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The Alperin weight conjecture and the Glauberman
correspondence via character triples

J. Miquel Martinez, Noelia Rizo and Damiano Rossi

In 2017, G. Navarro introduced a new conjecture that unifies the Alperin weight conjecture and the
Glauberman correspondence into a single statement. In this paper, we reduce this problem to simple
groups and prove it for several classes of groups and blocks. Our reduction can be divided into two steps.
First, we show that by assuming the so-called inductive (blockwise) Alperin weight condition for finite
simple groups, we obtain an analogous statement for arbitrary finite groups, that is, an automorphism-
equivariant version of the Alperin weight conjecture inducing isomorphisms of modular character triples.
Then, we show that the latter implies Navarro’s conjecture for each finite group.

1. Introduction

The local-global principle in representation theory of finite groups asserts that a large part of the information
on the representation theory of a finite group at a prime p can be recovered by studying the p-local
subgroups of the group. In this context, a p-local subgroup of a finite group G should be understood as a
normalizer of a radical p-subgroup: that is a p-subgroup P of G that coincides with the largest normal
p-subgroup of the normalizer Ng(P). The simplest examples of radical p-subgroups are given by the
Sylow p-subgroups of G and the p-core, defined as the largest normal p-subgroup of G. These are in
fact the extremal cases: each radical p-subgroup contains the p-core and is contained in some Sylow
p-subgroup.

The local-global principle is based on a large amount of evidence and can be explained by several
conjectural statements known as the local-global counting conjectures. These include the McKay con-
jecture [McK72] (whose solution recently appeared in [CS]), the Alperin—-McKay conjecture [Alp76],
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the Alperin weight conjecture, and Dade’s conjecture [Dad92]. These statements are among the main
research questions in representation theory of finite groups and, in recent years, their study has seen
remarkable progress thanks to the collective efforts of many researchers.

In this paper, we focus on the Alperin weight conjecture, introduced in [Alp87]. This statement provides
a way to determine the number of isomorphism classes of irreducible p-modular representations of a
finite group G in terms of local data called p-weights. More precisely, for a prime number p, we define a
p-weight to be a pair (Q, ¥) where Q is a radical p-subgroup of G and v is a p-Brauer character of
N¢(Q) whose deflation to Ng(Q)/Q belongs to a p-block of defect zero. The set Alp(G) of p-weights
of G is equipped with an action of G by conjugation, whose corresponding set of orbits is denoted by
Alp(G)/G. The Alperin weight conjecture states that

IIBr(G)| = |Alp(G)/ G|

where IBr(G) is the set of irreducible p-Brauer characters of G. In this paper, we work with a refinement
of this statement to the framework of block theory. Given a p-block B of G, we say that a p-weight
(Q, ¥) is a B-weight if bl(/)¢ = B and where bl(yr) denotes the unique p-block of Ng(Q) to which
belongs. The set Alp(B) of B-weights is also equipped with an action of G by conjugation and we denote
its set of orbits by Alp(B)/G. Then, the blockwise version of the Alperin weight conjecture posits that

[IBr(B)| = |Alp(B)/ G|

where IBr(B) is the set of irreducible p-Brauer characters belonging to the p-block B.

The Alperin weight conjecture and other local-global counting conjectures are intimately connected with
the existence of natural correspondences of characters and blocks. One of the most useful such statements
is the Glauberman correspondence and its blockwise version, known as the Dade—Glauberman—Nagao
correspondence. In its most basic form, this asserts that whenever a p-group A acts via automorphisms
on a group G of order prime to p there exists a canonical bijection

Irrp (G) — Irr(Cg (A)),

where we denote by Irr4 (G) the set of A-invariant irreducible characters of G. In this case the above
bijection is equivalent to the Brauer—Glauberman correspondence introduced in [NST17, Conjecture Al].
We refer the reader to Section 5 and [NT11, Section 4] for further information on the Dade—Glauberman—
Nagao correspondence.

Navarro suggested in [Nav17] a new surprising statement that unifies the Alperin weight conjecture
and the Dade—Glauberman—Nagao correspondence into a single statement. Let G < T" be finite groups
and consider a p-block B of G. For every radical p-subgroup Q of I', we denote by dz(Nr(Q)/Q | B)
the set of irreducible characters ¥ of Nr(Q)/Q of p-defect zero such that bl(#)" covers B and where
¥ € Irr(Ng (Q)) corresponds to ¥ via inflation of characters. Navarro’s conjecture can then be stated as
follows.
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Conjecture A (Navarro). Let G T be finite groups and consider a p-block B of G. If '/ G is a p-group

and B is T"-invariant, then

’

IBrr(B)| = Y |dz(Nr(Q)/Q | B)
o

where Q runs over a set of representatives for the action of I on the set of radical p-subgroups of I" such
that ' = G Q and Q N G is contained in some defect group of the p-block B.

The blockwise version of the Alperin weight conjecture can be recovered from Conjecture A by
choosing I' = G. Furthermore, from Conjecture A we also recover the Glauberman correspondence, by
considering the case where G has order prime to p, and more generally the Dade—Glauberman—Nagao
correspondence (see Lemma 7.2). We point out that the above statement admits a more general version in
which the quotient I'/ G need not be a p-group (see Conjecture 7.3).

At the end of [Nav17] it was asked whether Conjecture A could be obtained as a consequence of the
so-called inductive (blockwise) Alperin weight condition introduced in [Spa13b] to reduce the (blockwise)
Alperin weight conjecture to simple groups (see also [NT11] for the original reduction of the block-free
version of Alperin’s conjecture). In this paper, we show that this is indeed the case and therefore obtain a
reduction of Conjecture A to simple groups.

Before stating our reduction theorem for Conjecture A, we remind the reader of a (perhaps not
so well-known) phenomenon that has been observed in relation to the reduction theorems for the
local-global counting conjectures. Originally, going back to the work of E. C. Dade [Dad92; Dad94;
Dad97], it was expected that for each of the local-global conjectures there would be a refinement
of such a statement that would be strong enough to hold for every finite group if proved for all
nonabelian finite simple groups. Dade’s project remained open long after its formulation and no
such reduction was found for several years. The first breakthrough in this direction was achieved
by Isaacs, Malle, and Navarro in [IMNO7] where a reduction for the McKay conjecture was proved.
This seminal work was then followed by several other reduction theorems [NT11; Spidl3a; Spdl3b;
Spial7b]. Contrary to what Dade expected, all these theorems reduce a given local-global conjec-
ture to a much stronger statement usually referred to as its inductive condition. However, the full
strength of such inductive conditions was at first not recovered for all finite groups. This was first
accomplished in [NS14b] where it was shown that assuming the inductive Alperin—-McKay condi-
tion for all finite simple groups then, not only would the Alperin—-McKay conjecture hold for every
finite group, but even a refinement analogous to its inductive condition, as was (ideologically) ex-
pected by Dade. Following [NS14b], an analogous result was obtained for the McKay conjecture in
[Ros23c].

In this paper, we prove a similar reduction theorem in the context of the (blockwise) Alperin weight
conjecture. First, we state a version of the inductive condition for arbitrary finite groups by using the
notion of block isomorphism of modular character triples, denoted by >, as defined in Section 3.
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Conjecture B (inductive blockwise Alperin weight condition). Let G < A be finite groups and consider a
p-block B of G. If Ap denotes the stabilizer of B in A, then there exists an A g-equivariant bijection

Q: IBr(B) — Alp(B)/G

such that
(A9, G, 9) =p (Na(Q)y. NG (Q), V)

for every v € IBr(B) and (Q, V) € QD).

In what follows, we say that Conjecture B holds for G at the prime p if it holds for every p-block
B of G and every choice of G < A. Recall, furthermore that a simple group S is involved in G if there
exists K < H < G such that S >~ H/K. We can now state our first main result.

Theorem C. Let G be a finite group and p a prime number. If Conjecture B holds at the prime p for
every covering group of any nonabelian finite simple group involved in G, then Conjecture B holds for G.

These enhanced reduction theorems have been shown to have important implications. For instance,
the reduction of the (inductive) Alperin—-McKay conjecture obtained in [NS14b] was used to deduce
a reduction theorem for Brauer’s Height Zero Conjecture, which led ultimately to a final solution of
Brauer’s conjecture for the prime p = 2 thanks to work of Ruhstorfer [Ruh22a]. The latter was in turn
used in the final proof recently obtained by Malle, Navarro, Schaeffer-Fry, and Tiep in [MNSFT22] while
relying on a different argument for odd primes. On the other hand, the reduction of the (inductive) McKay
conjecture from [Ros23c] is used in the verification of the inductive McKay condition for finite simple
groups of Lie type (in type D) in the work of Cabanes and Spith [CS] and ultimately contributes to the
final proof of the McKay conjecture itself. Similarly, the inductive condition for Dade’s conjecture, also
known as the Character Triple Conjecture (see [Spa17b, Conjecture 6.3]), has been shown to impact the
construction of certain character bijections needed to even verify the original version of Dade’s conjecture
(see [Ros22b, Section 6] and [Ros23b, Section 4.2]).

Following the path described in the above paragraph, we prove yet another application of these stronger
reduction theorems. In fact, we use Theorem C to obtain a reduction theorem for Conjecture A. This will
follow as a consequence of the following result.

Theorem D. Let G I T" be finite groups with I'/G a p-group and consider a p-block B of G. If
Conjecture B holds for the p-block B with respect to G A1, then Conjecture A holds for the p-block B
with respect to G I T.

Combining Theorem D and Theorem C we finally obtain the following reduction to finite simple
groups for Conjecture A.

Corollary E. Let G be a finite group and p a prime number. If Conjecture B holds at the prime p for
every covering group of any nonabelian finite simple group involved in G, then Conjecture A holds for
every p-block of G.
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As mentioned above, Conjecture A can be extended to arbitrary quotients I'/ G (see Conjecture 7.3).
In Section 7, we show that this more general statement is also a consequence of Conjecture B and can
therefore be reduced to finite simple groups (see Proposition 7.5). Furthermore, we obtain block-free
versions of these results (see Section 7.2).

As an application of our reduction theorems, and using the fact that Conjecture B has been verified for
several classes of finite simple groups (see, for instance, [FZ22] and the references therein), we show
that Conjecture A and Conjecture B hold for several classes of groups and blocks, including groups with
abelian Sylow 2-subgroups or abelian Sylow 3-subgroups, groups with odd Sylow automizer, p-blocks
with cyclic defect groups, nilpotent p-blocks, and 2-blocks with abelian defect groups.

Outline. After introducing the relevant notation and preliminary results on block isomorphisms of modular
character triples in Section 2 and Section 3, we prove certain consequences of the inductive blockwise
Alperin weight condition in Section 4. Next, in Section 5 we prove a modular version of the Dade—
Glauberman—Nagao correspondence compatible with block isomorphisms of modular character triples
(see Theorem 5.6). Using this result, we then prove Theorem C in Section 6 (see also Section 6.1 for a
block-free version of the reduction). Section 7 is devoted to Navarro’s conjecture and to the proofs of
Theorem D and Corollary E, as well as analogous block-free results (see Section 7.2). In Section 7.1, we
use one further result from Section 5 (see Corollary 5.12) to obtain a version of Conjecture A compatible
with isomorphisms of modular character triples that extends the main result of [Tur0O8]. Finally, in
Section 8 we prove Conjectures A and B for the above-mentioned classes of groups and blocks.

2. Notation and preliminary results

Throughout the paper we use standard notation from ordinary and modular character theory. We refer the
reader to [Nav18] and [Nav98] for a detailed introduction to the subject.

Let p be a prime, R the ring of algebraic integers in @, and fix a maximal ideal M of R containing p.
Then the quotient F = R/M is an algebraically closed field of characteristic p. Furthermore, if S is the
localization of R at M then we denote by

*:S—>TF
the epimorphism from [Nav98, Chapter 2].

We denote by BI(G) the set of p-blocks (or simply blocks) of a finite group G and by Ap : Z(FG) — F
the central function associated to each B € BI(G). Whenever x € Irr(G) UIBr(G), the central function
Ay : Z(FG) — [ coincides with Ap if and only if the block bl(x) of G containing x coincides with B. In
this case, we write x € Irr(B) UIBr(B). If H < G and b € BI(H), then the induced block ¢ is defined if
the linear map A,? defined in [Nav98, p. 87] is an algebra homomorphism. In this case, there is a unique
B € BI(G) such that Ag = Ap and we write 5¢ = B. The central functions considered here are determined
by their values on a basis of Z(FG). One such basis is provided by the conjugacy class sums

o)™ = Yy,

yellg(x)
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considered as an element of the group algebra of G and where €l (x) denotes the conjugacy class of x
in G.

Recall that the set of characters Irr(G/N) can be identified with the set of irreducible characters of G
containing N in their kernel. A similar remark holds for Brauer characters. This identification is often
referred to as inflation of characters.

Now consider an ordinary character x € Irr(G) and let G° be the set of p-regular elements of G, that
is, the set of elements of G whose order is prime to p. Then, the restriction x° of x to G° is a Brauer

XO = Z dx,(p(/)

@€elBr(G)

character that decomposes as

for some integers d, ,, called decomposition numbers. Using decomposition numbers, we can then define
projective indecomposable characters. More precisely, for any Brauer character ¢ € IBr(G), the projective
indecomposable character associated to ¢ is the ordinary character of G defined by

D, = Z dyoX.

X €lrr(G)

We finally introduce the notion of character triple that will be fundamental in the rest of this work.
If N< G and ¢ € Irr(N) UIBr(N) is G-invariant then we say (G, N, ©) is a character triple. We say
that (G, N, ©) is an ordinary or modular character triple if ¢ € Irr(N) or ¢ € IBr(N) respectively. In the
particular situation where ¥ € Irr(N) and 90 € IBr(N), we say that (G, N, ) is an ordinary-modular
character triple. This is the case, for instance, when ¢+ € Irr(N) has p-defect zero, that is, when ¢ satisfies
(1), = |N|, (see [Nav98, Theorem 3.18]). The set of irreducible ordinary characters of defect zero of a
finite group G is denoted by dz(G).

Lemma 2.1. Let (G, N, ©) be an ordinary-modular character triple with 9 € dz(N). Then ¥ extends to
G if and only if ¥° extends to G. Furthermore, restriction to p-regular elements is a surjection from the
set of extensions of ¥ in Irr(G) onto the set of extensions of ¥° in IBr(G).

Proof. To start, recall that by [Nav98, Problem 8.13] there exists an ordinary-modular character triple
(G*, N*, 9*) that is isomorphic, as ordinary-modular triple, to (G, N, ¢) and where N* is a p’-group
(that is, of order prime to p). In particular, ¥ (resp. ®9) extends to G if and only if #* (resp. %9
extends to G*. Therefore, it is no loss of generality to assume that N has order prime to p. Suppose
now that #° extends to G and let Q/N be a Sylow g-subgroup of G/N for a prime g. Suppose first
that ¢ # p. By assumption, we know that ©#° has an extension ¥ € IBr(G) and therefore Yo €IBr(Q)
is an extension of ©#°. However, since ¢ # p and p does not divide the order of N, we conclude that
Yo € IBr(Q) = Irr(Q) is an ordinary extension of ©. On the other hand, if ¢ = p, then |Q : N| and
|N| are coprime and so ¢ extends to an irreducible character in Irr(Q) according to [Nav18, Theorem
6.2]. Then [Nav18, Theorem 5.10] implies that # extends to an irreducible ordinary character in Irr(G).
Assume then that ¢ extends to G. Then, we deduce that 9° extends to an irreducible Brauer character of
G by arguing as before but using [Nav98, Theorems 8.11 and 8.29]. O
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Lemma 2.2. Let N < G and let ¥ € Irt(N) with 9° € IBr(N). Suppose that ¥ extends to 9 € Irr(G) and
that 9° € IBr(G). Consider x € Irt(G | ©) and set x := n© for some ) € Irr(G/N). Then x° € IBr(G) if
and only if n° € IBr(G/N).

Proof. By Lemma 2.1 we know that ve e IBr(G) is an extension of ©#°. Now, if n° € IBr(G/N), we
deduce from [Nav98, Corollary 8.20] that x0 = 7705‘0 € IBr(G). Assume conversely that x° € IBr(G)

and write

n’ = Z dy.o9.

@€IBr(G/N)

Multiplying this equality by 9° and recalling that n°0° = x° € IBr(G) and ¢9#° € IBr(G) for every
¢ € IBr(G/N) (again by using [Nav98, Corollary 8.20]), we deduce that there is a unique ¢ € IBr(G/N)
such that d,, , = 1 and that d,, ,» = 0 for all ¢’ # ¢. Hence n° = ¢ € IBr(G/N) and we are done. U
Lemma 2.3. Let (G, N, ) be an ordinary-modular character triple and assume there is an extension
D € Irt(G) of © such that ©° € IBr(G). Let ) € Irr(G/N) and ¢ € IBr(G/N). If bl(n) = bl(¢), then
bl(nd) = bl(pd?).
Proof. We need to prove that A, 5 (€l (X)) = A0 (€l (x)™) for all x € G. By applying [Spil3b, Lemma
2.5], we get

A5 (€l () T) = 1y (Cl/n (xN) g, (ClL(x)T)
= )»w(@[G/N(XN)’L)Mg (@l x)h)
=X,50(Clg )",
where L/N = Cg,n(xN), as desired. O
We conclude this section by showing that multiplication by a linear Brauer character preserves blocks
of defect zero.

