL,, over Of
such that the composition G, — Go — GL,, ¢ is conjugate to the cocharacter defined by

t—diag(s,...,t,1,...,1)
——— —
S n—s
for some s. In particular p is 1-bounded. We set L := O%. By [Kisin 2010, Proposition 1.3.2], there exists
a finite set of tensors {sy}oea C L® such that G — GL, is the pointwise stabilizer of {s4}yeca, where L®
is the direct sum of all Og-modules obtained from L by taking tensor products, duals, symmetric powers,
and exterior powers. Let

Lo=L,1®Luo

be the weight decomposition with respect to . (Here the composition G,, - Go — GL, o is also
denoted by w.)
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Let (A, I) be a bounded Og-prism over O. Let M be a Breuil-Kisin module of type u over (A, I).
We note that M is minuscule in the sense of Definition 3.1.5, and that the rank of the Hodge filtration
P! c (¢*M)/I(¢*M) is s. For a finite set of tensors {sq pr}aca C M® which are Fy-invariant, we say
that the pair (M, {so, m}aeca) 18 G-p-adapted if there exist a (;r, I)-completely étale covering A — B
and an isomorphism ¥ : Ly = Mp such that i carries s, to s,y for each @ € A and the reduction
modulo I of ¢*y identifies (L, 1)p/18 C Lp,rp with the Hodge filtration (PI)B/IB.

Proposition 5.7.1. With the notation above, the groupoid G-Disp,, (A, I) is equivalent to the groupoid of
G-p-adapted pairs (M, {sq. pmlaen) over (A, I).

Proof. We shall construct a functor from the groupoid of G-u-adapted pairs over (A, I) to G-Disp,, (A, I).
Let (M, {Sq,m}aecn) be a G-p-adapted pair over (A, I). Let

Q :=Isompy ( (La, ¢*M) : (A, g — Set

be the functor sending B € (A, I)¢ to the set of isomorphisms & : L g => (¢*M) g preserving the filtrations
and carrying s, to 1 ® s,y for each o € A. Here L4 is equipped with the filtration {Filit},-ez given
in Remark 3.2.2. We claim that Q is a G, 4 ;-torsor. For this, we may assume that there exists an
isomorphism v : L4 = M such that v carries sy to s4,p for each o € A and the reduction modulo / of
h := ¢* identifies (L, 1) /1 with PL. Under the isomorphism & : L4 => ¢*M, we have
{Fill }icz = {Fil' (¢*M)}iez,

which in turn implies that 2 € Q(A). To see this, it suffices to prove that Fil}i = Fil! (¢p*M) since M
is minuscule. We observe that Fillli and Fill(qﬁ*M ) are the inverse images of (L, 1)a;1 C Lay; and
P! C (¢*M)/1(¢*M), respectively. It then follows that Fil, = Fil' (¢*M).

We define M := Fil' (¢*M)®4 I~ Since M is of type 11, we see that F restricts to an isomorphism
M = M, and we may regard {1 ® sy, p}aeca as tensors of M. Similarly to Example 5.3.3, we have

QOpk = Isom, (L4, M),

where Isom, (L, M) is the G 4-torsor over Spec A defined by sending an A-algebra B to the set of
isomorphisms Lp = M p carrying sy to 1 ® so m for each @ € A. Moreover, we have

Qs =Isom \(La, ¢"M).

The base change ¢*(Fy) : ¢*1l71 > ¢*M induces an isomorphism &’ : ¢*(Qpk) => Qa of G 4-torsors.
The G, 4, r-torsor Q with o’ is a G-pu-display over (A, I); see Remark 5.3.5. In this way, we obtain a
functor from the groupoid of G-u-adapted pairs over (A, I) to G-Disp,, (A, I).

One can prove that this functor is an equivalence in the same way as in the case of G = GL,;; see
Section 5.3. Il

Remark 5.7.2. In [Kisin 2010, Proposition 1.3.4], [Kim and Madapusi Pera 2016, Theorem 2.5], and [Imai
et al. 2023], it is observed that G-u-adapted pairs naturally arise from crystalline Galois representations
associated with integral canonical models of Shimura varieties of Hodge type with hyperspecial level
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structure. The notion of G-p-adapted pairs plays a central role in the construction of integral canonical
models in [Kisin 2010, Proposition 1.5.8] and [Kim and Madapusi Pera 2016, Section 3].

We include the following two important examples. The details will be presented elsewhere.

Example 5.7.3 (G-shtuka). Let G be a connected reductive group scheme over Or. We assume that k is
an algebraic closure of [, and let  : G,, — G be a 1-bounded (or equivalently, minuscule) cocharacter.
Let C be an algebraically closed nonarchimedean field over O[1 /7] with ring of integers O¢. We consider
the perfectoid space S = Spa(C, O¢) and its tilt S” = Spa(C”, OE‘)- We can show that the groupoid of
G-up-displays over (Wp, (Obc), 1p,) is equivalent to the groupoid of G-shtukas over S > with one leg at S
which are bounded by u (or bounded by 1!, depending on the sign convention) introduced in [Scholze
and Weinstein 2020]. See [Ito 2025, Section 5.1] for details.

Example 5.7.4 (orthogonal Breuil-Kisin module). Let n = 2m be an even positive integer and we set
L := O%. We define the quadratic form
O:L— Og

by (ay, ..., aum) — Z?"zl a;aym—i+1- The quadratic form Q is perfect in the sense that the bilinear form
on L defined by (x, y) — Q(x+y) — Q(x) — Q(y) is perfect. Let G := O(Q) C GL, be the orthogonal
group of Q, which is a smooth affine group scheme over Og. Let u : G,, — G C GL,, be the cocharacter
defined by

t+— diag(t,1,...,1,¢7").

Let (A, I) be a bounded Opg-prism. An orthogonal Breuil-Kisin module of type p over (A, 1) is a
Breuil-Kisin module M of type u over (A, I) together with a perfect quadratic form Q) : M — A
which is compatible with Fj; in the sense that for every x € M, we have ¢ (Qy(x)) = Oy (Fyr(1 @ x))
in A[1/1]. Let

P :=Isom 0 (La, M)

be the G 4-torsor over Spec A defined by sending an A-algebra B to the set of isomorphisms Lz >~ Mp
of quadratic spaces. One can show that P, together with the isomorphism Fp : (¢*P)[1/1] = P[1/1]
induced by Fj, forms a G-Breuil-Kisin module of type u over (A, I). This construction gives an
equivalence between the groupoid of orthogonal Breuil-Kisin modules of type u over (A, I') and the
groupoid G-BK, (A, I). Thus, by Proposition 5.3.8, the groupoid of orthogonal Breuil-Kisin modules
of type p over (A, I) is equivalent to the groupoid G-Disp,, (A, I). The details will be presented in a
forthcoming paper.

Remark 5.7.5. Let the notation be as in Example 5.7.4. Our main result (Theorem 6.1.3) cannot be
applied to Breuil-Kisin modules of type u since u is not 1-bounded as a cocharacter of GL,. However,
since u is 1-bounded as a cocharacter of G = O(Q), the result can be applied to orthogonal Breuil-Kisin
modules of type . Such an observation was made in [Lau 2021] in the context of the deformation theory
of K3 surfaces.
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6. Prismatic G-u-displays over complete regular local rings

In this section, we prove the main result (Theorem 6.1.3) of this paper, which we state in Section 6.1.
The proof will be given in Section 6.5. In Sections 6.2—6.4, we discuss a few technical results that will be
used in the proof.

6.1. G-u-displays on absolute prismatic sites. In this paper, we use the following definition.

Definition 6.1.1. Let R be a m-adically complete O-algebra. A prismatic G-u-display over R is defined
to be an object of the groupoid

G- Dispu((R)A,OE) =2 LiLn(A,I)e(R)A,@E G- DispM(A, I).

Remark 6.1.2. Giving a prismatic G-u-display Q over R is equivalent to giving a G-u-display Qa 1)
over (A, I) for each (A, I) € (R)a 0, and an isomorphism
ve 1 Q) = Qunr

for each morphism f : (A, I) — (A’,I') in (R)a,0,, such that y; o (f’*yf) = Yoy (via the natural
identification f'* o f* >~ (f’ o f)*) for two morphisms f : (A, I) — (A’,I')and f': (A", I') — (A", I").
We call Q4. 1) the value of Q at (A, I) € (R)a.0,-

Assume that R is a complete regular local ring over O with residue field k. Let (O[[t1, ..., t,1, (£))
be an Og-prism of Breuil-Kisin type with an isomorphism R >~ O[[zq, ..., t,]1/€ over O (where n > 0
is the dimension of R). Such an Og-prism exists; see for example [Cheng 2018, Section 3.3]. We set
Go :=0lt, ..., t,]. Our goal is to prove the following result.

Theorem 6.1.3. Assume that the cocharacter ( is 1-bounded. Then the functor
G-Disp, ((R)a,0,) = G-Disp,(So, (£)), Q> Qee.©)

given by evaluation at (S, (£)) is an equivalence.

The rest of this section is devoted to the proof of Theorem 6.1.3.

6.2. Coproducts of Breuil-Kisin prisms. In this subsection, we establish some properties of the object
(S0, (&) € (R)a,0-
We begin with the following result.

Proposition 6.2.1. For any (A, I) € (R)a.0,, there exists a flat covering (A, I) — (A, I') in (R)a.0,
such that (A', I') admits a morphism (Sp, (£)) — (A, I') in (R)a.0,-

Proof. We may assume that (A, ) is orientable by Remark 2.5.14. Let d € I be a generator. Let
vi,..., U, € A be elements such that each v; is a lift of the image of #; € & under the composition
Go—> R—> A/l Let B:= AQ®p Spn. We set

X, =1®t—v;®1 € B.
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Then the morphism A/ [L(n, d)— B/ [L(JT, d, xy, ..., x,) of animated rings is faithfully flat. Indeed, using
that the natural homomorphism O[t1, .. ., t,] > G is flat, we see that A/[L(n, d)— B/[L(n, d,xi,...,xy)
is flat. Since the composition Sp — R — A/(w, d) induces a homomorphism B/(w, d, x1, ..., X5) —
A/(m,d) over A/(m,d), it follows that A/[L(n, d) — B/[L(n, d,xy,...,xp,) is faithfully flat.

Let G, be the (7, £)-adic completion of a colimit lin% S of the diagram

6@&60&6@-)-”.

Since ¢ : Gp — Gy is faithfully flat, we see that Sp — Gp « is (7, £)-completely faithfully flat.
In fact, it is faithfully flat by [Yekutieli 2018, Theorem 1.5]. We set B’ := B ®g, 60,00 Then
A/[L(JT, d) — B’/[L(n, d,xi, ..., xp) is faithfully flat as well. Thus, by Proposition 2.6.6, we can consider
the prismatic envelope

(A", 1'):= (B'{(J/1)", 1B'{J/1}")

of B" over (A, I') with respect to the ideal J := (d, x1, ..., x,) C B". The map (A, I) — (A’, I') is a flat
covering.

We shall construct a morphism (S, (£)) — (A’, I') in (R)a.0,. We remark that since A’/I’ is not
necessarily m-adically complete for the maximal ideal m C R, it is not clear that the natural homomorphism
So — A’ induces a morphism (&p, (£)) — (A’, I') in (R)a,0,. Instead, we construct a morphism
(S0, (£)) = (A", I) as follows. Since S  can be identified with the (7, £)-adic completion of

1/g™ m
U Solyy ™", ...y,

m>0

the quotient Ry, := S0,00/€ is the m-adic completion of | J,,- R[t_ll/qm, ....,""], where f; € R is the

image of #;. Here

m

1/g™ m m
Solt, ", ... V" =GolXy, ..., X /X =11, .., X0 — 1)

and similarly for R [t_ll/ 4" ..., i/4"]. The composition R — A/I — A’/ factors through the homomor-

phism
g:Roo— Al
defined by sending fl.l/ " to the image of 1 ® tl.l/ e A’, which is well-defined since 1 ®#; = v; ® 1 in

A’/I'. By Lemma 2.3.5, there exists a unique map (8¢, o0, (£)) = (A, I') of bounded Og-prisms which
induces g. By construction, the composition

(607 (‘9)) - (6(9,00s (5)) - (A/’ 1/)
is a morphism in (R)a 0, . U
Remark 6.2.2. Assume that O = Z,,. In this case, Proposition 6.2.1 is proved in [Bhatt and Scholze
2022, Example 7.13] and [Anschiitz and Le Bras 2023, Lemma 5.14], using [Bhatt and Scholze 2022,

Proposition 7.11]. Moreover, if 6o = W (k)[[¢] and £ € W (k)[[¢] is an Eisenstein polynomial, then an
alternative argument using prismatic envelopes is given in [Bhatt and Scholze 2023, Example 2.6]. Our
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argument is similar to the one given there, but we have to modify it slightly in order to treat the case
where A/I is not m-adically complete.

In a similar way, we obtain the following result:

Lemma 6.2.3. Let (A, I) € (R)a, 0, and let f1, f2: (Go, (£)) = (A, I) be two morphisms in (R)a, o,
If f1(t;) = f2(t;) in A for any i, then we have f = g.

Proof. As in the proof of Proposition 6.2.1, let S, be the (7, £)-adic completion of lim " &, which is
faithfully flat over G. After replacing (A, I) by a flat covering, we may assume that f; : (Gp, (£)) —
(A, I) factors through a map f] : (§0.00, (£)) = (A, I) of Op-prisms. Since Sp o is the (7, £)-adic
l/qﬂ'l 1/qln
1 t,' 1]

completion of Umzo Gol e , there exists a map f» : G0,00 = A extending f> such that

Ay = il

for all m and i. The map f> preserves the 8g-structures by Corollary 2.2.16. It suffices to prove that
f1 = f>. We note that both f; and /> induce the same homomorphism R — A/I. Since Roo = G0, 0/E
“1/q™ “1/q™

f ']

is the m-adic completion of Usz R[ , it follows that the homomorphism R, — A/I

9 o s ey

induced by f; agrees with the one induced by f>. Then, by Lemma 2.3.5, we conclude that fi=f. O

We next study a coproduct of two copies of (G, (£)) in the category (R)a o, . To simplify the notation,
we write
(A, 1) = (6o, (£))
in the rest of this section. We set
B :=Alxy,...,x,1

and let p} : A — B be the natural homomorphism. There exists a unique §g-structure on B such that p|
is a homomorphism of §g-rings and the associated Frobenius ¢ : B — B sends x; to (x; + ;)¢ — tiq for
every i. We consider the prismatic envelope

(A(Z), 1(2))

of B over (A, I) with respect to the ideal (£, x1, ..., x,) C B as in Proposition 2.6.6. Let p; : (A, ) —
(AD, 1) denote the natural map. We view (A@, I @) as an object of (R)a o, via the homomorphism
p1:R— AP /I® induced by p;.

The homomorphism p) : A — B over O defined by #; = x; +¢; is a homomorphism of §-rings. Let
p2: A— A@ be the composition of p} with the natural homomorphism B — A®).

Lemma 6.2.4. Let the notation be as above.

(1) We have py(I) C 1P, and the induced map py: (A, 1) — (A® @) jsa morphism in (R)a o,

(2) The object (AD @) e (R)a 0, with the morphisms py, p2: (A, I) — (AP 1) jsa coproduct of
two copies of (A, I) in the category (R)a 0.
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Proof. (1) It suffices to show that the composition of p> : A — A® with A® — A®/I? coincides
with the composition of A — R with p; : R — A® /I®. For any h € A, the element py(h) —pi(h) € B
is contained in the ideal (x, ..., x,) C B. Since the image of x; in A® is contained in 7®, we have
pa(h) —pith) el @) which implies the assertion.

(2) We have to show that for any (A’, I') € (R)a.0, and two morphisms fi, f> : (A, I) — (A’, I’) in
(R)a .o, there exists a unique morphism

f: (AP 1Py 5 (A1)

in (R)a,0, such that fop; = f1and fopy= f>.
We first prove the uniqueness of f. Let f': B — A’ be the composition of f with B — A®). Then we
have f/op;. = fj (j =1,2),and f’ sends x; = p,(t;) — p}(t;) to

Ht)— fithel Cc A

for any i. Since A’ is I’-adically complete, such a homomorphism f’ of §g-rings is uniquely determined
(if it exists). The uniqueness of f now follows from the universal property of the prismatic envelope
(A(2)’ [(2)).

We next prove the existence of f. Since f»(t;) — f1(t;) € I’ C A’ and A’ is I’-adically complete, there
exists a unique homomorphism f’: B — A’ over O such that f'o p| = fi and f'(x;) = fo(t;) — fi(t;)
for every i.

We claim that f’ is a homomorphism of §g-rings. Indeed, as in the proof of Proposition 6.2.1, let A
be the (7, £)-adic completion of lim, A. Then A is faithfully flat over A. After replacing (A", I')bya
flat covering, we may assume that f; factors through a morphism f; : (Ao, [Ax) = (A’, I') in (R)a, 0,
for each j = 1, 2. For an integer m > 0 and i, we set

Xim = oy = i@y e A

Since we have xZ; € (m, I'), it follows that A" is (x ., - . . , Xn.m)-adically complete for every m (see
[Stacks 2005—, Tag 090T] for example). Thus, for each m > 0, there exists a unique homomorphism
f'(m) : B— A’ such that f'(m) o p] is the composition

A= Ao 25 A L Y
and f'(m)(x;) = x;,, for any i. Since f'(m) = f'(m + 1) o ¢, they give rise to a homomorphism
f lim, B — A’. By Corollary 2.2.16, f' is a homomorphism of §-rings. Since f’ is the composition
B — li_r>n¢ B — A’, we conclude that f’ is a homomorphism of § g-rings.

By the universal property of the prismatic envelope (A®, 1), the homomorphism f’ extends to a
unique morphism f : (AP 1?) - (A", I') in (R)a,or- By construction, we have f o p; = f1. It follows
from Lemma 6.2.3 that f o p, = f>.

The proof of Lemma 6.2.4 is complete. ]
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Remark 6.2.5. It might be more natural to expect that the prismatic envelope (C, IC) of A ®» A over
(A, I) with respect to the ideal (E® 1,1, Q1 —1Q1,...,1, ®1 —1®¢t,) is a coproduct of two copies of
(A, I in the category (R)a 0., where we regard A® o A as an A-algebra via the homomorphisma +— a®1.
However, this does not seem to be the case in general. For example, it is not clear that the homomorphism
A— C, at> 1®a, induces a morphism (A, I) — (C, IC) in (R)a o, (see the proof of Proposition 6.2.1).

Let
m: (AP, 1%) > (A, )

be the unique morphism in (R)a o, such that mop; =mopy =id(a.7). Let K be the kernel of m: AP — A.
Let d € I® be a generator.

Lemma 6.2.6 (cf. [Anschiitz and Le Bras 2023, Lemma 5.15]). We have ¢ (K) C dK.

Proof. It suffices to show that ¢ (K) C d A®. Indeed, let x € K, and we assume that ¢ (x) = dy for some
y € A®. Then, since m(¢(x)) =0 and m(d) € A is a nonzerodivisor, we have yeKk.

We shall prove that ¢ (K) Cd AP, We may assume that d = p;(€). The image p/1 (€) € B is also denoted
by d. It follows from Proposition 2.6.6 that A® can be identified with the (i, d)-adic completion of

C:=B{xi/d, ..., x,/d}.

We write y; := x; /d. The composition C — A® — A sends (Sé(y,') to 0 for any j > 0 and any i. Here
5;5 is the j-th iterate of the map §g : C — C. Since the kernel of the homomorphism B — A defined by
x; — 0 (1 <i <n) coincides with (xy, ..., x,), it follows that the kernel Ky of C — A is generated by

{81y} 1<i<n. j=0-

We note that K can be identified with the (i, d)-adic completion of K. We also note that JA® =
ﬂlzo(d A® 4 (r, d)' AP) since A® /d is m-adically complete (see Remark 2.3.2). It then suffices to show
that ¢ (62 (yi)) €dA® for any j >0 and any i. This can be proved by the same argument as in the first para-
graph of the proof of [Anschiitz and Le Bras 2023, Lemma 5.15] when £ € A is not contained in w A. A sim-
ilar argument holds when £ € w A. We include the argument in this case for the convenience of the reader.

We may assume that £ = w. In fact, we prove a more general statement: for any j > 0, we have
¢! (82 (vi)) € 7! A® for any / > 1 and any i. We proceed by inductionon j. Letu; :=x;+t; =my;+t; € A®.
Then we have ,

o =ul =i = 3 ()T e x4,
0<h<q'-1

Thus, we obtain ¢'(y;) € 7! A®, which proves the assertion in the case where j = 0. Suppose that the
assertion holds for some j > 0. Since

7! S i) = ' @8L T (vi)) = ¢ (@ (5L () — 8L (D) = L)) — ¢ (3L (),

the induction hypothesis implies that T (81’;“1 (1)) € 71 AP, whence ¢/ (5£+1 (i) el AP, [l
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The following lemma plays a crucial role in the proof of Theorem 6.1.3 (especially in the proof of
Proposition 6.4.1 below). As in the proof of Lemma 6.2.6, we set y; :=x;/d € A,

Lemma 6.2.7. Let M C AP be the ideal generated by ¢(y1)/d, ..., ¢ (yu)/d € K. Then we have
inclusions
¢(K)CcdM+d(x,d)K and ¢M) Cd(ty,...,tym)M +d(m,d)K.

The proof of Lemma 6.2.7 will be given in Section 6.3.

Remark 6.2.8. There exists a coproduct (AP, I®) of three copies of (A, I) in the category (R)a 0.
Indeed, one can define (A®), 1®) as a pushout of the diagram

(A, 1) L2 (A, 1) 25 (AP, 19),

which exists since p; is a flat map (see Remark 2.5.4). Let g1, ¢2, g3 : (A, 1) = (A®, I®) denote the
associated three morphisms. For 1 <i < j <3, let p;; : (A(z), 1 (2)) — (A(3), 13) be the unique morphism
such that p;; o p1 =¢; and p;j o p» =gq;.

Corollary 6.2.9. Letm : (A®, 1Y (A, I) be the unique morphism in (R)a o, such that moq; =id r)
fori=1,2,3. Let L be the kernel of m : A® — A. Let d € I® be a generator. Then the following
assertions hold:

(1) We have ¢ (L) C dL.
(2) Let N C A® be the ideal generated by {¢(p12(y1))/d, ¢ (p23(y))/d}1<i=<n C L. Then we have

inclusions
¢(L) CdN +d(m,d)L and ¢(N)Cd(qi(t1),...,q1(t,))N +d(m,d)L.

Proof. We may assume that d is the image of a generator of /®, again denoted by d, under the
homomorphism pi». As in Remark 6.2.8, we identify A® with the (7, d)-adic completion of A(()3) =
A? ® P2.A D1 A®@. Under this identification, the homomorphism pj> (resp. p»3) is induced by the
homomorphism A® — A(()3) defined by a > a ® 1 (resp. a — 1 ® a). The kernel L of the natural
homomorphism A(()3) — A coincides with K®@4 AP + AP ®4 K, and L is the (1, d)-adic completion of L.

In order to prove the assertion (1), it suffices to show that for any element x € L which lies in the
image of Lo — L, we have ¢ (x) € dA®. (Note that A®/d is m-adically complete by Remark 2.3.2.)
This follows from Lemma 6.2.6. Similarly, the assertion (2) follows from Lemma 6.2.7. We note here
that, since q;(#;) — q;(t/)) = pij(x;) €dL for 1 <i < j <3, the ideal d(q1(t1), ..., q1(t,))N +d(mw,d)L
is unchanged if we replace g; by ¢; (1 <i <3). U

Remark 6.2.10. Assume that O =Z,. Under the assumption that 7 =1 and R is p-torsion-free, Anschiitz
and Le Bras [2023, Section 5.2] gave a proof of the analogue of Theorem 6.1.3 for minuscule Breuil-Kisin
modules. (We will come back to this result in Section 7.1.) In the proof, they use that the map K — K,
X+ ¢ (x)/d is topologically nilpotent with respect to the (p, d)-adic topology [loc. cit., Lemma 5.15]. This
topological nilpotence may not be true if n > 2 or p =0 in R. We will use Lemma 6.2.7, Corollary 6.2.9,
and the fact that the local ring A is complete and noetherian to overcome this issue; see Section 6.4.
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6.3. Proof of Lemma 6.2.7. The proof of Lemma 6.2.7 will require some preliminary results. We first
introduce some notation.

If £ is not contained in 7 A, then the image of £ in A/m is a nonzerodivisor (since A/ is an integral
domain). In this case, the §g-ring A{¢(E)/m} is m-torsion-free, and is isomorphic to the Og-PD envelope
D)(A) of A with respect to the ideal (£); see Corollary 2.6.5. Let A” be the mw-adic completion of
A{p(E)/m}, and let g : A — A” be the natural homomorphism. We note that A” is also 7 -torsion-free.
We consider the following pushout squares of §g-rings:

’
Py m

A B A® A
I N
A B’ A® A
A N N
A// B(/)/ A(()z)” A//

Let A®" be the -adic completion of A(()Z)N and K" the kernel of the induced homomorphism A®" — A”.
Since A — A@ is flat (by Proposition 2.6.6 and [Yekutieli 2018, Theorem 1.5]), so is A” — AZ. Tt
follows that A®" is 7 -torsion-free. In the case where £ € T A, we set A®" := A® and K" := K.

Lemma 6.3.1. Let the notation be as above. Then the following assertions hold:

(1) We have p(K") Cc tK".

(2) We have x; € K" for any 1 <i < n. (Here we denote the image of x; € B in A?" again by x;.)
We set w; := x;/mw € K". Then K" /mw K" is generated by the images of {87 (w;)}1<i<n,j>0 as an
AD" module.

Proof. If £ € m A, then the assertions follow from Lemma 6.2.6 and its proof. Thus, we may assume that £
is not contained in T A. Let h: A® — A®" denote the natural homomorphism. Since g(¢(€))/mr e A”isa
unit by Lemma 2.3.3(1), it follows that 2(d) € A®"is a unit multiple of 7. The kernel K” of A®" — A” can
be identified with the -adic completion of 4* K. Therefore, the assertion (1) follows from Lemma 6.2.6.

Using that the image of g(¢(€)) in B is a unit multiple of 7, we see that A@" agrees with the 7-adic
completion of Bj{x/m, ..., x,/m}. Since the kernel of B] — A" is generated by x1, ..., x,, it follows
that the kernel of B{{x/m, ..., x,/m} — A" is generated by {SQ(xi/n)}liifn,jzo, which implies (2). [J
Lemma 6.3.2. We define

¢1: K" K", x> ¢x)/m.

The induced ¢-linear homomorphism K"/t K" — K" /w K" is denoted by the same symbol ¢,. Let
M" C K"/nK" be the A?" -submodule generated by the images of ¢1(w), ..., ¢1(wy) € K. Then we
have inclusions

o (K" )mrK"YCM" and ¢o1(M") C (11, ..., t,)M",

where we denote the image of t; € A® in A@" again by t;.
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Proof. We have x4 = ¢ (x) — nég(x) € m K" for every x € K” by Lemma 6.3.1. Let J C K” be the ideal
generated by {x?/m},ck~. For any x € K", we have

o1(x? /) = p(x/7) [ = p(x)1 /m? = w4 (p1(x)? ) € 7,

and thus we obtain ¢ (J) C 7w J.

We shall prove that K”/(J +m K") is generated by the images of wy, ..., w, as an A®"-module. By
Lemma 6.3.1, it suffices to show that for any j > 0 and any i, the image of 5£(wl~) inK"/(J+rK")is
contained in the A®"-submodule of K”/(J +m K") generated by the images of wy, . .., w,. We proceed
by induction on j. If j =0, then the assertion holds trivially. Assume that the assertion is true for some
j > 0. Since

$1(w) = ¢()/7* = (4 + 1) = 1)/ = (ww; + 1) — 1) /7,

we can write ¢ (w;) as
$1(wi) =77 2w! + (q/m)td ™ w; + by (6-1)

for some element b; € K”. For any x € K”, we have g (x) = ¢1(x) in K”/J. Thus the image of Sgl(w,-)
in K”/(J + 7 K") agrees with the one of ¢1(82(w,’)), which is contained in the A®"-submodule of
K" /(J + 7 K") generated by the images of ¢;(wy), ..., ¢1(w,) by the induction hypothesis. Then (6-1)
implies the assertion for j 4 1.

We have shown that every x € K” can be written as

X = ( Z aiwi)+b+7'rc

1<i<n
for some a; € A?" (1 <i <n),be J,and ¢ € K". Since ¢;(b) € 7 J, the image of ¢;(x) in K" /w K"
coincides with that of Y, _;_ #(a;)¢1(w;). This proves that ¢; (K" /7 K") C M". Moreover, since
1 (w?) = ¢(w,~)¢1(wiq_1) is contained in w K", it follows from (6-1) that the image of ¢ (¢ (w;))
in K"/ K" is equal to that of ¢1((q/n)tl.q_1wl-) = (q/n)tiq(q_l)qbl(wi). This proves that ¢;(M") C
(tr, ... t))M". 0

We now prove Lemma 6.2.7.

Proof of Lemma 6.2.7. We first treat the case where £ € w A. In this case d is a unit multiple of 7. Thus,
the assertion follows from Lemma 6.3.2.
We now assume that £ is not contained in 7 A. We define

¢1: K-> K, x+—¢x)/d.

The induced ¢-linear homomorphism K /(w,d)K — K/(w,d)K is also denoted by ¢. Let M C
K/(r,d)K be the A® _submodule generated by the images of ¢1(y1), ..., ¢1(y») € K. It suffices to
prove that ¢ (K /(r,d)K) C M and ¢1(M) C (t1, ..., t,) M.

Let f: A® — A®' denote the natural homomorphism. Let K’ be the kernel of the homomorphism
A®" s A, which can be identified with f*K. We define ¢1: K'— K' by x = ¢(x)/f(d), and let
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M'CK'/(x, f(d))K' bethe A -submodule generated by the images of ¢ (f (y1)), - .., ¢} (f(yu)) €K'
Since ¢ : A — A is faithfully flat, sois f. Therefore, in order to prove the assertion, it is enough to prove that

¢\ (K'/(m, f@)K')CM' and ¢{(M') C (f(t),.... ft)M'. (6-2)

The homomorphism A@ - A®" induced by g: A — A” is again denoted by g. The element g(f(d))
is a unit multiple of 7 in A®". Thus, for ¢ : K” — K" defined in Lemma 6.3.2, the element g(¢/ (x)) is
a unit multiple of ¢ (g(x)) for any x € K'. Also, the induced homomorphism A /(m, f(d) — A®@" /T,
again denoted by g, sends M’ into M". Tt follows from Lemma 6.3.2 that, for any x € K'/(r, f(d))K’
(resp. x € M), we have

g(@[(x)) e M" (resp. g(¢1(x)) € (8(f(t1)),....g(ft))M"). (6-3)
Since A”/m >~ D(£(A) /7, we can find a homomorphism
s:A"jm— A/(m, $(E))

of Og-algebras such that the composition A/(r, ¢ (£)) S5 A" /T 25 A /(m, ¢ (£)) is the identity; see
Example 2.6.2 and Lemma 2.6.3. We consider the following pushout squares of Og-algebras:

Aljg ———— AY g — A

|

A/, () —— AV /(, f(d)) — A/(x, $(E))

The homomorphism g : A?'/(, f(d)) = A@" /7 is a section of §. We observe that §(K” /7 K") C
K'/(z, f(d)K' and §(M") C M'. It follows from (6-3) that, for any x € K'/(xt, f(d))K’ (resp. x € M),
its image ¢/ (x) = 5(g(¢](x))) belongs to M’ (resp. (f(t1), ..., f(t,))M'). This proves (6-2), and the
proof of Lemma 6.2.7 is now complete. ]

6.4. Deformations of isomorphisms. As in Section 6.2, we write (A, ) = (&, (£)). In this subsection,
as a preparation for the proof of Theorem 6.1.3, we study deformations of isomorphisms of G-u-displays
over (A, I) along the morphisms m : (A®, I®) — (A, 1) and m : (A®, I®) — (A, ) defined in
Section 6.2. Throughout this subsection, we assume that p is 1-bounded.

Our setup is as follows. Let (A’, I') := (A®, I®) (resp. (A’, I') := (AP, I®)). Let m : (A", I') —
(A, I) denote m : (A@, IP) — (A, I) (resp. m : (AD, I®) = (A, I)). Let fi, f> € {p1, p2} (resp.
f1, 2 €{q1, 92, g3}). We do not exclude the case where f| = f>.

The purpose of this subsection is to prove the following result:

Proposition 6.4.1. Assume p is 1-bounded. Let Q1 and Q, be G-u-displays over (A, I). Then the map

m* : Homg.-pisp, (47,1 (f1(Q1), f3 (Q2)) — Homg_pisp, (4,1 (Q1, Q2) (6-4)

induced by the base change functor m* : G- Disp,, (A, I') - G- Disp,, (A, I) is bijective.
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We need some preliminary results for the proof of Proposition 6.4.1. We will use the following notation.
Let H be a group scheme over O. For an ideal J C A’, we write

H(J):=Ker(H(A") — H(A'/J))
for the kernel of the homomorphism H(A") — H(A'/J). If H = G, then we simply write G(J) :=
Go(J).
Let K denote the kernel of m : A’ — A. (We note that if A’ = A, then this kernel was denoted by L
in Corollary 6.2.9.) Let d € I’ be a generator.

Lemma 6.4.2. Let J C A’ be an ideal such that J C dK and, for any x € J, we have ¢ (x/d) € J. Then
the homomorphism o, 4 : G, (A", I') — G(A') (see (5-1)) sends G(J) C G, (A', I') into itself.

Proof. We note that, by Proposition 4.2.9, we have G(J) C G(dK) C G, (A’, I'), and the multiplication
map U 1 XSpecO P, — G induces a bijection
(Lie(U,)) ®o J) x Pu(J) = G(J).

Thus, it suffices to prove that o, 4(P,(J)) C G(J) and ou,d(Lie(U;) ®XRoJ)C GW).

By Remark 4.1.3 and Lemma 4.2.2, we have M(a’)P,,«(J),u(al)_1 C P, (J). (In fact, this holds for any
ideal J C A") Since ¢ (J) C J, we have ¢(G(J)) C G(J). It follows that o, 4(P,(J)) C G(J).

Since p is 1-bounded, the homomorphism G, (A’, I') - G(A'), g — w(d)gu(d)™", restricts to a

homomorphism
Lie(UM_) Ko J — Lie(UM_) (2J0) %J, v v/d.
(See Remark 4.2.7.) Since ¢ ((1/d)J) C J, we obtain 0y, 4(Lie(U,) @0 J) C G(J). [l

Definition 6.4.3. Let J C A’ be an ideal as in Lemma 6.4.2. For an element X € G(A’), we define a
homomorphism
Upx:GJ)— G(J), g+ Xoua(g)X '

We also define a map of sets
Vax:G() = G, g Usx(g)g "

Let J, C J; C A’ be two ideals which satisfy the assumption of Lemma 6.4.2. Then U, x : G(J;) —
G (Jy) induces a homomorphism

G(J1)/G(2) = G(J1)/G(J2),

which we denote by the same symbol Uy x. Let V; x : G(J1)/G(J2) = G(J1)/G(J2) be the map of sets
defined by g — Uy x(g)g ™"

By Lemma 6.2.6 and Corollary 6.2.9, we have ¢(K) C dK. Thus, the ideal dK C A’ satisfies the
assumption of Lemma 6.4.2. We shall prove (in Proposition 6.4.7 below) that V; x : G(dK) = G(dK)
is bijective for any X € G(A"), from which we will deduce Proposition 6.4.1. For this purpose, we need

the following lemmas.
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Lemma 6.4.4. Let J, C J; C A’ be two ideals which satisfy the assumption of Lemma 6.4.2. Assume that
for any x € Ji, we have ¢ (x/d) € Jo. Then we have

0u,d(G(J1) C G(N).

In particular, the map V; x : G(J1)/G(J2) — G(J1)/G(J) is equal to the map g — g~ for any
X € G(A)).

Proof. The same argument as in the proof of Lemma 6.4.2 shows that o, 4(G(J1)) C G(J2). The second
assertion immediately follows from the first one. O

Lemma 6.4.5. Let J3 C J, C J; C A’ be three ideals which satisfy the assumption of Lemma 6.4.2. Let
X € G(A'). If the maps

Vax:GWUD)/G(1) = G(U1)/G(J2) and Vax:G(J2)/G(J3) = G(J2)/G(J3)
are bijective, then V; x : G(J1)/G(J3) = G(J1)/G(J3) is also bijective.

Proof. Let us prove the surjectivity. Let 2 € G(J1)/ G (J3) be an element. The image i’ € G(J1)/G(J2) of h
can be written as A’ =V, x(g’) for some element g’ € G(J;)/G(J2). We choose some g € G(J1)/G(J3)
which is a lift of g". Then we see that U, x(g) " 'hg is contained in G(J,)/ G(J3), so that there exists an
element g” € G(J>)/G(J3) such that

Vax(g) =Usx(gNg " =Usx(g) 'hg.

It follows that & = V; x(gg”). This proves that V,; x : G(J1)/G(J3) — G(J1)/G(J3) is surjective. The
proof of the injectivity is similar. U

Lemma 6.4.6. Let [ > 0 be an integer. For any X € G(A’), the map
Vax : G, d)'dK)/G((r, )T dK) - G((x, d)'dK)/G((x, )T dK)
is bijective.
Proof. Step 1. We set K, := (7, d)' K. We consider the ideal K~ := K>+ (7, d)K and let K, :=(m, d)'K~.
All of dK;, dK; 11, dK; satisfy the assumption of Lemma 6.4.2. Since
#(K*) cd’K? cd(xw, d)K,

we have ¢ (K;”) Cd K. Thus, it follows from Lemma 6.4.4 that V; x is bijective for G(dK; )/ G(d K;41).
By Lemma 6.4.5, it now suffices to show that V,; x is bijective for G(dK;)/G(dK; ).

Step 2. By Lemma 6.2.7 and Corollary 6.2.9, there exists a finitely generated ideal M C A" which is
contained in K such that ¢(K) C dM +dK~ and ¢(M) C (t1,...,t,)dM + dK—, where we abuse
notation and denote the image of #; € A under the morphism p; : A — A’ (resp. g1 : A — A')if A’ = AP
(resp. if A’ = A®) by the same symbol. We set M; := (r, d)'M c K;. Then we have inclusions

¢(K;)) CdM;+dK; and (M) C(t1,...,.t,)dM;+dK; . (6-5)
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In particular, the ideals dM; + dK;” C dK; satisfy the assumption of Lemma 6.4.4, so that V; x is
bijective for G(dK;)/G(dM;+dK; ). By Lemma 6.4.5, it is enough to prove that V; x is bijective for
GdM;+dK;)/GUK]).

Step 3. We shall prove that

GdM;+dK;)/GdK;) = limGdM;+dK;)/G((t1,....t)"dM; +dK). (6-6)
r>0
To simplify the notation, we set C; := A"/(dM; +dK, ) and C, := A"/dK, . Let N C C, be the image
of dM; +dK,; . We first claim that

A = lgLnA//dK,, (6-7)

r>0
Cy = limCy/(t1, ..., t,)"N. (6-8)

r>0
Since d is a nonzerodivisor and K is (r, d)-adically complete, it follows that d K = LiLnrzo dK/dK,.
This implies (6-7). Since N is killed by K, we see that N is a finitely generated module over A’/ K => A.

Since A is noetherian and is (71, . .., t,)-adically complete, it follows that N is also (z1, ..., t,;)-adically
complete, which means that N = Liilrzo N/(t1,...,t;)" N. This implies (6-8).

We next show that G(A") — G(C3) is surjective. Indeed, by (6-7) and the fact that G(A'/dK, 1) —
G(A’/dK,) is surjective (as G is smooth), it follows that G(A") — G(A’/dK,) is surjective for any r.
Since we have (afK,_)2 CdK;41 CdK,, we see that G(A'/dK;41) — G(C») is surjective (again by the
smoothness of G). Therefore G(A’) — G(C») is surjective, as desired. Similarly, it follows from (6-8)
that G(Cp) = G(Co/(t1, ..., t,)" N) is surjective.

Using the results obtained in the previous paragraph, we see that

GdM;+dK;)/GdK; ) = Ker(G(C2) — G(Cy)),
GdM;+dK;)/G((t, ..., t) dM;+dK;) = Ker(G(Cy/(t1, ...,1:)"N) = G(Cy)).
Now (6-6) follows from (6-8).
Step 4. We claim that V, x is bijective for

G((tr, ... 1) dM+dK )/ G, ... 1) T M+ dK])

for any r > 0. Indeed, the second inclusion of (6-5) shows that the assumption of Lemma 6.4.4 is satisfied
in this case, and hence the assertion follows.
Using Lemma 6.4.5 repeatedly, we see that V; x is bijective for

GAM;+dK;)/G((t1,...,t)" dM;+dK;")
for any r > 0. It then follows from (6-6) that V; x is bijective for G(dM; +dK; )/ G(dK,") as well. [

Let us now prove the desired result.

Proposition 6.4.7. For any X € G(A'), the map V,; x : G(dK) — G(dK) is bijective.
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Proof. By (6-7) in the proof of Lemma 6.4.6, we have
G(dK) = limG(dK)/G((r,d)'dK).
=0
In order to show that V; x : G(dK) — G(dK) is bijective, it suffices to check that

Vix :GWdK)/G((m,d)dK) — G(dK)/G((m,d)dK)
is bijective for any / > 0. This follows from Lemma 6.4.6 by using Lemma 6.4.5 repeatedly. (Il
We also need the following lemma:

Lemma 6.4.8. Let Q be a G-u-display over (A, I). Then there exists a finite extension k of k such that the
base change of Qto (Ap, 1 Az) is banal, where O:= W(/;)®W([Fq)OE and Ap = A®05 = 5[[t1, R |

Proof. The Hodge filtration P(Q) /7 = P(Q)g of Q is a (P,)g-torsor over Spec R. There exists a finite
extension k of k such that P(Q)R Xspec R Speclz is trivial. Since P, is smooth and R ®o Oisa complete
local ring, it follows that P(Q)p is trivial over R Q¢ 0. By Proposition 5.4.5, the base change of Q to
(Ap, I Ap) is banal. |

Proof of Proposition 6.4.1. By Lemma 6.4.8, there exists a finite Galois extension k of k such that the
base changes of Q; and Q, to (Ap, I Ag) are banal. Here O:= W(lz) W, Orand A :=AQo 5; we
use the same notation for O-algebras. We can identify (A’x, I ’A’é) with a coproduct of two (resp. three)
copies of (Ag, [Ag) in (R3)a.0, if A’ =A® (resp. if A’ = A®). By Galois descent for G-ju-displays,
it suffices to prove the same statement for banal G-u-displays over (Ag, I Az). We may thus assume
without loss of generality that Q; and Q; are banal G-u-displays over (A, I).

If Q; and 9, are not isomorphic to each other, then the assertion holds trivially. Thus, we may
assume that Q) = 9, = Qy for some Y € G(A);. Let d := f,(£). We have fi(£) = ud for some
u € A, With the choice of d € I, the G-p-displays f*(Qy) and f;(Qy) correspond to the elements
f1(Ye)p(u(u)), fo(Ye) € G(A') 4, respectively. Thus we can identify HOl’l’lG_DispM(A/,]f)(fl*(Qy), 5 (Qy))
with the set

(8 €GuA I g7 oYe)oua(g) = filYe)p ().

We set X := f>(Yg). We shall prove that the map (6-4) is injective. Let g, h € G, (A’, I') be two
elements in HomG_DispM(A/J/)(fl*(Ql), 15 (Q2)) such that m(g) =m(h) in G, (A, I). We set B := gh_l.
Since m(B) = 1, we have pu(d)Bu(d)~" € G(K). It then follows from ¢ (K) C dK that 0,.,d(B) € G(K).
The equalities

g ' X0,a(8) = fille)p () = h™' Xoy, a(h)

imply that g = Xau,d(ﬁ)X_l. It follows that B € G(dK), and we have V; x(8) = 1 for the map
Vs x :G(dK) — G(dK). Since V; x is bijective by Proposition 6.4.7, we obtain g = 1.

It still remains to prove that the map (6-4) is surjective. For this, it is sufficient to prove that
Homg- pisp,, (47,17)( £ (Qy), f5(Qy)) isnotempty. (Once we have obtained an isomorphism g : f;*(Qy) =
f5(Qy), we can write any isomorphism 4 : Qy = Qy as m*(f;(ho m*(g~")) o g).) We claim that
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d(uw)) € GAK) and y := fr(Ye)™' fi(Ye) € G(dK). Indeed, since m(u) = 1, we have pu(u) € G(K),
which in turn implies that ¢ (1 («)) € G(dK). Since the morphisms f; and f, induce the same homo-
morphism R — A’/I’, we see that y € G(I’). Using that I’ N K = dK, we then obtain y € G(dK).
Since V; x : G(dK) — G(dK) is bijective, there exists an element g € G(dK) such that Vd,X(g_l) =
X (u@))~'y~1 X~ or equivalently

g~ fr(Ye)oua(@) = filYe)d(ue(w)).

