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Logarithmic base change theorem and smooth descent
of positivity of log canonical divisor

Sung Gi Park

We prove a logarithmic base change theorem for pushforwards of pluricanonical bundles and use it to
deduce that positivity properties of log canonical divisors descend via smooth projective morphisms.

As an application, for a surjective morphism f : X — Y with «(X) > 0 and — Ky big, we prove
Y \ A(f) is of log general type, where A( f) is the discriminant locus. In particular, when ¥ = P" we
have dim A(f) = n — 1 and deg A(f) > n + 2, generalizing the case n = 1 proved by Viehweg and Zuo.
We also prove Popa’s conjecture on the superadditivity of the logarithmic Kodaira dimension of smooth
algebraic fiber spaces over bases of dimension at most three and analyze related problems.
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1. Introduction

In this paper, we prove a number of results on the behavior of positivity, hyperbolicity, and Kodaira
dimension under smooth morphisms of quasiprojective varieties, based on a technical tool we study under
the name of logarithmic base change theorem. Throughout the text, a variety is a reduced separated
scheme of finite type over C. A pair (Y, D) consists of a variety Y and a formal @-linear combination of
divisors D, and we call it a log smooth pair if Y is smooth and D is a reduced simple normal crossing
divisor.

Given a surjective morphism f : X — Y of smooth projective varieties, the study of the discriminant
locus A(f) C Y, defined as the set of points y € Y with singular scheme-theoretic fibers Xy, := f*(),
has been an active area of research. For example, Catanese and Schneider [7, Question 4.1] asked the
question whether 7 : X — P! has at least 3 singular fibers if X is of general type. Kovécs [23] gave a
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partial answer when X is canonically polarized and Viehweg and Zuo [41] answered affirmatively under
the weaker assumption that X has nonnegative Kodaira dimension. The question is alternatively phrased
as follows: the effectivity of the canonical divisor of X imposes the bigness of the log canonical divisor
of P1\ A(f).

We refine and generalize this phenomenon to higher dimensional bases; given a smooth projective
morphism f : X — Y of smooth quasiprojective varieties, the positivity of the log canonical divisor of
X descends to the positivity of the log canonical divisor of Y. For example, bigness (resp. effectivity)
descends to bigness (resp. pseudoeffectivity). The precise statements are obtained as consequences of our
main technical result, which we call the logarithmic base change theorem for pushforwards of logarithmic
pluricanonical bundles.

A priori, Viehweg introduced the base change theorem for pushforwards of pluricanonical bundles to
study the subadditivity of the Kodaira dimension for algebraic fiber spaces. Here is a version given by
Mori [27, (4.10)].

Theorem 1.1 (base change theorem [27; 39]). Let X, Y, Y’ be smooth quasiprojective varieties and
f : X — Y be a surjective projective morphism and g : Y' — Y be a flat projective morphism. Let
w: X" — X'= X xy Y’ be a resolution of singularities. Let N be a positive integer, and consider the
commutative diagram

/

X <&y xr

(1) There is an inclusion
1 N * o N
*a)X///Y/Cg ]/*a)X/Y

It is an equality at a point y' € Y’ if g(3') is a codimension-1 point of Y and f is semistable in the
neighborhood of g(y").

(2) There is an inclusion
gxflogny C(frog)y ® goy, y)™.

It is an equality at a codimension-1 point y € Y if f or g is semistable in the neighborhood of y,

where ** denotes the double dual.

Note that the morphism /" is semistable over a codimension-1 point y € Y if the fiber X, has reduced
normal crossing singularities. Outside of a codimension-2 subvariety, Viehweg’s base change theorem
gives an inclusion of pushforwards of pluricanonical bundles of the fiber product to the tensor products of
pushforwards of pluricanonical bundles of each morphism.

We start by pointing out a striking new phenomenon: by suitably introducing poles in the discriminant
loci of morphisms, the inclusion in the base change theorem is reversed. This represents a distinct
departure from previously observed phenomena.
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Theorem 1.2 (logarithmic base change theorem). Let (X, E), (Y, D), (Y’, D) be quasiprojective log
smooth pairs, and let [ : (X, E) — (Y, D), g : (Y', D') — (Y, D) be surjective projective morphisms
of pairs such that E = f~1(D), D' = g71(D) and g|ynp/ : Y'\ D' = Y \ D is smooth. Let X' be
the union of the irreducible components of X xy Y’ dominating Y, and E' = g’V (E). Consider the
commutative diagram

(X,E) < —(x' Ey <2 (x", E")

, 1.3
fl f l -~ (1.3)

(Y. D) ¢—— (Y. D)

where 12 (X", E") — (X', E') is a log resolution of pairs with X"\ E" = X'\ E’, so that (go f")™'D =
E". Then there exists an inclusion for a positive integer N :

[ fe(oy (E) /0y (D)) ® gu(0y/ (D) /0y (D)EN)]™ C [hi(wx (E")/wy (D)EM)]™
where h = go f”.

Here, wy (E)/wy (D) := 0y (E) ® f*a)Y(D)_l, and a)X(E)/wY(D)®N is the N -tensor power of
this line bundle. By /! (e) we denote the set-theoretic preimage of ¢ with the reduced scheme structure.
While the equality condition in Viehweg’s base change theorem follows from the observation that the fiber
product X’ has normal toric singularities, the fiber product X’ in the logarithmic base change theorem has
binomial hypersurface singularities. The proof of Theorem 1.2 follows from a careful analysis of Bierstone
and Milman’s resolution of binomial hypersurface singularities [1] applied to singularities of pairs.

Viehweg applied the base change theorem inductively on the iterated fiber products to study litaka’s
Cn":m conjecture on the subadditivity of the Kodaira dimension; this technique is the so-called Viehweg’s
fiber product trick. Likewise, we employ a logarithmic analogue of this fiber product trick, which is
described in the following paragraph.

Let f: (X, E) — (Y, D) be a projective morphism of quasiprojective log smooth pairs such that
E = f~(D) and Sflx\E is smooth. Define X* := X xy --- xy X as the s-fold fiber product of f,
with the induced morphism f* : X — Y, and define E¥ = (f*)~1(D). Then f* |xs\Es is a smooth
projective morphism. Choose a log resolution u1% : (X ®) E®)) — (X*, E®) of the union of the irreducible
components of X dominating ¥, with the induced morphism ) : (X E®)) (¥, D) of log smooth
pairs satisfying E®) = (f®)~1(D) and |x 1\ g smooth. Then we have:

Corollary 1.4 (logarithmic fiber product trick). With the notation in the previous paragraph, we have the

inclusion
(& fuwx (B) /oy (0P £ @y (E) oy (0)2M)]
for N,s > 0.

The right side of this inclusion is independent of the choice of a log resolution of the pair (X*, E¥).
The proof is immediate from Theorem 1.2 iterated s-times.
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In contrast to Viehweg’s base change theorem and fiber product trick, the logarithmic analogues
have a distinctive feature: the inclusion goes in the opposite direction, which is consistent with Popa’s
conjectures [30] on the superadditivity of the logarithmic Kodaira dimension. Specifically, the (log)
Kodaira dimension of the source imposes a lower bound on the (log) Kodaira dimension of the base. This
phenomenon, namely a smooth projective descent of positivity of log canonical divisor, is opposite in

nature to litaka’s C,;': m

conjecture. As a consequence of the logarithmic base change theorem, we derive
a number of results on the (log) Kodaira dimension and the discriminant loci of morphisms.

To begin with, we recall the definition of the logarithmic Kodaira dimension of a quasiprojective variety.
For a Q-Cartier divisor L on a normal projective variety X, «(X, L) denotes the litaka dimension of L.
For instance, « (X ) := k (X, wy ) is the Kodaira dimension of X when X is a smooth projective variety.

For a smooth quasiprojective variety X, the logarithmic Kodaira dimension is defined as
k(X):=k(X,Ky + D),

where X is a compactification of X with boundary a reduced simple normal crossing divisor D. We say
X is of log general type if k(X) = dim X. It is well known that the logarithmic Kodaira dimension is
well-defined, independent of the choice of a compactification.

As a first application of the logarithmic base change theorem, we prove a logarithmic analogue of Popa
and Schnell’s Theorem A [32].

Theorem 1.5. Let f : X — Y be a smooth projective morphism of smooth quasiprojective varieties
whose general fiber F is connected and k(F) > 0. Then Y is of log general type if and only if k(X) =
k(F)+dimY.

The “only if” part of the theorem is litaka’s logarithmic Cy ;,-conjecture when the base is of log general
type, proven by Maehara [26, Corollary 2]. Our contribution is the “if”” part, which can alternatively be
phrased as follows: If the source has the maximal log Kodaira dimension attained by the equality of the
Easy addition formula [27, Corollary 1.7], k(X)) < k(F) 4+ dim Y, then the base is of log general type.

In particular, the bigness of the log canonical divisor descends via smooth projective morphisms.

Corollary 1.6. Let f : X — Y be a smooth projective morphism of smooth quasiprojective varieties. If
X is of log general type, then Y is of log general type.

Analogously, the next theorem states that the effectivity of the log canonical divisor descends to the
pseudoeffectivity of the log canonical divisor via smooth projective morphisms.

Theorem 1.7. Let [ : (X, E) — (Y, D) be a surjective morphism of projective log smooth pairs with
E = YD), and S x\E smooth.

(1) If Ky + (1 —€) E is Q-effective for some € > 0, then Ky + (1 —8) D is pseudoeffective for some
8 > 0. In particular, if additionally — Ky + N D is big for some nonnegative integer N , then D and
Ky + D are big.

(2) If Kx + E is Q-effective, then Ky + D is pseudoeffective.
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Here, we say a divisor is Q-effective if it is Q-linearly equivalent to an effective divisor. To avoid
repetition, we will refer to Q-effective divisors simply as effective divisors from now on. The effectivity
of Ky + (1 —¢€)E (resp. pseudoeffectivity of Ky + (1 —§) D) for small enough € (resp. §) is independent
of the choice of a compactification of X \ E (resp. Y \ D). This is also true for the effectivity of Kx + E
(resp. pseudoeffectivity of Ky + D). Therefore, Theorem 1.7 can be stated purely in terms of a smooth
projective morphism f|y\g : X \ £ — Y \ D of smooth quasiprojective varieties.

The proof of (2) is treated separately at the end of Section 3B, since this follows from the results in the
literature without the use of the logarithmic base change theorem. This extends [32, Proposition G] to the
logarithmic setting.

Remark 1.8. Theorem 1.7(1) and the nonvanishing conjecture for klt pairs imply the following statement:
if Ky + (1 —¢€)E is (pseudo)effective for some € > 0, then Ky + (1 —38) D is (pseudo)effective for some
8 >0. When X' \ £ — Y \ D is finite étale, this is easily proven. Indeed, the descent of the effectivity
follows from the same technique used to prove the invariance of the logarithmic Kodaira dimension under
étale covers by litaka [14, Theorem 3]. The descent of the pseudoeffectivity is also immediate from
Lemma 3.4 (5), explained later. Note that when we replace “(pseudo)effective” by “big” in the statement,
we obtain Corollary 1.6.

The next theorem is an immediate consequence of Theorems 1.5 and 1.7(1). As explained at the
beginning, the discriminant locus A( /) C Y of a morphism f : X — Y between smooth varieties is the
complement of the locus in Y over which f is smooth.

