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We prove a Chevalley formula to multiply the motivic Chern classes of Schubert cells in a generalized
flag manifold G/P by the class of any line bundle Lλ. Our formula is given in terms of the λ-chains of
Lenart and Postnikov. Its proof relies on a change of basis formula in the affine Hecke algebra due to
Ram, and on the Hecke algebra action on torus-equivariant K-theory of the complete flag manifold G/B
via left Demazure–Lusztig operators. We revisit some wall-crossing formulae for the stable envelopes in
T ∗(G/B). We use our Chevalley formula, and the equivalence between motivic Chern classes of Schubert
cells and K-theoretic stable envelopes in T ∗(G/B), to give formulae for the change of polarization, and
for the change of slope for stable envelopes. We prove several additional applications, including Serre,
star, and Dynkin, dualities of the Chevalley coefficients, new formulae for the Whittaker functions, and
for the Hall–Littlewood polynomials. We also discuss positivity properties of Chevalley coefficients, and
properties of the coefficients arising from multiplication by minuscule weights.
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1. Introduction

Let G be a complex, semisimple, Lie group and T ⊂ B ⊂ P ⊂ G be a parabolic subgroup containing a
Borel subgroup and the (standard) maximal torus. Let W be the Weyl group determined by (G, T ). In
the study of cohomology and K-theory rings of (generalized) flag manifolds G/P , the Chevalley formula
expresses the multiplication of a Schubert class by the class of a line bundle, or a Schubert divisor in
G/P . If one works equivariantly, this formula determines completely the multiplication in the equivariant
K ring. In this paper we prove a Chevalley formula for the coefficients Cw

u,λ(y) ∈ KT (pt)[y] arising in
the multiplication

MCy(X (w)◦) ·Lλ =

∑
Cw

u,λ(y)MCy(X (u)◦) (1)

in the equivariant K-theory ring KT (G/B)[y]; see (27) and Theorem 5.2 below. Here MCy(X (w)◦) ∈

KT (G/B)[y] is the motivic Chern class of a Schubert cell X (w)◦ ⊂ G/B, and Lλ = G ×
B Cλ is the line

bundle on G/B associated to the one-dimensional B-module of weight λ.
The motivic Chern classes MCy(X (w)◦) ∈ KT (G/B)[y] have been defined by Brasselet, Schürmann,

and Yokura [BSY10] more generally for elements [Y → X ] in the Grothendieck group G0(var/X) of
varieties over X . They are the unique classes which are functorial with respect to proper morphisms
f : X1 → X2, and which satisfy the normalization condition MC[idX : X → X ] = λy(T ∗

X ) for X smooth,
where λy(T ∗

X ) =
∑

yi
[∧i T ∗

X

]
is the Hirzebruch λy class; see Section 4 below. They may be thought of as

the K-theoretic generalizations of Chern–Schwartz–MacPherson classes defined by MacPherson [Mac74].
The motivic Chern classes of Schubert cells generalize well studied classes from Schubert calculus.

If y = 0, the motivic class MCy(X (w)◦) is equal to the class of the ideal sheaf [OX (w)(−∂ X (w))] of
the boundary ∂ X (w) = X (w) \ X (w)◦, where X (w) = X (w)◦ is the Schubert variety. If y = −1, then
MCy(X (w)◦) is equal to the class of the unique T -fixed point in X (w)◦; see [AMSS24b]. The Poincaré
duals of the classes MCy(X (w)◦), the Segre motivic classes [AMSS24a; MS22], specialize when y = 0
to the Grothendieck classes of the structure sheaves of the opposite Schubert varieties. Our Chevalley
formula (1), and its analogous formula for the Segre motivic classes, specialize to known Chevalley
formulae for K-theoretic Schubert classes and ideal sheaves from [GR04; LP07].

The formula for the coefficients Cw
u,λ(y)∈ KT (pt)[y] from (1) follows from a formula of Ram [Ram06]

in the affine Hecke algebra H, calculating transition coefficients between two bases {Tw Xλ
} and {XλTw}

of the affine Hecke algebra:

Tw X−λ
=

∑
µ∈X∗(T ),u∈W

(−q)ℓ(w)−ℓ(u)cw,λ
u,µ X−µTu . (2)

Here Tw is an element in the standard basis of H, X−λ is an affine element in H, and X∗(T ) denotes the
weight lattice of T . Ram’s formula is stated in terms of a combinatorial model utilizing alcove walks,
and it is convenient for our purposes to rewrite it utilizing in terms of λ-chains, a model introduced and
studied by Lenart and Postnikov [LP07; LP08] in relation to equivariant K theory of flag manifolds.
We refer to Theorem 3.9 and Theorem 3.10 for the precise statements in the Hecke algebra in terms of



Chevalley formulae for motivic Chern classes of Schubert cells and for stable envelopes 479

λ-chains, and to Section 5.1 for the formulae involving motivic Chern classes. We also note that (affine)
Hecke algebras have long been used to obtain Chevalley formulas in various contexts, for example in
[PR99; LP07]. We state next our main result.

Assume λ is an integral weight and fix a reduced λ-chain (β1, β2, . . . , βl). The chain corresponds to
an alcove walk from the fundamental alcove A◦ to A◦ − λ, with separating hyperplanes H−β j ,d j . Denote
by sβ the reflection determined by the root β. We refer the reader to Section 3 below for full definitions.
The following is our main result; cf. Theorem 5.5.

Theorem 1.1. The following Chevalley formula holds in KT (G/B)[y]:

L−λ ⊗ MCy(X (w)◦) =

∑
µ∈X∗(T )

u∈W

Cw
u,−λMCy(X (u)◦),

where the Chevalley coefficients are given by

Cw
u,−λ =

∑
J⊂{1,2,...,l}

(−1)n(J )(1 + y)|J |(−y)
1
2 (ℓ(w)−ℓ(u)−|J |)e−wr̃J> (λ), (3)

and the sum is over subsets J = { j1 < · · · < jt } ⊂ {1, 2, . . . , l} such that u < usβ j1
< usβ j1

sβ j2
<

· · · < usβ j1
sβ j2

· · · · · sβ jt
= w; the Weyl group element r̃J>

is defined in (19). For the multiplication
Lλ ⊗ MCy(X (w)◦), the Chevalley coefficients are given by

Cw
u,λ =

∑
J⊂{1,2,...,l}

(−1)n(J )(−1 − y)|J |(−y)
1
2 (ℓ(w)−ℓ(u)−|J |)e−wr̂J< (−λ), (4)

where the sum is over subsets J = { j1 < · · · < jt } ⊂ {1, 2, . . . , l} such that u < usβ jt
< usβ jt

sβ jt−1
< · · · <

usβ jt
· · · · · sβ j1

= w, and with r̂J<
defined in (16).

The connection between the Hecke algebra coefficients from (2) and the Chevalley coefficients above
is given by

Cw
u,−λ =

∑
µ∈X∗(T )

yℓ(w)−ℓ(u)e−µcw,λ
u,µ |q=−y . (5)

The coefficients cw,λ
u,µ are in general Laurent polynomials in y, while Cw

u,−λ are polynomials in KT (pt)[y].
In fact, the power yℓ(w)−ℓ(u) from the formula (5) is absorbed into cw,λ

u,µ so it becomes polynomial in y.
As mentioned above, our Chevalley formula generalizes to the motivic situation the classical Chevalley

multiplication in KT (G/B). It also generalizes the Chevalley multiplication by (equivariant) Chern–
Schwartz–MacPherson classes of Schubert cells from [AMSS23]; a short, self-contained, proof of this is
given in Appendix A.

All these specializations are appropriately positive, in the sense of [Buc02; Bri02; AGM11]. In
Section 5.3 below we investigate some positivity results for the general formula. Notably, our formula
for the multiplication by Lλ with λ dominant (i.e., when L−λ is globally generated) may be written as a
positive combination of products qa(q − 1)b, with q = −y; see Proposition 5.7. This positivity is similar
to the one satisfied by R-polynomials in Kazhdan–Lusztig theory. In an earlier arχ iv version of this paper,
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we conjectured different positivity properties for special cases of the Chevalley coefficients, regarded
as polynomials in y. As we explain in Remark 5.10, we since found examples in Lie types D6, E6, A7

where the conjectured positivity fails.
We now give a rough idea on the proof of Theorem 1.1. The key connection between the Chevalley

formula in the Hecke algebra to motivic Chern classes, proved in [MNS22b], and ultimately based
on results from [AMSS24a], is that the motivic Chern classes are recursively obtained by certain left
Demazure–Lusztig operators T L

w acting on KT (G/B)[y]:

MCy(X (w)◦) = T L
w [O1.B].

These operators commute with elements in KG(G/B)[y] (i.e., the Weyl-group invariants of KT (G/B)),
and an argument based on equivariant localization shows that

MCy(X (w)◦) ·Lλ = T L
w [O1.B] ·Lλ = T L

w (Lλ · [O1.B]) = T L
w (eλ

· [O1.B]).

Therefore, the knowledge of the expansion from (2) implies the Chevalley formula in the geometric case.
This argument may be generalized to any homogeneous bundle; see Remark 5.3. In cohomology (i.e., for
the Chern–Schwartz–MacPherson classes), and for G = SLn , this argument is implicitly utilized in the
paper [FGX22] to obtain a Murnaghan–Nakayama formula.

We briefly survey next other results from this note. Having established a formula to calculate the
Chevalley coefficients, in Section 6 we utilize several dualities with geometric origin (the Serre duality,
the star duality, and the Dynkin automorphism duality) to obtain several symmetries of the coefficients
Cw

v,λ(y). See Proposition 6.5, for example. Combining these dualities shows that the polynomials Cw
v,λ(y)

are palindromic.
A remarkable property of the motivic Chern classes of Schubert cells, proved in [AMSS24a; FRW21],

is that they are equivalent to the K-theoretic version of Maulik and Okounkov’s stable envelopes; see
[MO19; AO21]. The stable envelopes are elements in the T × C∗-equivariant K-theory of the cotangent
bundle, KT ×C∗(T ∗(G/B)). In this context, the formal variable y may be identified to the (inverse) of the
character given by the C∗ fiber dilation on the cotangent bundle. If ι : G/B ↪→ T ∗(G/B) is the inclusion
of the zero section, then ι∗(stab(w)) is a multiple of the motivic Chern class of the (opposite) Schubert
cell for w, where stab is a stable envelope, appropriately normalized.

The stable envelopes depend on three parameters: a chamber, a polarization, and a slope, and the
precise normalizations are essential for this paper. A variation in the chamber results in conjugating by
the Borel subgroup [AMSS24a], and it is encoded in the left Weyl group action [MNS22b] and certain
R-matrix operators [RTV15; RTV19]. Varying the polarization, or the slope, results in the multiplication
of stab(w) by a line bundle Lλ pulled back from G/B; cf. [AMSS24a; Oko27], and see also Section 7
below. In particular, the coefficients Cw

v,λ(y) from (1) give “wall-crossing” formulae, recording the change
of stable envelopes when its defining parameters are varied. While these wall crossing formulae have
been worked out in [Oko27; SZZ20; SZZ21] (see also [KW25]), in Section 7 we revisit some of these
from the point of view of Theorem 1.1. In particular, we utilize the Chevalley formula to give an explicit
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combinatorial rule relating the stable envelope for the fundamental alcove A◦ to the one corresponding to
any translation A◦ + λ; see Theorem 7.8.

In addition to our application mentioned above to wall crossing formulae for stable envelopes, in
Section 8 we utilize known relations between motivic Chern classes of Schubert cells, Whittaker functions,
and Hall–Littlewood polynomials, to obtain new formulae for the latter.

Finally, in Appendix A we obtain an analogue of the Chevalley formula (1) for the homological
analogue of the motivic Chern classes, the Chern–Schwartz–MacPherson classes. While this formula
may be obtained by a specialization argument as in [AMSS24b], the degenerate affine Hecke algebra is
much simpler in this case, and a direct proof of the Chevalley formula may be obtained rather quickly.

Notation. We fix the notation utilized throughout the paper. Let G be a simply connected complex Lie
group with Borel subgroup B and maximal torus T ⊂ B. Denote by g = Lie(G) and by h = Lie(T ) be
corresponding Lie algebras. Let R+

⊂ h∗
:= h∗

Q
denote the positive roots, which by convention are the

roots in B, and by 6 = {αi : i ∈ I } the set of simple roots. The set of all roots is R := R+
⊔ −R+. We

use α > 0 (resp. α < 0) to denote α ∈ R+ (resp. α ∈ −R+). For any root α ∈ R, let α∨
⊂ h denote the

corresponding coroot. Denote by

⟨·, ·⟩ : h∗
× h → Q

the evaluation pairing, and let X∗(T ) ⊂ h∗ be the weight lattice. For any weight λ ∈ X∗(T ), let
Lλ := G ×

B Cλ be the line bundle on G/B associated to λ. The Weyl group is W = NG(T )/T and it
is generated by simple reflections si = sαi (i ∈ I ). It is equipped with a length function ℓ : W → Z≥0

defined as the length of a minimal expression of w in terms of the simple reflections; we denote by w0 the
longest element. The Bruhat order on W is a partial order determined by the covering relations u ≤ usα

where α ∈ R and ℓ(usα) = ℓ(u) + 1.
For any w ∈ W , let X (w)◦ := BwB/B ⊂ G/B and Y (w)◦ := B−wB/B ⊂ G/B be Schubert cells,

where B− is the opposite Borel subgroup. Let X (w) := X (w)◦ and Y (w) := Y (w)◦ be the respective
Schubert varieties. Let P(⊇ B) be a parabolic subgroup with simple roots 6P ⊂ 6. Let R+

P denote
the positive roots spanned by 6P . Let WP be the Weyl group generated by the simple reflections sα,
α ∈ 6P . Let W P

≃ W/WP denote the set of minimal length representatives. For any w ∈ W P , let
X (wWP)◦ := BwP/P ⊂ G/P (resp. Y (wWP)◦ := B−wP/P ⊂ G/P) denote the Schubert cell with
closure X (wWP) (resp. Y (wWP)). Let X∗(T )P := {λ ∈ X∗(T ) | ⟨λ, γ ∨

⟩ = 0 for all γ ∈ R+

P } be the set
of integral weights which vanish on (R+

P )∨. For any λ ∈ X∗(T )P , we still use Lλ to denote the line bundle
G ×

P Cλ ∈ Pic(G/P), which has fiber over 1.P the one-dimensional T -module of weight λ.

2. Affine Hecke algebra via alcove walk algebra

In this section we introduce the alcove walk algebra, and a formula of Ram [Ram06] describing a change
of bases matrix for the affine Hecke algebra.
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2.1. Affine Hecke algebra. The affine Hecke algebra H is a free Z[q, q−1
] module with basis {Tw Xλ

|w ∈

W, λ ∈ X∗(T )}, such that

• For any λ, µ ∈ X∗(T ), XλXµ
= Xλ+µ.

• For any simple root α, (Tsα
+ 1)(Tsα

− q) = 0.

• For any w, y ∈ W , such that ℓ(wy) = ℓ(w) + ℓ(y), TwTy = Twy

• For any simple root α and λ ∈ X∗(T ),

Tsα
Xλ

− X sαλTsα
= (1 − q)

X sαλ
− Xλ

1 − X−α
.

For our geometric application we will need two other bases of the affine Hecke algebra H: {T −1
w−1 Xλ

|

w ∈ W, λ ∈ X∗(T )} and {XλT −1
w−1 | w ∈ W, λ ∈ X∗(T )}. Define the transition matrix coefficients

cw,λ
u,µ ∈ Z[q, q−1

] by

T −1
w−1 Xλ

=

∑
µ∈X∗(T )

u∈W

cw,λ
u,µ XµT −1

u−1 . (6)

The main result of this section is a formula for cw,λ
u,µ obtained by Ram [Ram06]; see Theorem 2.4.

For the later application to the motivic Chern classes, we also introduce the Iwahori–Matsumoto
Z[q, q−1

]-algebra involution 2 on H defined by

2(Tsα
) = −qT −1

sα
and 2(Xλ) = X−λ,

where sα is a simple reflection; see [EM97, Section 5.1]. Hence, 2(T −1
w−1) = (−q)−ℓ(w)Tw. Applying 2

to (6), we obtain
Tw X−λ

=

∑
µ∈X∗(T )

u∈W

(−q)ℓ(w)−ℓ(u)cw,λ
u,µ X−µTu (7)

2.2. Alcove walk algebra. In this section we review Ram’s definition of the alcove walk algebra, and
state his formula for the matrix coefficients cw,λ

u,µ . We refer the reader to [Ram06] for a more detailed
account of the alcove walk algebras.

2.2.1. Alcoves. Let t∗R be the dual of the Lie algebra of the maximal torus T . For any root α and j ∈ Z,
define

Hα, j := {λ ∈ t∗R | ⟨λ, α∨
⟩ = j}.

