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Local square mean in the hyperbolic circle problem
Andras Biré

Let I € PSL,(R) be a finite volume Fuchsian group. The hyperbolic circle problem is the estimation of
the number of elements of the I"-orbit of z in a hyperbolic circle around w of radius R, where z and w
are given points of the upper half-plane and R is a large number. An estimate with error term ¢28/3 is
known, and this has not been improved for any group. Petridis and Risager proved that in the special case
I' = PSL,(Z) taking z = w and averaging over z locally the error term can be improved to e/12+R
Here we show such an improvement for the local L2-norm of the error term. Our estimate is ¢(®/14TOR )
which is better than the pointwise bound ¢2&/3 but weaker than the bound of Petridis and Risager for the
local average.

1. Introduction

1.1. Statement of the main result. Let H be the upper half-plane. For z, w € H let

lz—w|*

(1-1)

uiz,w)= —;
(z,w) 4ImzImw

this is closely related to the hyperbolic distance p(z, w) of z and w, namely we have 1 + 2u = cosh p.
The elements of the group PSL,(R) act on H by linear fractional transformations, which are isometries
of the hyperbolic plane. Let dji; = dx dy/y?; this measure is invariant with respect to the action of
PSL,(R) on H. Let I' = PSL,(Z). For z € H and X > 2 define

N(z, X) ::‘{yeF:4u()/z,Z)+2§X}|;

this is the number of points yz in the hyperbolic circle around z of radius cosh™!(X/2), so the estimation
of this quantity is called the hyperbolic circle problem. We know that

IN(z, X) =3X| = 0,(X?/3); (1-2)

this is an unpublished theorem of Selberg, but it is proved also in [L-P]; see also [I, Theorem 12.1]. Let F
be the closure of the standard fundamental domain of ', i.e.,

F={zeC:Imz>0,—1 <Rez <1, |z|>1}. (1-3)
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The goal of this paper is to prove the following theorem.

Theorem 1.1. Let I' = PSL,(2), let F be as in (1-3), and let 2 C F be a compact set. For any € > 0, we

have

(LG x)=3302duz) " = 0g (x11449)

Remark 1.1. The significance of the theorem is that the estimate is better on average than the pointwise
bound X 2/3.

Remark 1.2. Let f be a smooth nonnegative function that is compactly supported on F and let € > 0.
It was proved in [P-R] that ff fN(E, X)=-3X)du, = Of,e(X7/12+6).

Remark 1.3. The bound (1-2) remains valid if we take any finite-volume Fuchsian group (a subgroup of
PSL,(R) acting discontinuously on H and having a fundamental domain of finite volume with respect to
diuz) in place of PSL,(Z), provided the main term is defined including all small Laplace eigenvalues.
The analogue of the theorem of [P-R] mentioned in Remark 1.2 was proved in [B1] for any finite volume

Fuchsian group with exponent % in place of %

Remark 1.4. It would be interesting to extend Theorem 1.1 for any finite volume Fuchsian group in
place of PSL, (Z) with some exponent smaller than 2, similarly as the theorem of [P-R] was extended in
[B1]. Our present proof uses arithmetic tools, so it might be extended only for groups similar to PSL; (Z).

Remark 1.5. Several other kinds of average results in the hyperbolic circle problem were proved in [C]
and [C-R].

1.2. Outline of the proof. We take an integer J > 2, which will be fixed to be large enough in terms of €.
We also take a parameter d, which will tend to oo together with X, and we assume X 23 < g =x1-8
with some fixed § > 0. We take the sum

AN T AV & .
Nas@X):= 2 (F) [ m@N G X = jde) de.

where 7 is a given nonnegative smooth function on (0, co) such that no(r) = 0 for v ¢ [1,2], and
/ 12 no(t) dt = 1. Then the j = 0 term equals N (z, X'), but the terms j # 0 are smoothed versions of
N(z, X). Tt can be proved by spectral methods that for z € Q the j # 0 terms can be replaced by their
main terms with an error term Ogq (X/ Vd). One gets from these spectral estimates that

Ny j(z,X)=N(z,X)=3X 4+ Oq(X/vd) (1-4)

for z € Q. If we take d larger than X'2/3, this error term will be smaller than X2/3. One can also see
easily that the contribution of the nonhyperbolic y € I" to Ny j(z, X) is Oq (X 1/2+€) Therefore, for
the proof of Theorem 1.1 it is enough to estimate

[ (Nazngp(z X0)? diz. (1-5)
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where Ny jnyp(z, X) is the contribution of the hyperbolic y € I' to Ny y(z, X). We will give an
expression for (1-5) whose most essential part will be an expression of the form

J
Yoo ka4 Y V(D) () Fratn S 06
11,02 J1,J2=0

VR GEDICED)
where t1,#, > 2 and f run over the integers, the factor Fx 4(t1,t2, f, ji, j2) is an analytic expression,
and h(ll2 —4, t22 —4, f) has the following arithmetic meaning. If dy, d;,t € Z, then h(dy, d,, t) denotes
the number of SL,(Z)-equivalence classes of pairs (Q, Q) of quadratic forms Q;(X,Y) = 4; X? +
B; XY +C;Y? with integer coefficients satisfying that the discriminant of Q; is d;, and the codiscriminant
BBy —2A4,Cy; —2A4,Cy of Q1 and Q5 is t.

Now, (1-6) can be estimated in the following way. For certain ranges of the parameters ¢, 7, and f
we will show that if these three parameters are fixed, then the summation over ji, j, will be negligibly
small. This will follow simply from the mean-value theorem of differential calculus, using that J is large
enough. For those ranges of 71, 7, and f where this reasoning does not work, we estimate every term of

the summation separately. In this way we get an upper bound for (1-6) of size d 5/2x—1/2+4e

. Balancing
it with the square of the error term in (1-4) we get the theorem choosing d = X 5/7,

We note that /(dy, d, t) was studied in the papers [H-W] and [M]. They gave explicit formulas for
h(dy, d,,t) but only under restrictive conditions for the parameters, so we cannot apply their results.
Therefore we prove a general upper bound for /(d, d;,t) and apply it in the proof of Theorem 1.1.
It would be interesting to investigate in the future whether it is possible to improve the estimate in

Theorem 1.1 using an explicit formula instead of our upper bound.

1.3. Structure of the paper. In Section 2 we give a general formula for the inner product of two
automorphic functions Zy er;, m;(u(z, yz)), where the m; are test functions, #1, ¢, > 2 are integers, and
I';, is the set of elements of SL,(Z) with trace ¢;. The class numbers h(ll2 —4, t22 —4, f) occur in that
formula. In Section 3 we give an upper bound for h(tl2 —4, 122 —4, f), and in Section 4 we investigate the
special functions appearing in the formula of Section 2 in the case when m1; are characteristic functions as
in the circle problem. In Section 5 we begin the proof of Theorem 1.1 by giving the spectral estimate and
bounding the contribution of nonhyperbolic elements. In Section 6 we complete the proof by estimating
the square integral (1-5).

2. Inner product of automorphic functions and class numbers of pairs of quadratic forms

Our main goal in this section is to prove Lemma 2.2, which relates the inner product of two automorphic
functions of a special kind to class numbers of pairs of quadratic forms. Before that we give the necessary
definitions and prove an easy lemma to be used later.

2.1. Definitions and an upper bound. We start by taking a positive discriminant s and introducing the
set 2 of quadratic forms with discriminant s. Let s be a positive integer with s = 0, 1 modulo 4 and
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define
2y :={Q(X.Y)=AX*+BXY +CY?:A,B,C €7, B>—4AC =s}.

Ifr= (Z 3) € SL,(Z) and Q is a quadratic form, let us define the quadratic form Q% by Q*(X,Y) =
Q(aX 4+ bY,cX +dY). The group SL,(Z) acts in this way on 25. When s = 1> — 4, the set 2 can be
identified with elements in SL,(Z) with trace ¢. Indeed, if ¢ > 2 is an integer, let

T ={(*5) eSLy@) :a+d=1}.

The group SL,(Z) acts on I'; by conjugation. If y = (‘CI 3) €Ty let Q) (X, Y)=cX?+(d—a)XY—-bY2.
It is easy to see (see [B2], p. 119) that the map y — O, is a one-to-one correspondence between I'; and
9 with s = t? —4, and also between the conjugacy classes of I'; over SL,(Z) and the SL,(Z)-equivalence
classes of 2. More precisely: If € SL,(Z) and y € I';, then O -1,,, = O}, The fixed points of y
on R are exactly the roots of the quadratic polynomial O, (X, 1).

For dy.dy,t € Z, let Qg, 4, be the subset of 24, x 2,4, consisting of those pairs (01, Q,) of

quadratic forms having codiscriminant ¢. In other words, writing
O01(X,Y)=A1X*+ B XY +C1Y?, Q2(X.Y)=A,X*>+ B, XY +C,Y?2, (2-1)

we require that the discriminant of Q; be d; (j = 1,2) and that
B1By —2A4,Cy,—2A4,Cy =1. (2-2)

It is easy to check that if T € SL,(Z) and (Q1, Q2) € Qq, d,,1» then (O], Q%) € Q4 4,,+- Hence SL»(Z)
acts on Qg, 4, ;- Let us denote by /1(dy, d5, t) the number of SL,(Z)-equivalence classes of Qg, 4, ;-

If 1 > 2, 1, > 2 are integers, let Ry, ;, be the subset of Qtlz_4 X Qt22_4 consisting of those pairs
(Q1, Q3) of quadratic forms satisfying

Q1 =AQ, for somel € Q. (2-3)

Note that Ry, s, isS empty unless (tl2 —4)/ (122 —4) € @%. Tt is easy to check that if ¢ € SL,(Z) and
(Q1, 02) € Ryy 1, then (QF, OF) € Ry, 1, Hence SLy(Z) acts on Ry, r,. Let Ry, ,, denote a complete
set of representatives of the SL,(Z)-equivalence classes of Ry, s, .

If (Q1, Q2) € Rt 1,» We can define a nonnegative real number n(Q1, Q) in the following way. Using
the bijection y > @ defined earlier, let y; € I';; be such that O, = Q; fori =1, 2. The y; are uniquely
determined. The fixed points on R of the hyperbolic transformations y, and y, are the same by (2-3), since
they are the roots of the polynomial Q1(X, 1) = A0,(X, 1). Denoting the centralizer of a hyperbolic
element y in SL,(Z) by C(y) it is well-known and easily proved that

Cy) = {r e€SLy(Z) 121 =21, T2p = 22}, (2-4)
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where z; and z; are the fixed points of y. Therefore C(y,) = C(y,). The image of C(y,) in PSL(Z) is
infinite cyclic, i.e., there is a y,, € SL,(Z) such that

Cly) =yt esSL, @) :1€7). (2-5)

Let N(y) denote the norm of a hyperbolic transformation y, see p. 19 of [I]. Let us define n(Q1, Q») :=
‘log N(y,)|; this quantity is well-defined. It can be seen that if T € SL;(Z), then n ( T Q;) =n(01, 0>).
Finally, if #; > 2, ¢, > 2 are integers, let us define

Enp= > n(01.0). (2-6)
(Q1,02)€R], 4,

The following lemma will be enough for handling E;, ;, during the proof of Theorem 1.1.
Lemma 2.1. If2 < t; <1, are integers, then Ey, 1, <Ke¢ t21 t€ for every € > 0.

Proof: 1f (Q1, Q2) € Ry, 1, and y; € T'y; is such that Q,, = Q; for i = 1,2, then for y,, satistying (2-5)
we clearly have ‘log N(Vo)‘ < }log N(y2)| < logt,. So it is enough to show that the number of SL;(Z)-
equivalence classes of Ry, 1, is K¢ 121 te I 0, € Qtzz_ 4 18 given, then there are at most two possibilities
for Q; to have (Q1., Q) € Ry, z,, S0 it is enough to show that the number of SL;(Z)-equivalence classes
of Qtzz_ 418 Ke 121 *€ . This follows from [Bu, Proposition 3.3 and formula (3.1)]. The lemma is proved. [

2.2. The formula for the inner product. If t > 2 is an integer and m is a compactly supported bounded
function on [0, co), then for z, w € H write

m(Z,'LU) = m(u(Z,U))) (2_7)
by an abuse of notation; see (1-1) for u(z, w). For z € H define
Mim(z) =) m(z,y2). (2-8)
yely
The main result of this subsection, Lemma 2.2, expresses the inner product of two such functions My, m,,
M, m, in terms of the quantities £/, , and h(17 —4, 3 —4, f) defined above. We need also the following

definitions to state the lemma.
Let #1,t, > 2 be real numbers and let m1, m, be compactly supported bounded functions on [0, 00).

