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Ramified descent and transcendental
Brauer—Manin obstruction

Julian Lawrence Demeio

Given a smooth geometrically connected variety X defined over a number field K and an étale torsor
V — U over a Zariski-open U of X, we investigate the problem of which adelic points of X can be
approximated by adelic points that lift to a (twist of a) V. The question has long been investigated in
the literature when U = X, but less so in the general case. We introduce a Brauer—Manin obstruction
to the problem, and provide an example where this obstruction is nontrivial and purely transcendental.
This answers in the negative a question posed by Harari at a 2019 workshop. Our example is also an
explicit example of a nontrivial transcendental Brauer—Manin obstruction on a smooth compactification
of a quotient SL,,/ G, with G constant metabelian.

1. Introduction

Descent theory has long been used to understand how rational points X (K) of a smooth complete variety
X defined over a number field K are distributed in the adelic points X (Ag). It was first developed
for proper varieties by Colliot-Théleéne and Sansuc [5; 26], and it was later extended to open varieties
by Harari and Skorobogatov [15, Chapter 6]. We investigate the matter of “ramified descent”, i.e., the
behavior of open descent theory under compactification, and answer a question of Harari on this topic.

For a torsor A : V — U under a group of multiplicative type M /K, the descent set is defined to be the
set of those adelic points of U that lift to adelic points of a K-twist of V:

UAD = U 2 (Ve(Ag)).
oeH (K, M)

It follows from open descent theory [15, Proposition 3.1] that this set may be described in terms of a(n
algebraic) Brauer—Manin obstruction: i.e., there exists a subgroup Br, U C Br; U such that

UAg)* =U(Ag)PY, (1-1)

Now let X be a smooth compactification of U, and X (Ag)” be the adelic closure of U (Ag)” in X (Ag).
The first result of this paper is that X (Ag)* provides an obstruction to the Hasse principle and weak
approximation for X:

Theorem 1.1. The inclusion X (K) C X (Ag)* holds.
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The proof we present, quite compact, is due to Olivier Wittenberg, whom the author thanks profoundly.
(The original proof that the author had in mind was much more involved.)

We are mainly interested in this paper in the case where M is finite, in which case we call X (Ag)*
the ramified descent set, the adjective “ramified” indicating that the relative normalization of U in V is
allowed to be ramified. (See Section 3 for an alternative definition of the ramified descent set.)

In a 2019 workshop, Harari formulated a question: to investigate how (1-1) behaves under “compactifi-
cation”. We present his question as Question 4.1, but a special, yet illustrative, case may be reformulated
as follows (see Proposition 4.2):

Question 1.2 (Harari). Assume that Br X/ Bry X and M are finite. Does X (Ag)* = X (Ag)Br UNBrX
always?

Note that the inclusion X (Ag)* € X (Ag)B™ UMBrX follows from (1-1). Harari’s question was motivated
by the fact that the analog of Question 1.2 has a positive answer when M is a torus (see [3, Proposition 3.1]).
Moreover, when M = u, is cyclic, and some mild ramification assumptions are satisfied, then a positive
answer follows from a result of Colliot-Thélene and Skorobogatov [7, Theorem 14.2.25] (see Appendix B
for details).

We answer Question 1.2 negatively. To do so, we introduce in Section 5 a new Brauer subgroup
Bri*™ X C Br X, defined as the intersection Br;*™ U NBr X, where Bri*™ U is the image of the composition

H(Ty. K*) — HX(Ty. K[V S HX(U. G,,) = Br U,

where C\ is the Cech-to-étale map associated to Vz — U, which is a profinite torsor under the constant
profinite group I'y; := M(K) x T'x (see Section 5 for details). In the special case where both Pic V and
K[V1*/K* vanish, one has Bri*™ X = Ker(Br X — Br Vg); see Remark 5.1.4. (In Examples 5.1.5 we
provide some examples where this vanishing happens.) One verifies that

Proposition 1.3. The inclusion X (Ag)* € X (Ag)B5" X holds.

The group Bri*™ X contains Bry, U N Br X; see Proposition 5.1.6. However, the former may in general be
a bigger group and provide a bigger Brauer—Manin obstruction. We provide some explicit families where
this is indeed the case in Section 6.1, where we prove:

Proposition 1.4. Let K be a number field and e be a natural number such that pu, C K*. If H is a

constant metabelian finite subgroup of SL,, of exponent e, H* is its abelianization, and X is the H*®-torsor
SL, /[H, H] — SL, /H, then Bri*™ X = Br X.

Theorem 1.5. For every number field K and every prime p > 5 such that jv,, C K*, there exists a constant
nilpotent metabelian finite group H of exponent p such that, for any embedding H — SL,, g, letting X
be a smooth compactification of SL, x /H, we have Br, X =0 and

XAg)P X £ X (Ag).
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Here Br, X denotes the algebraic Brauer group of X modulo constants. Combining Proposition 1.4,
Theorem 1.5, and Proposition 1.3 we obtain the sought negative answer to Harari’s question: indeed, for
X as in the theorem, Br; U NBr X C Br; X is constant as Br, X = 0, while X (Ag)* C X(AK)BrrAamX =
X(Ag)PX £ X (Ag).

Incidentally, Theorem 1.5 appears to be only the second known example of transcendental obstruction
to weak approximation for quotients SL, /H, or, in other words (see [13, Section 1.2]) to the Grunwald
problem for a finite group H. The first such example was obtained by Demarche, Lucchini and Neftin
in [9, Theorem 1.2]. But in contrast with loc.cit., where the existence of a transcendental obstruction
is proven nonconstructively, we show the nontriviality of the transcendental Brauer—-Manin pairing by
computing it explicitly.

Structure of the paper. In Section 2 we settle our notation. In Section 3 we prove some basic facts
about the “descent set” X (Ax)” for a finite M. Since it requires no further effort, we replace M here
with a general finite group scheme G /K (not necessarily commutative). In the same section, we prove
that X (Ag)* provides an obstruction to Hasse principle and weak approximation on the whole X (see
Corollary 3.2.2).

In Section 4, we formulate Harari’s question precisely and show its relation with Question 1.2.

In Section 5, we introduce the Brauer subgroup Bri*™ X, prove that it contains Br; U NBr X and that
it obstructs X (Ag)*.

In Section 6, we prove Proposition 1.4 and Theorem 1.5. We do so by explicitly computing the
unramified Brauer—Manin pairing on SL,, /H for H nilpotent metabelian of odd prime exponent. This
explicit computation extends earlier work of Bogomolov [1, Section 5].

Appendix A contains some elementary lemmas that are used in Section 6.1. Appendix B talks briefly
about other already existing works containing the idea of “ramified descent”.

2. Notation

Fields. Unless specified otherwise, k will always denote a field of characteristic 0 and K a number field.

Mg (resp. M A , M°) denotes the set of (nonarchimedean, archimedean) places of K.

For a place v e Mk (resp.ve M };), K, (resp. O,) denotes the v-adic completion of K (resp. the v-adic
integers).

Ak (resp. Af(, for a subset S C M) denotes the topological ring of adeles of K (resp. S-adeles), i.e.,
the topological ring ]_[:}e my Ko (resp. ]_[;E Me\s Kv), the restricted product being on O, € K.

For a finite subset S € Mg, K5 denotes the product [ [, cs Ky. We let Kq denote the product I, My K,.

For a Galois extension L/K, Gal(L/K) denotes the Galois group of the extension. For a field k£ with
algebraic closure k, I'y := Gal(k/ k).

Duals. For a group M of multiplicative type over a field k (i.e., a commutative group scheme which is
an extension of a finite group scheme by a torus), M’ := Hom (M, G,,) denotes its Cartier dual.
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For a torsion abelian group A, AP denotes the profinite abelian group Hom(A, Q/Z) endowed with the
compact-open topology. If A is a profinite abelian group, A” denotes the torsion group Hom,.,, (A, Q/Z),
where /7 is endowed with its discrete topology. By Pontryagin duality, if A is torsion or profinite, there
is a canonical isomorphism A = (AP)D.

Geometry. All schemes we consider are separated. We tacitly assume this throughout the paper.

A variety X over a field k is an integral scheme of finite type over a field k.

For a k-scheme X, we denote the residue field of a point £ € X by k(§). We denote the base change
Xj by X.

Groups and torsors. Group actions are assumed to be right actions unless specified otherwise.

Let S be a scheme, G be a group scheme over S and X be an S-scheme. A right G-forsor over X is
an X-scheme Y — X, endowed with a G-actionm : Y xg G — Y that is X-equivariant (i.e., such that
the composition ¥ x5 G Ly-sXis equal to the composition ¥ xg G P, ¥ — X) and such that there
exists an étale covering X’ — X and an X’-isomorphism X’ x x ¥ = X’ x x G that is G-equivariant.

For an abstract group N, and a scheme S (resp. a field F'), we denote by Ny (resp. Nr) the S-scheme
(resp. F-scheme) LI,y S, endowed with its natural S(resp. F')-group scheme structure. If X is an S-scheme,
a torsor ¥ — X under an abstract group G is a torsor under the constant group Gs.

If G/k is an algebraic group, and k C F is a field extension, we use the notation H {(F, G) (with
i eNandi =0,1if G is not commutative) to denote the cohomology group/set H:(I'r, G(F)) =
Z!(Tp, G(F))/B'(T'r, G(F)) (where Bi(I'r, G(F)) is a subgroup when G is commutative and is just
an equivalence relation otherwise).

If G is not commutative the set of cocycles Z Y(Tp, G(F)) is the one of nonabelian (1-)cocycles,
i.e., those functions g, : ['r — G(F) that satisfy gor = g5 °g:. The set H'\(Tp, G(F)) is the quotient
of 1-cocycles by the equivalence relation BY(I'r, G(F)) : g5 ~ g, if there exists g € G(F) such
that g = ¢ 'g,°g. Note that these cocycles correspond to (left) G-torsors through the standard
correspondence [26, p. 18, 2.10].

If £ € Z'(K, G), we use the notation G¢ to denote the inner twist of G by &, and G¢ to denote the
left principal homogeneous space of G obtained by twisting G by the cocycle &. This twist is naturally
endowed with a right action of G¢. See [26, pp. 12—13] for details on these constructions.

If X is a quasi-projective k-scheme endowed with a G-action, and £ € Z!(k, G), we use the notation
X¢ to denote the twisted quasi-projective k-scheme (X x,? G¢). (We refer the reader to [[26, p. 20]; [25,
Section 1.5.3]; [25, Section III.1.3]] for the existence of the twist and immediate properties of the twisting
operation). The k-scheme X is naturally endowed with a G*¢-action. We recall that there always exists
a G xy k-equivariant isomorphism Xs x; k = X x; k. If X’ is another k-scheme and ¥ : X — X' is
a G-invariant morphism (i.e., G-equivariant when we endow X’ with the trivial action), we denote by
Ve 1 Xe — X' the twisted form of ¢ by &.

If X is endowed with a left G-action we may still do the twisting operations, by taking the corresponding

right action, using the canonical isomorphism G = G, g +— g\
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Equivariant commutative diagrams. Let S be a scheme. For S-group schemes G, G,, a (usually

e . G G )
implicit) homomorphism G| — G5, and torsors Z; N Wy, Zy > Wy, a diagram

lc, lcz @2-1)

commutes if the underlying diagram is commutative and Z; — Z, is (G| — G;)-equivariant.

Category of torsors. Let S be a scheme, and X an S-scheme. The category of torsors over X with
base-scheme § is the category whose objects are pairs (Y, G), where G is an S-group scheme, and
Y is a G-torsor over X, and whose morphisms are pairs (Y; — Y, G| — G3), where G| — G, is a
homomorphism, and Y; — Y5 is a (G; — G»)-equivariant morphism.

Profinite (étale) torsors under constant profinite groups. Let S be a scheme, X an S-scheme, and G
be a(n abstract) profinite group. A profinite torsor over X under G is an X-scheme ¥ — X, endowed
with a G-action m : Y x G — Y that is X-equivariant, and such that there exists an inverse system
(Y, Gi),i € I in the category of torsors over X with each G; finite, and such that there exist an
isomorphism ¢ : G = projlim G; and a ¥-equivariant isomorphism Y = projlim Y;.

(The inverse limit of the Y; exists in the category of schemes, as each Y; is the relative spectrum of a
finite étale Ox-algebra Oy,, and their inverse limit may be realized as the relative spectrum of the finite
étale ind-algebra injlim Oy, [28, Tag 01YV].)

When in addition Y is connected, we say that Y — X is a profinite étale Galois cover; see [21, Remark
2.21(b)]. See also [31, Section 2] for details and an alternative definition.

Brauer group. Recall that the Brauer group of a scheme X is defined to be the étale cohomology group
Hé2t(X , Gm). When X is a variety defined over a number field K, this provides an obstruction, known as
Brauer—Manin obstruction, to local-global principles, in the following sense. There is a Brauer—Manin
pairing

X(Ag) xBrX — Q/Z,

sending ((Py)vemy, B) o (Py)vemy, B)sm := Y, inv, B(Py), where inv, : H*(Tk,, K,*) — Q/Z
is the usual invariant map (see, e.g., [14, Theorem 8.9] for a definition). Whenever B € ImBr K or
(Py)vemy € X(K) (diagonally embedded in X (Ag)), ((Py)vem, . B)sm =0 by the Albert—Brauer—Hasse—
Noether theorem (see [26, Section 5]). It follows that X (K) is a subset of

X (Ag)P* = {(Py)vemy € X(Ag) | (Py)vemy, B)py =0 for all B € Br X}.

For a geometrically integral scheme X over a field F, we notate Br; X := Ker(Br X — Br X F) and
Brg X :=Im(p* : Br F — Br X) as usual, where p : X — Spec F denotes the structural morphism.

When X is smooth and integral over F, and U C X is an open subscheme, we identify, with a
slight abuse of notation, the injective [7, Theorem 3.5.5] pullback Br X — BrU with an inclusion
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Br X € BrU C Brk(X). We say B is unramified if 8 € Br X¢ for one (equivalently, by [7, Proposition
3.7.10], every) smooth compactification X¢ of X. We denote the subgroup of unramified elements by
Bry (k(X)) or Bry: X.

Cohomology. For a scheme X and an étale abelian sheaf 7 on X, H"(X, F), n > 0 denotes the étale
cohomology group Hg (X, F).

Map from Cech cohomology to étale cohomology. Let U be a scheme, F an étale sheaf on U, and
¢ : V — U an étale cover. We may think of ¢ as an étale covering &/ of U made of a single cover:
U = {V — U}. Recall that to such a covering we may naturally associate its Cech cohomology groups
H "(V/U,F),n>0[21, Section III.2]. There are natural Cech-to-étale morphisms

Cy: H"(V/U, F) — H"(U, F) (2-2)

for each n > 0 (as edge maps of the first spectral sequence in [21, Proposition II1.2.7]).

When ¢ : V — U is an étale torsor under the constant finite group G, there are natural identifications
[21, Example II1.2.6] (technically loc.cit. is formulated for Galois covers, or equivalently for connected
torsors under constant finite groups, but the connectedness assumption is never used):

H"(V/U, F) = H"(G, F(V)), (2-3)
where the latter denotes group cohomology. Under these identifications, (2-2) becomes
Cy: H"(G, F(V)) — H"(U, F). (2-4)

If ¢ : V — U is a torsor under a profinite constant group G, then one may define natural maps é¢ :
H"(G,F(V))— H"(U, F), n >0, as the colimit of (2-4) on all quotients V/H — U by open subgroups
H of G. See [21, Remark II1.2.21(b)] for details.

Remark 2.1. When Y = X x G (i.e., ¢ is the trivial torsor) with G finite, then the trivial covering

U' ={U — U} refinesd ={V — U} via the morphism U = U x {e} — U x G. Thus é¢:H"(G, F(V))—
H"(U, F) factors through H*(U/U, F(U)). The latter is O for n > 1, and thus é¢ =0forn>1.

3. Descent set

3.1. Definitions.

Descent set for torsors. Let K be a number field, G/K a finite group scheme, p : U — Spec K a smooth
geometrically connected variety over K, and A : V — U a G-torsor.

For every £ e H Y(K, G), there exists a twisted form Ag 2 Ve — U of the torsor A. This is a torsor under
the twisted form G* of G. The class [A¢] € H'(U, G%) is given by the image of [\] € H!(U, G) under
the well-known isomorphism [26, pp. 20-21]

H'(U,G)— H' (U, G%), [V]r [Vel.
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When G is commutative, we have G = G, and the morphism Hl(U, G) > H](U, G), [V]+— [Ve]
becomes [V]+— [V]— p*[£].
Recall that the descent set U (Ag)” associated to X is defined as
U = U Are(Ve(Ag)) S UAk). (3-1
£cH!(K,G)

This is adelically closed in U (Ag) [4, Proposition 6.4] and contains U (K) [26, Section 5.3].
Compactifying the descent set. Let X be a smooth compactification of U. Recall from the introduction:

Definition 3.1.1. The ramified descent set for A is

XA = U Ae(Ve(Ag)).
£eH! (K,G)

The closure denotes the adelic closure in X (Ag). Let ¢ : Y — X be the relative normalization of X
in V. By the universal property of the relative normalization, the G-action on V extends to a G-action
onY. Letv:Y" — Y be a G-equivariant desingularization of ¥ [11], and let ¥/*™ be the composition
Yov: Y™™ — X. The following lemma provides alternative descriptions of the ramified descent set.

Lemma 3.1.2. We denote by i (resp. ;™) the twisted forms of  (resp. y*) by § € H (K, G). The

following sets coincide:
(i) UAg)*,
(ii) UseHl(K,G) wgm(ygm(AK)),

(iii) UseHl(K,G) Wg(Ygeg (Ak)), where Y8 is the open subscheme of regular points of Y.

The closures denote adelic closures in X (Ag).

Proof. We first prove that (i) and (ii) coincide. Note that V' := v (V) % Visan isomorphism since V

is regular. We have

e (Ve ) = U D Vian) = UV = Y (Ve = VI ARD), (32)

where the union is over £ € H!(K, G) everywhere, and in the third term, VS/ (Ag) denotes the closure
in ng (Ak). The first two identities are immediate, the third follows from the properness of 1//5““, and
the fourth holds because VE/ (Ag) is dense in Y, ;m(AK) (this follows from [7, Theorem 10.5.1] since Y, ;m
is smooth). This proves that (i) and (ii) coincide. They also coincide with (iii), since this is contained
between the left- and right-hand sides of (3-2). O
Remark 3.1.3.  « Since (iii) is independent of the choice of U and Y*™, the lemma shows that (ii)

is as well, and (i) is too in the sense that X (Ag)* only depends on the generic fiber A|spec x(x) :

Spec K (V) — Spec K (X), viewed as a G-torsor, of the torsor A.

« No conflict of notation on X (Ag)* arises with (3-1) when U = X, as in this case U (Ag)* = X (Ag)*
is closed in X (Ag) by [4, Proposition 6.4].
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Warning. As the continuous map U (Ag) < X (Ag) is not a topological immersion, the set X (Ag)* N
U (Ag) might in general very well be bigger than U (Ag)”. The reader may verify that in the example
given in Section 6.1 this is exactly the case.

Setting. From now on we fix, through Section 5, a number field K, a finite group scheme G/K, a
G-torsor A : V — U over a geometrically integral smooth K-variety p : U — Spec K, and a smooth
compactification X of U.

3.2. Obstruction to adelic density of rational points on X. Let, as above,  : Y — X be the relative
normalization of X in V, v:Y*™ — Y be a G-equivariant desingularization of Y, and r be the composition
Yov:Ym - X,

Theorem 3.2.1. The inclusion X (K) C USGHI(K’G) re(Ye(K)) holds.
Combining Theorem 3.2.1 with Lemma 3.1.2(ii), we deduce:
Corollary 3.2.2. The inclusion X (K) € X (Ag)* holds.

The following proof of Theorem 3.2.1 is due to Olivier Wittenberg, who kindly suggested a proof that
is much simpler than the previous one the author had.

Proof of Theorem 3.2.1 (Olivier Wittenberg). Let d = dim X, P € X(K) be a rational point, and
ui,...,uq € Ox, p be aregular system of parameters at P. Let C C X be the Zariski-closure of the curve
uy=---=uy=0. Since K is infinite, after a linear change of coordinates of uy, ..., ug, we may assume
that C is not contained in D := X \ U.

Note that C is smooth at P. Choosing a local parameter ¢ for C at P, we get a morphism Spec K [¢]] = C
that sends the special point t = 0 to P. This morphism induces a morphism Spec K ((t)) — X, whose
set-theoretic image is the generic point of C. In particular, by construction of C, it belongs to U. Hence
the G-torsor V — U gives a class in H'(K (1)), G), which we may push to H' (K((ti)), G).

The inclusion K € K ((¢%)) induces an identification T K (=) = 'k (this follows from the algebraic-
closedness of K ((té)) [24, Chapter IV, Proposition 8]), and hence an identification H (K ((té)), G) =
H'(K, G). Hence, after replacing Y with a K-twist, we may assume that the class in H'(K ((té)), G)
is trivial. Therefore it has to be trivial already in H (K ((t%)), G) for some n > 1. In other words, the
G-torsor

Spec K (7)) xy V — Spec K (7))

has a section. This section induces a commutative diagram
/ |
|
Spec K((tn)) —— U.

By the valuative criterion of properness (applied to Y™ — X), we may extend the diagram above to
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YSl’l’l
Spec K[[t%]] — X.

Since the lower morphism specializes to P, the specialization of the diagonal morphism provides the
sought lift of P. O

4. Harari’s question

Setup. Recall that p : U — Spec K is a geometrically integral smooth variety over a number field K,
X is a smooth compactification of U, and A : V — U is a torsor under a finite group scheme G/K. We
assume here that G = A is commutative, and let A’ = Hom(A, G,, ) be its Cartier dual. For every v,
define E, := Im (U(Kv) — HY(K,, A), P, — [V|pv]) (this is not a subgroup in general). Let S be a
finite set of places of K, let (P,)yes € Hues U(K,) and f, :=[V|p,], veS.

Let Bry U < Br; (U) be the subgroup generated by the cup products p*bU[V], as b varies in H' (K, A"),
and let B := Br;, U NBr(X).

Question 4.1 (Harari). Assume that there is no Brauer—-Manin obstruction for (Py,),es With respect to B.
Does there exist then an a € H'(K, A) such that a, = f, forall v € S and a, € E, for v ¢ S?

Using Poitou—Tate duality, one may obtain a positive answer to Question 4.1 by replacing E, with
the subgroup (E,) of H'(K,, A) generated by it (we leave this as an exercise to the interested reader, or
see [10]). However, as originally remarked by Harari, there is a big difference between E, and (E,) in
general!

The following proposition relates Question 4.1 with Question 1.2:

Proposition 4.2. Assume that Br X/ Brg X is finite and X (Ag) # &. Then the identity
X(Ag)* =X (Ag)”

holds if and only if there exists a finite So € Mg such that, for all S O Sy, Question 4.1 has a positive

answer.

Proof. The assumption implies that B is finite.

We prove the forward implication first. Let Sy be a set of places such that the Brauer—Manin pairing as-
sociated to B is trivial outside Sp. Let S € Mk be a finite set containing Sp, and (Py) yes € (Hues U(Kv))B.
We wish to find ana € H' (K, A) such that a, = f, forallve Sanda, € E, forallv ¢ S. Let P,,v ¢ S
be any point of U (K,). Note that (P,)y, € X (Ag)B. Since X (Ax)* = X (Ag)®?, we may approximate
arbitrarily well (P,)y, with an adelic point (Qy)yem, such that there exists a € H 1(K, A) for which
(Qv)vemy € Aa(Va(Ak)). In particular, Q, € A,(V,(K,)) for each v, or in other words the torsor [V, g, ]
over K, contains a K,-point and is thus trivial. It follows that 0 = [V,|o, 1 =[Vl]g,]1 —ay € HY(K,, A)
for all v, and hence a, € E, for all v. Moreover, the map [V|_]: U(K,) = H'(K,, A) is locally constant,
and thus [V g, 1=[V|p,]1= fy for v € S. The class a is now the sought class.
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For the other direction, assume there is an Sy as in the statement. We need to show that X (Ax)* =
X (Ag)B. We may assume after enlarging Sy that its Brauer—Manin pairing on X is trivial for all places
v ¢ Sp.

Let (P)m, € X (Ag)B. Since B is finite, X (Agx)? € X (Ag) is open. In particular, after an arbitrarily
small approximation, we may assume that (P,)y, € U (Kq)®. Then, for all S D Sy, our assumption that
the answer to Question 4.1 is “yes” shows that there exists an a € H I(K, A) such that a, = [V| p,] for
veSanda,=[V|p,] for some Q, € U(K,) for v ¢ S. Thus the A-torsor V, — X specializes to the trivial
torsor over P,, v € § and over Q,, v ¢ S, and hence there exists a point (R,) € V,(Kq) whose image is
P, for v e S and Q, for v ¢ S. In particular, V,(Kg) # & and therefore V,(Ak) # @, and we may thus
modify R, so that (R,) € V,(Ak) and so that the image of R, is P, for v € §. We now modify Q, to
Aa(Ry) for v ¢ S, and by construction we have ((Py)ves, (Quv)vgs) € U(Ag)*. Enlarging S, the points
((Py)ves, (Qv)vgs) approximate arbitrarily well (Py) ., and thus we deduce that (P,) p, € X(Ag)t. O

5. A Brauer—-Manin obstruction to ramified descent

We recall that A : V — U is a torsor under a finite group scheme G /K, that U is smooth and geometrically
integral over K, that X is a compactification of U, and that ¥ — X is the relative normalization of X
in V. We defined

XAg)Y'= U 2re(Ve(Ag))
geHl (K,G)

We define in this section a subgroup Br{™ X C Br X such that X (Ag)* € X (A )P X The group
Br;*™ X may be transcendental, as we show in Section 6.1.

5.1. Definition of Br;®™ X. Let [ be the composition Vg — V X U. There are natural G(K)- and
I'k-actions on Vz, the first induced by the G-action on V, and the second via the second factor of
Ve=V xKSpecI?.
Lemma 5.1.1. The G(K)- and the Tk - actions generate a (G(K) x Tg)-action on Vg. The profinite
étale cover | : Vg — U is a profinite torsor under this (G(K) x I'g)-action.
Proof. Let L/K be a field extension. The points of V; with values in a K-algebra R are described by
iRy = || v, (5-1)
tL—R
where ¢ ranges among all K-embeddings of L in R. Consider the following natural actions:
(i) the right action of G(L) on Vi defined by letting G(L) act via the map G(L) — G(R) on each
disjoint set appearing in (5-1);
(i) when L/K is Galois, the right Gal(L /K )-action defined by letting y € Gal(L/K) act viat+ to y‘l.
For g € G(L) and y € Gal(L/K), we have Yg-y -x =y - g - x, where x is an R-point of V;. By
this relation, the two actions above generate a (G(L) x Gal(L/K))-action on V. This action is fixed-
point-free and commutes with the projection V; — U. In addition, when L/K is finite and splits G (i.e.,
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when G(L) = G(K)), letting I' := G(L) x Gal(L/K), we have |T'| = |G(K)|-[L : K] =deg(V; — U).
Thus the morphism (u, id) : ' xy Vi — Vi xy Vi, where u denotes the I"-action on Vy, is an injective
morphism of finite étale covers of U of the same degree, and hence an isomorphism. In other words,
Vi — U is a torsor under I".

When L = K, the two actions (i) and (ii) are the ones described before the statement of the lemma,
and taking an inverse limit over all finite Galois subextensions L C K that split G (these form a cofinal
subset) finishes the proof. O

Let I'g := G(K) x I'g. Through the construction of Section 2, the profinite étale torsor Vg > U
under I gives rise to a Cech-to-étale map on cohomology:

Ci: HXTg, K[V]*) — H*(U, G,), (5-2)

where I'g acts on G, (Vg) = K[V]* by pullback. The restriction of this I"g-action on K* C K[V]*is
equal to the pullback of the natural I"x-action along the projection I'¢ — I'x. Hence we have a natural
morphism

H*(Tg, K*) - H*(Tg, K[V]") = H* (TG, G (Vi)),

where the implied action on the LHS is the pullback described above.

Definition 5.1.2. We define the subgroup Bri*™(U) of Br U as the image of the composition
H3(Tg, K*) — HX(Tg, K[V & HX(U, G,,) = Br U.

We define Bri®™ X C Br(X) as the intersection Br(X) NBr;*™(U).

Remark 5.1.3. The fact that U does not appear in the notation “Br;*™ X is justified by the fact that
Bri*™ X may be defined purely in terms of the ramified G-cover Y — X (and, in fact, only in terms
of the “generic fiber” G-torsor Spec K (Y) — Spec K(X)). Indeed Br;*™ X = Br(X) N Bri™ (K (X)),
where Bri"™ (K (X)) € Br(K (X)) is defined as the image of H*(T'g, K*) in H*(K (X), G,,) through the
morphism

H>(Tg. K*) — H* (T, K(Y)") S5, H2(K (X). G,,).

Remark 5.1.4. When K[V]*/K* = Pic Vg =0, the Hochschild—Serre spectral sequence
H'(Tg. H (Vg,Gn)) = H/(U, Gy)

yields the short exact sequence 0 — H*(T'g, K*) — BrU — Br V. Hence, in this case, Bf™(U) =
Ker(BrU — Br Vg) and

Br;™ X = Bry"™(U) NBr X = Ker(Br X — Br V).

Although the condition K[V ]*/K* = Pic Vg = 0is rarely satisfied in practice, we give some examples
below.
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Examples 5.1.5. (I) If V is a simply connected semi-simple algebraic group, then K[V ]*/K* = Pic Ve=
0. To get an example of a G-torsor V — U, we may take as G any finite subgroup(-scheme) of V, and
define U :=V/G.

(II) If V is a universal torsor of a smooth proper rationally connected variety (as defined in [5]), one has
K[V]*/K* =Pic Vg =0 (see (2.1.1) of loc.cit.). We then let G be any finite subgroup of the Néron—Severi
torus 7 (i.e., the one under which V is a torsor), and let U = V/G.

(II) Finally, we give an example where both V and U are open K3 surfaces. Let £ — P }( be an elliptic
K3 surface with Mordell-Weil group Z/27, with (exactly) two reducible fibers of Kodaira types I, and
I, and such that the O-section O and the 2-torsion section 7 intersect different components of the I>-fiber.
Such an £ exists, and it may be defined over Q; see 5.2 and 5.3 of [19], for example, where £ is realized
as the double-cover of the Kummer surface associated to the Jacobian of a curve of genus 2. Then the
Picard group of £K is of rank 16, freely generated by the fourteen components of the 1 [o-fiber, by O
and by 7. In particular, letting V be the complement of these divisors in £, we have K[V]* = K* and
Pic V = 0. The involution on £ induced by 7 restricts to an involution of V, let G = Z /27 be the group
generated by it. A smooth minimal compactification X of the quotient U = V /G is an elliptic surface
isogenous to the original K3 elliptic surface £ — P!, and is thus K3. (In fact, if £ is as in [19], the
quotient U = V /G is a Kummer surface; see loc.cit.).

Proposition 5.1.6. Assume that G = A is commutative. Then Br(X) N Br, U is contained in Br;*™ X.

Proof. We prove the stronger inclusion Br; U C Bri®™ U. Recall that Br, U is generated by the cup
products p*b U[V], as b varies in H' (K, A"). Fixab € H'(K, A’). Both classes p*b and [V] trivialize
when pulled back along the pro-étale cover Vg — U. Hence, following, e.g., [26, p. 18], there exist
Cech cocycles by € ﬁl(VE/U, AN, ay € I-VII(V,?/ U, A) that represent p*b and [V], i.e., such that
Ciby) = p*b and Ci(ay) =[V].

We have a commutative diagram of cup products [29, Corollary 3.10]

H'(Vg/U,A)  x  H'(Vg/U,A) -4 H*(Vg/U, K*)
H'(Vg/U,A)  x  H'(Vg/U,A) = H>(Ve/U, K[V]*)
lo le lo
HY\(U, A) x H' (U, A) —— H*(U,Gy),
see, e.g., [29] for the definition of the Cech cup product on the first two rows. In particular, we have
é[(bv Uay) = é[(bv) U é[(av) = p*b U[V], and p*b U [V] belongs to the image Bri*™ U of the
composition ﬁz(VE/U, K*) — I:IZ(VE/U, K[V < H*(U, Gy,). [l
We go on to prove Proposition 1.3, i.e., that X (Ag)” is contained in X (Ax)B%" X. I profoundly thank

one of the anonymous referees, who provided the following proof, which simplifies a lot the previous one
the author had in mind.
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Proof of Proposition 1.3. We shall prove that U (Ag)* € U (AK)Br'xam U, from which the statement follows
by taking adelic closures in X (Ag) and noting that U (Ag)BE"U C X (Ag)BE" X,

Let (Py)vemy € U(Ag)* andlet & € Z' (K, G) be such that P, =A1e(Qy), v € Mk forsome (Qy)vemy €
Ve (Ak). The cocycle & defines a section s = (§, id) of the surjection

I6=G(K)xTg—Tg— I

Recall that Vg is naturally endowed with a I'g-action that makes Vg — U a profinite I'g-torsor. One
easily checks from the definition of twist [26, p.12] that

Vg = VE/SS(FK)'

Thus we have a commutative diagram

Ve—V
lrc lr,(,
U +—— Vg

equivariant with respect to s¢ : 'y — I'g, which induces by functoriality of C the commutative diagram

HX(T, K*) —— HX(V/U,G,) — BrU

l/ressl; G lxg ] lx; :
BrK = H*(Tg, K*) —— H*(V/ Vg, G,) S gy Ve
Recalling that Bri*™ U is defined to be the image of the upper composition, we deduce by the commutativity
that )L; Bri*™ U C Brg V. Thus, for any B € Bri*™ U,
((Py), B)pm = ((Q), A B)gm =0,
as wished. (Il

In summary, we have the series of inclusions
X(Ap)* € X (Ag)BE" X € X (Ag)BramBn U, (5-3)

However, in contrast to what happens on U (where the inclusions U(Agx)* € U(Ag)P% U C
U (Ag)B ) are actually identities by [15]), the last inclusion in (5-3) may well be strict! (See Section 6.1).

6. Unramified Brauer groups of SL,, / H, H metabelian

For Section 6 fix a finite group scheme H over a field k of characteristic 0. Let B = [H, H], and
A= H/[H, H]. We assume that H is metabelian, i.e., that B is commutative.

LetU =SL, x/H,and V =SL, ; /B. As B is normal in H with quotient A, the morphismA:V — U
is an A-torsor, where the A-action on V is the one that on k-points is given by (SL, x /B) x A —
SL, x /B, (xB,a) — xBa =xaB.
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Recall that [ : V — U induces a Cech-to-étale map on cohomology:
Ci: HX(T4, K*) = H*(T'a, K[V]*) — Br U.
The author thanks Olivier Wittenberg for making him notice the following:
Theorem 6.0.1. If 111! (K, B') =0, then Br X = Bri*™ X.

(Recall that X denotes a smooth compactification of U.)

Proof. 1t suffices to prove that Bry, U CIm H 2(I"4, K*). Consider the Hochschild-Serre spectral sequence
of V1% U , keeping in mind that K[V]* = K* and Pic V = B’, we get the exact sequence

H*(T4, K*) — Ker(BrU — BrV) — H'(I'4, B)) (6-1)

Since H_ICID(K, B’) =0, we have Bry, V = Br K by [13, Proposition 4]. Thus any element of Br,, U lies
in the kernel of BrU — Br V. In addition, we know that after base-changing to K every element of
Bry U comes from H?(A, K*) (see [1, Lemma 5.1]). In particular, Br, U maps to Ker(H' (T4, B) =
H'(A, B))) in the sequence above. By the inflation-restriction five-term sequence of A < I'4, we
have Ker(H' (', B’) - H'(A, B')) = H'(I'k, B’). For B € Bry, U, we denote by §(B) its image in
H'(Tk, B).

Finally, by functoriality of the Hochschild—Serre spectral sequence, we get the commutative diagram

H?*(T4, K*) —— Ker(BrU — BrV) —— H!(T'4, B)

! | !

H?>(Tg, K*) — Ker(BrV — BrV) —— H'(I'g, B'),
where the second row is just (6-1) with A = 0. Hence (again because Br,; V = Br K) every element
of Bry U has to map to 0 in H'(I'g, B’). This implies that §(8) = 0 for every 8. Hence Br,, U C
ImH*(Ty, K*) = Bri*™ U, therefore Br X = Br,, U = Bri*™ U NBr X = Bri®™ X, as wished. [l

By Chebotarev’s theorem, III! (K, B’) = 0 when B’ is constant. We thus get:
Corollary 6.0.2. If B is constant of exponent e and j1, € K*, then Br X = Br;*" X.

Proposition 1.4 is a consequence of the above corollary.

6.1. Nilpotent H. For the rest of the section we assume that B is central in H and that H is constant of
prime exponent p, where p # 2 and u, C k*. We choose a primitive p-th root of unity, and use it to
identify throughout this subsection w, with Z/pZ.

In particular, we shall always tacitly identify ), with Z/pZ, after making the implicit choice of a p-th
root of unity.

Our aim in this subsection is to explicitly describe Bry, U; see Theorem 6.1.3 below. We may naturally
associate to the central extension

l1-B—H—>A—>1
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aclass [H] € H*>(A, B) (see [2, Section IV.3]). We denote by [, —]: A x A — B the map that sends
ai, ap € A to the commutator of (any two) lifts a;, a, of them in H. Let ¢ : A%A — B be the natural
homomorphism a; A ap — [ay, a;].

Recall that AP? = Hom(A, Q /Z). We shall make frequent use of the identification

A2 (AP) = (N*A)P, ) Ao > (a1 Aag > ay(ar)an(ar) — a1 (a)az(ar)) .

We denote AZ(AP) = (A%2A)P with AZAP. Let (A2AP). € A%AP be the subgroup of elements

B € A2AP such that B(a; A az) =0 for any aj, a; € A with [a1, ax] = 0.
Let &y : A2AP = A’H' (A, Z/pZ) — Br U be the composition of the three maps

AZHY(A,Z)p7) S H*(A,Z/pZ) (cup product) (6-2)
H*(A,Z/pZ) = H*(A, 1) S owrw, 1)) (Cech-to-étale map) (6-3)
HZ(U, Wp) —> HZ(U, G,) =BrU (changing coefficients) (6-4)

We also define analogously a map £U : A2AP — BrU. The following is a reformulation of a result of
Bogomolov (see Lemma 5.1 of [1]):

Theorem 6.1.1 (Bogomolov, reformulated). Assume that k is algebraically closed. The image of
(A2 AP)ic under &y is unramified, and the following sequence is exact:

D
B? 5 (A2AP) 2% Bry, U — 1. (6-5)

We introduce the following notation used in the proof. Let y € A2AP? = Hom(A%A, Q/Z) be a
cocycle. Define H, as the central extension of A by Q/Z, characterized by the following property: for
any ap, ay € A the commutator of their corresponding lifts a;, a; in H,, is

a1a2a;'a; ' = y (a1 nap) € Q/Z.

Proof of Theorem 6.1.1. By Lemma 5.1 of [1], Bry U is isomorphic to Coker(BP — (A2AP);) (the
group S/S, appearing in loc.cit. is the dual of Coker(B? — (AZAD)pi). Tt only remains to show that
the induced homomorphism &g, : (A2AP)pie — Bry U is &y . This follows from the proof of [1, Lemma
5.1], but we include a detailed proof for completeness.

One may read from pp. 462 and 469 in [1] that the induced morphism &g, : (A2AP)pic — Bry U is
the restriction of the composition

A2AP = H2(A, Q/7) = H(A, 1uoo) — H2(A, k") 5 BrU, (6-6)

where the last map is defined via the Hochschild—Serre spectral sequence, and the first isomorphism is
defined by sending an element y € A%AP = Hom(A2A, Q/27) to the class in H?(A, Q/Z) of the central
extension H,, of A. The following lemma then shows that this composition is &y . (I
Lemma 6.1.2. The isomorphism A*AP = H?*(A,Q/Z),y [H, ] coincides with the composition
A2AP S H2(A,7/p7) — H*(A,Q/2).
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Proof. For a monomial y = y; A y» € A>AP, the extension H, may be realized as the set Q/Z x A
with multiplication defined by (b1, a1) - (b2, a2) = (b1 + by + yi(a1)y2(az), a1 +az). The class [H, ] €
H*(A,Q /7Z) is then represented by the 2-cocycle ay, a, — y1(ai)ya2(az) [2, p.92]. This is precisely the
cup product y; Uy, [22, Proposition 1.4.8]. Thus the two maps coincide on monomials y; A y». Since
these span AZAP, the two maps coincide, as wished. (Il

Let Br, U = Ker(e* : Br U — Br K), where e is the K -point corresponding to the equivalence class of
the identity in SL,, /H. Recall that we have a direct sum decomposition Br U = Br, U & Bry U, where
Bro U = Br K denotes the constant Brauer elements. Let Bre ,; U = Br, U N Bry U. We now remove the
algebraically closed assumption from Theorem 6.1.1:

Theorem 6.1.3. The image of (A2AP) i under &y is contained in Bre y U, and the following sequence

is exact:

D
BP S5 (A2AP)pe 2% Brey U — 1. (6-7)

Proof. The A-torsor A restricts to the trivial torsor over e € U (K), which implies that the image of &y is
contained in Br, U (see Remark 2.1).

By Bogomolov’s Theorem 6.1.1 and the key Lemma 6.1.4 below, we have &y ((AZAP)pi.) € Bry, U.
Finally, the composition

£U 1 (A2AP)pie 2% Bre.y U <> Bry, U.

is surjective with kernel Im(c¢” : B? — A2AP) by Bogomolov’s Theorem, while the second morphism is
injective by [20, Proposition 5.9]. Hence the last map is an isomorphism, and the statement follows. [J

Lemma 6.1.4. For o € A’AP, &y () € Br, U is unramified if and only if €U () € Br U is unramified.

Proof. The forward implication is clear; we prove the converse. Let @ € A>A” be an element whose
image in Br U is unramified. By Bogomolov’s Theorem 6.1.1, this unramifiedness is equivalent to o
lying in (A2AP)ic.

We first assume that k = K is a number field. Let v be a finite place of k coprime with p. Let
P e U(K,). Let ¢ be the projection SL,, — SL,, /H. Choose a geometric point Pe v~ 1(P)(K,), and
let f : T, — H be the homomorphism defined by y - P = P - f(y). Since v { p the homomorphism f
factors though the tame decomposition group I''*™€, which is topologically generated by elements ¢ and
¢ satistying ¢pip~! =NV, Since » € K*, we have Nv =1 mod p. In particular, since the exponent of
H is p, the images of ¢ and ¢ in H commute. The group A’ = (f (1), f(¢)) is then bicyclic. The point P
lifts via (SL,, /A")(K,) — (SL,, /H)(K}).

Let g : A’ — A be the projection, and consider the commutative diagram

AZ(A/)D ¢ _ A2AD

8
lSSLn /A lgU =&SLy /H *

Br(SL, /A’) <—— Br(SL, /H)
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Leta; = f(1),ax = f(¢), a; be the image of a; in A. Note that A%A is generated by a; A ap, and
g*a(a; Aas) = a(a; Aay). Since a; and @, commute and @ € (AZAP)pic, g*a is 0. It follows that £y (o)
maps to 0 in Br(SL,, /A’), and thus specializes to 0 at all points lying in the image of (SL, /A")(K,) —
(SL, /H)(Ky). In particular, &y («)(P) =0 € Br K,. Since P and v { p were arbitrary, this means that
&y (o) is unramified by a well-known consequence of Harari’s formal lemma [12, théorem 2.1.1].

The case of a general k follows from the number field case and a “no-name lemma” argument.
Namely, let L := Q(u,) €k, p: H < SL, (k) be the representation defining the quotient SL,, x /H, and
p': H = SL,/(L) be another faithful representation. Let U; :=SL,x /H, U; := SL,/ 1 /H (note that
we have a natural map U, — U, ), and U,’ be the diagonal quotient (SL, x x SL,y x)/H. The variety U}
is both an SL,, x-torsor over U ,2 and a SL,y -torsor over Uy = U':

L,
/Sn,k

SLy &
Uk < ooy

V4 /
Uk 7 Uk

We get a commutative diagram

AZADP

§U1£ - élljli’ %
r° v

BrU; —— BrU «—— BrU;

where the horizontal maps are pullbacks. Moreover, the morphism &, factors as A2AD & By U, -
Br U;, where the last morphism is an extension of scalars. We know by the number field case that
&y, (o) € Bry U}, and thus §u; (a) € Bryr U and §yy () € Bryr U/. Therefore, if we let  := &y, (o) and
denote by 7 the projection U]’ — Uy, then * B belongs to Bry, U;. But U’ — U is an SL, y-torsor, and
in particular possesses a rational section s : Uy --+ U,’ by Hilbert 90. It follows that = (75)*f =s*(7*8)
is unramified as well, as wished. O

Remark 6.1.5. The composition map &y is easily seen to be equal to the composition
AN2AP S HX(A,Z/pZ) = H(A, ) 25 HA(Ty, pp) — HAT 4, K*) <5 Bru;
thus Im&y € Bri*™ U.

6.2. A decomposition of H*(A, B). For general abstract commutative groups A and B, we have a split
exact sequence (see [2, V.6.5])

0 — Ext(A, B) — H*(A, B) 2% Hom(A%A, B) — 0. (6-8)

The splitting is noncanonical in general, but it is canonical when #B is odd: in this case a section sg of wp
is givenby sp:y > (a1, a2 > 3y (a1 Aa2)). If B=Z/nZ, thenHom(A%A, Z/nZ) = A*Hom(A, Z /nZ)
and 2 - sp is the cup product:

2.5 =U:A>Hom(A, Z/nZ) — H*(A,Z/nZ). (6-9)

The splitting sp of (6-8) induces a canonical decomposition H 2(A, B) =Ext(A, B) @ Hom(A%A, B).
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Lemma 6.2.1. Let p be an odd prime number, and assume that A and B have exponent p. Let 1 - B —
HS A—>1bea nilpotent central extension of exponent p. Then the class [H] € H*(A, B) lies in the
image of sp.

Proof. Equivalently, we have to prove that [H] maps to 0 under the projection H>(A, B) — Ext(A, B).
This projection is natural in A (and B as well, but we do not need this). Therefore, since the functor
Ext(A, B) is additive in A, and every abelian group decomposes into a direct sum of cyclic groups, it
suffices to prove the result for a cyclic A. If A is cyclic and generated by a € A, every h € 7~ (a)
must be of order p because H has exponent p. The element % thus provides a section a — h of 7, and
H=B®A. Hence [H] =0 € H*(A, B), and in particular H maps to 0 in Ext(A, B) as wished. U

6.3. Formula for the Brauer—-Manin pairing. We work in the setting of 6.1, but we also assume that
k = K is a number field. All cohomology and homomorphism groups appearing in this subsection have
a natural [F ,-vector space structure, so whenever we take tensor products, alternating products, etc, we
mean that these operations are performed as [ ,-vector spaces.

Let v be a finite place of K, ', = Gal(l?v/Kv), and G, = Fﬁb/pFﬁb. Remembering that we fixed an
isomorphism ., = Z/pZ, and using the identifications H\(T,, F,) =Hom(I'y, F,) = Hom(G,, [F,), we
may identify the perfect local duality pairing

U: H' (T, F)®* — HX(T,, F,) =F,

with a pairing
H, : A*Hom(G,, F,) — F,.

(Note that this is alternating because p is odd.)

We choose a basis g1, ..., g of G,, and a basis ¢, ..., t, of A. These induce an identification
Hom(G,, A) = Mat,,(F)) (6-10)
For a finite-dimensional vector space V/[F,, a basis vy, ..., v; of V induces an identification

2 Dy ~ D D T T
A (V )=Matant,lxl(|]:p)7 VT AV > eie; —eje;

where e, . . ., ¢; denotes the standard basis of F/ , and Mat,,,,; denotes antisymmetric matrices. Specializing
to V=Aand V = G,, we get identifications

A?AP =Matgxqan(Fp),  A*GY =Maty sy ami(Fp). (6-11)

Let € Hom(G,, A), B € A’AP, y € A’GP, and let My € Mat,,(F,), Mg € Matysqani(Fp), M, €
Mat, ., ant(F ) be their corresponding matrices under the identifications above. Let I:IU € Mat, . ant(F )
be the matrix defined by (I:Iv),; = % H,(g; A gi). One easily verifies that

¢ B e AvaD corresponds to M¢,TM,3M¢ € Mat, . ant(F ),

6-12
and H,(y) = tr(H,M,) eF,. ( )
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Recall that we have a homomorphism
&y : A>Hom(A, F,) > H*(A,F,) — BrU.
We may compute the local Brauer pairing between Im & and U (K,) as follows:

Lemma 6.3.1. Let 8 € A>Hom(A, F,),b:=&y(B)eBrU, PeU(K,),and ¢ e Hom(G,, A) be induced
by the torsor type [A|p] € H(T'y, A) = Hom(T',, A) = Hom(G,, A). Then

~ o~ T
(b, P), = tI'(HUM¢ MﬂM¢).

Proof. This follows by just unraveling the notation. Namely, we have (b, P), = inv, (P*b), and the latter
is equal to H,(¢*B) = inv,(P*b) by the commutativity of the diagram

£y A2AD Yy H2AF,) —— S5 HX(U,F,) s (BrU)[p]
I I |» |~
H,: A2GP 5 H2(G,,F,) - HA(T,,F,) = HX(K,,F,) —— (BrK,)[p]=F,.
The formulas (6-12) now give the statement. O

6.4. Proof of Theorem 1.5. Let ®, C Hom(I",, A) be the set of torsor types to which A specializes, i.e.,
the image of [A|_]: U(K,) — Hom([',, A).

Lemma 6.4.1. The set ©, is the inverse image of 0 under
Hom(T',, A) - H*(T',, B), &+ E*([H]), (6-13)
where [H] € H*>(A, B) is the class representing H.
(Note that this inverse image is not a subspace in general!)

Proof. The commutative diagram

SL,(K,) + (SL, /H)(K,) = U(K,) —— H'(K,, H) —— H'(K,,SL,) =0

[r-] l

H'(K,, A) =Hom(I',, A)

with exact first row, shows ©, is the image of H!(K,, H) = Hom(T'",, H) — Hom(T",, A). Equivalently,
®, consists of those homomorphisms that lift from A to the central extension H. The statement now
follows from the theory of central extensions [2, Section IV.3]. O

Proposition 6.4.2. For every p > 5, every number field K with i, € K*, and place v of K dividing
p, there exists a constant c(v) > 0 such that for any a > c(v), there exists a metabelian nilpotent H of

exponent p with H*® of rank a such that, letting A = H®:

(i) (A2AD)pe = AAP;
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(i) there exists o € A>AP such that the local pairing (—, &y () : U(Ky) — Z/ pZ attains at least two

values.

Proof. Let a be a natural number and A := (Z/pZ)“. Lemma A.2 of Appendix A guarantees the existence
of a metabelian nilpotent H of exponent p with H*® = A such that B = [H, H] has rank b :=2a — 3 and
(AZAP)pie = A%AP.

Recall that ®, is the image of [A|_]: U(K,) — Hom([",, A). Let E, C ®, be the image under [A]|_]
of the left kernel of U (K,) X Bre U — Q/Z, (P, b) > inv,(P*b). Since e € E,, E, is nonempty and
to prove point (ii) it suffices to prove that E, # ®,. We do so by proving that the cardinality of these
two sets have different p-adic valuation for a > c(v). We start by computing v, (#0,).

Recall the identifications

Hom(G,, A) = Mat,x, (F,), A’AP = Matyxa.an(Fp), A*GP = Mat, «y i (Fp).

Identifying B with [F}[’J we get identifications H>(A, B) = H*(A, [Fp)h and H*(T",, B) = H*(T",, [Fp)b =
invv[Fll’,. By Lemma 6.2.1 and (6-9), there exist Ay, ..., hp € A?Hom(A, [F,) = Maty g anc(F ) such that
[H] = (h1,...,bp) € H*(A,Fp)b, b; := U(h;), where U indicates the cup product A2 Hom(A, F,) =
A?H'(A,F,) — H%*(A,F,). Then, by (6-13),

®, = {M € Hom(T',, F,) | inv,(M*h;) =0, i =1,...,b}. (6-14)

By Lemma 6.3.1, under the identification Hom(I'",, [,) = Hom(G,, F,) = Mat,,(F,), ®, corresponds
to

0, = (M € Mat,,(F)) | tr(H,MTh; M) =0, i =1, ..., b}. (6-15)

A special case of the Ax—Katz theorem [18] states that the p-adic valuation of the number of solutions
n—dm

of a system of m polynomial equations of degree < d in n (affine) variables in [, is at least |_ v

Hence, since (6-15) describes ®, as the solution set of b quadratic equations in ra variables:

0, (#O,) > "ra—2b-‘ _ "(r—4)a+6-‘ . "261—{—6-‘
2 2 2

asr > p+1>6by [22, Theorem 7.5.11].

We now compute v, (#E&,), using Lemma A.3 from Appendix A. Recall that (A2AP)pie = A2AP by
our choice of H, and thus & (A2A”) = Br,, U by Theorem 6.1.3. Hence Lemma 6.3.1 implies that P
lies in the left kernel of the local Brauer pairing U(K,) x Bry,, U — Q/Z if and only if H,(Mpa) =
(P, &y(a)), =0 forall @ € A>2AP. Therefore, (6-12) implies that the image of E, under the identification
Hom(I'y, ) = Hom(G,, [F,,) = Mat,,(F,) is

B, = (M € ©, C Matyx,(F,) | tr(H,M" NM) =0, for all N € Mat,xgan(F,)}
= {M € Mat,y, (F,) | tt(H,M" NM) =0, for all N € Mat,x.ant(F )},
= {M € Mat,, (F,) | tt(M H,M" N) =0, for all N € Mat,x.ant(F )},
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where the second identity holds because the b quadratic equations describing ®, are redundant in the
description of B, (see (6-15)). Since tr(XTY) induces a perfect pairing on Mat, xq,ant(F) and M I:IUM T
lies in Mat, xq,ant(F ), we obtain from the above

Bl = (M € Mat,(F,) | MH] M" =0}.

The matrix I:IUT = —flv is invertible by local duality, and so Lemma A.3 shows that there exists a
function C : N — Z (depending only on p) such that #Ef = C(r) mod p? if a > 2r. Recall that
r=r)=[K,:Qp,]+2, and let c(v) = max{2r, v,(C(r)) + 1}. If a > c(v), then vp(#E,{) =v,(C(r))
by the ultrametric triangle inequality. Now

2a+6

v,(#Ey) = v, #E!) = v,(C(r)) <a < { W < v,(#0,)

as wished. |

We refer the reader to the proof of Lemma A.3 for a formula for C(r). As a consequence of
Proposition 6.4.2, we may now prove Theorem 1.5:

Proof of Theorem 1.5. Let H be any group as in Lemma A.3, and let U = SL,, x /H. By point (i) of the
lemma there is a place v, an element 8 € A?AP and points P, # Q, € U(K,) such that

(Py,b)y #(Qy, )y €Q/Z, b:=&y(B) €BrX.

Consider then the adelic point P € U (Ag) (resp. Q) that is equal to e at all places 7 v and is equal to P,
(resp. Qy) at v. Then (P, b) gy = invy (b(Py)) # invy (b(Qy)) = (@, b) - Hence (at least) one between
P and Q does not lie in X (Ag)®"¥, concluding the proof. O

Appendix A. Elementary counting facts

Lemma A.1. Let n < N be positive integers and X C [P’N(I]:p) a subset of cardinality < #P"([F,). There

exists then an n-codimensional subspace L C P[’F\; such that X N L = &.

Proof. Let k > 0 be the smallest integer such that X intersects every k-dimensional subspace in I]J’fF\; .
If £ = 0, there is nothing to prove. Otherwise, let L C IP[[FVP be a (k—1)-dimensional subspace such
that LN X = @. Let rz : PV \ I — PY=* be a projection outside of L. We know by assumption that
7L (X(F,)) = PVN7K(F,), hence #X (F,) > #PN%(F,) = N —k <n,ie., k > N —n+ 1. Hence the
dimension of L is > N — n and it is the sought subspace. ([l

The following lemma is inspired by [1, Section 5]; see also [6, p. 37].

Lemma A.2. Let p # 2 be a prime. For every [F,-vector space A of dimension 4 < a < 00, there exists an
[ ,-vector space B, of dimension b = 2a — 3, and a (surjective) morphism

¢c:A?A— B, (A-1)

such that,if 1 - B— H 5 A — 1 is the extension whose commutator map is ¢, there are no pure wedges
0 # ay Aay € A*A lying in the kernel of c.
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Proof. Let X € P, (A% A) be the image of the “alternating Segre morphism”
—:P(A) x P(A)\ A — P(A%A),

which is isomorphic to the Grassmannian variety Grg, (2, A). Since X () parametrizes two-dimensional
[F ,-subspaces of A,

a __ a—1 __
BX(F,) = (p*—D(p 1). (A2)

(P*=D(p—-1
It suffices to show that there exists a (2a—3)-codimensional subspace L in P(A%A) such that L N
X (F,) = @, and choose ¢ such that A’AD [, - L(F,) = Kerc. Noting that

a_1 a—l_l a_1 a—l_l 2a—2_1 1
(p . )(p ) _ ' =D(p ) < (p )(p+1) — #P2(F ),
(p*=D(p—1 (p+D(p—1 (p+D(p—1)
such a subspace always exists by Lemma A.1. U

Lemma A.3. Let A,V be [F,-vector spaces with p # 2, and let a := dim A, r := dim V. Assume that
a > 2r, and that V is endowed with an alternating nondegenerate bilinear formb :V x V — [ . Then

B(A, V) :=#{& cHom(A,V) | £&b=0}=C() mod p*,

where C(r) is a nonzero integer depending only on r.