Notice that Hα, j = H−α,− j . The connected components of t∗R \
⋃

α>0, j∈Z Hα, j are called alcoves. The
codimension 1 faces of any alcove are called the walls of that alcove. The fundamental alcove A◦ is
defined by

A◦ = {λ ∈ t∗R | 0 < ⟨λ, α∨
⟩ < 1, for any positive root α}.

If α1, α2, . . . , αr are the simple roots, and θ∨ is the highest coroot, then the walls of the fundamental
alcove A◦ are Hθ,1 and Hαi ,0 (1 ≤ i ≤ r ). We label these walls of A◦ by 0, 1, . . . , r respectively.
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The affine Weyl group for the dual root system is defined by Waff := Q⋊W , where Q is the root lattice.
Then Waff acts simply transitively on the set of alcoves, and this action is determined by the reflections
across the hyperplanes h = Hα, j , given by

sα, j (µ) = r̂h(µ) := sα(µ) + jα for µ ∈ X∗(T ). (8)

The affine Weyl group is a Coxeter group generated by the reflections s0 := sθ,1 and si (1 ≤ i ≤ r) along
the walls of A◦. In fact, A◦ is a fundamental domain for the action of Waff on the set of alcoves, in the
sense that any element in t∗R \

⋃
α>0, j∈Z Hα, j is sent to exactly one element in A◦. See [Ram06; Hum90]

for details.
The extended affine Weyl group for the dual root system is W ext

aff = X∗(T )⋊ W , where X∗(T ) is the
weight lattice. For any λ ∈ X∗(T ), let tλ denote the corresponding element in W ext

aff . There is a length
function ℓ on W ext

aff defined by the following formula (see [Mac96, equation (2.8)]):

ℓ(tµw) =

∑
α∈R+

|⟨µ, w(α∨)⟩ +χ(w(α))|, where χ(α) =

{
0 if α ∈ R+,

1 if α ∈ R−.

Let � ⊂ W ext
aff be the subgroup of length zero elements in W ext

aff . Then W ext
aff ≃ Waff ⋊�, see [Mac96,

equation (2.10)], and ℓ(wg) = ℓ(w) for any w ∈ Waff and g ∈ �. The elements in � preserve the
fundamental alcove A◦ and act as automorphisms.

Using a bijection between Waff and the alcoves in t∗R, one defines a bijection between W ext
aff ≃ Waff ⋊�

and the alcoves in � × t∗R (|�| copies of t∗R, each tiled by alcoves). We label the walls of every alcove
in � × t∗R in an W ext

aff -equivariant way: for each w ∈ W ext
aff the walls of wA◦ are wHαi ,0 (1 ≤ i ≤ n) and

wHθ,1, and they are labeled by i and 0, respectively. In particular, if two adjacent alcoves A1 and A2 are
separated by a wall labeled by i (in both A1 and A2), and A1 = wA◦ for some w ∈ W ext

aff , then A2 = wsi A◦.
Equivalently, in terms of the wall crossings, if w = gsi1si2 · · · · · siℓ ∈ W ext

aff , with g ∈ � and 0 ≤ i j ≤ r ,
then the alcove wA◦ in �×t∗R is the alcove obtained from rotating the fundamental alcove A◦ according to
the automorphism g, then reflecting along the walls labeled (in order) by i1, . . . , iℓ. See also Lemma 3.3.

Example 2.1. We consider the example of the root system of type A1. Let α be the positive root, and
ω = α/2 be the fundamental weight. The weight lattice X∗(T ) is Zω, the root lattice Q is Zα, and the
finite Weyl group W is {id, s1 = sα}. The affine Weyl group Waff = Q ⋊W has Coxeter generators s1 and
s0 = tαs1. The subgroup of length zero elements in W ext

aff is � = {id, g = tωs1} ≃ Z/2Z.
In the following picture for �× t∗R, the lower sheet is the identity sheet, while the upper sheet is the

Hα,−3 Hα,−2 Hα,−1 Hα,0 Hα,1 Hα,2 Hα,3 Hα,4

s1s0s1

t−αs1

s1s0

t−α

s1

s1

id

id

s0

tαs1

s0s1

tα

s0s1s0

t2αs1

gs0s1s0

t−3ω

gs0s1

t−ωs1

gs0

t−ω

g

tωs1

gs1

tω

gs1s0

t3ωs1

gs1s0s1

t3ω

•

0

1

1

0

0

1

1

0

0

1

1

0

0

1

1

0
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sheet g × t∗R. Each alcove wA◦ is labeled by the corresponding w ∈ W ext
aff , both in the Coxeter presentation

and the translation presentation. In the lower sheet, the walls Hα,n are labeled by 1 if n is even, and 0 if n
is odd. On the upper sheet, the labelings are in the opposite way.

2.2.2. Alcove walk algebra. We recall a realization of the Hecke algebra in terms of alcove walks; see
[Ram06]. For each positive root α and hyperplane Hα, j , set the positive side of it to be {λ∈ t∗R | ⟨λ, α∨

⟩> j}.

Definition 2.2. The alcove walk algebra is generated over Z[q, q−1
] by elements g ∈ �, and for 0 ≤ i ≤ r ,

the elements c+

i (positive i-crossing), c−

i (negative i-crossing), f +

i (positive i-fold) and f −

i (negative
i-fold), subject to the following relations, sometimes called straightening laws:

c+

i = c−

i + f +

i , c−

i = c+

i + f −

i , gc±

i = c±

g(i)g, g f ±

i = f ±

g(i)g.

In terms of pictures, these generators can be drawn as follows:

− +

i

c+

i

− +

i

c−

i

− +

i

f +

i

− +

i

f −

i

(0 ≤ i ≤ r)

Here, c+

i represents a crossing of a wall labeled by i from its negative to its positive side, and similarly for
the other generators. The product is given as concatenation. An alcove walk is a word in the generators
such that

• the tail of the first step is in the fundamental alcove A◦, and

• at every step, either we change the sheet according to an element in � (thus rotating the alcove according
to this elements), or the head of each arrow is in the same alcove as the tail of the next arrow.

An alcove walk p is called nonfolded if there is no f ±

i in its word. The length of an alcove walk is
the number of letters c±

i , f ±

i in an alcove walk. (In particular, rotation with respect to an element of �

does not contribute to the length.) For a minimal alcove walk between two alcoves, one can show that the
walk is nonfolded, thus its length is the number of c±

i in the walk [Ram06]. From this it follows that if
w ∈ W ext

aff , then ℓ(w)=length of a minimal length walk from A◦ to wA◦.
Pick a square root q

1
2 of q . The following was proved by A. Ram.

Proposition 2.3 [Ram06, §3.2]. (a) The affine Hecke algebra H is isomorphic as a Z[q
1
2 , q−

1
2 ]-algebra

to the quotient of the alcove walk algebra by the relations

c+

i = (c−

i )−1, f +

i = (q
1
2 − q−

1
2 ), f −

i = −(q
1
2 − q−

1
2 ) (9)

and
p = p′ if p and p′ are nonfolded alcove walks with end(p) = end(p′), (10)

where end(p) means the final alcove of p.

(b) Under the previous isomorphism, for any w ∈ W and λ ∈ X∗(T ): 1

1The q2 and Tsi in [Ram06, Proposition 3.2(b)] are our q and q−
1
2 Ti , respectively.
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• a minimal length alcove walk from A◦ to wA◦ is sent to qℓ(w)/2T −1
w−1 , and,

• a minimal length alcove walk from A◦ to tλA◦ is sent to Xλ.

For an alcove walk p, define the functions weight wt (p) ∈ X∗(T ), and final direction ϕ(p) ∈ W of p
by the condition that p ends in the alcove twt (p)ϕ(p)A◦. Let

f −(p) = number of negative folds of p,

f +(p) = number of positive folds of p,

f (p) = f +(p) + f −(p).

Now we can state the formula for the matrix coefficients cw,λ
u,µ defined in (6); see also (7).

Theorem 2.4 [Ram06, Theorem 3.3]. Let λ ∈ X∗(T ) and w ∈ W . Fix a minimal length walk pw =

c−

i1
c−

i2
· · · c−

ir
from A◦ to wA◦ and a minimal length walk pλ = cϵ1

j1 cϵ2
j2 · · · cϵs

js g from A◦ to tλA◦, where
g ∈ W ext

aff is defined by the condition gWaff = tλWaff
2, and ϵi = ± for each i . Then

T −1
w−1 Xλ

=

∑
p

(−1) f −(p)(q
1
2 − q−

1
2 ) f (p)q

1
2 (ℓ(ϕ(p))−ℓ(w))Xwt (p)T −1

ϕ(p)−1, (11)

where the sum is over all alcove walks p of the form

p = c−

i1
c−

i2
· · · c−

ir
p j1 p j2 · · · p js g such that p jk ∈ {c±

jk , f ϵk
jk }. (12)

Therefore the matrix coefficients cw,λ
u,µ in (6) are given by

cw,λ
u,µ =

∑
p of the form (12)

ϕ(p)=u,wt (p)=µ

(−1) f +(p)(1 − q) f (p)q
1
2 (ℓ(u)−ℓ(w)− f (p)). (13)

Example 2.5. Let G = SL(2, C). We use the same notation as in Example 2.1. We check the above
theorem for w = s1 and λ = ω. From the alcove picture in Example 2.1, T −1

s1
is represented by the

minimal length walk q−1/2c−

1 , while Xω is represented by the walk gc+

1 = c+

0 g. Thus, the sum in the
right hand side of the Theorem is over the alcove walks c−

1 c−

0 g and c−

1 f +

0 g, which end at the alcoves
t−ωs1A◦ and t−ωA◦, respectively. (Note that c−

1 c+

0 g, which represents T −1
s1

Xω, is not an alcove walk.)
Therefore, the identity in the theorem is

T −1
s1

Xω
= X−ωT −1

s1
− q−1(1 − q)X−ω.

On the other hand, it is easy to check the above equation using the definition of the affine Hecke algebra
in Section 2.1.

Remark 2.6. In Theorem 2.4, one may relax the hypotheses about the alcove walks pw and pλ to be of
nonminimal length. This follows from analyzing the proof of Ram’s result in [Ram06]. We do not use
this, but it is consistent with our use of nonreduced λ-chains in Section 3 below.

2We need to add this extra g ∈ � since tλA◦ may not on the same sheet as A◦, see Example 2.5. The stated conditions
determine g uniquely.
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Consider an ordered collection of hyperplanes H={Hβ1,k1, . . . , Hβs ,ks } and set hi := Hβi ,ki . Associated
to this sequence we define the elements

r̂H = sβ1,k1 · · · · · sβs ,ks ∈ Waff; rH = sβ1 · · · · · sβs ∈ W.

(These depend on the order of H.) We also define an H-restricted version of the Bruhat order on W by

w
H
−→ u ⇐⇒ w > wsβ1 > wsβ1sβ2 > · · · > wsβ1sβ2 · · · · · sβs = u. (14)

Lemma 2.7 (compare [Len11, Proposition 2.5]). Let w ∈ W and λ ∈ X∗(T ). Fix:

• an alcove walk pw from A◦ to wA◦;

• an alcove walk pλ = cϵ1
j1 cϵ2

j2 · · · cϵs
js g from A◦ to tλA◦.

Let hi = Hβi ,ki , for 1 ≤ i ≤ s be the sequence of hyperplanes defined by the walls of alcoves crossed by
pλ, with βi ∈ Rϵi and ki ∈ Z.

Then there is a bijection between

(1) the set of alcove walks of the form p̄ = pw p j1 . . . p js such that p jk ∈ {c±

jk , f ϵk
jk }, and

(2) the set of subsets M={hm1, . . . , hmt }⊂H={h1, . . . , hs} with m1 < m2 < · · ·< mt , s.t. w M
H⇒wrM.

Under this bijection, the indices mi correspond to the positions of foldings f
ϵmi
mi . Furthermore,

ϕ( p̄g) = wrM and wt( p̄g) = wr̂M(λ).

Remark 2.8. This statement is a slight generalization of Lenart’s result. We do not require λ to be
dominant, and therefore we need to allow βi ∈ Rϵi to be a negative root.

Proof. The proof follows the same outline as that of [Len11, Proposition 2.5], so we will be brief. To
start, consider the unique unfolded alcove walk p0 = pw p j1 . . . p js such that p jk ∈ {c±

jk }. Any other alcove
walk p̄ as in the statement is of the form

p̄ = φmt · · · φm1(p0),

where φm j is the folding operation at position m j (cf. [Len11]) and the mi ’s with mi−1 < mi are the
folding positions of p̄. This alcove walk has the property that if k /∈ {m1, . . . , mt } then p jk ∈ {c±

jk } and
p jmi

= f jmi

ϵ′
mi (1≤ i ≤ t). In addition ϕ( p̄g)=wrM and wt( p̄g)=wr̂M(λ). Let Mi ={hm1, . . . , hmi }⊂H=

{h1, . . . , hs} for 1≤ i ≤ t with the convention that M0 =∅ and r∅ = id. A key point is that wrMi−1 >wrMi

if and only if the folding orientations satisfy ϵmi = ϵ′
mi

. (The proof uses the condition that if β > 0, then
wsβ > w if and only if w(β) > 0.) All this put together implies that {hm1, . . . , hmi } ↔ φmi · · · φm1(p0)

gives the bijection in the statement. □

For a subset M ⊂ H as in Lemma 2.7, set p(M) to be the alcove walk p̄g associated to M, and set
f +(M) = f +(p(M)).

We next reformulate Ram’s result from Theorem 2.4 in terms of paths in the Bruhat order.
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Corollary 2.9. Let u, w ∈ W and λ, µ ∈ X∗(T ). Assume the same hypotheses and notation as in
Lemma 2.7. Then

cw,λ
u,µ =

∑
M

(−1) f +(M)(1 − q)|M|q
1
2 (ℓ(u)−ℓ(w)−|M|),

where the sum is over subsets M ⊂ H which satisfy w
M

H⇒ u = wrM and µ = wr̂M(λ).

Remark 2.10. A priori, the coefficients cw,λ
u,µ appearing in the walk algebra are in Z[q±

1
2 ]. However, after

matching these with the initial definition of Hecke algebras, it turns out that cw,λ
u,µ ∈ Z[q±1

]. This can also
be seen directly in the formula above, by observing that ℓ(u) − ℓ(w) − |M| is even. (This uses that a
reflection has odd length, and the cancellation property of nonreduced expressions.)

3. A λ-chain formula for the transition coefficients cw,λ
u,µ

In this section we reformulate the alcove walk formula from Corollary 2.9 in terms of the notion of
λ-chains introduced in [LP07]. This notion was utilized to obtain a K -theory Chevalley formula for the
structure sheaves of Schubert varieties. The main results of this section are Theorem 3.9 and Theorem 3.10.
Specializing y 7→ 0, these recover [LP07, Theorem 6.1]. Throughout this section, we only consider
alcoves on the identity sheet t∗R. Recall that A◦ + λ := {x + λ | x ∈ A◦} is the alcove on t∗R. (If λ is not a
root, the alcove tλ(A◦) is not the alcove A◦ + λ.)

3.1. Alcove paths and λ-chains. For any two alcoves A and B, which are separated by a common wall
lying on a hyperplane Hβ,k , write A β

−→ B if the root β points from A to B.

Definition 3.1 [LP07, Definition 5.2]. An alcove path is a sequence of alcoves (A0, A1, . . . , Al) such
that A j−1 and A j are adjacent, 1 ≤ j ≤ l. We denote this by

A0
−β1
−−→ A1

−β2
−−→ · · ·

−βl
−−→ Al .

When the length l is minimal among all alcove paths from A0 to Al , it is called a reduced alcove path.

Remark 3.2. By definition, there is a one-to-one correspondence between alcove paths

A◦ = A0
−β1
−−→ A1

−β2
−−→ · · ·

−βl
−−→ Al = A◦ − λ (15)

from A◦ to Al = v−λ(A◦) and alcove walks from A0 to Al of the form cϵ1
i1

cϵ2
i2

· · · cϵl
il

, where −β j ∈ Rϵ j for
1 ≤ j ≤ l.

Recall that s0 = sθ,1 is the affine reflection along the hyperplane Hθ,1 with θ∨ the highest coroot.
Define α0 = −θ , s̄0 = sθ and s̄i = si for 1 ≤ i ≤ r .

Lemma 3.3 [LP07, Lemma 5.3]. For any v ∈ Waff, there is a one-to-one correspondence between
decompositions of v in the simple reflections si ∈ Waff (0 ≤ i ≤ r ) and alcove paths from A◦ to v(A◦) as
follows.
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For any decomposition v = si1si2 · · · sil , define

β j := s̄i1 s̄i2 · · · s̄i j−1(αi j ), 1 ≤ j ≤ l.

