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On the minimal dimension of a faithful linear
representation of a finite group

Alexander Moreté

The representation dimension of a finite group G is the minimal dimension of a faithful complex linear
representation of G. We prove that the representation dimension of any finite group G is at most /|G|
except if G is a 2-group with elementary abelian center of order 8 and all irreducible characters of G
whose kernel does not contain Z(G) are fully ramified with respect to G/Z(G). We also obtain bounds
for the representation dimension of quotients of G in terms of the representation dimension of G, and
discuss the relation of this invariant with the essential dimension of G.

1. Introduction

Given a positive integer 7, the study of the (finite complex) linear groups of degree n has been a classical
theme of research in finite group theory. For instance, in 1878, C. Jordan proved that if G is a linear group
of degree n, then there exists A < G abelian such that |G : A| < j(n) for some integer valued function
j(m) (see [33] for a modern classification-free proof of this theorem and for a description of earlier
proofs.) After the classification of finite simple groups was completed, sharp bounds for the function j (n)
were found by M. Collins [11] in 2008, improving on an earlier unpublished manuscript by B. Weisfeiler.

Following [10], let rdim G be the minimal integer such that a finite group G embeds into GL(rdim G, C),
i.e., rdim G is the smallest integer n such that a finite group G is a linear group of degree n. This was
called the representation dimension in [10]. Clearly, rdim G < |G|. Surprisingly, this natural invariant
of a finite group has not been very studied from a group-theoretic point of view. Recently, it has been
proven to be very relevant in a large number of areas outside finite group representation theory. See
for instance the preface of [35] for its relevance in group cohomology theory, or [6; 17] for its role in
showing that certain Cayley graphs are expander graphs. All the nontrivial results we are aware of on
rdim G when G is not close to a simple group have been motivated by the so-called essential dimension
of a finite group ed(G). This concept was introduced in 1997 by J. Buhler and Z. Reichstein in [7] with

The author’s research is supported by Ministerio de Ciencia e Innovacién (Grants PID2019-103854GB-100 and PID2022-
137612NB-100 funded by MCIN/AEI/10.13039/501100011033 and “ERDF A way of making Europe”) and Generalitat
Valenciana (AIC0O/2020/298 and CIAIC0O/2021/163). I thank D. Holt, Z. Reichstein and G. Robinson for helpful comments;
in particular, Z. Reichstein asked the question that led to Theorem D. I am also indebted to D. Rae for pointing out an earlier
mistake. Last, but not least, I thank the referee for a careful reading of this paper, many helpful suggestions and pointing out an
omitted case.

MSC2020: primary 20C15; secondary 14E07, 12F10.

Keywords: representation dimension, essential dimension, faithful representation.

© 2026 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2026.20-2
https://doi.org/10.2140/ant.2026.20.219
http://www.ams.org/mathscinet/search/mscdoc.html?code=20C15
http://www.ams.org/mathscinet/search/mscdoc.html?code=14E07, 12F10
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

220 Alexander Moret6

motivations from algebraic geometry. Since then it has found applications in a large number of areas (see
[28; 29]). It is known that ed(G) < rdim G (see Proposition 4.15 of [3]). Both ed(G) and rdim G depend
on the field over which we are considering the representations of G and are of interest over arbitrary
fields. For simplicity, in this note we will restrict ourselves to the field of complex numbers, although our
arguments work over any field with sufficiently many roots of unity. A major result was the proof by
N. Karpenko and A. Merkurjev [23] that ed(G) = rdim G when G is a p-group. This has motivated the
study of rdim G for several families of p-groups. See [30; 10; 1; 2].

In this paper, prompted by a question raised on the Math Overflow web site, we study the problem
of finding sharp bounds for rdim G in terms of |G|. More precisely, the question asked was whether
rdim G < /|G]. As pointed out by D. Holt, C; x C, x C5 is a counterexample. Our first main result shows
that all counterexamples are closely related to Holt’s example. In the following statement, Soc(G) is the
socle of G and Irr(G|Z(G)) is the set of irreducible characters of G that lie over a nonprincipal linear
character of the center of G. Recall that if N is a normal subgroup of a finite group G and x € Irr(G),
we say that x is fully ramified with respect to G/N if xy = |G : N|'/26 for some 6 € Irr(N). In this
situation we also say that 6 is fully ramified.

Theorem A. Let G be a finite group. Then one of the following holds:

(1) rdim G < 4/|G]|.
(1) G is a 2-group with socle Soc(G) = Z(G) = Cy x Cy x Cy and all characters in Irr(G|Z(G)) are
Sfully ramified with respect to G/ Z(G). For any such group G, rdim G = \/ig«/ |Gl

We have also shown that the equality rdim G = /|G| just holds in groups that are similar to those
in (ii) above.

Theorem B. Let G be a finite group. Then rdim G = /|G| if and only if one of the following holds:
(1) G is a 2-group with socle Soc(G) = Z(G) = C, x C, and all characters in Irr(G|Z(G)) are fully
ramified with respect to Z(G).
(1) G is a 2-group with socle Soc(G) = Z(G) = Cy x Cy x Cy x Cy and all characters in Irr(G|Z(G))
are fully ramified with respect to Z(G).

