
Algebra &
Number
Theory

msp

Volume 20

2026
No. 5

A coarse Jacquet–Zagier trace formula for GL(n),
with applications

Liyang Yang





msp
ALGEBRA AND NUMBER THEORY 20:5 (2026)

https://doi.org/10.2140/ant.2026.20.861

A coarse Jacquet–Zagier trace formula for GL(n),
with applications

Liyang Yang

We establish a coarse Jacquet–Zagier trace identity for GL.n/ over a global field. We prove the absolute
convergence in Re.s/ > 1, and obtain holomorphic continuation under almost all character twists. In
particular, we compute all P -regular orbital integrals in the geometric side, and the contributions from
constant terms and nondegenerate terms of Eisenstein series in the continuous spectrum, and further
derive meromorphic continuations of them.

As an application, we give a conditional proof of the Dedekind conjecture, which asserts that given any
finite extension E=F of number fields, the ratio �E.s/=�F .s/ of the Dedekind zeta functions is entire,
which is only known for ŒE W F �� 4. Some nonvanishing results are also obtained.

1. Introduction 862
1A. The Rankin–Selberg–Zagier integral

R
K0.x;x/E.x; s/ dx 862

1B. Statement of the main results 863
2. Idea of proof and structure of the paper 865

2A. Basic notation 866
2B. Decomposition of the kernel function 867
2C. Decomposition of I

'
0
.s; �/ 868

2D. Structure of the paper 869
2E. Some remarks on reading this paper 870

3. Fourier expansion and decomposition of I0.s; �/ 870
3A. Mirabolic Fourier expansions of automorphic functions 870
3B. Decomposition of I0.s; �/ 871

4. IGeo;Reg.s; �/ as Dedekind zeta functions 873
4A. Structure of G.F /-conjugacy classes 873
4B. Decomposition of G.F / 874
4C. Algebraic expansion: P -regular conjugacy classes 883

5. IP;Reg.s; �/ as intertwining operators 892
5A. P .F /-conjugacy classes 892
5B. Holomorphic continuation 896

6. Convergence of the spectral side 900
6A. Reduction to the relative trace formula of Kuznetsov type 901
6B. Spectral decomposition of the kernel function 905
6C. Spectral expansion of IWhi.s; �/ 907

MSC2020: 11E45, 11F55, 11F70, 11F72, 11R42.
Keywords: trace formula for GLn, adjoint L-function, Dedekind conjecture.

© 2026 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2026.20-5
https://doi.org/10.2140/ant.2026.20.861
http://www.ams.org/mathscinet/search/mscdoc.html?code=11E45, 11F55, 11F70, 11F72, 11R42


862 Liyang Yang

7. Rankin–Selberg convolutions for generic representations 909
7A. Some notation 909
7B. Local theory for ‰v.s;W1;v ;W2;v I�;ˆv/ 910
7C. Global theory for ‰.s;W1;W2I�/ 916
7D. A refinement of Theorem E 916

8. The Dedekind conjecture: proof of main results 918
8A. Proof of Theorem A 918
8B. Proof of Theorem B 919

9. Meromorphic continuation: the exceptional case 925
9A. Notation 926
9B. Meromorphic continuation via the zero-free region 927
9C. Meromorphic continuation inside the critical strip 930

Acknowledgements 940
References 940

1. Introduction

1A. The Rankin–Selberg–Zagier integral
R

K0.x;x/E.x; s/dx. Let � be an arithmetic subgroup of
G D SL2.R/ with finite covolume. A nice ' on G defines an integral operator R.'/ on L2.�nG / with
kernel K' . With respect to the Casimir operator the space L2.�nG / decomposes into the direct sum
of L2

0
.�nG /, the space of cusp forms, and its orthogonal complement L2

0
.�nG /?. Correspondingly,

K' D K'
0
C K'ER, where K'

0
(resp. K'ER) is the kernel of the restriction of R.'/ to L2

0
.�nG / (resp.

L2
0
.�nG /?). The Selberg trace formula is the identity obtained by substituting K' �K'ER for K'

0
and

computing the trace

Tr R.'/ jL2
0
.�nG/D

Z
�nG

K'
0
.x;x/ dx D

Z
�nG

�
K'.x;x/�K'ER.x;x/

�
dx: (1-1)

Although the function K'
0
.x;x/ decays rapidly over �nG , its counterparts K'.x;x/ and K'ER.x;x/

do not. Hence some truncation is typically required to carry out the right-hand side of the integration
(1-1).

Zagier [38; 39] introduced the integral

I
'
0
.s/D

Z
�nG

K'
0
.x;x/E.x; s/ dx D

Z
�nG

�
K'.x;x/�K'ER.x;x/

�
E.x; s/ dx; (1-2)

where E.x; s/ is an Eisenstein series. He obtained a meromorphic continuation of the right-hand side
of (1-2) and recovered the Selberg trace formula by computing the residue at s D 1. This approach is
more convenient and computationally simpler than truncation-based proofs. Furthermore, I

'
0
.s/ gives

more information than the Selberg trace formula, including the divisibility by �.s/. Jacquet and Zagier
[18] extended the formula to GL.2/ over a number field F , providing a new proof of the holomorphy of
adjoint L-functions and implying the Arthur–Selberg trace formula. However, the Jacquet–Zagier trace
formula has only been developed for GL.2/ so far.



A coarse Jacquet–Zagier trace formula for GL(n), with applications 863

Our aim is to generalize the Jacquet–Zagier trace formula to higher ranks, building on the equality of
the geometric and spectral expansions of the meromorphic function

I
'
0
.s; �/ WD

Z
G.F /Z.AF /nG.AF /

K'
0
.x;x/E.x; s/ dx; (1-3)

where F is a global field, GDGL.n/, and E.x; s/ is an Eisenstein series induced from a Hecke character � .
We anticipate a generalized Jacquet–Zagier trace formula for GL.n/ of the form

I
'
0
.s; �/D I

'
Geo.s; �/� I

'
ER.s; �/; (1-4)

where I
'
Geo.s; �/ and I

'
ER.s; �/ capture (formally) the geometric and noncuspidal spectral contributions,

respectively.
However, the convergence problems and complex analytic behaviors of I

'
Geo.s; �/ and I

'
ER.s; �/ are

significant. In this study, we present several innovative techniques that address convergence, meromorphic
continuation, and divisibility of L-series, leading to a coarse derivation of the Jacquet–Zagier trace
formula for GL.n/. By regularizing (1-4), we obtain an identity involving various L-functions, roughly
of the form:X

�

L.s; �;Ad/�
X

ŒEWF ��n

�E.s/

�F .s/
C

X L-S L-functions
�F .s/

C

X R-S L-functions
�F .s/

;

where L-S means Langlands–Shahidi and R-S refers to Rankin–Selberg for nondiscrete representations,
which should be ‘obvious’ holomorphic multiples of �F .s/. This formula establishes a connection
between the Dedekind conjecture on the entireness of quotients of the Dedekind zeta function �E.s/=�F .s/
(algebraic side) and the Selberg’s conjecture regarding the entireness of adjoint L-functions L.s; �;Ad/
(automorphic side). Further details can be found in Section 1B2. This provides a new example of using
the general Langlands program to answer some basic questions about number fields.

1B. Statement of the main results.

1B1. The Jacquet–Zagier trace formula for GL.n/. We present a generalization of the trace formula,
which encompasses several independent results (Theorems C, D, E, and F). These results can be summa-
rized informally as follows.

Theorem A. Let notation be as in Section 2. Let Re.s/ > 1. Let ' be a test function on G.AF /. Then
I
'
0
.sI �/ admits a regularized geometric-spectral expansion

I
'
0
.sI �/D I

'
Geo;Reg.s; �/� I

'
P;Reg.s; �/C I

'
Sing.s; �/� I

'
Whi.s; �/; (1-5)

where each integral on the right-hand side converges in the region Re.s/ > 1, and can be meromorphically
continued to s 2 C. Moreover:

� I
'
Geo;Reg.s; �/ can be expressed as a finite sum of Dedekind zeta functions associated with certain

étale algebras of degree � n. (See Theorem C for details.)
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� I
'
P;Reg.s; �/ can be written as a finite sum of intertwining operators. It turns out to be a holomorphic

multiple of
ƒ.s; �/ƒ.2s; �2/ � � �ƒ..n�1/s; �n�1/ƒ.ns; �n/

ƒ.sC 1; �/ƒ.2sC 1; �2/ � � �ƒ..n�1/sC 1; �n�1/
:

(See Theorem D for details.)

� I
'
Whi.s; �/ is an infinite sum over cuspidal data � of Rankin–Selberg L-functions attached to �. (See

Theorems E and F.)

� If �k ¤ 1 for 1� k � n, then (1-5) has an analytic continuation to C, with I
'
P;Reg.s; �/=ƒ.s; �/ and

I
'
Whi.s; �/=ƒ.s; �/ being entire.

A precise definition of the integrals on the right side of (1-5) can be found in Section 2C.

Remarks 1.2. (i) The expansion (1-5) generalizes Jacquet and Zagier’s formula for GL.2/ to GL.n/.
A restricted version was obtained by Flicker [8] under some choice of test functions ' so that only regular
elliptic part of I

'
Geo;Reg.s; �/ shows up on the right-hand side of (1-5). New ideas of our proof are briefly

summarized in Section 2B below.

(ii) I
'
Sing.s; �/ is defined geometrically, and it appears essentially when n�3. In general, I

'
Sing.s; �/ should

always be reduced to Jacquet–Zagier trace formula (1-5) in smaller ranks. For certain applications, one
can easily eliminate it by choosing a suitable test function (see, for instance, Theorem B in Section 1B2).
Also, a detailed analytic continuation of I

'
Sing.s; �/=ƒ.s; �/ (for general test function ') is given in [36]

when n� 4.

1B2. Some applications. The formula (1-5) conveys interesting information between L-functions defined
analytically and algebraically. It gives an explicit relation among Rankin–Selberg L-functions, Langlands–
Shahidi L-functions and Hecke L-functions associated to field extensions. In fact, we shall deduce from
it that holomorphy of certain adjoint L-functions for GL.n/ implies the Dedekind conjecture for degree n

extensions:

Conjecture 1.3 (�-twisted Dedekind conjecture). Let E=F be an extension of global fields. Then
ƒ.s; � ı NE=F /=ƒ.s; �/ is holomorphic when s ¤ 1, where ƒ. � ; � / denotes the complete Hecke L-
function, and NE=F is the relative norm.

When � D 1 is trivial, this conjecture is conventionally called the Dedekind conjecture, and is known
to be true when E=F is Galois by the work of Aramata and Brauer (see Chapter 1 of [24]) or has a
solvable Galois closure by the work of Uchida [32] and van der Waall [33]. The Dedekind conjecture is
the principal case of Artin’s holomorphy conjecture. The �-twisted version of Conjecture 1.3 has been
proved by Murty [26] when E=F is either Galois or has a solvable closure. However, the general case
(or even the case of general degree-5 extensions) is not yet known.

When nD 2, [18] provides a connection between adjoint L-functions associated to cuspidal represen-
tations of GL.2/=F and ƒ.s; � ıNE=F /=ƒ.s; �/ when E=F is quadratic. It was noted in [19] that, at
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least for degree/rank n up to 5, the two families seem to be related on a nuts-and-bolts level in the theory
of integral representations, in addition to the relationships suggested by [18].

Let A0.G.F /nG.AF /; !
�1/ be the set of cuspidal representations of G.AF / of central character !�1.

Recall that the twisted adjoint L-function is defined by

ƒ.s; �;Ad˝�/D
ƒ.s; � � z� ˝ �/

ƒ.s; �/
; � 2A0.G.F /nG.AF /; !

�1/: (1-6)

Let Asimp
0

.G.F /nG.AF /; !
�1/�A0.G.F /nG.AF /; !

�1/ be a subset of cuspidal representations �
such that � has a supercuspidal component. Following [18], Flicker [8] used a simple trace formula to
conclude, modulo the key Lemma 4 in loc. cit., that Conjecture 1.3 implies holomorphy ofƒ.s; �;Ad˝�/
at s ¤ 1, where � 2Asimp

0
.G.F /nG.AF /; !

�1/. However, this lemma is not correct, as Flicker himself
pointed out in [9, p. 202]. Consequently, the asserted implication is not complete. Nevertheless, we have
an implication in the opposite direction.

Theorem B. Assume the twist adjoint L-functions ƒ.s; �;Ad˝�/ are holomorphic at s ¤ 1 for all
� 2 Asimp

0
.G.F /nG.AF /; 1/. Then the �-twisted Dedekind conjecture holds for all field extensions of

E=F of degree n.

Remarks 1.5. (i) Theorem B provides a new perspective in the study of the Dedekind conjecture, which
is currently wide open when the degree is larger or equal to 5 — although, when nD 5, there has been
some progress towards the holomorphy of adjoint L-functions by integral representation (see [11]).

(ii) Suppose �k ¤ 1, 1 � k � n. With further investigation of ISing.s; �/, we may conclude from
Theorems A and B that L.s; �;Ad˝�/ is holomorphic at s ¤ 1 for all � 2A0.G.F /nG.AF /; !

�1/ if
and only if the � -twisted Dedekind conjecture holds for all field extensions of E=F of degree n.

In Section 8, we will see that the proof of Theorem B yields a nonvanishing result:

Corollary 1.6. Let notation be as before. Let n� 2. Suppose there exists an extension E=F with degree
ŒE W F � D n, and �E.1=2/ ¤ 0. Then there exists a � D �.E/ 2 A0.G.F /nG.AF /; !

�1/, such that
L.1=2; � � z�/¤ 0.

Remark 1.7. In fact, Fröhlich [10] proved that there are infinitely many number fields F such that
�F .1=2/D 0. Since L.s; �;Ad/ is conjectured to be holomorphic, for all � 2A0.G.F /nG.AF /; !

�1/,
we have L.1=2; � � z�/D 0 conjecturally.

2. Idea of proof and structure of the paper

This section outlines our strategy for establishing the coarse Jacquet–Zagier trace formula (1-5):

I
'
0
.sI �/D I

'
Geo;Reg.s; �/� I

'
P;Reg.s; �/C I

'
Sing.s; �/� I

'
Whi.s; �/:

Definitions of these integrals will be provided in Sections 2A–2C. Additional details can be found in
Section 3.
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2A. Basic notation.

2A1. Number fields. Let F be a number field with ring of adeles AF . Let †F be the set of places of F .
Denote by †F;fin (resp. †F;1) the set of nonarchimedean (resp. archimedean) places. For v 2†F , we
denote by Fv the corresponding local field and Ov its ring of integers with the maximal ideal pv and a
uniformizer$v . We use v j1 to indicate an archimedean place v and write v <1 if v is nonarchimedean.
Let j � jv be the norm in Fv. Put j � j1 D

Q
v j1 j � jv and j � jfin D

Q
v<1 j � jv. Let j � jAF

D j � j1˝j � jfin.
We will simply write j � j for j � jAF

in calculation over A�
F

or its quotient by F�.

2A2. Some conventional notation. For two meromorphic functions h1.s/ and h2.s/, we write h1.s//

h2.s/ if h1.s/=h2.s/ admits an analytic continuation to the whole complex plane. We will keep this /
notation throughout.

2A3. Automorphic data. Let G D GL.n/. Let P be the standard parabolic subgroup of G of type
.n�1; 1/. Let B be the Borel subgroup, consisting of upper triangular matrices. Let K be a fixed maximal
compact subgroup of G.AF /. We will denote by ŒH � WDH.F /nH.AF / for an algebraic group H over F .

Denote by „F the set of unitary characters on F�nA�
F

which are trivial on R�C. For any � 2 „F ,
denote by ƒ.s; �/ its complete Hecke L-function. For a topological space V , we denote by S.V / the
space of Schwartz functions on V . Let ˆ2 S.An

F
/. Let � 2„F be fixed. Let �D .0; : : : ; 0; 1/2Fn. Set

f .x; ˆ; � I s/D �.det x/ jdet xjs
Z

A�
F

ˆ.�tx/�.t/njt jnsd�t; x 2G.AF /; (2-1)

which is a Tate integral for the complete L-functionƒ.ns;x:ˆ; �n/. It converges absolutely in Re.s/>1=n,
and admits a meromorphic continuation elsewhere with a functional equation. Define the Eisenstein series

EP .x; ˆ; � I s/D
X


2P.F /nG.F /

f .
x; ˆ; � I s/; (2-2)

which converges absolutely for Re.s/ > 1. Also, we define the integral

I
'
0
.s; �/D

Z
G.F /Z.AF /nG.AF /

K'
0
.x;x/EP .x; ˆ; � I s/ dx: (2-3)

If there is no confusion in the context, we will write f� .x; s/ or f .x; s/ instead of f .x; ˆ; � I s/ and omit
the superscript ' in I

'
� .sI �/ for simplicity, where I

'
� .sI �/ is one of the functions in (1-5).

2A4. The kernel function. Denote by H.G.AF /; !/ the set of smooth functions ': G.AF /! C, which
is left and right K-finite for a compact subgroup K of G.AF /, transforms by a unitary character ! of
Z.AF /, and has compact support modulo Z.AF /. Then ' 2H.G.AF /; !/ defines an integral operator

R.'/f .x/D
Z

Z.AF /nG.AF /
'.y/f .xy/ dy (2-4)

on the space L2
�
G.F /nG.AF /; !

�1
�

of functions on G.F /nG.AF / which transform under Z.AF / by
!�1 and are square integrable on G.F /Z.AF /nG.AF /. This operator can be represented by the kernel
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function
K'.x;y/D

X

2Z.F /nG.F /

'.x�1
y/:

We will omit the superscript ' and simply write K.x;y/ for K'.x;y/.
Recall that L2

�
G.F /nG.AF /; !

�1
�

decomposes as a direct sum of the space L2
0

�
G.F /nG.AF /; !

�1
�

of cusp forms and spaces L2
Eis

�
G.F /nG.AF /; !

�1
�

and L2
Res

�
G.F /nG.AF /; !

�1
�

defined using Eisen-
stein series and residues of Eisenstein series respectively. Then K splits up as KD K0CKEisCKRes.
Explicitly,

K0.x;y/D
X
�

K�.x;y/; where K�.x;y/D
X
�2B�

�.'/�.x/�.y/: (2-5)

Here, � ranges over cuspidal automorphic representations, and B� represents an orthonormal basis for
the representation � .

2B. Decomposition of the kernel function. Starting with the spectral decomposition

K0.x;x/D K.x;x/� .KEis.x;x/CKRes.x;x//;

we will further decompose these kernel functions by algebraic and analytic/spectral expansions.

2B1. The regular part. Let P0 DZnP is the mirabolic subgroup. Define

S WD
[
Q

[

2Z.F /nQ.F /

˚
p�1
p W p 2 P0.F /

	
; (2-6)

where Q’s range through standard proper parabolic subgroups of G. Set

KGeo;Reg.x;x/D
X


2Z.F /nG.F /�S

'.x�1
x/; (2-7)

We will show in Proposition 4.1 that the set Z.F /nG.F /�S consists of P0.F /-conjugacy classes,
resulting in regular G.F /-conjugacy classes. Notably, the stabilizers of elements in Z.F /nG.F /�S are
direct sums of étale algebras over F with degrees � n. This distinction motivates the consideration of
this set.

2B2. The P -regular part. Let NP be the unipotent radical of P . Define

KP;Reg.x;x/D
Z
ŒNP �

KGeo;Reg.ux;x/ du; (2-8)

where the subscript P indicates the constant term along ŒNP �DNP .F /nNP .AF /.

2B3. Fourier expansion. Let N be the unipotent radical of the standard Borel in G. Let � being a fixed
generic character on ŒN �DN.F /nN.AF /.

We will show in Lemma 3.2 the Fourier expansion

KEis.x;x/CKRes.x;x/D
Z
ŒNP �

K.ux;x/ duC
n�1P
kD2

FkK.x;x/CKWhi.x;x/; (2-9)
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where FkK.x;x/ represents the partial Fourier transforms of K.x;x/ (see Proposition 3.1), and the
generic part is given by

KWhi.x;x/D
X

ı2N.F /nP0.F /

Z
ŒN �

KEis.uıx;x/�.u/ du:

The integrand will be Whittaker functions, which explains the subscript ‘Whi’.
Notably, the first two terms on the right side of (2-9) are expressed in terms of the entire kernel function

K.x;x/. Therefore, we can handle them by employing the geometric expansion of the kernel function.

2B4. The singular part. We define

KSing.x;x/D
X

2S

'.x�1
x/�
Z
ŒNP �

X

2S

'.x�1u�1
x/ du�

n�1X
kD2

FkK.x;x/: (2-10)

A precise definition will be given in Section 3B2. In [36], we provide explicit simplifications of this part
in terms of ' for the cases when nD 3 and nD 4.

2B5. Decomposition of K0.x;x/. Combining (2-7), (2-8), (2-9) and (2-10) we then obtain an expansion
of the cuspidal kernel function

K0.x;x/D KGeo;Reg.x;x/�KP;Reg.x;x/CKSing.x;x/�KWhi.x;x/: (2-11)

This decomposition will be proved in Lemma 3.3.

2C. Decomposition of I
'

0
.s; �/. Let Re.s/ > 1. Unfold EP .x; ˆ; � I s/ by substituting (2-2) into (2-3),

and replace K0 via (2-11) to obtain (formally)

I
'
0
.sI �/D I

'
Geo;Reg.s; �/� I

'
P;Reg.s; �/C I

'
Sing.s; �/� I

'
Whi.s; �/; (1-5)

Here

I
'
Geo;Reg.s; �/ WD

Z
P.F /Z.AF /nG.AF /

KGeo;Reg.x;x/f .x; ˆ; � I s/ dx;

I
'
P;Reg.s; �/ WD

Z
P.F /Z.AF /nG.AF /

Z
ŒNP �

KGeo;Reg.ux;x/f .x; ˆ; � I s/ du dx;

I
'
Whi.s; �/ WD

Z
N.AF /Z.AF /nG.AF /

Z
ŒN �

Z
ŒN �

KEis.ux; vx/�.u/�.v/f .x; ˆ; � I s/ du dv dx;

I
'
Sing.s; �/ WD

Z
P.F /Z.AF /nG.AF /

KSing.x;x/f .x; ˆ; � I s/ dx;

where f .x; ˆ; � I s/ is the section defined by (2-1). The proof of (1-5) will be derived in Section 3B4.
The main objective of this paper is to describe the analytic behavior of these integrals as meromorphic

functions of s and establish their connections with various well-known L-functions.
For simplicity, we will omit the superscript ' in the integrals above.
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2D. Structure of the paper. In Section 3, we use the Fourier expansion of functions on P0.F /nG.AF / to
obtain the decomposition (2-9). This manipulation allows us to shift the nongeneric part of the nondiscrete
spectrum to the geometric side. Eventually we obtain the decomposition (1-5) in Section 3B.

In Section 4, we explore the algebraic structure of conjugacy classes in Z.F /nG.F /�S under the
P0.F /-adjoint action. Notably, the stabilizers of elements in Z.F /nG.F /�S correspond to direct sums
of étale algebras over F . Consequently, we demonstrate that the function IGeo;Reg.s; �/ can be expressed
as a sum of specific Artin L-series associated with these étale algebras. The detailed formulation of this
result is provided in Theorem C in Section 4C.

In Section 5, we determine explicit representatives of Z.F /nG.F /�S as P0.F /-conjugacy classes.
Subsequently, we develop a geometric reduction technique to establish a connection between IP;Reg.s; �/

and certain intertwining operators. By employing Langlands’ theory of intertwining operators, we establish
the convergence and analytic properties of IGeo;Reg.s; �/. The results are summarized in Theorem D.

Next, our focus shifts to the function IWhi.s; �/, which pertains exclusively to the spectral side and is
discussed in Sections 6–9.

� We encounter a challenge with Arthur’s approach using modified truncation operators, as it is not
suitable for our specific scenario due to the loss of P .F /-invariance when unfolding the Eisenstein
series. Instead, we employ an alternative manipulation that reduces IWhi.s; �/ to a Mellin transform
of the Kuznetsov trace formula, particularly Jacquet’s relative trace formula for the pair .N;N /

involving maximal unipotent radicals and generic characters. We establish that the relative trace
formula can be bounded by a finite sum of gauges (Proposition 6.2). Consequently, we prove that
IWhi.s; �/ is an absolutely convergent infinite sum of Mellin transforms, corresponding to certain
Rankin–Selberg convolutions with nondiscrete automorphic representations when Re.s/ exceeds a
specific threshold. The precise results are presented in Theorem E in Section 6.

� In Section 7, we establish various properties of Rankin–Selberg periods associated with nondis-
crete automorphic representations. These results play a crucial role in enhancing Theorem E and
demonstrating the absolute convergence of IWhi.s; �/ within the strip 0< Re.s/ < 1. For detailed
information, refer to Theorem F. Notably, if �k ¤ 1 for all 1� k � n, then IWhi.s; �/ is holomorphic
in the region Re.s/ > 0.

� In Section 8, we consolidate the results of Theorems C, D, E, and F to establish Equation (9-5). By
employing specific test functions ' and addressing generalized Tate integrals, we subsequently prove
Theorem B and Corollary 1.6 based on Equation (9-5).

� In Section 9, we address the special case when �k D 1 for some 1 � k � n. In this scenario, the
function IWhi.s; �/ exhibits singularities along the entire boundary Re.s/ D 1. To overcome this,
we aim to find a meromorphic continuation for IWhi.s; �/ that holds for any � . This investigation
is carried out in Section 9, where we establish Theorem G. By utilizing the Langlands–Shahidi
method and analyzing residues, we obtain the meromorphic continuation for each individual term in
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IWhi.s; �/. Theorem G provides the meromorphic continuation for IWhi.s; �/ in the general case of
F being a function field. It also holds independent interest, as highlighted in [36].

2E. Some remarks on reading this paper. The integrals presented in (1-5) exhibit distinct characteristics,
and each section is dedicated to analyzing one of these integrals. As a result, these sections can be
considered somewhat independent from one another. Given the intricate nature of these integrals, we will
introduce temporary notation specific to each section during the proof. While these ad hoc notational
items may appear unfamiliar, readers are encouraged not to be overly concerned or confused, as their
purpose is to facilitate the clarity and coherence of the respective section.

3. Fourier expansion and decomposition of I0.s; �/

In this section, we use the Fourier expansion of the noncuspidal kernel function KER.x;x/ to decompose
the cuspidal kernel function as follows:

K0.x;y/D KGeo;Reg.x;y/�KP;Reg.x;y/CKSing.x;y/�KWhi.x;y/: (2-11)

Consequently, we obtain the decomposition

I0.s; �/D IGeo;Reg.s; �/� IP;Reg.s; �/C ISing.s; �/� IWhi.s; �/: (1-5)

3A. Mirabolic Fourier expansions of automorphic functions.

3A1. Ad hoc notation. To simplify the Fourier expansion discussion in this section, we introduce some
notation that may deviate from standard conventions. Since it is specific to this section, readers need not
be overly concerned with it.

Recall that B is the standard Borel of G (Section 2A3). Let N be the unipotent radical of B. For
1� k � n�1, let Bn�k be the standard Borel subgroup (the subgroup consisting of nonsingular upper
triangular matrices) of GLn�k ; let Nn�k be the unipotent radical of Bn�k . For any i , j 2N, let Mi�j be
the additive group scheme of i � j matrices. For 1� k � n�1, define the unipotent radicals

N 0k D
n�

Ik C
D

�
W C 2Mk�.n�k/; D 2Nn�k

o
;

and the subgroup

N �k D

( 
Ik�1 C

1
In�k

!
W C 2M.k�1/�1.F /

)
:

For 1� k � n�1, set the generalized mirabolic subgroups

Rk D

n�
A C
0 D

�
WA 2 GLk ; C 2Mk�.n�k/; D 2Nn�k

o
:

In particular, Rn�1 D P0, which is the mirabolic subgroup of G.
Also we define R0 DN.0;1;:::;1/ WDN.1;1;:::;1/ DN to be the unipotent radical of the standard Borel

subgroup of GLn.
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3A2. Mirabolic Fourier expansion. Denote by TrF the trace map AF ! AQ. Let  Q be the additive
character on QnAQ such that  Q.t1/D exp.2� i t1/, for t1 2 R ,! AQ. Let  F D  Q ıTrF . For any
˛ D .˛1; : : : ; ˛n�1/ 2 Fn�1, define a character  ˛ WN.AF /! C by

 ˛.u/D

n�1Y
iD1

 F

�
˛iui;iC1

�
; 8uD .ui;j /n�n 2N.AF /: (3-1)

Write  k D  .0;:::;0;1;:::;1/ (where the first n�1� k components are 0 and the remaining k components
are 1) and let � D  .1;:::;1/ be the standard generic character used to define Whittaker functions.

Proposition 3.1. Let h be a continuous function on P0.F /nG.AF /. Then

h.x/D
nP

kD1

P
ık2Rk�1.F /nRn�1.F /

Z
ŒN�

k
�

Z
ŒN 0

k
�
h.uu0ıkx/ n�k.u

0/ du0 du (3-2)

if the right-hand side converges absolutely and locally uniformly. In particular, (3-2) holds with h.x/D

K'.x;y/ for ' 2H.G.AF /; !/ and for fixed y 2G.AF /.

The proof follows the idea of Piatetski-Shapiro in [27]. See for example [35, §3.1] or [37, §2.4] (with
certain mild adaptations).

3B. Decomposition of I0.s; �/.

3B1. Fourier expansion of KER.x;y/. The objective of this section is to express KER.x;y/ in terms of
its generic component and the complete kernel K.x;y/.

