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Local square mean in the hyperbolic circle problem
András Biró

Let � � PSL2.R/ be a finite volume Fuchsian group. The hyperbolic circle problem is the estimation of
the number of elements of the �-orbit of z in a hyperbolic circle around w of radius R, where z and w
are given points of the upper half-plane and R is a large number. An estimate with error term e2R=3 is
known, and this has not been improved for any group. Petridis and Risager proved that in the special case
� D PSL2.Z/ taking z D w and averaging over z locally the error term can be improved to e.7=12C�/R .
Here we show such an improvement for the local L2-norm of the error term. Our estimate is e.9=14C�/R ,
which is better than the pointwise bound e2R=3 but weaker than the bound of Petridis and Risager for the
local average.

1. Introduction

1.1. Statement of the main result. Let H be the upper half-plane. For z; w 2 H let

u.z; w/D
jz�wj2

4 Im z Imw
I (1-1)

this is closely related to the hyperbolic distance �.z; w/ of z and w, namely we have 1C 2uD cosh �.
The elements of the group PSL2.R/ act on H by linear fractional transformations, which are isometries
of the hyperbolic plane. Let d�z D dx dy=y2; this measure is invariant with respect to the action of
PSL2.R/ on H. Let � D PSL2.Z/. For z 2 H and X > 2 define

N.z;X / WD
ˇ̌
f
 2 � W 4u.
 z; z/C 2�X g

ˇ̌
I

this is the number of points 
 z in the hyperbolic circle around z of radius cosh�1.X=2/, so the estimation
of this quantity is called the hyperbolic circle problem. We know that

jN.z;X /� 3X j DOz.X
2=3/I (1-2)

this is an unpublished theorem of Selberg, but it is proved also in [L-P]; see also [I, Theorem 12.1]. Let F
be the closure of the standard fundamental domain of � , i.e.,

F D
˚
z 2 C W Im z > 0;�1

2
� Re z � 1

2
; jzj � 1

	
: (1-3)

Research partially supported by the NKFIH (National Research, Development and Innovation Office) grants K135885 and
K143876, and by the Rényi Intézet Lendület Automorphic Research Group.
MSC2020: 11F72.
Keywords: hyperbolic circle problem, class number of pairs of quadratic forms.

© 2026 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2026.20-5
https://doi.org/10.2140/ant.2026.20.1029
http://www.ams.org/mathscinet/search/mscdoc.html?code=11F72
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/


1030 András Biró

The goal of this paper is to prove the following theorem.

Theorem 1.1. Let � D PSL2.Z/, let F be as in (1-3), and let �� F be a compact set. For any � > 0, we
have �Z

�
.N.z;X /� 3X /2 d�z

�1=2
DO�;�.X

9=14C�/:

Remark 1.1. The significance of the theorem is that the estimate is better on average than the pointwise
bound X 2=3.

Remark 1.2. Let f be a smooth nonnegative function that is compactly supported on F and let � > 0.
It was proved in [P-R] that

R
F f .z/.N.z;X /� 3X / d�z DOf;�.X

7=12C�/.

Remark 1.3. The bound (1-2) remains valid if we take any finite-volume Fuchsian group (a subgroup of
PSL2.R/ acting discontinuously on H and having a fundamental domain of finite volume with respect to
d�z) in place of PSL2.Z/, provided the main term is defined including all small Laplace eigenvalues.
The analogue of the theorem of [P-R] mentioned in Remark 1.2 was proved in [B1] for any finite volume
Fuchsian group with exponent 5

8
in place of 7

12
.

Remark 1.4. It would be interesting to extend Theorem 1.1 for any finite volume Fuchsian group in
place of PSL2.Z/ with some exponent smaller than 2

3
, similarly as the theorem of [P-R] was extended in

[B1]. Our present proof uses arithmetic tools, so it might be extended only for groups similar to PSL2.Z/.

Remark 1.5. Several other kinds of average results in the hyperbolic circle problem were proved in [C]
and [C-R].

1.2. Outline of the proof. We take an integer J � 2, which will be fixed to be large enough in terms of �.
We also take a parameter d , which will tend to1 together with X , and we assume X 2=3 � d DX 1�ı

with some fixed ı > 0. We take the sum

Nd;J .z;X / WD
JP

jD0

.�1/j
�

J
j

� Z 2

1
�0.�/N.z;X � jd�/ d�;

where �0 is a given nonnegative smooth function on .0;1/ such that �0.�/ D 0 for � 62 Œ1; 2�, andR 2
1 �0.�/ d� D 1. Then the j D 0 term equals N.z;X /, but the terms j ¤ 0 are smoothed versions of

N.z;X /. It can be proved by spectral methods that for z 2� the j ¤ 0 terms can be replaced by their
main terms with an error term O�.X=

p
d /. One gets from these spectral estimates that

Nd;J .z;X /DN.z;X /� 3X CO�.X=
p

d / (1-4)

for z 2�. If we take d larger than X 2=3, this error term will be smaller than X 2=3. One can also see
easily that the contribution of the nonhyperbolic 
 2 � to Nd;J .z;X / is O�;�.X

1=2C�/. Therefore, for
the proof of Theorem 1.1 it is enough to estimateZ

F
.Nd;J ;hyp.z;X //

2 d�z; (1-5)
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where Nd;J ;hyp.z;X / is the contribution of the hyperbolic 
 2 � to Nd;J .z;X /. We will give an
expression for (1-5) whose most essential part will be an expression of the form

X
t1;t2

f 2¤.t2
1
�4/.t2

2
�4/

h.t2
1 � 4; t2

2 � 4; f /

JX
j1;j2D0

.�1/j1Cj2

�
J
j1

��
J
j2

�
FX ;d .t1; t2; f; j1; j2/; (1-6)

where t1; t2 > 2 and f run over the integers, the factor FX ;d .t1; t2; f; j1; j2/ is an analytic expression,
and h.t2

1
� 4; t2

2
� 4; f / has the following arithmetic meaning. If d1; d2; t 2 Z, then h.d1; d2; t/ denotes

the number of SL2.Z/-equivalence classes of pairs .Q1;Q2/ of quadratic forms Qi.X;Y /DAiX
2C

BiXY CCiY
2 with integer coefficients satisfying that the discriminant of Qi is di , and the codiscriminant

B1B2� 2A1C2� 2A2C1 of Q1 and Q2 is t .
Now, (1-6) can be estimated in the following way. For certain ranges of the parameters t1; t2 and f

we will show that if these three parameters are fixed, then the summation over j1; j2 will be negligibly
small. This will follow simply from the mean-value theorem of differential calculus, using that J is large
enough. For those ranges of t1; t2 and f where this reasoning does not work, we estimate every term of
the summation separately. In this way we get an upper bound for (1-6) of size d5=2X�1=2C� . Balancing
it with the square of the error term in (1-4) we get the theorem choosing d DX 5=7.

We note that h.d1; d2; t/ was studied in the papers [H-W] and [M]. They gave explicit formulas for
h.d1; d2; t/ but only under restrictive conditions for the parameters, so we cannot apply their results.
Therefore we prove a general upper bound for h.d1; d2; t/ and apply it in the proof of Theorem 1.1.
It would be interesting to investigate in the future whether it is possible to improve the estimate in
Theorem 1.1 using an explicit formula instead of our upper bound.

1.3. Structure of the paper. In Section 2 we give a general formula for the inner product of two
automorphic functions

P

2�ti

mi.u.z; 
 z//, where the mi are test functions, t1; t2 > 2 are integers, and

�ti
is the set of elements of SL2.Z/ with trace ti . The class numbers h.t2

1
� 4; t2

2
� 4; f / occur in that

formula. In Section 3 we give an upper bound for h.t2
1
�4; t2

2
�4; f /, and in Section 4 we investigate the

special functions appearing in the formula of Section 2 in the case when mi are characteristic functions as
in the circle problem. In Section 5 we begin the proof of Theorem 1.1 by giving the spectral estimate and
bounding the contribution of nonhyperbolic elements. In Section 6 we complete the proof by estimating
the square integral (1-5).

2. Inner product of automorphic functions and class numbers of pairs of quadratic forms

Our main goal in this section is to prove Lemma 2.2, which relates the inner product of two automorphic
functions of a special kind to class numbers of pairs of quadratic forms. Before that we give the necessary
definitions and prove an easy lemma to be used later.

2.1. Definitions and an upper bound. We start by taking a positive discriminant s and introducing the
set Qs of quadratic forms with discriminant s. Let s be a positive integer with s � 0; 1 modulo 4 and
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define

Qs WD
˚
Q.X;Y /DAX 2

CBXY CC Y 2
WA;B;C 2 Z; B2

� 4AC D s
	
:

If � D
�

a
c

b
d

�
2 SL2.Z/ and Q is a quadratic form, let us define the quadratic form Q� by Q� .X;Y /D

Q.aX C bY; cX C dY /. The group SL2.Z/ acts in this way on Qs . When s D t2� 4, the set Qs can be
identified with elements in SL2.Z/ with trace t . Indeed, if t > 2 is an integer, let

�t D
˚�

a
c

b
d

�
2 SL2.Z/ W aC d D t

	
:

The group SL2.Z/ acts on �t by conjugation. If 
 D
�

a
c

b
d

�
2�t , let Q
 .X;Y /D cX 2C.d�a/XY �bY 2.

It is easy to see (see [B2], p. 119) that the map 
 7!Q
 is a one-to-one correspondence between �t and
Qs with sD t2�4, and also between the conjugacy classes of �t over SL2.Z/ and the SL2.Z/-equivalence
classes of Qs . More precisely: If � 2 SL2.Z/ and 
 2 �t , then Q��1
� DQ�


 . The fixed points of 

on R are exactly the roots of the quadratic polynomial Q
 .X; 1/.

For d1; d2; t 2 Z, let Qd1;d2;t be the subset of Qd1
� Qd2

consisting of those pairs .Q1;Q2/ of
quadratic forms having codiscriminant t . In other words, writing

Q1.X;Y /DA1X 2
CB1XY CC1Y 2; Q2.X;Y /DA2X 2

CB2XY CC2Y 2; (2-1)

we require that the discriminant of Qj be dj (j D 1; 2) and that

B1B2� 2A1C2� 2A2C1 D t: (2-2)

It is easy to check that if � 2 SL2.Z/ and .Q1;Q2/ 2Qd1;d2;t , then .Q�
1
;Q�

2
/ 2Qd1;d2;t . Hence SL2.Z/

acts on Qd1;d2;t . Let us denote by h.d1; d2; t/ the number of SL2.Z/-equivalence classes of Qd1;d2;t .
If t1 > 2, t2 > 2 are integers, let Rt1;t2

be the subset of Qt2
1
�4 �Qt2

2
�4 consisting of those pairs

.Q1;Q2/ of quadratic forms satisfying

Q1 D �Q2 for some� 2Q: (2-3)

Note that Rt1;t2
is empty unless .t2

1
� 4/=.t2

2
� 4/ 2 Q2. It is easy to check that if � 2 SL2.Z/ and

.Q1;Q2/ 2Rt1;t2
, then .Q�

1
;Q�

2
/ 2Rt1;t2

. Hence SL2.Z/ acts on Rt1;t2
. Let R�t1;t2

denote a complete
set of representatives of the SL2.Z/-equivalence classes of Rt1;t2

.
If .Q1;Q2/2Rt1;t2

, we can define a nonnegative real number n.Q1;Q2/ in the following way. Using
the bijection 
 7!Q
 defined earlier, let 
i 2 �ti

be such that Q

i
DQi for i D 1; 2. The 
i are uniquely

determined. The fixed points on R of the hyperbolic transformations 

1

and 

2

are the same by (2-3), since
they are the roots of the polynomial Q1.X; 1/D �Q2.X; 1/. Denoting the centralizer of a hyperbolic
element 
 in SL2.Z/ by C.
 / it is well-known and easily proved that

C.
 /D
˚
� 2 SL2.Z/ W �z1 D z1; �z2 D z2

	
; (2-4)
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where z1 and z2 are the fixed points of 
 . Therefore C.

1
/D C.


2
/. The image of C.


1
/ in PSL2.Z/ is

infinite cyclic, i.e., there is a 

0
2 SL2.Z/ such that

C.
1/D
˚
˙
 l

0 2 SL2.Z/ W l 2 Z
	
: (2-5)

Let N.
 / denote the norm of a hyperbolic transformation 
 , see p. 19 of [I]. Let us define n.Q1;Q2/ WDˇ̌
log N.


0
/
ˇ̌
; this quantity is well-defined. It can be seen that if � 2SL2.Z/, then n

�
Q�

1
;Q�

2

�
Dn.Q1;Q2/.

Finally, if t1 > 2, t2 > 2 are integers, let us define

Et1;t2
WD

X
.Q1;Q2/2R�t1;t2

n.Q1;Q2/: (2-6)

The following lemma will be enough for handling Et1;t2
during the proof of Theorem 1.1.

Lemma 2.1. If 2< t1 � t2 are integers, then Et1;t2
�� t1C�

2
for every � > 0.

Proof. If .Q1;Q2/ 2Rt1;t2
and 
i 2 �ti

is such that Q

i
DQi for i D 1; 2, then for 


0
satisfying (2-5)

we clearly have
ˇ̌
log N.


0
/
ˇ̌
�
ˇ̌
log N.


2
/
ˇ̌
� log t2. So it is enough to show that the number of SL2.Z/-

equivalence classes of Rt1;t2
is�� t1C�

2
. If Q2 2Qt2

2
�4 is given, then there are at most two possibilities

for Q1 to have .Q1;Q2/ 2Rt1;t2
, so it is enough to show that the number of SL2.Z/-equivalence classes

of Qt2
2
�4 is�� t1C�

2
. This follows from [Bu, Proposition 3.3 and formula (3.1)]. The lemma is proved. �

2.2. The formula for the inner product. If t > 2 is an integer and m is a compactly supported bounded
function on Œ0;1/, then for z; w 2 H write

m.z; w/Dm.u.z; w// (2-7)

by an abuse of notation; see (1-1) for u.z; w/. For z 2 H define

Mt;m.z/D
X

2�t

m.z; 
 z/: (2-8)

The main result of this subsection, Lemma 2.2, expresses the inner product of two such functions Mt1;m1
,

Mt2;m2
in terms of the quantities Et1;t2

and h.t2
1
�4; t2

2
�4; f / defined above. We need also the following

definitions to state the lemma.
Let t1; t2 > 2 be real numbers and let m1, m2 be compactly supported bounded functions on Œ0;1/.