Interestingly, the groups with rdim G as large as it can be in comparison with |G| turn out to be
2-groups. There are nonabelian groups among those that appear in Theorem A(ii) and in Theorem B:
consider for instance the Sylow 2-subgroups of GL(3, 8) and GL(3, 4) and GL(3, 16). They are examples
of nonabelian groups with the structure described in Theorem A(ii), Theorem B(i) and Theorem B(ii),
respectively. They are also examples of the so-called Heisenberg groups. There are nonnilpotent groups G
with rdim G arbitrarily close to +/|G|: consider the Frobenius groups of order (p — 1) p for any prime p.

For any positive integer n and prime p, the maximal representation dimension among p-groups of
order p" was determined in [10]. As pointed out in that paper, if f,(n) = max,eN(rpL(”_’)/ 21y, then
rdim G < f,(n) for any G p-group of order p". It was shown that, with a few exceptions for p and n
listed in Theorem 1 of [10], there exists a p-group G of order p" such that rdim G = f),(n). When p =2
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the exceptional cases are n = 5 and n = 7. In the next result we characterize the 2-groups where this
equality occurs. It will be used in the proof of Theorems A and B.

Theorem C. Let G be a 2-group of order 2" for some positive integer n € {1,5,7}. Then rdim G = f>(n)
if and only if one of the following holds:

(1) nisodd, Z(G) is elementary abelian of order 8 and all characters in Irr(G|Z(G)) are fully ramified
with respect to G/ Z(G).

(i) n is even, Z(G) is elementary abelian of order either 4 or 16 and all characters in Irr(G|Z(G)) are
fully ramified with respect to G/ Z(G).

When p is odd, the exceptional case in Theorem 1 of [10] is n = 4. We have the following.

Theorem D. Let p be an odd prime and let G be a p-group of order p™ for some positive integer n & {1, 4}.
Then rdim G = f,(n) if and only if one of the following holds:

(1) n is odd, Z(G) has order p and all characters in Irt(G|Z(G)) are fully ramified with respect to
G/Z(G).

(ii) n is even, Z(G) is elementary abelian of order p* and all characters in Irt(G|Z(G)) are Sully
ramified with respect to G/ Z(G).

We obtain Theorems C and D as a consequence of a more general characterization of p-groups with
center of rank r and rdim G = rpl®"="/2] (see Theorem 2.5 and Theorem 2.6).

There is a related invariant that has been more studied with a group-theoretic motivation. This is
the smallest dimension of a faithful permutation representation, denoted by «(G). It was shown by P.
Neumann [31] that there are groups G with normal subgroups N such that u(G/N) > u(N). L.Kovécs
and C. Praeger [24] showed that (G /N) < u(G) holds whenever G/N does not have nontrivial abelian
normal subgroups. Holt and J. Walton [18] proved that (G /N) < (4.5)*©~1  As, for instance, the
double cover of My, shows, it is not true that rdim G/N < rdim G even when G/N does not have
nontrivial abelian normal subgroups. As a consequence of Jordan’s theorem, it is easy to obtain the
following variation of the Holt—Walton theorem for representation dimension.

Theorem E. Let G be a finite group and N a normal subgroup of G. Write rdim G = n. Then
rdim G/N < nj(n),
where j(n) is any bound in Jordan’s theorem.

It is an old conjecture of Praeger and Easdown [13] that if N < G and G/ N is abelian, then u(G/N) <
1 (G). This conjecture still remains open. In the case when G is a p-group with an abelian maximal
subgroup it was proved in [15] that u(G/G’) < u(G). We will see that it is not true that rdim G/ G’ <
rdim G even in this case. However, we can obtain the following bound.
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Theorem F. Let G be a finite group and N a normal subgroup of G with G/N abelian. Write rdim G = n.
Then

rdimG/N < 3n/2.

This bound in Theorem F depends on the classification of finite simple groups (this is the only result
in the paper that relies on the CFSG). Without the CFSG, we can prove that rdim G/N < Kn?/logn
for some universal constant K. Both versions of this result are straightforward consequences of known
bounds on the number of generators of a linear group.

As a consequence of Theorem E and [32], which relies on a deep result in Mori theory [5], we can
obtain a new result on the essential dimension of an arbitrary finite group. It was asked in [22] whether
ed(G/N) <ed(G) for any finite group G and any N < G. A negative answer to this question was given
in Theorem 1.5 of [30]. In fact, the example of A. Meyer and Reichstein shows that we cannot hope for
bounds better than exponential in Theorem E, even if we assume that G is a p-group. We obtain the
following bound for ed(G/N) in terms of ed(G).

Corollary G. Let G be a finite group and N < G. Then
ed(G/N) < ed(G) h(ed(G)) j(ed(G)h(ed(G))),

where j is the bounding function in Jordan’s theorem and h is the bounding function in Birkar’s Corollary
1.5 of [5].

We close this Introduction with a remark on the style that we have used in this paper. It is a paper on
character theory of finite groups that, we hope, will be of interest to other areas outside group theory,
particularly to those areas where the essential dimension of a finite group plays a role. For this reason, we
have decided to include some details in our proofs that we would not have included in a paper addressed
exclusively to group theorists.

2. p-groups

Our approach will be character-theoretic. Our notation follows [21]. We start with the proofs of Theorems
C and D. If x is a character of a finite group then x can be decomposed as a sum of irreducible characters,
called the irreducible constituents, and it is easy to see that the kernel of x, Ker x, is the intersection
of the kernels of the irreducible constituents (Lemma 2.21 of [21]). We thus have the first part of the
following elementary result.