Lemma 2.4. Let B be a block of defect zero of a finite group G and consider its unique Brauer character
¢ € IBr(B). If A € IBr(G) is linear, then Lo belongs to a block of defect zero.

Proof. Tt suffices to show that there exists ¥ € Irr(G) such that 1/ = Ag. In fact, this would imply that
Y (1), =A(),9(1), = |G|, and the result would follow from [Nav98, Theorem 3.18]. To prove our
claim, let x € Irr(B) so that ¢ = x°. By [Nav98, Problem 2.13] we know that XCDg = CDg(p while by the
definition of @, and recalling that % = ¢, we have <I>g = ¢. From this we deduce that

hp=f, = Y dyau’= )] dw,w( ) dw,ss)-

Yeln(G) Y elin(G) £€IBr(G)
Since A¢ is an irreducible Brauer character, and because decomposition numbers are nonnegative integers,
the above equality forces dy ,dy. ¢ # 0 for a unique choice of ¥ € Irr(G) and & € IBr(G). Then, we
must have § =A@, dy 1, =1, and dy, , = 0 for every v € IBr(G) with v # Ag. This shows that v = e
and the result follows. O
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3. Central and block isomorphisms of modular character triples

In this section, we collect the relevant results on isomorphisms of modular character triples that will be
used in the rest of this paper. We refer the reader to [Nav98, Section 8] and [Spdl7a, Section 3] for an
overview of this theory. In particular, we will make use of the notion of central isomorphism and block
isomorphism of modular character triples that can be found in [Spil7a, Definition 3.1 and Definition 3.2]
(see also [NS14b, Section 3]).

Recall that given a modular character triple (G, N, ©) there is a projective [F-representation of G such
that the restriction Py affords the Brauer character ¢*. Furthermore, we can always choose P such that
its factor set & : G x G — [F* satisfies a(g,n) =1 = «a(n, g) forevery g € G and n € N (see [SV16,
Section 3] and [Nav98, Section 8]). In this case, we say that P is a projective F-representation associated
with (G, N, 9¥). We will often refer to P simply as a projective representation, instead of a projective
[F-representation, when it is clear from the context that it is associated to a modular character triple. The
next result allows us to construct well behaved strong isomorphisms of modular character triples (by
strong we mean that the maps o, that appear in the statement of Theorem 3.1 are compatible with the
conjugation action of the groups involved, see [SV16, Section 3]).

Theorem 3.1. [SV16, Theorem 3.1]. Let (G, N, ©) and (H, M, ¢) be modular character triples and
assume that G = NH, M = H N\ N and that there exist projective representations P and P’ associated
with (G, N, ) and (H, M, @) respectively and whose factor sets a and o' coincide via the natural
isomorphismt : G/N — H/M. Then, for any N < J < G there exists a bijection

o, 1Br(J | 9) = IBr(JNH | ), t(QRP) > tr(Qini ® Py
for any irreducible projective representation Q of J/N with factor set aj_}( ; and
(0,7):(G,N,9¥) — (H, M, )

is a strong isomorphism of modular character triples as defined in [SV16, p. 281].

In the situation considered in the above theorem, we say that (o, ) is an isomorphism of character
triples given by the projective representations P and P’. By imposing additional requirements on the
isomorphism of modular character triple (o, ) constructed above, we can define the notion of central
and block isomorphisms of modular character triples. For this we follow [SV16, Section 3] (see also
[NS14b] and [Spal7b]). In what follows, if ¢ is a (possibly reducible) Brauer character, then we denote
by IBr(¢) the set of its irreducible constituents.

Definition 3.2 (central isomorphism of modular character triples). Let (o, t) : (G, N, ¥) — (H, M, ¢)
be as in Theorem 3.1. Suppose furthermore that Cs(N) < H and that

IBr (Iﬂcj(N)) = IBr (Uj(w)Cj(N))

forany N < J < G and ¢ € IBr(J | ©¥). Then, we say that (o, 7) is a central isomorphism of modular
character triples and write (G, N, 9) >. (H, M, ¢).
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As is the case for ordinary modular character triples (see [NS14b, Lemma 3.3]), the condition required
in Definition 3.2 can be reformulated in terms of scalar functions. More precisely, if P is a projective
representation associated with the modular character triple (G, N, ©) then by Schur’s lemma P(x) is a
scalar matrix ¢ (x)Iy 1) for every x € Cg(N). This yields a scalar function ¢ : Cg(N) — F*.

Lemma 3.3. Let (0, 7t) : (G, N, V) — (H, M, ) be an isomorphism given by projective representations
P and P’ and assume Cs(N) < H. Then the following are equivalent:
(1) For every x € Cg(N) the matrices P(x) and P’ (x) are associated with the same scalar.
(i) IBr(¥c,v)) = IBr(o;(¥)c,)) for every N < J < G and € IBr(J | ¥).
Proof. See the comment following [SV 16, Definition 3.3]. O
We can additionally require some compatibility conditions for block induction. The following is a

modular version of [NS14b, Definition 3.6]. Notice however that we are considering a slightly different
setting that can be found, for instance, in [Spi18, Definition 4.2].

Definition 3.4 (block isomorphism of modular character triples). Let (o, ) : (G, N, ¥) — (H, M, ¢) be
as in Definition 3.2. Assume that there exists a defect group D of bl(¢) such that C;(D) < H and that

bl(y) = bl(o, ()’

forany N < J < G and ¢ € IBr(J | ©#). Then we say that (o, t) is a block isomorphism of modular
character triples and write (G, N, ©) >, (H, M, ¢).

As done in Lemma 3.3, we can reformulate the condition on block induction required in the above
definition in terms of certain scalars induced by the projective representations P and P’. More precisely,
notice that by [Nav98, Theorem 8.16] the representations Py ) and 732 N.x)NH afford extensions 9 and 1}
of ¢ and . It then follows that P(Cliy vy (x)1) = &Iyy and P’ ((Cliy ) (x) N H)T) = &' 1,1 for scalars
& and & in F.

Lemma 3.5. Let (0,7) : (G, N, V) — (H, M, V) be the isomorphism of modular character triples given
by Theorem 3.1 for a choice of projective representations P and P'. If (G, N, ?) >. (H, M, ), then the

following are equivalent:
(1) (G,N,9) =y (H, M, V).
(ii) For every x € G the matrices P(Qf[(N,m(x)Jr) and P'((Cliy ¢y (x) N H)™") are associated with the

same scalar.
Proof. This is [Spdl7a, Proposition 3.7 (b)]. U
Next, we collect some basic properties of block isomorphisms of modular character triples.

Lemma 3.6. Let (G, N, V) and (H, M, ) be modular character triples and assume that (G, N, ©) >
(H, M, ). Then:

1) (J,N,0) =, (HNJ, M, ), forevery N < J <G.
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i) (G4, N%, 9% =, (HY, M, %), for every a € Aut(G).
(i) if (H, M, ¥) =p (K, L, p) for some (K, L, p), then (G, N, ?) = (K, L, p).

Proof. These properties follow directly from Definition 3.4. See, for instance, the argument used to prove
[NS14b, Lemma 3.8]. O

Another important feature of (central and) block isomorphisms of (ordinary and) modular character
triples is the fact that the bijections o, considered in Theorem 3.1 in turn give analogous isomorphisms.

Lemma 3.7. Suppose that (o,t): (G, N, 9) — (H, M, {) is a block isomorphism of modular character
triples. If N < J < G, then the map

o;:1Br(J |9) = IBr(JNH | )
is Ny (J)-equivariant and

(No (Do I, 1) = (Ng (), JNH, 0,(1))
for every u € IBr(J | ).
Proof. This statement can be found in [FLZ22, Lemma 3.3] and is based on [NS14b, Proposition 3.9]. [
3.1. Construction of block isomorphisms of modular character triples. Several standard constructions
that are used in representation theory are well behaved with respect to block isomorphisms of modular
character triples. Here we collect the results needed in the subsequent sections. To start, we consider

irreducible induction, which appears for instance when using the Clifford correspondence as well as the
Fong—Reynolds correspondence.

Lemma 3.8 [FLZ22, Proposition 3.4]. Let N< G, H <G,G=NH and M = NN H. Consider G| <G,
H =G NH,N =G NN, M| =G{NM such that Gi\N = G and HHM = H. Assume furthermore
that induction gives bijections

IBr(J NGy | 9) — IBr(J | 9Y)

and

IBr(J N Hy | ) — IBr(J N H | M)

forevery N < J <G. If (G, N1,V) >p (H, M1, ¥) and Cg(D) < H for some defect group D of
bl(y™), then (G, N, 9™) =y (H, M, y*).

Next, we show that >, is compatible with direct products.
Lemma 3.9. Suppose that (G;, N;, 9;) >=p (H;, M;, ;) fori =1,2. Then

(G1 x Gz, N1 X Na, O x ) >p (Hy x Hy, N1 X Na, Y1 X Y2).
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Proof. Fori =1, 2,let (0;, 7;) be a block isomorphism associated with a choice of projective representations
P; and P; with factor sets o; and o. Set P(x, y) = P1(x) ® P>(y) and P'(x’, y') = P; (x") @ P5 (') for
every x € G,y € Gp, x’ € Hy and y’ € Hy. Now P and P’ are projective representations of G| x G and
H\ x H; associated with | x ¢ and ¥ x ¥, respectively. By the properties of the Kronecker product,
ifx,g € Gyand y,t € Gy, we have

P((xg, y1)) = (a1 (x, )P1(x)P1(£))@(c2(y, ) (P2(»)Pa(1))) = a1 (x, g)ea(y, HP((x, y)P((g, 1))

and therefore the factor set o of P satisfies

a((x,y), (g, 1) =ai(x, gax(y,1).

The same argument applies for the factor set o’ of P’ and hence we deduce that the factor sets « and o’
coincide via the isomorphism

T:(G1 x G2)/(N1 x N2) — (Hi x Hp) /(M x M>).
We then obtain a strong isomorphism of modular character triples
(0,7):(G1 X G2, N1 X No, 01 X B2) = (Hy X Ha, N1 X N, 1 X ¥2)

according to Theorem 3.1. We show that (o, 7) is a block isomorphism by using Lemma 3.3 and Lemma 3.5.
First, notice that Cg, xg, (N1 X N2) =Cg,(N1)xCg,(N2) < H; x Hy andlet x € Cg,(N1) and y € Cg, (N2).
Then P((x, y)) = Pi(x) ® P2(y) is associated with the same scalar as P'((x, y)) = P;(x) ® P5(y).
Consider now x € G| and y € G, and observe that (N| x N, (x,y)) = (Ny, x) X (N3, y) and that
CUNy xNa, (e, y)) (X, ) = Cliyy oy (x) X Eliy,,yy (¥). As a consequence

ClN, x Ny, () (X, YT = Z (u, v)

u E€I(N1 X) (x)
U€¢[<N2,y> (y)
and hence

P (Clny v, oy 6, M) = Pr (i, 0 (0 T) @ P (Cliny, »y (N T) -

Similarly, we have

P((Clny x N, e,y (6, ¥) N (Hy x Ho))Y) = Pr((€l, 0 (1) NHDT) @ Pa((€liw, 0y (v) N H)™)

and we conclude that P(€liy, x N, (x,y)) (X, )T and P’ (i, xns, (x,yy) (X, )N (H1 X Hyp))T) are associated
with the same scalar as desired. O

Using Lemma 3.9 we can show that block isomorphisms of modular character triples are compatible
with wreath products. First, recall that, if N < G and b is a block of N, then Dade’s ramification group of
b, denoted by G[b], coincides with the subgroup of G generated by N and the elements x € G such that
)»,;(Ql[w,x)(x)*) = 0 for some block b of (N, x) covering b (see [Spial7b, Section 2.4]).



344 J. Miquel Martinez, Noelia Rizo and Damiano Rossi

Lemma 3.10. Suppose that (G, N, 9) =, (H, M, ) and let n be a positive integer. Write G =G Su,
N =N", % =9"and similarly H=H:S, M=M", W =", Then

(G.N.3) =, (A.41.7).
Proof. To start, we show that (5, N , 15) > (ﬁ , M , 1/7). Let R : S, — GL, (F) be the representation from
the proof of [Vall6, Theorem 4.24], and consider projective representations P and P’ with factor sets
« and o' giving the isomorphism (G, N, ¥) =, (H, M, ). Let P be the projective representation of G

given by
P81, gn)0) = (P ® - ®P(gn))R(0)

for g; € G and define analogously the projective a representation P’ of H. The factor sets & of P and &
of P’ satisfy

a((g, .- 8o, (51, ..., x)T) = [ @ (8is X)) »

1

&/((hl’ C) hn)O" (J’l, ) )’n)f) = O(/ (hia yU(i)),
i=1

for every g;, x; € G and h;,y; € H. Then, noticing that Cg(ﬁ) = Cg(N)" < H" and arguing as
in the final part of the proof of [Nav18, Theorem 10.21], by using Theorem 3.1 and Lemma 3.3 we
conclude that (5, ]V, f)) > (ﬁ, 1\7, J/). By Lemma 3.5 it remains to check that 73(¢[<ﬁj>(i)+) and
f;/(@(ﬁj) (i)ﬂﬁ)ﬂ are associated with the same scalar for every x = (g, ..., g,)0 € G. For this, arguing
as in [Spdl7b, Lemma 4.2(b)] and noticing that bl(lﬂ)ﬁ = bl(ﬁ), we may assume that x belongs to Dade’s
ramification group 5[bl(f})]. In this case, [Spil7a, Proposition 2.5(a)] implies that x € N C(;(ﬁ) < G".
Since Pon =P ®---Q P, arguing as in the proof of Lemma 3.9 we can show that the matrices above are
associated with the same scalar and the result follows. (|

The next result, often referred to as the Butterfly theorem, shows that when considering block isomor-
phisms of (ordinary or) modular character triples we can replace the ambient group with any other group
inducing the same automorphisms on the normal subgroups of the triples. This was formally stated for
the first time in [Spd17b, Theorem 5.3] building on earlier similar ideas used in several other reduction
theorems.

Lemma 3.11 (Butterfly theorem, [Spédl7a, Theorem 3.5]). Let (G, N, ¥) and (H, M, V) be modular
character triples with (G, N, ©) = (H, M, {). Suppose that N < K and that €g(G) = €g (K) where € :
G — Aut(N) and €x : K — Aut(N) are the homomorphisms defined by conjugation. If L := 6,;1 (eg(H)),
then (K, N,9) >, (L, M, ).

Let (G, N, ¥) be a modular character triple. For any choice of projective representation P associated
with (G, N, ©') we can construct a central extension of G containing an isomorphic copy of N and where
the character corresponding to ¢ extends. This can often be used to reduce questions about (G, N, 1) to
the case where ¥ extends to G. The next lemma shows that this construction is compatible with block
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isomorphisms of modular character triples. The analogous result of ordinary character triple can be found
in [NS14b, Theorem 4.1].

Lemma 3.12. Let (G, K, ©) be a modular character triple. Let P be a projective representation of G
associated with ©. Then ‘P defines a group G together with a surjective homomorphism € : G — G with

finite cyclic central kernel Z of order not divisible by p with the following properties.

1) K = Ko x Z where K=c¢! (K), Ko = K via the restriction €x, and Ko< G. Further, the action of
G on Ko coincides with the action of G on K via €.

(ii) The character ¥ € IBr(Ko) associated to U via the isomorphism €k, extends to G.
(i) If K <J <G and J =€ 1(J) then e(C(A;(JA)) =Cg(J).

(iv) Let (H, M, %) be a modular character triple with (G, K, ©) =. (H, M, ¥'), and denote by M the
subgroup of K corresponding to M < K under €k, and by ¥ the character corresponding to v'. If
(G, Ko, 90) =y (H, Mo, 0) then (G, K, 9) =y (H, M, ?").

Proof. This follows arguing as in the proof of [NS14b, Theorem 4.1]. O

Before proceeding further, we consider some additional compatibility properties of the construction
given above.

Remark 3.13. Consider the setting of Lemma3.12andlet K <J <G. If o, :IBr(J | 9) — IBr(JNH | ¥')
and 0 IBr(f [P x1z) —> IBr(f NH | 196 x 1) are the character bijections induced by the isomorphisms
of character triples considered in Lemma 3.12 (iv), then

UJ(X) = GJ/Q\H(UJAO(\))

for every x € IBr(f | 9 x 1) and where x € IBr(J | ©) corresponds to x via the isomorphism J /Z>~]
induced by €.

Next, we consider the behavior of block isomorphisms of modular character triples with respect to
inflation of Brauer characters.

Lemma 3.14. Let G be a finite group and consider subgroups H < G and Z, N <G such that Z < M :=
NNH. SetG:=G/Z,H:=H/Z,N:=N/Z,and M := M/ Z and suppose that (G, N, %) =, (H, M, §)
for some irreducible Brauer characters ® € IBr(N) and ¢ € IBr(M). If 9 € IBr(N) and ¢ € IBr(M) are
the inflations 0f1§ and ¢, then (G, N, 9) =, (H, M, ¢).

