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The Mahler measure of exact polynomials
in three variables

Trieu Thu Ha

We prove that under certain explicit conditions, the Mahler measure of a three-variable polynomial can
be expressed in terms of elliptic curve L-values and Bloch—Wigner dilogarithmic values, conditionally
on Beilinson’s conjecture. In some cases, these dilogarithmic values simplify to Dirichlet L-values. The
proof involves a construction of an element in K f) of a smooth projective curve over a number field. This
generalizes a result of Lalin (2015) for the polynomial z 4 (x + 1)(y + 1). We apply our method to several
other Mahler measure identities conjectured by Boyd and Brunault.

Introduction

Let P(x1,...,x,) € C[xlil, e xnil] be a nonzero Laurent polynomial. The (logarithmic) Mahler
measure of P is defined by

dxy dx,
m(P) = . log |P(x1,...,xp)| ?/v--/\ , (0-1)

Qmi)" Xn
where T" : |x1| =--- =|x,| =1 is the n-dimensional torus. This quantity was firstly introduced by Mahler
[27] in 1962.

In 1997, Deninger [12] linked the Mahler measure of polynomials P(xy, ..., x,) under certain con-
ditions to the motivic cohomology of Vp, where Vp is the zero locus of P in C". This allowed him to
place the Mahler measure in the very general framework of Beilinson’s conjectures on special values of

L-functions. More precisely, Deninger defined the chain
P= {0 %) €0 Py, x) =0, x| = = x| = 1, x| > 1},

He showed that if I" is contained in the regular locus V;,eg of Vp, then there is a differential (n—1)-
form n(xy, ..., x,) on G/, such that its restriction to Vp represents the regulator of the Milnor symbol
{x1,...,x,}, and we have

e i
m(P)—m(P)—{—W‘/rn(x],...,xn), (0-2)
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where P is the leading coefficient of P seen as a polynomial in x,,.

From now on we assume that P has rational coefficients and I" is contained in V,rfg. If o' = &, then
I" is a cycle. Then Deninger found out that in certain situations, identity (0-2) together with Beilinson’s
conjecture imply that m(P) can be expressed in terms of the L-function of the motive H"~!(V p), where
V p is a smooth compactification of Vp. As an example, he showed that under the Beilinson conjecture,

1 1
m<x+;+)’+;+l) L L'(Es5,0), (0-3)

where E|s is the elliptic curve (of conductor 15) defined by x + 1/x 4+ y + 1/y 4+ 1 = 0. In this example,
oI" # & but a symmetry argument reduces this to the case dI" = &. It was completely shown (without
assuming the Beilinson conjecture) by Rogers and Zudilin [33] in 2014.

Boyd [3] conjectured, based on numerical evidence, that

1 1
m(x+)—c+y+;+k> ;rk L'(Enw), 0), (0-4)

where k € Z\ {0, 4}, ry € Q™ and Ey ) is the elliptic curve (of conductor N (k)) obtained as a smooth
compactification of the zero set of P, = x +1/x + y + 1/y + k. Until now, identity (0-4) is only proved
for a finite number of k:

ke {—4v2,—2v2,1,2,3,2+/2,3+/2,5,8, 12,16, i, 2i, 3i, 4i, V/2i},

by the works of Brunault, Lalin, Rodriguez-Villegas, Rogers, Samart, and Zudilin (see [5; 22; 26; 25; 36;
32; 33; 39)).
The case o' # & is more difficult, Maillot [28] suggested we should look at the variety

Wp = Vp N Vp*, (0-5)

where P*(xq, ..., x,) = P(xfl, R x,;l). We call Wp the Maillot variety. If P is an exact polynomial,
i.e., n = dw, where w is a differential form on V;,eg, then Stokes’ theorem gives

(P =m(P)+ /
m =m —_— w
Qa1 Jor
Moreover, oI" is contained in Wp, hence we can hope that m(P) is related to the cohomology of Wp. In

this direction, Lalin showed the following result.

Theorem 0.1 [23, Theorem 2]. Assume that P € Q[x, y, z] is irreducible and satisfies the following
conditions:
(1) Wp is birationally equivalent to an elliptic curve E over Q.
(ii) OT defines an element of H|(E(C), Z)™", the invariant part of H\(E(C), Z) under the action induced
by the complex conjugation on E(C).

(i) x AyAz= Zj fin(d=fi)ngjin A Q(Vp)™, for some functions f;, g; € Q(Vp)*.
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(iv) x Ay Az=0in N QE)*.
V) X, vp@Nfi (P} =0in ZIPL1/Ro(Q) for all p € E(Q).

Here Ry(Q) is the subgroup generated by the five-term relations (2-1), and v p(8&}) is the vanishing order
at p of g; seen as a function on E. Then under Beilinson’s conjecture,

m(P)=m(P)+a-L'(E,—1), a € Q. (0-6)

Condition (3) implies that P is exact (see Remark 4.3). In this article, we relax Lalin’s conditions in
order to deal with Mahler measure identities which are more general than (0-6), for example, containing
also Dirichlet L-values. We only assume that Wp is of genus 1 and we do not require the conditions
(iv)-(v) above. Recall that the Bloch—-Wigner dilogarithm function D : P!(C) — R is defined by

Im(3272, 2"/ k%) +arg(1 - 2)loglz] (|21 < 1),
—D(1/z) (lz| = D).
For any field F', we denote by B(F') the Bloch group of F' tensored with @ (see [38, Section 2]). Let 7 be
the involution of G; given by (x,y,z) — (1/x,1/y,1/z). Since P has rational coefficients, T induces

D(z) = { (0-7)

an involution of Wp. For A an abelian group, we write Ag := A ® Q. Let us state our main theorem here.

Theorem 0.2. Assume P € Q[x, y, z] is irreducible and that Wp is a curve of genus 1. Let C be the
normalization of Wp. Suppose that

xAyAz=Y fin(=fHnag in NQVp), (0-8)
J

for some functions f;, gj on Vp. Let S be the closed subscheme of C consisting of the zeros and poles of
the functions gj and gj ot on C forall j. Then, for p € S,

=Y vp@){fi(Pla+v,p(gj oD foT(p)h
J

define elements in the Bloch group B(Q(p)), where Q(p) is the residue field of C at p.

Assume that the Deninger chain T is contained in V,r,eg and that its boundary T is contained in Wy *,
then T defines an element in Hy(C(C), Z)*. If u, =0 for all p € S, then under Beilinson’s conjecture
for the curve C (Conjecture 1.11), we have

m(P)=m(P)+a-L'(E,—1) (a € Q),

where E is the Jacobian of C. Otherwise, let S’ be the subset of S consisting of the points p such
that u, # 0. Let K be the splitting field of S’ in C. Let O be any fixed point in S'(K). Assume that
the difference of any two geometric points in S'(K) has finite order dividing N in E(K), then under
Beilinson’s conjecture for the curve C (Conjecture 1.11),

_ 1
m(P)=m(P)+a-L'(E,~l)+—— > b;-Duy) (a€Qb,eZ), (09
& q€S"(K)\{O}
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where for q € S'(K) supported on a closed point p € S', we define u, to be the image of u, under the
map B(Q(p)) — B(K) induced by the embedding Q(p) —9 K.

The rational number a comes from Beilinson’s conjecture, and does not depend on the choice of O,
but the integer numbers b, actually do. However, the D-values in identity (0-9) are independent of the
choice of O. Indeed, when we remove O from the sum, the complex conjugation of O maintains the
D-values in identity (0-9). Now let us use Theorem 0.2 to investigate several conjectural Mahler measure
identities of the following types:

(a) Pure identities: m(P) 2 a-L'(E,—1) for some a € Q. Table 1 consists of pure identities that we
prove up to a rational factor and conditionally on Beilinson’s conjecture. Identity 3 in Table 1 was studied
by Lalin [23]. By contrast, Theorem 0.1 of Lalin does not apply to identity 5 in Table 1 as it violates
condition (v). Identities 6, 7 and 8 are conjectured by Lalin and Nair in [24], in fact, they showed that by
some changes of variables, the Mahler measure of polynomials 5, 6, 7 and 8 are equal. Moreover, from
Table 1, we have the following relations (under the Beilinson conjecture):

m((1+2)(1+y)(x +y) +2) ~ox m(1+x+y+2+xy+x2+y2),
m(l 4 (x+ Dy + (= D2) “oe m(Ge+ D3+ 1) +2).

We also give in Section 5.1(g) an example showing that Theorem 0.2 does not imply that

m((1+x)(1+y) + (1 = x = 3)2) = 55 L' (Easoet, —1). (0-10)
P E a reference

1 A+x)A+y)(x+y)+z 14a4 =3 [9,p.81]
2 I4+x4y+z+xy+xz+yz 14a4 -3 [6]

3 x+D(y+D+z 15a8 -2 [4]

4 E+D*+1-x)(y+2) 20al =2 [4],]9,p.81]
5 1+(x+Dy+x—1)z [4]

6 %(x~|—2)+(x2+x+1)y+(x2—1)z 2al 5 [24]

7 %(x2—2x+2)+(x4—x3+x2—x+1)y+(x4—x3+x—l)z 4 [24]

8 T +x+2)+ (P +xt x4+ Dy+ (= 1)z [24]

9 x+D2(y+1)+z 21a4 =3 [41,9,p.81]
10 (1+x)+y+z 24a4 —1 [4]
11 I4+x+y+z4+xy+x7+y7—xy2 36al  —3 (6]
12 I+xy+(14+x+y)z 9061  —55 (6]
13 (x+1D2+(x—1)?y+z 225¢2 —% [4; 6]

Table 1. Pure identities m(P) = a-L'(E, —1).
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P E a by b

1 1+ =x+Dy+24+x+Dz 4542 —3
2 XPHI+@+DIy+@2=Dz 48al —55 0 1

Table 2. Conjectural identities m(P) 2 a-L'(E,—1)+by-L'(x_3, —1)+by-L'(x_4, —1). The
reference for all entries is [6].

(b) Identities with Dirichlet L-values:

m(P(,y,2) =a-L'(E.~D+Y by L'(x.~1)  (aeQ by €Q), (0-11)
X

where x are odd quadratic Dirichlet characters. In cases where the coefficient a is nonzero, such identities
are referred to as mixed identities. Table 2 consists of mixed identities we prove (up to rational factors)
under Beilinson’s conjecture for genus 1 curves (see Sections 5.2(a) and 5.2(e)). The first polynomial in
Table 2 does not satisfy conditions (iv)—(v) of Theorem 0.1 of Lalin. Moreover, the Maillot variety Wp is
a curve of genus 1 and does not have any rational point, hence violates condition (i) also. For the second
polynomial in Table 2, the Maillot variety Wp is a union of a line and a nonsingular curve of genus 1.
We also give an example to which our theorem does not apply (see Section 5.2(d)):

m(x? +x+ 14+ @ +x+ Dy + (x — 1)?2) = — 5L (Enar, —1) + 3L (-3, — D). (0-12)

This was conjectured by Brunault [6].
By a method of Lalin in [23, Example 4.2], we prove without assuming Beilinson’s conjecture the
Mahler measure identities in Table 3; they involve only Dirichlet L-values (see Section 5.2(b)—(c)).

Outline. The article contains five sections. In the first three, we recall some tools that needed for our
constructions. In Sections 1.1-1.4, we recall the definitions of the Deligne cohomology and some facts
about motivic cohomology. We give an explicit isomorphism between Chow motives of a genus 1 smooth

P
1 I+ @+ D@2 Hx+Dy+@+1)13z
X1+ x+Dy+ x4+ D32
+1+ x4+ D +Hx+Dy+(x+1)%z
21+ +DEHx+Dy+(x—D(x2—x+1)z
CHDEFD+x+DEP+Hx+Dy+ (=D (x> —x+1)z
14+ +D2y+(x =12z
I+ +D3y+(x =13z
G+D@E* D+ @+ y+(x—1)%z

&
S
S

0 N N B R W

O O O O O NN W

W W N wwe O O O

Table 3. m(P) =b,-L'(x_3, —1)+by-L'(x_4, —1). The reference for all entries is [6].
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projective curve and its Jacobian. We then recall briefly the regulator maps and Beilinson’s conjecture
for smooth projective curves of genus 1. In Section 2, we bring back Goncharov’s polylogarithmic
complexes and his regulator maps on the cohomology of these complexes. In Section 3, we recall
de Jeu’s polylogarithmic complexes and discuss his maps connecting the cohomology of Goncharov’s
polylogarithmic complexes to the motivic cohomology. In particular, in Section 3.4, given a 2-cocycle in
weight 3 Goncharov’s polylogarithmic complex, we compare its Goncharov regulator and the Beilinson
regulator of its image under the map defined in Section 3.2. In Section 4.1, given an exact polynomial P
in Q[x, y, z], we construct an element in the Deligne cohomology of an open subset of the normalization
C of the Maillot variety Wp (0-5). We then relate this element to the Mahler measure of P in Section 4.2.
In Section 4.3, we construct explicitly an element in K f)(C) satisfying that its Beilinson regulator has
connection with the Deligne cohomology element constructed in Section 4.1. We then prove the main
theorem in Section 4.4. We end the article with Section 5, where we study the conjectural Mahler measure
identities mentioned above.

1. The Beilinson regulator map

1.1. Deligne cohomology. Deligne cohomology of a smooth complex algebraic variety X is firstly
introduced by Deligne in 1972, it is given by the hypercohomology of

0—>Zn)— O0x - QY - Q% - - > Q' =0, (1-1)

where the constant sheaf Z(n) := (27i)"Z is placed in degree 0 and Qg( is the sheaf of holomorphic
j-forms on X placed in degree j + 1. Burgos [11] then showed that this hypercohomology can be the
cohomology of a single complex. Let us recall briefly Burgos’ construction (see [11; 9]).

Let X be a smooth complex algebraic variety of dimension d. Let (X, ¢) be a good compactification of
X, i.e., that X is a smooth proper variety and ¢ : X < X is an open immersion such that D := X — ((X)
is locally given by zi ...z, = 0 for some analytic local coordinates z1, ..., zg on X and m <d.

Definition 1.1 [11, Proposition 1.1]. A complex smooth differential form w on X has logarithmic
singularities along D if locally w belongs to the algebra generated by the smooth forms on X and
log|zil, dzi/zi, dZi/7zi, for 1 <i < m, where z1 ...z, = 0 is a local equation of D. For A € {R, C},
E% ,(log D) denotes the space of such A-valued smooth differential forms of degree n on X.

We have_: EY c(log D) = @p+q:n Ef(:?c(log D), where EP-4 is the subspace of type Ep, q)-forms. We
denote by 8 : EP4 — EP4t! and 9 : EP9 — EP1:4 a5 the usual operators and d = d 4 9. Burgos defined

Efen(X)= lim  Ey ,(ogD),
(X ,1)eTopp

where 7 is the category of good compactification of X. He then introduced the following complex.
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Definition 1.2 [11, Theorem 2.6]. For any integers j, n > 0, set

(2m)f—lEl’g;}R(X) N (@qun_lm,m El{’)’g‘{C(X)) ifn<2j—1,

E;(X)":= . o : :
Qmi)! Elog,[R(X) N (@p-ﬁ-q:n;p,qzj Elog,C(X)) ifn > 21’

—prj(dw) ifn<2j—1,
d"w:=1-2000w ifn=2j—1,
dow if n>2j,

where pr; is the projection @p’q — @p,q<j‘ Denote by E;(X) the complex (E;(X)", d"),>o.

Definition 1.3 (Deligne cohomology [11, Corollary 2.7]). Let X be a smooth complex algebraic variety.
The Deligne cohomology of X is the cohomology of the complex E;(X), that is,

Hpi(X,R(j)) = H'(E;j(X)) for j,n=>0.

As the canonical map E;C(log D) — Ef;g,@(X ) is a quasi-isomorphism by [10, Theorem 1.2], we

can use E}k( A (log D) for some good compactification of X instead of Ef;g’ A (X) in Definition 1.2.

