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Murmurations of modular forms in the weight aspect
Jonathan Bober, Andrew R. Booker, Min Lee and David Lowry-Duda

We prove the existence of “murmurations” in the family of holomorphic modular forms of level 1 and
weight k — oo, that is, correlations between their root numbers and Hecke eigenvalues at primes growing
in proportion to the analytic conductor. This is the first demonstration of murmurations in an archimedean
family.

1. Introduction

Using machine learning algorithms, He, Lee, Oliver, and Pozdnyakov [HLOP22] discovered an apparent
correlation between the root numbers of elliptic curve L-functions and their Dirichlet coefficients a,, at
primes p varying in proportion to the conductor. They dubbed this correlation “murmurations of elliptic
curves” due to the resemblance of their graphs to the swarming patterns of flocks of birds (see Figure 1).
Further experimental work by the authors of [HLOP22] and Sutherland [HLOPS] has shown this to be a
general phenomenon, present in many natural families of L-functions.

Zubrilina [Zub23] has provided the first theoretical confirmation, proving the existence of murmurations
in the family of self-dual holomorphic newforms of a fixed weight k and squarefree conductor N — oc.

Figure 1. Left: average a, (ordinate) over isogeny classes of elliptic curves of conductor in
[7500, 10000] and fixed rank (blue = rank 0, red = rank 1), for primes p € [2, 7919] (abscissa).
Reprinted from [HLOP22] with permission from the authors. Right: Starling shapes in the
evening sky © Walter Baxter (https://www.geograph.org.uk/p/1065181, cc-by-sa/2.0).
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Figure 2. A comparison of M,(y) for y € [0, 2] (green) and the points (p/218, r(p)) for primes
p < 2" (purple), where

> Ner ZfeHz(N) errp(p)/pP
ZNEI ZfeHz(N) 1 ,

and [ is the set of all squarefree integers in the range [2'® 4 2!°]. Data computed by Andrew
Sutherland.

r(p) =

More precisely, for k € 27.g and N € Z-, let H,(N) be a basis of normalized Hecke eigenforms for
Sp¥(T'o(N)). For each f € Hi(N), let €7 be its root number, and let A (n) be its normalized Hecke
eigenvalues, so that

f(z) = Z )\f(n)n%eZninz'

n=1
Then Zubrilina showed that there exists a continuous function M; : R. ¢ — R such that, for fixed y € R.g
and 6 € (0, 1), we have

ZNe[p/y,p/y-i-pﬁﬁZ Zfer(N) ef)“f(p)\/ﬁ
lim N squarefree
p prime ZNe[p/y p/y+p°1NZ ZfeH |
p—00 ’ k

N squarefree

= Mi(y).

A comparison of M,(y) with numerical data is shown in Figure 2.

In this paper, following a suggestion of Sarnak, we investigate the murmuration phenomenon in a
family of L-functions with varying archimedean parameters, namely the modular forms of level 1 and
weight kK — oo. In this family, the root number €7 is simply (—1)5, SO we expect to see biases in the
A r(p) values depending on the residue class of k mod 4. Following Rubinstein (unpublished, but see
[Bool5] and [LMFDB]), we define the analytic conductor of f € Hj(1) to be the positive real number

exp wc/z))2

Nk) == ( -
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Figure 3. A comparison of (—1)?v((0, t]) and the left-hand side of (1-1) scaled by tv/N, for
K =3850, H =100, and ¢ € [0, 2].

where ¥ (x) = I''(x)/T"(x); by Stirling’s formula, N'(k) = (%)2 + O(1). In analogy with the arithmetic
conductor scaling in [HLOP22; Zub23], one might expect to see murmurations for p growing in proportion

to N'(k); our main result confirms this expectation under the generalized Riemann hypothesis (GRH):

Theorem 1.1. Assume GRH for the L-functions of Dirichlet characters and modular forms. Fix € € (0, 12)
8 € {0, 1}, and a compact interval E C R.q with |E| > 0. Let K, H € R.q with Kot < H < K'- ¢ and
set N = N(K). Then as K — o0, we have

prrlme 10g19 Zk 28m0d4 Zfer(l) f »)

p/NEE (—1)‘S (v(E) )
+og(D) ), (1-1)
prnme IOgPZk 28m0d4 Zfer(l)l \/ﬁ |E| ’
p/NeE
where
1 « u@)? /q pPP—p—1 2t
VWE)=—— Z f< ) Z l_[ cos —dy, (1-2)
(@) o, v@o(@) 2 =, e Je
ged(a,q)=1
(a/q9)*€E

and the x indicates that terms occurring at the endpoints of E are halved.
A comparison of v(E) with numerical data is shown in Figure 3.

Remarks. (1) We have averaged the normalized A y(p) values directly, which shows a correlation of
size 1/ /N with the root number. As in [HLOP22; Zub23; Sar23], one could instead average A7(p)/p
to boost the correlation. A similar result holds for that average, with the right-hand side becoming

0 (T 4 or. ),
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where dv?(y) = Jydv(y),ie.,

I u@)?
VE)= o Y s (4) = Z l_[p /ﬁc"sfdy

2
vaez, P@7o(@) 2 et

ged(a,q)=1
(a/q)2€E

(2) Zubrilina’s results exhibit correlations for an individual prime p, requiring only a short average
over conductors. One can carry out some of the analysis for a fixed p with our family, but the resulting
correlation depends on the residue classes of p modulo small primes; at least a short average over p is
needed to get a universal result depending only on the size of p/N. Sarnak [Sar23] has speculated that
this is closely related to the conductor growth of the family, and that an average over p is necessary to
see murmurations in any family with at most O (x) L-functions of analytic conductor < x. (Note that our
family contains = x forms of analytic conductor < x, compared to =<; x? in Zubrilina’s family.)

(3) Our result depends on GRH in order to compute the sums over primes with power-saving accuracy.
However, GRH for modular form L-functions is only needed to handle the sharp cutoff in the sum over k
in (1-1), and could be dispensed with in a smoothed version. The combination of a weak signal (only
1/+/N in size) and a distribution that is not absolutely continuous makes the proof delicate, requiring
many nontrivial estimates throughout, including for this truncation error. (The large sieve does not suffice
here, since the number of forms involved is small relative to the size of p.)

(4) Closely related to murmurations is the 1-level density, which involves computing a, averages in a
family of L-functions for p on the scale of N? for some real number 6 > 0. For our family of holomorphic
forms in the weight aspect, the 1-level density statistics for 6 < 2 were computed by Iwaniec, Luo,
and Sarnak [ILS00], demonstrating a sharp phase transition at & = 1, in accordance with predictions
from random matrix theory [KS99]. Sarnak [Sar23] has pointed out that, in retrospect, one can see
murmurations in [ILS00] by examining the & = 1 transition more closely. One technical difference with
our work is that [ILS00] used the Petersson trace formula (rather than Eichler—Selberg), which sums the
a, values of an L2-normalized basis of forms. This changes the distribution, but it shares some of the
same qualitative features, including point masses at squares of squarefree integers (corresponding to the
terms of (1-2) witha = 1).

(5) The o(1) error term in Theorem 1.1 depends on Diophantine properties of the endpoints of £. More
precisely, if we write E = [u, v], then the theorem holds with of (1) replaced by

HN fom
() (%) )

provided that /u and /v have irrationality measures at most 27. Generally finite irrationality measure

implies a power-saving error term, but for Liouville numbers the convergence can be arbitrarily slow.

(6) Our proof should carry over to the family of Maass forms of level 1 and Laplace eigenvalue A — oo
with appropriate modifications. The main difference is that one would encounter discriminants 1> + 4#n in
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the trace formula instead of 12 — 4n (see (2-1)), but the local analysis in Lemmas 4.1-4.3 is insensitive to
this change.