Proof. To verify the group theoretical conditions, observe that by hypothesis there is a defect group Q of
bl(¢) such that C5(Q) < H and that according to [Nav98, Theorem 9.9] we can find a defect group D
of bl(g) satisfying Q < DZ/Z and hence C5(D)Z/Z < Cz(Q) < H. It follows that C5(D) < H as
required. We can now conclude arguing as in the proof of [NS14b, Lemma 3.12]. U

The converse of Lemma 3.14 does not hold in general. However, we can still prove an analogous
statement under additional structural assumptions.
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Lemma 3.15. Let (G, N, 9) and (H, M, ¢) be modular character triples and assume that (G, N, 9¥) >
(H, M, ¢). Consider Z <ker(}) Nker(¢) and set J = JZ]Z for every J < G. Denote by 9 € IBr(N) and
@ €IBr(M) the characters corresponding to ¥ and ¢ respectively via inflation. If C6(N)/Z=Cg,z(N/Z)
and p does not divide the order of Z, then ((_}, N, 5) >b (I-_I, M, ).
Proof. By [Spil8, Lemma 2.17] we know that (G, N, ©) >. (H, M, ¢). Next, observe that under the
above assumptions we have Cg(D)/Z = Cg,z(D/Z) for some defect group D of bl(¢). Then, we
conclude (G, N, ¥) =, (H, M, ) by [NS14b, Proposition 2.4(b)]. O
We conclude this section by considering the compatibility of block isomorphisms of modular character
triples with respect to multiplication of characters. This situation appears, for instance, when applying
Gallagher’s theorem and was described in [NS14b, Theorem 4.6] in the ordinary case.

Lemma3.16. Let K< G, H <G, M =K NH and Z < M such that Z < G. Consider x € IBr(G) and
suppose that x , is irreducible and there exists B € Irr(Z) such that ﬁo = X, 0,(Z) < ker(B) and where
the inflation of B to Z/0,(Z) has defect zero. Set J:=JZ/Z forevery J <G and let (G, K, p) and
(H, M, p') be modular character triples with (G, K, p) =, (H, M, p'). Denote by p and p’ the inflations
of p and p' to K and M respectively and define T := px and v’ := p'x,,. If C(D) < H for some defect
group D of bl(t)), then (G, K, t) =, (H, M, t').

Proof. Suppose that (G, N, p) >, (H, M, p') is given by a choice of projective representations P and P’
and consider the inflations P and P’ of P and P’ respectively. Let Q be a representation of G affording
x and define R = QQ® P and R' = Qy ® P’. Then it follows that (G, K, t) >=. (H, M, t') via (R, R)).
Considernow N <J <G and let o, : IBr(J | t) — IBr(J N H | t’) be the map given by Theorem 3.1 with
respect to the projective representations R and R’. Similarly, let 55 : IBr(J | p) — IBr(J N H | p’) be the
map given by Theorem 3.1 with respect to the projective representations P and P’. If ¢ € IBr(J | T) we
may write ¥ = x ; 1, where 9 € IBr(J | p), and then

o,;(x,0) = XJﬂHﬁ/

where 9 € IBr(J N H) corresponds to 9 := 5;(5) via inflation. Consider 7 € Irr(bl(9)) and 7’ €
Irr(bl(¥¥')) with inflations ¥ and y’ to J and J N H respectively. By Lemma 2.1, we can find some
£ € Irr(G) such that £° = x so that &, = B. Then, according to Lemma 2.3, we get bl(y§,;) =bl(? x ;)
and similarly bl(y'&;nn) =bl(¥' x ;). Therefore to show that bl(c, ()’ =bl(y) it suffices to show
that bl(y&;) =bl(y'E;nx)’, or equivalently, that

Ay, €L =40, (€L ()T
for all x € J. Write L/Z := C3(xZ) and notice that
Ay, (€L (0)T) = dgy (CLL () Ay (Cl7(x Z) )
by [Spidl3b, Lemma 2.5]. Since bl()?’)j = bl(y), we deduce that

2y (€7 2) %) = AL (€7 (xZ) 7).
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Finally, using [NT89, Lemma 5.3.1(i)] we conclude that

by, (€1 () 1) = A, (€l ()DL (@17 (x2) )
_(1EL@IE@ N\ (1€ D)) (x2) \*
_( £(1) )( 77 (1) )
B (IQIJ(x)IS(X)(J?/)J(xZ))*
B D@ (1)
_ (lﬂf(x)l()’/me)J(X)
(V'Ernm)? (1)

) =20, € @)T),
as desired. O

4. inductive blockwise Alperin weight condition and consequences

The inductive Alperin weight condition (1IAWC) first appeared in the reduction theorem of Navarro and
Tiep for the Alperin weight conjecture [NT11]. More precisely, in [NT11, Theorem A] it was shown
that the Alperin weight conjecture holds for a finite group G provided that every finite nonabelian simple
group involved in G satisfies the iIAWC. Later, in [Spd13b] Spith introduced the inductive blockwise
Alperin weight condition IBAWC) and proved a similar reduction theorem for the blockwise version
of the Alperin weight conjecture. Both the iAWC and the iBAWC were later reformulated by Cabanes
[Cab13] and Spith [Spdl7a] in terms of isomorphisms of modular character triples. Observe that, while
originally tailored to finite quasisimple groups, these conditions can be formulated more generally for
arbitrary finite groups. Before introducing a precise statement, we introduce some further notation.

Let G be a finite group and denote by dz°(G) the set of irreducible Brauer characters ¥ of G whose
corresponding character ¥ of the quotient G/O »(G) belongs to a p-block of defect zero. Here, we
are using the fact that O,(G) is contained in the kernel of any irreducible Brauer character of G
thanks to [Nav98, Lemma 2.32]. Moreover, notice that in this case ¥ = ¢° for some uniquely defined
¢ €dz(G/0,(G)) according to [Nav98, Theorem 3.18]. Now, we define a p-weight of G to be a pair
(Q, ¥) where Q is a radical p-subgroup of G, thatis Q = 0,(Ng(Q)), and ¥ € dz°(Ng(Q)). Let
Alp(G) be the set of p-weights of G. We also denote by Rad(G) the set of radical p-subgroups of G and
write Rad®(G) for the subset consisting of those radical p-subgroups Q of G such that (Q, ) € Alp(G)
for some ¢ € dz°(Ng(Q)). Notice that the group G acts by conjugation on Alp(G) and denote by
Alp(G)/G the corresponding set of G-orbits and by (Q, ¥) the G-orbit of a p-weight (Q, /). We can
now state the inductive blockwise Alperin weight condition for arbitrary finite groups.

Conjecture 4.1 (inductive blockwise Alperin weight condition). Let G < A be finite groups and consider
a prime number p. Then there exists an A-equivariant bijection

Q:IBr(G) — Alp(G)/G
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such that
(A9, G, D) = (Na(Q)y, Nc(Q), ¥)

for every v € IBr(G) and (Q, V) € QL(9).

Throughout the rest of this paper we say that Conjecture 4.1 holds for a finite group G at the prime p
if it holds with respect to the prime p and for every choice of G < A. We will often avoid mentioning the
choice of the prime p when this is clear from the context. We now collect some important properties and
consequence of Conjecture 4.1. First, using Lemma 3.9 and Lemma 3.10 we show that Conjecture 4.1
extends to direct and wreath products.

Proposition 4.2. Let G < A be finite groups, n a positive integer, and set G:=G"and A := A Sy If
Conjecture 4.1 holds for G < A, then it holds for G <A.

Proof. By hypothesis we have an A-equivariant bijection 2 : IBr(G) — Alp(G)/G such that for every
x € IBr(G) and (Q, ¥) € Q(x) we have

(Ay, G, x) = (Na(Q)y, N6(0), V).

By [Nav98, Theorem 8.21] we know that IBr(é) consists of Brauer character of the form x; x --- x x,
with x; € IBr(G). Similarly, by [NT11, Lemma 2.3(b)] the radical p-subgroups of G can be written
as Q| X --- x @, for some Q; € Rad(G) and hence each 1/7 € dz°(N5(Q)) can be written as a product
U =y X -+ X Y, with ¥; € dz°(NG(Q;)). We can then define a bijection 2 : IBr(G) — Alp(G)/G by
setting

Qx XX 1) = (Q1 X - X Qs Y1 X -+ X P)

for every x,,..., x, € IBr(G) and (Q1, V1), ..., (Qn, ¥n) € Alp(G) such that (Q;, ¥i) € Q(x;). It
follows from this definition, and using the fact that €2 is A-invariant, we also deduce that Qis an A-
equivariant bijection. To conclude, we fix x € IBr(a) and (é ,U) € ?2( x) and show that the corresponding
modular character triples are block isomorphic. By Lemma 3.6 it is no loss of generality to assume that
X=X X Xy Q= Q1 X+ X Qu,and ¥ =1 X -+ X P, with (s, Y1) € Q(x,) and where ;
and x j are either equal or not A-conjugate and (Q;, ¥;) = (Q;, ¥;) whenever x, = x j-In this case the
stabilizer Ay is a direct product of groups of the form A, 2 S,,, where m; is the number of factors equal
to x; appearing in y. Similarly, N A(é) j 1s the direct product of groups of the form N4 (Qi)y, ¢ S, and
we then obtain
(A7.G. %) = (N;(D)3. N5(0). ¥)

by applying Lemmas 3.9 and 3.10. This completes the proof. O

The following corollary allows us to control how simple groups embed in a larger group and is an
important ingredient in the proof of Theorem C. The following argument is somewhat standard and
already appeared in the reduction theorems for other local-global conjectures (see, for instance, [Nav18,
Theorem 10.25]).
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Corollary 4.3. Let K < A be finite groups with K perfect and assume that p{|Z(K)| and that K /Z(K) is
a direct product of isomorphic, say to S, nonabelian simple groups of order divisible by p. If Conjecture 4.1
holds for X <X x Aut(X) where X is the universal p’-covering group of S, then Conjecture 4.1 holds for
K JA.

Proof. Assume that K /Z(K) is isomorphic to r copies of S and write H = X", so that H is a perfect
central extension of K, and A = Aut(H). By Proposition 4.2 we know that Conjecture 4.1 holds for
H < H x A and so there exists an A-equivariant bijection

Q:IBr(H) — Alp(H)/H
such that
(Hx Ay, H, x) = (Nu(D) x Ny(D),, Nu(D), ¢)

for all x € IBr(H) and (D, ¢) € 5()(). Now let 7 : H — K be the canonical epimorphism and set
Z :=ker(n) < Z(H) and J := JZ/Z for every J < H. By the definition of central isomorphism, for
all x € IBr(H) and (D, ¢) € ﬁ(x), we have IBr(x,) = IBr(¢z). In particular, Z < ker(y) if and only
if Z <ker(¢) and so, if A 7z denotes the stabilizer of Z under the action of A, then it follows that the £
induces an A z-equivariant bijection

Qy : IBr(H) — Alp(H)/H.
Moreover, by applying Lemma 3.15 together with [Nav18, Theorem 10.24(c)], we deduce that
(Hx Az, H,})=p (Ng(D)x N;_(D), Ng(D), )

for all x € IBr(H) and (D, Q) € ?zz(;z). Since H ~ K and H % AZ ~ K x Aut(K) (see, for instance, the
proof of [Nav18, Theorem 10.25]) this proves that Conjecture 4.1 holds for K < K x Aut(K). Therefore
there exists an Aut(K)-equivariant bijection

Q:IBr(K) — Alp(K)/K
such that
(K x Aut(K), K, ) =p (Ng (@) X Nawk)(@)s, Nx (Q), 9)

for every ¥ € IBr(K), (Q, 9) € Q2(¢). We can now conclude by applying Spith’s Butterfly theorem.
More precisely, let € : A — Aut(K) and € : K x Aut(K) — Aut(K) be the homomorphisms induced by
conjugation on K via elements of A and K x Aut(K) respectively. Set Y := €(A) < Aut(K) and notice
that 2 is Y-equivariant since it is Aut(K)-equivariant. Now, let ¢ € IBr(K), (Q, ©) € Q(y) and write
U= é‘l(Yw). Observe that Yy, = €(Ay,) and that €(U) =Yy, =€(Ay). Since U < K x Aut(K) we get

(U, K, ¥) = (Nu(Q), Nk (Q), 9)

by Lemma 3.6. Then, if we prove that No(Q)y = e 1 (é(Ny(Q))), applying Lemma 3.11 we finally
obtain

(Ay, K, 9) =) (Na(Q)s, Nk (Q), ).
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To prove the claimed equality, let x € N4(Q)y so that e(x) € Yy, and hence €(x) = €(g) for some g € U.
Since x and g induce the same action on K, it follows that g normalizes Q and so g € Ny (Q). Conversely,
if g € Ny (Q) then é(g) € Yy, and there is some x € Ay, with €(x) =€(g). Then x must normalize Q and
the claim follows. This finally completes the proof. U

Following the proofs of [Ros22a, Proposition 2.10] and [Ros23c, Proposition 2.4], we now show how
to lift the bijections given by Corollary 4.3 from the group K to any intermediate subgroup K < J < A.
We first introduced one more definition.

Definition 4.4. For any finite group G with a normal subgroup K < G, we define the set Alp(G | K)
consisting of pairs (Q, n) where Q € Rad(K) and n € IBr(Ng(Q)) lies above some Brauer character in
the set dz°(Ng (Q)). Observe that the group G acts by conjugation on the Alp(G | K) and denote by
Alp(G | K)/G the corresponding set of G-orbits.

We can now prove the main result of this section.

Theorem 4.5. Suppose that Conjecture 4.1 holds with respect to the finite groups K JA. If K < J <A,
then there exists an N 4 (J)-equivariant bijection

Q4% :1Br(J) — Alp(J | K)/J
such that
(Na(D)ys I, x) = (Na(J, Q) Ny (Q), 1) (1)

forevery x € IBr(J) and (Q, n) € Qé(x).

Proof. To start, replacing A with N4(J), observe that it is no loss of generality to assume that J is normal
in A. Let Qg be the A-equivariant bijection given by Conjecture 4.1 and, for every ¢ € IBr(K) and
(Q, V) € Qg (), fix a pair of projective representations (P, P(@-¥)) inducing the block isomorphism
of modular character triples

(A, K, 0) =p (Na(Q)y, N (Q), ¥) . 2)

Let S be an A-transversal in IBr(K') and denote by § the set consisting of the K -orbits Qk () for ¢ € S.
The equivariance properties of the bijection Q2x imply that § is an A-transversal in Alp(K)/K. Observe
that each irreducible Brauer character x of J lies above an irreducible Brauer character ' of K that is
A-conjugate to a unique ¥ € S. In particular, there exists an A-transversal 7 in IBr(J) such that each
element y € 7T lies above some element ©» € S. Furthermore, if x lies above another ¥’ € S then there
exists an element x € J such that ¢/ = #*. Since J < A, the choice of S yields ©» = ©'. Therefore, every
element y € 7T lies over a unique ¢ € S. Consider now the Clifford correspondent ¢ € IBr(Jy | 9) of x
(see [Nav98, Theorem 8.9]) and remember that the choice of projective representations (P, P(@:¥))
associated with (2) induces an N4 (Q)y-equivariant bijection

0, 1Br(Jy | 9) — IBr(N;(Q)y | ¥)
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where we are using the fact that No(Q)y = Na(Q)y . Again using [Nav98, Theorem 8.9] it follows
that o 7y ((p)NJ (@) ig an irreducible Brauer character of N;(Q) for each ¢ € IBr(Jy | ©). Then, the set T
consisting of J-orbits of pairs (Q, o 7, (@)N(D) is an A-transversal in Alp(J | K)/J and there exists a
bijection

O:T—>T

given by sending x to the J-orbit of (Q, o, (@)N7(D)) where ¢ is the Clifford correspondent of x over ¥
as above. We can finally define an A-equivariant bijection by setting

Qk (x*) = 20"

for every x € 7 and x € A. It remains to show that the isomorphism (2) implies (1). For this purpose, let
x € Tand (Q,n) € (x) sothatn =0, ()N where ¥ is the unique character of S lying below
and ¢ € IBr(Jy) is the Clifford correspondent of x over ¥. By Lemma 3.6 (ii) it is enough to show that
the condition on modular character triples (1) is satisfied for this specific choice of y and (Q, n). Observe
that because o 7 is No(Q)y-equivariant and No(Q)y = Na(Q)y, the stabilizer N4 (Q)y,, coincides with
N A(Q)‘/’"’Jﬂ (9)- Then, by applying Lemma 3.7 to the block isomorphism (2), we get

(Ay.ps S, @) =0 (NA(Q)t//,ajﬁ @) N1 (Q)y. 0, (),

from which we deduce
(Ay, I, x) = (Na(Q)y, Ns(Q), 1)

according to Lemma 3.8. Observe that the latter result can be applied because Ay , = Ay , by the Clifford
correspondence while A, = JAy , and A, = JN4(Q), by the Frattini argument applied together with
Clifford’s theorem and the equivariance properties of Qé respectively. O

5. The Dade-Glauberman-Nagao correspondence and modular character triples

The aim of this section is to obtain a bijection for Brauer characters compatible with the Dade—Glauberman—
Nagao correspondence and inducing block isomorphisms of modular character triples. Our Theorem 5.6
below extends [NT11, Theorem 4.2], [Spd13b, Theorem 3.8], [FLZ23b, Proposition 3.11], and provides a
modular version of [NS14b, Theorem 5.13].