/2 12 —4 t2—4\ db
J(t1,t2,my,my) 3=/ ny my (2-9)

—7/2 4cos2 6 4cos?6 Jcos20’

Let us write

and for every real F with | F| # 1 let us write

my (32 =1+ S2))my (32 —H(1+ T?))
VS2+T242FTS +1— F2

ds drT, (2-10)

I(tl,tz,F,ml,mz) I:/

where we integrate over the set

{(S.T)eR*:S* +T*+2FTS +1—F*>0}. (2-11)
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Remark 2.1. The integral (2-9) is absolutely convergent, because m1; and m, are compactly supported
and bounded. The absolute convergence of the integral in (2-10) is trivial in the case | F| < 1, because
then we always have S2 + T2 + 2FTS > 0. In the case |F| > 1 we use the linear substitution
u=3S+ (F+ N F?— l)T, v=_S+ (F— VF?— l)T. Since m; and m, are compactly supported, we
have in (2-10) that |.S| and |T'| are bounded from above. But then we have also |u|, |v| < C with some
C > 0. The condition in (2-11) reads as uv > F? — 1, therefore we have also |u|, |v| > ¢ with some ¢ > 0.

Now, integrating over the set defined by the conditions ¢ < |u|, |v| < C and uv > F? — 1, we clearly
have [[(1/vuv+1— F?)dudv < oco. Thus (2-10) is absolutely convergent also for | F| > 1.

Lemma 2.2. Let t,t, > 2 be integers and let my, m, be compactly supported bounded functions on
[0, 00). Then, using equation (2-8), the integral

/ My my (2) My my (2) dptz (2-12)
equals the sum of
Tty ta,my,mp) Eyy 1, (2-13)
and
> h(t%—4,z§—4,f)z(t1,z2, — _,ml,mz). (2-14)
fGZ 112—4 [22—4

[PEEG—H5-4)

(See equations (2-1) and (2-2), with the subsequent paragraph, for h(ll2 —4, l22 —4, ), equation (2-6) for
Ey, 1,, and (2-9), (2-10) for the functions J and Z.)
Remark 2.2. We will see later that the class numbers h(tl2 —4, t22 —4, f) are finite, see Lemma 3.1 and

Remark 3.1. The sum (2-14) is actually finite, because for large enough | /| the function Z vanishes there.
This can be seen easily from (2-10) and (2-11).

For the proof of Lemma 2.2 we need a few preliminary lemmas. To state the first one, we give some
definitions using the notations of Lemma 2.2.

Write G := T, x Ty, and let G be the set of those elements (y,.,) € G for which the set of fixed
points on R of y, and of y, are the same. If (y,.y,). (v{.vy) € G, we say that (y,,y,) and (y{.y5)
are SL,(Z)-equivalent if there is an element 7 € SL,(Z) such that 7! y;t =y, fori =1,2. We denote
by G§ a complete set of representatives of the SL;(Z)-equivalence classes of G, and by (G \ Go)* a
complete set of representatives of the SL, (Z)-equivalence classes of G \ Gy.

Lemma 2.3. Let t1,t, > 2 be integers and let my, m, be compactly supported bounded functions on
[0, 00). Recall equation (2-8). Then

M, (2Y My (2) iz (2-15)
equals the sum of

/ my(z,y,2)ma(z,v,2)dp; and > /ml(z,ylz)mz(z,yzz)d,uz.
(). veGy Y COO\H (v1,7)€(G\Go)* 7 W
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Remark 2.3. To avoid confusion we emphasize that G \ Go denotes set difference, while C(y;)\H
denotes quotient on the left.

Proof. An element y € SL,(Z) with tr y > 2 determines a hyperbolic transformation of H; see Section

1.5 of [I]. Hence y has two different fixed points on R. Assume that y, € I'y,, v, € I',, T € SL»(Z) and

r_l)/lrzyl, r_1y2t=y2. (2-16)

It is clear by (2-4) that if (,, ¥,) € G \ Go. then (2-16) is true if and only if = £(§ ). If (¥,. ¥,) € Go.
then by (2-4) we see that C(y,) = C(y,), and (2-16) is true if and only if = € C(y,).
From the definitions we see that (2-15) equals

> 2 /ml(z,VIZ)mz(Z,sz)duz-
yleI‘tl )/ZGFZZ F

We partition G into SL,(Z)-equivalence classes. Since for t € SL,(Z) we have

[omG T yrmG T e dpe = [ mi ey ma . y,2) dpe,
our considerations above give the lemma. O

Lemma 2.4. Let y, = (‘c’ 2) and y, = ( g g) be hyperbolic elements of SL,(R), and assume that the set
of fixed points of y, and the set of fixed points of y, are disjoint. Let

(d —a)(D— A)+2bC +2Bc
Vd+a?2—a/(D+ A)2—4

Letuswritety =a+d, ty = A+ D, and assume t1,ty > 2. Let m1, my be compactly supported bounded

F:=F(y;. vy = (2-17)

functions on [0, 00) and use (2-7). Then we have
/Hml(z, Y1 2)ma(z, v,2) dpz = T(ty. 1y, Fomy,my), (2-18)

where the function T is defined in (2-10) and (2-11).

Proof. It is easy to check that F(y,,y,) = F(r! Y1 T 71 ¥, 7) for T € SLy(R). Since (2-18) also remains
the same if we write 7! y, T and a ¥, T in place of y, and y,, and since we can choose 7 in such a way
that 7! y, T is diagonal, for the proof of the lemma we may assume that y, is diagonal.

So assume that » = ¢ = 0. Then by the conditions we have BC # 0. It can be easily computed by the
definitions that
(d —a)?|z |2 |Cz22 4+ (D—A)z— B[

preee R 41m?z '
Hence, if z = x +iy, using ad = 1 and AD — BC = 1 we get after some computations that

(a+d)*—4 n (d—a)*x?

u(z,y,z) =

u(z, v z) = 1 I (2-19)
2_ 2 _ . 272
u(z, y,z) = (A+Z) 4 + (Cx"+(D j{l))}); B+Cy7) . (2-20)
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Since m(z, w) is defined through the function u, we will be able to compute the left-hand side of (2-18)
using (2-19) and (2-20).
Let us use the substitution

X Cx?+(D—A)x—B+Cy?
ri= .

q:.=—, : (2-21)
y y
Then the determinant of the Jacobi matrix dq dr 18
dx dy
det( 1/y (QCx+(D—A))/y ) _ B+Cx?+Cy?
—x/y? C—(Cx2+(D—A)x—B)/y*) y3 '
It is not hard to check that
B+ Cx?+Cy? 2B
TR DA+ (2-22)
y y
and
B r—(D—-4
By == e hegry=o. (223)

y
From (2-22) and (2-23) we get

(B+Cx2+cy2
y

2
) =((D—A)g—r)* +4B(C + Cq?).

Hence if we want to compute the left-hand side of (2-18) by the substitution (2-21), then on the one hand
we see that for ¢ and » we have the condition

(D—A)g—r)?> +4B(C +Cq?) > 0. (2-24)

On the other hand, in the case BC > 0 we see from the quadratic equation (2-23) that for every real ¢ and
r satisfying (2-24) there is exactly one y > 0 and real x satisfying (2-21). Similarly, in the case BC < 0
we see from the quadratic equation (2-23) that (D — A)g —r)/B > 0, i.e., combined with (2-24) we

must have
D—A)g— C + Cqg?
(# > 2,/_i' (2-25)
B B

If the left side of (2-25) is larger than the right side, then we have two positive solutions of (2-23) in 1/y.
If (2-25) holds with equality, then we have a double root.
Putting everything together we see that the left-hand side of (2-18) equals

o0
[ [, readrdg (2-26)
—o0 J Ay
for BC > 0, and the left-hand side of (2-18) equals

2 /_Z /A L Srq)drdg (2-27)
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for BC < 0, where
f(r.q) = my(3((@+d)* =4+ 5(d —a)’¢*)ma(5((A+ D) —4) + 5r?)
o V((D—A)g—r)2+4B(C +Cq?) ’

Ag:=1{reR:(D—A)q—r)*+4B(C +Cq?) >0},

and for BC < 0 we write

D—A)g— C +Cqg?
At e @=-Aa=r | C+C
q B B

For BC < 0 we define also

D—A)g — C+Cqg?
e )pep. L=Ma—r | C+Cq |
q B B

We see that for BC < 0 we have —A“_Lq = Ay, so,since f(r,q) = f(—r,—q), for BC <0 we have that

(2-27) equals
/—: /A;f(l’,q)drdq—{—/_(: /A;f(V’CI)drdq,

Since A is the disjoint union of A; and A, for BC <0, we finally get that the left-hand side of (2-18)
equals (2-26) also in the case BC < (0. Apply the substitution
—r

VDt A7 4

in (2-26). Recalling (2-17), b = ¢ = 0 and BC # 0 we have that

S:q, T =

P . 2 . 2 _ 2 Z_M
(a+d)>—4=(a—d)*, (D—A)P?+4BC=(D+A)?>—-4, F ~DtA2_4

Taking into account that Z(¢q, t,, F', m,m>) is even in F, we get (2-18) for the case b = ¢ = 0. But we

£1

have seen that then the lemma is completely proved. O

Lemma 2.5. Let y, € 'y, y, € I'v,, where t; > 2 fori = 1,2. Assume that y, and y, have the same fixed
points. Then

[ mEViDma a2 dpz = T (1. t.mym3) [log N(yy) (2-28)
C(V])\H

where y,, € SLy(Z) is a generator of the centralizer C(y,); see (2-5). (The function J is defined in (2-9).)

Proof. We may assume that N(y,) > 1. We can choose 7 € SL;(R) in such a way that fa YTz = AiZ
forevery z € Hand 0 <7 <2 with A9 = N(y,) and A; = N(y,)“ fori = 1,2, where ¢; € {—1, 1}. The
fundamental domain of the group t~!'C (y,)7 in H is the subset {1 <|z| <N ()/0)}. Then the left-hand
side of (2-28) equals

/{zeH~ zeiengy ™ E T TR M T ) dp (2-29)
e 0
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dr df

that
r cos2 0

By the substitution z = rei(3+0) with 1 <r < N(yy), =5 <0 < Z we get using du, =

(2-29) equals
72 N, (Al + 27! —2) (A2+k2—1 —2) dr df
mi| ———— |m i
—71/2/1 ! 4cos? 6 2 4cos? 6 rcos2 @

1/2 + )\1—1/2 =1, )\;/2 + )\;1/2 = I, since the trace is invariant under conjugation. The

lemma is proved. O

It is clear that A

Proof of Lemma 2.2. We use the one-to-one correspondence between I'y, and 2,2_, fori =1, 2.

Using the notation of Lemma 2.3, we see that if (yl, )/2) € G, then (y,,7,) EIGO holds if and only if
Oy, =10y, with some A € Q. Indeed, Q) = A0, holds with some A € Q if and only if the polynomials
0y, (X, 1) and Q,, (X, 1) have the same roots, i.e., if and only if y, and y, have the same fixed points.

It is clear that (y,,¥,). (y;". v, ) € G are SLy(Z)-equivalent if and only if there is a T € SL;(Z) such
that (Qfl, JT,Z) = (le*, Q’yz*). We note also that if (y,,y,) € G \ Gy, then for the quantity F(y,,y,)
defined in (2-17) we have F(y,,y,) = /(/)¥Vi} —4v/1 —4, with

0y, (X.Y) =41 X?+ BIXY +C1Y?, Q) (X.Y)=A,X>+ B, XY + Y72, (2-30)
f=B1By,—24,C, —2A4,C;. (2-31)
We show that if (y,,¥,) € G \ Gy, then f2# (tl2 — 4)(t22 —4). Indeed, writing d; := tl.z —4 and using
di = Bl.2 —4A4;C; fori = 1,2, we easily get from (2-30) and (2-31) that
d} A3 —2fdy A1 Ay + didr A5 = da(By A1 — B A1),
d;CE—=2fdyC1Cy + d1dyC5 = dy(B,Cy — B1Cy)?.

Assume f2 = dd,. Then the left-hand sides above are squares, and since d, = 122 —4 cannot be a square,
we get BoA1 — B1A; =0, B,C; — B1Cy = 0. One has the identity

1/, 2
(4162 = A2C1)? = (41 B = 2 B1)(B1 G — BaCy) = 2 (/2= [T (B} —44:C)). 2-32)
i=1
with f defined in (2-31). We also get A{Cy — A,C; = 0 from (2-32). It follows that the vectors
(A1, By, Cy) and (43, B3, () are linearly dependent, hence (y,,y,) € Go, which is a contradiction.
We note finally that if (y,,y,) € G \ Gy, then y, and y, have no fixed points in common.
With these considerations, applying Lemmas 2.3, 2.4, 2.5 and the definitions we obtain the lemma. [

3. Estimates on the number of equivalence classes of quadratic forms

Recall the definitions of Qg4, 4, and /(dy, d>, ) from (2-1), (2-2) and the subsequent paragraph. In
this section we will give several upper bounds for A(dy, d,,t) itself and for certain sums containing
h(dy,d,,t).