Then

A◦ = A0
−β1
−−→ A1

−β2
−−→ · · ·

−βl
−−→ Al = v(A◦)

is an alcove path from A◦ to v(A◦).
The affine reflection along the j-th hyperplane separating A j−1 and A j is si1si2 · · · si j−1si j si j−1 · · · si2si1 ;

in particular, the separating wall is labeled by i j . Under this correspondence, a reduced alcove path
corresponds to a reduced decomposition for v.

Let λ be an integral weight and let v−λ ∈ Waff be the affine Weyl group element which satisfies
v−λ(A◦) = A◦ − λ, i.e., t−λ = v−λg with g ∈ �. Choose a (possibly nonreduced) decomposition
v−λ = si1 · · · sil and let β j be defined by

β j := s̄i1 s̄i2 · · · s̄i j−1(αi j ), 1 ≤ j ≤ l,

with the convention that α0 = −θ (see Lemma 3.3). Then

A◦ = A0
−β1
−−→ A1

−β2
−−→ · · ·

−βl
−−→ A◦ − λ

is an alcove path from A◦ to A◦ − λ.

Definition 3.4 [LP07, Definition 5.4]. The sequence of roots (β1, . . . , βl) is a λ-chain of roots associated
to the decomposition of v−λ. A λ-chain is called reduced if the decomposition v−λ = si1 · · · sil is reduced.

Let H−β j ,d j be the hyperplane separating the alcoves A j and A j+1. The sequence of integers d j are
determined by the sequence of roots β j , but we occasionally keep the information of d’s in the notation,
and we refer to the sequence of pairs (β1, d1), (β2, d2), . . . , (βl, dl) as a λ-chain 3. Following [LP07,
Prop. 6.8] we recall a combinatorial construction of a λ-chain for an integral weight λ.

Fix a linear order on the index of Dynkin nodes (for example 1 < 2 < · · · < r in I = {1, 2, . . . , r}).
The set Rλ ⊂ Waff of affine reflections sα,k for the hyperplanes Hα,k separating the fundamental alcove
A◦ and A◦ − λ is given by

Rλ =

⋃
α∈R+


{sα,k : 0 ≥ k > −⟨λ, α∨

⟩} if ⟨λ, α∨
⟩ > 0,

{sα,k : 0 < k ≤ −⟨λ, α∨
⟩} if ⟨λ, α∨

⟩ < 0,

∅ otherwise.

One defines a “height function”

h : Rλ → Rr+1
; h(sα,k) =

1
⟨λ, α∨⟩

(−k, ⟨ϖ1, α
∨
⟩, . . . , ⟨ϖr , α

∨
⟩).

3If λ is dominant, this definition was extended to the Kac–Moody situation in [LP08].
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It turns out that this function is injective. Now order the images of h in lexicographic order, so we obtain
h(sα1,k1) < · · · < h(sαl ,kl ). Define another function b : Rλ → R+

∪ R− by

b(sα,k) =

{
α if k ≤ 0, α ∈ R+,

−α if k > 0, α ∈ R+.

Then b(sα1,k1), . . . , b(sαl ,kl ) is a (reduced) λ-chain of roots.

Remark 3.5. A particularly nice situation occurs for a minuscule fundamental weight ϖi , i.e., when
⟨ϖi , α

∨
⟩ ∈ {0, 1} for any positive root α. In this case all ki = 0 and v−ϖi = (wPi )−1

∈ W , with wPi being
the longest minimal length representative for cosets of W/WPi , where WPi = StabW (ϖi ); equivalently,
the Schubert variety X (wPi WPi ) = G/Pi . A reduced decomposition and the associated ϖi -chain may
be read from the associated Young poset of G/Pi ; see [Pro99; Ste01] and also [BCMP18, §3.1] and
Example 3.6 below. It may also be obtained as a reverse linear extension of the heap H(wPi ), and this
gives a one-to-one correspondence between reduced ϖi -chains and reverse linear extensions of the heap
H(wPi ). We refer the readers to [MNS22a; NO19] for the heap perspective.

Example 3.6. Consider G = SL5 and the fundamental weight ϖ2. The stabilizer is the maximal parabolic
P2 so that G/P2 is the Grassmannian Gr(2, 5). The inversion set and a reduced decomposition of v−ϖ2

may be read from the Young diagrams below, with the notation (i − j) = αi + · · · +α j−1.

(2−3) (2−4) (2−5)

(1−3) (1−4) (1−5)

α2 α3 α4

α1 α2 α3

Then v−ϖ2 = s2s3s4s1s2s3 and a ϖ2-chain of roots is given by {α2, α2 + α3, α2 + α3 + α4, α1 + α2,
α1 + α2 + α3, α1 + α2 + α3 + α4}.

Example 3.7. Let G = SL3, with the Weyl group W = S3, and consider λ = 2ϖ1 − 2ϖ2. An example of
alcove path from A◦ to A◦ − λ is

A◦ = A0
−β1
−−→ A1

−β2
−−→ A2

−β3
−−→ A3

−β4
−−→ A4

−β5
−−→ A5

−β6
−−→ A6 = A◦ − λ (Ai = ri Ai−1, 1 ≤ i ≤ 6),

which is the red path below, and it corresponds to the decomposition v−λ = s0s1s0s1s2s1. The corresponding
alcove walk is p̄ = c+

0 c+

1 c−

0 c−

1 c−

2 c+

1 , and the corresponding λ-chain of roots is (β1, 1), (β2, 1), (β3, 0),
(β4, −1), (β5, 1), (β6, 2), as calculated in Figure 1. Here we included the d’s in the notation. We can
choose another λ-chain for λ = 2ϖ1 − 2ϖ2 by using the reduced decomposition v−λ = s1s0s2s1. The
corresponding reduced λ-chain is (α1, 0), (−α2, 1), (α1, 1), (−α2, 2).

Lemma 3.8 [LP07, Remark 5.5]. Let L = (β1, . . . , βl) be a λ-chain. Then L̄ := (−βl, . . . ,−β1) is a
(−λ)-chain. If H−β j ,d j is the j-th hyperplane of the alcove path from A◦ to A◦ − λ determined by L , then
the j-th hyperplane of alcove path from A◦ to A◦ + λ determined by L̄ is Hβl+1− j ,⟨λ,β∨

l+1− j ⟩−dl+1− j . If L is

reduced, then L̄ is also reduced.
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Hα2,0 Hα1,0

Hα1+α2,0

α1 α2

α0

ϖ1 ϖ2
0

0

0

0

0

0
0

0

0

0

0

00

0

0

0

0

0
1

1

1

1
1

1

1

1

1

1

1

1

2
2

2

2
2

2
2

2

2

2
2

2

A◦
A◦ − λ

i1 = 0, β1 = α0 = −(α1 + α2)

i2 = 1, β2 = s̄0(α1) = −α2

i3 = 0, β3 = s̄0s̄1(α0) = α1

i4 = 1, β4 = s̄0s̄1s̄0(α1) = α1 + α2

i5 = 2, β5 = s̄0s̄1s̄0s̄1(α2) = α1

i6 = 1, β6 = s̄0s̄1s̄0s̄1s̄2(α1) = −α2

s0 = r̂H−β1,1

s0s1s0 = r̂H−β2,1

(s0s1)s0(s1s0) = s1 = r̂H−β3,0

(s0s1s0)s1(s0s1s0) = s0 = r̂H−β4,−1

(s0s1s0s1)s2(s1s0s1s0) = r̂H−β5,1

(s0s1s0s1s2)s1(s2s1s0s1s0) = r̂H−β6,2

Figure 1. To Example 3.7.

3.2. λ-chain formulae. Next we state the main theorem of this section. For any root hyperplane h = Hβ,k ,
let rh denote the reflection along the hyperplane Hβ,0, and r̂h be the reflection along h.

Assume λ is an integral weight and fix a reduced λ-chain (β1, β2, . . . , βl), which corresponds to an
alcove walk from A◦ to A◦ − λ, with separating hyperplanes H−β j ,d j =: h j .

For a subset J = { j1 < j2 < · · · < jt } ⊂ {1, 2, . . . , l}, define the relation

u J>
−→ w

def.
⇐⇒ u < urh jt

< urh jt
rh jt−1

< · · · < urh jt
· · · rh j1

= w,

and let

r̂J<
:= r̂h j1

· · · r̂h jt
. (16)

Hence, w
J

H⇒ u from (14) is equivalent to u J>
−→ w. Therefore, Corollary 2.9 can be restated as follows.

Theorem 3.9. In the above setting,

cw,−λ
u,µ =

∑
(−1)n(J )(1 − q)|J |q

1
2 (ℓ(u)−ℓ(w)−|J |), (17)

where the sum is over subsets J ⊂ {1, 2, . . . , l} such that u J>
−→ w and wr̂J<

(−λ) = µ, and where
n(J ) := #{ j ∈ J | β j < 0}.

Proof. In the summation in Corollary 2.9, we let J ⊂ {1, 2, . . . , l} be the indices of the hyperplanes in
M. Then by Remark 3.2, f +(M) = n(J ). This finishes the proof. □

Using the transformation between a λ-chain and a (−λ)-chain, we can get rid of the negative sign in
front of λ in Theorem 3.9 as follows.

First of all, (−βl, −βl−1, . . . ,−β1) is a (−λ)-chain, which corresponds to an alcove walk from A◦ to
A◦ + λ, with the j-th separating hyperplane being

h′

j := Hβl+1− j ,⟨λ,β∨

l+1− j ⟩−dl+1− j . (18)
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Then rh′

j
= rhl+1− j . Let r̃hl+1− j := r̂h′

j
be the reflection along h′

j . Define

u J<
−→ w

def.
⇐⇒ u < urh j1

< urh j1
rh j2

< · · · < urh j1
· · · rh jt

= w

and
r̃J>

:= r̃h jt
· · · r̃h j1

. (19)

Theorem 3.10. cw,λ
u,µ =

∑
(−1)n(J )(q − 1)|J |q

1
2 (ℓ(u)−ℓ(w)−|J |), (20)

where the sum is over subsets J ⊂ {1, 2, . . . , l} such that u J<
−→ w and wr̃J>

(λ) = µ, and where n(J ) :=

#{ j ∈ J | β j < 0}.

Proof. Applying Theorem 3.9 to the (−λ)-chain (−βl, −βl−1, . . . ,−β1), we get

cw,λ
u,µ =

∑
(−1)#{ ji |−βl+1− ji <0}(1 − q)tq

1
2 (ℓ(u)−ℓ(w)−t),

where the summation is over subsets J ′
:= {1 ≤ j1 < j2 < · · · < jt ≤ l} such that

u < urh′

jt
< · · · < urh′

jt
· · · rh′

j1
= w (21)

and
wr̂h′

j1
· · · r̂h′

jt
(λ) = µ. (22)

Let
J := {1 ≤ l + 1 − jt < l + 1 − jt−1 < · · · < l + 1 − j1 ≤ l}.

Then
(−1)#{ ji |−βl+1− ji <0}(1 − q)t

= (−1)n(J )(q − 1)t ,

where n(J ) is defined in Theorem 3.9. Since rh′

j
= rhl+1− j , condition (21) is equivalent to u J<

−→ w. On

the other hand, condition (22) is equivalent to wr̃J>
(λ) = µ as r̃hl+1− j = r̂h′

j
. This finishes the proof. □

For further use, we also record the following technical result, which will allow us to rewrite the
elements wr̂J<

(−λ) from Theorem 3.9 and wr̃J<
from Theorem 3.10.

Proposition 3.11. Consider a λ-chain β1, . . . , βl . For any subsequence J = { j1 < j2 < · · · < jt } ⊂

{1, 2, . . . , l}, we have

−r̂J<
(−λ) = rJ r̃J>

(λ), where rJ = rh j1
rh j2

· · · rh jt
.

Proof. Let m j = ⟨λ, β∨

j ⟩ (1 ≤ j ≤ l). By induction on |J |, it is easy to show that

r̂h j1
r̂h j2

· · · r̂h jt
(−λ) = −λ + (m j1 − d j1)β j1 + (m j2 − d j2)rh j1

β j2 + · · · + (m jt − d jt )r j1rh j2
· · · rh jt−1

β jt ,

r̃h jt
r̃h jt−1

· · · r̃h j1
(λ) = λ − d jt β jt − d jt−1rh jt

β jt−1 − · · · − d j1rh jt
rh jt−1

· · · rh j2
β j1,

rh j1
rh j2

· · · rh jt
(λ) = λ − m j1β j1 − m j2rh j1

β j2 − · · · − m jt rh j1
rh j2

· · · rh jt−1
β jt .

As rJ = rh j1
rh j2

· · · rh jt
is a linear transformation, we get

rJ r̃J>
(λ) = rJ (λ) + d jt rh j1

· · · rh jt−1
β jt + d jt−1rh j1

· · · rh jt−2
β jt−1 + · · · + d j1β j1 = −r̂J<

(−λ). □
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Remark 3.12. With the notation as above, the condition that u J>
−→ w in Theorem 3.9 implies that

ur−1
J = w, thus by Proposition 3.11,

wr̂J<
(−λ) = −ur̃J>

(λ).

Similarly, in Theorem 3.10, we have that w = urJ , thus

wr̃J>
(λ) = −ur̂J<

(−λ).

This leads to alternative formulae in Theorems 3.9 and 3.10.

Appendix B includes a fully worked out example illustrating calculations of some coefficients cw,λ
u,µ

utilizing Theorem 3.9 and Theorem 3.10.

4. Motivic Chern classes of Schubert cells

We recall basic properties of the motivic Chern classes of the Schubert cells in the (partial) flag varieties.

4.1. Definition of the Motivic Chern classes. Let X be a quasiprojective complex algebraic variety,
and let G0(var/X) be the (relative) Grothendieck group of varieties over X . It consists of isomorphism
classes of morphisms [ f : Z → X ] modulo the scissor relations. Brasselet, Schürmann and Yokura
[BSY10] defined the motivic Chern transformation MCy : G0(var/X) → K (X)[y] with values in the
K-theory group of coherent sheaves in X to which one adjoins a formal variable y. The transformation
MCy is a group homomorphism, it is functorial with respect to proper push-forwards, and if X is smooth
it satisfies the normalization condition

MCy[idX : X → X ] =

∑ [∧j T ∗

X
]
y j .

Here
[∧j T ∗

X

]
is the K-theory class of the bundle of degree j differential forms on X . As explained

in [BSY10], the motivic Chern class is related by a Hirzebruch–Riemann–Roch type statement to the
Chern–Schwartz–MacPherson (CSM) class in the homology of X ; see Section A.2.

There is also an equivariant version of the motivic Chern class transformation, which uses equivariant
varieties and morphisms, and has values in the suitable equivariant K-theory group. Its definition was
given in [AMSS24a; FRW21], following closely the approach of [BSY10].

Assume X is smooth and there is a torus T acting on X . Let KT (X) denote the equivariant K-theory
of X , see [CG10]. If X is a point, KT (pt) = K 0(Rep(T )) = Z[T ]. For any F ∈ KT (X), let

χT (X,F) :=

∑
i

(−1)i H i (X,F) ∈ KT (pt).

Let ⟨−, −⟩ be the nondegenerate pairing on KT (X) defined by

⟨F,G⟩ = χT (X,F ⊗G) ∈ KT (pt),
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where F,G ∈ KT (X). For a vector bundle E , the λy-class of E is the class

λy(E) :=

∑
k

[∧k E
]
yk

∈ KT (X)[y].

The λy-class is multiplicative; i.e., for any short exact sequence 0 → E1 → E → E2 → 0 of equivariant
vector bundles there is an equality λy(E) = λy(E1)λy(E2) as elements in KT (X)[y].

Recall the (relative) motivic Grothendieck group GT
0 (var/X) of varieties over X is the free abelian

group generated by the isomorphism classes [ f : Z → X ] where Z is a quasiprojective T -variety and
f : Z → X is a T -equivariant morphism modulo the usual additivity relations

[ f : Z → X ] = [ f : U → X ] + [ f : Z \ U → X ]

for U ⊂ Z an open T -invariant subvariety. For any equivariant morphism f : X → Y of quasiprojective
T -varieties there are well defined push-forwards f! : GT

0 (var/X) → GT
0 (var/Y ) given by composition.

The equivariant motivic Chern class is defined by the following theorem.

Theorem 4.1 [AMSS24a; FRW21]. Let X be a quasiprojective, nonsingular, complex algebraic variety
with an action of the torus T . There exists a unique natural transformation MCy : GT

0 (var/X) →

KT (X)[y] satisfying the following properties:

(1) It is functorial with respect to T -equivariant proper morphisms of nonsingular, quasiprojective
varieties.

