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Chevalley formulae for motivic
Chern classes of Schubert cells
and for stable envelopes

Leonardo C. Mihalcea, Hiroshi Naruse and Changjian Su

We prove a Chevalley formula to multiply the motivic Chern classes of Schubert cells in a generalized
flag manifold G/ P by the class of any line bundle £,. Our formula is given in terms of the A-chains of
Lenart and Postnikov. Its proof relies on a change of basis formula in the affine Hecke algebra due to
Ram, and on the Hecke algebra action on torus-equivariant K-theory of the complete flag manifold G/B
via left Demazure—Lusztig operators. We revisit some wall-crossing formulae for the stable envelopes in
T*(G/B). We use our Chevalley formula, and the equivalence between motivic Chern classes of Schubert
cells and K-theoretic stable envelopes in 7*(G/ B), to give formulae for the change of polarization, and
for the change of slope for stable envelopes. We prove several additional applications, including Serre,
star, and Dynkin, dualities of the Chevalley coefficients, new formulae for the Whittaker functions, and
for the Hall-Littlewood polynomials. We also discuss positivity properties of Chevalley coefficients, and
properties of the coefficients arising from multiplication by minuscule weights.
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1. Introduction

Let G be a complex, semisimple, Lie group and 7 C B C P C G be a parabolic subgroup containing a
Borel subgroup and the (standard) maximal torus. Let W be the Weyl group determined by (G, T). In
the study of cohomology and K-theory rings of (generalized) flag manifolds G/ P, the Chevalley formula
expresses the multiplication of a Schubert class by the class of a line bundle, or a Schubert divisor in
G/ P. If one works equivariantly, this formula determines completely the multiplication in the equivariant
K ring. In this paper we prove a Chevalley formula for the coefficients C :f , () € Kr(pt)[y] arising in
the multiplication

MCy (X (w)°) - L, ZZC%(y)MCy(X(u)") ey

in the equivariant K-theory ring K7(G/B)[y]; see (27) and Theorem 5.2 below. Here M C, (X (w)°) €
K7(G/B)[y] is the motivic Chern class of a Schubert cell X (w)° C G/B, and £; = G x? C, is the line
bundle on G/B associated to the one-dimensional B-module of weight A.

The motivic Chern classes M Cy (X (w)®) € K7(G/B)[y] have been defined by Brasselet, Schiirmann,
and Yokura [BSY10] more generally for elements [Y — X] in the Grothendieck group Go(var/X) of
varieties over X. They are the unique classes which are functorial with respect to proper morphisms
f 1 X1 — X3, and which satisfy the normalization condition M C[idx : X — X]= A, (Ty) for X smooth,
where A, (T3) =Y y' [/\i Ty] is the Hirzebruch A, class; see Section 4 below. They may be thought of as
the K-theoretic generalizations of Chern—Schwartz—MacPherson classes defined by MacPherson [Mac74].

The motivic Chern classes of Schubert cells generalize well studied classes from Schubert calculus.
If y = 0, the motivic class M C, (X (w)°) is equal to the class of the ideal sheaf [Ox ) (—3dX (w))] of
the boundary 0X (w) = X (w) \ X(w)°, where X (w) = Tw)" is the Schubert variety. If y = —1, then
MC, (X (w)°) is equal to the class of the unique T'-fixed point in X (w)°; see [AMSS24b]. The Poincaré
duals of the classes M C, (X (w)®), the Segre motivic classes [AMSS24a; MS22], specialize when y =0
to the Grothendieck classes of the structure sheaves of the opposite Schubert varieties. Our Chevalley
formula (1), and its analogous formula for the Segre motivic classes, specialize to known Chevalley
formulae for K-theoretic Schubert classes and ideal sheaves from [GR04; LPO7].

The formula for the coefficients C;/; (v) € K7 (p1)[y] from (1) follows from a formula of Ram [Ram06]
in the affine Hecke algebra H, calculating transition coefficients between two bases {T,, X*} and {X*T,,}
of the affine Hecke algebra:

X7 = Y (=)' x T, 2)

neX*(T),uew
Here T,, is an element in the standard basis of H, X~ is an affine element in H, and X*(7) denotes the
weight lattice of 7. Ram’s formula is stated in terms of a combinatorial model utilizing alcove walks,
and it is convenient for our purposes to rewrite it utilizing in terms of A-chains, a model introduced and
studied by Lenart and Postnikov [LP0O7; LPOS8] in relation to equivariant K theory of flag manifolds.
We refer to Theorem 3.9 and Theorem 3.10 for the precise statements in the Hecke algebra in terms of
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A-chains, and to Section 5.1 for the formulae involving motivic Chern classes. We also note that (affine)
Hecke algebras have long been used to obtain Chevalley formulas in various contexts, for example in
[PR99; LPO7]. We state next our main result.

Assume A is an integral weight and fix a reduced A-chain (81, B2, ..., B1). The chain corresponds to
an alcove walk from the fundamental alcove A, to A, — A, with separating hyperplanes H_g; 4. Denote
by sg the reflection determined by the root 8. We refer the reader to Section 3 below for full definitions.
The following is our main result; cf. Theorem 5.5.

Theorem 1.1. The following Chevalley formula holds in K+ (G/B)[y]:

LL®MCy (X)) = Y Cr,MCy(Xw)°),

neX*(T)
ueW
where the Chevalley coefficients are given by
l _ _ _ ~
C;ﬁ—)\ — Z (_1)"(1)(1 + y)lfl(_y)z(ﬁ(w) L) =1JD p=wis () 3)
JC(1,2,...1)
and the sum is over subsets J = {j; < --- < j;} C {1,2,...,1} such that u < usg; < usg; s, <
s < usg; s, - - Sp, = w; the Weyl group element 7;_ is defined in (19). For the multiplication
L, @ MCy(X(w)°), the Chevalley coefficients are given by
1 0 =Ty —why (—
C;‘f)L = Z (_1)”(1)(_1 _ y)lll(_y)z(é(W) =D p=wiy( X)’ 4)
JC{1,2,...1)
where the sum is over subsets J = {j1 <--- < ji} C{l,2,..., 1} such that u < usg, < usg, sg;,_, <<
usg, - -+ -sg; =w, and with 7j_ defined in (16).
The connection between the Hecke algebra coefficients from (2) and the Chevalley coefficients above
is given by
C;‘),_x _ Z yé(w)—i(u)e—ucllzﬁ»|q=7y. ®))
neX*(T)
The coefficients ¢, If are in general Laurent polynomials in y, while C; _, are polynomials in K7 (p#)[y].
In fact, the power y*® =@ from the formula (5) is absorbed into Cy /ﬁ so it becomes polynomial in y.

As mentioned above, our Chevalley formula generalizes to the motivic situation the classical Chevalley
multiplication in K7(G/B). It also generalizes the Chevalley multiplication by (equivariant) Chern—
Schwartz—MacPherson classes of Schubert cells from [AMSS23]; a short, self-contained, proof of this is
given in Appendix A.

All these specializations are appropriately positive, in the sense of [Buc02; Bri02; AGMI11]. In
Section 5.3 below we investigate some positivity results for the general formula. Notably, our formula
for the multiplication by £, with A dominant (i.e., when £_, is globally generated) may be written as a
positive combination of products g¢(g — 1)?, with ¢ = —y; see Proposition 5.7. This positivity is similar
to the one satisfied by R-polynomials in Kazhdan—Lusztig theory. In an earlier aryiv version of this paper,



480 Leonardo C. Mihalcea, Hiroshi Naruse and Changjian Su

we conjectured different positivity properties for special cases of the Chevalley coefficients, regarded
as polynomials in y. As we explain in Remark 5.10, we since found examples in Lie types Dg, Eg, A7
where the conjectured positivity fails.

We now give a rough idea on the proof of Theorem 1.1. The key connection between the Chevalley
formula in the Hecke algebra to motivic Chern classes, proved in [MNS22b], and ultimately based
on results from [AMSS24a], is that the motivic Chern classes are recursively obtained by certain /eft
Demazure-Lusztig operators 7,- acting on K7(G/B)[y]:

MCy(X (w)°) = TE[O) p].

These operators commute with elements in K (G/B)[y] (i.e., the Weyl-group invariants of K1 (G/B)),
and an argument based on equivariant localization shows that

MCy(X (w)°) - L5 = TE[O1.8]- Lo = TE(Ly - [01.8]) = T.E (e - [O4.8)).

Therefore, the knowledge of the expansion from (2) implies the Chevalley formula in the geometric case.
This argument may be generalized to any homogeneous bundle; see Remark 5.3. In cohomology (i.e., for
the Chern—Schwartz—MacPherson classes), and for G = SL,,, this argument is implicitly utilized in the
paper [FGX22] to obtain a Murnaghan—Nakayama formula.

We briefly survey next other results from this note. Having established a formula to calculate the
Chevalley coefficients, in Section 6 we utilize several dualities with geometric origin (the Serre duality,
the star duality, and the Dynkin automorphism duality) to obtain several symmetries of the coefficients
C}’;.(y). See Proposition 6.5, for example. Combining these dualities shows that the polynomials C}’, ()
are palindromic.

A remarkable property of the motivic Chern classes of Schubert cells, proved in [AMSS24a; FRW21],
is that they are equivalent to the K-theoretic version of Maulik and Okounkov’s stable envelopes; see
[MO19; AO21]. The stable envelopes are elements in the T x C*-equivariant K-theory of the cotangent
bundle, K7xc+(T*(G/B)). In this context, the formal variable y may be identified to the (inverse) of the
character given by the C* fiber dilation on the cotangent bundle. If ¢ : G/B < T*(G/B) is the inclusion
of the zero section, then (*(stab(w)) is a multiple of the motivic Chern class of the (opposite) Schubert
cell for w, where stab is a stable envelope, appropriately normalized.

The stable envelopes depend on three parameters: a chamber, a polarization, and a slope, and the
precise normalizations are essential for this paper. A variation in the chamber results in conjugating by
the Borel subgroup [AMSS24a], and it is encoded in the left Weyl group action [MNS22b] and certain
R-matrix operators [RTV15; RTV19]. Varying the polarization, or the slope, results in the multiplication
of stab(w) by a line bundle £, pulled back from G/B; cf. [AMSS24a; Oko27], and see also Section 7
below. In particular, the coefficients C:jf , (y) from (1) give “wall-crossing” formulae, recording the change
of stable envelopes when its defining parameters are varied. While these wall crossing formulae have
been worked out in [Oko27; SZZ20; SZZ21] (see also [KW25]), in Section 7 we revisit some of these
from the point of view of Theorem 1.1. In particular, we utilize the Chevalley formula to give an explicit
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combinatorial rule relating the stable envelope for the fundamental alcove A, to the one corresponding to
any translation A, 4+ X; see Theorem 7.8.

In addition to our application mentioned above to wall crossing formulae for stable envelopes, in
Section 8 we utilize known relations between motivic Chern classes of Schubert cells, Whittaker functions,
and Hall-Littlewood polynomials, to obtain new formulae for the latter.

Finally, in Appendix A we obtain an analogue of the Chevalley formula (1) for the homological
analogue of the motivic Chern classes, the Chern—Schwartz—MacPherson classes. While this formula
may be obtained by a specialization argument as in [AMSS24b], the degenerate affine Hecke algebra is
much simpler in this case, and a direct proof of the Chevalley formula may be obtained rather quickly.

Notation. We fix the notation utilized throughout the paper. Let G be a simply connected complex Lie
group with Borel subgroup B and maximal torus 7 C B. Denote by g = Lie(G) and by § = Lie(T") be
corresponding Lie algebras. Let RT C h* := b denote the positive roots, which by convention are the
roots in B, and by ¥ = {«; : i € I} the set of simple roots. The set of all roots is R := RT U—R™. We
use a > 0 (resp. a < 0) to denote a € R (resp. « € —R™). For any root a € R, let " C § denote the
corresponding coroot. Denote by

() :h"xh—>Q

the evaluation pairing, and let X*(T) C b* be the weight lattice. For any weight 1 € X*(T), let
L; := G x8 C; be the line bundle on G/B associated to A. The Weyl group is W = Ng(T)/T and it
is generated by simple reflections s; = s,, (i € I). It is equipped with a length function £ : W — Z5¢
defined as the length of a minimal expression of w in terms of the simple reflections; we denote by wq the
longest element. The Bruhat order on W is a partial order determined by the covering relations u < us,
where @ € R and £(usy) = €(u) + 1.

For any w € W, let X(w)° := BwB/B C G/B and Y(w)° := B~wB/B C G/B be Schubert cells,
where B~ is the opposite Borel subgroup. Let X (w) := X (w)° and Y (w) := Y (w)° be the respective
Schubert varieties. Let P(2 B) be a parabolic subgroup with simple roots Xp C X. Let R;.F denote
the positive roots spanned by Xp. Let Wp be the Weyl group generated by the simple reflections s,
o € Xp. Let WP ~ W/ Wp denote the set of minimal length representatives. For any w € WF, let
X(wWp)° := BwP/P C G/P (resp. Y(wWp)° := B~wP/P C G/P) denote the Schubert cell with
closure X (wWp) (resp. Y(wWp)). Let X*(T)p :={A € X*(T) | (A, yY)=0forall y € R;ﬁ} be the set
of integral weights which vanish on (R;F)V. For any A € X*(T) p, we still use £, to denote the line bundle
G x P C;, € Pic(G/P), which has fiber over 1.P the one-dimensional 7-module of weight A.

