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Moments of one-level densities in families of
holomorphic cusp forms in the level aspect

Peter Cohen, Justine Dell, Oscar E. Gonzalez, Simran Khunger, Chung-Hang Kwan,
Steven J. Miller, Alexander Shashkov, Alicia Reina Smith, Carsten Sprunger,
Nicholas Triantafillou, Nhi Truong, Roger Van Peski and Stephen Willis

We study the n-th centered moments of the 1-level density for the low-lying zeros of L-functions attached to
holomorphic cuspidal newforms of large prime level and fixed weight. Assuming the generalized Riemann
hypotheses, we compute this statistic for any n > 1 and for all test functions whose Fourier transforms are sup-
ported in (—%, %) This is believed to be the natural limit of the current technology. Our work significantly
extends beyond the trivial range (— %, %) and surpasses the previous record of (— ﬁ, ﬁ) whenever n > 2.
The Katz—Sarnak philosophy predicts that the aforementioned statistic can be modeled by the corresponding
statistic for the eigenvalues of random orthogonal matrices. We prove that this is the case for test functions
with Fourier support contained in (— 2 Z). The main technical innovation is a tractable vantage to evaluate
the combinatorial zoo of terms, similar to the work of Conrey, Snaith and Mason. As an application, our

n’on
work provides better bounds on the order of vanishing at the central point for the L-functions in our family.
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1. Introduction

1.1. Historical perspectives. Since Montgomery and Dyson’s discovery that the two-point correlation of
the zeros of the Riemann zeta function agrees with the pair correlation function for eigenvalues of the
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Gaussian unitary ensemble (see [36]), the connection between the zeros of L-functions and the zeros of
random matrices has been a major area of study. It is now widely believed that the statistical behavior of
families of L-functions can be modeled by ensembles of random matrices. Based on the observation that
the spacing statistics of high zeros associated with cuspidal L-functions agree with the corresponding
statistics for eigenvalues of random unitary matrices under Haar measure (see [43], for example), it was
originally believed that only the unitary ensemble was important to number theory. However, Katz and
Sarnak [26; 27] showed that these statistics are the same for all classical compact groups. These statistics,
the n-level correlations, are unaffected by finite numbers of zeros. In particular, they failed to identify
1

differences in behavior near the central point s = 5.

The n-level density statistic was introduced to distinguish the behavior of families of L-functions close
tos= % Based partially on an analogy with the function field setting, Katz and Sarnak conjectured that
the low-lying zeros (i.e., zeros near s = %) of families of L-functions behave like the eigenvalues near
1 of classical compact groups (unitary, symplectic, and orthogonal). The behavior of the eigenvalues
near 1 is different for each matrix group. A growing body of evidence has shown that this conjecture
holds for test functions with suitably restricted support for a wide range of families of L-functions. For a
nonexhaustive list, see [1; 2; 4;9; 10; 11; 12; 15; 16; 17; 19; 21; 25; 28; 33; 35; 38; 39; 40; 41, 42; 44,
47; 48; 49]. Much of the previous work is focused on the n = 1 case. We study the n-th centered moment
of the 1-level density for any n > 1, a higher-order statistic first introduced by Hughes and Rudnick [22]
which is combinatorially simpler than the n-level density.

In this article, we consider the family of L-functions associated with holomorphic cusp forms. We
prove that the Katz—Sarnak conjecture holds for the n-th centered moment of the 1-level density for this
family and for all test functions ¢ with Fourier transform ) supported in (—%, %) which represents the
natural limit of the current analytic machinery based on the prior works of [22] on the unitary family of
primitive Dirichlet characters, as well as [17], [15] and [29] on the n-level density for the symplectic
family of quadratic Dirichlet L-functions. Proving the conjecture past this support likely requires new
ideas or stronger hypotheses such as the ‘Hypothesis S’ discussed in [25, Section 10] (or more likely its
generalizations; see [32]).

Previously, Iwaniec, Luo and Sarnak [25] and Hughes and Miller [21] examined the same family and
statistic addressed in this article (with the former limited to the case of n = 1). Under the generalized
Riemann hypothesis (GRH), the conjecture was proved in [25] when n =1 for $ supported in (-2, 2),
and in [21] for the restricted range (—nlj, n]Tl) when n > 2. In [21], the authors were unable to handle
the new terms which emerge at larger supports on both the number theory and random matrix theory
side (nonetheless, that work addressed some rather challenging combinatorics). Our work develops an
approach to handle all the combinatorial terms that arise when the Fourier support of the test function
extends up to 2/n, thus filling in a nontrivial gap in our current knowledge of higher-order statistics for
the zeros of L-functions in the orthogonal families.

To the best of the authors’ knowledge, apart from this work, the success of a purely combinatorial

venture (i.e., without passing to function field settings in the large g-limit and using the equidistribution
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theorems a la Deligne and Katz) in verifying the Katz—Sarnak philosophy through higher-order statistics
is somewhat limited. [6] calculate the n-level density for a unitary family of Dirichlet L-functions. For
the symplectic family, Levinson and Miller [29] calculated the n-level density of a family of Dirichlet
L-functions for n <7, extending the work of Gao [17]. See also the contributions of [7] and [31] in
the realm of random matrix theory. The pioneering work of Entin and coauthors [15; 14] calculated the
n-level density for the symplectic family studied in [29] and [17] and showed it agreed with random
matrix theory by passing to the function field setting. However, their method has not yet been successfully
applied to any of the orthogonal families. Furthermore, the success of this article seems to suggest that
the n-th centered moment statistic might offer a viable means to overcome the combinatorial barriers
encountered in [17] and [29] when verifying the higher-order Katz—Sarnak comparison for the symplectic
family.

1.2. Number theory setup. We now describe the main objects of study. Let H;'(N) be the set of
holomorphic cusp forms of weight k and level N (with trivial nebentypus) which are newforms. For
f € Hf(N), denote by L(s, f) the L-function attached to f. The completed L-function is given by

N K .
AGs, f) = [ X= F@+ﬁ—HL@fy (1-1)
2w 2
It admits an entire continuation and satisfies the functional equation
A(S, f)=€fA(l—S, f)? (1_2)

where €y = £1 is the root number. The family H,’(N) splits naturally into two disjoint subfamilies:
H,:F(N) ={feH (N):eg=+1}, H_(N):={(feH (N):ef=—1}. (1-3)

For each f € H} (N), we denote the nontrivial zeros of L(s, f) by p = % +iyy. The generalized
Riemann hypothesis (GRH) for L(s, f) asserts that y, € R.
As in [25], we take
R=k*N (1-4)

as the working definition of the analytic conductor for the families H(N) (s € {+, —, *}). Our analysis
is greatly simplified by all forms in the family having the same analytic conductor. Varying conductors
are easily handled in 1-level calculations, but cause technical difficulties through cross terms once n > 2;
see [33].

The one-level density of f € H;(N) is a weighted sum over y, given by

log R
D(fi$)=Y ¢ ( = Vf) , (1-5)
Yf

where the test function ¢ : R — C is an even Schwartz function whose Fourier transform (/3 has compact
support. We denote this class of test functions by S,..(R) and ¢ € S..(R). Because of the rapid decay of
¢, the low-lying zeros of L(s, f) contribute the most to the one-level density (1-5).
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As in [21], we use the following shorthand for taking averages over H;(N):

(Q())e ={(Q()Nrrv) = >0, (1-6)

ERUN M

where ¢ € {+, —, %} and Q is any complex-valued function defined on H (N), e.g., f > D(f; ¢) defined
in (1-5).
In this article, we study the n-th centered moment of the one-level density, defined by

Dh(N: )= ((DC5 @) = (DC5 ) i) ") ey (1-7)

where n > 2 is an integer, N is prime, k > 2 is even, and ¢ € S..(R) is a test function. Readers should
keep in mind that the weight & is kept fixed and the level N goes to oo through primes.

1.3. Random matrix theory setup. Let ¢ € S..(R). The random matrix theory counterpart of the one-level
density D(f; ¢) is given by

M 00 M
ZWU;)=y Y ¢(E(9n+2nj)), (1-8)

n=1 j=—o0

where U is an M x M special orthogonal matrix with eigenvalues {€/% : n =1, ..., M}. In fact, the
eigenvalues of U always occur in complex-conjugate pairs. We have the following correspondence when
comparing (1-8) to (1-5):

M <« log (k*N)
U e SOM) < f € H(N)

0, +27j} jez <— {yr}
1<n<M

Here, it is more standard to use the notation
Esowm) [Z(-5 ¢)] :=/ Z(U; ¢)dU (1-9)
SO(M)
instead of the bracket of (1-6). The Haar measure dU on the compact Lie group SO (M) is normalized to
have total measure 1. When supp(qAS) C [—1, 1], it is well-known that

) n |
s = Tim® Esoun [Z(: )] = $(0) + = f b0y dy, (1-10)
M— o0 2 —1
where
lim™ := lim and lim™ := Ilim
M— o0 M— o0

M— o0 M— o0
M=0 (mod 2) M=1 (mod?2)

Similarly to (1-7), the n-th centered moment of Z( -; ¢) is defined as

Z,(M; ) :=Esown [(Z(-5 ¢) —Esoan [Z(-5; $)1)"] (M € N). (1-11)
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1.4. Main results. We are now ready to present our main result, which extends and generalizes [25,
Theorem 1.1] and [21, Theorem 1.6-1.7].

Theorem 1.1. Let k, n > 2 be positive integers with k even. Assume GRH for L(s, f) for all f € H;(N),
where N is any prime or N = 1. Assume also RH for ¢ (s) and GRH for all primitive Dirichlet L-functions.
Then for ¢ € S..(R) with supp(d)) C ( 2 2) we have

lim DE(N; ¢) = lim* Z,(M; ¢). (1-12)
N—o00 M— o0
N prime

The moments fo (N; @) and Z,(M; @) are defined in (1-7) and (1-11).

Theorem 1.1 follows immediately from Theorems 1.2 and 1.3 below. In fact, we prove precise formulae

1
n—a’ n—a

for each of the limits in (1-12) whenever supp(d)) C (

—L-), where a is an integer with 0 <a <n/2.
These formulae might be of independent interest. To state these results, we need to introduce the quantities

op=2 [ a2 a. (1-13)

i—1
Rim, is ) :=2""" (=11 Y (=1*(})
£=0

x<—%¢(0)’"+/ / d?(xz)---dA)(le)/ ¢ (x1)"

sin(27x1 (1 + +---+
" (27 x1 (1 + |x2| I)Ce+1|))d1 --dle), (1-14)

27X

and
145 ]

| o2\¢
Sn,a; @) = ; mR(n — 20, a—2¢; ¢)(7¢) , (1-15)

where ¢ € S,c(R), 1 <i <m,and 0 <a <n/2.
We first state the number theory result.

Theorem 1.2. Let n, a be integers with n>2,0<a<n/2andlet p € S..(R). Under the same assumptions

as Theorem 1.1, 1fsupp(¢) C( P a) then
Jim DE(N; 6) = Lieven) (1) - (1 = D! (09)"? & S (1, a3 ¢), (1-16)
— 00

N prime
where 1ieveny(n) is equal to 1 if n is even and is 0 if n is odd.

Next we state the random matrix theory result.

Theorem 1.3. Let n, a be integers withn > 2,0 <a <n/2 and let ¢ € Soc(R). If supp(¢) C ( % L),
then
Jim® 2, (M; ¢) = Lneven) - (1 = D!1(05)"* £ S(n, a; ¢) (1-17)
— 00

where 1ieveny(n) is equal to 1 if n is even and is 0 if n is odd.
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Hughes and Miller [21, Theorem E.1] proved an analogue of Theorem 1.1 for the full family H,"(N)
under the restriction n < 2k. We remove this restriction in the following theorem, whose proof is given in
Appendix B.

Theorem 1.4. Let k, n > 2 be positive integers with k even and let ¢ € S,.(R). Under the same assumptions
as Theorem 1.1, ifsupp(@) C (—L L), then

n—a’ n—a
1
: * . _ st . fa T . _
11\}}1_130 D,(N; ¢) = 5 [A}gnoo Zy(M; @) -l-MlggrlOo Z,(M; ¢)} . (1-18)
prime

The moments D,jf (N; ¢) and Z,(M; @) are defined in (1-7) and (1-11).

1.5. Applications. As noted in [21] and [34], another application of centered moments is in bounding the
order of vanishing of L-functions at the central point. In Appendix D, we show how to use Theorem 1.2
to bound the probability that a newform with negative sign will have order of vanishing exceeding some
r at the central point. Similar calculations may be done for the positive sign family. Our results provide
the best known bounds (conditional on GRH) for order of vanishing at the central point when r > 5,
surpassing [25; 21; 5; 30].

1.6. Proof sketch and structure of the paper. We evaluate the limit (1-16) using the explicit formula and
the Petersson trace formula. We use the explicit formula to transform the sum over zeros (1-5) into a
weighted average of products of Hecke eigenvalues over primes in Lemma 2.11. After removing many
lower order subterms with Lemmas 3.1 and 3.2, we apply the Petersson trace formula and study the
resulting sums of Kloosterman sums over primes; see (3-4). We assume GRH for L(s, f) when applying
the Petersson trace formula; see Remark 2.9.

Using Lemma 2.2, we convert the Kloosterman sums into sums over Gauss sums. Assuming GRH for
Dirichlet L-functions, we show in Lemma 3.5 that the terms involving Gauss sums with nonprincipal
characters contribute negligibly in the limit when supp((f&) C (_727’ %) This requires strong bounds
for various character sums over primes, hence the need to assume GRH for Dirichlet L-functions.
Hughes and Miller [21, Theorems 1.1 and 1.3] proved results without GRH for Dirichlet L-functions for
Supp@) C (—%, %) (i.e., the case where @ = 0 in Theorem 1.2-1.3); we use GRH for Dirichlet L-functions
to extend the support to supp(dg) C (—%, %)

We are left to handle certain smooth sums over primes (Proposition 4.1) and a convolution sum of
Ramanujan sums (Proposition 4.2). We arrive at Theorem 1.2 upon very careful bookkeeping of the
resulting combinatorics (see Sections 3.4 and 4).

Beyond the regime supp(qs) C (—ﬁ, ﬁ

size of supp(dA)) increases. This serves as the primary obstacle to generalizing the work of [21]. The

) proven by [21], more complicated terms emerge as the

main insight of our extension lies in the observation that many of these terms actually vanish in the limit
(see Lemma 3.1 and Proposition 3.6). This enables us to ignore the very intricate combinatorics behind
these terms. The remaining terms contribute to the limit and exhibit nicer symmetries. We are able to
obtain an integral representation for the these terms in Proposition 3.7 upon making our way through
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the combinatorial jungle. Our work features many elaborate combinatorial simplifications that result in
exact matching with the calculations from the random matrix theory side. As with number theory, the key
result that allows us to obtain greater support in random matrix theory is the vanishing of many of the
complicated terms which emerge at larger supports (see Lemma 5.20).

The structure of this paper is as follows. In Section 2, we review the notations and conventions, and
state some needed estimates. In Section 3, we work with the geometric side of the Petersson formula
with the focus of locating the main contributions in the expansion. We also prove Theorem 1.2 assuming
two key propositions (3.6 and 3.7). In Section 4, we evaluate the main contributions and complete the
proofs of Propositions 3.6 and 3.7. In Section 5 we work on the random matrix theory side and prove
Theorem 1.3.

In Appendix A, we prove Lemma 3.1 regarding the combinatorial expansion for D} (N; ¢) which
serves as the starting point of the number-theoretic calculations. In Appendix B, we give a sketch of proof
for Theorem 1.4 regarding the nonsplit family. In Appendix C, we include more details for the random
matrix theory calculations. In Appendix D we use Theorem 1.2 to bound the proportion of cuspidal
newforms vanishing to a certain order at the central point.

2. Preliminaries

2.1. Notations and conventions. In this article, e(x) := ¢2>™*. The Fourier transform and its inverse
transform are given by

b0)i= [ pmexnar owi= [ den dy @-1)
for x, y € R. The Mellin transform and its inverse transform are
~ o0 ~ d
v (s) 1=/ Yo dx,  Yx) = Y(s)x™’ 2—S (2-2)
0 (o) Tl

for x > 0 and s € C in a vertical strip, provided that the integrals of (2-1) and (2-2) converge absolutely.
For A C R, let

1 ifxeA
1 = 2-3
tred) {O otherwise. 2-3)
We will suppress the argument of a characteristic function when it is clear from context. For x, y € R, let
1 ifx=y
(x,y):= 2-4
() {O otherwise. 2-4)

For x, y € Z, let (x, y) denote the greatest common divisor of x and y. Set (x, y*°) = max,n(x, y"*)
and (xOO, )7) = maXnEN(xn5 }’)
We adopt the following set of conventions throughout this work.

(1) We use ‘i’ to denote the imaginary unit and ‘i’ for indices of summation.

(2) We use p, p;’s, g;’s to denote prime numbers.
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(3) The test function ¢ : R — C is an even Schwartz function with its Fourier transform qAS having
compact support.

(4) The weight & is kept fixed and the level N goes to oo through primes
(5) A quantity is considered to be negligibly small if it is o(1) as N — oo.

(6) The implicit constants for O, <, >, <, etc. may depend on k, €, n, a, and of course the test function
¢ (compare Theorem 1.2). We will omit such dependencies to simplify notation.

(7) We shall frequently adopt the epsilon convention, namely that € > 0 is an arbitrary small quantity
and O(N~€) - O(N—Ckenarey = g(N~€) (say).

(8) We always assume GRH for L(s, f) for any f € H(N) with N =1 and primes N.

