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Admissible pairs and p-adic Hodge structures, I:
Transcendence of the de Rham lattice

Sean Howe and Christian Klevdal

For an algebraically closed nonarchimedean extension C/Q,,, we define a Tannakian category of p-adic
Hodge structures over C that is a local, p-adic structural analog of the global, archimedean category of
Q-Hodge structures in complex geometry. In this setting the filtrations of classical Hodge theory must be
enriched to lattices over a complete discrete valuation ring, Fontaine’s integral de Rham period ring B,
and a pure p-adic Hodge structure is then a @ ,-vector space equipped with a B;%—lattice satisfying a natural
condition analogous to the transversality of the complex Hodge filtration with its conjugate. We show p-adic
Hodge structures are equivalent to a full subcategory of basic objects in the category of admissible pairs,
a toy category of cohomological motives over C that is equivalent to the isogeny category of rigidified
Breuil-Kisin—Fargues modules and closely related to Fontaine’s p-adic Hodge theory over p-adic subfields.
As an application, we characterize basic admissible pairs with complex multiplication in terms of the
transcendence of p-adic periods. This generalizes an earlier result for one-dimensional formal groups and
is an unconditional, local, p-adic analog of a global, archimedean characterization of CM motives over
C conditional on the standard conjectures, the Hodge conjecture, and the Grothendieck period conjecture
(known unconditionally for abelian varieties by work of Cohen, Shiga and Wolfart).
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1. Introduction

The de Rham comparison isomorphism equips the rational singular cohomology of a complex algebraic
variety X with a Hodge filtration defined over C. After choosing a basis for the singular cohomology,
the modulus of this Hodge filtration is a complex point in a partial flag variety defined over @, and a
fundamental question in algebraic geometry is to relate algebraic and arithmetic properties of these period
moduli to algebraic and arithmetic properties of the equations defining X (see, e.g., [10]). In particular,
one would like to understand which algebraic conditions on the flag variety correspond to algebraic
conditions on the coefficients of the equations defining X, and vice versa. The goal of this paper and its
sequel is to explore a local, p-adic analog of this question, where complex algebraic varieties are replaced
with rigid analytic varieties over a complete algebraically closed extension of Q,, (eventually embedded
in the more versatile geometric framework of diamonds). In this first part we focus purely on the theory
over a point, which can be handled algebraically without knowledge of the modern foundations of p-adic
geometry.

A fundamental example over C is Schneider’s 1937 result [30] on the transcendence of the j-invariant.
Recall that a complex elliptic curve E can be presented analytically as a quotient C/(Z + Zt) for
T € H* ¢ P!(C) or algebraically as the solution set of a Weierstrass equation y? = 4x> + ax + b. The
Jj-invariant
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is independent of choices and controls the field of definition of E as an algebraic variety. Schneider’s
theorem says that if j and T are both algebraic over Q then E has complex multiplication (CM). Conversely,
if £ has CM then t is quadratic imaginary and j is contained in an abelian extension of Q(t). In [19],
one author proved an analog where elliptic curves are replaced with one-dimensional p-divisible formal
groups, singular homology is replaced with the p-adic Tate module, and the Hodge filtration is replaced
with the Hodge-Tate filtration: let C/Q),, be an algebraically closed nonarchimedean' extension, let O¢ be
the valuation ring in C with maximal ideal m¢ and residue field x = O¢/mc, and let F p» be the algebraic
closure of [, in k. For W the p-typical Witt vectors, let Co = W (k)[1/p], which we identify with the
maximal complete absolutely unramified subextension of C. Let Q p= W (F »I1/pl € Cy. For a subfield
K C C, K is its algebraic closure in C.

For G/O¢ a one-dimensional p-divisible formal group, we say G is Co-analytic if there is a finite
extension K /Cy in C and a choice of formal coordinate such that the power series defining the group
law has coefficients in Og. We say the Hodge-Tate filtration Lie G(1) € T,G ® C is Co-analytic if it
is defined over Cy, i.e., there is a basis of Lie G(1) consisting of vectors in 7,G ® Co. We say G has
complex multiplication (CM) if it admits isogenies by a semisimple Q,-algebra of dimension equal to
the height of G (i.e., the rank of the free Z,-module T),G).

Theorem 1.0.1 [19]. Let G/Oc¢ be a one-dimensional p-divisible formal group. If G and the Hodge—Tate
filtration are both Cy-analytic, then G has CM. Conversely, if G has CM, then the Hodge—Tate filtration is
defined over a finite extension K /Q),, of degree equal to the height of G, and G is defined over an abelian

extension of K.

Schneider’s theorem is a global, archimedean transcendence result because the transcendence considered
in both the defining equations of varieties and in cohomology is with respect to an archimedean extension
of the global field Q. By contrast, Theorem 1.0.1 is a local, p-adic transcendence result because it
describes the transcendence of numbers in C over p-adic subfields. In both cases, the new result was
the condition for CM, while the more refined information about fields of definition in the CM case was
already known. In the following, we will focus on similar characterizations of CM in more general
settings and mostly leave aside the refined information on fields of definition.

1.1. Transcendence results. Schneider’s theorem was generalized by Cohen [11] and Shiga and Wolfart
[34] to all abelian varieties using the Wiistholz analytic subgroup theorem. Conditional on strong conjec-
tures, we further generalize to all motives over C (i.e., to the cohomology of all smooth projective complex
varieties). We say an object M in a connected neutral Tannakian category has complex multiplication
(CM) if its Tannakian structure group, i.e., the automorphism group of any fiber functor on the Tannakian
subcategory (M) generated by M, is a torus.

Theorem A. Assume the standard conjectures, the Hodge conjecture, and the Grothendieck period

conjecture. Let M be an element of Mot(C), the Tannakian category of pure motives over C with

A nonarchimedean field is a field that is complete for a nonarchimedean absolute value.
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Q-coefficients [1]. Then M has CM if and only if M € Mot(Q) and the Hodge filtration on the Betti
realization of M is Q-algebraic.

The main result of this paper, Theorem B, is an unconditional local, p-adic analog of Theorem A. It
includes, as a special case, a generalization of Theorem 1.0.1 from one-dimensional formal groups to all
isoclinic formal groups (see Example 1.1.3), analogous to the Cohen—Shiga—Wolfart generalization of
Schneider’s theorem from elliptic curves to all complex abelian varieties. Once the general formalism
is established, the proof is almost identical to the proof of Theorem A (a motivated reader can find the
proof of the latter in Section 6.1 before continuing the introduction). To state it, we first introduce some
definitions.

The analog of Mot(C) will be the Q,-linear Tannakian category AdmPair®(C) of basic admissible
pairs over C. It is a full Tannakian subcategory of a category AdmPair(C) of admissible pairs over
C, a toy category of cohomological motives over C which we give an overview of now. (For precise
definitions see Section 5.) The objects of AdmPair(C) are isocrystals” equipped with some extra structure.
To describe this structure, recall that Fontaine has defined a natural complete discrete valuation ring
B, with residue field C; as usual, we write Bqr = Frac(B). Noncanonically, we have Bj, = C[[t]]
and Bgr = C((¢)). The extra structure we consider is that of a B;%—lattice after base change to Bgr. An
object of AdmPair(C) is thus a pair (W, Lg), where W is an isocrystal and L& € Wp,, = W ®@p Bgr is
a B;%—lattice subject to an admissibility condition (see Definition 5.1.1). It is basic if the slope grading
on the isocrystal induces a grading also on the lattice Lg, and we write AdmPair®®¢(C) for the full
Tannakian subcategory of basic admissible pairs. Note that for an admissible pair (W, L¢), the lattice Lg
induces a trace filtration F*W¢ (called the Hodge filtration on W¢: F' W is the image of Wy N ' La
under the specialization map WBJ& — We).

Admissible pairs arise, for example, from the cohomology of smooth proper formal schemes over O¢
(using Ajy¢ or prismatic cohomology [5; 4], see Example 5.1.5). In this case, the isocrystal comes from
the crystalline cohomology of the special fiber and the lattice comes from the comparison with étale
cohomology and refines the Hodge filtration. There are equivalent presentations of this category, e.g.,
as the isogeny category of rigidified Breuil-Kisin—Fargues modules, but here we prefer this elementary
perspective to emphasize the connection with classical definitions of period domains in p-adic Hodge
theory.

There is a canonical inclusion Cy C B;i. We say an admissible pair is Cy-analytic if the Hodge
filtration on W¢ is defined over C and if L is obtained as the convolution of the Hodge filtration
on Wéo and the valuation filtration on Bgg, that is, if L& =) ; e F “iBgr - F! Wa). The C p-analytic
admissible pairs form a full Tannakian subcategory AdmPair(Cy) of AdmPair(C). We similarly have a
full Tannakian subcategory Adeair(ED p) of ) p-analytic admissible pairs.

2An isocrystal for us is always a finite-dimensional Q p-vector space equipped with a semilinear automorphism (semilinearity
with respect to the Frobenius lift on (a) p)- One could also setup the theory using E-isocrystals where Q p is replaced with E
for £/Qp a finite extension, but the additional generality gained is subsumed by consideration of objects in our category with
endomorphisms by E, and in particular by allowing more general G-structure.
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Remark 1.1.1. The rationality of an admissible pair is determined by the rationality of the étale lattice
with respect to the Q p-vector space underlying the isocrystal. In particular, for admissible pairs coming
from cohomology of smooth proper formal schemes over O¢, if the formal scheme is defined over Ok
for a complete subfield K € Cy then the admissible pair is Co-analytic.

There is also a natural /inear realization of AdmPair(C) given by a functor to the category of Q ,-vector
spaces equipped with a Bg{z—lattice after base change to B4r. In the cohomological setting, the vector
space is (0 ,-étale cohomology, the lattice is a canonical deformation of de Rham cohomology, and the
trace filtration is the Hodge—Tate filtration on C-étale cohomology. Moreover, in this case the data depends
only on the rigid analytic generic fiber (it determines the underlying Breuil-Kisin—Fargues module, but
not the rigidification), and in fact such cohomological pairs exist for any smooth proper rigid analytic
variety over C.

For a pair (V, Lqr) consisting of a Q,-vector space V and a B;k—lattice Lar € Vg, we say Lgr
is (_?o—analytic (resp. Q p-analytic) if the associated filtration on V(¢ is defined over Co (resp. Q ») and
Lgr is the convolution of this filtration on Vfo (resp. V@p) and the valuation filtration on Bgr. In the
cohomological setting, the rationality of Lqr against the underlying Q ,-vector space V is divorced from
the rationality of the variety itself —it is thus a natural analog of the rationality of the complex Hodge
filtration against singular cohomology in complex geometry.

The following unconditional local, p-adic analog of Theorem A is our main result:

Theorem B. Let M be an element of AdmPair®°(C), the Tannakian category of basic admissible pairs
over C. If M € AdmPair®®°(Cy) and the de Rham lattice on the étale realization of M is Co-analytic,
then M has CM. Conversely, if M has CM, then M € AdeairbaSiC(ED p) and the de Rham lattice is
Q p-analytic.

A key motivational observation is that we can put a condition on a BIR—latticed Q,-vector space that
is completely analogous to the transversality condition of a filtration with its complex conjugate in the
definition of a weight n pure Hodge structure. This condition allows us to cut out a category of p-adic
Hodge structures which is equivalent to the category of basic admissible pairs. The relation between
basic admissible pairs and p-adic Hodge structures is a natural structural analog of the relation between
motives over C and complex Hodge structures, and this is why the basic hypothesis appears in Theorem B.

Example 1.1.2. If £/Oc is an elliptic curve with reduction E,, k = O¢/m¢, the admissible pair attached
to the degree 1 cohomology of E is basic if and only if

(1) E is supersingular, or

(2) E, is ordinary and, up to isogeny, E is the canonical lift of E,.
Example 1.1.3. The category of basic admissible pairs includes as a full subcategory the category of
p-divisible groups up-to-isogeny over O¢ equipped with a lifting of the slope decomposition from the

special fiber (this is illustrated in Example 1.1.2 by passing from E to E[ p°] with its slope decomposition).
This includes, e.g., all isoclinic p-divisible formal groups (the height n one-dimensional case treated in
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[19] is equivalent to isoclinic of slope 1/n), and the field of rationality of the admissible pair is equivalent
to the field of rationality of the p-divisible group up to isogeny. In these cases, the de Rham lattice is
equivalent to the Hodge—Tate filtration, and thus Theorem B is indeed a generalization Theorem 1.0.1.

Remark 1.1.4. For M € AdmPair(Cy), the Hodge-Tate filtration is canonically split (e.g., by the theory
of Hodge—Tate Galois representations). Thus there is a Hodge—Tate grading on the étale realization, not
just a Hodge—Tate filtration. It is then a short step from results of Sen to see that if the Hodge—Tate
grading is defined over Co, then M has CM — this is made explicit, e.g., in [33, Theorem 3], which
computes the transcendence degree of the field of definition of the Hodge—Tate grading as the dimension
of the motivic Galois group quotiented by its center.

Our result thus implies that, in the basic case, algebraicity of the Hodge—Tate grading is equivalent
to algebraicity of the de Rham lattice. Our proof does not proceed directly through this equivalence,
though we do make use of the associated Galois representation. We emphasize that, in cases where the
Hodge-Tate filtration uniquely determines the de Rham lattice, it is a priori a much weaker condition to
require that the Hodge—Tate filtration be defined over Cy than to require that the Hodge—Tate grading
be defined over Cy. In particular, this equivalence does not hold outside of the basic case: for example,
when M is attached to an ordinary elliptic curve, the Hodge—Tate filtration is always algebraic but the
Hodge-Tate grading is only algebraic if the Serre—Tate coordinate is a root of unity (this can be deduced
from [33, Theorem 3] — the condition on ¢ is equivalent to requiring that the associated admissible pair
has CM, cf. also Example 1.1.2).

For our purposes — especially in the continuation article (which we will refer to as Part IT) —it is
crucial to have a result in terms of the Hodge-Tate filtration or de Rham lattice. Indeed, unlike, the
Hodge-Tate grading, these exist in families, making it possible to formulate more general results about
special subvarieties in the relative setting (this is closely related to the fact that, for a general admissible
pair over C, there is a Hodge-Tate filtration but no canonical splitting).

Remark 1.1.5. It follows that our analogy between basic admissible pairs / p-adic Hodge structures
and motives over C / Hodge structures works well for transcendence theory. However, as exhibited by
Example 1.1.2, the admissible pairs in the cohomology of an algebraic variety are not always basic.
even in the basic case, this analogy is not good for discussing algebraic cycles. One reason is that, to
detect algebraic cycles via cohomology, one needs a global structure on the coefficients analogous to the
Q-structure on singular cohomology. In our setting, this is possible only on the crystalline side where the
natural candidate is the Kottwitz global isocrystal of Scholze’s [31] conjectural cohomology for varieties
over F p- Assuming this cohomology theory exists, the analog of the Hodge conjecture in this setting
would following from a crystalline Tate conjecture for the global isocrystal combined with the variational
p-adic Hodge conjecture of [15].

Remark 1.1.6. In Theorem 6.3.2 we give an extension of Theorem B that applies outside of the basic
case. In [19] a more general statement was conjectured, but it seems likely that the version given here is
actually optimal (see Section 6.3).
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1.2. Structure groups and exactness of filtrations. The categories of admissible pairs and p-adic Hodge
structures are interesting beyond Theorem B. Indeed, the moduli spaces of admissible pairs, which we
will study in Part II, include the local Shimura varieties of Rapoport—Viehmann [27] and Scholze [32],
and their nonminuscule generalizations due to Scholze [32]. Here the basic case is classically the most
interesting, e.g., in cohomological constructions of Langlands correspondences.

In constructing these moduli spaces, just as in the theory of complex period domains and Shimura
varieties, it is natural to consider admissible pairs with G-structure for G/Q),, a linear algebraic group.
In the complex setting and in most past work in the p-adic setting, one takes G reductive. When one is
interested in the complex Hodge theory of complex projective varieties, there is good reason for this: the
polarization forces the Tannakian structure group to be reductive because it gives rise to a compact mod
center real form. There is an analogous construction of an inner form in the p-adic case, but unfortunately
the necessary compactness can only hold for groups of type A, so the polarization does not help (see
Remark 4.5.2 for discussion). In fact, the restrictions on a p-adic Hodge structure that would enforce
reductivity via this argument are so severe that we could not in good conscience impose them in the
development of the theory! Note that this plays a role even for the classical local Shimura varieties with
G reductive, as there can be special subvarieties corresponding to nonreductive subgroups (see Part II).

Theorem B can be reformulated as a statement about period maps for admissible pairs with G-structure.
Black-boxing all of the p-adic geometry, we now describe this formulation. This will segue us to a subtle
point in the theory caused by the existence of nonreductive structure groups and will lead to our second
main result.

Let G/Q, be a connected linear algebraic group and let G be an admissible pair with G-structure.
Attached to G there are two natural invariants — the first is a G-isocrystal, classified by an element in the
Kottwitz set B(G) of twisted conjugacy classes in G(@ »), and the second is an element of the double
coset space G(B&)\G(BdR)/ G(B;%) measuring the position of the étale lattice relative to the isocrystal
(or rather the de Rham lattice which it spans over B&;). If this double coset contains w(¢) for any u in
a conjugacy class [w] of cocharacters of G@p and any choice of uniformizer ¢ for B;i, we say G is of
type [u]. In particular, if we fix a b € G(Q,) and conjugacy class [x], there is then a natural infinite
level moduli My, 1,1 of admissible pairs with G-structure of type [1] equipped with a trivialization of the
underlying G-isocrystal to b and a trivialization of the étale fiber functor. There are also moduli Gry,+1
parameterizing B -lattices in relative position [*!], and Biatynicki-Birula maps from these to the flag
varieties Fl; =1 parameterizing filtrations of type [1T!]. Together, we obtain a diagram of period maps:

Mo, )

NS
Gr[ﬂ] THde —__ Gr[ﬂ—l]
BB\L l/BB

Fl[lu—l] F][’u]
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The period 7., determines the rationality of a G-admissible pair, while 7., is the de Rham lattice period.
The map BB is the Biatynicki-Birula map, which sends a lattice to its induced filtration (the Hodge
filtration for the étale lattice, and the Hodge—Tate filtration for the de Rham lattice). If [i] is minuscule,
then BB is an isomorphism and it suffices to use only the filtration periods 7yge and syt. In this case the
diagram is analogous to the following uniformization diagram for a Shimura variety Shg g attached to a
Shimura datum (G, X) and level structure K,

XxGAy)/K
/ \
ShG,K(C) EI_'F,\X+ FI[M—I](C)
iel
where [] is the class of Hodge cocharacters, v classifies the Hodge filtration, [ is a finite index set, and
the I'; are subgroups of G(Q) determined by K.

Remark 1.2.1. At this point, one might reasonably be confused about the j1’s and 11!

’s. To preserve our
sanity, we adopted the simple convention that a cocharacter i of G defines a decreasing filtration on any
representation of V of G such that FPV = @iz »

Then, Fl,; is the moduli of decreasing filtrations of this type. Thus, Flj,; agrees on the nose with the flag

V[i], for V[i] the weight spaces where p acts by z'.

variety denoted FlSth,l in [9, p. 660] but, as an argument in favor of our choice, note that Flj,; is also
canonically identified with the flag variety denoted Flg , in loc cit. Indeed, Flg , is defined by attaching
i<p VI[—i]. Under the
canonical identification of increasing and decreasing filtrations by negating the indices, this agrees with

to u an increasing filtration on any representation V of G such that F,V =

our definition of the decreasing filtration attached to w. The acrobatics here arise from the convention
that the Hodge cocharacter attached to a complex Hodge structure acts by z~” on the subspace H”? of
type (p, g). Recall though that there are several good reasons for this convention [13, p.252]!