Remark 1.4. For the case j >dim X > 1 or j > n, H5(X, R(j)) is canonically isomorphic to the de Rham
cohomology H"~'(X, (2mi)/~'R) by the canonical map sending a Deligne cohomology class to its
de Rham cohomology class (see [9, Section 8.1]). For j > 1, we thus have ng(Spec ©),R() =R —1).

Let X be a smooth variety over R. Let X (C) denote the set of complex points of X xg C. Denote by ¢
the complex conjugation on X (C). For a complex differential form w on X (C), we define an involution
Far(w) := c*(®). It acts on the complex E;(X(C)), hence acts on the Deligne cohomology.

Definition 1.5 [11, Remark 6.5]. Let X be a smooth variety over R. The Deligne cohomology of X is
defined by

Hp (X, R(j)) == Hp(X xg C,R(G))T,
where “+” denotes the invariant part under the action of the involution Fgg.
Let X be a smooth real or complex variety, there is a cup-product in Deligne cohomology
U: HA(X,R(j) ® HY (X, R(k)) = HA (X, R(j +k)), (1-2)

(see [11, Theorem 3.3]). It is graded commutative (i.e., « U 8 = (—1)"" 8 U ), and associative. In the
case n < 2j, m <2k, fora € H5(X, R(j)) and B € H} (X, R(k)), we have that oo U B is represented by

(=D"rj(@) AB+anr(p), (1-3)

where r(a) := (ot~ 1) — §(a" L,
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1.2. Chow motives. In this section, we discuss the Chow motives of smooth projective curves. For more
details, we refer to [29] or [34]. Recall that the Chow groups of a variety X are CH" (X) := Z"(X)/ ~,
where Z"(X) is the free abelian group generated by irreducible subvarieties of X of codimension 7, and
~ is the rational equivalence (see [29, Section 1.2]). If ¢ : X — Y is a morphism of varieties, one has the

homomorphisms
¢* :CH"(Y) > CH"(X), ¢, :CH"(X) —» CH" dmY—dmX(y),

Letk be afieldand r > 0. Let X, Y € SmProj(k). If X is of pure dimension d, the group of correspondences
of degree r is given by Cor’ (X, Y) :=CH™" (X xV)®Q. If X = [ ] X4 is a decomposition of subschemes
with X, is of pure dimension d, then Corr’ (X, Y) := @ Corr’ (X4, Y). Let X, Y, Z € SmProj(k) and
f €Cort’ (X, 7Y), g € Corr’ (Y, Z), the composition of correspondences

Cort’ (X, Y) x Cort* (Y, Z) — Corr’ (X, Z)
is defined by
(f.8) > go fi=prys, (pri, f-Pra; §) =pry3, (f X Z- X x g),

where pr is the canonical projection and - is the intersection product. Let ¢ : X — Y in SmProj(k), with
X and Y are of pure dimensions d and e, respectively. Let I'y denote the image of the closed immersion
(idx, @) : X — X x Y. We have the correspondences

¢« =[Ty] € Corr* (X, Y), ¢* :=['Ty] € Corr(¥, X).

Definition 1.6 (Chow motives). Objects of the category of Chow motives CHMg (k) are triples (X, p, m),
where X € SmProj(k), p € CorrO(X, X) is an idempotent, i.e., po p = p, and m is an integer. If (X, p, m)
and (Y, g, n) are Chow motives, then

Homcumg ) (X, p,m), (Y, q,n)) = poCort" " (X,Y)oq C Cort" (X, Y).
There is a contravariant functor
h : SmProj(k) - CHMgqg(k), X h(X):=(X,[Ax],0), (1-4)

where Ay is the graph of the diagonal map. If ¢ : X — Y is a morphism, h(¢) := ¢* = ['Ty] €
CorrO(Y, X) = Homcumg k) (A (Y), h(X)). One calls h(X) the Chow motive of X.

Let C be a smooth projective curve over k (not necessarily having a k-rational point). Pick any zero cycle
Z on C of positive degree N, one defines projectors po(C) := %[Z x C], p2(C) := %[C x Z], and Chow
motives ' (C) := (C, p;(C), 0) € CHMq (k) for i =0, 2. These motives do not depend on the choice of Z,
in fact, h°(C) ~ h(Spec k') and h?(C) ~ h(Spec k') ® L, where k' =T'(C, O¢) and L = (Spec k, id, —1)
is the Lefschetz motive. One sets p{(C) := Ac — po(C) — p2(C) and ' (C) := (C, p1(C), 0) e CHMg (k).
We have the direct sum decomposition

h(C) =h"(C)® h'(C) ® h*(0),
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which depends on the choice of Z, but 4!(C) is well-defined up to unique isomorphism (see [29, Section
2.3] or [34, Section 3]). If C is further of genus 1, one can show that h'(C) ~ h'(E), where E is the
Jacobian of C, by using the following equivalence of categories (see the proof of [29, Theorem 2.7.2(b)]):

Mg > {category of Jacobian of curves} ® Q,

where Mg, is the full subcategory of CHMg (k) of motives isomorphic to h'(Y) for some smooth projective
curve Y. Let us give explicitly the isomorphism.

Proposition 1.7. Let C be a smooth projective curve of genus 1 over a number field k and E be its
Jacobian, then h(C) ~ h(E) and h' (C) ~ h'(E).

Proof. Let k be the algebraic closure of k and let us fix a point xo € C (k). We consider the morphism ¢ :
C; — Ej, whichmaps x € C (k) to the divisor N (x) —Y , (6(x0)), where o runs through all the embeddings
k(xg) = k and N is the number of these embeddings. This map is well-defined as N (x) — Y . (0(x0)) is
a divisor of degree 0. We have ¢, € Homeyy i) (R(Cp), h(Ep)) and ¢* € Homeyy, i) (R(ER), h(Cp)).
By [29, Section 2.3], we have ¢, o ¢* = deg(P)[Ag )= NZ[AE];]. Conversely, we have

¢* 0y & pri5, (T x Cp) - (C x 'Ty)).
As sets, we observe that
(Typ x Cp)N(Cy x 'Ty) ={(x,p(x), y) | x,y € C}N{(z, ¢(1). 1) | z. 1 € C(k)}
={(x.¢(x).y) | x,y € C(k), p(x) = p()}
={(x.¢(x).y) | x,y € C(k), N(x) = N(y) =0in E(k)}
={(x, (), x+p) | x € C(k), p € E{[N1},

where Ef[N] is the set of N-torsion points of E (k) and “+” is the canonical action of E; on C;. So

¢ od.= >  I[[y,]=N[Acl,

PEEIN]

where ¢, : C; — Ci, x > x + p, and the last equality follows from the fact that Ty, is rationally
equivalent to Ac, for p € E;[N]. We thus obtain that ¢, : 1(C;) — h(Ep) is an isomorphism in the
category CHMg (k). For a € Gal(lz/k) and x € C(k),

(@0 ¢)(x) =a(N(x) =Y (oo (x0))=N(@x)— Y (0(x0)=(poa)x).
This implies that 'y, and ‘T, are Gal(k / k)-invariant. Hence by Galois descent (see, e.g., Theorem 1.3(6)
of [13])
CH'(C; x; Jp)®®/% ~ CH'(C x4 E), CH'(E} x; Cp)%* /0 ~ CH'(E x, C),

¢, defines an isomorphism from A (C) to h(E) in the category CHM,, with inverse ¢*.
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Denote by A the positive zero-cycle of degree N corresponding to xp. We set po(C) 1= %[A x C],
p2(C) = %[C x A], and pi(C) := Ac — po(C) — p2(C). Let O be the trivial element in E (k), we set
po(E) =0 X E, pp(E)=E x O, and p|(E) := Ag — po(E) — p2(E). By explicit computations, we
have

¢* o po(E) o = N’po(C) and ¢* o p2(E) o= N’ps(C).

Now we show that p;(E) o, 0 p1(C) and p;(C)o¢* o p(E) define isomorphisms from 1! (C) to h! (E)

and inverse, respectively. We have

¢* 0 p1(E) 0§y = ¢* 0 (¢ — po(E) 0§y — p2(E) 0 ) = N*[Ac] — ¢* 0 po(E) 0 ¢ — ¢™ 0 p2(E) 0 ¢,
= N*[Ac] = N?po(C) — N*p2(C)

= N?pi(C).
We thus have p;(C) 0 ¢* o pi(E) o pi(E) 0 ¢ 0 pi(C) = p1(C) 0 ¢* 0 pi(E) 0 s 0 p1(C) = N*pi(C).
Similarly, we have p{(E) o ¢y 0 p1(C)o pi(C)od* o p1(E) = N?pi(E). O

1.3. Motivic cohomology. Let k be an arbitrary field of characteristic 0. Let us recall briefly the definition
and some facts of motivic cohomology. For more details, we refer to [14, Chapter 5, Section 2]. Voevodsky
constructed a triangulated category, called geometrical motives, denoted by DMy, (k) and a covariant
functor

Mgy, : Sm(k) — DMgpy, (k)

(see [14, p. 192]). The motivic cohomology of X with coefficients in ( is defined by
Hj, (X, Q(j)) := Hompm,, 1) (Mem(X), Q(j)[n]), forn, jeZ, (1-5)

where Q(1) € DMy, (k) is the Tate motive (see also [14, p. 192]) and Q(j) = Q(1)®/. It is known that the
motivic cohomology H} (X, Q(j)) is isomorphic to the j-eigenspace of Quillen’s K-group K3;_,(X)q
with respect to Adams operation (see [37, Chapter 11.4] for the definition), namely,

HY (X, Q) ~ K7

L0 (1-6)

(see [14, p. 197]). By the functorial property of My, for any morphism f : X — Y, we have a Q-linear
map f*: Hy, (Y, Q(j)) — H),(X, Q(j)), called pull back of f. Moreover, for proper maps f : X — Y
of pure codimension ¢ = dim Y — dim X, we have a (Q-linear map, called push-forward of f (see [13,
Theorem 1.3])

fie: Hiy (X, Q())) = H (Y, QG +0)).

Let X and X’ be smooth quasiprojective varieties over k and 7 : X" — X be a finite Galois covering
with group G. We have Galois descent for motivic cohomology, i.e.,

7 HE(X, Q) = HEL (X', Q())° (1-7)

is an isomorphism (see [13, Theorem 1.3]).
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Let X € Sm(k) and ¢ : Z — X be a closed immersion of smooth varieties of codimension ¢ with open
complement j : X — Z < X. We have a localization sequence for motivic cohomology (see [14, p. 196]
or [13, Theorem 1.3])

s H(Z,0( —0) 5 Hiy(X.0() &> H (X~ Z,0()) —» Hi' 72,0 ) = -~ .
(1-8)
Let C be a smooth curve over a number field k. Denote by F' = k(C) the function field of C. Then

Hy(F, Q@)= lim HyU,Q@)).
UcCC open

We have the following version of localization sequence:

M
0— H3((C.Q(3)) - H}(F.003) = @ Hik(x), D)), (1-9)
xeCl!
where C! is the set of closed points of C. This follows from the localization sequence of Quillen’s

K -groups (see [37, V.6.12]). The left exactness follows from Borel’s theorem (see, e.g., [37, IV.1.18]),
which states that K4 of a number field is torsion, hence H/?A(K , Q) ~K f)(K )=0.

1.4. The Beilinson regulator map. Let X be a smooth variety over R or C. The Beilinson regulator map,
as defined in [30], is a Q-linear map

regy : Hy, (X, Q(j)) - Hp(X, R())). (1-10)

Forn = j =1, we have H /lvz (X, Q) =0(X )a and the regulator map sends an invertible function
f to the class of log| f], by [9, Appendix A.3]. As the regulator map is compatible with taking cup
products, we observe that the regulator map sends the Milnor symbol {f1, ..., f,} € H} (X, Q(n)) to
the class of log | f1|U---Ulog| f,| in Hp(X, R(n)). When X is defined over a number field k, we write
Xr := X Xg R, and the Beilinson regulator map is defined as the composition

base change

Hi, (X, Q) Hy(Xg, Q())) =25 Hp(Xr, R(j)). (1-11)

Now let C be a smooth curve over a number field k. Let F = k(C) be the function field of C. We
define Deligne cohomology of F by the direct limit

Hp(F,R(j)) = lim Hp(Ug, R(j)). (1-12)
UcCC open

And the regulator map for the function field is defined by reg :=lim,; open 1€8U
regr : Hy(F, Q(j)) — Hp(F, Q())). (1-13)

Now let us recall the regulator integral for smooth projective curve (see [20, Section 3] for more
details). Let C be a smooth projective curve over a number field k. Denote by C(C) the set of complex
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points of C xg C. If w is a holomorphic 1-form on C(C) such that Fggr (w) = w, where Fgg is defined in
Section 1.1, then we have a map

HY(C(C), R2)T — R(1), n = NA® (1-14)
c©

(see [20, Remark 3.1]). This integral depends on the choice of the orientation of C(C). Recall that there
is a canonical isomorphism H%(CR, R(3)) ~ H(C(C), R(2))" (see Remark 1.4). We thus write the
Beilinson regulator map on C as the composition

regc : Hr(C, Q(3)) — H3(Cr, R(3)) =~ H'(C(T), R2)™. (1-15)
The composition map
H3(C,Q(3)) =55 H(C(C), RQ)T 2 le@™% ) (1-16)

is called the regulator integral. Similarly, we have the regulator integral for the function field

H}(F,Q(3)) =5 HY(F,RQ)* Kind STSLACY 1Y (1-17)
where H'(F,R(2))T :=lim HY(U©),R@)T.

—=UcCC open

1.5. Beilinson’s conjecture for genus 1 curves. In this section, we recall Beilinson’s conjecture for
smooth projective curves of genus 1 (see [30, Section 6] or [19, Section 4] for more details). Let us recall
the definition of L-function attached to the pure motive 4 (X), for X is a smooth projective variety over
Q of dimension 7.

Definition 1.8 [30, Section 1.4]. Let p be a prime number. For 0 <i < 2n, we set
L,(h'(X), s) = det(1 —Frob, p~* [h},(X)"")7",

where £ # p is a prime number, Frob, € Gal(Q/Q) is a Frobenius element at p, acting on the étale
realization

hy(X) = Hy(X g, Qo),
and I, is the inertia group at p.

Remark 1.9. If X has good reduction at p, then L p(hi(X ), s) does not depend on the choice of ¢
[30, Section 1.4]. And it is conjectured by Serre that if X has bad reduction at p, then L ,,(hi (X),s)
is independent of the choice of £ and has integer coefficients (compare [21, Conjecture 5.45]). This
conjecture holds if i € {0, 1, 2n—1, 2n}, by [21, Theorem 5.46]. In particular, it holds when X is a curve.

Definition 1.10 (L-function [30, Section 1.5]). The L-function associated to 4’ (X) is defined by

LK (X),s) = ]_[ L,(h (X), s).

p prime
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Let C/Q be a smooth projective curve of genus 1 and E be its Jacobian. By Proposition 1.7, we have
L(h'(C),s) = L(h'(E), s). Hence L(h!(C), s) = L(E, s) the Hasse-Weil L-function. We then have the
following version of Beilinson’s conjecture for smooth projective curve of genus 1.

Conjecture 1.11 ([30, Section 6], [19, Section 4]). Let C be a smooth projective curve over Q of genus 1
and E be its Jacobian. For any nontrivial element o € H/Z\/l (C, Q@3)), we have

(27i)2 (vl rege @)y =a-L'(E, =) (ae@),

where yg is a generator of H;(C(C), Q)*, reg.- is the Beilinson regulator map (1-15), and (-, - ) is then
the pairing in de Rham cohomology.

2. Goncharov’s polylogarithmic complexes

In 1990s, Goncharov introduced polylogarithmic complexes and regulator maps from the cohomology
of these complexes to Deligne cohomology. They have connections with motivic cohomology and the
Beilinson regulator map (see [15; 16; 17]). In this section, we recall briefly these constructions of
Goncharov, which will be used in Section 4.3 to construct elements in motivic cohomology.

