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We investigate a notion of “higher modularity” for elliptic curves over function fields. Given such an
elliptic curve E and an integer r �1, we say that E is r -modular when there is an algebraic correspondence
between a stack of r -legged shtukas, and the r -fold product of E considered as an elliptic surface. The
(known) case rD1 is analogous to the notion of modularity for elliptic curves over Q. Our main theorem is
that if E=Fq.t/ is a nonisotrivial elliptic curve with tame fibers whose conductor has degree 4, then E is 2-
modular. Ultimately, the proof uses properties of K3 surfaces. Along the way we prove a result of indepen-
dent interest: A K3 surface admits a finite morphism to a Kummer surface attached to a product of elliptic
curves if and only if its Picard lattice is rationally isometric to the Picard lattice of such a Kummer surface.
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1. Introduction

Let K be a function field over a finite field Fq , and let E=K be an elliptic curve. In this article we
investigate a notion of “higher modularity” for E=K.

1.1. Analytic modularity, geometric modularity. Let E be an elliptic curve over the rational numbers Q,
with conductor N . We review what it means for E=Q to be modular. Following [Ulm04], we might
distinguish between two notions of modularity for E=Q:

(1) (analytic modularity) There exists a cuspidal holomorphic form f of weight 2 and level �0.N /

such that L.f; �; s/DL.E; �; s/ for all Dirichlet characters �.

(2) (geometric/motivic modularity) There exists a nonconstant morphism X0.N /!E defined over Q,
where X0.N / is the modular curve of level �0.N /.

The two notions are equivalent. If E is geometrically modular, the required cusp form f may be found
by pulling back a nonzero holomorphic differential form on E through X0.N /!E. Conversely, if E is
analytically modular, there exists an elliptic curve quotient Jac X0.N /!E0 corresponding to its cusp
form f . The equality of L-functions implies that the representations of Gal.Q=Q/ on the rational `-adic
Tate modules of E and E0 are isomorphic. A theorem of Faltings [Fal83] implies that E and E0 are
isogenous, from which we deduce that E is geometrically modular.

In any case, the Shimura–Taniyama conjecture is a theorem [BCDT01]; every elliptic curve E=Q is
analytically modular, hence geometrically modular. An important consequence is that the Heegner point
on X0.N / for an imaginary quadratic field F satisfying the Heegner hypothesis relative to N gives rise
to a Heegner point PF 2E.F /. The celebrated theorem of Gross and Zagier [GZ86] relates the height of
PF to the derivative L0.E;F; 1/. The theorem of Kolyvagin [Kol90] shows that if PF is not torsion, then
it generates a finite-index subgroup of E.F /, and furthermore one gets finiteness of the Shafarevich–Tate
group.

Now suppose instead E is an elliptic curve over a function field K with field of scalars Fq . We assume
that E is nonisotrivial, meaning that j .E/ 62 Fq . Then L.E; �; s/ is entire for every Hecke character �.
(In fact L.E; �; s/ is a polynomial in q�s .) The analogue of analytic modularity for E is the condition that
there exists a cuspidal automorphic representation � of GL2 over K, such that L.�; �; s/DL.E; �; s/

for all �. The analytic modularity of E follows from a theorem of Deligne together with Weil’s converse
theorem (see [Ulm04] for a discussion).
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The analogue of geometric modularity for E is the subject of this paper. The interest here hinges on
the correct analogue for the modular curve. Let X=Fq be the nonsingular projective curve with function
field K. Let N be the conductor of E, with support †� jX j. As a natural starting point, we may consider
the Drinfeld modular curve DrMod.�0.Nf /I1/. Here12jX j is a place of split multiplicative reduction
for E; thus N D Nf C .1/ for a divisor Nf which is prime to1. If A is the ring of functions on X

regular away from1, then DrMod.�0.Nf /I1/ parametrizes Drinfeld A-modules of rank 2 endowed
with �0.Nf /-structure. There is a morphism DrMod.�0.Nf /I1/!X X† (sending a Drinfeld module
to its “characteristic”), whose fibers are smooth curves. Let DrMod.�0.Nf /I1/K be the generic fiber of
this morphism, and let DrMod.�0.Nf /I1/K be its base change to an algebraic closure K=K.

Drinfeld’s computation [Dri74] of the cohomology of Drinfeld modular curves shows that H 1.EK /

appears as a summand of H 1.DrMod.�0.Nf /I1/K /. (We mean étale cohomology with Q`-coefficients,
considered as a representation of the Galois group of K.) We may once again apply Faltings’ theorem
to conclude that there is a nonconstant morphism DrMod.�0.Nf /I1/K !E. If K0=K is a separable
quadratic extension satisfying the Heegner hypothesis relative to E, there is a Heegner point PK 0 2E.K0/,
whose height is related to the derivative L0.E=K0; 1/; see [YZ19, Remark 1.5]. If L0.E=K0; 1/¤ 0, then
PK 0 is not a torsion point. But also we have that the rank of E.K0/ is � 1, since the “easy inequality” of
the Birch and Swinnerton-Dyer conjecture is a theorem for function fields. We conclude immediately that
the rank is exactly 1, and so the conjecture of Birch and Swinnerton-Dyer holds for E0=K.

1.2. Stacks of shtukas, and the definition of higher modularity. The notion of geometric modularity
in the function field setting may be generalized far beyond the Drinfeld modular curve. Namely, for
r D 1; 2; : : : we have the moduli stack of r -legged shtukas of rank 2, which lies over the r -fold product
X r over Fq . These were introduced by Drinfeld [Dri80] in the case r D 2 to establish the Langlands
correspondence for GL2. For general r , these are examples of the spaces used by V. Lafforgue [Laf18] to
prove the automorphic-to-Galois direction of the Langlands correspondence for general reductive groups.

The spaces of shtukas relevant to us are relative to the group G D PGL2. To define them, we need
an effective divisor N of X , with support †. We also need a subset †1 �†, such that each v 2†1
appears with multiplicity 1 in N . Finally, we need an integer r � 1 satisfying the parity condition
#†1 � r .mod 2/. Following [YZ19] we let

�r W ShtrG.�0.N /I†1/! .X X†/r

denote the moduli stack of G-shtukas with �0.N /-level structure, with r “moving legs” in X X †,
and “fixed legs” at the places in †1 (these are analogous to the archimedean places in the number
field setting). These legs are “minuscule”; i.e., they are the type considered by Drinfeld in his original
definition. We save the precise definition of ShtrG.�0.N /I†1/ for Section 2. It is a Deligne–Mumford
stack, generically smooth of relative dimension r over .X X†/r . When r is even and †1D¿ we simply
write ShtrG.�0.N //.
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For example, when r D 0, Sht0G.�0.N // is the discrete set G.K/nG.AK /=�0.N /. When r D 1 and
†1 D f1g is a singleton, one of the connected components of Sht1G.�0.N /I f1g/ is isomorphic over
X X† to a quotient of DrMod.�0.Nf /I1/; this is the shtuka correspondence [Mum78].

We can now start to describe our notion of “higher modularity” for our elliptic curve E=K. Let
U DX X†, and let E! U be the family of elliptic curves with generic fiber E. The idea goes like this:
Consider the family h1.E/ of motives over U . Let h1.E/�r be its r -th external tensor power, meaning
the family of motives over U r whose fiber over .s1; : : : ; sr / is h1.Es1

/˝ � � � ˝ h1.Esr
/. For E to be

r -modular should mean that h1.E/�r is a quotient of the (compactly supported) cohomology of a stack
of r -legged shtukas.

The precise condition involves the existence of a degree 0 algebraic correspondence between Shtr WD
ShtrG.�0.N /I†1/ and Er . By a degree 0 algebraic correspondence, we mean a Q-linear combination of
irreducible closed substacks

Z � Shtr �U r Er

such that Z! U r is proper with r -dimensional fibers.
Let � (resp., �r ) be the generic point of X (resp., X r ), and let �r ! �r be an algebraic closure lying

over �r ! �r . Let ` be a prime not dividing q. The `-adic cycle class of Z�r
gives rise to a map

pZ WH
r
c .Shtr�r

;Q`/!
rN

iD1

H 1.E�;Q`/: (1.2.1)

(Explanation: the `-adic cycle class of Z�r
belongs to H 2r

c .Shtr�r
�.E�/

r ;Q`/.r/, which maps via the
Künneth isomorphism to H r

c .Shtr�r
;Q`/.r/˝

Nr
iD1 H 1.E�;Q`/. Poincaré duality identifies the latter

with the space of maps as in (1.2.1).) For ZD
P

j aj Zj a formal Q-linear combination of correspondences
Zj as above, we define pZ D

P
j aj pZj .

Definition 1.2.1. Let K=Fq be a function field, and let E=K be a nonisotrivial elliptic curve whose
conductor N has support †. Let U D X X†, and let E! U be the family of elliptic curves with
generic fiber E. We say that E=K is r -modular if for some †1 �† there exists a degree 0 algebraic
correspondence Z between ShtrG.�0.N /I†1/ and Er such that the map pZ of (1.2.1) is surjective.

Remark 1.2.2. When r is odd, we must assume that E=K has at least one place of multiplicative
reduction in order to have an interesting notion of r -modularity.

Conjecture 1.2.3. A nonisotrivial elliptic curve E=K is r -modular for all r � 1.

The main goal of this article is to give the first examples of 2-modular and 3-modular elliptic curves.
Our results apply to what is arguably the simplest class of elliptic fibrations, namely the extremal rational
elliptic fibrations E!X . Here “rational” means that E is birational to P2 (and consequently X Š P1),
and “extremal” means that E!X has Mordell–Weil rank 0. (The generic rational elliptic fibration has
Mordell–Weil rank 8.) For such a fibration we necessarily have deg N D 4 and L.E; s/D 1 identically.
Conversely, if an elliptic fibration E! P1 has degree 4 conductor, then it is extremal rational.
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The extremal rational elliptic fibrations E!X over a field of characteristic 0 are classified in [MP86].
The number of singular geometric fibers of a extremal rational elliptic fibration is either two, three,
or four, with two occurring only if E ! X is isotrivial or if it has wild fibers (which happens only
in characteristics 2 and 3). A nonisotrivial extremal rational elliptic fibration always has at least one
multiplicative fiber, and so there is always a nontrivial notion of higher modularity for E.

Theorem 1.2.4. Let E! X be a nonisotrivial tame extremal rational elliptic fibration with generic
fiber E. Then E is 2-modular.

In the next two subsections we will (a) explain why one should believe Conjecture 1.2.3, and (b) sketch
the proof of Theorem 1.2.4.

1.3. Relation to the Tate conjecture. Here we motivate the definition of higher modularity. Using analytic
modularity (which is a theorem) combined with prior results on the cohomology of stacks of shtukas, we
will reduce Conjecture 1.2.3 to a sufficiently strong version of the Tate conjecture. Let �D Spec K be
the generic point of X , and let �D Spec K be a geometric generic point.

We use the normalization of the global Langlands correspondence found in [Dri80], adapted to the
group G D PGL2. This is a bijection between isomorphism classes:

� cuspidal automorphic representations � of G with coefficients in Q`, and

� irreducible representations � W Gal.K=K/! GL2 Q`, such that det � DQ`.�1/.

Suppose that � and � correspond. Let N be the conductor of � , in the sense that dim��0.N / D 1, and
let † be the support of N . Let U D X X†. Then � factors through a representation of �1.U; �/ of
conductor N . The correspondence is characterized by the property that for all v 2 U with residue field
Fqv and Frobenius Frobv, we have L.s� 1=2; �v/D det.1� �.Frobv/q�s

v /�1.

Remark 1.3.1. We have chosen this normalization of the global Langlands correspondence so that the
H 1 of a nonisotrivial elliptic curve over K corresponds to a cuspidal automorphic representation of G.
Under the “usual” normalization of the correspondence, the Langlands parameter of an automorphic
representation of G is a homomorphism Gal.K=K/!SL2 Q`. This is largely an aesthetic choice; working
with G rather than GL2 saves us certain notational headaches having to do with the center of GL2.

We now reference some facts about the relation between the cohomology of stacks of shtukas and the
global Langlands correspondence. Let r � 1, write �r for the r -fold product of � over Fq , and write �r

for the generic point of X r . Let �r ! �r be an algebraic closure lying over �r ! �r . Then there is a
homomorphism

�1.U
r ; �r /! �1.U; �/

r : (1.3.1)

The cohomology H r
c .ShtrG.�0.N /I†1/�r

;Q`/ admits commuting actions of �1.U
r ; �r / and the Hecke

algebra T0.N / for G with level �0.N /. The following proposition is along the lines of the Kottwitz
conjecture for Shimura varieties. It appears later as Proposition 2.3.1. We warn that it is conditional on
the extension of the main results of Xue in [Xue20a] and [Xue20b] to the situation †1 ¤¿.
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Proposition 1.3.2. Assume that #†1 � 1. Let � W �1.U; �/! GL2 Q` be an irreducible representation
of conductor N with det � DQ`.�1/. Then as representations of �1.U

r ; �r /, the external tensor power
��r appears as a subspace of H r

c .ShtrG.�0.N /I†1/�r
;Q`/. (Here �1.U

r ; �r / acts on ��r by means
of the homomorphism (1.3.1).)

Now suppose E=K is a nonisotrivial elliptic curve of conductor N . Let E!U be the family of elliptic
curves with generic fiber E. Let � be the 2-dimensional representation of �1.U; �/ on H 1.E�;Q`/. Then
� is irreducible, and (owing to the Weil pairing on E) we have det �DQ`.�1/. By Proposition 1.3.2, there
exists a �1.U

r ; �r /-equivariant embedding ��r ,!H r
c .Shtr�r

;Q`/, where Shtr D ShtrG.�0.N /I†1/.
Therefore we have embeddings

.� ˝ �.1//�r ,!H r
c .Shtr�r

;Q`/˝H 1.E�;Q`/
�r .r/ ,!H 2r

c .Shtr�r
�Er

�r
;Q`.r//:

The representation .� ˝ �.1//�r contains a �1.U
r ; �r /-invariant vector (again due to the Weil pairing),

and therefore so does H 2r
c .Shtr�r

�Er
�r
;Q`.r//. If the stack of shtukas were a projective variety, the Tate

conjecture would predict that w is the class of an algebraic correspondence Z. This is why we have
claimed that a sufficiently strong version of the Tate conjecture predicts the algebraic correspondence Z

appearing in Definition 1.2.1.

1.4. Strategy of proof of 2-modularity. Let N be an effective divisor of X D P1
Fq

of degree 4 with
support †. As before, let U DX X†. Let †1 �† be a set of places appearing with multiplicity 1 in N ,
such that #†1 is even. The stack of shtukas in this situation can be described by simple equations, at
least up to birational equivalence. More precisely, each fiber of

Sht2G.�0.N /I†1/! U 2

is birational to an elliptic surface (Theorem 2.5.1). For q large these elliptic surfaces are of general type,
which makes it hard to imagine finding the desired algebraic correspondence directly. Instead, we found
an unexpected relation between shtuka spaces with different numbers of legs, which we have called the
“coincidence map”. The coincidence map is a rational map

c W Sht2G.�0.N /I†1/Ü Sht1G.�0.N /I†01/:

between stacks of shtukas with 2 and 1 legs, respectively; its domain of definition meets every fiber
over U 2. Here †01 �†1 is another set of places appearing with multiplicity 1 in N , such that #†01 is
odd. The coincidence map fits into a cartesian diagram of varieties with rational maps:

Sht2G.�0.N /I†1/
c��2

//

��

Sht1G.�0.N /I†01/�U 2

�1�id
��

Coinc3
G.�0.N /I†001/

�3

// U 3

(1.4.1)
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Here, Coinc3
G.�0.N /I†001/ is a moduli space of what we have called “3-legged coincidences”: these are

certain modifications of vector bundles on the projective line, but Frobenius is not involved (and indeed
the space of coincidences can be defined in any characteristic). The set of archimedean places †00 is the
symmetric difference between † and †0. The leg map �3 in (1.4.1) is a double cover of U 3, branched
over a divisor of degree .2; 2; 2/.

Now suppose E=K is a nonisotrivial elliptic curve of conductor N , corresponding to a family of
elliptic curves E! U . Let1 be a place of multiplicity 1 in N . We apply the fact that E is 1-modular,
which is to say there is a finite morphism

Sht1G.�0.N /; f1g/! E (1.4.2)

commuting with the maps to U . Combining (1.4.1) with (1.4.2), we obtain a dominant rational map:

Sht2G.�0.N //Ü Z2.E/ (1.4.3)

where Z2.E/ is defined as the cartesian product

Z2.E/ //

��

E�U 2

��

Coinc3
G.�0.N /I f1g/ // U 3

(1.4.4)

We have a map Z2.E/! U 2 obtained by composing the upper row of (1.4.4) with the projection; with
respect to this, the morphism (1.4.3) commutes with the maps to U 2. By replacing E! U with the
complete elliptic fibration over P1 in (1.4.4), it is possible to redefine Z2.E/ so that the morphism
Z2.E/! U 2 is proper and smooth; we do this. Then each fiber of Z2.E/! U 2 is the base change of a
rational elliptic fibration by a double cover of P1 ramified at 2 points. Generically, such a base change is
a K3 surface of Picard rank 18. Our plan of attack now shifts to the study of K3 surfaces.

Recall that the Kummer surface Km.A/ of an abelian surface A is the K3 surface obtained by resolving
singularities on the quotient A=Œ�1�. If A is the product of generic nonisogenous elliptic curves, then
Km.A/ has Picard rank 18.

We prove the following theorem:

Theorem 1.4.1. Let S be a K3 surface over an algebraically closed field. Assume there is an isometry
Pic S ˝Q Š Pic K˝Q, where K is a Kummer surface of the form Km.E1 �E2/, where E1;E2 are
nonisogenous elliptic curves. Then there exists a finite morphism from S to a Kummer surface of this form.

Remark 1.4.2. Theorem 1.4.1 is in the spirit of a result of Buskin [Bus19, Theorem 1.1] which states that
if S and S 0 are two complex K3 surfaces, then a Hodge isometry H 2.S;Q/ŠH 2.S 0;Q/ is necessarily
induced from an algebraic correspondence between S and S 0.

Recall our family of K3 surfaces Z2.E/! U 2. The idea now is to apply Theorem 1.4.1 (suitably
modified to work in families) to conclude the existence of a family of abelian surfaces A! U 2, which
factors as a product of elliptic curves étale-locally on U 2, together with an isogeny Z2.E/! Km.A/.
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The next phase of the operation is to find an isogeny between Km.A/ and Km.E2/ over U 2, where
E! U is the given family of elliptic curves. This implies that E is 2-modular: there is then a dominant
rational map Sht2ÜKm.E2/ over U 2, which lifts over E2ÜKm.E2/ to produce (after taking Zariski
closures) the desired correspondence between Sht2 and E2.

We can leverage prior knowledge of the cohomology of Sht2 to force an isogeny between Km.A/
and Km..E0/2/, where E0! U is some family of elliptic curves of conductor N , a posteriori 2-modular
(Theorem 4.2.2). In the case that E is semistable (meaning N is multiplicity-free), this is enough to force
an isogeny between E and E0, and so E is 2-modular as well. In the other cases, explicit calculations were
necessary to find the isogeny between Z2.E/ and Km.E2/.

The phenomenon of the coincidence map applies to spaces of shtukas with arbitrarily many legs, and
opens up an avenue of attack to prove r -modularity for any r .

Theorem 1.4.3. Assume q is odd. Let E=Fq.t/ be the Legendre elliptic curve, with Weierstrass equation
y2 D x.x� 1/.x� t/. Then E is 3-modular.

This E has conductor N D .0/C .1/C 2.1/. Theorem 1.4.3 was proved by finding a birational map
between two families of Calabi–Yau threefolds Z3.E/ and Km.E3/ over U 3, where U D P1 X f0; 1;1g.
Here Z3.E/ is defined as a fiber product analogous to (1.4.4), and Km.E3/ is a generalized Kummer variety.

1.5. Application: Heegner–Drinfeld cycles on Er . This article was inspired by the theorem of Yun
and Zhang [YZ19] relating Heegner–Drinfeld cycles on stacks of shtukas, to the Taylor expansion of
L-functions of automorphic forms. We explain here the contact between higher modularity and the
conjecture of Birch and Swinnerton-Dyer for elliptic curves over function fields.

As before, we let X be a curve over Fq with function field K. Let f W E ! X be an elliptic
fibration with generic fiber E=K. Let ` be a prime not dividing q. Recall [Tat95] that the inequality
ordsD1 L.E=K; s/� rank E.K/ is known unconditionally, and that the following are equivalent:

(1) The conjecture of Birch and Swinnerton-Dyer (BSD) holds for E=K; i.e., ordsD1 L.E=K; s/ D

rank E.K/.

(2) The Tate conjecture holds for the surface E=Fq . By this, we mean that H 2.EFq
;Q`.1//

FrobqD1 is
spanned by classes of divisors.