Lemma 3.2. Let notation be as in Section 3A. Then

KER.x;y/D KWhi.x;y/C
nP

kD2

P
ık2Rk�1.F /nPn�1.F /

Z
ŒN�

k
�

Z
ŒN 0

k
�
K.uu0ıkx;y/�.u0/ du0 du

where
KWhi.x;y/D

P
ı2N.F /nP0.F /

Z
ŒN �

KEis.uıx; ıy/�.u/ du:

Proof. KER.x;y/ is P0.F /-invariant with respect to both variables. Given that K0.x;y/ decays rapidly,
Proposition 3.1 applies to h.x/D KER.x;y/D K.x;y/�K0.x;y/. Hence,

KER.x;y/D
nP

kD1

K.k/ER .x;y/; (3-3)

where

K.k/ER .x;y/D
P

ık2Rk�1.F /nPn�1.F /

Z
ŒN�

k
�

Z
ŒN 0

k
�
KER.uu0ıkx;y/�.u0/ du0 du:

Recall that � D .1;1;:::;1/ is the generic character of (3-1). By definition, �.u0/D n�k.u
0/ for y0 2 ŒN 0

k
�.

When k D 1, N �
k

becomes trivial and N 0
k
DN . Consequently, we can replace KER with KEis in the

definition of K.1/ER .x;y/ since the residual spectrum is not generic [25, §V]. Define

KWhi.x;y/ WD K.1/ER .x;y/D
P

ı2N.F /nP0.F /

Z
ŒN �

KEis.uıx; ıy/�.u/ du: (3-4)
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Let 2 � k � n. Let V 0
k
D diag.Ik�1;Nn�kC1/. Define Vk as the unipotent radical of the standard

parabolic subgroup of type .k � 1; n� kC 1/. For any function � on G.AF /, we haveZ
ŒN�

k
�

Z
ŒN 0

k
�
�.uu0x/�.u0/ du0 duD

Z
ŒV 0

k
�

Z
ŒVk �

�.uu0x/ du �.u0/ du0; x 2G.AF /:

Since Vk is a nontrivial unipotent radical, then for all cusp forms � on G.F /nG.AF /,Z
ŒN�

k
�

Z
ŒN 0

k
�
�.uu0x/�.u0/ du0 duD 0: (3-5)

Combining (3-5) with the discrete spectral decomposition (2-5) one hasZ
ŒN�

k
�

Z
ŒN 0

k
�
K0.uu0x;y/�.u0/ du0 duD 0: (3-6)

Since KD KERCK0, this yields, for 2� k � n,ZZ
KER.uu0x;y/�.u0/ du0 duD

ZZ
K.uu0x;y/�.u0/ du0 du;

where u 2 ŒN �
k
� and u0 2 ŒN 0

k
�. As a consequence, we have, for 2� k � n, that

K.k/ER .x;y/D
P

ık2Rk�1.F /nPn�1.F /

Z
ŒN�

k
�

Z
ŒN 0

k
�
K.uu0ıkx;y/�.u0/ du0 du: (3-7)

Now Lemma 3.2 follows from (3-3), (3-4), and (3-7). �

3B2. The singular kernel KSing.x;y/. Let KGeo;Reg.x;y/ and KP;Reg.x;y/ be defined by (2-7) and (2-8).
Set

KGeo;Sing.x;y/D
P

2S

'.x�1
y/; KP;Sing.x;y/D
Z
ŒNP �

KGeo;Sing.ux;y/ du: (3-8)

Then KGeo;Sing.x;y/D K.x;y/�KGeo;Reg.x;y/. Define

KSing.x;y/ WD KGeo;Sing.x;y/�KP;Sing.x;y/�

n�1X
kD2

K.k/ER .x;y/; (2-10)

where K.k/ER .x;y/ is defined by (3-7).

3B3. Decomposition of K0.x;y/.

Lemma 3.3. Let notation be as before. Then

K0.x;y/D KGeo;Reg.x;y/�KP;Reg.x;y/CKSing.x;y/�KWhi.x;y/: (2-11)

Proof. By Lemma 3.2 and K0.x;y/D K.x;y/�KER.x;y/ we obtain

K0.x;y/D K.x;y/�KWhi.x;y/�

nX
kD2

K.k/ER .x;y/; (3-9)

where K.k/ER .x;y/ is defined by (3-7). Note that KP;Sing.x;y/CKP;Reg.x;y/D K.n/ER .x;y/. Now (2-11)
follows from (3-8), (2-10), and (3-9). �
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3B4. Decomposition of I0.s; �/. Unfolding the Eisenstein series into (2-3), we get

I0.s; �/D
Z

P.F /Z.AF /nG.AF /
K0.x;x/f .x; ˆ; � I s/ dx: (3-10)

Therefore, substituting Lemma 3.3 into (3-10) we obtain

I0.s; �/D IGeo;Reg.s; �/� IP;Reg.s; �/C ISing.s; �/� IWhi.s; �/; (1-5)

where the integrals on the right are defined in Section 2C.
In the next three sections, we will examine the analytic properties of the functions IGeo;Reg.s; �/,

IP;Reg.s; �/, and IWhi.s; �/. The analytical behavior of ISing.s; �/ has been studied in [36] for n� 4.

4. IGeo;Reg.s; �/ as Dedekind zeta functions

In this section we study IGeo;Reg.s; �/, which is defined by

IGeo;Reg.s; �/D
Z

Z.AF /P.F /nG.AF /

P

2Z.F /nG.F /�S

'.x�1
x/f .x; s/ dx: (4-1)

Decompose G.F / into conjugacy classes. We will establish a relationship between a regular G.F /-
conjugacy class C and a unique P .F /-conjugacy class C0. With this manipulation, we can transform
the integral over the automorphic quotient Z.AF /P .F /nG.AF / into an integral over Z.AF /nG.AF /,
yielding

IGeo;Reg.s; �/D
P

C regular
IC.s; �/D

P
C

Z
Z.AF /nG.AF /

'.x�1
x/f .x; s/ dx; (4-2)

where 
 is a suitable representative in C. The inner integral factors through a Tate integral over the
stabilizer G
 .AF /, which is an étale algebra over F of degree n. We then compute this integral in terms
of various Hecke L-functions.

4A. Structure of G.F /-conjugacy classes. Let B be the subgroup of upper triangular matrices of G.
Let T (resp. N ) be the Levi component (resp. unipotent radical) of B. For each 1� k � n�1, let

wk D

 
Ik�1

S
In�k�1

!
; where S D

�
1

1

�
: (4-3)

Let Wn be the group generated by elements wi , 1� i � n�1, identified with the Weyl group of G with
respect to .B;T /.

For each 1� k � n�1, let Qk be the standard maximal parabolic subgroup of G of type .k; n� k/.
Note that P DQn�1. Set

Qk.F /
P.F /

D
˚
pqp�1

W p 2 P .F /; q 2Qk.F /
	
; 1� k � n�1:
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For 
 2G.F /, we denote by G
 .F / the centralizer of 
 in G.F /. Recall that 
 is regular if dim G
 .F /

is minimal (which also amounts to that the minimal polynomial of 
 coincides with its characteristic
polynomial).

Here are the two results in this section:

Proposition 4.1. Let C be a regular G.F /-conjugacy classes in G.F /. There exists a P .F /-conjugacy
class C0 such that

C D C0 t

n�1S
kD1

C \Qk.F /
P.F /; (4-4)

where t denotes a disjoint union.

Proposition 4.2. If C is an irregular G.F /-conjugacy class, then

C D
n�1S
kD1

C \Qk.F /
P.F /:

4B. Decomposition of G.F /. The following is an analogue of Jordan canonical forms of matrices over
a number field (see [34, Theorem 3.1], for instance).

Lemma 4.3. Let V be a n-dimensional vector space over F , and A 2 End.V /. Then there exist invariant
subspaces Vl � V , 1� l � r , such that

V D V1˚V2˚ � � �˚Vr ; (4-5)

and for each i , both the minimal polynomial and the characteristic polynomial of AVl
D A jVl

are of
the form }.�/k , where k 2N�1 and }.�/ 2 F Œ�� is an irreducible polynomial over F . For each l , there
exists a basis of Vl under which AVl

has the quasirational canonical form

J
�
}.�/k

�
WD

0BB@
C.}/

N C.}/
: : :

: : :

N C.}/

1CCA ; N D

0B@ 1
0:::

0

1CA ; (4-6)

where C.}/ is the companion matrix of }.�/.

Let 
 2 G.F / be regular and denote by f .�/ D }1.�/
e1 � � �}m.�/

em its characteristic polynomial,
where ei � 1, }i is monic and irreducible over F , 1 � i � m. Let F Œ
 � be the subalgebra of n � n

matrices generated by F and 
 . We can identify F Œ
 � with the polynomial algebra F Œ��=.f .�//. Since 

is regular, it follows from the Frobenius dimension formula [14, Theorem 3.16] that the dimension of the
centralizer Mn�n;
 .F / of 
 in Mn�n.F / is n. As F Œ
 � is contained in Mn�n;
 .F / and has dimension
n, we conclude that G
 .F /DMn�n;
 .F /\G.F /D F Œ
 ��, where F Œ
 �� denotes the set of invertible
elements in F Œ
 �.
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Recall that 
 is elliptic if ŒG
 � has finite volume, or equivalently, if the minimal polynomial of 
 is
irreducible over F . Hence, F Œ
 � is a field if 
 is elliptic.

Lemma 4.4. Let 
 2 G.F / be regular elliptic. For any .a1; a2; : : : ; an/ 2 Fn, there exists a unique
element x 2 F Œ
 � such that the last row of x is exactly .a1; a2; : : : ; an/.

Proof. Since 
 is regular, G
 .F /D F Œ
 ��, and dim F Œ
 �D n. Let �D .0; : : : ; 0; 1/ 2 Fn. Consider the
linear map

� W F Œ
 �! Fn; x 7! �.x/D �x:

Since 
 is elliptic, F Œ
 � is a field, so any nonzero element is invertible. Consequently, the map � is
injective, and hence surjective. Thus � is an isomorphism of n-dimensional F -vector spaces. The lemma
follows. �

Remark 4.5. Let 
 2G.F / be regular elliptic. Then G.F /DP0.F /F Œ
 �
�, where P0.F /DZ.F /nP .F /

is the mirabolic subgroup of G.F /. In fact, since � is a bijection, given g 2G.F /, there exists h 2 F Œ
 ��

such that �g D �h, which implies that gh�1 2 P0.F /, i.e., g 2 P0.F /F Œ
 �
�.

Lemma 4.6. Let 
 2G.F / be regular, and assume that the characteristic polynomial of 
 has only one
irreducible factor. Let J be the quasirational canonical form of 
 . Then for any .a1; a2; : : : ; an/ 2 Fn,
there exists a unique element x 2 F ŒJ � such that the last row of x is exactly .a1; a2; : : : ; an/.

Proof. Let f .�/D }.�/e be the characteristic polynomial of 
 , where }.�/ 2 F Œ�� is irreducible. Then
deg} D ne�1, and the quasirational canonical form J of 
 has the structure

J D

0BB@
C
N C

: : :
: : :

N C

1CCA 2 GLn.F /; (4-7)

where C D C.}/ is the companion matrix of }.�/, and N is defined in (4-6). Without loss of generality,
and for simplicity of notation, we may assume 
 D J .

By definition, F Œ
 �D F Œ��= .}.�/e/. Consider the filtration

}.�/i�1F Œ��=.f .�//� }.�/iF Œ��=.f .�//; 1� i � e� 1:

With respect to the basis
˚
�i}.�/j W 0� i � d � 1; 0� j � e� 1

	
for F Œ
 � over F , each element in

F Œ
 � has the following type

S
 D

8̂̂̂<̂
ˆ̂:AD

0BBB@
A0

A1 A0

A2 A1 A0

:::
: : :

: : :
: : :

Ae�1 : : : A2 A1 A0

1CCCA ; Ai 2Md�d .F /; 0� i � e� 1

9>>>=>>>; : (4-8)

Since 
 is regular, we have G
 .F /D F Œ
 ��. Therefore,

F Œ
 �� D
˚
A 2 S
 \GLn.F / WA
 D 
A

	
:
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Now, consider the equation A
 D 
A for A 2 S
 . Using the expression 
 D J from (4-7), this is
equivalent to the following system of Lyapunov-like equations8̂̂̂<̂

ˆ̂:
CA0 DA0C;

NA0CCA1 DA1C CA0N ;
:::

NAe�2CCAe�1 DAe�1C CAe�2N :

Since A0 2 F ŒC �� and C is regular elliptic, A0 commuting with C implies that there exists some
h0.�/2F Œ�� such that A0Dh0.C /. We may assume that d0Ddeg h0�d�1. Let �dD .0; : : : ; 0; 1/2Fd

and write �dC i D .b
.i/
1
; b
.i/
2
; : : : ; b

.i/

d
/, 1� i � d � 1, for the last row of C i . Let

X.i/ D

0BBBBBBB@

0 b
.i/
1 b

.i/
2 � � � b

.i/

d�1

0 0 b
.i/
1

: : :
:::

:::
: : :

: : :
: : : b

.i/
2

:::
: : :

: : : b
.i/
1

0 : : : : : : 0 0

1CCCCCCCA
2 GLd .F /:

Then, for any 1� i�d�1, X DX.i/ is a solution to the Lyapunov-like equation N C iCCX DXCCC iN .
Write A0 D h0.C /D c0

d0
C d0 C c0

d0�1
C d0�1C � � �C c0

1
C C c0

0
Id , c0

d0
¤ 0. Define

A
sp
h0
D c0d0

X.d0/C c0d0�1X.d0�1/C � � �C c01X.1/:

Clearly A1 DA
sp
h0

gives a special solution of the equation NA0CCA1 DA1C CA0N (superscript “sp”
stands for “special”). Given A0 D h0.C / as above, the set

U1 D fA
sp
h0
C h1.C / W h1 2 F Œ��; deg h1 � d � 1g

gives all solutions to the equation NA0CCA1 DA1C CA0N . In fact, on the one hand, elements in U1

satisfy the equation; on the other hand, let A0
1

be any solution to the equation, then A
sp
h0
�A0

1
commutes

with C ; thus it is a polynomial of C , namely, A0
1
2 U1.

Note that NA
sp
h0
DA

sp
h0

N D0. Substituting A1DA
sp
h0
Ch1.C / into the equation NA1CCA2DA2CC

A1N , we get N h1.C /CCA2DA2CCh1.C /N . Write h1.�/D c00
d1
�d1Cc00

d1�1
�d1�1C� � �Cc00

1
�Cc00

0
,

and set
A

sp
h1
D c00d1

X.d1/C c00d1�1X.d1�1/C � � �C c001X.1/:

Then U2D
˚
A

sp
h1
Ch2.C / W h2 2F Œ��; deg h2 � d �1

	
gives all solutions to the equation NA1CCA2D

A2C CA1N . we define U i , 1� i � e� 1 similarly, and set U0 D fh0.C / W h0 2 F Œ��; deg h0 � d � 1g.
These U i’s describe the structure of F Œ
 ��.

Given a D .a1; a2; : : : ; an/ 2 Fn, by Lemma 4.4 one can find uniquely an A0 2 F ŒC � such that
�dA0 D .an�dC1; an�dC2; : : : ; an/. Set

ai D .a.i�1/dC1; a.i�1/dC2; : : : ; aid /; 1� i � e� 1:
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Let 1� i0� e�1. Assume that for any 0� i < i0 one can find uniquely an element Ai 2Md�d .F / such
that the last row of Ai is exactly ae�i , then let hi0

.C / 2 F ŒC �� be the unique element whose last row is
ae�i0

, and take Ai0
DA

sp
hi0

Chi0
.C /. Then �dAi0

D�dhi0
.C /Dae�i0

. Such an Ai0
is unique. Let A0i0

be

another matrix satisfying that �dA0i0
D ae�i0

. Since A0i0
is a solution of NAi0�1CCX DXCCAi0�1N ,

Ai0
�A0i0

commutes with C . Thus Ai0
�A0i0

2 F ŒC �. Note that the last row of Ai0
�A0i0

is 0, so by the
uniqueness from Lemma 4.4, Ai0

�A0i0
D 0. This shows the uniqueness of Ai0

.
Hence, Lemma 4.6 follows. �

In Remark 4.5, we showed the decomposition G.F / D P0.F /F Œ
 �
� for regular elliptic 
 2 G.F /,

using Lemma 4.4. We now generalize this decomposition to regular 
 2G.F / by utilizing Lemma 4.6
instead of Lemma 4.4.

Lemma 4.7. Let 
 2G.F / be regular. Then there exists a finite set �regD f
i 2G.F / W 0� i �m0g such
that

(1) G.F /D
S

0�i�m0
P0.F /
iF Œ
 �

�, where P0 is the mirabolic subgroup of G, and

(2) there is at most one 
i 2 �reg satisfying that 
iF Œ
 �
�
�1

i ª
Sn�1

kD1 Qk.F /.

Proof. Denote by f .�/D }1.�/
e1 � � �}m.�/

em the characteristic polynomial of 
 2G.F /, where ei � 1

and the }i’s are distinct monic and irreducible polynomials over F , 1� i �m. Let di D deg}i . Then
d1e1C d2e2C � � �C dmem D degf D n.

Since 
 is regular, by Lemma 4.3, 
 is G.F /-conjugate to a matrix of the form


 � D

0BB@
J .}e1

1
/

J .}e2

2
/
: : :

J .}em
m /

1CCA ; (4-9)

where J .}ei

i / 2 GLdi ei
.F /, 1 � i � m. We may assume 
 D 
 �. Write ki D diei , 1 � i � m. For

1� i �m, let Q�i W F
n! Fki be defined by

aD .a1; a2; : : : ; an/ 7! Q�i.a/D .ak1C���Cki�1C1; : : : ; ak1C���Cki�1Cki
/:

For simplicity we write �.i/.a/ for the last di components of Q�i.a/, i.e.,

�.i/.a/D .ak1C���Cki�1C.ei�1/diC1; ak1C���Cki�1C.ei�1/diC2; : : : ; ak1C���Cki�1Cki
/; 1� i �m:

We then split G.F / into a union of sets following the conditions on the last row of its elements and
show that each of the sets is of the form P0.F /
iF Œ
 �

� for some specific 
i .

� For 1� i; j �n, let �j D .0; 0; : : : ; 0; 1/2Fj , and Mi;j be the i�j matrix whose first i�1 rows are zero
vectors, and the bottom row is �j . Write �D �n as before. Let S D

˚
ı 2G.F / W �.i/.�ı/¤ 0; 1� i �m
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and


0 D

0BB@
Ik1

: : :

Ikm�1

Mkm;k1
: : : Mkm;km�1

Ikm

1CCA : (4-10)

Applying Lemma 4.6 to each Q�i.a/ 2 Fki , we find for each 1 � i � m, for any ı 2 S, a unique
xi 2F ŒJ .}ei

i /�
�, such that �ki

xi D Q�iı. When writing xi in the form in (4-8), the definition of S implies
that A0 ¤ 0; thus A0 2 F ŒC ��. As a consequence, xi 2 F ŒJ .}ei

i /�
�.

Let xDdiag.x1; : : : ;xm/. Then �

0
xD�ı. So ı.


0
x/�12P0.F /, i.e., ı2P0.F /
0

F Œ
 ��. Moreover,
P0.F /\
0

F Œ
 ��
�1
0
DfIng. To see this, look at the last row of 


0
x
�1

0
. A straightforward computation

shows that
Q�i.
0x
�1

0 /D �ki
xi � �ki

; 1� i �m� 1;

and Q�m.
0
x
�1

0
/D �km

. By the uniqueness part of Lemma 4.6, it follows that xi D Iki
, 1� i �m.

� For any 1� l �m� 1 and 1� i1 < � � �< il �m, let

S.i1;:::;il / D fı 2G.F / W �.j/.�ı/D 0() j 2 fi1; : : : ; ilgg:

For any 1� i �m and 1� s < t �m, define the Weyl elements w.1/i and w.2/s;t as

w
.1/
i D

0BBBBBBBBB@

Ik0
i

0 � � � Idi

Idi

:::
: : :

:::
Idi

Idi
� � � 0

Ik00
i

1CCCCCCCCCA
;

where k 0i D k1C � � � ki�1, k 00i D kiC1C � � �C km for 1� i �m, and

w
.2/
s;t D

0BBBBBBBB@

Ik0s
0 � � � Ikt

IksC1

:::
: : :

:::
Ikt�1

Iks
� � � 0

Ik00t

1CCCCCCCCA
:

We write simply w.2/s;t D In if s D t .
Given ı 2S.i1;:::;il /, let �ıD aD .a1; a2; : : : ; an/2Fn. Then �.j/.a/D0 if and only if j 2fi1; : : : ; ilg.

We define x D diag.x1;x2; : : : ;xm/ 2 F Œ
 �� as follows.

– If Q�j .a/¤ 0, let e0
j � ej � 1 be the maximal integer such that

.ak1C���C.e
0
j
�1/djC1; ak1C���Ckj�1C.e

0
j
�1/djC2; : : : ; ak1C���Ckj�1Ce0

j
dj
/¤ 0:
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By Lemma 4.6, for each such j , one can find an element xj of the form in (4-8) such that the
e0
j dj -row of xj is exactly

.ak1C���Ckj�1C1; ak1C���Ckj�1C1; : : : ; ak1C���Ckj�1Ce0
j

dj
/¤ 0:

– If Q�j .a/ D 0, we take xj to be an arbitrary element in F ŒJ .}ej
j /��. Since �.i/.a/ ¤ 0 for any

i 62 fi1; : : : ; ilg, we can pick uniquely elements xi 2 F ŒJ .}ei

i /�
� such that their last row is Q�i.a/,

i 2 f1; 2; : : : ;mg n fi1; : : : ; ilg.

Apply the transposition
Q

1�j�l.j ; ij / to the ordered n-set .1; 2; : : : ; n/ to get another ordered n-set
.i1; : : : ; il ; i

0
lC1

; : : : ; i 0m/. Then �.i
0
m/.a/¤ 0. Hence, the last row of xi0m

is �k
i0m
.a/. Define


.i1;:::;il /
D

0BBBBBBBB@

Iki1

: : :

Ikil

Ik
i0
lC1

: : :

M �
k

i0m
;ki1

� � � M �
k

i0m
;kil

Mk
i0m
;kilC1

� � � Ik
i0m

1CCCCCCCCA
�

lY
jD1

w
.1/
j w

.2/
j ;ij
;

where M �
i;kj

refers to the i � kj matrix whose first i�1 rows are zero vectors and whose bottom row is

.0; � � � 0; vdiC1; vdiC2; : : : ; vki�di
; v1; v2; : : : ; vdi

/:

Here vl denotes the l-th element of .0; : : : ; 0; 1; 0; : : : ; 0/ 2 Fki , where the only nonzero entry occurs in
the e0

i di-position.
From the definitions, �


.i1;:::;il /
x D aD �ı. Hence, ı 2 P0.F /
.i1;:::;il /

F Œ
 ��.
Recall that 
 D 
 �, as defined in (4-9). Given any x 2 F Œ
 ��, one checks directly that

lY
jD1

w
.1/
j w

.2/
j ;ij

x

� lY
jD1

w
.1/
j w

.2/
j ;ij

��1

2Qdi1
.F /:

Therefore, 

.i1;:::;il /

x
�1
.i1;:::;il /

2Qdi1
.F /, i.e., 
.i1;:::;il /F Œ
 �

�
�1
.i1;:::;il /

�Qdi1
.F /.

� Now we consider S.m/ D
˚
ı 2 G.F / W �.j/.�ı/ D 0; 1 � j � m

	
. Let ı 2 S.m/. Denote �ı by

aD .a1; a2; : : : ; an/. For each 1� j �m such that Q�j .a/¤ 0, denote by e0
j � ej �1 the maximal integer

such that

.ak1C���C.e
0
j
�1/djC1; ak1C���Ckj�1C.e

0
j
�1/djC2; : : : ; ak1C���Ckj�1Ce0

j
dj
/¤ 0:

Likewise, for each such j , one can find an element xj of the form in (4-8) such that the e0
j dj -row of xj

is exactly

.ak1C���Ckj�1C1; ak1C���Ckj�1C1; : : : ; ak1C���Ckj�1Ce0
j

dj
/:
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For the remaining j ’s, we take arbitrary xj 2 F ŒJ .}ej
j /��. Let x D diag.x1; : : : ;xm/. Pick arbitrarily

a j0 such that Q�j0
.a/¤ 0. Let j 0

0
¤ j0 be another integer. Set

w
.1/
j0;ej0

D

0BBB@
Ik0
j0

0 I.ej�ej0
/dj0

Iej0
dj0

0

Ik00
j0

1CCCA :
Let


m D

0BBBBBBB@

Ik
j 0

0

: : :

Ik1

: : :

M �
kj0

;k
j 0

0

� � � Mkj0
;ki1
� � � Ikj0

1CCCCCCCA
�w

.1/

j 0
0

w
.2/

1;j 0
0

w
.1/
j0;ej0

w
.2/
j0;m

:

Then �
mx D �ı, implying that ı 2 P0.F /
mF Œ
 ��. Moreover, for any x0 2 F Œ
 ��, we have

mx0
�1

m 2Qd
j 0

0

.F /.

It follows from the discussion above that

G.F /D S t
m�1S
lD1

S
1�i1<���<il�m

S.i1;:::;il / tS
.m/

D P0.F /
0F Œ
 �� [
S

1�l�m�1
1�i1<���<il�m

P0.F /
.i1;:::;il /
F Œ
 �� [ P0.F /
mF Œ
 ��;

where 
mF Œ
 ��
�1
m and each 


.i1;:::;il /
F Œ
 ��
�1

.i1;:::;il /
are contained in some standard maximal parabolic

subgroup, and P0.F /\ 
0
F Œ
 ��
�1

0
D fIng. �

Now we prove the result on the structure of conjugacy classes:

Proof of Proposition 4.1. Recall that C is a regular G.F /-conjugacy classes in G.F /. Let 
 2 C be of the
form (4-9). By Lemma 4.7 we have

G.F /D
[

0�i�m0

P0.F /
iF Œ
 �
�;

where P0 is the mirabolic subgroup of G, and each 
i is constructed explicitly in the proof of Lemma 4.7.
Hence, for ı 2G.F /, there exists p 2 P0.F / and i 2 f0; 1; : : : ;m0g and x 2 F Œ
 ��, such that ı D p
ix.
So one has

ı
 ı�1
D p
ix
x�1
�1

i p�1
D p
i



�1
i p�1:

If i � 1, from the construction of 
i , we have ı
 ı�1 2 C \Qj .F /
P.F /, for some standard maximal

parabolic subgroup Qj of type .j ; n� j /, 1� j � n�1. And for i D 0, ı
 ı�1 D p

0


�1

0
p�1, where



0

is defined by (4-10). Let 
 0 D 

0


�1

0
. If 
 0 2

Sn�1
kD1 Qk.F /

P.F /, we take C0 to be the empty set.
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If 
 0 62
Sn�1

kD1 Qk.F /
P.F /, we set C0Dfp


0p�1 Wp 2P .F /g, which is disjoint from
Sn�1

kD1 Qk.F /
P.F /.

This completes the proof. �

Recall the Bruhat decomposition

G.F /D P .F / [

n�1[
jD1

P .F /wn�1wn�2 � � �wj Nj .F /; (4-11)

where Nj .F / WD .wjwjC1 � � �wnN.F /wnwn�1 � � �wj \N.F //nN.F /.

Proof of Proposition 4.2. Let g2 C be a representative. Set m.�/ (resp. f .�/) to be its minimal polynomial
(resp. characteristic polynomial) over F . Consider their primary decompositions over F :

m.�/D
Y
i2I

}i.�/
e0

i and f .�/D
Y
i2I

}i.�/
ei ;

where the }i.�/’s are distinct irreducible monic polynomials over F and I is a finite index set such that
ei > 0 for all i 2 I . Write di D deg}i.�/, 8i 2 I . We may assume that d1 � d2 � � � � � d#I . Also,
write d0 D 0. Since the conjugacy class C is irregular, m.�/ is a proper factor of f .�/. Thus we have the
following cases:

Case I: Suppose #I D 1. Then m.�/ D }.�/e
0

, f .�/ D }.�/e, and 0 < e0 < e D d�1
1

n. Let C

be the companion matrix of m.�/. Then by Lemma 4.3, g is G.F /-conjugate to some element Qg D
diag.g1; : : : ;gm/ with

gj D Jj D

0BB@
C
N C

: : :
: : :

N C

1CCA
being the quasirational canonical form, and m > 1. Let rj WD rank gj , 1 � j � m. We may assume
r1 � r2 � � � � � rm.

If h2P .F /, then h Qgh�12hQr1
.F /h�1; if h2G.F /�P .F /, it can be written as hDpwn�1 � � �wkuk ,

where p 2 P .F / and uk is of the form 
Ik�1

1 �

In�k

!
2Qk.F /:

Note that if k > r1, then wn�1 � � �wkuk 2 diag.GLr1
;GLn�r1

/, which implies that h Qgh�1 2Qr1
.F /P.F /.

Hence, we may assume k � r1.
Since r1 � rm, there exists a Weyl element w 2 GL.rm/ such that

wgmw
�1
D

�
g1 B0

A0

�
2 GL.rm;F /; (4-12)

for some matrices A0 and B0. Let w0 D diag.w; In�rm
/. Denote by w00 D wr1�1wr1�2 � � �wk if k < r1,

and set w00 D In if k D r1. Let g00
1
D w00g1w

00�1. Then there exists a Weyl element w0 2 P0.F / such
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that

w0wn�1wn�2 � � �wk Qgwk � � �wn�2wn�1w
�1
0 D

0BB@
gm

g2
: : :

gm�1
g00

1

1CCA : (4-13)

Let Qw D w00w0w0wn�1wn�2 � � �wk . By (4-12) and (4-13) one has

Qw Qg Qw�1
D

 
g00

1
B00

A00

g00
1

!
(4-14)

for some matrices A00 and B00. Let tNP be the transpose of NP , the unipotent radical of P . By definition,

wn�1 � � �wkukwk � � �wn�1 2
tNP .F /:

Note also that w00w0w0 2 P0.F /. So w00w0w0 lies inside the Levi component of P0.F /. Hence,
Qwuk Qw

�1 2 tNP .F /. Write Qwuk Qw
�1 D u00

k
u0

k
, where

u00k D

 
Ir1

In�2r1

M2 Ir1

!
2

t NP .F /; u0k D

 
Ir1

In�2r1

M1 M3

!
2

tNP .F /;

with M1 and M3 being r1 � r1 matrices and M2 being an r1 � .n� 2r1/ matrix. In addition, the first
r1� 1 rows of M1 and M2 are all zeros.