2.2. Analytic preliminaries. We will frequently encounter the following exponential/character sums.

Definition 2.1. Let m, n, g € Z with ¢ > 1 and x (mod ¢g) be a Dirichlet character. We define

Gy(n):= Y x(@elan/q), (2-5)

a mod ¢
Rn.q)="Y elan/q). (2-6)

a mod g
Sm.n:q)yi= S (M4 L nay 27
(m. n: ) a%qe(qwtq) @-7)

where * restricts the summation to the reduced residue classes a (mod ¢), and aa = 1 (mod g).

The sums G, (n), R(n, q), and S(m, n; g) are known as the Gauss sum, the Ramanujan sum, and the
Kloosterman sum. When x = xo (i.e., the principal character (mod g)), we have G,,(n) = R(n, q). Also,
R(n, q) = S(0, n; g). The Ramanujan sum admits the following explicit evaluation:

q v(q)
R(n,q) = u(g/d)yd = u ,
dwzm <(q, n))w(m?n))

where u(-) and ¢(-) are the Mobius p-function and the Euler totient function. We will need the

(2-8)

multiplicativity of the Ramanujan sum as well:

R(n, q192) = R(n, q1)R(n, q2) (2-9)

for (q1,qp) =1andn e Z.
The following bounds are particularly handy in showing various sums and integrals to be negligibly
small. We have

Gy (M| =4, (2-10)

and

1S(m, n; ) < (m, n, q>\/min{ (mqq), (nqq)} 7(q), (2-11)
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where t( -) is the divisor function. The bound (2-11) is a convenient reformulation of a well-known result
of A. Weil; see [25, 2.13].

We often need to handle the Kloosterman sums in more refined ways than merely applying (2-11). In
the context of low-lying zeros (see [21; 25]), it is advantageous to expand Kloosterman sums in terms of
Dirichlet characters and Gauss sums. The following is a generalization of [21, Lemma C.1].

Lemma 2.2. Let N be a prime not dividing bQm. Then

S(m*, NQ; Nb) = — (b)ZG (m*G,((Q, b°°))x<
x )

Proof. Setr = (Q, b*) and Q' = Q/r. Then (Q’, b) = 1. Using the orthogonality relation and opening
up the Kloosterman sum by its definition, observe that

o
N). 2-12
(Q’boo)>x( ) (2-12)

S(m*, NQ; Nb) = ( ) Y3 x@5x(Q)Sm?, Nra; Nb)

x () a ()
d
(,,)Zx@z ( )Z x()(m) (2-13)
x(b) d (Nb) a(b)

Making a change of variables a — ad in the a-sum and breaking up the d-sum by d = u| N + uyb with
(u1,b) =1 and (up, N) = 1, it follows that

1 m2d
S(m*, NQ; Nb) = x(0HG, (r)Z x(d)e( )
( ) x (b) d (Nb)
2

1 m2u *
o) 2 X@)G, x>y x(ul)e( : ‘)Z e(’"N”Z). (2-14)
uz (N)

x (D) uy(b)

The ur-sum and u-sum of (2-14) evaluate to —1 and G, (m?) respectively as (m?, N) = 1. The result
follows. O

Lemma 2.3. Let x (mod b) be a primitive Dirichlet character. Under GRH for L(s, x), we have

Z A x (W)n~" = 0 (x"?(bxt)©) (2-15)

n=<x

foranyx =2 andt € R.

Proof. This follows from a standard argument similar to the one used to prove the prime number theorem;
see [24, Chapter 5], [8], or [37, Chapter 13]. As a quick sketch, we have

i %-‘rix L ) X3 12 xp—it 12 .
ZA(n)X(n)n :/;—ix f(s—i-lt,x)?ds + O(x ): Z P + O (x (bxt) )

n=x 2 ly—tl=x

using GRH and the estimate

/

L 2
7 (8- %) < (logbls) (2-16)
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for —1 <*Re(s) < 2. The desired result then follows from the fact that the number of zeros satisfying
u<y—t<u-+1is<logb(u|+|t])). O

The Bessel functions of the first kind occur in the Petersson formula (see Lemma 2.8) and hence
frequently in this paper. We collect some results for them.

Lemma 2.4. Let k > 2 be an integer. The following bounds are satisfied for x > 0:

(1) Je—1(x) < L.

(2) J—1(x) L x.

(3) Jk—1(x) < x4

4) Jeo1(x) g x 7

Proof. See [18; 46]. O

We will also utilize the Mellin integral representation for the Bessel function.

Lemma 2.5. We have

1
Je—1(x) = —/ Gi-1(s)x " ds (2-17)
270 Jore(s)=c
forx >0and 1 —k <c < %,where
s— -1 1—
Gt =200 (1) fr (21
Proof. See [18, (6.561.14)]. O

2.3. Automorphic preliminaries. We collect the essential results from the standard references from [24,
Chapter 14], [23, Chapters 6-7], [25, Sections 2 and 3].

Let k and N be positive integers with k even and N prime. Recall that H;?(N) (e € {+, —, *}) denotes
the set of holomorphic cuspidal newforms of weight k& and level N, depending on the sign of the functional
equation. From [25, (2.73)], we have the dimension formulae

|HE(N)| = 2 (k— DN + O((kN)*/®), (2-19)
|H} (N)| = {5(k — DN + O((kN)/°). (2-20)

Every f € H;(N) has a Fourier expansion of the form

f@o=) hp(mn' e(nz) (2-21)
n=1

forzeH:={x+iy:x €R, y > 0}, where A 7(1) = 1. The L-function associated with f is defined by
the Dirichlet series

L(s. f)=Y_ rpmn™ (2-22)

n=1
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which converges absolutely on Re s > 1. The completed L-function is given by

Als, f) = <*2/—§)F<s n %)L(s, . (2-23)
It admits an entire continuation and satisfies the functional equation
AGs, f)=e€r A(l1—s5, f). (2-24)
The root number € ; admits a nice formula in our case.
Lemma 2.6. If f € H}(N) and N is prime, then
er = —i*A(N)VN. (2-25)
In particular, we have |\ y(N)| = 1/«/N.
Proof. See [25, equation 3.5]. U

The following Hecke relations will be crucial in demonstrating that the number theoretic combinatorics
align with those of random matrix theory.

Lemma 2.7. Let f € H;'(N).

(1) Foranym,n > 1,

mn
Ay =3 2y (F) . (2-26)
((jzl,(zlg)’i)l

In particular, if (m,n) =1 then

Ap(m)Ar(n) = Ay(mn). (2-27)
(2) For a prime p{N, we have
Ap(p)? =2y (p?) + 1. (2-28)
(3) Forn > 1 and a prime p{ N, we have
[n/2]
=" [(0) = ()] a2, (2:29)
a=
Proof. Only the last property is less well-known; see [20] for its proof. ]
Now, consider
At ym)= Y Ap(n), eef{+,— %) (2-30)
FEH(N)

Splitting by sign with Lemma 2.6, we have

i“/N

1 1
AEym = Y SEePhpn) =2 AL y() F A% y(N) (2-31)
FEHFN)

whenever N is a prime and (n, N) = 1. We have the following useful form of the Petersson formula.
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Lemma 2.8. If N is prime and (n, N*) | N then

A y() = A () + A (), (2-32)
where
/ k=N k- DN 2 it Sm?, n; c) Vm?n
A =5 = On R — — i1 4 2-33
o 12/n o 12 (m%)::l m c=o§dN ¢ T ( .

m<Y c>N

with 6,0, = L only ifn = m? withm <Y and 0 otherwise, and A,‘(’?N (n) defined in [25, Lemma 2.12].
Proof. See [25, Propositions 2.1, 2.11 and 2.15]. O

Remark 2.9. The piece A7 (n) is called the complementary sum. By [21, Lemma A.1], assuming
GRH for all L(s, f) with f € H(1) U H;(N), the complementary sum does not contribute in all cases

appearing in this paper.
We have the following lemma.

Lemma 2.10. Assume (n, N) =1. Then

1 3
— A y(N N72te, 2-34
Proof. We take Y = N€ and write ¢ = bN for c =0 mod N. Using (2-19), the Weil bound (2-11) and the
bound J;_1(x) < x from Lemma 2.4, the result follows immediately. U

2.4. Density and moment sums. Let f € H'(N) and ¢ € S..(R). Substituting the explicit formula for
L(s, f) (see [25, Section 4]) into the one-level density function

log R
D(f:i)=> ¢ ( o w) , (2-35)
vy
we have
R 1 loglog R
D(f; ¢)=¢(O)+§¢(O)—P(f§¢)+0 <W>’ (2-36)
where R = k?N and | )1
P(fid) =Y Ap(p)d (g: 2) ﬁ(ifg” = (2-37)

pIN
See [25, (4.25)] and the relevant remarks of [25, pp. 88] and [21, pp. 129]. Using (2-36), [21] expresses

the n-th centered moments in terms of sums over primes (see [21, Section 2.3]).

Lemma 2.11. Ifsupp(tf)) c (=1, 1), we have

lim DE(N; ¢) = (=1)" lim S"(N)+(=1)"" lim S(N) (2-38)
N—o00 N—o00 N—o0

N prime N prime N prime
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provided the limits on the right side exist, where

) . " logpj) 2log p; ><" > ]
STy = Y 1‘[(¢(10gR Jloe R [Trr(P0 (2-39)

PUN, ..., pufN =1 j=l *

and

M Ny o ik T (5 (logri\ 2logp; - . ]
"Ny :=iVN > ] (¢(logR) \/p_jlogR><,\f(N)]_[xf(pl)> : (2-40)

PN, ppfN j=1 j=l1 *
Proposition 2.12. Under the same assumptions of Theorem 1.1, we have
— 1" 2\n/2 . . ,
lim SOy = T DO s even (2-41)
N—>00 0 if n is odd,
N prime
for ¢ € S.c(R) with supp(qS) C (—% %) where O'; is defined in (1-13).
Proof. See Appendix B. U

Remark 2.13. Theorem E.1 of [21] is an analogous result but with an extra restriction n < 2k.

In Sections 3 and 4, we evaluate Sé”)(N ). The main result is Proposition 3.8, in which we express
SY"(N) in terms of S(n, a; ¢) (see (1-16)).

3. Proof of Theorem 1.2 assuming Propositions 3.6 and 3.7

In this section, we prove Theorem 1.2 assuming the key Propositions 3.6 and 3.7. We prove these
propositions in Section 4. First we decompose Sé")(N ) (see (2-40)) into subterms and show that many of
these subterms vanish as N — oo through primes. Then in Section 3.4, we apply Propositions 3.6 and
3.7 to complete the proof of Theorem 1.2.

3.1. Combinatorial expansion and cleaning. We rewrite the sums over primes in (2-40) as sums over
powers of distinct primes. This facilitates the applications of the Hecke relations (Lemma 2.7) and the Pe-
tersson formula (Lemma 2.8). More precisely, suppose p; - - - p, = q{” - -qze in (2-40), where g1, ..., q¢
are distinct primes, n > 2 and £ > 1. We have (A s (N) ]_[;f:1 Ar(pi))«=(As(N) ]_[1;7‘:1 Ar(gj)")«. We then
apply the Hecke relations (2-29) to each A ¢(g;)"/ and then use (2-27). Then we remove the distinctness
condition from the sum over primes using a delicate inclusion-exclusion process. We conclude this
process with the following lemma.

Lemma 3.1. We have

sPN= > Y > Y GiaEGi. ) (3-1)

0<w=<n 0<n'<n n:=(ny,...,ny) m:=(my,...,my)
nj>1 mj=n; (mod 2)
nitotne=n'"  0<mj<n;
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for some explicit constants Cj, , where'

st 5 (16 (i)

qUiN,....qutN j=1

" (logpi\ 2log py
> II¢(ng)¢EkgR““NQ”* e

PUN,...py u’J(N =1

and

n/

n

o=[]d" T] p- (3-3)
j=1

i

—_

Lemma 3.1 is quite involved combinatorially, and we prove it in Appendix A, carefully decomposing
Sé")(N ) into sums over distinct primes in order to establish the condition m; < n; in (3-1).

Lemma 3.1 allows us to apply the Petersson trace formula in the following section, as we have expressed
Sé")(N ) in terms of the average of a single Fourier coefficient A s (N Q), as opposed to the product of
Fourier coefficients in the definition (2-40). The coefficients Cj j; are difficult to calculate in general, but
as a consequence of Proposition 3.6 we only need to determine them in specific cases (see (3-24)).

3.2. Cleaning with Weil’s bound and the prime number theorem (PNT). The following result states

that E (n, m) contributes to lim N—o00 D (N; ¢) only if “most” of the indices satisfy n; =m.
N prime

! )forsomea <n/2. Ifn’ > a, then E(n,m) = O(N~°).

n—a’ n—a

Lemma 3.2. Suppose supp(¢) C (—

Proof. Let supp(qS) C (—o,0) with 0 < 1/(n — a). Using Lemma 2.10 and the PNT (with partial

summation), the sum over pi, ..., py_n in (3-2) is < N73/>T¢(g{"" - -q") 2R For 1< j <o,
wehaven;—m;>2asmj; <njandm;=n; (mod 2). Using the PNT again for the sums over g1, ..., go
in (3-2), we have E(ii, m) < N™'+R°"=")_ This is O(N~¢) if n’ > a. 0

We are now in a position to apply the Petersson formula (Lemma 2.8) to (3-2). We assume GRH for
L(s, f) so that the complementary sum A,ffN does not contribute (see Remark 2.9). Since |H;" (N)| ~
N (k —1)/12 from (2-20), it follows that

> = 2"t log g logg; " — ~ (log p; log p;

a5 ACER) 3 T

VN quiN...., quNJ 1 log R/ /ajlog R PUN.....py IN i=1 logR J \/pilog R

Z Z S(m?, N Q; Nb) drma/Q
b Jk—1 b/

where Q was defined in (3-3) and we set Y = N€. Also, recall that n’ =n +-- -+ ng,.

) + O(N™°), (3-4)

m<N¢

I'We have omitted the dependence on w and n’ in the notation E (7, 71) as it is implicitly contained in 7, 7. We have also
suppressed the dependence on N for ease of notation.
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We impose restrictions to the b-sum of (3-4) using the following two lemmas. We will also make use
of the following bounds from Section 2:

S(m*, NQ; Nb) < m*b">(bN)¢, Jr_i(x) <x x. (3-5)

5
n)’ 2(n—n’)

Lemma 3.3. If supp(qs) c <— o > ), then the contribution from the terms in (3-4) with
n—

(b, N)>1is O(N).

Proof. This is a refinement of [21, Lemma 4.4]. Let supp(qAS) C (—o, o). If the b-sum of (3-4) is restricted
to (b, N) > 1,i.e., b = cN for some ¢ > 1, then such a sum is « N ~2*¢,/Q using (3-5). Combining
this with the PNT and the fact that n; —m; > 2, we find that the contribution to (3-4) from terms with
(b, N) > 1is « N™>/2t€ Rn=n)9 \which is negligible when o < ([l

Lemma 3.4. Ifsupp(qg) C (—w, w)
n

is O(N—12). -

Z(n n')"

then the contribution from the terms in (3-4) with b > N*0%2

Proof. This is a refinement of [21, Lemma 4.5]. Let supp(qAS) C (—o, o). If the b-sum of (3-4) is restricted
to b > N2022 then (3-5) implies such a sum is

S(m?, NQ; Nb 4
Z (m 0 )qu( 7rm><<N_1/2+e Z p3/2+e g p1011-1/2+¢ (3-6)

b>N2022 b b‘/ﬁ b>N2022
1009 " the contribution of (3-4) with b > N2022 is « N~10124< R=1)o « N=12 ysing (3-6),
the PNT, and the fact that n; —m; > 2. This completes the proof. ([l
3.3. Expanding the Kloosterman sums. Suppose supp(d)) C (—— Z) for n > 2. In particular, the

assumptions of Lemma 3.3 and 3.4 are satisfied and we may impose the relevant restrictions on the
b-sum of (3-4). Also, because R = k*N and supp(gﬁ) C (-1, 1), the conditions ¢; { N, p; { N in (3-4)
are automatically satisfied provided the primes N are sufficiently large, and thus they will be dropped
subsequently. Now, Lemma 2.2 allows us to convert the Kloosterman sums in (3-4) into Gauss sums. We
thus obtain

L. g logg;\ logg; \" " (logpi\ log p;
B, m) =~ \/_ Z l—[( (logR)ﬁlogR) pl’_%:_/ ll:[¢(logR)ﬁlogR -7
oo 0 nm@) e
— G G b N) S| — == ) + 0N 7).
x Z i) D p-r )Z (MG, ((Q, ))X<(Q,boo))x( )k 1( ) TOWT

m<N¢€ (b,N)=1
b<N?022

x(b)

Denote by E (71, m)| x+£xo the expression (3-7) but with an extra restriction x # xo in the sum over x (b).
The following lemma shows that E (71, m)|, .y, contributes negligibly as N — oo. The shape of the
expansion (2-12) allows us to capture cancellations in two ways: first, from the sum over x (b) via

(p( ) > 16, @G (| < b (3-8)
x )
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and second, the character sums over primes (see Lemma 2.3). The former follows simply from Cauchy-
Schwarz’s inequality and the orthogonality of characters, and the uniformity of (3-8) in x, y is important.
For the latter, we crucially make use of GRH for the Dirichlet L-functions, and of course the restriction
supp(¢) C (—— ﬁ) Additionally, the following proposition corrects an error made in [21, Lemma 4.7].