Lemma 2.1. Let G be a finite group. Then
s N
rdim G = min{z xi()|seZt, xi elir(G) foreveryi=1,...,s, () Ker x; = 1}.
i=1 i=l

Furthermore, if x;i, ..., xs € It(G) are such that rdim G = Y _;_, xi(1) and (;_, Ker x; = 1 then for
everyi=1,...,s,Soc(G) £ Ker ;.
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Proof. 1t suffices to prove the second part. This follows from the fact that if, say, Soc(G) < Ker x;, then
r r
Soc(G)N ( N Kerx,-) < Kery =1
i=2 i=1

so ()i, Kerx; =1and ) i_, x;(1) < rdim G, contradicting the first part. O

Note that if G is a finite group and 1 < N < G, then N NSoc(G) > 1. Thus if x is a (not necessarily
irreducible) character of G, then x is faithful if and only if Ker x N Soc(G) = 1, which happens if and
only if xsoc(G) 1s faithful.

If G is a p-group, then the minimal normal subgroups have order p, so they are central. Thus
Soc(G) = Q1(Z(G)), where 2((Z(G)) is the subgroup generated by the central elements of order p.
This group is elementary abelian and its rank coincides with the rank of Z(G). Recall also that if A is a
finite abelian group then A=TIrr(A)isa group isomorphic to A. We have the following.

Lemma 2.2. Let p be a prime and let A be an elementary abelian p-group. Let i be a character of A.
Then w is faithful if and only if the irreducible constituents of w form a generating set of Irr(A).

Proof. Let A1, ..., Ay be the irreducible constituents of u. We know that w is faithful if and only if
(i—; Ker; = 1. Assume that these irreducible constituent do not form a generating set of Irr(A). Then
Irr(A) = (A1, ..., As) x I for some I > 1. By Problem 2.7 of [21], there exists 1 < B < A such that
B <Ker; foreveryi =1,...,s. Thus u is not faithful. The converse is proved analogously. (I

We will use the following elementary result, which follows from Corollary 2.30 of [21].
Lemma 2.3. Let G be a finite group and let x € Irr(G). Then
x() =1G: 26V
If G is any group, N < G and A € Irr(N), then we set
Irr(GA) = {x € Ir(G) | [ M # 0}

If x is any of the characters in Irr(G|)A), we say that x lies over A. Now we are ready to prove the
following useful result to compute the representation dimension of p-groups.

Corollary 2.4. Let p be a prime, let G > 1 be a group of order p" and let r be the rank of Z(G).
Let x be a faithful character of minimal degree of G. Then there exist i, ..., x, € Ittr(G) such that
X =x1+-+ xr and (Xi)o,(z(G)) = eiA; for some linear characters {\1, ..., A} € Irr(21(Z(G))) that
form a minimal generating set of Irr(21(Z(G))). In particular,
0 in(l)‘X,-eIrr(GM,-)foreveryi:1,...,r},
----- i=1

where {11, ..., A} runs over the minimal generating sets of Irr(21(Z(G))). Furthermore,

rdim G < rp"="/2,
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Proof. Since x is faithful, then u = xq,(z(G)) 1s faithful. By Lemma 2.2, the irreducible constituents of p
form a generating set {11, ..., A} of Irr(2; (Z(G))).

We know that for any i, x has some irreducible constituent x; lying over A; and that for any choice
of these irreducible constituents y;, x1 + -- -+ x, is faithful. Since x (1) is the minimal degree of a
faithful character of G, we conclude that x = x; 4+ - - -+ x, with x; € Irr(G|A;) of minimal degree among
the characters in Irr(G|A;) for every i. The result follows. (The upper bound for rdim G follows from
Lemma 2.3 and the formula for rdim G.) O

The last statement in the previous lemma was also pointed out in the Introduction of [10].

As promised in the Introduction to this paper, we will deduce Theorems C and D from a more general
result that characterizes the p-groups with center of rank r with rdim G = rpl"=")/2) Since the result
has some differences according as to whether n — r is even or odd we have split the result in two parts.
We start with the n — r even case.

Theorem 2.5. Let p be a prime, let G > 1 be a group of order p" and let r be the rank of Z(G). Assume
that n — r is even. Then rdim G = rp""="/2 if and only if Z(G) is elementary abelian of order p” and all
characters in Irr(G|Z(G)) are fully ramified with respect to G/ Z(G).

Proof. First, note that by Corollary 2.30 of [21], the degree of any irreducible character of G is at most
|G : Z(G)|'/? < p("_”)/ 2. Furthermore, if is easy to deduce that if G has irreducible characters of degree
p"="/2 then Z(G) is elementary abelian.

Let G be a p-group of order p”, with center elementary abelian of order p” and all characters in
Irr(G|Z(G)) fully ramified with respect to G/Z(G). We know by Corollary 2.4 that

P
wimG = min }min{z (1) | xi € Irr(G|a;) for every i =1, ..., r},
Leenshr i=1
where {Aj, ..., A} runs over the minimal generating sets of Irr(€2{(Z(G))). Fix a set {A{, ..., A} that
attains the first minimum. By hypothesis, for any x; € Irr(G|A;), xi(1) = |G : Z(G)|'/? = p®="/2. We
deduce that rdim G = rp"~")/2, as desired.