Proof. Let
M, := #{isotropic d-dimensional subspaces in V},

I, := #{surjective homomorphisms from A to a d-dimensional [ ,-vector space}.

Then

min(a,r/2)

E(A, V)= Z 1uMy
d=0
(the fact that V is endowed with a nondegenerate alternating linear form and p # 2 implies that r is even).

One can easily see that

Ii=(p"—1)-(p"=p)--- (p*—p™
v _(pr_l)'(pr—l_p)“.(pr—d—H_ d—1
d—

for every d < a,
p
(p?=1)-(pd=p)--- (p?=p?h
In particular, E(A, V) = E(a, r) depends only on a and r. Note that, for a fixed r, E'(a, r) converges

for every d <r/2.

p-adically, as a — oo, to the following sum, which happens to be an integer number:

r/2 r—1 r—d+1_ d—1
P =D =p)---(p )
C Z:E/ , = ld
(= &en ng( T DD )
r/2
2
=Y (), D D,
d=0

where the subscript in the binomial denotes a Gaussian binomial coefficient (an integer number). Moreover,
E'(a,r) = B'(co,r) mod p* if a > 2r. Denoting by a(d) the term multiplying the (—1)¢ appearing
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above, we notice that the sequence a(0), ..., a(r/2) is strictly increasing, as follows by induction from
the fact that (p" =4+ — p4=1)/(p? — 1) > 1 foralld € {0, ..., r/2}. In particular, a standard elementary
calculus argument (2 la Leibniz’ rule) shows that &' (oo, ) # 0. U

Appendix B. Other works where ramified descent appears

Let me mention other works where the idea of “ramified descent” has already appeared. One is [16] by
Harpaz and Skorobogatov (successor to Skorobogatov and Swinnerton-Dyer’s work [27] [30]), where
the authors use the cyclic ramified covers of some specific Kummer surfaces to prove that, under certain
technical assumptions, these satisfy the Hasse principle.

Another work is Corvin and Schlank’s paper [8], where the authors build upon Poonen’s example [23]
to show (employing one specific ramified Ss-cover) that the following obstruction is stronger than étale
Brauer—Manin obstruction:

X(AK)Br,ram,sol — m U wé(ygm(AK))BrYé ,
¥:Y— X a G-cover £EeH!(K,G)
G solvable

where the Wé is the composition ng — Y Y5 X,

Lastly, we mention Sections 11.5 and 14.2.5 of Colliot-Théléne and Skorobogatov’s book [7], where
ramified descent is investigated for w,-covers. In Theorem 14.2.25 of loc.cit., the authors prove a result
which translates in our language to saying that, if A : V. — U is a p,-torsor such that there is a divisor on
X over which the “compactification” i : ¥ — X of A (notation as in Section 3) is totally ramified, then
XA =X(A K)Brrxam X Their result and our Proposition 1.3 naturally lead us to the question:

Question B.1. Let A: V — U and ¢ : Y — X be as in Section 3. Assume that the cover ¥ — X is totally

ramified, i.e., Y is geometrically integral and ¥ — X does not have any unramified subcovers. Does one
then have X (Ax)* = X (Ag)B%" X9

Note that a positive answer to the question above would guarantee that, for instance, if Y is a variety
all of whose G-twists satisfy the Hasse principle, then X satisfies the Hasse principle up to Brauer—Manin
obstruction.

Let us mention that, when G is supersolvable and Y is rationally connected, Harpaz and Wittenberg
[17, Theorem 1.4] proved that

X(AK)BrX — U v/;m(YS(AK)BrYESm)
£eH(K,G)

(using our notation). It follows that X (Ag)* D X (Ag)B ¥, i.e., Brauer—Manin obstruction is finer than
ramified descent obstruction, but it also seems likely that their methods could be in fact used to give a
positive answer to Question B.1 in this case. For instance, when, in addition to the conditions above,
I?[V]*/I?* =0and PicV =0 (e.g., if V. =SL,), then Br;™ X = Br X by Remark 5.1.4, and a positive
answer to the question follows.
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We prove a logarithmic base change theorem for pushforwards of pluricanonical bundles and use it to
deduce that positivity properties of log canonical divisors descend via smooth projective morphisms.

As an application, for a surjective morphism f : X — Y with «(X) > 0 and — Ky big, we prove
Y \ A(f) is of log general type, where A( f) is the discriminant locus. In particular, when ¥ = P" we
have dim A(f) =n — 1 and deg A(f) > n + 2, generalizing the case n = 1 proved by Viehweg and Zuo.
We also prove Popa’s conjecture on the superadditivity of the logarithmic Kodaira dimension of smooth
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1. Introduction

In this paper, we prove a number of results on the behavior of positivity, hyperbolicity, and Kodaira
dimension under smooth morphisms of quasiprojective varieties, based on a technical tool we study under
the name of logarithmic base change theorem. Throughout the text, a variety is a reduced separated
scheme of finite type over C. A pair (Y, D) consists of a variety Y and a formal Q-linear combination of
divisors D, and we call it a log smooth pair if ¥ is smooth and D is a reduced simple normal crossing
divisor.

Given a surjective morphism f : X — Y of smooth projective varieties, the study of the discriminant
locus A(f) C Y, defined as the set of points y € ¥ with singular scheme-theoretic fibers X, := f*(»),
has been an active area of research. For example, Catanese and Schneider [7, Question 4.1] asked the
question whether f : X — P! has at least 3 singular fibers if X is of general type. Kovacs [23] gave a
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partial answer when X is canonically polarized and Viehweg and Zuo [41] answered affirmatively under
the weaker assumption that X has nonnegative Kodaira dimension. The question is alternatively phrased
as follows: the effectivity of the canonical divisor of X imposes the bigness of the log canonical divisor
of P\ A(f).

We refine and generalize this phenomenon to higher dimensional bases; given a smooth projective
morphism f : X — Y of smooth quasiprojective varieties, the positivity of the log canonical divisor of
X descends to the positivity of the log canonical divisor of Y. For example, bigness (resp. effectivity)
descends to bigness (resp. pseudoeffectivity). The precise statements are obtained as consequences of our
main technical result, which we call the logarithmic base change theorem for pushforwards of logarithmic
pluricanonical bundles.

A priori, Viehweg introduced the base change theorem for pushforwards of pluricanonical bundles to
study the subadditivity of the Kodaira dimension for algebraic fiber spaces. Here is a version given by
Mori [27, (4.10)].

Theorem 1.1 (base change theorem [27; 39]). Let X,Y,Y' be smooth quasiprojective varieties and
[+ X — Y be a surjective projective morphism and g - Y' — Y be a flat projective morphism. Let
w: X" — X=X xy Y’ be a resolution of singularities. Let N be a positive integer, and consider the

commutative diagram
/

X <&yt xr

S S
l l f//

Y (T Y/
(1) There is an inclusion
;,f'a);}[,,/y/ C g*]‘;a))](v/y.

It is an equality at a point y' € Y' if g(y') is a codimension-1 point of Y and f is semistable in the
neighborhood of g(y").
(2) There is an inclusion
g fLogny C(frog)y ® gy, y)*™.

It is an equality at a codimension-1 point y € Y if f or g is semistable in the neighborhood of y,
where ** denotes the double dual.

Note that the morphism f is semistable over a codimension-1 point y € Y if the fiber X, has reduced
normal crossing singularities. Outside of a codimension-2 subvariety, Viehweg’s base change theorem
gives an inclusion of pushforwards of pluricanonical bundles of the fiber product to the tensor products of
pushforwards of pluricanonical bundles of each morphism.

We start by pointing out a striking new phenomenon: by suitably introducing poles in the discriminant
loci of morphisms, the inclusion in the base change theorem is reversed. This represents a distinct
departure from previously observed phenomena.
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Theorem 1.2 (logarithmic base change theorem). Let (X, E), (Y, D), (Y', D) be quasiprojective log
smooth pairs, and let f : (X, E) — (Y,D), g : (Y', D") — (Y, D) be surjective projective morphisms
of pairs such that E = f~1(D), D’ = g~ (D) and glynp : Y'\ D' = Y \ D is smooth. Let X' be
the union of the irreducible components of X xy Y' dominating Y, and E' = g'~'(E). Consider the
commutative diagram

(X,E) < — (x',E") <X (x", E")

, 1.3
fl ; l - (1.3)

(Y. D) —— (¥'. D)

where ju: (X", E") — (X', E') is a log resolution of pairs with X"\ E" = X'\ E’, so that (go f")"'D =
E". Then there exists an inclusion for a positive integer N :

[ fe(@x (E) /0y (D)®N) ® gu(wy (D) /oy (D)PN)]™* C [he(wx(E") /oy (D)EN)]™
where h = go f”.

Here, wy (E)/wy (D) := 0y (E) ® f*a)Y(D)_l, and wy (E)/wY(D)®N is the N -tensor power of
this line bundle. By f~!(s) we denote the set-theoretic preimage of ® with the reduced scheme structure.
While the equality condition in Viehweg’s base change theorem follows from the observation that the fiber
product X’ has normal toric singularities, the fiber product X in the logarithmic base change theorem has
binomial hypersurface singularities. The proof of Theorem 1.2 follows from a careful analysis of Bierstone
and Milman’s resolution of binomial hypersurface singularities [1] applied to singularities of pairs.

Viehweg applied the base change theorem inductively on the iterated fiber products to study litaka’s
C,j: » conjecture on the subadditivity of the Kodaira dimension; this technique is the so-called Viehweg’s
fiber product trick. Likewise, we employ a logarithmic analogue of this fiber product trick, which is
described in the following paragraph.

Let f : (X, E) — (Y, D) be a projective morphism of quasiprojective log smooth pairs such that
E = f~1(D) and S lx\E is smooth. Define X* := X xy --- Xy X as the s-fold fiber product of f,
with the induced morphism f* : X — Y, and define E* = (f*)~!(D). Then f* |xs\Es is a smooth
projective morphism. Choose a log resolution u* : (X ©), E(®)) — (X*, E®) of the union of the irreducible
components of X** dominating ¥, with the induced morphism f©) : (X®) E®)) — (¥, D) of log smooth
pairs satisfying E®) = (f®))~1(D) and f©® |x 1\ g smooth. Then we have:

Corollary 1.4 (logarithmic fiber product trick). With the notation in the previous paragraph, we have the

inclusion
[® fewx (B)/oy (D)PN)] o [ L2 @y (ED) fary (D))
for N,s > 0.

The right side of this inclusion is independent of the choice of a log resolution of the pair (X, E¥).
The proof is immediate from Theorem 1.2 iterated s-times.
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In contrast to Viehweg’s base change theorem and fiber product trick, the logarithmic analogues
have a distinctive feature: the inclusion goes in the opposite direction, which is consistent with Popa’s
conjectures [30] on the superadditivity of the logarithmic Kodaira dimension. Specifically, the (log)
Kodaira dimension of the source imposes a lower bound on the (log) Kodaira dimension of the base. This
phenomenon, namely a smooth projective descent of positivity of log canonical divisor, is opposite in

nature to litaka’s Cn": "

conjecture. As a consequence of the logarithmic base change theorem, we derive
a number of results on the (log) Kodaira dimension and the discriminant loci of morphisms.

To begin with, we recall the definition of the logarithmic Kodaira dimension of a quasiprojective variety.
For a Q-Cartier divisor L on a normal projective variety X, k (X, L) denotes the Iitaka dimension of L.
For instance, «(X) := (X, wy ) is the Kodaira dimension of X" when X is a smooth projective variety.

For a smooth quasiprojective variety X, the logarithmic Kodaira dimension is defined as
k(X):=«x(X,Ky+ D),

where X is a compactification of X with boundary a reduced simple normal crossing divisor D. We say
X is of log general type if ik (X) = dim X. It is well known that the logarithmic Kodaira dimension is
well-defined, independent of the choice of a compactification.

As a first application of the logarithmic base change theorem, we prove a logarithmic analogue of Popa
and Schnell’s Theorem A [32].

Theorem 1.5. Let [ : X — Y be a smooth projective morphism of smooth quasiprojective varieties
whose general fiber F is connected and k(F) > 0. Then Y is of log general type if and only if k(X) =
k(F)+dimY.

The “only if”” part of the theorem is litaka’s logarithmic Cy ;,-conjecture when the base is of log general
type, proven by Maehara [26, Corollary 2]. Our contribution is the “if”” part, which can alternatively be
phrased as follows: If the source has the maximal log Kodaira dimension attained by the equality of the
Easy addition formula [27, Corollary 1.7], k(X)) < «x(F) +dim Y, then the base is of log general type.

In particular, the bigness of the log canonical divisor descends via smooth projective morphisms.

Corollary 1.6. Let f : X — Y be a smooth projective morphism of smooth quasiprojective varieties. If
X is of log general type, then Y is of log general type.

Analogously, the next theorem states that the effectivity of the log canonical divisor descends to the
pseudoeffectivity of the log canonical divisor via smooth projective morphisms.

Theorem 1.7. Let f : (X, E) — (Y, D) be a surjective morphism of projective log smooth pairs with
E = f~Y(D), and f|x\g smooth.

(1) If Kx + (1 —¢) E is Q-effective for some € > 0, then Ky + (1 — 8) D is pseudoeffective for some
8 > 0. In particular, if additionally — Ky + N D is big for some nonnegative integer N, then D and
Ky + D are big.

(2) If Kx + E is Q-effective, then Ky + D is pseudoeffective.
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Here, we say a divisor is Q-effective if it is Q-linearly equivalent to an effective divisor. To avoid
repetition, we will refer to Q-effective divisors simply as effective divisors from now on. The effectivity
of Ky + (1 —¢) E (resp. pseudoeffectivity of Ky + (1 —§) D) for small enough € (resp. §) is independent
of the choice of a compactification of X'\ E (resp. Y \ D). This is also true for the effectivity of Ky + E
(resp. pseudoeffectivity of Ky + D). Therefore, Theorem 1.7 can be stated purely in terms of a smooth
projective morphism f|y\g : X \ £ — Y \ D of smooth quasiprojective varieties.

The proof of (2) is treated separately at the end of Section 3B, since this follows from the results in the
literature without the use of the logarithmic base change theorem. This extends [32, Proposition G] to the
logarithmic setting.

Remark 1.8. Theorem 1.7(1) and the nonvanishing conjecture for klt pairs imply the following statement:
if Ky + (1 —¢€)FE is (pseudo)effective for some € > 0, then Ky + (1 —38) D is (pseudo)effective for some
8> 0. When X \ £ — Y \ D is finite étale, this is easily proven. Indeed, the descent of the effectivity
follows from the same technique used to prove the invariance of the logarithmic Kodaira dimension under
étale covers by litaka [14, Theorem 3]. The descent of the pseudoeffectivity is also immediate from
Lemma 3.4 (5), explained later. Note that when we replace “(pseudo)effective” by “big” in the statement,
we obtain Corollary 1.6.

The next theorem is an immediate consequence of Theorems 1.5 and 1.7(1). As explained at the
beginning, the discriminant locus A( f) C Y of a morphism f : X — Y between smooth varieties is the
complement of the locus in Y over which f is smooth.

Theorem 1.9. Let [ : X — Y be a surjective morphism of smooth projective varieties with k(X) > 0,
and let D be the divisorial component of the discriminant locus A(f) in Y. Suppose either

(1) k(X)) =«(F)+dimY where F is the general fiber of f, or
(i) —Ky is big.
Then, Y \ A(f) is of log general type. In particular, Ky + D is big.

This extends to a normal variety ¥ when we extend the notion of bigness to a rank 1 reflexive sheaf.
Part (i) extends a result from [32, Remark 5] that further assumed that Y is not uniruled. Part (ii) can be
seen as a vast generalization of Catanese and Schneider’s question [7, Question 4.1] and Viehweg and
Zuo’s result [41, Theorem 0.2] stating that a surjective morphism f : X — P! with k(X)) > 0 has at least
three singular fibers. For instance, when Y = P” we have:

Corollary 1.10. Let f : X — P" be a surjective morphism from a smooth projective variety X of
nonnegative Kodaira dimension. Then dim A(f) =n—1and deg A(f) = n + 2.

Remark 1.11 (hyper-K#hler manifolds). This applies to a Lagrangian fibration f : X' — Y of a projective
hyper-Kéhler manifold X of dimension 2n. When Y is smooth, it is known that ¥ = P" and the
discriminant locus A( f') is a divisor (see [12, Theorem 1.2] and [13, Proposition 3.1]). Corollary 1.10
implies that its degree is at least n 4 2 in P”".
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More generally, when P” is replaced by the product of projective spaces P! x --- x Pk  then
dimA(f) = Zle n; — 1 and the multidegree deg A(f) = (a1, ..., ay) satisfies a; > n; + 2 for all i.
Examples 7.1 and 7.3 illustrate that the inequality in Corollary 1.10 is sharp.

In our next main application, we prove Popa’s conjecture on the superadditivity of the (log) Kodaira
dimension for smooth projective morphisms [30, Conjecture 3.1], under an additional assumption on the
base. This assumption is implied by the conjectures of the log minimal model program.

Theorem 1.12. Let f : X — Y be a smooth projective morphism with connected fibers between smooth
quasiprojective varieties. Assume ik (Y) > 0, and that the very general fiber of the log litaka fibration of Y
has a good minimal model. Then

K(X) <k(Y)+«(F)

where F is the general fiber of f.

Recall that the log litaka fibration of Y is the litaka fibration associated to the log canonical bundle
K+ + D of alog smooth pair (Y, D). Here, Y is a compactification of ¥ with boundary a reduced simple
normal crossing divisor D. By taking a log resolution (¥, D) of the pair (Y, D), we have the log Iitaka
fibration 7 : (?, 5) — I, where the very general fiber (G, 5|G) has log Kodaira dimension zero.

When i (Y) = —oo, the nonvanishing conjecture for log canonical pairs and Theorem 1.7(2) imply
k(X) = —oo. This conjecture and the existence of good minimal models for log canonical pairs are well
known to hold in dimension at most three (see e.g. [20; 36]). Therefore, we have:

Corollary 1.13. Let [ : X — Y be a smooth projective morphism with connected fibers between smooth

quasiprojective varieties. If dimY < 3, then
K(X)=ik(Y)+«k(F)
and the equality holds when dimY = 1.

This extends [32, Corollary E and F] which assumed that X and Y are projective. On a related note,
the logarithmic litaka conjecture suggests subadditivity:

K(X)Z k() +K(F),

even without the smoothness assumption. This is known when Y is a quasiprojective curve (hence,
the equality in Corollary 1.13), but not when Y is an arbitrary quasiprojective surface or a threefold.
Theorem 1.12 and Corollary 1.13 prove that this inequality is reversed when the morphism is smooth.

Remark 1.14. Campana [4] stated the same superadditivity result when the fibers have semiample
canonical bundles. The logarithmic litaka conjecture is known to hold when the general fiber F has a
good minimal model [11, Theorem 1.2].

On a different note, in light of the smooth descent of the positivity of the log canonical divisor, we
additionally investigate the uniruledness of X when Y is a rational curve.
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Theorem 1.15. Let f : X — P! be a surjective morphism with connected fibers from a smooth projective
variety X. Suppose [ has at most 2 singular fibers. If the general fiber F has a good minimal model,
then X is uniruled. In particular, this holds when k (F) > dim F — 3.1

Indeed, the nonvanishing conjecture and [41] suggest X is uniruled. Using symplectic geometry,
Pieloch [29] recently proved that X is uniruled when f has at most one singular fiber without the
assumption on F, and made some progress when f has two singular fibers. In general, we do not have
an unconditional algebraic proof of these statements.

What is new. Viehweg’s base change theorem has been one of the keys to studying litaka’s conjecture
and hyperbolicity problems like the Viehweg’s conjecture on families with maximal variation; see, for
instance, [5; 18; 19; 31; 41; 42].

The main technical contribution of this paper is the use of the logarithmic base change theorem instead,
as a more appropriate tool to answer questions in a logarithmic setting. For instance, the logarithmic
fiber product trick allows us to overcome obstructions to generalize Viehweg and Zuo’s result as in
Corollary 1.10. Specifically, Viehweg and Zuo’s proof for a surjective morphism to P! uses the base
change theorem together with semistable reduction (Kempf et al. [21]). This essentially reduces to the
case where every fiber is either smooth or a simple normal crossing divisor, so that the equality holds
when we apply the base change theorem (Theorem 1.1). For higher dimensional bases, like P”, this
reduction procedure does not work properly. However, all technical issues are resolved by the fact that
the logarithmic base change theorem reverses inclusions as described above; it relies on a resolution
algorithm for binomial hypersurface singularities. For the same reason, the smooth projective descent of
the positivity of the log canonical divisor can be verified as mentioned after Corollary 1.4.

Overview. To derive various geometric consequences, we rely on three main technical components:
(1) the logarithmic base change theorem,
(2) the construction of logarithmic Higgs sheaves, and
(3) Campana and Pdun’s pseudoeffectivity result on the log cotangent bundle.

Section 2 is devoted to the proof of the logarithmic base change theorem. Section 3A explains the
construction of logarithmic Higgs sheaves, slightly modifying that of Popa and Schnell [31]. Section 3B
explains the results of Campana and Paun [5].

The rest of the paper is mainly devoted to the applications of those three main components. Section 4
gives proofs of the theorems on the smooth projective descent of the positivity of the log canonical divisor.
Section 5 explains the conjecture of Popa on the superadditivity of the logarithmic Kodaira dimension and
its proof assuming some conjectures of the minimal model program. Section 6 proves some uniruledness
of fibrations over projective spaces. Section 7 discusses some interesting boundary examples regarding
the lower bound of the degree of the discriminant locus in Corollary 1.10.

Here, we use the fact that a smooth projective variety has a good minimal model if the general fiber of its Titaka fibration has
a good minimal model [25].
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2. Logarithmic base change theorem

The main idea for the logarithmic base change theorem comes from the equality condition in Viehweg’s
base change theorem.

2A. Equality in Viehweg’s base change theorem. Let f : X — Y and g : Y/ — Y be morphisms of
smooth quasiprojective varieties. Under the assumptions of Viehweg’s base change theorem (Theorem 1.1),
it is easy to show that the equality conditions of the inclusions are obtained when the fiber product
X’ = X xy Y’ has canonical singularities. This turns out to be the case when the morphism f or g is
semistable in a neighborhood of a codimension-1 point of Y after further birational modifications.

We briefly sketch the proof of the equality conditions in Theorem 1.1 following Mori [27, (4.10)] in this
paragraph. Over a neighborhood of a codimension-1 point y € Y, assume f is semistable, or equivalently
the fiber has reduced normal crossing singularities. Let D be the divisor associated with y. Since a
birational modification of the source does not change the pushforward of the pluricanonical bundle, we
replace Y’ with a log resolution of pair (Y’, g~1(D)). Accordingly, we assume g~ (D) to be a normal
crossing divisor. Then, the fiber product X' is locally analytically isomorphic to the hypersurface defined
by the equation

Xy xg = p]t ey
for some positive integers f1, ..., fm. This singularity is normal and toric, and thus is canonical, attaining

equality of the inclusions in Theorem 1.1.
We will see later that the singularities of the fiber product X' in the logarithmic setting are locally
analytically isomorphic to binomial hypersurface singularities, defined by the equation

e . en — fm
X1 - y 1 Y
for some positive integers ey, ..., e, and f1,..., fm. We analyze these singularities using extra resolution

techniques and prove Theorem 1.2 as a consequence.

2B. Fiber product of morphisms of log smooth pairs. A morphism f : (X, E) — (Y, D) of pairs is
strict if E = f~1(D). Let E = Uieq1,...xy Ei be a simple normal crossing divisor of X" with smooth
irreducible components E;. Then the stratum Ej of E for a nonempty subset / C {1,...,k} is defined
by E;r =(\;es Ei-

Definition 2.1. A strict morphism of pairs f : (X, E) — (Y, D) is strictly smooth if D is a smooth divisor
and E = f~!(D) is a simple normal crossing divisor, such that flx\E: X\ E— Y\ D is smooth and
S|E; : Er — D is smooth for every stratum Ej of E.

In other words, a morphism of pairs f : (X, E) — (Y, D) is strictly smooth if the morphism is locally
analytically (or étale locally) equivalent to

(€™ (xgq1 - Xaur)) = (COTL (1)), a>b,

e
(x17---7xa7xa+la---axa+k)'_)(xla---axwaa;_l"' a+k)
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where x1, ..., X4+ are local coordinates of X' with divisor £ = V(X441 - Xga+%) and X1, ..., Xp,t are
local coordinates of Y with divisor D = V(¢). The local equation for E; is x4+; and f*D = Zle e E;.
It is easy to check that a strictly smooth morphism of pairs is a flat morphism.

Lemma 2.2. Let (X, E), (Y, D), (Y', D’) be quasiprojective log smooth pairs. Let [ : (X, E) — (Y, D)
be a strict morphism of pairs and g : (Y', D") — (Y, D) be a strictly smooth morphism of pairs. Consider

the commutative diagram (1.3) in Theorem 1.2:

(X,E) < — (x',E") <X~ (x", E")

f/
/| |

(Y’ D) <T (Y/’ D/)

where X' = X xy Y/, E' = ¢"W(E) and p : (X", E") — (X', E') is a log resolution of pairs with
X"\ E" = X'\ E’. Then there exists a natural inclusion

wy/(E + D' — D)®N  jy(wxn(E")®N),
where wx(E + D' — D) == wxy' ® g*Ox(E) ® f*Oy/ (D) ® (go f')*Oy(—D).

The proof of Lemma 2.2 will be given in Section 2D. We first give a locally analytic description of X”.
Let x” € X/ be a point. Suppose E is locally x1 - - - x, = 0 where x;’s are local coordinates at g’(x’) € X,
and D’ is locally y; --- y;» = 0 where y;’s are local coordinates at f”(x’) € Y'. Assume ¢ = 0 is a local

1--

equation of D at (go f')(x') and f*1 = x{"---x3", g*1 = y; -y/,:'”. From the above locally analytic

description of a strictly smooth morphism, g is locally analytically isomorphic to
C"xCPxC > CxCl, (y1,....ym)x px g (I pmyx p.
Therefore, X" is locally analytically isomorphic to the binomial hypersurface H in C"*"*" defined by
H xS eoxen =yl pfm (2.3)

for some r > 0 and positive integers e1,..., e, f1,..., fm. As the local equation suggests, X’ is not
normal in general.

Conventionally, singularities of pairs (X, A) are defined when X is a normal variety and A is a
formal (Q-linear combination of divisors. However, the description of semilog canonical pairs in [22,
Definition 5.10] and the description of a canonical sheaf for a G; and S,-variety in [24, Section 5] suitably
generalize the definition of singularities of pairs on a Gy and S;-variety. In particular, we make precise
what it means for the pair (X', E + D’ — D) to be log canonical, and reduce the proof of Lemma 2.2 to
proving that the pair (X', E + D’ — D) is indeed log canonical.

Readers comfortable with singularities of pairs for nonnormal Gorenstein varieties may skip the
following section.
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2C. Singularities of pairs: Sy-varieties, Gorenstein over codimension 1. Let (X, A) be a pair consisting
of an S;-variety X, Gorenstein over codimension 1, and a formal Q-linear sum A of generically nonzero
(rational) sections of line bundles on a Zariski open j : U < X satisfying codimy X \ U > 2 and
wy = wy |y invertible:
A= Zai(OU -—> Lj).
iel

Here, I is a finite set, a; is a rational number, £; is a line bundle on U, and a rational section Oy --> L;
is a section defined on a Zariski dense open subset of X. The following remark gives a sheaf theoretic
description of A as a formal (Q-linear sum of global sections. This contains a formal Q-linear sum of
Cartier divisors.

Remark 2.4. Let (9)*( be the sheaf of invertible elements in Oy, Ry be the sheaf of rational sections of
Oy, and R} be the sheaf of generically nonzero rational sections of Oy . Precisely, for an open subvariety
U C X, Rx(U) is the product of the rational function fields at the generic points of U and R} (U) is
the subset of elements of Ry (U), nonzero at every generic point of U.

Up to multiplication by a global section of O}, a generically nonzero rational section Oy --> L is
equivalent to the global section of Rj;/Op;. Therefore, A is a formal Q-linear sum of global sections
of R*/O* on a Zariski open U C X with codimy X \ U > 2. This includes a formal Q-linear sum of
Cartier divisors on U, or equivalently, a formal Q-linear sum of the global sections of £*/O* on U.
Here, K} is the sheaf of invertible elements in Ky, which is the sheaf of total quotient rings of Oy . See
Hartshorne [10, p.141] for the description of Cartier divisors. In particular, £} /Oy C Ry /O%.

Unifying the formal sum by a common denominator of @;’s, the sum is alternatively expressed as
a single term A = a(Oy --> L), for some rational number ¢ and some rational section of a line
bundle £ = ;¢ C?Nai with sufficiently divisible N. In particular, (Oy --> £;) is equivalent to
—(Oy --> L‘,l._l), where the latter rational section is the reciprocal of the former rational section.

Assume that a)g’N(NA) = a)g’N ® Qicr E?Nai extends to a line bundle on X for some N > 0.
Since X is an S,-variety, this line bundle is uniquely determined by

0PN (NA) := jwo@N (NA).

Let u: X — X be a resolution of singularities of X'. Over a Zariski dense open subset of X, we have
a rational morphism of line bundles ,u*a)?N -—> w}(eiN , and pullbacks of generically nonzero rational

sections (Oy --> L;). Therefore, there exists a canonically defined rational morphism of line bundles
progN (NA) > 0EV,

which is an isomorphism on a Zariski dense open subset of X. As a result, we obtain a generically

. . . QN ®N -1 %
nonzero rational section s : O g --> W ®[u*wy™ (NA)[™ on X,
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Let E be a divisor on X. The discrepancy of E with respect to the pair (X, A) is defined as

ordg (s)
~
It is easy to verify that a(E, X, A) is well defined, independent of the choice of N or a resolution of

a(E, X, A) =

singularities. In conclusion, we define singularities of pairs (log canonical, log terminal, and so on) as in
the normal case.

Under the setting of Lemma 2.2, it suffices to prove that the pair (X’, E + D’ — D) is log canonical.
More specifically, the pair (X’, E + D’ — D) consists of a Gorenstein variety X’ and a formal sum of
sections of line bundles

(Ox' — g™ Ox(E)) + (Ox: — [*Oy/(D")) = (Ox' — (go [)*Oy (D)),

where the section (Ox’ — g’*Ox (E)) is induced by the pullback of the section Oy — Ox (E). Therefore,
(X', E + D' — D) is log canonical if and only if there exists a natural inclusion

1* (wx/(E + D' — D)®N) C wyn(E")®V,
which is equivalent to the conclusion of Lemma 2.2 due to the adjointness of the pair (u1™*, (tx).

2D. Singularities of binomial hypersurfaces: Proof of Lemma 2.2. We prove (X', E + D' — D) is
log canonical, which implies Lemma 2.2. From equation (2.3), the pair (X', E + D’ — D) is locally
analytically equivalent to

(H:x$'eoxen = plt eyt D(xy - xn) + D(y1 -+ ym) — D(1)),

where D is to indicate sections of line bundles defined by multiplications of xj ---x,, 1+ ym, Or

t= xfl . = ylf L. f’" . The singularities of pairs can be checked locally analytically (or étale

locally), so it sufﬁces to prove that

(H, D(xy-+-xp)+D(y1-ym) — D(1))

is log canonical, which is implied by the following:
Proposition 2.5. For a binomial hypersurface H : {t = x{" - = ylf Loypfmy o pntmEr i

coordinates X1,...,Xn, Y1s---» Ym»>Z1, - - - Zr, the pair
(H:xfl : enzylfl' ym , D(xy-- anl"')’mZI"'Zr)_D(t))
is log canonical.

Letw=Xx{:--X4)1- - YmZ1 + - z» be the multiplication of all the coordinates. The reason for adding
D(zy---z,) into the pair is to apply induction. In the remaining section, we resolve the singular-
ity of H through a sequence of blow-ups along the ideals cut out by coordinate sections, such as
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(X1, e s Xk Y1 -5 11). Write Z := V(x(,...,Xg, V1 -.., 1) Recall that

Ck[Xt, e X Vs Yms 21 - 2o [ Xy e X, YL -1, Y
n+m+r __ n m r
BlzA™ = Pro ECT S T (R—

X1 Xk Y1 i
with the induced morphism f : Blx, .. x.p,.. A" T — ATTMHT  Restricted to the affine chart
ARFTMEr . X =£ (), we obtain the transformation

,3 :An+m+r — An—}—m—i—r
given by
X1 X1, X2 > X1 X2, ..o, X > X1 Xk, V1IF>X1V1, V2> X1V, V] > X1V, (2.6)
with all other coordinates remaining the same. Therefore, the pullback 8* H of H in the chart X7 # 0 is

the binomial hypersurface

ej+-ter e en _ JJ1tt 1 N1 £
xl x2 ...xn"_xl yl ymm

The strict transform H of H in the chart X; # 0 is the binomial hypersurface above divided by

min(er e fi+4£1)
: .

Therefore, for each affine chart, we may consider a pair (FI , D(w)—D()), where w is the multiplication
of the coordinates and 7 is the monomial appearing in the binomial equation.

Lemma 2.7. In the above notation, let B : H — H. We work in the affine chart X1 # 0.

() Ifer+---+exr > f1+---+ fi, then H is a binomial hypersurface

ylette)—(fit-tfi) e

Sm
1 Xy

..xfl" :yll ym .
Q) Ifey+---+ex < f1+---+ fi, then H is a binomial hypersurface

it (St ) S S
1

€2 en __
xz ...x”_ yl ..ym .

n

In either case, there exists a canonical isomorphism

B*log (D(w) — D(1)] = 0 (D () — D(7))

In particular, (H, D(w) — D(t)) is log canonical if and only if(I?I, D) — D(7)) is log canonical on
every affine chart.

More specifically, the canonical morphism indicates that
a(E, H,D(@)~ D) = a(E, H, D(w) — D(1)),
for all divisors E appearing in a resolution of H.

Proof. We write BIA := Blx, ... xi.p,..ypA" "7 and A := A"+ with the blow-up morphism
B : BIA — A, in short. On the chart X # 0, the exceptional divisor is given by x; = 0. Therefore,

WBIA = ﬁ*(l)A + (k + /- I)D(Xl)
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By the adjunction formula, there exist natural isomorphisms w 7 = wpg; A(I:f g and oy = wa(H)|g.
Since

B*(H) = (H) +min(ey + -+ ex. fi +-+ [)D(x1),

we have a natural isomorphism
wg=p oy +(k+1—1-—min(e; +---+eg, f1+---+ f1) D(x1).
From the transformation relation (2.6), we have
B*D(x1--XnY1 -+ YmZ1 -+ 2r) = D(x1 -+ Xny1 -+ YymZ1 -+ 2r) + (k +1—=1)D(x})

and in either case (1) or (2), it is easy to check that

B*D(t) = D(f) + min(e; + -+ ek, f1 +---+ f1)D(xy).
Combining all of the above, we obtain a canonical isomorphism

B*lwy (D(w) — D(1))] = w7 (D(W) — D(7)),

which completes the proof. O

By symmetry, Lemma 2.7 holds for every affine chart. We finish the proof of Proposition 2.5 using
Bierstone and Milman’s algorithm [1, Section 5] for resolution of singularities of binomial varieties along
with Lemma 2.7. Define

m(H) :=min(e; +---+ep. fir +---+ fm). M(H):=max(e; +---+en. /1 +--+ fm).

Without loss of generality, assume ey +---+ e, > f1 + -+ + f,m. Choose a subset S C {1,...,n} such
that

0=< sezses —m(H) < IsIéig{es} .
For convenience, assume S = {1, ..., k} forsome 1 <k <n. Letasubvariety Z : x; =---=x; = y; =
-++= pm = 0, and we now perform an algorithm of blowing up along Z: Bl zA"M+7 _ An+m+r The

strict transform H of H of the blow-up is the binomial hypersurface

el +~-~+ek—m(H)xe2 .
2

-xl x;" :yll yrj':m on the chart X] ?é()’
y;e1+-~-+ek—m(H)x(lfl X = y{z yé’" on the chart Y; # 0.

On every affine chart of the blow-up, the lexicographic ordering of the pair
(m(H), M(H))

decreases. Therefore, the algorithm terminates on each affine chart, in which case, we obtain a hypersurface
of the form

H:{x‘fl cee X = 1} c Antmtr
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It is now obvious that the pair (H, D(w) — D(¢)) is log canonical. Indeed, H is smooth, D(t) is a zero
divisor, and D(w) is a simple normal crossing divisor defined by the product of the coordinates except
for x;’s. Therefore, by Lemma 2.7, the original (H, D(w) — D(¢)) is log canonical by induction on
(m(H), M(H)) C Z=° x Z=° endowed with the lexicographic ordering. This completes the proof of
Proposition 2.5, and thus Lemma 2.2.

2E. Proof of the logarithmic base change theorem. Here is an immediate consequence of Lemma 2.2.
Corollary 2.8. In the setting of Lemma 2.2, we have the inclusion
g* fe(ox (E)/wy(D)®N) C fI (wx(E")/wy (D)®Y).
Proof. Since g is flat, g"*wy,y = wx;y’, which implies that
g (0x (E)/oy (D)®N) = (ox(E - D)/wy)®"

= (0x/(E + D' = D) /wy (D)
C pr(@x(E") [y (D")EV).

)®N

Taking pushforward £ on each side, we obtain the inclusion, since g* fix = f, g’* by the flatness of g. [

Proof of Theorem 1.2. As given in the assumption, g : (Y’, D’) — (Y, D) is a strict morphism of log
smooth pairs such that g|y» p/: ¥'\ D’ — Y\ D is smooth. Then the set of points on D, such that either
D is singular or g|p; : D} — D is singular for some stratum Dj of D', is a Zariski closed subset of ¥
with codimension at least 2. Therefore, there exists an open subvariety Yy C Y with codimy Y \ Yy > 2,
such that gl,—1(y,) : (Yg, Dy) — (Yo, Do) is strictly smooth. Since we are taking the double dual at the
end, we need only prove the inclusion in the statement of the theorem on Y. Therefore, it suffices to
prove the theorem when g is a strictly smooth morphism of log smooth pairs.
Then by Corollary 2.8, we have

g:[g* fe(ox (E) /oy (D)) ® (0y /(D) /wy (D)®N)] C hu(wx (E") /0y (D)EN).

Further shrinking an open subvariety Yo C Y with codimyY \ Yy > 2 where fx(wy (E)/wy (D)®V) is
locally free, we have the inclusion

Fe(0y (E)/0y(D)®N) @ g« (wy/(D') /0y (D)®N) C hy(wx(E") /oy (D)®N)

from which we obtain the conclusion. O

3. Logarithmic Higgs sheaves and Campana-Paun criterion

In Sections 3A and 3B we review some important constructions from the literature, with small modifications
needed here in the first one. In the end, we prove Theorem 1.7(2) as an immediate application.
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3A. Construction of logarithmic Higgs sheaves. Given a morphism from a smooth projective variety to
a curve, Viehweg and Zuo [41] studied a lower bound of the number of singular fibers via the construction
of Higgs bundles. This construction was later generalized in [42] to a morphism of higher dimensional
varieties with positivity conditions on the fibers. Using the theory of Hodge modules, Popa and Schnell [31]
refined the construction of logarithmic Higgs sheaves with poles along the discriminant divisor in general.
Along with the results of Campana—Paun [5], these provide a powerful method to study the hyperbolicity
of the base of a smooth projective morphism. In this section, we summarize and explain the above,
following Popa and Schnell’s treatment with some simplifications. As before, (Y, D) is a log smooth pair.

Definition 3.1. A graded Oy-module F, = &y F) is a graded logarithmic Higgs sheaf with poles
along D if there exists a logarithmic Higgs structure

Do 1 Fo = Fotr1 ® Ly (log D)

suchthatp Ap: Fo > Foi2 @ Q%(log D) is the zero morphism. Unless otherwise stated, 73 = 0 for
k < 0. Define
Ki (@) := ker(¢x : Fx = Fr+1 ® Qy (log D))

to be the kernel of the Higgs field for each k.

When a surjective morphism f : X — Y with connected fibers satisfies some additional effectivity
condition for a particular line bundle, Popa and Schnell [31, Theorem 2.3] constructed a graded logarithmic
Higgs sheaf with poles along the discriminant locus. For our later use, we modify [31, Theorem 2.3] for
a logarithmic setting, and drop the assumption on the connectedness of the fibers.

Theorem 3.2. Let [ : (X, E) — (Y, D) be a surjective projective morphism of quasiprojective log smooth
pairs with E = f~1(D), and S lx\E is smooth. For a line bundle L on 'Y, assume that some power of
wx(E)/wy(D)® f * £~V is effective (i.e., has a nonzero section). Then there exists a graded logarithmic
Higgs sheaf F, with poles along D satisfying the following properties:

(a) One has L C Fy, and Fj, = 0 for k < 0.
(b) There exists d such that F, = 0 forall k > d.
(c) Each Fy, is a reflexive coherent sheaf on Y .

(d) Each dual Ki(¢)* of the kernel of the Higgs field is weakly positive if Kj (¢) # 0.

In [42], Viehweg and Zuo initially constructed similar Higgs sheaves, under the slightly stronger
assumption that the canonical bundle of the general fiber is semiample.

We recall the definitions and properties of weakly positive sheaves and big sheaves, introduced by
Viehweg [39; 40]; see also [27, Section 5]. In what follows, S®F denotes the double dual of the
a-symmetric product of F, and det F denotes the double dual of the determinant of F.

Definition 3.3. A torsion-free coherent sheaf F on a normal quasiprojective variety W is weakly positive
if, for every positive integer « and every ample line bundle H, there exists a positive integer 8 such that
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S*F® HP is generically generated by global sections. We say F' is big if, for every ample line bundle
H, there exists a positive integer o such that S*F®H is weakly positive.

If F is a line bundle and W is a normal projective variety, then F is weakly positive (resp. big) if
and only if F is pseudoeffective (resp. big). This is immediate from the definition. We recall additional
important properties of weakly positive and big sheaves.

Lemma 3.4 [16; 27; 39; 40]. Let F be a nonzero torsion-free coherent sheaf on a normal quasiprojective
variety W.
(1) Let Wy C W be a Zariski open subset. If F is weakly positive (resp. big), then F|y, is weakly
positive (resp. big). If codimy W \ Wy > 2, then the converse is true.

(2) Let F — G be a generically surjective morphism of nonzero torsion-free coherent sheaves. If F is

weakly positive (resp. big), then G is weakly positive (resp. big).
(3) Let A be a big line bundle. If F is weakly positive, then F ® A is big.
(4) If F is weakly positive (resp. big), then det F is weakly positive (resp. big).

(5) If t : W' — W is a finite surjective morphism of normal varieties, then F is weakly positive (resp.
big) if and only if ©* F is weakly positive (resp. big).
Proof of Theorem 3.2. It suffices to construct F, on the complement of a codimension-2 subvariety in Y,
satisfying properties (a)—(d). Indeed, taking the reflexive hull of F, over Y, we obtain a graded logarithmic
Higgs sheaf, still satisfying the properties of Theorem 3.2. (See Lemma 3.4(1) for property (d).)
Take a resolution ¥ : Z — X of the cyclic cover of X induced by the section of some power of
B :=wx(E)/wy(D)® f *£~!. In particular, there exists a natural inclusion ¥*B~! — O~. Denote
h:= foy:Z —Y,andlet Dy be the union of the discriminant locus A(%) and D in Y. After removing
a codimension-2 subvariety in Y and taking a suitable resolution Z of the cyclic cover, we may assume
that Dy, is a smooth divisor such that Ej, := h~! Dy, is a simple normal crossing divisor of Z.
Let Qx,y (log E) (resp. 2 7,y (log E},)) be the cokernel of the natural inclusion of the logarithmic

cotangent bundles
f*Qy(og D) — Qx(log E) (resp. h*Qy (log Dy) — Q2 z(log Ep)).

Further removing a codimension-2 subvariety in Y sothat f : (X, E)— (Y, D)and h:(Z, Ep) — (Y, Dy)
are strictly smooth (see the proof of Theorem 1.2, for example), we may assume that Qx,y (log E') and
Q2 7,y (log Ey) are locally free from the locally analytic description. As a consequence, we have the
Koszul filtration

Koz? Q¥ (log E) := image [ /*Q% (log D) ® Q' /(log E) — Q% (log E)],

where Qi‘, (logE) := /\iQ x (log E) is the i-th exterior power, for all 0 <i < dim X . Hence, we have the
natural isomorphism

Koz? /Kozt! Q! (log E) = f*Q2% (log D) ® Qi‘,_/qy(log E)
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and the tautological short exact sequence
0— f*Qy(og D) ® QX/Y(log E) — Koz® /Koz? QX(log E)— QX/Y(log E)—0,

which we denote by C /Y(log E). Likewise, we have the tautological short exact sequence C: /Y(log Ep).
From the natural morphism of complexes

0 —— h*Qy(log D) —— ¥*Qx(log E) —— ¥ *Qy,y(log E) —— 0

J l |

0—— h*Qy(log Dh) —_— QZ(log Eh) —_— QZ/Y(IOg Eh) —0

we have the morphism w*CfY /Y(log E)— CiZ /Y(log E}) of the tautological short exact sequences, for
all i. Tensored with the natural injection ¥* B~! — O, we obtain the following morphism of short
exact sequences:

¥ (Cyy (log E)® B — Cly y(log Ep). (3.5)

Let d = dim X —dim Y. From the Leray spectral sequence associated with R, =~ Rfi o Ry and the
adjointness of the pair ({*, ¥«), we have the natural morphism

R¥ (R y(log E) ® B™') > R ha(y* (R y(log E) ® B™1)),

which induces the following commutative diagram of the connecting homomorphisms via the derived
pushforward of (3.5):

R fu(Qyy (log B) ® B™!) —— RETTLf(Qy )y (log E) ® B7) @ Ry (log D)

pd—zl lpd—i-i-l@t
’

: oL, .
R h,(Q Z/Y(logE;,))d—>Rd_’+1h (] (log Ep)) ® Qy (log Dy,)

Z/Y

Due to Steenbrink (see for example [38; 43]), it is well known that ¢/ is the logarithmic Higgs structure
of the graded logarithmic Higgs bundle

d
arfy, gk@ REn (Q% 5 (log E)).
=0

where V) is Deligne’s lower canonical extension along Dy, on Y, with the induced filtration F, associated
to the polarized variation of Hodge structure given by the middle cohomologies of the smooth fibers of /.

The lower canonical extension means that the eigenvalues of the residues of the logarithmic connection
lie in [0, 1). Define

Fr —(1mage[,0k R f*(QX/Y(logE)®B )—>Rkh( Z/Y(logEh))])

for 0 <k <d, and F;, := 0 otherwise. Then, F, is a graded logarithmic Higgs sheaf with poles along D.
Its logarithmic Higgs structure ¢, is induced by ¢, of grf V. Notice that pg is the pushforward f of the
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inclusion
wy (E)/wy(D)® B™' = (w4 (Ep)/wy (Dy)),

which is the adjoint of ¥*(w, (E)/wy (D) ® B™hH — o, (Ep)/wy (Dy). Accordingly, Fo = (£ ®
f«Ox)**, which implies £ C Fy. Therefore, properties (a)—(c) are immediate from the construction.
Observe that F, C grfV,, which implies K (¢) C K (¢’). Hence, we have a generically surjective
morphism Ky (¢')* — K (¢)*. It is well known that Ky (¢')* is weakly positive if not zero [33; 3; 44].
From Lemma 3.4(2), K (¢)* is weakly positive if not zero, which verifies the property (d). O

Remark 3.6. The conclusion of Theorem 3.2 continues to hold when we replace the assumption
k(X,wx (E)/wy (D) ® f*£71) > 0 by the existence of a nonzero morphism

LEN = [ fi(wx (E)/wy (D)EN)]™

for some positive integer N . By the left-right adjointness of ( /™, fi), this morphism implies the existence
of a nonzero section of N -th power of

wx (E)/wy(D)® L7

over the complement of a codimension-2 subvariety in Y. Therefore, we obtain a graded logarithmic
Higgs sheaf F,, on the complement of a codimension-2 subvariety in Y, satisfying the properties of
Theorem 3.2. As at the beginning of the proof of Theorem 3.2, we obtain the desired graded logarithmic
Higgs sheaf via taking the reflexive hull of F, over Y. This refined assumption turns out to be more
convenient for the applications of the logarithmic base change theorem.

The following lemma is obtained from the standard manipulation of logarithmic Higgs sheaves by
Viehweg and Zuo. This allows us to apply Campana and Paun’s results explained in the next subsection
to deduce results on hyperbolicity.

Lemma 3.7. Let (Y, D) be a log smooth pair. Let F, be a graded logarithmic Higgs sheaf with poles
along D satisfying the properties (a)-(d) of Theorem 3.2. Then there exists a pseudoeffective line bundle
P and a nonzero morphism

L8 ® P — (Qy (log D))®k”
for somer >0,k > 0.
Proof. From the logarithmic Higgs structure ¢, of F,, we have a sequence of morphisms
¢ ®id: Fi ® (Qy (log D))® — Fiiy ® (Qy (log D).

Notice that Fj = 0 for large enough k. Therefore, the line bundle £ is contained in the kernel of ¢y ® id
for some k > 0:

L C Ki(¢) ® (Qy (log D).
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This implies the existence of a nonzero morphism
K (¢)* — (Qy (log D)®* @ £71.

Let K* be the image of the morphism and r be the generic rank of K*. From the split surjection
KC*®T s det JC*, where KC* is a vector bundle outside of a codimension-2 locus in Y, we obtain a nonzero
morphism

detC* — [(Qy (log D)®* @ £71]%".

Note that P := det K* is a pseudoeffective line bundle by Lemma 3.4(4). Therefore, we complete the
proof of the lemma. O

3B. Positivity properties of the logarithmic cotangent bundle. We highlight the results of Campana and
Paun [5]. Investigating foliations on orbifold tangent bundles, they studied the positivity properties of their
tensor powers. Together with the logarithmic base change theorem and the construction of logarithmic
Higgs sheaves, this provides the machinery to study the positivity of the base of a smooth projective
morphism.

Theorem 3.8 [5, Theorem 1.3]. Let (Y, D) be a projective log smooth pair such that Ky + D is pseudo-
effective. For every quotient Q of a tensor power of the logarithmic cotangent bundle (Qy (log D))®N
with N > 1, the first Chern class c1(Q) is pseudoeffective.

Theorem 3.9 [5, Theorem 7.6]. Let (Y, D) be a projective log smooth pair, and let L be a pseudoeffective
line bundle on Y. If there exists a nonzero morphism

L — (Qy (log D))®* ® (0y (D))®"
for some integers k > 0 and r > 1, then Ky + D is pseudoeffective.

Originally, Campana and Paun stated their results in terms of an orbifold pair (Y, D), but we restrict
the statements to a log smooth pair since it suffices for our purpose.
As a quick application of the results in this section, we prove Theorem 1.7(2).

Proof of Theorem 1.7(2). Since @y (E)/wy (D) ® f*wy (D) is effective, there exists a graded logarithmic

Higgs sheaf F, satisfying the properties of Theorem 3.2, with £ = a)Y(D)_l. From Lemma 3.7, we have
a pseudoeffective line bundle P and a nonzero morphism

(0y (D)®™ ® P — (Qy (log D))®*’
for r > 0, k > 0. Therefore, Ky + D is pseudoeffective by Theorem 3.9. O

Suppose f : X — P" is a surjective morphism, with X a smooth projective variety of nonnegative
Kodaira dimension. By Theorem 1.7(2), it is easy to see that dimA(f) = n — 1 and deg A(f) >
n + 1. However, when n = 1, Viehweg and Zuo [41, Theorem 0.2] suggest this inequality is not sharp.
Theorem 1.9 and Corollary 1.10 give a sharp inequality whose proofs are provided in the next section,
which primarily use the logarithmic base change theorem.
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4. Proofs

4A. Proof of Theorem 1.5. Theorem 1.5 is a generalization of Popa and Schnell [32, Theorem A],
applying the logarithmic fiber product trick to their proof.

To begin with, we compactify X and Y using Hironaka’s resolution of singularities. Therefore, we
may assume f : (X, E) — (Y, D) to be a morphism of log smooth pairs with E = f~!(D) such that
flx\e : X\ E — Y \ D is the initial smooth morphism of quasiprojective varieties.

The forward implication is immediate due to Maehara [26, Corollary 2]: when Y \ D is of log
general type, then k(X \ E) = «(F) +dim Y. It remains to prove the converse implication, assuming
k(X \ E) =k(F)+dimY. Recall the Easy Addition formula [27, Corollary 1.7], applied to the Cartier
divisor Ky + E:

K(X\E)=«k(X,Kxy +E) <«(F)+dimY.

The equality holds if and only if there exists a positive integer N and an ample divisor 4 on Y such that
f*Ac wx(E)®N,

by [27, Proposition 1.14]. This is an adjoint of the inclusion A C fx(wy (E )®N). Applying Corollary 1.4,
we obtain the following inclusions:

N
(48 0y (D)2 M) C[® feox (B oy (D2M)]™ €[SV (g (BN [y (D)2V)]

Therefore, taking £ = 4 ® (wy (D)®~N), there exists a logarithmic Higgs sheaf F, with poles along D
which satisfies the properties of Theorem 3.2, by Remark 3.6. From Lemma 3.7, we have a pseudoeffective
line bundle P and a nonzero morphism

A®" ® P — (Qy (log D)®*" @ (wy (D)®N"

for some r > 0, k > 0. By Theorem 3.9, Ky + D is pseudoeffective. Note that wy, (D) is a line subbundle
in (Qy (log D))®4mY  Hence, there exists some positive integer N’ such that

A®" ® P — (Qy (log D)V

is a nonzero morphism. Thus, Theorem 3.8 implies that Ky + D is the sum of a big divisor and a
pseudoeffective divisor, so it is big as desired.

4B. Proof of Theorem 1.7(1). We use a similar technique as in the proof of Theorem 1.5. Since
Ky + (1 —€) E is effective, there exists a sufficiently divisible positive integer N such that

f*Oy(D) C oy (E)®V.
This is an adjoint of the inclusion Oy (D) C fx(wy (E Y®N). Applying Corollary 1.4 as in the proof of

Theorem 1.5, we get

(07 (D) ® (wy (D)®~N))®N

C [ @y (EM) joy (D)BN) ],
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and obtain a nonzero morphism
Oy (D)®" ® P — (Qy (log D))®" @ (wy (D) ®N"

induced by the logarithmic Higgs sheaf construction with poles along D. Here, r > 0, k > 0, and P is
a pseudoeffective line bundle. By Theorem 3.9, Ky + D is pseudoeffective. From the split inclusion
wy (D) C (Qy (log D))®dmY “there exists some positive integer N’ such that

Oy(D)®" ® P — (Qy (log D))*N'
is a nonzero morphism. If Q is its cokernel, then c¢; (Q) is pseudoeffective by Theorem 3.8. Since
c1((@y (log D)YEN') = N'(dim )N "¢ (Ky + D) = rei(D) +¢1(P) +¢1(Q)

and P, Q are pseudoeffective, there exists § > 0 such that Ky + (1 —§) D is pseudoeffective.
The sum of a big divisor and a pseudoeffective divisor is big. If —Ky + N D is big for some nonnegative
integer N, then the sum

(N+1-6)D=(—Ky +ND)+(Ky +(1-§8)D)
is big. Hence D is big, and therefore Ky + D = (Ky 4+ (1 —§)D) + 4D is also big.
4C. Proof of Theorem 1.9. Let 1 : (Y D) — (Y, A(f)) be a log resolution of (Y, A(f)). By taking a

suitable resolution X of the main component of X xy Y, we obtain an induced morphism j (X E ) —
(Y, D) of projective log smooth pairs with E:= f (D), and f | & \E is smooth. By Theorems 1.5 and

L7(1), Ky + Dis big in all cases, which implies that Y \ A(f) is of log general type. Therefore, from
Lemma 3.4(1), Ky + D is big.

5. Popa’s superadditivity of logarithmic Kodaira dimension

Popa recently conjectured that for a smooth projective morphism with connected fibers, the (logarithmic)
Kodaira dimension is additive.

Theorem 5.1 [30, Conjecture 3.1]. Let f : X — Y be a smooth projective morphism with connected
fibers between smooth quasiprojective varieties. Then

K(X)=k(Y)+«(F)
where F is the general fiber of f.

As mentioned after Corollary 1.13, the subadditivity k (X) > k(Y) 4+« (F) is implied by the logarithmic
Iitaka conjecture. Hence, Popa’s conjecture suggests its counterpart, namely the superadditivity k' (X) <
k(Y) 4+ «(F), when the morphism is smooth.

As a preparation, recall that the numerical log Kodaira dimension of Y is defined as

ko (Y):=ke(Y,Ky + D),
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where Y is a compactification of ¥ with boundary a reduced simple normal crossing divisor D and k is
Nakayama’s numerical dimension [28, V.2.5 Definition]. This is well defined, independent of the choice
of a compactification. Additionally, it is well known that if k5 (Y) = 0, then £ (Y) = 0 (see Kawamata’s
[17, Theorem 1] combined with Nakayama’s [28, V.2.7 Proposition (8)]).

We first prove superadditivity under the additional assumption that the numerical log Kodaira dimension
of the base Y is equal to zero.

