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A refinement of the Birch and Swinnerton-Dyer
conjecture in positive characteristic

David Burns, Mahesh Kakde and Wansu Kim

We formulate a refined version of the Birch and Swinnerton-Dyer conjecture for abelian varieties over
global function fields. This refinement incorporates both new families of algebraic relations between
leading terms (at s = 1) of Hasse—Weil-Artin L-series and restrictions on the Galois structure of Selmer
complexes, and constitutes a natural analogue for abelian varieties over function fields of the equivariant
Tamagawa number conjecture for abelian varieties over number fields. We provide strong supporting
evidence for the conjecture including giving a full proof, modulo only the assumed finiteness of Tate—
Shafarevich groups, in an important class of examples.
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1. Introduction

1.1. Let A be an abelian variety that is defined over a function field K in one variable over a finite field
of characteristic p.

In [34] Artin and Tate formulated a precise conjectural formula for the leading term at s = 1 of the
Hasse—Weil L-series attached to A.

This formula constituted a natural “geometric” analogue of the Birch and Swinnerton-Dyer conjecture
for abelian varieties over number fields and was subsequently verified unconditionally by Milne [26] in
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the case that A is constant and by Ulmer [39] in certain other special cases. Further partial results have
been obtained by many other authors and these efforts culminate in the main result of the seminal article
of Kato and Trihan [22] which shows that the conjecture is valid whenever there exists a prime £ such
that the £-primary component of the Tate—Shafarevich group of A over K is finite.

In this article we now formulate, and provide strong evidence for, a refined version of this conjecture
that also incorporates new families of algebraic relations between the (suitably normalised) leading terms
at s = 1 of the Hasse—Weil-Artin L-series that are attached to A and to irreducible complex characters
(with open kernel) of the absolute Galois group of K. This conjecture is a natural analogue for abelian
varieties over function fields of the equivariant Tamagawa number conjecture (“ETNC”), including the
p-primary part, for the motive 2! (A)(1) of abelian varieties A over number fields.

To be a little more precise about our results we now fix a finite Galois extension L of K with group G.

Then, as a first step, we shall prove that the leading terms of the Hasse—Weil-Artin L-series that are
attached to A and to the irreducible complex characters of G are interpolated by a canonical element
of the Whitehead group K{(R[G]) of the group ring R[G]. (This result is, a priori, far from clear and
requires one to prove, in particular, that leading terms at irreducible symplectic characters are strictly
positive.)

Our central conjecture is then a precise formula for the image of this element under the connecting
homomorphism from K{(R[G]) to the relative algebraic Ky-group Ko(Z[G], R[G]) of the ring inclusion
Z]G] C R[G].

The conjectural formula involves a canonical Euler characteristic element that is constructed by
combining a natural “Selmer complex” of G-modules together with the classical Néron—Tate height
pairing of A over L. This Selmer complex is constructed from the flat cohomology of the torsion subgroup
scheme of the Néron model of A over the projective curve X with function field K and, provided that the
relevant Tate—Shafarevich groups are finite, is both perfect over Z[G] and has cohomology groups that
are closely related to the classical Mordell-Weil and Selmer groups of A’ and A over L.

The formula also involves the Euler characteristic of an auxiliary perfect complex of G-modules that is
constructed directly from the Zariski cohomology of an appropriate line bundle over X and is necessary in
order to compensate for certain choices of pro-p subgroups that are made in the definition of the Selmer
complex.

If L = K, then Ko(Z[G], R[G]) identifies with the quotient of the multiplicative group R* by {%1}
and we check that in this case our conjecture recovers the classical Birch and Swinnerton-Dyer conjecture
for A over K.

In the general case, the conjecture incorporates both a family of precise algebraic relations between
the normalised leading terms of Hasse—Weil—Artin L-series attached to A and to characters of G and also
strong restrictions on the Galois structure of Selmer complexes (for more details see the discussion in
Section 4.2.3).

To study the conjecture, we adapt— and, in some respects, clarify — certain constructions and argu-
ments from Kato and Trihan’s [22] relating to syntomic cohomology complexes. In this way we are able
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to prove that, whenever there exists a prime £ such that the £-primary component of the Tate—Shafarevich
group of A over L is finite, then our conjecture is valid modulo a certain finite subgroup 74 1,k of
Ko(Z[G], R[G]), the nature of which depends both on the reduction properties of A and the ramification
behaviour in L/K.

For example, if A is semistable over K and L/K is tamely ramified, then 74 ;,x vanishes and so we
obtain a full verification of our conjecture in this case.

In the worst case the group 74,1,k coincides with the torsion subgroup of the subgroup Ko (Z[G], Q[G])
of Ko(Z[G], R[G]) and our result essentially amounts to proving a version of the main result of [22] for
the leading terms of the Hasse—Weil-Artin L-series attached to A and to each character of G.

However, even the latter result is new and of interest since, for example, it both establishes the “order
of vanishing” part of the Birch and Swinnerton-Dyer conjecture for Hasse—Weil-Artin L-series and, in
addition, plays a key role in a forthcoming complementary article that deals with, modulo the standard
finiteness hypothesis on Tate—Shafarevich groups, the case of abelian varieties A that are generically
ordinary.

As a key step in the proof of our main result we shall combine Grothendieck’s description of Hasse—
Weil-Artin L-series in terms of the action of Frobenius on ¢-adic cohomology (for some prime ¢ # p)
together with a result of Schneider concerning the Néron—Tate height-pairing to show that our conjectural
formula naturally decomposes as a sum of “£-primary parts” over all primes £.

It is thus of interest to note that in some related recent work Trihan and Vauclair [36] have adapted the
approach of [22] in order to formulate and prove a natural main conjecture of (p-adic) noncommutative
Iwasawa theory for A relative to unramified p-adic Lie extensions of K under the assumptions both that
A is semistable over K and that certain Iwasawa-theoretic pu-invariants vanish.

In addition, for each prime ¢ # p, Witte [41] has used techniques of Waldhausen K -theory to deduce
an analogue of the main conjecture of noncommutative Iwasawa theory for £-adic sheaves over arbitrary
p-adic Lie extensions of K from Grothendieck’s formula for the Zeta function of such sheaves.

It seems likely that these results can be combined with the descent techniques developed by Venjakob and
the first author in [7] and the explicit interpretation of height pairings in terms of Bockstein homomorphisms
that we use below to give an alternative, although rather less direct, proof of the £-primary part of our
main result for any £ # p and of the p-primary part of our main result in the special case that L/K is
unramified and suitable p-invariants vanish.

However, even now, there are still no ideas as to how one could formulate a main conjecture of (non-
commutative) Iwasawa theory for A relative to any general class of ramified p-adic Lie extensions of K.

It is thus one of the main observations of the present article that the techniques developed by Kato and
Trihan in [22] are essentially themselves sufficient to prove refined versions of the Birch and Swinnerton-
Dyer conjecture without the need to develop an appropriate formalism of noncommutative Iwasawa theory
(and hence without the need to assume the vanishing of relevant p-invariants).

This general philosophy also in fact underpins the complementary work of the first two authors
regarding generically ordinary abelian varieties.
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Outline of article. In Section 2 we use the leading terms of the Hasse—Weil—Artin L-series attached to
complex characters of G to define a canonical element of K|(R[G]). Then, in Section 3, we define a
natural family of “Selmer complexes” of G-modules and establish some of its key properties.

In Section 4 we formulate our main conjecture, describe some of its explicit consequences and state
the main supporting evidence for the conjecture that we prove in later sections.

In Section 5 we prove certain useful preliminary results including a purely K -theoretic observation
that plays a key role in several subsequent calculations. We also show that our conjecture is consistent in
some important respects and use a result of Schneider to give a useful reformulation of the conjecture.

In Section 6 and Section 7 we investigate the syntomic cohomology complexes introduced by Kato
and Trihan in [22], with a particular emphasis on understanding conditions under which these complexes
can be shown to be perfect.

In Section 8 we analyse when certain morphisms of complexes that arise naturally in the theory
are “semisimple” (in the sense of Galois descent) and deduce, modulo the assumed finiteness of Tate—
Shafarevich groups, the order of vanishing part of the Birch and Swinnerton-Dyer conjecture for Artin
Hasse—Weil L-series.

In Section 9, we combine the results established in earlier sections to prove our main results.

The article has two appendices. In Appendix A, we show that coherent cohomology over a “separated”
formal fs log scheme can be computed via the Cech resolution with respect to an affine Kummer-étale
covering. (This result plays an important role in the arguments of Section 7 and, whilst it is surely
well-known to experts, we have not been able to find a good reference for it.)

In Appendix B, we extend the notion of an overconvergent A-F-isocrystal for a finite extension A of
Q,, whose residue field is not necessarily contained in the field of constants of the base curve, and also
the Lefschetz trace formula for rigid cohomology with such coefficients. (This result is needed to obtain
Theorem 8.2 without further restriction, and the proof is a mere repetition of the proof of Etesse and Le
Stum in [15].)

Notation and conventions. We fix a prime number p and a function field K in one variable over a finite
field of characteristic p. We write X for the proper smooth connected curve over [, that has function
field K.

Let A be an abelian variety over K. Let U be a dense open subset of X such that A/K has good
reduction on U. We write A for the Néron model of A over X.

Let F be a finite extension of K. Let X denote the proper smooth curve over [, that has function
field F. We will denote the “base extension” of an object * over either K or X to that over F of Xr by a
subscript * . For example Ar and Ur denote A xg F, U x x X respectively. If there is no danger of
confusion we often omit the subscript F.

If M is an abelian group or complex of abelian groups, we denote its Pontryagin dual Hom(M, Q/Z)
by M*. If W is a Q¢-module or complex of (;-modules for some prime ¢, we denote its linear dual
Homg, (V, Q) by V" (regarding ¢ as clear from context). If either M or V has a left action of a group,
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then we endow M* and V" with the corresponding left contragredient action.

We fix an algebraic closure Q¢ of @ and for every prime ¢ an algebraic closure Qj of Q; and the
¢-adic completion C; of Q. For every prime £, we also fix an embedding Q° — Q.

For each natural number n the n-torsion subgroup of an abelian group M is denoted by M [n]. The full
torsion subgroup of M is denoted by M, and, for each prime ¢, the £-primary part of My, is denoted by
M{¢}.

For a finite group G we write Ir(G) for the set of its irreducible complex valued characters and Ir* (G)
for the subset of Ir(G) comprising characters that are symplectic. We write x for the contragredient of
each yx in Ir(G) and 1 for the trivial character of G.

For any commutative ring R we write R[G] for the group ring of G over R and denote its centre by
¢(R[G]). We identify ¢ (C[G]) with ]_[Ir(G) C in the standard way.

2. Leading terms of Hasse—Weil-Artin L-series

We fix a finite Galois extension L/K with Galois group G, and choose U not to contain any place that
ramifies in L /K. For each x in Ir(G) we write Ly (A, x, s) for the Hasse—Weil—Artin L-series of the
pair (A, x) that is truncated by removing the Euler factors for all places outside U'.

We now show that there exists a canonical element of the Whitehead group K (R[G]) that naturally
interpolates the leading terms L7, (A, x, 1) at s = 1 in the Taylor expansions of the functions Ly (A, x, s)
as x ranges over Ir(G).

This “K -theoretical leading term” will play an important role in the conjecture that we discuss in
subsequent sections (but also see Remark 4.6 in this regard).

To define the element we use the fact that the algebra R[G] is semisimple and hence that the classical
reduced norm construction induces a homomorphism Nrdg[s of abelian groups from K (R[G]) to the
subgroup ¢ (R[G])* of ]_[Ir(G) C*.

Theorem 2.1. There exists a unique element L},(Ar/k, 1) of K1(R[G]) with the property that

NrdriG) (L (ALjk, D)y = L5 (A, x, 1)
for all x in Ir(G).
Proof. Since the natural map R[G]* — K| (R[G]) is surjective, the Hasse—Schilling—Maass norm theorem
implies both that Nrdp(cj is injective and that its image is equal to the subgroup of ]_[Ir(G) C* comprising
elements (x,), that satisfy the conditions
Xroy = T(Xy) for all x in Ir(G), and
xy €R and x, >0 forall x in Ir’(G),
where 7 denotes complex conjugation. (For a proof of this result see [12, Theorem (45.3), p. 138].)
The injectivity of Nrdr[s) implies that there can be at most one element of K;(R[G]) with the stated

property and to show that such an element exists it is enough to show that the element (L, (A, x, 1)), of
]_[Ir(G) C* satisfies the above displayed conditions. This fact is established in Proposition 2.2 below. [J
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The following result extends an observation of Kato and Trihan from [22, Appendix].
Proposition 2.2. The following claims are valid for every x in Ir(G).

(i) For every automorphism w of C one has t(L};(A, x, 1)) = L};(A, t o x, 1). In particular, one has
L} (A, x,1) e Rif x is real valued.

(i1) Write |, and [, for the total field of constants of K and L respectively. Then if x is both real
valued and not inflated from a nontrivial one dimensional representation of Gal(F, /F,), one has
L} (A, x,1)>0.

Proof. At the outset we fix a prime £ with £ # p and write Q° for the algebraic closure of Q@ in C. We
also fix an isomorphism C = C, that we suppress from the notation.

In particular, for each p in Ir(G) we fix a realisation V,, of p over Q° and do not distinguish between
it and the space Q) ®@qc V.

Now for every p in Ir(G) Grothendieck [18] (see also the proof of [27, Chapter VI, Theorem 13.3])
has proved that there is an equality of power series

i=2 _
Ly(A.p.5) =] Qpitqa™H "7, (1)

i=0

where each Q, ;(u) is a polynomial in u over Q¢ that can be computed as

Qp.i(u) :==det(1 —u- g |Hl (U, V, ®a Ve(A))(—1))

Here U denotes U xg, [, the vector space V;(A) is the Q,-space spanned by the ¢-adic Tate module of
A and ¢, the g-th power Frobenius map. We claim that, for each i and every automorphism w of C, one
has

0 (Qp,i () = (Quwop,i (1)) 2

In fact, since Grothendieck’s result implies that the polynomial Q, ;(u) has coefficients in Q°, it
is enough to consider automorphisms w of Q¢. Then, for each such w, the natural isomorphism of
(Q¢ ®g Q°)-spaces

Q° ®ar,w (V, ®a Vi(A) = (Q° Qar .o Vp) ®a Ve(A) = Voo ®a Ve(A)

induces a similar isomorphism of the corresponding sheaves over U¢ and hence an isomorphism of
cohomology groups

Q° ®qe,w Hy (U, V, ®a Vi(A) = Hly (U, Voo ®a Vi(A))

under which (1 ® ¢,) on the first space corresponds to ¢, on the second space. This proves the claimed
equality (2).
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The equalities (2) (for each i € {0, 1, 2}) can then be combined with (1) to deduce that the orders of
vanishing at s = 1 of the series Ly (A, p, s) and Ly (A, wo p, s) are equal and moreover that

o(Lj (A, p. 1) = Li(A, wop, 1),

as required. The final assertion of claim (i) then follows immediately upon applying this equality with
w=T.
To prove claim (ii) we assume p is real-valued and hence, by (2) with w = 7, that each polynomial
Qp,i(u) belongs to R[u].
For each i we set
dp.i == dimge (H{, (U°, V, ®g Ve(A)(—1))

and write the eigenvalues, counted with multiplicity, of ¢, on this space as {aia}lsasdm.

Now, since the weight on U of (V, ®q V¢(A))(—1) is one, Deligne [14] has shown that |a;,| < q(i+1)/2
for all values of i and a.

Further, as the space HéZLC(U", V,®a Ve(A))(—1) is dual to Hé)t(Uc, V;®a Ve (A"))(1), and the weight
on U of the representation (V; ®q Ve (A")(1) is —3, one has |oo,| = q% for all a. Therefore neither of
the terms Q,.0(¢~") or Q,2(¢~") vanish.

Thus, if m denotes the order of vanishing of Ly (A, p, s) at s = 1, one has

Ly(A, 0, 1) =0,0(¢ H ' 0pa(g™H™! lim(s = D" Q,1(¢7). A3)

To prove that this quantity is a strictly positive real number we shall split it into a number of subproducts
and show that each separate subproduct is a strictly positive real number.

At the outset we note that if an eigenvalue «;, is not real, then (since Q, ;(u) belongs to R[u]) there
must exist an index a # a’ such that ;s = 7(@;,) and then the product (1 — aiaq_l)(l — aia/q_l) isa
strictly positive real number.

We need therefore only consider eigenvalues «;, that are real and to do this we define for each
i €{0, 1, 2} sets of indices

Jl-/ ={a:1<a<d,; with o, = q(i+1)/2} CJii=la:1<a=<d,,; witha;, € R}.
Now if eitheri =0anda € Jyorif 1 <i <2anda € J;\ Ji’, then one checks easily that (1 —amq_l) > 0.
Furthermore, one has m = |J{| and
lim(s = )™ [T (1 —a1ag™) = (tim(s = )~ (1 = ¢' ™))" = (log(g))" > 0
s—> s—>
ael|

is a strictly positive real number.

To prove the quantity in (3) is strictly positive we are therefore reduced to showing that the product

[T —auwg™H=]]00-¢"

/ /
ael, ael,
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is strictly positive, or equivalently that |J;] is even.
To do this we set A := Gal(L[Fg/K [Ffl) and recall that Hézt’C(UC, V, ®q Vi(A)) is dual to the (1)-twist
of the space

Gal(K¢/KFS)

. . c )\ A
HJ(U®, V5 ®q Ve(A")) = (V5 ®q Ve(A") = (V5 ®q Ve (AH)FIKTLED)

= (V[; Ro Vg(B))A = VﬁA ®aq Ve(B).

Here the first equality is obvious and the second is true because the restriction of p to Gal(K“/LFy) is
trivial, B is the L/F, trace of A’ (see [24, Chapter VIII, §3, Theorem 6] and note that L /F, is primary;
i.e., the algebraic closure of [,/ in L is a purely inseparable extension of [,/). The last equality is true
because B is defined over [,

In particular, if the representation §* vanishes, then |J;| = d, = 0 is even and we are done.

We claim now that 5* does indeed vanish unless p is trivial. To show this we note that A identifies with
anormal subgroup of G in such a way that the quotient is isomorphic to the cyclic group H := Gal(F, /F,).

Thus, if 1 is any irreducible subrepresentation of resg (0), then Clifford’s theorem (see, for instance,
[11, Theorem 11.1(i)]) implies that resg () is the direct sum of conjugates of n and hence that resg (»A
does not vanish if and only if 7 is trivial.

It follows that resg (0)? does not vanish if and only if resg (p) is trivial and this happens if and only
if ¢, and hence also p itself, is inflated from a representation of H.

Hence, since we have assumed that p is both irreducible and not inflated from a nontrivial representation
of H, the representation resg (p)2 does not vanish if and only if p is the trivial representation of G.

We have now verified the assertion of claim (ii) for all but the trivial representation of G and in this

case the claimed result is proved by Kato and Trihan in [22, Appendix]. (]

Remark 2.3. Fix a prime ¢ and an ¢-adic representation V of G . Then the tensor product Qy[G]®q, V
is a (left) module over G x G via the rule (g, 0)(x ®v) :=gxo ' Qo (v) forge G, o0 € Gk, x € QIG]
and v € V, where o is the image of o under the restriction map Gx — G. In particular, if we fix x in
Ir(G) and a realisation V, over Qj, then, with respect to this action, there is a canonical isomorphism

Vy ®aq, V = Homggg)(Vy, Q/[Gl®q, V)
of ¢-adic representations of G g, where G g acts diagonally on V), ®q, V and on the Hom-group via only
Q/[G]®q, V. This isomorphism is induced by the canonical composite identification
H°(G, Homg: (Vy, @}[G]1®q, V)) = H(G, Homg: (Vy, QF) ®q: (A5G ®q, V)
= Ho(G, Homgg (Vy, Q7) ®qa; (Q;[G]®q, V))
= Homgqg (Vy, Q) ®qs(6) (Qi[G] ®q, V)
= Homg (Vy, @)) ®q, V.

Here the second isomorphism is induced by the inverse of the canonical norm map (since the order of G
is invertible in Q}), and all other isomorphisms are clear.
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3. Arithmetic complexes

In this section we construct certain canonical complexes of Galois modules whose Euler characteristics
will occur in the formulation of our refined Birch and Swinnerton-Dyer conjecture.

In the sequel, for any noetherian ring R we shall write DP*(R) for the full triangulated subcategory
of the derived category D(R) of (left) R-modules comprising complexes that are “perfect” (that is,
isomorphic in D(R) to a bounded complex of finitely generated projective R-modules).

3.1. Selmer groups. The Tate—Shafarevich group and, for any natural number n, the n-torsion Selmer
group of A over any finite extension F' of K are respectively defined to be the kernels

[I(A/F) :=ker(H'(F, A) > @ H'(F,, A)),
Sel,(A/F) :=ker(H'(F, A[n]) - @ H'(F,, A)).

Here the groups H L(F, A), H'(F, A[n]) and H'(F,, A) denote flat cohomology and in both cases v runs
over all places of F and the arrow denotes the natural diagonal restriction map.
One then defines Selmer groups of A over F via the natural limits

Selg;z(A/F) :=limSel,(A/F) and Sel;(A/F):=limSel,(A/F).

For convenience, we write X (A/F) for the Pontryagin dual of Selg,7(A/F).