Let us write

J .t1; t2;m1;m2/ WD

Z �=2

��=2

m1

�
t2
1
� 4

4 cos2 �

�
m2

�
t2
2
� 4

4 cos2 �

�
d�

cos2 �
; (2-9)

and for every real F with jF j ¤ 1 let us write

I.t1; t2;F;m1;m2/ WD

“
m1

�
1
4
.t2

1
� 4/.1CS2/

�
m2

�
1
4
.t2

2
� 4/.1CT 2/

�p
S2CT 2C 2F TS C 1�F2

dS dT; (2-10)

where we integrate over the set˚
.S;T / 2 R2

W S2
CT 2

C 2F TS C 1�F2 > 0
	
: (2-11)
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Remark 2.1. The integral (2-9) is absolutely convergent, because m1 and m2 are compactly supported
and bounded. The absolute convergence of the integral in (2-10) is trivial in the case jF j< 1, because
then we always have S2 C T 2 C 2F TS � 0. In the case jF j > 1 we use the linear substitution
uD SC

�
F C
p

F2� 1
�
T , vD SC

�
F �
p

F2� 1
�
T . Since m1 and m2 are compactly supported, we

have in (2-10) that jS j and jT j are bounded from above. But then we have also juj; jvj< C with some
C > 0. The condition in (2-11) reads as uv �F2�1, therefore we have also juj; jvj> c with some c > 0.
Now, integrating over the set defined by the conditions c < juj, jvj < C and uv � F2 � 1, we clearly
have

’
.1=
p

uvC 1�F2/ du dv <1. Thus (2-10) is absolutely convergent also for jF j> 1.

Lemma 2.2. Let t1; t2 > 2 be integers and let m1;m2 be compactly supported bounded functions on
Œ0;1/. Then, using equation (2-8), the integralZ

F
Mt1;m1

.z/Mt2;m2
.z/ d�z (2-12)

equals the sum of
J .t1; t2;m1;m2/Et1;t2

(2-13)

and X
f 2Z

f 2¤.t2
1
�4/.t2

2
�4/

h.t2
1 � 4; t2

2 � 4; f / I
�

t1; t2;
f

p
t2
1
� 4
p

t2
2
� 4

;m1;m2

�
: (2-14)

(See equations (2-1) and (2-2), with the subsequent paragraph, for h.t2
1
�4; t2

2
�4; f /, equation (2-6) for

Et1;t2
, and (2-9), (2-10) for the functions J and I.)

Remark 2.2. We will see later that the class numbers h.t2
1
� 4; t2

2
� 4; f / are finite, see Lemma 3.1 and

Remark 3.1. The sum (2-14) is actually finite, because for large enough jf j the function I vanishes there.
This can be seen easily from (2-10) and (2-11).

For the proof of Lemma 2.2 we need a few preliminary lemmas. To state the first one, we give some
definitions using the notations of Lemma 2.2.

Write G WD �t1
��t2

, and let G0 be the set of those elements
�



1
; 


2

�
2G for which the set of fixed

points on R of 

1

and of 

2

are the same. If .

1
; 


2
/; .
 �

1
; 
 �

2
/ 2 G, we say that .


1
; 


2
/ and .
 �

1
; 
 �

2
/

are SL2.Z/-equivalent if there is an element � 2 SL2.Z/ such that ��1
i� D 

�
i for i D 1; 2. We denote

by G�
0

a complete set of representatives of the SL2.Z/-equivalence classes of G0, and by .G nG0/
� a

complete set of representatives of the SL2.Z/-equivalence classes of G nG0.

Lemma 2.3. Let t1; t2 > 2 be integers and let m1;m2 be compactly supported bounded functions on
Œ0;1/. Recall equation (2-8). Then Z

F
Mt1;m1

.z/Mt2;m2
.z/ d�z (2-15)

equals the sum ofP
.


1
;


2
/2G�

0

Z
C.


1
/nH

m1.z; 
1z/m2.z; 
2z/ d�z and
P

.

1
;


2
/2.GnG0/�

Z
H

m1.z; 
1z/m2.z; 
2z/ d�z :
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Remark 2.3. To avoid confusion we emphasize that G n G0 denotes set difference, while C.

1
/nH

denotes quotient on the left.

Proof. An element 
 2 SL2.Z/ with tr 
 > 2 determines a hyperbolic transformation of H; see Section
1.5 of [I]. Hence 
 has two different fixed points on R. Assume that 


1
2 �t1

, 

2
2 �t2

, � 2 SL2.Z/ and

��1
1� D 
1; ��1
2� D 
2: (2-16)

It is clear by (2-4) that if .

1
; 


2
/ 2G nG0, then (2-16) is true if and only if � D˙

�
1
0

0
1

�
. If .


1
; 


2
/ 2G0,

then by (2-4) we see that C.

1
/D C.


2
/, and (2-16) is true if and only if � 2 C.


1
/.

From the definitions we see that (2-15) equalsP



1
2�t1

P



2
2�t2

Z
F

m1.z; 
1z/m2.z; 
2z/ d�z :

We partition G into SL2.Z/-equivalence classes. Since for � 2 SL2.Z/ we haveZ
F

m1.z; �
�1
1�z/m2.z; �

�1
2�z/ d�z D

Z
�F

m1.z; 
1z/m2.z; 
2z/ d�z;

our considerations above give the lemma. �

Lemma 2.4. Let 

1
D
�

a
c

b
d

�
and 


2
D
�

A
C

B
D

�
be hyperbolic elements of SL2.R/, and assume that the set

of fixed points of 

1

and the set of fixed points of 

2

are disjoint. Let

F WD F.
1; 
2/D
.d � a/.D�A/C 2bC C 2Bcp
.d C a/2� 4

p
.DCA/2� 4

: (2-17)

Let us write t1 D aCd , t2 DACD, and assume t1; t2 > 2. Let m1;m2 be compactly supported bounded
functions on Œ0;1/ and use (2-7). Then we haveZ

H
m1.z; 
1z/m2.z; 
2z/ d�z D I.t1; t2;F;m1;m2/; (2-18)

where the function I is defined in (2-10) and (2-11).

Proof. It is easy to check that F.

1
; 


2
/DF.��1


1
�; ��1


2
�/ for � 2 SL2.R/. Since (2-18) also remains

the same if we write ��1

1
� and ��1


2
� in place of 


1
and 


2
, and since we can choose � in such a way

that ��1

1
� is diagonal, for the proof of the lemma we may assume that 


1
is diagonal.

So assume that b D c D 0. Then by the conditions we have BC ¤ 0. It can be easily computed by the
definitions that

u.z; 
1z/D
.d � a/2jzj2

4 Im2 z
; u.z; 
2z/D

ˇ̌
C z2C .D�A/z�B

ˇ̌2
4 Im2 z

:

Hence, if z D xC iy, using ad D 1 and AD�BC D 1 we get after some computations that

u.z; 
1z/D
.aCd/2�4

4
C
.d�a/2x2

4y2
; (2-19)

u.z; 
2z/D
.ACD/2�4

4
C
.Cx2C.D�A/x�BCCy2/2

4y2
: (2-20)
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Since m.z; w/ is defined through the function u, we will be able to compute the left-hand side of (2-18)
using (2-19) and (2-20).

Let us use the substitution

q WD
x

y
; r WD

Cx2C .D�A/x�BCCy2

y
: (2-21)

Then the determinant of the Jacobi matrix dq dr

dx dy
is

det
�

1=y .2CxC.D�A//=y

�x=y2 C�.Cx2C.D�A/x�B/=y2

�
D

BCCx2CCy2

y3
:

It is not hard to check that

BCCx2CCy2

y
D r � .D�A/qC

2B

y
(2-22)

and
B

y2
C

r � .D�A/q

y
� .C CC q2/D 0: (2-23)

From (2-22) and (2-23) we get�
BCCx2CCy2

y

�2

D ..D�A/q� r/2C 4B.C CC q2/:

Hence if we want to compute the left-hand side of (2-18) by the substitution (2-21), then on the one hand
we see that for q and r we have the condition

..D�A/q� r/2C 4B.C CC q2/� 0: (2-24)

On the other hand, in the case BC > 0 we see from the quadratic equation (2-23) that for every real q and
r satisfying (2-24) there is exactly one y > 0 and real x satisfying (2-21). Similarly, in the case BC < 0

we see from the quadratic equation (2-23) that ..D �A/q � r/=B > 0, i.e., combined with (2-24) we
must have

.D�A/q� r

B
� 2

r
�

C CC q2

B
: (2-25)

If the left side of (2-25) is larger than the right side, then we have two positive solutions of (2-23) in 1=y.
If (2-25) holds with equality, then we have a double root.

Putting everything together we see that the left-hand side of (2-18) equalsZ 1
�1

Z
Aq

f .r; q/ dr dq (2-26)

for BC > 0, and the left-hand side of (2-18) equals

2
Z 1
�1

Z
A
C
q

f .r; q/ dr dq (2-27)
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for BC < 0, where

f .r; q/ WD
m1

�
1
4
..aC d/2� 4/C 1

4
.d � a/2q2

�
m2

�
1
4
..ACD/2� 4/C 1

4
r2
�p

..D�A/q� r/2C 4B.C CC q2/
;

Aq WD
˚
r 2 R W ..D�A/q� r/2C 4B.C CC q2/� 0

	
;

and for BC < 0 we write

ACq WD

(
r 2 R W

.D�A/q� r

B
� 2

r
�

C CC q2

B

)
:

For BC < 0 we define also

A�q WD

(
r 2 R W

.D�A/q� r

B
� �2

r
�

C CC q2

B

)
:

We see that for BC < 0 we have �AC�q DA�q , so, since f .r; q/D f .�r;�q/, for BC < 0 we have that
(2-27) equals Z 1

�1

Z
A
C
q

f .r; q/ dr dqC
Z 1
�1

Z
A�q

f .r; q/ dr dq:

Since Aq is the disjoint union of ACq and A�q for BC < 0, we finally get that the left-hand side of (2-18)
equals (2-26) also in the case BC < 0. Apply the substitution

S D q; T D
�rp

.DCA/2� 4

in (2-26). Recalling (2-17), b D c D 0 and BC ¤ 0 we have that

.aC d/2� 4D .a� d/2; .D�A/2C 4BC D .DCA/2� 4; F2
D

.D�A/2

.DCA/2� 4
¤ 1:

Taking into account that I.t1; t2;F;m1;m2/ is even in F , we get (2-18) for the case b D c D 0. But we
have seen that then the lemma is completely proved. �

Lemma 2.5. Let 

1
2 �t1

, 

2
2 �t2

, where ti > 2 for i D 1; 2. Assume that 

1

and 

2

have the same fixed
points. Then Z

C.

1
/nH

m1.z; 
1z/m2.z; 
2z/ d�z D J .t1; t2;m1;m2/
ˇ̌
log N.
0/

ˇ̌
; (2-28)

where 

0
2 SL2.Z/ is a generator of the centralizer C.


1
/; see (2-5). (The function J is defined in (2-9).)

Proof. We may assume that N.

0
/ > 1. We can choose � 2 SL2.R/ in such a way that ��1
i�z D �iz

for every z 2 H and 0� i � 2 with �0 DN.

0
/ and �i DN.
i/

�i for i D 1; 2, where �i 2 f�1; 1g. The
fundamental domain of the group ��1C.


1
/� in H is the subset

˚
1� jzj<N.


0
/
	
. Then the left-hand

side of (2-28) equals Z
fz2HW1�jzj<N.


0
/g

m1.z; �
�1
1�z/m2.z; �

�1
2�z/ d�z : (2-29)
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By the substitution z D rei.�2C�/ with 1 � r <N.

0
/, ��

2
< � < �

2
we get using d�z D

dr d�

r cos2 �
that

(2-29) equals Z �=2

��=2

Z N.

0
/

1
m1

�
�1C�

�1
1
� 2

4 cos2 �

�
m2

�
�2C�

�1
2
� 2

4 cos2 �

�
dr d�

r cos2 �
:

It is clear that �1=2
1
C�
�1=2
1

D t1, �1=2
2
C�
�1=2
2

D t2, since the trace is invariant under conjugation. The
lemma is proved. �

Proof of Lemma 2.2. We use the one-to-one correspondence between �ti
and Qt2

i
�4 for i D 1; 2.

Using the notation of Lemma 2.3, we see that if
�



1
; 


2

�
2G, then .


1
; 


2
/ 2G0 holds if and only if

Q

1
D�Q


2
with some �2Q. Indeed, Q


1
D�Q


2
holds with some �2Q if and only if the polynomials

Q

1
.X; 1/ and Q


2
.X; 1/ have the same roots, i.e., if and only if 


1
and 


2
have the same fixed points.

It is clear that .

1
; 


2
/; .
 �

1
; 
 �

2
/ 2G are SL2.Z/-equivalent if and only if there is a � 2 SL2.Z/ such

that .Q�



1
;Q�



2
/D .Q
�

1
;Q;
�

2
/. We note also that if .


1
; 


2
/ 2G nG0, then for the quantity F.


1
; 


2
/

defined in (2-17) we have F.

1
; 


2
/D =.f /

p
t2
1
� 4
p

t2
2
� 4, with

Q

1
.X;Y /DA1X 2

CB1XY CC1Y 2; Q

2
.X;Y /DA2X 2

CB2XY CC2Y 2; (2-30)

f D B1B2� 2A1C2� 2A2C1: (2-31)

We show that if .

1
; 


2
/ 2 G nG0, then f 2 ¤ .t2

1
� 4/.t2

2
� 4/. Indeed, writing di WD t2

i � 4 and using
di D B2

i � 4AiCi for i D 1; 2, we easily get from (2-30) and (2-31) that

d2
2 A2

1� 2fd2A1A2C d1d2A2
2 D d2.B2A1�B1A2/

2;

d2
2 C 2

1 � 2fd2C1C2C d1d2C 2
2 D d2.B2C1�B1C2/

2:

Assume f 2D d1d2. Then the left-hand sides above are squares, and since d2D t2
2
�4 cannot be a square,

we get B2A1�B1A2 D 0, B2C1�B1C2 D 0. One has the identity

.A1C2�A2C1/
2
� .A1B2�A2B1/.B1C2�B2C1/D

1

4

�
f 2
�

2Q
iD1

.B2
i � 4AiCi/

�
; (2-32)

with f defined in (2-31). We also get A1C2 � A2C1 D 0 from (2-32). It follows that the vectors
.A1;B1;C1/ and .A2;B2;C2/ are linearly dependent, hence .


1
; 


2
/ 2G0, which is a contradiction.

We note finally that if .

1
; 


2
/ 2G nG0, then 


1
and 


2
have no fixed points in common.

With these considerations, applying Lemmas 2.3, 2.4, 2.5 and the definitions we obtain the lemma. �

3. Estimates on the number of equivalence classes of quadratic forms

Recall the definitions of Qd1;d2;t and h.d1; d2; t/ from (2-1), (2-2) and the subsequent paragraph. In
this section we will give several upper bounds for h.d1; d2; t/ itself and for certain sums containing
h.d1; d2; t/.