A point of My, ,,1(C) is special if the Tannakian structure group of the associated G-admissible pair is
a torus. Theorem B is then nearly equivalent to this:

Corollary C. Suppose b is basic and x € My ,1(C). If 2y (x) € Gry,,-1)(Co) and 7, (x) € Gry(Co),
then x is special. Conversely, if x is special, then ., (x) € Gr[lfl](@p) and tz, (x) € Gryy (Gfl)p).

We note that BB is a surjection on C-points but not an isomorphism when p is not minuscule; however,
it induces a bijection on Co-points via the convolution construction used earlier. In Part I there will be no
need to define these various spaces and maps — we will make the C-points together with their Galois
action explicit in Section 5.6 without any p-adic geometry.

For G reductive, the spaces and maps appearing in this diagram were constructed in [32]. In this
case, the double cosets G(B;]Q)\G(BdR) / G(Bg%) are exhausted by the Cartan decomposition, so any
G-admissible pair has a type and these diagrams for varying [x] give a complete picture. When G is not
reductive, the Cartan decomposition is no longer exhaustive, but we still say G is of type [w] if it lies in
the double coset attached to [w] and that it is good if this holds for some [u].



Admissible pairs and p-adic Hodge structures, | 979

In Part II we will generalize the construction of moduli spaces to the nonreductive case. The main
difficulty is tied to the other main result of Part I:

Theorem D. The following are equivalent for a G-admissible pair G-

(1) G is good (resp. has type [11]).

(2) The Hodge—Tate filtration for G is an exact functor from Rep G to filtered C-vector spaces (resp. of
type [it]).

(3) The Hodge filtration for G is an exact functor from Rep G to filtered C-vector spaces (resp. of type
[,

Remark 1.2.2. Lemma 3.25 of [2] is false.? Indeed, it is equivalent to the claim that the Hodge—Tate
filtration is exact on the entire category of admissible pairs, which would contradict this theorem. That the
Hodge-Tate filtration is not exact can be seen already in a simple motivating example (see Example 4.3.4).

1.3. Related work, Parts II and III. The category of AdmPair(C) is equivalent to a Fontaine category
of admissible Cy-filtered ¢-modules over Cy (see Remark 5.5.2 for related discussion). The Tannakian
structure groups in this context have been extensively studied, especially in regards to classification of
their possible simple factors — see [33; 37]. With some modifications, most of Theorem B and its proof
could be phrased entirely in this classical language. However, there are conceptual benefits in organizing
things from C down, and this perspective will be indispensable for the relative theory in Parts II and II1.

As noted at the start of the introduction, the category of admissible pairs over C is equivalent to
the category of rigidified Breuil-Kisin—Fargues modules. Anschiitz [2], building on observations in
[5], has studied this category from a different perspective. In particular, he showed it is Tannakian and
connected. Anschiitz also classified the CM admissible pairs, recovering a description that is essentially
equivalent to an earlier result of Serre [33, théoreme 6] on Hodge-Tate representations — see Section 5.7
for further discussion. The category of admissible pairs as presented here is also implicit to varying
degrees throughout the literature on local Shimura varieties (especially in [32]), but the category of p-adic
Hodge structures and the emphasis on the structural analogy between Hodge structures/motives over C
and p-adic Hodge structures/basic admissible pairs is a new contribution in our work.

As far as we are aware, Theorem 1.0.1 recalled above and Serre’s [33, théoréme 3] — computation of
the transcendence degree of the extension generated by Hodge—Tate periods (see Remark 1.1.4) — are the
only previous results on p-adic transcendence questions of the nature considered here. In Part II, we prove
a bianalytic Ax—Lindemann theorem for basic local Shimura varieties and their nonminuscule generaliza-
tions. This implies, in particular, a bianalytic characterization of higher-dimensional special subvarieties
analogous to the characterization of special points in Corollary C. It includes the zero-dimensional case,
and thus subsumes Theorem B and Corollary C. However, many of the ingredients developed here in
Part I will also be used in Part II. This organization separates out the purely algebraic aspects of the
argument appearing in Part I from the geometric aspects in Part II, which require a more substantial

3Erratum at https://janschuetz.perso.math.cnrs.fr/cm_bkf_modules_erratum.pdf.
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technical apparatus (the theory of locally spatial diamonds). We hope this separation will make the proofs
and formalism more easily understood and motivated, and that the results will be more accessible to a
reader whose interest is born from experience in complex transcendence.

The relative theory introduced in Part II to prove our Ax—Lindemann theorem will only use constant
coefficients since the moduli spaces in question include trivializations of the underlying @ ,-vector space
or isocrystal. To formulate a more robust theory (e.g., so that the objects form a v-stack), it is better
to allow arbitrary local systems (of Q,-vector spaces for p-adic Hodge structures or isocrystals for
admissible pairs). This general definition has the downside of allowing for many objects that cannot
possibly arise from geometry —in fact, this can be seen already over a p-adic field and is related to our
restriction to algebraically closed residue field in the definition of good reduction here (see Remark 5.4.2).
In Part IIT we complete our results by setting up a general formalism allowing variation of the coefficients
and then cutting out a nice subcategory of variations of p-adic Hodge structure and formulating a potential
good reduction conjecture for these.

1.4. Outline. In Section 2 we recall some results and definitions for Tannakian categories, isocrystals, the
twistor line, and the Fargues—Fontaine curve. It can be ignored to begin with and returned to as needed; the
main novelty is in some aspects of our parallel treatment of the twistor line and the Fargues—Fontaine curve.

In Section 3, we first recall some standard results on the relation between filtered and latticed vector
spaces in a formulation that is convenient for our purposes. Afterwards, the majority of the section is
dedicated to a proof of Theorem 3.2.6, which implies Theorem D above. The proof relies on a careful
study of the behavior of types of lattices under extensions (Theorem 3.5.1) that will also be crucial to
establishing good properties of moduli spaces for nonreductive groups in Part II.

In Section 4, we define our category of p-adic Hodge structures and establish its basic properties. We
motivate the definition using an approach to real Hodge structures via the twistor line that originates in
work of Simpson; we learned of the analogy between the twistor line and the Fargues—Fontaine curve from
Laurent Fargues, so that the originality here can be attributed mainly to our naiveté in taking this analogy
more literally than might initially seem a good idea! An important point for Part II is our interpretation of
the Mumford-Tate group using Hodge—Tate lines in Section 4.5 (see also Section 5.3), analogous to the
characterization of Mumford-Tate groups of complex Hodge structures using Hodge tensors.

In Section 5, we define the category of admissible pairs, explaining how it falls out naturally from the
category of p-adic Hodge structures. We show that the category of p-adic Hodge structures is equivalent
to the subcategory of basic admissible pairs, and then extend many of the results about p-adic Hodge
structures to admissible pairs. That this category is connected Tannakian is due to Anschiitz [2] (building
on remarks in [5]) in the context of rigidified Breuil-Kisin—Fargues modules, and this and many of the
other results can also be argued in essentially the same way as for p-adic Hodge structures. In Section 5.4
and Section 5.5 we study Co-analytic admissible pairs and their associated Galois representations — the
two key points are that Cy-analytic admissible pairs are automatically good (Theorem 5.4.4), and that the
Galois representation associated to an Co-analytic admissible pair has open image in the motivic Galois
group (Corollary 5.5.3). We describe the period maps of Corollary C in Section 5.6.
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In Section 6 we prove Theorems A and B. The proofs are essentially the same, and that is more or less
the point— since we are working with a toy category of motives that is further removed from algebraic
cycles, the work of the earlier sections establishes all of the nice properties analogous to the standard
conjectures, the Hodge conjecture, and the Grothendieck period conjecture that are needed to give an
unconditional result. We encourage the reader who is primarily interested in Theorem B to turn now to
Section 6 and read the short proof of Theorem A and the surrounding discussion, as this will give a firm
footing for the path we take later. We conclude by giving an extension of Theorem B to the nonbasic
case, Theorem 6.3.2, and discussing the precise relation of the present work with [19, Conjecture 4.1].

1.5. Notation. Throughout this paper p > 0 is a prime number. A nonarchimedean field is a field that is
complete with respect to a nonarchimedean absolute value such that the residue field is of characteristic
p. A p-adic field is a discretely valued nonarchimedean field of characteristic zero whose residue field is
perfect, and is strict if the residue field is algebraically closed.

2. Preliminaries
2.1. Tannakian categories.

2.1.1. Notation. All categories considered are k-linear for some field k& (which should be clear from the
context), and all functors are assumed to be k-linear.

A Tannakian category C over a field k is a rigid abelian tensor category where the endomorphism ring
of the unit object is k, and such that there exists an exact tensor functor w : C — Vect(k’) (called a fiber
functor) for kX’ an extension of k. Given a fiber functor w as above, there is an affine group scheme Aut®w
over kK’ whose R points are the tensor automorphisms of @ ® R. Further, w induces an equivalence of
categories @ : Crr => Rep Aut® (w). The Tannakian category C is neutral if there exists a fiber functor w
over k. A Tannakian subcategory C’ of C is a strictly full subcategory that is closed under direct sum,
tensor products, duals and subquotients. Given a collection of objects M of C, we denote by (M) the
strictly full Tannakian subcategory generated by M, i.e., the smallest strictly full subcategory closed
under direct sum, tensor products, duals and subquotients.

For G an affine group scheme over k, we denote by Rep G the Tannakian category over k of algebraic
representations of G on finite-dimensional k-vector spaces. It is neutralized by the standard fiber functor
wsid = wsid, G - Rep G — Vect(k), (V, p) = V. Any fiber functor  : Rep G — Vect(k) determines an étale
G-torsor Isom® (wgq, w) over Spec k, and hence a cohomology class in H!(k, G). Two fiber functors
w, ' are isomorphic if and only if they have the same cohomology class. If f : G — H is a morphism of
affine group schemes over k, then pullback f*:Rep H — Rep G is an exact tensor functor that commutes
with the standard fiber functors, and Tannakian duality states that conversely any exact tensor functor
F :Rep H — Rep G such that wyy,g o F = wgq g is f* for a uniquely determined morphism f : G — H.

For C a Tannakian category over k with fiber functor w over k’, we write* G—C for the category
(groupoid) of objects in C with G-structure, i.e., the objects being exact tensor functors Q : Rep G — C

41t would be more principled (but cumbersome) to include the choice of fiber functor w in the notation; but the choice will be
clear from the context. When considering vector bundles we often implicitly take it to be evaluation at a geometric point.
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such that w o Q is isomorphic to wgq ® k', and morphisms are natural transformations of tensor functors.
If f: G — H is a morphisms of affine group schemes over &, then composition along Rep H — Rep G
gives a functor f, : G-C — H-C.

Lemma 2.1.1. Let G be a connected linear algebraic group over a characteristic 0 field k, let U be the
unipotent radical of G, and let G = MU be a Levi decomposition with inclusion map s : M — G and
projection T : G — M. Then for any semisimple Tannakian category C over k with fiber functor over k',
and any object F of G-C, F = (s om), F. In particular, s, is essentially surjective.

Proof. Let T be the functor on k-algebras sending R to the set of isomorphisms F @ R => (som). F Q R
that induce the canonical identification 7w, F ® R = m.(s o). F ® R. By definition, this is a quasitorsor
for the functor ¢/ sending R to the automorphisms of F ® R that induce the identity on 7, F. We claim T
is an étale torsor, and that I/ is a unipotent group scheme over k. Given this claim, we obtain the result
since Hélt(Spec k,U) is trivial (because we have assumed k has characteristic zero, I/ has a filtration by
normal subgroups with quotients G, so that this is reduced to the usual vanishing of Hélt(Spec k, Gg)).
To establish the claim, we first note that, by replacing C with (¥ (Rep G)), we may in particular assume
C is finitely generated, and thus that &’ is a finite extension of k. We write w for the given fiber functor
over k" on C and fix an identification of w o F with the fiber functor wgq ® k" on Rep G. Then, writing H
for the algebraic group over k’ of automorphisms of w ® k', Tannakian duality gives that C;y = Rep H
and that F ® k' is induced by a homomorphism f : H — Gy, which is a closed immersion by [14,
Proposition 2.21]. It follows that the automorphisms of F' ® k’ are identified with the centralizer of f in
Gy, and thus Uy is identified with the centralizer of f in U/, which is unipotent as a closed subgroup of
a unipotent group. From the description of C by descent from k' as in, e.g., [14, p. 35], we find U/ can be
defined via descent data from Uy ; thus it is an algebraic group over k which is unipotent because U is.
Moreover, there is a point of 7 over k’; thus 7 is an étale torsor: since f is a closed immersion, f~!(Uy)
is contained in the unipotent radical of H, which (since C is semisimple and thus H is reductive) is trivial.
It follows from the main theorem of [25] that f(H) is contained in a Levi subgroup M’ of G which is
conjugate to M by an element u € U (k’). In particular, Ad(u) o f =som o f, and the action of u gives
the isomorphism F @ k' = (s o)« F Q k. O

2.1.2. Canonical G-structure. Throughout the paper, we find ourselves frequently talking about the
canonical Aut® (w)-structure attached to a neutralized Tannakian category (C, @) over a field k, which we
now clarify. Setting G = Aut®(w), we have the following commutative (on the nose) diagram

C o s Rep G

N

Vect(k)

where @ is an exact tensor functor and an equivalence of categories. By [29, Proposition 1.4.4.2], we
can choose a quasi-inverse Q : Rep G — C that is a tensor functor and such that @ o Q (resp. Q o @) is
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isomorphic to Idgep g (resp. Idc) as a tensor functor. Thus such a Q is an exact tensor functor (it is exact
as an equivalence of abelian categories). If we fix such a Q and isomorphism @ o Q = Idgep G, we obtain
an isomorphism of tensor functors

wo Q= (wgow)oQ =wgqo(wo Q)= CUstdOIdRepG = Wgtd-

The choice of a pair consisting of such a Q and an isomorphism @ o Q = Idrep is unique up to
unique isomorphism. By abuse of notation, we will sometimes refer to Q as the canonical G-structure
and sometimes refer to Q with this identification as the canonical G-structure.

2.1.3. Automorphisms of Tannakian categories. Suppose G is an affine algebraic group over a perfect
field k and let Z(G) denote the center of G (an affine algebraic group over k). If z € Z(G)(k) then
for each V € Rep G, p(z) € GL(V) is an isomorphism of representations. Hence z determines a tensor
automorphism of the identity functor on Rep G, denoted by z - . It will be useful to record the basic
observation that Z(G) accounts for all automorphisms of Tannakian categories.

Lemma 2.1.2. Suppose F :Rep G — C is a fully faithful exact tensor functor with C a Tannakian category
over k. Then for each tensor automorphism o : F => F, there is a unique € Z(G)(k) such that
ay = F(B:) forall V e Rep G.

Proof. As F is fully faithful, for each V € Rep G, there is a unique Sy € Homg(V, V) such that
F(By) =ay and By o f = f o By whenever f € Homg(V, W). Thus 8 = {8y} defines an element
of Aut®(wgq)(k) = G(k). Moreover, Bg = gpB for all g € G(k) since By € Homg(V, V) and hence
B € Z(G)(k). ([l

2.2. Isocrystals. We introduce Kottwitz’ categories of real and p-adic isocrystals. References are [22]
for p-adic isocrystals and [31, Construction 9.3] and [24] for real isocrystals.

2.2.1. Real isocrystals. Let H =R+ Ri + Rj + Rk denote the Hamiltonian quaternions and let C =
R+ Ri CH. Let Wg = C* u jC*, the Weil group of R.

A real isocrystal is a semilinear representation of Wg on a finite-dimensional complex vector space
whose restriction to C* is algebraic. Here the semilinearity is for the natural map Wr — Gal(C/R)
sending j to the nontrivial element (this can be realized as the conjugation action on C C H).

We write Kt for the Kottwitz category of real isocrystals.” The category Ktg is a semisimple Tannakian
category over R (though it is not neutral). We can describe the simple objects explicitly: for each A € %Z,
A =a/b with b > 0 and gcd(a, b) =1, let

D; :=Clxl/(x" — (=1)Y),

with C* acting by z¢ and j acting as multiplication by = composed with complex conjugation on the
coefficients. Then each simple object in Kt is isomorphic to D, for a unique X in %Z.

5In [31, Construction 9.3], Ktp is described as the category of graded quaternionic vector spaces; this is easily seen to be
equivalent to our definition by using the action of j to give the semilinear automorphism of loc. cit.
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2.2.2. p-adic isocrystals. Let F » be an algebraic closure of [, and let Q p = W (F »/pl. We will
frequently be given a complete algebraically closed nonarchimedean extension C/Q,, in which case we
take F p to be the algebraic closure of [, in Oc/mc¢ and identify Q p» with the completion of the maximal
unramified algebraic extension of Q, in C.

A p-adic isocrystal is a finite-dimensional Q p-vector space equipped with a semilinear automorphism
ow : W = W, i.e., an additive isomorphism such that ¢y (Aw) = P, M) ew (w) for A € @p, we W,
where P, is the automorphism of Q, induced by the p-power Frobenius on [F,. We write Ktq, for the
category of p-adic isocrystals. By the Dieudonné-Manin classification, the category Ktg, is a semisimple
Tannakian category over Q,, (though it is not neutral) and we can describe the simple objects explicitly:
for A € Q, A = a/b with b > 0 and gcd(a, b) =1, let

Dy :=Q,[n]/ (7" - pY,

with Frobenius ¢p, corresponding to the semilinear map TP, (.e., ¢g, on the coefficients of a polynomial
in 7w followed by multiplication by 7). Each simple object in Ktg, is isomorphic to one of the form D,
for » € Q.

2.2.3. Isocrystals with G-structure. We recall results of [22] in this subsection. For convenience we write
0= CD — @ for the lift of the p-power Frobenius. Let G be a connected linear algebraic group over
Q,. If b Rep G — Ktg, is an exact tensor functor, then composition with wk; : Ktg, — Vect(@ p) gives
a fiber functor valued in Q p-vector spaces. The G —torsor Isom® (wk; 0 b, wgg ® Q p) yields an element
of H! (@ p» G) which, as G is connected and hnear and @ has cohomological dimension 1, is trivial by
Steinberg’s theorem Thus we can (and do) fix an identification wg; 0 b = wsq (I;D For each V e Rep G,
the map gpvyo ™ 1 Vg — V@ isa @ -linear automorphlsm such that f o (pb(V)G = wb(w)a_ of
forany map f:V — W in Rep G. In short, ¢po ™ e Aut® (wgq) (@p) G((I;Dp) By a slight abuse of
notation, we will let b denote both the element ¢,0 ! € G(@ ») (80 ¢, = bo’) and the tensor functor; any
be G(GiD p) determines the corresponding tensor functor

b:RepG — Ktg,, V,p)— V= (V@p, pb)o).

For b, b’ € G(Q »), any isomorphism b = b’ of G-isocrystals is given by an element g € G(Q p) such
that b’ = gbo(g)~!, in which case we say that b, b’ are o-conjugate. Thus, the groupoid G-Ktg, is
equivalent to the groupoid with objects b € G(@p), and Hom(b, b') = {g € G(Gj)p) b = gbo(g)7 ).
If we write B(G) for the quotient of G(@ ») by the relation of o-conjugacy then B(G) is the set of
isomorphism classes of G-isocrystals. As Ktg, is semisimple, Lemma 2.1.1 shows that B(G) = B(G/U)
for U C G the unipotent radical (more precisely, Lemma 2.1.1 gives injectivity of B(G) — B(G/U)
while surjectivity is immediate since G(CD p) surjects onto (G/U )(@ »)). Kottwitz [23] gives a complete
description of B(G) for G reductive.