Theorem 1.9. Ler f: X — Y be a surjective morphism of smooth projective varieties with k(X) > 0,
and let D be the divisorial component of the discriminant locus A(f) in Y. Suppose either

(1) k(X)) =«(F)+dimY where F is the general fiber of f, or
(i) —Ky is big.
Then, Y \ A(f) is of log general type. In particular, Ky + D is big.

This extends to a normal variety ¥ when we extend the notion of bigness to a rank 1 reflexive sheaf.
Part (i) extends a result from [32, Remark 5] that further assumed that Y is not uniruled. Part (ii) can be
seen as a vast generalization of Catanese and Schneider’s question [7, Question 4.1] and Viehweg and
Zuo’s result [41, Theorem 0.2] stating that a surjective morphism f : X — P! with x (X)) > 0 has at least
three singular fibers. For instance, when Y = P” we have:

Corollary 1.10. Let f : X — P" be a surjective morphism from a smooth projective variety X of
nonnegative Kodaira dimension. Then dim A(f) =n—1and deg A(f) = n + 2.

Remark 1.11 (hyper-Kihler manifolds). This applies to a Lagrangian fibration f : X — Y of a projective
hyper-Kéhler manifold X of dimension 2n. When Y is smooth, it is known that ¥ = P” and the
discriminant locus A( /') is a divisor (see [12, Theorem 1.2] and [13, Proposition 3.1]). Corollary 1.10
implies that its degree is at least # + 2 in P”.
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More generally, when P" is replaced by the product of projective spaces P"! x --- x P" then
dimA(f) = Zf;l n; — 1 and the multidegree deg A(f) = (ay, ..., ay) satisfies a; > n; + 2 for all i.
Examples 7.1 and 7.3 illustrate that the inequality in Corollary 1.10 is sharp.

In our next main application, we prove Popa’s conjecture on the superadditivity of the (log) Kodaira
dimension for smooth projective morphisms [30, Conjecture 3.1], under an additional assumption on the
base. This assumption is implied by the conjectures of the log minimal model program.

Theorem 1.12. Let f : X — Y be a smooth projective morphism with connected fibers between smooth
quasiprojective varieties. Assume i (Y) > 0, and that the very general fiber of the log litaka fibration of Y
has a good minimal model. Then

K(X) <ik(Y)+«k(F)
where F is the general fiber of f.

Recall that the log Iitaka fibration of Y is the litaka fibration associated to the log canonical bundle
K+ + D of alog smooth pair (Y, D). Here, Y is a compactification of ¥ with boundary a reduced simple
normal crossing divisor D. By taking a log resolution ()7, 5) of the pair (Y, D), we have the log Titaka
fibration 1 : ()7, 5) — I, where the very general fiber (G, 5|G) has log Kodaira dimension zero.

When k(Y) = —oo, the nonvanishing conjecture for log canonical pairs and Theorem 1.7(2) imply
k(X)) = —oo. This conjecture and the existence of good minimal models for log canonical pairs are well
known to hold in dimension at most three (see e.g. [20; 36]). Therefore, we have:

Corollary 1.13. Let f : X — Y be a smooth projective morphism with connected fibers between smooth

quasiprojective varieties. If dimY < 3, then
K(X)<k(X)+«(F)
and the equality holds when dimY = 1.

This extends [32, Corollary E and F] which assumed that X and Y are projective. On a related note,
the logarithmic litaka conjecture suggests subadditivity:

kK(X)=k(Y)+«(F),

even without the smoothness assumption. This is known when Y is a quasiprojective curve (hence,
the equality in Corollary 1.13), but not when Y is an arbitrary quasiprojective surface or a threefold.
Theorem 1.12 and Corollary 1.13 prove that this inequality is reversed when the morphism is smooth.

Remark 1.14. Campana [4] stated the same superadditivity result when the fibers have semiample
canonical bundles. The logarithmic litaka conjecture is known to hold when the general fiber F has a
good minimal model [11, Theorem 1.2].

On a different note, in light of the smooth descent of the positivity of the log canonical divisor, we
additionally investigate the uniruledness of X when Y is a rational curve.
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Theorem 1.15. Let f : X — P! be a surjective morphism with connected fibers from a smooth projective
variety X. Suppose [ has at most 2 singular fibers. If the general fiber F has a good minimal model,
then X is uniruled. In particular, this holds when k (F) > dim F — 3.1

Indeed, the nonvanishing conjecture and [41] suggest X is uniruled. Using symplectic geometry,
Pieloch [29] recently proved that X is uniruled when f has at most one singular fiber without the
assumption on F, and made some progress when f has two singular fibers. In general, we do not have
an unconditional algebraic proof of these statements.

What is new. Viehweg’s base change theorem has been one of the keys to studying litaka’s conjecture
and hyperbolicity problems like the Viehweg’s conjecture on families with maximal variation; see, for
instance, [5; 18; 19; 31; 41; 42].

The main technical contribution of this paper is the use of the logarithmic base change theorem instead,
as a more appropriate tool to answer questions in a logarithmic setting. For instance, the logarithmic
fiber product trick allows us to overcome obstructions to generalize Viehweg and Zuo’s result as in
Corollary 1.10. Specifically, Viehweg and Zuo’s proof for a surjective morphism to P! uses the base
change theorem together with semistable reduction (Kempf et al. [21]). This essentially reduces to the
case where every fiber is either smooth or a simple normal crossing divisor, so that the equality holds
when we apply the base change theorem (Theorem 1.1). For higher dimensional bases, like P”, this
reduction procedure does not work properly. However, all technical issues are resolved by the fact that
the logarithmic base change theorem reverses inclusions as described above; it relies on a resolution
algorithm for binomial hypersurface singularities. For the same reason, the smooth projective descent of
the positivity of the log canonical divisor can be verified as mentioned after Corollary 1.4.

Overview. To derive various geometric consequences, we rely on three main technical components:
(1) the logarithmic base change theorem,
(2) the construction of logarithmic Higgs sheaves, and
(3) Campana and Paun’s pseudoeffectivity result on the log cotangent bundle.

Section 2 is devoted to the proof of the logarithmic base change theorem. Section 3A explains the
construction of logarithmic Higgs sheaves, slightly modifying that of Popa and Schnell [31]. Section 3B
explains the results of Campana and Paun [5].

The rest of the paper is mainly devoted to the applications of those three main components. Section 4
gives proofs of the theorems on the smooth projective descent of the positivity of the log canonical divisor.
Section 5 explains the conjecture of Popa on the superadditivity of the logarithmic Kodaira dimension and
its proof assuming some conjectures of the minimal model program. Section 6 proves some uniruledness
of fibrations over projective spaces. Section 7 discusses some interesting boundary examples regarding
the lower bound of the degree of the discriminant locus in Corollary 1.10.

THere, we use the fact that a smooth projective variety has a good minimal model if the general fiber of its Titaka fibration has
a good minimal model [25].
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2. Logarithmic base change theorem

The main idea for the logarithmic base change theorem comes from the equality condition in Viehweg’s
base change theorem.

2A. Equality in Viehweg’s base change theorem. Let f : X — Y and g : Y/ — Y be morphisms of
smooth quasiprojective varieties. Under the assumptions of Viehweg’s base change theorem (Theorem 1.1),
it is easy to show that the equality conditions of the inclusions are obtained when the fiber product
X’ = X xy Y’ has canonical singularities. This turns out to be the case when the morphism f or g is
semistable in a neighborhood of a codimension-1 point of Y after further birational modifications.

We briefly sketch the proof of the equality conditions in Theorem 1.1 following Mori [27, (4.10)] in this
paragraph. Over a neighborhood of a codimension-1 point y € Y, assume f is semistable, or equivalently
the fiber has reduced normal crossing singularities. Let D be the divisor associated with y. Since a
birational modification of the source does not change the pushforward of the pluricanonical bundle, we
replace Y’ with a log resolution of pair (Y’, g~1(D)). Accordingly, we assume g~ (D) to be a normal
crossing divisor. Then, the fiber product X’ is locally analytically isomorphic to the hypersurface defined
by the equation

X1+ Xp :ylfl ynJ:m

for some positive integers f, ..., fm. This singularity is normal and toric, and thus is canonical, attaining
equality of the inclusions in Theorem 1.1.

We will see later that the singularities of the fiber product X" in the logarithmic setting are locally
analytically isomorphic to binomial hypersurface singularities, defined by the equation

€. xen — 1 Sm
X X" =y N

for some positive integers ey, ..., e, and f1, ..., fm. We analyze these singularities using extra resolution
techniques and prove Theorem 1.2 as a consequence.

2B. Fiber product of morphisms of log smooth pairs. A morphism f : (X, E) — (Y, D) of pairs is
strictif E = f~1(D). Let E = Uie{l,...,k} E; be a simple normal crossing divisor of X" with smooth
irreducible components E;. Then the stratum Ej of E for a nonempty subset I C {1, ..., k} is defined
by Er =(;es Ei-

Definition 2.1. A strict morphism of pairs f : (X, E) — (Y, D) is strictly smooth if D is a smooth divisor
and E = f~!(D) is a simple normal crossing divisor, such that f| x\E : X\ E — Y \ D is smooth and
SlE; : Ef — D is smooth for every stratum Ej of E.

In other words, a morphism of pairs f : (X, E) — (Y, D) is strictly smooth if the morphism is locally
analytically (or étale locally) equivalent to

(C¥MF (xgp1 - Xark)) = (€O (1), a=b,

e
(xla---7xa7xa+19~~'9xa+k)'_)(x1’~~-’xb7x21|_1 '.'xal_(i_k)v
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where x1, ..., x4+ are local coordinates of X with divisor £ = V(X441 - Xg+%) and Xy, ..., Xp,t are
local coordinates of Y with divisor D = V(¢). The local equation for E; is x4+; and f*D = Zf;l e E;.
It is easy to check that a strictly smooth morphism of pairs is a flat morphism.

Lemma 2.2. Let (X, E), (Y, D), (Y', D’) be quasiprojective log smooth pairs. Let f : (X, E) — (Y, D)
be a strict morphism of pairs and g : (Y', D') — (Y, D) be a strictly smooth morphism of pairs. Consider

the commutative diagram (1.3) in Theorem 1.2:

(X,E) < —(x' By (x", E"

f/
/| |

(Y’ D) <T (Y,s D/)

where X' = X xy Y/, E' = ¢ YW(E) and p: (X", E") — (X', E') is a log resolution of pairs with
X"\ E" = X'\ E'. Then there exists a natural inclusion

wx/(E + D' — D)®N C puy(wx (E"®N),
where wx/(E + D' = D) := wx' ® g™ Ox(E) ® f"*Oy/(D") ® (g o f)*Oy (=D).

The proof of Lemma 2.2 will be given in Section 2D. We first give a locally analytic description of X”.
Let x’ € X/ be a point. Suppose E is locally x --- x, = 0 where x;’s are local coordinates at g’(x’) € X,
and D’ is locally y; --- y,» = 0 where y;’s are local coordinates at f”(x’) € Y'. Assume ¢ = 0 is a local
equation of D at (go f/)(x') and f*r =x{'---x;", g%t = ylfl ~--y,J,;’”. From the above locally analytic

description of a strictly smooth morphism, g is locally analytically isomorphic to
C"xClxct’ - cx?, (yl,...,ym)><p><q»—>(ylf1 ---yé"’)xp.

Therefore, X" is locally analytically isomorphic to the binomial hypersurface H in C" %" defined by

H:xeooxn = pltoyfm (2.3)
for some r > 0 and positive integers ey, ..., eu, f1,..., fm. As the local equation suggests, X’ is not
normal in general.

