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We establish a coarse Jacquet—Zagier trace identity for GL(#n) over a global field. We prove the absolute
convergence in Re(s) > 1, and obtain holomorphic continuation under almost all character twists. In
particular, we compute all P-regular orbital integrals in the geometric side, and the contributions from
constant terms and nondegenerate terms of Eisenstein series in the continuous spectrum, and further
derive meromorphic continuations of them.

As an application, we give a conditional proof of the Dedekind conjecture, which asserts that given any
finite extension E/ F of number fields, the ratio g (s)/{F(s) of the Dedekind zeta functions is entire,
which is only known for [E : F] < 4. Some nonvanishing results are also obtained.
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1. Introduction

1A. The Rankin-Selberg-Zagier integral [ Ko(x,x)E(x,s)dx. Let I be an arithmetic subgroup of
G = SL,(R) with finite covolume. A nice ¢ on G defines an integral operator R(¢) on L?(I'\G) with
kernel K. With respect to the Casimir operator the space L?(I'\G') decomposes into the direct sum
of L%(I‘\G ), the space of cusp forms, and its orthogonal complement L%(I’\G ). Correspondingly,
K¢ = K§ + K{g. where K (resp. Kf;) is the kernel of the restriction of R(p) to L5(I'\G) (resp.
L(z)(I' \G)™1). The Selberg trace formula is the identity obtained by substituting K¢ — KgR for K(g and

computing the trace
Tr R(¢) |L%(F\G)=/F\GK8(x,x)dx:/F\G[K‘/’(x,x)—KgR(x,x)] dx. (1-1)

Although the function Kg (x, x) decays rapidly over I'\ G, its counterparts K?(x, x) and KgR (x,x)
do not. Hence some truncation is typically required to carry out the right-hand side of the integration
(1-1).

Zagier [38; 39] introduced the integral

I(()p(s)=jr\GK(g(x,x)E(x,s)dx=/I_\G[K‘p(x,x)—KgR(x,x)]E(x,s)dx, (1-2)

where E(x, s) is an Eisenstein series. He obtained a meromorphic continuation of the right-hand side
of (1-2) and recovered the Selberg trace formula by computing the residue at s = 1. This approach is
more convenient and computationally simpler than truncation-based proofs. Furthermore, / (‘f (s) gives
more information than the Selberg trace formula, including the divisibility by {(s). Jacquet and Zagier
[18] extended the formula to GL(2) over a number field F, providing a new proof of the holomorphy of
adjoint L-functions and implying the Arthur-Selberg trace formula. However, the Jacquet—Zagier trace
formula has only been developed for GL(2) so far.
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Our aim is to generalize the Jacquet—Zagier trace formula to higher ranks, building on the equality of
the geometric and spectral expansions of the meromorphic function

I9(s, T :2/ K?(x,x)E(x,s)dx, (1-3)
057 G(F)Z(AR)\G(AF) 0 (r M E(x.5)

where F is a global field, G = GL(n), and E(x, s) is an Eisenstein series induced from a Hecke character t.
We anticipate a generalized Jacquet—Zagier trace formula for GL(n) of the form

I9(s, 1) = 15, (s, 1) — IER (s, 7), (1-4)

where Igeo (s, 7) and I;:pR (s, 7) capture (formally) the geometric and noncuspidal spectral contributions,
respectively.

However, the convergence problems and complex analytic behaviors of Geo(s 7) and (pR(s, T) are
significant. In this study, we present several innovative techniques that address convergence, meromorphic
continuation, and divisibility of L-series, leading to a coarse derivation of the Jacquet—Zagier trace
formula for GL(n). By regularizing (1-4), we obtain an identity involving various L-functions, roughly
of the form:

ZL(S,]T,Ad) ~
b3

CE(s) L-S L-functions R-S L-functions
) D ST Dl R

[E:F]=n

where L-S means Langlands—Shahidi and R-S refers to Rankin—Selberg for nondiscrete representations,
which should be ‘obvious’ holomorphic multiples of {g(s). This formula establishes a connection
between the Dedekind conjecture on the entireness of quotients of the Dedekind zeta function (g (s)/CF(s)
(algebraic side) and the Selberg’s conjecture regarding the entireness of adjoint L-functions L(s, 7, Ad)
(automorphic side). Further details can be found in Section 1B2. This provides a new example of using
the general Langlands program to answer some basic questions about number fields.

1B. Statement of the main results.

1B1. The Jacquet—Zagier trace formula for GL(n). We present a generalization of the trace formula,
which encompasses several independent results (Theorems C, D, E, and F). These results can be summa-
rized informally as follows.

Theorem A. Let notation be as in Section 2. Let Re(s) > 1. Let ¢ be a test function on G(Af). Then
1 (()p (s; T) admits a regularized geometric-spectral expansion

where each integral on the right-hand side converges in the region Re(s) > 1, and can be meromorphically

continued to s € C. Moreover:

Igeo Reg (s, T) can be expressed as a finite sum of Dedekind zeta functions associated with certain
étale algebras of degree < n. (See Theorem C for details.)
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¢
* IP,Reg

multiple of

(s, T) can be written as a finite sum of intertwining operators. It turns out to be a holomorphic

A(s,T)A(2s, %) - A((n—1)s, T 1) A(ns, )
AGs+1,0)AQRs+1,72)---A((n—1)s + 1,7~ 1)’
(See Theorem D for details.)

. I{f,hi (s, T) is an infinite sum over cuspidal data x of Rankin—Selberg L-functions attached to y. (See
Theorems E and F.)

o Ift5 £ 1 for 1 <k < n, then (1-5) has an analytic continuation to C, with II(’; Reg(s, 7)/A(s, t) and
L (s,7)/ A(s, T) being entire.

A precise definition of the integrals on the right side of (1-5) can be found in Section 2C.

Remarks 1.2. (i) The expansion (1-5) generalizes Jacquet and Zagier’s formula for GL(2) to GL(n).
A restricted version was obtained by Flicker [8] under some choice of test functions ¢ so that only regular

elliptic part of 15, Reg

summarized in Section 2B below.
(i) Ig, .
always be reduced to Jacquet—Zagier trace formula (1-5) in smaller ranks. For certain applications, one

(s, T) shows up on the right-hand side of (1-5). New ideas of our proof are briefly

(s, 7) is defined geometrically, and it appears essentially when # > 3. In general, / g’in o (s, 7) should

can easily eliminate it by choosing a suitable test function (see, for instance, Theorem B in Section 1B2).

Also, a detailed analytic continuation of I

Sing(s, 7)/A(s, T) (for general test function ¢) is given in [36]

when n < 4.

1B2. Some applications. The formula (1-5) conveys interesting information between L-functions defined
analytically and algebraically. It gives an explicit relation among Rankin—Selberg L-functions, Langlands—
Shahidi L-functions and Hecke L-functions associated to field extensions. In fact, we shall deduce from
it that holomorphy of certain adjoint L-functions for GL(n) implies the Dedekind conjecture for degree n
extensions:

Conjecture 1.3 (t-twisted Dedekind conjecture). Let E/F be an extension of global fields. Then
A(s,t o Ng/F)/A(s, T) is holomorphic when s # 1, where A(-,-) denotes the complete Hecke L-

function, and Ng F is the relative norm.

When t = 1 is trivial, this conjecture is conventionally called the Dedekind conjecture, and is known
to be true when E/F is Galois by the work of Aramata and Brauer (see Chapter 1 of [24]) or has a
solvable Galois closure by the work of Uchida [32] and van der Waall [33]. The Dedekind conjecture is
the principal case of Artin’s holomorphy conjecture. The t-twisted version of Conjecture 1.3 has been
proved by Murty [26] when E/ F is either Galois or has a solvable closure. However, the general case

(or even the case of general degree-5 extensions) is not yet known.

When n = 2, [18] provides a connection between adjoint L-functions associated to cuspidal represen-
tations of GL(2)/F and A(s, 7o Ng,r)/A(s,t) when E/F is quadratic. It was noted in [19] that, at
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least for degree/rank n up to 5, the two families seem to be related on a nuts-and-bolts level in the theory
of integral representations, in addition to the relationships suggested by [18].

Let Ao(G(F)\G(AFr),w™ 1) be the set of cuspidal representations of G(Af) of central character »™!.
Recall that the twisted adjoint L-function is defined by

A(s, T X7 _
A ador) = 2O XTBD o GNG AR 7). (1-6)
A(s, T)

Let .A;imp(G(F)\G(AF), o™ C Ag(G(F)\G(AF), o) be a subset of cuspidal representations 7
such that 7 has a supercuspidal component. Following [18], Flicker [8] used a simple trace formula to
conclude, modulo the key Lemma 4 in loc. cit., that Conjecture 1.3 implies holomorphy of A (s, 7, Ad ®1)
ats # 1, where 7 € A;lmp(G(F Y\G(AFr), ™ 1). However, this lemma is not correct, as Flicker himself
pointed out in [9, p. 202]. Consequently, the asserted implication is not complete. Nevertheless, we have

an implication in the opposite direction.

Theorem B. Assume the twist adjoint L-functions A(s, w, Ad®t) are holomorphic at s # 1 for all
T E Azmp(G(F NG (AF),1). Then the t-twisted Dedekind conjecture holds for all field extensions of
E/F of degree n.

Remarks 1.5. (i) Theorem B provides a new perspective in the study of the Dedekind conjecture, which
is currently wide open when the degree is larger or equal to 5— although, when n = 5, there has been
some progress towards the holomorphy of adjoint L-functions by integral representation (see [11]).

(ii) Suppose t8 # 1, 1 < k < n. With further investigation of Ising (s, 7), we may conclude from
Theorems A and B that L(s, 7, Ad ®7) is holomorphic at s # 1 for all 7 € Ag(G(F)\G(AF), 0™ !) if
and only if the t-twisted Dedekind conjecture holds for all field extensions of E/F of degree n.

In Section 8, we will see that the proof of Theorem B yields a nonvanishing result:

Corollary 1.6. Let notation be as before. Let n > 2. Suppose there exists an extension E | F with degree
[E : Fl=n, and g (1/2) # 0. Then there exists a m = n(E) € Ao(G(F)\G(AF), v~ "), such that
L(1/2,t x7) #0.

Remark 1.7. In fact, Frohlich [10] proved that there are infinitely many number fields F' such that
Cr(1/2) = 0. Since L(s, 7, Ad) is conjectured to be holomorphic, for all = € Ay(G(F)\G(Af),w™ 1),
we have L(1/2, 7 x ) = 0 conjecturally.

2. Idea of proof and structure of the paper

This section outlines our strategy for establishing the coarse Jacquet—Zagier trace formula (1-5):

Ig)(s; T) = Ig

eo,Reg(S’ T)— I;,Reg(s’ )+ Ig;ng(s’ T)— I\(f\)’hi(s’ 7).

Definitions of these integrals will be provided in Sections 2A-2C. Additional details can be found in
Section 3.
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2A. Basic notation.

2A1. Number fields. Let F be a number field with ring of adeles Ag. Let X be the set of places of F.
Denote by X F s, (resp. X F o) the set of nonarchimedean (resp. archimedean) places. For v € X, we
denote by F the corresponding local field and Oy, its ring of integers with the maximal ideal p, and a
uniformizer w,. We use v | oo to indicate an archimedean place v and write v < oo if v is nonarchimedean.
Let |- |y be the norm in Fy. Put |+ |oo = [[}j00 [ lv and [« |fin = [Ty<oo | lv- Let | [ag = [ |oo ® | - [fin-
We will simply write | - | for |- |a in calculation over A% or its quotient by F.

2A2. Some conventional notation. For two meromorphic functions /1 (s) and /i, (s), we write /11 (s)
hy(s) if hy(s)/ hy(s) admits an analytic continuation to the whole complex plane. We will keep this o
notation throughout.

2A3. Automorphic data. Let G = GL(n). Let P be the standard parabolic subgroup of G of type
(n—1,1). Let B be the Borel subgroup, consisting of upper triangular matrices. Let K be a fixed maximal
compact subgroup of G(Af). We will denote by [H]:= H(F)\ H(AF) for an algebraic group H over F.

Denote by E r the set of unitary characters on F*\A% which are trivial on R. For any £ € EF,
denote by A(s, £) its complete Hecke L-function. For a topological space V', we denote by S(V') the
space of Schwartz functions on V. Let ® € S(A%,). Let t € EF be fixed. Letn = (0,...,0,1) € F". Set

f(x,®,1:5) = t(det x) |detx|S/AX d(ex) ()" |t|"d*t, x € G(AF), 2-1)
F

which is a Tate integral for the complete L-function A (ns, x.®, t"*). It converges absolutely in Re(s) > 1/n,
and admits a meromorphic continuation elsewhere with a functional equation. Define the Eisenstein series

Ep(x,d,1:5) = Z flyx,®,1;5), (2-2)
yE€P(F)\G(F)

which converges absolutely for Re(s) > 1. Also, we define the integral

Iéo(s,t) =/

K®(x,x)Ep(x,®,1:5)dx. (2-3)
G(F)Z(Ap)\G(AF) o (x: ) Ep( )

If there is no confusion in the context, we will write f7(x,s) or f(x,s) instead of f(x, ®, t;s) and omit
the superscript ¢ in I (s; 7) for simplicity, where I¥ (s; 7) is one of the functions in (1-5).

2AA4. The kernel function. Denote by H(G(AF), w) the set of smooth functions ¢: G(Af) — C, which
is left and right K-finite for a compact subgroup K of G(Af), transforms by a unitary character @ of
Z(AF), and has compact support modulo Z(Ar). Then ¢ € H(G(AF), w) defines an integral operator

R@ /()= [ 03/ (xp) dy 2-4)

Z(AR\G(AF)

on the space L? (G(F)\G(Ap), a)_l) of functions on G(F)\G(Afg) which transform under Z(Af) by
™! and are square integrable on G(F)Z(Ar)\G(AF). This operator can be represented by the kernel
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function

K¢.p)= > o 'yy.

YEZ(F)\G(F)

We will omit the superscript ¢ and simply write K(x, y) for K?(x, y).

Recall that L2(G(F)\G(AF), a)_l) decomposes as a direct sum of the space L%(G(F)\G(AF), a)_l)
of cusp forms and spaces LéiS(G(F)\G(AF), a)_l) and Lﬁes(G(F)\G(AF), a)_l) defined using Eisen-
stein series and residues of Eisenstein series respectively. Then K splits up as K = Ky + Kgis + Kges.
Explicitly,

Ko(r,3) = Y Ka(x,7), where Kr(x, )= Y 7(@)p(x)$(0). 25)
b1

$EBy
Here, 7 ranges over cuspidal automorphic representations, and 5, represents an orthonormal basis for
the representation 7.

2B. Decomposition of the kernel function. Starting with the spectral decomposition

Ko(x, x) =K(x, x) — (Kgis(x, x) + Kges (x, X)),
we will further decompose these kernel functions by algebraic and analytic/spectral expansions.
2B1. The regular part. Let Py = Z\ P is the mirabolic subgroup. Define

e=J) U {p'vpipePu(p) (2-6)
0 yeZ(P\Q(F)

where Q’s range through standard proper parabolic subgroups of G. Set
KGeo,Reg (x,x) = Z (p(x_l )/X), (2-7)
yeZ(F)\G(F)—6&

We will show in Proposition 4.1 that the set Z(F)\G(F)— & consists of Py(F)-conjugacy classes,
resulting in regular G (F)-conjugacy classes. Notably, the stabilizers of elements in Z(F)\G(F)— & are
direct sums of étale algebras over F' with degrees < n. This distinction motivates the consideration of
this set.

2B2. The P-regular part. Let Np be the unipotent radical of P. Define
Kpreg(r.¥) = [ Koeoreg(ttx. x) du. (2-8)
[Np]
where the subscript P indicates the constant term along [Np] = Np(F)\Np(Af).

2B3. Fourier expansion. Let N be the unipotent radical of the standard Borel in G. Let 6 being a fixed
generic character on [N] = N(F)\N(AF).
We will show in Lemma 3.2 the Fourier expansion

n—1
KEis(x, X) + Kges(x, x) = /[N ]K(WC,X) du +kZ FiK(x, x) + Kwni(x, x), (2-9)
P =2
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where F;K(x, x) represents the partial Fourier transforms of K(x, x) (see Proposition 3.1), and the
generic part is given by

Kwitx )= Y f oy Keis (8%, )00) du
SENCF)\ Po(F)

The integrand will be Whittaker functions, which explains the subscript ‘Whi’.
Notably, the first two terms on the right side of (2-9) are expressed in terms of the entire kernel function
K(x, x). Therefore, we can handle them by employing the geometric expansion of the kernel function.

2B4. The singular part. We define

n—1
Ksing (X, X) = Z p(x"lyx)— /[N | Z e Yu ™l yx) du — Z FrK(x, x). (2-10)
P y€ES

yes k=2

A precise definition will be given in Section 3B2. In [36], we provide explicit simplifications of this part
in terms of ¢ for the cases when n = 3 and n = 4.

2BS. Decomposition of Kg(x, x). Combining (2-7), (2-8), (2-9) and (2-10) we then obtain an expansion
of the cuspidal kernel function

Ko (x, X) = Kgeo,Reg (X, X) = Kp Rreg (X, X) + Ksging (X, X) — Kwni(x, x). (2-11)
This decomposition will be proved in Lemma 3.3.

2C. Decomposition of 1 (‘f (s, ). LetRe(s) > 1. Unfold Ep(x, ®, 7; ) by substituting (2-2) into (2-3),
and replace K via (2-11) to obtain (formally)

Ig’(s; T)= Igeo’Reg(s, 7)— Ig,Reg(s, )+ Iéping(s, 7)— I{,@hi(s, 7), (1-5)
Here

Igeo,Reg(S’ T) = /

K ’ ’(D, 7 d .
P(F)ZAF)\GAF) Geo,Reg(X, X) f(x, P, T5) dx

I(p , = K ) ,CD, ; d d ’

PRegS: ™) /P(F)Z(/-\F>\G(/-\F)/[Np] GeoReg (4, X) f (¥, @, T:5) du dx

18 (s,7):= Kgis(ux, vx)0(u)6 @, 7:5)dudvdx,
wi (8 7) /N(/-\F)Z(AF)\GU-\F)/[N]/[N] Eis (4, v) 0()0(0) / (x. . 7:5) du dv dx

Ié’;ng(s’ T) = /

Kq; s , P, 1 d ’
P(F)Z(AR)\G(AF) Slng(x x) f(x :5) dx

where f(x, ®, t;s) is the section defined by (2-1). The proof of (1-5) will be derived in Section 3B4.
The main objective of this paper is to describe the analytic behavior of these integrals as meromorphic
functions of s and establish their connections with various well-known L-functions.
For simplicity, we will omit the superscript ¢ in the integrals above.
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2D. Structure of the paper. In Section 3, we use the Fourier expansion of functions on Py(F)\G(AF) to
obtain the decomposition (2-9). This manipulation allows us to shift the nongeneric part of the nondiscrete
spectrum to the geometric side. Eventually we obtain the decomposition (1-5) in Section 3B.

In Section 4, we explore the algebraic structure of conjugacy classes in Z(F)\G(F) — & under the
Py(F)-adjoint action. Notably, the stabilizers of elements in Z(F)\G(F) — & correspond to direct sums
of étale algebras over F'. Consequently, we demonstrate that the function IGeo reg (s, 7) can be expressed
as a sum of specific Artin L-series associated with these étale algebras. The detailed formulation of this
result is provided in Theorem C in Section 4C.

In Section 5, we determine explicit representatives of Z(F)\G(F)— & as Py(F)-conjugacy classes.
Subsequently, we develop a geometric reduction technique to establish a connection between /p geg (s, 7)
and certain intertwining operators. By employing Langlands’ theory of intertwining operators, we establish
the convergence and analytic properties of IGeo,Reg (S, 7). The results are summarized in Theorem D.

Next, our focus shifts to the function Iwy;(s, 7), which pertains exclusively to the spectral side and is
discussed in Sections 6-9.

e We encounter a challenge with Arthur’s approach using modified truncation operators, as it is not
suitable for our specific scenario due to the loss of P (F)-invariance when unfolding the Eisenstein
series. Instead, we employ an alternative manipulation that reduces Iwni(s, ) to a Mellin transform
of the Kuznetsov trace formula, particularly Jacquet’s relative trace formula for the pair (N, N)
involving maximal unipotent radicals and generic characters. We establish that the relative trace
formula can be bounded by a finite sum of gauges (Proposition 6.2). Consequently, we prove that
Iwni(s, T) is an absolutely convergent infinite sum of Mellin transforms, corresponding to certain
Rankin—-Selberg convolutions with nondiscrete automorphic representations when Re(s) exceeds a
specific threshold. The precise results are presented in Theorem E in Section 6.

e In Section 7, we establish various properties of Rankin—Selberg periods associated with nondis-
crete automorphic representations. These results play a crucial role in enhancing Theorem E and
demonstrating the absolute convergence of Iwpi(s, 7) within the strip 0 < Re(s) < 1. For detailed
information, refer to Theorem F. Notably, if k # 1 forall 1 <k <n,then Iwn;(s, t) is holomorphic
in the region Re(s) > 0.

e In Section 8, we consolidate the results of Theorems C, D, E, and F to establish Equation (9-5). By
employing specific test functions ¢ and addressing generalized Tate integrals, we subsequently prove
Theorem B and Corollary 1.6 based on Equation (9-5).

* In Section 9, we address the special case when 7% =1 for some 1 <k < n. In this scenario, the
function Iwni(s, T) exhibits singularities along the entire boundary Re(s) = 1. To overcome this,
we aim to find a meromorphic continuation for Iwyi(s, 7) that holds for any 7. This investigation
is carried out in Section 9, where we establish Theorem G. By utilizing the Langlands—Shahidi
method and analyzing residues, we obtain the meromorphic continuation for each individual term in
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Twhi(s, t). Theorem G provides the meromorphic continuation for Iwy;(s, 7) in the general case of
F being a function field. It also holds independent interest, as highlighted in [36].

2E. Some remarks on reading this paper. The integrals presented in (1-5) exhibit distinct characteristics,
and each section is dedicated to analyzing one of these integrals. As a result, these sections can be
considered somewhat independent from one another. Given the intricate nature of these integrals, we will
introduce temporary notation specific to each section during the proof. While these ad hoc notational
items may appear unfamiliar, readers are encouraged not to be overly concerned or confused, as their
purpose is to facilitate the clarity and coherence of the respective section.

3. Fourier expansion and decomposition of /¢ (s, 7)

In this section, we use the Fourier expansion of the noncuspidal kernel function Kgg (x, x) to decompose
the cuspidal kernel function as follows:

Ko(x, y) = KGeo,Reg (X, ¥) = Kp reg (X, 1) + Ksing (X, ) — Kwni(x, ). (2-11)
Consequently, we obtain the decomposition
Io(s,T) = IGeo,Reg (S, T) — I P Reg (S, T) + Ising (s, T) — Iwni(s, 7). (1-5)
3A. Mirabolic Fourier expansions of automorphic functions.

3A1. Ad hoc notation. To simplify the Fourier expansion discussion in this section, we introduce some
notation that may deviate from standard conventions. Since it is specific to this section, readers need not
be overly concerned with it.

Recall that B is the standard Borel of G (Section 2A3). Let N be the unipotent radical of B. For
1 <k <n—1, let B,_j be the standard Borel subgroup (the subgroup consisting of nonsingular upper
triangular matrices) of GL,,_x; let N,,_j be the unipotent radical of B,_. Forany i, j € N, let M;x; be
the additive group scheme of i x j matrices. For 1 < k <n—1, define the unipotent radicals

Iy C
N| = {( k D) :C € Myx(n—k), D€ Nn—k}»

I, C
YA ¥ CeM (F)
k 7 : (k—1)x1 .
n—k

For 1 <k <n—1, set the generalized mirabolic subgroups

and the subgroup

AC
Ry = {(O D):AeGLk, C € Mix(us). DeNn_k}.

In particular, R,—1 = Py, which is the mirabolic subgroup of G.
Also we define Ry = N(g,1,....1) := N(1,1,...,1) = N to be the unipotent radical of the standard Borel
subgroup of GL;,.
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3A2. Mirabolic Fourier expansion. Denote by Trr the trace map Ar — Ag. Let Y¥g be the additive
character on @\Ag such that ¥ (o) = exp(27i txo), fOr too € R — Ag. Let g = Yg o Trg. For any
o= (ay,...,0,—1) € F""1, define a character ¥, : N(Ar) — C by

n—1
Vo (u) = 1_[ VF (aitiiv1).  Yu =i j)nxn € N(AF). (3-1)
i=1
Write ¥, = V¥(o,...0,1,...,1) (Where the first n—1 —k components are 0 and the remaining k& components

are 1) and let & = ¥y, 1) be the standard generic character used to define Whittaker functions.

.....

Proposition 3.1. Let i be a continuous function on Py(F)\G(AF). Then

n

h(x)= )" 3 /[N,j‘]/[ é]h(uu’ékx)wn_k(u’) du’ du (3-2)

k=1 8x€Ri—1(F)\Rn—1(F)
if the right-hand side converges absolutely and locally uniformly. In particular, (3-2) holds with h(x) =
K?(x, y) for ¢ € H(G(AF), w) and for fixed y € G(AF).
The proof follows the idea of Piatetski-Shapiro in [27]. See for example [35, §3.1] or [37, §2.4] (with
certain mild adaptations).

3B. Decomposition of 1y(s, T).

3B1. Fourier expansion of Kgr(x, y). The objective of this section is to express Kgr(x, y) in terms of
its generic component and the complete kernel K(x, ).

Lemma 3.2. Let notation be as in Section 3A. Then

n
Ker(x, y) = Kwni(x, ) + > > / § / | K(uu'8px, y)0(u') du’ du

k=2 8 €R— (F)\ Py (F)” [Nc1/IN;]
where

Kwhni(x, ) = Kgis(udx, 8y) 0(u) du.