(7) Sutherland [Sut23] has empirically observed that the signal is less noisy if one computes correlation
sums of ea,, rather than separating by root number, pointing to the existence of a lower-order discrepancy.
Our proof suggests a possible source for this in our family, namely the terms of (3-3) with £ = %1, which
vanish when considering the correlation. As we show in Lemma 3.1, those terms have lower order than
the main term, and they are eventually swamped by other error terms in our analysis, so it may not be
possible to isolate the discrepancy theoretically.

(8) Our distribution v shows many qualitative differences from Zubrilina’s My ; for example, it has infinitely
many point masses, and no sign changes — the terms of (1-2) are all nonnegative. It is conceivable that
M, and v* are the margins of some joint distribution in the large analytic conductor limit, Nk* — oo. It
would be interesting to try to merge the two results by taking a double limit; in particular, do ngnoo klinolo

and lim lim both exist, and are they equal?
k—o00 N—o00

(9) Although murmurations have hitherto been investigated as a pattern in a,, values at primes, (1-1)
would continue to make sense with the sums over p replaced by sums over integers n. The analysis
becomes much simpler with sums over integers, and there is still a discernible murmuration: the analogue

of v(E) is
Z* a3

an>0
a’cE

It may be of interest to look for integer murmurations in other families.

2. The trace formula and overview of the proof

The main tool that we use in the proof of Theorem 1.1 is the Eichler—Selberg trace formula, which allows
us to evaluate the sums over f € Hi(1) in (1-1). For a positive integer n, let 7,, denote the nth Hecke
operator acting on S (1), and let

TrT IS = Y Apmn's
feH (1)

denote its trace. Then by [Chi22, Theorem 2.1] (see also [Eic57; Hij74; Zag77; Coh77; SvdV91]), we
have

TrT,|Sk(1) = A1 — Ay — A3 + Ay,

where

4 {l—lzn’é—l(k—l) if /i ez,
1=

0 otherwise,
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k=1 _ 5k=1 pd ord, (£) _

w= ¥ T e (- () )
teZ, t* —4n=de* <0 p=p ple P p
p2—tp+n=0, Ip>0

1
Az = 3 Zmin(d, n/d)*=', and As= {

d|n

on) itk=2,
0 otherwise.

Here d is the discriminant of @(+/#2 — 4n), h(d) is the class number, and w(d) is the number of units in
the ring of integers.

Following [BL17, §1.1], for a discriminant D = de? we define Yp(m) = (m), with the
convention that ¥o(m) = 1. Then, by Dirichlet’s class number formula, for D < 0 we have

WD(””) 2mwh(d) ord, ( d )pord,,(z)_ 1)
L, ¥p) —Z = o@Dl ]_[( @+ (1 (p) )
Thus A, can be written in the form

Ay = >

tes, 12 <4n
p>—tp4+n=0, Ip>0

oKl g1 Jan — 2

L1, Yr2_y4y)-
p—p 27

Next, for ¢ € Z with 12 < 4n, define

.t T
@ = arcsin ——= € (——, —) .

2/n 22
Then we have p = \/né’ (3= where p is the solution to p> — 7p 4+ n = 0 with positive imaginary part.
Thus,
P sin(= (3~ 6u)
p—p sin(53 — ¢r.n)
— (—D)int _1cos((k — )¢ n) i1 cos((k — D¢y, n)

o) = 2D — e

Assume now that n is prime and k > 2. Then, combining these expressions, we obtain

—k

S =T TS =—n7 + (_ ): > cos(k— D) L1, Yra_gy). (21

feH(1) teZ
12 <4n

2.1. Overview of the proof of Theorem 1.1. We conclude this section with a sketch of the proof of
Theorem 1.1, with the details carried out in Sections 3-6.
For a fixed choice of 8, K, H, and E, we define ¥ = X (8, K, H, E) to be the numerator on the

left-hand side of (1-1):
Y= Z logn Z Z Ar(n).

n prime k= 28m0d4 feH (1)
n/NeE lk—K|<
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Having computed the sums over f € Hi(1), we see that

i (—=1)°
5= Y logn Y (—n2+% 3 cos((k—1>¢t,n)L<1,w,z_4n>>.

n prime k=25 mod 4 teZ
n/NeE lk—K|<H 1> <4n

—k . . .
As k — 00, the contribution from n'7 is negligible, so we are left with the sum

(1) Y logn Y Y cos(k— D) L1, sy

n prime k=26mod 4 teZ

|k—K|<H (2<4n
We will shortly bring the sum over k inside, but even before applying the trace formula, we take a partition
of unity to split the sum over k into smooth weighted sums over shorter ranges of length =< 4. For a fixed
choice of smooth function W : R — Rx¢ supported on [—1, 1] and parameters /, J and K¢ (depending
on H and K), we find (assuming GRH for L(s, f)) that

=) lognZ > (M) > kp()+ O (hK>T9).

n prime Jj=0 ke26+47 feH (1)
n/NeE

(The denominator on the left-hand side of (1-1) is of size < HK?, so after dividing by VN =< K we
will need an error term that is o(H K?2) for the claimed theorem; the size of & depends on H, but it will
be always be at most H'!~¢. See the beginning of Section 3.)

Upon reordering the summation and applying the trace formula, this becomes

18’ \ k—(Ko+4jh
=0 Y o Y Ly Y W(%) cos((k = Depr.n)

Jj=0 nprime teZ ke2é+47
n/NeE 12<4n + OE’S(hKZ-‘rs)'

Since k runs over a fixed residue class mod 4, the inner sum is effectively concentrated around values of
¢1.» which are close to 0 or ==%. However, as there are relatively few integers ¢ with t? close to 4n, the
terms corresponding to ¢, ~ % do not contribute to leading order. We see this when we apply the
Poisson summation formula to the innermost sum. We will have

k—k —~
Z W( 0 0) cos((k — )¢ ) = hcos((ko — 1)¢s ) Z W(hZ +2h¢t,n/7r),

ke2é+47 tez

and it transpires that only the term £ = 0 is large enough to overcome our error terms. (See (7) after
Theorem 1.1 about the terms with £ = £1, however.) Specifically, after Lemma 3.1 we find that
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—1éh ~
5= n) D ) logn > L(1Ya_y,) cos((ko — D) W (2hepy 0 /)

ko=Ko mod 4h n prime teZ
O<k0;hK0 ~J n/NeE t?<4n

HK3logK
h? '

+ Og.¢ (thJ“? +

Due to the rapid decay of W we can now restrict the sum over 7 to a smaller range and put in a linear
approximation for ¢, ,, and at the end of Section 3 we arrive at

(—=1D%h (ko—1)t\ ~( ht
Y= - Z Z lognZL(l,w,z4n)cos< NG )W(nﬁ>

ko nprime teZ
n/NeE [t|<T

3
+ OF .0 (hK”g | K logk K)

hz

for T = K ' /h. (Note that as our interval does not contain 0, we always have n > K2, so that this
summation over ¢ really is a truncation.)

The next step, and the content of Section 4, is to take the sum over primes inside and apply the prime
number theorem in arithmetic progressions to compute the sum over primes for each fixed 7. In the
process, L(1, ¥,2_4,) gets replaced by L(1, %), where J, is the local average

Vi (m) = Z Vg (m).

n mod m?
(n m)=1

This is the content of Lemma 4.5, which, roughly, states that for any nice enough continuous function &,
we have

B
> L Yy @) 10gn%L(1,1//,)/A ® (u) du.

nelA,B]
n prime

Applying this lemma (after which we will be able to extend the range of summation over ¢ to all integers)
and making a change of variables in the integration we find for the interval £ = [o, 2, ozl_z] that

_1\é _ A ot2
:M (ko 1) / ZL(I w,)cos(Znat)W< ! )da
T A

ko1 xko(a)
0 teZ + OE,s (hK2+s 4+

HK3+8
hs ) ’
where Az, = (ko — 1)/(4+/N) and xi, (a) = (ko — 1)/ (4ah).