Conventionally, singularities of pairs (X, A) are defined when X is a normal variety and A is a
formal Q-linear combination of divisors. However, the description of semilog canonical pairs in [22,
Definition 5.10] and the description of a canonical sheaf for a G; and S,-variety in [24, Section 5] suitably
generalize the definition of singularities of pairs on a G and S;-variety. In particular, we make precise
what it means for the pair (X', E + D’ — D) to be log canonical, and reduce the proof of Lemma 2.2 to
proving that the pair (X', E + D’ — D) is indeed log canonical.

Readers comfortable with singularities of pairs for nonnormal Gorenstein varieties may skip the
following section.
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2C. Singularities of pairs: S»-varieties, Gorenstein over codimension 1. Let (X, A) be a pair consisting
of an S,-variety X, Gorenstein over codimension 1, and a formal Q-linear sum A of generically nonzero
(rational) sections of line bundles on a Zariski open j : U — X satisfying codimy X \ U > 2 and
wy = wy |y invertible:
A= Zai((’)y --> L;).
iel

Here, I is a finite set, g; is a rational number, £; is a line bundle on U, and a rational section Oy --> L;
is a section defined on a Zariski dense open subset of X'. The following remark gives a sheaf theoretic
description of A as a formal Q-linear sum of global sections. This contains a formal Q-linear sum of
Cartier divisors.

Remark 2.4. Let (9}"( be the sheaf of invertible elements in Oy, Ry be the sheaf of rational sections of
Oy, and R} be the sheaf of generically nonzero rational sections of Oy . Precisely, for an open subvariety
U C X, Rx(U) is the product of the rational function fields at the generic points of U and R} (U) is
the subset of elements of Ry (U), nonzero at every generic point of U.

Up to multiplication by a global section of O}, a generically nonzero rational section Oy --> L is
equivalent to the global section of Ry;/Of;. Therefore, A is a formal Q-linear sum of global sections
of R*/O* on a Zariski open U C X with codimy X \ U > 2. This includes a formal Q-linear sum of
Cartier divisors on U, or equivalently, a formal @-linear sum of the global sections of X*/O* on U.
Here, ¥ is the sheaf of invertible elements in Ky, which is the sheaf of total quotient rings of Oy . See
Hartshorne [10, p.141] for the description of Cartier divisors. In particular, K} /Oy C Ry /O%.

Unifying the formal sum by a common denominator of a;’s, the sum is alternatively expressed as
a single term A = a(Oy --> L), for some rational number ¢ and some rational section of a line
bundle £ = @);¢; L',?Nai with sufficiently divisible N. In particular, (Oy --> £;) is equivalent to
—(0Oy --> El._l), where the latter rational section is the reciprocal of the former rational section.

Assume that a)g’N(NA) = a)g’N R Qijer E?Na" extends to a line bundle on X for some N > 0.
Since X is an S;-variety, this line bundle is uniquely determined by

0@V (NA) := jrw@N (NA).

Let p: X — X be a resolution of singularities of X. Over a Zariski dense open subset of X, we have
a rational morphism of line bundles M*a)? N __» w?N , and pullbacks of generically nonzero rational

sections (Opy --> L;). Therefore, there exists a canonically defined rational morphism of line bundles
,u*a)j?N(NA) -——> a)?}N,

which is an isomorphism on a Zariski dense open subset of X. As a result, we obtain a generically
; ; . QN QN -1 v
nonzero rational section s : O g --> 0" ® [W*oy™ (NA)]”" on X.
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Let E be a divisor on X. The discrepancy of E with respect to the pair (X, A) is defined as

a(E.X. A) = TIEG)

It is easy to verify that a(E, X, A) is well defined, independent of the choice of N or a resolution of
singularities. In conclusion, we define singularities of pairs (log canonical, log terminal, and so on) as in
the normal case.

Under the setting of Lemma 2.2, it suffices to prove that the pair (X’, E + D’ — D) is log canonical.
More specifically, the pair (X', E + D’ — D) consists of a Gorenstein variety X’ and a formal sum of
sections of line bundles

(Ox' — g™ Ox(E)) + (Ox = [ Oy (D) — (Ox) — (g0 f))* Oy (D)),

where the section (Ox’ — g"*Ox (E)) is induced by the pullback of the section Oy — Ox (E). Therefore,
(X', E + D' — D) is log canonical if and only if there exists a natural inclusion

1* (wx(E + D' — D)®N) c wxn(E"®V,
which is equivalent to the conclusion of Lemma 2.2 due to the adjointness of the pair (1™, (tx).

2D. Singularities of binomial hypersurfaces: Proof of Lemma 2.2. We prove (X', E + D' — D) is
log canonical, which implies Lemma 2.2. From equation (2.3), the pair (X', E + D’ — D) is locally
analytically equivalent to

(H:x{teeoxgn = ylteplin. DOxy - xa) + D1+ ym) = D)),

where D is to indicate sections of line bundles defined by multiplications of x; -+ x,, y1++* Ym, OF

— L€l en _ N1
t_xl ...xnn_yl ..

locally), so it suffices to prove that

. y,ﬁ”’. The singularities of pairs can be checked locally analytically (or étale

(H, D(x1-+-Xn)+D(y1-+ ym)— D(1))
is log canonical, which is implied by the following:

Proposition 2.5. For a binomial hypersurface H : {t = xfl ce X = ylf1 ~--y,j,;”’} C AT yith

coordinates X1, ...,Xn, Y1s+-+» Ym»>Z1»- - - Zr, the pair

(H:x;”l ...x;" :y{l...yrj’:’n’ D(xl...xnyl...ymzl...zr)_D([))

is log canonical.
Letw=x{:--Xy)1- - Ymz1 - - z» be the multiplication of all the coordinates. The reason for adding

D(zq---z,) into the pair is to apply induction. In the remaining section, we resolve the singular-
ity of H through a sequence of blow-ups along the ideals cut out by coordinate sections, such as
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(X1yee s Xy V1 +-o5 ). Write Z :=V(x1,..., Xk, V1 ..., 7). Recall that

k[xl,...,xn,yl,...,ym,zl...zr][Xl,...,Xk,Yl,...,Yl]

n+m+r __ i
BlZA = Proj (ﬁ_____ﬁ_ﬁ_...—ﬁ)

X1 Xk W o
with the induced morphism 8 : Blx, .. x.y,.. A" T — ATFTMHT | Restricted to the affine chart
AnFtmEr . X £ 0, we obtain the transformation

ﬁ . An—i—m—i—r _)An+m+r
given by
X1 X1, X2 > X1X0, ..., Xk > X1 Xg, V1P X1V, V2> X1V, ..., V1= X1V, (2.6)
with all other coordinates remaining the same. Therefore, the pullback 8* H of H in the chart X; # 0 is

the binomial hypersurface

ej+-ter e en _ JJ1tt+f1 N1 f
xl ‘xz ...xnn_xl ¥y ...ymm‘

The strict transform H of H in the chart X; # 0 is the binomial hypersurface above divided by

min(er-+ter fi£i)
1 :

Therefore, for each affine chart, we may consider a pair (ﬁ , D(W)—D(t)), where w is the multiplication
of the coordinates and 7 is the monomial appearing in the binomial equation.

Lemma 2.7. In the above notation, let B : H — H. We work in the affine chart X1 # 0.

() Ifer+---+ex > fi+---+ fi, then H is a binomial hypersurface

(e1+-+e)—(fi+-+/1) Sv oy Sm

€2 en __
xl XZ ...xn”_yl ..ym .

Q) Ifer+---+ex < fi+---+ fi, then H is a binomial hypersurface

e yen — y~leatte)H(itt ) S
1

x2 .xn yl ..ym .

In either case, there exists a canonical isomorphism

B¥log (D(w) — D(1)] ~ w5 (D(W) — D(P))

In particular, (H, D(w) — D(t)) is log canonical if and only if(ﬁl, D(w) — D(©)) is log canonical on

every affine chart.
More specifically, the canonical morphism indicates that
a(E, H, D(W)— D(7)) = a(E, H, D(w) — D(t)),
for all divisors E appearing in a resolution of H.

Proof. We write BIA := Bl(x, . x;.y,..ypA"T™*7" and A := A"+ with the blow-up morphism
B : BIA — A, in short. On the chart X # 0, the exceptional divisor is given by x; = 0. Therefore,

wWRIn = ,B*CUA + (k + /| — I)D(XI).
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By the adjunction formula, there exist natural isomorphisms w 7 = @ BIA(ITI )N g and vy = wa(H)|g.
Since

B*(H) = (H) +min(e; +---+ex. /i + -+ /) D(x1),

we have a natural isomorphism
o =B oy +k+1—1—min(e; +--+e, fi +---+ /1) D(x1).
From the transformation relation (2.6), we have
B*D(x1 -+ Xpy1-+ Ymz1 -+ zp) = D(x1 - Xpy1 - ymz1 - zp) + (k +1 = 1) D(xy)

and in either case (1) or (2), it is easy to check that

B*D(t) = D(f) + min(ey + -+ ek, f1 +---+ f) D(xy).
Combining all of the above, we obtain a canonical isomorphism

B¥log (D(w) — D(t)] ~ w5z (D) — D(7)),
which completes the proof. O

By symmetry, Lemma 2.7 holds for every affine chart. We finish the proof of Proposition 2.5 using
Bierstone and Milman’s algorithm [1, Section 5] for resolution of singularities of binomial varieties along
with Lemma 2.7. Define

m(H):=min(e; +---+ep, f1 +--+ fm), M(H):=max(e;+---+eu, f1+ -+ fm).

Without loss of generality, assume ey +---4+ e, > f1 +---+ fm. Choose a subset S C {1,...,n} such
that

0=< SEZS es—m(H) < I;rélgl {es}.
For convenience, assume S = {1,...,k} for some 1 <k <n. Letasubvariety Z : x; =--- =X} = y; =
-++= y;; = 0, and we now perform an algorithm of blowing up along Z: Bl A"tM+7 _ An+m+r The
strict transform H of H of the blow-up is the binomial hypersurface

e1+-+e—m(H) ez

X x§2-xgn =yt yfm on the chart X; # 0,

yf1+'"+e"'_m(H)xf1 X =yt ym  on the chart Yy # 0.

On every affine chart of the blow-up, the lexicographic ordering of the pair
(m(H), M (H))

decreases. Therefore, the algorithm terminates on each affine chart, in which case, we obtain a hypersurface
of the form

H:{x{' - xgn =1} c AT,
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It is now obvious that the pair (H, D(w) — D(¢)) is log canonical. Indeed, H is smooth, D() is a zero
divisor, and D(w) is a simple normal crossing divisor defined by the product of the coordinates except
for x;’s. Therefore, by Lemma 2.7, the original (H, D(w) — D(t)) is log canonical by induction on
(m(H), M(H)) C Z=° x Z=° endowed with the lexicographic ordering. This completes the proof of
Proposition 2.5, and thus Lemma 2.2.

2E. Proof of the logarithmic base change theorem. Here is an immediate consequence of Lemma 2.2.
Corollary 2.8. In the setting of Lemma 2.2, we have the inclusion
g* fu(wy (E) /oy (D)®N) C £ (wxr(E")/wy (D)®Y).
Proof. Since g is flat, g"*wy/y = wx+/y’, which implies that
¢ (x (E) /0y (D)®N) = (ox/(E - D)/ay)®"

= (ox/(E + D' = D)/wy/(D)
C ps(wx(E") [y (D")®N).