For b € G(Q »), the Q p-linear extension of the G-isocrystal b is an exact tensor functor from Rep G to
Q-graded Q p-vector spaces. Semisimplicity and the description of the simple objects D, implies it is
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induced (via Tannakian duality) by a morphism vy : D@n — G@p where D =1lim,, , Gy, 1s the pro-torus with
character group Q. In our notation, D@p acts by z* on the Dy isotypic component. The G(Q p)-conjugacy
class of vy, is fixed by o and an invariant of the o -conjugacy class of b. This leads to the Newton map

v: B(G) —» N(G) := (Hom(D, G)/G*) (Q,).

The latter notation means the @ ,-points of the scheme of conjugacy classes of morphisms D — G, which
can in turn be identified with (X.(T)" ® @)%(@/2)) once a Borel pair T € B C Gg, is chosen.

We call a G-isocrystal b basic if the slope homomorphism vy, is central, in which case vy, is independent
of the choice of b in [b] and is a well-defined element of Hom(D, G). We write B(G)pasic for the subset of
basic isomorphism classes. Note that for M = G /U, the identification B(G) = B(M) induces an inclusion
B(G)basic S B(M)pasic, but if the center of M acts nontrivially on U then the inclusion may be strict.

Example 2.2.1. If G is the group of upper triangular matrices in GL, then, taking M < G to be the
subgroup of diagonal matrices, b = diag(p, 1) is in B(M )pgsic but is not in B(G)pasic-

For b: Rep G — Ktg, a G-isocrystal, we write G, for the functor on Q-algebras
R Aut®(b®q, R),

where the latter term is the group of tensor automorphisms of the R-linear extension of b. Identifying b
with an element of G((IiD p) as above identifies G, with the functor of [28, Proposition 1.12] and hence
Gy, is represented by a connected linear algebraic group over Q. There is a canonical closed immersion
Gb’@p > G@p that identifies G,(Q),) with the fixed points of g > bo (g)b~! on G(@p).

When b is basic, the canonical closed immersion G 5O, ™ G@p is an isomorphism: one fun way to
see this is to note that in this case the adjoint action on Lie G@p gives the trivial isocrystal, so it admits
a Q,-basis such that elements in a small enough Z ,-lattice exponentiate to elements of G,(Q,); thus
we see that dim Lie G, > dim Lie G (equality of groups follows since G is, by assumption, a connected
linear algebraic group and G, &, is a closed subgroup with the same Lie algebra as G@p). In a slightly
more useful way, following [24, §5.2], we may o-conjugate to assume b satisfies (bo)" = zo" for some
positive integer n and central element z. Then the image b,q of b in the adjoint group G4(Q p) 18 fixed
by 0" s0 byg € G(Q,») and Gy is the associated inner form obtained by this conjugation.

2.3. The twistor line. As in Section 2.2.1, let H = R+ Ri 4+ R j + Rk denote the Hamiltonian quaternions,
let C=R+Ri CH, and let Wg = C* L jC*, the Weil group of R.

We view H = C + jC as a complex vector space via right multiplication. We let Wg act on H by
right multiplication and on C by the natural map Wr — Gal(C/R). Then, the natural action of Wy on
Cont(H, C), (w - f)(x) = wf (xw) preserves the space C[X, Y] of polynomial functions on H (where
X(a+ jb) =a and Y (a + jb) = b). Concretely, we have (z- f)(X,Y) = f(Xz,Yz) for z € C* and

(- HXY)=f(-Y,X)=f(-Y,X),

where f denotes complex conjugation on the coefficients of the polynomial f.
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Let C(k) denote the semilinear representation of Wg on C where j acts by complex conjugation and z
acts by 72k (this is the real isocrystal Dy in the notation of Section 2.2.1). We define a scheme over R:
pl.— Proj(@ (C[X, Y] Q¢ C(—k))WR> = Proj(@ CIX, Y]é,f‘).

kez keZ

The natural bundle Op (1) has an R-basis of global sections, namely
S=iXY, T=1ix*-iv»), U=1X*+Y?,

and these define a closed embedding P! < P2 identifying P! with the vanishing set > 4+ 72 4 U? = 0.
In particular, P! is the Brauer—Severi variety for H. Alternatively, we can see this using the inclusion
of the graded ring into C[X, Y] to obtain a map Pl — P! which factors through an isomorphism
I]:DC}: = P! X spec R Spec C.

We write ooc for the point Spec C 124 PL — P'. The action of
U(l) ={a+bila*>+b*=1} CCCH

on P! induced by left multiplication on H is identified with the action on IPGl: byz-[X:Y]=[zX: 7Yl
This action fixes co¢ and its conjugate Oc. The points coc and O¢ underlie the same closed point in P!,
cut out by S =0, and this is the unique closed point fixed by U(1).

Example 2.3.1. The map P. — P! is finite étale thus induces an isomorphism between the formal
neighborhood of [1 : 0] in [P’%: and the formal neighborhood of the closed point underlying coc in P! In

particular, we may choose as uniformizing parameter ¢ = ¥/ X on which U(1) acts by z 72

and identify
the formal completion with C[[7]]. Note that the action of U (1) by left multiplication on P! extends to all
of H*, and thus in particular to Wg; the action of j 2 in Wg is trivial, and Jj also fixes this closed point
but acts by complex conjugation on the residue field. Note also that the subgroup Wy is the full stabilizer

in H* of this closed point.

Remark 2.3.2. If we consider the full action by H* instead of just U (1), then we obtain an identification
of the closed points of P! with H*/ Wg by taking the orbit of the closed point underlying ooc.

We could also arrive at this construction by observing that the conjugation action of H on itself preserves
R and the norm form; thus it preserves the orthogonal complement of R, Ri + Rj 4+ Rk. It then preserves
the norm-zero curve in P2, which is P(Ri + Rj 4+ Rk). If we write the coefficients as Si 4+ Tj + Uk then
this curve is §> 4+ 724 U? = 0. The action of H* is transitive and the stabilizer of the closed point § = 0
is Wgr so we again obtain this identification.

In fact, this can be upgraded to an identification of analytic spaces

uﬁ)l,an — [H]X/WR,

where H* C H = C+ jC gives the complex structure, [?!#" is formed as the quotient of the locally ringed
space I]J’qu’alIl by the semilinear Galois action as in [20], and the action of Wy on the sheaf of functions is
as described above for polynomials.
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There is a classification theorem for vector bundles on P! akin to Grothendieck’s classification theorem
for vector bundles on [P’ql:. For comparison with the p-adic case, it is useful to realize this via a functor
from the category of real isocrystals Kty (see Section 2.2.1) to vector bundles on P!, Attached to any
W e Ktg, we obtain a vector bundle £(W) on P! as the sheaf associated to the graded module

P €CIx. Y1®c W(—k)"*
kez

where W(—k) := W ®c C(—k). We write Op, (1) :=E(D_;).

Remark 2.3.3. The line bundles O, (k) arising from the Proj construction are canonically identified with
the bundles £(D_;) for k € Z, so that the terminology will not cause confusion. By construction they
are also identified with the restriction of Op2 (k) to P! realized as the vanishing locus §? + T2 + U? = 0.
For A € %Z \Z, Op, (A) can be identified with the pushforward of (’)P}C (2X1) to P!, whereas if A € Z, the
pushforward of OIP}D (24) is identified with O, (1) ®2.

Theorem 2.3.4. Every vector bundle on P! is a direct sum of stable bundles. Any stable bundle has
slope ) € %Z, and for any A € %Z, Opi (1) is the unique up to isomorphism stable bundle of slope ). The
assignment W +— E(W) is a faithful and essentially surjective exact tensor functor, and it restricts to an
equivalence between the category of D, -isotypic real isocrystals and the category of semistable vector
bundles on P! of slope —i.

Remark 2.3.5. The functor £ does not give an equivalence between Ktg and vector bundles on P!
because for vector bundles there are maps going up in slope (e.g., the maps from Op, to O, (1) given by
the global sections S, 7', and U).

Remark 2.3.6. By the GAGA theorem of [20], vector bundles on P! are equivalent to those on the real
analytic variety P! If we use the uniformization of Remark 2.3.2, then the functor from Kty can be
realized by sending W to Oyx ®c W and then using the diagonal action of W to descend it to plan,

2.4. Period rings and the Fargues—Fontaine curve. Let C be an algebraically closed nonarchimedean
extension of Q,. We now recall the construction of some of Fontaine’s period rings and the Fargues—
Fontaine curve attached to C. All material recalled here can be found in [18]. After defining some rings,
our presentation of the material will mirror our presentation of the twistor line in Section 2.3.

First, recall that reduction mod p induces a bijection

b . xP xP . xP xP
Oc» =0, =11m((9c ~— O¢ <—) =11m((9c/p <~ Oc¢/p <—)

The rightmost description equips O» with a ring structure. We write x — x¥ for the multiplicative
map to O¢ given by projection to the first component in the middle description. For |- |¢ the absolute
value on C, the assignment |x| := |x%|c is an absolute value on Ocr. Let @ € O with o = p, i.e.,
@ = (p, p'/?,...). Then FracO = O»[1 /] and there is a natural identification

¢’ :=lim(C & c &) =01/l
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The obvious extension of the absolute value makes C” into a nonarchimedean field in characteristic p
with valuation ring O¢». The surjection O — O¢/ p induces, by the universal property of the p-typical
Witt vectors functor W, a surjection

0 : W(ch) — Oc.

We have 6([x]) = x¥, where [x] denotes the multiplicative lift. The kernel of 6 is principal (generated,
e.g., by [@]— p). Let Ay be the p-complete divided power envelope of ker € and let BCrys = Acrys[1/p].
If we fix a compatible system (¢,n) of p-power roots of unity in C, we can define € = (1, §, §,2,...) € Obc
and then the formal power series defining log([€]) =log(1 + ([e] — 1)) converges in Ay to an element®
t. We write B for the completion of BCryS along ker; t is a generator for the kernel of the natural
extension 0 : Bj, — C. We write BCryg = B ([1/t], Bar = Bj;[1/1]. The Frobenius on W (O¢») extends

crys

to an endomorphism ¢ on Ay, B and Beys. If C = K A for K a p-adic field, then Gal(K /K) acts

cryv
on everything in sight.

The inclusion E - OC /mc lifts canonically to an inclusion of F p into O¢/p and thus into O¢» since
[F is perfect. Thus B Crys is canonically a Q p= W (F p)[1/ pl-algebra compatibly with the Frobenius lifts.
We write Q p(k) for 0 p equipped with the semilinear automorphism P, ) = p‘k<p®p (the isocrystal

D_; in the notation of Section 2.2.2).

Definition 2.4.1. The (algebraic) Fargues—Fontaine curve of C” is defined by

F =Fe = Proj (@ (B:;ys ®p, @,;(k))(FI) = Proj (@( Crys)<ZJ P )

keZ keZ

The point coc € F¢» is induced by the surjection 6 : BCJ;yg — C, and this induces an identification of B+

with the completed local ring at coc.

Remark 2.4.2. The analytic Fargues-Fontaine curve F*" = F%, of C" is the adic space over Spa(Q,, Z,,)
formed by taking the quotient of

= (Spa(W(O¢»), W(Oc:))\V ([ 1p)
by the (properly discontinuous) action of the Frobenius ¢.

There is a natural functor D = £(D) from Ktg, to vector bundles on [ sending D to the sheaf attached
to the graded module
BBy, ®5, DK™ =P (B, 5 DI
crys <Q, crys <Q, )
keZ kez
(The ¢ in the superscript is the diagonal action). For A € Q) we write Op(A) := £(D_, ), where D_, is as
in Section 2.2.2.

6Cornmonly referred to as the p-adic 27/ because it is the period describing the comparison between de Rham and étale
cohomology for Gy;,.



Admissible pairs and p-adic Hodge structures, | 989

Theorem 2.4.3. Every vector bundle on [ is a direct sum of stable bundles, and for any A € Q, Og()\)
is the unique up to isomorphism stable bundle of slope \. The assignment W +— E(W) is a faithful and
essentially surjective exact tensor functor, and it restricts to an equivalence between the category of

D_jy-isotypic isocrystals and the category of semistable vector bundles on [ of slope A.

Example 2.4.4. Op(0) = £(Dy) = Of. More generally, there is an obvious functor from @Q,-vector
spaces to isocrystals inducing an equivalence with the category of O-isotypic isocrystals, and an inverse
functor is given by taking g -invariants. Composed with £, we obtain an equivalence between Q ,-vector
spaces and vector bundles on [ that are semistable of slope zero. This functor is naturally isomorphic to
V = V ®q, Or, and the inverse functor is given by global sections.

Remark 2.4.5. The functor £ has a simple interpretation on [?". Indeed, the vector bundle W ®CD,, Oy on
the cover Y of Remark 2.4.2 admits descent data to [F*" via the diagonal action of Frobenius. Denote by
E™ the resulting functor to vector bundles on ", and let Opan (L) = £2*(D—_;). Then for k € Z one finds

HO(F™, O(k)) = (B}, )*="",

crys

and using this one obtains a map of ringed spaces F*" — [ that induces a GAGA equivalence of vector
bundles identifying £*" with £.

2.4.1. G-bundles on the Fargues—Fontaine curve. Let G be a connected linear algebraic group over Q,,.
A G-bundle on [ is an exact tensor functor from Rep G to the category of vector bundles on F. If b is a
G-isocrystal, then the composition of b with the functor £ yields a G-bundle &, on F. If G is reductive,
then every G-bundle on [F is isomorphic to &, for a G-isocrystal b [17].

2.5. Modifications of vector bundles. Let X be a connected scheme that is locally the spectrum of a PID,
oo € | X| aclosed point, j : X \ 0o < X, and £ a vector bundle. By assumption, the completed local ring
(AOX,OO is a DVR, and we denote by é’oo the sections of £ over Spec (AQX’OO, a finite rank free @X,Oo—module.
Now suppose £ C é’oo ® Frac(@x,oo) is a @X,Oo-lattice. By a result of Beauville and Laszlo [3], there is a
unique vector bundle £, with (£.)|y = €|y and @oo = L. Explicitly, £, C j.£|y has sections

Ec(V) ={s € E(V = 00) : Slgpue(5.) € £}

Definition 2.5.1. The vector bundle £, is the modification of the vector bundle £ by the lattice £ at co.

3. Filtrations and lattices

Let L be an algebraically closed field of characteristic zero and let B' be a complete discretely valued
L-algebra with algebraically closed residue field C. We write § : BT — C for the quotient, which equips
C with the structure of an L-algebra such that 6 is a map of L-algebras. Let B denote the fraction field
of BT, and let F*B denote the valuation filtration on B. For convenience, we fix a generator ¢ for the
maximal ideal in B (so, in particular, F' B =t BY).

Example 3.0.1. (1) We could take B* = C[[¢]], B =C((t)), L=C =C.
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(2) If C is an algebraically closed nonarchimedean extension of Q,, let k = Oc /m¢ be the residue field,
let Co = W(x)[1/p] be the maximally absolutely unramified subextension, let L = Co, the algebraic
closure of Cp in C, and let Bt = Béﬁz, B = Bgr. By construction (see Section 2.4), B;R is a Cy-algebra
compatibly with the canonical map 6 : B;% — C, and Hensel’s lemma extends this to a map of C-algebras.
Note that any p-adic field contained in C is automatically contained in Cy. In this case it is convenient to
take ¢ to be the “p-adic 2mi”, whose definition depends on the choice of a compatible system of p-power
roots of unity in C thus is well-defined only up to multiplication by an element of 7.

(3) By the Cohen structure theorem [36, Tag 0COS], we can always choose a section C — B* of
L-algebras so that BT = C[[t]] and B = C((t)), but such a section is noncanonical in general and may
not respect other structure — in particular, if K is a p-adic field and C = K*, then in the setting of (2)
such a section cannot be chosen to be continuous for the natural topology on B(;; or to respect the natural
actions of Gal(K /K).

In this section, we study the relation between B*-latticed L-vector spaces and C-filtered L-vector
spaces. In the rest of the paper we will apply this study principally in case (2) above to understand the
relation between the de Rham and étale lattices and the Hodge and Hodge—Tate filtrations in p-adic
Hodge theory. We will also consider case (1) in our motivational description of real Hodge structures.

In Section 3.1 we recall some basic constructions relating C-filtered and B -latticed L-vector spaces.
In the sections following, we shift perspectives slightly and explore a more delicate relation between
bilatticed B-vector spaces and filtered C-vector spaces that plays an important role in describing the
elementary invariants of p-adic Hodge structures and admissible pairs. The main result is Theorem 3.2.6,
which will immediately imply Theorem D after the relevant definitions are in place.

3.1. First relations.

Definition 3.1.1. (1) For K any field, Vect/ (K) is the category of filtered K -vector spaces, i.e., pairs
(V, F*V) where V is afinite-dimensional K -vector space and F*V is a separated and exhaustive decreasing
filtration of V. A morphism

(V,FV)— (V,FV)
is a morphism of K-vector spaces f : V — V' such that f(F¥V) C F*V’ for all k € Z. It is strict if
F(F*V) = f(V)NF*V' forall k € Z.

(2) With L, B*, B as above, Vect? 1aticed (1) is the category of B*-latticed L-vector spaces consisting
of pairs (V, £) where V is a finite-dimensional L-vector space and £ C Vp is a BT -lattice, i.e., a
BT -submodule £ C Vg such that £L ®p+ B — Vp is an isomorphism. A morphism

vV, L)y— (v, L)

is a morphism of L-vector spaces f : V — V' such that f(£) C £’. A morphism is strict if f(L) =
f(ypnrL'.
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These are rigid tensor categories with the usual tensor products and duals of vector spaces / modules /
filtered vector spaces. In each category, a complex is exact if it is exact as a complex of vector spaces
and each morphism is strict— in the filtered categories, this is equivalent to requiring that the complex
obtained by applying the associated graded functor is exact. None of these exact categories is abelian: in
all cases there are nonstrict morphisms, while strictness is precisely the condition that the natural quotient
filtration/lattice on the coimage agree with the natural submodule filtration/lattice on the image.

Remark 3.1.2. In later sections we also consider variants of these categories where we fix some additional
structure such as an underlying Q ,-vector space or isocrystal.

There are natural functors between latticed and filtered vector spaces:
(1) We denote by BB : Vect? aticed (1) 5 vect/ (C) the Bialynicki-Birula functor
(V, L)~ (Vc, trFil: V)

where trFil’Z Ve is the image of (F kB.L£)NVg+ in Ve = Vgt @p+ C. We call trFil}. Ve the trace
filtration of £ on V.

(2) We denote by Lea, : Vect/ (L) — Vect? Hamced(L) the canonical lattice functor
(V,F*Vi) = (V, Lpey,)
where Lpey, :=) ; F'B-F'V, C Vp.
The following lemma is elementary:

Lemma 3.1.3. Both BB and L., are tensor functors, Leay, is fully faithful and exact, and BB o Ly, is
naturally identified with extension of scalars

Vect! (L) — Vect! (C), (V, F*V.) > (Ve, (F*VL)c).

Example 3.1.4. Unlike £.,y,, the functor BB is not exact: consider the exact sequence in Vect? +‘1a“i°ed(L)

(recall that ¢ is a generator for F IB)
0— (L, B") =5 (L%, Bte;+ Bt (e2+1e1)) — (L, BT) — 0.
Applying BB produces a sequence of filtered vector spaces that is exact as a sequence of vector spaces

but such that the morphisms are not strict. Indeed, taking the zeroth graded part after applying BB gives

the sequence
0-C—-0—-C—0.

In certain situations a filtration is uniquely determined by the corresponding lattice. We will recall a
version of this with G-structure. Recall that we take the Tannakian viewpoint, that is, @ in the definition
is an exact K-linear ®-functor.

Definition 3.1.5. Let K be a subfield of L and let G be a connected linear algebraic group over K.