5.1. Relative defect zero Brauer characters. Let N < G be finite groups. For every irreducible character
x €lrr(G) and ¥ € Irr(NV) with x lying above ¢, recall that x (1)/9 (1) divides the index |G : N| according
to [Nav18, Theorem 5.12]. Then, we define the N-relative defect of x to be the nonnegative integer
dn (x) such that
avoo _ G Nlp

X/,

Observe that dy () does not depend on the choice of ¢ € Irr(N) lying below x. For a given ¢ € Irr(N),

P
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we denote by rdz(G | #) the set of irreducible characters of G with N-relative defect zero and lying
above ¥.

Our first aim is to define a notion of relative defect zero Brauer character. Unfortunately, for a Brauer
character y € IBr(G) it is not true in general that x (1), divides |G|, (see the example preceding [Nav98,
Theorem 3.18]) and therefore the obvious definition in terms of character degrees will not work in this
context. To circumvent this problem, we show that (under suitable assumptions) relative defect zero
characters remain irreducible under reduction modulo p. More precisely, we prove the following result.

Lemma 5.1. Let K < M be normal subgroups of G with M /K a p-group and consider a G-invariant
character ¥ € dz(K). Let 9 e Irr(M) be a G-invariant extension of ¥ (which exists according to [NT11,
Theorem 2.4)).

() If x €rdz(G | 5), then x° € IBr(G).
(i1) The map rdz(G | 5) — IBr(G) given by sending x to %0 is injective.
(iii) The image of 1dz(G | 5) in IBr(G) under the above map does not depend on the choice of the

extension .

Proof. By [Nav98, Problem 8.13] we can find an ordinary-modular character triple (H, Z, 1) with Z
a central subgroup of H with order prime to p and an isomorphism of ordinary-modular character
triples (o, 7) : (G, K, ®) — (H, Z, »). Let Z < N < H such that t(M/K) = N/Z and set » := o, ().
Observe that A € dz(Z), that A is an H-invariant extension of A, and that N/Z is a p-group. Next,
let ¢ := o;(x) and notice that ¢ lies above %. Furthermore, x(1)/9 (1) = ¢(1)/x(1) and therefore
¢ € rdz(H |3:). Furthermore, since (o, t) is an isomorphism of ordinary-modular character triples, it
follows that x° € IBr(G) if and only if (po € IBr(H). Hence, it is no loss of generality to assume that K
is a central subgroup of G of order prime to p.

Now, we can write M = K x D for a Sylow p-subgroup D of M and ¥ =19 x wu for some G-invariant
linear character p € Irr(D). In this situation [Nav04, Theorem 4.1] yields a canonical bijection

dz(G/D) — rdz(G | n), ¥+ Y,

and where wg =11 - ° for some linear Brauer character /i of G. Then, recalling that y° is an irreducible
Brauer character for every ¥ € dz(G/D), we deduce that 1//2 € IBr(G) for every ¥, € rdz(G | n). To
prove the first statement, it now suffices to show that each character x € rdz(G | ©) belongs to rdz(G | ).
To see this recall that K is a p’-group and p is linear so that y (1), = /15(1)p|G : M|, =n(1),|G : D] for
every x € rdz(G | /15). This shows that x € rdz(G | u) as claimed. Furthermore, if x; € rdz(G | 5) for
i =1, 2, then we can find ¥; € dz(G/D) such that y;, = v, ,. If X? = Xg, then we get it - W? =1 WS
and therefore 1//? = 11/9 . This implies that r; = v, and therefore that x, = x, which implies the second
sentence of the statement.

We now show that the set of characters of the form x° for x € rdz(G | 5) does not depend on the
choice of the extension 9. Suppose that ¥’ is another G-invariant extension of & to M. Arguing as in
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the previous paragraph, this determines a unique G-invariant character i’ € Irr(D) and a linear Brauer
character &’ € IBr(G) such that wl’?, =71 - ' for every ¥ € dz(G/D). Now let x' € rdz(G | ') and
write ' = 11//;, for some ' € dz(G /D). In order to prove (iii), we need to find x € rdz(G | u) such that
x"® = x°. As explained before, we can write x"° =72’ - ¥'° and hence x° =7 - (A- ") for A ;== - 10
Moreover, since A is linear, Lemma 2.4 implies that A - /'° belongs to a block of defect zero of G/D. In
particular, there exists some ¥ € dz(G/D) such that ¢° = A - ¢, This implies that x* = - y° = wg
and our claim follows by setting x = v, € rdz(G | ). (]

We can now define the set of relative defect zero Brauer characters.

Definition 5.2. Let K < M be normal subgroups of G with M /K a p-group and consider a G-invariant
@ €dz°(K). Set H:= HO,(K)/O,(K) for every H < G. By definition ¢ belongs to a block of defect
zero of K and we can find a unique ¢ € Irr(K) such that ¥° = & according to [Nav98, Theorem 3.18].
By applying Lemma 5.1 to G, for any G-invariant extension Ve Irr(M) of ¥, the set of Brauer characters
%0 for x € rdz(G | 5) is a well defined subset of IBr(G) which does not depend on the choice of the
extension ©. We define the set rdz° (G | M, ¢) to be the set of inflations to G of such Brauer characters
%Y. More generally, if ¢ € dz°(K) is M-invariant, but not necessarily G-invariant, then we denote by
rdz°(G | M, ¢) the set of Brauer characters of G whose Clifford correspondent over ¢ (see [Nav98,
Theorem 8.9]) belongs to rdz° (G, | M, ¢).

Recall that the set dz(G) of defect zero characters of a finite group G can be recovered as the set of
1-relative defect zero characters, i.e., dz(G) =rdz(G | 1), and where we denote by 1 the trivial character
of the identity group. Similarly, we observe that the set dz°(G) can be recovered as a particular case of
Definition 5.2.

Remark 5.3. Consider K < M < G and ¢ as in Definition 5.2. If K =1, M = 0,(G) and ¥ = 1, then
[Nav98, Theorem 3.18] implies that dz°(G) coincides with rdz°(G | O,(G), 1) and where we denote by
1 the trivial Brauer character of the identity group.

5.2. A bijection above the Dade-Glauberman—Nagao correspondence. We now come to the main
result of this section. In order to introduce this statement, we quickly recall the definition of the Dade—
Glauberman—Nagao correspondence as defined in [NT11, Section 4]. Assume that K < M with M/K
a p-group and let ¥ € dz(K) be M-invariant. By [Nav98, Corollary 9.6] there is a unique block, say
b, of M covering the block of . Furthermore, if D is a defect group of b, then [Nav98, Theorem
9.17] implies that D is a complement of K in M, thatis, M = KD and 1 = K N D. Now, notice that
Ny (D) = D x Cg (D) and that, if C is the Brauer correspondent of b in Ny (D), then C covers a unique
block ¢ of Cg (D) with defect zero. We denote by I1p(¢) € dz(Cg (D)) the unique ordinary character
belonging to c, called the Dade—Glauberman—Nagao correspondent (DGN correspondent for short) of ¢
with respect to D. We refer the reader to [NT11, Section 4] and [NS14a] for further information.

Next, we define a version of the DGN correspondence for Brauer characters. To start, and for future
reference, we consider the following hypothesis.
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Hypothesis 5.4. Suppose that K < M with M/K a p-group and let ¢ € dz°(K) be M-invariant. Set
L := 0,(K) and denote by ¢ the Brauer character of K := K /L corresponding to ¢. By [Nav98, Theorem
3.18] we can find a unique character ¥ € dz(K) such that 9° = @. Denote by © € Irr(K) the inflation of
. Let D be a p-subgroup of M such that D := D/L is a defect group of the unique block of M := M/L
covering the block of ¢ and notice that M = K D and K N D = L by [Nav98, Theorem 9.17]. Observe
that the uniqueness of & implies that © is M-invariant.

We can now define a version of the DGN correspondence for Brauer characters as follows.

Definition 5.5. Assume Hypothesis 5.4. By the above paragraph we can define the DGN correspon-
dent v/ =TI 5(5‘) e dz(C 1?(5)) of ¥ with respect to D. Now, let ¥’ be the ordinary character of
Nx (D) corresponding to 9 via inflation and define the Dade—Glauberman—Nagao correspondence (DGN
correspondent for short) of ¢ with respect to D by setting

7p(p) := " € dz°(Ng (D).
We are now ready to state the main result of this section.

Theorem 5.6. Let K < M < A be finite groups with K and M normal in A and M /K a p-group. Let
¢ € dz°(K) be A-invariant and D a p-subgroup of M such that D/0,(K) is a defect group of the
unique block of M/0,(K) covering the block of ¢ in K/O,(K). Consider the DGN correspondent
wp(p) € dz°(Nk (D)) as in Definition 5.5. If M < G 1 A and M /K is a radical p-subgroup of G/K,

then there exists an N 4 (D)-equivariant bijection
AD.,:1dz°(G | M, ) — dz°(NG(D) | 7p ()

such that
(Ay. G. x) =b (Na(D)y. No(D), AS ,(x))

for every x €rdz°(G | M, ).

Remark 5.7. Observe that if D is the p-subgroup of M considered in the above theorem, then D is a
radical p-subgroup of G. In fact, notice first that D is a radical p-subgroup of M and recall furthermore
that M /K is a radical p-subgroup of G/K by hypothesis. Since G/K is isomorphic to Ng(D)/Nk (D)
we deduce that Ny, (D)/Nk (D) is aradical p-subgroup of Ng(D)/Ng (D). Then, since Ny (D)/Ng (D)
is normal in Ng(D)/Nk (D), it follows that O,(Ng(D)/Ny (D)) = 1. This implies that O, (Ng(D)/D)
is contained in Ny (D)/D. Recalling that D is a radical p-subgroup of M, we get O,(Ny(D)/D) =1
and therefore O,(Ng(D)/D) < O,(Ny(D)/D) = 1, which implies that D = O,(Ng (D)) as claimed.

Our proof of Theorem 5.6 is inspired by the argument developed in [NS14b, Section 5]. We start with
the following lemma (see [NS14b, Proposition 5.12]).

Lemma 5.8. Assume Hypothesis 5.4 with L = 1 and suppose M, K < A and that 9 extends to ¥ € Irr(A).
Set ¥ :=Tp(?), H := Ns(D), and N := Ck (D). Then there exists an extension 9’ € Irr(H) of ®' such
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that
D) = e* ' (x)*

whenever x is a p-regular element of G with D € Sylp(CM (x)) and where e =[Oy, ©']. Furthermore,

Br((9°)cym) =Br((3")c,an)-

Proof. Let 9 be the extension of ¢ given by [NS14b, Proposition 5.12] and observe that the first part of
the statement is satisfied and that in addition

It (D) = I (B¢, (1))
But then the latter equality implies that IBr(f)g) = IBr((f}’)g) as required. O
We now use Lemma 5.8 to construct the following block isomorphisms of modular character triples.

Proposition 5.9. Assume Hypothesis 5.4 with L = 1 and suppose that M, K < A and that ¢ extends to
@ € IBr(A). Consider v’ =TIp(®) and ¢’ = wp(p) = (¥')°, and let Y € IBr(M) and ' € IBr(Ny (D))
be the unique characters lying above ¢ and ¢’ respectively. Then

(A, M, ¥) > (NA(D), Nu(D), ¥').
Furthermore, if M < J < A and D is a radical p-subgroup of J then the bijection
o, :IBr(J | ) — IBr(N, (D) | ¢')
given by Theorem 3.1 maps rdz°(J | M, @) onto dz°(N;(D) | ¢').

Proof. To start, we construct the block isomorphism of modular character triples stated above. Straight-
forward calculations show that the group theoretical conditions from Definition 3.4 are satisfied. By
Lemma 2.1, there exists an extension ¥ € Irr(A) of ¥ such that 90 = @. Set H := N4(D) and let
%' € Irr(H) be the extension of 9 given by Lemma 5.8. Now, if we define ¢’ := (8')°, then we deduce
from Lemma 2.1 that ¢’ € IBr(H) is an extension of ¢’. By [Nav98, Theorem 8.11] it follows that ¢
and ¢’ are actually extensions of v and ' respectively. Let P and P’ be modular representations of A
and H affording ¢ and ¢’ respectively and consider the corresponding strong isomorphism of modular
character triples (o, 7) : (A, M, ¥) — (H, Ny (D), ¥') given by Theorem 3.1. Notice thatif M <J < A
and y € IBr(J | ), then [Nav98, Corollary 8.20] implies that x = B@; for some 8 € IBr(J/M) and then
we also have o, (x) = Binu®’;ny With Bjng € IBr(J N H/Ny (D)).

Next, by the definition of ¢’ and according to Lemma 5.8, we deduce that IBr(¢c,(m)) = IBr(¢g, (7))
and therefore that IBr(¢c, () = IBr(@”CJ( wy) forevery M < J < A. Furthermore, if 8 € IBr(J/M), then
IBr((B®)c,m)) coincides with the set of irreducible constituents of the characters of the form nv¢, ()
with n € IBr(B¢, (m)) and v € IBr(¢c,; (m)). This shows that

IBr((B®)c,m)) = IBr((Bu®')c,m)) = IBr(o,; (B@)c, (m))

and hence that (A, M, ¥) >. (H, Ny (D), ¥').
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We now show that the condition on block induction from Definition 3.4 is satisfied. For this purpose,
we first show that bl(¢g;) = bl(a’mH)J, or equivalently that bl(9,) = bl(é/ij)J, for every M < J < A.
Let e :=[c, (p). ¥'1#0 mod p and recall that, according to Lemma 5.8, the characters © and 9" satisfy

9 (x)* = e (x)* 3)
forall x € HO with D € Sylp(CM(x)). By [NS14b, Theorem 5.2] we get
d(1),y =elK : Cx(D)|,d'(1),y mod p
and, by using the fact that |K : Cx (D)| = |M : Ny (D)| and applying (3), we obtain

(|NM<D)|pfz§’<x>)* _ (|M|pn5<x>>*
3'(1)y d Dy )

for all x € HY with D € Sylp (Cy(x)). Now, observe that D is a common defect group of bl(ﬁM) and
bl(z?I’VM ( D)). In fact, by definition D is a defect group of bl(y/) and bl(yy) = bl(¥,). Moreover, if E
is a defect group of bl(z?I’VM ( D)), then D < O0,(Ny (D)) < E. On the other hand, by [Nav98, Theorem
9.17] we know that E N Ck (D) is a defect group of bl(¥") and hence E N K = 1. This shows that E is a
complement of K in M. Butsois D (see [Nav98, Theorem 9.17]) and therefore D = E is a common defect
group of bl(¥y) and bI(Dy ). It now follows from [NS14b, Lemma 4.2] that bl(%;) = bl(D;,)” as
required. Finally, by [Spd13b, Proposition 3.6] we know that

bl (BT,) = bl (Bsou @)’ = bl (o, (BF))’

which proves that (A, M, ¥) =5 (H, Ny (D), ¥'). This concludes the first part of the proof.

Consider now M < J < A such that D is a radical p-subgroup of J and let y € IBr(J | ). We wish to
prove that y € rdz°(J | M, @) if and only if y' := o;(y)€dz’(N;(D) | ¢). As in the previous paragraph,
we may write y = B¢y and y’ = By @)~y for some g € IBr(J/M) = 1Br(J/K). Assume first that
y' €dz°(N;(D) | ¢') and recall that D is a radical p-subgroup of J. Then, there exists x € Irr(N; (D))
with D <ker(x) and such that x° =y’ and x(1)p=|N,;(D): DJ|,. Now, by Lemma 2.2 we can find some
n’ €Irr(J N H /Ny (D)) such that n”® = B~y . Furthermore via the isomorphism J/M ~ N;(D)/Ny (D)
we can write ' = 5y for a unique n € Irr(J/M). Observe then that n° = 8. Furthermore,

o,(), |NiD):DJ,
g,  ICk(D),

By applying Lemma 2.2 once again, we deduce now that there is some p € Irr(J) with p° = . Moreover,

B, = =|J: M|p.

p lies over some extension D e Irr(M) of ¥ and satisfies

p(D), =y (1), =B),5(1), =17 : M|,5(1),

which implies that p € rdz(J | #), so y € 1dz°(J | M, ¢). A similar argument shows that if y € rdz°(J |
M, ¢) then y' € dz°(N;(D) | ¢') and the proof is now complete. O
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We now extend Proposition 5.9 to the case where ¢ is A-invariant but does not necessarily extend to
A. Before proving this result, we show that the central extension constructed in Lemma 3.12 preserves
(relative) defect zero Brauer characters.

Lemma 5.10. Consider the setting of Lemma 3.12 .

() For every K < J < G the restriction €; : J—>1J maps dz°(j | 99 X 17) onto dz°(J | V).

(i) Let K <U < J < G suchthat U < G and U/K is a p-group. Then the restriction € : J—1J maps
rdz°(J | U, 9 x 17) onto rdz°(J | U, 9).

Proof. Let ¢ € IBr(f | 99 x 17) and assume there is some x € Irr(f) with x° = . Then €;(x) elrr(J)
satisfies € ;( O =¢€ ;j(@). Furthermore, using that Z is a central p’-group we obtain that x (1), = |f :
Op(f) |pifandonlyif€;(x)(1),=1J:0,(J)Ip, and then the first part of the statement follows. Similarly,
noticing that x (1), = If : l7|p if and only if €;(x)(1), = |J : U|,, we obtain the second part of the
statement. O

Using the central extension constructed in Lemma 3.12 we obtain the following corollary as a direct
consequence of Proposition 5.9 and Lemma 5.10.