Remark 3.1. We make much use in the sequel of the fact that the above definitions lead naturally to
canonical exact sequences

0— A(F)®zZ — Sely(A/F) — limILI(A/F)[n] — 0,
0— (III(A/F)iors)” — X(A/F) — Homz(A(F), Z) — 0.

3.2. Arithmetic cohomology. For each place v of F outside Ur we fix a pro-p open subgroup V, of
A(Fy) and denote the family (V,)y¢u, by Vy,., or simply by Vi or V when the context is clear. We then
follow Kato and Trihan [22] in defining the “arithmetic cohomology” complex Ry, v (UF, Aiors) to be
the mapping fibre of the morphism

RT4(Ur, Aor) ® (D (Vo ®5,Q/2)[—11) X% @ RTu(F,, Awrs). )
ve¢Up vgUr

Here «; denotes the natural diagonal localisation morphism in flat cohomology and «; the restriction of
the morphism

(A(F,) ®5Q/7)[—1]1 - @ RTa(Fy, Awors)
U¢UF

that is obtained by applying — ®% Q/Z to the morphism A(F,)[—1] — R[q(Fy, lim, A[n]) in D(Z[G])
induced by the fact that Hf(l) (Fy, lim A[n]) vanishes whilst A(F,) is canonically isomorphic to a submodule
of Hy(F,,lim, A[n]).
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Proposition 3.2 [22, §2.5]. The complex Ci; := Ry, v (UF, Aiors) is acyclic outside degrees 0, 1 and 2.
In addition, there exists a canonical exact sequence

0— H'(CY) — A(F)iors = @ A(F,)/Vy — H'(C¥) — Selg;z(A/F) — 0,
v¢UFp
and a canonical isomorphism HZ(C@r) = Homgz(Sel, (A" /F), Q/Z). O

Since R, v (UF, Awors) is a complex of torsion groups it decomposes naturally as a direct sum of
£-primary component complexes RI 4, v (UFr, Aiors)e-

Remark 3.3. For any prime £ # p the definition of R4 v (UF, Aors)¢ Via the morphism in (4) implies
that it identifies with the compactly supported étale cohomology complex RI'¢ .(Ur, A{€}) of the (étale)
sheaf A{¢} on Ur comprising all £-primary torsion in .A.

3.3. Pro-p subgroups. To make the complex RI',. v (UFr, Ars) constructed above amenable for our
purposes we need to make an appropriate choice of the family V. We now explain how to make such a
choice following the approach of Kato and Trihan in [22, § 6].

To do this we fix a finite Galois extension L/K and set G := Gal(L/K). We let X be the proper
smooth curve with function field L, and let Uy C X be the preimage of U (and we will later “shrink”
U so that L/K is unramified at places in U). For any place w of L we write G,, for its decomposition
subgroup in G.

We write A" for the Néron model of Ay over X, and Ay, for the pull back of A.

Lemma 3.4. There exists a G-invariant divisor E = Zw¢UL n(w)w on Xy with supp(E) = X \ UL
and for each place w ¢ Uy, over v ¢ U a G,-stable pro-p open subgroup V, of Ar (L) and an open
Oy[Gy1-submodule W), of Lie(Ar (L)) that satisfy all of the following properties.

(1) For w ¢ Uk, we have A'(mp'™) C V! C Ax, (mp™).
(2) Forw ¢ Uy, we have Lie(A')(my' ™) € W), C Lie(Ax, ) (mp™).
(3) Forw ¢ Ur, the canonical isomorphism
A ™) /A (m ) = Lie(A') (™) /Lie(A") (m3 ™)
sends the image of 'V, to W,

(4) For each place v outside U the products ]_[w|v v, and ]_[w‘v W;) are stable under the qction of G and
for each natural number i the associated cohomology groups H' (G, lev VIL) and H' (G, nwl v W,;J)
vanish.

We can furthermore require E to be the pull back of some divisor Eq of X.
In the application (see Section 7 and following) we need E to be the pull back of a divisor Eq of X.

Proof. This result is only a slight adaptation of [22, Lemma 6.4] (see Remark 3.5 below). For this reason
we only sketch the proof, following closely the argument of [22, §6].
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The key point is that it suffices to construct a divisor E and a family of subgroups {W, },, with
the properties stated in Lemma 3.4, since the family {W,,},, uniquely determines the family {V}, by
property (3) and then the latter family can be shown to satisfy property (4) by repeating the proof of [22,
Lemma 6.2(2)].

Now, by the argument of [22, Lemma 6.2(1)], for each place w of L outside U} there exists a constant
c(w) such that for any integer n > 0 there exists a G,-stable O,-lattice W, of Lie(Ayx, )(O,,) such that
both

Lie(Ay,)(m"™) ¢ W/ c Lie(Ay,)(m")

and the group H'(G,,, W),) vanishes for all i > 1.

By the argument of [22, Lemma 6.3], we may in addition assume that the subgroups W, satisfy
property (2), at least provided that n(w) is sufficiently large and divisible by the ramification index e(w|v).
(We would like n(w) to be divisible by e(w|v) in general since we are only allowed to multiply W, by
O,-multiple; recall that W, is only an O,-submodule, not an O,,-submodule.)

To ensure that the product [[,,;;, Wy, is stable under the action of G, we first fix a place w over each
v ¢ U and a subgroup W;, that has property (2) and is such that H'(G,,, W,)) vanishes for all i > 1.

For each o in G, we then set Wé(w) :=0(W,,) C Lie(Ax, ) (Os(w)) (Which, we note, only depends on
o (w)). Then the collection of subgroups {W, },,¢u, clearly has both of the properties (2) and (4).

To ensure that E is a pull back of some divisor Ej of X, we may replace E with 7* (4 E) and replace
{W),}wv by some suitable power of uniformiser of O,,. d

Remark 3.5. Lemma 3.4 only differs from [22, Lemma 6.4] in that we require each group W;, to be an
open O,[G,]-submodule of Lie(A')(O,,) rather than an open O, -submodule as in loc. cit. In fact, in
[22, Lemma 6.2(1)], it is claimed that W, can be chosen as an O,,-sublattice of Lie(Ayx, )(O,,), but the
indicated proof seems only to show that it can be chosen as a G,-stable O, -lattice.

Remark 3.6. The proof of Lemma 3.4 shows that for any place v of K that is both unramified in L and
of good reduction for A, the subgroup V, can be chosen as .A(m,,).

3.4. Selmer complexes. For each place w outside U; we now fix a choice of subgroups V, as in
Lemma 3.4. For any subgroup J of G and for any place v outside U;s we then define a group
Vo= ([1Vv,)’
wlv

and we denote the associated families of subgroups (V,),¢y, and (Vo)vgu,, by Vi and Vs, respectively.
We may occasionally write V for Vx when J = G.

In the next result we use these subgroups to construct a canonical “Selmer complex” SCy, (A, L/K)
that will play a key role in the formulation of our refined Birch and Swinnerton-Dyer conjecture.

We also use the G-module X7z(A/F) that is defined as the preimage of Homz(A(F), Z) under the
natural surjective homomorphism X (A/F) — Homz(A(F), Z) (see Remark 3.1).
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Proposition 3.7. The following claims are valid.

(i) RT 4 v, (UL, Al,.)*[—2] is an object of Dperf(Z[G]) that is acyclic outside degrees 0, 1 and 2.

(ii) If the groups II(A /L) and 111(A" /L) are both finite, there exists a complex SCy, :=SCy, (A, L/K)
in DP™(Z[G)) that is acyclic outside degrees 0, 1 and 2, is unique up to isomorphisms in D™ (Z[G])
that induce the identity map in all degrees of cohomology and also has the following properties:

(a) H(SCy,)=A'(L), H'(SCy,) contains X7(A/L) as a submodule of finite index and H*(SCy, )
is finite.
(b) There exists a canonical isomorphism in Dperf(z[G]) of the form

7 ®7SCy, = RT 4.y, (UL, Ators)*[—2].

Proof. For each subgroup J of G we set C {’,I 7= RUar v, ,(Ups, Aiors) and we abbreviate C f,r ;o CY
when J is the trivial subgroup.

Then, since H' (C ?{’7[—2]) = H>I(C v.7)" in all degrees i, the result of Proposition 3.2 implies that
each complex C ?,r”}k[—Z] is acyclic in all degrees outside 0, 1 and 2 and that its cohomology is finitely
generated over 7 in all degrees.

By a standard criterion, it follows that C},"*, and hence also Cj,*[—2], belongs to D (7[GY),
and so claim (i) is valid, if for every subgroup J of G there is an isomorphism in D(Z) of the form
Z®y, Cy" =Cy)

In view of the natural isomorphisms Z ®%[ 7] C ?,r FX=R Homgzj1(Z, C3/)* we are therefore reduced to

showing the existence of isomorphisms in D(Z) of the form
R HomZ[J](Z7 RDy, v (UL, Ators)) = Ry, Vi (Ups, Asors) (5

and this is proved by Kato and Trihan in [22, Lemma 6.1].

Turning to claim (ii), we note that claim (i) combines with the general result of Lemma 3.8 below
to imply it suffices to show that, under the stated hypotheses, the group H%(C )™ is finite, the group
H Z(C@I)* is naturally isomorphic to 7 ®z A'(L) and there exists a finitely generated G-module M that
contains Xz(A/L) as a submodule of finite index and is such that there is a canonical isomorphism
Z®z M' = H'(C¥)* of Z[G]-modules.

In this direction, the exact sequence in Proposition 3.2 implies directly that H°(C ¥)* is finite.

In addition, since the limit lim, IIT(A’/L)[n] vanishes under the assumption III(A’/L) is finite, the
displayed isomorphism in Proposition 3.2 combines with the first exact sequence in Remark 3.1 to give a
canonical isomorphism

HY(CY)* = (Z®7 A(L)™* =7 &7 A'(L)

of the required form.
Next we note that, since III(A/L) is assumed to be finite, the second exact sequence in Remark 3.1
implies X7(A/L) is finitely generated.



A refinement of the Birch and Swinnerton-Dyer conjecture in positive characteristic 641

Thus, if we write Y for the (finite) cokernel of the map A(L)irs — @ A(L,)/V, that occurs in

Proposition 3.2, then the natural map of finite groups velL

ExtL(Y*, X7(A/L)) =7 ®7 ExtL (Y*, Xz(A/L)) — Extlz[ o (Y X(A/L)

is bijective and so there exists an exact commutative diagram of G-modules

0—— Xz(A/L) M Y* 0
0— X(A/L) —— H'(Ci¥)* Y* 0

in which the first vertical arrow is the natural inclusion, and so induces an isomorphism 7® zX7(A/L) =
X (A/L), and the lower row is induced by the Pontryagin dual of the long exact sequence in Proposition 3.2.

In particular, from the upper row of the above diagram we can deduce that M is finitely generated and
hence is a suitable choice for the module M! that we seek. U

In the sequel, for a ring A and integer a, we write 7>, and 7, for the truncation functors on D(A) in
degrees at least a and at most a respectively.

We also recall that a G-module is said to be “cohomologically trivial”, or c-t for short in the sequel, if
for every integer i and every subgroup J of G the Tate cohomology group H'(J, M) vanishes.

Lemma 3.8. Let C be a cohomologically bounded complex of Z[G1-modules and assume to be given
in each degree j a finitely generated G-module M’ and an isomorphism of 2[G]-m0dules of the form
2 ®; M= HI(C).
Then there exists an object C of D(Z[G]) with all of the following properties:
() H/(C) = M/ forall j.
(i1) There exists an isomorphism . : Z@ZC ~Cin D(z[G])for which in each degree j one has H’ (1) = Lj.
(ili) C belongs to DP"(Z[G)) if and only if C belongs to Dpeff(Z[G]).

Any such complex C is unique to within an isomorphism k in D(Z[G)) for which H/ (k) is the identity
automorphism of M/ in each degree j.

Proof. We prove this by induction on the number of nonzero cohomology groups of C.

If there is only one nonzero such group, in degree d say, then C is isomorphic in D(Z[G]) to
(z ®7 M?)[—d] and we write C for the complex M4[—d]in D(Z[G)).

In this case claim (i) is clear and claim (ii) is true with ¢ the morphism induced by ¢,. Finally, since any
finitely generated module over either Z[G] or 2[G] that is c-t has a finite projective resolution, C belongs
to DP(Z[GY) if and only if M? is c-t and C belongs to DP*''(Z[G]) if and only if M is c-t. This implies
claim (iii) since a finitely generated G-module N is c-t if and only if Z®z N isc-tasa consequence of
the fact that in each degree i and for each subgroup J of G the natural map Hi(J,N)— H (J,Z®7 N)
is bijective.
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To deal with the general case we assume C is not acyclic and write d for the unlque 1nteger such that
HY (C )#0and H' (C ) =0 for all i > d. We then abbreviate the complexes t<4_ 1C and 1:>dC to C 1 and
C, and recall that there is a canonical exact triangle in D(Z[G]) of the form

61 —> é—) éz i) é][l].

We note that this triangle induces an isomorphism « in D(Z[G]) between C and Cone(é)[—l], where we
write Cone(w) for the mapping cone of a morphism o.

Now, since H/(C1) = H/(C) for j <d and H/(C;) =0 for all j > d, the inductive hypothesis implies
the existence of C in D(Z[G]) and an isomorphism ¢ : 7 ®zC1 = C1 in D(Z G1)) such that in each
degree j with j < d one has H/ (1) = ;.

In addition, since C, is acyclic outside degree d, the argument given above shows the existence of a
complex C; in D(Z[G]) and an isomorphism ¢ : 7 K7 Cr = @2 in D(z[G]) with HY (1) = 14.

Next we recall that the group HomD(Z[G])(éz, él[l]) is equal to HO(R HomZ[G](éz, él[l])) and so
can be computed by using the spectral sequence

EP =TT ExtG(H(C), HM(C1[1])) = HP (R Homy,,(Co, Ci[11))

aeZ

constructed by Verdier in [40, III, 4.6.10]. We also note that there is no degree in which the complexes
C, and C1[1] have cohomology groups that are both nonzero and that any group of the form Ext? c(——)
vanishes for p< 0 and is torsion for p > 0. Given these facts, the above spectral sequence implies that
Hom (Z[G])(CZ’ C1[ ]) is finite and hence that the diagonal localisation map Homp (61 (C2, Ci[1]) —
Hom (Z[GJ)(CZ’ Cl[l]) is bijective.

We now write 6 for the preimage of 6 under the latter isomorphism and claim that the mapping fibre
C := Cone(#)[—1] has all of the required properties.

Firstly, this definition implies directly that H/(C) is equal to H/(Cy) if j <d and to H/(C») if j > d,
and so claim (i) follows immediately from the given properties of C; and C,. The definition also implies
directly that Vi ®z C is isomorphic to Cone(é)[— 1] and hence that ¥ induces an isomorphism in D(Z[G])
between Z ®7 C and C with the property described in claim (ii).

To prove claim (iii) it suffices to check that C belongs to DP*™'(Z[G)) if c belongs to DPerf(z[G]). To
do this we can assume, by a standard resolution argument (as described, for example, in [13, rapport,
lemme 4.7]), that C is a bounded complex of finitely generated G-modules in which all but the first
(nonzero) module, M say, is free. If we then also assume that the complex Cis isomorphic in D(Z[G]) toa
bounded complex of finitely generated projective 2[G]—modules 0, then there exists a quasi-isomorphism
T:0— 7 ®z C of complexes of 2[G]—modules.

Now, since all terms of Q and 7 Q7 C are projective Z[G1-modules, except possibly for 7 ®z M, the
acyclicity of Cone(rr) implies that the 2[G]—module Vi ®z M is c-t. This in turn implies that M is c-t and
hence has a finite projective resolution. It follows that C belongs to DP*™(Z[G]), as claimed. ]
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3.5. Coherent cohomology. The Selmer complex that is constructed in Proposition 3.7(ii) depends on
the choice of subgroups V. We shall therefore need to introduce an auxiliary perfect complex that will
be used to compensate for this dependence in the formulation of our conjecture.

To do this for each place v outside U we choose a place w of X above v and the O,[G,]-submodule
W,, of Lie(Ar(L,)) that corresponds in Lemma 3.4 to the subgroup V,, fixed at the beginning of
Section 3.4. For any other place w'|v of X, we choose y € G such that w’ =y - w and set W, , denote
the image of the isomorphism Lie(Ar (L)) = Lie(Ar (L)) induced by y. Note that Wli), does not
depend on the choice of y as W), is G,,-stable.

For any place v outside U we then set

W= (T W,)°
wlv
and we denote the associated families of subgroups (W, )),¢u, and (W,),¢uy by Wi and Wi respectively.
We then define £ to be the coherent Ox-submodule of Lie(A) that extends Lie(A|y) and is such that
Ly, =W, C Lie(A)(O,) foreach v ¢ U.
We similarly define £ to be the G-equivariant coherent Ox-submodule of m.Lie(Ay,) with L7 , =
lev W, for each v ¢ U, where we write 7 : X; — X for the natural projection.

Lemma 3.9. The complex RU (X, L1)* belongs to Dperf([Fp[G]), and hence to Dpe‘f(Zp[G]).

Proof. For each subgroup J of G the complex RT'(X, (£1)’)* is represented by a complex of finite-
dimensional [F,-vector spaces that is acyclic outside degrees 0 and 1.

By the same argument as used to prove Proposition 3.7(i) we are therefore reduced to proving that for
each J there is a natural isomorphism in D([F,) of the form

R Homg 3(Fp, RT(X, L)) = RT(X, (£1)”) (6)
and this is proved by Kato and Trihan in [22, p. 585]. (I

Remark 3.10. In view of Remark 3.5, we have here defined £, to be a [,[G]-equivariant vector bundle
over X rather than a vector bundle over X, as in [22, § 6.5]. This means that various arguments in
loc. cit. that rely on the “geometric p-adic cohomology theory” over X; and will be referred to in later
sections must in our case be carried out over X by using the relevant push-forward constructions. This,
howeyver, is a routine difference that we do not dwell on.

4. Statements of the conjecture and main results

In this section we formulate our refinement of the Birch and Swinnerton-Dyer conjecture, establish some
basic properties of the conjecture and state the main supporting evidence for it that we will obtain in the
rest of the article.



644 David Burns, Mahesh Kakde and Wansu Kim

4.1. Relative K-theory. Before stating our conjecture we quickly review relevant aspects of relative
algebraic K -theory.

For a Dedekind domain R with field of fractions F, an R-order 2l in a finite dimensional separable
F-algebra A and a field extension E of F we set Ap := E QF A.

4.1.1. We use the relative algebraic Ko-group Ko(2(, Ag) of the ring inclusion 2l C Ag, as described
explicitly in terms of generators and relations by Swan in [33, p. 215].
We recall that for any extension field E’ of E there exists an exact commutative diagram

/

Oy, ! Aoy v
K1) —— K (Ap) —— Ko, Ap)) —— Ko(R1)

| | | ”
Kl(AE) 8i’l,E aé[ E

K12 Ko, Ap) —— Ko(R)

in which the upper and lower rows are the respective long exact sequences in relative K -theory of the
inclusions A C Ag and 2 C Ag and both of the vertical arrows are injective and induced by the inclusion
Afr C Ag/. (For more details see [33, Theorem 15.5].)

We further recall that the Whitehead group K;(Ag) comprises (isomorphism classes of) pairs of
the form (W, 0) in which 0 is an automorphism of the finitely generated projective Ag-module W.
In particular, if W is spanned by a (finitely generated) projective 2[-module P, then the connecting
homomorphism g g in (7) sends (W, 8) to the element of Ky(2(, Ag) that corresponds to the triple
(P,0, P).

If R = Z and for each prime £ we set 2, := 7, @72 and A, := Qy ®qg A, then we regard each group
Koy, Ag) as a subgroup of Ky(2(, A) by means of the canonical composite homomorphism

P Ko@e, Ap) = Ko(R, A) C KoL, Ag). ®)
L

Here ¢ runs over all primes, the isomorphism is as described in the discussion following [12, (49.12)] and
the inclusion is induced by the relevant case of the map ¢’ in (7).

For each element x of Ko(2, A) we write (x¢), for its image in @, Ko(2¢, A¢) under the isomorphism
in (8).

4.1.2. We shall construct elements of Ky(2(, Ar) by using the formalism of “nonabelian determinants”
described by Fukaya and Kato in [17, §1]. To recall the relevant facts we write X for the category
DPert ().

Following [17, Definition 1.3.2], one can define a localized K-group K(Ag, ). This abelian group
is generated by pairs (C, i), where C is an object of ¥ for which the Euler characteristic of £ ®g C in
Ko(AEg) vanishes and & is a morphism Dety, (E ® g C) — Det4, (0) in the category C4, constructed in
[17, §1.2.1]; the relations between these generators are then the obvious analogues of the relations (1), (2)
and (3) given as part of [17, Definition 1.3.2]. These relations in turn ensure that there exists a canonical



A refinement of the Birch and Swinnerton-Dyer conjecture in positive characteristic 645

group homomorphism
e Ki(Ag, ) > Ko, Ag).

The approach of [17, Theorem 1.3.15] proves the existence of an exact sequence relating K(Ag, X) to
K1(Ag), Ko(¥) = Ko() and Ko(AE), and by comparing this sequence to (7), one can deduce that ( 4
is surjective (but we omit details as we make no use of this fact).

For each generator (C, h) of K|(Ag, ), we set

x2,e(C, h) =1 e((C, h)) € Ko(A, Ap).