Proposition 5.2. With the notation in Theorem 5.1, assume that ks (Y) = 0. Then
kK(X) <k(F).

The proof of this proposition uses the logarithmic base change theorem as in the proofs in Section 4,
with the following lemma. This is essentially [32, Lemma 14], modified for our use in the case of
torsion-free sheaves. We include its proof for completeness.

Lemma 5.3. Let F be a torsion-free sheaf on a normal projective variety Z, globally generated on the
complement of a codimension-2 locus. If h°(Z, F) > rank F, then h®(Z, (Te\t]-") > 2.

Proof. Denote s := rank F. Via taking the double dual, we may assume that F is reflexive. Let V C Z
be the complement of a codimension-2 subvariety in Z, over which F is a globally generated locally free
sheaf of rank s. Consequently, there exists a generically isomorphic morphism

o :(’)gs—x}".

If oy is an isomorphism on V, then the reflexive hull of «; is an isomorphism on Z, which contradicts
h®(Z, F) > s. Hence, there exists a point z € V' such that a |, is not surjective as a linear map of vector
spaces. Since F is globally generated at z, there exists a morphism

a - Ogs —F
such that a» |, is an isomorphism of vector spaces. Then we have the nonzero global sections
ae\tal 107 —>a€t}', E&az 107 —>&€t]~',
such that det o1 vanishes at z and det «p is an isomorphism at z. Therefore, we have the conclusion. [

Proof of Proposition 5.2. We argue by contradiction: assume that i (X) > «(F). As at the beginning of
the proof of Theorem 1.5, let f : (X, E) — (Y, D) be a morphism of log smooth pairs with E = f~1(D)
such that f| X\E X\ E — Y \ D is the initial smooth morphism. Notice that

rank(f* (a)y(E)®N)) = PN(F)

where Py (F) is the N-plurigenus of F. Therefore, there exists a positive integer N such that

hO(I_’, T (a)y(E)@N)) > rank(f,,< (a))?(E)‘X’N)).
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Let F be the subsheaf of fi (a)Y(E yoN ), generated by its global sections. Therefore, F is torsion-free
and h°(Y, F) > s := rank F. From the inclusions

N

det 7 C [N fulwp(E)®N)]™ < [@ fulox()®)] .

we have

. ®—Nsy\\ON Ns SN *x
(@7 & (0p (D)2 € [@ fulwy (£)/wy (D)®V)]
N
C [ *( ) (a)y(Ns) (E(Ns))/wf/(D)@N)]**
by Corollary 1.4. As in the proofs of Theorems 1.5 and 1.7(1), we obtain a nonzero morphism
A®T QP — (97(10g D))®kr ® (a)?(D))®Nsr’

where 4:=detF, r >0,k >0,and Pisa pseudoeffective line bundle. Hence, there exists some positive
integer N/ and an injection
A®" Q@ P — (Q2y(log D))®N/

with the quotient Q, which implies that
N'(dim )N "¢ (Ky + D) = re1(A) + ¢1(P) + ¢1(Q).

We now take Nakayama’s numerical dimension on both sides. Due to [28, V.2.7 Proposition (1)] and
Theorem 3.8, we have

ko (Y) =ko(Y, Ky + D) > k(Y , A).
However by Lemma 5.3, we have x4 (Y, A) > 1, which contradicts ks (¥) = 0. O

Theorem 1.12 states the superadditivity of the log Kodaira dimension when the very general fiber
of the log Iitaka fibration of the base has a good minimal model. This is obtained as a consequence of
Proposition 5.2 via the Easy addition formula.

Proof of Theorem 1.12. Let i : (f, 13) — (Y, D) be a log resolution with the log Iitaka fibration
n: ()7, 5) — I. Since the log Kodaira dimension is invariant under birational modifications (see e.g. [8,
Lemma 2.3.34]), we have /2(}7 \ 5) =k(Y)and k(X xy Y \ 13) = k(X). Hence, taking the base change
of f via yt, we may assume (Y, D) = ()7, D).

Let /: (X, E) — (Y, D) be a morphism of log smooth pairs with E = f~1(D) such that f|)7\E :
X\ E — Y \ D is the initial smooth morphism. Then we have the composition of morphisms

X.EyL 7.0y 1.
Denote by (G, D|g) (resp. (H, E|g)) the very general fiber of n (resp. no f). The restriction map

f|H(HsE|H)_>(GvD|G)
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is a morphism of log smooth pairs with E|g = f |;{1 (D), and f|p\ E|; is smooth. From the assumption,
the pair (G, D|g) has a good minimal model of log Kodaira dimension zero, which implies that

By Proposition 5.2, we have
k(H,Kg + E|g) < k(F),

hence, by the Easy addition formula applied to no f, we obtain
K(X)=k(X,Ky+E)<«(H,Kg+E|g)+dimI <«k(F)+&(Y),
which concludes the proof. O

In the remaining section, we state the logarithmic litaka conjecture for projective morphisms over
quasiprojective curves. This result is well known to experts but is not explicitly stated in the literature, so
we provide a brief proof.

Proposition 5.4. Let [ : X — Y be a projective morphism with connected fibers between smooth

quasiprojective varieties. If dimY = 1, then
kK(X)=ik(Y)+«k(F).

Proof. When Y is of log general type, the conclusion follows from Maehara [26, Corollary 2]. When Y is a
projective curve of genus 1, it follows from Kawamata [15, Theorem 2]. When Y = P! or Y = P! — {00},
we have k(Y) = —oo0.

It suffices to prove i (X) > k(F) when Y = P! —{0, co}. To begin with, we compactify the morphism
fas f:(X,E)— (P',D)sothat D =0+o00, E= f~1(D), and f|X\E = f. As in the proof by
Viehweg and Zuo [41], there exists a cyclic cover P! — P! of degree d, étale over C* = P! — {0, oo},
which induces a semistable reduction at {0, oo} for a sufficiently large and divisible d (Kempf et al. [21]).
Let the resulting semistable reduction at {0, oo} be the commutative diagram

X X

Pl
pl 2224 pt1

Write X’ := v~ !(X). Since v|x : X' — X is a finite étale morphism, we have ki (X’) = i (X) by Iitaka’s
[14, Theorem 3]. Therefore, we reduce to the case where the fibers of f over {0, co} are reduced simple
normal crossing divisors.

i Since O (E) = F*0p1(2) = f*a)u;l, we have oy (E) = wx p1- By V_iehweg’s [39, Theorem III],

k

X! decomposes into a

f*a)l)i( /pt is weakly positive for all £ > 0. Therefore, the vector bundle fiw
direct sum of line bundles of nonnegative degree on P!, which implies that

(P!, f*a)g‘?/[pl) = rank(f*a)ﬁ,—/ﬂm) = Pi(F)
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where Py (F) is the k-plurigenus of F. Hence, h°(X, k(K% + E)) = Pi(F) for all k > 0, so we have
kK(X) = «k(F). O

In particular, Theorem 1.12 and Proposition 5.4 imply Corollary 1.13.

6. Uniruledness of fibrations over projective spaces

Assume we have a surjective projective morphism f : X — P! with at most two singular fibers. From
[41], we have k(X)) = —oo, and the nonvanishing conjecture implies that X is uniruled. In other words,
putting these two together, we have:

Conjecture 6.1. Let X be a smooth projective variety, and f : X — P! be a surjective morphism with at
most 2 singular fibers. Then X is uniruled.

As mentioned in the introduction after Theorem 1.15, Pieloch [29] proved the conjecture when f has
at most one singular fiber, and obtained a partial result when f has two singular fibers. The proofs are
symplectic; the algebro-geometric proofs were previously unknown.

In what follows, we give an algebraic proof of this conjecture under the additional assumption that
the general fiber has a good minimal model. The key idea is the invariance of the canonical rings of
smooth fibers stated in the following theorem. This contains Theorem 1.15. We also state an analogous
conjecture over a higher dimensional base below.

Theorem 6.2. In the setting of Conjecture 6.1, assume that the fibers of f are connected. Then, the
canonical rings of all smooth fibers are isomorphic. Moreover, if the general fiber F has a good minimal
model, then X is uniruled. In particular, if the fibers are of general type, then f is birationally isotrivial,

and X is uniruled.

Proof. As in the proof of Proposition 5.4, it suffices to consider the case when f is semistable with at
most 2 singular fibers over {0, 00}. Let D = 0+ oo and E = f~1(D). Since Kp1 + (1 —8)D is not
pseudoeffective for all § > 0, Kx + (1 —€) E is not effective for all € > 0 by Theorem 1.7(1). Therefore,
there is no nonzero morphism

O":Dl (1) —> f*a)‘]{//lpl N

which implies that
x Py (F)
f*a)X/Pl = @ Ou:ul. (63)

Alternatively, [41, Proposition 4.2] proves that the degree of f a))’; /p! is equal to zero, which implies (6.3).
As a consequence, the multiplication map

k N C ket
Jx@x p1 ® Jx 0y jp1 = Jx@y i

is constant on the fibers, and hence is isomorphic to

[HO(F,0k) ®c HO(F,0k) - HO(F, 0% ®c Op1.
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Therefore, the canonical ring of every smooth fiber is isomorphic to the canonical ring R(F, wp) of F,
which is isomorphic to R(X, wy/p1), establishing the first assertion. Accordingly, the litaka model /
of (X, wy p1) is the litaka model of (F, w). Resolving the indeterminacy of the litaka morphism, we
obtain the diagram

X/
BN
fflX--=1
S
H:Dl

Notice that 7 is also the Iitaka fibration of (X’, wy /”:Dl), and the restriction map 7| -1(y) o) -1
for the general point y € P! is the litaka fibration of F.

Suppose F has a good minimal model. Then, it is well known that every fiber in the smooth locus of the
Iitaka fibration of F has a good minimal model (see e.g. [9, Theorem 1.2]). Now, it suffices to prove that
X" is uniruled, hence that the very general fiber Z’ of 7 is uniruled. We have «x (Z’, oy /p1]|z/) = 0 by
Titaka’s theory of D-dimension [27, (1.11)], which implies that k (Z’, C()Z//ﬂ:ul) =0. Consider f":Z' — Pl
then its general fiber G’ is the smooth fiber of the Titaka fibration of F. By Viehweg’s weak positivity

theorem, we have
r k ~
*Cl)Z//[FDl = Oﬂ]}l )

whenever a)g, admits sections. Since G’ admits a good minimal model from the assumption, it is well
known that Z’ has a relative good minimal model Z” over P!. If we denote [ : Z"” — P!, then w7 is
2,, p1 = Op1, we have wé,, ~ [ *a){; .- Accordingly, the canonical divisor

K 7~ is not pseudoeffective, which implies that any resolution of Z” is uniruled [2]. Therefore, Z' is

f"-semiample. From f}'w

uniruled as desired. g

Remark 6.4. In fact, Theorem 6.2 extends to the case where f has disconnected fibers. Indeed, the Stein
factorization of f : X — P! is P!, and the induced morphism again has at most two singular fibers. This
is because a finite covering of P! branched over at most two points is either an identity map or a cyclic
map, i.e., z z9 for d > 1 with an appropriate choice of the coordinate z.

Combining Corollary 1.10 and the nonvanishing conjecture, we obtain the following higher-dimensional
analogue of Conjecture 6.1. In the remaining section, we prove this conjecture for n = 2 under the same
additional assumption as in Theorem 6.2, that the general fiber has a good minimal model.

Conjecture 6.5. Let X be a smooth projective variety, and f : X — P" be a surjective morphism with
either dim A(f) <n—2ordeg A(f) <n+ 1. Then X is uniruled.

Corollary 6.6. In the setting of Conjecture 6.5, assume that n = 2 and the fibers of f are connected. If

the general fiber F has a good minimal model, then X is uniruled.
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Proof. The discriminant locus A( f) is the union of a plane curve C (possibly empty) of degree at most 3
and a finite set .S of points.

Case deg C <2 or C = ¢: The general projective line in P? intersects A( ) at most 2 points. Then the

preimage of the line is uniruled by Theorem 6.2. Therefore, X is uniruled.

Case deg C = 3: If C is a smooth cubic plane curve, P? is covered by projective lines tangent to C,

and only finitely many such lines pass through S. If C is a singular cubic plane curve, pick a singular
point p and consider all projective lines through that point. Likewise, only finitely many such lines pass
through S. In all cases, P? is generically covered by lines that intersect A( ) at most 2 points. Therefore,
we conclude that X is uniruled. O

Remark 6.7. For n > 3, the possible configurations for the discriminant locus in Conjecture 6.5 are very
complicated; the case by case analysis in the proof of Corollary 6.6 is no longer valid. Still, if the degree
of the divisorial component of the discriminant locus is at most 3 and F has a good minimal model, then
X is uniruled. This is because when we slice [P” by a general projective plane P2 C P”, the preimage is
uniruled by Corollary 6.6.

7. Boundary examples and further remarks

We present boundary examples showing that the inequality in Corollary 1.10 is sharp. Specifically, we
demonstrate morphisms to P” such that the domains have the Kodaira dimension equal to zero and the
discriminant loci are divisors of degree n + 2 in P”.

Example 7.1 (isotrivial example with discriminant locus of minimal degree). First, we construct a finite
cover of P" with trivial canonical bundle branched over a hypersurface of degree n + 2. Let D C P" be
a degree n + 2 hypersurface with simple normal crossing singularities. Consider a degree n + 2 cyclic
cover X' — P associated to D. Then X has Gorenstein rational singularities and wy = Ox. We resolve
the singularities of X by a series of smooth blow-ups over the branch locus, i : X — X. Then the
composition f : X > P"isan example with /#°(w ) = 1 and the discriminant locus A(f) = D is the
hypersurface of degree n + 2.

Now, we use the construction above to build an example with connected fibers over P”, with n > 2. To
begin with, when D is a smooth degree n 4 2 hypersurface, the cover f : X — P" we constructed above
is a smooth Galois cover with a Galois group G = Z/(n + 2)Z. Consider a G-action on X X X

0:GxXxX—>XxX, o(g x1,x2):=(g 'x1,2x2).

Since G is abelian, the action is well defined. Hence, the projection onto the second factor pry : X x X — X
is a G-equivariant morphism, from which we obtain an induced morphism of quotients by the G-action:

P (X x X)/G > X/G = P".
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All the fibers of pr, over P” \ D are isomorphic to X. Therefore, if we denote by u: W — (X x X)/G a
resolution of singularities, which is an isomorphism away from the singular locus, then we have k(W) =0
from the following lemma, and the induced morphism 4 : W — P” satisfies A(h) = D.

Lemma 7.2. Under the above notation, (X x X')/ G has canonical singularities and the Kodaira dimension
of a desingularization of (X x X)/G is equal to zero.

Proof. Let E = f~1(D) be the ramification divisor of f on X. The G-action is free outside of
E x E C X x X; hence, it suffices to prove that the quotient singularities at points (x1,x,) € E x E are
canonical. Let { be a primitive (n + 2)-th root of unity. Locally analytically, the G-action near x € £ C X
is equivalent to

Gioeonzn—tz) > (2100 oo 2p—1,C"zn), meZ/(n+2)Z

where zy, ..., z,—1, z, are local coordinates and z; = 0 is a local equation of E. Therefore, at each point
(x1,x7) € E x E, we obtain a singularity, which is analytically isomorphic to

CZn—Z % (Cz/ﬁ(l,q))

where C?/ ﬁ(l,q) is the standard abbreviation of the surface cyclic quotient singularity of type
ﬁ(l ,q). This singularity is well known to be canonical if and only if ¢ = —1 (by the Reid-Tai criterion
[34, (4.11)], for example). Therefore, the locus in E x E where the quotient singularities are canonical is
both open and closed in the analytic topology. Notice that ¢ = —1 on the diagonal £ C E x E from the
definition of the G-action. Thus, (X x X)/G has canonical singularities.

Since the quotient morphism X x X — (X x X)/G is étale away from a codimension-2 subvariety,
we have an equality

K(X x X, 0xxx) =k (X xX)/G,0xxx)/6) =0.
which completes the proof. O

In particular, when # = 1, we have a triple cyclic cover f : C — P!, with C an elliptic curve branched
over three points. Then the minimal resolution of (C x C)/G turns out to be an elliptic K3 surface fibered
over P! with three singular fibers sitting above the branch points. See [35, Section 2] for details.

The next example is a threefold with zero Kodaira dimension, mapping to P! with three singular
fibers, obtained as an application of Viehweg’s base change theorem. In this example, the fibers are
connected and the family is birationally nonisotrivial, unlike in the previous one. We say that the family
is birationally isotrivial if the general fibers are pairwise birationally isomorphic.

Example 7.3 (nonisotrivial example with discriminant locus of minimal degree). Let f : S — P! be a
family of elliptic curves parametrized by

2 =x(x—1)(x—A).

To be specific, let S C P2 x P! be a hypersurface of type (3, 1) defined by y?z = x(x — z)(x — Az),
where X, y, z are the coordinates of P and A is the coordinate of P! = A! U {oc}. By adjunction,
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wg = [*Opi(—1), so that
f*wS/Pl =~ Opi1(1).

Notice that f has three singular fibers at {0, 1, co}; over {0, 1} we have a nodal cubic curve, and over
{oo} we have a union of three concurrent lines. We can verify by computation that S has A {-singularities
at the nodes over {0, 1} and has an A4-singularity at the planar triple point over {oo}. Let  : S — S be
the minimal resolution of singularities and f : S — P! be the induced morphism. Then f has semistable
fibers over {0, 1} and a nonsemistable fiber over {oco}, with

];*a)g/[p] = Opl (1)

Take an automorphism of P!, fixing 0 and flipping 1 and oco. Let f ’:'§ = P! be the induced family,
which now has semistable fibers over {0, oo} and a nonsemistable fiber over {1}. Let X := S Xpl S
be the fiber product of f and f /. and let X be the resolution of X, which is an isomorphism over the
smooth locus of X. Let & : X — P! be the induced morphism. By Viehweg’s base change theorem
(Theorem 1.1),

h*a)f/ﬂ)l = O[Fol (2),

which implies that /°(w ) = L. In fact, we have K(X) =0, analyzing the pushforwards of pluricanonical
bundles. Therefore, there exists a threefold X such that k (X) =0, and X — P! is birationally nonisotrivial
with exactly three singular fibers.

We close by addressing a question, raised by Kovécs [23, Question 0.6], whether imposing a stronger
condition on the Kodaira dimension of the total space increases the degree of the discriminant locus. We
observe that this is not the case, by demonstrating morphisms f : X — P” such that X is of general type
and the degree of the discriminant locus A( f) is either n + 2 or n + 3.

Example 7.4 (general type example with discriminant locus of small degree). We first explain a general
strategy to construct an explicit example. Suppose we have a smooth Galois cover g : ¥ — P", with a
Galois group G, branched over a smooth hypersurface D as in Example 7.1. For a positive integer N, the
projection onto the N -th factor,

pr:YN—>Y,

is a G-equivariant morphism, where Y is endowed with the diagonal G-action. Then the induced
morphism
pr:YN/G>Y/G ~P"

has A(pr) = D, and the general fiber is connected. Furthermore, if Y is of general type, then a
desingularization of Y /G is of general type for N > 0, by a result of Caporaso, Harris and Mazur
[6, Corollary 4.1]. Therefore, we obtain a morphism f : X — P” such that X is of general type and

A(f) =
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When n = 1, we start with a Galois Belyi map C — P! such that C is a curve of genus at least 2 (see
e.g. [37, Section 6]). Then the construction above shows that the minimal degree of A( f) is indeed 3.

When n > 2, take a cyclic cover g : Y — P” branched over a smooth hypersurface of degree n + 3.
Then Y is of general type; consequently, we have an example with deg A( /) = n 4+ 3 via the construction
above. We expect there to be an example with deg A(f) = n + 2, which we do not know yet.
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We prove a Chevalley formula to multiply the motivic Chern classes of Schubert cells in a generalized
flag manifold G/ P by the class of any line bundle £,. Our formula is given in terms of the A-chains of
Lenart and Postnikov. Its proof relies on a change of basis formula in the affine Hecke algebra due to
Ram, and on the Hecke algebra action on torus-equivariant K-theory of the complete flag manifold G/B
via left Demazure—Lusztig operators. We revisit some wall-crossing formulae for the stable envelopes in
T*(G/B). We use our Chevalley formula, and the equivalence between motivic Chern classes of Schubert
cells and K-theoretic stable envelopes in 7*(G/ B), to give formulae for the change of polarization, and
for the change of slope for stable envelopes. We prove several additional applications, including Serre,
star, and Dynkin, dualities of the Chevalley coefficients, new formulae for the Whittaker functions, and
for the Hall-Littlewood polynomials. We also discuss positivity properties of Chevalley coefficients, and
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1. Introduction

Let G be a complex, semisimple, Lie group and 7 C B C P C G be a parabolic subgroup containing a
Borel subgroup and the (standard) maximal torus. Let W be the Weyl group determined by (G, T). In
the study of cohomology and K-theory rings of (generalized) flag manifolds G/ P, the Chevalley formula
expresses the multiplication of a Schubert class by the class of a line bundle, or a Schubert divisor in
G/ P. If one works equivariantly, this formula determines completely the multiplication in the equivariant
K ring. In this paper we prove a Chevalley formula for the coefficients C :f , () € Kr(pt)[y] arising in
the multiplication

MCy (X (w)°) - L, ZZC%(y)MCy(X(u)") ey

in the equivariant K-theory ring K7(G/B)[y]; see (27) and Theorem 5.2 below. Here M C, (X (w)°) €
K7(G/B)[y] is the motivic Chern class of a Schubert cell X (w)° C G/B, and £; = G x? C, is the line
bundle on G/B associated to the one-dimensional B-module of weight A.

The motivic Chern classes M Cy (X (w)®) € K7(G/B)[y] have been defined by Brasselet, Schiirmann,
and Yokura [BSY10] more generally for elements [Y — X] in the Grothendieck group Go(var/X) of
varieties over X. They are the unique classes which are functorial with respect to proper morphisms
f 1 X1 — X3, and which satisfy the normalization condition M C[idx : X — X]= A, (Ty) for X smooth,
where A, (T3) =Y y' [/\i Ty] is the Hirzebruch A, class; see Section 4 below. They may be thought of as
the K-theoretic generalizations of Chern—Schwartz—MacPherson classes defined by MacPherson [Mac74].

The motivic Chern classes of Schubert cells generalize well studied classes from Schubert calculus.
If y = 0, the motivic class M C, (X (w)°) is equal to the class of the ideal sheaf [Ox ) (—3dX (w))] of
the boundary 0X (w) = X (w) \ X(w)°, where X (w) = Tw)" is the Schubert variety. If y = —1, then
MC, (X (w)°) is equal to the class of the unique T'-fixed point in X (w)°; see [AMSS24b]. The Poincaré
duals of the classes M C, (X (w)®), the Segre motivic classes [AMSS24a; MS22], specialize when y =0
to the Grothendieck classes of the structure sheaves of the opposite Schubert varieties. Our Chevalley
formula (1), and its analogous formula for the Segre motivic classes, specialize to known Chevalley
formulae for K-theoretic Schubert classes and ideal sheaves from [GR04; LPO7].

The formula for the coefficients C;/; (v) € K7 (p1)[y] from (1) follows from a formula of Ram [Ram06]
in the affine Hecke algebra H, calculating transition coefficients between two bases {T,, X*} and {X*T,,}
of the affine Hecke algebra:

X7 = Y (=)' x T, 2)

neX*(T),uew
Here T,, is an element in the standard basis of H, X~ is an affine element in H, and X*(7) denotes the
weight lattice of 7. Ram’s formula is stated in terms of a combinatorial model utilizing alcove walks,
and it is convenient for our purposes to rewrite it utilizing in terms of A-chains, a model introduced and
studied by Lenart and Postnikov [LP0O7; LPOS8] in relation to equivariant K theory of flag manifolds.
We refer to Theorem 3.9 and Theorem 3.10 for the precise statements in the Hecke algebra in terms of
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A-chains, and to Section 5.1 for the formulae involving motivic Chern classes. We also note that (affine)
Hecke algebras have long been used to obtain Chevalley formulas in various contexts, for example in
[PR99; LPO7]. We state next our main result.

Assume A is an integral weight and fix a reduced A-chain (81, B2, ..., B1). The chain corresponds to
an alcove walk from the fundamental alcove A, to A, — A, with separating hyperplanes H_g; 4. Denote
by sg the reflection determined by the root 8. We refer the reader to Section 3 below for full definitions.
The following is our main result; cf. Theorem 5.5.

Theorem 1.1. The following Chevalley formula holds in K+ (G/B)[y]:

LL®MCy (X)) = Y Cr,MCy(Xw)°),

neX*(T)
ueW
where the Chevalley coefficients are given by
l _ _ _ ~
C;ﬁ—)\ — Z (_1)"(1)(1 + y)lfl(_y)z(ﬁ(w) L) =1JD p=wis () 3)
JC(1,2,...1)
and the sum is over subsets J = {j; < --- < j;} C {1,2,...,1} such that u < usg; < usg; s, <
s < usg; s, - - Sp, = w; the Weyl group element 7;_ is defined in (19). For the multiplication
L, @ MCy(X(w)°), the Chevalley coefficients are given by
1 0 =Ty —why (—
C;‘f)L = Z (_1)”(1)(_1 _ y)lll(_y)z(é(W) =D p=wiy( X)’ 4)
JC{1,2,...1)
where the sum is over subsets J = {j1 <--- < ji} C{l,2,..., 1} such that u < usg, < usg, sg;,_, <<
usg, - -+ -sg; =w, and with 7j_ defined in (16).
The connection between the Hecke algebra coefficients from (2) and the Chevalley coefficients above
is given by
C;‘),_x _ Z yé(w)—i(u)e—ucllzﬁ»|q=7y. ®))
neX*(T)
The coefficients ¢, If are in general Laurent polynomials in y, while C; _, are polynomials in K7 (p#)[y].
In fact, the power y*® =@ from the formula (5) is absorbed into Cy /ﬁ so it becomes polynomial in y.

As mentioned above, our Chevalley formula generalizes to the motivic situation the classical Chevalley
multiplication in K7(G/B). It also generalizes the Chevalley multiplication by (equivariant) Chern—
Schwartz—MacPherson classes of Schubert cells from [AMSS23]; a short, self-contained, proof of this is
given in Appendix A.

All these specializations are appropriately positive, in the sense of [Buc02; Bri02; AGMI11]. In
Section 5.3 below we investigate some positivity results for the general formula. Notably, our formula
for the multiplication by £, with A dominant (i.e., when £_, is globally generated) may be written as a
positive combination of products g¢(g — 1)?, with ¢ = —y; see Proposition 5.7. This positivity is similar
to the one satisfied by R-polynomials in Kazhdan—Lusztig theory. In an earlier aryiv version of this paper,
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we conjectured different positivity properties for special cases of the Chevalley coefficients, regarded
as polynomials in y. As we explain in Remark 5.10, we since found examples in Lie types Dg, Eg, A7
where the conjectured positivity fails.

We now give a rough idea on the proof of Theorem 1.1. The key connection between the Chevalley
formula in the Hecke algebra to motivic Chern classes, proved in [MNS22b], and ultimately based
on results from [AMSS24a], is that the motivic Chern classes are recursively obtained by certain /eft
Demazure-Lusztig operators 7,- acting on K7(G/B)[y]:

MCy(X (w)°) = TE[O) p].

These operators commute with elements in K (G/B)[y] (i.e., the Weyl-group invariants of K1 (G/B)),
and an argument based on equivariant localization shows that

MCy(X (w)°) - L5 = TE[O1.8]- Lo = TE(Ly - [01.8]) = T.E (e - [O4.8)).

Therefore, the knowledge of the expansion from (2) implies the Chevalley formula in the geometric case.
This argument may be generalized to any homogeneous bundle; see Remark 5.3. In cohomology (i.e., for
the Chern—Schwartz—MacPherson classes), and for G = SL,,, this argument is implicitly utilized in the
paper [FGX22] to obtain a Murnaghan—Nakayama formula.

We briefly survey next other results from this note. Having established a formula to calculate the
Chevalley coefficients, in Section 6 we utilize several dualities with geometric origin (the Serre duality,
the star duality, and the Dynkin automorphism duality) to obtain several symmetries of the coefficients
C}’;.(y). See Proposition 6.5, for example. Combining these dualities shows that the polynomials C}’, ()
are palindromic.

A remarkable property of the motivic Chern classes of Schubert cells, proved in [AMSS24a; FRW21],
is that they are equivalent to the K-theoretic version of Maulik and Okounkov’s stable envelopes; see
[MO19; AO21]. The stable envelopes are elements in the T x C*-equivariant K-theory of the cotangent
bundle, K7xc+(T*(G/B)). In this context, the formal variable y may be identified to the (inverse) of the
character given by the C* fiber dilation on the cotangent bundle. If ¢ : G/B < T*(G/B) is the inclusion
of the zero section, then (*(stab(w)) is a multiple of the motivic Chern class of the (opposite) Schubert
cell for w, where stab is a stable envelope, appropriately normalized.

The stable envelopes depend on three parameters: a chamber, a polarization, and a slope, and the
precise normalizations are essential for this paper. A variation in the chamber results in conjugating by
the Borel subgroup [AMSS24a], and it is encoded in the left Weyl group action [MNS22b] and certain
R-matrix operators [RTV15; RTV19]. Varying the polarization, or the slope, results in the multiplication
of stab(w) by a line bundle £, pulled back from G/B; cf. [AMSS24a; Oko27], and see also Section 7
below. In particular, the coefficients C:jf , (y) from (1) give “wall-crossing” formulae, recording the change
of stable envelopes when its defining parameters are varied. While these wall crossing formulae have
been worked out in [Oko27; SZZ20; SZZ21] (see also [KW25]), in Section 7 we revisit some of these
from the point of view of Theorem 1.1. In particular, we utilize the Chevalley formula to give an explicit
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combinatorial rule relating the stable envelope for the fundamental alcove A, to the one corresponding to
any translation A, 4+ X; see Theorem 7.8.

In addition to our application mentioned above to wall crossing formulae for stable envelopes, in
Section 8 we utilize known relations between motivic Chern classes of Schubert cells, Whittaker functions,
and Hall-Littlewood polynomials, to obtain new formulae for the latter.

Finally, in Appendix A we obtain an analogue of the Chevalley formula (1) for the homological
analogue of the motivic Chern classes, the Chern—Schwartz—MacPherson classes. While this formula
may be obtained by a specialization argument as in [AMSS24b], the degenerate affine Hecke algebra is
much simpler in this case, and a direct proof of the Chevalley formula may be obtained rather quickly.

Notation. We fix the notation utilized throughout the paper. Let G be a simply connected complex Lie
group with Borel subgroup B and maximal torus 7 C B. Denote by g = Lie(G) and by § = Lie(T") be
corresponding Lie algebras. Let RT C h* := b denote the positive roots, which by convention are the
roots in B, and by ¥ = {«; : i € I} the set of simple roots. The set of all roots is R := RT U—R™. We
use a > 0 (resp. a < 0) to denote a € R (resp. « € —R™). For any root a € R, let " C § denote the
corresponding coroot. Denote by

() :h"xh—>Q

the evaluation pairing, and let X*(T) C b* be the weight lattice. For any weight 1 € X*(T), let
L; := G x8 C; be the line bundle on G/B associated to A. The Weyl group is W = Ng(T)/T and it
is generated by simple reflections s; = s,, (i € I). It is equipped with a length function £ : W — Z5¢
defined as the length of a minimal expression of w in terms of the simple reflections; we denote by wq the
longest element. The Bruhat order on W is a partial order determined by the covering relations u < us,
where @ € R and £(usy) = €(u) + 1.

For any w € W, let X(w)° := BwB/B C G/B and Y(w)° := B~wB/B C G/B be Schubert cells,
where B~ is the opposite Borel subgroup. Let X (w) := X (w)° and Y (w) := Y (w)° be the respective
Schubert varieties. Let P(2 B) be a parabolic subgroup with simple roots Xp C X. Let R;.F denote
the positive roots spanned by Xp. Let Wp be the Weyl group generated by the simple reflections s,
o € Xp. Let WP ~ W/ Wp denote the set of minimal length representatives. For any w € WF, let
X(wWp)° := BwP/P C G/P (resp. Y(wWp)° := B~wP/P C G/P) denote the Schubert cell with
closure X (wWp) (resp. Y(wWp)). Let X*(T)p :={A € X*(T) | (A, yY)=0forall y € R;ﬁ} be the set
of integral weights which vanish on (R;F)V. For any A € X*(T) p, we still use £, to denote the line bundle
G x P C;, € Pic(G/P), which has fiber over 1.P the one-dimensional 7-module of weight A.

2. Affine Hecke algebra via alcove walk algebra

In this section we introduce the alcove walk algebra, and a formula of Ram [Ram06] describing a change
of bases matrix for the affine Hecke algebra.
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2.1. Affine Hecke algebra. The affine Hecke algebra H is a free Z[g, ¢ '] module with basis {T,, X*|w €
W, A € X*(T)}, such that

e Forany A, u € X*(T), X*XH* = X1,

» For any simple root «, (T, + 1)(T;, —q) =0.

e For any w, y € W, such that £(wy) = £(w) +£(y), Ty Ty = Tyy
» For any simple root & and A € X*(T),

Xsak _ XA
A Sq A _ _
Ty, X" — X*"T,, = (1 q)—1 —~—
For our geometric application we will need two other bases of the affine Hecke algebra H: {Tw_,l1 X*|
we W, A e X*(T)} and {X’\Tw__ll | we W,A € X*(T)}. Define the transition matrix coefficients
cx’u)j €Zlg,q '1by
T\ X = ) rxtT (6)
neX*(T)
ueWw

The main result of this section is a formula for c}f, ‘f obtained by Ram [Ram06]; see Theorem 2.4.
For the later application to the motivic Chern classes, we also introduce the Iwahori—-Matsumoto
Z[q, q~']-algebra involution ® on H defined by

O(T,,)=—qT,' and OX")=X"

where s, is a simple reflection; see [EM97, Section 5.1]. Hence, @(Tw_}l) = (—¢)~t™T,. Applying ©
to (6), we obtain
LX7= ) ("X, M)

HeX*(T)
ueW

2.2. Alcove walk algebra. In this section we review Ram’s definition of the alcove walk algebra, and
state his formula for the matrix coefficients C;f, ;ﬁ We refer the reader to [RamO06] for a more detailed
account of the alcove walk algebras.

2.2.1. Alcoves. Let ty be the dual of the Lie algebra of the maximal torus 7. For any root o and j € Z,
define
Hyj:={rety|(r,a")=j}.

Notice that Hy, ; = H_q,—j. The connected components of tf \ U, jcz Ho,; are called alcoves. The
codimension 1 faces of any alcove are called the walls of that alcove. The fundamental alcove A, is
defined by

Ao={retf|0< (A, a”) <1, forany positive root a}.

If a1, ay, ..., «, are the simple roots, and 6" is the highest coroot, then the walls of the fundamental
alcove A, are Hp ; and Hy, o (1 <i <r). We label these walls of A, by 0, 1, ..., r respectively.
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The affine Weyl group for the dual root system is defined by Wagr := Q x W, where Q is the root lattice.
Then W, acts simply transitively on the set of alcoves, and this action is determined by the reflections
across the hyperplanes h = H,_ ;, given by

Sa,j (1) = Fp (1) := so (W) + jo  for p € X*(T). (®)

The affine Weyl group is a Coxeter group generated by the reflections sg :=sp,; and s; (1 <i <r) along
the walls of A.. In fact, A, is a fundamental domain for the action of W,¢ on the set of alcoves, in the
sense that any element in tg \ U >0, je7 H,_ ; is sent to exactly one element in A,. See [Ram06; Hum90]
for details.

The extended affine Weyl group for the dual root system is Wff’;‘ = X*(T) x W, where X*(T) is the
weight lattice. For any A € X*(T), let 7, denote the corresponding element in W' There is a length
function £ on W:f’;t defined by the following formula (see [Mac96, equation (2.8)]):

0 ifaeRt,

Cw) =) [ w@”) + x(w@)].  where x(@) = {1 ifoaeR™.

a€RT

Let © C W' be the subgroup of length zero elements in WS5'. Then W' =~ W % Q, see [Mac96,
equation (2.10)], and ¢(wg) = £(w) for any w € Wy and g € Q2. The elements in €2 preserve the
fundamental alcove A, and act as automorphisms.

Using a bijection between Wy and the alcoves in t5,, one defines a bijection between W;’f’? >~ W X Q
and the alcoves in Q x t}; (|€2| copies of tf, each tiled by alcoves). We label the walls of every alcove
in Q x  in an W{'-equivariant way: for each w € W' the walls of wA, are wHy, o (1 <i <n) and
wHp 1, and they are labeled by i and 0, respectively. In particular, if two adjacent alcoves A1 and A, are
separated by a wall labeled by i (in both A; and A;), and A| = wA, for some w € W:f’;‘, then A, = ws; A..
Equivalently, in terms of the wall crossings, if w = gs;,s;,- -+ -5;, € szf’l‘ct, withge Qand0<i; <r,
then the alcove wA, in 2 X tTR is the alcove obtained from rotating the fundamental alcove A, according to
the automorphism g, then reflecting along the walls labeled (in order) by iy, ..., i;. See also Lemma 3.3.

Example 2.1. We consider the example of the root system of type A;. Let o be the positive root, and
w = a/2 be the fundamental weight. The weight lattice X*(T') is Zw, the root lattice Q is Z«, and the
finite Weyl group W is {id, s; = s, }. The affine Weyl group W = Q x W has Coxeter generators s, and
80 = ty51. The subgroup of length zero elements in W is @ = {id, g = 1,51} ~ Z/27.

In the following picture for 2 x t7,, the lower sheet is the identity sheet, while the upper sheet is the

} 2505150 (|) 25051 } £50 (|) g 1| g5 (|) 25150 ]| 2515051 (|)
! 1_3p ! T—wS1 ! —w ! TwS] ! tw ! 13451 ! 130 !
(|) 515051 } $150 (l) S1 1 id (|) S0 } 5051 (|) S05150
! g1 ! L ! 1 ! id ! TaS] ! lo ! Das1

Ha,—3 Ha,—Z Ha,—l Ha,() Hoz,l Ha,2 Ha,3 Ha,4
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sheet g x tj;. Each alcove wA, is labeled by the corresponding w € WS, both in the Coxeter presentation

and the translation presentation. In the lower sheet, the walls H, , are labeled by 1 if n is even, and 0 if n
is odd. On the upper sheet, the labelings are in the opposite way.

2.2.2. Alcove walk algebra. We recall a realization of the Hecke algebra in terms of alcove walks; see
[Ram06]. For each positive root o and hyperplane H,_;, set the positive side of it to be {1 e t}; | (A, «) > j}.

Definition 2.2. The alcove walk algebra is generated over Z[q, q‘l] by elements g € 2, and for 0 <i <r,
the elements c;r (positive i-crossing), ¢; (negative i-crossing), ff (positive i-fold) and f;~ (negative
i-fold), subject to the following relations, sometimes called straightening laws:

- - - +_ 4+ +_ ot
o= ST o =+ g =08 &S = L8

In terms of pictures, these generators can be drawn as follows:

i i i i

T

+ - + -
¢ Ci f; f;

+ -
— &

Here, ci+ represents a crossing of a wall labeled by i from its negative to its positive side, and similarly for
the other generators. The product is given as concatenation. An alcove walk is a word in the generators
such that

« the tail of the first step is in the fundamental alcove A, and

« at every step, either we change the sheet according to an element in 2 (thus rotating the alcove according
to this elements), or the head of each arrow is in the same alcove as the tail of the next arrow.

An alcove walk p is called nonfolded if there is no fijE in its word. The length of an alcove walk is
the number of letters cii, fijE in an alcove walk. (In particular, rotation with respect to an element of Q2
does not contribute to the length.) For a minimal alcove walk between two alcoves, one can show that the
walk is nonfolded, thus its length is the number of cijE in the walk [RamO06]. From this it follows that if
w € WY, then £(w)=length of a minimal length walk from A, to wA..

Pick a square root q% of g. The following was proved by A. Ram.

Proposition 2.3 [Ram06, §3.2]. (a) The affine Hecke algebra H is isomorphic as a Z[q%, q_%]-algebra
to the quotient of the alcove walk algebra by the relations

. 1 _1 _ 1 _1
=) ff=@—a, f == ~q7Y) ©)
and
p=p if pand p’ are nonfolded alcove walks with end(p) = end(p’), (10)

where end(p) means the final alcove of p.

(b) Under the previous isomorphism, for any w € W and ) € X*(T): !

1
IThe q2 and T§; in [RamO06, Proposition 3.2(b)] are our ¢ and ¢~ 2 T;, respectively.
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e a minimal length alcove walk from A, to wA, is sent to g*)/? Tuj_ll, and,
o a minimal length alcove walk from A, to t, A, is sent to X A,

For an alcove walk p, define the functions weight wt(p) € X*(T), and final direction ¢(p) € W of p
by the condition that p ends in the alcove 7, ()@ (p)A.. Let

f~ (p) = number of negative folds of p,
£t (p) = number of positive folds of p,

fp) =1+ (p.
Now we can state the formula for the matrix coefficients c;"lf defined in (6); see also (7).

Theorem 2.4 [Ram06, Theorem 3.3]. Let A € X*(T) and w € W. Fix a minimal length walk p,, =

C; € cy from Ag to wA, and a minimal length walk p; = cjl' cjj .

g€ W:f’g’ is defined by the condition g Wass = t; Wagr 2, and €; = % for each i. Then

. cj: g from A, to 1 A,, where

—1 - 1 1 _ _1
quX?\ — Z(_l)f (p) (g2 —q 2)f(17)q2(5(<ﬂ(ﬁ)) ﬁ(w))le(P)T(p(p)il’ (11)
p
where the sum is over all alcove walks p of the form
p= cl._lcl.; .- -c;p‘,-lpj2 - pj,g such that p; € {cfk, ffkk}. (12)
Therefore the matrix coefficients c, li‘ in (6) are given by
c;f;i\ — Z (_1)f+(p)(1 _ q)f(l?)q%(K(M)—e(w)—f(l?)). (13)

p of the form (12)
p(p)=u,wt(p)=p

Example 2.5. Let G = SL(2, C). We use the same notation as in Example 2.1. We check the above
theorem for w = s and A = w. From the alcove picture in Example 2.1, TSI_1 is represented by the

1/ Zcf, while X is represented by the walk gcfL = caL g. Thus, the sum in the

minimal length walk ¢~
right hand side of the Theorem is over the alcove walks ¢, ¢, g and ¢ f0+ g, which end at the alcoves
t_,S1A, and 1_, A, respectively. (Note that cl_car g, which represents TSI*IX “, is not an alcove walk.)

Therefore, the identity in the theorem is

T,'X=X"T; ' —q "1 —q)X .
On the other hand, it is easy to check the above equation using the definition of the affine Hecke algebra
in Section 2.1.

Remark 2.6. In Theorem 2.4, one may relax the hypotheses about the alcove walks p,, and p, to be of
nonminimal length. This follows from analyzing the proof of Ram’s result in [Ram06]. We do not use
this, but it is consistent with our use of nonreduced A-chains in Section 3 below.

ZWe need to add this extra g € Q since 1) A, may not on the same sheet as A,, see Example 2.5. The stated conditions
determine g uniquely.
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Consider an ordered collection of hyperplanes H = {Hag, t,, ..., Hg, i} and set h; := Hpg, ;.. Associated
to this sequence we define the elements

P =gk - o - Spok € Waits  ru=sp - -+ - s €W.
(These depend on the order of #.) We also define an H-restricted version of the Bruhat order on W by
whue=w> WSg, > WSB, Sp, > -+ > WS Sp, + -+ -Sg, = U. (14)

Lemma 2.7 (compare [Lenl1, Proposition 2.5]). Let w € W and » € X*(T). Fix:

e an alcove walk p,, from A, to wA,;

€] €
o an alcove walk p; = c'c¢? -

€
WCh cjngrom A, to 1, A..

Let h; = Hg, i, for 1 <i < s be the sequence of hyperplanes defined by the walls of alcoves crossed by
P, With B; € RS and k; € Z.
Then there is a bijection between

(1) the set of alcove walks of the form p = pypj, ... pj, suchthat p;, € {cjik, f;"}, and
(2) the set of subsets M ={hy,,, ..., hp,} CH=1{h1, ..., hs}withm| <my <---<my, st w é WM.

Under this bijection, the indices m; correspond to the positions of foldings f,'. Furthermore,

¢(pg) = wrp and wi(pg) = wip ().
Remark 2.8. This statement is a slight generalization of Lenart’s result. We do not require A to be

dominant, and therefore we need to allow 8; € R to be a negative root.

Proof. The proof follows the same outline as that of [Lenl1, Proposition 2.5], so we will be brief. To
start, consider the unique unfolded alcove walk po = py,pj, ... pj suchthat p; € {cﬁ}. Any other alcove
walk p as in the statement is of the form

p= ¢m, te ¢m1 (po),
where m; is the folding operation at position m; (cf. [Lenl1]) and the m;’s with m; _; < m; are the
folding p(/)sitions of p. This alcove walk has the property that if k ¢ {m, ..., m;} then p; € {cjik} and
Pin, = fj;'lﬁi (1<i <t). Inaddition p(pg) =wrp and wt(pg) = wir((A). Let My ={hp,, ..., hy, } CH=
{h1, ..., hg}for1 <i <t with the convention that My =& and r; =id. A key pointis that wraq, | > wrpy,
if and only if the folding orientations satisfy €,, = ¢,,. (The proof uses the condition that if 8 > 0, then
wsg > w if and only if w(B) > 0.) All this put together implies that {h,,,, ..., hy,} < Gm; - dm, (Po)
gives the bijection in the statement. O

For a subset M C H as in Lemma 2.7, set p(M) to be the alcove walk pg associated to M, and set
frM) = fH(p(M)).

We next reformulate Ram’s result from Theorem 2.4 in terms of paths in the Bruhat order.
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Corollary 2.9. Let u,w € W and ,, u € X*(T). Assume the same hypotheses and notation as in
Lemma 2.7. Then

+ 1 _ _
cmzz(_l)f M) (] — g)Ml g2 E—Ew)—IM)
M

where the sum is over subsets M C H which satisfy w % u = wra and = wrp(X).

Remark 2.10. A priori, the coefficients ¢, lj appearing in the walk algebra are in Z[qi%]. However, after
matching these with the initial definition of Hecke algebras, it turns out that ¢, lf € Z[g*']. This can also
be seen directly in the formula above, by observing that £(u) — £(w) — | M| is even. (This uses that a
reflection has odd length, and the cancellation property of nonreduced expressions.)

3. A A-chain formula for the transition coefficients ¢, ,’,i‘

In this section we reformulate the alcove walk formula from Corollary 2.9 in terms of the notion of
A-chains introduced in [LPO7]. This notion was utilized to obtain a K-theory Chevalley formula for the
structure sheaves of Schubert varieties. The main results of this section are Theorem 3.9 and Theorem 3.10.
Specializing y — 0, these recover [LP0O7, Theorem 6.1]. Throughout this section, we only consider
alcoves on the identity sheet t;. Recall that A, + A := {x + X | x € A,} is the alcove on t;. (If A is not a
root, the alcove 7, (A,) is not the alcove A, + A.)

3.1. Alcove paths and A-chains. For any two alcoves A and B, which are separated by a common wall
lying on a hyperplane Hg y, write A 2 B if the root B points from A to B.

Definition 3.1 [LP07, Definition 5.2]. An alcove path is a sequence of alcoves (Ag, A1, ..., A;) such
that A;_; and A; are adjacent, 1 < j <I. We denote this by

Ag =B Ay =B 2B 4
When the length / is minimal among all alcove paths from Ag to Ay, it is called a reduced alcove path.
Remark 3.2. By definition, there is a one-to-one correspondence between alcove paths
Ac=Ag L5 A 2B . 2P A=A, — 2 (15)
from A, to A; = v_;(A,) and alcove walks from Ay to A; of the form c;‘ cfj . -cf[’ , where —f; € R for
1<j<lL

Recall that s) = sp.; is the affine reflection along the hyperplane Hy ; with 6" the highest coroot.
Define g = —0, 50 =sg and s; =s; for 1 <i <r.

Lemma 3.3 [LP07, Lemma 5.3]. For any v € Wy, there is a one-to-one correspondence between
decompositions of v in the simple reflections s; € W (0 < i <r) and alcove paths from A, to v(A,) as

follows.
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For any decomposition v = s;,si, - - - 5i,, define

IBJ :Ellglzgljfl(alj)’ 15]51
Then
Ao:AO;m)Alﬂ---_—ﬂ[)Al:U(Ao)

is an alcove path from A, to v(A,).
The affine reflection along the j-th hyperplane separating A;_y and A is si\Siy *+* Si;_Si;Si;_y =" * SiySiys
in particular, the separating wall is labeled by i;. Under this correspondence, a reduced alcove path

corresponds to a reduced decomposition for v.

Let A be an integral weight and let v_, € Wy be the affine Weyl group element which satisfies
v (Ag) = Ao — A, de., 1) = v_;g with g € Q. Choose a (possibly nonreduced) decomposition
v_p =s;, -5, and let B; be defined by

Bji=5nSn -5 (), 1<j<l,
with the convention that «g = —0 (see Lemma 3.3). Then

Ap=Ag b a2 B A )
is an alcove path from A, to A, — A.

Definition 3.4 [LP07, Definition 5.4]. The sequence of roots (81, ..., B;) is a A-chain of roots associated
to the decomposition of v_,. A A-chain is called reduced if the decomposition v_, =s;, - - - 5;, is reduced.

Let H_g; 4; be the hyperplane separating the alcoves A and A ;. The sequence of integers d; are
determined by the sequence of roots B, but we occasionally keep the information of d’s in the notation,
and we refer to the sequence of pairs (81, d1), (B2, d2), ..., (B, d;) as a A-chain 3 Following [LP07,
Prop. 6.8] we recall a combinatorial construction of a A-chain for an integral weight A.

Fix a linear order on the index of Dynkin nodes (for example 1 <2 <---<rinl ={1,2,...,r}).
The set Ry C W,y of affine reflections s, x for the hyperplanes H, ; separating the fundamental alcove
A, and A, — A is given by

(e :0=k>—(r,av)} if (A, a%) >0,
Ri=J { B0k :0<k<—(a,a")} if(x,a”) <0,
aeRt %] otherwise.

One defines a “height function”

iRy — R hser) = (—k, (@1, ), ..., (@, o).

(A, a¥)

31f A is dominant, this definition was extended to the Kac—Moody situation in [LPOS].
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It turns out that this function is injective. Now order the images of / in lexicographic order, so we obtain
h(Sq, k) < -+ < h(sg k). Define another function b: R, — RTUR™ by

b(sus) a ifk<0, aeRt,
Ky =

“Y 7 e ifk>0, aeR".
Then b(sg, k) - - - » b(Sqy k) 15 a (reduced) A-chain of roots.

Remark 3.5. A particularly nice situation occurs for a minuscule fundamental weight @, i.e., when
(w, a") € {0, 1} for any positive root «. In this case all k; =0 and v_,, = (wPH~l e w, with w? being
the longest minimal length representative for cosets of W/ Wp,, where Wp, = Staby (z;); equivalently,
the Schubert variety X (w’ Wp,) = G/P;. A reduced decomposition and the associated z;-chain may
be read from the associated Young poset of G/ P;; see [Pro99; SteO1] and also [BCMP18, §3.1] and
Example 3.6 below. It may also be obtained as a reverse linear extension of the heap H (w’"), and this
gives a one-to-one correspondence between reduced @;-chains and reverse linear extensions of the heap
H (w"). We refer the readers to [MNS22a; NO19] for the heap perspective.

Example 3.6. Consider G = SL5 and the fundamental weight z,. The stabilizer is the maximal parabolic
P, so that G/ P, is the Grassmannian Gr(2, 5). The inversion set and a reduced decomposition of v_,
may be read from the Young diagrams below, with the notation (i — j) =o; +-- - +a;_1.

2-3) | e=4 | 2-9) oy | a3 | oy

(1-3) | (1-4) | (1-5) o | 02 | O3

Then v_g, = 525354515253 and a @w,-chain of roots is given by {ap, o + a3, az + a3 + a4, a1 + oz,
o +ar+ o3, ap +on + a3 +as).

Example 3.7. Let G = SL3, with the Weyl group W = S3, and consider A = 2| — 2ww». An example of
alcove path from A, to A, — A is

Ao=Ag D5 A) 25 Ay T Ay ZPS Ay 55 As P8 Ag=A,— A (A =riAi1,1<i<6),

which is the red path below, and it corresponds to the decomposition v_; = s¢s150s15251. The corresponding
alcove walk is p = ¢ ¢ ¢y ] ¢; cf, and the corresponding A-chain of roots is (1, 1), (B2, 1), (83, 0),
(Ba, —1), (Bs, 1), (Be, 2), as calculated in Figure 1. Here we included the d’s in the notation. We can
choose another A-chain for A = 2@ — 2w, by using the reduced decomposition v_; = s15ps251. The
corresponding reduced A-chain is («, 0), (—ap, 1), (¢, 1), (—a2, 2).

Lemma 3.8 [LPO7, Remark 5.5]. Let L = (B4, ..., Bi) be a A-chain. Then L:= (=Bi,...,=B1)isa
(=A)-chain. If H_g, 4; is the j-th hyperplane of the alcove path from A to A, — A determined by L, then

the j-th hyperplane of alcove path from A, to Ao+ A determined by L is Hg, .\ . 6. By IfLis

—diy1-j
reduced, then L is also reduced.
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a0 W il = 01 :31 = ({0 = _(al +a2)
0 i ir=1, Br=s0(r1) = —p

i3=0, B3=s051(0t0) =0ty

2 ¢ is=1, B4y=s0s15 (1) =1+
. - ?‘. 2 is =2, Bs=s0s15051(ct2) =
0 2 is =1, Be=s0S1508152(¥1) = —p
Ag— A
'Qg 4 so="
g /o 0N /2 0= H’ﬁlvl
W= 1Y o ay,

SoS150 = fH,/gz_l

(s051)50(s180) = 81 =TFH_,
(s05150)s1(05150) = S0 =Fh_y, _,
(sos15051)82(s51508150) = Fri_y |

& s
A (5051505152)81(5251508150) = T'H_p 5

Figure 1. To Example 3.7.

3.2. A-chain formulae. Next we state the main theorem of this section. For any root hyperplane h = Hg x,
let rj, denote the reflection along the hyperplane Hg o, and 7, be the reflection along /.

Assume A is an integral weight and fix a reduced A-chain (81, B2, ..., B1), which corresponds to an
alcove walk from A, to A, — A, with separating hyperplanes H_g, 4, =: h;.

Forasubset J ={j; < jo <--- < ji} C{1,2,...,1}, define the relation

J>

def,
Uu—w <— U <urp, <urp,rp < < U, - Th, =W,

Jt—1 J1

and let
f]< = i;l’lj]'..i;hjl' (16)

Hence, w =L u from (14) is equivalent to u L w. Therefore, Corollary 2.9 can be restated as follows.
Theorem 3.9. In the above setting,
_ L0 — 0 (w)—
C;U,U« A Z(_l)n(l)(l _q)lf\qz(f( )—tw)=1JD), (17)
where the sum is over subsets J C {1,2,...,1} such that u L5 w and wry_(—=X\) = p, and where
n(J):=#{jeJ|B;j <0}

Proof. In the summation in Corollary 2.9, we let J C {1, 2, ..., [} be the indices of the hyperplanes in
M. Then by Remark 3.2, (M) =n(J). This finishes the proof. O

Using the transformation between a A-chain and a (—A)-chain, we can get rid of the negative sign in
front of A in Theorem 3.9 as follows.

First of all, (—8;, —Bi—1, ..., —B1) is a (—A)-chain, which corresponds to an alcove walk from A, to
A+ A, with the j-th separating hyperplane being

h = Hg 0.8 )—dii;- (18)
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Then ry, =rn,_;- Let iy, = fh; be the reflection along /;. Define

u Jé w é} u< urh_/.l < urh_“ rhjz << ”rh_,'l s rh_/.t =w

and

Fj> = th,"';'hj]- (19)

L 0()— £ () —
Theorem 3.10. k= Z(_l)"(f)(q — Vg2 —tw)=lID, (20)
where the sum is over subsets J C {1, 2, ...,1} such that u I5 wand wry_(A) =, and where n(J) :=
#HjelJ|Bj <0}
Proof. Applying Theorem 3.9 to the (—X)-chain (—8;, —B8;-1, ..., —B1), we get
ek = 3 (= yRUI=Pr- <O (g g)' g C@=tw-n,

where the summation is over subsets J' := {1 < j; < j» <--- < J, <1} such that

U <ury, <o <ury Ty =w (21)
t 1 1
and
why, - Fy () = p. (22)
Let
J={1<l+1—j<l+1—ji1<---<l+1—j <I}.
Then

(=)A= = ) = (=" (g = 1),
where n(J) is defined in Theorem 3.9. Since W, = Thig s condition (21) is equivalent to u J5 w. On
the other hand, condition (22) is equivalent to wr;_(A) = p as 7p,,,_;, = fh}. This finishes the proof. [J

For further use, we also record the following technical result, which will allow us to rewrite the
elements wr;_(—A) from Theorem 3.9 and w#;_ from Theorem 3.10.

Proposition 3.11. Consider a A-chain B, ..., B;. For any subsequence J = {j1 < jo <--- < j;} C

{1,2,...,1}, we have

—Fy (=N =r; 7 (X), where ry=rp; ry, - 1y .