Lemma 3.5. Assume GRH for the Dirichlet L-functions. If supp(q@) C (—% %), then
E@,m)|yzy = O(N™). (3-9)

Proof. Upon rearranging the sums and taking absolute values, we find E (i, )|y, is bounded by

logg;\| logg; \" log pi'\| _logpi
Ogglfanx—n Z Z l_[ ( (log R )‘ JVa;log R o bz 1_[ logR /| \/pilog R

N2022 q1seqo j=1 vy Dol =1
(b N)=1
1
D > 16 m)Gy (0. 5%)]
mene " ‘”( ) @
B X#Xo
n —
log pe'\ X(pe)log pe drm/Q
| x TH () M (BR)L o
pO(JrlTb ey Pp— n"fb l=a+1 g pz g
We estimate the sum over py41, ..., pp—y in (3-10) with Lemma 2.3. To separate variables, we plug in
(2-17) with s = —1 + € 4 it. Interchanging the order of sums and integrals and taking absolute values,

we have
3 1—[ (10&0@) X (pe) log py Jkl(‘“”"@)
logR ) pelogR "\ bJN

pDH—lJ[b < Pn— n’J[b l=a+1
ne
Zq; log p x(p)log p
log R ) pltin/2]log R
pib

00 7\ 1€
<</ (M) Ger (1 — e +in)| dr, (3-11)

bv/'N

where

w o
=[]4" ]]r (3-12)
j=1 i=1

and Gy_1(-) was given by (2-18). Suppose supp(¢?) C (—o0,0). By Lemma 2.3 (with partial summation)
and the fact that

1 1
2 10g1€ = 10gfe’ (-13)
o7 log og
we find
»(logp\ Xx(p)logp )2 ¢
Y ¢ (log R) erlogR & KRB (3-14)

ptb
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By the Stirling formula |I"(x 4iy)| =<y (1+|y|)* /2~ P!, which holds for any x € R— {0, —1, =2, ...}
and y € R (see [24, equation 5.113]), we have

|Gi—1(1 — € +it)] Kge (141t 7F€ (3-15)

for any t € R. Applying (3-14) and (3-15) to (3-11), we have

. _ 1—€
3 1_[ <110g]17:) X(pg)llogge s <4nm@) < (m_«/Q’) RO=/2(Rpye.
S og J/pelog bv/'N bv/N

(3-16)
From (3-10), (3-12) and (3-16), we have that E(n, n)|,y, is bounded by
Reto(n—n'—a)/2 1 e logg; \" mj/2 =7 log p;
S 2o <ﬂ,gR) 0" X T r
<

pilb, ..., palb i=1

x Y m (b) D G mHG, ((0.6%)]  (3-17)

m<N¢ x(b)
X#XO

Applying (3-8), Y m™¢ < R€, and (3-13) in sequence, the expression above is further bounded by

m<N¢€
Re+a(n—n/—a)/2

13 log qj n;j m; /2 1 log b n—n’
- . - . 3-18
osgﬁn/ N Z l—[ ( /q;log R 9 Z b \log R ( )

b<N2022

The contribution of the b-sum is O (R€). Since n; —m; > 2, it follows from the PNT that
E (i, )|y < NENOO=1/271 (3-19)
which is negligible if o < 2/(n —n’). The result follows. ]

We apply Lemma 3.5 to (3-7). This leaves only the contribution from o (mod b) for each b < N20?2
and (b, N) = 1. Note that G,,(x) = R(x, b) is the Ramanujan sum and xo(N) = 1. Hence, we have
under GRH that

.. 2+ “r(~(logq;\ logg; \" " (logp\  log pi
i (¢ () Jaroer) (o) 77
JN qlgw jl:[l log R gjlogR 21;"_ l_[ log R pilog R

1 R(m*, b)R((Q. b™), b) ( 0 ) <4mw—Q>
— i | —— ),
DD bo(b) @) '\ TN

m<N¢ (b,N)=1
< N2022

+O(N™9), (3-20)

provided supp(qg) C (—%, %)
We complete the calculation of E (7, m) with the following two propositions, which we prove in
Section 4.
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Proposition 3.6. Let E (i1, m) be as in (3-2) and suppose that there exists some 1 < j < w for which
nj+mj; > 2. Under the same assumptions of Theorem 1.1, ifsupp(q@) - (—2 %) with n > 2, then

E@m,m)= 0(1/logN). '

Proposition 3.6 shows that many of the terms in the expansion (3-1) do not contribute in the limit. We
complete the proof of Proposition 3.6 in Section 4.3.

Proposition 3.7. Let E(ni, m) be as in (3-2) and suppose w = n’ = 0. Under the same assumptions of
Theorem 1.1, if supp($) C (==, L) with | < a < n/2, then

n—a’ n—a
(loglog N)? )

Tog M) (3-21)

E@,m) = (—D)" "R, a; ¢) + 0(
where R(n, a; ¢) was defined in (1-13).

We complete the proof of Proposition 3.7 in Section 4.5.

3.4. Concluding the proof of Theorem 1.2. We will now demonstrate how to use Propositions 3.6 and
3.7 to evaluate Sé")(N).

Proposition 3.8. Let S(n, a; ¢) be defined in (1-15). Under the same assumptions of Theorem 1.1, if
supp($) C (==, L) with 1 <a < n/2, then

2
(loglog N) ) (3-22)

(n) _ n+1 .
S,V (N) = (=) S(n,a,¢)+0<W

Proof. By Lemma 3.1 and Proposition 3.6, Sé")(N) is a sum of terms of the form E (7, m) with nj+mj<2
for each j up to an error of O(1/log N). Since n; = m; (mod?2), thenn; =m; =1orn; =2 and
m; =0 for each j. Let E¢(N) denote the term E (1, m) in which n j=2and m; =0 for exactly £ values
of j. We have

E¢(N) = “ (4 (loga; V' (_2logq; )’
¢(N) = Z n(¢<10gR> (ﬁlogR>>

GUIN,...,qetN j=1

n—2¢

~ (1 ; 21 i
xi'VN Y 1'[¢(°gp)( og p )(;,f(zvpl---pn_ze))*. (3-23)

PUN ooy PaaetN i=1 log R J/pilog R

By Lemma 3.2, the contribution to Sé")(N ) from E,(N) with £ > a/2 is negligible. We thus have

L45")
n!
SPN) =Y ———————E((N)+ O(1/log N). 3-24
3V (N) gze(n_wm «(N)+ 0(1/1og N) (3-24)
The combinatorial factor multiplying E,(N) arises from choosing the indices of the primes for which
nj=mj=1,orn;=2and mj;=0. We choose the primes for which n; =m; = 1 in (,,) ways, and put
the remaining primes into pairs in (2¢ — 1)!! = (2¢)!/(£!2%) ways. Multiplying and simplifying gives the
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desired combinatorial coefficient. By Proposition 3.7, we have

log pi \ ( 2logpi
kf Z 1_[ (10gR)(\/ElogR)(kf(Npl'”p”_zg))*

PUN,...,pp_2etN =1

(3-25)

2
=(=D"""R(n—2¢,a—2¢; ¢) + 0(%)

(log N)1/2
Applying (3-25) to (3-23) and factoring the sums over g; gives

2 2 2 l
E((N) = (—1)"+1<R(n—2£,a—2£; ¢)+0(M>)(Zd§(logq) 4log q) . (3-206)
qiN

(log N)!/2 logR) glog®R

A standard partial summation argument gives

~(loggqg 2 410g’ g RSN
St ) L o [ igoia. (27
N og qlog” R —c0

which is precisely the quantity aq% given by (1-13). Applying (3-27) to (3-26), we have

2
PRI TS P NSy Y (loglog N) )
E¢((N) = (—=1)""(0) " R(n—2¢,a —2¢; ) + O(—(log iz ) (3-28)
The proposition follows readily upon applying this to (3-24) and comparing with (1-15). (Il
Proof of Theorem 1.2. The proof follows immediately from Proposition 3.8, (2-38), and (2-41). (I
4. Proof of Propositions 3.6 and 3.7
Throughout Section 4, we assume supp(¢) C (—-1-, 1) with | <a < n/2 and we further analyze the

expression (3-20) for E (11, m).
In Section 4.1, we rewrite the sums over primes in (3-20) into a more analytically tractable expression.
The key quantity to be considered is

Arm [ ] " (log pi\ xo(pi) log p;
s e ) DR
pa+;,p bVNV izt ; IZL log R 1/2 log R

where the dependencies on N, m, ¢, b are conveniently suppressed in the notation B(«). We also set
D, (x) :=¢(x)" for r > 0. The main result is the following.

Proposition 4.1. Suppose supp(qb) C (_ﬂ ﬂ) with 1 <a <n/2. Under RH for ¢ (s), we have
B(e) = b Q_Xaj_l(n )“ azs 1( by <n o— 8) Z 1—[¢ log p;\ xo(p;)log p;
2mma/c pours —rt ' — i log R pjlogR

x R 2 d 6
X /xzoJk—l(X)fDn—a—a(logRl ( N/( np])))ﬁ +O(N™%). (4-2)

where the implicit constant does not depend on N, m, c, b, «.
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The evaluation of B(«) requires a delicate inclusion-exclusion argument to convert the sums over
primes of (4-1) into sums over integers which appears on the left side of (4-10). This is followed by
Lemma 4.5, which expresses the sums over integers into integrals via a standard contour-shifting argument
(assuming RH). Then the proof of Proposition 4.1 is completed by further combinatorial simplifications.
The final step is crucial for matching the calculations with those from the random matrix theory (see
Section 5).

One must also evaluate the convolution sum of Ramanujan sums in (3-20). This task will be carried
out in Section 4.2 and the main result is stated as follows.

Proposition 4.2. Let ¢ € S,.(R). Then as N — 0o, we have

Z R(1,b)R(m?,b) OOJ ( )A<210g(by\/§/4nm)) dy
eyl @(b) 19 log R log R

2 2.2
:5( m ,1>‘p(M)< / ¢(x)sm(27r log(k Q/16”m)>2n + ¢(0)>

(m, M) log R
(loglog M)?
(S R _
+0<m logR)72 )’ (4-3)

uniformly form, M, Q > 1.

The contents of Sections 4.1 and 4.2 are independent of each other. The proofs of Propositions 3.6 and
3.7 crucially rely on Propositions 4.1 and 4.2. They are the subjects of Section 4.3 and Sections 4.4-4.5,
respectively. It will be essential to break up the Ramanujan sums judiciously using the multiplicativity
(2-9) and perform a prime-by-prime analysis with the exact evaluation (2-8). In Section 4.4, we managed
to find an integral representation for E (71, ). The proof of Proposition 3.7 follows from the combinatorial
simplification in Section 4.5.

4.1. Sums over primes: proof of Proposition 4.1. This subsection is dedicated to proving Proposition 4.1.
We begin by defining the quantities

C'(a.p)=N"""? Z Z Jk—l(MTm c Il p"/\/N/ T )

Pa+15--sPn ty+1,- ta+ﬁ— i=o+p+1 Jj=a+1

a+p
< T1 <’110gP1>X0(Pj)10ng - q;(logpi>Xo(Pi) OLPi 44

/2 1/2
j=atl log R log R gyt log R log R

and

o0 [ee] a+p
Capy=N"7 3 32 X fk1<4ﬂm/ Lt o/ \/ /1L p7)ar
i=a+p+

Pa+1s-sPatp tyy,... latB=2 Votftlsees vp=1 j=otl

X”iif (tjlogPJ)XO(Pj)Ingj - é(log“i)xo(”im(”") (4-5)

2 72 .
j=a+1 log R u/ log R j—gip+1 log R U,-/ log R
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Observe that C’(«, B) is a generalized version of B(«) (see (4-1)) as B(a) = C'(«a, 0). Also, the
expression C(«, B) is obtained from C' (e, B) by replacing the sums over primes p;’s, where a + f +1 <
J < n, by sums over positive integers v;’s, as well as the weight log p; is replaced by von Mangoldt’s
function A(v;). We have the following relation between C’(«, 8) and C(«, B).

a—l—a—

Property4.3. C'@.p)=C@.p)— Y. (”_‘Z.‘_ﬂ)c’(a, B+i)+ O(N).

i=1
Proof. The property follows directly from the definition of von Mangoldt’s function and a partitioning
argument. The sum over i in the statement of the proposition is restricted to i <a — 1 —« — 8 because
the contribution from i > a — 1 —a — 8 is O(N~°), which follows readily from J;_;(x) < 1. O

Property 4.3 can be applied repeatedly to obtain a relation between (4-1) and (4-5).
a—1—a N
Property 4.4. Ba)= Y ( )C(a (=1 + O(N™°).
i=0
Proof. Define

_1=

B'(a. n):=i(—1>"(”f"‘)0<a i)—aza( ‘)@ z)Z( n(L)+ow . @

i=0 i=n+1
We claim that B'(«, n) = B(«) and we proceed by induction on 77 The base case n = 0 holds by

Property 4.3 and the fact that B(a) = C’(«, 0). For the inductive step, assume that B'(«, k) = B(«) for
some integer k > 0. This implies

B(a)zi(”j‘)‘)aa,n(—l)"—a_i (") z)Z( p(L)+ow . @
i=0 i=k+1

We examine the term where i = k + 1 and we have
k+1 n—o k
] _ _ +1 7 B
(k 1>C(a k—i—l)g (— 1)( )_<k 1)( D C(a,k+1). (4-8)

This follows from the identity ZkH( 1)/ (kH) = 0, an easy consequence of the binomial theorem.
It follows from Property 4.3 and reindexing the sum using the change of variables £ =k 4 1+ j that

(”‘“)(—1)k+lc’(a,k+ 1)

k+1
n—o k1 aok p—a—k—1y ) e
— D Cla g+ 1) — . Cllak+14/))+ON
(k1)eD <(an ) ]2( ) N)+ow
(TN ke K = N kLG e : —e
= (1) evc@irn =3 (L) (T ) D ek 14+ o
—("_“)(—1)k+1C(a,k+1)—a_i_l(”_“>( )( D*C (@, €) + O(N), (4-9)
k+1 PRra AN k+1

Substituting the last equality into (4-7), we have B(a) = B’(«, k+ 1) and this completes the induction. [J
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The innermost sums of (4-5) can be rewritten as follows.

Lemma 4.5. Under RH for {(s), if Supp(¢) C ( then

nana)

Z (l—[¢(10gvz)Xo(vi)A(Ui))Jk_l<4”mm>

L logR ) /v log R /N
YN G iy s (T s log v\ xo(w) Aw)
:2nmﬁ );) FZV (=1’ y( J )( )UZ: (1:[ (logR> v; log R )

- T 2 bx N dx |
1) Pay- ! N2, (@1
X /x=0Jk 1(X0) Py V<10gR Og(4nm ooy )) log R + O( ), (4-10)

where the implicit constant does not depend on N, m, c, b.

Proof. This is a generalization of [21, Lemma 4.9]. Open up the J-Bessel function on the left side of
(4-10) with the Mellin inversion formula (2-17):

1 = (1 A " 4
1 34 ( ogv) _romaw Lo i
27i Jore(sy=1 \“; * \log R vI+9/2log R b/ N
Under RH, a simple contour-shifting argument (or see [21, (4.34)]) gives
o0
~flogv\ xo(v)A(v) l—s
= log R E(s), 4-12
; ¢ <10g R) v(1+9)/21og R ¢ Ami B +E©) (“4-12)

where
1 2z—1—s)logR
E(s) = —=— ¢>< o8 ) @, X0) dz. (4-13)
2mi Re(z)=3/4 47

As a consequence, (4-11) becomes

1 1 e drma/c\
2mi Re(s)= 1(¢<4 10gR>+5(s)) Gk_l(s>< bv/'N ) ds

— n=n-y —s
_ n—n 1 y 4nmﬁ) )
_X_:( y )27” /9%(‘?):1‘15(47” logR) E(s) Gk—l(s)< oI ds, (4-14)

where the last line follows from the binomial theorem. Now, [21, (4.43)] gives the bound

1 1 ey drmfc\~’
— log R E(s)Y G- N=n=yIof2re 4-15
271 s 1¢<4m og ) ()" G 1(s)< oIV ) < (4-15)

which is in turn O(N'/>=¢) when y >a —n —1and o < 1/(n —a). Hence, (4-11) is equal to

a—n—1

n—mn 1 n—n—y 471mf ds s
2 (" )[me<s>:1¢(4m logR) 5(5)ka—1($)< bﬁ) O @16)

y=0
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For integers y, n with 0 < y < n, we define

. 2 [logv\ xoAW) \  [1—s ey drm/c\ " ds
o= [ (S ok ) o) o oe®) om0 (557) 5

(4-17)

It follows that (4-11) is given by

a—n—1

Xn: (n;n) Xy:(—l)jy<y.)T(j,n —n)+ O(Nl/Zfe)
=0

]/:

(=]

J

Il M3

Xn: —1)/” y(n n)(y)T(%”—ﬂ)-i-O(Nl/z 9, (4-18)

using the formula for £(s) in (4—12).
In (4-17), applying the formula fooo Ji—1(x)x* " dx = G¢_; (s) with the change of variable s = 1 + i,
it follows that

bJN [ —t1ogRY' 7 ([ 1 2 (logvi | xo(w)A(v;)
T(V,n)=—8n_2m\/z A ¢( e > ( Z 1_[ (10gR>vz:t/2+] >

log R
(G

Upon rearranging and a change of variables u = —¢ log R/(4m), we have
o) — bf i 11[ log vi \ Xo(vi) A (v;)
v 2rmy/c log R v; log R

/OOJ )b 2 jog 2" N X400
X _1(X _ (0] . -
=0 -l "\ drm g logRY cvi---vy, J/1ogR

Now, (4-20) and (4-18) lead to the desired claim. O

) / Jeo1()xdx de.  (4-19)
0

..... = =

Next we apply Lemma 4.5 to C(c, B).
Property 4.6. We have

p )= A (s i y ’
y:() i=0
where D(«, B, v) is defined by
b = = e tilog p;\ xo(p;)log p;
= IR YN IR Y | I C ) by
Po+15--+5 Poa+p+y tatlse--s Ia+ﬁ=2 Tt Btl1seees totpty=1 j=a+p+1 p] 4

o A 2 bx~N"\ dx
X Ji—1(x0) Dy g—p— ( log ) , (421
/x n-a—p-y log R

log R 4rm

with N
N = — t . (4-22)
a+1 at+p+y
CPyy1 " a+pB+y
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Proof. Applying Lemma 4.5 to (4-5), we have

a—a—p—1 a—a—pf—1 /3
i, (N—O—
Cla, p) = D(e, B, —ni7r( )() O(N™* 423
@p= Y. <aﬂy><2() ; +ON™9). (4-23)
y=0 j=r
The property follows from the reindexing i = j — y and simplifying. O

Remark 4.7. The three multiple sums of (4-21) can be interpreted as follows: the first o primes are those
that divide b; the next two sums involving B powers of primes are those left over from converting to sums

over integers; and the last sums over y integers are those leftover from applying Lemma 4.5.
We apply Property 4.6 to the formula for B(«) described in Property 4.4.