(2) It satisfies the normalization condition

MCy[idX : X → X ] = λy(T ∗

X ) =

∑
yi[∧i T ∗

X
]

T ∈ KT (X)[y].

The transformation MCy satisfies a Verdier–Riemann–Roch (VRR) formula: for any smooth, T -equivariant
morphism π : X → Y of quasiprojective and nonsingular algebraic varieties, and any [ f : Z → Y ] ∈

GT
0 (var/Y ), the following holds:

λy(T ∗

π ) ∩ π∗MCy[ f : Z → Y ] = MCy[π
∗ f : Z ×Y X → X ].

Define the Grothendieck–Serre dual operator D : KT (X) → KT (X) by setting, for any [F] ∈ KT (X),

D[F] := [RHom(F, ω•

X )] := [ω•

X ⊗F∨
] ∈ KT (X), (23)

where ω•

X ≃ ωX [dim X ] is the (equivariant) dualizing complex of X (the canonical bundle ωX shifted by
dimension). The class [F∨

] is obtained by taking an equivariant resolution of F by vector bundles, and
then taking duals. Extend the operators D and (−)∨ to KT (X)[y±1

] by sending y 7→ y−1. We also let
(−)∨ denote the operator on KT (pt)[y±1

], which sends eλ to e−λ and y to y−1.

Definition 4.2. Assume � ↪→ X is a T -stable subvariety.

(1) The motivic Chern (MC) class of � is

MCy(�) := MCy[� ↪→ X ] ∈ KT (X)[y].
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(2) If � is pure-dimensional, the Segre motivic Chern class SMCy(�) ∈ KT (X)[[y]] is the class

SMCy(�) := (−y)dim �D(MCy(�))

λy(T ∗

X )
∈ KT (X)[[y]].

4.2. The complete flag variety case. Both {MCy(X (w)◦) | w ∈ W } and {SMCy(Y (w)◦) | w ∈ W } are
bases for the localized equivariant K-theory

KT (G/B)[[y]] loc := KT (G/B)[[y]] ⊗KT (pt) Frac KT (pt).

These classes can be calculated recursively using the Demazure–Lusztig operators as follows.
The left multiplication action of G on G/B induces a left Weyl group action on KT (G/B). For any

w ∈ W , let wL denote this action.

Definition 4.3 [MNS22b, Section 5.3]. For any simple reflection si , we define the following left Demazure–
Lusztig operator on KT (G/B)loc:

T L
i :=

1 + ye−αi

1 − e−αi
sL

i −
1 + y

1 − e−αi
. (24)

Lemma 4.4 [MNS22b]. The operators T L
i satisfy the braid relation and the quadratic relation

(T L
i + 1)(T L

i + y) = 0.

Moreover, they commute with the operators of tensoring by elements in KG(G/B).

The following lemma is easy to verify.

Lemma 4.5. The map 9 defined by

9(Ti ) = T L
i and 9(Xλ) = eλ,

where eλ
∈ KT (pt) acts on KT (G/B)loc by multiplication, induces an action of the affine Hecke algebra H

(with q = −y) on KT (G/B)loc.

Theorem 4.6. (1) [MNS22b, Theorem 7.6] For w ∈ W and a simple root αi ,

T L
i (MCy(X (w)◦)) =

{
MCy(X (siw)◦) if siw > w,

−(y + 1)MCy(X (w)◦) − yMCy(X (siw)◦) if siw < w.

In particular,
MCy(X (w)◦) = T L

w ([OX (id)]).

(2) [MNS22b, Theorem 7.1] For any w, u ∈ W ,

⟨MCy(X (w)◦), SMCy(Y (u)◦)⟩ = δu,w.

Remark 4.7. (1) By [AMSS24b, Theorem 5.1 and Corollary 5.3],

MC0(X (w)◦) = [OX (w)(−∂ X (w))] and SMC0(Y (w)◦) = [OY (w)],
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where ∂ X (w) := X (w) \ X (w)◦. Thus, the duality in the second part of the theorem reduces to the
classical fact

⟨[OX (w)(−∂ X (w))], [OY (u)]⟩ = δu,w.

(2) By definition, for any w ∈ W ,

MCy(Y (w)) =

∑
u≥w

MCy(Y (u)◦).

Besides, by the linearity of the Grothendieck–Serre dual operator D,

SMCy(Y (w)) =

∑
u≥w

(−y)ℓ(u)−ℓ(w)SMCy(Y (u)◦).

Therefore,
SMC0(Y (w)) = [OY (w)].

4.3. The partial flag variety case. For any w ∈ W , let ℓ(wWP) denote the length of the minimal length
representative in wWP . Let π : G/B → G/P be the natural projection. It is proved in [AMSS24a,
Remark 5.7] that

π∗MCy(X (w)◦) = (−y)ℓ(w)−ℓ(wWP )MCy(X (wWP)◦). (25)

In particular, if w is a minimal length representative, then π∗MCy(X (w)◦) = MCy(X (wWP)◦); this also
follows directly from the functoriality property of the motivic classes.

Proposition 4.8. (1) [MNS22b, Proposition 6.3] Let � ⊂ G/P be a T -stable subvariety of G/P and
π : G/B → G/P be the projection. Then

π∗SMCy(�) = SMCy(π
−1�) ∈ KT (G/B)[[y]].

(2) [MNS22b, Proposition 7.2] Let u, w ∈ W P . The Segre motivic classes are dual to the motivic Chern
classes for any G/P; i.e.,

⟨MCy(X (wWP)◦), SMCy(Y (uWP)◦)⟩ = δu,w.

Remark 4.9. By the first property in the proposition, for any w ∈ W P ,

π∗(SMCy(Y (wWP))) = SMCy(Y (w)).

Letting y = 0, we get
π∗(SMC0(Y (wWP))) = SMC0(Y (w)) = [OY (w)],

where the second equality follows from Remark 4.7. By the definition of the SMC class,

SMCy(Y (wWP)) =

∑
u∈W P ,u≥w

(−y)ℓ(u)−ℓ(w)SMCy(Y (uWP)◦). (26)

Hence,
π∗(SMC0(Y (wWP)◦)) = π∗(SMC0(Y (wWP))) = [OY (w)].
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Since π∗([OY (wWP )]) = [OY (w)] and π∗ is injective, we get

SMC0(Y (wWP)◦) = SMC0(Y (wWP)) = [OY (wWP )].

Combining with the second part of the proposition, we get

MC0(X (wWP)◦) = [OX (wWP )(−∂ X (wWP))].

This can also be proved using Remark 4.7(1), equation (25), and the fact that the pushforward of an ideal
sheaf is an ideal sheaf, by [Bri02].

5. Chevalley formulae for the motivic Chern classes

In this section we obtain several Chevalley formulae for the motivic Chern classes, in terms of alcove
walks, λ-chains, and certain operators. The main technique is to reinterpret formulae from Hecke algebras
such as Theorem 3.9 in terms of multiplications of motivic Chern classes by line bundles. Our main
results are Theorems 5.5 and 5.12. In Section 5.3 we discuss several positivity properties and conjectures
of the Chevalley coefficients. Finally, in Section 5.5 we discuss parabolic Chevalley formulae.

5.1. Chevalley coefficients. Consider a torus weight λ ∈ X∗(T ) and u, w ∈ W . The Chevalley coefficient
Cw

u,λ is defined by the following formula:

Lλ ⊗ MCy(X (w)◦) =

∑
u≤w

Cw
u,λMCy(X (u)◦). (27)

Note that for any simple reflection si there is a short exact sequence of equivariant sheaves

0 → Lϖi ⊗ C−w0(ϖi ) → OG/B → OX (w0si ) → 0

with ϖi the fundamental weight, see [BM15, §8], for example. Therefore,

[OX (w0si )] = 1 − e−w0(ωi )Lϖi ∈ KT (G/B),

and the coefficients from (27) for λ = ϖi also recover the multiplication of [OX (w0si )] with the MC classes
of the Schubert cells.

The coefficients Cw
u,λ also arise from Chevalley formulae involving Segre motivic classes:

Lemma 5.1. Lλ ⊗ SMCy(Y (u)◦) =

∑
w≥u

Cw
u,λSMCy(Y (w)◦). (28)

Proof. This follows from the (Poincaré) duality in Theorem 4.6(2), as the Chevalley coefficients in (27)
and (28) are given by

Cw
u,λ = ⟨Lλ ⊗ MCy(X (w)◦), SMCy(Y (u)◦)⟩. □

We now relate the Chevalley coefficients above to the coefficients cw,λ
u,µ from (7) in the Hecke algebra.
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Theorem 5.2. Let λ be any weight in X∗(T ). The following Chevalley formula holds in KT (G/B)[y]:

L−λ ⊗ MCy(X (w)◦) =

∑
µ∈X∗(T ),u∈W

yℓ(w)−ℓ(u)e−µcw,λ
u,µ |q=−y MCy(X (u)◦).

In particular, the following equation holds for the Chevalley coefficients in (27):

Cw
u,−λ =

∑
µ∈X∗(T )

yℓ(w)−ℓ(u)e−µcw,λ
u,µ |q=−y .

From (27), the Chevalley coefficients Cv
u,λ belong to a localization KT (pt)[y] which allows division by

1 + eα y for any root α. However, the expansion from (7) implies that the coefficients (−q)ℓ(w)−ℓ(v)cw,λ
u,µ

are polynomials in Z[q]. Then it follows that Cv
u,λ are in fact polynomials in KT (pt)[y]. This will be

seen explicitly in Theorem 5.4.

Proof of Theorem 5.2. Applying the map 9 in Lemma 4.5 to (7), we get

T L
w e−λ

=

∑
µ∈X∗(T ),u∈W

yℓ(w)−ℓ(u)e−µcw,λ
u,µ |q=−yT L

u ∈ EndC KT (G/B)[y].

The theorem follows by applying both sides to [OX (id)], and utilizing that

T L
w e−λ([OX (id)]) = T L

w (L−λ ⊗ [OX (id)]) = L−λ ⊗ MCy(X (w)◦).

Here the first equality follows from L−λ ⊗ [OX (id)] = e−λ
[OX (id)], while the second one follows from

Lemma 4.4 and Theorem 4.6. □

Remark 5.3. This argument can be generalized to the case when the line bundle Lλ is replaced by any
homogeneous bundle V = G ×

B V → G/B associated to a B-representation of V . If the character of V
is ch(V ) =

∑
λ aλeλ, then a localization argument shows that the class of V in KT (G/B) is equal to

[V] =

∑
aλLλ.

It follows that, for any w ∈ W ,

V ⊗ MC(X (w)◦) =

∑
λ

aλLλ ⊗ MC(X (w)◦) =

∑
u

∑
λ

aλCw
u,λMC(X (u)◦).

We illustrate this for G/B = Fl(n), the complete flag manifold. This is equipped with the tautological
sequence F0 = 0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fn = Cn . For 1 ≤ i ≤ n − 1 define X i = Fi/Fi−1 regarded in
KT (G/B). Then ∧jFi = e j (X1, . . . , X i ), Sym jFi = h j (X1, . . . , X i )

where e j and h j denote the elementary symmetric function, respectively the complete homogeneous
symmetric function. Note that if ϖi denotes the i th fundamental weight, then X i = Lϖi −ϖi−1 for
1 ≤ i ≤ n − 1, with the convention that ϖ0 = 0. Theorem 5.2 gives a formula for the multiplication
by monomials Xa1

1 · · · · · Xan−1
n−1 , which in turn gives formulae to multiply by e j (X1, . . . , X i ) and

h j (X1, . . . , X i ).



498 Leonardo C. Mihalcea, Hiroshi Naruse and Changjian Su

In the next section, we give explicit formulae for the Chevalley coefficients Cu
λ,w based on the formulae

for the Hecke algebra coefficients cw,λ
u,µ .

5.2. Chevalley formulae via alcove walks and the λ-chains. Let us recall the setting of Corollary 2.9.
For λ ∈ X∗(T ), choose a minimal length alcove walk pvλ

= cϵ1
j1 cϵ2

j2 · · · cϵs
js from A◦ to A◦ + λ, and let

H = {h1, h2, . . . , hs} be the ordered sequence of hyperplanes defined by the walls of alcoves crossed by
pλ. Define βi ∈ Rϵi and ki ∈ Z (1 ≤ i ≤ s) by the condition hi = Hβi ,ki . Combining Corollary 2.9 and
Theorem 5.2, we get the following formula.

Theorem 5.4 (alcove walk formula for the Chevalley coefficients).

Cw
u,−λ =

∑
M

(−1) f +(M)(−1 − y)|M|(−y)
1
2 (ℓ(w)−ℓ(u)−|M|)e−wr̂M(λ)

where the sum is over ordered subsets M ⊂ H such that w
M

H⇒ u = wrM.

We now recall the setup of Theorem 3.9. Assume λ is an integral weight and fix a reduced λ-chain
(β1, β2, . . . , βl), which corresponds to an alcove walk from A◦ to A◦ − λ, with separating hyperplanes
h j := H−β j ,d j .

Combining Theorems 3.9, 3.10, and 5.2, we get the following formulae.

Theorem 5.5 (λ-chain formula for the Chevalley coefficients).

Cw
u,−λ =

∑
J⊂{1,2,...,l}

(−1)n(J )(1 + y)|J |(−y)
1
2 (ℓ(w)−ℓ(u)−|J |)e−wr̃J> (λ), (29)

where the sum is over subsets J = { j1 < · · · < jt } ⊂ {1, 2, . . . , l} such that u < urh j1
< urh j1

rh j2
< · · · <

urh j1
rh j2

· · · · · rh jt
= w and r̃J>

is defined in (19). Furthermore,

Cw
u,λ =

∑
J⊂{1,2,...,l}

(−1)n(J )(−1 − y)|J |(−y)
1
2 (ℓ(w)−ℓ(u)−|J |)e−wr̂J< (−λ), (30)

where the sum is over subsets J = { j1 < · · · < jt } ⊂ {1, 2, . . . , l} such that u < urh jt
< urh jt

rh jt−1
< · · · <

urh jt
· · · · · rh j1

= w and r̂J<
is defined in (16).

Remark 5.6. (1) It follows from Remark 3.12 that −wr̃J>
(λ)=ur̂J<

(−λ) in (29), and that −wr̂J<
(−λ)=

ur̃J>
(λ) in (30), giving alternative ways to calculate these.

(2) By Remark 4.7(1), the MC and SMC classes specialize at y = 0 to the ideal sheaves and the structure
sheaves, respectively. Under this specialization, and using that −wr̃J>

(λ) = ur̂J<
(−λ), equation (29)

reduces to the equivariant K -theory Chevalley formula of Lenart–Postnikov [LP07, Theorem 6.1].

One can also consider the more general situation of Kac–Moody flag varieties defined in, say, [Kum02].
These are ind-varieties, and one can define the motivic Chern classes of the finite-dimensional Schubert
cells using the ind-structure. There are analogues of the (left and right) Demazure operators, and the
notion of λ-chains extends to this setting, by results of Lenart and Postnikov [LP08]. Note that for an
infinite Weyl group W , a λ-chain may be an infinite sequence, i.e., l = ∞. But, for given u ≤ w, t = |J |
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is finite, and the number of J which satisfies the condition in Theorem 5.5 is also finite. Based on these
similarities to the finite case, we expect the following conjecture to hold.

Conjecture 1. For a Kac–Moody Weyl group W and a dominant integral weight λ, the analogues of the
equations (29) and (30) hold.

5.3. Miscellaneous. In this section we discuss positivity properties of the coefficients from the Chevalley
formula, and some special properties of the multiplication by line bundles given by minuscule weights.
We start with the following consequence of Theorem 5.5.

Proposition 5.7. Let λ be a dominant weight and set q = −y. Then:

(1) Cw
u,λ may be written as a combination of terms of the form eµqa(q − 1)b with nonnegative integer

coefficients.

(2) Cw
u,−λ may be written as a combination of terms of the form (−1)beµqa(q − 1)b with nonnegative

integer coefficients.

In both situations, b has the same parity as ℓ(w) − ℓ(u).

