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Given a smooth geometrically connected variety X defined over a number field K and an étale torsor
V → U over a Zariski-open U of X , we investigate the problem of which adelic points of X can be
approximated by adelic points that lift to a (twist of a) V . The question has long been investigated in
the literature when U = X , but less so in the general case. We introduce a Brauer–Manin obstruction
to the problem, and provide an example where this obstruction is nontrivial and purely transcendental.
This answers in the negative a question posed by Harari at a 2019 workshop. Our example is also an
explicit example of a nontrivial transcendental Brauer–Manin obstruction on a smooth compactification
of a quotient SLn/G, with G constant metabelian.

1. Introduction

Descent theory has long been used to understand how rational points X (K ) of a smooth complete variety
X defined over a number field K are distributed in the adelic points X (AK ). It was first developed
for proper varieties by Colliot-Thélène and Sansuc [5; 26], and it was later extended to open varieties
by Harari and Skorobogatov [15, Chapter 6]. We investigate the matter of “ramified descent”, i.e., the
behavior of open descent theory under compactification, and answer a question of Harari on this topic.

For a torsor λ : V → U under a group of multiplicative type M/K , the descent set is defined to be the
set of those adelic points of U that lift to adelic points of a K -twist of V :

U (AK )
λ

=
⋃

σ∈H1(K ,M)
λσ (Vσ (AK )).

It follows from open descent theory [15, Proposition 3.1] that this set may be described in terms of a(n
algebraic) Brauer–Manin obstruction: i.e., there exists a subgroup Brλ U ⊆ Br1 U such that

U (AK )
λ

= U (AK )
Brλ U . (1-1)

Now let X be a smooth compactification of U , and X (AK )
λ be the adelic closure of U (AK )

λ in X (AK ).
The first result of this paper is that X (AK )

λ provides an obstruction to the Hasse principle and weak
approximation for X :

Theorem 1.1. The inclusion X (K )⊆ X (AK )
λ holds.
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The proof we present, quite compact, is due to Olivier Wittenberg, whom the author thanks profoundly.
(The original proof that the author had in mind was much more involved.)

We are mainly interested in this paper in the case where M is finite, in which case we call X (AK )
λ

the ramified descent set, the adjective “ramified” indicating that the relative normalization of U in V is
allowed to be ramified. (See Section 3 for an alternative definition of the ramified descent set.)

In a 2019 workshop, Harari formulated a question: to investigate how (1-1) behaves under “compactifi-
cation”. We present his question as Question 4.1, but a special, yet illustrative, case may be reformulated
as follows (see Proposition 4.2):

Question 1.2 (Harari). Assume that Br X/Br0 X and M are finite. Does X (AK )
λ

= X (AK )
Brλ U∩Br X

always?

Note that the inclusion X (AK )
λ
⊆ X (AK )

Brλ U∩Br X follows from (1-1). Harari’s question was motivated
by the fact that the analog of Question 1.2 has a positive answer when M is a torus (see [3, Proposition 3.1]).
Moreover, when M = µn is cyclic, and some mild ramification assumptions are satisfied, then a positive
answer follows from a result of Colliot-Thélène and Skorobogatov [7, Theorem 14.2.25] (see Appendix B
for details).

We answer Question 1.2 negatively. To do so, we introduce in Section 5 a new Brauer subgroup
Brram
λ X ⊆ Br X , defined as the intersection Brram

λ U ∩Br X , where Brram
λ U is the image of the composition

H 2(0M , K ∗)→ H 2(0M , K [V ]
∗)

Čl
−→ H 2(U,Gm)= Br U,

where Čl is the Čech-to-étale map associated to VK → U , which is a profinite torsor under the constant
profinite group 0M := M(K )⋊0K (see Section 5 for details). In the special case where both Pic V and
K [V ]

∗/K ∗ vanish, one has Brram
λ X = Ker(Br X → Br VK ); see Remark 5.1.4. (In Examples 5.1.5 we

provide some examples where this vanishing happens.) One verifies that

Proposition 1.3. The inclusion X (AK )
λ

⊆ X (AK )
Brram
λ X holds.

The group Brram
λ X contains Brλ U ∩ Br X ; see Proposition 5.1.6. However, the former may in general be

a bigger group and provide a bigger Brauer–Manin obstruction. We provide some explicit families where
this is indeed the case in Section 6.1, where we prove:

Proposition 1.4. Let K be a number field and e be a natural number such that µe ⊂ K ∗. If H is a
constant metabelian finite subgroup of SLn of exponent e, H ab is its abelianization, and λ is the H ab-torsor
SLn /[H, H ] → SLn /H , then Brram

λ X = Br X.

Theorem 1.5. For every number field K and every prime p ≥ 5 such that µp ⊂ K ∗, there exists a constant
nilpotent metabelian finite group H of exponent p such that, for any embedding H ↪→ SLn,K , letting X
be a smooth compactification of SLn,K /H , we have Bra X = 0 and

X (AK )
Br X

̸= X (AK ).
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Here Bra X denotes the algebraic Brauer group of X modulo constants. Combining Proposition 1.4,
Theorem 1.5, and Proposition 1.3 we obtain the sought negative answer to Harari’s question: indeed, for
X as in the theorem, Brλ U ∩ Br X ⊆ Br1 X is constant as Bra X = 0, while X (AK )

λ
⊆ X (AK )

Brram
λ X

=

X (AK )
Br X

̸= X (AK ).
Incidentally, Theorem 1.5 appears to be only the second known example of transcendental obstruction

to weak approximation for quotients SLn /H , or, in other words (see [13, Section 1.2]) to the Grunwald
problem for a finite group H . The first such example was obtained by Demarche, Lucchini and Neftin
in [9, Theorem 1.2]. But in contrast with loc.cit., where the existence of a transcendental obstruction
is proven nonconstructively, we show the nontriviality of the transcendental Brauer–Manin pairing by
computing it explicitly.

Structure of the paper. In Section 2 we settle our notation. In Section 3 we prove some basic facts
about the “descent set” X (AK )

λ for a finite M . Since it requires no further effort, we replace M here
with a general finite group scheme G/K (not necessarily commutative). In the same section, we prove
that X (AK )

λ provides an obstruction to Hasse principle and weak approximation on the whole X (see
Corollary 3.2.2).

In Section 4, we formulate Harari’s question precisely and show its relation with Question 1.2.
In Section 5, we introduce the Brauer subgroup Brram

λ X , prove that it contains Brλ U ∩ Br X and that
it obstructs X (AK )

λ.
In Section 6, we prove Proposition 1.4 and Theorem 1.5. We do so by explicitly computing the

unramified Brauer–Manin pairing on SLn /H for H nilpotent metabelian of odd prime exponent. This
explicit computation extends earlier work of Bogomolov [1, Section 5].

Appendix A contains some elementary lemmas that are used in Section 6.1. Appendix B talks briefly
about other already existing works containing the idea of “ramified descent”.

2. Notation

Fields. Unless specified otherwise, k will always denote a field of characteristic 0 and K a number field.
MK (resp. M f

K ,M∞

K ) denotes the set of (nonarchimedean, archimedean) places of K .
For a place v ∈ MK (resp. v ∈ M f

K ), Kv (resp. Ov) denotes the v-adic completion of K (resp. the v-adic
integers).

AK (resp. AS
K , for a subset S ⊂ MK ) denotes the topological ring of adeles of K (resp. S-adeles), i.e.,

the topological ring
∏

′

v∈MK
Kv (resp.

∏
′

v∈MK \S Kv), the restricted product being on Ov ⊆ Kv.
For a finite subset S ⊆ MK , KS denotes the product

∏
v∈S Kv . We let K� denote the product

∏
v∈MK

Kv .
For a Galois extension L/K , Gal(L/K ) denotes the Galois group of the extension. For a field k with

algebraic closure k, 0k := Gal(k/k).

Duals. For a group M of multiplicative type over a field k (i.e., a commutative group scheme which is
an extension of a finite group scheme by a torus), M ′

:= Hom(M,Gm) denotes its Cartier dual.
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For a torsion abelian group A, AD denotes the profinite abelian group Hom(A,Q/Z) endowed with the
compact-open topology. If A is a profinite abelian group, AD denotes the torsion group Homcont(A,Q/Z),
where Q/Z is endowed with its discrete topology. By Pontryagin duality, if A is torsion or profinite, there
is a canonical isomorphism A ∼= (AD)D .

Geometry. All schemes we consider are separated. We tacitly assume this throughout the paper.
A variety X over a field k is an integral scheme of finite type over a field k.
For a k-scheme X , we denote the residue field of a point ξ ∈ X by k(ξ). We denote the base change

X k̄ by X .

Groups and torsors. Group actions are assumed to be right actions unless specified otherwise.
Let S be a scheme, G be a group scheme over S and X be an S-scheme. A right G-torsor over X is

an X -scheme Y → X , endowed with a G-action m : Y ×S G → Y that is X -equivariant (i.e., such that
the composition Y ×S G

m
−→ Y → X is equal to the composition Y ×S G

pr1
−→ Y → X ) and such that there

exists an étale covering X ′
→ X and an X ′-isomorphism X ′

×X Y ∼= X ′
×X G that is G-equivariant.

For an abstract group N , and a scheme S (resp. a field F), we denote by NS (resp. NF ) the S-scheme
(resp. F-scheme) ⊔n∈N S, endowed with its natural S(resp. F)-group scheme structure. If X is an S-scheme,
a torsor Y → X under an abstract group G is a torsor under the constant group GS .

If G/k is an algebraic group, and k ⊆ F is a field extension, we use the notation H i (F,G) (with
i ∈ N and i = 0, 1 if G is not commutative) to denote the cohomology group/set H i (0F ,G(F)) =

Z i (0F ,G(F))/Bi (0F ,G(F)) (where Bi (0F ,G(F)) is a subgroup when G is commutative and is just
an equivalence relation otherwise).

If G is not commutative the set of cocycles Z1(0F ,G(F)) is the one of nonabelian (1-)cocycles,
i.e., those functions gσ : 0F → G(F) that satisfy gστ = gσ σgτ . The set H 1(0F ,G(F)) is the quotient
of 1-cocycles by the equivalence relation B1(0F ,G(F)) : gσ ∼ g′

σ if there exists g ∈ G(F) such
that g′

σ = g−1gσ σg. Note that these cocycles correspond to (left) G-torsors through the standard
correspondence [26, p. 18, 2.10].