Property 4.8.

a—a—1 a—a—5—1

o=y ("5%) Z o (" 8)2( 1)’ V(8>D(Ot,3—)/,)/)+0(N_E). (4-24)

Proof. The property from applying Property 4.6 to the equality in Property 4.4 and collecting terms with
S=B+vy. O

We now eliminate the sums over prime powers in (4-21). Define

(X)) Dy 0
2rmy/c o, =0 k-l nmasd log R 8\ dmm cpi---ps )] log R

w2 (log p;\ xo(p)) log p;
X ]_[ / / L (4-25)
log R pjlogR

G(a, §) :=

which is obtained from (4-21) upon specializing all #;’s to be 1 and reindexing. The expressions D(«, 8, v)
and G(«a, 8) (with § = B8 4 y as above) satisty the following recursion:

Property 4.9. G, 8) =Y _o(—1)*7 ( )‘i ) D(a,5—7, 7).

This can be deduced from a more general result:

Lemma 4.10. Let f(t1, ..., t,) be a symmetric function taking as its input a finite sequence t1, . . ., t, of

arbitrary length, and define a transform T (i, j) on f by

TG, H(f) = Z Z @, oty s, 5)). (4-26)

Hyenny =251,...,5;=1

Then, denoting by [1]"* the sequence of 1’s repeated n times, we have

S0 ()T - = ra, (4-27)

i=0
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Proof. We proceed by induction on n. The base case n = 1 holds immediately. Assume the result holds

up to n and define a new function g(ty,...,t;,) = f(t1,...,t,, 1). Then
Y =g = Z( n'(7) Z Z Fl st s D
i=0 yeeny =251, 5p_i=1

- g(?)((—l)iT(i, n+ 1=+ DTG+ Ln+1— 3G+ 1))

n+1

- Z( DTG, n+1 —z)(f)(n+1). (4-28)

=0
This completes the induction. (I

Proof of Property 4.9. A special case of Lemma 4.10: take f([11°) = G(«, 8) and T (i, j) = D(«, i, j). O
Applying Property 4.9 to (4-24) gives the following relation between B(«) and G(«, 3).
Property 4.11. We have

a—a—1 n—a a—a—56—1 N—a—8
B@ =Y ( 5 ) 3 (—1)’( l. )G(a, 5). (4-29)
= i=0
Proof of Proposition 4. 1. Substitute (4-25) into (4-29), the result follows. O

4.2. A convolution sum of Ramanujan sums: proof of Proposition 4.2. This is a generalization of [25,
Section 7] and [21, Lemma 2.12]. We take this opportunity to correct typos and include more details that
were omitted in previous works.

We first claim that the left side of (4-3) is equal to

. R(1,)R(m* b) [ (2 byJO\ dy
1 Ji— 1 . 4-30
el—IR) a o(b) b 0 k 1(yw(logR °8 4rm Jlog R ( )

Since (jA) is compactly supported, the b-sum and the y-integral of (4-30) in total is bounded by
dy < mSROM =2 1
¢ $(b) Jyneo logR " JQlogR &= p(b)b’

where the bounds |R(1, b)| = 1, |R(m?, b)| <m*, Jy_1(x) < 1 (see (2-8) and Lemma 2.4) are used above.
The last b-sum converges because ¢(b) >> b/ loglog b (see [3, Theorem 13.14]). Our claim now readily

o0

(4-31)

follows from the dominated convergence theorem.
Applying the Mellin inversion formulae (2-2) and (2-18) to the integral of (4-30) gives
o 2 b d > 2em \*" (5 —2mix
/ Jk_l(y)QS( log Wa) 4 :/ & (x log R)( ”m> (i ) g (4-32)
0 log R dzm JlogR J_o b/ O I(5+2mix)
Substituting (4-32) into (4-30) and interchanging the sum and integral, we have
2mm )4””‘ r(4—2mix)
Jo I'(5+2mix)

o.¢]

(4-30) = lin(l) ¢ (x log R)( Xm(e+4mix; m)dx, (4-33)
€—> —00
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where the Dirichlet series

o R(1,b)R(m?, b)
X (s5m) = (b%:l TS (4-34)

converges absolutely on the half-plane fRe s > 0.

We evaluate the integral of (4-33) asymptotically by breaking it into two pieces: one for |x| < X and
the other for |x| > X. The first piece can be handled by Laurent expansions while the second contributes
negligibly due to the rapid decay of ¢. We must carefully keep track of the dependence on m and M.

By (2-9), the Dirichlet series (4-34) can be expressed on Res > 0 in terms of an Euler product

R(1, p")R 1+ ——) if(p,m)=1,
Xy (s m) = 1_[ Z (1, p) ("fs p) 1‘[ {( ) ll)p) !
(p.M)=1 1=0 v(p")p (p.M)=1 (1- F) if (p,m) > 1,

where the second equality follows from the fact that R(1, b) = w(b), R(m>, 1) =1, R (m?, p) = —1 if
(m, p) =1, and R(m?, p) = ¢(p) = p— 1 if (p, m) > 1. Moreover, (4-35) can be written as

1 Ly ! Ly
=TT+ ——) TI(1+——==) - TT (1--)(1
antsim =14 =) l;[l( o) T (-5) (5 =70)

p |(m,M°°)

(4-35)

= D) AP (s) - x (53 m). (4-36)

This corrects a mistake made in [25, p. 99] regarding the factorization of X (s; m). For this reason, the
relevant Laurent expansions must be recomputed and the correct results can be obtained as follows.
For fRes > 0, it is easy to verify that

p

$(2+12s) (p— DT +1)
For s = O(1), we have

xPe) ="+ 0<1>>(§(12) 1‘[(1 + pzl_ 1) + 0<|s|)) =s"'+ 0(1). (4-38)

Define ¢y (s) := [] (1 — p~)". In particular, £y (1) = M/@(M). For any s = O(1/loglog M), we
pIM

ey (l+5)- 2 _1‘[ _ 655 —[!_I[u<1+0(| |—>)_1

lel—p_l-l-O 5]

have

lo
=1+0(|s|zﬂ)=1+0(|s|10g10gM). (4-39)
riM

From this and (4-37), it follows that

-1
oM >(1+0(|s|1oglogM)) <;M(2)]_[( 1) +0(|s|)>

pIM

XiP(s) =

‘pgw )(1 + O(Js|loglog M)). (4-40)
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Suppose m/(m, M*°) > 1. For s = O(1/logm), we have

[] a-r™ < ] Isllogp < IsI J] logp. (4-41)
Pl Plasy Pl Gy
Observe that
log [] logp « Y loglogp < (log":)lolgloglogm, (4-42)
Pl i p=0(logm) oglogm
which implies
[[ a-p<lsim® (4-43)
Pl Gaireey

for any €’ > 0. (In this proof, we distinguish € with €’ for clarity.)

When m/(m, M*) = 1, we have le( - (1= p~*) = 1. In other words,
XD sim) =8 —2— 1) + 0(sim®). (4-44)
(m, M)
Altogether, for |s| < X <« 1/((logm) loglog M), the following estimate holds:
p(M) m ,
ym) = $ 1 O(m®). 4-45
Xm(s;m) == <(m’MOO) )+ (m™) (4-45)
From [18, (8.322)] we have
_ s
F("—“) - F("—S) (5) 1+ 0(s|/k)). (4-46)
2 2 2
For s = € +4mix with €, x < X, we have
I —2mix) M) ( m ) k\ i :
Xaa(s3 m = 5 1 (-) +0(m). 447
wsm iy = o ) G (m®) (4-47)

Making the change of variables x — —x and using the evenness of ¢, we have

2em\*"* T (& —2mix) ‘
/ ¢(xlogR) ——— L Xy (e +4mwix; m)dx

@ F(]f—i-Znix)
() JONTE dx y
=" 8((m TE% )/ ¢(xlogR)< ) “dnix + O(m® X). (4-48)

We next bound each of the three products over primes in (4-36) for s = € +4mwix with |x| > X.
The last infinite product and ¢ (2+2s)~! in (4-37) are clearly O(1). Using the bound ¢ (1+s) < log | x|
for |x| > 3 (see [3, Theorem 13.4]) and z(1 +5) = O(|s|~!) as s — 0, we have

Ix D) <121 +5)| < X og 3+ |x)). (4-49)

Next, observe the inequality

log [ ] ‘1 +— l)p — ) log (1 — —1) => ﬁ +0(1). (4-50)

pIM pIM pIM
p>2 p>2
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From the identity ¢y, (1) = M /@(M) and Taylor’s expansion, one easily obtains

gm—z —+0(1) (4-51)

As a result, we have

(4-50) < log

) 4+ 0(1) <logloglog M + O(1) (4-52)

using the bound ¢ (M) > M /loglog M (again from [3, Theorem 13.14]). We may deduce that
X7 (5)| < loglog M, (4-53)
where the implicit constant is absolute. The estimate for X 4 (s; m) follows from a similar argument. Thus
Xar(s:m)| < X~'m€ (loglog M) log (3 +|x]) (4-54)

for any €’ > 0.

Equation (4-54) and the decay of ¢ imply
27rm>4”ixf‘(§ —2mix) ‘
JO r (g + Znix)

/ooqﬁ(x log R)Xp (€ +4mix; m)(
X

o0
< X~ "'m€ (loglog M) / (xlog R) " 1og 3 + |x|) dx
X

<« m€ (loglog M)(X log R) ™4, (4-55)
as well as
oo k dmix d % 1
/ ¢ (xlogR) Y X . <</ 2 (xlog R) ™ dx < (X log R)~* (4-56)
X 4rm € —4mwix x X
for any A > 0.

Combining the estimates (4-55), (4-56) and (4-48), it follows that
4ix
d
@30)=s( —" 1) M )lm/ b log By (Y2 Al
(m, M) 4mrm € —4mix
+ O(m (loglog M)(X log R)_A) + O(me/X) (4-57)

forany €’ >0, A > 0, and X <« 1/((logm)loglog M).
Taking A = 1 and X! := (logm)(loglog M)(log R)'/?, and following the same argument of [25,
p. 100], we may now conclude that (4-30) equals

5 m 1><p(M) L ) si 27Tx1 k*Q )dx +1 (0))
((m,MOO)’ M ( 5/_oo¢x Sm(logR 2 16722 ) 2y T 4%

+ ofme (loglog M)?
(log R)1/2

). (4-58)

The proof of Proposition 4.2 is complete.
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4.3. Proof of Proposition 3.6. Suppose n; +m; > 2 for some 1 < j < w in (3-20). Firstly, applying

Proposition 4.1 to (3-20) with ¢ = p; - - - pag]"" - - - g/, we obtain

EG.m) =Y l_[ p(logdar)_logd; Z lif ep:) 8D,
> - IOgR q(nj+mj)/21 Py IOgR .

log R
1y do j=1 j Og"R ,,,,, Pa+s i=1 pj g

1 R(m 2, D)R(p1- paq]" -+ q4°. b)
P 2 0
m<N¢ (b, Npa+1°+ Pa+s96+1"qw)=1
PlssPasqls---q01b

o A 2 bx N dx
X / Jk_l(x)cbn_a_a( log< \/ T )) , (4-59)
0 log R drm N p1--: Patsqy 4w )/ 10g R

up to an error O (N ~€). The condition b < N?°?2 has been removed at a negligible cost.

Secondly, we convert the sums over ¢; and p; in (4-59) into sums over distinct primes, requiring us to
break up the sums depending on whether some of the primes in the sums are equal or not, as well as the
order of the primes factors of b. It follows that E (7, m) is a sum of terms of the form

e = logg; \* log¥ gq; 1 R(m* b)R(q{" - g, b)
F(a,b,c,d,e):= —
(a,b,c.d,e) Z ,U (logR 7 log® Z 2 Z o(b)

J m
j 1Y R e ™ gy gn=1

q | dlstmct h

b=b' ‘7I”.q;‘k
o0 2 b'x dx
xf T (s tog( VNG i ) ) e60)
=0 log R 4m log R

up to an error term of size O (N ~€), where a;, b;, ¢;, and d; are positive integers, and the ¢;’s are integers.
Additionally, Y a; = v and b; > 1 for some i (since n; +m; > 2 for some j), as well as b; > d; for
all j (since nj > m; in (4-59)).

As a result, the proof of Proposition 3.6 rests on the following lemma, which will also be useful in
Section 4.4.

Lemma 4.12. Let F(a, b.C.d, e) be defined as in (4-60) with aj, b, c;, d;’s being positive integers, e;’s
being integers,bj > d; forall 1 < j <«. Ifb; > 1 or d; < ¢; for some i, then F (a, b,%,d,8) < 1/log N.
Proof. Using the multiplicativity of the Ramanujan sums and the totient function ¢, observe that
Rm* D)R(q" - g b) _ Ry ---q g ---q¢) Rm? b)R(m’, g7 ---q¢)R(1L, b))
@(b) o(q7" - q) @b

whereﬁb =blq{"---q% and (b, Nqi---q¢) = 1. Apply (4-61) to (4-60). This allows us to rewrite
F(d,b,¢,d,é) (with Q = Ng¢' ---q}") as

, (4-61)

V4 . . d . .
~ (logg;\¥ log%g; R(qy" g, q)" -+ qt) R(m* q}" - q)
> 14 e i :
q; 10g” R ,,Zne el - qc") m

R(m?,b)R(1,b) [ . 2 b'xy/ d

x Y (m”. 6)R, b) f Ter () s log VL) X 46
p(b) =0 log R 4am ) log R

®'\Nqi...q))=1

qi,.-49¢  j=1
q; distinct
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By Proposition 4.2, one observes that the sum over 4’ in (4-62) is <« m€, and hence, (4-62) is
<10g q; )“f log" g;

log R qu log% R
The last m-sum is bounded by

IR, ) IR(q", )] IR, ) IR(G", ¢
(X G (TS Ml 5 ) ,

(m',q1+pe)=1 i=11>0 qi ¢(q;") i=1t>0 q; (p(q ")

IR(@" - g%, ¢ - )| IR(m?, ¢ - - - q))
elq" - q&) m2—€

/A qe j=1
q;j dlstmct

m<N¢€

once again due to the multiplicativity of the Ramanujan sums.
We now analyze the sum over ¢, primarily relying on (2-8) to bound the Ramanujan sums. When
2t < ¢; — 1, then R(‘L ,q;") =0. When 2t = ¢; — 1, then R(ql g = q . When 2¢ > ¢;, we have

R(ql ,q, )—(p(q,- )Sqi .
The sum over ¢ is O(q; l<i/2)y when d; > ¢;, and is O(ql._1+€ l<i/2)y When d; < c;, where the bounds

IR (ql.d g < ¢(g") and |R(ql.d gl < qid " were applied respectively. Therefore,
qis.-es qe J:

logg;\"
log R
q; distinct
¢ a;
~ (logp\”’
< ;1(; (i)

where n; = 14, ;. Observe the following:

loga.i q]

F(a, b,C,d e) K -
q?j"'nj_eLLj/zJ log®% R

log® p
phitni—le;211o0g% R ) (4-63)

(1) Setx;:=bj+n; —€lc;/2]. The sum over p in (4-63) is O(1/log” R) when x; > 1, and is O(1)
when x; = 1.

(2) Suppose d; > c;. By assumption, we have b; > d; and so b; > ¢;. If b; =1, then x; = 1, and if
bj > 1, then x; > 1. Suppose d; < cj. Then x; > 1.

In particular, x; > 1 always holds and each of the p-sums in (4-63) is O(1).

