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of positivity of log canonical divisor
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We prove a logarithmic base change theorem for pushforwards of pluricanonical bundles and use it to
deduce that positivity properties of log canonical divisors descend via smooth projective morphisms.

As an application, for a surjective morphism f W X ! Y with �.X / � 0 and �KY big, we prove
Y n�.f / is of log general type, where �.f / is the discriminant locus. In particular, when Y D Pn we
have dim�.f /D n� 1 and deg�.f /� nC 2, generalizing the case nD 1 proved by Viehweg and Zuo.
We also prove Popa’s conjecture on the superadditivity of the logarithmic Kodaira dimension of smooth
algebraic fiber spaces over bases of dimension at most three and analyze related problems.
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1. Introduction

In this paper, we prove a number of results on the behavior of positivity, hyperbolicity, and Kodaira
dimension under smooth morphisms of quasiprojective varieties, based on a technical tool we study under
the name of logarithmic base change theorem. Throughout the text, a variety is a reduced separated
scheme of finite type over C. A pair .Y;D/ consists of a variety Y and a formal Q-linear combination of
divisors D, and we call it a log smooth pair if Y is smooth and D is a reduced simple normal crossing
divisor.

Given a surjective morphism f WX ! Y of smooth projective varieties, the study of the discriminant
locus �.f /� Y , defined as the set of points y 2 Y with singular scheme-theoretic fibers Xy WD f

�.y/,
has been an active area of research. For example, Catanese and Schneider [7, Question 4.1] asked the
question whether f WX ! P1 has at least 3 singular fibers if X is of general type. Kovács [23] gave a
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partial answer when X is canonically polarized and Viehweg and Zuo [41] answered affirmatively under
the weaker assumption that X has nonnegative Kodaira dimension. The question is alternatively phrased
as follows: the effectivity of the canonical divisor of X imposes the bigness of the log canonical divisor
of P1 n�.f /.

We refine and generalize this phenomenon to higher dimensional bases; given a smooth projective
morphism f WX ! Y of smooth quasiprojective varieties, the positivity of the log canonical divisor of
X descends to the positivity of the log canonical divisor of Y . For example, bigness (resp. effectivity)
descends to bigness (resp. pseudoeffectivity). The precise statements are obtained as consequences of our
main technical result, which we call the logarithmic base change theorem for pushforwards of logarithmic
pluricanonical bundles.

A priori, Viehweg introduced the base change theorem for pushforwards of pluricanonical bundles to
study the subadditivity of the Kodaira dimension for algebraic fiber spaces. Here is a version given by
Mori [27, (4.10)].

Theorem 1.1 (base change theorem [27; 39]). Let X;Y;Y 0 be smooth quasiprojective varieties and
f W X ! Y be a surjective projective morphism and g W Y 0 ! Y be a flat projective morphism. Let
� WX 00!X 0 DX �Y Y 0 be a resolution of singularities. Let N be a positive integer, and consider the
commutative diagram

X

f

��

X 0
g0
oo

f 0

��

X 00
�
oo

f 00}}

Y Y 0
g
oo

(1) There is an inclusion
f 00� !

N
X 00=Y 0 � g�f�!

N
X=Y :

It is an equality at a point y0 2 Y 0 if g.y0/ is a codimension-1 point of Y and f is semistable in the
neighborhood of g.y0/.

(2) There is an inclusion
g�f

00
� !

N
X 00=Y � .f�!

N
X=Y ˝g�!

N
Y 0=Y /

��:

It is an equality at a codimension-1 point y 2 Y if f or g is semistable in the neighborhood of y,
where �� denotes the double dual.

Note that the morphism f is semistable over a codimension-1 point y 2 Y if the fiber Xy has reduced
normal crossing singularities. Outside of a codimension-2 subvariety, Viehweg’s base change theorem
gives an inclusion of pushforwards of pluricanonical bundles of the fiber product to the tensor products of
pushforwards of pluricanonical bundles of each morphism.

We start by pointing out a striking new phenomenon: by suitably introducing poles in the discriminant
loci of morphisms, the inclusion in the base change theorem is reversed. This represents a distinct
departure from previously observed phenomena.
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Theorem 1.2 (logarithmic base change theorem). Let .X;E/; .Y;D/; .Y 0;D0/ be quasiprojective log
smooth pairs, and let f W .X;E/! .Y;D/, g W .Y 0;D0/! .Y;D/ be surjective projective morphisms
of pairs such that E D f �1.D/;D0 D g�1.D/ and gjY 0nD0 W Y

0 nD0 ! Y nD is smooth. Let X 0 be
the union of the irreducible components of X �Y Y 0 dominating Y , and E0 D g0�1.E/. Consider the
commutative diagram

.X;E/

f

��

.X 0;E0/
g0
oo

f 0

��

.X 00;E00/
�
oo

f 00xx

.Y;D/ .Y 0;D0/
g
oo

(1.3)

where � W .X 00;E00/! .X 0;E0/ is a log resolution of pairs with X 00nE00ŠX 0nE0, so that .gıf 00/�1DD

E00. Then there exists an inclusion for a positive integer N :�
f�.!X .E/=!Y .D/

˝N /˝g�.!Y 0.D
0/=!Y .D/

˝N /
���
�
�
h�.!X 00.E

00/=!Y .D/
˝N /

���
where hD g ıf 00.

Here, !
X
.E/=!

Y
.D/ WD !

X
.E/˝ f �!

Y
.D/�1, and !

X
.E/=!

Y
.D/˝N is the N -tensor power of

this line bundle. By f �1.�/ we denote the set-theoretic preimage of � with the reduced scheme structure.
While the equality condition in Viehweg’s base change theorem follows from the observation that the fiber
product X 0 has normal toric singularities, the fiber product X 0 in the logarithmic base change theorem has
binomial hypersurface singularities. The proof of Theorem 1.2 follows from a careful analysis of Bierstone
and Milman’s resolution of binomial hypersurface singularities [1] applied to singularities of pairs.

Viehweg applied the base change theorem inductively on the iterated fiber products to study Iitaka’s
CCn;m conjecture on the subadditivity of the Kodaira dimension; this technique is the so-called Viehweg’s
fiber product trick. Likewise, we employ a logarithmic analogue of this fiber product trick, which is
described in the following paragraph.

Let f W .X;E/! .Y;D/ be a projective morphism of quasiprojective log smooth pairs such that
E D f �1.D/ and f jX nE is smooth. Define X s WD X �Y � � � �Y X as the s-fold fiber product of f ,
with the induced morphism f s W X s ! Y , and define Es D .f s/�1.D/. Then f sjX snEs is a smooth
projective morphism. Choose a log resolution �s W .X .s/;E.s//! .X s;Es/ of the union of the irreducible
components of X s dominating Y , with the induced morphism f .s/ W .X .s/;E.s//! .Y;D/ of log smooth
pairs satisfying E.s/ D .f .s//�1.D/ and f .s/jX .s/nE.s/ smooth. Then we have:

Corollary 1.4 (logarithmic fiber product trick). With the notation in the previous paragraph, we have the
inclusion h sN

f�.!X .E/=!Y .D/
˝N /

i��
,!

�
f
.s/
� .!X .s/.E.s//=!Y .D/

˝N /
���

for N; s > 0.

The right side of this inclusion is independent of the choice of a log resolution of the pair .X s;Es/.
The proof is immediate from Theorem 1.2 iterated s-times.
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In contrast to Viehweg’s base change theorem and fiber product trick, the logarithmic analogues
have a distinctive feature: the inclusion goes in the opposite direction, which is consistent with Popa’s
conjectures [30] on the superadditivity of the logarithmic Kodaira dimension. Specifically, the (log)
Kodaira dimension of the source imposes a lower bound on the (log) Kodaira dimension of the base. This
phenomenon, namely a smooth projective descent of positivity of log canonical divisor, is opposite in
nature to Iitaka’s CCn;m conjecture. As a consequence of the logarithmic base change theorem, we derive
a number of results on the (log) Kodaira dimension and the discriminant loci of morphisms.

To begin with, we recall the definition of the logarithmic Kodaira dimension of a quasiprojective variety.
For a Q-Cartier divisor L on a normal projective variety X , �.X;L/ denotes the Iitaka dimension of L.
For instance, �.X / WD �.X; !

X
/ is the Kodaira dimension of X when X is a smooth projective variety.

For a smooth quasiprojective variety X , the logarithmic Kodaira dimension is defined as

N�.X / WD �.X ;KX CD/;

where X is a compactification of X with boundary a reduced simple normal crossing divisor D. We say
X is of log general type if N�.X /D dim X . It is well known that the logarithmic Kodaira dimension is
well-defined, independent of the choice of a compactification.

As a first application of the logarithmic base change theorem, we prove a logarithmic analogue of Popa
and Schnell’s Theorem A [32].

Theorem 1.5. Let f W X ! Y be a smooth projective morphism of smooth quasiprojective varieties
whose general fiber F is connected and �.F /� 0. Then Y is of log general type if and only if N�.X /D
�.F /C dim Y .

The “only if” part of the theorem is Iitaka’s logarithmic Cn;m-conjecture when the base is of log general
type, proven by Maehara [26, Corollary 2]. Our contribution is the “if” part, which can alternatively be
phrased as follows: If the source has the maximal log Kodaira dimension attained by the equality of the
Easy addition formula [27, Corollary 1.7], N�.X /� �.F /C dim Y , then the base is of log general type.

In particular, the bigness of the log canonical divisor descends via smooth projective morphisms.

Corollary 1.6. Let f WX ! Y be a smooth projective morphism of smooth quasiprojective varieties. If
X is of log general type, then Y is of log general type.

Analogously, the next theorem states that the effectivity of the log canonical divisor descends to the
pseudoeffectivity of the log canonical divisor via smooth projective morphisms.

Theorem 1.7. Let f W .X;E/! .Y;D/ be a surjective morphism of projective log smooth pairs with
E D f �1.D/, and f jX nE smooth.