Conversely, assume that rdim G = rp®~"/2. Assume, by way of contradiction, that there exists

x1 € Irr(G|Z(G)) with x1 (1) < p®/2. Let Ay € It(Q1(Z(G))) lying under y;. Now, prolong {1}

to a minimal generating set {A{, ..., A} of Irr(21(Z(G))) and choose x; € Irr(G) lying over A; for
every i =2,...,r. Note that x;(1) < p"~"/2_ Set x = x; +--- + x, and note that x (1) < rp®="/2,
Furthermore, all the members of {A1, ..., A,} are irreducible constituents of i = xq,(z(c))- By Lemma 2.2,

w is faithful. Hence, x is faithful. This contradicts the hypothesis rdim G = rp~")/2. Therefore, the
degree of any character in Irr(G|Z(G)) is p~"/2_ The result follows. [l

The next proof is similar and we omit some details.

Theorem 2.6. Let p be a prime, let G > 1 be a group of order p" and let r be the rank of Z(G). Assume
that n —r is odd. Then rdim G = rp"™~"~VY/2 if and only if all characters in Irr(G |21 (Z(G))) have degree
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p D2 In this case, | Z(G) : Q(Z(G))| < p, i.e., Z(G) is either elementary abelian or isomorphic
10CpxCpx- - XCp

Proof. Again, the degree of any irreducible character of G is at most p®~"~D/2_ Furthermore, if G has
irreducible characters of degree p=D/2 then |Z(G) : Q1(Z(G))| < p.

If all characters in Irr(G |21 (Z(G))) have degree p""—"—1/ 2 then it follows from Corollary 2.4 that
rdim G = rp®~"~D/2 (because a faithful character of minimal degree is the sum of r characters in
Ire(G[€21(Z(G)))).

Conversely, assume that rdim G =rp As in the previous theorem, we can see that the degree
of any character in Irr(G|Z(G)) is p==D/2 The result follows. U

(nfrfl)/2.

Now, we are ready to deduce Theorem D. It turns out that we just need the case n — r even.

Proof of Theorem D. Let r be the rank of Z(G). Assume first that n is odd. As mentioned in the table in
p. 638 of [10], fp(n) = maxgen (spl /2y = p=D/2 in this case. It is easy to see that this maximum
is achieved only at s = 1. Since f,(n) =rdim G < rpl®=/21 we deduce that r = 1. Thus n —r =n — 1
is even and we are in the situation of Theorem 2.5. We deduce that Z(G) has order p and all characters
in Irr(G| Z(G)) are fully ramified with respect to G/ Z(G).

Now, suppose that n is even. In this case, f,(n) = maxsen(spt®=9/2) = 2pn=2/2

and it is easy to
see that this maximum is achieved only at s = 2. As in the n odd case, we can see that r = 2. Thus
n—r =n—21is even and we are also in the situation of Theorem 2.5. We conclude that Z(G) is elementary
abelian of order p2 and all characters in Irr(G|Z(G)) are fully ramified with respect to G/Z(G). O

Since the proof of Theorem C is analogous to that of Theorem D, we omit some details.

Proof of Theorem C. Let r be the rank of Z(G). If n is odd, then f>(n) =3p®~¥/2 and the maximum is
achieved only at s = 3. We can see that r = 3, so n — r is even and the result follows from Theorem 2.5.
If n is even, then f>(n) =2p"~2/? and the maximum is achieved only at s = 2 and s = 4. We can see
that r =2 or r =4, so n — r is even and the result also follows from Theorem 2.5. O

3. Arbitrary groups

In this section, we prove Theorems A and B. We start by noting that Theorem A follows immediately
from an elementary result in character theory for groups with a faithful irreducible character.

Proposition 3.1. Let G be a finite group. Then

> x(’=IGl.

x €l (G)
In particular, if G > 1 then x (1) < /|G| for any x € Irr(G).

Proof. The first part is Corollary 2.7 of [21]. ]
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The problem of which finite groups have faithful irreducible characters is therefore relevant for our
purposes. This problem has been studied since the beginning of the 20th century and there are several,
perhaps not very well-known, characterizations of these groups. We refer the reader to Section 2 of [34]
for a nice review of the history of this problem.

As in the p-group case, the socle of G is very relevant in these characterizations. Recall that Soc(G) =
A(G) x T(G), where A(G) = A| x --- x A; is a direct product of some elementary abelian minimal
normal subgroups of G and 7 (G) is the direct product of all the nonabelian minimal normal subgroups of
G (see Definition 42.6 and Lemma 42.9 of [20]). In the remaining of this article, we will use the notation
introduced in this paragraph without further explicit mention. In particular, ¢+ = #(G) is the number of
elementary abelian minimal normal subgroups of G that appear in a decomposition of A(G) as a direct
product of minimal normal subgroups.

We will use the following consequence of Gaschiitz’s characterization (Theorem 42.7 of [20]) of finite
groups with a faithful irreducible character.

Theorem 3.2. If for every prime p every simple GF(p)G-module appears at most with multiplicity one in
A(G), then G has a faithful irreducible character.

Proof. This is Theorem 42.12(a) of [20]. ]

Lemma 3.3. Let G be a finite group. Then T (G) has a faithful irreducible character. In particular, if

t =0 (or, equivalently, if G does not have any nontrivial abelian normal subgroup) then G has a faithful
irreducible character and rdim G < /|G]|.

Proof. Note that T(G) is a direct product of nonabelian simple groups. By Problem 4.3 of [21], for
instance, the product ¢ of nonprincipal characters of each of the factors is a faithful irreducible character
of T(G).
If x € Irr(G) lies over ¢ then xr(G) is a sum of conjugates of ¢, so by Lemma 2.21 of [21], x7(c) is
faithful. This implies that
1 =Ker x NT(G) = Ker x NSoc(G),

so yx is a faithful irreducible character of G. Now, rdim G < x (1) < /|G|, by Corollary 2.7 of [21]. O

Lemma 3.4. Let G be a finite group without nonabelian minimal normal subgroups. Let x be a faithful
character of G with tfdim G = x(1). Then Soc(G) £ Ker v whenever { € Irr(G) is an irreducible

constituent of x.