Since g00
1

is regular, by Lemma 4.6 there exist r1 � r1 matrices 

1
2 F Œg00

1
� and 


3
2 F Œg00

1
�� such that

the last row of 

1

(resp. 

3
) coincides with the last row of M1 (resp. M3). Write 


3
D
�
a b
c 1

�
and set

p1 D

0@In�r1

.a�bc/�1 �.a�bc/�1b
1

1A 2 P0.F / \Qr1
.F /:

Write 

1
D

�
a0

c0

�
, where a0 is an .r1� 1/� r1 matrix. Set

p2 D

0B@ Ir1

In�2r1

�.a�bc/�1a0C.a�bc/�1bc0 Ir1�1

1

1CA 2 P0.F /:

Then p�1
2

u00
k
p2 D u00

k
. Let p0 D p2p1. A straightforward calculation yields

u0k D p0

 
Ir1

0 In�2r1



1

0 Ir1

! 
Ir1

0 In�2r1

0 

3

!
: (4-15)

Since 

1
2 F Œg00

1
� and 


3
2 F Œg00

1
��, then 
�1

3
g00

1



3
D g00

1
, and 

Ir1

0 In�2r1


1 0 Ir1

! 
g001 B00

A00

g001

! 
Ir1

0 In�2r1


1 0 Ir1

!�1

2Qr1
.F /: (4-16)

By (4-14), (4-15) and (4-16), and since p1 2Qr1
.F /, we have p�1

2
u0

k
Qw Qg Qw�1u0

k
p2 2Qr1

.F /.
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Since p2u00
k
D u00

k
p2 and u00

k
2Qr1

.F /,

Qwuk Qgu�1
k Qw

�1
D u00ku0k Qw Qg Qw

�1u0�1
k u00�1

k 2 p2Qr1
.F /p�1

2 �Qr1
.F /P.F /: (4-17)

Recall that hD pwn�1 � � �wkuk , and p00 WD w00w0w0 2 P0.F /. Then it follows form (4-17) that

h Qgh�1
D pp00�1

Qwuk Qgu�1
k Qw

�1p00p�1
2Qr1

.F /P.F /:

Case II: Here g is G.F /-conjugate to some matrix Qg D diag. Qg1; : : : ; Qgm/, where each Qgi is of the form
diag.gi;1; : : : ;gi;mi

/, with

gi;j D

0BBB@
Ci;j

N Ci;j

: : :
: : :

N Ci;j

1CCCA
and Ci;j regular elliptic; and Qgi has characteristic polynomial }i.�/

ei . Since g is irregular, so is Qg. Hence
there must be some 1� i �m such that Qgi is irregular. We may assume Qg1 is irregular and rank g1;1 �

rank g1;2 � � � � � rank g1;m1
. Then a similar argument as in Case I shows that h Qgh�1 2Qr1

.F /P.F /,
where r1 D rank g1;1.

Proposition 4.2 then follows. �

4C. Algebraic expansion: P -regular conjugacy classes. As in Section 4A, let Qk be the standard
parabolic subgroup of G of type .k; n� k/.

� In Proposition 4.1 we show that for any regular G.F /-conjugacy classes C in G.F /, there exists a
P .F /-conjugacy class C0, uniquely determined by C, such that

C D C0[

n�1S
kD1

C \Qk.F /
P.F /:

� When C is a nonregular G.F /-conjugacy class, by Proposition 4.2, we have C D
n�1S
kD1

C \Qk.F /
P.F /.

Take C0 to be the empty set in this case.

Consider the notations introduced in Section 2. Let SD
Sn�1

kD1.Z.F /nQk.F //
P0.F /. Following the

approach in [18], we handle the integral IGeo;Reg.s; �/ of (4-1) through the decomposition

KGeo;Reg.x;y/D
X


2Z.F /nG.F /�S

'.x�1
x/D
X
C

KC0
.x;y/; (4-18)

where C encompasses all conjugacy classes in G.F /=Z.F / and

KC0
.x;y/D

X

2C0

'.x�1
y/D
X


2C�S

'.x�1
y/:

It is important to note that while KC0
.x;x/ is not G.F /-invariant, it is P .F /-invariant. Hence, it is

meaningful to integrate them over Z.AF /P .F /nG.AF / with respect to f .x; s/. For each C, let (at least
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formally)

IC.s; �/ WD
Z

P.F /Z.AF /nG.AF /
KC0

.x;x/f .x; s/ dx:

By definition, IC.s; �/D 0 unless C is regular. Inserting (4-18) into (4-1) yields

IGeo;Reg.s; �/D
X

C regular

IC.s; �/: (4-2)

Let C be a conjugacy class in G.F /. Denote by f .�I C/ the characteristic polynomial of C. Factor it
into irreducible ones with multiplicities as

f .�I C/D
gY

iD1

}i.�I C/ei ; (4-19)

where }i.�I C/ 2 F Œ�� is an irreducible polynomial of degree fi . We may assume f1 � � � � � fg. Write
f D .f1; : : : ; fg/ 2 Z

g
�1

and e D .e1; : : : ; eg/ 2 Z
g
�1

. Then hf; ei WD
P
fiei D n.

Definition 4.8. Let notation be as before. We say C is of type .f; eIg/. Let �f;eIg be the collection of
regular G.F /-conjugacy classes of type .f; eIg/.

With the above definition, we have the decompositionF
C regular

C D
F

f;e2Z
g

�1

hf;eiDn

�f;eIg: (4-20)

Let C 2 �f;eIg. Let 
C 2 C be a fixed element. Let �f;eIg be the inverse of the representative defined
by (4-10), with a slight adjustment in notation: fi D di , ki D fiei , and g Dm. Specifically,

�f;eIg D

0BBBBBBBBB@

If1

: : :

If1

: : :

Ifg

: : :

Mfg ;f1
� � � Mfg ;f1

� � � Mfg ;fg
� � � Ifg

1CCCCCCCCCA

�1

2G.F /; (4-21)

where, for an integer m, Mfg;m is the fg �m matrix in which the first fg � 1 rows are zero vectors, and
the bottom row is �m D .0; : : : ; 0; 1/ 2 Fm. In particular, �f;eIg D In if g D 1 and e1 D 1, i.e., C is
regular elliptic.

By Proposition 4.1, we have, when Re.s/ > 1,

IC.s; �/D
Z

Z.AF /P.F /nG.AF /

X
p2P0.F /

'.x�1p�1��1
f;eIg
C�f;eIgpx/f .x; s/ dx

D

Z
Z.AF /nG.AF /

'.x�1
Cx/f .��1
f;eIgx; s/ dx;
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supposing the integrals converge absolutely. Combining this with (4-20) we then deduce (at least formally)
that, when Re.s/ > 1,P

C
IC.s; �/D

P
f;e2Z

g

�1

hf;eiDn

Z
Z.AF /nG.AF /

P
C2�f;eIg

'.x�1
Cx/f .��1
f;eIgx; s/ dx: (4-22)

Moreover, (4-22) would be rigorous if the right-hand side converges absolutely, which is indeed the case.
To verify, we will consider each type .f; eIg/ separately in the following subsections.

4C1. Type .nI 1/. We treat the conjugacy classes of type .f; eIg/D ..n/; .1/I 1/ first, i.e., e D g D 1,
which are exactly regular elliptic conjugacy classes. Set

Ir:e:.s; �/D I'r:e:.s; �/D
X

C regular elliptic

IC.s; �/:

Proposition 4.9. Let notation be as before. For every field extension E=F of degree n, there is an analytic
function QE.s/ such that

Ir:e:.s; �/D
1

n

X
ŒEWF �Dn

QE.s/ƒ.s; � ıNE=F /; (4-23)

where the summation is taken over only finitely many E’s, depending only on the test function '.

Proof. Let �r:e: be the set of regular elliptic elements in G.F /=Z.F /. Then

Ir:e:.s; �/D
Z

P.F /Z.AF /nG.AF /

P

2�r:e:

'.x�1
x/f .x; s/ dx:

Denote by fr:e:g a set of representatives for the regular elliptic conjugacy classes in �r:e:. For any

 2 fr:e:g, the centralizer of 
 in G.F /=Z.F / is F Œ
 ��. SoP


2�r:e:

'.x�1
x/D
P


2fr:e:g

P
ı2F Œ
 ��Z.F /nG.F /

'.x�1ı�1
 ıx/: (4-24)

By Lemma 4.4 and the remark after it, one has G.F /D P .F /F Œ
 ��. Since P .F /\F Œ
 �� DZ.F /,
every element ı 2Z.F /nG.F / can be written unique as ıD p�, where p 2Z.F /nP .F / and � 2F Œ
 ��.
Hence the inner sum of (4-24) could be taken over p 2Z.F /nP .F /. Therefore,

Ir:e:.s; �/D
Z

P.F /Z.AF /nG.AF /

P

2fr:e:g

P
p2Z.F /nP.F /

'.x�1p�1
px/f .x; s/ dx: (4-25)

Consider the field extension E=F of degree n. Fix an algebraic closure F of F , then E embeds into F .
A conjugacy class is said to belong to E if it consists of the conjugates of an element 
 2E�=F�� 1

under the usual identification. We need to consider two cases, according to whether E=F is Galois.
The idea is to replace the summation over 
 2 fr:e:g by summation over extensions E=F of degree n;

and inside, summation over elements of E.

Case E=F Galois: When 
 varies over E�=F� each conjugacy class belongs to E exactly n times.
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Case E=F not Galois: When 
 varies over E�=F� each conjugacy class belongs to E once; but the sets
of conjugacy classes belonging to the n embeddings of E in F are identical.

In either case, the integral in (4-25) can be rewritten as

Ir:e:.s; �/D
1

n

Z
Z.AF /nG.AF /

X
ŒEWF �Dn

X

2E�=F��f1g

'.x�1
x/f .x; s/ dx; (4-26)

where the summation on the right is taken over all extensions E=F of degree n. However, only finitely
many E’s (independent of x) in the inner sum contribute to (4-26). To verify this assertion, we generalize
the argument in [18, p. 17]. Consider the function ˇ WZ.AF / nG.AF /! An�1

F
defined by

ˇ.x/D

�
�1.x/

n

�n.x/
;
�2.x/

n

�n.x/2
; : : : ;

�n�1.x/
n

�n.x/n�1

�
;

where �i.x/ is the i-th symmetric polynomial in the eigenvalues of x. Since �n.x/D det x ¤ 0, 8x 2

G.AF /, ˇ is continuous. Hence it maps supp' to a compact set in G.AF /. On the other hand, ˇ is invariant
under conjugation. Consequently, the set

˚
ˇ.
 / W 
 2G.F /=Z.F /; '.x�1
x/¤ 0 for some x 2G.AF /

	
is the intersection of a compact set with a discrete set, hence is finite.

� If ˇ.
 /¤ 0, the number of distinct fields F Œ
 � with a given value of ˇ.
 / is at most n, thus finite.

� If ˇ.
 /D 0, the map 
 7! det 
 from

G.AF /=Z.AF /! A�F=A�
n

F UF

(with A�
n

F
D fan W a 2 A�

F
g and UF the maximal compact subgroup of A�

F
) is continuous; so the image

of supp' is also compact. Since A�
n

F
has finite index in A�

n

F
UF \F , there are only finitely many values

for the image det 
 mod A�
n

F
with 
 2 G.F /=Z.F / and '.x�1
x/¤ 0 for some x 2 G.AF /. When

ˇ.
 /D 0, F Œ
 � is determined (up to embedding) by det 
 , so we are done.

Thus we can interchange integrals in (4-26) to get

Ir:e:.s; �/D
1

n

X
ŒEWF �Dn

IE.s; �/; (4-27)

where IE.s; �/ is defined byZ
G
 .AF /nG.AF /

P

2E�=F�


¤1

'.x�1
x/
Z

G
 .AF /
ˆ.�tx/�.det tx/ jdet txjs d�t dx: (4-28)

Here �D .0; : : : ; 0; 1/ 2 An
F

, and G
 is the centralizer of 
 in G. Since 
 is regular elliptic, we have
G
 .AF /' A�

E
.

As noted in [18, p. 17], the function

x 7!
P

�2E�=F��f1g

'.x�1�x/

has compact support on G
 .AF /nG.AF /. Note that for almost all finite places v, xv 2G.Ov/ and ˆv
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is the characteristic function of On
v . Then as a function of �tv, ˆv.�tvxv/ is also the characteristic

function of On
v . So ˆ.�tx/ is a Schwartz–Bruhat function for fixed x 2G.AF /. If we identify G
 .AF /

with A�
E

, det jE� W E�! F� with the norm map NE=F , t 7! jdet t jAF
with the idele norm in E, and

S.An
F
/ with S.AE/, we see that the inner integral in (4-28) is just the Tate integral for ƒ.s; � ıNE=F /,

converging absolutely for Re.s/ > 1. So there is some holomorphic function QE.s/ of s such that
IE.s; �/DQE.s/ƒ.s; � ıNE=F /, giving a meromorphic continuation of IE.s; �/ to the entire s-plane.
Since the sum over E in (4-27) is finite, Ir:e:.s; �/ is well-defined for Re.s/> 1, and admits a meromorphic
continuation to s 2 C of the form (4-23). �

4C2. Type .f; eI 1/. One special aspect in the regular elliptic case is the compact support modulo
G
 .AF / of the function

x 7!
X

�2E�=F��f1g

'.x�1�x/: (4-29)

However, for general types .f; eIg/, this function may not have compact support. A notable example
is the absence of compact support for regular unipotent conjugacy classes; see [18, p. 18], for example.
Therefore, a different approach is required compared to the regular elliptic case discussed in Section 4C1.

In this section, we focus on the case g D 1. The results obtained here, combined with the proof of
Proposition 4.9, will play a pivotal role in addressing general types in the subsequent section.

Let C be of type .f; eI 1/. We may choose a representative 
 2 C0 as in Proposition 4.1, in its
quasirational canonical form:


 D

0BBBB@
C
N C

N C
: : :

: : :

N C

1CCCCA ;
where

N D

0BB@
1

0
:::

0

1CCA ;
C 2 GL.f1/ and there are e1 D n=f1 such C ’s in the partitioned matrix above. The stabilizer of 
 is
studied in Lemma 4.6. In particular, if A is the stabilizer of 
 , then A must be of the form

AD

0BBBBB@
A0

A1 A0

A2 A1 A0

:::
: : :

: : :
: : :

Ae1�1 : : : A2 A1 A0

1CCCCCA ; (4-30)

with Ai 2 Mf1�f1
.F /, 1 � i < e1, and A0 2 F.C /. Let Pf;eI1 be the transpose of standard para-

bolic subgroup of G of type .f1; f1; : : : ; f1/. Let Kf;eI1 be a compact subgroup such that G.AF /D

Pf;eI1.AF /Kf;eI1.
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We can decompose G
 .AF /nG.AF / as follows. Write x 2G
 .AF /nG.AF / as

B

0BBB@
If1

D1

D2D1

: : :

De1�1 � � �D1

1CCCA
0BBB@

T0

T1

T2

: : :

Te1�1

1CCCA k; (4-31)

where

B D

0BBBB@
If1

If1

B3;2 If1

:::
: : :

: : :

Be1;2 : : : Be1;e1�1 If1

1CCCCA I (4-32)

each Dj , 1�j �e1�1, is in the stabilizer GC .AF / of C ; each Tj , 0�j <e1, is in GC .AF /nGL.f1;AF /;
and k 2 Kf;eI1. Write D D diag.If1

;D1; : : : ;De1�1 � � �D1/ and T D diag.T0;T1; : : : ;Te1�1/. Note
that (4-31) follows from Iwasawa decomposition and the unipotent term B is of the form (4-32) because
its first f1 columns can be absorbed by left multiplication of some stabilizer A 2G
 .AF / of shape (4-30).
Write the inverse B�1 in the matrix form0BBBB@

If1

If1

B3;2 If1

:::
: : :

: : :

Be1;2 : : : Be1;e1�1 If1

1CCCCA
�1

D

0BBBB@
If1

If1

B0
3;2

If1

:::
: : :

: : :

B0e1;2
: : : B0e1;e1�1 If1

1CCCCA :

For each B0i;j , we write zB0i;j D B0i;j C �CB0i;j . Let B be the group of such B ’s.
By definition, the contribution from conjugacy classes of type .f; eI 1/ is

If;eI1.s/D
Z

Z.AF /nG.AF /

P
C2�f;eI1

'.x�1
Cx/f .��1
f;eI1x; s/ dx: (4-33)

Remark 4.10. In the forthcoming calculation of If;eI1.s/, we will use the unconventional notation N , B,
B , D, and T to simplify the description of integrands involving complex matrices of specific types.

Recall that for two meromorphic functions h1.s/ and h2.s/, we write h1.s// h2.s/ if h1.s/=h2.s/

admits an analytic continuation to the whole complex plane.

Proposition 4.11. Let notation be as before. Then If;eI1.s/ converges absolutely when Re.s/ > 1 and

If;eI1.s//

eY
jD1

� X
ŒEj WF �Df

QEj .s/ƒEj

�
j s� j C 1; .� ıNE=F /

j
��
;

where the sum over number fields Ej is finite and QEj is an entire function of s.
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Proof. Rewrite (4-33) in the original form

If;eI1.s/D
Z

Z.AF /nG.AF /

X



'.x�1
x/f .x; s/ dx;

where 
 runs over regular elements of type .f; eI 1/. Then similar to the discussion in Proposition 4.9,
the sum over 
 is finite, depending only on the support of '. We then switch the sum to get If;eI1.s/DP

 I
 .s; �/, where

I
 .s; �/ WD
Z

G
 .AF /nG.AF /
'.x�1
x/

Z
G
 .AF /

ˆŒ.0; : : : ; 0; 1/tx��.det tx/ jdet txjs dt dx:

Substituting the decomposition (4-31) into the above integral, we obtain

I
 .s; �/D
Z

k

Z
.GC .AF //

e1�1

ZZ
B
'.k�1T �1D�1B�1
BDT k/

Z
G
 .AF /

� � � ;

where T (resp. k) ranges through .GC .AF /nGL.f1;AF //
e1 (resp. Kf;eI1/, and B is the domain for B .

According to the preceding discussion we have

I
 .s; �/D
ZZ
.GC .AF //

e1�1

ZZ
B
'.k�1T �1D�1M DT k/

Z
G
 .AF /

� � � ;

where M DB�1
B is of the form0BBBBB@
C
N C

B0
3;2

N zB0
3;2
CN C

:::
:::

: : :
: : :

B0e1;2
N : : : : : : zB0e1;e1�1CN C

1CCCCCA ;

where a typical entry of the above matrix is of the form

zB0l;k CB0l;kC1N C zB0l;kC1�l;k.Bi;j ;N ;C /C�l;k.Bi;j ;N ;C /

with �l;k and �l;k being polynomials in Bi;j , N , and C , i � l � 1 and j � kC 2.
A straightforward computation shows that if the first column of B0i;j is determined, then zB0i;j D

B0i;j C �CB0i;j is completely determined by its last f1 � 1 columns. Therefore, when B0
l;k

N is fixed,

then zB0
l;k
CB0

l;kC1
N is an f1 �f1 matrix, linearly determined by the last f1� 1 columns of B0

l;k
and

the first column of B0
l;kC1

, and this correspondence is one to one. Thus, the mapping B 7!M establishes
a one-to-one smooth correspondence. The matrices M that contribute are confined to a compact region
determined by the choice of '. Consequently, after a change of variables, it follows that the integral with
respect to B has compact support in B. Therefore,

I
 .s; �/D
Z

k

Z
.GC .AF //

e1�1

Z
.GC .AF /nG.AF //

e1

Z
B
'.k�1T �1D�1M DT k/ı�1

Pf;eI1
.T /

�

Z
G
 .AF /

ˆŒ.0; : : : ; 0; 1/ABDT k��.det ADT / jdet ADT jsdA dB dD dT dk;
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where ıPf;eI1
.T / is the modular character associated with Pf;eI1.AF /. Changing variables via B 7!

DTBT �1D�1 we then obtain

I
 .s; �/D
Z

k

Z
.GC .AF //

e1�1

Z
.GC .AF /nG.AF //

e1

Z
B
'.k�1B�1T �1D�1
DTBk/

�

Z
G
 .AF /

ˆŒ.0; : : : ; 0; 1/ADTBk��.det ADT / jdet ADT jsdA dB dD dT dk:

Then D�1
D is equal to0BBBBB@
C

D�1
1

N C

0 D�1
1 D�1

2 N D1 C
:::

:::
: : :

: : :

0 � : : : .D�1
1 � � �D

�1
e1�2D�1

e1�1N De1�2 � � �D1/ C

1CCCCCA :

We can identify D�1
j N with an element xj in E�j =F

��1, 1� j � e1�1, where Ej is a field extension
of F with ŒEj W F �D f1. Conjugate of D�1

j N under this identification becomes a Galois action on xj .
Therefore, we have

I
 .s; �/D
1

f
e1�1

1

e1�1Q
jD1

P
xj2E�

j
=F��1

ŒEj WF �Df1

Z
A�

Ej

e1�1Q
jD1

�j .NEj =F .xj //NEj =F .xj /
js�jC1

�

Z
k

Z
.GC .AF /nG.AF //

e1

Z
B
'.k�1B�1T �1
DTBk/ jdet A0j

1�e1

�

Z
G
 .AF /

ˆŒ.0; : : : ; 0; 1/ATBk��.det AT / jdet AT jsdA dB dT dki dx1 � � � dxe1�1;

where the sum over the xj ’s is finite and


D
D

0BBBB@
C

D�1
1

N C

0 D�1
2 N C

:::
:::

: : :
: : :

0 � : : : D�1
e1�1N C

1CCCCAD
0BBB@

C
x1 C
0 x2 C
:::

:::
: : :

: : :

0 � : : : xe1�1 C

1CCCA :
A similar analysis to that from the proof of Proposition 4.9 shows the integral relative to T actually is

over a compact set, since ' has compact support. Hence, the function

.x1; : : : ;xe1�1/ 7!
Z

k

Z
.GC .AF /nG.AF //

e1

Z
B
'.k�1B�1T �1
DTBk/ jdet A0j

1�e1

�

Z
G
 .AF /

ˆŒ.0; : : : ; 0; 1/ATBk��.det AT / jdet AT jsdA dB dT dk

is Schwartz; and the functionZ
G
 .AF /

ˆŒ.0; : : : ; 0; 1/ATBk��.det AT / jdet AT jsjdet A0j
1�e1dA

is the Tate integral for ƒ.e1s; .� ıNE=F /
e1/. Therefore, Proposition 4.11 follows. �
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4C3. Orbital integrals of general type. Set

If;eIg.s/D
Z

Z.AF /nG.AF /

P
C2�f;eIg

'.x�1
Cx/f .��1
f;eIgx; s/ dx;

where g� 1, f; e 2Z
g
�1

, hf; eiD n, and Re.s/ > 1. We may write f D .f1; : : : ; fg/ with f1� � � � � fg,
and e D .e1; : : : ; eg/.

Let E be a finite extension of F , and let � be an idele class character of A�
E

. For a positive integer j ,
define

ƒE Œj �.s; �/ WDƒE.j s� j C 1; �j /;

where ƒ.s; �/ denotes the complete Hecke L-function associated with �.

Proposition 4.12. Let notation be as before. Then If;eIg.s/ converges absolutely in Re.s/ > 1 and

If;eIg.s//

gY
iD1

eiY
jD1

� X
ŒEi;j WF �Dfi

QEi;j
.s/ƒEi;j

Œj �.s; � ıNEi=F /

�
; (4-34)

where for each i and j , the innermost summation is taken over only finitely many fields Ei;j , depending
only on the test function '; and each QEi;j

.s/ is an entire function.

Proof. Let C be a regular conjugacy class of type .f; eIg/. By Lemma 4.3 and the proof of Lemma 4.6,
we can write C D f
 g, with a typical element 
 given by


 D

0BBBBBBBBBBBBB@

˛1
: : :

˛m
˛mC1
:::

: : :
� � � � ˛mC1

: : :
˛g
:::
: : :

� � � � ˛g

1CCCCCCCCCCCCCA
:

Using this expression and the definition of ��1
f;eIg

from (4-21), it becomes evident that Proposition 4.12
follows by combining the analysis from the proof of Proposition 4.9 with that of Proposition 4.11. �

Gathering (4-20) with Proposition 4.12 we then obtain:

Theorem C. Let notation be as before. Let Re.s/ > 1. Then

IGeo;Reg.s; �//

nX
gD1

X
f;e2Z

g

�1

hf;eiDn

gY
iD1

1

f
ei

i

X
ŒEi WF �Dfi

QEi
.s/

eiY
jD1

ƒEi
Œj �.s; � ıNEi=F /; (4-35)

where, for each i , QEi
.s/ is an entire function and the innermost summation is taken over only finitely

many fields Ei , depending implicitly only on the test function '. The right side of (4-35) gives a mero-
morphic continuation of IGeo;Reg.s; �/ to the whole s-plane, with poles possible only at 1; 1

2
; 2

3
; : : : ; 1� 1

n
.
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5. IP;Reg.s; �/ as intertwining operators

We now proceed to handle the function IP;Reg.s; �/. Our approach involves explicit geometric computa-
tions, ultimately reducing it to a finite sum of intertwining operators whose analytical behavior is known
through the work of Langlands. Recall that, by definition,

IP;Reg.s; �/ WD
Z

Z.AF /P.F /nG.AF /

Z
ŒNP �

P

2Z.F /nG.F /�S

'.x�1u�1
x/ duf .x; s/ dx:

To simplify IP;Reg.s; �/, we express Z.F /nG.F /�S as a disjoint union of G.F /-conjugacy classes
C modulo Z.F /. Furthermore, we decompose each C into a disjoint union of P .F /-conjugacy classes.
By explicitly determining representatives for these P .F /-conjugacy classes, we can perform a change
of variables to transform the integral over Z.AF /P .F /nG.AF / into an integral over Z.AF /nG.AF /.
This allows us to perform local calculations and establish a relationship between these integrals and the
constant terms of certain Eisenstein series. Consequently:

Theorem D. Let notation be as before, then IP;Reg.s; �/ converges absolutely in Re.s/ > 1. Moreover,
IP;Reg.s; �/ admits a meromorphic continuation. Precisely, one has

IP;Reg.s; �//
ƒ.s; �/ƒ.2s; �2/ � � �ƒ..n�1/s; �n�1/ƒ.ns; �n/

ƒ.sC 1; �/ƒ.2sC 1; �2/ � � �ƒ..n�1/sC 1; �n�1/
: (5-1)

5A. P.F /-conjugacy classes.

5A1. Ad hoc notation. We introduce some unconventional notation specific to this section, designed to
simplify the calculations. Readers are advised not to be overly concerned with its details.

� Let C be a G.F /-conjugacy class. Recall that we define C0 in (4-4) if C is regular. Set R DF
@C is regular C0. Then R is a disjoint union of P .F /-conjugacy classes in G.F / by Proposition 4.1.

Propositions 4.1 and 4.2 give a decomposition of G.F / as P .F /-conjugacy classes

G.F /DR t
n�1S
kD1

Qk.F /
P.F /: (5-2)

� For any 2 � k � n, let Pk be the standard maximal parabolic subgroup of GLk of type .k � 1; 1/.
In particular, P D Pn. Let NP be the unipotent radical of P .

� Recall that B is the Borel of G. Let T (resp. N ) be the Levi component (resp. unipotent radical) of B.

� Let w1; : : : ; wn�1 be the Weyl elements of G.F / defined by (4-3) in Section 4A.

� For any 1� k � n�1, write Qk (resp. Q�
k

) for the standard parabolic subgroup of G of type .k; n�k/

(resp. .k; 1; : : : ; 1/).

To compute IP;Reg.s; �/, it is necessary to explicitly choose representatives for R. From the construction
in the proof of Proposition 4.1, we have an explicit algebraic description of the representatives for each
C0. However, this algebraic construction is not particularly convenient for analytic parametrization.

In this section, our goal is to find representatives of R that are more suitable for analytic purposes.
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5A2. Explicit representatives of R. To narrow down the possible candidates for these representatives,
we begin with the following result.

Lemma 5.2. Let notation be as before. Set RD fwn�1wn�2 � � �w1b W b 2 B.F /g. Denote by RP.F / the
union of P .F /-conjugacy classes of elements in R. Then

RDRP.F /: (5-3)

Proof. Recall the Bruhat decomposition

G.F /D P .F /tP .F /wn�1P .F /:

Due to the disjointness of different Bruhat cells, the P .F /-conjugacy class of g1 does not intersect with
that of g2, for any g1 2 P .F / and g2 2 P .F /wn�1P .F /. Since P .F /-conjugacy classes of P .F / lie
in P .F /, we can reject all representatives in P .F / and conclude that P .F /-conjugacy classes in R are
represented by elements in wn�1P .F /.

For any

g D wn�1

�
An�1 b

dn

�
2 wn�1P .F /\R;

by Bruhat decomposition, either An�1 2 Pn�1.F / or An�1 2 Pn�1.F /wn�2Pn�1.F /, where Pn�1 is
the standard maximal parabolic subgroup of GLn�1.F / of type .n� 2; 1/. If An�1 2 Pn�1.F /, then
g 2Qn�2.F /�

S
1�k�n�1 Qk.F /

P.F /. Thus g 62R. Therefore, An�1 2 Pn�1.F /wn�2Pn�1.F /. So
we can write

g.0/ D g D wn�1

 
In�2 c b1

1 b2

1

!
wn�2

 
An�2 cn�2

dn�1

dn

!
2 wn�1Q�n�1.F /;

which is conjugate by wn�2

0@An�2 cn�2

dn�1

dn

1A 2 P .F / to

g.1/ D wn�2

 
An�2 cn�2

dn�1

dn

!
wn�1

 
In�2 c b1

1 b2

1

!

