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We study the Galois groups G f of degree 2n reciprocal (a.k.a. palindromic) polynomials f of height
at most H , finding that G f falls short of the maximal possible group S2 ≀ Sn for a proportion of all f
bounded above and below by constant multiples of H−1 log H , whether or not f is required to be monic.
This answers a 1998 question of Davis, Duke and Sun and extends Bhargava’s 2023 resolution of van
der Waerden’s 1936 conjecture on the corresponding question for general polynomials. Unlike in that
setting, the dominant contribution comes not from reducible polynomials but from those f for which
(−1)n f (1) f (−1) is a square, causing G f to lie in an index-2 subgroup.

1. Introduction

For a positive integer n, let En(H) denote the number of degree n monic separable polynomials f (x) =

xn
+ an−1xn−1

+ · · · + a1x + a0 with integer coefficients ai ∈ [−H, H ] whose Galois group is not Sn .
Hilbert’s irreducibility theorem implies that Galois groups not equal to Sn occur 0% of the time, in other
words,

En(H) = o(H n).

In 1936, van der Waerden [23] gave a quantitative upper bound and conjectured that the true order of
growth is

En(H) ≍ H n−1, (1)

the lower bound coming from counting multiples of x (or any fixed monic linear polynomial). For the next
several decades, progress continued, with many authors making improvements on the bound, including
Knobloch (1955) [17], Gallagher (1972) [12], Chow and Dietmann (2020) [10] who proved it for n ≤ 4,
and a group including the first author (2023) [1]. The conjecture (1) was finally resolved by Bhargava
(2023) ([8]; an abridged version of the paper has appeared in print [7]). Bhargava’s method harnesses
sophisticated known results (classification of subgroups of Sn , distribution of discriminants of number
fields) in combination with innovative recent methods, including Fourier equidistribution and the use of
the double discriminant discan discx f . For transitive subgroups such as An , the frequency of appearance
is expected to be much lower [5].
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In this paper, we study the analogous question for the subspace of reciprocal polynomials, which was
previously posed by Davis, Duke and Sun [11]. A polynomial f is called reciprocal if

f (1/x) =
1

xdeg f f (x),

in other words, if the coefficient list of f is palindromic. We focus on the case where f is of even
degree 2n (in the odd-degree case, f must be reducible, equal to x + 1 times an even-degree reciprocal
polynomial). The roots of f come in reciprocal pairs {α, 1/α}; the Galois group must preserve the
partition into pairs and thus is a subgroup of the wreath product S2 ≀ Sn , the subgroup of S2n of order 2nn!

preserving this partition. In this paper, we provide a precise estimate for how often the group is strictly
smaller:

Theorem 1.1. Let Emonic
n (H) be the number of separable monic reciprocal polynomials f of degree 2n

with coefficients in [−H, H ] whose Galois group is not S2 ≀ Sn . Then for each n ≥ 2,

Emonic
n (H) ≍ H n−1 log H.

Remark 1.2. Here and throughout the paper, if f (H), g(H) are real-valued functions of a sufficiently
large real number H , then the usual notations

f (H) ≪ g(H), g(H) ≫ f (H), f (H) = O(g(H))

mean that | f (H)| < c · |g(H)| for sufficiently large H and some constant c, while the notations

f (H) ≍ g(H), f (H) = 2(g(H))

mean that f (H)≪g(H) and f (H)≫g(H). Finally, f (H)=o(g(H)) means that lim
H → ∞

f (H)/g(H)=0.
The implied constants may depend on n but not on H .

Theorem 1.1 is significant for several reasons:

• This is a sharp improvement on the work of Davis, Duke and Sun [11], who showed that Emonic
n (H) ≪

H n−1/2 log H .

• The correct order of growth is not H n−1, as one might expect by counting the reducible polynomials by
analogy with van der Waerden’s conjecture. Instead, the dominant contribution comes from reciprocal
polynomials f such that (−1)n f (1) f (−1) is a square. This makes disc f a square and causes the
Galois group to lie in an index-2 subgroup, called G1 in the classification below. Reciprocal f such
that (−1)n f (1) f (−1) is a square (among other conditions) show up as characteristic polynomials of
automorphisms of lattices in [13].

• Since the characteristic polynomial of a symplectic matrix is reciprocal, a potential application of this
work is to understand the characteristic polynomials of random elements of Sp2n(Z), extending the work
of Rivin [21] for SLn(Z) and that of the first author and Lemke Oliver [16] for the symplectic case. Since
the Weyl group of Sp2n is S2 ≀ Sn , this fits into a wider principle that a random element of a connected
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split reductive group G/Q, faithfully embedded, should be almost surely equal to the Weyl group of
G [15; 18]. Additionally, there are interesting connections to results in quantum chaos (see below).

Throughout this paper, n is fixed and the height H → ∞ (the “large box model”). Work has also been
fruitful for the complementary question on the “restricted coefficient model” where the coefficients are
drawn from a fixed set and n → ∞ [9; 3; 4]. In particular, Hokken [14] has recently proved an asymptotic
count of the number of ±1-coefficient reciprocal polynomials where the discriminant is a square, that is,
G f ⊆ G1 in the notation below.

As with Bhargava [8] and many other papers on van der Waerden’s conjecture, the methods are
largely indifferent to whether we look at monic polynomials or general nonmonic polynomials f with all
coefficients ranging through a box [−H, H ]

n+1. The analogue of Theorem 1.1 for the nonmonic setting is:

Theorem 1.3. Let En(H) be the number of separable reciprocal polynomials f of degree 2n with
coefficients in [−H, H ] whose Galois group is not S2 ≀ Sn . Then for all n ≥ 1,

En(H) ≍ H n log H.

Remark 1.4. Here the range of applicability is n ≥ 1. In Theorem 1.1, we must exclude n = 1, because a
monic reciprocal quadratic polynomial f (x) = x2

+ a1x + 1 has full Galois group S2 for all a1 ̸= ±2.

Note that a degree 2n polynomial f is reciprocal if and only if the Cayley-transformed polynomial

f̃ (x) = (1 + x)2n f
(

1 − x
1 + x

)
is even, that is, f̃ (x) = g̃(x2) for a polynomial g̃. (This is a straightforward computation and well known,
see for instance [19, p. 275].) For an even polynomial, the roots again come in pairs {α, −α}. So we also
have the following corollary:

Corollary 1.5. The number of degree 2n even polynomials f̃ with coefficients in [−H, H ] whose Galois
group is not S2 ≀ Sn is 2(H n log H).

Note that in this setting, the condition for the Galois group to lie in G1 is that the product (−1)na2na0

of the first and last coefficients of f̃ be a square. If we impose a2n = 1, the likelihood of this rises to
O(H−1/2), so the naïve analogue of Corollary 1.5 in the monic setting is false.