)®N

Taking pushforward £ on each side, we obtain the inclusion, since g* fx = f, g’* by the flatness of g. [

Proof of Theorem 1.2. As given in the assumption, g : (Y’, D') — (Y, D) is a strict morphism of log
smooth pairs such that g|yn p/: Y'\ D’ — Y \ D is smooth. Then the set of points on D, such that either
D is singular or g|p; : Dy — D is singular for some stratum D} of D', is a Zariski closed subset of ¥
with codimension at least 2. Therefore, there exists an open subvariety Yy C Y with codimy Y \ Yy > 2,
such that g|,—1(y,) : (Yg, Dy) — (Yo, Dy) is strictly smooth. Since we are taking the double dual at the
end, we need only prove the inclusion in the statement of the theorem on Y. Therefore, it suffices to
prove the theorem when g is a strictly smooth morphism of log smooth pairs.
Then by Corollary 2.8, we have

g+[g* fu(ox (E) /0y (D)®N) & (wy (D)) /wy (D)®N)] C hi(wx»(E") /oy (D)®Y).

Further shrinking an open subvariety Yo C Y with codimy Y \ Yy > 2 where fi(wy (E)/ wY(D)®N ) is
locally free, we have the inclusion

felwy (E) /oy (D)®N) ® gu(wy/ (D) /0y (D)®N) C hy(wx (E")/ oy (D)®N)

from which we obtain the conclusion. O

3. Logarithmic Higgs sheaves and Campana—Paun criterion

In Sections 3A and 3B we review some important constructions from the literature, with small modifications
needed here in the first one. In the end, we prove Theorem 1.7(2) as an immediate application.
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3A. Construction of logarithmic Higgs sheaves. Given a morphism from a smooth projective variety to
a curve, Viehweg and Zuo [41] studied a lower bound of the number of singular fibers via the construction
of Higgs bundles. This construction was later generalized in [42] to a morphism of higher dimensional
varieties with positivity conditions on the fibers. Using the theory of Hodge modules, Popa and Schnell [31]
refined the construction of logarithmic Higgs sheaves with poles along the discriminant divisor in general.
Along with the results of Campana—Paun [5], these provide a powerful method to study the hyperbolicity
of the base of a smooth projective morphism. In this section, we summarize and explain the above,
following Popa and Schnell’s treatment with some simplifications. As before, (Y, D) is a log smooth pair.

Definition 3.1. A graded Oy-module F, = @y F is a graded logarithmic Higgs sheaf with poles
along D if there exists a logarithmic Higgs structure

¢.:]:.—)]:.+1®QY(10gD)

suchthat p A@ : Fo = Foi2 ® Q%,(log D) is the zero morphism. Unless otherwise stated, 7 = 0 for
k < 0. Define

K (@) := ker(¢k : Fk = Fr+1 @ Qy(log D))
to be the kernel of the Higgs field for each k.

When a surjective morphism f : X — Y with connected fibers satisfies some additional effectivity
condition for a particular line bundle, Popa and Schnell [31, Theorem 2.3] constructed a graded logarithmic
Higgs sheaf with poles along the discriminant locus. For our later use, we modify [31, Theorem 2.3] for
a logarithmic setting, and drop the assumption on the connectedness of the fibers.

Theorem 3.2. Let [ : (X, E) — (Y, D) be a surjective projective morphism of quasiprojective log smooth
pairs with E = f~1(D), and S lx\E is smooth. For a line bundle L on Y, assume that some power of
wx (E)/wy(D)® f *£~1is effective (i.e., has a nonzero section). Then there exists a graded logarithmic
Higgs sheaf F, with poles along D satisfying the following properties:

(a) One has L C Fy, and F, = 0 for k < 0.
(b) There exists d such that F, = 0 forall k > d.
(c) Each Fy, is a reflexive coherent sheaf on Y.

(d) Each dual Kj(¢)* of the kernel of the Higgs field is weakly positive if Kj (¢) # 0.

In [42], Viehweg and Zuo initially constructed similar Higgs sheaves, under the slightly stronger
assumption that the canonical bundle of the general fiber is semiample.

We recall the definitions and properties of weakly positive sheaves and big sheaves, introduced by
Viehweg [39; 40]; see also [27, Section 5]. In what follows, S® F denotes the double dual of the
a-symmetric product of F, and det F denotes the double dual of the determinant of F.

Definition 3.3. A torsion-free coherent sheaf F' on a normal quasiprojective variety W is weakly positive
if, for every positive integer @ and every ample line bundle H, there exists a positive integer 8 such that
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SBF @ HE is generically generated by global sections. We say F is big if, for every ample line bundle
H, there exists a positive integer ¢ such that S*F®H !is weakly positive.

If F is a line bundle and W is a normal projective variety, then F is weakly positive (resp. big) if
and only if F is pseudoeffective (resp. big). This is immediate from the definition. We recall additional
important properties of weakly positive and big sheaves.

Lemma 3.4 [16; 27; 39; 40]. Let F be a nonzero torsion-free coherent sheaf on a normal quasiprojective
variety W.
(1) Let Wy C W be a Zariski open subset. If F is weakly positive (resp. big), then F|y, is weakly
positive (resp. big). If codimy W \ Wy > 2, then the converse is true.

(2) Let F — G be a generically surjective morphism of nonzero torsion-free coherent sheaves. If F is
weakly positive (resp. big), then G is weakly positive (resp. big).

(3) Let A be a big line bundle. If F is weakly positive, then F ® A is big.
(4) If F is weakly positive (resp. big), then det F is weakly positive (resp. big).

(5) If t : W — W is a finite surjective morphism of normal varieties, then F is weakly positive (resp.
big) if and only if T* F is weakly positive (resp. big).
Proof of Theorem 3.2. 1t suffices to construct 7, on the complement of a codimension-2 subvariety in Y,
satisfying properties (a)—(d). Indeed, taking the reflexive hull of F, over Y, we obtain a graded logarithmic
Higgs sheaf, still satisfying the properties of Theorem 3.2. (See Lemma 3.4(1) for property (d).)

Take a resolution ¥ : Z — X of the cyclic cover of X induced by the section of some power of
B :=wx(E)/wy(D)® f*£7!. In particular, there exists a natural inclusion ¥* B~! — 0. Denote
h:= foy:Z —Y,andlet Dy be the union of the discriminant locus A(%) and D in Y. After removing
a codimension-2 subvariety in Y and taking a suitable resolution Z of the cyclic cover, we may assume
that Dy, is a smooth divisor such that £} := h~! Dy, is a simple normal crossing divisor of Z.

Let Qy,y(log E) (resp. 2 z,y (log E})) be the cokernel of the natural inclusion of the logarithmic
cotangent bundles

f*Qy(log D) — Qx(og E) (resp. h*Qy(log Dy) — Qz(log Ep)).

Further removing a codimension-2 subvariety in Y sothat f: (X, E)— (Y, D) and h:(Z, Ey) — (Y, Dy)
are strictly smooth (see the proof of Theorem 1.2, for example), we may assume that Qy,y (log E') and
Q 7,y (log Ey,) are locally free from the locally analytic description. As a consequence, we have the
Koszul filtration

Koz? Qf\,(log E) :=image [f*SZ;I,(log D)® Q;q (log E) — Qé((log E)],

where 823( (logE) := /\i Qx (log E) is the i -th exterior power, for all 0 <i < dim X. Hence, we have the
natural isomorphism

Koz? /Kozd 1! Q@ (log E) = £*Q%, (log D) ® QY /} (log E)



Logarithmic base change theorem and positivy of log canonical divisor 461

and the tautological short exact sequence
0— f*Qy(og D) ® QX/Y(log E) — Koz° /Koz? Q}(log E)— Q}/Y(log E)—0,

which we denote by C3 /Y (log E). Likewise, we have the tautological short exact sequence C’Z % (log Ep).
From the natural morphism of complexes

0 —— h*Qy(log D) —— ¥*Qx(log E) —— ¥ *Qy,;y(log E) —— 0

| l l

0—— h*Qy(lOg Dh) e Qz(log Eh) _— QZ/Y(IOg Eh) —0

we have the morphism ¥ *C}, /Y(log E)— C’Z /Y(log E}) of the tautological short exact sequences, for
all i. Tensored with the natural injection y* B~! — (O, we obtain the following morphism of short
exact sequences:

Y*(Cy y (log E) ® B™') — Cy ; (log Ep). (3.5)

Let d = dim X —dim Y. From the Leray spectral sequence associated with Rl = Rfy o R4 and the
adjointness of the pair ({*, ¥«), we have the natural morphism

R f(Qk y(log E)® B™') > R hu(y* (R, y (log E) ® B)),

which induces the following commutative diagram of the connecting homomorphisms via the derived
pushforward of (3.5):

R £,(QF " y(og E) ® B~ )—>Rd_i+1f(Q’X/IY(logE)@)B_l)®Qy(logD)

pd:l lpd—i—i-l@l
/

. . by_i _ i
R, (QLy (log Ep)) — = R4 T he(QL )y (log Ep)) ® Qy (log D)

Due to Steenbrink (see for example [38; 43]), it is well known that ¢/ is the logarithmic Higgs structure
of the graded logarithmic Higgs bundle

d
arfyy =~ ka_ao REn (Q% 5 (log Ep)),

where V) is Deligne’s lower canonical extension along Dy, on Y, with the induced filtration F, associated
to the polarized variation of Hodge structure given by the middle cohomologies of the smooth fibers of 4.
The lower canonical extension means that the eigenvalues of the residues of the logarithmic connection
lie in [0, 1). Define

Fr = (image[ Pr R f*(QX/Y(logE)(X)B )—>Rkh( Z/Y(logE;,))])

for 0 < k <d, and Fj, := 0 otherwise. Then, F, is a graded logarithmic Higgs sheaf with poles along D.
Its logarithmic Higgs structure ¢, is induced by ¢/ of grf'V,. Notice that pq is the pushforward f; of the
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inclusion
wy(E)/0y(D)® B™' — Yu (w4 (Ep)/wy (Dp)).

which is the adjoint of ¥*(w, (E)/wy (D) ® Bl — w5 (Ep)/wy(Dy). Accordingly, Fo = (£ ®
f«Ox)**, which implies £ C Fy. Therefore, properties (a)—(c) are immediate from the construction.
Observe that F, C grf7 Vo, which implies K (¢) C K (¢'). Hence, we have a generically surjective
morphism Ky (¢')* — Ky (¢)*. It is well known that Ky (¢')* is weakly positive if not zero [33; 3; 44].
From Lemma 3.4(2), K (¢)* is weakly positive if not zero, which verifies the property (d). O

Remark 3.6. The conclusion of Theorem 3.2 continues to hold when we replace the assumption
k(X, wx (E)/wy (D) ® f*£71) > 0 by the existence of a nonzero morphism

LEN [ fu(wx (E)/wy(D)®N)]™

for some positive integer N . By the left-right adjointness of ( /™, fx), this morphism implies the existence
of a nonzero section of N -th power of

wx (E)/wy(D)® L7

over the complement of a codimension-2 subvariety in Y. Therefore, we obtain a graded logarithmic
Higgs sheaf F,, on the complement of a codimension-2 subvariety in Y, satisfying the properties of
Theorem 3.2. As at the beginning of the proof of Theorem 3.2, we obtain the desired graded logarithmic
Higgs sheaf via taking the reflexive hull of F, over Y. This refined assumption turns out to be more
convenient for the applications of the logarithmic base change theorem.