D wn�2wn�1

 
An�2 cn�2

dn

dn�1

! 
In�2 c b1

1 b2

1

!
2 wn�2wn�1Q�n�2.F /:

Again, apply Bruhat decomposition to GLn�2.F / to conclude that either An�2 2 Pn�2.F / or An�2 2

Pn�2.F /wn�3Pn�2.F /, where Pn�2 is the standard maximal parabolic subgroup of GLn�2.F / of
type .n� 3; 1/. If An�2 2 Pn�2.F /, then g.1/ 2 Qn�3.F / �

S
1�k�n�1 Qk.F /

P.F /, i.e., g.1/ 62 R.
Therefore, An�2 2 Pn�2.F /wn�3Pn�2.F /. Likewise, g.1/ is thus P .F /-conjugate to some g.2/ 2

wn�3wn�2wn�1Q�
n�3

.F /. Continue this process inductively to see that g is P .F /-conjugate to some
element g.n�2/ 2 w1w2 � � �wn�1Q�

1
.F /.
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Therefore, R� fp�1
p W 
 2 w1w2 � � �wn�1Q�
1
.F /; p 2 P .F /g. So we have

fg�1
W g 2Rg � fp�1
p W 
 2Q�1.F /wn�1 � � �w2w1; p 2 P .F /g

D
˚
p�1
p W 
 2 wn�1wn�2 � � �w1B.F /; p 2 P .F /

	
;

since Q�
1
.F /D B.F /� P .F /. Note that R is stable under inversion. Hence,

RD fg�1
W g 2Rg � fp�1
p W 
 2 wn�1wn�2 � � �w1B.F /; p 2 P .F /g DRP.F /:

Based on the construction, we observe that

RP.F /
\

S
1�k�n�1

Qk.F /D¿;

since Bruhat cells are disjoint. This implies, according to (5-2), that RP.F / �R. Hence, RDRP.F /. �

Now we determine representatives of RP.F /.

Lemma 5.3. Let notation be as before. Then RD zRP.F /, where

zR WD
n
wn�1wn�2 � � �w1

�
In�1 b

t

�
W t 2 F�;

�
In�1 b

1

�
2NP .F /

o
:

Proof. Let b D tu 2B.F /, where t 2 T .F / and u 2N.F /. By examining the rows on both sides, we can
find ci;j 2 F and u0 2NP .F / that satisfy the equation0BBB@

1 0 0 : : : 0
1 c1;2 � � � c1;n�1

: : :
:::

1 cn�2;n�1

1

1CCCA tuD tu0

0BBB@
1 c1;2 � � � c1;n�1 0

1 � � � c2;n�1 0
: : :

:::
:::

1 0
1

1CCCA : (5-4)

In fact, the values of c1;j , 1� j � n�1, are determined by b. For i � 2, the values of ci;j are determined
by ci�1;j and b, where 1� j � n�1. Thus, these ci;j values are uniquely determined by b. Consequently,
u0 is also uniquely determined.

Let p 2 P .F / be the matrix multiplying tu0 on the right-hand side of (5-4). Then (5-4) becomes

pwn�1wn�2 � � �w1bp�1
D wn�1wn�2 � � �w1tu

0:

Write tD diag.t1; : : : ; tn/, aD diag.a1; : : : ; an/ 2 T .F /, with ai D t�1
1
� � � t�1

i , 1� i � n, and

u0 D
�

In�1 b
1

�
;

with bD t .b1; : : : ; bn�1/. Then

a�1wn�1wn�2 � � �w1tu
0aD wn�1wn�2 � � �w1

�
In�1 b0

t

�
2 zR;

where t D det t and b0 D t .b0
1
; : : : ; b0

n�1
/, with b0i D t1 � � � tibi , 1� i � n�1.

Therefore, Lemma 5.3 follows from Lemma 5.2. �
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We shall show that elements in zR are not P .F /-conjugate to each other.

Lemma 5.4. Let notation be as before. Then zR forms a complete set of representatives for R. In
particular, RD zRP.F /.

Proof. Let wn�1wn�2 � � �w1b and wn�1wn�2 � � �w1b0 be two elements in zR. Assume that there exists
some pn 2 Pn.F /D P .F / such that

pnwn�1wn�2 � � �w1bp�1
n D wn�1wn�2 � � �w1b0: (5-5)

Then wn�1pnwn�1 D wn�2 � � �w1b0pnb�1w1 � � �wn�2 2 P .F / D Qn�1.F /. Since pn 2 P .F /, it is
necessarily of the form

pn D

 
An�2 cn�1 cn

an�1 0
an

!
2

 
GLn�2.F / � �

F� 0
F�

!
�Qn�2.F /:

Hence, wn�2wn�1pnwn�1wn�2 D wn�3 � � �w1b0pnb�1w1 � � �wn�3 2 Qn�2.F /, which implies that
An�2 lies in the maximal parabolic subgroup of GLn�2.F / of type .n�3; 1/, and the last component of
cn must vanish. Repeating this process n�3 more times, we simplify (5-5) to0BBB@

an 0 0 : : : 0
a1 c1;2 � � � c1;n�1

: : :
:::

an�2 cn�2;n�1

an�1

1CCCA b

0BBB@
a1 c1;2 � � � c1;n�1 0

a2 � � � c2;n�1 0
: : :

:::
:::

an�1 0
an

1CCCA
�1

D b0: (5-6)

Note that the unipotent radical of b and b0 are in NP .F /. By the analysis towards equation (5-4) we
see that all the ci;j ’s in (5-6) must vanish.

Write
b D

�
In�1 b

t

�
and b0 D

�
In�1 b0

t 0

�
:

Then (5-6) becomes0@an
a1

: : :
an�1

1A�In�1 b
t

�0@a1
a2

: : :
an

1A�1

D

�
In�1 b0

t 0

�
:

By comparing the determinants on both sides of the equality, we deduce that t 0D t . Similarly, comparing
the Levi components yields a1 D a2 D � � � D an, leading to b0 D b. Therefore, any two elements in zR,
are either equal or not conjugate to each other by P .F /. �

Now we consider for our purpose the decomposition of Z.F /nG.F / into P .F /-conjugacy classes.
By (5-2) one has the decomposition

Z.F /nG.F /D .Z.F /nR/tS; (5-7)

where S was defined in (2-6) in Section 2B.
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Corollary 5.5. Let notation be as before. Set .F�/n D ftn W t 2 F�g, and let

zR� D
n
uw1w2 � � �wn�1

�
In�1

t

�
W t 2 F�=.F�/n; u 2NP .F /

o
: (5-8)

Then zR� forms a family of representatives of Z.F /nR.

Proof. By Lemma 5.4, the setn
wn�1wn�2 � � �w1u

�
In�1

t

�
W t 2 F�=.F�/n; u 2NP .F /

o
(5-9)

forms a family of representatives of Z.F /nR. Then the inverse of elements in the set defined in (5-9) also
form a family of representatives of Z.F /nR. Note that these inverses are bijectively P0.F /-conjugate to
zR�, then the proof follows. �

5B. Holomorphic continuation. In this section we shall prove Theorem D.
Recall the definition in Section 2C:

IP;Reg.s; �/D
Z

Z.AF /P0.F /nG.AF /

Z
ŒNP �

KGeo;Reg.ux;x/ duf .x; s/ dx;

where Re.s/ > 1. By (5-7) and Corollary 5.5,

KGeo;Reg.x;y/D
P


2Z.F /nG.F /�S

'.x�1
x/D
P

2zR�

P
p2P0.F /

'.x�1p�1
py/:

As a consequence, we have (at least formally) the decomposition

IP;Reg.s; �/D
Z

Z.AF /nG.AF /

Z
ŒNP �

P

2zR�

'.x�1u�1
x/ duf .x; s/ dx:

5B1. Ad hoc notation. Recall that P is the parabolic subgroup of type .n�1; 1/. Let MP be the Levi
component of P . Let NP WD N \MP ; then N D NP NP . Set A.AF / D Z.AF /nT .AF / and Qw D
w1w2 � � �wn�1.

5B2. Coordinate transforms of unipotent radicals.

Lemma 5.6. Let ci;j 2AF , 1� i < j � n�1. Define uD .ui;j /1�i;j�n�1 2NP .AF / via the expression0BBB@
1 0 0 : : : 0

1 c1;2 � � � c1;n�1

: : :
:::

1 cn�2;n�1

1

1CCCA
�10BBB@

1 c1;2 � � � c1;n�1 0
1 � � � c2;n�1 0

: : :
:::

:::
1 0

1

1CCCAD �u �
1

�
: (5-10)

Then each 1 � i < j < n, ui;j D ci;j CPi;j , where Pi;j is a polynomial in the variables ci0;j 0 ¤ ci;j ,
1� i 0 < j 0 < n.
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Proof. The argument holds trivially for 2� 2 matrices. Suppose Lemma 5.6 holds for matrices of rank
less than n. Write 0BB@

1 c1;2 � � � c1;n�1
: : :

:::
1 cn�2;n�1

1

1CCA
�1

D

0BB@
1 c01;2 � � � c01;n�1
: : :

:::
1 c0n�2;n�1

1

1CCA :
By multiplying block matrices, we can determine c0i;j using ci0;j 0 with i 0 � i and j 0 � j . Based on the

induction assumption, the ui;j take the form ci;j CPi;j for 1� i < n�1 and 1� j < n. We then focus
on investigating the last column, specifically ui;n�1 for 1� i < n�1. Note that (5-10) becomes0BBBB@

1 0 0 : : : 0
1 c01;2 � � � c01;n�1
: : :

:::
1 c0n�2;n�1

1

1CCCCA
0BBB@

1 c1;2 � � � c1;n�1 0
1 � � � c2;n�1 0

: : :
:::

:::
1 0

1

1CCCAD �u �
1

�
:

As a consequence, we obtain

ui;n�1 D ci;n�1C ciC1;n�1c0i�1;i C � � �C cn�2;n�1c0i�1;n�3C c0i�1;n�2;

which yields that ui;n�1 � ci;n�1 is a polynomial in the variables ci0;j 0 ¤ ci;n�1. Hence, Lemma 5.6
follows from induction. �

Consider the smooth transformation defined by (5-10):

NP .AF /!NP .AF /; .ci;j /1�i;j<n 7! .ui;j /1�i;j<n:

By Lemma 5.6, its Jacobian matrix is identically trivial. This will simplify the calculation of IP;Reg.s; �/

in the next subsection.
Set c D .ci;j /1�i;j<n 2NP .AF /. Since

�
In�1

t

�
commutes with c, the relation (5-10) amounts to

c�1
Qw
�

In�1
t

�
c D Qw

�
u �

t

�
; Qw D w1w2 � � �wn�1: (5-11)

5B3. Manipulation of IP;Reg.s; �/: integral transformations. We have

IP;Reg.s; �/D
Z

Z.AF /nG.AF /

Z
NP .AF /

P
t
'
�
x�1u�1

1 Qw
�

In�1

t

�
x
�

du1f .x; s/ dx;

where t 2 F�=.F�/n. By Iwasawa decomposition, we may write x D cu2tk, where c 2 NP .AF /,
u2 2NP .AF /, tD diag.t1; t2; : : : ; tn�1; 1/ 2A.AF /, k 2K. Then

IP;Reg.s; �/D
Z

K

Z
A.AF /

Z
NP .AF /

Z
NP .AF /

I �f .cu2tk; s/ du2 du1 ı
�1.t/ d� t dk;

where ı is the modular character, and

I WD
Z

NP .AF /

P
t2F�=.F�/n

'
�
k�1t�1u�1

1 c�1
Qw
�

In�1

t

�
cu2tk

�
dc:
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We can change variables through Lemma 5.6 or equation (5-11) to derive

I D
Z

NP .AF /

P
t2F�=.F�/n

'.k�1t�1u�1
1 Qw

�
In�1

t

�
uu2tk/ du:

Recall that f .x; s/ is defined by

f .x; s/D �.det x/ jdet xjsAF

Z
A�

F

ˆŒ.0; : : : ; t/x��n.t/jt jnsd�t; (5-12)

which is a Tate integral for the complete L-function ƒ.ns; �n/. By definition, f .cu2tk; s/ equals
�.det t/ jdet tjsf .k; s/. Therefore,

IP;Reg.s; �/D
Z

K
f .k; s/ dk

Z
A.AF /

Z
NP .AF /

Z
NP .AF /

I � �.det t/ jdet tjs

ı.t/
du2 du1 d� t:

Lemma 5.7. Let notation be as before. Then

IP;Reg.s; �/D
Z

K
f .k; s/ dk

Z
NP .AF /

du1

Z
N P .AF /

du
Z

NP .AF /
du2

Z
A�

F

� � �

Z
A�

F

�.1/s;� .t/

�

Z
A�

F

P
t2F�=.F�/n

'

0BB@k�1u1

0BB@
1

t�1
2 : : :

t�1
n�1

tn
1 t
Qn�1

iD2 ti

1CCA Qwu2uk

1CCA d�t;

where d�tD d�t1 d�t2 � � � d
�tn�1, and for any tD diag.t1; t2; : : : ; tn�1; 1/ 2A.AF /,

�.1/s;� .t/D �.t1/
n.n�1/

2 jt1j
n.n�1/.sC1/

2

AF

n�1Y
iD2

�.ti/
n�i
jti j

.n�i/.sC1/
AF

:

Proof. By the change of variables u1 7! tu1t
�1 and uu2 7! tuu2t

�1 we obtain

IP;Reg.s; �/D
Z

K
f .k; s/ dk

Z
A.AF /

Z
NP .AF /

Z
NP .AF /

J � �.det t/ jdet tjsC1du2 du1 d�t;

where

J D
Z

NP .AF /

P
t2F�=.F�/n

'.k�1u�1
1 t�1

Qw
�

In�1
t

�
tuu2k/ du:

Since

t�1
Qw

�
In�1

t

�
t Qw�1

D

0BB@
t t�1

1
t1t�1

2 : : :
tn�2t�1

n�1
tn�1

1CCA ;
Lemma 5.7 follows after a change of variables. �

5B4. Manipulation of IP;Reg.s; �/: reducing to intertwining operators. Recall the test function ' has the
central character !. Let „ be the set of idele class characters on A�

F
, which is trivial on R�C. Denote by

„!;n the subset f�2„ W �nD!g �„. Also, let „n
�;2
Df� 2„ W �2D �g if n is even, and let „n

�;2
Df1g,
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the singleton, if n is odd. Then both #„!;n <1 and #„n
�;2
<1. For a Hecke character �, we define

�od
s;�;�.t/D N�.t1/�.t1/

n�1
2 jt1j

.n�1/.sC1/
2

AF

n�1Y
iD2

�.t
nC1

2
�i

i /jti j
ŒnC1

2
�i�.sC1/

AF

when n is odd. For even n, we define

�en
s;�;�;�.t/D N�.t1/�.t1/�.t1/

n�2
2 jt1j

.n�1/.sC1/
2

AF

n�1Y
iD2

�.ti/�.t
n
2
�i

i /jti j
ŒnC1

2
�i�.sC1/

AF
:

We can employ a change of variables, specifically .A�
F
/n �F�=.F�/n D F� � .F�nA�

F
/n, to perform

Poisson summation, following a similar approach as in [18, §2.4, Lemma]. This allows us to derive the
following results:

� When n is odd, the integral IP;Reg.s; �/ is equal toZ
K
f .k; s/ dk

Z
NP .AF /

du1

Z
N P .AF /

du
Z

NP .AF /
du2

Z
A�

F

P
�2„!;n

�od
s;�;�.t/ d�t1

�

Z
A�

F

� � �

Z
A�

F

'

0B@k�1u1

0B@1
t�1
2 : : :

t�1
n�1 t1

1CA Qwu2uk

1CA d�t2 � � � d
�tn�1:

� When n is even, the integral IP;Reg.s; �/ is equal toZ
K
f .k; s/ dk

Z
NP .AF /

du1

Z
N P .AF /

du
Z

NP .AF /
du2

P
�2„!;n

P
�2„n

�;2

�en
s;�;�;�.t/

�

Z
A�

F

� � �

Z
A�

F

'

0B@k�1u1

0B@1
t�1
2 : : :

t�1
n�1 t1

1CA Qwu2uk

1CA d�t1 � � � d
�tn�1:

Let T�.A
�
F
/D

˚
diag.1; t1; t2; : : : ; tn�1/ 2 T .AF / W ti 2 A�

F
; 1� i � n�1

	
. Set

� WA.A�F /! T�.A
�
F /; t 7! t� D diag.1; t�1

2 ; t�1
3 ; : : : ; t�1

n�1; t1/:

Let ın D�1
2
.1C .�1/n/. Define F�;�.xI k; s/D F�;�.xI k; s; ';ˆ; �/ by

F�;�.xI k; s/D
Z

NP .AF /

Z
N P .AF /

Z
A.A�

F
/
'.k�1u1t

�xuk/�s;�;�;�;n.t/ d�t du du1;

where �s;�;�;�;n.t/ is defined by

N�.t1/�.t1/
�ın�.t1/

n�1�ın
2 jt1j

.n�1/.sC1/
2

AF

n�1Y
iD2

�.ti/�.ti/
ın�.ti/

nC1�ın
2
�i
jti j

ŒnC1
2
�i�.sC1/

AF
:

Since ' has compact support modulo the center, F�;�.xI k; s/ is well defined for any �, � in Re.s/ > 1.
Let b D tu0u 2 B.AF /, where u0 2NP .AF /, u 2NP .AF /, tD diag.t1; t2; : : : ; tn/ 2 T .AF /. By the

change of variables u 7! u�1u, u1 7! u1t
�tu0�1.t�t/�1, we obtain
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F�;�.bxI k; s/D

nY
iD1

�.ti/�.ti/
ın�.ti/

nC1�ın
2
�i
jti j

ŒnC1
2
�i�.sC1/

AF
�F�;�.xI k; s/: (5-13)

Since the modular character of T .AF / is ı.t/D
nQ

iD1

tnC1�2i
i , one has

F�;�.xI k; s/ 2 IndG.AF /

B.AF /

�
��ın��1 j � j

�1s
AF
; : : : ; ��ın��n�1 j � j

�n�1s
AF

; ��ın��n j � j
�ns
AF

�
;

where �i D
1
2
.nC 1� ın/� i for 1� i � n. Define

G�;�.xI s/DG�;�.xI s; ';ˆ; �/D
Z

K
f .k; s/F�;�.xI k; s/ dk:

Therefore, at least formally one can write IP;Reg.s; �/ as a finite sum:

IP;Reg.s; �/D
P

�2„!;n

P
�2„n

�;2

Z
NP .AF /

G�;�. QwnI s/ dn; Re.s/ > 1: (5-14)

5B5. Proof of Theorem D. Now we show the absolute convergence of (5-14) and deduce its analytic
behavior.

Let F1;1;C.xI k; s/ D F1;1.xI k; s; j'j; jˆj; 1/ and G1;1;C.xI s/ D G1;1.xI s; j'j; jˆj; 1/. Then the
above interchange in the order of integrals is justified by Fubini’s theorem on integrals of nonnegative
functions. One then has

IC
P;Reg.s; �/D

P
�2„1;n

P
�2„n

1;2

Z
NP .AF /

G1;1;C. QwnI s/ dn;

where the sums are finite. Then
R

NP .AF /
G1;1;C. QwnI s/ dn converges absolutely in Re.s/ > 1 according

to Langlands’ theory on intertwining operators. Therefore, by the dominated convergence theorem,R
NP .AF /

G�;�. QwnI s/ dn converges absolutely in Re.s/ > 1. It is thus a well defined intertwining operator.
By Langlands’ theory (cf. [20] or [30]) on intertwining operators, we have

Z
NP .AF /

G�;�. QwnI s/ dn/
ƒ.s; �/ƒ.2s; �2/ � � �ƒ..n�1/s; �n�1/ƒ.ns; �n/

ƒ.sC 1; �/ƒ.2sC 1; �2/ � � �ƒ..n�1/sC 1; �n�1/
;

where the last factor ƒ.ns; �n/ on the numerator comes from the Tate integral f .k; s/ from (5-12).
So (5-14) is well defined. Consequently (5-1) holds, since the sums in (5-14) are finite.

6. Convergence of the spectral side

In this section we shall deal with the spectral side

IWhi.s; �/D
Z

Z.AF /N.F /nG.AF /

Z
N.F /nN.AF /

KEis.n1x;x/�.n1/ dn1f .x; s/ dx; (6-1)

where KEis.x;y/ is the Eisenstein part of the kernel function relative to a general test function ' in
H.G.AF /; !/. The main concern here is the absolute convergence of IWhi.s; �/ when Re.s/ is large.

Typically one needs certain suitable regularization or truncation for KEis, which is slowly increasing.



A coarse Jacquet–Zagier trace formula for GL(n), with applications 901

In the GL.2/ case this can be handled by the techniques in [29] or [40]. Arthur [1; 2; 3; 4] developed a
truncation approach to successfully regularize the trace formula on general reductive groups. Arthur’s
truncation operators and their variants (as in [21; 13]) provide a powerful toolkit to manipulate the
convergence problem in the (relative) trace formula.

However, these truncation operators seem to be not quite suitable for the function (6-1). One barrier
is that the domain is not the usual automorphic quotient Z.AF /G.F /nG.AF / but the much larger
region Z.AF /N.F /nG.AF /; thus the kernel in (6-1) is not G.F /-invariant now, which makes the usual
truncation operators not work well here. One can do the spectral expansion of KEis and apply Arthur’s
truncation ƒT to the second Eisenstein series and show it can be integrated over a Siegel domain. With
further covering process by Weyl elements conjugation, one can show (6-1) converges absolutely with
KEis.x;y/ replaced by ƒT

2
KEis.x;y/, where ƒT

2
means the operator ƒT is applied to the y-variable.

See Section 5.4 in [35] for details. Nevertheless, taking Fourier coefficients in the first variable makes
the geometric truncation difficult to control, since it is just N.F /-invariant. So it is not clear how to
compute the spectrally truncated function as a polynomial of the parameter T and ultimately show that
this polynomial is indeed a constant. (Here the letter T is a conventional notation for the truncation
parameter, while elsewhere we use T to denote the torus.) For an individual cuspidal datum, one may
develop an allied truncation operator as in [13], but the problem is to show that the sum over all cuspidal
data is convergent.

We will propose an alternative way to verify the convergence of (6-1), making essential use of the
Fourier transform. Our strategy is to reduce (6-1) to a Mellin transform of the Kuznetsov relative trace
formula, which is majorized by a gauge. Then one obtains convergence of (6-1) when Re.s/ is large
enough.

Inserting the spectral expansion (6-7) of KER.x;y/ into (6-1), IWhi.s; �/ becomesZ P
�

P
Q

1

c
Q

Z
ia�

Q
=ia�

G

P
�1

P
�2

hIQ.�; '/�2; �1iW1.xI�/W2.xI�/ d�f .x; s/ dx: (6-2)

Here, x ranges through Z.AF /N.AF /nG.AF /, � ranges through cuspidal data, Q represents proper
standard parabolic subgroups, and Wj denotes the Whittaker functions. Additional details can be found in
(6-10) below. The absolute convergence of (6-2) is summarized in Theorem E at the end of this section.

6A. Reduction to the relative trace formula of Kuznetsov type.

Lemma 6.1. Let ' 2H.G.AF /; !/. Let KD K' , K0 D K'
0

and KEis D K'Eis be the corresponding kernel
functions. Then

K0.x;y/D
P

ı2N.F /nP0.F /

Z
ŒN �

�
K.nıx; ıx/�KEis.nıx; ıx/

�
�.n/ dn: (6-3)

Proof. By the spectral decomposition (2-5) of K0.x;y/ we see it is cuspidal as a function of x. Applying
Proposition 3.1 to the first variable of K0.x;y/ and take y D x we then obtain
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K0.x;y/D
P

ı2N.F /nP0.F /

Z
ŒN �

K0.nıx;x/ �.n/ dn:

Then (6-3) follows from the spectral decomposition K0.x;y/D K.x;y/�KER.x;y/ and the auto-
morphy of these functions relative to the second variable. Here we also note that the residual spectrum
does not contribute to (6-3). �

Let Re.s/ > 1 in this section. We then plug Lemma 6.1 into

I0.s; �/D
Z

Z.AF /G.F /nG.AF /
K0.x;x/E.x; s/ dx

and unfold the Eisenstein series E.x; s/ to obtain

I0.s; �/D IKl.s; �/� IWhi.s; �/;

where
IKl.s; �/D

Z
Z.AF /N.F /nG.AF /

Z
ŒN �

K.nx;x/ �.n/ dnf .x; s/ dx: (6-4)

To establish the well-definedness of IWhi.s; �/, it is sufficient to demonstrate the convergence of
IKl.s; �/, given the rapid decay of K0. We aim to show that IKl.s; �/ converges for all ' 2H.G.AF /; !/

and for Re.s/ sufficiently large. By utilizing Cauchy’s inequality and the convolution decomposition of
', we obtain the absolute convergence of IWhi.s; �/.

Through a change of variables, we obtain the expression

IKl.s; �/D
Z

Z.AF /N.AF /nG.AF /
JKuz.';x/f .x; s/ dx;

where
JKuz.';x/D

Z
ŒN �

Z
ŒN �

K.n1x; n2x/�.n1/ �.n2/ dn1dn2

represents a relative trace formula of Kuznetsov type. Consequently, IKl.s; �/ can be considered as
the Mellin transform of JKuz.';x/ since f .x; s/ essentially corresponds to jdet xjs . To establish the
convergence of IKl.s; �/, we will demonstrate that JKuz.';x/ is dominated by a gauge when Re.s/ is
sufficiently large.

Recall that, for x D diag.x1 � � �xn�1; : : : ;x1x2;x1; 1/ 2 A.AF / D Z.AF /nT .AF /, a gauge G is a
positive function of the form

G.x/D �.x1;x2; : : : ;xn�1/ � jx1x2 � � �xn�1j
�M ;

where M � 0 and � is a Schwartz–Bruhat function on .A�
F
/n�1.

Proposition 6.2. Let notation be as above. Then as a function of x 2A.AF /, JKuz.';x/ is majorized by
a finite sum of gauges on A.AF /.

Proof. By the definition of the kernel function K.x;y/ we have

JKuz.';x/D
Z
ŒN �

Z
ŒN �

P

2Z.F /nG.F /

'.x�1n�1
1 
n2x/�.n1/�.n2/ dn1dn2;
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which converges absolutely since K.x;y/ is continuous and ŒN � is compact.
Consider the double coset Z.AF /N.F /nG.F /=N.F /, whose element is of the form wa, where w is

a Weyl element and a 2Z.F /nT .F /. Let

Hwa WD
˚
.n1; n2/ 2N �N W n�1

1 wan2a�1w�1
2Z

	
be the stabilizer relative to the representative wa. Then

JKuz.';x/D
P
wa2ˆ

Z
Hwa.F /nN.AF /�N.AF /

'.x�1n�1
1 wan2x/�.n1/�.n2/ dn1dn2;

where ˆ is a set of complete representatives for Z.AF /N.F /nG.F /=N.F /. Then

JKuz.';x/D
P
wa2ˆ

Cwa

Z
Hwa.AF /nN.AF /�N.AF /

'.x�1n�1
1 wan2x/�.n1/�.n2/ dn1dn2;

where

Cwa D

Z
ŒHwa�

�.n01/�.n
0
2/ dn01 dn02:

Call wa 2 ˆ relevant if Cwa ¤ 0, i.e., �.n0
1
/�.n0

2
/ is trivial on Hwa.AF /. Denote by ˆ� the set

of relevant elements in ˆ. By [16, p. 272, Proposition 1] one can take the following realization: ˆ�

consists of wa, where w is the long Weyl element inside a standard parabolic subgroup Q�G of type
.k1; : : : ; kr /, and a 2Z.F /n diag.Tk1

.F /; : : : ;Tkr
.F // (modulo some further relations), with Tkj being

the maximal split torus of GL.kj /. For example, when QD B the Borel, then w D In and aD In and
Hwa DN . Therefore,

JKuz.';x/D
P

wa2ˆ�
vol.ŒHwa�/JKuz.';xIwa/;

where

JKuz.';xIwa/D
Z

Hwa.AF /nN.AF /�N.AF /
'.x�1n�1

1 wan2x/�.n1/�.n2/ dn1dn2:

By the definition of ˆ�, each w corresponds to a unique (i.e., the minimal one) parabolic subgroup Q

containing w. Suppose w ¤ In. Then by Levi decomposition it suffices to consider the extreme case
where QDG and w is the longest.