Proof. Assume not. Then Soc(G) = A(G) < Ker ¢ for some ¥ € Irr(G) irreducible constituent of x.
Consider A = y — . Since ¥ is an irreducible constituent of x, A is a character of G and A(1) <
x (1) =rdim G. Thus A is not faithful. Let ¢, ..., 1 be the remaining irreducible constituents of .
Since A is not faithful, the intersection of the kernels of the 1;’s is not trivial. But since Ker ¢ contains
the whole socle, we deduce that the intersection of the kernels of all the irreducible constituents of yx is
not trivial. This contradicts the hypothesis that y is faithful. U
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We write d(G) to denote the minimal number of generators of G, that is, the rank of G. The following
result is well-known.

Lemma 3.5. Let G be a finite abelian group. Then d(G) = rdim G.

Proof. Set d(G) = m. By the fundamental theorem of abelian groups, G = Cy x --- x Cy, is a direct
product of m cyclic groups C; = (x;). Let A; be a generator of Irr(C;) and let u; € Irr(G) be the linear
character determined by means of ; (x;) = &, where ¢ is an o(x;)th primitive root of unity, and u; (x;) =1
for j #1i. Notice that Keru; =Cy---Ci—1Ciy1 -+ Cp. Put u =p1+---+ . By Lemma 2.21 of [21],
Keru =1, i.e., w is faithful. Since (1) =m we deduce rdim G < u(1) =m =d(G).

Conversely, let x be any faithful character of G. Decompose x = ajx; + - + asxs as a sum of
irreducible (linear) characters ;. Since G/ Ker y; is cyclic for every i and the intersection of the kernels
of the characters y; is trivial, we deduce that G is isomorphic to a subgroup of the direct product of the
cyclic groups G/ Ker x;. Write I' to denote this group. Since d(I') =s and I' is abelian, we deduce that
d(G) <d(T)=s < x(1) <rdim G. The result follows. O

The next result, in conjunction with Lemma 2.1, lies at the core of our proof of Theorems A and B.
Lemma 3.6. Let G be a finite group. Assume thatt > 0. Fori =1,...,t,write B = A X --- X Aj_1 X
Ai+1 X e X A[. Then

(i) Foreveryi =1, ...,t, there exists x; € Irr(G) such that Ker x; N Soc(G) = B;. Furthermore,

x(1) <|G/B;i: Z(G /B

(i) We have m§:1 Ker x; = 1. In particular, if x = x1+-- -+ xi, then tdim G < x (1).
Proof. Let A; € Irr(A;) be nonprincipal for i = 1,...,¢ and ¢ € Irr(T(G)) be faithful. Recall that

A(G) = A; x B;. Put
mi = XA x 1p, x ¢ € Irr(Soc(G)).

Let x; € Irr(G) lying over w;. Since p; is an irreducible constituent of (x;)soc(G)s
Ker x; N Soc(G) < coreg(Ker u;) = B;.

Since (u;)p; is a multiple of the principal character, we clearly have that B; < Ker x;. The first claim of
part (i) follows. The second claim holds by Corollary 2.30 of [21].
By the definition of the subgroups B;, their intersection is trivial. Thus

t t

1 = () (Ker x; N Soc(G)) = ( () Ker Xi) N Soc(G).
i=1 i=1

Since ﬂf.zl Ker y; is a normal subgroup of G, we deduce that it has to be the trivial subgroup. The

inequality rdim G < x (1) follows from Lemma 2.1. U

Now, we can obtain our first approximation to Theorem A when ¢ > 0. In the remaining results in this

section, we will also use the notation from Lemma 3.6. In particular, the characters x; and A; will be the
characters that have appeared in the statement of Lemma 3.6 and its proof.



228 Alexander Moret6

Lemma 3.7. Let G be a finite group. Assume that t > 1. Write |A;| = a; foreveryi =1, ...,t. Then
d 1
rdim G < /|G| (Z I1 —)
=1 kg VK

Proof. Since y; € Irr(G/ B;), we note that

xi () <\/ 4]
ai---di—1di+1 - - Gg

(It suffices to observe that |B;| =ay - --aj—1a;j+1 - a;.)

Hence,if x = 1+ + x5
t
Gl oc

rdimG < x(1) < Z\/a
P Jj=1 k#}

Lemma 3.7 implies that Theorem A holds when Z =1 [k +; 1/+5/ar = 1. In the next elementary lemma
we see that this is the case most of the time.

cdj— la +1-

Lemma 3.8. Let t > 2 be an integer and let a) > - - - > a; > 2 be t integers. If

Zn—>l (%)

j= 1k7é1

then we are in one of following cases:

(1) t=2 and (a1,az) €{(x,2), (y,3)|2<x<11,3<y<5}.

(i) t =3 and (a1, az, a3) €{(x,2,2), 4,3,2), (3,3,2)|2<x <7}.
(i) t =4 and (a1, az,a3,a4) €{(x,2,2,2), (3,3,2,2)|2<x <5}
(iv) t=5 and (a1, a2, a3,a4,as5) €{(2,2,2,2,2), 3,2,2,2,2)}.