If ξ ∈ Z1(K ,G), we use the notation Gξ to denote the inner twist of G by ξ , and Gξ to denote the
left principal homogeneous space of G obtained by twisting G by the cocycle ξ . This twist is naturally
endowed with a right action of Gξ . See [26, pp. 12–13] for details on these constructions.

If X is a quasi-projective k-scheme endowed with a G-action, and ξ ∈ Z1(k,G), we use the notation
Xξ to denote the twisted quasi-projective k-scheme (X ×

G
k Gξ ). (We refer the reader to [[26, p. 20]; [25,

Section I.5.3]; [25, Section III.1.3]] for the existence of the twist and immediate properties of the twisting
operation). The k-scheme Xξ is naturally endowed with a Gξ -action. We recall that there always exists
a G ×k k̄-equivariant isomorphism Xξ ×k k̄ ∼= X ×k k̄. If X ′ is another k-scheme and ψ : X → X ′ is
a G-invariant morphism (i.e., G-equivariant when we endow X ′ with the trivial action), we denote by
ψξ : Xξ → X ′ the twisted form of ψ by ξ .

If X is endowed with a left G-action we may still do the twisting operations, by taking the corresponding
right action, using the canonical isomorphism G ∼= Gop, g 7→ g−1.
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Equivariant commutative diagrams. Let S be a scheme. For S-group schemes G1,G2, a (usually

implicit) homomorphism G1 → G2, and torsors Z1
G1
−→ W1, Z2

G2
−→ W2, a diagram

Z1 Z2

W1 W2

G1 G2 (2-1)

commutes if the underlying diagram is commutative and Z1 → Z2 is (G1 → G2)-equivariant.

Category of torsors. Let S be a scheme, and X an S-scheme. The category of torsors over X with
base-scheme S is the category whose objects are pairs (Y,G), where G is an S-group scheme, and
Y is a G-torsor over X , and whose morphisms are pairs (Y1 → Y2,G1 → G2), where G1 → G2 is a
homomorphism, and Y1 → Y2 is a (G1 → G2)-equivariant morphism.

Profinite (étale) torsors under constant profinite groups. Let S be a scheme, X an S-scheme, and G
be a(n abstract) profinite group. A profinite torsor over X under G is an X -scheme Y → X , endowed
with a G-action m : Y × G → Y that is X -equivariant, and such that there exists an inverse system
(Yi ,Gi ), i ∈ I in the category of torsors over X with each Gi finite, and such that there exist an
isomorphism ψ : G −→∼ proj lim Gi and a ψ-equivariant isomorphism Y ∼= proj lim Yi .

(The inverse limit of the Yi exists in the category of schemes, as each Yi is the relative spectrum of a
finite étale OX -algebra OYi , and their inverse limit may be realized as the relative spectrum of the finite
étale ind-algebra inj limOYi [28, Tag 01YV].)

When in addition Y is connected, we say that Y → X is a profinite étale Galois cover; see [21, Remark
2.21(b)]. See also [31, Section 2] for details and an alternative definition.

Brauer group. Recall that the Brauer group of a scheme X is defined to be the étale cohomology group
H 2

ét(X,Gm). When X is a variety defined over a number field K , this provides an obstruction, known as
Brauer–Manin obstruction, to local-global principles, in the following sense. There is a Brauer–Manin
pairing

X (AK )× Br X → Q/Z,

sending ((Pv)v∈MK , B) to ((Pv)v∈MK , B)B M :=
∑

v invv B(Pv), where invv : H 2(0Kv
, Kv

∗) → Q/Z

is the usual invariant map (see, e.g., [14, Theorem 8.9] for a definition). Whenever B ∈ Im Br K or
(Pv)v∈MK ∈ X (K ) (diagonally embedded in X (AK )), ((Pv)v∈MK , B)B M = 0 by the Albert–Brauer–Hasse–
Noether theorem (see [26, Section 5]). It follows that X (K ) is a subset of

X (AK )
Br X

:= {(Pv)v∈MK ∈ X (AK ) | ((Pv)v∈MK , B)B M = 0 for all B ∈ Br X}.

For a geometrically integral scheme X over a field F , we notate Br1 X := Ker(Br X → Br X F) and
Br0 X := Im(p∗

: Br F → Br X) as usual, where p : X → Spec F denotes the structural morphism.
When X is smooth and integral over F , and U ⊆ X is an open subscheme, we identify, with a

slight abuse of notation, the injective [7, Theorem 3.5.5] pullback Br X → Br U with an inclusion
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Br X ⊆ Br U ⊆ Br k(X). We say β is unramified if β ∈ Br X c for one (equivalently, by [7, Proposition
3.7.10], every) smooth compactification X c of X . We denote the subgroup of unramified elements by
Brur(k(X)) or Brur X .

Cohomology. For a scheme X and an étale abelian sheaf F on X , H n(X,F), n ≥ 0 denotes the étale
cohomology group H n

ét(X,F).

Map from Čech cohomology to étale cohomology. Let U be a scheme, F an étale sheaf on U , and
φ : V → U an étale cover. We may think of φ as an étale covering U of U made of a single cover:
U = {V → U }. Recall that to such a covering we may naturally associate its Čech cohomology groups
Ȟ n(V/U,F), n ≥ 0 [21, Section III.2]. There are natural Čech-to-étale morphisms

Čφ : Ȟ n(V/U,F)→ H n(U,F) (2-2)

for each n ≥ 0 (as edge maps of the first spectral sequence in [21, Proposition III.2.7]).
When φ : V → U is an étale torsor under the constant finite group G, there are natural identifications

[21, Example III.2.6] (technically loc.cit. is formulated for Galois covers, or equivalently for connected
torsors under constant finite groups, but the connectedness assumption is never used):

Ȟ n(V/U,F)= H n(G,F(V )), (2-3)

where the latter denotes group cohomology. Under these identifications, (2-2) becomes

Čφ : H n(G,F(V ))→ H n(U,F). (2-4)

If φ : V → U is a torsor under a profinite constant group G, then one may define natural maps Čφ :

H n(G,F(V ))→ H n(U,F), n ≥ 0, as the colimit of (2-4) on all quotients V/H → U by open subgroups
H of G. See [21, Remark III.2.21(b)] for details.

Remark 2.1. When Y = X × G (i.e., φ is the trivial torsor) with G finite, then the trivial covering
U ′

={U →U } refines U ={V →U } via the morphism U =U ×{e} ↪→U ×G. Thus Čφ : H n(G,F(V ))→
H n(U,F) factors through H n(U/U,F(U )). The latter is 0 for n ≥ 1, and thus Čφ = 0 for n ≥ 1.

3. Descent set

3.1. Definitions.

Descent set for torsors. Let K be a number field, G/K a finite group scheme, p : U → Spec K a smooth
geometrically connected variety over K , and λ : V → U a G-torsor.

For every ξ ∈ H 1(K ,G), there exists a twisted form λξ : Vξ → U of the torsor λ. This is a torsor under
the twisted form Gξ of G. The class [λξ ] ∈ H 1(U,Gξ ) is given by the image of [λ] ∈ H 1(U,G) under
the well-known isomorphism [26, pp. 20–21]

H 1(U,G)→ H 1(U,Gξ ), [V ] 7→ [Vξ ].



Ramified descent and transcendental Brauer–Manin obstruction 425

When G is commutative, we have Gξ
= G, and the morphism H 1(U,G) → H 1(U,G), [V ] 7→ [Vξ ]

becomes [V ] 7→ [V ] − p∗
[ξ ].

Recall that the descent set U (AK )
λ associated to λ is defined as

U (AK )
λ

:=
⋃

ξ∈H1(K ,G)
λξ (Vξ (AK ))⊆ U (AK ). (3-1)

This is adelically closed in U (AK ) [4, Proposition 6.4] and contains U (K ) [26, Section 5.3].

Compactifying the descent set. Let X be a smooth compactification of U . Recall from the introduction:

Definition 3.1.1. The ramified descent set for λ is

X (AK )
λ

:=
⋃

ξ∈H1(K ,G)
λξ (Vξ (AK )).

The closure denotes the adelic closure in X (AK ). Let ψ : Y → X be the relative normalization of X
in V . By the universal property of the relative normalization, the G-action on V extends to a G-action
on Y . Let ν : Y sm

→ Y be a G-equivariant desingularization of Y [11], and let ψ sm be the composition
ψ ◦ ν : Y sm

→ X . The following lemma provides alternative descriptions of the ramified descent set.

Lemma 3.1.2. We denote by ψξ (resp. ψ sm
ξ ) the twisted forms of ψ (resp. ψ sm) by ξ ∈ H 1(K ,G). The

following sets coincide:

(i) U (AK )λ,

(ii)
⋃
ξ∈H1(K ,G) ψ

sm
ξ (Y

sm
ξ (AK )),

(iii)
⋃
ξ∈H1(K ,G) ψξ (Y

reg
ξ (AK )), where Y reg is the open subscheme of regular points of Y .

The closures denote adelic closures in X (AK ).

Proof. We first prove that (i) and (ii) coincide. Note that V ′
:= ν−1(V )

ν
−→ V is an isomorphism since V

is regular. We have⋃
ξ

λξ (Vξ (AK ))=
⋃
ξ

ψ sm
ξ (V

′

ξ (AK ))=
⋃
ξ

ψ sm
ξ (V

′

ξ (AK ))=
⋃
ξ

ψ sm
ξ (V

′

ξ (AK ))=
⋃
ξ

ψ sm
ξ (Y

sm
ξ (AK )), (3-2)

where the union is over ξ ∈ H 1(K ,G) everywhere, and in the third term, V ′

ξ (AK ) denotes the closure
in Y sm

ξ (AK ). The first two identities are immediate, the third follows from the properness of ψ sm
ξ , and

the fourth holds because V ′

ξ (AK ) is dense in Y sm
ξ (AK ) (this follows from [7, Theorem 10.5.1] since Y sm

ξ

is smooth). This proves that (i) and (ii) coincide. They also coincide with (iii), since this is contained
between the left- and right-hand sides of (3-2). □

Remark 3.1.3. • Since (iii) is independent of the choice of U and Y sm, the lemma shows that (ii)
is as well, and (i) is too in the sense that X (AK )

λ only depends on the generic fiber λ|Spec K (X) :

Spec K (V )→ Spec K (X), viewed as a G-torsor, of the torsor λ.

• No conflict of notation on X (AK )
λ arises with (3-1) when U = X , as in this case U (AK )

λ
= X (AK )

λ

is closed in X (AK ) by [4, Proposition 6.4].
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Warning. As the continuous map U (AK ) ↪→ X (AK ) is not a topological immersion, the set X (AK )
λ
∩

U (AK ) might in general very well be bigger than U (AK )
λ. The reader may verify that in the example

given in Section 6.1 this is exactly the case.