2. Affine Hecke algebra via alcove walk algebra

In this section we introduce the alcove walk algebra, and a formula of Ram [Ram06] describing a change
of bases matrix for the affine Hecke algebra.
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2.1. Affine Hecke algebra. The affine Hecke algebra H is a free Z[g, ¢ '] module with basis {T,, X*|w €
W, A € X*(T)}, such that

e Forany A, u € X*(T), X*XH* = X1,

» For any simple root «, (T, + 1)(T;, —q) =0.

e For any w, y € W, such that £(wy) = £(w) +£(y), Ty Ty = Tyy
» For any simple root & and A € X*(T),

Xsak _ XA
A Sq A _ _
Ty, X" — X*"T,, = (1 q)—1 —~—
For our geometric application we will need two other bases of the affine Hecke algebra H: {Tw_,l1 X*|
we W, A e X*(T)} and {X’\Tw__ll | we W,A € X*(T)}. Define the transition matrix coefficients
cx’u)j €Zlg,q '1by
T\ X = ) rxtT (6)
neX*(T)
ueWw

The main result of this section is a formula for c}f, ‘f obtained by Ram [Ram06]; see Theorem 2.4.
For the later application to the motivic Chern classes, we also introduce the Iwahori—-Matsumoto
Z[q, q~']-algebra involution ® on H defined by

O(T,,)=—qT,' and OX")=X"

where s, is a simple reflection; see [EM97, Section 5.1]. Hence, @(Tw_}l) = (—¢)~t™T,. Applying ©
to (6), we obtain
LX7= ) ("X, M)

HeX*(T)
ueW

2.2. Alcove walk algebra. In this section we review Ram’s definition of the alcove walk algebra, and
state his formula for the matrix coefficients C;f, ;ﬁ We refer the reader to [RamO06] for a more detailed
account of the alcove walk algebras.

2.2.1. Alcoves. Let ty be the dual of the Lie algebra of the maximal torus 7. For any root o and j € Z,
define
Hyj:={rety|(r,a")=j}.

Notice that Hy, ; = H_q,—j. The connected components of tf \ U, jcz Ho,; are called alcoves. The
codimension 1 faces of any alcove are called the walls of that alcove. The fundamental alcove A, is
defined by

Ao={retf|0< (A, a”) <1, forany positive root a}.

If a1, ay, ..., «, are the simple roots, and 6" is the highest coroot, then the walls of the fundamental
alcove A, are Hp ; and Hy, o (1 <i <r). We label these walls of A, by 0, 1, ..., r respectively.
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The affine Weyl group for the dual root system is defined by Wagr := Q x W, where Q is the root lattice.
Then W, acts simply transitively on the set of alcoves, and this action is determined by the reflections
across the hyperplanes h = H,_ ;, given by

Sa,j (1) = Fp (1) := so (W) + jo  for p € X*(T). (®)

The affine Weyl group is a Coxeter group generated by the reflections sg :=sp,; and s; (1 <i <r) along
the walls of A.. In fact, A, is a fundamental domain for the action of W,¢ on the set of alcoves, in the
sense that any element in tg \ U >0, je7 H,_ ; is sent to exactly one element in A,. See [Ram06; Hum90]
for details.

The extended affine Weyl group for the dual root system is Wff’;‘ = X*(T) x W, where X*(T) is the
weight lattice. For any A € X*(T), let 7, denote the corresponding element in W' There is a length
function £ on W:f’;t defined by the following formula (see [Mac96, equation (2.8)]):

0 ifaeRt,

Cw) =) [ w@”) + x(w@)].  where x(@) = {1 ifoaeR™.

a€RT

Let © C W' be the subgroup of length zero elements in WS5'. Then W' =~ W % Q, see [Mac96,
equation (2.10)], and ¢(wg) = £(w) for any w € Wy and g € Q2. The elements in €2 preserve the
fundamental alcove A, and act as automorphisms.

Using a bijection between Wy and the alcoves in t5,, one defines a bijection between W;’f’? >~ W X Q
and the alcoves in Q x t}; (|€2| copies of tf, each tiled by alcoves). We label the walls of every alcove
in Q x  in an W{'-equivariant way: for each w € W' the walls of wA, are wHy, o (1 <i <n) and
wHp 1, and they are labeled by i and 0, respectively. In particular, if two adjacent alcoves A1 and A, are
separated by a wall labeled by i (in both A; and A;), and A| = wA, for some w € W:f’;‘, then A, = ws; A..
Equivalently, in terms of the wall crossings, if w = gs;,s;,- -+ -5;, € szf’l‘ct, withge Qand0<i; <r,
then the alcove wA, in 2 X tTR is the alcove obtained from rotating the fundamental alcove A, according to
the automorphism g, then reflecting along the walls labeled (in order) by iy, ..., i;. See also Lemma 3.3.

Example 2.1. We consider the example of the root system of type A;. Let o be the positive root, and
w = a/2 be the fundamental weight. The weight lattice X*(T') is Zw, the root lattice Q is Z«, and the
finite Weyl group W is {id, s; = s, }. The affine Weyl group W = Q x W has Coxeter generators s, and
80 = ty51. The subgroup of length zero elements in W is @ = {id, g = 1,51} ~ Z/27.

In the following picture for 2 x t7,, the lower sheet is the identity sheet, while the upper sheet is the

} 2505150 (|) 25051 } £50 (|) g 1| g5 (|) 25150 ]| 2515051 (|)
! 1_3p ! T—wS1 ! —w ! TwS] ! tw ! 13451 ! 130 !
(|) 515051 } $150 (l) S1 1 id (|) S0 } 5051 (|) S05150
! g1 ! L ! 1 ! id ! TaS] ! lo ! Das1

Ha,—3 Ha,—Z Ha,—l Ha,() Hoz,l Ha,2 Ha,3 Ha,4
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sheet g x tj;. Each alcove wA, is labeled by the corresponding w € WS, both in the Coxeter presentation

and the translation presentation. In the lower sheet, the walls H, , are labeled by 1 if n is even, and 0 if n
is odd. On the upper sheet, the labelings are in the opposite way.

2.2.2. Alcove walk algebra. We recall a realization of the Hecke algebra in terms of alcove walks; see
[Ram06]. For each positive root o and hyperplane H,_;, set the positive side of it to be {1 e t}; | (A, «) > j}.

Definition 2.2. The alcove walk algebra is generated over Z[q, q‘l] by elements g € 2, and for 0 <i <r,
the elements c;r (positive i-crossing), ¢; (negative i-crossing), ff (positive i-fold) and f;~ (negative
i-fold), subject to the following relations, sometimes called straightening laws:

- - - +_ 4+ +_ ot
o= ST o =+ g =08 &S = L8

In terms of pictures, these generators can be drawn as follows:

i i i i

T

+ - + -
¢ Ci f; f;

+ -
— &

Here, ci+ represents a crossing of a wall labeled by i from its negative to its positive side, and similarly for
the other generators. The product is given as concatenation. An alcove walk is a word in the generators
such that

« the tail of the first step is in the fundamental alcove A, and

« at every step, either we change the sheet according to an element in 2 (thus rotating the alcove according
to this elements), or the head of each arrow is in the same alcove as the tail of the next arrow.

An alcove walk p is called nonfolded if there is no fijE in its word. The length of an alcove walk is
the number of letters cii, fijE in an alcove walk. (In particular, rotation with respect to an element of Q2
does not contribute to the length.) For a minimal alcove walk between two alcoves, one can show that the
walk is nonfolded, thus its length is the number of cijE in the walk [RamO06]. From this it follows that if
w € WY, then £(w)=length of a minimal length walk from A, to wA..

Pick a square root q% of g. The following was proved by A. Ram.

Proposition 2.3 [Ram06, §3.2]. (a) The affine Hecke algebra H is isomorphic as a Z[q%, q_%]-algebra
to the quotient of the alcove walk algebra by the relations

. 1 _1 _ 1 _1
=) ff=@—a, f == ~q7Y) ©)
and
p=p if pand p’ are nonfolded alcove walks with end(p) = end(p’), (10)

where end(p) means the final alcove of p.

(b) Under the previous isomorphism, for any w € W and ) € X*(T): !

1
IThe q2 and T§; in [RamO06, Proposition 3.2(b)] are our ¢ and ¢~ 2 T;, respectively.
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e a minimal length alcove walk from A, to wA, is sent to g*)/? Tuj_ll, and,
o a minimal length alcove walk from A, to t, A, is sent to X A,

For an alcove walk p, define the functions weight wt(p) € X*(T), and final direction ¢(p) € W of p
by the condition that p ends in the alcove 7, ()@ (p)A.. Let

f~ (p) = number of negative folds of p,
£t (p) = number of positive folds of p,

fp) =1+ (p.
Now we can state the formula for the matrix coefficients c;"lf defined in (6); see also (7).

Theorem 2.4 [Ram06, Theorem 3.3]. Let A € X*(T) and w € W. Fix a minimal length walk p,, =

C; € cy from Ag to wA, and a minimal length walk p; = cjl' cjj .

g€ W:f’g’ is defined by the condition g Wass = t; Wagr 2, and €; = % for each i. Then

. cj: g from A, to 1 A,, where

—1 - 1 1 _ _1
quX?\ — Z(_l)f (p) (g2 —q 2)f(17)q2(5(<ﬂ(ﬁ)) ﬁ(w))le(P)T(p(p)il’ (11)
p
where the sum is over all alcove walks p of the form
p= cl._lcl.; .- -c;p‘,-lpj2 - pj,g such that p; € {cfk, ffkk}. (12)
Therefore the matrix coefficients c, li‘ in (6) are given by
c;f;i\ — Z (_1)f+(p)(1 _ q)f(l?)q%(K(M)—e(w)—f(l?)). (13)

p of the form (12)
p(p)=u,wt(p)=p

Example 2.5. Let G = SL(2, C). We use the same notation as in Example 2.1. We check the above
theorem for w = s and A = w. From the alcove picture in Example 2.1, TSI_1 is represented by the

1/ Zcf, while X is represented by the walk gcfL = caL g. Thus, the sum in the

minimal length walk ¢~
right hand side of the Theorem is over the alcove walks ¢, ¢, g and ¢ f0+ g, which end at the alcoves
t_,S1A, and 1_, A, respectively. (Note that cl_car g, which represents TSI*IX “, is not an alcove walk.)

Therefore, the identity in the theorem is

T,'X=X"T; ' —q "1 —q)X .
On the other hand, it is easy to check the above equation using the definition of the affine Hecke algebra
in Section 2.1.

Remark 2.6. In Theorem 2.4, one may relax the hypotheses about the alcove walks p,, and p, to be of
nonminimal length. This follows from analyzing the proof of Ram’s result in [Ram06]. We do not use
this, but it is consistent with our use of nonreduced A-chains in Section 3 below.

ZWe need to add this extra g € Q since 1) A, may not on the same sheet as A,, see Example 2.5. The stated conditions
determine g uniquely.
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Consider an ordered collection of hyperplanes H = {Hag, t,, ..., Hg, i} and set h; := Hpg, ;.. Associated
to this sequence we define the elements

P =gk - o - Spok € Waits  ru=sp - -+ - s €W.
(These depend on the order of #.) We also define an H-restricted version of the Bruhat order on W by
whue=w> WSg, > WSB, Sp, > -+ > WS Sp, + -+ -Sg, = U. (14)

Lemma 2.7 (compare [Lenl1, Proposition 2.5]). Let w € W and » € X*(T). Fix:

e an alcove walk p,, from A, to wA,;

€] €
o an alcove walk p; = c'c¢? -

€
WCh cjngrom A, to 1, A..

Let h; = Hg, i, for 1 <i < s be the sequence of hyperplanes defined by the walls of alcoves crossed by
P, With B; € RS and k; € Z.
Then there is a bijection between

(1) the set of alcove walks of the form p = pypj, ... pj, suchthat p;, € {cjik, f;"}, and
(2) the set of subsets M ={hy,,, ..., hp,} CH=1{h1, ..., hs}withm| <my <---<my, st w é WM.

Under this bijection, the indices m; correspond to the positions of foldings f,'. Furthermore,

¢(pg) = wrp and wi(pg) = wip ().
Remark 2.8. This statement is a slight generalization of Lenart’s result. We do not require A to be

dominant, and therefore we need to allow 8; € R to be a negative root.

Proof. The proof follows the same outline as that of [Lenl1, Proposition 2.5], so we will be brief. To
start, consider the unique unfolded alcove walk po = py,pj, ... pj suchthat p; € {cﬁ}. Any other alcove
walk p as in the statement is of the form

p= ¢m, te ¢m1 (po),
where m; is the folding operation at position m; (cf. [Lenl1]) and the m;’s with m; _; < m; are the
folding p(/)sitions of p. This alcove walk has the property that if k ¢ {m, ..., m;} then p; € {cjik} and
Pin, = fj;'lﬁi (1<i <t). Inaddition p(pg) =wrp and wt(pg) = wir((A). Let My ={hp,, ..., hy, } CH=
{h1, ..., hg}for1 <i <t with the convention that My =& and r; =id. A key pointis that wraq, | > wrpy,
if and only if the folding orientations satisfy €,, = ¢,,. (The proof uses the condition that if 8 > 0, then
wsg > w if and only if w(B) > 0.) All this put together implies that {h,,,, ..., hy,} < Gm; - dm, (Po)
gives the bijection in the statement. O

For a subset M C H as in Lemma 2.7, set p(M) to be the alcove walk pg associated to M, and set
frM) = fH(p(M)).

We next reformulate Ram’s result from Theorem 2.4 in terms of paths in the Bruhat order.
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Corollary 2.9. Let u,w € W and ,, u € X*(T). Assume the same hypotheses and notation as in
Lemma 2.7. Then

+ 1 _ _
cmzz(_l)f M) (] — g)Ml g2 E—Ew)—IM)
M

where the sum is over subsets M C H which satisfy w % u = wra and = wrp(X).

Remark 2.10. A priori, the coefficients ¢, lj appearing in the walk algebra are in Z[qi%]. However, after
matching these with the initial definition of Hecke algebras, it turns out that ¢, lf € Z[g*']. This can also
be seen directly in the formula above, by observing that £(u) — £(w) — | M| is even. (This uses that a
reflection has odd length, and the cancellation property of nonreduced expressions.)