As alluded to earlier, there are potential applications of our work to the area of quantum chaos. In
particular, studying the mass of eigenfunctions in quantum chaos is an area of great mathematical interest.
This area shares exciting connections with reciprocal polynomials via quantum cat maps, a toy model of
study in the area, that are given by symplectic matrices A. In particular, an important object to study the
mass of eigenfunctions is the semiclassical measure µ associated to A. It turns out that µ has nice support
properties if the characteristic polynomial of Am for all m ∈ N (including A itself) is irreducible over
the integers. In an appendix to a paper of Elena Kim, the first author and Lemke Oliver show that this
irreducibility happens 100% of the time and moreover that the generic Galois group of such polynomials
is the wreath product S2 ≀ Sn (see [16] for more precise information and connections).
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Based on this recent result, we conjecture that if M is a random n × n matrix, then the characteristic
polynomials not only of M but of its powers M i , i ≥ 1, are almost surely Sn , where “almost surely” entails
error bounds of van der Waerden type. This can be interpreted as saying that, if f is the characteristic
polynomial, then not only its root α but each of its powers αi , i ≥ 1, generates an Sn-extension of Q. The
present work can be regarded as an extension of this to the fractional power

√
α. It is natural to hope

that the higher-order roots m
√

α of polynomials g(xm) can be handled in a similar way, the generic Galois
group now being the semidirect product

(µm ≀ Sn)⋊ (Z/mZ)×,

where (Z/mZ)× acts naturally on the group µm of mth roots of unity.
Our methods are parallel to Bhargava’s in [8], with judicious modifications when necessary. In Section 2,

we lay out preliminary facts about reciprocal polynomials. In Section 3, we classify maximal subgroups
of S2 ≀ Sn , and in particular, we show that we can narrow our focus to three groups, which we denote G1,
G2, and G3. In Sections 4, 5, and 6, we count the number En(Gi ; H) of polynomials having each of those
Galois groups (or a subgroup thereof). The G1-polynomials we can count by direct parametrization. To
count the G3-polynomials f , we take advantage of the fact that f is reducible over a quadratic extension
of Q. The heart of the argument is to handle G2, which plays a challenging role like that of the alternating
group An in the study of general polynomials. Following Bhargava, we divide up the polynomials into
three cases based on the size of the discriminant and its prime divisors. While attacking each case in
turn, we are led to apply Fourier analysis for equidistribution and to construct a suitably modified double
discriminant. The Fourier analysis is more involved than Bhargava’s and involves breaking up the desired
count into terms supported on different sublattices of the lattice V (Z) of reciprocal polynomials. This
type of decomposition is used in harmonic analysis to split up a function into pieces with different Fourier
properties, but our use is perhaps novel in this setting.

Because Theorems 1.1 and 1.3 are so similar, we focus on Theorem 1.3, the nonmonic setting, which
is the technically simpler of the two. At the end of each of Sections 4, 5, and 6, we explain how the proof
must be adapted to the monic case to prove Theorem 1.1.

2. Reciprocal polynomials

We define the height of an integer polynomial

P(x) = cnxn
+ cn−1xn−1

+ · · · + c1x + c0 ∈ Z[x]

to be the maximum of the coefficients:

Ht P = max
{
|cn|, |cn−1|, . . . , |c0|

}
∈ Z≥0.

Let

f (x) = a0x2n
+ a1x2n−1

+ · · · + an−1xn+1
+ anxn

+ an−1xn−1
+ · · · + a1x + a0

be a reciprocal polynomial of degree 2n. Note that there is a unique degree n integer-coefficient polynomial
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g(u) = bnun
+ bn−1un−1

+ · · · + b1u + b0

such that

f (x) = xng
(

x +
1
x

)
.

The passage between f and g is bijective and linear, and it increases or decreases heights by at most a
bounded factor, depending only on n. Hence it is immaterial whether we count f or g of height at most
H . For most purposes, it is more convenient to count g.

We denote the roots of f by

α1,
1
α1

, α2,
1
α2

, . . . , αn,
1
αn

.

Then the roots of g are β1, . . . , βn , where

βi = αi +
1
αi

.

We will sometimes write α = α1 and β = β1 when the choice of root is irrelevant.
In view of the main theorem we would like to prove, we can assume any statement that occurs for all

but O(H n) of the O(H n+1) polynomials g of height at most H . For example, we may assume that g is
irreducible and that g(2) and g(−2) are nonzero. We have the tower of number fields

K f = Q(α) ⊇ Kg = Q(β) ⊃ Q,

where Kg is an Sn-extension of degree n, while K f /Kg is of degree at most 2, given by K f = Kg(
√

β2 − 4).
Let K̃g and K̃ f , respectively, be the splitting fields of g and f , and let Gg and G f be their respective
Galois groups, which are subgroups of Sn and S2 ≀ Sn , with G f ↠ Gg under the natural projection
S2 ≀ Sn ↠ Sn . By the main result of Bhargava [8, Theorem 1], we can assume that Gg is the whole Sn .
Our aim in this paper is to understand when G f is not the whole S2 ≀ Sn .

By the usual formula for the discriminant of a number field tower, we have

(Disc K f ) = (Disc Kg)
2
· NKg/Q discKg K f

as ideals in Z. The following is a closely related result on the discriminants of the associated polynomials.

Lemma 2.1. disc f = (−1)ng(2)g(−2)(disc g)2.

Proof. We have

disc f = a4n−2
0

n∏
i=1

(αi − α−1
i )2 ∏

i< j
(αi − α j )

2(αi − α−1
j )2(α−1

i − α j )
2(α−1

i − α−1
j )2

= b4n−2
n

n∏
i=1

(β2
i − 4) ·

∏
i< j

α−4
i α−4

j (αi − α j )
4(αiα j − 1)4

= (−1)n
· bn

n∏
i=1

(2 − βi ) · bn

n∏
i=1

(−2 − βi ) · b4n−4
n

∏
i< j

(βi − β j )
4

= (−1)n
· g(2) · g(−2) · (disc g)2. □
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3. Maximal subgroups of S2 ≀ Sn

If G f is not the full S2 ≀ Sn , it is contained in a maximal subgroup. We have S2 ≀ Sn = Fn
2 ⋊ Sn . The

following elementary lemma classifies the maximal subgroups of a semidirect product whose normal
factor is abelian.

Lemma 3.1. Let X ⋊ S be a semidirect product of groups, with X abelian. The maximal subgroups of
X ⋊ S are of two types:

(a) X ⋊ S′, for S′ < S a maximal subgroup, and

(b) those groups G < X ⋊ S for which Y = G ∩ X is a maximal S-invariant subgroup of X such that the
projection G → S is surjective.

Proof. Let G < X ⋊ S be a maximal subgroup, and let S′ be the projection of G onto S. If S′
̸= S, then

G ≤ X ⋊ S′, and we must have equality so we get a group of type (a).
So we assume S′

= S. Then Y = G ∩ X is a subgroup of X , not the whole of X since G ̸= X ⋊ S. The
conjugation action of X ⋊ S on X is the S-action. Since G surjects onto S, the fact that G is closed under
conjugation by itself implies that Y is closed under the S-action. Suppose that Y is not maximal as an
S-invariant subspace, Y < Y ′ < X . Let

GY ′
= {gy : g ∈ G, y ∈ Y ′

} ⊂ X ⋊ S.

We claim that GY ′ is a subgroup. Since G and Y ′ are subgroups, it suffices to show that any product yg,
y ∈ Y ′, g ∈ G, belongs to GY ′. Write g = sx , x ∈ X , s ∈ S. Since X is abelian,

yg = ysx = sys x = sxys
= gys,

where ys denotes the conjugate s−1 ys. Since Y ′ is S-invariant, the last product belongs to GY ′. So GY ′

is a subgroup.
It is evident that GY ′

∩ X = Y ′. So G < GY ′ < X ⋊S, contradicting maximality of G. So Y is maximal,
and G is a group of type (b). □

By Bhargava’s result [8, Theorem 1], the extension K̃g has full Galois group Sn for all but O(H n)

polynomials g (or O(H n−1) in the monic case), so Theorems 1.1 and 1.3 are already known for subgroups
of type (a). To classify the subgroups of type (b), we must find the maximal Sn-invariant subspaces of
X = Fn

2 , a vector space equipped with an Sn-action permuting the n basis vectors freely. For convenience
we let

0 = (0, . . . , 0), 1 = (1, . . . , 1) ∈ X.

We use a superscript ⊥ to denote the orthogonal complement of a space under the Sn-invariant inner
product

(x1, . . . , xn) • (y1, . . . , yn) =

n∑
i=1

xi yi .



Galois groups of reciprocal polynomials and the van der Waerden–Bhargava theorem 609

Lemma 3.2. Let X = Fn
2 , with the permutation action of Sn . The Sn-invariant subspaces of X are

• X ,

• ⟨1⟩
⊥

= {v = (v1, . . . , vn) :
∑

i vi = 0},

• ⟨1⟩ = {0, 1},

• {0}.