Let gcd(nq,n,,...,n,) be the greatest common divisor of the integers ny,#n,,...,1n,. The integer
part of a real number x is denoted by [x].
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3.1. A general upper bound for h(dy,d>,t). Our aim in this subsection is to prove Lemma 3.1. The
upper bound we give for i(d;, d,,t) will be smaller than (1 + |dd;¢|)€ for any fixed € > 0 in many
cases. This is not always true, but the exceptions are rare.

For any finite set of integers n,ny, ..., n, we write

S(ni,ny,....,n,) =max{k > 1:k*|ged(ny,na, ... ,n,)}. (3-1)

Denote by t(n) the number of divisors and by w(#n) the number of distinct prime divisors of a nonzero
integer 7.

Lemma 3.1. Assume that d, d,,t € Z and d; is not a square of an integer (i = 1,2). Assume also that
t> —dydy #0. Then

h(dy, dy.1) < C 200~ N2 _d,dy)S(d). dy.1%), (3-2)
where C > 0 is an absolute constant.

Remark 3.1. Even the finiteness of A(d, d>, t) is not completely obvious. For a short proof of this fact
using the theory of algebraic groups see Appendix I of [M].

For the case d; = tl.2 —4 for i = 1,2 with integers #; > 2, which is our primary interest, one can give a
trivial upper bound for /(dy, d;, t) using Lemma 2.2. For simplicity let us consider the case when tlz —4,
t22 —4 and ¢ all lie in [ X, 2.X] with a large real number X . Then choosing m2; and also m, in Lemma 2.2
to be the characteristic function of the interval [0, C X'| with a suitable absolute constant C, one can show
the trivial bound h(tl2 —4, 122 —4,t) < X. Indeed, the coefficient of h(t12 —4, 122 —4, t) is bounded
from below by a positive constant, every term in (2-14) and (2-13) is nonnegative, and one can prove that
(2-12) equals O(X) in this case. The estimate (3-2) gives better than h(ll2 —4, t22 —4,1) < X even in
the worst case, when S (tl2 —4, 122 —4, t?) is as large as VX . But the S-function is often much smaller
than +/X, so the bound given in Lemma 3.1 is much stronger than the trivial bound.

To prepare the proof of Lemma 3.1 we need two preliminary lemmas. We introduce the notation

Cdy drt = {(x,y) eR?: dyx? +d1y2 —2txy = 1}.

In the first lemma we prove general statements for any two different points of Cy, 4, ;. In the second one
we show that if we have any element of Qy, 4, ;» then we can parametrize the rational points of Cy, 4, ;.

Lemma 3.2. Let dy,d,,t be as in Lemma 3.1, and assume that (xi, yi) € Cq, a4, fori = 1,2 and
(x1, 1) # (x2, ¥2). Then

dy(x1 —x2)* +di(y1 — ¥2)* = 2t(x1 —x2) (y1 — y2) # O (3-3)

and

(diy1 —tx1)(y1 —y2) + (dax1 —ty1)(x1 — x2) #0. (3-4)
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Proof. Let S and S; be the quantities appearing in (3-3) and (3-4), respectively. One can check that

d, — —
s= 00 (5 0) (020)

and
2

285, + 2:(—1)’.(61’2)@2 +diyF —2txiyi) = S1.
i=1
Since (x;, yi) € Cg,.d,.¢ fori = 1,2, we have S| =25,. Hence it is enough to show that S; # 0. Assume
for a contradiction that S1 = 0. Then the right-hand side of (3-5) is 0, but this is true also by exchanging
the role of (x1, y1) and (x2, J2), so we get

Y1 X1 di =t \(y1=y2)_ (0

y2 xaJ \ =t dr) \x1—x2 0/
The vector (;’i:z) is nonzero and det(ilt :i;) # 0 since 12 —dd» # 0, so we must have det(ﬁ 2) =0.
Hence (x5, y2) = A(x1, y1) with some constant A # 1, so S; = (I — A)? # 0 by our assumptions. This

is a contradiction, and the lemma is proved. O

Lemma 3.3. Let d;,d,,t be as in Lemma 3.1, and let Q;(X,Y) = A; X?> + B; XY + G;Y? (i =1,2)
be such that (Q1, Q2) € Qq,.d,.t- Assume that A1 By — A, By # 0. Define

R(X.Y)=(A1By— A2 B1)X* +2XY(A,Cy — A3Cy) + Y (B Cr — By Cy).
Then for x, y € Q the following two statements are equivalent.

(1) (x’ J/) € Cdl,dz,t'

(ii) There are a,b € Q such that R(a, b) # 0 and writing x, p := M, Vab = Qs(a.b) we have
’ R(a,b) ’ R(a.b)
X =Xg,b> V = Va,b-

Proof. By a straightforward computation using the definitions we get the identity

d>(Q1(a,0))* +d1(Q2(a,b))? =201 (a,b) Q2(a, b) = (R(a, b))*. (3-6)

Introduce the abbreviations
A 1 A 2

-4 - 4 37
= A Bi—A2B, *T A B,— 4B, -7)

Note that writing @ = 1, b = 0 in (3-6) we get (a1, a2) € Cq, 4,,:- We first assume (ii). Then (i) follows
at once from (3-6).
We now assume (i). If (x, y) = (a1,a3), then we can take ¢ = 1, b = 0. So let us assume that
(x,y) # (a1, ay). Tt is easy to see that if a, b € Q, then
b(ya+ b)

b(ax + bpB) .
(A41B,— A2By)’ 02(a.5) ~a; R{a,b) = (A1 By — A2 By) G5

Ql(a’b) _alR(a’b) =
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with
o:=B1(A1By—A3B1)+2A41(A,C1 — A1Cy) =tA1 —d1 As, (3-9)
p:=Ci(A1B2—A2B1) + A1(C1 By — 2 By), (3-10)
Y= Ba(A1By — A3 B1) +242(A2Cy — A1 Cy) = —t Ay + da Ay, (3-11)
§:=Cy(A1 By — A2 By) + A>(Cy By — C2 By). (3-12)

Let us write g := (;‘ ’g ) One can compute that
detg =2(A42 By — A1 By)((A1Co — A2C1)? — (A1 By — A B1)(B1C2 — B2 Cy)).

The last factor, in larger parentheses, equals %(l2 —dyd,) by (2-32) and (2-31). Hence t2 —d d, # 0
and A; B, — A, By # 0 imply det g # 0.
Let us take a, b € Q in the following way:

ay 5 —,3 X —aq
(b) - (—y o )(y—az)' (3-13)
By (3-8) and (3-13) we then easily get
Qi(a,b)y—aR(a,b)\ _ bdetg X —a
(Qz(a,b) —azR(a,b)) T A, B,— A, B, (y _az)- (3-14)

So this is true if (x, y) # (a1,a2), and a, b are defined by (3-9)—(3-13).
Assume that » = 0. Then by (3-9), (3-11) and (3-13) we get

(d1Ay—tA)(y —az) + (=tAz +dryAy)(x —ay) = 0.

By (3-7), (a1, az), (x,y) € Cq, .4, and (x, y) # (ay,a>). This contradicts (3-4). So we have b # 0.
Assume that R(a, b) = 0. Then (3-6) and (3-14) imply that

dy(x —a)® +di(y —az)* —2t(x —ay)(y —az) = 0.

But this contradicts (3-3). So we have R(a, b) # 0.
Then (3-14) clearly implies

(xa,b—al) _ bdetg (x—al)
Yap — a2 R(a,b)(A1By — A3 By) \y — a2/

Hence (xX4.5, Va,p) # (a1, az), since we assumed (x, y) # (a1, az). We would like to show that (x, y) =

(Xa,bs Va,p)- If this is false, then (a1, as), (X4,p, Va,p) and (x, y) are three distinct points lying on a line,
all belonging to Cy, 4, ;- Hence the equation

dy(ar +q(x —ap)? +di(ay + q(y —az))* —2t(ay + g(x —ar))(az + q(y —az)) = 1

has three different real solutions in ¢. The coefficient of ¢2 is nonzero by (3-3), so this is a contradiction.
The lemma is proved. U
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For the next proof we need the following notation. If p is a prime and 7 # 0 is an integer, let us denote
by v, (n) the largest nonnegative integer such that p» ) divides n.

Proof of Lemma 3.1. If Qg, 4, ; is empty, then i(dy,d,,t) = 0 and there is nothing to prove. So assume
in the sequel that Qy, 4, ; # @. We divide the proof into four parts, which we formulate as claims.

Claim A. Let Q;(X,Y) = A; X* + B; XY + C;Y? (i = 1,2) be quadratic forms such that (Q1, Q) €
Qd,.dr.t- Then replacing (Q1, Q2) by an element in its SL,(Z)-equivalence class we can achieve
ByA1— B1Ay; #0.

Proof. We first show the weaker statement that replacing (Q1, Q5 ) by an element in its SL, (Z)-equivalence
class we may assume that (By, By) # (0,0). If r = ( ll’), we have

OF(X.Y) = Qi(X +bY.Y) = A; X* + (Bi + 24;b) XY + C}Y? (3-15)

fori = 1,2 with some C*. If (B; 4+2A4b, B, +2A,b) = (0, 0) for every integer b, then A4; = B; =0 for
i =1,2. But this is impossible, since this would imply d; = d, =t = 0, but this contradicts > —dd # 0.

Hence we may assume that (By, B) # (0,0). Let By # 0, say. Assume for a contradiction that
ByA; — BiA, = 0 and B,Cy — B1Cy, = 0. Then (A4,,C3) = A(Aq,Cy) with A = B, /By, hence
CyA1 — C1 A, = 0. So the matrix (j; g; g;) has rank 1, hence its lines are linearly dependent. But this
contradicts 12 — dyd, # 0.

So we may assume that ByA; — B{ A, # 0 or B,C; — B;C, # 0. But applying the matrix ((1) _(1)) €
SL;(Z) we can exchange the roles of 4A; and C;. Claim A follows. O

ClaimB. Cy, 4, # 9.

Proof. By Claim A there is an element (Q1, Q») € Qq,.4,.: Whose coefficients satisfy B, A1 — B A, # 0.
Taking a = 1, b = 0 in Lemma 3.3(ii) we see by that lemma that there are numbers x, y € @ such that
(x,») € C4,.d,.¢- Claim B is proved. O

Claim C. There exists a subset A of Z? of size 2t(t* —dd») such that every SLy(Z)-equivalence class of
Qd, .d,i contains an element (Q1, Q) with coefficients Q;(X,Y) = AiX?+ B XY +CGY?(i=1,2)
such that (A1, A,) € A.

Proof. Fix x,y € Q such that (x,y) € Cg, 4, this is possible by Claim B. We also fix relatively
prime integers m and n and a nonzero s € Q such that x = sm, y = sn. Let us take an arbitrary
SL,(Z)-equivalence class of Qg, 4,,;- We know by Claim A that we can take an element (Q1, Q,) in
this equivalence class such that we have B, A; — B A, # 0 for their coefficients. Then it follows from
Lemma 3.3 that there are @, b € Q such that Q1 (a,b) = gx, Q,(a,b) = gy with some g € Q, g # 0. We
may clearly assume here that a, b € Z and (a, b) = 1. Taking (Z 2) € SL,(Z) with some suitable ¢ and d
we then see that replacing (Q1, Q) by an element in its SL,(Z)-equivalence class we may assume that
for their coefficients we have 4; = rx, A, = ry with some r € Q, r # 0. Observe also that

ged(Ay, A2)| (12 — d1da) (3-16)
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follows from the definition of dy, d, and ¢. Then recalling x = sm, y = sn we see that A; = dm,
A, = 8n with some integer § dividing 1> — d;d,. Claim C is proved. |

Claim D. Let the integers A1 and A, be given and assume that there are N inequivalent elements in
Qd,.dy.t Of the form Q;(X,Y) = AiX? 4+ B; XY + C;Y? having these fixed coefficients A; and As.
Recall (3-1). Then we have, with an absolute implied constant,

N = 022~ D54, dy, 1?)). (3-17)

Proof. We can assume A; # 0 for i = 1,2 by the assumption that d; is not a square. Also, by the identity
(3-6) with a = 1, b = 0 there are only two possibilities for B, A; — B; A;. So we can fix D such that there
are at least V/2 inequivalent forms having the fixed coefficients A, A, and having ByA1 — By A, = D.
But we see from (3-15) that the residue of B; modulo 24 determines the SL,(Z)-equivalence class of
(O1,07)once Ay, A and By A1 — By A, is given. Therefore it is enough to estimate the possible values
of By modulo A; (for given A{, Ay and D = B, A1 — B A;) by the right-hand side of (3-17).
We have
B? =d; (mod A;) (3-18)

fori =1,2. Let p be a prime, and let us denote v,(A4;) by a and v,(A4,) by B. We consider two cases.