Recall that the test function ' is K-finite. Hence there is some compact subgroup K0�G.AF;fin/ such
that ' is right K0-invariant. Let K0 D

Q
v<1K0;v . Note that JKuz.';xIwa/D

Q
v�1

JKuz;v.'v;xvIwa/,
where

JKuz;v.'v;xvIwa/D
Z

Hwa.Fv/nN.Fv/�N.Fv/
'v.x

�1
v n�1

1 wan2x/�v.n1/�v.n2/ dn1dn2:

Then for each finite place v, JKuz;v.'v;xvIwa/ is right K0;v-invariant. So there exists a compact subgroup
N0;v �K0;v \N.Fv/, depending only on 'v, such that

JKuz;v.'v;xvuvIwa/D JKuz;v.'v;xvIwa/ for all xv 2A.Fv/ and uv 2N0;v:
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On the other hand, JKuz;v.'v;xvuvIwa/ D �.xvuvx
�1
v /JKuz;v.'v;xvIwa/. But then, there exists a

constant Cv depending only on N0;v and � such that �.xvuvx�1
v /D 1 if and only if j˛i.xv/jv �Cv , where

˛i’s are the simple roots of G.F / relative to B. Note that for all but finitely many v <1, K0;vDG.OF;v/.
Thus we can take the corresponding Cv D 1. Hence for any xv 2A.Fv/, JKuz;v.'v;xvIwa/¤ 0 implies
that j˛i.xv/jv �Cv , 1� i � n�1, and Cv D 1 for all but finitely many finite places v. Denote the compact
set by

A';fin D
˚
aD .av/ 2A.AF;fin/ W j˛i.av/jv � Cv; 1� i � n�1

	
:

Then supp JKuz.';xIwa/�A.AF;1/A';fin.
For each place v, we fix a conventional local height function k � kv on G.Fv/. Let y D

N
v.yi;j ;v/ 2

G.AF /. Then kyvkv D 1 for almost all v. The height function kyk D
Q
v kyvkv is therefore well defined

by a finite product. Also, since

supp JKuz.';xIwa/�A.AF;1/A';fin

and by the compactness of supp'v , we have kw�1xvwxvakv �C 0v for some constant C 0v depending only
on 'v, v <1, and C 0v D 1 for almost all v’s.

Now we investigate the archimedean JKuz;v.'v;xvIwa/, i.e., v j1. Note that 'v is a compactly
supported on Z.Fv/nG.Fv/. Then JKuz.'v;xvIwa/ D 0 unless n�1

1;v
yvwn2;v 2 supp'v, where yv D

x�1
v waxvw

�1. Hence kn�1
1;v

yvwn2;vw
�1kv �Cv for some constant Cv depending only on '. A straight-

forward computation (or Lemma 5.1 of [15]) shows that kn1;vkv C kn2;vkv C kyvkv � C 0v for some
constant C 0v depending only on '. So 'v.n1;vyvwn2;v/ has compact support relative to n1;v and n2;v.
Therefore, JKuz.'v;xvIwa/ D 0 unless n1;v, n2;v run through a compact set of N.Fv/ and kykv is
bounded.

For x D diag.x1; : : : ;xn�1; 1/ 2A.AF /, similarly to (3-1), we define an additive character

 x.u/D
n�1Q
iD1

 F .xiui;iC1/ for uD .ui;j /n�n 2N.AF /:

Then JKuz.';xIwa/ is equal to

ıw.x/
2
Z

Hwa.AF /nN.AF /�N.AF /
'.n�1

1 x�1waxn2/ x.n1/ x.n2/ dn1 dn2;

where ıw is the modular character of the parabolic subgroup associated to w.
Since n1 and n2 lie in a compact set determined by supp', then for a fixed y 2A.AF /, v j1, the v-th

component of Z
Hwa.AF /nN.AF /�N.AF /

'.n�1
1 ywn2/ x.n1/ x.n2/ dn1dn2

is a Schwartz function of x, being the Fourier transform of a compactly supported smooth function.
Hence, JKuz.';xIwa/ is majorized by a nonnegative Schwartz–Bruhat function „.x�1waxw�1;x/ on
A.AF /

2 with
x�1waxw�1

2A� WD
˚
b 2A.F / W kbk �

Q
v

C 0v
	
:
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By properties of the height k � k (see [5, p. 70], for instance), one has

#.w�1x �A� �wx�1/� C �
�
jx1 � � �xn�1j

M
Cjx1 � � �xn�1j

�M
�
;

for some constants C and M depending on supp'. Therefore,P
a2A.F /

jJKuz.';xIwa/j �
P

a2A�
„.w�1xwxa;x/D

P
a2w�1x�A��wx�1

„.a;x/;

which is majorized by jx1 � � �xn�1j
�M ��.x1; : : : ;xn�1/ for some M �0 and Schwartz–Bruhat function � .

The remaining case is that of w D In, i.e., QD B. In this case

JKuz.';xIwa/D ıw.x/
Z

N.AF /
'.an/ x.n/ dn

is the Fourier transform of a Schwartz–Bruhat function. So it is majorized by a gauge. Then Proposition 6.2
follows. �

As a consequence of Proposition 6.2 and the Iwasawa decomposition, IKl.s; �/ converges absolutely
when Re.s/ is large enough. Therefore, IWhi.s; �/ converges when Re.s/ is large enough.

To show the absolute convergence of IWhi.s; �/ and thus to obtain meromorphic continuation, we need
to analyze properties of KEis by its spectral expansion.

6B. Spectral decomposition of the kernel function. In this subsection, we provide a concise overview
of the spectral theory concerning automorphic representations of reductive groups. Subsequently, we
apply these results to the noncuspidal kernel function KER. The notation introduced in this section will be
regularly employed in later discussions.

Denote by H a general reductive group and Q a standard parabolic subgroup of H . Let MQ (resp. NQ)
be the Levi component (resp. unipotent radical) of Q. Let H 1.AF /D fg 2H.AF / W j�.g/jAF

D 1; 8� 2

X.H /F g, where X.H /F is space set of F -rational characters of H . Let aH D HomZ.X.H /F ;R/. Let
a�

H
DX.H /F ˝R. Set aQ D aMQ

and a�
Q
D a�

MQ
. Let P0 be a fixed minimal parabolic subgroup of H

over F . Write a0 (resp. a�
0

) for aP0
(resp. a�

Q0
). These notations concur with those used by Arthur (see,

e.g., [5, pp. 20–31].
For a standard parabolic subgroup Q of G D GL.n/ with type .n1; : : : ; nr /, we define the surjective

homomorphism logQ from MQ.AF / to aQ as follows:

logQ.q/D logQ.m/D .n
�1
1 log jdet m1j; : : : ; n

�1
r log jdet ml j/; (6-5)

where q 2Q.AF / and mD diag.m1; : : : ;mr / represents the Levi component, with mi 2 GL.ni/=AF

for 1� i � r .
By spectral theory (see, for example, [2, pp. 256 and 263], or [5, §12]), the decomposition of the Hilbert

space L2
�
ZH .AF /NQ.AF /MQ.F /nH.AF /

�
into right H.AF /-invariant subspaces is determined by

the spectral data � D f.M; �/g, where M is the Levi component of P1 \MQ for some standard
parabolic subgroup P1 of H , and � is an element of A0

�
ZH .AF /M

1.F /nM 1.AF /
�
, the set of cuspidal



906 Liyang Yang

automorphic representations of ZH .AF /M
1.F /nM 1.AF /. Here M 1 is defined in a similar way to H 1.

The class .M; �/ derives from the equivalence relation .M; �/� .M 0; � 0/ if and only if M is conjugate
to M 0 by a Weyl group element w, and � 0 D �w on ZH .AF /nM

1.AF /. Let X be the set of equivalence
classes �D f.M; �/g of these pairs, we thus have

L2.P / WDL2
�
ZH .AF /NQ.AF /MQ.F /nH.AF /

�
D

M
�2X

L2.P /�; (6-6)

where L2.P /� consists of functions � 2 L2
�
ZH .AF /NQ.AF /MQ.F /nH.AF /

�
such that, for each

standard parabolic subgroup Q0 of H with Q0 �Q, and almost all x 2 H.AF /, the projection of the
function

m 7! x:�Q0.m/D
Z

NQ0 .F /nNQ0 .AF /
�.nmx/ dn

onto the space of cusp forms in L2
�
ZH .AF /MQ0.F /nM

1
Q0
.AF /

�
transforms under M 1

Q0
.AF / as a sum

of representations � , in which .MQ0 ; �/ 2 �. If there is no such pair in �, x:�Q0 will be orthogonal to
A0

�
ZH .AF /MQ0.F /nM

1
Q0
.AF /

�
. Denote by HQ the space of such �’s. Let HQ;� be the subspace of

HQ such that for any .M; �/ 62 �, with M DMQ1
and Q1 �Q, we haveZ

M.F /nM.AF /
1

Z
NQ1

.F /nNQ1
.AF /

 0.m/�.nmx/ dnD 0;

for any  0 2L2
0

�
M.F /nM.AF /

1
�
�

, and almost all x. This leads us to Langlands’ result to decompose
HQ as an orthogonal direst sum HQ D

L
�2X HQ;�. Let BQ be an orthonormal basis of HQ, then we

can choose BQ D
S
�2X BQ;�, where BQ;� is an orthonormal basis of the Hilbert space HQ;�. We may

assume that vectors in each BQ;� are K-finite and are pure tensors.
By spectral theory, one can expand KEis.x;y/ asP

�2X

P
Q2Q

1

kQ!.2�/kQ

Z
ia�

Q
=ia�

G

P
�2BQ;�

E.x; IQ.�; '/�; �/E.y; �; �/ d�; (6-7)

where Q is the set of standard parabolic subgroups which are not G; and for any such Q, kQ is the
number of blocks of the Levi part of Q. Also, (6-7) converges absolutely [2, Lemma 2, p.2̇63].

Let �2 2BQ;�. Then IQ.�; '/�2 can be expanded by a linear combination of vectors in BQ;�. As a
consequence,

E.x; IQ.�; '/�2; �/D
P

�12BQ;�

hIQ.�; '/�2; �1iE.x; �1; �/:

Since ' is K-finite, then hIQ.�; '/�2; �1i � 0 for all but finitely many �1; �2 2BQ;�, depending
only on the K-type of '.

For 1� j � 2, �j 2BQ;�, and � 2 ia�
Q
= ia�

G
, we define the Whittaker function

Wj .x; �/DW .x; �j ; �/ WD
Z

N.AF /
�j .w0nx/e.�C�Q/ logQ.w0nx/�.n/ dn; (6-8)

where w0 is the long element in the Weyl group Wn, and logQ is defined by (6-5).
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6C. Spectral expansion of IWhi.s; �/. By definition, we have

IWhi.s; �/D
Z

Z.AF /N.AF /nG.AF /

yKER.x;x/f .x; s/ dx:

where
yKER.x;y/ WD

Z
ŒN �

Z
ŒN �

KEis.n1x; n2y/�.n1/ N�.n2/ dn1dn2 (6-9)

Set XG D Z.AF /N.AF /nG.AF / and c
Q
D kQ!.2�/kQ . One can unfold the Eisenstein series (see

[31, pp. 123–124]) to rewrite (at least formally) the function IWhi.s; �/ asZ
XG

P
�2X

P
Q2Q

1

c
Q

Z P
�1;�2

hIQ.�; '/�2; �1iW1.xI�/W2.xI�/ d�f .x; s/ dx; (6-10)

where �i 2BQ;�, 1� i � 2, and � 2 ia�
Q
= ia�

G
.

Theorem E. Let notation be as before. Then there exists a constant c' > 0 depending only on ' such that
IWhi.s; �/ converges for Re.s/ > c' . Moreover, when Re.s/ > c' , IWhi.s; �/ is equal toP

�

P
Q2Q

1

c
Q

Z P
�1;�2

hIQ.�; '/�2; �1i

Z
XG

W1.xI�/W2.xI�/f .x; s/ dx d�; (6-11)

where � runs over the proper cuspidal data, i.e., � is not of the form f.G; �/g, � 2 ia�
Q
= ia�

G
, and

�1; �22BQ;�. Particularly, as a function of s, IWhi.s; �/ is analytic in the right half plane fz WRe.z/>c'g.

Proof. For x2Z.AF /N.AF /nG.AF /we write it into the Iwasawa coordinates: xDak, where a2A.AF /

and k 2K. Then

f .x; s/ WD f .x; ˆ; � I s/D �.det a/ jdet ajs
Z

A�
F

ˆ.�tk/�.t/njt jnsd�t:

Therefore, jf .x; s/j D jdet ajRe.s/h.k; s/, where

h.k; s/ WD
ˇ̌̌ Z

A�
F

ˆ.�tk/�.t/njt jnsd�t
ˇ̌̌

is a nonnegative continuous function of k and converges absolutely when Re.s/ > 1=n. Let ' 2
H .G.AF /; !/. Then by Proposition 6.2,Z

XG

JKuz.';x/jf .x; s/j dx D
Z

K

Z
A.AF /

JKuz.'; ak/ jdet ajRe.s/ı�1.a/ d�ah.k; s/ dk

converges when Re.s/ is large. By Lemma 6.1 we have

J.'; s/ WD
Z

XG

yKER.x;x/jf .x; s/j dx D
Z

XG

JKuz.';x/ � jf .x; s/j dx�J0.'; s/;

where yKER.x;x/ is defined by (6-9), and

J0.'; s/D
Z

Z.AF /G.F /nG.AF /
K0.x;x/

P
ı2P.F /nG.F /

jf .ıx; s/j dx:

Since the series
P
ı2P.F /nG.F / jf .ıx; s/j is slowly increasing and K0.x;x/ is rapidly decaying on
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Z.AF /G.F /nG.AF /, then J0.'; s/ converges absolutely. Hence J.'; s/ converges and is well defined.
Consider test functions of the form '0 � '

�
0

, where '�
0
.x/ D '0.x�1/. Substituting the spectral

expansion (6-7) into J.'; s/, which is convergent, givesZ
XG

P
�

P
Q2Q

1
c
Q

Z
ia�

Q
=ia�

G

P
�2BQ;�

ˇ̌
W .xI IQ.�; '0/�; �/

ˇ̌2
jf .x; s/j d� dx <1; (6-12)

where � ranges over the proper cuspidal data, and

W .xI IQ.�; '0/�; �/D
Z

N.AF /

�
IQ.�; '0/�

�
.w0nx/e.�C�Q/ logQ.w0nx/�.n/ dn;

with w0 being the long element in the Weyl group Wn.
For an arbitrary test function ' 2H .G.AF /; !/, by the factorization theorem of Dixmier and Malliavin,

one can write ' as a finite linear combination of convolutions 'j ;1�'
�
j ;2

with functions 'j ;i 2C r
c .G.AF //,

whose archimedean components are differentiable of arbitrarily high order r , 1� i � 2, and j 2 J is a
finite set. Using the triangle and Cauchy–Schwarz inequalities, along with (6-12), we deriveP
�2X

P
Q2Q

Z
ia�

Q
=ia�

G

Z
XG

ˇ̌̌ P
�1;�22BQ;�

hIQ.�; '/�2; �1iW1.xI�/W2.xI�/f .x; s/
ˇ̌̌
dx d�

�
P

j2J

2Q
iD1

� P
�2X

P
Q2Q

Z
ia�

Q
=ia�

G

Z
XG

P
�2BQ;�

jWj ;i.xI�/j
2
�
ˇ̌
f .x; s/

ˇ̌
dx d�

�1=2
<1;

where Wj ;i.xI�/DW .xI IP .�; 'j ;i/�; �/, for any 1 � i � 2, and j 2 J . This proves the first part of
Theorem E and provides an expression for IWhi.s; �/ asP

�

P
Q2Q

Z
ia�

Q
=ia�

G

Z
XG

P
�1;�2

hIQ.�; '/�2; �1iW1.xI�/W2.xI�/f .x; s/ dx d�: (6-13)

For Re.s/ large, we have Z
XG

ˇ̌
W1.xI�/W2.xI�/f .x; s/

ˇ̌
dx <1:

Recall that hIQ.�; '/�2; �1i � 0 for all but finitely many �1; �2 2BQ;�. Thus,P
�1;�22BQ;�

ˇ̌
hIQ.�; '/�2; �1i

ˇ̌ Z
XG

ˇ̌
W1.xI�/W2.xI�/f .x; s/

ˇ̌
dx <1: (6-14)

Therefore, we obtain (6-11) from (6-13) and (6-14). �

Remark 6.4. If the base field F is a function field, it has no archimedean places. Then the support
of Wj .xI�/ jA.AF / is contained in A';fin for all � 2 ia�

P
= ia�

G
, 1 � j � 2, which means the support of

yKER.x;x/ is compact. Also, in the function field case the sum over the �’s is only finite. Therefore,
Theorem E is clear.
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7. Rankin–Selberg convolutions for generic representations

By Theorem E, we see that when Re.s/ is large, IWhi.s; �/ is equal to

IWhi.s; �/D
P
�

P
Q2Q

1

c
Q

Z P
�1;�2

hIQ.�; '/�2; �1i‰Q;�.s;W1;W2I�/ d�; (7-1)

where �1; �2 2BQ;�, � 2 ia�
Q
= ia�

G
, and

‰Q;�.s;W1;W2I�/D
Z

Z.AF /N.AF /nG.AF /
W1.xI�/W2.xI�/f .x; s/ dx:

Here the Whittaker function Wj .x; �/ has been defined by

Wj .x; �/D
Z

N.AF /
�j .w0nx/e.�C�Q/ logQ.w0nx/�.n/ dn; 1� j � 2: (6-8)

Our objective is to establish the meromorphic continuation of IWhi.s; �/ to C and demonstrate that
the quotient IWhi.s; �/=ƒ.s; �/ is holomorphic for s ¤ 0; 1. To achieve this, we initiate the process by
calculating each ‰Q;�.s;W1;W2I�/ associated with a standard parabolic subgroup Q and a cuspidal
datum �D .MQ; �/ 2 X.

Here is the arrangement of this section:

� In Section 7A, we recall some notation from Section 6B–Section 6C and introduce new notation
regarding induced representations.

� In Sections 7B and 7C, we extend the local and global investigation of the Rankin–Selberg convolution
‰Q;�.s;W1;W2I�/, respectively. In particular, we explicitly compute it at the unramified places.
This generalizes the work of [17] as we elucidate the dependence on the spectral parameter �, which
is crucial for the meromorphic continuation of IWhi.s; �/.

� In Section 7C, we combine the analysis in the previous sections and utilize the analytic properties
of the period integrals to achieve a meromorphic continuation of IWhi.s; �/ beyond the region of
absolute convergence.

7A. Some notation. Let Q be a standard parabolic subgroup of G D GL.n/ of type .n1; : : : ; nr /. Let
�D .MQ; �/ 2 X be a cuspidal datum, where � is a unitary automorphic representation of M of central
character !. Let BQ;� be an orthonormal basis of the Hilbert space HQ;� defined in Section 6B.

By definition, there exist r cuspidal representations �i of GLni
.AF /, 1 � i � r , such that � '

�1��2� � � ���r . Let � D IndG.AF /

Q.AF /
.�1; �2 : : : ; �r /. For any �D .�1; �2; : : : ; �r / 2 ia�

Q
= ia�

G
, set

�� D IndG.AF /

Q.AF /

�
�1˝j � j

�1

AF
; �2˝j � j

�2

AF
; : : : ; �r ˝j � j

�r

AF

�
: (7-2)

Then �� is also a unitary automorphic representation of G.AF /.
For �1, �2 2 BQ;� and a point �D .�1; �2; : : : ; �r / 2 ia�

Q
= ia�

G
, recall that

Wj .x; �/DW .x; �j ; �/ WD
Z

N.AF /
�j .w0nx/e.�C�Q/ logQ.w0nx/�.n/ dn; (6-8)
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where w0 is the long Weyl element, and logQ is defined by (6-5). Define

‰.s;W1;W2I�;ˆ/D
Z

Z.AF /N.AF /nG.AF /
W1.xI�/W2.xI�/f .x; s/ dx: (7-3)

Since W1.xI�/ and W2.xI�/ are dominated by some gauge, and f .x; s/ increases slowly when
Re.s/ > 1, then ‰.s;W1;W2I�;ˆ/ converges absolutely and normally when Re.s/ is large. For each
v 2†F and �D .�1; �2; : : : ; �r / 2 ia�

Q
= ia�

G
, denote by �v D IndG.Fv/

MQ.Fv/
.�1;v; �2;v; : : : ; �r;v/ and

��;v D IndG.Fv/

MQ.Fv/

�
�1;v˝j � j

�1

Fv
; �2;v˝j � j

�2

Fv
; : : : ; �r;v˝j � j

�r

Fv

�
:

Then � D
N0
v �v and �� D

N0
v ��;v. Recall that f .x; s/D

Q
v fv.xv; s/, where

fv.xv; s/D �v.det xv/ jdet xvj
s
Fv

Z
Z.Fv/

ˆv Œ.0; : : : ; tv/xv ��
n
v .tv/jtvj

ns
Fv

d�tv;

if ˆD
N0
v ˆv. We can rewrite ‰.s;W1;W2I�;ˆ/ asZ

N.AF /nG.AF /
W1.xI�/W2.xI �N�/ˆ.�x/�.det x/ jdet xjsAF

dx; (7-4)

where �D .0; : : : ; 0; 1/ 2 Fn. Factor Wj .xI�/ as
Q

v2†F

Wj ;v.xvI�/, where

Wj ;v.xvI�/D
Z

N.Fv/
�j ;v.w0nxv/e

.�C�Q/ logQ.w0nxv/�.n/ dn; 1� j � 2;

with �j ;v being a local vector in the space of �j ;v.
We may assume ˆD

N0
v ˆv. Then

‰.s;W1;v;W2;vI�;ˆ/D
Q

v2†F

‰v.s;W1;v;W2;vI�;ˆv/;

where each local factor ‰v.s;W1;v;W2;vI�;ˆv/ is defined to beZ
N.Fv/nG.Fv/

W1;v.xvI�/W2;v.xvI �N�/ˆv.�xv/�.det xv/ jdet xvj
s
Fv

dxv: (7-5)

Here Wj ;v.xvI�/D
Z

N.Fv/
�j ;v.w0nx/e.�C�Q/HQ;v.w0nx/�.n/ dn, 1� j � 2.

7B. Local theory for ‰v.s;W1;v;W2 ;vI�;ˆv/. In this section, we shall study each local integral
representation ‰v.s;W1;v;W2;vI�;ˆv/ defined via (7-5).

Let v 2†F be a fixed nonarchimedean place, and let z��;v be the contragredient of ��;v . Let $v be a
uniformizer of OF;v, the ring of integers of Fv. Let qv D NFv=Qp

.$v/, where p is the rational prime
such that v is above p. Set

Rv.s;W1;v;W2;vI�/ WD
‰v.s;W1;v;W2;vI�;ˆv/

Lv.s; ��;v˝ �v � z���;v/
; Re.s/ > 1: (7-6)

Proposition 7.1 (nonarchimedean case). Let notation be as before. For s 2 C with Re.s/ > 1, we have:

(a) Rv.s;W1;v;W2;vI�/ is a polynomial in fqs
v; q
�s
v ; q

�i
v ; q

��i
v W 1� i � rg.
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(b) The local functional equation

‰v.1� s; zW1;v; zW2;vI �
N�; ŷ v/

Lv.1� s; z�
�N�;v
˝ N�v ���;v/

D "v.s; ��;v � z���;v; �v/ �
‰v.s;W1;v;W2;vI�;ˆv/

Lv.s; ��;v˝ �v � z���;v/

holds, where "v.s; ��;v � z���;v; �v/ is a polynomial in fqs
v; q
�s
v ; q

�i
v ; q

��i
v W 1� i � rg.

Proof. We prove part (a); part (b) will follow form [17].
Let T .Fv/ be the maximal split torus of G.Fv/. For m2Z, let T .m/.Fv/Dft2T .Fv/Wjdet t jFvDq�m

v g.
Using Iwasawa decomposition and the fact that Wi;v and ˆv are right G.OF;v/-finite, we can rewrite
‰v.s;W1;v;W2;vI�;ˆv/ asX

j2J

Z
T .Fv/

W
.j/

1;v
.avI�/W

.j/
2;v
.avI �N�/ ĵ ;v.�av/�v.det av/ı

�1.av/ jdet avj
s
Fv

dav;

where the sum is over a finite set J , W
.j/

i;v .avI�/ is the Whittaker function associated to some smooth
functions in HQ;�, 1� i � 2, and ĵ ;v is some Schwartz–Bruhat function.

For 1 � i � 2 and j 2 J , W
.j/

i;v .xvI�/ is right G.OF;v/-finite. So there exists a compact subgroup
N0;v�G.OF;v/\N.Fv/, depending only on ', such that W

.j/
i;v .tvuvI�/DW

.j/
i;v .tvI�/, for all tv 2T .Fv/

and uv 2 N0;v. On the other hand, W
.j/

i;v .tvuvI�/D �tv .uv/W
.j/

i;v .tvI�/, where �tv .nv/D �.tvnvt
�1
v /,

for any nv 2 N.Fv/. But then, there exists a constant Cv depending only on N0;v and � (hence not
on �) such that �tv .uv/ D 1 if and only if j˛i.tv/j � Cv, where ˛i’s are the simple roots of G.F /.
Thus each W

.j/
i;v .xvI�/ is compactly supported for a fixed � 2 iaQ= iaG . Therefore, for a fixed �,

‰v.s;W1;v;W2;vI�;ˆv/ is a formal Laurent series in q�s
v . Indeed, one can chose some nonnegative

integer M independent of � (but depending on � and '), such that

‰v.s;W1;v;W2;vI�;ˆv/D
X

m��M

‰.m/v .W1;v;W2;vI�;ˆv/ � q
�ms
v ;

where ‰.m/v .s;W1;v;W2;vI�;ˆv/ is defined by the integralX
j2J

Z
T .m/.Fv/

W
.j/

1;v
.avI�/W

.j/
2;v
.avI �N�/ ĵ ;v.�av/�v.det av/ı

�1.av/ dav:

Applying the above analysis on supp Wi;v.avI�/, we see similarly that

supp W
.j/

i;v .avI�/�
˚
t 2 T .m/.Fv/ W j˛l.t/jFv � C .j/

v ; 1� l � n�1
	

for some constants C
.j/
v . Hence, for each j 2 J , m� �N and av 2 T .m/.Fv/, the function

av 7!W
.j/

1;v
.avI�/W

.j/
2;v
.avI �N�/

is analytic and is a formal Laurent series in fq��i
v W 1� i � rg by (2.5.2) of [17], and the function

av 7!W
.j/

1;v
.avI�/W

.j/
2;v
.avI �N�/ ĵ ;v.�av/�.det av/ı

�1.av/
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is locally constant. Therefore, ‰.m/v .W1;v;W2;vI�;ˆv/ is an analytic function of � and is a formal
Laurent series in fq��i

v W 1� i � rg.
Since ��;v is of Whittaker type, we can use Theorem 2.7 of [17] to see that, for fixed � 2 iaQ= iaG ,

‰v.s;W1;v;W2;vI�;ˆv/ � Lv.s; ��;v ˝ �v � z���;v/
�1 is a polynomial in fqs

v; q
�s
v g with coefficients

functions of �. Moreover, Lv.s; ��;v˝ �v � z���;v/
�1 is a polynomial in fqs

v; q
�s
v ; q

�i
v ; q

��i
v W 1� i � rg.

So we can write

Lv.s; ��;v˝ �v � z��;v/
�1
D

X
jlj�N

Ql.�/q
�ls
v ;

where N is a positive integer and Ql.�/ are polynomials in fq�i
v ; q

��i
v W 1 � i � rg. Then for � 2

iaQ= iaG , ‰v.s;W1;v;W2;vI�;ˆv/ �L.s; ��;v˝ �v � z���;v/
�1 is equal to the sum over m��N �M

of Rm.s;W1;v;W2;vI�;ˆv/q
�ms
v , where

Rm.s;W1;v;W2;vI�;ˆv/D
X

iCjDm
jij�N;j��M

Qi.�/‰
.m/
v .W1;v;W2;vI�;ˆv/:

Since the sum on the right is finite, Rl.s;W1;v;W2;vI�;ˆv/ is analytic in �. Moreover, it is a formal
Laurent series in fq�i

v ; q
��i
v W 1� i � rg. Therefore, Proposition 7.1(a) follows from the next claim:

Claim 7.2. There exists some M0 2 Z, independent of � 2 iaQ= iaG , such that Rm.s;W1;v;W2;vI�;ˆv/

vanishes for all m � M0 and for all � 2 iaQ= iaG . For each m 2 Z, Rm.s;W1;v;W2;vI�;ˆv/ is a
polynomial in fq˙s

v ; q
˙�i
v W 1� i � rg.

Proof of Claim 7.2. Let l 2 Z. We define

ƒl WD
˚
� 2 iaQ= iaG WRm.s;W1;v;W2;vI�;ˆv/D 0 for all m� l

	
:

Each ƒl is closed as the function Rm.s;W1;v;W2;vI�;ˆv/ is analytic (hence continuous) in �. Since

Rv.s; �/D
X
m

Rm.s;W1;v;W2;vI�;ˆv/q
�ms
v 2 C Œqs

v; q
�s
v �

for fixed � 2 iaQ= iaG , there exists some M.�/ such that Rm.s;W1;v;W2;vI�;ˆv/ D 0 as long as
m�M.�/. Therefore, iaQ= iaG is covered by the union of all ƒl .

Noting that iaQ= iaG 'Rr�1 is a Banach space, by Baire category theorem there exists some ƒl0

having nonempty interior, Int.ƒl0
/, say. Thus, for any � 2 Int.ƒl0

/, Rm.s;W1;v;W2;vI�;ˆv/D 0 for
any m � l0. Since Rm.s;W1;v;W2;vI�;ˆv/ is analytic for any l 2 Z, Rm.s;W1;v;W2;vI�;ˆv/ D 0

for all � 2 iaQ= iaG , proving the first part. For the remaining part, we consider the functional equation
(see [17]):

‰v.1� s; zW1;v; zW2;vI �
N�; ŷ v/

Lv.1� s; z�
�N�;v
˝ N�v ���;v/

D "v.s; ��;v � z���;v; �v/ �
‰v.s;W1;v;W2;vI�;ˆv/

Lv.s; ��;v˝ �v � z���;v/
;

where "v.s; ��;v � z���;v; �v/ is a polynomial in fqs
v; q
�s
v ; q

�i
v ; q

��i
v W 1� i � rg.
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We can interpret the functional as an identity between formal Laurent series in fq�i
v ; q

��i
v W 1� i � rg.

The left side is of the form
P

m1��M1
q

m1�i
v , while the right side is of the form

P
m2��M2

q
�m2�i
v .