>
8EN(F)\Po(F) /[N ]

Proof. Kgr(x, y) is Po(F)-invariant with respect to both variables. Given that Ko (x, y) decays rapidly,
Proposition 3.1 applies to 2(x) = Kgr(x, y) = K(x, y) —Ko(x, y). Hence,

- ()
KER(X, Y) = Z KER (X, y)v (3_3)
k=
where !
(k) / ’ /
Kip (x, ) = , Ker(uu'dgx, y)0(u') du’ du.
B 8 € Rye—1 (F)\ Py—1 (F) /[Nr?‘ /[ ]

Recall that 6 = ¥(; ;

When k =1, N, ]:‘ becomes trivial and N ]é = N. Consequently, we can replace Kgr with Kg;js in the

definition of KI(EQ (x, y) since the residual spectrum is not generic [25, §V]. Define

1) is the generic character of (3-1). By definition, 6(u") = ¥, (u") for y" € [N/].

.....

Kwni (x, ) := K& (x, y) = Kgis (u8x, 8) 0(u) du. (3-4)

>
SEN(F)\Po(F) /[N ]
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Let2 <k <n. Let V,é = diag(/x—1, Ny—r+1)- Define V as the unipotent radical of the standard
parabolic subgroup of type (kK —1,n —k + 1). For any function ¢ on G(AFf), we have

uu'x)0(u') du’ du = uu'x)du 0w’ du’', x € G(AF).
Joner Joy 10" Joviy g 0 du o) (Ar)
Since V} is a nontrivial unipotent radical, then for all cusp forms ¢ on G(F)\G(Af),
uu'x)0w') du’ du = 0. (3-5)
Jonep Joy 010"
Combining (3-5) with the discrete spectral decomposition (2-5) one has
Ko(uu'x, )0’ du’ du = 0. (3-6)
/o8 SCTERRLICY
Since K = Kgg + Ko, this yields, for 2 < k <n,
// Ker(uu'x, y)0') du’ du = // K(uu'x,y)0u') du' du,

where u € [N/*] and u” € [N/]. As a consequence, we have, for 2 <k <n, that

(k) ’ N,
Kgg (x,y) = > . K(uu'8gx, y)0') du’ du. (3-7)
B 8k €R—1 (F)\ Py—1(F) /[Nklf[ il
Now Lemma 3.2 follows from (3-3), (3-4), and (3-7). O

3B2. The singular kernel Kging(x, y). Let Kgeo,reg(X, ¥) and Kp reg (X, y) be defined by (2-7) and (2-8).
Set

KGeo,Sing(x7 y) = Z ‘p(x_l YY), KP,Sing(x7 V)= / KGeo,Sing(MX, V) du. (3-8)
]/GG [NP]
Then KGeo,Sing (X, y) = K(x, y) — KGeO,Reg (X, y) Define
n—1 ‘
KSing(x’ )7) = KGeo,Sing(X, y) - KP,Sing(xa )7) - Z K](ER) (x» .V), (2‘10)
k=2
where Kgg (x, y) is defined by (3-7).
3B3. Decomposition of Kgy(x, ).
Lemma 3.3. Let notation be as before. Then
KO(X7 y) = KGCO,RCg('X? y) - KP,Reg(x7 y) + KSmg(Xa y) - KWhl('x’ y) (2_11)

Proof. By Lemma 3.2 and K (x, y) = K(x, y) — Kgr(x, y) we obtain
n
k
Ko(x. ) = K(x. ») — Kwni(x, ») — Y K& (x. ). (3-9)
k=2

where Kg;) (x, ) is defined by (3-7). Note that Kp ging (X, ¥) + Kpreg(x, y) = Kg}? (x,y). Now (2-11)
follows from (3-8), (2-10), and (3-9). O
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3B4. Decomposition of 1y(s, 7). Unfolding the Eisenstein series into (2-3), we get

Io(s, ) = Ko(x, ,D,7;8)dx. 3-10
0(5.7) /P(F)Z(AF)\G(AF) 0(x, %) f(x, ®, T3 5) dx (3-10)

Therefore, substituting Lemma 3.3 into (3-10) we obtain

IO(S9 T) = IGeo,Reg(S’ T) - IP,Reg(S’ T) + ISing(S’ T) - IWhi(Ss T)? (1_5)

where the integrals on the right are defined in Section 2C.
In the next three sections, we will examine the analytic properties of the functions IGeo,Reg(S. 7),
IpReg(s, T), and Iwni(s, 7). The analytical behavior of Isin (s, 7) has been studied in [36] for n < 4.

4. IGeo,Reg(s, T) as Dedekind zeta functions

In this section we study /Geo,Reg (S, ), Which is defined by

IGeo,Reg (S, T =/ xlyx) f(x,s)dx. (4-1)
€0 eg( ) ZAR) PENG(AF) yeZ(F)\ZG(F)—G @( yx) f( )
Decompose G(F) into conjugacy classes. We will establish a relationship between a regular G (F)-
conjugacy class C and a unique P(F)-conjugacy class Cy. With this manipulation, we can transform
the integral over the automorphic quotient Z(Ag) P(F)\G(AF) into an integral over Z(Ag)\G(AF),
yielding
IGeo,Reg (5, T) = Ie(s,7) = (xyx) f(x,8) dx, (4-2)
o e 2 ) zamean?™ 17
where y is a suitable representative in C. The inner integral factors through a Tate integral over the
stabilizer Gy, (A ), which is an étale algebra over F' of degree n. We then compute this integral in terms
of various Hecke L-functions.

4A. Structure of G (F)-conjugacy classes. Let B be the subgroup of upper triangular matrices of G.
Let T (resp. V) be the Levi component (resp. unipotent radical) of B. For each 1 <k <n—1, let

I
Wy = ( “s ) where S:(1 1). (4-3)

Let W, be the group generated by elements w;, 1 <i < n—1, identified with the Weyl group of G with
respect to (B, T).

For each 1 <k <n—1, let Q4 be the standard maximal parabolic subgroup of G of type (k,n —k).
Note that P = Q,_1. Set

In—k—l

Ok (F)PE) =L pgp™ . pe P(F), g€ Qp(F)}, 1 <k <n—1.
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For y € G(F), we denote by G, (F) the centralizer of y in G(F). Recall that y is regular if dim G,, (F)
is minimal (which also amounts to that the minimal polynomial of y coincides with its characteristic
polynomial).

Here are the two results in this section:

Proposition 4.1. Let C be a regular G(F)-conjugacy classes in G(F). There exists a P(F)-conjugacy
class Cy such that |
n—
C=Cou U Ccnor(F)FH), (4-4)
k=1

where U denotes a disjoint union.

Proposition 4.2. If C is an irregular G(F)-conjugacy class, then

n—1

c= U cnour)FH,

k=1

4B. Decomposition of G(F). The following is an analogue of Jordan canonical forms of matrices over
a number field (see [34, Theorem 3.1], for instance).

Lemma 4.3. Let V be a n-dimensional vector space over F, and o/ € End(V'). Then there exist invariant
subspaces V; SV, 1 <1 <r, such that

V=Vrere &V, (4-5)

and for each i, both the minimal polynomial and the characteristic polynomial of <y, = </ |y, are of
the form (MK, where k € N>y and p()\) € F[A] is an irreducible polynomial over F. For each [, there
exists a basis of Vj under which <7y, has the quasirational canonical form

C(p) 1
C(p) N 0 (4-6)

T (p0*) := )
N C(p) 0

where C(g) is the companion matrix of p(A).

Let y € G(F) be regular and denote by f(A) = gp1(X)°! --- o, (L) its characteristic polynomial,
where e¢; > 1, ; is monic and irreducible over F, 1 <i < m. Let F[y] be the subalgebra of n x n
matrices generated by F and y. We can identify F[y] with the polynomial algebra F[A]/(f()1)). Since y
is regular, it follows from the Frobenius dimension formula [14, Theorem 3.16] that the dimension of the
centralizer Myxn,y (F) of y in Myux,(F) is n. As F[y] is contained in Myxp,, (F) and has dimension
n, we conclude that G, (F) = Mpuxn,,(F) N G(F) = F[y]*, where F[y]* denotes the set of invertible
elements in F[y].
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Recall that y is elliptic if [G, ] has finite volume, or equivalently, if the minimal polynomial of y is
irreducible over F. Hence, F[y]is a field if y is elliptic.

Lemma 4.4. Let y € G(F) be regular elliptic. For any (ai,az,...,a,) € F", there exists a unique
element x € F[y] such that the last row of x is exactly (ay,ay, ..., an).

Proof. Since y is regular, G, (F) = F[y]*, and dim F[y] =n. Let n = (0,...,0, 1) € F". Consider the
linear map

1 Fly]—> F", x—t(x)=nx.
Since y is elliptic, F[y] is a field, so any nonzero element is invertible. Consequently, the map t is

injective, and hence surjective. Thus t is an isomorphism of n-dimensional F-vector spaces. The lemma
follows. O

Remark 4.5. Let y € G(F) be regular elliptic. Then G(F) = Po(F) F[y]*, where Po(F)=Z(F)\P(F)
is the mirabolic subgroup of G(F). In fact, since 7 is a bijection, given g € G(F), there exists 1 € F[y]*
such that ng = nh, which implies that gh~! € Py(F), i.e., g € Po(F)F[y]*.

Lemma 4.6. Let y € G(F) be regular, and assume that the characteristic polynomial of y has only one

irreducible factor. Let J be the quasirational canonical form of y. Then for any (ay,a;,...,a,) € F",
there exists a unique element x € F[J] such that the last row of x is exactly (a1, as, ..., dn).

Proof. Let f(A) = gp(A)¢ be the characteristic polynomial of y, where g(A) € F[A] is irreducible. Then
deg pp = ne™!, and the quasirational canonical form 7 of y has the structure

C
N C
g=|" . |ecLup. (4-7)

N C
where C = C(g) is the companion matrix of (1), and N is defined in (4-6). Without loss of generality,

and for simplicity of notation, we may assume y = 7.
By definition, F[y] = F[A]/ ((A)¢). Consider the filtration

P TVF/(f() 2 (W) FIA/(f(A), 1<i<e-—L

With respect to the basis {A/p(1)/ :0<i <d —1, 0 < j <e—1} for F[y]over F, each element in
F[y] has the following type

Ao
A1 Ao

Sy=434a=]| 42 A1 4o L A€ Mgyy(F), 0<i<e—1%¢. (4-8)
Aoy .. Ay Ay Ay

Since y is regular, we have G, (F) = F[y]*. Therefore,
Fly]* ={A4 €S, NGL,(F): Ay = yA}.
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Now, consider the equation Ay = yA for A € S,,. Using the expression y = J from (4-7), this is
equivalent to the following system of Lyapunov-like equations
CAy = AyC,
NAg+CA; = A,C+ AgN,

NA, »+CA, 1 =A4,1C+ A,_,N.

Since Ag € F[C]* and C is regular elliptic, 49 commuting with C implies that there exists some
ho(A) € F[A] such that Ag = ho(C). We may assume that dg =degho <d—1. Letng =(0,...,0,1) e F¢
and write ndCi = (bg’),bg), ... ,bf;)), 1 <i <d—1, for the last row of C’. Let

@ 1@ ()
Obl bz bd—l

00 pP
Xo=|: - - - 0 |eGLiu#).
Do
: G
: c bW
0 ... ... 00

Then, forany 1 <i <d—1, X = X; is a solution to the Lyapunov-like equation N C'+CX=XC+C!N.
Write Ao = ho(C) = ¢ CU 4 ¢} CU™ 4o ¢{C +c{lq, ¢ #0. Define

sp_
g = ¢l Xidg) + Cgy—1 Xdo—1) + -+ 1 X (1),

’

Clearly A; = AZI:) gives a special solution of the equation NAg + CAy1 = A1C + AgN (superscript “sp’
stands for “special”). Given Ay = ho(C) as above, the set

Uy = {A;‘j) +hi(C):hy € F[A], degh; <d —1}

gives all solutions to the equation NAg+ CA1 = A{C + AgN . In fact, on the one hand, elements in ¢/
satisfy the equation; on the other hand, let A be any solution to the equation, then AZI:) — A’ commutes
with C; thus it is a polynomial of C, namely, A € U;.

Note that NAZ‘:) = AZI;N =0. Substituting 4, = AZIZ) +h1(C) into the equation NA1+CA, = A,C+
AN, weget Nh{(C)+CAy = Ar,C +h(C)N. Write h{ (L) :cglkdl +cgl_lkd1_l -4l Atcq,
and set

Ay =g Xy + g, Xy -1+ + e Xy,
Then U, = {Azp1 +hy(C) :hy € F[A], deghy < d —1} gives all solutions to the equation NA; +CA, =
A,C 4+ AN . we define U;, 1 <i <e—1 similarly, and set Uy = {ho(C) : hg € F[A], deghg <d —1}.
These U;’s describe the structure of F[y]*.
Given a = (ay,as,...,ay) € F", by Lemma 4.4 one can find uniquely an 4y € F[C] such that

naAo = (An—d+1,4n—d+2----an). Set

a;i = (@G-1)d+1-4Gi-1)d+2+----qig), 1=i<e—1.
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Let 1 <ip <e—1. Assume that for any 0 <i < i one can find uniquely an element A; € M ;4 (F) such
that the last row of A4; is exactly a.—;, then let h;,(C) € F[C]* be the unique element whose last row is
Ae—iy, and take A;, = A;g +h;,(C). Thenng Ai, =nghi,(C) = ae—i,. Such an A4;, is unique. Let A;O be
another matrix satisfying tohat Nd A;O = Ge—j,. Since A;.O isasolutionof NA;,_ 1 +CX =XC+A4;,_1N,
Ajy — Aj commutes with C. Thus 4;, — 4] € F[C]. Note that the last row of 4;, — A] is 0, so by the
uniqueness from Lemma 4.4, A;, — 4] = 0. This shows the uniqueness of 4;;.

Hence, Lemma 4.6 follows. ]

In Remark 4.5, we showed the decomposition G(F) = Py(F) F[y]* for regular elliptic y € G(F),
using Lemma 4.4. We now generalize this decomposition to regular y € G(F) by utilizing Lemma 4.6
instead of Lemma 4.4.

Lemma 4.7. Let y € G(F) be regular. Then there exists a finite set I'eg = {y; € G(F) : 0 <i <mg} such
that

(1) G(F)= UOSiSmo Po(F)y; F[y]*, where Py is the mirabolic subgroup of G, and
(2) there is at most one y; € Tyeg satisfying that y; F[y]*y; ' & UZ;II O (F).

Proof. Denote by f(A) = g1(A)¢! -+ g, (A)¢" the characteristic polynomial of y € G(F'), where ¢; > 1
and the g;’s are distinct monic and irreducible polynomials over F, 1 <i <m. Let d; = deg g;. Then
diey +dres +---+dpmey, =deg f =n.

Since y is regular, by Lemma 4.3, y is G(F)-conjugate to a matrix of the form

T (91" .
J

' w2 , (4-9)

T (om"

where j(pie") € GLg;¢;(F), 1 <i < m. We may assume y = y*. Write k; = dje;, 1 <i < m. For
1 <i <m,let il : F* — F¥i be defined by

a= (al, az,... ,an) = ﬁ,-(a) = (ak1+"'+ki71+1’ e ’ak1+"'+ki—1+ki)'
For simplicity we write ) (a) for the last d; components of 7; (a), i.e.,
D(a) = (a . Ddi+1,a , D di42s e . ), 1=<i=<m.
n kittki—1+(e—1)di+1> Yk ++ki—1+(e;—1) d; +2> v kg +tkio+ki ) - =

We then split G(F) into a union of sets following the conditions on the last row of its elements and
show that each of the sets is of the form Py (F)y; F[y]* for some specific y;.

e For1=<i,j=<nmletn; =(0,0,...,0,1)¢€ Fj,andM,',j be the i X j matrix whose first i —1 rows are zero
vectors, and the bottom row is n;. Write n = 1, as before. Let S = {5 eG(F):nD@s)#0,1<i< m}
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and

Iy,

Yo = R : (4-10)
km—l
Mkm,kl ... Mkm,km—l Iy,

Applying Lemma 4.6 to each 7j;(a) € F¥i, we find for each 1 < i < m, for any § € S, a unique
x; € FIJ (ple )], such that ng, x; = 7j;6. When writing x; in the form in (4-8), the definition of S implies
that Ag # 0; thus Ag € F[C]*. As a consequence, x; € F[J(p;")]*.

Let x =diag(xy, ..., Xm). Then ny,x =nd. So 8()/0)()_1 € Py(F),ie., 8 € Po(F)y,Fly]*. Moreover,
Po(F)Ny FlyI* vy 1= {I,,}. To see this, look at the last row of YoXVo 1A straightforward computation
shows that

ﬁi()/()x)/o_l):nk,-xi_nk,-a lflfm_lv
and 7, (yoxyo_l) = 1k, - By the uniqueness part of Lemma 4.6, it follows that x; = Iy, | <i <m.

e Forany l </<m-—1land1=<i; <---<ij <m,let

Styoiyy =8 €G(F) V(8 =0 j €liy,....is}h
(1) 2)

Forany 1 <i <mand 1 <s <t <m, define the Weyl elements w; and Wy ; as

I
1

0 14,

Iy,
wl® = ,
14,
1y 0

I
Ky

where k] = ki +---kj_1, kj' = ki1 4+ km for 1 <i <m, and

i
Ik§
0 e I,
Iks+1
(2)
ws,t =

Tk,
I,
Iy
We write simply ws(i) =1 ifs=r.
Givend € S(,,...i)). letnd =a=(ay,az,...,ay) € F". Then 7 (a) =0 if and only if j € {i1,..., i}
We define x = diag(x1, X3, ...,Xm) € F[y]* as follows.

— If j(a) #0, let ej(.) <e; — 1 be the maximal integer such that

(ak1+"'+(€](~)—l)dj+1’ ak1+"'+kj71+(€](~)—1)dj+2’ T ak1+"'+kj71+e](~)dj) 7 0.
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By Lemma 4.6, for each such j, one can find an element x; of the form in (4-8) such that the
e](.’d ;-row of x; is exactly

(ak1+--~+kj—1+1 2Oy 4otk 4100 ’ak1+"'+kj_]+e](~)dj) # 0.

— If §j(a) = 0, we take x; to be an arbitrary element in F[J (p;j ). Since n(i)(a) # 0 for any
i €{iy,...,i;}, we can pick uniquely elements x; € F[J (pl.e ")]* such that their last row is 7; (a),
ie{l,2,...,mi\{iy,....i1}.

Apply the transposition [ [, < j<1(j.ij) to the ordered n-set (1,2, ...,n) to get another ordered n-set

({15 si150) s 1p). Then n@m) (a) # 0. Hence, the last row of x;r is Mk (a). Define
= \
Iy, !
B ! R m STOINE)
Vi eonsit) = I"ff+1 1_[ Wi Wy i
j:
* *
Mkién kiy Ki iy My, iy ki

where M i*k- refers to the 7 x k; matrix whose first i —1 rows are zero vectors and whose bottom row is
WK

(0,0, Vg, 41, V424 - - » Vkj—dd; » V1, V24 - - -, Vg, ).

Here v; denotes the /-th element of (0,...,0,1,0,...,0) € F k", where the only nonzero entry occurs in
the e? d;-position.

From the definitions, MWy .inX == né. Hence, § € PO(F)V(il,...,i,)F[V]X'

Recall that y = y*, as defined in (4-9). Given any x € F[y]*, one checks directly that

[ [ —1

M. 2 M. @
[Tw “’j,i,-x(l_[ w; wj,i,-) € Qqy, (F).
i=1 J=1

Therefore’ J/(l'l,...,i/)xy(711,...,i1) < Qdil(F)’ i'e" y(ilam:il)F[y]Xy(;ll,...,i[) < Qdil (F)

e Now we consider S = {8 €eGF):nPD@s) =0,1<j < m} Let § € S™. Denote né by
a=(ay,day,...,an). Foreach 1 < j <m such that 7j; (a) # 0, denote by ¢? < e; — 1 the maximal integer
such that

(ak1+---+(e}’—1)d,-+1 Yk bt (-1 dj+20 ’ak1+-~-+k,-_1+e]‘?d,-) # 0.

Likewise, for each such j, one can find an element x; of the form in (4-8) such that the e](.)d j-row of x;
is exactly

(ak1+"'+kj_1+lv ak1+"'+kj_1+lv ) ak1+~--+kj71+e?dj)'
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For the remaining j’s, we take arbitrary x; € F[J (p;j )]*. Let x = diag(xy, ..., Xm,). Pick arbitrarily
a jo such that 7;,(a) # 0. Let j; # jo be another integer. Set

I
kj0
m  _ 0 Liej—ejp) dj,
J0€j
Ie/odfo 0
I V2
kj0
Let
I
kj(/)
_ I LD, @ (1) @
Ym ky wj(,) wl’j(,) wm’ejo Wi
kjo’kj(’) Kjg iy kjo

Then ny,,x = né, implying that § € Py(F)y,, F[y]*. Moreover, for any x’ € F[y]*, we have
YmX V' € Qa, (F).

It follows from the discussion above that

m—1
G(F)=Su U U Sipus™
I=1 1<ij<-<ij<m
=Po(F)y FlyI* v U Po(Fyg,

1<I<m—1
1<ij<-<ij<m

inFlyT U Po(F)y, FlyT™,

.....

where y,, F[y]*y,,' and each Y, i,)F [)/]Xy(;b_“’il) are contained in some standard maximal parabolic

.....

subgroup, and Py(F) N )/OF[)/]X)/O_I ={I,}. O
Now we prove the result on the structure of conjugacy classes:

Proof of Proposition 4.1. Recall that C is a regular G(F)-conjugacy classes in G(F). Let y € C be of the
form (4-9). By Lemma 4.7 we have

G(F)= [ Po(F)y,Flyl.
0<i<my
where Py is the mirabolic subgroup of G, and each y; is constructed explicitly in the proof of Lemma 4.7.
Hence, for § € G(F), there exists p € Po(F) andi € {0,1,...,mo} and x € F[y]*, such that § = py,x.

So one has
1

8y8~" = pyxyxTlypT = privy o7
If i > 1, from the construction of y;, we have sys~tecnQj(F YP(F) | for some standard maximal
parabolic subgroup Q; of type (j,n—j),1 < j <n—1. And fori =0, §y§~! = p)/oyyo_lp_l, where
Y, is defined by (4-10). Let y' = y,yy, ' If ¥ € Uﬁ;ll Ox(F)P®E) we take Cy to be the empty set.
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If ' ¢\ U= Ok (F)PH) weset Co = {py’p~" : p € P(F)}, which is disjoint from | J{_} Ox (F)P®).
This completes the proof. O

Recall the Bruhat decomposition

n—1
G(F)=P(F) U | P(F)wn—1wp— -+ w; N; (F), (4-11)

j=1
where N;(F) := (wjwj41 - wy N(F)wywy—q ---wj N N(F))\N(F).
Proof of Proposition 4.2. Let g € C be a representative. Set m(A) (resp. f(A)) to be its minimal polynomial
(resp. characteristic polynomial) over F. Consider their primary decompositions over F':

m@) =[] and fO) =[],
iel iel

where the g; (A)’s are distinct irreducible monic polynomials over F and [ is a finite index set such that
ej > 0 foralli € I. Write d; = degg;(X), Vi € I. We may assume that d; < d, <--- < dyy. Also,
write dp = 0. Since the conjugacy class C is irregular, m(A) is a proper factor of f(1). Thus we have the
following cases:
Case I: Suppose #I = 1. Then m(A) = p(k)e/, f(A) =p)¢, and 0 < e <e = dl_ln. Let C
be the companion matrix of m(A). Then by Lemma 4.3, g is G(F)-conjugate to some element g =
diag(gy, ..., gm) with

N C
being the quasirational canonical form, and m > 1. Let rj :=rank g;, 1 < j < m. We may assume
FM=rn=-=rnm
Ifhe P(F),thenhgh™' € hQ,, (F)h~';if h€ G(F)— P(F), it can be written as & = pwy_1 -+ - wy iy,
where p € P(F) and uy, is of the form

Ij—
( 1 *)er(F>.
Ik

Note that if k > ry, then wy,_ - - - wguy, € diag(GL,,, GLy—y, ), which implies that hgh~! € Q,, (F)P®),
Hence, we may assume k < rq.
Since r; < ryy, there exists a Weyl element w € GL(ry,) such that

i
wemw ™! = (g1 ﬁ/) € GL(rp, F), (4-12)

for some matrices A" and B’. Let w’ = diag(w, I—,,). Denote by w” = w,,_jw,, —» --- wg if k <ry,
and set w” = I, if k = ry. Let g/ = w”gw”~'. Then there exists a Weyl element wgy € Py(F) such
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that
&m
_ 1 &2
WoWp—1Wp—2 W EWk *** Wp—2Wp—1Wy = . (4-13)
Em-1
&1
Let W = w”w wowy,—1wp—3 - - wg. By (4-12) and (4-13) one has
" "
~o~—1 _ &1 B//
wgw - = A (4-14)
g7

for some matrices A” and B”. Let ‘Np be the transpose of Np, the unipotent radical of P. By definition,
t
Wy—1*+ Wil Wk -+ Wp—1 € "Np(F).