(1) If KX C .1� �/E is Q-effective for some � > 0, then KY C .1� ı/D is pseudoeffective for some
ı > 0. In particular, if additionally �KY CND is big for some nonnegative integer N , then D and
KY CD are big.

(2) If KX CE is Q-effective, then KY CD is pseudoeffective.
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Here, we say a divisor is Q-effective if it is Q-linearly equivalent to an effective divisor. To avoid
repetition, we will refer to Q-effective divisors simply as effective divisors from now on. The effectivity
of KX C .1��/E (resp. pseudoeffectivity of KY C .1�ı/D) for small enough � (resp. ı) is independent
of the choice of a compactification of X nE (resp. Y nD). This is also true for the effectivity of KX CE

(resp. pseudoeffectivity of KY CD). Therefore, Theorem 1.7 can be stated purely in terms of a smooth
projective morphism f jX nE WX nE! Y nD of smooth quasiprojective varieties.

The proof of (2) is treated separately at the end of Section 3B, since this follows from the results in the
literature without the use of the logarithmic base change theorem. This extends [32, Proposition G] to the
logarithmic setting.

Remark 1.8. Theorem 1.7(1) and the nonvanishing conjecture for klt pairs imply the following statement:
if KX C .1� �/E is (pseudo)effective for some � > 0, then KY C .1� ı/D is (pseudo)effective for some
ı > 0. When X nE! Y nD is finite étale, this is easily proven. Indeed, the descent of the effectivity
follows from the same technique used to prove the invariance of the logarithmic Kodaira dimension under
étale covers by Iitaka [14, Theorem 3]. The descent of the pseudoeffectivity is also immediate from
Lemma 3.4 (5), explained later. Note that when we replace “(pseudo)effective” by “big” in the statement,
we obtain Corollary 1.6.

The next theorem is an immediate consequence of Theorems 1.5 and 1.7(1). As explained at the
beginning, the discriminant locus �.f /� Y of a morphism f WX ! Y between smooth varieties is the
complement of the locus in Y over which f is smooth.

Theorem 1.9. Let f W X ! Y be a surjective morphism of smooth projective varieties with �.X / � 0,
and let D be the divisorial component of the discriminant locus �.f / in Y . Suppose either

(i) �.X /D �.F /C dim Y where F is the general fiber of f , or

(ii) �KY is big.

Then, Y n�.f / is of log general type. In particular, KY CD is big.

This extends to a normal variety Y when we extend the notion of bigness to a rank 1 reflexive sheaf.
Part (i) extends a result from [32, Remark 5] that further assumed that Y is not uniruled. Part (ii) can be
seen as a vast generalization of Catanese and Schneider’s question [7, Question 4.1] and Viehweg and
Zuo’s result [41, Theorem 0.2] stating that a surjective morphism f WX ! P1 with �.X /� 0 has at least
three singular fibers. For instance, when Y D Pn we have:

Corollary 1.10. Let f W X ! Pn be a surjective morphism from a smooth projective variety X of
nonnegative Kodaira dimension. Then dim�.f /D n� 1 and deg�.f /� nC 2.

Remark 1.11 (hyper-Kähler manifolds). This applies to a Lagrangian fibration f WX ! Y of a projective
hyper-Kähler manifold X of dimension 2n. When Y is smooth, it is known that Y D Pn and the
discriminant locus �.f / is a divisor (see [12, Theorem 1.2] and [13, Proposition 3.1]). Corollary 1.10
implies that its degree is at least nC 2 in Pn.



450 Sung Gi Park

More generally, when Pn is replaced by the product of projective spaces Pn1 � � � � � Pnk , then
dim�.f /D

Pk
iD1 ni � 1 and the multidegree deg�.f /D .a1; : : : ; ak/ satisfies ai � ni C 2 for all i .

Examples 7.1 and 7.3 illustrate that the inequality in Corollary 1.10 is sharp.
In our next main application, we prove Popa’s conjecture on the superadditivity of the (log) Kodaira

dimension for smooth projective morphisms [30, Conjecture 3.1], under an additional assumption on the
base. This assumption is implied by the conjectures of the log minimal model program.

Theorem 1.12. Let f WX ! Y be a smooth projective morphism with connected fibers between smooth
quasiprojective varieties. Assume N�.Y /� 0, and that the very general fiber of the log Iitaka fibration of Y

has a good minimal model. Then

N�.X /� N�.Y /C �.F /

where F is the general fiber of f .

Recall that the log Iitaka fibration of Y is the Iitaka fibration associated to the log canonical bundle
KY CD of a log smooth pair .Y ;D/. Here, Y is a compactification of Y with boundary a reduced simple
normal crossing divisor D. By taking a log resolution . zY ; zD/ of the pair .Y ;D/, we have the log Iitaka
fibration � W . zY ; zD/! I , where the very general fiber .G; zDjG/ has log Kodaira dimension zero.

When N�.Y /D �1, the nonvanishing conjecture for log canonical pairs and Theorem 1.7(2) imply
N�.X /D�1. This conjecture and the existence of good minimal models for log canonical pairs are well
known to hold in dimension at most three (see e.g. [20; 36]). Therefore, we have:

Corollary 1.13. Let f WX ! Y be a smooth projective morphism with connected fibers between smooth
quasiprojective varieties. If dim Y � 3, then

N�.X /� N�.Y /C �.F /

and the equality holds when dim Y D 1.

This extends [32, Corollary E and F] which assumed that X and Y are projective. On a related note,
the logarithmic Iitaka conjecture suggests subadditivity:

N�.X /� N�.Y /C �.F /;

even without the smoothness assumption. This is known when Y is a quasiprojective curve (hence,
the equality in Corollary 1.13), but not when Y is an arbitrary quasiprojective surface or a threefold.
Theorem 1.12 and Corollary 1.13 prove that this inequality is reversed when the morphism is smooth.

Remark 1.14. Campana [4] stated the same superadditivity result when the fibers have semiample
canonical bundles. The logarithmic Iitaka conjecture is known to hold when the general fiber F has a
good minimal model [11, Theorem 1.2].

On a different note, in light of the smooth descent of the positivity of the log canonical divisor, we
additionally investigate the uniruledness of X when Y is a rational curve.
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Theorem 1.15. Let f WX ! P1 be a surjective morphism with connected fibers from a smooth projective
variety X . Suppose f has at most 2 singular fibers. If the general fiber F has a good minimal model,
then X is uniruled. In particular, this holds when �.F /� dim F � 3.1

Indeed, the nonvanishing conjecture and [41] suggest X is uniruled. Using symplectic geometry,
Pieloch [29] recently proved that X is uniruled when f has at most one singular fiber without the
assumption on F , and made some progress when f has two singular fibers. In general, we do not have
an unconditional algebraic proof of these statements.

What is new. Viehweg’s base change theorem has been one of the keys to studying Iitaka’s conjecture
and hyperbolicity problems like the Viehweg’s conjecture on families with maximal variation; see, for
instance, [5; 18; 19; 31; 41; 42].

The main technical contribution of this paper is the use of the logarithmic base change theorem instead,
as a more appropriate tool to answer questions in a logarithmic setting. For instance, the logarithmic
fiber product trick allows us to overcome obstructions to generalize Viehweg and Zuo’s result as in
Corollary 1.10. Specifically, Viehweg and Zuo’s proof for a surjective morphism to P1 uses the base
change theorem together with semistable reduction (Kempf et al. [21]). This essentially reduces to the
case where every fiber is either smooth or a simple normal crossing divisor, so that the equality holds
when we apply the base change theorem (Theorem 1.1). For higher dimensional bases, like Pn, this
reduction procedure does not work properly. However, all technical issues are resolved by the fact that
the logarithmic base change theorem reverses inclusions as described above; it relies on a resolution
algorithm for binomial hypersurface singularities. For the same reason, the smooth projective descent of
the positivity of the log canonical divisor can be verified as mentioned after Corollary 1.4.

Overview. To derive various geometric consequences, we rely on three main technical components:

(1) the logarithmic base change theorem,

(2) the construction of logarithmic Higgs sheaves, and

(3) Campana and Păun’s pseudoeffectivity result on the log cotangent bundle.

Section 2 is devoted to the proof of the logarithmic base change theorem. Section 3A explains the
construction of logarithmic Higgs sheaves, slightly modifying that of Popa and Schnell [31]. Section 3B
explains the results of Campana and Păun [5].

The rest of the paper is mainly devoted to the applications of those three main components. Section 4
gives proofs of the theorems on the smooth projective descent of the positivity of the log canonical divisor.
Section 5 explains the conjecture of Popa on the superadditivity of the logarithmic Kodaira dimension and
its proof assuming some conjectures of the minimal model program. Section 6 proves some uniruledness
of fibrations over projective spaces. Section 7 discusses some interesting boundary examples regarding
the lower bound of the degree of the discriminant locus in Corollary 1.10.

1Here, we use the fact that a smooth projective variety has a good minimal model if the general fiber of its Iitaka fibration has
a good minimal model [25].
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2. Logarithmic base change theorem

The main idea for the logarithmic base change theorem comes from the equality condition in Viehweg’s
base change theorem.

2A. Equality in Viehweg’s base change theorem. Let f W X ! Y and g W Y 0! Y be morphisms of
smooth quasiprojective varieties. Under the assumptions of Viehweg’s base change theorem (Theorem 1.1),
it is easy to show that the equality conditions of the inclusions are obtained when the fiber product
X 0 DX �Y Y 0 has canonical singularities. This turns out to be the case when the morphism f or g is
semistable in a neighborhood of a codimension-1 point of Y after further birational modifications.

We briefly sketch the proof of the equality conditions in Theorem 1.1 following Mori [27, (4.10)] in this
paragraph. Over a neighborhood of a codimension-1 point y 2 Y , assume f is semistable, or equivalently
the fiber has reduced normal crossing singularities. Let D be the divisor associated with y. Since a
birational modification of the source does not change the pushforward of the pluricanonical bundle, we
replace Y 0 with a log resolution of pair .Y 0;g�1.D//. Accordingly, we assume g�1.D/ to be a normal
crossing divisor. Then, the fiber product X 0 is locally analytically isomorphic to the hypersurface defined
by the equation

x1 � � �xn D y
f1

1
� � �yfm

m

for some positive integers f1; : : : ; fm. This singularity is normal and toric, and thus is canonical, attaining
equality of the inclusions in Theorem 1.1.