3. A A-chain formula for the transition coefficients ¢, ,’,i‘

In this section we reformulate the alcove walk formula from Corollary 2.9 in terms of the notion of
A-chains introduced in [LPO7]. This notion was utilized to obtain a K-theory Chevalley formula for the
structure sheaves of Schubert varieties. The main results of this section are Theorem 3.9 and Theorem 3.10.
Specializing y — 0, these recover [LP0O7, Theorem 6.1]. Throughout this section, we only consider
alcoves on the identity sheet t;. Recall that A, + A := {x + X | x € A,} is the alcove on t;. (If A is not a
root, the alcove 7, (A,) is not the alcove A, + A.)

3.1. Alcove paths and A-chains. For any two alcoves A and B, which are separated by a common wall
lying on a hyperplane Hg y, write A 2 B if the root B points from A to B.

Definition 3.1 [LP07, Definition 5.2]. An alcove path is a sequence of alcoves (Ag, A1, ..., A;) such
that A;_; and A; are adjacent, 1 < j <I. We denote this by

Ag =B Ay =B 2B 4
When the length / is minimal among all alcove paths from Ag to Ay, it is called a reduced alcove path.
Remark 3.2. By definition, there is a one-to-one correspondence between alcove paths
Ac=Ag L5 A 2B . 2P A=A, — 2 (15)
from A, to A; = v_;(A,) and alcove walks from Ay to A; of the form c;‘ cfj . -cf[’ , where —f; € R for
1<j<lL

Recall that s) = sp.; is the affine reflection along the hyperplane Hy ; with 6" the highest coroot.
Define g = —0, 50 =sg and s; =s; for 1 <i <r.

Lemma 3.3 [LP07, Lemma 5.3]. For any v € Wy, there is a one-to-one correspondence between
decompositions of v in the simple reflections s; € W (0 < i <r) and alcove paths from A, to v(A,) as

follows.
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For any decomposition v = s;,si, - - - 5i,, define

IBJ :Ellglzgljfl(alj)’ 15]51
Then
Ao:AO;m)Alﬂ---_—ﬂ[)Al:U(Ao)

is an alcove path from A, to v(A,).
The affine reflection along the j-th hyperplane separating A;_y and A is si\Siy *+* Si;_Si;Si;_y =" * SiySiys
in particular, the separating wall is labeled by i;. Under this correspondence, a reduced alcove path

corresponds to a reduced decomposition for v.

Let A be an integral weight and let v_, € Wy be the affine Weyl group element which satisfies
v (Ag) = Ao — A, de., 1) = v_;g with g € Q. Choose a (possibly nonreduced) decomposition
v_p =s;, -5, and let B; be defined by

Bji=5nSn -5 (), 1<j<l,
with the convention that «g = —0 (see Lemma 3.3). Then

Ap=Ag b a2 B A )
is an alcove path from A, to A, — A.

Definition 3.4 [LP07, Definition 5.4]. The sequence of roots (81, ..., B;) is a A-chain of roots associated
to the decomposition of v_,. A A-chain is called reduced if the decomposition v_, =s;, - - - 5;, is reduced.

Let H_g; 4; be the hyperplane separating the alcoves A and A ;. The sequence of integers d; are
determined by the sequence of roots B, but we occasionally keep the information of d’s in the notation,
and we refer to the sequence of pairs (81, d1), (B2, d2), ..., (B, d;) as a A-chain 3 Following [LP07,
Prop. 6.8] we recall a combinatorial construction of a A-chain for an integral weight A.

Fix a linear order on the index of Dynkin nodes (for example 1 <2 <---<rinl ={1,2,...,r}).
The set Ry C W,y of affine reflections s, x for the hyperplanes H, ; separating the fundamental alcove
A, and A, — A is given by

(e :0=k>—(r,av)} if (A, a%) >0,
Ri=J { B0k :0<k<—(a,a")} if(x,a”) <0,
aeRt %] otherwise.

One defines a “height function”

iRy — R hser) = (—k, (@1, ), ..., (@, o).

(A, a¥)

31f A is dominant, this definition was extended to the Kac—Moody situation in [LPOS].
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It turns out that this function is injective. Now order the images of / in lexicographic order, so we obtain
h(Sq, k) < -+ < h(sg k). Define another function b: R, — RTUR™ by

b(sus) a ifk<0, aeRt,
Ky =

“Y 7 e ifk>0, aeR".
Then b(sg, k) - - - » b(Sqy k) 15 a (reduced) A-chain of roots.

Remark 3.5. A particularly nice situation occurs for a minuscule fundamental weight @, i.e., when
(w, a") € {0, 1} for any positive root «. In this case all k; =0 and v_,, = (wPH~l e w, with w? being
the longest minimal length representative for cosets of W/ Wp,, where Wp, = Staby (z;); equivalently,
the Schubert variety X (w’ Wp,) = G/P;. A reduced decomposition and the associated z;-chain may
be read from the associated Young poset of G/ P;; see [Pro99; SteO1] and also [BCMP18, §3.1] and
Example 3.6 below. It may also be obtained as a reverse linear extension of the heap H (w’"), and this
gives a one-to-one correspondence between reduced @;-chains and reverse linear extensions of the heap
H (w"). We refer the readers to [MNS22a; NO19] for the heap perspective.

Example 3.6. Consider G = SL5 and the fundamental weight z,. The stabilizer is the maximal parabolic
P, so that G/ P, is the Grassmannian Gr(2, 5). The inversion set and a reduced decomposition of v_,
may be read from the Young diagrams below, with the notation (i — j) =o; +-- - +a;_1.

2-3) | e=4 | 2-9) oy | a3 | oy

(1-3) | (1-4) | (1-5) o | 02 | O3

Then v_g, = 525354515253 and a @w,-chain of roots is given by {ap, o + a3, az + a3 + a4, a1 + oz,
o +ar+ o3, ap +on + a3 +as).

Example 3.7. Let G = SL3, with the Weyl group W = S3, and consider A = 2| — 2ww». An example of
alcove path from A, to A, — A is

Ao=Ag D5 A) 25 Ay T Ay ZPS Ay 55 As P8 Ag=A,— A (A =riAi1,1<i<6),

which is the red path below, and it corresponds to the decomposition v_; = s¢s150s15251. The corresponding
alcove walk is p = ¢ ¢ ¢y ] ¢; cf, and the corresponding A-chain of roots is (1, 1), (B2, 1), (83, 0),
(Ba, —1), (Bs, 1), (Be, 2), as calculated in Figure 1. Here we included the d’s in the notation. We can
choose another A-chain for A = 2@ — 2w, by using the reduced decomposition v_; = s15ps251. The
corresponding reduced A-chain is («, 0), (—ap, 1), (¢, 1), (—a2, 2).

Lemma 3.8 [LPO7, Remark 5.5]. Let L = (B4, ..., Bi) be a A-chain. Then L:= (=Bi,...,=B1)isa
(=A)-chain. If H_g, 4; is the j-th hyperplane of the alcove path from A to A, — A determined by L, then

the j-th hyperplane of alcove path from A, to Ao+ A determined by L is Hg, .\ . 6. By IfLis

—diy1-j
reduced, then L is also reduced.
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a0 W il = 01 :31 = ({0 = _(al +a2)
0 i ir=1, Br=s0(r1) = —p

i3=0, B3=s051(0t0) =0ty

2 ¢ is=1, B4y=s0s15 (1) =1+
. - ?‘. 2 is =2, Bs=s0s15051(ct2) =
0 2 is =1, Be=s0S1508152(¥1) = —p
Ag— A
'Qg 4 so="
g /o 0N /2 0= H’ﬁlvl
W= 1Y o ay,

SoS150 = fH,/gz_l

(s051)50(s180) = 81 =TFH_,
(s05150)s1(05150) = S0 =Fh_y, _,
(sos15051)82(s51508150) = Fri_y |

& s
A (5051505152)81(5251508150) = T'H_p 5

Figure 1. To Example 3.7.

3.2. A-chain formulae. Next we state the main theorem of this section. For any root hyperplane h = Hg x,
let rj, denote the reflection along the hyperplane Hg o, and 7, be the reflection along /.

Assume A is an integral weight and fix a reduced A-chain (81, B2, ..., B1), which corresponds to an
alcove walk from A, to A, — A, with separating hyperplanes H_g, 4, =: h;.

Forasubset J ={j; < jo <--- < ji} C{1,2,...,1}, define the relation

J>

def,
Uu—w <— U <urp, <urp,rp < < U, - Th, =W,

Jt—1 J1

and let
f]< = i;l’lj]'..i;hjl' (16)

Hence, w =L u from (14) is equivalent to u L w. Therefore, Corollary 2.9 can be restated as follows.
Theorem 3.9. In the above setting,
_ L0 — 0 (w)—
C;U,U« A Z(_l)n(l)(l _q)lf\qz(f( )—tw)=1JD), (17)
where the sum is over subsets J C {1,2,...,1} such that u L5 w and wry_(—=X\) = p, and where
n(J):=#{jeJ|B;j <0}

Proof. In the summation in Corollary 2.9, we let J C {1, 2, ..., [} be the indices of the hyperplanes in
M. Then by Remark 3.2, (M) =n(J). This finishes the proof. O

Using the transformation between a A-chain and a (—A)-chain, we can get rid of the negative sign in
front of A in Theorem 3.9 as follows.

First of all, (—8;, —Bi—1, ..., —B1) is a (—A)-chain, which corresponds to an alcove walk from A, to
A+ A, with the j-th separating hyperplane being

h = Hg 0.8 )—dii;- (18)
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Then ry, =rn,_;- Let iy, = fh; be the reflection along /;. Define

u Jé w é} u< urh_/.l < urh_“ rhjz << ”rh_,'l s rh_/.t =w

and

Fj> = th,"';'hj]- (19)

L 0()— £ () —
Theorem 3.10. k= Z(_l)"(f)(q — Vg2 —tw)=lID, (20)
where the sum is over subsets J C {1, 2, ...,1} such that u I5 wand wry_(A) =, and where n(J) :=
#HjelJ|Bj <0}
Proof. Applying Theorem 3.9 to the (—X)-chain (—8;, —B8;-1, ..., —B1), we get
ek = 3 (= yRUI=Pr- <O (g g)' g C@=tw-n,

where the summation is over subsets J' := {1 < j; < j» <--- < J, <1} such that

U <ury, <o <ury Ty =w (21)
t 1 1
and
why, - Fy () = p. (22)
Let
J={1<l+1—j<l+1—ji1<---<l+1—j <I}.
Then

(=)A= = ) = (=" (g = 1),
where n(J) is defined in Theorem 3.9. Since W, = Thig s condition (21) is equivalent to u J5 w. On
the other hand, condition (22) is equivalent to wr;_(A) = p as 7p,,,_;, = fh}. This finishes the proof. [J

For further use, we also record the following technical result, which will allow us to rewrite the
elements wr;_(—A) from Theorem 3.9 and w#;_ from Theorem 3.10.

Proposition 3.11. Consider a A-chain B, ..., B;. For any subsequence J = {j1 < jo <--- < j;} C

{1,2,...,1}, we have

—Fy (=N =r; 7 (X), where ry=rp; ry, - 1y .

Proof. Let m; = (A, ﬁj.v) (1 < j <1). By induction on |/, it is easy to show that
fhjlfhjz' ”i;hj;(_)“) = —A+(mj —dj)Bj, + (mj, _djz)rhjlﬂjz +-- 4 (mj, _djz)rjlrh,-z' '.rhjrilﬁjt’
Fh.itfhjtq o .Fhfl ()\') =A _djtﬂJr _djt—lrhj,:B]}—l - _djlr'hj,rhjti1 c 'rhjzﬁjl’
Phy Thy,** Thy, A =r—mjBj — mj,rp;, Bjp—-— M T Thy,- - Thy, Bij,-

Asrj=rp; rp;,---rn, is alinear transformation, we get

rif W) =ryQ) +djry cccrny Bt dj rhg, o, B o+ d By = —F(=h). O
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Remark 3.12. With the notation as above, the condition that # 2> w in Theorem 3.9 implies that

ur;l = w, thus by Proposition 3.11,

wry_(—=\) = —ury_(A).
Similarly, in Theorem 3.10, we have that w = ur, thus

wry (M) = —urj_(—A).
This leads to alternative formulae in Theorems 3.9 and 3.10.

Appendix B includes a fully worked out example illustrating calculations of some coefficients clflf

utilizing Theorem 3.9 and Theorem 3.10.

4. Motivic Chern classes of Schubert cells

We recall basic properties of the motivic Chern classes of the Schubert cells in the (partial) flag varieties.

4.1. Definition of the Motivic Chern classes. Let X be a quasiprojective complex algebraic variety,
and let Gg(var/ X) be the (relative) Grothendieck group of varieties over X. It consists of isomorphism
classes of morphisms [f : Z — X] modulo the scissor relations. Brasselet, Schiirmann and Yokura
[BSY10] defined the motivic Chern transformation MC,, : Go(var/X) — K(X)[y] with values in the
K-theory group of coherent sheaves in X to which one adjoins a formal variable y. The transformation
MC, is a group homomorphism, it is functorial with respect to proper push-forwards, and if X is smooth
it satisfies the normalization condition

MC,lidy : X — X]1=) [NTz]y’.

Here [/\j T;] is the K-theory class of the bundle of degree j differential forms on X. As explained
in [BSY10], the motivic Chern class is related by a Hirzebruch—Riemann—Roch type statement to the
Chern—Schwartz—MacPherson (CSM) class in the homology of X; see Section A.2.

There is also an equivariant version of the motivic Chern class transformation, which uses equivariant
varieties and morphisms, and has values in the suitable equivariant K-theory group. Its definition was
given in [AMSS24a; FRW21], following closely the approach of [BSY10].

Assume X is smooth and there is a torus 7" acting on X. Let K7 (X) denote the equivariant K-theory
of X, see [CG10]. If X is a point, K7(pt) = K°(Rep(T)) = Z[T]. For any F € K7 (X), let

xr(X, F):=Y (~D)'H (X, F) € Kr(pt).