Setting. From now on we fix, through Section 5, a number field K , a finite group scheme G/K , a
G-torsor λ : V → U over a geometrically integral smooth K -variety p : U → Spec K , and a smooth
compactification X of U .

3.2. Obstruction to adelic density of rational points on X. Let, as above, ψ : Y → X be the relative
normalization of X in V , ν : Y sm

→ Y be a G-equivariant desingularization of Y , and r be the composition
ψ ◦ ν : Y sm

→ X .

Theorem 3.2.1. The inclusion X (K )⊆
⋃
ξ∈H1(K ,G) rξ (Yξ (K )) holds.

Combining Theorem 3.2.1 with Lemma 3.1.2(ii), we deduce:

Corollary 3.2.2. The inclusion X (K )⊆ X (AK )
λ holds.

The following proof of Theorem 3.2.1 is due to Olivier Wittenberg, who kindly suggested a proof that
is much simpler than the previous one the author had.

Proof of Theorem 3.2.1 (Olivier Wittenberg). Let d = dim X , P ∈ X (K ) be a rational point, and
u1, . . . , ud ∈ OX,P be a regular system of parameters at P . Let C ⊆ X be the Zariski-closure of the curve
u2 = · · · = ud = 0. Since K is infinite, after a linear change of coordinates of u1, . . . , ud , we may assume
that C is not contained in D := X \ U .

Note that C is smooth at P . Choosing a local parameter t for C at P , we get a morphism Spec K [[t]]→C
that sends the special point t = 0 to P . This morphism induces a morphism Spec K ((t))→ X , whose
set-theoretic image is the generic point of C . In particular, by construction of C , it belongs to U . Hence
the G-torsor V → U gives a class in H 1(K ((t)),G), which we may push to H 1(K ((t

1
∞ )),G).

The inclusion K ⊆ K ((t
1
∞ )) induces an identification 0K ((t

1
∞ )) = 0K (this follows from the algebraic-

closedness of K ((t
1
∞ )) [24, Chapter IV, Proposition 8]), and hence an identification H 1(K ((t

1
∞ )),G)=

H 1(K ,G). Hence, after replacing Y with a K -twist, we may assume that the class in H 1(K ((t
1
∞ )),G)

is trivial. Therefore it has to be trivial already in H 1(K ((t
1
n )),G) for some n ≥ 1. In other words, the

G-torsor

Spec K ((t
1
n ))×U V → Spec K ((t

1
n ))

has a section. This section induces a commutative diagram

V

Spec K ((t
1
n )) U.

By the valuative criterion of properness (applied to Y sm
→ X ), we may extend the diagram above to
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Y sm

Spec K [[t
1
n ]] X.

Since the lower morphism specializes to P , the specialization of the diagonal morphism provides the
sought lift of P . □

4. Harari’s question

Setup. Recall that p : U → Spec K is a geometrically integral smooth variety over a number field K ,
X is a smooth compactification of U , and λ : V → U is a torsor under a finite group scheme G/K . We
assume here that G = A is commutative, and let A′

= Hom(A,Gm,K ) be its Cartier dual. For every v,
define Ev := Im

(
U (Kv)→ H 1(Kv, A), Pv 7→ [V |Pv ]

)
(this is not a subgroup in general). Let S be a

finite set of places of K , let (Pv)v∈S ∈
∏
v∈S U (Kv) and fv := [V |Pv ], v ∈ S.

Let Brλ U <Br1(U ) be the subgroup generated by the cup products p∗b∪[V ], as b varies in H 1(K , A′),
and let B := Brλ U ∩ Br(X).

Question 4.1 (Harari). Assume that there is no Brauer–Manin obstruction for (Pv)v∈S with respect to B.
Does there exist then an a ∈ H 1(K , A) such that av = fv for all v ∈ S and av ∈ Ev for v /∈ S?

Using Poitou–Tate duality, one may obtain a positive answer to Question 4.1 by replacing Ev with
the subgroup ⟨Ev⟩ of H 1(Kv, A) generated by it (we leave this as an exercise to the interested reader, or
see [10]). However, as originally remarked by Harari, there is a big difference between Ev and ⟨Ev⟩ in
general!

The following proposition relates Question 4.1 with Question 1.2:

Proposition 4.2. Assume that Br X/Br0 X is finite and X (AK ) ̸= ∅. Then the identity

X (AK )
λ

= X (AK )
B

holds if and only if there exists a finite S0 ⊆ MK such that, for all S ⊇ S0, Question 4.1 has a positive
answer.

Proof. The assumption implies that B is finite.
We prove the forward implication first. Let S0 be a set of places such that the Brauer–Manin pairing as-

sociated to B is trivial outside S0. Let S ⊆ MK be a finite set containing S0, and (Pv)v∈S ∈
(∏

v∈S U (Kv)
)B .

We wish to find an a ∈ H 1(K , A) such that av = fv for all v ∈ S and av ∈ Ev for all v /∈ S. Let Pv, v /∈ S
be any point of U (Kv). Note that (Pv)MK ∈ X (AK )

B . Since X (AK )
λ

= X (AK )
B , we may approximate

arbitrarily well (Pv)MK with an adelic point (Qv)v∈MK such that there exists a ∈ H 1(K , A) for which
(Qv)v∈MK ∈ λa(Va(AK )). In particular, Qv ∈ λa(Va(Kv)) for each v, or in other words the torsor [Va|Qv

]

over Kv contains a Kv-point and is thus trivial. It follows that 0 = [Va|Qv
] = [V |Qv

]− av ∈ H 1(Kv, A)
for all v, and hence av ∈ Ev for all v. Moreover, the map [V |−] : U (Kv)→ H 1(Kv, A) is locally constant,
and thus [V |Qv

] = [V |Pv ] = fv for v ∈ S. The class a is now the sought class.
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For the other direction, assume there is an S0 as in the statement. We need to show that X (AK )
λ

=

X (AK )
B . We may assume after enlarging S0 that its Brauer–Manin pairing on X is trivial for all places

v /∈ S0.
Let (Pv)MK ∈ X (AK )

B . Since B is finite, X (AK )
B

⊆ X (AK ) is open. In particular, after an arbitrarily
small approximation, we may assume that (Pv)MK ∈ U (K�)

B . Then, for all S ⊇ S0, our assumption that
the answer to Question 4.1 is “yes” shows that there exists an a ∈ H 1(K , A) such that av = [V |Pv ] for
v ∈ S and av =[V |Qv

] for some Qv ∈U (Kv) for v /∈ S. Thus the A-torsor Va → X specializes to the trivial
torsor over Pv, v ∈ S and over Qv, v /∈ S, and hence there exists a point (Rv) ∈ Va(K�) whose image is
Pv for v ∈ S and Qv for v /∈ S. In particular, Va(K�) ̸= ∅ and therefore Va(AK ) ̸= ∅, and we may thus
modify Rv so that (Rv) ∈ Va(AK ) and so that the image of Rv is Pv for v ∈ S. We now modify Qv to
λa(Rv) for v /∈ S, and by construction we have ((Pv)v∈S, (Qv)v /∈S) ∈ U (AK )

λ. Enlarging S, the points
((Pv)v∈S, (Qv)v /∈S) approximate arbitrarily well (Pv)MK , and thus we deduce that (Pv)MK ∈ X (AK )

λ. □

5. A Brauer–Manin obstruction to ramified descent

We recall that λ : V → U is a torsor under a finite group scheme G/K , that U is smooth and geometrically
integral over K , that X is a compactification of U , and that Y → X is the relative normalization of X
in V . We defined

X (AK )
λ

=
⋃

ξ∈H1(K ,G)
λξ (Vξ (AK ))

We define in this section a subgroup Brram
λ X ⊆ Br X such that X (AK )

λ
⊆ X (AK )

Brram
λ X . The group

Brram
λ X may be transcendental, as we show in Section 6.1.

5.1. Definition of Brram
λ X. Let l be the composition VK → V

λ
−→ U . There are natural G(K )- and

0K -actions on VK , the first induced by the G-action on V , and the second via the second factor of
VK = V ×K Spec K .

Lemma 5.1.1. The G(K )- and the 0K - actions generate a (G(K )⋊0K )-action on VK . The profinite
étale cover l : VK → U is a profinite torsor under this (G(K )⋊0K )-action.

Proof. Let L/K be a field extension. The points of VL with values in a K -algebra R are described by

VL(R)=

⊔
ι:L↪→R

V (R), (5-1)

where ι ranges among all K -embeddings of L in R. Consider the following natural actions:

(i) the right action of G(L) on VL defined by letting G(L) act via the map G(L) → G(R) on each
disjoint set appearing in (5-1);

(ii) when L/K is Galois, the right Gal(L/K )-action defined by letting γ ∈ Gal(L/K ) act via ι 7→ ι◦γ−1.

For g ∈ G(L) and γ ∈ Gal(L/K ), we have γg · γ · x = γ · g · x , where x is an R-point of VL . By
this relation, the two actions above generate a (G(L)⋊Gal(L/K ))-action on VL . This action is fixed-
point-free and commutes with the projection VL → U . In addition, when L/K is finite and splits G (i.e.,
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when G(L)= G(K )), letting 0 := G(L)⋊Gal(L/K ), we have |0| = |G(K )| · [L : K ] = deg(VL → U ).
Thus the morphism (µ, id) : 0×U VL → VL ×U VL , where µ denotes the 0-action on VL , is an injective
morphism of finite étale covers of U of the same degree, and hence an isomorphism. In other words,
VL → U is a torsor under 0.

When L = K , the two actions (i) and (ii) are the ones described before the statement of the lemma,
and taking an inverse limit over all finite Galois subextensions L ⊂ K that split G (these form a cofinal
subset) finishes the proof. □

Let 0G := G(K )⋊ 0K . Through the construction of Section 2, the profinite étale torsor VK → U
under 0G gives rise to a Čech-to-étale map on cohomology:

Čl : H 2(0G, K [V ]
∗)→ H 2(U,Gm), (5-2)

where 0G acts on Gm(VK )= K [V ]
∗ by pullback. The restriction of this 0G-action on K ∗

⊆ K [V ]
∗ is

equal to the pullback of the natural 0K -action along the projection 0G → 0K . Hence we have a natural
morphism

H 2(0G, K ∗)→ H 2(0G, K [V ]
∗)= H 2(0G,Gm(VK )),

where the implied action on the LHS is the pullback described above.