In other words, the element g gives an isomorphism f*(Qy) = f;(Qy). [l

6.5. Proof of Theorem 6.1.3. In this section, we prove Theorem 6.1.3 using our previous results.
As in Section 6.2, we write (A, I) = (G, (£)). Let

G-Disp;"(A, I)

be the groupoid of pairs (Q, €) consisting of a G-u-display Q over (A, I) and an isomorphism € :
prQ => p3Q of G-p-displays over (A®, 1) satisfying the cocycle condition piye = piie o plre. An
isomorphism (Q, €) => (Q’, €) is an isomorphism f : @ => Q' of G-u-displays over (A, ) such that

€ o(pif)=(p3f)oe.
For a prismatic G-u-display 9 over R, we have the associated isomorphism

Vo Pi (Qan) => Qo 1o,

fori =1,2. Lete: =y, o ¥p,- Then € satisfies the cocycle condition, so that the pair (Q4, 1), €) is an
object of DispBD(A, I). This construction induces a functor

G-Disp,, (R)a.0) = G-Disp,”(A. ). Q> (Qany. €)-
Proposition 6.5.1. The functor G- Dispu((R)A,oE) — G- DiSpBD (A, I) is an equivalence.
Proof. This is a formal consequence of Propositions 5.2.8 and 6.2.1. ]

Proof of Theorem 6.1.3. We assume that u is 1-bounded. By virtue of Proposition 6.5.1, it suffices to
show that the forgetful functor

G-Disp,,”(A, I) > G-Disp, (A, I)

is an equivalence. Letm : (A?), I@)— (A, I) be the unique morphismin (R)a o, such thatmop; =id4 )
fori=1,2,andletm’: (A®, I®) — (A, I) be the unique morphism in (R)a o, such that mog; =ida 1)
fori =1,2,3. Let Q be a G-p-display over (A, I). We claim that an isomorphism € : pfQ = p;Q
satisfies the cocycle condition pj;e = p3,€ o p},€ if and only if m*e =idg. Indeed, since the map

m'* Homg_pisp, (a®,10(q7 2, 43 Q) = Homg.pisp, (4,1 (Q, Q)

is bijective by Proposition 6.4.1, we see that € satisfies the cocycle condition pj;e = p3;€ o p},e€ if and
only if m*e =m*e om™e, which is equivalent to saying that m*e = idg.



1752 Kazubhiro Ito

By Proposition 6.4.1, the map
m* : Homg_pigp (4@ 12)(P1 Q. p2Q) = Homg.pisp, (4.1 (2, Q)

is bijective. Therefore, for any G-pu-display Q over (A, I), there exists a unique isomorphism € : p7Q =
p; Q satisfying the cocycle condition pj;e = pj;€ o p},€, and € is characterized by the condition that
m*e =idg. It follows that the forgetful functor G- DispBD(A, 1) — G-Disp, (A, I) is an equivalence. []

7. p-divisible groups and prismatic Dieudonné crystals

In this section, we make a few remarks on prismatic Dieudonné crystals, which are introduced in [Anschiitz
and Le Bras 2023].

7.1. A remark on prismatic Dieudonné crystals. Let R be a m-adically complete Og-algebra. Recall
the sheaf Oy on the site (R)Z’OE from Remark 2.5.5.

We say that an O-module M on (R)z[f Or is a prismatic crystal in vector bundles if M(A, I) is a finite
projective A-module for any (A, I) € (R)a,0,, and for any morphism (A, I) — (A’, I’) in (R)a o, the
natural homomorphism

MA, R A — MA', T

is bijective. A prismatic Dieudonné crystal on (R)ZITOE (or on (R)a o) is a prismatic crystal M in vector
bundles on (R)X?OE equipped with a ¢-linear homomorphism

om:M—> M
such that for any (A, 1) € (R)a 0., the finite projective A-module M (A, I) with the linearization

1®@pr : ¢*(M(A, I)) > M(A, I) is a minuscule Breuil-Kisin module over (A, I) in the sense of
Definition 3.1.5 (see also Proposition 3.1.6). For a bounded Og-prism (A, I), let

BKmin(A s I)

be the category of minuscule Breuil-Kisin modules over (A, I'). Then the category of prismatic Dieudonné
crystals on (R)a o, is equivalent to the category

2= 1M 4 ey o, BKmin(A, 1).

As in Section 6, let R be a complete regular local ring over O with residue field k. Let (Gp, (£)) be
an Og-prism of Breuil-Kisin type, where G = O[[ty, ..., t, ], with an isomorphism R >~ G» /& over O.
By using the results of Section 6, we can prove the following proposition, which is obtained in the proof
of [Anschiitz and Le Bras 2023, Theorem 5.12]if n < 1 (and O = Z)).

Proposition 7.1.1. The functor M +— M(Sp, (£)) from the category of prismatic Dieudonné crystals on
(R)a .0 to the category BKnin(So, (£)) is an equivalence.

Proof. This follows from Corollary 5.3.11, Theorem 6.1.3, and the following fact: a functor of additive
categories is an equivalence if and only if it induces an equivalence of the associated groupoids. This fact
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follows since homomorphisms f : X — Y in an additive category can be completely described in terms

of automorphisms of X @ Y by considering (idfx igy ) (Il

7.2. Quasisyntomic rings. In the following (and in Section 8 below), we will need the notions of
quasisyntomic rings in the sense of [Bhatt et al. 2019, Definition 4.10] and quasiregular semiperfectoid
rings in the sense of [loc. cit., Definition 4.20]. Let

QSyn
be the category of quasisyntomic rings and let
QRSPerfd C QSyn

be the full subcategory spanned by quasiregular semiperfectoid rings. We endow both QSyn°? and
QRSPerfd®? with the quasisyntomic topology, i.e., the topology generated by the quasisyntomic coverings;
see [loc. cit., Definition 4.10]. We will assume that the reader is familiar with basic properties of QSyn
and QRSPerfd discussed in [loc. cit., Section 4]. Here we just recall that quasiregular semiperfectoid
rings form a basis for QSyn; see [loc. cit., Lemma 4.28].

Example 7.2.1. A p-adically complete regular local ring is a quasisyntomic ring (see [Anschiitz and
Le Bras 2023, Example 3.17]). A perfectoid ring is a quasiregular semiperfectoid ring (see [Bhatt et al.
2019, Example 4.24]).

Remark 7.2.2. Let R € QSyn be a quasisyntomic ring. In [Anschiitz and Le Bras 2023, Definition 4.5],
Anschiitz—Le Bras defined prismatic Dieudonné crystals over R as sheaves on the quasisyntomic site
of R. By virtue of [loc. cit., Proposition 4.4], the category of prismatic Dieudonné crystals on (R), in
our sense is equivalent to the category of prismatic Dieudonné crystals over R in the sense of [loc. cit.,
Definition 4.5].

7.3. p-divisible groups and minuscule Breuil-Kisin modules. In this subsection, we consider the case
where O = Z,,. Let R be a p-adically complete ring, and let G be a p-divisible group over Spec R. We
define the functors

G:(R)a— Set, (A, I)— G(A/I),

Glp"]: (R)a — Set, (A, 1) GIp"I(A/D).

These functors form sheaves on the site (R)Zp. In [loc. cit., Proposition 4.69], it is proved that the
Oa-module

Extlr), (G, On)
on (R)Zp is a prismatic crystal in vector bundles. (Here we simply write 5xt(1R)A (G, Op) rather than
<S,'xt(lR)op (gv OA)‘)
A

Remark 7.3.1. (1) For an integer n > 1, the map [p"] : § — G induced by multiplication by p" is
surjective. This follows from [loc. cit., Corollary 3.25].
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(2) We have Hom g), (G, Op) = 0. Indeed, since [p] : G — G is surjective and the topos associated with
(R)/Zp is replete in the sense of [Bhatt and Scholze 2015, Definition 3.1.1], the projection LiLn[p] Gg—>g
is surjective. Since Op(A, I) = A is p-adically complete for any (A, I) € (R)a, we can conclude that
Hom g, (G, Op) = 0. As a consequence, the local-to-global spectral sequence implies that

Extly 1, (G. Op) => Extly, (G, On)(A, I)

for any (A, I) € (R)a. Here we regard the site (A, / )zp as the localization of (R)Zp at (A, I), and the
restriction of G to (A, ] )Zp is denoted by the same symbol. In particular Ext% A1, (G, On) 1s a finite
projective A-module and its formation commutes with base change along any morphism (A, I) — (A’, I)
in (R)A

We assume that R is quasisyntomic. In [Anschiitz and Le Bras 2023, Theorem 4.71], it is proved
that Extlp, (G, Oa) with the ¢-linear homomorphism Ext /g, (G, On) — Extlp (G, Op) induced by the
Frobenius ¢ : Op — O, is a prismatic Dieudonné crystal. More precisely, they showed that Ex t(lR)A (G, On)
is admissible in the sense of [loc. cit., Definition 4.5]. (See also Remark 7.2.2.) We shall recall the
argument.

Proposition 7.3.2 [Anschiitz and Le Bras 2023, Theorem 4.71]. Let R € QSyn and (A, I) € (R)p. We
write M := Ext% Al (G, On). Then M with the induced homomorphism Fy : ¢*M — M is a minuscule
Breuil-Kisin module over (A, I).

Proof. By the fact that the formation of Ext% 4.1, (G, Oa) commutes with base change along any morphism
(A, I)— (A, I) (see Remark 7.3.1) and Corollary 3.1.15, the assertion can be checked (p, I')-completely
flat locally. Let R — R’ be a quasisyntomic covering with R’ a quasiregular semiperfectoid ring.
Applying [Bhatt and Scholze 2022, Proposition 7.11] to the p-adic completion of A/I @ R’, which is
a quasisyntomic covering of A/I, we can find a flat covering (A, I) — (A’, I’) in (R)a such that there
exists a homomorphism R’ — A’/I" over R. After replacing R by R’ and replacing (A, I) by (A’, I'), we
may assume that R is a quasiregular semiperfectoid ring. Then, by choosing a surjective homomorphism
from a perfectoid ring to R and using [Anschiitz and Le Bras 2023, Corollary 2.10, Lemma 4.70], we may
assume that R is a perfectoid ring and (A, I) = (W(R"), Ig). (Here we regard (W (R"), Iz) as an object
of (R)a via the homomorphism 6 : W(R”) — R. In [loc. cit.], the composition 6 o ¢! is used instead.)

Let £ € Ig be a generator. By Proposition 3.1.6, it suffices to prove that the cokernel of F), is killed
by &£. By Remark 5.6.2(4) and p-complete arc-descent (Proposition 5.6.3), we may further assume that R
is a p-adically complete valuation ring of rank < 1 with algebraically closed fraction field.

If p=0in R, then R is perfect by Example 2.4.1. In this case, the Frobenius F; can be identified

with the homomorphism
Ext(4 1, (9*G), On) = Ext(, 1), (G, On)

induced by the relative Frobenius G — ¢*G. Thus, the Verschiebung homomorphism ¢*G — G induces a
W (R)-linear homomorphism Vy; : M — ¢*M such that Fy; o Vyy = p, which in turn implies the assertion.
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It remains to treat the case where p is a nonzerodivisor in R, so that R is the ring of integers O¢ of an
algebraically closed nonarchimedean extension C of Q,. We set
. 1 n
M, = EXt(W(Oz),IOC)A (GLp"], On).
By the proof of [Anschiitz and Le Bras 2023, Proposition 4.69], the natural homomorphism M — M,

induces an isomorphism M/p" => M, for any n > 1. In particular, we obtain

M = lim M,
n

and M, is a free W, (Obc)—module of finite rank. We claim that the cokernel of the Frobenius Fjy, :
¢*M, — M, is killed by &. Indeed, there is an embedding G[p"] < X into an abelian scheme X over
Spec Oc; see [Berthelot et al. 1982, Théoreme 3.1.1]. Let Y be the p-adic completion of X, which is a
smooth p-adic formal scheme over Spf O¢. It follows from the proofs of [Anschiitz and Le Bras 2023,
Theorem 4.62, Proposition 4.66] that there exists a surjection

HY(Y/W(O.) = M,

which is compatible with Frobenius homomorphisms. Here HA1 Y/ W(Obc)) is the first prismatic co-
homology of Y (with respect to (W(Obc), Ip.)) defined in [Bhatt and Scholze 2022]. By [loc. cit.,
Theorem 1.8(6)], the cokernel of the Frobenius

¢ Hy (Y/W(Op) = Hi(Y/W(Op)
is killed by &, which in turn implies the claim. Since the image of £ in W, ((’)bc) is a nonzerodivisor, it fol-
lows that Fy, is injective. Since F); =lim, Fy,, we can conclude that the cokernel of Fy, is killed by §. [J

Remark 7.3.3. Our proof of Proposition 7.3.2 in the case where A = Oc is slightly different from
that given in [Anschiitz and Le Bras 2023]. For example, we do not use [Scholze and Weinstein 2020,
Proposition 14.9.4] (see the proof of [Anschiitz and Le Bras 2023, Proposition 4.48]).

Finally, we recall the following classification theorem for p-divisible groups given in [Anschiitz and
Le Bras 2023]. Let R be a complete regular local ring with perfect residue field k of characteristic p. Let
(6, (£)) be a prism of Breuil-Kisin type, where & := W (k)[[z1, ..., t,]l, with an isomorphism R >~ G /&
which lifts id; : k — k.

Theorem 7.3.4 [Anschiitz and Le Bras 2023, Theorem 4.74, Theorem 5.12].

(1) The contravariant functor
{ p-divisible groups over Spec R} — {prismatic Dieudonné crystals on (R)p}

defined by G — Ext(lR)A (G, On) is an antiequivalence of categories.

(2) The contravariant functor
{ p-divisible groups over Spec R} — {minuscule Breuil-Kisin modules over (S, (£))}

defined by G — EXtEG,(fJ))A (G, Op) is an antiequivalence of categories.
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Proof. (1) This is a consequence of [Anschiitz and Le Bras 2023, Theorem 4.74, Proposition 5.10].

(2) The assertion follows from (1) and Proposition 7.1.1. This result was already stated in [loc. cit.,
Theorem 5.12], and the proof was given in the case where n < 1. (I

8. Comparison with prismatic F-gauges

For the sake of completeness, we discuss the relation between our prismatic G-u-displays and prismatic
F-gauges introduced in [Drinfeld 2024, 1.8.1; Bhatt and Lurie 2022a; 2022b; Bhatt 2022, Definition 6.1.1].
For simplicity, we assume that O = Z,, throughout this section, and we restrict ourselves to the case
where base rings R are quasisyntomic. In this case, Guo and Li [2023] studied prismatic F-gauges over
R in a slightly different way, without using the original stacky approach. Here we follow the approach
employed in [Guo and Li 2023]. In Section 8.1, we compare prismatic F-gauges in vector bundles
with displayed Breuil-Kisin modules. In Section 8.2, we introduce prismatic G- F-gauges of type p and
explain their relation to prismatic G-u-displays.

We work with the category QSyn of quasisyntomic rings and the full subcategory QRSPerfd C QSyn
spanned by quasiregular semiperfectoid rings (see Section 7.2).

8.1. Prismatic F-gauges in vector bundles. We recall the definition of prismatic F-gauges in vector
bundles over quasisyntomic rings, following [Guo and Li 2023].
Let S € QRSPerfd be a quasiregular semiperfectoid ring. By [Bhatt and Scholze 2022, Proposition 7.10],
the category (S)a admits an initial object
(As, Is) € (S)a.

Moreover the bounded prism (Ag, Ig) is orientable. We often omit the subscript and simply write I = 5.
Following [loc. cit., Definition 12.1], we define

Fil\ (As) := {x € As | ¢(x) € I' As}

for a nonnegative integer i > 0. For a negative integer i < 0, we set Filj\/(AS) = Ag. The filtration
{Filj\/(A s)}iez is called the Nygaard filtration. We recall the following terminology from [Bhatt 2022,
Section 5.5].

Definition 8.1.1. The extended Rees algebra Rees(Fily;(As)) of the Nygaard filtration {Filj'v(A $)}iez 18
defined by ‘ ‘
Rees(Fily (As)) := @D Fili (Ag)t ™ C Aslt, 17'].
ieZ
We view Rees(Fil}/(As)) as a graded ring, where the degree of 7 is —1. Let
7 : Rees(Fily (Ag)) — Ag

be the homomorphism of A g-algebras defined by # — 1. We consider the graded ring @, / it~ C
Ag[1/10[t,t71]. Let o
o : Rees(Fily (Ag)) — @ I't™
ieZ
be the graded homomorphism defined by a;t = +— ¢ (a;)t~' for any i € Z.
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Remark 8.1.2. For the grading of Rees(Fil};(As)), our sign convention is opposite to that of [Bhatt
2022], where the degree of ¢ is defined to be 1. Our grading is chosen to be consistent with the convention
of [Lau 2021].

Definition 8.1.3 (Drinfeld, Bhatt-Lurie). Let S € QRSPerfd. A prismatic F-gauge in vector bundles
over S is a pair (N, Fy) consisting of a graded Rees(Fil};(A))-module N which is finite projective as a
Rees(Fil}/(Ag))-module, and an isomorphism

FN : (O'*N)o = t*N
of Ag-modules. Here (0*N)g is the degree-0 part of the graded €, ., I it~!-module o *N.
Let F-Gauge'*'(S) be the category of prismatic F-gauges in vector bundles over S.

Remark 8.1.4. Let M = ), _, M; be a graded P, , I't~'-module. For any i € Z, we have a natural

~

isomorphism Mo ®a 't~ <> M; of Ag-modules. It follows that the functor M > M, from the category
of graded @, ., 1 it~!-modules to the category of Ag-modules is an equivalence, whose inverse is given
by L > L @n, (@iez Iit_i)'
Remark 8.1.5. The notion of prismatic F-gauges in vector bundles is closely related to the notion of
(higher) displays in the sense of [Lau 2021, Definition 3.2.1]. See Remark 8.2.7 for more details.

We collect some useful facts about graded Rees(Fil} (A g))-modules.

Remark 8.1.6. Let N = &, _, N; be a graded Rees(Fil}/(As))-module which is finite projective as a
Rees(Fil}/(Ag))-module. Then each degree-i part /V; is a direct summand of a Ag-module of the form
@7’: | Filj{}(AS)t"'/ , and in particular N; is (p, I)-adically complete. This follows from the following
fact: for a graded ring A, a graded A-module N is projective as an A-module if and only if N is projective
in the category of graded A-modules; see [Lau 2021, Lemma 3.0.1].
Let
p : Rees(Fily (As)) — Ag/ Fil}v(AS) (8-1)

be the composition of the projection Rees(Fily(Ag)) — Ag with the natural homomorphism Ag —
As/ Fil}v(A s). The map p is a ring homomorphism. For an integer n > 1, we write

A, :=Rees(Fily (As)) ®ag As/(p, )"
Let po: Ag\(n — AS/(FiI}\/(AS) + (p, 1)) be the homomorphism induced by p.
Lemma 8.1.7 (cf. [Lau 2021, Lemma 3.1.1, Corollary 3.1.2]).

(1) Let M be a finite graded A/S\(n -module. If p*M =0, then we have M = Q.
(2) Let M and N be finite graded A/S\{ ,-modules. Assume that N is projective as a AJS\{ ,-module. Then a
homomorphism f : M — N of graded A/S\{ ,-modules is an isomorphism if p* f : p*M — p*N is an

isomorphism.
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Proof. (1) By [Anschiitz and Le Bras 2023, Lemma 4.28], the pair (Ag, Fil}v(AS)) is henselian. In
particular we have Fil}v(A s) Crad(Ag). Using this fact, we can prove the assertion by the same argument
as in the proof of [Lau 2021, Lemma 3.1.1].

(2) By (1), we see that f is surjective. Since N is projective as a graded A/S\{ ,~-module (Remark 8.1.6),
we have M >~ N @ Ker f as graded AJS\( ,-modules. Thus Ker f is a finite graded AJS\( ,~-module such that
o*Ker f =0. By (1) again, we have Ker f = 0. (I
Corollary 8.1.8. Let N = &P, _, N; be a graded Rees(Fil}/(A))-module with the following properties:

(1) The degree-i part N; is (p, I)-adically complete for everyi € Z.

(2) N":=N/(p, D"N is a finite projective A@{n—modulefor everyn > 1.
Then there exists a graded finite projective Ag-module L with an isomorphism

L @ Rees(Filj (As)) ~ N
of graded Rees(Fil\ (Ag))-modules. In particular N is a finite projective Rees(Fil\/(A))-module.
Proof. Since Ag is henselian with respect to both ideals Fil}v(A s) and (p, I), there exists a graded finite
projective Ag-module L with an isomorphism
L/(Filj(As) + (p. )L = p*N'

of graded modules (by [Stacks 2005—, Tag 0D4A] or [Greco 1968, Theorem 5.1]). This isomorphism lifts
to a homomorphism
f L ®as Rees(Fily (Ag)) — N

of graded Rees(Fil}/(Ag))-modules (see Remark 8.1.6). By Lemma 8.1.7, the reduction modulo (p, I)"
of f is bijective for every n. Since degree-i parts of L ®a  Rees(Fily/(Ag)) and N are (p, I)-adically
complete for every i € Z, it follows that f is an isomorphism. U

For a bounded prism (A, I), let BKyisp (A, 1) be the category of displayed Breuil-Kisin modules over
(A, I) (see Definition 3.1.5). Prismatic F'-gauges in vector bundles over S can be related to displayed
Breuil-Kisin modules over (Ag, Is) as follows.

Proposition 8.1.9. Let S € QRSPerfd. There exists a fully faithful functor
F-Gauge"**(S) — BKgisp(As, Is)
which is compatible with base change along any homomorphism S — S’ in QRSPerfd.

Proof. To each (N, Fy) € F-Gauge"*“'(S), we attach a displayed Breuil-Kisin module (M, Fy;) over
(As, I) as follows. Let M := t*N. The kernel of 7 : Rees(Fil}/(Ag)) — Ag is generated by 7 — 1, so
that M = N/(t — 1) N. It follows that the natural homomorphism N; — M of Ag-modules is injective,
whose image is denoted by Fil' (M) C M. We have Fil'T! (M) c Fil' (M), and the corresponding map
Niy1 — N; is given by x — tx. Moreover we have M = |, Fil'(M). Let i be a small enough integer
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such that Fil' (M) = M. We define ¢*M — M[1/I] to be the composition

—i t—1

¢*M = ¢* Fil' (M) => ¢*N; — (0*N); => (0*N)o®a, I't 7 I M @n, I't ™ =5 M[1/11.

(For the isomorphism (6*N); = (6*N)o ®a, I't~!, see Remark 8.1.4.) This homomorphism ¢*M —
M{[1/1] is independent of the choice of i. Let Fys: (¢p*M)[1/1]1— M[1/1] be the induced homomorphism.
We shall prove that (M, Fj) is a displayed Breuil-Kisin module over (Ag, ). By Corollary 8.1.8, we
may assume that
N = L ®@a, Rees(Fily (Ay))

for some graded finite projective Ag-module L = &P jez Li._l). Then we have M = L and

Fil' (M) = (@ L§.—”) o (@ Fil' 7/ (A S)Lf”) (8-2)
j=i j<i
forevery i € Z. We set L := qb*Lj._]). By sending ¢ to 1, we obtain (6*N)g = @jeZ(Lj ®Rns I7),
and the isomorphism Fy can be written as
Fy:@PLj@r I77) = M.
jez

Now Fy; : @jez L;[1/11 — M[1/I] is the base change of Fy. (In particular F; is an isomorphism.)
Recall the filtration {Fil’ (¢* M)};cz of ¢*M from Definition 3.1.2. We see that Fil’ (¢* M) C ¢*M is the
intersection of ¢*M = @jez L; with EBjez(Lj ®ag I'77), and thus

Fil @ M) = (D L)) o (D 1'7/L;). (8-3)
j=i j<i
From this description, we see that (M, F)) is a displayed Breuil-Kisin module. (Moreover ¢p*M =
<z L; is a normal decomposition in the sense of Definition 3.1.10.)
We have constructed a functor F-Gauge'*“'(S) — BKlisp(As, Is). The full faithfulness of this functor
follows from [Guo and Li 2023, Corollary 2.53]. The important point is that the filtration {Fili (M)}iez of
M can be recovered from (M, Fj;). Namely, Fil' (M) agrees with the inverse image of M ®a [ ! under

the composition
M 2255 (@ M)[L/T] 25 M[1/1.

(Compare (8-2) with (8-3).) Since the full faithfulness of the functor also follows from Example 5.3.10,
Example 8.2.9, and Proposition 8.2.11 below (compare with the argument in the proof of Proposition 7.1.1),
we omit the details here. (]

The following result is essential for the definition of prismatic F-gauges in vector bundles over a
quasisyntomic ring.

Proposition 8.1.10. The fibered category over QRSPerfd®® which associates to each S € QRSPerfd the
category F-Gauge"**(S) satisfies descent with respect to the quasisyntomic topology.
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Proof. This was originally proved by Bhatt and Lurie (see [Bhatt 2022, Remark 5.5.18]). In [Guo and
Li 2023, Proposition 2.29], this result was obtained by a slightly different method. We briefly recall the
argument given in that proposition.

Let S — S’ be a quasisyntomic covering in QRSPerfd. By the proof of [loc. cit., Proposition 2.29], the
induced homomorphism Aé\{ n A/S\/f’ , 1s faithfully flat for every n > 1, and for a homomorphism § — §;
in QRSPerfd, the following natural homomorphism of graded rings is an isomorphism:

N N~ N
AS’,n ®A§_/n ASl,n - AS’@)ssl,’l’

where §' @g S; € QRSPerfd is the p-adic completion of S’ ®s S;. Using these results, we can prove that
the natural functor from the category of prismatic F-gauges in vector bundles over S to the category
of prismatic F-gauges in vector bundles over S’ with a descent datum (with respect to S — §’) is an
equivalence. We only prove the essential surjectivity of the functor.

Let (N', Fy') € F-Gauge"*°'(S’) with a descent datum. By the results recalled in the previous paragraph
and by faithfully flat descent, we see that, for every n > 1, the graded /AJS\,/yn—module N'/(p, "N’ with
the descent datum arises from a graded AJS\{ ,-module N" =P, _, N such that N" is finite projective as a
AJS\{ ,-module. Let N; :=1im, N/ and we define N := D,z Ni, which is a graded Rees(Fil}y/ (A 5))-module.
We have N/(p, I)"N = N" for every n > 1. By Corollary 8.1.8, we see that N is a finite projective
Rees(Fil}/(As))-module. Moreover the natural homomorphism

N ®Rees(Fily t.5)) Rees(Fily (Ag)) — N

is an isomorphism (as its reduction modulo (p, I)" is an isomorphism for every n). Since (Ag, Is) —
(Ag, Is) is a faithfully flat map of Og-prisms and the (p, I)-adic completion of A g ®a ¢ A g is isomorphic
to Agg,s (see the proof of [Guo and Li 2023, Proposition 2.29]), the isomorphism Fy- descends to an
isomorphism Fy : (6*N)o => t*N by Proposition 2.5.6. This shows that (N’, Fy/) with the descent
datum arises from (N, Fy) € F-Gauge'*“'(S). O

Proposition 8.1.10, together with [Bhatt et al. 2019, Proposition 4.31], shows that the fibered category
S F-Gauge"*“'(S) over QRSPerfd? extends uniquely to a fibered category

R — F-Gauge"*“'(R)
over the category QSyn®P that satisfies descent with respect to the quasisyntomic topology.

Definition 8.1.11 (Drinfeld, Bhatt—Lurie, Guo-Li). Let R € QSyn. An object N € F-Gauge"**'(R) is
called a prismatic F-gauge in vector bundles over R. For a homomorphism R — S with § € QRSPerfd,
the image of N in F-Gauge"*°'(S) is denoted by (N, Fy;)-

A fully faithful functor from F-Gauge'“'(R) to the category of prismatic F-crystals on (R), (in the
sense of [Bhatt and Scholze 2023]) is obtained in [Guo and Li 2023, Corollary 2.53]. More precisely, we
have the following result.
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Proposition 8.1.12. Let R € QSyn. There exists a fully faithful functor

F-Gauge"* ™ (R) — 2 — im , ;e p), BKaisp(A, I). (8-4)

This functor is compatible with base change along any homomorphism R — R’ in QSyn.
Proof. By Proposition 8.1.10, the left-hand side of (8-4) satisfies quasisyntomic descent. By [Bhatt

and Scholze 2022, Proposition 7.11] and Corollary 3.1.15, the right-hand side of (8-4) also satisfies
quasisyntomic descent; see also the proof of [Bhatt and Scholze 2023, Proposition 2.14]. Thus, the

assertion follows from Proposition 8.1.9. (I
As in Section 3.2, let u = (my, ..., my) be a tuple of integers m; > --- > m,. Let r; € Z>¢ be the
number of occurrences of i in (my, ..., m,). We want to compare prismatic F-gauges in vector bundles

with (displayed) Breuil-Kisin modules of type u in the sense of Definition 3.2.1.

Remark 8.1.13. Let S € QRSPerfd. By [Bhatt and Scholze 2022, Theorem 12.2], the Frobenius ¢ :
As — Ag induces an isomorphism
As/Filjy (Ag) = S.

Using this, we regard the homomorphism p (see (8-1)) as p : Rees(Fil(Ag)) — §.

Definition 8.1.14. Let R € QSyn. Let N € F-Gauge"*'(R). We say that N is of type u if for any R — S
with S € QRSPerfd, the degree-i part (p*Ng); of the graded S-module p* Ny is of rank r; for any i € Z.

Let
F-Gauge, (R) C F-Gauge'**(R)

be the full subcategory spanned by those objects of type w. The property of being of type u can be
checked locally in the quasisyntomic topology. Thus the fibered category R +— F-Gauge, (R) over
QSyn®P satisfies descent with respect to the quasisyntomic topology.

By construction, the functor (8-4) induces a fully faithful functor

F-Gauge, (R) — 2 —1im, ; _ ), BKu (4, 1) (8-5)

for any R € QSyn. (Recall that BK, (A, 1) is the category of Breuil-Kisin modules over (A, I) of type 1.)
We will prove later that the functors (8-4) and (8-5) are equivalences if R is a perfectoid ring or a complete
regular local ring with perfect residue field k of characteristic p; see Corollary 8.2.13 below.

Example 8.1.15. Let R € QSyn. Let F -Gauge[vgflt](R) C F-Gauge"*“'(R) be the full subcategory of those
NeF —GaugeveCt(R) such that for any homomorphism R — S with S € QRSPerfd, we have (p*Ng); =0
for all i # 0, 1. The functor (8-4) induces a fully faithful functor

F-Gaugef’gflt](R) — 2—1im, ;) p), BKmin(A, I).

The right-hand side can be identified with the category of prismatic Dieudonné crystals on (R)a; see

Section 7.1. By [Guo and Li 2023, Theorem 2.54], the essential image of this functor is the full subcategory
of admissible prismatic Dieudonné crystals on (R). If R is a perfectoid ring or a complete regular local
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ring with perfect residue field k of characteristic p, then any prismatic Dieudonné crystal on (R), is
admissible by [Anschiitz and Le Bras 2023, Propositions 4.12 and 5.10], and hence the above functor is
an equivalence in this case. This fact also follows from Corollary 8.2.13.

8.2. Prismatic G-F-gauges of type p. Let G be a smooth affine group scheme over Z,. Let u :
Gm — Gwa) be a cocharacter where k is a perfect field of characteristic p. We introduce prismatic
G-F-gauges of type u in the same way as for prismatic G-u-displays.

We retain the notation of Section 4. For the cocharacter p, we have the action (4-1) of G,, on
Gw) = Spec Ag. Let Ag = @, .7 Ag,i be the weight decomposition. We define Ag’[.l) = (¢_1)*AGJ~,
where ¢! : W (k) — W (k) is the inverse of the Frobenius. Since (¢~ ")*Ag = Ag, we have

Ac =P a;).
ieZ
Let =Y : G, — Gw) be the base change of p along ¢! Then Ag = D, ; A(G_,l.l) is the weight
decomposition with respect to the action of G,, induced by (=,

Let S be a quasiregular semiperfectoid ring over W (k).

Definition 8.2.1. Let

Gun(S) CG(As)
be the subgroup consisting of homomorphisms g* : Ag — Ag of W (k)-algebras such that g*(A((;l-l)) C
Filjv(Ag) for any i € Z. The group G, A(S) is called the gauge group.
Remark 8.2.2. It follows from Lemma 4.1.4 that G, »(S) C G(Ay) is the inverse image of the display
group G, (As, Is) C G(Ag) under the homomorphism ¢ : G(Ag) — G(Ag).

For a generator d € Ig, we have the homomorphism
oun.d: Gun(S) = G(bs), g wd@ud ™",
by Remark 8.2.2. Let G(Ag)xr,q be the set G(Ag) together with the following action of G, A(S):
G(hs) x Gun(S) > G(hg), (X, g) > X-g:=¢g 'Xoun.a(g) (8-6)

For another generator d’ € Iy and the unique element u € A § such that d = ud’, the bijection G (Ag)rr,a —
G(As)N,as X = Xpu(u),is G, n(S)-equivariant. Then we set

GAs)y :=lm G(As) N 4
d

which is equipped with a natural action of G, /(S). Here d runs over the set of generators d € Is.
Although G(Ag) A depends on u, we omit it from the notation.

Remark 8.2.3. We recall some notation from [Bhatt and Scholze 2023, Definition 2.9]. Let R be
a quasisyntomic ring. Let (R)qsyn (resp. (R)qrsp) be the category of quasisyntomic rings R’ (resp.
quasiregular semiperfectoid rings R’) with a quasisyntomic map R — R’. We endow both (R)OQPSyn and
(R)gfsp with the quasisyntomic topology. Since quasiregular semiperfectoid rings form a basis for QSyn,
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we may identify sheaves on (R)gpSyn with sheaves on (R)gfsp. On the site (R)g%yn, we have the sheaves A,
and I, such that

A(S)=Ag and I,(S)=Ig
for each § € (R)grsp-

Lemma 8.2.4. Let R be a quasisyntomic ring over W (k). The functors
Gun: (R)gsp — Set, S+ Gy a(S),
Gan: (R)qrsp — Set, S+ G(Ag)y,

form sheaves with respect to the quasisyntomic topology.

Proof. As A, is a sheaf, so is Ga . Since 1, is a sheaf, it follows that the functor S — Filj\/(A s) forms a
sheaf for any i € Z. This implies that G, s is a sheaf. ]

We regard G, s and Ga - as sheaves on (R)gpsyn. The sheaf G is equipped with an action of G, a.

Definition 8.2.5 (prismatic G- F'-gauge of type ). Let R be a quasisyntomic ring over W (k). A prismatic
G-F-gauge of type 1 over R is a pair
(2, a9),

where 2 is a G, a-torsor on (R)(épSyn and g : 2 — Gp 18 a Gy n-equivariant map. We say that
(2, ag) is banal if 2 is trivial as a G, xr-torsor. When there is no possibility of confusion, we write 2
instead of (2, a). An isomorphism of prismatic G- F'-gauges of type p over R is defined in the same
way as in Definition 5.2.1.

Let
G-F-Gauge,, (R)

be the groupoid of prismatic G-F-gauges of type u over R. For a homomorphism f : R — R’ of
quasisyntomic rings over W (k), we have a base change functor

f*: G-F-Gauge, (R) — G-F-Gauge, (R')
defined in the same way as in Definition 5.2.6.

Remark 8.2.6. A “truncated analogue” of the notion of prismatic G- F-gauges of type u was introduced
by Drinfeld [2023, Appendix C] for a p-adic formal scheme X which is formally of finite type over
SpfZ,, in terms of certain torsors on the syntomification of X in the sense of Drinfeld and Bhatt—Lurie.
It should be possible to define prismatic G-F-gauges of type u over any p-adic formal scheme by using
certain torsors on syntomifications, but we will not discuss this here.”

Remark 8.2.7. Let S be a quasiregular semiperfectoid ring over W (k). For a generator d € I, let
o4 : Rees(Fily (Ag)) — Ag be the homomorphism defined by a;t ™' +> ¢ (a;)d ™" for any i € Z. Recall the

2 After this work was completed, and during the refereeing process, this has been carried out by Gardner and Madapusi [2024].
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homomorphism 7 : Rees(Fil}/(Ag)) — Ag from Definition 8.1.1. Similarly to the triple (Rees(/*), o4, T)
in Remark 5.2.3, the triple
(Rees(Fil}y/(As)), 04, T)
is an analogue of a higher frame in the sense of Lau. The homomorphism t induces an isomorphism
G (Rees(Fily (As5)? = G, (9),
where G (Rees(Fil} (A ) is the group of elements g € G (Rees(Fily (Ag))) such that
g*: Ag =P A5 — Rees(Filj (As))
ieZ

is a homomorphism of graded W (k)-algebras. Via this isomorphism, the homomorphism o, xr 4 agrees
with the one induced by o,;. Thus, the action (8-6) is consistent with the one considered in [Lau 2021, (5-2)].

Roughly speaking, prismatic F'-gauges in vector bundles (resp. prismatic G- F-gauges of type ) over S
can be considered as displays (resp. G-u-displays) over the “higher frame” (Rees(Fily/(Ay)), o4, 7).
On the other hand, displayed Breuil-Kisin modules (resp. prismatic G-u-displays) over (Ag, Ig) can
be thought of as displays (resp. G-u-displays) over the “higher frame” (Rees(/3), o4, 7). See also [Lau

2021, Section 3.7] where the relation between displays over higher frames and Frobenius gauges in the
sense of [Fontaine and Jannsen 2021, Section 2.2] is discussed.

Let us discuss the relation between prismatic F-gauges in vector bundles of type p and prismatic
GL,- F-gauges of type u.
Example 8.2.8. Let  : G,, — GL,, w«) be a cocharacter and let (m, ..., m,) be the corresponding tuple

. L,
jez tu.j
be the weight decomposition with respect to the action of G,, on Lw k) = W (k)" induced by . We set
LEZ}) := (¢~ 1)*L,, ;. By the decomposition Ly ¢ = P
Let S be a quasiregular semiperfectoid ring over W (k). Then, via the isomorphism

of integers m; > - - - > m, as in Section 3.2. We retain the notation of Section 3.2. Let Ly ) =P

jez LE;} ) we regard Ly ) as a graded module.
GL, (Rees(Fil} (A5)))" = (GLy) A (S)

given in Remark 8.2.7, we may identify (GL,), »(S) with the group of graded automorphisms of
Lw ) ®@w ) Rees(Fily (Ay)).

Example 8.2.9. Let the notation be as in Example 8.2.8. Let R be a quasisyntomic ring over W (k). We
shall construct an equivalence

F—GaugeM(R): => GL, -F-Gauge,(R), N 2(N), 8-7)

where F-Gauge,, (R)~ is the groupoid of prismatic F-gauges in vector bundles of type n over R. Let
N € F-Gauge,, (R). We consider the sheaf

2(N): (R)stn — Set
sending S € (R)grsp to the set of graded isomorphisms

h: Ly Qww) RCCS(Fﬂ;\/(AS)) = Ng.
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Such an isomorphism /% exists locally in the quasisyntomic topology by (the proof of) Corollary 8.1.8. By
Example 8.2.8, the sheaf 2(N) then admits the structure of a (GL, ), r-torsor. Let d € Is be a generator.
We fix an isomorphism /4 as above. Then we have the isomorphisms

(0*N)o = @(L;L,j Qww Ig”) = Lag,
jez
where the second isomorphism is given by . (d). We also have t*N =~ L. Thus, the isomorphism Fy
gives an element «(h)y € GL,(As) = GL,(As)nrq. The element «(h) € GL, (Ag)xr corresponding to
a(h)g does not depend on the choice of d. In this way, we get a (GL,), a-equivariant map o : 2(N) —
(GL,)a .w so that the pair (2(N), «) belongs to GL,, -F -Gauge,, (R). This construction gives the functor
(8-7). Using quasisyntomic descent, one can check that this functor is an equivalence.

We now compare prismatic G-u-displays with prismatic G-F-gauges of type u. We first note the
following result.

Proposition 8.2.10. Let R be a quasisyntomic ring over W (k). The fibered category over (R)OQPSyn which
associates to each R' € (R)qsyn the groupoid G- Disp M((R’ )a) is a stack with respect to the quasisyntomic
topology.

Proof. This follows from [Bhatt and Scholze 2022, Proposition 7.11] and Proposition 5.2.8 by a standard
argument. (See also the proof of [Bhatt and Scholze 2023, Proposition 2.14].) O

Proposition 8.2.11. Let R be a quasisyntomic ring over W (k). There exists a fully faithful functor
G-F-Gauge, (R) — G-Disp,, ((R)a). (8-8)
This functor is compatible with base change along any homomorphism R — R’ in QSyn.

Proof. 1t is clear that the left-hand side of (8-8) satisfies quasisyntomic descent. By Proposition 8.2.10,
the right-hand side of (8-8) also satisfies quasisyntomic descent. It thus suffices to construct, for each
quasiregular semiperfectoid ring S over W (k), a fully faithful functor

G'F'Gaugeﬂ(s)banal — G- DiSPM(AS, IS)banal (8'9)

that is compatible with base change along any homomorphism S — S’ in the subcategory QRSPerfd. Here
G-F-Gauge,, (S)panal 1s the groupoid of banal prismatic G-F-gauges of type u over S. By Remark 5.2.5,
we may identify G- DispM (As, Is)banar With the groupoid [G(Ag) /G (As, Is)]. Similarly, we may
identify G-F —GaugeM(S)banal with the groupoid

[G(AS)N/Gun(S)]

whose objects are the elements X € G(Ag),n and whose morphisms are defined by Hom(X, X') =
{g€Gun(S) | X -g=X}. Themap ¢ : G(As) - G(As) induces a map ¢ : G(As)y — G(Ag)
such that, for every X € G(Ags)n and every g € G, A(S), we have ¢ (X - g) = ¢(X) - ¢(g), where
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¢(g) € G, (A, Is) is the image of g under the natural homomorphism ¢ : G, n/(S) — G, (Ag, Is). Then
we define the functor (8-9) as

[GAIN/Cun (] = [G(As)i/GulAs, Is)], X = ¢(X). (8-10)

This functor is fully faithful. Indeed, let d € Is be a generator. It suffices to prove that for all X, X" € G(Ay),
the map

{g€Gun(S) |8 X'ouna(®) =X} = (h€Gu(hs, Is) | h (X Vo a(h) = (X))}

defined by g > ¢ (g) is bijective. (Recall o xr.a(8) = pu(d)$(g)u(d) ™" and 0, 4 (h) = ¢ (u(d)hpu(d)™").)
One can check that the map & — X' u(d)hu(d)~' X! gives the inverse of the above map. Indeed, for an
element g € G, A(S) in the left-hand side, we have

X n(@dp(@ud) ' X' =Xo, ya(@X =g

Similarly, for an element 7 € G, (Ags, I5) in the right-hand side, we have

X' u(@hp(d) ' X = ¢(X)ou.a(W(X) ™" =h.
The proof of Proposition 8.2.11 is complete. ]

Corollary 8.2.12. Let R be a perfectoid ring over W (k) or a complete regular local ring over W (k) with
residue field k. Then the functor (8-8) is an equivalence:

G-F-Gauge, (R) = G- Dispu((R)A).

Proof. Since we already know that this functor is fully faithful (Proposition 8.2.11), it suffices to prove
the essential surjectivity. The assertion can be checked locally in the quasisyntomic topology.
We first assume that R is a perfectoid ring over W (k). In this case, we have

G-Disp, ((R)a) = G-Disp,(W(R"), Ir).

Since every G-u-display over (W(R"), Ig) is banal over a p-completely étale covering R — R’ with
R’ a perfectoid ring (Example 2.5.11), it suffices to prove that the functor (8-10) given in the proof of
Proposition 8.2.11 is essentially surjective when S = R. This follows since (Ag, Ig) =~ (W(R"), Ig) and
the Frobenius ¢ : W(R") — W(R") is bijective.

The case where R is a complete regular local ring over W (k) with residue field k follows from the
previous case since there exists a quasisyntomic covering R — R’ with R’ a perfectoid ring by [Anschiitz
and Le Bras 2023, Proposition 5.8]. |

Corollary 8.2.13. The functors (8-4) and (8-5) are equivalences if R is a perfectoid ring or a complete
regular local ring with perfect residue field k of characteristic p.

Proof. We need to prove that (8-4) and (8-5) are essentially surjective. For (8-5), this follows from
Corollary 8.2.12 together with Examples 5.3.10 and 8.2.9. For (8-4), we argue as follows. As in the proof
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of Corollary 8.2.12, it suffices to treat the case where R is a perfectoid ring. Then we have

2 —1lim 4 ;e gy, BKaisp(A, 1) => BKaip(W(R"), Ig).

For each M € BKdisp(W(Rb), IR), there exists a p-completely étale covering R — R X - -+ X R, with

Ry, ..., R, perfectoid rings such that, for any 1 <i < m, the base change M is of type u for

(W(R)).IR,)
some u; see Example 2.5.11 and Remark 3.2.3. Since (8-5) is essentially surjective, we can conclude that

(8-4) is also essentially surjective by using p-completely étale descent. (I

Remark 8.2.14. Let R be a quasisyntomic ring over W (k). For a bounded prism (A, I) € (R)a, we
defined the groupoid G-BK, (A, I) of G-Breuil-Kisin modules of type u over (A, I') in Section 5.1 and
showed that it is equivalent to G- Disp,, (A, I) in Proposition 5.3.8. Thus the fully faithful functor (8-8)
can be written as

G-F-Gauge,, (R) — G-BK,,(R)a) =2 —lim, ;g G-BK,.(A. D).