Proof. Let W ⊆ X be an invariant subspace. If W contains a vector v = (v1, . . . , vn) besides 0 and 1, then
upon applying some element of Sn we can assume v1 = 1, v2 = 0. Then W ∋ v+ (12)v = ⟨1, 1, 0, . . . , 0⟩.
Applying further permutations from Sn , we get that W contains every vector with exactly two nonzero
coordinates. Then W contains their span, which is ⟨1⟩

⊥. Hence W = ⟨1⟩
⊥ or W = X . □

Among these, the maximal subgroups are

• ⟨1⟩
⊥, and

• ⟨1⟩, for n odd (since for n even, ⟨1⟩ ⊆ ⟨1⟩
⊥).

Note that for n odd, we have a direct sum decomposition X = ⟨1⟩⊕ ⟨1⟩
⊥. We now classify the groups G

using group cohomology as follows:

Lemma 3.3. Let X ⋊ S be a semidirect product of groups, with X abelian, and let K ⊆ X be a subgroup
fixed by S. The subgroups of G ⊆ X ⋊ S such that G ∩ X = K are parametrized by 1-cocycles ε ∈

Z1(S, X/K ), in other words, maps ε : S → X/K satisfying the cocycle condition

ε(στ) = ε(σ ) + σ(ε(τ )). (2)

The map sends each ε to the group

G = {(x, σ ) : x ≡ ε(σ ) mod K }. (3)

Moreover, two such subgroups G, G ′ are conjugate if and only if the corresponding ε, ε′ are in the same
cohomology class in H 1(S, X/K ); in other words, if there is a y ∈ X such that for all σ ∈ S,

ε′(σ ) = ε(σ ) + σ(y) − y. (4)

Proof. This is a fairly standard use of group cohomology. Indeed, it is easy to check that G must have
the form (3), that closure under multiplication enforces (2), and that conjugation by y ∈ X induces (4).
(Since G surjects onto S, conjugation by X is sufficient to produce all the conjugates of G in X ⋊ S.) □

Theorem 3.4. The maximal subgroups of S2 ≀ Sn whose projection onto Sn is the whole group are

G1 =
{
(v, σ ) ∈ Fn

2 ⋊ Sn :
∑

i
vi = 0

}
= ⟨1⟩

⊥ ⋊ Sn for n ≥ 1,

G2 =
{
(v, σ ) ∈ Fn

2 ⋊ Sn :
∑

i
vi = sgn σ

}
for n ≥ 2,

G3 = ⟨1⟩ × Sn for n ≥ 3 odd.
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Proof. By the preceding lemmas, we are left with computing H 1(Sn, X/Y ) for each of the maximal
Sn-invariant subspaces Y in Lemma 3.2.

If Y = ⟨1⟩
⊥, then

H 1(Sn, X/⟨1⟩
⊥) = H 1(Sn, C2) = Hom(Sn, C2) = C2,

the two maps ε being the zero map and the sign map, giving the subgroups G1 and G2 claimed.
If Y = ⟨1⟩ for n odd, we must compute

H 1(Sn, X/⟨1⟩).

Since n is odd, we have that X = ⟨1⟩ ⊕ ⟨1⟩
⊥ is a direct sum and X/⟨1⟩ ∼= ⟨1⟩

⊥. First consider

H 1(Sn, X).

With this action, X = IndSn
Sn−1

C2 is an induced module, so by Shapiro’s lemma,

H 1(Sn, X) = H 1(Sn−1, C2) = Hom(Sn−1, C2) = C2.

Hence

H 1(Sn, X/⟨1⟩) =
H 1(Sn, X)

H 1(Sn, C2)
= 0.

Therefore there is only the trivial extension G3.
Note that G1, G2, and G3 are normal subgroups of X , so we get no further maximal subgroups via

conjugation.
The restrictions on n are provided due to the fact that, for some n, the Gi are nonmaximal or coincident:

• For n = 1, G2 = G1 and G3 = S2 ≀ Sn .

• For n even, G3 ⊆ G1. □

Remark 3.5. A proof of Theorem 3.4 without group cohomology is possible, but it involves some in-depth
case analysis with many computations of products in Sn and S2 ≀ Sn . After this paper was circulated in
preprint form, we learned of the useful reference [2] where these computations are carried out.

Remark 3.6. With a few more cohomological computations, we can classify all the subgroups of S2 ≀ Sn

that surject onto Sn . They are the whole S2 ≀ Sn , the groups G1, G2, and G3 (without parity restrictions
on n), and the following additional groups:

• {0} × Sn ∼= Sn

•

{(
(sgn σ)1, σ

)
: σ ∈ Sn

}
, a twisted copy of Sn

• and, for n = 4 only, the group GL2F3, which acts on the 8-element set F2
3 \ {0}, preserving the

partition into opposite pairs of vectors. In terms of its map to S4, this is the double cover denoted
2 · S+

4 in [24; 20]. For instance, this is the generic Galois group of the even octic minimal polynomial
of the y-coordinate of a 3-torsion point on an elliptic curve over Q. It is a proper subgroup of the
maximal subgroup G2.
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To prove Theorems 1.1 and 1.3, we must bound the number of polynomials f , equivalently g, for
which G f is (conjugate to) a subgroup of G1, G2, or G3 for the values of n listed in Theorem 3.4.

Definition 3.7. For G ⊆ S2 ≀Sn and H ≥2, let En(G; H) be the number of separable reciprocal polynomials
f of degree 2n with coefficients in [−H, H ] such that Gg = Sn and G f ⊆ G. Let Emonic

n (G; H) count
the subset of these that are monic.

The following lemma reduces computing En(G1; H) and En(G2; H) to number-theoretic conditions
on g that must hold in order to fulfill these conditions. (For G3, we will use a different technique: see
Section 6.)

Lemma 3.8. Assume that Gg is the whole of Sn . Then:

(a) G f ⊆ G1 if and only if (−1)ng(2)g(−2) is a square.

(b) G f ⊆ G2 if and only if (−1)ng(2)g(−2) disc g is a square.

Proof. For (a), note that G1 is the preimage of A2n under the usual inclusion S2 ≀ Sn ↪→ S2n . Thus
G f ⊆ G1 if and only if disc f = (−1)ng(2)g(−2)(disc g)2 is a square, which happens exactly when
(−1)ng(2)g(−2) is a square.

For (b), consider the embedding of S2 ≀ Sn into S3n given by its action on the disjoint union of the roots
of f and of g. Note that G2 is the preimage of A3n under this embedding. Hence G f ⊆ G2 if and only if
disc f · disc g is a square, which happens exactly when (−1)ng(2)g(−2) disc g is a square. □

4. Counting G1-polynomials

We first deal with the case G1, which yields the main term of Theorems 1.1 and 1.3.

Theorem 4.1. For n ≥ 1,

En(G1; H) ≍ H n log H (5)

and for n ≥ 2,

Emonic
n (G1; H) ≍ H n−1 log H. (6)

By Lemma 3.8(a), it suffices to count g such that (−1)ng(2)g(−2) is a square z2.

Lemma 4.2. The number of solutions to the equation xy = z2, 1 ≤ x, y, z ≤ H (H ≥ 2) is 2(H log H).

Proof. A parametrization of the solutions is given by

x = ku2, y = kv2, z = kuv

where k, u, v are positive integers and gcd(u, v) = 1. For each k, 1 ≤ k ≤ H , the pair (u, v) is chosen
from the box 1 ≤ u, v ≤

√
H/k, and the number of coprime pairs in this box is 2(H/k) (the lower

bound comes from citing the limiting proportion 6/π2 > 0 of coprime pairs when H/k is large, and
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noting that there is always at least one solution u = v = 1). So the total number N of solutions satisfies
N ≍

∑H
k=1 H/k ≍ H log H , as desired. □

Proof of Theorem 4.1. For simplicity, we prove the nonmonic case (5). As g(2), g(−2) ≪ H and each pair
(x, y) = (|g(2)|, |g(−2)|) appears O(H n−1) times, we get that G f ⊆ G1 at most O(H n log H) times.
Conversely, if we take |x |, |y| ≤ cH for an appropriate constant c, and with x ≡ y mod 4 (which can be
arranged, for instance by taking 4|k), we find that there are 2(H n−1) polynomials g with g(2) = x and
g(2) = y, and thus 2(H n−1 log H) polynomials overall with Galois group G f ⊆ G1. □

4.1. Remarks on the monic case. For the monic case, the argument is identical, replacing n by n−1. It is
only necessary to have at least two free coefficients so that g(2) and g(−2) can be adjusted independently,
requiring n ≥ 2.