If E ®r C is acyclic, then we further set

XQL,E(C» 0):= XQ[,E(C, hean),
with /can the canonical morphism Dety, (E ®r C) — Dety, (0) in C4, (from [17, §1.2.8]).

Example 4.1. Fix a bounded complex C* of finitely generated projective 2(-modules, and set C*V" :=
@D, .7 C% and C*% :=P,_, CH*!. In this case, specifying a morphism / : Dety, (E ® C) — Deta, (0)
in C4, is equivalent to specifying data as follows: for some finitely generated projective 2-module P, one
is given an isomorphism of Ag-modules 6 : E ®g (C*'*" @ P) = E ®g (C*% @ P) that is unique up to
pre-composition with an automorphism of E ® g (C®°" @ P) whose image in K|(AE) is specified (and so
depends only on 4). Then, in terms of the standard presentation of Ko(2A, Ag), the element xy g(C®, h)
corresponds to the triple (C**" & P, 0, C°4 g p), with the defining relations of Ky(2(, Ag) ensuring
that this element is indeed independent of both P and the specific choice of 6.

We next record some general properties of the elements yg(C, i) that will be used frequently in the
sequel (often without explicit comment).

Firstly, it C; — C, — C3 — Cy[1] is an exact triangle in DP () for which the complex F ®g C3 is
acyclic, then each morphism £ : Dety, (E ®g C1) — Dety, (0) in C4, combines with the given triangle
to induce a morphism 4’ : Dets, (E @g C2) — Deta,(0) in Ca,. The same approach used to prove
Lemma 1.3.4 of [17] then shows that

x2.£(Ca, h') = xo £(C1, h) + x21.£(C3, 0).

Secondly, if & and h" are any two morphisms Dety, (E ® g C) — Dety, (0) in C4,, then the (obvious
analogue of the) defining relation (3) in [17, Definition 1.3.2] (with C’ taken to be 0) implies that

x.£(C, h') = xo£(C, h) + 3y (W oh™").

Here the last term denotes the image under dy g of the unique element of K| (Ag) that is determined by
the morphism /4’ o h~! : Dets, (0) — Deta, (0) in Cq,.

We next assume 2l = R[G] for a finite group G, and write L*IE[G] for the involutions on each of the
groups K{(R[G]), K{(F[G]) and K{(R[G], F[G]) that are induced by the R-linear anti-involution on
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R[G] that inverts elements of G. Then, if M is any finite R[G]-module that is c-t, its Pontryagin dual
M* (endowed with contragredient G-action) is also c-t, and

xri61.F161(M*[0], 0) = ki (xriG1.F161(M[0], 0)). )

(By localisation, the verification of this equality reduces to the case that R is a discrete valuation ring. In
the latter case it then follows by explicit computation from the fact that a finite c-t R[G]-module has a
free resolution of length one.)

Remark 4.2. We often regard E as clear from context and so write xg(—,—) in place of xg g(—,—).
If 24 = Z[G], we further abbreviate xz(c),£(—,—) to xg(—,—), and the maps 9dz;G), g (—) and 8%[G]’E to
dg(—) and 8&(—) (again regarding E as clear from context).

4.2. The refined Birch and Swinnerton-Dyer conjecture.
4.2.1. In the sequel we write
AT A(L) x A'(L) > R

for the classical Néron—Tate height-pairing for A over L.

This pairing is nondegenerate and hence, assuming ITI(A/L) to be finite, combines with the properties
of the Selmer complex SCy, (A, L/K) established in Proposition 3.7(ii) to induce a canonical isomorphism
of R[G]-modules

h'1% : Detpi) (R ®2 SCv, (A, L/K)) = Detig)(0). (10)

In particular, since SCy, (A, L/K) belongs to DPf(Z[G1), we obtain an element of Ko(Z[G], R[G])
by setting
X&P(A, V1) = x6(SCy, (A, L/K), hi .

Next, since the complex RI'(X, £1)* considered in Lemma 3.9 belongs to DPerE(F p[G)), it defines an
object of DP(7[G)) for which Q ®7 RT' (X, L£1)* is acyclic. The associated element

X&" (A, Vi) = x6(RT'(X, L1)*, 0)
therefore belongs to the image of the natural homomorphism
Ko(FplG]) — Ko(ZIG], QIG)) C Ko(ZIG], RIG]). (1)

Finally, for each prime ¢, we shall use an explicit computation of Bockstein homomorphisms that arise
naturally in arithmetic cohomology to define a canonical, and computable, integer a; = aa 1 ¢ in {0, 1}.
We thereby obtain a canonical element of Ko(Z[G], Q[G]) of order dividing two by setting

X (A) = 06.0((@- AY(L), (—1)“)),,
l

where £ runs over all prime divisors of |G|. (Given the relatively minor role that this “sign-term” plays
in our conjecture, and the involved nature of the relevant Bockstein homomorphisms, we prefer to
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delay giving explicit details regarding the integers a, until the respective computations are made in
Proposition 8.1(i) for £ = p and in (58) for € # p.)

4.2.2. We can now state our refined version of the Birch and Swinnerton-Dyer conjecture for A over L.
For each character v in Ir(G), we fix an associated complex representation Vy, and write ey, for the
primitive idempotent ¥ (1)|G| ™" 3, ¥ (¢~")g of ¢(C[G]). We then set

rag(¥) := ¥ (1)~ - dime(ey (C®z A" (L)) = dime (Homggy(Vy,, C @z A'(L))),

and write

ran(¥) :=ords—1 Ly (A, ¥, 5)

for the order of vanishing at s = 1 of the series Ly (A, v, s). We also use the “leading term” element
L} (Ar/k, 1) of Ki(R[G]) that is defined in Theorem 2.1.

Conjecture 4.3. (i) For each character  in Ir(G) one has ran(¥) = rag(¥).
(i1) The group II1(A/L) is finite.

(iii) Let U be a dense open subset of X comprising points at which both L/K is unramified and A/ K
has good reduction. Then, for every family of groups Vi, = Vi, chosen as in Section 3.4, there is an
equality

06(Ly (ALsk, 1) = x&P (A, Vi) = x& (A, Vi) + x5 (A)

in Ko(Z|G], RIG)).

Remark 4.4. If L = K, then K¢(Z[G], R[G]) identifies with the multiplicative group R* /{£1} and
in Proposition 5.2 below we shall show that this case of Conjecture 4.3 recovers the classical Birch
and Swinnerton-Dyer conjecture for A. In Section 5.2 we also show that the validity of the equality in
Conjecture 4.3(iii) is independent of the choices of open set U and family of subgroups V.

Remark 4.5. Since C®z A’ (L) is the scalar extension of the finitely generated Q[G]-module Q®z A’ (L)
one has g (¥) = rag(wo ) for all ¢ € Ir(G) and all automorphisms w of C. Conjecture 4.3(i) therefore
implies that r,, (¥) = ran(w o ¥) for all such i and w. The validity of these equalities can be derived
directly from the equalities (1) and (2) that played the key role in the proof of Proposition 2.2.

Remark 4.6. Theorem 2.1 allows us to formulate Conjecture 4.3 directly in terms of the connecting
homomorphism d;. However, without using Theorem 2.1, one could still formulate an analogue of
Conjecture 4.3 in terms of the image of the element (L7, (A, x, 1)) yei(G) of £ (R[G])* under the “extended
boundary” homomorphism ¢ (R[G])* — Ko(Z[G], R[G]) constructed by Flach and the first author in [5,
§4.2, Lemma 9]. This observation provides the link between the formulation of Conjecture 4.3(iii) in
terms of relative algebraic K-theory and the formalism of “equivariant Tamagawa number conjectures”
that is discussed in loc. cit. and later refined by Fukaya and Kato in [17].
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4.2.3. Conjecture 4.3 entails a variety of explicit consequences concerning the structure of Selmer
complexes and relations between leading terms of Hasse—Weil-Artin L-series. To help provide context,
we now state two concrete results in this direction (though, for convenience, the proof of these results is
deferred to Section 9.4).

We fix a prime p and assume, for simplicity, that G is of p-power order. We write M, for the
p-localisation of a (complex of) abelian groups M.

The first result concerns the Galois structure of the complex SCy, :=SCy, (A, L/K).

Proposition 4.7. If G is a group of p-power order, then Conjecture 4.3 implies the following restrictions
on the complex SCy, .

(i) SCy, is isomorphic in D**"(Z[G)) to a bounded complex of finitely generated free G-modules.

(ii) If A(K)[p] and A" (K)[p] both vanish, then SCy, (p) is isomorphic in Dperf(Z(p)[G]) to a complex
Z»[GY 2 Z,)|GY', where the first term is placed in degree one.

The second result we record describes families of algebraic relations between suitable normalisations
of the leading terms L7, (A, ¥, 1) for varying characters .

To state this result, we assume the hypotheses of Proposition 4.7(ii) and fix a representative of SCy, (p)
of the specified form. We then consider the composite isomorphism

hA L. Lid

' RIGT = (R-ker(¢)) @ (R- im(¢)) =L (R cok(¢)) @ (R - im(¢)) = R[G]'

of R[G]-modules. Here the first and third maps are induced by a choice of R[G]-equivariant sections to
the surjective maps from R[G]" to R-im(¢) and R - cok(¢) that are respectively induced by ¢ and by the

tautological projection. In addition, hIXTL , denotes the composite

R-ker(¢) =R-A'(L) = Homg(R-A(L), R) = R- cok(¢),

in which the second isomorphism is induced by the nondegenerate pairing th:FL and the first and
third by Proposition 3.7(ii)(a) and the fixed identifications of ker(¢) and cok(¢) with H O(SCVL)(,,)
and HI(SCVL)(I,).

We write x (£) for the integer obtained as the Euler characteristic in Ko(F,) = Z of the complex
RT' (X, £)* of F,-modules.

For each character ¥ in Ir(G), we then normalise the leading term of the associated Hasse—Weil—-Artin
L-series by setting

p¢(1)x(£) L* (A, w 1)

LA, Y) = (—1)raeap . det(L )

(12)

where LIXTL,W is the automorphism of Homg (g (Vy, C[G]") induced by l A . We also write Q () for the
field generated over Q by the set {¥/(g) : g € G}.

Proposition 4.8. Assume the hypotheses of Proposition 4.7(ii) and the validity of Conjecture 4.3(i) and (ii).
Then the following claims are valid.
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(1) For all  in Ir(G) and o in Gal(Q(y) /Q) one has
LA Y)eQW) and a(ZL(A,¥) =LA, aoy).
In the rest of the result we also assume the validity of the equality in Conjecture 4.3(iii).

(ii) For every abelian subquotient Q = H/J of G, there is a containment

g(ALH, 1Q) € Z(Xp)

and, for each y in Q, a congruence
YY) LA, ¥) =0 (mod | Q] - Z(p).
Yelr(Q)

(iii) If, for each subgroup H of G, Yy is an irreducible character of the abelianisation H*® of H and

mpy an integer such that the virtual character ) H<GMH - indg (ianab (Yrgr)) vanishes, then one has

[T ZApe, )™ =1.
H<G
Remark 4.9. By developing methods introduced by the second author in [20], the first two authors
give an explicit description of the Whitehead group K(Z,[G]) in [6, Theorem 2.1]. In the setting of
Proposition 4.8, this result has the following explicit consequence. For every cyclic subgroup C of G, the
properties in Proposition 4.8(ii) combine to imply that
LAO=ICT Y Y Y@ LA ¥) e
ceC yelr(C)

belongs to Z(,)[C1* C Z,[C1* = K(Z,[C]). Fix an embedding j : R — C, and write j, for the induced
embedding Ko(Z[G], R[G]) — Ko(Z,[G], C,[G]) of relative Ko-groups. Then [6, Theorem 2.1] implies
that the validity of the image under j, of the equality in Conjecture 4.3(iii) is equivalent (under the
hypotheses of Proposition 4.7(i1)) to the validity of the family of equalities in Proposition 4.8(iii) together
with a single explicit congruence relation between the images of the individual elements .# (A, C) under
the respective induction maps K (Z,[C]) — K (Z,[G]).

4.3. The main results. In order to state our main result we must define the finite subgroup 7, /x of
Ko(Z[G], R[G]) that was discussed in the introduction.

If E is a quotient of a subgroup A of a finite group I', then we consider the composite homomorphism
of abelian groups

g« Ko(Z,[T], Qp[T]) — Ko(Zp[A], Qp[A]) — Ko(Z,[E] Q,[ED,
where the first map is restriction of scalars and the second is the natural coinflation homomorphism.
By the semistable reduction theorem, the set ¥ = X 4 g of finite Galois extensions of K over which
A is semistable is nonempty. For each field K’ in ¥ we write L’ for the composite of L and K’, set
G':=Gal(L'/K) and H' := Gal(L'/K"), write P’ for the normal subgroup of H' that is generated by the
Sylow p-subgroups of the inertia groups in H’ of each place in K’ and set g/ := n'g/ P We then define

Tk = Ko@Zp[G1. Qp[GDir N ( N ker(mgx))N( N 7§ (ker(mg))), (13)
K’eZl K/EEZ
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where X denotes the possibly empty subset of ¥ comprising fields K’ that are contained in L (so that
G’ = G) and X, the possibly empty subset of X comprising fields K’ that are not contained in L but are
such that IIT(A/L’) is finite.

We recall that Ko(Z,[G], Q,[G]or is finite and, in all cases, we use the natural embeddings

Ko(ZplG1, Qp[GDior C Ko(ZIG1, QIG]) C Ko(ZIG], R[G])

to regard 74,1,k as a subgroup of Ko(Z[G], R[G]).
We can now state the main evidence that we shall offer in support of Conjecture 4.3.

Theorem 4.10. If the £-primary component of II1(A/L) is finite for some prime £, then the following
claims are also valid.

(1) Claims (i) and (i) of Conjecture 4.3 are valid.
(i1) The equality in Conjecture 4.3(iii) is valid modulo the finite subgroup Tx 1.,k of Ko(Z|G], R[G]).

Remark 4.11. It is proved by Kato and Trihan in [22] that ITI(A/L) is finite if and only if at least one of
its £-primary components is finite. Thus, under the hypotheses of Theorem 4.10, we can (and do) assume,
without further comment, that IIT(A/L) is finite (and hence that Conjecture 4.3(ii) is valid).

Remark 4.12. The main result that we prove here is, in principle, stronger than Theorem 4.10 but is
more technical to state (for more details see Remark 9.4 below). One can also provide further evidence in
support of Conjecture 4.3 in the setting of generically ordinary abelian varieties, and we hope to discuss
this elsewhere.

Remark 4.13. Assume G is a p-group, that the groups A(K)[p] and A’(K)[p] both vanish and that
some {-primary component of IIT(A/L) is finite (where £ can be different from p). Then Theorem 4.10
combines with Proposition 4.8 to imply the unconditional validity of the relations in Proposition 4.8(i).

In special cases it is possible to describe T4 1/ explicitly and hence to make Theorem 4.10(ii) much
more concrete.

For example, if the sets X; and X, that occur in (13) are both empty, then T4 /g is equal to
Ko(Z,[G1, Qp[GDior- On the other hand, if A is semistable over K and L/K is tamely ramified, then
the field K’ = K belongs to X and is such that G = G’ = H’ and P’ is trivial and so T4 ,x vanishes.
Hence, in the latter case, Theorem 4.10 has the following more explicit consequence.

Corollary 4.14. Assume that A is semistable, that L /K is tamely ramified and that some £-primary
component of III(A/L) is finite. Then Conjecture 4.3 is unconditionally valid.

As far as we are aware, this result gives the first verification, modulo only the assumed finiteness of
Tate—Shafarevich groups, of a refined version of the Birch—-Swinnerton-Dyer conjecture in the context of
ramified extensions.
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5. Preliminary results

In this section we first prove a purely algebraic result that is important for several subsequent arguments.
We then verify that the statement of Conjecture 4.3 is consistent in certain key respects (as promised
in Remark 4.4).
Finally we use a result of Schneider to give a reinterpretation of the conjecture that plays an essential
role in the proof of Theorem 4.10.

5.1. A result in K-theory. The following purely algebraic observation will underpin the proof of several
subsequent results.

Proposition 5.1. Let R be a Dedekind domain with field of fractions F and 2l an R-order in a finite
dimensional semisimple F-algebra A.
We suppose to be given exact triangles in DP"\(1) of the form

Co— C1 5> Cy— Cy[l] and Cyp— C % Cy— Cyll] (14)

that satisfy all of the following conditions.

(a) In each degree i there are natural identifications F @g H'(C1) = F ®pg H'(C»), with respect to
which

(b) the composite tautological homomorphism of A-modules
F @gker(H'(0)) € F ®g H'(C1) = F ®g H'(C2) = F ®g cok(H' ()
is bijective, and
(c) the map H'(¢) induces the identity homomorphism on F @ g H (C1) = F ®g H'(Cy).
Then the following claims are valid.

(i) The bijectivity of the maps in @(b) combines with the first triangle in (14) to induce a canonical
morphism
Ty : Detg (F ®g Cp) = Det4(0)
of (nonabelian) determinants.

(ii) In each degree i the homomorphism H'(0) induces an automorphism H' (0)° of any A-equivariant
complement to F @g ker(H' () in F @g H'(C) in such a way that Nrd (H' (0)°) is independent
of the choice of complement.

(iii) The complex F @ Cy is acyclic.
@iv) In Ko, A) one has

x2(Co, 1) — X9 (Cg, 0) = 9, 7 (] (Hi(g)%)(—l)")’
ieZ

where we identify each automorphism H' (0). with the associated element of K (A).
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Proof. If M denotes either an R-module or a complex of R-modules, then we abbreviate F @ g M to M.
To construct a morphism 7y as in claim (i) we note first that the long exact cohomology sequence of
the left-hand exact triangle in (14) gives in each degree i a short exact sequence of 2(-modules

0 — cok(H'"1(0)) = H(Cy) — ker(H' (9)) — 0.

Then, upon tensoring these exact sequences with F (over R), applying the determinant functor Dety4
and then taking account of the isomorphisms given in (b) one obtains isomorphisms of (nonabelian)
determinants

Deta(H'(Cy)r) = Deta(cok(H' ™' () r) - Deta (ker(H' (8)) F) (15)
= Dety(cok(H ™1 (0))F) - Dets (cok(H' (6)) F).

We then define the morphism 7y in claim (i) to be the composite
Dets ((Co) ) = [] Deta(H' (Co)r) ™"
ieZ
= ] (Deta(cok(H'™"(6)) ) - Deta (cok(H' (8)) )"
ieZ
= [] (Deta(cok(H' (6)) )" - Deta(cok(H' (©)) ) ™"
ieZ
= [] Deta(0) "'
ieZ
= Det4 (0).
Here the first map is the canonical “passage to cohomology” map, the second is induced by the maps
(15) in each degree i, the third by the obvious rearrangement of terms and the fourth from the canonical
morphisms
Det 4 (cok(H'(8))r) ! - Deta(cok(H' (9)) r) = Dety (0).

Claim (ii) is a straightforward consequence of the condition (b) and claim (iii) follows directly upon
combining the long exact cohomology sequence of the second triangle in (14) with the condition (c).

Finally, to prove claim (iv) we fix bounded complexes of finitely generated projective 2(-modules
P, and P, that are respectively isomorphic in D(2() to C; and C,. Then the morphisms 6 and ¢ are
represented by morphisms of complexes of 2A-modules of the form 6’ : P — P, and ¢’ : P; — P,.

The key to our argument is then to consider the exact triangle

Cy ® Cone(¢") % Py @ Cone(d) % Cyl(8') - (Cy @ Cone(@))1] (16)
in D(2A) where « is the morphism Cy — P; induced by the first triangle in (14) and «’ the morphism
P; — Cyl(#’) induced by 6’ and the natural quasi-isomorphism Cyl(6’) = P,.

This triangle satisfies the analogues of conditions (a) and (b) (with C;, C, and 6 replaced by
Py @ Cone(¢’), Cyl(8') and («’, 0)) and in each degree i one has (P; @ Cone(¢’))’ = Cyl(#’)".
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Further, the acyclicity of F' ®g Cy implies that

X2 (Co ® Cone(¢), 79) = xo((Co, T0) + X (Cy[11,0) = xo(Co, T0) — x1(Cp. 0),

where the first equality is true because Cone(¢’) is isomorphic to Cg[1].

In particular, after replacing the first triangle in (14) by (16), we are reduced to proving that if C; and
C; are represented by bounded complexes of finitely generated projective 2(-modules P; and P, with
Pf = P2i in each degree i, then the conditions (a), (b) and (c) combine to imply an equality

xau(Co ) = S ([ Nrds (H' @), (17)
AS]
where g denotes the composite dy r o (Nrd4)~ ! :im(Nrd4) — Ko(2, A).

To do this we note first that, under these conditions, an easy downward induction on i (using hypoth-
esis (c)) implies that in each degree i the F-spaces spanned by the groups of boundaries B'(P;) and
B! (P>) have the same dimension.

If necessary, we can then also change 6 by a homotopy (without changing conditions (b)) in order
to ensure that, in each degree i, the restriction of #’*! is injective on B'(P;) and hence induces an
isomorphism F ®g Bi(P)) = F @ B'(P,) (for details of such an argument see, for example, the proof
of [9, Lemma 7.10]).