By our assumption, there exists i for which either d; < ¢; or b; > 1 hold. In either case, we have x; > 1
and the i-th factor in (4-63) is thus <« 1/log% R <« 1/log N (since a; > 0 by assumption). Taking the
product over all j’s, we may now conclude that F(a, b,l.d, ¢) < 1/log N. This completes the proof of
the lemma. (I

Proof of Proposition 3.6 . By Lemma 4.12 and the arguments preceding (4-60), E (71, m) can be written
as the sum of finitely many terms of sizes O(1/log N) whenever n; +m; > 2 for some j. Note that the
number of such terms is independent of N. This completes the proof. ]
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4.4. Analytic simplification of the main contribution. Recall the expression (3-20) for E (71, m) and the
fact that the main contribution comes from terms withw =0 andn; =m; =1forall 1 < j <n,ie,

S\, logp;\ logp;
A==Y(0)a Y ]‘[1¢(10g1;)m10;RZ ~ > —R(m DIR(p1-+- pas b)

a=0 PlysPa j= m<N¢ (b,N)=1
b<N2022
DPlseesDalb
L1 dm/p1-- pa p1 - log p;\ xo(p;j)log p; .
x N Yo ona——=—") [ ¢ — S T OINT). (4-64)
Poa+15--+5 P j=a+1 0g VpJ 0og

Remark 4.13. (1) The coefficient (Z) comes from the choices of indices for the prime factors of b.
(2) We have truncated the «-sum in (4-64) to 0 < o <a—1 because the contribution from o > a—1 the term
is O(N~¢), which follows from the bounds J;_; (x) < x, R(m?, b) <m* and R(p1-- pa,b) <@(b).
Applying Proposition 4.1 to (4-64), we have, upon simplification,

a—1 a—a—1 a—a—5—1

A=_2" Z(Z) 3 (”go‘) 3 (—1)"(”_‘;‘_5)H(a,5)+0(N*€), (4-65)
i=0

o= =

where
H(a, 8) = Z 1—[ logp;\ logp; ZL 3 R(m>, b)R(p1 -+ - pa, b)
T oo \logR ) pilogR . m? N o (b)
s j= m= (b,Npa+1°+ pats)=1

o R 2 bx~/N d
X f Ji 1) Py ( log a ) a . (4-66)
x=0 logR  ~4mxm/pi-- pa+s/log R

The rest of this subsection is dedicated to proving the following lemma.

Lemma 4.14.
H(a,8) =
—gimass (e f / H02) - Bliaras)
(/ 5 () sin (2 x; (14 [x2| 4+ - -+ |Xaq1| — [Xau2| = - — |JCoz+5+1|))dx1 B %¢n_a_5(0))
27TX1
dxy---d 1 o Qoglog N)* (4-67)
Xdxy---dx — . -
First, we transform the sum over the primes py, ..., pe+s in H (¢, §) to a sum over distinct primes.

Property 4.15. A distinctness condition can be added to (4-66) at the cost of an error of size O(1/log N).

Proof. The distinctness condition can be imposed to the sums over primes of (4-66) by inclusion-exclusion,
depending on which primes are equal. If p; = p; forsome 1 <i <o and o +1 < j < o+, then the
corresponding term of H («, §) is zero due to the condition on the b-sum.
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Without loss of generality, we let p; -+ - po = ¢/ - .qu*/ and pyy1 - Pats = qa‘fl' . qaajf,’, where

the primes ¢; are distinct and at least one u; > 1. To add in a distinctness condition to H(«, §), our
inclusion-exclusion introduced terms of the form

8’ . . ’
3 “li[ (logqj>”f log"i g; ZL 5 Rm®. B)R(q" - q" . b)
u; : 2
gy joi NOBRJ g log R R M = v(®)

g; distinct u u o
! a1t b

o0 2 2 bx~/N d
< | BB as o al Y 4-68)
g u / 6/
x=0 logR ~ 4zmv/g}" SRR

After breaking up (4-68) based on the multiplicities of the prime factors of b, we appeal to Lemma 4.12
and find (4-68) is O(1/log N) since at least one u; > 1. This completes the proof. O

Upon inserting the distinctness condition to H (¢, §), we break up the terms based on the multiplicities
of the prime factors of b. Consider the b-sum of (4-66) over b’s of the form b'pi' - pS, where
V', p1--+-py) = 1. Due to Lemma 4.12, if any of the ¢;’s is > 1, then the corresponding term is
O(1/log N). Thus, it suffices to consider the case when each of the ¢;’s is 1, i.e.,

_ logp;\ logp; 1 R(m?, b)R(p1 -+ - pa. b)
He ) = Z 1_[ (logR>pjlogR ZW Z o)

Plsees Pa+s j=1 m<N¢€ b=b'p1-pa

p; distinct &' ,Npi-+pays)=1
[ s (e g ) B 00 10w, 69
y b o 0 ) -
o TP Tog R dmm /i pats ) log R ¢

The b-sum can be simplified with the multiplicativity of ¢ and the Ramanujan sums, R(q, g) = ¢(q),
and the conditions b = b'py - - - p, with (b', Np; - -+ pers) = 1. In fact,

R(mz’ b)R(Pl * Pas b) _ R(mz’ b/)R(mz’ V2N 'ch)R(l, b/)
¢ (b) B p(b") '

Applying this to (4-69), we have, with Q = M,
Pa+1" " Pa+s

logp;\ logp; 1 2
H(a,d) = E : | | E — R I
(e, 9) (logR pjlogR m? (m= p1-+ pa)
Plses Pats j=1 m<N¢
pi distinct

(4-70)

X

Z R(m?,b")R(1,b")

2 i b'x/O\ dx
@) x=0 log R

J CD
—1(X) Py 5(1 oz R R Syy—

&' ,Np1+pa+s)=1
+ O(1/logN). (4-71)

We are ready to apply Proposition 4.2 to the sum over b in (4-71). We first show that the contribution
of the error term of (4-3) to H(«, §) is O ((log log N )2/ (log N )/ 2). Indeed, using the multiplicativity of
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the Ramanujan sums, the m-sum in this case is

R@m? p1---pa)  (loglogN)*>  (loglogN)? 1 r R}, pi)
<) m2 " T log N)172 < (log N)1/2 ) (m')2— [1(> 2—er

m<Ne€ ! p1epa)=1 i=1 >0 p;
< (n; P1Pa) i t l (4-72)
 (loglog N)? 3 R(p}'. pi)
(log N)1/2 —e)t :
i=1 ‘>0 i

When ¢t =0, R(p2’ pi) =R, p;)=1. Whent > 0, R(pl , pi) = @(p;) < p;. From this, it is clear that
the sum over ¢ is O(1) (independent of p;) and the sum over m is O ((loglog N)z/(log N)Y2). Our claim
follows by also considering the sums over primes and thus, setting M = Npj - - - py+s,

log p,\ logp; 1o m M)
H(a,8) = —R , Pl 1) , 1
(@.9) Z 1_[ (logR pjlogR Z m? (m pi---pa) (m, M) M
P15 Pa+s j=1 m<N¢€

pi distinct

1 cues . [ 27x K2Q \ dx 1 s (loglog N)?
—— n—a 1 () ol —=—2-), 473
X( 2/_004)(@ Sm(logR o8 16n2m2)2nx 320 TO\ g2 )0 T

The factor 8((’"—M), 1) and the fact that N { m force m in (4-73) to take the shape pil L laws
m, M>®

pa+5‘
a+d
Npi1-- Pa o(M) 1\ & 1
=7 7Y d =~ =(1—-— || 1——
Q Y N i)

Since

Pa+1 """ Pa+s i1 Dj
we can then simplify (4-73) as
a+s 21 21,
~(logp;\ logp; 1 R(py" - pa"™. p1- Pa)
Han= ¥ [1o(Th) el (i) oy M
Pl Pats j=1 g Pjlog Pj 0<t1,...,tqg15<€log N P1 o Pass
pi distinct
00 1 R | -1 —.. d
X _l/ ¢(x)n—a—8 sin(27x( 1+ og p1+---+log pa—10g py+1 Og Pa+s X
2J - log R 2mx
+i¢(0>"“>
loglog N)?
(oglogN)?\ =
(log N)!/2
Next, we show that the contribution over the complement of ¢} = - - - =545 = 0 in (4-74) is negligible.
Indeed, upon inserting an absolute value, the quantity of interest is bounded by
a4+ 21 21,
log p; R , R o
max Z l—[ lgij Z |R(p; p;:l |2ta(+]: , Do)l ’ 4-75)
si=ot D1y Pats pJ 0g 0<t1,....tyr5<€log N Py Pags

Pj<R ;70
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which is equal to

max M( 3 log pj )3 R (Pf’;’.Pj-’”), (4-76)
I=iza+d j=1 "pj<R Pj IOgR 8(i,j)<tj<elog N pj[j
where s; =1forl <j<aandOfora+1=<j<a+34.
We have |R(1, p*/)| =1 when t; =0, whereas the sum over ¢; > 1 is O(1/p;). When j # i, the sums
over t;’s and p;’s are both O(1). When j =i, the sum over #;’s is O(1/p;) as the term with ; = 0 is
absent. As a result, we have

log p; R(p{", pi) log pi
y Rk oy lp’—zhpl'«Z zlg? < 1/log N. (4-77)

; log R
pilog 1<ti<elogN i pi<R

pi<R
Upon taking the product over j, we deduce that (4-76) is O(1/log N). Our claim follows.
It remains to consider the contribution when #; = --- = f,45 = 0 (and so m = 1). In this case, we
approximate | | j (1 =1/pj) in (4-74) by 1 as the contribution from the rest of the terms in the expansion
of such a product is negligibly small. More precisely, we have

a+3d 1 N 1 )
H@, )= (1" 3 ]‘[c/)(l(;gg’;) .

s Pats j=1 p] IOgR
p, dlstmct
1 R | -1 S | d
% _1f0°¢(x)n_a_a sinf 27 (1428 pi+---+log py —10g pa1 0g Pa+s x
2J-x log R 27 x

+ z_ltd) (O)n—a—rS)

loglog N)?
(oglog N)*\ o
(log N)1/2

where we use the identity R(1, p;--- py) = u(p1--- pa) = (1.

Property 4.16. Equation (4-78) holds with the distinctness condition in the prime sum removed.

Proof. In the process of removing the distinctness condition, we apply inclusion-exclusion and we are
left to show that the terms with p; = p; for some i # j can be eliminated as they contribute negligibly.
Indeed, suppose the condition in the sum of (4-78) is replaced by pi - - - pats = ¢} -+ - q,"', where ¢; # q;
when i # j and where a; > 1 for some j. Now, such a contribution is bounded by

¢ ¢ . ¢ .
lo log% q; log® g ;
S e < E o <TI(Z i) @™
q1,--9¢ j= lq] 0g 0g j=1 “q;j<R C]] 0g
g; distinct qi<
gi<R
The last sum is O(1) and O(1/log® R) when a; =1 and a; > 1 respectively. Since a; > 1 for some j,

we find (4-79) is O(1/ log2 R). This completes the proof. U
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To complete the proof of Lemma 4.14, we apply the prime number theorem with partial summation to
each of the sums over primes in (4-78) without the distinctness condition. We find that

H(a,8) =271 / / $(x2) - P(Xars+1)

dx

© s sin(2rx (14 |xa|+ - xap1 | = [Xag2l = - = [Xarsr1])
X 0] (x1) )

— St (O)) dxy - dxgis+1

0 ((loglog N)2>
(log N)1/2 )

as desired.

4.5. Proof of Proposition 3.7: combinatorial simplification of the main contribution. In this section
we finish the proof of Proposition 3.7 by applying Lemma 4.14 to (4-65) and simplifying. This step is
mostly combinatorial, although we need the following lemma.

Lemma 4.17. / ¢A>(y) (sin(z + 2w x|y|) + sin(z — 27w x|y])) dy = 2sin(z)¢p (x).

Proof. Using that sin(z 4+ 2 x|y|) + sin(z — 2w x|y|) = 2 sin(z) cos(2wr xy) we have
/ " By) (sin(z + 2]y + sin(z — 2x[y]) dy = 25in(2) f " by cos(ay) dy
—o0 —00
= 2sin(z) / ” b (y)Re(exp2rixy)) dy
=2 Sin(z)d)(_xO;
as desired. O

Applying Lemma 4.14 to (4-65) gives

a—1 a—a—1

=SS ) S (e

/ / ¢(x2) (xa+5+1)

</ ¢n_a_3(x1)81n(271x1(1 + x|+ F [Xat1| = X2l = — |)€az+5+1|))dxl
27 X1
— %qs"—“—“(m) dxy -+ dXets41
(loglog N)?
<—(log Iz ) (4-80)

Our first step is to eliminate the integral over ¢"~*7%(0) in (4-80) when o + 8 > 0. We fix some v < a
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and collect the terms of (4-80) for which o + 6 = v:

a—v—1

() T (e
a=0
X/_ f_ G(2) - p(xys ) (—3" V() dxz - dxyyy. (4-81)

By the binomial theorem, we have ", _ (2)(=1)* = (1 —1)" =0 for v > 0, so the sum over « in (4-81)
is 0 unless v = 0. Thus, the terms where o + § = v cancel when v > 0. When v = 0, we pull out the
—%qﬁ" (0) term and find that

a—1 a—a—1

=BT () S (e
8§=0 i=0

a=0 2
_on=2 (O)Z( 1)< ) (M) (4-82)

(log N)1/2

where

o 0 n n o
I(a, 5)2/ / ¢(x2)"'¢(xa+5+1)/ ¢" " (x1)

—0oQ —0o —0oQ

sin(2rx (1 + |x2| +- - -+ |x —|x —e—x
" (27 x1 (1 + |x2 |20;:;| | X421 | a+8+1|))dx1---dxa+5+1. (4-83)
1

We simplify the first sum over « in (4-82), which we denote by A’. By Lemma 4.17 we have I («, §) =
21(a, 8 — 1) —I(a@+ 1,8 —1). We express A’ in terms of I («, 0) via the following result, where I (c, 8)
remains defined by (4-83)):

Lemma 4.18. I(a,8) = 22’3 J(— 1)1( >I(a+] 0).
j=0

Proof. We show by induction that
I(a, 3)—22’< J(— 1)!( )I(a+] 5— k), (4-84)

after which setting k = § proves the lemma. The base case k = 0 holds immediately. Suppose (4-84)
holds up to k. Using that / (o, §) =21 (¢, 8 — 1) — I (¢ + 1,5 — 1) we have

k
I@8) =Y 21 (=D ()Qla+j,6—k—=D)—I@+j+1,8—k=1)
j=0

k1 . .
=3 21 i () = () T+ . s —k = 1)

= szH =D @+j,8—k—=1) (4-85)
j=0

completing the inductive hypothesis and the proof of the lemma. U
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Proof of Proposition 3.7.. Apply Lemma 4.18 to (4-82), we have

a—1a—oa— a—a—§—1

=22 Z<a+5)(a:8) Z et (T e (D@4 .00, @s6)

a=0 =0 j=0
The terms are collected according to the values of w := « 4 j. Upon simplification, it follows that

a—l—aa—8§—a—1

e S e S ST (1)) e

w=0 a=05=w—u i=

We then make a change of variables § = £ + w — o and rewrite the sums above as

a—1 o a—l-wa—Ll—w—1
v B TE T (L)
— Erreren TR E (L) (T e

Grouping terms based on the values m = £ +i and rearranging, we have

A — o1 ézw(—l)”l(a), 0) 2::)(2) _X:(miw) (”i;“’) é(—l)i (”l”) (4-89)

As a consequence of the binomial theorem, the sum over i is zero unless m = 0. Thus, summing over «
yields ()2 and so,

a—1
A= Z(Z)(—nwl(w, 0). (4-90)
w=0
. . _ n+1 . (loglog N)2 .
Applying this to (4-82), we find that A = (—1)"""R(n, a; ¢) + O<W), where R(n, a; ¢)

was defined in (1-13). This completes the proof of Proposition 3.7. ]

5. Extending support for random matrix theory: proof of Theorem 1.3

In this section, we prove Theorem 1.3. We focus on the case where n > 3 as [21, Theorem 1.7] have
proved the n = 2 case.

In Section 5.1, we use results from [22] and [21] to reduce the proof of Theorem 1.3 to proving
Proposition 5.2, which gives a closed form expression for the quantity Q,,(¢) defined in (5-4).

The rest of the section is dedicated to evaluating Q,(¢). In Section 5.2, we define the notion of a
system of parameters and of a t-class, and express Q,(¢) as a sum over these two objects in Lemma 5.12.
Lemma 5.12 splits O, (¢) into a combinatorial piece and an integral piece. We evaluate the combinatorial
piece in Section 5.3. In particular, we calculate the contribution to Q,(¢) from f¢-classes with r = 1
using Lemma 5.19, and show that the ¢-classes with ¢t > 2 do not contribute in Lemma 5.20. Then, in
Section 5.4, we evaluate the integral piece, completing the proof of Proposition 5.2.
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5.1. Proof of Theorem 1.3 assuming Proposition 5.2. We calculate the n-th centered moments of
Z(U; ¢), denoted in Section 1.3 by Z,,(M; ¢), using the method of cumulants. Weyl’s explicit represen-
tation of Haar measure would allow us to compute the higher moments directly. However, to facilitate the
comparison with number theory, we use the cumulants as in [22] and [21]. The cumulants CZ (¢) and
C, (¢) are defined to satisfy the following equality of formal power series:

o )\4[

D Cl @)y = Jim logEsoun[expGZ(Us ¢))]. (5-1)
=1 ) M-S0

o0 )\’Z

D Cr@)y = lim logEsoun[expGZ(Us $))]- (5-2)
=1 ’ M— o0

Given the first n# cumulants, one can compute the first » moments. In particular, for n > 2, we have

@\ (Ci@\"  n!

1 :t : = 2 PR n -

Jim™ 2, (M; ¢) = > ( 5 ) ( py )kzz---k,,!' (5-3)
2k2+3k3k—§.—;0-i-nk,,:n

7

Now, set S(x) := sin(zx) and define
X

n—1 $ (=t n! > > A A
0,(p) =2 Z Z p PRI '/ / DM P

m=1 A+--~+A,=n
)\,jZI

X S(x1 —x2) S —x3) - S(Xp—1 — X)) S (X +x1)dX1 - -dXpy. (5-4)

Thanks to the next lemma, in order to prove Theorem 1.3, it suffices to calculate Q,(¢), which we do
in the subsequent proposition.