We will see later that the singularities of the fiber product X 0 in the logarithmic setting are locally
analytically isomorphic to binomial hypersurface singularities, defined by the equation

x
e1

1
� � �xen

n D y
f1

1
� � �yfm

m

for some positive integers e1; : : : ; en and f1; : : : ; fm. We analyze these singularities using extra resolution
techniques and prove Theorem 1.2 as a consequence.

2B. Fiber product of morphisms of log smooth pairs. A morphism f W .X;E/! .Y;D/ of pairs is
strict if E D f �1.D/. Let E D

S
i2f1;:::;kgEi be a simple normal crossing divisor of X with smooth

irreducible components Ei . Then the stratum EI of E for a nonempty subset I � f1; : : : ; kg is defined
by EI D

T
i2I Ei .

Definition 2.1. A strict morphism of pairs f W .X;E/! .Y;D/ is strictly smooth if D is a smooth divisor
and E D f �1.D/ is a simple normal crossing divisor, such that f jX nE WX nE! Y nD is smooth and
f jEI

WEI !D is smooth for every stratum EI of E.

In other words, a morphism of pairs f W .X;E/! .Y;D/ is strictly smooth if the morphism is locally
analytically (or étale locally) equivalent to

.CaCk ; .xaC1 � � �xaCk//! .CbC1; .t//; a� b;

.x1; : : : ;xa;xaC1; : : : ;xaCk/ 7! .x1; : : : ;xb;x
e1

aC1
� � �x

ek

aCk
/;
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where x1; : : : ;xaCk are local coordinates of X with divisor E D V .xaC1 � � �xaCk/ and x1; : : : ;xb; t are
local coordinates of Y with divisor DD V .t/. The local equation for Ei is xaCi and f �DD

Pk
iD1 eiEi .

It is easy to check that a strictly smooth morphism of pairs is a flat morphism.

Lemma 2.2. Let .X;E/, .Y;D/, .Y 0;D0/ be quasiprojective log smooth pairs. Let f W .X;E/! .Y;D/

be a strict morphism of pairs and g W .Y 0;D0/! .Y;D/ be a strictly smooth morphism of pairs. Consider
the commutative diagram (1.3) in Theorem 1.2:

.X;E/

f

��

.X 0;E0/
g0
oo

f 0

��

.X 00;E00/
�
oo

f 00xx

.Y;D/ .Y 0;D0/
g
oo

where X 0 D X �Y Y 0, E0 D g0�1.E/ and � W .X 00;E00/! .X 0;E0/ is a log resolution of pairs with
X 00 nE00 ŠX 0 nE0. Then there exists a natural inclusion

!X 0.ECD0�D/˝N
� ��

�
!X 00.E

00/˝N
�
;

where !X 0.ECD0�D/ WD !X 0 ˝g0�OX .E/˝f
0�OY 0.D

0/˝ .g ıf 0/�OY .�D/.

The proof of Lemma 2.2 will be given in Section 2D. We first give a locally analytic description of X 0.
Let x0 2X 0 be a point. Suppose E is locally x1 � � �xnD 0 where xi’s are local coordinates at g0.x0/ 2X ,
and D0 is locally y1 � � �ym D 0 where yj ’s are local coordinates at f 0.x0/ 2 Y 0. Assume t D 0 is a local
equation of D at .g ıf 0/.x0/ and f �t D x

e1

1
� � �x

en
n , g�t D y

f1

1
� � �y

fm
m . From the above locally analytic

description of a strictly smooth morphism, g is locally analytically isomorphic to

Cm
�Cb

�Cb0
! C�Cb; .y1; : : : ;ym/�p� q 7! .y

f1

1
� � �yfm

m /�p:

Therefore, X 0 is locally analytically isomorphic to the binomial hypersurface H in CnCmCr defined by

H W x
e1

1
� � �xen

n D y
f1

1
� � �yfm

m (2.3)

for some r � 0 and positive integers e1; : : : ; en, f1; : : : ; fm. As the local equation suggests, X 0 is not
normal in general.

Conventionally, singularities of pairs .X; �/ are defined when X is a normal variety and � is a
formal Q-linear combination of divisors. However, the description of semilog canonical pairs in [22,
Definition 5.10] and the description of a canonical sheaf for a G1 and S2-variety in [24, Section 5] suitably
generalize the definition of singularities of pairs on a G1 and S2-variety. In particular, we make precise
what it means for the pair .X 0;ECD0�D/ to be log canonical, and reduce the proof of Lemma 2.2 to
proving that the pair .X 0;ECD0�D/ is indeed log canonical.

Readers comfortable with singularities of pairs for nonnormal Gorenstein varieties may skip the
following section.
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2C. Singularities of pairs: S2-varieties, Gorenstein over codimension 1. Let .X; �/ be a pair consisting
of an S2-variety X , Gorenstein over codimension 1, and a formal Q-linear sum � of generically nonzero
(rational) sections of line bundles on a Zariski open j W U ,! X satisfying codimX X n U � 2 and
!

U
D !

X
jU invertible:

�D
X
i2I

ai.OU Ü Li/:

Here, I is a finite set, ai is a rational number, Li is a line bundle on U , and a rational section OU Ü Li

is a section defined on a Zariski dense open subset of X . The following remark gives a sheaf theoretic
description of � as a formal Q-linear sum of global sections. This contains a formal Q-linear sum of
Cartier divisors.

Remark 2.4. Let O�
X

be the sheaf of invertible elements in OX , RX be the sheaf of rational sections of
OX , and R�

X
be the sheaf of generically nonzero rational sections of OX . Precisely, for an open subvariety

U � X , RX .U / is the product of the rational function fields at the generic points of U and R�
X
.U / is

the subset of elements of RX .U /, nonzero at every generic point of U .
Up to multiplication by a global section of O�

U
, a generically nonzero rational section OU Ü L is

equivalent to the global section of R�
U
=O�

U
. Therefore, � is a formal Q-linear sum of global sections

of R�=O� on a Zariski open U � X with codimX X nU � 2. This includes a formal Q-linear sum of
Cartier divisors on U , or equivalently, a formal Q-linear sum of the global sections of K�=O� on U .
Here, K�

X
is the sheaf of invertible elements in KX , which is the sheaf of total quotient rings of OX . See

Hartshorne [10, p.141] for the description of Cartier divisors. In particular, K�
X
=O�

X
�R�

X
=O�

X
.

Unifying the formal sum by a common denominator of ai’s, the sum is alternatively expressed as
a single term � D a.OU Ü L/, for some rational number a and some rational section of a line
bundle L D

N
i2I L˝Nai

i with sufficiently divisible N . In particular, .OU Ü Li/ is equivalent to
�.OU Ü L�1

i /, where the latter rational section is the reciprocal of the former rational section.
Assume that !˝N

U
.N�/ WD !˝N

U
˝
N

i2I L˝Nai

i extends to a line bundle on X for some N > 0.
Since X is an S2-variety, this line bundle is uniquely determined by

!˝N
X

.N�/ WD j�!
˝N
U

.N�/:

Let � W zX !X be a resolution of singularities of X . Over a Zariski dense open subset of X , we have
a rational morphism of line bundles ��!˝N

X
Ü !˝N

zX
, and pullbacks of generically nonzero rational

sections .OU Ü Li/. Therefore, there exists a canonically defined rational morphism of line bundles

��!˝N
X

.N�/Ü !˝N
zX
;

which is an isomorphism on a Zariski dense open subset of zX . As a result, we obtain a generically
nonzero rational section s WO zX Ü !˝N

zX
˝ Œ��!˝N

X
.N�/��1 on zX .
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Let E be a divisor on zX . The discrepancy of E with respect to the pair .X; �/ is defined as

a.E;X; �/ WD
ordE.s/

N
:

It is easy to verify that a.E;X; �/ is well defined, independent of the choice of N or a resolution of
singularities. In conclusion, we define singularities of pairs (log canonical, log terminal, and so on) as in
the normal case.

Under the setting of Lemma 2.2, it suffices to prove that the pair .X 0;ECD0�D/ is log canonical.
More specifically, the pair .X 0;ECD0�D/ consists of a Gorenstein variety X 0 and a formal sum of
sections of line bundles

.OX 0 ! g0�OX .E//C .OX 0 ! f 0�OY 0.D
0//� .OX 0 ! .g ıf 0/�OY .D//;

where the section .OX 0!g0�OX .E// is induced by the pullback of the section OX !OX .E/. Therefore,
.X 0;ECD0�D/ is log canonical if and only if there exists a natural inclusion

��
�
!X 0.ECD0�D/˝N

�
� !X 00.E

00/˝N ;

which is equivalent to the conclusion of Lemma 2.2 due to the adjointness of the pair .��; ��/.

2D. Singularities of binomial hypersurfaces: Proof of Lemma 2.2. We prove .X 0;E CD0 �D/ is
log canonical, which implies Lemma 2.2. From equation (2.3), the pair .X 0;E CD0 �D/ is locally
analytically equivalent to�

H W x
e1

1
� � �xen

n D y
f1

1
� � �yfm

m ; D.x1 � � �xn/CD.y1 � � �ym/�D.t/
�
;

where D is to indicate sections of line bundles defined by multiplications of x1 � � �xn, y1 � � �ym, or
t D x

e1

1
� � �x

en
n D y

f1

1
� � �y

fm
m . The singularities of pairs can be checked locally analytically (or étale

locally), so it suffices to prove that�
H; D.x1 � � �xn/CD.y1 � � �ym/�D.t/

�
is log canonical, which is implied by the following:

Proposition 2.5. For a binomial hypersurface H W ft D x
e1

1
� � �x

en
n D y

f1

1
� � �y

fm
m g � AnCmCr with

coordinates x1; : : : ;xn;y1; : : : ;ym; z1; : : : zr , the pair�
H W x

e1

1
� � �xen

n D y
f1

1
� � �yfm

m ; D.x1 � � �xny1 � � �ymz1 � � � zr /�D.t/
�

is log canonical.