Corollary 5.11. Assume Hypothesis 5.4 with L = 1 and suppose that M, K < A and that ¢ is A-invariant.
Consider 9" =T p () and ¢’ = wp(p) = (9")°, and let € IBr(M) and ' € IBr(Ny (D)) be the unique
characters lying above ¢ and ¢’ respectively. Then

(A, M, ¥) > (NA(D), Nu(D), ¥').
Furthermore, if M < J < A and D is a radical p-subgroup of J then the bijection
o, :IBr(J | ) — IBr(N, (D) | ¢')
given by Theorem 3.1 maps rdz°(J | M, ¢) onto dz° (N (D) | ¢’).

Proof. Let P be a projective representation of A associated with (A, M, ¥) and consider the central
extension € : A — A from Lemma 3.12. Let Z = ker(e) and set M= e~ (M), so that M= My x Z,
Mo = M via the restriction €y, and Yo =V o€y, € IBr(My) extends to A, By first applying Proposition 5.9
in the group A and then using Lemma 3.12 (iv), we deduce that (A, M, ¥) >, (Na(D), Ny (D), ¥').
Moreover, using the second half of Proposition 5.9 and applying Lemma 5.10 (see also Remark 3.13), we
deduce that the bijection o, maps rdz°(J | M, ¢) onto dz°(N;(D) | ¢') as required. O

We can finally prove Theorem 5.6.

Proof of Theorem 5.6. Let L := 0,(K) and define H = H/L for every L < H < A. Notice that L is
contained in D and therefore L < Nk (D) so that 32Nk (D) = N Ig(lj) =C 5(5). Now we can consider
the Brauer characters ¢ € dz°(K) and ¢’ € dz°(C ,?(5)) corresponding to ¢ € dz°(K) and ¢ := 7 p(¢)
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respectively via inflation of characters. Noticing that ¢’ := 7;(¢) we can apply Corollary 5.11, with
J = G, to obtain an N A(ﬁ)—equivariant bijection

AS ,:1d2°(G | M, $) > dz°(N(D) | §)
that satisfies

(A7.G. 1) = (N3(D)z. Ng(D). AG ()

for every ¥ € rdz°(G | M, ¢) thanks to the block isomorphism of modular character triples given by
Corollary 5.11 and applying Lemma 3.7. Then, since L is contained in the kernel of every character
belonging either to rdz°(G | M, ¢) or to dz°(Ng (D) | ¢’), we deduce that by inflation of characters the
bijection qu_} induces a bijection Ag’ , With the required properties. To obtain the block isomorphism
of modular character triples from the statement, we apply Lemma 3.14. This completes the proof. [

We conclude this section with a result of independent interest. This can be seen as a modular version
of [Lad10, Corollary 11.3].

Corollary 5.12. Assume Hypothesis 5.4 and suppose that M, K < A and that ¢ is A-invariant. Then the
modular character triples (A, K, ¢) and (N5o(D), Ng (D), mtp(¢p)) are strongly isomorphic in the sense
of Theorem 3.1.

Proof. First, notice that since MNo(D) = A and M = KD < KN4 (D) then we have KN4 (D) =
M N 4(D) = A so the group theoretical conditions of Theorem 3.1 are satisfied. Let P and P’ be projective
representations giving the isomorphism

(A, M, ¥) = (Na(D), Nu(D), §)

from Theorem 5.6 and where ¥ and v’ are the extensions of ¢ and 7p(p) to M and N, (D) respec-
tively. Notice that P and P’ are actually projective representations associated with (A, K, ¢) and
(N A(D), Ng (D), mp ((p)). Now, using [Nav98, Theorem 8.14] it follows that the factor sets of P and
P’ coincide via the natural isomorphism A/K — N4 (D)/Ng (D). We can then conclude by applying
Theorem 3.1. U

6. The reduction

In this section, we finally show that Conjecture B reduces to quasisimple groups and hence prove
Theorem C. For the reader’s convenience, we restate Theorem C below. Recall that a simple group S is
said to be involved in a finite group G if there exist subgroups N < H < G such that H/N is isomorphic
to S.

Theorem 6.1. Let G be a finite group and suppose that Conjecture 4.1 holds for every covering group of
any nonabelian finite simple group of order divisible by p involved in G. Then Conjecture 4.1 holds for G.

We prove Theorem 6.1 arguing inductively by considering a minimal counterexample. Suppose that
G is a finite group satisfying the assumptions of Theorem 6.1 and for which the conclusion fails. More
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precisely, suppose that Conjecture 4.1 fails with respect to G < A and that G and A have been minimized
with respect to |G : Z(G)| first and then | A|. In this case, the pair (G, A) satisfies the following hypothesis.

Hypothesis 6.2. Let G < A be finite groups, with G satisfying the requirements of Theorem 6.1, and
suppose that Conjecture 4.1 holds for every X <Y such that every nonabelian finite simple group of order
divisible by p involved in X is also involved in G, and at least one of the following conditions is satisfied:

@) 1X:Z(X)| < |G : Z(G)l;
(i) |X:Z(X)|=|G: Z(G)| and |Y| < |A|.

We now describe the structure of the minimal counterexample G. To start, we show that G does not
have nontrivial normal p-subgroups.

Lemma 6.3. If Conjecture 4.1 holds for G/0,(G) <A/ O,(G), then it holds for G J A.

Proof. Set A := A/0,(G) and G := G/0,(G) and suppose that Q : IBr(G) — Alp(G)/G is the
map given by Conjecture 4.1 applied to G < A. By [Nav98, Lemma 2.32] we know that O »(G) is
contained in the kernel of every irreducible Brauer character and therefore we can identify IBr(G) with
IBr(G) via inflation of characters. On the other hand, if (Q, V) is a p-weight of G then Q is a radical
p-subgroup and hence 0, (G) is contained in Q (see, for instance, [Dad92, Lemma 1.3]). Then, applying
[Nav98, Lemma 2.32] we deduce that ¢ € dz°(Ng(Q)) can be identified with the corresponding character
Ve dz°(N5(Q)) where Q := Q /0p(G). 1t follows that the map Q induces an A-equivariant bijection
Q:IBr(G) — Alp(G)/G. To conclude, notice that the isomorphisms of modular character triples induced
by Q can be lifted to analogous block isomorphisms for the map €2 thanks to Lemma 3.14. (|

Corollary 6.4. Suppose that Hypothesis 6.2 holds for the pair (G, A) while Conjecture 4.1 fails with
respectto G 1 A. Then 0,(G) = 1.

Proof. Assume that 0,(G) # 1,set A:= A/0,(G) and G := G/0,(G). Then |G : Z(G)| < |G : Z(G)|
and |A| < |A| so that Conjecture 4.1 holds for G < A thanks to Hypothesis 6.2. Lemma 6.3 now implies
that Conjecture 4.1 holds for G < A, a contradiction. O

By applying Corollary 6.4 together with Corollary 4.3, we can give a description of the structure of G.

Proposition 6.5. Suppose that Hypothesis 6.2 holds for the pair (G, A) while Conjecture 4.1 fails with
respect to G <A. Then, there exists a subgroup K of G with K <A and K £ Z(G) such that Conjecture 4.1
holds with respect to K < A.

Proof. By Corollary 6.4 we have 0,(G) =1 and thus Z(G) < 0,(G). If Z(G) < 0,(G), then we
define K := 0,/(G) and observe that Conjecture 4.1 trivially holds for K <l A. We may therefore assume
that O, (G) = Z(G). Now, if G is p-solvable it must be abelian and Conjecture 4.1 holds for G, against
our assumptions. We conclude that G has a nonabelian composition factor of order divisible by p. More
precisely, Z(G) < F*(G) and we can find a perfect subgroup K < F*(G) with K characteristic in G,
hence normal in A, and such that K /Z(K) is isomorphic to a direct product of copies of S for some
nonabelian simple group S of order divisible by p. Observe also that p does not divide the order of Z(K)
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since 0,(G) = 1. Then, K £ Z(G) and Conjecture 4.1 holds with respect to K < A by our assumption
and thanks to Corollary 4.3. g

If K is the group given by Proposition 6.5, then by applying Theorem 4.5 with J = G we obtain an
A-equivariant bijection between the sets IBr(G) and Alp(G | K)/G (see Definition 4.4) inducing block
isomorphisms of modular character triples. Therefore, to conclude the proof of Theorem 6.1 we now
need to construct a bijection with similar properties between the sets Alp(G | K)/G and Alp(G)/G. We
start by introducing some further notation.

Definition 6.6. Let K < G be finite groups and ¢ € dz°(K). We denote by Alp.(G | ¥) the set of pairs
(R, x) such that R/K € Rad(Gy/K) and x € rdz°(Ng(R) | R, ¥). The group G acts by conjugation
on Alp,.(G | ¥) and we let Alp,.(G | ©#)/ Gy denote the corresponding set of G y-orbits.

The argument used to prove the following lemma is inspired by [NS14b, Lemma 7.3].

Lemma 6.7. Suppose that Hypothesis 6.2 holds for the pair (G, A) and let K < G with K < A and with
an A-invariant 9 € dz°(K). If |G : KZ(G)| < |G : Z(G)|, then there exists an A-equivariant bijection

Y$ :IBr(G | 9) — Alp,(G | 9)/G
such that
(Ay, G, n) > (Na(R),, Nc(R), x)

foreveryn € IBr(G | ©) and (R, x) € Tg(n).

Proof. Let P be a projective representation associated with the modular character triple (A, K, ©) and
consider the central extension A of A by the p’-subgroup Z constructed in Lemma 3.12. Let € : A A
be the epimorphism given by €(x, z) = x for each x € A and z € Z and set L:= e~ (L) for every
L < A. Recall then that K= Ko x Z for a subgroup Ko < A isomorphic to K via the restriction eg,. Let
Vo := ¥ o €k, and observe that ¥y € dz°(Kp) and that, by Lemma 3.12, ¥ has an extension v e IBr(A).
Notice that G / K is isomorphic to G/K and, recalling that K /Ko~ Z is a p’-group, it follows that every
nonabelian simple group of order divisible by p involved in G /Ko is also involved in G. Furthermore, if
we set X 1= XKoy/Ky for every X < A, then |5 : Z((_})l <|G:KZ(G)| < |G : Z(G)| and therefore, by
Hypothesis 6.2, Conjecture 4.1 holds for the pair (G, A). Thus, there exists an A-equivariant bijection

Qg : IBr(G) — Alp(G)/G

such that

(A5.G.p) =p (Nz(R)j. N5(R). ¥) 4)
forall p € IBr(é) and (E, lﬁ) € Qz(p). Consider now T € IBr(a | 90). Since ¥y extends to 9 e IBr(A),
applying [Nav98, Corollary 8.20], we can find a unique p € IBr(G) such that t = pf}g and where
p is the inflation of p to G. Similarly, given any pair (I/?\ , ) € Alpr(a | ¥9), we can find a unique
Ve IBr(N@(ﬁ)/KO), with inflation ¢ € IBr(Ng(ﬁ)), such that ¢ = 1//151\,6(;@). Since ¥ has defect zero
(recall here that it is no loss of generality to assume that O,(G) = 1 thanks to Lemma 6.3), it lifts to an
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ordinary character of Ky. Then Lemma 2.2 implies that v lifts to some ordinary character since so does ¢.
Moreover,

YD), =9(1),/P(1), = |Ng(R): R|, = |Ng(R): R|,
and hence we conclude that (R, ¥) belongs to Alp(G). This shows that the map Qg induces a bijection
Y& - 1Br(G | 99) — Alp,(G | 90)/G

given by sending the Brauer character ,0755 to the G-orbit of the pair (ﬁ , nga(ﬁ)) whenever (R, ¥)
belongs to the G-orbit Qz () as described above. Now, according to [Mur96, Corollary 1.5 (i.b)], we can
find a defect group U of bl(v/) and a defect group D of bl(¢) such that U < DKg/Kj. On the other hand,
since R /Ky is a radical p-subgroup of G /Ko, we deduce that R /Ky < U thanks to [Nav98, Theorem
4.8]. It follows that € 4(D)Ko/Ko < N4(R)/Ko and therefore C; (D) < N;(R), = N4(R)y. We can
now apply Lemma 3.16 to the block isomorphisms (4) to get

(Ar, G, ©) =y (N5, (R), Ng(R), 9), ()

where recall that T = pﬁg and ¢ = i) Ng(R)- Observe also that the bijection ng is A-equivariant because

the Brauer character f?a is A-invariant and using the equivariance properties of Q5. Next, for every
7 € IBr(G | %) and (R, ) € Y$ (1), we know by Definition 3.2 that Z < ker(r) if and only if Z < ker(¢).

As a consequence, Tg) restricts to a bijection
IBr(G | 9 x 17) — Alp,(G | 9 x 12)/G.

Finally, observe that N@(I/%\) = m) and hence Ng(R) is isomorphic to N@(k\) /Z. Therefore the
epimorphism € maps the character sets IBr(a | 99 x 17) and Alpr(é | 99 x 12)/ G onto IBr(G | ¥) and
Alp,(G | ©)/ G respectively. In this way we can then construct an A-equivariant bijection

Y$ :IBr(G | 9) — Alp,(G | 9)/G

as required in the statement. To prove the condition on block isomorphisms let n € IBr(G | ¥) and
(R, x) € TﬂG(n). Since CA(G)/Z = C4(G) by Lemma 3.12, we can apply Lemma 3.15 to the block
isomorphism (5) in order to get

(AT}, G’ 77) ib (NA(R)X7 NG(R)5 X)a
as desired. O

We now combine the bijections obtain in the lemma above for the various # € dz°(K). Denote by
Alp,(G | dz°(K)) and IBr(G | dz°(K)) the union of the sets Alp,.(G | ¥) and IBr(G | ©) respectively, for
¥ running in the set dz°(K). Since the set dz°(K) is stable under G-conjugation, we deduce that G acts
on the set Alp,(G | dz°(K)) and denote by Alp,(G | dz°(K))/G the corresponding set of G-orbits.
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Proposition 6.8. Suppose that Hypothesis 6.2 holds for the pair (G, A) and let K < G with K < A. If
|G : KZ(G)| < |G : Z(G)|, then there exists an A-equivariant bijection

TS : IBr(G | dz°(K)) — Alp,(G | dz°(K))/G

such that
(Anv G’ 77) Zb (NA(R)Xv NG(R)’ X)

for every n € IBr(G | ©) and (R, x) € Y ().

Proof. LetU be an A-transversal in the set dz°(K) and observe that for each © € U/, by applying Lemma 6.7
to Gy < Ay, there exists an Ag-equivariant bijection

Yy’ 1Br(Gy | 9) — Alp,(Gy | 9)/ Gy

such that
(Ag.v, Gy, v) =p (Na, (R)y, NG, (R), ) (6)

for every v € IBr(Gy | 9) and (R, V) € Tf” (v). Next, choose an Ay-transversal §y in IBr(Gy | ©#) and
observe that the equivariance properties of TﬁG ? imply that the image Ty := TﬁG ?(§y) is an Ag-transversal
in Alp,(Gy | ©)/Gy. By using [Nav98, Theorem 8.9] we deduce that the set Sy of characters of the form
n =Y with v € §y is an Ay-transversal in the set IBr(G | ©). Similarly, if 73 denotes the set of G-orbits
of pairs of the form (R, x) with x = ¥V¢® and where the G y-orbit of (R, ) belongs to Ty, then Ty is
an Ap-transversal in Alp,.(G | #)/G. Finally, [Nav98, Corollary 8.7] shows that the set S consisting of
characters 1 belonging to Sy for some © € U is an A-transversal in IBr(G | dz°(K)). Likewise, the set T
consisting of G-orbits (R, x) € Ty for some ¥ € U is an A-transversal in Alp, (G | dz°(K))/G. We then
obtain an A-equivariant bijection T,? by setting

¢ =R, 0"
for all x € A and every n € S and (R, x) € T such that there exists some ¥ € I for which n € Sy,
(R, x) € Ty and (R, ) € Y57 (v), where v € IBr(Gy | 9) and ¢ € IBr(Ng(R)» | 9) are the Clifford
correspondents of n and x respectively.
It remains to prove the condition on block isomorphisms of modular character triples from the statement.
Let n, v, x, and i be as in the previous paragraph and observe that by Lemma 3.6 (ii) it is enough to
show that

(Ay, G, m) =p (Na(R)y, NG(R), x)
for our choice of 1 and (R, ). This condition follows by applying Lemma 3.8 since the block isomorphism

of modular character triples from (6) is satisfied with respect to our choice of v and . This completes
the proof. O



The Alperin weight conjecture and the Glauberman correspondence via character triples 363

Using Proposition 6.8 we can now construct a bijection from Alp(G | K)/G to an intermediate set
W:(G | K)/G that we now define. Recall that for any finite group H we denote by Rad®(H) the set of
radical p-subgroups Q of H such that (Q, ¥) € Alp(H) for some ¢ € dz°(Ny(Q)).

Definition 6.9. Let K < G be finite groups. We denote by W;(G | K) the set of triples (Q, R, x) where
Q is aradical p-subgroup in Rad®(K) and the pair (R, x) belongs to the set Alp (Ng(Q) | dz°(Nk(Q)))
introduced in Definition 6.6 (see also the comment before Proposition 6.8). Once again the group G acts
by conjugation on W;(G | K) and we denote by W, (G | K)/G the set of G-orbits.