(1) A filtration on a G-bundle @ : RepG — Vect(M) (for M = K or C) is an exact tensor functor
F*» :RepG — Vect/ (M) and an identification w => Forget o F*w where Forget is the forgetful
functor Vect! (M) — Vect(M).
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(2) A lattice on a G-bundle w:Rep G — Vect(K) is an exact tensor functor w, : Rep G — Vect? tlatticecl(K )
and an identification w = Forget o w, where Forget is the forgetful functor Vect? Hatticed (gry
Vect(K).

Finally, if @ is a G-bundle over K, and K’ is an extension of K contained in C (resp. L) then a K'-filtration
(resp. lattice) on w is a filtration (resp. lattice) on w ® K'.

Remark 3.1.6. Our primary interest is when w is the trivial G-bundle, i.e., ® = wyq for the standard fiber
functor on Rep G.

Filtrations on the trivial G-bundle are parameterized by the points of the flag variety Flg. Indeed, any
filtration on wgy is split by [29, chapitre 4, théoreme 2.4 of], thus isomorphic to the filtration attached to
a cocharacter u of G,

FL.(v.p)=EPVIil
J=i
where V[j] is weight j component, i.e., the isotypic component for the character z — z/ of G,, under
the action p o u. Two filtrations F,, and F),/ are isomorphic if and only if 4 and " are conjugate, so that
this conjugacy class [] is a natural invariant of a filtered G-bundle and Flg ¢ = |_|[ n Flj,,c where [u]
runs over all conjugacy classes of cocharacters of G¢ and Flj,;, which is naturally defined over the field
of definition of [u], parameterizes filtrations of the trivial G-bundle of type [«] — the action of G on the
point F,, € Flj,,; induces, after base change to the field of definition of , an isomorphism Flj,,; = G/ P,
where P, is the stabilizer of F),.
Lattices on the trivial G-bundle are parameterized by the coset

Grg(C) := G(B)/G(B™).

In the p-adic setting these will be the C-points of a Bgi—afﬁne Grassmannian — for now, however, it
suffices to treat this as notation. To see this classification, choose a trivialization triv, : wgq @ B¥ = Low,
where £ denotes the forgetful functor from Vect? —2ticed( gy to BT-modules (this is possible since B is
a complete DVR with algebraically closed residue field C). The composition of trivy @ g+ B with the
extension of scalars to B of the fixed wyq = Forgeto w, gives an element g € Aut®(wyq.p) = G(B).
Any other choice of trivialization of £ o w, differs from triv by an element of G(B™), so the coset
gG(B™) € G(B)/G(B™) only depends on the lattice w.. In the opposite direction, attached to a coset
gG(B™), we consider the lattice on the trivial G-bundle

wg : (V,p) = (V, p(g) - Vp+)

and the above argument shows every lattice on the trivial G-bundle is isomorphic to one of this form.
If G is reductive, the Cartan decomposition gives

Grg(C) = | Gryn(C),  Gryy(€) := G(BH"G(BT)/G(BT) € G(B)/G(B™),
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where [1] runs over all conjugacy classes of cocharacters of G (since L is algebraically closed, these
are the same as the conjugacy classes of G¢), and we note that the open Schubert cell Gry,(C) is
independent of the choice of a representative p and of the choice of uniformizer . We caution that this
decomposition is only disjoint at the level of points — once the affine Grassmannian is equipped with a
geometric structure there are closure relations determined by the Bruhat order.

If G is not reductive, we still have |_|[ U] Gr(,1(C) € Grg(C), but this subset is no longer exhaustive.
This will be studied further in Section 3.2.

In any case, it is an immediate computation that if ¢ = g7t*G(B™) € Gry, for g™ € G(BJ) then
BBow, = g_+ F,-1 where = denotes reduction G(B™) — G(C). For each [u] we thus have the following
G (L)-equivariant commutative diagram:

GI‘[H](C) —— Grg(C)

A ~
Lean BB

L
FI[M—I](L) c ) FI[M—I](C)

Proposition 3.1.7 (criteria for the filtration to determine the lattice). (1) If the weights of [i1] in the
adjoint action on LieG are < 1, then BB : Gr(;,)(C) — Flj,,-1,(C) is a bijection (when G is reductive,
this is equivalent to requiring the weights lie in {—1, 0, 1}, i.e., that [i] is minuscule).

(2) Suppose & is a group acting on Bt preserving the maximal ideal, that K = C® C L for the induced
action on C, and that & acts on K -t by an infinite order character. If G and ] are defined over
K, then Fl,-11(K) is identified with the &-invariants in Gry, (C) (for the natural action of & on
Grg,,(C) € G(B)/G(B™) induced by the action on G(B)).

Proof. We first treat (1). For general u, the stabilizer of t#G(B™) for the left multiplication action of
G(BT)is t*G(BM)t ™ N G(B™). If the weights of u in the adjoint representation are all < 1, then this
is exactly the preimage under reduction to G(C) of the C-points of the connected subgroup whose Lie
algebra is Fg_ ,Lie G (i.e., the sum of the weight < 0 eigenspaces for u), and this connected subgroup is
also the stabilizer of the filtration F/:f‘ wgd. Since the map from Gry,, (C) to Flj,-1;(C) is equivariant and
the action of G(B™) is transitive on each, we conclude that it is a bijection.

For the second condition, it suffices to show that the canonical filtration induces an equivalence between
Vect/ (K) and the category of B¥-latticed K -vector spaces (V, £) such that the lattice is invariant under
the semilinear action of & on V. To see this, first note that a lattice invariant under & must come from a
K[t]-lattice in Vi t): indeed, by multiplying by a power of ¢, we may assume Vg+ D £ D t" Vp+, then,
arguing by induction on n, the &-invariant lattice £’ = £ N¢Vp+ has a basis in 1 Viy,qp. If we write We
for the image of £ in V¢, it is invariant under &, thus of the form W = W ®g C for W a subspace of V.
Since the image of £ in V( is contained in the image of %E/ , We may arrange our basis ey, ..., e, for £’
in t Vi so that for d = dim W, the image of %el, el %ed spans W. Then %el, el %ed, €d+1,--+»€n
are a basis for £ in Vky,q.
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With this established, the equivalence is a standard result about the Rees construction for K ((¢)), using
that the image of & acting on ¢ is Zariski dense in G,, by assumption. (Il

Example 3.1.8. If G = GL,, then a lattice on the trivial G-bundle is equivalent to a lattice £ in By, and
a filtration on the trivial G-bundle is equivalent to a filtration of C". In the first case, to be minuscule
means that there is an i € Z such that Fi*'B. £ c BY" ¢ FIB- L. In the second case, to be minuscule
means that there an i € Z such that gr/C" =0 for j #1i,i+1.

Corollary 3.1.9. A B -lattice on a vector space is trivial (i.e., Lqr = VB;R) if and only if the induced

filtration is trivial.
Proof. This is a very special case of Proposition 3.1.7(1). O

Example 3.1.10. In the setting of Example 3.0.1(2), suppose K C C is a p-adic field, C = K”, and
® = Gal(K /K). Then Proposition 3.1.7(2) applies. It also applies if K = C = C and & = U(1)(R)
acting on ¢ by z > 7' fori #0.

At this point it is natural to ask: for G not reductive, if we have a lattice w, on the trivial G-bundle
whose classifying point does not lie in Gry,(C) for any [ ], then what can we say about BB o w,/? The
main result to be developed in the remainder of this section, Theorem 3.2.6, implies that this is equivalent
to inexactness of BB o w, (i.e., failure to be a filtered G-bundle)

Example 3.1.11. We can interpret Example 3.1.4 as a lattice on the trivial G,-bundle. It is classified by
the point % -B* € B/Bt =G,(B)/G,(B"). This lies outside of any Schubert cell —indeed, the only
cocharacter of G, is trivial, so only the trivial coset B itself lies in a Schubert cell. The failure of the
short exact sequence in Example 3.1.4 to remain exact after passing to filtered vector spaces illustrates
the failure of BB o w, to be exact if w, lies outside a Schubert cell.

3.2. Bilatticed B-vector spaces and exactness of filtrations. We now define a coarser category than
Vect? +‘la“i°°d(L) through which BB factors and whose isomorphism classes will capture the invariant
[1¢] discussed above. Using this category, we will formulate and prove the general principle relating the
Schubert cells and the failure of exactness of BB.

Definition 3.2.1. Let Vect® (B) be the category of bilatticed B-vector spaces, i.e., finite-dimensional
B-vector spaces equipped with a pair £, £, of B*-lattices. A morphism (V, Ly, £2) — (V', L], L))
is a morphism of B-vector spaces f : V — V' such that f(£;) € £; for i = 1,2. A morphism is strict
if f(L;)=f(V)NL, fori=1,2. A complex of bilatticed B-vector spaces is exact if it is exact as a
complex of B-vector spaces and each morphism is strict.

If V is a B-vector space and £ C V is a B*-lattice, we consider the filtration on V by the B*-
submodules F*B - L. Using the filtrations of this form, we obtain two L-linear tensor functors from
Vect® (B) to Vect/ (C):

BB : (V, L, L2) = (L1.c, trFilszLZl,C) and BB, : (V, Ly, £2) = (La2.c, trFilZlﬁz,c)
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where trFil;. L; ¢ is the trace filtration as in Section 3.1 formed by taking the image of (F*B-L;) N L; in
Ljc.
Example 3.2.2. We define two functors from Vect? 7aticed (1) 1o Vect® (B):

bly : (V, L) = (VB, Vg+, L), bly:(V,L)r> (Vg, L, Vp+).

They differ by the involution of Vect® (B) swapping the two lattices, and for each i = 1, 2 the following
diagram commutes up to a natural isomorphism:

VeCtB+—latticed(L) bl; s Vectbl(B)

e

Vect/ (C)

The functors bl;, i = 1, 2 are exact, so any failure of exactness in BB is visible in the functors BB;. The

isomorphism class in Vect®

trivial G-bundle.

will give the invariant describing the Schubert cell for a BT -lattice on the

There is a simple relation between the associated gradeds for the BB;:

Lemma 3.2.3. For each j € Z, scalar multiplication induces an isomorphism of functors from Vect® (B)
to Vect(C)

gt/ B® (gr 7/ o BB|) => gr/ o BB,.
Proof. We have
g Lic=(t""LNLy) /(T L) N Ly + (7 L) NeLy),
g Loc = (L2N (L)) [ (1L2N (@ L)+ LaN (L)),
and multiplying by ¢ is an isomorphism from the first to the second. O

Remark 3.2.4. In p-adic Hodge theory, this is the usual isomorphism from the Tate twists of the graded
components for the Hodge filtration to the graded components for the Hodge-Tate filtration.

For G a connected linear algebraic group over L, in the following a filtered G-bundle will mean a
filtered G-bundle over Spec C, i.e., an exact rigid tensor functor wy : Rep G — Vect/ (C). Recall from
the previous subsection that the isomorphism classes are parameterized by the type of the filtration, a
conjugacy class of cocharacters yary of G.

A bilatticed G-bundle (over B) is an exact L-linear tensor functor

wp) :Rep G — Vectbl(C).

The induced functors £; o wp from Rep G to BT -modules are G-bundles on Spec B, and thus are trivial
(because the residue field C is algebraically closed). Choosing trivializations for each, the isomorphism
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Lr® B =V = L1 ® B induces an automorphism of the trivial G-bundle over Spec B, thus an element
of G(B). The image in the double coset space

G(BM)\G(B)/G(BY)

is independent of the choice of trivializations, and this assignment identifies the double cosets with the
isomorphism classes of bilatticed G-bundle.

As above, if G is reductive, then the Cartan decomposition identifies this double coset space with
the conjugacy classes of cocharacters of G (a conjugacy class is matched with the unique double coset
containing t* = u(¢) for any element w in the conjugacy class). For a general connected linear algebraic
G we can assign in this way distinct double cosets to each conjugacy class [ ], but not all double cosets
are of this form.

Definition 3.2.5. A bilatticed G-bundle wy, is good if it lies in the double coset G(BT)t*G(B™) of a
conjugacy class of cocharacters [u]. In this case we write [ ], for this conjugacy class and call it the
type of the good bilatticed G-bundle.

We now explain the connection with exactness of filtrations: If G is reductive, then since Rep G is
semisimple it is easy to verify that for any bilatticed G-bundle wy;, BB; o wy; is exact, i.e., is a filtered
G-bundle (this is because BB; preserves split exact sequences). For G nonreductive this may not be the
case, as can be seen by combining Example 3.2.2 and Example 3.1.11. In fact:

Theorem 3.2.6. The following are equivalent for a bilatticed G-bundle wy,:
(1) wy is good.
(2) BB o wyy is a filtered G-bundle (i.e., is exact).
(3) BBy o wyy is a filtered G-bundle (i.e., is exact).
In this case, if the type of wy; is [i], then the type of BB o wy is [~ '] and the type of BB o wy; is [1].

To show this, we first observe that it is immediate from the definitions that if wy is good then the
BB; o wy are exact with the claimed types — indeed, to say that wy, is good of type [u] is the same as
saying that it is isomorphic to the functor

Rep G — Vect” (B), (p, V) > (Vg, Vg+, p(u(2)) - Vg+)

and for this bilatticed G-bundle the associated filtrations are exactly those given by 11~

and . It is also
immediate from Lemma 3.2.3 that (2) <> (3) —indeed, a functor Rep G — Vect/ (C) is exact if and only
if the associated graded is exact.

Thus what remains is to show that if BB o wy; (or BB; o wy)) is exact then wy; is good. This turns
out to be intimately related to the behavior of types under extensions. Indeed, this is illustrated in
Example 3.1.11: the associated sequence of filtered vector spaces fails to be exact, and the type of the
extension is (1, —1) while the type of the associated graded is (0, 0). When a short exact sequence of

bilatticed vector spaces does give rise to a short exact sequence of filtered vector spaces, then it is easy
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to see that the type stays the same (simply take the associated graded for the short exact sequence of
filtered vector spaces). Our strategy for finishing the proof of Theorem 3.2.6 is thus to show that the good
bilatticed G-bundles are exactly the ones such that, for any faithful representation V of G, the type of
wp) (V) agrees with the type of its associated graded (for the filtration by subobjects corresponding to the
unipotent radical U of G).

Example 3.2.7. Consider the following sequence of filtered vector spaces 0 — § — V — Q — 0, where
the maps in the first row are inclusion and projection:

F¥ k<0: 0— Ce; — Cej+Cey — Cey — 0,
F': 0—)0—)C€1£>C€2—>0,

Fk,kZZ: 0—-0—-0—-0—0.

This is a short exact sequence of vector spaces and the maps respect the filtrations but are not strict
exact. However, both V and S & Q have type (1, 0). This particular example cannot arise from an exact
sequence of bilatticed vector spaces because it is easy to check that for a strict surjection of bilatticed
vector spaces, the induced map on filtered vector spaces is surjective on the smallest nonzero part of the
filtration (whereas the map on F! in this example is the zero map!).

3.3. Dominance and extensions. In Example 3.1.11, as discussed above, the type of the extension does
not change in an arbitrary way: the type (1, —1) of the extension is not equal to the type (0, 0) of the
associated graded, but it does lie above it in the standard dominance partial ordering. We recall this partial
order now, then prove that the type of an extension always rises over the type of the graded; we will need
to bootstrap from this computation to identify when equality holds.

Recall that a conjugacy class of cocharacters [1] of GL,, is equivalent to a multiset of n integers, where
i appears with multiplicity equal to the multiplicity of the character z — z' of any representative of []
acting on the standard representation of GL,,. We will write such a multiset as [i] = (uy, ..., K,) where
U1 > >+ > uy,. Then, if [u] = (w1, ..., uy) and [v] = (vy, ..., v,) We say [u] < [v] if for each k,
Sk i < v This is the dominance partial order.

For V a bilatticed vector space of type [u] = (11, ..., n)s 1 > ... > Wu,, we would like to give a
characterization of this number Zle w; in terms of V. To that end, first note that it can be thought of as
the largest integer appearing in the type of the k-th exterior power A*V. On the other hand, if we define
the order, ord(W), of a bilatticed vector space W = (B, L, L) to be smallest i such that t' £; C L5, then
it is trivial to see that if W has type [v] = (vy, ..., V) then ord(W) = v;. Thus Zle wi = ord(AFV),
and this gives us a useful way to get a hold of these numbers. Using this interpretation, we can see that
the type always rises in extensions: the proof is almost identical to that of [21, Lemma 1.2.3].

Proposition 3.3.1. V € Vect® (B) be equipped with a filtration by strict subobjects F'V, and let gr*(V) =
b, F'V/FHV  an object of Vect®™ (B). If gr*V is of type [ju] and V is of type [v] then [iu] < [v].
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Proof. By induction on the length of the filtration by strict subobjects, it suffices to treat the case where
the filtration has two steps, i.e., where we have a strict exact sequence in Vect® (B):

0->S—>V—->0-—0.

We want to show the type of V lies above the type of S & Q.

Thus we need to show ord(A¥V) > ord(A¥(S @ Q)) for each k. To that end, first note AX(S & Q)) =
@jAjS ® A¥7Q; thus ord(AX(S & 0))) =max; ord(A/S ® A¥=7 Q). On the other hand, AKV has a
filtration by strict subojects such that the associated graded terms are A/S ® A¥=/Q, so ord(A¥V) >
max; ord(A/S ® AK=7 Q). O

Remark 3.3.2. We can also define the order of a filtered vector space (V, F*V) to be the largest k such
that FXV = 0; a simple computation shows BB, preserves order.

3.4. The action of unipotent elements on affine Schubert cells.

To make the proofs explicit and free up the letter B for “Borel”, for the remainder of Section 3
we fix an isomorphism B+ = C|[[t]| and write C[[t]| in place of BT and C((t)) in place of B. See
Example 3.0.1(3).

We also fix some notation for this subsection only: let G = GL,,, let T € GL,, be the diagonal maximal
torus, and let B denote the set of Borel subgroups containing 7. Let BT be the upper-triangular Borel
with unipotent subgroup U™, and let B~ be lower triangular Borel with unipotent subgroup U ~. We write
X, (T) for the group of cocharacters of T. For each root « there is a coroot a” € X, (T); if « is positive
(by which we mean with respect to B*) we call @ a positive coroot. We call a cocharacter u € X, (T)
dominant if o (i) > 0 for each positive root o, and let X, (7)™ be the set of such dominant cocharacters.
(Concretely, these are the cocharacters u(z) = diag(z%, ..., z%) for integers a; > ar > --- > a,.)

For cocharacters ., u' € X, (T), we write u < i’ if u’ — p is a nonnegative sum of positive coroots.
On the dominant cocharacters this is equivalent to the dominance relation discussed in the previous
subsection plus the condition that det . = det /.

We write K = GL,(C[[¢]]). Every conjugacy class [u] of cocharacters of GL,, has a unique dominant
representative i, so the Cartan decomposition reads

GL,(C( = || Kt"K.
HeX.(T)*

For B € B with unipotent subgroup U, the Iwasawa decomposition is
GL,(C(m = || UC@)"K.
neX.(T)
Essentially, we need to compare these two decompositions. The following lemma can be deduced from
results of Bruhat and Tits [7] in a more general setting. We give a direct proof then explain in Remark 3.4.2
how it can be deduced from [7].
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Lemma 3.4.1. Let B € B with unipotent subgroup U. Let 1 € X4(T)" be a dominant cocharacter, and
letu € U(C((1))). Let v € X,.(T)™ be the dominant cocharacter such that u - t*K C Kt"K. Then:

(1) p=<v.
(2) If B= B~ then u=v ifand only ifu -t*K = t"* K, or, equivalently,

tTPutt e UCED) = U(C(1)) NK.
(3) If B= B™ then u =v ifand only ifu € U(C[[t])) = K NU(C((t))).

