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A coarse Jacquet—Zagier trace formula for GL(n),
with applications

Liyang Yang

We establish a coarse Jacquet—Zagier trace identity for GL(n) over a global field. We prove the absolute
convergence in Re(s) > 1, and obtain holomorphic continuation under almost all character twists. In
particular, we compute all P-regular orbital integrals in the geometric side, and the contributions from
constant terms and nondegenerate terms of Eisenstein series in the continuous spectrum, and further
derive meromorphic continuations of them.

As an application, we give a conditional proof of the Dedekind conjecture, which asserts that given any
finite extension E/F of number fields, the ratio ¢g(s)/CF(s) of the Dedekind zeta functions is entire,
which is only known for [E : F] < 4. Some nonvanishing results are also obtained.
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1. Introduction

1A. The Rankin-Selberg-Zagier integral [ Ko(x,x)E(x,s)dx. Let I be an arithmetic subgroup of
G = SL,(R) with finite covolume. A nice ¢ on G defines an integral operator R(¢) on L*(I'\G) with
kernel K. With respect to the Casimir operator the space L?(I'\G') decomposes into the direct sum
of L%(l’ \G), the space of cusp forms, and its orthogonal complement Lé(r \G)L. Correspondingly,
K¢ = K§ + Kfy. where K (resp. Kf) is the kernel of the restriction of R(p) to L3(I'\G') (resp.
L%(I‘\G )1). The Selberg trace formula is the identity obtained by substituting K¥ — KER for K‘g and
computing the trace

Tr R(¢) |L3(r\G):/r\GK(g(x,x) dx:/r\G[Kfﬂ(x,x)—KgR(x,x)] dx. (1-1)

Although the function Kg’ (x, x) decays rapidly over I' \ G, its counterparts K (x, x) and KER (x,x)
do not. Hence some truncation is typically required to carry out the right-hand side of the integration
(1-1).

Zagier [38; 39] introduced the integral

I(‘f(s)=/F\GK(5(x,x)E(x,s)dx:/I_\G[K‘p(x,x)—KgR(x,x)]E(x,s)dx, (1-2)

where E(x,s) is an Eisenstein series. He obtained a meromorphic continuation of the right-hand side
of (1-2) and recovered the Selberg trace formula by computing the residue at s = 1. This approach is
more convenient and computationally simpler than truncation-based proofs. Furthermore, 7 (()p (s) gives
more information than the Selberg trace formula, including the divisibility by {(s). Jacquet and Zagier
[18] extended the formula to GL(2) over a number field F, providing a new proof of the holomorphy of
adjoint L-functions and implying the Arthur-Selberg trace formula. However, the Jacquet—Zagier trace
formula has only been developed for GL(2) so far.
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Our aim is to generalize the Jacquet—Zagier trace formula to higher ranks, building on the equality of
the geometric and spectral expansions of the meromorphic function

I%(s, t :=/ K?(x,x)E(x,s)dx, (1-3)
0(5:7) G(F)Z(AR)\G(AF) 0 (x M E(x.5)

where F is a global field, G = GL(n), and E(x, s) is an Eisenstein series induced from a Hecke character t.
We anticipate a generalized Jacquet—Zagier trace formula for GL(n) of the form

Ig’(s, T) = Igeo(s, T)— IépR(s, 7), (1-4)

where Igeo (s,7) and IépR(s, 7) capture (formally) the geometric and noncuspidal spectral contributions,
respectively.

However, the convergence problems and complex analytic behaviors of [ Geo (s, 7) and IER (s, 7) are
significant. In this study, we present several innovative techniques that address convergence, meromorphic
continuation, and divisibility of L-series, leading to a coarse derivation of the Jacquet—Zagier trace
formula for GL(n). By regularizing (1-4), we obtain an identity involving various L-functions, roughly
of the form:

> L(s.m Ad) ~
s

LE(S) L-S L-functions R-S L-functions
L Lot o T2 e

[E:F]<n

where L-S means Langlands—Shahidi and R-S refers to Rankin—Selberg for nondiscrete representations,
which should be ‘obvious’ holomorphic multiples of {z(s). This formula establishes a connection
between the Dedekind conjecture on the entireness of quotients of the Dedekind zeta function ¢ (s) /L g (s)
(algebraic side) and the Selberg’s conjecture regarding the entireness of adjoint L-functions L(s, 7, Ad)
(automorphic side). Further details can be found in Section 1B2. This provides a new example of using
the general Langlands program to answer some basic questions about number fields.

1B. Statement of the main results.

1B1. The Jacquet—Zagier trace formula for GL(n). We present a generalization of the trace formula,
which encompasses several independent results (Theorems C, D, E, and F). These results can be summa-
rized informally as follows.

Theorem A. Let notation be as in Section 2. Let Re(s) > 1. Let ¢ be a test function on G(Af). Then
1 (()p (s; T) admits a regularized geometric-spectral expansion

I‘p(s T) = Geo Reg(s,r)—lgﬁReg(s )+ Slng(s ) — Whl(S,‘[), (1-5)

where each integral on the right-hand side converges in the region Re(s) > 1, and can be meromorphically
continued to s € C. Moreover:

%
o1 Geo,Reg

étale algebras of degree < n. (See Theorem C for details.)

(s, ) can be expressed as a finite sum of Dedekind zeta functions associated with certain
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%
¢ IP,Reg

multiple of

(s, T) can be written as a finite sum of intertwining operators. It turns out to be a holomorphic

A(s, 1) A2s, 2)--- A((n—1)s, ") A(ns, )
A +1,0)AQs+1,72) - A((n=1)s + 1,77 1)’
(See Theorem D for details.)

. I&hi (s, ) is an infinite sum over cuspidal data x of Rankin—Selberg L-functions attached to x. (See
Theorems E and F.)

o Ift% £ 1 for 1 <k <n, then (1-5) has an analytic continuation to C, with I%

P.RegS: T)/A(s, 7) and

I&,hi(s, 1)/ A(s, T) being entire.
A precise definition of the integrals on the right side of (1-5) can be found in Section 2C.

Remarks 1.2. (i) The expansion (1-5) generalizes Jacquet and Zagier’s formula for GL(2) to GL(n).
A restricted version was obtained by Flicker [8] under some choice of test functions ¢ so that only regular
elliptic part of Igeo,Reg (s, T) shows up on the right-hand side of (1-5). New ideas of our proof are briefly
summarized in Section 2B below.

(i) Is‘f’ing
always be reduced to Jacquet—Zagier trace formula (1-5) in smaller ranks. For certain applications, one

(s, 7) is defined geometrically, and it appears essentially when n > 3. In general, 1 g’ing (s, 7) should

can easily eliminate it by choosing a suitable test function (see, for instance, Theorem B in Section 1B2).
Also, a detailed analytic continuation of / é’;ng (s, 7)/A(s, t) (for general test function @) is given in [36]
when n < 4.

1B2. Some applications. The formula (1-5) conveys interesting information between L-functions defined
analytically and algebraically. It gives an explicit relation among Rankin—Selberg L-functions, Langlands—
Shahidi L-functions and Hecke L-functions associated to field extensions. In fact, we shall deduce from
it that holomorphy of certain adjoint L-functions for GL(n) implies the Dedekind conjecture for degree n
extensions:

Conjecture 1.3 (t-twisted Dedekind conjecture). Let E/F be an extension of global fields. Then
A(s,t o NgsF)/A(s,T) is holomorphic when s # 1, where A(-,-) denotes the complete Hecke L-

Jfunction, and Ng F is the relative norm.

When t = 1 is trivial, this conjecture is conventionally called the Dedekind conjecture, and is known
to be true when E/F is Galois by the work of Aramata and Brauer (see Chapter 1 of [24]) or has a
solvable Galois closure by the work of Uchida [32] and van der Waall [33]. The Dedekind conjecture is
the principal case of Artin’s holomorphy conjecture. The t-twisted version of Conjecture 1.3 has been
proved by Murty [26] when E/ F is either Galois or has a solvable closure. However, the general case
(or even the case of general degree-5 extensions) is not yet known.

When n = 2, [18] provides a connection between adjoint L-functions associated to cuspidal represen-
tations of GL(2)/F and A(s, 7o Ng,r)/A(s,t) when E/F is quadratic. It was noted in [19] that, at



A coarse Jacquet—Zagier trace formula for GL(n), with applications 865

least for degree/rank » up to 5, the two families seem to be related on a nuts-and-bolts level in the theory
of integral representations, in addition to the relationships suggested by [18].

Let Ag(G(F)\G(AF), »™ 1) be the set of cuspidal representations of G(Af) of central character »™!.
Recall that the twisted adjoint L-function is defined by

A(s,m x 7 _
A Ad@r) = 2ETXTBD o GPNGAR). o). (1-6)
A(s, T)

Let Agmp(G(F)\G(AF), o™ C Ag(G(F)\G(AF), 1) be a subset of cuspidal representations 7
such that 7 has a supercuspidal component. Following [18], Flicker [8] used a simple trace formula to
conclude, modulo the key Lemma 4 in loc. cit., that Conjecture 1.3 implies holomorphy of A(s, 7, Ad ®7)
at s # 1, where 7 € A?)lmp(G(F Y\G(AFr), ™ 1). However, this lemma is not correct, as Flicker himself
pointed out in [9, p. 202]. Consequently, the asserted implication is not complete. Nevertheless, we have

an implication in the opposite direction.

Theorem B. Assume the twist adjoint L-functions A(s, w, Ad ®t) are holomorphic at s # 1 for all
e Agmp(G(F NG(AFE),1). Then the t-twisted Dedekind conjecture holds for all field extensions of
E/F of degree n.

Remarks 1.5. (i) Theorem B provides a new perspective in the study of the Dedekind conjecture, which
is currently wide open when the degree is larger or equal to 5— although, when n = 5, there has been
some progress towards the holomorphy of adjoint L-functions by integral representation (see [11]).

(ii) Suppose T4 # 1, 1 < k < n. With further investigation of Ising(s, 7), we may conclude from
Theorems A and B that L(s, 7, Ad ®7) is holomorphic at s # 1 for all 7 € Ag(G(F)\G(Af), 0! if
and only if the t-twisted Dedekind conjecture holds for all field extensions of E/F of degree n.

In Section 8, we will see that the proof of Theorem B yields a nonvanishing result:

Corollary 1.6. Let notation be as before. Let n > 2. Suppose there exists an extension E | F with degree
[E : Fl=n, and {g(1/2) # 0. Then there exists a m = n(E) € Ao(G(F)\G(AF), o™ "), such that
L(1/2,mx7)#0.

Remark 1.7. In fact, Frohlich [10] proved that there are infinitely many number fields F such that
¢r(1/2) = 0. Since L(s, 7, Ad) is conjectured to be holomorphic, for all = € Ay(G(F)\G(Af),»™ 1),
we have L(1/2, 7 x &) = 0 conjecturally.

2. Idea of proof and structure of the paper

This section outlines our strategy for establishing the coarse Jacquet—Zagier trace formula (1-5):

I$(sit) = I, (s,7) +Iéping(s,r)—1\(§hi(s,f).

%
Geo,Reg(S’ I) - IP

sReg

Definitions of these integrals will be provided in Sections 2A—-2C. Additional details can be found in
Section 3.
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2A. Basic notation.

2A1. Number fields. Let F be a number field with ring of adeles Ag. Let X be the set of places of F.
Denote by X F f, (resp. X F o) the set of nonarchimedean (resp. archimedean) places. For v € X, we
denote by Fy the corresponding local field and O, its ring of integers with the maximal ideal p, and a
uniformizer @, . We use v | oo to indicate an archimedean place v and write v < oo if v is nonarchimedean.
Let |- |y be the norm in Fy. Put |+ |oo = []}j00 |- lv and [« |fin = [Ty<oo [ lv- Let [ |az = [ |oo ®| - [fin-
We will simply write | - | for |- |a, in calculation over A% or its quotient by F*.

2A2. Some conventional notation. For two meromorphic functions /1 (s) and /,(s), we write /1 (s)
ho(s) if hq(s)/ hy(s) admits an analytic continuation to the whole complex plane. We will keep this o
notation throughout.

2A3. Automorphic data. Let G = GL(n). Let P be the standard parabolic subgroup of G of type
(n—1,1). Let B be the Borel subgroup, consisting of upper triangular matrices. Let K be a fixed maximal
compact subgroup of G(Afr). We will denote by [H]:= H(F)\ H(AF) for an algebraic group H over F.

Denote by E r the set of unitary characters on F*\A% which are trivial on R%. For any & € EF,
denote by A(s, &) its complete Hecke L-function. For a topological space V', we denote by S(V) the
space of Schwartz functions on V. Let ® € S(A%,). Let T € EF be fixed. Let n = (0,...,0,1) € F". Set

f(x,®,t;5) = t(detx) |det x|° /AX S(ex)t(@)"|t|™d™t, x e G(AF), 2-1)
F

which is a Tate integral for the complete L-function A (ns, x.®, ). It converges absolutely in Re(s) > 1/n,
and admits a meromorphic continuation elsewhere with a functional equation. Define the Eisenstein series

Ep(x,®,1:5)= Y [flyx. D19, 2-2)
yEP(FI\G(F)

which converges absolutely for Re(s) > 1. Also, we define the integral

I(‘)p(s,f) =/

K (x,x)Ep(x, ®,1;5)dx. (2-3)
G(F)Z(AR)\G(AF) o (¥ Ep( )

If there is no confusion in the context, we will write f;(x,s) or f(x,s) instead of f(x, ®, t;s) and omit
the superscript ¢ in 1¢(s; 7) for simplicity, where Y (s; 7) is one of the functions in (1-5).

2A4. The kernel function. Denote by H(G(AF), w) the set of smooth functions ¢: G(Af) — C, which
is left and right K-finite for a compact subgroup K of G(Af), transforms by a unitary character w of
Z(AF), and has compact support modulo Z(Ag). Then ¢ € H(G(AF), w) defines an integral operator

R@) /()= [ 0(1)f(xy) dy (2-4)

Z(AF)\G(AF)

on the space L? (G(F)\G(AF), ™) of functions on G(F)\G(AF) which transform under Z(Af) by
™! and are square integrable on G(F)Z(Ar)\G(AFr). This operator can be represented by the kernel
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function
K. )= > ol'yy.
YEZ(F)\G(F)
We will omit the superscript ¢ and simply write K(x, y) for K®(x, y).

Recall that L2 (G(F)\G(AF), a)_l) decomposes as a direct sum of the space L(z)(G(F)\G(AF), a)_l)
of cusp forms and spaces L (G(F)\G(Af),0™ ") and L (G(F)\G(AF), o™ ") defined using Eisen-
stein series and residues of Eisenstein series respectively. Then K splits up as K = Ky + Kgjs + Kges.
Explicitly,

Ko(x.) =) Ka(x.y). whereKz(x.)= ) 7(@)dp(x)$(»). (2-5)
T $EBy
Here, 7 ranges over cuspidal automorphic representations, and 5, represents an orthonormal basis for
the representation 7.

2B. Decomposition of the kernel function. Starting with the spectral decomposition
Ko(x, x) = K(x, x) — (Kgis(x, x) + Kgres(x, X)),
we will further decompose these kernel functions by algebraic and analytic/spectral expansions.

2B1. The regular part. Let Py = Z\ P is the mirabolic subgroup. Define

e=J) U {»p'vp:pePu(r)} (2-6)
0 yeZ(FO\Q(F)

where Q’s range through standard proper parabolic subgroups of G. Set
KGeo,Reg (X, x) = Z (/)(x_l )/x), (2'7)
yeZ(F)\G(F)—&
We will show in Proposition 4.1 that the set Z(F)\G(F)— & consists of Py(F)-conjugacy classes,
resulting in regular G'(F')-conjugacy classes. Notably, the stabilizers of elements in Z(F)\G(F)— G are

direct sums of étale algebras over F' with degrees < n. This distinction motivates the consideration of
this set.

2B2. The P-regular part. Let Np be the unipotent radical of P. Define
Kpres(r.¥) = [ Koeogea(ux. x) du. (2-8)
[Np]
where the subscript P indicates the constant term along [Np] = Np(F)\Np(AF).

2B3. Fourier expansion. Let N be the unipotent radical of the standard Borel in G. Let 6 being a fixed
generic character on [N] = N(F)\N(AF).
We will show in Lemma 3.2 the Fourier expansion

n—1

Keis (x, X) + Kges (x, X) = /[ . ]K(ux,x) du +kz FrK(x, x) + Kwni(x, x), (2-9)
=2

P
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where F;K(x, x) represents the partial Fourier transforms of K(x, x) (see Proposition 3.1), and the
generic part is given by

Kwni(x, x) = Z /[N] Kegis(uéx, x)0(u) du.
SeN(F)\Py(F)

The integrand will be Whittaker functions, which explains the subscript “Whi’.
Notably, the first two terms on the right side of (2-9) are expressed in terms of the entire kernel function
K(x, x). Therefore, we can handle them by employing the geometric expansion of the kernel function.

2B4. The singular part. We define

n—1

Ksing (X, x) = Z o(xTyx) — /[N | Z o(x Yulyx) du — Z FrrK(x, x). (2-10)
P yes

yeS k=2

A precise definition will be given in Section 3B2. In [36], we provide explicit simplifications of this part
in terms of ¢ for the cases whenn = 3 and n = 4.

2B5. Decomposition of Ko(x, x). Combining (2-7), (2-8), (2-9) and (2-10) we then obtain an expansion
of the cuspidal kernel function

KO(X, x) = KGeo,Reg(xa X) - KP,Reg(xv x) + KSing(X, x) - KWhi(xa X). (2'1 1)
This decomposition will be proved in Lemma 3.3.

2C. Decomposition of 1 (‘f (s, 7). Let Re(s) > 1. Unfold Ep(x, P, 7;s) by substituting (2-2) into (2-3),
and replace Ky via (2-11) to obtain (formally)

I(()p (s;7) = IgeO’Reg(s, 7)— Ig,Reg(s, T)+ Ié’;ng(s, T)— I{,’f,hi(s, 7), (1-5)
Here

Igeo,Reg(s, 7) = / Geo,Reg (X, X) f(x, D, 7;5) dx,

K
P(F)Z(AR)\G(AF)

1 , T 1——/ / K Ux,x , D, 1;8)dudx,
P’Reg(s ) P(F)Z(Ar)\G(AF) J [Np] Geo,Reg (11X, X) f(x )
I“’W.s,r :——/ / / Kgis(ux, vx)0(wu)0(v) f(x, D, t;5) du dv dx,
hl( ) NAFR)ZAF)\GAF)J[N]J[N] EIS( ) ( ) ( )f( )

Ié’;ng(s’ T) = /

Ksing (¥, , @, 7;5) dx,
P(F)Z(AR)\GAF) Smg(x X)f(x T S) X

where f(x, ®, 7;s) is the section defined by (2-1). The proof of (1-5) will be derived in Section 3B4.
The main objective of this paper is to describe the analytic behavior of these integrals as meromorphic
functions of s and establish their connections with various well-known L-functions.
For simplicity, we will omit the superscript ¢ in the integrals above.
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2D. Structure of the paper. In Section 3, we use the Fourier expansion of functions on Py(F)\G(AF) to
obtain the decomposition (2-9). This manipulation allows us to shift the nongeneric part of the nondiscrete
spectrum to the geometric side. Eventually we obtain the decomposition (1-5) in Section 3B.

In Section 4, we explore the algebraic structure of conjugacy classes in Z(F)\G(F) — & under the
Py(F)-adjoint action. Notably, the stabilizers of elements in Z(F)\G(F)— & correspond to direct sums
of étale algebras over F. Consequently, we demonstrate that the function IGeo,reg(s, 7) can be expressed
as a sum of specific Artin L-series associated with these étale algebras. The detailed formulation of this
result is provided in Theorem C in Section 4C.

In Section 5, we determine explicit representatives of Z(F)\G(F)— & as Py(F)-conjugacy classes.
Subsequently, we develop a geometric reduction technique to establish a connection between Ip reg (s, 7)
and certain intertwining operators. By employing Langlands’ theory of intertwining operators, we establish
the convergence and analytic properties of /Geo,reg(s, 7). The results are summarized in Theorem D.

Next, our focus shifts to the function I'wpi(s, T), which pertains exclusively to the spectral side and is

discussed in Sections 6-9.

¢ We encounter a challenge with Arthur’s approach using modified truncation operators, as it is not
suitable for our specific scenario due to the loss of P(F)-invariance when unfolding the Eisenstein
series. Instead, we employ an alternative manipulation that reduces Iwpi(s, t) to a Mellin transform
of the Kuznetsov trace formula, particularly Jacquet’s relative trace formula for the pair (N, N)
involving maximal unipotent radicals and generic characters. We establish that the relative trace
formula can be bounded by a finite sum of gauges (Proposition 6.2). Consequently, we prove that
Iwni(s, T) is an absolutely convergent infinite sum of Mellin transforms, corresponding to certain
Rankin—Selberg convolutions with nondiscrete automorphic representations when Re(s) exceeds a
specific threshold. The precise results are presented in Theorem E in Section 6.

¢ In Section 7, we establish various properties of Rankin—Selberg periods associated with nondis-
crete automorphic representations. These results play a crucial role in enhancing Theorem E and
demonstrating the absolute convergence of Iwy;(s, ) within the strip 0 < Re(s) < 1. For detailed
information, refer to Theorem F. Notably, if tk # 1 forall 1 <k <n, then Iwp;i(s, 7) is holomorphic
in the region Re(s) > 0.

¢ In Section 8, we consolidate the results of Theorems C, D, E, and F to establish Equation (9-5). By
employing specific test functions ¢ and addressing generalized Tate integrals, we subsequently prove
Theorem B and Corollary 1.6 based on Equation (9-5).

¢ In Section 9, we address the special case when 78 =1 for some 1 < k < n. In this scenario, the
function Iwni(s, T) exhibits singularities along the entire boundary Re(s) = 1. To overcome this,
we aim to find a meromorphic continuation for I'wp;(s, 7) that holds for any . This investigation
is carried out in Section 9, where we establish Theorem G. By utilizing the Langlands—Shahidi
method and analyzing residues, we obtain the meromorphic continuation for each individual term in
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Iwhi(s, ©). Theorem G provides the meromorphic continuation for Iwyi(s, 7) in the general case of
F being a function field. It also holds independent interest, as highlighted in [36].

2E. Some remarks on reading this paper. The integrals presented in (1-5) exhibit distinct characteristics,
and each section is dedicated to analyzing one of these integrals. As a result, these sections can be
considered somewhat independent from one another. Given the intricate nature of these integrals, we will
introduce temporary notation specific to each section during the proof. While these ad hoc notational
items may appear unfamiliar, readers are encouraged not to be overly concerned or confused, as their
purpose is to facilitate the clarity and coherence of the respective section.

3. Fourier expansion and decomposition of /((s, 7)

In this section, we use the Fourier expansion of the noncuspidal kernel function Kggr (x, x) to decompose
the cuspidal kernel function as follows:

Ko (X, y) = Kaeo,Reg(, ¥) —Kp reg (¥, ¥) + Ksing (X, ¥) — Kwni(x, y). (2-11)
Consequently, we obtain the decomposition
Io(s,7) = Igeo,Reg (S, T) — I pReg(S, T) + Ising (s, T) — Iwni(s, 7). (1-5)
3A. Mirabolic Fourier expansions of automorphic functions.

3A1. Ad hoc notation. To simplify the Fourier expansion discussion in this section, we introduce some
notation that may deviate from standard conventions. Since it is specific to this section, readers need not
be overly concerned with it.

Recall that B is the standard Borel of G (Section 2A3). Let N be the unipotent radical of B. For
1 <k <n—1, let B,_j be the standard Borel subgroup (the subgroup consisting of nonsingular upper
triangular matrices) of GL,,_; let N,_x be the unipotent radical of B,_. Forany i, j € N, let M;x; be
the additive group scheme of i x j matrices. For 1 <k < n—1, define the unipotent radicals

Iy C
N]é = {( k D> :C € Myx(n—k)» DGNn_k},

Iy C
Ne=1( CeM, (F)
k 7 : (k—1)x1 .
n—k

For 1 <k <n—1, set the generalized mirabolic subgroups

and the subgroup

AC
Ry = {(0 D) : A €GLy, C € Mix(u—i): DeNn_k}.

In particular, R,,—; = Py, which is the mirabolic subgroup of G.
Also we define Ry = N(o,1,...,1) := N(,1,...,1) = N to be the unipotent radical of the standard Borel
subgroup of GL,.
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3A2. Mirabolic Fourier expansion. Denote by Trg the trace map Ar — Ag. Let ¥g be the additive
character on @\Aq such that ¥q(fe) = exp(2miteo), for oo € R — Ag. Let v = ¥g o Trr. For any
o= (ay,...,0,_1) € F"" 1 define a character ¥, : N(Ar) — C by

n—1

Vo) =[] ¥F (itiis1). Yu=(ijnxn € N(AF). (-1
i=1
Write ¥ = V(o,...,0,1,...,1) (Where the first n—1 — k components are 0 and the remaining & components
are 1) and let 6 = v/(;, . 1) be the standard generic character used to define Whittaker functions.

Proposition 3.1. Let h be a continuous function on Py(F)\G(Afg). Then

n

h(x)= > > h(uu' 8 x)Yp—i (') du’ du (3-2)
k=1 8x€Ri—1(F)\Ry—1(F) /[Nzi‘ lf[Nél !

if the right-hand side converges absolutely and locally uniformly. In particular, (3-2) holds with h(x) =
K?(x, y) for p € H(G(AF), w) and for fixed y € G(AFp).

The proof follows the idea of Piatetski-Shapiro in [27]. See for example [35, §3.1] or [37, §2.4] (with
certain mild adaptations).

3B. Decomposition of Iy(s, ).

3B1. Fourier expansion of Kgr(x, ). The objective of this section is to express Kgr(x, y) in terms of
its generic component and the complete kernel K(x, y).

Lemma 3.2. Let notation be as in Section 3A. Then

n

Ker(x, y) = Kwni(x, ) + X ) , K(uu'8gx, y)0(u') du’ du
k=2 8 €Ry—1(F)\Py(F) /[Nz?‘ ]/[Nk]

where

Kwhi(x, y) = Kgis(uéx,8y)0(u) du.

X
SeN(F)\Py(F)’ [N]

Proof. Kgr(x, y) is Py(F)-invariant with respect to both variables. Given that Ko (x, y) decays rapidly,
Proposition 3.1 applies to 4(x) = Kgr(x, y) = K(x, y) — Ko(x, ). Hence,

_ v ®
Kgr(x, ) = Z Kgr (x, ). (3-3)
k=
where :
k) / / /
Kig (x, ) = > | Ker(uu'Sgx, y)0(u') du’ du.
o 8 € Rie—1 (F)\ Py—1 (F) /[Nzi‘ 1/[ 3

Recall that 6 = V(1 1,....1) is the generic character of (3-1). By definition, 6(u") = ¥, (") for y" € [N/].

Whenk =1, N, ]:‘ becomes trivial and N, ,2 = N. Consequently, we can replace Kgr with Kgis in the
definition of K&) (x, y) since the residual spectrum is not generic [25, §V]. Define

Kwni(x. y) 1= KW (x, y) = ) / " Kis (u8x, 87)0(u) du. (3-4)

SeN(F)\Po(F)
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Let 2 <k <n. Let V]é = diag({x—1, Ny—+1)- Define V}, as the unipotent radical of the standard
parabolic subgroup of type (kK —1,n —k + 1). For any function ¢ on G(Af), we have

uu'x)0w') du’ du = uu'x)du 0w’ du’, x € G(AF).
Jonor Joy 10" Joviy g a0 du o) (AF)
Since V is a nontrivial unipotent radical, then for all cusp forms ¢ on G(F)\G(AF),
uu'x)0w") du’ du = 0. (3-5)
Jonop Joy 10"
Combining (3-5) with the discrete spectral decomposition (2-5) one has
Ko(uu'x, y)0w') du’ du = 0. (3-6)
/S R SCTENRRLICY
Since K = Kggr + Ko, this yields, for 2 < k <n,
// Ker(uu'x, )0’ du’ du = // K(uu'x, )0’y du’ du,

where u € [N;*] and u” € [N/]. As a consequence, we have, for 2 < k <n, that

(k) / / /
Kgr (x, ) = > K(uu'8;x, y)0W') du’ du. (3-7)
= 8k € R—1 (F)\ Pp—1 (F) /[Nzi" ]/[Nk’»l
Now Lemma 3.2 follows from (3-3), (3-4), and (3-7). O

3B2. The singular kernel Kging(x, y). Let KGeo,reg(X, ¥) and Kp reg (X, y) be defined by (2-7) and (2-8).
Set

KGeo,Sing(xv )/') = Z (p(x_l)/y)’ KP,Sing(xa y) = / KGeo,Sing(ux, J}) du. (3-8)
yeG [NP]

Then KGeo,Sing (X, y) = K(x, y) - KGeo,Reg(x’ y)- Define

n—1
k
Ksing (. ) = KGeo,Sing (¥ ) = Kpsing (¥, 1) = > K& (x. »), (2-10)
k=2
where K& (x, p) is defined by (3-7).
3B3. Decomposition of Ko(x, p).
Lemma 3.3. Let notation be as before. Then
Ko(x,¥) = Kgeo,Reg (¥, ¥) —=Kp reg (X, ) + Ksing (X, ¥) — Kwni(x, p). (2-11)
Proof. By Lemma 3.2 and K¢ (x, y) = K(x, y) — Kgr(x, y) we obtain
n
k
Ko(x. 7) = K(x, ) — Kwni(x, ») — Y KSR (x. »). (3-9)

k=2

where K& (x, ) is defined by (3-7). Note that Kp sing (. ) + Kp.reg (X, ) = K¥ (x, y). Now (2-11)
follows from (3-8), (2-10), and (3-9). O
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3B4. Decomposition of Iy(s, ). Unfolding the Eisenstein series into (2-3), we get

1,=/ Ko (x, @, 7:5)dx. 3-10
08D = [ s e, Kolr XS (e, 0, 7is) d (3-10)

Therefore, substituting Lemma 3.3 into (3-10) we obtain

IO(S’ T) = IGeo,Reg(Sa T) - [P,Reg(sa T) + ISmg(S: T) - IWhl(Sv T)? (1_5)

where the integrals on the right are defined in Section 2C.
In the next three sections, we will examine the analytic properties of the functions /Geo,Reg(S, 7).
Ip Reg(s, 7), and Iwni(s, 7). The analytical behavior of Isig (s, T) has been studied in [36] for n < 4.

4. IGeo,Reg(s, T) as Dedekind zeta functions

In this section we study /Geo,Reg (S, ), Which is defined by

IGeoReg (S, T =[ x7lyx) f(x, ) dx. 4-1)
€0 eg( ) ZAp) PENG(AF) yeZ(F)\ZG(F)—Gw( yx) f(x,s)
Decompose G(F') into conjugacy classes. We will establish a relationship between a regular G(F)-
conjugacy class C and a unique P(F)-conjugacy class Cy. With this manipulation, we can transform
the integral over the automorphic quotient Z(Ag) P(F)\G(AF) into an integral over Z(Ar)\G(AF),
yielding
IGeoReg (8, T) = Ie(s, 7)) = x Yyx) f(x,s)dx, 4-2)
cora6. D)= X TG D= [ 0T 0 f0x0)
where y is a suitable representative in C. The inner integral factors through a Tate integral over the
stabilizer Gy, (AF), which is an étale algebra over F' of degree n. We then compute this integral in terms
of various Hecke L-functions.

4A. Structure of G (F)-conjugacy classes. Let B be the subgroup of upper triangular matrices of G.
Let T (resp. N) be the Levi component (resp. unipotent radical) of B. Foreach 1 <k <n—1, let

I -
wk:(k ‘s ) where S = (| ). @3)

Let W, be the group generated by elements w;, 1 <i < n—1, identified with the Weyl group of G with
respect to (B, T).

For each 1 <k <n—1, let Qy be the standard maximal parabolic subgroup of G of type (k,n —k).
Note that P = Q1. Set

In—k—l

Ox(F)PE) =L pgp™ : pe P(F), g€ Qx(F)}, 1 <k <n—1.
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For y € G(F), we denote by G, (F) the centralizer of y in G(F'). Recall that y is regular if dim G, (F)
is minimal (which also amounts to that the minimal polynomial of y coincides with its characteristic
polynomial).

Here are the two results in this section:

Proposition 4.1. Let C be a regular G(F)-conjugacy classes in G(F). There exists a P(F)-conjugacy
class Cy such that
n—1
C=Cou U cnOr(F)FP), (4-4)
k=1

where U denotes a disjoint union.

Proposition 4.2. If C is an irregular G(F)-conjugacy class, then
n—1
c= U cnop(F)PE),
k=1
4B. Decomposition of G (F). The following is an analogue of Jordan canonical forms of matrices over

a number field (see [34, Theorem 3.1], for instance).

Lemma 4.3. Let V be a n-dimensional vector space over F, and o/ € End(V'). Then there exist invariant
subspaces V; CV, 1 <1 <vr, such that

V=Vere &V, (4-5)

and for each i, both the minimal polynomial and the characteristic polynomial of <y, = </ |y, are of
the form (MK, where k € N> and p(A) € F[A] is an irreducible polynomial over F. For each [, there

exists a basis of Vj under which <7y, has the quasirational canonical form

C(p) 1
C(p) N 0 (4-6)

N C(p) 0

T (p0)k) =

where C(g) is the companion matrix of p(X).

Let y € G(F) be regular and denote by f(A) = g1 ()€ --- o, (A)™ its characteristic polynomial,
where e¢; > 1, g; is monic and irreducible over F, 1 <i < m. Let F[y] be the subalgebra of n x n
matrices generated by F and y. We can identify F[y] with the polynomial algebra F[A]/( f(A)). Since y
is regular, it follows from the Frobenius dimension formula [14, Theorem 3.16] that the dimension of the
centralizer Myxp,y (F) of y in Mpxn(F) is n. As F[y] is contained in My, (F) and has dimension
n, we conclude that G, (F) = Myxn,, (F) N G(F) = F[y]*, where F[y]* denotes the set of invertible
elements in F[y].
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Recall that y is elliptic if [G, ] has finite volume, or equivalently, if the minimal polynomial of y is
irreducible over F. Hence, F[y]is a field if y is elliptic.

Lemma 4.4. Let y € G(F) be regular elliptic. For any (ay,a;,...,a,) € F", there exists a unique
element x € F[y] such that the last row of x is exactly (a1, ds, ..., dn).

Proof. Since y is regular, G, (F) = F[y]*, and dim F[y] =n. Let n = (0,...,0, 1) € F". Consider the
linear map

t: Fly]— F", x> 1t(x)=nx.
Since y is elliptic, F[y]is a field, so any nonzero element is invertible. Consequently, the map 7 is

injective, and hence surjective. Thus t is an isomorphism of n-dimensional F'-vector spaces. The lemma
follows. O

Remark 4.5. Let y € G(F) be regular elliptic. Then G(F) = Po(F) F[y]*, where Po(F) = Z(F)\ P(F)
is the mirabolic subgroup of G(F). In fact, since 7 is a bijection, given g € G(F), there exists & € F[y]*
such that ng = nh, which implies that gh~! € Py(F), i.e., g € Po(F)F[y]*.

Lemma 4.6. Let y € G(F) be regular, and assume that the characteristic polynomial of y has only one
irreducible factor. Let J be the quasirational canonical form of y. Then for any (ay,a;, ...,a,) € F",
there exists a unique element x € F[J] such that the last row of x is exactly (a,as, .. .,dy).

Proof. Let f(A) = g(A)¢ be the characteristic polynomial of y, where gp(A) € F[A] is irreducible. Then
deg o = ne™!, and the quasirational canonical form 7 of y has the structure

C
N C
g=|" . |ecLum. @-7)

N C
where C = C(g) is the companion matrix of g(A), and N is defined in (4-6). Without loss of generality,

and for simplicity of notation, we may assume y = J.
By definition, F[y] = F[A]/ ((A)¢). Consider the filtration

PV T/ (f()) 2 o) FIA/(f(A), 1<i<e-—L

With respect to the basis {)Jp()\)f 0<i<d-1,05j<e-— l} for F[y] over F, each element in
F[y] has the following type

Ao
Ay Ao

Sy=14=| 42 41 Ao L Ai € Mysy(F), 0<i<e—1py. (4-8)
Aot .. Ay Ay A
Since y is regular, we have G, (F) = F[y]*. Therefore,
FlyI* ={4 €S8, NGL,(F) : Ay = yA}.
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Now, consider the equation Ay = yA for A € S,,. Using the expression y = J from (4-7), this is

equivalent to the following system of Lyapunov-like equations

CAp = AoC,
NAg+ CAy = A,C + AgN,

NA, »+CApg 1 =A,1C+ A,_,N.

Since Ag € F[C]* and C is regular elliptic, 49 commuting with C implies that there exists some
ho(L) € F[A] such that Ag = ho(C). We may assume that dg =degho <d—1. Letng =(0,...,0,1)e F¢
and write yC! = (bg'),bg), e ,bg)), 1 <i <d —1, for the last row of C’. Let

@ @ @)
Obl bz bd—l

0 0 pV
X(,’)= bgi) € GLy(F).
. i
: C bW
0 .. ... 0 0

Then, forany 1 <i <d—1, X = X(; is asolution to the Lyapunov-like equation /N C'+CX=XC+C'N.
Write Ao = ho(C) = ¢ CP +¢); [ CO™1 4.4 ¢{C +cgla, ¢y #0. Define

A;ll::) = cé{oX(dO) + c;'o—lX(do—l) 44 Cll X(l)

Clearly A = AZPO gives a special solution of the equation NAog 4+ CA; = A;C + AgN (superscript “sp”
stands for “special”). Given Ay = ho(C) as above, the set

Uq :{A;I:)+h1(C)h1 € F[A], deghy <d —1}

gives all solutions to the equation N4y + CA1 = A;C 4+ AgN . In fact, on the one hand, elements in I/
satisfy the equation; on the other hand, let 4| be any solution to the equation, then AZ‘L — A’ commutes
with C; thus it is a polynomial of C, namely, A} € U;.

Note that NA;E; = AZPON =0. Substituting 4; = AZ‘; +h1(C) into the equation NA;+CA, = A,C+
AN ,weget Nhi(C)+CAy=A,C+hi(C)N. Write i (A) = cglkdl +cgl_1kd1_1 +- e Acy,
and set

Ay = g Xaay) + g1 Xaay—1) + -+ ¢{ Xy

Then U, = {A;lp1 +hy(C):hy € F[A], deghy <d — 1} gives all solutions to the equation N4+ CA, =
A,C + Ay N . we define U;, | <i <e—1 similarly, and set Uy = {ho(C) : hg € F[A], degho <d — 1}.
These U;’s describe the structure of F[y]*.

Given a = (ay,as,...,ay) € F", by Lemma 4.4 one can find uniquely an 4y € F[C] such that
NdAo = (An—d+1,9n—d+2: - - - an). Set

a; = (A@i-1)d+1-4G-1)d+2+---»did), 1=i=<e—1
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Let 1 <ip <e—1. Assume that for any 0 <i < iy one can find uniquely an element A; € M ;4 (F) such
that the last row of A; is exactly a.—;, then let /;,(C) € F[C]* be the unique element whose last row is
de—ig» and take A;, = AZIZ +hio(C). Then ng Aiy = nghiy(C) = de—iy. Such an A, is unique. Let 4] be
another matrix satisfying tohat Nd A;O = Ue—j,. Since A;O is a solution of NA;)—1 +CX =XC+A4;,—1 N,
Aiy — A;.O commutes with C. Thus 4;, — A;O € F[C]. Note that the last row of 4;, — A’

1o

is 0, so by the
uniqueness from Lemma 4.4, 4;, — A;.O = 0. This shows the uniqueness of 4;,,.
Hence, Lemma 4.6 follows. O

In Remark 4.5, we showed the decomposition G(F) = Py(F)F[y]* for regular elliptic y € G(F),
using Lemma 4.4. We now generalize this decomposition to regular y € G(F) by utilizing Lemma 4.6
instead of Lemma 4.4.

Lemma 4.7. Let y € G(F) be regular. Then there exists a finite set I'veg = {y; € G(F) : 0 <i <mg} such
that

(1) G(F)= UOSiSmo Po(F)y,; Flyl*, where Py is the mirabolic subgroup of G, and
(2) there is at most one y; € I'rq satisfying that )/l-F[)/]Xyi_l A UZ;II O (F).

Proof. Denote by f(A) = g1(A)°! -« o (X)¢™ the characteristic polynomial of y € G(F), where ¢; > 1
and the g;’s are distinct monic and irreducible polynomials over F, 1 <i <m. Let d; = deg ;. Then
dier +dres +---+dpem =deg f =n.

Since y is regular, by Lemma 4.3, y is G(F)-conjugate to a matrix of the form

I
N T (9,7) | ’ 4-9)
T
where j(gafi) € GLj, (F), 1 <i <m. We may assume y = y*. Write k; = d;e;, 1 <i < m. For
1 <i <m,letij: F* — F¥i be defined by

a= (01,612, B ,an) = f}i(a) = (ak1+...+ki_l+1, e ,ak1+...+ki_l+kl.).