(3) The Tate–Shafarevich group X.E=K/ is finite.

We briefly review the connection between these statements. Let NS.E/ be the Néron–Severi group
of E (divisors modulo algebraic equivalence). Define a decreasing two-step filtration Fili NS.E/, with
Fil1 NS.E/ the subgroup of divisors whose intersection pairing with a fiber of f is zero, and with
Fil2 NS.E/ the subgroup generated by irreducible components of fibers. Then NS.E/=Fil1 NS.E/Š Z

and Fil1 NS.E/=Fil2 NS.E/Š E.K/, the Mordell–Weil group. The identity section splits off the first
filtrant: NS.E/Š Fil1 NS.E/˚Z.

Meanwhile, the Leray spectral sequence for the composition E ! X ! Spec Fq degenerates on
the second page. As a result there is a decreasing two-step filtration Fili H 2.EFq

;Q`.1// with graded
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pieces H 2.XFq
; f�Q`.1// Š Q`, H 1.XFq

;R1f�Q`.1//, H 0
�
XFq

;R2f�Q`.1/
�
. This filtration is pre-

served by the action of Frobenius Frobq . Once again, the identity section splits off the first filtrant:
H 2.EFq

;Q`.1//Š Fil1 H 2.EFq
;Q`.1//˚Q`.

The cycle class map NS.E/˝Q`!H 2.EFq
;Q`.1// respects the filtrations on either side, and induces

an isomorphism on the first and third graded pieces. On the second graded pieces, we get an injective map

E.K/˝Q`! V WDH 1.XFq
;R1f�Q`.1//

which lands in the Frobenius-fixed part V FrobqD1. The Tate conjecture for E=Fq reduces to the statement
that E.K/˝Q`! V FrobqD1 is an isomorphism. Note that V FrobqD1 is the Selmer group for E=K (with
Q`-coefficients), and the statement that E.K/˝Q`! V FrobqD1 is an isomorphism is equivalent to the
statement that the `-primary part of X.E=K/ is finite.

The vector space V is related to the L-function via

L.E=K; s/D det.1� q1�s Frobq jV /:

Thus ordsD1 L.E=K; s/ is the dimension of the generalized 1-eigenspace for Frobq acting on V , which
a priori may be larger than V FrobqD1. Thus we have inequalities

rank E.K/� dim V FrobqD1
� ordsD1 L.E=K; s/:

If BSD holds for E=K, then the leftmost and rightmost quantities are equal, and consequently the Tate
conjecture holds for E, and as a bonus we also find that the generalized 1-eigenspace for Frobq on
V coincides with the eigenspace. Conversely, if the Tate conjecture holds for E, Tate shows that the
generalized 1-eigenspace for Frobq on V coincides with the eigenspace, and therefore BSD holds for
E=K. Note that the statement that the generalized 1-eigenspace for Frobq on V coincides with the
eigenspace is a consequence of the general conjecture that Frobq acts semisimply on all H i.EFq

;Q`/;
this statement is sometimes packaged along with the Tate conjecture.

Let N be the conductor of E, and let † be the support of N . Assume that N is multiplicity-free.
Let †1 � † be a subset. For each r � 0 with the same parity as #†1, we have a space of r -legged
shtukas �r W ShtrG.�0.N /I†1/!X r . (The map is really defined over all of X r , without removing †.
In the following discussion we are working with the iterated shtukas as defined in [YZ19]. In particular
ShtrG.�0.N /I†1/ is a smooth Deligne–Mumford stack.) Abbreviate this as Shtr .

Let K0=K be a quadratic extension corresponding to a (possibly branched) double cover X 0!X . We
assume that X 0 is geometrically connected over Fq , and that the branch points of X 0!X are disjoint
from †. Let us write †D†f [†1. Assume the Heegner hypothesis: all places in †f are split in X 0,
and all places in †1 are inert in X 0. Let E0 D E�X X 0. Then (under an assumption on the expected
behavior of the cohomology of the stacks of shtukas; see [YZ19, equation 1.9]), Yun and Zhang construct
a Heegner–Drinfeld class

HDE;r 2 ..V
0/˝r /FrobqD1

where V 0 is the analogue of V for E0!X 0.
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The following theorem is claimed by Yun and Zhang (see [YZ19, Section 1.3.1]):

Theorem 1.5.1. Let r0 � 0 be the smallest integer r such that HDE;r ¤ 0. Then the Selmer rank
dim.V 0/FrobqD1 is r0, and HDE;r0

spans the line
Vr0.V 0/FrobqD1.

On the other hand, the main result [YZ19, Corollary 1.4] applied to this situation reads

.HDE;r ;HDE;r / PDL.r/.E=K0; 1/; (1.5.1)

where . ; / W V �V !Q` is the natural symmetric pairing on V , and PD means equality up to an explicit
nonzero constant. If one knew definiteness of the restriction of the pairing to the Heegner–Drinfeld
classes, one could conclude that the r0 of Theorem 1.5.1 is the analytic rank of E=K0, and therefore that
Selmer rank = analytic rank. (This is true unconditionally in the case of analytic rank 3, using the Hodge
index theorem for surfaces.) The upshot is that Heegner–Drinfeld classes can be used to construct a basis
for the determinant of the Selmer group of E=K0, but (unless the analytic rank is 1) one cannot use them
to construct elements of the Mordell–Weil group.

Under the assumption that E is r -modular, the Heegner–Drinfeld classes actually arise from algebraic
cycles on .E0/r , in the following sense. Define the base change

.Shtr /0 D Shtr �X r X 0:

The Heegner–Drinfeld cycle is a codimension r cycle with proper support:

HDr 2Zr
c ..Shtr /0;Q/:

It is obtained as the locus of rank 2 X -shtukas which arise from rank 1 X 0-shtukas. (To define HDr one
needs to make some auxiliary choices; see [YZ19, 1.1.3]. In particular one has to choose a place of X 0

above each v 2†f .)
Let Z be an algebraic correspondence between Shtr and Er as in Definition 1.2.1 (extended over all

of X r ). Such a correspondence induces a map on algebraic cycles:

pZ WZ
r
c ..Shtr /0;Q/!Zr ..E0/r ;Q/:

Define
HDE;r WD pZ .HDr / 2Zr ..E0/r ;Q/:

Its cohomology class is an element

cl.HDE;r / 2H 2r ..E0/r
Fq
;Q`.r//

which is Frobq-invariant.
From the Künneth formula and the splitting of H 2.E0

Fq
;Q`.1// noted above, we have a surjective map

H 2r ..E0/r
Fq
;Q`.r//! .V 0/˝r (1.5.2)

We expect that the image of cl.HDE;r / in .V 0/˝r is HDE;r . The moral of our story is this: suppose
r is the Selmer rank of E=K0. Under the assumption of r -modularity, one still doesn’t know that the
Selmer group .V 0/FrobqD1 is spanned by classes of algebraic cycles in E0, but one does know that the
determinant of the Selmer group is spanned by the class of an algebraic cycle in .E0/r .
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2. The stacks of shtukas for PGL2

In this section we review the construction of the stack of r -legged shtukas ShtrG.�0.N /I†1/ for the
group G D PGL2. We have tried to keep our notation consistent with [YZ19].

From Section 2.4 on we specialize to the case that the base curve X is P1
Fq

. In that case the shtuka
space Shtr .�I†1/ is amenable to concrete calculations.

2.1. Vector bundles of rank 2, fractional twists, Atkin–Lehner automorphisms, and passage to G D

PGL2. Let F be a field, and let X=F be a smooth projective curve with fraction field K. For each
closed point x 2 jX j, let Kx be the completion of K at x. We have the stack Bun2, which assigns to
an F -scheme S the groupoid of rank 2 vector bundles F on X �S . If D 2 Div X , we have the twist
F.D/ WD F˝OX .D/. If N �X is an effective divisor and F is a rank 2 vector bundle on X �S , then a
�0.N /-structure on F is a rank 1 subbundle LN � FjN�S .

In the special case that N is multiplicity-free with support †, a �0.N /-structure may alternatively be
described as a system of fractional twists F

�
1
2
P
�

for each P 2†, which lies in between F and F.P /:

F � F
�

1
2
P
�
� F.P /:

The quotients F
�

1
2
P
�
=F and F.P /=F

�
1
2
P
�

are required to be rank 1 vector bundles on P �S . Given the
data of the F

�
1
2
P
�
, one can define for each D �N the twist F

�
1
2
D
�
, defined as the subbundle of F.D/

generated by F and the F
�

1
2
P
�

for each P 2 supp D. The line bundle LN can be recovered as the kernel
of FjN�S ! F

�
1
2
N
�
jN�S .

We can go further than this and define F.D/ for any D belonging to 1
2

Z†, in such a way that
F.DCD0/D F.D/.D0/ for all D;D0 2 1

2
ZN . Then whenever D �D0 for D;D0 2 1

2
ZN , we have an

inclusion F.D/� F.D0/ with cokernel supported on D0�D.
Keeping the hypothesis that N is multiplicity-free, we may write objects of Bun2.�0.N // as pairs

F| D .F; fF.D/g/, where fF.D/g is a system of fractional twists for D 2 1
2

Z†. For an object F| of
Bun2.�0.N // and D0 2 1

2
Z† we can form the fractional twist F|.D0/, simply by replacing each F.D/

with F.DCD0/. The resulting automorphism of Bun2.�0.N // is called the Atkin–Lehner automorphism
AL.D0/. These satisfy AL.D/ ıAL.D0/D AL.DCD0/.1

A rank 2 vector bundle F on a curve is semistable if 2 degL� degF for all rank 1 subbundles L� F.
The index of instability of a vector bundle is

inst.F/DmaxL.2 degL� degF/

where L runs through rank 1 subbundles of F. Note that inst.F/ is invariant under (integral) twists by
line bundles. This index allows us to define a stratification on Bun2.�0.N //. For i � 0, let

Bun2.�0.N //�i
� Bun2.�0.N //

1To be pedantic: a certain diagram of stacks 2-commutes.
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denote the open substack determined by the condition that instF � i on all geometric points. Similarly
define Bun2.�0.N //d;�i as the degree d component. Then each Bun2.�0.N //d;�i is an Artin stack of
finite type.

As in [YZ17], our main focus is on shtukas for the group

G D PGL2 :

Let BunG be the stack which assigns to an F -scheme S the groupoid of G-torsors F on X �S . Then

BunG Š Bun2 =PicX ;

where the Picard stack PicX acts on Bun2 by twisting. We may also define the stack BunG.�0.N //,
classifying G-torsors F over X �S together with a reduction of FjN�S to the Borel subgroup of G.

The degree of an object of BunG is valued in Z=2Z, and we write BunG.�0.N //d (d D 0; 1) for
the appropriate component. Similarly as above we have BunG.�0.N //d;�i , an Artin stack of finite
type. The Atkin–Lehner automorphisms described above descend to BunG.�0.N //: for any subset
†0�† supported on places appearing with multiplicity 1 in N , we have the Atkin–Lehner automorphism
AL
�

1
2
†0

�
, which is in fact an involution. For two such subsets †0; †

0
0
� †, we have the relation

AL
�

1
2
†0

�
ıAL

�
1
2
†0

0

�
D AL

�
1
2
†00

0

�
, where †00

0
�† is the symmetric difference of †0 and †0

0
.

2.2. Stacks of G -shtukas. Now let Fq be a finite field, and let X=Fq be a curve. The definition of shtukas
we use coincides with that appearing in Varshavsky [Var04] for general reductive groups G, except that
our shtukas feature a set of “archimedean places” †1, as in [YZ19].

Definition 2.2.1. Let S be an Fq-scheme. Let G be GL2 or PGL2. Suppose given the following data:

� An effective divisor N �X , with support †.

� A subset †1 �† of degree 1 places2 appearing in N with multiplicity 1.

� An integer r � 0.

� Morphisms xi W S !X X† for i D 1; : : : ; r . Let 
i �X �Fq
S be the graph of xi ; this is a divisor

of X �Fq
S .

A G-shtuka with legs x1; : : : ;xr , archimedean places †1, and �0.N /-structure is an isomorphism of
G-torsors with �0.N /-structure:

f W F|
j.X�Fq S/X

Sr
iD1 
i

�!� Frob�S F|
�

1
2
†1

�
j.X�Fq S/X

Sr
iD1 
i

:

Here the “FrobS ” is shorthand for the endomorphism idX �Frobq on X �S , where Frobq W S ! S is
the q-th power Frobenius morphism.

One can measure the failure of f to be an isomorphism along 

1
; : : : ; 
r by means of an alge-

braic representation W of the r -fold product OGr , where OG is the Langlands dual group. We write

2The assumption that all places of †1 are degree 1 is just for notational convenience.
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ShtWG .�0.N /I†1/ for the moduli stack of G-shtukas with �0.N /-structure and archimedean places †1
which are bounded by W .

We explain here in explicit terms the condition that a shtuka as above is “bounded by W ”, in the case
that G D GL2 (so that OG D GL2 as well) and W is the representation

W� D std�1 � � � �� std�r

of OGr , where std is the standard representation of GL2 and �D .�1; : : : ; �r / 2 f1;�1gr is a vector of
signs (with std�1 meaning the dual of std). Consider the following data:

� Vector bundles G0;G1; � � � ;Gr on X �Fq
S .

� For each i D 1; : : : ; r , an isomorphism fi W Gi�1j.X�Fq S/n

i
! Gi j.X�Fq S/n


i
. If �i D 1, then fi is

required to extend to a morphism of vector bundles Gi�1! Gi whose cokernel is length 1 supported
on 
i . If �i D�1, then f �1

i is required to have this property,

An isomorphism between G0 and Gr away from
Sr

i 
i is bounded by W� if it factors into fr ı � � � ı f1,
where f1; : : : ; fr are as above. Comparing degrees of vector bundles, we find that such an isomorphism
can exist only if

P
i �i D degGr � degG0.

From now on we fix
G D PGL2;

so that OG D SL2. Note that std is self-dual when considered as a representation of OG. Let us simply write

ShtrG.�0.N /I†1/

for the moduli stack of G-shtukas with �0.N /-structure and archimedean places †1 bounded by

Wr WD std�r :

We have an isomorphism

ShtrG.�0.N /I†1/Š ShtW�GL2
.�0.N /I†1/=PicX .Fq/;

where� is any vector of signs satisfying
P
i

�iD#†1. Hence a necessary condition for ShtrG.�0.N /I†1/

to be nonempty is the congruence
r � #†1 .mod 2/:

The stack ShtrG.�0.N /I†1/ is a Deligne–Mumford stack, and the morphism

�r
W ShtrG.�0.N /I†1/! .X X†/r

sending a shtuka to its legs x1; : : : ;xr is generically smooth of relative dimension r .

Remark 2.2.2. Keeping the intermediate Gi as above, one obtains the notion of an iterated shtuka. The
moduli space of iterated GL2-shtukas bounded by �D .1;�1/ was originally considered by Drinfeld
[Dri80]. If we had worked with iterated shtukas, the morphism �r would be smooth over .X X†/r .
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The spaces of iterated and noniterated shtukas coincide over the locus in X r where the legs are pairwise
distinct.

Example 2.2.3 (Relation to Drinfeld modular curves). In the special case that r D 1 and †1 D f1g
is a singleton, the stack Sht1G.�0.N /I1/ is related to a Drinfeld modular curve. Namely, decompose
N as N DNf C .1/, and let DrMod.�0.Nf /I1/ classify Drinfeld A-modules, where A is the ring of
functions on X regular away from1, equipped with a �0.Nf /-structure. The precise relationship is that
there is an isomorphism

Sht1G.�0.N /I1/Š DrMod.�0.Nf /I1/=PicıX .Fq/:

For r > 1 the stack ShtrG.�0.N /I†1/ is generally not of finite type. To produce finite-type stacks,
we need to pass to truncations. There is a map

ShtrG.�0.N /I†1/! BunG.�0.N //

sending a shtuka as in Definition 2.2.1 to its G-torsor F. For each i � 0, let ShtrG.�0.N /I†1/
�i be the

pullback under this map of BunG.�0.N //�i . Then ShtrG.�0.N /I†1/
�i is of finite type.

2.3. Cohomology of stacks of shtukas. Here we prove Proposition 1.3.2, which states that irreducible
Langlands parameters for G appear as subspaces of the cohomology of stacks of shtukas. We will need
the main results of [Xue20a] and [Xue20b], which we now review.

Recall our conventions on generic points: � (resp., �r ) is the generic point of X (resp., X r ), and
�r ! �r is an algebraic closure lying over �r ! �r . Let † be the support of N , and let U DX X†.

The truncated stack of shtukas ShtrG.�0.N /I†1/
�i is of finite type over U r , so it makes sense to

define the cohomology with compact supports

H r
c .ShtrG.�0.N /I†1/

�i
�r
;Q`/;

a finite-dimensional Q`-vector space admitting an action of �1.U
r ; �r /. Define

H r
c .ShtrG.�0.N /I†1/�r

;Q`/ WD lim
��!
i�0

H r
c .ShtrG.�0.N /I†1/

�i
�r
;Q`/;

and abbreviate

H r
c WDH r

c .ShtrG.�0.N /I†1/�r
;Q`/:

Then H r
c admits an action of the Hecke algebra T0.N / which commutes with the action of �1.U

r ; �r /.
Let .H r

c /
cusp �H r

c be the cuspidal part. Assuming that †1 D¿, Theorem 5.0.1 of [Xue20a] shows that
.H r

c /
cusp is finite-dimensional, and then Drinfeld’s lemma extends the action of �1.U

r ; �r / on .H r
c /

cusp

to an action of �1.U; �/
r .
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Proposition 2.3.1. Assume that #†1� 1. When r is odd, assume that Theorem 5.0.1 of [Xue20a] extends
to the case of .r; †1/. Then as a representation of T0.N /��1.U; �/

r , there is a decomposition

.H r
c /

cusp
D

M
�

��0.N /˝ ��r
� ;

where � runs over cuspidal representations of G containing a �0.N /-fixed vector, and �� is the 2-
dimensional representation of �1.U; �/ corresponding to � under the global Langlands correspondence.

Remark 2.3.2. When r D 2 and †1 D¿, 2.3.1 is a special case of a theorem of Drinfeld [Dri80].

Proof. The formalism of excursion operators developed in [Laf18] furnishes a decomposition of T0.N /�

�1.U; �/
r -modules .H r

c /
cusp D

L
� .H

r
c /

cusp
� indexed by isomorphism classes of Langlands parameters

� W �1.U; �/! GL2 Q`.
Let � be an irreducible Langlands parameter for G. In the case that r is even and †1 D¿, corollaire

2.1 to [LZ18, Proposition 1.2] identifies .H r
c /

cusp
� with ��0.N /˝ ��r , where � corresponds to � under

the Langlands correspondence. (We remark here that our .H r
c /

cusp is the space denoted H
cusp
I;W

in [LZ18],

where I is a set of cardinality r and W D std�I is the external tensor product of I copies of the standard
representation std of OG D SL2.) The proposition follows.

In the case that r is odd and †1 D f1g is a singleton, the same technique as in [LZ18] applies
(conditionally on the extension of Xue’s theorem to this case) to give a finite-dimensional T0.N /-module
A� such that for all odd r , there is an isomorphism of T0.N /��1.U; �/

r -modules:

.H r
c /

cusp
� ŠA� ˝ �

�r :

Setting r D 1, we have that .H 1
c /

cusp
� is the cohomology of a Drinfeld modular curve, namely the curve

which parametrizes Drinfeld modules over the ring H 0.Xn f1g ;OX /. The behavior of the cohomology
of Drinfeld modular curves was known to Drinfeld: A� D �

�0.N /. We proceed as above. �

We can now complete the proof of Proposition 1.3.2. Suppose � is an irreducible Langlands parameter
of conductor N . Proposition 2.3.1 shows that ��r appears as a summand of .H r

c /
cusp. Therefore it is a

subspace of H r
c .

2.4. Vector bundles with level structures on P1. At this point we specialize our study of shtuka spaces
to the case that the base curve X is the projective line. We make heavy use of the fact that the degree d

component Bund
2 admits a dense open substack containing only one isomorphism class, namely O.d=2/˚2

or O..d � 1/=2/˚O..d C 1/=2/ as d is even or odd, respectively; these are exactly the objects with
instability index � 1. As a result, it becomes possible to give explicit equations for dense open substacks
of the moduli stacks of shtukas.

The following lemmas, concerning BunG.�0.N // for divisors N of degree 3 and 4, exemplify the
simplifications that will occur.
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Lemma 2.4.1. Let F be a field, and let X D P1
F

. Let N be an effective divisor of degree 3. There is a
dense substack BunG.�0.N //! of BunG.�0.N //, such that each connected component BunG.�0.N //d;!

(d D 0; 1) is isomorphic to a single point Spec F .