Definition 5.1.2. We define the subgroup Brram
λ (U ) of Br U as the image of the composition

H 2(0G, K ∗)→ H 2(0G, K [V ]
∗)

Čl
−→ H 2(U,Gm)= Br U.

We define Brram
λ X ⊆ Br(X) as the intersection Br(X)∩ Brram

λ (U ).

Remark 5.1.3. The fact that U does not appear in the notation “Brram
λ X” is justified by the fact that

Brram
λ X may be defined purely in terms of the ramified G-cover Y → X (and, in fact, only in terms

of the “generic fiber” G-torsor Spec K (Y ) → Spec K (X)). Indeed Brram
λ X = Br(X) ∩ Brram

λ (K (X)),
where Brram

λ (K (X))⊆ Br(K (X)) is defined as the image of H 2(0G, K ∗) in H 2(K (X),Gm) through the
morphism

H 2(0G, K ∗)→ H 2(0G, K (Y )∗)
Čl|K (X)−−−−→ H 2(K (X),Gm).

Remark 5.1.4. When K [V ]
∗/K ∗

= Pic VK = 0, the Hochschild–Serre spectral sequence

H i (0G, H j (VK ,Gm))⇒ H i+ j (U,Gm)

yields the short exact sequence 0 → H 2(0G, K ∗)→ Br U → Br VK . Hence, in this case, Brram
λ (U ) =

Ker(Br U → Br VK ) and

Brram
λ X = Brram

λ (U )∩ Br X = Ker(Br X → Br VK ).

Although the condition K [V ]
∗/K ∗

= Pic VK = 0 is rarely satisfied in practice, we give some examples
below.
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Examples 5.1.5. (I) If V is a simply connected semi-simple algebraic group, then K [V ]
∗/K ∗

= Pic VK =

0. To get an example of a G-torsor V → U , we may take as G any finite subgroup(-scheme) of V , and
define U := V/G.

(II) If V is a universal torsor of a smooth proper rationally connected variety (as defined in [5]), one has
K [V ]

∗/K ∗
= Pic VK = 0 (see (2.1.1) of loc.cit.). We then let G be any finite subgroup of the Néron–Severi

torus T (i.e., the one under which V is a torsor), and let U = V/G.

(III) Finally, we give an example where both V and U are open K3 surfaces. Let E → P1
K be an elliptic

K3 surface with Mordell–Weil group Z/2Z, with (exactly) two reducible fibers of Kodaira types I ∗

10 and
I2, and such that the 0-section O and the 2-torsion section τ intersect different components of the I2-fiber.
Such an E exists, and it may be defined over Q; see 5.2 and 5.3 of [19], for example, where E is realized
as the double-cover of the Kummer surface associated to the Jacobian of a curve of genus 2. Then the
Picard group of EK is of rank 16, freely generated by the fourteen components of the I ∗

10-fiber, by O
and by τ . In particular, letting V be the complement of these divisors in E , we have K [V ]

∗
= K ∗ and

Pic V̄ = 0. The involution on E induced by τ restricts to an involution of V , let G ∼= Z/2Z be the group
generated by it. A smooth minimal compactification X of the quotient U = V/G is an elliptic surface
isogenous to the original K3 elliptic surface E → P1, and is thus K3. (In fact, if E is as in [19], the
quotient U = V/G is a Kummer surface; see loc.cit.).

Proposition 5.1.6. Assume that G = A is commutative. Then Br(X)∩ Brλ U is contained in Brram
λ X.

Proof. We prove the stronger inclusion Brλ U ⊆ Brram
λ U . Recall that Brλ U is generated by the cup

products p∗b ∪ [V ], as b varies in H 1(K , A′). Fix a b ∈ H 1(K , A′). Both classes p∗b and [V ] trivialize
when pulled back along the pro-étale cover VK → U . Hence, following, e.g., [26, p. 18], there exist
Čech cocycles bV ∈ Ȟ 1(VK /U, A′), αV ∈ Ȟ 1(VK /U, A) that represent p∗b and [V ], i.e., such that
Čl(bV )= p∗b and Čl(αV )= [V ].

We have a commutative diagram of cup products [29, Corollary 3.10]

Ȟ 1(VK /U, A′) × Ȟ 1(VK /U, A) Ȟ 2(VK /U, K ∗)

Ȟ 1(VK /U, A′) × Ȟ 1(VK /U, A) Ȟ 2(VK /U, K [V ]
∗)

H 1(U, A′) × H 1(U, A) H 2(U,Gm),

= =

∪

Čl Čl

∪

Čl

see, e.g., [29] for the definition of the Čech cup product on the first two rows. In particular, we have
Čl(bV ∪ αV ) = Čl(bV ) ∪ Čl(αV ) = p∗b ∪ [V ], and p∗b ∪ [V ] belongs to the image Brram

λ U of the
composition Ȟ 2(VK /U, K ∗)→ Ȟ 2(VK /U, K [V ]

∗)
Čl
−→ H 2(U,Gm). □

We go on to prove Proposition 1.3, i.e., that X (AK )
λ is contained in X (AK )

Brram
λ X . I profoundly thank

one of the anonymous referees, who provided the following proof, which simplifies a lot the previous one
the author had in mind.
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Proof of Proposition 1.3. We shall prove that U (AK )
λ

⊆ U (AK )
Brram
λ U , from which the statement follows

by taking adelic closures in X (AK ) and noting that U (AK )
Brram
λ U

⊆ X (AK )
Brram
λ X .

Let (Pv)v∈MK ∈U (AK )
λ and let ξ ∈ Z1(K ,G) be such that Pv=λξ (Qv), v ∈ MK for some (Qv)v∈MK ∈

Vξ (AK ). The cocycle ξ defines a section sξ = (ξ, id) of the surjection

0G = G(K )⋊0K → 0K → 1.

Recall that VK is naturally endowed with a 0G-action that makes VK → U a profinite 0G-torsor. One
easily checks from the definition of twist [26, p.12] that

Vξ = VK /sξ (0K ).

Thus we have a commutative diagram
V V

U Vξ

0G

=

0K ,

equivariant with respect to sξ : 0K → 0G , which induces by functoriality of Č the commutative diagram

H 2(0G, K ∗) Ȟ 2(V /U,Gm) Br U

Br K = H 2(0K , K ∗) Ȟ 2(V /Vξ ,Gm) Br Vξ

res
0G
sξ (0K )

λ∗

ξ

Čl

λ∗

ξ

ČV /Vξ

.

Recalling that Brram
λ U is defined to be the image of the upper composition, we deduce by the commutativity

that λ∗

ξ Brram
λ U ⊆ Br0 Vξ . Thus, for any B ∈ Brram

λ U ,

((Pv), B)B M = ((Qv), λ
∗

ξ B)B M = 0,

as wished. □

In summary, we have the series of inclusions

X (AK )
λ

⊆ X (AK )
Brram
λ X

⊆ X (AK )
Br X∩Brλ U . (5-3)

However, in contrast to what happens on U (where the inclusions U (AK )
λ

⊆ U (AK )
Brram
λ U

⊆

U (AK )
Brλ(U ) are actually identities by [15]), the last inclusion in (5-3) may well be strict! (See Section 6.1).

6. Unramified Brauer groups of SLn /H , H metabelian

For Section 6 fix a finite group scheme H over a field k of characteristic 0. Let B = [H, H ], and
A = H/[H, H ]. We assume that H is metabelian, i.e., that B is commutative.

Let U = SLn,k /H , and V = SLn,k /B. As B is normal in H with quotient A, the morphism λ : V → U
is an A-torsor, where the A-action on V is the one that on k̄-points is given by (SLn,K /B)× A →

SLn,K /B, (x B, a) 7→ x Ba = xaB.
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Recall that l : V → U induces a Čech-to-étale map on cohomology:

Čl : H 2(0A, K ∗)= H 2(0A, K [V ]
∗)→ Br U.

The author thanks Olivier Wittenberg for making him notice the following:

Theorem 6.0.1. If X1
ω(K , B ′)= 0, then Br X = Brram

λ X.

(Recall that X denotes a smooth compactification of U .)

Proof. It suffices to prove that Brur U ⊆ Im H 2(0A, K ∗). Consider the Hochschild–Serre spectral sequence
of V

0G
−→ U , keeping in mind that K [V ]

∗
= K ∗ and Pic V = B ′, we get the exact sequence

H 2(0A, K ∗)→ Ker(Br U → Br V )→ H 1(0A, B ′) (6-1)

Since X1
ω(K , B ′)= 0, we have Brur V = Br K by [13, Proposition 4]. Thus any element of Brur U lies

in the kernel of Br U → Br V . In addition, we know that after base-changing to K every element of
Brur U comes from H 2(A, K ∗) (see [1, Lemma 5.1]). In particular, Brur U maps to Ker(H 1(0A, B ′)

res
−→

H 1(A, B ′)) in the sequence above. By the inflation-restriction five-term sequence of A ⊴ 0A, we
have Ker(H 1(0A, B ′) → H 1(A, B ′)) = H 1(0K , B ′). For β ∈ Brur U , we denote by δ(β) its image in
H 1(0K , B ′).

Finally, by functoriality of the Hochschild–Serre spectral sequence, we get the commutative diagram

H 2(0A, K ∗) Ker(Br U → Br V ) H 1(0A, B ′)

H 2(0K , K ∗) Ker(Br V → Br V ) H 1(0K , B ′),

where the second row is just (6-1) with A = 0. Hence (again because Brur V = Br K ) every element
of Brur U has to map to 0 in H 1(0K , B ′). This implies that δ(β) = 0 for every β. Hence Brur U ⊆

Im H 2(0A, K ∗)= Brram
λ U , therefore Br X = Brur U = Brram

λ U ∩ Br X = Brram
λ X , as wished. □

By Chebotarev’s theorem, X1
ω(K , B ′)= 0 when B ′ is constant. We thus get:

Corollary 6.0.2. If B is constant of exponent e and µe ⊆ K ∗, then Br X = Brram
λ X.

Proposition 1.4 is a consequence of the above corollary.

6.1. Nilpotent H. For the rest of the section we assume that B is central in H and that H is constant of
prime exponent p, where p ̸= 2 and µp ⊆ k∗. We choose a primitive p-th root of unity, and use it to
identify throughout this subsection µp with Z/pZ.

In particular, we shall always tacitly identify µp with Z/pZ, after making the implicit choice of a p-th
root of unity.