5. Counting G2-polynomials

For G2, we prove the following bounds, which are stronger than those for G1 by a factor of log H :

Theorem 5.1. For n ≥ 2,

En(G2; H) ≪ H n, (7)

Emonic
n (G2; H) ≪ H n−1. (8)

By Lemma 3.8(b), we wish to count g such that (−1)ng(2)g(−2) disc g is a square. We use a sieve
method adapted from Bhargava [8]. We begin with some analytic preliminaries.

5.1. Twisted Poisson summation. Let 8 : Rn
→ C be a Schwartz function. We normalize the Fourier

transform by

8̂(y) =

∫
Rn

e−2π
√

−1x•y8(x) dx .

The usual Poisson summation formula ∑
x∈Zn

8(x) =

∑
y∈Zn

8̂(y)

can be extended in various ways. If L ⊆ Zn is a lattice (a subgroup of finite index), then∑
x∈L

8(x) =
1

[Zn : L]

∑
y∈L∗

8̂(y), (9)

where L∗
⊇ Zn is the dual lattice. More generally:

Proposition 5.2. Let L ⊆ Zn be a lattice, and let 9 : (Z/MZ)n
→ C be any function, where the modulus

M is coprime to [Zn
: L]. Let 9̂ : (Z/MZ)n

→ C be the Fourier transform

9̂(y) =
1

Mn

∑
x∈(Z/MZ)n

e−2π
√

−1x•y/M9(x).
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For any Schwartz function 8,∑
x∈L

9(x)8(x) =
1

[Zn : L]

∑
y∈L∗

9̂(y)8̂
( y

M

)
.

Observe that 9̂ is well defined on L∗ since M is coprime to [Zn
: L]. (In fact, one can do without this

hypothesis, but then 9̂ becomes a function on L∗/M L∗ instead of being independent of L .) To prove
this proposition, one may assume by linearity that 9 is supported on a single point, and the result reduces
to Poisson summation.

5.2. The index of a polynomial over a field. Following Bhargava [8, Proposition 26], we make the
following definition. If P ∈ k[x, y] is a nonzero homogeneous polynomial over a field, we factor
P =

∏
i Pei

i into powers of distinct irreducibles and define the index of P to be

ind(P) =

∑
i

(ei − 1) deg Pi .

The index is significant for bounding the power of a prime p dividing the discriminant of the polynomial
and the extension field it defines. The following lemma is used implicitly in [8]; for completeness, we
offer a statement and proof.

Lemma 5.3. Let g ∈ R[x, y] be a separable homogeneous binary form of degree n over a Dedekind
domain R. Let F = Frac R, and let E = F[β]/g(β, 1) be the étale algebra (product of separable finite field
extensions) defined by g. If p is a prime ideal of R such that E is tamely ramified at p (e.g., char(R/p) > n)
and g is not identically zero modulo p, then

vp(Disc E) ≤ ind(g mod p) ≤ vp(disc g). (10)

Proof. We have deliberately stated the lemma in greater generality than needed to allow for making some
reductions. First, we may replace R by its completion at p. Let k be the residue field of R. Now, if
g ≡ g1g2 mod p with gi ∈ k[x, y] homogeneous and coprime, then by Hensel’s lemma, the factorization
lifts to R and induces a splitting E = E1 × E2. The inequality (10) can then be deduced by summing the
corresponding inequalities for g1 and g2. Thus we may assume that

g ≡ c · ge
1 mod p,

where c is a constant and g1 ∈ k[x, y] is irreducible of some degree f , with e f = n. We may change
coordinates so that g1 ̸= y is monic in x . Now

E =

r∏
j=1

E j

is a product of fields with the same inertia index f and possibly different ramification indices e j . We
compute, using the usual formula for the discriminant of a tamely ramified extension:
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• First,

vp(Disc E) =

r∑
j=1

vp(Disc Ei ) =

r∑
j=1

(e j − 1) f = n − r f.

• ind(g mod p) = (e − 1) f = n − f .

• Finally, we need to understand the ring S = R[β]/g(β, 1) ⊂ E . Note that S is contained in

S′
= {(x1, . . . , xr ) ∈ OE : x1 ≡ · · · ≡ xr mod p},

a subring of OE of index (r − 1) f . Thus

vp(disc g) = vp(Disc S)

≥ vp(Disc S′) = vp(Disc E) + 2vp([OE : S′
])

= n − r f + 2(r − 1) f = n − f + (r − 1) f.

The desired inequality follows immediately. Equality for both parts holds exactly when r = 1, or in the
original setup, when p ∤ [OE : S]. □

Following Bhargava [8, §5], we define

D = Disc Kg and C =

∏
p|D

D

and divide the counting into three cases based on the sizes of C and D relative to H . Unlike in [8], we do
not have that D is squarefull; but by Lemma 3.8(b) we have that (−1)n Dg(2)g(−2) is a square, which
limits the cases.

Let δ be a small constant (such as 1/4n). For R a ring, denote by V hom(R) the (n + 1)-dimensional
space of binary n-ic forms P(x, y) over R, and denote by V (R) the space of polynomials g(u) of degree
at most n over R. The two R-modules are isomorphic, but we will need to identify them in multiple ways.

5.3. Case I: C ≤ H1+δ, D ≥ H2+2δ. In this case, we need to estimate the number of g for which
D = Disc(Kg), g(2), and g(−2) have certain factors. We begin with a short argument that yields the
result up to ε.

Lemma 5.4. Let p be a prime, and let k be an integer. The number of binary forms g ∈ V hom(Fp) such
that

• g(1, 0) = 0, that is, y | g, and

• ind(g) ≥ k

is O(pn−k).

Proof. We can immediately dispose of the case p ≤ n, for here both the number of g and the desired
bound are O(1). In [8, Corollary 27], it is shown that the number of degree-n binary forms g such that
ind(g) ≥ k is O(pn+1−k). To impose the condition g(1, 0) = 0, we can consider each g as lying in the



Galois groups of reciprocal polynomials and the van der Waerden–Bhargava theorem 615

family of p translates
g(x, y + ax), a ∈ Fp.

The translates all have the same index, and if p > n, the translates are all distinct. Moreover, since g
has at most n roots over Fp, at most n = O(1) of the translates satisfy the added condition g(1, 0) = 0.
Hence the total number of such g is O(pn−k), as desired. □

Let p > n be a prime dividing C , and suppose pk
∥ D. By the first inequality in (10), we have

ind(g) ≥ k, and this occurs for a proportion p−k of g. If k is odd, then we additionally have p | g(2) or
p | g(−2), and altogether there is a proportion p−k−1 of g satisfying these conditions. Multiplying over
p, the proportion of G2-polynomials with Disc Kg = D is bounded by∏

p|D

O
(

p−2⌈k/2⌉
)
=

O(cω(D1))

D2
1

,

where D2
1 =

∏
p|D p2⌈k/2⌉ is the least square divisible by D. Observe that D1 ≫ H and that each D1

occurs for at most 2ω(D1) values of D. Moreover, these g are cut out by congruence conditions mod C . If
C ≤ H , then we can estimate the number of lattice points very precisely because our modulus is lower
than the size of the box. We get that the number of polynomials g is

≪ H n+1
∑

D1≥H

cω(D1)

D2
1

≪ε H n+ε.