Case vp(di) < a: We use (3-18) with i = 1. There is a solution only if v,(d;) = 2k for some integer

k, and then we must have v,(B;) > k and (B1/p*)?* = (d;/ p*) modulo p*—2k. Since o — 2k > 0,
a—2k

we get from this congruence that there are at most 2(1 + v,(2)) possibilities for B;/ ¥ modulo p
Hence we finally get that there are at most 2(1 + v, (2)) pl"»(@D/2] possibilities for B; modulo p%.

Case vp(di) = a: We use again (3-18) with i = 1, and we see that v,(B;) > /2. So there are at most

pl/2] possibilities for B; modulo p2.

Hence in both cases there are at most 2(1 4 v,(2)) pmi“([%“ﬂ @dn].[3]) possibilities for B; modulo
p%. Similarly, there are at most 2(1 + v, (2))pmi“([%”P (@2)].[26]) possibilities for B, modulo p#. Since
D = B, A1 — B A, is fixed, we see that if B, is given modulo pﬁ, then D 4+ B1 A, = By A; is given
modulo p‘”ﬁ , hence Bj is given modulo p“. Taking into account (3-16) we finally get that for every
prime p there are at most

2(1 4+ v,(2)) min(p[””(dl)/z], plop(d2)/2] p[Vp(tz—dldz)/Z])

possibilities for B; modulo p'» A1) we apply this to every prime divisor p of A; that also divides
t2 —did,. If p|A; but p does not divide t> — dd>, then by (3-16) p does not divide A,, and so
D = B, A1 — By A, implies that By is determined modulo p"P(Al). So for the number of possible values
of B; modulo A; we have the upper bound
C( I 2) [T min(pl» @072 plon(@2)/2] plop(e=did2)/2]) (3-19)
plt2—dydy ~ P

with an absolute constant C. Formula (3-19) proves Claim D. O



1044 Andras Biré

Claims C and D imply Lemma 3.1 at once. O

3.2. Upper bounds for certain special averages of h(d1,d3,t). When we apply Lemma 3.1, we will have
numbers d; of special form d; = tl.z —4, and we will have certain triple sums of S (ll2 —4, t22 —4, 1?), where
t1, ty, f run over integers. We will use the trivial upper bounds S (le —4, t22 —4, <S8 (112 —4, 122 —4)
and S(t2 —4,t2 —4, f?) < S(t?> —4, f?), and we will use Lemmas 3.5, 3.6 and 3.7 below. We need a
preliminary lemma.
Lemma 3.4. Let t{,ty > 2 be integers, t1 # tp, and let E = gcd(ll2 —4, 122 —4).
(1) There is a divisor e of E such that
e>cVE, e|(t;—8n).
with an absolute constant ¢ > 0 and with some § € {—1, 1}.
(i) E = |t1 —02|(t1 +12).
Proof. Part (ii) follows at once from the fact that E divides 112 - 122, so it remains to show part (i). Let p| E
be a prime. Then p*»(E) divides (t; —t5)(t; +12), so writing o := Vp(t1 —t2) and B :=v,(t; +12) we have
Vp(E) <a+p. If m =min(x, B), then m <v,(2t;), so 2m =< vp(4112). But0 <v,(E) < 1)1,(4t12 —16), s0
if m > 0, then we must have p =2. If p =2 and m > 2, then we have v, (4t12) >4, and so v, (4t12— 16) =4,
hence v, (E) < 4. It follows for every prime p that p*»(E) divides either 16(r; —t,) or 16(; + ). Then
there is a decomposition £ = eqe, such that ged(ey, e;) = 1, and e divides 16(¢; — t;), e, divides
16(¢1 + t). The lemma is proved. O

Lemma 3.5. Let 3 <a <b < c¢ < 2a be integers. Recall the definition (3-1). For any € > 0 we have

c—1
YooY sS4 -4 <L d P (c—a)b-a)'/? (3-20)

t1=a a<ty<c—1
0<|tr—t1|<b—a

§ 5 S —4,12-4)
t1=a a<t;<c—1 Viti =12

0<|tr—t1|

Lea''*teé(c—a). (3-21)

Remark 3.2. With the very crude estimate S (t12 —4, 122 —4) < a the trivial bound in (3-20) would be
(c —a)(b —a)a, so in (3-20) we save roughly \/m.
Proof. Inequality (3-21) follows from (3-20) using a dyadic subdivision. To prove (3-20) we may assume
b = c, since the general case follows by dividing the summation over #; into 0(%) subsums.

So let b = ¢. By Lemma 3.4(ii), we have gcd(ll2 —4, t22 —4) < (b —a)b. Then by Lemma 3.4(i) and
because S(12 — 4,12 —4) < Vged (17 — 4,12 — 4) the left-hand side of (3-20) is

b—1
«<X(XvEr ¥ %)
nh=a> E|i2-4 e|E  §€{—1,1} a<tr<b
E<L(b-a)p e=cVE eltr—8t
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and for a given 7 the quantity in parentheses is

< Z VE Z (1+—)<<bf(\/(b a)b+b—a).

E|t}—4 e|lE
E<<(b—a)b e>cVE

The lemma follows. O

Lemma 3.6. Let 3 <a < b < 2a be integers. For every € > 0 we have

b—1

> max{k > 1:k%|1* -4} K a'tVb—a, (3-22)
t=a

b—1 b—1

DY S -4 -4) Leaf(avb—a+a'*(b—a)’?). (3-23)
t1=a tr=a

Remark 3.3. Estimating every summand by O(«) in (3-22) the trivial bound in (3-22) would be (b —a)a,
so in (3-20) we save roughly vb —a.

Proof. Statement (3-23) follows at once from Lemma 3.5 and (3-22), so we deal only with (3-22). It is
enough to show that for any integer 1 < K < 2a we have

b—1 2K
KX > ) ) <edavb—a. (3-24)
t=a k=K d>1
r2—4=dk?
A trivial upper bound for the left-hand side of (3-24) is K(b — a).

Let d be fixed and assume 12 —4 = dk?. Then « : =5 L(t 4+ k+/d) is an algebraic integer, since it is a
root of the equation x2 —tx + 1. We also see that « is a unit in the ring R of algebraic integers of the
real quadratic field Q(+/d). By the Dirichlet unit theorem, there is a unit 1 < € € R such that every unit
of R has the form +¢ with integer /. One has € = %(a + b+/d) with integers a, b, where b # 0. Then
e ! =8-%(a—b\/3) with § € {—1,1}, hence € = b/d + 8¢, s0 € >+/d—1>+/2—1. Buta = ¢
for some positive integer / and o < ¢ < 2a. So we have proved that for a fixed d there are at most C loga
possibilities for the pair (¢, k), with an absolute constant C. We have d < a?/K? in (3-24); thus the
left side of (3-24) is < a®>T¢/K, and hence < a€ min(K (b —a),a?/K), given the observation made
after (3-24). This minimum here is clearly <« a~/b — a, and the lemma is proved. O

Lemma 3.7. Let t > 2 be an integer and let 1 < A < t%. For any € > 0,

S(t _4, f2
<<Ez €JA.

12—4—A<|f|<t?>—4

Remark 3.4. We save roughly ¢ here with respect to the trivial bound.
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Proof. The left-hand side is at most

1
2ok —
Kle-a sel Vi 52 gl

0<L4—|g1<4

and the inner sum here is < (1/vk)\/A/k = ~/A/k. We used here that the inner sum is empty if
A < k. The lemma is proved. |

4. Identities and estimates for special functions

In this section we consider the functions Z (¢, t,, F,m,m,) and J (t1, t5, m1, my) defined in (2-10) and
(2-9) for the special case when the functions m; are characteristic functions of some intervals [0, x;] for
i = 1,2. This case will be important in our application. In the first subsection we prove an identity for
this Z-function for every 1 # F > 0; in the second and third subsections we use it to give estimates for
the cases F > 1 and F < 1, respectively. In the last subsection we compute 7 (1, ?,, m1,m5) for the
above-mentioned special case.

4.1. Computing Z(t1,t2, F,mq1, my) when the m; are characteristic functions. For Sy, Ty, F > 0,

F # 1 define
1

Z Ty, F) = T 4-1
So-To- 1) //\/S2+T2+2FTS+1—F2de ’ @b

where we integrate over the set

{(S,T)eR*:|S| < So.|T|<To, S*+T*+2FTS +1- F*>0}.

By the reasoning of Remark 2.1 we see that (4-1) is absolutely convergent. One can see that (4-1) is
divergent for ' = 1, but we do not need that case. It is clear that the function Z can be expressed in terms
of the function Z in the case when the m; are characteristic functions.

Lemma 4.1. Let Sy, Ty, F > 0, F # 1. We have
Z(So.To, F) =2J(So.To., F)+2J(To. So. F),

where we write

\/(1 + Y24 2Fy)S2 41— F?
14+ y2+2Fy

J(So, Ty, F) := / ly|<To/So dy (4-2)
(14y2+2Fy)S3>F?—1

in the case F > 1, and

\/(1+y2+2Fy)S§+1—F2 Lo JIDR
J(S()vTO?F) = ) dy—— T 2.
|¥I=To/So 1+y +2Fy 2 — 0 1+y +2Fy

in the case F < 1.
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Proof. 1t is clear by the substitution (S, 7') +— (=S, —T) that the S < 0 and .S > 0 parts of the integral
(4-1) have the same value. For S > 0 we make the substitution y = 7'/ S, and we get

o0
S
Z(S(),T(),F)=2/ / dsS dy,
—o0J /824 y28S2 4 2FyS2 41— F2

where the inner integral is taken over the set

{SeR:0=<S <SSyl <To, S*+y*S*+2FyS*+1-F*>0}. (4-3)
If F < 1, the last condition is always true. If F > 1, then 1 4+ y? 4+ 2Fy > 0 should hold, otherwise (4-3)

is empty. For a fixed y we integrate in S over the interval

—2 ! <S5 (S /| |)
min , 1
1+y2+2Fy_ - 0. fo/1Y

in the case F > 1, and we integrate over
0 =S =min(So., To/|y|)

in the case F < 1. We consider separately the cases |y| < Ty/So and |y| > Ty/So. We can compute
the S-integral in each case. Making the substitution y — 1/y in the case |y| > T/Sy we obtain the
lemma. U

4.2. The case F > 1. InLemma 4.3 we express the function J(Sq, Ty, F') defined in Lemma 4.1 in terms
of a simple function in the case F' > 1. Then we give estimates for this simple function in Lemma 4.4
and for higher derivatives of a variant of this function in Lemma 4.6.

Lemma 4.2. Let Sy, Ty > 0 and F > 1. For the function J(Sy, Ty, F) defined in (4-2) we have

1+ y24+2Fy)S2+1—F?
J(SO,TO’F)zf v+ + F0)Sg + o wa)
H(So,To,F) l+y>+2Fy
where

[—T()/S(),T()/S()] lfTo/Sofland1<F§ A(So,To),
[=T0/So. C(F, So)|U[D(F, So), To/Sol

H(So. To, F) := if To/So>1land 1 < F < A(Sy.Ty). (4-5)
[D(F, So), To/So] if A(So,To) < F < B(So.Tp),

1%} if F= B(So,To),

where we write

A(So. To) := V(1 + S+ TE) — SoTo.  B(So.To) := V(1 +SH(1 + T2 + SoTo,  (4-6)
C(F.So):=—F—vF>—1y/1+82/Sy. D(F.So):=—F+ VF2 =11+ 82/So. (4-7)

We mean every statement in such a way that if we write an interval [a, b, this implicitly means that a < b.
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Proof. One can check that (1+ y2+2Fy)S3 > F>—1 holds if and only if y < C(F, So) or y > D(F, Sp).
The following three claims can be checked by direct computation. For the proof of Claim 2 we use the
obvious fact that F — STy > —\/(1 + Sg)(l + TOZ).

Claim 1. The sign of

VF2 11+ 82
So

Ty
So

a ‘ (4-8)

equals the sign of F — A(Sy, Tp).

Claim 2. The sign of

2 _ 2
VF 1\/1+So_(5+F) 49)

So So
equals the sign of F — B(Sy, Tp).
Claim 3. The sign of Ty/So — 1 equals the sign of To/So — A(So, Tp).

We get from Claim 1 that if T9/So < 1and 1 < F < A(Sy, Tp), then D(F, Sg) < —Ty/So, and this
gives the first branch of (4-5).
If g—g >1land 1 < F < A(Sy, Tp), we get from Claims 3 and 1 that

\/F2—1J1+S§<&

F , 4-10
* So —So ( )

and this implies the second branch.

If A(So, To) < F < B(Sy, Ty), then =T/ So < D(F, Sp) <Ty/So by Claims 1 and 2, and C(F, Sg) <
—To/So by Claim 1. This proves the third branch.