Let w D x1 � � �xny1 � � �ymz1 � � � zr be the multiplication of all the coordinates. The reason for adding
D.z1 � � � zr / into the pair is to apply induction. In the remaining section, we resolve the singular-
ity of H through a sequence of blow-ups along the ideals cut out by coordinate sections, such as
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.x1; : : : ;xk ;y1 : : : ;yl/. Write Z WD V .x1; : : : ;xk ;y1 : : : ;yl/. Recall that

BlZ AnCmCr
D Proj

kŒx1; : : : ;xn;y1; : : : ;ym; z1 : : : zr � ŒX1; : : : ;Xk ;Y1; : : : ;Yl ��
X1

x1

D � � � D
Xk

xk

D
Y1

y1

D � � � D
Yl

yl

�
with the induced morphism ˇ W Bl.x1;:::;xk ;y1:::;yl /A

nCmCr ! AnCmCr . Restricted to the affine chart
AnCmCr WX1 ¤ 0, we obtain the transformation

ˇ W AnCmCr
! AnCmCr

given by

x1 7! x1;x2 7! x1x2; : : : ;xk 7! x1xk ; y1 7! x1y1;y2 7! x1y2; : : : ;yl 7! x1yl ; (2.6)

with all other coordinates remaining the same. Therefore, the pullback ˇ�H of H in the chart X1 ¤ 0 is
the binomial hypersurface

x
e1C���Cek

1
x

e2

2
� � �xen

n D x
f1C���Cfl

1
y
f1

1
� � �yfm

m :

The strict transform zH of H in the chart X1 ¤ 0 is the binomial hypersurface above divided by
x

min.e1C���Cek ;f1C���Cfl /
1

.
Therefore, for each affine chart, we may consider a pair . zH ;D. Qw/�D.Qt//, where Qw is the multiplication

of the coordinates and Qt is the monomial appearing in the binomial equation.

Lemma 2.7. In the above notation, let ˇ W zH !H . We work in the affine chart X1 ¤ 0.

(1) If e1C � � �C ek � f1C � � �Cfl , then zH is a binomial hypersurface

x
.e1C���Cek/�.f1C���Cfl /
1

x
e2

2
� � �xen

n D y
f1

1
� � �yfm

m :

(2) If e1C � � �C ek � f1C � � �Cfl , then eH is a binomial hypersurface

x
e2

2
� � �xen

n D x
�.e1C���Cek/C.f1C���Cfl /
1

y
f1

1
� � �yfm

m :

In either case, there exists a canonical isomorphism

ˇ�Œ!H .D.w/�D.t//�' ! zH .D. Qw/�D.Qt//

In particular, .H;D.w/�D.t// is log canonical if and only if . zH ;D. Qw/�D.Qt// is log canonical on
every affine chart.

More specifically, the canonical morphism indicates that

a.E; zH ;D. Qw/�D.Qt//D a.E;H;D.w/�D.t//;

for all divisors E appearing in a resolution of zH .

Proof. We write BlA WD Bl.x1;:::;xk ;y1:::;yl /A
nCmCr and A WD AnCmCr with the blow-up morphism

ˇ W BlA! A, in short. On the chart X1 ¤ 0, the exceptional divisor is given by x1 D 0. Therefore,

!BlA D ˇ
�!AC .kC l � 1/D.x1/:
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By the adjunction formula, there exist natural isomorphisms ! zH D !BlA. zH /j zH and !
H
D !A.H /jH .

Since

ˇ�.H /D . zH /Cmin.e1C � � �C ek ; f1C � � �Cfl/D.x1/;

we have a natural isomorphism

! zH D ˇ
�!H C .kC l � 1�min.e1C � � �C ek ; f1C � � �Cfl//D.x1/:

From the transformation relation (2.6), we have

ˇ�D.x1 � � �xny1 � � �ymz1 � � � zr /DD.x1 � � �xny1 � � �ymz1 � � � zr /C .kC l � 1/D.x1/

and in either case (1) or (2), it is easy to check that

ˇ�D.t/DD.Qt/Cmin.e1C � � �C ek ; f1C � � �Cfl/D.x1/:

Combining all of the above, we obtain a canonical isomorphism

ˇ�Œ!H .D.w/�D.t//�' ! zH .D. Qw/�D.Qt//;

which completes the proof. �

By symmetry, Lemma 2.7 holds for every affine chart. We finish the proof of Proposition 2.5 using
Bierstone and Milman’s algorithm [1, Section 5] for resolution of singularities of binomial varieties along
with Lemma 2.7. Define

m.H / WDmin.e1C � � �C en; f1C � � �Cfm/; M.H / WDmax.e1C � � �C en; f1C � � �Cfm/:

Without loss of generality, assume e1C � � �C en � f1C � � �Cfm. Choose a subset S � f1; : : : ; ng such
that

0�
X
s2S

es �m.H / <min
s2S
fesg :

For convenience, assume S D f1; : : : ; kg for some 1� k � n. Let a subvariety Z W x1D � � � D xk D y1D

� � � D ymD 0, and we now perform an algorithm of blowing up along Z: BlZ AnCmCr !AnCmCr . The
strict transform zH of H of the blow-up is the binomial hypersurface

x
e1C���Cek�m.H /
1

x
e2

2
� � �xen

n D y
f1

1
� � �yfm

m on the chart X1 ¤ 0;

y
e1C���Cek�m.H /
1

x
e1

1
� � �xen

n D y
f2

2
� � �yfm

m on the chart Y1 ¤ 0:

On every affine chart of the blow-up, the lexicographic ordering of the pair

.m.H /;M.H //

decreases. Therefore, the algorithm terminates on each affine chart, in which case, we obtain a hypersurface
of the form

H W
˚
x

e1

1
� � �xen

n D 1
	
� AnCmCr :
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It is now obvious that the pair .H;D.w/�D.t// is log canonical. Indeed, H is smooth, D.t/ is a zero
divisor, and D.w/ is a simple normal crossing divisor defined by the product of the coordinates except
for xi’s. Therefore, by Lemma 2.7, the original .H;D.w/�D.t// is log canonical by induction on
.m.H /;M.H // � Z�0 �Z�0 endowed with the lexicographic ordering. This completes the proof of
Proposition 2.5, and thus Lemma 2.2.

2E. Proof of the logarithmic base change theorem. Here is an immediate consequence of Lemma 2.2.

Corollary 2.8. In the setting of Lemma 2.2, we have the inclusion

g�f�
�
!X .E/=!Y .D/

˝N
�
� f 00�

�
!X 00.E

00/=!Y 0.D
0/˝N

�
:

Proof. Since g is flat, g0�!X=Y D !X 0=Y 0 , which implies that

g0�
�
!X .E/=!Y .D/

˝N
�
D
�
!X 0.E �D/=!Y 0

�˝N

D
�
!X 0.ECD0�D/=!Y 0.D

0/
�˝N

� ��
�
!X 00.E

00/=!Y 0.D
0/˝N

�
:

Taking pushforward f 0� on each side, we obtain the inclusion, since g�f�D f
0
�g
0� by the flatness of g. �

Proof of Theorem 1.2. As given in the assumption, g W .Y 0;D0/! .Y;D/ is a strict morphism of log
smooth pairs such that gjY 0nD0 W Y

0 nD0! Y nD is smooth. Then the set of points on D, such that either
D is singular or gjD0

I
WD0

I
!D is singular for some stratum D0

I
of D0, is a Zariski closed subset of Y

with codimension at least 2. Therefore, there exists an open subvariety Y0 � Y with codimY Y nY0 � 2,
such that gjg�1.Y0/

W .Y 0
0
;D0

0
/! .Y0;D0/ is strictly smooth. Since we are taking the double dual at the

end, we need only prove the inclusion in the statement of the theorem on Y0. Therefore, it suffices to
prove the theorem when g is a strictly smooth morphism of log smooth pairs.

Then by Corollary 2.8, we have

g�
�
g�f�

�
!X .E/=!Y .D/

˝N
�
˝
�
!Y 0.D

0/=!Y .D/
˝N

��
� h�

�
!X 00.E

00/=!Y .D/
˝N

�
:

Further shrinking an open subvariety Y0 � Y with codimY Y nY0 � 2 where f�
�
!

X
.E/=!

Y
.D/˝N

�
is

locally free, we have the inclusion

f�
�
!X .E/=!Y .D/

˝N
�
˝g�

�
!Y 0.D

0/=!Y .D/
˝N

�
� h�

�
!X 00.E

00/=!Y .D/
˝N

�
from which we obtain the conclusion. �

3. Logarithmic Higgs sheaves and Campana–Păun criterion

In Sections 3A and 3B we review some important constructions from the literature, with small modifications
needed here in the first one. In the end, we prove Theorem 1.7(2) as an immediate application.
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3A. Construction of logarithmic Higgs sheaves. Given a morphism from a smooth projective variety to
a curve, Viehweg and Zuo [41] studied a lower bound of the number of singular fibers via the construction
of Higgs bundles. This construction was later generalized in [42] to a morphism of higher dimensional
varieties with positivity conditions on the fibers. Using the theory of Hodge modules, Popa and Schnell [31]
refined the construction of logarithmic Higgs sheaves with poles along the discriminant divisor in general.
Along with the results of Campana–Păun [5], these provide a powerful method to study the hyperbolicity
of the base of a smooth projective morphism. In this section, we summarize and explain the above,
following Popa and Schnell’s treatment with some simplifications. As before, .Y;D/ is a log smooth pair.

Definition 3.1. A graded OY -module F� D ˚kFk is a graded logarithmic Higgs sheaf with poles
along D if there exists a logarithmic Higgs structure

�� W F�! F�C1˝�Y .log D/

such that � ^� W F�! F�C2˝�
2
Y
.log D/ is the zero morphism. Unless otherwise stated, Fk D 0 for

k� 0. Define
Kk.�/ WD ker

�
�k W Fk ! FkC1˝�Y .log D/

�
to be the kernel of the Higgs field for each k.