Using Fourier analysis we can remove the ε and also extend the validity of this case from C ≤ H to
C ≤ H 1+δ.

Recall some definitions from [8, §4.1]. If a binary n-ic form f (over Z, or over Fp) factors modulo
p as

∏r
i=1 Pei

i , with Pi irreducible and deg(Pi ) = fi , then the splitting type ( f, p) of f is defined as
( f e1

1 · · · f er
r ), and the index ind( f ) of f modulo p (or the index of the splitting type ( f, p) of f ) is defined

to be
∑r

i=1(ei − 1) fi . If p | f , we put ind( f ) = ∞. More abstractly, a splitting type is an expression
σ of the form ( f e1

1 · · · f er
r ), where the fi and ei are positive integers. The degree deg(σ ) is

∑r
i=1 ei fi ,

and the index ind(σ ) is
∑r

i=1(ei − 1) fi . Finally, #Aut(σ ) is defined to be
∏

i fi times the number of
permutations of the factors f ei

i that preserve σ .
Later on we will need to deal with splitting types with a distinguished factor of degree 1. If σ has f1 = 1,

we let #Aut′(σ ) be
∏

i fi times the number of permutations of the factors f ei
i , i ≥ 2, that preserve σ .

We first recall the following lemma of Bhargava:

Lemma 5.5 [8, Proposition 26]. Let σ = ( f e1
1 · · · f er

r ) be a splitting type with deg(σ ) = d ≤ n and
ind(σ ) = k. Let wp,σ : V hom(Fp) → C be defined by

wp,σ ( f ) := the number of r-tuples (P1, . . . , Pr ), up to the action of the group of
permutations of {1, . . . , r} preserving σ , such that the Pi are distinct
irreducible binary forms where, for each i , we have Pi (x, y) is y or
is monic as a polynomial in x, deg Pi = fi , and Pe1

1 · · · Per
r | f .
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Then

ŵp,σ (g) =


p−k

#Aut(σ )
+ O(p−(k+1)) if g = 0;

O(p−(k+1)) if g ̸= 0.

The significance of this function wp,σ is twofold: First, wp,σ ( f ) is nonnegative, and is equal to 1 when
f has splitting type σ ; second, the definition is arranged so that wp,σ is a sum of characteristic functions
of subspaces, which makes the Fourier transform nonnegative, small, and easily computable.

Bhargava uses this lemma to bound the number of integer polynomials having high index at a set of
primes. In our setting, we also need to bound the number of integer polynomials having high index and
which vanish at a given point mod p; hence we modify the lemma as follows:

Lemma 5.6. Let σ = ( f e1
1 · · · f er

r ) be a splitting type with f1 = 1. Let deg(σ ) = d and ind(σ ) = k. Let
w′

p,σ : V hom(Fp) → C be defined by

w′

p,σ ( f ) := the number of r-tuples (P2, . . . , Pr ), up to the action of the group
of permutations of {2, . . . , r} preserving σ , such that the Pi are
distinct irreducible binary forms where, for each i , we have Pi (x, y)

is monic as a polynomial in x, deg Pi = fi , and ye1 Pe2
2 · · · Per

r | f .

Let V hom
e1,Fp

denote the subspace of V hom(Fp) comprising polynomials divisible by ye1 , and let (V hom
e1,Fp

)⊥ ⊆

V hom(Fp)
∗ be its dual. Then

ŵ′

p,σ (g) =


p−(k+1)

#Aut′(σ )
+ O(p−(k+2)) if g ∈ (V hom

e1,Fp
)⊥;

O(p−(k+2)) if g /∈ (V hom
e1,Fp

)⊥.

Proof. Rather than starting from scratch, we derive this lemma from the preceding one. Indeed, let σ ′ be
the splitting type obtained by deleting the first factor f e1

1 = 1e1 from σ . Then Aut(σ ′) ∼= Aut′(σ ), and
ind(σ ′) = k − e1 + 1. We have that w′

p,σ ( f ) vanishes unless f ∈ V hom
e1,Fp

(implying in particular that ŵ′
p,σ

is constant on cosets of (V hom
e1,Fp

)⊥), and

w′

p,σ ( f ) = w̆p,σ ′( f/ye1)

is almost wp,σ ( f/ye1). We say “almost” because we need to exclude the case that one of the Pi is y; so
we define w̆p,σ to be just like wp,σ , except that the Pi (x, y) in the definition are not allowed to equal y.
Since wp,σ ′ is a sum of characteristic functions of subspaces corresponding to the various choices of
the Pi and w̆p,σ is obtained by deleting some of the terms from this sum, we have, by Lemma 5.5,
w̆p,σ ′( f ) ≤ wp,σ ′( f ) and

̂̆w p,σ ′(g) ≤ ŵp,σ ′(g) =


p−(k−e1+1)

#Aut′(σ )+O(p−(k−e1+2))
if g ∈ V ⊥

e1,Fp
;

O(p−(k−e1+2)) if g /∈ V ⊥

e1,Fp
.

Re-embedding V hom
e1,Fp

into V hom(Fp), the Fourier transform drops by a factor of pe1 , yielding upper bounds
of the claimed order of magnitude.
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To obtain that the main term is undiminished by the w 7→ w̆ replacement, we can argue that

w̆p,σ = wp,σ −

∑
i : fi =1

w̆p,σi

where σi is obtained by deleting f ei
i from σ . Thus

̂̆w p,σ (0) = ŵp,σ (0) −

∑
i : fi =1

̂̆w p,σi (0)

=
p−(k−e1+1)

#Aut′(σ )
+ O(p−(k−e1+2)) +

∑
i : fi =1

O(p−(k−e1−ei +1))

=
p−(k−e1+1)

#Aut′(σ )
+ O(p−(k−e1+2)),

as desired. □

We can now estimate the number of polynomials in Case I.

Lemma 5.7. Let D be a positive integer. Let C =
∏

p|D p be its radical, and let D′2
=

∏
p|D p2⌈vp(D)/2⌉

be its smallest square multiple. Assume that C < H 1+δ . The number of reciprocal integer polynomials f
of height ≤ H for which G f ⊆ G2 and D | Disc Kg is

≪
O(1)ω(C)H n+1

D′2 .

Remark 5.8. Note that in contrast to the notation in the rest of the paper, we do not set D = Disc Kg,
but rather assume only that D | Disc Kg. For Case I, we set D = Disc Kg, but we will reuse this lemma
in Case III, and there we will pick a general divisor D.

Note that Lemma 5.7 implies the bound of Theorem 5.1 on the number of g in Case I because each D′

determines D up to O(1)ω(C) possibilities, and the total number of g is thus

≪ O(1)ω(C)H n+1
∑

D′≥H1+δ

1
D′2 ≪ O(1)ω(C)H n−δ

≪ H n−δ+ε
≪ H n.

Proof of Lemma 5.7. First of all, we divide out all primes p ≤ n from D. If there is at least one Kg with
D | disc Kg, this change only affects D by a bounded factor, since vp(disc Kg) is uniformly bounded.
Thus we can assume that every prime p | C is at least n.

For each prime p | C , excluding the degenerate case that g ≡ 0 mod p (see below), let σp = ( f e1
1 · · · f er

r )

be the splitting type of its homogenization g̃ = yng(x/y). By the second inequality in (10),

vp(D) ≤ ind(g̃ mod p).

Also, if vp(D) is odd, the relations

1 ≡ vp(D) ≡ vp(disc g) ≡ vpg(2)g(−2) mod 2
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imply that g(u) mod p is divisible by either u − 2 or u + 2. Let kp = vp(D′) = ⌈vp(D)/2⌉. We thus get
one of three cases restricting σp and g̃:

(0) ind(σp) ≥ 2kp;

(2) ind(σp) ≥ 2kp − 1 and f1 = 1 with P1 = x − 2y;

(−2) ind(σp) ≥ 2kp − 1 and f1 = 1 with P1 = x + 2y.