Having made these constructions, one can then simply mimic the argument of [4, Proposition 3.1] in
order to prove the required equality (17) by using induction on the number of nonzero terms in P;. [

5.2. Consistency checks.

Proposition 5.2. If L = K, then Conjecture 4.3 recovers the classical Birch and Swinnerton-Dyer
conjecture for A.

Proof. We assume III(A/K) is finite and abbreviate SCy, (A, K/K) to SCy,..

Now, if L = K, then G is the trivial group id and Ko(Z[G], R[G]) identifies with the multiplicative
group R*/{%1}. In addition, upon unwinding the definition of Euler characteristic one finds that, with
respect to the latter identification, there is an equality

XESP(A, Vi) =dise(h)T) - [[#(H (SCy)on ™" (mod 1) (18)
ieZ

where disc(hIX’TK) denotes the discriminant of the pairing hIXTK.

To compute the above product we write 6 for the natural map A (K)r — €D, ¢U A(Ky)/V,. Then, from
Propositions 3.2 and 3.7, one finds that there are equalities H 0(SCVK) = A'(K) and H? (SCyy ) =ker(6)*
and a short exact sequence of the form

0— Xz(A/K) — H'(SCy,) — cok(6)* — 0.
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Upon combining these observations with the natural exact sequences
0 — ker(0) > A(K)r > B A(K,)/V, — cok(®) — 0
veU
and
0— UI(A/K)* — Xz(A/K) — Homz(A(K),Z) — 0

one computes that
#I11(A/K) disc(h) )
#A(K)wor# A" (K)tor

71)i+1 _

disc(h\) - [ [#(H' (SCyy)uon)" [[1AK) : V1. (19)

ieZ vgU
On the other hand, from [22, 3.7.3], one finds that
#HY (X, L A(Ky) : V,
XM Vi, K /K) = KD _ heylAKy) : Vil (mod +1), (20)

#HO(X, L)~ vol( [] A(K,))
vgU

where the “volume term” here is as defined in [22, §1.7].
Thus, since Xi;gn (A) is clearly trivial, the expressions (18), (19) and (20) combine to show the equality
in Conjecture 4.3(iii) is equivalent to an equality

#III(A/K) disc(h,
II(A/K) disc( A’K)Vol(]_[A(KU)).

LE(A )=+
#A(K)tor#At (K)tor velU

Since L7;(A, 1) is known to be a strictly positive real number (by Proposition 2.2(ii)), this equality is
precisely the form of the Birch and Swinnerton-Dyer conjecture that is discussed in [22, §1.8]. (Il

Proposition 5.3. The validity of Conjecture 4.3(iii) is independent of the choice of a family of subgroups V.

Proof. 1t is clearly enough to show that the difference XESD (A, V) — Xg’h(A, V1) is independent of the
choice of V;.

In addition, it suffices to consider replacing V. by a family of subgroups V; = (V,))w¢v, that satisfies
V, CVyforallw ¢ Up.

In this case, the definition of the complexes SCVL/ (A, L/K) and SCy, (A, L/K) via the (dual of the)
mapping fibre of the respective morphisms (4) leads naturally to an exact triangle in DP*(Z[G]) of the
form

SCy, (A, L/K) — SCy/ (A, L/K) — oi[-11—,

with O := & (V,,/V,), and hence to an equality in Ko(Z[G], R[G]):
w¢UL

xS3P(A, Vi) — xE3P(A, V]) = x6(0Q110], 0). (21)

On the other hand, if £} and £ are the coherent sheaves that correspond (as in Section 3.5) to the
collections V; and V, respectively, then there is a natural short exact sequence

0= L —->L— 0,—0,
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with Q, := @ W,,/ W, . This sequence gives rise to an exact triangle in Dperf([Fp[G]) of the form

we¢lUy
RU(X, L1)* — RU(X, L))" — O3[1] —,

and hence to an equality

XEMA, VL) = x&M(A, V) = Xz,161(0310], 0). (22)

Now, given the explicit construction of the groups V,, and V,, from W,, and W, , it is straightforward
to show that, for both i = 1 and i = 2 there exists a (finite length) decreasing filtration (Q; ;) ;>0 of
the finite Z,[G]-module Q; such that each module Q; ; is c-t for G and the graded modules gr(Q;) :=

@D (Qi,j/Qi,j+1) are both c-t for G and mutually isomorphic. This fact in turn implies that
j=0

X2,161(Q7101,0) = 5 16(x2,161(Q1101, 0)) =1 161 (xz,161(r(Q1I0], 0))
= ﬁz#p[(;] (xz,161(&r(Q2)[0], 0)) = 12[(;] (x2,161(Q2101. 0)) = xz,161(Q5101, 0),

where the first and last equalities follow from the general result (9) and the second and fourth from a
standard dévissage argument. These equalities then combine with (21) and (22) to imply the required
result. O

Proposition 5.4. The validity of Conjecture 4.3(iii) is independent of the choice of U.

Proof. Tt suffices to fix vy in U and consider the effect of replacing U by the set U’ := U \ {vo}.
We fix a family V; = (V,j))wﬂ,i of subgroups as in Lemma 3.4 and assume, following Remark 3.6, that
for each place w above vy one has V,, = A(m,,). We also write VZ for the associated family (V,)w¢u, -
Then, setting

Evp =LAk, - Li(ALk, D71,
it is enough for us to prove that
36.r(Ew) = (XESPL(A, V) = xBSP(A, Vi) — (XEM (A, V) — x&M(A, VL)) (23)

in Ko(Z[G], R[G]). In addition, &,, belongs to the subgroup K1 (Q[G]) of K{(R[G]) and we claim that
Nrdgjg;(€y,) 1s equal to the evaluation at u = 1 of the expression

Nrdg, (611 — u® 200 - (Q,[G] @7, Te(A))")
= Nrdg,(g)(1 — u®EWp*e™)  (Q,[G]®q, Hoy(k(v0)/Zp, Dyy))” ).

Here ¢ is any choice of prime different from p and ¢, is the geometric p-th power Frobenius map on
T;(A), the endomorphism ¢ is such that pg is induced by the crystalline Frobenius on the fibre D,, at
vg of the covariant Dieudonné crystal D and the above displayed equation follows from the result [23,
Theorem 1] of Katz and Messing. To verify this claim about Nrdgg(&y,) it is enough to fix an arbitrary
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x € Ir(G), with a corresponding realisation V, over Qj with £ # p, and then note that

ey (Nrdgyg)(£y)) = det(1 — 2™ : V, ®7, To(A))
= det(1 — ¢2") : Homge(6)(Vy. Q[G] ®z, Te(A)))
= e (Nrdg,g)(1 — 952" : Q,[G] ®z, Te(A)))
= e, (Nrdg,(61(1 — ¢, 5" (Q[G] ®z, Te(A))")).

Here the second equality follows from Remark 2.3 and all others are clear.

In addition, our assumption that V,, = A(m,,) for places w above vy implies there are exact triangles
in DP*(Z[G)) of the form

SCVZ(A’ L/K)— SCy,(A,L/K) —> @ Ak(w))* [-1]—,

wlvg

RI'(X, EI)* — RU(X, L))" — € Lie(A)(k(w)*[-1] — .

wlvg

These triangles in turn imply that there are equalities in Ko(Z[G], Q[G]):

xSP(A, V) — xESP(A, Vi) = —x6 (D Atk(w))*[-1],0),

wlvg

XENA, V) — xEMA, VL) = —xz,161( €D Lie(A)(k(w))*[—1],0).
wlvg

To prove (23) it is thus enough to show

86.¢(Nrdg,(6)(1 — 93EM0) : (Q[G] ®z, T (A)) N =xz,10)( D Ak){EI*[-11,0)  (24)
wlvg

for every prime £ # p, and also that

8.p(Nrdg,c1(1 — (p~'9)* 2™ : (Q,[G] ®q, Hay,(k(v0). D)) "))
= x2,161( D Ak)){p}*[—11,0) — xz,161( D Lie(A)(k(w))*[—11.0). (25)

wlvg wlvg

Here, for each prime g, we write §g,, for the composite homomorphism
0z,161., © Nrdg, (6D ™" : £(Q[G)* — Ko(Z,[G]. Q[G)).
Now, if £ # p, then the complex

RT (k(vo), T¢(A) ® Z[G]) = D RI'(k(w), Ty (A))

wlvg

is acyclic outside degree one and has cohomology € A(k(w)){¢} in that degree. This gives rise to a

short exact sequence of Z,[G]-modules wlvo
1— deg(vq)
0 — Homy, (Ty(A), Z([G]) —— Homyp, (T¢(A), Z,[G]) — @ Ak(w)*{£} — 0,

wlvg

which leads directly to the equality (24).
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We next note that, by a result of Kato and Trihan [22, 5.14.6], for each w dividing vy the complex
A(k(w)){p}[—1] identifies with RI"(k(w), Sp, ), where Sp, is the syntomic complex over k(w) (obtained
as a fibre of the syntomic complex over U), and hence that there is an exact triangle in pref(z p[G]) of
the form

l_wdeg(vo

B Ak PH—11—> Z,[G1®2, R erys (k(10)/Zp, D% = 7, [G1®7, R erys (k (v0)/Zp, Dyy) —

wlvg

There is also a natural exact triangle in pref(z »[G])

@D Lie(A) (k)[—1]1 = Z,[G1®z, Rerys(k(v0)/Z,p, D%) > Z,[G1®2, RTerys(k(v0)/Zp, Duy) — -

wlvo

The required equality (25) now follows directly upon applying Proposition 5.1 with R = Z,[G] and
the triangles in (14) taken to be the images of the above two triangles under the exact linear duality
functor R Homgz,(—, Z})) on pretf(z »[G1). (These triangles are easily seen to satisfy the hypotheses of
Proposition 5.1 since the modules A(k(w)){p} and Lie(A)(k(w)) are both finite.) O

Remark 5.5. The results of Propositions 5.3 and 5.4 will play a key role in later arguments. In
Proposition 9.2 below we will also establish a further consistency property of Conjecture 4.3 with
respect to changes of field extension L/K.

5.3. A reformulation. We next establish a useful reformulation of the equality in Conjecture 4.3(iii).
In [32, p. 509] Schneider shows that the pairing hIX’TL can be factored in the form

W' =log(p) ha. (26)

for a certain nondegenerate skew-symmetric bilinear form 4 1 : A(L) x A" (L) — Q.
We write
h%', : Detgg) (@ ®z SCy, (A, L/K)) = Detgygy(0).

for the isomorphism induced by % 4 ; and then define an element of Ky(Z[G], Q[G]) by setting
X660 (A, Vi) == x6(SCy, (A, L/K), h%).
For each x in Ir(G) we define a function of the ¢ := p™* by setting
Zy(A, x,t):=Ly(A, x,s)
and normalise its leading term at r = p~! as follows

Zg(Asxo p~hi= tim (1= pt)™ - Zy (A, ). 27
—p

Proposition 5.6. (i) There exists a unique element Zj;(Arx, p~ Y of K\ (Q[G]) with the property that

Nrdare)(Z5 (ALk, p~))y = Z5 (A, x, p7 D)

for all x in Ir(G).
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(ii) If claims (i) and (ii) of Conjecture 4.3 are valid, then the equality in claim (iii) of Conjecture 4.3 is
valid if and only if in Ko(Z[G], Q[G]) one has

06 (Zy(ALk. ™) = XG0 (A, Vi) = x&"(A, Vi) + x5 (A).

Proof. The argument of Proposition 2.2 implies, via the equalities (1) and (2), that o (Z; (A, x, q‘l)) =
Z;(A,wo ¥, g1 for all x in Ir(G) and all automorphisms @ of C, and hence that the element
(Z}(A, x, p‘l))x of (C[G])* = erlr(c) C* belongs to the subgroup ¢ (Q[G])*.

Given this, claim (i) follows from the Hasse—Schilling—Maass norm theorem and the fact the same
proof also shows Zj; (A, x, p~1) is a strictly positive real number for x in Ir*(G).

To prove claim (ii) we set ry 1= ran(x) and r)’( :=rag(x). Then the order of vanishing of Zy (A, x, 1)
att = pfl is equal to r, and hence, since the leading term of (1 — p!=%)x at s =1 is equal to (log(p)),
it follows that

Z5(A, x, ph) = (log(p)) ™ - Li (A, x, 1).

Thus, writing ¢/, for the unique element of K (R[G]) with

Nrdrig)(er k) = (log(p))~"*

for all x in Ir(G), one has
ZH (AL, p~ ) =erk - Ly (Arsk, D).

On the other hand, the equality (26) implies that

XER(A, VL) = xBP(A, Vi) + 6] )

where &} /K is the element of K;(R[G]) that is represented by the automorphism of the R[G]-module
R®z HO(SCVL (A,L/K))=R®jz A'(L) given by multiplication by log(p)_l.

Given the last two displayed formulas, the claimed equivalence will follow if one can show that the
assumed validity of Conjecture 4.3(i) implies &} /k =E€L/k- But this is true since, for every yx in Ir(G),
one has

Nrdgic)(e] k) = dete (log(p) ™" | Homeggy(Vy, C®7 A'(L))) = (log(p)) "
= (log(p))™"* = Nrdr[c)(e1/K) -
Here the first equality follows directly from an explicit computation of reduced norm, the second from
the fact r)’( is (by its definition) equal to dim¢ (Hom@[G] (Vy,C®z A’ (L))), the third from the assumption
that Conjecture 4.3(i) is valid (and hence r)’( =r,) and the last directly from the explicit definition of
eL/k given above. O

6. Syntomic cohomology

In this section we recall relevant facts concerning the complexes of syntomic cohomology with compact
supports that are constructed by Kato and Trihan in [22].
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At the outset we fix a finite Galois extension K’ of K over which A ® x K’ is semistable at all places,
write L’ for the compositum of L and K’ and set G’ := Gal(L’/K). Taking advantage of Proposition 5.4
we shrink U (if necessary) in order to assume that no point on U ramifies in L'/K.

We also fix a Galois extension of fields F’/F with

K'cFCcF cL

and set Q := Gal(F’/F). (Whilst the use of this auxiliary extension F’/F adds a degree of notational
complexity to the results in this section, it provides results that we can then directly apply in the proof of
Theorem 4.10 given in Section 9.)

Then, with N denoting either F’' or F we set Ay := A ®g N and write Xy and Uy for the integral
closures of X and U in N and Ay /Xy for the Néron model of Ay over N. Let my : Xy — X denote
the natural map. Let X “. be the log scheme with underlying scheme X - equipped with the log structure
associated to the divisor X ;r — U, and we abbreviate to Oy the structure sheaf Oy, /zZ, for the small
étale log crystalline topos (X y)*/Z petys-

Since A is semistable over N, the construction in [22, §4.8] gives a Dieudonné crystal

Dy := Diog(An) (28)
on (Xy)*/Z perys. We then write D?V for the kernel of the surjective morphism of sheaves Dy —
i(XN)u/Zp,*(Lie(DN)) in ((XN)ﬁ/Z,,)Crys described at the beginning of [22, §5.5].

We fix a Gal(L'/K)-equivariant Ox-submodule £} of 7/ Lie(Dy ) that is associated to (Wz/u)w¢UL/
following Section 3.5, and set Lp = (L)% E/F) which is a Q-equivariant Ox-submodule of
g «Lie(Dgr). For simplicity, we write

L :=Lp. (29)
(In the intended setting, we will assume that £;, and hence £, satisfies the conclusion of Lemma 3.9.
As noted in Remark 3.5, it may not be possible to arrange £’ to be the pushforward of a vector bundle on
X F’ Or X F-)
We also assume that for some positive integers n(w) for each place w of Xz not in Up/, we have

Lie(Dp)(m2"™)y ¢ W/, C Lie(Dp)(m"™).
(This can be arranged by shrinking W, if necessary.) We set

E:= ) nww,

wgéUF/

which turns out to be a Q-stable divisor of X g since n(w) = n(w’) if w and w’ are above the same place
in Xr by construction. Then by the condition on (W,,),, we have

wp Lie(Dp)(—2E) C L' C npr Lie(Dp)(—E).

Let us write Opy(—E) for the crystal on ((X Mz perys that is obtained as the twist of Oy by —E
and then set D(—E) g := Dp Q0 Oy (—E).
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By [22, 5.5.2], we have a distinguished triangle of Q-equivariant (small) étale sheaves on X p:
Ru,D(—E)\) — Ru,D(—E)p — Lie(Dr))(—E) —

where u’ : (X p)* /Zp)crys —> X F ¢ 1s the natural morphism of topoi.

We would like to modify Ru/, D(—E) - using the Q-equivariant Ox-submodule £’ of 7p Lie(Dp)(—E),
and for this to make sense we need to apply the pushforward 7 , to the above distinguished triangle. To
alleviate the notation, let us write

. 1
Rup//K = JTFI,*RM*

sending a crystalline sheaf of Ofy-modules to a complex of étale sheaves on X (viewed in a suitable
derived category).

We can now define a complex Rup g D(—E );5/) viewed in the derived category of Q-equivariant
étale sheaves on X so that it fits in the following distinguished triangle

Rupyx D(—E);) — Rupx D(—E)p — npr JLie(Dp)(—E) /L —

(For technical reasons, we directly define Rup x D(—E )E;C,/) via the distinguished triangle above without
defining the crystalline subsheaf D(—E )(E) of D(—E)r. Note that D(—E )Sf,/) can be defined if £’ is the
pushforward of a vector bundle on X ¢, in which case the above construction recovers Ru /g (D(—E )(L ))
cf. [22, §5.12].)

Following [22, §5.12] there are canonical morphisms of complexes of étale sheaves on X

Rupx D(=E)® 5 Rup x D(—E)E) and  Rup x D(—E)® % Rup,x D(—E)E

(In fact, since all the above objects can be explicitly represented by choosing good embeddings locally, the
argument in [22, §5.12] can be directly applied to these complexes of étale sheaves instead of crystalline
sheaves on ((Xp/)ﬁ/Zp)crys.)
They then define the syntomic complex with compact supports S DUEE to be the mapping fibre of the
morphism
Rup x D(—E)® =% Rup x D(—E)5, (30)

which is an object in the derived category of Q-equivariant étale Z ,-sheaves on X.
If furthermore F’/M is Galois for some intermediate field M of F/K, then by choosing E to be
Gal(F'/M)-stable we may give a natural Gal(F’/M)-action on Rup/ /x D(— E)F, , Rupx D(— E)F, ,
and S DEE)" Recall that £/ = (£ )5 ©'/F") for some Gal(L'/ K )-equivariant O-submodule of 77/ ,Lie(Dy),
so the Q-action on £’ naturally extends to the action of Gal(F'/M).

If we have £ = JTF/’*Z/ for some Q-equivariant Oy ,,-submodule L' of Lie(Ap), then the above
constructions can be carried out over X’ as in [22, §5.12]. To explain, we can define an Or/)-submodule
D(— E)(ﬁ ) of D(—E) g, and define S‘D(E‘g/) to be the mapping fibre of

o

Ru,D(—E) =4 Ry D(—E)£". 31)
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(See loc. cit. for details.) Furthermore, we have a Q-equivariant quasi-isomorphism

SD;E/,L’) = nF/’*SD;L?[:/) .
On the other hand, in the presence of wild ramification it seems difficult to find £ coming from a
Q-equivariant Oy ,,-submodule that satisfies the conclusion of Lemma 3.9.

Lemma 6.1. Let E, L' and (W,))wqeu,, be as above, and write E = Zwﬂ,ﬁ n(w)w. For each w ¢ U
write V,, for the unique subgroup of Ap(O,,) with Ap: (mﬁ,n(w)) cV, CAp (mﬁ,(w)) and whose image in
Ap (mﬁ)(w))/Apr (mzw"(w)) = Lie(AF/)(mﬁ)(w))/Lie(Ap/ (mzw"(w))) coincides with the image of W, . Write
Vi, for the family (V).

Then there are natural isomorphisms in D(Z ,[ Q]) of the form
RU(X, Spe.cr ® Qp/Zp) = RUyryr, (Up', Aucr)p- (32)
F/

In addition, if M is any intermediate field of F/K over which F' is Galois and E is chosen to be
Gal(F'/M)-equivariant, then the above isomorphism is well-defined in D(Z ,|Gal(F'/M)])).

This lemma is a generalisation of [22, Proposition 5.13] in that the isomorphism (32) is proven to be
Galois equivariant and £’ is not required to come from a vector bundle over X g

Proof. Using the definition of RTy v, (Ur', Awr)p (4) and [37, Theorem 1.1], one can reduce the
isomorphism (32) to the following local statement: For any v € X \ U, we have a natural isomorphism
RF(SPCC Ov, SD(E,L/)) = 1_[ V;)[—l] (33)
F! wlv

equivariant for the Q-action (respectively, for the Gal(F’/M)-action if F'/M is Galois for some interme-
diate extension M of F/K).

This local claim is a slight generalisation of [22, Lemma 5.14] in that the isomorphism (33) is required
to be Galois equivariant and W), is not required to be an O,,-module.

It remains to verify the local claim. Observe that for fixed D the restriction of Sz, to Spec O, only

F/

depends on n(w) and W;, for w|v, and n(w) is independent of w|v. So let us write

W) . _
Sy =S,

’
LE,’L ) |Spec 0,

where n = n(w) for any w|v. To simplify the notation, for any positive integer n we write
W = Lie(Ap)(m").

Note that the choice (ng"(w)) /)w¢Upf corresponds to 7 .Lie(Ap)(—E), which contains £'.