Proof. Let m; = (A, ﬁj.v) (1 < j <1). By induction on |/, it is easy to show that
fhjlfhjz' ”i;hj;(_)“) = —A+(mj —dj)Bj, + (mj, _djz)rhjlﬂjz +-- 4 (mj, _djz)rjlrh,-z' '.rhjrilﬁjt’
Fh.itfhjtq o .Fhfl ()\') =A _djtﬂJr _djt—lrhj,:B]}—l - _djlr'hj,rhjti1 c 'rhjzﬁjl’
Phy Thy,** Thy, A =r—mjBj — mj,rp;, Bjp—-— M T Thy,- - Thy, Bij,-

Asrj=rp; rp;,---rn, is alinear transformation, we get

rif W) =ryQ) +djry cccrny Bt dj rhg, o, B o+ d By = —F(=h). O
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Remark 3.12. With the notation as above, the condition that # 2> w in Theorem 3.9 implies that

ur;l = w, thus by Proposition 3.11,

wry_(—=\) = —ury_(A).
Similarly, in Theorem 3.10, we have that w = ur, thus

wry (M) = —urj_(—A).
This leads to alternative formulae in Theorems 3.9 and 3.10.

Appendix B includes a fully worked out example illustrating calculations of some coefficients clflf

utilizing Theorem 3.9 and Theorem 3.10.

4. Motivic Chern classes of Schubert cells

We recall basic properties of the motivic Chern classes of the Schubert cells in the (partial) flag varieties.

4.1. Definition of the Motivic Chern classes. Let X be a quasiprojective complex algebraic variety,
and let Gg(var/ X) be the (relative) Grothendieck group of varieties over X. It consists of isomorphism
classes of morphisms [f : Z — X] modulo the scissor relations. Brasselet, Schiirmann and Yokura
[BSY10] defined the motivic Chern transformation MC,, : Go(var/X) — K(X)[y] with values in the
K-theory group of coherent sheaves in X to which one adjoins a formal variable y. The transformation
MC, is a group homomorphism, it is functorial with respect to proper push-forwards, and if X is smooth
it satisfies the normalization condition

MC,lidy : X — X]1=) [NTz]y’.

Here [/\j T;] is the K-theory class of the bundle of degree j differential forms on X. As explained
in [BSY10], the motivic Chern class is related by a Hirzebruch—Riemann—Roch type statement to the
Chern—Schwartz—MacPherson (CSM) class in the homology of X; see Section A.2.

There is also an equivariant version of the motivic Chern class transformation, which uses equivariant
varieties and morphisms, and has values in the suitable equivariant K-theory group. Its definition was
given in [AMSS24a; FRW21], following closely the approach of [BSY10].

Assume X is smooth and there is a torus 7" acting on X. Let K7 (X) denote the equivariant K-theory
of X, see [CG10]. If X is a point, K7(pt) = K°(Rep(T)) = Z[T]. For any F € K7 (X), let

xr(X, F):=Y (~D)'H (X, F) € Kr(pt).

1

Let (—, —) be the nondegenerate pairing on K7 (X) defined by

(F,G)=xr(X, F®G) € Kr(pt),
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where 7, G € K7(X). For a vector bundle E, the A,-class of E is the class

ay(E) =Y [NE]y* € Kr(X)yl.

k
The A-class is multiplicative; i.e., for any short exact sequence 0 — E; — E — E; — 0 of equivariant
vector bundles there is an equality A, (E) = A,(E1)A,(E>) as elements in K7 (X)[y].
Recall the (relative) motivic Grothendieck group Gg (var/ X) of varieties over X is the free abelian
group generated by the isomorphism classes [ f : Z — X] where Z is a quasiprojective T -variety and
f 1 Z — X is a T-equivariant morphism modulo the usual additivity relations

[f:Z—=>X]=[f:U—- X]+[f:Z\U — X]

for U C Z an open T -invariant subvariety. For any equivariant morphism f : X — Y of quasiprojective
T -varieties there are well defined push-forwards f : Gg (var/X) — Gg (var/Y) given by composition.
The equivariant motivic Chern class is defined by the following theorem.

Theorem 4.1 [AMSS24a; FRW21]. Let X be a quasiprojective, nonsingular, complex algebraic variety
with an action of the torus T. There exists a unique natural transformation MC, : Gg (var/ X) —
K7 (X)[y] satisfying the following properties:

(1) It is functorial with respect to T-equivariant proper morphisms of nonsingular, quasiprojective

varieties.

(2) It satisfies the normalization condition
MC,ylidy : X — X1 =2,(T3) = > ¥ [NT§], € Kr(X)Iyl.
The transformation M C,, satisfies a Verdier—Riemann—Roch (VRR) formula: for any smooth, T -equivariant
morphism 7w : X — Y of quasiprojective and nonsingular algebraic varieties, and any [f : Z — Y] €
Gg (var/Y), the following holds:
MIHNT*MC[f:Z—>YI=MCy[n*f:Z xy X — X].
Define the Grothendieck—Serre dual operator D : K7 (X) — K7 (X) by setting, for any [F] € K7 (X),
D[F]:=[RHom(F, o})] = [0} @ F'] € K7 (X), (23)

where §, >~ wx[dim X] is the (equivariant) dualizing complex of X (the canonical bundle wy shifted by
dimension). The class [F"] is obtained by taking an equivariant resolution of F by vector bundles, and

then taking duals. Extend the operators D and (—)" to K7(X)[y*!] by sending y — y~!. We also let

(—)V denote the operator on K7 (pt)[y*'], which sends e* to e and y to y~!.

Definition 4.2. Assume 2 < X is a T-stable subvariety.

(1) The motivic Chern (MC) class of Q2 is

MCy(Q) := MC,[Q <> X] € K7 (X)[y].
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(2) If 2 is pure-dimensional, the Segre motivic Chern class SMC(2) € K7(X)[[y] is the class
D(MCy(2))
Ay (T¥)
4.2. The complete flag variety case. Both {MC,(X(w)°) | w € W} and {SMC, (Y (w)°) | w € W} are

bases for the localized equivariant K-theory

SMCy(Q) = (—y)*™* € Kr(X)[yl.

K7(G/B)yloc := Kr(G/B)[yl ®k(pr) Frac K7 (pt).

These classes can be calculated recursively using the Demazure—Lusztig operators as follows.
The left multiplication action of G on G/B induces a left Weyl group action on K7(G/B). For any
w € W, let w’ denote this action.

Definition 4.3 [MNS22b, Section 5.3]. For any simple reflection s;, we define the following left Demazure—
Lusztig operator on K7(G/B)ioc:

1+ ye @ 1
b= Y T FY (24)

! l—e @ ' 1—e %

Lemma 4.4 [MNS22b]. The operators 7;L satisfy the braid relation and the quadratic relation
(T + DT +y) =0.
Moreover, they commute with the operators of tensoring by elements in K (G/B).
The following lemma is easy to verify.
Lemma 4.5. The map WV defined by
W(T) =T and W(X") =e",

where e* € K1 (pt) acts on K1(G/B)ioc by multiplication, induces an action of the affine Hecke algebra H
(with g = —y) on K1 (G/B)1oc.

Theorem 4.6. (1) [MNS22b, Theorem 7.6] For w € W and a simple root «;,

MCy (X (siw)®) if siw > w,

L °)) =
T (MCy(X (w)?)) = {—(y—i— DMCy(X(w)°) —yMCy(X(siw)°)  if siw < w.

In particular,
MCy(X(w)*) =Ty, ([Oxqia) -
(2) [MNS22b, Theorem 7.1] For any w,u € W,
(MCy (X (w)°), SMCy(Y W)°)) = Su,w-
Remark 4.7. (1) By [AMSS24b, Theorem 5.1 and Corollary 5.3],

MCo(X (w)°) = [Oxw)(=0X (w))] and SMCo(Y (w)°) =[Oy,
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where X (w) := X(w) \ X(w)°. Thus, the duality in the second part of the theorem reduces to the
classical fact

([Ox ) (=3 X (w))], [Oyu]) = duw-

(2) By definition, for any w € W,
MCy(Y(w)) =Y MCy(Y(u)°).
u>w
Besides, by the linearity of the Grothendieck—Serre dual operator D,
SMC, (Y (w)) = Z(—y)a”)_e(w)SMCy(Y(u)°).

u>w
Therefore,

SMCoy(Y (w)) =[Oy w)]-

4.3. The partial flag variety case. For any w € W, let £(wWp) denote the length of the minimal length
representative in wWp. Let 7 : G/B — G/ P be the natural projection. It is proved in [AMSS24a,
Remark 5.7] that

T MCy (X (w)°) = (=) W= VI MC (X (wWp)°). (25)

In particular, if w is a minimal length representative, then 7w, M Cy (X (w)°) = M C, (X (wWp)®); this also
follows directly from the functoriality property of the motivic classes.

Proposition 4.8. (1) [MNS22b, Proposition 6.3] Let Q C G/ P be a T-stable subvariety of G/ P and
7w :G/B — G/P be the projection. Then

T*SMCy(Q) = SMCy (7' Q) € K1 (G/B)[yl.

(2) [MNS22b, Proposition 7.2] Let u, w € WP, The Segre motivic classes are dual to the motivic Chern
classes for any G/ P; i.e.,

(MCy(X(wWp)®), SMCy(Y (uWp)®)) = 8u,u-
Remark 4.9. By the first property in the proposition, for any w € W%,
T (SMCy (Y (wWp))) = SMC, (Y (w)).

Letting y = 0, we get
T (SMCo(Y (wWp))) = SMCo(Y (w)) = [Oy ],

where the second equality follows from Remark 4.7. By the definition of the SMC class,
SMC,(Y(wWp)) = ) (=) O™ ISMC, (Y uWp)°). (26)
ueW? u>w

Hence,
T (SMCo(Y (wWp)®)) = " (SMCo(Y (wWp))) = [Oyw)]-
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Since 7*([Oywwp)]) = [Oyw)] and * is injective, we get
SMCo(Y (wWp)®) = SMCo(Y wWp)) = [Oy wwp)].
Combining with the second part of the proposition, we get
MCo(X(wWp)°) =[Ox@w,) (=X (wWp))].

This can also be proved using Remark 4.7(1), equation (25), and the fact that the pushforward of an ideal
sheaf is an ideal sheaf, by [Bri02].

5. Chevalley formulae for the motivic Chern classes

In this section we obtain several Chevalley formulae for the motivic Chern classes, in terms of alcove
walks, A-chains, and certain operators. The main technique is to reinterpret formulae from Hecke algebras
such as Theorem 3.9 in terms of multiplications of motivic Chern classes by line bundles. Our main
results are Theorems 5.5 and 5.12. In Section 5.3 we discuss several positivity properties and conjectures
of the Chevalley coefficients. Finally, in Section 5.5 we discuss parabolic Chevalley formulae.

5.1. Chevalley coefficients. Consider a torus weight A € X*(T') and u, w € W. The Chevalley coefficient
C,’; is defined by the following formula:

£A®MCy(X(w)°)=ZC;‘f,\MCy(X(u)"). 27)

u<w
Note that for any simple reflection s; there is a short exact sequence of equivariant sheaves
0= Lo, @ C_wy@) = O6/B = Ox(wesi) = 0
with @; the fundamental weight, see [BM15, §8], for example. Therefore,
[Ox wosy] = 1 = e Loy, € K7(G/B),

and the coefficients from (27) for A = z; also recover the multiplication of [Ox (y,s,)] With the MC classes
of the Schubert cells.
The coefficients C,’; also arise from Chevalley formulae involving Segre motivic classes:

Lemma 5.1. L, @ SMC, (Y (u)°) = Z C.; SMCy (Y (w)°). (28)

Proof. This follows from the (Poincaré) duality in Theorem 4.6(2), as the Chevalley coefficients in (27)
and (28) are given by
Cyly=(La@MCy(X(w)°), SMCy(Y (1)°)). [l

We now relate the Chevalley coefficients above to the coefficients ¢, lf from (7) in the Hecke algebra.
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Theorem 5.2. Let A be any weight in X*(T). The following Chevalley formula holds in Kt(G/B)[y]:

Lo@MC,(Xw))= Y y O e el o MCy(X (u)°).
neX*(T),uew

In particular, the following equation holds for the Chevalley coefficients in (27):
cr_, = Z et gy
neX*(T)
From (27), the Chevalley coefficients C L'j , belong to a localization K7 (pt)[y] which allows division by
14 %y for any root «. However, the expansion from (7) implies that the coefficients (—g)* ™) ~®cl-

are polynomials in Z[q]. Then it follows that C}/ , are in fact polynomials in K7 (pt)[y]. This will be
seen explicitly in Theorem 5.4.

Proof of Theorem 5.2. Applying the map W in Lemma 4.5 to (7), we get

Tle ™t = Z y =Wkt TF € Ende K7(G/B)[y].
neX*(T),uew

The theorem follows by applying both sides to [Ox iq)], and utilizing that
Toe " ([Oxin)) = Ty (L1 @ [Oxin)]) = L, @ MCy(X (w)°).

Here the first equality follows from £_; ® [Oxq)] = e*A[OX(id)], while the second one follows from
Lemma 4.4 and Theorem 4.6. (|

Remark 5.3. This argument can be generalized to the case when the line bundle £, is replaced by any
homogeneous bundle V = G x8 V — G/B associated to a B-representation of V. If the character of V
is ch(V) =Y, aye*, then a localization argument shows that the class of V in K7(G/B) is equal to

[V] = Z a;L‘CA.

It follows that, for any w € W,

VOMC(X(w)*) =Y aLi @ MC(Xw)*) =Y Y a,C¥, MC(X@)°).
A A

u

We illustrate this for G/B = Fl(n), the complete flag manifold. This is equipped with the tautological
sequence Fo =0C Fy C F C---CF,=C" For1 <i <n-—1define X; = F;/F;— regarded in
K7(G/B). Then

NFi=ejXi,....X:), Sym!Fi=h;j(X,..., X))

where ¢; and h; denote the elementary symmetric function, respectively the complete homogeneous
symmetric function. Note that if z; denotes the ith fundamental weight, then X; = L, 4, , for
1 <i < n —1, with the convention that @y = 0. Theorem 5.2 gives a formula for the multiplication
by monomials X' - -+ - XZ”_’II, which in turn gives formulae to multiply by e;(X;, ..., X;) and
hj(Xy, ..., Xp).
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In the next section, we give explicit formulae for the Chevalley coefficients C}' , based on the formulae

for the Hecke algebra coefficients c}f,f

5.2. Chevalley formulae via alcove walks and the A-chains. Let us recall the setting of Corollary 2.9.

511 Z e cj: from A, to A, + X, and let
H ={hy, ha, ..., hs} be the ordered sequence of hyperplanes defined by the walls of alcoves crossed by
Py Define B; € R and k; € Z (1 <i <) by the condition h; = Hg, ,. Combining Corollary 2.9 and
Theorem 5.2, we get the following formula.

For A € X*(T), choose a minimal length alcove walk p, =c

Theorem 5.4 (alcove walk formula for the Chevalley coefficients).

Cl_y =D (=) T (] )Ml (g @I L= IMD g ()
M

. M
where the sum is over ordered subsets M C H such that w = u = wr .

We now recall the setup of Theorem 3.9. Assume A is an integral weight and fix a reduced A-chain
(B1, B2, - .., B1), which corresponds to an alcove walk from A, to A, — A, with separating hyperplanes
hj:=H_p;a;.

Combining Theorems 3.9, 3.10, and 5.2, we get the following formulae.

Theorem 5.5 (\-chain formula for the Chevalley coefficients).

C;i—x — Z (_1)"(1)(1 + y)lfl(_y)%(15(10)—15(@—|J|)e—w71> ()L), (29)
Jc{l.2,...1)
where the sum is over subsets J ={ji <--- < j;} C{1,2,..., [} such that u < urp;, <urp; rp, <--- <
UTh Py, = Thy, =W and v j_ is defined in (19). Furthermore,
C;‘ik - Z (_1)"(1)(_1 _ y)lfl(_y)%(f(w)—f(u)—\Jl)e—wf/< (—k)’ (30)
JC{1.2,...1)
where the sum is over subsets J = {j1 <--- < ji} C{1,2,...,1} such thatu <ury, < Urp,rp;, | <0<

ury ~rp;, = w and 7y_ is defined in (16).

Jt

Remark 5.6. (1) It follows from Remark 3.12 that —w7;_(A) =ur;_(—2X) in (29), and that —w7;_(—1) =
ury_(A) in (30), giving alternative ways to calculate these.

(2) By Remark 4.7(1), the MC and SMC classes specialize at y = 0 to the ideal sheaves and the structure
sheaves, respectively. Under this specialization, and using that —w7;_(A) = ur;_(—2), equation (29)
reduces to the equivariant K -theory Chevalley formula of Lenart—Postnikov [LP07, Theorem 6.1].

One can also consider the more general situation of Kac—-Moody flag varieties defined in, say, [KumO02].
These are ind-varieties, and one can define the motivic Chern classes of the finite-dimensional Schubert
cells using the ind-structure. There are analogues of the (left and right) Demazure operators, and the
notion of A-chains extends to this setting, by results of Lenart and Postnikov [LPO8]. Note that for an
infinite Weyl group W, a A-chain may be an infinite sequence, i.e., [ = co. But, for given u < w, t = |J|
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is finite, and the number of J which satisfies the condition in Theorem 5.5 is also finite. Based on these
similarities to the finite case, we expect the following conjecture to hold.

Conjecture 1. For a Kac—-Moody Weyl group W and a dominant integral weight A, the analogues of the
equations (29) and (30) hold.

5.3. Miscellaneous. In this section we discuss positivity properties of the coefficients from the Chevalley
formula, and some special properties of the multiplication by line bundles given by minuscule weights.
We start with the following consequence of Theorem 5.5.

Proposition 5.7. Let A be a dominant weight and set ¢ = —y. Then:

(1) Cy, may be written as a combination of terms of the form e"q“(q — 1)? with nonnegative integer

coefficients.
(2) C,)_, may be written as a combination of terms of the form (—=D)Petq*(qg — 1) with nonnegative
integer coefficients.
In both situations, b has the same parity as £(w) — £(u).
Proof. Both statements follow from Theorem 5.5, using that for a reduced A-chain with A dominant we
have n(J) =0, and that £(w) — £(u) — |J| is an even integer. O

Example 5.8. Consider type A,, with A = 2w + @y, and with the A-chain from Appendix B. Take
w = s251. Then from Theorem 5.5 we get, with g = —y,

Ly @MC_y(X(5251)°) = €7 > MC_y (X (5251)°)

(g —1)(e™ 7 eI 2T MO (X (51)°)
+(q = DE7 T+ MC_ (X (52)°)
+(q =17 427 4T MC_g (X (id)°),

L, @MC_y(X(5251)°) = e T2 MC_y (X (5291)°)
—(g=D(E™ " e e MC_ (X (51)°)
— (g = D(e T4 T MC_ (X (52)°)
(g — D™ e T e I o g oI 1 (X (id)°).

We now investigate the special multiplication by £ in the case of minuscule fundamental weights.
In this case the coefficients have a particularly pleasing factorization.

Lemma 5.9. If A = @; is a minuscule weight, then for any u, w € W,

va)L eu()») PMqu(y) and C:;i_)“ — (_l)é(w)—ﬁ(u)e—w(A)Pwou (y)7

ur wow,A

where P}, (y) € Z[y]. These polynomials are palindromic, that is, they satisfy
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Proof. Since A = w; is minuscule, for any reduced A-chain (B, B, ..., Bi), the separating hyperplanes
must be of the form h; := H_g, o, thus fhj = rp;,- Therefore the first equality follows from (30),
since —w#;_(—A) = —wr;_(—A) = u(}r). The second equality follows this and from the star duality in
Proposition 6.2 below. The palindromic property follows from Proposition 6.5(a) below. ]

Remark 5.10. In an earlier arXiv version of this article, we conjectured that if > = w@; is a minuscule
weight, then the coefficients C;; () in the multiplication

MC(X(w)°)- L, =Y _ CY, ()MC(X@)°)

are polynomials with nonnegative coefficients. Since then, we have found counterexamples to this
conjecture in Lie types D¢, Eg and A7.

The next example shows that even in the cases when a coefficient C,; (y) happens to have positive
coefficients, cancellations may still occur in the formula (30), which calculates it.

Example 5.11. Consider type Az, A = ), w = 515253515251 and u# = s351. An wp-chain is ] =y, Br =
ar + a3, B3 = o) + oz, By = ] + a + a3; see Example 3.6. We have two paths from u to w in (30):

o J1 = {2, 3} which gives u < usg, < usg,sg, = w, where £(usg,) +3 = £(w);
o o =1{1,2,3,4} which gives u < usg, <usg,sg, < uSp,Sp;5p, < USp,5p,56,58, = W.

The path J; gives coefficient (—1 — y) x (=1 — y)(—=y)e*® = —y(y + 1)2¢*®), and the path J, gives
coefficient (—1 — y)*e*® = (y 4+ 1)*¢*™ . Therefore

CYy=e"D((y+ D' =y +DH =P+ y+ Dy + D>

5.4. An operator formula. In this section we reformulate the A-chain Chevalley formula from Theorem 5.5
via operators generalizing to motivic Chern classes similar ones from [LPO7].

Let i := (p, 0Y) + 1 be the Coxeter number, where p := ZZZI w; and 0" is the highest coroot. Let
1§(T) = Z[e*™/h . TP/ and let

K1(G/B) := K1 (G/B)[y] ®ky o1y Frac(R(T)[]).

Then K 17(G/B) has a basis over Frac(ﬁ(T)[y]) given by the motivic Chern classes of the Schubert cells.
Define Frac(R(T)[y])-linear operators Bg (8 € R*) and E* (1 € X*(T)) on K7 (G/B) by

(=1 = y)(—y) 2 C=Ls) =D pC (X (wsp)®)  if wsp < w,

Bg(MCy(X(w)°)) := { 0 otherwise

EM(MCy(X (w)°)) 1= e ™" MC, (X (w)°).
If B € R, define Bg := —B_g. Then

EMEW = EMY and  BgE*#* = E*By.
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Given a A-chain (B4, ..., B;), define
R™:=Rg Ry - Rp,, where Ry := E(EP + Bg)E~" =EP + E¥P)PBy.
Theorem 5.12 (operator Chevalley formula). For any integral weight A € X*(T),
L, ®@ MCy(X (w)°) = R*(MCy (X (w)°)). 31)

Remark 5.13. (1) The theorem implies that the definition of R*! does not depend on the choice of
the A-chain, which is equivalent to the Yang—Baxter equations [LPO7, Definition 9.1] satisfied by the
operators Rg.

(2) The formula analogous to (31) involving SMC is obtained by replacing the operator R"*/ by an
operator defined via the adjoint operators of Bg and E*.

(3) Recall from Remark 4.7(1) that M Co(X (w)°) = [Oxw)(—0X(w))]. Specializing y = 0 in the

theorem, we get a dual version of Lenart—Postnikov’s formula [LP07, Theorem 13.1].

For the proof of the theorem, we need a result from [LPO7]. Recall that (8y, ..., f;) is a A-chain. The
hyperplane i := H_g, 4, separates the alcoves A;_; and A; in the corresponding alcove path, and 7y, is
the reflection along /.

Lemma 5.14 [LPO7, proof of Proposition 14.5]. Forany 1 < ji < jo <--- < j; <1,

—p+Pit-+Bj—1tsp, Bjpvi - Bp—)+- s sp (Bt Bt p) =—hij o Fi(=1).
Proof of Theorem 5.12. By definition,

RM — Ry Rp_, -~ Rp, = Ep(EﬁI +B/31)...(Eﬁ2 —f—B/gz)(Eﬁl _{_Bﬂl)E*P — ZR[J)»].
J

Here J ={j1 < jo <--- < j;}isasubsetof {1,2,...,[}, and R[J” is the term that contains Bg, if j € J,
and E#i, otherwise. Moving all the B-operators to the left, and using the relation BgE°f# = EF Bg and
Lemma 5.14, we get R[JM = Bg, -+ Bg, E~i i =0 = Bg, -+~ Bg, E~"71<(=%) The theorem follows

from this and Theorem 5.5. [l

5.5. Parabolic case. We now extend the Chevalley formula to the partial flag variety case G/ P.

Theorem 5.15 (Chevalley formula for the G/ P case). Let w € W and . € X*(T) p. Then we have

L, @ MCy(X (wWp)°) = Z( > (—y)f“”“"’%)M@(X(uwp)"),

ueWP ~veuWp
and

£, ® SMCy (Y uWp)°) = Z( > (—y>‘“”>K<")C$A>5Mcy(Y<pr)°>,

weW? “veuWp

where C,, ; are the Chevalley coefficients for full flag G/ B given explicitly in Theorem 5.5.
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Proof. The first equality follows from (25) and (27), while the second equality follows from the first one
and the duality in Proposition 4.8(2). (Il

Remark 5.16. In a paper in preparation we use this theorem to give a combinatorial Chevalley formula
for minuscule flag varieties and a K -theoretic generalization of Nakada’s colored hook formula. See also
[FGSX?24] for a Pieri formula for the motivic Chern classes of Schubert cells in the equivariant K-theory

of Grassmannians.

6. Dualities of Chevalley coefficients

Recall the expansion from (27):
L ®MCy(X(w)°) =) C¥, MCy (X w)°).
u<w

In this section we state and prove several duality properties of the Chevalley coefficients C,’, . All these
dualities have a geometric origin (Serre duality, star duality, Dynkin automorphisms) and we name the
Chevalley dualities correspondingly.

Recall the Grothendieck—Serre operator D from (23), and the duality functor (—)" on K7(G/ B)[yil]
and K7 (pt)[y*!], which sends a vector bundle to its dual and y’ to y~. This induces the following
property of the Chevalley coefficients in (27).

Proposition 6.1 (Serre duality). CY, = (=) =ty (Cpn _)Y.
Proof. Since
SMCy (Y (w)°) = (—y)dim”l”)D(Mcy SRl
Y Ay(T*(G/B))

equation (28) can be written as
Lr@DMCy(Y)7) = Y Cs (=) DMy (¥ (w)°)).
weW
Taking the dual D on both sides, we have
Lo@MC,(Y)°) =) (CY)Y (=) @~ OMC, (¥ (w)°).
weW
Finally, applying the left wp-action to this identity, we get
L ®@MCy(X (wou)?) = Y wo(Cy,)Y (=) @~ O MCy (X (wow)®).
weW
This finishes the proof of the theorem by comparison with (27). O

The star duality * acts on K7(G/ B)[yil] and Kr (pt)[yil] by sending a vector bundle to its dual,
and leaving y' unchanged. Consider the composition

= wox : Kr(pt)[y=']1 = Kr(poly™1.
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Combining Theorem 9.1(a) and Remark 4.7 of [AMSS24b], we have

Cp®L_p ®MCy(X(w)°) = (—Im /B TT(1 4 ye™) % (SMCy (X (w)°)). (32)
a>0
Proposition 6.2 (star duality). v, = (=Dt (o).

Proof. Apply the star duality functor * to (27), then use (32) to get

L ®@SMCy(X(w)°) =Y (=D ™~ 5 (CY)SMC (X (u)°).

Applying the left wy-action to the above equation and comparing with (28), we get the result. O

The map sending o; — —wp(e;) for every simple root «; induces an automorphism on the Dynkin
diagram, hence also on the flag variety G/B. This automorphism maps X (w)° to X (wowwy)°, and it
induces a ring automorphism ¢ on K7(G/B), which sends £, to £_,,,;, and twists the base ring K7 (pt)
by the map ¢ above.

Proposition 6.3 (Dynkin duality). CY, =uChliny wor)-

wouwg, —
Proof. Applying the Dynkin automorphism ¢ to (27), we obtain

L_wor @ MCy (X (wowwy)®) = Z L(Cy )M Cy (X (wouwo)®).
ueWw

The claim follows from the definition of the coefficients C,’; . ]
Combining Propositions 6.1 and 6.2 in one instance, and Propositions 6.2 and 6.3 in a second instance,

we obtain:

Proposition 6.4 (1) (Serre duality + star duality).

14 —L
(CY I ysy1 Xy (w)—t) _ CY..

(2) (star duality + Dynkin duality).
wa — (_ l)é(w)—ﬂ(u) Cuw()
u,

wwo, WA "

Using the A-chain formula in Theorem 5.5, we can also give a direct combinatorial proof for the various
duality identities in this section. The proofs are similar to [LP0O7, Theorem 8.6] and [LP0O7, Theorem 8.7].
Proposition 6.5. Let A be any integral weight and let and w, u € W. Then:

(a) C:f,/\ € Kr(pt)[y] and (C;‘fA)l),_)yfl X yﬁ(w)*z(“) = C:f},;\; in other words, C;’fA is palindromic as a
polynomial in y. (Compare Proposition 6.4(1).)
(b) CY, = (=ntw=twcitn . (Compare Proposition 6.4(2).)

() CY, = (=Dt~ £u) (Cw _,)- (Compare Proposition 6.2.)
d) Cy, =c(Cpowr_, ). (Compare Proposition 6.3).

woUwWg, —WoA
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Proof. Part (a) is straightforward from (30); part (d) follows from (b) and (c). Parts (b) and (c) follow from
known properties of A-chain, i.e., if (81, ..., B;) is a A-chain, then (wgf;, ..., wpBp) is a (woA)-chain
and (—=p;, ..., —pB1) is a (—A)-chain. 0

Remark 6.6. Serre duality extends to any G/P. For w,u € W¥and A € X*(T)p recall the expansion

Ly@MCy(X(wWp))= Y ClFMCy(XuWp)°).

ucW?r

Then Theorem 5.15 can be rewritten as C;‘f ’AP =Y (—y)e(”)_e(”)C;‘f ,- Arguing as in the proof of

Proposition 6.1, we obtain: veuWp

Proposition 6.7 (Serre duality on parabolic Chevalley coefficients).

ClF = (=) @)=ty (CE P Y, (33)

wow, —A

where wow and wou € WP are minimal coset representatives of wowWp and wouWp.

7. K-theoretic stable envelopes for T*(G/B)

In this section we apply the Chevalley formula for motivic classes to calculate the transformation of stable
envelopes in 7*(G/B) under the change of arbitrary alcoves. For alcoves adjacent to the fundamental
alcove, a formula for this transformation was obtained in [SZZ20, Theorem 5.4], see also [KW25].

7.1. Definition of the stable envelopes. The stable envelopes were defined by Maulik and Okounkov
in their seminal work on quantum cohomology of Nakajima quiver varieties [MO19]. Later, this was
generalized by Okounkov and his collaborators to K -theory and elliptic cohomology [Oko27; AO21].
We recall next the definition of the stable envelopes for 7*(G/B).

The torus T acts by left multiplication on G/B. Hence, it induces a natural action on 7*(G/B). There
is also a natural dilation C*-action on the cotangent fibers by a character of ¢ ~'. Throughout this section,
we use ql/ 2 to denote the standard representation of C*, so that K7xc+(pt) = K7 (pt) [qil/ 2.
The definition of the stable envelopes depends on three parameters:

e a chamber C in the Lie algebra of the maximal torus T’;
e a polarization T ¢ K7wc+(T*(G/B)) of the tangent bundle T (T*(G/B)), i.e., a solution of the
equation
T2+q7'(T)" =T(T*(G/B))
in the ring K7c+(T*(G/B))ioc;
e an alcove A in tf, which is also called a slope in [Oko27].
Given a polarization T %, there is an opposite polarization defined by TO%pp =q T > ). A typical example

of a polarization is T (G/B) (pulled back from G/B to T*(G/B)). Its opposite is equal to T*(G/B).
Because we will work with fibers of polarizations over fixed points, in what follows we will assume that
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the polarization is given by a subbundle of T (T*(G/B)), or possibly a virtual vector subbundle, i.e., a
formal difference of such subbundles.

The torus fixed point set (T*(G/B))T = (G/B)T is in one-to-one correspondence with the Weyl
group W. For every w € W, recall that e,, denotes the corresponding fixed point. For a chosen Weyl
chamber € in Lie 7', pick any cocharacter o € €. The attracting set of the fixed point e,,, also called the
Biatynicki-Birula cell in the literature, is defined by

Attre(w) = {x € T*(G/B) | lim o (z) - x = ewl.

By analyzing the (signs of the roots in the) weight space decomposition of Ty, (T*(G/B)), one may show
that Attrg(w) is the conormal bundle of the attracting variety of w in G/B; i.e., the conormal bundle of
the Schubert cell stable under the Borel subgroup associated to the chamber ¢.* Define a partial order on
the fixed point set W to be the (transitive closure of the) following relation:

ey <e¢e, 1if Attre(v)Ney # D.

Then the order determined by the positive (resp., negative) chamber is the same as the Bruhat order (resp.,
the opposite Bruhat order).

Any chamber € determines a decomposition of the tangent space N, := T,,(T*(G/B)) as Ny, =
Ny +@® Ny — into T- welght spaces which are posmve and negative with respect to Qﬁ respectively. For
every polarlzatlon T2 denote Ny N T2 lw by Nw Similarly, we have N2 : + and N : . In particular,
Ny,— = Ny, ; _®q (N +)V Consequently, we have

1 1 1
Nu——Ni=q ' (N2 )"~ N34

1
as virtual vector bundles. The determinant bundle of the virtual bundle N,, - — N3 is a complete square

(det Ny — )5 _
detNy* )’
cf. [Oko27, §9.1.5]. Forlinstance, if we choose the polarization T2 = = T (G/B), the positive chamber,
and w = id then both Nig and Nid,]_ have weights —«, where « varies in the set of positive roots; in this

and its square root will be denoted by

case the virtual bundle Nig — — Nifi is 0.
Let f:= Zu fue" € Krxc+(pt) be a Laurent polynomial, where e# € K7 (pt) and f, € Qlq'/?, ¢~/
The Newton polytope of f, denoted by deg; f, is

deg, f = convex hull ({u|f, #0}) € X*(T) ®z Q,

where X*(T) denotes the character lattice of 7. The following theorem defines the K -theoretic stable
envelopes.

TG /B) is not compact, so not all points have well defined limits at 0. For example, if € is the positive chamber, then the

points in the open set T*(X (wg)°) \ X (wg)°® C T*(G/B) do not have limits at 0.
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Theorem 7.1 [Oko27, §9.1; OS22, Theorem 1]. For every chamber €, polarization T%, and alcove A,
there exists a unique map of Krxc+(pt)-modules

stabe, 74,4 : Krxer(T*(G/B)") = Krxe+(T*(G/B))

such that for every w € W, the class I := stabe 13 4 (w) satisfies the following conditions:

(1) (support) Suppl' € |J Attre(2).
=ew
1
L /det Ny _\2
.. 2 ,
(2) (normalization) Iy = (—l)rkN"“r (m) OAttre (w) lw-

(3) (degree) For every e, <¢ ey,
deg; I'|, C degy stabe 73 4 (V) |y + VA — wA,
where A € (X*(T) ®z Q) N A is any rational weight in the alcove A.

Strictly speaking, stabg 73 4(w) € Krxc+(G/B) denotes the image of 1 € Kryc+(ey) under the
map stabe 73 4. From the definition, it is easy to see that {stabg 73 a(w) | w € W} forms a basis for
the localized equivariant K-theory K7 .c+(T*(G/B))ioc, called the stable basis. Explicit combinatorial
formulae and recursions for the localizations of stable envelopes in 7*(G/B) may be found in [AMSS24a,
§8.3].

7.2. Changing the polarizations. A natural question is to study the change of the stable envelopes when
we vary the above three parameters. To start, the change of chambers is encoded in the left Weyl group
action. More precisely, the group G acts on 7*(G/B) by left multiplication, which induces a left Weyl
group action on K7yc«(T*(G/B)), see [MNS22b]. If we change the chamber € to another chamber
w(®) (w € W), we have the following formula (see [AMSS24a, Lemma 8.2(a)]):

w - (stabe, 75 4 (1)) = staby, ), w(r 3),a(WH).

Next we consider the change of polarizations. In this case the results are stated, e.g., in [Oko27] in the
more general setting of symplectic resolutions; for the convenience of the reader we include proofs for
T*(G/B).

1 1
Lemma 7.2 [Oko27, Section 17.5.8].l For any two polarizations T\* and T, , there exists a class F €
Kr7xc+(T*(G/B)) such that T} — Ty =F —q~ ' FV.

Remark 7.3. Classes of the form F — ¢~ ! F" are called balanced classes in loc. cit.

Proof. It suffices to prove that any solution of the equation G + q7'GY =0 Krxc+(T*(G/B)) is of the
form G =F —q~ ' FY for some F € K7xc+(T*(G/B)). Since G € Kyxc+(T*(G/B))~K7(G/B)[q,q '],
we can write G = F + ¢~ F' for some F € K7 (G/B)[q] and F' € ¢~ 'K7(G/B)[¢~']. Thus,

F+q—lfl+q—1fv+(F/)V:0.
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Since F, (F))Y € K7(G/B)[gland ¢~ ' F', g ' FV e g 'K+ (G/B)[q "], we get
F+FYW=0 and q 'F+q 'F'=0.
Therefore, F' = —FV,and G =F —q~ ' FV. O

1 1 1 1
For any two polarizations 7 and 72 let F be defined by 7> — 7,2 = F — g~ ' F" as in Lemma 7.2.
Define a T x C*-equivariant line bundle £ on 7*(G/B) by

L :=det F.

Here for a virtual bundle F = V| — Vs, det F :=det V;/det V;.

1 1 1
Example 7.4. Consider the polarization 72 := T (G/B) and the opposite polarization 7," = ¢~ (T?)" =
T*(G/B). Then the element F in Lemma 7.2 can be taken to be 7 (G/B), therefore £ =detF = L_5,.

The next proposition shows that the change of polarizations results in a multiplication by a line bundle,
therefore it is encoded in the Chevalley formula for the stable envelopes.
Proposition 7.5 [Oko27, Exercise 9.1.12].

1 1
2 — 2 1
stabe, 77, 4 (w) = (— D)™ V2T Vi1 g2 %l £ @ stabe 774 (w),

(STE

1 1
oti = Nuw i NT2 fori=1,2, and if F = T — T;) =V — Vs is the virtual bundle from
Lemma 7.2, then 1k F|y, ;= 1Kk Vi |y — 1k V2 4.

1
where N?

Proof. From the characterization Theorem 7.1, it suffices to show that the right hand side satisfies the
defining properties of the stable envelope on the left hand side. The support condition is immediate. For
the degree condition, we need to check that for every e, <¢ ey,

deg; (L ® stabe, 72,4 (w)) |y € degy (£ @ stabe, 1,2, 4 () |y + VA — WA,

for some A € A. The terms L], on both sides cancel, and the above inclusion reduces to the degree
condition for Stabc,T]%, A(w). The normalization condition follows from the following calculation:

1 1 _1 12 (L
(_l)rkNw%ﬁr,zfrkNu%“Jr‘l Sta'bQTz2 Aw) _ (det Ny, - )2 (det Nw,—) 2 _ (det Nw,l )2
stabe, 72 a(w)lw  \det N ) \detN)? det N,

= (det Nyy O (Fluy — g~ F¥1,))?

1
_ det(Ny N Flw)  \2 _ Ay,
det(Ny, Ng=1(Flw)Y)

Here we have used our assumption that . is represented by a subbundle of 7(7*(G/B)), and also that

the weights of N, = T,,(T*(G/B)) are distinct. The reason for the last equality in the display is as

A

follows. We have N, N F|, = Fly; suppose e’ is a torus weight of it. Since N,, is a symplectic vector

1,—A 1

space, ¢~ 'e™* is a weight of N,,. Hence ¢~ 'e™ is also a weight of the intersection Ny, N g~ (F|,)"
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and in fact N, N q_l (Flw)Y = q_] (Flw)Y, giving the equality. The case of F = V| — V), being a virtual
bundle follows from linearity of the constructions. (Il

7.3. Changing the alcoves. We now turn to what happens under the change of alcoves. This can be
answered using recursive formulae from [SZZ20; SZZ21], reported in Theorem 7.6 below. Our subsequent
Theorem 7.8 provides a nonrecursive answer, expressing the Chevalley formula in terms of A-chains, thus
relating the stable envelope for the fundamental alcove A, to the stable envelope for a translate A, + A.

The alcoves in tg are of the form x(A.) + A for some x € W and some A in the root lattice. It was
proved in [AMSS24a, Lemma 8.2] and [SZZ20, Remark 2.3] that

stabe 73 a4 (w) = e VL) ®stabe 7} a(w), (34)

where £, is the pullback of G xB C, from G /B to T*(G/B). Fix the chamber C to be the antidominant
Weyl chamber
C:={ret| (A, a’) <0 for any positive root o}

and the polarization T1= T*(G/B). To simplify notation, we denote stabe 7+(G,B),a(w) by stabs (w).
Let Z = T*(G/B) xx T*(G/B) be the Steinberg variety where N’ C g denotes the nilpotent cone.
There is an algebra isomorphism
H~ Kexc+(2),

where Kg«c+(Z) has an algebra structure given by convolution; this was proved by Kazhdan and
Lusztig [KL87] and Ginzburg [CG10]. The convolution induces an action of the Hecke algebra H on
K71xc+(T*(G/B)) which we recall next. For a simple root «;, and the corresponding minimal parabolic
subgroup P; D B, define the operator 7; on Kr«c+(T*(G/B)) by the following formula:

Ti(F):=—F —n1.(m; F Q) Ly,).

Here 7 € Koxc<(T*(G/B)), Y; :=G/B xg/p, G/B CG/B x G/B, T; is the conormal bundle of Y;
inside G/B x G/B,and 7rj : Ty — T*(G/B) (j = 1, 2) are the two projections. These operators satisfy
the quadratic relations and the braid relations in H. In particular, T, is well defined for any w € W. Recall
that A, denotes the fundamental alcove.

Theorem 7.6. (a) [SZZ20, Theorem 4.5]

(g — 1) staba_(w) +q'/? staba, (ws;), if ws; <w,
1/2
q

(b) [SZZ21, Theorem 5.4] Let x € W. Then

T; (stab =
(staba,(w)) { staba_(ws;), if  ws;>w.
staby s,y (w) = g ~* /2T, (stabp, (wx)).

(c) [SZZ21, Lemma 3.5 and Corollary 5.3] Assume Ay and A, are two adjacent alcoves separated by a
wall of the form H, ,, where o > 0. Assume Aj is on the positive side of Hy p, i.e., for any € Aj,
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(w, ) > n. Then

staba, (w) + e "% (q1/? — g=1/?) staba, (wsy) if  wsqg>w,

tab =
staba, (w) {stabAz(w) if wsy <w.

Using statement (a), one can calculate 7 (staba_ (wx)) recursively in terms of {staba_(w) | w € W}.
Part (b) implies that the same is true for stab,(a_)(w). Finally, part (c) may be used to relate directly
the stable bases for any two adjacent alcoves, and therefore recursively relate the stable bases for two
arbitrary alcoves.

We focus next on relating (34) to our Chevalley formulae obtained earlier in this paper. Together
with (a) and (b) from Theorem 7.6 above, this gives an alternative recursion to (c), calculating the stable
envelope for an arbitrary alcove xA, + A starting from the stable envelope for A..

Fix A an integral weight. By Theorem 7.6(a), stabya ) (w) may be written as a linear combination of
{staba,(w) | w € W}. By (34), to determine staby a4 (w), it suffices to find a formula for £, @ staba_(w).
This can be achieved by the Chevalley formula for the motivic Chern classes. The key is the following

result.

Lemma 7.7 [AMSS24a, Theorem 8.6]. Let 1 : G/B — T*(G/B) denote the inclusion of the zero section.
Forany w e W,

L*(StabAo(w)) — (_l)dln’lG/BqdlmG/B—Z(w)/ch_q71(Y(w)O) ® L—Zp-

Recall the operator (—)" on K7 (pt)[y*'], which sends e to e and y to y~!. We have the following
Chevalley formula for the stable bases.

Theorem 7.8. Let A € X*(T) be a weight and fix B, ..., B a reduced \-chain corresponding to an
alcove walk from A, to A, — \. Then

L ®staba, () = Y g2 O (€W _)Y| -1 staba, (),
w

where C', are the coefficients defined in (27).
In the notation of Theorem 5.5, one can write this in terms of ,-chains as

,C)L ® StabAo(u) — Z (_l)n(f)(q—l/Z _ ql/Z)\Jlewrj> OL) StabAo(urhjl rh_/z‘ . rh_/[)’
Jc{1,2,...0}
where the sum is over subsets J ={j1 <--- < j,} C{1,2,...,1} such that u < UFp; < UTp; Th, <+ <
UThj Thy,« = " Thy-

Remark 7.9. Recall we have the following duality between the stable bases (see [0S22, Proposition 1]):

(stabC’T%’A(u), stab ] _A(w)) = Su.w-

] Toppa

Therefore, similar arguments as in the proof of Lemma 5.1 will give a Chevalley formula for the dual
stale basis stab_¢ 7(G/B)),—A, ().
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Proof. By the definition of the Segre motivic classes from Definition 4.2(2), the expression in (28)

becomes

L, @ D(MCy (Y )°)) = Y (=) =Y DIMCy (Y (w)°)).

w>u

Taking (—)" on both sides of the equation, we get

La®@MCy(Yu)*) =) (=) W 71(Cr,) MCy(Y (w)°).

w>u

The first equation of the theorem follows from this and Lemma 7.7. The second equation is a consequence
of the first and of (29) in Theorem 5.5. U

Example 7.10. In type A,, set u = sps1 and A = 2| + @y. A A-chain of roots is given by 81 = ap, B2 =
a1 to, fa=ay, Ba=o;+ay, Bs=0a1, Bs = a1+ ay; see Appendix B. From Theorem 7.8, we have

L; @ staba_(s251) = @13 staba_(s251) + (q_% — cﬁ)e‘wl_zw2 staba_(s515251).-
Therefore, by (34), using that —u()) = —w| 4+ 3@y, we have
staba 4 (s251) = staba_(s251) + (q_% —q%)e_"‘1 staba_(s15251)-

Example 7.11. Consider u = s, A = 2| + @w», wou = sps;. We can use Serre duality (Proposition 6.1)
and Example 5.8 to get

L5 ® staba_(s2) = €712 stab_(s2)
+(q72 —q2)(E™ + eI 4 IR srab (s152)
+ ((I—% — q%)(ezwl_zw2 + ewl_BwZ)StabAo(Szﬂ)

(g7 =g (€T I 4 72 4 e staby (s15251).
Since —s2(A) = —3w| + @, we have

staba, 41 (s2) = staba_(s2)
(g7 =g (e e 4 e staby, (s15)
(g7 — g2 (e 4 e 272 staby (s58))
(g2 —q2)2(e 32 | gl | o dowy b (555,

8. Whittaker functions and Hall-Littlewood polynomials

In this section we apply the Chevalley formula to obtain combinatorial expressions for Whittaker functions
and Hall-Littlewood polynomials. Variants of the formulae we obtain were already available in the
literature, and our approach based on the cohomological calculations adds a geometric perspective to this.
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8.1. Whittaker functions. In this section we study Whittaker functions. These appear in p-adic represen-
tation theory, and in this note we utilize a cohomological construction of these functions from [AMSS24a],
see also [MS22]. Recall the definition of the Demazure—Lusztig operators on K7 (pt)[y]:

~ 1+y S 14 ye
LTV = —e oSik .
i @) l—e % + 1 —e %

The operators satisfy the usual quadratic and braid relations in the Hecke algebra, therefore for any w e W

~ 1+y S 1+ ye%
T;(e") = —e* ——— —i—es'k—l —

— —Q;
e e

there are operators Tw and TuY acting on K (pt)[y], and defined using any reduced decomposition of w.
The following has been proved in [MS22, Theorem 1.1]:

Proposition 8.1. Ler 1, (id) :=[],. (1 + ye*), and set
) G MEKD)
/B
Then, for any A € X*(T),
(1) x7(G/B, £; ® MCy(X (w)°))= T, (¢), and
2) x7(G/B. £, ® MCl(X(w)°))= T,y (e").
We note that for any antidominant weight A and w € W,

xr(G/B, L5, ® MC, (X (w)*)) = Tyy(e") = Wi, (35)

where W, _,, is the Iwahori—-Whittaker function for the Langlands dual group over a nonarchimedean local
field; we refer to [MS22] for more details, including the number theoretic definition of W;_,,. Here we
identified y with —g !

from the fact that

, where ¢ is the number of elements in the residue field. As explained in [MS22],

> MC(Xw)*) =1

weW

by the additivity motivic Chern classes, one recovers the Casselman—Shalika formula for the spherical
Whittaker function [CS80]:

D Wiw=]]0+ye)xr(G/B, L) = [ [(1+ ye*) xupr- (36)

weW a>0 a>0

Here y.,,, denotes the character for the irreducible representation of G of highest weight wo(4). We also
note that, in type A, an interpretation of the Iwahori-Whittaker function in terms of the partition function
of the Iwahori lattice model has been obtained in [BBBG24].

Using the Chevalley coefficients in (27), we obtain the following formula for the Iwahori—Whittaker
function W),_,,. Let p denote the half sum of the positive roots.

Theorem 8.2. For any antidominant weight . and w € W,

Wiw=e" Y (=DIOICE [, -y @)=,

u
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Proof. Forany u e W,
xr(G/B, MCy (X (w)*) = MCy[X w)° — pt] = MC,[A! — pt]™ = (=y)*, (37)

where the second equality follows from [AMSS24a, Theorem 4.2(3)]. Therefore, taking the equivariant
Euler characteristics of both sides of (27), we get

T (") = xr(G/B, £ @ MCy(X(w)*) = Y C}, (=)™,

On the other hand, it is immediate to check the following relation between the two Demazure—Lusztig

operators:
Tw= epfgbw—w*'e_pyaw)- (38)
Hence,
xr(G/B, L, @ MCl(X(w)°)) = Tyy(e") = e Y (=D CP, [ ysyry ™7,

u

The proof ends by applying Proposition 8.1. U

Remark 8.3. Notice that Cy, = 8,,.,. The above proof shows
xr(G/B, L, ® Mc;(X(w)O)) — (= 1)!@ep,

As a corollary we prove a variant of the Casselman—Shalika formula (36), obtained by Li [Li92]; see
also [BBBG24, Proposition 9.4]. First define

Ry(y) := x1(G/B, Ay(T/5) ® L3) € Kr (pt)[y]. (39)

Corollary 8.4. Let A be an antidominant integral weight. Then
Doy W =R, 07,
w
Proof. By the additivity of the motivic Chern classes and Proposition 8.1(1),
R =Y xr(G/B. L; @ MCy(X(w)")) =Y _ T, (e"). (40)
w
On the other hand, for an antidominant weight A, we have
Doy W=Dy T = Yy e T el ()
w w w

=’ ) Ty 1 (@) =" Ry (7).
w

Here, the first equality follows from Proposition 8.1(2), the third one follows from (38), and the last one
follows from (40). [l
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8.2. Hall-Littlewood polynomials. In this section, we assume either A or —X to be a dominant integral
weight. Set Z; ;= {a € T | (A, a") = 0}, and let R;r be the set of positive roots which are linear
combinations of the simple roots in ¥,. Denote by W, C W the subgroup generated by the simple
reflections s, where o € ;. Let W* be the set of minimal length representatives for the cosets W/ W,.
Finally, let P, be the parabolic subgroup containing the Borel subgroup B defined by the condition that
Wp, = W,.

Definition 8.5. (1) Define H, (y) := x7(G/ Py, )‘y(TE;k/PA) ® L) € Kr(pt)lyl.

(2) (Hall-Littlewood polynomial; cf. [Mac98, p. 208, (2.2)]) For a dominant weight A, define

HL,(x; 1) := Z w(xA l—[ %)

weWwh aeRT\R}
where x* denotes e”.
Let 7, : G/B — G/ P, be the natural projection. Then
hy(G/B) =1} (hy(G/P)) - Ay (P3/B).
By the projection formula, and using that 7} (£;) = £, we have

XT(G/B,)“)’(TG*/B)(@K}») . R)\(y)
Xr(Po/B (T p) D pew, (—3)E®)

Here the last equality follows from (39), and the fact that

Hy.(y) = x1(G/ Py, Ay (TG p) ® L) =

xr(P/B, (T p) = 3 x(MCy (X)) = 3 (=),

weWy, weW,

The relation between H, and the Hall-Littlewood polynomial, summarized next, was obtained in a related
(upcoming) collaboration with B. Ion.

Lemma 8.6. We have the following formulae for H, (y):

Hy(y)= Y Y Cy=»", (41)
weWP ueW
o =Y w(e [T 22 (42)
2y 1—e )
wew* aeRT\RY

Proof. Equation (41) follows from k).(Tg/P) =MCy(G/P)=)_,cwr MC,(X(wWp)°), Theorem 5.15,
and x7(MC,(X(uWp)°))=(— y)¢® for any u € w?r. Equation (42) follows from the localization formula
[Nie74; MS22, Theorem 2.1 (c)]. To be more specific, the torus fixed points in G/ Py are {w P | w € WP,
and the torus weights of the tangent space at the fixed point w Py are {—wa | o € RT\ Rr}. ]
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Corollary 8.7. For a dominant integral )\, the Hall-Littlewood polynomial HL, (x; t) can be expressed
using H_, (y) or H, (y) as follows:

HL; (x; 1) = H_;\(y)|ea’_)x_a7 T (43)
1
HLy (x;1) = (WHA()’)) 2y i1 (44)
We next assume that A is a dominant integral weight. Fix a reduced (—)-chain ' = (-8, —82,..., —B;)
and the sequence of hyperplanes Hpg, 4,, Hg, 4,, - .., Hp, q4,- This corresponds to an alcove path from A,
to A, + A. Since A is dominant, we have 8; > 0,d; > 0.
We recover the following known formula for the Hall-Littlewood polynomial:
Proposition 8.8 [Sch06; Ram06; Len11, Theorem 2.7].
HL, (x: 1) = Z 12 E@H@=1ID () _ )l | whs (), (45)
(w,J,u)e A(I")
where (with notation as in Section 3.2),
AT ={w, J,u) lwe WP uew, Jc(1,2,....1},u 5 w).
Proof. Apply equations (43), (41), and (30) to the (—A)-chain (=8, =82, ..., —f). O
We also get a new formula for HL, (x; t):
Proposition 8.9.
HL, (x: 1) = Z 13 @AM G/P—tw)=E@) =1 (] _ )] pufs () (46)
(u,J,w)ye A°P(T")
where AP(T) = {(u, J,w) lw e WP ue W, J C{1,2,....1},u 2> w),
Proof. Apply equations (44), (41), and (29) to the (—A)-chain, together with Remark 5.6(1). O

Remark 8.10. When P, = B, equations (45) and (46) give the same formula. The correspondence may
be seen using the Serre duality in Proposition 6.7. However, the formulae are in general different, as
shown by the examples below.

Example 8.11 type A,. Let G = GL3(C), T = (C*)3, and x; = €%, fori = 1,2,3. Let A = @ = ¢;
then W, = (sp) C W = (s1, s»), and W* = {id, sy, s251}. Fix a reduced (—X)-chain (—f; = —a; — a2,
—p2 = —ay).
Then Proposition 8.8 sums over the seven terms shown on the left in Table 1, while Proposition 8.9
sums over those on the right. The respective developments are
HL; (x5 1) = (x1) + (122 + (1 = 0)x2) + (%3 + 1 (1 = Dxz +1(1 = Dx3 + (1 = 1)2x3) = x1 +x2+ x3,
HLy (x; 1) = (tPx) + (tx2 + (1= Dx1) + (i3 + (1 = Dxp + (1 = )x1)) = x1 + X2+ x3.
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w| J | u] w | J ] ]

id| o |id X1 id | @] id t2x

S1 (%] S1 1x) ST | G| s txo
{2} |id | (1—10)x; {2} id [t(1 —1t)x;

$HS1| D |88 I2X3 $H81 | D | 5281 X3
{1} | s |11 —=1)x3 {1} s1 | A=0x2
{2} | s2 |t (1—=1)x3 {2} s2 | (A=0)x;
(1,2} | id | (1 —1)%x3

Table 1. To Example 3.7.

w | J [u] w| J |

id %] id x%x% id 1% id tlezxg
Y %) S1 tx12x32 kY %) kY txlzx32
{2} |id | (- t)xlzxzx3 {2} | id [t(1 — t)xlzxzx3
{4} | id (1-— t)x12x32 {4} | id t(1— t)xlzxg
w=s185| I |59 t2x§x§ S182| D s x22x§
{1} | s [t(1— t)xl)C2x32 {1} | s» | (1= t)x1x2x32
{2} | st [t(1— t)xlxgm {2} | 51 | A= t)x1x§x3
{3} | s t(1— l))c§x32 {3} | s (1- t)xlzxg
{4} | 51 t(1— l)x%x32 {4} | 51 (1- t)xfx%
{1,2}] id [(1 —1)%x1x3x3 2,3} id | (1 —1)%x}x0x3

{1, 4} id | (1 —1)%xx0x3

3,4} id | (1 —1)%x3x3

Table 2. To Example 8.12.

Example 8.12. Same setup as in Example 3.7, but with A =2z,. Then W) = (s1), W* ={id, s, 5152}, and
d=dimG/P, =2. A (=A)-chainis (=B = —(a; +a2), —fo = —a2, —f3 = — (a1 +a2), —fs = —a2),
andd1 = 1,d2= 1,d3=2,d4=2.