We call an annotated splitting type a pair (σ, j) of a splitting type σ = σp with a choice of case
j ∈ {0, 2, −2}. Set

wp,σ, j (h) =

{
wp,σ

(
ynh(x/y)

)
if j = 0,

w′
p,σ

(
xnh(y/x − j)

)
if j = ±2,

the coordinate changes in the latter two cases being to send the distinguished linear factors u − j in our
situation to the distinguished linear factor y in Lemma 5.6. Likewise, let

#Aut(σ, j) =

{
#Aut(σ ) if j = 0,

#Aut′(σ ) if j = ±2.

For (σp, jp) an annotated splitting type, let 9p = wp,σp, jp : VFp → R, and let 9 : VZ/CZ → R be the
product of the 9p. Observe that there are only O(1)ω(C) choices of the annotated splitting types for all p,
and for each g as in the statement of the lemma, there is a choice for which 9(g) ≥ 1. (In the degenerate
case that g ≡ 0 mod p, we pick σp and jp arbitrarily, because wp,σ, j (0) ≥ 1 for all σ and j .) Thus it
suffices to prove, for a fixed choice of σp and case (a)–(c) for each p | C , that

∑
Ht g≤H

9(g) ≪
O(1)ω(C)H n+1

D′2 .

We claim that there is a decomposition 9p = 3p + 1p with the following properties:

• 3p = ap1L p is a rescaled characteristic function of a sublattice L p ⊆ V (Z), with 0 < ap ≤ 1, and
3̂p = âp1L⊥

p
where 0 < âp ≤ p−2kp ;

• 1p has uniformly small Fourier transform: 1̂p(h) ≪ p−2kp−1.

Indeed, we take

L p =

{
V (Z) if jp = 0,{
g : g( jp) ≡ g′( jp) ≡ · · · ≡ g(e1,p−1)( jp) ≡ 0 mod p

}
if jp = ±2.

Note that in the latter case, L p is the image of V hom
e1,Fp

under the relevant identification of V hom with V
sending x i yn−i to (u − j)n−i . Choose the constant

ap =
[V (Z) : L p] · p−ind σ−| j |/2

#Aut(σ, j)
=

p
−

∑
i>| j |/2

(ei −1) fi

#Aut(σ, j)
≤ 1
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so that 3̂p is the dominant term

âp1L⊥
p
, âp =

p−ind σ−| j |/2

#Aut(σ, j)
≤ p−2kp

of 9̂p as computed in Lemmas 5.5 and 5.6, which show the smallness of 1̂p.
Now

9 =

∏
p

(
3p + 1p

)
=

∑
q|C

3q1C/q ,

where we set

3q =

∏
p|q

3p = aq1Lq , aq =

∏
p|q

ap, Lq =

⋂
p|q

L p, and 1q =

∏
p|q

1p.

We now use Fourier analysis, as in Case I of [8], to rewrite the desired count of g. Let φ : R → R be a
Schwartz function on R with the following properties:

(a) φ(u) is nonnegative, and φ(u) ≥ 1 for |u| ≤ 1;

(b) φ is compactly supported;

(c) The Fourier transform φ̂ is real and nonnegative.

Such a φ can be constructed, for instance, by taking a usual even “bump function” and convolving with
itself, which squares the Fourier transform, ensuring nonnegativity. Then let 8 : V (R) → R be the product
8(g) = φ(b0)φ(b1) · · · φ(bn). We use this as a smoothing factor:

X := #{g ∈ V (Z) : G f ⊆ G2, D | disc Kg, Ht g ≤ H}

≤

∑
Ht g≤H

9(g) ≤

∑
g∈V (Z)

9(g)8
( g

H

)
=

∑
q|C

∑
g∈V (Z)

3q(g)1C/q(g)8
( g

H

)
.

Since C has O(1)ω(C) divisors q , it suffices to prove that for all q | C ,

Xq :=

∑
g∈V (Z)

3q(g)1C/q(g)8
( g

H

)
≪

O(1)ω(C)H n+1

D′2 .

We apply twisted Poisson summation (Proposition 5.2) with modulus M = C/q, which is coprime to
[V (Z) : Lq ] | qn , to get

Xq = aq

∑
g∈Lq

1C/q(g)8
( g

H

)
=

aq H n+1

[V (Z) : Lq ]

∑
h∈L∗

q

1̂C/q(h)8̂
(q Hh

C

)
≪

aq H n+1

[V (Z) : Lq ]

∏
p |C/q

O(p−2kp−1)
∑
h∈L∗

q

8̂
(q Hh

C

)
.

We apply Poisson summation again, now untwisted, to get
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Xq ≪
aqCn+1

qn+1

∏
p |C/q

O(p−2kp−1)
∑
g∈Lq

8
( Cg

q H

)
≤

aqCn+1

qn+1

∏
p |C/q

O(p−2kp−1)
∑

g∈V (Z)

8
( Cg

q H

)

≪ aq

∏
p |C/q

O(p−2kp−1)

(
C
q

max
{q H

C
, 1

})n+1

≪ O(1)ω(C)
∏
p |q

p−2kp
∏

p |C/q

O(p−2kp−1) · max
{

H,
C
q

}n+1

=
O(1)ω(C)q

C D′2 max
{

H,
C
q

}n+1
.

If the first argument to the maximum dominates, we get a bound

Xq ≪
O(1)ω(C)q

C D′2 H n+1
≤

O(1)ω(C)H n+1

D′2 ,

as desired. If instead the second argument dominates, we get a bound

Xq ≪
O(1)ω(C)q

C D′2

(
C
q

)n+1

=
O(1)ω(C)Cn

qn D′2 ≤
O(1)ω(C)H n+nδ

D′2 ,

as desired, since nδ ≤ 1. □

5.4. Case II: D ≤ H2+2δ . Here we simply invoke Case II of Bhargava’s treatment [8, §5], which shows
that the number of irreducible g of height < H defining a number field Kg of primitive Galois group
Gg and discriminant D ≤ H 2+2δ is O(H n) (or O(H n−1) in the monic case). In our setting we are only
concerned with the case Gg = Sn . We do not need to use the added knowledge that G f ⊆ G2.

5.5. Case III: C ≥ H1+δ. Here we adapt the method of Bhargava using the double discriminant.

Lemma 5.9 [8, Proposition 34]. Let p > 2 be a prime. If h(x1, . . . , xn) is an integer polynomial, such
that h(c1, . . . , cn) is a multiple of p2 for mod p reasons, that is, h(c1 + pd1, . . . , cn + pdn) is a multiple
of p2 for all (d1, . . . , dn) ∈ Zn , then ∂

∂xn
h(c1, . . . , cn) is a multiple of p.

Let

h = g(2)g(−2) disc g,

considered as a polynomial in the coefficients b0, . . . , bn of g. Let p | C , p > n. We claim that p2
| h for

mod p reasons. We have that p | D, and p2 divides the square (−1)n Dg(2)g(−2). If p2
| D, then by the

first inequality in (10), the index of g modulo p is at least 2. So by the second inequality on that same
line, we have p2

| disc g for mod p reasons. Otherwise, we have p | D, so p | disc g, and either p | g(2)

or p | g(−2). Thus in all cases the product h is divisible by p2 for mod p reasons. By Lemma 5.9, this
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implies that the derivative ∂
∂b0

h with respect to the constant term is divisible by p. Hence their resultant

R(b1, . . . , bn) = Resb0

(
h,

∂

∂b0
h
)

= ±bn discb0 h

is a multiple of p.
The polynomial R is the analogue in our setting of the double discriminant DD of [8, Proposition 34].