The value L(1, %) turns out to be a constant times a multiplicative function (this is part of Lemma 4.3),
so the sum over ¢ can be (approximately) computed by studying additive twists of the Dirichlet series
Z;’i L L1, 1/~ft)t_“', and we find that the mass of the integrand is concentrated around rational numbers
with squarefree denominators. Specifically, in Proposition 5.1 we find that for « = a /g + 6 (with 6 small),

2
YL, 9 cos(zm)ﬁ/(5> ~ DT i,
reZ X @(q)*0(q)
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It is now natural to employ the circle method, computing the contribution to the integral over
[Akoot1, Agyor2] which comes from major arcs near rational numbers with small denominators, and bounding
the rest. Noticing that A, & 1, we find that the bulk of the integral comes from rational numbers in the
range [o1, a2]. The main term will come from a sum of the integrals

d 3
/xko(a)w(xko(a)(a —a/q))a_‘;‘ ~ (%) .

Finally we can see our answer will emerge as

N 2h ko —1)? wa)  (q\3 _ HK? mq)  qy?
2~<—1>5;%( 4n) Y e &) OV ies X e @)

2 2
Ny ¢(q)7o(q) o1 <ala<0r v(q)o(q)

though some care must be taken with the endpoints. (See also Remark (5) following Theorem 1.1.) The
denominator is easily computed using dimension formulas and the prime number theorem (see (6-3)),

giving Theorem 1.1.

3. The sum over weights
Let W : R — Rx be a smooth, even function supported on [—1, 1] and satisfying
Wx)+ Wl —-x)=1 forxe][0,1].

Note that these assumptions imply that 0 < W(x) < 1 and fR W (x)dx = 1. For instance, we may take

1-2|x| —%tz . 1 | -1 1
W(x) = cf [THe =rdr if x| <1, where c:(/ e_lfzdt> :%_
0 otherwise, -1 Ki(3) — Ko(3)
(Here K, (y) is the K-Bessel function.)
Define
10 1 5
h=[max(H> K™%, (HK)T)]
and set
. K+ H - K
Ko=minlkeZ:k>K —H+4h, k=2mod4}, J= — |

We assume K is sufficiently large to ensure that 4k +2 < H < K — 2, which implies that Ky > 4h + 2
and J > 0. Write

J—1 .
k— (K 4ih
L mxem® =Y W(—( LA ))+R<k). (3-1)
j=0

Then R is supported on [K — H, Ko]U[Ko+4(J — D)h, K + H].
Assuming GRH for L(s, f), the sum over primes for a single newform satisfies the bound

> rp(p)logp Kpe KT

pprime
p/NeE
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Combining this with the estimates #H; (1) < k and R(k) < 1, we find that

> Rk D D rp(p)logp Lp hK*F, (3-2)
A S I

as the support of R(k) is of size O(h).
Next we consider the contribution from a typical term of (3-1) to (2-1), with kg = Ko +4jh:

k — ko ‘
) =N W(m/hye! o 1+4me,

> cos((k—1)¢)W< o

keko+4Z meZ

To that end, we have
/ W(x/h)ei(k0—1+4x)¢eznixr dxz/ W(x/h)ei(ko—l)¢+271ix(t+2¢/7r) dx
R R
=h/ W(x)ei(k0—1)¢+2nix(ht+2h¢/n) dx
R
= he!®0=DW (ht 4 2h¢ /1),

and we note that W is real as W is even. By Poisson summation, we obtain

> cos((k— 1)¢)W(k — k‘)) = hcos((ko— 1)¢) Y W(ht +2he /)
4h ‘

keko+4Z tez
Applying this to (2-1) with n prime and ko > 4h + 2, we have

k—ko\ 1k 1k —ko
> W< m )nz TS =— Y n> W< 0 )

keko+42 keko+42

LDty W(h(ﬂ—i—z(if,n))cos((ko— D) L( Yps).  (33)

leZ teZ
t2<4n

Since W is smooth, only the £ = 0 term contributes significantly to (3-3), as quantified by the next result.

Lemma 3.1. We have

h =% 2 t,n
Z (log )|: ) Z Z cos((ko—1)¢z,n)L(1,1//,2_4n)W(h(£+ (ft ))

n prime LeZ\{0} 2t€Z
vEE t“<4n 1k k — kO
B Z nT W 4h
K3 log K keko+42
—h .
Proof. First note that

Y logn Y "1?W<k ko) <> lognzn T <L

n prime keko+4Z n prime
vEE

<E
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Next, since ¥p is periodic modulo D with mean value 0, partial summation gives the estimate
c wD<m> 2
L, yp) =) / X2 Yp(m)dx <<Z / P i < tog|DI.
m=1 m=<x
Thus,

Y cos((ko— Dr)L(1L, Y2 _g,) < vnlogn

teZ
t2<4n

Since W is smooth, we may apply integration by parts to W(x) = f W (u)e= 2" ** dy to obtain

W(x) <4 |x|™* forall A € Z=.
Since ¢, , € (—% %), we have {Z —|—2¢>,’,,/71| > |£| — 1, so that

Z hlogn

e 2¢tn
ST w(hle+ cos((ko — D) L(1, Y2 _4,)
n prime T leZ teZ T
n/NeE [1>1 2 <4pn

> _ K3log K
<h Y Jalogn Y (e —1) 7 «p ——2 2,

, h
n prime =2
n/NeE

It remains to estimate the contributions from £ = 1. Since W is even, those terms contribute equally,
so it suffices to consider £ = —1

For each fixed ¢, we prove different bounds based on the relative
sizes of r and n. When £ = —1 and t < /n, |[€ +2¢, /7| > 1, and a similar argument as above gives
Or(K3(log K)/h).

When 12/(2(1 —h™2))? < n < 1> we use

T s - 12 - t
—— =arcsin_[1 — — -
2 " 4n 2/n

and the estimate W(x) &4 |x|74 to get the bound

2

—A)2
t
LEg.Ahlog? K f hA (1 — —> dm(n)
2 (t/22(1—h2)~2 2yn

—pl- Alog K Z/ Ra(n)dm(n)

t=<xpK

t<gK

where L, = (t/2)>(1 —h=2)7% and R4 ;(n) = (1 —t/(24/n))~*/2. Applying integration by parts
/ Ra(n)dm(n) = (m(n) — ﬂ(12/4))RA,t(n)‘Z - f (r(n) =7 (£*/4)) R ,(n) dn
L, L

t
tZ

<2427(1%) — / (r(n) — 7 (> /)R, ,(n) dn.
L

t
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Since L; —12/4 > (K /h)?, [MV07, §3.2, Corollary 4] implies that 77 (n) — 7 (t2/4) < g (n—1/4)/ log K
for n > L,. Hence, for A > 3 we have

2 2 2
t 1
R d — —12/HR, ,(n)d
/Lt ar(n)dm(n) K a logk logK /o, (n—17/HR, ,(n)dn
2 2
= (n—1*/4)R (n)|t2 —/ Ry (n)dn
" logK logK AL, L At
12+ (L —t?/4)Ra (L 17
< + (Li =17 /4)Ra( t)+ R (n) dn
IOgK logK L, ’
12pA-2
<4 logK -
3
Summing over ¢ <g K, this again gives O E<K IZgK )

Finally, we estimate the terms with

(%)2 <n= (ﬁf

using the trivial bound W(x) « 1. Summing over t <g K, these make a total contribution

<k hlog* K t;[ﬂ«m)z) - ”((%)2)]

2 2
Note that (;) = (£> + O (K?/h?%). Applying [MV07, §3.2, Corollary 4] again, it follows

2(1=h=2) 2
that
t 2 1\? K?
”((2(1—h—2)) ) _”((E) ) <E T log K’
so in total we get <z (K3log K)/ h. O

Summing the bound from Lemma 3.1 over the J <« H/h choices of ky, and combining with the
boundary error (3-2) from the partition of unity, we get that the total contribution from everything except
the £ = 0 term is bounded by