Proof. We given an explicit description of BunG.�0.N //! in the case that N DP1CP2CP3 where each
Pi is F -rational, the other cases being similar. It is the locus of F| where the instability of each fractional
twist F

�
1
2
D
�

is � 1, where D runs over divisors supported on N1;N2;N3. One sees that each of its
components BunG.�0.N //d;! is a single point. In degree 0, for instance, let F| 2 Bun0

G.�0.N //.F / be
the object with F the trivial G-torsor. The level structure, represented by a triple of pairwise distinct
elements of P1.F /, determines an object of BunG.�0.N //! if and only if the three points in the
triple are pairwise distinct. (Translated into vector bundles, this is the observation that elementary
modifications of O˚2 at points P1;P2 along the lines L1;L2 �F2 produce O.1/˚O.1/ generically, but
will produce O.2/˚O if L1DL2.) As G acts simply transitively on such triples, we find an isomorphism
BunG.�0.N //0;! Š Spec F . �
Lemma 2.4.2. Let F be a field, and let X D P1

F
.

(1) Let N D P1 C P2 C P3 C P4 be a multiplicity-free divisor of degree 4. There exists a dense
open substack BunG.�0.N //! , stable under the Atkin–Lehner operators, each of whose connected
components is isomorphic to P1

F
X N . With respect to these isomorphisms, the Atkin–Lehner

involution AL
�

1
2
.P1CP2/

�
is the unique involution which exchanges P1 with P2 and P3 with P4.

(2) Let N D P1 CP2 C 2P3, with P1;P2;P3 pairwise distinct. There exists a dense open substack
BunG.�0.N //! , stable under the Atkin–Lehner operators (supported only on P1;P2), each of whose
connected components is isomorphic to A1

F
.

Proof. (1) Let BunG.�0.N //! be the locus of F| where (once again) all Atkin–Lehner twists F
�

1
2
†
�

have instability index � 1. This time, the �0.N /-level structures F| on the trivial G-torsor correspond to
quadruples of points of P1. One computes that F| lies in BunG.�0.N //! if and only if the quadruple is
pairwise distinct and is not in the G-orbit of .P1;P2;P3;P4/. The set of G-orbits of such quadruples is
P1

F
XN . (The claim about Atkin–Lehner involutions is not used in the sequel and we omit its proof.)

(2) Let Bun2.�0.N //! be the preimage of the substack described in Lemma 2.4.1. The parameter space
for �0.2P3/-structures lying over a given �0.P3/-structure is described by the fibers of Res2P3

P3
P1

F
!P1

F
,

which are all A1
F

. �

2.5. Explicit presentations of shtuka spaces with �0.N /-structure. The following theorem and its proof
give an explicit presentation of the space of shtukas with �0.N /-structure, where N is a divisor of degree
3 or 4. It is a special case of the main results of [FF22]. Define ShtrG.�0.N /I†1/

! to be the dense open
substack where the underlying G-bundle of the shtuka lies in the substack BunG.�0.N //! described by
Lemmas 2.4.1 and 2.4.2.

Theorem 2.5.1. Let X D P1
Fq

, let r � 1 be an integer, and let †1 � jX j be a finite set of degree 1 points
satisfying #†1 � r .mod 2/. Let �r D Spec Fq.t1; : : : ; tr / be the generic point of X r .
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(1) Let N be an effective divisor of degree 3, such that each point of †1 has multiplicity 1 in N . The
stack ShtrG.�0.N /I†1/

!
�r

is a quasiprojective variety, each of whose connected components is
rational; more precisely, there is a birational morphism from each component to .P1

�r
/r .

(2) Let N be a multiplicity-free effective divisor of degree 4 whose support contains †1. The stack
ShtrG.�0.N /I†1/

!
�r

is a quasiprojective variety. Each of its connected components is birational to
a hypersurface in .P1

�r
/rC1 of degree .2; 2; : : : ; 2; qC 1/.

(3) Let N D P1 C P2 C 2P3 be an effective divisor of degree 4, such that P1;P2;P3 are pairwise
distinct and †1 � fP1;P2g. The stack ShtrG.�0.N /I†1/

!
�r

is a quasiprojective variety. Each of
its connected components is birational to a hypersurface in .P1

�r
/rC1 of degree .2; 2; : : : ; 2; q/.

Remark 2.5.2. There are no cusp forms on PGL2 of conductor N if deg N D 3, whereas if deg N D 4

and N is multiplicity-free, then the dimension of the space of cusp forms of conductor N is exactly q.
(See [DF13, §7] for these results and related formulas.) So it is not surprising that nonrational varieties
appear when passing from degree 3 to degree 4.

Remark 2.5.3. It is possible to extend Theorem 2.5.1 to include the cases N D2P1C2P2, N DP1C3P2,
and N D 4P . We refer the reader to [FF22] for details.

Proof. (1) By Lemma 2.4.1, BunG.�0.N //d;! is a point, corresponding to an objectF| of BunG.�0.N //.Fq/.
Thus for a test scheme S , the shtukas in ShtrG.�0.N /I†1/

d;!.S/ classify isomorphisms of G-torsors
with �0.N /-structure:

f W F|
j.X�Fq S/n

S
i 
i
�!� F|

�
1
2
†1

�
j.X�Fq S/n

S
i 
i

which are bounded by Wr .
With Frobenius out of the picture, all that remains is linear algebra. Let F|

1
and F

|
2

be any two lifts of
F and F

�
1
2
†1

�
to Bun2.Fq/, such that degF2D degF1C r . (This is possible due to the parity condition

on r .) Note that the dimension of Hom.F|
1
;F

|
2
/ (meaning, morphisms of vector bundles, not necessarily

injective, which preserve level structures) is 2r C 1. The stack of shtukas ShtrG.�0.N /I†1/
d;! is

isomorphic to the quotient by Gm of the moduli stack of morphisms of vector bundles with �0.N /-
structure F

|
1
! F

|
2

which are bounded by std�r at the legs. This is a quasiprojective variety; indeed it is
the locally closed subvariety of

.P1/r �P Hom.F|
1
;F

|
2
/Š .P1/r �P2r ;

consisting of data .x1; : : : ;xr ; f /, where the divisor of detf is 

1
C � � �C 
r .

For each i D 1; : : : ; r , the local behavior of f at 
i gives an S -point of the affine Grassmannian GrG :
this is the period morphism at the i -th leg. If the legs are pairwise disjoint, all the period morphisms land
in the minuscule Schubert cell Grstd

G D P1. We claim that over the generic point �r , the product of the
period morphisms

… W ShtrG.�0.N /I†1/
d;!
�r
! .P1

�r
/r
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is a birational map. Indeed, let x1; : : : ;xr be generic legs, and consider the fiber of… over .u1; : : : ;ur /2

.P1/r . This is the subspace of f 2 P Hom.F|
1
;F

|
2
/Š P2r such that f is generically an isomorphism,

and such that f .xi/ has rank 1, with kernel ui . This is 2r linear conditions; for generic .u1; : : : ;ur /

there is a unique solution.
A computation involving minors shows that the rational map…�1 W .P1

�r
/r!P2r

�r
has degree .2; : : : ; 2/.

(2) Now suppose N is multiplicity-free of degree 4. Let N DN0CP for a point P disjoint from N0.
The quasiprojective variety ShtrG.�0.N /I†1/

d;!
�r

can be modeled on a subvariety of P2r �P1, where
the P2r is as in part (1) and the P1 records the additional level structure at P . Namely, it is the space
of pairs .f; v/, where the divisor of detf is 


1
C � � � C 
r , and f preserves the level structure at P in

the sense that f .P /.v/D Frobq.v/. Part (1) shows that this is birational via … to the subvariety Z of
.P1/r �P1 consisting of pairs .u; v/, where f D…�1.u/ satisfies f .P /.v/D Frobq.v/. We saw that
…�1 has degree .2; : : : ; 2/, which is to say that f .t/ has coordinates which are degree .2; : : : ; 2/ in
uD .u1; : : : ;ur /. Finally we observe that the equation f .P /.v/D Frobq.v/ has degree qC 1 in v.

(3) Finally, suppose N D P1CP2C 2P3 DN0CP3. The calculation is similar to (2), except that the
additional level structure at P3 has parameter space A1, this being the fiber of Res2P3

P3
P1! P1. The

operator f .P / is an automorphism of this A1; i.e., an affine transformation. Thus f .P /.v/D Frobq.v/

has degree q in v. �

Remark 2.5.4. Consider the case r D 2. Let N be a divisor of degree 4 as in part (2) or (3) of
Theorem 2.5.1. Let �2 Š Spec Fq.t1; t2/ be the generic point of X 2. The theorem shows that each
connected component of Sht2G.�0.N /I†1/

!
�2

is birational to a hypersurface in .P1
�2
/3 of degree .2; 2; q/

or .2; 2; qC 1/. Since .2; 2/-curves in .P1/2 are of genus 1, there is a desingularization, call it Z, which
is a genus 1 fibration over P1

�2
. In fact Z! P1

�2
admits a section, so that Z is an elliptic surface. The

nature of the singular fibers of Z! P1
�2

was studied in [FF22].
Specializing even further to the case q D 2 and N D .0/C .1/C 2.1/, one obtains a hypersurface Z

defined over F2.t1; t2/ of degree .2; 2; 2/, which is a K3 elliptic surface. This project originated in 2019,
when the second author sent the equation for Z to Noam Elkies, who (a) recognized Z as the universal
K3 elliptic surface with a 6-torsion section, and (b) computed a finite morphism from Z to the Kummer
surface Km.E2

�2
/, where E! P1

F2
is an elliptic fibration of conductor N . (More precisely, E! P1

F2
is

the elliptic fibration with I2; I6; IV fibers at 0; 1;1, with Mordell–Weil group Z=6Z.) This E was the
first example of a elliptic fibration we knew to be 2-modular.

2.6. The coincidence map. Theorem 2.5.1 allows us to derive equations for shtuka spaces of level �0.N /,
where N is a degree 4 effective divisor of P1

Fq
supported on at least one place1 of multiplicity 1. In

an early phase of this line of research, we dealt directly with those equations in an attempt to prove
2-modularity of some elliptic fibrations of conductor N . To our surprise, a change of variables turned the
defining equation for Sht2G.�0.N //

d;!
�2

into one in which we could recognize an equation for the Drinfeld
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modular curve Sht1G.�0.N /I1/. Eventually we found a generalization of this phenomenon, in the form
of the coincidence map described in the introduction.

Let r � 2, and let †1; †01 � Supp N be sets of degree 1 places with multiplicity 1 in N , such that
#†1 � r .mod 2/ and #†01 � 1 .mod 2/. (Under our hypotheses on N , such sets exist for any r .) Let
†001 be the symmetric difference of these sets, so that #†001 � r C 1 .mod 2/. Our goal is to give a
factorization of the variety of r -legged shtukas into a cartesian square:

ShtrG.�0.N /I†1/
c��r

//

ˇ
��

Sht1G.�0.N /I†01/�U r

�1�id
��

CoincrC1
G

.�0.N /I†001/
�r C1

// U rC1

(2.6.1)

We have called the variety CoincrC1.�0.N /I†001/ the moduli space of coincidences, and c the
coincidence map. The surprising thing (to us) about this state of affairs was that the family of varieties
CoincrC1.�0.N /I†001/! U rC1 was symmetric not just in the first r copies of U as we would expect,
but also in the final copy.

First we define the variety of coincidences. The “coincidences” classified by these spaces are modifi-
cations of vector bundles, but Frobenius is not involved and they may be defined in any characteristic.
Therefore let F be any field, and let N be an effective divisor on P1 of degree 4. Let †1 � Supp N be a
set of places appearing with multiplicity 1 in N , such that #†1 � r .mod 2/.

Let H| 2 BunG.�0.N //.F / be the following “reducible object” of instability index 2. This will be
the image of an object of Bun2.�0.N //.F / represented by the data H D O.2/˚O together with the
�0.N /-level structure which is just ON embedded into HjN along the second factor. Note that AutH|

(considered as a group scheme) is T, the diagonal torus in G. Thus BunG.�0.N //0 contains a locally
closed substack isomorphic to BT, whose S -points classify those H

|
0
2 BunG.�0.N // which are locally

isomorphic to H|.
We need H| for the following property:

Lemma 2.6.1. Consider the stack U whose S-points classify tuples .H|
0
;F|; �; h/, where H

|
0

is an
object of BunG.�0.N //0.S/ which is locally isomorphic to H|, where F| 2BunG.�0.N //1;!.S/, where
� 2 P1.S/, and where

h WH
|
0
jP1X
�

Š F|
jP1X
�

is an isomorphism bounded by std on � . Then the projection U 7! BunG.�0.N //1;! is an isomorphism.
That is, F| determines the data .�;H|; h/.

Proof. A restatement of the lemma is that, given F|, the space classifying isomorphisms h between
H| and F| away from an unspecified leg and bounded by std there is a T-torsor. The space of such h

can be modeled in an ambient space P Hom.O.2/˚O;O.2/˚O.1//Š P5. The fact that h preserves
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�0.N /-level structures (recall that deg N D 4) means that it belongs to a P1, but then two of the points
on the P1 correspond to h with det hD 0. The complement of these points is a T-torsor. �

Definition 2.6.2 (The stack of r -legged coincidences). A G-coincidence with legs xi W S ! P1 (for
i D 1; : : : ; r ), archimedean places †1, and �0.N /-structure is an isomorphism of G-torsors with
�0.N /-structure:

f WH
|
1
j
P1

S
X
S

i 
i
�!� H

|
2
j
P1

S
X
S

i 
i

such that locally H
|
1
ŠH| and H

|
2
ŠH|

�
1
2
†1

�
, and such that f is bounded by std�r at the legs. Let

Coincr
G.�0.N /I†1/ be the stack classifying such G-coincidences, and let

Coincr
G.�0.N /I†1/! .P1/r

be the morphism sending a G-coincidence to its legs.

In other words, Coincr
G.�0.N /I†1/ classifies such isomorphisms involving H| and H|

�
1
2
†1

�
,

modulo the action of T�T.
Now we can construct the coincidence map c. Return to the setting in the overview, so that the base

field is Fq and we have †1; †01; †
00
1 �†, whose parities are r; 1; rC1, respectively. Consider the stack

V whose S -points classify the following data:

� F| is an object of BunG.�0.N //0;!.S/.

� H
|
1
;H

|
2

are objects of BunG.�0.N //0.S/ locally isomorphic to H|.

� f WF|jXSX
rS

iD1



i
�!� Frob� F|

�
1
2
†1

�
jXSX

rS
iD1



i

is a shtuka bounded by std�r at the legs x1; : : : ;xr 2

P1.S/.

� f 0 W F|jXSX
r C1
�!� Frob� F|

�
1
2
†01

�
jXSX
r C1

is a shtuka bounded by std at the leg xrC1 2 P1.S/.

� For i D 1; 2, hi WH
|
i jXSX
� �!

� F|
�

1
2
†01

�
jXSX
� is an isomorphism bounded by std at � 2 P1.S/.

These are subject to a condition (�) that the composition

g WD h2

�
1
2
†001

��1
ıf 0

�
1
2
†1

��1
ıf

�
1
2
†01

�
ı h1; (2.6.2)

which is a priori an isomorphism from H
|
1

to H2

�
1
2
†001

�
away from x1; : : : ;xrC1; � and bounded by

std�rC1� std˝2, extends over � (more precisely, is bounded by the subrepresentation std�rC1� triv).
Now, by Lemma 2.6.1, F| completely determines the data of � and the hi , so we see that V is a closed

substack of ShtrG.�0.N /I†1/
0;! �Sht1G.�0.N /I†01/

0;! . We claim that V is birational to the graph of
a dominant rational map c W ShtrG.�0.N /I†1/

0Ü Sht1G.�0.N /I†01/
0.

Proof of claim: Given an r -legged shtuka f involving F|, the space of shtukas f 0 with one indeterminate
leg lives in an ambient space P Hom.O2;O.1/˚O/ŠP5, subject to 4 level conditions plus the additional
linear condition .�/, which determines f 0 uniquely, at least for generic f .

We have defined a rational map

c W ShtrG.�0.N /I†1/
0Ü Sht1G.�0.N /I†01/

0
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sending f to f 0. There is also a morphism V! Coincr
G.�0.N /I†001/ whose output is the composition

g above, inducing a rational map

ˇ W ShtrG.�0.N /I†1/
0;!Ü CoincrC1

G
.�0.N /I†001/:

We have defined a commutative diagram of rational maps (2.6.1) at least on the degree 0 component. To
see that it is cartesian, suppose g and f 0 are given. By Lemma 2.6.1 we get an h1 and an h2, from which
it is possible to solve for f in (2.6.2). Finally, we may extend c and ˇ to the degree 1 component using
an Atkin–Lehner involution.

2.7. Explicit equations for the spaces of G -coincidences. Let F be a field, let N � P1
F

be an effec-
tive divisor of degree 4 with support †, let U D P1

F
X †, and let †1 � † be a subset consisting

of points appearing in N with multiplicity 1. Then we have defined the space of G-coincidences
Coincr

G.�0.N /I†1/ ! U r in Definition 2.6.2. The fiber of this morphism over the generic point
�D Spec F.t1; : : : ; tr / is, as we will see, a quasiprojective variety over � of dimension r � 3. We record
here some explicit equations for Coincr

G.�0.N /I†1/�r
. The case

N D .0/C .1/C 2.1/

being especially simple, we assume this. Fix †1 in the following way: ¿ if r is even, and f1g if r

is odd. Let H|
0

be the object of O.2/˚ O of Bun2.�0.N //, where the �0.N /-level structure is ON

embedded in the second factor. Let H|
1

be a twist of H|
0

�
1
2
†1

�
which has degree r C 2: thus H1 is

isomorphic to O..r C 3/=2/˚O..r C 1/=2/ if r is odd and O.r=2C 2/˚O.r=2/ if r is even. We can
model Coincr

G.�0.N /I†1/ on the quotient by T�T of the subvariety A� P Hom.H|
0
;H

|
1
/Š P2rC3

describing those f for which detf is nonzero. Explicitly, A classifies matrices with polynomial entries

f .T /D

�
a.T / b.T /

c.T / d.T /

�
taken up to nonzero scalar, where the entries a; b; c; d have degrees bounded by r=2, r=2C2, r=2�2, r=2

(for r even) or .r�1/=2; .rC3/=2; .r�3/=2; .rC1/=2 (for r odd), such that f .T / preserves the �0.N /-
level structure, and such that detf .T /D

Qr
iD1.T � ti/ (again up to nonzero scalar). The preservation of

level structure means:

� b.0/D b.1/D 0, and deg b.t/� r=2, if r is even.

� b.0/D d.1/D 0, and deg b.t/� .r � 1/=2, if r is odd.

The action of T�T is by left and right translation on f .T /. This is a quasiprojective variety over �r of
dimension r � 3.

Example 2.7.1 (The case r D3). In this case, Coinc3
G.�0.N /I†1/�3

!�3 is a separable double cover of
�3 Š Spec F.t1; t2; t3/. For our values of N and †1, we have that Coinc3

ı.�0.N /I f1g/�3
is isomorphic
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to the 0-dimensional subvariety of A3 in variables a; b; d over �3 D Spec F.t1; t2; t3/, which classifies
matrices

f .T /D

�
T�a bT

1 .T�1/.T�d/

�
which are singular at t1; t2; t3. This translates into the equations

.ti � 1/.ti � a/.ti � d/� bti D 0; i D 1; 2; 3:

We can eliminate b to obtain two equations for a; d , revealing that these are the roots of the irreducible
polynomial

s2
� .t1C t2C t3� 1/sC t1t2t3: (2.7.1)

Then (2.7.1) is the equation for the double cover Coinc3
G.�0.N /I†1/�3

! �3 and its discriminant is
.t1C t2C t3� 1/2� 4t1t2t3. Considered as a quadratic polynomial in t3, this discriminant is not a square
for any specializations of t1 and t2 other than at 0; 1. (Indeed, when considered this way, the discriminant
of the discriminant is 16t1t2.t1 � 1/.t2 � 1/, which is nonzero away from such values.) Therefore the
double cover can be spread out into a family of double covers P1

s � U 2 ! P1
t3
� U 2 defined by the

equation (2.7.1), which is nonsplit over every point of U 2.

Example 2.7.2 (The case r D 4). Coinc4
G.�0.N //�4

is isomorphic to the 1-dimensional subvariety of
A5
�4

in variables a0; a1; b; d0; d1 over the base �4 Š F.t1; t2; t3; t4/, which classifies matrices

f .T /D

�
T 2Ca1TCa0 bT .T�1/

1 T 2Cd1TCd0

�
which are singular at t1; t2; t3; t4. The closure of Coinc4

G.�0.N //�4
in A5

�4
contains 6 obvious rational

points Pij , one for each partition of f1; 2; 3; 4g into i; j and i 0; j 0, defined by

fij .T /D

�
.T�ti/.T�tj / 0

1 .T�ti0/.T�tj 0/

�
:

Each of these points is nonsingular. There is also an obvious involution of Coinc4
G.�0.N //�4

which
exchanges .a0; a1/ with .d0; d1/.