For simplicity we write n® (a) for the last d; components of 7; (a), i.e.,

NO(Q) = () oty 1 (e — 1) dy 1+ Dk 4ok (i 1) di b2 - -+ Al bohy o +k)e 1 S0 S,

We then split G(F) into a union of sets following the conditions on the last row of its elements and
show that each of the sets is of the form Py (F)y; F[y]* for some specific y;.

e For1<i,j=<n,letn; =(0,0,...,0,1) € F/,and M; j be the i x j matrix whose firsti —1 rows are zero
vectors, and the bottom row is 7;. Write n = ), as before. Let S = {5 eGF):n®Dm8)#£0,1<i < m}
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and
Iy,

1
Vo= - . (4-10)
[km—l
My, ky - Midouy Tk

Applying Lemma 4.6 to each 7j;(a) € F¥i, we find for each 1 < i < m, for any § € S, a unique
Xi € F[J(pie")]x, such that g, x; = 7);8. When writing x; in the form in (4-8), the definition of S implies
that Ao # 0; thus Ay € F[C]*. As a consequence, x; € F[J (p;")]*.

Let x =diag(xy, ..., Xm). Then ny,x =nd. So 5()/0x)_1 € Py(F),i.e., 8 € Po(F)y, Fly]*. Moreover,
Po(F)Ny FlyI* vy U= {I,}. To see this, look at the last row of YoXVo 1. A straightforward computation
shows that

Ti(YoxVe ) = Mg Xi —Miy» 1 <i <m—1,
and 7, (yoxyo_l) = 1k, - By the uniqueness part of Lemma 4.6, it follows that x; = I, | <i <m.

e Forany 1 </<m-—1land1=<iy<---<ij <m,let

Styoin =18€G(F) D 08) =0 = j €liy,....i1}

Forany 1 <i <m and 1 <s <t < m, define the Weyl elements wlgl) and wgt) as
Iy
1
0 Iy,
Iy,
w® = ,
14,
Iy, 0
Ikl//
where k] = ky +---kj_y, kj' = ki1 4+ kp for 1 <i <m, and
Iy
0 Iy,
Ty py
2
w§,z) =
Ti,
Iy, 0
Ik;/

We write simply w§2,) =Iifs=t.

Given§ € S,...ipy, letnd =a=(ay,az, ..., a) € F". Then n¥)(a) = 0 if and only if j € {iy,...,i}.
We define x = diag(xy, x3,...,xm) € F[y]* as follows.

.....

— If 9j(a) #0, let ej(.) < ej — 1 be the maximal integer such that

(akl+"'+(e;)—1)dj+l’ak1+"‘+kjfl+(€?—1)dj +20 ’ak1+"‘+kj71+e?dj) 7# 0.
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By Lemma 4.6, for each such j, one can find an element x; of the form in (4-8) such that the
e})d i-row of x; is exactly

(ak1+...+kj71+1 y ak1+...+kj71+1, ey ak1+"'+kj—1+e](-)dj) 75 0.

— If 5j(a) = 0, we take x; to be an arbitrary element in F[j(p;j )X. Since D (a) # 0 for any

i €{iy,...,1;}, we can pick uniquely elements x; € F[J (g,)l.e )] such that their last row is 7; (a),
ie{l,2,..., m\{iy,..., i}
Apply the transposition [, < j<1(J.ij) to the ordered n-set (1,2, ...,n) to get another ordered n-set
(i1, si1,0) s 1p). Then nim) (a) # 0. Hence, the last row of Xij, 18 N, (a). Define
( \
I, !
_ 1 m,,@
Yiy,onin) = Iy, 1_[ Wi Wi i
I+1 .
j=1
Miy a0 Miy oy Mg, o

where M i*k< refers to the i x k; matrix whose first i —1 rows are zero vectors and whose bottom row is
9

(0,440, Vg, 41, V425 -+ » Vkj—dd; » V1, V24 - . -, Vg, ).

Here v; denotes the /-th element of (0,...,0,1,0,...,0) € FX_ where the only nonzero entry occurs in
the e? d;-position.
From the definitions, MWy inX = 0= né. Hence, § € PO(F))/(I.1 i,)F[V]X'

Recall that y = y*, as defined in (4-9). Given any x € F[y]*, one checks directly that

Hw(l) (2) (Hw(l) (2)) € 04y (F).

Therefore, Yiiy,eosip) V(ll ..... G Qd, (F),ie., Yiy,.. ,11)F[ I V(,l ,,,,, i) = Qd,1 (F).

e Now we consider S('”) = {8 € G(F): nV (@) = 0,1 < j <m}. Let § € S™. Denote né by
a=(ay,as,...,an). Foreach 1 < j <m such that 7j; (a) # 0, denote by ¢? < e¢; — 1 the maximal integer
such that

(ak1+~-~+(ej‘?—1)d,~+1 Sy etk =1 dj 420 Dy ety +e§’d,-) # 0.

Likewise, for each such j, one can find an element x; of the form in (4-8) such that the ej(.)d /j-row of x;
is exactly

(A oty g 10 Dy ek g 1 ey ety +e0;)-
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For the remaining j’s, we take arbitrary x; € F[J (p;j )¥. Let x = diag(xq, ..., Xn). Pick arbitrarily
a jo such that 7, (a) # 0. Let j; # jo be another integer. Set
I
ki
o _ 0 I(e]' —¢jg) iy
Josejy
0 Iefodfo 0
1
%4
Let
ij /
= @, @ (1) ()
Vi = I, -wj(,) wl,j(/)wjoaejo W -
*
Mkjo ,kj(/) Mkjo okiy IkJ'O

Then ny,,x = nd, implying that § € Py(F)y,, Fly]*. Moreover, for any x’ € F[y]*, we have
me/V;ZI € de(/) (F).

It follows from the discussion above that

m—1 (m)
G(F)y=su U U S(iy,ip ST

I=1 1=<ij<-<ij<m
=Py(F)yo FlyI* U U Po(F)yg,...inFIYT U Po(F)y, Flyl*,

1<lI<m—1
1<ij<-<ij<m

...... i) are contained in some standard maximal parabolic
subgroup, and Py(F) N )/OF[)/]X)/O_1 = {I,}. O

Now we prove the result on the structure of conjugacy classes:

Proof of Proposition 4.1. Recall that C is a regular G(F)-conjugacy classes in G(F). Let y € C be of the
form (4-9). By Lemma 4.7 we have

G(F)= | Po(F)yFlyl*.
0<i<myg
where Py is the mirabolic subgroup of G, and each y; is constructed explicitly in the proof of Lemma 4.7.
Hence, for § € G(F), there exists p € Po(F) andi € {0,1,...,mo} and x € F[y]*, such that § = py,x.
So one has

Sy8~" = pypxyx~ly 7 pT = privyi o
If i > 1, from the construction of y;, we have sys~ltecnQ;(F YPE) | for some standard maximal

parabolic subgroup Q; of type (j,n—j), 1 < j <n—1. And fori =0, §y§~! = pyoyyo_lp_l, where
¥, is defined by (4-10). Let y' = y,yy, ' If ' € UZ;11 Ok (F)P(F) we take Cy to be the empty set.
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Ity ¢\ UpZ) Qk(F)PE) weset Co = {py’p~" : p € P(F)}, which is disjoint from | J{_} O (F)P).
This completes the proof. O

Recall the Bruhat decomposition
n—1
G(F)=P(F) U | P(F)wy_ywp_p---w; N; (F). (4-11)
j=1

where N;(F) := (wjwj41 - wy N(F)wywy—q -+~ wj N NF))\N(F).

Proof of Proposition 4.2. Let g € C be a representative. Set m(A) (resp. f(A)) to be its minimal polynomial
(resp. characteristic polynomial) over F. Consider their primary decompositions over F':

m) =[]e:M% and f0)=]]@0)%.
iel iel
where the g; (1)’s are distinct irreducible monic polynomials over F and [ is a finite index set such that
ej > 0 foralli € I. Write d; = degg;(X), Vi € I. We may assume that d| < dp <--- < dys. Also,
write dy = 0. Since the conjugacy class C is irregular, m(A) is a proper factor of f(1). Thus we have the
following cases:

Case I: Suppose #I = 1. Then m(A) = PV, fA) = pA)¢, and 0 < e’ <e = dl_ln. Let C
be the companion matrix of m(1). Then by Lemma 4.3, g is G(F)-conjugate to some element g =

c
N C
N C
being the quasirational canonical form, and m > 1. Let r; :=rank g;, 1 < j < m. We may assume
FQ=r=:-=rnm.
Ifhe P(F),then hgh™' € hQ,, (F)h™';if h€ G(F)— P(F), it can be written as 1 = pwy,_1 -+ - WU,
where p € P(F) and uy, is of the form

T—
( 1 = ) € Qk(F)
In—k

Note that if k > ry, then wy,— - - wguy € diag(GL,,, GLy—y, ), which implies that hgh~! € Q,, (F)PE),
Hence, we may assume k < ry.

Since r; < ry,, there exists a Weyl element w € GL(ry,) such that

for some matrices A’ and B’. Let w’ = diag(w, I,—,,). Denote by w” = w,, —jw,,—2 - wy if k <ry,
and set w” = I, if k = ry. Let g/ = w”gw”~'. Then there exists a Weyl element wy € Po(F) such
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that
&m
_ 1 &2

WoWp—1Wp—2 * - W EWk * - Wp—2Wp—1Wy = . (4-13)

g&m-1

81

Let W = w”’w wowy—1Wy—3 - - wg. By (4-12) and (4-13) one has
o 1 g/ll B//
wgw~ - = 4" (4-14)
gy

for some matrices A” and B”. Let ‘Np be the transpose of Np, the unipotent radical of P. By definition,
Wpoy * - Wl W -+~ Wy € ‘Np(F).

Note also that w”w'wg € Py(F). So w”w'wq lies inside the Levi component of Py(F). Hence,

Wupw ! € 'Np(F). Write wugw ' = uju),, where

I, Iy,
uy = ( L2, ) €' Np(F). uj = ( In—2r, ) € 'Np(F),
M2 Irl Ml M3

with M and M3 being ry x r; matrices and M, being an r{ X (n — 2r;) matrix. In addition, the first
r1 — 1 rows of M; and M, are all zeros.

Since g/ is regular, by Lemma 4.6 there exist ry x r; matrices y, € F[g{] and y; € F[g]]* such that
the last row of y, (resp. y,) coincides with the last row of M (resp. M3). Write y, = (¢ ?) and set

Iy,
p1= ( (a—be)™! —(a—bc)_lb) € Py(F) N Q, (F).
1

li
Write y, = (S,), where a’ is an (r; — 1) X r; matrix. Set

I,

_ In—2r1
P2 = _(a—be) o' +(a—be) 1o’ I -1 € Po(F).
1

Then py'u} p» = uj. Let p’ = p p1. A straightforward calculation yields

I, I,
u;c = p/ 0 In—2r1 0 In—2r1 . (4'15)
1z 0 I, 0 12
Since y, € F[g{]and y, € F[g/]*, then y; '¢]y, = ¢/, and
Iy, g B” Iy, -
0 Iyar, A" 0 Iyar, € 0, (F). (4-16)
o 0 Iy g/ \nn 0 Iy

By (4-14), (4-15) and (4-16), and since p; € Q,, (F), we have pz_lugctbgﬁj_lugcpz € Oy (F).
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Since pouy. = ujy py and u) € Oy, (F),
u?ukgu,:lri)_l = uujWwgw- lu}c lu;é le sz,l(F)pz_1 C O (F)P®), (4-17)
Recall that &1 = pwy,_1 - wiug, and p” := w”w'wg € Py(F). Then it follows form (4-17) that

hgh™ = pp"~hibugu v~ p"pT! € O (F)FE.

Case II: Here g is G(F)-conjugate to some matrix & = diag(g1,..., Zm), where each g; is of the form
diag(gi,1.-- - &im;), wWith
Cij

N G
8i,j = .

and C;,j regular elliptic; and g; has characteristic polynomial g; (1) . Since g is irregular, so is g. Hence
there must be some 1 <i < m such that g; is irregular. We may assume g is irregular and rank g ; <

rank g; o <--- <rank g ,,,. Then a similar argument as in Case I shows that hgh™' € Q,, (F)PF),
where r; =rank g1 1.

Proposition 4.2 then follows. O

4C. Algebraic expansion: P -regular conjugacy classes. As in Section 4A, let QO be the standard
parabolic subgroup of G of type (k,n —k).
e In Proposition 4.1 we show that for any regular G(F)-conjugacy classes C in G(F), there exists a
P (F)-conjugacy class Cy, uniquely determined by C, such that

n—

C=CoU U CcNOy(F)PE,
=1

e When C is a nonregular G(F)-conjugacy class, by Proposition 4.2, we have C = U CN Ok (F)PE),
Take Cy to be the empty set in this case. =

Consider the notations introduced in Section 2. Let & = UZ;II (Z(F)\Qx (F))PoF) Following the
approach in [18], we handle the integral IGeo,reg(s, T) of (4-1) through the decomposition

Koeoree(¥: )= Y o(x'yx) =) Keylx, p), (4-18)
yeZ(F)\G(F)—6 c
where C encompasses all conjugacy classes in G(F)/Z(F) and
Koot p)= Y oxTlyp)= Y ox"yy).
y€Co yeC—6

It is important to note that while K¢, (x, x) is not G(F)-invariant, it is P(F)-invariant. Hence, it is
meaningful to integrate them over Z(Ag) P(F)\G(AF) with respect to f(x, s). For each C, let (at least
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formally)

Io(s, 1) := K , ,8)dx.
c(s.7) / P zGaNGap) 0 ¥ (X 8) dx

By definition, /¢ (s, ) = 0 unless C is regular. Inserting (4-18) into (4-1) yields
IGeo,Reg(S, ‘E) = Z IC(Sa T)- (4'2)
C regular

Let C be a conjugacy class in G(F). Denote by f(A;C) the characteristic polynomial of C. Factor it
into irreducible ones with multiplicities as

g
S0 =[]ei:07, (4-19)

i=1
where g; (A;C) € F[A] is an irreducible polynomial of degree f;. We may assume f; > ---> fg. Write
f=0U1,..., fg) eZs S, ande —(el,...,eg)ezg Then (f, e):=)_ fiei =n.

Definition 4.8. Let notation be as before. We say C is of type (f, e; g). Let I' .., be the collection of
regular G(F)-conjugacy classes of type (f, e¢; g).

With the above definition, we have the decomposition

LI ¢= Ll Tyep (4-20)
C regular f,eezél
(f.e)=n

LetC € I'f ¢.q. Let ¥, € C be a fixed element. Let A ¢ .., be the inverse of the representative defined
by (4-10), with a slight adjustment in notation: f; = d;, k; = fie;, and g = m. Specifically,

Iy, \_1

Afieig = - € G(F), (4-21)
1 fe

Mye.py o Mpgpy 0 Mg g o gy
where, for an integer m, My, ,, is the fg X m matrix in which the first f; — 1 rows are zero vectors, and
the bottom row is 1, = (0,...,0,1) € F™. In particular, A ¢ ..o = I if g =1 and e; = 1, i.e, C is
regular elliptic.

By Proposition 4.1, we have, when Re(s) > 1,

Ie(s, 1) = B LY WL ,8)d
c(s.7) /z(x-\F)P(F)\G(AF)pGPZ(F)‘p(X P ApegVehfiesgpX) [ (X, 5)dx
0

= )\‘ ) , d ’
Z(AF)\G(AF)(p(x Yex) S ( f.eg® s)dx
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supposing the integrals converge absolutely. Combining this with (4-20) we then deduce (at least formally)
that, when Re(s) > 1,

Ie(s, 7)) = xYy.x)fOFL . x,s)dx. (4-22)
; s, 7) f,egzé;] Z(AF)\G(AF) CGI‘Z/,e;g Pl e S f.eg )
(f.e)=n

Moreover, (4-22) would be rigorous if the right-hand side converges absolutely, which is indeed the case.
To verify, we will consider each type (f, e; g) separately in the following subsections.

4C1. Type (n;1). We treat the conjugacy classes of type (f, e; g) = ((n), (1);1) first, i.e.,e = g =1,
which are exactly regular elliptic conjugacy classes. Set

Le(s.0) =18 (0= Y  Ic(s.0).
C regular elliptic
Proposition 4.9. Let notation be as before. For every field extension E | F of degree n, there is an analytic
function Q g (s) such that

el =75 Y QE(AG.ToNg/), 4-23)
[E:Fl=n

where the summation is taken over only finitely many E’s, depending only on the test function ¢.

Proof. Let T, be the set of regular elliptic elements in G(F)/Z(F). Then

Le(s,7) = /P Y o(xyx) f(x, ) dx.

(F)Z(AP\G(AF) yeT, .

Denote by {r.e.} a set of representatives for the regular elliptic conjugacy classes in I . For any

y € {r.e.}, the centralizer of y in G(F)/Z(F) is F[y]*. So
Y oeTlyn = X% D p(x71671ybx). (4-24)
y€lte, y€fre.} SeF[y]* Z(F)\G(F)

By Lemma 4.4 and the remark after it, one has G(F) = P(F) F[y]*. Since P(F)N F[y]* = Z(F),
every element § € Z(F)\G(F) can be written unique as § = pv, where p € Z(F)\P(F) and v € F[y]*.
Hence the inner sum of (4-24) could be taken over p € Z(F)\ P(F). Therefore,

L (s, T 2/ " 'plypx) f(x, ) dx. (4-25)
re.(s, 7) P(F)Z(AF)\G(AF)J,E%&} U S p(x™ pypx) S(

Consider the field extension E / F of degree n. Fix an algebraic closure F of F, then E embeds into F.
A conjugacy class is said to belong to E if it consists of the conjugates of an element y € E*/F* — 1
under the usual identification. We need to consider two cases, according to whether £/ F is Galois.

The idea is to replace the summation over y € {r.e.} by summation over extensions £/ F of degree n;
and inside, summation over elements of E.

Case E/F Galois: When y varies over E*/ F* each conjugacy class belongs to E exactly n times.
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Case E/F not Galois: When y varies over E*/ F* each conjugacy class belongs to E once; but the sets

of conjugacy classes belonging to the n embeddings of E in F are identical.
In either case, the integral in (4-25) can be rewritten as
1 _
Le(s.0) =~ f > Do eTlyx) f(x.s) dx, (4-26)
Z(AF)\G(AF) [E:F]=n )/EEX/FX—{I}

where the summation on the right is taken over all extensions £/ F of degree n. However, only finitely
many E’s (independent of x) in the inner sum contribute to (4-26). To verify this assertion, we generalize
the argument in [18, p. 17]. Consider the function 8 : Z(Ar) \ G(Afr) — A’I’;l defined by

oy = (S 20 i)

on(x) ’ on(x)? T on(x)n—1

where 0;(x) is the i-th symmetric polynomial in the eigenvalues of x. Since g, (x) =detx #0, Vx €
G(AF), B is continuous. Hence it maps supp ¢ to a compact setin G(A ). On the other hand, f is invariant
under conjugation. Consequently, the set {,8()/) Yy €G(F)/Z(F), (x~yx) # 0 for some x € G(AF)}
is the intersection of a compact set with a discrete set, hence is finite.

o If B(y) # 0, the number of distinct fields F[y] with a given value of B(y) is at most n, thus finite.
e If B(y) =0, the map y > dety from

G(AF)/Z(AF) — A%/A% U

(with A}éﬂ ={a" :a € A%} and UF the maximal compact subgroup of A’%) is continuous; so the image
of supp ¢ is also compact. Since A}(,” has finite index in A}(,” Ufr N F, there are only finitely many values
for the image dety mod A}ffl with y € G(F)/Z(F) and ¢(x~'yx) # 0 for some x € G(Ar). When
B(y) =0, F[y] is determined (up to embedding) by det y, so we are done.

Thus we can interchange integrals in (4-26) to get

1
Le(s.)=— ) Ig(s.0). (4-27)
[E:Fl=n
where I (s, t) is defined by

-1 / s X
X yx d(ntx)r(det tx) |det tx|* d”t dx. (4-28)
/GJ/(AF)\G(AF) VGEXX:/FX # 7x) Gy (AF) (ntx)z( )| |
y#1
Here n = (0,...,0,1) € A%, and G, is the centralizer of y in G. Since y is regular elliptic, we have
Gy (Af) ~A%L.
As noted in [18, p. 17], the function

X > e(x TAx)
AeEX/F*—{1}

has compact support on G, (Ar)\G(AF). Note that for almost all finite places v, x, € G(Oy) and ®,
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is the characteristic function of O} . Then as a function of nt,, ®,(ntyxy) is also the characteristic
function of O}. So ®(ntx) is a Schwartz—Bruhat function for fixed x € G(AF). If we identify G, (AF)
with A%, det |gx: E* — F* with the norm map Ng,f, t + |det t|a, with the idele norm in E, and
S(AT) with S(AE), we see that the inner integral in (4-28) is just the Tate integral for A(s, 7o Ng/F),
converging absolutely for Re(s) > 1. So there is some holomorphic function Qg (s) of s such that
Ig(s,t) = QE(s)A(s, T o Ng/F), giving a meromorphic continuation of /g (s, 7) to the entire s-plane.
Since the sum over E in (4-27) is finite, I, (s, ) is well-defined for Re(s) > 1, and admits a meromorphic
continuation to s € C of the form (4-23). U

4C2. Type (f, e;1). One special aspect in the regular elliptic case is the compact support modulo
Gy (AF) of the function
x> > e ). (4-29)
AeEX/F*—{1}
However, for general types (f, e; g), this function may not have compact support. A notable example
is the absence of compact support for regular unipotent conjugacy classes; see [18, p. 18], for example.
Therefore, a different approach is required compared to the regular elliptic case discussed in Section 4C1.
In this section, we focus on the case g = 1. The results obtained here, combined with the proof of
Proposition 4.9, will play a pivotal role in addressing general types in the subsequent section.
Let C be of type (f, e;1). We may choose a representative y € Cy as in Proposition 4.1, in its
quasirational canonical form:
C
N C
N C

where

C € GL(f1) and there are ¢; = n/ f1 such C’s in the partitioned matrix above. The stabilizer of y is
studied in Lemma 4.6. In particular, if A is the stabilizer of , then 4 must be of the form

Ao
Ay Ao
A, A; Ao

A= , (4-30)

Aey—1 ... A2 A1 Ao
with 4; € My xp (F), 1 <i <ejy, and Ag € F(C). Let Py, be the transpose of standard para-
bolic subgroup of G of type ( f1, fi...., f1). Let K¢ .1 be a compact subgroup such that G(Afr) =

Pf,e;l(AF)Kf,e;l-
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We can decompose G, (Afr)\G(AF) as follows. Write x € G, (Ar)\G(AF) as

Ifl b To ,
1 1
B D2D; T k, (4-31)
Dey—1-+- Dy Te -1
where
Ifl
Ifl

B = B3, Iy ; (4-32)

Beyn oo Bejei—1 Ip,

each Dj, 1 <j <e;—1,isinthe stabilizer Gc (AFf) of C;each Tj,0=<j <ey,isin G¢c (Afr)\GL( f1,AF);
and k € Ky ¢;;. Write D = diag(l,, D1,..., D¢, —1--- D1) and T = diag(Ty, T1,...,T,,—1). Note
that (4-31) follows from Iwasawa decomposition and the unipotent term B is of the form (4-32) because
its first f; columns can be absorbed by left multiplication of some stabilizer A € G, (A ) of shape (4-30).
Write the inverse B! in the matrix form

—1
Iy, Iy,
Iy, Iy,
B3, I _ By, Iy
Beys - Bepey—1 Iy, B, , .. B, . I
For each B ;, we write El’] = B; ;C —CB, ;. Let B be the group of such B’s.

By definition, the contribution from conjugacy classes of type (f, e; 1) is

Troq(s =/ x Yx) FAFL L x,s) dx. 4-33
fei ) z(/-\m\c;(m)cerzﬁe;l(p( 7)) g ) (39

Remark 4.10. In the forthcoming calculation of 1z .. (s), we will use the unconventional notation IV, B,
B, D, and T to simplify the description of integrands involving complex matrices of specific types.

Recall that for two meromorphic functions /1 (s) and /,(s), we write /11 (s) o< hy(s) if hy(s)/hy(s)
admits an analytic continuation to the whole complex plane.
Proposition 4.11. Let notation be as before. Then Iy .1(s) converges absolutely when Re(s) > 1 and

e

If,e;l(s>o<1‘[( > QEj(s>AE,.(js—j+L(roNE/F)f)),

j=1"[E;:Fl=f

where the sum over number fields Ej is finite and Q g; is an entire function of s.
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Proof. Rewrite (4-33) in the original form
Ir.i(s —_/ E x7lyx) f(x, s) dx,
f,e,l() AP\G(AF) . o( yx) f(x,s)

where y runs over regular elements of type (f, e; 1). Then similar to the discussion in Proposition 4.9,
the sum over y is finite, depending only on the support of ¢. We then switch the sum to get I ,.1(s) =
>y Iy(s, ), where
I,(s, T :=/ x Tyx ®[(0,...,0, Drx]r(det tx) |det tx|* dt dx.
y(s.7) GV(AF)\G(AF)w( yx) G r) [( )ex]z( )| |

Substituting the decomposition (4-31) into the above integral, we obtain

(s :// // k't 1p-1p—! BDTk/
y(5:7) kJ(Ge@ap)er—! Bw( v ) Gy (AF)

where T (resp. k) ranges through (G¢ (Af)\GL( f1,AF))¢" (resp. K¢ ¢.1), and B is the domain for B.
According to the preceding discussion we have

090 g ot T 0 DT

where M = B~y B is of the form

C
N C

By ,N B;,+N C

BN ... ..B , +NC

e1,2 €1,€1

where a typical entry of the above matrix is of the form
El/,k + B;,k_HN + E;,k+1ﬂl,k(3i,j’ N,C)+ A x(Bij,N,C)

with 147 x and A;  being polynomials in B; j, N,and C,i </—1and j > k + 2.

A straightforward computation shows that if the first column of Blf’ j is determined, then Elf, =
B} ;C —CBj ; is completely determined by its last fj — 1 columns. Therefore, when Bl/, oV is fixed,
then Bl" vt B;, k+11V isan f1 x f1 matrix, linearly determined by the last f; — 1 columns of Bl,, , and
the first column of B;’ k41> and this correspondence is one to one. Thus, the mapping B — M establishes
a one-to-one smooth correspondence. The matrices M that contribute are confined to a compact region
determined by the choice of ¢. Consequently, after a change of variables, it follows that the integral with

respect to B has compact support in B. Therefore,

I,(s,7) = K'T'D'MDTk)s,! (T
(. 7) /k/(Gc(A\F»El—l/(Gc(/-\m\c(/-v))el /B(p( P e

x/ ®[(0,...,0,1)ABDTk]r(det ADT) |det ADT |*dAdB dD dT dk,
GV(AF)
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where 8p ., (T) is the modular character associated with Py .1 (AF). Changing variables via B
DTBT~'D~! we then obtain

I,(s. =// / / k'B-'T-'D-'yDTBk
6D =J Ge @)1= ) (Ge(p\G@ar)t 54 v )

x / ®[(0,...,0,1)ADTBk]|t(det ADT) |det ADT |*dAdB dD dTdk.
GV(AF)

Then D~ 'y D is equal to
C
D'N C
0 D{'D;'ND; C
0 % . (D7'- D7V, DIY NDy g+ Dy) C

€] -2 e] -1
We can identify Dj_1 N with an element x; in EJX/FX —1,1=<j <e;—1, where Ej is afield extension
of F with [E; : F] = fj. Conjugate of Dj_lN under this identification becomes a Galois action on Xx;.
Therefore, we have

1 e;—1 e1—1

Ls=—= 1 X o T P/ (Ng,  p ()N, p(xj) 7!
j=1 x;eEX[F*—1""E; j=1
[Ej:F]=fi

X kK 'B T Y22 TBK) |det An|l—€1
/k /(GC(AF)\G(AF))Q /;3(/)( 4 )| 0l

x / ®[(0,...,0, ) ATBk]t(det AT) |det AT |*dA dB dT dki dx;---dxe, 1,
GV(AF)

where the sum over the x;’s is finite and

c C
D'N C x; C
D = 0 DJ'N C _]l0xC
0 * L. D;]I_IN C 0 * ... xXe—1 C

A similar analysis to that from the proof of Proposition 4.9 shows the integral relative to T actually is
over a compact set, since ¢ has compact support. Hence, the function

(V1o Xer—1) = /k/(ch\F)\G(AF))el /B(p(k_lB_lT_IVDTBk) det 4|~

x / ®[(0,...,0, 1) ATBk]c(det AT) |det AT |*dAdB dT dk
Gy (AF)

18 Schwartz; and the function

/ ®[(0,...,0, ) ATBk]c(det AT)|det AT |*|det Ao|' 1 d A
GV(AF)

is the Tate integral for A(eys, (t o Ng,r)¢!). Therefore, Proposition 4.11 follows. O
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4C3. Orbital integrals of general type. Set

Ie.. =/ A7l x,s)dx,
fe:5(5) Z(AF)\G(AF)CET%egw(X e 0% 0) A

whereg> 1, f, e eZil, (f,e)=n,and Re(s) > 1. We may write f = (fi,..., fg) with f; =---> fg,
and e = (eq,...,eg).

Let E be a finite extension of F, and let x be an idele class character of AE. For a positive integer j,
define

AE[i1s. 0 = Ap(s—j +1.x7).
where A (s, x) denotes the complete Hecke L-function associated with .

Proposition 4.12. Let notation be as before. Then I 5 ¢.4(s) converges absolutely in Re(s) > 1 and

g ¢€
Ifeg(s) o [] H( Y QE ()AL L. roNE,./m), (4-34)

i=1j=1 [E,"j:F]=f;'
where for each i and j, the innermost summation is taken over only finitely many fields E; ;, depending
only on the test function ¢; and each Q g, ; (s) is an entire function.

Proof. Let C be a regular conjugacy class of type (f, e; g). By Lemma 4.3 and the proof of Lemma 4.6,
we can write C = {y}, with a typical element y given by

a1

Om+1
Y = S

74

K een g
Using this expression and the definition of A}l eig from (4-21), it becomes evident that Proposition 4.12
follows by combining the analysis from the proof of Proposition 4.9 with that of Proposition 4.11. [

Gathering (4-20) with Proposition 4.12 we then obtain:

Theorem C. Let notation be as before. Let Re(s) > 1. Then

€
IGeo,Res(5. T) X Z > H 7 > 06 [[ Al toNEF). (4-35)
g=1 f ezt i=1 Ji [E;:Fl=f; j=1
(f,e)=n
where, for each i, Q g; (s) is an entire function and the innermost summation is taken over only finitely
many fields E;, depending implicitly only on the test function ¢. The right side of (4- 35) gives a mero-
1-4
n

morphic continuation of IGeo,reg (S, T) to the whole s-plane, with poles possible only at 1,1 3 3 ey
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5. I pRreg(s, T) as intertwining operators

We now proceed to handle the function /p reg(s, 7). Our approach involves explicit geometric computa-
tions, ultimately reducing it to a finite sum of intertwining operators whose analytical behavior is known
through the work of Langlands. Recall that, by definition,

IP,Reg(S’ T) = /

-1, —1
X u x)du f(x,s)dx.
Z(AfF)P(F)\G(AF) /[NP] yeZ(F)\ZG(F)—G v 7) Sx.9)

To simplify Ip reg(s, 7), we express Z(F)\G(F) — & as a disjoint union of G'(F)-conjugacy classes
C modulo Z(F). Furthermore, we decompose each C into a disjoint union of P (F)-conjugacy classes.
By explicitly determining representatives for these P (F)-conjugacy classes, we can perform a change
of variables to transform the integral over Z(Afr)P(F)\G(AF) into an integral over Z(Ar)\G(AF).
This allows us to perform local calculations and establish a relationship between these integrals and the

constant terms of certain Eisenstein series. Consequently:

Theorem D. Let notation be as before, then 1p re, (s, T) converges absolutely in Re(s) > 1. Moreover,

Ip Reg (s, T) admits a meromorphic continuation. Precisely, one has

A(s, T)AQ2s, t2) - A((n—1)s, ") A(ns, T)
AGs+1,0)AQRs+1,72)--- A((n—1)s + 1,7~ 1)’

IP,Reg(Sa T) X (5'1)

5A. P(F)-conjugacy classes.

5A1. Ad hoc notation. We introduce some unconventional notation specific to this section, designed to
simplify the calculations. Readers are advised not to be overly concerned with its details.

e Let C be a G(F)-conjugacy class. Recall that we define Cy in (4-4) if C is regular. Set R =
L@c s regutar Co- Then R is a disjoint union of P (F)-conjugacy classes in G(F) by Proposition 4.1.
Propositions 4.1 and 4.2 give a decomposition of G(F') as P(F)-conjugacy classes

GF =R u'U 0x(E)PP, (5-2)
k=1

e For any 2 < k < n, let P; be the standard maximal parabolic subgroup of GL; of type (k — 1, 1).
In particular, P = P,. Let Np be the unipotent radical of P.

¢ Recall that B is the Borel of G. Let T (resp. N ) be the Levi component (resp. unipotent radical) of B.
e Let wy,...,wy—1 be the Weyl elements of G(F) defined by (4-3) in Section 4A.

e Forany 1 <k <n—1, write Qy (resp. Q) for the standard parabolic subgroup of G of type (k,n —k)
(resp. (k,1,...,1)).

To compute /p reg (s, T), it is necessary to explicitly choose representatives for R. From the construction
in the proof of Proposition 4.1, we have an explicit algebraic description of the representatives for each
Co. However, this algebraic construction is not particularly convenient for analytic parametrization.

In this section, our goal is to find representatives of ‘R that are more suitable for analytic purposes.
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S5A2. Explicit representatives of R. To narrow down the possible candidates for these representatives,
we begin with the following result.

Lemma 5.2. Let notation be as before. Set R = {wp—jWp—z -+~ w1b : b € B(F)}. Denote by RF¥F) the
union of P(F)-conjugacy classes of elements in R. Then

n=RFE). (5-3)
Proof. Recall the Bruhat decomposition
G(F)=P(F)UP(F)w,—1 P(F).

Due to the disjointness of different Bruhat cells, the P (F)-conjugacy class of g does not intersect with
that of g,, for any g, € P(F) and g, € P(F)w,—1 P(F). Since P(F)-conjugacy classes of P(F) lie
in P(F), we can reject all representatives in P(F) and conclude that P (F)-conjugacy classes in R are
represented by elements in w,—1 P(F).

For any

g =W (A”‘l Z,’) € w1 P(F)NR,

by Bruhat decomposition, either 4,1 € P,_1(F) or Ay—1 € Py—1(F)wy—r P,—1(F), where P,_1 is
the standard maximal parabolic subgroup of GL,_{(F) of type (n —2,1). If A,,—; € P,—1(F), then
g€ 0na(F)CUi<k<n_1 01 (F)P®F) Thus g & R. Therefore, Ay—; € Py_1(F)wy—2 Py_q(F). So

we can write
© I,_> ¢ by Aps cp *
gV =g =w,_q 1 blz Wy—» dn—1 € Wp—1 Qn_l (F)’

n

An—2 ¢n—2
which is conjugate by w,_, dn—1 € P(F) to
dn

a Ap—s Cn2 Ins ¢ by
g =W dn—1 Wp—1 1 b,
dy 1

Ap—> cn—2\ [In-2 ¢ b
= Wp—2Wy—1 dn y 1 b12 € Wy—2Wp—1Q,_,(F).
n—1

Again, apply Bruhat decomposition to GL,_; (F) to conclude that either A,,_, € P,_»(F) or A,_; €
P, (F)wy—3Py—(F), where P,_, is the standard maximal parabolic subgroup of GL,_,(F) of
type (2 —3,1). If Ay € Pya(F), then g0 € 0y 3(F) C Uy <pzpy Qu(F)FPE e, g ¢ R,
Therefore, A,y € Py_s(F)wy—3 Pyu—s(F). Likewise, g(!) is thus P(F)-conjugate to some g(® €
Wy—3Wu—2Wy—1 Qy_,(F). Continue this process inductively to see that g is P (F)-conjugate to some
element g2 € wiw, -+ wy_y Q7 (F).
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Therefore, RC {p~'yp:y € wiwy - w,_; Q71(F), p € P(F)}. So we have
g7 igeRcipyp iy € QT (F)wy - wawy, p € P(F)}
={p"yp 1y € wamwy—z - w1 B(F), p € P(F)},
since Q7 (F) = B(F) C P(F). Note that 9 is stable under inversion. Hence,
N={g ' :geR C{p lyp:y €Wy_iwy—r---w1 B(F), peP(F)}=RD.
Based on the construction, we observe that

REON U o) =2,

1<k=n-—1
since Bruhat cells are disjoint. This implies, according to (5-2), that R (F) C R, Hence, A = R, O
Now we determine representatives of R (F),

Lemma 5.3. Let notation be as before. Then R = REE) where

R = {wn—lwn—Z"'wl(In_] E’) ite FX, (I”‘l ?) € Np(F)}.

Proof. Let b =tu e B(F), where t € T(F) and u € N(F). By examining the rows on both sides, we can
find ¢; ; € F and v’ € Np(F) that satisfy the equation

10 0 0 1C1,2 cor Clpn—1 0

L crp -+ cCrp—1 I - cop—1 0
tu = tu’ S (5-4)

I cn—2n—1 1 0

1 1

In fact, the values of ¢y j, 1 < j <n—1, are determined by b. Fori > 2, the values of ¢; j are determined
by ¢;—1,j and b, where 1 < j <n—1. Thus, these ¢; ; values are uniquely determined by b. Consequently,
v is also uniquely determined.

Let p € P(F) be the matrix multiplying tu’ on the right-hand side of (5-4). Then (5-4) becomes

PWp—1Wp—z - wibp™h = wp_qwp_y - wity.
Write t = diag(?y, ...,t,), a =diag(ay,...,a,) € T(F), with a; =tl_1 ---ti_l, 1 <i<n,and
v ()
with b ='(by,...,b,_1). Then
0wy wp—s Wit a = Wy wy—p - Wy (1"_1 E;/) €R,

where t = dettand b’ =*(b],...,b,_,), withb] =1y---t;b;, 1 <i <n—1.
Therefore, Lemma 5.3 follows from Lemma 5.2. O
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We shall show that elements in R are not P(F )-conjugate to each other.

Lemma 5.4. Let notation be as before. Then R forms a complete set of representatives for R. In
particular, R = REWE),

Proof. Let wy,_qwy_»---w1b and w,_jw,_s ---w1b’ be two elements in R. Assume that there exists
some py € P,(F) = P(F) such that
PrWn—1Wa—2 - wibpy ' = wy_jwy_g---wib'. (5-5)

Then wy_1 ppwy—1 = Wy_s -~ wib' ppb~ wi---wu_s € P(F) = Q,u_1(F). Since p, € P(F), it is
necessarily of the form

Ap—z -1 ¢y GLy—2(F) * %
Pn = an-1 0 ) € F* 0 | C Qpa(F).
FX

An

Hence, Wp—sWp—1 PrnWp—1Wner = Wyp—3 - Wib' pub~ wy---wp_3 € On_>(F), which implies that
Ajp—» lies in the maximal parabolic subgroup of GL,_,(F) of type (n—3, 1), and the last component of
¢, must vanish. Repeating this process n—3 more times, we simplify (5-5) to

-1

a, 0 0 ... 0 a; ¢12 + Cip—1 O
ap Cio2 - C1,n—1 a, -+ cp-1 0
. . /
: b : : =b'. (5-6)
Ap—2 Cp—2.n—1 an-1 0
ap—1 (2]

Note that the unipotent radical of b and b’ are in Np(F). By the analysis towards equation (5-4) we
see that all the ¢; ;s in (5-6) must vanish.

Write
b= (I”_l b) and b = (I”_l b/)
t t')”

Then (5-6) becomes

[ aj

a1 Iy—1 b a2 _ Iy b’
D LGl S B G0l

an—1 An

By comparing the determinants on both sides of the equality, we deduce that ¢’ = ¢. Similarly, comparing
the Levi components yields a; = a; = -+ = ay, leading to b’ = b. Therefore, any two elements in R,
are either equal or not conjugate to each other by P(F). O

Now we consider for our purpose the decomposition of Z(F)\G(F) into P(F)-conjugacy classes.
By (5-2) one has the decomposition

Z(F)\G(F) = (Z(F)\R) U6, (5-7)

where G was defined in (2-6) in Section 2B.
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Corollary 5.5. Let notation be as before. Set (F*)" = {t" :t € F*}, and let
R* = {uwlwz---wn_l (1"—1 t) te FX/(FX), ue NP(F)}. (5-8)

Then R* forms a family of representatives of Z(F NR.

Proof. By Lemma 5.4, the set
{wn—lwn—z . wlu(l”—l Z) 1€ FX/(FY)", ue NP(F)} (5-9)

forms a family of representatives of Z(F)\R. Then the inverse of elements in the set defined in (5-9) also
form a family of representatives of Z(F)\fR. Note that these inverses are bijectively Py (F)-conjugate to
R*, then the proof follows. O

5B. Holomorphic continuation. In this section we shall prove Theorem D.
Recall the definition in Section 2C:

IP,Reg(S’ T) = /

K ux,x)duf(x,s)dx,
Z(AF)PO(F)\G(/-\F)/[NP] GeoReg (X, X) duf (X, 5)

where Re(s) > 1. By (5-7) and Corollary 5.5,

KGeo,Reg(X, V) = > ox"lyx)= Y Y e'pTlypy).
YEZ(F\G(F)—6 yeR* pEPo(F)

As a consequence, we have (at least formally) the decomposition

Y o tuTyx) duf(x,s) dx.
yeﬁ*

I e ’ =
P.Reg(5, 7) /Z(/.\F)\G(AF)/[NP]

5B1. Ad hoc notation. Recall that P is the parabolic subgroup of type (n—1,1). Let Mp be the Levi
component of P. Let N¥ := N N Mp; then N = NP Np. Set A(Af) = Z(Ap)\T(AF) and o =

WiWy - Wy—1-
5B2. Coordinate transforms of unipotent radicals.