Proof. Part (1) is an immediate consequence of Proposition 3.3.1. Indeed, if we consider the bilatticed
vector space (C((¢))", C[¢1", ut* - C[[¢]"), then it has a filtration by strict subojects coming from the
standard filtration stabilized by B, and the associated graded is isomorphic (C ((¢))", C[lz]", t* - C[[«]").

For the rest, we first note that (2) and (3) are equivalent: suppose (2) holds, and suppose u € U™ is such
that u - t* € Kt* K. Then, by taking transpose, t*u’ = (t*u't *)t* € Kt*K, and since (tFu't=*) e U™,
(2) gives that u’ =t ~#(t*u't~*)t* € U~ (C[[t]), and thus u € U (C[[¢]). In the other direction, suppose
(3) holds, and let u € U~ be such that ut* € Kt* K. Then, taking transpose, t"u’ = (t*u't~*)t* € Kt*K
and by (3), t*u’t™* € U (C[[t]). Taking transpose again, we find t#u’t* € U~ (C[[t]).

It thus suffices to prove (3). The if direction is clear, so, it remains only to show that if u ¢ Ut (C[[¢]))
then v > w. To that end, let i be the index of the first row of u whose entries are not in C[[¢]], and let j > i
be the first index such that u; ; ¢ UT(CIt). Then, for V. = (C((t))", CItN", ut* - C[[t]"), and F;V the
standard increasing filtration of V attached to B, one finds that the type of F;V/F;_;V is strictly larger
than the type (u;, ..., ;) of its associated graded. Indeed, we use the opposite order

ord(V) = max{k : : %L, C £},

which picks out the smallest integer in the type of V. The vector u; jt*/e; + --- + tlie; is in the
second lattice of F;V/F;_1V, so if t_kEZ(Fj VIF,_1V)CLi(F;V/F;_1V)thenk < u; +v(u; ;) < u;
(where v denotes the additive ¢-adic valuation). Hence ord(F i V/F V) < uj+v(u; ;) < pnj, which

implies the type of F;V/F;_V is strictly greater than the type (u;, ..., u;) of its associated graded by
Proposition 3.3.1. Applying Proposition 3.3.1 to the filtration 0 C F;_V € F;V C V and the nonstrict
inequalities that the type of F;_;V is greater than or equal to (w1, ..., x;—1) and the type of V/F;V is
greater than or equal to (i 41, ..., 4,), We conclude. O

Remark 3.4.2. Alternatively, Lemma 3.4.1(1) follows from [7, Corollary 4.3.17] and Lemma 3.4.1(2)
follows from [7, Proposition 4.4.4-(ii)]; one can then obtain Lemma 3.4.1(3) by using the equivalence
between (2) and (3) explained in the proof above. To make it possible to follow these citations, we explain
how our notation compares to the notation in [7, Chapter 4]: For D the dominant chamber for the roots of
a Borel B containing 7', the group B’% of loc. cit. is the group generated by the set of diagonal matrices
with entries in C((z)) such that all of the entries have the same valuation and the C((¢))-points of the
unipotent subgroup of the opposite Borel to B. In particular, the fixed chamber D in loc. cit. corresponds
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in our setup to the dominant chamber for the roots of BT, so that fSO, which by definition in loc. cit. is
B° , contains our U ™.

We need refinements of parts (2)—(3) that apply to arbitrary B € 5. We fix as above a dominant
cocharacter u € X,(T)" and B € B with unipotent radical U. The conjugation action of u induces a
decomposition U = U~g - Uy - U-g where Lie U (resp. Lie Uy, resp. Lie U_() consists of all roots «
in Lie U such that a(u) > 0 (resp. = 0, resp. < 0). Note that since u is dominant U.o < U NU™ and
U-o <UNU™, while Uy, the subgroup of elements in U centralized by i, can contain a mix of both
positive and negative root subgroups. By [12, Theorem 3.3.11] this decomposition exists already for any
closed subgroup U’ C U preserved by conjugation by #, and is compatible with the decomposition of U,
i.e.,

U'=UL,UjU.,for ULy =UNU=o, Uy=U'NUy, and ULy =U"NU_y. 1

Lemma 3.4.3. Wirth notation as above, let u € U'(C((t))) and let u = u-quou o denote its product
decomposition. Then u - t"* € Kt"* K if and only if all of the following hold:

(1) usoe U ,NK.

(2) ug=t"Hupt" e U(/) NK.

(3) t7™Huot" e UL NK.
In this case, u - t*K =u-qo-t*K = u-quo - t*K.
Proof. 1t follows from the identities ut* = u-ouou <ot" = (U=oug)t" (t " Huot") = u-ot"* (uot *uot")
that if (1)—(3) are satisfied then u - t* € Kt* K and the last claim also holds. It remains to show that, if
u-t* e Kt* K then (1)—(3) hold.

Using Equation (1), we may assume U’ = U. We further refine Uy = Uy, 4 - Uy, where Uy + = UpNU*

and Uy _ = UpNU™. We thus write u = u-oug,4+Uo,—U<o. We note moreover that Uy _ normalizes U_—q
and commutes with r#, so we can rewrite this as

’ / -1
U=U>oU0+U),-U<0 = U>0U,+U_oUO0,—> where U_g= Mov_u<ou0’7 .

We now choose a chain of adjacent Borel subgroups B = By, By, By, ..., B = B such that, for each
1 <i <1, there is a unique root «; such that ¢; is in Lie Ut and —q; is in Lie U and to move from B;_; to
B; we swap «; for —«;. For each i, —«; is a weight of Lie U or Lie Uy _, and because Uy _ normalizes
U_p, we can and do choose this chain so that —ay, ..., —o; liein U.g and —og41, ..., —og liein Up —.
Thus we may write

/ / /
U = UsQUO+U_gU0,— = UsQUO+U_g . U_g U—q " U_q
/ /! !/ : !/ .
sothatu’_g=u’, ---u_, and uo_ =u_q,, - U forunique elements u’ ,,i=1,...,s, and u_g,,
i=s5+1,...,1, of the root subgroups U_,, (C((¢))). Now suppose that 1o _ is not in K. Then at least

one factor u_,, must not be in K; let s + 1 <i </ be the index of the last root factor that is not in K.
Since ¢ acts trivially by conjugation on Uj, we may pass the factors starting at i through #* to obtain
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!/ /
u-thK =uouoyu_gU—q,,, - U_qt"K =uouoyu_gu_q - th_q t"u_o K.

We may fix an identification of U_,, (C((t))) with C((¢)) such that u_,, =t~ for m > 0. From the
following computation with 2 x 2 matrices, applied to the principal SL, containing U,, and U_,, (the

latter as the lower triangular unipotents and the former as the upper triangular unipotents),
L Of (Le™|{t™ 0 {0 —1
™™ 1] [0 1 O |1 M|

/ +ma.\/
u-t"K =uouo U _gU_q - U_g_ Vg t" T K,

we find

where v, is in the root subgroup for «;. The product s on the left of #me Jies in the unipotent radical
of B;_;. If we conjugate by the Weyl element w sending p +ma;” to a dominant weight 4, this does not
change the Schubert cell, so we get wsw 't € Kt*K . By construction, 4 is strictly larger than y in the
lexicographic order. Since the element wsw ™' lies in the unipotent radical of wB; _jw ™', Lemma 3.4.1(1)
implies that wsw™'#* lies in KK for v > p/, but as lexicographic order refines dominance order, we
see v is strictly greater than u in the lexicographic order, in contradiction to v = .

Thus we have uo _ € K, and we may pass it through #* to obtain

u-t"K =u-ouo4u’_o-1"K.

Arguing similarly to the above with u”_j=u", ---u’

—ay —ay

we find that t ~#u’_jt* € K so we may pass it
through ¢# to obtain
u-t"K =u-ouo +-t"K.

Since u-gug + € BT(C((t))), we conclude that u-gug + is in K by Lemma 3.4.1(3). Thus, so is each
factor. We have already established up,— € K and t*“ugot” € K; thus, since up — commutes with e
we find also that

tHu_ot" = t_“u(;’l_u;ouo,_t“ = u&l_(t_“u;ot“)uo,_ ek. O

3.5. Conclusion. We now give the promised specialization result refining and generalizing Proposition 3.3.1.

Theorem 3.5.1. Let G be a connected linear algebraic group over C with Levi decomposition G = M x U.
Let g € G(C((t))) with g = mu and let [|1] be the conjugacy class of cocharacters of M identifying the
Schubert cell containing m (i.e., m € M(C[[t])t* M (CI[t])). For any representation p : G — GL,, if [v]
is the conjugacy class of cocharacters indexing the Schubert cell containing p(g), then [v] > [p o u]
(the conjugacy class of cocharacters indexing the Schubert cell containing p(m)). If p is faithful, then
vl=1[poulifandonlyif g € G(CLt D" G(ClzD.

Proof. 1t changes nothing to multiply on the left and right by an element of M (C[[¢]])), so we may assume
m = t*. Then, replacing G with G,, X U, we may assume G is solvable. Then its image under p lies
in a Borel subgroup, and conjugating p suitably by an element of GL, (C) we may assume that p o w is
dominant and this is a standard Borel B € B. Then p(u) factors through the unipotent radical of B, and
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the first claim follows from Lemma 3.4.1. If the representation is faithful then U is a subgroup of the
unipotent radical of B preserved under conjugation by ¢*, so if [] = [v] then Lemma 3.4.3 gives

ut = u-quou <ot"* = u-oquot™t M*uot" € UC[tDt*U(Ct]). O

Conclusion of proof of Theorem 3.2.6. Recall that it remains only to show (3) = (1) in Theorem 3.2.6.
To that end, let wy, be a bilatticed G-bundle, and suppose w ; := BB o wy is a filtered G-bundle. Pick
a representative g € G(C((¢))) for the double coset corresponding to wy, and write g = mu for a Levi
decomposition G = MU. Let [u] be the conjugacy class of cocharacters of M describing the Schubert
cell of m. We want to show g € G(C[t])t*G(C[t]).

To that end, let p : G — GL(V) be a faithful representation. By Theorem 3.5.1, it suffices to show
[p o ] is the type of p,wy, i.€., that the bilatticed vector space associated to p(g) is of type [p o u].

Let u:=LieU. Then p(G) is contained in the parabolic subgroup stabilizing the filtration of V by
u V. The action on the associated graded is through M thus the associated graded for this filtration is of
type [p o u]. Since the associated filtration by subobjects in the category of filtered vector spaces after
applying BB, is strict by assumption, we conclude the filtration on V is also of type [p o n]. Since this
agrees with the type of p,wy), we are done. ([

4. Real and p-adic Hodge structures

In this section we will define the category of p-adic Hodge structures and establish some of its basic
properties. By way of motivation, we begin in Section 4.1 by recalling a geometric perspective on the
definition of a real Hodge structure via the theory of vector bundles on the twistor line (due to Simpson
[35]) that leads to a definition of a category of extended real Hodge structures containing real Hodge
structures as a full subcategory. This perspective will be mirrored in our definition of p-adic Hodge
structures in Section 4.2, replacing the twistor line with the Fargues—Fontaine curve. With these definitions
in place, in Section 4.3 and Section 4.4 we give a symmetric treatment of the basic structural properties
of both extended real and p-adic Hodge structures — in particular, we discuss Mumford—Tate groups and
some fundamental invariants. In Section 4.5 we explain how to compute the Mumford—Tate group of a
p-adic Hodge structure using Hodge—Tate lines, analogous to the Hodge tensors in classical Hodge theory.
It is important here to give a criterion that applies to nonreductive groups; we explain more about the lack
of reductivity in this theory and the relation to polarizability in classical Hodge theory in Remark 4.5.2.

4.1. Definition of (extended) real Hodge structures. Traditionally, a real Hodge structure of weight k is
defined to be a pair (V, F*V¢) where V is a finite-dimensional real vector space and F* is a decreasing
filtration on V¢ satisfying the following transversality condition with its complex conjugate

FPVe @ Fk—pH1Ve = V.

Our goal is to reinterpret this transversality condition using the theory of vector bundles on the twistor
line [IE"I, which can be constructed as the solution set of U2+ VZ+ W2 =0in [P’%R. Other constructions of
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P! and the theory of vector bundles on P! are discussed in detail in Section 2.3. The key points are:
(D) P! /R is a smooth projective curve with a canonical point coc € P! (©).

(2) There is an action of the circle group U (1) = a + bi, a>+b>=1on P! fixing a unique closed point,
the one underlying coc, and we may identify the completed local ring at coc with C[[#]], where the

coordinate ¢ is chosen so that U (1) actson ¢t by z -t = -

(3) There is a slope formalism for vector bundles on P'. Any vector bundle is a direct sum of stable
bundles, any stable bundle has slope A € %Z, and for any such A there is a unique up-to-isomorphism
stable bundle O, (1) of slope A (these are matched with the real isocrystals of Section 2.2.1).

Now, suppose given a real vector space V and a filtration F*Vg¢ on its complexification. By the
canonical lattice construction of Section 3.1 and Proposition 3.1.7(2), there is a unique promotion of F* V¢
to a U (1)-equivariant lattice in V), £:=) ; t~IC[[¢] - F'Ve. Let (V Qp Op1) ¢ be the modification of
(V ®r Op:1) by the lattice £ at 0o (see Definition 2.5.1). By a result of Simpson [35],

Lemma 4.1.1. (V, F*V¢) is a weight k Hodge structure if and only if the modified vector bundle (V Qg
Op1) c is semistable of slope k /2.

Proof. Here we just recall why the modification is semistable if it is a weight k Hodge structure. First,
observe that, by the constructions in Section 2.3, it suffices to check that the pullback of the modification
to P! is a direct sum of O(k). One can commute the pullback with the modification, so this is equivalent
to modifying Ve ® OP}@ at oo by the Hodge filtration and at —oo by its complex conjugate. If we write
Ve = P hP+4, then the filtrations both break up as a direct sum over this decomposition, where the Hodge
filtration on h”¢ is concentrated in degree p and its conjugate in degree g. If we fix a basis for h?9,
this further decomposes into modifications of one-dimensional trivial bundles along filtrations with these
concentrations. The resulting modification is a line bundle of degree p + g = k; thus O(k), and we
conclude. (]

Thus, the canonical filtration realizes the category of C-filtered real vector spaces as a full rigid tensor
subcategory of C[[¢]-latticed real vector spaces, and the condition to be a weight k Hodge structure can
be formulated entirely in terms of the lattice. This motivates the next definition.

Definition 4.1.2. The category of extended real Hodge structures of weight k is the full subcategory
of C[[#]-latticed real vector spaces (Definition 3.1.1) consisting of (V, £) such that (V ®g Op:). is
semistable of slope k/2. The category of extended real Hodge structures is the full subcategory of
Z-graded C[[t]-latticed real vector spaces consisting of those whose degree k component is a weight k
extended real Hodge structure.

By Lemma 4.1.1 and Proposition 3.1.7(2), the canonical lattice embeds the category of real Hodge
structures as a full rigid tensor subcategory of extended real Hodge structures — the ones such that the
lattice is preserved by U (1). The functor BB of Section 3.1 attaches to any extended real Hodge structure
(V, £) a Hodge filtration on V¢, recovering the Hodge filtration on real Hodge structures. In general the
lattice contains more information.
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4.2. Definition and examples of p-adic Hodge structures. Let C/Q, be an algebraically closed nonar-
chimedean extension. In [18], Fargues and Fontaine constructed from C a 1-dimensional scheme over
SpecQ,,, F = Feo ., the Fargues—Fontaine curve, that behaves in every way like a smooth proper curve
over QQ, except that it is of infinite type. The geometry of [ encodes the relation between Fontaine’s
period rings. The construction is recalled in more detail in Section 2.4; the key points for this section are:

(1) There is a canonical closed point co¢ and identification of the residue field « (coc) with C. The
completed local ring of co¢ is the complete discrete valuation ring B;% and the complement of co¢
is the spectrum of the principal ideal domain Bg};l.

2) IfC = K" for a p-adic field K, then there is an action of Gal(I?/K) onlF = [F@p’ca and oo¢ is the
unique closed point fixed by Gal(K /K ); the induced action on the residue field C is the standard
one, and t € Bgi, the “p-adic 2mi” which generates the maximal ideal in B;i, transforms by the
p-adic cyclotomic character of Gal(K /K).

(3) There is a slope formalism for vector bundles on [, and any semistable vector bundle has slope A € Q
and is a direct sum of copies of the unique up-to-isomorphism stable bundle Or(A) of slope A (these

are matched with the p-adic isocrystals of Section 2.2.2).

Our definition of a p-adic Hodge structure will be analogous to the definition of extended real Hodge

structures but using [F instead of P!

Definition 4.2.1. The category of p-adic Hodge structures over C of weight A € Q is the full subcategory
of B;%—latticed Q)-vector spaces (Definition 3.1.1) consisting of (V, £) such that (V ®q, Of) —the
modification of V ®q, OF by the lattice £ at coc as in Definition 2.5.1 —is semistable of slope —A /2. The
category of p-adic Hodge structures over C is the full subcategory of QQ-graded B;%—latticed Q,p-vector
spaces consisting of those whose component of degree A is a weight A p-adic Hodge structure over C.

Remark 4.2.2. The convention on weights is chosen so that the Tate structure Q, (k) of Example 4.2.5
has weight —2k.

Remark 4.2.3. If K C C is a p-adic field and F*Vk is a filtration of Vi, then we can promote it to a
lattice £ on Vp,, using the canonical lattice construction. Using this, one could define an analog of real
Hodge structures instead of extended real Hodge structures, however, outside of the minuscule case where
the filtration and lattice are equivalent, this construction does not arise in any natural way that we are
aware of — for example, Theorem B implies that, for a p-adic Hodge structure coming from geometry
over a p-adic field, the lattice will never come from such a filtration unless the p-adic Hodge structure

has complex multiplication.

The category HS(C) of p-adic Hodge structures is a full subcategory of the category of (2-graded
B;“R—latticed @Qp-vector spaces, and is stable under the natural tensor product and dual functors. The
forgetful functor

wg : HS(C) — Vect(Q))
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is a faithful exact tensor functor. The functor BB from Section 3.1 induces a Hodge—Tate filtration FIQIT
on wg ® C, with
Fip(V, £) = image in Ve of (Vgs N (F'Bar) - £)

It is a tensor functor, but we caution that it is not exact, even when restricted to p-adic Hodge structures —
see Example 4.3.4 below.

Example 4.2.4. If X/C is a smooth proper rigid analytic variety then, by [5, Theorem 13.1], for each
degree i, we obtain a B(Hz—latticed Qp-vector space

(Hg (X, @p). Lag)

where ESR is a canonical deformation of H(iR(X ) to B;% embedded as a B(;i—lattice inside Héit(X , Q,)®Bgr.

The induced filtration on Hét(X , Q,) ®C is the Hodge-Tate filtration. If X/Oc is a smooth proper formal
model, then

(Hi(X. Q) @ Op) i,

is semistable if and only if the isocrystal determined by the i-th crystalline cohomology of the special
fiber is i /2-isotypic. In particular, if it is a p-adic Hodge structure it is of weight 7, but in many cases it is
not a p-adic Hodge structure, for example if X is an elliptic curve with ordinary reduction.

Example 4.2.5. For k € Z, the Tate p-adic Hodge structure of weight —2k is
Qp (k) :=(Q, - t*, BR) =(Q,, F*Bf).

The Hodge-Tate filtration on @, (k) ® C is concentrated in degree k (i.e., the only nonzero grade is in
degree k). For k >0, Q,, (k) is isomorphic to the dual of the p-adic Hodge structure (Hék([lj’k ,Qp), Lﬁlﬁ) of
the previous example. We have natural identifications @, (a) ®Q,(b) =Q,(a+Db) and Q, (k)" =Q,(—k).