Our aim in this subsection is to explicitly describe Brur U ; see Theorem 6.1.3 below. We may naturally
associate to the central extension

1 → B → H → A → 1
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a class [H ] ∈ H 2(A, B) (see [2, Section IV.3]). We denote by [−,−] : A × A → B the map that sends
a1, a2 ∈ A to the commutator of (any two) lifts ā1, ā2 of them in H . Let c : 32 A → B be the natural
homomorphism a1 ∧ a2 7→ [a1, a2].

Recall that AD
= Hom(A,Q/Z). We shall make frequent use of the identification

32(AD)= (32 A)D, α1 ∧α2 7→ (a1 ∧ a2 7→ α1(a1)α2(a2)−α1(a2)α2(a1)) .

We denote 32(AD) = (32 A)D with 32 AD. Let (32 AD)bic ⊆ 32 AD be the subgroup of elements
β ∈32 AD such that β(a1 ∧ a2)= 0 for any a1, a2 ∈ A with [a1, a2] = 0.

Let ξU :32 AD
=32 H 1(A,Z/pZ)→ Br U be the composition of the three maps

32 H 1(A,Z/pZ)
∪
−→ H 2(A,Z/pZ) (cup product) (6-2)

H 2(A,Z/pZ)= H 2(A, µp)
Čλ
−→ H 2(U, µp) (Čech-to-étale map) (6-3)

H 2(U, µp)→ H 2(U,Gm)= Br U (changing coefficients) (6-4)

We also define analogously a map ξU :32 AD
→ Br U . The following is a reformulation of a result of

Bogomolov (see Lemma 5.1 of [1]):

Theorem 6.1.1 (Bogomolov, reformulated). Assume that k is algebraically closed. The image of
(32 AD)bic under ξU is unramified, and the following sequence is exact:

B D cD

−→ (32 AD)bic
ξU
−→ Brur U → 1. (6-5)

We introduce the following notation used in the proof. Let γ ∈ 32 AD
= Hom(32 A,Q/Z) be a

cocycle. Define Hγ as the central extension of A by Q/Z, characterized by the following property: for
any a1, a2 ∈ A the commutator of their corresponding lifts ā1, ā2 in Hγ is

ā1ā2ā−1
1 ā−1

2 = γ (a1 ∧ a2) ∈ Q/Z.

Proof of Theorem 6.1.1. By Lemma 5.1 of [1], Brur U is isomorphic to Coker(B D
→ (32 AD)bic) (the

group S/S3 appearing in loc.cit. is the dual of Coker(B D
→ (32 AD)bic)). It only remains to show that

the induced homomorphism ξBog : (32 AD)bic → Brur U is ξU . This follows from the proof of [1, Lemma
5.1], but we include a detailed proof for completeness.

One may read from pp. 462 and 469 in [1] that the induced morphism ξBog : (32 AD)bic → Brur U is
the restriction of the composition

32 AD ∼= H 2(A,Q/Z)= H 2(A, µ∞)→ H 2(A, k∗)
Čλ
−→ Br U, (6-6)

where the last map is defined via the Hochschild–Serre spectral sequence, and the first isomorphism is
defined by sending an element γ ∈32 AD

= Hom(32 A,Q/Z) to the class in H 2(A,Q/Z) of the central
extension Hγ of A. The following lemma then shows that this composition is ξU . □

Lemma 6.1.2. The isomorphism 32 AD ∼= H 2(A,Q/Z), γ 7→ [Hγ ] coincides with the composition
32 AD ∪

−→ H 2(A,Z/pZ)→ H 2(A,Q/Z).
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Proof. For a monomial γ = γ1 ∧ γ2 ∈ 32 AD, the extension Hγ may be realized as the set Q/Z × A
with multiplication defined by (b1, a1) · (b2, a2)= (b1 + b2 + γ1(a1)γ2(a2), a1 + a2). The class [Hγ ] ∈

H 2(A,Q/Z) is then represented by the 2-cocycle a1, a2 7→ γ1(a1)γ2(a2) [2, p.92]. This is precisely the
cup product γ1 ∪ γ2 [22, Proposition 1.4.8]. Thus the two maps coincide on monomials γ1 ∧ γ2. Since
these span 32 AD , the two maps coincide, as wished. □

Let Bre U = Ker(e∗
: Br U → Br K ), where e is the K -point corresponding to the equivalence class of

the identity in SLn /H . Recall that we have a direct sum decomposition Br U = Bre U ⊕ Br0 U , where
Br0 U ∼= Br K denotes the constant Brauer elements. Let Bre,ur U = Bre U ∩ Brur U . We now remove the
algebraically closed assumption from Theorem 6.1.1:

Theorem 6.1.3. The image of (32 AD)bic under ξU is contained in Bre,ur U , and the following sequence
is exact:

B D cD

−→ (32 AD)bic
ξU
−→ Bre,ur U → 1. (6-7)

Proof. The A-torsor λ restricts to the trivial torsor over e ∈ U (K ), which implies that the image of ξU is
contained in Bre U (see Remark 2.1).

By Bogomolov’s Theorem 6.1.1 and the key Lemma 6.1.4 below, we have ξU ((3
2 AD)bic)⊆ Brur U .

Finally, the composition

ξU : (32 AD)bic
ξU
−→ Bre,ur U ↪→ Brur U .

is surjective with kernel Im(cD
: B D

→32 AD) by Bogomolov’s Theorem, while the second morphism is
injective by [20, Proposition 5.9]. Hence the last map is an isomorphism, and the statement follows. □

Lemma 6.1.4. For α ∈32 AD , ξU (α) ∈ Bre U is unramified if and only if ξU (α) ∈ Br U is unramified.

Proof. The forward implication is clear; we prove the converse. Let α ∈ 32 AD be an element whose
image in Br U is unramified. By Bogomolov’s Theorem 6.1.1, this unramifiedness is equivalent to α
lying in (32 AD)bic.

We first assume that k = K is a number field. Let v be a finite place of k coprime with p. Let
P ∈ U (Kv). Let ψ be the projection SLn → SLn /H . Choose a geometric point P̄ ∈ ψ−1(P)(Kv), and
let f : 0v → H be the homomorphism defined by γ · P̄ = P̄ · f (γ ). Since v ∤ p the homomorphism f
factors though the tame decomposition group 0tame

v , which is topologically generated by elements ι and
φ satisfying φιφ−1

= ιNv . Since µp ⊆ K ∗, we have Nv ≡ 1 mod p. In particular, since the exponent of
H is p, the images of ι and φ in H commute. The group A′

= ⟨ f (ι), f (φ)⟩ is then bicyclic. The point P
lifts via (SLn /A′)(Kv)→ (SLn /H)(Kv).

Let g : A′
→ A be the projection, and consider the commutative diagram

32(A′)D 32 AD

Br(SLn /A′) Br(SLn /H)

ξSLn /A′

g∗

ξU =ξSLn /H .
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Let ā1 = f (ι), ā2 = f (φ), ai be the image of āi in A. Note that 32 A′ is generated by ā1 ∧ ā2, and
g∗α(ā1 ∧ ā2)= α(a1 ∧a2). Since ā1 and ā2 commute and α ∈ (32 AD)bic, g∗α is 0. It follows that ξU (α)

maps to 0 in Br(SLn /A′), and thus specializes to 0 at all points lying in the image of (SLn /A′)(Kv)→

(SLn /H)(Kv). In particular, ξU (α)(P)= 0 ∈ Br Kv. Since P and v ∤ p were arbitrary, this means that
ξU (α) is unramified by a well-known consequence of Harari’s formal lemma [12, théorèm 2.1.1].

The case of a general k follows from the number field case and a “no-name lemma” argument.
Namely, let L := Q(µp)⊆ k, ρ : H ↪→ SLn(k) be the representation defining the quotient SLn,k /H , and
ρ ′

: H ↪→ SLn′(L) be another faithful representation. Let U ′

k := SLn′,k /H , U ′

L := SLn′,L /H (note that
we have a natural map U ′

k → U ′

L ), and U ′′

k be the diagonal quotient (SLn,k × SLn′,k)/H . The variety U ′′

k

is both an SLn,k-torsor over U ′

k and a SLn′,k-torsor over Uk = U :

Uk U ′′

k U ′

k
SLn′,k SLn,k

We get a commutative diagram

32 AD

Br U ′

k Br U ′′

k Br Uk

ξU ′
k

ξU ′′
k

ξUk

where the horizontal maps are pullbacks. Moreover, the morphism ξU ′

k
factors as 32 AD ξU ′

L−−→ Br U ′

L →

Br U ′

k , where the last morphism is an extension of scalars. We know by the number field case that
ξU ′

L
(α) ∈ Brur U ′

L , and thus ξU ′

k
(α) ∈ Brur U ′

k and ξU ′′

k
(α) ∈ Brur U ′′

k . Therefore, if we let β := ξUk (α) and
denote by π the projection U ′′

k → Uk , then π∗β belongs to Brur U ′′

k . But U ′′

k → U ′

k is an SLn,k-torsor, and
in particular possesses a rational section s :Uk 99KU ′′

k by Hilbert 90. It follows that β= (πs)∗β= s∗(π∗β)

is unramified as well, as wished. □

Remark 6.1.5. The composition map ξU is easily seen to be equal to the composition

32 AD ∪
−→ H 2(A,Z/pZ)= H 2(A, µp)

inf
−→ H 2(0A, µp)→ H 2(0A, K ∗)

Čl
−→ Br U ;

thus Im ξU ⊆ Brram
λ U .

6.2. A decomposition of H2(A, B). For general abstract commutative groups A and B, we have a split
exact sequence (see [2, V.6.5])

0 → Ext(A, B)→ H 2(A, B)
ωB
−→ Hom(32 A, B)→ 0. (6-8)

The splitting is noncanonical in general, but it is canonical when #B is odd: in this case a section sB ofωB

is given by sB :γ 7→
(
a1, a2 7→

1
2γ (a1 ∧ a2)

)
. If B =Z/nZ, then Hom(32 A,Z/nZ)=32 Hom(A,Z/nZ)

and 2 · sB is the cup product:

2 · sB = ∪ :32 Hom(A,Z/nZ)→ H 2(A,Z/nZ). (6-9)

The splitting sB of (6-8) induces a canonical decomposition H 2(A, B)= Ext(A, B)⊕ Hom(32 A, B).
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Lemma 6.2.1. Let p be an odd prime number, and assume that A and B have exponent p. Let 1 → B →

H
π
−→ A → 1 be a nilpotent central extension of exponent p. Then the class [H ] ∈ H 2(A, B) lies in the

image of sB .