Lemma 5.6. Letc;j € Ap, 1 <i < j <n—1. Defineu = (u;,j)1<i j<n—1 € NP (AF) via the expression

10 0 ... 0 N ' /len o ciny 0
L ez -+ crp-t I - con—1 0
: : =(" 7). (5-10)
1 cn—2.n-1 1 0
1 1

Then each 1 <i < j <n, u;j = c;j + Pi j, where P; j is a polynomial in the variables c;: j» # c; j,
1<i’'<j' <n.
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Proof. The argument holds trivially for 2 x 2 matrices. Suppose Lemma 5.6 holds for matrices of rank

less than n. Write

—1 N /
L cip - crp-1 Lcy, - ¢y
, = v
I en—2,n1 1 Cn—2,n—1
1 1

By multiplying block matrices, we can determine ¢; ; using ¢/, j with i’ <i and j" < j. Based on the

’j
induction assumption, the u; ; take the form ¢; ; + P;j for 1 <i <n—1and 1 < j <n. We then focus

on investigating the last column, specifically u; 1 for 1 <i <n—1. Note that (5-10) becomes

10 /0 /0 l ¢c12 - ¢c1p—1 O
1 Cl,2 cl,n—l 1 e Cz,n—l O
: R =( 1)'
1 C;I—Z,n—l 1
1 1

As a consequence, we obtain
R} ’ / ’
Ujn—1=Cipn—1 1 Ci+1,n—1C; 1 ; +--+ Cn—2,n—1€;_1 p—3 + Ci1n—2>

which yields that #; ,_1 — ¢; ,—1 is a polynomial in the variables ¢; j» # ¢; ,—1. Hence, Lemma 5.6
follows from induction. O

Consider the smooth transformation defined by (5-10):
NPAp) - NPAR),  (ci)1sij<n = Wi i<ij<n:

By Lemma 5.6, its Jacobian matrix is identically trivial. This will simplify the calculation of Ip reg (s, 7)
in the next subsection.
Set ¢ = (¢i,j)1<i,j<n € NP(AF). Since (I"_l z) commutes with ¢, the relation (5-10) amounts to

c_lzI)(I"_l t)c:zb(“ f) W=wjws  Wy—1. (5-11)

5B3. Manipulation of 1p reg(s, 7). integral transformations. We have

Ipres(s.7) = [ luv(""—1 )x) duus £x,5) dx,

1. —
X u
Z(AP\GAF) / Np(Ar) ; (p< !

where ¢t € FX/(F*)". By Iwasawa decomposition, we may write x = cu,tk, where ¢ € NP (Af),
uy € Np(Ap), t =diag(ty,13,...,th—1, 1) € A(AF), k € K. Then

I ,T) = Z- th,s)duy duy 871 () d* tdk,
P 0= [ [ [ f i T et s) du duy 57
where § is the modular character, and

=1 =1 =1~ (In—
I:= > (p(k Wty et (! cuztk)dc.
NPAF) tep</(Fx)n ! ( f)
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We can change variables through Lemma 5.6 or equation (5-11) to derive

1.1 -1 ~{1,_
I:/ kltll(”l) tk) du.
NP(AF) [GFX%FX)I‘L (p( ul w P Uiy ) u

Recall that f'(x, s) is defined by

f(x,s) = t(detx) |det x|y . /AX [0, ..., 0)x]c"(1)|t|"d™t, (5-12)
F
which is a Tate integral for the complete L-function A(ns,t™). By definition, f(cu,tk,s) equals
t(dett) |det t|* f(k, s). Therefore,

Z-t(dett)|dett|® %
I - k.s)dk dus duy d* t.
PReg(S:7) /Kf( :5) /A(/-\F)/NP(AF)/NPU-\F) 8(t) Hadin

Lemma 5.7. Let notation be as before. Then

IP,Reg(S’ 0= /K Jk.s)dk /NP(AF)du1 /NP(AF)d /NP(AF) AX / (1)(0
1

—1
Z, '

X/ > o |k uy R wu,uk | d*t,
AT teFX[(FX)n L
e [Tz 2t,
where d*t = d*ty d*ty -+ d*ty_1, and for any t = diag(ty, 15, ..., t,—1,1) € A(AR),
n(n— 1>(a+1>” 1
s E— +1
Hf(tl)n l|ll|(n i)(s )
i=2

Proof. By the change of variables u — tut™! and wu, — tuu,t™! we obtain

I = k,s)dk cr(dett) |det | duy duy d*t
prals D)= [ fesyak [ [T eden) et dus duy 4

where
-1, — ~ (I
j:/ (T lw( n-l )tuuzk du.
NP(AF)teFx%:FX)n ¢ ! ! )
Since
!
ong!
t_1w<l”_1 )tw_lz ,
tu—aty
In—1
Lemma 5.7 follows after a change of variables. U

5B4. Manipulation of Ip reg(s, T): reducing to intertwining operators. Recall the test function ¢ has the
central character . Let E be the set of idele class characters on A%, which is trivial on R% . Denote by
Ewnthesubset {x € E: x" =w} CE. Also, let E r,2 ={{eckE .52 =t} if n is even, and let E ";,2 ={1},
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the singleton, if 7 is odd. Then both #E,, , < 0o and #E7 , < oo. For a Hecke character x, we define

n—1

(n— 1)(s+1) n+l_ nt+l

O B [*5=—i](s+1)

A O =e)T@) T uly, 2 [ Dltils,
i=2
when 7 is odd. For even n, we define
(=1D(s+1) 1)(a+1> —il(s+1)
AL (O = X(EDEE) ()T “11ly, 2 ]_[ E)T(” )|Zl| :
i=2

We can employ a change of variables, specifically (Ag)" - F*/(F*)" = F* - (F*\A%)", to perform
Poisson summation, following a similar approach as in [18, §2.4, Lemma]. This allows us to derive the
following results:

* When 7 is odd, the integral Ip greg (s, 7) is equal to

k,s)dk d d d AL () d*t
/Kf( 5) /Npo-v) MI/NP(AF) M/NP(AF) ”2 A% Z A7

FXxe

1

X/X---/X(p wuuk dxlz"-dxln_l.
Az Az n 1 "

* When 7 is even, the integral p reg (s, T) is equal to

k.s)dk d d d A ¢
/Kf( ') /Np(/-\F) ul/N"(AF) u/Np(/-\F) u 2 Z s

X€EBw.n EEB

1—1

t
_ 2 -
x/ / o | k7 uy Wusuk | d*ty--d>t,—.
x > t_l
F F

n—1 t
Let T (AF) = {diag(1,t1. 02, ..., tn—1) € T(AF) 1 t; € A%, 1 <i <n—1}. Set
L AAY) = Te(AF), tet=diag(l gt ).

Let §, = ——(l + (=1)"). Define §, ¢(x:k,s) = T, e(x:k, 5,0, P, 7) by

Sye(xik,s) = /NP(M /NP(/_\F) /A(AX)(p(k_lult‘xuk)As,r,X,g,n(t)dxtdu duy,
F

where Ag ¢ ) £, (1) is defined by

_ (n— 1)(s+1) 1—8n _; [n+1_]( +1)
REE) e (0) T 2 Hx(r,)s(m (i) T gl

i=2

Since ¢ has compact support modulo the center, §y,¢(x: k, s) is well defined for any x, & in Re(s) > 1.

Let b = tw'u € B(AF), where € Np(Ar), ue NP (Af), t = diag(t;. 1, ....t,) € T(Af). By the

1

change of variables u — u™u, uy — u "1 (#4)~!, we obtain
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n
n+1-8y . [l _i](s+1
Srexikos) = [[ x@E@ ™ c@) ™ ull T O Feaks).  (5-13)
i=1
n .
Since the modular character of T (A ) is §(t) = [] ¢ 1720 5ne has
i=1
G(A A — An— noAn| . |An
Sre(xik.s) € IndGam) (e ch |- 15, gt chomt | fhrts ygbncha . hns),

where A; = %(n +1—46,)—i for 1 <i <n. Define

Gye(x:8)=Gye(x;5,0,P,7) = /K Sk, )Ty e(xik,s)dk.

Therefore, at least formally one can write Ip ey (s, 7) as a finite sum:

Ipreg(s,T)= > > Gy e(Wn;s)dn, Re(s)> 1. (5-14)
X€Ew.n EEEY , Np(AF)
SBS. Proof of Theorem D. Now we show the absolute convergence of (5-14) and deduce its analytic
behavior.
Let 31’1’4_()6; k, S) = Slgl(x; k, s, |§0|, |CD|, 1) and G1,1,+(x; S) = Gl’l(x; S, |(p|, |q>|, 1) Then the
above interchange in the order of integrals is justified by Fubini’s theorem on integrals of nonnegative

functions. One then has

I;:Reg(s,‘[): Z: ;1 /N " )GI,1,+(u~)n;s) dn,
Xedl,nEEQI'Z PEF
where the sums are finite. Then |’ Np(Ap) G1,1,4+(wn;s) dn converges absolutely in Re(s) > 1 according
to Langlands’ theory on intertwining operators. Therefore, by the dominated convergence theorem,
/ Np(Ap) Gy.£(Wn; s) dn converges absolutely in Re(s) > 1. It is thus a well defined intertwining operator.
By Langlands’ theory (cf. [20] or [30]) on intertwining operators, we have

. A(s, 1) A2s, 2) - A((n—=1)s, ") A(ns, ")
/ G, g(wn;s)dn x —>
Np(AF) As+1,0)AQRs+1,72)--- A((n—=1)s + 1,777 1)

where the last factor A(ns, ™) on the numerator comes from the Tate integral f(k,s) from (5-12).
So (5-14) is well defined. Consequently (5-1) holds, since the sums in (5-14) are finite.

6. Convergence of the spectral side

In this section we shall deal with the spectral side

Twni(s, 7) :/

Kgis(n1x,x)0(ny) dny f(x,s)dx, 6-1
e e KO0 000 dn f(x,5) (6-1)
where Kgis(x, y) is the Eisenstein part of the kernel function relative to a general test function ¢ in
H(G(AF), w). The main concern here is the absolute convergence of Iwuni(s, T) when Re(s) is large.

Typically one needs certain suitable regularization or truncation for Kgis, which is slowly increasing.



A coarse Jacquet—Zagier trace formula for GL(n), with applications 901

In the GL(2) case this can be handled by the techniques in [29] or [40]. Arthur [1; 2; 3; 4] developed a
truncation approach to successfully regularize the trace formula on general reductive groups. Arthur’s
truncation operators and their variants (as in [21; 13]) provide a powerful toolkit to manipulate the
convergence problem in the (relative) trace formula.

However, these truncation operators seem to be not quite suitable for the function (6-1). One barrier
is that the domain is not the usual automorphic quotient Z(Ag)G(F)\G(AF) but the much larger
region Z(Ar)N(F)\G(AF); thus the kernel in (6-1) is not G(F)-invariant now, which makes the usual
truncation operators not work well here. One can do the spectral expansion of Kgis and apply Arthur’s
truncation A7 to the second Eisenstein series and show it can be integrated over a Siegel domain. With
further covering process by Weyl elements conjugation, one can show (6-1) converges absolutely with
Kgis(x, y) replaced by AgKEis(x, y), where Ag means the operator AT is applied to the y-variable.
See Section 5.4 in [35] for details. Nevertheless, taking Fourier coefficients in the first variable makes
the geometric truncation difficult to control, since it is just N (F)-invariant. So it is not clear how to
compute the spectrally truncated function as a polynomial of the parameter 7" and ultimately show that
this polynomial is indeed a constant. (Here the letter T is a conventional notation for the truncation
parameter, while elsewhere we use T to denote the torus.) For an individual cuspidal datum, one may
develop an allied truncation operator as in [13], but the problem is to show that the sum over all cuspidal
data is convergent.

We will propose an alternative way to verify the convergence of (6-1), making essential use of the
Fourier transform. Our strategy is to reduce (6-1) to a Mellin transform of the Kuznetsov relative trace
formula, which is majorized by a gauge. Then one obtains convergence of (6-1) when Re(s) is large
enough.

Inserting the spectral expansion (6-7) of Kgr(x, y) into (6-1), Iwni(s, T) becomes

1 [

[, ¥ YTtz ) Wi Wa(x: D) dA [ (x.5)dx.  (62)
x Q S Jiooling ¢; ¢,

Here, x ranges through Z(Ag)N(Afr)\G(AF), x ranges through cuspidal data, Q represents proper

standard parabolic subgroups, and W; denotes the Whittaker functions. Additional details can be found in

(6-10) below. The absolute convergence of (6-2) is summarized in Theorem E at the end of this section.

6A. Reduction to the relative trace formula of Kuznetsov type.

Lemma 6.1. Let ¢ € H(G(AF),w). Lee K =K%, Ko = Kg’ and Kgis = Kgis be the corresponding kernel

functions. Then

Ko(x, y) = (K(ndx, 8x) — Kgis(nx, 8x)) 6(n) dn. (6-3)

X o
SEN(F)\ Py(F)” [NV]

Proof. By the spectral decomposition (2-5) of Ko(x, y) we see it is cuspidal as a function of x. Applying
Proposition 3.1 to the first variable of K¢ (x, y) and take y = x we then obtain
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Koeon)= ¥ [ Ko(nbx.x)8n)dn.
S8EN(F)\Po(F)

Then (6-3) follows from the spectral decomposition Kg(x, y) = K(x, y) — Kgr(x, y) and the auto-
morphy of these functions relative to the second variable. Here we also note that the residual spectrum
does not contribute to (6-3). O

Let Re(s) > 1 in this section. We then plug Lemma 6.1 into
Io(s, T =/ Ko(x,x)E(x,s)dx
o6 D= | zameinaan O ES)

and unfold the Eisenstein series E(x, s) to obtain

Io(s, ) = Ixa(s, T) — Iwni(s, 7),
where

Ixi(s, 7) =/

ZNENG () /[N]K(nx, x)0(m)dn f(x,s)dx. (6-4)
To establish the well-definedness of Iwni(s, 7), it is sufficient to demonstrate the convergence of
Ixi (s, 7), given the rapid decay of Ky. We aim to show that Ik (s, ) converges for all ¢ € H(G(AF), w)
and for Re(s) sufficiently large. By utilizing Cauchy’s inequality and the convolution decomposition of
@, we obtain the absolute convergence of Iwni(s, 7).
Through a change of variables, we obtain the expression

Ia(s.7) = / Tkur (0. .5)dx.
KI(S T) ZAF)NAR\GAF) Kuz(‘ﬂ x)f(x S) X

Where
’ I: nix,n 6 n 6 n d” d”
JKuz ((p X) /I;N] /I;N] ( 1 2x) ( 1) ( 2) 1 2

represents a relative trace formula of Kuznetsov type. Consequently, Ik;(s, t) can be considered as
the Mellin transform of Jky, (¢, x) since f(x,s) essentially corresponds to |detx|*. To establish the
convergence of Ik(s, 7), we will demonstrate that Jg,,(¢, x) is dominated by a gauge when Re(s) is
sufficiently large.

Recall that, for x = diag(xy---Xp—1,...,X1X2,x1,1) € A(Afr) = Z(Ap)\T(AF), a gauge G is a
positive function of the form

G(x) = E(X1. X2, X)) - X1 g [TM
where M > 0 and £ is a Schwartz—Bruhat function on (A})”_l.

Proposition 6.2. Let notation be as above. Then as a function of x € A(AF), Jru (@, X) is majorized by
a finite sum of gauges on A(Af).

Proof. By the definition of the kernel function K(x, y) we have

Jxuz(@, x) Z/[

> o(x"'nT ynax)0(ny) 0(ny) dnydny,
N] /[N lyez(F)\G(F) :
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which converges absolutely since K(x, y) is continuous and [N] is compact.
Consider the double coset Z(Ap)N (F)\G(F)/N(F), whose element is of the form wa, where w is
a Weyl element and a € Z(F)\T (F). Let

Hyg :={(n1,n2) € N x N : n]'wan,a'w™' € Z}
be the stabilizer relative to the representative wa. Then

T (0. X) = “IpTl 0(n1)0(ny) dnydn,,
Kuz (9, X) MZ@ Hwa(F)\N(AF)XN(AF)w(x ny wanyx)0(ny)0(nz) dnydn,

where © is a set of complete representatives for Z(Ag)N(F)\G(F)/N(F). Then

Jku(p.x)= Y C o(x"'n7 wanyx)0(n1)0(ny) dnydna,

o / Hya(Ap)\N(AR)XN(AF)

where

Cwa = /[Hwa]e(n/l)é(n'z) dn'y dn’y.

Call wa € ® relevant if Cy, # 0, ie., Q(n’l)é(n/z) is trivial on Hy,(Ag). Denote by ®* the set
of relevant elements in ®. By [16, p. 272, Proposition 1] one can take the following realization: ®*
consists of wa, where w is the long Weyl element inside a standard parabolic subgroup Q € G of type
(k1,....kr), and a € Z(F)\ diag(T, (F), ..., Ty, (F)) (modulo some further relations), with 7% being
the maximal split torus of GL(k;). For example, when Q = B the Borel, then w = I, and a = I,, and
Hya = N. Therefore,

Jxuz(@,x) = Y vol((Hyal) Jkuz(@, x: wa),

waed*
where

J,;=/ —1,-1 0(n1)0(ny) dnydny.
klpoxwa) = [ T wansx) 0 Bnz) dnydny

By the definition of ®*, each w corresponds to a unique (i.e., the minimal one) parabolic subgroup Q
containing w. Suppose w # I,. Then by Levi decomposition it suffices to consider the extreme case
where 0 = G and w is the longest.

Recall that the test function ¢ is K-finite. Hence there is some compact subgroup Ko C G(AF ) such
that ¢ is right Ky-invariant. Let Ko =[] Ko . Note that Jxy, (¢, x; wa) = [ Jkuz,w(@v, Xv: wa),

V=00
where

V<00

JKuz,v(‘Pva Xy wa) = /

-1,-1 a
Hwa(FU)\N(FU)xN(FU)(pU(x” ny wanyx)0y(ny)0y(ny) dnydn;.

Then for each finite place v, Jxuz,v (¢v, Xv; wa) is right K ,-invariant. So there exists a compact subgroup
No,» € Ko N N(Fy), depending only on ¢y, such that

Jkuz,v (Qvs Xplty; Wa) = Jkuz,w(@v, Xy; wa) forall x, € A(Fy) and uy € Ny y.
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On the other hand, Jxyz,v(¢y, XyUy; wa) = 9(xvuvx;1)JKuZ,v((pv,xv; wa). But then, there exists a
constant Cy, depending only on Np ,, and 6 such that 6 (xyuyx, ') = 1 if and only if |; (xy) |y < Cy, where
a;’s are the simple roots of G(F) relative to B. Note that for all but finitely many v < 0o, K¢, = G(OF,y).
Thus we can take the corresponding C, = 1. Hence for any x, € A(Fy), Jkuz,v(¢v, Xv; wa) 7# 0 implies
that |o; (xy)|v < Cy, 1 =i <n—1, and C, =1 for all but finitely many finite places v. Denote the compact
set by

Ap fin = {a = (ay) € A(AF gin) : |ai(ay)|y < Cy, 1 =i =< n—l}.

Then supp Jkuz (¢, X; wa) < A(AF,OO)A(p,ﬁn‘

For each place v, we fix a conventional local height function || - ||, on G(Fy). Let y = @), (1i,j,0) €
G(AF). Then || yy|ly =1 for almost all v. The height function ||| =[], [|vv|lv is therefore well defined
by a finite product. Also, since

supp Jruz (¢, x; wa) € A(AF 0) A fin

and by the compactness of supp ¢, we have |[w™ ! xywxyall, < C} for some constant C; depending only
on @, v < 00, and C{) = 1 for almost all v’s.

Now we investigate the archimedean Jxy,,v(¢v, Xy; wa), i.e., v|co. Note that ¢, is a compactly
supported on Z(Fy)\G(Fy). Then Jgu,(¢y, Xy; wa) = 0 unless nl_j)vanz,v € supp ¢y, wWhere y, =
xv_1
forward computation (or Lemma 5.1 of [15]) shows that |11 |y + 72,0/l + |¥v]lv < C,, for some

wax,w~'. Hence ||n1_’1)yu wny ,w ™|y < Cy for some constant C,, depending only on ¢. A straight-

constant C;, depending only on ¢. So ¢y (11,4 yywny ) has compact support relative to 1y 5, and n .
Therefore, Jxu(¢v, Xy; wa) = 0 unless ny y, 12, run through a compact set of N(Fy) and ||y, is
bounded.

For x = diag(xy,...,x,—1,1) € A(AF), similarly to (3-1), we define an additive character

n—1
Ux(u) = [] ¥r(xiujiv1)  for u = (uij)nxn € N(AF).

i=1
Then Jxy, (¢, x; wa) is equal to
S (x)? nIxYwaxn n) Wy (my)dny dny,
w(x) Hwa(AF)\N(AF)XN(AFfP( : 2)Yx(n1)¥x(n2) dny dn;
where &y, is the modular character of the parabolic subgroup associated to w.
Since 71 and n, lie in a compact set determined by supp ¢, then for a fixed y € A(AF), v| oo, the v-th
component of

_1 -
dnyid
/Hwa(Ap)\N(AF)xN(AF)gD(nl ywn)Yx(ny) ¥ x(nz) dnydn,

is a Schwartz function of x, being the Fourier transform of a compactly supported smooth function.
Hence, Jxu, (¢, x; wa) is majorized by a nonnegative Schwartz—Bruhat function Z(x~'waxw™!, x) on
A(Af)? with
xtwaxw™l e A* = {be A(F): |b] <T]C,}.
v
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By properties of the height || - || (see [5, p. 70], for instance), one has
#w x A wx ™) < C (I M g [T,

for some constants C and M depending on supp ¢. Therefore,

Y kel xswa)| = Y Eywxa,x) = > E(a,x),
acA(F) acA* acwlx-A*wx—!
which is majorized by |x1--- x,—1| ™™ -£(x1, ..., x4—1) for some M > 0 and Schwartz—Bruhat function £.

The remaining case is that of w = I, i.e., Q = B. In this case
Jxur (@, X3 wa) = § / Vxn)d
ki, 00) =80 () [ @lam ) dn

is the Fourier transform of a Schwartz—Bruhat function. So it is majorized by a gauge. Then Proposition 6.2
follows. O

As a consequence of Proposition 6.2 and the Iwasawa decomposition, /ki(s, ) converges absolutely
when Re(s) is large enough. Therefore, Iwni(s, t) converges when Re(s) is large enough.

To show the absolute convergence of Iwn;(s, T) and thus to obtain meromorphic continuation, we need
to analyze properties of Kgjs by its spectral expansion.

6B. Spectral decomposition of the kernel function. In this subsection, we provide a concise overview
of the spectral theory concerning automorphic representations of reductive groups. Subsequently, we
apply these results to the noncuspidal kernel function Kgr. The notation introduced in this section will be
regularly employed in later discussions.

Denote by H a general reductive group and Q a standard parabolic subgroup of H. Let Mg (resp. Ng)
be the Levi component (resp. unipotent radical) of Q. Let H'(Ap) = {g € H(Ap) : |M(g)|ay =1, YA €
X(H)Fp}, where X(H)F is space set of F-rational characters of H. Let ag = Homz(X(H)r, R). Let
ay = X(H)r ®R. Set ap = ap, and a*Q = a}"wQ. Let Py be a fixed minimal parabolic subgroup of H
over F. Write ag (resp. a;) for ap, (resp. a*éo). These notations concur with those used by Arthur (see,
e.g., [5, pp. 20-31].

For a standard parabolic subgroup Q of G = GL(n) with type (11, ..., n,), we define the surjective
homomorphism log,, from Mg (AF) to ag as follows:

logg(gq) =logg(m) = (nl_1 log |detm],... ,n,_1 log |detmy|), (6-5)

where ¢ € Q(AF) and m = diag(my, ..., m,) represents the Levi component, with m; € GL(n;)/AF
forl1 <i=<r.

By spectral theory (see, for example, [2, pp. 256 and 263], or [5, §12]), the decomposition of the Hilbert
space LZ(Z HAF)Nog(Ap)Mg(F)\H(A F)) into right H (A )-invariant subspaces is determined by
the spectral data x = {(M, o)}, where M is the Levi component of Py N Mg for some standard
parabolic subgroup Py of H, and o is an element of A, (ZH Ap)MY(F)\M! (AF)), the set of cuspidal
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automorphic representations of Zg (Ap)M '(F)\M '(AF). Here M ! is defined in a similar way to H!.

The class (M, o) derives from the equivalence relation (M, o) ~ (M’, ¢’) if and only if M is conjugate
to M’ by a Weyl group element w, and 6’ = o on Zg (Ar)\M '(AF). Let X be the set of equivalence
classes x = {(M, 0)} of these pairs, we thus have

L*(P):= L*(Zg(Ap)No(Ap) Mg(F)\H(AF)) = @ L*(P)y. (6-6)
XEX
where LZ(P)X consists of functions ¢ € L? (ZH(AF)NQ(AF)MQ(F)\H(AF)) such that, for each
standard parabolic subgroup Q' of H with Q' C Q, and almost all x € H(AF), the projection of the
function

mi—= x.¢g(m) = / o(nmx)dn

No/ (F)\No/(AF)
onto the space of cusp forms in LZ(ZH (AF)MQ/(F)\Mé, (AF)) transforms under Mé/(AF) as a sum
of representations o, in which (Mg, o) € . If there is no such pair in x, x.¢ g will be orthogonal to
Ao(Za(Ap)Mg (F)\M},(AF)). Denote by Hg the space of such ¢’s. Let H ¢  be the subspace of
H o such that for any (M,0) & x, with M = Mgy, and Q C Q, we have

m)p(nmx)dn =0,
/M(F)\M(/-\F)lfzvglm\NQl(AF)%( )¢ (nmx)

for any o € L(2) (M (F)\M A F)I)U, and almost all x. This leads us to Langlands’ result to decompose
H o as an orthogonal direst sum Hg = P yex "o,x- Let Bg be an orthonormal basis of H g, then we
can choose Bg = |J,ex Bo,x, Where Bg y is an orthonormal basis of the Hilbert space H g . We may
assume that vectors in each By , are K-finite and are pure tensors.

By spectral theory, one can expand Kgis(x, y) as

1 S
S o | > E(x.Zo(h.@)¢. ME(.¢.2) dh. (6-7)

xex Oeo k! 2m)ko Jiay/iag yemy,

where Q is the set of standard parabolic subgroups which are not G; and for any such Q, kg is the
number of blocks of the Levi part of Q. Also, (6-7) converges absolutely [2, Lemma 2, p.263].

Let ¢ € B 4. Then Zp (A, ¢)¢, can be expanded by a linear combination of vectors in B . As a
consequence,

E(x,ZoA, 9)p2, 1) = 3. (ZToh,9)p2,¢1)E(x,¢1,1).
D1€B0

Since ¢ is K-finite, then (Zg(A, ¢)¢2, ¢1) = 0 for all but finitely many ¢, ¢, € B¢ ,, depending
only on the K-type of ¢.
For1<j <2, ¢;€Bg,y,and A€ ia*Q/ia”&, we define the Whittaker function
Wi (x,h) = W(x,$j. A) := / b (wonx)e(k+po)logg(wonx)9(_n) dn, (6-8)
N(AF)

where wy is the long element in the Weyl group W, and log is defined by (6-5).
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6C. Spectral expansion of Iwni(s, t). By definition, we have

Twhi(s, 7) = K , ,8)dx.
wi (5. 7) /Z(/-\F)N(AF)\G(AF) BR(x. %)/ (x, ) dx
where
Rer(x, y) = /[N] /[N]KEis(nlx,nzy)e(nl)e(nz) dnydn;, (6-9)

Set Xg = Z(Ap)N(Ap)\G(AF) and ¢ = ko! (27)%©. One can unfold the Eisenstein series (see
[31, pp. 123-124]) to rewrite (at least formally) the function Iwuy;(s, 7) as

1 -
[, 2% — [ X @o.op o)W WWGR AL f(r.s)dx,  (6-10)
Gxex Q€0 % 7 ¢1.02

where ¢; € Bg 4, 1 <i <2,and A € ia*Q/iag.

Theorem E. Let notation be as before. Then there exists a constant ¢, > 0 depending only on ¢ such that
Iwni(s, ) converges for Re(s) > c,. Moreover, when Re(s) > ¢y, Iwni(s, T) is equal to

1 -
C Y — [ X Tt p)tr ) [ Wi WD) f(x.s)dxdh. (61D)
x Q€0 % 1,02 Xc

where x runs over the proper cuspidal data, i.e., x is not of the form {(G,m)}, A € ia”é/iag, and
1,92 € B . Particularly, as a function of s, Iwni(s, t) is analytic in the right half plane {z :Re(z) > ¢y }.

Proof. For x € Z(Ar)N(Ar)\G(AF) we write it into the Iwasawa coordinates: x = ak, where a € A(AFf)
and k € K. Then

f(x,5):= f(x,®,1;5) = t(deta) |detal® L\ d(ntk)c(e) |t d*t.
F
Therefore, | f(x,s)| = |deta|R®h(k, s), where

hik,s) = )/A d(ntk) (1) |t d*t

is a nonnegative continuous function of k£ and converges absolutely when Re(s) > 1/n. Let ¢ €
H (G(AF), w). Then by Proposition 6.2,

Sy Trt@ 0l enldy= [ [ Tlpak) ldeta* 057 @) dah(k. ) dk
converges when Re(s) is large. By Lemma 6.1 we have
Jg.5)= [, R0l /)l dx = [ Jeulo.x): 1/ (9] dx = Jo(@.5),
where KER(x, x) is defined by (6-9), and

Jo(g.s) = [ Kov.x) % | f(x.9)]dx.

Z(AF)G(F)\G(AF) 8 P(F)\G(F)

Since the series } sc p(py\G(r) |/ (3x, )] is slowly increasing and Ko (x, x) is rapidly decaying on
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Z(Ar)G(F)\G(AF), then Jo(p, s) converges absolutely. Hence J (¢, s) converges and is well defined.
Consider test functions of the form ¢g * @7, where ¢g(x) = @o(x~!). Substituting the spectral
expansion (6-7) into J (¢, s), which is convergent, gives

[y & Y |WxiZo(90)9 W[/ (x.9)|dhdx <00, (6-12)
Xo X' geg @ Jiap/int gemy

where y ranges over the proper cuspidal data, and
Wi Zo(hpo)p ) = [ o) (T 90)8) (wonxx)e HO WG () dn,
F

with wy being the long element in the Weyl group W,,.

For an arbitrary test function ¢ € H (G(AF), ®), by the factorization theorem of Dixmier and Malliavin,
one can write ¢ as a finite linear combination of convolutions ¢; | *¢ }k,z with functions ¢; ; € C/ (G(AF)),
whose archimedean components are differentiable of arbitrarily high order r, 1 <i <2,and j € Jisa
finite set. Using the triangle and Cauchy—Schwarz inequalities, along with (6-12), we derive

S5 [ [ ] X (TG e)en ) Wi TR S (x.5)| dx i
aQ lag G

XEX Q€Q P1,02€B0.y
2 1/2
<Z H( / / Z |VV]l(x )\)|2 |f(x S)‘dxd)») < 00,
jeJi=1 "x€X Qe€Q aQ/laG XG¢€%Q

where Wj ;(x;A) = W(x;Zp(A,j,i)¢p,A), forany 1 <i <2, and j € J. This proves the first part of
Theorem E and provides an expression for Iwhi(s, T) as

S [ X @0t e)Wi (i WD f(x ) dxdh. (6-13)
X Qeg”inpliag) XG4 4,

For Re(s) large, we have
/X Wi (e W) Wa (3 1) £ (x, )| dx < oo
G

Recall that (Zg (A, ¢)¢2, ¢1) = 0 for all but finitely many ¢, ¢> € B . Thus,

> [Tl @2 on)| [, [WiG: HWaih) f(x.5)| dx < oo. (6-14)
$1.626B0 Xc
Therefore, we obtain (6-11) from (6-13) and (6-14). O

Remark 6.4. If the base field F' is a function field, it has no archimedean places. Then the support
of Wj(x:A) |4(ap) is contained in Ay g, for all A € ia}/iag,, 1 < j <2, which means the support of
ﬁER(x, x) is compact. Also, in the function field case the sum over the x’s is only finite. Therefore,
Theorem E is clear.
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7. Rankin-Selberg convolutions for generic representations

By Theorem E, we see that when Re(s) is large, Iwni(s, 7) is equal to

1
Iwni(s. 1) =3 > — [ 2 (Toh,@)d2.01) ¥, (s, Wi, WaiA)dA, (7-1)
X 0€2 % 7 ¢1.42

where ¢1, ¢, € B 4, A € ia*Q/ia?;, and

w ,W,W;A:/ Wi (o M Wa (x5 A) f(x. ) dx.
oxs Wi W)= [ L MW s d
Here the Whittaker function Wj(x, A) has been defined by
Wite )= [ g (wonx)e 00 e0mIGydn, 1< j <. (6-8)
AF

Our objective is to establish the meromorphic continuation of Iwp;i(s, 7) to C and demonstrate that
the quotient Iwni(s, 7)/A(s, 7) is holomorphic for s # 0, 1. To achieve this, we initiate the process by
calculating each Wg , (s, W;, W5; A) associated with a standard parabolic subgroup Q and a cuspidal
datum y = (Mg, 0) € X.

Here is the arrangement of this section:

¢ In Section 7A, we recall some notation from Section 6B—Section 6C and introduce new notation
regarding induced representations.

¢ In Sections 7B and 7C, we extend the local and global investigation of the Rankin—Selberg convolution
Yo (s, Wi, Wy X), respectively. In particular, we explicitly compute it at the unramified places.
This generalizes the work of [17] as we elucidate the dependence on the spectral parameter A, which
is crucial for the meromorphic continuation of Iwn;(s, 7).

¢ In Section 7C, we combine the analysis in the previous sections and utilize the analytic properties
of the period integrals to achieve a meromorphic continuation of Iwi(s, 7) beyond the region of
absolute convergence.

7A. Some notation. Let Q be a standard parabolic subgroup of G = GL(n) of type (n1,...,n,). Let
x = (Mg,o) € X be a cuspidal datum, where o is a unitary automorphic representation of M of central
character w. Let B g , be an orthonormal basis of the Hilbert space H g, defined in Section 6B.

By definition, there exist r cuspidal representations m; of GLy, (Af), 1 <i =< r, such that 0 ~

7B, B---Hm,. Letx :Indg((ii)) (my 7y .., TTp). Foranyk=(Al,kz,...,k,)eia*Q/iaZ,set

GA A A Ar
T =IndQ((AI;))(7TI ®|'|A}:»752® |- |Ai-a-~a77r ®|‘|AF)- (7-2)

Then ), is also a unitary automorphic representation of G(Af).
For ¢y, ¢2 € Bg,y and apoint A = (A1, A2,...,Ap) € ia*Q/iaE, recall that

Wi(x, L) =W(x,¢j,A) = /N(A )¢j (wonx)e?Troloeo@onx) gy gp, (6-8)
F
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where wy is the long Weyl element, and log g is defined by (6-5). Define

W(s, Wy, Wy h, @ :/ Wi (x: W) Wa(x: h) £ (x. s) dox. 7-3
W W @)= [ Wi WD) f(x.s) (-3)
Since Wi(x;A) and W,(x;)) are dominated by some gauge, and f(x,s) increases slowly when

Re(s) > 1, then W(s, Wy, W,; A, ®) converges absolutely and normally when Re(s) is large. For each

veXpand A = (A1, Ay,...,Ap) € ia*Q/z'a*G, denote by 7, = Indf,l(gfl),v)(m’v,nz,v, ..., Tpy) and
G(F, A y Ar
Tyv = Ind]w(Q(l)vv)(ﬂl,v ®|- |F1U’7T27U ® |- |Fi’ e Ty ® |Fv)'

Then 7 = @), 7y and 7, = &), 73 - Recall that f(x,s) =[], fo(xv,s), where

So(xXp, $) = Ty(detxy) [det xy |7, /Z D[(0, ..., ty)xo]Ty ()|t |F, d ™ 1,

(Fv)

if ®= ®; ®,. We can rewrite W(s, Wi, W A, ®) as

Wi (x: M) Ws (x: —A)®(nx)t(det x) |det x| . dx, 7-4
oo, W1 W =2 @p)z(detx) [det v, (7-4)
where n = (0,...,0,1) € F". Factor Wj(x;A) as [[ Wj y(xy: 1), where
vEXF
WinCrnid) = [ g u(wonxy)e 0@ Gy dn, 1 < j <2.

with ¢; , being a local vector in the space of mj .
We may assume & = ®;) ®,. Then
lI‘(S’ WI,U7W2,U;)\'7¢): 1_[ lI"l)('SvV[/I,'UvIA/Z,'U;)\"q)'U)’

VEXF

where each local factor Wy (s, Wy ,,, W3 y; A, ®y) is defined to be

o W0 Wau (o —1) @y (1x0)7(det xy) [det o [, dxe. (7-5)

Here W 4(xy:A) = /N(F )¢j,u(wonx)e(}“"pQ)HQ‘”(w"”X)@(_n) dn,1<j<2.

TB. Local theory for Wy (s, W1y, W2 45X, ®p). In this section, we shall study each local integral
representation Wy (s, Wiy, Wa 45 A, ®y) defined via (7-5).

Let v € X F be a fixed nonarchimedean place, and let 7, , be the contragredient of 7y ,. Let @y be a
uniformizer of O ,, the ring of integers of Fy. Let ¢y = N, q,(®@v), where p is the rational prime
such that v is above p. Set

"I’v(S, Wl,vv WZ,U;)\" q)v)

Ry(s, Wiy, Wayi ) := 7 ’
v(S 1,v 2v ) LU(S’ ]'[)\"v (034 Ty X ﬂ—k,v)

Re(s) > 1. (7-6)

Proposition 7.1 (nonarchimedean case). Let notation be as before. For s € C with Re(s) > 1, we have:

(@) Ry(s, W1y, Wa y: A) is a polynomial in {q3. q,°, q,),‘i,q,,_)“i 1 <i<r}
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(b) The local functional equation

Wy (1 —s, I;f/l,v, I}[72,1); —)_h, &)v)
Ly(1-s, ﬁ—)_h,v ® Ty X Ty p)

\Ijv(s9 Wl,v’ WZ,U; )\'9 qDU)
LU(S,WA,U‘X’TU Xﬁ—k,v)

= &y(s, T v X ﬁ—k,v, Oy) -

holds, where &y(s, 7). y X T_), 4, 0y) is a polynomial in {q}, q,*, q,),‘i,q;)"i 1<i<r}

Proof. We prove part (a); part (b) will follow form [17].

Let T'(F,) be the maximal split torus of G(F,). FormeZ, let T (F,)={te T (Fy):|det tr,=q,™}
Using Iwasawa decomposition and the fact that W; , and ®, are right G(OF ,)-finite, we can rewrite
Wy (s, W10 Wa ;s A, ®@y) as

Z /T(F )Wl(,j;,)(av; )\)Wz(i,)(av; _)_V)(Dj,v(nav)fv(detavw_l(av) |detav|§rv day,
jeJ v

where the sum is over a finite set J, Wi%)(av; A) is the Whittaker function associated to some smooth
functions in Hgp ,, 1 <i <2, and ®; , is some Schwartz—Bruhat function.

For1<i<2and ;e J, W/l.%)(xv; A) is right G(OF 4 )-finite. So there exists a compact subgroup
Novw € G(OF)NN(Fy), depending only on ¢, such that Wif{;)(tvuv; A) = Wifi)(lv; A), forall t, € T (Fy)
and uy € Ny,. On the other hand, Wifi)(tvuv;m = 6y, (uv)W/ifi)(lv;A), where 0, (ny) = 0(tynyt; ),
for any n, € N(Fy). But then, there exists a constant C, depending only on Ny, and 6 (hence not
on A) such that 0y (uy) = 1 if and only if |o;(f,)| < Cp, where «;’s are the simple roots of G(F).
Thus each Wifi)(xv; A) is compactly supported for a fixed A € iag/iag. Therefore, for a fixed A,
Wy (s, Wiy, Wayi A, @) is a formal Laurent series in ¢, *. Indeed, one can chose some nonnegative
integer M independent of A (but depending on 7 and ¢), such that

Wy(s, Wi, Wanih, @) = ) W (Wiy, Wawih, @0) -,
m=>—M

where \IJI(,m)(s, Wi,v, Wa yi A, @y) is defined by the integral

2 S gy W @ W s =20 @; o (na) (et an)s ™ (av) day.
jeJ v

Applying the above analysis on supp W; ,(ay; A), we see similarly that
supp W/ifi)(av;)x) C{re T (Fy) - log ()| F, < lej), 1<I<n-1}
for some constants Cv(j ). Hence, foreach j e J,m>—-N anda, € T (’")(FU), the function
ay > W @y W) @y 1)
is analytic and is a formal Laurent series in {q,, hi 11 <i <r} by (2.5.2)of [17], and the function

ay = W (ay: W) (ay: 1) ®j o (nav) T(detay)8 ™ (ay)
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is locally constant. Therefore, \Ill(,m) (W1,0s Wa,pi A, @y) is an analytic function of A and is a formal
SRR P .
Laurent series in {¢g,, " : 1 <i <r}.