It is clear that any 1-dimensional Bg;{—latticed Qp-vector space is isomorphic to Q, (k) for some k, so
these give all of the one-dimensional p-adic Hodge structures.

4.3. Structural properties of extended real and p-adic Hodge structures. We work in one of two
situations:

rea: K =R, C =C, X =P, Bt =C[[¢]], B = C((t)), o0 = ooc.

p-adic: K = Q,, C/Q, is an algebraically closed nonarchimedean extension, X =F», BT = B;ﬁ,

B = BdR, o0 = O¢.

In the first case, by a Hodge structure we mean an extended real Hodge structure. In the second case,
by a Hodge structure we mean a p-adic Hodge structure. We write HS(C) for the category of Hodge
structures. In both cases, BB induces a functor from B*-latticed K -vector spaces to C-filtered K -vector
spaces. On extended real Hodge structures, this is the Hodge filtration. On p-adic Hodge structures, this
is the Hodge—Tate filtration (we emphasize this distinction because the Hodge filtration will arise at a
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different point in the p-adic theory — see Section 5). We caution that in both cases BB is not exact on
HS(C); see Example 4.3.4.

Lemma 4.3.1. The functor (V, L) — (V ® Ox) from B -latticed K -vector spaces to vector bundles
on X is exact.

Proof. Let f:(V, L) — (V', L") be a morphism. We write
T=f(V), M =f(LCTzg, My=f(V)pNL CTs,

so that, by assumption, M| € M. The inclusion of lattices induces an exact sequence of coherent
sheaves on X

0= (T®Ox)m, = (T ® Ox)m, = 005 (M1/M3) = 0.

and we deduce that a morphism is strict if and only if the image of the induced map of vector bundles is
saturated. The exactness is then immediate. ]

Lemma 4.3.2. The category of Hodge structures is abelian.

Proof. 1t suffices to show that the category of Hodge structures of a fixed weight A is abelian, and the only
nontrivial thing to show is that the morphisms are all strict, i.e., that the coimage is equal to the image.

We can see this equality through slope considerations: proceeding as in the previous lemma, let
f:(V,L)— (V', L) be amorphism of Hodge structures of weight A and write

T=f(V), Mi=fL)CTg, My=f(V)pNL CTs.

We have M| C M, by assumption, and we want to deduce that M| = M.
We have an exact sequence of coherent sheaves on X:

0= (T®Ox)m, = (T @ Ox)pm, = 005 (M2 /My) = 0.

Thus, the slope Ay of (T ® Ox), is at least as large as the slope A1 of (T" ® Ox) rq,, With equality if
and only if M; = M. Now, the map f realizes (T ® Ox), as a quotient of (V ® Ox) ., which is
semistable of slope A/2; thus A; > A /2. On the other hand, (T ® Ox) A4, is a subbundle of (V' ® Ox) .,
which is also semistable of slope A/2, so its slope is A, < A/2. We conclude, having shown that

AJ2 <k <X <AJ2. O
Lemma 4.3.3. Suppose that
0— Vi, L)) = (Va, L2) = (V3,L3) > 0

is an exact sequence of B -latticed K -vector spaces. If any two of the terms are Hodge structures of the
same weight ), then so is the third.
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Proof. By Lemma 4.3.1, we obtain an exact sequence of vector bundles
0= (Vi®O0x)s, > (Va®0x)z, > (V3®0Ox), — 0.

The result follows as semistable bundles of a fixed slope satisfy the two out of three property in a short
exact sequence. O

Example 4.3.4. The B*-latticed K -vector space (K 2 Bte;+Bt (%e 1+e2)) is a Hodge structure. Indeed,
this follows from Lemma 4.3.3 since it is an extension of the trivial Hodge structure by itself in the
category of B*-latticed K -vector spaces. Note that the exact sequence defining this extension does not
remain exact after applying the filtration functor (compare Example 3.1.4).

Theorem 4.3.5. The category of HS(C) of Hodge structures is a connected neutral Tannakian category
over K with fiber functor wg, : (V, L) — V.

Proof. In Lemma 4.3.2 we have shown the category is abelian, and it is immediate from the definition
of the tensor product and dual that it is neutral Tannakian over K (with the forgetful fiber functor to
Vect(K)). It remains to show it is connected: by [14, Corollary 2.22], it suffices to show that if V is an
object such that the strictly full subcategory (V )q whose objects are those isomorphic to subquotients of
V& for some k is stable under tensor product then V is trivial. Suppose V is such an object and write
a and b for the minimum and maximum of the set {i | Gr’ (V¢) # 0}. Then, for any object V' in (V)g,
Gr' (V) # 0 implies i € [a, b].

Now, if a = b =0, then V is trivial by Corollary 3.1.9 and we are done. Otherwise, either a < 0 or
b > 0 —the arguments in the two cases are parallel, so we treat just the case b > 0. The filtration is a
tensor functor, so F22(V®2) = (F?V)®2 and F?+!(V®2) = 0. We conclude that Gr?*(V®?2) £ 0 and
thus, by the considerations of the previous paragraph, V%2 ¢ (V)g since 2b ¢ [a, b]. (I

4.4. Invariants of Hodge structures. We continue with the notation of Section 4.3. Given a Hodge
structure V over C, the Mumford—Tate group MT (V) = Aut® (weil(vy) is the Tannakian structure group of
the Tannakian subcategory (V) generated by V. It is a closed subgroup of GL(V), and by Theorem 4.3.5
is connected.

Example 4.4.1. (1) For V the Hodge structure of Example 4.3.4, MT(V) = G,.

(2) For Q(k) the Tate p-adic Hodge structure of Example 4.2.5, MT(Q,(k)) = G, if k # 0 and is
trivial for k = 0.

We extend this definition to the category G-HS(C) of Hodge structures with G-structure (see
Section 2.1.1) for G/K a connected linear algebraic group. An object of G-HS(C) is an exact tensor
functor such that wg o G is isomorphic to wgg, and we define MT(G) to be the automorphism group
of wg restricted to the Tannakian subcategory of HS(C) generated by the essential image of G. As in
Section 2.1.2, G has a canonical refinement to a Hodge structure with MT(G)-structure, and a choice of
identification trive : w¢ 0 G = wyq identifies MT(G) with a closed subgroup of G.

A natural exact tensor functor wygo from HS(C) to the category of isocrystals Ktx of Section 2.2.2
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can be defined as follows. Recall the simple objects D, of Ktx defined in Section 2.2, and in the real
case let D, =0 for A ¢ %Z. Denote by D, the division algebra End(D_;) = End(Ox (1)). Then,

Otoe( B (Vo £2)) = @ Hom(Ow/2), (Vo ® Ox)z,) @D, Doy

we we

Thus, to any G € G-HS(C), we can associate the G-isocrystal wysoc © G. Isomorphism classes of G-
isocrystals are classified by the Kottwitz set B(G) (see Section 2.2.2) and we write [b]g for the point
classifying wisoc © G. By definition of HS(C), the slope homomorphism is central in MT(G) (up to
multiplication by —2 it is equal to the weight homomorphism determining the Q-grading). In particular,
if G = MT(G), [b]g is basic. We will often assume this latter condition or equivalently that the weight
morphism is central since it can always be arranged after a reduction of structure group.

There is also a natural exact tensor functor wy from B*-latticed vector spaces to Vect®(B) (see
Section 3) defined by

woi(V, L))~ (Vp, L,V ® BY).

We say G € G-HS(C) is good if wp 0 G is a good bilatticed G-bundle, in which case we write [u]g :=
[t]wy,0c for the classifying conjugacy class of K -cocharacters. By Theorem 3.2.6, G is good if and only
if BBoG:RepG — Vect/ (C) is a filtered G-bundle (i.e., is exact), and then [x]g is also the type of this
filtered G-bundle.

Remark 4.4.2. One also obtains a filtered G-bundle of type [11~!]g through BB1, which is a filtration on
wrsoc ® C. In the p-adic case, we will treat this perspective in Section 5.

Example 4.4.3. (1) If G is reductive, any G € G-HS(C) is good.
(2) Example 4.3.4 and Example 3.1.4 show that the G,-Hodge structure of Example 4.4.1 is not good.

When G = MT(G) or, more generally, [b]g is basic, the invariant []g determines [b]g: we explain
this only in the p-adic case. Recall that Kottwitz ([23, §6]) has defined for any connected reductive group
G/Q, and conjugacy class [u] of cocharacters of G@p a subset B(G, [1]) C B(G), and that any such
subset contains a unique basic element (i.e., an element such that the slope homomorphism is central).
We extend the definition of B(G, [p]) to any connected linear algebraic group as follows: write U for
the unipotent radical of G. As explained in Section 2.2.3, since isocrystals are a semisimple category,
B(G) = B(G/U). The projection G — G/U also identifies the conjugacy class of cocharacters of
G@p with those of (G/ U)@p. Thus we may declare B(G, [1]) = B(G/U, [i]). For G nonreductive we
continue to call an element of B(G) basic if the slope morphism is central; thus, although B(G/U, [u])
has a unique basic element, this element may not be basic in G; thus B(G, [i]) either has one or zero
basic elements.

The following should also be true in the real case, but we only prove it in the p-adic case (due to the
reference to [8]):

Theorem 4.4.4. In the p-adic case, if G € G-HS(C) is good and the weight morphism is central (for
instance, if G = MT(G)) then [blg is the unique basic element in B(G, ! lg).
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Proof. Recall from above that the weight morphism being central is equivalent to [b]g being basic. Then,
for G reductive, this is [8, Proposition 3.5.3]: note that, because of our choice of ordering of the lattices
when defining the associated bilatticed vector space, the relevant double-coset for applying Proposition
3.5.3 of [8] is G(Bjx) ™ (1)G(BJ). In the definition of Schubert cells in [8, pp. 683-684], there is also
an inverse appearing on the cocharacter, so this is exactly the double coset associated to the Schubert cell
appearing in [8, Proposition 3.5.3].

Now, because G is good, the type of wp o G is the same as the type of wy o G** where G* denotes the
composed functor Rep G/U — Rep G =N HS(C) —indeed, the map on isomorphism classes is induced
by the quotient map on double cosets in Section 3. (I

4.5. Hodge-Tate lines. In this section we assume we are in the p-adic case, and refer to the real case
only for analogy. It would be possible to proceed symmetrically, but we wish to use the term Hodge—Tate
lines and reserve the term Hodge lines for a related but distinct concept in Section 5.

A powerful tool in the study of Mumford-Tate groups in classical Hodge theory is through a character-
ization using Hodge tensors. We now give a similar characterization in the p-adic setting. In classical
Hodge theory one typically works in the polarizable case, but here it is necessary to adjust slightly to
allow for nonreductive structure groups: indeed, because our Mumford—Tate groups are not necessarily
reductive, if G € G-HS(C) for G reductive, MT(G) may not be observable in G, i.e., it may not be
realizable as the stabilizer of a vector in a representation. Thus we must consider all even integer weights
instead of only weight zero tensors.

Suppose V is a p-adic Hodge structure. For k € Z, the space of weight 2k Hodge—Tate lines in V' is

HT? (V) := (Homus(c) (@, (—k), Vo) \ {0}) /Q.
By evaluation, HT? (V) is identified with a projective subspace of P(Vay).

Theorem 4.5.1. Suppose G is a connected linear algebraic group and G € G-HS(C) is equipped with a
trivialization ws; 0 G = wgg. Then MT(G) < G is the subgroup of G preserving every line £ € HTX*(G(V))
forevery Ve RepG and k € Z.

Proof. 1t is immediate that MT(G) stabilizes these lines, since they underlie one-dimensional sub- p-adic
Hodge structures in G(V). On the other hand, MT(G) is a closed subgroup of G, so there is some line in
some representation of G such that MT(G) is equal to the stabilizer of that line. In particular, this line
corresponds to a 1-dimensional sub-p-adic Hodge structure, and by Example 4.2.5, it must be a Tate
p-adic Hodge structure. (I

Remark 4.5.2. Why do we not assume a condition that implies reductivity of Mumford-Tate groups?
Recall that in classical Hodge theory, the Mumford—Tate groups of @-Hodge structures arising from
algebraic geometry are always reductive. This follows from the existence of a polarization: indeed, if
(V, F*Vg) is a Q-Hodge structure, then a polarization on V can be defined as a bilinear form (, ) on V
(alternating or symmetric depending on the parity of the weight) such that the map /& : S — GL(VRr)
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defining the Hodge structure (for S = Resc/rG,, the Deligne torus) factors through the similitude group
G of (,) and such that, for ¢ denoting complex conjugation on G*(C), Adh(i) o ¢ is a Cartan involution
for G¥(C) (note h(i) is the Weil operator). Thus the involution Adh(i) o ¢ defines a compact real form
of MT(V)/Z(G) "MT(V). We conclude that the unipotent radical of this real form and thus also of the
Mumford—Tate group itself is trivial, and thus the Mumford—Tate group is reductive.

This can be reinterpreted from the perspective adopted at the beginning of this section: first, giving
the inner product is equivalent to refining V to a G-Hodge structure G where G € GLy is the similitude
group. Now, the involution AdA (i) o ¢ defines an inner form that can be checked to be equivalent to the
automorphism group of the induced real G-isocrystal.

This interpretation can be transported directly to the p-adic setting: Suppose G/Q),, is a connected
reductive group and G € G-HS(C). The automorphism group J(Q,) of the G-isocrystal wisoc ©G consists
of the Q,-points of an inner form J of G (the inner form G, for b a representative of [blg). If J/Z;(Q,)
is compact, then the Q,-points of the corresponding inner form of MT(G)/MT(G) N Z(G) are also
compact (as a closed subgroup of a compact group); thus this inner form has no unipotent radical so
neither does MT(G). Note any choice of element b € G(@ p) representing [b]g plays the role of the Weil
operator (7).

If G =GL,, then J(Q)) is compact mod center exactly when b corresponds to an isoclinic isocrystal
of slope a/n for (a, n) = 1 —indeed, the endomorphisms of this isocrystal are the central simple algebra
of Brauer class a/n, which is a division algebra exactly when a is coprime to n. Recalling that [b]g is
uniquely determined by [u]g, this occurs exactly when, writing [u]g = (a1, a2, - . ., an), Y_ a; is coprime
to n. Indeed, in this case, the relation between [1] and b is just that the Newton polygon b is the straight
line starting at (0, 0) and ending at the endpoint of the Hodge polygon.

Unfortunately, as explained in [26], up to the obvious manipulations, this captures all possibilities.
Thus, there are no compact inner forms that arise in this way from similitude groups (outside of the
exceptional overlap with groups of type A;), so having a bilinear pairing, e.g., from a polarization, does
not help at all!

5. Admissible pairs

In this section we work in the p-adic context (see 4.3), so C/Q),, is an algebraically closed nonarchimedean
extension. Suppose (V, L4r) is a p-adic Hodge structure and let W = wigoc (V). By construction, there is
a canonical identification Wgi = Lgr and thus Vg, = Wp,.. Letting Lg 1= Vg, we obtain a ng—latticed
isocrystal (W, L¢), and we can recover V as

V=HFe, EW)e,).

This motivates the study of a semilinear category of admissible pairs over C, to be defined precisely
below, and the above construction will identify HS(C) with a natural subcategory of admissible pairs.
In the introduction, we explained that admissible pairs were a natural toy category of cohomological
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motives because, in the cohomological setting, their rationality reflects the rationality of defining equations.
However, the fact that we can attach an admissible pair to any p-adic Hodge structure means this local,
p-adic setting is much better behaved than its global, archimedean analog — to any p-adic Hodge structure
we can attach a motivic object, so we are not left to wonder which ones come from motives!

The rest of this section develops the essential properties of admissible pairs. Many of the proofs of
structural results are the same or very similar to the proofs for extended real or p-adic Hodge structures
given in Section 4, so we move more quickly through the basic structural material.

Remark 5.0.1. It would be possible to continue as in Section 4 by developing a symmetric theory for
both p-adic and extended real Hodge structures, but this quickly loses touch with the aspects that are
classically interesting in real Hodge theory (one would even arrive ultimately at a trivial “transcendence”
result in this case; see Remark 6.2.2). However, although the symmetric treatment served us well in
Section 4 as a tool for better understanding the arguments in the p-adic case, in this section it will be
clearer to consider only the p-adic case and focus instead on the connections with classical notions in
p-adic Hodge theory.

5.1. Definitions, examples, and first properties.

Definition 5.1.1. (1) A B(;;-latticed isocrystal is a pair (W, £) where W is an isocrystal and £ C Wp,,
isa B&—lattice. A morphism (W, L&) — (W', L) is a morphism of isocrystals f : W — W’ such
that f (L&) C L. Itis strict if f(Le) = f(W)py N LY. A complex of Bgiz—latticed isocrystals is
exact if it is exact as a complex of isocrystals and each morphism is strict.

(2) An admissible pair is a B;%—latticed isocrystal (W, Lg) such that £(W) ., — the modification of
the vector bundle £(W) on F» associated to W by the lattice Lg at oo as in Definition 2.5.1 —is
semistable of slope zero.

(3) An admissible pair (W, £) is basic if the isotypic decomposition W = €D, . W), induces a decom-
position £L =P L;, L, := W ® Bar N L.
We write AdmPair(C) for the category of admissible pairs and AdmPair®®¢(C) for the full subcategory
of basic admissible pairs.

The category AdmPair(C) has realizations to isocrystals and Q ,-vector spaces, which in the geometric
case (Example 5.1.5) correspond to rational crystalline and p-adic étale cohomology. We begin by
defining these realization functors and the additional structures on them, then show that AdmPair(C) is a
neutral Tannakian category over Q,,.

The isocrystalline realization

Wisoc - AdmPair(C) — Isoc, (W, L)— W, 2)

is an exact tensor functor. By abuse of notation, we also denote the composition with the forgetful functor
Isoc — Vect(@ p) by wisoc. The étale realization is

wg : AdmPair(C) — Vect(Q,), (W, L)+ Ho(ﬂ:cb, EW) ), 3)
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where £(W) is the modified vector bundle on the Fargues—Fontaine curve Fe». This is also an exact
tensor functor, moreover we will see in Theorem 5.1.6 that AdmPair(C) is a neutral Tannakian category
over Q,, with fiber functor wg.

If (W, £) is an admissible pair, the Bgr-linear extension of the restriction morphism

wa(W) = H(Fer, EW) ) — H(Spec Bar, E(W) zlspec Bx) = W ® Bar

is an isomorphism wg (W) ® Bir = wisoc (W) ® Bgr. These isomorphisms are functorial and give a
canonical de Rham comparison isomorphism

CdR : Wgt @ BarR == Wisoc @ Bar 4

between Bgr-valued fiber functors on AdmPair(C).
The isocrystalline and étale realization functors on AdmPair(C) can be enriched to land in B;k—latticed
vector spaces by the étale and de Rham lattice functors, respectively given by

wr W, LY=L, or,(W, L) =cg (W Bf).

Remark 5.1.2. We call £ the étale lattice because it is the image of wg (W, £) ® Bg} under cqr. The
term “de Rham lattice” matches the terminology in Section 4 via the functor wys of Theorem 5.1.6;
in the geometric setting (Example 5.1.5) the de Rham lattice is a canonical deformation of de Rham
cohomology.

Using the Biatynicki-Birula functor from B(;%-latticed vector spaces to C-filtered vector spaces, the
étale lattice gives the Hodge filtration Fige o0 We and the de Rham lattice gives the Hodge—Tate filtration
Fir on wg (W, £)c. Specifically, for (W, £) € AdmPair(C), the Hodge filtration is

Fﬁdg = image in W¢ of (WB& N (FBar) -E)
and the Hodge—Tate filtration is
Fiyy = image in wa(W, £)c of (wa(W, £) s N (F'Bar)- Wt ).