Proof. Equivalently, we have to prove that [H ] maps to 0 under the projection H 2(A, B)→ Ext(A, B).
This projection is natural in A (and B as well, but we do not need this). Therefore, since the functor
Ext(A, B) is additive in A, and every abelian group decomposes into a direct sum of cyclic groups, it
suffices to prove the result for a cyclic A. If A is cyclic and generated by a ∈ A, every h ∈ π−1(a)
must be of order p because H has exponent p. The element h thus provides a section a 7→ h of π , and
H = B ⊕ A. Hence [H ] = 0 ∈ H 2(A, B), and in particular H maps to 0 in Ext(A, B) as wished. □

6.3. Formula for the Brauer–Manin pairing. We work in the setting of 6.1, but we also assume that
k = K is a number field. All cohomology and homomorphism groups appearing in this subsection have
a natural Fp-vector space structure, so whenever we take tensor products, alternating products, etc, we
mean that these operations are performed as Fp-vector spaces.

Let v be a finite place of K , 0v = Gal(K v/Kv), and Gv = 0ab
v /p0ab

v . Remembering that we fixed an
isomorphism µp ∼= Z/pZ, and using the identifications H 1(0v, Fp)= Hom(0v, Fp)= Hom(Gv, Fp), we
may identify the perfect local duality pairing

∪ : H 1(0v, Fp)
⊗2

→ H 2(0v, Fp)∼= Fp

with a pairing

Hv :32 Hom(Gv, Fp)→ Fp.

(Note that this is alternating because p is odd.)
We choose a basis g1, . . . , gr of Gv, and a basis t1, . . . , ta of A. These induce an identification

Hom(Gv, A)= Mata×r (Fp) (6-10)

For a finite-dimensional vector space V/Fp, a basis v1, . . . , vl of V induces an identification

32(V D)∼= Matant,l×l(Fp), vD
i ∧ vD

j 7→ ei eT
j − e j eT

i ,

where e1, . . . , el denotes the standard basis of Fl
p, and Matant denotes antisymmetric matrices. Specializing

to V = A and V = Gv, we get identifications

32 AD
= Mata×a,ant(Fp), 32G D

v = Matr×r,ant(Fp). (6-11)

Let φ ∈ Hom(Gv, A), β ∈32 AD, γ ∈32G D
v , and let Mφ ∈ Mata×r (Fp),Mβ ∈ Mata×a,ant(Fp),Mγ ∈

Matr×r,ant(Fp) be their corresponding matrices under the identifications above. Let H̃v ∈ Matr×r,ant(Fp)

be the matrix defined by (H̃v)i, j =
1
2 Hv(g j ∧ gi ). One easily verifies that

φ∗β ∈32G D
v corresponds to Mφ

T MβMφ ∈ Matr×r,ant(Fp),

and Hv(γ ) = tr(H̃vMγ ) ∈ Fp.
(6-12)
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Recall that we have a homomorphism

ξU :32 Hom(A, Fp)
∪
−→ H 2(A, Fp)→ Br U.

We may compute the local Brauer pairing between Im ξU and U (Kv) as follows:

Lemma 6.3.1. Let β ∈32 Hom(A, Fp), b := ξU (β)∈ Br U , P ∈U (Kv), and φ ∈ Hom(Gv, A) be induced
by the torsor type [λ|P ] ∈ H 1(0v, A)= Hom(0v, A)∼= Hom(Gv, A). Then

(b, P)v = tr(H̃v M̃φ
T

MβMφ).

Proof. This follows by just unraveling the notation. Namely, we have (b, P)v = invv(P∗b), and the latter
is equal to Hv(φ∗β)= invv(P∗b) by the commutativity of the diagram

ξU : 32 AD H 2(A, Fp) H 2(U, Fp) (Br U )[p]

Hv : 32G D
v H 2(Gv, Fp) H 2(0v, Fp)= H 2(Kv, Fp) (Br Kv)[p] ∼= Fp.

∪

φ∗

Čλ

φ∗ P∗ P∗

∪ inf

The formulas (6-12) now give the statement. □

6.4. Proof of Theorem 1.5. Let 2v ⊆ Hom(0v, A) be the set of torsor types to which λ specializes, i.e.,
the image of [λ|−] : U (Kv)→ Hom(0v, A).

Lemma 6.4.1. The set 2v is the inverse image of 0 under

Hom(0v, A)→ H 2(0v, B), ξ 7→ ξ∗([H ]), (6-13)

where [H ] ∈ H 2(A, B) is the class representing H.

(Note that this inverse image is not a subspace in general!)

Proof. The commutative diagram

SLn(Kv) (SLn /H)(Kv)= U (Kv) H 1(Kv, H) H 1(Kv,SLn)= 0

H 1(Kv, A)= Hom(0v, A)

[λ−]

with exact first row, shows 2v is the image of H 1(Kv, H)= Hom(0v, H)→ Hom(0v, A). Equivalently,
2v consists of those homomorphisms that lift from A to the central extension H . The statement now
follows from the theory of central extensions [2, Section IV.3]. □

Proposition 6.4.2. For every p ≥ 5, every number field K with µp ⊆ K ∗, and place v of K dividing
p, there exists a constant c(v) ≥ 0 such that for any a ≥ c(v), there exists a metabelian nilpotent H of
exponent p with H ab of rank a such that, letting A = H ab:

(i) (32 AD)bic =32 AD;
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(ii) there exists α ∈32 AD such that the local pairing (−, ξU (α)) : U (Kv)→ Z/pZ attains at least two
values.

Proof. Let a be a natural number and A := (Z/pZ)a . Lemma A.2 of Appendix A guarantees the existence
of a metabelian nilpotent H of exponent p with H ab

= A such that B = [H, H ] has rank b := 2a −3 and
(32 AD)bic =32 AD .

Recall that 2v is the image of [λ|−] : U (Kv)→ Hom(0v, A). Let 4v ⊆2v be the image under [λ|−]

of the left kernel of U (Kv)× Bre,ur U → Q/Z, (P, b) 7→ invv(P∗b). Since e ∈4v , 4v is nonempty and
to prove point (i i) it suffices to prove that 4v ̸=2v. We do so by proving that the cardinality of these
two sets have different p-adic valuation for a ≥ c(v). We start by computing vp(#2v).

Recall the identifications

Hom(Gv, A)= Mata×r (Fp),3
2 AD

= Mata×a,ant(Fp),3
2G D

v = Matr×r,ant(Fp).

Identifying B with Fb
p we get identifications H 2(A, B)= H 2(A, Fp)

b and H 2(0v, B)= H 2(0v, Fp)
b
−→∼

invvFb
p. By Lemma 6.2.1 and (6-9), there exist h1, . . . , hb ∈32 Hom(A, Fp)= Mata×a,ant(Fp) such that

[H ] = (h1, . . . , hb) ∈ H 2(A, Fp)
b, hi := ∪(hi ), where ∪ indicates the cup product 32 Hom(A, Fp) =

32 H 1(A, Fp)→ H 2(A, Fp). Then, by (6-13),

2v = {M ∈ Hom(0v, Fp) | invv(M∗hi )= 0, i = 1, . . . , b}. (6-14)

By Lemma 6.3.1, under the identification Hom(0v, Fp)= Hom(Gv, Fp)= Mata×r (Fp), 2v corresponds
to

2v = {M ∈ Mata×r (Fp) | tr(H̃v M̃T h̃i M̃)= 0, i = 1, . . . , b}. (6-15)

A special case of the Ax–Katz theorem [18] states that the p-adic valuation of the number of solutions
of a system of m polynomial equations of degree ≤ d in n (affine) variables in Fp is at least

⌈ n−dm
d

⌉
.

Hence, since (6-15) describes 2v as the solution set of b quadratic equations in ra variables:

vp(#2v)≥

⌈
ra − 2b

2

⌉
=

⌈
(r − 4)a + 6

2

⌉
≥

⌈
2a + 6

2

⌉
as r ≥ p + 1 ≥ 6 by [22, Theorem 7.5.11].

We now compute vp(#4v), using Lemma A.3 from Appendix A. Recall that (32 AD)bic =32 AD by
our choice of H , and thus ξU (3

2 AD)= Brur U by Theorem 6.1.3. Hence Lemma 6.3.1 implies that P
lies in the left kernel of the local Brauer pairing U (Kv)× Brur U → Q/Z if and only if Hv(M∗

Pα) =

(P, ξU (α))v = 0 for all α ∈32 AD . Therefore, (6-12) implies that the image of 4v under the identification
Hom(0v, Fp)= Hom(Gv, Fp)= Mata×r (Fp) is

4v = {M ∈2v ⊆ Mata×r (Fp) | tr(H̃vMT N M)= 0, for all N ∈ Mata×a,ant(Fp)}

= {M ∈ Mata×r (Fp) | tr(H̃vMT N M)= 0, for all N ∈ Mata×a,ant(Fp)},

= {M ∈ Mata×r (Fp) | tr(M H̃vMT N )= 0, for all N ∈ Mata×a,ant(Fp)},
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where the second identity holds because the b quadratic equations describing 2v are redundant in the
description of 4v (see (6-15)). Since tr(X T Y ) induces a perfect pairing on Mata×a,ant(Fp) and M H̃vMT

lies in Mata×a,ant(Fp), we obtain from the above

4T
v = {M ∈ Matr×a(Fp) | M H̃ T

v MT
= 0}.

The matrix H̃ T
v = −H̃v is invertible by local duality, and so Lemma A.3 shows that there exists a

function C : N → Z (depending only on p) such that #4T
v ≡ C(r) mod pa if a ≥ 2r . Recall that

r = r(v)= [Kv : Qp]+ 2, and let c(v)= max{2r, vp(C(r))+ 1}. If a ≥ c(v), then vp(#4T
v )= vp(C(r))

by the ultrametric triangle inequality. Now

vp(#4v)= vp(#4T
v )= vp(C(r)) < a <

⌈
2a + 6

2

⌉
≤ vp(#2v)

as wished. □

We refer the reader to the proof of Lemma A.3 for a formula for C(r). As a consequence of
Proposition 6.4.2, we may now prove Theorem 1.5:

Proof of Theorem 1.5. Let H be any group as in Lemma A.3, and let U = SLn,K /H . By point (i i) of the
lemma there is a place v, an element β ∈32 AD , and points Pv ̸= Qv ∈ U (Kv) such that

(Pv, b)v ̸= (Qv, b)v ∈ Q/Z, b := ξU (β) ∈ Br X.