The completion of this curve, call it C, has genus 1. (One way to see this is that the projective closure
in P5 has a unique singular point, and projection from this point to P4 gives a nonsingular curve of
genus 1. Another way to see this is to observe that projection onto A2 via the final coordinates d0; d1 is
an isomorphism of Coinc4

G.�0.N //�4
onto an affine cubic whose projective closure is nonsingular.) A

Weierstrass equation for C is

y2
C e1xy D x3

C .�e2C e3� 2e4/x
2
C .1� e1C e2� e3C e4/e4x; (2.7.2)
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where e1; : : : ; e4 are the elementary symmetric polynomials in t1; : : : ; t4. The points Pij generate the
Mordell–Weil group of C, which is isomorphic to Z3˚Z=2Z. The points Pij have coordinates

Pij W .ti.ti � 1/tj .tj � 1/; ti.ti � 1/tj .tj � 1/.�ti tj C ti0 tj 0 � ti0 � tj 0//

in the model (2.7.2); we remark that P12;P13;P14 are independent. The involution noted above is
translation by the 2-torsion point T , which has coordinates .0; 0/ in (2.7.2).

It turns out that C is the universal elliptic curve with these data, in the following sense.

Proposition 2.7.3. Let M0
1;4

be the moduli space of curves over k of genus 1 together with 4 marked

points and also an element of order 2 in Pic0. There is an isomorphism of �D Spec k.t1; t2; t3; t4/ with
the generic point of M0

1;4
, such that the pullback of the universal object is .CIO;P12;P13;P14;T /.

Proof. We assume char k ¤ 2 for convenience. Let V be the group f.˙1;˙1/g under multiplication, and
let V act on M

0

1;4 by .�1; �2/.EIP1;P2;P3;P4I t/D .EIP1;P2; �1.P3/; �2.P4/I t/, where negation is

with respect to the origin P1. We claim that M
0

1;4=V is birational to A4
k

. Indeed, an elliptic curve with a
point of order 2 has a model y2 D x.x2C rxC s/ which is unique up to replacing .r; s/ with .�2r; �4s/.
Since negation is an automorphism, P2 is only defined up to sign. Our birational map M

0

1;4=V Ü A4
k

sends .EIP1;P2;P3;P4I t/ to .s=r2;x.P2/;x.P3/;x.P4// 2 A4
k

.

On the other hand, the data .C;O;P12;P13;P14;T / defines a map �!M
0

1;4. One calculates [LW24]

that the composition �!M
0

1;4!M
0

1;4=V ÜA4
k

is dominant of degree 4. We conclude that �!M
0

1;4

is an isomorphism from � onto the generic point of M
0

1;4. �

We can only speculate on the geometry of Coincr
G.�0.N /I†1/�r

for general r . Let n1; n2 be the
bounds on the degree of c.T /; d.T / in the description we gave above: thus n1 D r=2�2; .r�3/=2

and n2 D r=2; .rC1/=2 as r is even or odd, respectively. If r is odd, we have an additional condition
that d.1/ D 0, so let n0

2
D r=2 if r is even and .r�1/=2 if r is odd. In both cases we have n1Cn2 D

r�2. Projection onto the pair .c.T /; d.T // or .c.T /; d.T /=.T �1//, depending on the parity of r ,
gives a birational equivalence between Coincr

G.�0.N /I†1/�r
and a hypersurface C in Pn1�Pn0

2 of
degree .n1C1; n0

2
C1/. If such a hypersurface has canonical singularities, it has a resolution which is a

(nonsingular) Calabi–Yau variety. For instance, this holds in the case r D 5, in which the variety C is
birational to an elliptic K3 surface. We guess that it is true in general.

3. Isogenies between K3 surfaces

3.1. Motivation: 2-modularity of extremal rational elliptic fibrations. Let E=Fq.t/ be a nonisotrivial
elliptic curve with degree 4 conductor N , with corresponding rational elliptic fibration E! P1. Let †
be the support of N , and let U D P1 X†. In the introduction we sketched a plan to prove that E is
2-modular. In the first phase of the plan, we found a dominant rational map

Sht2G.�0.N //Ü Z2.E/;
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where Z2.E/ is defined as a certain cartesian product:

Z2.E/ //

��

E�Fq
U 2

��

P1 �U 2

2W1
// P1 �U 2

(3.1.1)

The lower horizontal arrow is a certain family of nonsplit double covers of P1 parametrized by U , derived
from the moduli space of 3-legged coincidences. Now, the base change of a rational elliptic surface A!P1

by a nonsplit double cover P1! P1 is a K3 surface, unless the cover is ramified at a point where the
elliptic surface has additive reduction. Thus Z2.E/! U 2 is a family of K3 surfaces. As explained in the
introduction, in order to prove that E is 2-modular, it suffices to find a finite morphism Z2.E/!Km.E2/

commuting with the maps to U 2. This is what we accomplish in this section and the next:

Theorem 3.1.1. There exists a finite morphism Z2.E/! Km.E2/ commuting with the maps to U 2.

Remark 3.1.2. Theorem 3.1.1 can be stated in any characteristic, since the definition of the space of
coincidences is independent of characteristic. In the cases where E!P1 is unstable our formulas confirm
Theorem 3.1.1 in any characteristic.

Generally, it is an interesting problem to give sufficient conditions for two K3 surfaces to be isogenous;
see [Muk87; Bus19; Yan22]. A necessary condition is some relation between the Picard lattices of the
two surfaces. Naturally one wants to know if this is sufficient:

Question 3.1.3. Let S be a K3 surface over an algebraically closed field. Let ƒ be a lattice such that
Pic S ˝Q and ƒ˝Q are isometric. Does there exist a K3 surface S 0 in correspondence with S such
that Pic S 0 Šƒ?

For many values of ƒ, operations on elliptic fibrations can be used to construct the correspondence.
The main theorem of this section answers a special case of Question 3.1.3.

Theorem 3.1.4. Let S be a K3 surface over an algebraically closed field. Suppose there is an isometry
Pic S ˝Q Š Pic K˝Q, where K D Km.E1 �E2/ for two nonisogenous elliptic curves E1 and E2.
Then there is a morphism of finite degree from S to a Kummer surface of this form.

3.2. Elliptic fibrations on K3 surfaces. We begin with a few remarks on elliptic fibrations and especially
elliptic K3 surfaces. Some standard references are [SS10] for elliptic fibrations and [Huy16] for K3
surfaces. Unless stated otherwise, by “surface” we mean a smooth projective surface over an algebraically
closed field.

3.2.1. Generalities on elliptic surfaces. Let S be a surface. A genus 1 fibration on S is a morphism
S!X to a curve whose geometric generic fiber is a smooth integral curve of genus 1. If S!X admits
a section, we call it an elliptic fibration. In any case it always has a multisection, meaning a curve C � S

such that C !X is finite; the degree of the multisection is the degree of C !X . An elliptic surface is a
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surface admitting an elliptic fibration, such that no fiber contains an exceptional curve (meaning a smooth
rational curve of self-intersection �1). In this paper all elliptic surfaces are assumed to be nonisotrivial;
in other words, they are not products of two curves.

For a surface S , the Néron–Severi group NS.S/ is the group of divisors modulo algebraic equivalence.
It is a finitely generated abelian group endowed with an intersection pairing, which we write as .v; w/.
This pairing is nondegenerate on the torsion-free part of NS.S/. We write �.S/ for the rank of the
torsion-free part of NS.S/. If S!X is an elliptic fibration with general fiber F and section O , the trivial
lattice T � NS.S/ is generated by O and all irreducible components of fibers of S !X . Suppose the
reducible fibers occur at R�X . For v 2R, let x0; : : : ;xmv�1 2 NS.S/ be the irreducible components
of the fiber Sv , where x0 is the unique such component which meets O . As all fibers are equivalent to F ,
the trivial lattice T is the orthogonal direct sum of hO;Fi and hx1; : : : ;xmv�1i.

The isomorphism classes of singular fibers of an elliptic surface have a well-known classification by
Kodaira symbol. For each such fiber, the corresponding summand of T is a root lattice of type An, Dn

.n� 4/, E6, E7, or E8. Here our convention is that our root lattices are negative definite. We will make
use of the standard facts about each Kodaira symbol without comment, e.g., the corresponding Dynkin
diagram, multiplicity of components, discriminant, etc.

There are two useful formulas relating the geometry of an elliptic surface S to the singular fibers of an
elliptic fibration on S . One is the Shioda–Tate formula, and the other is a formula for the Euler number
of S .

The Mordell–Weil group of an elliptic fibration S !X is the group of sections S.X /. Equivalently
it is the set of rational points of the generic fiber of S ! X , which is an elliptic curve. There is an
isomorphism

NS.S/=T �!� S.X / (3.2.1)

sending a divisor to its generic fiber. This yields the Shioda–Tate formula [SS10, Proposition 6.6]:

�.S/D 2C
X
v2R

.mv � 1/C rank S.X /=.torsion/ (3.2.2)

The smooth locus in each singular fiber Sv of an elliptic fibration has a group structure, with neutral
component either Gm (type In) or Ga (all other types). We call Sv a multiplicative or additive fiber,
respectively. For an additive fiber v, let ıv be the index of wild ramification, defined by the formula

ıv D v.�/� 1�mv

where � is the discriminant of a Weierstrass equation for S over the local ring OX ;v . Then ıv ¤ 0 only if
the ground field has characteristic 2 or 3. If ıv D 0 for all v, we say that S !X is tame.

For a projective variety Y , write e.Y / for the Euler number (= topological Euler characteristic =
alternating sum of Betti numbers of Y ). For a singular fiber Sv of an elliptic fibration S !X , we have

e.Sv/D

�
mv if Sv is multiplicative,
mvC 1 if Sv is additive.

(3.2.3)
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We have the relations

�.S;OS /D
1

12
e.S/; (3.2.4)

where � is the Euler characteristic, and

e.S/D
X
v

.e.Sv/C ıv/; (3.2.5)

where the sum is over the singular fibers of S !X .

3.2.2. K3 elliptic surfaces. A smooth projective surface S is K3 if it has trivial canonical bundle and
H 1.S;OS /D 0.

Let S be a K3 surface. Then on S , the notions of linear, algebraic, and numerical equivalence of
divisors agree, and Pic S Š NS.S/ is torsion-free. We refer to this group as the Picard lattice. It has
signature .1; �.S/ � 1/. By Riemann–Roch, an irreducible curve C � S of arithmetic genus g has
.C;C /D 2g� 2. This implies that Pic S is an even lattice.

In the case that k DC is the field of complex numbers, then Pic S is a primitive sublattice of H 2.S;Z/.
For its part, H 2.S;Z/ is isomorphic to the K3 lattice E2

8
˚U 3, where U is the hyperbolic plane. By the

Lefschetz principle, this fact about Pic S extends to any field of characteristic 0. In positive characteristic,
we can use the following lemma.

Proposition 3.2.1 [Huy16, Proposition 5.8, Chapter 9]. Let S be a K3 surface of finite height over a
perfect field k of characteristic p. Then S can be lifted to W .k/ in such a way that the specialization map
from the Néron–Severi group of the general to the special fiber is an isomorphism.

We are interested in those K3 surfaces which admit genus 1 fibrations. If S is K3 and S ! X is a
genus 1 fibration, then necessarily X Š P1. An interesting fact about elliptic K3 surfaces S is, if their
Picard rank is not too small, they typically admit several genus 1 fibrations which are distinct modulo the
action of Aut S . It will be important for us to recognize the genus 1 fibrations on S purely by examining
the lattice Pic S .

Proposition 3.2.2 [PSS71, §3, Theorem 1]. Assume that the characteristic of k is not 2 or 3. Let S be a
K3 surface of finite height.

(1) Suppose F is a primitive class in Pic S with .F;F /D 0. Then there exists a genus 1 fibration S!P1

whose fiber class is O.Pic S/-equivalent to F .

(2) Continuing, let d be the greatest common divisor of .F;D/ for all D 2 Pic S . Then S ! P1 admits
a multisection of degree d .

(3) Continuing further, suppose d D 1, so that S!P1 is an elliptic fibration with fiber F and section O .
Then hF;Oi is the hyperbolic plane. The reducible fibers of S ! P1 correspond exactly to the root
lattice summands of the root sublattice of hF;Oi?. (The root sublattice is the sublattice spanned by
vectors v with .v; v/D�2.)
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Proof. (1) One can apply standard results on Pic S [Huy16, Corollary 8.2.9] to find a sequence of
smooth rational curves C1; : : : ;Cr on S such that F 0 D ˙�Cr

ı � � � ı �C1
.F / is nef, where �C .v/ D

v�.2.v;C /=.C;C //C is the reflection in the hyperplane orthogonal to a Picard class C 2Pic S satisfying
C 2 D�2. Since �C preserves the intersection pairing, we have .F 0;F 0/D 0. By [Huy16, Proposition
2.3.10], the linear system jF 0j has no base points, and the associated morphism to projective space factors
through a genus 1 fibration S ! P1, with fiber equivalent to F .

(2) It is clear that F 0 � F .mod d/ in Pic S , so that there exists D 2 Pic S with .F 0;D/ D d . After
replacing D with DC nF 0 for n� 0, we may assume that D is effective. Then D is a multisection of
the fibration of degree d .

(3) Let C � hF;Oi? be the set of C that satisfy .C;C / D �2. By Riemann–Roch either C or �C is
effective, so let CC be the set of effective elements. We claim that every element of CC is a sum of classes
of curves contained in fibers.

Indeed, write C 2 CC D
P

ai ŒCi �, where the ai are nonnegative integers and the Ci are classes of
irreducible curves. Since ŒF � moves with empty base locus, it has nonnegative intersection with all curves,
and positive intersection with all curves not contained in any member of the linear series jF j. In particular
O is not among the Ci , because ŒF � � ŒO �D 1. Therefore O �Ci � 0 for all i , and so F is not one of the
Ci either. On the other hand it is clear that if Ci is a curve in a fiber that does not meet O , then ŒCi � 2 C.

Let R be the root sublattice of hF;Oi?. From the above we see that R is freely generated by the
classes of curves in fibers that do not meet O . For each reducible fiber we obtain a root lattice as in
[SS10, §11.13], and distinct fibers give orthogonal sublattices of R. �

Corollary 3.2.3. Let S be a K3 surface of finite height. If the Picard rank �.S/ is at least 5, then S

admits a genus 1 fibration.

Proof. The quadratic form of Pic S is indefinite and represents zero over Qp for all primes p. Therefore
by Hasse–Minkowski it represents zero rationally; i.e., there exists F 2 Pic S with .F;F / D 0. By
Proposition 3.2.2, the surface S admits a genus 1 fibration. �

Remark 3.2.4. If the characteristic of k is 2 or 3, it is possible that a nef divisor with self-intersection 0

does not actually define a genus 1 fibration in the sense we have defined it; it can happen that the generic
fiber has a cusp. See [Huy16, proof of Proposition 2.3.10].

In the situation of Proposition 3.2.2, we have a genus 1 fibration on S admitting a multisection D

of degree d . We may pass to the Jacobian of this fibration [Huy16, Chapter 11, §4]: this is another K3
surface S 0 admitting a Jacobian fibration. There is a finite morphism S ! S 0 of degree d2, sending a
section P to dP �D. The following lemma identifies the Picard lattice of S 0.

Lemma 3.2.5 [Keu00, Lemma 2.1]. Let S be a K3 surface admitting a genus 1 fibration of multisection
index d with fiber F 2 Pic S , and let S 0 be the Jacobian of that fibration. Then Pic S 0 is isomorphic to the
overlattice .Pic S/ŒF=d � of Pic S .
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It is natural to ask about a sort of converse to Lemma 3.2.5. Suppose S is a K3 surface with Picard
lattice L, and suppose L0 �L is an overlattice with L0=L cyclic of degree d . Does there exist a genus 1
fibration on S whose Jacobian has Picard lattice L0? This is true if the rank of L is at least 13, as we will
see in Proposition 3.2.8.

Lemma 3.2.6. Let R be a principal ideal domain, let M be a free R-module of finite rank, and let Q be
a quadratic form on M . Let N �M be a submodule such that the discriminant of QjN is a unit in R.
Then M DN ˚N?.

Proof. First note that N \N? D 0, as otherwise QjN would have discriminant 0.
Let F be the fraction field of R, and let N _ �M ˝R F be the dual lattice, i.e., the R-submodule of

M ˝R F consisting of those m for which .m;N / � R. Then Hom.N;R/Š N _. By hypothesis, we
have N D N _. Let m 2M . Then we can find n 2 N such that .m;x/ D .n;x/ for all x 2 N . Then
m� n 2N?, and we conclude N CN? DM . �

In the context of Lemma 3.2.6, we say that Q primitively represents a 2R if there exists a primitive
element x 2M with Q.x/D a.

Lemma 3.2.7. Let p be prime and let Q be a quadratic form over Zp of rank n� 3 and unit discriminant.
If p D 2, assume further that Q is even. Then Q represents all elements of Zp primitively.

Proof. Suppose p is odd. Then Q may be diagonalized [CS99, p. 369, Theorem 2]: QD
Pn

iD1 aix
2
i . Since

Q has unit discriminant, each ai 2 Z�p . A standard counting argument shows that a1x2
1
C a2x2

2
C a3x2

3

primitively represents all elements of Fp. By Hensel’s lemma, Q primitively represents all of Zp.
If p D 2, then (loc. cit.) the form Q is isomorphic to the direct sum of a diagonal form

Pm
iD1 aix

2
i

with forms of the shape 2r Qa;b;c , where r � 1 and Qa;b;c.x;y/D ax2C bxyC cy2 is a form of unit
discriminant with a; c 2 Z2 and b 2 Z�

2
. Note that disc 2r Qa;b;c has 2-adic valuation 2r . Since Q has

unit discriminant, all ai 2 Z�
2

, and all the r are 0. But then since Q is even, mD 0.
Thus Q is the direct sum of at least two forms Qa;b;c . For each of these, we consider two cases. If

2jac then the discriminant b2� 4ac is congruent to 1 mod 8. It is therefore the square of a unit, and so
Q is a product of two linear factors .rxC sy/; .r 0xC s0y/ that generate the space of linear forms in
two variables over Z2. So Q represents every element of Z2 primitively in this case. Alternatively, if
a; c 2 Z�

2
, then Qa;b;c defines a nonsingular conic over Z2, so by Hensel’s lemma Qa;b;c primitively

represents all of Z�
2

. Since every element of Z2 is either a unit or the sum of two units, it follows that Q

primitively represents all of Z2 if there are two factors of this type. �

Proposition 3.2.8. Let S be a K3 surface with Picard number at least 13. Assume that the ground field has
characteristic 0, or else that S has finite height. Let p be prime, and let D be a divisor of S which is not
divisible by p in LD Pic S . Assume that pj.D;x/ for all x 2L, and also that p2j.D;D/. Equivalently,
L0DLŒD=p�� Pic S˝Q is an overlattice of L of index p. If pD 2, assume that L0 is even. (Since L is
even, this condition is equivalent to 8j.D;D/.)
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Then there exists a divisor class D0 2DCpL such that the p-part of gcdx2L.D
0;x/ is p, and a genus 1

fibration S ! P1 with fiber D0. Hence, if S 0! P1 is the p-Jacobian J p (see [Huy16, Remark 11.4.1])
of the fibration, then Pic S 0 ŠL0.

Proof. Using Proposition 3.2.1 we assume that the ground field is C.
Let M � Pic S ˝Zp be a Zp-sublattice of maximal rank among those which have unit discriminant.

Write Q for the quadratic form on Pic S ˝Zp. By Lemma 3.2.6, we have Pic S ˝Zp DM ˚N , with
N DM?. Then QjN is divisible by p. Indeed, if x 2N satisfies Q.x/ 2 Z�p , then M ˚hxi would be a
larger submodule with unit discriminant. In fact we claim that the intersection form on N is divisible
by p, i.e., that N � pN _. This follows automatically if p is odd. If p D 2, we also need to exclude the
possibility of x;x0 2 N with .x;x0/ 2 Z�

2
. But since we already know that .x;x/; .x0;x0/ 2 2Z2, we

have .x;x/.x0;x0/� .x;x0/2 2 Z�
2

, and again we have constructed a larger submodule M ˚hx;x0i with
unit discriminant.

Recall that the discriminant group of a lattice ƒ (over whatever PID base) is D.ƒ/Dƒ_=ƒ. Then
D.L/˝Zp Š D.L˝Zp/. On the other hand L˝Zp DM ˚N as above, and we have D.M / D 0,
whereas

D.N /˝ Fp DN _=.N;pN _/DN _=pN _ DN _˝ Fp

since N � pN _ as we observed above. We conclude from this that dimFp
D.L/˝ Fp D rank N .