HK?*log K
Kpe hK>e 4 22 280
) h2
Next we fix a small &9 > 0 and restrict the sum over ¢ to |t| < T = K '*%/h. The error in so doing is

OE ¢, (1), thanks to the rapid decay of W. Hence, we have

HK3logK
5 — oE,so,g<hK2+8 + —°g>

h2

—1)°h 24
+( n) Z Z logn Z L(l,w,2_4n)COS((k0—l)d)t’n)W(h i )

ko=Komod 4h n prime teZ
0<’<021K0 ~J n/NeE lt|I<T
- a
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Writing Ay, (¢) = cos((ko — 1)¢)W(2h¢/n), we have A;CO (¢) < K uniformly, and thus

t T3
Ako(¢l,n) = Ak() (m) + 0E(ﬁ) 5

o),
¢t,n 7

Summing this error over |t| < T,n <g K2, and ko, we get

since

HEK**0log K
h# ’

which is dominated by the above error term for gy sufficiently small. Thus, we have

<p HT*1logK =

Y= oE,SO,e(hK“S +

+(_1)8h Yo 3 > (ogm)L(l, e_ay) cos (ko — I)IA( ) (3-4)
T g t 4n \/ﬁ T[\/_

ko=Komod4h te€Z nprime
0<ko Ko <J =T n/NeE

HK3logK
h2

4. The sum over primes

Next we turn our attention to the sum over primes n. We begin with some lemmas.

Lemma 4.1. Let m be a positive integer, and let Dy, D, be discriminants with D; = D, mod (2m)>2. Then
Vp, (m) = Yp,(m).

Proof. Write D; = diﬁl.z where d; is a fundamental discriminant and ¢; € Z>(. Without loss of generality,
we assume that ord (¢1) < ordy(€;). Let r = gcd(€;, m). Since r2 divides both D; and m?2, it also divides
D,. Moreover, since d»/ gcd(d;, 4) is squarefree, we have r|£;. Since ord(£) < ord;(€,), it follows
that r | £5.

Suppose p is a prime dividing ged(¢2/r,m/r). Then pt(£;/r) since ged(€¢y/r,m/r) = 1. From
di(£1/r)? = dy(L3/r)> mod (2m/r)? it follows that p?|d;, whence p = 2. Dividing by 4, we find
that (dy/4)(£1/r)? = d»(£»/(2r))?> mod 4, which is impossible since (d;/4)(¢1/r)> =2 or 3mod 4 and
d>(£>/(2r))?> =0 or 1 mod 4.

Hence r = ged(¢;, m), and

2 2
Vo, (m) = < dy ) _ (dl(ﬁl/r) > _ (dz(zz/r) > _ ( d> ) - O
m/r m/r m/r m/r

Lemma 4.2. Fort,m € Z withm > 0, deﬁne

Vi (m) = Z Vg (m).

nmod m?
(n m)=1
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Then for fixed t, m — 1}, (m) is a multiplicative function of m.

Proof. Fix t € Z, and consider m, my € Z~y with gcd(m, mp) = 1. For n € Z, we write 12 —4n = de?
where d is a fundamental discriminant and £ € Zs(. Let r; = gcd(m, £) and rp = ged(m,, £). Since
ged(my, mp) = 1, we have ged(ry, r2) = 1 and ged(mmo, £) = rirp. Therefore,

d d d
Y2_gp(mymp) = (mm) = ( ) ( ) = Y2_4y,(M)V2_4,(m2),

"o ml/rl mz/rz
so that
~ 1
Vilmimy) = ———— " Pp_gy(m) ¥y, (m2)
p(mymy) )
nmod (mymy)
(n,mymy)=1
1
= o (mim>) Z Z W;2—4(n1(m2m2)2+n2(m1m1)2)(ml)wt2—4(n1(m2m2)2+n2(m1ﬁ1)2)(mZ)»

n; mod m% ny mod m%
(n1,m)=1 (n2,mz)=1

where m;m; = 1 mod m% and mom, = 1 mod m%. By Lemma 4.1 we have
V12— a(ny (mai)2 4o (i) (M) = Y2 _an, (M),

so we get

Ui (mima) = Y, (m 1) Y (my). O

Lemma 4.3. Fort € Z, define

L(s,¥) =) % for R(s) > 1.

m=1
Then
L(s, V) =L(s, y1)P(s,1),
where 1 1
~ l—A+p H)A+pHp™, p>2,
L(s, Y1) = £(25)¢(s +2 4-1
(s, ¥1) = £(25) (s )1;[{(1_2_5)(1_2_%2)’ b2, (4-1)
and o
1=p ., p>2,
I=(I+p=H(1+p=)p=-!
1+27371_272s
P(s, 1) = S - =2, 4|1, 4-2
(s.1) ]_|[ — p=2, 41 (4-2)
4 —s—2_7.7—25=3_n—-3s-2
142 7.2 2 Cp=2, 44

(1—2-5)(1—25-2)

Thus L(s, 12;,) continues analytically to N(s) > % and satisfies

L(1,4,) = Cf (1),
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where .
C=L,y)=]](1-——5—-)=06151326573181718....
) U( <p—1)2(p+1>>
and .
=P, 1) = I+ ). 4-3
f=Pa,1) lp'[( p2_p_1) (4-3)
In particular,
L(lJ)—Cfm)—]_[(l—;)(H;)—H(l—i)_l—m)
T B (p—D2p+1) pPP-p-1) )

p p

Proof. Fix t € Z. By Lemma 4.2, 1;, is multiplicative, so we have L (s, 1/~f,) = ]_[p ZZ.;O 1/~f,(pe)p_”.
Consider m = p° for some e > 0, and put

S= > Vi)

nmod p2¢
(n,p)=1

Suppose first that p12¢. Given a coprime residue n mod p%¢, we put j = ord, (1> — 4n). The term
n = (t/2)> mod p*¢ corresponds to j > 2e and contributes v/,2_4,(m) =1 to S.

Consider j € (0, 2¢). Then n is of the form (t/2)> — (a + bp)p/, where a € {1,..., p — 1} and
bel0,..., p* /=1 —1}. We have

_a__ .
Y4, (m) = <p"*/'/2> , jeven,
0. j odd.

From even j = 2e — 2r we get a contribution of
2r—1 1

Z_ (i) _ {w(PZ’), r even,
o r 0, r odd.

P

p—1p

a=1

Now consider j = 0. As before we have n = (1/2)?> — (a +bp) witha € {1,...,p—1} and b €
{0, ..., p**~! —1}, but now we have the additional constraint a  (¢/2)> mod p, since n has to be coprime
to p. We have y,2_4,(m) = (a/p°), so the contribution from j =0 is

P 2 2e—1
Z Z (i) — {(p —2)p=", eeven,
e ] | _ ,2e—1
l<a=p—1  b=o P P, e odd.
a#(t/2)*mod p

Altogether, for p12¢ and e > 0 we have

Le/2]
S= Y Ve =—p*"+ ) 0™,
nmod p% k=0

(n,p)=1
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so that

4k)

S Ui(P) e~ pT o)
- pes pesgp(pZe) Z pes(p(pZe)
_ 1—(1 +p7Hd +p*5>p*S :

(1=p=2)(1—=p=72)

e

Next suppose that p =2 and ¢ is odd. Then j = 0, so we get

2_
s= Y (I 264”):(—1)62%—‘.

n mod 2%¢
(n,2)=1
Thus,
i 1; %) _, +i (_1)e22e—1 B 1
— Des — 2&Y¢(22€) - 1+2—s'
Hence,

1 I 1—(1+pH(1+p=*p=~!

T2 0 (A=p2)(U—p3)

L(s, Y1) =

which yields (4-1).