Note also that w”w'wg € Py(F). So w”w'wy lies inside the Levi component of Py (F). Hence,
wupw ! € 'Np(F). Write wugw ' = uju), where

I, I,
u% = In_2,1 Et NP(F), u;{ = 1n—2r1 € tNP(F)7
2 Iy M, M;
with M and M3 being ry x r; matrices and M, being an r{ X (n — 2r;) matrix. In addition, the first
r1 — 1 rows of My and M, are all zeros.
Since g/ is regular, by Lemma 4.6 there exist | x | matrices y, € F[g]]and y, € F[g{]* such that
the last row of y, (resp. y;) coincides with the last row of M (resp. M3). Write y; = (f E’) and set

Inr,
P =( (a—bo)~! —(a—bc)—lb) € Po(F) N 0y, (F).
1

/
Write y, = (3), where a’ is an (r; — 1) X r{ matrix. Set

I,

1

_ In—2r1
P2 = —(a—bc)~ta’+(a—bec) b’ I € Po(F).
1

Then pz_lu}é p2 = uj. Let p’ = pyp1. A straightforward calculation yields

I, I,
u;c = p/ 0 Tu—2r 0 Ilu—2r . (4-15)
Y1 0 I, 0 V3
Since y, € F[g/]and y, € F[g/|]*, then y; !¢y, = ¢/, and
1r1 g/l/ B// 1r1 -1
0 In72r1 A" , 0 In72r1 € er (F) (4_16)
1z 0 Iy, g1 V1 0 Iy,

By (4-14), (4-15) and (4-16), and since p; € Q,, (F), we have pz_lu;cd)gd)_lukpz € O (F).
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Since pyuj = ujy py and uj. € Oy, (F),
Wuggu ! = wlul wgin T T € prOr (F)py !t € Oy ()P, (4-17)

Recall that &1 = pw,_1 - wiug, and p” := w”w'wq € Py(F). Then it follows form (4-17) that

hg//l_l — pp//—lwukgulzlw—lp//p—l e er (F)P(F)
Case II: Here g is G(F)-conjugate to some matrix g = diag(gy, ..., gm), where each g; is of the form
diag(gi,1,- - .. &i,m;), With
Cij

N G
8ij = o
and C; ; regular elliptic; and g; has characteristic polynomial g; (1) . Since g is irregular, so is g. Hence
there must be some 1 <i < m such that g; is irregular. We may assume g; is irregular and rank g 1 <
rank g1 » <--- <rank g1 »,. Then a similar argument as in Case I shows that 1gh~! € O, (F)P@E),
where r; =rank g1 1.

Proposition 4.2 then follows. O

4C. Algebraic expansion: P -regular conjugacy classes. As in Section 4A, let Q. be the standard
parabolic subgroup of G of type (k,n —k).
e In Proposition 4.1 we show that for any regular G(F)-conjugacy classes C in G(F), there exists a
P (F)-conjugacy class Cy, uniquely determined by C, such that

n—1

C=CoU | €N Qp(F)PD),
k=1
n—1

e When C is a nonregular G (F)-conjugacy class, by Proposition 4.2, we have C = J CN O (F)PE),

Take Cj to be the empty set in this case. k=1

Consider the notations introduced in Section 2. Let & = UZ;II (Z(F)\ Q(F))Po(F) Following the
approach in [18], we handle the integral IGeo reg (s, T) of (4-1) through the decomposition

KGeo,Reg (X, ¥) = Yo ey =) Ko, p), (4-18)
yeZ(F)\G(F)—6& C
where C encompasses all conjugacy classes in G(F)/Z(F) and
Koyt )= Y oxyy)= Y ox"yy).
y€Co yeCc—6

It is important to note that while K¢, (x, x) is not G(F)-invariant, it is P(F)-invariant. Hence, it is
meaningful to integrate them over Z(Ag) P(F)\G(Af) with respect to f(x, s). For each C, let (at least
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formally)

1 = , ,8)dx.
cls:7) /P(F)Z(Ap)\G(/-\F)KCO(x x)J(x. 5) dx

By definition, I¢(s, ) = 0 unless C is regular. Inserting (4-18) into (4-1) yields
[Geo,Reg(Sy T) = Z Ie(s, 7). (4-2)
C regular

Let C be a conjugacy class in G(F). Denote by f(A;C) the characteristic polynomial of C. Factor it
into irreducible ones with multiplicities as

g
fa:0 =[]ei:07, (4-19)

i=1
where g; (A;C) € F[A] is an irreducible polynomial of degree f;. We may assume f; >---> fg. Write
f =(f1,...,fg)eZ§1 and e =(el,...,eg)eZ§1. Then (f, e) :=)_ fiei =n.

Definition 4.8. Let notation be as before. We say C is of type (f, e; g). Let 'z .., be the collection of
regular G(F)-conjugacy classes of type (f, e; g).

With the above definition, we have the decomposition

L] ¢= Ll Tfrep- (4-20)
C regular f’eezél
(f.e)=n

LetC €'y ,.q. Let y, € C be a fixed element. Let A 7 ., be the inverse of the representative defined
by (4-10), with a slight adjustment in notation: f; = d;, k; = fie;, and g = m. Specifically,

(o \

Afeg = € G(F). (4-21)
Iy,

Mye.py - Mpgpy 0 Mg pe o Iy,
where, for an integer m, My, ,, is the fg X m matrix in which the first f; — 1 rows are zero vectors, and
the bottom row is 1, = (0,...,0,1) € F™. In particular, A ..o = I if g =1 and e; =1, i.e, C is
regular elliptic.

By Proposition 4.1, we have, when Re(s) > 1,

Ie(s. 1) = T ek se: (x,9)d
c(s.7) /Z(AF)P(F)\G(AF)pGPZ(F)w(X P hflegVeh fiesgpX) f(x.8) dx
0

—1 a1
- X x) (A7, x,58)dx,
zengan P e Cpeg.s)
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supposing the integrals converge absolutely. Combining this with (4-20) we then deduce (at least formally)
that, when Re(s) > 1,

Ic(s, 1) = x X)L x,s) dx. (4-22)
; ¢ts.7) f,e%jzil ZAPN\GAF) c€1§e:g(p( vex)/( J.eg )
(f.e)=n

Moreover, (4-22) would be rigorous if the right-hand side converges absolutely, which is indeed the case.
To verify, we will consider each type (f, e; g) separately in the following subsections.

4C1. Type (n;1). We treat the conjugacy classes of type (f, e;g) = ((n), (1);1) first,i.e.,e =g =1,
which are exactly regular elliptic conjugacy classes. Set

Le(ss)=If(s.0)= > I(s.0).

C regular elliptic

Proposition 4.9. Let notation be as before. For every field extension E | F of degree n, there is an analytic
function Q g (s) such that

le(s0=3 Y Qp(6)AG.ToNg/F). (4-23)
[E:Fl=n

where the summation is taken over only finitely many E’s, depending only on the test function .

Proof. Let T, . be the set of regular elliptic elements in G(F)/Z(F). Then

Le(s.7) = /P Y o yx) f(x,5) dox.

(F)Z(ARP\GAF) €T, .

Denote by {r.e.} a set of representatives for the regular elliptic conjugacy classes in [ ... For any

y € {r.e.}, the centralizer of y in G(F)/Z(F) is F[y]*. So
Y oexTlyn) = ¥ )3 p(x~187 ydx). (4-24)
y€lre. y€efre} SeF[y]* Z(F)\G(F)

By Lemma 4.4 and the remark after it, one has G(F) = P(F) F[y]*. Since P(F)N F[y]* = Z(F),
every element 6 € Z(F)\G(F) can be written unique as 6 = pv, where p € Z(F)\P(F) and v € F[y]*.
Hence the inner sum of (4-24) could be taken over p € Z(F)\ P(F). Therefore,

L. (s, t =/ x 1o lynx) Fx.s) dx. (4-25)
re.(5.7) P(F)Z(Ap)\G(Ap)yege_} pez(%\P(F) (x" pT ypx) f(x.5)

Consider the field extension E / F of degree n. Fix an algebraic closure F of F, then E embeds into F.
A conjugacy class is said to belong to E if it consists of the conjugates of an element y € E*/ F* — 1
under the usual identification. We need to consider two cases, according to whether £/ F is Galois.

The idea is to replace the summation over y € {r.e.} by summation over extensions £/ F of degree n;
and inside, summation over elements of E.

Case E/F Galois: When y varies over E*/F* each conjugacy class belongs to E exactly n times.
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Case E/F not Galois: When y varies over E*/ F* each conjugacy class belongs to E once; but the sets

of conjugacy classes belonging to the n embeddings of E in F are identical.
In either case, the integral in (4-25) can be rewritten as
1 -
hets) =+ [ Y ey s dx, (426)
Z(AF)\G(AF) [E:F]=n ]/GEX/FX—{I}

where the summation on the right is taken over all extensions E/F of degree n. However, only finitely
many E’s (independent of x) in the inner sum contribute to (4-26). To verify this assertion, we generalize
the argument in [18, p. 17]. Consider the function 8 : Z(Afr) \ G(Af) — A'I’:_l defined by

Blx) = (01 (x)" o2 (x)" Op—1 (X)”)

on(x) ’ on(x)? T on(x)r—1

where o;(x) is the i-th symmetric polynomial in the eigenvalues of x. Since 0,(x) = detx # 0, Vx €
G(AF), B is continuous. Hence it maps supp ¢ to a compact setin G(A ). On the other hand, S is invariant
under conjugation. Consequently, the set {,3()/) Yy €G(F)/Z(F), p(x~yx) #0 for some x € G(AF)}
is the intersection of a compact set with a discrete set, hence is finite.

e If B(y) # 0, the number of distinct fields F[y] with a given value of B(y) is at most #, thus finite.
e If B(y) =0, the map y +> det y from

G(AF)/Z(AF) — A%/A% U

(with A;n ={a" :a € A%} and UF the maximal compact subgroup of A% ) is continuous; so the image
of supp ¢ is also compact. Since A}ff’ has finite index in A;ﬂ UFr N F, there are only finitely many values
for the image dety mod A;ﬂ with y € G(F)/Z(F) and ¢(x~1yx) # 0 for some x € G(Ar). When
B(y) =0, F[y] is determined (up to embedding) by det y, so we are done.

Thus we can interchange integrals in (4-26) to get

1
Le(s.0)=- > IE(s.0). (4-27)
[E:Fl=n
where I g (s, 7) is defined by
-1 s gX
X yx d(nex)t(det tx) |det tx|* d ™t dx. (4-28)
/GV(AF)\G(AF) yeE;/FX v 7x) /GV(AF) (1) ( )| |
y#1

Here n = (0,...,0,1) € A%, and Gy, is the centralizer of y in G. Since y is regular elliptic, we have

Gy(Af) ~ A}‘E.
As noted in [18, p. 17], the function

X > > e(xTAx)
AEEX/F*—{1}

has compact support on G, (Afr)\G(AF). Note that for almost all finite places v, x, € G(Oy) and D,
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is the characteristic function of Q. Then as a function of nt,, ®,(ntyxy) is also the characteristic
function of O);. So ®(ntx) is a Schwartz—Bruhat function for fixed x € G(AF). If we identify G, (AFf)
with A%, det |gx: EX — F* with the norm map Ng,F, t > |det ¢|a, with the idele norm in E, and
S(AT) with S(Ag), we see that the inner integral in (4-28) is just the Tate integral for A(s, 7o Ng/F),
converging absolutely for Re(s) > 1. So there is some holomorphic function Q g(s) of s such that
Ig(s,t) = Qg (s)A(s, T o Ng/F), giving a meromorphic continuation of /g (s, 7) to the entire s-plane.
Since the sum over E in (4-27) is finite, I (s, ) is well-defined for Re(s) > 1, and admits a meromorphic
continuation to s € C of the form (4-23). O

4C2. Type (f, e;1). One special aspect in the regular elliptic case is the compact support modulo
Gy (AF) of the function
X > e, (4-29)
A€EX/F*—{1}
However, for general types (f, e; g), this function may not have compact support. A notable example
is the absence of compact support for regular unipotent conjugacy classes; see [18, p. 18], for example.
Therefore, a different approach is required compared to the regular elliptic case discussed in Section 4C1.
In this section, we focus on the case g = 1. The results obtained here, combined with the proof of
Proposition 4.9, will play a pivotal role in addressing general types in the subsequent section.
Let C be of type (f, e;1). We may choose a representative y € Cqy as in Proposition 4.1, in its
quasirational canonical form:
N c
N C

where

C € GL(f1) and there are e; = n/f; such C’s in the partitioned matrix above. The stabilizer of y is
studied in Lemma 4.6. In particular, if A is the stabilizer of y, then A must be of the form

Ao
A1 Ao
A A A
S : (4-30)
Aeyor ... Ay A; Ag

with A; € My xr(F), 1 <i <ey, and Ag € F(C). Let Pg .1 be the transpose of standard para-
bolic subgroup of G of type ( f1. fi,..., f1). Let K¢ ..; be a compact subgroup such that G(Af) =
Pf,e;l(AF)Kf,e;l-
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We can decompose G, (Afr)\G(AF) as follows. Write x € G, (Ar)\G(AF) as

Ifl D To -
1 1
B D, Dy T, k, (4-31)
Del—l Dl Te1—1
where
Ifl
Ifl

B = B3, Iy, ; (4-32)

Bey2 - Bepey—1 Iy,

each Dj, 1< j <e;—1,isin the stabilizer Gc (Af) of C;each Tj,0=j <ej, isin Gc (Ar)\GL(f1,AF);
and k € Ky ;1. Write D = diag(Is,, Dy,..., D¢, —1---Dq) and T = diag(Ty, T1,...,T,,—1). Note
that (4-31) follows from Iwasawa decomposition and the unipotent term B is of the form (4-32) because
its first f; columns can be absorbed by left multiplication of some stabilizer A € Gy, (AFr) of shape (4-30).
Write the inverse B! in the matrix form

—1
Iy, Iy,
Iy, Iy,
B3, Iy _ B;’z Iy,
Beyp oo Bejei1 I, B, , ... B, . I

For each B] ;, we write El’ ;=B ;C—CBj ;. Let Bbe the group of such B’s.
By definition, the contribution from conjugacy classes of type (f, e; 1) is

Iroq1(s =/ x Yy x) fOFL . x,s) dx. (4-33)
f,e,l() ZAP\G(r) CGIZf:’e;IQD( YeX) f( f.e;l )

Remark 4.10. In the forthcoming calculation of 1 ¢ . (s), we will use the unconventional notation NV, B,
B, D, and T to simplify the description of integrands involving complex matrices of specific types.

Recall that for two meromorphic functions /11 (s) and /1, (s), we write /11 (s) o< hy(s) if hy(s)/ ha(s)
admits an analytic continuation to the whole complex plane.
Proposition 4.11. Let notation be as before. Then I g .1(s) converges absolutely when Re(s) > 1 and

e

1f,e;1<s)o<1‘[( > QEj(s)AEj(js—j+1,(roNE/F)f)),

j=1"[E;:Fl=f

where the sum over number fields Ej is finite and Q g; is an entire function of s.
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Proof. Rewrite (4-33) in the original form

If,e;l(s) = /

Z(AF)\G(AF)

> o yx) f(x.5) dx,

14

where y runs over regular elements of type (f, e; 1). Then similar to the discussion in Proposition 4.9,
the sum over y is finite, depending only on the support of ¢. We then switch the sum to get 7 ,.1(s) =
>y Iy(s, ), where

I (s. ::/ ~1 ®[(0. . ... 0. rx]r(det tx) |det rx|* dt dx.
y(5,7) GV(AF)\G(/-\F)(MX YX) 6\ ar) [( )tx]r(det tx) |det tx]| X

Substituting the decomposition (4-31) into the above integral, we obtain

Ly (s, 7) = /k /(GC(AF))el—l f/qu(k_l T D7 B~y BDTK) /GV(AF)“. ’

where T (resp. k) ranges through (G (Af)\GL( f1,AF))¢" (resp. K¢ ¢.1), and B is the domain for B.
According to the preceding discussion we have

D1 g St 107 DT [

where M = B~y B is of the form

c
N C
B,,N B,,+N C
B,,N ... _.B , +NC

where a typical entry of the above matrix is of the form
B+ Bl N+ By i k(Bij, N.C)+ A i (Bij, N,C)

with 147 x and A;  being polynomials in B; j, N,and C,i </—1and j > k + 2.

A straightforward computation shows that if the first column of Blf, j is determined, then E{ j=
B} iC— CB;] ; is completely determined by its last /i — 1 columns. Therefore, when B;’ oV is fixed,
then B;, et B;’ k+11V isan fi x fi matrix, linearly determined by the last f; — 1 columns of B;’ . and
the first column of Bl/, k+1> and this correspondence is one to one. Thus, the mapping B +— M establishes
a one-to-one smooth correspondence. The matrices M that contribute are confined to a compact region
determined by the choice of ¢. Consequently, after a change of variables, it follows that the integral with
respect to B has compact support in B. Therefore,

I,(s,7) = KT'T'D'M DTk, (T
y(5:7) /k/(Gc(/-\F))el—l/(GC(AF)\GW))@I/B(p( psen(T)

X / ®[(0,...,0,1)ABDTk]c(det ADT) |det ADT |*dAdB dD dT dk,
Gy(AF)
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where §p ., (T) is the modular character associated with Py ,.1(AF). Changing variables via B
DTBT ' D~! we then obtain

I,(s,7) = k“'B7'T-'D 'y DTBk
y(5.7) /k/mc(/-\F))erl/(GC(A\F)\G(AF))EI/Bw( 4 )

x / ®[(0,...,0,1)ADTBk]|t(det ADT) |det ADT |*dA dB dD dTdk.
GV(AF)

Then D~ 'y D is equal to
C
DTN c
0 D{'D;'ND; C
0 % . (D7'--DIU DI N D, 5+ Dy) C

81—2 81—1

We can identify Dj_1 N with an element x; in £ ]?‘/ F*—1,1<j<e;—1,where E j 1s a field extension
of F with [E; : F] = fi. Conjugate of Dj_1 N under this identification becomes a Galois action on Xx;.
Therefore, we have

1 e;—1 e;—1 | is—ji+1
Iy(S,‘E)I? 1_[ Z /X 1_[ ‘L'](NEj/F(Xj))NEj/F(xj)J /
/i j=1 x;€EX/F*~1"AE; j=1
[Ej:Fl=h

k'B T 1P TBk)|det Ay|'
XAf(GcmF)\G(AF»eI/B(p( v ) det Ao

x / ®[(0,...,0,1)ATBk]t(det AT) |det AT |°dA dB dT dki dx,---dxe, 1,
GV(AF)

where the sum over the x;’s is finite and

¢ c
D{'N C x; C
| 0 DN C |0 xC
0 x ...D' N C 0 * ... xXe—1 C

e1—1
A similar analysis to that from the proof of Proposition 4.9 shows the integral relative to T actually is
over a compact set, since ¢ has compact support. Hence, the function

—1p—1lp—1_D 1—eq
(xl,...,xel_l)H/lc/(Gc(AF)\G(AF))eI/Bgo(k B T 'yP TBk) |det Ay

x/ ®[(0,...,0,1)ATBk]|t(det AT) |det AT |°dAdB dT dk
Gy (AF)

is Schwartz; and the function

/ ®[(0,...,0, 1) ATBk]c(det AT) |det AT |S|det Ao|' ™1 dA
GV(AF)

is the Tate integral for A(eys, (t o Ng,p)¢'). Therefore, Proposition 4.11 follows. O
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4C3. Orbital integrals of general type. Set

I -s=/ x" ) FOFL . x,s) dx,
feig(s) Z(M)\G(M)cg%e;gw( YeX)S (A e 5)

where g > 1, f. e GZ}’;I, (f.e)=n,and Re(s) > 1. We may write f = (f7,..., fg) with f1 >---> fg,
and e = (ey,...,eg).

Let E be a finite extension of F, and let x be an idele class character of A% For a positive integer j,
define

N[l 0 = Ap(s —j + 1. X))
where A(s, x) denotes the complete Hecke L-function associated with .

Proposition 4.12. Let notation be as before. Then I g ¢.4(s) converges absolutely in Re(s) > 1 and

g e
Ifeg(s)oc ] H( Y O, )ALl oNE,./F)), (4-34)

i=1j=1[E; :FI=f;
where for each i and j, the innermost summation is taken over only finitely many fields E; ;, depending

only on the test function ¢; and each Q g, ; (s) is an entire function.

Proof. Let C be a regular conjugacy class of type (f, e; g). By Lemma 4.3 and the proof of Lemma 4.6,
we can write C = {y}, with a typical element y given by
231
e
Um+1
y = H

© OUm+1

g

K een g
Using this expression and the definition of )\}1 g from (4-21), it becomes evident that Proposition 4.12

follows by combining the analysis from the proof of Proposition 4.9 with that of Proposition 4.11. [
Gathering (4-20) with Proposition 4.12 we then obtain:

Theorem C. Let notation be as before. Let Re(s) > 1. Then

n g (47
1 .
Ioeoreg(s. 1)< > > ] 7 Y 05,6) [[ AL ToNEF). (4-35)
g=1 f,eczs, i=1 "1 [E;:Fl=f; j=1
(f.e)=n
where, for each i, Q g; (s) is an entire function and the innermost summation is taken over only finitely
many fields E;, depending implicitly only on the test function ¢. The right side of (4-35) gives a mero-

morphic continuation of IGeo,Reg(S, T) to the whole s-plane, with poles possible only at 1, % % R %
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5. I pReg(s, 7) as intertwining operators

We now proceed to handle the function /p reg (s, 7). Our approach involves explicit geometric computa-
tions, ultimately reducing it to a finite sum of intertwining operators whose analytical behavior is known
through the work of Langlands. Recall that, by definition,

IP,Reg(S, T) = /

-1, —1
X u x)du f(x,s)dx.
ZAF) P(F\G(AF) /[NP] yeZ(F);G(F)_G‘P( yx)du f(x,s)

To simplify Ip res(s. ), we express Z(F)\G(F) — & as a disjoint union of G (F)-conjugacy classes
C modulo Z(F). Furthermore, we decompose each C into a disjoint union of P (F)-conjugacy classes.
By explicitly determining representatives for these P (F')-conjugacy classes, we can perform a change
of variables to transform the integral over Z(Afr)P(F)\G(AF) into an integral over Z(Ar)\G(AF).
This allows us to perform local calculations and establish a relationship between these integrals and the

constant terms of certain Eisenstein series. Consequently:

Theorem D. Let notation be as before, then Ip res(s, T) converges absolutely in Re(s) > 1. Moreover,
Ip reg (s, T) admits a meromorphic continuation. Precisely, one has

A(s, 1) A2s, ) --- A((n—1)s, ") A(ns, ")
AGs+1,0)AQRs+1,72)---A((n—1)s + 1,77~ 1)’

[P,Reg(s» 7:) X (5‘1)

S5A. P(F)-conjugacy classes.

5A1. Ad hoc notation. We introduce some unconventional notation specific to this section, designed to
simplify the calculations. Readers are advised not to be overly concerned with its details.

e Let C be a G(F)-conjugacy class. Recall that we define Cy in (4-4) if C is regular. Set R =
Uecis reqular Co- Then R is a disjoint union of P(F)-conjugacy classes in G(F) by Proposition 4.1.
Propositions 4.1 and 4.2 give a decomposition of G(F) as P(F)-conjugacy classes

G(F)=RU "Ol O (F)PE), (5-2)
k=1

e For any 2 < k < n, let Py be the standard maximal parabolic subgroup of GLj of type (k — 1, 1).
In particular, P = P,. Let Np be the unipotent radical of P.

e Recall that B is the Borel of G. Let T" (resp. V) be the Levi component (resp. unipotent radical) of B.
e Let wy,...,w,—1 be the Weyl elements of G(F) defined by (4-3) in Section 4A.

e Forany I <k <n—1, write Qy (resp. Q) for the standard parabolic subgroup of G of type (k,n —k)
(resp. (k,1,...,1)).

To compute I p reg (s, T), it is necessary to explicitly choose representatives for k. From the construction
in the proof of Proposition 4.1, we have an explicit algebraic description of the representatives for each
Co. However, this algebraic construction is not particularly convenient for analytic parametrization.

In this section, our goal is to find representatives of ‘R that are more suitable for analytic purposes.
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S5A2. Explicit representatives of R. To narrow down the possible candidates for these representatives,
we begin with the following result.

Lemma 5.2. Let notation be as before. Set R = {wy—1wy—3---w1b : b € B(F)}. Denote by RPFE) the
union of P(F)-conjugacy classes of elements in R. Then

R =RPE) (5-3)
Proof. Recall the Bruhat decomposition
G(F)= P(F)U P(F)wy—1 P(F).

Due to the disjointness of different Bruhat cells, the P (F)-conjugacy class of g1 does not intersect with
that of g,, for any g; € P(F) and g, € P(F)wy,—1 P(F). Since P(F)-conjugacy classes of P(F) lie
in P(F), we can reject all representatives in P(F) and conclude that P(F)-conjugacy classes in R are
represented by elements in w,_q P(F).

For any

g = Wy—1 (An_l db) € wn_lP(F)I"IER,

by Bruhat decomposition, either 4,1 € P,—1(F) or A,—1 € Py_1(F)wy—» P,—1(F), where P,_q is
the standard maximal parabolic subgroup of GL,_{(F) of type (n —2,1). If A, € P,—1(F), then
g€ 0n2(F)CUj<k<n_i O0r (F)P®E) Thus g & R. Therefore, Ay—; € Py (F)wy—2 Py (F). So

we can write
© I, ¢ by Ap—z Cn—2 *
gy’ =g =wu_1 1 b12 Wy—2 dn—1 € Wp—1 Qn_l(F)v

n

Ap—2 Cn—2
which is conjugate by w,_» dn—1 € P(F) to
dn

An—z cp Ins ¢ by
g(l) = Wp—2 dn—1 Wy—1 1 by
dy 1

A 2\ (In—2 ¢ by
= Wp—2Wpn—1 dy J 1 b12 € Wp—2Wpy—1 Q;,k_z(F)-
n—1

Again, apply Bruhat decomposition to GL,,—,(F) to conclude that either A, _, € P,_»(F) or A,_; €
P,_»(F)wy—3Py—(F), where P,_, is the standard maximal parabolic subgroup of GL,_,(F) of
type (n —3,1). If Ay—p € Py_s(F), then gV € 0,_3(F) C Uj<k<n_1 Ok (F)P) e, g ¢ R
Therefore, A,_» € Pp_s(F)w,_3Py_»(F). Likewise, gV is thus P(F)-conjugate to some g® €
Wy—3Wp—2Wy—1 Q5 (F). Continue this process inductively to see that g is P (F)-conjugate to some
element g2 € wyw, -+ Wy_; Q71 (F).
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Therefore, RC {p~'yp:y e wiwy - wy_; Q1(F), p € P(F)}. So we have
gl igeR C{p ypry € Of(F)wp_y - wawy, p € P(F)}
={p"'yp 1y €Wpmrwy—z - w1 B(F), p € P(F)},
since Q7 (F) = B(F) C P(F). Note that 9 is stable under inversion. Hence,
R={g ' :geR C{p lyp:y €Wy_iwy—r--- w1 B(F), peP(F)}=RD.
Based on the construction, we observe that

RFE N U ow(F) =2,

1<k=<n—1
since Bruhat cells are disjoint. This implies, according to (5-2), that R (F) . Hence, R =RFF). O
Now we determine representatives of R¥F).