Since ), , is of Whittaker type, we can use Theorem 2.7 of [17] to see that, for fixed A €iag/iag,
Wy (s, Wiy, Wa i A, @y) - Ly(s, 75 ® Ty X 7?_;\’,,)_1 is a polynomial in {g;, g, "} with coefficients
functions of A. Moreover, Ly(s, ), ® Ty X ﬁ_l,v)_l is a polynomial in {g;, q,”*, q,),"' , qv_K" 1 <i<r}.
So we can write

Lv(s77rl,v®fvxﬁk,v)_l = Z Ql()‘)qv_lsv
[l|I=N

where N is a positive integer and Q;(X) are polynomials in {q,),‘i Gy Mo <i < r}. Then for A €

iag/iag, Wy(s, Wi p, Wa ik, ®y) - L(s, 7 4 ® Ty X ﬁ_k,v)_l is equal to the sum over m > —N — M
of Ry (s, Wiy, Wa oy A, @y)g, ™", where

Rin(s, Wi, Wi b, @)= Y Qi)W (W, Wapi 4, D).

i+j=m
|i|<N,j=—M

Since the sum on the right is finite, R;(s, Wi 4, W2 y: A, @y) is analytic in A. Moreover, it is a formal
Laurent series in {ql},“ " qy b <i <r}. Therefore, Proposition 7.1(a) follows from the next claim:

Claim 7.2. There exists some M € Z, independent of A € iag/iag, such that Ry, (s, Wi 4, Wa i A, @y)

vanishes for all m > My and for all A € iag/iag. For each m € Z, Ry, (s, W1 4, Wa y; A, Dy) is a
c e g atks EA :

polynomial in {q;>°,q, ™" 1 <i <r}.

Proof of Claim 7.2. Let [ € Z. We define
Ap:={Aeiag/iag: Rm(s, Wiy, Wayih, ®y) =0 forall m > 1}.
Each A; is closed as the function Ry, (s, W1y, Wa y: A, @y) is analytic (hence continuous) in A. Since

Ry(5.2) =Y Ron(s. Wip. Waui k. 0)g; ™ € Clg3. 4,
m

for fixed A € iag/iag, there exists some M (A) such that Ry, (s, Wiy, W2 i A, @) = 0 as long as
m > M (A). Therefore, iag/iag is covered by the union of all A;.

Noting that iag/iag ~ R” ~1 is a Banach space, by Baire category theorem there exists some A lo
having nonempty interior, Int(Ay,), say. Thus, for any A € Int(Ay,), R (s, Wiy, W2 1 A, ®y) = 0 for
any m > ly. Since Ry, (s, Wiy, Wa 3 A, ®y) is analytic for any / € Z, Ry (s, W19, Wapi A, Dy) =0
forall A € iag/iag, proving the first part. For the remaining part, we consider the functional equation
(see [17]):

\Dv(l -, I;‘r/l,'l)v WZ,‘U; _)_"’ aU)
L,(1—s, J"f_)-hv ® Ty X Ty p)

\I’]'U(S’ Wl,Ua WZ,U;)\" ¢U)
Ly (s, )0 @ Ty X ﬁ—k,v) '

= 81)(3’ Ty v X ﬁ—k,vv 91}) :

where ,(s, 7y X T_j . Op) is a polynomial in {g3. g, q?}i , qv_)”i 1 <i<r}
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We can interpret the functional as an identity between formal Laurent series in {q,)} " qy Mg <i=<r}
The left side is of the form Zm1> M, qvm“\’ while the right side i 1s of the form Zm2> M, q_mz)”’.
Since they are equal, they must both be polynomials in {g;.q, ,qv ,qv : 1 <i <r}. This proves

Claim 7.2, and with it Proposition 7.1. O

One will see that Proposition 7.1 is insufficient for our continuation in next few sections. Hence we
need to compute

Wy (s, Wiy, Wa yi A, @
Ry(s, Wiy, Wa i d) = oo e = v)’ Re(s) > 1. (7-6)
’ ’ Ly(s, 0 @ Ty X T )

more explicitly. We will do principal series case below since this is the only case we need for the
meromorphic continuation of Rankin—Selberg convolutions— it suffices to consider the partial Euler factors
which corresponds to the principal series at all but finitely many places.

Lemma 7.3. Let v be a nonarchimedean place of F. Let my be induced from B(Fy) by characters
Xv,1> Xv,25 - - - » Xvn- Assume that 1y is right Ky-finite. Let o € T (Fy) and let Wy («, ) be a Whittaker
function associated to m, ) and a. Then Wy(a, L) is of the form By(a, A)Ly(A), where By(a, A) is a
holomorphic function of A, and

LoM) =TI T1 Lo +Ai—Aj, xuiXw,) "

1<i<r i<j=<r

Proof. Starting with n = 2, we may assume that x12 = Xy,1 X;12 is unramified. Otherwise, the local
L-function L(s, x1X2) is trivial, and Lemma 7.3 follows from Part (a) of Proposition 7.1. In view of

(1) = D)7 9)

and the K,-finiteness condition, one has

Wo@h) =Y 3 ¢ Xi2(a@))|a@)| 57220 (qu) du + Wy (@, 1),

—l><

jedJ I=1
Wy (e, k) = > ¢j x12(a@))|a@) ST *20(qu) du = ¥ ¢j O(au) du,
jeJ 7O jes ~JOu

where j runs over a finite set J and the ¢;’s are constants; both J and the ¢;’s depend only on the
K,-type of 7. For u € F)S, write u = u°w£, where u° € Oy = O;,and [ € Z. Write o = aow,’f, where
«° € O;. Recall that by definition the one sees that the conductor of 6, is precisely the inverse different
of Fy, which is 33;3 ={xy € Fy 1 trF, /0, (xv) € Zp}, where p is the characteristic of residue field of Oy.
Since @;i is a Zp-module of Fy, it has the representation ’D;l =w, d Oy, where d € N>q. Hence

— — k
[ = /Ove(ocu) du = / 0(a®ug’) du = /ODG(uwv)du
is vanishing if k < —d — 1. Clearly I = 1 if Kk > —d. Note that

[ xa2@@)aG) P 20(u) du = xi(@) [o (172D o) du
‘(IJ'_[(')X —[Ox

v v wU v
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is vanishing if / > k +d + 2. Let ¢, = |@y|; . Then one sees that

ktd -1 I —(A1—A2)l
Wy, }) =C +C Y (1—¢; HYxia(@)'qy M7 - W, (7-7)
=1

where C is a constant depending only on F and K,-type of ¢, and

W,o =X1z(wv)k+d+lqv_(k+d+1)(l+)“‘_)“2) /wikid?l §

O(uwk) du. (7-8)
OU

Since 6 is nontrivial on @, 4-10),,, then /

k = —k—d—1px _
k=10, O(uwly)du = 0. Note that w, O =
v v

w; k=410, \ w;%=40,. Then
k k k k+d
/w'v—k—d—loi; e(uwv ) du = /w-v—k—d—lov e(uwv ) du — /w.v—k—dov e(uwv ) du = _qv+ :

Then it follows form (7-7) and (7-8) that W («, A) is equal to C multiplying

k+d
L=1+ Y (1—q;Yxia(@y) gy W17 — 15 (kT H g krd DO =)=,
/=1

An elementary computation leads to the identity
L= (1= xu2(@)gy ) Pl (m)gy H17), (7-9)

where P(z) = (1 —zFTd+hy (1 —z) ' =14z 4.+ kHd c C[2].

Therefore, one has W, (a, 1) = CQ(Xlz(wv)qv_(}“l_)“Z))-Lv(l + A1 — A2, X12), where Q(z) = P(z)
if Kk > —d and Q(z) = 0 otherwise. Taking By (o, A) to be the function CQ(Xlz(wv)qv_(}”_)”Z)), we
then obtain Lemma 7.3 in n = 2 case. The general case follows from the recursion property of Whittaker
functions [37, §2.3] and induction, since the integral with respect to x; ; is exactly the same as above,
1<l<j<n. O

Proposition 7.4. Let v be a nonarchimedean place of F. Let m, be induced from B(Fy) by characters
X105 X2,05 - - - » Xn,v- Assume that my is right K-finite. Then the function Ry(s, Wiy, Wa 4; A) is of the
form Qy(s, M) Ly (L), where the function Qy(s, X) lies in Clg*, qf,t)”" 21 <i <nland

v

Ly(A) = 1_[ H Ly(1+A; _)Lj, Xi,v)_(j,v)_1 “Ly(1—A; +)\j’ )_(i,vXj,v)_l-

1<i<r i<j=<r

Proof. By Lemma 7.3 the function

Wv(xv§¢1,v7)") 1_[ H Lv(l‘i‘)\i_)"j,)(i,v)_(j,v)

1<i<r i<j=<r

isin (C[qvi & : 1 < j <n]. Applying the expansions in [17] and changing orders of summations we see that

Rv(&Wl,v’WZ,v;)‘) 1_[ l—[ Lv(l+)\i_)‘iji,v)_(j,v)Lv(1_)\i+)\j,)_(i,vXj,v)
1<i<ri<j=<r
+A;

lies in C[qg:s,qv 21 <i=<n. O
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In conjunction with the Langlands—Shahidi method, we have:

Corollary 7.5. Let v € X F gy, be a finite place such that 1, is unramified and ®,, = ®;, is the characteristic
Sfunction of G(OF ). Assume that ¢y, = ¢2 4 = ¢y, is the unique G(OF )-fixed vector in the space of
7y such that $9(I,) = 1. Then Ry(s, Wi,v. Wa i A) is equal to

[T T1 Lo(Q4ri—hj,mipx70) Lyl =Ai + A, Ty X 7j0) "L (7-10)

1<i<r i<j=<r
In particular, Ry (s, A) is independent of s.

Proof. Fix A € iag/iag. Let Wj"v be the G(OF y)-invariant vectors such that Wj‘:v(l,,) =1,1<j<2.
Then by the computation from [17], we know that W, (s, Wl"’v, Wz"’v; A, @)/ Ly(s, 5,0 @ Ty X Ty p)
is equal to (7-10), where ®; is the characteristic function of O’;:’v. Then Corollary 7.5 follows from
induction and unramified computations of nonconstant Fourier coefficients of Eisenstein series (see [31],

Chapter 7). O

Corollary 7.5 will be used in Section 9 to investigate the meromorphic continuation of Iwn;(s, t) for
general 7, e.g., Theorem G.

Now we move to the archimedean case. In the current state of affairs the local L-functions

Loo(s,my xtx7_3) = [] Lo(s, 7m0y X T XT3 o)
v|oo

are not defined intrinsically through the integrals as in the nonarchimedean case, but rather extrinsically
through the Langlands correspondence and then related to the integrals. Let Tr(s) = 7 ~*/2T'(s/2) and
I'c(s) = 2'75775T'(s). Then by Langlands classification, each archimedean L-function L, (s, Ty X
Ty X _}, ) is of the form

[T Tr(s + i) TT Tels + 1), (7-11)

iel jeJ
where I and J are finite set of integers, and u;, /L} eC.

Combining results from [15] and well known estimates on archimedean Satake parameters (see [23],

for example) one concludes the following result.

Proposition 7.6 (archimedean case). Let notation be as before. Let v € X F o, be an archimedean place.

(@) Wyl(s, Wiy, Wa s A, ®y) converges absolutely and normally in the right half plane {s € C : Re(s) >
1—2/(n?* + 1)}, uniformly in A € iag/iag. Moreover, it is bounded at infinity in any strip of finite
width.

(b) The function Ry(s, Wiy, Wa yi A) is holomorphic in s and L. Hence, Wy (s, Wiy, Wa 4i A, @y) =
Ry(s, Wi,0. Wa i M) Ly(s, ) ® Ty X T, ) admits a meromorphic continuation to the whole

complex plane.
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(c) We have the local functional equation

Yy(1—s, Wl,vv I/’f/2,v; —)_\-, (’I\)v)
Ly(1—s, J"f_}-\’v ® Ty X ) p)

\IJU(S’ Wl,v’ WZ,U;)\" (I)U)
Ly (s, Ty @ Ty X ﬁ—k,v) ’

= &y(8, Ty p X T_p p, O) -

where gy(s, Ty, y X T_y, 4, Oy) is a holomorphic function.

Remark 7.7. It follows from Lemma 5.4 in [15] that if both 7y, and =5, are tempered, then the
Rankin—Selberg convolution Wy (s, Wy, Wa ,; A, @) converges absolutely and normally in the right
half-plane {s € C:Re(s) > 0}, uniformly in A € iag/iag.

7C. Global theory for ¥ (s, Wy, W3 X). In this section, we shall compute the global integral represen-
tation W (s, Wi, Wy; A, @) defined via (7-4).

Let 7, , be the contragredient of m, ,. Let , be a uniformizer of OF ,, the ring of integers of F,.
Let gy = NF, /0, (@y), where p is the rational prime such that v is above p. Define

lIJU(S, Wl,v’ WZ,‘U;)‘v CI)U)
Ly(s, v @ Ty X ﬁ—k,v) ’

R(s, Wy, Wy )= []

VEXF

Re(s) > 1. (7-12)

Then R(s, Wi, W,; A) is holomorphic for any A € i a*Q /iag. Putting together the local computations in
the last section, we get:

Proposition 7.8 (global case). Let notation be as before. Let s € C be such that Re(s) > 1.Then

(a) The integral YV (s, Wi, Wy A, @) converges absolutely in Re(s) > 1, and it is bounded at infinity in
any strip of finite width.

(b) We have the global functional equation for Re(s) > 1:
W(l—s, Wy, Wa; —A, 771, @) = W(s, Wy, Wa; A, T, ).
(c) Forany fixed . €i a*Q /iag, R(s, Wi, Wa; L) can be continued to an entire function.

7D. A refinement of Theorem E. Let notation be as before. For A € i a*Q /iag and ¢, € B , define

(ZoA, @)1, P2) - W(s, Wi, W A)
A, my ® T XT_))

Ro(s.2:0. 0= Y. ., Re(s)>1, (7-13)

P1,02€B0, %
where

AGs,my @t x7_3) = [] Lo(s,mpy® Ty X Ty )
VEX F

is the complete L-function. According to Propositions 7.1 and 7.6 the function
W(s, Wy, Wa: M A(s, 1), @ T x )~ !

18 entire.
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Theorem F. Let notation be as before. Let 0 < Re(s) < 1 or Re(s) > 1. Then

T, 0= % = [ Ry(s.k 0 0 Al 1 ® T X Fy) d (7-14)
X QGQ Q lClQ/lClG

converges absolutely and uniformly on every compact subsets. In particular, Theorem E holds with ¢y, = 1.

Proof. Fix a proper parabolic subgroup Q € Q of type (n1,n;,...,n;). Let X be the subset of cuspidal
data x = {(M,0)} such that M = M. Set

Jo(s) = Z/ Ry(s. 2 Q. X)A(s. ) ® T X T_y) dA.
poo iag,/iag;

Let Mg =diag(M;, M5, ..., M), where M; € GL(n;), 1 <i <r. We may write 0 = (01,02, ...,07),
where 0; € Ag(M;(F)\M;(AF)). By the K-finiteness of ¢, each ¢; has a fixed finite type, so its arithmetic
conductor is bounded uniformly (depending only on ¢). Write ¢ as a finite sum of convolutions @y * ¢g.
So

\IJ(S’ W(X? Wﬂ7)\')
Ry(s,2; 0, %) = =~
¢ %: %:qbe%:Q,X A(s,m) @ T XTT_y)

where Wy (x:A) = W(x,Zp(A, pa)¢; 1) and Wg(x; 1) = W(x,Zp(A,¢g)p:A). For v € T, we define

\IIU(S7 Wa,vv Wﬂ,v; )‘v qDU,jv)
Ly(s, 75,0 @ Ty X Ty o) ,

REZB(s,0; ) := Re(s) > 1/2,

as the local component. By the calculations at the unramified places in Section 7, we have jo{f (s,1;90)=1

for almost all v, and joﬁ (s, A; ¢) is holomorphic at the finitely many remaining places. As a consequence,

W(s, Wy, Wai A)
@ P = ] R%E(s.hi9)
A(s, Ty ®TXTT_))  yexp

is a finite product of holomorphic functions. Here we have identified jo’g (s, A; ¢) with its holomorphic
continuation.

Writeia*Q/iaz SA=Rq,...,Ap)withA{+---4+A,=0.Lets =pu+iy withO<pu<1andy €R.
Sets’ = u' +iy, where /=100 + |B| + c,,. Here ¢, is the constant defined in Theorem E. Let

V(s,A) = Sn(S— l)n H(S — A +)\.j)n(s_ 1—A; +)\j)n.
i,j

Then V(s,A\)A(s, m), ® T X T_y) is entire. As a consequence,

Jap() =V DA m@Tx73) X [] R&E(s. A )
9EBp, , VEXF

is entire. By Proposition 7.8 we have limy, o0 Jy g(s) = 0. So one can apply the maximum principle
to get |Jy g(s)| < max{|Ja’5(1 -5, |Ja!'3(S/)|}. By the functional equation and the estimate on the
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e-factor, whose size is a power of the norm of the arithmetic conductor, we obtain

l‘U(1 _Slv A ® Ty X ﬁ—)w v)

’

[Jap(1 =) < | p(s)]-M* T]

ploo

Ly(s', w0 @ Ty X Ty, V)

where M is an integer determined by the K-type of ¢ (i.e., the finite places v such that ¢, is not G(Oy)-

invariant) and the implied constant is absolute. Note that A; € iR and Re(s) # 0, 1. So V(s,A) >, 1,

with the implied constant depending on s. By Stirling’s formula concerning gamma functions we obtain
[V(s". 1)
[V (s, A

Ve I Ly(1—=5",7m) 0, ® Ty X T}, V)

ploo

L5, 1

Ly(s',mp 0 ® Ty X Ty, V)

where the implied constant depends on s and ¢. Then

|Rp(s.4: Q. ) A(s, ), @ T X T)| K X2 %
o

S W Wi,
$€Bo.x

where the implied constant depends only on ¢. So the absolute convergence of Jg(s) follows from
Theorem E. The above argument also works for 1 < < ¢,. So Theorem F follows. O

Corollary 7.10. Let notation be as before. Assume t is such that ok #1forall1 <k <n. Then

1 -
Iwn(s.1) =Y > ~ /iuz/iaz Ry(s.4: 0, ) A(s. ) ® T x F_y) dA

X Qeg @

admits a holomorphic continuation to the whole s-plane. The function Iwni(s, t)/A(s, T) is also entire.

Proof. Since T8 #£ 1 for all 1 < k < n, we have 7, ® T % m,_for all A. Then A(s, ) ® T X 7_;) is entire.
Hence the arguments in the proof of Theorem F (with V(s,A) = 1) work here for all Re(s) > 0. Then the
first part of Corollary 7.10 follows from the functional equation Proposition 7.8.

Note that A(s, Ty ® T x 7_y) is a product of A(s, )" and some other Rankin—Selberg L-functions on
GL(n1) x GL(n3), ny,ny < n. Hence, Iwni(s, T)/A(s, 7) is entire if 7€ # 1 forall 1 < k <n. d

We say 7 is exceptional if T8 = 1 for some 1 < k < n. For nonexceptional z, Corollary 7.10 gives
a holomorphic continuation of Iwyi(s, T) to Re(s) > 0. However, if t is exceptional, the holomorphic
functions defined by (7-14) in 0 < Re(s) < 1 and Re(s) > 1 are not compatible, i.e., they do not give a
natural continuation of Iwhy;(s, 7). For example, when 7 is trivial, (7-14) diverges for all s with Re(s) = 1.
A meromorphic continuation of Iwp;i(s, T) in these (finitely many) exceptional cases will be given in
Section 9.

8. The Dedekind conjecture: proof of main results

8A. Proof of Theorem A. From Theorems C, D, E and F, we conclude the first part of Theorem A,
obtaining (1-5), namely, for Re(s) > 1,

Ig’(s, T) = IgeO’Reg(s, )+ Ig (s,7)+ Ié’;ng(s, T) + Iwni(s, 7).

,Reg
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Moreover, 1, ((f (s, 1), 1 g (s, ) admit meromorphic continuation to the whole s-plane.

@
eO’Reg(s, 7),and Ip

Consequently, 7, S(ping (s, ) can be continued to a meromorphic function on C.

»Reg

Assume 7 is such that ¥ # 1,1 <k <n. By Corollary 7.10 the function Iw;(s, 7) has a meromorphic
continuation to Re(s) > 0. By the functional equation of Eisenstein series, we conclude that Iwy;(s, 7)
has a meromorphic continuation to the whole s-plane. Then Theorem A follows.

8B. Proof of Theorem B. In this section, our objective is to construct a suitable test function ¢ in
Theorem A to prove Theorem B, i.e., holomorphy of adjoint L-functions for GL(7) implies the Dedekind
conjecture for degree 7.

8B1. Auxiliary results. We establish several important auxiliary results: Lemmas 8.1-8.5, which address
key points essential to our analysis:
e distribution of the fractional part {& log p} of @ log p as primes p traverse arithmetic progressions;
e description of conjugacy classes supported in compact sets;
¢ construction of the local test function as the matrix coefficient of a suitable supercuspidal representa-
tion;
* nonvanishing of the local integrals of IGeo,Reg (S, 7).

These results play a crucial role in our subsequent analysis of the nonvanishing of the geometric side
(see Section 8B2).

Lemma 8.1. Let a € R.. Let n,m € Z>y1. There are infinitely many rational primes p such that

1/6

p =1 (modm) and {alog p} <n~' p~V/6 where {-} is the fractional part function.

Proof. If @ = 0, then Lemma 8.1 boils down to Dirichlet’s theorem.

Suppose o # 0 henceforth. Let k£ > 1001 + 100« |log 2c| + 10mea. By [28, §VIII.14a, p.290] there
exists a prime p € (eK/® ek/® 4 o4k/Ga)y guch that p = 1 (mod m). Write p® = ek + B, where
0 < B < (ek/® 4 e4k/Gadya _ ok Thep

alog p—k =log(1+ Be ) < (14 e K/CND) _1 <2pekK/G0) < =1 ,=1/6,
Hence, Lemma 8.1 follows. O

For v € X F gy, denote by e,(-) the standard evaluation on F, normalized as e,(wy) = 1. For
Xy = (x3,j) € G(Fy), we set
emin(Xy) = min ey(xj,j).
1<i,j<n
Let © be a compact set in G(Fy). Set
Q l:={x"1:xeQl,

emin(2) ;= min  epin(xy) <0.
xXp€EQUQ!
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Lemma 8.2. Let notation be as before. Let v € X F gin. Let Q be a compact set in G(Fy). Let

0 e —co
10 - —¢
Yo = —_— . € G(F) = G(Fy). (8-1)
I —cn—

Let xy = tuk € G(Fy), where t = diag(ty,...,t,) € T(Fy), k € G(Oy), and u = (u;,j) € N(Fy) satisfies
that, for 1 <i < j < n, either ey(u; j) <0 oru; j = 0. Suppose that detx, € O, and xv_lyoxv € Q.
There exists a polynomial p(n) > 0 of n, with coefficients determined by ey(c;), 0 <i < n—1, such that

{p(n)emin(Q) = ev(ti) = _p(n)emin(sz) ifl <i=<n,

8-2
p(M)emin(2) < ey(uj,j) < —1 fuij#0and1 =i <j=n. ©2

Proof Write u™! = (u;]) Then ev(u;.,j) <0if u;J #0, 1 <i < j <n. By a straightforward calculation

we have
“/1,2 “1,2“/1,2+11_112”/1,2 e K
_ _ nt;bV Y uy s % _
kxy 'ygxpk ™t =12 T2 TR | ekk!. (8-3)
bty 1 %

Upon analyzing the corresponding elements in (8-3) individually, we obtain

{ev(ti) _ev(ti-l-l) = emin(Q) if 1 <i<n-1,

. o (8-4)
ey(ui,j) > p1(n)emin(L2) if1<i,j<n,

where pq(n) > 0 is an explicit polynomial of #n, whose coefficients depends only on ey(c;), 0 <i <n—1.

Note that

1 1 1

—Cy €1 —Cy €2t —Cy

— 1 0 0
Yo = L |eaw.

1 0

Taking the transpose inverse of (8-3) we then obtain M| M, € kQ k=1, where

4

huyx B
M] = . .
Hihip—1 = n—1Up—1,n In
and the matrix M, is defined by
—cgley —cgley oo —cg! !
o ¢ 0o ¢2 0 _11 , .
1 0 0 Ly ui, L

M2 =

10 L T T 0!
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For 2 < i <n, denote by m; the (i,i—1)-th entry of M; M, € kQ~'k~1. Then

11 1
ty Ujpjy) F ol

-1 -1 —
mi =ty i—1(—¢y Ci—1t;i_y +--—¢g
Here we extend the notation by setting u;._z ;=1ifi =2
-1
i—1°
there exists a polynomial p,(n), whose coefficients depend solely on ey (¢;) with 0 <i < n—1, such that

In the expansion of m; — t;¢ if a term contains 7, ltj, then / < j. Consequently, according to (8-4),

ey(m; _tili__ll) > pa2(n)emin(€2).
Note that e, (m;) > emin(2) and enin(2) < 0. So
ev(titi__ll) > min{ey (m;), p2(n)emin(2)} > (p2(n) + 1)emin(£2). (8-5)

In addition, it follows from detx, € O} that e,(#1) + - - - + ey (f,) = 0. Hence, combining (8-4) and
(8-5) we obtain (8-2). O

Remark 8.3. By performing some elementary calculations (albeit tedious), it is possible to explicitly
determine the polynomial p(n). However, for our specific purpose, it suffices to note that p(n) depends
solely on the value of 7 and the characteristic polynomial of y,,.

Lemma 8.4. Let j be a fixed odd integer coprime to n. Let y, € G(F). Let v € E p g, be a finite place such
that q, = #(Oy /py) is sufficiently large, where p, is the maximal ideal. Let J' := (1 + py)(1 + B%),
where B = {b = (bi,j) € G(Oy) : bi,j € wyOy, 1 < j <i < n}. Then there exists a supercuspidal
representation o of G(Fy) with the following properties:

* 0 has depth j and trivial central character.

o There exists a matrix coefficient mq of o such that

ma(xv_l)/o’vxv) = c(Vo,y- O')IQ(XITI)/O;UXU), (8-6)
where 'y, , is the embedding of y,, into G(Fy), and

= ¢(¥y.4» 0) is a nonzero number depending only on Fy, v, , and o;
— Q is a compact set with —enin(2) < 1. Here the implied constant depends only on j and n.

Proof. A construction for such a o has been presented in [7, §1]. In this context, we follow the
reinterpretation outlined in [12, §3] to emphasize the specific properties mentioned in equation (8-6).

Following the notations in [12, §3]. Let B be an n x n matrix with min;cz{8 € B’} = —j such
that L = F[B] is a totally ramified field extension of degree n with the property that L* normalizes
A=1{b=(bi,j) € G(Oy) : bj,j € w0y, 1 < j <i <n}. We may take B to be “minimal” in the sense of
[7, (1.4.14)]. Let o be the supercuspidal representation associated with 8 constructed in loc. cit. (or [12,
§3]). Then o has depth j and trivial central character.

Since ¢y is sufficiently large, we can define the unique simple character 6 on J! as 6(x) = ¥ o
Tr(B(x — 1)), where ¥ is a fixed unramified additive character of F,. See [7, §3] or [12, Definition 3.6].
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Then there is a unique vector £ € o such that g=!J!g acts on 7(g)& by 0¥ for all g € G(F,), where
08 (x) := 0(g~ ' xg). We define a matrix coefficient by

M (x) = (o(x)a(B7)E E)cesip,

which is a slight variant of the matrix coefficient defined in [12, (3.23)]. Then by loc. cit. we have

Me(x) =Y o Tr(B(x™" — D)(E, &) = Y o Tr(x — (£, §).

. _ _1 .
Taking x = x, Yo,pXvs We obtain

Mo (X5 Yo p¥0) = Y o Te(B(xy g o B~ = D)(E.€) = ¥ 0 Tr(y, , — A&, 6).
Then Lemma 8.4 follows with ¢(y, ,.0) = ¥ o Tr(y, , —B) # 0 and @ = J1B. O

Lemma 8.5. Let so = 0 +ito withog = 1/2 and tg = 0. Let y,, € G(F) be regular elliptic. Then there
exists a finite place v € X F, a real-valued Schwartz function ®, on F}!, and a compactly supported
smooth function ¢, on PGL,, (Fy) such that T, (so, ¢, v, ) # 0, where Ty(so, o, o, ¥,)) is defined by
/GVO(FU)\G(FU)%(X"_Iyo’”xv) /GVO(Fv)d)v(nlxv)rv (det txy) |det txy |30 dt dxy.

Proof. Set « = (2)"#y. Let m > 1 be the norm of the arithmetic conductor of 7. Fix a sufficiently
large rational p as in Lemma 8.1. Then {olog p} < n™! p_l/ 6. Let v be a place above p. Then
{alogqgy} <qy 1/ (6n)’ where ¢, is the cardinality of the residue field of F,.

We may assume y,, is given in its companion matrix form (8-1). Since p is sufficiently large, ey (¢;) =0,
0 <i <n—1. Here ¢;’s are coefficients of the characteristic polynomial of y,,. Let j be a fixed odd integer
with (j,n) = 1. We will adopt the notation in Lemma 8.4. Take ¢, = m, constructed therein. Then

§0v(x;170,vxv) = C(Vo,v’ U)lﬁ(xu_l)/o,uxv)» C(Vo,v’ o) #0.

Take @y = 1. The integral Zy (so, pv, Py, ¥,)) becomes

lo(x,! Yo.0Xv) Dy, (ntxy)T(det txy) |det 1x4 |30 dt dxy.

c ,O
¥0.:) Gy (FO\G(F,) Gy, (Fu)

For each x, € G),O (Fy)\G(Fy), we may assume det x,, € O, . For all x,, such that xv_l Yo.u¥v € Q and
detx, € O, by Lemma 8.2, we have uniformly that

Ler, (1) = @u(nixy) <1 e, (1), (8-7)

where e; < e, are two integers depending only on n and ;.
Note that p = 1 (mod m), which yields 7, (det zx,) = 1. Hence,

@, (nt det 7xy) |det ¢ SOdr:/ Dy (ntxy) |det 1xy ;0 dt.
/GVO(FU) v(’? xu)‘c(e Xv)| € lev Gy (Fy) v(n xv)| e xv|v

Yo v
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Write |det xy|y = gy ! By (8-7) and Lemma 8.2 we have [ > e3, where e3 is a constant determined
only by n and j. Note that

Re(|det 1x,]50) = q;""l cos(tol loggy) = q;"ol cos2rl{alogqy}).

Since {a log ¢y} < gy /™, we have cos(2l{a log qy}) = 1/2 for I < 100~ 1¢/ €™ S0
Re(|det 1x,[50) > ;00 /2, 1 < 100714}/ M.

Therefore, we obtain

/ @, (ntxy) Re(|det £x,[50) dt > 1+ O(E). (8-8)
Gy, (Fv)
where the implied constants depend only on 7 and j, and the “tail” £ is defined by
o -1 4 _ |
&= Z g, <L qy ", 5—@.
1>100—1¢3

By taking ¢, sufficiently large we see that the right-hand side of (8-8) is positive. Hence,
Re( / D, (ntxy)T(det £xy) [det £x,]20d1) > cn ;.
Gy, (Fv)
where ¢, j > 0 is a constant determined by n and ;. So

1o(xy Vg 4 x0) / Dy (ntxy)T(det £xy) [det £, di dxy) > 0,

Re /
( Gy, (Fu\G(Fy) Gy, (Fv)

namely, Re(Zy(sg, ¢y, Dy, yo)/c(yo’v, 0)) # 0. Hence, Zy (50, ¥v, v, ¥,) # 0. O

8B2. Proof of Theorem B. Fix a field extension E/F of degree n. Let 5o € C — {1} be such that
Re(s) > 1/2. Let y, € G(F) be such that F[y,]* = E. Although such y, are not unique, we fix one y,,.
Consider the continuous map

0:G(F)—F", yr(an-1(y).....a1(y),a0(y)).

where the a;()) are the coefficients of the characteristic polynomial f), of y,i.e., f, () =det(t],—y) =
1" +a,_1 ()" +---4+ay(y)t +ao(y). Then o extends to a continuous function G(Af) — A%

As y ranges over G(F'), the image o (y) becomes discrete in A’.. Consequently, there exists a small
neighborhood Uy centered at the identity 7, € G(AFr) such that the set {x~! YoX 1 x € Gy (Af)Up} does
not contain any other rational y distinct from y,,. By appropriately shrinking the neighborhood, we can
ensure that t(detx) =1 and |det x| = 1 for x € Uy. Denote by

T(s,x)= /AX d(nix)t(det tx) |det tx|*d™t.
E

Then, by Tate’s thesis, 7'(s, x) is an integral representation for A(s,7 o Ng/p). So T(s,x) =
O(s,x)A(s,T o Ng;F), where Q(s, x) is a function holomorphic in s and smooth in x, depending
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on @, 7, and E. Moreover, by Tate’s thesis, one can choose ® such that Q(s, x) = 1 when x = 1. Fix
that choice of & = ), ®,. By continuity there exists a small neighborhood U; of I, € G(AF) such that

Re(Q(sg,x)) >1/2, xeU. (8-9)
Let C := {x_l)/ox :x € Uy N U, } be a compact subset of G(Af). Write C = ), Cy. Forv e ZF,
define Zy (s0, v, Pv, ¥,) by

0 (Xy Vg px0) / @v(ntxv)rv(det £xy) |det £xy[50 df dx,.

/ Gy (F)\G(Fy) Gy, (F

This notation has been used in Lemma 8.5. We will construct ¢, and &, as follows.
Let vs be the finite place defined in Lemma 8.5. In that lemma, we construct functions ¢,, and
@, = 1pp . It follows that

Iv* (SO’ (2 qDU*? )/0) 7é 0. (8_10)

Note that ¢y, is sufficiently large, the v-th component of ® coincides with 1oz . Therefore, the notation
®,,, which refers to both the function constructed in Lemma 8.5 and the vs-th component of ®, is
consistent and compatible.

For v € ZF —{v«}, we take ¢, = 1¢,. Let ¢ = ®v€2F ¢y. By construction, there exists a finite set
S of places, such that C, = Ky and @, = 1 for v € S. Then the local component Qy (so, xy) =1 for
xy € Cy, v € S. As a consequence, we obtain, for v € S, that

—1
dxy > 0. 8-11
VS H/G (Fv)\G(Fv)(p”(x” Yoy ¥v) dXv > (8-11)

By (8-9) and (8-10), Zy (s0, ¢v, Pv, ¥,) # 0, for v € S. Hence,

1—[ I’U(SO Dy, v,)/o
Ly(so.wo Ng,/F,)

l_[ Ty(s0, pv, Pu, V)

0. (8-12)
S Ly(so, Ty 0 NEU/FU) #

It the follows from (8-11) and (8-12) that
IU(S()v (p'lh ©v7 VO)

-1
X x)0(sg,x)dx = 0. (8-13)
/GVO(AF)\G(AF)(/)( VO )Q( 0 ) Ul;[F L'U(SO’TUONEu/FU) #
Substituting this choice of ¢ into Theorem A we obtain
I(s,7)  A(s,1oNg/F)
0\ ’ /F -1
= X x)O0 (s, x) dx. (8-14)
A(s,7) nA(s, t) /GVO(AF)\G(AF)‘p( 70X Q(50. )

Assume that the twisted adjoint L-function L(s, 7, Ad ®t) is holomorphic outside s € {0, 1} for
all € Af)imp(G(F J\G(AF), 1), which is the subset of cuspidal representations with a supercuspidal
component. By spectral expansion (2-5), the function / g) (s, t)/A(s, 7) is holomorphic at s = s¢. Therefore,
it follows from (8-13) and (8-14) that the meromorphic function A(s, 7o Ng,r)/A(s, t) is holomorphic
at s = sg.
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Since s is arbitrary with Re(so) > 1/2, A(s,t o Ng,r)/A(s, T) is holomorphic in Re(s) > 1/2 and
s # 1. Utilizing the functional equation, we thus conclude that A(s, 7o Ng,r)/A(s, t) is holomorphic
atall s € C—{0, 1}. So the t-twisted Dedekind conjecture holds. Then Theorem B follows.

Remark 8.6. It is conjectured in [18; 19] that the reverse direction also holds, namely, the t-twisted
Dedekind conjecture for all field extensions £/ F of degree n should imply holomorphy of the t-twisted
adjoint L-functions. This is proved in [36] for n < 4.

Proof of Corollary 1.6. Let E be a field extension of F of degree n, such that g (1/2) # 0. By the proof
of Theorem B, one can choose some test function ¢ such that

B 1/2.x) dx #0.
/GVO(AF)\G(AF)('D(X VOX)Q(/ X) x;é

By (8-14) we have 17 (1/2,7) # 0.
Corollary 1.6 then follows from the spectral expansion (2-5) of the cuspidal kernel function Kq(x, x).
O

9. Meromorphic continuation: the exceptional case

In Sections 6 and 7, we established the holomorphic continuation of Iwni(s, 7) to the complex plane,
except in the case where t is an exceptional representation, meaning % =1 forsome 1 <k <n. Itis
important to note that the number of exceptional 7 is finite.

The main focus of this section is to derive a specific meromorphic continuation of Iwp;i(s, T) beyond the
region Re(s) > 1, specifically for these exceptional representations. However, it is important to mention
that for general n, we lack a symmetrical description of this continuation process. Thus, we will restrict
our analysis to cases where n < 4 in this paper.

To illustrate with a simplified example, let’s focus on the case when 7 = 2 and make certain oversim-
plifications. We can approximate the expression as follows:

I L : dr, R I
Whl(s’f)_zm'/_ioo(s—1—x)(s—1+x) + Rels)>1.

Now we fix s such that 1 < Re(s) < 1 + ¢/2, for a small € > 0. By shifting the contour, as explained
in [18], we have:
e+ioco 1 1
dr— .
—ico (s—=1—=A)(s—14+21) 2(s—1)
The right side of (9-1) defines a meromorphic function in the region 1 —€/2 < Re(s) < 1 + €/2 with

1
.

2mi

-1

a simple pole at s = 1. Therefore, we obtain a meromorphic continuation of Iwyi(s, T) to the region
Re(s) > 1 —€/2. By repeating this process, we can achieve a meromorphic continuation to the entire
complex plane with an explicit description of the poles.

Just as the above prototype, the genuine situation admits the same idea of continuation, but with
more delicate techniques required, since Iwni(s, 7) is typically infinitely many sums of such integrals.
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Details will be provided in the following subsections. Moreover, we find all possible explicit poles of
the continuation of each such integral as well, and show they cancel with each other except for s = 1/2,
where Iwni(s, 7)/A(s, 7) has at most a simple pole if 72 = 1.

9A. Notation. We fix an exceptional unitary character 7, e.g., T = 1. Let D; be a standard (open)
zero-free region of L(s, 7) (see, for example, [6]). Fix such a D; once and for all. We thus can form a
domain

R(1/2;t)" :={se€C:25se€D;} D {s €C:Re(s) >1/2}. 9-2)

In Section 9C, we will obtain a meromorphic continuation of Iwpi(s, 7) to the region R(1/2;7)”. In
conjunction with the functional equation we then obtain a meromorphic continuation of Iwp;(s, 7) to the
whole complex plane. The zero-free region plays a role as the strip Re(s) > 1 —€/2 in (9-1).

Let Q be a standard parabolic subgroup of G of type (n1,n,,...,n,). Let M =diag(M, M>, ..., M;)
be the Levi of Q. Let X be the subset of cuspidal data x = {(M, 0)}. We may write 0 = (01,02, ...,07),
where 0; € Ag(M;(F)\M;(AF)). Let m be a representation induced from y = {(M, 0)}.

Forany A = (A1,A2,...,Ay) € ia*Q/ia*G ~ (iR)" 1, satisfying that A + A, +--- + A, = 0, we let
K= (Kk1,Kk2,...,kr) € C"~! be such that

Ki=Aj—XAjy1, 1 <) <r—1,
J J A 9-3)
Kr =AM —Ar =K1 +Ky+-FKkr_1.
Then we have a bijection ia*Q/iag < iaZ/iaZ, A+ Kk given by (9-3), which induces a change of
coordinates with dA = mgdk, where m g is an absolute constant (the determinant of the transform (9-3)).
So that we can write A = A(k). Recall that

Z (IQ(A’¢)¢1’¢2)\I](S’ le WZv)\)
A(s,my ® T X7_))

Ry(s, A0, x) = , Re(s)>1, (7-13)
¢17¢2€%Q,X

where A(s, 7y ® T x 7_)) is the complete L-function. Then we can write
Ry(s, 0, x) = Ry(s,k:0, %), Als,m) @t x7_3) =A(S, T @ T X T_y).