Now suppose that p|f. When p > 2 we have j = 0, so that %(pe) = (14 (—1)¢)/2, and the local
factor at p becomes 1/(1 — pfzs). When p =2 and 4|¢, we have 1;,(2‘3) =(1—-(—=1¢/4fore >0, so
that

oo
1 27175 _2725
D)2 =14 Z(l—( D927e = :

1—2-2
e=0

When 2|7 but 417, we have ,(2¢) = 2172¢(1 4 1&2=1) for ¢ > 0, 50 that

— ~ 142
; (2927 =14 —= Zz—Zez—ev 4+ 2 = Zz—ze24L §ly—es
14275 2_7_2 25—3 _ 9=3s—
T (-2 )1 -2%)
Collecting these cases, we arrive at (4-2). 0

Lemma 4.4. Assume the generalized Lindeldf hypothesis (GLH) for quadratic Dirichlet L-functions.
Then for any non-square discriminant D and any x > 1,

D &
L, yp) =) anim) + 08<%) .

m=<x
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Proof. Let D = d¢?* with d a fundamental discriminant and £ € Z~¢. Then we have

ord, ¢

Lis.¥p)i=) % =L(s, Va) ]‘[(1 + (= Ya(p) Y p—fs).

m=1 ple j=1

\ 1
For N (s) > 5 we have

o0
§1+2Zp_j/2=ﬁ+l,
j=1 VPl

' ord, £ )

1+ =va(p)) ; p~’

J

and hence
L(s, ¥p) K¢ |L(s, o) |€° K¢ |Ds|?,

under GLH. By Perron’s formula, for x > 2,

1 H—ﬁ-‘rix d 1
D +o<°gx>.

m 2mi I o —ix s—1 X

The lemma follows on shifting the contour to Ji(s) = % O

Lemma 4.5. Assume GRH for Dirichlet L-functions. Lett € Z and A, B € R with % < A < B, and let
® e CY([A, B)]). Set M = maxyera, )| P )| and V = ff|CI>’(u)| du. Then

B
3 L(1,w,2_4,,)c1>(n)1ogn=L(1,{},)/ ®(u) du+ 0. (M5 (M + V)5 BT+ Ve e (0, k]
A

ne[A,B]
n prime

Proof. The result is trivially true if B < 2, so assume otherwise. Put I = {n € (A, B] : n prime}. (Note
that / omits the left endpoint.) For each positive integer m, we have

D epmemlogn=" > D> Yp_sm®m)logn+ Y Y4, (m)P(n)logn

nel amod m?* nel nel
ged(a,m)=1n=a mod m? nlm

= > Ve Y @mlognt Y Y 4 (m)P(n)logn.

amod m? nel nel
ged(a,m)=1 n=a mod m? nim

Here for the first piece we use Lemma 4.1, which states that y,2_,(m) = ¥,2_4,(m) if a = n mod m?.
For the second piece, we observe

> V4, (m)®(n)logn| < Mlogm < Mp(m?).

nel
nlm

By [MVO07, §13.1, Theorem 8], GRH implies that for m > 1, (a, m) =1 and x > 2,
0(x; m2, a) = Z logn =

p=x
p=amod m>

X

1
+ O (x2 log? x).
@(m?)
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Hence, writing E (x; m2, a) =0(x; m2, a)— x/<p(m2), we have

B B
3 <I>(n):/ q>(u)d9(u;m2,a)=/ dC)
A A

2
~ p(m*)

n=a mod m?*

B
du +/ & (u)dE(u; m?, a).
A

Applying integration by parts, the error term is
2 B g 2 / L1062
OW)E(u; m ,a)‘A —/ E(w;m*,a)® (u)du < (M +V)B2log" B,
A
so that

B 1
D Ve m)®(n) logn = i (m) / ®(u) du+ O (p(m*) (M +V)B> log* B).
A

nel

By Lemma 4.4,

1 [(£2 —4n)x |
D L Yoy P(n)logn =) — > Ve gy (m)@(n)logn + Y |D(n) logn|0£<—)

X
nel m=<x nel nel f

~ B 2
_ Z ‘ﬁz(m)/ d)(u)du—i—O((M—i—V)B;long Z p(m )) 4 O, (MB'+ex— )
A

m m
m=<x m=<x

o Wim) (B > L, e _lie
=> ®(u) du + O (x*(M + V)B2 log” B) + O (M B x~27),
m<x m A

From the proof of Lemma 4.3 we may observe that |1/~/, (p) < % for primes p > 2, which implies the
estimate |
W) <2 ] -

plm
pim

Given m > x, we may write m = dr, where d is squarefree, r is squarefull, and (d, r) = 1. Thus,

Wi (m)| o~ 12(d) 1 & min(l, Vd7x) 1
> =2 D D e N S
= 2 5
mex d=1 d r squarefull d=1 d Vx

r>x/d
Thus, we have

B
S L Y4 @) logn = L1, w,)/ ®(u) du+ O (x>(M + V) B? log? B) + O, (M B+ x~27%),
nel A

Finally, if A is a prime number, we absorb the remaining term L(1, ¥,2_44)®(A) log A into the error
term. The lemma follows on choosing x = (B%M/(M + V))%. O

With these results in place, we can now compute the sum over # in (3-4). For fixed k¢ and 7, let

O () = (ko—l)tW< ht )
ko, (U) = COS Zﬁ nﬁ .
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Then @y, ,(u) < 1 and
f |q);co,t(u)| du <Lg |t|.
NE

Summing the error term from Lemma 4.5 over |t| < T and kg, we get

6 9 K3+%£O+EH
KLE,s0.e T5K5TH = . (4-4)
hs
The sum of the error terms from (3-4) and (4-4) is thus
HK3 log K HK3+%£0+8 HK3+%£0+8
KEe0e NK*TE + hzg + " < hK2+8+h—6,
5 5

so we obtain

HK3+3ete (— 1) h 1)rA ht
_ 2+¢
Y= OE,80,£<hK + v ) 2/ > La, Ilfz)cos ﬁ (nﬁ)d

> teZ
[t|<T

Having replaced L(1, 1,2_4,) by its average, we can now extend the sum over ¢ out to 0o, with
an error of Og ¢ (1). Taking g arbitrarily small, writing £ = [a, 2, al_z] and making the substitution

12
u:(ko 1),wethusget

4o
Y= ws)
HK3+8 -1 52h ko — 1 2 Mok 02 _ R . J
Ok ¢ (h[{2+a +— ) + (=D Z ( 0 ) / 0 ZL(I, W;)cos(Znat)W( ) _2(,
hs T p 4 Mo ez X (@) ) @
ko—1 ko—1
where Ay, = 473«/N and x, (o) = iah '

5. The exponential sum
In this section we evaluate the sum over ¢ in (4-5), proving the following:
Proposition 5.1. Assume GRH for Dirichlet L-functions. Let «,0,x € Rand a,q € Z with x,q > 1,
ged(a,q) =1, a =a/q +6,and |0| < 1/q>. Then,

tezz L(1, z;,) COS(ZJTO[Z‘)W()LC)
1(q)?

 9(@)?0(q)
Recall from Lemma 4.3 that L(1, %) =Cf(t), where C = L(1, %) and

1
=IMf1-—
7 l_[( (p—1)2<p+1>)

plt

-1 3. —Tte z
xW(x0) + 0(gx~" max(1, x|0])) + O, (¢ x " max(1, x|0])2).

is multiplicative. The next lemma studies the generating function of f and its additive twists.
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Lemma 5.2. Let g € Z~.q and a € Z with gcd(a, q) = 1. For 9i(s) > 1, define

i f(ne(an/q) F(s;a/q) + F(s; —a/q)
n’ ’

and F*(s;a/q) = >

F(s;a/q) =
n=1
Then

—s—2_ p+l

f(d) X (@t G0) L(s, X)L(s+2, X X0) ( == )
F* = 1+ , (5-1
(al =2 Xm%q o@/d) LRG0 11;5 2 ) O

x(=)=+1

where xo denotes the trivial character modulo q.
It follows that F*(s; a/q) has meromorphic continuation to R(s) > —2 with the following additional

propetrties:

e F~(s;a/q) and (s> —1)F*(s; a/q) are analytic for R(s) > —3 uncondltlonally, and for N(s) > —%
under GRH.