Let gcd.n1; n2; : : : ; nr / be the greatest common divisor of the integers n1; n2; : : : ; nr . The integer
part of a real number x is denoted by Œx�.
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3.1. A general upper bound for h.d1; d2; t/. Our aim in this subsection is to prove Lemma 3.1. The
upper bound we give for h.d1; d2; t/ will be smaller than .1C jd1d2t j/� for any fixed � > 0 in many
cases. This is not always true, but the exceptions are rare.

For any finite set of integers n1; n2; : : : ; nr we write

S.n1; n2; : : : ; nr /Dmax
˚
k � 1 W k2

j gcd.n1; n2; : : : ; nr /
	
: (3-1)

Denote by �.n/ the number of divisors and by !.n/ the number of distinct prime divisors of a nonzero
integer n.

Lemma 3.1. Assume that d1; d2; t 2 Z and di is not a square of an integer .i D 1; 2/. Assume also that
t2� d1d2 ¤ 0. Then

h.d1; d2; t/� C � 2!.t
2�d1d2/�.t2

� d1d2/S.d1; d2; t
2/; (3-2)

where C > 0 is an absolute constant.

Remark 3.1. Even the finiteness of h.d1; d2; t/ is not completely obvious. For a short proof of this fact
using the theory of algebraic groups see Appendix I of [M].

For the case di D t2
i � 4 for i D 1; 2 with integers ti > 2, which is our primary interest, one can give a

trivial upper bound for h.d1; d2; t/ using Lemma 2.2. For simplicity let us consider the case when t2
1
� 4,

t2
2
� 4 and t all lie in ŒX; 2X � with a large real number X . Then choosing m1 and also m2 in Lemma 2.2

to be the characteristic function of the interval Œ0;CX � with a suitable absolute constant C , one can show
the trivial bound h.t2

1
� 4; t2

2
� 4; t/� X . Indeed, the coefficient of h.t2

1
� 4; t2

2
� 4; t/ is bounded

from below by a positive constant, every term in (2-14) and (2-13) is nonnegative, and one can prove that
(2-12) equals O.X / in this case. The estimate (3-2) gives better than h.t2

1
� 4; t2

2
� 4; t/�X even in

the worst case, when S.t2
1
� 4; t2

2
� 4; t2/ is as large as

p
X . But the S -function is often much smaller

than
p

X , so the bound given in Lemma 3.1 is much stronger than the trivial bound.
To prepare the proof of Lemma 3.1 we need two preliminary lemmas. We introduce the notation

Cd1;d2;t WD
˚
.x;y/ 2 R2

W d2x2
C d1y2

� 2txy D 1
	
:

In the first lemma we prove general statements for any two different points of Cd1;d2;t . In the second one
we show that if we have any element of Qd1;d2;t , then we can parametrize the rational points of Cd1;d2;t .

Lemma 3.2. Let d1; d2; t be as in Lemma 3.1, and assume that .xi ;yi/ 2 Cd1;d2;t for i D 1; 2 and
.x1;y1/¤ .x2;y2/. Then

d2.x1�x2/
2
C d1.y1�y2/

2
� 2t.x1�x2/.y1�y2/¤ 0 (3-3)

and

.d1y1� tx1/.y1�y2/C .d2x1� ty1/.x1�x2/¤ 0: (3-4)
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Proof. Let S1 and S2 be the quantities appearing in (3-3) and (3-4), respectively. One can check that

S2 D
�
y1 x1

� � d1 �t

�t d2

��
y1�y2

x1�x2

�
(3-5)

and

2S2C

2X
iD1

.�1/i.d2x2
i C d1y2

i � 2txiyi/D S1:

Since .xi ;yi/2Cd1;d2;t for i D 1; 2, we have S1D 2S2. Hence it is enough to show that S1¤ 0. Assume
for a contradiction that S1 D 0. Then the right-hand side of (3-5) is 0, but this is true also by exchanging
the role of .x1;y1/ and .x2;y2/, so we get�

y1 x1

y2 x2

��
d1 �t

�t d2

��
y1�y2

x1�x2

�
D

�
0

0

�
:

The vector
�

y1�y2

x1�x2

�
is nonzero and det

�
d1

�t
�t
d2

�
¤ 0 since t2�d1d2¤ 0, so we must have det

�
y1

y2

x1

x2

�
D 0.

Hence .x2;y2/D �.x1;y1/ with some constant �¤ 1, so S1 D .1��/
2 ¤ 0 by our assumptions. This

is a contradiction, and the lemma is proved. �

Lemma 3.3. Let d1; d2; t be as in Lemma 3.1, and let Qi.X;Y /D AiX
2CBiXY CCiY

2 .i D 1; 2/

be such that .Q1;Q2/ 2Qd1;d2;t . Assume that A1B2�A2B1 ¤ 0. Define

R.X;Y /D .A1B2�A2B1/X
2
C 2XY .A1C2�A2C1/CY 2.B1C2�B2C1/:

Then for x;y 2Q the following two statements are equivalent.

(i) .x;y/ 2 Cd1;d2;t .

(ii) There are a; b 2Q such that R.a; b/¤ 0 and writing xa;b WD
Q1.a; b/

R.a; b/
, ya;b WD

Q2.a; b/

R.a; b/
we have

x D xa;b , y D ya;b .

Proof. By a straightforward computation using the definitions we get the identity

d2.Q1.a; b//
2
C d1.Q2.a; b//

2
� 2tQ1.a; b/Q2.a; b/D .R.a; b//

2: (3-6)

Introduce the abbreviations

a1 D
A1

A1B2�A2B1

; a2 D
A2

A1B2�A2B1

: (3-7)

Note that writing aD 1, b D 0 in (3-6) we get .a1; a2/ 2 Cd1;d2;t . We first assume (ii). Then (i) follows
at once from (3-6).

We now assume (i). If .x;y/ D .a1; a2/, then we can take a D 1, b D 0. So let us assume that
.x;y/¤ .a1; a2/. It is easy to see that if a; b 2Q, then

Q1.a; b/� a1R.a; b/D
b.a˛C bˇ/

.A1B2�A2B1/
; Q2.a; b/� a2R.a; b/D

b.
aC ıb/

.A1B2�A2B1/
(3-8)
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with

˛ WD B1.A1B2�A2B1/C 2A1.A2C1�A1C2/D tA1� d1A2; (3-9)

ˇ WD C1.A1B2�A2B1/CA1.C1B2�C2B1/; (3-10)


 WD B2.A1B2�A2B1/C 2A2.A2C1�A1C2/D�tA2C d2A1; (3-11)

ı WD C2.A1B2�A2B1/CA2.C1B2�C2B1/: (3-12)

Let us write g WD
�
˛


ˇ
ı

�
. One can compute that

det g D 2.A2B1�A1B2/
�
.A1C2�A2C1/

2
� .A1B2�A2B1/.B1C2�B2C1/

�
:

The last factor, in larger parentheses, equals 1
4
.t2 � d1d2/ by (2-32) and (2-31). Hence t2 � d1d2 ¤ 0

and A1B2�A2B1 ¤ 0 imply det g ¤ 0.
Let us take a; b 2Q in the following way:�

a
b

�
D

�
ı �ˇ
�
 ˛

��
x� a1

y � a2

�
: (3-13)

By (3-8) and (3-13) we then easily get�
Q1.a; b/� a1R.a; b/

Q2.a; b/� a2R.a; b/

�
D

b det g

A1B2�A2B1

�
x� a1

y � a2

�
: (3-14)

So this is true if .x;y/¤ .a1; a2/, and a, b are defined by (3-9)–(3-13).
Assume that b D 0. Then by (3-9), (3-11) and (3-13) we get

.d1A2� tA1/.y � a2/C .�tA2C d2A1/.x� a1/D 0:

By (3-7), .a1; a2/; .x;y/ 2 Cd1;d2;t and .x;y/¤ .a1; a2/. This contradicts (3-4). So we have b ¤ 0.
Assume that R.a; b/D 0. Then (3-6) and (3-14) imply that

d2.x� a1/
2
C d1.y � a2/

2
� 2t.x� a1/.y � a2/D 0:

But this contradicts (3-3). So we have R.a; b/¤ 0.
Then (3-14) clearly implies�

xa;b � a1

ya;b � a2

�
D

b det g

R.a; b/.A1B2�A2B1/

�
x� a1

y � a2

�
:

Hence .xa;b;ya;b/¤ .a1; a2/, since we assumed .x;y/¤ .a1; a2/. We would like to show that .x;y/D
.xa;b;ya;b/. If this is false, then .a1; a2/, .xa;b;ya;b/ and .x;y/ are three distinct points lying on a line,
all belonging to Cd1;d2;t . Hence the equation

d2.a1C q.x� a1//
2
C d1.a2C q.y � a2//

2
� 2t.a1C q.x� a1//.a2C q.y � a2//D 1

has three different real solutions in q. The coefficient of q2 is nonzero by (3-3), so this is a contradiction.
The lemma is proved. �
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For the next proof we need the following notation. If p is a prime and n¤ 0 is an integer, let us denote
by �p.n/ the largest nonnegative integer such that p�p.n/ divides n.

Proof of Lemma 3.1. If Qd1;d2;t is empty, then h.d1; d2; t/D 0 and there is nothing to prove. So assume
in the sequel that Qd1;d2;t ¤¿. We divide the proof into four parts, which we formulate as claims.

Claim A. Let Qi.X;Y /DAiX
2CBiXY CCiY

2 .i D 1; 2/ be quadratic forms such that .Q1;Q2/ 2

Qd1;d2;t . Then replacing .Q1;Q2/ by an element in its SL2.Z/-equivalence class we can achieve
B2A1�B1A2 ¤ 0.

Proof. We first show the weaker statement that replacing .Q1;Q2/ by an element in its SL2.Z/-equivalence
class we may assume that .B1;B2/¤ .0; 0/. If � D

�
1
0

b
1

�
, we have

Q�
i .X;Y /DQi.X C bY;Y /DAiX

2
C .Bi C 2Aib/XY CC �i Y 2 (3-15)

for i D 1; 2 with some C �i . If .B1C2A1b;B2C2A2b/D .0; 0/ for every integer b, then Ai DBi D 0 for
i D 1; 2. But this is impossible, since this would imply d1D d2D t D 0, but this contradicts t2�d1d2¤ 0.

Hence we may assume that .B1;B2/ ¤ .0; 0/. Let B1 ¤ 0, say. Assume for a contradiction that
B2A1 � B1A2 D 0 and B2C1 � B1C2 D 0. Then .A2;C2/ D �.A1;C1/ with � D B2=B1, hence
C2A1�C1A2 D 0. So the matrix

�
A1

A2

B1

B2

C1

C2

�
has rank 1, hence its lines are linearly dependent. But this

contradicts t2� d1d2 ¤ 0.
So we may assume that B2A1�B1A2 ¤ 0 or B2C1�B1C2 ¤ 0. But applying the matrix

�
0
1
�1

0

�
2

SL2.Z/ we can exchange the roles of Ai and Ci . Claim A follows. �

Claim B. Cd1;d2;t ¤¿.

Proof. By Claim A there is an element .Q1;Q2/2Qd1;d2;t whose coefficients satisfy B2A1�B1A2¤ 0.
Taking aD 1, b D 0 in Lemma 3.3(ii) we see by that lemma that there are numbers x;y 2Q such that
.x;y/ 2 Cd1;d2;t . Claim B is proved. �

Claim C. There exists a subset A of Z2 of size 2�.t2�d1d2/ such that every SL2.Z/-equivalence class of
Qd1;d2;t contains an element .Q1;Q2/ with coefficients Qi.X;Y /DAiX

2CBiXY CCiY
2 .i D 1; 2/

such that .A1;A2/ 2A.

Proof. Fix x;y 2 Q such that .x;y/ 2 Cd1;d2;t , this is possible by Claim B. We also fix relatively
prime integers m and n and a nonzero s 2 Q such that x D sm, y D sn. Let us take an arbitrary
SL2.Z/-equivalence class of Qd1;d2;t . We know by Claim A that we can take an element .Q1;Q2/ in
this equivalence class such that we have B2A1�B1A2 ¤ 0 for their coefficients. Then it follows from
Lemma 3.3 that there are a; b 2Q such that Q1.a; b/D qx, Q2.a; b/D qy with some q 2Q, q ¤ 0. We
may clearly assume here that a; b 2 Z and .a; b/D 1. Taking

�
a
b

c
d

�
2 SL2.Z/ with some suitable c and d

we then see that replacing .Q1;Q2/ by an element in its SL2.Z/-equivalence class we may assume that
for their coefficients we have A1 D rx, A2 D ry with some r 2Q, r ¤ 0. Observe also that

gcd.A1;A2/j.t
2
� d1d2/ (3-16)
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follows from the definition of d1, d2 and t . Then recalling x D sm, y D sn we see that A1 D ım,
A2 D ın with some integer ı dividing t2� d1d2. Claim C is proved. �

Claim D. Let the integers A1 and A2 be given and assume that there are N inequivalent elements in
Qd1;d2;t of the form Qi.X;Y / D AiX

2 CBiXY C CiY
2 having these fixed coefficients A1 and A2.

Recall (3-1). Then we have, with an absolute implied constant,

N DO
�
2!.t

2�d1d2/S.d1; d2; t
2/
�
: (3-17)

Proof. We can assume Ai ¤ 0 for i D 1; 2 by the assumption that di is not a square. Also, by the identity
(3-6) with aD 1, bD 0 there are only two possibilities for B2A1�B1A2. So we can fix D such that there
are at least N=2 inequivalent forms having the fixed coefficients A1, A2 and having B2A1�B1A2 DD.
But we see from (3-15) that the residue of B1 modulo 2A1 determines the SL2.Z/-equivalence class of
.Q1;Q2/ once A1, A2 and B2A1�B1A2 is given. Therefore it is enough to estimate the possible values
of B1 modulo A1 (for given A1, A2 and D D B2A1�B1A2) by the right-hand side of (3-17).

We have
B2

i � di .mod Ai/ (3-18)

for i D 1; 2. Let p be a prime, and let us denote �p.A1/ by ˛ and �p.A2/ by ˇ. We consider two cases.

Case �p.d1/ < ˛: We use (3-18) with i D 1. There is a solution only if �p.d1/D 2k for some integer
k, and then we must have �p.B1/ � k and .B1=p

k/2 � .d1=p
2k/ modulo p˛�2k . Since ˛ � 2k > 0,

we get from this congruence that there are at most 2.1C �p.2// possibilities for B1=p
k modulo p˛�2k .

Hence we finally get that there are at most 2.1C �p.2//p
Œ�p.d1/=2� possibilities for B1 modulo p˛.

Case �p.d1/> ˛: We use again (3-18) with i D 1, and we see that �p.B1/� ˛=2. So there are at most
pŒ˛=2� possibilities for B1 modulo p˛.