Let v be a place. Recall from Section 7B the definition
Wy (s, Wl,vs WZ,U;)\" ®y)

— , Re(s)>1. (7-6)
Ly(s, Ty ® Ty X T_) )

Ry(s, Wl,va WZ,U;)\') =

If my is unramified, @, is the characteristic function of G(OF,), and W ,, = W, ,, is the normalized spher-
ical vector in the Whittaker model; then, by Corollary 7.5, Ry (s, W1y, Wa 4ik) := Ry(s, Wiy, Wa 45 A)
is equal to

I1 I1 Lv(l+:c,«,j,a,',vx6j,v)_1-Lv(l—:c,-,j,é,-,v XO‘j,v)_l, 9-4)

1<i<r i<j=<r
where k; j = k; +---+kj_1. Since ¢ is K-finite, then there exists a finite set Sy, ; ¢ of finite places such
that for any 7 from a cuspidal datum y € X in the spectral side, Ry (s, Wiy, W3 4 k) is equal to the
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formula in (9-4) if v € S, ¢, ®. In particular, Ry (s, Wiy, W5 i k) is independent of s for all but finitely
many places v. Moreover, Ry (s, k: Q, x) L(k,m, ) is holomorphic as a function of s and «, where

Lk, n,7):= [] [T A +kij,0ix0j) A1 —kK;j,0i X0j).

1<i<r i<j=<r

Let 1 <m,m’ <n be two integers. Let o € Ay(GL,,(F)\GL,(AF)) and 0’ € Ag(GLyy (F)\GL, (AF)).
Fix €9 > 0. For any ¢’ > 0, let D¢/(0, 0”) be

Nl 1
. (C(U)C(U/))_z(m+m) 2—'_Z(m-l—m/) €0
— . /
{K—ﬂ—i-zy.ﬂzl—c [ (1 + 32 TFal (9-5)
if 0/ % 6; and let D,/ (0, 0”) denote the region
7 5
. (Cn=*m  Jatem
— ) /
{K—,B-i-l)/.ﬂZl—c '|:(|y|_|_3)2mm’[F:@] (9-6)

if 0/ >~ &. According to [6] and the Appendix of [22], there exists a constant ¢’ > 0 depending only
on m and m’, such that L(s,0 x0’) #0ins € D, . (0,0").

We may assume that ¢ (depending only on 7) is small such that 1 &2k ; ;j € D¢(0;, 6;), and the boundary
of D (07, 6;) lies in the strip 1 —1/(n+4) <Re(kj) <1, 1<i < j <r. Let Dy =(;<;<; <, Pc(0i, 5;).
Then L(k, 7, 7) #0if k ED)’(_I =Dy X+ x Dy.

Let Cy be the boundary of Dy. For € € {0, 1}, we define

c, ife=1,

C =
x(€) {iR, ife=0.

Set Cy(€) =Cy(e1) X+ xCy(€p—1), €, €10, 1}, 1 =/ <r—1.
Let Re(s) > 1. Forany ¢ € B , and € = (€y,...,€,_1) € {0, 13771, let

JQ,X(S;¢,CX(€))=/C( Ry(s, 10, )N (s, me @ T X T—) dkc. -7

x(€)

which is well defined because Jg ,(s:¢,Cx(€)) = Jg, 4 (s:¢,Cx(0)) (by the Cauchy integral formula),
where 0 = (0,...,0) e R" —1. Therefore, according to Theorem E, for any s with Re(s) > 1,

ZL > > )/ R(,,(s,lc;Q,X)A(s,n,c®rx7~r_,c)dx‘<oo.
P €9 x€Xp peBp '/ Cx(€)

For any 8 > 1/2, we set
RB:x)={seB—1+DyfN{s€f+1-Dy}. (9-8)
9B. Meromorphic continuation via the zero-free region. Let s € Dy with Re(s) > 1. Define

Flre;s) =F(r;s, 0, x) = Rp(s,6;0, Y) A(S, e @ T X T—y) (9-9)
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if x is fixed in the context. Then by Proposition 7.4 in Section 5B we see that F(k;s) is equal to a

holomorphic function multiplying

r—1 j

1_[ A(s, 0, ® T X3, )l_[ l_[ A(s +4i,j. 0i ®TX0j4+1) A(S —Kij, 0j+1 ®T X5i)
¢ ¢ j=li=1 A(l+KisjvaiX5j+1)A(1_Ki,j,Uj+1X5'i) )

Let G(k;s) = G(k;s, Q, x) denote the above product. The denominators of G(k; s) are L-functions
from Langlands—Shahidi method, and they will play an important role in the meromorphic continuation
across the critical line Re(s) = 1.

Let C denote the boundary Cy (1) and (0) represent the imaginary axis. Analyzing the potential
poles of G(k; s), along with contour shifting, yields an expression for the integral Jg ,(s;¢,Cy(0)) =
Jo,x(s:9,C) — Ty (s), where Jy(s) is defined by

2mZi/

dij—y---d / Res F(i;s)dip_y - diji.
j=1i=17(0) -/(0) b 1 c cs (kc58) dicy—y Kj+1

Ckjj=s—1

Here Resy; ;=s—1 F (c;5) vanishes identically unless 0; ® T 2~ 041, in which case one must have
n; = nj1. To obtain a meromorphic continuation of Jg ,(s; ¢, C) to the critical strip 0 < Re(s) < 1, we
start with the following initial step:

Proposition 9.1. Let notation be as before. Let x € Xg. Let s € R(B; x) and Re(s) > 1. Then

3 Jox(si¢.Cx @) = Y Joy(s:6.0) = Y T(s:4.0), (9-10)

PEBo i PEBo i PEB o

where C = Cy (1), and the summand J (s; ¢, C) is defined to be

1
cood
Z Z Jm/(; Res .- Res .T-(K S)d/c]m-—d/(:ll’

CKj,,=s—1 kj,=s—1

r

m=1 jm,jm—1,- J
1<jm=<- <j1<r 1
where the expression dk,_y ---dky/(dkj,, - -+ dkj,) denotes omitting dkj,,, ... ,dkj, fromdk,_y---dky,

and the coefficients cj, ... j,, are explicit integers. Each term in (9-10) converges absolutely within

R(1; x)\ 1, where R(1; ) is defined in (9-8). Consequently, (9-10) provides a meromorphic continuation
of the function
D Tgxls:6.Cx(0))

PEB o,y
to R(1; x), potentially having a pole at s = 1.
Proof. Forany 1 < j <r—1land 1 <i < j,if n; = nj4, we can make the following change of variables
to simplify the integral of Resy, ; =s—1 F(k;s):
A;-:)\j, A}—Ai, A=A, for I #i,j;

o'l.,:o'., o‘j o‘i, O'I/ZO'I fOI‘l?él',j.
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Leti; =Aj—Aj1, 6 =Ap—Aj 0 1 _l§r—1;and/cl”m:K;+---+K,’n,lflfmfr—l. To describe

the relation between {«, : 1 </ <r —1} and {K; .1 <1 <r—1}, we argue as follows:

Case i = j —1: A direct computation shows that
! _ / ! ! . TR
Ki_1 =K1 K; = —Kj, Kit1 =Kiit1s K = Kj, 1<I=<r-1,1#i-1,i,i+1.

Hence, Re(x;) = 0,1 <] <i = j — 1 amounts to Re(Kl/) =0,1=</<i=j—1. The determinant of

transition matrix is det{dx;/dk;, } 1</, m<r—1 = —1. Note that K} =k; ; =5 — 1, leading to

i,j
dici_1-+-d R F(ic:s)d ceodi
/(0) /(0) Kj—1 Kl/ CK”_eSSI (5 8)dicy—q Kj+1

:_/(0) /(0) - ...dK’I/ /foiis— Flre;s, Q. x)dk,_ dKH—l’

where x is the cuspidal datum attached to the representations (o7, ..., 0,). Hence x’ = yx as an equivalent
class.

Case i < j —2: A direct computation leads to

/ ! ! 7
Ki=—"Kiyq1,j—1> Kj—1="Kjj_2» Kj=K;j,
Ky =kp, 1<I1<r—1,1%#i-1,i,j-1,.

In addition, Re(k;) =0, 1 <[/ <i = j — 1 amounts to Re(fc;) =0,1</<i=j—1. Again we have
det{dx;/ iy }1,m = —1, and K]’. = k; ;- Therefore,

/(0) /(0) Kj—1 /<1/ CKU_essl (re55) dicy—1 Kj+1

— / . ! / /
——/(0) /(0) i1 ---d/(l/C---/CResKj:s_l]-"(lc,s,Q,X)d/c,_l---dlcj_H
If nj #nj41,then  Res F(k;s)=0.Inall, we have

ki j=s—1
¢€§Q,x /(()).“/(O)dKj_1 e diy /c C i, ?:essq}-('c;s) dip—y -+ dKjiy
¢€%Q /(0) /(0) "'dKl/C"'/CRCSKJ:S—l]:(’C;S)d"r—l"'dKj+1.
Therefore, Y Jo y(5:¢.Cx(0)) — > Jo x(s:¢.C) is equal to
¢G%QX peBy
¢€%Q J_l /(0) /(0) "'dKl/C"'/CRCS"J:S_I]:(K;S)d'c’—l"'d’fj+1,

where the cj/.s are some explicit constants, depending only on the type of Q. Consider

Y R U / Res F(k;s)dip_y---dkj 11, 1=<ji<r—1.
/(0) /(0) Kji—1 K1 . es F(k;s)dik,—q Kji+1 J1=r

Ckj =s—1
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By the Cauchy integral formula we can write this as the sum of

/cu-/cd/(jl_l---d/q/cm cK'R_ess_lf(lc;s)dfc,_l~--d/cjl+1
J1 =
and
11 1 12 dicr_1---dK;
,212/ / d/q/ / es Res Fl(k;s)— " jatl
12—1 ir=1 (0) (0) C ki, ,2—s 1 kj =s—1 dKjl

where the clfz’ j, are some explicit integers depending only on the type of Q.
One can do a similar analysis to replace «;,,j, = s—1 with k;, =s—1. By induction (or just continuing
this process until m = r — 1) we obtain (9-10). Recall that by the definition in (9-9), we have

Fleis)y= > (Toh,@)d1.¢2)-W(s, Wi, Wi k).
D1,02€B0, 5

Then F(k; s) is a Schwartz function of k. Hence all the above integrals converge absolutely, and the
proof is completed. O

Let notation be as in Proposition 9.1. Denote by Zo(ss; x) the summand of the first term of the right-hand
side of (9-10), i.e.,

Tox(s)= > Jox(s:9.Cx). s €R(L:x), Re(s) > 1.
PEBO

Proposition 9.2. Let notation be as before. Let s € R(1; x) and Re(s) > 1. Then
Tox()= Y Jox(sid.Co+ Y T (9-11)
PEB o PEBo i
where the summand j)? (s) is defined by

Z ZZ G / ...... / Res --- Res ]:(K-S)M
= ) i J1seeesm (0) ( - _ 4 dK]m "'dKjl 2

0) kjy,=1—s  kj;=1-s

where the Cj, ... j, are some explicit integers, depending only on Q. Moreover, the terms in (9-11)

converges absolutely and normally inside any bounded strip.

We omit the proof, which is similar to that of Proposition 9.1.

9C. Meromorphic continuation inside the critical strip. Let s € R(1;x) and 1 <m <r —1. Let
J1sJ2, ..., jm be m integers such that 1 < j,;, <--- < j; <r — 1. Consider the summand in the second
term of (9-10):

d
T,y (8) := Z /c ------ Res --- Res ]-'(lc s) “

C kj,,=s—1 Kj, =s—1 dK cedi '
PEB O Jm J1 Jm J1

Then each Z,,, (s) is naturally meromorphic in R(1; x) with a possible at s = 1.
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Theorem G. Let n < 4 and consider the notation as previously defined. Take x € X . Assume that
the adjoint L-function L(s, o0, Ad ®t) is holomorphic within the strip 0 < Re(s) < 1 for all cuspidal
representations 0 € Ag(GLy (AF)), where | <k <n—1. Then, for any 0 <m <r — 1, the function

Z Imyx(s), seR(;y),

$EBo

admits a meromorphic continuation to the area R(1/2;t)~, with simple poles possible only at s €
{3 3..... 1= 1.1}, where R(1/2; 7)™ is defined in (9-2). Forany 3 <k <n, if L((k —1)/k,7) =0,
then s = (k — 1)/ k is not a pole.

Remark 9.4. If F is a function field, the number of cuspidal data x’s appearing in the spectral decompo-
sition for a fixed test function is finite. As a consequence, Theorem G provides the continuation of the
entire spectral side in the function field scenario.

Remark 9.5. As can be seen from the proof, when n < 3 we can continue the functions ) _ peB o, Im, x ()
to Re(s) > 1/3. When n = 4, we can only continue Z¢€‘BQ,X T, x(s) to R(1/2; 7)™, an open region just
containing the right half-plane Re(s) > 1/2. This is because some of its components involve A (2s, %)™
as a factor. The key ingredient is that R(1/2; 7)™ is uniform with respect to y € Xg.

Let notation be as before. To simplify our computations below, we shall write, for any 8 € R, that

R(B) =R(B; 1), R(B)™ = R(B; x) N{s : Re(s) < B}, and R(B)* = R(B; x) N {5 : Re(s) > B}. We also
use S(q,p) to denote the strip @ < Re(s) < b, for any a < b.

9C1. Proof of Theorem G when n = 3.

Proof. Let n = 3. Then there are two possibilities: r = 2 or r = 3. If r = 2, then the parabolic subgroup
0 is maximal, and any associated cuspidal datum is of the form x ~ (o1, 03), where oy is a cuspidal
representation of GL(2, Ar) and o5 is a Hecke character on A% In this case, F(k, s) is equal to an entire

function multiplying

A(s + k1,01 T XF2)A(s—K1,00®T XG1)
A(l4+«k1,01 xX62)A(1 —k1,07 XG1)

2
T Aok @1 x6%). (9-12)
k=1
Since each completed L-functions in (9-12) is entire inside S g,1), then F(k, s) is holomorphic (after
continuation) when 0 < Re(s) < 1. On the other hand, F(«, s) vanishes when Im(k;) — oo. Let Re(s) > 1.
By the Cauchy integral formula,

Jox(s:6.C0)= ¥ /(O)f(:c,s)dm= > [ Fles)di,

HEBO ¥ PEBO,x

which gives holomorphic continuation to Re(s) > 1 — €1, for some €; > 0. Hence we obtain holomorphic
continuation of Jg ,(s:¢,C(0)) to Re(s) > 0.

Now we handle the more complicated case where r = 3. In this case, cuspidal data x correspond to
(X1, x2, x3), where x;’s are unitary Hecke characters such that x1 x2 x3 = w, the fixed central character.
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Then F(k, s) is equal to

A , A(s — ,
(s, k) Als, ‘L’)3 1—[ 1—[ (S+Ktj TXth-l—l) (s Ki,j TX]-HX:) (9-13)

imlis Al + Ki,j, X1X1+1)A(1 _Kl,ij]-i-le) '

where H (s, k) is an entire function and A(s, x’) is the completed Hecke L-function associated to the
unitary Hecke character x’ over F. Let ) ¢ denote the sum over ¢ € B 5. Then, by Proposition 9.1,

K1=s—1 kp=s5—1

JQ,X(s;qﬁ,C(O))=§/C/C]-'(lc,s)d/c2d/cl—cl22 Res Res F(k,s)

—clz Res F(k, s)d/cz—czz Res F(k,s)dkq,
C k1=s—1 C kp=s—1
for some integers ¢y, ¢ and ¢ 3; and s € D,. Denote by J (s ¢, C(0)) the right-hand side of the
above equality. Then J é X(s, ¢,C(0)) is meromorphic in s € R(l). In particular, we get a meromorphic
continuation inside R(1)~ with a possible pole at s = 1.
Recall that, for meromorphic functions A(s) and B(s), we write A(s) o« B(s) if there exists some
holomorphic function C(s) such that A(s) = C(s)B(s). By (9-13),

A —k2, X1 X2T)AQCs — 1+ k2, Xz)_(ITZ)A(2S -1, rZ)A(s, 1)2

Res Flk,s) x — — )
K1 =s—1 (&,5) A +u2, 2 X)) AR =5 —k2, x1 X2t D AR —s,771)
Res Flk.s) o A(s —K1,X2)_(1T)/_\(2S—1+K1,X1)_(2f2)A(2S—l,fz)A(S,f)z’
Ky=5—1 A +kr, x1X2)AQ—s—k1, o X1t HAQR—s,771)
AQBs—2,73)AQ2s—1,72) A(s,
Res Res F(k,s) x (3s T)AQs AT
k1=s—1 kx=s5—1 A(3—2S,‘L'_2)A(2—S,‘L'_1)
Hence by the Cauchy integral formula we have, for s € R(1)7,
Res F(k,s)dk; =/ Res F(k,s)dk,—2mi Res Res Fl(k,s), (9-14)
C k1=s5s—1 0) k1=s—1 Kp=2—2s k1=5—1

where the right-hand side is holomorphic inside 1/2 < Re(s) < 1, since

ABs =2, ) AQRs—1,72)A(s,
Res Res F(k,s) x (3s T)AQs TIAL7)

9-15
Kp=2—2s k;=s—1 A3 —2s, 1’_2)1\(2—5, 1'_1) ( )

From (9-15) we see fc Res,, —s—1F(k,s) dky has a potential pole at s = 2/3 when 73 = 1. Likewise,
we have the continuation for [, Res,,—s—1F(k,s) dky:

Res ]-'(lc,s)d/q:/( Res F(k,s)dk; —2mi Res Res Fl(k,s), (9-16)

C kr=s5—1 0) kp=s5—1 K1=2—2s kp=s5—1
where the right-hand side is holomorphic inside 1/2 < Re(s) < 1, since

ABs—2,)ARs—1,12)A(s, )
AB—2s,772)AQR—s,77D)

Resy =2-25 Resy,=5—1 FlK,5) 9-17)
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From (9-17) we see fc Res,,—s—1F(k,s) dky has a potential pole at s = 2/3 when 73 = 1. Now we
deal with the remaining term, fc fc F(k,s)dkydicy. By Proposition 9.2, for s € R(1)™, there are integers
c1, ¢2 and ¢; > such that

/c/c]-'(lc,s)dlczdlq :§/(0)./(0)}—(K’S)dkzdl(l_6/1’2§ Res Res F(k,s)

K1=1—8 ko=1-—§

—c! Res F(k,s)dk, —c, Res Fl(k,s)dky.
2 o wnda-a ¥ [ (i) dicy

K1=1-—s Ko=1—s
Using (9-13), one can compute the partial residues of F(k, s):

A(s+k1, X1 %20 ARs — 1 —k1, x2X1TH) AQRs — 1, 72) A(s, 7)*

Res F(k,s) x

K2=1-s A =K1, 2 X)) AR =5 +k1, x1 X2t HAQR—s,771) ’
A(s+r2, x2X1T)AQRs — 1=k, x1 X212 AQRs — 1, T) A(s, 7)?
Res F(k,s) x — — ;
K1=1-s A(l =Kz, X1 X2)AQ =5+ k2, a1t HAQR—s.771)
ABs—2,73)AQ2s —1,72) A(s,
Res Res Fl(k,s) x (s ) AQs T)AG, )
K1=1—s kz2=1—s A(3—2S,‘L'_2)A(2—S,‘L'_1)

Combining these formulas with the analytic behavior of the function Res, —s—1Res,,—s—1F (K, s)
we conclude that [, [, F(k,s) dk,dk; admits a meromorphic continuation to 1/2 < Re(s) < 1, with a
possible pole at s = 2 /3 when v° = 1. Denote by J g’é(z’l)(s; ¢, C(0)) this continuation. Now we continue
our meromorphic continuation to some open set containing Re(s) > 1/2. Let s € R(1/2)". Then one
can plug (9-14) and (9-16) into formulas for f(o) f(o) Flk,s)drydy and [, [, F(k,s) dkrdky and shift
contours to see that J (Ql’g(z’l)(s; ¢,C(0)) is equal to

/(0)/(0)]-'(lc,s)d/<2d/<1—c§’2 Res Res F(k,s)—c] /(0) Res F(k,s)dks

K1=1—s Kk2=1-—s§ K1=1-—s

—c’z/( Res F(k,s)dk1 —cq /(0) Res ]-"(lc,s)d/cz—czj(o) Res F(k,s)dk

0) kr=1—s k1=s—1 Kkp=s—1

+c¢1  Res Res F(k,s)+c2 Res Res F(k,s)—ci» Res Res F(k,s)

Kp=2—2§ k1=5—1 K1=2—2§ kp=s5—1 kK1=5—1 k2=s5—1
= / / F(k,s)dkydky —c}, Res Res Flk,s)—c] Res Fl(k,s)dk,
0)J(0) T kp=1—s5 ky=1-—5 C k1=1-—s

—c) Res F(k,s)dki—cy Res Fl(k,s)diky —cy Res F(k,s)dk;
C ko=1-—s C k1=s—1 C kp=s—1

+c¢1  Res Res F(k,s)+c,; Res Res F(k,s)—ci» Res Res F(k,s)
Kp=2—25 k1=5—1 K1=2—2§ kp=s5—1 kK1=s5s—1 kp=s5—1

+¢; Res Res F(k,s)+c¢, Res Res Flk,s),
k2=25—1 k1=1-—s kK1=25—1 kp=1—s

where the right side of the equality has a natural meromorphic continuation to the domain R(1/2). Denote

by J é/ i(s; ¢, C(0)) the last expression. Note that
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ABs—1,73)AQ2s—1,72) A(s, 1)?
AQ=25, T H)AQ—-s, T HA(l +5,7)’

ABs—1,73)AQ2s —1,72) A(s, 7)?
AR=25, 7 HAR—-s, T HA(l +5,7)

Res Res F(k,s) x

k2=25—1 k1=1—s

Res Res Fl(k,s)
kK1=25—1 kp=1—s
Also, when 5 € R(1/2), 2 — 25 lies in the zero-free region of L(s, 7~ 2), then A(2—2s,772) # 0. So
the last two terms of J 1/ 2 (s ¢, C(0)) is meromorphic in R(1/2) with a possible simple pole at s = 1/2
when 72 = 1. Hence, We have a meromorphic continuation of Jg ,(s;¢,C(0)) = 1/ 2 (s ¢,C(0)) to the
region R(1/2) with a possible simple pole at s = 1/2 when 2 = 1.
Now consider Jé/’)z((s;gb,C(O)), where s € R(1/2)".
analytic behaviors of Res, —s—1 F(k,s), Res,,—s—1 F(k,s), Res,, —1—s F(k,s) and Res,,—1_s F(k,s),
we obtain that Jgsf’l/z) (s;¢,C(0)) is equal to

Using Cauchy’s formula to determine the

/ / F(k,s)dkydky —c}, Res Res F(k,s)—c] Res Fr,s)dky
(0) /(0) " k1=1—s kp=1-s k1=1-s
- Res F(K,s)dkl—cl/ Res ]-“(lc,s)d/cz—czf Res F(k,s)dk;
C kp=1-—s (0) k1=s—1 (0) kp=s—1
4+c¢1  Res Res F(k,s)+c» Res Res F(k,s)—ci» Res Res F(k,s)
Kp=2—2§ k1=5—1 K1=2—2§ kp=s5—1 kK1=s5—1 k2=s5—1
+¢;  Res Res F(k,s)+c¢5 Res Res F(k,s)+c; Res Res Fl(k,s)
k2=25—1 k1=1-—s§ kK1=25—1 kp=1—s Ko=1-25 k1=5—1
4+c¢,  Res Res F(k,s).

K1=1-25 kp=s5—1
Denote by J é/ )Z((s; ¢,C(0)) the last expression. We have
ABs—1,73)AQ2s —1,72) A(s, 7)?

AR=25, 77 HAR—-s, T HA(l +5,7)’

ABs—1,13)AQ2s—1,t>) A(s, 7)?
AQ=25,T7HAQ—-s, T HA(l +5,7)’

Res Res Fl(k,s)

kp=1-2s k1=s5s—1

Res Res F(k,s) x

Kk1=1-2s kp=s5—1

o) J 1/ 2(s ¢, C(0)) has a holomorphic continuation to 1/3 < Re(s) < 1/2. In all, we obtain the mero-
morphlc continuation of Jg ,(s:¢,C(0)) to S(1/3,1) UR(1):

b, (5:¢.(0)
“/2 D(s:¢.(0))
”2<s $.C(0))
“/3 12 (s:4.0(0))

Jox(5:¢.C(0)) =

if s e R(1),

if s € S(1/2,1)’
if s e R(1/2),
ifs € 8(1/3,1/2).

In particular, Jg , (s; ¢, C(0)) is meromorphic in R(1/2)US(y/2,1), with possible simple poles at s =1/2

and s = 2/3 when 72 = 1 and 73 = 1, respectively.

O
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9C2. Proof of Theorem G when n = 4. The case n = 4 presents additional complexities compared to
n = 3, although they share a common underlying idea. Consequently, the proof follows a similar approach.
However, the main challenge as »n increases lies in determining the partial residues of each continuation.
There are approximately O(n?) such multiple residues, but a straightforward and systematic description
of them is currently unavailable. Therefore, we provide a proof by explicitly addressing all possible cases.
Further computations and continuations can be found in the appendix of [35].

Proof. Let n = 4. There are three possibilities: ¥ =2, r =3 or r = 4.

Case r = 2: Here the parabolic subgroup Q is of type (2, 2), and any associated cuspidal datum is of the
form x ~ (01, 0,), where oy and o, are cuspidal representations of GL(2, Ag). In this case, F(k,s) is
equal to an entire function multiplying

A +K1,00 QT X0)A(s —K1,0, QT X07)
A(l4+«k1,01 x62)A(1 —k1,09 XG1)

2
T A or @1 x6%). (9-18)
k=1

Let s € R(1)™". Since F(«, s) vanishes when Im(x;) — oo, by the Cauchy integral formula, we have

Jox(s:9.C(0) = > /]—"(lc s)diky—2mi >,  Res Flk,s). (9-19)
PEBo i ¢€%Q,XK1=s_l

The term  Res F(k,s) is nonvanishing unless oy >~ 0, ® t. Hence
K1 =s5s—1

Res Flk.s) o AQRs—1,01@1t>x61)A(s,01® T xal)
K1=s—1 AR2—s,01 171 x67)
So Resy, =s—1 F(k,s) admits a meromorphic continuation in R(1/2) U S(;/2,1), with possible simple
poles at s = 1/2. Now the right-hand side of (9-19) is meromorphic inside R(1), with a possible pole at
s = 1. Denote by J (s ¢,C(0)) the continuation of Jg ,(s;¢,C(0)) in R(1). By Cauchy’s formula,

/]:(IC,S)dKl =/ Flie,s)diy +2mwi Rese, =15 F(K,5), (9-20)
C (0)

where s € R(1)™. By (9-18), f(o) F(k,s)drky is holomorphic inside S(;/2,1); also, Res F(k,s) is
=1—
nonvanishing unless o, ~ 01 ® t, in which case “ ’
Res F(x.s) o AQRs—1,0, @ 1> x53)A(s,0,® T xaz)

k1=1—s A2—s,00 171 X67)

So Resy, =15 F(k,s) admits a meromorphic continuation to R(1/2) U S(;/2,1), with possible simple
poles at s = 1/2. Substituting this with (9-20) into (9-19) we conclude that J ! (s ¢,C(0)) admits a
meromorphic continuation to the domain R(1/2)U S(y/2,1). Denote by J Q (s ¢ C (0)) this continuation.
Hence we have

Jh (s:4.C(0) if s € R(1),

J 19,C(0)) =
0.x(s:6,C(0)) { 1/2( ;$,C(0)) if s € S(o.1)-

By assumption, A(s, 05 ® T X 52) A(s, 7)~! is holomorphic in S(0,1), so from the expressions above
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we see that Jg 5 (s:¢,C(0)) A(s, 7)1 admits a meromorphic continuation in s € S(1/3,1) With a possible
simple pole at s = 1/2 when t% = 1.

Case r = 3: In this case, the parabolic subgroup Q is of type (2, 1, 1), and any associated cuspidal datum
is of the form y ~ (o1, x2, x3), where o is a cuspidal representations of GL(2,AF); and x,, x3 are
unitary Hecke characters on A%. Since A(s,01 ® T x x;) is entire, 2 <7 < 3, then F(«, ) is equal to an

entire function H(k, s) multiplying

A(s + K2, x2X3T) A(s — K2, x3X2T) A(s, 01 @ T X G1) A(s, T)2
A1+ k2, x2X37) A(1 — K2, X3X27T)

(9-21)

Lets € R(1)*. Since F(k, s) vanishes as Im(k1) — oo, by the Cauchy integral formula, Jg , (s; ¢, C(0))
is equal to

> //}'(Ic s)dkydk, — Res Fl(k,s)dk;. (9-22)

PEBo peB o, € K2=s~1

The term Res F(k,s) is nonvanishing unless y; >~ x» ® t. Hence
Kkp=s—1

AQs—1,72)A(s, 1) A(s, 01 ® T X 51)

Resy,=s—1 F (K, s) = H(s, k1) AQR—s,7t71)

’

where H(s, k1) is an holomorphic function. So Res,,—s—1 F(«,s) admits a meromorphic continuation in
S(0,1)» With possible simple poles at s = 1/2. Now the right side of (9-22) is meromorphic inside R(1),
with a possible pole at s = 1. Denote by Jé’x(s; ¢,C(0)) the continuation of Jg ,(s;¢,C(0)) in R(1).
Apply Cauchy’s formula again to get

/Cfc}"(lc,s)d/q d/(zzfcf(o)]-"(lc,s)dlczd/q+/CRes,<2=1_sF(lc,s)dK1, (9-23)

where s € R(1)™. By (9-21), [, f(o) F(k,s) didky is holomorphic inside S(y/3,1); also, Res F(k,s)
=1—
is nonvanishing unless 0; >~ 01 ® 7, in which case one has “ :
AQRs—1, ) A(s, 1) A(s, 01 ® T X 01)

Resy,—1—s Fl(K,s) x AQ—s. D)

So fc Resy,=1—s F(k,s) dk; admits a meromorphic continuation to Sy 3, 1), with possible simple
poles at s = 1/2. Substituting this and (9-23) into (9-19) we conclude that J (s ¢,C(0)) admits
a meromorphic continuation to the domain S(;,3,1). Denote by J (Ql /3 1)(s ¢.C (0)) this continuation.
Hence invoking the above discussion we have

Jh (s:9.C(0))  ifseR(l);
JQ,x(Si¢’C(0))={ Ox

1/3,1 .
JGII D (s:0.C(0) if s € S(i/3,)-
By assumption A(s, 02 ® T x 62) A(s, )~ ! is holomorphic in S (0,1)» then from the expressions above
we see that Jg y(s;¢,C(0)) A(s, 7)~! admits a meromorphic continuation in s € S(1/3,1) With a possible
simple pole at s = 1/2 when 7% = 1.
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Case r = 4: Here the parabolic subgroup Q is of type (1, 1, 1, 1), and any associated cuspidal datum is of
the form x ~ (x1, X2, X3, X4), Where x;’s are unitary Hecke characters on A; such that y x2x3x4 = 0.
Then there exists an entire function (s, k) such that F(«, s) is equal to

H(s, k) A(s, r)4 ﬁ H A(s + ki TXiXj+1) DS —Kij, TXj+1Xi)
j=1i=1 A +kij i Xj+1) A =K Xj+1Xi)

, (9-24)

where A(s, x’) is the completed Hecke L-function associated to the unitary Hecke character x’ over F.
Then by Proposition 9.1, when s € R(1)™, Jo,x(s:¢,C(0)) is equal to

Z/ / / Flr,s)drsdrodicy —cq Z/ Res Fl(k,s)drsdiy

¢ cJcJce ¢ cJC K1

=s5—1

— Res F(k,s)dksdi) — Res F(k,s)dkyd
62%:/0 es Flk,s)dksdky C3§L CK3eS (tc,s) dradicy

C ky=s—1 =s5—1

—61,22/ Res Res F(k, s)d/c3—cl,32/ Res Res F(k,s)dk,
¢ C ki C ki

=s5s—1 kp=s5—1 =s5—1 k3=s5s—1

C kpy=s5—1 k3=s5—1 kK1=8—1 kp=5—1 k3=s5—1

—02,32/ Res Res Fl(k,s)dk; —ciz, 32 Res Res Res Fl(k,s),
é

where the coefficients ¢y, ¢2, ¢3, ¢1,2, ¢1,3, ¢2,3 and ¢ » 3 are some absolute integers; and the sum with
respect to ¢ in taken over ¢ € B .

Due to the finiteness of B g , and rapidly decay of F(k,s) as a function of «, each term in the above
expression converges absolutely and locally uniformly. Hence we only need to consider each summand
in the above expression. Denote by x;; = x;xj, 1 =i, j < 4. By (9-24) we have

A(s + 1, x120) Als — k1, x21 D) A(s — k2, X32T) A — K12, X317)
Res F(k,s) x —
K3=s—1 A1 +x1, x12) AL —k1, x21) A1+ k2, x23) A2 — 5 — k2, X327 1)
" AQ2s—14k2, x2312) AQ2s — 1+ k12, X137 AQs — 1, 7) A(s, 7)?
A1+ K12, x13) A2 =5 —k12, 31T D AR —s,771)
A(s —ky, x21T) A(s — k3, X43T) A(s + k13, X14T) A(s — K13, X417)
Res Fl(k,s) —
Ky =s—1 A1+ k1, x12) AL+ k3, x38) Al + K13, X14) A2 — 5 — K1, x21T71)
AQRs—1+k3, x34t2)AQs — 14«1, x121) AQRs — 1, T2 A(s, 7)3
Al —k13, xa) A2 —s —k3, xa3t"HAQ—s,771)

’

9

A(s + k3, x3aT) A(s — k3, X437) A(s — k2, X327) A(s — K23, X427)
Res F(k,s) x —
K1=s—1 A1+ k2, x23) A1 — k3, x43) A(1 + k3, X34) A2 —5 — K2, X327 1)
AQRs—1+ky, x2372)AQ2s — 1 4+ k23, x24T2)AQ2s — 1,72 A(s, 7)?
A1+ k23, x24) A2 —5 — K23, xa2t ) AQ—s,771) .

From these expressions we see that Res  Res F(k,s) is equal to some holomorphic function times
ko=8s—1Kk3=s5—1

A(s—k1, x21T)ABs =24 k1, x12T ) ABs =2, T3)A(2s — 1, T2) A(s, 1)
A(l +K1v X12)A(3_2S_K1aXZIT_Z)A(3_2Ss I_Z)A(Z_Ss r_l)
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Likewise, Res Res F(k,s) is a holomorphic multiple of A(2s —1,72)2A(s, 7)>?AQ2 —s, 77 1) 72
K1=s—1k3=s5s—1
A=k, x31) A(s =k, x32T) AR5 — 1 + k2, x2372) ABBs =2+ k2, x23T°)
AL+ K2, x23) A(s 42, x23T) AR =5 — K2, X327 ) AB =25 — iz, 32772)

and Res Res F(k,s) is equal to some holomorphic function multiplying the function
K1=85s—1kKky=5—1

times

A(s — k3, Xxa37) A(Bs =24 k3, x34T>)ABs =2, ) AQ2s — 1, 12) A(s, 7)?
A+ k3, x34) AB =25 — k3, X437 2)AB =25, 772)AQR—s,771)
One can continue the computation to see that
Res Res Res Flr.s)o Ads =3, 7 ABs =2, tH)AQs—1,7%) A(s, 1)
k1=s—1 kp=5—1 k3=s—1 A4 =35, 773)AB-2s,772)AQR2—s,7t7})

The above shows that Jg ,(s;¢,C(0)) admits a meromorphic continuation to s € S(1). Denote by
J é X(s; ¢,C(0)) the continuation. Then clearly J é X(s; ¢,C(0)) is holomorphic when s € R(1)™.

Let s € R(1)™. Let L(s, ) be the finite part of Hecke L-function with respect to t. Then by the
Cauchy integral formula (see the Appendix of [35]), we have:

Claim 9.6. The integrals

/ Res F(k s)—dK1 dicz dics / / Res F(k )—dK1 dicz dicy
cJc kj=s—1 ’ dk;j ' 0)/(0) kj=1—s ’ dk;j

for j €{1,2,3}, and the integrals

Res Res F(k,s)

Res Res F —
C ki=s—1 kj=s5—1 dk; dKj (k. 5)

dl(l dszK3 dl(l dszKg,
/(0) ki=1—5 Kj=1-s dk; dKj

fori,j€{l1,2,3}, i # j, admit a meromorphic continuation to the domain S(1;3 o0). When restricted
to R(1/2;7)™ U S(1/2,1), this continuation has at most simple poles at possibly s = 3/4, s = 2/3 and
s=1/2. If L(3/4,7) =0, then s = 3/4 is not a pole; if L(2/3,t) =0, then s = 2/3 is not a pole.

By Proposition 9.2, for s € R(1)™, there are absolute integers ‘1 "2v‘3"1 2,c1 3,c2 3,c1’2,3 such that

%:/C/C/C}"(Ic,s)d/qd/czdkl

= drsdkydiy — dic~d
Zf(o)/(o)/(o) Fk,s)drsdiadiy — ¢} Z/(O)/(O) Kl_elss}-(,c ,5) dicydicy
_62%/(0)/( Res Fl(k,s)dksdiy —c; Z/(o)/(o)xReS Fl,s)drkydiy

0) kn=1—s 3=1—s

—01,22/ Res Res F(k,s)dk;— 01,32/ Res  Res F(k,s)dk;
¢

0) k1=1—s kp=1—s 0) k1=1—s k3=1—s5

—63’3 Z/( Res Res Fl(k,s)dk; —c1 2.3 Z Res Res Res F(k,s),

0) kp=1—s5 k3=1—5 k1=1—s kp=1—s5 k3=1—5

where the sums are taken over ¢ € Bg .
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Due to the finiteness of ‘B g , and the rapid decay of F(k, s) as a function of k (see [31], for example),
each term in the above expression converges absolutely and locally normally. Hence we only need to
consider each summand in that expression. According to (9-24), we have

A(s + k1, x127) A(s — k1, x21T) A(s + k2, X237) A(s + K12, X137)
Res F(k,s) x —
K3=1—s A+ k1, x12) AL =k, x21) A1 — k2, Xx32) A2 — 5 + k2, X237 )
" AQ2s—1—k2, x3212) AQ2s — 1 — k12, x31T2) AQRs — 1, T*) A(s, 7)°
A(l=k12, 31) A2 =5+ k12, X137 HAQR—5,771)
A(s + k1, x12T) A(s + &3, X3aT) A(s + k13, X14T) A(s — K13, X417)
Res Fl(k,s) .
Koy=1—s Al =K1, x2) A1 —k3, Xa3) A1 + k13, X14) A2 — 5 + K1, x12T71)
AQ2s—1—x3, xa37) AQ2s — 1 —«y, x2172) AQ2s — 1, 12) A(s, 7)°
A(l—k13, xa) A2 =5+ k3, x3at" DAL —5,771)
A(s 4+ k3, x34T) A(s — K3, Xa3T) A(s + k2, X23T) A(S + K23, X247)
Res F(k,s) x —
Ky=1-s A(l—k2, x32) AL —k3, xa3) A(1 + k3, x34) A2 — 5 + k2, X23777)
" AQ2s—1—kp, x32T)AQ2s — 1 —k23, xa27*) AQ2s — 1, T2) A(s, 7)?
Al =K23, x42) A2 =5 + k23, x24T D AR —s,771) '

From these expressions we see that Res  Res F(k,s) equals some holomorphic function multiplying
Kky=1—8 k3=1—§

’

’

A(s+ k1, x120) ABs =2 — k1, x21T)ABs =2, T3)AQ2s — 1, T2) A(s, 1)
Al —k1, x21) AB =25+ k1, X121 2)AB =25, 772) AR —s,t71)
Likewise, Res, —1—s Res,,—1—s F(k, s) equals some holomorphic function multiplying the product of
ARs—1,72)2A(s,71)>°AQ2—s, 77172 and

A(L+k2, x13) Als + k2, x23T) A2s — 1 — k2, x32T2) ABs — 2 — k2, x327°)
A1 — k2, x32) A(s — k2, Xx32T) AR — 5 + k2, 23T ) AQB =25 + k2, x23772)

and Res Res F(k,s) is equal to some holomorphic function multiplying the function
K1=1—skp=1-—s

A(s + k3, x347) A(Bs =2 — k3, X437 ) ABs =2, ) AQ2s — 1, t2) A(s, 1)
A(l—k3, x43) A3 =25 + k3, x34T ) A3 =25, T72) A2 —s,771)
Moreover, one can continue the computation to see that

A4s =3, 7 ABs =2, 1) AQRs — 1,72 A(s, 1)
Res Res Res Fl(k,s)x
K1=l—s Kkpy=1—5 k3=1—s A4 —=3s,773)AB =25, 772)AQ2—s,771)

Let s € R(1)™. The desired meromorphic continuation of

dK] dszK3
R L—1— - - = = . 1 2
/(0)/(0) Sy, =1—s F (K, 5) dr , je{l1,2,3},

and
d/(l dl(z dK3

b .7 .e 1’273 b ] .7
dx; dr; i€l boiFE

/(O)RCSK,'=1—S ReSKj =1—s F(K,5)
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follows from Claim 9.6. Then Theorem G follows. O
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On the cohomology of tautological bundles
over Quot schemes of curves

Alina Marian, Dragos Oprea and Steven V Sam

We consider tautological bundles and their exterior and symmetric powers on the Quot scheme over
the projective line. We prove and conjecture several statements regarding the vanishing of their higher
cohomology, and we describe their spaces of global sections via tautological constructions. To this end,
we make use of the embedding of the Quot scheme as an explicit local complete intersection in the product
of two Grassmannians, studied by Strgmme. This allows us to construct resolutions with vanishing
cohomology for the tautological bundles and their exterior and symmetric powers. We further illustrate
our approach with a few additional cohomological calculations.