Proposition 8.8 sums over the twelve terms shown on the left in Table 2, and Proposition 8.9 sums
over the ten terms on the right. The respective developments are

HLy(x;1) = xlzxg + x12x32 + x22x32 + )CIZXQX3 + xlx%)q + x1x2x32 —I(XIZXQX?, + xlx%)q + x1x2x32),

S22 5211

HL; (x; 1) = (x{x3 + x1x3 +x3x3) + (1 — ) (X{x2x3 + X1X3X3 + X1 X2%3) = 520 — 15211

Appendix A. Chevalley formulae for Chern—-Schwartz—MacPherson classes of Schubert cells

We give a short proof of the Chevalley formulae for the equivariant Chern—Schwartz—MacPherson (CSM)
and Segre—MacPherson (SM) classes of the Schubert cells in the (partial) flag varieties; see [AMSS23,
Theorem 9.10] and Theorem A.4 below. Our proof again relies on the action of the appropriate Hecke
algebra, this time on the equivariant cohomology of G/ P. Besides the intrinsic interest in these Chevalley
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formulae, we mention that recursions based on it were recently utilized to obtain proofs of Nakada’s
colored hook formula for finite Weyl groups [MNS22a] and more general Coxeter groups [MNS24].

A.1. Degenerate affine Hecke algebras.

A.1.1. A change of bases formula. Recall that the degenerate affine Hecke algebra H is generated by
Ty, we W and x;, A € X*(T), such that

e TywT, =Ty, forany w,u € W;

o X3x, =x,x) forany A, u € X*(T);

® Xp4pu =X) +x, forany A, u e X*(T);

o for any simple root «;, T, x) — x5, Ty, = — (A, oziv).
Lemma A.1. Forany w € W and » € X*(T), the following commutation relation holds in H.:

Tyxy = xyp Ty — Z (A, 05\/>Twsa-

a>0
WSy <W

Proof. We utilize induction on £(w). The claim is clear when £(w) = 0 or 1. Now assume £(w) > 1, and
that the claim holds for any Weyl group element with length smaller than £(w). Pick a simple root «;,
such that w > ws;. By induction,

v
Tws,-xs,-k = xwkTwsi - E (sid, a )Tws,-sa-

a>0
WS S <WS;

Using the commutation of 7§, and x; and the induction hypothesis we obtain

Tywx) —xuaTy = Tysxsn Ts; — (A, 05,'\/>Tws,- — Xy Ty
= Z <)"7 Sia\/)Tws,-sD, TS‘,‘ - <)‘" a[v>TwS,' - - Z <)\‘7 05V>Twsa~
a>0 a>0
WS} So <WS; WSe <W

In the last equality, we have used that if ws; < w then
{a>0|wsy <wl={a>0]wa <0} ={o;}U{s;a]|a>0,wss, <ws;},
and that Ty, Ts; = Twsisys; = Tw S51(@) - O

A.1.2. The Hecke action on the equivariant cohomology. Since G acts on G/ P by left multiplication,
there is a natural left Weyl group action on H;(G/ P) for any partial flag variety G/ P and which acts on
the base ring H7 (pt) by the usual Weyl group action; see [MNS22b], for example. For any w € W, we
use w’ to denote this action.

For any simple root «;, define the left Demazure—Lusztig operator on H;(G/P) by the following
formula (see [MNS22b, Section 3.2]):
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It is proved in loc. cit. that these operators satisfy the braid relations and (7;L )? = id. The following
lemma is easily proved.

Lemma A.2. There is an action V of the degenerate affine Hecke algebra H on H} (G /P), sending T; to
7;L and x;_ to A € H}(pt).

A.2. Definition of the CSM/SM classes. Next we recall the basic definitions and properties of CSM
classes for the Schubert cells in G/ P, we will be brief. We refer the reader to [Ohm06; AMSS23] for
details, including a construction of these classes in the equivariant setting and for general varieties.

The (additive) group of constructible functions F(X) consists of functions ¢ =), cz1z, where the
sum is over a finite set of constructible subsets W C X, ¢z € Z are integers, and 1 is the characteristic
function of Z. For a proper morphism f : ¥ — X, there is a linear map f, : F(Y) — F(X), such that
for any constructible subset Z C Y, fi.(1z)(x) = Xt(,p(f_l(x) N Z), where x € X and x,,, denotes the
topological Euler characteristic. A conjecture attributed to Deligne and Grothendieck states that there
is a unique natural transformation c, : F — H, from the functor of constructible functions on a complex
algebraic variety X to the homology functor, where all morphisms are proper, such that if X is smooth then
cx(1x) =c(Tx)N[X]. This conjecture was proved by MacPherson [Mac74]; the class c,(1x) for possibly
singular X was shown to coincide with a class defined earlier by M.-H. Schwartz [Sch65a; Sch65b; BS81].

There is an equivariant version of MacPherson’s transformation defined by Ohmoto [OhmO06]. In this
case one starts with a variety X with a T-action, and the equivariant version F7 (X) of the group of
constructible functions F(X) contains the characteristic functions 1, for Z stable under the T -action.
If f: X — Y is a proper T-equivariant morphism of algebraic varieties the induced homomorphism
and Z C X is constructible and T-stable then one defines f! : F7(X) — FT(Y) with the property
that f*T(l z) = f«(1z). Ohmoto proves [OhmO06, Theorem 1.1] that there is an equivariant version of
MacPherson transformation cf FT(X) — H*T (X) that satisfies cf(lx) =cl(Ty)N[X]r if X is a
nonsingular 7 -variety, which and is functorial with respect to proper push-forwards. The last statement
means that for all proper T'-equivariant morphisms ¥ — X the following diagram commutes:

T
FI ) —— HI (1)
ffl lff
CT
FI(X) —— HI(X).
Definition A.3. Let Z be a T-invariant constructible subvariety of X.

(1) We denote by cg\(Z) 1= cl 1) € H*T (X) the equivariant Chern—Schwartz—MacPherson (CSM)
class of Z.

(2) If X is smooth, we denote by s5,,(Z C X) := ¢ (12)/c(Tx) € HI (X)1oc the equivariant Segre—
MacPherson (SM) class of Z, where H] (X)ioc := H (X) ® yr () Frac H] (pr) denotes the local-
ization of H*T (X), and Frac H*T (pt) is the fraction field of H*T (pt).
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A.3. The Chevalley formula in cohomology. We now specialize to X = G/ P with the usual T -action.
For simplicity we will denote by s,,(Z C G/ P) simply by s,,(Z). We will identify the equivariant (Borel-
Moore) homology group H! (G/P) with the equivariant cohomology Hj(G/P), using the Poincaré
duality. The sets of CSM classes of Schubert cells {cg (X (wWp)°) [w € W'} and of the SM classes
s X (wWp)°) |w e W?} form bases for H7(G/P)oc := Hy (G/P) ®p:(pr) Frac Hy (pt). Moreover,
if one takes the opposite Schubert cells in any of these sets, then the two bases are dual under the usual
intersection pairing, see [AMSS23, Theorem 9.4]:

(csp X WWp)), sy (Y @Wp)*)) G p =8y forany w,ue WP, 47)

The left Demazure—Lusztig operator acts on the CSM classes by the following formula (see [MNS22b,
Theorem 4.3])

T (csm(X (WWp)*)) = copm(X (siwWp)°).

Hence, for any w € W,
csm(X (wWp)®) =T, (X (id)]). (48)

Recall for any A € X*(T)p, £, =G xP C, € Pic7(G/P). The following is our main result in this
appendix, and it has also been proved in [AMSS23, Theorem 9.10] using the Chevalley formula for the
cohomological stable envelopes from [Sul6, Theorem 3.7]. Here we give a direct proof based on the
action of the degenerate affine Hecke algebra.

Theorem A.4. For any w € W¥ and A € X*(T) p, the following holds in H;(G/ P):

C{(ﬁ}\) ) CSM(X(U)WP)O) = w()L)CSM(X(WWP)O) - ZO (A, av)cSM(X(wsa Wp)°),
clT(ﬁ,\) Usy (Y (wWp)°) = wR)sy (Y (wWp)°) — > (A, ozv)sM(Y(wsaWp)o).

a>0
WS >W

Proof. Applying the Hecke action ¥ in Lemma A.2 to the equation in Lemma A.1, and acting on the
point class [X (id)], we get

el (L) Ueg(X (wWp)®) = cf (L) UTE(IX(d)]) = T.E (e (L) UIX(d)]) = T.E(n - [X (id)])

= W (Tpx) (X (D)) = W (xuaTw — 3 (A, @) T, )X ()]

a>0
WSy <w
= wM)egu(X (WWp)°) — D (&, a”)egy(X (wse Wp)®).
a>0
WSy <W

The second equality follows from the fact that the left operator 7, commutes with ¢{ (£;) because the
latter is Weyl-group invariant, as £, is a G-equivariant line bundle; see [MNS22b]. Finally, the Chevalley
formula for the SM classes follows from the one on CSM via the duality in (47), similar to the proof of
Lemma 5.1 above. U
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Appendix B. An example of the A-chain formula

We consider Lie type A, with the Weyl group W = S3, with A = 2w + @, and w = s351. We can find
an alcove walk p_, from A, to A, — A as indicated by the red path in Figure 2, right. This gives the
corresponding reduced expression v_; = 525152505152 and the corresponding alcove path

AO=A()_—ﬁl>A1iAziA3_—ﬂ4>A4ﬂA5ﬂA6=AO—A(A,’=r[A,’_1,1§i§6),

with A-chain 81 = a2, Bo =1+ a2, B3 =0y, Ba=0a1+az, Bs=a1, Be=0a1 + .
The associated sequence of hyperplanes is

h] = Haz,()’ h2 = HO(|+012,0’ h3 = HO(],Ov h4 = HO!|+012,—17 h5 = HO{|,—]5 h6 = HO{]-H)Q,—Z'

Figure 2. Left: alcove walk p; from A, to Ao+ A; py, =c,¢f, pr. = c;r c;r cfrc;r c;r c;r . Right:

We first calculate ¢, ;i\ according to the formula Theorem 3.10. In the proof we introduced A-shifted

(reversed) hyperplane sequence which can be seen in the diagram on the left. We have
/ / / / / /
hl = Hojtan,1, h2 = Hy, 1, 3 = Haj+ay,2s h4 = Hy, 2, 5 = Haj+a3,3» h6 = Hg, 1.

According to the formula, we need to choose J C {1, 2, ...,[} such that u EE

If u=s1, J ={6}, {4}, {2} as 5q, 4+, = s15251. For the weight , when J = {6}, we need to calculate
n=wrp(A). Butasis explained in the proof, 7, = fh/l ,S0, L= wfh/] (A) =w(—wy) =—w;+w,. Likewise
when J = {4}, u = wrp, (1) = wfhg (A) = —wa, and when J = {2}, u = wrp, (1) = wfh; (A\) = —3wy.
If u = id, there are two possible Bruhat chains ¥ =id < 51 < sp5;1 = w and u = id < 57 < 351 = w.
For the first case, J = {5, 6}, {3, 6}, {3, 4}, and for the second case, J = {1, 5}, {1, 3}. When J = {5, 6},
W= WipTps(A) = thgfhé()\) = wfhrl Qwy) = w(—w) + @wn) = w). All the possibilities and the
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w,A

corresponding (folded) alcove walks p; are listed in the table below, followed by the coefficients ¢,

obtained from it. (We can also see the bijection of Lemma 2.7; see Figure 2, left.)

o] B [ M T e =ulwip) = wFi ()]
0 cacgcfcacgco {1 {} $281 w — 3w,
(D fo c; cl cy 02 CO {hy} {6} S1 —w + oy
(2) |cyey fﬁc&c;c:{ {h3} {4} $1 — >
(3) |cpeycicy f2+ca' {hs} {2} S1 o) — 3w,
@ |cy f2+c?'ca'c;'cg {hy} {5} S 2w — 2w,
) |¢yeyer fjc?c& {h4} {3} 82 w| — 3w,
(6) f0 ;CTC(TCZ'_C(T {hi1, ha} {5, 6} id w
D | fifese f*c;co+ {hi ha}| (3,6} id —w + @y
®) |co fielege fo {h2, he}| {1, 5} id 2w — 2w,
O) |coes fiT fo c2 cg | {hs, ha} {3, 4} id —w
(10) |cgcy ey fof ey fof | {ha, he} [{1, 3} id o — 3w

c;‘;;’\l .= 1for u=w; — 3w,
cy ,L =(q — g~ for p = —w + @, —w,, Wy — 3,

vz M =(q—1q~ ! for u = 2w — 2w, wy — 3wy,

w A

Cidp = =(q— 1)?q * for u = oy, —) + @2, 201 — 205, — 0, ) — 30

w,—A

Next we calculate Cun

according to Theorem 3.9. For this case we need to chose J C {1,2,...,1}
such that u 2 w.

For example, if u = id, then there are three possible J corresponding to the Bruhat chains u < usg, <
USB,Sp, = W, U < US; < USBsSp, = W, U < USg; < usgssg, = w. For the first case the weight p can be

calculated (see Figure 2, right) as
w=wrj_(—=X1) = 52817, (—1) = 5251 By — 22) = 2w — wy.

All the possible J and corresponding alcove walks p_, are listed in the table below.

‘ M ‘ J ‘GO(P):u‘wt(p):wfk(_k)

’pwﬁf)» ‘ P
O |oeagegeeag | | | s —w) + 3w,
(D | T IC(T sz_ {he} | {6} 51 )
2) |y cr e fo cr 1y | {ha} {4} S1 w| — @y
3) | fi c2 TN c?“c2 {ha} {2} S1 2w — 3w,
@) |cycfeieg fiey | thsy | {5) 52 —2w + 2w,
5) c;c,*fz_cgcl_cz_ {h3} {3} 52 —3w) + o
©) |y fy [ycoercy [tha, ha}|{2,3)) id —2w) —
(7) |c5 fieyey fiey |tha, hs}|{2, 5} id —2w,
®) |5ty fy fiey |tha, hs}|{4, 5} id —w
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The coefficients ¢*:~* obtained from the table are

U
ct = 1for p=—w + 3w,
Cg;’,,:k =(1—q)q~" for p = wy, @ — @, 21 — 3o,
C;Z’,;A =(1—q)q ' for p = =2 + 2w, —3w| + w2,
Cilg:;zk = (1 —g)’q?* for p = —2w| — w>, —2w, —w.
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The Mahler measure of exact polynomials
in three variables

Trieu Thu Ha

We prove that under certain explicit conditions, the Mahler measure of a three-variable polynomial can
be expressed in terms of elliptic curve L-values and Bloch—Wigner dilogarithmic values, conditionally
on Beilinson’s conjecture. In some cases, these dilogarithmic values simplify to Dirichlet L-values. The
proof involves a construction of an element in K f) of a smooth projective curve over a number field. This
generalizes a result of Lalin (2015) for the polynomial z + (x 4+ 1)(y + 1). We apply our method to several
other Mahler measure identities conjectured by Boyd and Brunault.

Introduction

Let P(x1,...,Xx,) € C[xlil, .. ,xfl] be a nonzero Laurent polynomial. The (logarithmic) Mahler
measure of P is defined by

d dx,
m(P) = /1og|P(x1,...,x,,)|ﬂA---A n (0-1)

Qri)n X1 Xn
where T" : |x|| =-- - =|x,| =1 is the n-dimensional torus. This quantity was firstly introduced by Mahler
[27] in 1962.

In 1997, Deninger [12] linked the Mahler measure of polynomials P(xy, ..., x,) under certain con-
ditions to the motivic cohomology of Vp, where Vp is the zero locus of P in C". This allowed him to
place the Mahler measure in the very general framework of Beilinson’s conjectures on special values of

L-functions. More precisely, Deninger defined the chain
I'= {(xl,---,xn) eC": P(xl"--7xn):07 |x1| == |xn71| = 17 |xn| = 1}

He showed that if I" is contained in the regular locus V;,eg of Vp, then there is a differential (n—1)-
form n(xy, ..., x,) on G such that its restriction to Vp represents the regulator of the Milnor symbol
{x1,...,x,}, and we have

O
m(P)_m(P)—I—W/Fn(x],...,xn), (0-2)
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where P is the leading coefficient of P seen as a polynomial in x,,.

From now on we assume that P has rational coefficients and I" is contained in V,r,eg. If oI = @, then
I' is a cycle. Then Deninger found out that in certain situations, identity (0-2) together with Beilinson’s
conjecture imply that m(P) can be expressed in terms of the L-function of the motive H n=1(V p), where
V p is a smooth compactification of Vp. As an example, he showed that under the Beilinson conjecture,

1 1
m<x+;+y+;+1> < L'(Es,0), (0-3)

where Ejs is the elliptic curve (of conductor 15) defined by x + 1/x 4+ y +1/y 4+ 1 = 0. In this example,
aI" # & but a symmetry argument reduces this to the case dI" = &. It was completely shown (without
assuming the Beilinson conjecture) by Rogers and Zudilin [33] in 2014.

Boyd [3] conjectured, based on numerical evidence, that

1 1
m(x—l—;—i—y—i—;—i—k);rk L/(EN(k),O), 0-4)

where k € Z\ {0, £4}, ri, € Q@ and En ) is the elliptic curve (of conductor N (k)) obtained as a smooth
compactification of the zero set of P =x 4 1/x 4+ y 4+ 1/y 4 k. Until now, identity (0-4) is only proved
for a finite number of k:

ke {—4v2, —2+/2,1,2,3,2v2,3v/2,5,8,12,16, i, 2i, 3i, 4i, V/2i},

by the works of Brunault, Lalin, Rodriguez-Villegas, Rogers, Samart, and Zudilin (see [5; 22; 26; 25; 36;
32; 33; 39]).
The case dI" # & is more difficult, Maillot [28] suggested we should look at the variety

Wp = Vp N Vp*, (0-5)

—1). We call Wp the Maillot variety. If P is an exact polynomial,

where P*(xq,...,x,) = Is(xfl,...,xn

i.e., n = dw, where w is a differential form on Vlrfg, then Stokes’ theorem gives
() =m(p)+ SN f
m =m -_— .
Qi) Jor
Moreover, oI is contained in Wp, hence we can hope that m(P) is related to the cohomology of Wp. In

this direction, Lalin showed the following result.

Theorem 0.1 [23, Theorem 2]. Assume that P € Q[x, y, z] is irreducible and satisfies the following
conditions:
(1) Wp is birationally equivalent to an elliptic curve E over Q.
(ii) AT defines an element of H\(E(C), Z)*, the invariant part of Hi(E(C), Z) under the action induced
by the complex conjugation on E(C).

(i) x AyAz= Zj fin(d—=fi)Agjin N Q(Vp)*, for some functions f;, gj € Q(Vp)*.



The Mahler measure of exact polynomials in three variables 527

(iv) x AyAz=0in N Q(E)*.
V) X vp@NLfi (P2 =0in ZIPL1/Ro(Q) for all p € E(Q).

Here Ry(Q) is the subgroup generated by the five-term relations (2-1), and v, (gj) is the vanishing order
at p of g; seen as a function on E. Then under Beilinson’s conjecture,

m(P)=m(P)+a-L(E,—-1), acQ. (0-6)

Condition (3) implies that P is exact (see Remark 4.3). In this article, we relax Lalin’s conditions in
order to deal with Mahler measure identities which are more general than (0-6), for example, containing
also Dirichlet L-values. We only assume that Wp is of genus 1 and we do not require the conditions
(iv)-(v) above. Recall that the Bloch-Wigner dilogarithm function D : P!(C) — R is defined by

Im(3232, 24/k%) +arg(1 - 2) loglzl (2] < 1),
—D(1/z) (zl = D).
For any field F, we denote by 5(F’) the Bloch group of F' tensored with Q (see [38, Section 2]). Let T be
the involution of G>, given by (x, y, z) ~ (1/x, 1/y, 1/z). Since P has rational coefficients, T induces

D(z) = { (0-7)

an involution of Wp. For A an abelian group, we write Ag := A ® Q. Let us state our main theorem here.

Theorem 0.2. Assume P € Q[x, y, z] is irreducible and that Wp is a curve of genus 1. Let C be the
normalization of Wp. Suppose that

xAyAz=Y find—fag in N Qe (0-8)
J

for some functions fj, gj on Vp. Let S be the closed subscheme of C consisting of the zeros and poles of

the functions g; and gj ot on C for all j. Then, for p € S,

up =Y vp@Nfi(Pha+v,(gj oD SfjoT(p)h
J

define elements in the Bloch group B(Q(p)), where Q(p) is the residue field of C at p.

Assume that the Deninger chain T is contained in V}r,eg and that its boundary 3T is contained in W, 2,
then T defines an element in H(C(C), Z)*. If u, =0 for all p € S, then under Beilinson’s conjecture
for the curve C (Conjecture 1.11), we have

m(P)=m(P)+a-L'(E,—1) (a € Q),

where E is the Jacobian of C. Otherwise, let S' be the subset of S consisting of the points p such
that u, # 0. Let K be the splitting field of S" in C. Let O be any fixed point in S'(K). Assume that
the difference of any two geometric points in S'(K) has finite order dividing N in E(K), then under
Beilinson’s conjecture for the curve C (Conjecture 1.11),

~ 1
_ ’
m(P)=m(P)+a-L(E,—1)+ AN E by - D(ug) (aeQ,b, €2), (0-9)
qeS'(K)\{O}
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where for q € S'(K) supported on a closed point p € §', we define u, to be the image of u, under the
map B(Q(p)) — B(K) induced by the embedding Q(p) —4 K.

The rational number a comes from Beilinson’s conjecture, and does not depend on the choice of O,
but the integer numbers b, actually do. However, the D-values in identity (0-9) are independent of the
choice of O. Indeed, when we remove O from the sum, the complex conjugation of O maintains the
D-values in identity (0-9). Now let us use Theorem 0.2 to investigate several conjectural Mahler measure
identities of the following types:

(a) Pure identities: m(P) 2 a-L'(E,—1) for some a € @*. Table 1 consists of pure identities that we
prove up to a rational factor and conditionally on Beilinson’s conjecture. Identity 3 in Table 1 was studied
by Lalin [23]. By contrast, Theorem 0.1 of Lalin does not apply to identity 5 in Table 1 as it violates
condition (v). Identities 6, 7 and 8 are conjectured by Lalin and Nair in [24], in fact, they showed that by
some changes of variables, the Mahler measure of polynomials 5, 6, 7 and 8 are equal. Moreover, from
Table 1, we have the following relations (under the Beilinson conjecture):

?

m((l+x)1+y)x+y)+2) ~ocm(l+x+y+z+xy+x24+y2),
m(l+&x+Dy+x—1)2) l@x m((x + 1)2(y +1)+2).

We also give in Section 5.1(g) an example showing that Theorem 0.2 does not imply that

m((1+x)(1+y) + (1 —x = y)2) = 55 L' (Easoc1, = 1). (0-10)
P E a reference

1 (I+x)A+y)(x+y)+z 14a4 -3 [9, p.81]
2 I+x+y+zt+xy+xz+yz 14a4 -3 (6]

3 x+Dy+D+z 15a8 -2 [4]

4 x+D2+(1=x)(y+2) 20al =2 [4],[9,p.81]
5 I+x+Dy+(x—-1)z [4]

6 T4+ +x+Dy+(x—1)z 2al 3 [24]

7 %(x2—2x~|—2)+(x4—x3+x2—x+1)y~|—(x4—x3+x—l)z 4 [24]

8 T+ +2)+ (P +xtHx+Dy+ (- 1)z [24]

9 x4+ (y+1)+z 21a4 =3 [4],]9,p.81]
10 (+x)2+y+z 24a4 -1 [4]
11 I+x+y+z+xy+xz+yz—xyz 36al —1 (6]
12 I+xy+(14+x+y)z 90b1  —55 (6]
13 x+1D2+(x—1)2y+z 225¢2 -k [4; 6]

Table 1. Pure identities m(P) Za -L'(E,—1).
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P E a b] b2

1 I+ —x+Dy+&2+x+1)z 4542 -1
2 X1+ +D?y+* =Dz 48a1 - 0 1

Table 2. Conjectural identities m(P) 2 a-L'(E,—1)+by-L'(x_3, —1)+by-L'(x_4, —1). The
reference for all entries is [6].

(b) Identities with Dirichlet L-values:

m(P(.y,2) =a-L'(E.~1)+Y by -L'(x.—1)  (a€Q, by €0, (0-11)
x

where x are odd quadratic Dirichlet characters. In cases where the coefficient a is nonzero, such identities
are referred to as mixed identities. Table 2 consists of mixed identities we prove (up to rational factors)
under Beilinson’s conjecture for genus 1 curves (see Sections 5.2(a) and 5.2(e)). The first polynomial in
Table 2 does not satisfy conditions (iv)—(v) of Theorem 0.1 of Lalin. Moreover, the Maillot variety Wp is
a curve of genus 1 and does not have any rational point, hence violates condition (i) also. For the second
polynomial in Table 2, the Maillot variety Wp is a union of a line and a nonsingular curve of genus 1.
We also give an example to which our theorem does not apply (see Section 5.2(d)):

m@? +x+ 1+ @2 +x+ Dy + (= 1)%2) = = 5L (Epar, =D + 3L (x-3, — ). (0-12)

This was conjectured by Brunault [6].
By a method of Lalin in [23, Example 4.2], we prove without assuming Beilinson’s conjecture the
Mahler measure identities in Table 3; they involve only Dirichlet L-values (see Section 5.2(b)—(c)).

Outline. The article contains five sections. In the first three, we recall some tools that needed for our
constructions. In Sections 1.1-1.4, we recall the definitions of the Deligne cohomology and some facts
about motivic cohomology. We give an explicit isomorphism between Chow motives of a genus 1 smooth

P
I+ + D@2 +Hx+Dy+(x+1)°%z
X214+ x+Dy+(x+1)32
A1+ +DE2Fx+Dy+(x+1)3z
K21+ +DEHx+Dy+(xc—D(x2—x+1)z
CHDEFD+E+DEPHx+Dy+(x—D(x2—x+1)z
1+ +D2y+(x—1)%z
x2—|—1+(x~|—1)3y~|—(x—1)3z
x+DE2+ D+ + 1D y+(x—1)°z

S
S
)

0 N N BN =
S O O O O NN W
W W N wuwae ©O O O

Table 3. m(P) =b-L'(x_3, —1)+by-L'(x_4, —1). The reference for all entries is [6].
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projective curve and its Jacobian. We then recall briefly the regulator maps and Beilinson’s conjecture
for smooth projective curves of genus 1. In Section 2, we bring back Goncharov’s polylogarithmic
complexes and his regulator maps on the cohomology of these complexes. In Section 3, we recall
de Jeu’s polylogarithmic complexes and discuss his maps connecting the cohomology of Goncharov’s
polylogarithmic complexes to the motivic cohomology. In particular, in Section 3.4, given a 2-cocycle in
weight 3 Goncharov’s polylogarithmic complex, we compare its Goncharov regulator and the Beilinson
regulator of its image under the map defined in Section 3.2. In Section 4.1, given an exact polynomial P
in Q[x, y, z], we construct an element in the Deligne cohomology of an open subset of the normalization
C of the Maillot variety Wp (0-5). We then relate this element to the Mahler measure of P in Section 4.2.
In Section 4.3, we construct explicitly an element in K f)(C) satisfying that its Beilinson regulator has
connection with the Deligne cohomology element constructed in Section 4.1. We then prove the main
theorem in Section 4.4. We end the article with Section 5, where we study the conjectural Mahler measure
identities mentioned above.

1. The Beilinson regulator map

1.1. Deligne cohomology. Deligne cohomology of a smooth complex algebraic variety X is firstly
introduced by Deligne in 1972, it is given by the hypercohomology of

0—Z(n) —> O0x - Q- Q5 — - > Q1 -0, (1-1)

where the constant sheaf Z(n) := (27i)"Z is placed in degree 0 and Qé( is the sheaf of holomorphic
j-forms on X placed in degree j + 1. Burgos [11] then showed that this hypercohomology can be the
cohomology of a single complex. Let us recall briefly Burgos’ construction (see [11; 9]).

Let X be a smooth complex algebraic variety of dimension d. Let (X, ¢) be a good compactification of
X, i.e., that X is a smooth proper variety and ¢ : X < X is an open immersion such that D := X — ((X)
is locally given by z; ...z, = 0 for some analytic local coordinates z1, ..., zg on X and m < d.

Definition 1.1 [11, Proposition 1.1]. A complex smooth differential form w on X has logarithmic
singularities along D if locally w belongs to the algebra generated by the smooth forms on X and
log |zil, dzi/zi, dZi/Zi, for 1 <i < m, where z; ...z, = 0 is a local equation of D. For A € {R, C},
E’% ,(log D) denotes the space of such A-valued smooth differential forms of degree n on X.

We haV? E% c(logD)=@,,_, Ey{(log D), where EP% is the subspace of type (p, q)-forms. We
denote by 8 : EP9 — EP-9+1 and 3 : EP9 — EP+1-9 a5 the usual operators and d = d + 3. Burgos defined

Efgn(X)= lim  E} ,(log D).
(X ,1)eZopp

where Z is the category of good compactification of X. He then introduced the following complex.



The Mahler measure of exact polynomials in three variables 531
Definition 1.2 [11, Theorem 2.6]. For any integers j, n > 0, set

j—1 pn—1 P-q : :
Qi) " Efg k) N (D)1 gmn—i: pg<j ElogcX)) ifn<2j—1,

Ej (X)n = i P.q . .
(znl)]Elog,R(X) N (@p-ﬁ-q:n;p,qzj Elog,C(X)) ifn> 2J’

—prj(da)) ifn<2j—1,
d"w:=1{-2000 ifn=2j—1,
dw ifn>2j,

where pr; is the projection @p’q — @p,q<j‘ Denote by E;(X) the complex (E;(X)", d"),>0.

Definition 1.3 (Deligne cohomology [11, Corollary 2.7]). Let X be a smooth complex algebraic variety.
The Deligne cohomology of X is the cohomology of the complex E;(X), that is,

HA (X, R(j)) = H"(Ej(X)) for j,n>0.

As the canonical map EY ((log D) — Ef:)g’C(X ) is a quasi-isomorphism by [10, Theorem 1.2], we
can use Ej‘( A (og D) for some good compactification of X instead of El’;g’ A(X) in Definition 1.2.

Remark 1.4. For the case j >dim X > 1 or j > n, H5(X, R(j)) is canonically isomorphic to the de Rham
cohomology H"~'(X, (27i)/~'R) by the canonical map sending a Deligne cohomology class to its
de Rham cohomology class (see [9, Section 8.1]). For j > 1, we thus have Hé(Spec ©),R())~R(G-1).

Let X be a smooth variety over R. Let X (C) denote the set of complex points of X xg C. Denote by ¢
the complex conjugation on X (C). For a complex differential form w on X (C), we define an involution
Fyr(w) := c¢*(®). It acts on the complex E;(X(C)), hence acts on the Deligne cohomology.

Definition 1.5 [11, Remark 6.5]. Let X be a smooth variety over R. The Deligne cohomology of X is
defined by

HA(X, R(j)) := HH(X xr C, R()™,
where “+” denotes the invariant part under the action of the involution Fyg.
Let X be a smooth real or complex variety, there is a cup-product in Deligne cohomology
U: HA (X, R(j)) ® HE (X, R(k)) = Hp™ (X, R(j +k)), (1-2)

(see [11, Theorem 3.3]). It is graded commutative (i.e., « U 8 = (—1)""8 U ), and associative. In the
case n < 2j, m <2k, fora € H5(X, R(j)) and B € HZ (X, R(k)), we have that o U 8 is represented by

(=D"rj(@) AB+a Ar(B), (1-3)

where ry(a) := d(at~1"t) — §(a" L,
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1.2. Chow motives. In this section, we discuss the Chow motives of smooth projective curves. For more
details, we refer to [29] or [34]. Recall that the Chow groups of a variety X are CH"(X) := Z"(X)/ ~,
where Z"(X) is the free abelian group generated by irreducible subvarieties of X of codimension n, and
~ is the rational equivalence (see [29, Section 1.2]). If ¢ : X — Y is a morphism of varieties, one has the

homomorphisms
¢*:CH"(Y) > CH"(X),  ¢.:CH"(X) — CH'dmY—dmX(y)

Letk be afieldand r > 0. Let X, Y € SmProj(k). If X is of pure dimension d, the group of correspondences
of degree r is given by Corr” (X, Y) := CH*" (X x Y)®Q. If X =] | X is a decomposition of subschemes
with X, is of pure dimension d, then Corr’ (X, Y) := @ Cort’ (X4, Y). Let X, Y, Z € SmProj(k) and
f eCort"(X,Y), g € Cor’ (Y, Z), the composition of correspondences

Cort’ (X, Y) x Corr* (Y, Z) — Cort’ (X, Z)
is defined by
(f. 8) > go f i=pry3, (pr]y f-Pra3 &) =pris. (f X Z-X x g),

where pr is the canonical projection and - is the intersection product. Let ¢ : X — Y in SmProj(k), with
X and Y are of pure dimensions d and e, respectively. Let I'y, denote the image of the closed immersion
(idx, @) : X — X x Y. We have the correspondences

¢« =[Ty] € Corr* (X, Y), ¢* :=['T4] € Corr’(Y, X).

Definition 1.6 (Chow motives). Objects of the category of Chow motives CHMgq (k) are triples (X, p, m),
where X € SmProj(k), p € CorrO(X, X) is an idempotent, i.e., po p = p, and m is an integer. If (X, p, m)
and (Y, g, n) are Chow motives, then

Homcumg i) (X, p,m), (Y, q,n)) = poCort" ™ (X, Y)oq C Cort" ™(X,Y).
There is a contravariant functor
h : SmProj(k) - CHMg(k), X +— h(X):=(X,[Ax],0), (1-4)
where Ay is the graph of the diagonal map. If ¢ : X — Y is a morphism, h(¢) := ¢* = ['Ty] €
CorrO(Y, X) = Homcumg ) (h(Y), A(X)). One calls 2(X) the Chow motive of X.

Let C be a smooth projective curve over k (not necessarily having a k-rational point). Pick any zero cycle
Z on C of positive degree N, one defines projectors po(C) := %[Z x C], p2(C) := %[C x Z], and Chow
motives h' (C) :=(C, p;(C),0) e CHMg(k) for i =0, 2. These motives do not depend on the choice of Z,
in fact, h°(C) ~ h(Spec k") and h?(C) ~ h(Spec k') ® L, where k' = T'(C, O¢) and L = (Spec k, id, —1)
is the Lefschetz motive. One sets p1(C) := A¢c — po(C)— p2(C) and h(C):=(C, p1(C), 0) e CHMg(k).
We have the direct sum decomposition

h(C) =h"(C) ®h'(C) ® h*(C),
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which depends on the choice of Z, but 4! (C) is well-defined up to unique isomorphism (see [29, Section
2.3] or [34, Section 3]). If C is further of genus 1, one can show that 4! (C) ~ h'(E), where E is the
Jacobian of C, by using the following equivalence of categories (see the proof of [29, Theorem 2.7.2(b)]):

Mg > {category of Jacobian of curves} ® Q,

where Mg, is the full subcategory of CHMg (k) of motives isomorphic to h!'(Y) for some smooth projective
curve Y. Let us give explicitly the isomorphism.

Proposition 1.7. Let C be a smooth projective curve of genus 1 over a number field k and E be its
Jacobian, then h(C) ~ h(E) and h'(C) ~ h' (E).

Proof. Let k be the algebraic closure of k and let us fix a point xo € C (k). We consider the morphism ¢ :
C;— Eg, whichmapsxeC (k) to the divisor N (x)—)Y_, (o (xp)), where o runs through all the embeddings
k(xg) = k and N is the number of these embeddings. This map is well-defined as N (x) — > . (o(xp)) is
a divisor of degree 0. We have ¢, € HomCHM@(,;) (h(Cp), h(Ep)) and ¢* € HomCHM@(,;) (h(Ep), h(Cp)).
By [29, Section 2.3], we have ¢, 0 ¢p* = deg(P)[Ag ] = NZ[AEE]. Conversely, we have

0" 0y & prya, (Ty x Cp) - (C x 'Ty)).
As sets, we observe that
Ty x CN(Ct x'Tg) ={(x,¢(x), y) | x,y € CA}IN{(z, ¢(1). 1) | 2, € C(k)}
={(x.¢(x).y) | x,y € C(k), p(x) = ()}
={(x,¢(x),y) | x,y € C(k), N(x) — N(y) =0 in E(k)}
={(x,¢(x).x+p) | x € C(k), p € Et[N]},

where Ef[N] is the set of N-torsion points of E (k) and “+” is the canonical action of E 7 on Cz. So

¢ op.= Y [Ty,]1=NAg],

peEIN]

where ¢, : C; — Ci, x — x + p, and the last equality follows from the fact that Iy, is rationally
equivalent to A, for p € E;[N]. We thus obtain that ¢, : h(C;) — h(Ej) is an isomorphism in the
category CHMg (k). For a € Gal(k/k) and x € C(k),

(@o¢)(x) =a(N(x) = Y (oo (x)) = N(@x) =Y (0(x0))=(poa)x).
This implies that 'y, and ‘T, are Gal(k/ k)-invariant. Hence by Galois descent (see, e.g., Theorem 1.3(6)
of [13])
CH' (C; x Jp)®®/0 ~ CH'(C x4 E),  CH'(E; x; Cp)%* /P ~ CH'(E x4 C),

¢, defines an isomorphism from /4 (C) to h(E) in the category CHM,, with inverse ¢*.
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Denote by A the positive zero-cycle of degree N corresponding to xg. We set po(C) := %[A x C],
p2(C) := %[C x A], and pi(C) := Ac — po(C) — p2(C). Let O be the trivial element in E (k), we set
Po(E) =0 X E, pp(E)=E x O, and p|(E) := Ag — po(E) — p2(E). By explicit computations, we
have

¢* o po(E) o, =N>po(C) and ¢* o pa(E) oy = N?p(C).

Now we show that p;(E)o¢, o p1(C) and pi(C)o¢* o pi(E) define isomorphisms from h'(C) to h'(E)

and inverse, respectively. We have

¢* 0 p1(E) 0 ¢y = ¢* 0 (s — po(E) 0 ¢y — p2(E) 0 ¢s) = N*[Ac] — ¢* 0 po(E) 0 ¢ — ¢* 0 p2(E) 0 s
= N’[Ac] — N?po(C) — N p5(C)

=N?pi(C).
We thus have p1(C) o ¢* o pi(E) o p1(E) o ¢x 0 p1(C) = p1(C) 0 ¢p* 0 p1(E) o s 0 p1(C) = N*p1(C).
Similarly, we have p;(E) o ¢, 0 p1(C)o pi(C)o¢* o pi(E) = N?>pi(E). O

1.3. Motivic cohomology. Let k be an arbitrary field of characteristic 0. Let us recall briefly the definition
and some facts of motivic cohomology. For more details, we refer to [14, Chapter 5, Section 2]. Voevodsky
constructed a triangulated category, called geometrical motives, denoted by DMgy, (k) and a covariant
functor

Mgy, : Sm(k) — DMgy, (k)

(see [14, p. 192]). The motivic cohomology of X with coefficients in Q is defined by
Hj (X, Q(j)) := Hompm,, k) (Mem(X), Q(j)[n]), forn, jeZ, (1-5)

where Q(1) € DMy, (k) is the Tate motive (see also [14, p. 192]) and Q(j) = Q(1)®/ It is known that the
motivic cohomology H} (X, Q(j)) is isomorphic to the j-eigenspace of Quillen’s K-group K;_,(X)q
with respect to Adams operation (see [37, Chapter I1.4] for the definition), namely,

Hi (X, Q()) ~ K37,

(X) (1-6)
(see [14, p. 197]). By the functorial property of My, for any morphism f : X — Y, we have a Q-linear
map f*: Hy, (Y, Q(j)) = H},(X, Q(j)), called pull back of f. Moreover, for proper maps f : X — Y
of pure codimension ¢ = dim Y — dim X, we have a Q-linear map, called push-forward of f (see [13,
Theorem 1.3])

fet H(X, Q) — HLP(Y, Qi +0)).

Let X and X’ be smooth quasiprojective varieties over k and 7 : X’ — X be a finite Galois covering
with group G. We have Galois descent for motivic cohomology, i.e.,

7 L (X, Q()) = HiL (X', Q)¢ (1-7)

is an isomorphism (see [13, Theorem 1.3]).
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Let X € Sm(k) and ¢ : Z — X be a closed immersion of smooth varieties of codimension ¢ with open
complement j : X — Z < X. We have a localization sequence for motivic cohomology (see [14, p. 196]
or [13, Theorem 1.3])

s H(Z,Q( — ) = Hiy (X, Q) L H(X - Z,Q()) — H'"™(Z,Q( —¢) — - .
(1-8)
Let C be a smooth curve over a number field k. Denote by F = k(C) the function field of C. Then

Hi,(F,Q(j) = lm Hy, U, Q).
UcCC open

We have the following version of localization sequence:

0— H3(C,Q(3) — H3(F,Q3) 25 @) HL k(). 0)), (1-9)

xeC!

where C! is the set of closed points of C. This follows from the localization sequence of Quillen’s
K -groups (see [37, V.6.12]). The left exactness follows from Borel’s theorem (see, e.g., [37, IV.1.18]),
which states that K4 of a number field is torsion, hence H/Q/[ (K,QQ2))~K f)(K )=0.

1.4. The Beilinson regulator map. Let X be a smooth variety over R or C. The Beilinson regulator map,
as defined in [30], is a Q-linear map

regy : Hy (X, Q(j)) = HpH(X, R(j)). (1-10)

Forn = j =1, we have H /lvt (X,001) =0Xx )ED and the regulator map sends an invertible function
f to the class of log | f|, by [9, Appendix A.3]. As the regulator map is compatible with taking cup
products, we observe that the regulator map sends the Milnor symbol {f1, ..., f,} € Hy,(X, Q(n)) to
the class of log | fi|U---Ulog | f,| in H (X, R(n)). When X is defined over a number field k, we write
Xr := X Xg R, and the Beilinson regulator map is defined as the composition

base change
_—

Hj, (X, Q) Hy(Xg, Q())) =28 Hp(Xg, R(j)). (1-11)

Now let C be a smooth curve over a number field k. Let F = k(C) be the function field of C. We
define Deligne cohomology of F by the direct limit

Hp(F,R(j)) = lim HpUg, R()). (1-12)
UcCC open

And the regulator map for the function field is defined by regy :=lim; open 168U
regp @ Hy(F, Q(j)) — Hp(F, Q(j)). (1-13)

Now let us recall the regulator integral for smooth projective curve (see [20, Section 3] for more
details). Let C be a smooth projective curve over a number field k. Denote by C(C) the set of complex
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points of C xg C. If w is a holomorphic 1-form on C(C) such that Fgr(w) = w, where FgR is defined in
Section 1.1, then we have a map

H'(C(C),RQ2)T — R(1), n— nA® (1-14)
Cc(©)

(see [20, Remark 3.1]). This integral depends on the choice of the orientation of C(C). Recall that there
is a canonical isomorphism H%(CR, R(3)) ~ H(C(C), R(2))" (see Remark 1.4). We thus write the
Beilinson regulator map on C as the composition

regc : H3(C, Q(3)) — H3(Cr, R(3)) =~ H'(C(C), RQ)™. (1-15)
The composition map
H3,(C,Q(3)) =55 HY(C(C), RQ)* Llind STSVACH 1O T (1-16)
is called the regulator integral. Similarly, we have the regulator integral for the function field
H}(F,Q(3)) =5 HY(F,RQ)*t nd STLACN 10 (1-17)
where H'(F, R2))" :=1lim ¢ gpen H' (U(C), RQ2)T.

1.5. Beilinson’s conjecture for genus 1 curves. In this section, we recall Beilinson’s conjecture for
smooth projective curves of genus 1 (see [30, Section 6] or [19, Section 4] for more details). Let us recall
the definition of L-function attached to the pure motive A’ (X), for X is a smooth projective variety over
Q@ of dimension n.

Definition 1.8 [30, Section 1.4]. Let p be a prime number. For 0 <i < 2n, we set
L,(h'(X),s) =det(1 — Frob, p~ |h\, (X))~

where £ # p is a prime number, Frob, € Gal(Q/Q) is a Frobenius element at p, acting on the étale

realization
hy(X) == Hy(Xg, Qo).
and /), is the inertia group at p.

Remark 1.9. If X has good reduction at p, then L p(hi(X ), s) does not depend on the choice of ¢
[30, Section 1.4]. And it is conjectured by Serre that if X has bad reduction at p, then L p(hi (X),s)
is independent of the choice of ¢ and has integer coefficients (compare [21, Conjecture 5.45]). This
conjecture holds if i € {0, 1, 2n—1, 2n}, by [21, Theorem 5.46]. In particular, it holds when X is a curve.

Definition 1.10 (L-function [30, Section 1.5]). The L-function associated to 4’ (X) is defined by

LW (X).5)= [] L, (X).s).

p prime
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Let C/Q be a smooth projective curve of genus 1 and E be its Jacobian. By Proposition 1.7, we have
L(h'(C),s)=L(h'(E),s). Hence L(h'(C), s) = L(E, s) the Hasse-Weil L-function. We then have the
following version of Beilinson’s conjecture for smooth projective curve of genus 1.

Conjecture 1.11 ([30, Section 6], [19, Section 4]). Let C be a smooth projective curve over Q of genus 1
and E be its Jacobian. For any nontrivial element o € H%A (C, Q@Q3)), we have

(2mi)? (vd rege (@), =a-L'(E.=1)  (ae@),

where )/Er is a generator of Hi(C(C), Q)*, reg is the Beilinson regulator map (1-15), and (-, - ) is then
the pairing in de Rham cohomology.

2. Goncharov’s polylogarithmic complexes

In 1990s, Goncharov introduced polylogarithmic complexes and regulator maps from the cohomology
of these complexes to Deligne cohomology. They have connections with motivic cohomology and the
Beilinson regulator map (see [15; 16; 17]). In this section, we recall briefly these constructions of
Goncharov, which will be used in Section 4.3 to construct elements in motivic cohomology.

2.1. Goncharov’s complexes. For any field F of characteristic 0 and an integer n > 1, Goncharov defined
B, (F) to be the quotient of the Q-vector space @[[P’}D] by a certain (inductively defined) subspace R, (F).
For x € F U {oc}, we denote by {x}, the class of {x} e @[P}r] in B, (F). Goncharov then constructed a
weight n polylogarithmic complex, in degree 1 to n (see [15, Section 1])

Tr(n): By(F) = By1(F) @ FY — Bya(F)@NFZ — - — Bo(F) @ N FF — N'Fg,
where the maps are given by
xXhhp @A Ay, = X} p 1 QXAYIA---AYp ifO0<p<n-2,
Xh@®yiA- Ay (L=X)AXAYIA--- AYpa.
It is conjectured that the cohomology of this complex computes the motivic cohomology.
Conjecture 2.1 [15, Conjecture A, p.222]. H?(T'r(n)) =~ Hy(F, Q(n)) for p,n > 1.

Goncharov also defined the Q-vector space B, (F) (1 <n < 3) to be the quotient of @[[P’}D] by a certain
subspace R, (F), generated by explicit relations as follows.

Ri(F) = ({x}+{y} = {xy}, x, y € F*; {0}; {o0}),

Ra(F) = () 4 1)+ (=) + {725 | {28 o v e PV (00 01 o)),

2-1)

and R3(F) is generated by explicit relations corresponding to the functional equations for the trilogarithm
(see [15, p.214]) that we do not mention here. We still denote by {x} the class of {x} € @[P}] in By (F).
As Goncharov’s constructions, B (F) =R (F) = FS (see [15, Sections 1.8 and 1.9]). And it was proved
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by de Jeu that By(F) = B, (F) (see [20, Remark 5.3]). Goncharov showed that R3(F) C R3(F) and
conjectured that they are equal (see [15, p.225]).

Goncharov then constructed the polylogarithmic complexes I'(F, n) for n = 2, 3 with the same shape as
I'r(n) but B, (F) are replaced by B, (F) (notice that these complexes are denoted by Bg(n) in [15, Section
1.8]). In this article, we only use the vector spaces with explicit relations B, (F') and the corresponding
polylogarithmic complexes I'(F, n) for n =2, 3. For n = 2, it is given as follows, in degree 1 and 2:

T(F,2):  By(F) 2% A2FX (x> (1—x) Ax.

We have H*(I'(F,2)) ~ H3,(F, @(2)) by Matsumoto’s theorem. And H'(I'(F,2)) ~ H,,(F, Q(2))
by Suslin’s work [35]. The group H Y(T(F, 2)) is also called Bloch group, denoted by B(F) (see [38,
Section 2]).

For n = 3, we have the following polylogarithmic complex in degree 1 to 3:

I'(F,3): Bs(F) 2% By(Fy @ Ff —22 5 NF,

{x}z —— {xhL®x
{xh®y +—— (1—x)AxAY.

(2-2)

Then H3(I'(F, 3)) ~ HX/[(F, Q(3)). In degree 2, Goncharov constructed a map K4(F)g — H*(T'(F, 3))
and conjectured that this induces an isomorphism H/%A(F, QQ@3)) ~ Kf)(F) — H2*(I'(F,3)). De Jeu
constructed a map in other direction H 2(I'(F,3)) — Hi,l(F , Q(3)). We discuss the later map in
Section 3.3.

2.2, The residue homomorphism of complexes. Let K be a field with a discrete valuation v. Denote by
Ok, ky, m, the ring of integers, the residue field, and a uniformizer, respectively. Goncharov defined a
residue homomorphism on his polylogarithmic complexes (see [15, Section 1.14])

d, : T(K, 3) = ['(ky, 2)[—1]. (2-3)
More precisely, it is given by

1 2
Bs(K) 25 By(k) @ k& 22 Nk

laé” laf) (2-4)

Ba(ky) ——= N k)a.

where the vertical maps are defined as follows. For f € K*, we denote by f, the image of fm, ordu (f)

under the canonical map Og — k.°. We have

3P {fla® g > ord,(g){f(v)}2, with the convention {0}, = {1}, = {00} =01in By(k,),  (2-5)
0 f Ag AR > ordy (f)gu Ahy —ordy(g) fu Ay +0rdy () fy A gu. (2-6)
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Now let C be a smooth connected curve over a number field k£ and let F' be its function field. Denote
by C! the set of closed points of C, and k(x) the residue field of x € C'. We have the morphism of
complexes

0:=®,cct0x:['(F,3) —> @ [k(x), 2)[—1]. 2-7)
xeCl!
Goncharov defined the polylogarithmic complex I'(C, 3) as the mapping cone of (2-7). We then have the
exact sequence
0— HX(I'(C,3)) - HXI'(F,3)) > P H' (N kx). 2)), (2-8)
xeC!
where the left exactness is due to the fact that the cohomology group of degree 0 of polylogarithmic
complexes vanishes. This should be isomorphic to the localization sequence of motivic cohomology (1-9).
We will construct a morphism from complexes (2-8) to (1-9) in (3-16), using work of de Jeu.

2.3. Goncharov’s regulator maps. In this section, we recall Goncharov’s regulator maps. Let X be a
regular variety over a number field. Denote by F the function field of X. For a nonempty open subscheme
U C X, U(C) denotes the set of complex points of U xg C. Let Q/(ny) := lim,,_ open Q/(U) and
Q/(U) is the space of real smooth j-forms on U (C). Goncharov gave explicitly a homomorphism of
complexes (see [17, Theorem 2.2]):

1
By(F) — 2 By (F)® FY NF

J/rs(l) lr3(2) lr;@) (2-9)

QLny) — L Q) —— L Q2(ny).

a3(2)

For f € F*\ {1}, g, h € F*, the vertical maps in degrees 2 and 3 are given respectively by

r3(2) {1 ®g— p(f 8, r3(3): fAgAh—= —n(f, g, h),

where
n(f. g, h) :=log|f|(3dloglg| Adlog|h| —d arg(g) Ad arg(h))
+log|g| (3d log |h| Adlog | f| —d arg(h) Ad arg(f)) (2-10)
+1log |h| (3dlog | f| Adlog|g| —darg(f) Adarg(g)).
and
p(f, &) :=—D(f) dargg + 5log|glo(1 — £, f), (2-11)
where
O(h, f) =log|hldlog|f|—log]|f|dlog]hl, (2-12)

and D : P!(C) — R is the Bloch-Wigner dilogarithm function (0-7). In particular, we have

dp(f,8)=—n(l—f, f.9)=n(f, 1= f, g for f € F*\{l}, g€ F*.
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Let C be a smooth connected curve over a number field and let F be its function field. Goncharov
showed that the map r3(2) gives rise to a regulator map on the cohomology of his complexes of the
function field

r3(2)p : H*(T'(F,3)) — H3(F,R(3)) ~ H'(F,RQ2))" (2-13)

(see [17, Section 2.7]). Moreover, the map r3(2)r is compatible with taking residues (2-7) (see [17,
Theorem 2.6]), hence it extends to a homomorphism

r3(2)c : HX(T'(C,3)) - H3(C ®g R, R(3)) ~ H'(C(C), R@)™. (2-14)

Now let us compute the residues of the differential form representing r3(2) p(«) for« € H 2(I'(F, 3)).
First let us recall the definition of the residues of a differential form.

Definition 2.2 ([9, Definition 7.3]). Let C be a smooth connected curve over a number field and let Z be
a subset of closed points of C. Weset Y :=C\ Z. Letn € H'(Y(C), R). The residue of  at p € C(C) is

Resp(n)Z/ n, (2-15)
Y,

P

where y), is the boundary of any small disc containing p and avoiding Z(C) \ {p}.

Lemma 2.3. Let o = Zj cilfi}®gj € H?*(I'(F, 3)) with cj€Q,and f; € F*\ {1}, g; € F*. Denote
by Z the closed subset of C consisting of zeros and poles of f;, 1 — f;, g; forall j. SetY = C\ Z. Then
r3(2) r () is represented by the differential form p := Zj cip(fi.gj) € H'(Y(C), R(2))* and its residue
at p € C(C) is given by

Res,(p) = =27 Y cjv,(g) D(f(p)),

J

where D is the Bloch—Wigner dilogarithm function (0-7).

Proof. The first statement follows directly from the definition of the map r3(2) r (2-13). Now we compute
the residues. Let f, g € C(C)* such that all the zeros and poles of f, 1 — f, g are contained in Z. Let
p € C(C) and y), be a sufficiently small loop around p and does not surround any point of Z\ {p}. Using the
local coordinate z = re', for r > 0 small and s € [0, 27], we have f(z) = (re’*)"») F(re'*) and g(z) =
(re’*)»® G (re's), where F and G are holomorphic functions such that F(0), G(0) # 0. Then

J

P

D(f)d arg(g) = fo D(f(re")) darg ((re®)""¥G(re™))

2 2
=/ D(f(re"))v,(g)ds +/ D(f(re')) d arg G(re™). (2-16)
0 0

darg Gy = L (4S dG\_1 (193G, 193G
879 =5\¢ "G )T\ TG )
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we have
, 1 (G , G: ,
dargG(re™) = % (Ezrie’sds — ér(—i)e"%s) = 0(r)ds,
where G is the derivative of G with respect to z. Then by taking » — 0 in (2-16), the limit of

fy,, D(f)d arg(g) as y, shrinks to p is

2
/0 D(f(p)vp(g)ds =2mvp(8)D(f (p)). (2-17)

Moreover, we have

log|f| =log |F(re™)|+v,(f)logr,

and
1 (dF dF
dl =dlog|F|==|—+— | = 0(r)ds.
og|f] og|F| 2(F+F) (r)ds

Therefore, (1 — f, f) = O(rlogr) ds — 0 as r — 0. Hence

Res,(p) = =271 Y cjv,(g))D(f;(p)). for p € C(C). O
j

3. De Jeu’s polylogarithmic complexes

In this section, we recall de Jeu’s polylogarithmic complexes and his maps from the cohomology of these
complexes to the motivic cohomology. In particular, they give rise to maps from the cohomology of
Goncharov’s polylogarithmic complexes to the motivic cohomology. We then compare the images of
Goncharov’s regulator and Beilinson’s regulator composed with these maps. These results are used in the
construction of the motivic cohomology classes in Section 4.3. In this article, we consider only the cases
of the polylogarithmic complexes of weight 2 and weight 3. The references for this section are [18; 19;
20].

3.1. De Jeu’s polylogarithmic complexes. Let F be a field of characteristic 0. De Jeu defined M () (F) to
be a certain Q-vector space generated by symbols [ f]; with f € F*\ {1} and constructed the following
complex in degree 1 to 2:

Miy(F): Mey(F) = NFS, [flr (—=f)Af (-1)
and this complex in degree 1 to 3:

M) (F) : M) (F) — M)(F) ® F ——— N'F,
[flz —— [fL®f
[flh®g +—— I-=F)nfnrg

(3-2)
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(see [18, Corollary 3.22, Example 3.24] or [20, Section 2]). We have H" (/qzn)(F)) ~ H)(F,Q(n))
for n € {2, 3}. Let k be a number field. By Suslin’s work, we have the following isomorphism (up to a
universal choice of sign) (see [18, Theorem 5.3] or [20, Theorem 2.3])

Oyt H (MG () = Hy(k, Q(2)). (3-3)
Let o : k — C be any embedding of k into C. We consider the composition map

H' (M3, (k) Y, H}(k, Q(2)) =5 R(1), (3-4)

where reg, is the composition H)M(k, Q(?2)) LN H/IM(C, Q2)) =5 Hé(([:, R(2)) >~ R(1); the last
isomorphism here is the canonical isomorphism mentioned in Remark 1.4. It is shown that the map (3-4)
is given by [z]» to i D(0(2)), where D is the Bloch—Wigner dilogarithm (see [18, Proposition 4.1]). So
we can fix the sign of (p(lz) such that it is induced by [z], — i D (0 (2)).

Moreover, de Jeu ([19, p. 529]) constructed a map (up to a universal choice of sign)

0+ HX (M, (F)) — H3,(F, Q(3)). (3-5)
We discuss more about this map when F is the function field of a curve in the following section.