Let us first show that the local claim (33) is implied by the special case for W, = W,f)")/. For this,
we construct a distinguished triangle in the suitable derived category of equivariant étale Z ,-sheaves on
Spec O,:

! (n)r
Sy s T W W11 (34)

wlv
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Indeed, this can be obtained from the following commutative diagram where each row is a distinguished
triangle

W) 17e /
Szn)(v " —— Rupx D(—E) Vo, — Rupx D(—E)"|o, —

(n)r J/ 1— J/
SpM s Rupx D(—E)|o, ——— Rupx D(—E)|o, —
together with the fact that the mapping cone of the rightmost vertical arrow is isomorphic to W,E,")/ /W,
Let flp/ (m?) C Ar(Oy) denote the kernel of reduction modulo m”. Then by (34) and the natural
isomorphism
Wy Wit = Ap () /A i+, (35)

the general case of the local claim is reduced to obtaining the Galois equivariant isomorphism (33) when
W, =W and V! = Ap (™).

We have thus reduced the proof of the lemma to the case when £’ = mp Lie(Ap)(—E). We will
proceed by induction, for which it is convenient to allow £’ = mp Lie(Ap)(—E’) where E’ is a
Q-equivariant divisor such that E' — E and 2E — E’ are either effective or trivial. Since £’ is the
pushforward of a Q-equivariant Ox ,,-module L' :=Lie(Ar)(—E'), we also have a “syntomic complex”
S Dt 7 over X pr, constructed as the mapping fibre of the map (31). For any w € X \ Up, let us write

N’S’VZ; | = SD(E,'Z/) ’Spec Oy’
where n = n(w) and m are the coefficients of w in E and E’, respectively. Since SD(E oy =Tp, SD(“’)’
the left-hand side of (33) also decomposes in terms of ST D %W Therefore, to complete the proo/f, it

suffices to show that for any positive integer n and w € X \ Up we have a natural isomorphism
~n, WO A n
RT(Spec Oy, Sp,, ) = A(my,) (36)

equivariant for the Q,,-action (respectively, for the Gal(F,,/M,)-action where v is the place under w if
F’/M is Galois for some intermediate extension M of F/K).

Let us prove (36) by induction on 7. If n =1 then the isomorphism (36) can be deduced by inspecting
the distinguished triangle (4) using Theorems 1.1 and 1.2 in [37], where the Galois equivariance follows
since the comparison maps in loc. cit. are constructed naturally. Although the results were obtained only
for p > 2 in loc. cit., there is an alternative proof that works for any p via the prismatic Dieudonné
theory [1]. To give further details, [37, Theorem 1.2] holds for p = 2 if [37, Theorem 1.1] does, and
(the projective limit of) [37, Theorem 1.1] can be deduced from [1, Proposition 4.83 and Remark 4.85]
if we show that the prismatic and crystalline constructions of the syntomic complex in [1] and [37]
coincide. For this we may (and do) pass to some complete intersection semiperfect ring by p-power
root extraction to represent the two syntomic complexes by explicit two-term complexes of modules,
and the desired isomorphism follows from the comparison between crystalline and prismatic Dieudonné
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theory over quasisyntomic bases in characteristic p [1, Theorem 4.44] as well as the comparison of the
Hodge and Nygaard filtrations. (The Nygaard filtration for prismatic Dieudonné crystals is defined at the
beginning of [1, §4.8], and the claimed compatibility with filtrations can be read off from the proof of
[1, Theorem 4.44] using [1, Lemmas 4.40 and 4.43]. Note also that in [1, Remark 4.85] we have f;: =p
for characteristic p base rings, so the comparison in [1, Theorem 4.44] is compatible with the divided
Frobenius maps.)

Assume that we have a natural isomorphism (36) for n, and we shall deduce (36) for n + 1. By (34)
applied to W/, = W' we get

~n, WO+ ~n, W

n)’
Spw —S8py — Lie(Ap)® (ml /miH)[—1]— . (37)

We now claim that the map
~n+1,W,£J"+1)/ - ~n,W,(U"+])/

Spw =>Spw > (38)
induced by the natural map D(—(n + 1)w) — D(—nw), is an isomorphism. To verify this assertion we
may ignore the Galois action, which enables us to represent the syntomic complexes explicitly following
[22, 5.14.1].

Let S* be Spec O, equipped with the divisorial log structure for the closed point. Choose an isomor-
phism O,, = k,, [T, and write P* to be Spec W (k,,)[T ]| equipped with the divisorial log structure given
by the ideal (7). Then the natural closed immersion S* < P? is a good embedding in the sense of [22,
§ 5.6]. Let o be the lift of Frobenius on Op = W (k) T] given by o (T) :=T7.

. . - ’W]Lm)/
For any integers n, m with 0 < n < m < 2n, we can represent Sr;)’w as the total complex of the
double complex

(0) 1—p71 Fr1 (0)
TnD(Si,pu) TmD(Su,pu) +T"D(sti,pn)

| |

1-p~lo®Fr1
OpL QT D5 pry ————— OpL @ T" Dy pr

This shows that the mapping cone of (38) is quasi-isomorphic to the total complex of the double complex

0 0
T" D pr, 1—p~ Fr1 T"'Dise pty+T"Digh pr,
0
TG b T"“Tsﬂ,m)

_dt o T"Dis: piy I=pTle®Ftl o dt o T"Disip

P t Tn+1D(Sﬁ,P5) P t Tn+1D(Sﬁ’PIi)
It suffices to show that both horizontal maps are isomorphisms. Indeed, since p~! Fr1 takes T”" D((g,)j Pt
into 77 Dz pr), the top horizontal map coincides with the map induced by the natural inclusion 1, which
. . . . 1~ ) 1 (0) .. .
is an isomorphism since 7" D g psy = T"'Dsz psy N T"D g ps- Similarly, the bottom horizontal

map coincides with the identity map.
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Now combining (35), (37) and (38), we verify the desired equivariant isomorphism (36), which the
lemma was reduced to. (Il

Recalling that Q =Gal(F'/F), we now define objects in D(Z ,[ Q]), respectively in D(Z,[Gal(F'/K)])
if F’/K is Galois, by setting
Ip = RT(X, Rupx D(—E)Y @ Q,/7,)"[-2]
and
Pp:= RT(X, Rupx D(—E)'5) @' Q,/Z,)*[2],

where £’ is as defined in (29). The following result describes the connection between these objects and
the constructions made in earlier sections.

Lemma 6.2. Let E, Vi and M be as in Lemma 6.1. Then there are canonical exact triangles in
D~ (Z,[Gal(F'/M))) of the form

1- 0 i
P =5 Ip = RUa v, (Up, Awr)j[=2] = Ppll1] (39)
and
Pr 5 Ip — RU(X, L) [=2] — Pp[l]. (40)

Proof. By the result of Lemma 6.1, the triangle (39) is obtained by applying the exact composite functor
R (X, —Q »/Zp) to the exact triangle (of complexes of sheaves) that results from the definition of
S DEL) as the mapping fibre of (30).

The exact triangle (40) results in a similar way by using the canonical exact triangle
£ = RupxD(—E)Y " Q,/Z, > Rup;x D(-E)E’ @ Q,/Z, —
described by Kato and Trihan in [22, §6.7]. O

The complexes Iz and Pg are not known, in general, to belong to DP(Z p[Gal(F'/F)]) and hence,
for our purposes, we must adapt the triangles (39) and (40), as per the following result.

Proposition 6.3. Let M be any extension of K over which F' is Galois. Set J := Gal(F'/M), and let
N be an order in Q,[J] that contains Z,[J] and is such that the complex t>_1(MN ®%,,[ 7] Ip) can be
represented by a bounded complex of projective N-modules.

Then the triangles (39) and (40) induce exact triangles in Dref o) of the form

1-
Tzfl(m ®%p[” PF’) __g Tzfl(m ®%p[/] IF/) - m@%p[” RFZII,VF/(UF/, Ator);[_z] -,
1
T 1 M®F () Pr) = =1 N®Y ) 1) —> NG )y RT(X, L) [-2] — .

Proof. The results of Proposition 3.7(i) and Lemma 3.9 imply that both of the complexes C; :=
RT4 v, (U, Ator)’;[—Z] and C; := RT'(X, £)*[—2] belong to Dperf(Zp[J]) and are acyclic outside
degrees 0 and 1 and 2.
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In addition, a finitely generated, torsion-free, Z,[J]-module of finite projective dimension is itself
projective (by [3, Theorem 8]). By a standard resolution argument (as in the proof of Lemma 3.8(iii)), it
therefore follows that the complexes C; and C; are both represented by complexes of finitely generated
projective Z,[J]-modules, all terms of which are zero in every degree less than —1 and every degree
greater than 2.

This in turn implies that 91 ®%F[ ;1 Crand N ®%p[ 71 C2 belong to DP (1) and are both acyclic in all
degrees less than —1.

Given this last fact, one obtains exact triangles in D™ (91) of the stated form by simply applying the
exact functor 91 ®%p[ s~ to the triangles (39) and (40).

To prove that these respective triangles belong to DP9 (rather than just D™ (N)) it is enough, since
m@%p[ ;€1 and ‘ﬁ@%p[ 71 C2 both belong to DPe(91), to prove that the complex C := 7= _ (N ®%p[ nlr)
also belongs to DP(91).

To do this we note that, by assumption, C is represented by a bounded complex of projective 91-modules
and, by [22, Proposition 5.15(i)], all cohomology groups of C are finitely generated over 1. Taken
together, these facts combine with a standard construction of resolutions to imply C belongs to DP™ (1),
as required. O

Since t>_1(N ®%p[ 711F) 1s acyclic outside finitely many degrees the stated condition in Proposition 6.3
is automatically satisfied if the order 91 is hereditary (and hence, by [11, Theorem (26.12)], if it is a
maximal order).

With Theorem 4.10 in mind, in the next section we will show that, under suitable conditions on Ay,
and F’/M the condition in Proposition 6.3 can also be satisfied by orders that are not maximal.

Then, in Section 8, we shall study in greater detail the long exact cohomology sequences of the exact
triangles in Proposition 6.3.

7. Crystalline cohomology and tame ramification

We continue to use the general notation of Section 6. We also assume that the extension F’/F is tamely
ramified and write 7 : X » — X for the corresponding cover of smooth projective curves. We fix a log
structure on X g associated to the divisor X pr — Upr, write X Inw for the associated log scheme and note
that the natural map 7t X ﬁ, — X % is Kummer-étale (in the sense of [28, Definition 2.13]).

We write u : (XnF/Z,,)CryS — Xpeand u': (Xiip,/Zp)Crys — (X pr)g for the natural morphism of topoi.

In this section we shall construct certain complexes of Q-equivariant €tale Z,-modules that represent
Ru,D(—Er)©® and Ru,D(—E );9,), where E is the pull back of a suitable divisor Er of X g supported
exactly at X \ Up. This construction will play an important role in the proof of Theorem 4.10.

7.1. Digression on log de Rham complexes. The main result of this section is the following general
observation concerning crystalline sheaves.

Proposition 7.1. Let € be a locally free crystal of Ory-modules (with Ory := OX}/Z,,)'
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(i) There exists a bounded below complex C(w**&) of torsion free 7 plQl-modules that has both of the
following properties.

(a) Each term of C(n**&) is an induced 7 plQl-module; in other words, in each degree i there is

an isomorphism Z ,[ Q1-modules
Cl(x**€) = nd2 (C' (7**€)9),

where e denotes the identity element of Q.
(b) For each normal subgroup J of Q there is an isomorphism in D(Z,[Q/J])

Homy,(1(Z,, C(7**€)) = Rlerys(X%,, /2y, 757E),

where " 7 X L X 1}? is the natural projection.

FJ

(i) If there is a short exact sequence of sheaves

08> &—i F—0

X5/Z,,%
for a vector bundle F on X r, then claim (i) is also true with & replaced by E°.
7.1.1. As preparation for the proof of this proposition we start with the following technical result.

Lemma 7.2. There exists a formal scheme %% over 7, that is a smooth lift of X Iﬁp Furthermore, for any
finite Kummer-étale covering X X 51, there exists a finite Kummer-étale covering 7* x> %i that
lifts w° : X%, — X%.

Proof. This lemma is obtained from the infinitesimal deformation theory for smooth log schemes (see
[21, Proposition 3.14]). More precisely, if %%n is a (flat) lift of X over Z,/p", then it is easy to see
that Z{%n is log smooth over Z,/p" (where Z,/p" is given the trivial log structure). To see this, one
applies Kato’s criterion [21, Theorem 3.5]. By [21, Proposition 3.14(4)], the obstruction class for lifting
ift}p LoverZ,/ p"*! lies in H*(XF, a)X ) =0, where Wy is the sheaf of differentials with log poles at
Xr — Ur. We write :{ﬁ for the natural inverse limit lim Z{fp "
The sheaf of relative log differentials wx* /X being trivial, we conclude that the finite Kummer-étale
covering i X ﬁ, — X5 # canonically lifts to nﬁ %n/ — %t} (cf. [21, Proposition 3.14]). This produces
the desired finite Kummer-étale covering 77° : x5, - :{tt . ]

We use this lemma to obtain some complexes representing Ru,£ and Ru/, (w%*€) for a locally free
crystal £ of O(ry-modules. Given such £, we obtain a vector bundle Ean that is equipped with an integrable
connection with log poles V : anF — 536; (X)(QBEFEB%ir .

Since X % — %fw is a good embedding in the sense of [22, § 5.6], it follows that £ is functorially
determined by (gxﬁf’ V) by [21, Theorem 6.2]. The same holds for any locally free crystal £ of O g/ -
modules, and the associated vector bundle with integrable connection with log poles (5;612/, V).



A refinement of the Birch and Swinnerton-Dyer conjecture in positive characteristic 667

Recall that the map 77 : Xpr — XF is flat! and we have ﬁ*a)%: > Wy
F F’

we can define pull back and push forward by 7 for vector bundles with connection with log poles (just as

by [21, Proposition 3.12], so

the unramified case).

By unwinding the proof of [21, Theorem 6.2], one can see that the construction & ~~ (qunw , V) (and
the same construction for £’) respects the pull back and push forward by 7* so that one has both
((”u’*g)x’;,’ V) = 7'?*(8%5:?, V) and ((nié”)qu, V) = ﬁ'*(é’;e,j , V).

In particular, both (7%*€) . and (o}

: &N X have naturalFilorizontal actions of Q.

Let Xf , denote the closed subscheme of X cut out by the ideal generated by p". Then a coherent
Ox,.,-modules F,, can be seen as a torsion étale sheaf on X -, where for any étale morphism f:Y — Xf ,
we have F,(Y) :=T'(Y, f*F,). Similarly, any coherent Ox,.-module F can be viewed as a Z ,-étale sheaf
on X r; namely, the inverse system of torsion étale sheaves {F|x,}.

Now, for any locally free crystal £ of O(r)-module, the complex Ru.£ can be computed via the
complex of Z,-€tale sheaves on Xr given by 536’} AN anF ®O3€p Gan , where the first term is placed in
degree zero (cf. [22, § 5.6]). One also obtains a similar expression for Ru/ (7**£) as a complex of
“Z [ Q]-étale sheaves” on X p.

Given a short exact sequence

0> &—F—0,

where F is a vector bundle on X viewed as a log crystalline sheaf, we have a short exact sequence
0 — Ru,&E’ — Ru,& — F — 0, where F is viewed as a torsion étale sheaf on X . Therefore, we may
express

v -~ ~
Ru,& = [52% — Exz Q0x, 0z 1, (41)

0 .
where 536‘} denotes the kernel of g%’fp —» I X /Zp,*]: .

Remark 7.3. Note that %% can be obtained as a p-adic completion of a proper smooth log scheme X i,
over Z,, where the underlying scheme X is a smooth lift of X 7 and the log structure is given by relative
divisor Z C )?F smoothly lifting Z := | Xr — Up|.

Let us now give some examples of Ru,& for some £. When £ = Or) then Ru, O ry is the log de Rham
complex of X%; that is, the p-adic completion of the de Rham complex of XF with log poles along Z.

Given any divisor Er of X r supported in Z, one obtains a rank one locally free crystal of Or)-modules
&= O(F)(EF).

Let us now describe Ru,Ory(EFr). Viewing %; as the p-adic completion of the log scheme X 515 with
divisorial log structure associated to 4 , we can find a relative divisor E r of X £ that lifts Ef and is
supported in Z. Then from the definition of O(ry(EF) (cf. [22, § 5.12]), one can check that

~ V ~
Ru, O (EF) =[0%,(Er) = Oz, (EF) ®a)§nF] ®og, Oxp,

Ut suffices to verify the flatness at the formal neighbourhood of any closed point. And by Abhyankar’s lemma (cf. [16, A.11]),
the map of completed local rings induced by 7 is of the form W (F)[¢]] — Wty [[tl/ 1) for some e not divisible by p.
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where V is induced by the universal derivation d : Og, — wz: = Q5, (log Z). (Here, V is well defined

since E is supported in Z, where w % is allowed to have log poles )

7.1.2. We are now ready to prove Proposition 7.1.

We shall, for brevity, only prove claim (ii) since this is directly relevant to the proof of Theorem 4.10
and claim (i) can be proved by exactly the same argument.

Our strategy is to use Proposition A.7 to construct a complex C (75*E%) of induced 7 p[Q]-modules that
represents Rl"cryS(X /2y, 7%*EY) in such a way that C(£%) := C(n**£%)¢ is naturally isomorphic in
D(Zp) to RFCIyS(X /Z,, £9). (Since each term of C (7%*£Y) is an induced Z p[Q]-module, the complex
C (&% of termwise Q-invariants of C(r**£°) represents R Homgz,(o)(Z,, C(w**£Y)).)

We recall that RFCr},b(X]:t /Zp, &Y% identifies with RT« (X r, Ru,E®) and that Ru,E° is equal to the
complex 50 AN Exs (X)(g3t . In particular, since all the terms of Ru,E° are “coherent Ox,-modules”,
we can compute RFet(X F, Rufé’ ) via Zariski topology on X r (viewing Ru,&%as a complex of coherent
Oz ,-modules with additive differential). Note that the same properties hold for Ru/,(7**£%) as well.

We now choose the disjoint union of some Q-stable finite affine open covering ilt; of %i and regard
it as a Kummer-étale covering of Z{tfp We then let C(£°) denote the total complex associated to the Cech
resolution of Ru,&° with respect to iﬂfp. Similarly, we let C (**£%) denote the total complex associated
to the Cech resolution of Ru! (m%*£°%) with respect to the Kummer-étale covering L[IIIV X 3612 of %f,/,
which is a complex of Z,[ Q]-modules where the Q-action is induced from the Q-action on X . Then, by
Proposition A.7, we know that C(&Y is isomorphic in D(Z,) to RFCWS(Xi/Zp, &% and that C (%*£0)
is isomorphic in D(Z,[Q]) to RTerys(X",/Z,,, w5*E0).

In addition, one has 1151; X ﬁm = iﬂfp x Q and so in each degree i there is an isomorphism of
Z,[ Q]-modules

C' (m**£% = Homg, (Z,[ Q1. C'(£") = Ind, C* (%),

where C! (7%*£°) and C'(£°) denote the i-th term of C (7 **£°) and C (&), respectively. (Indeed, each
term of Ru/ (m**£°) is obtained by the pull back of the terms of Ru,£” as coherent sheaves, using
the isomorphism 7* wx” = w;En/ obtained in [21, Proposition 3.12].) Therefore, we have C (&% =
C(%*£92. (To see that the Ceéh differentials on both sides match, we note that the Cech resolution
C(m**£Y) is constructed with respect to the pull back ﬂfp x x, X of the Kummer-étale covering L[gp
of X, which was used for constructing the Cech resolution C (&%)

We will conclude by showing that for any subgroup J of Q the complex C(7%*£%)’ represents
RTerys(X5,, /Z,y, 7€), Note that

8 e X =1 3 (X5 /0) 28 x (Q/)).

So it follows that C (7#*£%)” is the total complex of the Cech resolution of Ru s, (707 *€%) with respect to

the Kummer-étale covering LlF X %F,, of X%, and so C(mh=g0%)/ represents RFcrys(Xi/, /2y, JT]’*EO)

F/J ’
by Proposition A.7.

This completes the proof of Proposition 7.1.
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7.2. The complex Ir. The following consequence of Proposition 7.1 regarding the complex Iz con-
structed in Section 6 will play an important role in the proof of Theorem 4.10.

Proposition 7.4. If the extension F'/F is tamely ramified, then Ig lies in DP"\(Z p[Q)) and is acyclic in
all degrees outside 0, 1 and 2.

Proof. Throughout this proof we use the notation introduced at the beginning of Section 6 with K’ = F.
By applying Proposition 7.1 to £ = D(—Ef)© (so we have 7%*£% = D(—E)\Y as E = n*Ep), we
obtain a complex of torsion-free induced Z,[Q]-modules Cf representing

RTerys(X%,/Z,, D(—E)'Y)) = RT (X rr, Rul(D(—E)))

0
FJ

is the pull back of Er to X . In particular, in each degree i there is an isomorphism of Z,[ Q]-modules
CL, 2 Homy, (Z,[ 0], (C;:)9).
Since (C;,)J is Z,-flat in all degrees i, for any normal subgroup J of Q there is an isomorphism

such that for any subgroup J of Q the complex C {,, represents R ¢rys (X fp /Z,, D(—Epi)y,,) where E g

Ipy Z(Ch ®z, Qp/Z,)*

in D(Z,[Q/J]), where the complexes on the right are defined by the termwise operations.
If we set I;, = (Ci, ®z, Qp/Z,)* and Il"p = ((CL)2 ®z, Qp/Z,)* for any i, then we have

I, =7,[01®z, 1},

which is a flat Z,[ Q]-module. Therefore for any subgroup J of Q the derived coinvariants Z, ®%p[ nlr
can be represented by the following complex defined by termwise operations:

7, ®z,111 (Cr ®z,Qp/Z,)* = (Cr)’ ®2,Q,/Z,)".