1

Let (—, —) be the nondegenerate pairing on K7 (X) defined by

(F,G)=xr(X, F®G) € Kr(pt),
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where 7, G € K7(X). For a vector bundle E, the A,-class of E is the class

ay(E) =Y [NE]y* € Kr(X)yl.

k
The A-class is multiplicative; i.e., for any short exact sequence 0 — E; — E — E; — 0 of equivariant
vector bundles there is an equality A, (E) = A,(E1)A,(E>) as elements in K7 (X)[y].
Recall the (relative) motivic Grothendieck group Gg (var/ X) of varieties over X is the free abelian
group generated by the isomorphism classes [ f : Z — X] where Z is a quasiprojective T -variety and
f 1 Z — X is a T-equivariant morphism modulo the usual additivity relations

[f:Z—=>X]=[f:U—- X]+[f:Z\U — X]

for U C Z an open T -invariant subvariety. For any equivariant morphism f : X — Y of quasiprojective
T -varieties there are well defined push-forwards f : Gg (var/X) — Gg (var/Y) given by composition.
The equivariant motivic Chern class is defined by the following theorem.

Theorem 4.1 [AMSS24a; FRW21]. Let X be a quasiprojective, nonsingular, complex algebraic variety
with an action of the torus T. There exists a unique natural transformation MC, : Gg (var/ X) —
K7 (X)[y] satisfying the following properties:

(1) It is functorial with respect to T-equivariant proper morphisms of nonsingular, quasiprojective

varieties.

(2) It satisfies the normalization condition
MC,ylidy : X — X1 =2,(T3) = > ¥ [NT§], € Kr(X)Iyl.
The transformation M C,, satisfies a Verdier—Riemann—Roch (VRR) formula: for any smooth, T -equivariant
morphism 7w : X — Y of quasiprojective and nonsingular algebraic varieties, and any [f : Z — Y] €
Gg (var/Y), the following holds:
MIHNT*MC[f:Z—>YI=MCy[n*f:Z xy X — X].
Define the Grothendieck—Serre dual operator D : K7 (X) — K7 (X) by setting, for any [F] € K7 (X),
D[F]:=[RHom(F, o})] = [0} @ F'] € K7 (X), (23)

where §, >~ wx[dim X] is the (equivariant) dualizing complex of X (the canonical bundle wy shifted by
dimension). The class [F"] is obtained by taking an equivariant resolution of F by vector bundles, and

then taking duals. Extend the operators D and (—)" to K7(X)[y*!] by sending y — y~!. We also let

(—)V denote the operator on K7 (pt)[y*'], which sends e* to e and y to y~!.

Definition 4.2. Assume 2 < X is a T-stable subvariety.

(1) The motivic Chern (MC) class of Q2 is

MCy(Q) := MC,[Q <> X] € K7 (X)[y].
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(2) If 2 is pure-dimensional, the Segre motivic Chern class SMC(2) € K7(X)[[y] is the class
D(MCy(2))
Ay (T¥)
4.2. The complete flag variety case. Both {MC,(X(w)°) | w € W} and {SMC, (Y (w)°) | w € W} are

bases for the localized equivariant K-theory

SMCy(Q) = (—y)*™* € Kr(X)[yl.

K7(G/B)yloc := Kr(G/B)[yl ®k(pr) Frac K7 (pt).

These classes can be calculated recursively using the Demazure—Lusztig operators as follows.
The left multiplication action of G on G/B induces a left Weyl group action on K7(G/B). For any
w € W, let w’ denote this action.

Definition 4.3 [MNS22b, Section 5.3]. For any simple reflection s;, we define the following left Demazure—
Lusztig operator on K7(G/B)ioc:

1+ ye @ 1
b= Y T FY (24)

! l—e @ ' 1—e %

Lemma 4.4 [MNS22b]. The operators 7;L satisfy the braid relation and the quadratic relation
(T + DT +y) =0.
Moreover, they commute with the operators of tensoring by elements in K (G/B).
The following lemma is easy to verify.
Lemma 4.5. The map WV defined by
W(T) =T and W(X") =e",

where e* € K1 (pt) acts on K1(G/B)ioc by multiplication, induces an action of the affine Hecke algebra H
(with g = —y) on K1 (G/B)1oc.

Theorem 4.6. (1) [MNS22b, Theorem 7.6] For w € W and a simple root «;,

MCy (X (siw)®) if siw > w,

L °)) =
T (MCy(X (w)?)) = {—(y—i— DMCy(X(w)°) —yMCy(X(siw)°)  if siw < w.

In particular,
MCy(X(w)*) =Ty, ([Oxqia) -
(2) [MNS22b, Theorem 7.1] For any w,u € W,
(MCy (X (w)°), SMCy(Y W)°)) = Su,w-
Remark 4.7. (1) By [AMSS24b, Theorem 5.1 and Corollary 5.3],

MCo(X (w)°) = [Oxw)(=0X (w))] and SMCo(Y (w)°) =[Oy,
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where X (w) := X(w) \ X(w)°. Thus, the duality in the second part of the theorem reduces to the
classical fact

([Ox ) (=3 X (w))], [Oyu]) = duw-

(2) By definition, for any w € W,
MCy(Y(w)) =Y MCy(Y(u)°).
u>w
Besides, by the linearity of the Grothendieck—Serre dual operator D,
SMC, (Y (w)) = Z(—y)a”)_e(w)SMCy(Y(u)°).

u>w
Therefore,

SMCoy(Y (w)) =[Oy w)]-

4.3. The partial flag variety case. For any w € W, let £(wWp) denote the length of the minimal length
representative in wWp. Let 7 : G/B — G/ P be the natural projection. It is proved in [AMSS24a,
Remark 5.7] that

T MCy (X (w)°) = (=) W= VI MC (X (wWp)°). (25)

In particular, if w is a minimal length representative, then 7w, M Cy (X (w)°) = M C, (X (wWp)®); this also
follows directly from the functoriality property of the motivic classes.

Proposition 4.8. (1) [MNS22b, Proposition 6.3] Let Q C G/ P be a T-stable subvariety of G/ P and
7w :G/B — G/P be the projection. Then

T*SMCy(Q) = SMCy (7' Q) € K1 (G/B)[yl.

(2) [MNS22b, Proposition 7.2] Let u, w € WP, The Segre motivic classes are dual to the motivic Chern
classes for any G/ P; i.e.,

(MCy(X(wWp)®), SMCy(Y (uWp)®)) = 8u,u-
Remark 4.9. By the first property in the proposition, for any w € W%,
T (SMCy (Y (wWp))) = SMC, (Y (w)).

Letting y = 0, we get
T (SMCo(Y (wWp))) = SMCo(Y (w)) = [Oy ],

where the second equality follows from Remark 4.7. By the definition of the SMC class,
SMC,(Y(wWp)) = ) (=) O™ ISMC, (Y uWp)°). (26)
ueW? u>w

Hence,
T (SMCo(Y (wWp)®)) = " (SMCo(Y (wWp))) = [Oyw)]-
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Since 7*([Oywwp)]) = [Oyw)] and * is injective, we get
SMCo(Y (wWp)®) = SMCo(Y wWp)) = [Oy wwp)].
Combining with the second part of the proposition, we get
MCo(X(wWp)°) =[Ox@w,) (=X (wWp))].

This can also be proved using Remark 4.7(1), equation (25), and the fact that the pushforward of an ideal
sheaf is an ideal sheaf, by [Bri02].

5. Chevalley formulae for the motivic Chern classes

In this section we obtain several Chevalley formulae for the motivic Chern classes, in terms of alcove
walks, A-chains, and certain operators. The main technique is to reinterpret formulae from Hecke algebras
such as Theorem 3.9 in terms of multiplications of motivic Chern classes by line bundles. Our main
results are Theorems 5.5 and 5.12. In Section 5.3 we discuss several positivity properties and conjectures
of the Chevalley coefficients. Finally, in Section 5.5 we discuss parabolic Chevalley formulae.

5.1. Chevalley coefficients. Consider a torus weight A € X*(T') and u, w € W. The Chevalley coefficient
C,’; is defined by the following formula:

£A®MCy(X(w)°)=ZC;‘f,\MCy(X(u)"). 27)

u<w
Note that for any simple reflection s; there is a short exact sequence of equivariant sheaves
0= Lo, @ C_wy@) = O6/B = Ox(wesi) = 0
with @; the fundamental weight, see [BM15, §8], for example. Therefore,
[Ox wosy] = 1 = e Loy, € K7(G/B),

and the coefficients from (27) for A = z; also recover the multiplication of [Ox (y,s,)] With the MC classes
of the Schubert cells.
The coefficients C,’; also arise from Chevalley formulae involving Segre motivic classes:

Lemma 5.1. L, @ SMC, (Y (u)°) = Z C.; SMCy (Y (w)°). (28)

Proof. This follows from the (Poincaré) duality in Theorem 4.6(2), as the Chevalley coefficients in (27)
and (28) are given by
Cyly=(La@MCy(X(w)°), SMCy(Y (1)°)). [l

We now relate the Chevalley coefficients above to the coefficients ¢, lf from (7) in the Hecke algebra.
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Theorem 5.2. Let A be any weight in X*(T). The following Chevalley formula holds in Kt(G/B)[y]:

Lo@MC,(Xw))= Y y O e el o MCy(X (u)°).
neX*(T),uew

In particular, the following equation holds for the Chevalley coefficients in (27):
cr_, = Z et gy
neX*(T)
From (27), the Chevalley coefficients C L'j , belong to a localization K7 (pt)[y] which allows division by
14 %y for any root «. However, the expansion from (7) implies that the coefficients (—g)* ™) ~®cl-

are polynomials in Z[q]. Then it follows that C}/ , are in fact polynomials in K7 (pt)[y]. This will be
seen explicitly in Theorem 5.4.

Proof of Theorem 5.2. Applying the map W in Lemma 4.5 to (7), we get

Tle ™t = Z y =Wkt TF € Ende K7(G/B)[y].
neX*(T),uew

The theorem follows by applying both sides to [Ox iq)], and utilizing that
Toe " ([Oxin)) = Ty (L1 @ [Oxin)]) = L, @ MCy(X (w)°).

Here the first equality follows from £_; ® [Oxq)] = e*A[OX(id)], while the second one follows from
Lemma 4.4 and Theorem 4.6. (|

Remark 5.3. This argument can be generalized to the case when the line bundle £, is replaced by any
homogeneous bundle V = G x8 V — G/B associated to a B-representation of V. If the character of V
is ch(V) =Y, aye*, then a localization argument shows that the class of V in K7(G/B) is equal to

[V] = Z a;L‘CA.

It follows that, for any w € W,

VOMC(X(w)*) =Y aLi @ MC(Xw)*) =Y Y a,C¥, MC(X@)°).
A A

u

We illustrate this for G/B = Fl(n), the complete flag manifold. This is equipped with the tautological
sequence Fo =0C Fy C F C---CF,=C" For1 <i <n-—1define X; = F;/F;— regarded in
K7(G/B). Then

NFi=ejXi,....X:), Sym!Fi=h;j(X,..., X))

where ¢; and h; denote the elementary symmetric function, respectively the complete homogeneous
symmetric function. Note that if z; denotes the ith fundamental weight, then X; = L, 4, , for
1 <i < n —1, with the convention that @y = 0. Theorem 5.2 gives a formula for the multiplication
by monomials X' - -+ - XZ”_’II, which in turn gives formulae to multiply by e;(X;, ..., X;) and
hj(Xy, ..., Xp).
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In the next section, we give explicit formulae for the Chevalley coefficients C}' , based on the formulae

for the Hecke algebra coefficients c}f,f

5.2. Chevalley formulae via alcove walks and the A-chains. Let us recall the setting of Corollary 2.9.

511 Z e cj: from A, to A, + X, and let
H ={hy, ha, ..., hs} be the ordered sequence of hyperplanes defined by the walls of alcoves crossed by
Py Define B; € R and k; € Z (1 <i <) by the condition h; = Hg, ,. Combining Corollary 2.9 and
Theorem 5.2, we get the following formula.

For A € X*(T), choose a minimal length alcove walk p, =c

Theorem 5.4 (alcove walk formula for the Chevalley coefficients).

Cl_y =D (=) T (] )Ml (g @I L= IMD g ()
M

. M
where the sum is over ordered subsets M C H such that w = u = wr .

We now recall the setup of Theorem 3.9. Assume A is an integral weight and fix a reduced A-chain
(B1, B2, - .., B1), which corresponds to an alcove walk from A, to A, — A, with separating hyperplanes
hj:=H_p;a;.

Combining Theorems 3.9, 3.10, and 5.2, we get the following formulae.

Theorem 5.5 (\-chain formula for the Chevalley coefficients).

C;i—x — Z (_1)"(1)(1 + y)lfl(_y)%(15(10)—15(@—|J|)e—w71> ()L), (29)
Jc{l.2,...1)
where the sum is over subsets J ={ji <--- < j;} C{1,2,..., [} such that u < urp;, <urp; rp, <--- <
UTh Py, = Thy, =W and v j_ is defined in (19). Furthermore,
C;‘ik - Z (_1)"(1)(_1 _ y)lfl(_y)%(f(w)—f(u)—\Jl)e—wf/< (—k)’ (30)
JC{1.2,...1)
where the sum is over subsets J = {j1 <--- < ji} C{1,2,...,1} such thatu <ury, < Urp,rp;, | <0<

ury ~rp;, = w and 7y_ is defined in (16).

Jt

Remark 5.6. (1) It follows from Remark 3.12 that —w7;_(A) =ur;_(—2X) in (29), and that —w7;_(—1) =
ury_(A) in (30), giving alternative ways to calculate these.

(2) By Remark 4.7(1), the MC and SMC classes specialize at y = 0 to the ideal sheaves and the structure
sheaves, respectively. Under this specialization, and using that —w7;_(A) = ur;_(—2), equation (29)
reduces to the equivariant K -theory Chevalley formula of Lenart—Postnikov [LP07, Theorem 6.1].