The essential image of this functor consists of those P € G-BK,, ((R)a) such that for some quasisyntomic
covering R — S with § a quasiregular semiperfectoid ring, the image P 1) € G-BK, (Ag, Is) of P
is a trivial Gj-torsor, and via some trivialization P, 1) = Gay, the isomorphism Fp, _,  is given by
g +— Yg for an element Y in

p(d)p(G(As)) C G(As[1/Is]),

where d € I is a generator. Therefore, we can simply define a prismatic G- F-gauge of type  over R as an
object P € G-BK,, ((R)a) that satisfies the above condition. However, similarly to prismatic G-u-displays,
it should be more technically convenient to work with the one introduced in Definition 8.2.5.

We shall give an example which shows that the functors (8-4) and (8-8) are not essentially surjec-
tive in general. This also shows that there exists a nonadmissible prismatic Dieudonné crystal (see
Example 8.1.15).

Let O¢ be the ring of integers of an algebraically closed nonarchimedean extension C of @Q,. Then
the quotient S = O¢/p is a quasiregular semiperfectoid ring. The natural homomorphism § — Ag/Is is
injective, and the Frobenius ¢ : Ag — Ag induces an isomorphism Ag/ Fil}\/(A s) = S (see [Bhatt and
Scholze 2022, Theorem 12.2]). The Hodge—Tate comparison theorem for the conjugate filtration with
respect to the natural homomorphism O¢ — S shows that S — Ag/Is is not surjective; see [loc. cit.,
Section 12.1]. We fix a generator d € Is.

Example 8.2.15. Let the notation be as above. We assume that G = GL; and u : G,, — GL; is the
1-bounded cocharacter defined by ¢ — diag (¢, 1). We choose an element x € Ag whose image x € Ag/Is
is not contained in S. Let X € G(Ag)/, be the element such that Xy = ( )lc (1)) € G(Ag). We shall show that
X is not contained in the essential image of the functor (8-10). If X is contained in the essential image,
then there are Y € G(Ag)y and g € G, (As, Is) such that the equality X - g = ¢(Y) holds in G(Ag)y,.
In particular, we see that g~ X, belongs to the image of ¢ : G(Ag) — G(Ag). We write

811 812
= e G, (Ag, Ig).
8 (821 822) wlbs, Is)
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By Proposition 4.2.9, we have go; € Is and g11, g2 € A?. By computing the image of g_l Xain G(Ag/Is)
and using that g~'X,; € ¢(G(Ay)), it follows that X/g2», 1/g2> € Ag/Is are contained in S. We thus
have x € §, which leads to a contradiction.
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Arithmetic Siegel-Weil formula on Xy(N)
Baiging Zhu

We establish the arithmetic Siegel-Weil formula on the modular curve Xy(N) for arbitrary level N, i.e.,
we relate the arithmetic degrees of special cycles on Xy(N) to the derivatives of Fourier coefficients of
a genus-2 Eisenstein series. We prove this formula by a precise identity between the local arithmetic
intersection numbers on the Rapoport—Zink space associated to Xy(N) and the derivatives of local
representation densities of quadratic forms. When N is odd and square-free, this gives a different proof
of the main results in work of Sankaran, Shi and Yang. This local identity is proved by relating it to an
identity in one dimension higher, but at hyperspecial level.
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1. Introduction

1.1. Background. The classical Siegel-Weil formula relates certain Siegel Eisenstein series to the
arithmetic of quadratic forms, namely, it expresses special values of these series as theta functions,
generating series of representation numbers of quadratic forms. Kudla initiated an influential program
to establish the arithmetic Siegel-Weil formula relating certain Siegel Eisenstein series to objects in
arithmetic geometry.

In this article, we study the case of modular curves. Let N be a positive integer. The classical modular

curve Vo(N)c over C is defined as the smooth 1-dimensional complex curve
Yo(N)¢ = GLa (@) \ Hi x GLy(A )/ To(N)(Z) = To(N) \ H,
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where I]-Eli =C\R and I]-I];r ={z=x+4+iyeC:x e R,y € R.o} is the upper half plane. The group
['o(N)(Z) is the open compact subgroup

b

To(N)(Z) = {x — <1\C/Zc d) €GLy?):a,b,c.d e Z}

of GL2(Ay), and T'o(N) = I'o(N) (Z) (1GL,(Z). Notice that the determinant of an element in the
group I['g(N) can be either 1 or —1 rather than only 1 in the classical setting because the space I]-I];—L has
two connected components.

The smooth curve )y ()¢ is not proper, its compactification Xp(N)c := Vo(N)c U {cusps} is a smooth
projective curve over C. It is a classical fact that the curve )y (V)¢ parameterizes cyclic isogenies between
elliptic curves over C. Here an isogeny 7 : E — E’ between two elliptic curves over C is called cyclic if
ker(;r) is a cyclic group.

Katz and Mazur [1985] extended the concept of cyclic isogeny to an arbitrary base scheme: an
isogeny 7 : E — E’ between two elliptic curves is called cyclic if ker(;r) is a cyclic group scheme
(see Definition 4.1.2). They also defined the ['g(/V)-level structures on elliptic curves. In this article, we
mainly work on a 2-dimensional regular flat Deligne-Mumford stack X,(N), defined in [Cesnavi¢ius
2017], which is the moduli stack of generalized elliptic curves with I'g(N)-level structures and whose
fiber over C is Xp(N)c. We define the (arithmetic) special cycles on Xy(N) and study their intersection
numbers. Finally, we prove that these intersection numbers are identified with the derivatives of Fourier
coefficients of certain Siegel Eisenstein series of genus 2.

When N is an odd, square-free positive integer, the relation has already been obtained in the work of
Sankaran, Shi and Yang [Sankaran et al. 2023, Theorem 2.14] by computing both sides explicitly based on
[Yang 1998; Kudla et al. 2006]. In this article, we use a different method and work with arbitrary level N.
We introduce a formal scheme Ny(N) which is the Rapoport-Zink space associated to Xy(N). Via formal
uniformization of the supersingular locus of the stack Xy(/N) and its special cycles, we reduce the identity,
which relates intersection numbers on Xj(/V) and derivatives of Fourier coefficients of Eisenstein series, to
a local identity between local arithmetic intersection numbers on Ny(N) and derivatives of local densities
of quadratic forms. Now the key observation is that both sides of the local identity, regardless of the
level N, can be related to another intersection problem on Rapoport—Zink space of 1 dimension higher,
but in a hyperspecial level, while the computation of the latter has been done in [Gross and Keating 1993,
Proposition 5.4; Wedhorn 2007, §2.16; Rapoport 2007, Theorem 1.1] (see also [Li and Zhang 2022,
Theorem 1.2.1]).

1.2. Summary of main results.

1.2.A. Arithmetic Siegel-Weil formula on Xy(N). Let A(N) be the rank-3 quadratic lattice

A(N):{x=<_]cva b):a,b,ceZ} (1)

a

over Z, equipped with the quadratic form x — det(x).
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We use v to denote a place of Q. For every finite place v, let A,(N) = A(N) ®z Z, be a rank-3
quadratic lattice over Z,. Let A be the ring of adeles over Q. Let V = {V,} be the incoherent collection
of quadratic spaces of A of rank 3 nearby A(N) at oo, i.e.,

Vy, =Ay(N)®Q, if v < oo, and V is positive definite. )

Consider a finite place v. Let V; : =V ® A (resp. \/? =Ve® A'jﬁ) be the quadratic space of rank 3
over Ay (resp. A;). Let .7(V?) (resp. & (\/?), 5 ((\/})2)) be the space of Schwartz functions on V2
(resp. V2, (\/vf)z). Associated to 9 = @ ® @ € . (V2), where @¥oo 1s the Gaussian function on \/go and
s (\/30), there is a classical incoherent Eisenstein series E(z, s, ¢) (see Section 3.4) on the Siegel
upper half plane,

Hy = {z=x41iy:x e Sym,(R), y € Sym,(R)-o}.

This is essentially the Siegel Eisenstein series associated to a standard Siegel-Weil section of the degenerate
principal series. The Eisenstein series here has a meromorphic continuation and a functional equation
relating s <> —s. The central value E(z, s, @) is O by the incoherence. We thus consider its central
derivative

3 Eis(z, @) = dis

S (z,5,9)

N

Associated to the standard additive character ¥ : A/Q — C*, it has a decomposition into the central
derivatives of the Fourier coefficients

dEisz.@)= »  0Eisr(z.9).
T eSym,(Q)

On the geometric side, there is a regular integral model of the modular curve Yo (N)c over Z defined
by Katz and Mazur: for any scheme S, the groupoid V(N )(S) consists of objects (E 2, E’), where E
and E’ are elliptic curves over S and 7 is a cyclic isogeny such that 7Y or = N. They proved that Yy(N)
is a 2-dimensional regular flat Deligne—-Mumford stack (see [Katz and Mazur 1985, Theorem 5.1.1]),
but Yy (V) is not proper. There is a moduli stack Xy(NV) defined in [Cesnavitius 2017] which serves as
a “compactification” of V(). It is a proper regular flat 2-dimensional Deligne-Mumford stack which
contains Yy(N) as an open substack, so we can consider the arithmetic intersection theory on Xy(N)
following the lines in [Gillet 2009].

The key concept is that of a special cycle. A typical special cycle is of the form Z(T, ¢), where T is a
2x?2 symmetric matrix and ¢ € .7 (\/?) is the characteristic function of some open compact subset of \/?.
It is a Deligne—Mumford stack finite unramified over Xy(/N). For an object (£ s E") of Yo(N)(S), the
special cycle Z(T, @) parameterizes pairs of isogenies between E and E’ with inner product matrix T
and orthogonal to the cyclic isogeny 7, along with some level structures given by the Schwartz function ¢
which is FO(N)(Z)-invariant (cf. Definition 4.3.5). For every nonsingular 7 € Sym,(Q) and prime
number [/, we say T is represented by A(N) ® QY if there exist two vectors x, x, € A(N) ® Q; such
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that T = %((x,-, x;)). Define the difference set
Diff(T, A(N)) = {l is a finite prime : T is not represented by A(N) ® ();}.

Let @Ié(XO(N )) be the codimension-2 arithmetic Chow group with complex coefficients of the regular
flat Deligne-Mumford stack Xp(N). We also construct arithmetic special cycles on the stack Xy(N). They
are elements of the form Z (T,y, )€ él\{é (X(N)), where T € Sym, (Q) is nonsingular, y € Sym, (R) is
positive definite and ¢ € % (\/%;) is a Schwartz function. Let ¢ € .% (\/?) be a T-admissible Schwartz
function, roughly meaning ¢ is invariant under the action of I'g(N)(Z) and for every p € Diff(T, A(N)),
o=@ (Xlgp, where @? € 5’((\/?)2) and ¢, =c- IAP(N)Z € Y(\/%) for some ¢ € C. Our main goal is
to relate deg(Z(T,y, ¢)) to derivatives of the Fourier coefficients of a genus-2 Siegel Eisenstein series,
where d/e?g : éﬁé (Xo(N)) — C is the arithmetic degree map (see (14)).

Theorem 1.2.1. Let N be a positive integer. Let T € Sym,(Q) be a nonsingular symmetric matrix. Let
e (\/?p) be a T-admissible Schwartz function. Then
YN

deg(Z(T.y. ¢))q" ==, 9Eisr(z.¢)

forany z=x+1iy € Hy. Here Yy (N) =N - ]_[”N(l +17Y and g7 = 20T,

1.2.B. The local arithmetic Siegel-Weil formula with level N. Fix a prime number p. Let F be the
algebraic closure of [F,,. Let W be the integer ring of the completion of the maximal unramified extension
of Q.

On the geometry side, let X be a p-divisible group over [ of dimension 1 and height 2. Let B be the
unique division quaternion algebra over Q,, so End®(X) ~ B as quadratic spaces. The Rapoport—Zink
space associated to Xp(NN) is the deformation space Ny(N) such that, for a W-scheme S where p is locally
nilpotent and an element xo € B such that xov oxg = N, the set No(N)(S) consists of elements (X = X’)
where X, X’ are deformations over S of X with certain restrictions on polarizations (see Section 5.1), the
morphism 7 is a cyclic isogeny deforming xo and 7% o7t = N.

Let W = {xo}* C B be the subspace of quasi-isogenies which are orthogonal to xg. For any x € W,
there is a closed formal subscheme Z(x) of NVy(N) over which the quasi-isogeny x lifts to an isogeny.
This is an example of a special cycle (see Definition 5.2.5) on AVy(N). For a rank-2 lattice M C W, we
choose a Z,-basis {x{, xo} of M, then define the local arithmetic intersection number of M on Ny(N)

to be
Intag (v (M) = x (Mo(N), Oz () @, ) Oz(xn))-

This number is independent of the choice of the basis {x1, x»} of M.
On the analytic side, for any two integral quadratic Z ,-lattices L and M, let Rep,, ; be the scheme of
integral representations, a Z,-scheme such that for any Z,-algebra R,

Repy 1 (R) = QHom(L ®z, R, M ®z, R),
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where QHom denotes the set of quadratic module homomorphisms. The local density of integral repre-

#Repy 1 (Zp/pd)
d-dim(Repy a,

sentations is defined to be

Den(M, L) =

d—o00 p

Let H; = 22 be the rank-2 quadratic Z,-lattice equipped with the quadratic form ¢ Hy (x,y) =xy.

For any k£ > 0, let H;,’C = (H2+ )®" be a rank-2k quadratic Z p-lattice. For any Z ,-lattice M C W of rank 2,
define the local density of M with level N to be the polynomial Deny ,v) (X, M) such that for all £ > 0

Den(A,(N)& Hy, M) when p | N
Nor (p—*, 1) P

Den X, M = 3
2000 Ml =1 penca, )y 15, ) when pf N .

NorV-Pr (p=*, 2)

where (-, - ), is the Hilbert symbol at p, the polynomials Nor®(X, n) are normalizing factors defined in
Definition 2.2.6. Then Dena ,(v)(1, M) = 0 since M can’t be isometrically embedded into the quadratic
lattice A, (N). We define the derived local density of M with level N to be

d
0 DCHAP(N)(M) = —d—X DCHA (N)(X M).

The local arithmetic Siegel-Weil formula with level N is an exact identity between the two integers
just defined.

Theorem 1.2.2. Let M C W be a Z ,-lattice of rank 2. Then
IntNO(N) (M)=29 DCHAP(N) (M).

We refer to Inta; vy (M) as the geometric side of the identity (related to the geometry of Rapoport-Zink
spaces and Shimura varieties) and 0 DenAp(N)(M ) as the analytic side (related to the derivatives of
Eisenstein series and L-functions).

1.2.C. Formal uniformization. For any prime p, let Xo(N )@SFS,; be the supersingular locus of the stack Xy (N),
i.e., those F-points of Xp(N) which are isogenous to a supersingular elliptic curve. Let B be the unique
quaternion algebra which ramifies exactly at p and co. Let Xo(N)/( AN be the completion of the
stack Xp(N) along the closed substack Xp(NV ) . Let 'o(N) (Z” ) be the group [ | I'o(N)(Z,). We
have the following formal uniformization theorem of the stack Xy(N).

v#£00, p

Proposition 1.2.3. There is an isomorphism of formal stacks over W,
Ro(N) /s ) —2% BX(@)o \ [No(N) x GLa(AD)/ To(N) @7)],

where B*(Q)q is the subgroup of B> (Q) consisting of elements whose norm has p-adic valuation 0.

This proposition was previously known only in the case that N is odd and square-free (see [Kim 2018,
Theorem 4.7] for the case p{ N and [Oki 2020, Theorem 6.1] for p | N). As a corollary, let QSS(T, Q)
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be the completion of Z(T, ¢) along its supersingular locus Z%(T, @) == Z(T, @) X x,(N) XO(N)ﬁFSp. Let
A(N)P be the unique quadratic space over Q (up to isometry) such that

(1) it is positive definite at oco;

(2) for finite primes [ # p, A(N)P) @ Q is isometric to A;(N) @ Q;;

(3) A(N)P ®Q),, is isometric to W.

For a pair of vectors x = (x1, x3) € (AN)PH? let T (x) = (%(xi, xj)) be the inner product matrix. We
have the following formal uniformization theorem of the special cycle Z(T, ¢).

Corollary 1.2.4. Let T € Sym,(Q) be a nonsingular symmetric matrix, and Diff(T, A(N)) = {p}. Let
ey (\/?c) be a T-admissible Schwartz function. Let K (’)(é‘fo(N )/ ( Xo(N)F?,)) be the Grothendieck group of

coherent sheaves of O Fo(N)/ i oy )—modules. Then we have the identity
0 Fp

8¢ -1 -1
2T, 9) = > > 9(g7'x)- O ) (Z(x), 9)
xeB (@0\(AMN)'P)? geBX (@)0\GL2(A])/ To(N)(Z7)
T(x)=T

in K(/)(i’o(N)/(XO(N)F )), where B C B* is the stabilizer of x € (A(N)P)2,
14

1.3. Strategy of the proof of main results.

1.3.A. Difference formula at the geometric side. Let N be the deformation functor such that, for a
W-scheme S where p is locally nilpotent, the set N'(S) consists of elements (X, X’), where both X and X’
are deformations over S of X with certain restrictions on polarizations (see Section 5.1). For a nonzero
integral element x € B, i.e., 0 < v,(x¥ ox) < 00, there is a closed formal subscheme Z¥(x) of A over
which the quasi-isogeny x lifts to an isogeny. This is an example of a special cycle (see Definition 5.2.1)
on N.

For a rank-3 lattice L C B, we choose a Z-basis {xi, x2, x3} of L, then define the local arithmetic
intersection number of L on N to be

Int*(L) = x (N, Oz ®0, Ozi(y) Oy Ozt (xy))-

This number is independent of the choice of the basis {x1, x2, x3} of the lattice L.

The special cycle Z%(x) is cut out by a single element f, € m = (p, 1, ) C W[#, ©], and when
vp(x¥ ox) > 2, we have f,-1, | fr. We define d; = f/f,~1, € Wt1, &2]] when v,(x" ox) > 2, and
d, = fr when v,(x¥ ox) =0 or 1. The divisor

D(x) = Spt Wlit1, 2211/dx

is called the difference divisor associated to x (see Definition 6.2.1), which was originally introduced
in [Terstiege 2011].
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Fix x¢ € B such that xOV oxog = N, recall that we have defined the deformation function Ny(N). In
Theorem 6.2.3, we prove that AVy(N) is identified with the difference divisor D(xp), i.e., there is an
isomorphism of formal schemes

D(xg) = Ny(N).

Let x{"" : X'V — X'V be the universal isogeny deforming xo over the special cycle Z%(xg). We
will prove that the base change of x(‘)’niv to D(xp) is cyclic, and therefore there is a natural morphism
D(x0) = No(N). The natural morphism is an isomorphism because both sides of the morphism are closed
formal subschemes of A/ and are represented by 2-dimensional regular local rings. The identification of
D(x0) and Ny(N) implies the following difference formula of local arithmetic intersection numbers:

Theorem 1.3.1. For any rank-2 lattice M C W,
Intp, vy (M) = Int* (M &7, - x0) — Int* (M ©Z,, - p~'xp).
We refer to this formula as the difference formula at the geometric side.

1.3.B. Difference formula at the analytic side. For any rank-3 quadratic Z,-lattice L C B, define the
local density of L to be the polynomial Den(X, L) € Z[X] such that for all £ > 0,

_ Den(Hy 4, L)

Den(X, L)}sz*k = m

Then Den(1, L) = 0 since L can’t be isometrically embedded into the quadratic lattice H, j . We define
the derived local density of L to be

d Den(L) := _diX Yt Den(X, L).

Theorem 1.3.2. For any rank-2 lattice M C W, the identity
Dena,v) (X, M) =Den(X, M&Z, - xo) — X*-Den(X, M SZ,, - p~"x0)
holds. Since the lattice M & Z,, - xo can’t be isometrically embedded into the lattice H A
d Dena vy (M) =0 Den(M & Z,, - xg) —0Den(M S Z,, - p_lxo).

The theorem is proved in a more general form in Theorem 7.2.6. We refer to this formula as the
difference formula at the analytic side.

1.3.C. Proofof Theorem 1.2.1. The following local arithmetic Siegel-Weil formula is proved in [Wedhorn
2007, §2.16] (see also [Li and Zhang 2022, Theorem 1.2.1] when p is odd).

Theorem 1.3.3. For any rank-3 lattice L C B, we have the identity

Int*(L) = 3 Den(L).
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For a rank-2 lattice M C W, let L=M &7, - xo C B. The local arithmetic Siegel-Weil formula with
level N in Theorem 1.2.2 follows immediately from Int*(L) = 9 Den(L) and two difference formulas we
stated before (Theorems 1.3.1 and 1.3.2).

1.3.D. Proof of Theorem 1.2.2. Let T € Sym,(Q) be a nonsingular matrix. Let ¢ € .%/ (\/?) be a
T-admissible function. When T is not positive definite, the arithmetic special cycle Z(7,vy, @) is
essentially a (1, 1)-current on the proper smooth complex curve Xy(N)c. The number (@(E:’ (T,y, 9))
has been computed explicitly in [Sankaran et al. 2023, Theorem 4.10].

We focus on the case that T is positive definite. In this case, é(T, y, @) = [(Z(T, ¢), 0)], where
Z(T, ¢) is a cycle of codimension 2 on Xp(N). Moreover, Z(T, ¢) # & only if Diff(T, A(N)) = {p}
for some prime number p; in this case the special cycle Z(T, ¢) is concentrated in the supersingular
locus of Xy(N) in characteristic p. Suppose that the 2x2 matrix T has diagonal elements #; and #,, and
Q=@ X € 5”(\/3;), where ¢; € (V). We will show that

CTe\g(é(T’ Y, (0)) = X (Z(Tv ¢)9 OZ(I],(pl) ®l OZ(Iz,(pz)) : log(p)v

By the formal uniformization of the special cycle Z(7T, ¢) in Corollary 1.2.4, the Euler characteristic
X (Z(T, ), Oz(t,.o)®" Oz, ) is a weighted linear combination of local arithmetic intersection numbers
on NMy(N). Theorem 1.2.1 follows from the local arithmetic Siegel-Weil formula with level N at the
place p and the classical local Siegel-Weil formula at other places.

1.4. Supplement. By the windows theory developed in [Zink 2001], if v,(N) > 1, we prove that the
special fiber Z(xo), of Z(xo) has the following explicit description (cf. Theorem 6.2.6, Corollary 6.2.7):

Z(x0), :Spf[F[[tl,tz]]/ ( 1" _tgb))

a+b=n
a,b>0

Based on the isomorphism D(xg) = No(N), the special fiber No(N), of Np(N) can be described by

n n a—1 b—1
No(N)p:Spf[F[[n,tz]]/<(t1—t2” )=t J] @ -4 )P‘l).
a+b=n
a,b>1

Both these two isomorphisms are proved in [Katz and Mazur 1985, Theorems 13.4.6 and 13.4.7] by a
totally different method.

2. Quadratic lattices and local densities

2.1. Notations on quadratic lattices. Let p be a prime number. Let F be a nonarchimedean local field
of residue characteristic p, with ring of integers OF, residue field k = [, of size g, and uniformizer 7.
Let vy : F — Z U {00} be the valuation on F and |- | : F — R>¢ be the normalized absolute value on F.
Let xp = (;)F : FX/(F*)?> = {%1, 0} be the quadratic residue symbol.
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A quadratic space (U, qy) over F is a finite-dimensional vector space U over F equipped with a
quadratic form gy : U — F inducing a symmetric bilinear form given by

(. ) UxU—=F, (y)=quix+y)—qux)—qu(y). “

An isometry between two quadratic spaces (U, qy) and (U’, qy) is a linear isomorphism ¢ : U — U’
preserving quadratic forms, i.e., gy (¢ (x)) = gy (x) for any x € U. In that case, we say U and U’ are
isometric.

A quadratic lattice (L, gr) is a finite free Op-module equipped with a quadratic form gy : L — F.
The quadratic form g also induces a symmetric bilinear form L x L Lo F by a formula similar to (4).
Let LY ={x € L®o, F : (x, L) C Op}. We say a quadratic lattice is integral if g; (x) € OF forall x € L,
and is self-dual if it is integral and L = L".

Let’s assume that dimy U = n and the symmetric bilinear form (-, -) is nondegenerate. Let {x;}7_, be
abasis of U, and t;; = %(xi, xj). We define the discriminant of the quadratic space U to be

disc(U) = (=1)""~D/2 det((1;)) € F*/(F*)*.

If {x;}7_, is an orthogonal basis of U then #;; = 0 if i # j and ¢;; # 0 by the nondegeneracy of (-, -).
The Hasse invariant of the quadratic space U is

e(U) = l_[(tii» tij)F,
i<j
For a quadratic lattice L, we use disc(L) and €(L) to denote the corresponding invariants on the
quadratic space Lr = L @, F. Recall that when p is odd, quadratic spaces U over F are classified by

the three invariants
dimg U, disc(U), €(U),

i.e., two quadratic spaces U and U’ are isometric if and only if the above three invariants for U and U’
are the same.

For a quadratic space U, define xr(U) := xr(disc(U)). For a quadratic lattice L, define x (L) :=
x(L®p, F'). When p is odd, the quadratic space U admits a self-dual sublattice if and only if € (U) = +1
and xr(U) #0. We use H;’ to denote the unique self-dual lattice of rank k and

xr(Hf) =e.

When p =2, let H,\, = (H,")®" be a self-dual lattice of rank 2n, where the quadratic form on H," = 0%
is given by (x, y) € (912F = Xxy.

Example 2.1.1. Let N € Of. Let Ap(N) be the rank-3 quadratic lattice

Ap(N) = {x: (_]CV“ b) : a,b,ce(’)p}

a
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over OF, equipped with the quadratic form induced by x +— det(x). Under the basis

() =) o)

of Ar(N), the quadratic form can be represented by the symmetric matrix

-N 0 0

1

T=( o o0-1
0 -1 O

Therefore, disc(Agp(N)) = —A—ILN =—N,e(Ar(N)) =(—N, —1)r. Moreover,

Ap(N)Y = {x: (_ZCV“ 2) Lae %OF,b,ceOF}.

Therefore, Ap(N)Y/Ap(N) >~ Ofp/2N.
Throughout this article, we mainly focus on the case that F' = @Q,. In this case, we simply use A ,(N)
to denote the lattice Ag,(N) (as we did in the introduction).

2.2. Local densities of quadratic lattices.

Definition 2.2.1. Let L, M be two quadratic Op-lattices. Let Rep,, ; be the scheme of integral represen-
tations, an Op-scheme such that for any Op-algebra R,

Repy, 1 (R) = QHom(L ®o, R, M Qo R),

where QHom denotes the set of injective module homomorphisms which preserve the quadratic forms.
The local density of integral representations is defined to be

#Repy, ; (Of/7?)
qd-dim(RepM’L)p

Den(M, L) = lim
d—o00

Remark 2.2.2. If L, M have rank n, m, respectively, and the generic fiber (Repy, ;)r # 9, thenn <m
and

dim(Repy; ;) r = dimO,, — dim Oy, = (f;) B (m2—n> o n(nz—i-l).

Definition 2.2.3. Let L, M be two quadratic O-lattices. Let PRep,, ; be the Op-scheme of primitive
integral representations such that for any Op-algebra R,

PRep,, 1 (R) = {¢ € Repy, ; (R) : ¢ is an isomorphism between Ly and a direct summand of Mg},

where Ly (resp. Mg) is L ®o, R (resp. M ®p, R). The primitive local density is defined to be

#PRep,, ; (Op/m?)
qd'dim(RepM_L)p

Pden(M, L) = lim
d—00
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Remark 2.2.4. For any positive integer d, a homomorphism ¢ € Rep,, ; (OF /) or Rep m..(OF) is
primitive if and only if ¢ := ¢ mod = € PRep(Or /), which is equivalent to

dimg, (¢(L) +m - M)/ - M =ranko, (L).

Lemma 2.2.5. Let H be a self-dual quadratic lattice. Let L be a quadratic Op-lattice and k any positive

integer. Then we have the stratification
RepH,L(OF) = |_| PRCPH’L/(OF).
Lcr'cry

Proof. This is proved in [Cho and Yamauchi 2020, (3.1)]. ]

Definition 2.2.6. Let n > 0. For ¢ € {£1}, we define the normalizing factors to be

1 -1 n+1 )
Nor®(X, n) = (1 — % -eq<"+“/2x> ]_[ (1—q7%x?).
1<i<(n+1)/2
It is well known (see [Li and Zhang 2022, §3.4]) that for a quadratic lattice L of rank n, there exists a
polynomial Den(X, L) € Q[X] such that

+
Den(H,", | o

Nor™ (X, n)

L)
Den(X, L)|x=g— =

for all integers m > 0. If the lattice L can’t be isometrically embedded into the lattice Hn+ s define the
derived local density of L to be
d
Den(L) = —— Den(X, L).
d Den(L) aX e en(X, L)

3. Incoherent Eisenstein series and the main theorem

3.1. Incoherent Eisenstein series. Let W be the standard symplectic space over @ of dimension 4. Let
P =MN C Sp(W) be the standard Siegel parabolic subgroup, which takes the following form under the
standard basis of W:

0
a!

M@Q) = {m(a) = <g ; > ta € GLQ(@)},

N(@Q) = {n(b) = (102 1[)2) :be Symz(@)}.

Let A be the adele ring over (2. Let Mp(Wa ) be the metaplectic extension
1 — C' — Mp(Wa) — Sp(W)(A) — 1

of Sp(W)(A), where C! = {z € C* : |z| = 1}. There is an isomorphism Mp(Wx) => Sp(W)(A) x C!
with the multiplication on the latter given by the global Rao cycle. Therefore, we can write an element of
Mp(Wp) as (g, t), where g € Sp(W)(A) and 1 € C.
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Let P(A) = M(A)N(A) be the standard Siegel parabolic subgroup of Mp(Wy), where

MA) = {(m(a), 1) :a € GLy(A), t € C11,
N(A) = {n(b) : b € Sym,(A)}.

Recall the incoherent collection of rank-3 quadratic spaces V = {V,} over A we defined in (2),
Vy, =A,(N)®Q, if v <oo,and V is positive definite.

Then we can verify immediately that [, e(V,) = —1.

Let x : A*/Q* — C* be the quadratic character given by x (x) =[], Xv(x0) = [T<00(Xvs =N)y
for all x = (x,) € AX. Fix the standard additive character ¥ : A/Q — C* such that Yo (x) = eZ**. We
may view x as a character on M (A) by

x(m(a), 1) = x (det(a)) - y (det(a), y) " -1,

and extend it to P(A) trivially on N (A). Here y (det(a), ¥) is the Weil index (see [Kudla 1997, p. 548]).
We define the degenerate principal series to be the unnormalized smooth induction

Mp(W, +3/2
(s, ) =TIndpP 0" (x - - [0, seC.
For a standard section ®(—, s) € I (s, x) (i.e., its restriction to the standard maximal compact subgroup
of Mp(W,) is independent of s), we define the associated Siegel Eisenstein series

E@gs, @)= Y  ®(yg9),
y€P(@)\Sp(Q)

which converges for Re(s) > 0 and admits meromorphic continuation to s € C.
Recall that . (V?) is the space of Schwartz functions on V2. The fixed choice of x and ¥ gives a Weil
representation w = w, y of Mp(Wa) x O(V) on .77 (V). For g (V2), define a function

D5(8) = w(g)@(0), geMp(Wa).

Then ®g(g) € 1(0, x). Let ®g(—,s) € I(s, x) be the associated standard section, known as the standard
Siegel-Weil section associated to @. For ¢ € .7 (V?), we write E(g, s, @) == E(g, s, Dg).

3.2. Fourier coefficients and derivatives. We have a Fourier expansion of the Siegel Eisenstein series

defined above:
E(g s, ®)= Y  Er(gs, ),
T eSym, (Q)
where

Er(g,s, ®) = / E(n)g,s, ®)Y(—tr(Th))dn(b).
Sym, (@)\Sym, (A)
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The Haar measure dn(b) is normalized to be self-dual with respect to 1. When T is nonsingular, for

factorizable ® = ®,®,, we have a factorization of the Fourier coefficient into a product

Er(g.s, ®) =] Wr.u(u. s, @),

v

where the product ranges over all places v of Q and the local Whittaker function Wr ,(gy, s, ®,) is
defined by

WT,v(gva S, (Du) = /

Sym2 (Qy)

@, ) v- i, w=(_ ).
—12

It has analytic continuation to s € C. Thus we have a decomposition of the derivative of a nonsingular
Fourier coefficient,

Ep(g, s, ®) =) E7 (g5, ®),
v

where

Ef (8.5, ®) = Wi (80,5, @) [ [ Wra(gw. s, @) (6)
v #v

3.3. Whittaker functions and local densities. Let v be a finite place of Q. Define the local degenerate

principal series to be the unnormalized smooth induction

Mp(W, s
Ly(s. xo) = Ind iy (-1 573/, seC.

v

The fixed choice of x, and ¥, gives a local Weil representation @, = wy, y, of Mp(W,) x O(V,)
on the Schwartz function space .% (\/12)). We define the local Whittaker function associated to ¢, and
T € Sym,(Q,) to be

WT,v(gv» s, ‘PU) = WT,U(gU, s, q)(pv)a

where @y (gy) == @y (g0)9u(0) € 1,(0, x,) and Py (—, s) is the associated standard section.
The relationship between Whittaker functions and local densities is encoded in the following proposition.

Proposition 3.3.1. Suppose v # o0o. Let M be an integral Z,-quadratic lattice of rank 3 contained in V,.
Let L be an integral quadratic Z,-lattice of rank 2. Suppose that the quadratic form of L is represented by
a matrix T € Sym,(Q,) after a choice of Z,-basis of L. We have the identity

Wro(1,k, 1y2) = |MY /M|, - y(Vy)? - 2])/2 - Den(M © Hy, L), (7)

where the constant y (V,) = y(det(V,), wv)_l ce(Vy) - y(t/fv)_3, y (det(Vy), vry) and y (Yy) are Weil
indexes [Ranga Rao 1993, Appendix].

Proof. This is proved in [Kudla et al. 2006, Lemma 5.7.1]. U
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3.4. Classical incoherent Eisenstein series. The hermitian symmetric domain for Sp(W) is the Siegel
upper half space
Hy ={z=x4iy|x e Sym,(R),y € Sym,(R)-0}.

Let z=x+iy € H, with x, y € Sym,(R) and y = a - a positive definite. Define the classical incoherent
Eisenstein series to be

E(z,5,9) = Xoo(m(@)) ™' |det(m(a)| /% E(gz, 5, @), g =n(x)m(a) € Mp(Wa).
Notice that E(z, s, ¢) doesn’t depend on the choice of x. We write the central derivatives as
dEis(z, @) = E'(z,0,9), 9dEisr(z, @) = E}(z,0, @). )
Then we have a Fourier expansion

dEis(z.¢)= »  0Eisr(z. ).
T eSym,(Q)

For the open compact subgroup I'g(N )(2) C GL2(A¢), we choose
P=9®9x €SV

such that ¢ € .% (\/?) is [o(N )(Z)—invariant and ¢ is the Gaussian function

(000()‘:) — e—JT trT(x).

For our fixed choice of Gaussian @, we write
E(Z’ s, (D)ZE(Zs s, (P®(0oo)» aEiS(Z, (P):aEIS(Z, ¢®‘Poo), aEiST(Za ¢):aEiST(Za ¢®‘p00)7 (9)

and so on for short.

4. The modular curve X (/N) and special cycles

4.1. Cyclic group schemes. Let S be a scheme. Let G/S be a finite locally free group scheme over S.
On every connected component of §, the rank of G is a constant, if the rank is a same number N for
every connected component, we say that G has order N.

Let Og be the structure sheaf of the scheme S. Let G/S be a finite locally free group scheme of
order N. Then the structure sheaf Og of G is finite locally free of rank N as an Og-module. Any element
f € Og acts on itself by left multiplication. This defines an Og-linear endomorphism of Og, and the
characteristic polynomial of this endomorphism

det(T — /) =TN —uwe(HTV '+ -+ (=DVN())

is a monic polynomial in Og[T] of degree N.
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Definition 4.1.1. We say that a set of N not necessarily distinct points {Pi}lN: , in G(S) is a full set of
sections of G /S if the following condition is fulfilled: for any element f € Og, the equality

N
det(T — f)=[](T = f(P))
i=1

of polynomials with coefficients in Og holds.

Definition 4.1.2. We say a finite locally free group scheme G/S of rank N is cyclic over S if there exists
a section P € G(S) such that {a P }flV:l forms a full set of sections of G/S. We call P a generator of G
over S. We say G/S is cyclic if G is cyclic over T after some fppf covering by some scheme 7" — .

Remark 4.1.3. The cyclicity of a group scheme is preserved under base change by the definition, i.e., if
G/S is cyclic, then for any morphism S” — S, the base change group scheme G x s S8’/S’ is also cyclic.

Proposition 4.1.4. Let S be a scheme, E /S an elliptic curve over S, and G C E[N] a finite locally free
group scheme of order N over S. Then there exists a closed subscheme SY¢ C S which is universal for the
condition “G is cyclic”, in the sense that for any morphism T — S, the base change Gt /T is cyclic if

and only if the morphism T — S factors through the closed subscheme S°.
Proof. This is proved in [Katz and Mazur 1985, Theorem 6.4.1]. O

Lemma 4.1.5. Let W be a discrete valuation ring with residue characteristic p and uniformizer 7. Let
S be a reduced, noetherian, quasiseparated and flat scheme over W. Let G be a finite locally free group
scheme of order p" over S which is also embedded into an elliptic curve E/S. If, for every generic point &

of S, G¢ doesn’t factor through the multiplication-by-p morphism of Eg, then G is a cyclic group scheme.

Proof. Since S is quasiseparated, quasicompact and flat over W, then S[ ~!] is dense in S since the
scheme-theoretic image commutes with flat base change, therefore every generic point £ lies in the open
dense subscheme S[7~!]. Let « (£) be the residue field of £; it has characteristic 0.

The group scheme G¢ is of order p" over the characteristic O field «(§). Hence G¢ ~ ]_[f:1 7] p%Z,
where Zle a; = n. The fact that G¢ doesn’t factor through the multiplication-by-p morphism of E¢ is
equivalent to saying that E[p] ~ (Z/pZ)* ¢ G. Hence the only possibility is k = 1 and G:>7Z/p"Z.

Let S°¢ be the closed subscheme described by Proposition 4.1.4. We know that every generic point is
contained in the closed subscheme S¢, and hence S¢ = § since S is reduced. O

Corollary 4.1.6. Let W be a discrete valuation ring with residue characteristic p and uniformizer 7.
Let S be an integral noetherian scheme, quasiseparated and flat over W. Let G be a finite locally free
group scheme of order p" over S which is also embedded into an elliptic curve E/S. If the isogeny
g E — E/G doesn’t factor through the multiplication-by-p morphism of E, then G is a cyclic group
scheme.

Proof. The isogeny g : E — E/G factors through the multiplication-by- p morphism of E if and only if
ker([p]g) is contained (as a Cartier divisor on E) in G. This is a closed condition on the base scheme S
by [Katz and Mazur 1985, Lemma 1.3.4]. We use Z # 0 (since the morphism 7 doesn’t factor through
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the multiplication-by-p morphism of E) to denote the ideal sheaf of this closed subscheme of §; it is
functorial with respect to the base change of S.

Let & be the only generic point of S, then G¢ doesn’t factor through the multiplication-by-p morphism
because otherwise Z: = 0, but the injection Z — 7 will imply that Z = 0, which is a contradiction. Then
the corollary follows from Lemma 4.1.5. ]

4.2. To(N)-structures on elliptic curves. Let S be a scheme. We say a scheme C over S is a smooth
curve over S if the structure morphism C — § is a smooth proper morphism of relative dimension 1.

Definition 4.2.1. A closed immersion i : D — C is called an effective Cartier divisor if the following
conditions hold:

(i) The closed subscheme D is flat over S.

(i1) The ideal sheaf Z(D) defining D is an invertible O¢-module.

Lemma 4.2.2. [f C/S is a smooth curve, then any section s € C(S) defines an effective Cartier divisor
on C, denoted by [s].

Proof. This is proved in [Katz and Mazur 1985, Lemma 1.2.2]. U

Given two effective Cartier divisors D and D’ on C/S, we can define their sum D+ D’. It is an effective
Cartier divisor on C/S defined locally by the product of the defining equations of D and D’. Explicitly, if
S = Spec R and if over an affine open subscheme Spec A of C, the Cartier divisor D (resp. D’) is defined
by an element f € A (resp. g € A), then the Cartier divisor D 4+ D’ is defined by the equation fg.

Lemma 4.2.3. Suppose E/S and E’/S are two elliptic curves over S and w : E — E' is an isogeny,
i.e., w is surjective and Ker(m) is a finite flat group scheme locally of finite presentation over S. Then

ker(w) — E is an effective Cartier divisor.

Proof. By the cancellation theorem of morphisms of locally finite presentation, any morphism between
abelian schemes are locally of finite presentation. Hence 7 is locally of finite presentation, and therefore
ker(sr) is also locally of finite presentation over S. Then the lemma follows from [Katz and Mazur 1985,
Lemma 1.2.3]. O

Definition 4.2.4. We say an isogeny 7 : E — E’ between two elliptic curves E and E’ is a cyclic
N-isogeny if 7¥ o = N, and there exists an fppf covering of S by a scheme T — S with a point

P e ker(mr)(T) such that the equality
N

ker(m)r = Z [aP]

a=1
of Cartier divisors on E7 holds. A T'o(N)-structure on an elliptic curve E /S is a cyclic N-isogeny E = E'.

Lemma 4.2.5. Let w : E — E’ be an isogeny between two elliptic curves E and E’, the isogeny 7 is an
N-cyclic isogeny if and only if ker(;r) is a cyclic group scheme of order N.
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Proof. By [Katz and Mazur 1985, Theorem 1.10.1], the set {aP}flV:1 (where P € ker(m)(S)) forms a full
set of sections of ker(s) if and only if we have the equality

N

ker(m) = Z [aP]

a=1

of effective Cartier divisors in £/S, which is exactly the definition of the cyclicity of a N-isogeny. [

Example 4.2.6. (a) Suppose T =x +iy € [H]T. We consider the elliptic curve E; = C/Z + Zt and a
finite subgroup K generated by 1/N inside E;. Then 7 : E; — E;/K is a cyclic isogeny.

(b) Suppose E/S is an elliptic curve over an [ ,-scheme S. Then for any n > 1, the n-th iterated relative

Frobenius
F':E— EP)

is a cyclic p"-isogeny. The origin P = 0 is a generator of ker(F") because ker(F") >~ OS[T]/(T””)
Zariski locally (cf. [Katz and Mazur 1985, Lemma 12.2.1]).

Let &1l be the stack of elliptic curves, i.e., for an arbitrary scheme S, £/I(S) is a groupoid whose
objects are elliptic curves p : E — § and morphisms are isomorphisms of elliptic curves over S. We
use Vo(NNV) to denote the stack which consists of all the I'g(N)-structures on elliptic curves, i.e., for a
scheme S, Vo(N)(S) is a groupoid whose objects are cyclic N-isogenies (E = E’) where E and E’ are
elliptic curves over S, and a morphism between two cyclic isogenies (E; —> E 1) and (E» LEN E})isa
pair of isomorphisms of elliptic curves a : E; => E; and @’ : E{ = E), such that @’ oy = m0a. We
have functors

s:Vo(N)— &ll, (E/ST>E'/S)— E/S.

Lemma 4.2.7. Both Yy(N) and EIl are 2-dimensional Deligne—Mumford stacks. The above functor
s : Yo(N) — &l is finite flat of degree ¥ (N) = N - ]_[”N(l +171), and representable by schemes. Also, s
is étale over Spec Z[1/N].

Proof. This is proved in [Katz and Mazur 1985, Theorem 5.1.1]. The key input is that a finite order group
scheme is automatically étale if the order is invertible in the base scheme. |

For a Z,)-scheme S, a geometric point § of S and an elliptic curve E over S, let E; be the base change
of E tos. Let T?(Ej) (resp. VP(Ej5)) be the integral (resp. rational) Tate module of the elliptic curve Ej.
A Z(Xp)—isogeny f+E— E’over S is a quasi-isogeny and there exists a prime-to-p number M such that
M o f is an isogeny. Let V?(f) be the homomorphism on rational Tate modules induced by f.

Lemma 4.2.8. Let £l be the localization of the stack E11 to Spec Z ). Then Ell(,) can be described by
the following stack: for every Z p)-scheme S, El1(,)(S) is a groupoid whose objects are pairs (E /S, nP),
where nP is a w1 (S, §5)-invariant GL, (Z" )-equivalence class of an isomorphism

n”: VP (E;) = (A%
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A morphism between two objects (E/S, nP) and (E'/S, n'P) is a Z?p)-isogeny f :E — E' over S such
that n®? = VP (f)on'P.

Proof. We temporarily use /1’ to denote the stack described in the lemma. It suffices to show that for a
connected scheme S over Spec Z ), there is a category equivalence between £11(S) and EII'(S). We first
construct a functor F from E/1(S) to £1I'(S). Given an elliptic curve E over S and a geometric point §

of S, we choose an isomorphism
P TP(E5) =~ (ZF)%.

Then clearly the GLg(zp)—orbit of n? is 71 (S, §)-invariant (because (S, 5) acts linearly on T?(Ej)).
We define F(E) = (E, n?); this functor is independent of the choice of n”.