Lemma 5.3. Let notation be as before. Then % = RYE) | where
R = {wn_lwn_z..-wl(l"_l [t]) ite FX, (I”_l [1)) € Np(F)}.

Proof. Let b =tu € B(F), where t € T(F) and u € N(F). By examining the rows on both sides, we can
find ¢; ; € F and v’ € Np(F) that satisfy the equation

10 0 ... 0 161’2 o0 Cln—1 0
I cip -+ Crp— I v cap—1 0
: tu = tu’ S (5-4)
1 Cn—2,n—1 1 0
1 1

In fact, the values of ¢q_j, 1 < j <n—1, are determined by b. For i > 2, the values of ¢; j are determined
by ¢;—1,j and b, where 1 < j <n—1. Thus, these ¢; ; values are uniquely determined by 5. Consequently,
v is also uniquely determined.

Let p € P(F) be the matrix multiplying tu’ on the right-hand side of (5-4). Then (5-4) becomes

PWn— i Wy—z - W1bp ™' = wy_jwy_y - wyity.
Write t = diag(?q, ...,t,), a =diag(ay,...,a,) € T(F), with a; =t1_1 ---ti_l, 1<i=<n,and
o=
with b ='(by,...,b,_1). Then
0 wy_ g wpg Wit a = Wy Wy—p - Wy (I"‘l [;) eR,

where 1 = dettand b’ =*(b],...,b,_,), withb] =1y---1;b;, 1 <i <n—1.
Therefore, Lemma 5.3 follows from Lemma 5.2. O
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We shall show that elements in R are not P (F)-conjugate to each other.

Lemma 5.4. Let notation be as before. Then R forms a complete set of representatives for R. In
particular, R = REWE),

Proof. Let wy_jwy_5---w1b and wy_jw,_y -+~ wb’ be two elements in R. Assume that there exists
some py € P,(F) = P(F) such that
PrnWn—1Wp—z - wibpy ' =Wy wu—p - wy b (5-5)

Then wy_1 ppWyp—1 = Wy—s - wib pub " wi - wp_y € P(F) = Qn_1(F). Since p, € P(F), it is
necessarily of the form

Ap—2 th—1 Cn GL,—»(F) * x
Pn = an-1 0 ) € F* 0 | C Q,_2(F).

an F*

Hence, Wy—sWp—1 PnWn—1 Wy = Wy—3 - W10 ppb~ wi---wy_3 € Qu_»(F), which implies that
Aj—» lies in the maximal parabolic subgroup of GL,_,(F) of type (n—3, 1), and the last component of
¢, must vanish. Repeating this process n—3 more times, we simplify (5-5) to

-1

a, 0 0 ... 0 ap c¢1p - Cip—1 O
ap €12 - C1,n—1 ay -+ cp-1 0
. . /
) o | o= (5-6)
dp—2 Cp—2,n—1 an—1 0
an—1 an

Note that the unipotent radical of b and b’ are in Np(F). By the analysis towards equation (5-4) we
see that all the ¢; ;s in (5-6) must vanish.

Write
_ In—l b /I _ In—l b,
b= ( t) and b = ( z’)'

Then (5-6) becomes

dp aj

a1 I—1 b az _ I b’
D LGl S B G0k

dp—1 dn

By comparing the determinants on both sides of the equality, we deduce that ¢’ = ¢. Similarly, comparing
the Levi components yields a; = a; = -+ = ay, leading to b’ = b. Therefore, any two elements in R,
are either equal or not conjugate to each other by P(F). O

Now we consider for our purpose the decomposition of Z(F)\G(F) into P(F)-conjugacy classes.
By (5-2) one has the decomposition

Z(PO\G(F) = (Z(F)\R) UG, (5-7)

where & was defined in (2-6) in Section 2B.
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Corollary 5.5. Let notation be as before. Set (F*)" = {t" .t € F*}, and let
Rr = {uwlwz---wn_l (’n—l [) re FY)(F)", ue NP(F)}. (5-8)

Then R* forms a family of representatives of Z(F)\R.

Proof. By Lemma 5.4, the set
{wn_lwn_z --~w1u(1”—1 t) 1€ FX/(FY)", ue NP(F)} (5-9)

forms a family of representatives of Z(F)\R. Then the inverse of elements in the set defined in (5-9) also
form a family of representatives of Z(F)\R. Note that these inverses are bijectively Py(F’)-conjugate to
R*, then the proof follows. O

5B. Holomorphic continuation. In this section we shall prove Theorem D.
Recall the definition in Section 2C:

IP,Reg(S» T) = /

K ux,x)duf(x,s)dx,
Z(/-\F>P0<F)\G(/-\F)/[Np] Geo Reg (X, X) ditf (x.5)

where Re(s) > 1. By (5-7) and Corollary 5.5,

KGeoreg(X, V) = > oxlyx)y= Y X e plypy).
yeZ(F\G(F)—6 v+ pePo(F)

As a consequence, we have (at least formally) the decomposition

I T) = “luTlyx) duf(x.s) dx.
e 0= [ 3 T ) duf (xs) d

5B1. Ad hoc notation. Recall that P is the parabolic subgroup of type (n—1,1). Let Mp be the Levi
component of P. Let NP := N N Mp; then N = NPNp. Set A(Ar) = Z(Ap)\T(AF) and b =
wiwy - Wy—1-

5B2. Coordinate transforms of unipotent radicals.

Lemma 5.6. Letc;j € Ap, 1 <i < j <n—1. Define u = (u;,j)1<i,j<n—1 € NP (AF) via the expression

100 ... 0 N ' /lecn o im0

I cip o+ Cip—t I - cop1 0
— (“ ’1“) (5-10)

1 cp—2,n-1 1 0

1 1

Then each 1 <i < j <mn, u;j = c;j + Pi j, where P; j is a polynomial in the variables c;: j» # c¢; j,
1<i’<j' <n.
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Proof. The argument holds trivially for 2 x 2 matrices. Suppose Lemma 5.6 holds for matrices of rank
less than n. Write

—1 N /
leia - cipa Ly o G
9 = /
1 Cn—2,n—1 1 Cn—2,n—1
1 1

/
i’j
induction assumption, the u; ; take the form ¢; ; + P; j for 1 <i <n—1and 1 < j <n. We then focus

By multiplying block matrices, we can determine ¢; . using ¢;- j» with i’ <i and j’ < j. Based on the

on investigating the last column, specifically u; ,; for 1 <i <n—1. Note that (5-10) becomes

10 /O /0 l cip -+ cijp—1 O
1 c1,2 oo Cl,n—l 1 CZ,n—l 0
. . . . u *
" B )
1 Cn—z,n—l 1
1 1

As a consequence, we obtain
; — . ! , g J
Uin—1 = Cin—1 T Cit1n—1C_1; T+ Cn—2n-1C_1 3 T Ci_y n_2»

which yields that u; ,_1 — ¢; ,—1 is a polynomial in the variables ¢; j» # ¢; ,—1. Hence, Lemma 5.6
follows from induction. |

Consider the smooth transformation defined by (5-10):
NPAF) = NPAF).  (cijizijn = Wiji=ij<n.

By Lemma 5.6, its Jacobian matrix is identically trivial. This will simplify the calculation of /p re,(s, 7)
in the next subsection.
Set ¢ = (¢i,j)1<i,j<n € NP (AF). Since <I”_‘ [) commutes with ¢, the relation (5-10) amounts to

c_llb(l"_l Z)c:li)(“ }k) W=wiWs - Wy_1. (5-11)

5B3. Manipulation of Ip res(s, T): integral transformations. We have

1 -1~
S W SR S S
PR D)= [ Gam Inpam 3 1 w( ()¥) durf x5 dx

where 1 € FX/(F*)". By Iwasawa decomposition, we may write x = cu,tk, where ¢ € NP (Af),
u, € Np(Ap), t =diag(tq,t2,...,th—1,1) € A(Af), k € K. Then

Ip Ree(s,T) = T- f(custk,s)duyduy §~1(t) d* tdk,
PRl ) = [ /A(AF) /pr) /NP(AF) fcuzth, s) duy duy 87 (8)

where § is the modular character, and

1—1 -1 -1 ~(1,—
7= (k ety le lw( n=1 )cu tk)dc.
NP(AF) tGFX%FX)”(p 1 t 2
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We can change variables through Lemma 5.6 or equation (5-11) to derive

11 =1~ (-
I= KWt (7 uustk) du.
NP (AF) ,EFX%FX)n‘p( 1 ( t) 2tk)

Recall that f'(x, s) is defined by
f(x,5) = t(detx) |det x|} . //_\X O[(0,...,0)x]c"(@)|t|"d™t, (5-12)

F

which is a Tate integral for the complete L-function A(ns,t”). By definition, f(cu,tk,s) equals
t(dett) |det t|* f(k, s). Therefore,

Z-t(dett)|dett|® %
1 = k,s)dk du, du,d” t.
P.Reg(5: ) /Kf( -5) /A(AF)/NP(AF)/NP(AF) 8(t) upduyd=t

Lemma 5.7. Let notation be as before. Then

Irna(s0) = [ SOy dk [ dun f L du L du e AR

1

-1
t2

X/ 2 o | k7 u R Wuuk | d*t,
AF teFX[(FX)n I
e T2 i
where d*t = d*t; d*ty ---d*ty—1, and for any t = diag(ty, 13, ...,ty—1, 1) € A(AF),
(1) na=1)et1) T 1 n—i (n D(s+1).
A () = [Tz 1l
i=2

Proof. By the change of variables u; tu;t7! and uu, > tuu, ! we obtain

1 = k,s)dk -r(dett) |det t|" T duy duy d
PRl D)= [ Sesyak [ [ [T edet) et dus duy 4

where

-1, 1,1~ (1,—
j=/ kY w (0  Vtuugk) du.
NP(AF)[GFX%:FX)H (p( 1 ( l) 2 )

Since

11
"o

o (I"—l t)tti)_l =

Lemma 5.7 follows after a change of variables. O

’ -1
In—2l, 4
n—1

5B4. Manipulation of 1preg(s, T): reducing to intertwining operators. Recall the test function ¢ has the
central character . Let & be the set of idele class characters on A, which is trivial on R% . Denote by
Bo.nthesubset {xy € E: x" =w} C E. Also, let Eﬁ’z ={£c B:£2=1}ifniseven, and let EZ’Z ={1},
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the singleton, if # is odd. Then both #&, , < oo and #Eﬁ , < 00. For a Hecke character y, we define

(=)D n—1

i](s+1)
AR O = KT T ey * L6 il e
i=2
when 7 is odd. For even n, we define
en —Ls+1) 2—i [ —ile+D
AR (1) = REE)TE) Tl Ilsa»ra Yl - .
i=2

We can employ a change of variables, specifically (A%)" - F*/(F*)" = F* - (F*\A%)", to perform
Poisson summation, following a similar approach as in [18, §2.4, Lemma]. This allows us to derive the
following results:

* When 7 is odd, the integral Ip reg(s, 7) is equal to

k,s)dk d d d A% d*t
/Kf( -5) /NP(/_\F) ul/NP(/.\F) M/NP(AF) "2 A Z sex(®) !

F X€EBw
L

t
_ 2 -
x/ / o | k7 uy Wuguk | d>ty -+ d*ty_;.
x < l_l
F F

n—1 t

* When 7 is even, the integral p re, (s, 7) is equal to

k.s)dk d d d A ¢
/Kf( :5) /NP(AF) ul/NP(A\F) M/NP(/-\F) ur 2 2 Aye®

Xeﬂw.nse“ 7.2
L
t2
X/X---/X(p k_lul 1 Wuuk dxll"'dxln_l.
F F Z‘n—l 1
Let Tx(A%) = {diag(1, 11, %2, ..., ty—1) € T(AF) 1 t; € A%, 1 <i <n—1}. Set
L AAY) = To(A%), tet =diag(l,e; et 0t ).

Let §, = —%(1 + (=1)"). Define §, g(x:k,s) =y e(x:k, 5,0, D, 7) by

Tye(xik,s)= /NP(AF)/NP(AF)/A(AX)(p(k_lult‘xuk)As’,,X’,;,n(t)dxtdu duy,
F

where Ag ¢ ) £ (1) is defined by

(n— 1)(A+ ) n41— —il(s+1)
2

HEE) Do) T Nl 2 IIxa»sa»%rao —W|AF

i=2
Since ¢ has compact support modulo the center, §, ¢(x: k, s) is well defined for any x, & in Re(s) > 1.

Let b = tw'u € B(Af), where ' € Np(Ar), ue NP (Ap), t = diag(t1,15,....1;,) € T(AF). By the

-1

change of variables u — u™lu, uy — u =1 (£4)~!, we obtain



900 Liyang Yang

n
n+l-=8y . [2FLl_; 1
Spebxik,s) = [ x@e@ ™ c@) T a2 T Feaks).  (5-13)

i=1
n .
Since the modular character of T(Ap) is §(t) = ] tl.”+1_2’ , one has
i=1

GA A 11 1An— At 1An
Fre(rik.s) €Indgint) (xEn Tk [ 310 L ygbnchnmt ] [pnot? ygdnghn]. oSy,

where A; = %(n-l— 1—68,)—1i for 1 <i <n. Define

Gye(x;5) =Gye(x;s,0,0,7)= /K Sk, )y e(xik,s)dk.

Therefore, at least formally one can write Ip reg(s, ) as a finite sum:

IpRreg(s, )= > > Gye(wn;s)dn, Re(s) > 1. (5-14)
X€Bq.n B,/ NP(AF)
5BS. Proof of Theorem D. Now we show the absolute convergence of (5-14) and deduce its analytic
behavior.

Let §1,1,4+(x:k,s) = §1,1(x:k, 5, |¢l, [®[,1) and Gy 1,4+ (x;5) = Gy ,1(x;5, ||, |P|,1). Then the
above interchange in the order of integrals is justified by Fubini’s theorem on integrals of nonnegative
functions. One then has

Ipe 0= X > [ Gui(dn;s)dn,
XEB 1 E€EY, P(AF)
where the sums are finite. Then |’ Np(Ap) G1,1,+(Wwn;s) dn converges absolutely in Re(s) > 1 according
to Langlands’ theory on intertwining operators. Therefore, by the dominated convergence theorem,
/. Npap) Ot (wn; s) dn converges absolutely in Re(s) > 1. It is thus a well defined intertwining operator.
By Langlands’ theory (cf. [20] or [30]) on intertwining operators, we have

. A(s, T)AQ2s, t2) - A((n—1)s, ") A(ns, T)
/ G, g(wn;s)dn x —,
Np(Ar) AGs+1,71)AQ2s+1,72)--- A((n—1)s + 1,77 1)

where the last factor A(ns, ™) on the numerator comes from the Tate integral f(k,s) from (5-12).
So (5-14) is well defined. Consequently (5-1) holds, since the sums in (5-14) are finite.

6. Convergence of the spectral side

In this section we shall deal with the spectral side

Twhi(s, 7) =/

Kgis(myx,x)0(ny) dny f(x,s)dx, 6-1
Z(A\F)N(F)\Gmm/ NEnGay B X0 A T 5) b
where Kgis(x, y) is the Eisenstein part of the kernel function relative to a general test function ¢ in
H(G(AF), w). The main concern here is the absolute convergence of Iwhi(s, 7) when Re(s) is large.

Typically one needs certain suitable regularization or truncation for Kg;is, which is slowly increasing.
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In the GL(2) case this can be handled by the techniques in [29] or [40]. Arthur [1; 2; 3; 4] developed a
truncation approach to successfully regularize the trace formula on general reductive groups. Arthur’s
truncation operators and their variants (as in [21; 13]) provide a powerful toolkit to manipulate the
convergence problem in the (relative) trace formula.

However, these truncation operators seem to be not quite suitable for the function (6-1). One barrier
is that the domain is not the usual automorphic quotient Z(Ar)G(F)\G(AF) but the much larger
region Z(Ar)N(F)\G(AFr); thus the kernel in (6-1) is not G(F)-invariant now, which makes the usual
truncation operators not work well here. One can do the spectral expansion of Kgis and apply Arthur’s
truncation A7 to the second Eisenstein series and show it can be integrated over a Siegel domain. With
further covering process by Weyl elements conjugation, one can show (6-1) converges absolutely with
Kgis(x, y) replaced by A;KEis(x, »), where A; means the operator A7 is applied to the y-variable.
See Section 5.4 in [35] for details. Nevertheless, taking Fourier coefficients in the first variable makes
the geometric truncation difficult to control, since it is just N (F)-invariant. So it is not clear how to
compute the spectrally truncated function as a polynomial of the parameter 7" and ultimately show that
this polynomial is indeed a constant. (Here the letter T is a conventional notation for the truncation
parameter, while elsewhere we use T to denote the torus.) For an individual cuspidal datum, one may
develop an allied truncation operator as in [13], but the problem is to show that the sum over all cuspidal
data is convergent.

We will propose an alternative way to verify the convergence of (6-1), making essential use of the
Fourier transform. Our strategy is to reduce (6-1) to a Mellin transform of the Kuznetsov relative trace
formula, which is majorized by a gauge. Then one obtains convergence of (6-1) when Re(s) is large
enough.

Inserting the spectral expansion (6-7) of Kgr(x, y) into (6-1), Iwni(s, T) becomes

JES [ Y YTl 9 p) Wi W R A f () dx. (62)
X 0 CQ lClQ/lClG o1 2

Here, x ranges through Z(Ap)N(Agr)\G(AF), x ranges through cuspidal data, Q represents proper
standard parabolic subgroups, and W; denotes the Whittaker functions. Additional details can be found in
(6-10) below. The absolute convergence of (6-2) is summarized in Theorem E at the end of this section.

6A. Reduction to the relative trace formula of Kuznetsov type.

Lemma 6.1. Let ¢ € H(G(AF),w). Let K=K?%, Ky = Kg and Kgis = Kgis be the corresponding kernel
functions. Then

Ko(x.7)= % / (K(n8x, 8x) — Ko (n8x, 8x)) 6(n) dn. (6-3)
§eN(F)\Po(F) 7 [N

Proof. By the spectral decomposition (2-5) of Ko (x, y) we see it is cuspidal as a function of x. Applying
Proposition 3.1 to the first variable of K¢ (x, y) and take y = x we then obtain
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Ko(x,y) = > / Ko (néx,x)6(n) dn.
SeN(F)\ Po(F) [N

Then (6-3) follows from the spectral decomposition Kq(x, y) = K(x, y) — Kgr(x, ) and the auto-
morphy of these functions relative to the second variable. Here we also note that the residual spectrum
does not contribute to (6-3). O

Let Re(s) > 1 in this section. We then plug Lemma 6.1 into
Io(s, T =/ Ko(x,x)E(x,s)dx
°0 D= ) zemaunen O ES)

and unfold the Eisenstein series £ (x, s) to obtain

Io(s, v) = Ixa(s, T) — Twni(s, 7),
where

Ixi(s, 7) :/

NG /[ 3y KO 2) 6 dn f(x,5) d. (6-4)
To establish the well-definedness of Iwuyi(s, 7), it is sufficient to demonstrate the convergence of
Ixi(s, ), given the rapid decay of Ky. We aim to show that I (s, t) converges for all ¢ € H(G(AF), w)
and for Re(s) sufficiently large. By utilizing Cauchy’s inequality and the convolution decomposition of
¢, we obtain the absolute convergence of Iwhi(s, 7).
Through a change of variables, we obtain the expression

I 9 = J uz bl 9 d 9
k(s ) /MF)N(AF)\G(AF) kur (9, %) [ (x, 5) dx

where

J LX) = K(nx, O(ny) O(ny) dnid
Kuz (@, X) [N]/[N] (n1x,n3x)0(ny)0(ny) dnyidn,

represents a relative trace formula of Kuznetsov type. Consequently, /k|(s, T) can be considered as
the Mellin transform of Jgu, (¢, Xx) since f(x,s) essentially corresponds to |det x|*. To establish the
convergence of Ik(s, ), we will demonstrate that Jxy,(¢, x) is dominated by a gauge when Re(s) is
sufficiently large.

Recall that, for x = diag(x---Xp—1,...,X1X2,Xx1,1) € A(Ar) = Z(Ap)\T(AF), a gauge G is a
positive function of the form

G(x) = E(x1. X2, ., Xpet) - X100 X [T
where M > 0 and £ is a Schwartz—Bruhat function on (A};)”_l.

Proposition 6.2. Let notation be as above. Then as a function of x € A(AF), Jxu(@, X) is majorized by
a finite sum of gauges on A(Af).

Proof. By the definition of the kernel function K(x, y) we have

Jxuz (@, X) = X T ynyx)0(ny)0(ny) dnydn,,
@)= fo fon o OO T Y1) 0 Bne) dimyd
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which converges absolutely since K(x, y) is continuous and [N] is compact.
Consider the double coset Z(Ag)N (F)\G(F)/N(F), whose element is of the form wa, where w is
a Weyl element and a € Z(F)\T (F). Let

Hyq = {(nl,nz) e NxN: nl_lwanza_lw_l € Z}
be the stabilizer relative to the representative wa. Then

Jxuz (@, x) = x "7 wan,x)0(ny)0(n,) dnydny,
Kuz(®, X) MXEJCD Hwa(F)\N(AF)xN(AF)(p( 1 2X)0(n1)0(ny) dnydn,

where @ is a set of complete representatives for Z(Ar) N (F)\G(F)/N(F). Then

Jku(p.x)= ¥ C o(x~'ny wanyx)0(ny) 6(ny) dnydny,

waep ° / Hua(AF)\N(AR)XN(AF)

where
Cuwa = /[ ku]e(n’l)é(n;) dn'; dn),.

Call wa € ® relevant if Cyy # 0, ie., G(n/l)é(n’z) is trivial on Hy,(Ap). Denote by ®* the set
of relevant elements in ®. By [16, p. 272, Proposition 1] one can take the following realization: ®*
consists of wa, where w is the long Weyl element inside a standard parabolic subgroup Q € G of type
(ky,....kr), and a € Z(F)\ diag(Tg, (F), ..., Ty, (F)) (modulo some further relations), with 7%, being
the maximal split torus of GL(k;). For example, when Q = B the Borel, then w = I, and a = I, and
Hya = N. Therefore,

Jxuz(@.x) = Y vol([Hywal) Jkuz (@, X; wa),

wacd*
where

J,;=/ —1,-1 0(n1)8(ny) dnydns.
kpxiwa)= [ O wana ) 00) Bna) dmydn

By the definition of ®*, each w corresponds to a unique (i.e., the minimal one) parabolic subgroup Q
containing w. Suppose w # I. Then by Levi decomposition it suffices to consider the extreme case
where O = G and w is the longest.

Recall that the test function ¢ is K-finite. Hence there is some compact subgroup Ko C G(AF fn) such
that ¢ is right Ky-invariant. Let Koy =[]
where

Ko,y. Note that Jxu (¢, x; wa) = [] Jkuzv(@v, Xv; wa),

V=00

V<00

. — -1 -1 ya)
Tema(ppxviwa)= [ ooy wanax) By () Bu(n) dnidna.

Then for each finite place v, Jkuz,v (¢, Xv: wa) is right K ,-invariant. So there exists a compact subgroup
Nov € Ko N N(Fy), depending only on ¢y, such that

JKuz,v (Qvs Xplhy; Wa) = Jguz,v (v, Xy; wa) forall x, € A(Fy) and uy € Ny y.
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On the other hand, Jkyz,v(¢y, XypUy; wa) = 9(xvuvx;1)JKuZ,v(<pv,xv; wa). But then, there exists a
constant Cy, depending only on Ny , and 6 such that 6 (xyuyx, 1) = 1 if and only if | (xy)|y < Cy, where
;’s are the simple roots of G(F) relative to B. Note that for all but finitely many v < 00, Ko, = G(OF,y).
Thus we can take the corresponding C,, = 1. Hence for any x, € A(Fy), Jxuz,v(@v, Xv; wa) # 0 implies
that |ot; (xy) |y < Cy, 1 <i <n—1, and C, = 1 for all but finitely many finite places v. Denote the compact
set by

Ag in = {a = (ay) € AAF ) * |i(av)|y < Cy, 1 =i <n—1}.

Then supp Jxu. (¢, x; wa) € AAF ) Ag,fin-

For each place v, we fix a conventional local height function || - ||, on G(Fy). Let y = Q) ,(Vi,j ) €
G(AF). Then || yy ||y =1 for almost all v. The height function ||y || =[], [|vvllv is therefore well defined
by a finite product. Also, since

supp Jruz (¢, x; wa) € AAF,00) Ag,fin

and by the compactness of supp ¢y, we have || w™! xywxyal|, < C}, for some constant C; depending only
on ¢y, v < 00, and C; = 1 for almost all v’s.

Now we investigate the archimedean Jxy,,v(¢v, Xy; wa), i.e., v|oco. Note that ¢, is a compactly
supported on Z(Fy)\G(Fy). Then Jgu,(¢y, Xy; wa) = 0 unless nl_j)vanz,v € supp ¢y, wWhere y, =
1

x, 'wax,w™!. Hence IInI_Lyv wny yw ™|y < Cy for some constant C,, depending only on ¢. A straight-

forward computation (or Lemma 5.1 of [15]) shows that |11 4|y + [|72,0]lv + [|Vu]lv < C}, for some
constant C;, depending only on ¢. So ¢y (11, yywny 5) has compact support relative to 71 5, and ny ;.
Therefore, Jxu,(¢v, Xy; wa) = 0 unless nj ,, na 4, run through a compact set of N(Fy) and ||y, is
bounded.