Now we use that fact that LD Pic S D NS.S/ embeds primitively into the K3 lattice H DH 2.X;Z/.
(This is because for any complex projective surface S , we have NS.S/ Š H 1;1.S;C/ \H 2.S;Z/.)
Crucially, H is unimodular. Let L? be the orthogonal complement of L in H . The intersection pairing
on H induces a pairing D.L/˝H=.L˚L?/!Q=Z.

This pairing puts D.H / and H=.L˚L?/ into Pontrjagin duality. Proof: if h2H satisfies .L_; h/�Z,
write hD `C`?, where `2L˝Q, `? 2L?˝Q. Then .L_; `/�Z implies `2L__DL and therefore
`? 2 H \ .L? ˝ Q/ D L? and h 2 L˚ L?. Conversely if `_ 2 L_ satisfies .`_;H / 2 Z, then
`_ 2H_\L_ DH \L_ �H \ .L˝Q/DL because L is embedded primitively in H .

In particular dimFp
D.L/˝ Fp D dim.H=.L˚L?//˝ Fp � rank L? D 22� rank L, as one can see

by extending a Z-basis of L to H . Thus rank N � 22� rank L.
We have assumed �.S/D rank L� 13, and so

rank M D rank L� rank N � 2 rank L� 22� 4:

Our divisor D was assumed to satisfy pj.D;x/ for all x 2 L. If we decompose D as D D mC n

with m 2M , n 2 N DM?, then pj.m;x/ for all x 2M , which is to say, m 2 pM_. But since M

is unimodular, we find that m 2 pM . We find that n � D .mod L˝ pZp/. We have also assumed
that LŒD=p� is a lattice, which implies that p2j.D;D/; if p D 2 we have assumed 8j.D;D/. The same
statements are true when D is replaced with n. By Lemma 3.2.7, we can find a vector x 2M such that
.x;x/D�.n; n/=p2. Then D0 D nCpx 2L˝Zp satisfies D0 �D .mod p/ and .D0;D0/D 0.
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By weak approximation on quadric hypersurfaces, there exists D0 2L˝Q satisfying .D0;D0/D 0

which is p-adically close to D0. After clearing denominators, we may assume D0 2 L. Now we may
apply Proposition 3.2.2 to obtain the required genus 1 fibration. �

Corollary 3.2.9. Let S be a finite height K3 surface of Picard number � 13, and let p be an odd prime.
Let d D disc Pic S , and let pv be the largest power of p dividing d . Suppose we have an isometry
Pic S ˝Qp ŠL˝Qp, where L is a unimodular Zp-lattice. Then there is a map of finite degree from S

to a K3 surface S 0 for which disc Pic S 0 D d=pv.

Proof. The hypothesis on Pic S implies that v is even, as the discriminant of a quadratic form over a field
is well-defined up to a square. It also implies that the Hasse invariant of Pic S ˝Qp is trivial, as this is
the case for L˝Qp . Indeed, we may diagonalize the quadratic form on L as

Pn
iD1 aix

2
i , with ai 2 Z�p ,

and then the Hasse invariant is
Q

i<j .ai ; aj / (Hilbert symbol). Each factor in the product is trivial (note
that p is odd).

We proceed by induction on v, the case v D 0 being obvious. First suppose that D.Pic S/ contains an
element of order p2, represented by D_ 2 .Pic S/_. Then D D p2D_ 2 Pic S satisfies the hypotheses
of Proposition 3.2.8, in which case there is a degree p2 map S ! S 0 with disc Pic S 0 D d=p2.

Therefore assume that D.Pic S/˝Zp is p-torsion, in which case its Fp-dimension is v. The quadratic
form on Pic S ˝Zp is equivalent to the diagonal form

pa1x2
1 C � � �Cpavx

2
v C avC1x2

vC1C � � �C anx2
n ; (3.2.6)

with each ai 2 Z�p . If v > 2, there exist x1;x2;x3 2 Zp such that a1x2
1
C a2x2

2
C a3x2

3
� 0 .mod p/

since every nonsingular conic over Fp has a rational point. Let D 2 Pic S be p-adically close to
.x1;x2;x3; 0; : : : / 2 Pic S ˝Zp . Then D satisfies the hypotheses of Proposition 3.2.8, and again we can
remove a factor of p2 from disc Pic S .

We are now reduced to the case vD 2. Standard formulas for the Hilbert symbol reveal that .pa1; ai/D

.pa2; ai/ for all i � 3, so that the Hasse invariant of (3.2.6) is .pa1;pa2/ D .�a1a2=p/ (Legendre
symbol). But by the observation in the first paragraph, the Hasse invariant is trivial; i.e., �a1a2 is a square
modulo p. Thus a1x2

1
C a2x2

2
represents 0 modulo p, and we proceed as in the previous paragraph. �

3.3. Kummer surfaces Km.E1 �E2/ of Picard rank 18. Here we recall the basic constructions and
properties of the Kummer surface Km.A/ attached to an abelian surface A. For the moment let us suppose
we are in characteristic not 2. Denoting by � the involution x 7! �x on A, the quotient A=� has rational
double point singularities at each of the 16 fixed points of � (namely, the 2-torsion points of A). Let
Km.A/ be the minimal resolution of A=�. Then Km.A/ is a K3 surface.

The Picard lattice Pic Km.A/DNS Km.A/ contains both NS.A/ and the classes of the 16 exceptional
divisors. In fact these generate Pic Km.A/ and we have:

�.Km.A//D 16C �.A/: (3.3.1)

We will focus on the case that ADE1�E2 is a product of nonisogenous elliptic curves E1;E2. In this
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case, (3.3.1) gives �.Km.A//D 18. There is an elliptic fibration Km.E1�E2/!P1 given by projecting
onto E2=�ŠP1; the geometric fibers are all isomorphic to E1. In fact this gives an alternate construction
of Km.E1 �E2/: it is the quadratic twist of the constant elliptic fibration E1 �P1! P1 by the double
cover E2! P1. (Of course, we could have reversed the roles of E1 and E2 in this construction.)

The bad fibers of Km.E1�E2/! P1 occur at the four branch points of E2! P1, and they are all of
type I�

0
D QD4. Therefore the trivial lattice of the fibration is U ˚D˚4

4
. We note here that disc D4 D 4.

On the other hand the Mordell–Weil group of this fibration has order 4 (coming from the 2-torsion in E1).
We conclude from (3.2.1) that Pic Km.E1 �E2/ has discriminant �16. The lattice Pic Km.E1 �E2/

does not depend on the elliptic curves E1 or E2, so long as they are nonisogenous. In the complex setting,
the transcendental lattice of Km.E1 �E2/ is TE1�E2

.2/Š .H 1.E1;Z/˝H 1.E2;Z//.2/Š U˚2.2/.
We are interested in the question of whether a given K3 surface S of rank 18 is isogenous to a Kummer

surface of the form Km.E1 �E2/, and if so, how to find the elliptic curves E1 and E2. The following
result relies on a deep theorem of Mukai.

Proposition 3.3.1. Let S be a complex K3 surface such that Pic S˝Q is isometric to Pic Km.E1�E2/˝Q

for some nonisogenous elliptic curves E1;E2. Then there exists an isogeny between S and a Kummer
surface of that form. (An isogeny between K3 surfaces S and S 0 is an algebraic cycle on S �S 0 inducing
an isometry H 2.S;Q/ �!� H 2.S 0;Q/.)

Sketch of proof. Let TS be the transcendental lattice of S . Then TS has signature .2; 2/, and is the
complement of Pic Km.E1 �E2/ in H 2.S;Z/. A calculation involving Hasse–Minkowski invariants
shows that TS˝Q is isometric to U˚2˝Q. Via this isometry, the Hodge structure on TS now determines a
Hodge structure on U˚2, which is to say, a morphism of real groups h WS!O.2; 2/, where S is the Deligne
torus. Now observe that there is an isomorphism .g1;g2/ 7! g1˝g2 from .Sp.2/�Sp.2//= f˙1g onto
the neutral component of O.2; 2/. Therefore h factors through a morphism S! .Sp.2/�Sp.2//= f˙1g.
For i D 1; 2, let hi be the projection of this morphism onto the i -th copy of Sp.2/= f˙1g Š PGL2; then
hi determines an elliptic curve Ei . Thus we have an isometry of rational Hodge structures:

TS ˝QŠH 1.E1;Q/˝H 1.E2;Q/Š TKm.E1�E2/˝Q:

We now invoke a theorem of Mukai [Muk87, Corollary 1.10]: an isometry between rational Hodge
structures of two K3 surfaces of rank � 11 is always induced from an isogeny. �

In this section we prove an effective version of Proposition 3.3.1, whereby the elliptic curves E1 and
E2 can in theory be computed from S , and where the isogeny is simply a finite rational map (which can
also be computed). The idea is to leverage operations on elliptic fibrations. We build up the result in
stages.

Proposition 3.3.2. Let S be a K3 surface whose Picard lattice is isometric to Km.E1 �E2/ for some
nonisogenous elliptic curves E1;E2. Then S is isomorphic to a Kummer surface of that form.

Proof. Proposition 3.2.2 produces an elliptic fibration S ! P1 with I�
0

fibers at four points of P1. Let
E2! P1 be the elliptic curve branched at exactly these four points. Then the quadratic twist of S ! P1
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by E2! P1 has I0 reduction at these points; i.e., it has good reduction everywhere and therefore must
be a constant elliptic curve E1 �P1. Thus S is a quadratic twist of E1 �P1 by E2! P1, and this is
exactly Km.E1 �E2/. �

Remark 3.3.3. Recall that a Shioda–Inose structure [Mor84, Definition 6.1] on a complex K3 surface
S is a rational map S ! S 0 of degree 2 such that S 0 is a Kummer surface and TS 0 Š 2TS , meaning
that the Gram matrix of TS 0 is twice that of TS . Morrison proves [Mor84, Theorem 6.3] that S has a
Shioda–Inose structure if and only if Pic S ˝Q is isometric to Pic K˝Q for some Kummer surface
K D Km.A/, if and only if TS embeds primitively in U 3.

Proposition 3.3.4. Assume that char k ¤ 2. Let S be a K3 surface whose Picard lattice has rank 18 and
discriminant �1. Then there is a finite map from S to a K3 surface of the form Km.E1 �E2/, where
E1;E2 are nonisogenous elliptic curves.

Proof. The transcendental lattice of S is an even unimodular lattice of rank 4 and signature .2; 2/, so it is
isometric to U 2. By Remark 3.3.3, there is a Shioda–Inose structure on S . The codomain of this isogeny
has transcendental lattice U 2.2/, which as we have seen is that of the Picard lattice of Km.E1 �E2/ for
nonisogenous E1;E2. The result now follows from Proposition 3.3.2. �

We need a further lattice-theoretic result.

Proposition 3.3.5. Every even lattice L of discriminant �4i and signature .1; 17/ is contained in a
unimodular lattice, necessarily II1;17 D U ˚E˚2

8
.

Proof. We will show that if i � 1 then L is contained in a lattice of discriminant �4i�1, and then the result
follows by induction. The idea is that if x 2D.L/DL_=L is an element of order 2 satisfying .x;x/2 2Z

(i.e., x is isotropic in D.L/Œ2�), then L0 DLChxi is again an even lattice, and disc L0 D 1
4

disc L.
We need the fact that (for general lattices L) the F2-dimension of D.L/Œ2� has the same parity as the

rank of L, which in our case is even. (Proof: Use the classification of lattices over Z2 to reduce to the
case that the quadratic form is either x2 or 2r .ax2C bxyC cy2/ with unit discriminant where a; c 2 Z2

and b 2 Z�
2

.) As a result the following four cases are exhaustive.

� Case 1: D.L/ contains an element a of order 2i , where i > 2. We have .a; 2ia/ 2 Z, and therefore
.a; a/22�iZ. Now let xD2i�1a; then x has order 2 in D.L/ and .x;x/D22i�2.a; a/22i�2Z�2Z

as desired.

� Case 2: D.L/ contains two independent elements a; b of order 4. Let these be a; b. We then
have 4.a; a/; 4.b; b/; 4.a; b/ 2 Z. If 4.a; a/ and 4.b; b/ are both odd, then .2aC 2b; 2aC 2b/ D

4.a; a/C 8.a; b/C 4.b; b/ is even. Thus at least one of 2a; 2aC 2b; 2b is isotropic in D.L/Œ2�.

� Case 3: D.L/Œ2� contains .Z=2Z/˚4. Let S be the subset of D.L/Œ2� consisting of x with .x;x/2Z;
it is easy to see this is a subgroup. If x;y 2D.L/Œ2� do not lie in S , each of .x;x/; .y;y/ 2 ZC 1

2
,

and then .xCy;xCy/D .x;x/C 2.x;y/C .y;y/ 2 Z. This shows that S has index at most 2 in
D.L/Œ2�, so that S contains .Z=2Z/˚3. Let s1; s2; s3 2S be independent elements. If any si satisfies
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.si ; si/ 2 2Z, it is isotropic. If .si ; sj / 2 Z for any i ¤ j , then .si C sj ; si C sj / 2 2Z. If not, then

.si ; si/ 2 1C 2Z for all i and .si ; sj / 2 1=2CZ for all i ¤ j , so .s1C s2C s3; s1C s2C s3/ 2 2Z.

� Case 4: D.L/Š .Z=2Z/2. Let a1; a2; a3 be the nonzero elements of D.L/. Assume that none of
these are isotropic. By [Mor84, Theorem 2.8] we can embed L into the K3 lattice U 3CE2

8
, and the

complement is a lattice of signature .2; 2/ and discriminant 4. By [Mor84, Theorem 2.8] again we
can embed this into U 3, with complement of signature .1; 1/ and discriminant �4. This lattice has
the same discriminant form as L, by applying [Mor84, Lemma 2.4] twice. On the other hand, there
are only two such lattices L1;L2, with Gram matrices M1 D

�
0
2

2
2

�
and

�
0
2

2
0

�
: (Proof: let x;y be a

basis. If .x;x/.y;y/ < 0 then we must have .x;x/D 2; .y;y/D�2; .x;y/D 0, or the same with
x;y switched, and that is the first case. If not, we can take 0� .x;x/� .y;y/ and .x;y/� 0, and
either we are in one of the cases above or we can decrease .x;x/C .y;y/ by replacing y by y˙x).
So L, being determined by its invariants [Mor84, Theorem 2.2], is the direct sum Mi ˚E˚2

8
for

i D 1 or 2. In both cases there is a vector in L that can be divided by 2, namely .x; 0/. �

We have reached the main theorem of this section.

Theorem 3.3.6. Let ƒ be the Picard lattice of (any) Kummer surface of the form Km.E1 �E2/, where
E1;E2 are nonisogenous elliptic curves. Let S be a K3 surface. Assume there is an isometry Pic S˝QŠ

ƒ˝Q. Then there exists a finite morphism S ! Km.E1 �E2/ for nonisogenous elliptic curves E1;E2.

Proof. Since ƒ has discriminant �16, the hypothesis implies that jdisc Pic S j is a square. We apply
Corollary 3.2.9 to all odd primes dividing disc Pic S to obtain a finite morphism from S ! S 0, where S 0

is a K3 surface with disc Pic S 0 D�4n. By Proposition 3.3.5, there is an embedding of L0 D Pic S 0 into
L00, where L00 D II1;17 is the even unimodular lattice of signature .1; 17/. We can factor this embedding
as L0 D L0 � L1 � � � � � Lm D L00, with Li=LiC1 Š Z=2Z for each i . Successive applications of
Proposition 3.2.8 give a finite morphism S 0! S 00, where Pic S 00 Š L00. Finally, by Proposition 3.3.4
there is a finite morphism from S 00 to a Kummer surface of the form Km.E1 �E2/. �

We conclude this section with some remarks on potential extensions of Theorem 3.3.6 to the case of
more general Kummer surfaces. Recall that if A is an abelian surface, the Picard rank of the Kummer
surface Km.A/ equals 16C rank NS.A/. In characteristic 0, the rank of Km.A/ takes one of the values
17, 18, 19, 20. The cases of rank 19, 20 are easy to deal with.

Remark 3.3.7. If rank Pic S > 18, then a Shioda–Inose structure on S always exists [Mor84, Theorem
6.3, Corollary 6.4], so there is a map of degree 2 from S to a Kummer surface. Thus the analogue of
Theorem 3.3.6 is true for such S .

We now turn to the case of rank 18. We pose the question of whether a K3 surface S of rank 18 should
admit a finite morphism to a Kummer surface Km.A/. Here, A would have to be an abelian surface
admitting endomorphisms by an order O in a real (and possibly split) quadratic extension of Q. Then
disc Pic Km.A/D�16 discO. We have already treated the split case OD Z�Z, which corresponds to
the case that A is a product of elliptic curves. Our methods can also treat the case of OD ZŒ

p
2�.



834 Adam Logan and Jared Weinstein

Proposition 3.3.8. Let S be a K3 surface. Let ƒ be the Picard lattice of (any) Kummer surface of
the form Km.A/, where A is an abelian surface with End A D ZŒ

p
2�. Assume there is an isometry

Pic S˝QŠƒ˝Q. Then there exists a finite morphism S!Km.A/ for an abelian surface A of this sort.

Sketch of proof. As in Corollary 3.2.9, we may remove all odd primes from the discriminant of Pic S .
Therefore assume that disc Pic S D�22iC1 for some i � 0. An even lattice of even rank may not have
discriminant ˙2, so in fact we may assume i � 1.

We claim that Pic S is contained in a lattice of discriminant �8. We argue as in the proof of
Proposition 3.3.5: referring to that proof, if i � 2 then one of the first three cases always holds and we can
always find an overlattice of Pic S of index 2. Therefore let us assume that i D 1, so that disc Pic S D�8.
Using the results of [CS99, Chapter 15], we can confirm that there is only one isomorphism class of
even lattices with discriminant �8 and signature .1; 17/, namely D9˚E7˚U . We can now assume that
Pic S is isomorphic to this lattice.

Invoking a computation with Hasse–Minkowski invariants, this forces the transcendental lattice of S to
be isomorphic to U ˚h�2i˚h4i. (This is also a consequence of [EK14, Proposition 7].) Thus by [Mor84,
Corollary 6.2] there is a Shioda–Inose structure S ! S 0, where S 0 D Km.A/ is the Kummer surface of
an A satisfying TA Š U ˚h�2i˚ h4i. The Néron–Severi lattice NS.A/ of A, being the complement of
TA in H 2.A;Z/ Š U˚3, is isomorphic to h2i ˚ h�4i. The vector of length 2 in NS.A/ is a principal
polarization on A, and End AD NS.A/ is the quadratic order of discriminant �8, namely ZŒ

p
�2�. �

Remark 3.3.9. It is easy to embed D9˚E7˚U into the K3 lattice E˚2
8
˚U˚3 with complement

either U ˚h�2i˚ h4i or U ˚h2i˚ h�4i. However, these need not be distinguished. Indeed, let L be
the lattice h2i˚h�4i and let x;y be the given basis. Then LŠ�L, as one sees by changing to the basis
.xCy; 2xCy/. (This is a manifestation of the fact that ZŒ

p
2� has a unit of norm �1.)

Finally we turn to the case of Picard rank 17.

Proposition 3.3.10. Let S be a K3 surface. Letƒ be the Picard lattice of (any) Kummer surface of the form
Km.A/, where A is an abelian surface with End ADZ. Assume there is an isometry n Pic S˝QŠƒ˝Q,
where n 2 f1; 2g. Then there exists a finite morphism S ! Km.A/ for an abelian surface A of this sort.

Sketch of proof. Again we apply the techniques of Corollary 3.2.9 and Proposition 3.3.5 to assume that
disc Pic S is either �2 or �4. In these two cases we must have nD 1 or 2 respectively. In both cases, the
even lattice Pic S is uniquely determined by its discriminant and signature.

In the case of discriminant �2, we have Pic S Š E8˚E7˚U . This lattice is rationally isometric
to ƒ. The orthogonal complement of Pic S in H 2.S;Z/ is isomorphic to A1˚U˚2. The existence of a
Shioda–Inose structure now follows from [Mor84, Corollary 6.4 (iii)].