Hence in both cases there are at most 2.1C �p.2//p
min.Œ 12�p.d1/�;Œ 12˛�/ possibilities for B1 modulo

p˛. Similarly, there are at most 2.1C �p.2//p
min.Œ 12�p.d2/�;Œ 12ˇ�/ possibilities for B2 modulo pˇ. Since

D D B2A1 �B1A2 is fixed, we see that if B2 is given modulo pˇ, then DCB1A2 D B2A1 is given
modulo p˛Cˇ, hence B1 is given modulo p˛. Taking into account (3-16) we finally get that for every
prime p there are at most

2.1C �p.2//min
�
pŒ�p.d1/=2�;pŒ�p.d2/=2�;pŒ�p.t

2�d1d2/=2�
�

possibilities for B1 modulo p�p.A1/. We apply this to every prime divisor p of A1 that also divides
t2 � d1d2. If p jA1 but p does not divide t2 � d1d2, then by (3-16) p does not divide A2, and so
D DB2A1�B1A2 implies that B1 is determined modulo p�p.A1/. So for the number of possible values
of B1 modulo A1 we have the upper bound

C
� Q

pjt2�d1d2

2
�Q

p
min

�
pŒ�p.d1/=2�;pŒ�p.d2/=2�;pŒ�p.t

2�d1d2/=2�
�

(3-19)

with an absolute constant C . Formula (3-19) proves Claim D. �
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Claims C and D imply Lemma 3.1 at once. �

3.2. Upper bounds for certain special averages of h.d1; d2; t/. When we apply Lemma 3.1, we will have
numbers di of special form diD t2

i �4, and we will have certain triple sums of S.t2
1
�4; t2

2
�4; f 2/, where

t1, t2, f run over integers. We will use the trivial upper bounds S.t2
1
� 4; t2

2
� 4; f 2/� S.t2

1
� 4; t2

2
� 4/

and S.t2� 4; t2� 4; f 2/� S.t2� 4; f 2/, and we will use Lemmas 3.5, 3.6 and 3.7 below. We need a
preliminary lemma.

Lemma 3.4. Let t1; t2 > 2 be integers, t1 ¤ t2, and let E D gcd.t2
1
� 4; t2

2
� 4/.

(i) There is a divisor e of E such that

e � c
p

E; e j.t1� ıt2/:

with an absolute constant c > 0 and with some ı 2 f�1; 1g.

(ii) E � jt1� t2j.t1C t2/.

Proof. Part (ii) follows at once from the fact that E divides t2
1
� t2

2
, so it remains to show part (i). Let p jE

be a prime. Then p�p.E/ divides .t1�t2/.t1Ct2/, so writing ˛ WD �p.t1�t2/ and ˇ WD �p.t1Ct2/ we have
�p.E/�˛Cˇ. If mDmin.˛; ˇ/, then m� �p.2t1/, so 2m� �p.4t2

1
/. But 0<�p.E/� �p.4t2

1
�16/, so

if m>0, then we must have pD2. If pD2 and m>2, then we have �2.4t2
1
/>4, and so �2.4t2

1
�16/D4,

hence �2.E/� 4. It follows for every prime p that p�p.E/ divides either 16.t1� t2/ or 16.t1C t2/. Then
there is a decomposition E D e1e2 such that gcd.e1; e2/ D 1, and e1 divides 16.t1 � t2/, e2 divides
16.t1C t2/. The lemma is proved. �

Lemma 3.5. Let 3� a< b � c � 2a be integers. Recall the definition (3-1). For any � > 0 we have

c�1X
t1Da

X
a�t2�c�1

0<jt2�t1j�b�a

S.t2
1 � 4; t2

2 � 4/�� a1=2C�.c � a/.b� a/1=2 (3-20)

c�1X
t1Da

X
a�t2�c�1
0<jt2�t1j

S.t2
1
� 4; t2

2
� 4/p

jt1� t2j
�� a1=2C�.c � a/: (3-21)

Remark 3.2. With the very crude estimate S.t2
1
� 4; t2

2
� 4/� a the trivial bound in (3-20) would be

.c � a/.b� a/a, so in (3-20) we save roughly
p
.b� a/a.

Proof. Inequality (3-21) follows from (3-20) using a dyadic subdivision. To prove (3-20) we may assume
b D c, since the general case follows by dividing the summation over t1 into O

�
c�a
b�a

�
subsums.

So let b D c. By Lemma 3.4(ii), we have gcd.t2
1
� 4; t2

2
� 4/� .b� a/b. Then by Lemma 3.4(i) and

because S.t2
1
� 4; t2

2
� 4/�

p
gcd.t2

1
� 4; t2

2
� 4/ the left-hand side of (3-20) is

�

b�1X
t1Da

� X
E jt2

1
�4

E�.b�a/b

p
E

X
e jE

e�c
p

E

X
ı2f�1;1g

X
a�t2<b
e jt2�ıt1

1

�
;
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and for a given t1 the quantity in parentheses is

�

X
Ejt2

1
�4

E�.b�a/b

p
E

X
ejE

e�c
p

E

�
1C

b�a

e

�
� b�

�p
.b� a/bC b� a

�
:

The lemma follows. �

Lemma 3.6. Let 3� a< b � 2a be integers. For every � > 0 we have

b�1X
tDa

max
˚
k � 1 W k2

jt2
� 4

	
�� a1C�

p
b� a; (3-22)

b�1X
t1Da

b�1X
t2Da

S.t2
1 � 4; t2

2 � 4/ �� a�
�
a
p

b� aC a1=2.b� a/3=2
�
: (3-23)

Remark 3.3. Estimating every summand by O.a/ in (3-22) the trivial bound in (3-22) would be .b�a/a,
so in (3-20) we save roughly

p
b� a.

Proof. Statement (3-23) follows at once from Lemma 3.5 and (3-22), so we deal only with (3-22). It is
enough to show that for any integer 1�K � 2a we have

K

b�1X
tDa

2KX
kDK

X
d>1

t2�4Ddk2

�2.d/�� a�a
p

b� a: (3-24)

A trivial upper bound for the left-hand side of (3-24) is K.b� a/.
Let d be fixed and assume t2� 4D dk2. Then ˛ WD 1

2
.t C k

p
d/ is an algebraic integer, since it is a

root of the equation x2� txC 1. We also see that ˛ is a unit in the ring R of algebraic integers of the
real quadratic field Q.

p
d/. By the Dirichlet unit theorem, there is a unit 1< � 2R such that every unit

of R has the form ˙�l with integer l . One has � D 1
2
.aC b

p
d/ with integers a, b, where b ¤ 0. Then

��1 D ı � 1
2
.a� b

p
d/ with ı 2 f�1; 1g, hence � D b

p
d C ı��1, so � >

p
d � 1�

p
2� 1. But ˛ D �l

for some positive integer l and ˛ � t � 2a. So we have proved that for a fixed d there are at most C log a

possibilities for the pair .t; k/, with an absolute constant C . We have d � a2=K2 in (3-24); thus the
left side of (3-24) is�� a2C�=K, and hence�� a� min.K.b� a/; a2=K/, given the observation made
after (3-24). This minimum here is clearly� a

p
b� a, and the lemma is proved. �

Lemma 3.7. Let t > 2 be an integer and let 1�A� t2. For any � > 0,X
f 2Z

t2�4�A�jf j<t2�4

S.t2� 4; f 2/p
t2� 4� jf j

�� t�
p

A:

Remark 3.4. We save roughly t here with respect to the trivial bound.
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Proof. The left-hand side is at mostX
k2 jt2�4

k
X
g2Z

0< t2�4
k
�jgj�A

k

1
p

k

q
t2�4

k
� jgj

;

and the inner sum here is � .1=
p

k/
p

A=k D
p

A=k. We used here that the inner sum is empty if
A< k. The lemma is proved. �

4. Identities and estimates for special functions

In this section we consider the functions I.t1; t2;F;m1;m2/ and J .t1; t2;m1;m2/ defined in (2-10) and
(2-9) for the special case when the functions mi are characteristic functions of some intervals Œ0;xi � for
i D 1; 2. This case will be important in our application. In the first subsection we prove an identity for
this I-function for every 1¤ F > 0; in the second and third subsections we use it to give estimates for
the cases F > 1 and F < 1, respectively. In the last subsection we compute J .t1; t2;m1;m2/ for the
above-mentioned special case.

4.1. Computing I.t1; t2; F; m1; m2/ when the mi are characteristic functions. For S0;T0;F > 0,
F ¤ 1 define

Z.S0;T0;F / WD
ZZ 1p

S2CT 2C 2F TS C 1�F2
dS dT; (4-1)

where we integrate over the set˚
.S;T / 2 R2

W jS j � S0; jT j � T0; S2
CT 2

C 2F TS C 1�F2 > 0
	
:

By the reasoning of Remark 2.1 we see that (4-1) is absolutely convergent. One can see that (4-1) is
divergent for F D 1, but we do not need that case. It is clear that the function I can be expressed in terms
of the function Z in the case when the mi are characteristic functions.

Lemma 4.1. Let S0;T0;F > 0, F ¤ 1. We have

Z.S0;T0;F /D 2J.S0;T0;F /C 2J.T0;S0;F /;

where we write

J.S0;T0;F / WD

Z
jyj�T0=S0

.1Cy2C2Fy/S2
0
>F 2�1

q
.1Cy2C 2Fy/S2

0
C 1�F2

1Cy2C 2Fy
dy (4-2)

in the case F > 1, and

J.S0;T0;F / WD

Z
jyj�T0=S0

q
.1Cy2C 2Fy/S2

0
C 1�F2

1Cy2C 2Fy
dy �

1

2

Z 1
�1

p
1�F2

1Cy2C 2Fy
dy

in the case F < 1.
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Proof. It is clear by the substitution .S;T / 7! .�S;�T / that the S < 0 and S > 0 parts of the integral
(4-1) have the same value. For S > 0 we make the substitution y D T=S , and we get

Z.S0;T0;F /D 2

Z 1
�1

Z
Sp

S2Cy2S2C 2FyS2C 1�F2
dS dy;

where the inner integral is taken over the set˚
S 2 R W 0� S � S0; jSyj � T0; S2

Cy2S2
C 2FyS2

C 1�F2 > 0
	
: (4-3)

If F < 1, the last condition is always true. If F > 1, then 1Cy2C 2Fy > 0 should hold, otherwise (4-3)
is empty. For a fixed y we integrate in S over the intervals

F2� 1

1Cy2C 2Fy
� S �min.S0;T0=jyj/

in the case F > 1, and we integrate over

0� S �min.S0;T0=jyj/

in the case F < 1. We consider separately the cases jyj � T0=S0 and jyj � T0=S0. We can compute
the S-integral in each case. Making the substitution y 7! 1=y in the case jyj � T0=S0 we obtain the
lemma. �

4.2. The case F > 1. In Lemma 4.3 we express the function J.S0;T0;F / defined in Lemma 4.1 in terms
of a simple function in the case F > 1. Then we give estimates for this simple function in Lemma 4.4
and for higher derivatives of a variant of this function in Lemma 4.6.

Lemma 4.2. Let S0;T0 > 0 and F > 1. For the function J.S0;T0;F / defined in (4-2) we have

J.S0;T0;F /D

Z
H .S0;T0;F /

p
.1Cy2C 2Fy/S2

0
C 1�F2

1Cy2C 2Fy
dy; (4-4)

where

H.S0;T0;F / WD

8̂̂̂̂
<̂̂
ˆ̂̂̂:

Œ�T0=S0;T0=S0� if T0=S0 � 1 and 1< F � A.S0;T0/;

Œ�T0=S0;C.F;S0/�[ ŒD.F;S0/;T0=S0�

if T0=S0 � 1 and 1< F � A.S0;T0/;

ŒD.F;S0/;T0=S0� if A.S0;T0/� F � B.S0;T0/;

¿ if F � B.S0;T0/;

(4-5)

where we write

A.S0;T0/ WD
p
.1CS2

0 /.1CT 2
0 /�S0T0; B.S0;T0/ WD

p
.1CS2

0 /.1CT 2
0 /CS0T0; (4-6)

C.F;S0/ WD �F �
p

F2
� 1

p
1CS2

0=S0; D.F;S0/ WD �F C
p

F2
� 1

p
1CS2

0=S0: (4-7)

We mean every statement in such a way that if we write an interval Œa; b�; this implicitly means that a� b.
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Proof. One can check that .1Cy2C2Fy/S2
0
>F2�1 holds if and only if y<C.F;S0/ or y>D.F;S0/.

The following three claims can be checked by direct computation. For the proof of Claim 2 we use the
obvious fact that F �S0T0 > �

p
.1CS2

0
/.1CT 2

0
/.

Claim 1. The sign of
p

F2� 1
p

1CS2
0

S0

�

ˇ̌̌̌
T0

S0

�F

ˇ̌̌̌
(4-8)

equals the sign of F �A.S0;T0/.

Claim 2. The sign of
p

F2� 1
p

1CS2
0

S0

�

�
T0

S0

CF

�
(4-9)

equals the sign of F �B.S0;T0/.

Claim 3. The sign of T0=S0� 1 equals the sign of T0=S0�A.S0;T0/.

We get from Claim 1 that if T0=S0 � 1 and 1< F �A.S0;T0/, then D.F;S0/� �T0=S0, and this
gives the first branch of (4-5).

If T0

S0
� 1 and 1< F �A.S0;T0/, we get from Claims 3 and 1 that

F C

p
F2� 1

p
1CS2

0

S0

�
T0

S0

; (4-10)

and this implies the second branch.
If A.S0;T0/�F �B.S0;T0/, then�T0=S0�D.F;S0/�T0=S0 by Claims 1 and 2, and C.F;S0/�

�T0=S0 by Claim 1. This proves the third branch.
If F � B.S0;T0/, then D.F;S0/ � T0=S0 by Claim 2, and C.F;S0/ � �T0=S0 by Claim 1. This

gives the last branch, and the lemma is proved. �

Lemma 4.3. Use the notation of Lemma 4.2. Write � D 1C 1=S2
0

, and for 0< y < 1 let

ˆ.y/Dˆ.S0;y/ WD

Z y

0

� r2

.1� r2/.r2C � � 1/
dr: (4-11)

Then for 1< F � B.S0;T0/ we have J.S0;T0;F /D S0.ˆ.y1/C �ˆ.y2//, where

y1 D y1.S0;T0;F / WD

s
1�

.1CS2
0
/.F2� 1/

.T0CS0F /2
; y2 D y2.S0;T0;F / WD

s
1�

.1CS2
0
/.F2� 1/

.T0�S0F /2
;

and � D �.S0;T0;F / is defined by

� D

8̂<̂
:

1 if T0=S0 > 1 and 1< F � A.S0;T0/;

�1 if T0=S0 < 1 and 1< F �A.S0;T0/;

0 if A.S0;T0/ < F � B.S0;T0/:
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Assuming 1< F � B.S0;T0/ for i D 1 and 1< F �A.S0;T0/ for i D 2 we have, for i D 1; 2,

0� yi � 1� c1

F � 1

.1CS0/c2.1CT0/c2
(4-12)

with some positive absolute constants c1, c2.