For x = diag(xy,...,xu,—1,1) € A(AF), similarly to (3-1), we define an additive character

n—1
Ux(W) =[] ¥vr(xiuiiv1)  for u= (uij)nxn € N(AF).

i=1
Then Jgu, (¢, X; wa) is equal to
S (X)? nyIxYwaxn n) V() dng dny,
w(x) Hwa(AF)\N(AF)XN(AF)(p( 1 2)VUx (1) Y x(ny) 1 2
where 8y, is the modular character of the parabolic subgroup associated to w.
Since ny and n, lie in a compact set determined by supp ¢, then for a fixed y € A(AF), v|oo, the v-th

component of

_1 —_
dnid
/Hwa(Ap)\N(AF)xN(AF)w(nl ywno)¥x(ny)¥x(mz)dnidn,

is a Schwartz function of x, being the Fourier transform of a compactly supported smooth function.
Hence, Jxu, (¢, x; wa) is majorized by a nonnegative Schwartz—Bruhat function & (x 'waxw™!, x) on
A(AF)? with
xtwaxwTl e A* = {be A(F): |b] <T]C,}.
v
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By properties of the height || - || (see [5, p. 70], for instance), one has
#w lx-A* wx ) <C- (|X1"'xn—1|M + |X1"'Xn—1|_M),

for some constants C and M depending on supp ¢. Therefore,

Y k(e x;wa)| < Y Bw 'xwxa, x) = > E(a,x),
acA(F) acA* acw lx-A*wx—1
which is majorized by |x1--- Xp—1| ™™ -£(x1, ..., x4—;) for some M > 0 and Schwartz—Bruhat function £.

The remaining case is that of w = I, i.e., Q = B. In this case
Jius (@, X3 wa) = § / Ux(n)d
Kuz(@, X5 wa) = 8y (x) v (AF)w(an)wx(n) n

is the Fourier transform of a Schwartz—Bruhat function. So it is majorized by a gauge. Then Proposition 6.2
follows. O

As a consequence of Proposition 6.2 and the Iwasawa decomposition, /x| (s, T) converges absolutely
when Re(s) is large enough. Therefore, Iwni(s, ) converges when Re(s) is large enough.

To show the absolute convergence of Iwxi(s, T) and thus to obtain meromorphic continuation, we need
to analyze properties of Kgjs by its spectral expansion.

6B. Spectral decomposition of the kernel function. In this subsection, we provide a concise overview
of the spectral theory concerning automorphic representations of reductive groups. Subsequently, we
apply these results to the noncuspidal kernel function Kgr. The notation introduced in this section will be
regularly employed in later discussions.

Denote by H a general reductive group and Q a standard parabolic subgroup of H. Let Mg (resp. Ng)
be the Levi component (resp. unipotent radical) of Q. Let H'(Ar) = {g € H(Af) : |M(g)|ay = 1, YA €
X(H)F}, where X(H)F is space set of F-rational characters of H. Let ay = Homz(X(H)F,R). Let
ay = X(H)F ®R. Setag = apy, and a*Q = a}kle' Let Py be a fixed minimal parabolic subgroup of H
over F. Write ag (resp. aé ) for ap, (resp. a*QO). These notations concur with those used by Arthur (see,
e.g., [5, pp. 20-31].

For a standard parabolic subgroup Q of G = GL(n) with type (11, ..., n,), we define the surjective
homomorphism log,, from Mg (AF) to ag as follows:

logg(q) = logg(m) = (”1_1 log |detm|,...,n, ! log |detm;]), (6-5)

where ¢ € Q(Afp) and m = diag(mq, ..., m,) represents the Levi component, with m; € GL(n;)/Afp
for1 <i<r.

By spectral theory (see, for example, [2, pp. 256 and 263], or [5, §12]), the decomposition of the Hilbert
space L2 (ZH (AF)No(Ap)Mg (F)\H(AF)) into right H (A )-invariant subspaces is determined by
the spectral data y = {(M, o)}, where M is the Levi component of Py N Mg for some standard
parabolic subgroup P; of H, and o is an element of A, (Z aAp)M(F)\M!(A F)), the set of cuspidal
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automorphic representations of Zg (Ag)M '(F)\M '(Af). Here M ! is defined in a similar way to H!.

The class (M, o) derives from the equivalence relation (M, o) ~ (M’,o’) if and only if M is conjugate
to M’ by a Weyl group element w, and 0’ = o on Zg (Ar)\M '(AF). Let X be the set of equivalence
classes x = {(M, o)} of these pairs, we thus have

L*(P):= L*(Zu(Ap)Ng(Ap)Mo(F)\H(AF)) = P L*(P)y. (6-6)
XEX
where L?(P), consists of functions ¢ € L2(ZH(AF)NQ(AF)MQ(F)\H(AF)) such that, for each
standard parabolic subgroup Q' of H with Q' C Q, and almost all x € H(Af), the projection of the
function

mi> Xx.¢g(m) = / ¢(nmx)dn

Nor (F)\No/ (AF)
onto the space of cusp forms in L?(Zg (Ap)Mg/(F)\M },(AF)) transforms under Mé,(&p) as a sum
of representations o, in which (Mg, o) € . If there is no such pair in x, x.¢o/ will be orthogonal to
Ao(Za (Ap)Mg (F)\M},(AF)). Denote by H the space of such ¢’s. Let H g, be the subspace of
H o such that for any (M, o) & x, with M = Mg, and Q; C Q, we have

m)p(nmx)dn =0,
/M(F)\M(Ap)l/NQI(F)\NQI(AF)V/O( )9 ( )

for any ¢ € L(z) (M (F)\M(A F)l)a, and almost all x. This leads us to Langlands’ result to decompose
Hg as an orthogonal direst sum Hg = D, ex Ho.x- Let Bg be an orthonormal basis of g, then we
can choose Bg = |J,ex Bo.x> Where Bg, y is an orthonormal basis of the Hilbert space H g, . We may
assume that vectors in each By , are K-finite and are pure tensors.

By spectral theory, one can expand Kg;is(x, y) as

X o [ Y B To0 00 WEG. 6 d (67)
xex geg ko!2m)*e Jiag/iag ey,
where Q is the set of standard parabolic subgroups which are not G; and for any such Q, kg is the
number of blocks of the Levi part of Q. Also, (6-7) converges absolutely [2, Lemma 2, p.263].
Let ¢ € B 4. Then Zg(A, ¢)¢> can be expanded by a linear combination of vectors in B . As a
consequence,

E(X’IQ(A’¢)¢2’k)=¢ % (Zo\,@)p2, 1) E(x, 91, 1).
1€50,x

Since ¢ is K-finite, then (Zg(A, ¢)¢p2, ¢1) = 0 for all but finitely many ¢, ¢, € By ,, depending
only on the K-type of ¢.
For1 <j <2, ¢;€Bgy, and A€ ia*Q/ia?;, we define the Whittaker function

Wj(x.2) = Wix. g )= |

oy B (onx)e QNG () din, (6-8)
F

where wy is the long element in the Weyl group W, and log is defined by (6-5).
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6C. Spectral expansion of Iwni(s, ). By definition, we have

Twni(s, 7) = Ker (x, ,8) dx.
Wi D)= [ ot KRG ) [ s) d

where

Ker(x, y) i= /[N]/[N]KEis(mX,nzy)e(nl)é(nz) dnyidny (6-9)

Set Xg = Z(Ap)N(Ap)\G(AF) and Cp = kg! (27)%0. One can unfold the Eisenstein series (see
[31, pp. 123-124]) to rewrite (at least formally) the function Iwp;i(s, T) as

[ S % [ X Gl ) Wile WTRGE R [ ) dx,  (610)
GXGXQGQ 07 91,42

where ¢; € Bg ,, 1 <i <2,and A eia*é/iaz.

Theorem E. Let notation be as before. Then there exists a constant ¢, > 0 depending only on ¢ such that
Iyni(s, T) converges for Re(s) > ¢y. Moreover, when Re(s) > ¢y, Iwni(s, T) is equal to

L[ X @t} [ M DTG S s dxdh. (611)
x QGQ 07 b1 ¥e

where x runs over the proper cuspidal data, i.e., x is not of the form {(G,m)}, A € ia"é/iag, and
¢1.¢2 € B 5. Particularly, as a function of s, Iwni(s, T) is analytic in the right half plane {z :Re(z) > ¢y }.

Proof. For x € Z(Ar)N(Ar)\G(AFf) we write it into the Iwasawa coordinates: x =ak, where a € A(AF)
and k € K. Then

f(x,5):= f(x,®,1;5) = t(deta) |detal’ /AX S(ntk)T ()™ |t|"d™t.

Therefore, | f(x,s)| = |deta|R®h(k, s), where

hik,s) = ‘A O (ntk)z(6) 1| d*t

is a nonnegative continuous function of k and converges absolutely when Re(s) > 1/n. Let ¢ €
H (G(AF), ). Then by Proposition 6.2,

— Re(s) ¢—1 X
/XG T (@, %) f(x,5)| dx /K /A(AF) T (@, ak) |detaRe® s~ (@) d*ah(k, s) dk
converges when Re(s) is large. By Lemma 6.1 we have

Jg.5)= [, Ren(r.0lf(o)ldx= [ Ju(e.x) 1/ C) dx = To(g.5),
where ﬁER(x, x) is defined by (6-9), and

Jo(p,s) = Ko(x, x ‘(6x,8)| dx.
0@ )= [ cimaan <O ) sepi oo )

Since the series } sc p(py\G(r) |/ (3%, )| is slowly increasing and Ko (x, x) is rapidly decaying on
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Z(Ap)G(F)\G(AF), then Jy(p, s) converges absolutely. Hence J(¢, s) converges and is well defined.
Consider test functions of the form ¢g * @7, where ¢g(x) = @o(x~!). Substituting the spectral
expansion (6-7) into J (¢, s), which is convergent, gives

[ Zy & > [WxiZo(h0)g VIS (x. 9l dhdx <o0,  (6-12)
XY geg ‘@ Jiap/ing yep,

where x ranges over the proper cuspidal data, and
Wi ToG )b 1) = [\ (To(h go)p) (wonx)e® o200 05a) dn,
AF

with wq being the long element in the Weyl group W,,.

For an arbitrary test function ¢ € H (G(Af), w), by the factorization theorem of Dixmier and Malliavin,
one can write ¢ as a finite linear combination of convolutions ¢; 1 *¢ ;,2 with functions ¢; ; € C/ (G(AF)),
whose archimedean components are differentiable of arbitrarily high order r, 1 <i <2,and j € J is a
finite set. Using the triangle and Cauchy—Schwarz inequalities, along with (6-12), we derive

>y .
XEX Q€0 ia*Q/iaE XG

2 1/2
< W, 22 dx d\ ,
EJ,Ul(xexgegfmg/mg/x%% Wy P |G| dx ) < oo

Y (T g)ga d1) Wi (v OWa(6 1) £ (x.)| dx d
$1,02€B 0.«

where Wj ;(x;A) = W(x;:Zp(A,j,i)¢p,A), forany 1 <i <2, and j € J. This proves the first part of
Theorem E and provides an expression for Iwni(s, T) as

/ / Y {Zoh, @)p2, p1) Wi (x; M)Wa(x: A) f(x,s)dx dA. (6-13)
x Qeo”iagling ) XG ¢ o,

For Re(s) large, we have
/X W1 (e W) Wa (X 1) £ (x, )| dx < oo,
G

Recall that (Zo (A, ¢)¢2, ¢1) = 0 for all but finitely many ¢, ¢» € B 5. Thus,

X [T @)t2.d)| [ Wi WD)/ (x.5)] dx < oo. (6-14)
$1.626B0. Xc
Therefore, we obtain (6-11) from (6-13) and (6-14). O

Remark 6.4. If the base field F is a function field, it has no archimedean places. Then the support
of Wj(x;1) |4(ar) is contained in Ay g, for all A € iay /iag, 1 < j <2, which means the support of
KER(x, x) is compact. Also, in the function field case the sum over the x’s is only finite. Therefore,
Theorem E is clear.
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7. Rankin-Selberg convolutions for generic representations

By Theorem E, we see that when Re(s) is large, Iwni(s, 7) is equal to

1
Iwni(s.0) =3 Y — | 2 (Toh. )2, 01)¥o (s, Wi, WaiA)dA, (7-1)
x 0% 7 ¢1.62

where ¢1,¢2 € B 4, A € ia*Q/iaE, and

w ,W,W;A:/ Wi (x: W Wa(xi h) £ (x. 5) dx.
oxls W Way = [ WG R S (r.s)
Here the Whittaker function Wj(x, 1) has been defined by
Wite )= [ g(wonx)et 0ol 20®mIGy dn, 1< j <2. (6-8)
Af

Our objective is to establish the meromorphic continuation of Iwni(s, t) to C and demonstrate that
the quotient Iwi(s, 7)/A(s, t) is holomorphic for s # 0, 1. To achieve this, we initiate the process by
calculating each Wg , (s, Wi, W,; A) associated with a standard parabolic subgroup Q and a cuspidal
datum y = (Mg,0) € X.

Here is the arrangement of this section:

¢ In Section 7A, we recall some notation from Section 6B—Section 6C and introduce new notation
regarding induced representations.

¢ In Sections 7B and 7C, we extend the local and global investigation of the Rankin—Selberg convolution
W0 (s, Wi, Wa; A), respectively. In particular, we explicitly compute it at the unramified places.
This generalizes the work of [17] as we elucidate the dependence on the spectral parameter A, which
is crucial for the meromorphic continuation of Iwy;(s, 7).

* In Section 7C, we combine the analysis in the previous sections and utilize the analytic properties
of the period integrals to achieve a meromorphic continuation of Iwuy;(s, 7) beyond the region of
absolute convergence.

7A. Some notation. Let Q be a standard parabolic subgroup of G = GL(n) of type (n1,...,n,). Let
X = (Mgp,o) € X be a cuspidal datum, where o is a unitary automorphic representation of M of central
character w. Let B , be an orthonormal basis of the Hilbert space H ¢, , defined in Section 6B.

By definition, there exist r cuspidal representations m; of GLy, (Afr), 1 <i =< r, such that o ~

myBr,B.---Bmn,. Letw =Indg((§‘;)) (my,my ..., 7p). Forany A = (A1, A2, ..., Ap) eia’&/iag,set

G(A A A Ay
w3, =IdG6P (my @ 3w ® -2 |- ). (7-2)
Then 1), is also a unitary automorphic representation of G(AF).
For ¢1, ¢ € Bg,y and apoint A = (A1, A2,...,As) € ia*Q/ia’&, recall that

W) = Wix.gj 0= [

N )¢>j (wonx)e(kﬂ’Q)]OgQ(w“”x)G(_n) dn, (6-8)
F
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where wy is the long Weyl element, and log g is defined by (6-5). Define

W(s, Wi, Wo A, @) = Wi(x; AM)Wa(x;A) f(x,s)dx. 7-3
W Waih @)= [y MRS (x,5) (7-3)
Since Wi(x;A) and W,(x;A) are dominated by some gauge, and f(x,s) increases slowly when

Re(s) > 1, then W(s, W, Wy; A, ®) converges absolutely and normally when Re(s) is large. For each
G(Fy)

veXpand A = (A1, Aa, ... Ap) € ia*Q/ia*(‘;, denote by m, = IndMQ(FU)(nl,vaT[Z,v: ...y Tpyp) and
G(F, A A Ar
Ty = Ind]\/I(Q(;:'U)(ﬂl,v ® |- |Flv,7T2,v ® |- |Fi’ e T @ |Fu)'

Then 7 = @), 7y and 7, = &), 73 - Recall that f(x,s) =[], fu(xv,s), where

So(xv, ) = ty(detxy) [det xy % /Z ®,[(0, ... ,tv)xv]tl’](tv)|tv|’l’;svdxtv,

(Fv)

if ® = ®; ®,. We can rewrite W(s, Wi, Wy A, ®) as

Wi (x; M) Wa (x; —A) @(nx) T (det x) |det x |5, dx, 7-4
oo, W1 Walx =2 @0)z(detx) [detxl, (7-4)
where = (0,...,0,1) € F". Factor Wj(x;A) as [[ Wj y(xy:A), where
VEXF
Wi (X d) = /N(Fv)‘ﬁj,v(wonxv)e()”erQ)logQ(wOnx”)% dn, 1<j <2,

with ¢; , being a local vector in the space of 7j .
We may assume ® = ), ®,. Then

\IJ(S’ Wl,va WZ,U;)\" CD) = 1_[ \Ijv(s, Wl,v» W2,v;)\, CDU),

VEXF

where each local factor Wy (s, Wy ,, Wa y; A, ®y) is defined to be

114 AW L —A) D det det xy |5 dxy. 7.5
/N(Fu)\G(FU) l,v(xv ) zav(xv ) v(ﬁxv)f( € Xv) | e xv|FU Xv ( )
Here Wj y(xy: 1) = ./N(F )qﬁj,v(wonx)e(k'*‘PQ)HQ,v(wonx)% dn,1<j<2.

7B. Local theory for Wy (s, W1y, W2 45X, ®y). In this section, we shall study each local integral
representation Wy (s, Wy, Wa 45 A, @y) defined via (7-5).

Let v € X F be a fixed nonarchimedean place, and let 7, , be the contragredient of 7y ,. Let @ be a
uniformizer of OF ,, the ring of integers of Fy. Let g, = NF, /0, (@v), where p is the rational prime
such that v is above p. Set
\Ijv(& Wl,m W2,v; )h CI)v)
Ly(s, Ty 0 @ Ty X ﬁ—k,v) ’

Ry(s, Wip. WayiA) i= Re(s) > 1. (7-6)

Proposition 7.1 (nonarchimedean case). Let notation be as before. For s € C with Re(s) > 1, we have:

(@) Ry(s, Wiy, Wiy A) is a polynomial in {q,ﬁ,q;s,q?}",q;k" 1<i<r}
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(b) The local functional equation

Uy (1 —s, I}[71,1), I}[72,1)2 —)_x, a\)v)
Ly(1—s, ﬁ—i,v ® Ty X ), p)

\IJU(S’ Wl,v’ W2,U;)‘" CDU)
Ly(s, Ty 0 & Ty X ﬁ—k,v)

= gy(8, Ty p X Ty p, ) -

holds, where &y(s, ), X T_), v, 0y) is a polynomial in {q5, q, q,),”i , q;)“" 1<i<r}

Proof. We prove part (a); part (b) will follow form [17].

Let T'(F,) be the maximal split torus of G(F,). FormeZ,let T (F,)={te T (F,):|det t\F,=q,™}.
Using Iwasawa decomposition and the fact that W; ,, and ®, are right G(OF,)-finite, we can rewrite
Wy (s, Wi, Waps &, @y) as

Z ./T(F )Wl(,{,)(av; A)Wz(,];,) (av; _):)q)j,v(nav)fv (detav)5_1 (av) |detavlirv day,
jeJ v

where the sum is over a finite set J, Wi(] )(av; A) is the Whittaker function associated to some smooth

,U
functions in Hg y, 1 <i <2, and ®; , is some Schwartz—Bruhat function.

Forl1<i<2andje/J, I/I/if{;)(xv; A) is right G(OF ,)-finite. So there exists a compact subgroup
Nov S G(OF )N (Fy), depending only on ¢, such that Wif{;)(tvuv; A)= Wifi)(tv; A), forall t, € T (Fy)
and uy € Np . On the other hand, W,-fi)(fvuv§)») =0, (uv)W/}fi)(tv;k), where 0;, (ny) = 0(tynyt; b,
for any n, € N(F,). But then, there exists a constant C;, depending only on Ny, and ¢ (hence not
on A) such that 6;, (u,) = 1 if and only if |o;(#)| < Cy, where «;’s are the simple roots of G(F).
Thus each W/ifi)(xv; A) is compactly supported for a fixed A € iag/iag. Therefore, for a fixed A,
Wy (s, Wiy, Wa i A, @y) is a formal Laurent series in ¢, *. Indeed, one can chose some nonnegative

integer M independent of A (but depending on 7 and ¢), such that

Wy (s, Wip, Wi, @) = ) W (W, Wauih, @) -4,
m=>—M

where \Dl(,m)(s, Wi,0s Wa,pi A, @y) is defined by the integral

> fom oy Wi (@0 YW1 @ =) @y (1) o (detan)8 ™" () day.
jeJ v

Applying the above analysis on supp W; ,(ay; A), we see similarly that
supp Wifi)(av;k) clre T (F,): loey ()| F, < Cv(j), 1<l<n-1}
for some constants lej ), Hence, foreach j € J,m > —N and ay € T(m)(Fv), the function
ay > W (ay: W (@y: —1)
is analytic and is a formal Laurent series in {g, Mop<i< r} by (2.5.2) of [17], and the function

ay > WD (ay: WD (@ay: 1) ®; o (ay) T (detay)s ™ (ay)
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is locally constant. Therefore, \Ifl(,m)(Wl,v, Wi p; A, @y) is an analytic function of A and is a formal
. —Ai . .
Laurent series in {¢,, " : 1 <i <r}.

Since ), , is of Whittaker type, we can use Theorem 2.7 of [17] to see that, for fixed A €iag/iag,
Wy (s, Wip, Wa i A, @y) - Ly(s, my p @ Ty X J"f_)“v)_l is a polynomial in {g;.q, "} with coefficients
functions of A. Moreover, Ly (s, ) , ® Ty X ﬁ_k’v)_l is a polynomial in {g;, q,*, q,),‘i,q;)"' 1 <i<r}.
So we can write

Lo(s. M ®Tyx )t = Y (Mg,
Y

where N is a positive integer and Q;()\) are polynomials in {qﬁ",q;}"’ : 1 <i <r}. Then for A €

iag/iag, Wy(s, Wi p, Wa pi A, @y) - L(s, ) 4 ® Ty X ﬁ_k’v)_l is equal to the sum over m > —N — M
of Ry (s, Wi, Wauih, ®y)gq,™*, where

Rin(s, Wi, Wanih, @)= Y Qi)W (Wi, Wa i d, @y).

i+j=m
li|<N,j=z—M

Since the sum on the right is finite, R;(s, W} ,, W 4: A, ®y) is analytic in A. Moreover, it is a formal
Laurent series in {ql),“ " qy Mo <i <r}. Therefore, Proposition 7.1(a) follows from the next claim:

Claim 7.2. There exists some My € Z, independent of A € iag/iag, such that Ry, (s, Wiy, W 4 A, Oy)

vanishes for all m > My and for all A € iag/iag. For eachm € Z, Ry(s, W} 4, Wa i A, ®y) is a
cre g ots A :

polynomial in {q;>°,qy "' : 1 <i <r}.

Proof of Claim 7.2. Let | € Z. We define
Ap:={reiag/iag: Rm(s, Wiy, Wayih, ®y) =0 forall m > 1}.
Each A; is closed as the function Ry, (s, Wy 4, Wa A, @y) is analytic (hence continuous) in A. Since

Ry(5.4) = Run(s. Wi v, Wapi k. @)™ € Clgs. 4]
m

for fixed A € iag/iag, there exists some M (A) such that Ry, (s, Wiy, W5 i A, ®y) = 0 as long as
m = M(L). Therefore, iag/iag is covered by the union of all A;.

Noting that iag/iag ~ R” ~1 is a Banach space, by Baire category theorem there exists some A lo
having nonempty interior, Int(Ay,), say. Thus, for any A € Int(Ay,), Rpm(s, Wiy, W2 y1 A, ®y) = 0 for
any m > ly. Since Rpy (s, Wiy, Wa yi A, @) is analytic for any / € Z, Ry (s, Wiy, Wa yi A, $y) =0
forall A €iag/iag, proving the first part. For the remaining part, we consider the functional equation
(see [17]):

Wy (1 —s, I;f/l,vs I;IV/Z,v; —)_\, &)v)
Ly(1—s, ﬁ—)_h,v ® Ty X nk,v)

\IJU(S, Wl,v’ WZ,U; )\" qDU)
Ly(s, Ty,0 & Ty X ﬁ—k,v)’

= &y(s, )0 X ﬁ—k,v’ Oy) -

where €y (s, ),y X Ty y, 6y) is a polynomial in {g;, q,”*, qﬁ" , qv_)‘f 1 <i<r}.
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We can interpret the functional as an identity between formal Laurent series in {ql),‘ " gy Mip<i< r}.
The left side is of the form >, ~_py, qgll)‘f, while the right side )ts of ‘[}Lhe form ., >_pr, qv_mz)”".
Since they are equal, they must both be polynomials in {¢5,q,*.qv", ¢, " : 1 <i < r}. This proves

Claim 7.2, and with it Proposition 7.1. O
One will see that Proposition 7.1 is insufficient for our continuation in next few sections. Hence we
need to compute

\II'U(S’ Wl,'U? WZ,‘U;)\" ®'U)
Ly(s, )0 @ Ty X ﬁ—k,v)’

Rv(S, Wl,vy Wz’v; )\) = Re(s) > 1, (7—6)

more explicitly. We will do principal series case below since this is the only case we need for the
meromorphic continuation of Rankin—Selberg convolutions— it suffices to consider the partial Euler factors
which corresponds to the principal series at all but finitely many places.