2.1. Goncharov’s complexes. For any field F of characteristic 0 and an integer n > 1, Goncharov defined
B, (F) to be the quotient of the Q-vector space @[IP},] by a certain (inductively defined) subspace R, (F).
For x € F U {oc}, we denote by {x}, the class of {x} € @[[P’}V] in B, (F). Goncharov then constructed a
weight n polylogarithmic complex, in degree 1 to n (see [15, Section 1])

Tr(n) : By(F) = Byi (F) ® F — By (F)@NFZ — -+ — Bo(F) @ N T FF — N'Fg,
where the maps are given by
(X p @A Ay = X} p 1 QXAYIA-AY)p if0<p<n-2,
Xh@yiA- Ay (I =X)AXAYIA-- - Aypa.
It is conjectured that the cohomology of this complex computes the motivic cohomology.
Conjecture 2.1 [15, Conjecture A, p.222]. H?(T'r(n)) ~ Hy,(F, Q(n)) for p,n > 1.

Goncharov also defined the Q-vector space B, (F) (1 <n < 3) to be the quotient of @[[P’},] by a certain
subspace R, (F), generated by explicit relations as follows.

Ri(F) :=({x}+{y} — {xy}, x, y € F*; {0}; {00}),

Ra(F) = ()4 )+ —ah + {25 |+ {28 oy e PV (00 10): (o0,

(2-1)

and R3(F) is generated by explicit relations corresponding to the functional equations for the trilogarithm
(see [15, p.214]) that we do not mention here. We still denote by {x} the class of {x} € @[P},] in Bi(F).
As Goncharov’s constructions, Bj(F) =B(F) = FS (see [15, Sections 1.8 and 1.9]). And it was proved
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by de Jeu that B(F) = B (F) (see [20, Remark 5.3]). Goncharov showed that R3(F) C R3(F) and
conjectured that they are equal (see [15, p.225]).

Goncharov then constructed the polylogarithmic complexes I'(F, n) for n = 2, 3 with the same shape as
['r(n) but B, (F) are replaced by B, (F) (notice that these complexes are denoted by Bp(n) in [15, Section
1.8]). In this article, we only use the vector spaces with explicit relations B, (F') and the corresponding
polylogarithmic complexes I'(F, n) for n =2, 3. For n = 2, it is given as follows, in degree 1 and 2:

T(F,2):  By(F) 2% A2 (xha> (1—x)Ax.

We have H2(I'(F, 2)) ~ HJZ\A(F, Q(2)) by Matsumoto’s theorem. And HY(I'(F,2)) ~ H/{A(F, QQ))
by Suslin’s work [35]. The group HY(T'(F, 2)) is also called Bloch group, denoted by B(F) (see [38,
Section 2]).

For n = 3, we have the following polylogarithmic complex in degree 1 to 3:

I'(F,3): Bs(F) 2% By(Fy@ Ff —22 5 NF

{x}3 —— {xL®x
{x}h®y +—— (1—x)AxAY.

(2-2)

Then H3(I'(F, 3)) ~ H/%A(F, Q(3)). In degree 2, Goncharov constructed a map K4(F)g — H*(I'(F, 3))
and conjectured that this induces an isomorphism HJZM(F, Q@3)) ~ Kf)(F) — H2*(T'(F,3)). De Jeu
constructed a map in other direction H*(I'(F, 3)) — H/%A(F ,Q@(3)). We discuss the later map in
Section 3.3.

2.2. The residue homomorphism of complexes. Let K be a field with a discrete valuation v. Denote by
Ok, ky, m, the ring of integers, the residue field, and a uniformizer, respectively. Goncharov defined a
residue homomorphism on his polylogarithmic complexes (see [15, Section 1.14])

dy : (K, 3) = I'(ky, 2)[—1]. (2-3)
More precisely, it is given by

Bs(K) -2 By (k) @ K 22 Nk

laf) lat‘?) (2-4)

By(ky) ——— N (k).

where the vertical maps are defined as follows. For f € K*, we denote by f, the image of fm, Sord ()

under the canonical map Og — k. We have

3P {fla® g > ord,(g){f(v)}2, with the convention {0}, = {1}, = {00} =0in By(k,),  (2-5)
3 f Ag AR ordy(f)gy Ay —ordy(g) fo Ay +ordy (h) fy A go. (2-6)
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Now let C be a smooth connected curve over a number field k and let F be its function field. Denote
by C! the set of closed points of C, and k(x) the residue field of x € C'. We have the morphism of
complexes

0:=®@,cc10y : I'(F,3) > @ ['(k(x), 2)[—1]. 2-7)
xeC!
Goncharov defined the polylogarithmic complex I'(C, 3) as the mapping cone of (2-7). We then have the
exact sequence
0— HX(I'(C,3) - HAT(F,3) > @ H' T (k(x),2)). (2-8)
xeC!
where the left exactness is due to the fact that the cohomology group of degree 0 of polylogarithmic
complexes vanishes. This should be isomorphic to the localization sequence of motivic cohomology (1-9).
We will construct a morphism from complexes (2-8) to (1-9) in (3-16), using work of de Jeu.

2.3. Goncharov’s regulator maps. In this section, we recall Goncharov’s regulator maps. Let X be a
regular variety over a number field. Denote by F the function field of X. For a nonempty open subscheme
U C X, U(C) denotes the set of complex points of U xg C. Let Q/(nx) := lim,, -y open QJ/(U) and
QJ(U) is the space of real smooth j-forms on U (C). Goncharov gave explicitly a homomorphism of
complexes (see [17, Theorem 2.2]):

1 2
B3(F) s By (F)Q F} ke /\3F6

lrz(l) lr,z(z) lw) (2-9)

d d
Q(nx) ————— Q' (nx) ———— Q> ().
For f € F*\ {1}, g, h € F*, the vertical maps in degrees 2 and 3 are given respectively by

r3(2) : {fla®g— p(f. 8), r3(3): fAagnhi— —n(f, g h),

where
n(f. g h):=log|f|(3dlog|g| Adlog|h| —darg(g) Ad arg(h))

+log|g| (%d log |h| Adlog | f| —d arg(h) /\darg(f)) (2-10)

+log|h| (3dlog | fI Adlog|g| —d arg(f) Ad arg(g)) .
and

p(f.8) :=—D(f)dargg+3log|glo(1— f, f), (2-11)

where

0(h., f)=log|h|dlog|f|—log|f|dlog|h|, (2-12)

and D : P (C) — R is the Bloch—Wigner dilogarithm function (0-7). In particular, we have

do(f.g)=—n(l—f, f.e)=n(f.1—f,g) for fe F*\{l},ge F~.
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Let C be a smooth connected curve over a number field and let F be its function field. Goncharov
showed that the map r3(2) gives rise to a regulator map on the cohomology of his complexes of the
function field

r3(2)F : H*(I'(F,3)) — H3(F,R(3)) ~ H'(F,R2))" (2-13)

(see [17, Section 2.7]). Moreover, the map r3(2)r is compatible with taking residues (2-7) (see [17,
Theorem 2.6]), hence it extends to a homomorphism

r3(2)c : HX(I'(C, 3)) — H3(C ®@g R, R(3)) ~ H'(C(C), RQ))™. (2-14)

Now let us compute the residues of the differential form representing r3(2) r(«) for « € H 2(L(F, 3)).
First let us recall the definition of the residues of a differential form.

Definition 2.2 ([9, Definition 7.3]). Let C be a smooth connected curve over a number field and let Z be
a subset of closed points of C. Weset Y :=C\ Z. Letn € H'(Y(C), R). The residue of n at p € C(C) is

Res, (1) = / 0, (2-15)
Y,

P

where y, is the boundary of any small disc containing p and avoiding Z(C) \ {p}.

Lemma 2.3. Let o = ZJ- cilfil®gj € H?*(T'(F, 3)) with cj€Q,and fj € F*\ {1}, g; € F*. Denote
by Z the closed subset of C consisting of zeros and poles of f;, 1 — f;, g; forall j. SetY =C\ Z. Then
r3(2) p (o) is represented by the differential form p := Zj cip(fj, gj) € H'(Y(C), R(2))™T and its residue
at p € C(C) is given by

Res,(p) = =27 Y cjv,(g)D(f;(p)),
J

where D is the Bloch—Wigner dilogarithm function (0-7).

Proof. The first statement follows directly from the definition of the map r3(2) r (2-13). Now we compute
the residues. Let f, g € C(C)* such that all the zeros and poles of f, 1 — f, g are contained in Z. Let
p € C(C) and y,, be a sufficiently small loop around p and does not surround any point of Z\ { p}. Using the
local coordinate z = re’*, for r > 0 small and s € [0, 277], we have f(z) = (re’*)"»)F(re's) and g(z) =
(re’)r@® G (re'*), where F and G are holomorphic functions such that F(0), G(0) # 0. Then

27-[ . . .
f D(f)d arg(g) = /0 D(f(ré*)) darg ((ré®)» @ G (re'*))
Yp

2 27
:/ D(f(re®)v,(g)ds +/ D(f(re’)) darg G(re'). (2-16)
0 0

dag G =L (45 dG\_1 (193G, 193G .
e79=%\6¢ "G )T\ Gz )



The Mahler measure of exact polynomials in three variables 541

we have

. 1 (G . G- .
dargG(re*®) = 5 (Ezrie”ds — ér(—i)e‘”ds) = 0(r)ds,

where G, is the derivative of G with respect to z. Then by taking r — 0 in (2-16), the limit of
fyp D(f)d arg(g) as y, shrinks to p is

2
fo D(f(p)vp(g)ds =2mv,(g) D(f(p)). (2-17)

Moreover, we have

log | f| =log |F(re")| +v,(f)logr,

and
dF dF

1
og|fl og | F| 2<F+F> (r)ds

Therefore, (1 — f, f) = O(rlogr) ds — 0 asr — 0. Hence

Resp(p)=—2anjvp(gj)D(fj(p)), for p € C(C). O
J

3. De Jeu’s polylogarithmic complexes

In this section, we recall de Jeu’s polylogarithmic complexes and his maps from the cohomology of these
complexes to the motivic cohomology. In particular, they give rise to maps from the cohomology of
Goncharov’s polylogarithmic complexes to the motivic cohomology. We then compare the images of
Goncharov’s regulator and Beilinson’s regulator composed with these maps. These results are used in the
construction of the motivic cohomology classes in Section 4.3. In this article, we consider only the cases
of the polylogarithmic complexes of weight 2 and weight 3. The references for this section are [18; 19;
20].

3.1. De Jeu’s polylogarithmic complexes. Let F be a field of characteristic 0. De Jeu defined ]\7( H(F) to
be a certain (D-vector space generated by symbols [ f]; with f € F*\ {1} and constructed the following
complex in degree 1 to 2:

My (F): My(F) = NFS, [flar (= )AL 3-1)
and this complex in degree 1 to 3:

My (F) : M) (F) — Moy (F) ® Fg§ —— N'F,
[flz —— [fhL®f
[fL®g +——> A= HNfArg

(3-2)
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(see [18, Corollary 3.22, Example 3.24] or [20, Section 2]). We have H" (Ajl;n)(F)) ~ Hy, (F, Q(n))
for n € {2, 3}. Let k be a number field. By Suslin’s work, we have the following isomorphism (up to a
universal choice of sign) (see [18, Theorem 5.3] or [20, Theorem 2.3])

0y H (MG () = Hy(k, Q(2)). (3-3)
Let 0 : k — C be any embedding of k into C. We consider the composition map

H' (M, (k) Y, H}(k, Q(2)) =5 R(1), (3-4)

where reg, is the composition H },(k, Q(2)) LN H\,(C, Q(2) =55 HA(C,R(2)) ~ R(1); the last
isomorphism here is the canonical isomorphism mentioned in Remark 1.4. It is shown that the map (3-4)
is given by [z]» to i D(0 (z)), where D is the Bloch—-Wigner dilogarithm (see [18, Proposition 4.1]). So
we can fix the sign of go(lz) such that it is induced by [z]> — i D(0 (2)).

Moreover, de Jeu ([19, p. 529]) constructed a map (up to a universal choice of sign)

0%, + HA(M3)(F)) — Hi(F,Q(3)). (3-5)
We discuss more about this map when F is the function field of a curve in the following section.

3.2. De Jeu’s maps. Let C be a smooth geometrically connected curve over a number field k. Denote by
F the function field of C and k(x) the residue field of a closed point x € C ! De Jeu [19, Proposition 5.1]
also defined the residue map

S /\%:3)(F) — @ M:Z)(k(X))[—l] (3_6)

xeC!

similarly to Goncharov’s residue map (2-7). The complex ./\7('3) (C) is also defined to be the mapping cone
of (3-6). As the maps g0(23) (3-5) and go(lz) (3-3) are defined universally up to sign, we have the (possibly
noncommutative) diagram

2
%)

H2(M)(F)) H3,(F,Q(3))

i28l lReSM

DB.ccr H (M) (k(x))) ¢—T> D, ot HL (k(x), QQ2)).
2)

Recall that we have the following cup product of K -groups:
U: KPR @KV (F) - KO (F).

Since K(j)

(X)) ~ Hiy (X, Q(j)) and K{V(F) ~ F;. we have

H}(k,Q(2)) UF} C Hy (F, Q(3)).



The Mahler measure of exact polynomials in three variables 543

Denote by H = H},(k, @(2)) U Fj. De Jeu showed that (Res™ o ¢)) £ 2(¢,, o 8) has image in
ResM| u(H) (see [19, Theorem 5.2]). With the fixed choice of sign of go(lz) in Section 3.1, we can choose
the sign of goé) such that (Res™ o 90(23)) — 2(g0(12) 0 8) has image in Res™ |y (H) (see [19, diagram (15)]).

2

HAM (F) ——— s H2(F,Q(3) > H

28l lResM

Dt H' (M, (k(x))) (p—:> Brect Hi(k(x), Q).
2)

Leté e H 2(/\71;3)(F ). As ResM | is injective (see [20, Remark 4.4], for example), there exists a unique
h € H such that

Res™ | (h) = (Res™ 0 gfs)) — 2(¢fy, 0 ) (&).

Then we define a map

or : H (M3, (F)) — H3((F,Q(3)), (3-7)
by setting pr(§) := (pé)(f) — h. It is a Q-linear map making the following diagram commute:

YF

H2 (M5, (F)) H2,(F,Q(3))

25J lResM (3-8)

Drcct H (M k() —— D yecr Hiy(k(x), Q).

(o)}

This modification was mentioned briefly by de Jeu in [19, Remark 5.3]. From diagram (3-8), ¢ induces
a map

oc : H*(M(,(C)) — Hy (C,Q(3))

such that the following diagram commutes:

0 —— H2(M3)(C)) —— H2(M) (F)) —2 @, cor H (M, (k(x))

WJ wl f (3-9)

R M
0 —— H3(C,Q(3)) —— H,(F,Q(3)) —= @, ccr Hy(k(x), QQ2)),
where the lower horizontal sequence is the localization sequence of motivic cohomology from (1-9).

3.3. Relation to Goncharov’s complexes. Let F be an arbitrary field of characteristic 0. De Jeu showed
that there is a map B,(F) — M(z)(F) given by {x}, — [x]» (see [20, Lemma 5.2]). This map fits into
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the commutative diagram

T'(F,2): By(F) —— N'F§
l H (3-10)
My (F) : M@y (F) — NF.

This diagram gives rise to a map w(z) H'(I'(F,2)) — H' (M(z)(F )). In particular, if k is a number field,
we have Ip(z) HY(T(k,2)) = H! (M(z) (k)) is an isomorphism (see [18, Section 5]). We then define
13(2) cH'(T'(k,2)) — H}Vl (k, Q(2)) to be the composition of <p(2) and W(g)

H'(T(k,2)) —> ; H},(k, O(2))
= ~ |} (3-11)
k j.(p()
H' (M3, (K)).

The map B,(F) — A7I(2)(F ), {x}2 > [x], also fits into the commutative diagram

['(F,3): B3y(F) —— By(F)® F —— /\3F6
o em
M) (F) : M) (F) — Moy (F)® F§ —— N Fg.