If F > B(Sy,Typ), then D(F, Sy) = Ty/So by Claim 2, and C(F, Sg) < —T¢/So by Claim 1. This
gives the last branch, and the lemma is proved. O

Lemma 4.3. Use the notation of Lemma 4.2. Write 0 =14 1/82, and for 0 < y < 1 let

or?

dr.
2 +o—1)"
Then for 1 < F < B(Sy, Ty) we have J(So, T, F) = So(P(y1) + €D()2)), where

y
o0 = oS0, = [ = (@11)

1+ SH(F?*—1)
(To+ SoF)?

and € = €(Sy, Ty, F) is defined by

(14 SH(F2-1)
~ (To—SoF)?

’

y1 =180, Ty, F) := \/1 . y2=y2(80.Tp, F) := \/1

1 ifTO/S0>land1<F§ A(S(),T()),
€e=4-—1 ifTo/S0<1andl<F§A(S0,T0),
0 if A(So,Ty) < F < B(So, Tp).
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Assuming 1 < F < B(Sq, Ty) fori =1and 1 < F < A(Sy, Ty) fori =2 we have, fori = 1,2,
0< s <1 F—1
i —c
== T U sge (U + Ty

with some positive absolute constants c1, ;.

(4-12)

Proof. Note that 1 < F < A(Sy, Tp) implies To/Sy # 1 by Claim 3, so € is well-defined. We get the
statement 0 < y; <1 by Claims 1 and 2 above. Then (4-12) follows by easy estimates using the conditions
So,To >0and 1 < F < B(So, Tp).

To compute J(Sy, Ty, F') we use (4-4). This is the same formula as (4-2), but the integration set is
given there explicitly. Use the substitution

o) . o(F2—1) 1+ y242Fy+ (F?=1)(1-0)
r =r = __— = .
g O+ F)? (v + F)?

We have a positive number under the square root by (4-2). It is clear from the conditions and the definitions
of C(F,Sy) and D(F, Sp) that the sign of y + F is constant on each of the four intervals which are

present in (4-5); hence r is well-defined and strictly monotone on each of those intervals. It is easy to
check that

(4-13)

VI+p2+2Fy+(F2—1)(1—0) |dy| _ or? 14
14 y242Fy dri (1-r2)(2+o-1)
We have r(C(F, Sp)) =r(D(F, Sp)) =0, hence by Lemma 4.2 we get the present lemma. |

Lemma 4.4. Let Sg > 0 and 0 < y < 1. For the function ®(Sy, y) of Lemma 4.3 we have the estimates

Sgy3 if So>1land0<y <1/(2S)),
So®(So,¥) K 1Soy  if So>1land1/(2Sy) <y <1, (4-15)
So 3 ifSoflandyfé.

Finally we have in every case

1
D(So, y) K log T (4-16)
The implied constants are absolute in formulas (4-15) and (4-16).
Proof. We have from the definitions that
Y S2r2 42
Soq>(So,J’)=So/ T
o (1=r5)(Sgr=+1)
Every estimate follows easily. O

We recall Faa di Bruno’s formula. If F and G are smooth functions and H(x) = F(G(x)), then for
every j > 1 we have

J J
HD(x)=)" > a4 FOGE) [TG@P )k, (4-17)

I=1 k=(ky,....kj)eH; i=1
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with some constants a; ; ., where
. J J
Hip= k.. ) €27 ki =0, ki =1, 3 ik = j. (4-18)
i=1 i=1
This can be seen by induction using the chain rule.
Lemma 4.5. Let S >0ando =1+ l/Sg.
(1) Recall the definition of ®(y) from (4-11). Write ¢ (t) = ©(1/t). Forevery j > 1 andt > 1 we have
; 1
Dty <j ———
uniformly in Sy.

(ii) For Y > \Jo let G(Y) =Y /NY2 —0. Then for every j > 1 we have

Y V Y

_ ( for Jo <Y <23,

GYU(Y) «; YZ_“) v¥i-o (4-19)
o

m for Y22ﬁ,

uniformly in Sy.

(iii) For Y > /o let H(Y) = ¢ (G(Y)). Then for every j > 1 and Y > /o we have

2 _ J
HO 1) «; 2L "( Y ) (4-20)

Y Y2—0
uniformly in Sy.

Proof. By (4-11) and the substitution » + 1/r we have
o

¢(I)=1/t D+ —1) dr.

Considering separately the cases t > 2 and 1 <7 <2 we

The 'intf':granc.l here equals o W.
obtain (i) easily.

For (ii), note that if j > 1, the left-hand side of (4-19) is a linear combination of terms of the form
Yl/(\/ Y2 —a)j+l, where 0 </ < j + 1 and j +/ is odd. Here clearly / = j 4+ 1 gives the largest term,
and we get the first branch of (4-19). The second branch follows easily from the Taylor expansion

G 1 o * m
Y)=— =14 —+ aAm—, 4-21
where the a,, are absolute constants such that Z;’le |am| r™ < oo forevery 0 <r < 1.

For the proof of (iii) we use Faa di Bruno’s formula (4-17), and we see that it is enough to estimate

terms of the form .
J
pP@G) [T@P)k, (4-22)
i=1

where 1 </ < j and the k; satisfy the conditions in (4-18).
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IfY >2/o,then1 <G(Y) < 2/\/5 and we get from (i) and (4-19) that (4-22) is

l
o .
(G(Y) ’H(Y’“) (Yz(G(Y)—l))YJ’

where we used the conditions in (4-18). We see from (4-21) that 1 <
for Y >2./0.
If /o <Y <2./0,then G(Y) > 2/+/3, and we get from (i) and (4-19) that (4-22) is

m < 1 SO we get (lll)

() =) = e () ()
(G(Y))l+1 Y2 —¢o Y2 _g GY)\JVy2_o Y2—0 )

i=1
where we used the conditions in (4-18). By the definition of G(Y) we get (iii) also for this case. The
lemma is proved. O
Lemma 4.6. Let Sg >0, F > 1,1 >3, v € {—1, 1} be given. If x > t> —4, write
!rFSo + To(x)|
SovVF2—1

Let the number o and the function H be defined as in Lemma 4.5, and let us define K(x) = H(R(x)) for
X € Hg, F ., where

To = To(x) := —1 and R(x):= (4-23)

X
12 —4

Hsy Fe1i={x>12—4:F < B(So, To(x))} and Hs, Fs—1:=1{x>t>—4:F < A(So, To(x))}

(see (4-6)). Then K is well-defined. If t = —1, then K(x) is a smooth function for {x € Hs) Fr—1
To(x) < So} and also for {x € Hgy Ft,—1:To(x) > So}. For every j > 1 and every x satisfying the
above conditions we have

KD0) <5 (x—12 +4) max(l,( To|To — FSo )]) o 1.
V(Sg + DT +1)(A(So. To) = F)/

KDx) <« (x—12+4)77 max( ( To(To + FSo) )J) for T =1.
V(SZ+ 1)(TE +1) (B(So. To) — F)

Proof. From Claims 1 and 2 we have R(x) > /o; hence K(x) is well-defined. Also, for T = —1 we
have |—FSo + To| = FSog— Ty in the case So > Ty, and |—FSo + To| = To — F'Sp in the case Sy < Typ.
This follows from the conditions, using Claim 3. We cannot have Ty = Sy if T = —1, because Ty = Sy
implies A(Sgy, Tp) = 1,s0 1 < F < A(Sy, Ty) is impossible. Hence if t = —1, then R(x) is indeed a
smooth function for 7y < Sy, and also for Ty > Sy, so we can speak about the derivatives of K.

We see from Faa di Bruno’s formula (4-17) that it is enough to estimate terms of the form

J
HORX) [T ROk, (4-24)

i=1

where 1 </ < j and the k; satisfy the conditions in (4-18). It is clear from the definitions that
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(x—1> 4!/
SoV12—4VF2 1

Hence, using also Lemma 4.5(iii) we get that (4-24) is

< (R(x))z—o' ( R(X) )l li[ ( (x_t2+4)1/2—i )k,
J R(x) (R(x))2—0 Somm .

i=1

RD(x) «; for i > 1.

By the conditions in (4-18) and the definition of Ty in (4-23), this equals

V(R(x))? —0( R(x)Ty
R(x) ((R(x))2—0) SovVF2—1

/
)u—ﬁ+@ﬁ.

Note that —"(RRSX))Z_U < 1. From the definition of R in (4-23) is easy to compute, using alsoo = 1+1/52,
that ()
soVF 1 (R(x)? =0 _ (Sg+D(Tg+1D)—(F— ISOTO)Z'
R(x) |t FSo+ To|
The lemma is proved. O

4.3. The case F < 1. In Lemma 4.7 we give a new expression for the function J(Sy, Ty, F) defined in
Lemma 4.1 in the case F < 1, and we also give upper bounds for the new expression. In Lemma 4.8
we give another new expression for J(Sg, Ty, F), expressing it in terms of a simple function. Then in
Lemma 4.10 we give estimates for higher derivatives of a variant of this simple function.

Lemma4.7. Let0< Sy, 0< Ty < T, 0< F < 1. We have

J(SOa TO’ F) + J(TOa SO’ F) = K(SOv TO» F) + K(T07 S09 F)a (4_25)
where
14+ y2+2Fy)S2+1—F2—V1—F?
K(SO,TO,F):/ Yty +2my) (2)+ dy.
¥I<To/So L+ y2+2Fy
We also have
SoTo So(Ty —To)
K(Sy, Ty, F) K ——, K(So.T;,F)—K(Soy, Ty, F) K ———. (4-26)
Vi-F? 0 Vi-F2
Proof. The first statement follows from Lemma 4.1 and
/ dy +/ dy _/°° dy
pI<To/so LH V2 +2Fy  Jiyi<so/ro 1412 +2Fy  Jooo 1+ 2 +2Fy’
which follows by the substitution y — 1/y. We have
VA+p2+2Fy)SE+1-F2—V1-F2 S2 S
1+ y2+2Fy V42 +2F)SE+1-F>+V1-F2~ J1-F2

The lemma follows. O
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Lemma 4.8. Let Sy, Ty > 0and F < 1. Writeo =1+ l/Sz,andfor—l <t<l1let

t
o
V() =V (S, t) = dr. 4-27
(1) = V(So.1) /o(l—rz)(l—l—(a—l)ﬂ) r 4-27)
Then
1 [ ~1-—F?
J(So, To, F) = So(V(sy)—=V — = —dy,
(S0.To. F) = SV =V =3 [ 7ty
where
SoF + T,
51 =151(So, Ty, F) := g 4 > =
V(SoF +To)> + (1 + 52 (1 - F?)
SoF —To

8§32 =52(8o, Ty, F) :=

V(SoF = To)> + (1 + SH(1 - F2).
Proof. We use the substitution
y+F
VO +F)? +o(1-F?)
in the first integral in the definition of J(Sy, Ty, F). It is easy to check that

r=r(y)=

V1I+p242Fy+(1—-F%)(0—1) )= o
1+ y2+2Fy (I=r)(1+ (o —1)r?)

and the lemma follows. O

dr,

Lemma4.9. Let Sg >0, 0 =14+ 1/S2, and let V be as in (4-27).

(i) Forevery j > 1 and —1 <t < 1 we have

) 1 Ly *
VW)« (1—|t ( + )
() < (1=1z]) x50 T1=1]

uniformly in Sy.
(ii) For —oo <Y <oolet g(Y) =Y/ Y2 +o0. Then for every j > 1 we have

gman<4§%f for |Y| <240, (4-28)

g

)] ; _

for |Y|=2./o, (4-29)

uniformly in Sy.
(iii) For —co <Y <oolet h(Y) = V(g(Y)). Then for every j > 1 and Y > 0 we have
W) < Vo +1Y)~

uniformly in Sy.
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Proof. For the proof of (i) note that

o _r o 1/2S0 ., 1/250
(I=r)(I+(o—1r2)  1—=r2  S24+r2  1—r*  So+ir So—ir’

Considering first the case |¢| > 5, and then if |¢| < l , then considering separately |¢| < S and |t| > So
we get (i). In (ii) we can assume Y >0, and then the proof is completely similar to that of Lemma 4.5(ii).