1. Introduction

1.1. Tautological vector bundles. We consider the Quot scheme Quot pi (CV, n, ) parametrizing rank-r
degree-n quotients of the trivial bundle of rank N over P!:

0— S—>CN®O|]:D1 — 0 —0, rank Q=r, degQ=n.
It is a smooth projective variety which comes equipped with the universal sequence
0->5S—>C"®0—-0—0

over P! x Quotpi (CY, n, r). We let p and 7 denote the projections to the two factors.

The Quot scheme over the projective line is an important testing ground for ideas in moduli theory.
It has rich geometry and bears ties to homogeneous and quiver varieties while not being one of them.
A beautiful systematic study of Quotpi (CV, 1, r) was carried out in [Str], where the Quot scheme was
shown to be rational, and the Betti numbers, generators for the Chow ring, and the nef cone were calculated.
As noted in [Str], Quot g1 (CV, 1, r) is a compactification of the space of degree-d morphisms from P! to
the Grassmannian G(N, r) of r-dimensional quotients of C". With this point of view, in the 1990s, the
Quot scheme was used effectively to calculate the small quantum cohomology ring of the Grassmannian,
leading eventually to a calculation for all flag varieties [Be; CF1; CF2; K; C]. Further progress included
the description of the equivariant cohomology ring in [BCS], the calculation of the effective cone [J], and
the birational study [I] which established Quot pi1 (C¥, n, r) as a Mori dream space, among others.
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In this paper, we take up the problem of calculating the cohomology of Schur functors of tautological
bundles over Quot pi (CV, 1, ). While our results are primarily in the setting of zero quotient rank (r = 0),
the method is available for any rank. Conjectures for any r are formulated in Section 1.3 below.

To start, note that for any line bundle L — P!, there is an induced tautological complex of rank
n+r(deg L + 1) over Quotpi (CV, r, n), given by

L" = R, (p*L ® Q). (1.1.1)

When r =0, L is a vector bundle of rank n. (Note that R'x, (p* L ® Q) = 0 for r = 0 since the support
of Q is finite in each fiber of 77.) We let Quot p1 (C, n) denote the Quot scheme in this case, and show
the following results.

Theorem 1.1.2. (1) For all line bundles L — P! with deg L > n > k, we have
H°(Quotpi (C, n), N°L™) = N“HO(L®Y)
and the higher cohomology vanishes:
H'(Quotpi (CY, n), N'L™) =0, i>0.

(2) More generally, assume deg L > n > k and let py, ..., p; be nonnegative integers, 0 <t < N — 1.

We have k12l 210 N
- ® e

EXti (/\PlL[n] ®R -® /\PzL[n] /\kL[n]) — /\ H (L ) lfl = 0,

’ 0 ifi >0,

for|\pl=pi1+---+p: <k If|p| > k, all the above Ext groups vanish.

Theorem 1.1.3. (1) For all line bundles L — P! with deg L > n >k, we have
H° (Quotp: (CV, n), Syka[”]) >~ Sym*HO(L®V)
and the higher cohomology vanishes
H' (Quotpi (CY, n), Sym*L!") =0, i>o0.
(2) More generally, assume deg L > n > k and let py, ..., p; be nonnegative integers, )0 <t < N — 1.

Then

k=Ip| 70,7 ®N e _
Ext’ (/\plL[n] ®---@ N LI, Symk L[”]) _ Sym" ™"V HY(L®Y)  ifi = O.and all p; € {0, 1},
0 otherwise,

for |p| <k. If |p| > k, all the above Ext groups vanish.

We expect that the vanishing of higher cohomology of A*L" and Sym* L") in Theorems 1.1.2 and
1.1.3 holds whenever deg L > —1. For arbitrary exterior powers, the above vanishings cannot be accessed
by the classical theorems. In the special case of the determinant line bundle /\" L, the bound in our
theorems improves the bound deg L > Nn — N — n obtained by Kodaira vanishing. The latter can be
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applied using the description of the ample cone in [Str] and a standard calculation of the canonical bundle

via Grothendieck—Riemann—Roch.

It is easy to see how the sections of the bundles AL and Sym*L™ over Quotpi (CV, n) arise
geometrically. Indeed, from the universal quotient

CVN@0—- Q-0
over P! x Quot i1 (CV, n), after tensoring by L and pushing forward, we immediately obtain a map
H(L®Y) ® Oquet — L.
Taking exterior and symmetric powers, and taking cohomology, we obtain morphisms
@ N HOLEY) — HON LM, wi: Sym*HO(L®N) — HO (Sym*LI"). (1.1.4)

Our proofs will show that ®; and W are isomorphisms when deg L > n > k. Thus all sections of /\kL[”]
and Sym* L] are obtained tautologically, while the higher cohomology vanishes.

We further illustrate the techniques developed here by showing that:

Theorem 1.1.5. For all line bundles L, M — P! with degM > n and 0 < deg M — deg L < 1, for all
Pls---, Pt >0, notall zero,and 1 <t < N — 1, we have

Hi(QUOtpl ((DN, l’l), (/\PIL[n])V ® (/\PZM[n])V R ® (/\PIM[IZ])\/) —0, i>0.
Of course, the case L = M is contained in Theorems 1.1.2(2) and 1.1.3(2) for k = 0.

Although we focus for notational simplicity on the case of quotients of the trivial bundle, the same
arguments easily apply to the Quot scheme Quot pi1 (E, n) of finite quotients of an arbitrary vector bundle
E — P

Let a denote the largest degree appearing in the splitting of E as a direct sum of line bundles, and
set @ = —deg E 4+ (N — 1)a. For Theorems 1.1.2 and 1.1.3, we replace all instances of HO(L®N) by
H°(E ® L). For instance, Theorem 1.1.2(1) takes the form

H(Quotpi (E, n), NL™) = N'HY(E® L), H'(Quotpi(E,n), NL") =0, i>0,

whenever

degL>n+4+oa, n>k=>0.
Remark 2.1.2 below explains how this bound emerges. Similarly, the analogue of Theorem 1.1.3(1) reads
H° (Quotpl (E,n), Syka[”]) = SymkHO(E ®L), H' (QUOtpl (E, n), Syka[”]) =0, i>0.

The more general Theorem 1.1.2(2) and Theorem 1.1.3(2) are also correct after the analogous modifications.
Likewise, Theorem 1.1.5 remains true under the assumption deg M > n 4 «.
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For a smooth projective curve C of arbitrary genus, the holomorphic Euler characteristics of AL,
Symk L and (/\P L[”])v on Quotc(CV, n) were calculated in [OS] by equivariant localization. The
following expectation regarding individual cohomology groups was also formulated in [OS, Question 20]:

H*(Quot c(CY, n), N°LI") = N'H*(L®V) @ Sym" * H*(O¢). (1.1.6)

The exterior and symmetric powers on the right are understood in the graded sense.
In the case when C = P!, our theorems confirm this expectation for deg L > n. We offer additional
modest evidence for k = 1 and L of arbitrary degree:

Corollary 1.1.7. For all line bundles L — P!, we have
H' (Quotpi (CY,n), LMy =0, i>2.

These results and formula (1.1.6) reflect a full parallelism to the cohomology of tautological bundles
over the Hilbert scheme of points on a surface computed in [D; Scl; Sc2; Krl; A]. For instance, for all
line bundles L — X over smooth projective surfaces, we have

H.(X[l’l], /\kL[Vl]) — /\kH.(X, L) ® Symn_kH.(X, OX)

The Bridgeland—King—Reid correspondence plays a central role in the proof. We refer the reader to the
beautiful article [Kr1] for state-of-the-art calculations in the surface case.

1.2. Proofs. To establish Theorems 1.1.2, 1.1.3 and 1.1.5, the key idea is to use the twofold Grothendieck
embedding of the Quot scheme into a product of Grassmannians,

¢ : Quot p1 (CN, n) — Gy x Gy,
so that the image of ¢ is the zero locus of a regular section o of an explicit homogeneous vector bundle
£ — G] X Gz.

This embedding as an explicit local complete intersection is specific to the Quot scheme (of quotients of
all ranks) over the projective line. It was considered and studied in detail by Strgmme [Str], who used it
to derive information about the Chow ring. Our paper widens the picture, and shows that the embedding
is also well-suited to the study of the tautological bundles.

Using the Koszul resolution for o,

RN /\25\/—) /\15\/—> O(}l x Gy — OQuot_)Ov

we obtain resolutions

> Ro—>RI—>Ro—> . F—0

for each one of the tautological bundles F appearing in Theorems 1.1.2, 1.1.3 and 1.1.5. The resolutions
thus obtained are special. Remarkably, we show that the terms R, have vanishing cohomology for all
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£ > 1, while R has no higher cohomology. This allows us to control the cohomology of the tautological
bundles and establish our results.

The argument makes crucial use of the Borel-Weil-Bott theorem on the two Grassmannians G1, G2,
along with several combinatorial arguments involving the Littlewood—Richardson rule. In intermediate
stages, statements of independent interest are established generally over arbitrary Grassmannians; we
refer the reader to Section 3 for details. It takes a delicate interplay between Borel-Weil-Bott and
Littlewood—Richardson vanishings to show that all higher terms Ry, £ > 1, of the resolution have no
cohomology at all.

While the above theorems concern genus 0, we also obtain the following corollary in arbitrary genus.
Let y be a variable. Setting

AV = Zyk/\kV, Sym,V := Z yk Sym* Vv,
Y k k

the result below recovers Theorem 1, a special case of Theorem 2, and Theorem 4 in [OS].

Corollary 1.2.1. Let L, My, ..., M; — C be line bundles over a smooth projective curve, where 1 <t <
N — 1. Then
S x(Quote (@Y m, ALIM) = (11— )9 (1 4 gV, (1.2.12)
n=0
Zq X(QuotC(C ), @ Am!") ) — (1= gq)~1©0), (1.2.1b)
Furthermore, in genus 0, we have
> q"y* x (Quotpi (€Y, n), Sym* L") = (1 — g) ™" (1 — gy)~M* P (1.2.1¢)
n>k

We will show how to derive Corollary 1.2.1 from Theorems 1.1.2, 1.1.3 and 1.1.5 in Section 4.1.

Formulas (1.2.1a), (1.2.1b) and (1.2.1c) were previously established in [OS] based on reduction to
genus 0 using universality statements as in [EGL; OS; St], and equivariant torus localization in genus 0.
The localization calculation is combinatorially involved and relies on several mysterious simplifications.
In the present paper, Theorems 1.1.2, 1.1.3 and 1.1.5 reflect an efficient and more conceptual approach to
the full cohomology, which cannot be accessed by localization.

In all genera, Corollary 1.2.1 also holds for an arbitrary vector bundle E instead of the trivial bundle
C" ® Op1, with the only modification that all instances of N y (L) are replaced by x (E ® L).

1.3. Higher rank. A natural direction is to apply the techniques of this paper to study the cohomology
of the Schur functors of tautological bundles over Quot p1 (CV, n, r), when r > 0. In this setting, even the
numerical K -theoretic invariants of these Schur functors are largely unexplored.

Recalling the definition of the tautological complex L!"! from (1.1.1), we propose the following
conjectures.
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Conjecture 1.3.1. Letn = (N —r)a+b with0 <b < N —r. Then for all line bundles L — P!, we have

Nyx(L
x (Quotpi (CN, n, 1), /\kL[”]) = ( Xk( ))
forallk <n+r(a+1).
For symmetric powers, we state the following

Conjecture 1.3.2. Letn = (N —r)a+b with0 <b < N —r. Then for all line bundles L — P!, we have

X(QUOt[FDl ((CN, n, r)’ Syka[n]) — (NX (L3<+k—l)

forallk <n+r(a+1).
Finally, for the dualized exterior powers, we have

Conjecture 1.3.3. Letr >0and writen =ar+bwithO<b<r. Let | <t <N—r—1and py, ..., p; be
nonnegative integers withQ < p1+- - -+p, <n+(N—r)(a+1). Then for all line bundles Ly, ..., L; — P!,
we have

x(Quotp (CY, n, ), (N'LI) " ® - @ (A" L)) = 0.

When r = 0, Conjectures 1.3.1 and 1.3.2 recover Theorems 1.1.2(1) and 1.1.3(1), while the case
r = N — 1 can be verified by hand since the Quot scheme is a projective space. For all three conjectures,
we checked the answer by computer in several other cases. The bounds on k appear to be sharp.

It is natural to expect that the three conjectures can be lifted in obvious fashion to cohomology. This
suggests that Theorems 1.1.2(1), 1.1.3(1) and 1.1.5 continue to hold for higher-rank quotients subject to
the appropriate bounds on k and the condition that the degree of the L’s be nonnegative. While Strgmme’s
construction is valid for quotients of arbitrary rank, the Borel-Weil-Bott arguments become more involved
and will be left for future study.

The answers predicted by the conjectures stabilize as n becomes large with respect to N, k, r. Equiva-
lently, for each fixed k, the generating series

o o
Zq"}((Quot pi1(CN, n,r), /\kL["]), Zq"}( (Quot pt(CN, n,r), Syka["])
n=0 n=0

are given by rational functions with a (simple) pole only at ¢ = 1. It is natural to wonder whether this
statement is correct for all partitions and for the associated Schur functors of L.

1.4. Subsequent developments. After our preprint appeared on arXiv, the conjectural identity (1.1.6)
was extended to cover more general Ext groups involving tensor products of wedge powers of tautological
bundles; see [Kr2, Conjecture 1.1]. The extended conjecture is consistent with the Euler characteristic
calculations in [OS]. Theorem 1.1.2 and Theorem 1.1.5 establish part of the conjecture. We also refer
the reader to [Kr2, Theorems 1.2, 1.3, 1.5] for related results. Both equation (1.1.6) and the conjecture
formulated in [Kr2] were very recently confirmed in [MN] using different methods.
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1.5. Plan of the paper. We review Strgmme’s embedding, construct the resolutions of the tautological
bundles, and establish Theorems 1.1.2, 1.1.3 and 1.1.5 in Section 2. This relies on the Borel-Weil-Bott
analysis of the resolutions which is carried out in Section 3. Corollaries 1.2.1 and 1.1.7 are proved in
Section 4.

2. Grassmannian embedding of the Quot scheme and resolutions

2.1. Stromme’s embedding. We begin by describing Strgmme’s construction which exhibits the Quot
scheme over P! as the zero locus of a regular section of a vector bundle over the product of two
Grassmannians [Str].

For each integer m > n, the embedding takes the form

b - Quotpl(CN, n) — GWV,_1,n) x G(V,,, n),

where
G :G(mel, n), GZZG(Vm’ n)

are the Grassmannians of n-dimensional quotients of two vector spaces of dimensions Nm and N (m + 1)
respectively. We identify

Vo1 = HO(P!, Opiim — DY), v,y = HOP', Op1 (m)®Y).

Explicitly, ¢,, is the product of two Grothendieck embeddings. When m > n, each short exact sequence in
the Quot scheme

0->S—>CV"Q0p - 0—0,
yields two exact sequences of vector spaces
0— H’(S(m — 1)) = H(Opi(m — DY) - H(Q(m —1)) - 0,
0— H’(S(m)) — H*(Op1(m)®) — H’(Q(m)) — 0.
Then ¢, is given by the assignment
[0 85— CY"®0p — 0 — 0] [Ve1 = HY(Q(m — 1)] x [Vin = H(Q(m))].
We write W = HO(P!, Op1(1)). There is a natural morphism
V-1 > Vi @ W,

obtained from the natural section cutting out the diagonal A — P! x P!

Opixpt = Opiypi (A) = Opi (1) K Opi (1),

tensoring by Opi (m — 1) on the first factor, and taking cohomology.
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To describe the equations cutting out Quot p1 (CV, n) in G| x Gy, let
0—- A = V,_1®0g, — B — 0,
0—>A—> V,y®0g, > B, — 0,

be the tautological sequences over the two Grassmannians G; and G,. Let pr; and pr, be the two
projections on G| x G;. The sheaf

E=priA] @ WQRpr5 B, — G| x G (2.1.1)
admits a natural section o induced by the composition
o :priA1l = Vo1 ® 06 x6, = Vin ® W @ Og, xG, = pr; B2 @ W.

Strgmme shows that the section o is regular and vanishes exactly along Quot pi (CV, n); see [Str, §4].

Remark 2.1.2. For an arbitrary vector bundle E — P! and m sufficiently large, we similarly have an
embedding
t:Quotpi(E,n) > Gy x Gz, G =G(V,—1,n), G2=G(V,,n),

where
Vo1 = HY(E(m —1)), V,, = H(E(m)).

To obtain a precise lower bound for m, we need to ensure the vanishing
H'(S(m—1)) = H'(S(m)) =0,

for every exact sequence 0 > S — E — Q — 0. Let

N
E =P Opi(ai),
i=1

and set a to be the largest of the summand degrees a;, 1 <i < N. If

N
S =D Opi (50),
i=1

then we have s; <a, 1 <i < N, since there is an injection

N
Opi(s)) > S > E - P Opi(a).
N i=1
As > s; =deg E —n, we also have l
i=1
si>degE—n—(N—1a, 1<i<N.

Thus for
m>n+(N—1)a—degkE,
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we obtain H'(S(m — 1)) = H'(S(m)) = 0, as wished.

With no additional conditions on m, Strgmme’s arguments show that Quotpi (E, n) is also cut out by a
regular section o of the tautological bundle (2.1.1) over G| x G,. Consequently, the arguments below
presented for the case of trivial E also carry over without change to arbitrary E.

2.2. Resolutions. As a result of the above discussion, the section o induces a Koszul resolution
o NEY 5 NEY = 06 k6, = Oquet — 0. (2.2.1)
Note that if deg L = m, by the definition of the embedding ¢,, we have
L= Uy, P15 Bo.
Hence, tensoring (2.2.1) with pr} /\sz, we obtain the resolution
o NE @A B = N @prs N By — prs A By = (tn)o(NLM) — 0

over G; x G,. We set
Ve=N¢e"@piNBy. €20

This yields the resolution
e V= V= V= )R (NLM) =0, (2.22)

corresponding to Theorem 1.1.2(1).
Theorem 1.1.2(2) is conceptually analogous, but the notation becomes slightly more involved. For this
reason, it may be helpful to present the simpler case (1) first. To treat case (2), we consider the bundle

F=(N"LM)' ... (AN"L™M)" & (NL™M). (2.2.3)
By similar reasoning, we are led to the resolution
e X = X > Xy — () F— 0, (2.2.3b)
where
X =NV (prs/N'BY @prs/\”BY @ - -- @ prs N\ By @ prs \'Ba).
Proposition 2.2.4. In the resolution (2.2.2),

= V= V= V)= (Lm)*(/\kL[n]) — 0,

the sheaves Vy have no cohomology for £ > 1, while the sheaf Vy has no higher cohomology.
More generally, in the resolution (2.2.3b), the sheaves Xy have no cohomology for £ > 1, while the
sheaf Xy has no higher cohomology.
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For the symmetric products, we similarly define

Wy = N'EY @ pr Sym* By,

and have an analogous resolution
= Wh = W = Wy = () (Sym* L") — 0, (2.2.5)
This corresponds to Theorem 1.1.3(1). For the more general Theorem 1.1.3(2), we let

G= (/\PIL[H])\/ QR - ® (/\PtL[l’l])\/ ® Symk LI, (2.2.62)
Setting
Ve=N¢e"® (prs/N'BY @prsN”By ® - - @ prs/\" BY @ pry Sym*B),

we obtain the resolution
= >V = Vo= (), G — 0. (2.2.6b)

Proposition 2.2.7. In the resolution (2.2.5)
s> Wh = WL = Wo = (bn)s (Syka[”]) — 0,

the sheaves W, have no cohomology if £ > 1 and deg L > n > k, while Wy has no higher cohomology.
More generally, under the same assumptions, in the resolution (2.2.6b), the sheaves Yy have no
cohomology for £ > 1, while the sheaf Yy has no higher cohomology.

A further analysis is needed for Theorem 1.1.5. The case L = M is already covered either by
Theorem 1.1.2(2) or Theorem 1.1.3(2) for k =0. Thus we may assume deg M =m >n and deg L =m — 1.
In this case, we have

L= pri By, M™M= prs Ba.
Thus for the bundle
H=(N\" L[n])V Q (/\pzM[n])V R -® (/\ptM[n])V

which appears in Theorem 1.1.5, we obtain a resolution

cee—> Uz —> ul —> Z/{() —> (Lm)* H— 0, (228)
where
U =NE'® (priN'BY @ pry\*BY @ - - - @ pr3 N BY).
Proposition 2.2.9. For py, ..., p; not all zero, the cohomology of Uy vanishes for all £ > 0.

2.2.1. The main theorems. Before turning our attention to the proofs of the above propositions, we note
that our main Theorems 1.1.2, 1.1.3 and 1.1.5 follow immediately from them.

For Theorem 1.1.2, we use Proposition 2.2.4. To establish case (1) of the theorem, we make use of
the resolution (2.2.2). The associated spectral sequence shows that the higher cohomology of AL
vanishes, while in degree zero we have

H°(Quotpi (CV, n), N°LM) = HO(Gy x G2, V).
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Recalling that V = pr} NB,, we compute
HY(G1 x G2, Vo) = H*(Go, \'By) = NV, = NHO(CV @ Opi (m)) = N'HO(L®Y),

as needed.
For part (2) of Theorem 1.1.2, we note that

Ext (/\plL[n] Q- ® /\PrL[n]’ /\kL[n]) = Hi(f),

where the bundle F is defined in (2.2.3a). Using the resolution (2.2.3b) and Proposition 2.2.4, we see that
the only contribution to the cohomology of F comes from the term

HYG1 x Gy, X)) = H(BY @ --- @ N BY @ N'Bo) = NP HO(Go, By) = NP HO(L®Y)

for |p| = p1+- - -+ p: <k <n. The second equality requires further explanation. Since we need additional
notation, the argument will be presented later; see equation (2.3.11) in the proof of Proposition 2.2.4.

Turning to Theorem 1.1.3, for part (1), we make use of the resolution (2.2.5) and Proposition 2.2.7.
This time, the initial term W)y = pr} Sym* B, has sections

H°(G| x G2, Wy) = H%(G,, Sym*B,) = Sym* V,,, = Sym* H*(C" ® Opi (m)) = Sym* HO(L®N).
For part (2), we note

Ext/ (A LM ® - @ A" L™, Sym* L) = H' (0),

where the sheaf G was defined in (2.2.6a). Using the resolution (2.2.6b) and Proposition 2.2.7, the only
nontrivial contribution to the cohomology of G comes from the sheaf )y and it equals

H(Go, N'BY @ - ® N By ® Sym* BBy) = Sym* 1P H(G», By) = Sym* P HO(L®Y).

This requires that all p; € {0, 1} and |p| < k. The cohomology vanishes altogether if this condition fails.
The first equality will be explained after we develop more notation; see equation (2.3.13) in the proof of
Proposition 2.2.7 below.

Finally, for Theorem 1.1.5, the argument uses Proposition 2.2.9. This time around, the cohomology
vanishes for all terms of the resolution (2.2.8) and in all degrees. O

2.3. Analysis of the resolutions. We now turn to Propositions 2.2.4, 2.2.7, 2.2.9 and deduce them from
the Grassmannian vanishing results of Section 3. We begin by making the terms of the resolutions more
explicit.

2.3.1. Partitions and Cauchy’s formula. We use standard terminology on partitions A = (Aq, ..., A,),
where Ay > Ay > --- > A, > 0. We set

A=,
i=1
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and we let AT be the transpose partition obtained by exchanging the rows and columns of the Young
diagram of A.

Throughout, we will always assume that our base scheme is defined over a field of characteristic 0.

For each partition XA, we let S, denote the associated Schur functor (for example, these are defined
in [W, §2.1] where they are called L,+). For a partition A and any vector bundle V — Y over a base Y,
there is an associated vector bundle S, (V) — Y. The cases A = (1¥) and A = (k) correspond to the k-th
exterior and k-th symmetric powers, respectively.

The vector bundles S, (V) — Y are also defined when A is not a partition but rather an arbitrary
dominant weight A > - .- > A,, where r = rank(V'), and we now allow the entries to be negative. We
have

S (V) =8u(VY),

where —A denotes the sequence —X, > --- > —A . In addition,
S, (V)®detV =8, (V).
If V, W — Y are two vector bundles, Cauchy’s identity

NV W)= S (V)®S,(W)
|x=¢
holds, where the sum is over all partitions A of size £. We only need to consider those partitions A with at
most rank(W) rows and at most rank(V') columns since the term is O otherwise. Applying this formula to
the bundle £ whose section cuts out the Quot scheme, we obtain

NEY =P S (AN KS.(BY & BY). (2.3.1a)
[A|=¢

Here, A is a partition with at most 2n rows and the number of columns at most equal to
rank(A4)) =dimV,,_—n=dimV,,— N —n <dimV,, —n —1. (2.3.1b)
In the discussion below, the abbreviation d = dim V,,, will often be used.

Using (2.3.1a), we immediately obtain the expressions

Ve= P S (AR (S:(8; @ B) @ N'Ba), (2.3.22)
BT
and
Wi = P S (A R (S1(BY @ BY) ® Sym*B3,) (2.3.2b)
[A|=¢

corresponding to Theorem 1.1.2(1) and Theorem 1.1.3(1). For the second halves of the two theorems, the
expressions are slightly more complicated due to additional wedge powers:

Xo= P Si(ADE (S:(BY @B @ N'BY @ - @ N"BY @ N'Ba). (2.3.2¢)
[A|=¢
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and

Vo= P S (AN R (S:(By @B @N'BY @ -+ ® "B @ Sym*B,). (2.3.2d)
N

Finally, we have
U= P (S (AN N'BY) R (S8 @ BY) @ N"By @ --- @ \"'BY). (2.3.2¢)
[A=¢

2.3.2. The Borel-Weil-Bott theorem. To compute the cohomology of the above bundles, we use the
Borel-Weil-Bott theorem [B]. For integers 0 < n < d, let G = G(d, n) denote the Grassmannian of
n-dimensional guotients of a d-dimensional vector space, and let A, B — G denote the tautological
subbundle and quotient. For a partition

=1, ...\ ld—n)

with d — n rows, we form the string

p+Ouw=d-1,d-2,....,1,00+(O,...,0, u1, ..., hg—n). (2.3.3)
—_———

n

Theorem 2.3.4 (Borel-Weil-Bott). The bundle S, (A) has at most one nonzero cohomology group.
Furthermore, if the string p + (0, u) contains repetitions, then all cohomology groups of S, (A) vanish.

This formulation can be found in [W, Corollary 4.1.9]. We are using a few translations. First, the Weyl
functors K, defined there are isomorphic to the Schur functors used here; see [W, Proposition 2.1.18(c)].
Moreover, the dual of the tautological subbundle A is the quotient bundle on the dual Grassmannian, and
on the latter space, S, (A) corresponds to V(0, n) in the notation of [W].

We note from Theorem 2.3.4 that S, (A) has no cohomology provided there exists j such that

j<wmj<n+j—1. (2.3.52)

Let us record the “dual” rephrasing of condition (2.3.5a) which is also useful here. For a partition v
with n rows, the bundle S, (BY) over the Grassmannian G(d, n) has no cohomology provided that there
exists j such that

J<vi<d-—-n+j—1 (2.3.5b)

In Proposition 2.2.9, we also consider the bundle
Su(ARN'BY=S_, (A4") ®SarB"

for 0 < p <n. Again by the Borel-Weil-Bott theorem [W, Corollary 4.1.9], all cohomology vanishes
provided that the string

d—1,...,0)+ (—ftdens s =1 1, ..., 1,0,...,0) (2.3.62)
V# h\/—/

p n—p
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l

Figure 1. A partition of 2-index i = 3.

has repetitions. That happens when there exists j such that

J=1=<pj<n+j—landp; #j+p—1 (2.3.6b)
Of course, the case p = 0 recovers (2.3.5a). In fact, for p = 0, the string (2.3.3) has repetitions if and
only if the same holds for (2.3.6a).
2.3.3. Indices of partitions. The following definition is not standard but is crucial for our arguments.
Definition 2.3.7. Let n be a nonnegative integer. Let A % 0 be a partition satisfying the condition that
(%) for all j, the number of boxes in the j-th column of A is either < j or > n + j.

Let i denote the largest index j such that the j-th column has > n + j boxes. We refer to i as the n-index
of L. If A does not satisfy (), we leave the n-index undefined.

It may help to visualize partitions A of n-index i. There are i “long” columns with at least n + i boxes,
while the remaining columns are “short” containing at most i boxes. In Figure 1, the long columns are
shown in gray, while the short columns are white. Thus, for a partition A of n-index i, we have

)\.i+1 — = )\.l‘_;,_n - l (238)
The following variation is needed for Proposition 2.2.9 and is connected to condition (2.3.6b) above.

Definition 2.3.9. Let 0 < p <n be integers. Let > # 0, A #~ (17) be a partition satisfying the condition
that

(xx) for all j, the number of boxes in the j-th column of A is either < j — 1 or > n + j or equal to
j+p—1
Let i denote the largest index j such that the j-th column has > n 4 j boxes. We refer to i as the

(p, n)-index of A, when defined. The case p = 0 corresponds to the n-index defined above.

The partition A = (17) is not considered here. The reason is that A satisfies (), yet no column has at
least n + 1 boxes, so the index is undefined.

For a partition A of (p, n)-index i, two shapes are possible:

(a) The partition A has i “long” columns with > n 4+ i boxes, and the remaining columns are “short”,
having <i — 1 boxes.

(b) The partition A has i “long” columns with > n 4 i boxes, the (i + 1)st column has p + i boxes, and
the remaining columns are “short”, having <i boxes.
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Figure 2. Partitions of (1, 3)-index i = 2.

The partitions in Figure 2 satisfy (a) and (b) respectively. For case (b), the long and short columns are
shown in dark gray and white, while the middle (i + 1)st column is lighter gray. In both cases

i<ty <i4+1l, ..., i<xp=<i+l. (2.3.10)
Proof of Proposition 2.2.4. For simplicity, we consider the case of the resolution V, first. Recall from

(2.3.2a) that

Vo= P S (AN R (Si.(BY @ BY) @ N'Ba).
|A|=¢

For ¢ = 0, we must have A =0, and Vy = pr* /\sz has no higher cohomology.
When £ > 1, we have A # 0. For a partition A # 0 appearing in the above sum, we distinguish two
mutually exclusive situations:

(1) there exists j such that j < )LJ; <n+j-—1,o0r
(%) for all j, the number of boxes in the j-th column of A is either < j or > n + j.

Of course, condition (x) already appeared in Definition 2.3.7. In case (}), we noted in (2.3.5a) that
S;+ (A1) has no cohomology. In case (), Proposition 3.1.2 in Section 3 below shows that

S, (BY @ BY) @ \'B,

has no cohomology either. Consequently, V,; has no cohomology when £ > 1, establishing the first half of
Proposition 2.2.4.
For the second half, recall from (2.3.2¢) that

Xo= P S (ADE (S:(BY @B @ N'BY @ @ N"BY @ N'Ba).
=

When ¢ # 0, then either A # 0 satisfies condition (}), which guarantees cohomology vanishing for the
Schur bundle on the first factor, or else A # O satisfies (). The latter situation yields vanishing on the
second factor by Proposition 3.1.4(1) below. The hypothesis of the proposition is verified since A was
seen in (2.3.1b) to have at most

dimV,,— N —n <dimV,, — (t + 1) —n

columns and t < N — 1.
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In the proof of Theorem 1.1.2 in Section 2.2.1, we also claimed that the cohomology of A} is given by
H(Go, N'BY @ ---@ N'BY @ N'Bo) = HO(Go, N T17'B,) = NP HO(Go, By). (23.11)

Here we assume |p| = p1 + - - - + pr < k < n, while the answer is understood to be 0 if this assumption
fails. We can now justify the first equality using Pieri’s rule combined with Borel-Weil-Bott. This is
certainly well-known, but it appears easier to write the argument than to find a reference.

Consider an arbitrary Grassmannian G(d, n) with tautological quotient B, and assume ¢ < d — n. The
latter is true in our setting since t < N — 1 < dim V,,, —n. We inspect the tensor product

NB' @ - @N'B " @NB=N'B"®--- N"BY @ N *B" ®det B. (2.3.12)

By Pieri’s rule, tensorization by /\’ B" has the effect of adding p boxes, no two in the same row. Thus,
if S, (BY) is any summand of \”'BY ® ---®@ A""BY ® N'"*BY, then we create at most 7 + 1 columns.
Hence

l<vyi<t+1<d-—-n+1.

On the other hand, tensorization by det 5 subtracts 1 box from all the rows. Consequently, the summands
S, (BY) that appear in (2.3.12) satisfy

[,L1=v1—1.

In general, we have 1 < ) <d — n, so Borel-Weil-Bott shows that S, (B") has no cohomology; see
condition (2.3.5b). There is one exception corresponding to p; = 0. In this case, we must have v| =1,
which forces v = (1/7#77%) and then —yu = (1¥~17!). This yields the term S,,(BY) =S_,(B) = \7'B,
and justifies (2.3.11). ]

Proof of Proposition 2.2.7. We consider the simpler case of the resolution W, first. By (2.3.2b) we have

We = @D S (A B (S1(BY & BY) ® Sym*B,) .
[n=¢
The argument is similar to that of Equation (2.2.2). This time, to deal with case (x) we invoke
Proposition 3.1.3.

The analysis of the bundles ), for £ > 1 in the general case uses Proposition 3.1.4(2) instead.

In Section 2.2.1, we also needed the cohomology of the bundle ). To this end, we show that on
an arbitrary Grassmannian G(d, n), for t < d — n and positive integers pi, ..., p; > 0, the bundle
N'BY®...® A\"BY ® Sym*B has no cohomology unless p; =--- = p; = 1 and k > ¢, in which case
there is only one nontrivial cohomology group

H*(N'BY®---® \N'"BY ® Sym*B) = Sym* ' HO(B). (2.3.13)

Indeed, let S, (BY) be a summand of A"'BY ®---® N\ BY ® Syka. Dualizing, we have that S_,,(B")
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is a summand of
N'B®--- @ N'BSym*B" = N""B"®---@ N "B’ QSym'B" @ (det B)".

Let S, (BY) be a summand of A" ”'BY®---®@ N' 7' BY ® Sym*B. Applying the Pieri rules, we start
with the partition (k) corresponding to Sym* BY, to which we add n — py, ..., n — p; boxes respectively,
such that at each stage we do not add two boxes to the same row. Therefore

0<v, <t
(unless n = 1, which can be treated separately). If v, = ¢, then v, =--- = v,_; =¢. In this case we can
say a bit more. Note that the last n — 1 rows of v each contain ¢ boxes, and n — py, ..., n — p; are all
< n — 1. For this to be possible, equality must hold, hence p; = --- = p; = 1. Moreover, all boxes have

to be added to the last n — 1 rows, and so none can be added to the first row. Hence v is the partition
vi=k, vy=---=vy,=t.

For this to make sense, we must have v| =k >t = v,.

Finally, each S_,, (BY) =S, (BY) ® (det B)" satisfies j,41—; + vi =t. Since 0 < v, <1, we also have
0 < pu; <t. Since t <d — n, it follows by condition (2.3.5b) that we only have nontrivial cohomology
for S,,(BY) when p; = 0. This case corresponds to v, = . We have seen above this means v; = k and
vy=---=v, =t. Thisyields u =(0,...,0,t—k) and S, (BY) = SymkftB, which implies the claim. [

Proof of Proposition 2.2.9.. We need to inspect
Up = @ (S (AN @ N'BY) B (S,.(BY ®B) @ N"BY @ -+ @ N"BY).
[A|=¢
The case £ = 0 follows from either (2.3.11) or (2.3.13) with k = 0.

Let £ # 0. When A satisfies (2.3.6b) (for p = py), the first factor S, (A;) ® /\’ 'B) has no cohomology.
Otherwise, A satisfies condition (*%*) from Definition 2.3.9. In this case, we claim the second factor has
no cohomology.

Indeed, when A = (171), we have that S; = /\”' is an exterior power and

P
A (Bzv GBBZV) ~ @ /\]BZV ® /\PI_JBE/.

j=0
As in the above analysis of (2.3.11), every summand S, (53;) which appears in the second factor then
satisfies 1 < u; <t + 1 by the Pieri rule. Since t +1 < N <dim V,, —n = d — n, we get vanishing by
Borel-Weil-Bott and (2.3.5b).

When A #£ (171), letting i denote the (p;, n)-index of A, the second factor
S.(By @B) @ N*By ®--- @ N B

has no cohomology by Proposition 3.1.4(3). ]
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3. Cohomology vanishing on the Grassmannian

3.1. Overview. We establish the vanishing results which played a crucial role in the proofs of Propositions
224,227 and 2.2.9.

We continue to write G = G(d, n) for the Grassmannian of n-dimensional quotients of a d-dimensional
vector space, and B — G for the tautological rank-n quotient.

Recall from Section 2.3.2 that S5(B"Y) has no cohomology provided that there exists j such that

j<8<d—n+j—1 (3.1.1)

We will establish three results. The first corresponds to the resolution V,, while the second pertains to
the resolution W,. Together, these already capture the main ideas. The third result covers the resolutions
X., Vo and U,. Although the notation in this case is more involved, the argument does not require new
ideas. We present these results separately for clarity.

Proposition 3.1.2. Let A # 0 be a partition that fits in the (2n) x (d —n — 1) rectangle and assume that A
has n-index i. For every summand Ss(B") C S, (BY @ BY) ® \*(B), the partition § satisfies condition
G3.1.1) with j = .

In particular, all cohomology of S; (BY @& BY) ® /\*(B) vanishes.

Proposition 3.1.3. Let A # 0 be a partition that fits in the (2n) x (d —n — 1) rectangle and assume that A

has n-index i.
(1) Ifi <n, then for every summand Ss(B") C S; (BY ®B")®Sym®(B), the partition § satisfies condition
(3.1.1) with j = i.
In particular, all cohomology of S;.(BY @ BY) ® Sym®(B) vanishes.
(2) If i = n and k < n, then for every summand Ss(B") C S,(BY & BY) ® Sym*(B), the partition §
satisfies condition (3.1.1) with j =i.
In particular, all cohomology of S, (BY @ BY) ® Sym*(B) vanishes.
Proposition 3.1.4. Let A # 0 be a partition that fits in the (2n) x (d —n —t — 1) rectangle, for some t > 0.

(1) Assume that A has n-index i. Let py, ..., p; be nonnegative integers and let 0 < k < n. Then every

summand
$5(8) CS,.(B @ BHRN'B'®- - @ N"B'® \'B
satisfies condition (3.1.1) with j = 1.
In particular, all cohomology of S;(B¥ & BY) @ N"'BY @ - - - @ N\ BY ® N'B vanishes.

(2) Assume that A has n-index i. Let py, ..., p; be nonnegative integers and let 0 < k < n. All summands
of
S.(B"eB)YRN"'B @@ \"BY @ Sym"(B)

satisfy condition (3.1.1) for j =i, and therefore this bundle has no cohomology.
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(3) Assume A # (17) has (p, n)-index i, for some O < p <n. Let py, ..., p;—1 be nonnegative integers.
Then every summand

Ss(BHYcCcS,(BYaeBHYQN'B'®---@ N''BY

satisfies condition (3.1.1) with j =i.
In particular, all cohomology of S;(BY ®BY) @ N''BY ® - - - ® N""' BV vanishes.

3.2. Littlewood—Richardson coefficients. For the proofs of the above propositions, we need a few
preliminaries about the Littlewood—Richardson coefficients. The material below is well-known, but to
establish the notation, we recall several definitions and basic facts, some of which can be found in [SS,
§82, 31.

For two partitions « and 8 of the same size |«| = |8], write @ > B (a dominates B) if, for all m, we
have

@it = Bt + B

Note that & > g if and only if ' < 7.

Given partitions «, 8, v, let cZ’ P denote the Littlewood—Richardson coefficient, which is the multiplicity
of the Schur functor S, in the tensor product S, ® Sg.

The coefficient cZ’ p counts the number of Littlewood—Richardson tableaux. These are fillings of the
skew tableau of shape y /o with content § (i.e., for all i, the label i appears exactly §; times) such that
the following two properties hold:

* (semistandard) In each row, the entries are weakly increasing from left to right, and in each column,
the entries are strictly increasing from top to bottom.

* (lattice word property) Let w be the word (called reading word) obtained by reading the entries in
each row from right to left, starting with the top row and going down. For each i and m, let w; (m)
be the number of times that i appears in the first m entries of w. Then for all m and i, we have
w;(m) > w;y1(m).

We collect a few facts about these coefficients in the next result.

Proposition 3.2.1. (1) For any complex vector bundles V, W, we have
S, (V@ W) =D Su(V) ®S5(W)) s,
o.fp

where the sum is over all partitions o, B.
(2) If ¢} g #0, then |y| = |a| + 8.
3) Ifcf;’ﬂ £ 0, then y contains both a and B, i.e., y; > max(«;, B;) for all i.

(4) In a Littlewood—Richardson tableau of shape y /a and type B, all occurrences of the number i must

appear in rows i and later.
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As a consequence, ifc;ﬁ # 0, then a + B dominates vy, i.e., for all m, we have

Z(Oli +Bi) = Z Vi-
i=1 i=1

0 If cZ’ 8 % 0, then y dominates o' U B (this is the partition obtained from all of the rows of « and B
placed one after the other according to their lengths).

Proof. (1) See [SS, (4.5)] for a derivation.