When a surjective morphism f W X ! Y with connected fibers satisfies some additional effectivity
condition for a particular line bundle, Popa and Schnell [31, Theorem 2.3] constructed a graded logarithmic
Higgs sheaf with poles along the discriminant locus. For our later use, we modify [31, Theorem 2.3] for
a logarithmic setting, and drop the assumption on the connectedness of the fibers.

Theorem 3.2. Let f W .X;E/! .Y;D/ be a surjective projective morphism of quasiprojective log smooth
pairs with E D f �1.D/, and f jX nE is smooth. For a line bundle L on Y , assume that some power of
!X .E/=!Y

.D/˝f �L�1 is effective (i.e., has a nonzero section). Then there exists a graded logarithmic
Higgs sheaf F� with poles along D satisfying the following properties:

(a) One has L� F0, and Fk D 0 for k < 0.

(b) There exists d such that Fk D 0 for all k > d .

(c) Each Fk is a reflexive coherent sheaf on Y .

(d) Each dual Kk.�/
� of the kernel of the Higgs field is weakly positive if Kk.�/¤ 0.

In [42], Viehweg and Zuo initially constructed similar Higgs sheaves, under the slightly stronger
assumption that the canonical bundle of the general fiber is semiample.

We recall the definitions and properties of weakly positive sheaves and big sheaves, introduced by
Viehweg [39; 40]; see also [27, Section 5]. In what follows, OS˛F denotes the double dual of the
˛-symmetric product of F , and cdet F denotes the double dual of the determinant of F .

Definition 3.3. A torsion-free coherent sheaf F on a normal quasiprojective variety W is weakly positive
if, for every positive integer ˛ and every ample line bundle H , there exists a positive integer ˇ such that
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OS˛ˇF ˝Hˇ is generically generated by global sections. We say F is big if, for every ample line bundle
H , there exists a positive integer ˛ such that OS˛F ˝H�1 is weakly positive.

If F is a line bundle and W is a normal projective variety, then F is weakly positive (resp. big) if
and only if F is pseudoeffective (resp. big). This is immediate from the definition. We recall additional
important properties of weakly positive and big sheaves.

Lemma 3.4 [16; 27; 39; 40]. Let F be a nonzero torsion-free coherent sheaf on a normal quasiprojective
variety W .

(1) Let W0 � W be a Zariski open subset. If F is weakly positive (resp. big), then F jW0
is weakly

positive (resp. big). If codimW W nW0 � 2, then the converse is true.

(2) Let F !G be a generically surjective morphism of nonzero torsion-free coherent sheaves. If F is
weakly positive (resp. big), then G is weakly positive (resp. big).

(3) Let A be a big line bundle. If F is weakly positive, then F ˝A is big.

(4) If F is weakly positive (resp. big), then cdet F is weakly positive (resp. big).

(5) If � WW 0!W is a finite surjective morphism of normal varieties, then F is weakly positive (resp.
big) if and only if ��F is weakly positive (resp. big).

Proof of Theorem 3.2. It suffices to construct F� on the complement of a codimension-2 subvariety in Y ,
satisfying properties (a)–(d). Indeed, taking the reflexive hull of F� over Y , we obtain a graded logarithmic
Higgs sheaf, still satisfying the properties of Theorem 3.2. (See Lemma 3.4(1) for property (d).)

Take a resolution  W Z ! X of the cyclic cover of X induced by the section of some power of
B WD !X .E/=!Y

.D/˝ f �L�1. In particular, there exists a natural inclusion  �B�1! OZ . Denote
h WD f ı WZ! Y , and let Dh be the union of the discriminant locus �.h/ and D in Y . After removing
a codimension-2 subvariety in Y and taking a suitable resolution Z of the cyclic cover, we may assume
that Dh is a smooth divisor such that Eh WD h�1Dh is a simple normal crossing divisor of Z.

Let �X=Y .log E/ (resp. �Z=Y .log Eh/) be the cokernel of the natural inclusion of the logarithmic
cotangent bundles

f ��Y .log D/!�X .log E/ .resp: h��Y .log Dh/!�Z .log Eh//:

Further removing a codimension-2 subvariety in Y so that f W .X;E/! .Y;D/ and h W .Z;Eh/! .Y;Dh/

are strictly smooth (see the proof of Theorem 1.2, for example), we may assume that �X=Y .log E/ and
�Z=Y .log Eh/ are locally free from the locally analytic description. As a consequence, we have the
Koszul filtration

Kozq �i
X .log E/ WD image

�
f ��

q
Y
.log D/˝�

i�q
X

.log E/!�i
X .log E/

�
;

where �i
X
.log E/ WD

Vi
�X .log E/ is the i -th exterior power, for all 0� i � dim X . Hence, we have the

natural isomorphism

Kozq=KozqC1�i
X .log E/Š f ��

q
Y
.log D/˝�

i�q

X=Y
.log E/
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and the tautological short exact sequence

0! f ��Y .log D/˝�i�1
X=Y .log E/! Koz0=Koz2�i

X .log E/!�i
X=Y .log E/! 0;

which we denote by Ci
X=Y

.log E/. Likewise, we have the tautological short exact sequence Ci
Z=Y

.log Eh/.
From the natural morphism of complexes

0 // h��Y .log D/ //

��

 ��X .log E/ //

��

 ��X=Y .log E/ //

��

0

0 // h��Y .log Dh/ // �Z .log Eh/ // �Z=Y .log Eh/ // 0

we have the morphism  �Ci
X=Y

.log E/! Ci
Z=Y

.log Eh/ of the tautological short exact sequences, for

all i . Tensored with the natural injection  �B�1! OZ , we obtain the following morphism of short
exact sequences:

 �
�
Ci

X=Y .log E/˝B�1
�
! Ci

Z=Y .log Eh/: (3.5)

Let d D dim X � dim Y . From the Leray spectral sequence associated with Rh� ŠRf� ıR � and the
adjointness of the pair . �;  �/, we have the natural morphism

Rd�if�
�
�i

X=Y .log E/˝B�1
�
!Rd�ih�

�
 �
�
�i

X=Y .log E/˝B�1
��
;

which induces the following commutative diagram of the connecting homomorphisms via the derived
pushforward of (3.5):

Rd�if�
�
�i

X=Y
.log E/˝B�1

�
//

�d�i

��

Rd�iC1f�
�
�i�1

X=Y
.log E/˝B�1

�
˝�Y .log D/

�d�iC1˝�

��

Rd�ih�
�
�i

Z=Y
.log Eh/

� �0
d�i

// Rd�iC1h�
�
�i�1

Z=Y
.log Eh/

�
˝�Y .log Dh/

Due to Steenbrink (see for example [38; 43]), it is well known that �0
�

is the logarithmic Higgs structure
of the graded logarithmic Higgs bundle

grF
�
V0 Š

dL
kD0

Rkh�
�
�d�k

Z=Y .log Eh/
�
;

where V0 is Deligne’s lower canonical extension along Dh on Y , with the induced filtration F , associated
to the polarized variation of Hodge structure given by the middle cohomologies of the smooth fibers of h.
The lower canonical extension means that the eigenvalues of the residues of the logarithmic connection
lie in Œ0; 1/. Define

Fk WD
�
image

�
�k WR

kf�
�
�d�k

X=Y .log E/˝B�1
�
!Rkh�

�
�d�k

Z=Y .log Eh/
�����

for 0� k � d , and Fk WD 0 otherwise. Then, F� is a graded logarithmic Higgs sheaf with poles along D.
Its logarithmic Higgs structure �� is induced by �0

�
of grF

�
V0. Notice that �0 is the pushforward f� of the
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inclusion

!X .E/=!Y .D/˝B�1
!  �.!Z .Eh/=!Y .Dh//;

which is the adjoint of  �.!
X
.E/=!

Y
.D/˝ B�1/ ! !

Z
.Eh/=!Y

.Dh/. Accordingly, F0 D .L˝
f�OX /

��, which implies L� F0. Therefore, properties (a)–(c) are immediate from the construction.
Observe that F� � grF

�
V0, which implies Kk.�/� Kk.�

0/. Hence, we have a generically surjective
morphism Kk.�

0/�! Kk.�/
�. It is well known that Kk.�

0/� is weakly positive if not zero [33; 3; 44].
From Lemma 3.4(2), Kk.�/

� is weakly positive if not zero, which verifies the property (d). �

Remark 3.6. The conclusion of Theorem 3.2 continues to hold when we replace the assumption
�.X; !X .E/=!Y

.D/˝f �L�1/� 0 by the existence of a nonzero morphism

L˝N
!
�
f�
�
!X .E/=!Y .D/

˝N
����

for some positive integer N . By the left-right adjointness of .f �; f�/, this morphism implies the existence
of a nonzero section of N -th power of

!X .E/=!Y .D/˝f
�L�1

over the complement of a codimension-2 subvariety in Y . Therefore, we obtain a graded logarithmic
Higgs sheaf F�, on the complement of a codimension-2 subvariety in Y , satisfying the properties of
Theorem 3.2. As at the beginning of the proof of Theorem 3.2, we obtain the desired graded logarithmic
Higgs sheaf via taking the reflexive hull of F� over Y . This refined assumption turns out to be more
convenient for the applications of the logarithmic base change theorem.

The following lemma is obtained from the standard manipulation of logarithmic Higgs sheaves by
Viehweg and Zuo. This allows us to apply Campana and Păun’s results explained in the next subsection
to deduce results on hyperbolicity.

Lemma 3.7. Let .Y;D/ be a log smooth pair. Let F� be a graded logarithmic Higgs sheaf with poles
along D satisfying the properties (a)-(d) of Theorem 3.2. Then there exists a pseudoeffective line bundle
P and a nonzero morphism

L˝r
˝P ! .�Y .log D//˝kr

for some r > 0, k � 0.