3.2. De Jeu’s maps. Let C be a smooth geometrically connected curve over a number field k. Denote by
F the function field of C and k(x) the residue field of a closed point x € C I De Jeu[19, Proposition 5.1]
also defined the residue map

8 : M3y (F) — @5 My, (k(x))[—1] (3-6)

xeC!
similarly to Goncharov’s residue map (2-7). The complex ME3) (C) is also defined to be the mapping cone
of (3-6). As the maps (p(23) (3-5) and (p(12) (3-3) are defined universally up to sign, we have the (possibly

noncommutative) diagram

2
%3

H2(M(F)) H3,(F,Q(3))

izal lReSM

Brect H' (M) (k(x))) «:—T> B, et HL, (k(x), Q2)).
2)

Recall that we have the following cup product of K-groups:
U:KP k)@ KV (F) - KO (F).

Since K (/)

3 (X) ~ Hiy (X, Q(j)) and K{"(F) ~ F{;, we have

H,(k, @(2)) U Fj C Hy (F, Q(3)).
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Denote by H = H}V1 (k, @2)) U FS. De Jeu showed that (Res™ o (p(23)) + 2((,0(12) o §) has image in
Res™M |y (H) (see [19, Theorem 5.2]). With the fixed choice of sign of go(lz) in Section 3.1, we can choose
the sign of (pé) such that (Res™ o (p(23)) - 2((p(12) 0 8) has image in Res™ | (H) (see [19, diagram (15)]).

2
%)

H2(M,(F)) H}(F,Q(3)) D H

ZSJ JRSSM

B ccr H' (M) (k(x))) ¢—:> B, oot HL (k(x), Q2)).
(@)

Leté e H 2(/\71;3)(F )). As ResM |7 is injective (see [20, Remark 4.4], for example), there exists a unique
h € H such that

Res™ |1 (h) = ((Res™ 0 ¢33)) — 2(¢(, 0 8)) (§).

Then we define a map

or : H* (M) (F)) — H3,(F, Q(3)), 3-7)

by setting pr(§) := (p(23) (&) — h. It is a Q-linear map making the following diagram commute:

H> (M) (F)) —————— H3,(F, Q(3))

23l JResM (3-8)

Drect H'(Miy k() —— Bicer Higk(x). Q).
(2)

This modification was mentioned briefly by de Jeu in [19, Remark 5.3]. From diagram (3-8), ¢ induces
a map

oc : H*(M3)(C)) = Hy (C,Q(3))

such that the following diagram commutes:

0 —— H2(M33)(C)) —— H2 (M) (F)) —2 @ cor H (M, (k(x)))

q)cl wl l: (3-9)

Res™M

0—— H3(C,Q3)) —— HY(F,Q3)) — D, cct Hi(k(x), Q(2)),
where the lower horizontal sequence is the localization sequence of motivic cohomology from (1-9).

3.3. Relation to Goncharov’s complexes. Let F be an arbitrary field of characteristic 0. De Jeu showed
that there is a map B(F) — M(z)(F) given by {x}, — [x]> (see [20, Lemma 5.2]). This map fits into
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the commutative diagram

I'(F,2): By(F) —— N'F§
l H (3-10)
My (F) : M@y (F) —— NF.

This diagram gives rise to a map w(2) HY(T'(F,2)) — H! (M(Z)(F )). In particular, if k£ is a number field,
we have 1/1(2) HY\(T'(k,2)) S H! (M(z) (k)) is an isomorphism (see [18, Section 5]). We then define
,3(2) H' (T'(k,2)) — Hjl\/l (k, Q(2)) to be the composition of ‘/’(2) and W(z)

DGk, 2) —25 HY(k, ©(2)

X :T% (3-11)
2

H (M, (K)).

The map B(F) — A7I(2)(F ), {x}2 — [x], also fits into the commutative diagram

['(F,3): B3y(F) —— By(F) @ F§ —— /\3F6
l H (3-12)
Mgy (F) : My (F) —— Moy (F)® F§ — N'Fj.

The middle vertical arrow in the diagram (3-12) sends objects of the form {x}, ® x to [x]» ® x, so that it
maps the image of B3(F) to the image of ]\7(3)(F ). It then induces a map
Yo HX(D(F, 3)) — H* (M) (F)). (3-13)

Now let C be a smooth geometrically connected curve over a number field k. Let F be its function
field and for any x € C!, we denote by k(x) the residue of C at x. Since the residue maps of Goncharov
and de Jeu are defined similarly, we have the commutative diagram

vr

H?(T'(F, 3)) H2(M)(F))

. !

P, et H (T (k(x),2)) T:‘> Brecct H' (M) (k(x))).
)

Then ¢ induces a map ¥¢ : H 2(r(c,3)— H 2(./\71:3)(C)) that makes the following diagram commute:

0 — HX('(C, 3)) — HX(I'(F, 3)) — 2%, D, cct H (T (k(x),2))

- |

0 —— H2(M3,(C)) —— HA(My) (F) —2 @ cor H' (M, (k(x)).
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Putting BF := ¢F o ¥F, we have the commutative diagram

BF

//—\

HA (D (F, 3)) ——2 s B0 (F)) ———— H2,(F,Q(3))

2al lza JReSM (3-14)
P, et H'(T(k(x),2)) % Boccr H' (V10 (k(x)) TT> D, ot Hi(k(x), Q2)).
) 2)

~

1
B

Again, the map
Br : HX(T'(F,3)) — Hx,(F,Q(3)) (3-15)

induces a map B¢ : H*(I'(C, 3)) — H/ZVI (C, @(3)) such that the following diagram commutes:

0 — HX(I'(C,3)) — HX(I'(F, 3)) — 22, D, cct HI(T (k(x),2))
ﬂcJ lm :Jﬂfz) (3-16)
0 —— H2,(C.QG)) — H2,(F.Q() 5@, o HL (k(x), Q).

In particular, we have B¢ = ¢c o Yc.

3.4. Regulator maps. Let C be a smooth proper geometrically connected curve over a number field k&
and let F be its function field. We have the following lemma, which is a consequence of de Jeu’s theorem
[20, Theorem 3.5] and Goncharov’s theorem [16, Theorem 3.3].

Lemma 3.1 (de Jeu). Let w be a holomorphic 1-form on C(C) such that Fyr(w) = w, where FgR is the
action defined in Section 1.1. Let « = Zj cilfil®gj € H?(['(F, 3)) with cj€Qand fj € F*\ {1},
gj € F>. With the fixed sign 0f<p(23) as in Section 3.2, we have

/C(C)regF(,Bp(a))A@:Z/C(C)r3(2)p(a)/\c_o, (3-17)

where B is the map defined in (3-15), reg . is Beilinson’s regulator map (1-13), and r3(2) r is Goncharov’s
regulator map (2-13).

Proof. We consider the regulator integral (1-17)
H2,(F,0(3)) =25 H(F,RQ))*" 12l R),

The image of H}V, (k, Q) U FS under the regulator integral is trivial (see [19, Theorem 4.2]). This can
be seen by noting that

o
dargg/\a)=271/ a)=271/ g =0,
C© 87 (R=0) 0
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where g, is the pushforward by the correspondence from C to P!, and the fact that g, = 0 since P! has
no holomorphic forms. Hence, for & € H 2(/\7:3)(F )), we have

/C(C)regF(goF ENAnw= /C(C)regp(q)é)(g) —h)Aw forsomeh € H}V, (k, @12))U FcS (see (3-7))
_ /C(C)regF(goé)(E)) AN — /C(C)regF(h) N
- /C (C)regF((p(23)($)) AG. (3-18)

Now leta =3, ¢;{fi}®g; € HX(I'(F,3)). Then yr(a) =Y, ¢;[fila ® g; € H*(M3,(F)). Using
(3-18) with & = ¥r(«), we have

/. e Br@) A= /. @R (E) A D= /. PR AR

With the fixed sign of (pé) in Section 3.2, one can show that
2 _ 8 _
A== ' 1 10— fi, fi)A
/C(C)regF(fp(g)(S)) ®=3 Ej cj /C(C) oglg;lo(1— fj, fi)nw

(see [20, Theorem 3.5]). On the other hand, by some computations, one obtains the formula

o4 . it e s -
/C(Or3(2)F(ot)/\w_3;cj /C(C)log|g]|9(1 fir [ A&

(see [16, Theorem 3.3]). Therefore, we have
/ regF(ﬁF(cx))/\d):Z/ r3(2)F(a) A & O
C(C) c©
As C is proper, the map
H'(C(C), R(2))" = Hom(H’(C(C), @H", R(1)), n > (a) > / o7 /\J)) (3-19)
c©
is injective (see [20, Remark 3.1]). By Lemma 3.1, for « € H?*(I'(C, 3)), we have
[ regcBee@nro=2[ rn@c@nrs,
Cc(©) c©

where r3(2)¢ is Goncharov’s regulator map (2-14). Therefore, we have the commutative diagram

Bc

HA(I(C, 3) —X H2 (M) (0) —2s H2,(C, Q(3))

H'(C(©),R@)T,

(3-20)

where the middle vertical map is just the composition %regc o@c. In [20, Corollary 5.5], de Jeu showed
that the images of the r3(2)¢ and reg., as vector spaces, are the same.
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Lemma 3.2, Let o = Zj ci{lfil®gj € H?*(T'(F, 3)) with cj€Qand fj € F*\ {1}, g; € F*. Denote
byY = C\ Z where Z is the closed subscheme of C consisting of the zeros and poles of f;, 1 — f;, g; for
all j. With the fixed choice of signs of go(lz) and (p(23), we have

/y regy (Br() =2 /y rs(Q)r(@)  foranyloop y € Hi(Y(C),2).

Proof. First notice that Br(«) € H/%/,(F , Q(3)) actually belongs to the subgroup Hﬁ,l(Y, Q@3)) (see [7,
Theorem 5.4]). Thenregy(Br(«)) belongs to H'(Y(C),R(2)". In particular, the integral fy regr(Br(a))
is well-defined for any loop y € H; (Y (C), Z). Since r3(2) r(c) is represented by the form > jcip (fj. &)
which defines an element in H!(Y(C), R)*, the integral fy r3(2) r () is also well-defined.

In particular, we have reg  (Br (o)) —2r3(2)p(a) € H 1(Y(C), R(2))*. We consider the Mayer—Vietoris
sequence

0—— H'(C(O), R2)T — H'(¥(©), RQ)*T "% &) RO, (3-21)

where Res,, is the residue map defined in Definition 2.2. We are going to show that reg . (Br(a)) —
2r3(2) r (@) extends to H'(C(C), R(2))T. Let p € Z(C) supported on a closed point x € Z! with the
embedding o : k(x) — C, i.e.,

id
— T
Spec C —— Z xg C —— Spec C

R

Spec k(x) — Z Spec Q.

With the fixed signs of (p(12) and <p(23) as before, we have the commutative diagram

HX(T(F.3) —2" s H2,(F, Q(3)) —= H\(F,RQ))*

23{ lResﬁVl l(Zni)_] Res, (3-22)

H'(T(k(x),2)) —— Hj,(k(x), Q(2)) gy, R

2

where regy,, is the composition H/{A (k(x), Q2)) LN H}M (C, Q2)) &g HZID(C, R(2)) >~ R(1) as men-
tioned in (3-4). The commutativity of the right square follows from the compatibility of the Beilinson
regulators and residues maps. We then have

Res, (reg - (Br(a))) = (41) regy ) (Bl (3 (0))) = (4i) (regy ) 0 Boy) (X ¢j0e (8 f5 (0)}a).
J

where the last equality follows from the definition of Goncharov’s residues map (2-5). As mentioned in
(3-4), the sign of g0(12) is chosen such that the lower composition map in the diagram (3-22) is induced by
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the map {z}, — i D(c (z)). Therefore, we have
Res, (regp (Br())) = (4mi)i 3 cjve(g;)D(o(f;(x)))
= —4r Z_Z‘jva(x)(gj)l)(fj (0(x))) (as fj, g € k(C))
—2 Res ,j (r3(2)r(2)) (by Lemma 2.3).

So Res, (reg(Br(a)) —2r3(2)p(a)) =0 for all p € Z(C), hence regy(Br(a)) —2r3(2) r(a) extends to
H'(C(C), R(2))*. Therefore, the class reg(Br (o)) —2r3(2)(«) is represented by n +dt, where n is a
Fyr-invariant closed differential 1-form on C(C) and ¢ is a logarithmic growth function on Y (C). Now
let w be a holomorphic 1-form on C(C) such that Fggr (w) = w. Since ¢ is a logarithmic growth function

on Y (C), we have
/ dt/\d):/ d(td) =0
C(C) C(C)

by using Stokes’ theorem (see the proof of [19, Theorem 4.6]). We then have
[onno=[ a+dyro= [ (regrBr)=22)r@)rd=0.
C(C) C(C) c©

where the last equality is by Lemma 3.1. Since w is an arbitrary Fgg-invariant holomorphic 1-form
and such forms span a real vector space dual to H (@), R@2)* (|20, Remark 3.1]), we obtain that
n =ds for some function s on C(C). So reg,(Br(a)) —2r3(2) p(«)) is represented by d(s +¢) for some
logarithmic growth function s 4+ ¢ on Y (C). Hence

/yregF(,Bp(oz)) =2fyr3(2)p(a) for any loop y € H,(Y(C), 2). O

4. Main result

In Section 4.1, we construct an element in Deligne cohomology and in Section 4.2, we connect it to the
Mahler measure. In Section 4.3, we construct an element in K f) of a curve such that its regulator is
related to the Deligne cohomology class constructed in Section 4.1. We prove Theorem 0.2 in Section 4.

4.1. Constructing an element in Deligne cohomology. Let

P(x,y,z) € Qlx, y, 7]

be an irreducible polynomial. We denote by Vp the zero locus of P in (C*)? and V;,eg the smooth part of
Vp. For f,g,h € C(V;eg)x, we recall the differential form mentioned in (2-10)

n(f, g h)=log|f] (%dlog |gl Adlog|h| —darg(g) Adarg(h))
+log g (%dlog |h| Adlog|f| —darg(h) Ad arg(f))
+log |h] (%dlog | fIAndloglg| —darg(f) Adarg(g)) . 4-1)

The form is bilinear and antisymmetric in f, g, 4. It is defined on V;eg \ S,¢.n» where Sy, j, is the set of
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zeros and poles of f, g and k. Moreover, n(f, g, h) is a closed form on V;,eg \ Sf,¢,n since
d dh d
dn(fagah):Re (_f/\_/\_g> )
foohog

. . . reg
which is zero in V= \ S¢4 5.

Lemma 4.1. The differential form n(x, y, z) defines an element in the Deligne cohomology H% (G2, R(3)).
Moreover, it represents the class reggs ({x, vy, z}), where reggs H/%/( (G,i, Q@A) — H%(an, R(3)) is the
Beilinson regulator map and {x, y, z} € Hf{/l (an, Q(3)) is the Milnor symbol.

Proof. By definition, n(x, y, z) € Efog,R(Gi), and defines an element in H%(an, R(3)). By an observation
in Section 1.4, reggs ({x, y, z}) is represented by the cup product log |x| Ulog |y| Ulog |z| in Deligne
cohomology. By the cup product formula (1-3), we have

log|x|Ulog |y| Ulog|z| = (log |x| Ulog|y|) Ulog |z

= (—=1)’ra(log|x| Ulog | y]) log|z| + (log |x| Ulog | y]) ri(log |z)

_(a(1 dy 1 d_x)_‘(l dx 1 ﬂ))
—(3(210g|x|y 31081 ) =3(Flog 1 5 — 3 loglx| ) ) log <

+i-(log|x|dargy —log|y|d arg(x)) A (dlog|z| — 9 log |z])
ldx ldi/\@

= (27/\dy—y+§? 5 >log|z| —(log|x|dargy —log|y|dargx) nd arg z
=log |z|(d log |x| Adlog|y| —d arg(x) Ad arg y)
—log|y|darg(z) Ad argx —log |x| d arg(y) Ad arg z.
Therefore,
n(x,y,z) —log|x|Ulog|y|Ulog|z|
= %log |x|d log |y| Adlog|z| +%log |y|dlog|z| Adlog|x| — %log |z|d log |x| Adlog|y]
= —3d(log|x|log|z| dlog |y]) + 3d(log|y|log z| d log |x]),
which is an exact form, hence regg; ({x, y, z}) is represented by 7(x, y, z). |

€,

Consequently, pulling back n(x, y, z) by the embedding V,rg & i Ga,i, we see that n(x, y, Z)|v,‘fg isa

representative of regyr ({x, y, z}) in H3 (V52 R(3)). We come to the definition of exact polynomials.

Definition 4.2 (exact polynomial). A polynomial P(x, y, z) is called exact if regV;eg({x, v, z}) is trivial,
ie., n(x, y, z) is an exact form on V,rfg.

Remark 4.3. If P satisfies Lalin’s condition (see Theorem 0.1(iii)), namely
xAyAz=Y fin(—=f)Ag in N Qe (4-2)
J

for some functions f; € Q(Vp)* \ {1} and g; € Q(Vp)™, then P is exact because

N, y, Dlyee =2 0(f5. 1= fj. 8) =X dp(fj. 8)) =d X p(fj. &)
J J J
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where p(f, g) is the differential form defined in (2-11). In particular, the polynomials of the form
A(x) + B(x)y 4+ C(x)z, where A(x), B(x), C(x) are products of cyclotomic polynomials, are exact.
Indeed, we have
AX)+Bx)y

C(x)

_ Ax) Ax)+Bx)y
_X/\y/\<C(x) AGx) )

XAYANZ=XAYA

_ Ax) Bx)y
_x/\y/\C(x) +x/\y/\(1+ A(x))
— Ax) B(x)y B(x)y\_, . Bkx) B(x)y i
_x/\y/\c(x)+x/\ A0 /\(1+ A(x)) x/\A(x)/\(1+ AQ) ) (4-3)
For cyclotomic polynomials ®(x), we have
AYAD, () =x Ay A — ] AYAG" =)= T xAyADIx)
X n(x) =x =X x"—1)— X X
Y Y Hd‘n,d;ﬁn Dy(x) Y d|n,d#n Y ¢

1
=—x"ANA=xYAy— > xAyYAD,.
n d|n,d#n

Forn=1,x AyA(x+1)=—xA(1+x)Ay. Sowe get (4-2) by induction on 7.
From now on, let us assume our polynomial P satisfies the condition (4-2). We consider the involution
TGy, = Gy, (x,y.2) = (1/x,1/y, 1/2), (4-4)

which maps Vp to Vp«, where P*(x, y, z) := }_’(l/x, 1/y,1/2)=P(/x,1/y,1/z). Let Wp be the curve
defined by

{P(x,y, z2) =0, @-5)

P(1/x,1/y,1/2) =0.
We call Wp the Maillot variety. The restriction t|w, : Wp — Wp is an automorphism. We view Wp as a
curve over Q. Then let C be the normalization of Wp. The condition (4-2) implies that

xAyAz=Y_ fin(=fag  in NNQO)G (4-6)
J

for some functions f; € Q(C)™ \ {1} and g; € Q(C)*.
Definition 4.4. Let FF' = Q(C) be the function field of C. We write

E:=2{fih®g; ' =2 Afjoth®(gjo1), Li=E+E7, 4-7)
J J

which are elements in B> (F) ® FS. Let us consider the following closed subschemes of Vp and Vp«:

Z = {zeros and poles of f;, 1— f;, g; on Vp forall j}, (4-8)
Z, = {zeros and poles of fjotr,1— fjoT1,g;jot on Vp« forall j}. 4-9)
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We define the following differential 1-forms on V;eg \ Z; and Vlr,ig \ Z,, respectively:

P& =Y p(fi.g)),  PED:=) p(fjoT,gj0T), (4-10)
J J

where p(f, g) is mentioned in (2-11). Denote by Z the closed subscheme of C
Z = {zeros and poles of f;,1— fj, g;, fijot,1— fjot,gjot on C for all j}, (4-11)

and set Y = L(W;eg) \Z, where ¢: W;,eg < C is the canonical embedding. Using the canonical embeddings
of Y (C) into Vp and Vp+«, we define the following differential 1-form on Y (C):

p) = p@Elye) +pE)lye)- (4-12)

Lemma 4.5. The element A defines a class in H*(T'(F, 3)), and also an element in H*(T'(Y, 3)).

Proof. We recall the polylogarithmic Goncharov complex

D(F,3): By(F) — By(F)® Ff —=2 5 N R
(fh®g ——U-Hnfnrg.
We have
3@ =2 3D ®g) =20 —fDN[fingj=—xAyAZ,
j j

and
013(2)(5*)ZZ%(Z)({ijT}z@(gjOT))ZZ(l—fOT)/\(ijT)/\(gjOT)
J J
=7 (L= DA FiAg) =T (=¥ AYAD)
J

1 1 1
=—— A—A-=XAYAZ,
X y z

s0 a3(2) (M) = a3(2)(€) + a3(2)(£€*) = 0. Then A defines a class in H*(I'(F, 3)). Now we consider the
following exact sequence (see Section 2.2):

0— HX(I'(Y,3)) > HXI(F,3)) 21 P H'(T@(p). 2)). (4-13)
pey!

where Y'! is the set of closed points of Y. The residue of A at p € Y! is given by
Ip(R) =2 vp@fi(Mh+vp(gjon)fjot(ple H'(T'(Q(p), 2), (4-14)
J

which is trivial for every point p ¢ S, where § is the closed subscheme of C
S = {zeros and poles of g;, g; ot on C for all j}. (4-15)

We have 9,(A) =0 for all p € Y', hence A defines an element in H>(I'(Y, 3)). [l
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Lemma 4.6. The differential 1-form p()\) defines an element in H%(YR, R@(3)) ~ H'(Y(C), RQ2))*. For
any point p € C(C), the residue of p(X) at p is given by

Res,(p(1) = =27 (Z vp(8)D(fj(p)) +vp(gjoT)D(fjo T)(p)>, (4-16)

J

where D is the Bloch—Wigner dilogarithm function (0-7).
Proof. The first statement follows from the fact that p (1) represents r3(2)y (1), where
r3(2)y : H*(T'(Y, 3)) = Hp(Y, R(3)) ~ H'(Y(C), R(2))*

is Goncharov’s regulator map (2-14), or by checking directly that p(A) is closed and fixed under the
action of the involution Fyr. The formula (4-16) follows directly from Lemma 2.3. O

Remark 4.7. If all the residues u, := 3, (1) are trivial for all p € S (see (4-15)), then A defines a unique
class Ac in H*(I'(C, 3)) and p(X) represents the class 73(2)c(A¢) € H%(C, Q@3)) ~ H'(C(©), RQ2)™.

4.2. Relating the Mahler measure to the Deligne cohomology. We retain the notation from the previous
section. In this section, we connect p(A) to the Mahler measure of P. Recall that the Deninger chain

associated to P is defined by
F={y2e@): P, y,2=0 |xI=Iyl=1, |z = 1}. (4-17)

Its orientation is induced from T?: for each (xg, yo) € T2, there are finitely many z € C such that |z| > 1
and P (xg, yo, z) = 0, then by letting (xg, yg) runs on the torus T%x’ » along the usual orientation, we get
the orientation of I'. Its boundary is given by

A ={(x,y,20€(@C):P(x,y,2) =0, |x| =yl = |z| = 1}.

Deninger [12, Proposition 3.3] showed that if I" is contained in V;,eg, then we get the formula
~ 1
m(P) =m(P) — 4—2/ n(x,y, 2), (4-18)
T Jr

where I3(x, y) is the leading coefficient of P(x, y, z) considered as a polynomial in z. If furthermore,
ol = &, then [I'] € Ho(Vy ¢, Z) and the Mahler measure is written as a pairing in Deligne cohomology

~ 1
m(P) =m(P) = ([T, regyg (fx. ¥, )}y,
Since P(x, y, z) has rational coefficients, we can write
o ={P(x,y,2) = P(1/x,1/y,1/2) =0} N{lx| =yl =|z| = 1},

which is contained in Wp, and may contain some singularities of Wp. We have the following lemma.
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Lemma 4.8. We assume that

XAYAz=Y fin(=fag in N Q). (4-19)
j

Suppose that I is contained in V;,eg and that o1 is contained in Y (C) (see Definition 4.4). Then oT" defines
an element in the singular homology group H,(Y (C), Z)*, where “+” denotes the invariant part by the

complex conjugation, and we can write the Mahler measure as a pairing in Deligne cohomology of Yg:

m(P) = m(P) ~ # (BT, [p )]y . (4-20)

where the pairing is given by
(.- )y t Hi(Y(©), )t x H (Y (C), R(2))" — R(2). (4-21)
Proof. Since I" C V;eg and 0" C Y (C), aTI" defines an element in H, (Y (C), Z) by considering the sequence

Hy(Vy28, 0T, 7) —— H,(3T,Z) —— H,(Y(C), Z)
[[] —— [d'] +—— [

Now we show that dI" is invariant under the complex conjugation. Notice that the action of the complex
conjugation on 9T is the same as the action of the involution 7 (4-4) on dT" because X =x~! for x e T!. So
it suffices to show that 7 fixes dI". Clearly, t(dI") = dI" as sets. We claim that T preserves the orientation
of 0I". Notice that the orientation of dI" is induced from the orientation of I', and the orientation of I
comes from the orientation of T2. The map

Tl TP = T2 () = (1/x,1/y) (4-22)
preserves the orientation of T2; hence  preserves the orientation of dI". Note that the condition (4-19)
implies that n(x, y, z)lv;;eg =dp(&). Then by applying Stokes’ theorem to (4-18), we get
~ 1
m(P) =m(P) — o) P&y ©- (4-23)
T Jor
We have

/ P(§)|Y(@)=/ T*(P(§)|Y(C))=/ T*(p(§)|Y(C))=/ PENy©),
ar (3T ar aT

where the second equality is because 7(dI") = dI" as sets and 7 preserves the orientation of 9I". Then, by
(4-23), we get

- 1 1 1
m(P)=m(P =15 [ 0@ =5 far PN +PENr0 =5 far p(h),

which is exactly formula (4-20). [l
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4.3. Constructing an element in the motivic cohomology. In Section 4.1, we constructed an element A
that defines a class in H>(I'(Y, 3)) and its regulator is represented by the differential 1-form p(1). In this
section, we construct an element in H>(I'(Cg, 3)), where Cx = C xg K for a certain number field K. It
gives rise to an element in motivic cohomology H/2\4(C k, Q(3)) via de Jeu’s map B¢, . Finally, we show
that this motivic cohomology class descends to an element in H/%A(C , Q3)).

Recall that the residues u, are trivial for all p ¢ S, where S is the closed subset of C defined in (4-15).
As discussed in Remark 4.7, if u,, vanish for all p € S, A defines an element in H?*(I'(C, 3)). When the
residues are nontrivial, we modify A by its residues. This method is inspired by Bloch’s trick (see, e.g., [1;
30]). Let S’ be the closed subset of S consisting of the points p such that u, # 0. Let K be the splitting
field of S” in C; this is the smallest Galois extension K /Q that contains all the residue fields Q(p) for
p € S'. For a geometric point ¢ : @(p) < K over a point p of S’, we define u, as the image of u, under
the embedding B(Q(p)) <7 B(K). Then for g € S'(K), u, defines an element in the Bloch group B(K).
It is compatible with the Galois action, i.e., 0 (iy) = Us () for ¢ € S'(K) and o € Gal(K/Q),

B(@Q(p)) —— B(K)

\ l” (4-24)

B(K).

Denote by K (C) the function field of C x g K. The inclusion Q(p) </ K (C) induces a map B; (Q(C)) N
B; (K (C)), which is not an inclusion generally. We have the commutative diagram

B3(Q(C)) —— B2(QA(C) ® Q(O)g BN QO)q

| | [

B3(K(C)) — B2(K(C) ® K(O)g =3 NK(©C)g.

This implies a map j : H2(T'(Q(C), 3)) - H*I'(K(C),3)). By Lemma 4.5, A defines a class in
H?*(T'(Q(C), 3)), hence j (1) defines a class in H>(I'(K (C), 3)). We have the exact sequence

0— H2(I'(Ck.3)) — HAT(K(C),3)) 2y DB, cicoy H'(T(K,2)),

where (Cg)! is the set of closed points of Cx. We have 9,(j (1)) = u, for g € S% = S'(K) and trivial
otherwise.

We assume that the difference of any two geometric points ¢;, g» € S'(K) in the Jacobian of C is
torsion of order dividing a fixed integer N. Fix O € §’(K). Then for any point ¢ € S'(K) — {O}, there is
a rational function f, € K(C)™ such that

div(fy) = N(O) = N(q) (4-25)

in Cg. We set fpo = 1.
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Definition 4.9. We set

. 1
Mi=iw+ o Y, LW fy), (4-26)
q€S8'(K)—{0}

which defines an element in B> (K (C)) ® K (C)g,.
Lemma 4.10. The element )" defines a class in H*(T'(K(C), 3)).
Proof. For g € §'(K), we recall the following Goncharov’s complex (2-4):

B3(K(C)) — By(K(C) ® K(O)}, =2 N K (02

aql l (4-27)

1
By(k) — 20 Nk

As discussed above, j (1) defines a class in H*(I'(K (C), 3)), hence «3(2)(j (1)) =0. For g € §'(K), we
have ay(1)(u,) = 0 because u, € B(K). We thus have a3(2) (uq Q fq) = (a2(D)(ug)) A fg =0. This
implies that

2)(A) =a32)(j (A ! 2 =0
@32)(A) =) + Z a3(2)(ug ® fg) =0,

qeS'(K)—{0O}
hence A’ defines an element in H*(I'(K (C), 3)). O

Notice that A" depends on the choice of rational function f, € K(C)*. However, the following lemma
is sufficient for us.

Lemma 4.11. The image of )" under de Jeu’s map (3-15)
Bk(c): HY(T(K(C),3)) - Hy,(K(C),Q(3)), (4-28)
does not depend on the choice of f, € K(C)*.

Proof. Let g € S'(K). Let fq/ € K(C)* be another rational function such that div(fq/) =N(O)— N(q).
Then div(f,/ fq/) = 0, hence f,/ fé defines an element in a finite field extension of K, denoted by L.
Then u, ® (f,/ f(;) defines an element in By(L) ® L*. In the proof of Lemma 4.10, we showed that
a3(2)(uy @ fy) =0, this implies that
a3(2)(ug ® (fy/f)) =32 (g ® fy) —a3(2)(uy ® f,) =0,
hence u, ® (fq/fc;) defines a class in H2(I'(L, 3)). We consider de Jeu’s map
Bu: HX(I(L,3)) > Ke(L)a

By Borel’s theorem, K4 group of a number field is torsion, so K4(L)g = 0. This implies that the images
of ug ® (fy/ fq’) under the map 8; in K4(L)g all vanish. Hence the image of A" under de Jeu’s map does
not depend on the choice of f,. U
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Lemma 4.12. All the residues of A" in the following localization sequence vanish:

0— HX("'(Ck,3)) > HX (K (C),3)) > P H='TK. 2).
q€(Cx)!

and thus ) defines a unique element )JCK € H*(I'(Ck, 3)).
Proof. We have 9,(1") =0 for all ¢ ¢ S'(K). For ¢ € §'(K), we have

1
WM =ug+ Y g ® fy)

q'eS"(K)—{O}
1
=ug+ Z ﬁ'”q(fq’)'”q/
q'eS'(K)—{0}
1 .
Mq—i-ﬁ'vq(fq)'”q:”q_”qzo ifqg#0,

1 .
uo + Zq’éS’(K)—{O} N . U(’)(fq’) Ug = Zq’ES’(K) l/lq’ lfq =0.

Now let mg : Cx — Spec K be the structure morphism and ig : (C x)! < Ck be the canonical embedding.
We have the commutative diagram

o—>H2(r(cK,3))—>H2(F(K(C),3))L> @ H'('(K,2)

qe(Cx)!
By Bk (c) ~| By
(ix)x

0 —— H3,(Ck,Q(3)) —— H}(K(C),Q(3)) Res™, @ H\(K,QQ) — H3(Ck,Q3))
qe(C)!
X l(nl()*
H, (K, Q(2)),

(see diagram (3-16)), where the two horizontal sequences are exact and X is the trace map, which sends
(ug)ges (k) 10 Y es(x) Ug- Then we have 3 ¢ gy ug = 0 by the commutativity of the bottom triangle.
This shows that 9,(1") = 0 for all g € §'(K), then A" defines a unique element in H?*(I'(Ck, 3)). O

By the previous lemma, we constructed an element )‘/CK € H*(I'(Ck, 3)). Via the map
Bre : HA(N(Ck, 3)) — Hi,(Ck, Q(3)),
we obtain a class B¢, ()JCK) € HAZA (Ck,Q(3)).
Lemma 4.13. The class B¢, (A’CK) € H/2v1 (Ck, Q(3)) is Gal(K /Q)-invariant.

Proof. The Galois action of Gal(K /Q) on H/%A (Ck, @(3)) is induced from the action on the function field,
hence it is sufficient to check that Sk (c)(A') € H*(T'(K(C), 3)) is Gal(K /Q)-invariant. Let o € Gal(K /Q),
we have

1 1
W) =00+ D Low®f)=i0+ Y, L usm®a(fy,

q€S'(K)—{O} qe8'(K)—{0}
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because A € Bo(Q(C)) @ Q(C)™ and 0 (1y) = us () (see diagram (4-24)). Since div(f,) = N(O) - N(q)
for g € §'(K) — {0}, we have div(c (f;)) = N(c(O)) — N(0(g)). And by definition of f;(,), we have
div(f5(g) = N(O) — N(o(q)). Hence

div(o (fy)) = div(fo(g)) — N(O) + N(0(0)) =div(fos(g) — div(fo(0) = div(fog)/fo0)-  (4-29)

Write O’ = o~ 1(0) € §'(K), we have

1 /e
Y e ® fg(q)
qeS'(K)—{0) a(©)
1 1 0
=i+ ) N”a<q>®fa(q)+ﬁuo® /
48/ (K)—(0.0') fo© Jo)
1 f 1 ‘
=it Y e ® L — S w0 ® fro) (since fo = 1)
' N fooy N
qeS' (K)—{0,0'})
=i+ Z N ua(4)®fa(q)_ Z N ua(q)@fg((ﬂ) —N M@@fo—(o)
q€S8'(K)—{0,0"} qeS'(K)—{0,0}
1 1
=i+ Z N Uo(q) ® fog) — Z N Us(q) ® fo(0)
qeS' (K)—{0,0'} 45 (K)—{0)
1 1 _
=A+ Z N ua(q)®fo(q)+ﬁ Us0) ® fo(0) (smce > 7 :0)
qeS (K)—{0,0'} qeS'(K)

1
=A+ Z y4o@ ® Jo)
qe8'(K)—{0)

=)
By Lemma 4.11, then, Bx c)(0 (X)) = Bk (c)(X) for all o € Gal(K /Q). Since de Jeu’s map S is functorial,
it is compatible with the Galois action, so o (Bk(c)(X)) = Bk (c)(A') for all o € Gal(K /Q). O

Thus B¢, ()JCK) defines a class in H/ZM(CK, @(3))G"‘1(K/@). Setting 7 : Cx — C, we have the Galois
descent of motivic cohomology as mentioned in (1-7):

7 H3,(C, Q(3)) = H3,(Ck, Q(3) /D (4-30)
Hence (%)~ (Bc, (M) is an element in Hy, (C, Q(3)).

4.4. Proof of Theorem 0.2. In this section, we keep the notations as in Section 4.3. To prove Theorem 0.2,
the main idea is that we relate the regulator of the motivic cohomology class constructed in Section 4.3 to
the Deligne cohomology class constructed in Section 4.1, hence to the Mahler measure of the polynomial P
by Section 4.2.
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First, as mentioned in (4-14), u, defines an element in B(Q(p)) for p € S. By Remark 4.7, if u, =0
forall p € §, then Bc(A¢) € szvl (C, @(3)) and p (1) represents the class r3(2)c (Ac) € H(C(C), RQ2)*.
Denote by i : Y (C) — C(C) the canonical embedding. Then by Lemma 4.8, we have

- 1 1
m(P) —m(P) = ) (OTL oMy (c) = =) (T1, i*r3(2)c Aoy ¢

1
=—25 (ix[0T'], 32 c (X)) c (o)

— 1672 0T regc (Be (o)) o),

where the last equality follows from the diagram (3-20). Apply Beilinson’s conjecture 1.11 to Bc(A¢) €
sz\/l(C, Q(3)) and i,[d'] € H;(C(C), @) (see Lemma 4.8), we thus have

m(P)—m(P)=a-L'(E,—1) (acQ).

When the residues u,, € B(Q(p)) are nontrivial for some p € ' C S, we define u, € B(K) for g € §'(K),
where K is the splitting field of S in C (see the beginning of Section 4.3). Let K (C) denote the function
field of Cg. Fix a point O € S'(K). Recall from Definition 4.9 the element of B,(K(C)) ® K (C)*
defined by

1
M=jw+ Y e ®fy,

q€S'(K)—{O}

where f, € K (C)* is defined just before Definition 4.9. We prove that A" defines a class in H*(T'(K(C), 3))
(see Lemma 4.10). The differential form p (1) represents the class 73(2)g(c)(A), we then have

- 1 1
m(P)—m(P)=—— [ p()=—c— fa RECEEIN
1 .
=23 fa RECNEII

where j : @Q(C) — K(C). Hence

~ 1 1
m(P)—m(P)Z—Q /arr3(2)1((c)<)\./— Z Nuq@fq)

qeS'(K)—{0}

1 . 1
T 82 /arr3(2)K(C)()L )+ SN2 Z /zarr3(2)K(c)(”" ® fq)
qeS'(K)—{O}

1
:_@ArregK(C)(ﬂK(c)(’\/))Jr 3 D(uq)/ardarg(fq), (4-31)

SN2
qeS' (K)—{0}

where the last equality follows from Lemma 3.2 and the fact that dI" is assumed to be contained in Y (C)
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(see Lemma 4.8). We have the commutative diagram

HA(T'(Ck. 3)) —5 H2,(Ck, QB3)) —s HI(Ck (), (RQ)*)

H*(T(K(C), 3)) v H3((K(C), Q(3)) *orc, H'(K(C), R2)™).

As M € HX(I'(K (C), 3)) defines a unique a class X’CK € H*(I'(Ck, 3)) (see Lemma 4.12), we have

regg ¢y (Bk ) ) = rege, (Bek O‘/CK ).

Hence the first integral in (4-31) can be written as the following pairing in de Rham cohomology:

([8T1, (ix)"rege, (Bex W)y, o) = ((ix)<[T ], rege, (Bey Ao D)e, o) » (4-32)

where ig : Yg (C) < Ck(C) is the canonical embedding. Moreover, by the functorial property of the
Beilinson regulator map, we have the commutative diagram

H*(T'(Ckg, 3)) e, HY,(Cx, Q(3)) +———H3,(C.Q(3))

lregc K lregc

H'(Cx(C),RQ2)* == H'(C(0), R2))T,

where 7* is induced from the isomorphism 7 * : szvt (C,QQ®3)) = H/Z\,t (Ck, Q(3))%K/D mentioned in
(4-30). Hence by identifying de Rham cohomology as well as singular homology of Cg (C) and C(C),
we have

((K)£[OT, rege, (Bey e, D) ) = (10T, rege ((T) ™ (Bex ) ey

Applying Beilinson’s conjecture to (7*) ™! (Bcx ()L’CK)) € H/2vz (C, Q(3)), we obtain that

PPy (i[8T], rege (0™ (Bex (e ) =@ L'(E, =1, a€Q,

where E is the Jacobian of C. From (4-31), by setting b, = % [5p d arg fy, we have

- 1

— / — .

m(P)—m(P)=a-L (E’_1)+4N71 E by-D(ugy), acQ. (4-33)
qeS'(K)\{O}

We will show that for f € Q(C)* and y : [0, 1]— C(C) is a loop, fy d arg f is a integral multiple of 27.
In fact, we can always find a partition

O=agp<aj < - <ap_1<a,=1,

such that y is the union of y; : [aj,aj11] — C(C) for j =0, ...,n—1and y;([a;, a;j41]) is contained in
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a local coordinate chart of C(C). Then

f darg f = Z / darg f = Zargf(y,(a,+1)) arg £ (7 (@)

n—2

= —arg f (yo(0) +arg f (ya1(1)) + Y _arg f(yj(aj1) —arg f (vj1(a;41))
j=0

=2rk,

for some integer k, since y0(0) =y (0) =y (1) =y,—1(1) and yj(aj+1) =yj+1(ajpr) for j=0,...,n—=2.
In particular, we get far darg f = 2wk, for some k € Z. This implies that b, € Z for all g € §'(K).
Although the coefficients b, depend on the choice of O, the D-values in identity (4-33) do not. Indeed,
if we remove O from §’(K), its complex conjugation ¢(O) € S'(K) maintains the D-values in identity
(4-33) because D (uc0)) = D(c(up)) = —D(up), where c is the complex conjugation. O

Remark 4.14. (a) By Lemma 4.6, we have

m(P) =m(P)+a-L'(E,—1)— Y by Resy(p(1)).

qeS'(K)—{0}

SN2

(b) In some cases, D-values on Bloch group elements can relate to Dirichlet L-values. Let x be a
primitive Dirichlet character of conductor f, we have

L(x,2) = ( P Z X (k) Lig(e™™™*/7),

where G(x) = ZI{:] ¥ (k)e*™*/f is the Gauss sum of x. Thus, when x is odd quadratic, then

;
1 o
LoD =7 D x(k) D,
k=1

Then

3/2 / .
L(x,—l)—J;—Lo( 2)= 412 (k) D(e*™ 7).
k=1

In particular, if x_3 and x_4 denote the nontrivial characters of modulo 3 and 4, respectively, we have

3 A 1. 2
L'(x-3,—1) = == D)= =D(™?), L'(x-4,—1) = =D(").
21 T T

5. Examples

In this section, we apply Theorem 0.2 to several Mahler measure’s identities. We also describe some
polynomials to which our main theorem fails to apply. They are numerically conjectured by Boyd and
Brunault.
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5.1. Pure identities. In this section, we apply Theorem 0.2 to study pure identities of Mahler’s measure
m(P) ~ox L'(E, —1),

where the notation a ~gx b means a/b € Q*. Notice that most of polynomials in this section are of the

form considered in Remark 4.3,

P(x,y,z) =A(x)+ B(x)y + C(x)z, (5-1)

where A, B, C are products of cyclotomic polynomials. In this case, m(P) = 0 and m(P) # 0. A typical
example of pure identity is the Mahler measure of z 4+ (x + 1)(y + 1), which is conjectured by D. Boyd
to be

m(z + (x + D(y+ 1) = —2L'(Ess, —1).

It was proved under Beilinson’s conjecture and up to a rational factor by Lalin [23, Section 4.1]. It is then
completely proven by Brunault [8]. This polynomial also satisfies our main theorem, we do not discuss it
here but focus on other examples. All figures in this section are generated using Maple.

(a) We prove under Beilinson’s conjecture the pure identity

m((1+x)(1+ ) (x +) +2) ~gx L'(Eya, 1), (5-2)

which is the first identity mentioned in Table 1. In this case, P is not of the form (5-1), but we still have
m(f’) = 0 and the decomposition
XAYAZ=—xA4+x)AYy + yAd+Yy)AXx + X/\(1+Z>/\x.
X X

Hence
fi=—g=—-g=—x, fHh=—-g1=-y, fi=-y/x.

We have that Wp is given by
@y +x + ) A +x + )+ Dy* + (¢ +x+ Dy +2° +x) =0,
which is the union of lines L1 : xy+x+y =0, L, : 1 + x + y = 0 and the curve
C:(x+ 1)y2+(x2+x+ l)y+x2+x =0,
which is a nonsingular curve of genus 1. By the change of variables

Y+X°+1 Y 1
Xx—-0° YT TXX+D X

we obtain that the Jacobian of C is given by

X =

E/Q: Y +XY+Y=X’-X,

which is an elliptic curve of type 14a4. Its torsion subgroup is Z/6Z = (A) with A = (1, —2). With the
help of Magma [2], we have

div(x) = —(5A)+ (A) — (4A)+ 2A), div(y) =(0)+ (A) — (4A) — (3BA).
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>

<

Figure 1. The Deninger chain I" for the proof of identity 1 in Table 1.

1 0

t

Denote by S the closed subscheme of E consisting of all points in supports of above divisors. The
values of f; and f; ot at p € § are either 0, 1 or oo for all j, then the elements v,(g;){f;(p)}. and
v,(gjot){fjot(p)} are all trivial in B>(Q) for all j and p € S. Figure 1 describes the Deninger chain

Ciflxl=yl=10+x)1+y)x+y)|>1},

and its boundary in polar coordinates x = €'’ and y = ¢'* for t,s € [—m, ]. We obtain that 9T is
contained completely in C and dI" does not contain any zeros and poles of f;, 1 — f;, g; for all j. Then
by Theorem 0.2, we have identity (5-2) under Beilinson’s conjecture.

(b) We study the pure identity 2 in Table 1:
\
m(l+x+y+z+xy+xz+yz) ~ox L'(Eg, —1). (5-3)

First we notice that
m(l+x+y+xy+z(+x+y)=ml+x+y+z(1+x+y+xy)),

so it suffices to prove the identity

m(l+x +y +2(1+x+y+xy) ~o« L'(Eng. ~1). (5-4)
We have m(f’) =m(l+x+y+xy)=m(x+ 1)m(y+ 1) = 0. We have the decomposition
XAYAZ=XxA14+x)AYy — yAA+)Ax + x+ AT +x+y)AX

— GANAd+x4) Ay — );C/\(l—i-);c)/\(l-l-x—i-y),

leading to
hi=—x, fri=—y, fai=fa=—(+y), [fs=—x/y, g1=g=y, g&=g=x, g=Il+x+y.

Wp is given by x(x + 1)y> + (x> +x + 1)y + x + 1 = 0, which is an irreducible nonsingular curve of
genus 1. Using the change of variables
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Y +X%+1 Y

XX—-0 TTXX+
we obtain that the Jacobian of Wp is given by E/Q: Y%+ XY +Y = X3 — X, which is the same elliptic
curve in item (a). We have

divx =—-GBA)+(A)—(4A)+(2A), div(l+x+y)=2(0)—(5A)+2(A)—(4A)—(2A)—(3A),
divy =(0)+(BA)—-(2A)—3A), div(l+1/x+1/y)=—-(0)+2(4A)—-(2A)+2(3A)—(5A)—(A).

X =

With the same reasoning as in item (a), we get identity (5-4) conditionally on Beilinson’s conjecture.
Moreover, as mentioned in the introduction, we have
?
m((1+x) I+ y)(x+y)+2) ~ox mI +x+y+z4+xy+xz+y2),
because they are rational multiples of the same elliptic curve L-value L'(E4, —1).

(c) Similarly, one gets identity 11 in Table 1:

?

m(l+x+y+z+xy+xz+yz—xyz) ~ox L' (Ess, —1).
This identity is interesting because this is the only example that has been found with CM elliptic curves.
(d) The same arguments apply to all pure identities in Table 1, except for identities 5, 6, 7, 8, and 12. In
this section, we study the first four of these identities. It suffices to consider identity 5 since Lalin and Nair
showed in [24] that the polynomials 5, 6, 7, and 8 share the same Mahler measure. Let us recall identity 5:
9

m(l + (x+ 1)y + (x —1)z) ~ox L'(Ez1, —1). (5-5)

The polynomial P =1+ (x + 1)y + (x — 1)z is of the form (5-1). We have the decomposition
XAYAZ=XxA0=—x)AYy+Ex+DyAd+x+Dy)Ax—xAA+x)AA+x+1Dy),

SO

L= XY +x+1
==

Wp is given by x (x + 1)y? + (2x2 + x +2)y + 1 +x = 0, which is a nonsingular curve of genus 1. Using

1
hi==fi=g=r. =Gty @i=y. H=1+@+Dy, fror=—"I2 go

the change of variables
X2 —6X+3Y Y —-3X-3
X = s ——— =,
X(X —6) Y X(X+1)

we get for the Jacobian of Wp the equation

E/Q:Y?>—-3XY —3Y =X>—5X?>—6X,
which is an elliptic curve of type 21al. Its torsion subgroup is Z /27 x 7 /47 = (A) x (B) with A = (—1, 0),
and B = (0, 0). With the help of Magma, we have

divx=—(A+B)4+(A+3B)—(3B)+(B), divl+(x+1)y)=202B)— 3B)—(B),

divy=(0)+(A+B)—(B)—(A), div(xy+x+1)=(0)+2(A+2B)—(A+B)—(3B)—(A).
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Figure 2. The Deninger chain I" for the proof of identity 5 in Table 1.

Let S be the closed subscheme of E consisting all the points in the supports of the above divisors. We have

Z (g fi(B)})2+vp(gjot){fjot(B)}2=vp(g){f2(B)}2+vp(g20oT){f20T(B)}2

/ = {oo}y — {1/2}2 = {2}»,
which is nontrivial in B,(Q). Therefore, the theorem of Lalin mentioned in the introduction does not
apply to this example. As S consists of points in Es, we can choose N in Theorem 0.2 equal to
#Eors = 8. Since the points of S have rational coordinates and the f; have rational coefficients, then
f; take rational values on S. Therefore, the Bloch—Wigner dilogarithmic values in identity (4-33) all
vanish. Figure 2 describes the Deninger chain and its boundary in polar coordinates x = ¢'’, y = '’
for s,t € [—m, w]. The boundary oI" consists of 2 loops and does not contain any zeros and poles of
fi-1=fj,gj, fjot,1—fjot, gjot forall j. Hence by Theorem 0.2, we get identity (5-5) conditionally
on Beilinson’s conjecture. In particular, under Beilinson’s conjecture, we have

m(l+ (x4 Dy + (x — 1)2) ~gx m((x + D2+ 1) +2),

as they are rational multiples of L'(E»;, —1).

(e) There is an interesting remark on identities 4 and 10 of Table 1. By some trivial change of variables,
we obtain
m((x + D*+ (1 =x)(y+2) =m((x + Dy + D+ (x = D).
Theorem 0.2 applies to P = (x + 1)+ (1 —x)(y+z) butnot to P = (x + 1)(y + 1) + (x — 1)?z. Indeed,
in the latter case, Wp is given by
(—x3 = 2x2 =)y’ + (x* —6x° +2x2 —6x + 1)y — x> —2x2 —x =0,

which is a curve having a singularity at (1, —1), and the boundary dI" passes this singular point. Figure 3
describes the Deninger chain I" and its boundary dI" in polar coordinates x = e, y= e fort, s e [—m, 7],
where the marked points indicate the singular point (1, —1). Using Magma, one can check that oI" is
no longer a loop on the normalization of Wp.
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©

Figure 3. The Deninger chain I' of the polynomial P = (x + 1)(y + 1) + (x — 132z

The same situation happens with identity 10 in Table 1. By some trivial changes of variables, we have
m((1+x)*+y+2) =m(l+y + (1 +0)°2),
where Theorem 0.2 applies to the first polynomial but not the second one.
(f) We study identity 12 in Table 1:
m(1 4+ xy + (1 +x +)2) ~g~ L' (Ego, —1). (5-6)
We have the decomposition
XAYAZ
=xyA(1+xy)Ax—(x+y)A(1+x+y)Ax+(x+y)A(1+x+y)Ay+_7x A (1 + %) A +x+y),
SO
fi==xy, f=f=-0+y), fa=-x/y, gi=&=x, g=y, ga=Il+x+y.
The curve Wp is given by
(—x2+x+Dy* + 2 +x+Dy+x2+x—-1=0,

which is an irreducible curve of genus 1 and does not contain any rational points. Figure 4 describes
the Deninger chain and its boundary in polar coordinates. We find that dI" does not contain any singular
points of Wp.

Using Magma, we obtain that the Jacobian of C is given by

E/Q:Y>+XY+Y=X>—X*—8X+11,

which is an elliptic curve of type 90b1. Its torsion subgroup is Z/6Z = (A), with A = (3, 1). Denote by
K the real quadratic field Q(«), where o € R is such that o?+a—1=0. Let B; = (6a +9, —24a — 35),
By = (—4a + 1, 120 — 3), B3 = (2, (240 — 23)), B4 = (2, —a — 2), Bs = (—6a + 3, —18a + 7),
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1 2 3 4

t

Figure 4. The Deninger chain I" corresponding to (5-6).

Bs = (4o + 5, 8 +9) and we denote by (B;) the divisor in E corresponding to the point B;. We have
the following divisors in E/K:

div(x) = (4A4) + (B1) — (A) — (Bo),

div(y) = (0) + (B3) — (B4) — (3A),

div(l +x+y) =2(24) +2(Bs) — (A) — (Bs) — (3A) — (B),

div(l+1/x+1/y) = —(0O)+2(5A) +2(Be) — (B3) — (4A) — (By).
Note that the Bloch group of real quadratic fields is trivial after tensoring with Q. Therefore, the residues
up, are trivial because they are elements of B(Q(«)), the Bloch group (tensored with Q) of the real
quadratic field Q(«). The remaining points in the supports of the above divisors are of the form m A for m =
1, ..., 6. Hence we can choose N in Theorem 0.2 as the order of A which equals 6. As the points m A have

rational coordinates and the functions f; have rational coefficients, the Bloch—Wigner dilogarithmic values
at u,, 4 in (4-33) all vanish. We then get identity (5-6) under Beilinson’s conjecture for genus 1 curves 1.11.

(g) We show that Theorem 0.2 does not imply identity (0-10):
m((1+0)(1+) + (1 —x = $)2) ~a+ L' (Easo, —1).

We have the decomposition
XAYAZ==xAA+X)AY+FIYAA+ DA+ E+IAA—x—y)AX

—(x+y)/\(1—x—y)/\y—);c/\(l—i-%)/\(l—x—y).
Therefore, we have
fi==x, fa=-y, fi=fa=x+y, fs=—x/y.e1=g=y, &=g=x, g=l-x—y.
The Maillot variety is given by

(x243x)y> + GBx>+x+3)y+3x+1=0.
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By the change of variables

3 +—X2+3X—27 B 3 +2X2—21X—27
(X2 —-9X)Y X2-ox T (X2—21X+162)Y | X2 27X + 162

x=-

we get the elliptic curve
E/Q: Y>4+XY=X’—X>-27X+8l,

which is of conductor 450. Its torsion group is isomorphic to Z/2 and generated by A = (—6, 3). We
have the following divisors in E:

div(x) = —(P1) + (P2) — (P3) + (Pa),

div(y) = (P3) + (P5s) — (Ps) — (P2),

div(l —x —y) =2(0) +2(P7) — (Ps) — (P1) — (P2) — (P3),
div(l —1/x —1/y) = 2(Ps) +2(A) — (P2) — (P3) — (Py) — (Ps),

where
P = (9, 18), P, :=(9,-27), P;:=(0,9), P4:=(0,-9),

Ps:=(-2,-8), P:=(18,63) P;:=(43), Ps:=(3,—6).

The residue

5
up 1= Z vp (@i (PDY2+vp (g0 D{fjot (P} = —3{3}2
j=1

is nontrivial in the Bloch group B(Q). Since P; is torsion-free, it violates the finite order condition of
Theorem 0.2.

5.2. Identities with Dirichlet characters. In this section, we study Mahler measure identities of the form

m(P)=a-L'(E,~1)+ Y by -L'(x.—D),
X

where a € Q, b, € Q*, E is an elliptic curve and the x are odd quadratic Dirichlet characters.

(a) We prove the first identity of Table 2 conditionally on Beilinson’s conjecture. The polynomial
P=14+@&?>—x+1)y+ (x? 4+ x + 1)z is of the form (5-1). We have on V the decomposition

XAYAZ = —%x3/\(1—x3)/\y + xA(=x)Ay + (x2—x+1)y/\(1+(x2—x+l)y)/\x
LA A+)AA+ G —x+1D)y) + xAQ+0) A+ —x+1D)y).

We have

fi=x ph=x, f=—C"—x+Dy, fai=-x, fs=—x,
81=82=Y, 8&3=1X, g4=g5=1+(x2—x—|—1)y.
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The curve Wp is given by 222 —x+1D)y? —x(@x>—x+4)y+x>—x+1=0, which is a nonsingular
curve of genus 1 and does not contain any rational point. By the change of variables x = X, y=Y/X,
we get the new equation

X=X+ DY —(@xX*—X+4Y+X* - X +1=0.
Using Pari/GP [31], one gets the following Weierstrass form for the Jacobian of Wp:
E/Q:v>4+uv=u®—u*—45u—104,
which is an elliptic of type 45a2. We set k = Q(a) with «®> —a + 1 = 0. A base change of E over k can

be given by
E,:V>43UV +3V=U%-U?*-9U,
by using the change of variables
_ Q-a)V+aU*=3(@—DHU+3

N U2+ (4o —2)U —3a ’
(1—a)U*—(a+H U+ (a+4)V+2aU> - B8a—3)U*+Ba—12) U +12

U4—(da+1D)U3+(15a =7 U2 — (170 —13) U +6(a—1) '
The torsion subgroup of Ey is Z/27 x 7 /4Z = (A) x (B) with A = (=3, 3) and B = (0, 0). Let K be the
number field Q(«, 7, s) with

r2—2Qa—1Dr+3@—1=0, and s>+ 2Q2a — 1)s —3a = 0.