The following lemma is obtained from the standard manipulation of logarithmic Higgs sheaves by
Viehweg and Zuo. This allows us to apply Campana and Paun’s results explained in the next subsection
to deduce results on hyperbolicity.

Lemma 3.7. Let (Y, D) be a log smooth pair. Let F, be a graded logarithmic Higgs sheaf with poles
along D satisfying the properties (a)-(d) of Theorem 3.2. Then there exists a pseudoeffective line bundle
P and a nonzero morphism

£% ® P — (Qy(log D))®*"
for some r >0,k > 0.
Proof. From the logarithmic Higgs structure ¢, of F,, we have a sequence of morphisms
¢ ®id: Fi ® (Qy (log D)®* > Friy ® (Qy (log D))®K+1,

Notice that F; = 0 for large enough k. Therefore, the line bundle £ is contained in the kernel of ¢y ® id
for some k > 0:

L C Ki(¢) ® (Qy (log D))®*.
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This implies the existence of a nonzero morphism
Ki(@)* — (Qy(log D) ® £

Let K* be the image of the morphism and r be the generic rank of £*. From the split surjection
KC*®" s det KC*, where K* is a vector bundle outside of a codimension-2 locus in Y, we obtain a nonzero
morphism

detC* — [(Qy (log D) @ £71]%".

Note that P := det K* is a pseudoeffective line bundle by Lemma 3.4(4). Therefore, we complete the
proof of the lemma. O

3B. Positivity properties of the logarithmic cotangent bundle. We highlight the results of Campana and
Paun [5]. Investigating foliations on orbifold tangent bundles, they studied the positivity properties of their
tensor powers. Together with the logarithmic base change theorem and the construction of logarithmic
Higgs sheaves, this provides the machinery to study the positivity of the base of a smooth projective
morphism.

Theorem 3.8 [5, Theorem 1.3]. Let (Y, D) be a projective log smooth pair such that Ky + D is pseudo-
effective. For every quotient Q of a tensor power of the logarithmic cotangent bundle (Qy (log D))®N
with N > 1, the first Chern class c¢1(Q) is pseudoeffective.

Theorem 3.9 [5, Theorem 7.6]. Let (Y, D) be a projective log smooth pair, and let L be a pseudoeffective
line bundle on Y. If there exists a nonzero morphism

L — (Qy (log D))®* & (0y (D)®’
for some integers k > 0 and r > 1, then Ky + D is pseudoeffective.

Originally, Campana and P#un stated their results in terms of an orbifold pair (Y, D), but we restrict
the statements to a log smooth pair since it suffices for our purpose.
As a quick application of the results in this section, we prove Theorem 1.7(2).

Proof of Theorem 1.7(2). Since wy (E)/wy (D) ® f*wy (D) is effective, there exists a graded logarithmic

Higgs sheaf F, satisfying the properties of Theorem 3.2, with £ = wy, (D)~!. From Lemma 3.7, we have
a pseudoeffective line bundle P and a nonzero morphism

(0y (D))®™" ® P — (Qy(log D))®*"
for r > 0, k > 0. Therefore, Ky + D is pseudoeffective by Theorem 3.9. |

Suppose [ : X — P” is a surjective morphism, with X a smooth projective variety of nonnegative
Kodaira dimension. By Theorem 1.7(2), it is easy to see that dimA(f) = n — 1 and deg A(f) >
n + 1. However, when n = 1, Viehweg and Zuo [41, Theorem 0.2] suggest this inequality is not sharp.
Theorem 1.9 and Corollary 1.10 give a sharp inequality whose proofs are provided in the next section,
which primarily use the logarithmic base change theorem.
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4. Proofs

4A. Proof of Theorem 1.5. Theorem 1.5 is a generalization of Popa and Schnell [32, Theorem A],
applying the logarithmic fiber product trick to their proof.

To begin with, we compactify X and Y using Hironaka’s resolution of singularities. Therefore, we
may assume f : (X, E) — (Y, D) to be a morphism of log smooth pairs with £ = f~!(D) such that
Slx\e : X\ E — Y\ D is the initial smooth morphism of quasiprojective varieties.

The forward implication is immediate due to Maehara [26, Corollary 2]: when Y \ D is of log
general type, then k(X \ E) = «(F) +dim Y. It remains to prove the converse implication, assuming
k(X \ E) =«k(F)+dimY. Recall the Easy Addition formula [27, Corollary 1.7], applied to the Cartier
divisor Ky + E:

K(X\E)=«k(X,Ky + E) <«k(F)+dimY.

The equality holds if and only if there exists a positive integer N and an ample divisor 4 on Y such that
[*AC oy (E)®N,

by [27, Proposition 1.14]. This is an adjoint of the inclusion A C fx(wy (E )®N). Applying Corollary 1.4,
we obtain the following inclusions:

N
(4® (@y (D)) € [® fulox (E)/wy (DZN)]™ € [ (oxo0 (EV) /oy (D)),

Therefore, taking £L = 4 ® (wy (D)®~N), there exists a logarithmic Higgs sheaf F, with poles along D
which satisfies the properties of Theorem 3.2, by Remark 3.6. From Lemma 3.7, we have a pseudoeffective
line bundle P and a nonzero morphism

A®" ® P — (Qy (log D))®*" & (wy (D))®NT

for some r > 0, k > 0. By Theorem 3.9, Ky + D is pseudoeffective. Note that wy, (D) is a line subbundle
in (Qy (log D))®9mY Hence, there exists some positive integer N’ such that

A®" ® P — (Qy (log D))®V

is a nonzero morphism. Thus, Theorem 3.8 implies that Ky + D is the sum of a big divisor and a
pseudoeffective divisor, so it is big as desired.

4B. Proof of Theorem 1.7(1). We use a similar technique as in the proof of Theorem 1.5. Since
Kx + (1 —¢€)E is effective, there exists a sufficiently divisible positive integer N such that

f*Oy(D) Cwy(E)®N.

This is an adjoint of the inclusion Oy (D) C fx(wy (E Y®N) . Applying Corollary 1.4 as in the proof of
Theorem 1.5, we get

Oy (D) & (wy (D)EN)EY [ f™ (wx o (EM) Jwy (D)EN)]™,
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and obtain a nonzero morphism
Oy(D)®" ® P — (Qy (log D))®" @ (wy (D))*N"

induced by the logarithmic Higgs sheaf construction with poles along D. Here, r > 0, k > 0, and P is
a pseudoeffective line bundle. By Theorem 3.9, Ky + D is pseudoeffective. From the split inclusion
wy (D) C (Qy (log D))®4mY | there exists some positive integer N’ such that

Oy (D)®" ® P — (Qy (log D))®"’
is a nonzero morphism. If Q is its cokernel, then ¢1 (Q) is pseudoeffective by Theorem 3.8. Since
c1((Qy(log D)®N') = N'(dim V)N "¢, (Ky + D) = rey(D) +¢1(P) +¢1(Q)

and P, Q are pseudoeffective, there exists 6 > 0 such that Ky + (1 —§) D is pseudoeffective.
The sum of a big divisor and a pseudoeffective divisor is big. If —Ky + N D is big for some nonnegative
integer NV, then the sum

(N +1-8)D = (—Ky + ND) + (Ky + (1—8)D)

is big. Hence D is big, and therefore Ky + D = (Ky + (1 —38) D) + D is also big.

4C. Proof of Theorem 1.9. Let 11 : (Y D) — (7, A(f)) be a log resolution of (¥, A(f)). By taklng a
suitable resolution X of the main component of X xy Y, we obtain an induced morphism f (X E ) —
(Y, D) of projective log smooth pairs with E = f (D), and f | & T\E is smooth. By Theorems 1.5 and
L.7(1), Ky + D is big in all cases, which implies that ¥ \ A(f) is of log general type. Therefore, from
Lemma 3.4(1), Ky + D is big.

5. Popa’s superadditivity of logarithmic Kodaira dimension

Popa recently conjectured that for a smooth projective morphism with connected fibers, the (logarithmic)
Kodaira dimension is additive.

Theorem 5.1 [30, Conjecture 3.1]. Let f : X — Y be a smooth projective morphism with connected
fibers between smooth quasiprojective varieties. Then

K(X)=k(Y)+«(F)
where F is the general fiber of f.

As mentioned after Corollary 1.13, the subadditivity ¥ (X) > k(Y) +« (F) is implied by the logarithmic
Titaka conjecture. Hence, Popa’s conjecture suggests its counterpart, namely the superadditivity i (X) <
k(YY) + «(F), when the morphism is smooth.

As a preparation, recall that the numerical log Kodaira dimension of Y is defined as

ke(Y) :=kq(Y, Ky + D),
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where Y is a compactification of ¥ with boundary a reduced simple normal crossing divisor D and k is
Nakayama’s numerical dimension [28, V.2.5 Definition]. This is well defined, independent of the choice
of a compactification. Additionally, it is well known that if ks (Y') = 0, then k(Y) = 0 (see Kawamata’s
[17, Theorem 1] combined with Nakayama’s [28, V.2.7 Proposition (8)]).

We first prove superadditivity under the additional assumption that the numerical log Kodaira dimension
of the base Y is equal to zero.

Proposition 5.2. With the notation in Theorem 5.1, assume that ks (Y) = 0. Then
K(X) <k(F).

The proof of this proposition uses the logarithmic base change theorem as in the proofs in Section 4,
with the following lemma. This is essentially [32, Lemma 14], modified for our use in the case of
torsion-free sheaves. We include its proof for completeness.

Lemma 5.3. Let F be a torsion-free sheaf on a normal projective variety Z, globally generated on the
complement of a codimension-2 locus. If h°(Z, F) > rank F, then h°(Z, agt]-") > 2.

Proof. Denote s := rank F. Via taking the double dual, we may assume that F is reflexive. Let V C Z
be the complement of a codimension-2 subvariety in Z, over which F is a globally generated locally free
sheaf of rank s. Consequently, there exists a generically isomorphic morphism

o ;@%S_)]:‘

If @ is an isomorphism on V, then the reflexive hull of «; is an isomorphism on Z, which contradicts
h°(Z,F) > s. Hence, there exists a point z € V such that o] is not surjective as a linear map of vector

spaces. Since F is globally generated at z, there exists a morphism
ar O?S - F
such that a,|, is an isomorphism of vector spaces. Then we have the nonzero global sections
cTe\tozl 0z —>§e\t]-", ae\tozz 0z —>cTe\t]-',
such that det o1 vanishes at z and det a5 is an isomorphism at z. Therefore, we have the conclusion. [

Proof of Proposition 5.2. We argue by contradiction: assume that K (X) > x(F). As at the beginning of
the proof of Theorem 1.5, let f : (X, E) — (Y, D) be a morphism of log smooth pairs with E = f~1(D)
such that f| X\E: X \ E — Y \ D is the initial smooth morphism. Notice that

rank(f* (w)?(E)‘X’N)) = Py (F)
where Py (F) is the N -plurigenus of F. Therefore, there exists a positive integer N such that

Y, fi(ogz(E)®Y)) > rank(fix (05 (E)®N)).
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Let F be the subsheaf of fx (w5 (E)®Y), generated by its global sections. Therefore, F is torsion-free
and h°(Y, F) > s := rank F. From the inclusions

s ko

det 7 € [N ful(wp(E)®N)]™ < [@ fulox (£)®V)] .

we have

— ®—Ns\\ON Ns oy T
(det F @ (wp(D)®~N))*" ¢ [® fe(ox(E)/wy(D) )]
N.
c LAY (g (EN) Jwz (D)ON)]™
by Corollary 1.4. As in the proofs of Theorems 1.5 and 1.7(1), we obtain a nonzero morphism
A% ® P — (Qy(log D))" ® (0 (D))"

where 4:=detF, r >0,k >0,and Pisa pseudoeffective line bundle. Hence, there exists some positive
integer N’ and an injection
A®" @ P — (Qy(log D))®Y

with the quotient Q, which implies that
N'(dim Y)N'"e; (Ky + D) = reg(A) +¢1(P) +¢1(0).