For brevity, let G = discu g. Then

R(b1, . . . , bn) = ±bn discb0(g(2)g(−2)G)

= ±bn discb0 G · Resb0(g(2), g(−2))2 Resb0(g(2), G)2 Resb0(g(−2), G)2

= ±bn discb0 G · (g(2) − g(−2))2(discu(g − g(2))
)2(discu(g − g(−2))

)2
, (11)

where, in the last step, we took advantage of the linearity of g(±2) in b0 to use the standard formula

Resx(x − a, P(x)) = P(a).

Thus R is a product of which one factor is the double discriminant DD(g) = discb0 G = discb0 discu g.
One easily sees from the factorization (11) that R is not identically zero as a function of b1, . . . , bn .

We now proceed as in [8]. The number of b1, . . . , bn ∈ [−H, H ]
n such that R(b1, . . . , bn) = 0 is

O(H n−1) (by, e.g., [6, Lemma 3.1]), and so the number of g with such b1, . . . , bn is O(H n). We now
fix b1, . . . , bn such that R(b1, . . . , bn) ̸= 0. Then R(b1, . . . , bn) has at most Oε(H ε) factors C > H .
Once C is determined by b1, . . . , bn (up to Oε(H ε) possibilities), then the number of solutions for b0

(mod C) to h ≡ 0 mod C is (degb0
h)ω(C)

= Oε(H ε), as the number of possibilities for b0 modulo p
such that h ≡ 0 mod p for each p | C is at most degb0

(h). Since C > H , the number of possibilities for
b0 ∈ [−H, H ] is also at most Oε(H ε), and so the total number of g in this case is Oε(H n+ε).

To eliminate the ε, we divide into two subcases, the first of which is reduced to Case I, just as in [8]:

Subcase (i): A =
∏
p|C

p>H δ/2

p ≤ H .

In this subcase, C has a factor CI between H 1+δ/2 and H 1+δ , with A | CI | C . Pick CI to be the largest
such factor, and let DI =

∏
p|CI

pvp(D). We now appeal to Lemma 5.7 from Case I, with CI in place of C ,
and DI in place of D. (Note that D determines C , CI, and DI.) We get that the number of g with a given
D is at most

≪
O(1)ω(CI)Hn+1

D′2
I

,

where

D′

I =

∏
p|CI

p⌈vp(D)/2⌉ ≥ CI ≥ H 1+δ/2.

For each D′

I, there are at most 2ω(D) values of DI, so the total number of reciprocal polynomials in this
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subcase is ∑
D′

I>H1+δ/2

O(1)ω(CI)H n+1

D′2
I

= Oε(H n−δ/2+ε) = O(H n).

Subcase (ii): A =
∏
p|C

p>H δ/2

p > H .

In this subcase, we carry out the original argument of Case III, with C replaced by A. We have
A | R(b1, . . . , bn).

Fix one of the O(H n) choices of b1, . . . , bn such that R(b1, . . . , bn) ̸= 0. Being bounded above by
a fixed power of H , we see that R(b1, . . . , bn) can have at most a bounded number of possibilities for
the factor A (since all prime factors of A are bounded below by a fixed positive power of H ). Once A
is determined by b1, . . . , bn , then the number of solutions for b0 (mod A) to Disc( f ) ≡ 0 (mod A) is
O(nω(A)) = O(1). Since A > H , the total number of f in this subcase is also O(H n), completing the
proof of Theorem 5.1 in the nonmonic case.

5.6. Remarks on the monic case. It would be impractical to replicate the full proof of Theorem 5.1 in
the monic case, most of which consists of changing n to n − 1 and correcting calculations appropriately.
The following changes are worthy of note:

• Unlike in the nonmonic case, the space V (R) of monic polynomials over a ring does not have a natural
origin. We must fix one, such as g(u) = un , in order to carry out the Fourier analysis.

• In Case I, we replace Lemma 5.5 with the following lemma from Bhargava:

Lemma 5.10 [8, Proposition 30]. Let σ = ( f e1
1 · · · f er

r ) be a splitting type with deg(σ ) = d ≤ n and
ind(σ ) = k. Let wp,σ : V (Fp) → C be defined by

wp,σ ( f ) := the number of r-tuples (P1, . . . , Pr ), up to the action of the group
of permutations of {1, . . . , r} preserving σ , such that the Pi are
distinct irreducible monic polynomials with deg Pi = fi for each i
and Pe1

1 · · · Per
r | f .

Then

ŵp,σ (g) =


p−k

#Aut(σ )
+ O(p−(k+1)) if g = 0,

O(p−(k+1)) if g ̸= 0 and d < n,

O(p−(k+1/2) if g ̸= 0 and d = n.

• We then replace Lemma 5.6 as follows:

Lemma 5.11. Let σ = ( f e1
1 · · · f er

r ) be a splitting type with f1 = 1. Let deg(σ ) = d and ind(σ ) = k. Let
w′

p,σ : V (Fp) → C be defined by

wp,σ ( f ) := the number of r-tuples (P1, . . . , Pr ), up to the action of the group
of permutations of {2, . . . , r} preserving σ , such that the Pi are
distinct irreducible monic polynomials with deg Pi = fi for each i ,
f1 = x, and Pe1

1 · · · Per
r | f .
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Let Ve1,Fp denote the subspace of V (Fp) comprising polynomials divisible by xe1 , and let V ⊥

e1,Fp
⊆ V (Fp)

∗

be its dual. Then

ŵp,σ (g) =


p−(k+1)

#Aut′(σ )
+ O(p−(k+2)) if g ∈ V ⊥

e1,Fp
,

O(p−(k+2)) if g /∈ V ⊥

e1,Fp
and d < n,

O(p−(k+3/2)) if g /∈ V ⊥

e1,Fp
and d = n.

• Our 9p is then supported on

L̃ p =


V (Z) in case (0) on page 618,

{g : g(2) ≡ g′(2) ≡ · · · ≡ g(e1,p−1)(2) ≡ 0 mod p} in case (2),

{g : g(−2) ≡ g′(−2) ≡ · · · ≡ g(e1,p−1)(−2) ≡ 0 mod p} in case (−2),

which is no longer a lattice but a coset gp + L p for some fixed monic polynomial gp and some lattice L p

of index dividing pn . The Fourier transform 9̂ is small away from L⊥
p . The intersection

L̃q =

⋂
p|q

L̃ p = gq + Lq

is likewise a coset of a lattice (if nonempty). When we carry out the twisted Poisson summation, the
translation gq contributes a twist factor e−2π

√
−1gq •h to the values of 3̂q . Because we then immediately

bound each term by its absolute value, this twist factor drops out.

• The final step of Case I, bounding Xq , proceeds as follows:

Xq ≪

∏
p|q

O(p−2kp)
∏
p|

C
q

O(p−2kp−1/2) · max
{

H,
C
q

}n
=

O(1)ω(C)√q
√

C D′2
max

{
H,

C
q

}n

=
O(1)ω(C)

D′2 max
{

H n√q
√

C
,
(C

q

)n−1/2
}

≤
O(1)ω(C)

D′2 max
{

H n, H n−1/2+nδ
}

=
O(1)ω(C)H n

D′2 .

6. Counting G3-polynomials

Finally, we count the polynomials f having G f ⊆ G3 for each odd n ≥ 3 (the even case is subsumed by
G1, as we noted in stating Theorem 3.4).

Theorem 6.1. For n ≥ 3 odd,

En(G3; H) ≪

{
H 2 log2 H if n = 3,

H (n+1)/2 if n ≥ 5,
(12)

Emonic
n (G3; H) ≪


H 2 if n = 3,

H 2 log H log log H if n = 5,

H (n−1)/2 log H if n ≥ 7.

(13)
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6.1. Heights. We need a notion of height more general than the naïve height on integer polynomials
used in Section 5.