Now we prove that this functor is essentially surjective and fully faithful. For essential surjectivity, we
pick an arbitrary object (E/S, n?) of £I'(S). By [Lan 2013, Corollary 1.3.5.4], there is a Z(Xp)—isogeny
f:E — Esuchthatn’? =n? o VP(f): VP(E)) = (A‘;)Z maps T7(E}) to (ZP)2. Therefore the object
(E/S, nP) is isomorphic to (E’/S, r]_/l’), which is the essential image of E’ € Ob £II(S).

Next we show that there is an isomorphism

Homgys)(E, E') =~ Homgs)((E, nP), (E', n'P)). (10)

This is clearly injective by the above discussion. Now we pick an arbitrary element f from the right-hand
side. Then f isa pr)—isogeny, and n'? = n? o VP(f). There exists an integer M prime to p such that
f =M o fisanisogeny from E to E’. We claim that this isogeny factors through the multiplication-by-M
map, i.e., f itself is an isogeny. By the relation n’” = n” o VP (f) and the construction above, V?(f) maps
TP (Ej3) isomorphically to T”(E?), then obviously f maps E.[M]~ E'[M]; to 0. This holds for every
geometric point § of S, so since S is a Z(p)-scheme and by the rigidity result [Mumford and Fogarty 1982,
Proposition 6.1], we know the isogeny f vanishes on E'[M]. Hence f itself is an isogeny. Now ker( f)
is a finite flat group scheme over S of order prime to p, but since V7 (f) maps T7(E5) isomorphically
to T? (Eé), this group scheme must be trivial, i.e., f is an isomorphism, and therefore it comes from an
element of the left-hand side of (10). O

Remark 4.2.9. We consider the Deligne-Mumford stack
H=_Ellxz¢&Il.

For any prime p, we use ) to denote the localization of H to Spec Z,).

There is a similar description of the stack #,): for any Z,)-scheme S, the groupoid #,)(S) consists
of pairs ((E, E), (P, n'P)), where nP (resp. n'P) is a 1 (S, §)-invariant GLZ(ZP)-equivalence class of
an isomorphism V7 (E;) = (AD)? (resp. VP (E}) = (AD)?).

For any N € Z. ¢, let wy be the 2 x 2 matrix

N O
wN=01.
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We consider the following stack Yo(N )/(p) over Spec Z(): for every Z,)-scheme S, Vo(N )’(p)(S) isa
groupoid whose objects are pairs

(E5 E',(n?,0'P)),
where E 5> E' is a cyclic N-isogeny and (n”, n’P) is a pair of 7 (S, §)-invariant I'o(N) (Z” )-equivalence
classes (we specify the action of I'g(N )(21’ ) in (12)) of isomorphisms

n”VP(Es) = (AD?, 7 VP(E) = (A))?,

which maps T7(E;) and T?(E}) to (21’ )2, and the isomorphism 1'? is determined by the commutative
diagram
VP (E5) SN (A%)?

lv"(m le (11)
/p

V”(E)—>(A )’

A morphism from (E; => E/, (ny, n/lp)) to (E» =2 ES, (5, n/zp)) is a pair (f, f’) of isomorphisms
f:Ei— E>and f': E{ — E such that

flom=mof and (,n)=5oVP(f),nl oVP(f))

as FO(N)(Z”)—orbits. The action of FO(N)(Z”) on the pair (n?, n'?) is given by
g (. n')) = (gon” wygwy' on?). (12)

Lemma 4.2.10. Let Vo(N) () be the localization of Yo(N) to Z,). Then there is an isomorphism
G :Jo(N)(py = yo(N)/(p) of stacks over Spec Z ;).

Proof. Let S be a scheme over Spec Z ), and (E I E') an object in the groupoid Yo(N)p)(S). For
a geometric point 5§ of §, the cyclicity of & implies that 5 is also cyclic. Since [ is invertible in
Speck(5) if I # p, there exist isomorphisms n? : T?(E5) ~ (ZP)? and n'? : TP(EL) ~ (ZP)? such that
wyon? =n"PoTP? (7). Now we consider a different choice of (n”, n'?), say (777, '?), satisfying the above
conditions. Then 7'? differs from n” by an element g € GLy(Z2P), ie., iP = g on?, and correspondingly
0P = a)Nga);,1 on'?. However, a)Nga);,l € GL,(Z") since both n'? and 7'? give isomorphisms from
TP (E5) to (ZP)?; therefore, g € GL,(ZP) rm;vl GL,(ZP)wy = To(N)(ZP). Thus the T'o(N)(ZP)-orbit
(nl’ n'P) is well-defined. We define G((E = E’)) = (E 5 E'), (P, ’P)) For a pair of isomorphisms
(f, f)), where f: Ey — E{ and f': E; — E}, define G((f, f") = (f, f).
It suffices to show that for a connected scheme S over Spec Z,,, the functor

G(8) : Yo(N)(p)(S) = Yo(N)(p)(S)

is an equivalence of categories. This functor is essentially surjective by definition; now we show that it is
fully faithful, i.e., the following morphism between sets is bijective:
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HomyO(N)(p)(S)((El = E)), (E; =, Eé))

LN HomyO(N)(p>(S)((E1 L EL o), (B2 2 ES, (), n p)))
f, = (f. ),

but this is clearly bijective by the definition. ]

There is a natural morphism from Vo (N)(p) to Hp), i.e., (E I E') > (E, E’). By Remark 4.2.9 and
Lemma 4.2.10, we can also describe it as

NNy = Hipy, (ES E, (P, 0'P)) — (E, E), 0P, 1'P)). (13)

4.2.A. Compactification of Yo(N). Next we introduce the compactification of the moduli stack Jy(N).
Let S be a scheme. We first introduce the notion of Néron n-gons.

Definition 4.2.11. For any integer n > 1 and a scheme S, the Néron n-gon over S is the coequalizer of
Lls= e
ieZ/nZ ieZ/nZ
where the top (resp. the bottom) closed immersion includes the i-th copy of § as the O (resp. co) section
of the i-th (resp. (i41)-st) copy of IP_lg.

Definition 4.2.12. A generalized elliptic curve over a scheme § consists of the following data:

« A proper, flat, finitely presented morphism E — S each of whose geometric fibers is either a smooth
connected curve of genus 1 or a Néron n-gon for some n > 1.

* An S-morphism E* x5 E %5 E that restricts to a commutative S-group scheme structure on E5™
for which + becomes an S-group action such that via the pullback of line bundles the action +
induces the trivial action of E°™ on Pic% /s

We use X to denote the moduli stack consisting of generalized elliptic curves whose degenerate fibers
are Néron 1-gons, i.e., for a scheme S, X' (S) is a groupoid whose objects are generalized elliptic curves
E over S and whose geometric fibers are either elliptic curves or Néron 1-gons. The following result is
proved in [Cesnaviéius 2017].

Lemma 4.2.13. X is a proper smooth 2-dimensional Deligne—Mumford stack.
Proof. This is proved in [Cesnaviéius 2017, Theorem 3.1.6]. O

We have a natural morphism of Deligne-Mumford stacks £/l — X, which sends an elliptic curve E
over S to itself. This morphism is an open immersion, i.e., the stack £/ is an open substack of X'. Recall
that we have a finite flat representable morphism )Yy(N) — &Il by Lemma 4.2.7. Let Xp(N) be the
normalization of )y(N) with respect to this morphism. A moduli description of Xy(/NV) in terms of level
structures on the generalized elliptic curves can be found in [Cesnaviéius 2017, §5.9]. The stack Jy(N)
can be realized as an open substack of the stack Xy(N) based on this description. We also have the
following theorem:
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Theorem 4.2.14. Xy(N) is a regular proper 2-dimensional Deligne—Mumford stack. It is finite flat over X.
Proof. This is proved in [Cesnavi¢ius 2017, Theorem 5.13]. O
4.3. Special cycles on H and Xy(N). Let p be a prime number, we first define the special cycles on the
stack Hp).

Definition 4.3.1. For every symmetric nxn matrix T = (Tj;), let @7 be the characteristic function of an
open compact subset @ of M, (A?)” invariant under the action of GL, (Z” ) x GL, (ZF ). We consider the
stack Z*(T, @”), whose fibered category over a Z; p-scheme S consists of the objects

(E,E), (1P, 0'P), ),
where ((E, E'), (n?, n'P)) is an object in H(,)(S), j = (1, j2s .-, jn) € Hom(E, E") ®7 Z(,))" and
() :=nP o VP(j)o(n?)~! € @”. Moreover,
T = 5(deg(ji + ji) — deg(ji) — deg(j)) = 5(ji 0 iy’ + je © ji¥)-
The special cycle Z4(T, @) may be empty.

For every symmetric n x n matrix 7', we have a natural finite unramified morphism i 5 ( ZN(T, o) = Hp
by forgetting the morphisms j of an object ((E, E'), (9P, n'P), j) of Z5(T, $”). We recall the following
definition of generalized Cartier divisor from [Howard and Madapusi 2022, Definition 2.4.1].

Definition 4.3.2. Suppose D — X is any finite, unramified and relatively representable morphism of
Deligne-Mumford stacks. Then there is an étale cover U — X by a scheme such that the pullback

DU:|_|D§,
i

with each map Db — U a closed immersion. If each of these closed immersions is an effective Cartier

Dy — U is a finite disjoint union

divisor on U in the usual sense (the corresponding ideal sheaves are invertible), then we call D — X a
generalized Cartier divisor.

Proposition 4.3.3. Let ¢ be the characteristic function of an open compact subset ®P of MZ(A?)
invariant under the action of GL; (21’ ) x GL, (Zl’ ). For any positive number d € Q, the finite unramified
morphism if : 28(d, P) — Hp) is a generalized Cartier divisor.

Proof. This is proved in [Howard and Madapusi 2020, Proposition 6.5.2] (see also [Howard and Madapusi
2022, Proposition 2.4.3]). (]

Now let’s turn to the special cycles on the stack Xy(N)(p) and Vo(N) (). We first introduce the notion
of special morphisms for the moduli stack Vo (N)(p).

Definition 4.3.4. Let S be a scheme over Spec Z ;). For an object ((E I EN, (P, n'P)) in Yo(N) () (S),

a special morphism of this object is an element j € Hom(E, E') ®7 Z,) satisfying
jor ' +moj'=0.

We denote this space by S(E, 7).
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Definition 4.3.5. For every symmetric n x n matrix T = (T};), let ¢ be the characteristic function
of an open compact subset @” of (\/?)” invariant under the action of I'g(V) (21’). We consider the
stack Z(T, ¢”), whose fibered category over a Z,)-scheme § consists of the objects

((E 5 EN, P, n'P), J),

where ((E = E’), (n?, 1'P)) is an object in Yo(N) () (S), j = (j1, jos - -+ ju) € S(E, )" and n*(j) :=
NP o VP(j)onP)~' € wP. Moreover,

Ty = 5 (deg(ji + ji) — deg(ji) — deg(j)) = 3(ji 0 i + jx 0 ji))-
The special cycle Z(T, ¢?) may be empty.

For every symmetric n x n matrix 7, we have a natural morphism i, : Z(T, ¢”) — YJo(N)(p) by
forgetting the special morphisms.

Remark 4.3.6. Let T € Sym, (Q). Let @” be the characteristic function of an open compact subset
®@P of M, (Ap )"* invariant under the action of GL, (Z” ) x GL, (z” ). Let @? be the restriction of @f to
the subspace (\/ )" of MZ(A )". Then ¢@? is the characteristic function of an open compact subset
w? of (\/’;)" invariant under the action of I'g(N )(Z"), and the special cycle Z(T, ¢”) is a union of
some connected components of the fiber product ZNT, ¢P) X#, Yo(N)(p)- Therefore the morphism
in: Z2(T,@P) — Yo(N)(p is also finite unramified. In particular, forn =1 and T =d € Q., the
morphism i : Z(d, ¢?) — Yo(N)(p) is a generalized Cartier divisor by Proposition 4.3.3.

We show next that the composite 17,1 1 Z(T, ¢?) In, Yo(N)(p) — X(N)(p) is also finite unramified. We
start with the case that n = 1.

Proposition 4.3.7. Let ¢” be the characteristic function of an open compact subset w? of \/" | invariant
under the action of T'o(N) (Zp). For any positive number d € Q, the morphism i 11 2 Z(d, pP) — X(N)(p)
is finite unramified, and Z(d, ¢?) is a generalized Cartier divisor.

Proof. The morphism 7} is unramified since 71 is unramified and the open immersion Yo (N ) » = Xo(N)
is also unramified. Therefore we only need to show the finiteness of 7.

We first prove that the stack Z(d, ¢?) is flat over Z ). Since the morphism Z(d, ?)Vo(N)p) is a
generalized Cartier divisor by Remark 4.3.6, the flatness of Z(d, ¢?) is equivalent to the fact that its local
equation is not divisible by p since the stack Vo(N),) is flat over Z,). We assume the converse and
suppose that there exists a point z € Z(d, ¢? )(F p) such that the equation of Z(d, ¢?) in the étale local
ring Oy (N).. 18 divisible by p. Then the stack Z(d, ¢”) contains an irreducible component of Yo(N)g,
in an étale neighborhood of z. Let (E &> E’, (P, n'?)) be the object corresponding to the generic point
of this irreducible component. Then End(E) ~ Z since the j-invariant of £ must be transcendental
over [, (by the description of the stack Yo(N )E, in [Katz and Mazur 1985, Proposition 13.4.5 and
Theorem 13.4.7]). There also exists an isogeny j € Hom(E, E’) @7 Zp) such that jY o + 7" 0 j =0.
Leto = j~' o € End°(E) := End(E) ® @ ~ Q. Then o2 =—Nd ! <0, contradicting the fact
that End°(E) >~ Q
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Therefore, the stack Z(d, ¢?) is flat over Z(,), and hence equals the flat closure of its generic fiber
Z(d, p")q = Z(d, ¢) xz,, Q. The stack Z(d, ¢”)q consists of finitely many points whose residue
fields are finite extensions of Q. Therefore the structure sheaf Oz 4r) of Z(d, ¢?) is a finite product
of subrings of the integer rings of these residue fields. Hence the stack Z(d, ¢?”) is finite over Z,), so
i:Z (d, pP) — Xy(N)(p) is proper since Xo(N)(p) is proper over Z ). The morphism i is obviously
quasifinite by the finiteness of Z(d, ¢”) over Z(,), and hence i1 is finite.

We already know that the morphism ijisa generalized Cartier divisor over the open substack Vo (N) ()
of Xy(N)(p). Moreover, €tale locally around a cusp point of Xy(N)p), the stack Z(d, ¢?) is cut out
by 1 since i) factors through the noncuspidal locus Vo(N)(p). Thus the finite unramified morphism
i 2 (d, pP) — Xy(N)(p) is a generalized Cartier divisor on the stack Xo(N) (). O

Corollary 4.3.8. Let ¢? = []/_, (pip be the characteristic function of an open compact subset @”
?f (\/?)” invariant under the action of T'o(N) (2” ). For any matrix T € Sym, (Q)-0, the morphism
in: Z(T, @") — Xo(N)(p) is finite unramified.

Proof. Suppose the diagonal elements of T are dj, . .., d,. Proposition 4.3.7 implies that the morphism
Z(dy, <pf) X Xo(N) () * " X Xo(N)py Z (s oy — Xo(N)(p) is finite unramified. The stack Z(T, ¢”) is a con-
nected component of Z(d1, 97)X xy(N) )" * *X Xo(N) () Z (dn @1 ), 30 the morphism in: Z(T, @P)— Xo(N)(p)
is finite unramified. O

We mainly focus on the case that T is a nonsingular 2 x2 symmetric matrix with coefficients in (2. For
every such matrix 7', recall that we have defined the difference set to be

Diff(T, A(N)) = {l is a finite prime : T is not represented by A(N) ® C();}.

Proposition 4.3.9. Let T € Sym,(Q) be a nonsingular matrix. If Z(T, ¢?)(F p) # & for some prime p,
then T is positive definite, and

DIff(T, A(N)) = {p}.

Moreover, in this case, the special cycle Z(T, @P) is supported in the supersingular locus of the special
fiber Yo(N)E,,.

Proof. Since Z(T, @? )(F ») # @, Corollary 4.3.8 implies that there are two elliptic curves [E and E’ over F P>
a cyclic isogeny 7w € Hom(E, E') and two isogenies x, x, € Hom(E, [E’)(p) such that

T= (30 x;)) and (x),7)=(xz,7)=0.

Therefore, T must be positive definite and both [ and E’ are supersingular elliptic curves over F p since
dimg Hom(E, E') ® @ > 3. The quadratic space Hom(E, E') ® Q,, is isometric to the underlying quadratic
space of the unique division quaternion algebra B over Q,,.

The isogenies xi, x3 lie in {7}* C Hom(E, E') ® @, ~ B, where 7" o 7 = N. However, {7}* and
A(N)® Q) have the same discriminant — N but opposite Hasse invariants. Therefore p € Diff(T', A(N)).
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At the same time, by choosing some level structures on [ and E’ away from p, we get that T can be realized
in A(N) ® Qy for any finite prime / # p. Therefore p is the only prime in the set Diff(7, A(N)). O

Remark 4.3.10. Proposition 4.3.9 implies that the special cycle Z(T, ¢?) is also finite unramified over
the stack Xo(N)(,) because the scheme-theoretic image Z (T, @?) of Z(T, @?) in Xy(N)(p) is supported
in the supersingular locus of the special fiber Xo(N)r,, which equals the supersingular locus of the special
fiber Yo (N )[F,,- Hence Z(T, ¢?) is contained in V(N )(p), and therefore equals the scheme-theoretic
image of Z(T', ¢?) in Yy(N)(p), over which Z(T, @) is finite unramified.

For any nonsingular 2 x2 symmetric matrix 7’ € Sym, (Q), a Schwartz function 9 =), _,, ¢» € %/ (\/3,)
is called T-admissible if ¢ is invariant under the action of I'g(N )(Z), @ =@ x @ for g; € S(Vy) and

T is not positive definite, or
T is positive definite and |Diff(7, A(N))| # 1, or

o T is positive definite, Diff(T, A(N)) = {p} for some prime number p, and ¢ = ¢” ® ¢,, where
P e 5”((\/?)2) and ¢, =c- IA,,(N)2 for some ¢ € C.

Definition 4.3.11. For a nonsingular 2x2 matrix 7 € Sym,(Q) and a T -admissible Schwartz function
e (\/ip) which is also a characteristic function of a I'g(N )(2)—invariant open compact subset @ of V2,
we define a stack finite unramified over XyH(N) as

Z(T, @) :=2(T, ¢") — X(N)(p) = X(N),
where p € Diff(T, A(N)). If |Diff(T, A(N))| # 1, we define Z(T, @) = @.

Remark 4.3.12. By Proposition 4.3.9, Z(T, ¢) is nonempty only if |Diff(7, A(N))| = 1, so the above
definition makes sense.

Remark 4.3.13. If we view Z(T, ¢) as an element in CH%(XO(N )), we can drop the restrictions
in Definition 4.3.11 that the Schwartz function ¢ is the characteristic function of an open compact
subset of \/?. Since any T-admissible Schwartz function ¢ on \/? is a finite linear combination of
['o(N)(Z)-invariant characteristic functions of some open compact subsets, we can define Z(7, @) as the
corresponding linear combination of elements in CH% (Xp(N)).

4.3.A. Comparison with [Sankaran et al. 2023, §2.2]. Another kind of special cycle of Xy(N) is defined
in [Sankaran et al. 2023, §2.2] as follows,

Definition 4.3.14. For m € Z, let Z(m) denote the moduli stack whose S points, for a base scheme S, are

given by Zm)(S) ={(E S E',a)},

where (E 5 E’) € Yo(N)(S) and o € End(E) satisfies the following conditions:
(@) «¥oa=mN and ¥ +a =0.
(b) a o' e Hom(E', E).
(c) Toaon~! € End(E").
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Lemma 4.3.15. For every prime number p, let Z(m) ) ‘= Z(m) Xz Zp). Then we have an isomorphism
of stacks

T:Z(m)gp — Z(m,1 (ESE o)~ (ES E (ni’ n'P), (@om™ ))

A(N)@ZP)’

Proof. We first prove that T is well-defined. For any connected Z,)-scheme S, let 5 be a geometric point
of S. We can choose trivializations n? : V?(E5) => (Ap)2 and n'? : VP(E}) = (A P)2 such that 7?7 (E3)
and T?(E%) are mapped isomorphically to (Zp)2, and n’p VP(r)o(nP) ' = wy by the cyclicity of .
Moreover,

(O{on’*l)von —{—n’vo(aon*l) = %Trv oa”om _i_%”v owoTm

:%nvo(av—i-a)onzo.

Hence (e o 7~ ")Y € S(E, 1), so (b) implies that n’” o VP ((@or ")) o (p?)~! € A(N) @ ZP C \/’}.
Therefore (E = E', (n?, n'P), (@on ™)) € Z(m, 1 y,570)(S)-
We define the morphism

R: Z(m, lA(N)®2P) — Z(m) ), (E I E, (g7, n'P), )= (ES E', jYom).

We show that R is well-defined. For any connected Z(,)-scheme S, an obJect (ES E, (np n'P), j)
being in Z(m, IA(N)®Z,,)(S) means that j EA Hom(E, E') ® Z(p) and j¥Y o + ¥ o j = 0, and the
fact that n’”? o VP(j) o (n?)~! is in A(N) ® Z” implies that j € Hom(E, E’). Then j¥ o w € End(E),
(jYom)o(jVomr)y=mVojojYomr=mN and (jYon)"+ jYomr =n¥oj+ j’om =0, which
is exactly (a). Moreover, (b) and (c) are easily verified. Hence (E = E’, j¥ o) € Z(m)(S), so the
morphism R is well-defined. It’s easy to see that T and R are inverse to each other, and therefore the
lemma is proved. U

4.3.B. Arithmetic special cycles on Xy(N). We apply the arithmetic intersection theory developed in
[Gillet 1984; 2009] to the regular proper flat Deligne—-Mumford stack Xy(N). We obtain the arithmetic
Chow ring of Ap(N),

2
CHE (Xo(N)) = @D CHE (X (N)).
n=0

Roughly speaking, a class in @IE(XO(N )) is represented by an arithmetic cycle (Z, gz), where Z is a
closed substack of Xy(N) of codimension n with C-coefficients, and gz is a Green current for Z(C), i.e.,

gz is a current on the proper smooth complex curve Xy(N )¢ of degree (n — 1, n — 1) for which there

exists a smooth w such that
dd‘(g) +6; = [w].

Here [w] is the current defined by integration against the smooth form w. The rational arithmetic cycles
are those of the form cTi;(f) = (div(f), te[— 1og(|f|2)]), where f € k(Z)* is a rational function on a
codimension-(n—1) integral substack ¢ : Z — Xy(N), together with classes of the form (0, an + 517/ ). By
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definition, the arithmetic Chow group CH{.(Xp(NV)) is the quotient of the space of arithmetic cycles by
the C-subspace spanned by those rational cycles.

Let Z be an irreducible codimension-2 cycle on Xy(N). Then Z is a Deligne-Mumford stack over [,
for some prime number p and the groupoid Z(F p) 18 a singleton with a finite automorphism group Aut(Z).
The rational function field k (Z) of Z is a finite extension of [F,. Clearly §z = 0 because Z(C) =

Let (Z,g2) = (Zl ni[Zil, g) be an arithmetic cycle of codimension 2, where each Z; is an irreducible
codimension-2 cycle on Xy(N). We define the degree map

— = log|xk (Zi)|
deg: CHL(Xo(N) = C,  [(Z.8)]— Z AWZ) + f g (14)
Xo(N)(C)

Here the integration f Xo(W)e & is the integration of the constant function 1 on Ap(N)c against the (1, 1)-
current g. It is a finite number since the stack Xy(N) is proper. This number is independent of the choice
of representing element (Z, g) as a consequence of the product formula [Kudla et al. 2006, §2.1].

Now we are going to construct Green currents for the special cycle Z(T, ¢). Let

={ze AN)®zC:(z,2) =0, (z,2) <0} /C* CP(AN) Q).

We have the GL;(R)-equivariant identification

_ N2
I]-[I?El)[[]), r|—>spanC{< 11\11: ]ZT)}

Next, we ass001ate to any nonsingular 7' € Sym,(Q) and T'-admissible Schwartz function ¢ € . (\/ )
an element in CH@ (Xo(N)). Lety ='a-a € Sym,(R) be a positive definite matrix, where a € GLZ(R)

« For a positive definite 7 and T -admissible Schwartz function ¢, we consider the element
N =2
Z(T,y, @) = (Z(T, ¢),0) € CHg(Xp(N)).

» For another nonsingular 7" which is not positive definite, we apply the general machine developed
n [Garcia and Sankaran 2019], which is made explicit in [Sankaran et al. 2023]. For any x € V4
and [z] € D, let R(x, [z]) = —|(x, 2)|*- (z, Z)~". We define an element in . (V) ® A1 (HT) by letting,
for x = (x1, x2) € VX and [z] € D,

dx Ndy
o

2 2

_ 1

v, [2]) = (—n 2 ;a«xi, [e]) + (. x»)) exp(—zn ;(Rui, [e]) + 5 i, m)) :
1= 1=

Then we define a smooth (1, 1)-form g(7, y, ¢) on D by letting its value at the point [z] € D be

0.¢]

Ty o)D)= > ox- f v(r”zx-fa,[z])-%

xe(AN)®D)? 1
T(x)=T

The sum converges absolutely, and descends to a smooth (1, 1)-form on the modular curve Vy(N)c.
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Lemma 4.3.16. For nonsingular T € Sym,(R) which is not positive definite, the form g(T,y, @) is
absolutely integrable on Xo(N)c. Hence g(T,y, @) defines a (1, 1)-current on Xo(N)c.

Proof. This is proved in [Sankaran et al. 2023, Lemma 2.9]. O

To sum up, let T € Sym,(Q) be a nonsingular matrix, y € Sym, (R)-, and ¢ € Y(\/%c) a T-admissible
Schwartz function. We define

([Z(T, ¢)],0) when T is positive definite,

15
0, g(T,y,9)) when T is not positive definite. (1)

Z(T,y, ¢) = {

It is an element in (fl\-lqz: (X(N)).

4.4. Arithmetic Siegel-Weil formula on Xy(N). Now we can state the main theorem of this article,
which proves an identity between arithmetic intersection numbers on Xy(/N) and derivatives of Fourier
coefficients of Eisenstein series,

Theorem 4.4.1. Let N be a positive integer, T € Sym,(Q) a nonsingular symmetric matrix, and
e (\/?c) a T-admissible Schwartz function. Then
YN

deg(Z(T.y, 9))q" = =~ 9 Bisr (z. ¢)

for any z=x+1iy € Hy. Here y(N) = N - [,y (1 +17Y), g7 = 2min(T2),

The article [Sankaran et al. 2023] proves this formula in the case that T is not positive definite without
any restrictions on the level N, and the case that T is positive definite but with the restriction that N is odd
and square-free. We give a proof of the case that T is positive definite and N is arbitrary in Section 8.3.

5. Rapoport-Zink spaces and special cycles

5.1. T'y(N)-structures on p-divisible groups. For a prime p, let [ be the algebraic closure of [,, W the
completion of the maximal unramified extension of Q, and Nilpy, the category of schemes S over
Spec W such that p is locally nilpotent on S. Let S be the closed subscheme of S defined by the ideal
sheaf pOyg. For a p-divisible group X, we use X" to denote the dual p-divisible group. We introduce
two Rapoport—Zink spaces in this chapter. They are essentially isomorphic to the completed local rings
of supersingular points in characteristic p of the moduli stacks H and Xp(N).

Let X be a p-divisible group over F of dimension 1 and height 2. The associated filtered isocrystal
D(X)g has pure slope %, e.g., we can take X to be E[p>°], where [ is a supersingular elliptic curve over [.
Let 1o : X => X" be a principal polarization. We consider the following functor A on the category Nilpy,:
for any S € Nilpy,, the set N'(S) is the isomorphism classes of tuples ((X, p, A), (X', p’, A")), where

(1) X and X’ are two p-divisible groups over S, and p, o’ are two quasi-isogenies between p-divisible
groups,o:Xx[Fb_’—>XXS§, p/:Xx[FS‘—> X' x5S
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(2) A:X = XV, ) : X’ — X'V are two principal polarizations such that Zariski locally on S, we have
pYorop=c(p)-ro, pYorop =c(p) Ao
for some c(p), c(p’) € Zy.

Proposition 5.1.1. The functor N is represented by the formal scheme Spf W{t1, t2]| over Spf W.

Proof. When p is odd, this is explained in [Li and Zhang 2022, Example 4.5.3(ii)]. In general, the
deformation space of the supersingular elliptic curve [ is isomorphic to Spf W[[¢]]. By the Serre—Tate
theorem, this is also the deformation space of the p-divisible group X with certain restrictions on the
polarization, as in the definition of the deformation functor A. Therefore,

N:ShW[[l‘l]] X Spf W ShW[[l‘z]] ZShW[[l‘l,tz]]. |

Let ((XUniY, puniv junivy - x/univ. ,/univ 3/univy) be the universal p-divisible group over N'=Spf W[t %]
By Lemma 6.1.3 below, the category of p-divisible groups over Spf W{[t;, ;] is equivalent to the category
of p-divisible groups over Spec W[t;, t,]l. We still use ((XU"Y, puniv, Aunivy (x/univ_pruniv jrunivyy o
denote the corresponding p-divisible group over Spec W[¢, £, ].

Next we fix an N-isogeny xg : X — X, i.e., xg o x(\)’ = N. Ny(N) is a contravariant set-valued functor
defined over Nilpy,. For every S € Nilpy,, the set Ny(N)(S) consists of the isomorphism classes of
elements of the form (X = X/, (p, p), (A, 1)), where

(1) X and X' are two p-divisible groups over S, and p, p’ are two quasi-isogenies between p-divisible
groupsp:XxF§—> Xxsg, p’:Xx[F§—> X’XSE;

(2) A: X — XV, ) : X' — X'V are two principal polarizations, such that Zariski locally on S, we have
p'okop=c(p)-ro, pYorop =c(p): 2o

for some c(p), c(p’) € Z%;

(3) x: X — X' is a cyclic isogeny (i.e., ker(x) is a cyclic group scheme over S) lifting p’ o xgo p~!.

We will prove later that the functor Ny (N) is represented by a closed formal subscheme of Spf W([[z1, 7,
cut out by a single equation (see Theorem 6.2.3).

5.2. Special cycles on N" and Ny(N). Now we give the definition of special cycles on the formal schemes
N and Ny(N). Recall that ((XUniv, puniv junivy (x/univ - runiv 5 /univyy jq the universal p-divisible group
over AV, and B ~ End’(X) is the unique division quaternion algebra over Q p» Whose Hasse invariant as a
quadratic space is —1.

Definition 5.2.1. For any subset L C B, define the special cycle Z%(L) to be the closed formal subscheme of
N where the groupoid Z¥(L)(S), for an object S € Nilpy,, consists of pairs ((X, p, 1), (X', p’, 1)) e N'(S)

1

such that the quasi-isogeny p’ ox o p~" is an isogeny from X to X'.

Remark 5.2.2. The special cycle Z*(L) only depends on the Z ,-linear span of L in B, and is nonempty
only when this span is an integral quadratic Z ,-lattice in B.
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Proposition 5.2.3. Let x € B be a nonzero and integral element, i.e., 0 < v,(x" ox) < 0o. Then Z%(x) is
a Cartier divisor on N, i.e., it is defined by a single nonzero element f, € W|[t, t]l. Moreover, Z*(x) is
also flat over Spt W, i.e., pt f.

Proof. When p is odd, the formal scheme N is an example of GSpin Rapoport-Zink space [Li and Zhang
2022, Example 4.5.3(ii)], and the proposition has been proved for every GSpin Rapoport—Zink space in
[Li and Zhang 2022, Proposition 4.10.1]. For all p (especially p = 2), this is proved in [Katz and Mazur
1985, Theorem 6.8.1]. 0

Now let’s come to the special cycles on NVy(N). Firstly, we give the definition of the space of special
quasi-isogenies. Recall that we have fixed an N-isogeny xo when we define the formal scheme Ay(N).

Definition 5.2.4. We call a quasi-isogeny x € B = End’(X) special to xq if
xoxy +xp0x’ =0.

By definition, the space of quasi-isogenies special to xq is just the quadratic space W = {xo}* C B. By
Witt’s theorem, it is a 3-dimensional quadratic space over (), whose isometric class is independent of the
choice of the N-isogeny xg.

Definition 5.2.5. Let (X ENS ' (8, B), (A, X)) be the universal object over Np(N). For any subset
M C W, define the special cycle Z(M) C Ny(N) to be the closed formal subscheme cut out by the
conditions

§ oxop ! e Hom(X, X') forany x € M.

For any subset M C W C B, we have the Cartesian diagram

Z(M) —— Ny(N)

L]

ZH M) —— N

5.3. Formal uniformization of Xy(N) and the special cycle Z(T, ¢). Let B be the unique quaternion
algebra over Q ramified exactly at p and co. Then B ®q Q, >~ B is the unique division quaternion algebra
over Q. Let E be a supersingular elliptic curve over [ and X = E[p*°] the p-divisible group of E. Then
B ~ End’(E) and B ~ End’(X). Suppose xo € B comes from a cyclic N-isogeny of E under the above
isomorphism End’(F) ®q @, =~ B.

We ﬁrAst state and explain the formal uniformization theorem of the supersingular locus ﬁFSp of Hp,.
We use H/ ) to denote the completion of # along the closed substack ’H,Ei.

Theorem 5.3.1. There is an isomorphism of formal stacks over W
A~ ® ~
/s, ) —> B* @7\ IN x GLa(A])?/ GLa(27)?], (16)

where B*(Q)q is the subgroup of B> (Q) consisting of elements whose norm has p-adic valuation 0.
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Theorem 5.3.1 is proved in [Rapoport and Zink 1996, Theorem 6.24]. Here we only describe the
isomorphism, especially the group action on the right-hand side of (16). Let 770 VP(E) = (A} P)2 be a
prime-to- p level structure of E. Let E be a deformation of E to W, and let X := E[ p°°] be the correspondmg
deformation of X to W. For some object S € Nilpy,, we pick an object

(X, 0. ), (X', 0,2, (8. 8)) € N(S) x GL2(A]).
The quasi-isogeny p (resp. p’) gives rise to a quasi-isogeny p : Xs —> X (resp. o' : Xs — X’). Then there
exists an elliptic curve E (resp. E’) up to prime-to-p isogeny over S and a quasi-isogeny pg :ES — E

(resp. pg :Eg — E’) such that E[p™®]~ X (resp. E'[p™] ~ X’) and pg (resp. pg’) induces f (resp. p')
under this isomorphism. The object ((X, p, A), (X', p’, 1), (g, &) is mapped to

((E,E, (7'ng o VP(pg "), &' 'ng o VP (0ph)) € H(S).
The group action is given, for a pair of elements (b, b') € B*(Q)¢ x B*(Q)o, by the map
B(Q) — B(Q,) ~End’(X) £> End’(X) (resp. 2> End’(X")),
and a fixed isomorphism B (A?) ~ GL, (A?). We obtain another triple

(0. D) (X, p, 1), (X, 0/ ), (8. 87) = (X, po b, 2), (X, p' o b1, 1), (bg. b'g)).

Now let Xy(N )SS (resp. Yo(N )SS) be the supersingular locus of Xp(N)f, (resp. Yo(N)F,). Let
XO(N)/(XO(N)ss ) (resp yo(N)/(yO(N)ss y) be the completion of Xy(N) (resp. Vo(N)) along the closed
substack XO(N) (resp. Vo(N)P ) By the definition of AH(N), we have XO(N) = Jo(N)pP F, and

therefore /"CO(N)/(XO(N)F ) yo(N)/(yo(N)“‘ .

Proposition 5.3.2. There is an tsomorphlsm of formal stacks over W,

Xo(N)

XO(N)/(XO(N)’“ ) ————> B* (@) \ [No(N) x GLo(A%)/ To(N)(ZP)], (17)

where B*(Q)q is the subgroup of B> (Q) consisting of elements whose norm has p-adic valuation 0.
Proof. The following diagram is Cartesian, with all arrows closed immersions:
SS SS
yO(N)[Fp — H[F,,
W(N) ——H

this diagram gives a closed immersion i : /’\’O(N)/(,\go(N)IF ) yo(N)/(yO(N)ss ) —> H/(Hss .
Recall that we have the isomorphism

H/(HSS ) —> B (@)0 \ [NX GLz(A ) /GLz(Zp) ]

Let S be an object in Nilpy,, and let (z, (g, g')) € N(S) x GLZ(A P)2 be a point in the closed formal
substack V(N )[F,,‘ Then clearly z € Np(N)(S). Suppose z corresponds to a cyclic isogeny E = E’ by
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our description of the isomorphism ®4,. Then g’ is determined by g by the diagram

g nlovripgh

VP(Es) (Af)?
lv,,(n) le (18)
g "ngoV? (0,
VP (E) s (A)?

Thus we only focus on the pair (z, g) € Np(N)(S) x GL, (A?). Consider the morphism
© : No(N) x GLa(Af) = H/p ). (2.8) = 03/ (2, (8. 8))-

The image of ® lies in the closed formal substack X 0(N)/ (xi( IOERE

Let (z1, g1), (22, £2) € No(N)(S) x GLQ(A}’) be two points. Then ®(z;, g1) = O(z2, g2) if and only if
there exist b, b’ € B*(Q)o and k, k| € GLo(Z”) such that (z2, (g2, 85)) = (b, b')«z1, (bgik1, b'g\k))).
We still use E = E’ to denote the corresponding point of z, under ®y,. Notice that (22, (g2, g5)) =
(22, (bg1, b'g})) in the quotient stack [N x GLz(Afi)2 / GL,(ZP)?]. Therefore

On (22, (g2, 82)) = O3 (22, (bg1, b'gY)) € ?eo(N)/(XO(N);;)(S),
and hence both (g> = bgiki, g5 = b'g1k}) and (bgy, b'g}) satisfy the commutative diagram (18). Then
ki = kalw;,l.

Since both k; and k| belongs to GL, (ZP) == I1 GL,(Z,), there exist a, b, ¢, d € ZP such that

v#00, p

b .
ki = (A‘;C d) e To(N)(ZP).

Moreover, the element b’ is also determined by b by the diagram (18). Therefore ®(z1, g1) = ©(z2, g2)
if and only if there exists b € B*(Q)o and k € ['o(N) (Zp) such that (z2, g2) = (b«z1, bg1k). O

Let Z5(T, @) be the completion of Z(T, ¢) along its supersingular locus
ZX(T, 9) = Z(T, @) xxyv) Xo(N)E -
Let A(N)?) be the unique quadratic space over @ (up to isometry) such that
(1) itis positive definite at co;
(2) for finite prime [ # p, A(N)P) @ Q is isometric to A;(N) ® Q;:
3) A(N)P Q, is isometric to W.

As a corollary of the formal uniformization of the supersingular locus of Xy(N) (see Proposition 5.3.2),
we have the following formal uniformization of the special cycles on Ap(N).
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Corollary 5.3.3. Let T € Sym,(Q) be a nonsingular symmetric matrix, and Diff(T, A(N)) = {p}. Let
e (\/3;) be a T -admissible Schwartz function. Let K 6(2@ o(N)/ (xo N )) be the Grothendieck group of
N P
N _ . / « . .
coherent sheaves of O To(N) /<Xo(N)?Fsp) modules. Then in Ky (Xo(N)/ Xo(N)[Fp)) we have the identity

ZNT, 9) = > > 9(g7'x) - O3y, (ZX), 2,
xeB* (@%)(o\)(AT(N)(”))Z 2EBZ (@0\GL2(A})/ To(N)(ZP)
X)=

where B C B* is the stabilizer of x € (A(N)P)2,
Proof. We only need to prove the corollary when ¢ is the characteristic function of some open compact

subset @ of\/%. Let S be an object in Nilpy,. Suppose @};(N) (z,8) € E:’SS(T, @)(S) for some z € Ny(N)(S).
Then z gives rise to a cyclic isogeny E = E’, along with two isogenies x1, x» € Hom(E, E ")(p) such that

T= (3, x;)) and (x1,7)=(x2,7)=0.

Then x1, x, and 7 induce endomorphisms of the corresponding p-divisible groups, and hence endomor-
phisms of X. We still use x1, x, to denote the endomorphisms of X. Let 7T'(x) := (%(x,-, X j)) be the inner
product matrix of x = (x, x2)). We have

T=T(x) and (x1,x0) = (x2,x0) =0,

ie,xi,xe{xt=WxAWN)P @q Q,. We can also identify x; and x; as elements in A(N)P ®A?
via the level structures n(’)’ o V”(pgl) and n(’)’ o V”(pg,l) of E and E’. The positivity assumption on T
makes it embeddable into A(N)?) ®q R. By carefully choosing the isometry W ~ A(N)?) ®¢q Q p» WE
can find x € (A(N)®)? which induces x; and x; locally at every place of (.

Then the condition ®}J(N)(z, g) € ZQ’SS(T, @)(S) implies that

1

z€Z(x) and g xc€w (here g€ GLy(Ay) with g, =1),

and this is exactly the meaning of the identity in the theorem. ]

6. Difference formula at the geometric side

6.1. p-divisible groups over adic noetherian rings.

Definition 6.1.1. A topological ring R is an adic noetherian ring if it is noetherian as a ring and it has a
topological basis consisting of all translations of the neighborhoods of zero of the form I (n > 0), where
I C R is a fixed ideal of R, and R is Hausdorff and complete in that topology. A choice of such an ideal
is said to be the defining ideal of the topological ring R.

Lemma 6.1.2. Let A be an adic noetherian local ring whose defining ideal is the maximal ideal m. Then

any ideal I C A is complete in the topological ring A, i.e.,
I=()d+m".
n

Moreover, A/l is an adic noetherian ring with defining ideal m/1.
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Proof. Nakayama’s lemma implies that (), m"/ = 0. Then we can apply [Stacks, Lemma 031B] to
conclude that / is m-adically complete, i.e., [ =~ I= lim, I/m"[.

We have the exact sequence
0—>1—-A— A/l —0.

Since A is noetherian, after taking completion with respect to the maximal ideal m, we get
0>1—>A— A//\I — 0.

However, A = A and I = I, and hence Z/\I ~ A/I. We conclude A/I is an adic noetherian ring.
By definition, X/\I =lim, A/(I +m"). Hence /T/\I ~ A/I implies that I = (),(I +m"). O
Lemma 6.1.3. Let A be an adic noetherian ring whose defining ideal is 1. Then the functor
{category of p-divisible groups over Spec A} — {category of p-divisible groups over Spf(A)},
G =(Gn/A) > (Gr = (Gr(n) = G(n) x4 A/T))p=1.
is an equivalence.

Proof. This is proved in [de Jong 1995, Lemma 2.4.4]. (I

6.2. Difference divisors on N. Recall that for every nonzero integral x € B, we define the special divisor
Z*(x) on \V as the closed formal subscheme of A/ over where x lifts to an isogeny (cf. Definition 5.2.1
and Proposition 5.2.3). It is cut out by an element f, € W[#, £2].

For any nonzero x € B such that v,(x" ox) > 2, there is a closed immersion

i: Zﬁ(p_lx) — Zﬁ(x),

by composing every deformation of p~!

x with the multiplication-by-p morphism. Since W{t, t,] is a
unique factorization domain, we get fp—lx | fx. Define d, = fx/fp—lx € Wity t2] when v, (x¥ ox) > 2

and dy = f, when v,(x" ox) =0or 1.
Definition 6.2.1. Let x € B be a nonzero and integral element. The difference divisor associated to x is
D(x) = Spt W[t1, ©211/d.

The notion of difference divisor was first introduced in [Terstiege 2011]. Proposition 5.2.3 implies
that p 1 fx, so p {d,. Therefore the difference divisor D(x) is flat over Spf W. The following theorem
asserts that D(x) is regular.

Theorem 6.2.2. Let x € B be a nonzero and integral element. Let m = (p, t1, t2) be the maximal ideal
of Wlity, ©2]]. Then dy € m\ m2, i.e., the difference divisor D(x) is regular. Moreover, for anyi > 1, d,

and d,-i, are coprime to each other if p~'x is also integral.