We now take Nakayama’s numerical dimension on both sides. Due to [28, V.2.7 Proposition (1)] and
Theorem 3.8, we have

ko (Y) =ko(Y, Ky + D) > ko (Y, A).
However by Lemma 5.3, we have ko (Y, A) > 1, which contradicts ko (Y) = 0. O

Theorem 1.12 states the superadditivity of the log Kodaira dimension when the very general fiber
of the log litaka fibration of the base has a good minimal model. This is obtained as a consequence of
Proposition 5.2 via the Easy addition formula.

Proof of Theorem 1.12. Let u : ()7, 5) — (Y, D) be a log resolution with the log Iitaka fibration
n: (}7 , 5) — 1. Since the log Kodaira dimension is invariant under birational modifications (see e.g. [8,
Lemma 2.3.34]), we have /2(? \ 5) =k(Y)and k(X xy Y \ 5) = i (X). Hence, taking the base change
of f via p, we may assume (Y, D) = ()7, 5).

Let /: (X, E) — (Y, D) be a morphism of log smooth pairs with E = f~1(D) such that f|)7\E :

X \ E — Y \ D is the initial smooth morphism. Then we have the composition of morphisms
(X.E) L (7.D) 5 1.
Denote by (G, D|g) (resp. (H, E|g)) the very general fiber of 1 (resp. no f). The restriction map

fla : (H,E|lg) — (G, D|g)
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is a morphism of log smooth pairs with E | = f |;Il (D|g),and f|g\ E|, is smooth. From the assumption,
the pair (G, D|g) has a good minimal model of log Kodaira dimension zero, which implies that

ke (G,Kg+ D|g) =0.
By Proposition 5.2, we have
K(H,Kg + E|g) = «(F),

hence, by the Easy addition formula applied to no f, we obtain
K(X)=k(X.Kg+E)<«(H,Kg + E|g)+dimI <«(F)+k(Y),
which concludes the proof. |

In the remaining section, we state the logarithmic litaka conjecture for projective morphisms over
quasiprojective curves. This result is well known to experts but is not explicitly stated in the literature, so
we provide a brief proof.

Proposition 5.4. Let [ : X — Y be a projective morphism with connected fibers between smooth

quasiprojective varieties. If dimY = 1, then
K(X)=ik(Y)+«k(F).

Proof. When Y is of log general type, the conclusion follows from Maehara [26, Corollary 2]. When Y is a
projective curve of genus 1, it follows from Kawamata [15, Theorem 2]. When Y = P! or Y = P! — {00},
we have k(Y) = —oo.

It suffices to prove i (X) > k(F) when Y = P! —{0, co}. To begin with, we compactify the morphism
fas f:(X,E)— (P!, D)sothat D=0+o00, E= f~1(D), and f_|)?\E = f. As in the proof by
Viehweg and Zuo [41], there exists a cyclic cover P! — P! of degree d, étale over C* = P! — {0, oo},
which induces a semistable reduction at {0, co} for a sufficiently large and divisible d (Kempf et al. [21]).
Let the resulting semistable reduction at {0, co} be the commutative diagram

X 2t x

|l
H:Dl Zl—)Zd Pl
Write X := v~ (X). Since v|x’ : X’ — X is a finite étale morphism, we have i(X’) = i (X) by litaka’s
[14, Theorem 3]. Therefore, we reduce to the case where the fibers of f over {0, oo} are reduced simple
normal crossing divisors.
i Since Oy (E) = f_*Opl 2) =~ f*a)u;l, we have wg(E) = wxp1- By Viehzveg’s [39, Theorem II1],

f*a)f“7 /pt is weakly positive for all k& > 0. Therefore, the vector bundle f*wj, /pt decomposes into a

direct sum of line bundles of nonnegative degree on P!, which implies that

(P!, ﬂwky/[pl) > rank(ﬂa)l)%/um) = P(F)
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where Py (F) is the k-plurigenus of F. Hence, h°(X, k(K 3 + E)) = Pi(F) for all kK > 0, so we have
kK(X)>=k(F). O

In particular, Theorem 1.12 and Proposition 5.4 imply Corollary 1.13.

6. Uniruledness of fibrations over projective spaces

Assume we have a surjective projective morphism f : X — P! with at most two singular fibers. From
[41], we have k(X) = —o0, and the nonvanishing conjecture implies that X is uniruled. In other words,
putting these two together, we have:

Conjecture 6.1. Let X be a smooth projective variety, and f : X — P! be a surjective morphism with at
most 2 singular fibers. Then X is uniruled.

As mentioned in the introduction after Theorem 1.15, Pieloch [29] proved the conjecture when f has
at most one singular fiber, and obtained a partial result when f has two singular fibers. The proofs are
symplectic; the algebro-geometric proofs were previously unknown.

In what follows, we give an algebraic proof of this conjecture under the additional assumption that
the general fiber has a good minimal model. The key idea is the invariance of the canonical rings of
smooth fibers stated in the following theorem. This contains Theorem 1.15. We also state an analogous
conjecture over a higher dimensional base below.

Theorem 6.2. In the setting of Conjecture 6.1, assume that the fibers of f are connected. Then, the
canonical rings of all smooth fibers are isomorphic. Moreover, if the general fiber F has a good minimal
model, then X is uniruled. In particular, if the fibers are of general type, then f is birationally isotrivial,
and X is uniruled.

Proof. As in the proof of Proposition 5.4, it suffices to consider the case when f is semistable with at
most 2 singular fibers over {0, 00}. Let D = 0+ oo and E = f~!(D). Since Kp1 + (1 —8)D is not
pseudoeffective for all § > 0, Kx + (1 —€) E is not effective for all € > 0 by Theorem 1.7(1). Therefore,
there is no nonzero morphism

Op1 (1) =[x /o1,

which implies that
k Pk (F)
f*wX/P] = @ O[pl. (63)

Alternatively, [41, Proposition 4.2] proves that the degree of f*a))k( /pl is equal to zero, which implies (6.3).
As a consequence, the multiplication map

k / k+1
f*wX/pl ® f*wX/[pl - f*wX-/‘rpl

is constant on the fibers, and hence is isomorphic to

[HO(F,0%) ®c HO(F,0k) - H(F, 0*™)] ®c Opi.
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Therefore, the canonical ring of every smooth fiber is isomorphic to the canonical ring R(F,w) of F,
which is isomorphic to R(X, wy/p1), establishing the first assertion. Accordingly, the litaka model /
of (X, wy p1) is the litaka model of (F, wj). Resolving the indeterminacy of the litaka morphism, we
obtain the diagram

X/
BN
1l X—-—-=1
S

[F[)l

Notice that 7 is also the Iitaka fibration of (X", wy,/p1), and the restriction map 7|1y : f” “1y)y =1
for the general point y € P! is the Iitaka fibration of F.

Suppose F has a good minimal model. Then, it is well known that every fiber in the smooth locus of the
Iitaka fibration of F' has a good minimal model (see e.g. [9, Theorem 1.2]). Now, it suffices to prove that
X" is uniruled, hence that the very general fiber Z’ of 7 is uniruled. We have «(Z’, wy//p1|z) = 0 by
Titaka’s theory of D-dimension [27, (1.11)], which implies that x (Z', @ ;. /P 1) =0. Consider f”:Z' — P!,
then its general fiber G’ is the smooth fiber of the litaka fibration of F. By Viehweg’s weak positivity
theorem, we have

!k ~
f*a)Z,/P] = O[p)l,

whenever a)g/ admits sections. Since G’ admits a good minimal model from the assumption, it is well
known that Z’ has a relative good minimal model Z” over P!. If we denote ' : Z” — P!, then wz~ is
f"”-semiample. From f’ wé,, 1 = Op1, we have a)g/, >~ f” *a)(PfI. Accordingly, the canonical divisor
K 7~ is not pseudoeffective, which implies that any resolution of Z” is uniruled [2]. Therefore, Z’ is

uniruled as desired. O

Remark 6.4. In fact, Theorem 6.2 extends to the case where f has disconnected fibers. Indeed, the Stein
factorization of f : X — P! is P!, and the induced morphism again has at most two singular fibers. This
is because a finite covering of P! branched over at most two points is either an identity map or a cyclic
map, i.e., zZ > z9 for d > 1 with an appropriate choice of the coordinate z.

Combining Corollary 1.10 and the nonvanishing conjecture, we obtain the following higher-dimensional
analogue of Conjecture 6.1. In the remaining section, we prove this conjecture for n = 2 under the same
additional assumption as in Theorem 6.2, that the general fiber has a good minimal model.

Conjecture 6.5. Let X be a smooth projective variety, and f : X — P" be a surjective morphism with
either dim A(f) <n—2ordeg A(f) <n+ 1. Then X is uniruled.

Corollary 6.6. In the setting of Conjecture 6.5, assume that n = 2 and the fibers of f are connected. If
the general fiber F has a good minimal model, then X is uniruled.
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Proof. The discriminant locus A( f) is the union of a plane curve C (possibly empty) of degree at most 3
and a finite set S of points.

Case deg C <2 or C = ¢: The general projective line in P? intersects A( /) at most 2 points. Then the

preimage of the line is uniruled by Theorem 6.2. Therefore, X is uniruled.

Case deg C = 3: If C is a smooth cubic plane curve, P? is covered by projective lines tangent to C,

and only finitely many such lines pass through S. If C is a singular cubic plane curve, pick a singular
point p and consider all projective lines through that point. Likewise, only finitely many such lines pass
through S. In all cases, P? is generically covered by lines that intersect A( f) at most 2 points. Therefore,
we conclude that X is uniruled. O

Remark 6.7. For n > 3, the possible configurations for the discriminant locus in Conjecture 6.5 are very
complicated; the case by case analysis in the proof of Corollary 6.6 is no longer valid. Still, if the degree
of the divisorial component of the discriminant locus is at most 3 and F has a good minimal model, then
X is uniruled. This is because when we slice P” by a general projective plane P? C P", the preimage is
uniruled by Corollary 6.6.

7. Boundary examples and further remarks

We present boundary examples showing that the inequality in Corollary 1.10 is sharp. Specifically, we
demonstrate morphisms to " such that the domains have the Kodaira dimension equal to zero and the
discriminant loci are divisors of degree n + 2 in P”".

Example 7.1 (isotrivial example with discriminant locus of minimal degree). First, we construct a finite
cover of P with trivial canonical bundle branched over a hypersurface of degree n + 2. Let D C P" be
a degree n + 2 hypersurface with simple normal crossing singularities. Consider a degree n 4 2 cyclic
cover X — P" associated to D. Then X has Gorenstein rational singularities and w, = Ox. We resolve
the singularities of X by a series of smooth blow-ups over the branch locus, u : X — X. Then the
composition f : X > P"isan example with /1% (w ) = 1 and the discriminant locus A(f) = D is the
hypersurface of degree n + 2.