Proof. Both statements follow from Theorem 5.5, using that for a reduced λ-chain with λ dominant we
have n(J ) = 0, and that ℓ(w) − ℓ(u) − |J | is an even integer. □

Example 5.8. Consider type A2, with λ = 2ϖ1 + ϖ2, and with the λ-chain from Appendix B. Take
w = s2s1. Then from Theorem 5.5 we get, with q = −y,

Lλ ⊗ MC−q(X (s2s1)
◦) = eϖ1−3ϖ2 MC−q(X (s2s1)

◦)

+ (q −1)(e−ϖ2 +e−ϖ1+ϖ2 +e−2ϖ1+3ϖ2)MC−q(X (s1)
◦)

+ (q −1)(e2ϖ1−2ϖ2 +e3ϖ1−ϖ2)MC−q(X (s2)
◦)

+ (q −1)2(e2ϖ1+ϖ2 +e2ϖ2 +eϖ1)MC−q(X (id)◦),

L−λ ⊗ MC−q(X (s2s1)
◦) = e−ϖ1+3ϖ2 MC−q(X (s2s1)

◦)

− (q −1)(eϖ1−ϖ2 +eϖ2 +e−ϖ1+3ϖ2)MC−q(X (s1)
◦)

− (q −1)(e−2ϖ1+2ϖ2 +e−ϖ1+3ϖ2)MC−q(X (s2)
◦)

+ (q −1)2(e−ϖ1 +eϖ1−ϖ2 +e−2ϖ1+2ϖ2 +eϖ2 +e−ϖ1+3ϖ2)MC−q(X (id)◦).

We now investigate the special multiplication by L±ϖi in the case of minuscule fundamental weights.
In this case the coefficients have a particularly pleasing factorization.

Lemma 5.9. If λ = ϖi is a minuscule weight, then for any u, w ∈ W ,

Cw
u,λ = eu(λ) Pw

u,λ(y) and Cw
u,−λ = (−1)ℓ(w)−ℓ(u)e−w(λ) Pw0u

w0w,λ(y),

where Pw
u,λ(y) ∈ Z[y]. These polynomials are palindromic, that is, they satisfy

Pw
u,λ(y−1) · yℓ(w)−ℓ(u)

= Pw
u,λ(y).
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Proof. Since λ = ϖi is minuscule, for any reduced λ-chain (β1, β2, . . . , βl), the separating hyperplanes
must be of the form h j := H−β j ,0, thus r̂h j = rh j1

. Therefore the first equality follows from (30),
since −wr̂J<

(−λ) = −wrJ<
(−λ) = u(λ). The second equality follows this and from the star duality in

Proposition 6.2 below. The palindromic property follows from Proposition 6.5(a) below. □

Remark 5.10. In an earlier arXiv version of this article, we conjectured that if λ = ϖi is a minuscule
weight, then the coefficients Cw

u,λ(y) in the multiplication

MC(X (w)◦) ·Lλ =

∑
Cw

u,λ(y)MC(X (u)◦)

are polynomials with nonnegative coefficients. Since then, we have found counterexamples to this
conjecture in Lie types D6, E6 and A7.

The next example shows that even in the cases when a coefficient Cw
u,λ(y) happens to have positive

coefficients, cancellations may still occur in the formula (30), which calculates it.

Example 5.11. Consider type A3, λ = ϖ2, w = s1s2s3s1s2s1 and u = s3s1. An ϖ2-chain is β1 = α2, β2 =

α2 + α3, β3 = α1 + α2, β4 = α1 + α2 + α3; see Example 3.6. We have two paths from u to w in (30):

• J1 = {2, 3} which gives u < usβ3 < usβ3sβ2 = w, where ℓ(usβ3) + 3 = ℓ(w);

• J2 = {1, 2, 3, 4} which gives u < usβ4 < usβ4sβ3 < usβ4sβ3sβ2 < usβ4sβ3sβ2sβ1 = w.

The path J1 gives coefficient (−1 − y) × (−1 − y)(−y)eu(λ)
= −y(y + 1)2eu(λ), and the path J2 gives

coefficient (−1 − y)4eu(λ)
= (y + 1)4eu(λ). Therefore

Cw
u,λ = eu(λ)((y + 1)4

− y(y + 1)2) = eu(λ)(y2
+ y + 1)(y + 1)2.

5.4. An operator formula. In this section we reformulate the λ-chain Chevalley formula from Theorem 5.5
via operators generalizing to motivic Chern classes similar ones from [LP07].

Let h := (ρ, θ∨) + 1 be the Coxeter number, where ρ :=
∑r

i=1 ϖi and θ∨ is the highest coroot. Let
R̃(T ) := Z[e±ϖ1/h, . . . , e±ϖr /h

], and let

K̃T (G/B) := KT (G/B)[y] ⊗KT (pt)[y] Frac(R̃(T )[y]).

Then K̃T (G/B) has a basis over Frac(R̃(T )[y]) given by the motivic Chern classes of the Schubert cells.
Define Frac(R̃(T )[y])-linear operators Bβ (β ∈ R+) and Eµ (µ ∈ X∗(T )) on K̃T (G/B) by

Bβ(MCy(X (w)◦)) :=

{
(−1 − y)(−y)

1
2 (ℓ(w)−ℓ(wsβ )−1)MCy(X (wsβ)◦) if wsβ < w,

0 otherwise,

Eµ(MCy(X (w)◦)) := ew(µ)/h MCy(X (w)◦).

If β ∈ R−, define Bβ := −B−β . Then

EµEµ′

= Eµ+µ′

and Bβ E sβµ
= EµBβ .
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Given a λ-chain (β1, . . . , βl), define

R[λ]
:= Rβl Rβl−1 · · · Rβ1, where Rβ := Eρ(Eβ

+ Bβ)E−ρ
= Eβ

+ E (ρ,β∨)β Bβ .

Theorem 5.12 (operator Chevalley formula). For any integral weight λ ∈ X∗(T ),

Lλ ⊗ MCy(X (w)◦) = R[λ](MCy(X (w)◦)). (31)

Remark 5.13. (1) The theorem implies that the definition of R[λ] does not depend on the choice of
the λ-chain, which is equivalent to the Yang–Baxter equations [LP07, Definition 9.1] satisfied by the
operators Rβ .

(2) The formula analogous to (31) involving SMC is obtained by replacing the operator R|λ| by an
operator defined via the adjoint operators of Bβ and Eµ.

(3) Recall from Remark 4.7(1) that MC0(X (w)◦) = [OX (w)(−∂ X (w))]. Specializing y = 0 in the
theorem, we get a dual version of Lenart–Postnikov’s formula [LP07, Theorem 13.1].

For the proof of the theorem, we need a result from [LP07]. Recall that (β1, . . . , βl) is a λ-chain. The
hyperplane h j := H−β j ,d j separates the alcoves A j−1 and A j in the corresponding alcove path, and r̂h j is
the reflection along h j .

Lemma 5.14 [LP07, proof of Proposition 14.5]. For any 1 ≤ j1 < j2 < · · · < jt ≤ l,

−ρ+β1 +· · ·+β j1−1 +sβ j1
(β j1+1 +· · · β j2−1)+· · ·+sβ j1

· · · sβ jt
(β jt+1 +· · · βl +ρ) = −hr̂ j1 · · · r̂ jt (−λ).

Proof of Theorem 5.12. By definition,

R[λ]
= Rβl Rβl−1 · · · Rβ1 = Eρ(Eβl + Bβl ) · · · (Eβ2 + Bβ2)(Eβ1 + Bβ1)E−ρ

=

∑
J

R[λ]

J .

Here J = { j1 < j2 < · · · < jt } is a subset of {1, 2, . . . , l}, and R[λ]

J is the term that contains Bβ j if j ∈ J ,
and Eβ j , otherwise. Moving all the B-operators to the left, and using the relation Bβ E sβµ

= EµBβ and
Lemma 5.14, we get R[λ]

J = Bβ jt
· · · Bβ j1

E−hr̂ j1 ···r̂ jt (−λ)
= Bβ jt

· · · Bβ j1
E−hr̂J<(−λ). The theorem follows

from this and Theorem 5.5. □

5.5. Parabolic case. We now extend the Chevalley formula to the partial flag variety case G/P .

Theorem 5.15 (Chevalley formula for the G/P case). Let w ∈ W P and λ ∈ X∗(T )P . Then we have

Lλ ⊗ MCy(X (wWP)◦) =

∑
u∈W P

( ∑
v∈uWP

(−y)ℓ(v)−ℓ(u)Cw
v,λ

)
MCy(X (uWP)◦),

and

Lλ ⊗ SMCy(Y (uWP)◦) =

∑
w∈W P

( ∑
v∈uWP

(−y)ℓ(v)−ℓ(u)Cw
v,λ

)
SMCy(Y (wWP)◦),

where Cv
u,λ are the Chevalley coefficients for full flag G/B given explicitly in Theorem 5.5.
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Proof. The first equality follows from (25) and (27), while the second equality follows from the first one
and the duality in Proposition 4.8(2). □

Remark 5.16. In a paper in preparation we use this theorem to give a combinatorial Chevalley formula
for minuscule flag varieties and a K -theoretic generalization of Nakada’s colored hook formula. See also
[FGSX24] for a Pieri formula for the motivic Chern classes of Schubert cells in the equivariant K-theory
of Grassmannians.

6. Dualities of Chevalley coefficients

Recall the expansion from (27):

Lλ ⊗ MCy(X (w)◦) =

∑
u≤w

Cw
u,λMCy(X (u)◦).

In this section we state and prove several duality properties of the Chevalley coefficients Cw
u,λ. All these

dualities have a geometric origin (Serre duality, star duality, Dynkin automorphisms) and we name the
Chevalley dualities correspondingly.

Recall the Grothendieck–Serre operator D from (23), and the duality functor (−)∨ on KT (G/B)[y±1
]

and KT (pt)[y±1
], which sends a vector bundle to its dual and yi to y−i . This induces the following

property of the Chevalley coefficients in (27).

Proposition 6.1 (Serre duality). Cw
u,λ = (−y)ℓ(w)−ℓ(u)w0(C

w0u
w0w,−λ)

∨.

Proof. Since

SMCy(Y (w)◦) = (−y)dim Y (w)D(MCy(Y (w)◦))

λy(T ∗(G/B))
,

equation (28) can be written as

Lλ ⊗D(MCy(Y (u)◦)) =

∑
w∈W

Cw
u,λ(−y)ℓ(u)−ℓ(w)D(MCy(Y (w)◦)).

Taking the dual D on both sides, we have

L−λ ⊗ MCy(Y (u)◦) =

∑
w∈W

(Cw
u,λ)

∨(−y)ℓ(w)−ℓ(u)MCy(Y (w)◦).

Finally, applying the left w0-action to this identity, we get

L−λ ⊗ MCy(X (w0u)◦) =

∑
w∈W

w0(Cw
u,λ)

∨(−y)ℓ(w)−ℓ(u)MCy(X (w0w)◦).

This finishes the proof of the theorem by comparison with (27). □

The star duality ∗ acts on KT (G/B)[y±1
] and KT (pt)[y±1

] by sending a vector bundle to its dual,
and leaving yi unchanged. Consider the composition

ι := w0∗ : KT (pt)[y±1
] → KT (pt)[y±1

].
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Combining Theorem 9.1(a) and Remark 4.7 of [AMSS24b], we have

C−ρ ⊗L−ρ ⊗ MCy(X (w)◦) = (−1)dim G/B−ℓ(w)
∏
α>0

(1 + ye−α) ∗
(
SMCy(X (w)◦)

)
. (32)

Proposition 6.2 (star duality). Cw
u,λ = (−1)ℓ(w)−ℓ(u)ι(Cw0u

w0w,−λ).

Proof. Apply the star duality functor ∗ to (27), then use (32) to get

L−λ ⊗ SMCy(X (w)◦) =

∑
u

(−1)ℓ(w)−ℓ(u)
∗ (Cw

u,λ)SMCy(X (u)◦).

Applying the left w0-action to the above equation and comparing with (28), we get the result. □

The map sending αi 7→ −w0(αi ) for every simple root αi induces an automorphism on the Dynkin
diagram, hence also on the flag variety G/B. This automorphism maps X (w)◦ to X (w0ww0)

◦, and it
induces a ring automorphism φ on KT (G/B), which sends Lλ to L−w0λ, and twists the base ring KT (pt)
by the map ι above.

Proposition 6.3 (Dynkin duality). Cw
u,λ = ι(Cw0ww0

w0uw0,−w0λ
).

Proof. Applying the Dynkin automorphism φ to (27), we obtain

L−w0λ ⊗ MCy(X (w0ww0)
◦) =

∑
u∈W

ι(Cw
u,λ)MCy(X (w0uw0)

◦).

The claim follows from the definition of the coefficients Cw
u,λ. □

Combining Propositions 6.1 and 6.2 in one instance, and Propositions 6.2 and 6.3 in a second instance,
we obtain:

Proposition 6.4 (1) (Serre duality + star duality).

(Cw
u,λ)|y→y−1 × yℓ(w)−ℓ(u)

= Cw
u,λ.

(2) (star duality + Dynkin duality).

Cw
u,λ = (−1)ℓ(w)−ℓ(u)Cuw0

ww0,w0λ
.

Using the λ-chain formula in Theorem 5.5, we can also give a direct combinatorial proof for the various
duality identities in this section. The proofs are similar to [LP07, Theorem 8.6] and [LP07, Theorem 8.7].

Proposition 6.5. Let λ be any integral weight and let and w, u ∈ W . Then:

(a) Cw
u,λ ∈ KT (pt)[y] and (Cw

u,λ)|y→y−1 × yℓ(w)−ℓ(u)
= Cw

u,λ; in other words, Cw
u,λ is palindromic as a

polynomial in y. (Compare Proposition 6.4(1).)

(b) Cw
u,λ = (−1)ℓ(w)−ℓ(u)Cuw0

ww0,w0λ
. (Compare Proposition 6.4(2).)

(c) Cw
u,λ = (−1)ℓ(w)−ℓ(u)ι

(
Cwou

wow,−λ

)
. (Compare Proposition 6.2.)

(d) Cw
u,λ = ι

(
Cw0ww0

w0uw0,−w0λ

)
. (Compare Proposition 6.3).
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Proof. Part (a) is straightforward from (30); part (d) follows from (b) and (c). Parts (b) and (c) follow from
known properties of λ-chain, i.e., if (β1, . . . , βl) is a λ-chain, then (w0βl, . . . , w0β1) is a (w0λ)-chain
and (−βl, . . . ,−β1) is a (−λ)-chain. □

Remark 6.6. Serre duality extends to any G/P . For w, u ∈ W Pand λ ∈ X∗(T )P recall the expansion

Lλ ⊗ MCy(X (wWP)◦) =

∑
u∈W P

Cw,P
u,λ MCy(X (uWP)◦).

Then Theorem 5.15 can be rewritten as Cw,P
u,λ =

∑
v∈uWP

(−y)ℓ(v)−ℓ(u)Cw
v,λ. Arguing as in the proof of

Proposition 6.1, we obtain:

Proposition 6.7 (Serre duality on parabolic Chevalley coefficients).

Cw,P
u,λ = (−y)ℓ(w)−ℓ(u)w0(C

w0u,P
w0w,−λ)

∨, (33)

where w0w and w0u ∈ W P are minimal coset representatives of w0wWP and w0uWP .

7. K-theoretic stable envelopes for T∗(G/B)

In this section we apply the Chevalley formula for motivic classes to calculate the transformation of stable
envelopes in T ∗(G/B) under the change of arbitrary alcoves. For alcoves adjacent to the fundamental
alcove, a formula for this transformation was obtained in [SZZ20, Theorem 5.4], see also [KW25].

7.1. Definition of the stable envelopes. The stable envelopes were defined by Maulik and Okounkov
in their seminal work on quantum cohomology of Nakajima quiver varieties [MO19]. Later, this was
generalized by Okounkov and his collaborators to K -theory and elliptic cohomology [Oko27; AO21].
We recall next the definition of the stable envelopes for T ∗(G/B).

The torus T acts by left multiplication on G/B. Hence, it induces a natural action on T ∗(G/B). There
is also a natural dilation C∗-action on the cotangent fibers by a character of q−1. Throughout this section,
we use q1/2 to denote the standard representation of C∗, so that KT ×C∗(pt) = KT (pt)[q±1/2

].
The definition of the stable envelopes depends on three parameters:

• a chamber C in the Lie algebra of the maximal torus T ;

• a polarization T
1
2 ∈ KT ×C∗(T ∗(G/B)) of the tangent bundle T (T ∗(G/B)), i.e., a solution of the

equation
T

1
2 + q−1(T

1
2 )∨ = T (T ∗(G/B))

in the ring KT ×C∗(T ∗(G/B))loc;

• an alcove A in t∗R, which is also called a slope in [Oko27].

Given a polarization T
1
2 , there is an opposite polarization defined by T

1
2opp := q−1(T

1
2 )∨. A typical example

of a polarization is T (G/B) (pulled back from G/B to T ∗(G/B)). Its opposite is equal to T ∗(G/B).
Because we will work with fibers of polarizations over fixed points, in what follows we will assume that
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the polarization is given by a subbundle of T (T ∗(G/B)), or possibly a virtual vector subbundle, i.e., a
formal difference of such subbundles.