For the proof of (iii) we use Faa di Bruno’s formula (4-17), and we see that it is enough to estimate
terms of the form

J
vO ) [Tk, (4-30)
i=1
where 1 </ < j and the k; satisfy the conditions in (4-18).
If |Y| > 24/0, then |g(Y)| > 2/+/5, and we get from (i) and (4-29) that (4-30) is
l

ki o ‘
= Y|/,
( |g(Y)|)’H(|Y|’+2) (IYIZ(I—Ig(Y)I)) o

i=1

where we used the conditions in (4-18). It is easy to see that 1 < (o/|Y|?)/(1 —|g(Y)]) < 1, so taking
into account o > 1 we get (iii) for | Y| > 2/o. If |Y| < 2./0, then |g(Y)| < 2/+/5, and we get from (i)
and (4-28) that (4-30) is

1 I+1 J 1 i\ ki 1 1+1 1\
< (st (5)) =Gors ) (&)
lg(¥)|+ So i \Vo lg(¥)|+ So Vo

1

where we used the conditions in (4-18). If Sy > 1, then | < 0 <« 1, and we get (iii). If Sy < 1, then
1/Jo < Sy < 1//o, |Y|/Jo < |g(Y)| < |Y|//o,and

(s t!) () < (s ( )

lg(¥)|+ So NG 1g(¥)|+ S0/ \g(Y)|/o + So/o

The lemma follows. |
Lemma 4.10. Let So >0, F < 1,t >3, t € {—1, 1} be given. If x > t> — 4, write

FSy+ 1Ty
Sov/1—F2

Let the number o and the function h be defined as in Lemma 4.9, and let us define k(x) = h(r(x)) for
every x satisfying x > t> —4. Then for every j > 1 and every x > t> — 4 we have

T() = T()(.X) =

-1 and r(x):= (4-31)

t2—4

T J
k(]) &< —Z +4 J ( ( 0 ) ) 4-32
() <) Jolx ) max SoN1—F2 4 |tFSy + T (32
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Proof. We see from Faa di Bruno’s formula (4-17) that it is enough to estimate terms of the form

J
hD () [T ek, (4-33)

i=1
where 1 </ < j and the k; satisfy the conditions in (4-18). It is clear from the definitions that for i > 1

we have .
(X _t2 +4)1/2—l

SoV1Z—4J1—F2

Hence, using also Lemma 4.9(iii), we get that (4-33) is

J — 12 4 4)1/271 ki
&; \/g(1+|r(x)l)_’1_[(5(x\/%\/)ﬁ) '
NN

i=1
Using the conditions in (4-18) and the relations (4-31) we obtain the lemma. O

r@(x) «;

4.4. Computing J (t1,t2, m1, my) when the m; are characteristic functions. For x > 0 introduce the
notation

kx(y)=1for0<y<x, kyx(y)=0fory>x. (4-34)

Lemma 4.11. Lett; >2and x; >0 fori =1,2. Then J (tl kx4 kx2/4) is nonzero only if x; > tl.z —4
fori =1,2. Assuming that this is true, we have

V1—m
N

\—7 (tl 5 t2’ kx1/4a kX2/4) =2
12—4 122—4)
X1 ’ X2 )
Proof. The statement is trivial for m > 1, so let us assume m < 1. Then by definition we have

where m 1= max(

arccos/m de M
j(fl,lz,kxl/4,kx2/4)=/ i =2sm(arccosa/m).
— arccos./m €0s2 @ cos (arccos y/m)

The lemma is proved. U

5. First steps of the proof of Theorem 1.1

Let ng be a nonnegative smooth function on (0, c0) vanishing outside of t € [1, 2] and such that

2
/1 no(t)dr = 1. (5-1)
Recall the definition of k() from (4-34). For x > 0, D > 0, define

ken )= [ no () kel + o) d 52

for y > 0. We will use also the notations of Theorem 1.1.
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5.1. A spectral estimate. Our aim is to prove Lemma 5.2, whose result will show that for a smoothed
version of the hyperbolic circle problem one can give a good estimate by spectral methods. We first need
some notation.

The hyperbolic Laplace operator is denoted by A := y?2 (82/8x2 + 32/8)/2). Let {uj(z):j >0} bea
complete orthonormal system of Maass forms for PSL,(Z) (the function uy(z) being constant), and let
Auj = (—% tz)u], where #g = % and ¢ is real for j > 0.

If m is a compactly supported bounded function on [0, 00), let (see [I, (1.62)])

a —a_»)
gm(@) = 24 (%) . where g ()= [ m(”f D, (5-3)
and for any complex r let
o0 .
B (r) = / gm(a)e’™ da. (5-4)
—00
For simplicity introduce the abbreviations /ix = hg, and hy p = hy, .
Lemma 5.1. Assume 1 < D < x/10. For every integer j > 0 and all r > 1 we have
1/2 ; 1/2
by _ xX\J x
hxp(r) < 575 min (1,5) + 5 (5-5)
We also have for every real r
hyx p(r) < x/2 log x. (5-6)
Furthermore, we have
hy D(2> =4mx— 471D/ no(t)tdr. (5-7)
Proof. 1t is easy to see from (5-3), (5-4) and (5—2) that
hen() =5 [ 00 (5) hee(r) de (5-8)

for every complex r. Now we apply Lemma 2.4 of [C] for the function /i,_.(r) choosing R = R(t) in
that lemma in such a way that
% cosh R(t) — % =Xx—T. (5-9)

Applying part (d) of that lemma we see that /1,_ ,( ) =45 (x — 1), and taking into account (5-1) we get
(5-7). The estimate (5-6) follows from a trivial estimation of (2.6) of [C]. Finally, for the proof of (5-5)
we apply part (a) of Lemma 2.4 of [C]. Applying it in (5-8) we get for r > 1 that

227 2P T - x1/2
hx,p(r) = S2p A nO(B)\/smhR(r)cos(rR(r)—— )dr—l—O( 5/2)
Through the substitution R = R(t) and use of (5-9) this equals

2 R> 1 +2x—cosh R
132D Jg, ° 2D

_ 172
)(s1nhR)3/2cos(rR )dR+O( 5/2)



Local square mean in the hyperbolic circle problem 1057

where cosh Ry = 1+ 2x —4D and cosh R, = 1 + 2x —2D. Repeated partial integration gives (5-5).
The lemma is proved. O

Lemma 5.2. Assume 1 < D < x/10 and z € Q. Then

2
Z kx,pu(yz,z))=12x—-12D / no(t)tdt + Og (L +x'?10g x) . (5-10)
1 VD
yerl
Proof. It is clear by (5-3) and (5-4) that the function /i, p(r) satisfies [I, condition (1.63)], i.e., it is even,
it is holomorphic in the strip [Imr| < % +eand g, ,(r)=0O((1+ lr) 2"
Then we get from Theorem 7.4 of [I], using again the abbreviation /i, p = h ky.p- that the left-hand side
of (5-10) equals

€) in this strip for some € > 0.

o0

1 00
@l OF + 22 [ hen®)|E 3+ )] dr
e

for any z € H, where E(z,s) is the Eisenstein series for ' = PSL;(Z); see [I, Chapter 3]. For the
fundamental domain F defined in (1-3) we have |F| = /3 by [I, (6.33) and (3.26)]; hence |uo(z)|?
equals 3/m for every z. By Lemma 5.1 above and by [I, Proposition 7.2], we get the lemma. |

5.2. Nonhyperbolic elements. We give an easy estimate for the contribution of the nonhyperbolic
elements in the hyperbolic circle problems.

Lemma 5.3. Let z € Q and X > 2. Then for every € > 0 we have
[{y ePSLy(2) : |try| <2, du(yz,z) < X —2}| g X'/2T€ (5-11)
Proof. Write y = (*5). By [1, (1.9), (1.11)] we have

lcz? 4+ (d —a)z —b|?

Im?2 z

du(yz,z) =
It is easy to compute that if z = x + iy, then
Im(cz*+(d —a)z—b) =2cxy+(d—a)y and Re(cz®+(d—a)z—b)=c(x*—y?)+(d—a)x—b.
Hence if z € €2, then the second inequality in (5-11) gives
2ex+d—a<g VX, (5-12)
c(x24+y)+b kg VX. (5-13)
By the first inequality in (5-11) we get from (5-12) that
d =—cx+ 0g(VX), a=cx+ O0q(VX),
and from these relations and (5-13) we get

l=ad —bc=—c>x*>+ (x> +y>) + 09(@(«/7+ lc])).
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This implies ¢ = Ogq(+/X), and so (5-12) gives d —a <gq ~/X . Then there are Ogq(+/X) possibilities
for the pair (a,d). If a and d are given with ad # 1, then bc = ad — 1 implies that there are O¢ (X°€)
possibilities for the pair (b, ¢). Finally, if ad = 1, then bc¢ = 0, and so (5-13) implies that there are
&g VX possibilities for the pair (b, ¢). The lemma is proved. O

5.3. Reduction to the estimation of a square integral on the fundamental domain. Let us take an integer
J > 2; it will be fixed but we will choose it sufficiently large. Let d be a parameter that will be chosen
optimally later, at the moment we assume that d > 100 and 100Jd < X.

Let us define

J
Nag(z.X) =3 (1) (j) /lzno(r)N(z, X — jdv)dx. (5-14)
Jj=0

Then using (5-1) we see that Ny y(z, X) equals

J
. 2
N(z,X)+ Z(—l)/ (j) Z /1 no(t)k x_ (u(yz,z) + %jdr) dr,
j=1 yel 4
which equals

J
NGEX) + )W (1) D koo g ((y=.2)
1

j= yel

l)y (5-2) Applylng Lemma 5.2 this equals
N(Z, ) Q’J(f+ 1()g )+]E 1( 1) (])(3 3] /1 T]()(‘E)‘L' ‘E)

for z € Q. Now, it follows from the binomial theorem, taking into account that j (f) =J (f:ll ) for
1 <j=<J,that

J J
“1y(’)=— _ j-<J _
Z( 1) (]) 1 and Z( 1) j j) 0.
j=1 j=1
Hence we have proved that for z €
X
Nd,J(z,X)=N(z,X)—3X+OQ,J(ﬁJer/zlogX). (5-15)

Recalling the notation M; ;, from (2-8) we get from Lemma 5.3 that

N(z. X) = Oq(X'2H€) 13" My

t>2

NG

for z € 2, X > 2 and for any € > 0. Hence by (5-14) we see that

2 J .
Nag . X) = Oaes (X35 4 P05 3 0 () Mok, () de
t>2j= 4
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for z € 2, € > 0. By Cauchy—Schwarz we have that

([ om(x S en/(4)m, %(z))dr)

) t>2j=0
1S
<</ (Z Z( 1)/( ) bmsgee 2(2))2611.

t>2j=0
Hence, using also (5-15) we finally get that
fQ(N(z,X)—3X)2duz (5-16)
is
a - 1+€ J -
OQeJ(d +xtet f [ (EZJZO( /() Mo, g ,0) duzdf) (5-17)

ife >0,d >100 and 100Jd < X.
We will show in Section 6 that if € > 0 is given and the integer J > 2 is fixed to be large enough in
terms of €, then we have

d5/2
J €< -
/ (I§2]ZO( D ( )M’ kx_ STE 2(2)) iz Le X X (5-18)
uniformly for 1 <t <2 and
X2/3 Sd < X99/100. (5_19)

Assume that (5-18) is true. Then we see from (5-16) and (5-17) that (5-16) equals

2 5/2
(A;, + X dﬁ) (5-20)

for any d satisfying (5-19). Note that we choose J in terms of €, so we do not have to denote the

OQE

b

dependence on J in (5-20). Choosing d = X 5/7 we obtain Theorem 1.1. So it is enough to show the
estimate (5-18).
6. Conclusion

The goal of this section is to prove the estimate (5-18).

6.1. Application of Lemma 2.2 and basic observations. It is easy to see that if ¥ € SL,(R) and the trace
of y is t > 2, then we have u(yz,z) > %(12 —4) for every z € H. Therefore, the contribution of the terms
t > /X +2 to the sum (5-18) is 0. We can take integers 1 < I < log X and

3=a;<ay<--<ar<1l4+VX+2=<aj11<2+VX+2 (6-1)

such that

aip1 <3ai, 3+ VX +2-a; <263+ VX +2—a;41) (6-2)
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for 1 <7 < I. By the Cauchy—Schwarz inequality we get for every 1 < t < 2 that

/(Z Z( 1)’( )Mth jdr,z(Z))zduz <<10gXiUi

1>2 j=0 === i=1

with . .
U= U0 =[5 8 0 () Mty 1) i

By Lemma 2.2 we have for every 1 <i < [ that U; equals the sum of

aji+1—laj41—1
> EnnSun

=a; I2=a;
with the two complementary pieces

ajy1—lajyi1—1

Z Z Z h(t12_4’t22_4’ f)Rl‘l,tz,f’

t1=a; 2=a; fez

Fr<@-4)(3-9)
and

ajy1—lajy1—1

> X S h(7—4.5-4 R 4 1

t1=a; 2=a; fez
P> -4)(3-4)

with the abbreviations

ajy,jr 1= (—l)j”jz(J)(J),

J1 J2

St 1= Z Z Aj1sja j(ll fh,kx_ yde= 2, kx_ ipdv= 2)

J1—0 12—0

/
Rt t f = Z Z ajlijI(tl’t27 ’kX—' d —27kX—' dr—2 |-
PP =0 ja=o Vi —avii -4 T E

(6-3)

(6-4)

(6-5)

(6-6)

(6-7)

(6-8)

(6-9)

(6-10)

By (2-10) and Lemma 4.11 we see that the functions Z and J from (6-9) and (6-10) can be nonzero only

in the case
—4<X—jidt—2, t3-4=<X—jrdr—2.

If (6-11) is true, then by (2-10) and (4-1) we have

) — Z(So. To. F).