Now, we use the construction above to build an example with connected fibers over P”, with n > 2. To
begin with, when D is a smooth degree n + 2 hypersurface, the cover f : X — P" we constructed above
is a smooth Galois cover with a Galois group G = Z/(n + 2)Z. Consider a G-action on X x X:

0:GxXxX—>XxX, o0(g x1.x2):= (g "x1,gx2).

Since G is abelian, the action is well defined. Hence, the projection onto the second factor pry : X x X — X
is a G-equivariant morphism, from which we obtain an induced morphism of quotients by the G-action:

P (X x X)/G — X/G = P".
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All the fibers of pr, over P” \ D are isomorphic to X. Therefore, if we denote by u: W — (X x X)/G a
resolution of singularities, which is an isomorphism away from the singular locus, then we have k(W) =0
from the following lemma, and the induced morphism % : W — P” satisfies A(h) = D.

Lemma 7.2. Under the above notation, (X x X')/ G has canonical singularities and the Kodaira dimension

of a desingularization of (X x X)/G is equal to zero.

Proof. Let E = f~1(D) be the ramification divisor of f on X. The G-action is free outside of
E x E C X x X, hence, it suffices to prove that the quotient singularities at points (x1, x;) € E x E are
canonical. Let ¢ be a primitive (n + 2)-th root of unity. Locally analytically, the G-action near x € £ C X
is equivalent to

GCtoeenzZn—t1.z2n) > (210 2p—1,C"zn), meZ/(n+2)Z

where z1, ..., z,—1, zn are local coordinates and z, = 0 is a local equation of E. Therefore, at each point
(x1,x,) € E x E, we obtain a singularity, which is analytically isomorphic to

C 2 x (€2 75 (1.0)

where C? /ﬁ(l,q) is the standard abbreviation of the surface cyclic quotient singularity of type
ﬁ (1, g). This singularity is well known to be canonical if and only if ¢ = —1 (by the Reid-Tai criterion
[34, (4.11)], for example). Therefore, the locus in E x E where the quotient singularities are canonical is
both open and closed in the analytic topology. Notice that ¢ = —1 on the diagonal £ C E x E from the
definition of the G-action. Thus, (X X X)/G has canonical singularities.

Since the quotient morphism X x X — (X x X)/G is étale away from a codimension-2 subvariety,
we have an equality

K(X x X, 0xxx) =k (X xX)/G,0xxx)/6) =0,

which completes the proof. O

In particular, when n = 1, we have a triple cyclic cover f : C — P!, with C an elliptic curve branched
over three points. Then the minimal resolution of (C x C)/G turns out to be an elliptic K3 surface fibered
over P! with three singular fibers sitting above the branch points. See [35, Section 2] for details.

The next example is a threefold with zero Kodaira dimension, mapping to P! with three singular
fibers, obtained as an application of Viehweg’s base change theorem. In this example, the fibers are
connected and the family is birationally nonisotrivial, unlike in the previous one. We say that the family
is birationally isotrivial if the general fibers are pairwise birationally isomorphic.

Example 7.3 (nonisotrivial example with discriminant locus of minimal degree). Let f : S — P! be a
family of elliptic curves parametrized by

p? =x(x —1)(x —A).

To be specific, let S C P2 x P! be a hypersurface of type (3, 1) defined by y?z = x(x — z)(x — Az),
where x, y, z are the coordinates of P? and A is the coordinate of P! = A! U {co}. By adjunction,
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wg = [*Opi(—1), so that
f*a)S/lpl = Opl(l)

Notice that f has three singular fibers at {0, 1, oo}; over {0, 1} we have a nodal cubic curve, and over
{oo} we have a union of three concurrent lines. We can verify by computation that S has A4 - singularities
at the nodes over {0, 1} and has an A4- smgularlty at the planar triple point over {oo}. Let i : S — S be
the minimal resolution of singularities and f S — P! be the induced morphism. Then f has semistable
fibers over {0, 1} and a nonsemistable fiber over {oo}, with

fN*C():Sw"/Pl = OPI (1)

Take an automorphism of P!, fixing 0 and flipping 1 and oco. Let f ' § — P! be the induced family,
which now has semistable fibers over {0, oo} and a nonsemistable fiber over {1}. Let X := S Xpl S
be the fiber product of f and f ', and let X be the resolution of X, which is an isomorphism over the
smooth locus of X. Let 4 : X — P! be the induced morphism. By Viehweg’s base change theorem
(Theorem 1.1),

h*w)?/[pl = Oﬂ:ul (2),

which implies that /2°(w ) = L. In fact, we have K(j; ) =0, analyzing the pushforwards of pluricanonical
bundles. Therefore, there exists a threefold X such that k (X) =0, and X — P! is birationally nonisotrivial
with exactly three singular fibers.

We close by addressing a question, raised by Kovacs [23, Question 0.6], whether imposing a stronger
condition on the Kodaira dimension of the total space increases the degree of the discriminant locus. We
observe that this is not the case, by demonstrating morphisms f : X — P” such that X is of general type
and the degree of the discriminant locus A( f') is either n + 2 or n + 3.

Example 7.4 (general type example with discriminant locus of small degree). We first explain a general
strategy to construct an explicit example. Suppose we have a smooth Galois cover g : ¥ — P”, with a
Galois group G, branched over a smooth hypersurface D as in Example 7.1. For a positive integer NV, the
projection onto the NN -th factor,

pr:YN—>Y,

is a G-equivariant morphism, where Y is endowed with the diagonal G-action. Then the induced
morphism
pr:YN/G—>Y/G=P"

has A(pr) = D, and the general fiber is connected. Furthermore, if Y is of general type, then a
desingularization of Y~ /G is of general type for N > 0, by a result of Caporaso, Harris and Mazur
[6, Corollary 4.1]. Therefore, we obtain a morphism f : X — P” such that X is of general type and

A(f)=D
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When 1 = 1, we start with a Galois Belyi map C — P! such that C is a curve of genus at least 2 (see
e.g. [37, Section 6]). Then the construction above shows that the minimal degree of A(f') is indeed 3.

When n > 2, take a cyclic cover g : ¥ — P” branched over a smooth hypersurface of degree n + 3.
Then Y is of general type; consequently, we have an example with deg A( /) = n + 3 via the construction
above. We expect there to be an example with deg A(f) = n + 2, which we do not know yet.

Acknowledgements

I am deeply grateful to my advisor, Mihnea Popa, for his constant support, invaluable advice, and
suggestions. I am also indebted to Joe Harris for his support. I thank Jungkai Chen, Yoon-Joo Kim,
Fanjun Meng, and Justin Sawon for helpful discussions, and Dori Bejleri for answering my questions and
providing references regarding Section 7. I also thank the anonymous referee for helpful comments and
suggestions. I was supported by the 17th Kwanjeong Study Abroad Scholarship.

References

[1] E. Bierstone and P. D. Milman, “Desingularization of toric and binomial varieties”, J. Algebraic Geom. 15:3 (2006),
443-486. MR

[2] S. Boucksom, J.-P. Demailly, M. P” aun, and T. Peternell, “The pseudo-effective cone of a compact Kidhler manifold and
varieties of negative Kodaira dimension”, J. Algebraic Geom. 22:2 (2013), 201-248. MR

[3] Y. Brunebarbe, “Symmetric differentials and variations of Hodge structures”, J. Reine Angew. Math. 743 (2018), 133-161.
MR

[4] F. Campana, “Kodaira additivity, birational isotriviality, and specialness”, Mosc. Math. J. 23:3 (2023), 319-330. MR

[5] F. Campana and M. P” aun, “Foliations with positive slopes and birational stability of orbifold cotangent bundles”, Publ.
Math. Inst. Hautes Etudes Sci. 129 (2019), 1-49. MR

[6] L. Caporaso, J. Harris, and B. Mazur, “Uniformity of rational points”, J. Amer. Math. Soc. 10:1 (1997), 1-35. MR

[7] E. Catanese and M. Schneider, “Polynomial bounds for abelian groups of automorphisms”, Compositio Math. 97:1-2 (1995),
1-15. MR

[8] O. Fujino, litaka conjecture—an introduction, Springer, 2020. MR

[9] C.D. Hacon, J. McKernan, and C. Xu, “Boundedness of moduli of varieties of general type”, J. Eur. Math. Soc. 20:4 (2018),
865-901. MR

[10] R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics 52, Springer, 1977. MR

[11] K. Hashizume, “Log litaka conjecture for abundant log canonical fibrations”, Proc. Japan Acad. Ser. A Math. Sci. 96:10
(2020), 87-92. MR

[12] J.-M. Hwang, “Base manifolds for fibrations of projective irreducible symplectic manifolds”, Invent. Math. 174:3 (2008),
625-644. MR

[13] J.-M. Hwang and K. Oguiso, “Characteristic foliation on the discriminant hypersurface of a holomorphic Lagrangian
fibration”, Amer. J. Math. 131:4 (2009), 981-1007. MR

[14] S. Iitaka, “On logarithmic Kodaira dimension of algebraic varieties”, pp. 175-189 in Complex analysis and algebraic
geometry, Iwanami Shoten Publishers, Tokyo, 1977. MR

[15] Y. Kawamata, “Kodaira dimension of algebraic fiber spaces over curves”, Invent. Math. 66:1 (1982), 57-71. MR

[16] Y. Kawamata, “Minimal models and the Kodaira dimension of algebraic fiber spaces”, J. Reine Angew. Math. 363 (1985),
1-46. MR

[17] Y. Kawamata, “On the abundance theorem in the case of numerical Kodaira dimension zero”, Amer. J. Math. 135:1 (2013),
115-124. MR


https://doi.org/10.1090/S1056-3911-06-00430-9
http://msp.org/idx/mr/2219845
https://doi.org/10.1090/S1056-3911-2012-00574-8
https://doi.org/10.1090/S1056-3911-2012-00574-8
http://msp.org/idx/mr/3019449
https://doi.org/10.1515/crelle-2015-0109
http://msp.org/idx/mr/3859271
https://doi.org/10.17323/1609-4514-2023-23-3-319-330
http://msp.org/idx/mr/4640383
https://doi.org/10.1007/s10240-019-00105-w
http://msp.org/idx/mr/3949026
https://doi.org/10.1090/S0894-0347-97-00195-1
http://msp.org/idx/mr/1325796
http://www.numdam.org/item?id=CM_1995__97_1-2_1_0
http://msp.org/idx/mr/1355114
https://doi.org/10.1007/978-981-15-3347-1
http://msp.org/idx/mr/4177797
https://doi.org/10.4171/JEMS/778
http://msp.org/idx/mr/3779687
http://msp.org/idx/mr/463157
https://doi.org/10.3792/pjaa.96.017
http://msp.org/idx/mr/4184276
https://doi.org/10.1007/s00222-008-0143-9
http://msp.org/idx/mr/2453602
https://doi.org/10.1353/ajm.0.0062
https://doi.org/10.1353/ajm.0.0062
http://msp.org/idx/mr/2543920
http://msp.org/idx/mr/569688
https://doi.org/10.1007/BF01404756
http://msp.org/idx/mr/652646
https://doi.org/10.1515/crll.1985.363.1
http://msp.org/idx/mr/814013
https://doi.org/10.1353/ajm.2013.0009
http://msp.org/idx/mr/3022959

Logarithmic base change theorem and positivy of log canonical divisor 475

[18] S. Kebekus and S. J. Kovacs, “Families of canonically polarized varieties over surfaces”, Invent. Math. 172:3 (2008),
657-682. MR