Proof. From the logarithmic Higgs structure �� of F�, we have a sequence of morphisms

�k ˝ id W Fk ˝ .�Y .log D//˝k
! FkC1˝ .�Y .log D//˝kC1:

Notice that Fk D 0 for large enough k. Therefore, the line bundle L is contained in the kernel of �k ˝ id
for some k � 0:

L� Kk.�/˝ .�Y .log D//˝k :
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This implies the existence of a nonzero morphism

Kk.�/
�
! .�Y .log D//˝k

˝L�1:

Let K� be the image of the morphism and r be the generic rank of K�. From the split surjection
K�˝r

! detK�, where K� is a vector bundle outside of a codimension-2 locus in Y , we obtain a nonzero
morphism cdetK�!

�
.�Y .log D//˝k

˝L�1
�˝r

:

Note that P WDcdetK� is a pseudoeffective line bundle by Lemma 3.4(4). Therefore, we complete the
proof of the lemma. �

3B. Positivity properties of the logarithmic cotangent bundle. We highlight the results of Campana and
Păun [5]. Investigating foliations on orbifold tangent bundles, they studied the positivity properties of their
tensor powers. Together with the logarithmic base change theorem and the construction of logarithmic
Higgs sheaves, this provides the machinery to study the positivity of the base of a smooth projective
morphism.

Theorem 3.8 [5, Theorem 1.3]. Let .Y;D/ be a projective log smooth pair such that KY CD is pseudo-
effective. For every quotient Q of a tensor power of the logarithmic cotangent bundle .�Y .log D//˝N

with N � 1, the first Chern class c1.Q/ is pseudoeffective.

Theorem 3.9 [5, Theorem 7.6]. Let .Y;D/ be a projective log smooth pair, and let L be a pseudoeffective
line bundle on Y . If there exists a nonzero morphism

L! .�Y .log D//˝k
˝ .!Y .D//

˝r

for some integers k � 0 and r � 1, then KY CD is pseudoeffective.

Originally, Campana and Păun stated their results in terms of an orbifold pair .Y;D/, but we restrict
the statements to a log smooth pair since it suffices for our purpose.

As a quick application of the results in this section, we prove Theorem 1.7(2).

Proof of Theorem 1.7(2). Since !
X
.E/=!

Y
.D/˝f �!

Y
.D/ is effective, there exists a graded logarithmic

Higgs sheaf F� satisfying the properties of Theorem 3.2, with LD !
Y
.D/�1. From Lemma 3.7, we have

a pseudoeffective line bundle P and a nonzero morphism

.!Y .D//
˝�r
˝P ! .�Y .log D//˝kr

for r > 0, k � 0. Therefore, KY CD is pseudoeffective by Theorem 3.9. �

Suppose f W X ! Pn is a surjective morphism, with X a smooth projective variety of nonnegative
Kodaira dimension. By Theorem 1.7(2), it is easy to see that dim�.f / D n � 1 and deg�.f / �
nC 1. However, when nD 1, Viehweg and Zuo [41, Theorem 0.2] suggest this inequality is not sharp.
Theorem 1.9 and Corollary 1.10 give a sharp inequality whose proofs are provided in the next section,
which primarily use the logarithmic base change theorem.
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4. Proofs

4A. Proof of Theorem 1.5. Theorem 1.5 is a generalization of Popa and Schnell [32, Theorem A],
applying the logarithmic fiber product trick to their proof.

To begin with, we compactify X and Y using Hironaka’s resolution of singularities. Therefore, we
may assume f W .X;E/! .Y;D/ to be a morphism of log smooth pairs with E D f �1.D/ such that
f jX nE WX nE! Y nD is the initial smooth morphism of quasiprojective varieties.

The forward implication is immediate due to Maehara [26, Corollary 2]: when Y n D is of log
general type, then N�.X nE/D �.F /C dim Y . It remains to prove the converse implication, assuming
N�.X nE/D �.F /C dim Y . Recall the Easy Addition formula [27, Corollary 1.7], applied to the Cartier
divisor KX CE:

N�.X nE/D �.X;KX CE/� �.F /C dim Y:

The equality holds if and only if there exists a positive integer N and an ample divisor A on Y such that

f �A� !X .E/
˝N ;

by [27, Proposition 1.14]. This is an adjoint of the inclusion A� f�.!X
.E/˝N /. Applying Corollary 1.4,

we obtain the following inclusions:�
A˝

�
!Y .D/

˝�N
��˝N

�

hNN
f�
�
!X .E/=!Y .D/

˝N
����
�
�
f
.N /
�

�
!X .N /.E.N //=!Y .D/

˝N
����

:

Therefore, taking LDA˝ .!
Y
.D/˝�N /, there exists a logarithmic Higgs sheaf F� with poles along D

which satisfies the properties of Theorem 3.2, by Remark 3.6. From Lemma 3.7, we have a pseudoeffective
line bundle P and a nonzero morphism

A˝r
˝P ! .�Y .log D//˝kr

˝ .!Y .D//
˝N r

for some r > 0, k � 0. By Theorem 3.9, KY CD is pseudoeffective. Note that !
Y
.D/ is a line subbundle

in .�Y .log D//˝ dim Y . Hence, there exists some positive integer N 0 such that

A˝r
˝P ! .�Y .log D//˝N 0

is a nonzero morphism. Thus, Theorem 3.8 implies that KY CD is the sum of a big divisor and a
pseudoeffective divisor, so it is big as desired.

4B. Proof of Theorem 1.7(1). We use a similar technique as in the proof of Theorem 1.5. Since
KX C .1� �/E is effective, there exists a sufficiently divisible positive integer N such that

f �OY .D/� !X .E/
˝N :

This is an adjoint of the inclusion OY .D/� f�.!X
.E/˝N /. Applying Corollary 1.4 as in the proof of

Theorem 1.5, we get�
OY .D/˝

�
!Y .D/

˝�N
��˝N

�
�
f
.N /
�

�
!X .N /.E.N //=!Y .D/

˝N
����

;
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and obtain a nonzero morphism

OY .D/
˝r
˝P ! .�Y .log D//˝kr

˝ .!Y .D//
˝N r

induced by the logarithmic Higgs sheaf construction with poles along D. Here, r > 0, k � 0, and P is
a pseudoeffective line bundle. By Theorem 3.9, KY CD is pseudoeffective. From the split inclusion
!

Y
.D/� .�Y .log D//˝ dim Y , there exists some positive integer N 0 such that

OY .D/
˝r
˝P ! .�Y .log D//˝N 0

is a nonzero morphism. If Q is its cokernel, then c1.Q/ is pseudoeffective by Theorem 3.8. Since

c1

�
.�Y .log D//˝N 0

�
DN 0.dim Y /N

0�1c1.KY CD/D rc1.D/C c1.P /C c1.Q/

and P;Q are pseudoeffective, there exists ı > 0 such that KY C .1� ı/D is pseudoeffective.
The sum of a big divisor and a pseudoeffective divisor is big. If�KY CND is big for some nonnegative

integer N , then the sum

.N C 1� ı/D D .�KY CND/C .KY C .1� ı/D/

is big. Hence D is big, and therefore KY CD D .KY C .1� ı/D/C ıD is also big.

4C. Proof of Theorem 1.9. Let � W . zY ; zD/! .Y; �.f // be a log resolution of .Y; �.f //. By taking a
suitable resolution zX of the main component of X �Y

zY , we obtain an induced morphism Qf W . zX ; zE/!

. zY ; zD/ of projective log smooth pairs with zE WD Qf �1. zD/, and Qf j zX n zE is smooth. By Theorems 1.5 and

1.7(1), K zY C
zD is big in all cases, which implies that Y n�.f / is of log general type. Therefore, from

Lemma 3.4(1), KY CD is big.

5. Popa’s superadditivity of logarithmic Kodaira dimension

Popa recently conjectured that for a smooth projective morphism with connected fibers, the (logarithmic)
Kodaira dimension is additive.

Theorem 5.1 [30, Conjecture 3.1]. Let f W X ! Y be a smooth projective morphism with connected
fibers between smooth quasiprojective varieties. Then

N�.X /D N�.Y /C �.F /

where F is the general fiber of f .

As mentioned after Corollary 1.13, the subadditivity N�.X /� N�.Y /C�.F / is implied by the logarithmic
Iitaka conjecture. Hence, Popa’s conjecture suggests its counterpart, namely the superadditivity N�.X /�
N�.Y /C �.F /, when the morphism is smooth.

As a preparation, recall that the numerical log Kodaira dimension of Y is defined as

N�� .Y / WD �� .Y ;KY CD/;
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where Y is a compactification of Y with boundary a reduced simple normal crossing divisor D and �� is
Nakayama’s numerical dimension [28, V.2.5 Definition]. This is well defined, independent of the choice
of a compactification. Additionally, it is well known that if N�� .Y /D 0, then N�.Y /D 0 (see Kawamata’s
[17, Theorem 1] combined with Nakayama’s [28, V.2.7 Proposition (8)]).

We first prove superadditivity under the additional assumption that the numerical log Kodaira dimension
of the base Y is equal to zero.

Proposition 5.2. With the notation in Theorem 5.1, assume that N�� .Y /D 0. Then

N�.X /� �.F /:

The proof of this proposition uses the logarithmic base change theorem as in the proofs in Section 4,
with the following lemma. This is essentially [32, Lemma 14], modified for our use in the case of
torsion-free sheaves. We include its proof for completeness.

Lemma 5.3. Let F be a torsion-free sheaf on a normal projective variety Z, globally generated on the
complement of a codimension-2 locus. If h0.Z;F/ > rankF , then h0.Z;cdetF/� 2.