/
I(t17[27 ’kX—'d—Z’kX—'d—Z
N W i e

and by Lemma 4.11 we have

J (tl D, kX—jldr—Z ) kX—jzdr—Z) = 2min(So, 7o),
4

4

where we use the abbreviations
: X—jidr=2 . X—jrdt—2
So=So(j1.t1) = | ==L 2 1) Ty =To(jn 1) = | =228 =

—1
2 2 ’
12—4 -4

(6-11)

(6-12)

(6-13)

(6-14)
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and
F=F(l1,lz,f)=

=
. 6-15
' 12 —avi3 —4 (15

We now consider the sum (6-7). Assume that (6-11) holds. Then by Lemma 4.1 and the last line of (4-5)

we see that (6-12) can be nonzero only if

| £ < B(So, To) Vi —4V13 —4. (6-16)
If (6-11) is true and (6-16) holds for some f in (6-7), then we have

n 1
N Y B S T W N ey

with some absolute constant c. If (6-11) holds, then we determine (6-12) by Lemmas 4.1 and 4.3. In

> X~¢ (6-17)

some cases we will apply the upper bounds of Lemma 4.4. By (6—17) and (4-12) we see that when we
apply these lemmas for the estimation of (6-12) we always have log = 5 < log X. So assuming (6-11)
we get that for any f in (6-7) the value of (6-12) is

<<(\/Ldf—2 1+\/sz_cfr—2 1)1%,;(' 6-18)

2
ty—4

We note finally that if a; < t;,, < a;4+ for some i, then
(tiy—5)* + $t1tr < (17 —4)(13 —4) < (112 —4)%, (6-19)

since by the assumption a; 41 < %ai made in (6-2) we have % <t/t < %, and we also have #11, > 9. So
there is an absolute constant ¢y > 0 such that if a; <11, <a;+1, then

(tity—35) +co < V(2 —4) (12 —4) <111, — 4. (6-20)

6.2. The case of very large a;. Assume that we have

VX F2—a; = 0(%)(5) (6-21)

for some 6 > 0 chosen small enough in terms of €. Consider first (6-7). Since it is easy to see that
B(S,T)—1<S2+4+T?forany S, T > 0, the number of integers f in (6-7) satisfying (6-16) is
<1+\/—\/—((—X tfldj 2 1)+(—X_“df_2—1)) < dx?,

2
1 53 —4

where in the last step we used (6-21), (6-1) and (6-2). On the other hand, we get by (6-11), (6-12), (6-18),
(6-21) and (6-2) that (6-10) is always < (\/Z / NS )X 8 for every such f. Hence for i satisfying (6-21)
we have, applying also Lemma 3.1, (3-23) and (6-21) that (6-7) is

3/2 @i+1~1 aiy1—1

1/2 3/2
<<3X3‘3‘i]/7 YooY Sui-45-4) <y X55d3/2((\/—_) +%),

n1=a; =a;
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where we used (6-1), (6-2). By (6-3) we see that its contribution is acceptable in (5-18).

We now consider (6-6). We get by (6-11), (6-12), Lemma 4.1, (4-25), the first relation in (4-26) and
(6-21) that (6-10) is <5 X%d/ \/(tlz —4) (t3 —4) — /2. Hence for i satisfying (6-21) we have, applying
also Lemma 3.1, that (6-6) is

RSl SU;—4.13-4./?)

DY VD>

n=a; =a; fez \/(tlz _4)(t22 _4)_ fz
P<@E-9@3-4)

(6-22)

In the #; # t, part we use S(t12 —4, l22 —4, ) < S(ll2 —4, 122 —4), and we easily see that the sum over
fin(6-22)is € S (112 —4, t22 —4). Then applying (3-20) with » = ¢ and (6-21) we see that the #; # 1,
part of (6-22) is
568

Ls X Noa
which is acceptable in (5-18). For the ¢t; = t, part of (6-22) we use Lemma 3.7 and we get that the sum
over f in (6-22) is K5 X%, and so the 1; = 1, part of (6-22) is <5 X38d(%}X5), which is smaller than
our estimate for the #; # ¢, part. So we have proved that assuming (6-21) the contribution of (6-6) is also
acceptable in (5-18).

Assuming (6-21) in (6-5) we clearly have min(Sy, Ty) < X4 «/3/ V' X ; hence using also (6-9), (6-13)
and Lemma 2.1 we get that (6-5) is

28 2 48 15/2
<5 = vd (LX‘S) Jr= 24
VX \JVXx X

Hence in the case of (6-21) we get that the contribution of U; in (5-18) is acceptable. We may assume

from now on that

d
VX +2—a; > X% Nod (6-23)

with some §g > 0, which is fixed in terms of .

6.3. Easy consequences of (6-23). Observe that (6-23) implies the following relations, for all real
numbers 0 < ji, jo, j < J and integers a; <1t1,tp,t < ajt1:

XV4 VX —a; XV4 VX —a;
L So(j. 1), To(j. 1) < - (6-24)
a; a;
X . . X
=L+ 85 . 1)1+ T5(j. 1) < 3 (6-25)

i i

d
To(j1.1) = To(j2. 1) = 0( )=So(j1,f)—50(j2,l), (6-26)

X1/4a,~\/\/y—a,~
X(zg—zf)((zf—4)(z§—4))“+0( Jx-1/4 )
So(j1.t1) + To(j2,12) VVX —aja;

So(j1,11) = To(j2,12) = (6-27)



Local square mean in the hyperbolic circle problem 1063

We have in general that (\/1 + 8214 T2 +8T) = —\}%TZZT + S and
/ 2 _
dT(\/1+S2\/1+T2 sT)y= YA o T =T +5)

V412 1+ TA(1+ 52T + 1+ 725)

hence we get from (6-24)—(6-27) and the mean-value theorem that

B(So(j1.11). To(j.12)) — B(So(j1.11). To(0. 1)) K d/a} (6-28)

and

. . : t, —t d d
A(So(j1.t1). To(j . 12)) — A(So(j1. 11). To(0, 1)) < (—| 2] + —) 5 (6-29)
aj X)X —a;

for all real numbers 0 < j;, j < J and integers a; < t1,t) < d;+1.
We will also need later the easily proved general identity

T (14 S2)(T?—S?)
< —A(S0. To) = s —— —. (6-30)
0 SoTo(1+ S2)+ SV +SH(1+TP)
This implies by (6-24) and (6-25) that assuming (6-23) we have
To To To
0 ——AS,T LU 6-31
So ' < So (S0, To) | € S, ’ (6-31)

for every choice Sy = So(Jj1,%1), To = To (j2,t2) with any real numbers 0 < j;, j, < J and integers
a; <ty,t) <aj+1. We also see from (6-30) that the signs of Ty/So — A(So, To) and T/ Sy — 1 are the
same. Therefore we get from (6-31) that assuming (6-23) we have

To(j2.12) 1' ‘To(jz,fz) 3 F‘ To(j2,12) 1‘

So(J1.11) So(J1.11) So(J1.11)

for any real numbers 0 < ji, j» < J and any 1 < F < A(So(j1.t1), To(Jj2. 12)).
Assuming (6-23) we see from (6-2) that (6-11) is always true. Then it follows by (6-9) and (6-13) that

(6-5) equals

(6-32)

ai+1—1aj41—1

2 Z Z Et\ .1, Z Z aj,,j, min (So(j1.t1), To(Jj2.12)). (6-33)

ti=a; 12=a; J1=0j2=0
We also see that (6-12) always holds. Then by Lemma 4.1 and (6-10) we get for any f that
J J
Rijnnf =2 Y aji.in(J(So. To. F) + J(To. So. F)). (6-34)
J1=0j2=0
By the change of variables j; — j,, t; + t; we see that substituting (6-34) into (6-7) and (6-6) the
contributions of J(Sy, Ty, F) and J(Ty, So, F) in (6-7) are the same.

6.4. Estimating (6-5). Assume besides (6-23) that we have

dai $
2=t > X (6-35)
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for some § > 0 which is fixed in terms of €. Then we see from (6-27) and (6-24) that the sign of
So(j1,21)— To(j2, 1) is the same for every pair 0 < j;, j, < J. But then that part of (6-33) where (6-35)
holds is 0, since ijlzo aj,,j, = 0 for every j,, and Zszzo aj,,j, = 0 for every j; by (6-8). So we may
assume in (6-33) that

da,' s
|t —1| K 7X (6-36)

for some § > 0 which is chosen small enough in terms of €. Then we see using (6-24) and Lemma 2.1
that (6-5) is <5 X2 X V4 VX —a; ai(1 +da; | X) <5 X?*/X d, which is acceptable in (5-18).

6.5. Estimating (6-6). Assume besides (6-23) that in (6-6) we have (6-36) and

1—( d )X5<F<1 (6-37)
X - a

for some § > 0 which is chosen small enough in terms of €. By (6-34) and (4-25) we have

J J
Rin =2y > aj.jr(K(So.To. F)+ K(To. So. F)) (6-38)
J1=0 j2=0
in the case F < 1, and by the substitutions j; — j,, #; + t; we see that the contributions of K(Sy, Ty, F)
and K(Ty, Sg, F) in (6-6) are the same. Hence it is enough to consider the contribution of K(Sy, Tg, F).
Applying the second relation in (4-26) we see for fixed 71, #, f and j; that

max 1Sol|To(j2 + 1.12) = To(j2. 12) |
0=<jo<J J1— F2 '

S D2 (1)K (So. To(jze ). F) <

Jj2=0

The parameters are written here only in the case of 7§, since only this variable depends on j;. By (6-24)
and (6-26) this is < d/ (al?v 1 — F?). Hence using (6-8), (6-38) and Lemma 3.1 we get that that part of
(6-6) where (6-36) and (6-37) hold is

yd diti] S(t2—4,12—4, f?)
<« > > > L2 - (6-39)
i hh=a; a;j<tr<aji fez 1-F2

2
ta—t1|<Kda; X3~ 0<1—F d_)xs
l—t1|<da < <(X;ﬂ%)

From (6-20) we see that the innermost sum is
Stt—4.13-4, f%)

i , 6-40
<2 o .

where the sum ranges over all f such that

2
d
tity—5—V(tE - 45 —4) (X—aZ) X’ <|fl =t -5.

i
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In the case #; # ¢, we use S(t12 —4, 122 —4, f2) < S(t12 —4, 122 —4), and we see that (6-40) is

da;

<5 sta,-(1+ 2)S(x$—4,z§—4).

1

So, applying also (3-20) we get that the #; # ¢, part of (6-39) is

d = d° da; \'? 42
(L in(a;. VX —a; (_t ) x¥ L
<5 (ai + X—af) (mm(a, a,) aj X <5 NG4

which is acceptable in (5-18). In the case t; =, we estimate (6-40) by Lemma 3.7 and we get that (6-40)

1S
5 J 2\1/2
<s X%ai[1+ 2 -4 .
8 al( (1 )(X—a.z))

1

—da

So the t; = ¢, part of (6-39) is

d d d?
< X2 2 min a;, VX —a; (l—i—a'—) < ) Gl
8 ) ( i l) lX 2 8 \/y

aj

l
Hence that part of (6-6) where (6-36) and (6-37) hold is acceptable in (5-18).

So it is enough to consider that part of (6-6) where at least one of the conditions (6-36) and (6-37)
is false. We prove that this part is negligible. We use (6-34), and we recall that the contributions of
J(So, Ty, F) and J(Ty, Sy, F) in (6-6) are the same. By Lemma 4.8 and ZjJFo aj,,j, = 0 we see that
it is enough to show that for fixed ¢, #, f, j; the sum

J
> D2 ()Y (i (Solin10). ol t2). Fltr. iz /) (6-41)

J2=0
is negligibly small for i = 1, 2. Observe that by the notation of Lemma 4.10, using t = t,, So = So(Jj1. 1),
F=F(t,t, f)andt =1fori =1, 7 =—1 fori =2 we have

V(Si(SO(jl’ll)’ TO(j29t2)’ F(tlvtz’ f)) = k(X_]ZdT_z)

By Taylor’s formula with remainder (see Theorem 7.6 of [A], for example), the value of (6-41) is
< d? maxy_,_jgr<x<x—2 }k(J)(x)|. Then by Lemma 4.10 and (6-24) we see that (6-41) is

1 _ To(j ) [\7
< 1+ ———d'(x-a} Jmax(l,( 1—F2+‘1F+,— , (6-42)
So(j1.t1)? ( i) So(Jj1.11)

with some real number 0 < j < J. We see that if (6-37) is false, then this is negligibly small, since J is
fixed to be large enough. So we can assume that (6-37) is true but (6-36) is false. We show that (6-42) is
negligibly small. If

To(j.t d
oo0) |y x4 (6-43)

tF4+ —
‘ So(Jj1.11)) X —a?
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then this is true. So we may assume that (6-43) is false. But then using also (6-37) and the triangle
inequality, taking into account (6-23) we get

To(j.12) s d
T+ — | <X . (6-44)
’ So(j1.11) X —a}
This is impossible for T = 1 for small § by (6-23), so we may assume t = —1. Hence, using (6-27) and

(6-44) with T = —1, applying also (6-24) we get |t — 1| < X%da;/ X . But this is a contradiction, since
we assumed that (6-36) is false. So that part of (6-6) where at least one of the conditions (6-36) and
(6-37) is false is also negligibly small. Consequently (6-6) is acceptable in (5-18).