(2) and (3) are clear from the interpretation in terms of tableaux.

(4) We prove this by induction on i. If i = 1, there is nothing to show. Now suppose the statement
is true for i. Suppose that there is a Littlewood—Richardson tableau in which i 4+ 1 appears in the first
i rows. Let w be the reading word of this tableau. By the lattice word property, this instance of i + 1
cannot appear in a row before the earliest (relative to w) instance of i, so it must appear in row i, and it
must appear to the left of i in the tableau. However, this violates the semistandard condition.

(5) This is a consequence of (4) since a U 8 = (@"+BM" and ¢ U

1
aﬁ_c“,fﬂ

3.3. Lemmas. To carry out the proofs of Propositions 3.1.2, 3.1.3, and 3.1.4, we first establish a few
supporting results.
First, by Proposition 3.2.1(1), we have

$1.(B" @ B) = (P)(Sa(B) @85(BY) s = () 8, (B) % wser. (3.3.1)
a.p a.p.y
Here, the number of rows of the partitions «, 8, y is less than or equal to n, while the number of rows in
the partition X is less than or equal to 2n.
We assume first that X is contained in the (2n) x (d —n — 1) rectangle as needed in Proposition 3.1.2
and 3.1.3.

‘ We reserve i to be the n-index of M. ‘

Pick a triple «, B, y such that S, (B") # 0, and c(’}[’ ﬂcf;’ s 7 0. We will deduce a number of restrictions
on the partitions «, 8, y.

Lemma 3.3.2. We have «; > i.

Proof. Suppose that «; < i. Since A has n-index i, recall from (2.3.8) that A; ;1 = - -- = X;4, =i and thus
A; > 1. Then the i-th column of the skew shape A /o has at least n 4 1 boxes (in rows i through n+i). But
then any valid Littlewood—Richardson tableau of shape A/« needs at least n + 1 labels (because of the
semistandard condition). This implies that 8,11 > 0, contradicting the fact that 8 has at most n rows. [

Lemma 3.3.3. We have

(ar+pB1)+---+ (i + i) <id—n+i-1).
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Proof. By Proposition 3.2.1(5), we know that A > o U 8, so that

Aty = (@UB) i+ -+ (@UB)i= (a1 + Bi) +- -+ (i + Bi). (3.3.3a)
Since A; <d—-n—1forj=1,...,iand A; <ifor j=i+1,...,2i, thelemma follows. O
Lemma 3.3.4. We havei+1<y; <d—-n+i—1.

Proof. We know that ; > i from Lemma 3.3.2. If in fact o; > i + 1, then we can use Proposition 3.2.1(3)
to conclude that y; > i + 1.
Otherwise, we have o; =i. Suppose that y; =i. Then the i-th row of y /& has no boxes. Since cg’ 8 #£0,

there is a Littlewood—Richardson tableau of shape A/« and type 8. Since A;y, =i, the i-th column of
il

A/« has at leasti +n — a; boxes, so that B has at least i +7n — o] rows (by the semistandard condition).

Next, there is also a Littlewood—Richardson tableau of shape ¥/« and type 8. The integers in the
il

interval [i, i +n — «; | cannot go in the first i — 1 rows of y /a by Proposition 3.2.1(4), and cannot go in
the i-th row since it is empty. Thus, these numbers must go in rows i + 1 or higher. Again, since y; =1,

they are also constrained to the first i columns of y /o as well. Now, in y /«, the i-th column only has
¥

boxes in rows oz;r +1, ..., n, at most. Consequently, the labels [i, i +7n — «; | can only be placed in rows
a;r +1,...,n.

Suppose it is possible to do this. Consider the subdiagram D of y /a consisting of boxes that are filled
with entries > i. If we subtract i — 1 from every entry, we claim that the result is a valid Littlewood—
Richardson tableau of shape D. Subtracting the same amount from each entry does not affect any of the
semistandard inequalities. Furthermore, if w is the reading word of the Littlewood—Richardson tableau of
y Ja of type B that we’re considering, and w’ is the reading word of its restriction to D, then in the notation
of Section 3.2, for j > i and any m, we have w;. (m) = w;(m). In particular, then w; (m) > w;+1 (m) for

all j > i and hence the result of subtracting i — 1 from all entries of D has the lattice word property.
¥

But then we have too many labels: in fact, at least n — oziT + 1 labels and only n — o] rows to put them

into. We have a contradiction to Proposition 3.2.1(4) and hence y; > i + 1.
Finally, again by Proposition 3.2.1(4), we have o + 8 > y. Using Lemma 3.3.3, we obtain
ivi<yi+---+yi<id—n+i-1), (3.3.4a)
andhenceyi§d—n+i—1.1 O
Lemma 3.3.5. (1) Ifi <n, then y;1| > i.
(2) Ifi = n, then y,, > 2n.

Proof. Since A;41 =i, we have ;| <i by Proposition 3.2.1(3).
Let c =i —a;4+1. Then A/« contains the subrectangle occupying rows i + 1, ...,7 +n and columns
air1+ 1,...,i, which has n rows and ¢ columns. Since cg’/g # 0, we can fill A/a with content S.

I'We could relax the condition that A is contained in the (2n) x (d —n — 1) rectangle here. It would suffice to know that
M+ r<ild—n—1)+i—1
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By examining the n x ¢ subrectangle and using the semistandard property, we obtain 8, > c. Let g’ be
the result of subtracting ¢ from all parts of 8. Then

Sp(BY) = (det BV)® ® Sp/(B)

since rank(8") = n. Hence to compute S, (B") ® Sg(B"), we can first add ¢ to all values of (o, ..., o)
and then tensor with Sg/(BY).

In particular, if i < n, then ;4| > «;+1 + ¢ =i, again by Proposition 3.2.1(3). Otherwise, if i = n,
since o, +1 = 0 we find ¢ = n. Using Lemma 3.3.2, we have «,, > n, and thus y, > «,, + ¢ > 2n. O

3.4. Vanishing. We continue to use the notation from the previous section.

Proof of Proposition 3.1.2. Assume A fits in the (2n) x (d —n — 1) rectangle, and let S,, (") be a summand
of S, (BY @B"). Consider the tensor product S, (BY) ® N(B). First we use that A*B = det(B)® N *BY
and N\ FBY = S(1n-)(BY). The Pieri rule describes the outcome of tensoring with N'"*BY. The result
is a sum over partitions where we add n — k boxes, no two in the same row. Tensoring with det(5) is the
same as subtracting 1 from all entries. Therefore, for any summand Ss(B") of this tensor product, we
have y; — 1 < §; < y;. Hence we conclude from Lemma 3.3.4 that

<8 <d—n+i-—1,
completing the argument in this case. ]

Proof of Proposition 3.1.3. The Pieri rule applied to symmetric powers tells us that S, (B") is a summand
of S,(BY)® Symk(BV) if and only if [v| = || + k and the interlacing property v; > p; > v;1 holds for
all j. In fact, it makes no difference if some entries of v and p are negative since we can make them
nonnegative by twisting by powers of det(8") and untwisting after.

If S5(BY) is a summand of S, (BY) ® Sym*(B), we obtain by dualizing that S_s(B") is a summand of
S_,(BY)® Sym*(BY). Thus, |y| = |§| 4+ k and the interlacing property gives

Vit1 <68; < yj.

(Thus, if S5(BY) is a summand of S, (B") ® Sym* (B), then S, (B") is a summand of S;(B") ® Sym* (3).)
Consider the n-index i of A. If i < n, then Lemma 3.3.5 tells us that ;41 > i. The interlacing property
then forces §; > i. If i = n, then y,, > 2n. Since y is obtained from § by adding k boxes, we have

=V —k=>=2n—k>n

since we assume that k < n.
In any case, under either assumption, we have shown that §; >i and also §; <y; <d —n+i—1 by
Lemma 3.3.4. This is what we set out to prove. U
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Proof of Proposition 3.1.4. Assume now that A is contained in the (2n) x (d —n —t — 1) rectangle. For

case (1), for a partition A of n-index i, we have
Aj<d-—-n—t—1forj<i, rj<ifori+1=<j<2i
Thus, by (3.3.3a) and (3.3.4a), we have
Yi<vit-+yi<M+-F+A<id-n—t—-D+i-i=y <d—-n—t—1+1i.
We also have y; > i + 1 by Lemma 3.3.4. We inspect the summands
S5(B) CS,BHY@N'B @ N*B'® -0 N'BY @ NB.

We use /\kB = /\n—ka ® det B. By repeated application of the Pieri rule, and taking into account that
tensorization by det 3 subtracts one box from each entry, we conclude

vi—1<é <y -+t
The conclusion follows since
i+1<y<d—-n—-t—-1+i=i<é <d—n+i-1.

For (2), we saw in the proof of Proposition 3.1.3 that all summands Ss(B") of S, (BY @ BY) ® Sym* B
satisfy

i <6 <d—-n—t—1+1,

where the modified upper bound is due to the different size of the rectangle that contains A. By the Pieri
rule, tensorization by (/\*BY)® can only increase the lengths of rows, and if so by at most 7 boxes. Thus
all summands S,(BY) of Sy(B¥ @ BY) @ \"'BY ® - -- @ N BY ® Sym* B satisfy

i<v,<d—-n+i-1,

as claimed.
Finally, we prove (3). If S, (B") is a summand of S, (8" & BY), then by the same reasoning as in
Lemma 3.3.2 we have i < «o; < y;. By (2.3.10)

AMy...hi<d—n—t—1, Migly--es A ST+ 1.
Using (3.3.3a) and (3.3.4a), we obtain
iyi<yvi+--+yvi<iMm+--+ri<id-n—t-D+i(i+ )=y <d—-n—t+i.

By repeated application of the Pieri rule, all summands Ss(B8Y) of S, (BY) @ A"'BY ® --- @ \"'BY
satisfy y; <6; <y;+ (¢ —1). Sincei <y; <d—n—t+i,wehavei <6 <d—n+i— 1. Therefore,
condition (3.1.1) is satisfied for § and j =i, and all cohomology vanishes. U
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4. Corollaries

4.1. Corollary 1.2.1 and universality. We explain the universality arguments needed to derive Corollary
1.2.1 from the genus O computations in Theorems 1.1.2, 1.1.3, and 1.1.5.
Regarding equation (1.2.1a), we have the factorization

o0
> " x(Quotc (€Y, n), ALIM) = Ax©c) . gx () 4.1.1)
n=0 Y

where A, B € 1 4+ ¢ Q[y][l¢]l are two universal power series whose coefficients may depend on N but
not on the pair (C, L). This factorization is by now a standard fact; see for instance [EGL; OS; St] for
various incarnations of this statement. To establish (1.2.1a), we show that

A=(1—-¢)"', B=U+gy".

Specializing C = P! and deg L = £ > n in (4.1.1), and using Theorem 1.1.2(1) we obtain

n
Nx (L)
n 41 __ k
["1A- B = Y3 (TA),
k=0
where the brackets denote extracting the relevant coefficient in the g-expansion. By direct calculation, we
also have

[q"10 -9~ (A +qy)N)e+l _ Z yk<NXk(L)).
k=0

It remains to explain that the coefficients
[¢"1A - B! forall £ > n

determine the series A, B at most uniquely. We argue inductively, each coefficient at a time. Explicitly,
we write
A=1l+4aig+aq*+---, B=1+big+byg*+---.

Then
[g"A - B! = a, + (L + 1)b,, + lower-order terms in 7.

The lower-order terms are determined by the induction hypothesis. The inductive step follows since the
principal terms a, + (£ 4+ 1)b, for all £ > n determine a,, b, at most uniquely.
For (1.2.1b) the argument is similar, using the factorization

o0 t
anx(Quotc(CN,n), QR (
n=0 1

i=

/\Ml_[”])v> — AX©c) B)f(M]) L Br M)
Yi

This time, we specialize C = P!, and

Mi=My=---=M;,=M, degM:mZn.
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By Theorem 1.1.5, we have
[¢"1A-(B;---B)"! =1 forall m > n.

Indeed, the only nonzero contribution appears from the free term y; = - -- =y, = 0 and yields the answer
% (Quot pi1 (CV, n), ©) = 1 since Quotpi (CV, n) is rational. By the above reasoning, the series

A=(1—-¢g)"'", B ---B, =1
are uniquely determined. Next, we set
Mi=L, My=---=M,=M,
where deg L =degM — 1 =m — 1 > n — 1. This time around, Theorem 1.1.5 implies
[¢"1(A-BTH-(By---B)"T'=1=A-B]'=(1-¢)', B---B=1.

Therefore
A=(l-¢)", Bi=---=B =1,

and (1.2.1b) follows.
Equation (1.2.1c) uses Theorem 1.1.3(1). Indeed, we have the factorization

o0
anx(Quotc(CN, n), SymyL["]) = Ax©c) . gx(L)
n=0

where A, B € 1 +qQ[yllllgll.- Fix n > 1. By Theorem 1.1.3, if deg L = ¢ > n, we have

n

—N(+1

[¢"1A-B! = Zykx(Quot[pl(CN, n), Sym* L") = Zyk(—l)k( (k+ )> mod y"*!.
k=0 k=0

Both sides of this identity are polynomials in (£ 4 1). (On the left hand side, these polynomials depend on
the first g-coefficients ay, ..., ay, by, ..., b, of A, B considered modulo y”“ .) Consequently, the same
equality holds for all values of £ without restrictions. Hence, for all L, we have

55 e s ) = 34 (550
n=0 k=0

n=0 k=0
= (1 —q)_l . (1 _qy)_NX(L)
as stated in (1.2.1c¢). O

4.2. Corollary 1.1.7. We analyze the cohomology groups of L"! for all line bundles L — P! using a few

simple considerations. The corollary can also be derived by combining the methods of [BGS, Corollary

9.3] when adapted to the case of the projective line, followed by a calculation on the symmetric product.
Let p € P! and write Q » = Q| pxqQuot- The exact sequence

0—L(-p)—»L—L,—0
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yields an exact sequence over Quot:
0— L(-p)"—L" - g, 0. 4.2.1)

When deg L > n+ 1, the bundles L and L(— p)""! carry no higher cohomology by Theorems 1.1.2(1)
or 1.1.3(1) for k = 1. Taking cohomology in (4.2.1), we obtain

H'(Q,) =0, i>1. (4.2.2)

We go back to (4.2.1) written for arbitrary L, not necessarily sufficiently positive. Considering cohomology
again and using (4.2.2), we obtain

H (LMY= H (L(—p)"), i>2. (4.2.3)

Since H' (L") =0 for deg L > n and i > 2, it follows from (4.2.3) that H (L") = 0 for all i > 2 and all

L. O
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Admissible pairs and p-adic Hodge structures, I:
Transcendence of the de Rham lattice

Sean Howe and Christian Klevdal

For an algebraically closed nonarchimedean extension C/Q,,, we define a Tannakian category of p-adic
Hodge structures over C that is a local, p-adic structural analog of the global, archimedean category of
Q-Hodge structures in complex geometry. In this setting the filtrations of classical Hodge theory must be
enriched to lattices over a complete discrete valuation ring, Fontaine’s integral de Rham period ring B,
and a pure p-adic Hodge structure is then a @ ,-vector space equipped with a B;%—lattice satisfying a natural
condition analogous to the transversality of the complex Hodge filtration with its conjugate. We show p-adic
Hodge structures are equivalent to a full subcategory of basic objects in the category of admissible pairs,
a toy category of cohomological motives over C that is equivalent to the isogeny category of rigidified
Breuil-Kisin—Fargues modules and closely related to Fontaine’s p-adic Hodge theory over p-adic subfields.
As an application, we characterize basic admissible pairs with complex multiplication in terms of the
transcendence of p-adic periods. This generalizes an earlier result for one-dimensional formal groups and
is an unconditional, local, p-adic analog of a global, archimedean characterization of CM motives over
C conditional on the standard conjectures, the Hodge conjecture, and the Grothendieck period conjecture
(known unconditionally for abelian varieties by work of Cohen, Shiga and Wolfart).
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1. Introduction

The de Rham comparison isomorphism equips the rational singular cohomology of a complex algebraic
variety X with a Hodge filtration defined over C. After choosing a basis for the singular cohomology,
the modulus of this Hodge filtration is a complex point in a partial flag variety defined over @, and a
fundamental question in algebraic geometry is to relate algebraic and arithmetic properties of these period
moduli to algebraic and arithmetic properties of the equations defining X (see, e.g., [10]). In particular,
one would like to understand which algebraic conditions on the flag variety correspond to algebraic
conditions on the coefficients of the equations defining X, and vice versa. The goal of this paper and its
sequel is to explore a local, p-adic analog of this question, where complex algebraic varieties are replaced
with rigid analytic varieties over a complete algebraically closed extension of Q,, (eventually embedded
in the more versatile geometric framework of diamonds). In this first part we focus purely on the theory
over a point, which can be handled algebraically without knowledge of the modern foundations of p-adic
geometry.

A fundamental example over C is Schneider’s 1937 result [30] on the transcendence of the j-invariant.
Recall that a complex elliptic curve E can be presented analytically as a quotient C/(Z + Zt) for
T € H* ¢ P!(C) or algebraically as the solution set of a Weierstrass equation y? = 4x> + ax + b. The
Jj-invariant

a3

S =4 T 196884g + - (g =)
a J—

j=1728
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is independent of choices and controls the field of definition of E as an algebraic variety. Schneider’s
theorem says that if j and T are both algebraic over Q then E has complex multiplication (CM). Conversely,
if £ has CM then t is quadratic imaginary and j is contained in an abelian extension of Q(t). In [19],
one author proved an analog where elliptic curves are replaced with one-dimensional p-divisible formal
groups, singular homology is replaced with the p-adic Tate module, and the Hodge filtration is replaced
with the Hodge-Tate filtration: let C/Q),, be an algebraically closed nonarchimedean' extension, let O¢ be
the valuation ring in C with maximal ideal m¢ and residue field x = O¢/mc, and let F p» be the algebraic
closure of [, in k. For W the p-typical Witt vectors, let Co = W (k)[1/p], which we identify with the
maximal complete absolutely unramified subextension of C. Let Q p= W (F »I1/pl € Cy. For a subfield
K C C, K is its algebraic closure in C.

For G/O¢ a one-dimensional p-divisible formal group, we say G is Co-analytic if there is a finite
extension K /Cy in C and a choice of formal coordinate such that the power series defining the group
law has coefficients in Og. We say the Hodge-Tate filtration Lie G(1) € T,G ® C is Co-analytic if it
is defined over Cy, i.e., there is a basis of Lie G(1) consisting of vectors in 7,G ® Co. We say G has
complex multiplication (CM) if it admits isogenies by a semisimple Q,-algebra of dimension equal to
the height of G (i.e., the rank of the free Z,-module T),G).

Theorem 1.0.1 [19]. Let G/Oc¢ be a one-dimensional p-divisible formal group. If G and the Hodge—Tate
filtration are both Cy-analytic, then G has CM. Conversely, if G has CM, then the Hodge—Tate filtration is
defined over a finite extension K /Q),, of degree equal to the height of G, and G is defined over an abelian

extension of K.

Schneider’s theorem is a global, archimedean transcendence result because the transcendence considered
in both the defining equations of varieties and in cohomology is with respect to an archimedean extension
of the global field Q. By contrast, Theorem 1.0.1 is a local, p-adic transcendence result because it
describes the transcendence of numbers in C over p-adic subfields. In both cases, the new result was
the condition for CM, while the more refined information about fields of definition in the CM case was
already known. In the following, we will focus on similar characterizations of CM in more general
settings and mostly leave aside the refined information on fields of definition.

1.1. Transcendence results. Schneider’s theorem was generalized by Cohen [11] and Shiga and Wolfart
[34] to all abelian varieties using the Wiistholz analytic subgroup theorem. Conditional on strong conjec-
tures, we further generalize to all motives over C (i.e., to the cohomology of all smooth projective complex
varieties). We say an object M in a connected neutral Tannakian category has complex multiplication
(CM) if its Tannakian structure group, i.e., the automorphism group of any fiber functor on the Tannakian
subcategory (M) generated by M, is a torus.

Theorem A. Assume the standard conjectures, the Hodge conjecture, and the Grothendieck period

conjecture. Let M be an element of Mot(C), the Tannakian category of pure motives over C with

A nonarchimedean field is a field that is complete for a nonarchimedean absolute value.
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Q-coefficients [1]. Then M has CM if and only if M € Mot(Q) and the Hodge filtration on the Betti
realization of M is Q-algebraic.

The main result of this paper, Theorem B, is an unconditional local, p-adic analog of Theorem A. It
includes, as a special case, a generalization of Theorem 1.0.1 from one-dimensional formal groups to all
isoclinic formal groups (see Example 1.1.3), analogous to the Cohen—Shiga—Wolfart generalization of
Schneider’s theorem from elliptic curves to all complex abelian varieties. Once the general formalism
is established, the proof is almost identical to the proof of Theorem A (a motivated reader can find the
proof of the latter in Section 6.1 before continuing the introduction). To state it, we first introduce some
definitions.

The analog of Mot(C) will be the Q,-linear Tannakian category AdmPair®(C) of basic admissible
pairs over C. It is a full Tannakian subcategory of a category AdmPair(C) of admissible pairs over
C, a toy category of cohomological motives over C which we give an overview of now. (For precise
definitions see Section 5.) The objects of AdmPair(C) are isocrystals” equipped with some extra structure.
To describe this structure, recall that Fontaine has defined a natural complete discrete valuation ring
B, with residue field C; as usual, we write Bqr = Frac(B). Noncanonically, we have Bj, = C[[t]]
and Bgr = C((¢)). The extra structure we consider is that of a B;%—lattice after base change to Bgr. An
object of AdmPair(C) is thus a pair (W, Lg), where W is an isocrystal and L& € Wp,, = W ®@p Bgr is
a B;%—lattice subject to an admissibility condition (see Definition 5.1.1). It is basic if the slope grading
on the isocrystal induces a grading also on the lattice Lg, and we write AdmPair®®¢(C) for the full
Tannakian subcategory of basic admissible pairs. Note that for an admissible pair (W, L¢), the lattice Lg
induces a trace filtration F*W¢ (called the Hodge filtration on W¢: F' W is the image of Wy N ' La
under the specialization map WBJ& — We).

Admissible pairs arise, for example, from the cohomology of smooth proper formal schemes over O¢
(using Ajy¢ or prismatic cohomology [5; 4], see Example 5.1.5). In this case, the isocrystal comes from
the crystalline cohomology of the special fiber and the lattice comes from the comparison with étale
cohomology and refines the Hodge filtration. There are equivalent presentations of this category, e.g.,
as the isogeny category of rigidified Breuil-Kisin—Fargues modules, but here we prefer this elementary
perspective to emphasize the connection with classical definitions of period domains in p-adic Hodge
theory.

There is a canonical inclusion Cy C B;i. We say an admissible pair is Cy-analytic if the Hodge
filtration on W¢ is defined over C and if L is obtained as the convolution of the Hodge filtration
on Wéo and the valuation filtration on Bgg, that is, if L& =) ; e F “iBgr - F! Wa). The C p-analytic
admissible pairs form a full Tannakian subcategory AdmPair(Cy) of AdmPair(C). We similarly have a
full Tannakian subcategory Adeair(ED p) of ) p-analytic admissible pairs.

2An isocrystal for us is always a finite-dimensional Q p-vector space equipped with a semilinear automorphism (semilinearity
with respect to the Frobenius lift on (a) p)- One could also setup the theory using E-isocrystals where Q p is replaced with E
for £/Qp a finite extension, but the additional generality gained is subsumed by consideration of objects in our category with
endomorphisms by E, and in particular by allowing more general G-structure.
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Remark 1.1.1. The rationality of an admissible pair is determined by the rationality of the étale lattice
with respect to the Q p-vector space underlying the isocrystal. In particular, for admissible pairs coming
from cohomology of smooth proper formal schemes over O¢, if the formal scheme is defined over Ok
for a complete subfield K € Cy then the admissible pair is Co-analytic.

There is also a natural /inear realization of AdmPair(C) given by a functor to the category of Q ,-vector
spaces equipped with a Bg{z—lattice after base change to B4r. In the cohomological setting, the vector
space is (0 ,-étale cohomology, the lattice is a canonical deformation of de Rham cohomology, and the
trace filtration is the Hodge—Tate filtration on C-étale cohomology. Moreover, in this case the data depends
only on the rigid analytic generic fiber (it determines the underlying Breuil-Kisin—Fargues module, but
not the rigidification), and in fact such cohomological pairs exist for any smooth proper rigid analytic
variety over C.

For a pair (V, Lqr) consisting of a Q,-vector space V and a B;k—lattice Lar € Vg, we say Lgr
is (_?o—analytic (resp. Q p-analytic) if the associated filtration on V(¢ is defined over Co (resp. Q ») and
Lgr is the convolution of this filtration on Vfo (resp. V@p) and the valuation filtration on Bgr. In the
cohomological setting, the rationality of Lqr against the underlying Q ,-vector space V is divorced from
the rationality of the variety itself —it is thus a natural analog of the rationality of the complex Hodge
filtration against singular cohomology in complex geometry.

The following unconditional local, p-adic analog of Theorem A is our main result:

Theorem B. Let M be an element of AdmPair®°(C), the Tannakian category of basic admissible pairs
over C. If M € AdmPair®®°(Cy) and the de Rham lattice on the étale realization of M is Co-analytic,
then M has CM. Conversely, if M has CM, then M € AdeairbaSiC(ED p) and the de Rham lattice is
Q p-analytic.

A key motivational observation is that we can put a condition on a BIR—latticed Q,-vector space that
is completely analogous to the transversality condition of a filtration with its complex conjugate in the
definition of a weight n pure Hodge structure. This condition allows us to cut out a category of p-adic
Hodge structures which is equivalent to the category of basic admissible pairs. The relation between
basic admissible pairs and p-adic Hodge structures is a natural structural analog of the relation between
motives over C and complex Hodge structures, and this is why the basic hypothesis appears in Theorem B.

Example 1.1.2. If £/Oc is an elliptic curve with reduction E,, k = O¢/m¢, the admissible pair attached
to the degree 1 cohomology of E is basic if and only if

(1) E is supersingular, or

(2) E, is ordinary and, up to isogeny, E is the canonical lift of E,.
Example 1.1.3. The category of basic admissible pairs includes as a full subcategory the category of
p-divisible groups up-to-isogeny over O¢ equipped with a lifting of the slope decomposition from the

special fiber (this is illustrated in Example 1.1.2 by passing from E to E[ p°] with its slope decomposition).
This includes, e.g., all isoclinic p-divisible formal groups (the height n one-dimensional case treated in
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[19] is equivalent to isoclinic of slope 1/n), and the field of rationality of the admissible pair is equivalent
to the field of rationality of the p-divisible group up to isogeny. In these cases, the de Rham lattice is
equivalent to the Hodge—Tate filtration, and thus Theorem B is indeed a generalization Theorem 1.0.1.

Remark 1.1.4. For M € AdmPair(Cy), the Hodge-Tate filtration is canonically split (e.g., by the theory
of Hodge—Tate Galois representations). Thus there is a Hodge—Tate grading on the étale realization, not
just a Hodge—Tate filtration. It is then a short step from results of Sen to see that if the Hodge—Tate
grading is defined over Co, then M has CM — this is made explicit, e.g., in [33, Theorem 3], which
computes the transcendence degree of the field of definition of the Hodge—Tate grading as the dimension
of the motivic Galois group quotiented by its center.

Our result thus implies that, in the basic case, algebraicity of the Hodge—Tate grading is equivalent
to algebraicity of the de Rham lattice. Our proof does not proceed directly through this equivalence,
though we do make use of the associated Galois representation. We emphasize that, in cases where the
Hodge-Tate filtration uniquely determines the de Rham lattice, it is a priori a much weaker condition to
require that the Hodge—Tate filtration be defined over Cy than to require that the Hodge—Tate grading
be defined over Cy. In particular, this equivalence does not hold outside of the basic case: for example,
when M is attached to an ordinary elliptic curve, the Hodge—Tate filtration is always algebraic but the
Hodge-Tate grading is only algebraic if the Serre—Tate coordinate is a root of unity (this can be deduced
from [33, Theorem 3] — the condition on ¢ is equivalent to requiring that the associated admissible pair
has CM, cf. also Example 1.1.2).

For our purposes — especially in the continuation article (which we will refer to as Part IT) —it is
crucial to have a result in terms of the Hodge-Tate filtration or de Rham lattice. Indeed, unlike, the
Hodge-Tate grading, these exist in families, making it possible to formulate more general results about
special subvarieties in the relative setting (this is closely related to the fact that, for a general admissible
pair over C, there is a Hodge-Tate filtration but no canonical splitting).

Remark 1.1.5. It follows that our analogy between basic admissible pairs / p-adic Hodge structures
and motives over C / Hodge structures works well for transcendence theory. However, as exhibited by
Example 1.1.2, the admissible pairs in the cohomology of an algebraic variety are not always basic.
even in the basic case, this analogy is not good for discussing algebraic cycles. One reason is that, to
detect algebraic cycles via cohomology, one needs a global structure on the coefficients analogous to the
Q-structure on singular cohomology. In our setting, this is possible only on the crystalline side where the
natural candidate is the Kottwitz global isocrystal of Scholze’s [31] conjectural cohomology for varieties
over F p- Assuming this cohomology theory exists, the analog of the Hodge conjecture in this setting
would following from a crystalline Tate conjecture for the global isocrystal combined with the variational
p-adic Hodge conjecture of [15].

Remark 1.1.6. In Theorem 6.3.2 we give an extension of Theorem B that applies outside of the basic
case. In [19] a more general statement was conjectured, but it seems likely that the version given here is
actually optimal (see Section 6.3).
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1.2. Structure groups and exactness of filtrations. The categories of admissible pairs and p-adic Hodge
structures are interesting beyond Theorem B. Indeed, the moduli spaces of admissible pairs, which we
will study in Part II, include the local Shimura varieties of Rapoport—Viehmann [27] and Scholze [32],
and their nonminuscule generalizations due to Scholze [32]. Here the basic case is classically the most
interesting, e.g., in cohomological constructions of Langlands correspondences.

In constructing these moduli spaces, just as in the theory of complex period domains and Shimura
varieties, it is natural to consider admissible pairs with G-structure for G/Q),, a linear algebraic group.
In the complex setting and in most past work in the p-adic setting, one takes G reductive. When one is
interested in the complex Hodge theory of complex projective varieties, there is good reason for this: the
polarization forces the Tannakian structure group to be reductive because it gives rise to a compact mod
center real form. There is an analogous construction of an inner form in the p-adic case, but unfortunately
the necessary compactness can only hold for groups of type A, so the polarization does not help (see
Remark 4.5.2 for discussion). In fact, the restrictions on a p-adic Hodge structure that would enforce
reductivity via this argument are so severe that we could not in good conscience impose them in the
development of the theory! Note that this plays a role even for the classical local Shimura varieties with
G reductive, as there can be special subvarieties corresponding to nonreductive subgroups (see Part II).

Theorem B can be reformulated as a statement about period maps for admissible pairs with G-structure.
Black-boxing all of the p-adic geometry, we now describe this formulation. This will segue us to a subtle
point in the theory caused by the existence of nonreductive structure groups and will lead to our second
main result.

Let G/Q, be a connected linear algebraic group and let G be an admissible pair with G-structure.
Attached to G there are two natural invariants — the first is a G-isocrystal, classified by an element in the
Kottwitz set B(G) of twisted conjugacy classes in G(@ »), and the second is an element of the double
coset space G(B&)\G(BdR)/ G(B;%) measuring the position of the étale lattice relative to the isocrystal
(or rather the de Rham lattice which it spans over B&;). If this double coset contains w(¢) for any u in
a conjugacy class [w] of cocharacters of G@p and any choice of uniformizer ¢ for B;i, we say G is of
type [u]. In particular, if we fix a b € G(Q,) and conjugacy class [x], there is then a natural infinite
level moduli My, 1,1 of admissible pairs with G-structure of type [1] equipped with a trivialization of the
underlying G-isocrystal to b and a trivialization of the étale fiber functor. There are also moduli Gry,+1
parameterizing B -lattices in relative position [*!], and Biatynicki-Birula maps from these to the flag
varieties Fl; =1 parameterizing filtrations of type [1T!]. Together, we obtain a diagram of period maps:

Mo, )

NS
Gr[ﬂ] THde —__ Gr[ﬂ—l]
BB\L l/BB

Fl[lu—l] F][’u]
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The period 7., determines the rationality of a G-admissible pair, while 7., is the de Rham lattice period.
The map BB is the Biatynicki-Birula map, which sends a lattice to its induced filtration (the Hodge
filtration for the étale lattice, and the Hodge—Tate filtration for the de Rham lattice). If [i] is minuscule,
then BB is an isomorphism and it suffices to use only the filtration periods 7yge and syt. In this case the
diagram is analogous to the following uniformization diagram for a Shimura variety Shg g attached to a
Shimura datum (G, X) and level structure K,

XxGAy)/K
/ \
ShG,K(C) EI_'F,\X+ FI[M—I](C)
iel
where [] is the class of Hodge cocharacters, v classifies the Hodge filtration, [ is a finite index set, and
the I'; are subgroups of G(Q) determined by K.

Remark 1.2.1. At this point, one might reasonably be confused about the j1’s and 11!

’s. To preserve our
sanity, we adopted the simple convention that a cocharacter i of G defines a decreasing filtration on any
representation of V of G such that FPV = @iz »

Then, Fl,; is the moduli of decreasing filtrations of this type. Thus, Flj,; agrees on the nose with the flag

V[i], for V[i] the weight spaces where p acts by z'.

variety denoted FlSth,l in [9, p. 660] but, as an argument in favor of our choice, note that Flj,; is also
canonically identified with the flag variety denoted Flg , in loc cit. Indeed, Flg , is defined by attaching
i<p VI[—i]. Under the
canonical identification of increasing and decreasing filtrations by negating the indices, this agrees with

to u an increasing filtration on any representation V of G such that F,V =

our definition of the decreasing filtration attached to w. The acrobatics here arise from the convention
that the Hodge cocharacter attached to a complex Hodge structure acts by z~” on the subspace H”? of
type (p, g). Recall though that there are several good reasons for this convention [13, p.252]!

A point of My, ,,1(C) is special if the Tannakian structure group of the associated G-admissible pair is
a torus. Theorem B is then nearly equivalent to this:

Corollary C. Suppose b is basic and x € My ,1(C). If 2y (x) € Gry,,-1)(Co) and 7, (x) € Gry(Co),
then x is special. Conversely, if x is special, then ., (x) € Gr[lfl](@p) and tz, (x) € Gryy (Gfl)p).

We note that BB is a surjection on C-points but not an isomorphism when p is not minuscule; however,
it induces a bijection on Co-points via the convolution construction used earlier. In Part I there will be no
need to define these various spaces and maps — we will make the C-points together with their Galois
action explicit in Section 5.6 without any p-adic geometry.

For G reductive, the spaces and maps appearing in this diagram were constructed in [32]. In this
case, the double cosets G(B;]Q)\G(BdR) / G(Bg%) are exhausted by the Cartan decomposition, so any
G-admissible pair has a type and these diagrams for varying [x] give a complete picture. When G is not
reductive, the Cartan decomposition is no longer exhaustive, but we still say G is of type [w] if it lies in
the double coset attached to [w] and that it is good if this holds for some [u].
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In Part II we will generalize the construction of moduli spaces to the nonreductive case. The main
difficulty is tied to the other main result of Part I:

Theorem D. The following are equivalent for a G-admissible pair G-

(1) G is good (resp. has type [11]).

(2) The Hodge—Tate filtration for G is an exact functor from Rep G to filtered C-vector spaces (resp. of
type [it]).

(3) The Hodge filtration for G is an exact functor from Rep G to filtered C-vector spaces (resp. of type
[,

Remark 1.2.2. Lemma 3.25 of [2] is false.? Indeed, it is equivalent to the claim that the Hodge—Tate
filtration is exact on the entire category of admissible pairs, which would contradict this theorem. That the
Hodge-Tate filtration is not exact can be seen already in a simple motivating example (see Example 4.3.4).

1.3. Related work, Parts II and III. The category of AdmPair(C) is equivalent to a Fontaine category
of admissible Cy-filtered ¢-modules over Cy (see Remark 5.5.2 for related discussion). The Tannakian
structure groups in this context have been extensively studied, especially in regards to classification of
their possible simple factors — see [33; 37]. With some modifications, most of Theorem B and its proof
could be phrased entirely in this classical language. However, there are conceptual benefits in organizing
things from C down, and this perspective will be indispensable for the relative theory in Parts II and II1.

As noted at the start of the introduction, the category of admissible pairs over C is equivalent to
the category of rigidified Breuil-Kisin—Fargues modules. Anschiitz [2], building on observations in
[5], has studied this category from a different perspective. In particular, he showed it is Tannakian and
connected. Anschiitz also classified the CM admissible pairs, recovering a description that is essentially
equivalent to an earlier result of Serre [33, théoreme 6] on Hodge-Tate representations — see Section 5.7
for further discussion. The category of admissible pairs as presented here is also implicit to varying
degrees throughout the literature on local Shimura varieties (especially in [32]), but the category of p-adic
Hodge structures and the emphasis on the structural analogy between Hodge structures/motives over C
and p-adic Hodge structures/basic admissible pairs is a new contribution in our work.

As far as we are aware, Theorem 1.0.1 recalled above and Serre’s [33, théoréme 3] — computation of
the transcendence degree of the extension generated by Hodge—Tate periods (see Remark 1.1.4) — are the
only previous results on p-adic transcendence questions of the nature considered here. In Part II, we prove
a bianalytic Ax—Lindemann theorem for basic local Shimura varieties and their nonminuscule generaliza-
tions. This implies, in particular, a bianalytic characterization of higher-dimensional special subvarieties
analogous to the characterization of special points in Corollary C. It includes the zero-dimensional case,
and thus subsumes Theorem B and Corollary C. However, many of the ingredients developed here in
Part I will also be used in Part II. This organization separates out the purely algebraic aspects of the
argument appearing in Part I from the geometric aspects in Part II, which require a more substantial

3Erratum at https://janschuetz.perso.math.cnrs.fr/cm_bkf_modules_erratum.pdf.
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technical apparatus (the theory of locally spatial diamonds). We hope this separation will make the proofs
and formalism more easily understood and motivated, and that the results will be more accessible to a
reader whose interest is born from experience in complex transcendence.

The relative theory introduced in Part II to prove our Ax—Lindemann theorem will only use constant
coefficients since the moduli spaces in question include trivializations of the underlying @ ,-vector space
or isocrystal. To formulate a more robust theory (e.g., so that the objects form a v-stack), it is better
to allow arbitrary local systems (of Q,-vector spaces for p-adic Hodge structures or isocrystals for
admissible pairs). This general definition has the downside of allowing for many objects that cannot
possibly arise from geometry —in fact, this can be seen already over a p-adic field and is related to our
restriction to algebraically closed residue field in the definition of good reduction here (see Remark 5.4.2).
In Part IIT we complete our results by setting up a general formalism allowing variation of the coefficients
and then cutting out a nice subcategory of variations of p-adic Hodge structure and formulating a potential
good reduction conjecture for these.

1.4. Outline. In Section 2 we recall some results and definitions for Tannakian categories, isocrystals, the
twistor line, and the Fargues—Fontaine curve. It can be ignored to begin with and returned to as needed; the
main novelty is in some aspects of our parallel treatment of the twistor line and the Fargues—Fontaine curve.

In Section 3, we first recall some standard results on the relation between filtered and latticed vector
spaces in a formulation that is convenient for our purposes. Afterwards, the majority of the section is
dedicated to a proof of Theorem 3.2.6, which implies Theorem D above. The proof relies on a careful
study of the behavior of types of lattices under extensions (Theorem 3.5.1) that will also be crucial to
establishing good properties of moduli spaces for nonreductive groups in Part II.

In Section 4, we define our category of p-adic Hodge structures and establish its basic properties. We
motivate the definition using an approach to real Hodge structures via the twistor line that originates in
work of Simpson; we learned of the analogy between the twistor line and the Fargues—Fontaine curve from
Laurent Fargues, so that the originality here can be attributed mainly to our naiveté in taking this analogy
more literally than might initially seem a good idea! An important point for Part II is our interpretation of
the Mumford-Tate group using Hodge—Tate lines in Section 4.5 (see also Section 5.3), analogous to the
characterization of Mumford-Tate groups of complex Hodge structures using Hodge tensors.

In Section 5, we define the category of admissible pairs, explaining how it falls out naturally from the
category of p-adic Hodge structures. We show that the category of p-adic Hodge structures is equivalent
to the subcategory of basic admissible pairs, and then extend many of the results about p-adic Hodge
structures to admissible pairs. That this category is connected Tannakian is due to Anschiitz [2] (building
on remarks in [5]) in the context of rigidified Breuil-Kisin—Fargues modules, and this and many of the
other results can also be argued in essentially the same way as for p-adic Hodge structures. In Section 5.4
and Section 5.5 we study Co-analytic admissible pairs and their associated Galois representations — the
two key points are that Cy-analytic admissible pairs are automatically good (Theorem 5.4.4), and that the
Galois representation associated to an Co-analytic admissible pair has open image in the motivic Galois
group (Corollary 5.5.3). We describe the period maps of Corollary C in Section 5.6.
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In Section 6 we prove Theorems A and B. The proofs are essentially the same, and that is more or less
the point— since we are working with a toy category of motives that is further removed from algebraic
cycles, the work of the earlier sections establishes all of the nice properties analogous to the standard
conjectures, the Hodge conjecture, and the Grothendieck period conjecture that are needed to give an
unconditional result. We encourage the reader who is primarily interested in Theorem B to turn now to
Section 6 and read the short proof of Theorem A and the surrounding discussion, as this will give a firm
footing for the path we take later. We conclude by giving an extension of Theorem B to the nonbasic
case, Theorem 6.3.2, and discussing the precise relation of the present work with [19, Conjecture 4.1].