In the case of discriminant �4, Pic S ŠL˚U , where L is a lattice containing its root sublattice L0

with index 2, and L0 ŠA3˚D12. Therefore by Proposition 3.2.2, there exists an elliptic fibration on S

with 2-torsion section. Let S ! S 0 be the quotient by the 2-torsion section. The induced map TS 0 ! TS

is not generally a rational isometry, but rather TS 0 is rationally isometric to 2TS : see [BSV17, §2.4].
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Since the rank of TS is odd, the discriminants of TS and TS 0 differ by twice the square of a rational
number. Since Pic S is the complement of TS in a unimodular lattice, and similarly for Pic S 0, we find that
disc Pic S 0 D�2n2 for some integer n� 1. Also, we now have a rational isometry Pic S 0˝QŠƒ˝Q.
After once again removing squares from the discriminant we are in the case of the previous paragraph. �

4. Verification of 2-modularity for extremal rational elliptic fibrations

The goal of this section is to complete the proof of Theorem 1.2.4: every nonisotrivial tame extremal
rational elliptic fibration E! P1 over a finite field is 2-modular. In Section 4.1 we present an overview
and classification of such fibrations, and show that when E! P1 is base changed along a double cover
of P1, a K3 surface arises which is isogenous to a Kummer. In Section 4.2 we consider the family of
K3 surfaces Z2.E/! U 2 that arose in the introduction, and prove the existence of an isogeny from
Z2.E/ onto Km.E0 � E0/, where E0 ! U is a 2-modular elliptic fibration of the same conductor as E.
If E is semistable, this is enough to show that E and E0 are isogenous, so that E is 2-modular as well.
The remaining sections feature case-by-case calculations which show that E0 and E are isogenous in the
unstable cases as well. For those calculations, the theory of Shioda–Inose structures is indispensable.

4.1. Extremal rational elliptic fibrations and associated K3 surfaces. A rational elliptic surface E over
an algebraically closed field F is isomorphic to P2 blown up at 9 points (possibly infinitely near), so
that �.E/D 10 and e.E/D 12. If in addition E! P1 is extremal, and if we also assume that the singular
fibers are tame, then by the Shioda–Tate formula (3.2.2) we must have

P
v.mv �1/D 8, where mv is the

number of irreducible components in the fiber Ev . On the other hand by the Euler number formula (3.2.3)
we have

P
v e.Ev/D 12, where e.Ev/ is mv or mvC 1 as v is multiplicative or additive. Therefore the

singular fibers of E! P1 fall into one of the following three possibilities:

(1) four multiplicative fibers;

(2) two multiplicative fibers and one additive fiber;

(3) two additive fibers.

The case of two additive fibers can only occur if E! P1 is isotrivial (i.e., has constant j -invariant). We
discard this case, and refer to the (1) as the semistable case and (2) as the unstable case.

Remark 4.1.1. There do exist nonconstant extremal rational elliptic fibrations with two singular fibers,
for example the curve with Weierstrass equation

y2
C txy D x3

� t5

in characteristic 2 has j -invariant t and singular fibers exactly at t D 0;1. The fiber at 0 is wild.

We present here the classification of semistable extremal rational elliptic fibrations E! P1. Each has
exactly four fibers of multiplicative type. This classification is due to Beauville ([Bea82], which also gives
Weierstrass equations and the connection to universal elliptic curves with level structure). See also [Ito02].
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Proposition 4.1.2. Let k be an algebraically closed field, and let E! P1
k

be a nonisotrivial semistable
extremal rational elliptic fibration. Then the fibration E! P1

k
is determined up to isomorphism by its

configuration of singular fibers. Up to an automorphism of P1
k

, those configurations are as follows,
grouped by isogeny class:

singular fibers locations Mordell–Weil group notes

I3; I3; I3; I3
.1; !; !0;1/|

.Z=3Z/2
�

char k ¤ 3
I1; I1; I1; I9 Z=3Z

I2; I2; I4; I4
.�1; 1; 0;1/

Z=4Z�Z=2Z
�

char k ¤ 2
I1; I1; I2; I8 Z=4Z

I1; I2; I3; I6

�
4;�1

2
; 0;1

�
Z=6Z char k ¤ 2; 3

I1; I1; I5; I5 .�; �0; 1;1/} Z=5Z char k ¤ 5

| !;!0 are roots of x2CxC 1. } �; �0 are roots of x2�x� 1.

The following proposition classifies the tame extremal rational elliptic fibrations in the unstable case. If
such a fibration is nonisotrivial, then it has exactly three singular fibers, two additive and one multiplicative.
As Aut P1 acts triply transitively, it is no longer necessary to keep track of the locations of the singular
fibers. We derive the following table from [MP86] and [Ito02] (in characteristics 2 and 3).

Proposition 4.1.3. Let k be an algebraically closed field, and let E! P1
k

be an unstable nonisotrivial
tame extremal rational elliptic fibration. Then the fibration is determined up to isomorphism by its
configuration of singular fibers. The possible configurations are as follows, grouped by isogeny class:

singular fibers Mordell–Weil group notes

I�2; I2; I2 .Z=2Z/2

I�4; I1; I1 Z=2Z

9=; char k ¤ 2

I�
1
; I1; I4 Z=4Z

II�; I1; I1 0 char k ¤ 2; 3

III�; I1; I2 Z=2Z char k ¤ 2

III; I3; I6 Z=6Z char k D 3

IV�; I1; I3 0 char k ¤ 2; 3

IV; I2; I6 Z=6Z
�

char k D 2
IV�; I1; I3 Z=3Z

II; I5; I5 Z=5Z char k D 5

Remark 4.1.4. In characteristic 2, the IV; I2; I6 fibration is the specialization of the I1; I2; I3; I6 fibration,
and in characteristic 5, the II; I5; I5 fibration is the specialization of the I1; I1; I5; I5 fibration.
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Fix a nonisotrivial extremal rational elliptic fibration E! P1
F

. Let C ! P1
F

be a separable double
cover, with C a rational curve; thus C ! P1

F
is ramified at two points. Assume these points are disjoint

from the singular locus of E! P1
F

. Consider the base change

S D C �P1 E:

Then S is a K3 surface. Indeed, S is a double cover of the rational surface E branched along the sextic
described by the union of two cubics (namely, the fibers of E over the branch points of C ! P1).

Under our hypothesis that E! P1 is rational and extremal, we must have �.E/D 10D 2C 8, where
the 2 is from the identity O and fiber F , and the 8 is from irreducible components of fibers which do not
cross O . Considering the elliptic fibration S ! C , the contribution to �.S/ from irreducible components
of fibers is 2 � 8D 16, and so �.S/� 2C 16D 18.

We now have a rational map of moduli spaces:

(double covers of P1 branched at 2 points) ! (K3 surfaces of Picard rank � 18).

Both spaces are 2-dimensional, so we expect the generic double cover C ! P1 to produce a K3 surface
S of rank 18, with Picard lattice not depending on C .

Proposition 4.1.5. Assume that Pic S has rank 18. There exists a rational isometry

Pic S ˝QŠƒ˝Q;

whereƒ is the Picard lattice of the Kummer surface associated to the product of two nonisogenous elliptic
curves.

Proof. We have PicEŠE8˚U . Let L� PicE be the sublattice generated by components of reducible
fibers not meeting the identity section, so that L˚U embeds into E8˚U with finite cokernel. We therefore
have embeddings of lattices: L˚2˚U �E8˚L˚U �E˚2

8
˚U .

Now Pic S contains a finite-index sublattice isomorphic to L˚2˚U , generated by reducible fibers and
the identity section. By the observation above, Pic S ˝QŠ .E˚2

8
˚U /˝Q. A calculation involving

Hasse–Minkowski invariants shows that the latter is isomorphic to ƒ˝Q. �

4.2. On the construction of 2-modular elliptic fibrations. With this background, we now turn to the
question of 2-modularity for a tame extremal rational elliptic fibration E! P1 of conductor N over a
finite field. We have a family of K3 surfaces Z2.E/! U 2, obtained via base changing E! P1 by a
family of double covers P1! P1 parametrized by U 2. Here is what we know so far about Z2.E/:

(1) There exists an isogeny between families of K3 surfaces Z2.E/! Km.A/ over U 2. Here A! U 2

is a family of abelian varieties which, possibly after passing to a double cover of U 2, splits as a
product of nonisogenous elliptic curves with transcendental j -invariant.

(2) There exists a dominant rational map ShtG.�0.N //Ü Z2.E/ over U 2; see (1.4.3).
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Remark 4.2.1. The first statement is obtained by applying Theorem 1.4.1 to Z2.E/. Strictly speaking, that
theorem only applies over algebraically closed fields, but it can be made to work over the base U 2, with
the proviso that the splitting of A into a product of elliptic curves may only happen over an étale double
cover of U 2. The argument runs this way: consider the ring scheme EndA over U 2 which classifies
endomorphisms of A. Since A�2

splits as a product of nonisogenous, transcendental elliptic curves, the
�2-points of EndA are Z�Z. On the other hand, an appeal to the rigidity lemma shows that the union
of those components of EndA which dominate U 2 together form an étale group scheme; thus one can
think of this union as a representation of �1.U

2; �2/ on the ring Z�Z. There are two possibilities. If
the representation is trivial, in which case A is the product of two families of elliptic curves. If the
representation is nontrivial, �1.U

2; �2/ permutes the factors of the Z�Z; in this case A is the restriction
of scalars of a family of elliptic curves over an étale double cover of U 2.

The main goal of the subsection is to prove the following theorem.

Theorem 4.2.2. Let A! U 2 be a family of abelian surfaces. Assume:

(1) Étale-locally on U 2, the abelian surface A is isomorphic to a product of nonisogenous elliptic curves,
each of which has transcendental j -invariant.

(2) There exists a dominant rational map from Sht2G.�0.N // to Km.A/ lying over U 2.

Then there exists a nonisotrivial family of elliptic curves E0! U of conductor bounded by N , and an
isogeny Km.A/! Km.E0 �Fq

E0/ over U 2. This E0 is 2-modular.

The main players in the proof are the étale fundamental groups and their representations. Let us notate
our étale fundamental groups as �1.U /, �1.U

2/, etc., the base point being understood to be � or �2. The
Künneth theorem fails in characteristic p, in the sense that the natural map �1.U

2/! �1.U /
2 is not

an isomorphism. In fact it is neither injective nor surjective; see the discussion of Drinfeld’s Lemma in
[SW20, §1.1]. Write U (resp., U 2) for the base change of U (resp., U 2) from Fq to Fq . The various
fundamental groups fit into a diagram with exact rows and columns (here � = diagonal map):

1

��

1

��

K
D

//

��

K

��

// 1

��

1 // �1.U
2/

��

// �1.U
2/ //

��

GalFq
//

�
��

1

1 // �1.U /
2

��

// �1.U /
2 //

��

Gal2Fq

//

��

1

1 // GalFq D
//

��

GalFq

��

1 1
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Now consider our family of abelian surfaces f WA!U 2. Let H 2.A;Q`/ denote the fiber of R2f�Q`

at the geometric generic point �2: this is a representation of �1.U
2/. Within this there is the 4-dimensional

transcendental subspace H 2
trans.A;Q`/, meaning the subspace orthogonal to all algebraic classes.

Lemma 4.2.3. The Tate twist H 2
trans.A;Q`/.1/ contains no nonzero vector fixed by an open subgroup of

�1.U
2/.

Proof. Suppose otherwise, and that the nonzero vector is fixed by the fundamental group of a connected
finite cover of U 2 with fraction field L. After a possible further extension of L, the base change AL is
isomorphic to E1�L E2 for elliptic curves E1;E2 over L. Then H 2

trans.AL;Q`/.1/ is the Q`-linear dual
of the tensor product V`.E1/˝V`.E2/.�1/, where V` means the rational Tate module. This is in turn
isomorphic via the Weil pairing to Hom.V`.E1/;V`.E2//.

The situation now is that HomGalL.V`.E1/;V`.E2//˝Q` is nonzero. We now appeal to the isogeny
theorem over fields finitely generated over Fq [Zar14, Theorem 1.4] to conclude that E1 and E2 are
isogenous over L, contrary to our hypothesis about A. �

We have assumed the existence of a dominant rational map from Sht2G.�0.N // to Km.A/. This induces
a map on cohomology

H 2
c .Sht2G.�0.N //�2

;Q`/!H 2
trans.A;Q`/ (4.2.1)

which is equivariant for the action of �1.U
2/ on either side. The map in (4.2.1) is surjective: this reduces

to a general fact about dominant rational maps between quasiprojective varieties; see [Kle68, Proposition
1.2.4].

Lemma 4.2.4. The map in (4.2.1) is nonzero when restricted to the cuspidal subspace.

Proof. The cuspidal subspace is the kernel of the “constant term map”

H 2
c .Sht2G.�0.N //�2

;Q`/.1/!H 0
c .Sht2M .�0.N //�2

;Q`/

towards the compactly supported cohomology of a space of shtukas relative to M �G, where M Š Gm

is the Levi subgroup. (For the construction of the constant term map, see [Xue20a]. The Tate twist
(1) appears to compensate for the fact that we have used constant coefficients rather than intersection
cohomology on the G-shtuka side.) The cohomology of M -shtukas is known by class field theory: after
base extension to Q`, the image of the constant term map decomposes as a �1.U

2/-module as direct sum
of characters ����1, where � runs over finite-order characters of �1.U / of conductor bounded by N .
Note that all such characters become trivial when restricted to an open subgroup. For the map (4.2.1) to
be trivial on the cuspidal subspace, it would mean that such a direct sum surjects onto H 2

trans.A;Q`/.1/,
which violates Lemma 4.2.3. �

Proposition 1.3.2 states that the action of �1.U
2/ on the cuspidal subspace of H 2

c .Sht2G.�0.N //;Q`/

extends along the homomorphism �1.U
2/!�.U /2, and decomposes into a direct sum of representations

of �.U /2 of the form ��2, where � runs over irreducible representations of �1.U / with determinant
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Q`.�1/ of conductor bounded by N . Since each ��2 is irreducible of dimension 4, we find that there is
a particular � for which

H 2
trans.A;Q`/Š �

�2
j�1.U 2/ (4.2.2)

as representations of �1.U
2/.

Lemma 4.2.5. The family of abelian surfaces A! U 2 is isomorphic to E1�U 2 E2, where E1 and E2 are
families of elliptic curves over U 2.

Proof. Recall we have assumed that A splits into such a product over an étale cover. Assume this splitting
doesn’t occur globally over U 2. Then A is the restriction of scalars of a family of elliptic curves E! V

along a connected double cover V ! U 2. Consequently H 2
trans.A/ is isomorphic to the tensor-induced

representation of � WDH 1.E�2
;Q`/ from �1.V / to �.U 2/. This can be modeled as the extension of �˝2

to �1.U
2/ determined by the rule s.v1˝v2/D v2˝ s2v1, where s is any representative for the nontrivial

coset of �1.V / in �1.U
2/. Such an element s always acts nontrivially on �˝2: to see this, choose v1 to

be an eigenvector of s2, and choose v2 to be linearly independent from v1.
Recall that K is the kernel of �1.U

2/! �1.U /
2. The isomorphism (4.2.2) shows that K acts trivially

on H 2
trans.A;Q`/. By the above observation about the nontrivial action of s, it follows that K� �1.V /.

Equivalently, there exists a finite connected cover W ! U such that V is intermediate to W 2! U 2.
Let us now base change the entire story from U to W . We have a family of elliptic curves E!W 2,

such that if � D H 1.E�2
;Q`/, then �˝2 extends along the homomorphism �1.W

2/! �1.W /2 to a
representation of the form ��2.

Let KW be the kernel of �1.W
2/!�1.W /2. An element of KW acts trivially on �˝2, which implies

that it must act as a scalar ˙1 on �. Therefore KW acts trivially on the projective representation P�.
We find that the restriction of P� to �1.W

2/ factors through a projective representation

P� W �1.W /2! PGL2.Q`/;

which is tantamount to two homomorphisms from �1.W / whose images commute with one another. By
considering Zariski closures, there are two possibilities, each of which leads to a contradiction:

� P� is trivial when restricted to one of the factors of �1.W /2. But then the same would be true of
P .��2/, which is false.

� The image of each copy of �1.W / under P� lies in the same torus in PGL2. This would imply that
the image of �1.W

2/ in GL2.Q`/ lies in the normalizer of a torus. By the isogeny theorem, this
is only possible if EndE is larger than Z. This contradicts our hypothesis on A: its elliptic curve
factors have transcendental j -invariant. �

By Lemma 4.2.5, our abelian surface A is isomorphic to a product E1�U 2 E2, where each Ei!U 2 is
a family of elliptic curves. Let �i be the representation of �.U 2/ on H 1.Ei;�2

;Q`/. The isomorphism in
(4.2.2) becomes

�1˝ �2 Š �
�2
j�1.U 2/: (4.2.3)
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Let pr1, pr2 refer to the projection maps U 2! U .

Lemma 4.2.6. After possibly relabeling, the projective representation P�i is isomorphic to pr�i P� ,
meaning the pullback of P� along the map �1.U

2/! �.U / induced by pri .

Proof. Since K acts trivially on �1˝ �2, it must act by scalars on each �i , in fact by ˙1 due to the Weil
pairing on each �i . Therefore the projective representations P�i are trivial on K, and so P�i j�1.U 2/

factors through a projective representation of �1.U /
2. As such, P�i has to be trivial on one of the factors

of �1.U /
2. (The argument is similar to that given in the proof of Lemma 4.2.5.)

Considering (4.2.3), the only possibility (after possibly relabeling) is that P�i j�1.U 2/ Š pr�i P� j�1.U /
.
�

Lemma 4.2.7. There are families of elliptic curves E0
1
;E0

2
! U and characters �1; �2 W �1.U

2/!f˙1g

such that Ei Š pr�i E
0
i ˝�i for i D 1; 2.

Proof. We run the argument for E1 only. For the proof it will be convenient to distinguish the two copies
of U : U 2 D U1 �U2. We want to show that E1 is isotrivial relative to U2.

Let �1! U1 be a geometric generic point. The base change of E1 to �1 �U2 induces an action of the
monodromy group �1.�1 �U2/ on �1; this action factors through the map �1.�1 �U2/! �1.U1 �U2/.
Lemma 4.2.6 shows that this monodromy acts as a scalar, since the composition

�1.�1 �U2/! �1.U1 �U2/! �1.U1/

is the identity. This is enough to show that E1 is isotrivial relative to U2: its j -invariant lies in the
coordinate ring of �1. But the j -invariant already lies in the coordinate ring of U1 �U2, so it must lie in
the coordinate ring of U1.

Let E0
1
! U1 be a family of elliptic curves with the same j -invariant; there exists a (possibly trivial)

character �i W �1.U
2/! f˙1g such that E1 is isomorphic to the twist E0

1
˝�i . �

The following lemma completes the proof of Theorem 4.2.2:

Lemma 4.2.8. There is a family of elliptic curves E0! U of conductor bounded by N and an isogeny
Km.E1 �U 2 E2/! Km.E0 �Fq

E0/.

Proof. Let �0i be the representation of �1.Ui/ on H 1.E0i ;Q`/. According to Lemma 4.2.7, �iŠpr�i �
0
i˝�i

as a representation of �1.U
2/. The isomorphism (4.2.3) now reads

.�01� �
0
2/˝�1�2 Š �

�2
j�1.U 2/:

Since K acts trivially on the external tensor products �1� �2 and ��2, it lies in the kernel of �1�2.
Therefore �1�2 factors through the image of �1.U

2/! �1.U /
2. It is possible to extend �1�2 to a

character �0
1
��0

2
of �1.U /

2 valued in f˙1g such that

.�01� �
0
2/˝ .�

0
1��

0
2/Š � � �;
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in which case �0
1
˝�0

1
Š �0

2
˝�0

2
Š � . By the isogeny theorem, E0

1
˝�0

1
and E0

2
˝�0

2
are isogenous to

the same family of elliptic curves E0! U , which has conductor bounded by N (since � does).
Since �0

1
��0

2
extends �1�2, the products �1 pr�

1
�0

1
and �2 pr�

2
�0

2
represent the same character on

�1.U
2/; call this common character �. Now note that the formation of the Kummer surface of a product

of elliptic curves is insensitive to twisting both curves by a common quadratic character:

Km.E1 �U 2 E2/Š Km..E1˝�/�U 2 .E2˝�//Š Km..E01˝�
0
1/�U 2 .E02˝�

0
2//:

The latter is isogenous to Km.E0 �Fq
E0/. �

Return now to the situation of Theorem 1.2.4. Let E!P1 be a tame extremal rational elliptic fibration
over a finite field. Then on the one hand Z2.E/! U 2 is a family of K3 surfaces admitting a dominant
rational map from Sht2G.�0.N //, and on the other, there is a finite map Z2.E/! Km.A/ for a family
of abelian surfaces A! U 2 which splits étale-locally as a product of nonisogenous elliptic curves with
transcendental j -invariant. Theorem 4.2.2 applies, and we find a 2-modular elliptic fibration E0! U of
conductor bounded by N . Since N has degree 4 and E0 is nontrivial, the conductor of E0 must be exactly N .

We claim that E and E0 are isogenous over U , which would imply that E is 2-modular as well. In the
semistable cases, there is only one isogeny class of conductor N for p large enough, so the isogeny is
automatic for those primes. For the remaining primes, we argue this way: The objects E and Z2.E/ can
be defined in characteristic 0; we have found an isogeny between Z2.E/ and Km.E0 �E0/, where E0 is
an elliptic fibration in characteristic 0. After replacing E0 with an isogenous fibration, we have shown
that E and E0 are isomorphic modulo almost all primes; this shows immediately that they are isomorphic
at all primes of good reduction.