Lemma 7.3. Let v be a nonarchimedean place of F. Let my be induced from B(Fy) by characters
Xv.1s Xv.2+ - - - » Xv,n- Assume that 1y is right Ky-finite. Let a € T (Fy) and let Wy(«, L) be a Whittaker
function associated to w, ; and a. Then Wy(a, A) is of the form By(a, A)Ly(X), where By(a, A) is a
holomorphic function of A, and

LoM) = TT TI Lo(14+Ai—Aj, xviXe,) -

1<i<r i<j=r

Proof. Starting with n = 2, we may assume that x; 2 = xy,1 X;12 is unramified. Otherwise, the local
L-function L(s, x1X2) is trivial, and Lemma 7.3 follows from Part (a) of Proposition 7.1. In view of

(=G )0 o)

and the K,-finiteness condition, one has

o0
Wo, )= Yo [, xiala@)la@)y ™72 0(au) du + Wy (@, 1),
jeJ I=1 @, Oy

Wy (o, )= > Cj/ Xlz(a(u))|a(u)|,1)+)‘1_)‘29(om) du= 7 ¢j O(au) du,
jeJ JOv jed 7 Ov
where j runs over a finite set J and the ¢;’s are constants; both J and the ¢;’s depend only on the
K y-type of 1. For u € FX, write u = u®wl, where u® € O = OX, and | € Z. Write a = a°wX, where
a° € OF. Recall that by definition the one sees that the conductor of 6, is precisely the inverse different
of Fy, which is Ql_’i ={xy € Fy:trF,/q,(xy) € Zp}, where p is the characteristic of residue field of O,.
Since CD;; is a Zp-module of Fy, it has the representation CDE =w, d Oy, where d € N>(. Hence

— — o,k _ k
I—/UG(au) du—/ove(a ugky du _/Ove(uwv)du
is vanishing if k < —d — 1. Clearly I = 1 if kK > —d. Note that

[ xa2@@la@ly 20 @u) du = yoa(@) o[ 17220 f
o, loX -

v v

leQ(Otu) du
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is vanishing if / > k +d + 2. Let ¢, = |wy|; . Then one sees that

ktd —1 I —(A1—A2)l
Wy(@,A) =C+C Y (1—gy Hxia(@y) gy ®1=2 . W, (7-7)
=1

where C is a constant depending only on F and K,-type of ¢, and

k+d+1 —(k+d+1)(1+A;—A
Wre = XIZ(WU) qv( )( ! 2)/ —k—d—1 %
wv OU

Ouwk) du. (7-8)

Since 6 is nontrivial on @, d-10,, then /

o v@(uw,’f) du = 0. Note that wv_k_d_l(ij =

k—d—]o
wy k=410, \ w;%10,. Then

/zzrv—"—d—lolf Q(uw{f) du = /wv—"—d—lov Q(uw{f) du = /wv—"—dov Q(uw{f) du = _q§+d'

Then it follows form (7-7) and (7-8) that W, (, A) is equal to C multiplying

k+d
L=1+ Y (1-g;Yx2(@) gy ®1 72" — y 5 () HaH1 g rd T DG=A2)=1,
I=1

An elementary computation leads to the identity
L= (1~ xia(@u)g, ") P(ria(@i)gy 41 7)), (7-9)

where P(z) = (1 —z¢kTd+h) (1) ' =14z 4.+ K e C[z].

Therefore, one has Wy (., 1) = CO(x12(@v)qy M) - Ly(1 4 A1 — A2, x12), where O(z) = P(z)
if k > —d and Q(z) = 0 otherwise. Taking B, («, A) to be the function CQ(Xlz(wv)q;O”_M)), we
then obtain Lemma 7.3 in n = 2 case. The general case follows from the recursion property of Whittaker
functions [37, §2.3] and induction, since the integral with respect to x; ; is exactly the same as above,

1<l<j=<n. O
Proposition 7.4. Let v be a nonarchimedean place of F. Let wy be induced from B(Fy) by characters
X105 X2,05 - - - » Xn,v- Assume that ry is right Ky-finite. Then the function Ry(s, Wi 4, W2 4: A) is of the
form Qy(s, M) Ly (L), where the function Qy(s, A) lies in C[q;':s, qf,tk" 21 <i <n]and

Lo =TT TI Lo(l+ii—Aj xiwXin) - Lo(l=Ai + A Xiwxjn) -

1<i<r i<j=<r

Proof. By Lemma 7.3 the function

Wv(xv;d)l,v’)\) 1_[ H Lv(1+)¥i_)\j’Xi,v)_(j,v)

1<i<r i<j=<r

isin (Ii[q,,i o : 1 < j <n]. Applying the expansions in [17] and changing orders of summations we see that

RU(S’ Wl,v,W2,v;)\-) l_[ 1_[ Lv(l+)\i_)\j,Xi,v)_(j,v)Lv(l_)"i‘i‘)\jv)_(i,v)(j,v)

1<i<ri<j=<r

lies in C[qvis,qf)"' :1<i<n. O
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In conjunction with the Langlands—Shahidi method, we have:

Corollary 7.5. Let v € X F s, be a finite place such that m is unramified and ®, = ®;, is the characteristic
function of G(OFy). Assume that ¢y, = ¢2 4 = ¢, is the unique G(OF y)-fixed vector in the space of
7y such that $9(I) = 1. Then Ry(s, Wy 4, Wy y; A) is equal to

1_[ l_[ LU(I—I-)\i—)\j,]Ti,vXﬁj,v)_l-Lv(l—)ui—{—)xj,ﬁi,vxn’j,v)_l. (7-10)

1<i<r i<j=<r
In particular, Ry (s, A) is independent of s.

Proof. Fix A €iag/iag. Let Wj°v be the G(OF,y)-invariant vectors such that ijv(ln) =1,1<j<2.
Then by the computation from [17], we know that W, (s, Wl"’v, Wz"’v; A, @)/ Ly(s, ) 4 @ Ty X Ty p)
is equal to (7-10), where @7 is the characteristic function of O% . Then Corollary 7.5 follows from
induction and unramified computations of nonconstant Fourier coel’cﬁcients of Eisenstein series (see [31],

Chapter 7). O

Corollary 7.5 will be used in Section 9 to investigate the meromorphic continuation of Iwni(s, ) for
general 7, e.g., Theorem G.

Now we move to the archimedean case. In the current state of affairs the local L-functions

Loo(s,my xtx7_3) = [] Lo(s, ) p X Ty XT_ p)
v|oo

are not defined intrinsically through the integrals as in the nonarchimedean case, but rather extrinsically
through the Langlands correspondence and then related to the integrals. Let [r(s) = n7° / 2T'(s/2) and
I'c(s) = 2'=*77T'(s). Then by Langlands classification, each archimedean L-function L, (s, T, X
Ty X _}, ) is of the form

[T Twr(s + i) TT Tels + 15), (7-11)

iel jeJ
where I and J are finite set of integers, and u;, ,u;. eC.

Combining results from [15] and well known estimates on archimedean Satake parameters (see [23],

for example) one concludes the following result.

Proposition 7.6 (archimedean case). Let notation be as before. Let v € X F o be an archimedean place.

(@) Wy(s, Wiy, Wa i A, ®y) converges absolutely and normally in the right half plane {s € C : Re(s) >
1—2/(n? + 1)}, uniformly in A € iag/iag. Moreover, it is bounded at infinity in any strip of finite
width.

(b) The function Ry(s, Wi 4, Wa i A) is holomorphic in s and L. Hence, Wy(s, Wiy, Wa y; A, ®y) =
Ry(s, Wi o, Wa ys M) Ly (s, my p ® Ty X T, ) admits a meromorphic continuation to the whole
complex plane.
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(c) We have the local functional equation

Yy(1—s, I;fll,va Wz,w —)_\, (’I\)v)
Ly(1—s, ﬁ—)_»,v ® Ty X Ty p)

\Ijv(sv Wl,v» WZ,U; )\'9 ¢ll)
Ly(s, )0 @ Ty X ﬁ—k,v)’

= &y(s, ) v X ﬁ—k,v’ Oy) -

where gy(s, ),y X T_), 4, Oy) is a holomorphic function.

Remark 7.7. It follows from Lemma 5.4 in [15] that if both m{ , and m; , are tempered, then the
Rankin—Selberg convolution Wy (s, Wy, Wa 4 A, ®y) converges absolutely and normally in the right
half-plane {s € C: Re(s) > 0}, uniformly in A € iag/iag.

7C. Global theory for ¥ (s, Wy, Wp; L). In this section, we shall compute the global integral represen-
tation W (s, Wi, Wy; A, ®@) defined via (7-4).

Let 7, , be the contragredient of m, ,. Let , be a uniformizer of OF ,, the ring of integers of Fy,.
Let gy = NF,/q,(@y), where p is the rational prime such that v is above p. Define

\IJU(Si Wl,v» WZ,U;)\'i (I)U)
Ly(s, Ty @ Ty X 7’;—A,v)’

R(s. Wy Wi 1) = []

VEXF

Re(s) > 1. (7-12)

Then R(s, Wy, Wy; A) is holomorphic for any A € i a*Q /iag,. Putting together the local computations in

the last section, we get:
Proposition 7.8 (global case). Let notation be as before. Let s € C be such that Re(s) > 1.Then

(a) The integral Y (s, W1, Wy A, @) converges absolutely in Re(s) > 1, and it is bounded at infinity in
any strip of finite width.

(b) We have the global functional equation for Re(s) > 1:
W(l—s, Wy, Wa; —A, 71, @) = W(s, Wy, Wa: A, 7, D).
(c) For any fixed A € ia*Q/iaE, R(s, W1, Wy; A) can be continued to an entire function.

7D. A refinement of Theorem E. Let notation be as before. For A € i a*Q /iag, and ¢ € B , define

(Zo(A, 0)p1, P2) - W(s, Wi, Wi A)
A(s, 1), @ T XT_y)

Rp(s.2:0. 0= Y. ., Re(s)>1, (7-13)

D1,02€B0. 5
where

A, m @t x7_))i= [] Luy(s,mp 0 ®@ Ty XT_y )
VEXF

is the complete L-function. According to Propositions 7.1 and 7.6 the function
W(s, Wi, Wa: M A(s, 1), @ T x T_y) !

is entire.
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Theorem F. Let notation be as before. Let 0 < Re(s) < 1 orRe(s) > 1. Then

1 ~
Iwn(s. )= % c_/ U Re(. A QA (s, ® T X ) d (7-14)
X QGQ Q lClQ/lClG

converges absolutely and uniformly on every compact subsets. In particular, Theorem E holds with ¢y = 1.

Proof. Fix a proper parabolic subgroup Q € Q of type (11,1, ...,n,). Let X be the subset of cuspidal
data x = {(M,0)} such that M = M. Set

Jo()= Y /l

X€Xo

Ro(s, 20, Y))A(s, ) @ T x7T_3) dA.

a*Q/iaz

Let Mg =diag(M;, M, ..., M;), where M; € GL(n;), 1 <i <r. We may write 0 = (01,03, ...,07),

where 0; € Ag(M; (F)\M;(AF)). By the K-finiteness of ¢, each o; has a fixed finite type, so its arithmetic

conductor is bounded uniformly (depending only on ¢). Write ¢ as a finite sum of convolutions o * @g.
So

W(s, Wy, Wgi A)
R 10 0=L% ¥ .

< B pemy, N m®T X 7.3)

where Wy (x:A) = W(x,Zp(A, pa)¢: L) and Wg(x;A) = W(x,Zp(A,@g)$;A). For v € T, we define

lI’v(sa Wa,v, Wﬁ,v; )"’ qDU,jv)
Ly(s, 03,0 @ Ty X Ty p)

RZE (s, i) := Re(s) > 1/2,

as the local component. By the calculations at the unramified places in Section 7, we have joﬁ (s,A;0)=1
for almost all v, and jo/,f (s, A; @) is holomorphic at the finitely many remaining places. As a consequence,

(s, Wy, Waid)
@ B2 1 R%E(s. A )
A(s,m ® T X7T_y) vVEXF

is a finite product of holomorphic functions. Here we have identified jog (s, A; ¢) with its holomorphic
continuation.

Writeia*Q/iaE SA=RAy,...,Ap)withA;+---4+A, =0.Lets =p+iywithO<pu<1land y eR.
Set s’ = u'+iy, where u’ = 100 + |B| + c,. Here ¢, is the constant defined in Theorem E. Let

V(s h) =s"(s— )" TI(s — Ai + A7)"(s — 1 — A + X))
i,j

Then V(s,A\)A(s, m) ® T X T_y) is entire. As a consequence,

Jap() =V DA m@Tx73) X [] R&E(s. i)
¢€%Q,X vEXF

is entire. By Proposition 7.8 we have limy, oo Jo,g(s) = 0. So one can apply the maximum principle
to get |Jy g(s)| < max{lJa,B(l — s, |Ja,ﬁ(s/)|}. By the functional equation and the estimate on the
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e-factor, whose size is a power of the norm of the arithmetic conductor, we obtain

Ly(1—5",m) @1y XT_),V)
Ly(s', w0 ® Ty X T, V)

’

[ Ta.8(1 =) < [Jap(s)]- M* T]

ploo

where M is an integer determined by the K-type of ¢ (i.e., the finite places v such that ¢, is not G(Oy)-

invariant) and the implied constant is absolute. Note that A; € iR and Re(s) # 0,1. So V(s,A) >, 1,

with the implied constant depending on s. By Stirling’s formula concerning gamma functions we obtain
[V(s" 2|
[V(s, )

IV n Ly(1—=5",7m) 5 @1y XT_),V)

ploo

L, 1

Ly(s', w3 4 @ Ty X Ty, V)

where the implied constant depends on s and ¢. Then

|Ro (s, A5 @, )A(s, ma ® T XT_5)| KD ‘ > (s, Wa, W/s;)»)‘,
@ B 1¢eBo.y
where the implied constant depends only on ¢. So the absolute convergence of Jg(s) follows from
Theorem E. The above argument also works for 1 < i < ¢y,. So Theorem F follows. |

Corollary 7.10. Let notation be as before. Assume t is such that ok # 1 forall 1 <k <n. Then

1 ~
() =303 = [l RoG A QDA T ® T 7o) d

X Qeg @
admits a holomorphic continuation to the whole s-plane. The function Iwni(s, T)/A(s, T) is also entire.

Proof. Since % # 1 forall 1 <k <n, we have ), ® T % ), for all A. Then A(s, ) ® T X 7_,) is entire.
Hence the arguments in the proof of Theorem F (with V' (s, A) = 1) work here for all Re(s) > 0. Then the
first part of Corollary 7.10 follows from the functional equation Proposition 7.8.

Note that A(s, ) ® T x 7_y) is a product of A(s, )" and some other Rankin—Selberg L-functions on
GL(n1) x GL(n,), ny,n, < n. Hence, Iwni(s, 7)/A(s, 7) is entire if 78 # 1 forall 1 <k <n. O

We say t is exceptional if % =1 for some 1 < k < n. For nonexceptional t, Corollary 7.10 gives
a holomorphic continuation of Iwyi(s, 7) to Re(s) > 0. However, if t is exceptional, the holomorphic
functions defined by (7-14) in 0 < Re(s) < 1 and Re(s) > 1 are not compatible, i.e., they do not give a
natural continuation of Iwyi(s, 7). For example, when 7 is trivial, (7-14) diverges for all s with Re(s) = 1.
A meromorphic continuation of Iwni(s, 7) in these (finitely many) exceptional cases will be given in
Section 9.

8. The Dedekind conjecture: proof of main results

8A. Proof of Theorem A. From Theorems C, D, E and F, we conclude the first part of Theorem A,
obtaining (1-5), namely, for Re(s) > 1,

I((f (s,7) = Igeo’Reg(s, T) + I?Reg(s, )+ Is(ping(s, 7) + Iwni(s, 7).
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Moreover, I ((f (s, 1), IgeO’Reg(s, 7), and Iﬁ,Reg (s, ) admit meromorphic continuation to the whole s-plane.

Consequently, 1 ;ng

Assume 7 is such that 78 # 1, 1 <k < n. By Corollary 7.10 the function Iwhi(s, 7) has a meromorphic

(s, T) can be continued to a meromorphic function on C.

continuation to Re(s) > 0. By the functional equation of Eisenstein series, we conclude that Iwy;(s, T)
has a meromorphic continuation to the whole s-plane. Then Theorem A follows.

8B. Proof of Theorem B. In this section, our objective is to construct a suitable test function ¢ in
Theorem A to prove Theorem B, i.e., holomorphy of adjoint L-functions for GL(#n) implies the Dedekind
conjecture for degree n.

8B1. Auxiliary results. We establish several important auxiliary results: Lemmas 8.1-8.5, which address
key points essential to our analysis:
e distribution of the fractional part {& log p} of o log p as primes p traverse arithmetic progressions;
* description of conjugacy classes supported in compact sets;
e construction of the local test function as the matrix coefficient of a suitable supercuspidal representa-
tion;
* nonvanishing of the local integrals of IGeo,Reg (S, T).

These results play a crucial role in our subsequent analysis of the nonvanishing of the geometric side
(see Section 8B2).

Lemma 8.1. Let o € R~g. Let n,m € Z>1. There are infinitely many rational primes p such that
p =1 (modm) and {olog p} < n=' p=1/6 where { -} is the fractional part function.

Proof. If & = 0, then Lemma 8.1 boils down to Dirichlet’s theorem.

Suppose o # 0 henceforth. Let &k > 100n 4+ 100« [log 2| + 10ma. By [28, §VIII.14a, p. 290] there
exists a prime p € (ekK/®, ek/® 4 o4k/G@)y guch that p = 1 (mod m). Write p® = ¢k + B, where
0 < B < (ek/* 4 e4k/Ga)ya _ ok Thep

alog p—k =log(1+ BeX) < (1 + e K/GNa _ | < 2ge=k/G0) < =1 p=1/6,
Hence, Lemma 8.1 follows. O

For v € XF fn, denote by e,(-) the standard evaluation on F, normalized as e,(wy,) = 1. For
Xy = (x3,j) € G(Fy), we set
emin(Xy) = min  ey(x; ;).
1<i,j<n
Let 2 be a compact set in G(Fy). Set
Q li={x"T:xeQl,

emin(Q) = min emin(xv) <0.
Xp€QUQ!
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Lemma 8.2. Let notation be as before. Let v € X F gn. Let Q be a compact set in G(Fy). Let

0 e
10 - —¢
=] . T |ear>ar). (8-1)
1 —cu—

Let xy =tuk € G(Fy), where t =diag(ty,...,ty) € T(Fy), k € G(Oy), and u = (u; j) € N(Fy) satisfies
that, for 1 <i < j < n, either ey(u;j j) < 0 oru; j = 0. Suppose that detx, € O} and xv_lyoxv € Q.

There exists a polynomial p(n) > 0 of n, with coefficients determined by e,(c;), 0 <i < n—1, such that

{p(n)emin(Q) = ev([i) = _p(n)emin(Q) ifl <i <n,

8-2
p(M)emin(R2) < ey(u;,j) < —1 ifuij #0and1<i < j <n. e

Proof. Write u™! = (u;.,j). Then e, (u;]) <0if u;J #0, 1 <i < j <n. By a straightforward calculation

we have
”/1,2 ul,zu’l,2+tl—lz2u’1,2 e %
_ _ ;v 0t uy o+l s % _
kxylygxpk™t =2 T2 TR | ekQkT (8-3)
[PERY

Upon analyzing the corresponding elements in (8-3) individually, we obtain

{ev(ti) _ev(li—i-l) > emin(Q) if 1 <i <n-1,

. . (8-4)
ey(uij) = p1(n)emin(2) if 1 <i,j<n,

where pq(n) > 0 is an explicit polynomial of n, whose coefficients depends only on ey(c;), 0 <i <n—1.

Note that

1 1 1

—Cy €1 —Cy C2 :r —Cy
1 0 0

Yo' = - |eanm.
1 0

Taking the transpose inverse of (8-3) we then obtain M M, € kQ k1, where

51
huiy b
M1 = . .
hUuip—1 **° i—1Upn—1,n In
and the matrix M, is defined by
—cgley —cgley oo —cg! !
o ‘1 0o 2 0 _11 , .
M, = 1 0 0 Liu, L
1 0 l‘_l ’ Z—lu/ Z_l

n ul,n—l n n—1l,n 'n
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For 2 <i < n, denote by m; the (i, i—1)-th entry of M1 M, € kQ k™!, Then
-1 —1 —1,—1 —1
m; =ty i1 (—Cq Gty =g by Uiy ) A il

Here we extend the notation by setting u;_z ;=1ifi =2

In the expansion of m; —¢; tl.__ll,

there exists a polynomial p,(n), whose coefficients depend solely on e, (c;) with 0 <i <n—1, such that

if a term contains 7, ! tj, then / < j. Consequently, according to (8-4),

ev(mi —tit,_")) = pa(n)emin(R2).

Note that e, (171;) > emin(R2) and en;in(2) < 0. So

€y (titi__ll) > min{ey (m;), p2(n)emin(2)} = (p2(n) + 1)emin(2). (8-5)
In addition, it follows from det x,, € O that ey (¢;) + - - + ey (,) = 0. Hence, combining (8-4) and
(8-5) we obtain (8-2). O

Remark 8.3. By performing some elementary calculations (albeit tedious), it is possible to explicitly
determine the polynomial p(n). However, for our specific purpose, it suffices to note that p(n) depends
solely on the value of 7 and the characteristic polynomial of y,,.

Lemma 8.4. Let j be a fixed odd integer coprime to n. Let y, € G(F). Let v € X p g, be a finite place such
that q, = #(Oy /o) is sufficiently large, where py is the maximal ideal. Let J' := (1 + py)(1 + Bj%),
where B = {b = (b;,j) € G(Oy) : bi,j € wyOy, 1 < j <i =< n}. Then there exists a supercuspidal
representation o of G(Fy) with the following properties:

e o has depth j and trivial central character.

e There exists a matrix coefficient my of o such that

Ma (g Vo,0%0) = (Vg 1 )1 (x5 7, %), (8-6)
where 'y, , is the embedding of y,, into G(Fy), and

- ¢(¥y.,» 0) is a nonzero number depending only on Fy, y, , and o,
— Q is a compact set with —enin(2) < 1. Here the implied constant depends only on j and n.

Proof. A construction for such a ¢ has been presented in [7, §1]. In this context, we follow the
reinterpretation outlined in [12, §3] to emphasize the specific properties mentioned in equation (8-6).

Following the notations in [12, §3]. Let B be an n x n matrix with min;ez{f € B’} = —; such
that L = Fy[f] is a totally ramified field extension of degree n with the property that L* normalizes
A={b=(bi,j) € G(Oy) : b;,j € wyOy, 1 < j <i <nj}. We may take B to be “minimal” in the sense of
[7, (1.4.14)]. Let o be the supercuspidal representation associated with 8 constructed in loc. cit. (or [12,
§3]). Then o has depth j and trivial central character.

Since ¢y is sufficiently large, we can define the unique simple character 6 on J! as 6(x) = ¥ o
Tr(B(x — 1)), where v is a fixed unramified additive character of F,. See [7, §3] or [12, Definition 3.6].
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Then there is a unique vector £ € o such that g=!J1g acts on 7(g)£ by 0¢ for all g € G(F,), where
08 (x) := 0(g~'xg). We define a matrix coefficient by

M (x) = (0(x)0(B™E Ees1p,

which is a slight variant of the matrix coefficient defined in [12, (3.23)]. Then by loc. cit. we have

Ma(x) =Y o Te(B(x™" — D)(E, &) = ¥ o Tr(x — ) (£, §).

. _ _1 .
Taking x = x,, Yo,y Xvs We obtain

Mo (xy Vg pX0) = ¥ o Tr(B(xy  yg pxuB ™" = D) E) = ¥ 0 Te(y, , — B)(E. §).
Then Lemma 8.4 follows with ¢(y, ,.0) = ¥ o Tr(y, , — f) # 0 and 2 = J1B. O

Lemma 8.5. Let so = 0 + ito withog > 1/2 and tg = 0. Let y,, € G(F) be regular elliptic. Then there
exists a finite place v € X F, a real-valued Schwartz function &, on F}, and a compactly supported
smooth function ¢y on PGLy, (Fy) such that Ty(so, ¢v, @, ) 7# 0, where Ty(sq, pv, Pv, ¥,)) is defined by

oy (x;l)/ogvxv) / D, (ntxy) Ty (det 1xy) [det 1xy |30 di dxy.

/ Gy (FO\G(Fy) Gy, (Fu)

Proof. Set @ = (2mw)~"t. Let m > 1 be the norm of the arithmetic conductor of 7. Fix a sufficiently
large rational p as in Lemma 8.1. Then {«log p} < n_lp_l/s. Let v be a place above p. Then
{aloggy} < q[l/(G”), where ¢, is the cardinality of the residue field of F,.

We may assume y,, is given in its companion matrix form (8-1). Since p is sufficiently large, ey (c;) =0,
0 <i =n—1. Here ¢;’s are coefficients of the characteristic polynomial of y,,. Let j be a fixed odd integer

with (j,n) = 1. We will adopt the notation in Lemma 8.4. Take ¢, = m, constructed therein. Then

QOU(Xv_IVO,vxv) = C(Vo,vva)lﬂ(xv_lyo,vxv)’ C(Vo,vva) # 0.

Take @, = 1pn. The integral Zy (so, ¢y, Py, ¥,)) becomes

lg(xljl)/o,vxv) /G D, (ntxy)T(det 1xy) |det x4 |50 dt dxy.