The torus fixed point set (T ∗(G/B))T
= (G/B)T is in one-to-one correspondence with the Weyl

group W . For every w ∈ W , recall that ew denotes the corresponding fixed point. For a chosen Weyl
chamber C in Lie T , pick any cocharacter σ ∈ C. The attracting set of the fixed point ew, also called the
Białynicki-Birula cell in the literature, is defined by

AttrC(w) =
{

x ∈ T ∗(G/B) | lim
z→0

σ(z) · x = ew

}
.

By analyzing the (signs of the roots in the) weight space decomposition of Tw(T ∗(G/B)), one may show
that AttrC(w) is the conormal bundle of the attracting variety of w in G/B; i.e., the conormal bundle of
the Schubert cell stable under the Borel subgroup associated to the chamber C.4 Define a partial order on
the fixed point set W to be the (transitive closure of the) following relation:

ew ⪯C ev if AttrC(v) ∩ ew ̸= ∅.

Then the order determined by the positive (resp., negative) chamber is the same as the Bruhat order (resp.,
the opposite Bruhat order).

Any chamber C determines a decomposition of the tangent space Nw := Tw(T ∗(G/B)) as Nw =

Nw,+ ⊕ Nw,− into T -weight spaces which are positive and negative with respect to C respectively. For
every polarization T

1
2 , denote Nw ∩ T

1
2 |w by N

1
2
w . Similarly, we have N

1
2
w,+ and N

1
2
w,−. In particular,

Nw,− = N
1
2
w,− ⊕ q−1(N

1
2
w,+)∨. Consequently, we have

Nw,− − N
1
2
w = q−1(N

1
2
w,+)∨ − N

1
2
w,+

as virtual vector bundles. The determinant bundle of the virtual bundle Nw,− − N
1
2
w is a complete square

and its square root will be denoted by (
det Nw,−

det N 1/2
w

)1
2

;

cf. [Oko27, §9.1.5]. For instance, if we choose the polarization T 1/2
= T (G/B), the positive chamber,

and w = id then both N
1
2

id and Nid,− have weights −α, where α varies in the set of positive roots; in this
case the virtual bundle Nid,− − N

1
2

id is 0.
Let f :=

∑
µ fµeµ

∈ KT ×C∗(pt) be a Laurent polynomial, where eµ
∈ KT (pt) and fµ ∈ Q[q1/2, q−1/2

].
The Newton polytope of f , denoted by degT f , is

degT f = convex hull ({µ| fµ ̸= 0}) ⊆ X∗(T ) ⊗Z Q,

where X∗(T ) denotes the character lattice of T . The following theorem defines the K -theoretic stable
envelopes.

4 T ∗(G/B) is not compact, so not all points have well defined limits at 0. For example, if C is the positive chamber, then the
points in the open set T ∗(X (w0)◦) \ X (w0)◦ ⊂ T ∗(G/B) do not have limits at 0.
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Theorem 7.1 [Oko27, §9.1; OS22, Theorem 1]. For every chamber C, polarization T
1
2 , and alcove A,

there exists a unique map of KT ×C∗(pt)-modules

stabC,T
1
2 ,A : KT ×C∗((T ∗(G/B))T ) → KT ×C∗(T ∗(G/B))

such that for every w ∈ W , the class 0 := stabC,T
1
2 ,A(w) satisfies the following conditions:

(1) (support) Supp 0 ⊆
⋃

z⪯Cw

AttrC(z).

(2) (normalization) 0|w = (−1)rk N
1
2

w,+

(
det Nw,−

det N 1/2
w

)1
2

OAttrC(w)|w.

(3) (degree) For every ev ≺C ew,

degT 0|v ⊆ degT stabC,T
1
2 ,A(v)|v + vλ − wλ,

where λ ∈ (X∗(T ) ⊗Z Q) ∩ A is any rational weight in the alcove A.

Strictly speaking, stabC,T
1
2 ,A(w) ∈ KT ×C∗(G/B) denotes the image of 1 ∈ KT ×C∗(ew) under the

map stabC,T
1
2 ,A. From the definition, it is easy to see that {stabC,T

1
2 ,A(w) | w ∈ W } forms a basis for

the localized equivariant K-theory KT ×C∗(T ∗(G/B))loc, called the stable basis. Explicit combinatorial
formulae and recursions for the localizations of stable envelopes in T ∗(G/B) may be found in [AMSS24a,
§8.3].

7.2. Changing the polarizations. A natural question is to study the change of the stable envelopes when
we vary the above three parameters. To start, the change of chambers is encoded in the left Weyl group
action. More precisely, the group G acts on T ∗(G/B) by left multiplication, which induces a left Weyl
group action on KT ×C∗(T ∗(G/B)), see [MNS22b]. If we change the chamber C to another chamber
w(C) (w ∈ W ), we have the following formula (see [AMSS24a, Lemma 8.2(a)]):

w · (stabC,T
1
2 ,A(u)) = stabw(C),w(T

1
2 ),A(wu).

Next we consider the change of polarizations. In this case the results are stated, e.g., in [Oko27] in the
more general setting of symplectic resolutions; for the convenience of the reader we include proofs for
T ∗(G/B).

Lemma 7.2 [Oko27, Section 7.5.8]. For any two polarizations T
1
2

1 and T
1
2

2 , there exists a class F ∈

KT ×C∗(T ∗(G/B)) such that T
1
2

1 − T
1
2

2 = F − q−1F∨.

Remark 7.3. Classes of the form F − q−1F∨ are called balanced classes in loc. cit.

Proof. It suffices to prove that any solution of the equation G + q−1G∨
= 0 ∈ KT ×C∗(T ∗(G/B)) is of the

form G=F−q−1F∨ for some F ∈ KT ×C∗(T ∗(G/B)). Since G ∈ KT ×C∗(T ∗(G/B))≃ KT (G/B)[q, q−1
],

we can write G = F + q−1F ′ for some F ∈ KT (G/B)[q] and F ′
∈ q−1KT (G/B)[q−1

]. Thus,

F + q−1F ′
+ q−1F∨

+ (F ′)∨ = 0.
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Since F, (F ′)∨ ∈ KT (G/B)[q] and q−1F ′, q−1F∨
∈ q−1KT (G/B)[q−1

], we get

F + (F ′)∨ = 0 and q−1F ′
+ q−1F∨

= 0.

Therefore, F ′
= −F∨, and G = F − q−1F∨. □

For any two polarizations T
1
2

1 and T
1
2

2 let F be defined by T
1
2

1 − T
1
2

2 = F − q−1F∨ as in Lemma 7.2.
Define a T × C∗-equivariant line bundle L on T ∗(G/B) by

L := detF .

Here for a virtual bundle F = V1 −V2, detF := detV1/detV2.

Example 7.4. Consider the polarization T
1
2

1 := T (G/B) and the opposite polarization T
1
2

2 = q−1(T
1
2

1 )∨ =

T ∗(G/B). Then the element F in Lemma 7.2 can be taken to be T (G/B), therefore L = detF = L−2ρ .

The next proposition shows that the change of polarizations results in a multiplication by a line bundle,
therefore it is encoded in the Chevalley formula for the stable envelopes.

Proposition 7.5 [Oko27, Exercise 9.1.12].

stabC,T
1
2

2 ,A(w) = (−1)rk N
1
2

w,+,2−rk N
1
2

w,+,1q
1
2 rkF |wL⊗ stabC,T

1
2

1 ,A(w),

where N
1
2
w,+,i := Nw,+,i ∩ T

1
2

i for i = 1, 2, and if F = T
1
2

1 − T
1
2

2 = V1 − V2 is the virtual bundle from
Lemma 7.2, then rkF |w := rkV1|w − rkV2|w.

Proof. From the characterization Theorem 7.1, it suffices to show that the right hand side satisfies the
defining properties of the stable envelope on the left hand side. The support condition is immediate. For
the degree condition, we need to check that for every ev ≺C ew,

degT (L⊗ stabC,T
1
2

1 ,A(w))|v ⊆ degT (L⊗ stabC,T
1
2

1 ,A(v))|v + vλ − wλ,

for some λ ∈ A. The terms L|v on both sides cancel, and the above inclusion reduces to the degree
condition for stabC,T

1
2

1 ,A(w). The normalization condition follows from the following calculation:

(−1)rk N
1
2

w,+,2−rk N
1
2

w,+,1
stabC,T

1
2

2 ,A(w)|w

stabC,T
1
2

1 ,A(w)|w
=

(
det Nw,−

det N 1/2
w,2

)1
2
(

det Nw,−

det N 1/2
w,1

)−
1
2

=

(det N 1/2
w,1

det N 1/2
w,2

)1
2

=
(
det Nw ∩ (F |w − q−1F∨

|w)
)1

2

=

(
det(Nw ∩F |w)

det(Nw ∩ q−1(F |w)∨)

)1
2

= q
1
2 rkF |wL|w.

Here we have used our assumption that F is represented by a subbundle of T (T ∗(G/B)), and also that
the weights of Nw = Tw(T ∗(G/B)) are distinct. The reason for the last equality in the display is as
follows. We have Nw ∩F |w = F |w; suppose eλ is a torus weight of it. Since Nw is a symplectic vector
space, q−1e−λ is a weight of Nw. Hence q−1e−λ is also a weight of the intersection Nw ∩ q−1(F |w)∨
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and in fact Nw ∩ q−1(F |w)∨ = q−1(F |w)∨, giving the equality. The case of F = V1 −V2 being a virtual
bundle follows from linearity of the constructions. □

7.3. Changing the alcoves. We now turn to what happens under the change of alcoves. This can be
answered using recursive formulae from [SZZ20; SZZ21], reported in Theorem 7.6 below. Our subsequent
Theorem 7.8 provides a nonrecursive answer, expressing the Chevalley formula in terms of λ-chains, thus
relating the stable envelope for the fundamental alcove A◦ to the stable envelope for a translate A◦ + λ.

The alcoves in t∗R are of the form x(A◦) + λ for some x ∈ W and some λ in the root lattice. It was
proved in [AMSS24a, Lemma 8.2] and [SZZ20, Remark 2.3] that

stabC,T
1
2 ,A+λ(w) = e−wλLλ ⊗ stabC,T

1
2 ,A(w), (34)

where Lλ is the pullback of G ×
B Cλ from G/B to T ∗(G/B). Fix the chamber C to be the antidominant

Weyl chamber

C := {λ ∈ t∗R | ⟨λ, α∨
⟩ < 0 for any positive root α}

and the polarization T
1
2 = T ∗(G/B). To simplify notation, we denote stabC,T ∗(G/B),A(w) by stabA(w).

Let Z = T ∗(G/B) ×N T ∗(G/B) be the Steinberg variety where N ⊂ g denotes the nilpotent cone.
There is an algebra isomorphism

H ≃ KG×C∗(Z),

where KG×C∗(Z) has an algebra structure given by convolution; this was proved by Kazhdan and
Lusztig [KL87] and Ginzburg [CG10]. The convolution induces an action of the Hecke algebra H on
KT ×C∗(T ∗(G/B)) which we recall next. For a simple root αi , and the corresponding minimal parabolic
subgroup Pi ⊃ B, define the operator Ti on KT ×C∗(T ∗(G/B)) by the following formula:

Ti (F) := −F − π1∗(π
∗

2F ⊗ π∗

2Lαi ).

Here F ∈ K A×C∗(T ∗(G/B)), Yi := G/B ×G/Pi G/B ⊂ G/B × G/B, T ∗

Yi
is the conormal bundle of Yi

inside G/B × G/B, and π j : T ∗

Yi
→ T ∗(G/B) ( j = 1, 2) are the two projections. These operators satisfy

the quadratic relations and the braid relations in H. In particular, Tw is well defined for any w ∈ W . Recall
that A◦ denotes the fundamental alcove.

Theorem 7.6. (a) [SZZ20, Theorem 4.5]

Ti (stabA◦
(w)) =

{
(q − 1) stabA◦

(w) + q1/2 stabA◦
(wsi ), if wsi < w,

q1/2 stabA◦
(wsi ), if wsi > w.

(b) [SZZ21, Theorem 5.4] Let x ∈ W . Then

stabx(A◦)(w) = q−ℓ(x)/2Tx(stabA◦
(wx)).

(c) [SZZ21, Lemma 3.5 and Corollary 5.3] Assume A1 and A2 are two adjacent alcoves separated by a
wall of the form Hα,n , where α > 0. Assume A2 is on the positive side of Hα,n , i.e., for any µ ∈ A2,
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(µ, α∨) > n. Then

stabA1(w) =

{
stabA2(w) + e−nwα(q1/2

− q−1/2) stabA2(wsα) if wsα > w,

stabA2(w) if wsα < w.

Using statement (a), one can calculate Tx(stabA◦
(wx)) recursively in terms of {stabA◦

(w) | w ∈ W }.
Part (b) implies that the same is true for stabx(A◦)(w). Finally, part (c) may be used to relate directly
the stable bases for any two adjacent alcoves, and therefore recursively relate the stable bases for two
arbitrary alcoves.

We focus next on relating (34) to our Chevalley formulae obtained earlier in this paper. Together
with (a) and (b) from Theorem 7.6 above, this gives an alternative recursion to (c), calculating the stable
envelope for an arbitrary alcove xA◦ + λ starting from the stable envelope for A◦.

Fix λ an integral weight. By Theorem 7.6(a), stabx(A◦)(w) may be written as a linear combination of
{stabA◦

(w) |w ∈ W }. By (34), to determine stabx(A◦)+λ(w), it suffices to find a formula for Lλ⊗stabA◦
(w).

This can be achieved by the Chevalley formula for the motivic Chern classes. The key is the following
result.

Lemma 7.7 [AMSS24a, Theorem 8.6]. Let ι : G/B ↪→ T ∗(G/B) denote the inclusion of the zero section.
For any w ∈ W ,

ι∗(stabA◦
(w)) = (−1)dim G/Bqdim G/B−ℓ(w)/2 MC−q−1(Y (w)◦) ⊗L−2ρ .

Recall the operator (−)∨ on KT (pt)[y±1
], which sends eµ to e−µ and y to y−1. We have the following

Chevalley formula for the stable bases.

Theorem 7.8. Let λ ∈ X∗(T ) be a weight and fix β1, . . . , βl a reduced λ-chain corresponding to an
alcove walk from A◦ to A◦ − λ. Then

Lλ ⊗ stabA◦
(u) =

∑
w

q
1
2 (ℓ(u)−ℓ(w))(Cw

u,−λ)
∨
|y=−q−1 stabA◦

(w),

where Cw
u,λ are the coefficients defined in (27).

In the notation of Theorem 5.5, one can write this in terms of λ-chains as

Lλ ⊗ stabA◦
(u) =

∑
J⊂{1,2,...,l}

(−1)n(J )(q−1/2
− q1/2)|J |ewr̃J> (λ) stabA◦

(urh j1
rh j2

· · · rh jt
),

where the sum is over subsets J = { j1 < · · · < jt } ⊂ {1, 2, . . . , l} such that u < urh j1
< urh j1

rh j2
< · · · <

urh j1
rh j2

· · · · · rh jt
.

Remark 7.9. Recall we have the following duality between the stable bases (see [OS22, Proposition 1]):

⟨stab
C,T

1
2 ,A

(u), stab
−C,T

1
2

opp,−A
(w)⟩ = δu,w.

Therefore, similar arguments as in the proof of Lemma 5.1 will give a Chevalley formula for the dual
stale basis stab−C,T (G/B)),−A◦

(u).
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Proof. By the definition of the Segre motivic classes from Definition 4.2(2), the expression in (28)
becomes

Lλ ⊗D(MCy(Y (u)◦)) =

∑
w≥u

(−y)ℓ(u)−ℓ(w)Cw
u,λD(MCy(Y (w)◦)).

Taking (−)∨ on both sides of the equation, we get

L−λ ⊗ MCy(Y (u)◦) =

∑
w≥u

(−y)ℓ(w)−ℓ(u)(Cw
u,λ)

∨MCy(Y (w)◦).

The first equation of the theorem follows from this and Lemma 7.7. The second equation is a consequence
of the first and of (29) in Theorem 5.5. □

Example 7.10. In type A2, set u = s2s1 and λ = 2ϖ1 +ϖ2. A λ-chain of roots is given by β1 = α2, β2 =

α1 + α2, β3 = α1, β4 = α1 + α2, β5 = α1, β6 = α1 + α2; see Appendix B. From Theorem 7.8, we have

Lλ ⊗ stabA◦
(s2s1) = eϖ1−3ϖ2 stabA◦

(s2s1) + (q−
1
2 − q

1
2 )e−ϖ1−2ϖ2 stabA◦

(s1s2s1).

Therefore, by (34), using that −u(λ) = −ϖ1 + 3ϖ2, we have

stabA◦+λ(s2s1) = stabA◦
(s2s1) + (q−

1
2 − q

1
2 )e−α1 stabA◦

(s1s2s1).