We now construct a bijection between the set Alp(G | K)/G (from Definition 4.4) and the set
Wi(G | K)/G.

Theorem 6.10. Suppose that Hypothesis 6.2 holds for the pair (G, A) and let K be a subgroup of G with
K<dAand K ﬁ Z(G). Then there exists an A-equivariant bijection

WS Alp(G | K)/G — Wi(G | K)/G

such that
(Na(Q)y. N(Q), 1) =5 (Na(Q, R)y, NG(Q, R), x) (7)

for every (Q,n) € Alp(G | K) and every (Q, R, x) € W:(G | K) whose G-orbits correspond via the
bijection \III((;.

Proof. To start, let T be an A-transversal in Rad®°(K) and observe that, for every Q € T, we have
ING(Q) : Nk (Q)Z(Ng(Q))| < ING(Q) : Nk (Q)Z(G)| = |G : KZ(G)| < |G : Z(G)|. We can then
apply (the argument of) Proposition 6.8 to Ng(Q) < N4 (Q) to construct an V4 (Q)-equivariant bijection

TNC(o) :Br (NG(Q) | dz°(Nk (Q))) — Alp,(NG(Q) | dz°(Nk (0)))/Ne(Q)

such that

(NA(Q)n: N6(Q). 1) = (Na(Q. R) . N6(Q. R) . x)
for every 1 € IBr(Ng (Q) | dz° (N (Q))) and (R, x) € Ty%(S)(n). Next, let §¢ be an N (Q)-transversal
in IBr(Ng(Q) | dz°(Nk (Q))) and consider its image S under the bijection ng((g)) . Since the latter is
N4 (Q)-equivariant, it follows that Sp is an N4 (Q)-transversal in Alp (Ng(Q) | dz°(Ng(Q)))/Ng(Q).
Observe that the set § consisting of G-orbits of pairs (Q, n) with Q € T and n € §¢ is an A-transversal
in Alp(G | K)/G. Similarly, the set S consisting of G-orbits of triples (Q, R, x) with Q € T and where
the Ng(Q)-orbit of (R, x) belongs to Sp, more precisely (R, x) € Tg[f((g)) (n), is an A-transversal in
Wi(G | K)/G. Our construction shows that there is a bijection @g : § — S and we can therefore define

an A-equivariant bijection \Ifg as required in the statement above by setting
vE((Q.mY) = (0. m)"

for every G-orbit (Q, ) € § and every x € A. Observe that the desired block isomorphisms of modular

character triples are given directly by the properties of the bijections ng((g)) . O
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In our final step we use the results on the Dade—Glauberman—Nagao correspondence obtained in
Section 5, and in particular Theorem 5.6, to construct a bijection between W, (G | K)/G and Alp(G)/G.
Observe that this step of our proof is independent on the inductive hypothesis and holds in full generality.

Theorem 6.11. Let K < G < A be finite groups with K, G < A. Then, there exists an A-equivariant
bijection
AY :W(G | K)/G — Alp(G)/G
such that
(Na(Q, R)y, N(Q, R), x) = (Na(D),, NG(D), v)

forevery (Q, R, x) e W:(G | K) and every (D, v) € Ag((Q, R, x)).

Proof. To start fix (Q, R, x) € W:(G | K). Recall that this means that Q is a radical p-subgroup of K
and there is some ¥ € dz°(Ng(Q)) such that R/Ng(Q) is a radical p-subgroup of Ng(Q)y/Nk(Q)
and x € rdz°(Ng(Q, R) | R, ¥). Observe that ¥ is uniquely determined by (Q, R, x) up to Ng(Q, R)-
conjugation. Now let D/Q be a defect group of the unique block of R/Q that covers bl(v) and where ¥
is the Brauer character of Nx (Q)/Q corresponding to i via inflation. By [Nav98, Theorem 9.17] we
know that R= DNk (Q) and Q = DNNg(Q) = DNK. In particular Ng (D) = Ny, (0)(D) and, because
Y is D-invariant, we can define the Brauer character & := 7p () € dz°(Ng (D)) as in Definition 5.5.
Next, notice that the Brauer character x determines a unique Xy € IBr(Ng(Q, R)y) lying above
according to [Nav98, Theorem 8.9]. Moreover, using the fact that x € rdz°(Ng(Q, R) | R, ), we deduce
that Xy belongs to the set rdz°(Ng(Q, R)y | R, ). Notice furthermore that NNg(0.R), (D) = NG(D)g
and that a Frattini argument yields Ng(Q, R)y = RNg(D)ge = Ng(Q)Ng(D)g. Now, if

D321 1z (NG(Q, Ryy | R — d2°(NG (D) 1 §)

denotes the bijection given by Theorem 5.6, then we define vg := Agi;Q’R)"’ ( Xw) and set v := (vg)N c(D)

A

which is an irreducible Brauer character belonging to dz°(Ng (D)) (see [Nav98, Theorem 8.9]). We now
use the above argument to construct an equivariant map A% with the properties required in the statement
above. Observe that because Ag,G,’;Q’R) ¥ is not canonical, our construction will have to depend on some
choices. We now make these choices explicit.

Pick an A-transversal T in the set of radical p-subgroups of K and, for each Q € T, choose an
N4(Q)-transversal T(@) in the set of Brauer characters dz°(Ng (Q)). Now, for each ¢ € TQ we fix an
Na(Q)y -transversal T@Y) in the set of radical p-subgroups Rad(Ng (Q)y /Nk (Q)). Each element of
T@¥) can be written as R/Ng (Q) for some Nx(Q) <R < Ng(Q)y - Moreover, if D/Q is a defect group
of the unique block of R/Q covering bl(v) with ¥ the Brauer character of Ng (Q) / O corresponding to v
via inflation, then [Nav98, Theorem 9.17] tells us that R = DNg (Q) and Q = D N K. Observe that D is
uniquely determined up to N (Q)-conjugation. In order to fix a choice of D, for every R/ Nk (Q) € T(@-¥)
we pick an N4(Q, R)y-transversal T@-¥-B in the set of defect groups of the unique block of R/Q
covering the block of 1} Finally, for each D € TW@¥-R) | observe that Ny (D)y = Na(Q, R, D)y and
choose an N4 (D)y-transversal T@V-R-D) in 1dz°(Ng(Q, R) | R, ¥). Then, the set T of G-orbits
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(O, R, x) with Q € T and where R/Nk(Q) € T'@¥) and x € T@V-RD) for some ¢ € TQ and
D e T@¥:R is an A-transversal in W;(G | K)/G.

We claim that the set § of groups D belonging to T(@¥-® for some Q € T, ¥ € T'Q, and R € TV
is an A-transversal in Rad°(G). To see this, observe first that two distinct elements of § cannot be
A-conjugate. On the other hand, let D’ € Rad®(G) and notice that Q' := D’ N K is a radical p-
subgroup of K by [NT11, Lemma 2.3(a)]. Then there exist Q € T and x € A such that Q" = Q.
Recall that by the definition of Rad®(G) there exists v' € dz°(Ng(D’)) and that we can see bl(v') as a
block of defect zero in the quotient Ng(D')/D’. Let ¢ be a block of Ngp/(D")/D’ covered by bl(v').
By [Nav98, Lemma 9.27] it follows that ¢ is a block of defect zero of Ngp/(D’)/D’. Moreover, let
/S\e IBr(Ng p (D)) correspond to the unique Brauer character of Ng p/(D')/ D’ belonging to ¢ (see [Nav98,
Theorem 3.18]). Since Ngp/(D')/D’' >~ Nk (D')/ Q" we deduce that the characterg restricts irreducibly
to & € IBr(Ng (D’)) and its block bl(€) has defect zero when regarded as a block of Ng(D')/Q’. Thus &
belongs to dz°(Nk (D’)) and is D’-invariant. Since Nx (D') = Nk (Q’, D'), we can then write & =mp (Y¥')
for a unique v’ € dz°(Ng (Q")). It follows that 1/ belongs to dz°(Ng (Q)) and there exist i € T(@ and
x € Ns(Q) such that ¢y'** = . Define R' := Ngp (Q') = Ng(Q')D’ and observe that R’/ Nk (Q') is a
radical p-subgroup of N (Q")y'/Ng(Q’) and that D’/ Q' is a defect group of the unique block of R’/ Q’
covering bl(v/), where the latter is regarded as a block of Ngx(Q')/Q’. As a consequence R"**/Ng (Q)
is a radical p-subgroup of Ng(Q)y/Nk (Q) and we can find R/Ng (Q) € T'¢¥) and y € Nao(Q)y such
that R"**Y = R. Moreover, D"**Y/Q is a defect group of the unique block of R/ Q covering bl(y/), viewed
as a block of Nk (Q)/Q, and hence there is D € T(@V-®) and z € No(Q, R)y such that D"**¥* = D.
This shows that D’ is A-conjugate to D € § and so § is an A-transversal in Rad®(G) as claimed.

We now want to construct an A-transversal in Alp(G)/G in bijection with 7. By [Nav98, Theorem 8.9]
each x € T(@-¥-R.D) js induced by a unique Brauer character Xy €IBr(NG(Q, R)y | ¥). As explained in the
previous paragraph, we have that Xy € rdz° (NG (Q, R)y | R, ¥) and it follows that the set T(QV.R.D) of ]|
Brauer characters x,, for x € T@V-RD) is an N4(D)y-transversal in rdz° (NG (Q, R)y | R, ¥). Since the
map Agil(,Q’R)'” from Theorem 5.6 is N4 (D) -equivariant and No(D)y = Na (D), (y), it follows that the
imageg(Q*wﬂR’D) of T(@-¥-R.D) ynder Agi;Q’R)‘” is an N (D)y-transversal in dz°(Ng (D)) | Tp(¥)).
As before, by applying [Nav98, Theorem 9.14] we deduce that the set §(@-¥-R-D) of Brauer characters
p 1= N6 for 9 € g(Q’W’R’D) is an N4 (D)y-transversal in the set dz°(Ng (D) | mp(¥)). We can
now conclude that the set S of G-orbits (D, v) with D € T@V-R) and v € §@-V-R-D) for some Q € T,
Y oe T, and R € T@¥) is an A-transversal in Alp(G)/G. In addition, there is a bijection between
T and S given by mapping the G-orbit of (Q, R, x) to that of (D, v) whenever Q € T and there is
some ¥ € T such that R/Ng(Q) e T@¥) D e T@V:R y e TQV:RD) apd y e §(CV-R.-D) with y
corresponding to v as described above. We define the map Ag by setting

AZ((Q. R, x)") = (D, v)"

for every (Q, R, x) € T corresponding to (D, v) € S and every x € A. This defines an A-equivariant
bijection between W;(G | K)/G and Alp(G)/G. To conclude, we need to show that
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(Na(Q, R)y, N6(Q, R), X) = (Na(D)y, NG (D), v). ®)

First, let x,, e T(QV.R.D) gpnd vy € §@V-R-D) such that y = (XW)NG(QvR) and v = (v, )N6(P). By construc-

NG(Q,R)y

tion, we know that vy, is the image of X, under the bijection A " and hence Theorem 5.6 yields

(NA(Q’ R)y.x,» N6(Q. R)y, le) > (Na(D)y.v,» No(D)y, vy),

from which (8) follows thanks to Lemma 3.8. Observe that the latter can be applied since No(Q, R), =
Ng(Q, R)N4(Q, R)y, , by a Frattini argument and using Clifford’s theorem [Nav98, Corollary 8.7].
This concludes the proof. O

Finally, we can prove Theorem 6.1 as a consequence of Theorem 4.5, Proposition 6.5, Theorem 6.10,
and Theorem 6.11.

Proof of Theorem 6.1. We consider a counterexample G to Theorem 6.1 and assume that Conjecture 4.1
fails to hold for a choice G < A. We further assume that G and A have been minimized with respect to
|G : Z(G)| first and then |A|. As explained at the beginning of this section, it follows that Hypothesis 6.2
holds for the pair (G, A). By Proposition 6.5 there exists a subgroup K of G with K <A and K £ Z(G)
such that Conjecture 4.1 holds for K < A. Now, we can apply Theorem 4.5 with J/ = G to obtain an
A-equivariant bijection
Q% :IBr(G) — Alp(G | K)/G

such that

(Ag, G, ) =1 (NA(Q)y, N6(0Q), 1) 9)

for every ¢ € IBr(G) and (Q, n) € Qg(go). On the other hand, combining the bijections \IJI({; and Ag
given by Theorem 6.10 and Theorem 6.11 respectively, we obtain an A-equivariant bijection

Ag o\P,(g Alp(G | K)/G —> W (G| K)/G — Alp(G)/G
such that

(Na(@)ys N6(Q), 1) = (Na(Q, R)y, N6(Q, Ry, x) =b (Na(D)y, NG(D)y, v) (10)

whenever (Q, R, x) € lIJIC<;((Q, n)) and (D, v) € Ag((Q, R, x)). We conclude that the map 2 :=
Ag o \I/I(g ) Qg satisfies the requirements of Conjecture 4.1 by (9) and (10) thanks to the transitivity of
the relation >,. This contradicts the choice of G and A and the proof is now complete. 0

6.1. A reduction in the block-free case. When proving that two modular character triple isomorphisms
are block isomorphic it is necessary, in particular, to show that they are also central isomorphic. With this
in mind, an inspection of the proofs of the lemmas in Section 3 shows that all those statements admit a
version where the block isomorphisms are replaced by central isomorphisms. Similarly, we can state a
block-free version of Conjecture B as follows.
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Conjecture 6.12. Let G < A be finite groups. Then there exists an A-equivariant bijection

Q:IBr(G) — Alp(G)/G
such that
(A9, G, D) =¢ (Na(Q)y, N(Q), V)

for every v € IBr(G) and (Q, V) € Q2(9).
Proceeding as in Section 6 we can then obtain the following block-free version of Theorem C.

Theorem 6.13. Let G be a finite group and p a prime number. Suppose that Conjecture 6.12 holds at the
prime p for every covering group of any nonabelian finite simple group of order divisible by p involved in
G. Then Conjecture 6.12 holds for G at the prime p.

Proof. The proofs of Lemma 6.3, Corollary 6.4, and Proposition 6.5 show that in a minimal counterexample
G <A we can find a normal subgroup K of A contained in G with K £ Z(G) and such that Conjecture 6.12
holds for K <1 A. The argument used to prove Theorem 4.5 now yields an A-equivariant bijection

Q¢ 1Br(G) — Alp(G | K)/G
such that
(Ay. G, x) =c (NA(Q)y. N6 (0Q). 1)

for every x € IBr(G) and (Q,n) € Qg( x)- Next, proceeding as in Lemma 6.7, Proposition 6.8, and
Theorem 6.10 we construct an A-equivariant bijection

Ve Alp(G | K)/G — Wi(G | K)/G
such that
(NA(Q)y, N6(Q), 1) =c (Na(Q, R)y, Nc(Q, R), X)

for every (Q,n) € Alp(G | K) and every (Q, R, x) € W:(G | K) whose G-orbits correspond via
the bijection \III((;. Finally, recalling that block isomorphisms of modular character triples are central
isomorphisms, we conclude by combining the bijections Qg and \Ilg and applying Theorem 6.11. [

7. Application to Navarro’s conjecture

In [Nav17], Navarro introduced a new conjecture (see [Nav17, Conjecture E]) that unifies the Alperin
weight conjecture and the Glauberman correspondence into a single statement. In our paper we are mainly
interested in the blockwise version of this statement that was introduced in Conjecture A and which we
recall below. Recall that if G <T" and B is a block of G, then we denote by IBrr(B) the set of I"-invariant
irreducible Brauer characters of G that belongs to B.

Conjecture 7.1 (Navarro). Let G QI be finite groups with I/ G a p-group. For every I'-invariant p-block
B of G, we have
Brr(B)| = Y |dz(Nr(Q)/Q | B)|, (11)

QeBp/T
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where Op is the set of p-subgroups Q of I such that ' = GQ and Q N G is contained in some defect
group of the block B, and dz(Nr(Q)/Q | B) is the set of irreducible characters Y e dz(Nr(Q)/Q) such
that bl(9)" covers B and where ¥ € Irr(Ng(Q)) corresponds to O via inflation of characters.

As in the case of [Nav17, Conjecture E], this statement unifies into a single statement both the blockwise
Alperin weight conjecture and the Dade—Glauberman—Nagao correspondence. In fact, Conjecture 7.1
becomes the blockwise Alperin weight conjecture when G = I', and implies the count of the Dade—
Glauberman—Nagao correspondence (see [NT11, Theorem 4.1]) when considering blocks of defect zero.
We prove the latter implication in the following lemma.

Lemma 7.2. Let G AT be finite groups with I'/ G a p-group and consider a (possibly empty) set S of
representatives for the I"-conjugacy classes of complements of G in I". If Conjecture 7.1 holds for every
[-invariant block of defect zero of G, then

|dzr(G)| = ) |dz(Ca(Q))

QeSS

’

where we denote by dzr (G) the set of I'-invariant characters in dz(G).