¢(Vp,0:0) .
VO v

Gy (FO\G(F)

For each x, € GVO(FU)\G(FU), we may assume det x,, € O,;. For all x, such that x;l Yo.p¥v € §2 and
detx, € O}, by Lemma 8.2, we have uniformly that

lwﬁlov (nt) < Oy(ntxy) < lwszov (nt), (8-7)

where e; < e, are two integers depending only on 7 and ;.
Note that p = 1 (mod m), which yields 7, (det zx,) = 1. Hence,

O, (ntxy)T(det £xy) |det tx sOdt:/ ®,(ntxy) |det tx,|50dt.
Jo, ry EoOEOECetis) detixolidi = [ @Gt det o
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Write |det xy[y = g, ! By (8-7) and Lemma 8.2 we have / > e, where e5 is a constant determined
only by n and j. Note that

Re(|det 1x, [50) = g5 cos(tol log qv) = ;%! cos(2ml{a log gy }).
Since {a log gy} < gy /™, we have cos(2i{a log qy}) > 1/2 for I <100 1¢y/ €™ S0
Re(|det 7x,[30) > qv_a‘)l/Z, [ < IOO_Iqll)/“”).
Therefore, we obtain
/Gyom,)q)”("’x“) Re(|det £, [50) dt > 1+ O(&), (8-8)
where the implied constants depend only on # and j, and the “tail” £ is defined by

P, }

£ = 1>1§;1qg gl < g, 5= %

By taking ¢, sufficiently large we see that the right-hand side of (8-8) is positive. Hence,

Re( @, (ntxy)T(det 1xy) [det 1x,[30dE) > ¢y j,
Gy, (F)

where ¢;,,j > 0 is a constant determined by »n and j. So

Lo (x, ' vg.0X0) )(Dv(ntxv)r(det txy) |det x50 dt dx,) > 0,

Re(/
Gy, (F)\G(Fy)
namely, Re(Zy (s¢, ¢y, Dy, yo)/c(yo,v, o)) # 0. Hence, Zy (50, v, Pv, ¥,) # 0. O

8B2. Proof of Theorem B. Fix a field extension E/F of degree n. Let 5o € C — {1} be such that
Re(s) > 1/2. Let y, € G(F) be such that F[y,|* = E. Although such y, are not unique, we fix one y,,.
Consider the continuous map

Gy (Fo

G:G(F)_)Fna )/|—>(an—l()/),---,Cl](]/),ao(]/)),

where the a;()) are the coefficients of the characteristic polynomial f), of y,i.e., f, () =det(t], —y) =
" +a,_ ()" -+ ai(y)t + ao(y). Then o extends to a continuous function G(Af) — AT
As y ranges over G(F'), the image o (y) becomes discrete in A’.. Consequently, there exists a small
neighborhood Uy centered at the identity 7, € G(AF) such that the set {x~! YoX 1 X € Gy (Ap)Up} does
not contain any other rational y distinct from y,,. By appropriately shrinking the neighborhood, we can
ensure that t(detx) = 1 and |det x| = 1 for x € Uy. Denote by
T(s,x) = /A O (nex)T(det £x) [det £x|d*t.

E
Then, by Tate’s thesis, T'(s,x) is an integral representation for A(s,7 o Ng/r). So T(s,x) =
O(s,x)A(s,T o Ng,F), where Q(s, x) is a function holomorphic in s and smooth in x, depending
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on &, 7, and E. Moreover, by Tate’s thesis, one can choose ® such that Q(s, x) = 1 when x = 1. Fix
that choice of ® = ), ®,. By continuity there exists a small neighborhood U; of I, € G(AF) such that

Re(Q(sg,x)) >1/2, xeU;. (8-9)
Let C := {x_lyox :x € Uy N Uy} be a compact subset of G(Af). Write C = @), Cy,. Forv e XF,
define Zy (50, ¢v, ®v, ¥,) by

)(pv (x;1 Vo,vxv) /G @, (ntxy) Ty (det 1xy) |det 2xy 30 dt dxy.

/G,,O(Fv)\G(FU vo (Fv)

This notation has been used in Lemma 8.5. We will construct ¢, and &, as follows.
Let vy be the finite place defined in Lemma 8.5. In that lemma, we construct functions ¢,, and
®,, = 1oz, . It follows that

Ty, (50, @v,.» P, V) # 0. (8-10)

Note that gy, is sufficiently large, the v«-th component of ® coincides with 1oz . Therefore, the notation
®,,, which refers to both the function constructed in Lemma 8.5 and the vs-th component of @, is
consistent and compatible.

For v e X —{v4}, we take ¢, = 1¢,. Let ¢ = Q5 » %v. By construction, there exists a finite set
S of places, such that G, = Ky and &, = 1pn for v ¢ S. Then the local component Qy(sg, Xy) = 1 for
xy € Cy, v € S. As a consequence, we obtain, for v & S, that

l_[ Ty (50, @v, Py, )/0)

—1
b Xy) dxy > 0. (8-11)
Ly(so. o NEg,/F,) /GVO(FU)\G(FU)%( v You¥o) dxy

vgS vgS
By (8-9) and (8-10), Zy (sg, ¢y, D, yo) =0, for v € S. Hence,

l_[ Ty (50, 9v. Pu. ¥,) 20, (8-12)

LU(SO’ Ty ONEU/FU)

veS

It the follows from (8-11) and (8-12) that
IU(SO’ (pv’ ¢‘U7 y())

-1
X x)O0(sg,x)dx = 0. (8-13)
/GVO(A\F)\G(A\F)(p( ¥o2) Q050 %) vl;[F Ly(so, o NE,/F,) 7
Substituting this choice of ¢ into Theorem A we obtain
I9(s,t)  A(s,ToNg/F)
oY _ 2% /F / x"'yyx) O(s0. x) dx (8-14)
AG D)~ nhmo) e, amean? TeCE0)

Assume that the twisted adjoint L-function L(s, 7, Ad®7t) is holomorphic outside s € {0, 1} for
all w € A%imp (G(F)\G(AFp), 1), which is the subset of cuspidal representations with a supercuspidal
component. By spectral expansion (2-5), the function / g’ (s, 7)/A(s, 7) is holomorphic at s = s¢. Therefore,
it follows from (8-13) and (8-14) that the meromorphic function A(s, 7o Ng,r)/A(s, t) is holomorphic
at s = sg.
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Since s is arbitrary with Re(sg) > 1/2, A(s,t o Ng,F)/A(s, T) is holomorphic in Re(s) > 1/2 and
s # 1. Utilizing the functional equation, we thus conclude that A(s, 7o Ng,r)/A(s, t) is holomorphic
atall s € C—{0, 1}. So the t-twisted Dedekind conjecture holds. Then Theorem B follows.

Remark 8.6. It is conjectured in [18; 19] that the reverse direction also holds, namely, the t-twisted
Dedekind conjecture for all field extensions £/ F of degree n should imply holomorphy of the t-twisted
adjoint L-functions. This is proved in [36] for n < 4.

Proof of Corollary 1.6. Let E be a field extension of F of degree n, such that {g(1/2) # 0. By the proof
of Theorem B, one can choose some test function ¢ such that

—1
X x)Q(1/2,x)dx # 0.
Jo, ongan P 10X Q0/2.3) dx £

By (8-14) we have 17(1/2,1) # 0.
Corollary 1.6 then follows from the spectral expansion (2-5) of the cuspidal kernel function K¢ (x, x).
|

9. Meromorphic continuation: the exceptional case

In Sections 6 and 7, we established the holomorphic continuation of Iwi(s, 7) to the complex plane,
except in the case where t is an exceptional representation, meaning 8 =1 forsome 1 <k <n. Itis
important to note that the number of exceptional t is finite.

The main focus of this section is to derive a specific meromorphic continuation of Iwp;(s, 7) beyond the
region Re(s) > 1, specifically for these exceptional representations. However, it is important to mention
that for general n, we lack a symmetrical description of this continuation process. Thus, we will restrict
our analysis to cases where n < 4 in this paper.

To illustrate with a simplified example, let’s focus on the case when n = 2 and make certain oversim-
plifications. We can approximate the expression as follows:

I Lo : ). Re(s)>1
Whl(s”)_zm'/_ioo(s—l—x)(s—wx) . Rels)>1.

Now we fix s such that 1 < Re(s) < 1 + €/2, for a small € > 0. By shifting the contour, as explained
in [18], we have:
1 €+ioo 1 1
fwni(s. 1) = 527 /e_ioo (s—1—A)(s—1+21) dh= 2s—1)°

-1

The right side of (9-1) defines a meromorphic function in the region 1 —¢/2 < Re(s) < 1 4+ ¢/2 with
a simple pole at s = 1. Therefore, we obtain a meromorphic continuation of Iwpi(s, ) to the region
Re(s) > 1 —€/2. By repeating this process, we can achieve a meromorphic continuation to the entire
complex plane with an explicit description of the poles.

Just as the above prototype, the genuine situation admits the same idea of continuation, but with
more delicate techniques required, since Iwni(s, T) is typically infinitely many sums of such integrals.
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Details will be provided in the following subsections. Moreover, we find all possible explicit poles of
the continuation of each such integral as well, and show they cancel with each other except for s = 1/2,
where Iwni(s, 7)/A(s, ) has at most a simple pole if 72 = 1.

9A. Notation. We fix an exceptional unitary character z, e.g., t = 1. Let D; be a standard (open)
zero-free region of L(s, t) (see, for example, [6]). Fix such a D; once and for all. We thus can form a
domain

R(1/2;t)" :={se€C:25s €D} 2 {s €C:Re(s) >1/2}. (9-2)

In Section 9C, we will obtain a meromorphic continuation of Iwh;(s, 7) to the region R(1/2; 7). In
conjunction with the functional equation we then obtain a meromorphic continuation of Iwni(s, ) to the
whole complex plane. The zero-free region plays a role as the strip Re(s) > 1 —¢€/2 in (9-1).

Let Q be a standard parabolic subgroup of G of type (11, ns,,...,n,). Let M =diag(M;, M>, ..., M,)
be the Levi of Q. Let X be the subset of cuspidal data x = {(M, 0)}. We may write 0 = (01,02, ...,07),
where 0; € Ag(M;(F)\M;(AFf)). Let w be a representation induced from x = {(M,0)}.

Forany A = (A1, A2,..., &) €ia}y/iag = (iR)" ™", satisfying that Ay + A +--- + 4, = 0, we let
Kk = (K1,K2,...,kr) € C"! be such that

Kji=Aji—Ajy1, 1 <) <r—1,
J J N 9-3)
Kr =M —Ar =K1 +Kk2++Kpoq.
Then we have a bijection l'a*Q /iag < ia*Q /iag, A+ K given by (9-3), which induces a change of
coordinates with dA = mgd, where m g is an absolute constant (the determinant of the transform (9-3)).
So that we can write A = A(k). Recall that

Z (IQ(}\JP)(PI"PZ)\P(& WI’WZ;)\')
A(s,m) @ T XTT_y)

Ry(s, A0, x) = ,  Re(s) > 1, (7-13)

61,02€B0 x
where A(s, 73 ® T X 7_)) is the complete L-function. Then we can write
Ro(s, 40, x) = Rp(s,k:0, %), Als,m) @t x7_)) =A(S, T @ T X T_g).

Let v be a place. Recall from Section 7B the definition
Wy (s, Wl,v’ W2,v§ A, ®y)
Ly(s, Ty 0 & Ty X 77—)\,1)) ’

Ry(s, Wiw, Wapi A) i= Re(s) > 1. (7-6)

If 7y is unramified, @, is the characteristic function of G(OF,y), and W; ,, = W» ,, is the normalized spher-
ical vector in the Whittaker model; then, by Corollary 7.5, Ry(s, Wiy, Wa yik) := Ry (s, Wiy, Wa i A)
is equal to

[T TI Lo(l+kij.0iwx6j,0)" " Lo(1—kij.Giwx0j0)"", (9-4)

1<i<r i<j=<r

where k; j = Kk; +---+kj_1. Since ¢ is K-finite, then there exists a finite set S, ; ¢ of finite places such
that for any 7 from a cuspidal datum x € X in the spectral side, Ry (s, Wiy, W> 4 k) is equal to the
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formula in (9-4) if v € S, ¢, &. In particular, Ry (s, Wj,y, W2 ,: k) is independent of s for all but finitely
many places v. Moreover, Ry (s,k; O, x)L(k, m, ) is holomorphic as a function of s and &, where

L(k,7m,7):= l_[ l_[ Al +Kij,0; X&j)-[\(l —lc,',j,&,- XO‘j).

1<i<r i<j=<r

Let 1 <m,m’ <nbe two integers. Let o € Ayg(GL,,(F)\GL1,(Af)) and 0’ € Ag(GLyy (F)\GL, (AF)).
Fix €y > 0. For any ¢’ > 0, let D,/ (0, 6”) be

ANole 1
. (C(U)C(G/))_z(m‘*‘m )2t Zanrmy €0
— N /
{K_ﬁﬂy'ﬂzl_c [ (|| +3)2mmF:] o
if 0’ % G and let D¢ (0, 0”) denote the region
7 5
| (Clop=sm  J7sTom
— M ,
{K_ﬁJrW'ﬂzl_c '[(|V|+3)2mm/[F:@1 oo

if o/ ~ &. According to [6] and the Appendix of [22], there exists a constant ¢, ,’ > 0 depending only
on m and m’, such that L(s,0 xo0’) #0ins €D,  ,(0,0").

We may assume that ¢ (depending only on 72) is small such that 1 £2k; ; € D.(0;, 67 ), and the boundary
of D¢(0i, 6;) lies in the strip 1 —1/(n +4) <Re(kj) < 1,1 =i < j =r. Let Dy =();<;<j<, De(0i,5;).
Then Lk, 7, %) #0if k € D~ =Dy x--- x Dy.

Let Cy be the boundary of D,. For € € {0, 1}, we define

c, ife=1,

C =
x(€) {iR, ife =0.

Set Cy(€) = Cy(€1) X -+ X Cyl€r—1), € €{0, 1}, 1 =/ =r—1.
Let Re(s) > 1. Forany ¢ € B , and € = (€1,...,€6,_1) € {0, 1371, Jet

Jo,x(s:9.Cy(€)) = /c ( Ry(s,k; Q, x)A(S, me @ T X T—) dkc. 9-7)

x (€)

which is well defined because Jg ,(s:¢,Cy(€)) = Jg, 4 (s:¢,Cx(0)) (by the Cauchy integral formula),
where 0 = (0, ...,0) € R"~!. Therefore, according to Theorem E, for any s with Re(s) > 1,

ZL >y ‘/ R(p(S,IC;Q,X)A(S,T[K®‘L'Xﬁ_,c)dK‘<OO.
P €0 x€Xo B, '’ Cx(€©)

For any 8 > 1/2, we set
RB:x)={seB—1+DyfN{s€f+1-Dy}. (9-8)
9B. Meromorphic continuation via the zero-free region. Let s € D, with Re(s) > 1. Define

Flre;s) =F(;s, Q. x) = Rp(s,k; 0, Y)A(s, T @ T X T—y) (9-9)
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if x is fixed in the context. Then by Proposition 7.4 in Section 5B we see that F(k;s) is equal to a

holomorphic function multiplying

r—1 j

1_[ A(s, 0, ® T X 5%) H l_[ e 1AL S s
k k Al +kj,j,0i x0j+1)A(1 =K j,0j41 X 0;) .

j=1li=1

Let G(k;s) = G(k; s, O, x) denote the above product. The denominators of G(k; s) are L-functions
from Langlands—Shahidi method, and they will play an important role in the meromorphic continuation
across the critical line Re(s) = 1.

Let C denote the boundary Cy(1) and (0) represent the imaginary axis. Analyzing the potential
poles of G(k; s), along with contour shifting, yields an expression for the integral Jg ,(s;¢,Cy(0)) =
Jo,x(5:9,C)— Ty (s), where Jy(s) is defined by

271122/

dii_1---dk / Res F(k;s)di,—1---dkiyq.
2 & o /(0) -1 1, (k5 5) dicr—y j+1

Ckjj=s—1

Here Resy; ;=s—1 F (;s) vanishes identically unless 0; ® T 2 041, in which case one must have
n; =nj1. To obtain a meromorphic continuation of Jg ,(s; ¢, C) to the critical strip 0 < Re(s) < 1, we
start with the following initial step:

Proposition 9.1. Let notation be as before. Let x € Xg. Let s € R(B; x) and Re(s) > 1. Then

> Jox(si9.Cx(0) = > Jpu(s16.0) = Y. T(5:9.C). (9-10)

$EBo PEBo $EBo x

where C = Cy(1), and the summand J (s; ¢, C) is defined to be

r—1
Z Z Z ¢j / Res -+ Res ]:(IC s)—dK1
J1s-- ,]m dij dKjl )

C Kj,,=s5—1 Kj, =s—1
m=1 jms;jm—1, Jm /1
1<jm<- <j1<l" 1
where the expression dk,_y - dk/(dkj,, ---dkj,) denotes omitting dk;,,, . ..., dkj, fromdk,_y---dky,

and the coefficients cj, ... j,, are explicit integers. Each term in (9-10) converges absolutely within

.....

R(1; x)\ 1, where R(1; x) is defined in (9-8). Consequently, (9-10) provides a meromorphic continuation
of the function

D Tgx(s:4.Cx(0)

PEBo ¥
to R(1; x), potentially having a pole at s = 1.

Proof. Forany 1 < j <r—1land 1 <i < j,if n; = nj4, we can make the following change of variables
to simplify the integral of Resy, ; =s—1 F(k;5):

k;-:kj, My=A;, A=A, forl #1i,j;

’_ ’ ..
0; =0;, a] 0;, o;=o0; forl#1i,j.



A coarse Jacquet—Zagier trace formula for GL(n), with applications 929

Letklzkl—kl+1,xl—k k;+1,1flfr—l;andlcl/,m:K;—i—---—i—ic,/n,lflfmfr—l. To describe

the relation between {k, : 1 </ <r —1} and {k; : 1 =/ <r —1}, we argue as follows:

Case i = j —1: A direct computation shows that
— _ / _ _ . ..
Kiy =Ki—1i K=K, Kit1 =Kijp1s K =K], 1<l=<r—1,1#i-1,i,i+1.

Hence, Re(k;) = 0,1 </ <i = j — 1 amounts to RC(K;) =0,1=</<i=j—1. The determinant of

transition matrix is det{dx;/dk;, } 1</ m<r—1 = —1. Note that Kj’. =k; ; =5 — 1, leading to

. R . e
/(0) /(O)dKJ1 dKI/C Cxi,jfss—lj:(lc’s)d’(’l dKjt1

:—/(0)---/(0)6111(]/-_1"'61161/ /Cxliis— Flr;s, Q, X)dK o di 1

where x’ is the cuspidal datum attached to the representations (o7, ..., 0,). Hence x’ = yx as an equivalent
class.

Case i < j —2: A direct computation leads to

— ./ _ 7 — ! !
- i-1,j-1 K=K K= K0 K=K,
Kl:/(;, ISZSV_19I7£I_1’15]_1’]

In addition, Re(k;) =0, 1 </ <i = j — 1 amounts to Re(/c;) =0,1<[]<i=j—1. Again we have
det{dk; /0Ky }1,m = —1, and k; = k; ;. Therefore,

v [ diei d/- Res F(ic:s)dicr_q ---dic;
/(0) /(0) Kj—1- K1 CK”_GSSI (r;8) dicr—1 Kj+1

/ . / /
—/(0) /(0) -1 --'ahcl/C-n/CRes,Cj:s_l.7-"(lc,s,Q,)()ahcr_1 dKjJrl.
If nj #nj41,then  Res F(k;s)=0.Inall, we have

ki j=s—1
gy dKi-1d / Res F(ie;s) dicy_y - di;
¢e%QX/(0) /(0) Kj—1 K1 . C/c,-,-=ess—1 (ke;8)dic, 4 Kjt1
/(0) /(0) "'dKl/C"'/CResszs_l‘F(K;S)dKr—l"'dKj-H.
¢€EBQ
Therefore, Y Jg x(5:9,Cx(0)) — Y Jo,x(s:¢.C) is equal to
¢€%Q,X ¢€%Q,X
r—1
/. coe d . ...d /.../R o ]: : d _ '--d ) ’
¢E§Q’Xj§1c7 /(0) /(0) Kj—1 K1 . . eS;=s—1 F (k3 8) dicy— Kj+1

where the c s are some explicit constants, depending only on the type of Q. Consider

/«» /m) ki wdicy [ [ Res Fleis)dip—y--digr, 1< ji<r—1.

C Kj, =s5—1
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By the Cauchy integral formula we can write this as the sum of

coo | drj 1+ dk / Res F(k;s)dik,_1---dk;
/C /C j1—1 1 c ¢ 5y =51 ( ) r—1 j1+1
and
]1 1 ]2 dk,_1---dkK;
Ci, ]2/ / dK]/ / es Res F(;s)—— Lt
]2—1 12—1 (0) (0) C ki, /2_S 1 kj,=s—1 dKjl
where the ¢/ . are some explicit integers depending only on the type of Q.

2,J2
One can do a similar analysis to replace «;,, j, = s —1 with kj, = s —1. By induction (or just continuing

this process until m2 = r — 1) we obtain (9-10). Recall that by the definition in (9-9), we have

Fless)= 3 (Zoh, @)1, ¢2) - (s, Wi, Waid).
1.62€B0 x

Then F(k; s) is a Schwartz function of k. Hence all the above integrals converge absolutely, and the
proof is completed. O

Let notation be as in Proposition 9.1. Denote by Zo(s; x) the summand of the first term of the right-hand
side of (9-10), i.e.,

Tox()= Y Jox(s:9.Co). s €R(;x), Re(s) > 1.
PEB o x

Proposition 9.2. Let notation be as before. Let s € R(1; x) and Re(s) > 1. Then
Tox()= > Jox(s:0.Co+ > T (9-11)

$EBo, 9B

where the summand j)? (s) is defined by

dicy_y -+ diy

2 DX G fo g RO RO G g

R . 0) kj,,=1—s Ki, =
m=1  jm,jm—1s---J1 Im 71
1<jm<-<ji1<r—1

where the Cj, ... j,

converges absolutely and normally inside any bounded strip.

are some explicit integers, depending only on Q. Moreover, the terms in (9-11)

We omit the proof, which is similar to that of Proposition 9.1.

9C. Meromorphic continuation inside the critical strip. Let s € R(1;x) and 1 <m <r — 1. Let
J1,J2, ..., jm be m integers such that 1 < j,, <--- < j; <r — 1. Consider the summand in the second
term of (9-10):

od
T,y (s) :== Z /c ------ Res -+ Res ]:(IC s) “

C kj,,=s—1 Kj, =s—1 dl( coodi '
PEB o4 jm J1 Jm J1

Then each Z,, , (s) is naturally meromorphic in R(1; x) with a possible at s = 1.
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Theorem G. Let n < 4 and consider the notation as previously defined. Take x € X . Assume that
the adjoint L-function L(s, o0, Ad ®t) is holomorphic within the strip 0 < Re(s) < 1 for all cuspidal
representations 0 € Ag(GL;(AF)), where 1 <k <n—1. Then, forany 0 <m <r — 1, the function

Z I,y (s), s€R;x).

PEB O

admits a meromorphic continuation to the area R(1/2;t)™, with simple poles possible only at s €
{3.3..... 1= 11}, where R(1/2; 7)™ is defined in (9-2). Forany3 <k <n, if L((k —1)/k,7) =0,
then s = (k — 1)/ k is not a pole.

Remark 9.4. If F is a function field, the number of cuspidal data x’s appearing in the spectral decompo-
sition for a fixed test function is finite. As a consequence, Theorem G provides the continuation of the
entire spectral side in the function field scenario.

Remark 9.5. As can be seen from the proof, when n < 3 we can continue the functions qu% 0. Lm.x (s)
to Re(s) > 1/3. When n = 4, we can only continue Z(j,e%gx I,y (s) to R(1/2; 7)™, an open region just
containing the right half-plane Re(s) > 1/2. This is because some of its components involve A (2s, t2)~!
as a factor. The key ingredient is that R(1/2; 7)™ is uniform with respect to y € Xg.

Let notation be as before. To simplify our computations below, we shall write, for any 8 € R, that

R(B) =R(B; x), R(B)™ =R(B; x) N{s :Re(s) < B}, and R(B)* = R(B; x) N {s : Re(s) > B}. We also
use S(q,p) to denote the strip a < Re(s) < b, for any a < b.

9C1. Proof of Theorem G when n = 3.