If P = [x0 : · · · : xN ] ∈ PN (K ) is a point in projective space over a number field K , we define its
(exponential, projective, Weil) height (denoted H(P) in Silverman [22, §VIII.5]) as

Htp P =

∏
v

max
{
|x0|v, . . . , |xN |v

}[Kv :Qv]/[K :Q]
,

where the product is taken over the places v of K , and the norm |x |v extends the usual v-adic norm on Q.
This normalization ensures that the height is unchanged if K is embedded into a larger field. There are
two natural ways to define a height on a polynomial f (x) = anxn

+ an−1xn−1
+ · · · + a0 over a number

field, and we distinguish the projective and affine heights

Htp f = Htp [an : · · · : a0], (14)

Ht f = Htp [an : · · · : a0 : 1]. (15)

For instance, if f ∈ Z[x] is nonzero, then Ht f = max{|a0|, . . . , |an|} is the naïve height already introduced
in Section 2, while Htp f = Ht f/ ct f is smaller by a factor of the content ct( f ) = gcd(a0, . . . , an). In
particular, we define heights of algebraic numbers α by Ht α = Htp [α : 1]. The following properties
should be noted:

• If α is an algebraic integer with conjugates α = α1, . . . , αn , then

Htp α =

∏
i

max{1, αi }
1/n

is none other than the Mahler measure of its minimal polynomial (suitably normalized).

• If f has roots α1, . . . , αn , then

2−n
∏

i

Ht αi ≤ Htp f ≤ 2n−1
∏

i

Ht αi (16)

[22, Theorem VIII.5.9]. In particular, for any factorization f = gh, we have

Htp f ≍deg f Htp g · Htp h. (17)

6.2. Proof of Theorem 6.1.

Proof. Under the conditions, there are only two possibilities for G f : either G f ∼= G3 ∼= S2 × Sn , or
G f ∼= Sn . In the latter case, f is reducible and factors as a product

f (x) = c · h(x) · xnh(1/x), c ∈ Z, h ∈ Z[x].

By taking |c| = ct f , we may assume that ct h = 1. We have Htp f = Ht f/|c| ≤ H/|c|, so by (17),

Ht h = Htp h ≪

√
H
|c|

.
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As h has n + 1 free coefficients, the number of polynomials f we get is

≪

H∑
c=1

( H
c

)(n+1)/2
≪ H (n+1)/2.

We now assume that G f = G3. In this case there is a quadratic field K2 = Q(
√

k), where k is a
squarefree integer, such that K f = Kg · K2, so that over K2, the polynomial f factorizes:

f (x) = c′
· h(x) · xnh(1/x), c′

∈ K2, h ∈ K2[x]. (18)

We cannot assume that this factorization holds in OK2[x] because OK2 need not be a UFD. However, we
can rescale h so that h(1) ∈ Z. Then c′

= f (1)/h(1)2
∈ Q, and the contents c = ct( f ) and a = ct(h)

satisfy

cOK2 = c′
· a2.

Therefore a2
= (c/c′) is principal, generated by a rational number; in particular, a = ā is self-conjugate.

The self-conjugate ideals in a quadratic field are simply the rational multiples of products of ramified
primes. Thus, after rescaling by a rational scalar, we have that there is a positive divisor d | k such that

a =

√
(d) =

{
⟨d,

√
k⟩ if k ≡ 2, 3 mod 4〈

d, 1
2(k +

√
k)

〉
if k ≡ 1 mod 4,

and c′
= ±c/d. Note that h̄(x) and xnh(1/x) have the same roots, and comparing values at x = 1, they

must be equal. Thus the coefficients θi ∈ K2 of h(x) =
∑n

i=0 θi x i satisfy

θi = θn−i . (19)

We now bound the height of the θi . This requires us to control the projective-to-affine height ratio

Htp h
Ht h

=

∏
v

(
max

{
|θ0|v, . . . , |θn|v

}
max

{
|θ0|v, . . . , |θn|v, 1

})[(K2)v :Qv]/[K2:Q]

.

We consider the contributions of the different places v in turn:

• If v = p | d is finite, then the numerator is |a|p = 1/
√

p, while the denominator is 1. Since
[(K2)v : Qv] = [K2 : Q] = 2, we get a contribution 1/

√
p in this case.

• For all other finite v, the numerator and denominator are both 1.

• If v is infinite, the parenthesized fraction is 1 because, by (19),

|θ0|v · |θn|v = |θ0|v · |θ0|v = d ·
| f (0)|

c
≥ 1.

Hence

Ht h =
√

d Htp h ≍
√

d Htp f =

√
d Ht f

c
≤

√
d H

c
.
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Write

θi =
dui + vi

√
k

2
, ui , vi ∈ Z,

and observe that not all the ui nor all the vi can be zero, or f would be reducible. Now some coefficient
dui of h + h̄ is nonzero and thus at least d in absolute value. So

d ≤ Ht(h + h̄) ≪ Ht(h) ≪

√
d H

c
,

which gives us the bound

d ≪
H
c

.

Analogously, analyzing the vi by considering h − h̄ gives us the bound

d ′
:=

|k|

d
≪

H
c

.

Since dui and vi
√

|k| are bounded by Ht h, the numbers of possibilities for each ui and vi are ≪
√

H/cd
and ≪

√
H/cd ′ respectively, and so the total number of polynomials is

En(G3; H) ≪

H∑
c=1

∑
d≪H/c

∑
d ′≪H/c

(√
H
cd

√
H

cd ′

)n+1
2

= H
n+1

2

H∑
c=1

c−
n+1

2

( ∑
d≪H/c

d−
n+1

4

)2

.

If n ≥ 5, the two remaining sums are both O(1), and we get a bound of O(H
n+1

2 ). If n = 3, we get

En(G3; H) ≪ H
n+1

2

H∑
c=1

c−
n+1

2 log2 H ≪ H
n+1

2 log2 H = H 2 log2 H. □

Remark 6.2. The “≪” in Theorem 6.1 can be sharpened to “≍” in the nonmonic case by checking that a
positive proportion of choices of the independent variables c, d, d ′, ui , vi satisfy the needed conditions:

• d and d ′ are squarefree and coprime;

• ui and vi satisfy the conditions mod 2 so that θi ∈ a;

• and the θi do not all lie in an ideal strictly smaller than a.

All these can be managed using an appropriate form of the squarefree sieve. We omit the details.

6.3. Remarks on the monic case. The monic case is proved similarly, but the possibilities are more
restricted because we can factor f (x) = ±h1(x) ·xnh1(1/x) over OK2 , where h1(x) is monic. This scaling
h1 of h may or may not be compatible with the one used above, but since ct(h1) = (1), we derive that
a = (θ) is principal. Since a is known to be self-conjugate, we have a relation

θ = εθ̄, (20)
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where ε ∈ O×

K2
is a unit (necessarily of norm 1). The relation (20) determines θ up to scaling by Q×;

namely
θ = w(1 + ε) and/or θ = w

√
k(1 − ε), w ∈ Q×,

the expression “and/or” being used because these formulas become invalid if ε = −1, respectively ε = 1.
Thus ε determines d. Since θ can be rescaled by a unit, it follows that rescaling ε by a square of a unit
does not affect d . Since |O×

K2
/(O×

K2
)2

| is uniformly bounded (at most 4), there are O(1) possible values
of d for each k. Each of the coefficients θ1, . . . , θ(n−1)/2 has O(H/

√
k) values, as above. As to θ0, we

have that η = θ2
0 /d is a unit and determines θ0 up to sign. We have Ht θ0 ≪

√
H/d so Ht η ≪ H . Up to

the finite group of roots of unity, η is a power ηm
1 of the fundamental unit η1 of K2. We have |η1| ≫

√
k,

so the number of possibilities for η is ≪ log H/ log k, for a grand total of

Emonic
n (G3; H) ≪

∑
2≤k≪H2

(
H
√

k

)n−1
2

·
log H
log k

.

Estimating this sum yields the claimed bounds. In contrast to the nonmonic case, it is unclear whether
our bounds are sharp, specifically in the n = 3 and n = 5 cases. A more accurate count of monic
G3-polynomials demands a delicate understanding of the distribution of sizes of fundamental units in real
quadratic fields.
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