Proof. Let n > 0 be the p-adic valuation of x* o x. We first prove this result when n = 0. In this case the
result follows from [Li and Zhu 2018, Lemma 3.2.2] (p odd) and [Rapoport 2007, Lemma 3.1] (p = 2),
and W{t, 6,1/ fr =~ W]t] is even smooth over W.
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Now we suppose n > 1. We can always find an element x” € B such that x"¥ o x’ has p-adic valuation 0
and (x, x’) = 0. We consider the formal closed subscheme Z%(x) x - Z%(x’). It is cut out by the ideal
(fx» fv) Cm;itis also a formal closed subscheme of Zi(x") ~ Spf W[i¢] cut out by the image fx of fy
under the surjective map A — W[¢]. By [Gross and Keating 1993, (5.10)] (see also [Li and Zhang 2022,
§5.1]), we have the following decomposition of Z%(x) x »r Z%(x’) into Cartier divisors on Z%(x"):

[n/2]
) <y 2 =) 2, (19)
i=0
with each Z; >~ Spf Oy ;, where O ; is the ring of integers of some nonarchimedean local field. Hence it
is a regular local ring, and they are different from each other. Let d; € W[[z]] be the function defining the
divisor Z; on Z*(x’). Then we have the identity
[n/2]
fe=(unit) x [ di. (20)
i=0
The regularity of O[g,i implies that d; € (p, 1) \ (p, 1)
Let d i be the image of d,,-i, under the surjective map A — A/(fy') =~ W[¢]. By definition we have
fx = (unit) x ]_[l[":/o2 ] d,-iy. Therefore,
[n/2]
fe=(nit) x ] dpix. 1)
i=0

We induct on n to conclude that Jx = (unit) x dju 21 € (p, 1)\ (p, )2 Whenn = 1, we simply get

d, = (unit) x dp € (p, 1) \ (p, 1)%. Let’s assume the claim is true for n < m for some m > 2. We prove

Ix and x.

the result for n = m. For this, we just need to compare (20) and (21) for p~
Therefore we have proved that A/(d,, f.') is a regular local ring, and hence we conclude that d, € m\m?
and D(x) >~ Spf A/(d,) is regular. Moreover, since all pieces on the right-hand side of (19) are different

from each other, we conclude that d, and d,,-i, are coprime to each other. (Il

Fix an N-isogeny xo € B. Recall that we have defined the deformation functor My(N) in Section 5.1.
Compare the moduli interpretations of Ny(N) and Z %(xo). We have a natural functor

P NO(N) = ZF(xg), (X 22595 X7 (p, p)), (1, M) > (X 5 X, (p, '), 0 1)),
Theorem 6.2.3. The natural functor i is a closed immersion, and induces an isomorphism
No(N) = D(xp).

Proof. By Proposition 5.2.3, Z*(xo) is represented by Spf W([t1, 2]/ fx,- We consider the maximal ideal
m = (p, 11, 1z) of W[[t,, 2] and a projective system of rings lim R,, where R, = W([it;, 2]/ (fx, +m").
We use (X, = X!, (ony p1)s (kns X)) to denote the corresponding object in Z#(x()(R,) by the natural
morphism W{t, ©21/fx, = Rn, which is essentially the base change from Z8(xp) to Spec R, of the

universal object v
2o

(Xuniv X/univ’ (puniv, p/uniV), ()\univ’ )L/uniV)).
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The following diagram is commutative:

Xy — Xt

lxn lxrw]

/ !/
Xn Xn+1

By [de Jong 1995, Lemma 2.4.4], x,, fits together to be an isogeny of p-divisible groups x(‘)‘“iv: Xuniv_, x/univ
over Spec W{t1, 21/ fx,.

Now we apply the Serre-Tate theorem [Serre 2015] to the projective system lim, R,. We obtain a
direct system of elliptic curves E,, E; over Spec R, and X, € Endg, (E,, E,,) such that

(i) there exist isomorphisms i, : E,[p>*] >~ X, and i, : E,[p™] =~ X,
(i) x, =i/ o X,[p>loit.

Since every elliptic curve is equipped with a canonical ample line bundle given by the unit section,
we can apply Grothendieck’s algebraization theorem [Stacks, Theorem 089A, Lemma 0A42] to obtain
a triple (E"™Y 20, pruniv, (pUMIY, p’Univy (AUNIVA/univyy “where EMY and E’UMY are two elliptic curves

over Spec W{[t1, 1211/ fx, with the isomorphisms

iuniv . Euniv[poo] ~ Xuniv, l-/univ . E/univ[poo] ~ X/univ7
and xj™V = §"9V o F4V[ p>] o (""V) =1, Then we have

ker(x§"™) =~ ker(X"""[p™]) = ker(i{"")[p>] — E"™",

where ker(i(‘)‘“iv)[ p°°] is the p-torsion subgroup scheme of the finite locally free group scheme ker(i(‘)’“iv).
Therefore, the universal kernel ker(x(‘)mi") is embedded into an elliptic curve. We can apply Proposition 4.1.4
and conclude that there is an ideal Z%(xo) C W|[[t1, 2]] containing fy, such that for S € Nilpy, and an
object (X = X', (p, p), (A, 1)) € Z%(x0)(S), the isogeny x is a cyclic isogeny if and only if the morphism
S — Spf W11, ©21/ fx, factors through Spf W[z, t211/Z%¢(x9). We conclude from here that No(N) is
represented by the formal scheme Spf W{[#, t211/Z%°(xp) and the natural functor i is a closed immersion.

Recall that we use d,, to denote the equation that cuts out the difference divisor D(xp). In the
following, we use D to denote the difference divisor D(xg). Let xp : Xp — X7, be the base change
of xgniv : XUV s X/univ 4o D We first show that xp doesn’t factor through the multiplication-by-p
morphism of Xp. Let’s assume the converse, i.e., xp = p o x;,, where x, : Xp — X7, is an isogeny.
Let D, = Spec W[[t1, 1211/ (dx, +m"). The base change of x7, from D to D, is a deformation of " x0,
and hence the natural morphism D, — Z%(xg) factors through Z5( p_lxo) >~ Spf Wllt, t211/( fp_1 x0)-
Since W11, 211/ (dy,) =~ lim, W1, 1211/ (dy, + m") by Lemma 6.1.2, we get a ring homomorphism
Wi, tz]]/(fpflx()) — Wlit1, 1211/ (dy,). However, dy, is coprime to fpfle by Theorem 6.2.2, a contra-
diction. Hence xp doesn’t factor through the multiplication-by-p morphism of Xp.

Lemma 4.1.5 and Corollary 4.1.6 imply that ker(xp) is a cyclic group scheme since D is an integral
noetherian scheme which is also separated and flat over W. Hence there exists a natural morphism from
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Spec Wit1, ©211/dy, to Spec Wit1, t211/Z°(x0). Therefore, we conclude that Z(x) C (dy,) C W11, t2].
This shows that the closed immersion D(xg) — Z%(x() decomposes as

D(x9) = No(N) = Z%(xo).

Therefore, we have an inclusion of ideals ( fy,) C Z%(xg) C (dx,) € WIlt1, t2]. Theorem 6.6.1 of [Katz
and Mazur 1985] (see also their Case II of 5.3.2.1) asserts that W[z, r,]1/Z°(xp) is a 2-dimensional
regular local ring. Recall that we have already proved in Theorem 6.2.2 that W[z, t21/dy, is also a
regular local ring. Hence we must have Z¢(xg) = (dy,), i.e., D(xp) = No(N). O

6.2.A. Special Fibers. In this part we use the identification Ny(N) = D(xo) to explicitly describe the
special fiber of the local ring Ny(N). The main results of this part will not be used in the following
calculations, so readers can skip on first reading.

Let a = (1, ) C W[t,]. Let a be the image of a in F[[z;, »]l. Let A, = W[z, ©2]/a" and
R, =1, t11/a", with Ag = W]z, r,]] and Ry = F[[#, 2]]. Equip each A,, with a morphism ¢ which
extends the Frobenius morphism on W and maps #; to tlp , b to t2p . Then A,, is a frame for R,, in the sense
of [Zink 2001, Definition 1]. For any n > 0, let (M, M, ®) be an A,-window in the sense of [Zink 2001,
Definition 2]. Since ® (M) C p- M and p is not a zero-divisor in A,, we define ®; : M| — M to be
p~'®. The morphism ®; is o-linear and induces an isomorphism &7 : M7 — M because both sides
are free A,-modules of the same rank and ®f is surjective by the definition of windows [Zink 2001,
Definition 2(ii)]. Let « be the injective A,-morphism

oy—1
a: My —> M % M7 .
Theorem 6.2.4. For any n > 0, we have the category equivalences
{A,-window (M, M, ®)} <= {formal p-divisible groups over R,}.
Moreover, both these two categories are equivalent to the category

{pairs (M1, o : M; — M7) such that Coker(«) is a free R,-module},

where the functor from A,-windows (M, My, ®) to pairs (My, o : My — MY) is given by the constructions
above.

Proof. This is proved in [Zink 2001, Theorem 4]. O

Let (X, p, 1), (X', p’, 1)) be the universal object in N'(F[[#1, t]), i.e., the base change of the uni-
versal object ((XUnV, puniv_ punivy (xruniv - pruniv prunivyy over Wit t> ] to F[[#1, #2]l. The corresponding
window can be described as follows. Let D = W - e+ W - f be the Dieudonne module of X, where
Fe=Ve=f,Ff=Vf=p-e(F and V are the Frobenius and Verschiebung morphisms on D). Then
welet M =D®w Wit and M = (W - f+ pW -e) @w W[¢]. We still use o to denote the Frobenius
action on W{t]] which sends ¢ to ” and extends the Frobenius morphism on W. Let ® be the o -linear
map from M to M such that ®(e®@1)=7-(eR@ 1D+ fR1, P(f®1)=p-(e®1). Then (M, My, D) is



Arithmetic Siegel-Weil formula on Xg(N) 1807

the W[¢]-window corresponding to the universal deformation of X over F[[¢] (see [Zink 2002, (86)]).
Let (M', M}, ®') be the corresponding window for X'. Then the W{[#;, #]]-window corresponding to the
universal deformation of X x§ X' over F[[;, ] is given by (M ®M', M1 @ M|, DS D'), or (M S M|, ),
where under the basis {p-(e® 1), f® 1, p(e’ ® 1), f' ® 1}, the map « is given by the matrix

1
_|p 1

*= 1

p —n
Any quasi-isogeny x € B induces the endomorphism

o(a) —o(b)
_ —p-b a

D(x) = o (b)
p-b o(a)

of the window M; @ M| of X x§ X' under the basis {p -e, f, p-¢', f'}, where a, b € Q.

Let Mi(n) = M ®a, A, M{(n) = M| ®4, Ap, a(n) = ®4, A,. By Theorem 6.2.4, a quasi-isogeny
x lifts to an isogeny over R, if and only if there exists x(n) € End((M 1(n) ® Mi(n), a(n))) such that
x(1) = D(x) and the following diagram commutes:

M) & M{(n) —% My(n)* ® M (n)°
lx(n) la(x(”))

Mi(m) & M (n) —% My(n)* & M (n)°

Under the basis {p-(e® 1), f®1, p(¢’® 1), f' ® 1}, the morphism x(n) has the form

_[A@m) Y(n)
W=\ xw Bm))

where X (n), Y (n), A(n), B(n) € M,(A,) satisfy the equations,
X(n)=p U () -o(X(n)-Ut)), Ym)=p U () oY (n) U,
Am)=p~'U'(t) -0 (Am)-Ut)), B(n)=p 'U ) o(Bn)- U,

U(t)=( 1) and U’(t)=(t 1).
p —t p

Since A(1) = B(1) =0, we conclude (by comparing degrees of ¢; and #,) that A(n) = B(n) =0.
For any A € M»(A, ®7 Q), the matrix o (A) is a well-defined element in M2 (A ,, @z Q). Therefore,
starting from X (1) and Y (1), we can define successively

where

XY =p WU ®) - cX(@P)-Uw), YPTH=p U)o (p)) Um). (22
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Since the local ring Oz(,) only depends (up to noncanonical isomorphisms) on the valuation of x, we
take the following specific choice of x and D(x) in the following computations:

» When ord, (x" o x) = 2k for some k > 0, we take

k
X()=Y(l)= (p k) .
p
By computation based on the recursion formula (22), it turns out that for any / > 1,

1 ({0 (=D (1 1)@ =D/0=1 (P _ !
X(Pl)=pzk(< (=D (tir2) (13 r) +p-C),

0 0
1 ({0 (1)Y= (t12,) @ =D/ =1 (P P
Y(pz>:_p1_k<(o< G R

for some matrices C, D € Ma(A ).

» When ord, (x" o x) = 2k + 1 for some k > 0, we take

k
X()=—Y(l)= (pk—i-l p )

By computation based on the recursion formula (22), it turns out that for any / > 1,

_1 (r'=1/(p-1
X(pl):ﬁ<(0 ( 1) (tltZ)p P )‘i‘pc/),

0 0
1 0 (—1)!=1(t1tp)P'—D/(P=D
Y(pH)y=— .D’
(r") = <<0 0 +p

for some matrices C’, D" € My (A ).

Proposition 6.2.5. Let x € B be an integral nonzero element which has valuation n and induces X (1)
and Y (1) as described above. Let f, € W|[t1, t2]] be the element cutting out Z(x). Then

n/2+1 .
when n is even,

n n/2 n/2
G tz)(” /2_1)/(p—1)(t£’ _tll’ ) mod (¢, t)? 23)

(t11) PP =D/P=D mod (1, 1,)P " when 7 is odd.

f_x ‘= fy mod p = (unit) x {

Proof. By the above formula for X (p') and Y (p'), we can conclude that x can be lifted to an isogeny
over R iz but not over R ,i»/21+1. Then the formula for X ( pl/2+1y and Y (pln/2+T imply (23). O

Theorem 6.2.6. Let x € B be an integral nonzero element which has valuation n and induces X (1) and
Y (1) as described above. Let f, € W|[t,, t;]] be the element cutting out Z(x). Then fx is divisible by

tl—tg, tlp —1t, forO0<a<nanda=nmod?2.
- a a -
Moreover, f, has no other irreducible factors and the multiplicity of t| — tf , tf —tyin fyis p=D/2,

Proof. We first prove that !’ i ty “ divides fx, where ki, k» > 0 and k; + ko = n. We prove this by
k k k k
showing that X (p'), ¥ (p') mod (¢ —0'") e Ma(A i /(t]" —11")) for any [ > 0.
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e When n = 2k is even, the recursion formula (22) implies that,

X(ph) = U Uy - U Hua - uah U,
Y(ph) = U Uy - U Al Hue ) - UhHU ).

ko —ky+1—t

1—t
Let’s assume first that k; < k. For any 0 <t <[ — k;, we have the relation tf = tf . Hence
It ko —kq+l—t
v Hyual Y=p-D.
pl—t pkz—k]-H—r pl—t
Moreover, when 1 <t <k, —k;, we havet, =1, =0. Hence U(z; )= U(0) and we get

ky—1 k-1 k k
X(pPY=U)U'@Y) - U@ Ul ) UeHU @) e My(Ay /] —117)),
ky—1 ky—1 k k
Y(p)=U' U’y U@l U@ ) U U (1) e Ma(Ap /(] —107)).
The proof of the case k; > k; is similar and we get the same formula for X ( p!) and Y (p') as above.
k k -
Therefore, we conclude that t{7 g té’ * divides fx when ki, ko > 0 and k| + ko = 2k by Theorem 6.2.4.
Hence f, is divisible by the polynomial
k

k 2a 2a pk—a
GRS L | (GO ICET T )
a=1
‘We also know that
k 2 2 k k k
k a a —a k_ _ k+1
=) (=t =) =@ P VPV @ =) mod (11, 12)"
a=1

The lemma follows by comparing this formula with (23).

e When n =2k + 1 is odd, the recursion formula (22) implies

1

X =p VU ) U (2 0) ua - uahHU @),

-1 01 -1
Y(ph=p*u'apyu'aly---u'af (p 0) Ui )---U@HU(@1).
1—t kn—ky+I1—t
Let’s assume ki < k. For any 0 <t <[ — kj, we have the relation t; =1 2 and hence
1—t ko —k1+1—t I—t ko —ky+1—t
U/(tzp )U(tlp2 ' )= p-I,. Moreover, when 1 <t < kp, — k;, we have tzp =tlp2 " =0. So
1

U(tzp _’) = U(0), and we get

X(PH=U' Uy U@ Hua™ ) UahHU @) e My(A /@l —177)),
Y(pl) = U’([l)U/([f) ... U’(tlpkl—l)U(tzpkz—l) . U(ZZP)U(IQ) c MZ(API/(Ilpkl _ tzpkz))_

Therefore we conclude that tf h_ tf ° divides fx when ki, kp > 0 and k; + ky = 2k + 1 by Theorem 6.2.4.
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Hence f, is divisible by the polynomial

k

[T(@ =2 D10

a=0

2a+1 k—a

)”

2a+ k41

a k—a 3
We also know that [15_,((r1 — Y =1 1))” = (111) P =D/P=D mod (#1, )" The lemma
follows by comparing this formula with (23). ([l

Corollary 6.2.7. Let x € B be an integral nonzero element which has valuation n > 1. Let Z(x), be

special fiber of Z(x). Then
2(x), = SpfFln, o] / ( T« —zg”)),

a+b=n
a,b>0

Let D(x), (resp. No(N) p) be the base change of D(x) (resp. No(N)) to Flit1, t2]. Then

NO(N)p:D(x)p:spf[F[[zl,zz]]/((rl_;;’”).(tz—t{’"). I1 G —tzp”")p—l).
a+b=n
a,b>1

Proof. The statement for Z(x), follows from Theorem 6.2.6. The statement for D(x), follows from the

definition of difference divisors. |

Remark 6.2.8. The same formula has been proved in [Katz and Mazur 1985, Theorems 13.4.6 and 13.4.7]
by a totally different method.

6.3. Local arithmetic intersection numbers. Now we give the definition of the local arithmetic intersec-
tion numbers.

Definition 6.3.1. For any rank-3 lattice L C B, we choose a Z ,-basis {x1, x2, x3} of L. Let Oz, be
the structure sheaf of the special cycle Z%(x;). Let Oy be the structure sheaf of the formal scheme N
Let — ®%) - — be the derived tensor product functor in the derived category of coherent sheaves on N.
Define the local arithmetic intersection number of L on A to be

Int* (L) = x(V, Oz, ®%9N Ozz(xy) ®%9N Oz (xy))-

This number is finite and independent of the choice of the basis {x,-}?:1 of L because of the following
result.

Lemma 6.3.2. Let x, y € B be linearly independent. Then the tor sheaves E?N (Ozt(x), Oz1(y)) vanish
foralli > 1. In particular,
Oz ®o, Oz:(y) = Ozix) ®0y Oz (y)-

Moreover, the same formula holds if Z*(x) or Z%(y) (or both) are replaced by D(x) or D(y), respectively.
Let L C B be an integral quadratic lattice of rank 3 over Z, with basis {x1, x2, x3}. Then the derived
tensor product O zz (X%N Ozt(xy) ®%9N O z:(xy) s independent of the choice of the basis.
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Proof. This is proved in [Terstiege 2011, Lemma 4.1 and Proposition 4.2]. ]

Now let’s come to the local arithmetic intersection numbers on Ay(N). For a fixed N-isogeny xo of X,
recall that we have defined the space of quasi-isogenies of X special to xg (see Definition 5.2.4) to be

those x € B such that
xoxy +xp0x’ =0.

Recall that we use W to denote this space.

Definition 6.3.3. For any rank-2 lattice M C W, we choose a Z,-basis {x1, x} of M. Let Oz, be the
structure sheaf of the special cycle Z(x;). Let Opy(n) be the structure sheaf of the formal scheme Ny(N).
Let —®% — be the derived tensor product functor in the derived category of coherent sheaves on Ny(N).
Define the local arithmetic intersection number of M on Ny(N) to be

Inta, vy (M) = x (No(N), Oz(x)) ®%NO(N) Oz(xy))-

This number is independent of the choice of the basis {x;, x»} of M because of Lemma 6.3.2 and
Theorem 6.2.3. We relate it to the derivative of the local density of the quadratic lattice M with level N.
The following theorem is the starting point of our calculation.

Theorem 6.3.4. For any prime number p, let L C B be a Z ,-lattice of rank 3. Then
Int*(L) = 3 Den(L).

Proof. In [Gross and Keating 1993, §4], the Gross—Keating invariants (a;, a;, az) of the rank-3 quadratic
lattice L are defined. Then the local arithmetic intersection number Int*(L) is computed explicitly in
terms of these invariants (see also [Rapoport 2007, Theorem 1.1]). In [Wedhorn 2007, §2.11], the local
density Den™ (X, L) is also expressed explicitly in terms of the Gross—Keating invariants (a1, a, az),
hence the derived local density d Den™ (L). The theorem is proved by comparing the expressions of both
sides in terms of (ai, az, az) (see [Wedhorn 2007, §2.16]). See also [Li and Zhang 2022] for a recent new
proof when p is odd. U

6.4. Difference formula of the local arithmetic intersection numbers. Fix an N-isogeny x¢ € End(X),
and recall that W = {x¢}* — B.

Theorem 6.4.1. For any rank-2 lattice M C W, we have the identity
Intpg, vy (M) = Intﬁ(M@Zp - x0) — Int*(M Oz, -p~'x0).

Proof. Let {x1, x»} be a basis of M. By Lemma 6.3.2 and the isomorphism D(xg) >~ No(N), we have the
following isomorphism as complexes of coherent sheaves on N:

L L ~ L
Ono) oy Ozi(xy) 0 Ozt () = Oz(x)) ®0r Oz (1)
N L L
= Oz(1) B0, OP0) 0y Ozi(xy)

~ L
=~ O0z(n) B0, V20
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When v, (N) =0 or 1, the difference divisor D(xp) is just Z%(xp). Hence Intpg (M) = Intﬁ(M@Zp - X0)
and Int*(M ©Z D p~1x0) =0 since p~'xg is not integral, and therefore

Intp, vy (M) = Int? (M ©Z,, - x0) —Int* (M SZ, - p~ ' xp).
When v,(N) > 2, we have the exact sequence
Xdy,
0= Ozz(p-1xy) —> Ozi() = Oy = Onpvy) = 0.

Tensoring the above exact sequence with the complex Oz, ) ®% v Oz:(xy) 10 the derived category of
coherent sheaves on N, we get an exact triangle

L L L L
Ozt (p-1x0) Qo Ozxy) B0 Oz2(xy) = Ozi(xg) Q0 Oz2ay) ®0r Oz ()
L L
= ON) @0, Ozt (x)) @0, Ozt (ry) = -

Hence we have the identity

L L
X (Oz:(x) ®0, Ozz(x)) B0y Oz (ny)
L L L L
= X (Oz:(p-1x) B0y Oz2(x)) B0y Ozt (ny) + X (Ony(v) @0 Ozzx)) @0, Ozt ()

We already know that Oz (v ®%9N Ozt(x)) (X%N Oztx,) = Oz ®2L9NO(N) Oz(xy) since No(N) = D(xo).
Hence

Intrp vy (M) = x(Oz(x)) ®2L9@<,x0> Oz() = X (Onyv) ®p, Ozz(x)) @0 Oz2(a)
= X (Ozz(xy) ®%N Oz ®%9N Oz:(xy) = X(Ozz(p-1xy) ®2L9N Oz:(x)) ®%9N Ozi(xy))
=Int*(MBZ, - x0) —In* (M SZ, - p~'x0). O

7. Difference formula at the analytic side

Let p be a prime number. Let F' be a nonarchimedean local field of residue characteristic p, with ring of
integers O, residue field k = [, of size ¢, and uniformizer 7.

7.1. Primitive decomposition. Let N € F. Recall that we use ((N), q(n)) to denote the rank-1 quadratic
lattice over O with an Op-generator [y such that g(yy(Ix) = N. Then (N) is an integral quadratic lattice
if and only if N € Op. Let n = v, (N). All the rank-1 integral quadratic lattices L’ containing (N) have

the form n

L'=7 "Ny~ (x"2N) fori=0,1,..., [5]
Let H be a self-dual quadratic Op-lattice of finite rank. Since gy (x) € OF for every x € H, Lemma 2.2.5

gives the decomposition
[n/2]

Repy (v (OF) = |_| PRepy (z-2i 5y (OF).
i=0
Now for every 0 <i < [n/2], we pick an arbitrary ¢ € PRepy ;-2 y,(OF) and consider the following

sublattice of H:
H(¢) ={x € H:(x,¢(n)) =0}
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Lemma 7.1.1. The isometric class of H() is independent of the choice of ¢ € PRepy -2y (OF).

Proof. Let ¢' € PRepy (,-2iy,(OF) be another element. The homomorphisms ¢ and ¢’ are totally
determined by x = ¢(l,-2) and x’ := ¢'(l, 2 ). The fact that ¢ and ¢’ are primitive implies that
x ¢m-Handx' ¢ m- H. Therefore,

(x, H)=Of, (',H)=0F,

where we use (-, -) to denote the associated bilinear form on H. Since H is self-dual, then by [Morin-
Strom 1979, Theorem 5.3], there exists ¢ € O(H)(OF) such that ¢(x) = x". The homomorphism ¢ also
induces an isometry between H (¢) and H(¢’) because H(¢) =x N H and H(¢') = x'"* N H. O

Let N € OF be an element of valuation n. For every 0 <i < [n/2] and ¢ € PRepy, (T2 N) (OFp), we
use H(N, i) to denote the quadratic lattice H (¢).

Example 7.1.2. Let N € O have valuation n. When k > 4, we have an orthogonal decomposition
Hf{ ~H ®H ,.

Recall that the symbol H,’ is understood in the following way: when p is odd, k can be any positive
integer, and ¢ € {%1} is arbitrary; when p = 2, k is even and ¢ = +1. The lattice M,(OF) is equipped
with the quadratic form induced by the determinant; it is self-dual and xr(M2(OF)) = 1, and hence we
can view M»(OF) as a model lattice for H f .

Let’s consider the element ¢ € PRep g (w2 Ny (OF) given by

) —2i
¢ (TNY = Ma(OF) = H < HE, iy > (” N 0) i

0 1

The corresponding element in Rep HE(N) (OF) sends
I s TN 0
N 0 =)
Lemma 7.1.1 implies that the following quadratic lattices are isometric:

HE(N, i) = HE (¢0) ~ i) © H

where ¢; (I, 2 )™ is the space of elements in M (OF) that are orthogonal to ¢; (I, -2 ), it can be described

2
¢i(ln—2iN)L:{x:( T Na Z):a,b,CEOF}.

c

explicitly as

It is exactly the lattice Ap(w —2( N) defined in Example 2.1.1. Therefore

HE(N, i)~ Ap(r ™ N)DHf ,.
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7.2. Difference formula of local densities.
Theorem 7.2.1. Let H be a self-dual quadratic Of-lattice of finite rank k. Let M be an integral quadratic
Op-lattice of finite rank r. Let N € O be an element of valuation n. Then

[n/2]
Den(H, M & (N)) = Z g@ ki Pden(H, (¥ N)) -Den(H (N, i), M).
i=0

The proof of this theorem is based on the following lemmas.

Lemma 7.2.2. Let H be a self-dual quadratic Op-lattice. Let N € O be an element of valuation n. Then
there is a bijective map

[n/2]
D: RepH’(N)(OF/JTd) = |_| |_| PRCPH’QT—ZiN_HTd—Zix)(OF/T[dil)
i=0 )EEOF/T[i

when the positive integer d is large enough.

Proof. Let Iy be a generator of the rank-1 Op-module (N) such that gny(Iy) = N. Any f in
RepH’(M(OF/nd) is determined by f(Iy) € H/w?H. There is a natural filtration on H /7% H given as

OCn_d—lH/ndHCﬂd—zH/ﬂdHC...Cn-ZH/jrdHCnH/n’dHCH/JTdH.

Let i be the minimal integer such that f(l;) € JTiH/JTdH. Then 0 <i < [n/2] since v;(N) =n. So
there exists / € H such that f(Iy) =n‘l e 7' H/n? H; the image of [ in H /7~ H is uniquely determined
by f. Let g be the quadratic form on H. Then

N mod pi? = gy (y) = G(f(In) = 7% §(1) = n%q().

Hence w2ig(l) = 7% N mod w%=% . Therefore there exists x € Of such that ql) = TN 472y,
Next we show that X € O /z’ is independent of the choice of / € H when d is large enough. Suppose
I’ is another element of H such that f(/y) = 'l’. Then there exists § € H such that I’ — [ = 7¢77§.

Therefore, when d is large enough,

g =ql+7"78) =ql)+ 77U, 8) + 7> ¢(8) = q(I) mod 79~

Suppose g (I') =2 N4+m9=% x’ for some x’ € Of. The above congruence between ¢ (I) and ¢ (I’) implies
x'=x mod 7'. The above construction gives the homomorphism D (f) in PRep . -2y 4 pa-2 ) (OF /7471
sending the generator [, iy 4 a2, of (T2 N + 7972 x) /md= (z 2 N + 7972 x) to le H/m?'H.

Now for any element ¢ € PRepy (-2 yy7a-2i,(OF/ m9="), we consider the morphism

@ (N)/m(N)y = H/mH, [y 7' @y2iyipiay).

Then ¢ € Repy (v (OF /m?) because §(¢(Iy)) =2 (w =2 N +w9-2ix) = N mod 7. This construction
gives the inverse map of D. U
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Let M be an integral quadratic OF-lattice of finite rank. Let N € OF be an element of valuation n. Let
M* = M & (N) be a quadratic Og-lattice of one rank higher than M. For any positive integer d and any
self-dual quadratic Op-lattice H, there is a natural restriction map

res : RepH’Mn(OF/nd) — RepH’<N>((’)F/71d),
given by composing any element in the set Repy 5,:(OF/ 7¢) with the natural inclusion of (N)/m¢(N)
in M* /¢ M*. The next lemma describes the fiber of the map D ores.

Lemma 7.2.3. Let H be a self-dual quadratic Op-lattice and M an integral quadratic O -lattice of finite
rank r. For N € O an element of valuation n, let M* = M & (N) be a quadratic Or-lattice of rank r + 1.
Let 0 <i <[n/2] be an integer. Given ¢ € PRepy (72 yyrd-2iy) (Op/m?=h), for d large enough we have

#(Dores) "' (¢) =q" - #Repyy.iy m(Or /7).
Proof. Let f be an element in RepH,Mn((’)p/nd) such that D ores(f) = ¢. By the proof of Lemma 7.2.2,
there exists I}, € H \ w H such that fy) = mily, and g(I}y) = 7% N when d is large enough.
Let {e;}7_, be an Op-basis of M. Then f is determined by {x; := f(e;) € H/ndH};zl. Therefore
(D ores) ™! (¢) can be described by the set
(Dores) ' (¢) ={(x1,...,x,) € (H/m H) : (xi, wily) =0, (x;, x;) = (&, &) for i # j,
and g (x;) = qu (&) forevery i.}. (24)

Let L be the rank-1 sublattice of H generated by /},. We have the exact sequence
0—>LOHNN,)S> H—>Q:=H/L®&H(N,i)— 0,

where 6 is the natural inclusion map. After tensoring the above exact sequence with O /79, we get the
following exact sequence by the flatness of H over Op:

0— Tory, (Q,Op/n") — L/7L@® H(N,i)/m'H(N,i) % H/n'H - 0/7%0 —0. (25
Claim. Let K = {x € H/nH : (x, i) = 0}. When d is large enough, for every x € K there exists
x' € L and x" € H(N, i) such that the image of x' +x" € L/m*L & H(N,i)/7*H (N, i) under 0 in
H/n%H is x.

Proof of the claim. We have the decomposition
x=x"+x"
in the quadratic space V = H ®¢, F, where x' € Ly := L ®0, F and x" € (Lp)t C V.

The fact that X € K implies that (x', Iy) = (x, Iy) € (¢). Therefore x’ € (w?™") -1y € L. It turns
out that x’ € L C H when d is large enough, and hence x’ =x —x’ € HN{ly}* = H(N, i). O

We get the following description of the inverse image of the set (D ores)~!(¢) under ® :=6 x - -- x 0

by (24): .
Ao O (Dor) @) = (@ "L/mL) x Repy v iy (O /7). (26)

The claim implies that the map O (D ores) ' () N (Dores) ' (g) is surjective.
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Now we compute #ker(®), which equals (#ker(8))" by definition. By the exact sequence (25),
#ker(0) = #Torggﬁ_(Q, Or/n?) =#Q/7? Q. Therefore, when d is large enough, Q/7?Q = Q. Since
Iy ¢ m H, there exists y € H such that (I}, y) = 1. The existence of y implies the exact sequence

0> HWN,)S H—>L"—0, x—Ix):veLr (x,v).

Therefore, H ~ LY @ H(N, i) as Op-modules, and Q ~ LV /L ~ 7*~"L/L. Then, by (26),

r(n—i)

q

#(Dores) ' (p) = P

#RePH(N,i),M(OF/”d) =q" '#RepH(N,i),M(OF/T[d)- 0

Proof of Theorem 7.2.1. By Lemmas 7.2.2 and 7.2.3, we only need to know the size of the set
PRepy (r-2i Ny mi-2ix) (Op /74"y when x € Op. We first show that when d is large enough,

# PRGPH’ (=2 N+4md—2ix) (OF/?Td_i) = #PRepH’ (T2 N) (OF/T[d_i)

holds for any x € O, because when d is large enough, we could find ¢, € O such that c;z =14+7IN""x
mod 779~"; then for any element / € PRepH,<n.—2iN+nd—2ix>(OF/T[d_i), cx-le PRepH,mfz,-N)(Op/nd_i).
Let M* = M & (N). We have

. #Repy 4 (Op/7?)
Den(H, M S(N)) = dll)rgo GAECED=HDG+2)/2)

2 . .
A #PRepy ooy (OF /7T git #Repyy .y m(OF /7Y
= lim Zq .

d 00 gt g =D) 'qi(kfl) ) qd(G=Dr—r(r+1)/2)
[n/2] ‘ .

=Y q® 7. Pden(H, (x ¥ N))-Den(H(N, i), M). O
i=0

Remark 7.2.4. When p odd, it has been calculated explicitly (see [Li and Zhang 2022, (3.3.2.1)]) that
for any N € Of

1—qg'* when k is odd and 7 | N,

Pden(H, (N}) = 14+ exp(N)g =072 when k is odd and 7 { N, o7
’ (1—eq (1 +eq'*/?) whenkisevenand | N,
1 —eq k2 when k is even and 77 { N.

When p = 2, the same formula makes sense and holds true only in the case that k is even and ¢ = +1.

Definition 7.2.5. Let N € Op. Let M be a quadratic lattice of rank r > 2 over Op. Define the local
density of M with level N to be a polynomial Dena (v (X, M) satisfying, for m > 0,

Den(Ap(N)SHy L. 5, M)
Nort(g=™,r — 1)
Den(Ap(N)SHy, L5, M)
Nor*# M) (g=m_ r)

when 7 | N,
Deng (v (X, M) |X=q_m =

when 7 { N.
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Moreover, if the lattice M & (N) can’t be isometrically embedded into the self-dual lattice Hr—:—2’ define
the derived local density of M with level N to be

d
dX X=1

Theorem 7.2.6. Let N € Op. Let M be a quadratic lattice of rank r > 2 over Op. Then we have

8DenAF(N)(M)=— DCHAF(N)(X, M)

Dena, vy (X, M) =Den(X, M © (N)) — X*-Den(X, M & (7 >N)).
Moreover, if the lattice M & (N) can’t be isometrically embedded into the self-dual lattice H:rz, then
0 Dena,(vy(M) = 0 Den(M © (N)) — 0 Den(M O (m72N)).

Proof. Recall the definition of the polynomial Nor® (X, n) in Definition 2.2.6. We can verify immediately

by formula (27) that, for any x € OF,
Pden(H? , (x)) - NorX*r @ (g=™ r)  when 7 { x,

T L @1 +
Pden(H;, ..., (x))-Nort (g™, r—1) whenx |x.

Let n = v;(N). Theorem 7.2.1 and Example 7.1.2 imply the decomposition

[n/2]

Den(Hs), ,, . MO(N)) =Y g™ -Pden(Hy}, ,, ., (x> N))-Den(Hy, ., ,(N.i), M)
i=0

[n/2]
=Y g *™ -Pden(Hs,,, .. (x % N)) -Den(Ap(r ¥ N)OHy, . ,. M).
i=0
By Definition 7.2.5, when p is odd, we have the formula
[n/2] .
Den(X, M & (N)) = ZXZ’ -Deny 2y (X, M). (28)
i=0
When n =0 or 1, Den(X, M & (N)) = Denn,(v)(X, M) and Den(X, M @ (7 "2N)) = 0 since 7 2N
isnotin OF. Therefore Dena . (v)(X, M) =Den(X, MS(N)) — X?.Den(X, M& (7 ~2N)). Whenn > 2,
Dena,.x) (X, M) =Den(X, M @ (N)) — X*-Den(X, M & (x~2N)) follows from the formula (28).
The fact that the lattice M & (N) can’t be isometrically embedded into the quadratic space Hr—:—Z implies
that Den(1, M @ (N)) = Den(1, M & (7 ~2N)) = 0. The second formula in the theorem follows from the
first one and the definitions of the symbols d Dena () and 0 Den. |

Now we apply Theorem 7.2.6 to the case that we are interested in, i.e., F =Qp, andr =2. Let N € Z,.
We get a difference formula of local density functions:

Dena,v)(X, M) =Den(X, M & (N)) — X* - Den(X, M & (p~*N)). (29)

Note that the lattice M @ (N) is a sublattice of B ~ End’(X), which is the unique division quaternion
algebra over Q,. Hence the lattice M & (N) can’t be isometrically embedded into the quadratic space
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H : ® Q, >~ M;(Q)). Therefore, Theorem 7.2.6 implies the difference formula

9 Deny () (M) = 8 Den(M & (N)) — d Den(M & (p~>N)) (30)
of the derivatives of local densities.

7.3. Examples. Assume p is odd. In the following example, we compute an explicit example of local
densities and compare our formulas with known formulas given in [Wedhorn 2007; Sankaran et al. 2023].

Example 7.3.1. Let N = N be a positive integer with v,(No) =0 or 1. Let M be a rank-2 Z ,-lattice
such that M is isometrically embedded into W and is GL,(Z)-equivalent to the matrix diag{s| p* ep’),
where €1, &) € Z;. Let Ny = kaNo, where Ny is a positive integer with v, (Ng) =0 or I and k > 1 is an
integer. By the formula in [Wedhorn 2007, §2.11],
Den(X, M & (Ng))

— 14 pX + (p+ pHX2 4 p2X3 4 p2X* — p2x U0, (No) _ 2 x 24240, (No)

_ (p + pZ)X2k+3+v,,(N()) _ szk+4+l)p(N()) _ X2k+5+UP(N0) When k Z 3

The formula (29) implies
Deny, vy (X, M) =1+ pX +(p* + p— DX?+ (p* — p)X° — pX* — p?X* — p?X° — p?X©

when k > 3. Therefore, d Denn ,(v,) (M) =2+4p + 6p* when k > 3.
We double-check our results by comparing with the formulas of local density given in [Yang 1998,

Theorem 7.1]. The theorem implies that for a sufficiently large positive integer m,

Den(A,(No) © Hy,,, M) = 1+ Ri1(X) + Roe(X)] s
where

8 8
Rix(X) =) Nix(X) and Rox(X)=(—p )Y hix(X)+p " hei(X).

i=1 i=l
11 i x(X) and I ; x (X) are polynomials explicitly constructed at the beginning of Section 7 of [ Yang 1998].
In our case, when k > 3,

LX) =(p-—p HX+@P* = DX Lau(X)=-X>, L3x(X)=0, [45=—p>X*,
LX) =(p* = DX, hi3i(X)=hsi(X)=hL7t(X)=0,
Lox(X)=—pX*—pX°, har(X)=-p*X°—p?X®, Ler(X)=pX', hLsi(X)=pX*+p*X*

Therefore, when m is sufficiently large,

Den(A,(NOOH,, M)=1+(p—p HX+(P*+p-2X*+(p*—2p+p ' - DX?
—@p=DX*+ 1= pHX°+ (= )X+ pX" [y 0
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By Definition 7.2.5, when k > 3,

Den(A ,(Ny)SH,
DCHAP(Nk)(X, M)|X:p*m = Ily_p_m_l2m

= 14+pX+(p*+p—DX*+(p*—p) X’ —pX*—p*X*'—p* X°—p*X°| ,

M)

=p~m
Hence,

Deny, vy (X, M) = 1+ pX + (p* + p— DX>+ (p* — pX° — pX* — p?X* — p?X° — p?X©

when k > 3. This agrees with our previous calculations.

8. Proof of the arithmetic Siegel-Weil formula on X (V)

8.1. Local arithmetic Siegel-Weil formula with level N. Let p be a prime number. The difference
formulas at the analytic side and the geometric side are combined to prove the following theorem.

Theorem 8.1.1. Let M CW be a Z ,-lattice of rank 2. Then
Intaq(v) (M) = 8 Dena , vy (M). 3D
Proof. Theorem 6.4.1 gives the difference formula of local arithmetic intersection numbers
Intp, vy (M) = Int* (M ©Z,, - x0) —Int* (M &Z, - p~ ' xp).
We also have the difference formula of the derived local densities (see (30))
d Dena ,(v)(M) = dDen(M SZ, - xo) —3d Den(M & Z,, - pilxo).

Theorem 6.3.4 implies that Int*(L) = d Den(L) for any rank-3 lattice L C B. Therefore (31) holds by
combining the above two difference formulas. ([

8.2. Intersection numbers and Whittaker functions. Let p be a prime number.

Proposition 8.2.1. Let M C'W be a Z ,-lattice of rank 2. Then

W}(I,O, lAp(N)z) = ¢, - Intyy vy (M) -log(p), (32)

where the constant c,, is given as

B {(1 —p ) (N, =1),-IN|,-[2[/* when p|N,
=

(1= p™2) (N, =1, INI,- 121/ when p{N.
Proof. Recall that A,(N)Y/A,(N) =~ Z,/2NZ, (see Example 2.1.1). By Proposition 3.3.1 and the
explicit formula given in the appendix of [Ranga Rao 1993],
Wr (L, k, 1a,v2) = 12N, - ¥ (A, (N) @ Qp)* - [2]}/% - Den(A ,(N) & Hyf,, M)
=N, (N, —=1),-12[/*-Den(A,(N) & Hy, M). (33)
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Taking derivatives of both sides of (33),

Wr(1,0, La,v2) =c¢p -9 Denp vy (M) -log(p).
The formula (32) follows from Theorem 8.1.1. [l

8.3. Proof of the main theorem.

Proposition 8.3.1. Let T € Sym,(Q) be a positive definite symmetric matrix. Let ¢ € ./ (\/?) be a
T -admissible Schwartz function. Suppose @ = @ X @2, where ; € (Vr). Then for any y € Sym,(R)-,
we have

X(ET, 9). Oz, ® Oz(ty.4m) -log(p)  when Diff(T, A(N)) = {p},

deg(2(T.y, 9)) = { 0 when #Diff(T, A(N)) # 1.

Proof. By definition (see (15)), the arithmetic special cycle Z(T,y, @) is ([Z(T, ¢)],0). Therefore
d’e\g(f:’(T, y, ¢)) is independent of y. We can assume Diff(7', A(N)) = {p} for some prime number p
since otherwise both sides are 0 since Z(T, ¢) would be an empty stack.

Let x € Z(T, @) (F p) be a geometric point. It is contained in Vp(N) by Corollary 4.3.8, and hence
the special divisors Z(¢1, ¢1) and Z(t,, ¢;) intersect properly at x because T is nonsingular. Then
X (Z(T, ), Oz.0n@ Oz 1. 4))-10g(p) is the sum of the length of local rings O x,(x).» cut out by these two
divisors times log(p), which is exactly d/e\g(f*:’ (T,y, ¢)) by definition of the degree homomorphism. [J

Proof of Theorem 4.4.1. We first consider the case that T is positive definite. By Proposition 4.3.9, we
only need to consider the case Diff(7, A(N)) = {p} for some prime number p because otherwise both
sides are 0. The same proposition and Corollary 4.3.8 imply that the special cycle Z(7T, ¢) lies in the
supersingular locus of Xy(N)f,. Then by the definition of special cycles and the formal uniformization
of the special cycle Z(T, ¢) (see Corollary 5.3.3),

X(Z(T,9), Oz (1.9 ®" Oz(tr.pm) -l0g(p)

= > > @(g~'x) - Intw v (x) - log(p).
xeB™ (@o\(A(N)'P)? ge B (@)0\GL2(A})/ To(N)(ZP)
T(x)=T

It is known (see (32)) that
Wr(1,0, 15, vy2) = ¢p - Intag vy (%) - log(p),

with constants ¢, given by Proposition 8.2.1.
There exists a Haar measure on GL, (A?) such that

> > R

. 7P / )AL
x€B* @\ (AN)P)? ge By (@)0\GLa(AS)/ To(N)(Z) vol(To(N)(Z))  Jsom»a))
T(x)=T

@” (g7 'x) dg.

By definition, the last integral is a product of “local” integrals

/ o’(g ' x)dg= [] / @u(gy 'x) dgy.
SO(A(N)(W)(A?) VEp,0o SO(Ay(N)(Qy)
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By the classical local Siegel-Weil formula, made explicit in [Kudla et al. 2006, Proposition 5.3.3], for
every place v of Q there exists a number d,, € R* such that
/ (ov(gv_lx)dgv:dv‘WT,v(lsO, o),
SO(Ay(N)(Qy)
d, = 1. Moreover, [Kudla et al. 2006, Lemma 5.3.9] implies
(1—-v72) when vt N,
INI7'(1+v7!) whenv|N.

with ]

VOl(To(N)y, dgy) = dy - ¥ (A, (N))2 - [2)3/2 {

It can be checked immediately that
VOUTo(N) @) - dpdo - cp =272y ()71 25,
Suppose z =x+iy. It’s a classical result that

Wr.00(82, 0, @) = —2727% - det(y) /¢ " .

Combining these with the definitions made in previous sections (see (6) and (8)) and Proposition 8.3.1,
we get the formula stated in the theorem.

When T is not positive definite, the equality follows from [Sankaran et al. 2023, §4.2] and our
computations of the volume of vol(I'g(N) (2)) =11 vol(I'g(N),, dgy) above. O

V<0
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Metaplectic cusp forms and the large sieve
Alexander Dunn

Dedicated to Chantal David on the occasion of her 60th birthday.