1 u(g)?

Co@’o(@)

FT(0;a/q) = —5 f(0).

Res;—_1 F1(s; a/q)_—& (1— 31 )
plg P =r

s F (—=l;a/q) =

Res,—1 Ft(s;a/q) =

Proof. By orthogonality of Dirichlet characters,

an 1 . n
e(—)= 3 i 3 x(a)t(x)x(g)-

17 djgeaing) ©7Y oy

For f(s) > 1, we have

Foiar =3 L0/

=1d| ged(n,q) (p(q/d) x mod q

N L) x )
qwq/d))%f() (X >§ ndy

i 3 1 Y s (_)f(n)x(n/d)
>
d

Recalling (4-3), we observe that f(n) is multiplicative; further, for any j > 1,

feH=rfp)=1+— :
p-—p—1
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So for each d|g and x modulo g/d, we get

Z fodxm _ - I i F(por @+iyy (pl)

(nd)’ Pt p7s
. l_[(f( )Zx(p ))]_[<1+f( )Zx(p ))
pld ptd
=d~ f@LGs ) [[(1+ (fF(p)— 1>x<p)pﬂ).

pla

Thus we have

d 1
Fi<s;a/q>=zfés)¢(q = ¥ a@roLe 0 [J0+0 - 0xmr™). 652
dlq x mod % ptq

x(=hH==%1
Further, denoting by yxo the trivial character mod g, we can write

s—2_p+l

L(s 42, x x0) ( x(p)p~ —pz_p_1>
1+ ,
LQ2(s+2), xxo0) [171 1+ x(p)p=s—2

[T+ m = Dxpp™) =

riq

which in turn implies (5-1). It follows that F*(s; a/q) has meromorphic continuation to R(s) > —2, with
poles possible at the poles of L(s, x)L(s+2, x x0)/L(2(s+2), x xo0). For %(s) > —3 unconditionally,
and R(s) > —7 7 under GRH, poles can only occur at s = +1 when x is the trivial character modulo ¢g/d
for some d |q. Smce the trivial character is always even, these poles can only occur in F.

Let x,/q denote the trivial character modulo ¢ /d. Then

tqg= Y. i =p(1).

umod %
gcd(u,%):l
so that
_ (q/d) f(d)
Res,— F*(s:a/q) = [ [ (14 (f(p)— p~") 3 B4/ LD T (1
pta aig P9/ A
1
=[T0+@ -0 u(%) r@
pM 1 aig
1 . leq(f(p) —1) if g is squarefree,
= E I+ =Dp ){() otherwise.

When ¢ is squarefree, we get

C’ -1 1
Ress— Fr(ssa/g)=—[[(1+(fm-Dp) (f(p-D=C]]5—.
4, ol P2= D=1
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where )
1 —1 —1 1
=1+ 5oy ) =T 2 L
» p(pm—p—1) , ppr—p-1 C
Ats = —1, using that L(s, x4/q4) = ¢(s) ]_[p‘q/d(l — p~*), we have

-1

p
Res,— 1 F*(s; a/q) = l_[(1+ 1prf1 1)2 (Z(( /)d)r(Xq/d)L(—l, Xa/d)
ptq

c(=1 f(d)du(q/d) [,,(=p7H
@ Hf( %: 0(q/d) ll_!( ,,0-p

_ =D Loy S (@Ddpg/d)’ g
= 1+ —
T ]_[f(p)ﬂ( P Z o H(

1
- ;(2)) ]_[f(p)]_[(ler") 'S fdyduq/d)?
rlq dlgq

-1
_eh 1‘[ fo [Ta+p " TIa+rep) [T £ @+ pos @

£ ptg rlq rlig P2lg

—1
=€((2))]_[f(p) qJa+r '] +ff((”))p [Ta+r.
¢ rlq rliq P Pl

l_[p‘q(l _p_])
L(2, xo)

Since]—[pf(p) f0),Cf0)=¢@)and ¢(—1) =— 12,weget

q L+ f(p)p

Res,—_; F1(s: =— )
=t s /) =" LV rme+

Next, when x is an odd character, L(s, x) has a trivial zero at s = —1, so from (5-1) we see that
F~(=1;a/q)=0.
Similarly, for even x, L(s, x) has a trivial zero at s = 0 unless y is the character of modulus 1. Thus

the only nonzero term in (5-2) comes from d = ¢, so we have

F0;a/9) = f(@¢O) [ ] f(p) =—=37(0). O
ptq
Lemma 5.3. Define
g (6. x) = MW(‘) and §i(s;9,x)=/oogi(t;0,x)t"g.
2 X o P

Then g% (s; 0, x) has meromorphic continuation to C, with at most simple poles in {s € Z : s <0, (=1)* =
+1}, and satisfies
26 max (1, x|6|)/

~:|: ) '
50, %) < : - or j € Z~¢ and R(s) > —].
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Furthermore, the following identities hold.:
e 3T(1;0,x) = LxW(x0).
e Resg—021(s;0,x)=1.
e gT(=1;0,x) = ”Tz fR max(|v], x|0))W (v) dv.

Proof. For brevity we assume that 6 and x are fixed throughout this proof and suppress them from the
notation. Applying integration by parts, for j > 0 and 9(s) > —j, we have

(—=1)/
ss+1D)---(s+j—

75 () = / T @Ot dr.
D Jo

Note that when j is odd, (g*))(0) = 0, so this integral representation is valid for R(s) > —j — 1, and it
follows shows that g* (s) is analytic at s = — j. Similarly, g~ (s) is analytic at s = —j for even j.
By the Leibniz rule, for any j > 0,

J ,
[CRELOIEDY (£)|2n0|bxb_j

b=0

—~ t i ]
W(]—b)(_)‘ < x~/ max(1, x|0])’.
X

Inserting this estimate into the integral representation above, for N (s) > —j we have

x~/ max(1, x|6])7 R+ gy M) max (1, x|6])7

Is(s+1)---(s+j—=DlJo G+ DIsEHD G+ DI

g'i(s) <

Turning to the additional identities, we first have

M () ar— Fydi ot
F (1)_f0 cos(2719t)W(x)dt— ZfRe(xé’t)W(t)dt— S W(x0).

Second, using the integral representation with j = 1, we have
oo
Resio g7 (5) =~ [ (g () di=g"O) = 1.

Third, for u € R, let
o0
G(u):/ (eHY ()t e(—ut) dt.
—o0

Then
o0 [o,0) o~
G’(u):—27n'/ (g+)’(t)e(—ut)dt:—4ﬂ2u/ g (te(—ut) dt = —4 ug™ (u).
—0 —0oQ
Since G (1) — 0 as |u| — oo, we have
Gy = [ Gwdv=—ar2 [ vet)dv.
= [ Gwdv=—az’ [ vgi@dv

Taking u = 0, we get

1 0 g
=)=~ /°°(g+)’(t)f1 dt = —2712/ vt (v) dv =272 /oovg+(v)dv.
2J-x —00 0
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We now compute ?(v). Recalling the definition of g™, we have

() = /_Zg+(u)e(—uv) du = %{/_Z W(;) e(—u(v—0)) du + /_Z W(;) e(—u(v +6)) du}

X
— E{W(x(v —0) + Wx(@+0)).