Lemma 5.1 [22, Section 2.1]. Let ¢ € Sc(R) with supp(¢) € [—2, 2]. Forn >3,

CYO N (9) = 0u(@) and  COV(g) = —Q,(9). (5-5)
Forn >4, ~
C3 = €32 2 [ ylg2dy = o} (5-6)
—0
where a(g isasin (1-13).
Proposition 5.2. Let ¢ € S..(R) with supp(qAS) - [—ﬁ, #] for some integer 1 < a < [n/2]. Let
R(n, a; ¢) be as in (1-13). Then
0,(¢) =R(n, a; ¢). (5-7)

We complete the proof of Proposition 5.2 in Section 5.4. Assuming Proposition 5.2, we now prove
Theorem 1.3.

Proof of Theorem 1.3. By [21, Theorem 1.4], since supp(qAb) - [—L L], we have Cji(qﬁ) =0 for

n—a’> n—a

3 < j <n—a, as in this case the cumulants are the same as those of the Gaussian. Hence, restricting the
sum in (5-3) to those terms with k3 = -- - = k,,_, = 0 does not change its value. Moreover, a < [n/2]
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and ijzz Lky = n imply that k,,, k1, ..., kn—q4+1 € {0, 1} and at most one of k,,, k,—1, ..., kn—q+1 1S
equal to 1. Thus, we can rewrite (5-3) as

ko g cGG@\" CE@\ (CE @) n!
A}Enooz”(M"p)_l{”eve“}( 2 ) 2+ ; ( 2l ) w0 )k OV

2ko+(n—€)=n
0<l<a-—1

where the first term is from when k, = n/2. Observing that 2k, + (n — £) = n forces £ = 2k,, we have
L1451
. . + n/2
Jim® 2, (M; ¢) = Lin even) (€3 (@) 2n = D11 + kzo
)=

n!erlE_zkz (@) (Cét(ﬁb) >k2 ‘ (5-9)
k! (n — 2ky)! 2

Now, applying Lemma 5.1 and Proposition 5.2 to the right hand side of (5-9) and simplifying completes
the proof of Theorem 1.3 after comparing with (1-15). ([l

5.2. Decomposition of Q,(¢). In this section, we work towards Proposition 5.2 by evaluating Q, (¢),
as defined in (5-4), when supp(qAS) - [—ﬁ, #] and a < [n/2]. The main result of this subsection
is Lemma 5.12, which splits Q,(¢) into a combinatorial term and an integral term which we will then
evaluate separately.

Equation (5.27) of [21] gives (independently of the choice of support) that

[e.¢] o0
0, =2 [ oo [T G0 DK 1y (5-10)
0 0
where
. (=™t n -
KO- vn) ':Z Z Al Ay Z HX”Z’}:ln(Aj)e,-yj‘fl} (5-1D)
m=1 A +...4+Au=n €l,..., epe{xl} =1
)»jZl
and Ze
. +1 it j <) M
n(, j) :={ T (5-12)
—1 ifj>) A
5.2.1. Simplifying K (y1, ..., y,). Toevaluate Q,(¢), we first discuss how we will interpret the expression
KO, ..,y foryi, ...y, € [0, L]
Definition 5.3. Throughout this section, if / C {1, ..., n}, we write
X1 = Kyt o ya> 1425, i) (5-13)
Definition 5.4. A system of parameters, abbreviated s.o.p., is an ordered tuple (m, Ay, ..., A, €1, ..., €,)

withl <m<n,A+---+A,=n,A; >1foralll <i <m,ande; ==%1foreach 1 < j <n.

Given a system of parameters S, we may use ns(£, j) to denote the function n (¢, j) where the Ay are
taken from S. When it is clear from context that the A; are taken from the s.o.p. S, we simply denote this
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function n(¢, j). Fix n > 2a and an s.o.p. S = (m, Ay, ..., Ay, €1, ..., €,). Consider the product
m
1_[ XXy n(e.jyejyil<1y (5-14)
(=1

from (5-11). Fix 1 < £y <m. In order to study (5-14), we study the complement of the indicator functions
in (5-14), given by

X5, nteos jyesysl=1)+ (5-15)

For yi, ..., yn € [0, ;725 ], if X" n(£o, j)€;y; > 1 then we cannot find y{, ..., y, € [0, 72] such
that Z?:l n(o, j)€jy; < —1 because a < [n/2]. Thus the indicator function (5-15) is identical to (5-13)
1

> n—a

for a particular choice of /. Moreover, there exists y; € [0 ] such that (5-15) is nonzero if and only if

one of the following mutually exclusive conditions holds:
() [{1<j<n:inl,je=+1}<a—1.
(i) [{1<j<n:nl, j)e=-1}<a—1
In case (i), we define
Jo, ={1=j=n:nlo,je;=+1} (5-16)
and say that Jy, has sign ¢y, = +1. In case (ii), we define
Jo, ={1=j=n:nllo, j)e;=—1} (5-17)
and say that Jy, has sign ¢y, = —1. If neither case holds, then Jy, is undefined.

Lemma 5.5, If S=(m, Ay, ..., Ay, €1,...,€y) isan s.o.p.and J C [1, n] is any subset, then there is at
most one £y € [1,m] and § € {£1} such that n(Lo,i)e; = fori € J and n(Ly, j)ej =—¢ for j & J.

Proof. Suppose ¢; > £y and that both £y and ¢; have this property for some ¢y and &;. Without

loss of generality, we assume that J = {i : n(€o,i)e; = —1}. It is clear that we cannot also have
I ={i:nl,i)e = —1}, so we may assume that / = {i : n(¢1,i)€; = +1}, but then we must have
n(€o, j) = —n(£y, j) for all j, and this is clearly impossible. Il

In particular, if J,, and J;, are both defined, then Jy, # Jy,.

Definition 5.6. For an s.o.p. S=(m, A1, ..., Ay, €1,...,€,), let {€1,..., ¢} C{1,..., m} be the set of
indices for which I, is defined. Set
J(S) :={Je, ..., Ju,}, (5-18)
and define
1(S):={L,.... I} (5-19)

to be the subset of elements of J(S§) which are minimal with respect to inclusion. That is, 7 (S) consists
of those elements of J(S) which do not strictly contain any other elements of J(S). By Lemma 5.5, for
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each i € [1, r] there is a unique ¢; such that /; = J;,. Finally, define the function

Snm) =) Y D X )G ), (5-20)

i=l I<ji<--<ji<r

and the quantity

A(S) = : . 5-21
%) mo Ayl Ay! ( )

The next lemma for o5 resembles the Mdbius inversion formula from elementary number theory.

Lemma 5.7. For any s.o.p. S, we have

=1 if Xi(vi, ..., yn) =1 for some I € I1(S),

S (Vlseeey ) = {0 (5-22)

otherwise.
Proof. Fix (y1, ..., yu). Suppose there are k elements in [ (S) whose support contains (yy, ..., y,). If
k = 0O the result is immediate. Now, for k > 1 and 1 <i <k, there are (ll‘) terms in the i-th summand of

with coefficient (—1)? and all the other terms vanish. Thus we have

k
k .
US(M,---,yn):Z(i)(—l)’=(1—1)k—1:_1, 0
i=1
We now reformulate the quantity from (5-11) in terms of A(S), defined in (5-21).

Lemma 5.8. For (y1,...,y,) € [0, nla]n,

KGiooay) =) (=D )0 O X0 om) ) AS). (5-23)
t=1 (I

----- 1) $.0.p. S with
valid Ii,....L,el(S)

Proof. The product (5-14) vanishes at (yy, ..., y,) if and only if there is some J € J(S) such that X is
supported at (yy, ..., yn), (and thus) if and only if there is some I € I(S) such that X; is supported at
(Y1, ---»Yn). So, by Lemma 5.7,

m
[Tx0s ne ezt Gy =1+ 0n -+ 3. (5-24)
=1

Substituting (5-24) into (5-11), we have

n
(D"t 0 s
K. =Y, Y, s i > A 1) (5:25)
m:l)»1+.);.+k1m:n 8.0.p.’s S
iz

Now, we apply an identity given by Soshnikov [45],

ad " (_1)m+l 1
z=log(l+(e—1)=) 2" : (5-26)
g o rg A1+-§Lm=n m Al A
Aj=1

to conclude that the first sum in (5-25) is 0. Expanding the second sum using the definition of o5 from
(5-20) and rearranging completes the proof. U
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5.2.2. Simplifying Q,(¢). In this section, we simplify Q,(¢) by applying Lemma 5.8 to the quan-
tity Q,(¢) as in (5-10). First, we define further notation which allows us to express Q,(¢) (through
Lemma 5.12) in terms of combinatorial quantities which we then compute in Section 5.3.1 and 5.3.2.
The symmetric group S, acts naturally on sets of (unordered) z-tuples of subsets of [1, n] by permuting
the elements in each subset of each tuple. Take such a ¢-tuple (/y, ..., I;) and some [; = {iy, ..., ix}.
Given some permutation 7 € S,, we have t(/;) = {t(iy), ..., T(ix)}. Let Xy oo Xy, and xj, - -- xJ, be
elements of 2 such that there exists a permutation 7 € S, so that for each 1 < ¢ <¢, t(ly) = Jy. Then,

/0 /0 SO1 SOy, Xy = Xy X)L - ) dyr - dyy = 0. (5-27)

This motivates the following definition.

Definition 5.9. The symmetric group S, acts naturally on sets of (unordered) ¢-tuples of subsets of [1, n],
as described above. An orbit of this action is called a z-class.

For a t-class C, we define

/Cdy :=/O /O S - dOWX Y1y -y Yu) dyt - dy, (5-28)

where X := Xy X, with (I, ..., I;) e C. Equation (5-27) shows that the integral f C dy is well-defined.

Definition 5.10. We call an unordered tuple (/y, ..., I;) of subsets of {1, ..., n}validif I, ..., I, € I(S)

for some s.o.p. S and X;, --- X, is supported at some point in [O L]n.

’n—a
We can extend this definition to a #-class.
Definition 5.11. We call a ¢-class valid if it contains at least one valid tuple.
We are now ready to prove the main result of the section.

Lemma 5.12. For an s.o.p. S and a t-class C, set

TS, C)=#{1,....IH)eC:L,....,I;€l(S)}. (5-29)

We have )
Cu(@) =223 (=1 Y ( >, T6.0 A(S)) / Cdy. (5-30)

t=1 valid f-classes C “s.0.p.’s S

Proof. Given a valid t-class C, there is a valid tuple (/y, ..., I;) € C for which X, --- X, is supported
at some point (y1,..., yn) € [—ﬁ ﬁ]" Therefore, if T € S, then x¢(z,) - - - Xxz(1,) 1 supported at
(Yr(1)s - - - » Yz(m))- Since S, acts transitively on C, this means that every tuple in C is valid. Now, applying
Lemma 5.8 to (5-10) and grouping tuples into ¢-classes completes the proof. (I

5.3. Computing the combinatorial piece. In this section, we calculate Y T'(S, C) A(S) for valid z-classes
C, where T(S, C) and A(S) are defined as in (5-29) and (5-21), respectively. In Section 5.3.1 we find a
closed form for the case r = 1, and then in Section 5.3.2 we show that when ¢ > 2 the quantity vanishes.
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5.3.1. Computing for valid 1-classes. In this section, we compute the terms in (5-30) for which r = 1.
We first classify the valid 1-tuples.

Lemma 5.13. If I and J are subsets of [1, n] such that |I U J| > a, then X; - x; is identically zero on
=

Proof. Let I and J be as in the hypotheses, and assume for contradiction that both y; +--- 4+ y, >
142,y andyi+---+y, > 1+2Zj€] y;j for some (yi,...,y,) € [0, ﬁ]n Since y;, < ﬁ for
every h, 3 ,q7u; Yo < 1, s0 we must have that } ;. vi <\, ¥ and similarly 3, vj <3 icp ;i
by our assumptions. Adding these inequalities gives

Yovi+Y vi< D v+ Y v (5-31)

iel jed iel\J jeI\I
which is a contradiction, as all the y,’s are nonnegative and the terms on the right are a subset of those on
the left. O

Lemma 5.14. If [ is a subset of [1, n], then the 1-tuple (1) is valid if and only if |I| <a — 1.

Proof. If |I| > a — 1, then ([) is not valid by Lemma 5.13, taking both subsets to be 1.

Now suppose [I| <a—1. Let y; =1/(n —a) for each j ¢ I and let y; =0 for each i € I. It is clear
that X;(y1, ..., ¥») = 1. Now consider the system of parameters S = (m, Ay, ..., Ay, €1, ..., €,), Where
m=1,A1 =n,and ¢, = —1 if and only if i € . Clearly, I € I(S). Therefore, (/) is valid. O

It follows from Lemma 5.14 that the valid 1-classes are exactly the classes
Cr={D:1<[L,n]|I=f} (5-32)
with) < f <a—1.

Lemma 5.15. Let1 < f <a—1. Let S = (m, Ay, ..., Am, €1, ..., €,) be a system of parameters with
m > 2 and suppose (I) € Cy is such that, for some 1 < £ < m, we have I = J, € J(S). Define
Ap:=A+---+Ap. Then I € I(S) ifandonly if [Apy—1+ 1, Al L T and [Ap+ 1, Ay ] £ 1. If £ =m,
then we set [A,,, + 1, A1) to [1, Al =11, Aq].

Proof. Assume without loss of generality that J, has sign ¢, = —1,1.e., Jy ={j : n((, j)e; = —1}.
For any ¢’ < £, we have
st ey = ICDG TSN
n, e if jE[Ae+1, Agl.
If[Ae—1 4+ 1, Ag] € Jg, then Jp—1 = Jg N [Ag—1 + 1, A¢] € Jp. In particular, J; is not minimal, so
Jo ¢ 1(S). Similarly, if [A;+ 1, Agyr1] C Je then Jpiy = Jp N [Arg+ 1, Agsq] so J; is not minimal.
Now assume Jy is not minimal, so there exists some Jp C Jp.
First, suppose the sign of Jy is {y = —1. Suppose that ¢’ < €. By (5-33), Jo N [Apy + 1, A¢] =
JeN[Ap+1, Ag], while JpN[Ap+1, Ag]and JoN[Ag+1, Ag] are disjoint with union [A+1, Ag]. So,
so Jy C Jyimplies [Ag—1+1, A¢]) S [Ap+1, A¢] C Jo. Similarly, if £ > ¢, we have [A;+1, A1 C Jg.

(5-33)
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Next suppose that sign ¢ = 1. Suppose that £’ < £. By (5-33), Jo N[Ap+1, Al =JeN[Ag+1, Ag],
while Jo N [Ag + 1, A¢] and Jp \[Ap + 1, Ag] are disjoint with union [1, n] \ [Ag + 1, A¢]. Since Jy
is not minimal, we must have [A; + 1, Agy1] C[1,n] N [Ag—1 + 1, A¢] C J;. When €' > £, by the same

reasoning we have [Ay_1 + 1, A¢] C Jy. O
Lemma 5.16. Fix1 < f <a — 1. We have
1
_ 1(_1\" _1\c+Hd+1 _
Z T(S,CpHAS) =2n1(=1)" Y (=D*'Gm, f,c,d) oD (5-34)
8.0.p.’s S c+d<n
with m>2 c,d>0
where 4 J
n n—c n— n—c—
6o fedy = (') = (520) - (520) + (F=ea) (5-39)
Proof. Let S = (m, A, ..., Am, €1, ..., €) denote a variable system of parameters. By Lemma 5.5, we
can rewrite T (S, Cy) as
m
T(S,Cyr)= Z Lijers)and =) - (5-36)
(=1

We sum over systems of parameters by first summing over all values of m, then summing over all possible
values of ¢, then summing over all possible values of ¢ = A, and d = Ay, then summing over all possible

values of A1, ..., A, and finally summing over all possible choices of €1, . . ., €,. For fixed m, A1, ..., Ay,
the €y, ..., €, and Jy¢, {¢ uniquely determine each other, so we may rewrite the innermost sum as
Y ASLers) md ntn=n =AS) Y Y Lyersy- (5-37)
(ej)e{£1}" See{E1} #J=f

By Lemma 5.15, the sum over J; is G(n, f, ¢, d), since we can choose a general f element subset in (’;)
ways, and we need to subtract off when the ¢ element subset [A{ +---+Xe—1+ 1, A1 +---+ A, ] S 1 or
when the d element subset [A{ +---4+As+ 1, A1+ -+ Aps1] € I. Then, we add back in the case when
both subsets are contained in J; since we have double counted it. Finally, there are two choices for ¢,.
We have

nom (—1)m+1 !
Y rs.cpa=Y. Y ¥ 3 — M!"?')\m!2G(n,f,c,d). (5-38)

s.0.p.’s § m=2 (=1 c,d>1 M++An=n
with m>2 ct+d<n Xi=1,k¢=c, ey 1=d

Noting that for each value of ¢ the inner summand is the same, we can set £ = m — 1 and write

G, f,c,d) (—1)m+! 1
— ! -
> rs.cpam=an ¥ OELD S,y CI L s
$.0.p.’s S c,d>1 = At tAm—2
with m>2 c+d<n =n—c—d

The sum over m equals (—1)"T¢t4+1 /(n — ¢ — d)!, which follows from evaluating the coefficient of z” in

— (=", 1 (—nm
D e Tl —1 Z 2 Lol (5-40)

n=0 n=0 m=1 A+-+Ay=n
Aj>1
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Applying this to (5-39) gives

_ 1\ _1\¢c+d+1 _
Z T(S,Cp) A(S) =2n1(=D)" > (=1) G(n,f,c,d)(n_c_d)!c!d!. (5-41)
$.0.p.s S c-i-éifln
with m>2 c,d>

Now, we can extend the sum to include when ¢ = 0 or d = 0 to complete the proof as in this case
G, f,c,d)=0. ]

We complete our evaluation of the case when m > 2 with the following lemma, proven in Appendix C.1.
Lemma 5.17. Fix1 < f <a — 1. We have
DA cf)A(S)=2(;)((—1)"+f+1 1. (5-42)

5.0.p.’s S
with m>2

Now we evaluate the case when m = 1.