One can also consider the more general situation of Kac—-Moody flag varieties defined in, say, [KumO02].
These are ind-varieties, and one can define the motivic Chern classes of the finite-dimensional Schubert
cells using the ind-structure. There are analogues of the (left and right) Demazure operators, and the
notion of A-chains extends to this setting, by results of Lenart and Postnikov [LPO8]. Note that for an
infinite Weyl group W, a A-chain may be an infinite sequence, i.e., [ = co. But, for given u < w, t = |J|
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is finite, and the number of J which satisfies the condition in Theorem 5.5 is also finite. Based on these
similarities to the finite case, we expect the following conjecture to hold.

Conjecture 1. For a Kac—-Moody Weyl group W and a dominant integral weight A, the analogues of the
equations (29) and (30) hold.

5.3. Miscellaneous. In this section we discuss positivity properties of the coefficients from the Chevalley
formula, and some special properties of the multiplication by line bundles given by minuscule weights.
We start with the following consequence of Theorem 5.5.

Proposition 5.7. Let A be a dominant weight and set ¢ = —y. Then:

(1) Cy, may be written as a combination of terms of the form e"q“(q — 1)? with nonnegative integer

coefficients.
(2) C,)_, may be written as a combination of terms of the form (—=D)Petq*(qg — 1) with nonnegative
integer coefficients.
In both situations, b has the same parity as £(w) — £(u).
Proof. Both statements follow from Theorem 5.5, using that for a reduced A-chain with A dominant we
have n(J) =0, and that £(w) — £(u) — |J| is an even integer. O

Example 5.8. Consider type A,, with A = 2w + @y, and with the A-chain from Appendix B. Take
w = s251. Then from Theorem 5.5 we get, with g = —y,

Ly @MC_y(X(5251)°) = €7 > MC_y (X (5251)°)

(g —1)(e™ 7 eI 2T MO (X (51)°)
+(q = DE7 T+ MC_ (X (52)°)
+(q =17 427 4T MC_g (X (id)°),

L, @MC_y(X(5251)°) = e T2 MC_y (X (5291)°)
—(g=D(E™ " e e MC_ (X (51)°)
— (g = D(e T4 T MC_ (X (52)°)
(g — D™ e T e I o g oI 1 (X (id)°).

We now investigate the special multiplication by £ in the case of minuscule fundamental weights.
In this case the coefficients have a particularly pleasing factorization.

Lemma 5.9. If A = @; is a minuscule weight, then for any u, w € W,

va)L eu()») PMqu(y) and C:;i_)“ — (_l)é(w)—ﬁ(u)e—w(A)Pwou (y)7

ur wow,A

where P}, (y) € Z[y]. These polynomials are palindromic, that is, they satisfy
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Proof. Since A = w; is minuscule, for any reduced A-chain (B, B, ..., Bi), the separating hyperplanes
must be of the form h; := H_g, o, thus fhj = rp;,- Therefore the first equality follows from (30),
since —w#;_(—A) = —wr;_(—A) = u(}r). The second equality follows this and from the star duality in
Proposition 6.2 below. The palindromic property follows from Proposition 6.5(a) below. ]

Remark 5.10. In an earlier arXiv version of this article, we conjectured that if > = w@; is a minuscule
weight, then the coefficients C;; () in the multiplication

MC(X(w)°)- L, =Y _ CY, ()MC(X@)°)

are polynomials with nonnegative coefficients. Since then, we have found counterexamples to this
conjecture in Lie types D¢, Eg and A7.

The next example shows that even in the cases when a coefficient C,; (y) happens to have positive
coefficients, cancellations may still occur in the formula (30), which calculates it.

Example 5.11. Consider type Az, A = ), w = 515253515251 and u# = s351. An wp-chain is ] =y, Br =
ar + a3, B3 = o) + oz, By = ] + a + a3; see Example 3.6. We have two paths from u to w in (30):

o J1 = {2, 3} which gives u < usg, < usg,sg, = w, where £(usg,) +3 = £(w);
o o =1{1,2,3,4} which gives u < usg, <usg,sg, < uSp,Sp;5p, < USp,5p,56,58, = W.

The path J; gives coefficient (—1 — y) x (=1 — y)(—=y)e*® = —y(y + 1)2¢*®), and the path J, gives
coefficient (—1 — y)*e*® = (y 4+ 1)*¢*™ . Therefore

CYy=e"D((y+ D' =y +DH =P+ y+ Dy + D>

5.4. An operator formula. In this section we reformulate the A-chain Chevalley formula from Theorem 5.5
via operators generalizing to motivic Chern classes similar ones from [LPO7].

Let i := (p, 0Y) + 1 be the Coxeter number, where p := ZZZI w; and 0" is the highest coroot. Let
1§(T) = Z[e*™/h . TP/ and let

K1(G/B) := K1 (G/B)[y] ®ky o1y Frac(R(T)[]).

Then K 17(G/B) has a basis over Frac(ﬁ(T)[y]) given by the motivic Chern classes of the Schubert cells.
Define Frac(R(T)[y])-linear operators Bg (8 € R*) and E* (1 € X*(T)) on K7 (G/B) by

(=1 = y)(—y) 2 C=Ls) =D pC (X (wsp)®)  if wsp < w,

Bg(MCy(X(w)°)) := { 0 otherwise

EM(MCy(X (w)°)) 1= e ™" MC, (X (w)°).
If B € R, define Bg := —B_g. Then

EMEW = EMY and  BgE*#* = E*By.
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Given a A-chain (B4, ..., B;), define
R™:=Rg Ry - Rp,, where Ry := E(EP + Bg)E~" =EP + E¥P)PBy.
Theorem 5.12 (operator Chevalley formula). For any integral weight A € X*(T),
L, ®@ MCy(X (w)°) = R*(MCy (X (w)°)). 31)

Remark 5.13. (1) The theorem implies that the definition of R*! does not depend on the choice of
the A-chain, which is equivalent to the Yang—Baxter equations [LPO7, Definition 9.1] satisfied by the
operators Rg.

(2) The formula analogous to (31) involving SMC is obtained by replacing the operator R"*/ by an
operator defined via the adjoint operators of Bg and E*.

(3) Recall from Remark 4.7(1) that M Co(X (w)°) = [Oxw)(—0X(w))]. Specializing y = 0 in the

theorem, we get a dual version of Lenart—Postnikov’s formula [LP07, Theorem 13.1].

For the proof of the theorem, we need a result from [LPO7]. Recall that (8y, ..., f;) is a A-chain. The
hyperplane i := H_g, 4, separates the alcoves A;_; and A; in the corresponding alcove path, and 7y, is
the reflection along /.

Lemma 5.14 [LPO7, proof of Proposition 14.5]. Forany 1 < ji < jo <--- < j; <1,

—p+Pit-+Bj—1tsp, Bjpvi - Bp—)+- s sp (Bt Bt p) =—hij o Fi(=1).
Proof of Theorem 5.12. By definition,

RM — Ry Rp_, -~ Rp, = Ep(EﬁI +B/31)...(Eﬁ2 —f—B/gz)(Eﬁl _{_Bﬂl)E*P — ZR[J)»].
J

Here J ={j1 < jo <--- < j;}isasubsetof {1,2,...,[}, and R[J” is the term that contains Bg, if j € J,
and E#i, otherwise. Moving all the B-operators to the left, and using the relation BgE°f# = EF Bg and
Lemma 5.14, we get R[JM = Bg, -+ Bg, E~i i =0 = Bg, -+~ Bg, E~"71<(=%) The theorem follows

from this and Theorem 5.5. [l

5.5. Parabolic case. We now extend the Chevalley formula to the partial flag variety case G/ P.

Theorem 5.15 (Chevalley formula for the G/ P case). Let w € W and . € X*(T) p. Then we have

L, @ MCy(X (wWp)°) = Z( > (—y)f“”“"’%)M@(X(uwp)"),

ueWP ~veuWp
and

£, ® SMCy (Y uWp)°) = Z( > (—y>‘“”>K<")C$A>5Mcy(Y<pr)°>,

weW? “veuWp

where C,, ; are the Chevalley coefficients for full flag G/ B given explicitly in Theorem 5.5.
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Proof. The first equality follows from (25) and (27), while the second equality follows from the first one
and the duality in Proposition 4.8(2). (Il

Remark 5.16. In a paper in preparation we use this theorem to give a combinatorial Chevalley formula
for minuscule flag varieties and a K -theoretic generalization of Nakada’s colored hook formula. See also
[FGSX?24] for a Pieri formula for the motivic Chern classes of Schubert cells in the equivariant K-theory

of Grassmannians.

6. Dualities of Chevalley coefficients

Recall the expansion from (27):
L ®MCy(X(w)°) =) C¥, MCy (X w)°).
u<w

In this section we state and prove several duality properties of the Chevalley coefficients C,’, . All these
dualities have a geometric origin (Serre duality, star duality, Dynkin automorphisms) and we name the
Chevalley dualities correspondingly.

Recall the Grothendieck—Serre operator D from (23), and the duality functor (—)" on K7(G/ B)[yil]
and K7 (pt)[y*!], which sends a vector bundle to its dual and y’ to y~. This induces the following
property of the Chevalley coefficients in (27).

Proposition 6.1 (Serre duality). CY, = (=) =ty (Cpn _)Y.
Proof. Since
SMCy (Y (w)°) = (—y)dim”l”)D(Mcy SRl
Y Ay(T*(G/B))

equation (28) can be written as
Lr@DMCy(Y)7) = Y Cs (=) DMy (¥ (w)°)).
weW
Taking the dual D on both sides, we have
Lo@MC,(Y)°) =) (CY)Y (=) @~ OMC, (¥ (w)°).
weW
Finally, applying the left wp-action to this identity, we get
L ®@MCy(X (wou)?) = Y wo(Cy,)Y (=) @~ O MCy (X (wow)®).
weW
This finishes the proof of the theorem by comparison with (27). O

The star duality * acts on K7(G/ B)[yil] and Kr (pt)[yil] by sending a vector bundle to its dual,
and leaving y' unchanged. Consider the composition

= wox : Kr(pt)[y=']1 = Kr(poly™1.
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Combining Theorem 9.1(a) and Remark 4.7 of [AMSS24b], we have

Cp®L_p ®MCy(X(w)°) = (—Im /B TT(1 4 ye™) % (SMCy (X (w)°)). (32)
a>0
Proposition 6.2 (star duality). v, = (=Dt (o).

Proof. Apply the star duality functor * to (27), then use (32) to get

L ®@SMCy(X(w)°) =Y (=D ™~ 5 (CY)SMC (X (u)°).

Applying the left wy-action to the above equation and comparing with (28), we get the result. O

The map sending o; — —wp(e;) for every simple root «; induces an automorphism on the Dynkin
diagram, hence also on the flag variety G/B. This automorphism maps X (w)° to X (wowwy)°, and it
induces a ring automorphism ¢ on K7(G/B), which sends £, to £_,,,;, and twists the base ring K7 (pt)
by the map ¢ above.

Proposition 6.3 (Dynkin duality). CY, =uChliny wor)-

wouwg, —
Proof. Applying the Dynkin automorphism ¢ to (27), we obtain

L_wor @ MCy (X (wowwy)®) = Z L(Cy )M Cy (X (wouwo)®).
ueWw

The claim follows from the definition of the coefficients C,’; . ]
Combining Propositions 6.1 and 6.2 in one instance, and Propositions 6.2 and 6.3 in a second instance,

we obtain:

Proposition 6.4 (1) (Serre duality + star duality).

14 —L
(CY I ysy1 Xy (w)—t) _ CY..

(2) (star duality + Dynkin duality).
wa — (_ l)é(w)—ﬂ(u) Cuw()
u,

wwo, WA "

Using the A-chain formula in Theorem 5.5, we can also give a direct combinatorial proof for the various
duality identities in this section. The proofs are similar to [LP0O7, Theorem 8.6] and [LP0O7, Theorem 8.7].
Proposition 6.5. Let A be any integral weight and let and w, u € W. Then:

(a) C:f,/\ € Kr(pt)[y] and (C;‘fA)l),_)yfl X yﬁ(w)*z(“) = C:f},;\; in other words, C;’fA is palindromic as a
polynomial in y. (Compare Proposition 6.4(1).)
(b) CY, = (=ntw=twcitn . (Compare Proposition 6.4(2).)

() CY, = (=Dt~ £u) (Cw _,)- (Compare Proposition 6.2.)
d) Cy, =c(Cpowr_, ). (Compare Proposition 6.3).

woUwWg, —WoA
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Proof. Part (a) is straightforward from (30); part (d) follows from (b) and (c). Parts (b) and (c) follow from
known properties of A-chain, i.e., if (81, ..., B;) is a A-chain, then (wgf;, ..., wpBp) is a (woA)-chain
and (—=p;, ..., —pB1) is a (—A)-chain. 0

Remark 6.6. Serre duality extends to any G/P. For w,u € W¥and A € X*(T)p recall the expansion

Ly@MCy(X(wWp))= Y ClFMCy(XuWp)°).

ucW?r

Then Theorem 5.15 can be rewritten as C;‘f ’AP =Y (—y)e(”)_e(”)C;‘f ,- Arguing as in the proof of

Proposition 6.1, we obtain: veuWp

Proposition 6.7 (Serre duality on parabolic Chevalley coefficients).

ClF = (=) @)=ty (CE P Y, (33)

wow, —A

where wow and wou € WP are minimal coset representatives of wowWp and wouWp.

7. K-theoretic stable envelopes for T*(G/B)

In this section we apply the Chevalley formula for motivic classes to calculate the transformation of stable
envelopes in 7*(G/B) under the change of arbitrary alcoves. For alcoves adjacent to the fundamental
alcove, a formula for this transformation was obtained in [SZZ20, Theorem 5.4], see also [KW25].