(v) t=06 and (a1, a2, a3, a4, as,a6) =(2,2,2,2,2,2).
Proof. The left of (x) has r summands, each no greater than 1/ V2'=1. Thus

t

- 1)/2 Zl_[—>1

j=1 k#}
and it follows from basic calculus that ¢+ < 6. The possible values for (ay, ..., a;) for each of the
possibilities for ¢ can also be obtained in an elementary way. We omit the details. ([

Now, we can complete the proof of Theorems A and B by analyzing the exceptional cases that appear in
Lemma 3.8. We will use several times that if G is a finite group and x € Irr(G) then x (1) < |G : Z(G)|'?
by Lemma 2.3. Groups with an irreducible character x such that x (1) = |G : Z (G)|'/? are called groups
of central type. They have been rather studied. By a celebrated theorem of Howlett and Isaacs [19] they
are solvable. We will not need the Howlett—Isaacs theorem, but we will use a more elementary previous
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result that says that if G is a group of central type then the set of primes that divide |Z(G)| coincides
with the set of primes that divide |G| (see Theorem 2 of [12]).
The next result includes both Theorem A and Theorem B.

Theorem 3.9. Let G > 1 be a finite group. Then one of the following holds:

(1) rdim G < /|G|.
(1) G is a 2-group with socle Soc(G) = Z(G) = Cy x Cy x Cy and all characters in Irr(G|Z(G)) are
fully ramified with respect to Z(G). For any such group G, rdim G = %|G|l/ 2,
(iii) G is a 2-group with socle Soc(G) = Z(G) = Cy x Cy and all characters in Irt(G|Z(G)) are fully
ramified with respect to Z(G). For any such group G, rdim G = /|G]|.

(iv) G is a 2-group with socle Soc(G) = Z(G) = Cy x Cy x Cy x Cy and all characters in Irr(G|Z(G))
are fully ramified with respect to Z(G). For any such group G, 1dim G = /|G]|.

Proof. We have already seen that (i) holds if + = 0. This also holds when ¢t = 1 by Theorem 3.2. Hence,
using Lemmas 3.7 and 3.8, we may assume that 2 <t < 6. We consider these five cases separately.

Case t = 2. We need to consider the values for (a, ay) that appear in Lemma 3.8. By Theorem 3.2, G
has an irreducible faithful character if a; # a», so it suffices to consider the cases (a, a;) = (2, 2) and

(a1, a2) =3, 3).

» Suppose that (ar, az) = (2,2). Then yx; € Irr(G/A>) and |A(G)/Az| =2, s0 A(G)/A> is central in G.
Hence,

1/2

x1(1) <|G/A2: Z(G/A)|? < 1G - AG)I'> =1G|'/?)2.

Arguing analogously with x,, we obtain that x»(1) < |G|'/?/2, so

x(1) = x1(D) + x2(1) < |G|'V2.

If x (1) = |G|'/? then all inequalities so far are equalities. In particular, A(G) = A| X Ay = Z(G) is
a Klein 4-group and G is a group of central type. Since Z(G) is a 2-group, Theorem 2 of [12] implies
that G is also a 2-group. Thus 7 (G) = 1 and Soc(G) = A(G) = Z(G) is elementary abelian of order 4.
Write |G| = 2". By Corollary 2.4,

rdim G <2.2072/2 =212 — |G |'/2.

Furthermore, by Theorem D equality holds if and only if G is a 2-group with socle Soc(G) = Z(G) =
C, x Cy and all characters in Irr(G | Z (G)) are fully ramified with respect to Z(G). We deduce that either
(1) or (iii) holds.

» Suppose instead that (a;, a;) = (3, 3). Recall that x; is an irreducible character of G that lies over a
nonprincipal character of A(G)/A>. Write C/A = Cg4,(A(G)/A3). Note that G/C is isomorphic to a
subgroup of Aut(A(G)/A;) and since |A(G)/A;z| =3, |G/C| < 2. Notice also that A(G)/A; is central
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in C/A,. If C = G, then A(G)/A; is central in G/A; and
x1() <1G: AG)]'* =G|'?/3.
If |G:C|=2and y €Irr(C) lies under xi, then y (1) <|C : A(G)|'/?. By Clifford theory,
x1(1) <2y (1) £2|C: A(G)'* =2(1G|/18)'* = |G|'*(2/3V2).
Thus, in both cases, x;(1) < |G|"/*(2/3+/2). Analogously, x2(1) < |G|'/>(2/3+/2). Hence,
x(D) = x1(1) + x2(1) <1G|'*(4/3v2) < |G|,

and (i) holds.

Case t = 3. Using Theorem 3.2 again, together with Lemmas 3.7 and 3.8, we may suppose that
(ai,az,a3) = (x,2,2) forsome 2 < x <7 or (a;, az, a3) = (3, 3, 2).
o Suppose first that (a;, az, az) = (3, 3, 2). Arguing as in the case of (a;, ay) just above, one can see that

xi1(1) < 1G['2/3, x2(1) <1G|"/?/3, and x3(1) < |G|'/?/(3v/2). Thus

_ 1/2 1 1/2
x(D = x1 (D) + (D) + x3(1) < |G| (+ + f)<|G| :

and again (i) holds.

e (ai,az,as) =(7,2,2). Recall that x; is an irreducible character of G that lies over a nonprincipal
character of A(G)/AzA3. Write C/A3A3 = Cg/a,4,(A(G)/A2A3). Note that G/C is isomorphic to a
subgroup of Aut(A(G)/A,A3) and since |A(G)/AA3| =7, |G/C| < 6. Arguing again as in previous
cases, we have that the worse bound for x;(1) is obtained when |G : C| = 6 and in that case

x1(1) < 6|C : A(G)|V? =6 (1G|/168)"/* = |G|'/*(3/v/42).