Since they are equal, they must both be polynomials in fqs
v; q
�s
v ; q

�i
v ; q

��i
v W 1 � i � rg. This proves

Claim 7.2, and with it Proposition 7.1. �

One will see that Proposition 7.1 is insufficient for our continuation in next few sections. Hence we
need to compute

Rv.s;W1;v;W2;vI�/ WD
‰v.s;W1;v;W2;vI�;ˆv/

Lv.s; ��;v˝ �v � z���;v/
; Re.s/ > 1; (7-6)

more explicitly. We will do principal series case below since this is the only case we need for the
meromorphic continuation of Rankin–Selberg convolutions– it suffices to consider the partial Euler factors
which corresponds to the principal series at all but finitely many places.

Lemma 7.3. Let v be a nonarchimedean place of F . Let �v be induced from B.Fv/ by characters
�v;1; �v;2; : : : ; �v;n. Assume that �v is right Kv-finite. Let ˛ 2 T .Fv/ and let Wv.˛; �/ be a Whittaker
function associated to �v;� and ˛. Then Wv.˛; �/ is of the form Bv.˛; �/Lv.�/, where Bv.˛; �/ is a
holomorphic function of �, and

Lv.�/D
Q

1�i<r

Q
i<j�r

Lv.1C�i ��j ; �v;i�v;j /
�1:

Proof. Starting with n D 2, we may assume that �1;2 D �v;1�
�1
v;2

is unramified. Otherwise, the local
L-function L.s; �1�2/ is trivial, and Lemma 7.3 follows from Part (a) of Proposition 7.1. In view of�

1 u
1

�
D

�
1

u�1 1

��
u

u�1

��
u�1 1
1 0

�
and the Kv-finiteness condition, one has

Wv.˛; �/D
P

j2J

1P
lD1

cj

Z
$�l
v O�v

�12.a.u//ja.u/j
1C�1��2
v �.˛u/ duCW ıv .˛; �/;

W ıv .˛; �/D
P

j2J

cj

Z
Ov
�12.a.u//ja.u/j

1C�1��2
v �.˛u/ duD

P
j2J

cj

Z
Ov
�.˛u/ du;

where j runs over a finite set J and the cj ’s are constants; both J and the cj ’s depend only on the
Kv-type of �v . For u 2F�v , write uD uı$ l

v , where uı 2O�v DO�v , and l 2 Z. Write ˛D ˛ı$k
v , where

˛ı 2O�v . Recall that by definition the one sees that the conductor of �v is precisely the inverse different
of Fv , which is D�1

Fv
D fxv 2Fv W trFv=Qp

.xv/ 2 Zpg, where p is the characteristic of residue field of Ov .
Since D�1

Fv
is a Zp-module of Fv, it has the representation D�1

Fv
D$�d

v Ov, where d 2 N�0. Hence

I D
Z
Ov
�.˛u/ duD

Z
Ov
�.˛ıu'k

v / duD
Z
Ov
�.u$k

v / du

is vanishing if k � �d � 1. Clearly I D 1 if k � �d . Note thatZ
$�l
v O�v

�12.a.u//ja.u/j
1C�1��2
v �.˛u/ duD �12.$v/

l
j$vj

.1C�1��2/l
v

Z
$�l
v O�v

�.˛u/ du
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is vanishing if l � kC d C 2. Let qv D j$vj
�1
v . Then one sees that

Wv.˛; �/D C CC
kCdP
lD1

.1� q�1
v /�12.$v/

lq�.�1��2/l
v CC �Wre; (7-7)

where C is a constant depending only on F and Kv-type of �v and

Wre D �12.$v/
kCdC1q�.kCdC1/.1C�1��2/

v

Z
$�k�d�1
v O�v

�.u$k
v / du: (7-8)

Since � is nontrivial on $�d�1
v Ov, then

Z
$�k�d�1
v Ov

�.u$k
v / du D 0. Note that $�k�d�1

v O�v D

$�k�d�1
v Ov n$�k�d

v Ov. ThenZ
$�k�d�1
v O�v

�.u$k
v / duD

Z
$�k�d�1
v Ov

�.u$k
v / du�

Z
$�k�d
v Ov

�.u$k
v / duD�qkCd

v :

Then it follows form (7-7) and (7-8) that Wv.˛; �/ is equal to C multiplying

LD 1C
kCdP
lD1

.1� q�1
v /�12.$v/

lq�.�1��2/l
v ��12.$v/

kCdC1q�.kCdC1/.�1��2/�1
v :

An elementary computation leads to the identity

LD .1��12.$v/q
�.1C�1��2/
v / �P .�12.$v/q

�.�1��2/
v /; (7-9)

where P .z/D .1� zkCdC1/ � .1� z/�1 D 1C zC � � �C zkCd 2 C Œz�.
Therefore, one has Wv.˛; �/D CQ.�12.$v/q

�.�1��2/
v / �Lv.1C�1��2; �12/, where Q.z/D P .z/

if k � �d and Q.z/ � 0 otherwise. Taking Bv.˛; �/ to be the function CQ.�12.$v/q
�.�1��2/
v /, we

then obtain Lemma 7.3 in nD 2 case. The general case follows from the recursion property of Whittaker
functions [37, §2.3] and induction, since the integral with respect to �l;j is exactly the same as above,
1� l < j � n. �

Proposition 7.4. Let v be a nonarchimedean place of F . Let �v be induced from B.Fv/ by characters
�1;v; �2;v; : : : ; �n;v. Assume that �v is right Kv-finite. Then the function Rv.s;W1;v;W2;vI�/ is of the
form Qv.s; �/Lv.�/, where the function Qv.s; �/ lies in C Œq˙s

v ; q
˙�i
v W 1� i � n� and

Lv.�/ WD
Q

1�i<r

Q
i<j�r

Lv.1C�i ��j ; �i;v�j ;v/
�1
�Lv.1��i C�j ; �i;v�j ;v/

�1:

Proof. By Lemma 7.3 the function

Wv.xvI�1;v; �/
Q

1�i<r

Q
i<j�r

Lv.1C�i ��j ; �i;v�j ;v/

is in C Œq
˙�j
v W 1� j � n�. Applying the expansions in [17] and changing orders of summations we see that

Rv.s;W1;v;W2;vI�/
Q

1�i<r

Q
i<j�r

Lv.1C�i ��j ; �i;v�j ;v/Lv.1��i C�j ; �i;v�j ;v/

lies in C Œq˙s
v ; q

˙�i
v W 1� i � n�. �
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In conjunction with the Langlands–Shahidi method, we have:

Corollary 7.5. Let v2†F;fin be a finite place such that �v is unramified andˆvDˆıv is the characteristic
function of G.OF;v/. Assume that �1;v D �2;v D �

ı
v is the unique G.OF;v/-fixed vector in the space of

�v such that �0
v .In/D 1. Then Rv.s;W1;v;W2;vI�/ is equal toQ

1�i<r

Q
i<j�r

Lv.1C�i ��j ; �i;v � z�j ;v/
�1
�Lv.1��i C�j ; z�i;v ��j ;v/

�1: (7-10)

In particular, Rv.s; �/ is independent of s.

Proof. Fix � 2 iaQ= iaG . Let W ıj ;v be the G.OF;v/-invariant vectors such that W ıj ;v.In/D 1, 1� j � 2.
Then by the computation from [17], we know that ‰v.s;W ı1;v;W

ı
2;v
I�;ˆıv/=Lv.s; ��;v˝ �v � z���;v/

is equal to (7-10), where ˆıv is the characteristic function of On
F;v

. Then Corollary 7.5 follows from
induction and unramified computations of nonconstant Fourier coefficients of Eisenstein series (see [31],
Chapter 7). �

Corollary 7.5 will be used in Section 9 to investigate the meromorphic continuation of IWhi.s; �/ for
general � , e.g., Theorem G.

Now we move to the archimedean case. In the current state of affairs the local L-functions

L1.s; �� � � � z���/D
Q
v j1

Lv.s; ��;v � �v � z���;v/

are not defined intrinsically through the integrals as in the nonarchimedean case, but rather extrinsically
through the Langlands correspondence and then related to the integrals. Let �R.s/D �

�s=2�.s=2/ and
�C.s/D 21�s��s�.s/. Then by Langlands classification, each archimedean L-function Lv.s; ��;v �

�v ����;v/ is of the form Q
i2I

�R.sC�i/
Q

j2J

�C.sC�
0
j /; (7-11)

where I and J are finite set of integers, and �i ; �
0
j 2 C.

Combining results from [15] and well known estimates on archimedean Satake parameters (see [23],
for example) one concludes the following result.

Proposition 7.6 (archimedean case). Let notation be as before. Let v 2†F;1 be an archimedean place.

(a) ‰v.s;W1;v;W2;vI�;ˆv/ converges absolutely and normally in the right half plane fs 2 C W Re.s/ >
1� 2=.n2C 1/g, uniformly in � 2 iaQ= iaG . Moreover, it is bounded at infinity in any strip of finite
width.

(b) The function Rv.s;W1;v;W2;vI�/ is holomorphic in s and �. Hence, ‰v.s;W1;v;W2;vI�;ˆv/D

Rv.s;W1;v;W2;vI�/Lv.s; ��;v ˝ �v � z���;v/ admits a meromorphic continuation to the whole
complex plane.



916 Liyang Yang

(c) We have the local functional equation

‰v.1� s; zW1;v; zW2;vI �
N�; ŷ v/

Lv.1� s; z�
�N�;v
˝ N�v ���;v/

D "v.s; ��;v � z���;v; �v/ �
‰v.s;W1;v;W2;vI�;ˆv/

Lv.s; ��;v˝ �v � z���;v/
;

where "v.s; ��;v � z���;v; �v/ is a holomorphic function.

Remark 7.7. It follows from Lemma 5.4 in [15] that if both �1;v and �2;v are tempered, then the
Rankin–Selberg convolution ‰v.s;W1;v;W2;vI�;ˆv/ converges absolutely and normally in the right
half-plane fs 2 C W Re.s/ > 0g, uniformly in � 2 iaQ= iaG .

7C. Global theory for ‰.s;W1;W2I�/. In this section, we shall compute the global integral represen-
tation ‰.s;W1;W2I�;ˆ/ defined via (7-4).

Let z��;v be the contragredient of ��;v. Let $v be a uniformizer of OF;v, the ring of integers of Fv.
Let qv DNFv=Qp

.$v/, where p is the rational prime such that v is above p. Define

R.s;W1;W2I�/ WD
Y
v2†F

‰v.s;W1;v;W2;vI�;ˆv/

Lv.s; ��;v˝ �v � z���;v/
; Re.s/ > 1: (7-12)

Then R.s;W1;W2I�/ is holomorphic for any � 2 ia�
Q
= ia�

G
. Putting together the local computations in

the last section, we get:

Proposition 7.8 (global case). Let notation be as before. Let s 2 C be such that Re.s/ > 1.Then

(a) The integral ‰.s;W1;W2I�;ˆ/ converges absolutely in Re.s/ > 1, and it is bounded at infinity in
any strip of finite width.

(b) We have the global functional equation for Re.s/ > 1:

‰.1� s; zW1; zW2I ��; �
�1; ŷ /D‰.s;W1;W2I�; �;ˆ/:

(c) For any fixed � 2 ia�
Q
= ia�

G
, R.s;W1;W2I�/ can be continued to an entire function.

7D. A refinement of Theorem E. Let notation be as before. For � 2 ia�
Q
= ia�

G
and �2 2BQ;�, define

R'.s; �IQ; �/D
X

�1;�22BQ;�

hIQ.�; '/�1; �2i �‰.s;W1;W2I�/

ƒ.s; ��˝ � � z���/
; Re.s/ > 1; (7-13)

where

ƒ.s; ��˝ � � z���/ WD
Q

v2†F

Lv.s; ��;v˝ �v � z���;v/

is the complete L-function. According to Propositions 7.1 and 7.6 the function

‰.s;W1;W2I�/ƒ.s; ��˝ � � z���/
�1

is entire.
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Theorem F. Let notation be as before. Let 0< Re.s/ < 1 or Re.s/ > 1. Then

IWhi.s; �/D
P
�

P
Q2Q

1

c
Q

Z
ia�

Q
=ia�

G

R'.s; �IQ; �/ƒ.s; ��˝ � � z���/ d� (7-14)

converges absolutely and uniformly on every compact subsets. In particular, Theorem E holds with c' D 1.

Proof. Fix a proper parabolic subgroup Q 2Q of type .n1; n2; : : : ; nr /. Let XQ be the subset of cuspidal
data �D f.M; �/g such that M DMQ. Set

JQ.s/D
X
�2XQ

Z
ia�

Q
=ia�

G

R'.s; �IQ; �/ƒ.s; ��˝ � � z���/ d�:

Let MQDdiag.M1;M2; : : : ;Mr /, where Mi 2GL.ni/, 1� i � r . We may write �D .�1; �2; : : : ; �r /,
where �i 2A0.Mi.F /nMi.AF //. By the K-finiteness of ', each �i has a fixed finite type, so its arithmetic
conductor is bounded uniformly (depending only on '). Write ' as a finite sum of convolutions '˛ �'ˇ .
So

R'.s; �IQ; �/D
P̨ P̌ P

�2BQ;�

‰.s;W˛;WˇI�/

ƒ.s; ��˝ � � z���/
;

where W˛.xI�/DW .x; IP .�; '˛/�I�/ and Wˇ.xI�/DW .x; IP .�; 'ˇ/�I�/. For v 2†F , we define

R˛;ˇ
';v.s; �I�/ WD

‰v.s;W˛;v;Wˇ;vI�;ˆv;jv /

Lv.s; ��;v˝ �v � z���;v/
; Re.s/ > 1=2;

as the local component. By the calculations at the unramified places in Section 7, we have R
˛;ˇ
';v.s; �I�/D1

for almost all v, and R
˛;ˇ
';v.s; �I�/ is holomorphic at the finitely many remaining places. As a consequence,

‰.s;W˛;WˇI�/

ƒ.s; ��˝ � � z���/
D

Q
v2†F

R˛;ˇ
';v.s; �I�/

is a finite product of holomorphic functions. Here we have identified R
˛;ˇ
';v.s; �I�/ with its holomorphic

continuation.
Write ia�

Q
= ia�

G
3 �D .�1; : : : ; �n/ with �1C� � �C�nD 0. Let sD�C i
 with 0<�< 1 and 
 2R.

Set s0 D �0C i
 , where �0 D 100CjˇjC c' . Here c' is the constant defined in Theorem E. Let

V .s; �/D sn.s� 1/n
Q
i;j

.s��i C�j /
n.s� 1��i C�j /

n:

Then V .s; �/ƒ.s; ��˝ � � z���/ is entire. As a consequence,

J˛;ˇ.s/ WD V .s; �/ƒ.s; ��˝ � � z���/
P

�2BQ;�

Q
v2†F

R˛;ˇ
';v.s; �I�/

is entire. By Proposition 7.8 we have lim
!1 J˛;ˇ.s/D 0. So one can apply the maximum principle
to get jJ˛;ˇ.s/j � max

˚
jJ˛;ˇ.1� s0/j; jJ˛;ˇ.s

0/j
	
. By the functional equation and the estimate on the
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"-factor, whose size is a power of the norm of the arithmetic conductor, we obtain

jJ˛;ˇ.1� s0/j � jJ˛;ˇ.s
0/j �M s0 Q

p j1

ˇ̌̌̌
Lv.1� s0; ��;v˝ �v � z���; v/

Lv.s0; ��;v˝ �v � z���; v/

ˇ̌̌̌
;

where M is an integer determined by the K-type of ' (i.e., the finite places v such that 'v is not G.Ov/-
invariant) and the implied constant is absolute. Note that �j 2 iR and Re.s/¤ 0; 1. So V .s; �/�s 1,
with the implied constant depending on s. By Stirling’s formula concerning gamma functions we obtain

jV .s0; �/j

jV .s; �/j
�M s0 Q

p j1

ˇ̌̌̌
Lv.1� s0; ��;v˝ �v � z���; v/

Lv.s0; ��;v˝ �v � z���; v/

ˇ̌̌̌
�s;' 1

where the implied constant depends on s and '. Then

jR'.s; �IQ; �/ƒ.s; ��˝ � � z���/j �
P̨ P̌ ˇ̌̌̌ P

�2BQ;�

‰.s0;W˛;WˇI�/

ˇ̌̌̌
;

where the implied constant depends only on '. So the absolute convergence of JQ.s/ follows from
Theorem E. The above argument also works for 1< �� c' . So Theorem F follows. �

Corollary 7.10. Let notation be as before. Assume � is such that �k ¤ 1 for all 1� k � n. Then

IWhi.s; �/D
X
�

X
Q2Q

1

c
Q

Z
ia�

Q
=ia�

G

R'.s; �IQ; �/ƒ.s; ��˝ � � z���/ d�

admits a holomorphic continuation to the whole s-plane. The function IWhi.s; �/=ƒ.s; �/ is also entire.

Proof. Since �k ¤ 1 for all 1� k � n, we have ��˝ � 6' �� for all �. Then ƒ.s; ��˝ � � z���/ is entire.
Hence the arguments in the proof of Theorem F (with V .s; �/� 1) work here for all Re.s/ > 0. Then the
first part of Corollary 7.10 follows from the functional equation Proposition 7.8.

Note that ƒ.s; ��˝ � � z���/ is a product of ƒ.s; �/n and some other Rankin–Selberg L-functions on
GL.n1/�GL.n2/, n1; n2 < n. Hence, IWhi.s; �/=ƒ.s; �/ is entire if �k ¤ 1 for all 1� k � n. �

We say � is exceptional if �k D 1 for some 1 � k � n. For nonexceptional � , Corollary 7.10 gives
a holomorphic continuation of IWhi.s; �/ to Re.s/ > 0. However, if � is exceptional, the holomorphic
functions defined by (7-14) in 0< Re.s/ < 1 and Re.s/ > 1 are not compatible, i.e., they do not give a
natural continuation of IWhi.s; �/. For example, when � is trivial, (7-14) diverges for all s with Re.s/D 1.
A meromorphic continuation of IWhi.s; �/ in these (finitely many) exceptional cases will be given in
Section 9.

8. The Dedekind conjecture: proof of main results

8A. Proof of Theorem A. From Theorems C, D, E and F, we conclude the first part of Theorem A,
obtaining (1-5), namely, for Re.s/ > 1,

I
'
0
.s; �/D I

'
Geo;Reg.s; �/C I

'
P;Reg.s; �/C I

'
Sing.s; �/C IWhi.s; �/:
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Moreover, I
'
0
.s; �/, I

'
Geo;Reg.s; �/, and I

'
P;Reg.s; �/ admit meromorphic continuation to the whole s-plane.

Consequently, I
'
Sing.s; �/ can be continued to a meromorphic function on C.

Assume � is such that �k ¤ 1, 1� k � n. By Corollary 7.10 the function IWhi.s; �/ has a meromorphic
continuation to Re.s/ > 0. By the functional equation of Eisenstein series, we conclude that IWhi.s; �/

has a meromorphic continuation to the whole s-plane. Then Theorem A follows.

8B. Proof of Theorem B. In this section, our objective is to construct a suitable test function ' in
Theorem A to prove Theorem B, i.e., holomorphy of adjoint L-functions for GL.n/ implies the Dedekind
conjecture for degree n.

8B1. Auxiliary results. We establish several important auxiliary results: Lemmas 8.1–8.5, which address
key points essential to our analysis:

� distribution of the fractional part f˛ log pg of ˛ log p as primes p traverse arithmetic progressions;

� description of conjugacy classes supported in compact sets;

� construction of the local test function as the matrix coefficient of a suitable supercuspidal representa-
tion;

� nonvanishing of the local integrals of IGeo;Reg.s; �/.

These results play a crucial role in our subsequent analysis of the nonvanishing of the geometric side
(see Section 8B2).

Lemma 8.1. Let ˛ 2 R>0. Let n;m 2 Z�1. There are infinitely many rational primes p such that
p � 1 .mod m/ and f˛ log pg � n�1p�1=6, where f � g is the fractional part function.

Proof. If ˛ D 0, then Lemma 8.1 boils down to Dirichlet’s theorem.
Suppose ˛ ¤ 0 henceforth. Let k > 100nC 100˛ jlog 2˛jC 10m˛. By [28, §VIII.14a, p. 290] there

exists a prime p 2 .ek=˛; ek=˛ C e4k=.5˛// such that p � 1 .mod m/. Write p˛ D ek C ˇ, where
0� ˇ � .ek=˛C e4k=.5˛//˛ � ek . Then

˛ log p� k D log.1Cˇe�k/� .1C e�k=.5˛//˛ � 1� 2˛e�k=.5˛/
� n�1p�1=6:

Hence, Lemma 8.1 follows. �

For v 2 †F;fin, denote by ev. � / the standard evaluation on Fv normalized as ev.$v/ D 1. For
xv D .xi;j / 2G.Fv/, we set

emin.xv/D min
1�i;j�n

ev.xi;j /:

Let � be a compact set in G.Fv/. Set

��1
WD fx�1

W x 2�g;

emin.�/ WD min
xv2�[��1

emin.xv/ � 0:
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Lemma 8.2. Let notation be as before. Let v 2†F;fin. Let � be a compact set in G.Fv/. Let


0 D

0BB@
0 � � � �c0

1 0 � � � �c1

: : :
: : :

:::
1 �cn�1

1CCA 2G.F / ,!G.Fv/: (8-1)

Let xv D tuk 2G.Fv/, where t D diag.t1; : : : ; tn/2T .Fv/, k 2G.Ov/, and uD .ui;j /2N.Fv/ satisfies
that, for 1 � i < j � n, either ev.ui;j / < 0 or ui;j D 0. Suppose that det xv 2 O�v and x�1

v 

0
xv 2 �.

There exists a polynomial p.n/ > 0 of n, with coefficients determined by ev.ci/, 0� i � n�1, such that�
p.n/emin.�/� ev.ti/� �p.n/emin.�/ if 1� i � n;

p.n/emin.�/� ev.ui;j /� �1 if ui;j ¤ 0 and 1� i < j � n:
(8-2)

Proof. Write u�1D .u0i;j /. Then ev.u
0
i;j / < 0 if u0i;j ¤ 0, 1� i < j � n. By a straightforward calculation

we have

kx�1
v 
0xvk

�1
D

0BB@
u0

1;2
u1;2u0

1;2
Ct�1

1
t2u0

1;2
� � � �

t1t�1
2

t1t�1
2

u1;2Cu0
2;2

� � � �

: : :
: : :

:::

tn�1t�1
n �

1CCA 2 k�k�1: (8-3)

Upon analyzing the corresponding elements in (8-3) individually, we obtain�
ev.ti/� ev.tiC1/� emin.�/ if 1� i � n�1;

ev.ui;j /� p1.n/emin.�/ if 1� i; j � n;
(8-4)

where p1.n/ > 0 is an explicit polynomial of n, whose coefficients depends only on ev.ci/, 0� i � n�1.
Note that


�1
0 D

0BB@
�c�1

0 c1 �c�1
0 c2 � � � �c�1

0

1 0 0
: : :

: : :
:::

1 0

1CCA 2G.F /:

Taking the transpose inverse of (8-3) we then obtain M1M2 2 k��1k�1, where

M1 WD

0BB@
t1

t1u1;2 t2
:::

: : :
: : :

t1u1;n�1 � � � tn�1un�1;n tn

1CCA ;
and the matrix M2 is defined by

M2 WD

0BB@
�c�1

0 c1 �c�1
0 c2 � � � �c�1

0

1 0 0
: : :

: : :
:::

1 0

1CCA
0BB@

t�1
1

t�1
2 u01;2 t�1

2
:::

: : :
: : :

t�1
n u01;n�1 � � � t�1

n u0n�1;n t�1
n

1CCA :
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For 2� i � n, denote by mi the .i; i�1/-th entry of M1M2 2 k��1k�1. Then

mi D t1u1;i�1.�c�1
0 ci�1t�1

i�1C � � � � c�1
0 t�1

n u0i�2;i�1/C � � �C ti t
�1
i�1:

Here we extend the notation by setting u0
i�2;i

D 1 if i D 2.
In the expansion of mi � ti t

�1
i�1

, if a term contains t�1
l

tj , then l � j . Consequently, according to (8-4),
there exists a polynomial p2.n/, whose coefficients depend solely on ev.ci/ with 0� i � n�1, such that

ev.mi � ti t
�1
i�1/� p2.n/emin.�/:

Note that ev.mi/� emin.�/ and emin.�/� 0. So

ev.ti t
�1
i�1/�minfev.mi/;p2.n/emin.�/g � .p2.n/C 1/emin.�/: (8-5)

In addition, it follows from det xv 2O�v that ev.t1/C � � �C ev.tn/D 0. Hence, combining (8-4) and
(8-5) we obtain (8-2). �

Remark 8.3. By performing some elementary calculations (albeit tedious), it is possible to explicitly
determine the polynomial p.n/. However, for our specific purpose, it suffices to note that p.n/ depends
solely on the value of n and the characteristic polynomial of 


0
.

Lemma 8.4. Let j be a fixed odd integer coprime to n. Let 

0
2G.F /. Let v 2†F;fin be a finite place such

that qv D #.Ov=pv/ is sufficiently large, where pv is the maximal ideal. Let J 1 WD .1C pv/.1CB
jC1

2 /,
where B D fb D .bi;j / 2 G.Ov/ W bi;j 2 $vOv; 1 � j � i � ng. Then there exists a supercuspidal
representation � of G.Fv/ with the following properties:

� � has depth j and trivial central character.

� There exists a matrix coefficient m� of � such that

m� .x
�1
v 
0;vxv/D c.
0;v; �/1�.x

�1
v 
0;vxv/; (8-6)

where 

0;v

is the embedding of 

0

into G.Fv/, and

– c.

0;v
; �/ is a nonzero number depending only on Fv, 


0;v
and � ;

– � is a compact set with �emin.�/� 1. Here the implied constant depends only on j and n.

Proof. A construction for such a � has been presented in [7, §1]. In this context, we follow the
reinterpretation outlined in [12, §3] to emphasize the specific properties mentioned in equation (8-6).

Following the notations in [12, §3]. Let ˇ be an n � n matrix with mini2Zfˇ 2 Big D �j such
that L D Fv Œˇ� is a totally ramified field extension of degree n with the property that L� normalizes
AD fb D .bi;j / 2G.Ov/ W bi;j 2$vOv , 1� j < i � ng. We may take ˇ to be “minimal” in the sense of
[7, (1.4.14)]. Let � be the supercuspidal representation associated with ˇ constructed in loc. cit. (or [12,
§3]). Then � has depth j and trivial central character.

Since qv is sufficiently large, we can define the unique simple character � on J 1 as �.x/ D  ı

Tr.ˇ.x� 1//, where  is a fixed unramified additive character of Fv . See [7, §3] or [12, Definition 3.6].
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Then there is a unique vector � 2 � such that g�1J 1g acts on �.g/� by �g for all g 2 G.Fv/, where
�g.x/ WD �.g�1xg/. We define a matrix coefficient by

m� .x/ WD h�.x/�.ˇ
�1/�; �i1x2J 1ˇ;

which is a slight variant of the matrix coefficient defined in [12, (3.23)]. Then by loc. cit. we have

m� .x/D  ıTr.ˇ.xˇ�1
� 1//h�; �i D  ıTr.x�ˇ/h�; �i:

Taking x D x�1
v 


0;v
xv, we obtain

m� .x
�1
v 
0;vxv/D  ıTr.ˇ.x�1

v 
0;vxvˇ
�1
� 1//h�; �i D  ıTr.
0;v �ˇ/h�; �i:

Then Lemma 8.4 follows with c.

0;v
; �/D  ıTr.


0;v
�ˇ/¤ 0 and �D J 1ˇ. �

Lemma 8.5. Let s0 D �0C i t0 with �0 � 1=2 and t0 � 0. Let 

0
2G.F / be regular elliptic. Then there

exists a finite place v 2 †F , a real-valued Schwartz function ˆv on Fn
v , and a compactly supported

smooth function 'v on PGLn.Fv/ such that Iv.s0; 'v; ˆv; 
0
/¤ 0, where Iv.s0; 'v; ˆv; 
0

/ is defined byZ
G


0
.Fv/nG.Fv/

'v.x
�1
v 
0;vxv/

Z
G


0
.Fv/

ˆv.�txv/�v.det txv/ jdet txvj
s0
v dt dxv:

Proof. Set ˛ D .2�/�1t0. Let m � 1 be the norm of the arithmetic conductor of � . Fix a sufficiently
large rational p as in Lemma 8.1. Then f˛ log pg � n�1p�1=6. Let v be a place above p. Then
f˛ log qvg � q

�1=.6n/
v , where qv is the cardinality of the residue field of Fv.