7.1. Definition of the stable envelopes. The stable envelopes were defined by Maulik and Okounkov
in their seminal work on quantum cohomology of Nakajima quiver varieties [MO19]. Later, this was
generalized by Okounkov and his collaborators to K -theory and elliptic cohomology [Oko27; AO21].
We recall next the definition of the stable envelopes for 7*(G/B).

The torus T acts by left multiplication on G/B. Hence, it induces a natural action on 7*(G/B). There
is also a natural dilation C*-action on the cotangent fibers by a character of ¢ ~'. Throughout this section,
we use ql/ 2 to denote the standard representation of C*, so that K7xc+(pt) = K7 (pt) [qil/ 2.
The definition of the stable envelopes depends on three parameters:

e a chamber C in the Lie algebra of the maximal torus T’;
e a polarization T ¢ K7wc+(T*(G/B)) of the tangent bundle T (T*(G/B)), i.e., a solution of the
equation
T2+q7'(T)" =T(T*(G/B))
in the ring K7c+(T*(G/B))ioc;
e an alcove A in tf, which is also called a slope in [Oko27].
Given a polarization T %, there is an opposite polarization defined by TO%pp =q T > ). A typical example

of a polarization is T (G/B) (pulled back from G/B to T*(G/B)). Its opposite is equal to T*(G/B).
Because we will work with fibers of polarizations over fixed points, in what follows we will assume that
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the polarization is given by a subbundle of T (T*(G/B)), or possibly a virtual vector subbundle, i.e., a
formal difference of such subbundles.

The torus fixed point set (T*(G/B))T = (G/B)T is in one-to-one correspondence with the Weyl
group W. For every w € W, recall that e,, denotes the corresponding fixed point. For a chosen Weyl
chamber € in Lie 7', pick any cocharacter o € €. The attracting set of the fixed point e,,, also called the
Biatynicki-Birula cell in the literature, is defined by

Attre(w) = {x € T*(G/B) | lim o (z) - x = ewl.

By analyzing the (signs of the roots in the) weight space decomposition of Ty, (T*(G/B)), one may show
that Attrg(w) is the conormal bundle of the attracting variety of w in G/B; i.e., the conormal bundle of
the Schubert cell stable under the Borel subgroup associated to the chamber ¢.* Define a partial order on
the fixed point set W to be the (transitive closure of the) following relation:

ey <e¢e, 1if Attre(v)Ney # D.

Then the order determined by the positive (resp., negative) chamber is the same as the Bruhat order (resp.,
the opposite Bruhat order).

Any chamber € determines a decomposition of the tangent space N, := T,,(T*(G/B)) as Ny, =
Ny +@® Ny — into T- welght spaces which are posmve and negative with respect to Qﬁ respectively. For
every polarlzatlon T2 denote Ny N T2 lw by Nw Similarly, we have N2 : + and N : . In particular,
Ny,— = Ny, ; _®q (N +)V Consequently, we have

1 1 1
Nu——Ni=q ' (N2 )"~ N34

1
as virtual vector bundles. The determinant bundle of the virtual bundle N,, - — N3 is a complete square

(det Ny — )5 _
detNy* )’
cf. [Oko27, §9.1.5]. Forlinstance, if we choose the polarization T2 = = T (G/B), the positive chamber,
and w = id then both Nig and Nid,]_ have weights —«, where « varies in the set of positive roots; in this

and its square root will be denoted by

case the virtual bundle Nig — — Nifi is 0.
Let f:= Zu fue" € Krxc+(pt) be a Laurent polynomial, where e# € K7 (pt) and f, € Qlq'/?, ¢~/
The Newton polytope of f, denoted by deg; f, is

deg, f = convex hull ({u|f, #0}) € X*(T) ®z Q,

where X*(T) denotes the character lattice of 7. The following theorem defines the K -theoretic stable
envelopes.

TG /B) is not compact, so not all points have well defined limits at 0. For example, if € is the positive chamber, then the

points in the open set T*(X (wg)°) \ X (wg)°® C T*(G/B) do not have limits at 0.
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Theorem 7.1 [Oko27, §9.1; OS22, Theorem 1]. For every chamber €, polarization T%, and alcove A,
there exists a unique map of Krxc+(pt)-modules

stabe, 74,4 : Krxer(T*(G/B)") = Krxe+(T*(G/B))

such that for every w € W, the class I := stabe 13 4 (w) satisfies the following conditions:

(1) (support) Suppl' € |J Attre(2).
=ew
1
L /det Ny _\2
.. 2 ,
(2) (normalization) Iy = (—l)rkN"“r (m) OAttre (w) lw-

(3) (degree) For every e, <¢ ey,
deg; I'|, C degy stabe 73 4 (V) |y + VA — wA,
where A € (X*(T) ®z Q) N A is any rational weight in the alcove A.

Strictly speaking, stabg 73 4(w) € Krxc+(G/B) denotes the image of 1 € Kryc+(ey) under the
map stabe 73 4. From the definition, it is easy to see that {stabg 73 a(w) | w € W} forms a basis for
the localized equivariant K-theory K7 .c+(T*(G/B))ioc, called the stable basis. Explicit combinatorial
formulae and recursions for the localizations of stable envelopes in 7*(G/B) may be found in [AMSS24a,
§8.3].

7.2. Changing the polarizations. A natural question is to study the change of the stable envelopes when
we vary the above three parameters. To start, the change of chambers is encoded in the left Weyl group
action. More precisely, the group G acts on 7*(G/B) by left multiplication, which induces a left Weyl
group action on K7yc«(T*(G/B)), see [MNS22b]. If we change the chamber € to another chamber
w(®) (w € W), we have the following formula (see [AMSS24a, Lemma 8.2(a)]):

w - (stabe, 75 4 (1)) = staby, ), w(r 3),a(WH).

Next we consider the change of polarizations. In this case the results are stated, e.g., in [Oko27] in the
more general setting of symplectic resolutions; for the convenience of the reader we include proofs for
T*(G/B).

1 1
Lemma 7.2 [Oko27, Section 17.5.8].l For any two polarizations T\* and T, , there exists a class F €
Kr7xc+(T*(G/B)) such that T} — Ty =F —q~ ' FV.

Remark 7.3. Classes of the form F — ¢~ ! F" are called balanced classes in loc. cit.

Proof. It suffices to prove that any solution of the equation G + q7'GY =0 Krxc+(T*(G/B)) is of the
form G =F —q~ ' FY for some F € K7xc+(T*(G/B)). Since G € Kyxc+(T*(G/B))~K7(G/B)[q,q '],
we can write G = F + ¢~ F' for some F € K7 (G/B)[q] and F' € ¢~ 'K7(G/B)[¢~']. Thus,

F+q—lfl+q—1fv+(F/)V:0.
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Since F, (F))Y € K7(G/B)[gland ¢~ ' F', g ' FV e g 'K+ (G/B)[q "], we get
F+FYW=0 and q 'F+q 'F'=0.
Therefore, F' = —FV,and G =F —q~ ' FV. O

1 1 1 1
For any two polarizations 7 and 72 let F be defined by 7> — 7,2 = F — g~ ' F" as in Lemma 7.2.
Define a T x C*-equivariant line bundle £ on 7*(G/B) by

L :=det F.

Here for a virtual bundle F = V| — Vs, det F :=det V;/det V;.

1 1 1
Example 7.4. Consider the polarization 72 := T (G/B) and the opposite polarization 7," = ¢~ (T?)" =
T*(G/B). Then the element F in Lemma 7.2 can be taken to be 7 (G/B), therefore £ =detF = L_5,.

The next proposition shows that the change of polarizations results in a multiplication by a line bundle,
therefore it is encoded in the Chevalley formula for the stable envelopes.
Proposition 7.5 [Oko27, Exercise 9.1.12].

1 1
2 — 2 1
stabe, 77, 4 (w) = (— D)™ V2T Vi1 g2 %l £ @ stabe 774 (w),

(STE

1 1
oti = Nuw i NT2 fori=1,2, and if F = T — T;) =V — Vs is the virtual bundle from
Lemma 7.2, then 1k F|y, ;= 1Kk Vi |y — 1k V2 4.

1
where N?

Proof. From the characterization Theorem 7.1, it suffices to show that the right hand side satisfies the
defining properties of the stable envelope on the left hand side. The support condition is immediate. For
the degree condition, we need to check that for every e, <¢ ey,

deg; (L ® stabe, 72,4 (w)) |y € degy (£ @ stabe, 1,2, 4 () |y + VA — WA,

for some A € A. The terms L], on both sides cancel, and the above inclusion reduces to the degree
condition for Stabc,T]%, A(w). The normalization condition follows from the following calculation:

1 1 _1 12 (L
(_l)rkNw%ﬁr,zfrkNu%“Jr‘l Sta'bQTz2 Aw) _ (det Ny, - )2 (det Nw,—) 2 _ (det Nw,l )2
stabe, 72 a(w)lw  \det N ) \detN)? det N,

= (det Nyy O (Fluy — g~ F¥1,))?

1
_ det(Ny N Flw)  \2 _ Ay,
det(Ny, Ng=1(Flw)Y)

Here we have used our assumption that . is represented by a subbundle of 7(7*(G/B)), and also that

the weights of N, = T,,(T*(G/B)) are distinct. The reason for the last equality in the display is as

A

follows. We have N, N F|, = Fly; suppose e’ is a torus weight of it. Since N,, is a symplectic vector

1,—A 1

space, ¢~ 'e™* is a weight of N,,. Hence ¢~ 'e™ is also a weight of the intersection Ny, N g~ (F|,)"
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and in fact N, N q_l (Flw)Y = q_] (Flw)Y, giving the equality. The case of F = V| — V), being a virtual
bundle follows from linearity of the constructions. (Il

7.3. Changing the alcoves. We now turn to what happens under the change of alcoves. This can be
answered using recursive formulae from [SZZ20; SZZ21], reported in Theorem 7.6 below. Our subsequent
Theorem 7.8 provides a nonrecursive answer, expressing the Chevalley formula in terms of A-chains, thus
relating the stable envelope for the fundamental alcove A, to the stable envelope for a translate A, + A.

The alcoves in tg are of the form x(A.) + A for some x € W and some A in the root lattice. It was
proved in [AMSS24a, Lemma 8.2] and [SZZ20, Remark 2.3] that

stabe 73 a4 (w) = e VL) ®stabe 7} a(w), (34)

where £, is the pullback of G xB C, from G /B to T*(G/B). Fix the chamber C to be the antidominant
Weyl chamber
C:={ret| (A, a’) <0 for any positive root o}

and the polarization T1= T*(G/B). To simplify notation, we denote stabe 7+(G,B),a(w) by stabs (w).
Let Z = T*(G/B) xx T*(G/B) be the Steinberg variety where N’ C g denotes the nilpotent cone.
There is an algebra isomorphism
H~ Kexc+(2),

where Kg«c+(Z) has an algebra structure given by convolution; this was proved by Kazhdan and
Lusztig [KL87] and Ginzburg [CG10]. The convolution induces an action of the Hecke algebra H on
K71xc+(T*(G/B)) which we recall next. For a simple root «;, and the corresponding minimal parabolic
subgroup P; D B, define the operator 7; on Kr«c+(T*(G/B)) by the following formula:

Ti(F):=—F —n1.(m; F Q) Ly,).

Here 7 € Koxc<(T*(G/B)), Y; :=G/B xg/p, G/B CG/B x G/B, T; is the conormal bundle of Y;
inside G/B x G/B,and 7rj : Ty — T*(G/B) (j = 1, 2) are the two projections. These operators satisfy
the quadratic relations and the braid relations in H. In particular, T, is well defined for any w € W. Recall
that A, denotes the fundamental alcove.

Theorem 7.6. (a) [SZZ20, Theorem 4.5]

(g — 1) staba_(w) +q'/? staba, (ws;), if ws; <w,
1/2
q

(b) [SZZ21, Theorem 5.4] Let x € W. Then

T; (stab =
(staba,(w)) { staba_(ws;), if  ws;>w.
staby s,y (w) = g ~* /2T, (stabp, (wx)).

(c) [SZZ21, Lemma 3.5 and Corollary 5.3] Assume Ay and A, are two adjacent alcoves separated by a
wall of the form H, ,, where o > 0. Assume Aj is on the positive side of Hy p, i.e., for any € Aj,
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(w, ) > n. Then

staba, (w) + e "% (q1/? — g=1/?) staba, (wsy) if  wsqg>w,

tab =
staba, (w) {stabAz(w) if wsy <w.

Using statement (a), one can calculate 7 (staba_ (wx)) recursively in terms of {staba_(w) | w € W}.
Part (b) implies that the same is true for stab,(a_)(w). Finally, part (c) may be used to relate directly
the stable bases for any two adjacent alcoves, and therefore recursively relate the stable bases for two
arbitrary alcoves.

We focus next on relating (34) to our Chevalley formulae obtained earlier in this paper. Together
with (a) and (b) from Theorem 7.6 above, this gives an alternative recursion to (c), calculating the stable
envelope for an arbitrary alcove xA, + A starting from the stable envelope for A..

Fix A an integral weight. By Theorem 7.6(a), stabya ) (w) may be written as a linear combination of
{staba,(w) | w € W}. By (34), to determine staby a4 (w), it suffices to find a formula for £, @ staba_(w).
This can be achieved by the Chevalley formula for the motivic Chern classes. The key is the following

result.

Lemma 7.7 [AMSS24a, Theorem 8.6]. Let 1 : G/B — T*(G/B) denote the inclusion of the zero section.
Forany w e W,

L*(StabAo(w)) — (_l)dln’lG/BqdlmG/B—Z(w)/ch_q71(Y(w)O) ® L—Zp-

Recall the operator (—)" on K7 (pt)[y*'], which sends e to e and y to y~!. We have the following
Chevalley formula for the stable bases.