Therefore
gH(=)=n’x /OOOU{W(X(U—0))+W(x(v+9))}dv
_ 2l 1 [ xl6]
- {x /_x|9|vW(v)dv+x/xw'vW(v)dv—f— —x\9||6|W(v)dv}
2l [ x(6)] e v
=27 {; /x|9|vW(v)dv+/0 IGIW(v)dv}_Zn /0 max(x,|9|) W (v) dv.

g

We can now complete the proof of Proposition 5.1. Recall again from Lemma 4.3 that L(1, %) =Cf().
In the notation of Lemma 5.3, we have

Z cos(Znat)f(t)W<£> = f(0)+2 Zl f@) cos(27rozt)17[\/(§>

teZ

0 o
2mat . . 2mat _
=f(0)+2 (t) cos +(t;9,x)+2z sin (t; 0, x).
f df G ; .

t=1

By Mellin inversion, we have

1
gi(t;H,X)z—./ 5(s; 0, )t ds,
2mi )

so that

ad 2mat 1 — N
Y f6)ycos(——)g (t;e,x>=—.f g7 (s:0.x)F (s:a/q)ds.
— q 21 )

Shifting the contour to R(s) = o for _ZT <o < —%, we get
§7(1; 6, x)Res;—1 FT(s;a/q) + F7(0;a/q) Ress—0 & (s 6, x)
1
+EH (16 0 Rest Flsia/)+ 5 [ (510,00 F¥(ssa/g) ds
i J(o)

1 ug? x 1 1,4 1
= C o2 VO /O =/ E(l—p3_p)-/Rmax<|v|,x|e|>W<v>dv

1
+—./ gt (s;0,x)F(s;a/q)ds.
2mi J(o)
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Similarly we have

— . 2mat 1 - B
lZf(t)sm g (t;O,X)=—./ g (s:0,x)F (s;a/q)ds
p q 2mi J©)

1
=— [ & (s:0,x)F (s;a/q)ds.
2i J (o)

There is no residue term in this case since F~(—1;a/q) =0.
Therefore, for —% <o < —2, we have

2’
cos(2mat) f ()W (L
S
—_L _ g 1
= Cotaro 00 O 50) fymaxtil bW o

1
+— ( )(§+(s; 0, x)F*(s;a/q)+g (s:0,x)F (s;a/q)) ds.

The second line is O (qx_1 max(1, x |9|)). As for the third line, assuming GRH and applying Lemma 5.2,
for %(s) =0 € (—21, —3] we have

l—o+i—(0+2)+e

FE(s:a/q) <o 3 — LD 3 GOl |25

o
s Pla/d) d ot
x(=D==%1
q—%—2<r+s |
< |s|—1—20+sz : e |S|_1_20+8q_5_20+8.
d7§7(7+8
dlq
So we get
1

~ ~ _ 1 ~ 11—
— | (ETOFT(sia/9)+E ()F (s:a/q)) ds Koe Yy _q 2 7 / 135 ()]s 7274 |ds).
T J(o) T ()

By Lemma 5.3, for i(s) =0 € (_ZT’ —%] and j > 2,

max(1, x|0])/

. : < ; x%|s|7 max(1, x|6])”.
@+ DIsts+D - (s+j—-D] 7

() <« x°

We use j =2 for |s| < max(1, x|0|) and j =4 for |s| > max(1, x|f|), obtaining

Loe ¢~ 272X max(1, x|0]) 2T

Choosing o = —‘7—1 + 5 gives

e ¢3x~ T max(1, x|6))2.
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5.1. The Fourier series. We conclude this section by proving equality of the two expressions for v(E)
appearing in Theorem 1.1. Formally this should follow from Proposition 5.1, but we give a direct proof.
Consider the function S : R.o — R defined by

1 n(g)?
S@)==—{Qa+ > = ——
2 wacaro] @(q)*0(q)

(If « € Q then the corresponding term of the sum is counted with the full weight.) For any o, we have

n(g)?

Sa@+D=S@==¢@D+y Y 9(q)%0(q)

g=1ag<a=<aq+q
(a,q)=1

—  1(q)?
=—r(2 _—
SEF ; v(q)o(q)

1
=_“2)+1;[(1+ <p—1><p+1>> -

so S(«) is periodic mod 1 and has bounded variation.
It follows that the Fourier expansion of S(c) converges at every point. We proceed to calculate its
Fourier coefficients:

1 1 2
/ S(w)e(—at)da = / <% — Qo+ Z &>e(—at) da
0 0

o/aeano. ]w(q)zo(q)
n(g)? !
= =—C2 Hda+ —at)da.
f( {(2)a)e(—at) da ;KXH;L]%"(Q)ZU(Q) e(—at)da
(a,q)=

When ¢ = 0 this is

1—2;(2)+i 1(q)* 3 (1_g>.

2
D@ q
(@g)=1

Since ged(q — a, g) = gcd(a, q), the inner sum is
o q 50(q) ifg>1,
(@.q)=1

So we get

1- 4“(2) n(g)?
Z w(q)a(q)
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For ¢ # 0 we get

(2 | w@? e(—at/g)—1 (2 o w(@? ci(—=0)—eq)
2nit+;1§;q o(@)?o(q)  2mit _2niz+q§¢(q)zo(q) 2mit
(@q)=1 ~
_ 1 Zu(q)ch(t)
2rit = 9@’ (@)

where ¢, (1) = Zae(z/qz)x e(at/q) is the Ramanujan sum. By [MVO07, §4.1, Theorem 1], we have

. (t)=u( q ) ¢(9)
1 (q.1)) ¢(q/(q, 1)’
so this becomes
1 u@ulqg, )e(q.0) 1 ( 1 ) ( 1 )
= - I+ —
2mit ; @(q)%0(q) 2mit g (p—D2(p+1) 1;! (p—D(p+1
LYy
 2mit
Therefore, S(«) has Fourier series
Z L. ¢ sin(2rat).
Tt

t=1

By the Dirichlet-Dini criterion, at the jump discontinuities of S(«) (i.e., at every rational with squarefree
denominator), the series converges to the average of the left and right limits. Thus, it equals

. x n(g)?
S*(a) i= —¢(Q)a + Sk LI
() {2 u/qeé[oya] @0 @

where the * indicates that the endpoints are weighted by % as in (1-2).
Next, to relate this to v, we define a measure A on R ¢ that assigns mass

1 u@)? (g )3
£(2) p(g)*o(q) \a
to each a/q € Q.. By Stieltjes integration, for oy > o > 0, we have

o o

,\((al,az])=$/aza3d(S(a)+;(2)a)=/ a3 da+L a2 dS ()

1 {(2) o]
(s S@ 3 / B
_/al o da+§(2)oc3 +§(2) g o "S(a) da.

o2

o]
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We can replace S(«) by §*(«) in the integral, since they differ on a set of measure 0:

ET T B
0 fal o S(a)da_;(z) /al o "S*(a)da
— % /:2 a? ; L(;;ﬁz) sin2rat) da.

Since S*(«) is square-integrable, we are free to change the order of sum and integral:

= / 4S(oz)da—§(32)ZL(l v / sin(2rana—?

i L(1, wt) sin(rat) |¢
o

o3

%)
+27rt/ cos(27mzt)oz_3 da)
o] (22

1

o)

_S'@)
(23|,

+ ) ZL(LJ,)/ 2C0S(271at)o(_3dot

o]

Substituting back into the above and using that L(1, w,) =) J] p—pl , we get
p*—p

pit
o o]

S(x) — S* L(1, o2
A(aq, az]) = (oz)_}(oz) ( %)/ cosQrat)a > da
(@ |, =@ Sy
-2
pP—p—1 “ 2t
=A(ay, an]) — v([oc2 o )—l— Z 1_[ f cos —dy.
2 et p*=r ;2 vy
This completes the proof.
6. The circle method
ko—1
Recall that Ay, = 4; i and xi, (o) = 0
H 1 H

= —’ P = —’ = —_—,
47 /N 3V Aas 0 4Aarh P

Note that P < VK/H, Q <xg v HK/h and xi,(a) <g PQ <g K/h. For a,q € Z with g > 0 and

(a,q) =1, define
im(g) = {$+9 10] < QLQ}

P 4n 1 1

0 9H 972

Since 4h < H, we have

and it follows that M(a/q) NIM(a’/q’) = @ when 0 < ¢q,q' < P and a/q #d'/q’.
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For a fixed ko, we decompose the interval Iy, := [Ar,01, Ag,0t2] into major arcs 9%, and minor arcs
my,, defined by

a
S)ﬁko =i, N U ?J)?(—) and my, = I, \gﬁko-

a,qez q

O<g<P

(a,9)=1
Note that the definitions of P, Q, and M(a/q) are independent of ko; only their intersection with I;, can
vary. As we will show, near each endpoint there is at most one fraction a/q with 0 < g < P for which
M(a/q) N Iy, varies.