We set Py = (r,ar —2a —2), P, = (s, (1 —a)s + 2o —4), which are points in E(K). We denote by (F;)
the divisor corresponding to P; in Ey. Note that the divisors (P;) have degree 2 on E;. Using Magma,
one obtains the following divisors in Ey:

div(g3z) =div(x) = (P1) — (P2),

div(gr) =div(g2) =div(y) = (0) + (A+3B) — (A+ B) + (P2) — (2B) — (P),

div(gs) = div(gs) = div(l + (x> —x + 1)y) =2(3B) +2(A) — (P1) — (P2),

div(gs o 7) =div(gs o) = div(1 4 (1/x> — 1/x + 1)(1/y)) =2(B) +2(A +2B) — (P) — (P»).

The values of f; and f; ot at Py, P, and their conjugates are either O or oo, so we are only concerned
with the other points. We obtain the equalities

ug =va@Df4(A) 2 +va@s){fs(Dhr = {12 +{l/a}2 = —{a}s,
up =vp(g4o){faot(B)la+vp(gsot){fsot(B)}r =2{—1} +2{a}r =2{a},,

uzp = v28(g I f12B)}2 +v2p(g1oT){fioT(2B)}2 +v2p(g2){ 2(2B)}2 +v2p(g20T){ f20T(2B)}2
= —{—lh+{-1h —{l/a}y +{a}, = 2{a},,
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3

Figure 5. The Deninger chain I' for the proof of identity 1 in Table 2.

usp = v3p(g){f4B3B)}2 +v35(gs){ fs(3B)}2 = 2{—1}2 + 2{a}> = 2{a}>,

usrp =va+p@{fi(A+B)a+varp(giot)fiot(A+ B}
+va1B (@ 2(A+ B)r +vasp(got){frot(A+ B}

= —{—lh+{-1h —{ah+{l/a}s = —2{a},
uarop =va428(g40{faot(A+2B)}r =2{—1}r +2{1/a}, = —2{a},,

ua+3p =va138(€D{f1(A+3B)}2 +var3p(grot){fiot(A+3B)})2
+ 4438 2(A+3B)}r +vas3p(g20T){fr0T(A+3B)})

= {1 = {=1h+ {l/a}y — {a}s = —2{a}s,

which are all nontrivial in B»(K). Notice that Py, P, have order 8 in £(K) and all the other points belong
to the torsion subgroup of Ej, whose cardinality equals 8, hence we choose N in Theorem 0.2 equal to 8.
Figure 5 indicates the Deninger chain (the shaded region) and its boundary in polar coordinates x = e/,
y =eé' for s, t € [—m, w]. The boundary dT" consists of 2 loops, which do not contain any points in the
supports of the above divisors. By (4-20), we have m(P) = —# f o £ (1), so " must be nontrivial as
otherwise m(P) vanishes. Hence dT" defines a generator of H;(C(C), Z)*. Then by Theorem 0.2, under
Beilinson’s conjecture, we have

) b
m(l+ G2 —x+Dy+ a2 +x+1Dz2) =a- L' (Ess, —D+ 35— D(@), aecQ*, be7\{0).

We are unable to determine the coefficient b as computing the integrals |, or darg fp for p € S is difficult.
By Remark 4.14, we have

33

Do) = ——L(x-3.2) = L' (x-3, = D).
Finally, we get

ml4+ @2 —x+Dy+ @2 +x+12) =a-L'(Ess, —1)+ 356 L'(x=3,—1), a € @*,beZ\{0}.
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(b) Using a method of Lalin [23, Section 4.2], we prove without assuming Beilinson’s conjecture identity 6
of Table 3, which involves only the L-function of the Dirichlet character x_4:

m® + 1+ @+ 1%y + @ = 1)%) = 2L (x4, D).
We have m(P) = 0. We have the following decomposition on Vp:

_ 1.2 2 (x+1)%y (x+1)%y
XAYAZ=—3x"A(l+x )/\y+2x/\(1—x)/\y+x/\W/\(l+x2—+l)

x24+1 x2+1
‘We have
1.2 —(x+ 1?2y )_ (_ (x+1)2y> 1 (_ 2 (x+1)2y>
p(&)==3p(=x" 1) +2p(x )+ (TR )~ 20 (< 14 ST ) 4 (et 14 BT,
where

p(f.8) =—D(f)dargg + 3loglg|(log|1 — fldlog|f| —log|f|dlog |l — f1).

Wp is given by
2+ D+ D22+ @2 +8x+ Dy+(x+ 1P =0,

which is the union of L : x>41 =0 and the curve C : (x +1)%y* + (x> +8x + 1)y + (x + 1)> = 0. Figure 6
describes the Deninger chain I in polar coordinates:

r- x24+14+ G+ D%y

>1, x=é', y=¢* s,te[-n 7]

(x = 1)2 B

Its boundary 0T consists of 2 loops y ={t =n/2, —n <s<m}and 6 ={t = —7/2, —m <s <7} (with
orientations as shown in the figure), which are contained in L. As 0" contains poles of p(§), we do not

N4

-1 0 1

t
Figure 6. The Deninger chain I" for the proof of identity 6 in Table 3 and the modified path I',
used as the integration domain.
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have (4-23) directly. We adjust the Deninger chain as follows, for ¢ > 0:

r,: y=¢* fors,te[-m, ],

2 2
CHIEEEDY e
(x —1)?

This is the shaded region in Figure 6 with the boundary dI'; = y, U §., where

b4 7
2(1+¢)’ 2(1+¢)’

We consider the differential forms 1 and p(A) defined in (4-1) and Definition 4.4, respectively. We have

1
f n=/ p(§)=§f P (), (5-7)
re ar. ar,

where the first equality is obtained by using Stokes’s theorem and the second equality can be proved

J/g:{tz —nfsfn}, 88={t= —nfsfn}.

similarly as the proof of Lemma 4.8. Since p(1) is a closed differential form, we can take the limit of
(5-7) as ¢ — 0 without changing the value of the integration, so that

1
m(P):‘mng%/app@)'

We have
_ 2
f p(5)=/ —1p(=x% ) +2p(x, y) + p( ZEEDY k)
T, r, x2+1 , .
(o ) (o522
D%y
/VMS px,y)=2p(—x e
2
= / —2D(x)d arg(y) +2D(—x)d arg(l—}—%)
YeUSe x2+1
i _ iz
:<—2D(e2<1+e>)f d arg(y) —2D(e 2<1+s>)/ darg(y))
e 8
in 2 in 2
2D(—e20+0) (1 M)) 2D(—e 2048 (1 (x+1) y>.
+< (—e )/ygdarg o))t (—e ) Bgdarg +5 5
We have
T —7T
fa’arg(y):/ ds =2m, fdargy:/ ds = —2.
e -7 Se b
We also get

1)? 1)?
/darg(l—l—w):%n fdarg(l%—w):—%r,
Ve x*+1 5 x*+1

by looking at Figure 7, left, and the inequality |(x—|—1)2/(x2+1)| > 1. Then lirr(l) fal‘; p(&)=—167 D(e!™/?).
It follows that ’
4 in)2 /
m(P)=—D(""") =2L (-4, —1).
T

The same arguments apply to identities 4, 5, 7, and 8 of Table 3.
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Figure 7. Left: the argument of 1+ ay with |a| > 1. Right: the integration domain.

(c) Let us study identity 1 of Table 3, which involves only the L-function of the Dirichlet character y_3
m(1+ (c+ DEZ x4+ Dy + (@ + D72 = 3L (-3, — 1.

We have that Wp is given by (x4 x + 1)((x* +x3)y? + (=2x> — 5x> —2x)y +x + 1) = 0, which is the
union of the line L : x> 4+ x + 1 = 0 and the curve C : (x* + x3)y? + (=2x> = 5x> = 2x)y +x+ 1 =0.
Figure 7, right, describes the Deninger chain in local coordinates x = ¢’ and y = ¢'* for s, t € [—m, ).
The boundary aI" = y U §, where

y={t=2n/3,—n<s<nm}andé={t=-2n/3, -1 <s <m},

which are both contained in L.
The differential form p(£) is again not well-defined on 0I". So we adjust the Deninger chain to get I',
(see the shaded region). By a similar computation as in item (b), we have

1
m(P) = —m;i_r)%[ar p(€) =3L (x-3, —1).

One can do similarly with identities 2 and 3 of Table 3.

(d) Theorem 0.2 does not apply to identity (0-12),
2 2 NI E . 377 .
mx“+x+14+ @ +x+Dy+ & -1 =—7L(En, - +35L(x3, =),

because the boundary dI" passes the singular point (1, —1) of Wp (see Figure 8) and dI" is no longer a
loop in the normalization of Wp.

(e) We prove the second identity of Table 2, under Beilinson’s conjecture for genus 1 curves:

m(? 41+ (c+ D2y + (= D2) = — 5L (Bag, =) + L (s, = ). (5-8)
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P
w

Figure 8. The Deninger chain I" for (0-12).

We have
xAyAz==3AA+x) Ay + P A0—xD) Ay + %A(IJFW)AX
—2X/\(1+x)/\(1+%) + ix A(Hx%A(H%)-
Then
p(&) =
—3p(=x%, ) + 1o, y) +P<—%’ x) =2p(=x 14 %) tho(= 1+ %)

Wp is given by
2+ D((x+ D3+ B2 +4x+3)y+(x+1)H =0

which is the union of L : x>+ 1 =0 and the curve C : (x + 1)2y? + (3x% +4x +3)y + (x + 1)> = 0, which
is a nonsingular curve of genus 1. Figure 9 describes the Deninger chain I" and its boundary dI" in polar
coordinates x = ¢!’ and y= e fort,s € [—m, w]. We have I’ = I"; UT,, where I'; is the shaded region
in the center with the boundary

iMy={t=—n/2, 7 <s<m}U{t=nm/2, —m <s <m},

and I"; is the shaded region with the boundary 91", as in the figure. We observe that 0"y is contained in
L and 9T, is contained in C. We have

m(P) =my+my,

where m | can be computed by the same method as the example (b). Let I'; ¢ be the adjustment of I';
shown in Figure 9. We have

1

1 1
= ——F =——1 _——1 =L, _,—1,
i 47'[2 I 7 47'[2 Egr(l) | 1 47'[2 81—1;% 3[",5,0(%) (X 4 )
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Figure 9. The Deninger chain I corresponding to (5-8).

1 1
mz——m/rz ——m/arzp(s)-

2Y + X? 2
X2 -2x -4

and

By the change of variables

xX=—

the Jacobian of C is given by
E/Q:Y?>=X>+X?—4X —4,

which the elliptic curve of type 48al. Its torsion subgroup is Z/2Z x Z /27 = (A) x (B), where A = (2, 0)
and B = (—1, 0). Set K = Q(«, B) where o> — 2o — 4 =0 and %+ 4 = 0. Let us write

P]:(Ol,a+2), Pzz(aa_a_2)5P3:(Ovs’1)'

‘We have

dive) = —(P)+ (P, div(FEUEDY) — o0y 4204+ B) - 2(P),

2 2
div(y) = 2(0) — 2(A + B), div(x y*;(;ixf)ry“) —2(0) +2(B) — 2(P3).

We have ug =up =us1p =0and up, = —2{—p/2}» —2{B/2}» = 0. The residues up, fori = 1,2 are
trivial because they belong to B(Q(w)), the Bloch group (tensored with Q) of the real quadratic field
Q(«). Therefore, we have the following identity under Beilinson’s conjecture:

mo=a-L'(Esq, —1), aecQ*.
In conclusion, we obtain the following identity under Beilinson’s conjecture:

m(P)=L'(x—4, =) +my=a-L'(Eg,—1)+ L (x-4,—1), aecQ.
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On the Frobenius fields of abelian varieties
over number fields

Ashay A. Burungale, Haruzo Hida and Shilin Lai

Let A be a non-CM simple abelian variety over a number field K. For a place v of K where 4 has good
reduction, let (4, v) denote the Frobenius field generated by the corresponding Frobenius eigenvalues.
If A has connected monodromy groups, we show that the set of places v such that (A, v) is isomorphic
to a fixed number field has upper Dirichlet density zero. Moreover, assuming the GRH, we give a power
saving upper bound for the number of such places.

1. Introduction

For an abelian variety over a number field and a place of good reduction, a basic invariant is the Frobenius
field generated by the corresponding Frobenius eigenvalues. In this paper we study its connection with
the arithmetic of the abelian variety.

For a CM abelian variety, in view of the CM theory of Shimura, Taniyama and Weil, the Frobenius
fields are contained in a fixed number field and equal to it for a set of places of Dirichlet density one. A
natural question: to explore the upper Dirichlet density of the set of places at which the Frobenius field of
a non-CM abelian variety coincides with a given number field up to an isomorphism. The question has
been studied in the literature in various low-dimensional cases, and the primary goal of this paper is to
consider the general case via a uniform approach.

We show that the density is zero under a mild connectedness hypothesis (see Theorem 1.1). Moreover,
assuming the GRH, we provide a power-saving upper bound on the size of the set of places with bounded
norm at which the Frobenius field of a non-CM abelian variety coincides with a given number field (see
Theorem 1.3).

Main results. Let K be a number field and X g the set of its finite places. For K an algebraic closure,
let Gx = Gal(K/K) be the corresponding absolute Galois group. For a place v € T, let Frob, be an
associated geometric Frobenius.

Let A be an abelian variety defined over K of dimension g and conductor 1. For a prime p, let T, A
be the p-adic Tate module of 4 and

pa,p - Gg — Autz, Tp A

MSC2020: 14K15.
Keywords: abelian varieties, Frobenius fields, Mumford—Tate groups.
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the associated p-adic Galois representation. For v 4 pO1, it is unramified at v. Let (A, v) be the splitting
field of the characteristic polynomial of p4, ,(Froby). As (p4,p)p is a compatible system of Galois
representations, F(A4, v) is a number field independent of p, referred to as the Frobenius field associated
to the pair (A4, v).

Let M be a number field and S4, s a subset of finite places X g of K given by

Sam={veZg|viN F(4,v) = M}.

When A4 is a CM abelian variety, the Frobenius fields are a subfield! of the corresponding CM field
(cf. [35]). Moreover, for a Dirichlet density one subset, the Frobenius fields equal a fixed subfield of the
CM field.

In this paper, for non-CM abelian varieties 4, we consider dependence of the Frobenius fields F(4, v)
on the place v. To state the results, we recall the following notion. For S C X, the upper Dirichlet
density ud(.S) is given by

i #HveXg :Ngjv=X,veS}
ud(S) = lim sup
Xooo HveXZg:Ngu=X}

where Ng /g denotes the norm of the extension K/Q.
Our first main result is the following.

Theorem 1.1. Let A be an absolutely simple non-CM abelian variety defined over a number field K.
Suppose that the monodromy groups associated to A over K are connected (cf. Hypothesis 2.2). Then for
any number field M , we have

ud(S4.0m) =0.

The connectivity Hypothesis 2.2 is satisfied by any abelian variety A over some finite extension of its
field of definition (cf. Remark 2.3). Moreover, it is satisfied by a class of abelian varieties over their field
of definition, for instance: most abelian varieties in a typical family, including hyperelliptic Jacobians
[37, Theorem 1.2].

Remark 1.2. Theorem 1.1 gives a criterion for characterization of CM/non-CM abelian varieties. For
different criteria in the case of GL;-type abelian varieties over Q, the reader may refer to [12, §3.1.1].

In view of Theorem 1.1 it is natural to seek to estimate the size of subsets of S4, s with bounded norm.
To state the result, we introduce some notation. Let G be the Mumford—Tate group associated to 4. Let
G'* be its semisimple quotient. Let

d=dimG*®, r=rankG*
denote the dimension and (absolute) rank of G'*® Then our quantitative result is as follows.

'More precisely, the Frobenius fields are a subfield of the CM endomorphism field K given by a® € K for some o € K’ for
the reflex CM type (K', ®).
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Theorem 1.3. Let A be an absolutely simple non-CM abelian variety defined over a number field K.
Suppose that the monodromy groups associated to A over K are connected (cf. Hypothesis 2.2), and that
the generalized Riemann hypothesis (GRH) holds for L-functions as in Remark 1.5. Then for any & > 0,
there exists a constant ¢ depending on (A, K, €) such that for any number field M and X € R+, we have

1— s +e
[{ve Sam|Ngjgv=X}| ScX —3a=r+27%

If A is generic — meaning that the associated adelic Galois representation has open image in GSp, (2) —
then G ** = PGSp,, for an integer g > 1. In this case d = 2g% 4 g and r = g, so we obtain the following.

Corollary 1.4. In the setting of Theorem 1.3 suppose further that A is generic and let G > = PGSp,, for
an integer g > 1. Then for any ¢ > 0, there exists a constant ¢ depending on (A, K, €) such that for any
number field M and X € R, we have

[{ve Sqnm|Ngjov=X}|< X' TamE

Remark 1.5. Our approach to Theorem 1.3 is conditional on the GRH for two types of L-functions. The
first is the Dedekind zeta function for a number field M. The second consists of L-functions of finite
order Hecke characters appearing in the statement of Lemma 4.11, namely the characters attached to
abelian subquotients of Galois extensions of the form K(A[d])/ K, where d is a square-free product of
rational primes.

About the proof. Our approach is based on the compatible system of Galois representations associated
to the abelian variety and some group theory. To begin, we recast the problem in terms of (a variant
of) Frobenius tori in the algebraic monodromy group of the abelian variety. A volume computation of
conjugacy classes arising from these tori and large Galois image results for A are keys of the proof.

We now describe the strategy in more detail. To begin, for primes p which split completely in M,
we show that if v € S4 ps, then the image of Frob, in the associated mod p monodromy group lies in a
[Fp-rational Borel subgroup. Then we give a volume upper bound for the union of all such subgroups
(cf. Corollary 3.4), perhaps of independent interest. On the other hand, since A4 is non-CM, the associated
Galois representations have large image, thanks to the work of Wintenberger [36] and Hui and Larsen [13]
(cf. Theorem 2.5). In light of the image lower bound and the volume upper bound, the Chebotarev density
theorem implies that ud(S4,as) is bounded above by a constant ¢ less than 1, which is independent of the
prime p. This deduction relies on basic properties of reductive groups, several of which require the group
to be connected.

Next, we synthesise the analysis at different primes via the product Galois representation [ [ p4, p.
Ideally, we expect

Im(T pa,p) = [TIm(p4, ), (1-1)
4 4

which implies: for different choices of p, the events that p 4, , (Froby) lands in a [F,-rational Borel subgroup
are independent. Hence, Theorem 1.1 follows (recall that the density upper bound ¢ is independent of
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p). Actually, Serre showed that the independence (1-1) holds upon replacing K with a finite extension
(cf. Theorem 2.4(2)). This suffices for our argument.

As for Theorem 1.3, we quantify the above strategy with the aid of the effective Chebotarev theorem
of Lagarias and Odlyzko and the Selberg sieve. Some notable features:

* Without the Mumford—Tate conjecture, the p-adic monodromy groups can be different® for each
p. In order to control their sizes, we introduce a soft argument based on the Weil bound and the
classification of reductive groups over algebraically closed fields (cf. the proof of Lemma 4.15).

¢ Since we are only sieving using primes which split completely in M, a lower bound on the number
of such primes - independently of M - is necessary. This is achieved via a simple a priori upper
bound on the discriminant of a Frobenius field F(A4, v) in terms of Ng qv (cf. Lemma 4.18).

To refine exponents naturally appearing in the analysis, we make the following improvements:

e Instead of the p-adic monodromy group, we work with its semisimple quotient, reducing the sizes of
the relevant Galois groups. This is a generalization of the PGL,-reduction method used previously.

¢ Well-known results of M. R. Murty, V. K. Murty and N. Saradha give better error terms in the effective
Chebotarev theorem when certain subgroups of the Galois group satisfy the Artin holomorphy
conjecture (AHC) (cf. Theorem 4.8). In our case, the natural choice is a Borel subgroup of the
monodromy group, and we make an elementary group-theoretic observation that it satisfies the AHC.

The above relies on a fundamental result of Deligne [10]: the Mumford-Tate group “contains’ all
p-adic monodromy groups (cf. Theorem 4.16).

Prior work and prospects. Our study is inspired by the Lang—Trotter conjecture [20] and a consideration
of Serre for Hecke eigenvalues of elliptic newforms [29, §7]. For elliptic curves, the result was first stated
(without proof or explicit exponent) by Serre [29, §8.2]. Its various explicit forms have appeared in the
work of Cojocaru, Fouvry and Murty [9], Cojocaru and David [6], Zywina [38], and Kulkarni, Patankar
and Rajan [17], among others. Cojocaru and David [7] consider the analogous question for Drinfeld
modules.

For generic abelian varieties, Theorem 1.1 was first established by Bloom [1]. His method is different
and does not seem amenable to quantitative refinements as in Theorem 1.3. As for general abelian
varieties, the only known result seems to be that of Khare [16]: for a non-CM simple abelian variety, the
set of places whose Frobenius fields equal a fixed number field cannot be the complement of a finite set
of places.

Our result applies to any abelian variety up to a base change. In the generic case, no base change is
needed, and it gives a better exponent than Bloom [1], assuming only the GRH. The qualitative part of the
argument generalizes to function fields, and we expect that a suitable modification yields the quantitative
version. Moreover, our method seems to apply to any compatible system of Galois representations for
which Frobenius semisimplicity holds (cf. Remark 2.6).

2Recall that the Mumford—Tate conjecture is not known in general.
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Compared to previous works, our approach is closer in spirit to the square sieve method, which first
appeared in [9]. However, by working with abstract reductive groups, we replace all the work in estimating
conjugacy class sizes with soft arguments, and we can identify power savings which are not apparent from
the explicit matrix-based considerations. It would be interesting to see if our approach can be combined
with the mixed Galois representation approach to obtain a further sharpening of Theorem 1.3.

Finally, to remove Hypothesis 2.2, we would need to study the structure of semisimple elements in a
disconnected finite reductive group. We plan to return to this question in the near future.

Plan. In Section 2 we describe preliminaries regarding Galois representations, monodromy groups, and
large image theorems. In Section 3 we present preliminaries regarding finite reductive groups® and
introduce the key notion of a bounding set (cf. Definition 3.3). In Section 4 we prove the main theorems.

2. Backdrop

We describe some preliminaries regarding p-adic Galois representations associated to an abelian variety
over a number field. The reader may refer to [13; 26; 36] for some details.

Let the setting be as in Section 1. In particular, 4 is an abelian variety over a number field K of
dimension g. Put A4 = Ng /g9, so A has good reduction away from places of K which lie above a
prime dividing A 4.

2.1. Galois representations. For a prime p, let T A be the p-adic Tate module of 4. Let
pp:Gg — Autz, T A

be the associated p-adic Galois representation.

Theorem 2.1. Let v be a finite place of K such that v  pA4.

(1) (Serre-Tate) The Galois representation pp is unramified at v.

(2) (Weil) The characteristic polynomial of pp(Froby) has integral coefficients and is independent of p.

Moreover, all of its roots have complex absolute value (N ;g v)%

T =T11rp pr=1]]rs

peT peT

For a set T of primes, put

For N a positive integer, put p»V = ,oT(N ), PN = pT(N)> Where T'(N) is the set of primes dividing N.
2.1.1. Monodromy groups. Let

[p = pp(Gk) S Autz, Tp A,
and G, denote its Zariski closure. This is a linear algebraic group over Z,. The generic fibre of G, is the

usual p-adic monodromy group. Throughout this paper, we make the following assumption.

3 As pointed out by the referee, these results may be well-known to specialists (cf. [15; 23]). Due to the lack of a precise
reference in the literature (see Remark 3.7), we include details.
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Hypothesis 2.2. The group G, is connected for a prime p.

Remark 2.3. A result of Serre [30, corollaire p. 15] shows that the component group G, /G, is indepen-
dent of the prime p. So the hypothesis holds for all primes p as soon as it holds for one prime. It is also
proven in op. cit. that there exists a finite extension K°°™ /K such that this hypothesis holds for the base

change A gecom.
We will use the following key results on the monodromy group.
Theorem 2.4.
(1) If p is sufficiently large, then G, is reductive.

(2) There exists a finite Galois extension L/ K and an integer N such that

pN(GL) =[] pp(GL)
PN
Part (1) is due to Larsen and Pink (cf. the proof of [22, Theorem 3.2]). Part (2) is another result of Serre
[31, théoréme p. 56] (see also [14; 33]). The reference does not include the Galois requirement, but we
can take the Galois closure, which preserves independence away from a finite set of primes.

2.1.2. Galois image. This subsection will recall some large image results for non-CM abelian varieties
due to Hui and Larsen [13, Theorem 1.3]. An essentially equivalent result was obtained earlier by
Wintenberger [36, théoreme 2], but this formulation is more convenient for us.

For a prime p such that G, is reductive, let G ;° denote the quotient of G, by its radical, and I';’ the
image of I'y in G;°. Let 7 : G)° — G ;° be the algebraic universal cover. This is a finite morphism.

Theorem 2.5. Let A be an abelian variety over a number field K. Then there exists a constant ¢4, g € Z

such that for any prime p > c4 g, we have
Im(G,°(Zp) - G, (Zp)) ST,

Proof. The aforementioned result of Hui and Larsen is that for p > 0, the group G,(Q)) is unramified,
and 7! (I'}") is a hyperspecial maximal compact subgroup of G ;°(Qp).
It is not easy to extract the integral model directly from the proof, so we conclude in an indirect way.
We have the inclusions
n NI €76 (Zp) € G (Zp)

The first is by definition. The second holds since = is finite, hence proper. The final group is also a
hyperspecial maximal compact subgroup of G,°(Qp), and so all three groups above are equal. O

Remark 2.6. If we have a compatible system of semisimple Galois representations coming from geometry,
then Theorem 2.4 still holds. Larsen showed that Theorem 2.5 holds for a density one set of primes p
[21, Theorem 3.17]. The exceptional set in that proof is again cut out using Chebotarev sets. Therefore,
it’s likely that our approach works in such generality, though we have not checked the details carefully.
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Define the reduced residual representation
7y Gk = Gy (Fp),
Its image is also the image of I';’ under the reduction map G ;*(Z,) — G,*(Fp). Denote it by F;,S. Put
Ip = In(G(Fy) > G3(Fp)).
A simple consequence of Theorem 2.5 is the following.

Corollary 2.7. Let A be an abelian variety over a number field K and c4,x € Z be as in Theorem 2.5.
Then for any prime p > c4 g, the image F;s contains Ip.

Remark 2.8. The lower bound ¢4, g in the above corollary and Theorem 2.4 depends only on the number
field K and the isogeny class of A. It seems likely that ¢4 g can be expressed as an explicit function of
K and the conductor of A4 following the strategy outlined in [36, Remarque 2.2].

2.2. A characterization of CM abelian varieties.

Proposition 2.9. Let A be a simple abelian variety over a number field K. If the associated p-adic

monodromy group G, q, is abelian for one prime p, then it is so for all primes, and A has CM.

Proof. Suppose that G q,, is abelian. The p-adic Galois representation p, is semisimple by Faltings,
and rational by construction. Hence, this Galois representation arises from an arithmetic Hecke character
over K by a result of Henniart [11] (cf. [28, Theorem 2 in III-13]). Considering infinity type of the Hecke
character, it follows that p, corresponds to a CM abelian variety A’. Note that A and A are isogenous by
Faltings’ isogeny theorem. Hence A has CM, and the assertion follows. O

3. Results on finite reductive groups

Let G be a connected reductive group defined over F,. In this section we will give a volume upper bound
for the union of certain conjugacy classes.

3.1. Tori and Weyl groups. We recall some basic results about maximal tori of G'. A detailed exposition
can be found in [4, Section 3.3].

Let Wg be the absolute Weyl group of G . It carries an action of the Galois group Gal(F,/F,). Let y
be the action corresponding to the Frobenius element. The general theory of forms gives a bijection

{conjugacy class of maximal tori defined over [F,} <— {y-conjugacy classes in Wg}.
Let T be a maximal torus in G'. Define its Weyl group by

W(G.T) = Ng@,)(T)/T (Ep).
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It can also be described as the stabilizer of the y-conjugacy class corresponding to T under the above
bijection. In particular, the y-twisted class equation gives

1
2iwe " G-

where the sum is over a set of representatives for the conjugacy classes of maximal tori in G .

Lemma 3.1. If G is not abelian, then W(G', T) is nontrivial for any maximal torus T .

Proof. By the class equation (3-1), if the lemma holds for one choice of T, then it holds for all choices of
T. Let B be a Borel subgroup of G' defined over [,. Its existence is guaranteed by Lang’s theorem [19].
Let S be a maximal [F-split torus contained in B, and let T be its centralizer. This is a Levi subgroup
of B, and hence a maximal torus. In addition, Ng (S) € Ng (T), so the Weyl group W(G, T) contains
the relative Weyl group W(G, S).*

Since G is not abelian, its derived subgroup G % is nontrivial. By Lang’s theorem, G %" has a Borel
subgroup, which implies that G % has positive rank [3, corollaire 4.17]. The second paragraph of the
proof of [3, théoréme 5.3] then shows that the relative Weyl group W(G', §') is nontrivial, so W(G', T)
is also nontrivial for this choice of T . O

3.2. Conjugacy classes. Given a maximal torus T, let Cr denote the set of elements in G (F,) which
are conjugate to an element of 7 (F,). We will also use the superscript “reg” to denote the subset of
regular semisimple elements. The volume is the counting measure normalized so that vol(G (F)) = 1.

Proposition 3.2. There exists a constant C depending only on the (absolute) rank of the group G such
that, for all p, the following holds:

(1) vol(G (Fp)™8) > 1—Cp~L.
(2) If T is a maximal torus, then

1
Vol(Cl%8) — — | <Cp L.
T \W(G ., T)|

Proof Let T be a maximal torus. Themap G /T xT — G, (g,t)+— gtg~ ! is finite of degree |W (G, T)|

1= ¢/t'(g")7 !, then g~ !g’ conjugates ¢’ to ¢,

above the regular elements in its image. Indeed, if grg™
50 it conjugates Zg (t') to Zg (¢). If ¢ is regular, then the centralizer is just T, so g~!g’ € NG (T). On
[Fp-points, the image of this map is exactly Cr, so
1 T (Fp)™|
WG T 1T
Summing over a set of representatives of conjugacy classes of maximal tori, we get
1 |7 (Fp)™*|
WG T ITE)

vol(Cp®) = (3-2)

vol(G (Fp)"™) = )

T

4We in fact have equality here, but this will not be needed.
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We now give a coarse estimate for the right-hand side.

Let r =rank T'. The set of nonregular elements in T ([F,) is the [,-points of a variety 7™ of dimension
r — 1. When base changed to F,, it can be described as the subset of G ,; 5 where at least two of the
entries are equal. Let E/7 be the subscheme of G, ; defined this way, then we see that 7™ is a form of

E x7 Fp. It follows from the Weil bound? that there exist a constant C (depending only on r) such that
IT ()™ ‘ .
—— —1|=<Cp (3-3)
T (Fp)l
for all p (cf. the proof of Lemma 4.15).
This estimate together with equation (3-2) immediately gives part (2) of the proposition. Using (3-1),
we see that

1
vol(G (Fp)™8) = WG 1-CpH=1-Cp~ L.
T 9

This proves (1). O

Definition 3.3. Let G be a reductive group over F,. Its bounding set is the set of elements in G ()
which lie in a Borel subgroup defined over [.

A consequence of Proposition 3.2 is the following.

Corollary 3.4. Let B be the bounding set of G'. There exists an integer N depending only on the rank
of G such that if G is nonabelian and p > N, then

vol(B) < %.

Proof. Let T be a maximal torus in a Borel subgroup B. Let x € B be regular semisimple. We will show
that x is conjugate to an element of 7. Indeed, all Borel subgroups are conjugate [3, théoreme 4.13(b)],
so we may assume X € B. Any maximal torus of B containing x is a Levi component, so it is conjugate
to T [3, proposition 4.7]. It follows that B is contained in the union of nonregular semisimple elements

and Cr. Therefore,
vol(B) < vol(G (Fp) — G (Fp)™®) + Vol(C;eg)

<2Cp ' ———
(W(G . T)|

by Proposition 3.2. Lemma 3.1 shows that W(G, T) is nontrivial, so its order is at least 2. By taking p
sufficiently large, the right-hand side can be made smaller than any real number greater than % O

3.3. Central isogeny. This subsection refines Proposition 3.2 and Corollary 3.4. This refinement is the
key ingredient which allows us to apply the large image results of Theorem 2.5 and Corollary 2.7.

Suppose G is semisimple. Then it has an algebraic universal cover 7 : G5 — G'. Its kernel, denoted
by Z, is a finite group scheme over [, and contained in the centre of G*°. Let T be a maximal torus of
G, then T* := 7~ !(T) is a maximal torus in G *° containing Z.

3One may also proceed by an elementary argument: counting T (F»)™® using inclusion-exclusion, but the details are messy.
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We have the following exact sequence of groups:

1 —— Z([F,) —— T*(Fp) —— T([F,) —— H'(Fp, Z2) —— 1

| [ [ |

1 —— Z(F)) — G*(Fy) — G(Fy) —— HI(F,.Z) — 1.
The final 1 in both rows comes from Lang’s theorem. A priori, the connecting morphisms are between
pointed sets, but since Z is central, they are actually group homomorphisms (cf. [32, §1.5.6]).

Lemma 3.5. We have |G*°(F)| = |G (Fp)|.

Proof. Since Z (Fp) is finite, its Herbrand quotient is 1. Hence the assertion follows by considering the
bottom row of the above diagram. This is also a special case of [2, Chapter V, Proposition 16.8]. O

The main result of this section is that the various conjugacy classes we have considered are approximately
equally distributed in the fibres of §. More precisely:

Proposition 3.6. Let G be a nonabelian semisimple group. Let I = Im(G**(F,) — G (Fp)).

(1) There exists a constant C depending only on the rank of G such that for any maximal torus T and
g € G (Fp), we have
|ICrEngl]| 1
7] IW(G. T)|

<Cpl.

(2) There exists an integer N depending only on the rank of G such that for all p > N, we have
1 | BNngl| 3
< < -
2|W(G . T)| 7] 4

where B is the bounding set for G'.

Proof. Letn =[G (Fp) : I] = |H1([Fp, Z)| = |Z(Fp)|. The group Z is a subgroup of the centre of a
semisimple simply connected group over Fp. Since the rank is fixed, there are a finite number of such
groups, so # is bounded from above, independently of G .

From the above diagram, / = ker § is a normal subgroup with an abelian quotient, so if two elements
of G ([F,) are conjugate, then they lie in the same coset of /. Moreover, § is still surjective when restricted
to T (Fp), so it identifies T (F,)/(T (Fp) N I) with H (F,, Z). Fix g € G (F,), then we get

1T (Fp)l

IT(F,)Ngl|=— P22
i H'(Fp. Z)|

The conjugation action G /T x T — G, (x,t) > xtx~!, as in the proof of Proposition 3.2, restricts to
an action on the coset g/, so

I GGy
IW(G. T)| |T(Fp)

] T (Fp)™engl]|
IW(G.T)| [T [Fp)Negl|

ICringl| = AT Fp)engl| =



On the Frobenius fields of abelian varieties over number fields 587

Therefore, we have

CFngll (T E) ~T €y Ngl| T (Fp) T ()|

1] IW(G. Tl [T (Fp) N gl AT Ep)l/n

where C is the constant from (3-3).

<nCp~!

For the second part, take T to be the maximal torus in a Borel subgroup as before. Let C be the
constant in Proposition 3.2; then

Bngl| _|G(Fp)—G(Fp)™E|  |Cpingl| _1 1
< + <Cn+Dp  + —r7—5—.
7] 1] 1] IW(G.T)|
On the other hand,
reg
|BNgl| > |ICroNgl| - 1 oy
1] 1] IW(G.T)|
The same argument as in Corollary 3.4 gives the desired bounds. O

Remark 3.7. Some versions of the above counting results for tori have previously appeared in literature
(see [15, §3.4] and [23, §3]). For example, our Propositions 3.2(2) and 3.6(1) coincide respectively with
Propositions 4.1 and 4.6 of [15]. However, the literature does not seem to contain finer results such as
Corollary 3.4 and Proposition 3.6(2), which are necessary for our later arguments.

4. Proof of the main theorem

We now prove the main results. The first subsection sets up some notation. Then the second contains a
short proof of the qualitative version (cf. Theorem 1.1). Finally, the third subsection is dedicated to the
quantitative version (cf. Theorem 1.3).

4.1. Preliminaries.

4.1.1. Setting. Let A be a simple abelian variety of dimension g defined over a number field K such that
A /K does not have CM. Let 91 be the conductor of 4. Let M be a number field and

SA,M ={velg|viN F(4,v) = M}.
For X a positive real number, define
Sam(X)={veSqym|Ngqv=X}

Our goal is to bound S4 37 (X) from above, supposing Hypothesis 2.2.
Let L be a finite Galois extension of K such that the conclusion of Theorem 2.4(2) holds, and let N
be the bound given therein. Increase N so that for all p > N, the following holds:

(1) The monodromy group G, is reductive, cf. Theorem 2.4(1).
(2) The large image result in Corollary 2.7 holds for 4, .
(3) The density estimate in Proposition 3.6(2) holds for all groups of rank at most 2g.
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In view of Corollary 2.7, this N depends only on A and K. Let P be the set of all primes greater than N
which split completely in M .

4.1.2. Preliminary lemmas.

Lemma 4.1. Pick p € P and v € Sq,p which does not lie above p. Then the Frobenius py (Frob,) €
G*(Fp) lives in a Borel subgroup defined over Fp.

Proof. Let Fyy, = py(Froby) € G;*(Zp). By Faltings’ theorem, this is a semisimple element in G ;*(Qp).
Our assumptions on p and v together imply that F; lies in a split torus, and hence in a minimal parabolic
subgroup of G;*(Qp), which is necessarily a Borel subgroup since G;* is unramified. The scheme of
Borel subgroups over Z,, is proper [34, XXII, 5.8.3(1)], so we can extend this Borel subgroup to one
defined over Z,. Its fibre over [, is a Borel subgroup of G;*(Fp) containing the reduction of Fy. O

Lemma 4.2. The image of the Galois representation

Py : Gk > [ G (Fp)
DEP

is a union of cosets of ]_[pep I, where I, is defined as in Corollary 2.7.

Proof. By the choice of L, we have
PG =[] Ay G S ] Gy (Fp).

PEP DEP

Item (2) of the choice of P implies that py(GL) contains the subgroup 7, for all p € P. Therefore,

PR(GK) 255(GL) 2 [] 1p-
DEP

In other words, p35(G ) is a subgroup of [] G ;*(Fp) which contains the subgroup I1 1. O
DEP DEP

4.2. Proof of Theorem 1.1. Let d be a square-free product of primes in P. Let F; be the union of all
conjugacy classes o’ (Froby) for v € Sy ps not dividing d.
By Lemma 4.1, we have
Fa < (11B,) N 751G,
pld
where B, is the bounding set for G;° introduced in Definition 3.3. The Chebotarev density theorem
implies that
F B,)NpH(Gg
wd(Sanr) < _Sls d| < ‘(led_sf) Py (G|
1Py (Gx)I 103 (Gk)|

To estimate the right-hand side, we utilise the following decomposition, given by Lemma 4.2:
s

735G = U (& 11 1) = LI (TT 20l

i=1 rld i=1"pld

(4-1)
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In view of Proposition 2.9, G * is nonabelian®. Therefore, Proposition 3.6 can be applied, giving the

upper bound
N
(H%)%W“FZ [1®s ngints)| <s[1G1L) = 3560l @2
rld i=1"pld pld

where w(d) is the number of prime divisors of d.
Combining (4-1) and (4-2), we get

d
ud(Sa,n) < ()7
for any d which is a square-free product of primes in P. Since P is infinite, this implies that
ud(S4,pm) =0.

4.3. Proof of Theorem 1.3. We will now use the effective Chebotarev theorem of Lagarias and Odlyzko
and the Selberg sieve to obtain a power saving upper bound for the number of places with a given
Frobenius field M. This is possibly the approach suggested by Serre in [29, §8.2].

In this section we will write f(X) = O(g(X)) or f(X) < g(X) to mean the existence of an absolute
constant ¢ such that | f(X)| < ¢|g(X)| for all X. If the constant is allowed to depend on some other
object, we will indicate so in the subscripts. All constants are in fact effectively computable.

Remark 4.3. This section will be conditional on the GRH. Unconditionally, we expect that the standard
methods lead to an upper bound of the form O(X /(log X )"‘) for some explicit o > 1, but we have not
worked out the details.

4.3.1. Sieving setup. In this subsection, we recast the problem into a form where the Selberg sieve can be
directly applied. There are notational complications since we are only assuming potential independence
of the Galois images at different primes p. No important idea is lost if one assumes L = K, i.e., the
family of Galois representations over K has independent image.

Fix a positive real number X. Let X g (X)) be the set of all finite places of K of norm at most X where
A has good reduction. Recall that in Section 4.1, we have chosen a finite Galois extension L/ K and an
infinite set of primes P defined by a splitting condition.

Let R be the set of square-free products of primes in P. Let d € R U {co}. In the infinite case,
the condition “p|d” should be interpreted as “p € P”. Let G4 =[], 4 G,*(Fp), so we have a Galois
representation

,(_):; :Gg — Gy.

Denote its image by G:i and the fixed field of its kernel by K4, so we have an isomorphism
Gal(Kz/K) ~ G,
and K is the compositum of all K, for p|d. Define Hy and L4 similarly using the restriction o3¢, -

The generic fibre is abelian if and if the special fibre is, since G ;S is reductive over Zp,.
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By the choice of L, we have H; =[] pld Hp,. In these notations, we have
Iy :=l_[1p§Hd§G£1§Gd,
pld

where the first inclusion is due to Corollary 2.7.
Here is a summary of the above definitions:

La H, = [1p1a Hp

VRN
K, L
NS
G/ KanL Gal(L/K)
K

Let Z = G,/ Hx. From the above diagram, Z = Gal(K N L/ K) is finite. Fix an integer d such that

KqNL=KsNL,soifd|d, then G:Z/Hd ~ 7. Write down a coset decomposition
G,oo = |_|giHoo = |_| 1_[ gi,pHp-
i€l i€l peP

For any d as above, define g; 4 = (gi,p)p|a € G;l, so we have a decomposition G/, = | g; 4 H4. By
. . . .. e . . . i1€T
comparing indices, this is a disjoint union if d|d.

For each p € P, let B, C G, be the bounding set as in the previous section (cf. Definition 3.3). Let
Cp = Gp —B,. For a general d € R U {00}, define C; and B as a product of the corresponding sets for
p dividing d. Let C; = C4 N G); and B/, = B, N G/;. For an index i € Z, define

rld
So we have Bg) =[1,a Bg). Moreover, B, = ;s Bg). Define the subset Cg) similarly. If p is a
prime, then g; , H, = Bg) U CI(,i).

Remark 4.4. It could be the case that BS) = Bg/) even though i # i’ in Z. However, this cannot happen
if d|d, in which case B/, = | |, Bg) . In other words, the purpose of the auxiliary 4 is to ensure that
each element of B’d belongs to a unique coset.

Let C be any union of conjugacy classes in G (’1 Define
E4(C) = {v € Sg(X) |v does not lic above any p|d, p5(Frob,) € C}.

The proof of Theorem 1.1 in the previous subsection then implies S4. a7 (X) € E4 (Bil). This form does
not immediately yield a power saving upper bound. Instead, we re-write it in a different way.
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Proposition 4.5. We have an inclusion

Sam () S| | (EaBO) — U Eap(B xc)).
ieT pePW

where PY consists of the primes in P which do not divide d.

Proof. Implicit in the statement is that B( is a union of conjugacy classes in G’ for all d. To see
this, observe that Bﬁi is a union of conjugacy classes, and B( D is its intersection with a coset of H; in
G:i. It remains to observe that H; is a normal subgroup of G/ , and the quotient is abelian, since it is a
subquotient of the abelian group G /1 (cf. Section 3.3). The same argument works for the second term.

The containment is apparent: let v € Sy pr(X) and g = (gp)pep = Py (Froby) € G . Then there
exists a unique i e 7 such that g € g; Hoo. We know that g, € B’ for all pEP,s0gp gZC’ It follows
that (gp)p(q € Bd , but it is not in Bg) X C(’) for any prime p. O

Each term in the disjoint union in Proposition 4.5 is a sieving problem. We now recall a form of the
Selberg sieve.

Theorem 4.6. Let & be a set of primes, and let Z be the set of square-free products of primes in 2.
Let A be a finite set. For each p € 2, let A, C A. Ford € %, define Ag = (| Ap. If d =1, set

A1 = A. Suppose that, for all d, we can write pld

|Aal = BacLi(X) + Ry,

where R, is some real number, the function d — B, is multiplicative, and there exist constants
0<B<pB<lsuchthat B <P, <pforall pe 2.
Under these assumptions, for any positive real numbers z and &, we have

cLi(X) (27  Ruyal
A U Ap‘<<é € n,@(z) +(7T0}(Z)) Z d1d2 '
di,dr<z

dy,d>€R

where t»(z) = |{p € 2| p < z}|

Proof. This follows from a minor refinement to the proof of [8, Theorem 7.2.1], and we borrow their
notations, with the obvious modification that their X is ¢ Li(X) in our case. It is easy to compute that

£(@) = B7'. fi(d) =TTpa(1 — Bp)/Bp. and

_ wA(d) P
Vo= 2L Tt L 7 1; )
d|P(2) 1)692 PEDP

The first term in the upper bound is the main term of the conclusion in loc. cit. For the second term, we
start from the third displayed equation on page 122 and improve on the estimate |A4| < 1. From the
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second to last displayed equation on page 122, we have

! (0
V)l Eﬂ, s 52 0 (4-3)
teEX

Fix an ¢ > 0. Then, for all t € £,

1 _ ﬁp ( B )w(f) .
ro =25 =155)  <ae

plt

The same argument can be applied to the first term of (4-3). Therefore,

V()hal €5, d° Y 15 <d™'2 e
1=
tER

Combined with the above lower bounds for V(z), we get
| Zl-l—s
A 2. d—.
hal g5 e
This concludes the proof. O

In our applications, we will take 2 = P@_ A = Ed(Bg)), and A, = Eq4p (Bgi) X Cl(,i)). Let R@ be
the subset of R which are coprime to d, then for all d € R(d), we have

Aa =) Eap(BY x ) = Eaa(BS x ).
pld

The sizes of Ay will be estimated using versions of the effective Chebotarev theorem, which we now
recall.

4.3.2. Background on effective Chebotarev. For any number field k, let n; = [k : Q] and Ay be its
absolute discriminant. Given a finite extension // k, let D(// k) denote the set of rational primes that lie
below the ramified finite places of // k. Define

1
M(/k)y=1G|1A% TT ».
peD(l/k)

Suppose that // k is Galois with Galois group G. Let C C G be a union of conjugacy classes. For any
positive real number X, define

n(X,C,l/k):= |{p|pis unramified in /, Frob, € C, Ny gp §X}|.

‘We are interested in the error term

R(X,C,1/k):=n(X,C,1/k)— %Li(X).
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The following result is equation (20R) in [29, §2.4], which is an improvement to Lagarias and Odlyzko’s
original result [18].

Theorem 4.7. Assume the GRH holds for the Artin L-functions of irreducible representations of |/ k.
Then
IR(X,C.1/k)| < |Clni X3 (log X +log M(I/k)).

Assuming the truth of the Artin holomorphy conjecture, Murty, Murty and Saradha obtained the
following improvement [24, Corollary 3.10].

Theorem 4.8. Let H be a subgroup of G such that the GRH and AHC hold for the Artin L-functions of
the irreducible characters of H. Suppose H meets every conjugacy class contained in C, then

R(X,C.1/k) < |C|3[G : H*ni X% (log X +log M(1/k)).

If |C] is of roughly the same size as |G|, then this estimate saves a factor of |H |% compared to
Theorem 4.7. We therefore want to take | H| as large as possible.

Remark 4.9. This theorem is a corollary of a precise result [24, Proposition 3.9]. While it suffices for
our purpose, we expect that a finer analysis of centralizers in finite reductive groups can give a better
exponent.

4.3.3. Applications. We now apply the above results to the various terms appearing in Theorem 4.6. Fix
i € T. For each d € R, define
5 1BY
@& _ 124
oy = ,
|Hql |Hd|

Then we have the relations

“c(;) _ Hal()i)’ ’3(1) ng(z) O{I()i) +,3§,i) -1
pld pld

forall p € P and d € R. If dy, d, are coprime numbers in R, then in the above notations,

|Edya, (B(’) x c(’))} ﬂ(’)Ll(X) + R(X, B(’) x c(’) Ka,4,/ K). (4-4)

dle t Hy, dz]

Using Theorem 4.7 alone, this error term is of the order |G, 4,| X 3te,

In this subsection, we show that the error term for }E d (Bg))‘ can be improved using Theorem 4.8.
This yields the required estimate for (4-4) using the principle of inclusion-exclusion. The main result is
Proposition 4.13.

For each prime p, fix a Borel subgroup B, € G°, and let

Define By = [],4 Bp and B); = B4 N G/;. This is a subgroup of G;. The next two lemmas verify that
it satisfies the conditions in Theorem 4.8.
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Lemma 4.10. All conjugacy classes in Bg) intersect B(’i.

Proof. By the Borel conjugacy theorem [3, théorme 4.13(b)], this result holds in G 4. To conclude, we will
show that the conjugating element can be chosen to lie in /4. It is enough to do this for d = p, a prime.

Suppose b € B}, and ghg™! € B, where g € Gp. Let T, € B), be a maximal torus. Then the
commutative diagram appearing Section 3.3 shows that T,([F,) intersects all cosets of I,. Choose
t € Ty(Fp) so that ¢ and g are in the same coset, then t~ g is an element of I, conjugating b to B;,. O

Lemma 4.11. All irreducible representations of B:i are induced from abelian characters. Consequently,

the AHC holds for K 4/ de, and the GRH holds provided it holds for all Hecke L-functions.

Proof. We will show that if p € P, then B), is supersolvable. The group Bél is a subquotient of their
product, so it is also supersolvable. The first claim of the lemma is an elementary group theory fact [27,
Theorem 12.8.5]. The second part of the lemma is a standard consequence of class field theory.

Let p € P. We first observe that G ;° is actually split over Fp. Indeed, by a result of Serre (cf. [5,
Corollary 3.8]), the element p,(Frob,) € G,(Q,) generates a maximal torus for a density one set of
places v. On the other hand, p splits completely in M, so this element lies in a split torus. Therefore, we
have constructed a split maximal torus of G, over Qp, which also implies G ;* is split.

Fix a faithful representation G ;°* < GLy defined over [, we see that B), is isomorphic to a subgroup
of Ry, the group of upper triangular matrices in GL (F,). Write the derived series of Ry as

Ryb>Sy>Sy_1>--->Sg ={1}.
Then a standard calculation shows that
Sk={g€Rn|gii=1 gj=0if0<j—i <N—kj}.
Forv=1,---,k—1,let
Sk =18 € Sk | 8ii+N—k =0if i =vj.

Then we have a normal series Sg > Sg | >---> Sk x—1 = Sk—1 where each quotient is isomorphic to [p.
Conjugation by a diagonal matrix preserves Sk ,, so all of the groups are normal in R . This normal
series shows that Ry is a supersolvable group, which completes the proof. O

Proposition 4.12. For each prime p, let
. 1
Np = |G;5([Fp)| : |Bp(”:p)| 2. (4-5)

Assume the GRH for Hecke L-functions. Then for all d € R, we have

|Ea(B9)] = mag)Li(X) + Ok (]‘[ N,-XZ(log X + log d)).

pld
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Proof. Applying Theorem 4.8 to the extension //k = K4/ K with the subgroup H = B/, gives the error
term

IRX,BD, K/ K)| < (1BD]-[G}: B)Zng X2 (log X +log M(Kg/K))
1 1
<(1G4|-[Gq : BaD)2ng X2 (log X +log M(K4/K))

= l_[Np-nKX%(logX—HogM(Kd/K)).
rld

For the terms beside N, recall that K;/K is unramified away from the places of K dividing d A 4, so

log(Ak)
log M(K;/K) =log|G}| + T + Zlogp + Z log p

rld plA4
<> 10g|G(Fp)| +logd + O,k (1)
pld
<4,k logd,
where in the final estimate we used the trivial bound |G *(Fp)| < [GSp,g(Fp)|. O

We now apply this to calculate the intersection terms in the Selberg sieve.

Proposition 4.13. Assume the GRH for Hecke L-functions. If d € R is coprime to 4, then

ﬂ E4p (Bc(ii) x Cl(;i))
pld

(’)ﬂ(’)Ll(X )+ 0.k (299 T Np- X (log X +log(@d)) ).
plad

Proof. We have the equality

() Eap(BY x D) = Ea(BY) — | ) Eap(BY).
pld rld
To see this, observe that TBI(,i) W Cg) is the coset of g;, , Hp, and the condition defining the set Ed(Bgi))

already forces the Frobenius element to be in this coset (cf. Remark 4.4).

The principle of inclusion-exclusion now gives

() Eap(BY x c},"))‘ 3 wd)|Eaa (B9)).

rld d’'|d

Apply the previous proposition to the right-hand side. There are 22(d) terms in the above sum, so the
error term has the required form by the triangle inequality. In the main term, the coefficient in front of

Li(X) is given by
oD — (t) (1) (l) 0]
pu(d’- )= (I—ay’) = —ag By,
%;, |I| Had |I| H |I|

where we used the observation that [G), : Hy] = [G{, : Heo] = |Z]| for d|d. O
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4.3.4. Point counting. We will now estimate Nj, defined in (4-5).

Proposition 4.14. Let G be the Mumford-Tate group of A;g and G * its semisimple quotient. Put
y = %(3 dim G * —rank G *°).
There exists a constant C depending only on g such that
Np =Cp¥
for all primes p.

The key feature of this proposition is that neither C nor y depend on the prime p, even though the
monodromy groups G, are not assumed to interpolate into a group over Q. The proposition follows by
combining Lemma 4.15 and Corollary 4.17 below.

Lemma 4.15. There exists a constant C depending only on g such that for all prime p,
N, < Cptim Gy—3dmB),

Proof. In view of Lemma 3.5 we may replace G° with G)° in the definition of N,. The base change
(G,%) [, is a simply connected semisimple group, so it is a product of simply connected split simple
groups. These are classified by Dynkin diagrams. Since the rank is bounded (say by 2g), there are only a
finite number of possibilities, and each of them is obtained from a Chevalley group over Z by base change.

Now, G;°(Fp) is the set of fixed points of the Frobenius operator F acting on G,° (Fp). The
Grothendieck—Lefschetz trace formula gives

2dim G
Gy (Fp)l= D (=D)'Tr(F.HL((G))5,. Q)
i=0
The top degree term is pdim™ G since G » is geometrically connected. Deligne’s Weil bound gives an

upper bound for the Frobenius eigenvalues on each of the remaining terms. It implies
_d; sc . _1
|p dlmGp|G;C(”:p)|_1‘§bp 2,

where b is the sum of the dimensions of all lower degree cohomology groups. The argument in the
previous paragraph gives a finite list of possibilities for  independently of p. Therefore, we get positive
constants ¢;(g), c2(g) depending only on g such that

1 p™ 9P <G (Fp)| < o p™™OF
for all primes p.
By applying the same argument to the term | B, (F,)|, the assertion follows. O

Let G be the Mumford—Tate group of A. For our purpose, it suffices to know that this is a reductive
group over () which “contains” all p-adic monodromy groups, made precise by the following theorem of
Deligne [10].
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Theorem 4.16. For all primes p, we have’ Gp/a, S G xqQp.

Corollary 4.17. Let G denote the semisimple quotient of G, then for all primes p,
dim G,° — 5 dim B, < 7(3dim G* —rank G**).

Proof. Fix a prime p. For simplicity, we base change the pertinent groups to @p. This does not change
its dimension or rank.
Recall that B), is a Borel subgroup of G°. Let N), be its unipotent radical. We have the relations

dim G,” = 2dim B) —rank G, = dim B, + dim V).
Rearranging this, we get
dim G* — 3 dim B, = ;(3dim G* —rank G°) = § dim G* 4 3 dim N,,.
It remains to show that dim G)* < dim G* and dim N, < dim V.
The previous theorem gives an embedding G, € G of reductive groups, and hence the inclusion of the
derived subgroups Glfer C G %, The derived subgroup is isogenous to the semisimple quotient, so they

have the same dimension and rank. The first inequality follows. For the second part, the image of NV, is

again a unipotent subgroup, so it lies in a conjugate of V. O
4.3.5. Conclusion of the proof. We now assemble the pieces to conclude the proof.

Lemma 4.18. [f v is a finite place of K not dividing ‘1, then

log |AF(A,U)| <Lg log NK/@U.

Proof. Let P(T) € Z[T] be the characteristic polynomial of p,(Froby). Let a1, --- , a24 be the roots of
P(T), then F(A,v) is the compositum of the fields Q(c;). Therefore,

2g
log |AF(4,v)l log |Ag(a))l
—eI=r4nl Z o 17 0e) 1

[F(4,v):Q] ~ & [Qe:): Q]
Let ¢ = Nk gv. Then all the roots of P(7") have complex absolute value q%, o)
: 1
log|Aq(e)| < log |disc P(T)| = ) logle; — ;| < ((22)* —2g) log(2¢ ).
i#]j
Combining the two inequalities above gives the claim. O

Theorem 4.19. Assume the GRH. For any & > 0, we have
|S4,m (X)| <4,K.6 X'-mete,

where y = %(3 dim G *® —rank G'**) from Proposition 4.14.