Theorem 7.8. Let A € X*(T) be a weight and fix B, ..., B a reduced \-chain corresponding to an
alcove walk from A, to A, — \. Then

L ®staba, () = Y g2 O (€W _)Y| -1 staba, (),
w

where C', are the coefficients defined in (27).
In the notation of Theorem 5.5, one can write this in terms of ,-chains as

,C)L ® StabAo(u) — Z (_l)n(f)(q—l/Z _ ql/Z)\Jlewrj> OL) StabAo(urhjl rh_/z‘ . rh_/[)’
Jc{1,2,...0}
where the sum is over subsets J ={j1 <--- < j,} C{1,2,...,1} such that u < UFp; < UTp; Th, <+ <
UThj Thy,« = " Thy-

Remark 7.9. Recall we have the following duality between the stable bases (see [0S22, Proposition 1]):

(stabC’T%’A(u), stab ] _A(w)) = Su.w-

] Toppa

Therefore, similar arguments as in the proof of Lemma 5.1 will give a Chevalley formula for the dual
stale basis stab_¢ 7(G/B)),—A, ().
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Proof. By the definition of the Segre motivic classes from Definition 4.2(2), the expression in (28)

becomes

L, @ D(MCy (Y )°)) = Y (=) =Y DIMCy (Y (w)°)).

w>u

Taking (—)" on both sides of the equation, we get

La®@MCy(Yu)*) =) (=) W 71(Cr,) MCy(Y (w)°).

w>u

The first equation of the theorem follows from this and Lemma 7.7. The second equation is a consequence
of the first and of (29) in Theorem 5.5. U

Example 7.10. In type A,, set u = sps1 and A = 2| + @y. A A-chain of roots is given by 81 = ap, B2 =
a1 to, fa=ay, Ba=o;+ay, Bs=0a1, Bs = a1+ ay; see Appendix B. From Theorem 7.8, we have

L; @ staba_(s251) = @13 staba_(s251) + (q_% — cﬁ)e‘wl_zw2 staba_(s515251).-
Therefore, by (34), using that —u()) = —w| 4+ 3@y, we have
staba 4 (s251) = staba_(s251) + (q_% —q%)e_"‘1 staba_(s15251)-

Example 7.11. Consider u = s, A = 2| + @w», wou = sps;. We can use Serre duality (Proposition 6.1)
and Example 5.8 to get

L5 ® staba_(s2) = €712 stab_(s2)
+(q72 —q2)(E™ + eI 4 IR srab (s152)
+ ((I—% — q%)(ezwl_zw2 + ewl_BwZ)StabAo(Szﬂ)

(g7 =g (€T I 4 72 4 e staby (s15251).
Since —s2(A) = —3w| + @, we have

staba, 41 (s2) = staba_(s2)
(g7 =g (e e 4 e staby, (s15)
(g7 — g2 (e 4 e 272 staby (s58))
(g2 —q2)2(e 32 | gl | o dowy b (555,

8. Whittaker functions and Hall-Littlewood polynomials

In this section we apply the Chevalley formula to obtain combinatorial expressions for Whittaker functions
and Hall-Littlewood polynomials. Variants of the formulae we obtain were already available in the
literature, and our approach based on the cohomological calculations adds a geometric perspective to this.
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8.1. Whittaker functions. In this section we study Whittaker functions. These appear in p-adic represen-
tation theory, and in this note we utilize a cohomological construction of these functions from [AMSS24a],
see also [MS22]. Recall the definition of the Demazure—Lusztig operators on K7 (pt)[y]:

~ 1+y S 14 ye
LTV = —e oSik .
i @) l—e % + 1 —e %

The operators satisfy the usual quadratic and braid relations in the Hecke algebra, therefore for any w e W

~ 1+y S 1+ ye%
T;(e") = —e* ——— —i—es'k—l —

— —Q;
e e

there are operators Tw and TuY acting on K (pt)[y], and defined using any reduced decomposition of w.
The following has been proved in [MS22, Theorem 1.1]:

Proposition 8.1. Ler 1, (id) :=[],. (1 + ye*), and set
) G MEKD)
/B
Then, for any A € X*(T),
(1) x7(G/B, £; ® MCy(X (w)°))= T, (¢), and
2) x7(G/B. £, ® MCl(X(w)°))= T,y (e").
We note that for any antidominant weight A and w € W,

xr(G/B, L5, ® MC, (X (w)*)) = Tyy(e") = Wi, (35)

where W, _,, is the Iwahori—-Whittaker function for the Langlands dual group over a nonarchimedean local
field; we refer to [MS22] for more details, including the number theoretic definition of W;_,,. Here we
identified y with —g !

from the fact that

, where ¢ is the number of elements in the residue field. As explained in [MS22],

> MC(Xw)*) =1

weW

by the additivity motivic Chern classes, one recovers the Casselman—Shalika formula for the spherical
Whittaker function [CS80]:

D Wiw=]]0+ye)xr(G/B, L) = [ [(1+ ye*) xupr- (36)

weW a>0 a>0

Here y.,,, denotes the character for the irreducible representation of G of highest weight wo(4). We also
note that, in type A, an interpretation of the Iwahori-Whittaker function in terms of the partition function
of the Iwahori lattice model has been obtained in [BBBG24].

Using the Chevalley coefficients in (27), we obtain the following formula for the Iwahori—Whittaker
function W),_,,. Let p denote the half sum of the positive roots.

Theorem 8.2. For any antidominant weight . and w € W,

Wiw=e" Y (=DIOICE [, -y @)=,

u
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Proof. Forany u e W,
xr(G/B, MCy (X (w)*) = MCy[X w)° — pt] = MC,[A! — pt]™ = (=y)*, (37)

where the second equality follows from [AMSS24a, Theorem 4.2(3)]. Therefore, taking the equivariant
Euler characteristics of both sides of (27), we get

T (") = xr(G/B, £ @ MCy(X(w)*) = Y C}, (=)™,

On the other hand, it is immediate to check the following relation between the two Demazure—Lusztig

operators:
Tw= epfgbw—w*'e_pyaw)- (38)
Hence,
xr(G/B, L, @ MCl(X(w)°)) = Tyy(e") = e Y (=D CP, [ ysyry ™7,

u

The proof ends by applying Proposition 8.1. U

Remark 8.3. Notice that Cy, = 8,,.,. The above proof shows
xr(G/B, L, ® Mc;(X(w)O)) — (= 1)!@ep,

As a corollary we prove a variant of the Casselman—Shalika formula (36), obtained by Li [Li92]; see
also [BBBG24, Proposition 9.4]. First define

Ry(y) := x1(G/B, Ay(T/5) ® L3) € Kr (pt)[y]. (39)

Corollary 8.4. Let A be an antidominant integral weight. Then
Doy W =R, 07,
w
Proof. By the additivity of the motivic Chern classes and Proposition 8.1(1),
R =Y xr(G/B. L; @ MCy(X(w)")) =Y _ T, (e"). (40)
w
On the other hand, for an antidominant weight A, we have
Doy W=Dy T = Yy e T el ()
w w w

=’ ) Ty 1 (@) =" Ry (7).
w

Here, the first equality follows from Proposition 8.1(2), the third one follows from (38), and the last one
follows from (40). [l
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8.2. Hall-Littlewood polynomials. In this section, we assume either A or —X to be a dominant integral
weight. Set Z; ;= {a € T | (A, a") = 0}, and let R;r be the set of positive roots which are linear
combinations of the simple roots in ¥,. Denote by W, C W the subgroup generated by the simple
reflections s, where o € ;. Let W* be the set of minimal length representatives for the cosets W/ W,.
Finally, let P, be the parabolic subgroup containing the Borel subgroup B defined by the condition that
Wp, = W,.

Definition 8.5. (1) Define H, (y) := x7(G/ Py, )‘y(TE;k/PA) ® L) € Kr(pt)lyl.

(2) (Hall-Littlewood polynomial; cf. [Mac98, p. 208, (2.2)]) For a dominant weight A, define

HL,(x; 1) := Z w(xA l—[ %)

weWwh aeRT\R}
where x* denotes e”.
Let 7, : G/B — G/ P, be the natural projection. Then
hy(G/B) =1} (hy(G/P)) - Ay (P3/B).
By the projection formula, and using that 7} (£;) = £, we have

XT(G/B,)“)’(TG*/B)(@K}») . R)\(y)
Xr(Po/B (T p) D pew, (—3)E®)

Here the last equality follows from (39), and the fact that

Hy.(y) = x1(G/ Py, Ay (TG p) ® L) =

xr(P/B, (T p) = 3 x(MCy (X)) = 3 (=),

weWy, weW,

The relation between H, and the Hall-Littlewood polynomial, summarized next, was obtained in a related
(upcoming) collaboration with B. Ion.

Lemma 8.6. We have the following formulae for H, (y):

Hy(y)= Y Y Cy=»", (41)
weWP ueW
o =Y w(e [T 22 (42)
2y 1—e )
wew* aeRT\RY

Proof. Equation (41) follows from k).(Tg/P) =MCy(G/P)=)_,cwr MC,(X(wWp)°), Theorem 5.15,
and x7(MC,(X(uWp)°))=(— y)¢® for any u € w?r. Equation (42) follows from the localization formula
[Nie74; MS22, Theorem 2.1 (c)]. To be more specific, the torus fixed points in G/ Py are {w P | w € WP,
and the torus weights of the tangent space at the fixed point w Py are {—wa | o € RT\ Rr}. ]
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Corollary 8.7. For a dominant integral )\, the Hall-Littlewood polynomial HL, (x; t) can be expressed
using H_, (y) or H, (y) as follows:

HL; (x; 1) = H_;\(y)|ea’_)x_a7 T (43)
1
HLy (x;1) = (WHA()’)) 2y i1 (44)
We next assume that A is a dominant integral weight. Fix a reduced (—)-chain ' = (-8, —82,..., —B;)
and the sequence of hyperplanes Hpg, 4,, Hg, 4,, - .., Hp, q4,- This corresponds to an alcove path from A,
to A, + A. Since A is dominant, we have 8; > 0,d; > 0.
We recover the following known formula for the Hall-Littlewood polynomial:
Proposition 8.8 [Sch06; Ram06; Len11, Theorem 2.7].
HL, (x: 1) = Z 12 E@H@=1ID () _ )l | whs (), (45)
(w,J,u)e A(I")
where (with notation as in Section 3.2),
AT ={w, J,u) lwe WP uew, Jc(1,2,....1},u 5 w).
Proof. Apply equations (43), (41), and (30) to the (—A)-chain (=8, =82, ..., —f). O
We also get a new formula for HL, (x; t):
Proposition 8.9.
HL, (x: 1) = Z 13 @AM G/P—tw)=E@) =1 (] _ )] pufs () (46)
(u,J,w)ye A°P(T")
where AP(T) = {(u, J,w) lw e WP ue W, J C{1,2,....1},u 2> w),
Proof. Apply equations (44), (41), and (29) to the (—A)-chain, together with Remark 5.6(1). O

Remark 8.10. When P, = B, equations (45) and (46) give the same formula. The correspondence may
be seen using the Serre duality in Proposition 6.7. However, the formulae are in general different, as
shown by the examples below.

Example 8.11 type A,. Let G = GL3(C), T = (C*)3, and x; = €%, fori = 1,2,3. Let A = @ = ¢;
then W, = (sp) C W = (s1, s»), and W* = {id, sy, s251}. Fix a reduced (—X)-chain (—f; = —a; — a2,
—p2 = —ay).
Then Proposition 8.8 sums over the seven terms shown on the left in Table 1, while Proposition 8.9
sums over those on the right. The respective developments are
HL; (x5 1) = (x1) + (122 + (1 = 0)x2) + (%3 + 1 (1 = Dxz +1(1 = Dx3 + (1 = 1)2x3) = x1 +x2+ x3,
HLy (x; 1) = (tPx) + (tx2 + (1= Dx1) + (i3 + (1 = Dxp + (1 = )x1)) = x1 + X2+ x3.
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w| J | u] w | J ] ]

id| o |id X1 id | @] id t2x

S1 (%] S1 1x) ST | G| s txo
{2} |id | (1—10)x; {2} id [t(1 —1t)x;

$HS1| D |88 I2X3 $H81 | D | 5281 X3
{1} | s |11 —=1)x3 {1} s1 | A=0x2
{2} | s2 |t (1—=1)x3 {2} s2 | (A=0)x;
(1,2} | id | (1 —1)%x3

Table 1. To Example 3.7.

w | J [u] w| J |

id %] id x%x% id 1% id tlezxg
Y %) S1 tx12x32 kY %) kY txlzx32
{2} |id | (- t)xlzxzx3 {2} | id [t(1 — t)xlzxzx3
{4} | id (1-— t)x12x32 {4} | id t(1— t)xlzxg
w=s185| I |59 t2x§x§ S182| D s x22x§
{1} | s [t(1— t)xl)C2x32 {1} | s» | (1= t)x1x2x32
{2} | st [t(1— t)xlxgm {2} | 51 | A= t)x1x§x3
{3} | s t(1— l))c§x32 {3} | s (1- t)xlzxg
{4} | 51 t(1— l)x%x32 {4} | 51 (1- t)xfx%
{1,2}] id [(1 —1)%x1x3x3 2,3} id | (1 —1)%x}x0x3

{1, 4} id | (1 —1)%xx0x3

3,4} id | (1 —1)%x3x3

Table 2. To Example 8.12.

Example 8.12. Same setup as in Example 3.7, but with A =2z,. Then W) = (s1), W* ={id, s, 5152}, and
d=dimG/P, =2. A (=A)-chainis (=B = —(a; +a2), —fo = —a2, —f3 = — (a1 +a2), —fs = —a2),
andd1 = 1,d2= 1,d3=2,d4=2.