Proof. Denote s WD rankF . Via taking the double dual, we may assume that F is reflexive. Let V �Z

be the complement of a codimension-2 subvariety in Z, over which F is a globally generated locally free
sheaf of rank s. Consequently, there exists a generically isomorphic morphism

˛1 WO˚s
Z
! F :

If ˛1 is an isomorphism on V , then the reflexive hull of ˛1 is an isomorphism on Z, which contradicts
h0.Z;F/ > s. Hence, there exists a point z 2 V such that ˛1jz is not surjective as a linear map of vector
spaces. Since F is globally generated at z, there exists a morphism

˛2 WO˚s
Z
! F

such that ˛2jz is an isomorphism of vector spaces. Then we have the nonzero global sections

cdet ˛1 WOZ !
cdetF ; cdet ˛2 WOZ !

cdetF ;

such that cdet ˛1 vanishes at z and cdet ˛2 is an isomorphism at z. Therefore, we have the conclusion. �

Proof of Proposition 5.2. We argue by contradiction: assume that N�.X / > �.F /. As at the beginning of
the proof of Theorem 1.5, let f W .X ;E/! .Y ;D/ be a morphism of log smooth pairs with ED f �1.D/

such that f jX nE WX nE! Y nD is the initial smooth morphism. Notice that

rank
�
f�
�
!X .E/

˝N
��
D PN .F /

where PN .F / is the N -plurigenus of F . Therefore, there exists a positive integer N such that

h0
�
Y ; f�

�
!X .E/

˝N
��
> rank

�
f�
�
!X .E/

˝N
��
:
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Let F be the subsheaf of f�
�
!X .E/

˝N
�
, generated by its global sections. Therefore, F is torsion-free

and h0.Y ;F/ > s WD rankF . From the inclusions

cdetF �
�Vs

f�
�
!X .E/

˝N
����
�

h sN
f�
�
!X .E/

˝N
�i��

;

we have �cdetF ˝
�
!Y .D/

˝�N s
��˝N

�

hN sN
f�
�
!X .E/=!Y .D/

˝N
�i��

�
�
f
.N s/
�

�
!X .N s/.E

.N s//=! NY .D/
˝N

����
by Corollary 1.4. As in the proofs of Theorems 1.5 and 1.7(1), we obtain a nonzero morphism

A˝r
˝P ! .�Y .log D//˝kr

˝ .!Y .D//
˝N sr ;

where A WDcdetF , r > 0, k � 0, and P is a pseudoeffective line bundle. Hence, there exists some positive
integer N 0 and an injection

A˝r
˝P ! .�Y .log D//˝N 0

with the quotient Q, which implies that

N 0.dim Y /N
0�1c1.KY CD/D rc1.A/C c1.P /C c1.Q/:

We now take Nakayama’s numerical dimension on both sides. Due to [28, V.2.7 Proposition (1)] and
Theorem 3.8, we have

N�� .Y /D �� .Y ;KY CD/� �� .Y ;A/:

However by Lemma 5.3, we have �� . NY ;A/� 1, which contradicts N�� .Y /D 0. �

Theorem 1.12 states the superadditivity of the log Kodaira dimension when the very general fiber
of the log Iitaka fibration of the base has a good minimal model. This is obtained as a consequence of
Proposition 5.2 via the Easy addition formula.

Proof of Theorem 1.12. Let � W . zY ; zD/ ! .Y ;D/ be a log resolution with the log Iitaka fibration
� W . zY ; zD/! I . Since the log Kodaira dimension is invariant under birational modifications (see e.g. [8,
Lemma 2.3.34]), we have N�. zY n zD/D N�.Y / and N�.X �Y

zY n zD/D N�.X /. Hence, taking the base change
of f via �, we may assume .Y ;D/D . zY ; zD/.

Let f W .X ;E/! .Y ;D/ be a morphism of log smooth pairs with E D f �1.D/ such that f jX nE W
X nE! Y nD is the initial smooth morphism. Then we have the composition of morphisms

.X ;E/
f
�! .Y ;D/

�
�! I:

Denote by .G;DjG/ (resp. .H;EjH /) the very general fiber of � (resp. � ıf ). The restriction map

f jH W .H;EjH /! .G;DjG/
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is a morphism of log smooth pairs with EjH Df j
�1
H
.DjG/, and f jH nEjH is smooth. From the assumption,

the pair .G;DjG/ has a good minimal model of log Kodaira dimension zero, which implies that

�� .G;KG CDjG/D 0:

By Proposition 5.2, we have
�.H;KH CEjH /� �.F /;

hence, by the Easy addition formula applied to � ıf , we obtain

N�.X /D �.X ;KX CE/� �.H;KH CEjH /C dim I � �.F /C N�.Y /;

which concludes the proof. �

In the remaining section, we state the logarithmic Iitaka conjecture for projective morphisms over
quasiprojective curves. This result is well known to experts but is not explicitly stated in the literature, so
we provide a brief proof.

Proposition 5.4. Let f W X ! Y be a projective morphism with connected fibers between smooth
quasiprojective varieties. If dim Y D 1, then

N�.X /� N�.Y /C �.F /:

Proof. When Y is of log general type, the conclusion follows from Maehara [26, Corollary 2]. When Y is a
projective curve of genus 1, it follows from Kawamata [15, Theorem 2]. When Y DP1 or Y DP1�f1g,
we have N�.Y /D�1.

It suffices to prove N�.X /� �.F / when Y DP1�f0;1g. To begin with, we compactify the morphism
f as Nf W .X ;E/! .P1;D/ so that D D 0C1, E D Nf �1.D/, and Nf j NX nE D f . As in the proof by
Viehweg and Zuo [41], there exists a cyclic cover P1! P1 of degree d , étale over C� D P1�f0;1g,
which induces a semistable reduction at f0;1g for a sufficiently large and divisible d (Kempf et al. [21]).
Let the resulting semistable reduction at f0;1g be the commutative diagram

X 0
�
//

Nf 0

��

X

Nf
��

P1 z 7!zd
// P1

Write X 0 WD ��1.X /. Since �jX 0 WX 0!X is a finite étale morphism, we have N�.X 0/D N�.X / by Iitaka’s
[14, Theorem 3]. Therefore, we reduce to the case where the fibers of Nf over f0;1g are reduced simple
normal crossing divisors.

Since OX .E/Š
Nf �OP1.2/Š Nf �!�1

P1 , we have !X .E/Š !X =P1 . By Viehweg’s [39, Theorem III],
Nf�!

k

X =P1
is weakly positive for all k > 0. Therefore, the vector bundle Nf�!k

X =P1
decomposes into a

direct sum of line bundles of nonnegative degree on P1, which implies that

h0.P1; Nf�!
k

X =P1
/� rank

�
Nf�!

k

X =P1

�
D Pk.F /
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where Pk.F / is the k-plurigenus of F . Hence, h0.X ; k.K NX CE//� Pk.F / for all k > 0, so we have
N�.X /� �.F /. �

In particular, Theorem 1.12 and Proposition 5.4 imply Corollary 1.13.

6. Uniruledness of fibrations over projective spaces

Assume we have a surjective projective morphism f WX ! P1 with at most two singular fibers. From
[41], we have �.X /D�1, and the nonvanishing conjecture implies that X is uniruled. In other words,
putting these two together, we have:

Conjecture 6.1. Let X be a smooth projective variety, and f WX ! P1 be a surjective morphism with at
most 2 singular fibers. Then X is uniruled.

As mentioned in the introduction after Theorem 1.15, Pieloch [29] proved the conjecture when f has
at most one singular fiber, and obtained a partial result when f has two singular fibers. The proofs are
symplectic; the algebro-geometric proofs were previously unknown.

In what follows, we give an algebraic proof of this conjecture under the additional assumption that
the general fiber has a good minimal model. The key idea is the invariance of the canonical rings of
smooth fibers stated in the following theorem. This contains Theorem 1.15. We also state an analogous
conjecture over a higher dimensional base below.

Theorem 6.2. In the setting of Conjecture 6.1, assume that the fibers of f are connected. Then, the
canonical rings of all smooth fibers are isomorphic. Moreover, if the general fiber F has a good minimal
model, then X is uniruled. In particular, if the fibers are of general type, then f is birationally isotrivial,
and X is uniruled.

Proof. As in the proof of Proposition 5.4, it suffices to consider the case when f is semistable with at
most 2 singular fibers over f0;1g. Let D D 0C1 and E D f �1.D/. Since KP1 C .1� ı/D is not
pseudoeffective for all ı > 0, KX C .1� �/E is not effective for all � > 0 by Theorem 1.7(1). Therefore,
there is no nonzero morphism

OP1.1/! f�!
k
X=P1 ;

which implies that

f�!
k
X=P1 Š

Pk.F /L
OP1 : (6.3)

Alternatively, [41, Proposition 4.2] proves that the degree of f�!k
X=P1 is equal to zero, which implies (6.3).

As a consequence, the multiplication map

f�!
k
X=P1 ˝f�!

l
X=P1 ! f�!

kCl
X=P1

is constant on the fibers, and hence is isomorphic to�
H 0.F; !k

F /˝C H 0.F; !l
F /!H 0.F; !kCl

F
/
�
˝C OP1 :
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Therefore, the canonical ring of every smooth fiber is isomorphic to the canonical ring R.F; !
F
/ of F ,

which is isomorphic to R.X; !X=P1/, establishing the first assertion. Accordingly, the Iitaka model I

of .X; !X=P1/ is the Iitaka model of .F; !
F
/. Resolving the indeterminacy of the Iitaka morphism, we

obtain the diagram

X 0

f 0

��

�

��

�

  

X //

f
��

I

P1

Notice that � is also the Iitaka fibration of .X 0; !X 0=P1/, and the restriction map �jf 0�1.y/ W f
0�1.y/! I

for the general point y 2 P1 is the Iitaka fibration of F .
Suppose F has a good minimal model. Then, it is well known that every fiber in the smooth locus of the

Iitaka fibration of F has a good minimal model (see e.g. [9, Theorem 1.2]). Now, it suffices to prove that
X 0 is uniruled, hence that the very general fiber Z0 of � is uniruled. We have �.Z0; !X 0=P1 jZ 0/D 0 by
Iitaka’s theory of D-dimension [27, (1.11)], which implies that �.Z0; !Z 0=P1/D 0. Consider f 0 WZ0!P1,
then its general fiber G0 is the smooth fiber of the Iitaka fibration of F . By Viehweg’s weak positivity
theorem, we have

f 0�!
k
Z 0=P1 ŠOP1 ;

whenever !k
G0

admits sections. Since G0 admits a good minimal model from the assumption, it is well
known that Z0 has a relative good minimal model Z00 over P1. If we denote f 00 WZ00! P1, then !Z 00 is
f 00-semiample. From f 00� !

k
Z 00=P1 ŠOP1 , we have !k

Z 00
Š f 00�!k

P1 . Accordingly, the canonical divisor
KZ 00 is not pseudoeffective, which implies that any resolution of Z00 is uniruled [2]. Therefore, Z0 is
uniruled as desired. �

Remark 6.4. In fact, Theorem 6.2 extends to the case where f has disconnected fibers. Indeed, the Stein
factorization of f WX ! P1 is P1, and the induced morphism again has at most two singular fibers. This
is because a finite covering of P1 branched over at most two points is either an identity map or a cyclic
map, i.e., z 7! zd for d > 1 with an appropriate choice of the coordinate z.