"Recall that we are assuming all monodromy groups are connected.
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Proof. Fix € > 0; then Proposition 4.5 gives an equality

EqB)— | Eap(BY xc)).
peP@

1Sam X)) ="

i€

Fix an index i € Z. We will apply Theorem 4.6 to the corresponding term in the above sum. Take
A = Eoo(gi Hoo), sieving primes P, and excluded subsets Ap = Edp(Bg) X Cl(,’)). By combining
Propositions 4.13 and 4.14, we get the estimate

lAg| =

. , 1 i
() Eap(BY x c}ﬂ)‘ = Eag’)ﬂg)u()() + 04.x(QC)*Dd” X3 (log X +logd))
pld

1 g
ma(({) BOLI(X) + 04 i (475X 2 (log X +log d)).
By definition, the function d ﬁg) is multiplicative. Let p € P@; then

() _ 1Cp N gi,p Hp - |Bp N gi,p Hp

? | Hp| | Hp|
Recall that H), contains I, so each g; , H), is a union of cosets of Ij,. Over each such coset, Proposition 3.6
gives uniform upper and lower bounds for its intersection with B,. It follows that ,3},’) is uniformly
bounded away from O and 1, and the bounds only depend on the dimension g.

Having verified all of the hypotheses, Theorem 4.6 gives the estimate

EaB)— | Eap(BY x c},”)‘
peEP@

1 4y Li(X Zl+e \?
Cax.e —al. X) +( )X

[dy. do] ¢
—— = (log X +log[d, d5]).
7] mp@(z)  \mpw(2) Z (log ogldy . d2])

did
dl,dzfz 142
dl,d2€R(d)

Nl

In the sum for the second term, use the trivial bound [d;, d5] < d;d, and extend the sum to all pairs
dy,d> < z. In particular, log[d,, d»] < log(z?). Therefore,

[dlvdZ]y+£ y—1l+e
Y. g (UogX +logldr.da) < ) (didy)’ ™ **(log X +2logz)
dy,d>=<z 172 di,d>=z

di,d,€R@ 5
= (log X +2log Z)(Z dy_Hs)

d=<z

&y 22 T2 (log X + log 2),

which gives

Zl—i—s

X N (
Tp@(2) Tp@(2)

2
EaBO) = | Eap(BP x| <ax.6 )Xiz”“&log(Xz). (4-6)

pEP@
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It remains to bound 75 (z) from below. By definition,
p@(z) =nm(z, {1}, M/Q) — O4, (1)

By the effective Chebotarev theorem (Theorem 4.7, also cf. [29, equation (14r)]), we have

1 1
w(z, {1}, M/Q) = —Li(z) + Oy (z2(logz + log |A .
({1, M/) = i i(2) + Og (24 log = +log [ A ])
We may assume log |Aps| < log X, since otherwise S4,ar7(X) = & by Lemma 4.18. Now choose
z=XP, where B = L. Then

4y+2°
1 . 8 _
T p(a) (Z) = le(Xﬂ) —+ Og’B(XZ log X) — OA’K(l) >>A,K,s X'B €,
Substituting this in (4-6) and summing over all i € Z gives the desired result. O

Remark 4.20. We only needed the error term in the effective Chebotarev theorem on average. The
situation is analogous to the Bombieri—Vinogradov theorem, except that it deals with the family of abelian
extensions {Q({,)/Q}, and we have a family of nonabelian Lie-extensions { K/ K}. There are some
works when the Galois group is fixed (cf. [25]), but we are not aware of any work in our setting.
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Galois groups of reciprocal polynomials and the
van der Waerden—Bhargava theorem

Theresa C. Anderson, Adam Bertelli and Evan M. O'Dorney

We study the Galois groups G s of degree 2n reciprocal (a.k.a. palindromic) polynomials f of height
at most H, finding that Gy falls short of the maximal possible group S, @ S, for a proportion of all f
bounded above and below by constant multiples of H~!log H, whether or not f is required to be monic.
This answers a 1998 question of Davis, Duke and Sun and extends Bhargava’s 2023 resolution of van
der Waerden’s 1936 conjecture on the corresponding question for general polynomials. Unlike in that
setting, the dominant contribution comes not from reducible polynomials but from those f for which
(=D"f(1) f(=1) is a square, causing G s to lie in an index-2 subgroup.

1. Introduction

For a positive integer n, let E,, (H) denote the number of degree n monic separable polynomials f(x) =
X"+ a,_1x" "' 4+ ... +a;x + ap with integer coefficients a; € [—H, H] whose Galois group is not S,,.
Hilbert’s irreducibility theorem implies that Galois groups not equal to S,, occur 0% of the time, in other
words,

E,(H)=0(H").

In 1936, van der Waerden [23] gave a quantitative upper bound and conjectured that the true order of
growth is
E.(H) < H"™, M

the lower bound coming from counting multiples of x (or any fixed monic linear polynomial). For the next
several decades, progress continued, with many authors making improvements on the bound, including
Knobloch (1955) [17], Gallagher (1972) [12], Chow and Dietmann (2020) [10] who proved it for n < 4,
and a group including the first author (2023) [1]. The conjecture (1) was finally resolved by Bhargava
(2023) ([8]; an abridged version of the paper has appeared in print [7]). Bhargava’s method harnesses
sophisticated known results (classification of subgroups of S, distribution of discriminants of number
fields) in combination with innovative recent methods, including Fourier equidistribution and the use of
the double discriminant disc,, disc, f. For transitive subgroups such as A,, the frequency of appearance
is expected to be much lower [5].
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In this paper, we study the analogous question for the subspace of reciprocal polynomials, which was
previously posed by Davis, Duke and Sun [11]. A polynomial f is called reciprocal if

1
U0 = 7 (),

in other words, if the coefficient list of f is palindromic. We focus on the case where f is of even
degree 2n (in the odd-degree case, f must be reducible, equal to x 4 1 times an even-degree reciprocal
polynomial). The roots of f come in reciprocal pairs {, 1/a}; the Galois group must preserve the
partition into pairs and thus is a subgroup of the wreath product S : S, the subgroup of S, of order 2"n!
preserving this partition. In this paper, we provide a precise estimate for how often the group is strictly
smaller:

Theorem 1.1. Let E™MC(H) be the number of separable monic reciprocal polynomials f of degree 2n
with coefficients in [—H, H] whose Galois group is not S> S,,. Then for eachn > 2,

gmonic(Hy < H" ' log H.

Remark 1.2. Here and throughout the paper, if f(H), g(H) are real-valued functions of a sufficiently
large real number H, then the usual notations

f(H)<g(H), gH)> f(H), [f(H)=O0(g(H))

mean that | f(H)| < c-|g(H)| for sufficiently large H and some constant c, while the notations

f(H)=<g(H), [f(H)=0(g(H))

mean that f(H) << g(H)and f(H)> g(H). Finally, f (H)=0(g(H)) means that Hlim f(H)/g(H)=0.
— 00
The implied constants may depend on »n but not on H.

Theorem 1.1 is significant for several reasons:

o This is a sharp improvement on the work of Davis, Duke and Sun [11], who showed that EM"¢(H) <
H"'21og H.

o The correct order of growth is not H"~!, as one might expect by counting the reducible polynomials by
analogy with van der Waerden’s conjecture. Instead, the dominant contribution comes from reciprocal
polynomials f such that (—1)" f(1) f(—1) is a square. This makes disc f a square and causes the
Galois group to lie in an index-2 subgroup, called G in the classification below. Reciprocal f such
that (—1)" f(1) f(—1) is a square (among other conditions) show up as characteristic polynomials of
automorphisms of lattices in [13].

« Since the characteristic polynomial of a symplectic matrix is reciprocal, a potential application of this
work is to understand the characteristic polynomials of random elements of Sp,, (Z), extending the work
of Rivin [21] for SL,,(Z) and that of the first author and Lemke Oliver [16] for the symplectic case. Since
the Weyl group of Sp,,, is $2?.S,, this fits into a wider principle that a random element of a connected
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split reductive group G/Q, faithfully embedded, should be almost surely equal to the Weyl group of
G [15; 18]. Additionally, there are interesting connections to results in quantum chaos (see below).

Throughout this paper, 7 is fixed and the height H — oo (the “large box model”). Work has also been
fruitful for the complementary question on the “restricted coefficient model” where the coefficients are
drawn from a fixed set and n — oo [9; 3; 4]. In particular, Hokken [14] has recently proved an asymptotic
count of the number of £1-coefficient reciprocal polynomials where the discriminant is a square, that is,
Gy C G in the notation below.

As with Bhargava [8] and many other papers on van der Waerden’s conjecture, the methods are
largely indifferent to whether we look at monic polynomials or general nonmonic polynomials f with all
coefficients ranging through a box [—H, H]"*!. The analogue of Theorem 1.1 for the nonmonic setting is:

Theorem 1.3. Let £,(H) be the number of separable reciprocal polynomials f of degree 2n with
coefficients in [—H, H] whose Galois group is not S5 S,,. Then for alln > 1,

E.(H)=< H"log H.

Remark 1.4. Here the range of applicability is n > 1. In Theorem 1.1, we must exclude n = 1, because a
monic reciprocal quadratic polynomial f(x) = x4 a;x + 1 has full Galois group S, for all a; # 2.

Note that a degree 2n polynomial f is reciprocal if and only if the Cayley-transformed polynomial

~ 1 —x
= (1 2n
) =A+x)"f (1 +x>
is even, that is, f(x) =%(x?) fora polynomial g. (This is a straightforward computation and well known,
see for instance [19, p. 275].) For an even polynomial, the roots again come in pairs {, —a}. So we also
have the following corollary:

Corollary 1.5. The number of degree 2n even polynomials f with coefficients in [—H, H] whose Galois
group is not S S, is ©(H" log H).

Note that in this setting, the condition for the Galois group to lie in G is that the product (—1)"az,aq
of the first and last coefficients of f be a square. If we impose ay, = 1, the likelihood of this rises to
O(H~'/?), so the naive analogue of Corollary 1.5 in the monic setting is false.

As alluded to earlier, there are potential applications of our work to the area of quantum chaos. In
particular, studying the mass of eigenfunctions in quantum chaos is an area of great mathematical interest.
This area shares exciting connections with reciprocal polynomials via quantum cat maps, a toy model of
study in the area, that are given by symplectic matrices A. In particular, an important object to study the
mass of eigenfunctions is the semiclassical measure p associated to A. It turns out that u has nice support
properties if the characteristic polynomial of A” for all m € N (including A itself) is irreducible over
the integers. In an appendix to a paper of Elena Kim, the first author and Lemke Oliver show that this
irreducibility happens 100% of the time and moreover that the generic Galois group of such polynomials
is the wreath product $>: S, (see [16] for more precise information and connections).
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Based on this recent result, we conjecture that if M is a random n x n matrix, then the characteristic
polynomials not only of M but of its powers M’ i > 1, are almost surely S,,, where “almost surely” entails
error bounds of van der Waerden type. This can be interpreted as saying that, if f is the characteristic
polynomial, then not only its root a but each of its powers «’, i > 1, generates an S,-extension of Q. The
present work can be regarded as an extension of this to the fractional power /«. It is natural to hope
that the higher-order roots %/« of polynomials g(x™) can be handled in a similar way, the generic Galois

group now being the semidirect product
(lm 2 Sp) X (Z/mZ)™,

where (Z/mZ)* acts naturally on the group p,, of mth roots of unity.

Our methods are parallel to Bhargava’s in [8], with judicious modifications when necessary. In Section 2,
we lay out preliminary facts about reciprocal polynomials. In Section 3, we classify maximal subgroups
of S S, and in particular, we show that we can narrow our focus to three groups, which we denote G,
G», and G3. In Sections 4, 5, and 6, we count the number &,(G;; H) of polynomials having each of those
Galois groups (or a subgroup thereof). The G-polynomials we can count by direct parametrization. To
count the G3-polynomials f, we take advantage of the fact that f is reducible over a quadratic extension
of Q. The heart of the argument is to handle G,, which plays a challenging role like that of the alternating
group A, in the study of general polynomials. Following Bhargava, we divide up the polynomials into
three cases based on the size of the discriminant and its prime divisors. While attacking each case in
turn, we are led to apply Fourier analysis for equidistribution and to construct a suitably modified double
discriminant. The Fourier analysis is more involved than Bhargava’s and involves breaking up the desired
count into terms supported on different sublattices of the lattice V (Z) of reciprocal polynomials. This
type of decomposition is used in harmonic analysis to split up a function into pieces with different Fourier
properties, but our use is perhaps novel in this setting.

Because Theorems 1.1 and 1.3 are so similar, we focus on Theorem 1.3, the nonmonic setting, which
is the technically simpler of the two. At the end of each of Sections 4, 5, and 6, we explain how the proof
must be adapted to the monic case to prove Theorem 1.1.

2. Reciprocal polynomials

We define the height of an integer polynomial
P(x) = cpx" +cuo1x" ™ - epx oo € Z[x]
to be the maximum of the coefficients:
Ht P = max{|c,l, [ea—il, ..., lcol} € Z=0.
Let

2n—1

fx) =apx® +arx®™ '+t ay " Fapx Fap X" - aix +ag

be a reciprocal polynomial of degree 2n. Note that there is a unique degree n integer-coefficient polynomial
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g(u) =byu" +by_ 1"+ +biu+by

such that

fx)=x"g (x—l—l).
X

The passage between f and g is bijective and linear, and it increases or decreases heights by at most a
bounded factor, depending only on n. Hence it is immaterial whether we count f or g of height at most
H. For most purposes, it is more convenient to count g.

We denote the roots of f by

1 1 1
alv _’a27 R 'aal’lv - .
o] (2% Op
Then the roots of g are 81, ..., B,, where
1
Bi =ai+f-

1

We will sometimes write « = «¢; and 8 = 8; when the choice of root is irrelevant.

In view of the main theorem we would like to prove, we can assume any statement that occurs for all
but O(H") of the O (H"*!) polynomials g of height at most H. For example, we may assume that g is
irreducible and that g(2) and g(—2) are nonzero. We have the tower of number fields

K;=Q@ 2 K,=Q@p) > Q

where K, is an S,-extension of degree n, while K ¢/ K, is of degree at most 2, given by K r = K, (/B2 — 4).
Let K ¢ and K 7 respectively, be the splitting fields of g and f, and let G, and G ; be their respective
Galois groups, which are subgroups of S, and S S,, with Gy — G, under the natural projection
$S, — §,. By the main result of Bhargava [8, Theorem 1], we can assume that G, is the whole S,,.
Our aim in this paper is to understand when G ¢ is not the whole $;: S,.

By the usual formula for the discriminant of a number field tower, we have

(Disc K ;) = (Disc Kg)* - N,/ discg, Ky

as ideals in Z. The following is a closely related result on the discriminants of the associated polynomials.
Lemma 2.1. disc f = (—1)"g(2)g(—2)(disc g)°.

Proof. We have
n
disc f = agn—z [ (e« —ozl-_l)2 [ (e —ozj)Z(a,- —Otj_l)z(oci_l —ozj)z(ozi_1 —Otj_l)z
i=1 i<j
n
=By 2187 =4 - [T o o (e — o) (o — 1)*
i=1

i<j
= by 1T B0y T2 -7 16— )°
i= i= i<j

=(=1)"-g(2)- g(=2) - (disc g)*. 0
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3. Maximal subgroups of S;1 S,

If G is not the full S, S,, it is contained in a maximal subgroup. We have $;: S, = [} x §,. The
following elementary lemma classifies the maximal subgroups of a semidirect product whose normal
factor is abelian.

Lemma 3.1. Let X X S be a semidirect product of groups, with X abelian. The maximal subgroups of
X % S are of two types:

(a) X x 8, for S’ < S a maximal subgroup, and

(b) those groups G < X x S for which Y = G N X is a maximal S-invariant subgroup of X such that the
projection G — S is surjective.

Proof. Let G < X x S be a maximal subgroup, and let S’ be the projection of G onto S. If §" # S, then
G < X x 8, and we must have equality so we get a group of type (a).

So we assume S’ = S. Then Y = G N X is a subgroup of X, not the whole of X since G # X x S. The
conjugation action of X x § on X is the S-action. Since G surjects onto S, the fact that G is closed under
conjugation by itself implies that Y is closed under the S-action. Suppose that Y is not maximal as an
S-invariant subspace, ¥ <Y’ < X. Let

GY' ={gy:g€G,yeY'}CXxS.

We claim that GY” is a subgroup. Since G and Y’ are subgroups, it suffices to show that any product yg,
yeY', geG,belongsto GY'. Write g =sx,x € X, s € S. Since X is abelian,

yg =ysx =sy'x =sxy’ =gy’,

where y* denotes the conjugate s ~'ys. Since Y’ is S-invariant, the last product belongs to GY’. So GY’
is a subgroup.

Itis evident that GY'NX =Y’. So G < GY' < X x §, contradicting maximality of G. So Y is maximal,
and G is a group of type (b). (]

By Bhargava’s result [8, Theorem 1], the extension K ¢ has full Galois group S, for all but O(H")
polynomials g (or O(H"~') in the monic case), so Theorems 1.1 and 1.3 are already known for subgroups
of type (a). To classify the subgroups of type (b), we must find the maximal S,-invariant subspaces of
X = [, a vector space equipped with an §,-action permuting the n basis vectors freely. For convenience
we let

0=(,...,0, 1=(,...,1)eX.

We use a superscript L to denote the orthogonal complement of a space under the S,-invariant inner
product

n
(Xl,---,Xn)°(y1,---,yn)=ZXi)’i-
i=1
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Lemma 3.2. Let X = [}, with the permutation action of S,. The S,-invariant subspaces of X are

. X,
e (Nt ={v=(v1,...,v0): Y ; v; =0},
« (1) ={0,1},
o {0}.
Proof. Let W C X be an invariant subspace. If W contains a vector v= (v, ..., v,) besides 0 and 1, then
upon applying some element of §,, we can assume v; =1, v =0. Then W s v+ (12)v=(1,1,0,...,0).

Applying further permutations from S, we get that W contains every vector with exactly two nonzero
coordinates. Then W contains their span, which is (1)*. Hence W = (1)* or W = X. (I

Among these, the maximal subgroups are
« (1)*, and
« (1), for n odd (since for n even, (1) € (1)1).

Note that for n odd, we have a direct sum decomposition X = (1) @ (1)*. We now classify the groups G
using group cohomology as follows:

Lemma 3.3. Let X x S be a semidirect product of groups, with X abelian, and let K C X be a subgroup
fixed by S. The subgroups of G € X % S such that G N X = K are parametrized by 1-cocycles ¢ €
Z'(S, X/K), in other words, maps €: S — X /K satisfying the cocycle condition

e(ot) =¢(0) +o(e(r)). (2)
The map sends each ¢ to the group
G={(x,0):x=¢(oc) mod K}. 3)

Moreover, two such subgroups G, G’ are conjugate if and only if the corresponding ¢, &' are in the same
cohomology class in H' (S, X/K); in other words, if there is a y € X such that for all o € S,

go)=¢e(0)+o(y)—y. 4)

Proof. This is a fairly standard use of group cohomology. Indeed, it is easy to check that G must have
the form (3), that closure under multiplication enforces (2), and that conjugation by y € X induces (4).
(Since G surjects onto S, conjugation by X is sufficient to produce all the conjugates of G in X x S.) [J

Theorem 3.4. The maximal subgroups of S> S, whose projection onto S, is the whole group are

Gi={(v,o)eFixS,: Y v =0} =) xS, forn>1,
Gy={(v,0) eFy x 8, : ) v; =sgno| forn=>2,

G3=(1)xS§, forn >3 odd.
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Proof. By the preceding lemmas, we are left with computing H'(S,, X/Y) for each of the maximal
S,-invariant subspaces Y in Lemma 3.2.
If Y = (1), then

H'(S,, X/(1)") = H'(S,,, C2) = Hom(S,, C) = Ca,

the two maps ¢ being the zero map and the sign map, giving the subgroups G and G, claimed.
If Y = (1) for n odd, we must compute

H'(Sy, X/(1)).
Since 7 is odd, we have that X = (1) @ (1) is a direct sum and X/ (1) = (1)L. First consider
H'(S,, X).
With this action, X = Indgzi1 C, is an induced module, so by Shapiro’s lemma,
H'(Sy, X) = H'(S,-1, C2) =Hom(S,—1, C2) = Ca.

Hence

1
HY(S,, X/(1) = H (S, X) =0.

O H'(S,.Co)
Therefore there is only the trivial extension G3.

Note that G, G, and G3 are normal subgroups of X, so we get no further maximal subgroups via
conjugation.

The restrictions on n are provided due to the fact that, for some n, the G; are nonmaximal or coincident:

e Forn=1,G,=G;and G3 = 5 5,.
e For n even, G3 C G;. O

Remark 3.5. A proof of Theorem 3.4 without group cohomology is possible, but it involves some in-depth
case analysis with many computations of products in S, and S, S,,. After this paper was circulated in
preprint form, we learned of the useful reference [2] where these computations are carried out.

Remark 3.6. With a few more cohomological computations, we can classify all the subgroups of S S,
that surject onto S,. They are the whole $;: S, the groups G, G,, and G3 (without parity restrictions
on n), and the following additional groups:

e {0} x S5, =S,

. {((sgn o)1, 0) 10 € Sn}, a twisted copy of S,

e and, for n = 4 only, the group GL,[F3, which acts on the 8-element set [F% \ {0}, preserving the
partition into opposite pairs of vectors. In terms of its map to Ss, this is the double cover denoted
2. SI in [24; 20]. For instance, this is the generic Galois group of the even octic minimal polynomial

of the y-coordinate of a 3-torsion point on an elliptic curve over Q. It is a proper subgroup of the
maximal subgroup G,.
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To prove Theorems 1.1 and 1.3, we must bound the number of polynomials f, equivalently g, for
which G ¢ is (conjugate to) a subgroup of G, G, or G3 for the values of n listed in Theorem 3.4.

Definition 3.7. For G C 555, and H > 2, let £,(G; H) be the number of separable reciprocal polynomials
f of degree 2n with coefficients in [~ H, H] such that G; = §,, and Gy € G. Let é’}l“"“iC(G; H) count
the subset of these that are monic.

The following lemma reduces computing &,(G; H) and &,(G»; H) to number-theoretic conditions
on g that must hold in order to fulfill these conditions. (For G3, we will use a different technique: see
Section 6.)

Lemma 3.8. Assume that G, is the whole of S,,. Then:
(@) Gr C Gy ifandonlyif (—1)"g(2)g(—2) is a square.
(b) Gy € Gy ifand only if (—1)"g(2)g(—2) disc g is a square.

Proof. For (a), note that G is the preimage of Aj, under the usual inclusion S3: S, <> S»,. Thus
Gy C Gy if and only if disc f = (=1)"g(2)g(—2)(disc g)? is a square, which happens exactly when
(—=1)"g(2)g(—2) is a square.

For (b), consider the embedding of S,: S, into S3, given by its action on the disjoint union of the roots
of f and of g. Note that G, is the preimage of A3, under this embedding. Hence G y C G if and only if
disc f - disc g is a square, which happens exactly when (—1)"g(2)g(—2) disc g is a square. (Il

4. Counting G1-polynomials

We first deal with the case G, which yields the main term of Theorems 1.1 and 1.3.

Theorem 4.1. Forn > 1,
E.(G1; H)y< H"logH ®))
and forn > 2,

gmonic(G s Hy < H" 'log H. (6)
By Lemma 3.8(a), it suffices to count g such that (—1)"g(2)g(—2) is a square z2.
Lemma 4.2. The number of solutions to the equation xy = 2, 1<x, v,z<H(H=>2)is ®(Hlog H).

Proof. A parametrization of the solutions is given by
X =ku2, y =kv2, z=kuv

where k, u, v are positive integers and ged(u, v) = 1. For each k, 1 <k < H, the pair (u, v) is chosen
from the box 1 < u, v < /H/k, and the number of coprime pairs in this box is ® (H/k) (the lower
bound comes from citing the limiting proportion 6/% > 0 of coprime pairs when H/k is large, and
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noting that there is always at least one solution # = v = 1). So the total number N of solutions satisfies
N =< ZI?:I H/k =< Hlog H, as desired. O

Proof of Theorem 4.1. For simplicity, we prove the nonmonic case (5). As g(2), g(—2) <« H and each pair
(x,y)=(g2)|, |g(—2)|) appears O(H" ") times, we get that Gy € Gy at most O(H" log H) times.
Conversely, if we take |x|, |y| < cH for an appropriate constant ¢, and with x = y mod 4 (which can be
arranged, for instance by taking 4|k), we find that there are ® (H"~') polynomials g with g(2) = x and
g(2) =y, and thus ® (H" ! log H) polynomials overall with Galois group G r € Gh. O

4.1. Remarks on the monic case. For the monic case, the argument is identical, replacing n by n — 1. It is
only necessary to have at least two free coefficients so that g(2) and g(—2) can be adjusted independently,
requiring n > 2.

5. Counting G;-polynomials

For G,, we prove the following bounds, which are stronger than those for G by a factor of log H:

Theorem 5.1. Forn > 2,
En(Gos H) < H", (7)
ENM(Gy H) < H' L. ®)

By Lemma 3.8(b), we wish to count g such that (—1)"g(2)g(—2) disc g is a square. We use a sieve
method adapted from Bhargava [8]. We begin with some analytic preliminaries.

5.1. Twisted Poisson summation. Let ®: R" — C be a Schwartz function. We normalize the Fourier
transform by

ﬁ;(y)z/. e‘znﬁx'ycb(x)dx.

The usual Poisson summation formula
Yoo =) o)
xezn yezn
can be extended in various ways. If L € Z" is a lattice (a subgroup of finite index), then

Y o) = [ZnI: I > d(y), ©)

xelL yelL*

where L* D 7" is the dual lattice. More generally:

Proposition 5.2. Let L € 7" be a lattice, and let V : (Z/MZ)" — C be any function, where the modulus
M is coprime to [Z" : L]. Let U (Z/MZ)" — C be the Fourier transform

1
Z e—ZﬂJ?]x.y/M\y(x).

V() =—
xe(Z/MZ)
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For any Schwartz function ®,

Y wdr) = [Z”lz 5 ZL T(y)d (%)

xelL yelL*

Observe that W is well defined on L* since M is coprime to [Z" : L]. (In fact, one can do without this
hypothesis, but then U becomes a function on L* /M L* instead of being independent of L.) To prove
this proposition, one may assume by linearity that W is supported on a single point, and the result reduces
to Poisson summation.

5.2. The index of a polynomial over a field. Following Bhargava [8, Proposition 26], we make the
following definition. If P € K[x, y] is a nonzero homogeneous polynomial over a field, we factor
P =TJ; P/ into powers of distinct irreducibles and define the index of P to be

ind(P) = (e; — 1) deg P:.
i
The index is significant for bounding the power of a prime p dividing the discriminant of the polynomial
and the extension field it defines. The following lemma is used implicitly in [8]; for completeness, we
offer a statement and proof.

Lemma 5.3. Let g € R[x, y] be a separable homogeneous binary form of degree n over a Dedekind
domain R. Let F =Frac R, and let E = F[B]/g(B, 1) be the étale algebra (product of separable finite field
extensions) defined by g. If p is a prime ideal of R such that E is tamely ramified at p (e.g., char(R/p) > n)

and g is not identically zero modulo p, then
vp(Disc E) < ind(g mod p) < vp(disc g). (10)

Proof. We have deliberately stated the lemma in greater generality than needed to allow for making some
reductions. First, we may replace R by its completion at p. Let K be the residue field of R. Now, if
g = g1g> mod p with g; € K[x, y] homogeneous and coprime, then by Hensel’s lemma, the factorization
lifts to R and induces a splitting £ = E| x E». The inequality (10) can then be deduced by summing the
corresponding inequalities for g; and g>. Thus we may assume that

g=c-g{modp,

where c¢ is a constant and g; € K[x, y] is irreducible of some degree f, with ef = n. We may change
coordinates so that g; # y is monic in x. Now

r

E:]_[Ej

j=1

is a product of fields with the same inertia index f and possibly different ramification indices e;. We
compute, using the usual formula for the discriminant of a tamely ramified extension:
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First,
vp(Disc E) = 2’: vp(Disc E;) = Xr:(ej —1)f=n—rf.
j=I j=l1
ind(g mod p)=(—1)f=n—f.
Finally, we need to understand the ring S = R[B]/g(B8, 1) C E. Note that S is contained in

S ={(x1,...,x,) €0 :x;=---=x, mod p},
a subring of O of index (r — 1) f. Thus
vp(disc g) = vy (Disc §)
> vp(Disc §’) = vp(Disc E) + 2v,([Of : S'])
=n—rf4+20—1)f=n—f+@-1f.

The desired inequality follows immediately. Equality for both parts holds exactly when r = 1, or in the
original setup, when p 1 [Of : S]. O

Following Bhargava [8, §5], we define

D =Disc K, and C=l_[D
pID

and divide the counting into three cases based on the sizes of C and D relative to H. Unlike in [8], we do
not have that D is squarefull; but by Lemma 3.8(b) we have that (—1)"Dg(2)g(—2) is a square, which
limits the cases.

Let 6 be a small constant (such as 1/4n). For R a ring, denote by yhom(R) the (n + 1)-dimensional

space of binary n-ic forms P(x, y) over R, and denote by V (R) the space of polynomials g(u) of degree
at most n over R. The two R-modules are isomorphic, but we will need to identify them in multiple ways.

5.3. Case I: C < H'*, D > H?**¥, In this case, we need to estimate the number of g for which
D = Disc(K,), g(2), and g(—2) have certain factors. We begin with a short argument that yields the
result up to ¢.

Lemma 5.4. Let p be a prime, and let k be an integer. The number of binary forms g € V"™ (F p) such
that

e g(1,0)=0, that is, y | g, and
* ind(g) = k
is O(p"~").

Proof. We can immediately dispose of the case p < n, for here both the number of g and the desired
bound are O(1). In [8, Corollary 27], it is shown that the number of degree-n binary forms g such that
ind(g) >k is O(p"T'=%). To impose the condition g(1, 0) = 0, we can consider each g as lying in the
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family of p translates

glx,y+ax), ack,.

The translates all have the same index, and if p > n, the translates are all distinct. Moreover, since g
has at most n roots over [, at most n = O(1) of the translates satisfy the added condition g(1, 0) =
Hence the total number of such g is O (p" %), as desired. (I

Let p > n be a prime dividing C, and suppose p* || D. By the first inequality in (10), we have
ind(g) > k, and this occurs for a proportion p—* of g. If k is odd, then we additionally have p | g(2) or

—k—1

p | g(—2), and altogether there is a proportion p of g satisfying these conditions. Multiplying over

p, the proportion of G-polynomials with Disc K, = D is bounded by

’

[T o2 _ 0™

D2
pID

where D% =] 1D p*k/21 is the least square divisible by D. Observe that D; > H and that each D,
occurs for at most 2°(PV values of D. Moreover, these g are cut out by congruence conditions mod C. If
C < H, then we can estimate the number of lattice points very precisely because our modulus is lower
than the size of the box. We get that the number of polynomials g is

< Hn+l Z

Di>H

c@(Pn)
<<s Hn+8

Using Fourier analysis we can remove the ¢ and also extend the validity of this case from C < H to
C < H1+8 .

Recall some definitions from [8, §4.1]. If a binary n-ic form f (over Z, or over [ ) factors modulo
pas [[_, P{, with P; irreducible and deg(P;) = f;, then the splitting type (f, p) of f is defined as
(f{"+-- f¢r), and the index ind(f) of f modulo p (or the index of the splitting type (f, p) of f) is defined
tobe Y i_,(e; — 1) fi. If p| f, we put ind(f) = co. More abstractly, a splitting type is an expression
o of the form (f|" - f), where the f; and e; are positive integers. The degree deg(o) is Y ;_, e; fi,
and the index ind(o) is Zf: (e; — 1) f;. Finally, #Aut(o) is defined to be [ [, f; times the number of
permutations of the factors f* that preserve o

Later on we will need to deal with splitting types with a distinguished factor of degree 1. If o has f; =1,
we let #Aut' (o) be ]_L- fi times the number of permutations of the factors fl.e", i > 2, that preserve o.

We first recall the following lemma of Bhargava:

Lemma 5.5 [8, Proposition 26]. Let o = (f{' - f") be a splitting type with deg(c) = d < n and
ind(o) =k. Let w) » : Vhom(l]:p) — C be defined by

Wp.o (f) := the number of r-tuples (Py, ..., P,), up to the action of the group of
permutations of {1, ..., r} preserving o, such that the P; are distinct
irreducible binary forms where, for each i, we have P;(x,y) is y or
is monic as a polynomial in x, deg P; = f;, and P{' --- P | f.
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Then

)4 —(k+1) Lo —)-
+0 ifg=0;
By (@) = | AU (p ) ifg

O(p~**h) ifg #0.
The significance of this function w, , is twofold: First, w, ,(f) is nonnegative, and is equal to 1 when

f has splitting type o'; second, the definition is arranged so that w, , is a sum of characteristic functions
of subspaces, which makes the Fourier transform nonnegative, small, and easily computable.

Bhargava uses this lemma to bound the number of integer polynomials having high index at a set of
primes. In our setting, we also need to bound the number of integer polynomials having high index and
which vanish at a given point mod p; hence we modify the lemma as follows:

Lemma 5.6. Let o = (ff1 -+ [7) be a splitting type with fi = 1. Let deg(o) =d and ind(o) = k. Let
w',  VIOM(F ) — C be defined by

w;w(f) := the number of r-tuples (P, ..., P;), up to the action of the group
of permutations of {2, ..., r} preserving o, such that the P; are
distinct irreducible binary forms where, for each i, we have P;(x, y)
is monic as a polynomial in x, deg P; = f;, and y*' P> --- P | f.

Let Vg"’ﬁan denote the subspace of V'™ (F p) comprising polynomials divisible by y°', and let (Vh"“f1 )yt c
Vhom(F ¥ be its dual. Then

—(k+1)
)4 O (p—k+2) c hom 1.
B (o) = #AUT(0) (p ) ifge(VE)™s
p.o
O(p~*+2) ifg & (V)R )"

Proof. Rather than starting from scratch, we derive this lemma from the preceding one. Indeed, let o’ be
the splitting type obtained by deleting the first factor f;' = 1¢' from o. Then Aut(c’) = Aut'(o), and
ind(o’) = k —e; + 1. We have that w - (f) vanishes unless f € Vhom (implying in particular that w

is constant on cosets of (Veﬁ‘fﬁ)L), and

w;;,a(f) = a)p,o’(f/yq)

is almost w, o (f/y¢'). We say “almost” because we need to exclude the case that one of the P; is y; so
we define W), , to be just like w, , except that the P;(x, y) in the definition are not allowed to equal y.
Since w, ' is a sum of characteristic functions of subspaces corresponding to the various choices of
the P; and w, , is obtained by deleting some of the terms from this sum, we have, by Lemma 5.5,
Wp.o(f) S wp o (f) and

pk=ertD if V

—~ N |

C ~ / —(k=e1+2) v

H)p,a/(g) =< wp,a’(g) — J #Aut'(0)+0O(p ) N
0(p—(k—e|+2)) if 8 ¢ VeJl_v[Fp'

Re-embedding Ve"l‘f[rFr; into Vhom(F ), the Fourier transform drops by a factor of p¢!, yielding upper bounds
of the claimed order of magnitude.
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To obtain that the main term is undiminished by the w — w replacement, we can argue that

Wpo =Wp,g — Z Wp.o;
irfi=1
where o; is obtained by deleting f* from o. Thus
Wp.o(0) =Wpe(0) = D 10(0)
i:fi=1

—(k—e1+1)
+0(p—(k—e|+2))+ Z 0(p—(k—e1—ei+l))
iifi=1

_r-
#Aut' (o)

B p—(k—el-i-l)
#Aut' (o)

as desired. O

+ 0(p*(k*€1+2))’

We can now estimate the number of polynomials in Case L.

Lemma 5.7. Let D be a positive integer. Let C =[], , p be its radical, and let D? = [Lp p2ln(2)/2]
be its smallest square multiple. Assume that C < H'T0. The number of reciprocal integer polynomials f
of height < H for which G y € G, and D | Disc K, is

O(I)w(C)Hn-H
D" :

Remark 5.8. Note that in contrast to the notation in the rest of the paper, we do not set D = Disc K,

<

but rather assume only that D | Disc K,. For Case I, we set D = Disc K, but we will reuse this lemma
in Case III, and there we will pick a general divisor D.

Note that Lemma 5.7 implies the bound of Theorem 5.1 on the number of g in Case I because each D’
determines D up to O (1)*(©) possibilities, and the total number of g is thus

1
< O(l)w(C)Hn+] § D/z <« 0(1)L0(C)Hn—5 < Hn—zH—e < Hl’l'
D/ZHH—E

Proof of Lemma 5.7. First of all, we divide out all primes p < n from D. If there is at least one K, with
D | disc K, this change only affects D by a bounded factor, since v, (disc K,) is uniformly bounded.
Thus we can assume that every prime p | C is at least n.

For each prime p | C, excluding the degenerate case that g =0 mod p (see below), let o, = (f{" -+ - f,)
be the splitting type of its homogenization g = y"g(x/y). By the second inequality in (10),

v, (D) <ind(g mod p).
Also, if v, (D) is odd, the relations

1=v,(D) =v,(disc g) = v,g(2)g(—2) mod 2
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imply that g(#) mod p is divisible by either u —2 or u +2. Let k,, = v,(D’) = [v,(D)/2]. We thus get
one of three cases restricting o, and g:

(0) ind(op) > 2k,;
(2) ind(0p) = 2k, — 1 and f; =1 with P; = x —2y;
(=2) ind(0p) > 2k, — 1 and f1 =1 with P; =x +2y.

We call an annotated splitting type a pair (o, j) of a splitting type o = o, with a choice of case
j €10, 2, =2}. Set
w "hx/y) if j =0,
wy o () = { {,,a(y /) j

w), ,(x"h(y/x = j)) if j =42,

the coordinate changes in the latter two cases being to send the distinguished linear factors # — j in our
situation to the distinguished linear factor y in Lemma 5.6. Likewise, let

#Aut(c) if j =0,

#Aut(o, j) =
ut(@. J) {#Aut/(o) if j =42,

For (0,, jp) an annotated splitting type, let ¥, = Wp.op.jp: Vi, — R and let W: Vz,cz — R be the
product of the W,,. Observe that there are only 0 (1)*(©) choices of the annotated splitting types for all p,
and for each g as in the statement of the lemma, there is a choice for which W(g) > 1. (In the degenerate
case that g =0 mod p, we pick o, and j, arbitrarily, because w, , ;j(0) > 1 for all o and j.) Thus it
suffices to prove, for a fixed choice of o, and case (a)—(c) for each p | C, that

O(l)a)(C)Hn+l

D v« o7

Htg<H

We claim that there is a decomposition ¥, = A, + A, with the following properties:

* Ap=a,l,, is arescaled characteristic function of a sublattice L, € V(Z), with 0 <a, <1, and

Ap= EzplLﬁ where 0 < a, < p~%r;

e A, has uniformly small Fourier transform: A p(h) K p~ 21,
Indeed, we take
V(Z) if j, =0,
LP = . " (e1p—1) ¢+ i e
{g:80p) =8 Up) = =g D(j,) =0mod p} if j, ==+2.

Note that in the latter case, L, is the image of Vehl"’[?p under the relevant identification of V"™ with V
sending x'y"~ to (u — j)"~'. Choose the constant
, - ¥ (@-bf;
[V(Z):L,] p—mda—ljl/2 p i>]j1/2
a, = =
P #Aut(o, j) #Aut(o, j)
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so that A p 1s the dominant term

—indo—|j|/2
&plLLa &p:p—'fp_ka
P #Aut(o, j)

of U p as computed in Lemmas 5.5 and 5.6, which show the smallness of A p-

V= l_[ (Ap+A4,)= ZAqAC/q»
P

qlC

Now

where we set

Ay=]]Ap=0a41s,. ag=]]ap. Ly=(L,. and A,=]]A,

rlq plg plq rlq

We now use Fourier analysis, as in Case I of [8], to rewrite the desired count of g. Let ¢: R— R be a
Schwartz function on R with the following properties:

(a) ¢(u) is nonnegative, and ¢ (1) > 1 for |u| < 1;
(b) ¢ is compactly supported;
(¢) The Fourier transform a is real and nonnegative.

Such a ¢ can be constructed, for instance, by taking a usual even “bump function” and convolving with
itself, which squares the Fourier transform, ensuring nonnegativity. Then let ®: V (R) — R be the product
D(g) =@ (bo)p(by) - - - ¢(b,). We use this as a smoothing factor:

X:=#{ge V(@) :Gs <Gy, D|discK,, Htg < H}

= Y v@s Y Y@ ()= Y A@ac,@(4).

Htg<H geV(2) q|C g€V (2)
Since C has 0(1)*(© divisors g, it suffices to prove that for all ¢ | C,

o (C) gn+1
= Y A@acee (E) « T

gev(2)

We apply twisted Poisson summation (Proposition 5.2) with modulus M = C /g, which is coprime to
[V(Z):L4]|q", to get

n+1 R .
X‘I =dq E : AC/q(g)CI) (%) = [‘;lgzl‘i—“ E Ac/q(h)q) (#)
8€Lq T heL*

a Hn+1 - th
Ko LLow™™h ) e (%)
»IC/q hel;

We apply Poisson summation again, now untwisted, to get
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a Cn-H o C
Xy <K qqn+1 l_[ O(p Hrmh) Zq)(q_f]>

rIC/q 8€Ly
a Cn+1 B B C
= Z1n+1 [T ow™h > cb(q_fl)
rIC/q geV(Z)
n+1
<aq [] 0(p‘2"”‘1)<£ma><{%, })
rIC/q 9
+1
<< 0(1)w(C) 1_[p—2kp 1_[ 0(p—2k,,—1) 'maX{H’ g}n
rlg prIC/q 9
O(I)w(c)q { C}n—H
= —1 H, — .
CD?> max »

If the first argument to the maximum dominates, we get a bound
O(I)a)(C)q Hn—H - O(I)a)(C) Hn+l
CcD? — D2 ’

as desired. If instead the second argument dominates, we get a bound

X, <

X, <

El

O(I)w(C)q C n+1 O(I)w(C)Cn 0(1)w(C)Hn+n8
CD/Z (g) = qn D/Z = D/Z

as desired, since né < 1. O

5.4. CaseII: D < H*t%, Here we simply invoke Case II of Bhargava’s treatment [8, §5], which shows
that the number of irreducible g of height < H defining a number field K, of primitive Galois group
G, and discriminant D < H**? is O(H") (or O(H"~") in the monic case). In our setting we are only
concerned with the case G, = S,. We do not need to use the added knowledge that G € G».

5.5. Case III: C > H'*%, Here we adapt the method of Bhargava using the double discriminant.

Lemma 5.9 [8, Proposition 34]. Let p > 2 be a prime. If h(xy, ..., x,) is an integer polynomial, such
that h(ci, . .., ¢,) is a multiple of p* for mod p reasons, that is, h(ci + pd\, . .., ¢, + pdy) is a multiple
ofpzfor all (dy, ...,d,) € 7", then %h(cl, ..., Cp) Is a multiple of p.

Let

h=g(2)g(=2)discg,

considered as a polynomial in the coefficients by, ..., b, of g. Let p | C, p > n. We claim that p? | h for
mod p reasons. We have that p | D, and p2 divides the square (—1)"Dg(2)g(—2). If p2 | D, then by the
first inequality in (10), the index of g modulo p is at least 2. So by the second inequality on that same
line, we have p? | disc g for mod p reasons. Otherwise, we have p | D, so p | disc g, and either p | g(2)
or p | g(—2). Thus in all cases the product # is divisible by p? for mod p reasons. By Lemma 5.9, this



Galois groups of reciprocal polynomials and the van der Waerden—Bhargava theorem 621

implies that the derivative 3%0}1 with respect to the constant term is divisible by p. Hence their resultant

0
Ry, ...,by)=Resp, | h, =—h | ==£b, discy, h
dbg

is a multiple of p.
The polynomial R is the analogue in our setting of the double discriminant DD of [8, Proposition 34].
For brevity, let G = disc, g. Then

R(by, ..., b,) ==xb,discp,(g(2)g(—2)G)
= &b, discy, G - Resp, (2(2), 8(—2))” Resp, (8(2), G)* Resy, (g(—2), G)*
= b discy, G+ (2(2) — g(—2))*(discu (g — g(2))"(disc, (g — g(=2))", (1)
where, in the last step, we took advantage of the linearity of g(£2) in by to use the standard formula
Res,(x —a, P(x)) = P(a).

Thus R is a product of which one factor is the double discriminant DD(g) = discp, G = discy, disc, g.
One easily sees from the factorization (11) that R is not identically zero as a function of by, ..., b,.

We now proceed as in [8]. The number of by, ..., b, € [—H, H]" such that R(by,...,b,) =0 is
O(H"™ 1 (by, e.g., [6, Lemma 3.1]), and so the number of g with such by, ..., b, is O(H"). We now
fix by, ..., b, such that R(by,...,b,) #0. Then R(by, ..., b,) has at most O.(H?) factors C > H.
Once C is determined by by, ..., b, (up to O.(H?) possibilities), then the number of solutions for by
(mod C) to h =0 mod C is (deg,, h°© = 0,(H?), as the number of possibilities for by modulo p
such that 4 = 0 mod p for each p | C is at most deg,, (h). Since C > H, the number of possibilities for
by € [—H, H] is also at most O, (H?¢), and so the total number of g in this case is O, (H""¢).

To eliminate the ¢, we divide into two subcases, the first of which is reduced to Case I, just as in [8]:
Subcase (i): A= [[ p<H.

pIC
p>H5/2

In this subcase, C has a factor Cy between H'™%/2 and H'*? with A | C; | C. Pick Cj to be the largest
such factor, and let Dy =[] e pUrP We now appeal to Lemma 5.7 from Case I, with C in place of C,
and Dy in place of D. (Note that D determines C, Cy, and Dy.) We get that the number of g with a given

D is at most
O(l)w(CI)Hn+l
< T,
I
where
D] = 1‘[ plor®@2] > o > fgi+e/2,
plCt

For each Dy, there are at most 2¢(D) values of Dy, so the total number of reciprocal polynomials in this
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subcase is
o(1l w(CI)HrH—l
Y Y 0. = o,
D|>H!+/2 Dy
Subcase (ii): A= [[ p>H.

In this subcase, we carry out the original argument of Case III, with C replaced by A. We have
A|R(Dy, ..., by).

Fix one of the O(H") choices of by, ..., b, such that R(by, ..., b,) # 0. Being bounded above by
a fixed power of H, we see that R(by, ..., b,) can have at most a bounded number of possibilities for
the factor A (since all prime factors of A are bounded below by a fixed positive power of H). Once A
is determined by by, ..., b,, then the number of solutions for by (mod A) to Disc(f) =0 (mod A) is
0 (n®“) = 0(1). Since A > H, the total number of f in this subcase is also O(H"), completing the
proof of Theorem 5.1 in the nonmonic case.

5.6. Remarks on the monic case. It would be impractical to replicate the full proof of Theorem 5.1 in
the monic case, most of which consists of changing n to n — 1 and correcting calculations appropriately.

The following changes are worthy of note:

» Unlike in the nonmonic case, the space V (R) of monic polynomials over a ring does not have a natural
origin. We must fix one, such as g(u#) = u", in order to carry out the Fourier analysis.

e In Case I, we replace Lemma 5.5 with the following lemma from Bhargava:

Lemma 5.10 [8, Proposition 30]. Let o = (f,' - f) be a splitting type with deg(c) = d < n and
ind(o) =k. Let w, ,: V(F),) — C be defined by

Wy, (f) :=the number of r-tuples (P, ..., P,), up to the action of the group
of permutations of {1, ..., r} preserving o, such that the P; are
distinct irreducible monic polynomials with deg P; = f; for each i
and P{"--- P | f.

Then 3
14 —(k+1) H —
) #Aut(a)+0(p ) ifg=0,
wp,(r(g) = O(p_(k'H)) ifg #0and d < n,
O(p~*+1/2 ifg #0andd =n.

» We then replace Lemma 5.6 as follows:

Lemma 5.11. Leto = (fle' - 1) be a splitting type with fi = 1. Let deg(o) =d and ind(c) = k. Let
w), o1 V(Fp) — C be defined by

Wp.o (f) :=the number of r-tuples (Py, ..., P,), up to the action of the group
of permutations of {2, ..., r} preserving o, such that the P; are
distinct irreducible monic polynomials with deg P; = f; for each i,
fi=x,and P{"--- P | f.
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Let V,, i, denote the subspace of V (F ) comprising polynomials divisible by x*', and let Vle,er CV(E*
be its dual. Then

—(k+1)
—(k+2) ' L
#Aut' (o) O ) g€ Ve],[F,,’
Wpyo(8) = 0 (p~*+2) ifg ¢ Vef,[F,, andd < n,
0(p_(k+3/2)) lf'g ¢ VEJl_,le and d = n.
e Our W, is then supported on

V(Z) in case (0) on page 618,

Zp =1{g:e@)=gQ)=---=g“»r=D(2) =0 mod p} in case (2),

(g:8(=2)=g'(-2)=---=g@r D(=2)=0mod p} incase (—2),

which is no longer a lattice but a coset g, + L, for some fixed monic polynomial g, and some lattice L,
of index dividing p”". The Fourier transform U is small away from L[f. The intersection

Lq:mLp:gq+Lq
plg

is likewise a coset of a lattice (if nonempty). When we carry out the twisted Poisson summation, the
translation g, contributes a twist factor e~V =18 (o the values of Xq. Because we then immediately
bound each term by its absolute value, this twist factor drops out.

o The final step of Case I, bounding X, proceeds as follows:

Xy K 1_[ O(p~*r) 1_[ O (p~ 2172y ~max{H, g}n _ M max{H, g}n

2
bl pls q JCD
0(1)*© H" n=1/2] 01 o) OH"
_our max{ Vi (©) }5 O {pm, po-tizsnsy _ QW OH
D VC ' \4q D D

6. Counting G3-polynomials

Finally, we count the polynomials f having G y C G35 for each odd n > 3 (the even case is subsumed by
G1, as we noted in stating Theorem 3.4).

Theorem 6.1. Forn >3 odd,

H%log? H ifn=3,

&(G3 H) K HOHD2 i > 5, (42
grrlnol’nC(G3; H) K H210ngoglogH ifn=3, (13)
H®=D/2 log H ifn>17.
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6.1. Heights. We need a notion of height more general than the naive height on integer polynomials
used in Section 5.

If P=[xp:---:xy] € PN(K) is a point in projective space over a number field K, we define its
(exponential, projective, Weil) height (denoted H (P) in Silverman [22, §VIIL.5]) as
K,:Q,]/[K:Q
Hip P = [ [ max {[xolu. ... lxy [y} @S,
v

where the product is taken over the places v of K, and the norm |x|, extends the usual v-adic norm on Q.
This normalization ensures that the height is unchanged if K is embedded into a larger field. There are
two natural ways to define a height on a polynomial f(x) =a,x" + ay_1x" "1 4+ ... 4+ ap over a number
field, and we distinguish the projective and affine heights

Htp f =Htp[a, :---:aol, (14)

Htf=Htp[a,:---:ap:1]. (15)

For instance, if f € Z[x] is nonzero, then Ht f =max{|ag|, ..., |a,|} is the naive height already introduced
in Section 2, while Htp f = Ht f/ ct f is smaller by a factor of the content ct(f) = gcd(ao, ..., a,). In

particular, we define heights of algebraic numbers o by Hta = Htp [« : 1]. The following properties
should be noted:

« If o is an algebraic integer with conjugates « = oy, ..., &, then

Htpa = l_[max{l,oz,-}l/”

1

is none other than the Mahler measure of its minimal polynomial (suitably normalized).

o If f has roots «1, ..., oy, then

2" [ [Hte; <Htp f <2" ' [ [Htey (16)
i i

[22, Theorem VIIL.5.9]. In particular, for any factorization f = gh, we have
Htp f <gee r Htp g - Htp . (17)

6.2. Proof of Theorem 6.1.

Proof. Under the conditions, there are only two possibilities for G ¢: either Gy = G3 = S x §,, or
G ¢ = S,. In the latter case, f is reducible and factors as a product

fx)=c-h(x)-x"h(1/x), ce€Z, helZx].

By taking |c| = ct f, we may assume that cth = 1. We have Htp f = Ht f/|c| < H/|c|, so by (17),

| H
Hth =Htph « ﬂ
c



Galois groups of reciprocal polynomials and the van der Waerden—Bhargava theorem 625

As h has n + 1 free coefficients, the number of polynomials f we get is

(n+1)/2
< Z ( ) < HOD/2,

We now assume that G ; = G3. In this case there is a quadratic field K, = Q(k), where k is a
squarefree integer, such that Ky = K, - K», so that over K>, the polynomial f factorizes:

f(x)=c -h(x)-x"h(1/x), €Ky, heKlx]. (18)

We cannot assume that this factorization holds in Ok, [x] because Ok, need not be a UFD. However, we
can rescale A so that h(1) € Z. Then ¢’ = f(l)/h(l)2 € @, and the contents ¢ = ct(f) and a = ct(h)
satisfy

cOk, =c' - a*.
Therefore a> = (c/c’) is principal, generated by a rational number; in particular, a = a is self-conjugate.
The self-conjugate ideals in a quadratic field are simply the rational multiples of products of ramified
primes. Thus, after rescaling by a rational scalar, we have that there is a positive divisor d | k such that

(d, k) if k=2,3 mod 4
= d =
a=V@ {(d,%(k—i—\/%)) if k =1 mod 4,

and ¢’ = £c/d. Note that i(x) and x"h(1/x) have the same roots, and comparing values at x = 1, they
must be equal. Thus the coefficients 6; € K; of h(x) = Z?:o 0;x' satisfy

0; =0,_;. (19)
We now bound the height of the ;. This requires us to control the projective-to-affine height ratio

Hiph 1_[ ( max{|6oly, - -, |6nlv} )[(Kz)”:@v]/[l(zz@]
Hen L max {1601, .., 1610, 1) '

We consider the contributions of the different places v in turn:

o If v = p | d is finite, then the numerator is |a|, = 1/,/p, while the denominator is 1. Since
[(K2)y : @y] =[K> : Q] =2, we get a contribution 1/,/p in this case.

e For all other finite v, the numerator and denominator are both 1.

« If v is infinite, the parenthesized fraction is 1 because, by (19),

FO)
B0l - 161 = 1800 - 10l = - f—_

Hence

d Ht dH
chzx/EHtphx\/dHtpf:\/ f§ -
C C
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Write i
du; +vivk
0; = ul—l, ui, v €72,
2
and observe that not all the u; nor all the v; can be zero, or f would be reducible. Now some coefficient

du; of h + h is nonzero and thus at least d in absolute value. So

_ dH
d <Ht(h +h) < Ht(h) </ —,
C

which gives us the bound

P
Analogously, analyzing the v; by considering & — h gives us the bound
d = L < E
d c

Since du; and v;+/|k| are bounded by Ht &, the numbers of possibilities for each u; and v; are < /H/cd
and < +/H /cd’ respectively, and so the total number of polynomials is

E(Go,,H)<<Z > > (\/7\/;>

c=1 d<H/c d'<H/c

Hn—{lic n-é—l( Z d- nl—l) .

c=1 d<H/c

n+tl
2

If n > 5, the two remaining sums are both O(1), and we get a bound of O(HT ) If n =3, we get
+1 +1 +1
E Gy HY<H 2 Zc_nTlong« H'? log? H=H*log? H. 0
c=1

Remark 6.2. The “«” in Theorem 6.1 can be sharpened to “<” in the nonmonic case by checking that a
positive proportion of choices of the independent variables ¢, d, d’, u;, v; satisfy the needed conditions:

e d and d’ are squarefree and coprime;
e u; and v; satisfy the conditions mod 2 so that 6; € a;
« and the 6; do not all lie in an ideal strictly smaller than a.

All these can be managed using an appropriate form of the squarefree sieve. We omit the details.

6.3. Remarks on the monic case. The monic case is proved similarly, but the possibilities are more
restricted because we can factor f(x) ==%h(x)-x"h1(1/x) over Ok,, where h1(x) is monic. This scaling
hy of h may or may not be compatible with the one used above, but since ct(h;) = (1), we derive that
a = () is principal. Since a is known to be self-conjugate, we have a relation

0 =ed, (20)



Galois groups of reciprocal polynomials and the van der Waerden—Bhargava theorem 627

where ¢ € (’)IX(2 is a unit (necessarily of norm 1). The relation (20) determines 6 up to scaling by Q*;
namely
0 =w(l+e) andlor 0=wvk(l1—g), weQ*,

the expression “and/or” being used because these formulas become invalid if ¢ = —1, respectively ¢ = 1.
Thus ¢ determines d. Since 6 can be rescaled by a unit, it follows that rescaling & by a square of a unit
does not affect d. Since |(9,>§2 / ((’)IX{Z)Zl is uniformly bounded (at most 4), there are O (1) possible values
of d for each k. Each of the coefficients 6y, ..., 04, _1)/2 has O(H/ «/E) values, as above. As to 6, we
have that n = 9(% /d is a unit and determines 6 up to sign. We have Ht6y <« /H/d so Htn < H. Up to
the finite group of roots of unity, 7 is a power |’ of the fundamental unit n; of K. We have || > Vk,
so the number of possibilities for n is < log H/ log k, for a grand total of

n—1
: H\ 2 logH
MGy ) < Y ( ) Jog
' 2<k<H? Vi logk

Estimating this sum yields the claimed bounds. In contrast to the nonmonic case, it is unclear whether
our bounds are sharp, specifically in the n = 3 and n = 5 cases. A more accurate count of monic
G3-polynomials demands a delicate understanding of the distribution of sizes of fundamental units in real
quadratic fields.
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