Proof. First, notice that the number of I'-invariant defect zero characters of G coincides with the number
of I'-invariant irreducible Brauer characters belonging to some block B of defect zero of G, that is

|dzr(G)| =) [IBrr(B)] (12)
B
where the sum runs over all I"-invariant blocks B of defect zero of G. On the other hand, for each such
block B, observe that S is a representative set for the I'-orbits on ®p as defined in Conjecture 7.1. In
particular, if Q € ®p, then we have N (Q) = Cs(Q) x Q and it follows that dz(Nr(Q)/ Q) is in bijection
with dz(C(Q)). Next, for Q € S, let ¥ € dz(Nr(Q)/Q), consider its inflation ¥ to Nr(Q), and set
C :=bl(®)". Since Nr(Q) = C;(Q) x Q we can write ¥ = ¢ x 1o for some ¢ € dz(C(Q)) and hence
Q is a defect group of bl(?). We deduce from [NS14a, Lemma 2.1] that C covers a ['-invariant block B
of G with defect G N Q = 1. This shows that for every Q € S each character of dz(Nr(Q)/Q) belongs
to some set dz(Nr(Q)/Q | B) for some I'-invariant block B of defect zero of G. Now, Conjecture 7.1
implies that the right hand side of (12) coincides with

> |dz(Nr(Q@)/Q 1 B =) |de(Nr(Q)/ Q)| =D |dz(C(Q))] (13)

B QeS QeS QeS
where B runs over all I'-invariant blocks of defect zero of G. Combining (12) and (13) we obtain the
desired equality. (|

We now want to prove that Conjecture 7.1 follows from the inductive blockwise Alperin weight
condition and hence obtain Theorem D. Together with our Theorem C, this will also yield Corollary E. In
this section, we obtain all these results as consequences of a stronger theorem. In fact, we can show that
the inductive blockwise Alperin weight condition implies a more general version of Conjecture 7.1 which
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does not require the quotient I"'/ G to be a p-group. To introduce this new statement we first collect some
further notation.

Let G <T be finite groups and consider a union of p-blocks B of G. We denote by EBr(I" | B) the set
of those y € IBr(I") that are extensions of some Brauer character belonging to some block contained in
B, that is, such that x € IBr(B) for some B € B. Similarly, we denote by EBr(I" | dz°(B)) the set of
those x € IBr(I') such that x € IBr(B) Ndz°(G) for some B € B (recall that, as defined in Section 4, a
character i € IBr(G) belongs to dz°(G) if the corresponding character 1& € IBr(G/0,(G)) belongs to a
block of defect zero). Finally, given a p-subgroup Q of G and a p-block B of G, we denote by By the
union of all p-blocks b of Ng(Q) such that »® = B. We can now generalize Conjecture 7.1 to arbitrary
quotients '/ G as follows.

Conjecture 7.3. Let G AT be finite groups and consider a block B of G. Then
[EBr (I" | B)| =Y _ [EBr (Nr(Q) | dz° (By))|
Q

where Q runs over a set of representatives for the I'-orbits of radical p-subgroups of G such that
I'=GNr(Q).

As mentioned above, Conjecture 7.1 can be recovered from Conjecture 7.3 in the case where the
quotient I'/ G is a p-group. We prove this fact in the following lemma.
Lemma 7.4. Let G T be finite groups and consider a p-block B of G. If '/ G is a p-group, then:

() [EBr(I" | B)| = [IBrp(B)].
(i) If Q is a radical p-subgroup of G such thatT' = GNr(Q) and EBr(Nr(Q) | dz°(Bgp)) is nonempty,
then there exists some D € Op, unique up to Nr(Q)-conjugation, such that Q = DN G.

(ii1) If Q and D are the p-subgroups considered in (ii), then
[EBr(Nr(Q) | dz°(Bo))| = |dz(Nr(D)/D | B)|.

In particular, if Conjecture 7.3 holds for the block B, then so does Conjecture 7.1.

Proof. By [Nav98, Theorem 8.11] every I'-invariant irreducible Brauer character of G admits a unique
extension to I' and therefore (i) follows. Let now Q be a radical p-subgroup of G such that I' = GNr(Q)
and consider ¥ € EBr(Nr(Q) | dz°(Bg)). Set ¥ := ¥y, () and observe that ¥ € dz°(Ng(Q)) is
Nr(Q)-invariant and satisfies bl(9)° = B. Let ¢ and ¥ be the Brauer characters of Nr(Q)/Q and
of Ng(Q)/Q corresponding to ¥ and 9 respectively via inflation. Now, if D/Q is a defect group of
bl(v/), then [Nav98, Theorem 9.17] implies that (D N Ng(Q))/Q is a defect group of bl(¥) and that
DNg(Q)/0Q = Nr(Q)/Q. In particular, I' = GNr(Q) = G D. Furthermore, since bl(?) has defect zero,
we deduce that Q = D N Ng(Q) = D N G and, recalling that Q is contained in every defect group of
bl(#%) and that bl(9)¢ = B, we conclude that D € ®p thanks to [Nav98, Lemma 4.13]. This proves (ii).

We keep D, Q, ¢, and i as in the previous paragraph and prove (iii). By [Nav98, Theorem 3.18]
there exists a unique ¢ € Irr(Ng(Q)/ Q) such that ¢° = . Furthermore, according to [NT11, Theorem
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2.4] there exists an extension y € Irr(Nr(Q)/Q) of ¢. Since x belongs to rdz(Nr(Q) | x), we can apply
Lemma 5.1 to show that x° € IBr(Nr(Q)). Then x° is an extension of ¥ = (pO and [Nav98, Theorem
8.11] yields x° = . This shows that ¥ € rdz°(Nr(Q) | Nr(Q), ). Conversely, each character of
rdz°(Nr(Q) | Nr(Q), ¥) is an extension of ¢ and we conclude that

EBr (Nr(Q) | ) =1dz® (Nr(Q) | Nr(Q), 9). (14)
Next, applying Theorem 5.6 with A =M = G = Nr(Q) and K = Ng(Q), we get a bijection
ANS? :1dz° (N1 (Q) | Nr(Q). 9) — dz° (N1 (D) | mp(9))

such that if ¢ := Ag’rég)(w) then bl(¢)M (@ = bl(v/). On the other hand, since ¥ € dz° (Bg), applying
[KS15, Theorem B] we deduce that bl(y)" covers B and by the transitivity of block induction the same
holds for bl(¢)"'. In other words, if £ € dz(Np(D)/D) is the ordinary character such that £€° = ¢, then &
belongs to dz(Nr(D)/D | B) and the assignment ¢ — & is one-to-one. We then obtain (iii) by arguing
as above and consider any ¢ € dz°(Byp). O

Next, we show that our Conjecture 7.3 follows from the inductive blockwise Alperin weight condition.

Proposition 7.5. Let G I T be finite groups and consider a block B of G. If Conjecture 4.1 holds for
G AT, then Conjecture 7.3 holds for B.

Proof. By assumption there exists a ["'-equivariant bijection €2 from IBr(G) to Alp(G)/G inducing block
isomorphisms of character triples. Consider ¢ € IBr(G), (Q, v) € Q2(¢) and let

op : IBr(I" | ¢) — IBr(Nr(Q) | ¥)

be the bijection given by Theorem 3.1 applied with J = I". Then, for every x € IBr(I" | ¢), we know that
bl(op. ()" =bl(x) and that Xc = if and only if o~ (X ) ng(0) = ¥. With this in mind, proceeding as in the
proof of Theorem 4.5 with A =J =T and K = G we can construct a I"-equivariant bijection Qg between
the set of extensions EBr(I" | B) and the set of I"-orbits of pairs (Q, ¥) with Q a radical p-subgroup of
G and ¥ € EBr(Nr(Q) | dz°(Bgp)). Next, we claim that if (Q, ¥) is any such pair, then I' = GNr(Q).
Observe that then the constructed bijection would imply the equality of Conjecture 7.3. To prove the
claim, let x € EBr(I"' | B) and (Q, ¥) € Qg()() so that ¢ := x; € IBr(G), ¥ := ¥n; (@) € IBr(Ng(Q))
and (Q, ¥) € Q(¢). Then, since ¢ is ['-invariant and €2 is I'-equivariant, we deduce that I" fixes the
G-orbit of (Q, 1), thatis, ' = GNr(Q)y. On the other hand ¢ is Nr(Q)-invariant and we conclude that
I' = GNr(Q) as claimed. U

We can finally prove Theorem D and Corollary E.

Proof of Theorem D. Let G T be finite groups with I'/G a p-group and consider a block B of G.
Since by assumption Conjecture 4.1 holds with respect to G <T", we can apply Proposition 7.5 to show
that Conjecture 7.3 holds for the block B. Then Lemma 7.4 implies that Conjecture A holds for the
block B. g
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Proof of Corollary E. Let G <1 be finite groups with I'/G a p-group and consider a block B of G. By
assumption Conjecture 4.1 holds at the prime p for every covering group of any nonabelian finite simple
group of order divisible by p involved in G. Then Conjecture 4.1 holds with respect to G < I" thanks to
Theorem 6.1. We can then apply Theorem D to show that Conjecture A holds for the block B. U

7.1. Navarro’s conjecture and isomorphisms of character triples. In the previous section we have
introduced a generalization of [Nav17, Conjecture E] to arbitrary quotients I"'/ G. On the other hand, in
this section we show how [Nav17, Conjecture E] can be strengthened in a different direction, namely by
showing that it is compatible with isomorphisms of character triples.

Let G QT be finite groups with I'/ G a p-group and consider a I"-invariant block B of G. We denote
by nav(I" | B) the subset of Alp(I") consisting of those pairs (Q, ) where Q is a radical p-subgroup
of I" such that ' = GQ and bl(w)F covers B. Since B is ['-invariant, we deduce that nav(I" | B) is a
["-stable subset of Alp(I") and we denote by nav(I" | B)/ I" the corresponding set of I"-orbits. Furthermore,
observe that if (Q, ¥) € nav(I" | B) then the restriction ¥y, (o) is irreducible. This follows, for instance,
by considering i as a Brauer character of the quotient Nr(Q)/Q and noticing that, since I' = G Q, the
quotient Nr(Q)/Q is isomorphic to Ng(Q)/(Q N Ng(Q)).

Conjecture 7.6. Let G < T be finite groups with I/ G a p-group and consider a I"-invariant block B of
G. If G, " < A, then there exists an A g-equivariant bijection

QL :IBrr(B) — nav(I' | B)/T

such that the character triples (A, G, x) and (NA(Q)ys, Ng(Q), ) are strongly isomorphic for every
x € IBrr(B), (0, ¥) € Q5(x) and where ¥ = Yy, (g).-

Since the number of "-orbits on the set nav(I" | B) coincides with the right hand side of (11) it follows
that our Conjecture 7.6 implies Conjecture 7.1. Next, we show that even this strengthened form of the
conjecture is a consequence of the inductive blockwise Alperin weight condition.

Theorem 7.7. Let G I T be finite groups with I'/ G a p-group and consider a I'-invariant block B
of G. Suppose in addition that G, " < A and that Conjecture 4.1 holds with respect to G I A. Then
Conjecture 7.6 holds for the block B with respect to G, T" < A.

Proof. To start, we define the set Ar (B) consisting of those pairs (Q, ¢) € Alp(G) such that ' =GNr(Q),
and bl(¢)¢ = B. Observe that the first condition is equivalent to requiring that the G-orbit of (Q, ¢) is
invariant under the action of I" on Alp(G)/G. Then, if we denote by Ar(B)/G the set of G-orbits on
Ar(B), applying Conjecture 4.1 we obtain a bijection

Q:IBrr(B) —> Ar(B)/G

inducing block isomorphisms of character triples. Fix now a pair (Q, ¢) € Ar(B) and observe that
Nr(Q) = Nr(Q), and hence ¢ is Nr(Q)-invariant. Then, by [Nav98, Theorem 8.11], there exists a
unique extension 7 € IBr(Np(Q)) of ¢. Let D/Q be a defect group of the block bl(7) and where 7 is
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the Brauer character of Np(Q)/Q corresponding to t via inflation. By [Nav98, Theorem 9.17] we have
I'=GD and GN D = Q, while applying [KS15, Theorem B] we deduce that bl(z)" covers B. Consider
now the unique ordinary character ¢’ € dz(Ng(Q)/Q) such that ¢’ = ¢ and let v’ € Irr(Nr(Q)/ Q)
be an extension of ¢’ (this exists according to [NT11, Theorem 2.4]). Then, Lemma 5.1 implies that
70 € IBr(Nr(Q)) and the uniqueness part of [Nav98, Theorem 8.11] yields 7 = . This shows that
T €rdz°(Nr(Q) | Nr(Q), ¢). We can now apply Theorem 5.6 to show that T corresponds to a unique
Y €dz’(Nr(D) | mp(¢)). Furthermore, using the block isomorphisms given by Theorem 5.6, we also
get bl(y)¥r(@ = bl(r) and that YN, (D) 1s irreducible. We then deduce that the pair (D, v) belongs to
nav(I" | B) and can define an A g-equivariant bijection

A:Ar(B)/G — nav(T" | B)/T

by sending the G-orbit of (Q, ¢) to the I'-orbit of (D, ¥) as described above. Finally, we define Qg
to be the composition of 2 and A. To complete the proof it remains to show that Qg induces strong
isomorphisms of character triples. More precisely, let x € IBrr(B), (Q, ¢) € Q2(x) and (D, ¥) as
constructed above. First, by Conjecture 4.1 we know that (A,, G, x) and (Nao(Q)y, NG(Q), @) are
block isomorphic and therefore strongly isomorphic. Next, we notice set ¥ := ¥, (p) and notice that
' = mp(¢). Then, applying Corollary 5.12 we get a strong isomorphism between (N4 (Q)y, NG(Q), ¢)
and (N4(D)y, Ng(D), ) as required. O

We conclude this section with a remark on the isomorphisms of character triples considered above.

Remark 7.8. It is natural to ask whether the strong isomorphisms considered in Conjecture 7.6 are
actually block isomorphisms. Unfortunately, this is not necessarily the case. The reason for this is that
the condition on defect groups required by Definition 3.4 might fail in this case. Consider, for instance,
the case where A =T and G is a p’-group.

7.2. Block-free version of Navarro’s conjecture. In this section, using the results of Section 6.1, we
obtain block-free analogues of Theorem D and Corollary E. For the reader’s convenience, we first state
the block-free version of Conjecture 7.1. The following is basically the statement of [Nav17, Conjecture
E], although notice that we do not require the group I" to split over G. Recall that if G QT" then IBrp (G)
denotes the set of irreducible Brauer characters of G that are I'-invariant.

Conjecture 7.9 (Navarro). Let G < T be finite groups with I' / G a p-group. Then
Brr(G)| = > |dz(Nr(Q)/ Q).
Qe®/T
where © is the set of p-subgroups Q of I" such thatI' = G Q.
Next, as done in the blockwise setting, we introduce a generalization of this conjecture to arbitrary

quotients ['/G. For G AT, let EBr(I" | G) be the set of irreducible Brauer characters of I" that restrict
irreducibly to G. Similarly, we denote by EBr(I" | dz°(G)) the subset of those characters x € EBr(I" | G)
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whose restriction ., belongs to dz°(G). We can then state a block-free version of Conjecture 7.3 as
follows.

Conjecture 7.10. Let G < T be finite groups. Then

[EBr(I'| G)| = ) " |EBr(Nr(Q) | dz°(Ng(Q)))]
0

where Q runs over a set of representatives for the I'-orbits of radical p-subgroups of G such that

['=GNr(Q).
Arguing as in the proofs of Lemma 7.4 and Proposition 7.5 we can then prove the following proposition.
Proposition 7.11. Let G I T be finite groups.
(1) If Conjecture 6.12 holds with respect to G T, then Conjecture 7.10 holds with respect to G < T..

(1) Suppose that '/ G is a p-group. If Conjecture 7.10 holds with respect to G < T', then Conjecture 7.9
holds with respect to G <T.

As an immediate consequence we obtain a block-free version of Theorem D.

Theorem 7.12. Let G AT be finite groups such that I'/ G is a p-group. If Conjecture 6.12 holds with
respect to G AT, then Conjecture 7.9 holds with respect to G <T..

Proof. This follows immediately by combining the two parts of Proposition 7.11. U

Then, using this theorem together with the reduction obtained in Theorem 6.13, we can prove the
following block-free analogue of Corollary E.

Corollary 7.13. Let G be a finite group and p a prime number. If Conjecture 6.12 holds at the prime p
for every covering group of any nonabelian finite simple group of order divisible by p involved in G, then

Conjecture 7.9 holds at the prime p with respect to any G <TI" such that '/ G is a p-group.

8. Verification of Conjectures A and B

Since their introduction in [NT11] and [Spd13b] the inductive Alperin weight condition (Conjecture 6.12)
and the inductive blockwise Alperin weight condition (Conjecture 4.1) have been verified for many classes
of blocks of quasisimple groups. We refer the reader to the survey [FZ22] and the references therein (see
also the most recently published [FLZ23a] and [FLZ23b]). Using these results, and introducing some new
arguments, we can then verify Conjecture A and Conjecture B for several classes of groups and blocks.