Lemma 5.18. Fix1 < f <a — 1. We have

Y TS CpHAS) = 2(;) (5-43)

5.0.p.’s §

with m=1
Proof. We let S = (1, A1, €1, ..., €,) denote a variable system of parameters. Since m = 1, we have
M =nand A(S) = #% =1 for all S. Now, as in (5-37), we may rewrite the sum over €;, ..., €, as a

sum over Ji, {1. Since m = 1, any f-element J; € J(S) will be minimal. So,

Z T(S,Cyr) A(S) =A(S) Z Z Linersy = Z Z 122(7‘)‘ H

s.0.p.’s § oe{xl} #1=f o e{xl} #=f
with m>2

Adding (5-42) and (5-43) gives the main result of the section.
Lemma 5.19. Fix1 < f <a—1. Then
3 T(S, Cp) A(S) = 2(~1) (;) (5-44)

5.0.p.’s §
5.3.2. The vanishing of valid t-classes for t > 2. In this section, we show that all terms with > 2 in

(5-30) vanish. Our main result is the following.

Lemma 5.20. Let C be a valid t-class with t > 2. Then

> T(S,0)AS) =0. (5-45)

5.0.p.’s S
Throughout this section, let S = (m, A1, ..., Ay, €1, ..., €,) be a system of parameters, C a valid
class, and ({1, ..., I;) € C a tuple of subsets of [1, n] such that for each 1 <i <¢, there is some ¢;

and ¢y, € {£1} such that I; = {j : n(¢;, j)e; = ¢y, }. Le., I; = Jy, with sign ,. Reorder the /; so that
Oy <ly<---<{andset I/ :=1; — Mizy I and ji = Ay, = Zi’zl Ak. To begin, we prove lemmas which
characterize (11, ..., I;).
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Lemma 5.21. Set I} = Jy, with sign §y, and suppose there is some minimal T such that It = Jo, with
sign o, = —Cy¢,. Then, for alli > T, we have I; = ¢y, with sign &y, = —Cy,.

Proof. Assume without loss that ¢, = —1s0 Iy ={j : n(¢y, j)€; = —1} and let T be the smallest value
such that I7 ={j : n(€r, j)€; = 1}. Suppose there exists some s > T such that Iy ={j : n({,, j)e; = —1}.
Ifj<jr_iorj>js,thenn(lr, j)=ns, j),so jelrUl;so[l, jr_1]U[js+1,n] C Iy UI. Similarly,
if j €l[jr—1+1, jsl. then n(€r_1, j) = —n(&, j),so j € Ir—1 Ul so [jr—1+1, js] € Ir—1 U . Since
[1, jr—1JU s+ 1, n]U[jr—1+ 1, js] = [1,n] and a < n/2, we must have that either |I7 U I;| > a or
|Ir—1 U] > a. Then, by Lemma 5.13, C is not valid, a contradiction. Thus such an s cannot exist so
I ={j:nl;, j)ej=+1}foralli > T. O

Lemma 5.21 shows that the sign of (Iy, I, ..., I;) can switch at most once. This motivates the
following definition.

Definition 5.22. The fransition point of (11, ..., I;) is the smallest T such that o, ==&, . If I1, I2, ..., I
all have the same sign (so that no such T exists), then we set T = 1.

Lemma 5.23. Let T be the transition point of (11, ..., I;). Then

t
Ull=1;_,Ul;=[1,n]~[jr-1 +1, jrl, (5-46)
i=1
Iy NIy =2, and (5-47)
t
N Li=Ir-1NIr Sljr-1+1, jrl, (5-48)
i=1

taking indices cyclically in [1, t] and intervals cyclically in [1, n] so that I(’) =1/ and Iy := I; and
Lo+ 1, jil=1j: +1,n]U[1, ji1]. Additionally, if 1 <i <t withi #T — 1, then

LN+ L jip ) U (L N+ L jial) =i + 1, jisa] and (5-49)
(LN + 1, jip ) N (L NG+ L jiga]) = 2. (5-50)

In other words, the restriction of I; and I;1 to the interval [j; + 1, ji+1] forms a partition of the
interval. Ifi =t and T # 1, again taking indices and intervals cyclically, we set 1,11 = I and
Ui+ 1 al=1+1,nlULL, jil

Proof. We consider indices and intervals cyclically in [1, #] and [1, n] respectively, as in Lemma 5.23.
For j € [jr—1+ 1, jr], the value n(¢;, j)€;&,, is independent of i since for any i, i’ either Ce;/&e, and
n;, j)/n;, j) are both 1 or both —1. So, for any j € [jr—1 + 1, Jr] either j € I; for all i of j ¢ I; for
alli. So, Ule I C[1,n]\ [jr-1+1, jr] and ﬂ§:1 LNjraa+ 1, jrl=Ir_ NIy N[jr_1+ 1, jrl.
For j ¢ [jr—1+1, jrl, we have n(€r—1, j) =n(r, j) and so n(r—1, j)€;, Ser_y = —n(Lr, j)€j, Coy-
So, every j ¢ [jr—1+1, jr]belongs to exactly one of I}._, and I}.. We conclude that | Ji_, I =1} NI} C
(L nl\[jr—1+1, jrland Ir_1NI7 C[jr—1+1, jrl. So, Ir—i1NIrN[jr—1+1, jrl=Ir—iNlr =i, L.
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Fori #T — 1, we have n(¢;, j) = —n(¢;41, j) if and only if j € [j; + 1, jiy1]. Since ¢y, = &y,,,, this
means n(¢;, j)€;jle, = —niv1, j)€;&e,,, if and only if j € [ji +1, ji+1]. Hence, each j € [j; + 1, ji+1]
is contained in exactly one of /; and I, as desired. O
Definition 5.24. Foreach 1 <i <1, set

rio= L0+ 1, jiqgll and  spc= L N[+ 1, gl (5-51)
We call the ordered tuple (T, ry, 51, . .., t1, 8¢) the structure of (I, ..., I;) in § where T is the transition
point of (Iy, ..., I;). If (T, ry, sy, ..., 1, S;) 18 a structure for some (/y, ..., I;) € C, we call it a valid

structure for C.

By Lemma 5.23, rr_; =s7—1 = |ﬂ;{:1 Ik|. Lemma 5.23 also shows that wheni # 7T — 1, r; +5; =
i +1, jix1ll = jis1 — Jji = Aeg;41+- - -+ Ag,,,. The following lemma shows that the two tuples with the
same structure are in the same ¢-class.

Lemma 5.25. Let C be a valid t-class and let (11, ..., I;) € C such that (I, ..., I;) € 1(S) for some
s.o.p. S. Let (Jy, ..., J;) be another tuple such that (J1, ..., J;) € [ (P) for some s.o.p. P. If the structure
of (I1, ..., I;) in S is the same as the structure of (J1, ..., J;) in P, then (Jy, ..., J;) € C.

Proof. We first set notation. Set S = (m, A1, ..., Ay, €1,...,€) and P = (m, A}, ..., A, €],...,€,).
Set £y <---<{ and ¢} <--- < suchthat I; = {j : ns(¢;, j) = &} and J; = {j : np (€}, j) = o}
Lastly, define j; = Zi’: | A and j = Zi;l A

Without loss of generality, we may assume ¢, = ¢/, or else we may replace each €; with —¢;. Since
(Ii,...,I;) and (J1, ..., J;) have the same structure, for each i, we have

LN+, jial| = |[40Ui+ L il and L NG+ L ]| = [T N+ L1 (5-52)

Let t € S, be the permutation that maps the k-th smallest element of |I; N [j; + 1, ji+1]| to the k-th
smallest element of |J; N[/ + 1, jl.’H]I and the k-th smallest element of |1, N[j; + 1, ji+1]| to the k-th
smallest element of |J; 1 N[} + 1, j/, ]l

Since T([ji + 1, ji+1]) = [j;i + 1, jit1], forall i € [1,¢] and j € [1, n] we have n(¢;, j) = n(€;, T(j)).
Since (I, ..., I;) and (J1, ..., J;) have the same transition value 7 and we assumed &g, = Lo, we have
¢, = ¢y for all i. Moreover, for j € [ji + 1, ji+1] we have n(€;, j)€;¢e, = n(€;, T(j))é_/((j);g; so that
€j = e;(j). But this is true for all i, so in fact €; = e;(j) for all j € [1,n]. So, for all i € [1, ] and
J €[1,n] we have n(€;, j)e;t,, = n(L;, r(j))e;(j)g“g;. It follows that t(Iy, ..., ;) = (J1,..., J;) so
J1,..., ) eC. [l

Lemma 5.25 shows that if a structure is valid for C, then all tuples with that structure are in C. Thus in
order to calculate Y T'(S, C) A(S), we can first sum over all valid structures for C and then count tuples
and s.o.p.s with that structure. All that remains is to determine when (11, ..., I;) € I1(S).
Lemma 5.26. Suppose I, ..., 1, € J(S). Then, I, ..., I, € I1(S) if and only if for each 1 <i <'t,
Li—2e+ 1, il € liand i + 1, ji + Ag+1]1 € 1.
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Proof. Note that I; € J(S) implies #I; <a — 1. So, this is an immediate corollary of Lemma 5.15 which
says I; € I(S) if and only if [j; —A¢, +1, ji] £ I; and [j; + 1, ji +Ag41]1 £ I;. O

Lemma 5.27. Let C be a valid t-class witht > 2. Then

D T(S,0)ACS) (5-53)
s.0.p.’s §
is a sum of terms of the form
d (~1)¢
> ———— H(f, & 11, ), (5-54)
d=1 =g P10 R
ni>1
for some f and g, where
(PN _(f—m\_(fra f=mi—pa )
H(f,g,m,ud).—<g) (g_m) ( g )+( Py ) (5-55)

Proof. Let C be a valid ¢-class. By Lemma 5.25, when summing over all s.0.p.s, we can first sum over
all valid structures, and then over all s.o.p.s and tuples with that structure. To do this, we can sum over
all m, then over all possible values of ¢1, ..., ¢,, then over all A,..., A, suchthat A;+---+ X, =n
and Ag g1+ -+ Ay, =1 +s; foreachi #T — 1. Now we use Lemma 5.26 to determine the
summand. We can pick the elements of ﬂf(:l I, which by Lemma 5.23 is a subset of [jr—1 + 1, jr], in
G(jr — jr=1,7T, Mty_,» Ao;) Ways, where G is defined as in (5-35). Next, we choose the r; elements of
I; contained in the interval [j; + 1, jiy1]in H(r; +s;, ri, Ag;41, Ag;,,) Ways. Then, there are two possible
choices for the sign ¢, of I; and then the signs for the rest of the /;’s follow because the point of transition
T is fixed. The choice of ¢, and each r;-element set [ j; +1, j;11]1NJ; determines all €, so they determine
exactly the same data as the ;.

Lastly, we multiply by A(S). We have

Y T(S.0)-AS) = > Z > >

s.0.p.’s § (T,r1,81,...,71,8;) m=11<ly<---<l;<m AM++A,=n

a valid structure for C M[.+1+--~+)»gi+| =ri41+Siy1 foreachi #T
Azl (_1)m+l n!
X 2G(u, v, Ay, Agg1) 1_[ H(ri +si,ri, Ags1, Aeyyy) .
Al Ap!
l<i<t m
i#£T—1
For each structure, we can fix some i 7= T — 1, which exists since ¢ > 2, to see that this is a sum of terms
of the form
ri+s; (_1)d
Z Z ﬁH(ri'i‘Si,riqul,Md)- U
d=1 pttpg=rits 1 R

ni>1

We finish the calculation with the following combinatorial lemma, proven in Appendix C.2.
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Lemma 5.28. Fix f, g and let H(f, g, (11, aq) be as in (5-55). Then

f (=D
e A
ni=1
Combining Lemmas 5.27 and 5.28 completes the proof of Lemma 5.20. 0

5.4. Computing the integral piece. In this section we complete the proof of Proposition 5.2 by calculating
the integral | C dy appearing in (5-30). Applying Lemmas 5.20 and 5.19 to 5.12 gives

a-1 00 00
0.¢)=2"" 1" Y (=1"(y) /0 /O SO0 DO L e41mdyr -+ dye (557)
£=0
Next we define

&(ff’) = /(; e /0 qg(yl) T qg(yn)X{yl+---+yn_g—yn_g+1—---—y,,>1}dy1 T dyn’ (5'58)

ge(¢)i=/ f G - D) X{iyrttym e —lynesr|——lyn = 1}AV1 - - Y. (5-59)

Equation (5-57) equals
a—1
0.(¢)=2""' (=1 Y (~1(, (@), (5-60)
=0

We express Q,(¢) in terms of Ei (¢p) with the following lemma.

Lemma 5.29. Let ¢ € S,(R) with supp(¢) C [, -L-]. Then

a—1
Qu(¢) =2"2(—1)" Z(—l)’(’;’ )Et«p). (5-61)
t=0

Proof. Given supp(®) € [~ 71z] and t <a— 1if |y1++ -+ sl = [ya-rs1l === [yal > 1, then
either at most i < a — 1 —t of the y;’s in the first absolute value are nonnegative and the rest are negative
or at most i <a—1—1 of the y;’s in the first absolute value are nonpositive or zero and the rest are
positive. Moreover, the sign of y; 4 - - - y,—, matches the second group. There are (” l_t) ways to choose
these indices and we introduce a factor of 2 from choosing the sign of y; + - - - + y,—,. Lastly, since b is
even, we multiply by a factor of 2/ to account for changing the limits of integration over y,_;y1, ..., Vu.
Thus we have

1—t

5(9) :2l+1/0 /0 (l;(yl)"'d;(y")( Z (nl'_t)X{yl+"'+ynitynit+l"'yn>1}> dyy---dy,

i=0
a—1—t

=213 (" s @), (5-62)

i=0
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Applying the identity

() = ()T ear()= (a2 = ()

to (5-60) gives

a—1

0n() =2"""(~ 1)"2&@)2( (2

£=0 1=0
Switching the order of summation and setting i = ¢ —t gives

—1—t

0n(@®) =2"2(~1)" S(—l)’(’;’ ) (2’“ aZ (”l._t)s,-mas)).
t=0

i=0
Applying (5-62) gives the desired result.

We complete the evaluation of Q,(¢) by computing § (0).
Lemma 5.30. Let ¢ € S, (R) with supp(¢>) - [—— —a] Then we have

£i(@) =9¢"(0)

—2/00”./00 Plxern) -+ P(x2) /oo ¢n_£(x1)sin(27rx1(1 Fholt |x£+l|))d

—00 277.')61

fortl <a-—1.
Proof. We apply to (5-59) the change of variables given by

X1 =1 Y1 =X
X2=Yy1+ym Y2 =X — X

n—~_
Xn—t = ijl Vi Yn—t =Xp—t — Xn—t—1

Xn—0+1 = Yn—t+1 Yn—t+1 = Xn—t+1

Xn = Yn Yn = Xn,
obtaining

E,(¢) = / f«p(xl)d»(xz—xl) B Cnt —Xne1)

X (1) -+ D Xn) X{onol— (L ot > 1A X1

(5-63)

(5-64)

(5-65)

Xy - dxep

(5-66)

(5-67)

-dx,. (5-68)

Repeatedly applying the identity f_oooo f v)g(u —v)dv = ﬁ(u) (which arises from the convolution

theorem) to (5-68) gives

5g(¢)=/ / 3"~ () Conir1) - - DO K01~ -t = 11X - - A (5-69)
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We rename x,,_; to X1, X,—¢+1 to X2, and so on until x,, to xg;. This and the identity

Xt | =(al++xei D=1 = 1= X1+ o+ ) (5-70)
gives

[e.e] oo R R
Eo(@p) = f e / ¢ )P (x2) -+ P o) (1 = X <14 ool ot lxena AXT - - dxer. (5-71)
—o0 —0oQ
Distributing and using the identity ¢ (0) = ffooo qAS(x)dx, we have

§E(¢)=¢”(O)—/ / &:Z(Xl)qg(xz)"'43()6£+1)X{|x.|51+|xz|+---+|x«+1I}dxl cedxgyy. (5-72)

Fix x5, ..., x¢41 and set S¢(x1) = sinQax; (1 + [x2] + - - - 4 |x¢+1])) /(2w x1). We have the identity

Xl =1 ol (1) = 286 (x1), (5-73)
which follows from the Fourier pair
sin(2w Ax) * 1 ,
—an = /;oo EX{‘H|§A}€2ﬂlxudl/t. (5'74)
Thus Plancherel’s theorem gives us (5-66), as desired. O

Applying Lemma 5.30 to (5-61) and comparing with (1-13) completes the proof of Proposition 5.2.