Also, x2(1) <|G['2/2+/7 and x3(1) <|G["/?/2+/7. Thus

1<G1/2(3 + ! + l) G|
() =161 (4 =+ =) < (G

We conclude that (i) holds too.
o The cases (a1, az, az) = (5, 2, 2) and (ay, a2, a3) = (3, 2, 2) are handled analogously; we omit details.

e (ay,az,a3) = (4,2,2). Recall that x; € Irr(G /A A3z). As before, A(G)/A A3 is central in G/A A3.
Thus x2(1) < |G : A(G)|'/? = |G|'/? /4. Assume first that x»(1) = |G : A(G)|'/?. Then Z(G/AA3) =
A(G)/A1A3 and G/A A3 is a group of central type with y, fully ramified with respect to the center.
Since Z(G/A1A3) is a 2-group and G /A A3 is of central type, we deduce that G/A; A3, and hence
G, is a 2-group (by Theorem 2 of [12]). Notice that x»(1) = |G|'/? /4. Analogously, we have that
x3(1) < |G|Y/2/4. Next, we bound x;(1). As usual, let C/A2A3 = Cg)a,4,(A(G)/A2A3). Recall that
G/ C is isomorphic to a subgroup of Aut(A(G)/AzA3) = Aut(Cy x Cy) = §3 and since G is a 2-group,
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|G/C| <2. As in previous cases, we deduce that

1/2

xi(D) =2|C: A" =1GI"*(1/2v2).

We conclude that x (1) < |G|'/?. Hence, we may assume that x»(1) < |G : A(G)|'?. This implies that
there exist at least two irreducible characters of G lying over the nonprincipal irreducible character A, of

A(G)/A1A;3. Since
Yo x()=

X€I(G/ A As]ha)

we deduce that for some of the characters x in this sum, x(1)> < |G : A(G)|/2 = |G|/32. Hence,
we may assume that x»(1) < |G|'/2/4+/2. Repeating the same reasoning, we may also assume that
x3(1) < |G|V/? /4\/5. Now, we bound i (1). With our usual notation and arguments, we may assume
that |G : C| = 6 and one can see that

1 (1) <6IC: AG)'? =6(1G|'/?/4v/6) = |G|'/*V/6/4.

Thus

x(1) < |G|1/2<f + F + f) < |G|V~

In this case, (i) also holds.

e (ay,ar,a3) =(2,2,2). In particular, A(G) < Z(G). If A(G) < Z(G) then |Z(G)| > 2% and ¥ (1) <
|G : Z(G)|'/?* < |G|'/?/4 for every ¥ € Irr(G). Since x is the sum of 3 irreducible characters of G,
we deduce that x (1) < |G|'/? and (i) holds. Thus we may assume that A(G) = Z(G). In particular, if
¥ €Irr(G) then y(1) < |G : Z(G)|'? < |G|'/?/V/8.

Assume that rdim G > /|G|. Let A € Irr(Z(G)) be a nonprincipal character and K = Ker .. We
claim that Z(G/K) = Z(G)/K. We argue by way of contradiction. Assume that Z(G/K) > Z(G)/K.
Let ¥ € Irr(G|A). Then ¥ (1) < |G/K : Z(G/K)|'/? < |G|'/? /4. We deduce that there exists a faithful
character y of G such that

x(1) < |G|V?/4+ G /8 +1G|'?/v/8 < |G |2,

This is a contradiction. Hence, we have proved the claim. This argument also shows that ¥ (1) = |G :
Z(G)|'? = |G|'/?) V/8 for every ¥ € Irr(G|Z(G)), as desired. We deduce that (ii) holds. This concludes
the case ¢t = 3.

The remaining cases can be handled with the same techniques. Therefore, we will omit details.

Case t = 4. Again, using Theorem 3.2, together with Lemma 3.7 and 3.8, we may suppose that
(a1,az,a3,a4) = (2,2,2,2) or (ay, az, as, as) = (3, 3,2, 2). In the first subcase, one can see arguing
as in Subcase 1.1 that either (i) or (iv) holds. In the second subcase, it follows from an analysis of the
degrees of x;,i =1,...,4, that rdim G < /|G].
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Case t = 5. Again, using Theorem 3.2, together with Lemma 3.7 and 3.8, we may suppose that
(ay,ap, a3, aq4,as) =(2,2,2,2,2). Thus A(G) is the direct product of 5 minimal normal subgroups of
order 2. Thus A(G) is central. Hence x; (1) <|G|/2/+/32fori=1,...,5and x (1) < |G|"/2. We deduce
that (i) holds.

Case t = 6. Then (ay, a2, a3, as,as,as) = (2,2,2,2,2,2), and thus A(G) is the direct product of 6
minimal normal subgroups of order 2. Thus A(G) is central. Hence x; (1) < |G|"/2//64 fori=1,...,6
and x (1) < |G|'/?. We deduce that (i) holds.

Now, it remains to determine rdim G when G is one of the groups that appear in part (ii), (iii) or (iv).
This has been done in Theorem 2.5. U

4. Proof of Theorem E, Theorem F and Corollary G

In this section we provide the short proofs of the remaining results. We start with Theorem E.