While the Hodge and Hodge—Tate filtrations give tensor functors valued in Vect/ (C), we caution that
they are not exact (by essentially the same computation as Example 4.3.4).
Lemma 5.1.3. For an admissible pair (W, L), the following are equivalent.

(1) (W, L) is trivial, i.e., isomorphic to a direct sum of ((I:Dp, B(;Ez)-

(2) The Hodge filtration on Wc¢ is trivial.

(3) The Hodge-Tate filtration on ws(W, L) is trivial.

Proof. The type of the Hodge—Tate filtration is the inverse of the type of the Hodge filtration, as follows
from Lemma 3.2.3, so (2) holds if and only if (3) holds. It is immediate that (1) implies (2). To see (2)
implies (1), note that if the Hodge filtration is trivial then the lattice is trivial by Corollary 3.1.9. Then
E(W) = E(W), so admissibility implies the isocrystal W is also trivial. U
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Before continuing with the general structure of AdmPair(C), we give examples of admissible pairs.

Example 5.1.4. Recall from Section 2.2 that, for k in Z, D_; denotes the isocrystal Q » with Frobenius
acting by p~*. We define the Tate admissible pair

Q, (k) := (D_y, F*B, - D_).

For wys as in Theorem 5.1.6 below, we have a canonical identification st(@ p(k)) =Q, k), for Q, (k)
the Tate p-adic Hodge structure of Example 4.2.5. The Hodge filtration on Q p(k) ® C is concentrated in
degree —k.

Since every one-dimensional isocrystal is isoclinic, every one-dimensional admissible pair is basic. It
follows from Example 4.2.5 and Theorem 5.1.6 that, up to isomorphism, the Tate admissible pairs give
all one-dimensional admissible pairs.

Example 5.1.5. If X/Oc¢ is a smooth proper formal scheme with generic fiber X, a rigid analytic variety
(Xie/ W)/ pl, L&) Where
Lt = Héit(X , Q) ® B;%. The associated B;R-latticed Q-vector space obtained by applying (wg, wryy)
is that of Example 4.2.4.

over C, the results of [5] provide cohomological admissible pairs (HC’AryS

The obvious tensor and dual on B;i—latticed isocrystals preserve admissible pairs, and we have:

Theorem 5.1.6. AdmPair(C) is a connected neutral Tannakian category with fiber functor wg. It is
equivalent to the isogeny category of rigidified Breuil-Kisin—Fargues modules BKF;’ig of [2]. The functor
a)ft = (ws, ) induces an equivalence

wns : AdmPair®€(C) => HS(C).

The fiber functor wg on HS(C) (with the Hodge—Tate filtration) defined in the previous section is
canonically identified with wg (with the Hodge—Tate filtration) on basic admissible pairs via wys, so that
the overlap of notation will cause no confusion.

Proof. By [2, Theorem 3.19], the category BKF;’ig is equivalent to the category of quadruples (F, F/, B, )
where F and F' are vector bundles on F with F trivial (equivalently, semistable of slope zero), « :
Flrooe == F'lRooc» and B : @ gr* F/ => F' (where the graded pieces are for the slope filtration). There

is a natural functor from AdmPair(C) to this category
(W, Le) = (EW), EW), acan, Bean)

where acay, 1S the isomorphism given by the modification construction and B, is the canonical isomorphism
of £(W) with its slope graded. It is an exercise in the definitions to verify this is an equivalence.

The remaining properties claimed for AdmPair(C) then follow from the corresponding properties
established in [2]. However, we can also justify them directly as in Section 4. Indeed, the proof that
the category is abelian is almost identical to the proof of Lemma 4.3.2, using that the modifications in
each graded piece are semistable of the same slope. That it is neutral Tannakian is then clear, and the
connectedness follows as in the proof of Theorem 4.3.5 using Lemma 5.1.3.
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It remains to see that wé induces an equivalence between basic admissible pairs and p-adic Hodge
structures. The functor wyg is given by

W, L) =@ (Wi, L) > @ 05(W_y2, Low)
reQ we

and we have described the inverse at the beginning of this section. (]

5.2. G-structure and motivic Galois groups of admissible pairs. For G/Q, a connected linear algebraic
group, recall (from Section 2.1) the category G—AdmPair(C) of admissible pairs with G-structure (or
G-admissible pairs for short) has objects exact tensor functors G : Rep G — AdmPair(C) such that w¢ oG

is isomorphic to wgq. A G-admissible pair is basic if it factors through AdmPair®®(C).

Definition 5.2.1. If W is an admissible pair, then the motivic Galois group of W, MG(W), is the

automorphism group of wg|(w).

Any admissible pair W has a canonical MG(W)-structure. More generally, for any G € G-AdmPair(C),
we define MG(G) to be the automorphism group of w restricted to the Tannakian subcategory generated
by the essential image of G. Then, as in Section 2.1.2, G has a canonical refinement to a MG(G)-admissible
pair, and a choice of isomorphism wg 0 G = wgq identifies MG(G) with a closed subgroup of G. If G is
basic, then MG(G) is canonically identified with MT (wys o G), the Mumford-Tate group of the associated
G-p-adic Hodge structure, via Theorem 5.1.6. For any G € G-AdmPair(C), the isomorphism class of
wisoc © G 18 classified by an element of B(G), denoted [b]g.

Example 5.2.2. A G-admissible pair G factors through AdmPair(C)®® if and only if the slope morphism
is central in the motivic Galois group; if G = MG(G), this is equivalent to [b]g being basic. A good
example to keep in mind is an admissible pair arising as an extension of Q » by Q p(1). The trivial
extension is basic, with motivic Galois group G,,, and the others are nonbasic and have motivic Galois
group G, x G,. If we view these extensions as arising from elliptic curves in a Serre—Tate disk, then
only the lifts isogenous to the canonical lift (i.e., with Serre—Tate coordinate a root of unity) give rise to
basic admissible pairs (see Example 1.1.2).

We write wy for the functor to bilatticed Bqr-vector spaces
(W, Le) = (Why, 0 (W, L) = W+, Let)

It is an exact tensor functor, and extends the functor wp; on p-adic Hodge structures under the equivalence
of Theorem 5.1.6. Note that the Hodge filtration on W¢ is given by BB o wy;, while the Hodge—Tate
filtration on w¢ (W) ®q, C = Lq ®B& C is given by BB; o wy.

Definition 5.2.3. If G € G—AdmPair(C), we say G is good if wy) o G is a good bilatticed G-bundle as in
Definition 3.2.5, and write [u]g for the associated type.

By Theorem 3.2.6, G is good if and only if the Hodge filtration (resp. Hodge—Tate filtration) composed
with G, Rep G — Vect/ (C) is a filtered G-bundle (and so exact), and then [/,L_l]g (resp. [u]g) is the type
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of the Hodge (resp. Hodge-Tate) filtered G-bundle. If G is not basic then the invariant [b]g is no longer
uniquely determined by [ut]g, but the proof of Theorem 4.4.4 extends immediately to show

Theorem 5.2.4. If G is a connected linear algebraic group and G € G-AdmPair(C) is good, then |b]g is
contained in B(G, [[,L_l]g).

5.3. Hodge lines. Suppose W is an admissible pair. For k € Z, the space of weight 2k Hodge lines in W is
Hdg™ (W) := (Homadmpair(c) (@, (—k), W)\ {0}) / Q.
By evaluation, Hdg?* (W) is a projective subspace of I]:D(W‘/JW:pk), where we note
Wv=r" = Homysee(Dg, W)

is a finite-dimensional @ ,-vector space (recall Dy from Section 2.2 denotes the 1-dimensional isocrystal
Q p with Frobenius acting by o).

We also may identify Hdg?* (W) with a projective subspace of P(wg (W)) by evaluation after application
of wg. If W is basic with associated p-adic Hodge structure V, Hngk(W) = HT?*(V) compatibly with
this identification, and essentially the same proof as Theorem 4.5.1 yields an extension to all admissible
pairs:

Theorem 5.3.1. Suppose G/Q,, is a connected linear algebraic group and G € G—AdmPair(C) is
equipped with a trivialization ws o0 G = wgq. Then MG(G) < G is the subgroup of G preserving every line
¢ € HAg* (G(V)) for each V € Rep G, k € Z.

Remark 5.3.2. Let W € AdmPair(C) and let V = we(W). When we identify Hdg? (W) with a projective
subspace of P(V), it lies inside the projectivization of

+
HomB;'R—latticed Qp-vector spaces (@P (_k) ’ ( V.W® BdR)) '

This is an equality when W is k-isotypic, but in general this set of homomorphisms can be larger, so that
the Hodge lines cannot typically be determined only using the data of the B;k—latticed Q,-vector space
attached to a general admissible pair.

5.4. Cy-analyticity of an admissible pair and its de Rham lattice. We now give precise definitions of the
rationality properties of the lattices associated to an admissible pair, as needed for the main theorem. The
rationality of the étale lattice determines the field of definition of an admissible pair, and we consider the
subcategory consisting of those objects that can be defined over some strict p-adic subfield of C (recall a
nonarchimedean field is strict p-adic if its value group is discrete and its residue field is algebraically
closed). Note that any strict p-adic subfield is contained in C and contains Q -

Definition 5.4.1. Let (W, £) be an admissible pair over C and let V = wg (W, L).

(1) The de Rham lattice w,, (W, £) of (W, £) is C o-analytic if there is a filtration F* on Ve, such that
0rgW, L) = Lean(F*Vz) = icz F~i Ve, ® FiBgr. For K C C a strict p-adic subfield, we say
that the de Rham lattice is defined over K (or is K-analytic) if F* is defined over K.
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(2) (W, L) is Co-analytic if there is a filtration F* on We, such that
L=Lean(F'Wg)=) F'Wg ®¢, F'Bar.
ieZ
For K C C a strict p-adic subfield, a Cy-analytic admissible pair (W, £) has good reduction over K
if this filtration is defined over K.

We write AdmPair(Cy) for the full subcategory of AdmPair(C) consisting of Co-analytic admissible
pairs, and an admissible pair with G-structure G is Co-analytic if it factors through AdmPair(C). For
K C C a strict p-adic subfield, we write AdmPair2°"4(K) for the full subcategory of AdmPair(C)
consisting of admissible pairs with good reduction over K, and an admissible pair with G-structure G has
good reduction over K if it factors through AdmPair°*4™¢(K).

Remark 5.4.2. In Part III we will give a definition of admissible pairs over an arbitrary locally spatial
diamond. For the diamond SpdK, K a p-adic field, this will amount to an admissible pair (W, £) over
C = K" equipped with a semilinear action of Gal(K /K) on W that preserves £ for the induced semilinear
action on Wp .. An admissible pair with good reduction over K will then be one where the semilinear
action is unramified; if the residue field of K is algebraically closed, then the semilinear action is trivial
and we recover the notion above. We make the definition above only in the case of algebraically closed
residue field to avoid introducing this semilinear action, which is irrelevant for our transcendence results.

Note that any Cy-analytic admissible pair has good reduction over a sufficiently large strict p-adic
subfield K C C. Thus, if G is a Cy-analytic admissible pair with G-structure, and since Rep G has a tensor
generator, one can always find a strict p-adic subfield K C C such that G has good reduction over K.

On the category of admissible pairs with good reduction, there is a canonical splitting of the Hodge—Tate
filtration. Below we write &x = Gal(K /K).

Lemma 5.4.3. Let (W, £) € AdmPair(Cy), and let V = ws(W, L).
) IfL= ,Ccan(F‘Wgo)for a filtration F* on We, then
. . . (6}
F WEO = lim (FHdiC) "
KcCy
where K ranges over discretely valued subfields of Cy. In particular, F *Wg, is uniquely determined
by (W, L) and recovered via the Hodge filtration.

(2) For each i, the natural map F~' We, ® F BRCLEV® BQIz yields a commutative diagram

F~'Wg, ® F'Bir — V ® By

L !

g We, ®C(i) — V®C
which induces an isomorphism

gr_i We, ®¢, C@i) = gri Ve.
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(3) The previous isomorphisms yield a functorial splitting of the Hodge—Tate filtration on AdmPair(C)
(W, L) > @ er ' We, & Cli) = Ve.
ieZ
Proof. Functoriality in (3) follows from (1) since the Hodge filtration is functorial. It is immediate from
the definitions

Lon(F) =3 F"'Wg ® F'Br and  Fjjgo = (t"LOWp )/ ("Lt W)
ieZ
that Fﬁdg = F*® C and (1) follows by taking the colimit over Galois invariants. (2) then follows from (1)
and the following diagram with exact rows and columns:

0 0 0

4 1 3

! l il
0_)th35%“1‘£—)th8;%(-]£—)]71{1_1_“/€_)0

. 1 1
0 — Fif ' We ® C(i) — FilyWe ® C(i) — gr'Ve — 0

1 1 {

0 0 0 O

As a consequence, we find Cy-analytic admissible pairs avoid some of the perversities one encounters
regarding types for general admissible pairs:

Theorem 5.4.4. Any C-analytic admissible pair with G-structure is good.

Proof. The splitting in Lemma 5.4.3 is functorial, so the Hodge—Tate filtration on wg o G is exact and thus
the result follows from Theorem D. O

Example 5.4.5. Building on Example 4.3.4, one easily finds that EXt/l%deair(C) (triv, triv) = Bar /By and
that the only good extension (viewed as a G,-admissible pair) is the trivial one corresponding to the zero
coset. By Theorem 5.4.4 we conclude that Exti dmPair( 60)(triv, triv) = 0. This is an incarnation of the fact
that a self-extension of the trivial representation of the Galois group of a p-adic field is crystalline if and

only if it is unramified (see Section 5.5 below).

Example 5.4.6 (Existence of G-admissible pairs with fixed invariants). Combining Theorem 5.4.4 and
Theorem 5.2.4, we find a Co-analytic G-admissible pair is good with invariants [i] and b such that
b € B(G,[n™']). We claim furthermore that given any b € B(G, [™']), there exists a Eo—analytic
G-admissible pair with invariants b and [x] (so far it is not obvious that there is any G-admissible pair
with these fixed invariants!). Indeed, choosing a Levi decomposition G = MU, we can always push-out
from M to G, so it suffices to assume G is reductive. In the reductive case, this existence follows from
[27, Proposition 3.1].
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5.5. Galois representations for admissible pairs with good reduction. In this subsection we take K to
be a strict p-adic field and assume C = K”. Then wg| Admpaireodred (k) promotes naturally to a functor
W@ - AdmPairgdTed( gy Rep@p G k. Indeed, for (W, £) in AdmPair2°°4(K) the Hodge filtration of
W is defined over K and £ = ZieZ F};dig Wk ®k F!Bar is preserved by the &k action on Wp,, = W ® Bgr
(acting on Bgr). Consequently there is an induced action p of &g on wg (W, £) = H(F, £(W) ), which
is encoded by the following commutative diagram for each o € G

ws(W, £) @ Bl —=2 5 W ® Bar = wisoc(W, £) ® Bar
p(o)®ol lld@a (5)
wst(W, L) ® Bl —25 W ® Bar = wisoc(W, £) ® Bar

The following is essentially the crystalline comparison as reinterpreted by Fargues and Fontaine in this
special case (see Remark 5.5.2 below).

Theorem 5.5.1. The functor we, is fully faithful; its essential image is stable under subobjects and is

contained in the subcategory of crystalline representations of & .

Proof. Let (W, £) € AdmPair®*4™d(K). Let V = wg(W, £) and let p be the Galois representation on V.
We first explain how to reconstruct (W, £) from (V, p).

Because V ® Of|p\ooc = E(W)|p o> We have by construction an isomorphism Vg, = Wp, . Taking
& g -invariants thus recovers Wg, (showing that V is crystalline), compatibly with the natural Frobenius
action on both sides (with Ko = Bg;fs). Since K¢ has an algebraically closed residue field, the Dieudonné-
Manin classification for Frobenius modules over Ky shows W =) A=t Q b (WKO)“’h:pa, SO we recover
W. Once we have W, we recover £ as £ = VBIR C V= Whay-

From this it is clear that we , is fully faithful —indeed, any endomorphism of W or V is determined by
its action on Wp,, = Vp,.. If S C V is a subspace preserved by the Galois action, then the exact sequence

0= (S ) 7 = (V)6 = Wiy = (V/8)5,) "

crys crys crys

plus the relations dimg, V = dimeW, dim F,(Sp YOk < dimg, S and dimg,((V/S) 5 YOk < dimg,V/S
show that (S Bcrys)"j’( is a sub-g-module of Wk, with the same dimension as §. Passing to the associated
isocrystal W/ C W as above, we find W/BdR = Spy and thus (W', LN Wl/?da) = (W, SB;;() is a subobject

corresponding to S. U

crys crys

Remark 5.5.2. Of course, the essential image of this functor is the category of crystalline representations
of Gk, and the construction in the proof explains also the relation to Fontaine’s category of filtered
@-modules over Ky when we take into account that the & g-invariant lattices on Wp,, are precisely the
ones in the image of L.,,. We do not discuss this further here as it is not necessary for our present
purposes; in Part III we will explain this equivalence more generally in the context of Remark 5.4.2 where
we allow also K with non-algebraically closed residue field.
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If G is a G-admissible pair with good reduction over K, then we obtain a continuous representation
p:Bx — G(Q,) after choosing a trivialization wg 0 G = wgq. Theorem 5.5.1 implies that the induced
map from the Tannakian structure group of we, o G to MG(G) is an isomorphism. The former is the
Zariski closure of the compact subgroup p (&) in G(Q),); thus the image of p is Zariski-dense in MG(G).
In fact, we can do slightly better:

Corollary 5.5.3. With notation as above, p(&) is an open subgroup of MG(G)(Q)).

Proof. Lemma 5.4.3 implies p is a Hodge-Tate representation. By [33, théoreme 1], its image is open in
its Zariski closure, which, by the above discussion, is MG(G). ]

We record for later use the following remark regarding a Galois theoretic consequence of the rationality
of the de Rham lattice.

Lemma 5.5.4. If G is a G-admissible pair with good reduction over K , and the de Rham lattice wz, 0 G
on wg o G is also defined over K, then the de Rham lattice wr, 0 G C (wg @ Bgr) 0 G is preserved by the
Bgr-linear extension p @ Idp,, of the action of &g on we.

Proof. By definition there is an exact K -filtration F' on wg; oG such that w,, 0G = Lean 0 F. Consequently
LenoF =Y F~(we 0 G) @k F'Byr is visibly preserved by Id,,.¢ ® o~! for o € &g; while (5)
shows it is preserved by p(o) ® o. Thus it is preserved by p(0) ® Idp,. (Il

5.6. Periods. We now describe some period constructions. We note that this kind of analysis goes back
at least to Fargues [16] in the Lubin-Tate case. We write wyr, wndg for the Hodge-Tate and Hodge-Tate
filtrations on wg, wrsoc respectively, and view them as tensor functors AdmPair(C) — Vect/ (C) (which
are not exact, but are exact when restricted to AdmPair(C)).

Let G be a connected linear algebraic group over Q,, and fix an element b € G(@ »). Let G, be the
G-isocrystal (V, p) = (V Qq, Q P ,o(b)(pQP). For G a G-admissible pair with underlying isocrystal of
type [b] € B(G), fix trivializations

trivisoc @ Wisoc ©G = Gp and trivg : wg 0 G = wyd.