Combining Corollary 1.10 and the nonvanishing conjecture, we obtain the following higher-dimensional
analogue of Conjecture 6.1. In the remaining section, we prove this conjecture for nD 2 under the same
additional assumption as in Theorem 6.2, that the general fiber has a good minimal model.

Conjecture 6.5. Let X be a smooth projective variety, and f WX ! Pn be a surjective morphism with
either dim�.f /� n� 2 or deg�.f /� nC 1. Then X is uniruled.

Corollary 6.6. In the setting of Conjecture 6.5, assume that nD 2 and the fibers of f are connected. If
the general fiber F has a good minimal model, then X is uniruled.
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Proof. The discriminant locus �.f / is the union of a plane curve C (possibly empty) of degree at most 3

and a finite set S of points.

Case deg C 6 2 or C D �: The general projective line in P2 intersects �.f / at most 2 points. Then the
preimage of the line is uniruled by Theorem 6.2. Therefore, X is uniruled.

Case deg C D 3: If C is a smooth cubic plane curve, P2 is covered by projective lines tangent to C ,
and only finitely many such lines pass through S . If C is a singular cubic plane curve, pick a singular
point p and consider all projective lines through that point. Likewise, only finitely many such lines pass
through S . In all cases, P2 is generically covered by lines that intersect �.f / at most 2 points. Therefore,
we conclude that X is uniruled. �

Remark 6.7. For n� 3, the possible configurations for the discriminant locus in Conjecture 6.5 are very
complicated; the case by case analysis in the proof of Corollary 6.6 is no longer valid. Still, if the degree
of the divisorial component of the discriminant locus is at most 3 and F has a good minimal model, then
X is uniruled. This is because when we slice Pn by a general projective plane P2 � Pn, the preimage is
uniruled by Corollary 6.6.

7. Boundary examples and further remarks

We present boundary examples showing that the inequality in Corollary 1.10 is sharp. Specifically, we
demonstrate morphisms to Pn such that the domains have the Kodaira dimension equal to zero and the
discriminant loci are divisors of degree nC 2 in Pn.

Example 7.1 (isotrivial example with discriminant locus of minimal degree). First, we construct a finite
cover of Pn with trivial canonical bundle branched over a hypersurface of degree nC 2. Let D � Pn be
a degree nC 2 hypersurface with simple normal crossing singularities. Consider a degree nC 2 cyclic
cover X ! Pn associated to D. Then X has Gorenstein rational singularities and !

X
ŠOX . We resolve

the singularities of X by a series of smooth blow-ups over the branch locus, � W zX ! X . Then the
composition f W zX ! Pn is an example with h0.! zX /D 1 and the discriminant locus �.f /DD is the
hypersurface of degree nC 2.

Now, we use the construction above to build an example with connected fibers over Pn, with n� 2. To
begin with, when D is a smooth degree nC 2 hypersurface, the cover f WX ! Pn we constructed above
is a smooth Galois cover with a Galois group G D Z=.nC 2/Z. Consider a G-action on X �X :

� WG �X �X !X �X; �.g;x1;x2/ WD .g
�1x1;gx2/:

Since G is abelian, the action is well defined. Hence, the projection onto the second factor pr2 WX�X!X

is a G-equivariant morphism, from which we obtain an induced morphism of quotients by the G-action:

pr2 W .X �X /=G!X=G Š Pn:
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All the fibers of pr2 over Pn nD are isomorphic to X . Therefore, if we denote by � WW ! .X �X /=G a
resolution of singularities, which is an isomorphism away from the singular locus, then we have �.W /D 0

from the following lemma, and the induced morphism h WW ! Pn satisfies �.h/DD.

Lemma 7.2. Under the above notation, .X�X /=G has canonical singularities and the Kodaira dimension
of a desingularization of .X �X /=G is equal to zero.

Proof. Let E D f �1.D/ be the ramification divisor of f on X . The G-action is free outside of
E �E �X �X ; hence, it suffices to prove that the quotient singularities at points .x1;x2/ 2E �E are
canonical. Let � be a primitive .nC2/-th root of unity. Locally analytically, the G-action near x 2E �X

is equivalent to
.z1; : : : ; zn�1; zn/ 7! .z1; : : : ; zn�1; �

mzn/; m 2 Z=.nC 2/Z

where z1; : : : ; zn�1; zn are local coordinates and zn D 0 is a local equation of E. Therefore, at each point
.x1;x2/ 2E �E, we obtain a singularity, which is analytically isomorphic to

C2n�2
�
�
C2= 1

nC2
.1; q/

�
where C2= 1

nC2
.1; q/ is the standard abbreviation of the surface cyclic quotient singularity of type

1
nC2

.1; q/. This singularity is well known to be canonical if and only if qD�1 (by the Reid–Tai criterion
[34, (4.11)], for example). Therefore, the locus in E �E where the quotient singularities are canonical is
both open and closed in the analytic topology. Notice that q D�1 on the diagonal E �E �E from the
definition of the G-action. Thus, .X �X /=G has canonical singularities.

Since the quotient morphism X �X ! .X �X /=G is étale away from a codimension-2 subvariety,
we have an equality

�.X �X; !X�X /D �
�
.X �X /=G; !.X�X /=G

�
D 0;

which completes the proof. �

In particular, when nD 1, we have a triple cyclic cover f WC !P1, with C an elliptic curve branched
over three points. Then the minimal resolution of .C �C /=G turns out to be an elliptic K3 surface fibered
over P1 with three singular fibers sitting above the branch points. See [35, Section 2] for details.

The next example is a threefold with zero Kodaira dimension, mapping to P1 with three singular
fibers, obtained as an application of Viehweg’s base change theorem. In this example, the fibers are
connected and the family is birationally nonisotrivial, unlike in the previous one. We say that the family
is birationally isotrivial if the general fibers are pairwise birationally isomorphic.

Example 7.3 (nonisotrivial example with discriminant locus of minimal degree). Let f W S ! P1 be a
family of elliptic curves parametrized by

y2
D x.x� 1/.x��/:

To be specific, let S � P2 �P1 be a hypersurface of type .3; 1/ defined by y2z D x.x � z/.x � �z/,
where x;y; z are the coordinates of P2 and � is the coordinate of P1 D A1 [ f1g. By adjunction,
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!
S
Š f �OP1.�1/, so that

f�!S=P1 ŠOP1.1/:

Notice that f has three singular fibers at f0; 1;1g; over f0; 1g we have a nodal cubic curve, and over
f1g we have a union of three concurrent lines. We can verify by computation that S has A1-singularities
at the nodes over f0; 1g and has an A4-singularity at the planar triple point over f1g. Let � W zS ! S be
the minimal resolution of singularities and Qf W zS! P1 be the induced morphism. Then Qf has semistable
fibers over f0; 1g and a nonsemistable fiber over f1g, with

Qf�! zS=P1 ŠOP1.1/:

Take an automorphism of P1, fixing 0 and flipping 1 and1. Let Qf 0 W zS ! P1 be the induced family,
which now has semistable fibers over f0;1g and a nonsemistable fiber over f1g. Let X WD zS �P1

zS

be the fiber product of Qf and Qf 0, and let zX be the resolution of X , which is an isomorphism over the
smooth locus of X . Let h W zX ! P1 be the induced morphism. By Viehweg’s base change theorem
(Theorem 1.1),

h�! zX =P1 ŠOP1.2/;

which implies that h0.! zX /D 1. In fact, we have �. zX /D 0, analyzing the pushforwards of pluricanonical
bundles. Therefore, there exists a threefold zX such that �. zX /D0, and zX!P1 is birationally nonisotrivial
with exactly three singular fibers.

We close by addressing a question, raised by Kovács [23, Question 0.6], whether imposing a stronger
condition on the Kodaira dimension of the total space increases the degree of the discriminant locus. We
observe that this is not the case, by demonstrating morphisms f WX ! Pn such that X is of general type
and the degree of the discriminant locus �.f / is either nC 2 or nC 3.

Example 7.4 (general type example with discriminant locus of small degree). We first explain a general
strategy to construct an explicit example. Suppose we have a smooth Galois cover g W Y ! Pn, with a
Galois group G, branched over a smooth hypersurface D as in Example 7.1. For a positive integer N , the
projection onto the N -th factor,

pr W Y N
! Y;

is a G-equivariant morphism, where Y N is endowed with the diagonal G-action. Then the induced
morphism

pr W Y N =G! Y=G Š Pn

has �.pr/ D D, and the general fiber is connected. Furthermore, if Y is of general type, then a
desingularization of Y N =G is of general type for N � 0, by a result of Caporaso, Harris and Mazur
[6, Corollary 4.1]. Therefore, we obtain a morphism f W X ! Pn such that X is of general type and
�.f /DD.
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When nD 1, we start with a Galois Belyı̆ map C ! P1 such that C is a curve of genus at least 2 (see
e.g. [37, Section 6]). Then the construction above shows that the minimal degree of �.f / is indeed 3.

When n � 2, take a cyclic cover g W Y ! Pn branched over a smooth hypersurface of degree nC 3.
Then Y is of general type; consequently, we have an example with deg�.f /D nC3 via the construction
above. We expect there to be an example with deg�.f /D nC 2, which we do not know yet.
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