The middle vertical arrow in the diagram (3-12) sends objects of the form {x}, ® x to [x], ® x, so that it
maps the image of B3(F) to the image of M 3)(F). It then induces a map

Yo HX(D(F, 3)) > H*(Mg,(F)). (3-13)

Now let C be a smooth geometrically connected curve over a number field k. Let F be its function
field and for any x € C!, we denote by k(x) the residue of C at x. Since the residue maps of Goncharov
and de Jeu are defined similarly, we have the commutative diagram

HA('(F, 3)) L H2(M (F))

. J%

DB, cor H'(T(k(x),2)) ¢—T> Brcer H (MY, k().

@

Then ¢ induces a map ¢ : H*(I'(C, 3)) = H 2(/\71;3)(C )) that makes the following diagram commute:

0 — HX(['(C, 3)) — HX(I'(F, 3)) — 2, D, cct HI(T (k(x), 2))

- |

0 —— H2(M,(C)) —— HA(Mly)(F) — @, cor H (M, (k(x))).
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Putting BF := ¢F o ¥ F, we have the commutative diagram

BF

//—\

HX(T(F,3) — H? (M) (F)) ———— H},(F, Q(3))

22{ lzs lResM (3-14)

Brect H (T k(x),2)) —— B et H (M (k(x)) — B ccr Hi(k(x), Q2)).

@) Lo}

~

B
Again, the map
Br : HX(T(F,3)) — H3,(F,Q(3)) (3-15)

induces a map B¢ : H 2(r(c,3)) - H/%4(C, @(3)) such that the following diagram commutes:

00— HX(I'(C, 3)) — H2(T'(F, 3)) — 22 D, cct HI(T (k(x),2))
ﬁcl J,sF Zlﬁ('z) (3-16)
0 —— H2,(C.QG)) — H2(F.Q()) 5D, o H (k(x), Q).

In particular, we have B¢ = ¢c o ¥c.

3.4. Regulator maps. Let C be a smooth proper geometrically connected curve over a number field &
and let F be its function field. We have the following lemma, which is a consequence of de Jeu’s theorem
[20, Theorem 3.5] and Goncharov’s theorem [16, Theorem 3.3].

Lemma 3.1 (de Jeu). Let w be a holomorphic 1-form on C(C) such that Fyr(w) = w, where FgR is the
action defined in Section 1.1. Let ¢ = Zj cilfilhh®gj€ H2(I'(F, 3)) with cj€Qand fj € F*\ {1},
gj € F*. With the fixed sign 0f<p(23) as in Section 3.2, we have

/C(C)regF(ﬂF(oc))/\d):Z/C(C)r3(2)1:(oz)/\d), (3-17)

where BF is the map defined in (3-15), reg . is Beilinson’s regulator map (1-13), and r3(2)  is Goncharov’s
regulator map (2-13).

Proof. We consider the regulator integral (1-17)
H3(F,Q(3)) =25 H'(F,RQ)* Und[SEVLCY - TENY

The image of H /1\/1 (k, Q2) U FS under the regulator integral is trivial (see [19, Theorem 4.2]). This can
be seen by noting that

o
dargg/\a)=2n/ w=2n/ g:w =0,
() 87 R-0) 0
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where g, is the pushforward by the correspondence from C to P!, and the fact that g, = 0 since P! has
no holomorphic forms. Hence, for § € H 2(/\7lz3)(F )), we have

fC(C)regF((pF(S)) Aw= /C(C)regF(goé) (&)—h)Aw forsomeh € H)Vl (k, @2)) U FE\; (see (3-7))
= /. @) () A~ /. reEr G
= /C oree £ (95 () A . (3-18)

Now let o = Zj cilfil®gj e H?*(I'(F, 3)). Then ¥p(a) = Zj cilfilh®gje HZ(M:3)(F)). Using
(3-18) with &€ = ¥rp(a), we have

/. e Br@) o= /. o) N = [ e Gl E) NG

With the fixed sign of g0(23) in Section 3.2, one can show that
2 _ 8 / -
re A== ; lo 101 — fi, fHA
S reer (ol €0 n =3 E,- < [ logl8100 = £ ) a6

(see [20, Theorem 3.5]). On the other hand, by some computations, one obtains the formula

-4 D
fc(c)m(z)F(a)/\a): 3 Xj:Cj /C(C)l()g 18;10C1 = fj. [ A @

(see [16, Theorem 3.3]). Therefore, we have
ANo=2 2 A®. g
JooreerBre@nro=2 [ r@r@ns
As C is proper, the map
H'(C(C), R2)* - Hom(H’(C(C), @Ht, R(1)), n <w > /C(C)n /\c?)) (3-19)
is injective (see [20, Remark 3.1]). By Lemma 3.1, for « € H?*(I'(C, 3)), we have
Aw=72 2 AQ
/. o reEcfe@) Ad /. RECEON!

where r3(2)¢ is Goncharov’s regulator map (2-14). Therefore, we have the commutative diagram

Bc

HA(I(C, 3) —X s HA(M)(C) —2 H2(C, Q(3))

H'(C(©),R)T,

(3-20)

where the middle vertical map is just the composition %regc o gc. In [20, Corollary 5.5], de Jeu showed
that the images of the r3(2)¢ and reg., as vector spaces, are the same.
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Lemma 3.2. Let o = Zj cilfil2®gj e H*(T'(F, 3)) with cj€Qand fj € F*\ {1}, g; € F*. Denote
by Y = C\ Z where Z is the closed subscheme of C consisting of the zeros and poles of f;, 1 — f;, g; for
all j. With the fixed choice of signs of go(lz) and go(23), we have

/y reg (Br(a)) =2 /y rsQ)r(@)  foranyloop y € Hy(Y(C), 2).

Proof. First notice that 8r(«) € sz\/l(F , Q(3)) actually belongs to the subgroup HJZ\A(Y , Q03)) (see [7,
Theorem 5.4]). Thenreg, (8r(«)) belongs to H LY (©),R2)*t. In particular, the integral fy regr(Br(a))
is well-defined for any loop y € H; (Y (C), Z). Since r3(2) r(«) is represented by the form Zj cip(fi, &)
which defines an element in H' (Y (C), R)*, the integral fy r3(2) p (@) is also well-defined.

In particular, we have reg - (Br () —2r3(2)r(a) € H 1(Y(C), R(2))*. We consider the Mayer—Vietoris
sequence

0—— H'(C(©), RQ)T — H'(Y(©), RN " o Ry, (2D

where Res), is the residue map defined in Definition 2.2. We are going to show that reg (8 (a)) —
2r3(2) r () extends to H'(C(C), R(2))*. Let p € Z(C) supported on a closed point x € Z! with the
embedding o : k(x) — C, i.e.,
id
m
Spec C —— Z xg C —— Spec C
)4
L~

Spec k(x) — Z Spec Q.

With the fixed signs of (p(lz) and <p(23) as before, we have the commutative diagram

HA(T'(F. 3)) —— H2,(F. Q(3)) — H'(F,RQ))*

23{ lResf" l(Zﬂi)lResp (3-22)
H'(T (k(x),2)) o Hy, (k(x), Q(2)) gy R,

)

where regy, is the composition HAl,l (k(x), Q2)) LN HAlA (C, Q) =5 Hé(([:, R(2)) >~ R(1) as men-
tioned in (3-4). The commutativity of the right square follows from the compatibility of the Beilinson
regulators and residues maps. We then have

Res , (reg (B (@) = (471i) regy () (Bly (3x (@) = (47i) (regy ) o ﬂ(lz))(z cjue(gNfi(0))),
J

where the last equality follows from the definition of Goncharov’s residues map (2-5). As mentioned in
(3-4), the sign of (p(lz) is chosen such that the lower composition map in the diagram (3-22) is induced by
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the map {z}» — i D(0(z)). Therefore, we have
Res (regr (Br())) = (4mi)i 3 cjve(gj) D (o (f;(x)))
=—4r ). Z’jva(x)(gj)D(fj(U(x))) (as fj, gj € k(C))
=2 Res;(r3(2)p(a)) (by Lemma 2.3).

So Res, (regp(Br(a)) —2r3(2)p(a)) =0 for all p € Z(C), hence regy(Br(a)) —2r3(2) p (o) extends to
H'(C(C), R(2))™T. Therefore, the class regr (Br(a)) —2r3(2)(«) is represented by n +dt, where n is a
Fyr-invariant closed differential 1-form on C(C) and ¢ is a logarithmic growth function on Y (C). Now
let w be a holomorphic 1-form on C(C) such that Fyr(w) = w. Since ¢ is a logarithmic growth function

on Y (C), we have
/ thcD:/ d(td) =0
Cc(© Cc(©

by using Stokes’ theorem (see the proof of [19, Theorem 4.6]). We then have
[ onno=[ a+dynro= [ (regrBr)—2@r@)rd=0.
Cc© C(C) c©

where the last equality is by Lemma 3.1. Since o is an arbitrary Fgr-invariant holomorphic 1-form
and such forms span a real vector space dual to H L(c(©), R@2))* ([20, Remark 3.1]), we obtain that
n = ds for some function s on C(C). So regy(Br(x)) —2r3(2) r(a)) is represented by d(s +¢) for some
logarithmic growth function s 4+ ¢ on Y (C). Hence

fy reg; (Br(a)) =2 /y r3()p(a)  forany loop y € Hy(Y(C), Z). O

4. Main result

In Section 4.1, we construct an element in Deligne cohomology and in Section 4.2, we connect it to the
Mabhler measure. In Section 4.3, we construct an element in K f) of a curve such that its regulator is
related to the Deligne cohomology class constructed in Section 4.1. We prove Theorem 0.2 in Section 4.

4.1. Constructing an element in Deligne cohomology. Let

P(x,y,2)€Qlx,y,z]

be an irreducible polynomial. We denote by Vp the zero locus of P in (C*)3 and V,rfg the smooth part of

Vp. For f,g,h € C(V;,eg)x, we recall the differential form mentioned in (2-10)
n(f.g.h) =log|f|(3dlog|g| ndlog|h| —darg(g) Ad arg(h))
+1log |g| (%dlog \h| Adlog|f| —darg(h) Ad arg(f))
+log |A| (%dlog |fIAndlog|g|—darg(f) Adarg(g)) . 4-1)

The form is bilinear and antisymmetric in f, g, 4. It is defined on Vlrf'g \ St.¢.n Wwhere S¢ o j, is the set of
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zeros and poles of f, g and h. Moreover, n(f, g, h) is a closed form on V;eg \ Sf,¢,n since

d dh d
dn(f,g,h):Re(Tf/\T/\?g),

. . . reg
which is zero in V,= \ S¢ ¢ p.

Lemma 4.1. The differential form n(x, y, z) defines an element in the Deligne cohomology H%(G3 R(3)).

m?

Moreover, it represents the class reggs ({x, v, z}), where regg: wa (G?n, Q@3)) — H%(G3 R(3)) is the

m’

Beilinson regulator map and {x, y, z} € vat (an, Q(3)) is the Milnor symbol.

Proof. By definition, n(x, y, z) € Elzog’R(G?n), and defines an element in H%(an, R(3)). By an observation
in Section 1.4, regg: ({x, y, z}) is represented by the cup product log |x| Ulog|y| Ulog |z| in Deligne
cohomology. By the cup product formula (1-3), we have

log |x[Ulog |y| Ulog |z| = (log |x[Ulog |y|) Ulog |z|
= (—=1)’ra(log x| Ulog | y]) log |z| + (log |x| Ulog | y]) ri(log )

_(5(1 dy 1 d_x)_‘(l dx 1 dj))
= (9(3 1oz 1 7 — 3 loglvl 5F) = (5 log vl G — 5 log I+ F) ) log

+i- (log |x|d arg y —log |y|d arg(x)) A (3 log |z| — 8 log )
= (%d% A a’7y + %Cifi /\dyT)_)> log |z| — (log |x|d arg y —log|y|d argx) Ad arg z
=log|z|(d log |x| Adlog|y| —d arg(x) Ad arg y)
—log|y|darg(z) Ad argx —log |x|d arg(y) Ad arg z.
Therefore,
n(x,y,z) —log|x[Ulog|y| Ulog|z|
= %log |x|d log |y| Adlog|z| + %log |yld log |z| Adlog|x| — %log |z|d log |x| Adlog|y|
= —3d(log|x|log |z d log |y]) + 3d(log |y| log |z| d log|x|),
which is an exact form, hence reggs ({x, y, z}) is represented by n(x, y, z). Il
Consequently, pulling back n(x, y, z) by the embedding V;eg i an, we see that n(x, y, Z)lv}r)eg isa
representative of regV;eg({x, v, z}) in H%(Vreg, R(3)). We come to the definition of exact polynomials.

Definition 4.2 (exact polynomial). A polynomial P(x, y, z) is called exact if regV;eg({x, v, z}) is trivial,
i.e., n(x, y, z) is an exact form on Vf,eg.

Remark 4.3. If P satisfies Lalin’s condition (see Theorem 0.1(iii)), namely
xAyAz=Y fin(=fag in N Qe (4-2)
j

for some functions f; € Q(Vp)* \ {1} and g; € Q(Vp)™, then P is exact because

N, y, Dlyee =2 n(f5. 1= fj.8) =2 dp(fj. 8)) =d X p(fj. &)
J J J
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where p(f, g) is the differential form defined in (2-11). In particular, the polynomials of the form
A(x) + B(x)y 4+ C(x)z, where A(x), B(x), C(x) are products of cyclotomic polynomials, are exact.
Indeed, we have
A(x)+B(x)y

C(x)
Ax) A(x)+B(x)y>
C(x) A(x)

— A(x) B(x)y
—x/\y/\C( )+x/\yA<1+ Alx )>

AW By (4, B@y B() B()y
coo T A A1+ A<>> AT N (1+ A()) (4-3)

For cyclotomic polynomials ® (x), we have

i AYAG =1 = Y xAyADx)
=XAYy x —1)— XNAY dx
Hdln,d;r’:n D4 (x) din,d#n

XAYAZ=XAYA

=xAyA(

=XAYA

XAYAND,(X)=xAYA
1
=—x"ANA=xYAy— > xAyAD,.
n d|n,d#n
Forn=1,xAyA(x+1)=—xA(1+x)Ay. So we get (4-2) by induction on #.