Consider then the adelic point P ∈ U (AK ) (resp. Q) that is equal to e at all places ̸= v and is equal to Pv
(resp. Qv) at v. Then (P, b)B M = invv(b(Pv)) ̸= invv(b(Qv))= (Q, b)B M . Hence (at least) one between
P and Q does not lie in X (AK )

Br X , concluding the proof. □

Appendix A. Elementary counting facts

Lemma A.1. Let n ≤ N be positive integers and X ⊆ PN (Fp) a subset of cardinality < #Pn(Fp). There
exists then an n-codimensional subspace L ⊆ PN

Fp
such that X ∩ L = ∅.

Proof. Let k ≥ 0 be the smallest integer such that X intersects every k-dimensional subspace in PN
Fp

.
If k = 0, there is nothing to prove. Otherwise, let L ⊆ PN

Fp
be a (k−1)-dimensional subspace such

that L ∩ X = ∅. Let πL : PN
\ l → PN−k be a projection outside of L . We know by assumption that

πL(X (Fp)) = PN−k(Fp), hence #X (Fp) ≥ #PN−k(Fp) ⇒ N − k < n, i.e., k ≥ N − n + 1. Hence the
dimension of L is ≥ N − n and it is the sought subspace. □

The following lemma is inspired by [1, Section 5]; see also [6, p. 37].

Lemma A.2. Let p ̸= 2 be a prime. For every Fp-vector space A of dimension 4 ≤ a <∞, there exists an
Fp-vector space B, of dimension b = 2a − 3, and a (surjective) morphism

c :32 A → B, (A-1)

such that, if 1 → B → H
π
−→ A → 1 is the extension whose commutator map is c, there are no pure wedges

0 ̸= a1 ∧ a2 ∈32 A lying in the kernel of c.



440 Julian Lawrence Demeio

Proof. Let X ⊆ PFp(3
2 A) be the image of the “alternating Segre morphism”

− ∧− : P(A)× P(A) \1→ P(32 A),

which is isomorphic to the Grassmannian variety GrFp(2, A). Since X (Fp) parametrizes two-dimensional
Fp-subspaces of A,

#X (Fp)=
(pa

− 1)(pa−1
− 1)

(p2 − 1)(p − 1)
. (A-2)

It suffices to show that there exists a (2a−3)-codimensional subspace L in P(32 A) such that L ∩

X (Fp)= ∅, and choose c such that 32 A ⊇ Fp · L(Fp)= Ker c. Noting that

(pa
−1)(pa−1

−1)
(p2−1)(p−1)

<
(pa

−1)(pa−1
−1)

(p+1)(p−1)
≤
(p2a−2

−1)(p+1)
(p+1)(p−1)

= #P2a−3(Fp),

such a subspace always exists by Lemma A.1. □

Lemma A.3. Let A, V be Fp-vector spaces with p ̸= 2, and let a := dim A, r := dim V . Assume that
a ≥ 2r , and that V is endowed with an alternating nondegenerate bilinear form b : V × V → Fp. Then

4(A, V ) := #{ξ ∈ Hom(A, V ) | ξ∗b = 0} ≡ C(r) mod pa,

where C(r) is a nonzero integer depending only on r.

Proof. Let
Md := #{isotropic d-dimensional subspaces in V },

Id := #{surjective homomorphisms from A to a d-dimensional Fp-vector space}.
Then

4(A, V )=

min(a,r/2)∑
d=0

Id Md

(the fact that V is endowed with a nondegenerate alternating linear form and p ̸= 2 implies that r is even).
One can easily see that

Id = (pa
−1)·(pa

− p) · · · (pa
− pd−1) for every d ≤ a,

Md =
(pr

−1)·(pr−1
− p) · · · (pr−d+1

− pd−1)

(pd −1)·(pd − p) · · · (pd − pd−1)
for every d ≤ r/2.

In particular, 4(A, V )=4′(a, r) depends only on a and r . Note that, for a fixed r , 4′(a, r) converges
p-adically, as a → ∞, to the following sum, which happens to be an integer number:

C(r) :=4′(∞, r) :=

r/2∑
d=0

(−1)d
(pr

−1)·(pr−1
− p) · · · (pr−d+1

− pd−1)

(p−1)·(p2−1) · · · (pd −1)

=

r/2∑
d=0

(−1)d
(r/2

d

)
p2
(p+1) · · · (pd

+1),

where the subscript in the binomial denotes a Gaussian binomial coefficient (an integer number). Moreover,
4′(a, r) ≡ 4′(∞, r) mod pa if a ≥ 2r . Denoting by a(d) the term multiplying the (−1)d appearing
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above, we notice that the sequence a(0), . . . , a(r/2) is strictly increasing, as follows by induction from
the fact that (pr−d+1

− pd−1)/(pd
− 1) > 1 for all d ∈ {0, . . . , r/2}. In particular, a standard elementary

calculus argument (à la Leibniz’ rule) shows that 4′(∞, r) ̸= 0. □

Appendix B. Other works where ramified descent appears

Let me mention other works where the idea of “ramified descent” has already appeared. One is [16] by
Harpaz and Skorobogatov (successor to Skorobogatov and Swinnerton-Dyer’s work [27] [30]), where
the authors use the cyclic ramified covers of some specific Kummer surfaces to prove that, under certain
technical assumptions, these satisfy the Hasse principle.

Another work is Corvin and Schlank’s paper [8], where the authors build upon Poonen’s example [23]
to show (employing one specific ramified S4-cover) that the following obstruction is stronger than étale
Brauer–Manin obstruction:

X (AK )
Br,ram,sol

=
⋂

ψ :Y→X a G-cover
G solvable

⋃
ξ∈H1(K ,G)

ψ ′

ξ (Y
sm
ξ (AK ))

Br Y sm
ξ ,

where the ψ ′

ξ is the composition Y sm
ξ → Yξ

ψξ
−→ X .

Lastly, we mention Sections 11.5 and 14.2.5 of Colliot-Thélène and Skorobogatov’s book [7], where
ramified descent is investigated for µn-covers. In Theorem 14.2.25 of loc.cit., the authors prove a result
which translates in our language to saying that, if λ : V → U is a µn-torsor such that there is a divisor on
X over which the “compactification” ψ : Y → X of λ (notation as in Section 3) is totally ramified, then
X (AK )

λ
= X (AK )

Brram
λ X . Their result and our Proposition 1.3 naturally lead us to the question:

Question B.1. Let λ : V → U and ψ : Y → X be as in Section 3. Assume that the cover Y → X is totally
ramified, i.e., Y is geometrically integral and Y → X does not have any unramified subcovers. Does one
then have X (AK )

λ
= X (AK )

Brram
λ X ?

Note that a positive answer to the question above would guarantee that, for instance, if Y is a variety
all of whose G-twists satisfy the Hasse principle, then X satisfies the Hasse principle up to Brauer–Manin
obstruction.

Let us mention that, when G is supersolvable and Y is rationally connected, Harpaz and Wittenberg
[17, Theorem 1.4] proved that

X (AK )
Br X

=
⋃

ξ∈H1(K ,G)
ψ sm
ξ

(
Yξ (AK )

Br Y sm
ξ

)
(using our notation). It follows that X (AK )

λ
⊃ X (AK )

Br X , i.e., Brauer–Manin obstruction is finer than
ramified descent obstruction, but it also seems likely that their methods could be in fact used to give a
positive answer to Question B.1 in this case. For instance, when, in addition to the conditions above,
K [V ]

∗/K ∗
= 0 and Pic V = 0 (e.g., if V = SLn), then Brram

λ X = Br X by Remark 5.1.4, and a positive
answer to the question follows.



442 Julian Lawrence Demeio

Acknowledgement

This work was part of the author’s thesis. The author thanks his PhD advisor, David Harari, for providing
motivation towards the question, for his guidance and for helpful comments on the text.

The author also thanks his thesis examiners, Olivier Wittenberg and Daniel Loughran, for their
interesting comments. Wittenberg, especially, pointed out that the counterexamples of the last section
provide an interesting example of transcendental obstruction to the Grunwald problem; he also pointed
out a simplification in the proof of Theorem 1.1 and brought Theorem 6.0.1 to the author’s attention.

The author thanks the referees, who helped greatly improve the exposition of the paper, and provided
valuable insights into simplifications of various proofs, in particular what is now Proposition 1.3 and the
general proof path of Theorem 1.5 in Section 6.

Part of this work was written at the Max Planck Institute for Mathematics at Bonn, and the author is
grateful for their financial support and for the excellent working conditions they provided.

References

[1] F. A. Bogomolov, “The Brauer group of quotient spaces of linear representations”, Izv. Akad. Nauk SSSR Ser. Mat. 51:3
(1987), 485–516. In Russian; translated in Math. URSS Izv. 30:3 (1987), 455-485. MR

[2] K. S. Brown, Cohomology of groups, Graduate Texts in Mathematics 87, Springer, 1982. Corrected reprint, 1994. MR

[3] T. D. Browning, L. Matthiesen, and A. N. Skorobogatov, “Rational points on pencils of conics and quadrics with many
degenerate fibers”, Ann. of Math. (2) 180:1 (2014), 381–402. MR

[4] Y. Cao, C. Demarche, and F. Xu, “Comparing descent obstruction and Brauer–Manin obstruction for open varieties”, Trans.
Amer. Math. Soc. 371:12 (2019), 8625–8650. MR

[5] J.-L. Colliot-Thélène and J.-J. Sansuc, “La descente sur les variétés rationnelles, II”, Duke Math. J. 54:2 (1987), 375–492.
MR

[6] J.-L. Colliot-Thélène and J.-J. Sansuc, “The rationality problem for fields of invariants under linear algebraic groups (with
special regards to the Brauer group)”, pp. 113–186 in Algebraic groups and homogeneous spaces, Tata Inst. Fund. Res.
Stud. Math. 19, Tata Inst. Fund. Res., Mumbai, 2007. MR

[7] J.-L. Colliot-Thélène and A. N. Skorobogatov, The Brauer–Grothendieck group, Ergebnisse der Math. 71, Springer, 2021.
MR

[8] D. Corwin and T. Schlank, “Brauer and étale homotopy obstructions to rational points on open covers”, preprint, 2020.
arXiv 2006.11699

[9] C. Demarche, G. Lucchini Arteche, and D. Neftin, “The Grunwald problem and approximation properties for homogeneous
spaces”, Ann. Inst. Fourier (Grenoble) 67:3 (2017), 1009–1033. MR

[10] J. L. Demeio, Abundance of rational points, PhD thesis, Université Paris-Saclay and Scuola normale superiore di Pisa,
2021.