Proof. Note that 1 < F � A.S0;T0/ implies T0=S0 ¤ 1 by Claim 3, so � is well-defined. We get the
statement 0� yi � 1 by Claims 1 and 2 above. Then (4-12) follows by easy estimates using the conditions
S0;T0 > 0 and 1< F � B.S0;T0/.

To compute J.S0;T0;F / we use (4-4). This is the same formula as (4-2), but the integration set is
given there explicitly. Use the substitution

r D r.y/D

s
1�

�.F2� 1/

.yCF /2
D

s
1Cy2C 2FyC .F2� 1/.1� �/

.yCF /2
: (4-13)

We have a positive number under the square root by (4-2). It is clear from the conditions and the definitions
of C.F;S0/ and D.F;S0/ that the sign of y CF is constant on each of the four intervals which are
present in (4-5); hence r is well-defined and strictly monotone on each of those intervals. It is easy to
check that p

1Cy2C 2FyC .F2� 1/.1� �/

1Cy2C 2Fy

ˇ̌̌̌
dy

dr

ˇ̌̌̌
D

� r2�
1� r2

�
.r2C � � 1/

: (4-14)

We have r.C.F;S0//D r.D.F;S0//D 0, hence by Lemma 4.2 we get the present lemma. �

Lemma 4.4. Let S0 > 0 and 0< y < 1. For the function ˆ.S0;y/ of Lemma 4.3 we have the estimates

S0ˆ.S0;y/�

8̂<̂
:

S3
0

y3 if S0 � 1 and 0< y � 1=.2S0/;

S0y if S0 � 1 and 1=.2S0/� y � 1
2
;

S0y3 if S0 � 1 and y � 1
2
:

(4-15)

Finally we have in every case

ˆ.S0;y/� log
1

1�y
: (4-16)

The implied constants are absolute in formulas (4-15) and (4-16).

Proof. We have from the definitions that

S0ˆ.S0;y/D S0

Z y

0

S2
0

r2C r2

.1� r2/.S2
0

r2C 1/
dr:

Every estimate follows easily. �

We recall Faà di Bruno’s formula. If F and G are smooth functions and H.x/D F.G.x//, then for
every j � 1 we have

H .j/.x/D

jX
lD1

X
kD.k1;:::;kj /2Hj ;l

aj ;l;kF .l/.G.x//

jY
iD1

.G.i/.x//ki ; (4-17)
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with some constants aj ;l;k , where

Hj ;l D

n
.k1; : : : ; kj / 2 Zj

W ki � 0;
jP

iD1

ki D l;
jP

iD1

iki D j
o
: (4-18)

This can be seen by induction using the chain rule.

Lemma 4.5. Let S0 > 0 and � D 1C 1=S2
0

.

(i) Recall the definition of ˆ.y/ from (4-11). Write �.t/Dˆ.1=t/. For every j � 1 and t > 1 we have

�.j/.t/�j
1

t.t � 1/j

uniformly in S0.

(ii) For Y >
p
� let G.Y /D Y=

p
Y 2� � . Then for every j � 1 we have

G.j/.Y /�j

8̂<̂
:
�

Y

Y 2��

�j Y
p

Y 2��
for
p
� < Y � 2

p
�;

�

Y jC2
for Y � 2

p
�;

(4-19)

uniformly in S0.

(iii) For Y >
p
� let H.Y /D � .G.Y //. Then for every j � 1 and Y >

p
� we have

H .j/.Y /�j

p
Y 2� �

Y

�
Y

Y 2� �

�j

(4-20)

uniformly in S0.

Proof. By (4-11) and the substitution r 7! 1=r we have

�.t/D
Z 1

t

�

.r2� 1/.1C r2.� � 1//
dr:

The integrand here equals 1

r2�1
�

1

r2CS2
0

. Considering separately the cases t � 2 and 1 < t � 2 we
obtain (i) easily.

For (ii), note that if j � 1, the left-hand side of (4-19) is a linear combination of terms of the form
Y l=

�p
Y 2� �

�jCl , where 0� l � j C 1 and j C l is odd. Here clearly l D j C 1 gives the largest term,
and we get the first branch of (4-19). The second branch follows easily from the Taylor expansion

G.Y /D
1

p
1� �Y �2

D 1C
�

2Y 2
C

1P
mD2

am
�m

Y 2m
; (4-21)

where the am are absolute constants such that
P1

mD1 jamj r
m <1 for every 0< r < 1.

For the proof of (iii) we use Faà di Bruno’s formula (4-17), and we see that it is enough to estimate
terms of the form

�.l/.G.Y //

jY
iD1

.G.i/.Y //ki ; (4-22)

where 1� l � j and the ki satisfy the conditions in (4-18).
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If Y � 2
p
� , then 1<G.Y /� 2=

p
3, and we get from (i) and (4-19) that (4-22) is

�j
1

.G.Y /� 1/l

jY
iD1

� �

Y iC2

�ki

D

�
�

Y 2.G.Y /� 1/

�l

Y �j ;

where we used the conditions in (4-18). We see from (4-21) that 1�
�

Y 2.G.Y /�1/
� 1, so we get (iii)

for Y � 2
p
� .

If
p
� < Y � 2

p
� , then G.Y /� 2=

p
3, and we get from (i) and (4-19) that (4-22) is

�j
1

.G.Y //lC1

jY
iD1

��
Y

Y 2� �

�i
Y

p
Y 2� �

�ki

D
1

G.Y /

�
Y=G.Y /
p

Y 2� �

�l�
Y

Y 2� �

�j

;

where we used the conditions in (4-18). By the definition of G.Y / we get (iii) also for this case. The
lemma is proved. �

Lemma 4.6. Let S0 > 0, F > 1, t � 3, � 2 f�1; 1g be given. If x > t2� 4, write

T0 D T0.x/ WD

r
x

t2� 4
� 1 and R.x/ WD

ˇ̌
�FS0CT0.x/

ˇ̌
S0

p
F2� 1

: (4-23)

Let the number � and the function H be defined as in Lemma 4.5, and let us define K.x/DH.R.x// for
x 2HS0;F;t;� , where

HS0;F;t;1 WD
˚
x > t2

�4 W F < B.S0;T0.x//
	

and HS0;F;t;�1 WD
˚
x > t2

�4 W F < A.S0;T0.x//
	

(see (4-6)). Then K is well-defined. If � D �1, then K.x/ is a smooth function for
˚
x 2 HS0;F;t;�1 W

T0.x/ < S0

	
and also for

˚
x 2HS0;F;t;�1 W T0.x/ > S0

	
. For every j � 1 and every x satisfying the

above conditions we have

K.j/.x/�j .x� t2
C 4/�j max

�
1;

�
T0 jT0�FS0jp

.S2
0
C 1/.T 2

0
C 1/.A.S0;T0/�F /

�j�
for � D�1;

K.j/.x/�j .x� t2
C 4/�j max

�
1;

�
T0.T0CFS0/p

.S2
0
C 1/.T 2

0
C 1/ .B.S0;T0/�F /

�j�
for � D 1:

Proof. From Claims 1 and 2 we have R.x/ >
p
� ; hence K.x/ is well-defined. Also, for � D �1 we

have j�FS0CT0j D FS0�T0 in the case S0 > T0, and j�FS0CT0j D T0�FS0 in the case S0 < T0.
This follows from the conditions, using Claim 3. We cannot have T0 D S0 if � D�1, because T0 D S0

implies A.S0;T0/D 1, so 1 < F < A.S0;T0/ is impossible. Hence if � D �1, then R.x/ is indeed a
smooth function for T0 < S0, and also for T0 > S0, so we can speak about the derivatives of K.

We see from Faà di Bruno’s formula (4-17) that it is enough to estimate terms of the form

H .l/.R.x//

jY
iD1

.R.i/.x//ki ; (4-24)

where 1� l � j and the ki satisfy the conditions in (4-18). It is clear from the definitions that
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R.i/.x/�i
.x� t2C 4/1=2�i

S0

p
t2� 4

p
F2� 1

: for i � 1:

Hence, using also Lemma 4.5(iii) we get that (4-24) is

�j

p
.R.x//2� �

R.x/

�
R.x/

.R.x//2� �

�l jY
iD1

�
.x� t2C 4/1=2�i

S0

p
t2� 4

p
F2� 1

�ki

:

By the conditions in (4-18) and the definition of T0 in (4-23), this equalsp
.R.x//2� �

R.x/

�
R.x/T0�

.R.x//2� �
�

S0

p
F2� 1

�l

.x� t2
C 4/�j :

Note that
p
.R.x//2��

R.x/
� 1. From the definition of R in (4-23) is easy to compute, using also �D1C1=S2

0
,

that

S0

p
F2� 1

.R.x//2� �

R.x/
D
.S2

0
C 1/.T 2

0
C 1/� .F � �S0T0/

2

j�FS0CT0j
:

The lemma is proved. �

4.3. The case F < 1. In Lemma 4.7 we give a new expression for the function J.S0;T0;F / defined in
Lemma 4.1 in the case F < 1, and we also give upper bounds for the new expression. In Lemma 4.8
we give another new expression for J.S0;T0;F /, expressing it in terms of a simple function. Then in
Lemma 4.10 we give estimates for higher derivatives of a variant of this simple function.

Lemma 4.7. Let 0< S0, 0< T0 < T �
0

, 0< F < 1. We have

J.S0;T0;F /CJ.T0;S0;F /DK.S0;T0;F /CK.T0;S0;F /; (4-25)

where

K.S0;T0;F / WD

Z
jyj�T0=S0

p
.1Cy2C 2Fy/S2

0
C 1�F2�

p
1�F2

1Cy2C 2Fy
dy:

We also have

K.S0;T0;F /�
S0T0
p

1�F2
; K.S0;T

�
0 ;F /�K.S0;T0;F /�

S0.T
�
0
�T0/

p
1�F2

: (4-26)

Proof. The first statement follows from Lemma 4.1 andZ
jyj�T0=S0

dy

1Cy2C 2Fy
C

Z
jyj�S0=T0

dy

1Cy2C 2Fy
D

Z 1
�1

dy

1Cy2C 2Fy
;

which follows by the substitution y! 1=y. We havep
.1Cy2C 2Fy/S2

0
C 1�F2�

p
1�F2

1Cy2C 2Fy
D

S2
0p

.1Cy2C 2Fy/S2
0
C 1�F2C

p
1�F2

�
S2

0
p

1�F2
:

The lemma follows. �
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Lemma 4.8. Let S0;T0 > 0 and F < 1. Write � D 1C 1=S2
0

, and for �1< t < 1 let

V .t/D V .S0; t/ WD

Z t

0

�

.1� r2/.1C .� � 1/r2/
dr: (4-27)

Then

J.S0;T0;F /D S0.V .s1/�V .s2//�
1

2

Z 1
�1

p
1�F2

1Cy2C 2Fy
dy;

where

s1 D s1.S0;T0;F / WD
S0F CT0p

.S0F CT0/
2
C .1CS2

0
/.1�F2/

;

s2 D s2.S0;T0;F / WD
S0F �T0p

.S0F �T0/
2C .1CS2

0
/.1�F2/

:

Proof. We use the substitution

r D r.y/D
yCFp

.yCF /2C �.1�F2/

in the first integral in the definition of J.S0;T0;F /. It is easy to check thatp
1Cy2C 2FyC .1�F2/.� � 1/

1Cy2C 2Fy
dy D

�

.1� r2/.1C .� � 1/r2/
dr;

and the lemma follows. �

Lemma 4.9. Let S0 > 0, � D 1C 1=S2
0

, and let V be as in (4-27).

(i) For every j � 1 and �1< t < 1 we have

V .j/.t/�j .1� jt j/

�
1

jt jCS0

C
1

1� jt j

�jC1

uniformly in S0.

(ii) For �1< Y <1 let g.Y /D Y=
p

Y 2C � . Then for every j � 1 we have

g.j/.Y /�j

�
1
p
�

�j
for jY j � 2

p
�; (4-28)

g.j/.Y /�j
�

jY jjC2
for jY j � 2

p
�; (4-29)

uniformly in S0.

(iii) For �1< Y <1 let h.Y /D V .g.Y //. Then for every j � 1 and Y > 0 we have

h.j/.Y /�j

p
�.1CjY j/�j

uniformly in S0.
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Proof. For the proof of (i) note that

�

.1� r2/.1C .� � 1/r2/
D

1

1� r2
C

1

S2
0
C r2

D
1

1� r2
C

1=2S0

S0C i r
C

1=2S0

S0� i r
:

Considering first the case jt j � 1
2

, and then if jt j � 1
2

, then considering separately jt j � S0 and jt j � S0

we get (i). In (ii) we can assume Y � 0, and then the proof is completely similar to that of Lemma 4.5(ii).
For the proof of (iii) we use Faà di Bruno’s formula (4-17), and we see that it is enough to estimate

terms of the form

V .l/.g.Y //

jY
iD1

.g.i/.Y //ki ; (4-30)

where 1� l � j and the ki satisfy the conditions in (4-18).
If jY j � 2

p
� , then jg.Y /j � 2=

p
5, and we get from (i) and (4-29) that (4-30) is

�j
1

.1� jg.Y /j/l

jY
iD1

�
�

jY jiC2

�ki

D

�
�

jY j2 .1� jg.Y /j/

�l

jY j�j ;

where we used the conditions in (4-18). It is easy to see that 1� .�=jY j2/=.1� jg.Y /j/� 1, so taking
into account � � 1 we get (iii) for jY j � 2

p
� . If jY j � 2

p
� , then jg.Y /j � 2=

p
5, and we get from (i)

and (4-28) that (4-30) is

�j

�
1

jg.Y /jCS0

C 1

�lC1 jY
iD1

��
1
p
�

�i�ki

D

�
1

jg.Y /jCS0

C 1

�lC1 �
1
p
�

�j

;

where we used the conditions in (4-18). If S0� 1, then 1� � � 1, and we get (iii). If S0� 1, then
1=
p
� � S0� 1=

p
�; jY j=

p
� � jg.Y /j � jY j=

p
� , and�

1

jg.Y /jCS0

C 1

�lC1 �
1
p
�

�j

�

�
1

jg.Y /jCS0

��
1

jg.Y /j
p
� CS0

p
�

�j

:

The lemma follows. �

Lemma 4.10. Let S0 > 0, F < 1, t � 3, � 2 f�1; 1g be given. If x > t2� 4, write

T0 D T0.x/ WD

r
x

t2� 4
� 1 and r.x/ WD

FS0C �T0

S0

p
1�F2

: (4-31)

Let the number � and the function h be defined as in Lemma 4.9, and let us define k.x/D h.r.x// for
every x satisfying x > t2� 4. Then for every j � 1 and every x > t2� 4 we have

k.j/.x/�j

p
�.x� t2

C 4/�j max
�

1;

�
T0

S0

p
1�F2Cj�FS0CT0j

�j �
: (4-32)
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Proof. We see from Faà di Bruno’s formula (4-17) that it is enough to estimate terms of the form

h.l/ .r.x//

jY
iD1

.r .i/.x//ki ; (4-33)

where 1� l � j and the ki satisfy the conditions in (4-18). It is clear from the definitions that for i � 1

we have

r .i/.x/�i
.x� t2C 4/1=2�i

S0

p
t2� 4

p
1�F2

:

Hence, using also Lemma 4.9(iii), we get that (4-33) is

�j

p
� .1Cjr.x/j/�l

jY
iD1

�
.x� t2C 4/1=2�i

S0

p
t2� 4

p
1�F2

�ki

:

Using the conditions in (4-18) and the relations (4-31) we obtain the lemma. �

4.4. Computing J .t1; t2; m1; m2/ when the mi are characteristic functions. For x > 0 introduce the
notation

kx.y/D 1 for 0� y � x; kx .y/D 0 for y > x: (4-34)

Lemma 4.11. Let ti > 2 and xi > 0 for i D 1; 2. Then J
�
t1; t2; kx1=4; kx2=4

�
is nonzero only if xi > t2

i �4

for i D 1; 2. Assuming that this is true, we have

J
�
t1; t2; kx1=4; kx2=4

�
D 2

p
1�m
p

m
;

where m WDmax
�

t2
1�4

x1

;
t2
2�4

x2

�
.