From now on, let us assume our polynomial P satisfies the condition (4-2). We consider the involution
TG;_)any(xsyaZ)'_)(l/xv 1/)’, I/Z)a (4_4)

which maps Vp to Vp«, where P*(x, v, z) := P(1/x,1/y, 1/z) = P(1/x, 1/y, 1/z). Let Wp be the curve
defined by
P(x,y,2) =0,
{P(l/x, 1/y,1/2) =

We call Wp the Maillot variety. The restriction 7|w, : Wp — Wp is an automorphism. We view Wp as a

(4-5)

curve over Q. Then let C be the normalization of Wp. The condition (4-2) implies that

xAyAz=Y fin(=fag  in NNQO)G (4-6)

for some functions f; € Q(C)™ \ {1} and g; € Q(C)*.
Definition 4.4. Let FF = Q(C) be the function field of C. We write

E:=2{fih®g. E =2 {fjoth®(gjo1), Ai=§+E7, (4-7)
J J

which are elements in By (F) ® FS. Let us consider the following closed subschemes of Vp and Vp«:

Z| = {zeros and poles of f;,1— f;, g; on Vp forall j}, (4-8)
= {zeros and poles of fjo1,1— fjot,g;jot on Vp« forall j}. (4-9)
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We define the following differential 1-forms on V}r,eg \ Z, and V.2 \ Z,, respectively:

pE) =Y p(fi.g).  pPED=) p(fiot,gjo0), (4-10)
J J

where p(f, g) is mentioned in (2-11). Denote by Z the closed subscheme of C
Z = {zeros and poles of f;,1— f;,g;, fiotr,1— fjot,g;01 on C forall j}, 4-11)

andset Y = L(W;fg) \ Z, where ¢ : W;,eg < C is the canonical embedding. Using the canonical embeddings
of Y (C) into Vp and Vp«, we define the following differential 1-form on Y (C):

p)=p@Elye) +rENy©- (4-12)
Lemma 4.5. The element ) defines a class in H*(T'(F, 3)), and also an element in H*(I'(Y, 3)).
Proof. We recall the polylogarithmic Goncharov complex
D(F,3): By(F) —— By(F)® Ff — 22 s N R
{fheg ——=UA=-HA[fAg.
We have
a3(2)(§) = ¥a3(2)({f1}2 ®gj) = ;(1 —fINfingj=—XNyAzZ,

and
wi)E) =2 a3 ({fioth®@gon) =20~ for)A(fjoT)A(gjoT)
J J
=7 (LU= A fiAg) =T (=x Ay AD)
J

1
=—— A—A-=XAYAZ,
X y z

so a3(2)(A) = a3(2) (&) + a3(2)(E*) = 0. Then A defines a class in H>(I'(F, 3)). Now we consider the
following exact sequence (see Section 2.2):

0— HX(I'(Y.3)) > HXI(F,3)) 2% P H'T@p).2), (4-13)
peY!

where Y'! is the set of closed points of Y. The residue of A at p € Y! is given by
Ip(R) =2 vp@fi(Pha+vp(gjoD{fjot(p)ha e H'(T'(Q(p), 2), (4-14)
J

which is trivial for every point p ¢ S, where S is the closed subscheme of C
S = {zeros and poles of g;, g; ot on C for all j}. (4-15)

We have d,(A) =0 for all p € Y', hence A defines an element in H2(I'(Y, 3)). Il
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Lemma 4.6. The differential 1-form p()\) defines an element in H%(YR, R(3)) ~ H (Y (C), R(2))*. For
any point p € C(C), the residue of p(X) at p is given by

Res,(p(A) = —27 (Z vp(8)D(fj(p)) +vp(gjoT)D(fjo T)(P)), (4-16)

J

where D is the Bloch—Wigner dilogarithm function (0-7).
Proof. The first statement follows from the fact that p (1) represents r3(2)y (1), where
r3)y : H(T(Y,3)) - HA(Y, R(3)) =~ H'(Y(C), R2))*

is Goncharov’s regulator map (2-14), or by checking directly that p()) is closed and fixed under the
action of the involution Fyr. The formula (4-16) follows directly from Lemma 2.3. Il

Remark 4.7. If all the residues u, := 9, (1) are trivial for all p € § (see (4-15)), then A defines a unique
class A¢ in H*(I'(C, 3)) and p(A) represents the class r3(2)c(Ac) € HA(C, Q(3)) >~ H!(C(C), RQ2))*.

4.2. Relating the Mahler measure to the Deligne cohomology. We retain the notation from the previous
section. In this section, we connect p(A) to the Mahler measure of P. Recall that the Deninger chain
associated to P is defined by

I'={(x.y.2) €(C*):P(x,y,2)=0, [x| =yl =1, [z| = 1}. (4-17)

Its orientation is induced from T?: for each (xg, yo) € T?, there are finitely many z € C such that |z| > 1

2

and P(xg, Yo, z) = 0, then by letting (xo, yo) runs on the torus T(x »

along the usual orientation, we get
the orientation of I'. Its boundary is given by

a0 ={(x,y,2) € (C*)’: P(x,y,2) =0, x| =y| = |z| = 1}.

Deninger [12, Proposition 3.3] showed that if I" is contained in Vlrfg, then we get the formula
~ 1
m(P) =m(P) =5 | nx.y.2), (4-18)
= Jr

where I5(x, y) is the leading coefficient of P(x, y, z) considered as a polynomial in z. If furthermore,
dT = @, then [I'] € Hy(V, ¢, Z) and the Mahler measure is written as a pairing in Deligne cohomology

~ 1
m(P) = m(P) - m([r]’ regV;,Eg({-x’ Y, Z)})V;fg.
Since P (x, y, z) has rational coefficients, we can write
ar ={P(x,y,2)=P/x,1/y,1/2) =0}N{lx| =|y| = [z| = 1},

which is contained in Wp, and may contain some singularities of Wp. We have the following lemma.
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Lemma 4.8. We assume that

xAyAz=Y fin(=fag in N Qe (4-19)
j

Suppose that I is contained in V]r;:g and that oT is contained in Y (C) (see Definition 4.4). Then oT" defines
an element in the singular homology group H\(Y (C), Z)™, where “+” denotes the invariant part by the
complex conjugation, and we can write the Mahler measure as a pairing in Deligne cohomology of Yr:

m(P) = m(P) —8—;2 ([T, [p(M)])y (4-20)
where the pairing is given by
(. )y Y (©), )Y x H'(Y(C), R2)* — R(2). (4-21)
Proof. Since I" C Vf,eg and 0" C Y (C), dI" defines an element in H, (Y (C), Z) by considering the sequence
Hy(Vp2, 9T, Z) — Hy (8T, Z) —— H (Y (C), 2)

[y —— [I'l +—— [dI'].

Now we show that 0T is invariant under the complex conjugation. Notice that the action of the complex
conjugation on T is the same as the action of the involution 7 (4-4) on 3T because ¥ =x~' forx e T!. So
it suffices to show that 7 fixes dI". Clearly, t(0I") = 0T as sets. We claim that t preserves the orientation
of aI'. Notice that the orientation of dI" is induced from the orientation of I', and the orientation of I
comes from the orientation of T2. The map

Tl T2 = T2, (x,y)— (1/x,1/y) (4-22)

preserves the orientation of T2; hence T preserves the orientation of 3T". Note that the condition (4-19)
implies that n(x, y, Z)|v,’fg =dp(&). Then by applying Stokes’ theorem to (4-18), we get

~ 1
m(P)Zm(P)—mfarP(S)IY(@)- (4-23)

We have
/ P(S)IY(C)=f T*(,O(S)lyw:)):f T*(p(€)|Y(a:))=/ PEDy©),
aT £(3T) aT ar

where the second equality is because 7(dI') = dI" as sets and 7 preserves the orientation of dI". Then, by
(4-23), we get

m(P)—m(ﬁ)=—m Mp(é)IY(C):—@ arp@nnmp(s*nn@=—@ arpm,

which is exactly formula (4-20). O
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4.3. Constructing an element in the motivic cohomology. In Section 4.1, we constructed an element A
that defines a class in H2(I'(Y, 3)) and its regulator is represented by the differential 1-form p (). In this
section, we construct an element in H2(I'(Ck, 3)), where Cx = C xg K for a certain number field K. It
gives rise to an element in motivic cohomology H/%/t (Ck, Q(3)) via de Jeu’s map B¢, . Finally, we show
that this motivic cohomology class descends to an element in sz\/( (C, Q03)).

Recall that the residues u, are trivial for all p ¢ S, where § is the closed subset of C defined in (4-15).
As discussed in Remark 4.7, if u,, vanish for all p € S, A defines an element in H 2(I'(C, 3)). When the
residues are nontrivial, we modify A by its residues. This method is inspired by Bloch’s trick (see, e.g., [1;
30]). Let S be the closed subset of S consisting of the points p such that u, # 0. Let K be the splitting
field of S’ in C; this is the smallest Galois extension K /Q that contains all the residue fields Q(p) for
p € S'. For a geometric point ¢ : @(p) < K over a point p of S’, we define u, as the image of u, under
the embedding B(Q(p)) — 7 B(K). Then for g € S'(K), u, defines an element in the Bloch group B(K).
It is compatible with the Galois action, i.e., 0 (iy) = Us () for g € S'(K) and o € Gal(K /Q),

B@Q(p)) —— B(K)

\ l(, (4-24)

B(K).
Denote by K (C) the function field of C xg K. The inclusion Q(p) </ K (C) induces a map B; (Q(C)) EN
Bi (K (C)), which is not an inclusion generally. We have the commutative diagram

B3(Q(C)) —— ByQ(C) Q05 —22 N Q(0);

a3(2)

B3(K(C)) — By(K(C) ® K(C)y —— N K ()3

This implies a map j : H*(I'(Q(C), 3)) — H*(I'(K(C), 3)). By Lemma 4.5, A defines a class in
H?(I'(Q(C), 3)), hence j (1) defines a class in H>(I'(K (C), 3)). We have the exact sequence

0— HA(I'(Ck, 3)) — HAT(K(C), 3) — @, ey H'(T(K,2)),

where (Cx)! is the set of closed points of Cx. We have 9,(j (1)) = u, for g € Si = S'(K) and trivial
otherwise.

We assume that the difference of any two geometric points g1, g2 € S’(K) in the Jacobian of C is
torsion of order dividing a fixed integer N. Fix O € §'(K). Then for any point ¢ € S'(K) — {O}, there is
a rational function f, € K(C)* such that

div(fg) = N(O) = N(q) (4-25)

in Cg. We set fpo = 1.
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Definition 4.9. We set

. 1
M=+ Y L@ fy), (4-26)
geS' (K)—{O}

which defines an element in B>(K (C)) ® K (C)g.
Lemma 4.10. The element )’ defines a class in H2(T'(K(C), 3)).
Proof. For g € §'(K), we recall the following Goncharov’s complex (2-4):

By(K(C)) — By(K(C) ® K(C)}, 2 N K (),

3{ l (4-27)

1
By(K) — 2 N2k

As discussed above, j (1) defines a class in H*(I'(K (C), 3)), hence «3(2)(j (1)) = 0. For q € S'(K), we
have a>(1)(uy) = 0 because u, € B(K). We thus have a3(2) (uq X fq) = (2(1)(ug)) A f4 =0. This
implies that

/ : 1
a3(2)(A) =a3(2)(j (1) + I Z a3(2)(ug ® fg) =0,

qeS (K)—{0}
hence A’ defines an element in H2(I'(K (C), 3)). O

Notice that A" depends on the choice of rational function f, € K(C)*. However, the following lemma
is sufficient for us.

Lemma 4.11. The image of A" under de Jeu’s map (3-15)

Br(c): HA(T(K(C),3)) = H(K(C), Q(3)), (4-28)
does not depend on the choice of f, € K(C)*.
Proof. Let g € §'(K). Let fq/ € K(C)* be another rational function such that div( fé) =N(O)—N(g).
Then div(f,/ fq/) = 0, hence f,;/ fq/ defines an element in a finite field extension of K, denoted by L.
Then uy ® (f4/f,) defines an element in B>(L) ® L*. In the proof of Lemma 4.10, we showed that
a3(2)(uy ® fy) =0, this implies that

a3ty ® (fy/f1) = a3 (ug ® fy) —a32)(ug ® f)) =0,
hence u,; ® (fq/fq’) defines a class in H2(I'(L, 3)). We consider de Jeu’s map
B H*(T(L,3)) > Ka(L)a.

By Borel’s theorem, K4 group of a number field is torsion, so K4(L)g = 0. This implies that the images
of u; ® (fq/fq’) under the map B; in K4(L)g all vanish. Hence the image of A’ under de Jeu’s map does
not depend on the choice of f,. O
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Lemma 4.12. All the residues of A" in the following localization sequence vanish:
0— HX(I'(Cx.3) —» HXT(K(C).3) > @ H'(T(K.,2),
q€(Cx)!
and thus ) defines a unique element )JCK € HX(I'(Ck, 3)).
Proof. We have 9,(A") =0 for all ¢ ¢ S'(K). For ¢ € §'(K), we have

1
M) =ugt Y 8y ® fy)

q'eS'(K)—{0}
1
=uq+ Z N’vq(fq’)’”q’
q'eS' (K)—{O}
1 .
Mq+ﬁ‘vq(fq)’uq=uq_uq:() if g # O,

1 .
uo + Zq’eS’(K)—{O} N N v(’)(fq/) . Mq/ = Zq/ES/(K) l/lq’ lfq == O
Now let mg : Cx — Spec K be the structure morphism and ig : (C x)! < Ck be the canonical embedding.

We have the commutative diagram

o—>H2(F(cK,3))—>H2(F(K(C),3))L> @ H'('(K,2)

ge(Ck)!
Bck Bk ~ /3(12)
(iK)«

0 —— H%,(Ck, Q(3)) —— H3,(K(C), Q(3)) Res™, @ H)(K,QQ) — H3}(Ck,QEA3))
€(Ck)!
q \ l(ﬂk‘)*
>
H(K,Q(2),

(see diagram (3-16)), where the two horizontal sequences are exact and X is the trace map, which sends
(g)ges (k) to quS’(K) ug. Then we have qus,(K) uy = 0 by the commutativity of the bottom triangle.
This shows that d,(1") =0 for all g € §'(K), then A’ defines a unique element in H*(I'(Ck, 3)). d

By the previous lemma, we constructed an element A, € H 2(I'(Ck, 3)). Via the map
Brc : HX(T(Ck.3)) — Hi(Cx, QO3)),
we obtain a class B¢, ()JCK) IS H/Z\/t(CK, Q3)).
Lemma 4.13. The class B¢, ()JCK) € H/%A (Ck, Q0)) is Gal(K /Q)-invariant.

Proof. The Galois action of Gal(K /Q) on H/Z\,[ (Ck, Q(3)) is induced from the action on the function field,
hence it is sufficient to check that B () (1)) € H*(T'(K (C), 3)) is Gal(K /Q)-invariant. Let o € Gal(K /Q),
we have

1 1
W) =00+ D L ow®f=i0+ Y, s ®a(fy,

qeS'(K)—{0} qeS'(K)—{0O}
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because A € B(Q(C)) ® Q(C)™ and 0 (uy) = uy(y) (see diagram (4-24)). Since div(fy) = N(O) — N(q)
for g € S'(K) — {0}, we have div(c (f;)) = N(c(0)) — N(o(g)). And by definition of f,,), we have
div(fo(g)) = N(O) — N(o(q)). Hence

div(o (f) = div(fo(g) — N(O) 4+ N(0(0)) =div(fs(g) — div(fo0) = div(fog)/fo0)-  (4-29)

Write O’ =0~ 1(0) € §'(K), we have

1
D —Ma<q>®fa(q)

sesimr-o N Jo©
1 o 1)
=A+ Z Nug(q)(@f(q)-f—ﬁu(g@ /
qGS/(K)—{0,0’} fU(O) fU(O)
1 1 ,
=i+ Z — Usq) ® Jop _ 1 uo ® fo(0) (since fo=1)
o on N foo) N
qeS'(K)—{0,0'}
1 1 1
=i+ ) ~ Yo@ ® foq) — > ~ Yo@ ® fo0) = 1 10 ® fo)
qeS'(K)—{0,0'} qeS'(K)—{0,0'}

1 1
=i+ ) v Yo ® fow) ~ > v Yo@ ® foo)

4eS' (K)—{0,0') €S ()0}
1 1 .
=i+ Z —Us(g) ® foig) + = Us(0) ® fo(0) (since Y u,=0)
N N €S (K)
4€S'(K)—{0,0") q
1
=it ) Vio@ ® fo
qeS (K)—{0'}

=A

By Lemma 4.11, then, Bx c)(o (X)) = Bk (c)(X) for all o € Gal(K /Q). Since de Jeu’s map S is functorial,
it is compatible with the Galois action, so o (Bk(c)(X)) = Bk (c)(A') for all o € Gal(K /). O

Thus B¢, ()JCK) defines a class in H/%/t (Ck, @(3))G31(K/@). Setting  : Cx — C, we have the Galois
descent of motivic cohomology as mentioned in (1-7):

7*: H2,(C,Q(3)) = H3,(Ck, Q(3) /D, (4-30)
Hence (1) ™! (Bcy (M) is an element in Hy,(C, Q(3)).

4.4. Proof of Theorem 0.2. In this section, we keep the notations as in Section 4.3. To prove Theorem 0.2,
the main idea is that we relate the regulator of the motivic cohomology class constructed in Section 4.3 to
the Deligne cohomology class constructed in Section 4.1, hence to the Mahler measure of the polynomial P
by Section 4.2.
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First, as mentioned in (4-14), u,, defines an element in B(Q(p)) for p € S. By Remark 4.7, if u, =0
for all p € S, then Bc(Ac) € H/Z\,I(C, Q(3)) and p (1) represents the class r3(2)c(Ac) € H'(C(C),RQ)*T.
Denote by i : Y (C) < C(C) the canonical embedding. Then by Lemma 4.8, we have

5 1 1
m(P) =m(P) = —o— (OT] bW Dye) = =5 (0T] 13 )c o))y
1
=—23 (ix[0T'], 32 c (X)) c (o)
1
=2 (i<[8T], regc (Be (he)) o).

where the last equality follows from the diagram (3-20). Apply Beilinson’s conjecture 1.11 to Sc(A¢) €
sz\/[(C, Q(3)) and i,[dT'] € H;(C(C), @)™ (see Lemma 4.8), we thus have

m(P)—m(P)=a-L'(E,—1) (acQ).