Note that trivigee also induces a isomorphism Forget o wigoc 0 G = wsq ® Q ps we also call this trivigee and
allow wisoc © G to be valued in either isocrystals or Q p-vector spaces depending on the context. Then

CdR
Wstd @ BaR =trive, @ét © G @ BdR —> @isoc © G @ BdR =trivyy,e @std @ Bar

is given by cdr (G, trivg, trivigee) = trivigoe © CdR © '[riva1 € G(Bgr). This period matrix, combined with
knowledge of [b], uniquely determines the triple (G, trivg, trivigec) up to isomorphism of G matching the
trivializations. In other words, if we write M;,(C) for the set of such isomorphism classes, then we obtain
an injection cgr : Mjp(C) — G(Bgr). We also have (see Section 3 for the notation):

(1) The de Rham lattice period 7, (G, trivg) € Grg (C) classifying the B(;%-lattice ®r 4 ©9 on the trivial
G-bundle wgt O g trivg Wstd-
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(2) The étale lattice period mwr, (G, trivise.) € Grg(C) classifying the Bg;z—lattice wr, © G on the trivial
G-bundle wisoc © G =qrivygy @std ® Q.

These are related by the following diagram:

M;(C) € G(Bar)
cdr (G, trivigec, Tivg) = g

— .

TLg TLIR
Grg(C) = G(Bw)/G(Bj; Grg(C) = G(Bar)/G(Bj
724 (G trivigee) = gG (B ) T (G, rive) = g7 ' G(B; )

Remark 5.6.1. If C = K" for a p-adic field K, then the period mappings s, and oy, are Gx =
Gal(K /K)-equivariant for the natural actions. Indeed, if g € G(Bgr), the lattice gG(B r) on the trivial
G-bundle sends a representation V € Rep G to the lattice gVBd+R C Vg Then

0 gVgr =0(8)0™ (Vg2 ) =0(8)Vps

since o preserves By

For [u] such that b € B(G, [u]), write M, ,1(C) € M,, for the subset consisting of G that are good
of type [w]. This is equivalent to requiring that cqr (G, trivisec, trivg) lies in the cell G(B )t“G(B r)- In
this case we also have:

(1) The Hodge-Tate filtration period (G, trive) € Flp,1(C) classifying the filtration wyt on the trivial
G-bundle Wit ® C trivg, Wstd ® C.

(2) The Hodge filtration period mHag (7, trivisec) € Fl,,-17(C) classifying the filtration wygg on the trivial
G-bundle wisoc ® C =trivy,, @std @ C.

Writing [t#] := t“G(B )/G(B r) € Grg(C), the diagram is then refined to

My 11(C) € G(BRI“G(BJR)
CdR(g triVigoc, trivg) = gll”gz

”ﬂet ”ﬁdR
Gry,1(C) = G(By; )[t"] Gry,-11(C) = G(B, )[t "
7o (G, rivigee) = g1[1#] . Teg (G, trive) = g5 '[t7+]
T T
Flyy,-1(€) = G(C)/ P (C) Fl,1(C) = G(C)/Pu(C)

e (G, riviee) = g1 P, 1 7ur(G, tiviee) =25 ' Py
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Note G € G-AdmPair(C) is Co-analytic if and only if, for one (equivalently, any) choice of trivigec,

716 ([G, trivigec]) is in the image of the canonical lattice map
Lean : Flg(Co) — Grg (C).

In particular, to detect the Co-analytic points we may assume C = C ¢ so that by Proposition 3.1.7(2)
these are exactly the points of Grg (C) stabilized by a finite index subgroup J of Gal(Co/Cy). If K = C3,
the points stabilized by J are exactly those G-admissible pairs factoring through AdmPair€°4"*4(K). For
each V € Rep G, we have the crystalline Galois representation J — GL(w¢ o0 G(V)) from Section 5.4.
These are compatible for varying V € Rep G, and arise via Tannakian theory from a crystalline G-valued
representation

p=p(G, tiveg) : T — G(@Q)), p(0) = trivy,' o pe (o) o trivg.
The next lemma shows how this can be recovered from the period of G (relative to the trivializations
trivee, trivisec).
Lemma 5.6.2. For g = cqr(G, trivisec, trive) € G(Bgr) as above, the associated Galois representation
p:J— G(Q)) is recovered by the action on g by
o(g) =gp(o),
Proof. To see this, we trace definitions noting that the action of o on cgR is
0 -cqr = (Idy,,, ® ) o car 0 (Idy, @ 1).
We substitute the defining property (5) for pg,
Iy, ® 0 = car 0 (Pa(0) ® ) 0 g
to get
0 - CdR = CdR © Pei(0) @ Idpyg.
Putting all of this together, we see that
0 (8) = (du,, ®0) 0 g o (d, ®),

= (Idy,, ® 0) o (trivy,. o car 0 triver) 0 (Idyy, ® 1),

= trivy,s, 0 (Idyy,. ® 0) 0 car 0 (Idy, ® 0 ") o trivg,

= ‘[riVI_SéC o (0 - cgr) o trivg,

= trivp.. 0 (car © Per(0) ® Idpyy) o trive,

= (trivyea, © CaR © tTive) o (trivy,' 0 pe(0) @ Id gy o trivey),

=gp(o). U

We obtain the following precise analog of the Grothendieck period conjecture:
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Corollary 5.6.3. If G is a Cy-analytic G-admissible pair and G = MG(G), then cqr o G is a generic point

of the torsor of isomorphisms between ws o G and wisec © G.

Proof. We need to show that the J-orbits of cqg o G are Zariski dense in Isom® (wg 0 G, wisoc © G), but this
follows since the image of p is Zariski dense in G by Corollary 5.5.3. ]

5.7. Admissible pairs with complex multiplication. An admissible pair M has CM if its motivic Galois
group MG(M) is a torus. We now give the easy direction of Theorem B and Corollary C:

Proposition 5.7.1. Suppose G € G-AdmPair(C) has complex multiplication. Then, for any choice
of trivg and trivisee, e, (G, trivisee) is Q p-analytic and mwp, (G, trivg) is Q p-analytic. In particular, if
M € AdmPair(C) has complex multiplication then it is Q p-analytic and its de Rham lattice is Q p-analytic.

Proof. By functoriality of periods, we may assume G = T is a torus. Then every cocharacter is minuscule
so each cell of the affine Grassmannian is equal to the flag variety and consists of a single point, and is
thus defined over a finite extension of the base field (which is Q, for the de Rham lattice and Q p for the
étale lattice). O

For completeness, we recall now the classification of CM admissible pairs, a result due to Anschiitz
[2] in the language of Breuil-Kisin—Fargues modules and essentially equivalent to a result of Serre [33,
théoréemes 5 et 6] on abelian Galois representations. This classification will not be used in any of our
results.

We write AdmPair® (C) for the Tannakian subcategory of CM admissible pairs. By Proposition 5.7.1,
AdeairCM(C ) C Adeair(GS p). In fact, the motivic Galois group S of AdeairCM(C ) is the maximal
abelian quotient of the motivic Galois group of Adeair((I:T\D ») — there can be no additive component be-
cause the only Cg-analytic extension of the trivial admissible pair by itself is trivial by Example 5.4.5. Note
also that, for T a torus, any T-admissible pair is basic, so AdmPair™(C) is equivalent via Theorem 5.1.6
to the category HS®M(C) of p-adic Hodge structures with complex multiplication.

Consider the pro-torus over Q,, S’ = lim@pg ECC.[E:Q,]<o0 Resép G, where the transition maps are the
norm maps. Then the character group X*(S’) is the space of locally constant functions on Gal(Q,/Q,),

and there is a cocharacter u : G, g — Sf@ corresponding to

! p

W X*(8) — X*Gp) =27, f— f{1d).

Then = (¢) classifies an S’-admissible pair whose associated §’-p-adic Hodge structure is classified
by u(t) (the weight homomorphism corresponds to the map on character groups given by integrating
f/2). Explicitly, if we consider the representation of S’ determine by S’ —» Resgp G, and the standard
representation of the restriction of scalars given by E acting on itself by multiplication, then the associated
admissible pair (resp. p-adic Hodge structure) is given by the covariant Dieudonné module of a Lubin—Tate
formal group for O (resp. its Tate module). Arguing as in [2] or [33], one finds the induced map S — S’
is an isomorphism.
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6. Transcendence

In this section we prove Theorem B and Corollary C, and give a refinement that applies outside of the basic
case. Before giving these proofs, in Section 6.1 we describe in more detail the analogous transcendence
results over C.

6.1. Conditional and unconditional results over C. Let A/C be an abelian variety. The kernel of the
exponential Lie A — A(C) is naturally identified with H;(A(C), Z). The Hodge filtration is the kernel of
the induced map

Hi(AC),C)=H(A(C),Z)® C— Lie A,

which can canonically be identified with wav, the invariant differentials on the dual abelian variety A".
This weight —1 ()-Hodge structure determines A up to isogeny, and we say A has complex multiplication
if this weight —1 Hodge structure does — this is consistent with our earlier definitions, since ()-Hodge
structures form a Tannakian category, and is equivalent to the usual definition that End(A) ® Q contains a
semisimple commutative subalgebra of dimension 2 dim A. We say A is defined over @ if the equations
defining A can be chosen to have coefficients in @, i.e., if there is an abelian variety over Q whose base
change to C is A.

Theorem 6.1.1 (Cohen [11]; Shiga and Wolfart [34]; generalizing Schneider [30]). An abelian variety
A/C has complex multiplication if and only if A is defined over Q and its Hodge filtration is defined over

Q (i.e., the subspace wav C H{(A(C), Q) ® C admits a basis whose elements are Q-linear combinations
of elements in H (A(C), Q)).

Abelian varieties up to isogeny are precisely the weight one motives over C. The proof of this theorem
makes use of the equivalence of this subcategory with the category of weight —1 Q-Hodge structures and
the Wiistholz analytic subgroup theorem, a linear transcendence result. Theorem A gives a conditional
generalization of this result to all motives over C, and the assumptions match up with these ingredients:
we assume the standard conjectures so that there is a good Tannakian category of motives, we assume
the Hodge conjecture so that Hodge structures give a fully faithful realization, and we assume the
Grothendieck period conjecture as a nonlinear transcendence result to get us started.

We now explain the setup in detail, then prove Theorem A: Assume the standard conjectures, and let
Mot(C) be the category of pure motives over C with Q-coefficients. It is equipped with a Betti realization
wp : Mot(C) — Vect(Q) and an algebraic de Rham realization wgr : Mot(C) — Vect(C). The latter
admits a Hodge filtration F*wggr : Mot(C) — Vect/ (C), and there is a canonical comparison isomorphism
¢ wgr = wg ® C. The category Mot(Q) of motives over @ is a full subcategory, and the restriction
of F*wgr to Mot(Q) factors canonically through Vect/ (Q). Both Mot(C) and Mot(@) are Tannakian
categories over , neutralized by wpg. Moreover,

Isom® (wdeMot(@) , W &® (I_;DlMot(@))
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is a scheme over @ and the Grothendieck period conjecture says that

c € Isom® (WdR Ivor(@) @B ® @IMot(@))(C)

is a generic point, i.e., is @-Zariski dense. There is also an exact tensor functor from Mot(C) to the
category Q-HS of ()-Hodge structures sending M € Mot(C) to (wg(M), c(M)(F*wqr(M))), and the
Hodge conjecture implies this is fully faithful.

Proof of Theorem A. The algebraicity for CM-motives is well known, so let us assume both M and the
Hodge filtration are defined over Q. Let G be the motivic Galois group of M, i.e., G = Aut® (wBl(my). It
is a connected linear algebraic group over Q (e.g., by the Hodge conjecture and the connectedness of
Mumford—-Tate groups), and we have a natural tensor equivalence Rep G — (M) and an identification
of wgqg on Rep G with wp on (M). If we fix also a trivialization wgr |(m) = Wsd @ Q then we obtain an
identification

Isom® (war | (w1, @5 @ Q| (1)) = Isom® (W ® B, w5 ® Q) = Gg

and, by the Grothendieck period conjecture, the de Rham comparison isomorphism c is a generic point in
Gg(C). Splitting the filtration of wqr |(m) gives a cocharacter u of Gg so that the Hodge filtration is F),.
The classifying point for the induced fully faithful functor (by the Hodge conjecture) Rep G — Q-HS is

C- FM € FI[M](C)

Since the orbit map for F,, Gg — Flj, is dominant, this is a generic point of Fly,,;/ @, so if the Hodge
filtration is Q-algebraic (with respect to the Betti rational structure), we deduce ¢ - F,, = Fl,,; and hence
the stabilizer P, of F,, is G. If this is the case, then each element of G(Q) stabilizes the Hodge filtration
thus induces an automorphism of the induced tensor functor from Rep G to @-Hodge structures. By
Lemma 2.1.2 the only automorphisms are by Z(G)(Q) so we conclude G (Q) C Z(G). Since the Q-points
of a connected linear algebraic group over Q are Zariski dense by [6, Corollary 18.3], we conclude
G = Z(G), i.e., G is abelian. It is thus a product of a torus and an additive group, but the additive part is
trivial as there are no nontrivial extensions of the trivial Hodge structure by itself (this is already true at
the level of filtrations)’. Thus, G is a torus. O

6.2. Proof of Theorem B and Corollary C. Given the setup of Section 5.6, Corollary C is an immediate
consequence of Theorem B since for any connected linear algebraic group G, Rep G admits a single
tensor generator. We now prove Theorem B. To that end, we fix an algebraically closed nonarchimedean
extension C/Q,. Let k = Oc/mc¢ be the residue field, and let Co = W (x)[1/p], so that any p-adic
subfield of C is contained in the algebraic closure Co of Cp in C.

In Proposition 5.7.1 we saw that any CM admissible pair over C is ) p-analytic and has Q p-analytic
de Rham lattice. Suppose now that M € AdmPair®®°(Cy), and that the de Rham lattice of M is also

70f course we could also exclude the possibility of an additive factor by using that G is reductive because of the polarization
on motives, but the given argument better mirrors the p-adic case.
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Co-analytic. We may thus fix a finite extension K /Cy such that M is an admissible pair with good
reduction over K and such that the de Rham lattice is also defined over K. Let J = Gal(Cy /K).
Let G be the motivic Galois group of M, and let

G :Rep G — AdmPairt**¢™4(K) € AdmPair(C)

be the canonical G-structure for M, so that there is a canonical trivialization wg 0 G = wgq. Fix also a
trivialization wygoc ®@P K = wyq (viewed as a fiber functor to Vect(K)). As in Section 5.6, c4r corresponds
(via the chosen trivializations) to an element g € G(Bgr), and the de Rham lattice is classified by

g~ 'G(Bg) € Grg(C) = G(Bar)/ G (Bjjp)-
As in Lemma 5.6.2, we find that J acts on g by

o(g) =gp(o) o€l

where p : J — G(Q)) is the associated crystalline Galois representation. The de Rham lattice period
mapping is J equivariant (Remark 5.6.1) so the Galois action on the de Rham lattice period multiplies it
on the left p(o)~'. By assumption, the de Rham lattice period is preserved by this action (Lemma 5.5.4),
so we conclude that p(0) € G(Q,) preserves the de Rham lattice. The induced functor from Rep G to
p-adic Hodge structures is fully faithful and p (o) is an automorphism of this functor so Lemma 2.1.2
shows that p(0) € Z(G)(Q,). However, the image of p is Zariski dense in G by Corollary 5.5.3, so we
conclude Z(G) = G, so G is abelian. It is thus a product of a torus part and an additive part, but the
additive part must be trivial because there is no nontrivial Co-analytic extension of the trivial admissible
pair by itself (Example 5.4.5). Thus G is a torus.

Remark 6.2.1. The proof is similar to the proof for one-dimensional formal groups given in [19], but at
the time we only understood weaker tools — indeed, in [19] we used Tate’s full faithfulness of the p-adic
Tate module over a p-adic field in place of the crystalline comparison here, and the Scholze—Weinstein
classification in place of the equivalence between basic admissible pairs and p-adic Hodge structures here.
Happily, we have skipped over the analog of the abelian varieties step (where progress has halted in the
archimedean theory) and gone straight to an unconditional analog of Theorem A. Nonetheless, it would
still be interesting to find another proof for isoclinic formal groups mirroring the use of the Wiistholz
analytic subgroup theorem in Theorem 6.1.1.

Remark 6.2.2. The same methods would give an unconditional theorem for extended real Hodge structures,
but the result is not very interesting: in this case, the condition for an extended real Hodge structure
analogous to having an Cy-analytic de Rham lattice is simply to be a real Hodge structure, but every
real Hodge structure has complex multiplication (indeed, the motivic Galois group of the category of
real Hodge structures is the Deligne torus Resc/rG,,). Thus in the archimedean case one must use an
underlying global structure on the coefficients to have an interesting transcendence theory, whereas in the
nonarchimedean case there is already a rich purely local transcendence theory.
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6.3. Beyond the basic case. In [19, Conjecture 4.1], one of the authors made a conjecture based on the
result for one-dimensional formal groups that does not really make sense as written (regretfully, we failed
to noticed at the time that isogeny Breuil-Kisin—Fargues modules were not an abelian category!). The
natural correction is to use rigidified Breuil-Kisin—Fargues modules. Doing so, the conjecture becomes
that a Cg-analytic admissible pair with Cg-analytic Hodge—Tate filtration admits complex multiplication.
Theorem B thus proves a weaker statement where we require the stronger condition that the de Rham
lattice is Co-analytic and restrict ourselves to basic admissible pairs. Note that in the case of minuscule
cocharacter, including all settings that apply to p-divisible groups, the Hodge—Tate filtration uniquely
determines the de Rham lattice, so that the corrected conjecture is now proved in these basic minuscule
cases. With a more complete understanding of the structures that allow us to prove Theorem B, it no
longer seems reasonable to conjecture that Co-analyticity of the Hodge—Tate filtration alone would suffice
beyond the minuscule case — it would be interesting to have an example!

With the correction described above, the conjecture does not hold outside the basic case. Indeed, already
the admissible pair attached to an ordinary elliptic curve without complex multiplication gives an example
where it fails. This may appear at odds with the full results of [19], which also treat one-dimensional
p-divisible groups with an étale part, but note that in [19] we did not take into account the rigidification
and characterized CM purely in terms of endomorphisms; without the rigidification the étale part of a
p-divisible group can always be split off from the connected part over Oc.

In the nonbasic counterexample given by an ordinary elliptic curve, note that the slope filtration still
lifts, and each graded part for the slope filtration has complex multiplication. In fact, this holds in general,
as we explain now.

The slope filtration on the category of isocrystals is the increasing Q-filtration F; (W) =D, _, Wy,
where W), denotes the D,/ -isotypic component of W. For M € AdmPair(C) a Tannakian subcazegory,
we say the slope filtration lifts to M if F; (W) underlies a subobject for any (W, L¢) € M. Note that it is
equivalent to say that Aut® (wsoc| A1), Where wigoc is viewed as a fiber functor to Vect(@ ), preserves the
slope filtration.

Example 6.3.1. The slope filtration lifts to the subcategory of basic admissible pairs (because the slope
grading does!).

Theorem 6.3.2. Let M € AdmPair(Cy) and suppose the de Rham lattice of M is Co-analytic. Then the
slope filtration lifts to (M), and the associated graded has complex multiplication.

Proof. If the slope filtration lifts then the associated graded is basic, Cg-analytic, and has C-analytic de
Rham lattice, so Theorem B implies it has complex multiplication. Thus it remains only to show that the
slope filtration lifts.

For this, we may proceed as in the proof of Theorem B to obtain J and p such that, for o € 7, p(0)
preserves the de Rham lattice. This implies that p (o) induces an automorphism of the vector bundle £(W)
for any (W, Lg) € (M). Such an automorphism preserves the slope filtration of £(W), since morphisms
of semistable vector bundles on F» only go up in slope. Thus, after we use cqr to identify G (Bgr) with
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Aut® (wrsoc) (Bar), We find g preserves the slope filtration of Wp,x- But since the image of p is Zariski
dense® in G B Dy Corollary 5.5.3, we conclude that Aut® (@rs0cl (M), viewed as a fiber functor to Q P
preserves the slope filtration. In other words, the slope filtration lifts to (M). U
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