We prove a power saving upper bound for the sum of Fourier coefficients p s (- ) of a fixed cubic metaplectic
cusp form f over primes. Our result is the cubic analogue of a celebrated 1990 theorem of Duke and
Iwaniec, and the cuspidal analogue of a theorem due to the author and Radziwitt for the bias in cubic
Gauss sums.

The proof has two main inputs, both of independent interest. Firstly, we prove a new large sieve
estimate for a bilinear form whose kernel function is ps(-). The proof of the bilinear estimate uses
a number field version of circle method due to Browning and Vishe, Voronoi summation, and Gauss—
Ramanujan sums. Secondly, we use Voronoi summation and the cubic large sieve of Heath-Brown to
prove an estimate for a linear form involving p s (- ). Our linear estimate overcomes a bottleneck occurring
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1. Introduction

1.1. Background and statement of results. Arithmetic functions that arise from the Fourier coefficients of
automorphic forms on congruence subgroups of SL;(Z) encode deep arithmetic and analytic information.
A famous example is the modularity theorem for elliptic curves E/Q [Breuil et al. 2001], and its resolution
of the Hasse—Weil conjecture for such curves.

MSC2020: 11F27, 11F30, 11L05, 11120, 11N36.
Keywords: cubic metaplectic forms, primes, large sieve, circle method.

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2025.19-9
https://doi.org/10.2140/ant.2025.19.1823
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

1824 Alexander Dunn

At a fundamental level, automorphic forms on congruence subgroups of SL,(Z) are nice objects
because there is an “adequate Hecke theory” available. By this, we mean the basic property that the
sequence of Fourier coefficients of an integer weight cusp form restricted to values coprime to the level
can be expressed as a linear combination of multiplicative functions given by the Hecke eigenvalues! It is
well known that a power saving upper bound for the sum of Hecke eigenvalues A, ( -) over primes would
yield a rectangular zero-free region in the critical strip for associated L-function L(s, g) (thanks to the
Euler product). Unfortunately, the proof of such a bound is well out of reach of current technology!

The Fourier coefficients of half-integer weight modular forms also play a key role in arithmetic. An
important example is the use of Dedekind’s n-function (holomorphic cusp form of weight % on SL, (Z))
in the proof of Rademacher’s formula [1937] for the partition function p(n). Hecke [1983, p. 639; 1944]
observed that there is not an “adequate Hecke theory” (in the naive sense above) for modular forms of
half-integer weight. Wohlfahrt [1957] confirmed Hecke’s observations and essentially showed that there is
an algebra of Hecke operators C[{7}2}7 ] acting on half-integer weight modular forms of weight k such
that 7,2 0 T2 = Ty22 = Ty2 0 Tpy2 for (m, n) =1, T2 is a polynomial in 7 for each a € Z>, and odd
prime p, and that each Hecke operator is Hermitian (on cusp forms) with respect to the standard Petersson
inner product. In general, the Fourier coefficients of half-integer weight Hecke eigenforms at general
integer indices are not multiplicative, unless they are squares! In foundational works, Shimura [1973] and
Kohnen and Zagier [1981] studied this phenomenon in more detail. For a comprehensive summary of the
theory, the reader can consult [Koblitz 1984, §4.3].

Duke and Iwaniec [1990] gave striking quantitative evidence that the Fourier coefficients of half-integer
weight holomorphic cusp forms along squarefree integers are not multiplicative (unless their values are
zero). In particular, suppose that g is a holomorphic cusp form on I'g(N) (N =0 (mod 4)) having weight
k= % +2¢, ¢ € Z,, and Fourier expansion (at co)

oo
g(z) = ZCg(n)n(k_l)/ze(nx)e_zmy, z=x+iyeH, (1-1)
n=1
where c,(n) € C, e(x) := e?™ix for all x € R, and H := R x R ¢ is the complex upper-half plane. For & > 0
and A, B > 10, Duke and Iwaniec [1990] proved that

> (@aaBocy(ab) Lo g (AB) (B'?+ ABY)||a2lI B2, (1-2)

a<A b<B
where a, B are C-valued sequences and || « || denotes the usual £,-norm. Using (1-2) together with
appropriate linear estimates, Duke and Iwaniec [1990] also proved that

Z Cg(p) <<£,g X1—1/156+€ (1_3)

p=X
p prime

as X — oo. The result in (1-3) allows for twists by primitive characters of conductor divisible by
N =0 (mod 4), and so one can restrict to sum to primes in an arithmetic progression (with the implied
constant depending on the modulus).
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The goal of this paper is to generalise the results of Duke and Iwaniec to cusp forms on the cubic
metaplectic cover of GL, (in the sense of Kubota [1969; 1971]). This is the complementary case to work in
[Dunn and Radziwilt 2024] on Patterson’s conjecture for the bias of cubic Gauss sums over primes (cubic
Gauss sums are the Fourier coefficients of the cubic theta function [Patterson 1977] which is noncuspidal).
The spectral theory of cubic metaplectic forms have played a key role in [Livné and Patterson 2002;
Louvel 2014], on the distribution of certain cubic exponential sums. In their PhD thesis, Mohring [2004]
numerically investigated the Fourier coefficients of some cuspidal cubic metaplectic forms.

Before stating our results we briefly introduce some notation. Let H? := C x R-( denote hyperbolic

2mi/3

3-space. Letw =e , and Q(w) denote the Eisenstein quadratic field (class number 1). This number

field has ring of integers Z[w], discriminant —3, and the unique ramified prime is A :=+/—3 =14 2w.
Let (5)3 denote the cubic symbol over Z[w], and A(c) denote the usual von Mangoldt function on Z[w].
Consider the following congruence subgroups of SL;(C):
[':=SL,(Z[w]),
''@3):={yel:y=1 (mod3)},

Iy :=(SLa(2), T'1(3)).

The cubic Kubota [1969; 1971] character x : I'1(3) — {1, w, w?} is defined by

@5 ifer0_vab
x) .—{ Vil v=(0g)emo (1-4)

and extends to a well-defined homomorphism x : I'y — {1, w, w?} when one defines x| sL,)= 1 [Patterson
1977, §2]. The group I'; is the lowest possible level for cubic metaplectic forms. Let f be a cuspidal
cubic metaplectic form on ', i.e.,

 f vanishes at all cusps of I';;

e f(yw)=x(y)f(w)forall y € T, and w € H;

« f is an eigenfunction of the hyperbolic Laplacian: Af = —17(2 —7) for some 77 € C.
There is an algebra of Hecke operators C[{7,},ez7[w)\(0}] acting on cubic metaplectic forms such that
T,30Ts=T,,5=Ts0T, for (u,v) =1, T3 is a polynomial in T3 for each a € Z>, and prime

@ =1 (mod 3), and that each Hecke operator is Hermitian (on cusp forms) with respect to the standard
Petersson inner product [Proskurin 1998, §0.3.12]. The Fourier expansion of f (at co) is given by

fy= > oKy 1 @Grpéra). w= () e, (1-5)
v#0
ver 3 Z[w)

where K, (-) is the standard K -Bessel function of order o € C, &(z) := >3 for z € C, and pr()eC.

Remark 1.1. The cubic Shimura lift of Patterson [1998, Theorem 3.4] guarantees that one always has
7y € 1 +iR for cuspidal cubic metaplectic forms f on I'; (see Section 3.2).
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Let K, M > 1, and Wk 3 : (0, 00) — C be a smooth function with compact support in [1, 2] such that
for each j € Z-( we have
W () < MK forall x > 0. (1-6)

If M =1 then M is omitted from the notation, and we write Wk. Let | ¢ ||, with 1 < g < 0o denote
the £,-norm of a C-valued sequence indexed over elements of Z[w].
The main sums of interest in this paper are

Pr(X,v,u; Wg) == Z pf(U)A()ﬁv)WK(N(V))’ -7

X
ver 3 Z[w]
Av=u (mod v)

ZrX.vw) = Y prMARY), (1-8)

ver3Z[w)

Av=u (mod v)

N@w)<X

FrXovy= Y G w) log N(w), (1-9)
weZ[w]
w prime
w=u (mod v)
NGO 3w)<X
where 0 # v € Z[w] is such that v = 0 (mod 3), and u € Z[w]/vZ[w] is such that (u,v) = 1 and
u =1 (mod 3). It is technically convenient to restrict attention to # = 1 (mod 3). The other congruence

classes modulo 3 can be treated by a mild adaption of the methods of this paper.
Theorem 1.2. Let ¢ > 0 and the notation be as above. Then
Pr(X, v, u; W) Le.r (XKN () KBN (v)*x1 71734
as X — oo.
Corollary 1.3. Let ¢ > 0. In the notation above we have
Pp(X, v, 1) Lo f0 X1-1/578+e (1-10)
%(X, v, 1) Lo fo x1-1/578+¢ (1-11)
as X — oo.
Theorem 1.2 follows from new estimates for linear and bilinear sums which we now describe. A brief

sketch of the new difficulties and ideas that arise in our case (as opposed to the case in [Duke and Iwaniec
1990]) is given in Section 1.2. Let

_ N7 3ab)
Tr(a, X, v, u; Wg) 1= Z (A ab)Wg (T) (1-12)
beZ[w)
ab=u (mod v)
denote the pointwise Type-I sum, where X > 10 and a € Z[w] witha =1 (mod 3). Let
_ N(A"3ab)
Ayl X vz W)= ) Y wi(@aaps (" ab) Wy <T) (1-13)

a,beZ|w]
ab=u (mod v)
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denote the average (over squarefree a) Type-I sum, where A, X > 10 and & := (&) is a C-valued sequence
supported on a € Z[w] with a =1 (mod 3) and N(a) < A. Let

M) (1-14)

By, B, X, v, u; Wi) = D) u%a)ozaﬁbpf(ﬁab)w( <

a,beZ[w]
ab=u (mod v)

denote the Type-II sum, where A, B > 10, (&) is as above, and f := (8p) is a C-valued sequence
supported on b € Z[w] with N (b) < B. Note that we necessarily have X < AB in (1-14), otherwise the
double sum is empty.

In Section 9 we use Voronoi summation to prove the following “trivial” pointwise Type-I bound.

Lemma 1.4. Let ¢ > 0 and the notation be as above. Then
Tp(a, X; v, u; W) Ko, p (XKN@) K*N(@)'2N(a)'2.

When 7 (a, ...) is multiplied by a weight «, and the estimate in Lemma 1.4 is summed trivially
over a € Z|w] with N(a) < A, the resulting bound is acceptable when A < X 2/3-¢,
In Section 10 we use the circle method to prove the following new bilinear estimate.

Theorem 1.5. Let ¢ > 0 and the notation be as above. Then for A, B > 10 and X < AB we have
Br(@, B, X, v,u; Wi) e,y (XKN @) KN @)*(AB)'? + A2BVY) | el |82

Theorem 1.5 is acceptable when ||pu’e||oo < A® and X?/3T¢ « B « X'72.

We point out that Lemma 1.4 and Theorem 1.5 together barely misses primes. To overcome the
bottleneck at level of distribution =< X?/3, we use Voronoi summation and Heath-Brown’s cubic large
sieve [2000] to prove the following estimate.

Proposition 1.6. Let ¢ > 0 and the notation be as above. Then for X, A > 10 we have
Ay (@, X, v,u; W) Ke.p (XKN @) KN @A) | n’el2.

1.2. Brief sketch of the method. We close with a brief outline of the proofs of Theorem 1.5 and
Proposition 1.6. For simplicity, we suppress smooth functions, and ignore both the units of Z[w] and the
congruence condition # (mod v).

1.2.1. Linear sums. We apply Voronoi summation to the »-sum in (1-13) and perform a computation
with the arithmetic exponential sums that appear on the dual side. We obtain a bilinear form

X N
A DEDD u%a)g(a)wﬂv)(f), (1-15)
N(a)<A N(v)«A2/X 473

where g(a) denotes the unnormalised cubic Gauss sum over Z[w] with modulus a. The use of Heath-
Brown’s cubic large sieve [2000] (with the squarefree condition on one variable relaxed) leads to our
average Type-I estimate.
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1.2.2. Bilinear sums. After application of Cauchy—Schwarz in the b-variable to (1-14), the sum of
interest is

>, HaNeapt@)dg Y prlab)psab). (1-16)
N(a1),N(az)=<A N(b)~B

ay,ay=1 (mod 3)
The natural approach would be to ignore the averaging over a; and a,, and estimate each convolution
sum Y N(b)~B Pf (a1b) ,of(sz) directly. Duke and Iwaniec [1990] proved that each convolution sum
is <¢ 84,=a, B + (AB)® AB'/? for the case of holomorphic half-integer weight cusp forms. We explain
below why the additional averaging over a; and a» is crucial in the Maass case.

The initial move of [Duke and Iwaniec 1990] is to open one of the Fourier coefficients in terms of
sums of half-integer weight Kloosterman sums that come from writing the holomorphic cusp form as
a finite C-linear combination of Poincaré series. This opening move is not available for Maass forms!
Instead, we separate oscillations using the circle method of Browning and Vishe [2014] to obtain

I | -
Y. prlab)pr@by~ 2 Y0 prpr(v) Y rifar—w/a ). (1-17)
N(b)~B N(v1),N(1)=AB N(c)~B/

v1=0 (mod a;) (c,rarap)=1
=0 (mod ay)

where r(n, ¢) denotes the unnormalised Ramanujan sum over Z[w] with modulus ¢ and shift n. In reality,
one must also consider moduli ¢ that are not coprime to Aaja,. This can be handled with an modification
of the method below with an additional local computation involving cubic Gauss sums with moduli
dividing rad(a;as)°.

We detect the congruence conditions on the vy, v» using additive characters, apply Voronoi summation
to each vy, v sum, and perform a considerable computation with the exponential sums on the dual side.
This leads to an expression of the shape

1 -
Z N1l Z pr(w)pr(v2) Z r(syaivi — siaxva, ¢). (1-18)
stlay 192 N()<N(s1)?/A N(c)~B'/?
s2Jaz N () <N (52)2/A (c.Aaraz)=1

(vi,s1)=1

(v2,82)=1
We highlight that the squarefree property of a; and a; simplifies the computations considerably. One
can apply Cauchy—Schwarz and Rankin—Selberg bounds to estimate the off-diagonal (s%alvl #* Slzazl)z)
contribution in (1-18) by (AB)!AB'/2. The diagonal term is more subtle. The diagonal equation
s22a1v1 = slzazvz is equivalent to s>(ai/s1)vi = si(az/s2)va. The conditions (vi, s;) = (v2,57) = 1
together with the squarefree hypothesis on a; and a, imply that s; = s, =: s | (a1, a2). Thus the diagonal
contribution in (1-18) has the shape

1 ar/s ) < ai/s )
Yo 3 p_f<—v pr[—2L2 ), (1-19)
sl N(s) NN () N a1 A2 (a1/s,az/s) (ai1/s,az/s)

(v,5)=1
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At this point there is no cancellation to be realistically exploited in (1-19), and so we apply the triangle
inequality and place absolute values around the Fourier coefficients. It is tempting to apply a “Deligne-type”
bound for p(-) to estimate the diagonal by (AB)® - B - (N((a1, a2))/ A)? (which is of acceptable size).
However, no such bound for p ¢ ( - ) is known unconditionally, and the author is not aware of any nontrivial
bound for p¢(-) stronger than the bound implied by Rankin—Selberg. There is no “Waldspurger-type”
formula known for the coefficients of cubic metaplectic cusp forms (on GL,). Hence the strategy for
bounding these Fourier coefficients via subconvexity for twisted L-values is not available (this strategy is
used the half-integer weight case; see [Conrey and Iwaniec 2000]). To overcome this, we substitute (1-19)
into (1-16), take absolute values and the supremum norm of the o terms, and exploit the additional
averaging over a; and a, using Cauchy—Schwarz and Rankin—Selberg bounds. This yields the acceptable
estimate (AB)* AB ||’ ||§Q for the diagonal of the averaged sum. It is interesting to note that an argument
of Nelson [2020] could potentially be adapted to estimate the sparse convolution sum in (1-19). We
refrain from this additional work.

1.3. Conventions. Forn e Nand N > 0, weuse n ~ N tomean N <n <2N, and n < N to mean that
there exists constants ¢q, ¢ > 0 such that c;N <n <cN.

Dependence of implied constants on parameters will be indicated in statements of results, but suppressed
throughout the body of the paper (i.e., proofs). Implied constants in the body of the paper are allowed to
depend on f € LZ(FZ\[H]3, X, T), &, D> 0 (possibly different in each instance), and the implicit constants
in the statements N(a) < A and N(b) < B.

Whenever we write r | g with 0 #r, g € Z[w] and g =1 (mod 3), it is our convention that » =1 (mod 3).
For any integer b we let Z>, :={n € Z : n > b}.

Unless otherwise specified, it should be clear from context whether X means modular inverse (with
respect to an appropriate modulus) or complex conjugation.

Unless otherwise specified, it should be clear from context whether v refers to the modulus of an
arithmetic progression or the real component of a quaternion element w = (z, v).

2. Preliminaries and background

2.1. Eisenstein quadratic field and cubic Gauss sums. We include some brief background on (Q2(w) and

cubic Gauss sums. For more details see [Dunn and Radziwitt 2024; Patterson 1977; Proskurin 1998].
Let Q(w) be the Eisenstein quadratic number field, where o is identified with ¢>*//3 € C. This quadratic

number field has ring of integers Z[w], discriminant —3, and class number 1. Let N (x) :=Ng(w)/0(x)=|x |2

denote the norm form on Q(w)/Q. The dual of Z[w] is
Zlw]* :={z€C:é(zZ)=1forall 7' € Z[w]} = A~ Z[w].

It is well known that any nonzero element of Z[w] can be uniquely written as ¢ *c with ¢ € (—w)
a unit (i.e., 4“6 =1), A :== /=3 = 1 4+ 2w the unique ramified prime in Z[w], k € Z>¢, and ¢ € Z[w]
with c =1 (mod 3). If p =1 (mod 3) is a rational prime, then p = w @ in Z[w] with N(zw) = p and &
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a prime in Z[w]. If p =2 (mod 3) is a rational prime, then p = @ is inert in Z[w], and N (o) = p? Thus
we have N(ew) =1 (mod 3) for all primes @ with (@) # (1).
The cubic Jacobi symbol defined for ¢ =1 (mod 3) and @ = 1 (mod 3) prime is defined by

a
(_> =aV@=D/3 (mod o),
w /3

and the condition it take values in {1, w, w*}. The cubic symbol is clearly multiplicative in ¢ and can be

(5).-11(z)

for any b = [], w; with @; = 1 (mod 3) primes. The cubic symbol obeys cubic reciprocity: given

().~ (), @

There are also supplementary laws for units and the ramified prime. Given

extended multiplicatively in b by setting

a,b=1 (mod 3) we have

d=1+mwmr’+a3r’ (mod9) with ay, a3 € {—1,0, 1}, (2-2)

(7)o (3), =0
— | =w* and -] =™, (2-3)
d3 d3

We follow the standard convention for an empty product,

we have

(%‘) —1 forall a€Zw] (2-4)
3

Let
é(z) = eZm’Tr@/R(Z) — eZni(z-ﬁ-Z)’ zeC.
For n € Z[w]* = A™'Z[w] and ¢ € Z[w] with ¢ = 1 (mod 3), the cubic Gauss sum (with shift ) is

defined by ., p
g, e)i= Y (Z) e(%) (2-5)
3

d (mod c)

We write g(c) := g(1, ¢) for short. Making a change of variable in the Gauss sum we see that

A
glu,c):= (—) g, c), (2-6)
cJ3

and so for the rest of this section it suffices to consider only u € Z[w], which we now assume. We have

g(u. c) = (%) g(l,¢) for (u,c)=1. 2-7)
3

The Chinese remainder theorem implies the twisted multiplicativity property

g(u,ab) = (%) g(u,a)g(u,b) fora,b=1 (mod3) such that (a, b) =1. (2-8)
3
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By (2-7) and (2-8) is suffices to understand g(@k, w?) for @ =1 (mod 3) prime and k, £ € Z>p. A

specialisation of [Proskurin 1998, property (h), p. 7] yields
1 if £=0,
o(@h) ifl<t¢<k, £=0 (mod?3),
—N(@w)*  ift=k+1, £=0 (mod3),
N(@)rg(w) if£=k+1, £=1 (mod?3),
N(@)g(w) if¢=k+1, £=2 (mod3),
0 otherwise.

g(@* b =

For @ =1 (mod 3) prime we have the formula for the cube [Hasse 1950, pp. 443-445],
g(w)3 = —w’w.
Observe that (2-7)—(2-9) and (2-10) imply that
8() = 1* (N ()"
for c =1 (mod 3). We denote the normalised cubic Gauss sum (with shift 4 € Z[w]) by
g, )= N@© g (u, 0.
The following two lemmas follow directly from combining (2-7)—(2-9).

Lemma 2.1. Let 1 € Z[w] and ¢ € Z[w] such that c =1 (mod 3) is squarefree. Then

g(u,c)=0 wunless (u,c)=1.

(2-9)

(2-10)

2-11)

(2-12)

Lemma 2.2. Let ¢ € Z[w] with c =1 (mod 3) and @, u € Z|w] be such that w = 1 (mod 3) is prime

and w? | c. Then

g(u,c)=0 unless @ | pu.

The next lemma follows directly from combining (2-7)—(2-9) and (2-11).
Lemma 2.3. Let i, c € Z[w] withc =1 (mod 3). Then
g1, Ol < N(©)' - N (. eV,
Remark 2.4. We emphasise that ¢ € Z[w] is not necessarily squarefree in Lemma 2.3.

For b € R, and g € Z[w] with g =1 (mod 3), let

op(q) =Y  N(d)".
dlq
For a given ¢ > 0, we have the standard divisor bound

00(q) <K& N(q)".
The following lemma is immediate.

(2-13)

(2-14)
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Lemma 2.5. Let g € Z[w] withq =1 (mod 3) and b € R. Then for Y > 1 we have

Y N, ) < Yo i(g),

NneZlw]
I<N(u)<Y

where oy (q) is as given in (2-13).
Lemma 2.6. Let g € Z|w] with g =1 (mod 3). Then for X > 1 and ¢ > 0 we have
Z 1 < (N(@)X)". (2-15)
N(r)<X
r|rad(q)®

Proof. Without loss of generality we can assume X is an odd half-integer. By Perron’s formula (truncated)

we have
2+i (XN (q)'® ds
Yooa=[ X [T a=N@™) =+ 0(XN@)™).
N=X 2HXN@ ()
r|rad(g)*® w prime
w=1 (mod 3)

The integrand is holomorphic in the half-plane Re(s) > 0. We move the contour Re(s) = ¢. Taking the
logarithm of the Euler product and then using the pointwise bound

log N
wig) < —END (2-16)
loglog N(q)
we obtain (after exponentiation)
[T 0-N@) ™' <N@*® for Re(s)=e.
@ |rad(q)
w prime
w=1 (mod 3)
The result follows from Cauchy’s residue theorem. O

2.2. Group action on H* and Laplacian. Let H* denote the hyperbolic 3-space C x R.o. Embed C
and H? in the Hamilton quaternions by identifying i = «/—1 with iand w=(z,v) = (x +iy,v) € H3
with x + yf + vk, where 1,1, f k denote the unit quaternions. The continuous action of SL,(C) on H?
(in quaternion arithmetic) is given by

yw=(aw+b)(cw+d) !, y= (i Z) €SL,(C) and w e H°.

The action of SL,(C) on H? is transitive, and the stabiliser of a point is SU;(C). In coordinates,

(az+b)(cz +d) +acv? v
w = ’ ’ w = (Z’ v)'
lcz +d|? + |c|?v? lcz +d|? + |c|?v?

(2-17)

The Laplace operator A :=v>(3%/dx>+3%/9y> 4+ 3%/3v?) —vd/dv acts on C*®°(H?) and commutes with
the action of SL,(C) on C®°(H?).
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Consider the subgroup I' := SL;(Z[w]) of SL,(C). It has finite volume (but is not cocompact) with
respect to the SL,(C)-invariant Haar measure v3dx dydv on H3. In what follows, let I C T be a
subgroup with [I" : T] < co. Let P(I'") C Q(w) U {oo} be a complete inequivalent (finite) set of cusps
for I'". Each cusp of I'” can be written as o oo for some o € I', and let

I :={yel’:yooo=000}
denote the stabiliser group of the cusp 000 in I'. We have I') := o T;0 =1 NT", and let
Ay :={neC: o(é‘l’“)o_l el’},
Al :={veC:Tr(nv) e Zforall u e Ay}
It is well known that A, and A} are lattices in C, and that A} is dual to A,.
A fundamental domain for the action of I on H? is the set

F={w=(z,v) e : |z +v>>1land z € £A},

where A is the interior of the triangle with vertices 0, (1 — w)~ " and (1 — w?)~L The set of cusps for I'
is P(I'") := {o0}.
Other congruence subgroups of significance to this paper are given in Section 3.

2.3. Automorphic forms (for general multipliers). We record some facts about automorphic forms
on I'""\H? that transform with general unitary character « : I’ — C*. For more details one may consult
[Livné and Patterson 2002; Louvel 2014; Patterson 1998; Proskurin 1998]. We specialise to cubic
metaplectic forms in Section 3.

Let k : IV — C* be a unitary character that satisfies x (—I) = 1 if —I € I'. The function defined by

w—> K(O‘((l) ’f)a‘l) : Ay — C* is a homomorphism on the lattice A, . There exists i, € C such that

K(a((l)’f)a_l) =¢(hyp) forall uweA,.

Essential cusps with respect to « are those o for which we can take i, = 0.
Let

AT\H?, k) :={u:H> > C:u(yw) =k(y)u(w) forall y € I’ and w € H3}.
We say that u € A(I'"\H?, ) is an automorphic form under I’ with character « if it satisfies the conditions:
o u € C*®°(H?) and is an eigenfunction of the Laplacian, i.e.,
Au=—1,(2—1,)u for some t, € C.

The quantity t, € C is the spectral parameter for u, and is well-defined only up to 7, — 2 — 1,,.
Without loss of generality one can assume that Re(z,) > 1.

» u has moderate growth at cusps: there exists a D € R such that

luw)| < W+ A +1zHvHP forall w=(z,v) € H.
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Let L(T"\H?, «, T) denote the C-vector space of automorphic forms under I’ with character « and spectral
parameter 7. The norm || - || on L(I'"\H?, , 7) is induced by the standard Petersson inner product

— dxdydv
o) = [ i@
I\ H3 v

Let
LA(T'\M?, &, 7) := {u € LAT'\H?, k, ) : ||ull2 < oo},

denote the finite-dimensional Hilbert space of square integrable automorphic forms having character «
and spectral parameter 7. We demand that (_(1) (1)) act on an automorphic form u by +1, and we speak
of u being even or odd respectively.

Consulting [Proskurin 1998, Theorem 0.3.1], each u € L(I"’ \I]-[I3, k, ) has Fourier expansion at the

cusp o 0o given by

Us (w) :=u(ow) = cy0(v) + Z Pu,c VVK 1 (A |vv)é(vz), weH?, (2-18)

v#£0
vehs+A%

where p, »(v) € C, and

o ! P+ O + pug OV T £,

' Py o+ Ovlogv+py - (0)v if 7 =1,
and p,.5.+(0), py.0.—(0) € C. If ooo is essential, then one can take h, = 0. If o oo is not essential,
then ¢, » (v) = 0 by [Proskurin 1998, Theorem 0.3.1]. By convention, if o = I then we omit it from the
subscripts on the Fourier coefficients.

If ¢, » (v) = 0 for all cusps oo, then u is a cusp form (it is necessarily a Maass form since H3 does
not have an invariant complex structure). In particular, all cusp forms have exponential decay at the cusps,
and consequently are square integrable on I\ [H?3.

The following crude Rankin—Selberg bound follows from a standard argument that uses Plancherel’s

theorem. The proof is analogous to that of [Iwaniec 1995, Theorem 3.2], and is omitted.

Lemma 2.7. Let v € C withRe(t) > 1, u € L>(T"\H?, «, ©) be a cusp form, o a cusp of T, and & > 0.
Then for all X > 100 we have

> 1o WP Kuoe X'

vehs+A%
N@W)=X

An application of the Cauchy—Schwarz inequality and Lemma 2.7 give the following L'-bound.
Lemma 2.8. In the notation of Lemma 2.7 we have

D 1Puo W] Kuoe X'

vehs+A}
NWw)<X

The following Wilton-type bound follows from a standard argument using Fourier convolution with
the Dirichlet kernel. The proof is analogous to that of [Epstein et al. 1985, Theorem 3.1] and is omitted.



Metaplectic cusp forms and the large sieve 1835

Lemma 2.9. Let the notation be as in Lemma 2.7 and suppose that Re(t) = 1. Then

Z Pu,o (U)é(al)) Lu,0.6 X1/2+8

vehs+A%
N(v)<X

for any a € C. The implied constant is uniform with respect to «.
A direct consequence of partial summation and Lemma 2.9 is the following smoothed Wilton bound.

Lemma 2.10. Let the notation be as in Lemma 2.7,Re(t) =1, K, M > 1, and Wk 3 : (0, 00) = C be a
smooth function with compact support in [1, 2] that satisfies (1-6). Then

. N (v
Z pu,a(”)e(aV)WK,M(%) Luoe MKX'/?2HE
vehs+A%
NWw)<X

for any a € C. The implied constant is uniform with respect to o.

3. Cubic metaplectic forms

3.1. Cubic Kubota character. Recall that I" := SL,(Z[w]). It is well known that I" = (P, T, E), where

Pi=(5,) T=(01) E=(1 )
Let 0 # C € Z[w] satisfy C =0 (mod 3), and
' C):={yel:y=1 (mod C)}.
Observe that I'1 (C) is a normal subgroup of I since it is the kernel of the reduction modulo C map. Let
Iy := (SL2(2), T'1(3)) = SLa(HTI'1 (3) =T1(3) SL2(2), (3-1

where the last two equalities follow because I'{(3) is normal in I'. We also have [I" : I';] = 27 (see
[Patterson 1977, §2] for the calculation). Recall that x : ', — {1, w, w?} is the cubic Kubota character
defined in Section 1.1. The cusps of I'; are P(I"2) = {00, w, w?}, and the only essential cusp of ', with
respect to x is oo.

3.2. Cubic Shimura lift. Suppose I’ C I'; is a subgroup with [, : I''] < co. If h € L(I"\H?, x, 1),
then £ is said to be a cubic metaplectic form on I'" with spectral parameter T (abbreviated to cubic
metaplectic form). In this section we specialise to the lowest possible level I'' = I';, and focus on the
finite-dimensional subspace L>(I'>\H?, x, t) € L(I';\H?, x, 7) that contains square integrable cubic
metaplectic forms.

We say that 1 € L>(I',\H?, x, 7) is a Hecke eigenform if it is an eigenfunction for all Hecke op-
erators {7 ,3},ez(w)\(0}> 1.€., T3h = ):h(v3)h for some ):h(v:‘) € C and all v € Z[w] \ {0}. There is an
orthonormal basis (with respect to the Petersson inner product) of LZ(FZ\IHP, X, T) consisting of Hecke
eigenforms. Two automorphic forms are identified if they are constant multiples of one another. The
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discrete spectrum of A on L2(I';\H?, x) is completely determined via the cubic Shimura correspondence
of Flicker [1980] and Patterson [1998, Theorem 3.4]. In particular, there is a bijective correspondence
between even (resp. odd) Hecke eigenforms i € L2(I,\H?, x, 7) and even (resp. odd) Hecke eigenforms
g€ LZ(F\[H]3, 1, 3t —2), where in the latter case the Hecke operators are the standard ones {7, },ez[w)\ (0}
on the trivial cover of I, i.e., T,g = Ag(v)g for some Ag(v) € C and all v € Z[w] \ {0}. Under this
correspondence one also has

NOH TR0 = N) ™2, (v).

The only noncuspidal Hecke eigenform in LZ(I';\H?, x) is the cubic theta function of Patterson [1977],
93(w) 1= Res,_g/3E3(w, s) € L*(T\H?, . 3),

where E3(w, s) is the Kubota cubic Eisenstein series for I'; (3) at the cusp co. Its Shimura correspondent is
the constant function 1 € L>(I"\H?, 1, 2). The countably many other Hecke eigenforms 4 € L>(I',\H?, x)
are Maass cusp forms, whose Shimura correspondents g; € L>(I'\H?, 1) are also Maass cusp forms.
All spectral parameters are nonexceptional, i.e., Re(t;,) =Re(r,) =1 fork =1,2,.... We also have
0 <Im(zy) <Im(tp) < ..., where Im(zp,,) — o0 as k — oo.

3.3. Cubic Kloosterman sums. We will encounter cubic Kloosterman sums attached to the cubic Kubota
character in our computations.
Let IV C 'y with [T : T''] < 00, and let o, & € SL,(Z[w]) denote cusps of I''. Let

Clo,&):={ceZlw]\{0}: o (¥ eI}

C *

be the set of allowable moduli for the cusp pair (0, &). Form e A%, n e A;, and ¢ € C(o, &), the cubic
Kloosterman sum is

Ky gg(m,n,c) = Z X(a(? 2)5—1>é<ma7+nd>, (3-2)

a (mod cAy)
d (mod cAg)

o(a)eter
where x : T — {1, w, w?} is the cubic Kubota character. We have the following Weil bound [1948].

Lemma 3.1 [Livné and Patterson 2002, Proposition 5.1; Louvel 2014, (2.6)]. Let the notation be as above.
Then form,n € Z[w] and c € C(o, §), we have

K1 ,6.6(m, n, 0)| < 27N ((m, n, )N(e)'"?,
where w(c) denotes the number of distinct prime divisors of c.

Remark 3.2. In [Livné and Patterson 2002, Proposition 5.1] (and propagated in [Louvel 2014, §2]), it

appears the bound in Lemma 3.1 is stated suboptimally with a factor N((m, n, ¢)) instead of N((m, n, c)) 172

This makes no difference to us because (m, n, ¢) =1 in any instance when Lemma 3.1 is used in this paper.



Metaplectic cusp forms and the large sieve 1837

Lemma 3.3. Suppose that T =T1'1(3) and 0 = ((1) ?) Then

c\ [/ ma+nd
Kr@oomno= Y. (g)e(T), (3-3)
3

a,d (mod 3c¢)
a,d=1 (mod 3)
ad=1 (mod ¢)

for any ¢ € 3Z[w] \ {0}, and m, n € A 3Z[w].

Proof. Observe that A, = 3Z[w], A} = 371Z[w]* = A73Z[w), and C(o, 0) = 3Z[w] \ {0}. Observe
that y = (%) € T'1(3) if and only if a = d = 1 (mod 3), b, ¢ = 0 (mod 3), and ad — bc = 1. For
y = (‘Cl 2) e I'1(3) with ¢ # 0 we have x (y) = (c¢/a)sz by (1-4). The claim now follows from (3-2), (2-2),
and (2-3). O

Lemma 3.4. Suppose thatT' =T1(3),0 = ((1) (1)), and & = ((1) _(1)). Then

d\ .(ma+nd
Kr@og(mncy= Y <;)e<—> (3-4)
3

C
a,d (mod 3¢)
a,d=0 (mod 3)
ad=1 (mod c¢)

for any c € Z|w)] such that c =1 (mod 3), and m,n € 2737w,

Proof. Observe that A, =Ag =3Z[w] and that A} =A% =3"'Z[w]*=1"Z[w]. Lety = (¢ {;) eSL>(Z[w)).
Observe that cy£~! € I'1(3) if and only if a =d = 0 (mod 3), ¢ = 1 (mod 3), b = —1 (mod 3), and
ad —bc = 1. After recalling that x is homomorphism on I'; such that x |s1,z) =1, we see that x (ye~h=
X(S_ly) = (—a/c)3 = (a/c)3 by (1-4) and the convention (2-4). The claim now follows from (3-2). [

4. The cubic large sieve

Implicit in [Heath-Brown 2000] is a version of cubic large sieve where one of the variables is not required
to be squarefree. Here we record the relevant results.

Theorem 4.1. Let ¢ > 0 be given, M, N > % and ¥ = (V,.) be a C-valued sequence supported on c € Z[w)]
with ¢ =1 (mod 3) and N(c) ~ N. Then

2

2
> uz(cwc(f) ‘ Le (MN)*M'P(M + N) | > W 3.

Nd)~M' N(@)~N d/s
c=1 (mod 3)
Proof. This follows from [Heath-Brown 2000, (22) (and the display above it), (28) and the second display
on p. 123], O

Corollary 4.2. Let the notation be as in Theorem 4.1 and = (24) be a C-valued sequence supported
ond € Z[w] with N(d) ~ M. Then

d
> X Qduz(cm(—) Le (MNY MYOM'2 4+ N'2)||Qla | > |2
3

N(d)~M N()~N ¢
c=1 (mod 3)
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Proof. Application of the Cauchy—Schwarz inequality, unique factorisation in Z[w], (2-1), and Theorem 4.1
)

as required. (I

gives

D QdMZ(c)lI’c<) <||sz||2(ZZ > ' 2. “(C)( ) <:1>3

N(d)~M N(c)~N ¢ k=0 N(cAkm)y~M' N()~N
c=1 (mod 3) m=1 (mod 3) ¢=1 (mod 3)

K (MN)YEM'B(M4N)||5|n* w3,

5. The Browning-Vishe circle method for number fields

The proof of our Type-II estimates will use a circle method over number fields due to Browning and
Vishe [2014, Theorem 1.2]. Their work generalises work of Heath-Brown [1996, Theorem 1] (over Q),
and ultimately relies on the §-function technology of Duke, Friedlander, and Iwaniec [Duke et al. 1993].

Let L/Q be a number field of degree d > 2 with ring of integers Oy, and unit group O;. Let a <Oy,
be an integral ideal, N (a) := #O/ /a denote the ideal norm of a, and

1 if a=(0),
0 otherwise.

or(a) := {

Remark 5.1. One obtains an indicator function on Oy, by restricting to principal ideals, in which case
one writes 67, ((v)) =6, (v) for any v € Op. We also have N((v)) = N (v), where the latter is the norm of
an element of Oy.

Theorem 5.2 [Browning and Vishe 2014, Theorem 1.2]. Let L/Q be a number field of degree d > 2,
C > 1, and a < O be an integral ideal. Then there exists a positive constant kc and an infinitely
differentiable function h(x, y) : (0, 00) x R — R (depending on L/Q) such that

N(c) N(a)
8u(a) = CM >y “‘”’(7’@)’ (5-1)

(0)#c¢CO;, o (mod ¢)

where the notation ¥* means that the sum is taken over primitive additive characters (extended to

o (mod ¢)
ideals) modulo c. The constant k¢ satisfies

ke =1+ 0p,0.p(C™P) forany D> 0. (5-2)

Furthermore, we have
h(x,y) <r/0 x! forall y e R, (5-3)
h(x,y) #0 onlyif x <max{l,2|yl|}. (5-4)

Remark 5.3. In practice one usually chooses C := X /%) to detect the condition a = (0) for a sequence
of ideals of Oy with norm less than or equal to X. This means that for ¢ (see (5-1)) in the generic range
N (¢) =< X'/? there is no oscillation in the weight function i (x, y).
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Lemma 5.4 [Browning and Vishe 2014, Lemma 3.1]. Let the notation be as in Theorem 5.2. The function
h(x, y) vanishes when x > 1 and |y| < x/2. When x <1 and |y| < x/2, we have

ih(x, y)=0. (5-5)
dy

Lemma 5.5 [Browning and Vishe 2014, Lemma 3.2]. Let the notation be as in Theorem 5.2. Then for
i, j, D eZsy, we have

U . Y EAY 5-6
oxidy] (x,y) LL/Q.i.j.D X x4+ minj I, ol . (5-6)

The term xP on the right side of (5-6) can be omitted if j # 0.

Corollary 5.6. Let the notation be as in Theorem 5.2. Then for any j € Z> we have

9/
Wh(x, y) L/, l. (5-7)
Proof. If x <1 and |y| < x/2, then Lemma 5.4 implies that

%h(x, y)=0

forall j € Z>1. If x <1 and |y| > x/2, then Lemma 5.5 (withi =0 and D = j + 1) gives

9/

ayl
forall j € Z-;. If x > 1, then Lemma 5.4 (the vanishing condition on /) and Lemma 5.5 (with i = D =0)

hx,y) <.l

gives 9J
Wh()ﬁ y) Lr/a,;l,

for all j € Z-. Putting all three cases together gives the result. U
6. Vaughan’s identity
Here we record a celebrated identity of Vaughan [1975] adapted to our situation.

Proposition 6.1. Let R, S > 1. Then for any v € Z[w] withv =1 (mod 3) and N (v) > S, we have

AW = ) M(a)log<%)—ZZM(a)A(b)+ZZu(a)A(b)- (6-1)

alv ablv ablv
N(a)<R N(a)<R N(a)>R
N@®)<S N(b)>S

If N(v) < S, the right side of (6-1) vanishes.

7. Proof of Theorem 1.2 and Corollary 1.3

In this section we prove Theorem 1.2 and Corollary 1.3 assuming the truth of Lemma 1.4 and the main
inputs: Theorem 1.5 and Proposition 1.6.
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Proof of Theorem 1.2 assuming Lemma 1.4, Theorem 1.5, and Proposition 1.6. Recall the definition of the
quantity & (X, v, u; Wg) given in (1-7). We apply Proposition 6.1 to (1-7). The parameters R, S > 1
used in our application of Proposition 6.1 will be chosen at a later point in the proof and will satisfy

S < X and 10000X < RS < 10000000X  say, (7-1)

10000

for all sufficiently large X. Since the support of Wg is contained in [1, 2] and § < X /10000 by (7-1),
all summands in & (X, v, u; Wg) are automatically supported on the condition N(v) > S. Note that
the right most sum in (6-1) vanishes since the support of Wk is contained in [1, 2] and RS > 10000X
by (7-1). We insert a smooth partition of unity in the a and b variables in the second sum in (6-1), and
then interchange these summations with the v summation after substitution of (6-1) into (1-7). We obtain

Pr(X,v,u; Wg) = 21p(X, R, v,u; Wg) — Z Z Prp(X,M,N,v,u; Wg), (7-2)
I<M<R
IKNKS
M,N dyadic
where 5
_ N(A"ab)
Pre(--) = log(N (b (A Pab)Wg [ ———— 7-3
rGey= Y Y @) log(N () ps (0 ab) K( < ) (7-3)
a,b=1 (mod 3)
ab=u (mod v)
N(a)<R

N 3ab N N (b
22y)i= XX ut@awns 6 abows (N (N o (N2). o

a,b,c=1 (mod 3)
abc=u (mod v)
N(a)<R
N(b)<S

and U : R — Rx is a fixed smooth function with compact support in [1, 2] such that
N ()

Yu — ) =1 forall 03¢ € Zlo]

L dyadic

7.1. Estimate for #17(X, R, v, u; Wg). Rewriting (7-3) using additive characters we obtain
Prp(-)

@) s( I (R NO) NO)
Z N(av) Z e(_ﬂ) Z Pf(v)e( o >IOg(N(A—3a))WK( Y ) (7-53)

a=1 (mod 3) v j (mod av) ver—3Z[w]
N(a)<R

where 1 € Z[w] is such that n = u (mod v) and n = 0 (mod a). Applying Lemma 2.10 (while noting
Remark 1.1) to the v summation and estimating the other sums trivially using the triangle inequality we get

P1p(-) < (RX)*KRX'? (7-6)
uniformly in the modulus v.

7.2. Two estimates for Zy5(---).

7.2.1. First estimate. For the first estimate we treat (7-4) as an average Type-I sum. That is, in (7-4) we

let h =ab
: , _ N(a) N(b) ]
Vi(M, N) .—nga)A(b)U( m )U( v ) (7-7)
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and interpret ¢ as the “smooth” summation variable. We then decompose
Pop(-o) = Pip(co )+ P, (7-8)

where &3 f(- --) and ,@g f(- --) have the factors u?(h) and 1 — pu?(h) inserted, respectively. The weight
,uz(h)y}: (M,N) in Z5(---) is supported on squarefree elements of Z[w]. We apply Proposition 1.6
(see (1-13)) to obtain

P57 (o) K (XKN @) KN @) (MN)OX 3. (7-9)
Applying Lemma 1.4 (see (1-12)) to the c-sum in 27 (- --) we obtain

) < (XKN ) K*N ) 72(MN)2|1 - w?)y' (M, N) ||
< (XKN)°K*N()'>?M>*2N. (7-10)

gz;f(..