When the residues u, € B(Q(p)) are nontrivial for some p € S’ C S, we define u, € B(K) for g € §'(K),
where K is the splitting field of S” in C (see the beginning of Section 4.3). Let K (C) denote the function
field of Ck. Fix a point O € §'(K). Recall from Definition 4.9 the element of B, (K (C)) ® K(C)*
defined by

1
M=jw+ Y S fy),

qeS'(K)—{0O}

where f, € K(C)* is defined just before Definition 4.9. We prove that A" defines a class in H?*(I'(K(C), 3))
(see Lemma 4.10). The differential form p (1) represents the class r3(2)g(c)(4), we then have

- 1 1
m(P) ~m(P) = —— /8 ) == /8 a0 ®)
1 .
=— /a REICIEIVCO)

where j : @Q(C) — K(C). Hence

~ 1 1
m(P)—m(P) = —@ /(r;rrg(Z)K(C)()\,/— Z letq@fq)

qeS'(K)—{0}

1 , 1
T 8n? farr3(2)K(C)<k)+ SN2 > /arr3(2)K(C)(uq®fq)
qeS (K)—{0}

1 1
BT M+ e D 4-31
n? /arregK(c)(ﬂK(C)( )+ T qes/%_{()} (ug) /ard arg(f,), (4-31)

where the last equality follows from Lemma 3.2 and the fact that dI" is assumed to be contained in Y (C)
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(see Lemma 4.8). We have the commutative diagram

HA(T'(Ck. 3)) — 5 H2,(Ck, Q(3)) —s HI(Ck (C), (RQ)Y)

H*(I'(K(C), 3)) e Hy(K(C), Q3)) —— o H (K(C), R@2)™).
As ) € H*(I'(K(C), 3)) defines a unique a class A’CK € H*(I'(Ck, 3)) (see Lemma 4.12), we have
regg o) (Bk () ) = rege, (Bek ()»/c,( ).

Hence the first integral in (4-31) can be written as the following pairing in de Rham cohomology:

(18T, (k) rege, (Bex W)y, o) = ()47, rege, (Bex (e )))e, o) » (4-32)

where ig : Yx (C) — Ck (C) is the canonical embedding. Moreover, by the functorial property of the
Beilinson regulator map, we have the commutative diagram

H*(T'(Ck, 3)) e, HY,(Cx. 0(3)) +——H3,(C.Q(3))

lregck lregc

H'(Cx(C), R2)T == H'(C(0), RQ2))",

where 7* is induced from the isomorphism 7* : H/2\4(C , Q3)) = H/ZM(C x, @(3))CE/D mentioned in
(4-30). Hence by identifying de Rham cohomology as well as singular homology of Cg (C) and C(C),
we have

(x)«[8T ], rege, (Bey Ooc, )) e oy = (18T ] rege (0 ) ™ By e e ) -

Applying Beilinson’s conjecture to (r*)~! (Bck ()JCK)) € H}M (C, Q@(3)), we obtain that

Gy (T L rege ()™ By (e D)oy =a-L'(E. =D, a €@,

where E is the Jacobian of C. From (4-31), by setting b, = % far d arg f,, we have

N , 1
m(P) —m(P) =a-L'(E, ~1)+ > by Dy, acQ. (4-33)
qgeS (K\{O}

We will show that for f € Q(C)* and y : [0, 1] — C(C) is a loop, fy d arg f is a integral multiple of 2.
In fact, we can always find a partition

O=ay<ar<---<ay,_1 <a,=1,

such that y is the union of y; : [aj,a;41] — C(C) for j =0, ...,n—1and y;([a;, aj+1]) is contained in
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a local coordinate chart of C(C). Then

n—1 n—1
f darg f = Z/ darg f = arg f(yj(aj1)) —arg f(v;(a;))
14 j=0 Vi j=0

n—2

= —arg f (yo(0) +arg f (ya1 (1)) + Y _arg f(yj(aj1)) —arg f (vj11(a;41))
j=0

=2nk,

for some integer k, since y(0) =y (0) =y (1) =y,—1(1) and y;(aj+1) =yj+1(ajyr) for j=0,...,n—=2.
In particular, we get far darg f = 2wk, for some k € Z. This implies that b, € Z for all g € §'(K).
Although the coefficients b, depend on the choice of O, the D-values in identity (4-33) do not. Indeed,
if we remove O from §’(K), its complex conjugation c¢(O) € S'(K) maintains the D-values in identity
(4-33) because D(uc0)) = D(c(up)) = —D(up), where c is the complex conjugation. O

Remark 4.14. (a) By Lemma 4.6, we have

~ 1
_ /
m(P)=m(P)+a-L(E,—-1)— SN2 E by -Res,(p(1)).
qeS'(K)—{0}

(b) In some cases, D-values on Bloch group elements can relate to Dirichlet L-values. Let x be a
primitive Dirichlet character of conductor f, we have

L(x.2) = m Z X (k) Lip(e”™ ™),

where G(x) = Z/{:] X (k)e*™ik/1 is the Gauss sum of x. Thus, when y is odd quadratic, then

f
1 o
L2 = D x ) D),
k=1

Then

£32 f f oy
LG =D =L 2) = 2= x (k) D),

k=1

In particular, if x_3 and y_4 denote the nontrivial characters of modulo 3 and 4, respectively, we have

3 - 2 .
L'(x-3, —1) = 5—D(™") = D(e”f/3>, L'(x-s.=1) =~ D).

5. Examples

In this section, we apply Theorem 0.2 to several Mahler measure’s identities. We also describe some
polynomials to which our main theorem fails to apply. They are numerically conjectured by Boyd and
Brunault.
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5.1. Pure identities. In this section, we apply Theorem 0.2 to study pure identities of Mahler’s measure
m(P) ~ox L'(E, —1),

where the notation a ~gx b means a/b € @*. Notice that most of polynomials in this section are of the
form considered in Remark 4.3,

P(x,y,z) =A(x)+ B(x)y + C(x)z, (5-1)

where A, B, C are products of cyclotomic polynomials. In this case, m(P) = 0 and m(P) # 0. A typical
example of pure identity is the Mahler measure of z 4 (x 4+ 1)(y + 1), which is conjectured by D. Boyd
to be

m(z+ (x + Dy + D) = 2L (Eis, = D).

It was proved under Beilinson’s conjecture and up to a rational factor by Lalin [23, Section 4.1]. It is then
completely proven by Brunault [8]. This polynomial also satisfies our main theorem, we do not discuss it
here but focus on other examples. All figures in this section are generated using Maple.

(a) We prove under Beilinson’s conjecture the pure identity

m((1+x)(1+ ) (x + ) +2) ~ox L'(Era, 1), (5-2)

which is the first identity mentioned in Table 1. In this case, P is not of the form (5-1), but we still have
m(P) =0 and the decomposition

xAyAz=—xA(+0)Ay + yAd+Y)Ax + XA<1+X)Ax.
X X

Hence
fi=—&=—-g=—x, h=—-g1=-y, fi=-y/x

We have that Wp is given by
(y +x+ A +x+ )+ Dy* + 0 +x+ Dy +x° +x) =0,
which is the union of lines L : xy+x+y =0, Ly : 1 +x + y = 0 and the curve
C:(x+Dy>+x>+x+Dy+x>+x=0,
which is a nonsingular curve of genus 1. By the change of variables

Y +X%2+1 Y 1

X=——— yV=——"—"=,
X(X—1) XX+1) X

we obtain that the Jacobian of C is given by
E/Q: Y’ 4+ XY+Y=X>—X,

which is an elliptic curve of type 14a4. Its torsion subgroup is Z/6Z = (A) with A = (1, —2). With the
help of Magma [2], we have

div(x) = —=(5A)+ (A) — (4A) + (2A), div(y) =(0)+ (A) — (4A) — (3BA).
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n

<

Figure 1. The Deninger chain I' for the proof of identity 1 in Table 1.

q
t

Denote by S the closed subscheme of E consisting of all points in supports of above divisors. The
values of f; and f; ot at p € § are either 0, 1 or co for all j, then the elements v,(g;){f;j(p)}2 and
vp(gjot){fjot(p)}s are all trivial in B,(Q) for all j and p € S. Figure 1 describes the Deninger chain

Fiflxl=Iyl=10+x)0+y)(x+y)| =1},

and its boundary in polar coordinates x = ¢'’ and y = €' for t, s € [—m, w]. We obtain that 9T is
contained completely in C and dI" does not contain any zeros and poles of f;, 1 — f;, g; for all j. Then
by Theorem 0.2, we have identity (5-2) under Beilinson’s conjecture.

(b) We study the pure identity 2 in Table 1:
?
m(l+x+y+z+xy+xz+yz2) ~ox L'(En, —1). (5-3)

First we notice that
m(l+x+y+xy+zQ+x+y)=m(l+x+y+z(1+x+y+xy)),
so it suffices to prove the identity
m(l+x+y+2(1+x+y +29) ~ox L'(Eng. —1). (5-4)
We have m(f’) =m(l+x+y+xy)=m(x+ 1)m(y + 1) = 0. We have the decomposition

XAYAZ=XxA(4+x)AY — yA(Q+)AXx + x+)AA+x+Y)AX
— YA+ AY — §A<l+§>/\(l+x+y),

leading to

fi=—x, fo=—y, fai=fa=—(&+y), [fs=—x/y, g1=g=y, g=g=x, gs=Il+x+y.

Wp is given by x(x + 1)y? + (x> 4+ x 4+ 1)y + x + 1 = 0, which is an irreducible nonsingular curve of
genus 1. Using the change of variables
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Y+ XxX* 41 Y
T T xx—1n " P T XX+

we obtain that the Jacobian of Wp is given by E/Q: Y% 4+ XY +Y = X3 — X, which is the same elliptic
curve in item (a). We have

divx = —-(5A)+(A)—4A)+2A), div(l+x+y)=2(0)—BA)+2(A)—(4A)—(2A)—(3A),
divy =(0)4+(GA)—2A)—(BA), div(l+1/x+1/y)=—-(0)4+2(4A)—(2A)+2(BA)—(5A)—(A).
With the same reasoning as in item (a), we get identity (5-4) conditionally on Beilinson’s conjecture.
Moreover, as mentioned in the introduction, we have

ML+ 001+ )+ ) +2) ~gr m(l+x+y+2+xy +x2+y2),
because they are rational multiples of the same elliptic curve L-value L' (E14, —1).

(c) Similarly, one gets identity 11 in Table 1:

?
m(l+x+y+z+xy+xz+yz—xyz) ~ox L' (Ezg, —1).
This identity is interesting because this is the only example that has been found with CM elliptic curves.

(d) The same arguments apply to all pure identities in Table 1, except for identities 5, 6, 7, 8, and 12. In
this section, we study the first four of these identities. It suffices to consider identity 5 since Lalin and Nair
showed in [24] that the polynomials 5, 6, 7, and 8 share the same Mahler measure. Let us recall identity 5:

2
m(1 4+ (x + Dy + (x — 1)2) ~ox L'(Ea1, —1). (5-5)
The polynomial P =1+ (x + 1)y + (x — 1)z is of the form (5-1). We have the decomposition
XAYAZ=xA0=—x)Ay+x+DyAd+Ex+D)Ax—xAA+x)AA+(x+1y),

SO
1 1
fi==fi=g=x. f=—G+Dy, @i=y. H=1+0+Dy, fror=—"12 gror="01"F
Wp is given by x (x 4+ 1)y? + (2x? +x +2)y + 1 +x =0, which is a nonsingular curve of genus 1. Using
the change of variables
X2 —6X +3Y Y -3X-3
X=—— = -
X(X—6) YT X

we get for the Jacobian of Wp the equation

E/Q:Y?>—-3XY -3Y =X>—-5X%>—6X,
which is an elliptic curve of type 21a1. Its torsion subgroup is Z /27 x 7 /AZ = (A) x (B) with A = (-1, 0),
and B = (0, 0). With the help of Magma, we have

divx=—(A+B)+(A+3B)—-(3B)+(B), div(l+(x+1)y)=22B)—3B)—(B),

divy=(O)+((A+B)—(B)—(A), divxy+x+1)=(0)+2(A+2B)—(A+B)—(3B)—(A).
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t

Figure 2. The Deninger chain I' for the proof of identity 5 in Table 1.

Let S be the closed subscheme of E consisting all the points in the supports of the above divisors. We have

> ws@)fi (B2 + (g o DIfj o T(B))2 = va(g){2(B))2+vp(g20T){fr0T(B)}

! = f{oo}y —{1/2}2 = {2}»,
which is nontrivial in B,(Q). Therefore, the theorem of Lalin mentioned in the introduction does not
apply to this example. As S consists of points in Es, we can choose N in Theorem 0.2 equal to
#Eors = 8. Since the points of § have rational coordinates and the f; have rational coefficients, then
fi take rational values on S. Therefore, the Bloch—Wigner dilogarithmic values in identity (4-33) all
vanish. Figure 2 describes the Deninger chain and its boundary in polar coordinates x = ¢!, y = e’
for s,t € [—m, w]. The boundary dI" consists of 2 loops and does not contain any zeros and poles of
fi-1=fj.gj, fijot,1—fjot, gjot forall j. Hence by Theorem 0.2, we get identity (5-5) conditionally
on Beilinson’s conjecture. In particular, under Beilinson’s conjecture, we have

m(l + (x+ Dy + (x — 1)2) ~gx m((x+ D2y + 1) +2),

as they are rational multiples of L'(E,;, —1).

(e) There is an interesting remark on identities 4 and 10 of Table 1. By some trivial change of variables,
we obtain
m((x+D*+ (1 =) (y+2) =m((x+ Dy + D+ (x = D).
Theorem 0.2 applies to P = (x + 1)+ (1 —x)(y+z) butnot to P = (x +1)(y + 1) + (x — 1)>z. Indeed,
in the latter case, Wp is given by
(=3 =2x2—0)y?+ (x*—6x’ +2x2 —6x + )y — x> —2x2 —x =0,

which is a curve having a singularity at (1, —1), and the boundary dI" passes this singular point. Figure 3
describes the Deninger chain I" and its boundary dI" in polar coordinates x = e, y= e fort, s e[—m, ],
where the marked points indicate the singular point (1, —1). Using Magma, one can check that aI" is
no longer a loop on the normalization of Wp.
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X

Figure 3. The Deninger chain I' of the polynomial P = (x + 1)(y + 1) + (x — 1)2z.

The same situation happens with identity 10 in Table 1. By some trivial changes of variables, we have
m((14+x)>+y+2)=m(l+y+1+x)%2),
where Theorem 0.2 applies to the first polynomial but not the second one.
(f) We study identity 12 in Table 1:
m(l+xy+ (1 +x+3)2) “ax L'(Eso, —1). (5-6)
We have the decomposition
XAYANZ
=xy/\(1+xy)/\x—(x+y)/\(1+x+y)/\x+(x+y)/\(l+x+y)/\y+_TX A (1 + %) Al+x+y),
SO
fi=—xy, fH=f==+y), fai=—x/y, gi=g=x, &=y, g=l+x+y.
The curve Wp is given by
(24 x+Dy?+ 2 +x+ Dy +x2+x—-1=0,

which is an irreducible curve of genus 1 and does not contain any rational points. Figure 4 describes
the Deninger chain and its boundary in polar coordinates. We find that dI" does not contain any singular
points of Wp.