Proof. The statement is trivial for m� 1, so let us assume m< 1. Then by definition we have

J .t1; t2; kx1=4; kx2=4/D

Z arccos
p

m

� arccos
p

m

d�

cos2 �
D 2

sin
�
arccos

p
m
�

cos
�
arccos

p
m
� :

The lemma is proved. �

5. First steps of the proof of Theorem 1.1

Let �0 be a nonnegative smooth function on .0;1/ vanishing outside of � 2 Œ1; 2� and such thatZ 2

1
�0.�/ d� D 1: (5-1)

Recall the definition of kx.y/ from (4-34). For x > 0, D > 0, define

kx;D.y/ WD
1

D

Z 2D

D
�0

� �
D

�
kx.yC �/ d� (5-2)

for y � 0. We will use also the notations of Theorem 1.1.
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5.1. A spectral estimate. Our aim is to prove Lemma 5.2, whose result will show that for a smoothed
version of the hyperbolic circle problem one can give a good estimate by spectral methods. We first need
some notation.

The hyperbolic Laplace operator is denoted by � WD y2
�
@2=@x2C @2=@y2

�
. Let fuj .z/ W j � 0g be a

complete orthonormal system of Maass forms for PSL2.Z/ (the function u0.z/ being constant), and let
�uj D

�
�

1
4
� t2

j

�
uj , where t0 D

i
2

and tj is real for j > 0.
If m is a compactly supported bounded function on Œ0;1/, let (see [I, (1.62)])

gm.a/D 2qm

�
eaC e�a� 2

4

�
; where qm.v/D

Z 1
0

m.vC �/
p
�

d�; (5-3)

and for any complex r let

hm.r/D
Z 1
�1

gm.a/e
ira da: (5-4)

For simplicity introduce the abbreviations hx D hkx
and hx;D D hkx;D

.

Lemma 5.1. Assume 1<D < x=10. For every integer j � 0 and all r � 1 we have

hx;D.r/�j
x1=2

r3=2
min

�
1;

x

Dr

�j

C
x1=2

r5=2
: (5-5)

We also have for every real r

hx;D.r/� x1=2 log x: (5-6)

Furthermore, we have

hx;D

�
i

2

�
D 4�x� 4�D

Z 2

1
�0.�/�d�: (5-7)

Proof. It is easy to see from (5-3), (5-4) and (5-2) that

hx;D.r/D
1

D

Z 2D

D
�0

� �
D

�
hx�� .r/ d� (5-8)

for every complex r . Now we apply Lemma 2.4 of [C] for the function hx�� .r/ choosing RDR.�/ in
that lemma in such a way that

1
2

cosh R.�/� 1
2
D x� �: (5-9)

Applying part (d) of that lemma we see that hx��

�
i
2

�
D 4�.x� �/, and taking into account (5-1) we get

(5-7). The estimate (5-6) follows from a trivial estimation of (2.6) of [C]. Finally, for the proof of (5-5)
we apply part (a) of Lemma 2.4 of [C]. Applying it in (5-8) we get for r � 1 that

hx;D.r/D
2
p

2�

r3=2D

Z 2D

D

�0

� �
D

�p
sinh R.�/ cos

�
rR.�/� 3

4
�
�

d� CO

�
x1=2

r5=2

�
:

Through the substitution RDR.�/ and use of (5-9) this equals
p

2�

r3=2D

Z R2

R1

�0

�
1C 2x� cosh R

2D

�
.sinh R/3=2 cos

�
rR� 3

4
�
�

dRCO

�
x1=2

r5=2

�
;
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where cosh R1 D 1C 2x � 4D and cosh R2 D 1C 2x � 2D. Repeated partial integration gives (5-5).
The lemma is proved. �

Lemma 5.2. Assume 1<D < x=10 and z 2�. ThenX

2�

kx;D.u.
 z; z//D 12x� 12D
Z 2

1
�0.�/�d� CO�

�
x
p

D
Cx1=2 log x

�
: (5-10)

Proof. It is clear by (5-3) and (5-4) that the function hx;D.r/ satisfies [I, condition (1.63)], i.e., it is even,
it is holomorphic in the strip jIm r j � 1

2
C� and hkx;D

.r/DO..1Cjr j/�2��/ in this strip for some � > 0.
Then we get from Theorem 7.4 of [I], using again the abbreviation hx;D D hkx;D

, that the left-hand side
of (5-10) equals

1X
jD0

hx;D.tj /juj .z/j
2
C

1

4�

Z 1
�1

hx;D.r/
ˇ̌
E
�
z; 1

2
C i r

�ˇ̌2
dr

for any z 2 H, where E.z; s/ is the Eisenstein series for � D PSL2.Z/; see [I, Chapter 3]. For the
fundamental domain F defined in (1-3) we have jF j D �=3 by [I, (6.33) and (3.26)]; hence ju0.z/j

2

equals 3=� for every z. By Lemma 5.1 above and by [I, Proposition 7.2], we get the lemma. �

5.2. Nonhyperbolic elements. We give an easy estimate for the contribution of the nonhyperbolic
elements in the hyperbolic circle problems.

Lemma 5.3. Let z 2� and X > 2. Then for every � > 0 we haveˇ̌˚

 2 PSL2.Z/ W jtr 
 j � 2; 4u.
 z; z/�X � 2

	ˇ̌
��;� X 1=2C�: (5-11)

Proof. Write 
 D
�

a
c

b
d

�
. By [I, (1.9), (1.11)] we have

4u.
 z; z/D
jcz2C .d � a/z� bj2

Im2 z
:

It is easy to compute that if z D xC iy, then

Im
�
cz2
C.d�a/z�b

�
D 2cxyC.d�a/y and Re

�
cz2
C.d�a/z�b

�
D c.x2

�y2/C.d�a/x�b:

Hence if z 2�, then the second inequality in (5-11) gives

2cxC d � a��

p
X ; (5-12)

c.x2
Cy2/C b��

p
X : (5-13)

By the first inequality in (5-11) we get from (5-12) that

d D�cxCO�.
p

X /; aD cxCO�.
p

X /;

and from these relations and (5-13) we get

1D ad � bc D�c2x2
C c2.x2

Cy2/CO�
�p

X .
p

X Cjcj/
�
:
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This implies c DO�.
p

X /, and so (5-12) gives d � a��

p
X . Then there are O�.

p
X / possibilities

for the pair .a; d/. If a and d are given with ad ¤ 1, then bc D ad � 1 implies that there are O� .X
�/

possibilities for the pair .b; c/. Finally, if ad D 1, then bc D 0, and so (5-13) implies that there are
��

p
X possibilities for the pair .b; c/. The lemma is proved. �

5.3. Reduction to the estimation of a square integral on the fundamental domain. Let us take an integer
J � 2; it will be fixed but we will choose it sufficiently large. Let d be a parameter that will be chosen
optimally later, at the moment we assume that d � 100 and 100Jd �X .

Let us define

Nd;J .z;X / WD

JX
jD0

.�1/j
�

J
j

� Z 2

1
�0.�/N.z;X � jd�/ d�: (5-14)

Then using (5-1) we see that Nd;J .z;X / equals

N.z;X /C

JX
jD1

.�1/j
�

J
j

�X

2�

Z 2

1
�0.�/k X�2

4

�
u.
 z; z/C 1

4
jd�

�
d�;

which equals

N.z;X /C

JX
jD1

.�1/j
�

J
j

�X

2�

kX�2
4
; jd

4

.u.
 z; z//

by (5-2). Applying Lemma 5.2 this equals

N.z;X /CO�;J

�
X
p

d
CX 1=2 log X

�
C

JX
jD1

.�1/j
�

J
j

��
3X � 3jd

Z 2

1
�0.�/�d�

�
for z 2 �. Now, it follows from the binomial theorem, taking into account that j

�
J
j

�
D J

�
J�1
j�1

�
for

1� j � J , that
JX

jD1

.�1/j
�

J
j

�
D�1 and

JX
jD1

.�1/j j
�

J
j

�
D 0:

Hence we have proved that for z 2�

Nd;J .z;X /DN.z;X /� 3X CO�;J

�
X
p

d
CX 1=2 log X

�
: (5-15)

Recalling the notation Mt;m from (2-8) we get from Lemma 5.3 that

N.z;X /DO�;�.X
1=2C�/C

X
t>2

Mt;k
X�2

4

.z/

for z 2�, X > 2 and for any � > 0. Hence by (5-14) we see that

Nd;J .z;X /DO�;�;J .X
1=2C�/C

Z 2

1
�0.�/

�P
t>2

JP
jD0

.�1/j
�

J
j

�
Mt;k

X�jd��2
4

.z/
�

d�
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for z 2�, � > 0. By Cauchy–Schwarz we have that�Z 2

1
�0.�/

�P
t>2

JP
jD0

.�1/j
�

J
j

�
Mt;k

X�jd��2
4

.z/
�

d�
�2

is

�

Z 2

1

�P
t>2

JP
jD0

.�1/j
�

J
j

�
Mt;k

X�jd��2
4

.z/
�2

d�:

Hence, using also (5-15) we finally get thatZ
�
.N.z;X /� 3X /2 d�z (5-16)

is

O�;�;J

�
X 2

d
CX 1C�

C

Z 2

1

Z
F

�P
t>2

JP
jD0

.�1/j
�

J
j

�
Mt;k

X�jd��2
4

.z/
�2

d�z d�

�
(5-17)

if � > 0, d � 100 and 100Jd �X .
We will show in Section 6 that if � > 0 is given and the integer J � 2 is fixed to be large enough in

terms of �, then we haveZ
F

�P
t>2

JP
jD0

.�1/j
�

J
j

�
Mt;k

X�jd��2
4

.z/
�2

d�z�� X � d5=2

p
X

(5-18)

uniformly for 1� � � 2 and

X 2=3
� d �X 99=100: (5-19)

Assume that (5-18) is true. Then we see from (5-16) and (5-17) that (5-16) equals

O�;�

�
X 2

d
CX � d5=2

p
X

�
(5-20)

for any d satisfying (5-19). Note that we choose J in terms of �, so we do not have to denote the
dependence on J in (5-20). Choosing d D X 5=7 we obtain Theorem 1.1. So it is enough to show the
estimate (5-18).

6. Conclusion

The goal of this section is to prove the estimate (5-18).

6.1. Application of Lemma 2.2 and basic observations. It is easy to see that if 
 2 SL2.R/ and the trace
of 
 is t > 2, then we have u.
 z; z/� 1

4
.t2�4/ for every z 2H. Therefore, the contribution of the terms

t >
p

X C 2 to the sum (5-18) is 0. We can take integers 1� I � log X and

3D a1 < a2 < � � �< aI < 1C
p

X C 2� aIC1 < 2C
p

X C 2 (6-1)

such that

aiC1 �
3
2
ai ; 3C

p
X C 2� ai � 2

�
3C
p

X C 2� aiC1

�
(6-2)
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for 1� i � I . By the Cauchy–Schwarz inequality we get for every 1� � � 2 thatZ
F

�P
t>2

JP
jD0

.�1/j
�

J
j

�
Mt;k

X�jd��2
4

.z/
�2

d �z� log X
IP

iD1

Ui (6-3)

with

Ui D Ui.�/ WD
Z
F

�aiC1�1P
tDai

JP
jD0

.�1/j
�

J
j

�
Mt;k

X�jd��2
4

.z/
�2

d�z : (6-4)

By Lemma 2.2 we have for every 1� i � I that Ui equals the sum of

aiC1�1P
t1Dai

aiC1�1P
t2Dai

Et1;t2
St1;t2

(6-5)

with the two complementary pieces

aiC1�1P
t1Dai

aiC1�1P
t2Dai

P
f 2Z

f 2<.t2
1
�4/.t2

2
�4/

h.t2
1�4; t2

2�4; f /Rt1;t2;f ; (6-6)

and
aiC1�1P
t1Dai

aiC1�1P
t2Dai

P
f 2Z

f 2>.t2
1
�4/.t2

2
�4/

h.t2
1�4; t2

2�4; f /Rt1;t2;f ; (6-7)

with the abbreviations

aj1;j2
WD .�1/j1Cj2

�
J
j1

��
J
j2

�
; (6-8)

St1;t2
WD

JP
j1D0

JP
j2D0

aj1;j2
J
�
t1; t2; kX�j1d��2

4

; kX�j2d��2

4

�
(6-9)

Rt1;t2;f WD

JP
j1D0

JP
j2D0

aj1;j2
I
�

t1; t2;
f

p
t2
1
� 4
p

t2
2
� 4

; kX�j1d��2

4

; kX�j2d��2

4

�
: (6-10)

By (2-10) and Lemma 4.11 we see that the functions I and J from (6-9) and (6-10) can be nonzero only
in the case

t2
1 � 4�X � j1d� � 2; t2

2 � 4�X � j2d� � 2: (6-11)

If (6-11) is true, then by (2-10) and (4-1) we have

I
�

t1; t2;
f

p
t2
1
� 4
p

t2
2
� 4

; kX�j1d��2

4

; kX�j2d��2

4

�
DZ.S0;T0;F /; (6-12)

and by Lemma 4.11 we have

J
�

t1; t2; kX�j1d��2

4

; kX�j2d��2

4

�
D 2 min.S0;T0/; (6-13)

where we use the abbreviations

S0 D S0.j1; t1/D

r
X�j1d��2

t2
1
�4

� 1; T0 D T0.j2; t2/D

r
X�j2d��2

t2
2
�4

� 1; (6-14)
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and

F D F.t1; t2; f /D

ˇ̌̌̌
f

p
t2
1
� 4
p

t2
2
� 4

ˇ̌̌̌
: (6-15)