Example 7.11. Consider u = s2, λ = 2ϖ1 + ϖ2, w0u = s2s1. We can use Serre duality (Proposition 6.1)
and Example 5.8 to get

Lλ ⊗ stabA◦
(s2) = e3ϖ1−ϖ2 stabA◦

(s2)

+ (q−
1
2 − q

1
2 )(eϖ1 + e−ϖ1+ϖ2 + e−3ϖ1+2ϖ2) stabA◦

(s1s2)

+ (q−
1
2 − q

1
2 )(e2ϖ1−2ϖ2 + eϖ1−3ϖ2)stabA◦

(s2s1)

+ (q−
1
2 − q

1
2 )2(e−ϖ1−2ϖ2 + e−2ϖ1 + e−ϖ2) stabA◦

(s1s2s1).

Since −s2(λ) = −3ϖ1 + ϖ2, we have

stabA◦+λ(s2) = stabA◦
(s2)

+ (q−
1
2 − q

1
2 )(e−α1 + e−2α1 + e−3α1) stabA◦

(s1s2)

+ (q−
1
2 − q

1
2 )(e−α1−α2 + e−2α1−2α2) stabA◦

(s2s1)

+ (q−
1
2 − q

1
2 )2(e−3α1−2α2 + e−3α1−α2 + e−2α1−α2) stabA◦

(s1s2s1).

8. Whittaker functions and Hall–Littlewood polynomials

In this section we apply the Chevalley formula to obtain combinatorial expressions for Whittaker functions
and Hall–Littlewood polynomials. Variants of the formulae we obtain were already available in the
literature, and our approach based on the cohomological calculations adds a geometric perspective to this.



Chevalley formulae for motivic Chern classes of Schubert cells and for stable envelopes 511

8.1. Whittaker functions. In this section we study Whittaker functions. These appear in p-adic represen-
tation theory, and in this note we utilize a cohomological construction of these functions from [AMSS24a],
see also [MS22]. Recall the definition of the Demazure–Lusztig operators on KT (pt)[y]:

T̃i (eλ) = −eλ 1 + y
1 − e−αi

+ esi λ
1 + yeαi

1 − e−αi
, T̃ ∨

i (eλ) = −eλ 1 + y
1 − e−αi

+ esi λ
1 + ye−αi

1 − e−αi
.

The operators satisfy the usual quadratic and braid relations in the Hecke algebra, therefore for any w ∈ W
there are operators T̃w and T̃ ∨

w acting on KT (pt)[y], and defined using any reduced decomposition of w.
The following has been proved in [MS22, Theorem 1.1]:

Proposition 8.1. Let λy(id) :=
∏

α>0(1 + yeα), and set

MC ′

y(X (w)◦) := λy(id)
MCy(X (w)◦)

λy(T ∗

G/B)
.

Then, for any λ ∈ X∗(T ),

(1) χT
(
G/B,Lλ ⊗ MCy(X (w)◦)

)
= T̃ ∨

w (eλ), and

(2) χT
(
G/B,Lλ ⊗ MC ′

y(X (w)◦)
)
= T̃w(eλ).

We note that for any antidominant weight λ and w ∈ W ,

χT
(
G/B,Lλ ⊗ MC ′

y(X (w)◦)
)
= T̃w(eλ) = Wλ,w, (35)

where Wλ,w is the Iwahori–Whittaker function for the Langlands dual group over a nonarchimedean local
field; we refer to [MS22] for more details, including the number theoretic definition of Wλ,w. Here we
identified y with −q−1, where q is the number of elements in the residue field. As explained in [MS22],
from the fact that ∑

w∈W

MC ′

y(X (w)◦) = 1

by the additivity motivic Chern classes, one recovers the Casselman–Shalika formula for the spherical
Whittaker function [CS80]:∑

w∈W

Wλ,w =

∏
α>0

(1 + yeα)χT (G/B,Lλ) =

∏
α>0

(1 + yeα)χw0λ. (36)

Here χw0λ denotes the character for the irreducible representation of G of highest weight w0(λ). We also
note that, in type A, an interpretation of the Iwahori–Whittaker function in terms of the partition function
of the Iwahori lattice model has been obtained in [BBBG24].

Using the Chevalley coefficients in (27), we obtain the following formula for the Iwahori–Whittaker
function Wλ,w. Let ρ denote the half sum of the positive roots.

Theorem 8.2. For any antidominant weight λ and w ∈ W ,

Wλ,w = eρ
∑

u

(−1)ℓ(u)Cw
λ−ρ,u|y 7→y−1 yℓ(w)−ℓ(u).
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Proof. For any u ∈ W ,

χT (G/B, MCy(X (u)◦)) = MCy[X (u)◦ → pt] = MCy[A
1
→ pt]ℓ(u)

= (−y)ℓ(u), (37)

where the second equality follows from [AMSS24a, Theorem 4.2(3)]. Therefore, taking the equivariant
Euler characteristics of both sides of (27), we get

T̃ ∨

w (eλ) = χT
(
G/B,Lλ ⊗ MCy(X (w)◦)

)
=

∑
u

Cw
λ,u(−y)ℓ(u).

On the other hand, it is immediate to check the following relation between the two Demazure–Lusztig
operators:

T̃w = eρ T̃ ∨

w |y 7→y−1e−ρ yℓ(w). (38)

Hence,

χT
(
G/B,Lλ ⊗ MC ′

y(X (w)◦)
)
= T̃w(eλ) = eρ

∑
u

(−1)ℓ(u)Cw
λ−ρ,u|y 7→y−1 yℓ(w)−ℓ(u).

The proof ends by applying Proposition 8.1. □

Remark 8.3. Notice that Cw
0,u = δu,w. The above proof shows

χT
(
G/B,Lρ ⊗ MC ′

y(X (w)◦)
)
= (−1)ℓ(w)eρ .

As a corollary we prove a variant of the Casselman–Shalika formula (36), obtained by Li [Li92]; see
also [BBBG24, Proposition 9.4]. First define

Rλ(y) := χT (G/B, λy(T ∗

G/B) ⊗Lλ) ∈ KT (pt)[y]. (39)

Corollary 8.4. Let λ be an antidominant integral weight. Then∑
w

y−ℓ(w)Wλ,w = eρ Rλ−ρ(y−1).

Proof. By the additivity of the motivic Chern classes and Proposition 8.1(1),

Rλ(y) =

∑
χT

(
G/B,Lλ ⊗ MCy(X (w)◦)

)
=

∑
w

T̃ ∨

w (eλ). (40)

On the other hand, for an antidominant weight λ, we have∑
w

y−ℓ(w)Wλ,w =

∑
w

y−ℓ(w)T̃w(eλ) = eρ
∑
w

y−ℓ(w)e−ρ T̃weρ(eλ−ρ)

= eρ
∑
w

T̃ ∨

w |y 7→y−1(eλ−ρ) = eρ Rλ−ρ(y−1).

Here, the first equality follows from Proposition 8.1(2), the third one follows from (38), and the last one
follows from (40). □
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8.2. Hall–Littlewood polynomials. In this section, we assume either λ or −λ to be a dominant integral
weight. Set 6λ := {α ∈ 6 | ⟨λ, α∨

⟩ = 0}, and let R+

λ be the set of positive roots which are linear
combinations of the simple roots in 6λ. Denote by Wλ ⊂ W the subgroup generated by the simple
reflections sα , where α ∈ 6λ. Let W λ be the set of minimal length representatives for the cosets W/Wλ.
Finally, let Pλ be the parabolic subgroup containing the Borel subgroup B defined by the condition that
WPλ

= Wλ.

Definition 8.5. (1) Define Hλ(y) := χT (G/Pλ, λy(T ∗

G/Pλ
) ⊗Lλ) ∈ KT (pt)[y].

(2) (Hall–Littlewood polynomial; cf. [Mac98, p. 208, (2.2)]) For a dominant weight λ, define

HLλ(x; t) :=

∑
w∈W λ

w

(
xλ

∏
α∈R+\R+

λ

1 − t x−α

1 − x−α

)
,

where xλ denotes eλ.

Let πλ : G/B → G/Pλ be the natural projection. Then

λy(G/B) = π∗

λ (λy(G/Pλ)) · λy(Pλ/B).

By the projection formula, and using that π∗

λ (Lλ) = Lλ, we have

Hλ(y) = χT (G/Pλ, λy(T ∗

G/Pλ
) ⊗Lλ) =

χT (G/B, λy(T ∗

G/B) ⊗Lλ)

χT (Pλ/B, λy(T ∗

Pλ/B))
=

Rλ(y)∑
w∈Wλ

(−y)ℓ(w)

Here the last equality follows from (39), and the fact that

χT (Pλ/B, λy(T ∗

Pλ/B)) =

∑
w∈Wλ

χ(MCy(X (w)◦)) =

∑
w∈Wλ

(−y)ℓ(w).

The relation between Hλ and the Hall–Littlewood polynomial, summarized next, was obtained in a related
(upcoming) collaboration with B. Ion.

Lemma 8.6. We have the following formulae for Hλ(y):

Hλ(y) =

∑
w∈W P

∑
u∈W

Cw
u,λ(−y)ℓ(u), (41)

Hλ(y) =

∑
w∈W λ

w

(
eλ

∏
α∈R+\R+

λ

1 + yeα

1 − eα

)
. (42)

Proof. Equation (41) follows from λy(T ∗

G/P) = MCy(G/P) =
∑

w∈W P MCy(X (wWP)◦), Theorem 5.15,
and χT (MCy(X (uWP)◦))= (−y)ℓ(u) for any u ∈ W P . Equation (42) follows from the localization formula
[Nie74; MS22, Theorem 2.1 (c)]. To be more specific, the torus fixed points in G/Pλ are {wPλ | w ∈ W P

},
and the torus weights of the tangent space at the fixed point wPλ are {−wα | α ∈ R+

\ R+

λ }. □
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Corollary 8.7. For a dominant integral λ, the Hall–Littlewood polynomial HLλ(x; t) can be expressed
using H−λ(y) or Hλ(y) as follows:

HLλ(x; t) = H−λ(y)
∣∣
eα 7→x−α, y 7→−t , (43)

HLλ(x; t) =

(
1

(−y)dim G/Pλ
Hλ(y)

) ∣∣∣
eα 7→xα, y 7→−t−1

. (44)

We next assume that λ is a dominant integral weight. Fix a reduced (−λ)-chain 0 = (−β1,−β2, . . . ,−βl)

and the sequence of hyperplanes Hβ1,d1, Hβ2,d2, . . . , Hβl ,dl . This corresponds to an alcove path from A◦

to A◦ + λ. Since λ is dominant, we have β j > 0, d j > 0.
We recover the following known formula for the Hall–Littlewood polynomial:

Proposition 8.8 [Sch06; Ram06; Len11, Theorem 2.7].

HLλ(x; t) =

∑
(w,J,u)∈A(0)

t
1
2 (ℓ(w)+ℓ(u)−|J |)(1 − t)|J |xwr̂J< (λ), (45)

where (with notation as in Section 3.2),

A(0) =
{
(w, J, u) | w ∈ W P , u ∈ W, J ⊂ {1, 2, . . . , l}, u J>

−→ w
}
.

Proof. Apply equations (43), (41), and (30) to the (−λ)-chain (−β1, −β2, . . . ,−βl). □

We also get a new formula for HLλ(x; t):

Proposition 8.9.

HLλ(x; t) =

∑
(u,J,w)∈ Aop(0)

t
1
2 (2 dim G/Pλ−ℓ(w)−ℓ(u)−|J |)(1 − t)|J |xur̂J< (λ)), (46)

where Aop(0) =
{
(u, J, w) | w ∈ W P , u ∈ W, J ⊂ {1, 2, . . . , l}, u J<

−→ w
}
.

Proof. Apply equations (44), (41), and (29) to the (−λ)-chain, together with Remark 5.6(1). □

Remark 8.10. When Pλ = B, equations (45) and (46) give the same formula. The correspondence may
be seen using the Serre duality in Proposition 6.7. However, the formulae are in general different, as
shown by the examples below.

Example 8.11 type A2. Let G = GL3(C), T = (C∗)3, and xi = eεi , for i = 1, 2, 3. Let λ = ϖ1 = ε1;
then Wλ = ⟨s2⟩ ⊂ W = ⟨s1, s2⟩, and W λ

= {id, s1, s2s1}. Fix a reduced (−λ)-chain (−β1 = −α1 − α2,
−β2 = −α1).

Then Proposition 8.8 sums over the seven terms shown on the left in Table 1, while Proposition 8.9
sums over those on the right. The respective developments are

HLλ(x; t) = (x1) + (t x2 + (1 − t)x2) + (t2x3 + t (1 − t)x3 + t (1 − t)x3 + (1 − t)2x3) = x1 + x2 + x3,

HLλ(x; t) = (t2x1) + (t x2 + t (1 − t)x1) + (x3 + (1 − t)x2 + (1 − t)x1)) = x1 + x2 + x3.
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w J u

id ∅ id x1

s1 ∅ s1 t x2

{2} id (1 − t)x2

s2s1 ∅ s2s1 t2x3

{1} s1 t (1 − t)x3

{2} s2 t (1 − t)x3

{1, 2} id (1 − t)2x3

w J u

id ∅ id t2x1

s1 ∅ s1 t x2

{2} id t (1 − t)x1

s2s1 ∅ s2s1 x3

{1} s1 (1 − t)x2

{2} s2 (1 − t)x1

Table 1. To Example 3.7.

w J u

id ∅ id x2
1 x2

2
s2 ∅ s1 t x2

1 x2
3

{2} id (1 − t)x2
1 x2x3

{4} id (1 − t)x2
1 x2

3
w = s1s2 ∅ s1s2 t2x2

2 x2
3

{1} s2 t (1 − t)x1x2x2
3

{2} s1 t (1 − t)x1x2
2 x3

{3} s2 t (1 − t)x2
2 x2

3
{4} s1 t (1 − t)x2

2 x2
3

{1, 2} id (1 − t)2x1x2
2 x3

{1, 4} id (1 − t)2x1x2x2
3

{3, 4} id (1 − t)2x2
2 x2

3

w J u

id ∅ id t2x2
1 x2

2
s2 ∅ s2 t x2

1 x2
3

{2} id t (1 − t)x2
1 x2x3

{4} id t (1 − t)x2
1 x2

2
s1s2 ∅ s1s2 x2

2 x2
3

{1} s2 (1 − t)x1x2x2
3

{2} s1 (1 − t)x1x2
2 x3

{3} s2 (1 − t)x2
1 x2

3
{4} s1 (1 − t)x2

1 x2
2

{2, 3} id (1 − t)2x2
1 x2x3

Table 2. To Example 8.12.

Example 8.12. Same setup as in Example 3.7, but with λ= 2ϖ2. Then Wλ =⟨s1⟩, W λ
={id, s2, s1s2}, and

d = dim G/Pλ = 2. A (−λ)-chain is (−β1 = −(α1 +α2), −β2 = −α2, −β3 = −(α1 +α2), −β4 = −α2),
and d1 = 1, d2 = 1, d3 = 2, d4 = 2.

Proposition 8.8 sums over the twelve terms shown on the left in Table 2, and Proposition 8.9 sums
over the ten terms on the right. The respective developments are

HLλ(x; t) = x2
1 x2

2 + x2
1 x2

3 + x2
2 x2

3 + x2
1 x2x3 + x1x2

2 x3 + x1x2x2
3︸ ︷︷ ︸

s22

−t (x2
1 x2x3 + x1x2

2 x3 + x1x2x2
3︸ ︷︷ ︸

s211

),

HLλ(x; t) = (x2
1 x2

2 + x2
1 x2

3 + x2
2 x2

3) + (1 − t)(x2
1 x2x3 + x1x2

2 x3 + x1x2x2
3) = s22 − ts211.

Appendix A. Chevalley formulae for Chern–Schwartz–MacPherson classes of Schubert cells

We give a short proof of the Chevalley formulae for the equivariant Chern–Schwartz–MacPherson (CSM)
and Segre–MacPherson (SM) classes of the Schubert cells in the (partial) flag varieties; see [AMSS23,
Theorem 9.10] and Theorem A.4 below. Our proof again relies on the action of the appropriate Hecke
algebra, this time on the equivariant cohomology of G/P . Besides the intrinsic interest in these Chevalley
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formulae, we mention that recursions based on it were recently utilized to obtain proofs of Nakada’s
colored hook formula for finite Weyl groups [MNS22a] and more general Coxeter groups [MNS24].

A.1. Degenerate affine Hecke algebras.

A.1.1. A change of bases formula. Recall that the degenerate affine Hecke algebra H is generated by
Tw, w ∈ W and xλ, λ ∈ X∗(T ), such that

• TwTu = Twu for any w, u ∈ W ;

• xλxµ = xµxλ for any λ, µ ∈ X∗(T );

• xλ+µ = xλ + xµ for any λ, µ ∈ X∗(T );

• for any simple root αi , Tsi xλ − xsi λTsi = −⟨λ, α∨

i ⟩.