In the unstable cases, there are multiple elliptic fibrations with the same conductor, and we could not
find a theoretical argument for why E and E0 should be isogenous. In all those cases however we were
able to find an explicit isogeny.

The remaining material in this section consists of calculations performed on each isogeny class of tame
extremal rational elliptic fibrations, indicating how to find the required isogeny Z.E2/! Km.E�E/.

4.3. The I�
2

I
2

I
2

.Legendre/ fibration, with Mordell–Weil group .Z=2Z/2. The simplest case of Theorem
3.1.1 concerns the Legendre fibration E! P1

t , with equation

y2
D x.x� 1/.x� t/ (4.3.1)

over a field k of characteristic ¤ 2. Then E! P1
t has singular fibers I�

2
; I2; I2 at t D1; 0; 1, with split

multiplicative reduction at t D 1. The conductor is N D .0/C .1/C 2.1/, and the Mordell–Weil group
is .Z=2Z/2. Let U D P1 X f0; 1;1g. We write t1; t2 for the coordinates on U 2.

Let†1Df1g (this choice is unimportant); we computed in Example 2.7.1 that the space of coincidences
Coinc3.�0.N /I†1/Š P1

s �U 2 is a double cover of P1
t �U 2, with equation

t D
s.s� t1� t2C 1/

s� t1t2
(4.3.2)
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(obtained by solving for t D t3 in (2.7.1)).
The elliptic fibration Z2.E/!P1

s �U 2 may be defined by substituting (4.3.2) into (4.3.1). For each pair
.t1; t2/ 2U 2, it has singular fibers of type I�

2
; I�

2
; I2; I2; I2; I2 at s D1; t1t2; 0; t1; t2, and ı WD t1C t2�1,

respectively. Generically, the Mordell–Weil group is again .Z=2Z/2. From this we conclude that the
Picard lattice of the generic fiber of Z2.E/! U 2 has rank 18 and determinant �16, which agrees with
the corresponding data for the lattice of Km.A/, where A is the product of two nonisogenous elliptic
curves. In fact the two lattices are isomorphic, suggesting that we can find an isomorphism between
Z2.E/ and such a Kummer surface. This is in fact the case: there is an isomorphism (not just a finite
rational map) of K3 surfaces over U 2,

Z2.E/ �!� Km.E2/:

To find the isomorphism, we should look for an elliptic fibration on Z2.E/ with four I�
0

fibers. One I�
0

configuration can be found within the union of the identity section �0, together with two of the I�
2

s and
two of the I2s, shown here as 2�0C a1C a2C b1C b2:

σ0
a2a1

b2b1

s
t1t2t2t10 δ∞

By Proposition 3.2.2(3), there exists an elliptic fibration Z2.E/! P1 containing this I�
0

as a fiber. We
write it down explicitly: Introduce a function w W Z2.E/! P1 by the substitutions (all are equivalent)

x D�
.s� ı/.s� t1w/

.s� t1t2/.w� 1/
; x� 1D�

.s� t1/.s� t2� .t1� 1/w/

.s� t1t2/.w� 1/
; x� t D�

.s� ı/.s� t1/w

.s� t1t2/.w� 1/
:

Making this substitution in y2 D x.x� 1/.x� t/ yields, after absorbing square factors into y,

y2
D�w.w� 1/.s� t1t2/.s� t1w/.s� t2� .t1� 1/w/;

and then s D�.w� t2/uC t1w brings this into the form

y2
D w.w� 1/.w� t2/u.u� 1/.u� t1/;

which is the Kummer surface Km.E2/.
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We used software to find rather ungainly proofs of Theorem 3.1.1 for some other elliptic fibrations.
But then Masato Kuwata recognized that in all those cases Z2.E/ is related to the Inose surface of E2.
He graciously explained to us the connection in the following interlude.

4.4. Interlude by Masato Kuwata: Kummer surfaces and Inose surfaces. Throughout this section, the
base field k has characteristic different from 2.

Let E1 and E2 be elliptic curves defined over k. Let � be the inversion map .P;Q/ 7! .�P;�Q/

on E1 �E2, and let NS D E1 �E2=h�i be the quotient by �. The surface NS has sixteen double points
corresponding to the 2-torsion points of E1�E2. The Kummer surface associated with the product E1�E2,
denoted by Km.E1 �E2/, is defined as the smooth surface obtained by blowing up these double points.

There are two obvious elliptic fibrations on Km.E1�E2/ corresponding to the projections E1�E2!Ei

(i D 1; 2):
NS DE1 �E2=h�i

E1=f˙1g 'P1 P1'E2=f˙1g

�1 �2

Oguiso showed in [Ogu89] that there are eleven different types of elliptic fibrations on Km.E1 �E2/

if k is algebraically closed. Generally, most of these fibrations (excepting the two above) will not be
defined over k.

“Inose’s pencil” [KS08] is a genus 1 fibration on Km.E1 �E2/ which is always defined over k. To
define it, choose Weierstrass equations of E1 and E2:

E1 W y
2
D x3

C a2x2
C a4xC a6; E2 W y

2
D x3

C a02x2
C a04xC a06:

Then an affine model of Km.E1 �E2/ is given by

.z3
C a2z2

C a4zC a6/t
2
D x3

C a02x2
C a04xC a06: (4.4.1)

This equation can be viewed as a cubic curve in x, z over the function field k.t/. The map Km.E1�E2/!P1

given by .x; z; t/ 7! t defines a genus 1 fibration. This is Inose’s pencil. It does not admit a section unless
E1 or E2 has a k-rational point of order 2.

Let J ! P1 be the Jacobian of Inose’s pencil (4.4.1). Using the formula in [ARVT05], we obtain the
Weierstrass equation for J as follows:

Y 2
DX 3

C 4a2a02X 2
C 16.a2

2a04� 3a4a04C a4a02
2/X

C
�
�E1

t2
� .c6a06� 32a2a4a02a04C 864a6a06C c06a6/C�E2

t�2
�
; (4.4.2)

where
�E1

D�16.4a3
2a6� a2

2a2
4� 18a2a4a6C 4a3

4C 27a2
6/;

�E2
D�16.4a02

3a06� a02
2a04

2
� 18a02a04a06C 4a04

3
C 27a06

2/;

c6 D�32.2a3
2� 9a2a4C 27a6/; c06 D�32.2a02

3
� 9a02a04C 27a06/:
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An alternate way to obtain (4.4.2) is to substitute t D .t 0/3 into (4.4.1), and then use the rational point
.1 W .t 0/2 W 0/ to convert (4.4.1) into Weierstrass form (see [KK17, §2.1]).

Following [KK17], the Inose surface Ino.E1 �E2/ may be defined as the quotient of (4.4.2) by the
involution t 7! �t . It has equation

Ino.E1 �E2/ W Y
2
DX 3

C 4a2a02X 2
C 16.a2

2a04� 3a4a04C a4a02
2/X

C
�
�E1

T � .c6a06C 32a2a4a02a04� 864a6a06C c06a6/C�E2
T �1

�
; (4.4.3)

where T D t2 is the parameter. It has two II� fibers, at T D 0 and 1; all other singular fibers are
irreducible. It is known that, if E1 and E2 are not isogenous to each other, the transcendental lattice
of the Inose surface is isomorphic to U ˚U , where U D

�
0 1
1 0

�
is the hyperbolic plane, whereas the

transcendental lattice of the Kummer surface is isomorphic to U.2/˚U.2/.
There is an involution on Ino.E1�E2/ given by i W .X;Y;T / 7! .X;�Y; �E2

=�E1
T /. The quotient

by this involution has equation

Ino.E1 �E2/=hii W Y
2
DX 3

C 4a2a02.S
2
� 4�E1

�E2
/X 2

C 16.a2
2a04� 3a4a04C a4a02

2/.S2
� 4�E1

�E2
/2X

� .16S C c6a06� 32a2a4a02a04C 864a6a06C c06a6/.S
2
� 4�E1

�E2
/3: (4.4.4)

(Note the sign �Y in the definition of the involution. Without it, the resulting quotient would be a rational
surface.) In fact Ino.E1 �E2/=hii is isomorphic to Km.E1 �E2/, and the quotient map is nothing but
the rational map �2 Shioda and Inose [SI77] used to construct the so-called Shioda–Inose structure:

Ino.E1 �E2/ E1 �E2

Km.E1 �E2/

�2 �1

Here �1 and �2 are dominant rational maps of degree 2. The isomorphism between the quotient
Ino.E1 �E2/=hii and Km.E1 �E2/ is defined only over an extension of k containing all the 2-torsion
points of both E1 and E2.

In general, there is always a k-rational morphism Km.E1 �E2/! Ino.E1 �E2/ of degree 8, using
the degree 2 multisection of Inose’s pencil to get a degree 4 morphism Km.E1 �E2/! J , followed by
the degree 2 morphism J ! Ino.E1 �E2/.

4.5. The remaining unstable fibrations. We consider one from each isogeny class.

4.5.1. The II�I1I1 fibration, with Mordell–Weil group 0. Assume that char k ¤ 2; 3. Consider the elliptic
fibration E! P1

k
defined by the Weierstrass equation

y2
D x3

� 3x� 2.2t � 1/: (4.5.1)

The singular fibers of E! P1
k

are of type I1; I1; II� at 0; 1;1, respectively.
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Proposition 4.5.1. There is an isomorphism Z2.E/Š Ino.E2/ of varieties over U 2.

Proof. For convenience we work over the generic fiber �2DSpec k.t1; t2/ of U 2. We have E2
�2
DE1�E2,

where for i D 1; 2, Ei=k.t1; t2/ is the elliptic curve

Ei W y
2
D x3

� 3x� 2.2ti � 1/:

The Inose surface Ino.E1 �E2/ has equation

Ino.E1 �E2/ W Y
2
DX 3

� 3X C 2

�
2t1.t1� 1/T � .2t1� 1/.2t2� 1/C

2t2.t2� 1/

T

�
;

with II� fibers at T D 0;1. On the other hand the surface Z2.E/ is obtained by substituting

t D
s.s� t1� t2C 1/

s� t1t2
(4.5.2)

into (4.5.1), giving

Y 2
DX 3

� 3.s� t1t2/
4X � 2

�
2s2
� .2t1C 2t2� 1/sC t1t2

�
.s� t1t2/

5: (4.5.3)

Like Ino.E1 �E2/, the fibration Z2.E/ also has two II� fibers, located at s D1; t1t2. It is now easy to
see that the linear transformation

s D
t2.T t1� t2C 1/

T

transforms (4.5.3) to Ino.E1 �E2/. �

4.5.2. The III�I2I1 fibration, with Mordell–Weil group Z=2Z. Assume that char k ¤ 2. Let E! P1
k

be
the elliptic fibration with Weierstrass equation

y2
D x.x2

� 2xC t/: (4.5.4)

The singular fibers of E! P1
k

are of type I2; I1; III� at t D 0; 1;1, respectively. The Mordell–Weil
group is Z=2Z.

Proposition 4.5.2. There is a finite morphism Z2.E/! Ino.E2/ of degree 4 of varieties over U 2.

Proof. The surface Z2.E/ obtained by substituting (4.3.2) into (4.5.4) is an elliptic fibration with singular
fibers of type III�; III�; I2; I2; I1; I1 at sD1; t1t2; 0; ıD t1Ct2�1; t1; t2, respectively, with Mordell–Weil
group again Z=2Z. Let �0 and �1 be the identity and 2-torsion section, respectively. We display at the
top left of the next page the III� and I2 fibers along with �0 and �1. This configuration contains two II�

fibers, highlighted in the diagram on the right.
By Proposition 3.2.2, there exists an elliptic fibration Z2.E/! P1 with two II� fibers. To compute

it explicitly, we use the so-called “2-neighbor step” developed by Noam Elkies. For comprehensible
accounts, see [Kum14; Sen17; Uts12]. Since the divisor of the function x equals 2.�1/� 2.�0/, the pole
of the function

w D
x

s� ı
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σ0

σ1

s
t1t20δ∞

σ0

σ1

1

23

4

5

6

4

2

3

coincides with the divisor colored in blue. Thus, w defines a genus 1 fibration on Z2.E/ with these II�

fibers at w D 0 and w D1, with equation

y2
Dws4

�3t1t2ws3
C.3t2

1 t2
2w�2w2/s2

�.t3
1 t3

2w�4t1t2w
2
�w3/s�2t2

1 t2
2w

2
�.t1Ct2�1/w3: (4.5.5)

This fibration has no section, but it does have a multisection D of degree 2. Indeed, any of the uncolored
vertices in the figure represents a curve which meets each fiber with multiplicity 2. Therefore there is
a degree 4 morphism from Z2.E/ onto the Jacobian J of the fibration. Standard formulas supply the
Weierstrass equation for J in terms of the coefficients of the quartic in (4.5.5). After a further substitution
w D�t2

2
.t2� 1/T , this Weierstrass equation becomes

Y 2
DX 3

C 4X 2
C .4t1C 4t2� 3t1t2/X C

�
�t2

1 .t1� 1/T C 2t1t2� t2
2 .t2� 1/T �1

�
; (4.5.6)

which we recognize as the equation for Ino.E1 �E2/. �

In this case, each Ei has a 2-torsion point .0; 0/, so the Inose pencil (4.4.1) on Km.E1�E2/ admits a
section, and there is a double cover Km.E1 �E2/! Ino.E1 �E2/.

4.5.3. The IV�I3I1 fibration, with Mordell–Weil group Z=3Z. Assume that char k ¤ 2; 3. Let E! P1
k

be the elliptic fibration with Weierstrass equation

y2
D x3

C 9x2
C 24txC 16t2: (4.5.7)

The singular fibers of E! P1
k

are of type I3; I1; IV� at t D 0; 1;1, respectively. The Mordell–Weil
group is Z=3Z, generated by .0; 4t/.

Proposition 4.5.3. There is a morphism Z2.E/! Ino.E2/ of degree 9 of varieties over U 2.

Proof. The surface Z2.E/ is obtained by substituting t D s.s� t1� t2C 1/=.s� t1t2/ into (4.5.7), giving

y2
D x3

C 9.s� t1t2/
2x2
C 24s.s� ı/.s� t1t2/

3xC 16s2.s� ı/2.s� t1t2/
4: (4.5.8)
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It has singular fibers of type IV�; IV�; I3; I3; I1; I1 at s D1; t1t2; 0; ı D t1Ct2�1; t1; t2, respectively,
with Mordell–Weil group again Z=3Z. Let �0 be the identity section and let �1 be one of the 3-torsion
sections. We display on the left the IV� and I3 fibers along with �0 and �1. This configuration contains
two II� fibers, highlighted on the right.

s
t1t20 δ∞

σ0

σ1

σ0

σ1

1

2

3
4

5

6
42

3

Therefore there exists a genus 1 fibration Z2.E/! P1�U 2 with two II� fibers. To perform a 3-neighbor
step, we first find the tangent line at each point of the 3-torsion section �1D

�
0; 4s.s�t1�t2C1/.s�t1t2/

2
�
:

y D 3.s� t1t2/xC 4s.s� t1� t2C 1/.s� t1t2/
2:

Using this, we find an elliptic parameter

w D�
t3
2
.t2� 1/

8
�
y � 3.s� t1t2/x� 4s.s� t1� t2C 1/.s� t1t2/

2

s2.s� t1t2/4
; (4.5.9)

which leads to a cubic curve in x0 and s with parameter w:

t6
2 .t2� 1/2x0

3
C 12t3

2 .t2� 1/w.s� t1t2/x
0
C 8t3

2 .t2� 1/w.s� t1� t2C 1/� 8w2s.s� t1t2/
2; (4.5.10)

where x0 D 2s.s� t1t2/
2x.

This fibration lacks a section, but it does have a multisection of degree 3. Indeed, any of the uncolored
vertices in the figure represents a curve which meets each fiber with multiplicity 3. Therefore there exists
a degree 9 map from Z2.E/ to the Jacobian J of the fibration. The Weierstrass equation for J is

Y 2
DX 3

�3.8t2�9/.8t1�9/XC2.32t3
1 .t1�1/w�.8t2

2�36t2C27/.8t2
1�36t1C27/C32t3

2 .t2�1/w�1/;

which coincides with the twist of Ino.E2/ by �3. �

4.6. The semistable fibrations. The verification of Theorem 3.1.1 for the semistable extremal rational
elliptic fibrations is more difficult, since now one must keep track of the locations of the singular fibers of
E! P1. Each time, we found a genus 1 fibration on Z2.E/ with two II� fibers, which means we can
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apply the techniques of Section 4.4, and conclude that there is a product of elliptic curves E1�E2! U 2

and a finite morphism Z2.E/!Km.E1�E2/ commuting with the maps to U 2. We demonstrate this fact
with the figures that follow.

However, we were not able to directly compute E1 �E2 in all cases. The trouble is that in two of the
cases, the genus 1 fibration on Z2.E/ with two II� fibers has a multisection of degree 5 (resp., 6). There
is currently no explicit formula for the Weierstrass equation of the Jacobian of a genus 1 curve with such
a multisection. (Compare with [ARVT05], which has formulas for the Jacobian of a plane cubic, and with
[AKM+01], which shows how to proceed for the intersection of two quadrics in P3.) Fisher [Fis18] gives
a method for finding the equation in all degrees, and it has been implemented in Magma for degree 5.
However, the implementation did not conclude within a reasonable time in the example that arose. For
degree 6, even this resource is not available.

Remark 4.6.1. In all four cases, there is an elliptic parameter for the II� fibration whose divisor is of the
form d.�1� �0/CF , where d is the torsion order of the semistable fibration and �1� �0 generates the
torsion group, while F is a fibral divisor for this fibration. We do not have a unified explanation for this
fact. If we were also to consider the curves E with torsion subgroup Z=3Z˚Z=3Z and Z=4Z˚Z=2Z,
isogenous to the first two considered below, we would not find fibrations with two II� fibers on Z2.E/.
The reason for this is that the discriminant of the Picard lattice is t2, where t is the torsion order, and so
the multisection degree would have to be t . However, the discriminant group has no elements of order t ,
and therefore no such fibration exists by Lemma 3.2.5.

4.6.1. The I9I1I1I1 fibration, with Mordell–Weil group Z=3Z. The reducible fibers of Z2.E/! P1 �U 2

are of type I9; I9, and these together with the trivial section and a section of order 3 contain two II�

configurations as shown below:

12

3

45
6

3

24

σ1

σ0

s
t1t2∞

The genus 1 fibration on Z2.E/ with these two II� fibers has a degree 3 multisection, represented by
any of the uncolored vertices (or the other torsion section which is not shown). Therefore Z2.E/ admits a
degree 9 map to the Jacobian of the fibration, which is an Inose surface.

In this case, we were able to make all of the equivalences explicit. The first step is to write down
the elliptic parameter for the fibration with the two II� fibers by exhibiting a function whose divisor is
described by the figure. Computationally, we approached this by first writing down a projective model
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for Z2.E/ in P6 with five A1 singularities and two A4 singularities such that each of the two I9 fibers
consists of three curves of degree 1, two A1 points, and one A4 point. The other A1 singularity is the
zero section of the fibration, while the 3-torsion sections are curves of degree 2 in this model. (It may be
surprising that such a nice model exists for a K3 surface of such large Picard rank and small discriminant.)
In this model it is straightforward to exhibit, not only the elliptic parameter t , but also three functions
f0; f1; f2 D 1 whose restrictions to a smooth fiber generate the Riemann–Roch space of O.D/, where D

is the multisection of degree 3.
Once this was done, we wanted to find the image of the map .f0 W f1 W f2/; .t W 1/ from Z2.E/ to

P2 �P1, since the general fiber of the image of the map to P1 would be the cubic whose Jacobian has
the two II� fibers. This proved to be computationally difficult and we resorted to interpolation; however,
the final result is rigorous, because we could verify the equations of the map and its codomain in Magma
once we had found them. At that point it was a routine matter to use the formulas of Section 4.4, in
particular (4.4.3), to verify that up to a change of coordinates and twist the Inose surface is isomorphic
to Km.E1 �E2/, where the Ei are obtained by substituting ti for t in the equation defining an elliptic
curve over Q.t/ with four bad fibers of type I3 and no others. (This is isogenous to the curve with one I9

and three I1 fibers.) See [LW24] for details.

4.6.2. The I8I2I1I1 fibration, with Mordell–Weil group Z=4Z. The reducible fibers of Z2.E/! P1 �U 2

are of type I8; I8; I2; I2, and these together with the trivial section and a section of order 4 contain two II�

configurations as shown below:

s
t1t20 δ∞

1
2

3

4
5

6

3

2

4

σ0

σ1

The genus 1 fibration on Z2.E/ with these two II� fibers has a degree 4 multisection, represented by
any of the uncolored vertices (or the other two torsion sections which are not shown). Therefore Z2.E/

admits a degree 16 map to the Jacobian of the fibration, which is an Inose surface.