8.1. Groups with abelian Sylow p-subgroups and odd Sylow automizer. The inductive blockwise
Alperin weight condition has been verified for all quasisimple groups whose simple quotient has an
abelian Sylow 2-subgroup [Spd13b, Corollary 6.6], or an abelian Sylow 3-subgroup [FLZ23a, Section 5],
or is involved in a group with odd Sylow normalizer [GNT16] (see also [XZ19] for the case of odd Sylow
automizers). Thanks to Theorem D and Theorem C, we then obtain new evidence for Conjecture A and
Conjecture B.
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Proposition 8.1. Let G be a finite group and consider any prime number p. Then Conjecture A and
Conjecture B both hold for G at the prime p it at least one of the following conditions is satisfied:

(1) Every simple group involved in G has either abelian Sylow 2-subgroups or abelian Sylow 3-subgroups
or both.

(ii) p is an odd prime and the automizer Ng(P)/PCg(P) has odd order for a Sylow p-subgroup P
of G.

Proof. Recall that Conjecture A follows from Conjecture B thanks to Theorem D. Moreover, in order to
prove Conjecture B for the group G it suffices to show that it holds for every nonabelian simple group of
order divisible by p involved in G according to Theorem C. We then obtain the first part of the statement
by applying the results obtained in [Spdl3b, Theorem 6.6], [FLZ23a, Section 5] and the second part by
applying the results in [XZ19] (see also [GNT16]). O

8.2. Blocks with cyclic defect groups. 1t was shown in [KS16a] and [KS16b] that the inductive blockwise
Alperin weight condition holds for every block with cyclic defect groups of any quasisimple group. In
order to apply these results to verify Conjecture A and Conjecture B, we first need to prove a version of
Theorem C compatible with certain families of defect groups as done in [Spd13b, Theorem C]. To start,
we need to restate Conjecture B.

Let B be a p-block of a finite group G and consider a p-weight (Q, ¥) of G as defined in Section 4.
Observe that the block bl()¢ of G obtained via Brauer induction of blocks is well defined according
to [Nav98, Theorem 4.14]. Then we say that (Q, v/) is a p-weight of B provided that bl(¥/)® = B. We
denote by Alp(B) the set of all p-weights of B and by Alp(B)/G the set of G-orbits of such p-weights.
Now, using the properties of block isomorphisms of character triples (see Definition 3.4) we deduce that
Conjecture 4.1 can be reformulated as follows.

Conjecture 8.2 (inductive blockwise Alperin weight condition). Let G < A be finite groups and consider
a p-block B of G. Then there exists an A g-equivariant bijection

Qp:1Br(B) - Alp(B)/G
such that
(Ay, G,9) =p (Na(Q)y, Nc(Q), ¥)

for every v € IBr(B) and (Q, V) € Qp(1).

Remark 8.3. Let G < A be finite groups and consider a block B of G. Arguing as in the proof of
Proposition 7.5 we can show that if Conjecture 8.2 holds for the block B with respect to G < A, then so
does Conjecture 7.3. In particular, if ['/G is a p-group, we deduce that Conjecture A holds for the block
B as a consequence of Lemma 7.4. This observation will be used in the subsequent sections to obtain
Conjecture A for certain classes of blocks.

By considering the above version of the conjecture we can obtain a refined version of our Theorem 6.1
and prove a reduction theorem compatible with any fixed class of defect groups closed under taking
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quotients and subgroups as done in [Spa13b, Theorem C]. Given a family of p-subgroups R, we say that
Conjecture 8.2 holds for a finite group G with respect to R if it holds for every choice of G < A and
every p-block B of G with defect groups contained in R.

Theorem 8.4. Let R be a family of finite p-groups closed under taking quotients and subgroups. Let G
be a finite group and suppose that Conjecture 8.2 holds with respect to R for every covering group of any
nonabelian finite simple group of order divisible by p involved in G. Then Conjecture 8.2 holds for G
with respect to R.

Proof. As for [Spid13b, Theorem 5.20], this follows by an inspection of the proof of Theorem 6.1. For this,
fix a block B with defect groups contained in R. Then, for every normal subgroup K <A with K <G
and every A-invariant ¥ € dz°(K) with B covering the block of ¢, the construction used in the proof of
Lemma 6.7 restricted to the set of Brauer characters IBr(B | ¢) will produce a block BofG=0G /Ko
with defect group contained in R by recalling that the central subgroup Z of G has order prime to p. We
can then apply the inductive hypothesis to the block B and finish the proof proceeding as in the remaining
part of the proof of Theorem 6.1. U

Using this theorem, we can then apply the results of [KS16a] and [KS16b] to obtain Conjecture A,
Conjecture 7.3, and Conjecture 8.2 for every block with cyclic defect groups of any finite group, and
where we further assume I'/ G to be a p-group in the case of Conjecture A.

Proposition 8.5. Let G < A be finite groups and consider a p-block B of G with cyclic defect groups.
Then Conjecture 7.3 and Conjecture 8.2 hold for the block B. Furthermore, if I'/ G is a p-group, then
Conjecture A holds for B.

Proof. By Remark 8.3 it suffices to show that Conjecture 8.2 holds for the block B. The latter follows
by applying Theorem 8.4 since Conjecture 8.2 has been verified for all p-blocks with cyclic defect of
quasisimple groups (see [KS16a] and [KS16b]). O

8.3. Nilpotent blocks. The results obtained in [KS16a] also imply that the inductive blockwise Alperin
weight condition holds for every nilpotent block of a quasisimple group. Their argument heavily relies
on the fact that such blocks are known to have abelian defect groups thanks to [AE11] and [AE13]. In
order to obtain Conjecture A, Conjecture 7.3, and Conjecture 8.2 for nilpotent blocks of all finite groups,
we therefore need to develop a new argument. Our proof does not depend on the classification of finite
simple groups and makes use of some deep results on graded Morita equivalences obtained in [PZ12].
As a first step, we give a reformulation of Conjecture 8.2 in the spirit of [KR89]. For this, denote by
P(G) the set of p-chains of the form o = {1 = Q¢ < Q1 < --- < Q,} where each Q; is a p-subgroup
of G. We denote by |o| the integer n called the length of o. Observe that G acts by conjugation on the
set of p-chains and denote by G, =(); N (Q;) the stabilizer of o in G. Next, for any block B of G,
let B, denote the union of all blocks of G, that correspond to B via Brauer induction of blocks and let
IBr(B,) be the union of all Brauer characters belonging to some block in B,,. Similarly, for a p-subgroup
Q of G we denote by By the union of blocks Byi~g;. We then consider the set C°(B) of pairs (o, ¥)
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where o0 € P(G) and ¢ € IBr(B,). The notion of length yields a partition of C°(B) into the sets C°(B)+
consisting of those pairs (o, ¥) such that (—1)!°! = £1. The group G now acts by conjugation on C°(B)+
and we denote by C°(B)+/G the corresponding set of G-orbits and by (o, ¥) the G-orbit of an element
(o, ¥) € C°(B)+. We can now restate the inductive blockwise Alperin weight condition as follows.

Lemma 8.6. The following statements are equivalent:

(1) Conjecture 8.2 holds for every p-block of any finite group G and any choice of G < A.
(i1) For all finite groups G < A and every p-block B of G with nontrivial defect, there exists an Ap-

equivariant bijection
E:C°(B)_/G—C°(B)+/G
such that
(AU,Wa Gaa l/f) Zb (A,o,gaa Gp, (,0)

for every (o, Y¥) € C°(B)— and any (p, ¢) € E((o, ¥)).

Proof. Assume that (ii) holds for Ng(Q)/Q for every nontrivial p-subgroup Q of G. We now fix a
G-transversal 7" in the set of nontrivial p-subgroups of G and, for each Q € T, denote by C;,(B) the
subset of C°(B) consisting of pairs (o, ¥) witho ={1=Q0¢p < Q1 <--- < Q,} wheren > 1 and Q; is
G-conjugate to Q. Observe that there is a one-to-one correspondence between the set C(,(B) and the
set C°(Bg) where By is the set of blocks of Ng(Q)/Q dominated by some block in By. Denote by b
the union of those blocks in B_Q with positive defect and by ¢ the union of the blocks in B_Q of defect
zero. Now, applying [Nav18, Lemma 9.15 (a)] we deduce that a pair (o, 1}) € C°(cp) must have o = {1}
and bl(v) a block of defect zero in Ng(Q) / Q. Hence, the set C°(cp) corresponds to the set of pairs
(o,¢) € COQ(B) with o = {1 = Q¢ < Q1 = Q} and ¥ € dz°(N(Q)) such that bl(y)¢ = B. We denote
by Ao (B) the set of such pairs and set By (B) := C°Q(B) \ Ao (B). If we now consider the remaining
blocks b of positive defect, then arguing as in [Ros25b, Lemma 2.2, Corollary 2.3, and Proposition 2.4]
and using the fact that (ii) holds for all blocks with nontrivial defect of Ng(Q)/Q, we obtain a bijection

E¢:Bo(B)y/G — Bo(B)_/G

inducing block isomorphisms of modular character triples. Now, arguing by induction on the order of G,
it follows from the preceding argument, and combining the bijections E¢ for Q € T, that a bijection &
as in (i) exists if and only if we can find a bijection

Q:IBr(B) — Alp(B)/G

satisfying the statement of Conjecture 8.2, which is exactly the statement of (i). This completes the
proof. O

The reformulation of Conjecture 4.1 given in Lemma 8.6 is inspired by [KR89, Theorem 3.8] and
can be used to prove Conjecture 4.1 in certain situations. While it is not true that the two statements in
Lemma 8.6 are equivalent block-by-block, they can still be shown to be equivalent for certain classes of



The Alperin weight conjecture and the Glauberman correspondence via character triples 377

blocks. This is the case for nilpotent blocks. For this, let B be a nilpotent block of a finite group G and
consider a p-subgroup Q of G. If b is a block of N;(Q) and b® = B, then it follows that b is nilpotent
(see the first paragraph of the proof of [Rob02, Theorem 3.2.2]) Moreover, if Q is normal in G and B is a
block of G/Q dominated by B, then it follows that B is nilpotent (see, for instance, [CT20, Theorem 1.1
(1)] for a precise reference).

Corollary 8.7. Statements (i) and (ii) in Lemma 8.6 are equivalent for nilpotent blocks. More precisely,
Conjecture 8.2 holds for every nilpotent block of every finite group G, and any choice G < A, if and only
if a bijection E with the properties described in (ii) exists for every nilpotent block of every finite group G
and with respect to any G < A.

Proof. This follows from the fact that the argument used in the proof of Lemma 8.6 is compatible with
nilpotent blocks. In fact, suppose that B is a nilpotent block of a finite group G and let Q be a p-subgroup
of G. If b is a block in the union By, then b is a block of Ng(Q) such that b% = B and it follows that
b is nilpotent. If b is dominated by b, it follows also that b is nilpotent. Hence every block in By is
nilpotent so that we can apply the inductive hypothesis in the Ng(Q)/Q and proceed as in the proof of
Lemma 8.6. O

Next, we need a modular version of [Ros25a, Corollary 3.2]. For this, we will use the main result
of [PZ12] together with a modular version of [MM21, Proposition 5.6] that was kindly provided to
us by A. Marcus. We state this latter result below for the reader’s convenience. Let N <I G be finite
groups and consider a p-modular system (K, O, k) such that k is algebraically closed and K contains
a primitive |G|-th root of unity. Following [MM21, Section 4.1], let C be a G-invariant block of N
and set A := OGC and A’ := ONg(D)c where c is the Brauer correspondent of C in Ny (D) with
respect to a defect group D of C. Denote by B:= ONC and by B’ := ONy(D)c the 1-component of
A and A’ respectively. Set kB :=k Qo B and kB’ := k ® B'. Proceeding as in [MM21, Definition 4.2
and Definition 5.1] (but considering modules over k), for every G-invariant k3-module V and every
Ng (D)-invariant kB’-module V' we define the order relation (A, B, V) >, (A’, B/, V') which in turns
implies that (G, N, ¥) >, (Ng(D), Ny (D), ©') for the Brauer characters © and ¢ corresponding to V
and V' respectively. We then have the following criterion for establishing (A, B, V) =, (A, B, V').

Lemma 8.8. Let N <G be finite groups and consider a G-invariant block C of N with defect group D and
Brauer correspondent ¢ in Ny(D). Set A:=0OGC, A := ONg(D)c, B:=0ONC, and B := ONy(D)c
as above. Suppose that A and A’ are G| N-graded basic Morita equivalent and that this equivalence
sends the kB-module V to the kBB -module V'. Then (A, B, V) >, (A, B, V').

Proof. This follows by arguing as in the proof of [MM21, Proposition 5.6] and noticing that, according
to [MM21, Remark 5.7], the Morita equivalence in the statement is compatible with the Brauer map as
defined in [MM21, Definition 5.5]. Il

We can now obtain the above mentioned modular version of [Ros25a, Corollary 3.2].
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Lemma 8.9. Let C be a p-block of a finite group H with defect group D and consider its Brauer
correspondent ¢ in Ny (D). Assume that C is nilpotent and let { denote its unique Brauer character.

Observe that ¢ must be nilpotent and hence contains a unique Brauer character ¢. If H < A, then
(Ay, H,¥) = (Na(D)y, Nu(D), 9) .

Proof. We proceed as in the proof of [Ros25a, Corollary 3.2]. First notice that it is no loss of generality to
assume that ¥ is A-invariant in which case ¢ is N4 (D)-invariant. Since ¥ and ¢ are the unique Brauer
characters of C and c respectively it also follows that C is A-invariant and c is N4(D)-invariant. We
now set A := A/H, A:= OAC, and A’ := ON4(D)c. A Frattini argument yields A = N4(D)H and
hence A = N4(D) /Ny (D). Since C is nilpotent, [PZ12, Theorem 3.14 and Corollary 3.15] implies that
there exists an A-graded (A, A’)-bimodule M inducing an A-graded basic Morita equivalence between A
and A’. Consider the identity components B := A} = OHC and B’ := A} = ONy(D)c and notice that
M induces a basic Morita equivalence between B and B’ that sends the Brauer character ¥ of C to the
Brauer character ¢ of c. Then, by applying Lemma 8.8 and considering modules over k = O/J (O), we
obtain the required block isomorphism of modular character triples. O

Using Lemma 8.9, we can finally show that Conjectures A, 7.3, and 8.2 hold for every nilpotent block
of a finite group. This will follow from our next result thanks to Corollary 8.7 (see also Remark 8.3).

Proposition 8.10. Let G < A be finite groups and consider a nilpotent block B of G. If B has positive
defect, then there exists an A g-equivariant bijection

E:C°(B)_/G—C°(B)+/G
such that
(Aa,lﬁa Gaa w) Zb (A,o,gaa Gp, <P)

for every (o, ¥r) € C°(B)— and any (p, ¢) € E((o, ¥)).

Proof. Our argument is inspired by the cancellation theorem introduced in [KR89, Proposition 5.5]. First,
as remarked in the proof of Corollary 8.7, for every p-chain p € P(G) and every block ¢ contained in
the union B, the nilpotency of B forces ¢ to be nilpotent as well. Thus, for each pair (p, ¢) € C°(B)
we know that ¢ is the unique Brauer character in its block. Write p ={1 = Qo < Q1 <--- < 0, } and
consider a defect group D of bl(¢). Observe that Q, is a normal p-subgroup of G, and so is contained
in D by [Nav98, Theorem 4.8]. Assume first that O, = D. If O, =1, then bl(¢) = B has defect D =1,
a contradiction. Thus we must have Q, # 1 and we can defined the p-chain o € P(G) given by deleting
the last term Q,, from p. Noticing that G, = Ng, (D), by Brauer’s first main theorem there exists a
unique block C = bl(p)%" of G, with defect group D. Once again C must be nilpotent and it contains
a unique Brauer character, say . Then, by applying Lemma 8.9 with A := A, and H := G, we get
(Aml,, Gy, w) >b (Ap,(p, Gp, (p). We then map the G-orbit of (p, ¢) to that of (o, ¥). On the other hand,
if the last term Q,, of p is strictly contained in D, then we define o to be the p-chain obtained by adding
D at the end of p and let ¥ be the unique Brauer character belonging to the nilpotent block of G that
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induces to bl(p). In this case, we argue as before by switching the role of (o, ¥) and (p, ¢). This yields
a bijection E with the properties required in the statement. g

8.4. 2-blocks with abelian defect groups. The blockwise Alperin weight conjecture has recently been
proved for 2-blocks with abelian defect groups by Ruhstorfer in [Ruh22b]. This result was obtained as
a consequence of the validity of the Alperin-McKay conjecture for this class of blocks and applying
[KR89, Proposition 5.6]. Unfortunately, this strategy does not imply the full inductive blockwise Alperin
weight condition. The latter has instead been verified by Zhang and Zhou [ZZ21] and Hu and Zhou [HZ]
and relies on the classification of 2-blocks with abelian defect groups obtained in [EKKS14]. Thanks
to these results we can then prove Conjecture A, Conjecture 7.3, and Conjecture 8.2 for 2-blocks with
abelian defect groups in any finite group.

Proposition 8.11. Conjecture A, Conjecture 7.3, and Conjecture 8.2 hold for every 2-block with abelian
defect groups of any finite group.

Proof. Let B be a 2-block with abelian defect groups of a finite group G and consider G < A. By
Remark 8.3 it suffices to show that Conjecture 8.2 holds for B with respect to G < A. Furthermore, by
Theorem 8.4 it is no loss of generality to assume that G is quasisimple. In this case the structure of B has
been determined in [EKKS14, Theorem 6.1] and, using this description, the results of [ZZ21] and [HZ]
show that Conjecture 8.2 holds for B as desired. U
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