We now consider the sum (6-7). Assume that (6-11) holds. Then by Lemma 4.1 and the last line of (4-5)
we see that (6-12) can be nonzero only if

jf j< B.S0;T0/
p

t2
1 � 4

p
t2
2 � 4: (6-16)

If (6-11) is true and (6-16) holds for some f in (6-7), then we have

jf j
p

t2
1
� 4
p

t2
2
� 4
� 1�

1
p

t2
1
� 4
p

t2
2
� 4

�
jf jC

p
t2
1
� 4
p

t2
2
� 4

� �X�c (6-17)

with some absolute constant c. If (6-11) holds, then we determine (6-12) by Lemmas 4.1 and 4.3. In
some cases we will apply the upper bounds of Lemma 4.4. By (6-17) and (4-12) we see that when we
apply these lemmas for the estimation of (6-12) we always have log 1

1�y
� log X . So assuming (6-11)

we get that for any f in (6-7) the value of (6-12) is

�

�r
X�j1d��2

t2
1�4

� 1C

r
X�j2d��2

t2
2�4

� 1

�
log X: (6-18)

We note finally that if ai � t1; t2 < aiC1 for some i , then

.t1t2� 5/2C 1
6
t1t2 < .t

2
1 � 4/.t2

2 � 4/� .t1t2� 4/2; (6-19)

since by the assumption aiC1 �
3
2
ai made in (6-2) we have 2

3
� t2=t1 �

3
2

, and we also have t1t2 � 9. So
there is an absolute constant c0 > 0 such that if ai � t1; t2 < aiC1, then

.t1t2� 5/C c0 �

p
.t2

1 � 4/.t2
2 � 4/� t1t2� 4: (6-20)

6.2. The case of very large ai . Assume that we have

p
X C 2� ai DO

�
d
p

X
X ı

�
(6-21)

for some ı > 0 chosen small enough in terms of �. Consider first (6-7). Since it is easy to see that
B.S;T /� 1� S2CT 2 for any S;T � 0, the number of integers f in (6-7) satisfying (6-16) is

� 1C
p

t2
1 � 4

p
t2
2 � 4

��
X�j1d��2

t2
1
�4

� 1

�
C

�
X�j2d��2

t2
2
�4

� 1

��
� dX ı;

where in the last step we used (6-21), (6-1) and (6-2). On the other hand, we get by (6-11), (6-12), (6-18),
(6-21) and (6-2) that (6-10) is always�ı .

p
d=
p

X /X ı for every such f . Hence for i satisfying (6-21)
we have, applying also Lemma 3.1, (3-23) and (6-21) that (6-7) is

�ı X 3ı d3=2

p
X

aiC1�1X
t1Dai

aiC1�1X
t2Dai

S.t2
1 � 4; t2

2 � 4/�ı X 5ıd3=2

��
d
p

X

�1=2

C
.d=
p

X /3=2

X 1=4

�
;
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where we used (6-1), (6-2). By (6-3) we see that its contribution is acceptable in (5-18).
We now consider (6-6). We get by (6-11), (6-12), Lemma 4.1, (4-25), the first relation in (4-26) and

(6-21) that (6-10) is�ı X ıd=

q
.t2

1
� 4/

�
t2
2
� 4

�
�f 2. Hence for i satisfying (6-21) we have, applying

also Lemma 3.1, that (6-6) is

�ı X 2ıd

aiC1�1X
t1Dai

aiC1�1X
t2Dai

X
f 2Z

f 2<.t2
1
�4/.t2

2
�4/

S.t2
1
� 4; t2

2
� 4; f 2/p

.t2
1
� 4/.t2

2
� 4/�f 2

: (6-22)

In the t1 ¤ t2 part we use S.t2
1
� 4; t2

2
� 4; f 2/� S.t2

1
� 4; t2

2
� 4/, and we easily see that the sum over

f in (6-22) is� S.t2
1
� 4; t2

2
� 4/. Then applying (3-20) with b D c and (6-21) we see that the t1 ¤ t2

part of (6-22) is

�ı X 3ıd
p

ai

�
d
p

X
X ı

�3=2

�ı X 5ı d5=2

p
X
;

which is acceptable in (5-18). For the t1 D t2 part of (6-22) we use Lemma 3.7 and we get that the sum
over f in (6-22) is�ı X ı , and so the t1 D t2 part of (6-22) is�ı X 3ıd

�
dp
X

X ı
�
, which is smaller than

our estimate for the t1 ¤ t2 part. So we have proved that assuming (6-21) the contribution of (6-6) is also
acceptable in (5-18).

Assuming (6-21) in (6-5) we clearly have min.S0;T0/�ı X ı
p

d=
p

X ; hence using also (6-9), (6-13)
and Lemma 2.1 we get that (6-5) is

�ı

X 2ı
p

d
p

X

�
d
p

X
X ı

�2p
X D

X 4ıd5=2

X
:

Hence in the case of (6-21) we get that the contribution of Ui in (5-18) is acceptable. We may assume
from now on that

p
X C 2� ai >X ı0

d
p

X
(6-23)

with some ı0 > 0, which is fixed in terms of �.

6.3. Easy consequences of (6-23). Observe that (6-23) implies the following relations, for all real
numbers 0� j1; j2; j � J and integers ai � t1; t2; t � aiC1:

X 1=4
pp

X � ai

ai
� S0.j ; t1/;T0.j ; t2/�

X 1=4
pp

X � ai

ai
; (6-24)

X

a2
i

� 1CS2
0 .j ; t1/; 1CT 2

0 .j ; t2/�
X

a2
i

; (6-25)

T0.j1; t/�T0.j2; t/DO

�
d

X 1=4 ai

pp
X � ai

�
D S0.j1; t/�S0.j2; t/; (6-26)

S0.j1; t1/�T0.j2; t2/D
X.t2

2
� t2

1
/
�
.t2

1
� 4/.t2

2
� 4/

��1

S0.j1; t1/CT0.j2; t2/
CO

�
dX�1=4pp

X�aiai

�
(6-27)
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We have in general that d

dT

�p
1CS2

p
1CT 2CST

�
D

p
1CS2T
p

1CT 2
CS and

d

dT

�p
1CS2

p
1CT 2�ST

�
D

p
1CS2 Tp
1CT 2

�S D
.T �S/.T CS/p

1CT 2
�p

1CS2T C
p

1CT 2S
� I

hence we get from (6-24)–(6-27) and the mean-value theorem that

B
�
S0.j1; t1/;T0.j ; t2/

�
�B

�
S0.j1; t1/;T0.0; t2/

�
� d=a2

i (6-28)

and

A
�
S0.j1; t1/;T0.j ; t2/

�
�A

�
S0.j1; t1/;T0.0; t2/

�
�

�
jt2� t1j

ai
C

d

X

�
d

X � a2
i

(6-29)

for all real numbers 0� j1; j � J and integers ai � t1; t2 � aiC1.
We will also need later the easily proved general identity

T0

S0

�A.S0;T0/D
.1CS2

0
/.T 2

0
�S2

0
/

S0T0.1CS2
0
/CS2

0

p
.1CS2

0
/.1CT 2

0
/
: (6-30)

This implies by (6-24) and (6-25) that assuming (6-23) we haveˇ̌̌̌
T0

S0

� 1

ˇ̌̌̌
�

ˇ̌̌̌
T0

S0

�A .S0;T0/

ˇ̌̌̌
�

ˇ̌̌̌
T0

S0

� 1

ˇ̌̌̌
(6-31)

for every choice S0 D S0.j1; t1/, T0 D T0 .j2; t2/ with any real numbers 0 � j1; j2 � J and integers
ai � t1; t2 � aiC1. We also see from (6-30) that the signs of T0=S0�A.S0;T0/ and T0=S0� 1 are the
same. Therefore we get from (6-31) that assuming (6-23) we haveˇ̌̌̌

T0.j2; t2/

S0.j1; t1/
� 1

ˇ̌̌̌
�

ˇ̌̌̌
T0.j2; t2/

S0.j1; t1/
�F

ˇ̌̌̌
�

ˇ̌̌̌
T0.j2; t2/

S0.j1; t1/
� 1

ˇ̌̌̌
(6-32)

for any real numbers 0� j1; j2 � J and any 1< F �A
�
S0.j1; t1/;T0.j2; t2/

�
.

Assuming (6-23) we see from (6-2) that (6-11) is always true. Then it follows by (6-9) and (6-13) that
(6-5) equals

2

aiC1�1X
t1Dai

aiC1�1X
t2Dai

Et1;t2

JX
j1D0

JX
j2D0

aj1;j2
min

�
S0.j1; t1/; T0.j2; t2/

�
: (6-33)

We also see that (6-12) always holds. Then by Lemma 4.1 and (6-10) we get for any f that

Rt1;t2;f D 2

JX
j1D0

JX
j2D0

aj1;j2

�
J.S0;T0;F /CJ.T0;S0;F /

�
: (6-34)

By the change of variables j1 7! j2, t1 7! t2 we see that substituting (6-34) into (6-7) and (6-6) the
contributions of J.S0;T0;F / and J.T0;S0;F / in (6-7) are the same.

6.4. Estimating (6-5). Assume besides (6-23) that we have

jt2� t1j>
dai

X
X ı (6-35)
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for some ı > 0 which is fixed in terms of �. Then we see from (6-27) and (6-24) that the sign of
S0.j1; t1/�T0.j2; t2/ is the same for every pair 0� j1; j2 � J . But then that part of (6-33) where (6-35)
holds is 0, since

PJ
j1D0 aj1;j2

D 0 for every j2, and
PJ

j2D0 aj1;j2
D 0 for every j1 by (6-8). So we may

assume in (6-33) that

jt2� t1j �
dai

X
X ı (6-36)

for some ı > 0 which is chosen small enough in terms of �. Then we see using (6-24) and Lemma 2.1
that (6-5) is�ı X 2ıX 1=4

pp
X � ai ai.1C dai=X /�ı X 2ı

p
Xd , which is acceptable in (5-18).

6.5. Estimating (6-6). Assume besides (6-23) that in (6-6) we have (6-36) and

1�

�
d

X�a2
i

�2

X ı < F < 1 (6-37)

for some ı > 0 which is chosen small enough in terms of �. By (6-34) and (4-25) we have

Rt1;t2;f D 2

JX
j1D0

JX
j2D0

aj1;j2

�
K.S0;T0;F /CK.T0;S0;F /

�
(6-38)

in the case F < 1, and by the substitutions j1 7! j2, t1 7! t2 we see that the contributions of K.S0;T0;F /

and K.T0;S0;F / in (6-6) are the same. Hence it is enough to consider the contribution of K.S0;T0;F /.
Applying the second relation in (4-26) we see for fixed t1, t2, f and j1 that

JX
j2D0

.�1/j2

�
J
j2

�
K .S0;T0.j2; t2/;F /� max

0�j2<J

jS0j
ˇ̌
T0.j2C 1; t2/�T0.j2; t2/

ˇ̌
p

1�F2
:

The parameters are written here only in the case of T0, since only this variable depends on j2. By (6-24)
and (6-26) this is� d=.a2

i

p
1�F2/. Hence using (6-8), (6-38) and Lemma 3.1 we get that that part of

(6-6) where (6-36) and (6-37) hold is

�ı

dX ı

a2
i

aiC1�1X
t1Dai

X
ai�t2<aiC1

jt2�t1j�dai X ı�1

X
f 2Z

0<1�F<
�

d
X�a2

i

�2
X ı

S.t2
1
� 4; t2

2
� 4; f 2/

p
1�F2

: (6-39)

From (6-20) we see that the innermost sum is

� ai

X
f

S.t2
1
� 4; t2

2
� 4; f 2/p

.t1t2� 4/� jf j
; (6-40)

where the sum ranges over all f such that

t1t2� 5�
p
.t2

1 � 4/.t2
2 � 4/

�
d

X�a2
i

�2

X ı
� jf j � t1t2� 5:
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In the case t1 ¤ t2 we use S.t2
1
� 4; t2

2
� 4; f 2/� S.t2

1
� 4; t2

2
� 4/, and we see that (6-40) is

�ı X ıai

�
1C

dai

X � a2
i

�
S.t2

1 � 4; t2
2 � 4/:

So, applying also (3-20) we get that the t1 ¤ t2 part of (6-39) is

�ı X 3ı

�
d

ai
C

d2

X � a2
i

��
min

�
ai ;
p

X � ai

� �
ai

dai

X

�1=2�
�ı X 3ı d5=2

p
X
;

which is acceptable in (5-18). In the case t1D t2 we estimate (6-40) by Lemma 3.7 and we get that (6-40)
is

�ı X ıai

�
1C .t2

1 � 4/

�
d

X�a2
i

�2�1=2

:

So the t1 D t2 part of (6-39) is

�ı X 2ı d

ai
min

�
ai ;
p

X � ai

��
1C ai

d

X�a2
i

�
�ı X 2ı d2

p
X
:

Hence that part of (6-6) where (6-36) and (6-37) hold is acceptable in (5-18).
So it is enough to consider that part of (6-6) where at least one of the conditions (6-36) and (6-37)

is false. We prove that this part is negligible. We use (6-34), and we recall that the contributions of
J.S0;T0;F / and J.T0;S0;F / in (6-6) are the same. By Lemma 4.8 and

PJ
j2D0 aj1;j2

D 0 we see that
it is enough to show that for fixed t1, t2, f , j1 the sum

JX
j2D0

.�1/j2

�
J
j2

�
V .si .S0.j1; t1/;T0.j2; t2/;F.t1; t2; f /// (6-41)

is negligibly small for i D 1; 2. Observe that by the notation of Lemma 4.10, using t D t2, S0DS0.j1; t1/,
F D F.t1; t2; f / and � D 1 for i D 1, � D�1 for i D 2 we have

V
�
si.S0.j1; t1/;T0.j2; t2/;F.t1; t2; f /

�
D k.X � j2d� � 2/:

By Taylor’s formula with remainder (see Theorem 7.6 of [A], for example), the value of (6-41) is
� dJ maxX�2�Jd��x�X�2

ˇ̌
k.J /.x/

ˇ̌
. Then by Lemma 4.10 and (6-24) we see that (6-41) is

�

s
1C

1

S0.j1; t1/2
dJ .X � a2

i /
�J max

�
1;

�p
1�F2C

ˇ̌̌̌
�F C

T0.j ; t2/

S0.j1; t1/

ˇ̌̌̌��J�
; (6-42)

with some real number 0� j � J . We see that if (6-37) is false, then this is negligibly small, since J is
fixed to be large enough. So we can assume that (6-37) is true but (6-36) is false. We show that (6-42) is
negligibly small. If ˇ̌̌̌

�F C
T0.j ; t2/

S0.j1; t1//

ˇ̌̌̌
�X ı d

X � a2
i

; (6-43)



1066 András Biró

then this is true. So we may assume that (6-43) is false. But then using also (6-37) and the triangle
inequality, taking into account (6-23) we getˇ̌̌̌

� C
T0.j ; t2/

S0.j1; t1/

ˇ̌̌̌
�X ı d

X � a2
i

: (6-44)

This is impossible for � D 1 for small ı by (6-23), so we may assume � D�1. Hence, using (6-27) and
(6-44) with � D�1, applying also (6-24) we get jt2� t1j �X ıdai=X . But this is a contradiction, since
we assumed that (6-36) is false. So that part of (6-6) where at least one of the conditions (6-36) and
(6-37) is false is also negligibly small. Consequently (6-6) is acceptable in (5-18).