This implies, in particular, that Z, ®%p[ 1 1F 1s isomorphic in D(Z,[Q/J]) to 1.

Thus, since each complex [ is acyclic outside degrees 0, 1 and 2 and each cohomology group of
I is finitely generated over Z,, a standard argument (as already used at the beginning of the proof of
Proposition 3.7) implies that /5 belongs to pref(z »[Q1), as claimed. O

8. Crystalline cohomology, semisimplicity and vanishing orders

As further preparation for the proof of Theorem 4.10, in this section we establish a link between the long

exact cohomology sequences of the exact triangles constructed in Lemma 6.2 and the rational height

pairing of Schneider and then use it to study the orders of vanishing of Hasse—Weil-Artin L-series.
Throughout we use the notation of Lemma 6.2. For convenience, we also set

Ow := Gal(F'/M)

and Yg, := Q) ®z, Y for each Z,-module Y.
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8.1. Height pairings and semisimplicity. At the outset we recall that, by the general discussion given at the
beginning of [22, §4.3], for each intermediate field M of L’/K the Dieudonné isocrystal D(Auy|y, ) ®Q,
on (Umyz,)crys comes from an overconvergent F-isocrystal on Uy that we shall denote by

D}, =D"(Ay).
We further recall that, by [22, §4.9 and Proposition 5.15], there are natural identifications
Q) ®z, I = Q, ®z, Pr = RHomq, (RTsig.c(Ur', D}), @p)[—2] (42)

with respect to which the morphism 1 in the exact triangle (40) corresponds to the identity endomorphism
on RTyig o(Urr, DL).

Upon combining these identifications with the long exact cohomology sequence of the exact triangle
(39) we obtain a composite homomorphism

Bar.p:Q,®z A (F) 0 g (P, = H'(Ir)a, 2o, Q) ®z Homz (A(F"), Z). (43)

We also write
hA,F’,p,* : @p Xz AI(F/) — @p KRz HomZ(A(F/), Z)

for the isomorphism of @ ,[Q y]-modules that is induced by the algebraic height pairing /14 7 that occurs
in Section 5.3.

Proposition 8.1. If III(A/F’) is finite, then the following claims are valid.
(i) One has Ba r',p = (£1)*AF'» X hy ' p « for a computable integer au p p in {0, 1}.
(ii) The homomorphisms H' (@)a, are bijective for all i # 1, where ¢ :=1—¢
(iii) The Q,[Qm1-module ker(H' (9)a, is naturally isomorphic to Q, ® A'(F').
(iv) The composite map ker(Hl(gﬁ))@p C Hl(Pp/)@p = Hl([F,)@p — cok(Hl(gﬁ))@p is bijective.

Proof. Write € for the quotient of the category of Z,[Q y]-modules by the category of finite Z,[Qy]-
modules.
Then, since II1(A/F’) is assumed to be finite, the (nondegenerate) pairing 4 4 induces an isomorphism
in € of the form
A(F®7Q,/Z, - Homz(A'(F'),Q,/Z,). (44)

Next we set C' := Ry, vy (Upr, Awor). Then, since the kernel of the homomorphism H (=S
Selg,z(AF) in Proposition 3.2 is finite the natural map A(F') ®z Q/Z — Selg,z(AF) factors through a
map A(F')®z Q/Z — H'(C') in €. This homomorphism then gives rise to a composite homomorphism
in € of the form

A(F')®;Q/Z — H'(C), — H'(If) > H'(P})
— H*(C"), — Homgz(Sel;(A"), Q,/Z,) — Homz(A'(F'), Q,/Z,), (45)
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where the second and fourth maps are induced by the exact triangle (39) and the fifth by Proposition 3.2.
To prove claim (i) it is sufficient, after taking Pontryagin duals, to show that the morphisms (44) and
(45) in € coincide up to a computable sign and this is precisely what is established by the argument of
Kato and Trihan in [22, 3.3.6.2].
To prove the other claims we note that the long exact cohomology sequence of the exact triangle (39)
combines with the descriptions in Proposition 3.7(ii) to imply that H’ ((ﬁ)@p is bijective for all i ¢ {0, 1},
that ker(H O(gﬁ))@p and cok(H 2(@))@p vanish and that there are exact sequences of Q,[Q y/]-modules

0 O0/pn’
0 — cok(H($))a, — @, ® A (F') %% ker(H' (¢))a, — O,

(46)
0— cok(Hl(g?)))@p LEON Q, ®z Homz (A" (F"), Z) He, ker(Hz((f)))@p — 0.

Now, since hf" 18 bijective, claim (i) implies the same is true of the map B4, r and this fact combines
with the above exact sequences to imply that the spaces cok(H O(gﬁ))@p and ker(H z(gﬁ))@p vanish, as
required to complete the proof of claim (ii), and hence that the upper sequence in (46) gives an isomorphism
of the sort required by claim (iii).

Finally, claim (iv) is true because the bijectivity of 84 r combines with the upper sequence in (46)
to imply ker(H 1 ((Z)))@p is disjoint from ker(H L))o , Whilst the lower sequence in (46) implies that
ker(H'(0))q, is equal to im(H'(¢))q, . O

8.2. Orders of vanishing and leading terms. We now derive from Proposition 8.1 the following result

about the order of vanishing ra 3 (x) att = p~!

of the functions Zy,, (Ay, x,t) that are defined in
Section 5.3 for each character x in Ir(Q ).

We fix (and do not in the sequel explicitly indicate) an isomorphism of fields C = C,, and hence do not
distinguish between Ir(Q ) and the set of irreducible C,-valued characters of Q.

In particular, for x in Ir(Qjs) we may then fix a representation Qy; — Autc, (Vy) (that we also denote
by x) of character x, where V, is a finite dimensional vector space over C,,.

If R denotes either Z,[Q ] or Q,[Q ], then for each finitely generated R-module W and each x in

Ir(Qm) we define a C,-vector space by setting
WX = HomC,,[QM](vxv CP[QM] ®R W)
Theorem 8.2. For each x in Ir(Q ) the following claims are valid.

(i) ram(x) =dimc((C®z A'(F)*) = x(1)~" - dime (e, (C @z A'(F'))).

(ii) In each degree i the homomorphism H' (1 — @) induces an automorphism H' (1 — (p)§ of any fixed
complement to ker(H' (1 — ¢))* in H'(Pp:)X.

(ii1) ZZ}M Au, x, p H= Hi% det(H'(1 — (p)f()(_l)m, where the leading term is normalised as in (27).

Proof. We fix a finite Galois extension A of @, such that for any x in Ir(Qy) the C,[Q y]-module
V, descends to a A[Qy]-module V, 5. We write kp for the residue field of A and set g := #(k,).
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Then, for each x in Ir(Qy), we fix a A[Qy]-module V, A such that C, ® V, o = V, and, for any
Q,[Qm]-module W, we set

WK = HOmA[QM](VX,A, A ®@,, W)

We now give an alternative description of Hriig, cUr, D;,)X and H'(1 — go);, A in terms of the rigid
cohomology of overconvergent A-F-isocrystal; compare [38, (7.1)]. (In fact, we will work with over-
convergent Ag-F-isocrystal for some suitable subfield Ay of A.) We recall that an A-F-isocrystal is,
roughly speaking, an isocrystal with scalars in A (instead of Q) equipped with A-linear g-Frobenius
operator (denoted by ¢™)). In particular, given an overconvergent F-isocrystal (£, ¢) over Ug/, one
can “extend scalars” to obtain an overconvergent A-F-isocrystal €4 in the following way: if F’ con-
tains k5 and we set r := [k : F,], then (£, ¢") is an overconvergent Q,-F-isocrystal and so one can
set (Ea, M) := (€ ®a, A, ¢" ® A). In addition, there is the following base change result (cf. [8,
Theorem 11.8.1]): for any overconvergent isocrystal £ over Uy, there is in each degree i a natural
isomorphism

Hi, (U, &) ®g, A = Hly, (Upr, En),

and similarly for the rigid cohomology without support condition.

Thus, if we are to construct overconvergent A-F-isocrystals, we should assume that the base field
contains k. To do this, we shall, if necessary, replace F' by F” := F'-F,. Then F”/M is a Galois
extension and, setting Q’}, := Gal(F" /M), we regard Ir(Q ) as a subset of Ir(Q/},) in the natural way.
Now, if W” is a finitely generated module over either Z,[Q’,] or Q,[Q},] then (W")X = WX with
W = (W) G /F) Hence, to prove the claimed result, we can assume without loss of generality that
ka C F'.

In this case, H

g, JUp, D;,) is a Ap-vector space and there is a natural isomorphism

Hriig,c(UF/’ D;“/) ®@p Q)q = 1_[ Hriig,c(UF” D;’)’
Gal(Q,/Q))

with respect to which the endomorphism ¢ ® ¢ of the left-hand side corresponds to the following block
matrix on the right-hand side:

010 -0
001 -0
00--- 0 1
9" 0-- 00

One therefore obtains Q js-equivariant isomorphisms

' T W ~ pyi i AT
1 Hiy Ur. Dp)®) ®a, Qg = Hiy (Ur Dp g )",
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where the left-hand side is the product of generalised A’-eigenspace for ¢ and the right-hand side is

the generalised A" -eigenspace for @@

) := ¢". (Note that the underlying isocrystal for D, 0, is D;,,
equipped with the Q,-linear g-Frobenius ¢".)
Extending scalars from Q, to A, we now obtain an isomorphism
1 HigoUr, D)™ ®a, A= Hyg (Up (D)),

where the right-hand side is the generalised A" -eigenspace for 9™ := ¢” ® A, and so
detg, (H'(1—1-¢)) =dety (H' (1 — ¥+ Fr). o(M)y),

Now, by the main theorem of Tsuzuki [38, Theorem 7.2.3], there exists an overconvergent unit-root
F-isocrystal O'( x) over Uy with monodromy given by V, A, viewed as a Q[ Q y]-module. Furthermore,
OT(x) has a natural action of A commuting with the p-Frobenius operator ¢ and the connection; that
is, OT(x)isa Q p-F-isocrystal with A-action in the sense of Definition B.3 for Ag = @Q,. (Indeed, the
A-action on the level of convergent Ag-F-isocrystal is clear by construction since the A-action on VA
commutes with the Q,[Q y/]-action, and the A-action extends by the full faithfulness result [29, 5.1.1].)

We then obtain another Q- F-isocrystal DL (x):=0"(x)®a , DL with A-action and, in each degree i,
we regard

Hi(x) = Hég,C(UM, DZ,[(X))

as a A-vector space equipped with A-linear p-Frobenius operator ¢. We claim that there is an identity of
functions imn .
Zuy (Asr. . pt) = Tl deta(1=pr-g | Hiy o)V (47)
i

Indeed, this identity is a standard consequence of Lefschetz trace formula for rigid cohomology of Q- F'-
isocrystals with A-action; cf. Theorem B.9. (Its proof is a straightforward adaptation of the Lefschetz
trace formula for A-F-isocrystals in [15, théoréme 6.3]. In fact, in the special case that M contains kj,
one can directly construct a A-F-isocrystal on Uy, that computes Zy,, (Ay, x. pt) via the more classical

Lefschetz trace formula in loc. cit.)
Now, from Proposition 8.1(ii) we know that, for both i = 0 and i = 2, the endomorphism H'(1 — ¢) is

invertible on the Q,-linear dual H 1{4( x)Y of H zlu (x). From (47), we can therefore deduce that
ram(x) = dimy (ker(1 — ¢ | Hy (x)))
= dima (ker(1 — ¢ | Hy 00"))
= dimy (ker(1 — ¢ | (HLy (U, (D})2))5))
=dimy (ker(l —o|H' (A ®z, PF’)X))
= dimc (A" (F)%). (48)
Here the second equality is clear, the third follows from the isomorphism in Lemma 8.3 below, the fourth
from (42) and the first and fifth from Proposition 8.1(iii) and (iv). This proves claim (i).
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Claim (ii) follows directly from Proposition 8.1(iv) and the fact (already noted above) that H (1 — @)
is invertible on H,{,,()()v fori=0andi =2.
Next, the equality (48) implies that

det(l —pt-g | ker(l —@ | HI(PF/)X)) = (1 — pt)"A.M(X).

From this and our chosen normalisation of leading terms, the formula in claim (iii) follows directly upon
combining claim (ii) with the identity (47). ]

Lemma 8.3. For every absolutely irreducible representation x : Qp — Autp (V, a) as above, and every
degree i, there is a natural A-linear, Frobenius equivariant isomorphism

Hiy (Unt, DY O0)Y = (Hhy [(Up, (D) A))E.

Proof. All isomorphisms in the proof below can be checked to be Frobenius equivariant. Poincaré duality
identifies the A-modules H’._ (U, D;{,I()())v and H! (Up/ (DF,)A)v with H2 (U, L(X)v) and

rig,c rig,c rig

Hr?g ’(U F/s (D 2 YA) respectively, where DL( x)" and (D P ") a denote the dual as an overconvergent
F-isocrystal and an overconvergent A-F-isocrystal respectively. It therefore suffices to prove there exists

a natural isomorphism

Hi (Up, (DE)A)* = H Uy, Dy GOY). (49)

To show this we use the canonical isomorphism 7}, / M(D )= F,, where 7 r/ /) denotes the natural
morphism Xz — X ;. We also note that the proof of [10, Proposition 1.3] implies the overconvergent
vector bundle D;/ has a natural Qjs-action that commutes with its natural Frobenius operator. (To see
this, note that the natural Q js-action and the Frobenius commute on the log Dieudonné crystal D?,g , and
so the same must be true on the associated convergent isocrystal. Then one need only note that, by [29,
5.1.1], the category of overconvergent F-isocrystals on Up- is naturally a full subcategory of the category
of convergent F-isocrystals on Up.)

Now, by construction of D! (X)), there is a natural isomorphism of Qj/-equivariant overconvergent
F-isocrystals nF,/M(D OV = Vi ®a, D;, , where Vy  is viewed as a Q,[Qy]-module and
O acts diagonally on the tensor product. This isomorphism also respects the natural Q- and p-
Frobenius equivariant A-actions on both sides. Hence, since the underlying overconvergent isocrystal for

3.Aa ®a, D F, Y coincides with that of V. PCIN (D},v) A, one obtains the required isomorphism (49) via
the induced composite isomorphisms

Hiy(Un, DY (0)Y) = Hiyy(Upr, 75044 (D (0OY))

- Hrllg(UF' XA ®A (DF/ )A)QM

=> Hi (U, (D;,V)m.

Here the first map is induced by Shapiro’s lemma; its bijectivity is proved in [35, proposition 4.6]. The
change from x to x that occurs in the third isomorphism is for the reason outlined in Remark 2.3. [
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9. Proof of the main result

In this section we use results from earlier sections to obtain a proof of Theorem 4.10. At the outset we
note that Theorem 4.10(i) is proved by Theorem 8.2(i) and that Remark 4.11 allows us to assume that
ITI(A/L) is finite. We therefore focus on establishing the validity of the equality in Conjecture 4.3(iii).

For convenience, for each Galois extension F’'/M (as in Proposition 6.3) we define an element of
Ko(ZIQu1, Q[Qu]) by setting

XA, F'/M) :=00,(Z}, (A s p~O) = x g (An Ve + xGi (Au. Vi) = x g (Am).

where, we recall, the leading term element is normalised via (27).

9.1. A first reduction step. For a finite group I, a prime number ¢ and an element x of Ky(Z[I"], Q[I"])
we write x, for the image of x in Ko(Z,[I'], Q,[I"]) under the canonical decomposition (8).

Proposition 9.1. Assume II1(A/L) is finite. Then the statement of Theorem 4.10 is valid if and only if the
following conditions are satisfied.

(i) If M, is any given maximal Z ,-order in Q,[G] that contains Z,[G], then x (A, L/K), belongs to
the kernel of the homomorphism Ko(Z,[G], Q,[G]) — Ko(IM,, Q,[G]).

(ii) Assume that the set X1 U X in (13) is nonempty. Fix a field K' € 1 U Xy, set L' = LK’ and write
P’ for the normal subgroup of H' := Gal(L'/K") that is generated by the Sylow p-subgroups of the
inertia groups of all places that ramify in L' /K'. Then x (A, (L) P//K/)p vanishes.

(iii) For each prime £ # p one has

36.0(ZH ALk P~Ne= XG0 (A Vi) — xo (A

Proof. 1t suffices to check that the stated conditions are equivalent to the validity of the equality in
Conjecture 4.3(iii).

Thus, after taking account of Proposition 5.6, the decomposition (8) combines with the explicit definition
of the subgroup 74,1,k to reduce us to showing that the stated conditions imply the validity of each of
the following assertions:

(C1) x(A, L/K), has finite order;
(Cy) forevery field K’ that belongs to either Xy or X, x (A, L/K), is the image under nGG/ of an element
of Ko(Z,[G'], @,[G']) that belongs to ker(wrfj, );
(C3) x(A, L/K), vanishes if £ # p.
To check this, we first recall (from [5, §4.5, Lemma 11(d)]) that Ko(Z,[G], Q,[G])or is equal to the
kernel of the scalar extension homomorphism Ko(Z,[G], Q,[G]) — Ko(IMN,, Q,[G]). Given this fact,
condition (i) directly implies that x (A, L/K), has finite order, and hence verifies (Cy).

Next, we note that, for any K’ € X1 U X, the result of Proposition 9.2 below implies (in terms of the no-
tation of condition (ii)) that one has both x (A, L/K), = ng,(x (A,L'/K),) and ﬂg:/[,,(x (A, L'/K),) =
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x(A, (L/)P//K/)p. In particular, in this case, condition (ii) implies x (A, L'/K), belongs to ker(ng:/[,,),
as required to verify (Cy).

Finally, to verify (C3) we note that if £ # p, then Xg’h(A, Vi) vanishes. Thus, in this case, the
vanishing of the image in K¢(Z;[G], Q¢[G]) of the equality in Conjecture 4.3(iii) is clearly equivalent to

the equality stated in condition (iii). O

Before stating the next result we note that if J is a normal subgroup of a subgroup H of G, and we set
Q := H/J, then there is a natural commutative diagram

0 1 ol
K\ (QIG]) —— K| (Q[H]) ——2— K, (Q[Q])

36,@l lay,@ laQ,@ (50)
62 69

Ko(ZIG]. QIG]) — Ko(ZIH], QLH]) — Ko(Z[Q]. Q[Q])
where Gé;y g and 0 }1 o are the natural restriction and coinflation homomorphisms.

Proposition 9.2. If J is a normal subgroup of a subgroup H of G, with Q = H/J, then the composite
homomorphism Gg’Q o 98,H sends x (A, L/K)pto x(Apn, LJ/LH)I,.

Proof. We set QE’Q = QZ,Q 060G y» E:=L" and F:=L’.
At the outset we note that, by a standard argument using the Artin formalism of L-functions, one finds
that G(I;yQ(Zl*j (Ar/k, p )= Zy, ((Ap)F/E, p~ 1) and so the commutative diagram (50) implies

00.00c.0(Zf ALk, p~)) = 09.0(Z}, (Ap)F/e. p~ 1)) (51)

It is also clear that Qé,Q((@ -A'(L), —1)) =(Q- A'(F), —1) and, given this, an explicit comparison
of the equalities in Proposition 8.1(i) with F’ equal to L and F implies

08005 (A)p) = x5 (AE) . (52)

To proceed we write 7, 7" and 7 for the natural morphisms X; — X, X; — Xg and X — X. We
fix families of subgroups V; and W for the extension L/K as in Section 3.4 (the choice of which is,
following Proposition 5.3, unimportant) and write £;, for the associated coherent Ox[G]-submodule of
m.Lie(Ay, ). In the same way we fix families of subgroups V; and W, for the extension L/E and write
L', for the associated coherent Oy, [ H]-submodule of 7;Lie(Ax, ).

We assume, as we may, that V; C VL’, and hence also W; C Wi. This implies that there are exact
triangles in DP*(Z[H]) of the form

SCVi(A, L/E)— SCy, (Ag,L/K) — (Vi/VL)*[—l] —
and

RU(XEg, L£7)*— RU(X, L))" — (W, /W) [1] -,
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where, in the latter case, we have used the fact that the complexes RT'(X, ;L)) and RT'(Xg, L)) are
canonically isomorphic since 7, is exact. These triangles in turn give rise to equalities in Ko(Z[H], Q[H]),

06,1 (XG0 (A, Vi) = x&™M(A, VL) = Xge (A, VD) + xz,1m (Vi / Vi) [-11, 0)
— (X§™(A, V) + xz,tm (W] | WL)*[—11,0))
= KB (A, VD) = X" (A, Vi), (53)
where the last equality is valid since xz,(#1((V;/VL)*[—11,0) = xz,1m (W /WL)*[—1], 0) (by the
same argument as used in the proof of Proposition 5.3).