4.6.3. The I5I5I1I1 fibration, with Mordell–Weil group Z=5Z. Assume that char k ¤ 2. Let E! P1
k

be
the elliptic fibration with Weierstrass equation

y2
D x3

C .t2
C 1/x2

� 4t.t2
C t � 1/xC 4t2.t2

C 1/: (4.6.1)
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The reducible fibers of E!P1
k

are of type I5; I5 at t D 0;1. The Mordell–Weil group is Z=5Z, generated
by �1 D .2t; 4t/.

The reducible fibers of Z2.E/!P1�U 2 are of type I5; I5; I5; I5, and these together with the 5-torsion
section �1 and the 0-section �0 contain two II� configurations as shown below:

s
t1t20 δ∞

12

3

4

5

6

4 3

2

σ0

σ1

The genus 1 fibration on Z2.E/ with these two II� fibers has a degree 5 multisection, represented by
any of the uncolored vertices (or the other four torsion sections which are not shown). Therefore Z2.E/

admits a degree 25 map to the Jacobian of the fibration, which is an Inose surface.

4.6.4. The I6I3I2I1 fibration, with Mordell–Weil group Z=6Z. The reducible fibers of Z2.E/! P1 �U 2

are of type I6; I6; I3; I3; I2; I2, and these together with the trivial section and a section of order 6 contain
two II� configurations as shown below:

s
0

σ1

σ0

1

2

3 45

6

3

2

4

∞ t1t2t2t1 δ

The genus 1 fibration on Z2.E/ with these two II� fibers has a degree 6 multisection, represented by
any of the uncolored vertices (or the other four torsion sections which are not shown). Therefore Z2.E/

admits a degree 36 map to the Jacobian of the fibration, which is an Inose surface.
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5. Calabi–Yau threefolds and 3-modularity

We discuss here the problem of proving that an elliptic fibration is 3-modular, at least for the unstable
extremal rational elliptic surfaces of Proposition 4.1.3. Following the technique of proof for the case of
2-modularity, we consider a coincidence variety

Coinc4
G.�0.N /I†1/! .P1

F /
4

for an arbitrary algebraically closed field F . As we saw in Example 2.7.2, the generic fiber of this
morphism is an affine open in an elliptic curve. Let �3 Š Spec F.t1; t2; t3/ be the generic point of
.P1

F
/3, and let Coinc4

G.�0.N /I†1/�3
be the fiber over �3 in the projection onto the first three coordi-

nates. Then projection onto the remaining coordinate t D t4 defines an elliptic fibration with affine part
Coinc4

G.�0.N /I†1/�3
, which we shall call C.

The Weierstrass equation for C is

y2
C e1xy D x3

C .�e2C e3� 2e4/x
2
C .1� e1C e2� e3C e4/e4x;

where e1; : : : ; e4 are the elementary symmetric polynomials in t1; t2; t3; t4, and we take t D t4 as the
parameter on the base. As polynomials in t , the coefficients ai.t/ of the fibration satisfy deg ai � i , so
that C is (at least over an algebraic closure of �3) a rational elliptic surface. We compute that C! P1

�3

has one singular fiber of type I4 at t D1, two of type I2 at t D 0; 1, and four of type I1 at other points.
Its Mordell–Weil group is Z˚3˚Z=2Z.

Remark 5.0.1. The fibration C! P1
�3

is the universal fibration of type no. 21 in the Oguiso–Shioda
tables [OS91] classifying all rational elliptic fibrations.

Now let E! P1
F

be a rational elliptic fibration with multiplicative fibers at 0; 1 and additive fiber at
1. Define a projective variety Z3.E/ over �3 as the fiber product:

Z3.E/ //

��

E� �3

��

C // P1
�3

(5.0.1)

The technique of proof of Theorem 1.2.4 reduces the 3-modularity of such elliptic fibrations to the
following conjecture.

Conjecture 5.0.2. There exists an algebraic correspondence between Z3.E/ and E3
�3

, such that the
induced map H 3.Z3.E//!H 3.E3

�3
/ is surjective over the transcendental part of H 3.E3

�3
/. Here the H 3

can refer to `-adic cohomology as a Galois representation, or (if F D C) Betti cohomology as a family of
Hodge structures.

We were able to prove Conjecture 5.0.2 in the case that E is the Legendre fibration, by way of a study
of Calabi–Yau threefolds.
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5.1. Fiber products of two elliptic fibrations. The fiber product of two rational elliptic fibrations S1;S2!

P1 over a common base was studied in [Sch88], as a means of constructing interesting Calabi–Yau
threefolds. To see why such a threefold might result, let us model Si as an equation of bidegree .3; 1/ in
P2�P1. Then the fiber product SDS1�P1 S2 is defined by equations of tridegree .3; 0; 1/; .0; 3; 1/ in PD

P2�P2�P1, and so, by the adjunction formula, its canonical divisor is KS D .KP/jS˝O.3; 3; 2/DOS .
The fiber product S generally has singular points; to construct (nonsingular) Calabi–Yau threefolds, we

must determine whether the canonical divisor is trivial on a desingularization of S . Recall that a crepant
resolution f W QS!S is a desingularization which does not affect the canonical class: f �KS DK QS . Thus
if our fiber product S D S1�P1 S2 admits a crepant resolution, then its desingularization is a Calabi–Yau
threefold.

It is not hard to see that the only possible singularities of S occur over those points v 2 P1 where
both Sv and S 0v are singular. It is shown in [Sch88] that as long as Sv and S 0v are multiplicative, then all
singular points of S are ordinary double points, and consequently S admits a crepant resolution.

However, in the fiber product defining Z3.E/, the fibers of the two fibrations C;E! P1 at1 are of
multiplicative and additive type, respectively, and so we are not in the situation considered in [Sch88].
Nonetheless, the fiber product still has a crepant resolution:

Proposition 5.1.1. Let S1;S2!X be two elliptic fibrations. Suppose there is no point of X at which the
fibers of S1 and S2 are both additive. Then S D S1 �X S2 admits a projective crepant resolution.

Sketch of proof. Consider a singular point P D .P1;P2/ of S . Then Pi is a singular point of a fiber
.Si/v of Si for i D 1; 2. In light of [Sch88] it suffices to assume that .S1/v is additive and .S2/v is
multiplicative. We will only discuss the case that .S1/v has an I�n fiber (indeed this is the only case we will
use). Then P1 falls into one of the following three cases: it belongs to a single nonreduced component
of multiplicity 2, it is the intersection of such a component with a reduced component, or else it is the
intersection of two nonreduced components.

The local equations of P for these three types are

x2
1 �x3x4 D 0; x2

1x2�x3x4 D 0; x2
1x2

2 �x3x4 D 0;

as hypersurfaces in A4. (In the first case, for instance, let t be a local coordinate for X at v. Then the
local equations for P1;P2 are x2

1
D t and x3x4 D t , respectively, and so the fiber product has equation

x2
1
D x3x4.) We analyze each case in turn.
First consider x2

1
�x3x4 D 0 as a hypersurface in A4. This is a product of A1 with a surface with an

A1 singularity. This hypersurface has canonical singularities in the sense of [Rei80]; we confirm that it
has a crepant resolution.

Let Q� P4 be the projective closure of the hypersurface. Then Q is the cone over the cone over a
smooth conic. Let � W QQ� P4 �P2!Q be the blowup of Q along its singular locus S , which is a line
in P4. A simple calculation shows that QQ is projective and smooth, and that the exceptional divisor E is
isomorphic to .P1/2. We claim also that � W QQ!Q is a crepant resolution of Q.
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Let �1; �2 be the two projections .P1/2! P1. Identifying E with .P1/2 and S with P1, we identify
�1 with �jE . Let p be a point of the singular locus of Q and let F D ��1.p/. Let G be a fiber of �2,
viewed as a curve on E. The canonical divisor KQ of the quadric hypersurface Q� P4 is KQ DO.�3/,
so we’d like to know that the canonical divisor K QQ of QQ � P4 �P2 is ��KQ D O.�3; 0/. We have

h2. QQ/D 2, which forces K QQ D �
�KQC cE. To determine c, we use the adjunction formula. We have

.K QQCE/ �E DKE D�2F �2G. Clearly O.1; 0/ misses F (a general hyperplane doesn’t pass through
a given point) and hits G once (in the fiber above the point of intersection in P4), so the intersection
is F . On the other hand, if we take a section S of O.1; 0/ containing the exceptional divisor (i.e., the
strict transform of a hyperplane containing the singular locus of the quadric), then we can compute that
F � S �E D .RCE/ �E D 2GCE2, so E2 D F �2G. It follows that K QQ �E D�3F , and so c D 0 as
desired.

We now consider the second case where the local equation is x2
1
x2�x3x4D 0. The singular subscheme

of the affine scheme defined by this equation has two components: a line x1 D x3 D x4 D 0, and an
embedded component x2

1
D x2 D x3 D x4 D 0. If we blow up the first of these (after projectivizing, to

make the calculation easier) we obtain a variety whose singular subscheme misses the locus x1 D x2 D

x3 D x4 D 0. In other words, the single blowup has resolved the singularity. In codimension 1 this is the
same as the previous example, and it follows that this is likewise a crepant resolution.

Finally, in the third case, the local equation is x2
1
x2

2
�x3x4 D 0. There are three components of the

singular subscheme: two of the form xi D x3 D x4 D 0 for i D 1; 2, and the embedded component
x2

1
D x2

2
D x3D x4. Blowing up the first component takes care of the embedded component and leaves a

line of A1 singularities, which we have already seen to have a crepant resolution. Note also that in this
case we have converted two rational curves into divisors, which should increase h2 and h4 by 2 each,
whereas in the previous examples the contribution was only 1. Further, since the resolution method is an
actual blowup, rather than a small resolution, projectivity is automatic. �

Remark 5.1.2. Similar considerations show a stronger result: The fiber product S1 �X S2 admits a
crepant resolution if and only if, when two additive fibers come together at the same point of X , the fiber
types belong to the following list:

.I�n; II/; .I
�
0; III/; .IV

�; II/; .IV; II/; .IV; III/; .III; III/; .III; II/; .II; II/:

Most of the other cases can be excluded by the observation that if the fibers both contain a nonreduced
component, then there cannot be a crepant resolution. The local equation is xi

2
�x

j
4
D 0 for i; j > 1, and

this is singular in dimension 2, i.e., along a divisor.

Corollary 5.1.3. The fiber product Z3.E/ is birational to a nonsingular projective Calabi–Yau threefold.

5.2. The Kummer threefold. On the other hand, there is a separate Calabi–Yau threefold that we can
associate to three elliptic curves E1;E2;E3; this is a generalization of the Kummer surface associated to
the product of two elliptic curves.
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Definition 5.2.1. Let QD .E1 �E2 �E3/=V , where nontrivial elements of the group V D .Z=2Z/˚2

act by negating two of the factors E1;E2;E3 at a time.

Proposition 5.2.2. The threefold Q admits a crepant resolution QQ ! Q, where QQ is a Calabi–Yau
threefold.

We refer to any such resolution as a Kummer threefold and denote it by Km.E1 �E2 �E3/.

Proof. (Assuming char k¤2.) First we consider how to embed Q into a toric variety. We can view each Ei

as a hyperelliptic curve y2
i D fi.xi ; zi/ in weighted projective space P.1; 2; 1/, where f is homogenous

of degree 4. With respect to these coordinates, negation on Ei is .xi W yi W zi/ 7! .xi W �yi W �zi/.
The product E1 �E2 �E3 lives in P.1; 2; 1/3. The group V acts on P.1; 2; 1/3 in the evident matter.

The quotient T D P.1; 2; 1/3=V has coordinates y D y1y2y3;x1; z1;x2; z2;x3; z3; it is the toric variety
obtained by taking the quotient of A7 by G3

m acting by the weights .2; 1; 1; 0; 0; 0; 0/, .2; 0; 0; 1; 1; 0; 0/,
and .2; 0; 0; 0; 0; 1; 1/. Finally, Q is the hypersurface in T with equation

y2
D

3Y
iD1

fi.xi ; zi/:

Identify Pic T with Z3 by these three weight vectors. The canonical divisor of a toric variety is the
negative of the sum of the toric divisors [Ful93, Proposition, section 4.3], so KT DO.�4;�4;�4/. Since
the defining equation for Q has degree 4 with respect to each copy of Gm, we have by the adjunction
formula KQ D .KT ˝O.Q//jQ D 0.

It remains to show that Q has a crepant resolution. The subschemes of E1�E2�E3 where a nontrivial
element of V has a fixed point are precisely those where two or three of the coordinates are points of order
1 or 2. Let V act on A3 by negating any two of the coordinates. This is a linear action by a subgroup of
SL3, so by a theorem of Roan, Ito, and Markushevich [Roa96, Theorem 1] there is a crepant resolution.
The action of V on the tangent spaces of fixed points of E1�E2�E3 is the same as for A3, so the result
carries over to our case. �

Remark 5.2.3. The crepant resolution of Q is obtained by blowing up 48 curves. These are the images
of those curves in E1 �E2 �E3 of the form

fP1g � fP2g �E3; fP1g �E2 � fP3g; E1 � fP2g � fP3g;

where P1;P2;P3 are 2-torsion points. The order of blowing up is significant: at each of the 64 points
.P1;P2;P3/, there are 6 possible orders to choose from, and exchanging two adjacent ones amounts to a
flop. However, for our purposes the choice makes no difference.

Remark 5.2.4. This construction generalizes to give a Calabi–Yau manifold Km.E1 � � � � �Ed / for d

elliptic curves E1; : : : ;Ed . This is the desingularization of the quotient .E1 � � � � �Ed /=V , where now
V � .Z=2Z/˚d is the subgroup where the sum of the coordinates is 0.
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Proposition 5.2.5. The Hodge diamond of Km.E1 �E2 �E3/ is

1

0 0

0 51 0

1 3 3 1

0 51 0

0 0

1

Proof. We assume k D C to give a simple proof in terms of differential forms. Let H 1;0 and H 0;1 of
Ei be spanned by zi ; Nzi respectively. Then H 1.E1 �E2 �E3/ is spanned by all the zi ; Nzi (abusively
using the same notation for forms on the Ei and their pullbacks to the product) and H n.E1 �E2 �E3/

is identified with
Vn

H 1, as usual for an abelian variety. We can write H n D
Ln

jD0 H j ;n�j , where
H j ;n�j is spanned by the products of j holomorphic and n� j antiholomorphic forms.

The negation map on Ei negates zi ; Nzi while fixing the others. Thus V acts on H 1;H 2;H 3 with the
following fixed subspaces:

(1) the fixed subspace on H 1 is trivial;

(2) the fixed subspace on H 2 is spanned by the zi ^ Nzi ;

(3) the fixed subspace on H 3 is spanned by products of one form with each subscript.

In order to obtain the Hodge diamond of Km.E1 �E2 �E3/, we must consider the effect of the blowup.
Each blowup of a rational curve replaces a subvariety with h0;0 D h1;1 D 1 by one with h0;0 D h2;2 D 1

and h1;1 D 2, so it increases h1;1 and h2;2 by 1. Since there are 48 such curves, we obtain the values
claimed in the statement of the proposition. �

5.3. A birational map between a Kummer threefold and a fiber product of elliptic fibrations. Assume
that char k ¤ 2. Let E! P1

k
be the Legendre fibration, with Weierstrass equation

y2
D x.x� 1/.x� t/:

Let �D Spec k.t1; t2; t3/ be the generic point of .P1
k
/3, and as usual write E3

� DE1�E2�E3. Thus Ei

is the elliptic curve over � with Weierstrass equation y2 D x.x � 1/.x � ti/. We are interested in two
Calabi–Yau threefolds over �. On the one hand, we have the Kummer threefold Km.E1 �E2 �E3/,
which is birational to the subvariety of the toric variety T D A7=G3

m with equation

y2
D

3Y
iD1

xizi.xi � tizi/: (5.3.1)

On the other hand, we have the fiber product Z3.E/D C�
P1
�
E�, which is birational to a Calabi–Yau

variety by Corollary 5.1.3.
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Theorem 5.3.1. The varieties Z3.E/ and Km.E1�E2�E3/ are birational over �. Hence Conjecture 5.0.2
is true for E, and (if k D Fq) then E is 3-modular.

Proof. We found a birational equivalence between Z3.E/ and Km.E1 �E2 �E3/ by exhibiting K3
surface fibrations on each threefold, such that the generic fibers of the fibrations are isomorphic. The
discovery of the birational equivalence was extraordinarily serendipitous: we reached for a few of the
easiest possible K3 fibrations to construct on either side, and happened upon two pairs that matched. For
the birational equivalence in terms of coordinates, we refer to the code [LW24]. We only describe here
the method we used to find it.

The K3 surface fibration on Km.E1�E2�E3/ is easy enough to describe. Recall that Km.E1�E2�E3/

is the desingularization of a subvariety Q of a toric variety T , with equation (5.3.1). Consider the rational
map T Ü P1 defined by the ratio .y W x1x2x3z1z2z3/. We claim that its restriction to QÜ P1 has
generic fiber a K3 surface. Indeed, the fiber over u 2 P1 is the subvariety of .P1/2 with equation

u2
3Y

iD1

xizi D

3Y
iD1

.xi � zi/.xi � tizi/; (5.3.2)

which one checks is nonsingular for generic u. A nonsingular surface in .P1/3 of degree .2; 2; 2/ is a K3
surface. This is our K3 fibration Km.E1 �E2 �E3/Ü P1.

Now consider Z3.E/, which is the fiber product of two rational elliptic fibrations over a common base.
This is naturally a subvariety of P2 �P2 �P1. Let S be the set of prime components of the singular
subscheme of Z3.E/ of dimension 1, and consider the linear system of .1; 1; 1/-forms vanishing on S .
Our computations showed that this linear system gives a birational map from Z3.E/ to a quintic threefold
Z � P4.

The quintic Z is singular along 8 lines and some isolated points. By considering spans of pairs of
these lines, we found 9 planes H �Z. If such a plane has equations `0 D `1 D 0 for linear forms `0; `1

on P4, then the quintic defining Z can be written `0f0C`1f1 for forms f0; f1 of degree 4. Then Œ`0 W `1�

defines a rational map ZÜ P1, whose generic fiber is a quartic in P3, i.e., a K3 surface.
Experimentally, we counted points of fibers of these ZÜP1 over a finite field (choosing random values

for t1; t2; t3), until we found one which matched the point counts from fibers of Km.E1�E2�E3/ÜP1.
It was then possible to change the coordinate u on the P1 so that the point count matched fiber by fiber.
This suggested that the generic fibers of the two fibrations, which are K3 surfaces over k.t1; t2; t3;u/,
were isomorphic, and indeed they were. We verified this by finding elliptic fibrations with the same
configuration of singular fibers, and then directly observing that those elliptic fibrations are isomorphic. �

Remark 5.3.2. In contrast to the theory of elliptic fibrations on a K3 surface, which is well developed
and draws on the very rich theory of lattice genera, K3 surface fibrations on Calabi–Yau varieties are not
well understood. Such fibrations are described by certain extremal rays of the ample cone. However, there
is no general theory that allows one to construct a set of orbit representatives for such extremal rays with
respect to the action of the automorphism group. In any case, this would not be sufficient, because we
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might need to consider not only K3 fibrations on one particular Calabi–Yau model but on all equivalent
ones. Though there are finitely many Calabi–Yau varieties birational to a given one up to isomorphism,
it is not clear how to determine them all in practice or approximately how many there should be for a
variety such as Q. It is known (the relevant facts are nicely summarized in [Fry01, Introduction]) that
the ample cones of different Calabi–Yau models exhaust the movable cone, but one expects that for a
Calabi–Yau variety of Picard number 51 such as Q the geometry of this partition would be exceedingly
complicated. For example, we can blow up the 48 curves of singularities in any order (though blowups in
two disjoint curves commute). The group of automorphisms acting on this set of Calabi–Yau models is
small, and presumably there are many other ways to obtain models as well.

These problems have discouraged us from attempting to extend the result of Theorem 5.3.1 to other
examples such as the elliptic surface with singular fibers III�; I2; I1. We have verified numerically that
the Fp-rational point counts match mod p and therefore expect a correspondence. If the analogy with
surfaces holds, we might hope that there is a K3 surface fibration on each side such that the corresponding
fibers are isogenous (just as in our proof of 2-modularity for this family we find genus 1 fibrations on both
K3 surfaces whose fibers have the same number of points and that are therefore related by an isogeny).
However, at our present level of understanding there is no possibility of finding it except by a lucky stab
into a potentially enormous space of fibrations. The other families with one additive and two multiplicative
fibers are more daunting still, since we would not expect any single fibration to be sufficient; we would
need a third isogenous Calabi–Yau threefold to mediate between the two sides.
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