[19] S. Kebekus and S. J. Kovécs, “The structure of surfaces and threefolds mapping to the moduli stack of canonically polarized
varieties”, Duke Math. J. 155:1 (2010), 1-33. MR

[20] S. Keel, K. Matsuki, and J. McKernan, “Log abundance theorem for threefolds”, Duke Math. J. 75:1 (1994), 99-119. MR

[21] G. Kempf, F. F. Knudsen, D. Mumford, and B. Saint-Donat, Toroidal embeddings, I, Lecture Notes in Mathematics 339,
Springer, 1973. MR

[22] J. Kollar, Singularities of the minimal model program, Cambridge Tracts in Mathematics 200, Cambridge University Press,
2013. MR

[23] S.J. Kovdcs, “Algebraic hyperbolicity of fine moduli spaces”, J. Algebraic Geom. 9:1 (2000), 165-174. MR

[24] S.J. Kovdcs, “Singularities of stable varieties”, pp. 159-203 in Handbook of moduli, Adv. Lect. Math. 25, International
Press, Somerville, MA, 2013. MR

[25] C.-J. Lai, “Varieties fibered by good minimal models”, Math. Ann. 350:3 (2011), 533-547. MR
[26] K. Maehara, “The weak 1-positivity of direct image sheaves”, J. Reine Angew. Math. 364 (1986), 112-129. MR

[27] S. Mori, “Classification of higher-dimensional varieties”, pp. 269-331 in Algebraic geometry (Brunswick, ME, 1985),
vol. 1, Proc. Sympos. Pure Math. 46:1, Amer. Math. Soc., 1987. MR

[28] N. Nakayama, Zariski-decomposition and abundance, Math. Soc. Japan Memoirs 14, Mathematical Society of Japan, 2004.
MR

[29] A.J. Pieloch, Sections and unirulings of families over the projective line, Ph.D. thesis, Columbia University, 2022, available
at https://www.proquest.com/docview/2653329705. MR

[30] M. Popa, “Conjectures on the Kodaira dimension”, pp. 19-28 in Higher dimensional algebraic geometry: a volume in
honor of V. V. Shokurov, London Math. Soc. Lecture Note Ser. 489, Cambridge Univ. Press, 2025. MR

[31] M. Popa and C. Schnell, “Viehweg’s hyperbolicity conjecture for families with maximal variation”, Invent. Math. 208:3
(2017), 677-713. MR

[32] M. Popa and C. Schnell, “On the behavior of the Kodaira dimension under smooth morphisms”, Algebr. Geom. 10:5 (2023),
607-619. MR

[33] M. Popa and L. Wu, “Weak positivity for Hodge modules”, Math. Res. Lett. 23:4 (2016), 1139-1155. MR

[34] M. Reid, “Young person’s guide to canonical singularities”, pp. 345-414 in Algebraic geometry (Brunswick, ME, 1985),
vol. 1, Proc. Sympos. Pure Math. 46:1, Amer. Math. Soc., 1987. MR

[35] J. Sawon, “Isotrivial elliptic K3 surfaces and Lagrangian fibrations”, preprint, 2014. arXiv 1406.1233
[36] V. V. Shokurov, “3-fold log models”, J. Math. Sci. 81:3 (1996), 2667-2699. MR

[37] 1. Sijsling and J. Voight, “On computing Belyi maps”, pp. 73—131 in Numéro consacré au trimestre “Méthodes arithmétiques
et applications”, automne 2013, Publ. Math. Besancon Algebre Théorie Nr. 2014/1, Presses Univ. Franche-Comté,
Besangon, 2014. MR

[38] J. Steenbrink, “Limits of Hodge structures”, Invent. Math. 31:3 (1975/76), 229-257. MR

[39] E. Viehweg, “Weak positivity and the additivity of the Kodaira dimension for certain fibre spaces”, pp. 329-353 in Algebraic
varieties and analytic varieties (Tokyo, 1981), Adv. Stud. Pure Math. 1, North-Holland, Amsterdam, 1983. MR

[40] E. Viehweg, “Weak positivity and the additivity of the Kodaira dimension, II: The local Torelli map”, pp. 567-589 in
Classification of algebraic and analytic manifolds (Katata, 1982), Progr. Math. 39, Birkhéduser, Boston, 1983. MR

[41] E. Viehweg and K. Zuo, “On the isotriviality of families of projective manifolds over curves”, J. Algebraic Geom. 10:4
(2001), 781-799. MR

[42] E. Viehweg and K. Zuo, “Base spaces of non-isotrivial families of smooth minimal models”, pp. 279-328 in Complex
geometry (Gottingen, 2000), Springer, 2002. MR

[43] S. Zucker, “Degeneration of Hodge bundles (after Steenbrink)”, pp. 121-141 in Topics in transcendental algebraic geometry
(Princeton, NJ, 1981/1982), Ann. of Math. Stud. 106, Princeton Univ. Press, 1984. MR


https://doi.org/10.1007/s00222-008-0128-8
http://msp.org/idx/mr/2393082
https://doi.org/10.1215/00127094-2010-049
https://doi.org/10.1215/00127094-2010-049
http://msp.org/idx/mr/2730371
https://doi.org/10.1215/S0012-7094-94-07504-2
http://msp.org/idx/mr/1284817
http://msp.org/idx/mr/335518
https://doi.org/10.1017/CBO9781139547895
http://msp.org/idx/mr/3057950
http://msp.org/idx/mr/1713524
http://msp.org/idx/mr/3184177
https://doi.org/10.1007/s00208-010-0574-7
http://msp.org/idx/mr/2805635
https://doi.org/10.1515/crll.1986.364.112
http://msp.org/idx/mr/817641
https://doi.org/10.1090/pspum/046.1/927961
http://msp.org/idx/mr/927961
http://msp.org/idx/mr/2104208
https://www.proquest.com/docview/2653329705
http://msp.org/idx/mr/4419984
http://msp.org/idx/mr/4844623
https://doi.org/10.1007/s00222-016-0698-9
http://msp.org/idx/mr/3648973
https://doi.org/10.14231/ag-2023-021
http://msp.org/idx/mr/4636285
https://doi.org/10.4310/MRL.2016.v23.n4.a8
http://msp.org/idx/mr/3554504
https://doi.org/10.1090/pspum/046.1/927963
http://msp.org/idx/mr/927963
http://msp.org/idx/arx/1406.1233
https://doi.org/10.1007/BF02362335
http://msp.org/idx/mr/1420223
http://msp.org/idx/mr/3362631
https://doi.org/10.1007/BF01403146
http://msp.org/idx/mr/429885
https://doi.org/10.2969/aspm/00110329
http://msp.org/idx/mr/715656
http://msp.org/idx/mr/728619
http://msp.org/idx/mr/1838979
http://msp.org/idx/mr/1922109
http://msp.org/idx/mr/756849

476 Sung Gi Park
[44] K. Zuo, “On the negativity of kernels of Kodaira—Spencer maps on Hodge bundles and applications”, Asian J. Math. 4:1

(2000), 279-301. Kodaira’s issue. MR

Communicated by Christopher Hacon
Received 2023-10-03 Revised 2025-02-02 Accepted 2025-04-02

sp6631@princeton.edu Department of Mathematics, Princeton University, Princeton, NJ, United States
sgpark@ias.edu

mathematical sciences publishers :'msp


https://doi.org/10.4310/AJM.2000.v4.n1.a17
http://msp.org/idx/mr/1803724
mailto:sp6631@princeton.edu
mailto:sgpark@ias.edu
http://msp.org

Jason P. Bell
Bhargav Bhatt
Frank Calegari
J-L. Colliot-Thélene
Brian D. Conrad
Samit Dasgupta
Hélene Esnault
Gavril Farkas
Sergey Fomin
Edward Frenkel
Wee Teck Gan
Andrew Granville
Ben J. Green
Christopher Hacon
Roger Heath-Brown

Janos Kollar

Michael J. Larsen

Algebra & Number Theory

msp.org/ant

MANAGING EDITOR

Antoine Chambert-Loir
Université Paris-Diderot
France

EDITORIAL BOARD CHAIR

David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of Waterloo, Canada
University of Michigan, USA
University of Chicago, USA

CNRS, Université Paris-Saclay, France
Stanford University, USA

Duke University, USA

Freie Universitit Berlin, Germany
Humboldt Universitit zu Berlin, Germany
University of Michigan, USA
University of California, Berkeley, USA
National University of Singapore
Université de Montréal, Canada
University of Oxford, UK

University of Utah, USA

Oxford University, UK

Princeton University, USA

Indiana University Bloomington, USA

Philippe Michel
Martin Olsson
Irena Peeva
Jonathan Pila
Anand Pillay
Bjorn Poonen
Victor Reiner
Peter Sarnak
Michael Singer
Vasudevan Srinivas
Shunsuke Takagi
Pham Huu Tiep
Ravi Vakil
Akshay Venkatesh

Melanie Matchett Wood

Shou-Wu Zhang

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

Ecole Polytechnique Fédérale de Lausanne
University of California, Berkeley, USA
Cornell University, USA

University of Oxford, UK

University of Notre Dame, USA
Massachusetts Institute of Technology, USA
University of Minnesota, USA

Princeton University, USA

North Carolina State University, USA
SUNY Buffalo, USA

University of Tokyo, Japan

Rutgers University, USA

Stanford University, USA

Institute for Advanced Study, USA
Harvard University, USA

Princeton University, USA

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2026 is US $590/year for the electronic version, and $865/year (+$73, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley,
CA 94701-4004, is published continuously online.

ANT peer review and production are managed by EditFLOoW® from MSP.

PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/

© 2026 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

Algebra & Number Theory

Volume 20 No. 3 2026

Ramified descent and transcendental Brauer—Manin obstruction
JULIAN LAWRENCE DEMEIO

Logarithmic base change theorem and smooth descent of positivity of log canonical divisor
SUNG GI PARK

Chevalley formulae for motivic Chern classes of Schubert cells and for stable envelopes
LEONARDO C. MIHALCEA, HIROSHI NARUSE and CHANGIIAN SU

The Mahler measure of exact polynomials in three variables
TRIEU THU HA

On the Frobenius fields of abelian varieties over number fields
ASHAY A. BURUNGALE, HARUZO HIDA and SHILIN LAI

Galois groups of reciprocal polynomials and the van der Waerden—Bhargava theorem
THERESA C. ANDERSON, ADAM BERTELLI and EVAN M. O’ DORNEY

419

445

477

525

577

603



	1. Introduction
	2. Logarithmic base change theorem
	2A. Equality in Viehweg's base change theorem
	2B. Fiber product of morphisms of log smooth pairs
	2C. Singularities of pairs: S2-varieties, Gorenstein over codimension 1
	2D. Singularities of binomial hypersurfaces: Proof of 0=equation.341=Lemma 2.2
	2E. Proof of the logarithmic base change theorem

	3. Logarithmic Higgs sheaves and Campana–Păun criterion
	3A. Construction of logarithmic Higgs sheaves
	3B. Positivity properties of the logarithmic cotangent bundle

	4. Proofs
	4A. Proof of 0=equation.91=Theorem 1.5
	4B. Proof of 0=equation.111=Theorem 1.7(1)
	4C. Proof of 0=equation.151=Theorem 1.9

	5. Popa's superadditivity of logarithmic Kodaira dimension
	6. Uniruledness of fibrations over projective spaces
	7. Boundary examples and further remarks
	Acknowledgements
	References