Proof of Theorem E. By Jordan’s theorem, there exists and abelian subgroup A < G such that |G : A| < j(n)
for some function j. Since NA/N = A/ANN is abelian, we deduce that

rdimNA/N =d(NA/N) <d(A) <n.

Thus NA/N has a faithful character A of degree at most n. Hence the induced character A is faithful
and has degree at most nj (n). The result follows. ([

Proof of Corollary G. Write rdim G = n. By Proposition 4.15 of [3],
ed(G/N) <rdimG/N.

Furthermore, by Theorem E, rdim G/N < nj(n). On the other hand, by Theorem 2 of [32], n <
ed(G)h(ed(G)). The result follows. U

As we already mentioned in the Introduction, it is not true that rdim G/N < rdim G when G/N does
not have any nontrivial abelian normal subgroup. This is false even when G is a p-groups with an abelian
maximal subgroup: consider G = SmallGroup(2®°, 38). This group has an abelian maximal subgroup,
it has faithful irreducible characters of degree 2, but rdim G/G’ = d(G/G’) = 3. Theorem F follows
immediately from a result of Kévacs and Robinson [25].

Theorem 4.1. Each finite completely reducible linear group of dimension n can be generated by at most
3n/2 elements. In particular, if G is a finite group, N < G and G/N is abelian, then rdim G/N <
3rdim G /2.

Proof. The first part is the main result of [25]. For the second part, write rdim G = n. Therefore, G is a
subgroup of GL(n, C). By Maschke’s theorem, G is completely reducible. Now, the first part implies
that d(G) < 3n/2. Since G/N is abelian,

rdim G/N = d(G/N) < d(G) < 3n/2,
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as wanted. |

Note that the bound in [25] relies on the classification. Using the weaker (but classification-free) bound
in [14], we get that rdim G/N < Kn?/logn for some constant K.

5. Concluding remarks and questions

The Heisenberg groups mentioned in the Introduction are just one example of the nonabelian groups that
appear in the statement of Theorems A and B. Recall that a finite p-group G is called extraspecial if
G' = Z(G) = ®(G) has order p. A finite p-group G is called semiextraspecial if G/N is extraspecial
for any N maximal subgroup of Z(G). Any semiextraspecial group with center of the specified order
also satisfies those hypotheses. As discussed in [27], these form a rather large family of groups. However,
all of them have class 2. This suggests the question of whether or not there are groups of nilpotence
class larger than 2 among the exceptional groups in Theorem A and Theorem B. Using the SmallGroups
library [4] in GAP we have found groups of order 2% and nilpotence class 3 with the properties of those
in the statement of Theorem B(i) (for instance, SmallGroup(ZS, 3196)). We suspect that there should
also exist 2-groups of class 3 among the exceptional groups in Theorem A and also among those in
Theorem B(ii). In fact, we expect the following question to have an affirmative answer:

Question 5.1. Let r > 1 be an integer. Do there exist p-groups G with Z(G) elementary abelian of
order p" and all characters in Irr(G|Z(G)) fully ramified with respect to G/ Z(G) of arbitrarily large

nilpotence class?

We have been informed by Z. Reichstein that he asked this question in the cases r =1 and r =2 ata
conference in Banff on permutation groups in 2009. More precisely, he asked whether given a prime p
and a positive integer n, there exists a p-group G of order p”, with maximal representation dimension
among groups of order p”, and nilpotence class > 2. Subsequently, C. Parker and R. Wilson constructed
groups G of order p?’*3, for any odd prime p. This appears in [9]. These are examples of groups of
class > 2 that satisfy the conditions of Question 5.1 with » = 1. It turns out that Question 5.1 has an
affirmative answer when r = 1, by Theorem 6.3 of [16].

We remark also that the condition that all characters in Irr(G|Z (G)) are fully ramified with respect
to G/Z(G) is equivalent to the condition that (G, Z(G)) is a Camina pair. This means that for any
g € G\ Z(G), g is conjugate to any element in the coset gZ(G). We refer the reader to [26], where these
groups were studied (see also [8]). In particular, there is a character-free characterization of these groups
(in terms of conjugacy classes). This seems tougher for the groups that appear in Theorem 2.6

Question 5.2. Describe the p-groups G that are not of central type with all characters in Irr(G |21 (Z(G)))
of the same degree. Is there a character-free characterization of these groups? Are there groups of

arbitrarily large nilpotence class among them?

By the above-mentioned theorem of S. Gagola, any p-group is isomorphic to a subgroup of G/Z(G)
for some p-group G of central type with Z(G) of order p, so it would be interesting to decide whether
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the same happens when the degree of the common degree of the characters in Irr(G |2 (Z(G))) is not
|G : Z(G)|'/2.

The proof of Theorem 1.5 of [30] shows that the best bounds one can hope for in Theorem E and
Corollary G are exponential. The bounds we have obtained, even with the help of results that depend
on the classification of finite simple groups, are superexponential. This, together with the known
bounds and examples known for the analog problem for permutation representations mentioned in
the Introduction, suggests the following questions. (Note, however, that we have already seen several
differences between results for minimal faithful permutation representations and minimal dimensions of
faithful linear representations.)

Question 5.3. Does there exist a constant ¢y > 1 such that if G is a finite group and N < G then
rdim G/N < ¢[im&?

Question 5.4. Does there exist a constant c¢o > 1 such that if G is a finite group and N < G then
ed(G/N) < S92
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