Upon combining the equalities (51), (52) and (53) one finds that the proof is reduced to showing that
there are equalities
0 o(Xna(AE. VD) = xp0(Ae. (V).
O o (XM (AL, V) = x§"(Ag, (V).
These equalities follow directly from the isomorphisms in DPe™(Z[ Q1)
L ~
Z1Q1®Y47,SCy; (A, L/E) = SCyys (Ap, F/E), 5
71Q1®yyy RT (X g, £})* = RT (Xg, (L£})7)*,

which are respectively used in the proofs of Proposition 3.7 and Lemma 3.9. (I

9.2. The case £ = p. In this section we verify that the conditions (i) and (ii) in Proposition 9.1 are
satisfied.

The key observation we shall use in this regard is provided by the following result. In this result we
use the notation and hypotheses of Proposition 9.1(ii).

Lemma 9.3. Fix a field K' in X1 U X; (so that, by assumption, INL(A/L’) is finite) and a Galois extension
of fields M, /My with K C M} C M, C L. Set J := Gal(M,K' /M) and Q := Gal(M,/M,). Also fix a
Zy-order Nin Qp[J] as in Proposition 6.3 with F' = MK’ and M = M,, and write ﬁfor the image of
MNin Q,[Q]

Then x (A, My/My), belongs to the kernel of the natural scalar extension homomorphism

Ko(Z,101, @,[Q0]) = KoM, Q,[Q)).

Proof. Under the present hypotheses, the exact triangles in Proposition 6.3 lie in DP™ (). Hence, after
taking account of the relevant cases of the isomorphisms (54), the exact functor A(—) := N ®95t — takes
these triangles to exact triangles in DP'(91) of the form

1— —
A(TZ_I (‘f( ®%p[]] PF’)) —(E) A(Tz—] (m ®%p[‘]] IF’)) - m@%p[g] RFar,VMz (UM29 Ator);[_z] - ’
1 =y /
At 1N @11 Pr)) = Atz 1N QY11 17) = N7 10y RT Xy, (L)) *[=2] -

with H := Gal(M,K'/M>). These triangles satisfy conditions (a), (b) and (c) of Proposition 5.1: in fact,
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the only condition that is not straightforward to check in this case is (b) and this follows from the results
of Proposition 8.1(ii) and (iv).

By applying Proposition 5.1 in this context, and taking account of the equality in Proposition 8.1(i),
one finds that the image of x (A, M>/M;), in Ko(ﬁ, Q,[Q)) is equal to the image under the natural
connecting homomorphism K (Q,[Q]) — Ky (ﬁ, Q,[Q]) of the product element

=2

25 (A, P~ - TLCH A= our i3 ) V" € Ki(@,[0)). (55)
i=0

Here we write 1 — @y, /p, for the morphism denoted by 1 — ¢ in the first of the exact triangles displayed
above, and identify each automorphism H'(1 — PMy /M, )Ez,, with the induced element of K1(Q,[Q]).

It is thus enough to prove that the element (55) vanishes, or equivalently, that its image under the
(injective) map Nrdg,[¢; : K1 (Qp[0)) — ¢(Qp[Q])* is trivial. In addition, given the characterisation of
Z”L}Ml ((Am) Myymy s p~ 1) in Proposition 5.6(i), the required triviality is deduced directly from the formula
of Theorem 8.2(iii) (with F’/M replaced by M,/M;) for every x € Ir(Q) and the fact that, in terms of
the notation of the corresponding case of Theorem 8.2(ii), for every i € {0, 1,2} and x € Ir(Q) one has

Nrdo, 101 (H' (1 = @aty /1), )x = det(H' (1= @ity a1,)3). 0

Turning now to the conditions in Proposition 9.1, we first fix a maximal Z ,-order 91 in Q,[G’] that
contains Z,[G’]. Then N is regular and so satisfies the conditions of Proposition 6.3 with F' = L" and
M = K (so J = G’). From Lemma 9.3 (with M, = L and M; = K, so Q = G), it therefore follows
that x (A, L/K), belongs to the kernel of the scalar extension Ko(Z,[G], Q,[G]) = Ko(M, Q,[G]),
where 91 denotes the image of 91 in Q,[G]. In particular, since 91 is a maximal Z ,-order in Q,[G] that
contains Z,[G], this shows that the condition of Proposition 9.1(i) is satisfied.

Next we consider condition (ii) of Proposition 9.1. To do this we note that, by our assumption on K’,
the group ITI(A/L’) is finite. In addition, the field F’ := (L") is a tamely ramified Galois extension
of K’ and so Proposition 7.4 implies that the conditions of Proposition 6.3 are satisfied by the data
J = Gal(F'/K') and Mt = Z,[J]. In this case, therefore, Lemma 9.3 implies that x (A, (F’)P//K’)p
vanishes, and hence that condition (ii) of Proposition 9.1 is satisfied.

Remark 9.4. A close reading of the above argument shows that we actually prove a (possibly) finer
version of Theorem 4.10(ii). Specifically, the validity of the equality in Conjecture 4.3(iii) is proved
modulo the subgroup of 74 1,k that is obtained by replacing the group Ko(Z,[G], Q,[G])ior in the
intersection (13) by its subgroup

(A) ~
ker(Ko(Z,[G1, @p[Glor —=> EP Ko, Q,[G))).
N
Here in the intersection 1 runs over all Z ,-orders of ,[G'] that contain Z ,[ G'] and satisfy the hypotheses

of Proposition 6.3 (with F' = L’ and M = K), N is the image of 91 in @Q,[G] and each Ay is the scalar
extension map that arises from the inclusion Z,[G] C M. We recall that the hypotheses of Proposition 6.3
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are automatically satisfied if the order 1 is hereditary but that, aside from this, finding other interesting,
and explicit, examples of such orders (beyond those that are used in the above argument) seems difficult.

9.3. The case £ # p. In this section we verify that condition (iii) in Proposition 9.1 is satisfied, and
thereby complete the proof of Theorem 4.10.
Fix a prime £ # p, write T;(A) for the £-adic Tate module of A and set V,(A) = Q; ®z, T;(A). Write
I, for its algebraic closure of [, and ¢, for the Frobenius automorphism at p, and set Uy := U X, [F),.
For each x € Ir(G) we fix an associated representation space V, over C,. For each finitely generated
Q¢[G]-module W, we set

WX .= Homg,6)(Vy, C[G] ®ayi61 W).-

Then by repeating the proof of Lemma 8.3 for £-adic cohomology in place of rigid cohomology, we
obtain isomorphisms

H (U, Vy ®q, Ve(A)Y = (Hf (Us, Ve(A)Y )" = Hi(Uf, Ve(AN)X,

where the second isomorphism is induced by the Poincaré duality theorem (as stated, for example, in [27,
Chapter VI, Corollary 11.2]). Therefore the identity (1) implies that

Zy(A, x, p~'t) =[] det(1 =g, -1 : H, (U°, V, ®a, Ve(A)) b

ieZ
c 1i+]
= [[det(1 =g, -1 : H (U, Vy ®a, Ve(A)¥) "
ieZ
. _1)\i+1
= [T det(1 — g, 1 : HL(UE, Vy(A)*) " (56)
ieZ

We now set SC; :=Z; ®z SCy, (A, L/K). Then the result of Proposition 3.7(ii)(b) combines with
Remark 3.3 and the Artin—Verdier duality theorem to imply there are natural isomorphisms

SC¢ =7 ®z RTar,v, (Ur, A{€})*[21 = RTet, (UL, A{L})*[2] = RT«(UL, Te(A"))
and hence also a natural exact triangle in DPf(7,[G)) of the form
SCy — RT(US, To(A")) =8 RT4(UE, T, (A')) — SCy[1]. (57)
We consider the composite homomorphism
Ba.L.e:Qu®z A'(L) = H(SCp)g, > Hy (U7, Vi(A)) - H'(SCp)a, = Qy @7 Homz(A(L), 2),

where the isomorphisms are from Proposition 3.7(ii)(a) and the other maps are induced by the long exact
cohomology sequence of (57).

Then it is shown by Schneider in [32] (and also noted at the beginning of [22, §6.8]) that there exists a
computable integer a4 1. ¢ € {0, 1} such that

Bare= (=D)L hy g gy (58)
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where h 4 1 ¢« is the isomorphism Q; ®7 A’ (L) = Q; ®7 Homz(A(L), Z) induced by the height pairing
hA L-

Taken in conjunction with the argument used in Proposition 8.1, this observation implies firstly that
the endomorphism H' (1 —¢,)q, is bijective for i # 1, secondly that (57) satisfies all of the hypotheses of
Proposition 5.1 (with %l = Z,[G]) regarding the left-hand triangle in (14), and thirdly (in view of (56)) that

ord,_,-1(Zy (A, x, 1)) = dimg, (ker(H' (1 — ¢,) | Home,(6)(Vy, C¢ ®q, Hi (U, Vi(A)))).

By applying Proposition 5.1 with the left- and right-hand triangles in (14) taken to be (57) and the zero
triangle respectively we can therefore deduce that

G.e(Xon (A VL) + x5 (A) = xz,161(SCe, hSY, ) + dzicr.0,(Baeohy'y )
= x2,161(SC¢, Ti—gp,)
= dz,i61.0,(H' (1= ¢)g,)
= dz,161.0,(Nrda,i6) ™ (Z5 (A, X, ™)) yer@)
= 370610, Z5 (AL, p1)
=16.¢(96,0(Zy (AL/k, p~D)).

Here the first equality follows directly from the definition of x*¢"(A, L/K), in terms of the integer a4 1 ¢,
the equality (58) and the result of Lemma 9.5. In addition, the fourth equality follows from (56), the fifth
directly from the definition of the term Z7; (A /k, p‘l) and all remaining equalities are clear.

This argument completes the proof that condition (iii) in Proposition 9.1 is satisfied and hence also,
when combined with the observations made in Section 9.2, completes the proof of Theorem 4.10.

9.4. The proof of Propositions 4.7 and 4.8. Throughout this section, we shall use the notation of
Section 4.2.3.

Proof of Proposition 4.7. As a first step, we recall that Proposition 3.7(i) implies SCy, belongs to
Dperf(Z[G]) and is acyclic outside degrees 0, 1 and 2. In this case, therefore, the construction of
resolutions used in the proofs of Lemma 3.8(iii) and Proposition 6.3 implies SCy, is isomorphic in
D(Z[G]) to a complex

d! d° d!

P — P —P— P (59)
in which P_; is a finitely generated projective Z[G]-module that is placed in degree —1 and all other
modules P; are finitely generated and free. By taking the direct sum with complexes of the form
Z[G] 4 Z[G], with the first term placed in appropriate degrees, one can also assume that the G-rank
rkg (P;) of P; is greater than 1 for every i.

To prove claim (i) it is therefore enough to show that the G-module P_; is free, or equivalently (by
the Bass cancellation theorem [12, Theorem (41.20)], since rkg (P_1) > 1) that the Euler characteristic
x6(SCy,) of SCy, in K¢(Z[G]) vanishes. In addition, writing 8’G for the connecting homomorphism
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Ko(Z[G], R[G]) — Ko(Z[G]), the (assumed) equality in Conjecture 4.3(iii) implies that

x6(SCv,) = 35 (x&>P(A, Vi)
= 3506 (L3 ALk, 1)) + 35 (xEM(A, V) — 35 (x5 (A))
= 35 (x&M(A, V) — 35 (X" (A)),

where the final equality follows directly from the fact that 9 ; o d¢ is the zero map.

To prove claim (i), we are therefore reduced to showing that if G has p-power order, then the last two
terms in the above expression vanish. However, in this case, every finite projective [,[G]-module is free
so that the image of the homomorphism (11) belongs to the kernel of 8& and hence 8& ( Xé‘)h (A, VL))

sgn

automatically vanishes. In addition, the term 8/G ( XG (A)) vanishes since Lemma 9.5 below implies that
Xégn(A) is equal to

36,0((@- A'(L), (=1)*))p = 36,0((Q- A'(L), (=1)*)) = dg ((R- A"(L), (=1)*")). (60)

This proves claim (i).

To prove claim (ii) we note that A(K)[p]= A(L)[p]® and A" (K)[p] = A"(L)[p]®. Hence, if A(K)[p]
and A’ (K)[p] vanish, then A(L)[p] and A’(L)[ p] also vanish since G is a p-group. In this case, therefore,
Proposition 3.7(i) implies SCy, (p) is acyclic outside degrees 0 and 1 and H°(SCy, () is torsion-free.
This in turn implies that SCy, () is isomorphic in D(Z,)[G]) to a complex of projective Z,)[G]-modules
of the form (59) in which P, vanishes and so there are exact sequences of Z,)[G]-modules

0— P_1— Py— cok(dfl)(p) —0
and
0
0— HO(SCy, () — cok(d ")) &> Py — H'(SCy, () — O.

The first of these sequences implies cok(d ), p) 18 a c-t G-module and the second implies it is torsion-free.
These two properties combine to imply cok(d *1)( p) 18 a projective Z,)[G]-module (by [3, Theorem 8]).

At this stage we therefore know that SCy, () is isomorphic in D(Z)[G]) to a complex of Z,)[G]-
modules cok(d 1) ») — P1 in which the first term is projective and the second is free (and of rank greater
than 1). To see that this is a complex of the required form it is then enough to note that, since the Euler
characteristic of SCy, () in Ko(Z(,)[G]) vanishes, the Bass cancellation theorem implies that the module
cok(d~1)(,) is isomorphic to P;.

This completes the proof of Proposition 4.7. U

Lemma 9.5. If £ is any prime that does not divide #G, then 3.o((Q - A"(L), —1))¢ vanishes.

Proof. If £ does not divide #G, then the Zy-order Z,[G] is maximal and so Q; ®7 A’(L) has a full
sublattice that is a projective Zy;[G]-module. This implies (Q; ®7 A’(L), —1) belongs to the image
of the natural map K;(Z,[G]) — K;(Q¢[G]) and hence that the element 95 o((Q - A"(L), —1)), =
97,161.0, (Q¢ ®z A’ (L), —1)) vanishes as a consequence of the long exact sequence of relative K -theory
(see (7)). U
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Proof of Proposition 4.8. We abbreviate the connecting homomorphism 9z, (G).r to 9, and use the natural
scalar extension map
tp =1G,p - Ko(ZIG], RIG]) — Ko(Z(p)[G], RIGD).

Then, as a first step, we note that there are equalities

(e (A) =3, ((R-A'(L), (=D*)) and  1,(x33°(A, V1)) = 3,((RIGT', &YT})). (61

The first of these follows directly from (60) and the second from a routine comparison of the definition

of the automorphism LIXTL with the explicit computation of XESD(A, VL) in terms of the nonabelian

determinant of the representative of SCy, (,) fixed in Proposition 4.7(ii).
We next claim that

L (XEM (A, V1)) = 8,((RIG], pX&). (62)

To show this we recall from the proof of Lemma 3.9 that the complex C := RI'(X, £)* belongs to
Drert(F p[G)) and is acyclic outside degrees 0 and 1. Since G is a p-group, C is therefore isomorphic in
D(F,[G]) to a complex of the form F,[G]" — [F,[G]"!, where the first term is placed in degree 0 and
ng and n are suitable natural numbers. By using this representative, one computes that

XE" (A Vi) = x(RT(X, L1)*, 0) = 3,({RIG], p" ™).
To deduce (62) we note that a computation of Euler characteristics in Ko(F,) = Z implies that
X(L) = x5, (RT(X, £)")
=X, (R Homg ) (Fp, RT(X, £1)¥))
= x¢, (R Homg 161 (F, F,[G]" — F,[G]™))
= x¢, (F20 — F)
=ngp —ny,

where the first aligned equality follows from the isomorphism (6).
Thus, if one defines an element of K;(R[G]) by setting

£ = Ly(ALk. D x (RIGY, (}) ™ x (RIG], p* ) x (R~ A"(L), (=D)*) ™"
then the equalities (61) and (62) imply that
0p(2) = 1p (86 (LG (ALsk. D) = xG (A, VD) + xG(A VL) = x5 (A)).
In addition, an explicit computation of reduced norm combines with the definition (12) of each term

Z(A, ¥) to imply that

Nrdgig1(£) = ). Z(A,¥)ey € C(CIGD™.
Veln(G)

This equality implies that the conditions stated in Proposition 4.8(i) are equivalent to asserting
Nrdg;1(-Z) belongs to ¢ (Q[G])*. Hence, since K{(Q[G]) is the full preimage under d,, of the subgroup
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Ko(Z(»[G], Q[G]) of Ko(Z(»)[G], R[G]), these conditions are true if the equality in Conjecture 4.3(iii)
is valid modulo Ky(Z[G], Q[G]). Their validity thus follows directly from the assumed validity of
Conjecture 4.3(i) and (ii) and the argument of Section 5.3.

In a similar way, if G is abelian, the above computation shows that Conjecture 4.3(iii) implies
Nrdr(1(-£) belongs to Z(,)[G]*. Since Z,)[G] is a local ring (as G is a p-group), the latter containment
is valid if and only if Nrdg(G)(-Z’) belongs to Z(,)[G] and its image under the projection Z,)[G] — Z ;)
belongs to Z(Xp). These conditions are in turn equivalent to requiring .Z (A, 1¢) belongs to Z(Xp) and, also,
for all g € G one has

> v(gHLA ) €G- Z .

velr(G)
To deduce the result of Proposition 4.8(ii) it is thus enough to note that, for each abelian subquo-
tient Q = H/J of G, the arguments of Propositions 5.6 and 9.2 combine to imply that the validity
of Conjecture 4.3(iii) for the data (A, L/K) implies the validity modulo ker(tgp,,) of the equality in
Conjecture 4.3(iii) for the data (A, x, L’ /LY).

Finally, to prove Proposition 4.8(iii) we assume the validity of Conjecture 4.3 and hence that the
element . belongs to the image of K(Z,)[G]) in K{(R[G]). Thus, if we fix an embedding of fields
J :R— C,, then the image of .# under the induced map K (R[G]) — K;(C,[G]) belongs to the image
of the natural map K{(Z,[G]) — K{(C,[G)]).

Given this containment, the equalities in claim (iii) follow from the general result of [6, Theorem 2.1]
(with A = Z,) and the fact that, for each subgroup H of G, the argument of Proposition 9.2 implies
Zw ey £ (Apm, ¥)ey is equal to the image of Nrdrg)(-£) under the upper composite map in the
diagram

LRIG)* —— ¢(CIG)* —2 ¢ (CIHD — ¢(CIH®)* = C[H™

NrdC[G]TE ETNrdq:[H]A
el

K\(CIG]) —5 K, (C[H])

Here 6(];’  1s the natural restriction of scalars map, ¢, is defined by the requirement that the square
commutes and @, is the natural projection map.
This completes the proof of Proposition 4.8. O

Appendix A. Kummer-étale descent for coherent cohomology

In this first appendix, we show that the coherent cohomology over a “separated” formal fs log scheme
can be computed via the Cech resolution with respect to an affine Kummer-étale covering (not necessarily
a Zariski open covering). Whilst this result seems to be well known to experts, we have not been able to
locate a good reference for it in the literature.

A.1. Fs log schemes and their fibre products. We next review the construction of fibre products for fs
log schemes, which we need for the sheaf theory on Kummer-étale sites and the construction of Cech
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complexes. We recall some definitions of monoids and log schemes needed for the construction of fibre
products, but refer readers to [21] and [28] for basic definitions in log geometry and to [30] for a more
comprehensive reference.

Recall that a monoid P, always assumed commutative, is fine if it is finitely generated and the natural
map P — P#P is injective (where PP is the commutative group obtained by adjoining the inverse of
each element of P). A fine monoid P is said to be saturated if for any o € P2P, we have o € P for some
n > 0 if and only if « € P. By a fs monoid, we mean a fine and saturated monoid.

For each monoid P we define a saturation P := {o € P&P; a" € P for some n > 0}.

Lemma A.1. If P is finitely generated, then the monoid P is fs.

Proof. Tt suffices to show that P is finitely generated, which is a direct consequence of Gordon’s lemma
(see [30, Chapter I, Theorem 2.3.19]). O

A log scheme X is called fs (i.e., fine and saturated) if étale locally on the underlying scheme X, the
log structure is generated by a map of monoids P — Ox where P is a fs monoid. Our log schemes and
formal schemes are always assumed to be fs (i.e., fine saturated).

Let X* and Y* be fs log schemes over S* (with underlying schemes denoted as X, Y, and S). We
want to construct a fs log scheme X* x ¢: Y satisfying the universal property of fibre products (see [30,
Chapter III, Corollary 2.1.6]).

By replacing the formal log schemes with suitable étale coverings, we choose charts P — Oy, O — Oy
and M — Oy defining the log structures (where P, Q and M are fs monoids, viewed as constant sheaves),
such that there exist maps M — P, Q giving rise to the structure morphism X*, Y* — §%. (The existence
of such local charts follows from [21, Lemma 2.10].)

The most natural candidate is to endow X X g Y with the log structure associated to the chart P @y Q —
Ox ®o, Oy, where P @y Q is the amalgamated sum of monoids. But this may not always work as
P @) O may not be fine nor saturated.

Writing P @37 Q for the saturation of P @) Q we can define the following fs log scheme

XF x5 Y%= (X x5 Y) Xspecz1P@y 01 SPeC Z[ P B O]

with the log structure given by the chart P &3] Q — OXﬁXSﬁ y: naturally extending P @y O — Oxxy.
By glueing this étale-local construction, we obtain the fibre products for any fs log schemes. We repeat
this construction to obtain fibre products of formal fs log schemes.