6.6. A new expression for (6-7). Recall that substituting (6-34) into (6-7) the contributions of J.S0;T0;F /

and J.T0;S0;F / in (6-7) are the same. Hence, applying also Lemma 4.3 we get that (6-7) equals

4

aiC1�1X
t1Dai

aiC1�1X
t2Dai

�
At1;t2

CBt1;t2
�Ct1;t2

�
(6-45)

with

At1;t2
WD

X
0�j1;j2�J

f 2Z
1<F�B.S0;T0/

h.t2
1 � 4; t2

2 � 4; f /aj1;j2
S0ˆ.y1.S0;T0;F //; (6-46)

Bt1;t2
WD

X
0�j1;j2�J
f 2Z;T0�S0

1<F�A.S0;T0/

h.t2
1 � 4; t2

2 � 4; f /aj1;j2
S0ˆ.y2.S0;T0;F // ; (6-47)

Ct1;t2
WD

X
0�j1;j2�J
f 2Z;T0�S0

1<F�A.S0;T0/

h.t2
1 � 4; t2

2 � 4; f /aj1;j2
S0ˆ.y2.S0;T0;F // : (6-48)

6.7. The contribution of Bt1;t2
and Ct1;t2

. Assume besides (6-23) that

1< jF j �A.S0;T0/ (6-49)

and (6-36) holds with some ı > 0 which is chosen small enough in terms of �. Applying (6-17), (4-12)
and (4-16) we get that the terms ˆ.y2.S0;T0;F // in (6-47), (6-48) are always O.log X /. Using

A.S0;T0/� 1D
.S0�T0/

2p
.1CS2

0
/.1CT 2

0
/CS0T0C 1

�
.S0�T0/

2p
.1CS2

0
/.1CT 2

0
/
;

(6-27), (6-25), (6-24) and (6-36) we see that the number of integers f satisfying (6-49) and (6-15) is
� 1CX 2ı.d2a2

i =X /=.X � a2
i /. So we get, applying also Lemma 3.1 that the contribution to (6-45) of
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the terms Bt1;t2
, Ct1;t2

satisfying (6-49) and (6-36) is

�ı X 3ı

 p
X � a2

i

ai
C

d2ai=Xp
X � a2

i

! aiC1�1X
t1Dai

X
ai�t2�aiC1�1

jt2�t1j�ai
d
X

X ı

S.t2
1 � 4; t2

2 � 4/:

By (3-20) and (3-22) this is

�ı X 4ı

 p
X � a2

i

ai
C

d2ai=Xp
X � a2

i

!�
ai

pp
X � ai C .

p
X � ai/ai

�
d

X

�1=2�
;

which in turn is�ı X 4ıd5=2=
p

X by (6-1), (6-2) and (5-19). Hence we have proved that the contribution
to (6-45) of the terms Bt1;t2

, Ct1;t2
satisfying (6-49) and (6-36) is acceptable in (5-18).

Now consider the contribution of those terms Bt1;t2
;Ct1;t2

to (6-45) for which the inequalities

1< F �A
�
S0.j1; t1/;T0.0; t2/

�
�

d jt2� t1j

ai.X � a2
i /

X ı (6-50)

and (6-35) hold for some ı > 0 which is fixed in terms of �. We want to prove that this contribution is
negligibly small. We first show that for fixed t1; t2; j1 and f the conditions in the summations in (6-47)
and (6-48) are independent of 0� j2 � J . It is enough to see that we have F �A

�
S0.j1; t1/;T0.j ; t2/

�
for every 0 � j � J , and the sign of S0.j1; t1/� T0.j ; t2/ is the same for every 0 � j � J . These
statements follow easily from (6-29), (6-27) and (6-24). Hence for fixed t1; t2; j1 and f satisfying
ai � t1; t2 < aiC1, 0 � j1 � J and the conditions (6-50), (6-35) we have that either each 0 � j2 � J

satisfies the conditions of the summations in (6-47), or each 0 � j2 � J satisfies the conditions of the
summations in (6-48). Consequently, recalling (6-8) we see that it is enough to show that for every fixed
t1; t2; j1 and f satisfying the conditions just mentioned the sum

JX
j2D0

.�1/j2

�
J
j2

�
ˆ
�
y2.S0.j1; t1/;T0.j2; t2/;F.t1; t2; f //

�
(6-51)

is negligibly small. In the notation of Lemma 4.6, using � D �1 and t D t2, S0 D S0.j1; t1/, F D

F.t1; t2; f / there, we have

ˆ
�
y2.S0.j1; t1/;T0.j2; t2/;F.t1; t2; f //

�
DK.X � j2d� � 2/:

Theorem 7.6 of [A] shows that (6-51) is� dJ maxX�2�Jd��x�X�2

ˇ̌
K.J /.x/

ˇ̌
. By Lemma 4.6, (6-32),

(6-27), (6-24), (6-23), (6-1), (6-2) this is

� dJ .X � a2
i /
�J max

�
1;

�
jt2� t1j

ai .A.S0;T0/�F /

�J �
:

From (6-50), (6-29) and (6-23) we see that this is negligibly small, since J is fixed to be large enough in
terms of �. Hence we have proved that the contribution to (6-45) of those terms Bt1;t2

;Ct1;t2
for which

(6-50) and (6-35) hold is negligibly small.
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Consider the contribution to (6-45) of those terms Bt1;t2
, Ct1;t2

for which (6-35) holds and we have

A .S0.j1; t1/;T0.0; t2//�
d jt2� t1j

ai.X � a2
i /

X ı < F �A .S0.j1; t1/;T0.j2; t2// (6-52)

for some ı > 0 which is small enough in terms of �. Using also (6-29) this shows that the number of
possible values of the integers f satisfying (6-52) is

� 1C
d jt2� t1j ai

X � a2
i

X ı: (6-53)

It is easy to compute that

y2.S0;T0;F /D

s
.B.S0;T0/CF /.A.S0;T0/�F /

.T0�S0F /2
;

so using (6-24), (6-25), (6-27), (6-32) and (6-52) we get

y2.S0;T0;F /�ı X ı

s
dai

X jt2� t1j
; S0y2.S0;T0;F /�ı X ı

s
d.
p

X � ai/

ai

p
X jt2� t1j

: (6-54)

Now, if ai �
p

X=2, then we have S0� 1 by (6-24), and so by Lemma 4.4, (4-12) and (6-17) we get

S0ˆ.y2.S0;T0;F //�ı S0y3
2.S0;T0;F /X

ı
�ı X 4ı

s
d3.
p

X � ai/

X 2 jt2� t1j
3
: (6-55)

If ai �
p

X=2, then we have S0� 1 by (6-24), and by the second relation in (6-54), Lemma 4.4, (4-12),
(6-17) we see that if jt2� t1j � d=ai , then

S0ˆ.y2.S0;T0;F //�ı X ıS0y2.S0;T0;F /�ı X 2ı

s
d

ai jt2� t1j
; (6-56)

while if jt2� t1j � d=ai , then

S0ˆ.y2.S0;T0;F //�ı X ıS3
0 y3

2.S0;T0;F /�ı X 4ı

s
d3

a3
i jt2� t1j

3
: (6-57)

If ai �
p

X=2, then by (6-35) and (5-19) we see that the second term is larger than the first one in (6-53).
Then by (6-53) and (6-55) we see that the contribution to (6-45) of those terms Bt1;t2

, Ct1;t2
for which

(6-35) and (6-52) hold is

�ı X 6ı d5=2

X 3=4

q
X � a2

i

aiC1�1X
t1Dai

X
ai�t2<aiC1

jt2�t1j�dai X ı�1

S.t2
1
� 4; t2

2
� 4/p

jt2� t1j
(6-58)

in the case ai �
1
2

p
X . By (3-21) we have that the sum over t1,t2 is�ı X ı.

p
X �ai/X

1=4; hence (6-58)
is acceptable in (5-18).
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If ai �
1
2

p
X , then by (6-53) and (6-56) the contribution to (6-45) of those terms Bt1;t2

, Ct1;t2
for

which (6-35), (6-52) and jt2� t1j � d=ai hold is�ı than the sum of

X 4ı d2

X

aiC1�1X
t1Dai

X
ai�t2<aiC1

0<jt2�t1j�d=ai

S.t2
1 � 4; t2

2 � 4/ (6-59)

and

X 4ı

s
d

ai

aiC1�1X
t1Dai

X
ai�t2<aiC1

0<jt2�t1j

S.t2
1
� 4; t2

2
� 4/p

jt2� t1j
: (6-60)

By (3-20) we get that (6-59) is�ıX 5ı�1d2a
3=2
i .d=ai/

1=2�ıX 5ıd5=2=
p

X . We estimate (6-60) by (3-21);
the result is an upper bound X 5ı.d=ai/

1=2a
3=2
i �X 5ı

p
d
p

X , which is smaller than d5=2=
p

X by (5-19).
If ai �

1
2

p
X and jt2� t1j � d=ai , then by (5-19) the second term in (6-53) is larger than the first

one. Hence by (6-53) and (6-57) we see in the case ai �
1
2

p
X that the contribution to (6-45) of those

terms Bt1;t2
, Ct1;t2

for which (6-35), (6-52) and jt2� t1j � d=ai hold is

�ı X 6ı d5=2

a
1=2
i X

aiC1�1X
t1Dai

X
ai�t2<aiC1

0<jt2�t1j

S.t2
1
� 4; t2

2
� 4/p

jt2� t1j
�ı X 7ı d5=2ai

X
;

where in the last step we used (3-21). This is again acceptable in (5-18).
We examined every case, so we proved that the contribution to (6-45) of those terms Bt1;t2

, Ct1;t2
for

which (6-35) and (6-52) hold is acceptable in (5-18). Using also the previous estimates we see that the
whole contributions of Bt1;t2

and Ct1;t2
in (6-45) is acceptable in (5-18).

6.8. The contribution of At1;t2
. Now consider that part of the contribution of At1;t2

in (6-45) where

1< F � B.S0.j1; t1/;T0.0; t2//�
d

a2
i

X ı (6-61)

for some ı > 0 which is fixed in terms of �. We show that for fixed t1; t2; j1 and f the condition
in the summation in (6-46) is independent of 0 � j2 � J . It is enough to see that we have F �

B
�
S0.j1; t1/;T0.j ; t2/

�
for every 0� j � J , and this follows by (6-28). Hence for fixed t1; t2; j1 and

f satisfying ai � t1; t2 < aiC1, 0 � j1 � J and (6-61) each 0 � j2 � J satisfies the conditions of the
summation in (6-46). Recalling (6-8) we then see that if we can show that for every fixed t1; t2; j1 and f
satisfying the above-mentioned conditions the sum

JX
j2D0

.�1/j2

�
J
j2

�
ˆ
�
y1.S0.j1; t1/; T0.j2; t2/; F.t1; t2; f //

�
(6-62)

is negligibly small, then we will get that that part of the contribution of At1;t2
in (6-45) where (6-61) is true

is negligibly small. Observe that by the notations of Lemma 4.6, using � D 1 and t D t2, S0 D S0.j1; t1/,
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F D F.t1; t2; f / there we have

ˆ
�
y1.S0.j1; t1/;T0.j2; t2/;F.t1; t2; f //

�
DK.X � j2d� � 2/: (6-63)

Theorem 7.6 of [A] gives that (6-62) is� dJ maxX�Jd��2�x�X�2 jK
.J /.x/j. By Lemma 4.6 and

(6-24) this is

� dJ max
�
.X � a2

i /
�J ;

�
1

a2
i .B.S0;T0/�F /

�J�
:

By (6-61), (6-28) and (6-23) this is negligibly small, since J is fixed to be large enough in terms of �.
Hence that part of the contribution of At1;t2

in (6-45) where (6-61) holds is negligibly small.
Now consider that part of the contribution of At1;t2

in (6-45) where

B
�
S0.j1; t1/;T0.0; t2/

�
�

d

a2
i

X ı < F � B
�
S0.j1; t1/;T0.j2; t2/

�
(6-64)

for some ı > 0 chosen small enough in terms of �. It is easy to compute that

y1.S0;T0;F /D

s
.B.S0;T0/�F /.A.S0;T0/CF /

.T0CS0F /2
: (6-65)

By (6-25), (6-64) and (5-19) we see that X=a2
i � B.S0;T0/� X=a2

i and B.S0;T0/�F D o.X=a2
i /.

So

S0y1.S0;T0;F /�

p
B.S0;T0/�Fp

B.S0;T0/
D o.1/: (6-66)

Then applying Lemma 4.4 (note that the middle case of (4-15) cannot hold by (6-66)), and also using
(4-12) and (6-17), we get in every case that

S0ˆ
�
S0;y1.S0;T0;F /

�
�ı X ı.S0CS3

0 /y
3
1.S0;T0;F /�ı

X 1Cı .B.S0;T0/�F /3=2

a2
i S2

0
.B.S0;T0//

3=2
I

the second inequality follows from (6-25) and (6-66). By (6-24), (6-25) and (6-64) this gives

S0ˆ
�
S0;y1.S0;T0;F /

�
�ı X 3ı d3=2

X.
p

X � ai /
: (6-67)

The number of possible values of the integers f satisfying (6-64) is �ı X ıd . Therefore, using also
Lemma 3.1, we get that that part of the contribution of At1;t2

in (6-45) where (6-64) holds is

�ı X 5ı d5=2

X.
p

X � ai/

aiC1�1X
t1Dai

aiC1�1X
t2Dai

S.t2
1 � 4; t2

2 � 4/�ı

X 6ıd5=2

X
�p

X � ai

�.pX � ai/ai ; (6-68)

where in the last step we used (3-23), noting that a.b� a/ is an upper bound there for both terms. This
estimate is again acceptable in (5-18). So we proved that the contribution of At1;t2

in (6-45) is acceptable
in (5-18), hence the whole sum (6-45) is acceptable. The proof of (5-18) is now complete, so Theorem 1.1
is also proved.
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