Proof. Let n = 3. Then there are two possibilities: r = 2 or r = 3. If r = 2, then the parabolic subgroup
0 is maximal, and any associated cuspidal datum is of the form x ~ (o1, 0;), where o is a cuspidal
representation of GL(2, Ar) and o5 is a Hecke character on A% In this case, F(k, s) is equal to an entire
function multiplying

A +k1,00 QT X02)A(s—K1,02®T X01)
A(l4+«k1,01 x62)A(1 —k1,07 XG1)

2
. l_[ A(s, 0 ® T X 0). 9-12)
k=1
Since each completed L-functions in (9-12) is entire inside S(,1), then F(«, s) is holomorphic (after
continuation) when 0 < Re(s) < 1. On the other hand, F(«, s) vanishes when Im(x;) — co. Let Re(s) > 1.
By the Cauchy integral formula,

Jox(s:6.C0)= ¥ /(O)f(x,s)dmz > [ Fles)di,

PEBo, PEBO ¥
which gives holomorphic continuation to Re(s) > 1 — €1, for some €; > 0. Hence we obtain holomorphic
continuation of Jg ,(s;¢,C(0)) to Re(s) > 0.
Now we handle the more complicated case where » = 3. In this case, cuspidal data x correspond to
(X1, X2, x3), Where x;’s are unitary Hecke characters such that x; x2x3 = w, the fixed central character.
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Then F(k, s) is equal to

A(s + ki TXiXj+1) NS —Kij TXj+1Xi)
H(s. k) AGs, _[)3 , (9-13)
lj[ulj[l AU+ kg, xiXj+1) A —Kij, Xj+1Xi)

where H(s, k) is an entire function and A(s, x’) is the completed Hecke L-function associated to the
unitary Hecke character x’ over F. Let Z¢ denote the sum over ¢ € B ,. Then, by Proposition 9.1,

JQ,X(s;qﬁ,C(O))=§/C/C]-'(K,s)dkz dky—cq 22 Res Res F(k,s)

k1=s—1 kp=s5—1

—clz Res F(k, S)dl(z—CzZ Res F(k,s)dkq,
C k1=s—1 C ky=s—1
for some integers ¢y, ¢; and ¢ 2; and s € Dy. Denote by J (s ¢, C(0)) the right-hand side of the
above equality. Then J ! (s ¢, C(0)) is meromorphic in s € R(l) In particular, we get a meromorphic
continuation inside R(l) with a possible pole at s = 1.
Recall that, for meromorphic functions A(s) and B(s), we write A(s) o« B(s) if there exists some
holomorphic function C(s) such that A(s) = C(s)B(s). By (9-13),

A(s —k2, X1 X2T) AQ2s — 1 + k2, x2X1T2) ARs — 1, 2) A(s, 7)2

Res F(k,s) x — = )
k=s—1 (e:5) AL+, x2X1) AR =5 — k2, x1 X2t HAQ—5,771)
A(s—k1, 2X1T)AQRs — 1+ k1, x1 X2t AQRs — 1, 72) A(s, 7)?
Res Fl(k,s) — — ,
Ky=5—1 A+, x1X2)AQ—s—k1, o X1t HAR—s,771)
AQBs—2,73)AQ2s—1,72) As,
Res Res F(k,s) x (s T)AQs TIALs T).
k1=5—1 Kkr=s5—1 A(3—2S,‘L’_2)A(2—S,‘L’_1)
Hence by the Cauchy integral formula we have, for s € R(1)™,
Res F(k,s)dk, :/ Res F(k,s)dk,—2mi Res Res F(k,s), (9-14)
C k1=s—1 0) k1=s—1 Kp=2—2s k1 =s5—1

where the right-hand side is holomorphic inside 1/2 < Re(s) < 1, since

(9-15)

AQBs =2, AQ2s—1,7%) A(s,
Res Res Fl(k,s) (3s T)AQs TIAL T).
Kp=2—-2s k1=s5—1 A(3—2S,‘[_2)A(2—S,‘[_1)
From (9-15) we see fc Res,,—s—1F (K, s) dk has a potential pole at s = 2/3 when 73 = 1. Likewise,
we have the continuation for fc Res,,—s—1F(k,s)dky:
Res F(k,s)dk; :/ Res F(k,s)dx; —2mi Res Res F(k,s), (9-16)
C kr=s—1 0) kr=s—1 K1=2—2s kp=5—1
where the right-hand side is holomorphic inside 1/2 < Re(s) < 1, since
ABs =2, ) ARs—1,72)A(s, 1)

A =25, 7 )AQ2—s,7°1) ©-17

Resy, =225 Res,—5—1 Flk,s)
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From (9-17) we see fc Res,,—s—1F(k,s) dk; has a potential pole at s = 2/3 when 73 = 1. Now we
deal with the remaining term, [, [, F(k,s) dikadiy. By Proposition 9.2, for s € R(1)~, there are integers
c1, ¢2 and ¢j 5 such that

Flk,s)dryd = F drydiy — R R Flk,
/c/c (k,5) dradiy %:/(0)/() (k,5) dradicy 0122 es es F(k,s)

K1=1—8 kp=1-—s

—CIZ/ Res F(k, s)d/c2—c22/ Res F(k,s)dk.
5/ )

=1-s Ko=1-—s
Using (9-13), one can compute the partial residues of F(k, s):

A(s+kr, x1X20) ARs — 1 —k1, x2X1TH AQRs — 1, 12) A(s, 7)*

Res F(k,s) x — = ;
ka=1-s A(L=k1, XaX ) AR —s +k1, x1 X2t AR —s,771)
A(s 412, X2 X1 AQRs — 1 — k2, X1 X272) AQRs — 1, 72) A(s, 1)
Res F(k,s) x — — ;
K1=1—s A =k, x1X2)AQ =5+ k2, 2 X1T HAR—s,771)
AQBs—2,73)AQ2s—1,72) Als,
Res Res F(k,s)x (3s T)AQs T)A,7)
ki=1—5 kp=1—s A(3—2S,‘E_2)A(2—S, ‘E_l)

Combining these formulas with the analytic behavior of the function Res,, —s—jRes,,—s—1F (k. )
we conclude that [, [, F(k,s) d/czd/q admits a meromorphic continuation to 1/2 < Re(s) < 1, with a
possible pole at s = 2/3 when t° = 1. Denote by J (1/ 2 1)(s; ¢, C(0)) this continuation. Now we continue
our meromorphic continuation to some open set contalning Re(s) > 1/2. Let s € R(1/2)". Then one
can plug (9-14) and (9-16) into formulas for f(o) f(o) Flk,s)drydy and [, [, F(k,s)dksrdky and shift
contours to see that J (1/ 2 1)( ;¢,C(0)) is equal to

F(k,s)drydry — ¢} R Res F Res F(k,s)d
/(o)/(o) (e, 8) drydiy cl’2 es es Fl(k,s)— ./(O)lq:els—s (r,8) drr

=1—s5 kp=1—s

—CQ/( Res Fl(k,s)dk; —ci /(0) Res Flk, s)d/cz—czf(o) Res F(k,s)dk;

0) kp=1—s Kk1=s—1 Ko=s—1
4+c¢1  Res Res F(k,s)+c» Res Res F(k,s)—c1» Res Res Fl(k,s)
Ko=2—-2s kK1=s—1 K1=2—2s kp=s5—1 Kk1=s—1 kp=s5—1
= Flk,s)drkrdky — ¢ Res Res Fl(k,s)—ch Res F(k,s)dk
/(0)/(0) (e, 5) diczdicy L2 =15 ka=1—s (e, 5) =) C ky=1-s (ic.s) dicz
—c) Res F(k,s)dk; —cy Res F(k,s)dky —ca Res Fl(k,s)dk;
C kp=1-—s C k1=s—1 C kp=s—1
4+c¢1  Res Res F(k,s)+c» Res Res F(k,s)—c1» Res Res Fl(k,s)
Ko=2—-2s k1=s85—1 K1=2—2s kp=s5—1 Kk1=s—1 kp=s5—1

+¢] Res Res F(k,s)+c¢5 Res Res Fl(k,s),

Kko=285—1 k1=1-—§ kK1=25—1 kp=1—s§

where the right side of the equality has a natural meromorphic continuation to the domain R(1/2). Denote
by J 1/ 2(s ¢,C(0)) the last expression. Note that
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ABs—1,7)AQ2s— 1,7 A(s, 7)?
AQ=25, 77 H)AQ—-s, T HA(l +5,7)

ABs—1,73)AQ2s—1,12) A(s, 1)?
AQR—2s, 77 )AQ—s, 7 HA(l +5,7)

Res Res Fl(k,s) x

K2=25—1 k1=1—s

Res Res Fl(k,s)

K1=25—1 kr=1-—s

Also, when s € R(1/2), 2 —2s lies in the zero-free region of L(s, %), then A(2—2s,72) # 0. So
the last two terms of Jo 1/ 2(s ¢, C(0)) is meromorphic in R(1/2) with a possible simple pole at s = 1/2
when 2 = 1. Hence, we have a meromorphic continuation of J Q x(5:9,C(0)) = 1/ 2 (s ¢,C(0)) to the
region R(1/2) with a possible simple pole at s = 1/2 when 72 = 1.

Now consider Jé/j((s;¢,C(0)), where s € R(1/2)".
analytic behaviors of Res,, —s—1 F(k, s), Res,—s—1 F(k,5), Res,=1—s F(k,s) and Res,,—1_s F(k,s),
we obtain that J (Qlf’l/ 2) (s;¢,C(0)) is equal to

Fk,s)dkrdky —c
/(0)/(0) (e, 8) drydiy ‘1,2

Using Cauchy’s formula to determine the

Res Res F(k, s)—cll Res F(k,s)dk;
C k1=1—s

=1—s5 kp=1—s

—c) Res Fl(k,s) dK1—01/ Res Flk,s) d/cz—czf Res F(k,s)dk;
C ky=1-—s 0) k1=s—1 (0) kpy=s5—1

+c¢1  Res Res F(k,s)+c» Res Res F(k,s)—c1» Res Res Fl(k,s)
Kp=2—-2s k1=s85—1 K1=2—2s kp=s5—1 Kk1=5s—1 kp=s5—1

+¢]  Res Res F(k,s)+c¢, Res Res F(k,s)+c; Res Res Fl(k,s)
Ko=25—1 k1=1—s k1=25—1 kp=1—=s Kp=1-2s5 k1=s5s—1

+c, Res Res Fl(k,s).

K1=1-2s kp=s5—1
Denote by J (12/ )z((s; ¢, C(0)) the last expression. We have
ABs—1,73)AQ2s—1,12) A(s, 7)?
AQ=2s, 7 H)AQ—s, 7 HA(1 +5,7)°

AQBs—1,73)AQ2s—1,12) A(s, 7)?
AQR=2s, 77 H)AQ—s, 7 HA(1 +5,7)

Res Res Fl(k,s)

Kky=1-2s5 k1=5s—1

Res Res Fl(k,s) x

K1=1-2s kp=s5—1

SO J 1/2 (s ¢, C(0)) has a holomorphic continuation to 1/3 < Re(s) < 1/2. In all, we obtain the mero-
morphlc continuation of Jg , (s;¢,C(0)) to S(1/3,1) UR():

b, (5:6.C(0)
“/2 D(s:¢.,0(0))
”2<s $.C(0))

Jg,ﬁf 1D (s:9.0(0)

J0,x(s:9.C(0)) =

if s e R(1),

if s € S(1/2,1)>

if s e R(1/2),
ifseS(1/3,1/2).

In particular, Jg ,(s: ¢, C(0)) is meromorphic in R(1/2) U S(y 2,1y, with possible simple poles at s = 1/2

and s =2/3 when 2 = 1 and 3 = I, respectively.

O
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9C2. Proof of Theorem G when n = 4. The case n = 4 presents additional complexities compared to
n = 3, although they share a common underlying idea. Consequently, the proof follows a similar approach.
However, the main challenge as n increases lies in determining the partial residues of each continuation.
There are approximately O(n?) such multiple residues, but a straightforward and systematic description
of them is currently unavailable. Therefore, we provide a proof by explicitly addressing all possible cases.
Further computations and continuations can be found in the appendix of [35].

Proof. Let n = 4. There are three possibilities: ¥ =2, r =3 orr = 4.

Case r = 2: Here the parabolic subgroup Q is of type (2, 2), and any associated cuspidal datum is of the
form x ~ (01, 03,), where o1 and o, are cuspidal representations of GL(2, A ). In this case, F(k,s) is
equal to an entire function multiplying

A +k1,00 QT X02)A(s—K1,02®T X071)
A(l +K1,01 X&z)A(l—Kl,O'z X&l)

l_[ A(s, 01, ® T X 0p). (9-18)
=1

Let s € R(1)™. Since F(k,s) vanishes when Im(x1) — oo, by the Cauchy integral formula, we have

Jo,x(s:¢,C(0) = /]—'(lc s)dky—2mi Y, Res Flk,s). (9-19)
$€Bo .y $eBo =571

The term Res F(k,s) is nonvanishing unless 0; >~ 0, ® 7. Hence
K1=s—1

AQRs—1,00® 1> x61)A(s,01®T xal)
Res F(k,s) x
K =s—1 AQ2—s5,00 @t~ x57)
So Res, =s—1 F(k,s) admits a meromorphic continuation in R(1/2) U S(;/2,1), with possible simple
poles at s = 1/2. Now the right-hand side of (9-19) is meromorphic inside R(1), with a possible pole at
s = 1. Denote by J (s ¢,C(0)) the continuation of Jg ,(s:¢,C(0)) in R(1). By Cauchy’s formula,

/]—"(K,s)d/q =/ Fr,s)dry +2mi Resg, =1—5 F(K, ), (9-20)
C (0)

where s € R(1)”. By (9-18), f(o) F(k,s)dky is holomorphic inside S(j/2,1); also, Res F(k,s) is
=1—
nonvanishing unless o, ~ 01 ® t, in which case “ :

AQRs—1,0,® 1> xG2)A(s,0,® T xaz)
Res F(k,s) x
Kk1=1—s AQ2—s5,00 @171 x07)

So Res; =1—s F(k,s) admits a meromorphic continuation to R(1/2) U Sy /2, 1), with possible simple
poles at s = 1/2. Substituting this with (9-20) into (9-19) we conclude that J (s ¢,C(0)) admits a
meromorphic continuation to the domain R(1/2)U S(y/,1). Denote by J 1/ 2 (s ¢ C (0)) this continuation.
Hence we have

T, (5:¢.C(0) ifs e R(1),

Jo.x(s:9.C(0)) =
0.x(5:9.C(0)) { B2s19.C0) i s € S,

By assumption, A(s, 02 ® T X 52) A(s, 7) ! is holomorphic in S (0,1)» S0 from the expressions above
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we see that Jg , (s:¢,C(0)) A(s, 7)1 admits a meromorphic continuation in s € S(1/3,1) with a possible
simple pole at s = 1/2 when 7% = 1.

Case r = 3: In this case, the parabolic subgroup Q is of type (2, 1, 1), and any associated cuspidal datum
is of the form y ~ (o1, X2, x3), where o7 is a cuspidal representations of GL(2,AF); and x,, x3 are
unitary Hecke characters on A%. Since A(s, 01 ® T x ;) is entire, 2 <7 < 3, then F(k, s) is equal to an
entire function H («, s) multiplying

A(s + K2, xoX3T)A(s — k2, x3X2T) A(s,01 @ T xG1) A(s, T)2
A1+ k2, x2X37) A(1 — K2, X3X27)

(9-21)

Lets € R(1)™. Since F(k, s) vanishes as Im(k1) — 0o, by the Cauchy integral formula, Jg 4 (s; ¢, C(0))
is equal to

> //]-"(lc s)diy diy — Z Res F(k,s)dky. (9-22)

$EBo peBo 0 ¢ K2=571
The term Res F(k,s) is nonvanishing unless x; >~ x> ® t. Hence
kp=s5—1
AQRs—1,72)A(s, T)A(s, 01 ® T X 51)

Rese,=s—1 Flk.s) = H(s, k1) AQR—s,t71)

’

where H(s, k1) is an holomorphic function. So Res,,—s—1 F(«, s) admits a meromorphic continuation in
S(0,1)» With possible simple poles at s = 1/2. Now the right side of (9-22) is meromorphic inside R(1),
with a possible pole at s = 1. Denote by J (s ¢,C(0)) the continuation of Jg ,(s:¢,C(0)) in R(1).
Apply Cauchy’s formula again to get

fC/C]-"(lc,s)dkl dlczz/C/O Flr,s)drydiq +/CRGS,C2=1_S.7:(K,S)CZK1, (9-23)

where s € R(1)”. By (9-21), fc f(o) F(k,s)dkodrky is holomorphic inside S(y/3,1); also, Res F(k,s)

K1=1-—s
is nonvanishing unless 0, >~ 01 ® 7, in which case one has

AQRs—1,T2)A(s, T)A(s, 04 ®rx01)
AQR2—s,t71)

Resy,—1—5 F(K,s)

So fc Resy,=1-s F(k,s) dk; admits a meromorphic continuation to S 3, 1), with possible simple
poles at s = 1/2. Substituting this and (9-23) into (9-19) we conclude that J (s ¢,C(0)) admits
a meromorphic continuation to the domain S(;,3,1). Denote by J (1/ 3 1)(s ¢.C (0)) this continuation.
Hence invoking the above discussion we have

éx(swj),C(O)) if s € R(1);

J 10,C(0)) =
Q’X(sgb (0)) {J(1/3 1)( 2 $,C(0)) if s € S1/3,1)-

By assumption A(s, 02 ® T x 652) A(s, )~ ! is holomorphic in S(0,1), then from the expressions above
we see that Jg y(s;¢,C(0)) A(s, 7)~! admits a meromorphic continuation in s € S(1/3,1) with a possible
simple pole at s = 1/2 when 72 = 1.
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Case r = 4: Here the parabolic subgroup Q is of type (1, 1, 1, 1), and any associated cuspidal datum is of
the form y >~ (x1, X2, X3, X4), Where x;’s are unitary Hecke characters on A; such that 1 x2x3x4 = .
Then there exists an entire function (s, «) such that F(«, s) is equal to

MO A 0 T[] DK DX ) A =i Tt41 X0)
j=li=1 A+ ki xiXj+0) A —Ki gy Xj+1Xi)

, (9-24)

where A(s, x') is the completed Hecke L-function associated to the unitary Hecke character x’ over F.
Then by Proposition 9.1, when s € R(1)™, Jo,x(s:¢,C(0)) is equal to
Z/c/(:/cF(K’S)dK3dK2dK1_CIZ/0 Res F(k,s)dksdiy

C k1=s—1

—622/ Res F(k,s)dksdky —632/ Res F(k,s)dkydky

C ky=s—1 C k3=s—1

—C12y, Res Res Fl(k,s)dks—cy3 Z Res Res F(k,s)dk,
¢

C k1=s—1 kp=s5—1 C k1=5s—1 k3=s5—1

—C23 Z/ Res Res Fl(k,s)dk;—cipz, 32 Res Res Res F(k,s),
¢

C kp=s5s—1 k3=s5—1 ¢K1S1K251K3Sl

where the coefficients ¢y, ¢2, 3, ¢1,2, 1,3, ¢2,3 and ¢; > 3 are some absolute integers; and the sum with
respect to ¢ in taken over ¢ € Bg .

Due to the finiteness of B g , and rapidly decay of F(k, s) as a function of «, each term in the above
expression converges absolutely and locally uniformly. Hence we only need to consider each summand
in the above expression. Denote by x;; = xixj, 1 =i, j <4. By (9-24) we have

A(s + k1, x127) AGs — k1, x21T) A(s — k2, x327) A(s — K12, X317)
Res F(k,s) x -1
K3=s—1 A +kr, x12) A =1, x20) A1+ K2, x23) A2 —5 — K2, x32T7 1)
A(Q,S—l+K2,X23‘L’2)A(2S—1+K12,X13‘L'2)A(2S—1,T2)A(S,‘L')3
Al +k12, x13) AR =5 —k12, X317 HAQ —s,771) ’
A(s =K1, x21T) A(s — k3, Xa3T) A(s + k13, X14T) A(s — K13, X417)
Res Fl(k,s) —
Ko =s—1 A+ k1, x12) AL+ k3, x38) A1+ k13, x14) AR =5 — K1, x21T71)
AQRs—1+k3, x34T2)AQ2s — 1+, x1212) AQ2s — 1, 72) A(s, 7)3
X
Al =k13, xa) AQ =5 —k3, X431~ HAQ—5,771)

’

A(s + k3, x34T) A(s — K3, X437) A(s — K2, X32T) A(s — K23, X427T)
Res Fl(k,s) x —
Kcp=s—1 A+ k2, x23) A1 — k3, x43) A1 + k3, x34) A2 —5 — k2, X327 1)
AQs— 142, x2372) AQ2s — 1 4+ k23, x24T2) AQ2s — 1, T3 A(s, 7)?
A1+ K23, X24) A2 —5 — k23, xa2T D AR —s,771) .

From these expressions we see that Res  Res F(k,s) is equal to some holomorphic function times
Kp=85—1kKk3=s5—1

A(s—k1, x21T)ABs =241, 12T ) ABs =2, ) AQ2s — 1, t?) A(s, 7)?
A +k1, x12) AB =25 —k1, 21T H)AB =25, 77 2)AQ—s,771)
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Likewise, Res Res F(k,s) is a holomorphic multiple of A(2s —1,72)2A(s, 1)*?AQ2 —s, 77 1) 72

K1=5s—1k3=s5—1
A=k, x31) A(s — k2, x32T) AQRs — 1 + k2, x23T2) ABs — 2 + k2, x23T°)
A1+ k2, x23) A(s + k2, x23T) AR — s — k2, 32T D AB =25 — k2, x32772)

and Res Res F(k,s) is equal to some holomorphic function multiplying the function
K1=5—1kp=5—1

A(s — k3, xa37) A(Bs =24 k3, x34T3)ABs =2, ) AQ2s — 1, 12) A(s, 7)?
A +k3, x34) AB—25 — k3, X431 2)A(B =25, 172)AQ2—s,77})
One can continue the computation to see that
Res Res Res F(k.s)ox Ads =3, 7 ABs =2, 1) AQ2s — 1,15 A(s, 1)
k1=s—1 kp=s—1 k3=s5—1 A4 —3s,73)AB-2s,772)AQ2—s,77})

The above shows that Jg ,(s:¢,C(0)) admits a meromorphic continuation to s € S(1). Denote by
Jé,X(S; ¢,C(0)) the continuation. Then clearly Jé,x(S; ¢,C(0)) is holomorphic when s € R(1)™.

Let s € R(1)™. Let L(s, t) be the finite part of Hecke L-function with respect to 7. Then by the
Cauchy integral formula (see the Appendix of [35]), we have:

times

Claim 9.6. The integrals

diidis, d diidi, d
/ Res ]:(K,S)M, f / Res ]:(K,S)M,
CJC kj=s—1 dKj 0)J(0) kj=1—s dKj

for j €{1,2,3}, and the integrals

dl(] dK2 dK3 dK] dK2 dK3
Res Res F(k,s)———, / Res Res F(k,s)———,
C ki=s—1 kj=s5—1 dk; dKj 0) ki=1—s kj=1—s dk; dKj

fori,j€{1,2,3}, i # j,admit a meromorphic continuation to the domain S(y/3,00). When restricted
to R(1/2;7)™ U S(1/2,1), this continuation has at most simple poles at possibly s = 3/4, s = 2/3 and
s=1/2. If L(3/4,7) =0, then s = 3/4 is not a pole; if L(2/3,t) =0, then s = 2/3 is not a pole.

LY — . / / / / / / /
By Proposition 9.2, for s € R(1)™, there are absolute integers ¢} 1€9:C3:C 5:C] 3:C 3:C] 5 3 such that

%:/C/C/C]-'(k,s)d/qdkzd/q

= disdiydiy — ¢’ R dicad
%f(o)/(o)/(o)}-(’c’s) K3dkodky Cl%/(o)/(o)/q:eis—s}-(x’s) K3dKs

CZ%:/(O)/( Res F(k,s)dksdky —c; %:/(0)/( Res F(k,s)dk,dky

0) kp=1—s 0) k3=1—s
—cl, Z/ Res  Res F(k,s)dks—c] 4 Z/ Res Res F(k,s)dk,
’ ¢ (0) K1 ’ ¢ (0) K1

=1-s kp=1-s =1-s k3=1-s

0) kn=1—s kK3=1—s5 K1=1—s kp=1—5 k3=1—s5

_0’2’3%/( Res  Res f(lC,S)dKl—C/Lz’:,j%: Res Res Res F(k,s),

where the sums are taken over ¢ € B ,.
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Due to the finiteness of B¢ , and the rapid decay of F(k, s) as a function of k (see [31], for example),
each term in the above expression converges absolutely and locally normally. Hence we only need to
consider each summand in that expression. According to (9-24), we have

A(s + k1, x12T) A(s — k1, x21T) A(s + k2, x23T) A(s + K12, X137T)
Res F(k,s) x —
K3=1-s A +kr, x12) A =1, x21) A1 — k2, x32) A2 =5 + K2, x23771)
AQs—1—kp, x32tH)AQs — 1 — k12, x3172) AQs — 1, T2) A(s, 7)°
A(l—k12, x31) AR =5+ k12, x1377HAQ—s,771)
A(s + K1, x12T) A(s + k3, x34T) A(s + k13, x14T) A(s — K13, X417T)
Res F(k,s) x —
kp=1-s A=y, x210) A1 — k3, x43) A(1 + k13, x14) A2 — 5 + K1, 1277 1)
AQ2s—1—k3, xa371) AQRs — 1= k1, x2172) AQ2s — 1, T2) A(s, 7)?
X
Al —k13, xa1) AQ =5+ k3, x3at"HAQ2 =5, 771)
A(s + k3, X34T) A(s — k3, Xa3T) A(s + k2, X23T) A(s + K23, X24T)
Res F(k,s) x —
Ki=1—s A1 =K, x32) A1 — k3, x43) A(1 + k3, x34) A2 —5 + K2, X237~ 1)
AQ2s—1—ky, x3212) A2s — 1 — K23, x427>) A(2s — 1, T*) A(s. 7)°
A(1— k23, Xa2) A2 =5+ k23, x24T HAQ2 —s,771) .

From these expressions we see that Res ~ Res F(k,s) equals some holomorphic function multiplying
Ky=1—8 Kk3=1—§

El

’

A(S +K19 XIZI)A(3S _2_’(1’ X21T3)A(3S _23 13)A(2S - 19 TZ)A(Ss T)z
Al —k1, x21) AB =25 + k1, x12T ) AB—2s5,772) AR —s,77})

Likewise, Res,, —1—s Res,;—1—s F(k, s) equals some holomorphic function multiplying the product of
AQRs—1,72)%A(s,71)>°AQ2—s, 77172 and

AL+ k2, x13) A(s + k2, X230 AQRs — 1 — k2, x32T2) A(Bs —2 — k2, x327°)
Al —k2, x32) A(s — k2, x32T) AR — 5 + k2, 23T D AB =25 + k2, x23772)

and Res Res F(k,s) is equal to some holomorphic function multiplying the function
K1=1—skKky=1-—s

A(s + k3, x34T) A(3s —2 — k3, X437 )ABs =2, T AQ2s — 1, t2) A(s, 1)
Al —k3, x43) A3 =25 + k3, X341 2)AB—2s,772)AQR—s,77})

Moreover, one can continue the computation to see that

A(ds =3, T ABs =2, 1) AQ2s— 1,72 A(s, 1)
Res Res Res F(k,s)
K1=1—s k2=1-s5 k3=1-5 A(4 —3s, ‘17_3)/\(3 —2s, 1_2)/\(2 -8, ‘E_l)

Let s € R(1)™. The desired meromorphic continuation of

diidikydks
Resy, —1—s F(k,s)———, j €{1,2,3},
/(0)/(0) CSkj=1-s (K S) dKj J { }
and
dKl d/(zdl(3

9 .’ .e 1’2’3’ ] .’
di; di i, €{ fiFE

/ Resy; =1—s Resy;=1—5 F (K, 5)
(0)
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follows from Claim 9.6. Then Theorem G follows. O
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