Note that this notion of fibre product may not be compatible with fibre products of (formal) schemes
without log structure, as we can see from the explicit étale-local construction. Instead, we have the
following lemma, which is a consequence of Lemma A.1. (See [30, Chapter III, Corollary 2.1.6] for the
proof.)

Lemma A.2. The underlying scheme for X* x g Y* is finite over X x5 Y. The same holds for formal fs

log schemes.
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Remark A.3. To give a concrete example in which the underlying scheme for X* x g: Y* differs from
#

X xgY we fix a finite Galois Kummer-étale cover 7 : X i 5 X" of group G. In this case one has

X% X xt Xi =G x Xi, whereas X; xy X1 = G x X only if 7 is unramified.

Corollary A.4. Let X* be afs log scheme, such that the underlying scheme is separated. Let U* and U"*
be fs log schemes over X*, such that the underlying schemes U and U’ are affine. Then U* x y: U is

also affine. The same holds for formal fs log schemes.
Proof. Under the hypotheses, the scheme U x x U’ is affine, which follows from the cartesian diagram

UxxyU——UxU’

L, ]

X2 oxxx

Now by Lemma A2, the underlying scheme of U? x y: U’? is finite over an affine scheme U x x U’. This
proves the corollary. U

A.2. Cech-to-derived functor spectral sequence for Kummer-étale cohomology. For alog formal scheme
X, we write %ﬁét for the associated Kummer-étale site (as per [28, Definition 2.13]).

We quickly recall the definition of Cech complex and Cech-to-derived functor spectral sequences in
this setting.

Definition A.5. Let 4 be an Kummer-étale covering of X* (i.e., the structure morphism {* — X is
Kummer-étale and surjective), and let F be a sheaf of abelian groups on the Kummer-étale site Z{ﬁét. Then
we can form a Cech complex

C (W, F):= [T F) —» T X 4°, F) = DU X 4 X 2 F, F) — -+ -],

with differentials defined in a standard way.

(The usual definition of Cech complexes for the case without log structure, cf. [27, Ch. III, §2], formally
goes through.) For any bounded-below complexes F*, we define the Cech complex C* (44, F*) as the
total complex of the double complex obtained from Cech complex of each term of F*.

#

Whilst the Cech complex C*(U*, F) does not necessarily represent RT (X4

“Cech-to-derived functor spectral sequence”

F), there exists a natural

Ey’:H (u?,két’ F) = H™" (X4, F), ©3)

where ii? is the (i + 1)-fold self fibre product of U over X*. One way to read off this spectral sequence
from the literature is via the technique of cohomological descent for (simplicial) topoi associated to the
Kummer-étale sites L(lt(ét and %ﬁét; see [2, exposé Vbis]. Indeed, since it admits a local section, I xf
is a “morphism of universal cohomological descent” by [loc. cit., proposition (3.3.1)] and so the above
spectral sequence is just a special case of the descent spectral sequence from [loc. cit., proposition (2.5.5)]).
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Remark A.6. The complex (E i’o, d"%) coincides with C*(4*, F) and so the above spectral sequence
implies C* (4%, F) = R (X[, F) if E;’ vanishes for all j > 0 and i > 0.

A.3. Coherent cohomology. We first recall Kummer-étale descent theory for coherent sheaves on schemes
and formal schemes.

Let X* be a log scheme over Z/p" for some n and F a quasicoherent Ox-module. Then, by Kato’s
unpublished result (cf. [28, Proposition 2.19]) the presheaf $(* € %ﬁét ~ I"(4, Fyg) is a sheaf on %ﬁét,
where Fy denotes the pull back of F via the structure morphism £l — X of the underlying schemes. We
use the same notation F to denote the Kummer-étale sheaf associated to a quasicoherent sheaf F.

Now, if X* be a locally noetherian formal fs log scheme over Spf Z p» WE can associate, to a coherent
Ox-module F, a Kummer-étale Z ,-sheaf F by extending the construction for coherent sheaves on schemes
via projective limit. (We restrict to coherent sheaves to avoid technicalities regarding completion.)

Now, we are interested in C*(4*, ) when F is a vector bundle on ¥ (viewed as a Kummer-étale

sheaf), while $(* remains a Kummer-étale covering of X.

Proposition A.7. Let X* be a noetherian formal fs log scheme over Spf R (for some noetherian adic ring
R, with trivial log structure), and assume that X is separated. Then for any coherent Ox-module F there
is a natural isomorphism RF(%iét, F)=> RI'(X, F).

Furthermore, for any Kummer-étale covering U* — X% where U is affine, the Cech complex C* (U, F)
represents RU' (X, F).

The same holds if we replace F with a bounded-below complex F* of coherent sheaves of Ox-modules,

such that the differential maps d' : F' — F'*! are additive morphisms of Kummer-étale sheaves.

Proof. By standard argument with hypercohomology spectral sequences, the claim for F* can be reduced
to F.

Let us first assume that X is affine. Then by [28, Proposition 3.27] and the theorem on formal
functions, we have RF(%ﬁét, Ox) =T'(X, Ox). Now, by resolving F with free Ox-modules, we obtain
RT (X[, F) =T(X, 7).

Choose a Kummer-étale covering ${* — X* with ${ affine. Then Corollary A.4 implies

il? r= U X - e X U

i+1 times

has an affine underlying formal scheme. Therefore, by the Cech-to-derived spectral sequence argument it
follows that C* (8%, F) represents RF(%iét, F) (cf. Remark A.6). Now if we choose 4* to be the disjoint
union of finite affine open covering of X (with the natural log structure induced from X*), then C* (8%, F)

represents RI"(X, F), as claimed. O

Remark A.8. We apply Proposition A.7 to the log de Rham complex F*, where the maps d' : F — Fi+!
are not Ox-linear but are additive morphisms of Kummer-étale sheaves.
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Appendix B. A Lefschetz trace formula for rigid cohomology

In this second appendix, our aim is to establish a slight extension of the Lefschetz trace formula for rigid
cohomology that is proved in [15, théoreme 6.3].

As before, we let U be a smooth affine curve over a finite field of characteristic p > 0. Let Ag be a
finite extension of Q,, and assume that Oy contains the residue field ko of Ag. Set go = p™ :=#(ko)

Let OZJ /Ao denote the global section of the overconvergent structure with coefficients Ag. To explain,
let X be a smooth compactification of U, and let X0, = be a formal lift of X over the valuation ring Oy,
of Ag. Let X, denote its rigid generic fibre, which contains the tube JU[,, of U as an open subspace.
Then OZJ /Ao is the ring of rigid analytic functions defined on some “strict neighbourhood” of JU[4,. (We
often call such rigid analytic functions overconvergent along X \ U.) Note that if A is a finite extension
of A whose residue field is contained in Oy, then we have OZ/ /A, = OZ] /0o QAo Aj.

Since Oy contains the residue field kg of Ag, one can define an overconvergent Ag-F-isocrystal £
over U; see Section B.2. (See also [38, §7] for the definition and natural context where overconvergent
Ao-F-isocrystals appear. In loc. cit. it is called an overconvergent Ao-F'"°-isocrystal, where ro := [ko : ],
but let us suppress ry from the notation.) In our intended application however, we would naturally like to
remove the assumption that the residue field of the coefficient field Ag is not contained in Oy . (Compare
the proof of Theorem 8.2.)

Let A be finite extension of Q. Unless the residue field of A is contained in Oy, the usual definition
of overconvergent A-F'-isocrystals over U does not apply. Instead, let us consider a subextension Ay C A
whose residue field kg is contained in Oy. (We may choose kg to be the maximal subfield of the residue
field k5 of A that can be embedded in Oy .) Instead of defining “overconvergent A-F-isocrystals” over U,
we will work with overconvergent A - F'-isocrystals “equipped with A-action”; see Section B.2. The aim of
this appendix is to extend the Lefschetz trace formula [15, 6.3] for the rigid cohomology with coefficients
in such overconvergent A-F-isocrystals with A-action when Oy does not contain the residue field of A.

B.1. Overconvergent modules and duality. Let U and A be as before and let A be a finite extension of
Ag. Weset U :=U X Spec ko SPeC kp Where kj is the residue field of A.

Set X' :=X X Spec ko SPEC K, Which is a smooth compactification of U . We also choose a formal
On-lift X’y of X', and we subsequently obtain its rigid generic fibre X', and the tube JU'[5 C X, . With this
setting, we define OZ/, /a tO be the ring of rigid analytic functions defined on some strict neighbourhood
of JU'[ 5. Then we have an isomorphism of A-algebras

OL’/A = OZ]/AO Qno A (64)

By the very construction, (9;] /o and OL, / are Fréchet algebras over Ao and A, respectively, so any
finite locally free modules over them are p-adic Fréchet spaces.
Let QL /o and QZ, /A denote the modules of overconvergent Kéhler differentials. Then we also have

Pt
QU a = Q2 a, O A (65)
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Let |[U'[,CcV' CX 1’\ be a strict neighbourhood, and let £y be a vector bundle defined over V'. We set
& :=lim,,, rov, &), (66)

where the direct limit is taken over all strict neighbourhoods W’ contained in V’. Then £ turns out to be
a locally free (’)Z,, /A -module; hence, a Fréchet A-space. (The local freeness claim can easily reduced to
the case when U is an open subscheme of P!, which is standard; cf. [19, §V, théoreme 1].) Note that
QE, /A can also be obtained from the line bundle &, = Q X of Kihler differentials over V' = X} .

To the “overconvergent vector bundle” £y, we associate another (’)L, / A-module as follows:
Definition B.1. For a sufficiently small strict neighbourhood V' of 1U’[ 4, we define
. 1
50 = My, (V/’ 5v'),

where H]1

U'la (V', &) is the first cohomology of the mapping fibre of

RT(V', &) — RT(V'NIX'\U'[A, &).

Note that & does not depend on the choice of V'; cf. [15, §3.2].
If we set &, := Oy (respectively, &, := Qy), then the corresponding &, is denoted as (Oz, / Ae

(respectively, (2}, /a)e)-

By shrinking V' if necessary, we may assume that V'’ is affinoid. In that case V'N]X'\ U'[4 is
quasi-Stein, so we can deduce the following

» & is a Fréchet A-space.

o From the same argument as in [15, §3.2] we can deduce that
~ i
EEE ®O;,/A Opr/p)e- (67)
In particular, £ depends only on &, not on the choice of strict neighbourhood V.

Lemma B.2.

(1) There is a canonical trace map

tr: (QE,/A)C — A,

which factors through an isomorphism Hrzig’ JU'JA) = A,

(ii) Let &y be a vector bundle on some strict neighbourhood V' of 1U’[ n, and consider £ as above. Then

we have the natural A-bilinear perfect pairing
(=) X (E®gy, (Qyp)e) —> A, m @ we) = tr(alm) - wo);
(=) 8y, Q) xE— A WRw,m® f)' :=trm) - (©Q f.)

whereu e £¥, m €€, f. € (OZ],/A)C, W € (QL,/A)C and w € QL//A.
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Proof. The first assertion is standard (cf. the proof of [15, lemme 3.4(i)]). If X' = P! and U’ = A!, then the
second and third assertions are proved in [15, §3.3]. In general, one can find a finite covering f : X' — IP}CA
so that the preimage of A,lA is U’. Then although f may not admit a formal lift, one can find a strict
neighbourhood W’ of JU'[4 contained in V', such that its image in [P’}\ is a strict neighbourhood of JA A
cf. the proof of Proposition 5.2.21 in [25, p. 151]. Since the claim can be checked after push-forward by
finite covering, the claim is reduced to the case when U’ = A!, which is already handled. ]

B.2. Overconvergent F-isocrystals. Let us choose a Ag-linear go-Frobenius operator
PAo - OL/AO - OZ]/AO’ (68)

which is possible by the approximation theorem; see [31, Theorem 2.4.4].
Let us recall the following standard definition.

Definition B.3. An overconvergent Ag-F-isocrystal over U is a tuple (€, ¢g, V¢), where

£ is a finite locally free (’)Z /a,-module. Note that such & necessarily comes from a vector bundle on
some strict neighbourhood Vy of JU[ 4, via (66).

e Ve E—E® QZ] /Ao is a continuous integrable connection on &.
o ¢g: & — £ is a g,-semilinear horizontal endomorphism of £.
If V¢ and ¢¢ are understood, then we simply use £ to denote an overconvergent Ag-F-isocrystal.

For a finite extension A of Ay, we define a A-action on the overconvergent Ag-F-isocrystal £ to be a
A-action on the underlying module £ that is compatible with the Ag-action and commutes with V¢ and ¢¢.
To be explicit, an overconvergent Ag-F-isocrystal over U with A-action consists of the following data:

£ is a finite locally free module over (’)I, /Ao ®n, A
e Ve E—E® QZ] /Ao is a A-linear continuous integrable connection on &.
o ¢g: & — £ is a A-linear g ,-semilinear horizontal endomorphism of £.

Since we have OZ] /Ao Qpag A = OL, /A (64), we may view £ as coming from a vector bundle on
some strict neighbourhood V' of JU'[. Also from (65), the connection V¢ is defined over some strict
neighbourhood. On the other hand, ¢¢ can be described more naturally if we view £ as a module over
(’)Z] /0o Qo A (instead of (’)Z], / A)- Indeed, ¢¢ is semilinear over

Pro®A O 5 ®ng A — Of) @, A,

the A-linear extension of ¢,,, which cannot be naturally defined for (’)TU, /A without going through the
isomorphism (64).

Lemma B.4. (i) Let ¢, also denote the endomorphism on QZ] /Ao induced by ¢p,. Then we have
tr(@a, (@) = go - tr(@) VYo € QY 4.,

where qo = #(ko) and tr is defined in Lemma B.2.
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(ii) Let & be an overconvergent Ao-F-isocrystal over U with A-action, and let (—,—)° denote the duality
pairing in Lemma B.2(ii). Then for anyu € £¥, m € £ and w, € (QZ/AO)C, we have

(@ ), pe(m) ® P, (@) = qo - (u, m @ w)°.

Proof. As in the proof of Lemma B.2, one can reduce the proof of this lemma to the case when U = Al
In that case, the first claim is proved in [15, proposition 4.2], and the second is proved in [15, §4.3]. [

Definition B.5. Let £ be an overconvergent Ag-F-isocrystal over U with A-action. Then we define the
Dwork operators Wév fori =0, 1 to be A-linear endomorphisms
Yo &Y — £V,

1. T , i
lllgv . g\/’ ®OTU//AQU//A — g\/ ®OT QU’/A’

U'/A
which are respectively the adjoints of g ® g, and @g, with respect to the duality pairings (—,—)" for

i =0, 1; see Lemma B.4(ii).

Clearly, the Dwork operators ‘ﬁév are @, -antilinear; i.e., for any f € (’)TU /Ao and u € £Y, we have
ng (Pa(f)-u)y=f- ‘ﬁgv (1), and similarly for wgl. Furthermore, by Lemma B.4 it follows that

v =q0-¢f. (69)

To make 1//51v more explicit, let us consider the case when £ = (’)I, /8o (With A = Ag), equipped with
the Frobenius operator ¢, and the usual connection. Then the duality pairing (—,—)! in Lemma B.2(ii)
takes the following form

+ +
QU/AO X (OU/AO)L. — Ag.
Let

.of T
Vao 2, = g (70)

denote the adjoint of g, : (Of; 5, )c = (O 5, )e- Identifying Q] , - with Ag-linear dual of (O )e» it
follows that ¥a, = qo - - We then have

Vi =Y @ Ya,.

B.3. Rigid cohomology with coefficients. Let us recall the definition of rigid cohomology with and
without compact support with coefficients in Ag-F-isocrystals with A-actions.

Definition B.6. Let £ be an overconvergent Ag-F-isocrystal over U with A-action. Suppose that U is
affine. Then we set

o Vev ¥
RTyig(U/ Ao, EY) =Y - &Y ®02}/A0 Q) a0ds

which is a complex of Fréchet A-spaces concentrated in degrees [0, 1].
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This complex represents the rigid cohomology with coefficients in £ viewed as an overconvergent A-F-
crystal. Furthermore, the Dwork operator 2, as in Definition B.5 acts on the complex RIyig(U/Ag, £Y)
as a nuclear operator on each term; see [15, lemme 5.2].

To define the compactly supported variant, let us recall that we have a derivation

(OF 1 1 i
d: (OU/AO)C = H]U[AO (XAO, OXAO) - H]U[AO (XAO, QXAO) == (QU/AO)C
induced by the universal derivation d : Ox,, — S2x, -

Definition B.7. For £ as before, we set
- , ¥ Ve®d ¥
RFrig,c(U/AO» &)= [0 — & ®OLT//A0 (OU/AO)C —> & ®OZ//AO (QU/AO)C]’
which is a complex of Fréchet A-spaces concentrated in degrees [1, 2].

Note that this complex represents the compactly supported rigid cohomology with coefficients in £
viewed as an overconvergent Ag-F'-crystal. Furthermore, ¢¢ induces a natural (¢, ® A)-semilinear
operator gogc on the complex RI'yig (U/Ag, £), which is a nuclear operator on each term; see [15,
lemme 5.2].

Proposition B.8. The duality pairing (—,—)* defined in Lemma B.2(ii) induces a natural A-linear
isomorphism
RTyig(U/ Ao, £) = RHomp (RTyig (U /Ao, €), A[2]).

Furthermore, the Dwork operator Y2, corresponds to the A-linear dual of ¢¢_via this isomorphism.

Proof. By repeating the proof of Lemma B.2(ii), the first claim can be reduced to the case when U = A!
and X = P!, which is proved in [15, §3.3]. The second claim directly follows from Lemma B.4. U

B.4. L-functions and Lefschetz trace formula. Let £ be an overconvergent Ag-F-isocrystal over U with

A-action as before. Then given any closed point x of U with residue field k(x), we obtain the fibre &, at

x, which is a finite-rank W (k(x)) ® w,) A-module equipped with a A-linear go-Frobenius operator ¢g .
To such £ we associate the L-functions as follows:

Zy(E€.1):= T deta(1— (t-ge ) %l £,)7" (71)
xe|U|

For any positive integer r, let k(()r) be a degree-r extension of kp and set

Sr(U, &)= 3 tra(@e | &), (72)
xeUk)

which is zero when k is not contained in k(()r) )
One can check that

Zu(E, 1) =exp(3 S-(U, €)1 /r); (73)

r=1

see [15, 2.3].
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The main goal of the appendix is to prove the following slight generalisation of the Lefschetz trace
formula [15, théoreme 6.3].
Theorem B.9. Let £ be an overconvergent Ay-F-isocrystal over U with A-action. Then we have
Zy(E, 1) = (detp (1 — 1 - @8 | RTig (U, €))) "
= (deta(1 — 1 -2/ RTyg(U, E¥)) ™

where for 0° = (pgc or Yz, we let dety (1 —10°) := ]_[i detp (1 — t@i)(_l)i denote the alternating product
Fredholm determinants of A-linear nuclear operators on each term.

Note that the Lefschetz trace formula proved in [15, théoreme 6.3] applies only to overconvergent
A-F-isocrystals. In particular, it does not apply directly to our setting unless Oy contains the residue
field k5 of A.

Proof. By the Poincaré duality it suffices to show the first equality (i.e., the equality via the compactly
supported rigid cohomology). By (73) it suffices to show

Sr(U, &) =tra((¢z)"| RT4ig,c(U, €)) (74)
for any r. And to verify (74) it suffices to show that
tra (@8 | RTyig (U, ) =0 if UKY) =2, (75)

i.e., the generalisation of [15, lemme 5.3]. Indeed, if k is not contained in k(()') then S, (U, &) =0. If k is
contained in k(()r), then we may apply the excision sequence for the compactly supported rigid cohomology

to the following setting
U(kér))Gal(k(()’)/k) U —U\ U(k(()r))Gal(k{{)/k)

and conclude that (75) implies (74).
To verify (75) we use the following lemma.

Lemma B.10. Let R be a Fréchet A-algebra equipped with a A-linear lift of qy-Frobenius morphism
¢ : R — R. Let M be a Fréchet R-module equipped with a nuclear p-semilinear endomorphism
opm M — M. Then for any f € R we have

tra ((f — () - om) =0.

Proof. (Compare with the proof of [15, lemme 5.3].) Consider the morphism of exact sequences
f

0 —— ker(f) M— M M/fM ——0
ol w(f)wzwl lf-vw lo
0 —— ker(f) M ! M M/fM ——0

It follows that tra (@ (f) - oym) = tra (f - @ar), hence the lemma. U
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We will apply the above lemma to R = OTU /no ®no A and r-th iterated Frobenius operators. Since
U (k(()r)) = &, the graph of the gy -Frobenius and the diagonal do not intersect in U x U. Therefore, there
exist f;, g; € R such that

> figi=1 and > ¢"(fj)g; =0,
J J

sowe have 1 =3, (f; —¢"(f}) - &;-
Apply the above lemma when M is one of the terms in RI'sig «(U/ Ao, £) and gy = g (¢g )" for each j,
we obtain

tra(¢e,) = trA(Z(fj — " (f))gj(@e)) = ZtrA((f/ — 9" (fi)gj(pe)) =0,
J J

which proves (75), hence the theorem. U
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