Note that the support of the b variable in (7-7) imposed by the weight (1 — w>(h)AB) =0 (supported on
prime powers with exponent > 2) was used to obtain (7-10). Substitution of (7-9) and (7-10) into (7-8) gives

Pos(---) K (XKN ) (K¥3N @) (MN)Y X3 4 K*N ()2 M2 N). (7-11)

7.2.2. Second estimate. For the second estimate we treat (7-4) as a Type-1I sum. That is, we let h = bc, and

N(b
yi(N, X/MN):= ) A(b)U(%),

h=bc

Observe that the weight w(a)U (N (a)/ M) is supported only on squarefree a. Thus we apply Theorem 1.5
(see (1-14)) and obtain

Pf(-+) K (XKN@) KN (XM ™'2 4 (M X)) (7-12)

7.3. Conclusion. We use (7-6) to estimate the first term of (7-2). Let 1 < L < R. We use (7-11)
(resp. (7-12)) to estimate the second term in (7-2) when M < L (resp. M > L). The net result is

Pr(X, v, u; Wg) < (XKN ) KEN ) (RX'2+ (L) /O X'P 4+ L3S+ X L7121 (RX)¥*) (7-13)
for any R, S > 1 satisfying (7-1) and 1 <« L < R. The choice of parameters
R=1000x>"", §=1000x""" and L=Xx"",
satisfies (7-1) for all sufficiently large X, and substitution into (7-13) yields

Pr(X, v, u; Wi) < (XKN () KEN ()t X713,

as required. (I

We now remove the smoothing.
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Proof of Corollary 1.3. Let A :== K~ with K > 2 and suppose that W : (0, 0o) — R is smooth and

satisfies
supp(Wg) C[2— A, Z+A], 0<Wx) <1 forallx>0,

| _ (7-14)
Wx)=1 forxe[3.7]. and W/ (x)<; K/

Then for any Z > 1 we have

N(v) _
Yo prmAarin = Y pf<v>A<x3v)WK( ~ )+ov(K 2z, (@-15)
ver 3 Z[w) ver 3 Z[w]
A3v=u (mod v) A3v=u (mod v)
5Z/4<N(W)<1Z/4

where the error term follows by Cauchy—Schwarz, Lemma 2.7, and the support of Wx. Applying
Theorem 1.2 to the right side (7-15) gives

Y. prMAGY) < (ZK)(KPZTR 4 KT Z),
verZ[w]

A3v=u (mod v)
5Z/A<N(v)<7Z/4

We choose K = Z1/289 o obtain

Yo prWMAGY) &, 2T (7-16)
ver—3Z[w]

23v=u (mod v)
5Z/A<N(v)<7Z/4

Summing over intervals [SZ /4,7Z /4] with 7Z /4 < X yields (1-10).
To prove (1-11) we first observe that

ZrXivu)— Zp(Xiv) = Y Y pr(A ) log N(w). (7-17)
kel>r,weZ[w]
@ prime
w*=u (mod v)
N oh)<x

Applying Cauchy—Schwarz to the double sum in (7-17) shows that the right side of (7-17) is

1/2
<<x‘/4+8( > |pf(r3w">|2)

keZsr,wer"37[w]
w prime

NOTwh<x
1/2
< X1/4+s< Z Ipf(v)lz) « X34+ (7-18)
ver3Z[w]
NO3v<x
where the last inequality follows from using Lemma 2.7. The result (1-11) now follows. O

The rest of the paper will be dedicated to proving Lemma 1.4, Theorem 1.5, and Proposition 1.6.
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8. Voronoi summation formulae for twists

In this section we develop a Voronoi summation formula for twists of a cusp form f € LZ(FZ\[H]3, Xx) with
spectral parameter 7 ¢ € 1+iR by appropriate non-Archimedean and Archimedean characters. Development
of this formula requires some care because we are working with the group I', = (SL>(Z), I'1(3)) in
I':=SL,(Z[w]).

8.1. Twists and Dirichlet series. We will need consider cubic metaplectic forms on groups I'{ (C) with
C =0 (mod 9), i.e., the spaces L*(T'(C)\H3, x, 7) for € C with Re(z) > 1. To simplify our exposition
we focus on the nonexceptional case, i.e., Re(r) = 1. Suppose that ¥ : A~'Z[w] — C is periodic modulo
(A"r)(A"'Z[w]). The W-twist (at co) of a cusp form F € L>(I' (C)\H3, ., 7) is defined by

F(w; V) := Z oFrWW(CVIVK 1@ |v|v)e(vz), w=(z,v) € H?, (8-1)
0#£ve(rC)~ ' Z[w]
also denoted by (F ® V)(w). By [Proskurin 1998, Theorem 0.3.12] and its proof we have

F(-; W) e LA (A" r*C)\H?, x, 7) is a cusp form. (8-2)

Remark 8.1. For the purposes of twisting we view the cusp form f € L2(I';\H?, x) in the larger space
L2(I'; (AH\H3, x). This is immaterial in the final results and only involves extra fixed powers of the
prime X in the formulae.

In what follows it will be instructive to open the definition ¢(z) := e(z + ), z € C. We remind the
reader that the function F'(w; W) in (8-1) is a function in z, z, and v (although the notation suppresses
this). For n € Z, we define
(i)"F(w; W) ifn>0,

9z
F(w; &) ifn=0, w=(z,v) € H. (8-3)

<8%>M|F(w; W) ifn <0,

To complement (8-1), we have the Fourier expansions (at co) for n € Z \ {0},

T {pF(v>v"\IJ<Cv>vKr_1<4n|v|v)e<vz+v—z> itn=0,

_|n| J— .
0ve (001 Zlo) oWV (Cv)vK,_1(@m|v|v)e(vz+vz) ifn <O.

Suppose that ¢ : Z[w]— C is periodic modulo A r. The (normalised) Fourier transform 1} A 1Z[w]—C

is given by |

I (x) = ] -1 ]
V)= S > l//(u)e<kmr), x € 177wl (8-5)

u (mod A"r)

and is periodic modulo (A"'r)(A~'Z[w]). Fourier inversion asserts that

U (u) = 3 g/}(x)é(—;%) for u € Z[w). (8-6)

xer1Z[w]/ (W) ("1 Z[w])
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For n € Z consider the Dirichlet series

prw () ()"
N(v)s

D(s, F; ¥, n) = Z , Re(s)>1,

v#0
ve(AC)~1Z[w]

and the associated Mellin transform
A(s, F; W, n) = /OOOF(U; W, n)v =2 gy,
where we let v denote (0, v) for v > 0. Let
Gools, 7,n) :=3Q2m) M (s + n| - L = D)T(s+ 3Inl+ 3(r = 1), seC. (8-7)

Lemma 8.2. Let v € C withRe(r) = 1, C € Z[w] with C =0 (mod 9), F € L>(I'1 (C)\H?, x, 7) be a
cusp form, and n € Z. For Re(s) > 1 we have

A(sv Fa "Ilv n) = GOO(S7 T’ n)D(Ss F, IIJ, n)7

where Goo (s, T, n) is given by (8-7)

Proof. The proofs for the cases n > 0, n =0, and n < 0 are analogous. We give details for the case n > 0.

For Re(s) > 1 and n > 0 we have

A(S, F, \Ij, n)
00
:/ Z /OF(V)U"\IJ(CU)Kril(47-[|v|v)v2s+n—1 dv
0 v#0
ve(AC)~'Z[w]
n
v (C <L>
= ; Z pr(W)W(Cv) v /OOK,_l(T)TZHH_ldT
(47‘[)2s+n o Ny \
ve(AC)~1Z[w] N
1 —2s—n 1 1 1 1 ,OF(V)\I’(Cv)(m)
=3@0 (4 gn 3= D)P(shgnta(=D) ) Ny (8-8)
v7£0
ve(h0)"1Z[w]

The interchange of summation and integration above for Re(s) > 1 is justified by absolute convergence
(see Lemma 2.8 and [Olver et al. 2018, (10.25.3), (10.45.7)]). Furthermore, (8-8) follows from [Olver
et al. 2018, (10.43.19)]. ]

8.2. A special case. Recall that f € L>(I',\H?, x) is a cusp form with spectral parameter Tr € 1 +iR.
For { € Z>0, q € Z[w] withg =1 (mod 3), and n € Z[a)]/)fql[a)], let

fwirtq,m= Y prVK., @ v[p)éwa). (8-9)
v#0
ver—3Z[w]
23v=n (mod Aq)
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Following (8-1)—(8-4) we also have the functions f(w; Atq, n, n) and their associated Fourier expansions
for each n € Z. We ultimately need a Voronoi formulae for the Fourier coefficients of f(w; A%q, 1, n).

()
N@)*

Consider the Dirichlet series

DGs, fi Mg, mm) = )

ver—3Z[w]
A3v=n (mod Aeq)

, Re(s) > 1,

and the associated Mellin transform
Als, f32'q,m,n) = fooof(v; Mg, n, @2 dy,
Then Lemma 8.2 asserts that
AGs, £325q, n,n) = Goo(s, T4, m)D(s, f3A'q,n,n) for Re(s) > 1, (8-10)

where G (s, T, n) is given by (8-7).
We detect the congruence condition in (8-9) using Fourier transforms. For n € Z[w]/ )\qu[a)], 0<m<e¢,
andr | g, let

Yoy (@) := Lymp (u) - é(—n—”r>, (8-11)

where 1,,(-) is the principal character modulo A™"r. As a shorthand we write Yrym, (1) := Yym, (u)g. The
function Yrym, (- ), is periodic modulo A™r. The Fourier transform is

— 1 S k—nu _

W)Lmr(-)n(k) = W Z €<W), kel Z[Cl)] (8-12)
u (mod A™r)
(u,A"r)=1

As a shorthand we write Yrym, (k) :== Ym, (- )o(k). A straightforward computation shows the following
orthogonality relation.

Lemma 8.3. For{ € Z>pand k,n € Z[a)]/)qu[a)] we have

1

4

rlg m=0
The following lemma records the standard evaluation of Ramanujan sums.
Lemma 8.4. Letr € Z[w] satisfy r =1 (mod 3) and k € Z[w]. Then we have

A 1 A kx 1 r 90(’”)
(k) = —— - )= ’
w( ) N(l’) Z e(r) N(F)M((r,k))(p( - )

x (modr) (r.k)
(x,r)=1

where ¢( -) is the Euler @-function on Z[w].

Proof. This follows from the multiplicativity of Ramanujan sums in the modulus r, and the first, fourth,
and eighth cases in the evaluation on [Proskurin 1998, p. 11]. ]



1846 Alexander Dunn
We next prove a straightforward but crucial lemma establishing the “flatness” of Ramanujan sums
when averaged over the modulus.

Lemma 8.5. Let r, k € Z|w] satisfy r =1 (mod 3), {E(k) be the normalised Ramanujan sum as in the
statement of Lemma 8.4, and € > 0. Then for R > 1 we have

D ()] e Sk=o- R+ 80 (N R)". (8-14)
reZlw]
N(r)~R
r=1 (mod 3)

Proof. When k = 0 we have the trivial estimate << R. When k # 0 use Lemma 8.4, Mobius inversion, and
the triangle inequality to obtain

o L o)
2 W= Ko

reZlw] reZlw]
N(@r)~R y=1 (mod 3) N(@)~R

r=1 (mod 3) r=1 (mod 3)
(r,k)=y

< Z Z 1 @(ynu)

N(ynu) ¢(nu)

ylk n,uellw)
y=I1 (mod 3) N(nu)~R/N(y)
nu=1 (mod 3)
LK (N(OR), (8-15)
where the last display follows from standard lower bounds for the Euler ¢-function and (2-14). U

Recall the convention for twisting a cusp form f € L?(I';\H?, x) in Remark 8.1. We replace the
congruence A*v = 1 (mod A‘q) with the equivalent congruence A*v = An (mod A*T'g). We have the

immediate consequence.

Lemma 8.6. Let { € Z>g,n € Z, q € Z[w] with g =1 (mod 3), and n € Z[a)]/)qu[a)]. ForRe(s) > 1
we have

£+1

D(s, f52'q,m,m) = NGO D NGTFYDCs, 5 Fame (g 1),
rlg m=0
+1

Als, f325q,m,m) = ——— N(W SOSTNGACG, £1 G (e ),
rlg m=0

/\
where Yrym, (- )y is given in (8-12).

To obtain a functional equation for A(s, f; )\Zq, n, n) under s — 1 —s it suffices to establish a functional
—
equation for each A(s, f; ¥um, (- )y, n). We have two different cases according to whether m € Z-¢

or0<m <5.

8.3. Functional equation 1: m € Z>¢. Suppose that ¢ : Z[w] — C is periodic modulo A"'r, where
r=1 (mod 3).
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Remark 8.7. The version of the functional equation proved in this section uses the automorphy of f €
L*(Ty\H?, x) directly. It requires m € Z=¢, and is useful for large m.

For each ¢ with ¢ =1, let 1//Zf'E : Zlw] — C be given by

6o 1 o {Am_lr> v( au ) )
Yi(u) = NOT ad(mzo;wr) V(—¢ d)( d 3e ) u € Zwl. (8-16)
a.d=1 (mod 3)

ad=1 (mod A"r)
The function w? is periodic modulo A"'r.

Proposition 8.8. Ler f € L>(I,\H?, x) be a cusp form with spectral parameter 1r €1 +iR, m € Zsg,
r € Zlwlwithr =1 (mod 3), and ¥ : Z|w] — C be a periodic function modulo \"r, supported only on
residue classes coprime to \"'r. We have

LN _ 2 v o _ 3 g
Jow ‘“_;f( (c—lxm—4r)2<|z|2+v2>’|xm—4r|2(|z|2+v2>"”<“>’ W@t G

where 1} and w? are given by (8-5) and (8-16) respectively.
Proof. We open the definition of the Fourier transform to obtain

A 1 d
f(w"”):N(km,»)Z > w/f(—cd)f(z—m,v) (8-18)

¢ d (mod A™r)
d=1 (mod 3)
d,r)=1

Given §_1km_4r € Z[w] (with m € Z>¢), and each d = 1 (mod 3) in (8-18) with (d, r) = 1, there exists
a matrix )
d A*b
y = <—§1Am4r . > el'1(3). (8-19)

Note that the determinant equation of this matrix implies that ad = 1 (mod A"*r). A straightforward
computation using (2-17) shows that

d a 4 v (8-20)
-, U = — 5 . -
2 {‘%m—“r 4 §—1Am—4r ({“A”’—4r)2(|z|2+v2) |Am_4r|2(|z|2+v2)
We use the fact that f € L?(I",\H?3, x) to obtain

< v

d a
/ (Z_ ¢y ”> =xs (g—lxm-“r T2 02 A (2P o)

where
( )_ (—é'_l)»m_4r) _ (é'_l)um_lr) (8 22)
x(y)= 7 o 7 K -

We combine (8-21)—(8-22) in (8-18). We then use the Fourier expansion (1-5) to open f, and then
assemble the sum over d (equivalently a). ]

), (8-21)
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Corollary 8.9. Let the notation be as in Proposition 8.8 and n € Z. For v > O we have

s (_l)n (—lkm—4r —-n 1 .
s w’")zmm%)'"'v”'(:w"“r> ;f <m"’f<-“‘”>' *29

Proof. Setting z = 0 in Proposition 8.8 (in particular, (8-17)) gives the result for n = 0. If n > 0, we write

1 (3"
Qi) 3z>

to both sides of (8-17). If n < 0, we write |z|> = zZ and apply the operator

1 9 \"!
Qi) (E> -

to both sides of (8-17) A computation with the chain rule yields the result. (I

|z|> = zZ and apply the operator

z=0

0

Proposition 8.10. Let the notation be as in Proposition 8.8 and n € Z. The completed Dirichlet series
As, f; ¥, n) and A(s, f; 11/?, n) both admit meromorphic continuations to entire functions, and satisfy

F T\

(_1)nN<xm4r>2“(w—m4r> Als, fi,my =) A=s, fiy) —n). (824
¢

Proof. Recall that for Re s > 1 we have
A m ~
AGs, f39,n) = / fs =2 gy,
0

The function f(v; 1& n) has exponential decay at 0 and oo by (8-2), (8-3), and termwise differentiation
of (2-18) (with constant term identically zero). Thus A(s, f; 1}, n) has analytic continuation to an entire
function. The argument for f(v; 1//?, n) is analogous.

We now prove (8-24). We have

oo

~ N@am=4)~! R
A, f;w,n):/ f(v; g, nyv*> = 2dv+/ f; ¥, M= t=2 4y, (8-25)
0

N(um=4r)=1
After applying Corollary 8.9, interchanging the order of summation and integration, and a change of

variables, we obtain

N()Lm 4 ) R
/ f@; g, mu =2 gy
0

_ —lym—4,\"" N@m=4p)~!
— ( l)n ; A4y Z f ;’ 1//#71’ —n v25—|ﬂ‘—2 dv
N()\m—4r)|n| é——l)\m—4r : 0 v|)\m—4r|2 ¢

F—1ym—4,
=(—1)"N(A'"4r)”S<§ lim 4r) / F vl —mu > dy (8-26)
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and

/oo f(U; ,(/’), n)v25+|n|—2 dv

N(m—4r)-1
(_1)11 é‘_l)\m_4r - /OO 1 # 2s—|n|—2
= ; -1y = d
N()Lm_4r)|”| C_lkm_4r Z N (o)1 f v|)\m_4r|2 W; AR b v

1y m—4,
=(—1)"N(,\m4r)1zf< lim 4r> Z/ fs v # =) 2T g, (8-27)

Substituting (8-26) and (8-27) into (8-25) yields the result. O

8.4. Functional equation 2 : m € Z> absolutely bounded (in particular, ) <m <5). Letm € Z>(. The
functional equation we prove in this section is valid for all m € Z-, but is really only useful when m is
bounded by an absolute constant.

Recall that " := SL,(Z[w]). Let I'" be a subgroup of I with [[" : T'] < co and I'" C I'1(9). Then
by [Proskurin 1998, Theorem 0.3.1] each cusp oo (o € I') of I’ is essential with respect to y, and if
I'":=T(C) with C =0 (mod 9), then

I'(C)y =CZlw] and T(C): = (CA)~'Z[w]

Suppose that ¢’ : Z[w] — C is periodic modulo A™, and that ¥" : Z[w] — C is periodic modulo r,
where r = 1 (mod 3). Let

' o 1 ” 2m+4d au
U () =N M%ﬁ) v (— d)( >3e<7), u € 7[w. (8-28)

O2mAg) (WP d)=1 (mod r)

The function v"* is periodic modulo r.
Lety,,j €l for j=1,...,[I2:T (A2 +4)] be a fixed complete set of representatives for ['| (A2m+4)\F2.
We have the convention that y,,, 1 := [ forall m € Z>¢. Foreach j=1,...,[T2: T (AFmH], Tet

(fRUN;(w) = (f @Y (Y jw), weH, (8-29)
each having Fourier expansion
(fRUN W = Y ppgp MK 1@rv[0)éw:), wel, (8-30)
v#0

ver " 37[w]
where ,ofm;/’j(v) e C.
If g € I'y, then

Vm.j8& = 8m.;(8)Vm.kn (e for some unique g, ;(g) € T1(A*"**) and
1 <kp j(g) <[T2:T102 4] (8-31)

For any g, h € I'; we have

8m.j(8N) = 8m.j(8)8&mky ;(e)(h) and  ky j(gh) = ki i, ;(g)(h).
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Remark 8.11. Using (8-31) we see that for g € I' we have

(f ®@9")j(gw) = x (&m.j(®)(f @V, 0 (w),  w e H. (8-32)
Since T'1 (A>"*4) is a normal subgroup of I'; for m € Z~ (it is also a normal subgroup of T") we have
km j(g)=j for g€ (A***) and all j. (8-33)
Then by [Patterson 1978, Lemma 2.1] we have
x(rgy™H=x(® for ge (") and y €Ty,
Thus for each j we have
(fRY'); € LA (W2 )\H?, x, ) is a cusp form. (8-34)
Following (8-1)—(8-4) we also have the functions (f ® ﬁ/ );j(-, ¥, n) and their associated Fourier
expansions for each n € Z.

Proposition 8.12. Let f € L>(I,\H?, x) be a cusp form with spectral parameter 1€l +iR, meZs,
1 <j<[Dy:Ty(A¥"t*)] an integer, r € Z[w] withr =1 (mod 3), and ' : Z[w] — C (resp. ¥ : Z[w] — C)
be periodic functions modulo M (resp. r). Further assume that " is supported only on residue classes
coprime to r.

Then there exist an integer 1 < c(m, j; r) < [T :T1 (A" **)] and cube root of unity w(m, j; r) such that

(f® &/)j (w; K&”) =w(m, j;r(f® l)&/)c(m,j;r) (_ - Y ; Iﬁ//’*),

r2(1z)2+v?) " r)2(z12 +v?)’
w=(z,v) e H}, (8-35)

where Y'""* is given in (8-28). Both ¢(m, j; r) and w(m, j; r) depend only on m € 7>, j € Z>, and the
residue class r (mod 12"+%).

Remark 8.13. The reason why the functional equation proved in this section is only useful for m bounded
by an absolute constant is because we use the automorphy for each (f ® 1ﬁ/ )j € LT (A2 HH\H3, x).

Proof. We adapt the proof of [Dunn and Radziwitt 2024, Lemma 5.2]. We open the definition of the
Fourier transform and obtain

~ o 1 o
(F @9, wd") = Goo > V=D ¥ (z -
d (modr)
d,r)=1

Given r = 1 (mod 3) and each d € Z[w] in (8-36), we have (r, A" +*d) = 1. Thus there exists a matrix

r _}\’Zm+4a
)\2m+4d b

)\2m+4d
, v). (8-36)

) eI (3),

and hence there exists

01 r _k2m+4a A21n+4d b
Yy = (_1 0) (k2m+4d b ) - < —r k2m+4a) (S FZ- (8-37)
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Note that we implicitly we used (3-1) in the above display. Also note we have the determinant equation

A8 ad + br =1. (8-38)
A straightforward computation using (2-17) shows that
)\.2m+4d k2m+4a Z v
(Z_ ’U):V< T Ly 2112 2)' (8-39)
r r re(lz*+v%) " [r[*(z]” 4+ v7)

We now carefully factorise the y in (8-37) as a word in P, T and E so that (8-39) and automorphy
of (f® ﬁ/)j can be used in (8-36). For each x 4+ yw € Z[w], x, y € Z, let

A(x + yw) := PT*PT TP = ((1) o ley‘”).

For each r, b € Z[w] occurring in (8-37), let

b —1+br
3 _
S(r,b) :=E°Ar)EAMbB)EA(r) = (1 br oy —br2> el (3).
Then
S(rb)Ey = —AImHAG 4 by 4+ 22 bdr —b — A2 b + b2 -
’ V= r g 202mtagr — pr2 — \2mt4pgr2 _p\2mtdg 4 opr 4 32+ gpr —p22 ) =7
Using (8-38) we see that y € I'; (A>™*%) and we write
y =E3S(r,b)"'7. (8-40)
We use (8-39), (8-40), (8-32), and (8-34) to obtain
. )\2m+4d
(f®1///)j<z— p ,v)
(gm, }(E*S(r,b) ™) x (D) (f @) M d - (3-41)
= (E>S(r, . . - b)- - , . -
K o s ESED D T T R [P0 PP oY)

By (8-33) the integer k,,, ; (E3S(r,b)™h depends only on m, j € N and matrix residue class

—1+br b

E3 -1 _
5. ) (—2r+br2 —1+br

) (mod 22" 4.

Thus the integer ky, j(E3S (r,b)™1H depends only on m, j € N and the residue class » (mod A2ty
since b (mod A?"**) is determined by (8-38). By (8-31) we have

gm,j(E3S(r, by H = ym,jE3S(r, b)—lyr;}(m’j(ESS(r’b)_l) e I (W24,

and each matrix in the product on the right side is an element of I';. Thus

X (Gm i (E* S B) ™) = X DU EDX STVt sy 1)) = X P DXVt sy

is a cube root of unity depending only on m € Z=, j € Z~1 and the residue class » (mod A?"*#). For ease

of notation we relabel
c(m, j;r) i=kn j(E3S(r,b)™h), (8-42)

o(m, j; 1) = XY )X Vmk, 35001, (8-43)

D)
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A computation following [Dunn and Radziwitt 2024, p. 23] establishes that

A2m+4d
) . (8-44)
3

x(?)=(

We combine (8-41)—(8-44) in (8-36). We then use the Fourier expansion (8-30) to open ( f ® 1}’ e(m, j:r)»
and assembling the sum over d (equivalently a) shows that

(f U w; ")y =w(m, j;1)(f @V )em, m(— Z 0 ; w)

r2(z +v?) " r Pz +v?)
as required. O

Corollary 8.14. Let the notation be as in Proposition 8.12 and n € Z. For v > 0 we have

oo g (EDelm, jir) (PN Ly 8-45
(fRY)j(w; ", n)= N Toa (;) (f®¢)c(m,j;r)(|r|—2v,1/f ,—n). (8-45)

The proof is analogous to that of Corollary 8.9 so we omit it.

Proposition 8.15. Let the notation be as in Proposition 8.12 and n € Z. The completed Dirichlet series
A, (f® ﬁ/)j; ", n) and A(s, (f ® @/)j; ¥'"*, n) both admit meromorphic continuation to an entire
function, and satisfy
=\"n
T n n . n N
(—1)"N @)= (;) A, (f@YN ¥ n)=wom, j; )AL —s, (f @Y )eom,jiry; ¥, —n). (8-46)
Proposition 8.15 follows from Corollary 8.14, and the proof is analogous to that of Proposition 8.10.
We omit the proof.

8.5. Level aspect Voronoi formula. We now prove a Voronoi summation formula for the Fourier coeffi-
cients for the form f(w; Afq, n) given in (8-9).

We recall some basic facts concerning the complex Mellin transform. Let C* := C\ {0}. Let K, M > 1
and Vg y € C2°(C*) have compact support contained in the disc of radius 100 (say), and also satisfy

8i+j

g VEM(@) i MKt/ forall z € C*. (8-47)

The complex Mellin transform is given by
Vews.mi= [ Vew@IP @/ ™" dez (8-48)
CX

for s € C and n € Z, where dyz = |z| "> dx dy. Note that VK,M(S, n) is entire with respect to s for
each n € Z. After making a change of variables z = re(8/2) with r € (0, co) and 6 € [0, 277), we obtain

oo p2w
Vi (s, n) = / / Vi u(re(0/2)r*~Le(—n/2) do dr. (8-49)
0 0
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After repeated integration by parts, we obtain

KJtk
|(2S)j|(1+|n|)k}

for j, k € Z>¢, s € C in a fixed vertical strip, and n € Z. It follows for D, D, > 0, we have

Vi.m (s, n) <k M-min{],

. MKD1+D2
1% , 8-50
k.m(s,n) Lp,.p, A+ 1sDP (1 E ) P2 (8-50)
for s € C in a fixed vertical strip, and n € Z. The complex Mellin inversion formula is given by
Vew@ =5z 3 [ Tewsmlz > @/1eD)" ds (8-51)
2mw2i neZ (o)

foro >0,ze€C,andn € Z.

Remark 8.16. Suppose further that Vk s is radial, i.e., Vg p(re(8)) = Vi (r) for all 6 € R. Then
o0
Vi.m(s,n) = 8,2 - / Vi ()r= " dr = 8,021 - Vi (25) = 8o - Wi m(s),  (8-52)
0

where VK, m (s) denotes the usual Mellin transform for functions on (0, 0c0), and Wk js is such that
Wk m(r) = Vg m(4/r). Then (8-51) becomes the standard Mellin inversion formula for functions
on (0, co) after a change of variable in s.

Proposition 8.17. Ler f € L2(T2\H3, x) be a cusp form with spectral parameter 1 €1 +iR, L € Z,
g € Z[w] with ¢ = 1 (mod 3), n € Z[w]/A\'qZ[w), and Vk.m € C°(C*) be a smooth function with
compact support in the disc of radius 100 satisfying (8-47) for some K, M > 1. Then for X > 0 we have

+1 2
Y W Vkm/VX) = N(WI YD D" DD Zpp (X, A, ns Vi) (8-53)
ver3Z[w] rlg nez m=0 p=1

Mv=n (mod Aq)
where
Zyy (X, "r,n, 5 Vi w) )
:= 80<m<min(5,¢+1) - NO»'")(;) w(m, 1;r)
—n
x Y pf®mwc(m’1;r)(v)(ﬁ> w;(.)Azm+ln(,\zm+4U)VK,M<%,n>, (8-54)
ver~2m=37[w)]

sz(Xa A”nr’ n’n; VK,M) —_———
é-—l)“m—4r -n
= S6<m=t1- N(WY) Z(W
¢

" . N(©)
< X oo(ig) Oy ). 659



1854 Alexander Dunn

where lﬁ? and Y* are given in (8-16) and (8-28) (with " — ) respectively, VK,M( -, n):(0,00) — Ris
given by

Y 1 — GOO(Sa ff,n) 7
% Y,n) = — Y—° Vv 1—s,n)ds, 8-56
K om) = o /(2) Gt A V(1 =5 my ds (8-56)

Goo(s, T,n) is given in (8-7), and w(m, j, r) and c(m, j, r) are both as in Proposition 8.12.
Remark 8.18. From Remark 8.16 we see that if Vi is radial then only n = 0 is relevant on the right side

of (8-53). In this case » is omitted from the notation.

Proof. Recall the definition of the function y3m,(-), in (8-11), and its Fourier transform @Amr( Dy
in (8-12). We apply complex Mellin inversion (8-51) to the smooth function Vi, Lemma 8.6, and then
interchange of the order of integration and summation by absolute convergence. This yields

Yo e Vkm(/VX)

ver 3 Z[w]
A3v=n (mod )qu)

min{5,£+1} ¢+1

| 1
=mqu>z( > +Z>N(Am”)2/ Vi (5, ))X*D(s, [ Fmr (Vngs ) ds.  (8-57)
rlq

m=0 m=6 nez

The Chinese remainder theorem implies that

For (g (1) = o (Vg WG (Vi @), 1 € Z[w], (8-58)

and by a change of variables we have

Tr (Vg B2"0) = P (g (), u € Z[w]. (8-59)

Recall the definition of twisting (8-1) and the convention in Remark 8.1. Using (8-2) we see that
f® m e L2(I'; (A2 )\H3, x, 7) is a cusp form. Using (8-58) and (8-59) we obtain

F 3 Fomr (g 1) = W3 P (g (e 0 A2, 1)
= (f ® Yam () (W Yy (- yomity, 1)

forall0 <m <{+1,r|q, and n € Zlw]. The analogous Dirichlet series identity reads

D(s, f3 Yomr (Vs 1) = D5, f @Yo (Vs Yy (Damoige ), Rels) > 1. (8-60)

Substituting (8-60) into (8-57) for 0 <m < min{5, £+ 1} we see that the right side of (8-57) is equal to

1 min{5,¢+1} N
oen N()J“rl )ZZ< > NGM) / Vi (5. )X D, F@Vm (D Vi ()smiiys ) ds
J q rlg neZ m=0
£+1

+Y NG ?K,M(s,n)xfp(s,f;m,n)ds). (8-61)

m=6 2)
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Both of the integrands in (8-61) are entire by Propositions 8.10 and 8.15 and Lemma 8.2. We shift
the contour in (8-57) to Re(s) = —1 and then use the functional equations (8-24) and (8-46). We see
that (8—61) is equal to

27 ZN()\.“'lq) ZZ( 1)n

rlg neZ
min{5,¢+1} N~ —n s
r -~ X Goo(1—s5,77,—0)
b NG™N(r)? (—) w(m, 1;r) Vi.m(s, n)( ) >

x D(1 =5, (f @ Vo (Vomdem 10y Y (- Vyomery, —n) ds

+1 i W . X s
+Y Y NG )N()( = 4,,) f(l)VK,M@’")(W)

m=6 ¢
00(1 -, Tf’ _n)
Geo(s, Tp, 1)

D=5, 1Y (gt —n)ds). (8-62)

We make the change of variable s — 1 — s in both integrals in (8-62), open up both of the Dirichlet
series in the region of absolute convergence, and interchange the order of summation and integration to
obtain (8-53) with the transforms given by (8-54)—(8-56). O

We now compute the Archimedean and non-Archimedean transforms on the dual side of the Voronoi
formula in Proposition 8.17. Recall that K1 , ¢ (m, n, ¢) denotes a cubic Kloosterman attached to the

cusp pair (o, &) of I'’; see (3-2).

Lemma 8.19. Letm € Z-¢, r € Z[w] withr =1 (mod 3), n € Z[w]/\"rZ|w], Yy (), be as in (8-11),
and ¢ be such that £ = 1. Then for v € A73Z[w] we have

lllfmr( . )M),C()\,“l)) = KF[(}),O',U()":;U’ n, {)\,m_lr),

N (Am+3r)

where lﬁ? is given in (8-16), 0 = ((1) (1)), and the cubic Kloosterman sum is given in (3-2).

Proof. We have
1 cAm e\ L ar v +dy
e Ah) =
Vo (Danc 00 = eos s )\ o,

a,d (mod A™r)
a,d=1 (mod 3)
ad=1 (mod A™r)

_ 1 Z ({Am_lr) é<ak3v+dn>
- 2 am—1
N( ) a,d (mod A™+r) d )3\ ¢ d

a,d=1 (mod 3)
ad=1 (mod A"r)

. 1 cAeN L arv +dy
v, 2 (S ) e

a,d (mod A"t1r)
a,d=1 (mod 3)
ad=1 (mod A"~ 1r)

and the result follows from Lemma 3.3. |
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Lemma 8.20. Let the notation be as in Lemma 8.19 and m € Zs¢. Then for v € 272737 w] we have

* m 1 10m=+3 13
Y () ominy AP TY) = WKms),g,g(AZ’"”(AZ’”*%), A3, r),

where Y* is given in (8-28), 0 = ((1) (1)), E= ((1) _é), and A\ € Z|w] is such that WAt =1 (mod r) for £ € Zy.

Proof. By definition

Yr () pame, (A2 HH) =

1 Z ()»2m+4d> V(a(k2m+4v) +d(k2m+1n)
e
3

W " r ) (8-64)

a,d (modr)
W24y (A2 d)=1 (mod r)

The change of variables a — A2"+4q (mod r) and d — A?"+4d (mod r) shows that the right side of (8-64)

is equal to i _
1 d k2rn+3 A m+ )\.3 d
Z el é a( V) + 77 , (8_65)
N(r) r)s r
a,d (modr)
ad=1 (modr)

and we can lift this to the sum

1 3 d\ (W2 H3a(32m3y) +03nd
—_— — e s
N(r) r)s r

a,d (mod 3r)
a,d=0 (mod 3)
ad=1 (modr)

and the result now follows from Lemma 3.4. O

Lemma 8.21. Let K, M > 1 and Vg y € C°(C*) be a smooth function with compact support in
[1, 2] whose derivatives satisfy (8-47). Let t € 1 +iR, n € Z, Gy (s, T,n) be as in (8-7), and let
VK,M( -,n):(0,00) = C be as in (8-56). Then for D; > 0 and D, > 0 we have
Vi m (Y, n) Kr.p,.p, MK PPy =P1(jp| 4 1)P1=4022
forallY > 0.
Proof. In the definition (8-56) we move the contour to Re(s) = D;j. Stirling’s formula [Olver et al. 2018,
(5.11.1)] implies that
GOO(S’ Ta _n) -

(;00(1 _Ss ‘[7 n) A

as |Im(s + %(r — 1))| — 00. Using (8-50) (with D; — 4D and D, — 4 D) and (8-66) in (8-56) we obtain

2D1—1 2D;—1

s+ 3nl— (@ =D s+ 3Inl+ S = D)| , (8-66)

Vi m(Y,n)

2D1—1
&L p,.p, MK PPy =Di(] 4 |p|)=4P2 ( f
(Dy)

s 3lnl =3 =D s lnl+ 5= DT

d
(141 —s))*Di | s')

K.y 0y MKHP1HDP)y =Di(] |y |y#P1=4D2=2

as required. U
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8.6. Level aspect Voronoi summation for multiple sums. Here we record a Voronoi formula that is an
iterated version of Proposition 8.17. Let z = (z1, z2) = (x11+iy12, X21+iy20) € (C*? x11, Y12, X21, Yy €R.
Let K,M>1,and Hg yy €C L‘.’O((CX)Z) be a smooth function with compact support in a ball of radius 100
such that for any i = (i1, i12, i21, i22) € (220)4 we have

0" Hyx m(2) i MKXi=i=2iik |z e (C*)2. (8-67)

If M = 1 then M is omitted from the notation and we write Hg. For each n = (n;, ny) € Z2 consider the
double complex Mellin transform

2 —n;
= . Zi
Hyg py(s,n):= f/ i HK,M(Z)<1_[ |z;|% (—) ) dvz, §=(s1,5)ecC? (8-68)
(©) i

il

where dxz :=dx; dy, dx» dy2/|Z1Z2|2. For D := (Dq1, D12, D31, D2p) € (Rzo)4, repeated integration by
parts using polar coordinates yields the bound

2
Hiom(s, n) <e.p MK X152 20 T (14 15720 (1 + mg )P, (8-69)
i=1

Consider the function H k.m(-,n): (0, 00)? > R given by

2
.o 1 —S Goo(siv Tf’ _nl) =
Hx y(Y,n) = ——— / f <| |Y. 5i Hgy(1—s,n)ds,
k.M (27‘[21)2 @ J@\;_] ! Goo(l_sisff,ni) oM (8-70)

Y = (Y1, 2) € (0, 00)?,

where G (s, T, n) is given by (8-7), and ds := ds; ds,. After moving the contours in (8-70) to Re(s;) =
Dy; > 0 and Re(s2) = D71 > 0, observe that (8-66) and (8-69) applied to (8-70) imply that

2
Hy m (Y, m) o .p MKz P TTy 20 (g |+ D0 42272 0 Y € (0,007 (8-71)
i=1
Mellin inversion and an iterated application of the functional equation in Proposition 8.17 yields the
following result. We omit the proof for the sake of brevity.

Proposition 8.22. Let f € L2(F2\I]-I]3, X) be a cusp form with spectral parameter Ty € 1+iR, £= (£, {2) €
(Z=0)% 4 =(q1. 92) € (Z[w))* with q1,g2=1 (mod 3), and = (1, m2) € Z[w] /"' q1 Z[0] X Z[0] /A2 g Z] w].
Let Hg y € C°((C*)?) be a smooth function with compact support in the disc of radius 100 satisfy-
ing (8-67) for some K, M > 1. Then for X = (X1, X») € (0, 00)2 we have

- V1 V2
Z :Of(Vl)pf(W)HK,M(_’ )
ND.CERND. ¢
ve(A3Z[w])? 1 ’
Vi:A3v=n; (mod At g;)

4
XX, ..
:N()Lh-&-lq])N()LKﬁlqz) Z Z Z(—D’”*"Zngf'(X,xmr,n,n;HK’M), (8-72)
ke@Z[w)/2*Z[w)? ., ™7 nez? p=1
Viti=l (mod3) ViOSmisti+l
e Virilgi

Yiri=k; (mod A'%)
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where
D (X, A"r, y,n; Hy p)

ny s —\n

i ) —

= 8, €[0,min{5,¢,+1}] * Omae[0,min{5,62+1}] * N()»ml)N()»mz)(r—> <E> w(my; 1, k)w(ma, 1, k)
1

—ni —_— —ny
V1 V2
x Z 'Of®ml,C(ml,1§k1)(vl)'of@mz,c(mz,l:kz)(vﬂ<m) (m>
vieA™2M 37 [w)
v er"2m 737 (w)

N - N(vy) N(v2)
B G TS O o e ) 67
-@Zf(X’ )"mrv n,n; HK,M) "
: Y
= 8, €[0,min{5,¢1+1}] -3mze[6,ez+1]N()»"')N()»4)(r—) w(miy, 1; k)
1
—ny ; — \—N2
—f V1 1%
<) pf®ml,c<m1,1;k1>(”1)/)f("2)(m) (@)
viEATM 37 [w]
verT3Z[w]
§_1}»m2_4r2 mo
() g O3 ) W () G0
e} ) A2y
.. N (v N
xHK,M( ) v2) ,n), (8-74)
N(r1)=/ X1 NA™™%r)*/ X»
Z30(X, A", 5 Hy m) )
'._2 2
= 8m,€16,01+1] * Smae[0,min{5,e2+1}] * N()f‘)N(A”“)(E) w(ma, 1; k)
vi Y MmN
x ) pf(”l)pfoam,c<mz,1;kz)(”2)(_> (_)
~ 2 [v1] [val
ViEATZ[w]
v er~2m37[w]
-1 —4 —ni
g AT
XY ) W, (o1 0D A () jama, (B2 )
0 ;1 Ami 4,,1 1
.. N (v N (v
xHK,M( )N ,n), (8-75)
NA™~=%r)2/ X1 N(r2)*/ X2

Par (X, A"r,n,n; Hg u) ) )
. Ul —ni ‘)—2 —n2
= Sy e6.61+1] - Smael6 o411 - N(AY) Z /Of(vl)/)f(vz)<—) (—)

Ve [v1] V2|

{_1)\.’"174}’1 —ni g—lkm274r2 na
x Z( : 2_1 w)ﬁ”lr|('))m1’§1—1()‘4vl) 'w;fmzrz('))\nz’;z—l()“‘vZ)

P ¢ am=dry ¢y A4y

.. N(vy) N()

H , , , 8-76
. K’M(N<xm1—4r1>2/xl N2/ X ") (8-76)
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w? and * are given in (8-16) and (8-28) (with "' — ) respectively, and I:iK,M( ., n): (0,00 — Ris
given by (8-70), and w(m, j, r) and c(m, j, r) are both as in Proposition 8.12.

9. Type-I estimates

Recall the notation from Section 1, in particular (1-12) and (1-13).

Remark 9.1. We can uniquely factorise v = A°*¢,vg, where e, € Z>,, ;1)6 =1, and vy = 1 (mod 3).
In view of the congruence condition ab = u (mod v), we can assume without loss of generality that
v = A%y with vy = 1 (mod 3). In particular, since («, v) =1 and ab = u (mod v) in (1-12) and (1-13),
we have (a, v) = 1.

Proof of Lemma 1.4. We write (1-12) as

N(©)
Sr(a, X,v,u; Wg) = W . 9-1
rla. X, v, u; W) o ) K( X) ©-1)
ver3Z[w]
A3v=0 (mod a)
A3v=u (mod 1 vy)

Since (a, A vp) =1, we let @ € Z[w] be such that aa =1 (mod A’ vp). The congruence conditions placed
on v in (9-1) are equivalent to A3V = uaa (mod A° voa) by the Chinese remainder theorem.

9.1. Application of Voronoi summation. Applying Voronoi summation (Proposition 8.17) we obtain

N (e tlyga)
k (mod )L14) m,r,t
k=1 (mod3) O=m=e,+1
rla, t|vg

rt=k (mod A'%)

2
X .
Sr(a, X;v,u; W) = ————— E E E Zpr(X, A"rt, m, 0; Wg), (9-2)
p=1

where Z,(---) for p =1, 2 are given in (8-54) and (8-55) respectively. The weight functions involved
are radial, see Remarks 8.16 and 8.18, so only n = 0 occurs on the dual side of Voronoi summation.

9.2. Evaluation and bounds for arithmetic exponential sums. We now consider the arithmetic exponen-
tial sum wfm”( IR (A*v) for v € A73Z[w] that occurs in Z, £(-++). Throughout this computation we
will repeatedly use the facts n = uaa (mod A’ vpa), aa =1 (mod A’ vg), 0 <m <e,+1,r|a, and t | vy,
without further reference. Using Lemma 8.19 we have

Yl (a1 ) = Kr,6).0.0 (€20, 20, A Mrt), (9-3)

N (Am+3r¢)

10
01

using the Chinese remainder theorem (with coprime moduli A" and r), (2-1), and (2-7), to obtain

where 0 = ( ) After opening the cubic Kloosterman sum in (9-3), we then perform a computation

1
N(r) 1/2N()Lm+3l‘)

Ty
Yl (a1 ) = (; - )§<x3v,r)Kw,g,g(gf(x%),;fu,x'"—lw. (9-4)
3

The bound
1Yk (et A K NOQM )™ N (WP, 1)) 2 (9-5)
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for v € A3Z[w] and m € Zs¢ follows from using Lemmas 2.3 and 3.1 in (9-4), (2-16), and the fact
(CF(A3v), cru, W) = 1.

We now give a similar treatment of the arithmetic sum ¥, (- ); 2041, (A2™ 4

v) that occurs in Zj (- --).
Using Lemma 8.20 we have

Yl (), W) = Kr,3).0.6 Q232 30), 430, re), (9-6)

N(rt)

where o is as above, and & := ((1) _(1)). After opening the cubic Kloosterman sum in (9-6), we then perform

a computation using the Chinese remainder theorem (with coprime moduli ¢ and r) and (2-7), to obtain

1 k2mt - - _
* 2m+4 N &()2m+3 2m+35 () 2m+3 35
Y () ameny, (A M) = N(r)l/zN(t)< . )3g(k M3y r)Kr,3),0,6 AWM F(AT"T0), Mru, t). (9-7)
The bound
1 ()pane, Q2D < N () V2N (G2, )2 (9-8)

for v e A~2"737[w] follows from using Lemmas 2.3 and 3.1 in (9-6), (2-16), and the fact
(2437 (2 30), W3Fu, 1) = 1.