To that end, since 471\/N =K -1+ 0(1/K), we have

lko — K|+ O(1/K)
4n«/ﬁ

- H—-4h+ O(1/K) -

a 47/N o

for K large enough. Thus, as kg varies, the endpoint A, c; is confined to the interval [(1—A)w;, (1+A)e;].

|)\'k0 - ll =

A

Next, by Dirichlet’s theorem, for i = 1, 2 we can choose a fraction a; /g; such that g; <3P and

% Lo with 6] < —
aj=—+06;, with|§;| <-——.
1 ql 1 1 3qlP

Assume that K is sufficiently large to ensure that a; > 0.
Let a/q be a fraction with 0 < g < P and a/q ¢ {a1/q1, a2/q>}. Adding the inequalities

) 1 g 3P 1 q 1
qqido; <3P Aoy =, —=<-—<=, and ¢qlb| <~ =<3,
3070 3 3P~ 3
we have
; 1 1 a a;
161+ L+ ggide; <1=516]|+ — + Aoy < — < |2 -4
q%l ;i | 0 qqi i |6; | qQ i 94 q gi
=>’C—l—oe,-}>L+Aa,-.
q q0
Thus,

M(2) N o1 = A), a1 +8)] = 2.

Therefore, M (a/q) N I, does not depend on ko; in fact, recalling that E = [a;, 2, a1_2], we have

m(c_l) Al = {im(a/q) if (a/q):z €E,
q 10/ if (a/g) " ¢ E.
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We split the integral over I, in (4-5) as

t da
/ ZL(] w,)cos(Znat)W( >—
Xio () ) o?

Iy tez

2

SRS A R S N
/n1k0 Emko Mg, Z me) g: Eka mm(j—:j)

0 ge@\GEN Nl " il

q=P

Note that the integral over 2, N M (a;/q;) vanishes if g; > P.
We evaluate the terms of this sum using Proposition 5.1. By Dirichlet’s theorem, for « € Iy, we may
choose ¢ < Q and a coprime to g such that

If @ € my,, then g > P, in which case x, (o) ’a — g’ < g 1, so by Proposition 5.1,

Z L(1, 9 cos(zmz)w(

)<<E£ Xy (@ )+QXkO(oz) "+ QP xpy(e)” i+
teZ

Xk () P3-
<pe hVHIKY p HAKE i HAK
< h iTHIK e,

Note that this estimate also applies to the error terms in Proposition 5.1 for ¢ in a major arc S)Jt(g) with

‘oz — g‘xko(a) <1.Forace Sﬁ(g) with |a — g|xk0(a) > 1, the error term is
K O g 0 Ixy (@) Kpe QN HqTTQTI(K  h)iTE
Summing this error term times the measure of each major arc gives
Cpe PO 24 PIQ K/ <p o PH K 4T HT3K T,

which is dominated by the minor arc error.
Multiplying by (k" l) summing over the J < H/h choices of kg, combining with the other error
terms in (4-5), and using & < max(H%Kfé, (HK)%), we get

<pe KS(hK2+h SHK>+h 3 H3K?) < HK*(HSK ™5 + H W K T). (6-1)

We turn now to the main term in Proposition 5.1 on the major arcs. Note that for « € I;,, we have
Xko () > xp, (Ag,2) = P Q. Therefore, when (a/q)"2 € E and a/q ¢ {a1/q1, a2/q2}, we have

{xko(oz)<0t _ Z,) e zm( )} S[—1,1].
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Hence, making the change of variables x = xy, (ot)(a — 5) we obtain
g o= )55 = () fweo(1-5) o
=(5) (4 () [ oweodx)

) and summing over kg = Ko +4hj, we get

ko—
4

a\“32m3J((J—-1  Ko—1\%2  J*—
(5) 73 {< > T )+ +/XW(’C)‘ZX}

Multiplying by —<

K+H—K,
4h

_H J—1 , Ko—1 _
J—2h+0(1)and—2 += =

. K ..
Since J = L P 4+ O(1), this is

(Z_I’)_3 3(H+O(2h)){K—2+H—2+0(hK)+0(h2)+h2/x W(x)dX} (q)

-3HK?+ 0(hK?)

48 1673

n(g)?
@(q)%0(q)?

HK? 3 n(g)?

1673 (9)%0(q)?
26(@\{%7%})“&1,&2] v 4

q=P

Z —M(q)z (2_11)3 <E % <LE (%);,

2 Qo 9(q)*0(9)?
q>P

Multiplying by and summing over the major arcs (excluding a;/q;), we get

(§>3+ 0r(hK?).

Since h K H%OK_é and

we can write this as

HK? w@)?  ra\3 oo 1
s > W<5> FOp(HYK ). (6-2)

*E(@\{Z} Z; D Nle,az]

On RH, we have

Z logp Y. Y 1_—|E|+0(K) (6-3)

pprlme k= 28m0d4 feH(1)
p/NeE lk—K|<

Adding the error from (6-1) to (6-2) and dividing by (6-3) gives

1 n(q)? <a>_3 [ 6 s
— = (0] Ké(HK 5+ H 1T K1T)), 6-4
{Q)E] 2 o@lo@r\g) T Ome(K + ). 64
Se@\(2, Z)Niar.a]

which is the expected answer, apart from a possible difference in the contributions from a; /g;.

When «; is irrational, we bound the discrepancy trivially as

niqi)* C3ts

LKE—F—— ;
p(g)a(g)
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This tends to 0 as K — oo, but we have no control over the rate of convergence in general. However, if
o; has irrationality measure pu; < 27 then this is dominated by the other error terms.
In more detail, suppose (a;/q;) > € E but the major arc integral does not always cover the full support
of W, which happens when
O

1

for some kg. Rearranging this inequality, we find

a — 4| < q (—-i- Ak — 1|> <2Awa; g %
T

A similar calculation leads to the same inequality when (a;/¢;) "> ¢ E but a major arc overlaps the
support of W for some ko. On the other hand, by the definition of irrationality measure, we have

loy —ai/qi| > ql._“"J”’(l) as K — oo, whence
3_
M(Qi)z < 53+ _ (E) o)
9(gi)?o(qi) ~ ~\K

If w; <27 this is dominated by the error term in (6-4).
When «; is rational, we have a;/q; = «; for sufficiently large K. Writing x = x, (o) (o — «;), for
a € Iy, we have

(=1 (hpyoti —@0) = 0= (=1)! ((ko‘ Do ko— 1) )

4ha Ahig,
. ko—1 ko—1
SPUY I >0
= )( e 4h,\k0>—
. ko—1—4n/N
L (—1yix < (RTI4TN
4h
Thus,
oo kg—1-4nV/N
4h
= and / =/
fzm(;‘i)mko /W M )N, —o0
47T\/N+1—K0

Recall that kg = Ko + 4hj, where j =0, ..., J — 1. Writing jy = L J we have

4h

(Ko+4jh)—1—4n/N
4h

€ (—1,11 < j € {jo, jo+1}.

Thus, for i = 1 we get the full integral for j < jg, O for j > jo + 1, and something in between for
J € {Jjo, jo+ 1}; similarly, for i =2 we get 0 for j < jo, the full integral for j > jo+ 1, and something in
between for j € {jo, jo+ 1}.

We calculate that jo = J/2+ O(1). Thus, we get half the major arc contribution from a;/g;, up to a
relative error < 1/J < h/H < (H/K)é.
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