[11] S. Encinas and H. Hauser, “Strong resolution of singularities in characteristic zero”, Comment. Math. Helv. 77:4 (2002),
821–845. MR

[12] D. Harari, “Méthode des fibrations et obstruction de Manin”, Duke Math. J. 75:1 (1994), 221–260. MR

[13] D. Harari, “Quelques propriétés d’approximation reliées à la cohomologie galoisienne d’un groupe algébrique fini”, Bull.
Soc. Math. France 135:4 (2007), 549–564. MR

[14] D. Harari, Galois cohomology and class field theory, Springer, 2020. MR

[15] D. Harari and A. N. Skorobogatov, “Descent theory for open varieties”, pp. 250–279 in Torsors, étale homotopy and
applications to rational points, London Math. Soc. Lecture Note Ser. 405, Cambridge Univ. Press, 2013. MR

https://doi.org/10.1070/IM1988v030n03ABEH001024
http://msp.org/idx/mr/903621
http://msp.org/idx/mr/1324339
https://doi.org/10.4007/annals.2014.180.1.8
https://doi.org/10.4007/annals.2014.180.1.8
http://msp.org/idx/mr/3194818
https://doi.org/10.1090/tran/7567
http://msp.org/idx/mr/3955558
https://doi.org/10.1215/S0012-7094-87-05420-2
http://msp.org/idx/mr/899402
http://msp.org/idx/mr/2348904
https://doi.org/10.1007/978-3-030-74248-5
http://msp.org/idx/mr/4304038
http://msp.org/idx/arx/2006.11699
https://doi.org/10.5802/aif.3104
https://doi.org/10.5802/aif.3104
http://msp.org/idx/mr/3668767
https://doi.org/10.1007/PL00012443
http://msp.org/idx/mr/1949115
https://doi.org/10.1215/S0012-7094-94-07507-8
http://msp.org/idx/mr/1284820
https://doi.org/10.24033/bsmf.2545
http://msp.org/idx/mr/2439198
https://doi.org/10.1007/978-3-030-43901-9
http://msp.org/idx/mr/4174395
http://msp.org/idx/mr/3077172


Ramified descent and transcendental Brauer–Manin obstruction 443

[16] Y. Harpaz and A. N. Skorobogatov, “Hasse principle for Kummer varieties”, Algebra Number Theory 10:4 (2016), 813–841.
MR

[17] Y. Harpaz and O. Wittenberg, “Supersolvable descent for rational points”, Algebra Number Theory 18:4 (2024), 787–814.
MR

[18] N. M. Katz, “On a theorem of Ax”, Amer. J. Math. 93 (1971), 485–499. MR

[19] A. Kumar, “K3 surfaces associated with curves of genus two”, Int. Math. Res. Not. 2008:6 (2008), art. id. rnm165, 26 pp.
MR

[20] G. Lucchini Arteche, “Groupe de Brauer non ramifié des espaces homogènes à stabilisateur fini”, J. Algebra 411 (2014),
129–181. MR

[21] J. S. Milne, Étale cohomology, Princeton Mathematical Series 33, Princeton University Press, 1980. MR

[22] J. Neukirch, A. Schmidt, and K. Wingberg, Cohomology of number fields, 2nd ed., Grundl. Math. Wissen. 323, Springer,
2008. MR

[23] B. Poonen, “Insufficiency of the Brauer–Manin obstruction applied to étale covers”, Ann. of Math. (2) 171:3 (2010),
2157–2169. MR

[24] J.-P. Serre, Local fields, Graduate Texts in Mathematics 67, Springer, 1979. MR

[25] J.-P. Serre, Cohomologie galoisienne, 5th ed., Lecture Notes in Mathematics 5, Springer, 1994. MR

[26] A. Skorobogatov, Torsors and rational points, Cambridge Tracts in Mathematics 144, Cambridge University Press, 2001.
MR

[27] A. Skorobogatov and P. Swinnerton-Dyer, “2-descent on elliptic curves and rational points on certain Kummer surfaces”,
Adv. Math. 198:2 (2005), 448–483. MR

[28] “The Stacks project”, electronic resource, 2022, available at https://stacks.math.columbia.edu.

[29] R. G. Swan, “Cup products in sheaf cohomology, pure injectives, and a substitute for projective resolutions”, J. Pure Appl.
Algebra 144:2 (1999), 169–211. MR

[30] P. Swinnerton-Dyer, “The solubility of diagonal cubic surfaces”, Ann. Sci. École Norm. Sup. (4) 34:6 (2001), 891–912. MR

[31] R. Vakil and K. Wickelgren, “Universal covering spaces and fundamental groups in algebraic geometry as schemes”, J.
Théor. Nombres Bordeaux 23:2 (2011), 489–526. MR

Communicated by Jean-Louis Colliot-Thélène
Received 2023-02-11 Revised 2025-03-19 Accepted 2025-05-02

demeiojulian@yahoo.it Department of Mathematics, University of Bath, Bath, United Kingdom

mathematical sciences publishers msp

https://doi.org/10.2140/ant.2016.10.813
http://msp.org/idx/mr/3519097
https://doi.org/10.2140/ant.2024.18.787
http://msp.org/idx/mr/4708034
https://doi.org/10.2307/2373389
http://msp.org/idx/mr/288099
https://doi.org/10.1093/imrn/rnm165
http://msp.org/idx/mr/2427457
https://doi.org/10.1016/j.jalgebra.2014.03.040
http://msp.org/idx/mr/3210923
http://msp.org/idx/mr/559531
https://doi.org/10.1007/978-3-540-37889-1
http://msp.org/idx/mr/2392026
https://doi.org/10.4007/annals.2010.171.2157
http://msp.org/idx/mr/2680407
http://msp.org/idx/mr/554237
https://doi.org/10.1007/BFb0108758
http://msp.org/idx/mr/1324577
https://doi.org/10.1017/CBO9780511549588
http://msp.org/idx/mr/1845760
https://doi.org/10.1016/j.aim.2005.06.005
http://msp.org/idx/mr/2183385
https://stacks.math.columbia.edu
https://doi.org/10.1016/S0022-4049(98)00056-5
http://msp.org/idx/mr/1731435
https://doi.org/10.1016/S0012-9593(01)01080-1
http://msp.org/idx/mr/1872424
https://doi.org/10.5802/jtnb.774
http://msp.org/idx/mr/2817942
mailto:demeiojulian@yahoo.it
http://msp.org


Algebra & Number Theory
msp.org/ant

EDITORS

MANAGING EDITOR

Antoine Chambert-Loir
Université Paris-Diderot

France

EDITORIAL BOARD CHAIR

David Eisenbud
University of California

Berkeley, USA

BOARD OF EDITORS

Jason P. Bell University of Waterloo, Canada

Bhargav Bhatt University of Michigan, USA

Frank Calegari University of Chicago, USA

J-L. Colliot-Thélène CNRS, Université Paris-Saclay, France

Brian D. Conrad Stanford University, USA

Samit Dasgupta Duke University, USA

Hélène Esnault Freie Universität Berlin, Germany

Gavril Farkas Humboldt Universität zu Berlin, Germany

Sergey Fomin University of Michigan, USA

Edward Frenkel University of California, Berkeley, USA

Wee Teck Gan National University of Singapore

Andrew Granville Université de Montréal, Canada

Ben J. Green University of Oxford, UK

Christopher Hacon University of Utah, USA

Roger Heath-Brown Oxford University, UK

János Kollár Princeton University, USA

Michael J. Larsen Indiana University Bloomington, USA

Philippe Michel École Polytechnique Fédérale de Lausanne

Martin Olsson University of California, Berkeley, USA

Irena Peeva Cornell University, USA

Jonathan Pila University of Oxford, UK

Anand Pillay University of Notre Dame, USA

Bjorn Poonen Massachusetts Institute of Technology, USA

Victor Reiner University of Minnesota, USA

Peter Sarnak Princeton University, USA

Michael Singer North Carolina State University, USA

Vasudevan Srinivas SUNY Buffalo, USA

Shunsuke Takagi University of Tokyo, Japan

Pham Huu Tiep Rutgers University, USA

Ravi Vakil Stanford University, USA

Akshay Venkatesh Institute for Advanced Study, USA

Melanie Matchett Wood Harvard University, USA

Shou-Wu Zhang Princeton University, USA

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2026 is US $590/year for the electronic version, and $865/year (+$75, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley,
CA 94701-4004, is published continuously online.

ANT peer review and production are managed by EditFLOW® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2026 Mathematical Sciences Publishers

http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/


Algebra & Number Theory
Volume 20 No. 3 2026

419Ramified descent and transcendental Brauer–Manin obstruction
JULIAN LAWRENCE DEMEIO

445Logarithmic base change theorem and smooth descent of positivity of log canonical divisor
SUNG GI PARK

477Chevalley formulae for motivic Chern classes of Schubert cells and for stable envelopes
LEONARDO C. MIHALCEA, HIROSHI NARUSE and CHANGJIAN SU

525The Mahler measure of exact polynomials in three variables
TRIEU THU HA

577On the Frobenius fields of abelian varieties over number fields
ASHAY A. BURUNGALE, HARUZO HIDA and SHILIN LAI

603Galois groups of reciprocal polynomials and the van der Waerden–Bhargava theorem
THERESA C. ANDERSON, ADAM BERTELLI and EVAN M. O’DORNEY

A
lgebra

&
N

um
ber

Theory
2026

vol20
no

3

http://dx.doi.org/10.2140/ant.2026.20.419
http://dx.doi.org/10.2140/ant.2026.20.445
http://dx.doi.org/10.2140/ant.2026.20.477
http://dx.doi.org/10.2140/ant.2026.20.525
http://dx.doi.org/10.2140/ant.2026.20.577
http://dx.doi.org/10.2140/ant.2026.20.603

	1. Introduction
	2. Notation
	3. Descent set
	3.1. Definitions
	3.2. Obstruction to adelic density of rational points on X

	4. Harari's question
	5. A Brauer–Manin obstruction to ramified descent
	5.1. Definition of BrramX

	6. Unramified Brauer groups of SLn/H, H metabelian
	6.1. Nilpotent H
	6.2. A decomposition of H2(A,B)
	6.3. Formula for the Brauer–Manin pairing
	6.4. Proof of 0=theorem.71=Theorem 1.5

	Appendix A. Elementary counting facts
	Appendix B. Other works where ramified descent appears
	Acknowledgement
	References