Proposition 8.8 sums over the twelve terms shown on the left in Table 2, and Proposition 8.9 sums
over the ten terms on the right. The respective developments are

HLy(x;1) = xlzxg + x12x32 + x22x32 + )CIZXQX3 + xlx%)q + x1x2x32 —I(XIZXQX?, + xlx%)q + x1x2x32),

S22 5211

HL; (x; 1) = (x{x3 + x1x3 +x3x3) + (1 — ) (X{x2x3 + X1X3X3 + X1 X2%3) = 520 — 15211

Appendix A. Chevalley formulae for Chern—-Schwartz—MacPherson classes of Schubert cells

We give a short proof of the Chevalley formulae for the equivariant Chern—Schwartz—MacPherson (CSM)
and Segre—MacPherson (SM) classes of the Schubert cells in the (partial) flag varieties; see [AMSS23,
Theorem 9.10] and Theorem A.4 below. Our proof again relies on the action of the appropriate Hecke
algebra, this time on the equivariant cohomology of G/ P. Besides the intrinsic interest in these Chevalley
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formulae, we mention that recursions based on it were recently utilized to obtain proofs of Nakada’s
colored hook formula for finite Weyl groups [MNS22a] and more general Coxeter groups [MNS24].

A.1. Degenerate affine Hecke algebras.

A.1.1. A change of bases formula. Recall that the degenerate affine Hecke algebra H is generated by
Ty, we W and x;, A € X*(T), such that

e TywT, =Ty, forany w,u € W;

o X3x, =x,x) forany A, u € X*(T);

® Xp4pu =X) +x, forany A, u e X*(T);

o for any simple root «;, T, x) — x5, Ty, = — (A, oziv).
Lemma A.1. Forany w € W and » € X*(T), the following commutation relation holds in H.:

Tyxy = xyp Ty — Z (A, 05\/>Twsa-

a>0
WSy <W

Proof. We utilize induction on £(w). The claim is clear when £(w) = 0 or 1. Now assume £(w) > 1, and
that the claim holds for any Weyl group element with length smaller than £(w). Pick a simple root «;,
such that w > ws;. By induction,

v
Tws,-xs,-k = xwkTwsi - E (sid, a )Tws,-sa-

a>0
WS S <WS;

Using the commutation of 7§, and x; and the induction hypothesis we obtain

Tywx) —xuaTy = Tysxsn Ts; — (A, 05,'\/>Tws,- — Xy Ty
= Z <)"7 Sia\/)Tws,-sD, TS‘,‘ - <)‘" a[v>TwS,' - - Z <)\‘7 05V>Twsa~
a>0 a>0
WS} So <WS; WSe <W

In the last equality, we have used that if ws; < w then
{a>0|wsy <wl={a>0]wa <0} ={o;}U{s;a]|a>0,wss, <ws;},
and that Ty, Ts; = Twsisys; = Tw S51(@) - O

A.1.2. The Hecke action on the equivariant cohomology. Since G acts on G/ P by left multiplication,
there is a natural left Weyl group action on H;(G/ P) for any partial flag variety G/ P and which acts on
the base ring H7 (pt) by the usual Weyl group action; see [MNS22b], for example. For any w € W, we
use w’ to denote this action.

For any simple root «;, define the left Demazure—Lusztig operator on H;(G/P) by the following
formula (see [MNS22b, Section 3.2]):
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It is proved in loc. cit. that these operators satisfy the braid relations and (7;L )? = id. The following
lemma is easily proved.

Lemma A.2. There is an action V of the degenerate affine Hecke algebra H on H} (G /P), sending T; to
7;L and x;_ to A € H}(pt).

A.2. Definition of the CSM/SM classes. Next we recall the basic definitions and properties of CSM
classes for the Schubert cells in G/ P, we will be brief. We refer the reader to [Ohm06; AMSS23] for
details, including a construction of these classes in the equivariant setting and for general varieties.

The (additive) group of constructible functions F(X) consists of functions ¢ =), cz1z, where the
sum is over a finite set of constructible subsets W C X, ¢z € Z are integers, and 1 is the characteristic
function of Z. For a proper morphism f : ¥ — X, there is a linear map f, : F(Y) — F(X), such that
for any constructible subset Z C Y, fi.(1z)(x) = Xt(,p(f_l(x) N Z), where x € X and x,,, denotes the
topological Euler characteristic. A conjecture attributed to Deligne and Grothendieck states that there
is a unique natural transformation c, : F — H, from the functor of constructible functions on a complex
algebraic variety X to the homology functor, where all morphisms are proper, such that if X is smooth then
cx(1x) =c(Tx)N[X]. This conjecture was proved by MacPherson [Mac74]; the class c,(1x) for possibly
singular X was shown to coincide with a class defined earlier by M.-H. Schwartz [Sch65a; Sch65b; BS81].

There is an equivariant version of MacPherson’s transformation defined by Ohmoto [OhmO06]. In this
case one starts with a variety X with a T-action, and the equivariant version F7 (X) of the group of
constructible functions F(X) contains the characteristic functions 1, for Z stable under the T -action.
If f: X — Y is a proper T-equivariant morphism of algebraic varieties the induced homomorphism
and Z C X is constructible and T-stable then one defines f! : F7(X) — FT(Y) with the property
that f*T(l z) = f«(1z). Ohmoto proves [OhmO06, Theorem 1.1] that there is an equivariant version of
MacPherson transformation cf FT(X) — H*T (X) that satisfies cf(lx) =cl(Ty)N[X]r if X is a
nonsingular 7 -variety, which and is functorial with respect to proper push-forwards. The last statement
means that for all proper T'-equivariant morphisms ¥ — X the following diagram commutes:

T
FI ) —— HI (1)
ffl lff
CT
FI(X) —— HI(X).
Definition A.3. Let Z be a T-invariant constructible subvariety of X.

(1) We denote by cg\(Z) 1= cl 1) € H*T (X) the equivariant Chern—Schwartz—MacPherson (CSM)
class of Z.

(2) If X is smooth, we denote by s5,,(Z C X) := ¢ (12)/c(Tx) € HI (X)1oc the equivariant Segre—
MacPherson (SM) class of Z, where H] (X)ioc := H (X) ® yr () Frac H] (pr) denotes the local-
ization of H*T (X), and Frac H*T (pt) is the fraction field of H*T (pt).
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A.3. The Chevalley formula in cohomology. We now specialize to X = G/ P with the usual T -action.
For simplicity we will denote by s,,(Z C G/ P) simply by s,,(Z). We will identify the equivariant (Borel-
Moore) homology group H! (G/P) with the equivariant cohomology Hj(G/P), using the Poincaré
duality. The sets of CSM classes of Schubert cells {cg (X (wWp)°) [w € W'} and of the SM classes
s X (wWp)°) |w e W?} form bases for H7(G/P)oc := Hy (G/P) ®p:(pr) Frac Hy (pt). Moreover,
if one takes the opposite Schubert cells in any of these sets, then the two bases are dual under the usual
intersection pairing, see [AMSS23, Theorem 9.4]:

(csp X WWp)), sy (Y @Wp)*)) G p =8y forany w,ue WP, 47)

The left Demazure—Lusztig operator acts on the CSM classes by the following formula (see [MNS22b,
Theorem 4.3])

T (csm(X (WWp)*)) = copm(X (siwWp)°).

Hence, for any w € W,
csm(X (wWp)®) =T, (X (id)]). (48)

Recall for any A € X*(T)p, £, =G xP C, € Pic7(G/P). The following is our main result in this
appendix, and it has also been proved in [AMSS23, Theorem 9.10] using the Chevalley formula for the
cohomological stable envelopes from [Sul6, Theorem 3.7]. Here we give a direct proof based on the
action of the degenerate affine Hecke algebra.

Theorem A.4. For any w € W¥ and A € X*(T) p, the following holds in H;(G/ P):

C{(ﬁ}\) ) CSM(X(U)WP)O) = w()L)CSM(X(WWP)O) - ZO (A, av)cSM(X(wsa Wp)°),
clT(ﬁ,\) Usy (Y (wWp)°) = wR)sy (Y (wWp)°) — > (A, ozv)sM(Y(wsaWp)o).

a>0
WS >W

Proof. Applying the Hecke action ¥ in Lemma A.2 to the equation in Lemma A.1, and acting on the
point class [X (id)], we get

el (L) Ueg(X (wWp)®) = cf (L) UTE(IX(d)]) = T.E (e (L) UIX(d)]) = T.E(n - [X (id)])

= W (Tpx) (X (D)) = W (xuaTw — 3 (A, @) T, )X ()]

a>0
WSy <w
= wM)egu(X (WWp)°) — D (&, a”)egy(X (wse Wp)®).
a>0
WSy <W

The second equality follows from the fact that the left operator 7, commutes with ¢{ (£;) because the
latter is Weyl-group invariant, as £, is a G-equivariant line bundle; see [MNS22b]. Finally, the Chevalley
formula for the SM classes follows from the one on CSM via the duality in (47), similar to the proof of
Lemma 5.1 above. U
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Appendix B. An example of the A-chain formula

We consider Lie type A, with the Weyl group W = S3, with A = 2w + @, and w = s351. We can find
an alcove walk p_, from A, to A, — A as indicated by the red path in Figure 2, right. This gives the
corresponding reduced expression v_; = 525152505152 and the corresponding alcove path

AO=A()_—ﬁl>A1iAziA3_—ﬂ4>A4ﬂA5ﬂA6=AO—A(A,’=r[A,’_1,1§i§6),

with A-chain 81 = a2, Bo =1+ a2, B3 =0y, Ba=0a1+az, Bs=a1, Be=0a1 + .
The associated sequence of hyperplanes is

h] = Haz,()’ h2 = HO(|+012,0’ h3 = HO(],Ov h4 = HO!|+012,—17 h5 = HO{|,—]5 h6 = HO{]-H)Q,—Z'

Figure 2. Left: alcove walk p; from A, to Ao+ A; py, =c,¢f, pr. = c;r c;r cfrc;r c;r c;r . Right:

We first calculate ¢, ;i\ according to the formula Theorem 3.10. In the proof we introduced A-shifted

(reversed) hyperplane sequence which can be seen in the diagram on the left. We have
/ / / / / /
hl = Hojtan,1, h2 = Hy, 1, 3 = Haj+ay,2s h4 = Hy, 2, 5 = Haj+a3,3» h6 = Hg, 1.

According to the formula, we need to choose J C {1, 2, ...,[} such that u EE

If u=s1, J ={6}, {4}, {2} as 5q, 4+, = s15251. For the weight , when J = {6}, we need to calculate
n=wrp(A). Butasis explained in the proof, 7, = fh/l ,S0, L= wfh/] (A) =w(—wy) =—w;+w,. Likewise
when J = {4}, u = wrp, (1) = wfhg (A) = —wa, and when J = {2}, u = wrp, (1) = wfh; (A\) = —3wy.
If u = id, there are two possible Bruhat chains ¥ =id < 51 < sp5;1 = w and u = id < 57 < 351 = w.
For the first case, J = {5, 6}, {3, 6}, {3, 4}, and for the second case, J = {1, 5}, {1, 3}. When J = {5, 6},
W= WipTps(A) = thgfhé()\) = wfhrl Qwy) = w(—w) + @wn) = w). All the possibilities and the
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w,A

corresponding (folded) alcove walks p; are listed in the table below, followed by the coefficients ¢,

obtained from it. (We can also see the bijection of Lemma 2.7; see Figure 2, left.)

o] B [ M T e =ulwip) = wFi ()]
0 cacgcfcacgco {1 {} $281 w — 3w,
(D fo c; cl cy 02 CO {hy} {6} S1 —w + oy
(2) |cyey fﬁc&c;c:{ {h3} {4} $1 — >
(3) |cpeycicy f2+ca' {hs} {2} S1 o) — 3w,
@ |cy f2+c?'ca'c;'cg {hy} {5} S 2w — 2w,
) |¢yeyer fjc?c& {h4} {3} 82 w| — 3w,
(6) f0 ;CTC(TCZ'_C(T {hi1, ha} {5, 6} id w
D | fifese f*c;co+ {hi ha}| (3,6} id —w + @y
®) |co fielege fo {h2, he}| {1, 5} id 2w — 2w,
O) |coes fiT fo c2 cg | {hs, ha} {3, 4} id —w
(10) |cgcy ey fof ey fof | {ha, he} [{1, 3} id o — 3w

c;‘;;’\l .= 1for u=w; — 3w,
cy ,L =(q — g~ for p = —w + @, —w,, Wy — 3,

vz M =(q—1q~ ! for u = 2w — 2w, wy — 3wy,

w A

Cidp = =(q— 1)?q * for u = oy, —) + @2, 201 — 205, — 0, ) — 30

w,—A

Next we calculate Cun

according to Theorem 3.9. For this case we need to chose J C {1,2,...,1}
such that u 2 w.

For example, if u = id, then there are three possible J corresponding to the Bruhat chains u < usg, <
USB,Sp, = W, U < US; < USBsSp, = W, U < USg; < usgssg, = w. For the first case the weight p can be

calculated (see Figure 2, right) as
w=wrj_(—=X1) = 52817, (—1) = 5251 By — 22) = 2w — wy.

All the possible J and corresponding alcove walks p_, are listed in the table below.

‘ M ‘ J ‘GO(P):u‘wt(p):wfk(_k)

’pwﬁf)» ‘ P
O |oeagegeeag | | | s —w) + 3w,
(D | T IC(T sz_ {he} | {6} 51 )
2) |y cr e fo cr 1y | {ha} {4} S1 w| — @y
3) | fi c2 TN c?“c2 {ha} {2} S1 2w — 3w,
@) |cycfeieg fiey | thsy | {5) 52 —2w + 2w,
5) c;c,*fz_cgcl_cz_ {h3} {3} 52 —3w) + o
©) |y fy [ycoercy [tha, ha}|{2,3)) id —2w) —
(7) |c5 fieyey fiey |tha, hs}|{2, 5} id —2w,
®) |5ty fy fiey |tha, hs}|{4, 5} id —w
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The coefficients ¢*:~* obtained from the table are

U
ct = 1for p=—w + 3w,
Cg;’,,:k =(1—q)q~" for p = wy, @ — @, 21 — 3o,
C;Z’,;A =(1—q)q ' for p = =2 + 2w, —3w| + w2,
Cilg:;zk = (1 —g)’q?* for p = —2w| — w>, —2w, —w.
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