Using Magma, we obtain that the Jacobian of C is given by

E/Q:Y> 4+ XY +Y =X —X?-8X +11,

which is an elliptic curve of type 90b1. Its torsion subgroup is Z/6Z = (A), with A = (3, 1). Denote by
K the real quadratic field @(«), where o € R is such that a?+a—1=0. Let B = (6a +9, —24a — 35),
By = (—4a + 1, 120 — 3), B = (3, 524 — 23)), B4 = (2, — — 2), Bs = (60 + 3, —18a + 7),
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t

Figure 4. The Deninger chain I' corresponding to (5-6).

Bs = (4a + 5, 8a +9) and we denote by (B;) the divisor in E corresponding to the point B;. We have
the following divisors in E/K:

div(x) = (4A) + (B1) — (A) — (B),

div(y) = (0) + (B3) — (B4) — (34),

div(l +x +y) =2(24) +2(Bs) — (A) — (B4) — (3A) — (B),

div(l+1/x4+1/y) =—(0O)+2(5A) +2(Bg) — (B3) — (4A) — (By).
Note that the Bloch group of real quadratic fields is trivial after tensoring with Q. Therefore, the residues
up, are trivial because they are elements of B(Q(w)), the Bloch group (tensored with Q) of the real
quadratic field Q(«). The remaining points in the supports of the above divisors are of the form m A for m =
1,...,6. Hence we can choose N in Theorem 0.2 as the order of A which equals 6. As the points m A have

rational coordinates and the functions f; have rational coefficients, the Bloch—Wigner dilogarithmic values
at u,, 4 in (4-33) all vanish. We then get identity (5-6) under Beilinson’s conjecture for genus 1 curves 1.11.

(g) We show that Theorem 0.2 does not imply identity (0-10):
m((1+0)(1+3) + (1 —x = $)2) g+ L'(Esso, —1).

We have the decomposition
XAYAZ=—xAA+X)AYy+yA 0+ )Ax+EX+AA—x—Y)AX

—(x+y)/\(l—x—y)/\y—%/\(l—i—);c)/\(l—x—y).
Therefore, we have
fi==x, fa==y, fi=fa=x+y, [fs=—x/y,gi=g=y, £=8=x, g=1-x—y.
The Maillot variety is given by

(2 4+3x0)y> +Bx’> +x+3)y+3x+1=0.
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By the change of variables

3 —X243X-27 3 2X2 21X —27

Y=o xsonr T xi—ox o YT XI—uixtleny | X2— 27X +162°

we get the elliptic curve
E/Q: Y>+XY=X>-X>-27X+38l,

which is of conductor 450. Its torsion group is isomorphic to Z/2 and generated by A = (—6, 3). We
have the following divisors in E:

div(x) = —(P1) + (P2) — (P3) + (P4),

div(y) = (P3) + (Ps) — (Ps) — (Pa),

div(l —x —y) =2(0) +2(P7) — (Ps) — (P1) — (P2) — (P3),
div(l — 1/x — 1/y) = 2(Pg) +2(A) — (P2) — (P3) — (P4) — (Ps),

where
P] = (97 18)7 PZ = (97 _27)’ P3 = (Oa 9)’ P4.: (Oa _9)7
Ps:=(—3,-8), P:=(18,63) P;:=(4,3), P3:=(3,-6).

The residue

5
up, =Y vp (g){fi(PD}a+vp (g oD{fjoT(PD}a=-3{3)
j=1

is nontrivial in the Bloch group B(Q). Since P; is torsion-free, it violates the finite order condition of
Theorem 0.2.

5.2. Identities with Dirichlet characters. In this section, we study Mahler measure identities of the form

m(P)=a-L'(E,~D)+ Y b, L'(x, -1,
X

where a € Q, b, € Q, E is an elliptic curve and the x are odd quadratic Dirichlet characters.

(a) We prove the first identity of Table 2 conditionally on Beilinson’s conjecture. The polynomial
P=14+x%*—x+ Dy+ (x2 4 x + 1)z is of the form (5-1). We have on Vp the decomposition

XAYANZ = —%x3/\(1—x3)/\y + xA(l=x)Ay + (xz—x—i-l)y/\(l—l—(xz—x—i-l)y)/\x
A+ AA+ @ —x+1Dy) + xAQ+0)AA+ 2 —x+1)y).

We have

fi=x3 fhr=x, fi=—F—x+1Dy, fa=-x>, fs=—x,
gi=&=y, g=x gi=gs=1+E"—x+1D)y.
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The curve Wp is given by 22 —x+1Dy? —x(@x>—x+4)y+x*—x+1=0, which is a nonsingular
curve of genus 1 and does not contain any rational point. By the change of variables x = X, y =Y/ X,
we get the new equation

X2 X+DY?—(@dX>’—X+4HY +X>*—X+1=0.
Using Pari/GP [31], one gets the following Weierstrass form for the Jacobian of Wp:
E/Q: v’ 4uv=u®—u*—45u—104,

which is an elliptic of type 45a2. We set k = Q(a) with a®> —a + 1 = 0. A base change of E over k can
be given by
Ec: V243UV 43V =U°-U>-9U,

by using the change of variables

Q—a)V+aU?>-3(a—1)U+3
X = ,
U2+ (4o —2)U —3a
(=) U= (@44 U +(a+4)V 422U - 8a —3)U?+(Ba—12)U 412
Y= Ut—da+1D)U3+ 15— U?—(1Ta—13)U+6(ax—1)
The torsion subgroup of Ey is Z/27 x Z/4Z = (A) x (B) with A = (=3, 3) and B = (0, 0). Let K be the
number field Q(«, r, s) with

r?=2Qa—1Dr+3@—1)=0, and s> +2Qa — 1)s — 3¢ = 0.

We set Py = (r,ar —2a —2), P, = (s, (1 —a)s +2a —4), which are points in E(K). We denote by (FP;)
the divisor corresponding to P; in Ej. Note that the divisors (P;) have degree 2 on E;. Using Magma,
one obtains the following divisors in Ej:

div(gs) =div(x) = (P1) — (P2),

div(g1) =div(g2) =div(y) = (0) + (A +3B) — (A + B) + (P2) — (2B) — (P),

div(gs) = div(gs) = div(l + (x> —x + 1)y) =2(3B) +2(A) — (P1) — (P2),

div(gs o 7) = div(gs o 7) = div(l + (1/x* — 1/x + 1)(1/y)) = 2(B) +2(A+2B) — (P) — (P»).

The values of f; and f; ot at Py, P> and their conjugates are either 0 or co, so we are only concerned
with the other points. We obtain the equalities

ug =va@){fa(A)}2 +va(@){fs(A)}2 = (=1} +{1/a}y = —{a},
ug =vp(gso){faot(B)}2+vp(gsot){fsot(B)}r =2{—1} +2{a}r =2{a},,

uzp = v2p(@{f12B)}2 +v2p(g1 o) {f10T(2B)}2 + v25(g2){/22B)}2 +v2p(g20T){ f20T(2B)}2
= {1+ {1} —{l/a} +{a}r = 2{a}2,
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3

t

Figure 5. The Deninger chain I' for the proof of identity 1 in Table 2.

usp =38 {fa(3B)}2 +v3(gs){ fs(3B)}2 = 2{—1}2 + 2{a}> = 2{a}s,

uarp =va1p@{fi(A+B)r+varp(giot){fiot(A+ B}
+va1B (@ 2(A+B)r +varp(g2ot){froT(A+ B}

=—{—1)+ {1} —{a} +{1/a}» = —2{a}s,
uat2p =va128(ga0T){faot(A+2B)}r =2{—1}r +2{1/a}, = —2{a},,

upa+38 = V4438 @I f1(A+3B)}a +vat3p(grot){fiot(A+3B)}h
+va+38(@{2(A+3B)}r +vay3p(g20T){fr0T(A+3B))

= {1 —{=lh+{l/a}s — {a}s = —2{al},,

which are all nontrivial in B,(K). Notice that Py, P, have order 8 in £ (K) and all the other points belong
to the torsion subgroup of Ej, whose cardinality equals 8, hence we choose N in Theorem 0.2 equal to 8.
Figure 5 indicates the Deninger chain (the shaded region) and its boundary in polar coordinates x = e'’,
y =e'* for s,t € [—m, w]. The boundary dT" consists of 2 loops, which do not contain any points in the
supports of the above divisors. By (4-20), we have m(P) = —&lr—z f o £ (1), so OI" must be nontrivial as
otherwise m(P) vanishes. Hence 9T defines a generator of H,(C(C), Z)*. Then by Theorem 0.2, under
Beilinson’s conjecture, we have

b
m(l+(x2—x+1)y+(x2+x+1)z);a~L/(E45,—1)+E-D(a), aeQ*,beZ\{0}.

We are unable to determine the coefficient b as computing the integrals /. or darg fp for p € S is difficult.
By Remark 4.14, we have

33

Die) == ~L(x-3.2) =L (x5, D).
Finally, we get

m(1+ (2 —x+ Dy + (P +x+1)2) =a-L'(Ess, —1) + 5b- L'(x_3, —1), a € Q*, b Z\ {0}.
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(b) Using a method of Lalin [23, Section 4.2], we prove without assuming Beilinson’s conjecture identity 6
of Table 3, which involves only the L-function of the Dirichlet character x_4:

mx2+1+ @+ D%y + @ —1D%2) =2L (x_4, —1).

We have m(P) = 0. We have the following decomposition on Vp:

2 2
(x+1)°y /\(1+ x+1) y)
x24+1 x2+1

2 2
—2en (0 A (14 EE) L L a4ad) A (14 8100,

x/\y/\z:—%xZ/\(1+x2)/\y+2x/\(1—x)/\y—i—x/\

x2 x24+1
We have
1.2 —(x+1)%y )_ (_ (x+1)2y> 1 (_ 2 (x+1)2y)
p(E) =—4p (=% 1) +200r. ) +p(TEFED ) —2p (14 BT ) Lo (< 14 DY),
where

p(f.8) =—D(f)dargg + 3 loglg|(log|1 — f|dlog|f| —log|f|dlog |l — f]).

Wp is given by
G2+ D+ D2+ 2 +8x+ Dy + (x+1)2) =0,

which is the union of L : x>41 =0 and the curve C : (x + 1)>y% + (x> +8x + 1)y + (x + 1)> = 0. Figure 6
describes the Deninger chain I' in polar coordinates:

I X241+ (x+ 13y

>1, x=é', y=¢é* s,te[-n 7]

(x —1)? B

Its boundary oI consists of 2 loops y ={t =n/2, —wn <s<m}and 6 ={t = —7/2, —m < s < m} (with
orientations as shown in the figure), which are contained in L. As dI" contains poles of p(§), we do not

T
|
|
N
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

N

t
Figure 6. The Deninger chain I' for the proof of identity 6 in Table 3 and the modified path I',
used as the integration domain.
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have (4-23) directly. We adjust the Deninger chain as follows, for ¢ > 0:

24+1+Gx+D3%y
(x —1)?
This is the shaded region in Figure 6 with the boundary 9I'; = y, U §., where

| >1,x=U+" y=¢S  fors,te[—m, n),

b4 A
2(1+¢)’ 2(1+¢)’

We consider the differential forms 7 and p(A) defined in (4-1) and Definition 4.4, respectively. We have

1
/ n=/ p(é)=§/ p (1), (5-7)
T ol ol

where the first equality is obtained by using Stokes’s theorem and the second equality can be proved

yg={t= —nfsfrr}, 88={t= n’fsfrr}.

similarly as the proof of Lemma 4.8. Since p(}) is a closed differential form, we can take the limit of
(5-7) as ¢ — 0 without changing the value of the integration, so that

1
m(P):‘miii%/app@)'

We have
o 2
/ p(é‘)z/ —%p(—xz,y)+2p(x,y)+p(M,x>
o r o] (x+1)? (x+1)?
) <_ 1 u) 1 <_ 21 u)
P U o) e I T

)%y
- 2p(x, y) =2 (— ,1+(’“+—)
‘/yguag pEx.Y) P x2+1

_ _ _ (x+1?%y
_/ygu& 2D(x)d arg(y) +2D( x)darg(1+—x2+1 )

= (—2D(e2({18>)/ d arg(y) — 2D(e_2({18))/ darg(y))

e 8¢
i 2 i )
2(T+e) (D7 T 2(1+e) x+D7y
+ (2D(—e2(1+a)) /}: darg(l + W)) +2D(—e 20+ fa darg(l + T )
We have
T -7
/darg(Y)=/ dS=27T, /dargy:/ ds = —27.
e -7 Se T

We also get

(x+ 1% (x+1D?%
/ygdarg(l—i—w =2, /Sgdarg 1+W = —-2m,

by looking at Figure 7, left, and the inequality \(x+1)2/(x2+1)| > 1. Then lir% fal“g 0(§)=—167 D(e'™/?).
It follows that ’
4 in/2 1
m(P)=—D(e"'") =2L (-4, —1).
T

The same arguments apply to identities 4, 5, 7, and 8 of Table 3.
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t
Figure 7. Left: the argument of 1 + ay with |a| > 1. Right: the integration domain.

(c) Let us study identity 1 of Table 3, which involves only the L-function of the Dirichlet character y_3
m(l + (x + D +x + Dy + (0 + D’2) = 3L (x-3, = D).

We have that Wp is given by 2 +x+ D+ x3)y2 + (=2x3 —5x2 —2x)y +x + 1) = 0, which is the
union of the line L : x> 4+ x + 1 = 0 and the curve C : (x* + x3)y? + (=2x> = 5x> = 2x)y +x + 1 =0.
Figure 7, right, describes the Deninger chain in local coordinates x = ¢’ and y = ¢'* for s, t € [—m, ].
The boundary oI" = y U §, where

y={t=2n/3,—-n <s<m}and 6 ={t = -2n/3, —m <s <7},

which are both contained in L.
The differential form p(£) is again not well-defined on dI". So we adjust the Deninger chain to get I',
(see the shaded region). By a similar computation as in item (b), we have

1
m(P)=—— lim farg p(&) =3L'(x-3, —D.

One can do similarly with identities 2 and 3 of Table 3.

(d) Theorem 0.2 does not apply to identity (0-12),
2 2 IRt Y . 37/ .
mx“+x+14+ @ +x+Dy+ & =1 =—5L(En, =)+ 5L (x3, = 1),

because the boundary dI" passes the singular point (1, —1) of Wp (see Figure 8) and aI" is no longer a
loop in the normalization of Wp.

(e) We prove the second identity of Table 2, under Beilinson’s conjecture for genus 1 curves:

m(? + 1+ 4 D2y + (% = 12) = = 5 L' (Eag, =D + L (x4, = ). (5-8)
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,f”\

Figure 8. The Deninger chain I" for (0-12).

We have
x/\y/\z=—%x2/\(l+x2)/\y + %xz/\(l—x2)/\y + %/\O-{—%)/\x
—2x/\(1+x)/\<1+%> + %xZ/\(l-l-xz)/\(l-i-%).
Then
p(E) =
—3p (=22 ) + 3002, y) +p(—%,X) —2,0<—x, 1+ %) + %f’(_"z’ I+ %)

Wp is given by
2+ D((x+ D2+ B2 +4x+3)y+(x+1DHH =0,

which is the union of L : x2 41 =0 and the curve C : (x + 1)2y? 4+ (3x244x +3)y + (x + 1)> = 0, which
is a nonsingular curve of genus 1. Figure 9 describes the Deninger chain I" and its boundary dI" in polar
coordinates x = ¢! and y= e fort,s € [—m, w]. We have I' = I"'; UT,, where I'; is the shaded region
in the center with the boundary

Ny ={t=—n/2, 7 <s<nm}Uf{t=n/2,—m <s <m},

and I, is the shaded region with the boundary dI'; as in the figure. We observe that 9I'; is contained in
L and 01", is contained in C. We have

m(P) =my +my,

where m can be computed by the same method as the example (b). Let I';  be the adjustment of I'y
shown in Figure 9. We have

1 1 1
= —— =——1 :——1 =Ll _,—1,
i 472 rln 472 iy /rmn 472 ond /BF]‘EP(‘%') (x4 )
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Figure 9. The Deninger chain I' corresponding to (5-8).

and
: : é)
my=——= =—— .
2 47'[2 an 47'[2 a[‘zp
By the change of variables
2Y + X? 2

X2—2x-4 T T x+2
the Jacobian of C is given by
E/Q:Y?=X?+X?>—4X —4,

which the elliptic curve of type 48a1. Its torsion subgroup is Z /27 x 7 /27 = (A) x (B), where A = (2, 0)
and B = (—1, 0). Set K = Q(«, B) where o> — 2o —4 =0 and % +4 = 0. Let us write

Pi=(,a+2), P,=(a,—a—2), P5=(0,s,1).