Appendix A. Proof of Lemma 3.1

Proof. We begin by imposing a distinctness condition on the sum over primes in (2-40). Fix a partition
n=(ny,...,ng) of n, where 1 <n; <---<ngand ny +---+n, =n. We want to write p;--- p, =
gy -+ -q,". If the parts of our partition are distinguishable, then by the multinomial theorem there are
(o )=
Aiy ..., Ng () -~ - (ng)
ways to do this. Let r, (%) denote the number of values of i for which n; = x in the partition 7. Because
the parts of our partition which are the same size are indistinguishable, the number of ways to write

plpn:q;llqzlls

S n 1 A2
o(n):= (nl,...,ng) Pt (A-2)
j=1"7
Thus
) l n; n;
SSP(N) R ~(loggq;\7 ( 2logq; \"
oD DD MERICHD DB (]| =
1 1<t<n n:=(ny,...,n¢) qUN,....qefN j=1 10g R 4 log R
1<n|<---<nyg q; distinct
ni+--+ne=n X ()»f(N))»f(Ql)nl T )Mf(QZ)W>*' (A'3)

Now that we have a distinct sum over primes, we want to apply the multiplicative properties of Fourier
coefficients given in Lemma 2.7. We do some careful bookkeeping in the process. We will sum over tuples
= (my, ..., my) which are admissible to a given partition 72. This means that m; < n;, n; =m; (mod 2),
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and if n; =n; withi < j then m; < m;. This last condition means that we order the m;s for each fixed
value of n;.

For some fixed 71, m with m admissible to 7, let sy (77, n1) be the number of values of i for which
(nj, m;) = (x, y). For each value of x, the number of ways to order the indices i for which n; = x is

ry(11)!

=S¢ (A-4)
[Ti= sx, (1, m)!
Define the auxiliary function
n ()
i) =] = il (A-5)
i=1 Hj:l Si,j(nv m)'
and let 1, ,, be the coefficient of A s (p™) in the expansion of A ¢ (p)" (see (2-29)), so that
n
()" =D tamds (P (A-6)
e

Note that 1, , = 1 for all n. Expanding the Fourier coefficients with (2-29) and using (2-27), we have

SYV(N) L
v DD SRR DI LY S

1<¢<n n:=(ny,...,n¢) m admissible to n qUIN,....qetN
l<nj=<--=<ng q; distinct
nyi+---+ng=n ’

logg;\" [ 2logq; \" m "
| | Ar(Ng?™ ---q,)) . (A-7
x <"J m/ <1ogR) <ﬁlogR ( f( q; q )>* ( )

We want to separate (7, m) into a part with n; = m; and a part with n; < m;. Let

ﬁbz(n?,n;,...,nb)

denote the subpartition of 7 with n; > m;, and

= (nq,ng,...,nﬁ_w)

denote the subpartition of 7 with n; = m;. The analogous notation holds for . Set ) n? =n’, so that
Zn? =n—n'. We have

n i
oo n! 1
ocm)t(n,m)=——— =S
nil--ong! 233 L i(n,m)!
i=1j=1 "
-1 n
n! n (n—n)'
= X
n'!(n—n)! (I’l?' .l_[l_[lstj(n m)') < l_[ ll(n m)‘
i=1 —w' i=1
n n'! 1 n—n) "
= X | — X
() (2 T ) ¢ (0 n_aﬁ,
nyl-nel 1 si,j(n°, m’)! nylen,_ 0 ri(n®)!

=)o @)e G, in")o ). (A-8)
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Applying this identity to (A-7) and using #, , = 1 and n} = m? gives

(1)
Tl Y0 XN @,
ik /N n ) - . ny,m; Tgy, Mgy
O0<w<n 0<n’<n ﬁb:=(nbl ’’’’’ nd) m adm1551b£e to i®
lfnblf...fnz, nj<m;
n?-i— ~tng=n'

w nb nb.
> l—l(d;(logcu)f( 210gqj)f)
L log R Ja;log R

qUN,....qutN j=1

q; distinct
] s "
—t ~(logpi \" 0g pi !
* Z Z o Z H(¢(logR> («/p-logR
it=nt,..nt_ ) PUN,....pe—ofN i=1 !
0=<t—w=n—n' L, it pi distinct
I<ni=<..Znm,_, piq;
b
x ()‘f(N‘h g p/’ ), - (A-9)

Arguing as in (A-3), we have

ﬁ i
~(log p:\'" [ 2logp; \"
SINED SERPTIND D ) (O
logR ) \ /pilogR
T I PN proofN i1 SN 08 pitos
p pi distinct

t
lfnlf...fnsz Pi#q; b tt i

it =n x (NG gl py - P,

Z ~(logpi\ 2log p; b i
PUN, o,y N =1 g ~/ Di 108
PiFq;

0<l—w<n—n’

We apply (A-10) to (A-9). In doing so, we remove the condition that 1 < n? s < nfo as we are no longer
concerned with the ordering of our partition. We also relax the condition that 71” is admissible to 7”. We
also suppress the b notation (as there are no more s). Lastly, the first line of (A-9) is purely combinatorial,
so we combine the combinatorial factors appearing in (A-9) into the coefficients C7 i 7 appearing below.
Thus

sPN=>" Y > Y E" (i, ) (A-11)

0<w=<n 0<n’<n n:=(ny,...,ny) m:=(my,...,my)
nj>1 mj=n; (mod2)
ni+-+n,=n"  0<mj<n;

where each C// . is some explicit constant only dependent on 7, m and
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om oay logg; \" ( 2logg; \" ]
cam= 5 6 () ) i

GitN,....qutN j=I1

q; distinct | )
0g pi 0g pi "

)\, N w L )

" Z H( <10gR>\/E10gR)< FNG™ =gy pr-- - paw)),

PUN, .., pp_ N i=1
pi#qj

We want to remove the condition p; # g; from the sum over py, ..., p,—» in (A-12). We apply an
inclusion-exclusion process, subtracting off the terms where some p; = g;. We have

E"(,m) = E'(i,m) — Z Y ClagE'Gi+a.n+a), (A-13)
a=1 a=(ay,...,a,)
ajZO
ay+-~+a,=a

where each Cj; - - is some explicit constant only dependent on n,m,a and

—— logg;\"( 2logq; \" )
eam= ¥ (R () e

q; distinct 1 .
X Z 1_[< < ) )()\,f(qu 1 ...qa)wpl_.'pn_n/))*.
PUN, oo, Py N =1 logR / ./pilog R
The addition of vectors is taken componentwise, so that 77 +d = (n; +aj, ..., n, +a,). We apply the

inclusion-exclusion identity (A-13) to each term E”(n + a, m + a) appearing on the right side of (A-13).
Repeating this process n — n’ times, we find that

E' (i, m) = Z Z Cl aaE'Gi+a, m+a), (A-15)

where each C, .. - is some explicit constant only dependent on n,m, a. In particular, C % 25T 1. Applying
(A-15) to (A-11) gives

sy =3 3y > ChGEGLm), (A-16)

0<w=<n 0<n’'<n n:=(ni,...,ny,) m:=(mi,...,mgy)
n;j>1 mj=n; (mod 2)
ni+-+n,=n’ Ofmj<n‘,~

where each C/ﬁ,;;z is some explicit constant only dependent on 7, 7.

We want to remove the distinctness condition from the sum over ¢, ..., g, in (A-14). We again apply
inclusion-exclusion, subtracting off terms where some of the ¢;’s are equal. First, we define a partition of
a set Stobeaset 7 ={m,...,m,} where each ; C S is a nonempty subset of S, 7; Nm; = & for every
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i 75 ja and ﬂlSiSO{ T = S We haVe

E'(n,m) = E(i, m) — E E E'(X,9), (A-17)
I<a<w—1 7 partitions {1,...,w}
a={m1,....,7¢}

where E (71, m) is as in (3-2) and for each & we have
X=0(0x1,..., %), Xj= an and
JET;

5;:()”7'-'9_)]0[), yl:ZmJ

JET;

(A-18)

We apply the inclusion-exclusion identity (A-17) to each term E’(X, y) appearing on the right hand side

of (A-17). Repeating this process w times, we have

E'Gi,m)y= Y Y GEG.Y) (A-19)
l<e<w 7 pdrtmons {1 ..... w}
= (1, 0()

where each C; is some explicit constant only depending on 7. Applying (A-19) to (A-16) gives the
desired result. (]

Appendix B. Increasing support for the nonsplit family

We prove Theorem 1.4. Arguing as in Appendix E of [21], we need to bound terms of the form

logg;\"( 2logq; \" S(m?, QNb) drm/Q
B myi=2it 3 H( (le#) (reer) )Xo Z (M5 0)

5qe j=1 m<Ne€
q i dlstmct
(B-1)
where Q = q;"‘ e qzne and n; =m; (mod 2) for all j. Showing that these terms vanish as N — oo for ¢

with supp ¢ C (—%, %) completes the proof of Theorem 1.4. These terms are very similar to the E (1, m)

terms introduced in Section 3 (see (3-4), for example), and we are able to evaluate them in a similar
fashion. We omit proofs as they are analogous to the proofs of the corresponding lemmas in Section 3,
which we refer to. We will eventually prove the following lemma.

Lemma B.1. Ler E(ii, m) be defined as in (B-1). Under GRH for Dirichlet L-functions, if supp(¢) C
(—— —) then E (i, m) < N ™€ and thus does not contribute in the limit.

First we restrict the sum over b as in Lemmas 3.3 and 3.4.

Lemma B.2. Suppose supp(qS) - ( ) Then the subterms ofE(n m) in (B-1) for which (b, N) > 1

are O(N™°).

2n’ 2n

Lemma B.3. Suppose supp(¢) C ( 1000, 1(1100). Then the subterms of E(i,m) in (B-1) for which
b> N2 gre O(N~'?).
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Applying Lemmas B.2 and B.3 to (B-1) gives

_ oL logg;\" ([ 2logq; \" i )
sam -t 3 T1(6(0%) (i) ) 2 ®2)

.....

q I dlstmct

2 .
8 Z S(m=, Q; Nb) Jk_1(4nm\/§

Nb Nb >+0(N_€).

(b,N)=1
< N2022

‘We convert the Kloosterman sums to sums over Gauss sums as in Lemma 2.2.

Lemma B.4. Let N be a prime not dividing b, Q, m. Then

2 . . 2 o0V — Q )
S(m~, NQ; Nb) = p Gy(m )G, ((Q,b ))X<(Q,b°°)>' (B-3)

Applying Lemma B.4 to (B-2) gives

= o logg;\" [ 2logq; \" 1 ]
By ==2ni ) U( (logR) (Jq_jlogR)) 2 B
q; &i;flnct N "=
) ~ 0 drm~/Q .
> —Nb D) Y Gy (m)G (0, b ))x((Q’boo))Jk_l(—Nb >+0(N ).
(b,N)=1 X (Nb)

b<N2022

Next, subterms involving nonprincipal characters in (B-4) are negligible in the limit. This leaves only
subterms involving xo = Xo (mod Nb) for each b. It holds that G,,(x) = R(x, Nb), a Ramanujan sum.

Lemma B.5. Assume GRH for Dirichlet L-functions and suppose that supp(¢) C (—2 2) Then the sum

over all nonprincipal characters in (B-4) is O (N ~€).
This lemma corresponds to Lemma 3.5. Applying Lemma B.5 to (B-4) gives

ik logg;\" [ 2logq; \" 1 )
E(n,m) = —2mi Z H( <logR) <ﬁlogR) )m;’ém (B-5)

qe j=1

q/ dlstmct
2 o0 4
Z R(m*, ND)R((Q, b ),Nb)X0< Qc>o )Jk—l( Tm /_Q)+0(N_€),
(b,N)=1 Nbgo(Nb) (Q, b>) Nb
b< N2022

Applying the bounds R(m?, Nb) <m*, R(x, Nb) < ¢(Nb), and J;_(x) < x to (B-5) and using the fact
that supp ¢ C ( 2 2) we find that the main term is absorbed by the error term, completing the proof of
Lemma B.1.
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Appendix C. Proofs of the lemmas in Section 5

C.1. Proof of Lemma 5.17. We will consider each term appearing in (5-35) separately. First, define

g fedy=(%) w0 fed=(1T0).

i—ed (€D
g3(l’l fC d) _<f d) g4(l’l,f,C,d) = <f_c_d>v
and
) e A1\ _1\ctd+1 gi(n, f,c,d) )
Gi(n, ) :=2(=1) n!cén( 1) —TE (C-2)
c,d>0

We want to evaluate G (n, f) — Ga(n, f) — Gs(n, )+ Ga(n, f). We set £ = ¢ + d to rewrite (C-2) as

i, foe l—c)
Gin, f)=2(=)"'m Y =ty E (C-3)
Z ;( — O —c)lc!

To evaluate G(n, f), we group the binomial coefficients to find that

Gi(n, ) =201 ("} )Z( '( )Z( ) =20 (" )Z( 2 (y)=-2(}) <=

Next, we note that Go(n, f) = G3(n, f). We have

Grn =2 () 3 () (75 = () () S ()
= l=c

c= c=

We reindex the sum by setting ¢’ = ¢ — ¢. Doing so, we see that sum over ¢’ is zero unless n — ¢ = 0.
However, in this case we have ( ) 0 since f <n/2 < n. Thus each term vanishes and

Ga(n, f) =Gs3(n, f)=0. (C-5)

Lastly, again grouping terms into binomial coefficients gives

Gatn, £)=20-1"*("} )Z( (4 )Z( ) =20 (% )Z( (7). o

We may restrict the sum in the last line to 0 < £ < f since f <n and (’2) =0 when ¢ > f. Doing so, we
find the sum over £ is (—1)/ so

Ga(n, f)=2(=1y"*/*1( ;’i) (C-7)

Combining (C-4), (C-5) and (C-7) completes the proof of the lemma.
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C.2. Proof of Lemma 5.28. We consider each term appearing in (5-55) separately. First, define

hl(f7g’:u/15/’Ld) = <£>, hZ(fvgvlu/lvlde) = (g:ﬁ:)
ha(f. 8- f1, pa) = (f;Md>’ ha(fs 8, s a) = <f_g/ilu_1“d)’
and
f 1
Hi(f9=30 D o hilf g s ) cs)
d=1 ;LH-..._H,id:f SRR L
Hi=

fori € {1,2,3,4}. We will show that H;(f, g) = (—1)//g!(f — g)! independent of i, so that H; — H, —
H; + Hy = 0 as desired. For H; the result follows immediately from comparing coefficients of z/ in the
identity (5-40). For H,, we pull out the | term to get

=Y LYy o =
20J, 8) = — . -
H1= 1 g d=1 po+-+pa=f—mn Mot !
Wiz
Applying (5-40) and simplifying gives
f f
fpry DT (=D (=D =D/
H)(f, g)=— , (C-10
0= 3 (i ) =gt = <f—g>'zzm'<g g gt 1

l/«1=1

where the last step comes from restricting the summation to 1 < | < g and using the binomial expansion
of (1 —1)8. We can show the result for H3 similarly. For Hy, we pull out the i and u, terms to get

S f—ua 1 F = f—mi—ta (—l)d_z
Hy(f.9)=Y_ > o Md( o ) > 3 o ©D
ma=1 p1=1 d=1  pot-+pg-1=f—p1—a

ni>1
Applying (5-40) and simplifying gives

Bo= X3S L (e GO
’ Bt pilma! N 8=t (f — g — pa)!

f

f—ta
: — 1)k —1m
Cyy O (1)

2

o =g —ua)lmat = ml(g — !
_ (=Dt ! (—1)Hd _ (—1)/ o
g g nolal gl(f-g)!

where the last two steps come from restricting the summationto 1 < u; <gand 1 <puy; < f — g and
using the binomial expansion of (1 — 1)& and (1 — 1)/-s.
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Appendix D. Bounding the order of vanishing at the central point

In this section, we follow the arguments of Section 6 of [21] in order to bound the proportion of newforms
with negative sign whose order of vanishing exceeds a certain threshold ». While they are conditional on
GRH, our results surpass the best known conditional and unconditional bounds established in [25], [21],
and [5] when r > 5. We focus on the case r = 5, however our results may be easily generalized the case
when r > 5. Additionally, we study the fourth centered moment as it provides the best bounds for the
case r = 5, but utilizing higher moments provides better bounds as r increases. Lastly, similar results
may be obtained for the positive sign family. See [13] for a more in-depth analysis, where the results of
this paper are used to find excellent bounds for vanishing to order r or more; specifically, for a fixed test
function Dutta and Miller determine what level density gives the best bound.
We utilize Theorem 1.2 with n = 4 and

sinrox\ A 1/o —|y|/o? if|y| <o
¢>(X)—< ox ) ; ¢(y)—{ 0 if [y| > 0. (D-1)

This test function is likely not optimal in general for minimizing the n-th centered moment, and optimal
test functions for the case n = 1 and n = 2 are found in [25] and [5]. However, they are sufficient to
surpass the bounds established in those papers. While Theorem 1.2 requires o < 0.5 when n =4, we may
utilize the bounds given by o = 0.5 by setting 0 = 0.5 — € and letting € — 0. Now, Theorem 1.2 gives

Jim ((D(f5¢) = (D(f: ) -)")_ =3(05)" — R(4,2: ¢) = 5. (D-2)
N prime
Now, if a newform f with negative sign has order of vanishing r > 5 at the central point, then by
Theorem 1.4,

D(f;¢)—(D(f; $))—>r¢p0)— (p(0)+1¢(0)) =r —3 > 3. (D-3)

Let Pr(r > 5) be the proportion of newforms with negative sign whose order of vanishing at the central
point is at least 5. Then (D-2) and (D-3) give

Pr(r > 5) (3)' < 2k, (D-4)

SO

2\4 31 496
Pr(r = 5) < (3) 755 = 53605 ~ 0.00756.

In [25] and [21] the respective upper bounds 31—2 =0.03125 and % ~ (0.02040 were obtained; our results
surpass both of these. As the order of vanishing increases, our results are even better. For instance, taking
r =19 and n = 20, we find the proportion of newforms with negative sign whose order of vanishing
exceeds 19 is at most 2.86 - 10~1%, improving the upper bound 5.77 - 10~® given in [5] and the upper
bound 3.29 - 1073 implicit in [25].
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