6.6. A new expression for (6-7). Recall that substituting (6-34) into (6-7) the contributions of J(Sq, Ty, F)
and J(Ty, So, F) in (6-7) are the same. Hence, applying also Lemma 4.3 we get that (6-7) equals

ajy1—lajy1—1

4 Z Z (Atla’2+Bf1,t2_Ct1,t2) (6-45)

t1=a; tr=a;
with

A= Y h(§ =43 -4, Naj, j,Se®(1(So. To. F)). (6-46)

0=<ji,j2=J
fez
1<F<B(Sy,Tp)

Bll,lz = Z h(t]2_4’[22’ _45 f)ajl,jZSOq)()Q(SO, TO’ F)) ) (6_47)

0=<j1,j2=J
f€2,To=Sy
1<F=A(So,To)

Chpi= Y. h(]—4.05—-4 f)aj j,So® (y2(So. To. F)) . (6-48)

0=<j1,j2=J
fez, To<So
1<F<A(Sy,Tp)

6.7. The contribution of By, t, and Cy, ;,. Assume besides (6-23) that
I <|F| = A(So. To) (6-49)

and (6-36) holds with some § > 0 which is chosen small enough in terms of €. Applying (6-17), (4-12)
and (4-16) we get that the terms ® (12 (So, 7o, F)) in (6-47), (6-48) are always O(log X). Using

(So —To)? - (So —To)?
VA+SHA+TH +SeTo+1 VA +S2)(1+TP)

(6-27), (6-25), (6-24) and (6-36) we see that the number of integers f satisfying (6-49) and (6-15) is
L1+ X% zai2 /X)) /(X — aiz). So we get, applying also Lemma 3.1 that the contribution to (6-45) of

A(So.To) —1=
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the terms By, 1,, Cy, 1, satisfying (6-49) and (6-36) is

/ aj+1—
<5 X35< A;.—a jﬂ) Z Y S@E-4.3-4).
1

L1=a; a;<tr<aj41—1
[tr—t) | Ka; XXS

By (3-20) and (3-22) this is

VX —a? d*ai/X 1/2
<5 Xx 48 L+ i/ (Cliv \/}—ai-i-(ﬁ—ai)ai(%) ),
di VX —a}

which in turn is <5 X 48 g5/2 / VX by (6-1), (6-2) and (5-19). Hence we have proved that the contribution
to (6-45) of the terms By, ,, Cy, 1, satisfying (6-49) and (6-36) is acceptable in (5-18).

Now consider the contribution of those terms By, 1,, Cy, 1, to (6-45) for which the inequalities
dlty—t

|72 12| 1%
ai(X —a;)

1< F<A(So(j1.11). To(0,22)) — (6-50)
and (6-35) hold for some § > 0 which is fixed in terms of €. We want to prove that this contribution is
negligibly small. We first show that for fixed 7, ¢,, j; and f the conditions in the summations in (6-47)
and (6-48) are independent of 0 < j, < J. It is enough to see that we have F' < A(So(jl .t1), To(J, 12))
for every 0 < j < J, and the sign of So(ji,%1) — To(j, ;) is the same for every 0 < j < J. These
statements follow easily from (6-29), (6-27) and (6-24). Hence for fixed #;,?,, j; and f satisfying
aj <t,t) <daj+1, 0 < j; < J and the conditions (6-50), (6-35) we have that either each 0 < j, < J
satisfies the conditions of the summations in (6-47), or each 0 < j, < J satisfies the conditions of the
summations in (6-48). Consequently, recalling (6-8) we see that it is enough to show that for every fixed
t1,t, j1 and f satisfying the conditions just mentioned the sum

N D72 ( 1)@ (2S00t 1). Tola. 12). F(t1.12. /) (6-51)

J2=0

is negligibly small. In the notation of Lemma 4.6, using t = —1 and ¢t = t,, Sy = So(j1.t1), F =
F(t1,t2, f) there, we have

®(y2(So(j1.11). To(j2. 12), F(11.12. [))) = K(X — jrdT —2).

Theorem 7.6 of [A] shows that (6-51) is <« d’ mMaxy _p— jdr<x<X—2 |K(J)(x)‘. By Lemma 4.6, (6-32),
(6-27), (6-24), (6-23), (6-1), (6-2) this is

, . |ta =11 !
Ld'(X —a;) max(l’(ai (A(So,To)—F)) )

From (6-50), (6-29) and (6-23) we see that this is negligibly small, since J is fixed to be large enough in

terms of €. Hence we have proved that the contribution to (6-45) of those terms By, s,, Ct, 1, for which
(6-50) and (6-35) hold is negligibly small.
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Consider the contribution to (6-45) of those terms By, 1,, Cy, 1, for which (6-35) holds and we have
dlty -]

—X8<F§AS i1,t1), To(jo,t 6-52
a(X —a2) (So(j1.11). To(j2.12)) (6-52)

A(So(j1,11), To(0,12)) —
for some § > 0 which is small enough in terms of €. Using also (6-29) this shows that the number of
possible values of the integers f satisfying (6-52) is
d|p—nla;

X—ai2

<1+ X3, (6-53)

It is easy to compute that

(B(So, To) + F)(A(So, To) — F)
(To — So F)?

so using (6-24), (6-25), (6-27), (6-32) and (6-52) we get

da; 8 d(VX —aj)
So. To, F) <5 X0\ | == Soy5(So, To, F) <5 X[ 40 (6-54)
y2(S0. To. F) K5 X110 0¥2(S0. To. F) <5 T tr]

Now, if a; > «/7/2, then we have Sy < 1 by (6-24), and so by Lemma 4.4, (4-12) and (6-17) we get

d3(VX —a;)
X2t -1

’

y2(So, Tp, F) = \/

So® (2(So, To, F)) <s Soy3(So, To, F)X% <5 X*9 (6-55)

Ifa; <VX /2, then we have Sy > 1 by (6-24), and by the second relation in (6-54), Lemma 4.4, (4-12),
(6-17) we see that if |t, — 1| < d/a;, then

d
So® (2(So, To. F)) <5 XSSOJ/z(SO, Ty, F) <5 X% m, (6-56)
Vot —

while if |t, —t;| > d/a;, then

d3
So® (y2(So, To, F)) <5 X3S 3(So, To, F) <5 X*° | pIPRER (6-57)
a; |l —=h

Ifa; > NDS /2, then by (6-35) and (5-19) we see that the second term is larger than the first one in (6-53).
Then by (6-53) and (6-55) we see that the contribution to (6-45) of those terms By, 1,, Cy, 1, for which
(6-35) and (6-52) hold is

asz Gl S(2—4,2—4)

X3/4\/X_ai2 t=a; a;<tr<a;41 \4 |[2_t1|

|t2—t1|2da,~X8_1

<5 X% (6-58)

in the case a; > %«/7 By (3-21) we have that the sum over t1,t; is < X‘S(\/Y—a,-)Xl/“; hence (6-58)
is acceptable in (5-18).
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Ifa; < %«/7 , then by (6-53) and (6-56) the contribution to (6-45) of those terms By, 1,, Cy, 1, for
which (6-35), (6-52) and |t, —#1| < d/a; hold is <5 than the sum of

aj+1—1

d2
X‘“8 > Y S -4.5-9 (6-59)

h=a; a;j=<pm<aj+i
0<|tr—t1|Kd/a;

, az+1 1 S([12_4,t22_4) (6 60)
ai t1 =a; a,<t2<a,+1 Vita =]

0<|ta—11]

and

By (3-20) we get that (6-59) is <5 X35~ 1d%a?(d Ja;)"1? <5 X33d512//X . We estimate (6-60) by (3-21);
the result is an upper bound X 34 (d /a; )1/2 32 « x5 Vd /X, which is smaller than d°/2 / /X by (5-19).

Ifa; <5 LVX and |t, — 11| > d/ai, then by (5-19) the second term in (6-53) is larger than the first
one. Hence by (6-53) and (6-57) we see in the case a; < 5 1 /X that the contribution to (6-45) of those
terms By, 1,, Ct, 1, for which (6-35), (6-52) and |t, —t1| > d/a; hold is

ai+1-1 2 2
<5 X d/5/2 3 3 St —4,17—4) ,5d°?a;
1/2

o E— ) s
al‘ X t1=a; a;<tr<aj4 |t2_t1| X

0<|t2—11|

where in the last step we used (3-21). This is again acceptable in (5-18).

We examined every case, so we proved that the contribution to (6-45) of those terms By, 1,, Cy, 1, for
which (6-35) and (6-52) hold is acceptable in (5-18). Using also the previous estimates we see that the
whole contributions of By, ;, and Cy, 1, in (6-45) is acceptable in (5-18).

6.8. The contribution of A;, +,. Now consider that part of the contribution of 4, ;, in (6-45) where

1 <FEB(So(]'l,ll),To((),lz))—iz/\”s (6-61)
1

for some § > 0 which is fixed in terms of €. We show that for fixed #1,,, j; and f the condition
in the summation in (6-46) is independent of 0 < j, < J. It is enough to see that we have F <
B(So(j1 ,t1), To(J, tz)) for every 0 < j < J, and this follows by (6-28). Hence for fixed ¢, t5, j; and
[ satisfying a; <t;,t) <a;j4+1,0 =< j; <J and (6-61) each 0 < j, < J satisfies the conditions of the
summation in (6-46). Recalling (6-8) we then see that if we can show that for every fixed #1, #;, j; and f
satisfying the above-mentioned conditions the sum

> D7 () (r1(SoGir.11). To(a.12). Flt.t2.1)) (6-62)

Jj2=0

is negligibly small, then we will get that that part of the contribution of 4;, s, in (6-45) where (6-61) is true
is negligibly small. Observe that by the notations of Lemma 4.6, using t = 1 and ¢t = 15, So = So(j1, 1),
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F = F(t1,1t, f) there we have

D(y1(So(j1.11). To(j2. 12), F(11. 12, [))) = K(X — jrdT —2). (6-63)

Theorem 7.6 of [A] gives that (6-62) is < d”/ maxy_ jir—2<x<X—2 |K)(x)|. By Lemma 4.6 and

(6-24) this is 1 ;
< djmax((X—aiz)_‘],( 5 ) )
a; (B(So, To) — F)

By (6-61), (6-28) and (6-23) this is negligibly small, since J is fixed to be large enough in terms of €.

Hence that part of the contribution of A, s, in (6-45) where (6-61) holds is negligibly small.
Now consider that part of the contribution of Ay, ;, in (6-45) where

. d . .
B(So(j1.11), To(0,12)) — a—2X5 < F < B(So(j1.11). To(j2.12)) (6-64)

4

for some § > 0 chosen small enough in terms of €. It is easy to compute that

(B(So, To) — F)(A(So, To) + F)
(To + So F)? '

1(So, Ty, F) = \/ (6-65)

By (6-25), (6-64) and (5-19) we see that X /a? < B(So, Ty) < X/a} and B(Sp, To) — F = o(X/a}).

So
v B(So, Ty)— F
\Y B(S09 TO)

Then applying Lemma 4.4 (note that the middle case of (4-15) cannot hold by (6-66)), and also using

Soy1(So, To. F) K =o(1). (6-66)

(4-12) and (6-17), we get in every case that
X'+ (B(So, To) — F)*?
a}Sg (B(So, To))*/?
the second inequality follows from (6-25) and (6-66). By (6-24), (6-25) and (6-64) this gives
3/2
XWX —a;)

The number of possible values of the integers f satisfying (6-64) is <5 X®d. Therefore, using also
Lemma 3.1, we get that that part of the contribution of 4, ;, in (6-45) where (6-64) holds is

So®(So, y1(So, To, F)) <5 X°(So + S3)¥3(So, To, F) <3

So®(So, y1(So, To, F)) <s X3 (6-67)

o5 d5/2 ajr1—lajy1—1 5 ) X68d5/2 f
PO ¢ — S —4,2-4) <5 ——— (VX —ap)ai,  (6-68)
X(\/Y—Cli) tlgt:li t;l,' 1 : X(ﬁ_ai ) o

where in the last step we used (3-23), noting that a(b — a) is an upper bound there for both terms. This
estimate is again acceptable in (5-18). So we proved that the contribution of A4;, s, in (6-45) is acceptable
in (5-18), hence the whole sum (6-45) is acceptable. The proof of (5-18) is now complete, so Theorem 1.1
is also proved.
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