We may assume 

0

is given in its companion matrix form (8-1). Since p is sufficiently large, ev.ci/D 0,
0� i � n�1. Here ci’s are coefficients of the characteristic polynomial of 


0
. Let j be a fixed odd integer

with .j ; n/D 1. We will adopt the notation in Lemma 8.4. Take 'v Dm� constructed therein. Then

'v.x
�1
v 
0;vxv/D c.
0;v; �/1�.x

�1
v 
0;vxv/; c.
0;v; �/¤ 0:

Take ˆv D 1On
v

. The integral Iv.s0; 'v; ˆv; 
0
/ becomes

c.
0;v; �/
Z

G

0
.Fv/nG.Fv/

1�.x
�1
v 
0;vxv/

Z
G


0
.Fv/

ˆv.�txv/�.det txv/ jdet txvj
s0
v dt dxv:

For each xv 2G

0
.Fv/nG.Fv/, we may assume det xv 2O�v . For all xv such that x�1

v 

0;v

xv 2� and
det xv 2O�v , by Lemma 8.2, we have uniformly that

1
$

e1
v Ov

.�t/�ˆv.�txv/� 1
$

e2
v Ov

.�t/; (8-7)

where e1 � e2 are two integers depending only on n and j .
Note that p � 1 .mod m/, which yields �v.det txv/D 1. Hence,Z

G

0
.Fv/

ˆv.�txv/�.det txv/ jdet txvj
s0
v dt D

Z
G


0
.Fv/

ˆv.�txv/ jdet txvj
s0
v dt:
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Write jdet txvjv D q�l
v . By (8-7) and Lemma 8.2 we have l � e3, where e3 is a constant determined

only by n and j . Note that

Re.jdet txvj
s0
v /D q��0l

v cos.t0l log qv/D q��0l
v cos.2�lf˛ log qvg/:

Since f˛ log qvg � q
�1=.6n/
v , we have cos.2�lf˛ log qvg/� 1=2 for l � 100�1q

1=.6n/
v . So

Re.jdet txvj
s0
v /� q��0l

v =2; l � 100�1q1=.6n/
v :

Therefore, we obtain Z
G


0
.Fv/

ˆv.�txv/Re.jdet txvj
s0
v / dt � 1CO.E/; (8-8)

where the implied constants depend only on n and j , and the “tail” E is defined by

E WD
X

l>100�1qıv

q�l
v � q

�qıv
v ; ı D

1

6n
:

By taking qv sufficiently large we see that the right-hand side of (8-8) is positive. Hence,

Re.
Z

G

0
.Fv/

ˆv.�txv/�.det txv/ jdet txvj
s0
v dt/� cn;j ;

where cn;j > 0 is a constant determined by n and j . So

Re.
Z

G

0
.Fv/nG.Fv/

1�.x
�1
v 
0;vxv/

Z
G


0
.Fv/

ˆv.�txv/�.det txv/ jdet txvj
s0
v dt dxv/ > 0;

namely, Re.Iv.s0; 'v; ˆv; 
0
/=c.


0;v
; �//¤ 0. Hence, Iv.s0; 'v; ˆv; 
0

/¤ 0. �

8B2. Proof of Theorem B. Fix a field extension E=F of degree n. Let s0 2 C � f1g be such that
Re.s/� 1=2. Let 


0
2G.F / be such that F Œ


0
�� DE. Although such 


0
are not unique, we fix one 


0
.

Consider the continuous map

� WG.F /! Fn; 
 7! .an�1.
 /; : : : ; a1.
 /; a0.
 //;

where the ai.
 / are the coefficients of the characteristic polynomial f
 of 
 , i.e., f
 .t/D det.tIn�
 /D

tnC an�1.
 /t
n�1C � � �C a1.
 /t C a0.
 /. Then � extends to a continuous function G.AF /! An

F
.

As 
 ranges over G.F /, the image �.
 / becomes discrete in An
F

. Consequently, there exists a small
neighborhood U0 centered at the identity In 2G.AF / such that the set fx�1


0
x W x 2G


0
.AF /U0g does

not contain any other rational 
 distinct from 

0
. By appropriately shrinking the neighborhood, we can

ensure that �.det x/D 1 and jdet xj D 1 for x 2 U0. Denote by

T .s;x/D
Z

A�
E

ˆ.�tx/�.det tx/ jdet txjsd�t:

Then, by Tate’s thesis, T .s;x/ is an integral representation for ƒ.s; � ı NE=F /. So T .s;x/ D

Q.s;x/ƒ.s; � ı NE=F /, where Q.s;x/ is a function holomorphic in s and smooth in x, depending
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on ˆ, � , and E. Moreover, by Tate’s thesis, one can choose ˆ such that Q.s;x/� 1 when x D 1. Fix
that choice of ˆD

N
v ˆv . By continuity there exists a small neighborhood U1 of In 2G.AF / such that

Re.Q.s0;x// > 1=2; x 2 U1: (8-9)

Let C WD fx�1

0
x W x 2 U0 \U1g be a compact subset of G.AF /. Write C D

N
v Cv. For v 2†F ,

define Iv.s0; 'v; ˆv; 
0
/ byZ

G

0
.Fv/nG.Fv/

'v.x
�1
v 
0;vxv/

Z
G


0
.Fv/

ˆv.�txv/�v.det txv/ jdet txvj
s0
v dt dxv:

This notation has been used in Lemma 8.5. We will construct 'v and ˆv as follows.
Let v� be the finite place defined in Lemma 8.5. In that lemma, we construct functions 'v� and

ˆv� D 1On
v�

. It follows that
Iv�.s0; 'v� ; ˆv� ; 
0/¤ 0: (8-10)

Note that qv� is sufficiently large, the v�-th component of ˆ coincides with 1On
v�

. Therefore, the notation
ˆv� , which refers to both the function constructed in Lemma 8.5 and the v�-th component of ˆ, is
consistent and compatible.

For v 2†F �fv�g, we take 'v D 1Cv . Let ' D
N
v2†F

'v. By construction, there exists a finite set
S of places, such that Cv DKv and ˆv D 1On

v
for v 62 S . Then the local component Qv.s0;xv/� 1 for

xv 2 Cv, v 62 S . As a consequence, we obtain, for v 62 S , thatY
v 62S

Iv.s0; 'v; ˆv; 
0
/

Lv.s0; �v ıNEv=Fv /
D

Y
v 62S

Z
G


0
.Fv/nG.Fv/

'v.x
�1
v 
0;vxv/ dxv > 0: (8-11)

By (8-9) and (8-10), Iv.s0; 'v; ˆv; 
0
/¤ 0, for v 2 S . Hence,Y

v2S

Iv.s0; 'v; ˆv; 
0
/

Lv.s0; �v ıNEv=Fv /
¤ 0: (8-12)

It the follows from (8-11) and (8-12) thatZ
G


0
.AF /nG.AF /

'.x�1
0x/Q.s0;x/ dx D
Y
v2†F

Iv.s0; 'v; ˆv; 
0
/

Lv.s0; �v ıNEv=Fv /
¤ 0: (8-13)

Substituting this choice of ' into Theorem A we obtain

I
'
0
.s; �/

ƒ.s; �/
D
ƒ.s; � ıNE=F /

nƒ.s; �/

Z
G


0
.AF /nG.AF /

'.x�1
0x/Q.s0;x/ dx: (8-14)

Assume that the twisted adjoint L-function L.s; �;Ad˝�/ is holomorphic outside s 2 f0; 1g for
all � 2 Asimp

0
.G.F /nG.AF /; 1/, which is the subset of cuspidal representations with a supercuspidal

component. By spectral expansion (2-5), the function I
'
0
.s; �/=ƒ.s; �/ is holomorphic at sDs0. Therefore,

it follows from (8-13) and (8-14) that the meromorphic function ƒ.s; � ıNE=F /=ƒ.s; �/ is holomorphic
at s D s0.
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Since s0 is arbitrary with Re.s0/� 1=2, ƒ.s; � ıNE=F /=ƒ.s; �/ is holomorphic in Re.s/� 1=2 and
s ¤ 1. Utilizing the functional equation, we thus conclude that ƒ.s; � ıNE=F /=ƒ.s; �/ is holomorphic
at all s 2 C�f0; 1g. So the � -twisted Dedekind conjecture holds. Then Theorem B follows.

Remark 8.6. It is conjectured in [18; 19] that the reverse direction also holds, namely, the �-twisted
Dedekind conjecture for all field extensions E=F of degree n should imply holomorphy of the � -twisted
adjoint L-functions. This is proved in [36] for n� 4.

Proof of Corollary 1.6. Let E be a field extension of F of degree n, such that �E.1=2/¤ 0. By the proof
of Theorem B, one can choose some test function ' such thatZ

G

0
.AF /nG.AF /

'.x�1
0x/Q.1=2;x/ dx ¤ 0:

By (8-14) we have I
'
0
.1=2; �/¤ 0.

Corollary 1.6 then follows from the spectral expansion (2-5) of the cuspidal kernel function K0.x;x/.
�

9. Meromorphic continuation: the exceptional case

In Sections 6 and 7, we established the holomorphic continuation of IWhi.s; �/ to the complex plane,
except in the case where � is an exceptional representation, meaning �k D 1 for some 1� k � n. It is
important to note that the number of exceptional � is finite.

The main focus of this section is to derive a specific meromorphic continuation of IWhi.s; �/ beyond the
region Re.s/ > 1, specifically for these exceptional representations. However, it is important to mention
that for general n, we lack a symmetrical description of this continuation process. Thus, we will restrict
our analysis to cases where n� 4 in this paper.

To illustrate with a simplified example, let’s focus on the case when nD 2 and make certain oversim-
plifications. We can approximate the expression as follows:

IWhi.s; �/D
1

2� i

Z i1

�i1

1

.s� 1��/.s� 1C�/
d�; Re.s/ > 1:

Now we fix s such that 1< Re.s/ < 1C �=2, for a small � > 0. By shifting the contour, as explained
in [18], we have:

IWhi.s; �/D
1

2� i

Z �Ci1

��i1

1

.s� 1��/.s� 1C�/
d��

1

2.s� 1/
: (9-1)

The right side of (9-1) defines a meromorphic function in the region 1� �=2 < Re.s/ < 1C �=2 with
a simple pole at s D 1. Therefore, we obtain a meromorphic continuation of IWhi.s; �/ to the region
Re.s/ > 1� �=2. By repeating this process, we can achieve a meromorphic continuation to the entire
complex plane with an explicit description of the poles.

Just as the above prototype, the genuine situation admits the same idea of continuation, but with
more delicate techniques required, since IWhi.s; �/ is typically infinitely many sums of such integrals.
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Details will be provided in the following subsections. Moreover, we find all possible explicit poles of
the continuation of each such integral as well, and show they cancel with each other except for s D 1=2,
where IWhi.s; �/=ƒ.s; �/ has at most a simple pole if �2 D 1.

9A. Notation. We fix an exceptional unitary character � , e.g., � D 1. Let D� be a standard (open)
zero-free region of L.s; �/ (see, for example, [6]). Fix such a D� once and for all. We thus can form a
domain

R.1=2I �/� WD fs 2 C W 2s 2 D�g© fs 2 C W Re.s/� 1=2g: (9-2)

In Section 9C, we will obtain a meromorphic continuation of IWhi.s; �/ to the region R.1=2I �/�. In
conjunction with the functional equation we then obtain a meromorphic continuation of IWhi.s; �/ to the
whole complex plane. The zero-free region plays a role as the strip Re.s/ > 1� �=2 in (9-1).

Let Q be a standard parabolic subgroup of G of type .n1; n2; : : : ; nr /. Let M Ddiag.M1;M2; : : : ;Mr /

be the Levi of Q. Let XQ be the subset of cuspidal data �Df.M; �/g. We may write �D .�1; �2; : : : ; �r /,
where �i 2A0.Mi.F /nMi.AF //. Let � be a representation induced from �D f.M; �/g.

For any �D .�1; �2; : : : ; �r / 2 ia�
Q
= ia�

G
' .iR/r�1, satisfying that �1C �2C � � � C �r D 0, we let

�D .�1; �2; : : : ; �r / 2 Cr�1 be such that

�j D �j ��jC1; 1� j � r � 1;

�r D �1��r D �1C �2C � � �C �r�1:
(9-3)

Then we have a bijection ia�
Q
= ia�

G
$ ia�

Q
= ia�

G
, � 7! � given by (9-3), which induces a change of

coordinates with d�DmQd�, where mQ is an absolute constant (the determinant of the transform (9-3)).
So that we can write �D �.�/. Recall that

R'.s; �IQ; �/D
X

�1;�22BQ;�

hIQ.�; '/�1; �2i �‰.s;W1;W2I�/

ƒ.s; ��˝ � � z���/
; Re.s/ > 1; (7-13)

where ƒ.s; ��˝ � � z���/ is the complete L-function. Then we can write

R'.s; �IQ; �/DR'.s;�IQ; �/; ƒ.s; ��˝ � � z���/Dƒ.s; ��˝ � � z���/:

Let v be a place. Recall from Section 7B the definition

Rv.s;W1;v;W2;vI�/ WD
‰v.s;W1;v;W2;vI�;ˆv/

Lv.s; ��;v˝ �v � z���;v/
; Re.s/ > 1: (7-6)

If �v is unramified,ˆv is the characteristic function of G.OF;v/, and W1;vDW2;v is the normalized spher-
ical vector in the Whittaker model; then, by Corollary 7.5, Rv.s;W1;v;W2;vI�/ WDRv.s;W1;v;W2;vI�/

is equal to Q
1�i<r

Q
i<j�r

Lv.1C�i;j ; �i;v � Q�j ;v/
�1
�Lv.1��i;j ; Q�i;v � �j ;v/

�1; (9-4)

where �i;j D �iC� � �C�j�1. Since ' is K-finite, then there exists a finite set S';�;ˆ of finite places such
that for any � from a cuspidal datum � 2 XQ in the spectral side, Rv.s;W1;v;W2;vI�/ is equal to the
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formula in (9-4) if v 62 S';�;ˆ. In particular, Rv.s;W1;v;W2;vI�/ is independent of s for all but finitely
many places v. Moreover, R'.s;�IQ; �/L.�; �; z�/ is holomorphic as a function of s and �, where

L.�; �; z�/ WD
Q

1�i<r

Q
i<j�r

ƒ.1C�i;j ; �i � Q�j / �ƒ.1��i;j ; Q�i � �j /:

Let 1�m;m0�n be two integers. Let � 2A0.GLm.F /nGLm.AF // and � 02A0.GLm0.F /nGLm0.AF //.
Fix �0 > 0. For any c0 > 0, let Dc0.�; �

0/ be�
� D ˇC i
 W ˇ � 1� c0 �

�
.C.�/C.� 0//�2.mCm0/

.j
 jC 3/2mm0ŒF WQ�

� 1
2
C 1

2.mCm0/
��0

�
(9-5)

if � 0 6' Q� ; and let Dc0.�; �
0/ denote the region�

� D ˇC i
 W ˇ � 1� c0 �

�
.C.�//�8m

.j
 jC 3/2mm0ŒF WQ�

�� 7
8
C 5

8m
��0

�
(9-6)

if � 0 ' Q� . According to [6] and the Appendix of [22], there exists a constant cm;m0 > 0 depending only
on m and m0, such that L.s; � � � 0/¤ 0 in s 2 Dcm;m0

.�; � 0/.
We may assume that c (depending only on n) is small such that 1˙2�i;j 2Dc.�i ; Q�j /, and the boundary

of Dc.�i ; Q�j / lies in the strip 1�1=.nC4/ <Re.�j / < 1, 1� i � j � r . Let D�D
T

1�i�j�r Dc.�i ; Q�j /.
Then L.�; �; z�/¤ 0 if � 2 Dr�1

� D D� � � � � �D�.
Let C� be the boundary of D�. For � 2 f0; 1g, we define

C�.�/ WD
�
C� if � D 1;

iR; if � D 0:

Set C�.�/D C�.�1/� � � � � C�.�r�1/, �l 2 f0; 1g, 1� l � r � 1.
Let Re.s/ > 1. For any � 2BQ;� and � D .�1; : : : ; �r�1/ 2 f0; 1g

r�1, let

JQ;�.sI�; C�.�//D
Z
C�.�/

R'.s;�IQ; �/ƒ.s; ��˝ � � z���/ d�: (9-7)

which is well defined because JQ;�.sI�; C�.�//D JQ;�.sI�; C�.0// (by the Cauchy integral formula),
where 0D .0; : : : ; 0/ 2 Rr�1. Therefore, according to Theorem E, for any s with Re.s/ > 1,P

P

1

c
Q

P
�2XQ

P
�2BQ;�

ˇ̌̌ Z
C�.�/

R'.s;�IQ; �/ƒ.s; ��˝ � � z���/ d�
ˇ̌̌
<1:

For any ˇ � 1=2, we set

R.ˇI�/D
˚
s 2 ˇ� 1CD�

	
\
˚
s 2 ˇC 1�D�

	
: (9-8)

9B. Meromorphic continuation via the zero-free region. Let s 2 D� with Re.s/ > 1. Define

F.�I s/D F.�I s;Q; �/DR'.s;�IQ; �/ƒ.s; ��˝ � � z���/ (9-9)
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if � is fixed in the context. Then by Proposition 7.4 in Section 5B we see that F.�I s/ is equal to a
holomorphic function multiplying

rY
kD1

ƒ.s; �k ˝ � � Q�k/

r�1Y
jD1

jY
iD1

ƒ.sC �i;j ; �i ˝ � � Q�jC1/ƒ.s� �i;j ; �jC1˝ � � Q�i/

ƒ.1C �i;j ; �i � Q�jC1/ƒ.1� �i;j ; �jC1 � Q�i/
:

Let G.�I s/D G.�I s;Q; �/ denote the above product. The denominators of G.�I s/ are L-functions
from Langlands–Shahidi method, and they will play an important role in the meromorphic continuation
across the critical line Re.s/D 1.

Let C denote the boundary C�.1/ and .0/ represent the imaginary axis. Analyzing the potential
poles of G.�I s/, along with contour shifting, yields an expression for the integral JQ;�.sI�; C�.0//D
JQ;�.sI�; C/�J�.s/, where J�.s/ is defined by

2� i
r�1P
jD1

jP
iD1

Z
.0/
� � �

Z
.0/

d�j�1 � � � d�1

Z
C
� � �

Z
C

Res
�i;jDs�1

F.�I s/ d�r�1 � � � d�jC1:

Here Res�i;jDs�1 F.�I s/ vanishes identically unless �i ˝ � ' �jC1, in which case one must have
ni D njC1. To obtain a meromorphic continuation of JQ;�.sI�; C/ to the critical strip 0< Re.s/ < 1, we
start with the following initial step:

Proposition 9.1. Let notation be as before. Let � 2 XQ. Let s 2R.ˇI�/ and Re.s/ > 1. ThenX
�2BQ;�

JQ;�.sI�; C�.0//D
X

�2BQ;�

JQ;�.sI�; C/ �
X

�2BQ;�

J .sI�; C/; (9-10)

where C D C�.1/, and the summand J .sI�; C/ is defined to be

r�1X
mD1

X
� � �

X
jm;jm�1;:::;j1

1�jm<���<j1�r�1

cj1;:::;jm

Z
C
� � �

Z
C

Res
�jmDs�1

� � � Res
�j1Ds�1

F.�I s/
d�r�1 � � � d�1

d�jm
� � � d�j1

;

where the expression d�r�1 � � � d�1=.d�jm
� � � d�j1

/ denotes omitting d�jm
; : : : ; d�j1

from d�r�1 � � � d�1,
and the coefficients cj1;:::;jm

are explicit integers. Each term in (9-10) converges absolutely within
R.1I�/ n 1, where R.1I�/ is defined in (9-8). Consequently, (9-10) provides a meromorphic continuation
of the function X

�2BQ;�

JQ;�.sI�; C�.0//

to R.1I�/, potentially having a pole at s D 1.

Proof. For any 1� j � r �1 and 1� i � j , if ni D njC1, we can make the following change of variables
to simplify the integral of Res�i;jDs�1 F.�I s/:

�0i D �j ; �0j D �i ; �0l D �l for l ¤ i; j I

� 0i D �j ; � 0j D �i ; � 0l D �l for l ¤ i; j:
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Let �l D�l��lC1, �0
l
D�0

l
��0

lC1
, 1� l � r�1; and �0

l;m
D �0

l
C� � �C�0m, 1� l �m� r�1. To describe

the relation between f�
l
W 1� l � r � 1g and f�0

l
W 1� l � r � 1g, we argue as follows:

Case i D j � 1: A direct computation shows that

�i�1 D �
0
i�1;i ; �i D��

0
i ; �iC1 D �

0
i;iC1; �l D �

0
l ; 1� l � r�1; l ¤ i�1; i; iC1:

Hence, Re.�l/D 0, 1 � l � i D j � 1 amounts to Re.�0
l
/D 0, 1 � l � i D j � 1. The determinant of

transition matrix is detf@�
l
=@�0mg1�l;m�r�1 D�1. Note that �0j D �i;j D s� 1, leading toZ

.0/
� � �

Z
.0/

d�j�1 � � � d�1

Z
C
� � �

Z
C

Res
�i;jDs�1

F.�I s/ d�r�1 � � � d�jC1

D�

Z
.0/
� � �

Z
.0/

d�0j�1 � � � d�
0
1

Z
C
� � �

Z
C

Res
�0
j
Ds�1

F.�I s;Q; �0/ d�0r�1 � � � d�
0
jC1;

where �0 is the cuspidal datum attached to the representations .� 0
1
; : : : ; � 0r /. Hence �0D� as an equivalent

class.

Case i � j � 2: A direct computation leads to

�i�1D �
0
i�1;j�1; �i D��

0
iC1;j�1; �j�1D��

0
i;j�2; �j D �

0
i;j ;

�l D �
0
l ; 1� l � r�1; l ¤ i�1; i; j�1; j:

In addition, Re.�l/D 0, 1 � l � i D j � 1 amounts to Re.�0
l
/D 0, 1 � l � i D j � 1. Again we have

detf@�
l
=@�0mgl;m D�1, and �0j D �i;j . Therefore,Z

.0/
� � �

Z
.0/

d�j�1 � � � d�1

Z
C
� � �

Z
C

Res
�i;jDs�1

F.�I s/ d�r�1 � � � d�jC1

D�

Z
.0/
� � �

Z
.0/

d�0j�1 � � � d�
0
1

Z
C
� � �

Z
C

Res�jDs�1 F.�I s;Q; �0/ d�0r�1 � � � d�
0
jC1:

If ni ¤ njC1, then Res
�i;jDs�1

F.�I s/D 0. In all, we haveP
�2BQ;�

Z
.0/
� � �

Z
.0/

d�j�1 � � � d�1

Z
C
� � �

Z
C

Res
�i;jDs�1

F.�I s/ d�r�1 � � � d�jC1

D�
P

�2BQ;�

Z
.0/
� � �

Z
.0/

d�j�1 � � � d�1

Z
C
� � �

Z
C

Res�jDs�1 F.�I s/ d�r�1 � � � d�jC1:

Therefore,
P

�2BQ;�

JQ;�.sI�; C�.0// �
P

�2BQ;�

JQ;�.sI�; C/ is equal to

P
�2BQ;�

r�1P
jD1

c0j

Z
.0/
� � �

Z
.0/

d�j�1 � � � d�1

Z
C
� � �

Z
C

Res�jDs�1 F.�I s/ d�r�1 � � � d�jC1;

where the c0j s are some explicit constants, depending only on the type of Q. ConsiderZ
.0/
� � �

Z
.0/

d�j1�1 � � � d�1

Z
C
� � �

Z
C

Res
�j1Ds�1

F.�I s/ d�r�1 � � � d�j1C1; 1� j1 � r � 1:
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By the Cauchy integral formula we can write this as the sum ofZ
C
� � �

Z
C

d�j1�1 � � � d�1

Z
C
� � �

Z
C

Res
�j1Ds�1

F.�I s/ d�r�1 � � � d�j1C1

and
j1�1P
j2D1

j2P
i2D1

c0i2;j2

Z
.0/
� � �

Z
.0/

d�j2�1 � � � d�1

Z
C
� � �

Z
C

Res
�i2;j2

Ds�1
Res

�j1Ds�1
F.�I s/

d�r�1 � � � d�j2C1

d�j1

;

where the c0i2;j2
are some explicit integers depending only on the type of Q.

One can do a similar analysis to replace �i2;j2
D s�1 with �j2

D s�1. By induction (or just continuing
this process until mD r � 1) we obtain (9-10). Recall that by the definition in (9-9), we have

F.�I s/D
P

�1;�22BQ;�

hIQ.�; '/�1; �2i �‰.s;W1;W2I�/:

Then F.�I s/ is a Schwartz function of �. Hence all the above integrals converge absolutely, and the
proof is completed. �

Let notation be as in Proposition 9.1. Denote by I0.sI�/ the summand of the first term of the right-hand
side of (9-10), i.e.,

I0;�.s/D
X

�2BQ;�

JQ;�.sI�; C�/; s 2R.1I�/; Re.s/ > 1:

Proposition 9.2. Let notation be as before. Let s 2R.1I�/ and Re.s/ > 1. Then

I0;�.s/D
X

�2BQ;�

JQ;�.sI�; C�/C
X

�2BQ;�

J 0
� .s/; (9-11)

where the summand J 0
� .s/ is defined by

r�1X
mD1

X
� � �

X
jm;jm�1;:::;j1

1�jm<���<j1�r�1

Qcj1;:::;jm

Z
.0/
� � � � � �

Z
.0/

Res
�jmD1�s

� � � Res
�j1D1�s

F.�I s/
d�r�1 � � � d�1

d�jm
� � � d�j1

;

where the Qcj1;:::;jm
are some explicit integers, depending only on Q. Moreover, the terms in (9-11)

converges absolutely and normally inside any bounded strip.

We omit the proof, which is similar to that of Proposition 9.1.

9C. Meromorphic continuation inside the critical strip. Let s 2 R.1I�/ and 1 � m � r � 1. Let
j1; j2; : : : ; jm be m integers such that 1� jm < � � �< j1 � r � 1. Consider the summand in the second
term of (9-10):

Im;�.s/ WD
X

�2BQ;�

Z
C
� � � � � �

Z
C

Res
�jmDs�1

� � � Res
�j1Ds�1

F.�I s/
d�r�1 � � � d�1

d�jm
� � � d�j1

:

Then each Im;�.s/ is naturally meromorphic in R.1I�/ with a possible at s D 1.
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Theorem G. Let n � 4 and consider the notation as previously defined. Take � 2 XQ. Assume that
the adjoint L-function L.s; �;Ad˝�/ is holomorphic within the strip 0 < Re.s/ < 1 for all cuspidal
representations � 2A0.GLk.AF //, where 1� k � n�1. Then, for any 0�m� r � 1, the functionX

�2BQ;�

Im;�.s/; s 2R.1I�/;

admits a meromorphic continuation to the area R.1=2I �/�, with simple poles possible only at s 2˚
1
2
; 2

3
; : : : ; 1� 1

n
; 1
	
, where R.1=2I �/� is defined in (9-2). For any 3 � k � n, if L..k � 1/=k; �/D 0,

then s D .k � 1/=k is not a pole.

Remark 9.4. If F is a function field, the number of cuspidal data �’s appearing in the spectral decompo-
sition for a fixed test function is finite. As a consequence, Theorem G provides the continuation of the
entire spectral side in the function field scenario.

Remark 9.5. As can be seen from the proof, when n� 3 we can continue the functions
P
�2BQ;�

Im;�.s/

to Re.s/ > 1=3. When nD 4, we can only continue
P
�2BQ;�

Im;�.s/ to R.1=2I �/�, an open region just
containing the right half-plane Re.s/� 1=2. This is because some of its components involve ƒ.2s; �2/�1

as a factor. The key ingredient is that R.1=2I �/� is uniform with respect to � 2 XQ.

Let notation be as before. To simplify our computations below, we shall write, for any ˇ 2 R, that
R.ˇ/DR.ˇI�/, R.ˇ/�DR.ˇI�/\fs WRe.s/ < ˇg, and R.ˇ/CDR.ˇI�/\fs WRe.s/ > ˇg. We also
use S.a;b/ to denote the strip a< Re.s/ < b, for any a< b.

9C1. Proof of Theorem G when nD 3.

Proof. Let nD 3. Then there are two possibilities: r D 2 or r D 3. If r D 2, then the parabolic subgroup
Q is maximal, and any associated cuspidal datum is of the form �' .�1; �2/, where �1 is a cuspidal
representation of GL.2;AF / and �2 is a Hecke character on A�

F
. In this case, F.�; s/ is equal to an entire

function multiplying

ƒ.sC �1; �1˝ � � Q�2/ƒ.s� �1; �2˝ � � Q�1/

ƒ.1C �1; �1 � Q�2/ƒ.1� �1; �2 � Q�1/
�

2Y
kD1

ƒ.s; �k ˝ � � Q�k/: (9-12)

Since each completed L-functions in (9-12) is entire inside S.0;1/, then F.�; s/ is holomorphic (after
continuation) when 0<Re.s/< 1. On the other hand, F.�; s/ vanishes when Im.�1/!1. Let Re.s/> 1.
By the Cauchy integral formula,

JQ;�.sI�; C.0//D
P

�2BQ;�

Z
.0/

F.�; s/ d�1 D
P

�2BQ;�

Z
C
F.�; s/ d�1;

which gives holomorphic continuation to Re.s/ > 1� �1, for some �1 > 0. Hence we obtain holomorphic
continuation of JQ;�.sI�; C.0// to Re.s/ > 0.