We have
2
divr) = —(P)+ (P, div(ETEEY) = 2(4) 4 2(4 4 B) - 2Py),
2 2
div(y) = 2(0) —2(A + B), div(x y*;‘(;ixl;rﬁ 1 ) —2(0) +2(B) —2(P3).

We have ug =up =uasyp =0and up, = —2{—B/2}, —2{8/2}» = 0. The residues up, fori =1, 2 are
trivial because they belong to B(Q(«x)), the Bloch group (tensored with Q) of the real quadratic field
Q(«). Therefore, we have the following identity under Beilinson’s conjecture:

my=a-L (Esq, —1), aecQ*.
In conclusion, we obtain the following identity under Beilinson’s conjecture:

m(P) =L'(x-a, =) +my=a-L'(Es, =1) + L'(x-4,—1), aecQ”.



The Mahler measure of exact polynomials in three variables 575

Acknowledgements

I would like to express my gratitude to my supervisor, Fran¢ois Brunault, who brought me the idea to
work on this subject as well as spent an immense amount of time to discuss with me. I also would like
to thank for his generosity in sharing his conjectural Mahler measure identities. I would like to thank
Rob de Jeu for his enlightening explanation in the construction of his maps and in computing regulators
integrals in Section 3. I also would like to thank Nguyen Xuan Bach for several fruitful discussions.

References

[1] S. Bloch, Lectures on algebraic cycles, 2nd ed., New Mathematical Monographs 16, Cambridge Univ. Press, 2010. MR

[2] W. Bosma, J. Cannon, and C. Playoust, “The Magma algebra system, I: The user language”, J. Symbolic Comput. 24:3-4
(1997), 235-265. MR

[3] D. W. Boyd, “Mabhler’s measure and special values of L-functions”, Experiment. Math. 7:1 (1998), 37-82. MR

[4] D. W. Boyd, “Conjectural explicit formulas for the Mahler measure of some three variable polynomials”, unpublished notes,
2006.

[5] F. Brunault, “Regulators of Siegel units and applications”, J. Number Theory 163 (2016), 542-569. MR
[6] F. Brunault, unpublished list of conjectural identities for 3-variable Mahler measures, 2020.

[7] E. Brunault, “On the K4 group of modular curves”, 2022. arXiv 2009.07614v2

[8] F. Brunault, “On the Mahler measure of (1 4+ x)(1 + y) + z”, preprint, 2023. arXiv 2305.02992

[9] F. Brunault and W. Zudilin, Many variations of Mahler measures—a lasting symphony, Australian Mathematical Society
Lecture Series 28, Cambridge Univ. Press, 2020. MR

[10] J. L. Burgos, “A C® logarithmic Dolbeault complex™, Compositio Math. 92:1 (1994), 61-86. MR
[11] J. 1. Burgos, “Arithmetic Chow rings and Deligne—Beilinson cohomology”, J. Algebraic Geom. 6:2 (1997), 335-377. MR

[12] C. Deninger, “Deligne periods of mixed motives, K -theory and the entropy of certain Z"-actions”, J. Amer. Math. Soc. 10:2
(1997), 259-281. MR

[13] C. Deninger and A. J. Scholl, “The Beilinson conjectures”, pp. 173-209 in L-functions and arithmetic (Durham, 1989),
London Math. Soc. Lecture Note Ser. 153, Cambridge Univ. Press, Cambridge, 1991. MR

[14] E. M. Friedlander, A. Suslin, and V. Voevodsky, “Introduction”, pp. 3-9 in Cycles, transfers, and motivic homology theories,
Ann. of Math. Stud. 143, Princeton Univ. Press, 2000. MR

[15] A. B. Goncharov, “Geometry of configurations, polylogarithms, and motivic cohomology”, Adv. Math. 114:2 (1995),
197-318. MR

[16] A. B. Goncharov, “Deninger’s conjecture of L-functions of elliptic curves at s = 3”, J. Math. Sci. 81:3 (1996), 2631-2656.
MR

[17] A. B. Goncharov, “Explicit regulator maps on polylogarithmic motivic complexes”, pp. 245-276 in Motives, polylogarithms
and Hodge theory (Irvine, CA, 1998), vol. 1, Int. Press Lect. Ser. 3, I, International Press, Somerville, MA, 2002. MR

[18] R. de Jeu, “Zagier’s conjecture and wedge complexes in algebraic K -theory”, Compositio Math. 96:2 (1995), 197-247. MR
[19] R. de Jeu, “On K’ of curves over number fields”, Invent. Math. 125:3 (1996), 523-556. MR

[20] R. de Jeu, “Towards regulator formulae for the K -theory of curves over number fields”, Compositio Math. 124:2 (2000),
137-194. MR

[21] B. Kahn, Zeta and L-functions of varieties and motives, London Mathematical Society Lecture Note Series 462, Cambridge
Univ. Press, 2020. MR

[22] M. N. Lalin, “On a conjecture by Boyd”, Int. J. Number Theory 6:3 (2010), 705-711. MR
[23] M. Lalin, “Mahler measure and elliptic curve L-functions at s = 3”, J. Reine Angew. Math. 709 (2015), 201-218. MR


https://doi.org/10.1017/CBO9780511760693
http://msp.org/idx/mr/2723320
https://doi.org/10.1006/jsco.1996.0125
http://msp.org/idx/mr/1484478
https://doi.org/10.1080/10586458.1998.10504357
http://msp.org/idx/mr/1618282
https://doi.org/10.1016/j.jnt.2015.12.019
http://msp.org/idx/mr/3459587
http://msp.org/idx/arx/2009.07614v2
http://msp.org/idx/arx/2305.02992
http://msp.org/idx/mr/4382435
http://www.numdam.org/item?id=CM_1994__92_1_61_0
http://msp.org/idx/mr/1275721
http://msp.org/idx/mr/1489119
https://doi.org/10.1090/S0894-0347-97-00228-2
http://msp.org/idx/mr/1415320
https://doi.org/10.1017/CBO9780511526053.007
http://msp.org/idx/mr/1110393
https://doi.org/10.1017/s0269889700003288
http://msp.org/idx/mr/1764198
https://doi.org/10.1006/aima.1995.1045
http://msp.org/idx/mr/1348706
https://doi.org/10.1007/BF02362333
http://msp.org/idx/mr/1420221
http://msp.org/idx/mr/1978709
http://www.numdam.org/item?id=CM_1995__96_2_197_0
http://msp.org/idx/mr/1326712
https://doi.org/10.1007/s002220050085
http://msp.org/idx/mr/1400316
https://doi.org/10.1023/A:1026440915009
http://msp.org/idx/mr/1804201
https://doi.org/10.1017/9781108691536
http://msp.org/idx/mr/4382436
https://doi.org/10.1142/S1793042110003174
http://msp.org/idx/mr/2652904
https://doi.org/10.1515/crelle-2013-0107
http://msp.org/idx/mr/3430879

576 Trieu Thu Ha

[24] M. Lalin and S. S. Nair, “An invariant property of Mahler measure”, Bull. Lond. Math. Soc. 55:3 (2023), 1129-1142. MR

[25] M. N. Lalin and M. D. Rogers, “Functional equations for Mahler measures of genus-one curves”, Algebra Number Theory
1:1 (2007), 87-117. MR

[26] M. Lalin, D. Samart, and W. Zudilin, “Further explorations of Boyd’s conjectures and a conductor 21 elliptic curve”, J.
Lond. Math. Soc. (2) 93:2 (2016), 341-360. MR

[27] K. Mahler, “On some inequalities for polynomials in several variables”, J. London Math. Soc. 37 (1962), 341-344. MR

[28] V. Maillot, “Mahler measure in Arakelov geometry”, workshop lecture at “The many aspects of Mahler’s measure”, Banff
International Research Station, 2003.

[29] J. P. Murre, J. Nagel, and C. A. M. Peters, Lectures on the theory of pure motives, Univ. Lecture Series 61, Amer. Math.
Soc., 2013. MR

[30] J. Nekovar, “Beilinson’s conjectures”, pp. 537-570 in Motives (Seattle, WA, 1991), vol. 1, Proc. Sympos. Pure Math. 55,
Amer. Math. Soc., 1994. MR

[31] “PARI/GP version 2.15.4”, software, Univ. Bordeaux, 2023, available at http://pari.math.u-bordeaux.fr.

[32] M. Rogers and W. Zudilin, “From L-series of elliptic curves to Mahler measures”, Compos. Math. 148:2 (2012), 385-414.
MR

[33] M. Rogers and W. Zudilin, “On the Mahler measure of 1 + X +1/X +Y + 1/Y”, Int. Math. Res. Not. 2014:9 (2014),
2305-2326. MR

[34] A.J. Scholl, “Classical motives”, pp. 163-187 in Motives (Seattle, WA, 1991), vol. 1, Proc. Sympos. Pure Math. 55, Amer.
Math. Soc., 1994. MR

[35] A. A. Suslin, “K3 of a field, and the Bloch group”, pp. 180-199, 229 , 1990. In Russian; translated in Proc. Steklov Inst.
Math. 1991, no. 4, 217-239, Galois theory, rings, algebraic groups and their applications. MR

[36] F. R. Villegas, “Modular Mahler measures. I”’, pp. 17-48 in Topics in number theory (University Park, PA, 1997), Math.
Appl. 467, Kluwer, Dordrecht, 1999. MR

[37] C. A. Weibel, The K -book, Graduate Studies in Mathematics 145, Amer. Math. Soc., 2013. An introduction to algebraic
K-theory. MR

[38] D. Zagier, “Polylogarithms, Dedekind zeta functions and the algebraic K-theory of fields”, pp. 391-430 in Arithmetic
algebraic geometry (Texel, 1989), Progr. Math. 89, Birkhduser, Boston, 1991. MR

[39] W. Zudilin, “Regulator of modular units and Mahler measures”, Math. Proc. Cambridge Philos. Soc. 156:2 (2014), 313-326.
MR

Communicated by Shou-Wu Zhang
Received 2024-04-08 Revised 2024-12-26 Accepted 2025-02-11

ha.trieuthu@hust.edu.vn Unité de Mathématiques Pures et Appliquées,
Ecole normale supérieure de Lyon, 69364 Lyon, France
thu-ha.trieu@ens-lyon.fr

mathematical sciences publishers :'msp


https://doi.org/10.1112/blms.12778
http://msp.org/idx/mr/4599103
https://doi.org/10.2140/ant.2007.1.87
http://msp.org/idx/mr/2336636
https://doi.org/10.1112/jlms/jdv073
http://msp.org/idx/mr/3483117
https://doi.org/10.1112/jlms/s1-37.1.341
http://msp.org/idx/mr/138593
https://doi.org/10.1090/ulect/061
http://msp.org/idx/mr/3052734
https://doi.org/10.1090/pspum/055.1/1265544
http://msp.org/idx/mr/1265544
http://pari.math.u-bordeaux.fr
https://doi.org/10.1112/S0010437X11007342
http://msp.org/idx/mr/2904192
https://doi.org/10.1093/imrn/rns285
http://msp.org/idx/mr/3207368
https://doi.org/10.1090/pspum/055.1/1265529
http://msp.org/idx/mr/1265529
http://msp.org/idx/mr/1092031
http://msp.org/idx/mr/1691309
https://doi.org/10.1090/gsm/145
http://msp.org/idx/mr/3076731
https://doi.org/10.1007/978-1-4612-0457-2_19
http://msp.org/idx/mr/1085270
https://doi.org/10.1017/S0305004113000765
http://msp.org/idx/mr/3177872
mailto:ha.trieuthu@hust.edu.vn
mailto:thu-ha.trieu@ens-lyon.fr
http://msp.org

Jason P. Bell
Bhargav Bhatt
Frank Calegari
J-L. Colliot-Thélene
Brian D. Conrad
Samit Dasgupta
Hélene Esnault
Gavril Farkas
Sergey Fomin
Edward Frenkel
Wee Teck Gan
Andrew Granville
Ben J. Green
Christopher Hacon
Roger Heath-Brown

Janos Kollar

Michael J. Larsen

Algebra & Number Theory

msp.org/ant

MANAGING EDITOR

Antoine Chambert-Loir
Université Paris-Diderot
France

EDITORIAL BOARD CHAIR

David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of Waterloo, Canada
University of Michigan, USA
University of Chicago, USA

CNRS, Université Paris-Saclay, France
Stanford University, USA

Duke University, USA

Freie Universitit Berlin, Germany
Humboldt Universitit zu Berlin, Germany
University of Michigan, USA
University of California, Berkeley, USA
National University of Singapore
Université de Montréal, Canada
University of Oxford, UK

University of Utah, USA

Oxford University, UK

Princeton University, USA

Indiana University Bloomington, USA

Philippe Michel
Martin Olsson
Irena Peeva
Jonathan Pila
Anand Pillay
Bjorn Poonen
Victor Reiner
Peter Sarnak
Michael Singer
Vasudevan Srinivas
Shunsuke Takagi
Pham Huu Tiep
Ravi Vakil
Akshay Venkatesh

Melanie Matchett Wood

Shou-Wu Zhang

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

Ecole Polytechnique Fédérale de Lausanne
University of California, Berkeley, USA
Cornell University, USA

University of Oxford, UK

University of Notre Dame, USA
Massachusetts Institute of Technology, USA
University of Minnesota, USA

Princeton University, USA

North Carolina State University, USA
SUNY Buffalo, USA

University of Tokyo, Japan

Rutgers University, USA

Stanford University, USA

Institute for Advanced Study, USA
Harvard University, USA

Princeton University, USA

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2026 is US $590/year for the electronic version, and $865/year (+$73, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley,
CA 94701-4004, is published continuously online.

ANT peer review and production are managed by EditFLOoW® from MSP.

PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/

© 2026 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

Algebra & Number Theory

Volume 20 No. 3 2026

Ramified descent and transcendental Brauer—Manin obstruction
JULIAN LAWRENCE DEMEIO

Logarithmic base change theorem and smooth descent of positivity of log canonical divisor
SUNG GI PARK

Chevalley formulae for motivic Chern classes of Schubert cells and for stable envelopes
LEONARDO C. MIHALCEA, HIROSHI NARUSE and CHANGIIAN SU

The Mahler measure of exact polynomials in three variables
TRIEU THU HA

On the Frobenius fields of abelian varieties over number fields
ASHAY A. BURUNGALE, HARUZO HIDA and SHILIN LAI

Galois groups of reciprocal polynomials and the van der Waerden—Bhargava theorem
THERESA C. ANDERSON, ADAM BERTELLI and EVAN M. O’ DORNEY

419

445

477

525

577

603



	Introduction
	1. The Beilinson regulator map 
	1.1. Deligne cohomology
	1.2. Chow motives
	1.3. Motivic cohomology
	1.4. The Beilinson regulator map
	1.5. Beilinson's conjecture for genus 1 curves

	2. Goncharov's polylogarithmic complexes
	2.1. Goncharov's complexes
	2.2. The residue homomorphism of complexes
	2.3. Goncharov's regulator maps

	3. De Jeu's polylogarithmic complexes
	3.1. De Jeu's polylogarithmic complexes
	3.2. De Jeu's maps
	3.3. Relation to Goncharov's complexes
	3.4. Regulator maps

	4. Main result
	4.1. Constructing an element in Deligne cohomology
	4.2. Relating the Mahler measure to the Deligne cohomology
	4.3. Constructing an element in the motivic cohomology
	4.4. Proof of 0=thm.101=Theorem 0.2

	5. Examples
	5.1. Pure identities
	5.2. Identities with Dirichlet characters

	Acknowledgements
	References