9.3. Truncations and conclusion. We substitute (9-7) and (9-4) into Z,¢( - - -) for p = 1, 2 respectively.
We recall Remark 8.18, use Lemma 8.21 (with D; > 0 large and fixed and D, = 0) together with
Lemma 2.8 and (9-8) (resp. (9-5)) to truncate the v-sums in Z,¢(---) for p =1 (resp. p =2) to

NOW) < (XKN@):-K*NO"r1)’X~ ' =: P, (9-9)

with negligible error O ((XKN (v))2990)  Denote the truncated expressions by Z;f( coo,P)yforp=1,2.
Without loss of generality, we can restrict our attention to the case P > (XKN (v))~¢ otherwise
both Z;f(- -+, P)for p=1,2. are O ((XKN (v)) 2000y by the above argument. Thus

Sr(a, X;v,u; W)

2
X ! —1000
= Vo L X L ZyCe P OXEN @) ). 0-10
k (mod A'%) m,rt p=1
k=1 (mod3) 0sm=ey+l
rla, tlvo

rt=k (mod A1%)
P>(XKN (v))~*¢

Using the triangle inequality and (9-5), (9-8), and Lemma 8.21 (with D; = ¢ and D, = 0) we obtain

Zij( , P) < (XK)EN()\m)1+EN(rt)_1/2+8 Z (\))lN(()\,2m+3U,I"))l/2

ver2m37[w]
Nw)KP

1P o et 1300
for 0 <m <min{5, e,+1}, (9-11)
Zy (- PY K (XK)EN Q)™ 243" o) [N (v, )2 for 6 <m <e,+1. (9-12)

ver3Z[w)
Nw)<«P
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We now bound (9-11) and (9-12) by applying the Cauchy—Schwarz inequality to the v-sums, Lemma 2.5,
Lemma 2.7, and (2-14). Substitution of the result into (9-10) gives

e 4 m 2
X (XKN (v)) 3 (N(kmrt)_l/z-K N\"rt)

Frla, X; v, u; Wg) < ) + (XKN (v))~1000

v+1
NGetlva) &~ X
0<m=<e,+1
rla, tlvg
P>(XKN (v))~¢
<K (XKN)*K*N@®)'*N(a)'?, (9-13)
as required. (I

Proof of Proposition 1.6. We multiply (9-1) by u?(a)a, and sum over a € Z[w]. We repeat the same
steps on the v sum as in the proof of Lemma 1.4 up to the display (9-2). We then insert a smooth dyadic
partition of unity in r variable. We obtain

()= Y (-, R, (9-14)
where
(-, R)
2
X 12 (@) N(r) .
=T Z,r(X, A" : -1
N()»ev"‘]vo) Z N(a) Z Z Y R Z pf( s rt,n,0; Wg), (9-15)
ael[w] k (mod A'%) 0 m,r,t | p=1
k=1 (mod 3) Srr:lfflv;r

rt=k (mod A'%)
where the Z,¢(---) for p =1, 2 are given by (8-54) and (8-55) respectively. We recall Remark 8.18, use
Lemma 8.21 (with Dy > 0 large and fixed and D, = 0) together with Lemma 2.8 and (9-8) (resp. (9-5))
to truncate the v-sums in Z,¢(---) for p =1 (resp. p =2) with N(r) ~ R to obtain

N@O) < (XKN@))* - K*R* NO\"t)’ X! =: Py, (9-16)

with negligible error O (XKN (v)) 72990y Denote the truncated expressions by Z}, f( <o, Py)forp=1,2.
Without loss of generality, we can restrict our attention to the case that Py > (XKN (v))~¢ otherwise

both Z/pf(- -+, Py) are O((XKN (v))~2%%) by the above argument. Thus (9-15) becomes
2
X ,uz(a)aa N(r) ’
(-, R)= U Z (-, P
R = ey N 2 R ) 2 Lo P
acllw] k (mod A'%) m,r.t p=1
k=1 (mod3) 0=m=ev+l

rla, tlvo —1000( ,,2
ri=k (mod A4 +O((XKN (v)) In“all2).  (9-17)
Po>>(XKN (v))~*

9.4. Further simplification using the squarefree support of a. We further open each Z; (s Po) in
(9-17) and manipulate them by further simplifying (9-4) and (9-7) under the assumption that » =1 (mod 3)
is squarefree (as is the case in (9-17)). For r squarefree and u € Z[w], Lemma 2.1 guarantees that
g(u,r) =0unless (u,r) =1. When (u, r) = 1 we note that (2-7) implies that

ﬁuw)=(ﬁ)§v»
r/s



1862 Alexander Dunn

Thus (9-4) becomes

wfmrt( : )An,{—l ()"41))

—1/2 FTA I — (Wv m43y—1 -3 o am—1
N(r) — g(r) 7 N 1) Kr,(3),0,0 (CF(A7V), Sru, A" 771
= 3 3 if 0v,r)=1,
0 otherwise

forallm € Z>¢ and v € 1 73Z[w]. Similarly, (9-7) becomes

Y () pams, (A2 H)

)\‘th — )\.2m+31) ~ —
N(r)_1/2<—) g(r)( > N7 K, (3),0,6 A2 H3F (A2 F30), W3Fu, 1)
= T/ T3 it Q23 ) = 1

0 otherwise

for all m € Z-o and v € A~2"37[w].

(9-18)

(9-19)

9.5. Preparations for the cubic large sieve. We substitute (9-19) and (9-18) into the expressions for
Z; f( -+, Pp) for p=1 (resp. p =2) in (9-17), insert a smooth dyadic partition of unity in the v variable,

open the transforms WK( -) with (8-56) and move the resulting contour integral to Re(s) = ¢, resolve

the r, A3v, A2 +3y variables into congruence classes modulo amax{dm—1}; 54 interchange the order of

summation/integration by absolute convergence (see (8-50) and (8-66)). Then (9-17) becomes

(- Ry =i (-, R+ (-, R)+ O(XKN ()| n’a),

where
JZyj’?(...,R)
X N A2mg
v L we ¥oemnn ¥ (BY)
N (xer+1ug) — N() 14 . 2\ J1 /3
n, k (mod A14) je@lw)/9Z[w)
O<m=min{5,e,+1} k=1 (mod 3) j1=1 (mod 3)

tlvg ! o
Po>>(XKN (v))~¢ (.0

NV S NS 1 G S, T ,O — _
X Kry@3),0,6 W23 ji jo, A3 jru, 1) - —/ (s, 77, 0) Wrk(l—5)X"*
(®

2mi Goo(1—5,77,0)
)\‘Zm+3v
<Y ( ) Qe k, S)\IJ,(s,R)( ))ds;
IKS<Py © ver 2m=37[w) reZlw] " 3
S dyadic )Lz””'}vzjz (mod 9¢) r=j; (mod 9t)
N@w)~S rt=k (mod A'%)

N(r)~R

(9-20)

(9-21)
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ng”(... , R
s Y w2 ()
' N()\‘EU+1U0) ¢,m,t N()\'m_lt) i m—1 2 jl 3
,m, Je@[w]/N" 1 Z[w])
6<m=<e,+1 j1=1 (mod 3)
tvo (r.n=1

Po>(XKN (v))~*¢

- . e — 1 G (Sv Tf’ 0) = _ _
K , A 1:-—/ ad Wi(l—s)X SNO"H
X Kr,3),0,0 (C j1J2, ¢ j1u ) 271 )iy Gl =5.7,,0) k(1—5) ( )

x > < > > Q:}’(s,S)lIJ,(s,R)<)i—v>)ds, (9-22)
3

1S« Py ver 3 Z[w] rello]
Sdyadic  33,= j, (mod A™~17) r=j1 (mod A"~ 1)
N@w)~S§ N(r)~R
— N(r 2(a)a
W Ry = N NP U (S Y 0-23)
R N(a)
a=0 (mod r)
_ N(@)
/ m o s I .
Q,(s, A", k, §) :==N(v) U(_S )pfww(,)M,c(m’l;k)(V),

1" —s N(®)
Q,(5,8):=N(v) U(T)pf(v).

Observe that the weights W, (s, R) in (9-23) are supported on squarefree r (see (2-11)).

9.6. Application of the cubic large sieve and conclusion. Consider the bilinear form in v and r and in
the last display of (9-21). Using Corollary 4.2 (the cubic large sieve) we obtain

A2m+31}
> D Qs Ak )W, R)( )
r 3

ver~ " 37[w] reZlol
A2m+3UEj2 (mod 9[) r=ji (mod 912)
N@w)~S rt=k (mod A'")
N(r)~R

1/2 172
<<<RS>*>“S‘/6<S”2+R‘/2)< > |sz;<s,x'",k,5)|2) ( > uzmws,mﬁ) . (9-24)
reZlw]

vek‘zm_3l[w] r=1 (mod 3)

where we dropped some of the congruence conditions in the L?-norms by positivity. Lemma 2.7 gives

Z |QL(S’ AI?l’ k, S)|2 < S1+8 (9_25)

UG)\,_2"1_3Z[(1)]
for each 0 <m < min{5, e, + 1} and S > 1. Using (2-11) and (2-12) we compute

A (r) N(r) 1 (a)a
Y RO RP= Y U( R> y L

N(r)1—4 Re(s)
reZ|w] reZ|w] ael|w]
r=1 (mod 3) r=1 (mod 3) a=0 (mod r)

2 2
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“14e Mz(a)aa
<R > N

2

reZlw] ael|w]
r=1 (mod 3) a=0 (mod r)
N@r)~R

CATIRT T pPwn)lew P < (ARAT'R|plallz, (9-26)

u,reZlw]
u,r=1 (mod 3)

where the penultimate display follows from the Cauchy—Schwarz inequality, a change of variables, and
the last display follows from (2-14). Substituting (9-25) and (9-26) into (9-24), and summing both sides
of the result inequality over dyadic values of S yields we obtain (for each 0 <m < min{5, e, + 1})

. ” AZrn—i-?:v
> > > Qv(s,x,k,S)lD,(s,R)( - )3

ISPy ver2m=37[w] reZlw]
S dyadic 22m+3p=1, (mod 9¢) r=j; (mod 9t)
N@W)~S rt=k (mod A'%)

N(r)~R

& (XKN@)E (K*PN@)PRYB A2 X5 L KSBN @Y PRI A2 X231l (9-27)

where (9-16) was used to obtain the last display. We insert the bound (9-27) into (9-21), and then
use (8-50), (8-66), and Lemma 3.1 to obtain

(-, R) K (XKN () (KN (0)/ORYP A2 X V0L KSPN (0)~VORVOATI2X ) | nPex . (9-28)

An analogous computation shows that MJ’/ (---, R) satisfies the same bound as that in (9-28). After
substituting these bounds into (9-20), we then substitute the result into (9-14) to obtain

() < (XKN @) (KN @)XV + KN @) T0AX) ) el
< (XKN @) K"*PN@)°(aX)" P | n’ell, (9-29)

where the last inequality follows since A < X. The result follows. (I

10. Type-II estimates via average (homogenous) convolution

Recall the notation from Section 1, in particular (1-14). The first result in this section bounds the Type-II
sum in terms of a homogeneous average convolution problem.

Lemma 10.1. Let the notation be as above and X =< AB. Then

1/2
1By (o, B. X, v, u: Wi)| < [IBll2- (Z WA (an)aa 12 (2@, 2 (@, X, v, u; WK)) ,
a

where

-3 -3
Zr@ Xovu; Wg)i= Y pf(k_3a1b)pf(k_3a2b)WK(N()\Xalb))WK(N(Axazb)>. (10-1)

beZ|w]
arb=u (mod v)
arb=u (mod v)
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2)1 /2

The result follows from expanding the square modulus in the above expression and interchanging the

Proof. We apply the Cauchy—Schwarz inequality to the b-sum in (1-14) to obtain

NG 3ab
|%f<--->|s||ﬂ||z-( 3 M)

X
beZ[w]

> M(a)aapf(x?’ab)WK(

acZ|w]
ab=u (mod v)

order of summation. O

Proposition 10.2. Let the notation be as above and X < AB. Then

D (@) da 1 (@), Ly (a, X, v, u; W) Lo, p (XKN ) K'N@)¥(AB + A*B'?)|| |3,

a

Remark 10.3. It will be helpful to remember the normalisation in (8-12) throughout the proof. We also
use the same notation and convention as Remark 9.1.

Proof. We begin by separating oscillations using the circle method.

10.1. Application of the circle method. Rewriting (10-1) we obtain

—_— N(U]) N(Uz) )»31)2 )\.31)1
Zr(a,...)= - %4 %4 3Q(w — . (102
r(a,...) Y prpsm) K( < ) K( < )@<>< ) 0D
ve(L73Z[w))?
Vi:a3v;=0 (mod a;)
Vi:A3v;=u (mod A% vp)
After noting Remark 5.3 we choose C > 0 such that

C*:= X/A < B. (10-3)

We use Theorem 5.2 and Remark 5.1 to obtain

A3v2 A3v1
o\Te e

3 3 14 3 _ 13
_ % Z Z N()\ZC)I&)LZC()LGUZ _ A Vl)h<N()\ C), N()\. Uz/az A vl/a1)> (10_4)
2

a C? c*
l<t<logC  ceZlw] 1
c=1 (mod 3)

for any v € (A~3Z[w])? such that A3v; = 0 (mod a;) for i = 1, 2, and where ;.. denotes the principal
character modulo Afc. Let £y := max{¢, e,}. We substitute (10-4) into (10-2), interchange the order of
summation, and resolve A3v; into congruence classes (mod Ag;vpc) for i =1, 2. We obtain

ke ~ (2 N
Y. o= ¥ ¥ > vl (2-L
I<tklogC ceZlw] jel_[?:l Z[w]/k‘oa;vocZ[w]

=1 (mod 3) Vi:ji=u (mod A vg)

- V V
x > pf<v1)pf(vz>HK,cz/WC)(\/—17 7%) (10-5)
ve(A37Z[w])?
Vi3 vi=j; (mod )LZOa,- voC)
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where Hy c2/naee(2) = Hg c2/noie) (25 @, e, X, C) is given by
N(A\fo) XIAzi/a) —Mz/anl?
cz c4 '
We now justify the subscripts for the function Hg ¢2/y¢¢)(2) (see (8-47)). Recall that C*:=X/A < B,
N(a;) < A, and |z;| < 1 fori =1, 2. Thus

(10-6)

Hy o2 oo (2) = WK<|zl|2)WK<|zZ|2>h(

X[23z1 /a1 — Mo/ /C* < 1 (10-7)
Observe that (10-7) and (5-4) imply that
5 <N()»€C) X|A3z1/ay — )»3z2/02|2>

o o #£0 onlyif N(A) « C%. (10-8)

The chain rule, (1-6) (with M = 1), (5-3), Corollary 5.6, (10-8) and the fact that K > 1 together imply
that for any i = (i1, i12, i21,i22) € (220)4 we have
2

X Ki11+i12+i21+i22. (10-9)
N(Alc)

8i HK’CZ/N()\.[C) (Z) <

10.2. Double application of Voronoi summation. We use (double)-Voronoi summation (Proposition 8.22).
By abuse of notation we denote (X, X) by X. We obtain

V1 V2
Z pr(w)ps(v2)Hg c2/N(x€c)<f f)
ve(A3Z[w])?
Vi:a3 vi=Jj; (mod Aoa;vpc)

X2
 No+yye)2N (a1an)
4
x Z Z Z (=D Z Dy (X, N"r, j,n; Hy c2yngieey),  (10-10)
keZ[w]/A M Z[w))? . ™7 nez? p=1
Vii=1 (mod3) VIOSmi=t0+]

Vi:r;=k; (mod %)
where the 2,7 (- - -) are given by (8-73)—(8-76). We substitute (10-10) into (10-5) to obtain

4
L(a,..) =Y Mpy,...), (10-11)
p=1
where
kc NG5 1 i
Myra,...)=——— Ve
pf C4 N(alaz)N(vo)2 1<(§1€) c ; N()LKOH)Z N(c) . Z e @ a
gC  cello] Jelliz ZIwl /2 0a;v0cZ(w]
c=l (mod 3) Vi:ji=0 (mod a;)
Vi:ji=u (mod A% vp)
x Y > D DG (XA, jons Hy coyngie). (10-12)
ke(Zlw]/A*Z[w])? . ™T nez?
g’i:kiil/ (modag) vi .‘:’)i%r’?&z,-sveoojl

Vi:ri=k; (mod A1%)
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We now make a sequence of manipulations to .#(a, ...) in (10-12). First we make a change of
variable j; — a; j; fori =1, 2 (the new j; variables run (mod 1%voc)). We then uniquely factorise each
¢ € Z|lw] withc =1 (mod 3) as c =t¢4'q

! 1

, where , ¢’, q” € Z[w] satisfy
t,q,q" =1 (mod3), t]|rad(vg)™, ¢’ |rad(aja)®, and (q”,ajazvp) =1. (10-13)

Note this factorisation exists and is unique since (vg, aja;) = 1. We also uniquely factorise each r; | a;vgc
with r; = k; (mod A'") asr; =1 rir/', where t;, r], r/" satisfy

4

torl e =1 (mod3), 4 |vot, rllaiq’, rl'lq’. and girlrl =k fori=1,2. (10-14)

We use the Chinese remainder theorem on the new j; variables (with the pairwise coprime moduli
rovot, ¢’, and ¢”) and i = 1, 2 to write
J=q'q"qq"J + 1 ovotq" Movgrq” J' + A ovotq Movotq' J”, (10-15)
J; =a;u (mod A®vg) fori=1,2,

where a;, ¢'q”, Movgtq”, Movytq’ € Z[w] are such that ¢;a; =1 (mod A% vy), ¢’q"q'q” =1 (mod A%v1),

Movgtg'Aovotg’ =1 (mod g”), and Abovgtg”Aovotg” =1 (mod g’). Without loss of generality we may
assume that e, > 14. We further make the change of variable

J = A%voJ + (Y1u, You) (10-16)

in (10-15), where Y; € Z[w] is such that ¥; = a; (mod A vg). Observe that the new Ji, J> variables run
(mod Af~¢ ). We also use the multiplicativity of Ramanujan sums I&AZC( )= &Aet( . )1}6]/( . )ﬁqw( -), and
interchange the order of summation by absolute convergence. The net result is

///pf(a, . )

ke X yn oy NG

4 2 Lo+1)\2 !l

C* N(ajaz) N (vo) | <itog C 1’ e1o] Nt )2 N(tq'q”)
(10-13)

x > D D DS, (a, A g g A" ey s Hy coyngrgn)s (10-17)

ke(Zlw)/\*Z[0)? mtr'r"  neZ?
Vitk;=1 (mod3) Vi: O<m,1<4§0+1
where

—\7
r

=\ 2
r _—
Sip(-ee) = 6me[0,min{5,60+1}]2N()‘m1)N()‘-mz)(Z) <E> w(my; 1, kpw(ma, 1, k)

—ny ; — \—Mm2
V1 V2
<2 pf®mu,c<ml,1;kl>("1)Pf®mu,c<mz,1;k2>(”2)(m) (@)

viEA" 237 [w]
ver"2m 37 w)

N(vy) N(v2)
N(y r’ré/)z/X N(t2r2r2)2/X
x G (a, v, \tq'q", A" tr'r"); (10-18)

X HK,CZ/N()thq’q”) <
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oy
i
Sof(e-0) = 5me[0,min{5,20+1}]><[6,€0+1]N()\m1)N()\4)(Z) w(my; 1, ky)

—ny — \—Nn2
—( V1 V2
<2 Pf®mu,c<ml,1;kl><"1)Pf("2)(m) <—)

%
ver"2m37[w) | 2|

v er3Z[w]
H N(vy) N(v2)
RN\ N Gl 2 X NG A2 X
x Gr(a, v, \tq'q", A" tr'r"), (10-19)

—
ry _
S3p(---) = 3me[6,eo+1]x[o,min{5,150+1}]N(?»4)N(?»m2)<E> w(ma; 1, k)

—ny ; — \—N2
V1 Vv
x ) pfo”)pf®J;;?3;udmL1Wﬁ(v2)(ﬂaT) ("‘")

= [v2]
VIEATZ[w]
vweErTm 37 w]

I:i N(vy) N(1n)
*EKCNGI OO N G D2 X N2 X
x G(a, v, \'tq'q", N"tr'r"), (10-20)

Sar(-+) = Smerotorip - NA®)

x> pf(”l)pf(vz)<i> (E>

~ [vil [v2]
Vi, ner""Z[w]

5 H ; ) N(vp) N(v2) n
K,C*/N(\*tq'q") N(kml*“tlr{r;)z/x’ N(Am2*4t2r§r§’)2/X’
x Cula, v, \tq’'q", A" tr'r"), (10-21)
G() = > Vot W0 (Ja = 1)+ u(Yy = Y)Wy (J3 = I g (33 — J)
Je(Z[w]/1t0~ev 1 Z[w])?
J eZ[w]/q'7[w))?
J"eZlw)/q"ZIw))?
XYy () mieg, A2ty MWy (somtig, (B2 ), (10-22)
-1 —4 np
§y AT
)= Z(z_lT)
& & A 2
x > e Erv0(J2 — J1) + u(Ya = YD) g (J3 — I g (J3 — J])

JeZ[w]/Ao~v1Z[w])?
J eZlw]/q'Z[w))*
J'eZ[0]/q"Z[w))*

X w;r/ //( . ))L2m1+1a1j1 ()\.2m1+4vl)wfm2t2réré/( N ))‘-42j2,§2_1 (}\4\)2), (10-23)

11
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-1 —4 —ni
g A™MTr
G() = Z<1—1—4)
& gy AT
X > Dot 0 v0( T — 1) + u(Ya = YD) (J5 — I (J3 = J7))
Je@lw]/1 07 1Z]w])?

J ew]/q'Z[w))*
J'eZ[0]/q"Z[w))*

XVt i VDV (iimasigy jy (27244 02), (10-24)
{1_1)»””_4” —n {2_1}»’"2_4r2 ny
Ga(--) = - @ B
4( ) ;({1_1)»””_47‘1 {2_1)»’”2_4}‘2
X > Ve O 00( T — 1)+ u(Ya = YO (J5 — I g (J = I}

JeZ[w]/r 0=t Z[w])?
J'elw]/q'Z[o])?
J'eZl0)/q"Z[w))*

# 4 # 4
X wkml tlriri/( : ))»dljl,il_l (A vl)wk”’thréré/( : )Aazjz,é'z_] (A U2)7 (10'25)

and j is given by (10-15) with subsequent change of variable (10-16).

Remark 10.4. Recalling (10-11) and recalling the averaging over a we have

4

> a1 @)@ Ly (a, . ) =YY pra)de 1 (@)@ Ay (a, . ). (10-26)
a p:l a

The following arguments focus on the case p =4 on the right side of (10-26). The cases p =1, 2, 3 will

follow mutatis mutandis, and will be omitted for the sake of brevity.

10.3. Evaluation and bounds for arithmetic exponential sums. We first compute and bound %4(- - -)
in (10-25).

A computation using Lemma 8.19, (8-63), (10-15), the Chinese remainder theorem (with pairwise
coprime moduli ;A" ~4;, r/ and r/’ for i = 1, 2), cubic reciprocity, and Lemma 3.4 yields

P PN T s 3
é‘l)‘ml_zm . §2)\m2_4r2 "2 N/ /
Gl = Gai(a, v, A'tg'q", EA™tr'r"), 10-27
) ;(4“1)»"1'_4?1 A2y, E 4@ v, 21q°q7, EATHr ) ( )
where
1 . .
Ga(--+):= N (Wmi+34) N (Am2+31,) § : Ui (A vo(Jo — J1) +u(Ya — Y1)

JeZ[w)/r 0~ 1Z[w])?

X Kr,3).0.0 (|7 A3v1), 7]r] (@12 ooy 4+ Aar Yiu), &A™ y)

X K1, (3y.0.0 (rr (Bv), 1ry (aaretlvg Ja + rax Yau), Lam=11),  (10-28)



1870 Alexander Dunn

1 n
Ga(-+) = Yoo Y-

N(@'r]
(rir) J ew]/q'Zw])?

X Kt,3).0.6 QM) O3v1), coam =17 (hay J)), 1)

X Kr,3),0,6 (02A™ " 1ory (W302), (oA~ orl (Max J5), 1)), (10-29)

1 o
Guys(--) = NG — 7 Z Fgr(J = I
J'elw)/q"Zw])?

X Kr,(3).0.6 (CAM =17l (WP v1), coam =L r (ay J)), ry)

X Kr,3),0,6 (A7 105 (A302), LA™~ or) (Mar J3), 15). (10-30)

We now evaluate and bound each (10-28)—(10-30).

10.3.1. Treatment of (10-29). We open the normalised Ramanujan sums and the cubic Kloosterman
sums in (10-29), use orthogonality in J', and then reassemble the result to obtain

Gp(---)

1 {,-)»’"i—lt,-r.” Ci)\mi_ltir.”
_N(Q)<l_[8(a,q/r q)= lN( )( ri : 5 ré : ;

i=1

X 0\ oA e B x A=l 33 v x
" Z (_/1) (_/2) e(é“z 2/2 X1 & 1/1 2 2). (10-31)
3 3 r r

, / r ) 2
xe(Z[w]/riZ[w]) x (Z[w]/r}Z[w])
oA e (avg /1)) x=
arm = (axq' /r))x1 (mod ')

The delta conditions in (10-31) are nonzero only if ¢" | r/ for i = 1, 2. We make the change of variables
r'— g's" where s/ | a; fori =1, 2. We detect the congruence with additive characters and reassemble to get

2 i— i—lg .1

1 1 g AMi Lyl YN P

Ggp(--) = | | Sca /s a)— : !
42( ) N(q') (iZI (ai/s;,q")=1 N(sl{)l/z ( q/si 3 C]/Sé 3

x> FnAvtkzr, q'sDE (32 v + k22, q'sh).

k (mod gq’)
where
yi=0r""ory, =M ] (aa/sh)s], (10-32)
Y2 = C]Aml—lnri/, = A" ltzr (al/sl)sz (10-33)

We then factorise ¢'s; = q'(s], q") - (s//(s}, q")). Since a; is squarefree and s/ | a; for i = 1, 2, the pair
of moduli ¢’(s/, ¢’) and s7/(s/, ¢") are coprime. Thus (2-8), Lemma 2.1, and (2-7) imply that
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N AN
Gp(-)=—— S(ai/s}a)=1"0G3v.s1/(s).q4))=1 l |
N 1 i/8i:4 isSi/51,47))= N(s;)l/z q/Si 3 q/sé 3

- / /’ / ﬁ )Lmzfl //)\‘3
Xg(si/(si,q/))g(sé/(sé’q/))< q (S1 q") ) (q (s2 q’) ) ({2 tor} Vl)
3 3 ;

51/(s1.4") )3\ s5/(s5.q") s1/(s1,4")
<{2)\m2—1 t27‘£’)»31)2>
X

55/ (53, 9")

Y gnAdvitkzr.q'(s]. )8 (122 vatkza. ¢ (sh.q).  (10-34)
3 k (mod ¢")

Observe that Lemma 2.2 applied to the last two Gauss sums in the previous display imply that
Ga(v, A'tq'q", ¢A™tq's'r") # 0 only if 23v; =0 (mod (s, ¢")) fori = 1, 2. Thus
2

1
Gop(---)= Wq,)(izl S(ai/sar=1"8G3v:.5/(s/.q")=1 " Br31i=0 (mod (s],4"))

ami—14..77 ami—1g 1
q'(s1.q") q'(s5.q") oA e A3y oAM= A3,
) <s1/<s;,q/))3<s§/<sg,q/) 3< s1/G) ) >3< 53/ ') >3
x Y gnAvi+kar, /(s ¢ NE(aA v + k22, (53, 4)). (10-35)
k (mod q")

Using Lemma 2.3 (noting the normalisation in (2-12)) gives

D 1B v +kzr, (51, gD 13 0aA v + k22, ¢ (55, 4)))
k (mod ¢q’)

2
= < l_[ 833,20 (mod (s/.q") * N (s}, q/))l/z)

i=1
Ay 21 12 PR 2 12
X N »n +k .q N » +k .q
k%qq (< (s1.4") (519" (s, q") (55,9

2
K N(gH'™* (H 8235,=0 (mod (s].q") * N (57, q/»‘”), (10-36)
i=1

where the last display follows from using Cauchy—Schwarz in k and then a change of variable to k (mod g”)
in each resulting braket (the change of variable is valid since (z1/(s{, ¢"), q") = (z2/(s5.4"),q") = 1).
We use the triangle inequality in (10-34), substitute (10-36), and then change variables back s — (1/g")r’
to obtain

|Gaa(--+)]
2

N1+
< N(g)™ (1_[ S(aig' /r.a"=1"8G3v,(r} /") /(1 1", )=10330,=0 (mod (+]/q",q"))

i=1

N(ri/q' a'"?
N(ri/)l/z

). (10-37)
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10.3.2. Treatment of (10-30). We open the normalised Ramanujan sums and the cubic Kloosterman
sums in (10-30), use orthogonality in the J{’, J;' variables, and by a similar argument to the above we
reassemble the result to obtain

Gas(---)
2 ai axm=lr a oAm=lnrl\ - 3 3
= 1_[ 87’,-”261” \ = T - - 5 qu”(Pl)‘-‘ V1 — PZ)\' VZ)’ (10'38)
i1 q" /3 q 3\4" /3 q 3
where
P = (A" 'r)?a; and Py = (AT ) as. (10-39)
We have the bound
2
|G43()| < (Hsr;/: //) -|‘(/}q//(P1)\.3U] —P2A3v2)|. (10—40)

i=1

10.3.3. Treatment of (10-28). Recall that £( := max{¢, e,}. We open the normalised Ramanujan sums
and the cubic Kloosterman sums in (10-28), use orthogonality in the Ji, J> variables, and then reassemble
the result to obtain

Gy (--+)
5 -
N(Afo~evr)? 1 L[ ku(Y, —Yy) aAm=ly A=l
= N()\,Zt) l_[ N()\,mi+3l") Z € At Z X1 X2
i=1 "7k (mod A1) x€B) (k) x B (k) 3 3
(k,1tn=1

V(r{r{/()ﬁle_l + ra1Yiuxy) réré/()ﬁvzx_z + daxYouxs)
X € —

,  (10-41
ciam=ly oAy ) ( )

where for i = 1, 2 we have

%; (k) := {x; (mod A" *14;) 1 (x;, At;) =1, x; =1 (mod 3),

rir! a0 (vt /1)x; = kA v (mod AT} (10-42)
For a given k € Z[w] with (k, A’t) = 1, any solution y; (mod A%~¢¢) to the congruence

rirl a2 (ot /1) yi = ka9 bvg (mod A90¢r) (10-43)

corresponds to N (A™a&{0.mi+1=toteshy N (1, /(¢, 1;)) distinct solutions x; (mod A”+1s;). The congruence
in (10-43) has a solution y; (mod A%~¢¢) if and only if

(rlrl a0~ 2 (vot /1), K070 r) | kAP, (10-44)
Since 7 | rad(v9)™, t; | vot, (r/r]'¢ia;, Avg) = (A, vo) = 1, we have

(rr{ Giaia 072 (vt /1), 25070 p) = AR 0T (yor /1), 1) = Ao ey (g 1) /17 (10-45)
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for i = 1,2. Observe that (10-45) and the fact (k, A‘/) = 1 (recall that £ > 1) imply that (10-44) is
equivalent to the two conditions

t|[vg, ;] and min{ly—m; +2, 0y —ey,} <Ly—1 (10-46)
for i =1, 2. Under the restriction 0 < m; < £y + 1, the conditions in (10-46) are equivalent to

t|[vo, ;] and 1<{f<e,=4¥ (10-47)
fori =1, 2. Thus (10-41) becomes

2
N(1)? 1
Gai(-) =61<tze, oy ” (1_[ Stlvo.i1 - —)
i=l1

N(Alt) N (Ami+3t;)
Sku(Yo =Y am—ly ama—lg
o Z p (Y —Y1) Z el 1 o) 2
At ) ) X1 3 X2 3
k (mod Atr) xe B (k) x P (k)
(k,Atn=1

é<r{_;'{/(k3v1)ﬁ +rarYiuxy)  rhrl (Wi + Aa Yauxy)

. (10-48
siam—ly HAm =1t ) ( .

Furthermore, under the conditions in (10-47) and 0 <m; <e,+ 1 fori =1, 2, (10-45) and the sentence
containing (10-43) imply that for each k € Z[w] with (k, Af) =1 we have

2
|21 (k) x HBr(k)| < (l_[ 8t|[v0,t;]N()¥mi+l)N<%)>- (10-49)
i=1 ot

Using (10-49), we bound (10-48) trivially by

2 2
(vo, 1;)
|Ga1(-+ )| < S1<t<e, (l_[ 8llvo.4] ( "y t; )) < 8i1<t<e, -N(vo)6(l_[ 8t|[UO,,,]). (10-50)
e i=1

10.4. Further technical manipulations and insertion of smooth dyadic partitions of unity. We sub-
stitute (10-21) into (10-17) to obtain

N8k X2 N (15 1
.///4f(d, .. ) = C4 N(dlaz)N(U0)2 Z Z N()L€0+1)2 N(tq’q”)
1<tklogC tq'q" eZ[w)
(10-13) S — emy
—f V] V2
X Z Z Z(—l)"]Jr"2 Z Pf(W)Pf(W)(m) (m)
keZlw)/2*Z[w))* ~mtrr’  ner ve( 7 Zlw))’ : ?
Viki=1 (mod3) Vi: 6(<m11<4§o+1

N(v) N (1) i
NA™M=4trir)2 /X N =3nrr)? /X’
x Cula, v, \tq'q", A"tr'r"),  (10-51)

X HK’CZ/N()Lelq/qN) (

where €4(---) is given by (10-25) (and (10-27)). Note that the summands .#4 (- - -) do not depend on
the congruence classes k; (mod A1) (unlike the other Mpy(---) for p=1,2,3). Thus the sum over k
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in (10-51), and the last condition in (10-14) can be dropped. Equality (10-27) and the delta conditions
in (10-31) (resp. (10-38)) imply that we can make the change of variable r’ — ¢'s’ where s; | a; and
(ai/s!,q") =1 (resp. r" — q" where ¢ = (q”, ¢”)) in (10-51). The delta conditions in (10-48) tells us
that 1 <€ <e, and 7 | [vg, #;]. Thus the multiple summation Zm’t’”” in (10-51) subject to 6 <m; <£g+1
fori = 1,2 and (10-14), can be written as ) , subjectto 6 <m; <e,+1fori =1, 2, and

m,t,s
ti|vot, tllvo, 51, silai, (ai/si,q’)=1 fori=1,2. (10-52)

We further note that the delta conditions in (10-35) imply that v sum in (10-51) is supported on the

conditions
/

A*v; =0 (mod (5], ¢")) and (x%i, ——
$i-q")

> =1 fori=1,2. (10-53)

We then insert a smooth partition of unity in the variables ¢, ¢/, and ¢” in (10-51). Thus

Mys(a,...)= > Mys(a, ..., NOHTQ' Q", (10-54)
1<t<e,
1/2<T,Q’,Q"dyadic
NOHTQ' Q"«C?
where

Mayp(a, ..., NOHTQ' Q")

_NOHke  XINQH 3 Ly (N(r)) U (N(q/)) U <N<q”))
C* N(@a)NGe+)? N@q'q" \ T 0’ Q"

q/q//ez[w]
(10-13)
—ny —_ —np
—( V1 1%
x Z 2:(—1)'”“2 Z pf(vl)pf(vz)(m) (_Ivl)
m,t,s' neZ? ve(A 3 Z[w])? : ?
6521116%%+1 (10-53)

N(vp) N(v2) n
N =4151q'g"2/ X" N =ns5q'q")2/ X

x €i(a, v, \'tq'q", A"tq's'q"). (10-55)

X HK,CZ/N()L['Iq’q”) (

The restriction
NGHTQ'Q" < C? (10-56)
in (10-54) follows from (10-8).

Using (10-9), (8-71) (with M — C2/(N(AYTQ'Q"), D;; = Dj» > 0 large and fixed, and Dty =
D@12 = € small and fixed), Lemma 2.8, (10-37), (10-40), and (10-50), we truncate the v;-sum
in (10-55) by

N() < (XKN@)) K® - (NW"1s) Q' Q") X! =: &, (10-57)

with negligible error O ((XKN (v))~2°%). Without loss of generality we can restrict our attention to
the case E; 3> (XKN (v))~%, otherwise #4r(a, ..., N(X)TQ' Q") is a negligible O ((XKN (v))~20%).
Observe that (8-71) with D1y = Dy = D> = Dy = ¢ > 0 small and fixed, (10-3), (10-56), and (10-57)
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imply that

N(vy) N(v2) )

HK CZ/NO‘“(/CIN)<N()\’”1 4t1S q q//)z/X ]V()\m2 4t2S q q”)Z/X n
2 2
XKN (v))* - ——— - |4+ D7 (10-58
KXKN@) - g E(m +1) (10-58)
We apply the triangle inequality in (10-55), and then use (10-57), (10-27), (10-37), (10-40), (10-50),
and (10-58) to obtain

Mypa, ..., NOHTQ' Q")
<K (XKN (v))* - (

XN (vg)? )2

CATQ' Q"N (Aevtl)
2 1/2
N((s},q"))
x oy > 1] NGO Y lerDllpsm)
1q'€Z[w] Emts' i=l ve(A3Z[w])?
N(t)~T,N(g")~Q' 6<m;=<e,+1 Vi:N(vi)<KEj
t|rad(v)® (10-52) (10-53)

q'Irad(ara)®

x> [ (PP — PP vp) |+ O((XKN () 72%),  (10-59)

q"€Z[w]
¢"=1 (mod 3)
N(g")~Q"
(q",a1azv9)=1
where

P = (Ezkmrltzq’sé)zal and P, := (;‘ﬂml*lth’s{)zaz. (10-60)
We drop the condition (¢”, ajazvg) = 1 in (10-59) by positivity, and use Lemma 8.5 to obtain

D W (P v = Padv)| K 8ppssumpyity - Q7 4 8pisn pyiin, - (XKN @), (10-61)

q"eZ[w]
q"=1 (mod 3)
Ng")~Q"

We substitute the bound (10-61) into (10-59), and obtain
Map(a, ..., NOHTQ'Q") L Mif(a,...,NOHTQ' Q")+ &f(a, ..., NGHTQ'Q"),  (10-62)

where the terms on the right correspond to the diagonal and off-diagonal respectively. Using (10-54)
and (10-62) it suffices to estimate

Yo D hales @)oY, ... NAHTQ'Q"), (10-63)
1<t<e,
1/2<T,Q’,Q"dyadic
N(}\Z)TQ/Q”<<C2

S D drales ikt @)lag |y, ... . NOHTQ' Q") (10-64)
1<f<ey,

1/2<T,Q’, Qe”dyadlc

NAHTQ 0"« C?

with C given by (10-3).
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10.5. Off-diagonal: (10-64). We drop the condition P1A%v; # P>A%v, and (A3v;, s//(s), ¢')) = 1 for
i =1, 2 (see (10-53)) by positivity, and then use the Cauchy—Schwarz inequality, o ¢ (0) =0, and Lemma 2.7

to obtain
1/2 1/2 ~1+e
2 S
Z lor(vp)] < ( Z 1) ( Z lor (i)l ) < W (10-65)
viEAT3Z[w] 051, €137 [w] v EATZ[w] !
N)<KE; N)<KE; N)<KE;
23v;=0 (mod (s.9")) A31;=0 (mod (s7,9")
fori =1, 2.
We use (10-65), (10-52), and Lemma 2.6 to conclude that
&r(a,....,NOHTQ' Q") < (XKN () K'°N(v0)*N(A)* AC™(TQ'Q")*. (10-66)

Substituting (10-66) into (10-64) and using Cauchy—Schwarz we see that (10-64) is
< (XKN ())°K'"°N (v)* A*B'? | et |3
L (XKN ) KN ) A3BY? | e ). (10-67)

10.6. Diagonal: (10-63). Consulting (10-53) we make the change of variable

/
A3 = (sl q)23u; suchthat 0% € 2 3Z[w] and ((s;, N3, /S—/)) —1  (10-68)
si,q
for i =1, 2. Since a; is squarefree and s; | a;, the coprimality condition in (10-68) is equivalent to
s/
(ﬁu,-, ,—) =1 (10-69)
5:4")
for i =1, 2. The diagonal equation P23y, = PaA%y, with P; and P> given in (10-60) is equivalent to
/ /
(G 1) 23 = a2 2By, (10-70)
(Sz’ q) 51 (s, q") SH

where 0 # A3pu; satisfies (10-69) for i = 1,2. The hypothesis that the a; are squarefree for i = 1,2

guarantees that
s s)
S gm T = (2 a1y 2 ) = (10-71)
(slvq) s] (SQ,Q) S2

Using (10-69) and (10-71) we conclude from (10-70) that

/ /

~ S 2
= = L), 10-72
Y=L Gy @) (10-72)
and thus (10-70) is equivalent to
e ap _ a
(LA™ 1z2>2s—,x3m=<;1x'"' 1t1)2S—,k3uz, (10-73)
1 2

where 0 # A3, satisfies (10-69) fori =1, 2.
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We use (10-68)—(10-73) to rewrite (10-63), set g; := (s;, ¢’) and release using Mobius inversion, and
then interchange the order of summation. We obtain

> uran) ey |1 (@)lag | M@, ..., NOHTQ'Q")

2 2
:(XKN(U))8-< XN (v0) )1

CATQ'N(et1y ) Q"
p(hi)p(hs)
X Z Z m#z(hldlé’lrl) |ty g1 |17 (h2d28272) |0y |
¢.m,t hd,g,r 1617282
Vi:6<m;<e,+1 Vi:h;.d;,g;,ri=1 (mod3)
Vi:t;|rad(vg)®>® hidi=had>
x> prnl-lps ()] > 1, (10-74)
ve(A3Z[w])? tq'€Z[w]
Vi:N(v) < E; N@®~T.N@@")~Q’
(10-76) [11,12]|vot
(10-77) tl([vo, 111, [vo,22])
[h1g1,h2g2]lq  Irad(h1d1g1hadrg2)™
where (see (10-57))
8, = (XKN () K3 - (N t;hidig) Q' Q") X1 for i =1,2, (10-75)
(AMvi, hid)) =1 and A%v; =0 (mod g;) for i =1,2, (10-76)
A A
(A" )2 S = (™ T )P =2 (10-77)
82

We dyadically partition all of the auxiliary variables, i.e.,

N(h;)~H;, N(d;))~D;, N(g)~G;, N(@)~R;, N(@)~T,
such that
H;D;G;R;, <A, HG; K Ql, and T; K N(wp)T fori=1,2. (10-78)

We estimate the sum over ¢ and ¢’ in (10-74) by (XKN (v))¢ using (2-14) and Lemma 2.6 respectively.
We then apply the bound |2 (@)ag| < ||p2a]|oo. We see that the entirety of (10-74) is

2 2
<<<X1<N(v>>8||u2oe||§o-< XN (vo) )1

CATQ'N(.ethy ) o7
1
X2 > :
/2
tm il Doonr, (H1D1H2D2)
Vi:6<m; <e,+1 dyadic
(10-78)

x Yy > > > o0l lpr()l. (10-79)

ve(A3Z[w])?

Vi:N (vj) <K E/
(10-76)
(10-77)

t R h.d g
Vi:N(i)~T; YENCO~R: pog Zpod, Vi:N(gi)~Gi
ti|rad(vp)*>® ri=l (mod 3) Vi:N(hj)~H; VYi:gi=1 (mod?3)

Vi:N(d;)~D;
Vi:h;,di=1 (mod 3)
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where (see (10-75))

[1]

= (XKN@)*K®- (NO")TiH; DiG; Q'Q")* X! (10-80)
fori =1, 2.
We apply Cauchy—Schwarz to the sum over g and v in (10-79), and then rearrange the order of sum-

mation to obtain

> > el 1oyl

8 ve(A3Z[w])?
VEN()~Gi | viiN (v) <8/
Vi:gi=1 (mod 3) (10-76) i
(10-77)
1/2
2
5( PIERIICHI > > 1) (10-81)
vierT3Z[w] N@g)~G1  N(g)~G2  ver37(w]
Nw)<KE] _gl\kam g2=1 (mod 3) N(»)<E)
03w, hdn)=1 g1=l (mod3) (W30, hadn) =1
231,=0 (mod g2)
(10-77)
12
2
(X woar XX X 1) . aoe
v er 3Z[w] N(g2)~G>  N(g)~Gi  vier3Z[w]
N(»n)<KE] le}\wz 1=l (mod3)  N(v)<E]
(Pvy,hady)=1 §2=1 (mod 3) (A3vi,hidi)=1
2301=0 (mod g1)
(10-77)

Consider the bracketed expression in (10-81). The conditions on the v,-sum imply that the v;-sum
is bounded by 1. We then estimate the sum over g trivially, and then apply the divisor bound (2-14) to
estimate the sum over g;. Thus the sum over g;, g1 and v; satisfies << X®G,. We use this bound, drop the
condition (A3vy, h1d;) = 1 by positivity, and then apply Lemma 2.7 to estimate the v;-sum. We obtain
that the entire bracketed expression in (10-81) satisfies <« X°G,E;. The analogous argument can be
applied to obtain a bound of <« X®G E; for the bracketed expression in (10-82). We deduce that

> Yo lerl-lor ()] € X(G2ED'A(G1ED)'. (10-83)
4 ve(L3Z[w))?
Vi:N@)~Gi N (1) o 27
Vitg/=I (mod) Vl'jzll((;)_’;:;“i
(10-77)

Substituting (10-83) into (10-79), bounding the remaining sums trivially (using Lemma 2.6 for the #;, f»
sums), and recalling that X =< AB we obtain

> @ lag|u*@)lag | Mg a, ..., NGHTQ' Q")

K (XKNO) el N @) XQ"CPATPT™> 3" (HiDIRiTIGY D2 R TGy

Vi:H;,D;,G;,R;,T;
dyadic
(10-78)

< (XKN())*K*N(v9)°ABC Q' Q" || w*et|3,. (10-84)
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Substituting (10-84) into (10-63) we see that (10-63) is

<K (XKN(v))°K*N (v0)° AB|| e, (10-85)

Combining (10-67) and (10-85), and then using N (vg) < N (v), yields the result after recalling (10-26)

and Remark 10.4. U

Proof of Theorem 1.5. This follows immediately from Lemma 10.1 and Proposition 10.2. (]
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