Now we handle the more complicated case where r D 3. In this case, cuspidal data � correspond to
.�1; �2; �3/, where �i’s are unitary Hecke characters such that �1�2�3 D !, the fixed central character.
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Then F.�; s/ is equal to

H.s;�/ƒ.s; �/3
2Y

jD1

jY
iD1

ƒ.sC �i;j ; ��i�jC1/ƒ.s� �i;j ; ��jC1�i/

ƒ.1C �i;j ; �i�jC1/ƒ.1� �i;j ; �jC1�i/
; (9-13)

where H.s;�/ is an entire function and ƒ.s; �0/ is the completed Hecke L-function associated to the
unitary Hecke character �0 over F . Let

P
� denote the sum over � 2BQ;�. Then, by Proposition 9.1,

JQ;�.sI�; C.0//D
P
�

Z
C

Z
C
F.�; s/ d�2 d�1� c1;2

P
�

Res
�1Ds�1

Res
�2Ds�1

F.�; s/

� c1

P
�

Z
C

Res
�1Ds�1

F.�; s/ d�2� c2

P
�

Z
C

Res
�2Ds�1

F.�; s/ d�1;

for some integers c1, c2 and c1;2; and s 2 D�. Denote by J 1
Q;�

.sI�; C.0// the right-hand side of the
above equality. Then J 1

Q;�
.sI�; C.0// is meromorphic in s 2R.1/. In particular, we get a meromorphic

continuation inside R.1/� with a possible pole at s D 1.
Recall that, for meromorphic functions A.s/ and B.s/, we write A.s/ / B.s/ if there exists some

holomorphic function C.s/ such that A.s/D C.s/B.s/. By (9-13),

Res
�1Ds�1

F.�; s//
ƒ.s� �2; �1�2�/ƒ.2s� 1C �2; �2�1�

2/ƒ.2s� 1; �2/ƒ.s; �/2

ƒ.1C �2; �2�1/ƒ.2� s� �2; �1�2��1/ƒ.2� s; ��1/
;

Res
�2Ds�1

F.�; s//
ƒ.s� �1; �2�1�/ƒ.2s� 1C �1; �1�2�

2/ƒ.2s� 1; �2/ƒ.s; �/2

ƒ.1C �1; �1�2/ƒ.2� s� �1; �2�1��1/ƒ.2� s; ��1/
;

Res
�1Ds�1

Res
�2Ds�1

F.�; s//
ƒ.3s� 2; �3/ƒ.2s� 1; �2/ƒ.s; �/

ƒ.3� 2s; ��2/ƒ.2� s; ��1/
:

Hence by the Cauchy integral formula we have, for s 2R.1/�,Z
C

Res
�1Ds�1

F.�; s/ d�2 D

Z
.0/

Res
�1Ds�1

F.�; s/ d�2� 2� i Res
�2D2�2s

Res
�1Ds�1

F.�; s/; (9-14)

where the right-hand side is holomorphic inside 1=2< Re.s/ < 1, since

Res
�2D2�2s

Res
�1Ds�1

F.�; s//
ƒ.3s� 2; �3/ƒ.2s� 1; �2/ƒ.s; �/

ƒ.3� 2s; ��2/ƒ.2� s; ��1/
: (9-15)

From (9-15) we see
R
C Res�1Ds�1F.�; s/ d�2 has a potential pole at s D 2=3 when �3 D 1. Likewise,

we have the continuation for
R
C Res�2Ds�1F.�; s/ d�1:Z

C
Res

�2Ds�1
F.�; s/ d�1 D

Z
.0/

Res
�2Ds�1

F.�; s/ d�1� 2� i Res
�1D2�2s

Res
�2Ds�1

F.�; s/; (9-16)

where the right-hand side is holomorphic inside 1=2< Re.s/ < 1, since

Res�1D2�2s Res�2Ds�1 F.�; s//
ƒ.3s� 2; �3/ƒ.2s� 1; �2/ƒ.s; �/

ƒ.3� 2s; ��2/ƒ.2� s; ��1/
: (9-17)
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From (9-17) we see
R
C Res�2Ds�1F.�; s/ d�1 has a potential pole at s D 2=3 when �3 D 1. Now we

deal with the remaining term,
R
C
R
C F.�; s/ d�2d�1. By Proposition 9.2, for s 2R.1/�, there are integers

c1, c2 and c1;2 such that

Z
C

Z
C
F.�; s/ d�2d�1 D

P
�

Z
.0/

Z
.0/

F.�; s/ d�2d�1� c01;2
P
�

Res
�1D1�s

Res
�2D1�s

F.�; s/

� c01
P
�

Z
.0/

Res
�1D1�s

F.�; s/ d�2� c02
P
�

Z
.0/

Res
�2D1�s

F.�; s/ d�1:

Using (9-13), one can compute the partial residues of F.�; s/:

Res
�2D1�s

F.�; s//
ƒ.sC �1; �1�2�/ƒ.2s� 1� �1; �2�1�

2/ƒ.2s� 1; �2/ƒ.s; �/2

ƒ.1� �1; �2�1/ƒ.2� sC �1; �1�2��1/ƒ.2� s; ��1/
I

Res
�1D1�s

F.�; s//
ƒ.sC �2; �2�1�/ƒ.2s� 1� �2; �1�2�

2/ƒ.2s� 1; �2/ƒ.s; �/2

ƒ.1� �2; �1�2/ƒ.2� sC �2; �2�1��1/ƒ.2� s; ��1/
I

Res
�1D1�s

Res
�2D1�s

F.�; s//
ƒ.3s� 2; �3/ƒ.2s� 1; �2/ƒ.s; �/

ƒ.3� 2s; ��2/ƒ.2� s; ��1/
:

Combining these formulas with the analytic behavior of the function Res�1Ds�1Res�2Ds�1F.�; s/
we conclude that

R
C
R
C F.�; s/ d�2d�1 admits a meromorphic continuation to 1=2< Re.s/ < 1, with a

possible pole at sD 2=3 when �3D 1. Denote by J
.1=2;1/
Q;�

.sI�; C.0// this continuation. Now we continue
our meromorphic continuation to some open set containing Re.s/ � 1=2. Let s 2R.1=2/C. Then one
can plug (9-14) and (9-16) into formulas for

R
.0/

R
.0/ F.�; s/ d�2d�1 and

R
C
R
C F.�; s/ d�2d�1 and shift

contours to see that J
.1=2;1/
Q;�

.sI�; C.0// is equal to

Z
.0/

Z
.0/

F.�; s/ d�2d�1� c01;2 Res
�1D1�s

Res
�2D1�s

F.�; s/� c01

Z
.0/

Res
�1D1�s

F.�; s/ d�2

� c02

Z
.0/

Res
�2D1�s

F.�; s/ d�1� c1

Z
.0/

Res
�1Ds�1

F.�; s/ d�2� c2

Z
.0/

Res
�2Ds�1

F.�; s/ d�1

C c1 Res
�2D2�2s

Res
�1Ds�1

F.�; s/C c2 Res
�1D2�2s

Res
�2Ds�1

F.�; s/� c1;2 Res
�1Ds�1

Res
�2Ds�1

F.�; s/

D

Z
.0/

Z
.0/

F.�; s/ d�2d�1� c01;2 Res
�1D1�s

Res
�2D1�s

F.�; s/� c01

Z
C

Res
�1D1�s

F.�; s/ d�2

� c02

Z
C

Res
�2D1�s

F.�; s/ d�1� c1

Z
C

Res
�1Ds�1

F.�; s/ d�2� c2

Z
C

Res
�2Ds�1

F.�; s/ d�1

C c1 Res
�2D2�2s

Res
�1Ds�1

F.�; s/C c2 Res
�1D2�2s

Res
�2Ds�1

F.�; s/� c1;2 Res
�1Ds�1

Res
�2Ds�1

F.�; s/

C c01 Res
�2D2s�1

Res
�1D1�s

F.�; s/C c02 Res
�1D2s�1

Res
�2D1�s

F.�; s/;

where the right side of the equality has a natural meromorphic continuation to the domain R.1=2/. Denote
by J

1=2
Q;�

.sI�; C.0// the last expression. Note that
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Res
�2D2s�1

Res
�1D1�s

F.�; s//
ƒ.3s� 1; �3/ƒ.2s� 1; �2/ƒ.s; �/2

ƒ.2� 2s; ��2/ƒ.2� s; ��1/ƒ.1C s; �/
;

Res
�1D2s�1

Res
�2D1�s

F.�; s//
ƒ.3s� 1; �3/ƒ.2s� 1; �2/ƒ.s; �/2

ƒ.2� 2s; ��2/ƒ.2� s; ��1/ƒ.1C s; �/
:

Also, when s 2R.1=2/, 2� 2s lies in the zero-free region of L.s; ��2/, then ƒ.2� 2s; ��2/¤ 0. So
the last two terms of J

1=2
Q;�

.sI�; C.0// is meromorphic in R.1=2/ with a possible simple pole at s D 1=2

when �2 D 1. Hence, we have a meromorphic continuation of JQ;�.sI�; C.0//D J
1=2
Q;�

.sI�; C.0// to the
region R.1=2/ with a possible simple pole at s D 1=2 when �2 D 1.

Now consider J
1=2
Q;�

.sI�; C.0//, where s 2 R.1=2/�. Using Cauchy’s formula to determine the
analytic behaviors of Res�1Ds�1 F.�; s/, Res�2Ds�1 F.�; s/, Res�1D1�s F.�; s/ and Res�2D1�s F.�; s/,
we obtain that J

.1=3;1=2/
Q;�

.sI�; C.0// is equal to

Z
.0/

Z
.0/

F.�; s/ d�2d�1� c01;2 Res
�1D1�s

Res
�2D1�s

F.�; s/� c01

Z
C

Res
�1D1�s

F.�; s/ d�2

� c02

Z
C

Res
�2D1�s

F.�; s/ d�1� c1

Z
.0/

Res
�1Ds�1

F.�; s/ d�2� c2

Z
.0/

Res
�2Ds�1

F.�; s/ d�1

C c1 Res
�2D2�2s

Res
�1Ds�1

F.�; s/C c2 Res
�1D2�2s

Res
�2Ds�1

F.�; s/� c1;2 Res
�1Ds�1

Res
�2Ds�1

F.�; s/

C c01 Res
�2D2s�1

Res
�1D1�s

F.�; s/C c02 Res
�1D2s�1

Res
�2D1�s

F.�; s/C c1 Res
�2D1�2s

Res
�1Ds�1

F.�; s/

C c2 Res
�1D1�2s

Res
�2Ds�1

F.�; s/:

Denote by J
1=2
Q;�

.sI�; C.0// the last expression. We have

Res
�2D1�2s

Res
�1Ds�1

F.�; s//
ƒ.3s� 1; �3/ƒ.2s� 1; �2/ƒ.s; �/2

ƒ.2� 2s; ��2/ƒ.2� s; ��1/ƒ.1C s; �/
;

Res
�1D1�2s

Res
�2Ds�1

F.�; s//
ƒ.3s� 1; �3/ƒ.2s� 1; �2/ƒ.s; �/2

ƒ.2� 2s; ��2/ƒ.2� s; ��1/ƒ.1C s; �/
;

so J
1=2
Q;�

.sI�; C.0// has a holomorphic continuation to 1=3 < Re.s/ < 1=2. In all, we obtain the mero-
morphic continuation of JQ;�.sI�; C.0// to S.1=3;1/[R.1/:

JQ;�.sI�; C.0//D

8̂̂̂̂
<̂̂
ˆ̂̂̂:

J 1
Q;�

.sI�; C.0// if s 2R.1/;

J
.1=2;1/
Q;�

.sI�; C.0// if s 2 S.1=2;1/;

J
1=2
Q;�

.sI�; C.0// if s 2R.1=2/;

J
.1=3;1=2/
Q;�

.sI�; C.0// if s 2 S.1=3; 1=2/:

In particular, JQ;�.sI�; C.0// is meromorphic in R.1=2/[S.1=2;1/, with possible simple poles at sD 1=2

and s D 2=3 when �2 D 1 and �3 D 1, respectively. �
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9C2. Proof of Theorem G when nD 4. The case nD 4 presents additional complexities compared to
nD 3, although they share a common underlying idea. Consequently, the proof follows a similar approach.
However, the main challenge as n increases lies in determining the partial residues of each continuation.
There are approximately O.n2/ such multiple residues, but a straightforward and systematic description
of them is currently unavailable. Therefore, we provide a proof by explicitly addressing all possible cases.
Further computations and continuations can be found in the appendix of [35].

Proof. Let nD 4. There are three possibilities: r D 2, r D 3 or r D 4.

Case r D 2: Here the parabolic subgroup Q is of type .2; 2/, and any associated cuspidal datum is of the
form �' .�1; �2/, where �1 and �2 are cuspidal representations of GL.2;AF /. In this case, F.�; s/ is
equal to an entire function multiplying

ƒ.sC �1; �1˝ � � Q�2/ƒ.s� �1; �2˝ � � Q�1/

ƒ.1C �1; �1 � Q�2/ƒ.1� �1; �2 � Q�1/
�

2Y
kD1

ƒ.s; �k ˝ � � Q�k/: (9-18)

Let s 2R.1/C. Since F.�; s/ vanishes when Im.�1/!1, by the Cauchy integral formula, we have

JQ;�.sI�; C.0//D
P

�2BQ;�

Z
C
F.�; s/ d�1� 2� i

P
�2BQ;�

Res
�1Ds�1

F.�; s/: (9-19)

The term Res
�1Ds�1

F.�; s/ is nonvanishing unless �1 ' �2˝ � . Hence

Res
�1Ds�1

F.�; s//
ƒ.2s� 1; �1˝ �

2 � Q�1/ƒ.s; �1˝ � � Q�1/

ƒ.2� s; �1˝ ��1 � Q�1/
:

So Res�1Ds�1 F.�; s/ admits a meromorphic continuation in R.1=2/[S.1=2;1/, with possible simple
poles at s D 1=2. Now the right-hand side of (9-19) is meromorphic inside R.1/, with a possible pole at
s D 1. Denote by J 1

Q;�
.sI�; C.0// the continuation of JQ;�.sI�; C.0// in R.1/. By Cauchy’s formula,Z
C
F.�; s/ d�1 D

Z
.0/

F.�; s/ d�1C 2� i Res�1D1�s F.�; s/; (9-20)

where s 2 R.1/�. By (9-18),
R
.0/ F.�; s/ d�1 is holomorphic inside S.1=2;1/; also, Res

�1D1�s
F.�; s/ is

nonvanishing unless �2 ' �1˝ � , in which case

Res
�1D1�s

F.�; s//
ƒ.2s� 1; �2˝ �

2 � Q�2/ƒ.s; �2˝ � � Q�2/

ƒ.2� s; �2˝ ��1 � Q�2/
:

So Res�1D1�s F.�; s/ admits a meromorphic continuation to R.1=2/[S.1=2;1/, with possible simple
poles at s D 1=2. Substituting this with (9-20) into (9-19) we conclude that J 1

Q;�
.sI�; C.0// admits a

meromorphic continuation to the domain R.1=2/[S.1=2;1/. Denote by J
1=2
Q;�

.sI�; C.0// this continuation.
Hence we have

JQ;�.sI�; C.0//D

(
J 1

Q;�
.sI�; C.0// if s 2R.1/;

J
1=2
Q;�

.sI�; C.0// if s 2 S.0;1/:

By assumption, ƒ.s; �2˝ � � Q�2/ƒ.s; �/
�1 is holomorphic in S.0;1/, so from the expressions above
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we see that JQ;�.sI�; C.0//ƒ.s; �/�1 admits a meromorphic continuation in s 2 S.1=3;1/ with a possible
simple pole at s D 1=2 when �2 D 1.

Case r D 3: In this case, the parabolic subgroup Q is of type .2; 1; 1/, and any associated cuspidal datum
is of the form � ' .�1; �2; �3/, where �1 is a cuspidal representations of GL.2;AF /; and �2, �3 are
unitary Hecke characters on A�

F
. Since ƒ.s; �1˝ � ��i/ is entire, 2� i � 3, then F.�; s/ is equal to an

entire function H.�; s/ multiplying

ƒ.sC �2; �2�3�/ƒ.s� �2; �3�2�/ƒ.s; �1˝ � � Q�1/ƒ.s; �/
2

ƒ.1C �2; �2�3�/ƒ.1� �2; �3�2�/
: (9-21)

Let s 2R.1/C. Since F.�; s/ vanishes as Im.�1/!1, by the Cauchy integral formula, JQ;�.sI�; C.0//
is equal to P

�2BQ;�

Z
C

Z
C
F.�; s/ d�1 d�2�

P
�2BQ;�

Z
C

Res
�2Ds�1

F.�; s/ d�1: (9-22)

The term Res
�2Ds�1

F.�; s/ is nonvanishing unless �1 ' �2˝ � . Hence

Res�2Ds�1 F.�; s/DH.s; �1/
ƒ.2s� 1; �2/ƒ.s; �/ƒ.s; �1˝ � � Q�1/

ƒ.2� s; ��1/
;

where H.s; �1/ is an holomorphic function. So Res�2Ds�1 F.�; s/ admits a meromorphic continuation in
S.0;1/, with possible simple poles at s D 1=2. Now the right side of (9-22) is meromorphic inside R.1/,
with a possible pole at s D 1. Denote by J 1

Q;�
.sI�; C.0// the continuation of JQ;�.sI�; C.0// in R.1/.

Apply Cauchy’s formula again to getZ
C

Z
C
F.�; s/ d�1 d�2 D

Z
C

Z
.0/

F.�; s/ d�2d�1C

Z
C

Res�2D1�s F.�; s/ d�1; (9-23)

where s 2R.1/�. By (9-21),
R
C
R
.0/ F.�; s/ d�2d�1 is holomorphic inside S.1=3;1/; also, Res

�1D1�s
F.�; s/

is nonvanishing unless �2 ' �1˝ � , in which case one has

Res�2D1�s F.�; s//
ƒ.2s� 1; �2/ƒ.s; �/ƒ.s; �1˝ � � Q�1/

ƒ.2� s; ��1/
:

So
R
C Res�2D1�s F.�; s/ d�1 admits a meromorphic continuation to S.1=3;1/, with possible simple

poles at s D 1=2. Substituting this and (9-23) into (9-19) we conclude that J 1
Q;�

.sI�; C.0// admits
a meromorphic continuation to the domain S.1=3;1/. Denote by J

.1=3;1/
Q;�

.sI�; C.0// this continuation.
Hence invoking the above discussion we have

JQ;�.sI�; C.0//D

(
J 1

Q;�
.sI�; C.0// if s 2R.1/I

J
.1=3;1/
Q;�

.sI�; C.0// if s 2 S.1=3;1/:

By assumption ƒ.s; �2˝ � � Q�2/ƒ.s; �/
�1 is holomorphic in S.0;1/, then from the expressions above

we see that JQ;�.sI�; C.0//ƒ.s; �/�1 admits a meromorphic continuation in s 2 S.1=3;1/ with a possible
simple pole at s D 1=2 when �2 D 1.
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Case r D 4: Here the parabolic subgroup Q is of type .1; 1; 1; 1/, and any associated cuspidal datum is of
the form �' .�1; �2; �3; �4/, where �i’s are unitary Hecke characters on A�

F
such that �1�2�3�4 D !.

Then there exists an entire function H.s;�/ such that F.�; s/ is equal to

H.s;�/ƒ.s; �/4
3Q

jD1

jQ
iD1

ƒ.sC �i;j ; ��i�jC1/ƒ.s� �i;j ; ��jC1�i/

ƒ.1C �i;j ; �i�jC1/ƒ.1� �i;j ; �jC1�i/
; (9-24)

where ƒ.s; �0/ is the completed Hecke L-function associated to the unitary Hecke character �0 over F .
Then by Proposition 9.1, when s 2R.1/C, JQ;�.sI�; C.0// is equal toP

�

Z
C

Z
C

Z
C
F.�; s/ d�3d�2d�1� c1

P
�

Z
C

Z
C

Res
�1Ds�1

F.�; s/ d�3d�2

� c2

P
�

Z
C

Z
C

Res
�2Ds�1

F.�; s/ d�3d�1� c3

P
�

Z
C

Z
C

Res
�3Ds�1

F.�; s/ d�2d�1

� c1;2

P
�

Z
C

Res
�1Ds�1

Res
�2Ds�1

F.�; s/ d�3� c1;3

P
�

Z
C

Res
�1Ds�1

Res
�3Ds�1

F.�; s/ d�2

� c2;3

P
�

Z
C

Res
�2Ds�1

Res
�3Ds�1

F.�; s/ d�1� c1;2;3

P
�

Res
�1Ds�1

Res
�2Ds�1

Res
�3Ds�1

F.�; s/;

where the coefficients c1, c2, c3, c1;2, c1;3, c2;3 and c1;2;3 are some absolute integers; and the sum with
respect to � in taken over � 2BQ;�.

Due to the finiteness of BQ;� and rapidly decay of F.�; s/ as a function of �, each term in the above
expression converges absolutely and locally uniformly. Hence we only need to consider each summand
in the above expression. Denote by �ij D �i�j , 1� i; j � 4. By (9-24) we have

Res
�3Ds�1

F.�; s//
ƒ.sC �1; �12�/ƒ.s� �1; �21�/ƒ.s� �2; �32�/ƒ.s� �12; �31�/

ƒ.1C �1; �12/ƒ.1� �1; �21/ƒ.1C �2; �23/ƒ.2� s� �2; �32��1/

�
ƒ.2s� 1C �2; �23�

2/ƒ.2s� 1C �12; �13�
2/ƒ.2s� 1; �2/ƒ.s; �/3

ƒ.1C �12; �13/ƒ.2� s� �12; �31��1/ƒ.2� s; ��1/
;

Res
�2Ds�1

F.�; s//
ƒ.s� �1; �21�/ƒ.s� �3; �43�/ƒ.sC �13; �14�/ƒ.s� �13; �41�/

ƒ.1C �1; �12/ƒ.1C �3; �34/ƒ.1C �13; �14/ƒ.2� s� �1; �21��1/

�
ƒ.2s� 1C �3; �34�

2/ƒ.2s� 1C �1; �12�
2/ƒ.2s� 1; �2/ƒ.s; �/3

ƒ.1� �13; �41/ƒ.2� s� �3; �43��1/ƒ.2� s; ��1/
;

Res
�1Ds�1

F.�; s//
ƒ.sC �3; �34�/ƒ.s� �3; �43�/ƒ.s� �2; �32�/ƒ.s� �23; �42�/

ƒ.1C �2; �23/ƒ.1� �3; �43/ƒ.1C �3; �34/ƒ.2� s� �2; �32��1/

�
ƒ.2s� 1C �2; �23�

2/ƒ.2s� 1C �23; �24�
2/ƒ.2s� 1; �2/ƒ.s; �/3

ƒ.1C �23; �24/ƒ.2� s� �23; �42��1/ƒ.2� s; ��1/
:

From these expressions we see that Res
�2Ds�1

Res
�3Ds�1

F.�; s/ is equal to some holomorphic function times

ƒ.s� �1; �21�/ƒ.3s� 2C �1; �12�
3/ƒ.3s� 2; �3/ƒ.2s� 1; �2/ƒ.s; �/2

ƒ.1C �1; �12/ƒ.3� 2s� �1; �21��2/ƒ.3� 2s; ��2/ƒ.2� s; ��1/
:
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Likewise, Res
�1Ds�1

Res
�3Ds�1

F.�; s/ is a holomorphic multiple of ƒ.2s � 1; �2/2ƒ.s; �/2ƒ.2� s; ��1/�2

times
ƒ.1� �2; �31/ƒ.s� �2; �32�/ƒ.2s� 1C �2; �23�

2/ƒ.3s� 2C �2; �23�
3/

ƒ.1C �2; �23/ƒ.sC �2; �23�/ƒ.2� s� �2; �32��1/ƒ.3� 2s� �2; �32��2/
;

and Res
�1Ds�1

Res
�2Ds�1

F.�; s/ is equal to some holomorphic function multiplying the function

ƒ.s� �3; �43�/ƒ.3s� 2C �3; �34�
3/ƒ.3s� 2; �3/ƒ.2s� 1; �2/ƒ.s; �/2

ƒ.1C �3; �34/ƒ.3� 2s� �3; �43��2/ƒ.3� 2s; ��2/ƒ.2� s; ��1/
:

One can continue the computation to see that

Res
�1Ds�1

Res
�2Ds�1

Res
�3Ds�1

F.�; s//
ƒ.4s� 3; �4/ƒ.3s� 2; �3/ƒ.2s� 1; �2/ƒ.s; �/

ƒ.4� 3s; ��3/ƒ.3� 2s; ��2/ƒ.2� s; ��1/
:

The above shows that JQ;�.sI�; C.0// admits a meromorphic continuation to s 2 S.1/. Denote by
J 1

Q;�
.sI�; C.0// the continuation. Then clearly J 1

Q;�
.sI�; C.0// is holomorphic when s 2R.1/�.

Let s 2 R.1/�. Let L.s; �/ be the finite part of Hecke L-function with respect to � . Then by the
Cauchy integral formula (see the Appendix of [35]), we have:

Claim 9.6. The integralsZ
C

Z
C

Res
�jDs�1

F.�; s/
d�1 d�2 d�3

d�j
;

Z
.0/

Z
.0/

Res
�jD1�s

F.�; s/
d�1 d�2 d�3

d�j
;

for j 2 f1; 2; 3g, and the integralsZ
C

Res
�iDs�1

Res
�jDs�1

F.�; s/
d�1 d�2 d�3

d�i d�j
;

Z
.0/

Res
�iD1�s

Res
�jD1�s

F.�; s/
d�1 d�2 d�3

d�i d�j
;

for i; j 2 f1; 2; 3g; i ¤ j , admit a meromorphic continuation to the domain S.1=3;1/. When restricted
to R.1=2I �/� [S.1=2;1/, this continuation has at most simple poles at possibly s D 3=4, s D 2=3 and
s D 1=2. If L.3=4; �/D 0, then s D 3=4 is not a pole; if L.2=3; �/D 0, then s D 2=3 is not a pole.

By Proposition 9.2, for s 2R.1/�, there are absolute integers c0
1
;c0

2
;c0

3
;c0

1;2
;c0

1;3
;c0

2;3
;c0

1;2;3
such thatP

�

Z
C

Z
C

Z
C
F.�; s/ d�3d�2d�1

D
P
�

Z
.0/

Z
.0/

Z
.0/

F.�; s/ d�3d�2d�1� c01
P
�

Z
.0/

Z
.0/

Res
�1D1�s

F.�; s/ d�3d�2

� c02
P
�

Z
.0/

Z
.0/

Res
�2D1�s

F.�; s/ d�3d�1� c03
P
�

Z
.0/

Z
.0/

Res
�3D1�s

F.�; s/ d�2d�1

� c01;2
P
�

Z
.0/

Res
�1D1�s

Res
�2D1�s

F.�; s/ d�3� c01;3
P
�

Z
.0/

Res
�1D1�s

Res
�3D1�s

F.�; s/ d�2

� c02;3
P
�

Z
.0/

Res
�2D1�s

Res
�3D1�s

F.�; s/ d�1� c01;2;3
P
�

Res
�1D1�s

Res
�2D1�s

Res
�3D1�s

F.�; s/;

where the sums are taken over � 2BQ;�.
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Due to the finiteness of BQ;� and the rapid decay of F.�; s/ as a function of � (see [31], for example),
each term in the above expression converges absolutely and locally normally. Hence we only need to
consider each summand in that expression. According to (9-24), we have

Res
�3D1�s

F.�; s//
ƒ.sC �1; �12�/ƒ.s� �1; �21�/ƒ.sC �2; �23�/ƒ.sC �12; �13�/

ƒ.1C �1; �12/ƒ.1� �1; �21/ƒ.1� �2; �32/ƒ.2� sC �2; �23��1/

�
ƒ.2s� 1� �2; �32�

2/ƒ.2s� 1� �12; �31�
2/ƒ.2s� 1; �2/ƒ.s; �/3

ƒ.1� �12; �31/ƒ.2� sC �12; �13��1/ƒ.2� s; ��1/
;

Res
�2D1�s

F.�; s//
ƒ.sC �1; �12�/ƒ.sC �3; �34�/ƒ.sC �13; �14�/ƒ.s� �13; �41�/

ƒ.1� �1; �21/ƒ.1� �3; �43/ƒ.1C �13; �14/ƒ.2� sC �1; �12��1/

�
ƒ.2s� 1� �3; �43�

2/ƒ.2s� 1� �1; �21�
2/ƒ.2s� 1; �2/ƒ.s; �/3

ƒ.1� �13; �41/ƒ.2� sC �3; �34��1/ƒ.2� s; ��1/
;

Res
�1D1�s

F.�; s//
ƒ.sC �3; �34�/ƒ.s� �3; �43�/ƒ.sC �2; �23�/ƒ.sC �23; �24�/

ƒ.1� �2; �32/ƒ.1� �3; �43/ƒ.1C �3; �34/ƒ.2� sC �2; �23��1/

�
ƒ.2s� 1� �2; �32�

2/ƒ.2s� 1� �23; �42�
2/ƒ.2s� 1; �2/ƒ.s; �/3

ƒ.1� �23; �42/ƒ.2� sC �23; �24��1/ƒ.2� s; ��1/
:

From these expressions we see that Res
�2D1�s

Res
�3D1�s

F.�; s/ equals some holomorphic function multiplying

ƒ.sC �1; �12�/ƒ.3s� 2� �1; �21�
3/ƒ.3s� 2; �3/ƒ.2s� 1; �2/ƒ.s; �/2

ƒ.1� �1; �21/ƒ.3� 2sC �1; �12��2/ƒ.3� 2s; ��2/ƒ.2� s; ��1/
:

Likewise, Res�1D1�s Res�3D1�s F.�; s/ equals some holomorphic function multiplying the product of
ƒ.2s� 1; �2/2ƒ.s; �/2ƒ.2� s; ��1/�2 and

ƒ.1C �2; �13/ƒ.sC �2; �23�/ƒ.2s� 1� �2; �32�
2/ƒ.3s� 2� �2; �32�

3/

ƒ.1� �2; �32/ƒ.s� �2; �32�/ƒ.2� sC �2; �23��1/ƒ.3� 2sC �2; �23��2/
;

and Res
�1D1�s

Res
�2D1�s

F.�; s/ is equal to some holomorphic function multiplying the function

ƒ.sC �3; �34�/ƒ.3s� 2� �3; �43�
3/ƒ.3s� 2; �3/ƒ.2s� 1; �2/ƒ.s; �/2

ƒ.1� �3; �43/ƒ.3� 2sC �3; �34��2/ƒ.3� 2s; ��2/ƒ.2� s; ��1/
:

Moreover, one can continue the computation to see that

Res
�1D1�s

Res
�2D1�s

Res
�3D1�s

F.�; s//
ƒ.4s� 3; �4/ƒ.3s� 2; �3/ƒ.2s� 1; �2/ƒ.s; �/

ƒ.4� 3s; ��3/ƒ.3� 2s; ��2/ƒ.2� s; ��1/
:

Let s 2R.1/�. The desired meromorphic continuation ofZ
.0/

Z
.0/

Res�jD1�s F.�; s/
d�1 d�2 d�3

d�j
; j 2 f1; 2; 3g;

and Z
.0/

Res�iD1�s Res�jD1�s F.�; s/
d�1 d�2 d�3

d�i d�j
; i; j 2 f1; 2; 3g; i ¤ j ;



940 Liyang Yang

follows from Claim 9.6. Then Theorem G follows. �
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