Lemma A.1. For any w ∈ W and λ ∈ X∗(T ), the following commutation relation holds in H:

Twxλ = xwλTw −

∑
α>0

wsα<w

⟨λ, α∨
⟩Twsα

.

Proof. We utilize induction on ℓ(w). The claim is clear when ℓ(w) = 0 or 1. Now assume ℓ(w) > 1, and
that the claim holds for any Weyl group element with length smaller than ℓ(w). Pick a simple root αi ,
such that w > wsi . By induction,

Twsi xsi λ = xwλTwsi −

∑
α>0

wsi sα<wsi

⟨siλ, α∨
⟩Twsi sα

.

Using the commutation of Tsi and xλ and the induction hypothesis we obtain

Twxλ − xwλTw = Twsi xsi λTsi − ⟨λ, α∨

i ⟩Twsi − xwλTw

= −
∑
α>0

wsi sα<wsi

⟨λ, siα
∨
⟩Twsi sα

Tsi − ⟨λ, α∨

i ⟩Twsi = −
∑
α>0

wsα<w

⟨λ, α∨
⟩Twsα

.

In the last equality, we have used that if wsi < w then

{α > 0 | wsα < w} = {α > 0 | wα < 0} = {αi } ⊔ {siα | α > 0, wsi sα < wsi },

and that Twsi sα
Tsi = Twsi sαsi = Twssi (α)

. □

A.1.2. The Hecke action on the equivariant cohomology. Since G acts on G/P by left multiplication,
there is a natural left Weyl group action on H∗

T (G/P) for any partial flag variety G/P and which acts on
the base ring H∗

T (pt) by the usual Weyl group action; see [MNS22b], for example. For any w ∈ W , we
use wL to denote this action.

For any simple root αi , define the left Demazure–Lusztig operator on H∗

T (G/P) by the following
formula (see [MNS22b, Section 3.2]):

T L
i :=

αi + 1
αi

sL
i −

1
αi

.
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It is proved in loc. cit. that these operators satisfy the braid relations and (T L
i )2

= id. The following
lemma is easily proved.

Lemma A.2. There is an action 9 of the degenerate affine Hecke algebra H on H∗

T (G/P), sending Ti to
T L

i and xλ to λ ∈ H∗

T (pt).

A.2. Definition of the CSM/SM classes. Next we recall the basic definitions and properties of CSM
classes for the Schubert cells in G/P , we will be brief. We refer the reader to [Ohm06; AMSS23] for
details, including a construction of these classes in the equivariant setting and for general varieties.

The (additive) group of constructible functions F(X) consists of functions ϕ =
∑

Z cZ 1Z , where the
sum is over a finite set of constructible subsets W ⊂ X , cZ ∈ Z are integers, and 1Z is the characteristic
function of Z . For a proper morphism f : Y → X , there is a linear map f∗ : F(Y ) → F(X), such that
for any constructible subset Z ⊂ Y , f∗(1Z )(x) = χtop( f −1(x) ∩ Z), where x ∈ X and χtop denotes the
topological Euler characteristic. A conjecture attributed to Deligne and Grothendieck states that there
is a unique natural transformation c∗ : F → H∗ from the functor of constructible functions on a complex
algebraic variety X to the homology functor, where all morphisms are proper, such that if X is smooth then
c∗(1X ) = c(TX )∩[X ]. This conjecture was proved by MacPherson [Mac74]; the class c∗(1X ) for possibly
singular X was shown to coincide with a class defined earlier by M.-H. Schwartz [Sch65a; Sch65b; BS81].

There is an equivariant version of MacPherson’s transformation defined by Ohmoto [Ohm06]. In this
case one starts with a variety X with a T -action, and the equivariant version FT (X) of the group of
constructible functions F(X) contains the characteristic functions 1Z for Z stable under the T -action.
If f : X → Y is a proper T -equivariant morphism of algebraic varieties the induced homomorphism
and Z ⊂ X is constructible and T -stable then one defines f T

∗
: FT (X) → FT (Y ) with the property

that f T
∗

(1Z ) = f∗(1Z ). Ohmoto proves [Ohm06, Theorem 1.1] that there is an equivariant version of
MacPherson transformation cT

∗
: FT (X) → H T

∗
(X) that satisfies cT

∗
(1X ) = cT (TX ) ∩ [X ]T if X is a

nonsingular T -variety, which and is functorial with respect to proper push-forwards. The last statement
means that for all proper T -equivariant morphisms Y → X the following diagram commutes:

FT (Y )
cT
∗
//

f T
∗

��

H T
∗

(Y )

f T
∗

��

FT (X)
cT
∗
// H T

∗
(X).

Definition A.3. Let Z be a T -invariant constructible subvariety of X .

(1) We denote by cSM(Z) := cT
∗
(1Z ) ∈ H T

∗
(X) the equivariant Chern–Schwartz–MacPherson (CSM)

class of Z .

(2) If X is smooth, we denote by sM(Z ⊂ X) := cT
∗
(1Z )/c(TX ) ∈ H T

∗
(X)loc the equivariant Segre–

MacPherson (SM) class of Z , where H T
∗

(X)loc := H T
∗

(X) ⊗H T
∗ (pt) Frac H T

∗
(pt) denotes the local-

ization of H T
∗

(X), and Frac H T
∗

(pt) is the fraction field of H T
∗

(pt).



518 Leonardo C. Mihalcea, Hiroshi Naruse and Changjian Su

A.3. The Chevalley formula in cohomology. We now specialize to X = G/P with the usual T -action.
For simplicity we will denote by sM(Z ⊂ G/P) simply by sM(Z). We will identify the equivariant (Borel–
Moore) homology group H T

∗
(G/P) with the equivariant cohomology H∗

T (G/P), using the Poincaré
duality. The sets of CSM classes of Schubert cells {cSM(X (wWP)◦) | w ∈ W P

} and of the SM classes
{sM(X (wWP)◦) | w ∈ W P

} form bases for H∗

T (G/P)loc := H∗

T (G/P) ⊗H∗

T (pt) Frac H∗

T (pt). Moreover,
if one takes the opposite Schubert cells in any of these sets, then the two bases are dual under the usual
intersection pairing, see [AMSS23, Theorem 9.4]:

⟨cSM(X (wWP)◦), sM(Y (uWP)◦)⟩G/P = δw,u for any w, u ∈ W P . (47)

The left Demazure–Lusztig operator acts on the CSM classes by the following formula (see [MNS22b,
Theorem 4.3])

T L
i (cSM(X (wWP)◦)) = cSM(X (siwWP)◦).

Hence, for any w ∈ W ,

cSM(X (wWP)◦) = T L
w ([X (id)]). (48)

Recall for any λ ∈ X∗(T )P , Lλ := G ×
P Cλ ∈ PicT (G/P). The following is our main result in this

appendix, and it has also been proved in [AMSS23, Theorem 9.10] using the Chevalley formula for the
cohomological stable envelopes from [Su16, Theorem 3.7]. Here we give a direct proof based on the
action of the degenerate affine Hecke algebra.

Theorem A.4. For any w ∈ W P and λ ∈ X∗(T )P , the following holds in H∗

T (G/P):

cT
1 (Lλ) ∪ cSM(X (wWP)◦) = w(λ)cSM(X (wWP)◦) −

∑
α>0

wsα<w

⟨λ, α∨
⟩cSM(X (wsαWP)◦),

cT
1 (Lλ) ∪ sM(Y (wWP)◦) = w(λ)sM(Y (wWP)◦) −

∑
α>0

wsα>w

⟨λ, α∨
⟩sM(Y (wsαWP)◦).

Proof. Applying the Hecke action 9 in Lemma A.2 to the equation in Lemma A.1, and acting on the
point class [X (id)], we get

cT
1 (Lλ) ∪ cSM(X (wWP)◦) = cT

1 (Lλ) ∪ T L
w ([X (id)]) = T L

w (cT
1 (Lλ) ∪ [X (id)]) = T L

w (λ · [X (id)])

= 9(Twxλ)([X (id)]) = 9(xwλTw −
∑
α>0

wsα<w

⟨λ, α∨
⟩Twsα

)([X (id)])

= w(λ)cSM(X (wWP)◦) −
∑
α>0

wsα<w

⟨λ, α∨
⟩cSM(X (wsαWP)◦).

The second equality follows from the fact that the left operator T L
w commutes with cT

1 (Lλ) because the
latter is Weyl-group invariant, as Lλ is a G-equivariant line bundle; see [MNS22b]. Finally, the Chevalley
formula for the SM classes follows from the one on CSM via the duality in (47), similar to the proof of
Lemma 5.1 above. □
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Appendix B. An example of the λ-chain formula

We consider Lie type A2, with the Weyl group W = S3, with λ = 2ϖ1 + ϖ2, and w = s2s1. We can find
an alcove walk p−λ from A◦ to A◦ − λ as indicated by the red path in Figure 2, right. This gives the
corresponding reduced expression v−λ = s2s1s2s0s1s2 and the corresponding alcove path

A◦ = A0
−β1
−−→ A1

−β2
−−→ A2

−β3
−−→ A3

−β4
−−→ A4

−β5
−−→ A5

−β6
−−→ A6 = A◦ − λ (Ai = ri Ai−1, 1 ≤ i ≤ 6),

with λ-chain β1 = α2, β2 = α1 + α2, β3 = α1, β4 = α1 + α2, β5 = α1, β6 = α1 + α2.
The associated sequence of hyperplanes is

h1 = Hα2,0, h2 = Hα1+α2,0, h3 = Hα1,0, h4 = Hα1+α2,−1, h5 = Hα1,−1, h6 = Hα1+α2,−2.
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Figure 2. Left: alcove walk pλ from A◦ to A◦ + λ; pw = c−

2 c−

1 , pλ = c+

0 c+

2 c+

1 c+

0 c+

2 c+

0 . Right:
alcove walk p−λ from A◦ to A◦ − λ; pw = c−

2 c−

1 , p−λ = c−

2 c−

1 c−

2 c−

0 c−

1 c−

2 .

We first calculate cw,λ
u,µ according to the formula Theorem 3.10. In the proof we introduced λ-shifted

(reversed) hyperplane sequence which can be seen in the diagram on the left. We have

h′

1 = Hα1+α2,1, h′

2 = Hα1,1, h′

3 = Hα1+α2,2, h′

4 = Hα1,2, h′

5 = Hα1+α2,3, h′

6 = Hα2,1.

According to the formula, we need to choose J ⊂ {1, 2, . . . , l} such that u J<
−→ w.

If u = s1, J = {6}, {4}, {2} as sα1+α2 = s1s2s1. For the weight µ, when J = {6}, we need to calculate
µ=wr̃h6(λ). But as is explained in the proof, r̃h6 = r̂h′

1
, so, µ=wr̂h′

1
(λ)=w(−ϖ2)=−ϖ1+ϖ2. Likewise

when J = {4}, µ = wr̃h4(λ) = wr̂h′

3
(λ) = −ϖ2, and when J = {2}, µ = wr̃h2(λ) = wr̂h′

5
(λ) = ϖ1 −3ϖ2.

If u = id, there are two possible Bruhat chains u = id < s1 < s2s1 = w and u = id < s2 < s2s1 = w.
For the first case, J = {5, 6}, {3, 6}, {3, 4}, and for the second case, J = {1, 5}, {1, 3}. When J = {5, 6},
µ = wr̃h6 r̃h5(λ) = wr̂h′

1
r̂h′

2
(λ) = wr̂h′

1
(2ϖ2) = w(−ϖ1 + ϖ2) = ϖ1. All the possibilities and the
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corresponding (folded) alcove walks p̃λ are listed in the table below, followed by the coefficients cw,λ
u,µ

obtained from it. (We can also see the bijection of Lemma 2.7; see Figure 2, left.)

pw p̃λ p̃λ M J ϕ(p) = u wt(p) = wr̃λ
J>

(λ)

(0) c−

0 c−

2 c−

1 c−

0 c−

2 c+

0 {} {} s2s1 ϖ1 − 3ϖ2

(1) f +

0 c−

2 c+

1 c−

0 c+

2 c+

0 {h1} {6} s1 −ϖ1 + ϖ2

(2) c−

0 c−

2 f +

1 c−

0 c+

2 c+

0 {h3} {4} s1 −ϖ2

(3) c−

0 c−

2 c−

1 c−

0 f +

2 c+

0 {h5} {2} s1 ϖ1 − 3ϖ2

(4) c−

0 f +

2 c+

1 c+

0 c+

2 c−

0 {h2} {5} s2 2ϖ1 − 2ϖ2

(5) c−

0 c−

2 c−

1 f +

0 c+

2 c−

0 {h4} {3} s2 ϖ1 − 3ϖ2

(6) f +

0 f +

2 c+

1 c+

0 c+

2 c+

0 {h1, h2} {5, 6} id ϖ1

(7) f +

0 c−

2 c+

1 f +

0 c+

2 c+

0 {h1, h4} {3, 6} id −ϖ1 + ϖ2

(8) c−

0 f +

2 c+

1 c+

0 c+

2 f +

0 {h2, h6} {1, 5} id 2ϖ1 − 2ϖ2

(9) c−

0 c−

2 f +

1 f +

0 c+

2 c+

0 {h3, h4} {3, 4} id −ϖ2

(10) c−

0 c−

2 c−

1 f +

0 c+

2 f +

0 {h4, h6} {1, 3} id ϖ1 − 3ϖ2

cw,λ
s2s1,µ = 1 for µ = ϖ1 − 3ϖ2,

cw,λ
s1,µ = (q − 1)q−1 for µ = −ϖ1 + ϖ2, −ϖ2, ϖ1 − 3ϖ2,

cw,λ
s2,µ = (q − 1)q−1 for µ = 2ϖ1 − 2ϖ2, ϖ1 − 3ϖ2,

cw,λ
id,µ = (q − 1)2q−2 for µ = ϖ1, −ϖ1 + ϖ2, 2ϖ1 − 2ϖ2, −ϖ2, ϖ1 − 3ϖ2.

Next we calculate cw,−λ
u,µ according to Theorem 3.9. For this case we need to chose J ⊂ {1, 2, . . . , l}

such that u J>
−→ w.

For example, if u = id, then there are three possible J corresponding to the Bruhat chains u < usβ3 <

usβ3sβ2 = w, u < usβ5 < usβ5sβ2 = w, u < usβ5 < usβ5sβ4 = w. For the first case the weight µ can be
calculated (see Figure 2, right) as

µ = wr̂J<
(−λ) = s2s1r̂h2 r̂h3(−λ) = s2s1(3ϖ1 − 2ϖ2) = −2ϖ1 − ϖ2.

All the possible J and corresponding alcove walks p̃−λ are listed in the table below.

pw p̃−λ p̃−λ M J ϕ(p) = u wt (p) = wr̂J<(−λ)

(0) c−

2 c+

1 c+

2 c+

0 c+

1 c+

2 {} {} s2s1 −ϖ1 + 3ϖ2

(1) c−

2 c+

1 c+

2 c+

0 c+

1 f −

2 {h6} {6} s1 ϖ2

(2) c−

2 c+

1 c+

2 f −

0 c+

1 c−

2 {h4} {4} s1 ϖ1 − ϖ2

(3) c−

2 f −

1 c+

2 c−

0 c+

1 c−

2 {h2} {2} s1 2ϖ1 − 3ϖ2

(4) c−

2 c+

1 c+

2 c+

0 f −

1 c−

2 {h5} {5} s2 −2ϖ1 + 2ϖ2

(5) c−

2 c+

1 f −

2 c−

0 c−

1 c−

2 {h3} {3} s2 −3ϖ1 + ϖ2

(6) c−

2 f −

1 f −

2 c−

0 c−

1 c−

2 {h2, h3} {2, 3} id −2ϖ1 − ϖ2

(7) c−

2 f −

1 c+

2 c−

0 f −

1 c−

2 {h2, h5} {2, 5} id −2ϖ2

(8) c−

2 c+

1 c+

2 f −

0 f −

1 c−

2 {h4, h5} {4, 5} id −ϖ1
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The coefficients cw,−λ
u,µ obtained from the table are

cw,−λ
s2s1,µ = 1 for µ = −ϖ1 + 3ϖ2,

cw,−λ
s1,µ = (1 − q)q−1 for µ = ϖ2, ϖ1 − ϖ2, 2ϖ1 − 3ϖ2,

cw,−λ
s2,µ = (1 − q)q−1 for µ = −2ϖ1 + 2ϖ2, −3ϖ1 + ϖ2,

cw,−λ
id,µ = (1 − q)2q−2 for µ = −2ϖ1 − ϖ2, −2ϖ2, −ϖ1.
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