1.5. Notation. Throughout this paper p > 0 is a prime number. A nonarchimedean field is a field that is
complete with respect to a nonarchimedean absolute value such that the residue field is of characteristic
p. A p-adic field is a discretely valued nonarchimedean field of characteristic zero whose residue field is
perfect, and is strict if the residue field is algebraically closed.

2. Preliminaries
2.1. Tannakian categories.

2.1.1. Notation. All categories considered are k-linear for some field k& (which should be clear from the
context), and all functors are assumed to be k-linear.

A Tannakian category C over a field k is a rigid abelian tensor category where the endomorphism ring
of the unit object is k, and such that there exists an exact tensor functor w : C — Vect(k’) (called a fiber
functor) for kX’ an extension of k. Given a fiber functor w as above, there is an affine group scheme Aut®w
over kK’ whose R points are the tensor automorphisms of @ ® R. Further, w induces an equivalence of
categories @ : Crr => Rep Aut® (w). The Tannakian category C is neutral if there exists a fiber functor w
over k. A Tannakian subcategory C’ of C is a strictly full subcategory that is closed under direct sum,
tensor products, duals and subquotients. Given a collection of objects M of C, we denote by (M) the
strictly full Tannakian subcategory generated by M, i.e., the smallest strictly full subcategory closed
under direct sum, tensor products, duals and subquotients.

For G an affine group scheme over k, we denote by Rep G the Tannakian category over k of algebraic
representations of G on finite-dimensional k-vector spaces. It is neutralized by the standard fiber functor
wsid = wsid, G - Rep G — Vect(k), (V, p) = V. Any fiber functor  : Rep G — Vect(k) determines an étale
G-torsor Isom® (wgq, w) over Spec k, and hence a cohomology class in H!(k, G). Two fiber functors
w, ' are isomorphic if and only if they have the same cohomology class. If f : G — H is a morphism of
affine group schemes over k, then pullback f*:Rep H — Rep G is an exact tensor functor that commutes
with the standard fiber functors, and Tannakian duality states that conversely any exact tensor functor
F :Rep H — Rep G such that wyy,g o F = wgq g is f* for a uniquely determined morphism f : G — H.

For C a Tannakian category over k with fiber functor w over k’, we write* G—C for the category
(groupoid) of objects in C with G-structure, i.e., the objects being exact tensor functors Q : Rep G — C

41t would be more principled (but cumbersome) to include the choice of fiber functor w in the notation; but the choice will be
clear from the context. When considering vector bundles we often implicitly take it to be evaluation at a geometric point.
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such that w o Q is isomorphic to wgq ® k', and morphisms are natural transformations of tensor functors.
If f: G — H is a morphisms of affine group schemes over &, then composition along Rep H — Rep G
gives a functor f, : G-C — H-C.

Lemma 2.1.1. Let G be a connected linear algebraic group over a characteristic 0 field k, let U be the
unipotent radical of G, and let G = MU be a Levi decomposition with inclusion map s : M — G and
projection T : G — M. Then for any semisimple Tannakian category C over k with fiber functor over k',
and any object F of G-C, F = (s om), F. In particular, s, is essentially surjective.

Proof. Let T be the functor on k-algebras sending R to the set of isomorphisms F @ R => (som). F Q R
that induce the canonical identification 7w, F ® R = m.(s o). F ® R. By definition, this is a quasitorsor
for the functor ¢/ sending R to the automorphisms of F ® R that induce the identity on 7, F. We claim T
is an étale torsor, and that I/ is a unipotent group scheme over k. Given this claim, we obtain the result
since Hélt(Spec k,U) is trivial (because we have assumed k has characteristic zero, I/ has a filtration by
normal subgroups with quotients G, so that this is reduced to the usual vanishing of Hélt(Spec k, Gg)).
To establish the claim, we first note that, by replacing C with (¥ (Rep G)), we may in particular assume
C is finitely generated, and thus that &’ is a finite extension of k. We write w for the given fiber functor
over k" on C and fix an identification of w o F with the fiber functor wgq ® k" on Rep G. Then, writing H
for the algebraic group over k’ of automorphisms of w ® k', Tannakian duality gives that C;y = Rep H
and that F ® k' is induced by a homomorphism f : H — Gy, which is a closed immersion by [14,
Proposition 2.21]. It follows that the automorphisms of F' ® k’ are identified with the centralizer of f in
Gy, and thus Uy is identified with the centralizer of f in U/, which is unipotent as a closed subgroup of
a unipotent group. From the description of C by descent from k' as in, e.g., [14, p. 35], we find U/ can be
defined via descent data from Uy ; thus it is an algebraic group over k which is unipotent because U is.
Moreover, there is a point of 7 over k’; thus 7 is an étale torsor: since f is a closed immersion, f~!(Uy)
is contained in the unipotent radical of H, which (since C is semisimple and thus H is reductive) is trivial.
It follows from the main theorem of [25] that f(H) is contained in a Levi subgroup M’ of G which is
conjugate to M by an element u € U (k’). In particular, Ad(u) o f =som o f, and the action of u gives
the isomorphism F @ k' = (s o)« F Q k. O

2.1.2. Canonical G-structure. Throughout the paper, we find ourselves frequently talking about the
canonical Aut® (w)-structure attached to a neutralized Tannakian category (C, @) over a field k, which we
now clarify. Setting G = Aut®(w), we have the following commutative (on the nose) diagram

C o s Rep G

N

Vect(k)

where @ is an exact tensor functor and an equivalence of categories. By [29, Proposition 1.4.4.2], we
can choose a quasi-inverse Q : Rep G — C that is a tensor functor and such that @ o Q (resp. Q o @) is
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isomorphic to Idgep g (resp. Idc) as a tensor functor. Thus such a Q is an exact tensor functor (it is exact
as an equivalence of abelian categories). If we fix such a Q and isomorphism @ o Q = Idgep G, we obtain
an isomorphism of tensor functors

wo Q= (wgow)oQ =wgqo(wo Q)= CUstdOIdRepG = Wgtd-

The choice of a pair consisting of such a Q and an isomorphism @ o Q = Idrep is unique up to
unique isomorphism. By abuse of notation, we will sometimes refer to Q as the canonical G-structure
and sometimes refer to Q with this identification as the canonical G-structure.

2.1.3. Automorphisms of Tannakian categories. Suppose G is an affine algebraic group over a perfect
field k and let Z(G) denote the center of G (an affine algebraic group over k). If z € Z(G)(k) then
for each V € Rep G, p(z) € GL(V) is an isomorphism of representations. Hence z determines a tensor
automorphism of the identity functor on Rep G, denoted by z - . It will be useful to record the basic
observation that Z(G) accounts for all automorphisms of Tannakian categories.

Lemma 2.1.2. Suppose F :Rep G — C is a fully faithful exact tensor functor with C a Tannakian category
over k. Then for each tensor automorphism o : F => F, there is a unique € Z(G)(k) such that
ay = F(B:) forall V e Rep G.

Proof. As F is fully faithful, for each V € Rep G, there is a unique Sy € Homg(V, V) such that
F(By) =ay and By o f = f o By whenever f € Homg(V, W). Thus 8 = {8y} defines an element
of Aut®(wgq)(k) = G(k). Moreover, Bg = gpB for all g € G(k) since By € Homg(V, V) and hence
B € Z(G)(k). ([l

2.2. Isocrystals. We introduce Kottwitz’ categories of real and p-adic isocrystals. References are [22]
for p-adic isocrystals and [31, Construction 9.3] and [24] for real isocrystals.

2.2.1. Real isocrystals. Let H =R+ Ri + Rj + Rk denote the Hamiltonian quaternions and let C =
R+ Ri CH. Let Wg = C* u jC*, the Weil group of R.

A real isocrystal is a semilinear representation of Wg on a finite-dimensional complex vector space
whose restriction to C* is algebraic. Here the semilinearity is for the natural map Wr — Gal(C/R)
sending j to the nontrivial element (this can be realized as the conjugation action on C C H).

We write Kt for the Kottwitz category of real isocrystals.” The category Ktg is a semisimple Tannakian
category over R (though it is not neutral). We can describe the simple objects explicitly: for each A € %Z,
A =a/b with b > 0 and gcd(a, b) =1, let

D; :=Clxl/(x" — (=1)Y),

with C* acting by z¢ and j acting as multiplication by = composed with complex conjugation on the
coefficients. Then each simple object in Kt is isomorphic to D, for a unique X in %Z.

5In [31, Construction 9.3], Ktp is described as the category of graded quaternionic vector spaces; this is easily seen to be
equivalent to our definition by using the action of j to give the semilinear automorphism of loc. cit.
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2.2.2. p-adic isocrystals. Let F » be an algebraic closure of [, and let Q p = W (F »/pl. We will
frequently be given a complete algebraically closed nonarchimedean extension C/Q,, in which case we
take F p to be the algebraic closure of [, in Oc/mc¢ and identify Q p» with the completion of the maximal
unramified algebraic extension of Q, in C.

A p-adic isocrystal is a finite-dimensional Q p-vector space equipped with a semilinear automorphism
ow : W = W, i.e., an additive isomorphism such that ¢y (Aw) = P, M) ew (w) for A € @p, we W,
where P, is the automorphism of Q, induced by the p-power Frobenius on [F,. We write Ktq, for the
category of p-adic isocrystals. By the Dieudonné-Manin classification, the category Ktg, is a semisimple
Tannakian category over Q,, (though it is not neutral) and we can describe the simple objects explicitly:
for A € Q, A = a/b with b > 0 and gcd(a, b) =1, let

Dy :=Q,[n]/ (7" - pY,

with Frobenius ¢p, corresponding to the semilinear map TP, (.e., ¢g, on the coefficients of a polynomial
in 7w followed by multiplication by 7). Each simple object in Ktg, is isomorphic to one of the form D,
for » € Q.

2.2.3. Isocrystals with G-structure. We recall results of [22] in this subsection. For convenience we write
0= CD — @ for the lift of the p-power Frobenius. Let G be a connected linear algebraic group over
Q,. If b Rep G — Ktg, is an exact tensor functor, then composition with wk; : Ktg, — Vect(@ p) gives
a fiber functor valued in Q p-vector spaces. The G —torsor Isom® (wk; 0 b, wgg ® Q p) yields an element
of H! (@ p» G) which, as G is connected and hnear and @ has cohomological dimension 1, is trivial by
Steinberg’s theorem Thus we can (and do) fix an identification wg; 0 b = wsq (I;D For each V e Rep G,
the map gpvyo ™ 1 Vg — V@ isa @ -linear automorphlsm such that f o (pb(V)G = wb(w)a_ of
forany map f:V — W in Rep G. In short, ¢po ™ e Aut® (wgq) (@p) G((I;Dp) By a slight abuse of
notation, we will let b denote both the element ¢,0 ! € G(@ ») (80 ¢, = bo’) and the tensor functor; any
be G(GiD p) determines the corresponding tensor functor

b:RepG — Ktg,, V,p)— V= (V@p, pb)o).

For b, b’ € G(Q »), any isomorphism b = b’ of G-isocrystals is given by an element g € G(Q p) such
that b’ = gbo(g)~!, in which case we say that b, b’ are o-conjugate. Thus, the groupoid G-Ktg, is
equivalent to the groupoid with objects b € G(@p), and Hom(b, b') = {g € G(Gj)p) b = gbo(g)7 ).
If we write B(G) for the quotient of G(@ ») by the relation of o-conjugacy then B(G) is the set of
isomorphism classes of G-isocrystals. As Ktg, is semisimple, Lemma 2.1.1 shows that B(G) = B(G/U)
for U C G the unipotent radical (more precisely, Lemma 2.1.1 gives injectivity of B(G) — B(G/U)
while surjectivity is immediate since G(CD p) surjects onto (G/U )(@ »)). Kottwitz [23] gives a complete
description of B(G) for G reductive.

For b € G(Q »), the Q p-linear extension of the G-isocrystal b is an exact tensor functor from Rep G to
Q-graded Q p-vector spaces. Semisimplicity and the description of the simple objects D, implies it is



Admissible pairs and p-adic Hodge structures, | 985

induced (via Tannakian duality) by a morphism vy : D@n — G@p where D =1lim,, , Gy, 1s the pro-torus with
character group Q. In our notation, D@p acts by z* on the Dy isotypic component. The G(Q p)-conjugacy
class of vy, is fixed by o and an invariant of the o -conjugacy class of b. This leads to the Newton map

v: B(G) —» N(G) := (Hom(D, G)/G*) (Q,).

The latter notation means the @ ,-points of the scheme of conjugacy classes of morphisms D — G, which
can in turn be identified with (X.(T)" ® @)%(@/2)) once a Borel pair T € B C Gg, is chosen.

We call a G-isocrystal b basic if the slope homomorphism vy, is central, in which case vy, is independent
of the choice of b in [b] and is a well-defined element of Hom(D, G). We write B(G)pasic for the subset of
basic isomorphism classes. Note that for M = G /U, the identification B(G) = B(M) induces an inclusion
B(G)basic S B(M)pasic, but if the center of M acts nontrivially on U then the inclusion may be strict.

Example 2.2.1. If G is the group of upper triangular matrices in GL, then, taking M < G to be the
subgroup of diagonal matrices, b = diag(p, 1) is in B(M )pgsic but is not in B(G)pasic-

For b: Rep G — Ktg, a G-isocrystal, we write G, for the functor on Q-algebras
R Aut®(b®q, R),

where the latter term is the group of tensor automorphisms of the R-linear extension of b. Identifying b
with an element of G((IiD p) as above identifies G, with the functor of [28, Proposition 1.12] and hence
Gy, is represented by a connected linear algebraic group over Q. There is a canonical closed immersion
Gb’@p > G@p that identifies G,(Q),) with the fixed points of g > bo (g)b~! on G(@p).

When b is basic, the canonical closed immersion G 5O, ™ G@p is an isomorphism: one fun way to
see this is to note that in this case the adjoint action on Lie G@p gives the trivial isocrystal, so it admits
a Q,-basis such that elements in a small enough Z ,-lattice exponentiate to elements of G,(Q,); thus
we see that dim Lie G, > dim Lie G (equality of groups follows since G is, by assumption, a connected
linear algebraic group and G, &, is a closed subgroup with the same Lie algebra as G@p). In a slightly
more useful way, following [24, §5.2], we may o-conjugate to assume b satisfies (bo)" = zo" for some
positive integer n and central element z. Then the image b,q of b in the adjoint group G4(Q p) 18 fixed
by 0" s0 byg € G(Q,») and Gy is the associated inner form obtained by this conjugation.

2.3. The twistor line. As in Section 2.2.1, let H = R+ Ri 4+ R j + Rk denote the Hamiltonian quaternions,
let C=R+Ri CH, and let Wg = C* L jC*, the Weil group of R.

We view H = C + jC as a complex vector space via right multiplication. We let Wg act on H by
right multiplication and on C by the natural map Wr — Gal(C/R). Then, the natural action of Wy on
Cont(H, C), (w - f)(x) = wf (xw) preserves the space C[X, Y] of polynomial functions on H (where
X(a+ jb) =a and Y (a + jb) = b). Concretely, we have (z- f)(X,Y) = f(Xz,Yz) for z € C* and

(- HXY)=f(-Y,X)=f(-Y,X),

where f denotes complex conjugation on the coefficients of the polynomial f.
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Let C(k) denote the semilinear representation of Wg on C where j acts by complex conjugation and z
acts by 72k (this is the real isocrystal Dy in the notation of Section 2.2.1). We define a scheme over R:
pl.— Proj(@ (C[X, Y] Q¢ C(—k))WR> = Proj(@ CIX, Y]é,f‘).

kez keZ

The natural bundle Op (1) has an R-basis of global sections, namely
S=iXY, T=1ix*-iv»), U=1X*+Y?,

and these define a closed embedding P! < P2 identifying P! with the vanishing set > 4+ 72 4 U? = 0.
In particular, P! is the Brauer—Severi variety for H. Alternatively, we can see this using the inclusion
of the graded ring into C[X, Y] to obtain a map Pl — P! which factors through an isomorphism
I]:DC}: = P! X spec R Spec C.

We write ooc for the point Spec C 124 PL — P'. The action of
U(l) ={a+bila*>+b*=1} CCCH

on P! induced by left multiplication on H is identified with the action on IPGl: byz-[X:Y]=[zX: 7Yl
This action fixes co¢ and its conjugate Oc. The points coc and O¢ underlie the same closed point in P!,
cut out by S =0, and this is the unique closed point fixed by U(1).

Example 2.3.1. The map P. — P! is finite étale thus induces an isomorphism between the formal
neighborhood of [1 : 0] in [P’%: and the formal neighborhood of the closed point underlying coc in P! In

particular, we may choose as uniformizing parameter ¢ = ¥/ X on which U(1) acts by z 72

and identify
the formal completion with C[[7]]. Note that the action of U (1) by left multiplication on P! extends to all
of H*, and thus in particular to Wg; the action of j 2 in Wg is trivial, and Jj also fixes this closed point
but acts by complex conjugation on the residue field. Note also that the subgroup Wy is the full stabilizer

in H* of this closed point.

Remark 2.3.2. If we consider the full action by H* instead of just U (1), then we obtain an identification
of the closed points of P! with H*/ Wg by taking the orbit of the closed point underlying ooc.

We could also arrive at this construction by observing that the conjugation action of H on itself preserves
R and the norm form; thus it preserves the orthogonal complement of R, Ri + Rj 4+ Rk. It then preserves
the norm-zero curve in P2, which is P(Ri + Rj 4+ Rk). If we write the coefficients as Si 4+ Tj + Uk then
this curve is §> 4+ 724 U? = 0. The action of H* is transitive and the stabilizer of the closed point § = 0
is Wgr so we again obtain this identification.

In fact, this can be upgraded to an identification of analytic spaces

uﬁ)l,an — [H]X/WR,

where H* C H = C+ jC gives the complex structure, [?!#" is formed as the quotient of the locally ringed
space I]J’qu’alIl by the semilinear Galois action as in [20], and the action of Wy on the sheaf of functions is
as described above for polynomials.
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There is a classification theorem for vector bundles on P! akin to Grothendieck’s classification theorem
for vector bundles on [P’ql:. For comparison with the p-adic case, it is useful to realize this via a functor
from the category of real isocrystals Kty (see Section 2.2.1) to vector bundles on P!, Attached to any
W e Ktg, we obtain a vector bundle £(W) on P! as the sheaf associated to the graded module

P €CIx. Y1®c W(—k)"*
kez

where W(—k) := W ®c C(—k). We write Op, (1) :=E(D_;).

Remark 2.3.3. The line bundles O, (k) arising from the Proj construction are canonically identified with
the bundles £(D_;) for k € Z, so that the terminology will not cause confusion. By construction they
are also identified with the restriction of Op2 (k) to P! realized as the vanishing locus §? + T2 + U? = 0.
For A € %Z \Z, Op, (A) can be identified with the pushforward of (’)P}C (2X1) to P!, whereas if A € Z, the
pushforward of OIP}D (24) is identified with O, (1) ®2.

Theorem 2.3.4. Every vector bundle on P! is a direct sum of stable bundles. Any stable bundle has
slope ) € %Z, and for any A € %Z, Opi (1) is the unique up to isomorphism stable bundle of slope ). The
assignment W +— E(W) is a faithful and essentially surjective exact tensor functor, and it restricts to an
equivalence between the category of D, -isotypic real isocrystals and the category of semistable vector
bundles on P! of slope —i.

Remark 2.3.5. The functor £ does not give an equivalence between Ktg and vector bundles on P!
because for vector bundles there are maps going up in slope (e.g., the maps from Op, to O, (1) given by
the global sections S, 7', and U).

Remark 2.3.6. By the GAGA theorem of [20], vector bundles on P! are equivalent to those on the real
analytic variety P! If we use the uniformization of Remark 2.3.2, then the functor from Kty can be
realized by sending W to Oyx ®c W and then using the diagonal action of W to descend it to plan,

2.4. Period rings and the Fargues—Fontaine curve. Let C be an algebraically closed nonarchimedean
extension of Q,. We now recall the construction of some of Fontaine’s period rings and the Fargues—
Fontaine curve attached to C. All material recalled here can be found in [18]. After defining some rings,
our presentation of the material will mirror our presentation of the twistor line in Section 2.3.

First, recall that reduction mod p induces a bijection

b . xP xP . xP xP
Oc» =0, =11m((9c ~— O¢ <—) =11m((9c/p <~ Oc¢/p <—)

The rightmost description equips O» with a ring structure. We write x — x¥ for the multiplicative
map to O¢ given by projection to the first component in the middle description. For |- |¢ the absolute
value on C, the assignment |x| := |x%|c is an absolute value on Ocr. Let @ € O with o = p, i.e.,
@ = (p, p'/?,...). Then FracO = O»[1 /] and there is a natural identification

¢’ :=lim(C & c &) =01/l
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The obvious extension of the absolute value makes C” into a nonarchimedean field in characteristic p
with valuation ring O¢». The surjection O — O¢/ p induces, by the universal property of the p-typical
Witt vectors functor W, a surjection

0 : W(ch) — Oc.

We have 6([x]) = x¥, where [x] denotes the multiplicative lift. The kernel of 6 is principal (generated,
e.g., by [@]— p). Let Ay be the p-complete divided power envelope of ker € and let BCrys = Acrys[1/p].
If we fix a compatible system (¢,n) of p-power roots of unity in C, we can define € = (1, §, §,2,...) € Obc
and then the formal power series defining log([€]) =log(1 + ([e] — 1)) converges in Ay to an element®
t. We write B for the completion of BCryS along ker; t is a generator for the kernel of the natural
extension 0 : Bj, — C. We write BCryg = B ([1/t], Bar = Bj;[1/1]. The Frobenius on W (O¢») extends

crys

to an endomorphism ¢ on Ay, B and Beys. If C = K A for K a p-adic field, then Gal(K /K) acts

cryv
on everything in sight.

The inclusion E - OC /mc lifts canonically to an inclusion of F p into O¢/p and thus into O¢» since
[F is perfect. Thus B Crys is canonically a Q p= W (F p)[1/ pl-algebra compatibly with the Frobenius lifts.
We write Q p(k) for 0 p equipped with the semilinear automorphism P, ) = p‘k<p®p (the isocrystal

D_; in the notation of Section 2.2.2).

Definition 2.4.1. The (algebraic) Fargues—Fontaine curve of C” is defined by

F =Fe = Proj (@ (B:;ys ®p, @,;(k))(FI) = Proj (@( Crys)<ZJ P )

keZ keZ

The point coc € F¢» is induced by the surjection 6 : BCJ;yg — C, and this induces an identification of B+

with the completed local ring at coc.

Remark 2.4.2. The analytic Fargues-Fontaine curve F*" = F%, of C" is the adic space over Spa(Q,, Z,,)
formed by taking the quotient of

= (Spa(W(O¢»), W(Oc:))\V ([ 1p)
by the (properly discontinuous) action of the Frobenius ¢.

There is a natural functor D = £(D) from Ktg, to vector bundles on [ sending D to the sheaf attached
to the graded module
BBy, ®5, DK™ =P (B, 5 DI
crys <Q, crys <Q, )
keZ kez
(The ¢ in the superscript is the diagonal action). For A € Q) we write Op(A) := £(D_, ), where D_, is as
in Section 2.2.2.

6Cornmonly referred to as the p-adic 27/ because it is the period describing the comparison between de Rham and étale
cohomology for Gy;,.
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Theorem 2.4.3. Every vector bundle on [ is a direct sum of stable bundles, and for any A € Q, Og()\)
is the unique up to isomorphism stable bundle of slope \. The assignment W +— E(W) is a faithful and
essentially surjective exact tensor functor, and it restricts to an equivalence between the category of

D_jy-isotypic isocrystals and the category of semistable vector bundles on [ of slope A.

Example 2.4.4. Op(0) = £(Dy) = Of. More generally, there is an obvious functor from @Q,-vector
spaces to isocrystals inducing an equivalence with the category of O-isotypic isocrystals, and an inverse
functor is given by taking g -invariants. Composed with £, we obtain an equivalence between Q ,-vector
spaces and vector bundles on [ that are semistable of slope zero. This functor is naturally isomorphic to
V = V ®q, Or, and the inverse functor is given by global sections.

Remark 2.4.5. The functor £ has a simple interpretation on [?". Indeed, the vector bundle W ®CD,, Oy on
the cover Y of Remark 2.4.2 admits descent data to [F*" via the diagonal action of Frobenius. Denote by
E™ the resulting functor to vector bundles on ", and let Opan (L) = £2*(D—_;). Then for k € Z one finds

HO(F™, O(k)) = (B}, )*="",

crys

and using this one obtains a map of ringed spaces F*" — [ that induces a GAGA equivalence of vector
bundles identifying £*" with £.

2.4.1. G-bundles on the Fargues—Fontaine curve. Let G be a connected linear algebraic group over Q,,.
A G-bundle on [ is an exact tensor functor from Rep G to the category of vector bundles on F. If b is a
G-isocrystal, then the composition of b with the functor £ yields a G-bundle &, on F. If G is reductive,
then every G-bundle on [F is isomorphic to &, for a G-isocrystal b [17].

2.5. Modifications of vector bundles. Let X be a connected scheme that is locally the spectrum of a PID,
oo € | X| aclosed point, j : X \ 0o < X, and £ a vector bundle. By assumption, the completed local ring
(AOX,OO is a DVR, and we denote by é’oo the sections of £ over Spec (AQX’OO, a finite rank free @X,Oo—module.
Now suppose £ C é’oo ® Frac(@x,oo) is a @X,Oo-lattice. By a result of Beauville and Laszlo [3], there is a
unique vector bundle £, with (£.)|y = €|y and @oo = L. Explicitly, £, C j.£|y has sections

Ec(V) ={s € E(V = 00) : Slgpue(5.) € £}

Definition 2.5.1. The vector bundle £, is the modification of the vector bundle £ by the lattice £ at co.

3. Filtrations and lattices

Let L be an algebraically closed field of characteristic zero and let B' be a complete discretely valued
L-algebra with algebraically closed residue field C. We write § : BT — C for the quotient, which equips
C with the structure of an L-algebra such that 6 is a map of L-algebras. Let B denote the fraction field
of BT, and let F*B denote the valuation filtration on B. For convenience, we fix a generator ¢ for the
maximal ideal in B (so, in particular, F' B =t BY).

Example 3.0.1. (1) We could take B* = C[[¢]], B =C((t)), L=C =C.
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(2) If C is an algebraically closed nonarchimedean extension of Q,, let k = Oc /m¢ be the residue field,
let Co = W(x)[1/p] be the maximally absolutely unramified subextension, let L = Co, the algebraic
closure of Cp in C, and let Bt = Béﬁz, B = Bgr. By construction (see Section 2.4), B;R is a Cy-algebra
compatibly with the canonical map 6 : B;% — C, and Hensel’s lemma extends this to a map of C-algebras.
Note that any p-adic field contained in C is automatically contained in Cy. In this case it is convenient to
take ¢ to be the “p-adic 2mi”, whose definition depends on the choice of a compatible system of p-power
roots of unity in C thus is well-defined only up to multiplication by an element of 7.

(3) By the Cohen structure theorem [36, Tag 0COS], we can always choose a section C — B* of
L-algebras so that BT = C[[t]] and B = C((t)), but such a section is noncanonical in general and may
not respect other structure — in particular, if K is a p-adic field and C = K*, then in the setting of (2)
such a section cannot be chosen to be continuous for the natural topology on B(;; or to respect the natural
actions of Gal(K /K).

In this section, we study the relation between B*-latticed L-vector spaces and C-filtered L-vector
spaces. In the rest of the paper we will apply this study principally in case (2) above to understand the
relation between the de Rham and étale lattices and the Hodge and Hodge—Tate filtrations in p-adic
Hodge theory. We will also consider case (1) in our motivational description of real Hodge structures.

In Section 3.1 we recall some basic constructions relating C-filtered and B -latticed L-vector spaces.
In the sections following, we shift perspectives slightly and explore a more delicate relation between
bilatticed B-vector spaces and filtered C-vector spaces that plays an important role in describing the
elementary invariants of p-adic Hodge structures and admissible pairs. The main result is Theorem 3.2.6,
which will immediately imply Theorem D after the relevant definitions are in place.

3.1. First relations.

Definition 3.1.1. (1) For K any field, Vect/ (K) is the category of filtered K -vector spaces, i.e., pairs
(V, F*V) where V is afinite-dimensional K -vector space and F*V is a separated and exhaustive decreasing
filtration of V. A morphism

(V,FV)— (V,FV)
is a morphism of K-vector spaces f : V — V' such that f(F¥V) C F*V’ for all k € Z. It is strict if
F(F*V) = f(V)NF*V' forall k € Z.

(2) With L, B*, B as above, Vect? 1aticed (1) is the category of B*-latticed L-vector spaces consisting
of pairs (V, £) where V is a finite-dimensional L-vector space and £ C Vp is a BT -lattice, i.e., a
BT -submodule £ C Vg such that £L ®p+ B — Vp is an isomorphism. A morphism

vV, L)y— (v, L)

is a morphism of L-vector spaces f : V — V' such that f(£) C £’. A morphism is strict if f(L) =
f(ypnrL'.
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These are rigid tensor categories with the usual tensor products and duals of vector spaces / modules /
filtered vector spaces. In each category, a complex is exact if it is exact as a complex of vector spaces
and each morphism is strict— in the filtered categories, this is equivalent to requiring that the complex
obtained by applying the associated graded functor is exact. None of these exact categories is abelian: in
all cases there are nonstrict morphisms, while strictness is precisely the condition that the natural quotient
filtration/lattice on the coimage agree with the natural submodule filtration/lattice on the image.

Remark 3.1.2. In later sections we also consider variants of these categories where we fix some additional
structure such as an underlying Q ,-vector space or isocrystal.

There are natural functors between latticed and filtered vector spaces:
(1) We denote by BB : Vect? aticed (1) 5 vect/ (C) the Bialynicki-Birula functor
(V, L)~ (Vc, trFil: V)

where trFil’Z Ve is the image of (F kB.L£)NVg+ in Ve = Vgt @p+ C. We call trFil}. Ve the trace
filtration of £ on V.

(2) We denote by Lea, : Vect/ (L) — Vect? Hamced(L) the canonical lattice functor
(V,F*Vi) = (V, Lpey,)
where Lpey, :=) ; F'B-F'V, C Vp.
The following lemma is elementary:

Lemma 3.1.3. Both BB and L., are tensor functors, Leay, is fully faithful and exact, and BB o Ly, is
naturally identified with extension of scalars

Vect! (L) — Vect! (C), (V, F*V.) > (Ve, (F*VL)c).

Example 3.1.4. Unlike £.,y,, the functor BB is not exact: consider the exact sequence in Vect? +‘1a“i°ed(L)

(recall that ¢ is a generator for F IB)
0— (L, B") =5 (L%, Bte;+ Bt (e2+1e1)) — (L, BT) — 0.
Applying BB produces a sequence of filtered vector spaces that is exact as a sequence of vector spaces

but such that the morphisms are not strict. Indeed, taking the zeroth graded part after applying BB gives

the sequence
0-C—-0—-C—0.

In certain situations a filtration is uniquely determined by the corresponding lattice. We will recall a
version of this with G-structure. Recall that we take the Tannakian viewpoint, that is, @ in the definition
is an exact K-linear ®-functor.

Definition 3.1.5. Let K be a subfield of L and let G be a connected linear algebraic group over K.

(1) A filtration on a G-bundle @ : RepG — Vect(M) (for M = K or C) is an exact tensor functor
F*» :RepG — Vect/ (M) and an identification w => Forget o F*w where Forget is the forgetful
functor Vect! (M) — Vect(M).
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(2) A lattice on a G-bundle w:Rep G — Vect(K) is an exact tensor functor w, : Rep G — Vect? tlatticecl(K )
and an identification w = Forget o w, where Forget is the forgetful functor Vect? Hatticed (gry
Vect(K).

Finally, if @ is a G-bundle over K, and K’ is an extension of K contained in C (resp. L) then a K'-filtration
(resp. lattice) on w is a filtration (resp. lattice) on w ® K'.

Remark 3.1.6. Our primary interest is when w is the trivial G-bundle, i.e., ® = wyq for the standard fiber
functor on Rep G.

Filtrations on the trivial G-bundle are parameterized by the points of the flag variety Flg. Indeed, any
filtration on wgy is split by [29, chapitre 4, théoreme 2.4 of], thus isomorphic to the filtration attached to
a cocharacter u of G,

FL.(v.p)=EPVIil
J=i
where V[j] is weight j component, i.e., the isotypic component for the character z — z/ of G,, under
the action p o u. Two filtrations F,, and F),/ are isomorphic if and only if 4 and " are conjugate, so that
this conjugacy class [] is a natural invariant of a filtered G-bundle and Flg ¢ = |_|[ n Flj,,c where [u]
runs over all conjugacy classes of cocharacters of G¢ and Flj,;, which is naturally defined over the field
of definition of [u], parameterizes filtrations of the trivial G-bundle of type [«] — the action of G on the
point F,, € Flj,,; induces, after base change to the field of definition of , an isomorphism Flj,,; = G/ P,
where P, is the stabilizer of F),.
Lattices on the trivial G-bundle are parameterized by the coset

Grg(C) := G(B)/G(B™).

In the p-adic setting these will be the C-points of a Bgi—afﬁne Grassmannian — for now, however, it
suffices to treat this as notation. To see this classification, choose a trivialization triv, : wgq @ B¥ = Low,
where £ denotes the forgetful functor from Vect? —2ticed( gy to BT-modules (this is possible since B is
a complete DVR with algebraically closed residue field C). The composition of trivy @ g+ B with the
extension of scalars to B of the fixed wyq = Forgeto w, gives an element g € Aut®(wyq.p) = G(B).
Any other choice of trivialization of £ o w, differs from triv by an element of G(B™), so the coset
gG(B™) € G(B)/G(B™) only depends on the lattice w.. In the opposite direction, attached to a coset
gG(B™), we consider the lattice on the trivial G-bundle

wg : (V,p) = (V, p(g) - Vp+)

and the above argument shows every lattice on the trivial G-bundle is isomorphic to one of this form.
If G is reductive, the Cartan decomposition gives

Grg(C) = | Gryn(C),  Gryy(€) := G(BH"G(BT)/G(BT) € G(B)/G(B™),
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where [1] runs over all conjugacy classes of cocharacters of G (since L is algebraically closed, these
are the same as the conjugacy classes of G¢), and we note that the open Schubert cell Gry,(C) is
independent of the choice of a representative p and of the choice of uniformizer . We caution that this
decomposition is only disjoint at the level of points — once the affine Grassmannian is equipped with a
geometric structure there are closure relations determined by the Bruhat order.

If G is not reductive, we still have |_|[ U] Gr(,1(C) € Grg(C), but this subset is no longer exhaustive.
This will be studied further in Section 3.2.

In any case, it is an immediate computation that if ¢ = g7t*G(B™) € Gry, for g™ € G(BJ) then
BBow, = g_+ F,-1 where = denotes reduction G(B™) — G(C). For each [u] we thus have the following
G (L)-equivariant commutative diagram:

GI‘[H](C) —— Grg(C)

A ~
Lean BB

L
FI[M—I](L) c ) FI[M—I](C)

Proposition 3.1.7 (criteria for the filtration to determine the lattice). (1) If the weights of [i1] in the
adjoint action on LieG are < 1, then BB : Gr(;,)(C) — Flj,,-1,(C) is a bijection (when G is reductive,
this is equivalent to requiring the weights lie in {—1, 0, 1}, i.e., that [i] is minuscule).

(2) Suppose & is a group acting on Bt preserving the maximal ideal, that K = C® C L for the induced
action on C, and that & acts on K -t by an infinite order character. If G and ] are defined over
K, then Fl,-11(K) is identified with the &-invariants in Gry, (C) (for the natural action of & on
Grg,,(C) € G(B)/G(B™) induced by the action on G(B)).

Proof. We first treat (1). For general u, the stabilizer of t#G(B™) for the left multiplication action of
G(BT)is t*G(BM)t ™ N G(B™). If the weights of u in the adjoint representation are all < 1, then this
is exactly the preimage under reduction to G(C) of the C-points of the connected subgroup whose Lie
algebra is Fg_ ,Lie G (i.e., the sum of the weight < 0 eigenspaces for u), and this connected subgroup is
also the stabilizer of the filtration F/:f‘ wgd. Since the map from Gry,, (C) to Flj,-1;(C) is equivariant and
the action of G(B™) is transitive on each, we conclude that it is a bijection.

For the second condition, it suffices to show that the canonical filtration induces an equivalence between
Vect/ (K) and the category of B¥-latticed K -vector spaces (V, £) such that the lattice is invariant under
the semilinear action of & on V. To see this, first note that a lattice invariant under & must come from a
K[t]-lattice in Vi t): indeed, by multiplying by a power of ¢, we may assume Vg+ D £ D t" Vp+, then,
arguing by induction on n, the &-invariant lattice £’ = £ N¢Vp+ has a basis in 1 Viy,qp. If we write We
for the image of £ in V¢, it is invariant under &, thus of the form W = W ®g C for W a subspace of V.
Since the image of £ in V( is contained in the image of %E/ , We may arrange our basis ey, ..., e, for £’
in t Vi so that for d = dim W, the image of %el, el %ed spans W. Then %el, el %ed, €d+1,--+»€n
are a basis for £ in Vky,q.
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With this established, the equivalence is a standard result about the Rees construction for K ((¢)), using
that the image of & acting on ¢ is Zariski dense in G,, by assumption. (Il

Example 3.1.8. If G = GL,, then a lattice on the trivial G-bundle is equivalent to a lattice £ in By, and
a filtration on the trivial G-bundle is equivalent to a filtration of C". In the first case, to be minuscule
means that there is an i € Z such that Fi*'B. £ c BY" ¢ FIB- L. In the second case, to be minuscule
means that there an i € Z such that gr/C" =0 for j #1i,i+1.

Corollary 3.1.9. A B -lattice on a vector space is trivial (i.e., Lqr = VB;R) if and only if the induced

filtration is trivial.
Proof. This is a very special case of Proposition 3.1.7(1). O

Example 3.1.10. In the setting of Example 3.0.1(2), suppose K C C is a p-adic field, C = K”, and
® = Gal(K /K). Then Proposition 3.1.7(2) applies. It also applies if K = C = C and & = U(1)(R)
acting on ¢ by z > 7' fori #0.

At this point it is natural to ask: for G not reductive, if we have a lattice w, on the trivial G-bundle
whose classifying point does not lie in Gry,(C) for any [ ], then what can we say about BB o w,/? The
main result to be developed in the remainder of this section, Theorem 3.2.6, implies that this is equivalent
to inexactness of BB o w, (i.e., failure to be a filtered G-bundle)

Example 3.1.11. We can interpret Example 3.1.4 as a lattice on the trivial G,-bundle. It is classified by
the point % -B* € B/Bt =G,(B)/G,(B"). This lies outside of any Schubert cell —indeed, the only
cocharacter of G, is trivial, so only the trivial coset B itself lies in a Schubert cell. The failure of the
short exact sequence in Example 3.1.4 to remain exact after passing to filtered vector spaces illustrates
the failure of BB o w, to be exact if w, lies outside a Schubert cell.

3.2. Bilatticed B-vector spaces and exactness of filtrations. We now define a coarser category than
Vect? +‘la“i°°d(L) through which BB factors and whose isomorphism classes will capture the invariant
[1¢] discussed above. Using this category, we will formulate and prove the general principle relating the
Schubert cells and the failure of exactness of BB.

Definition 3.2.1. Let Vect® (B) be the category of bilatticed B-vector spaces, i.e., finite-dimensional
B-vector spaces equipped with a pair £, £, of B*-lattices. A morphism (V, Ly, £2) — (V', L], L))
is a morphism of B-vector spaces f : V — V' such that f(£;) € £; for i = 1,2. A morphism is strict
if f(L;)=f(V)NL, fori=1,2. A complex of bilatticed B-vector spaces is exact if it is exact as a
complex of B-vector spaces and each morphism is strict.

If V is a B-vector space and £ C V is a B*-lattice, we consider the filtration on V by the B*-
submodules F*B - L. Using the filtrations of this form, we obtain two L-linear tensor functors from
Vect® (B) to Vect/ (C):

BB : (V, L, L2) = (L1.c, trFilszLZl,C) and BB, : (V, Ly, £2) = (La2.c, trFilZlﬁz,c)
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where trFil;. L; ¢ is the trace filtration as in Section 3.1 formed by taking the image of (F*B-L;) N L; in
Ljc.
Example 3.2.2. We define two functors from Vect? 7aticed (1) 1o Vect® (B):

bly : (V, L) = (VB, Vg+, L), bly:(V,L)r> (Vg, L, Vp+).

They differ by the involution of Vect® (B) swapping the two lattices, and for each i = 1, 2 the following
diagram commutes up to a natural isomorphism:

VeCtB+—latticed(L) bl; s Vectbl(B)

e

Vect/ (C)

The functors bl;, i = 1, 2 are exact, so any failure of exactness in BB is visible in the functors BB;. The

isomorphism class in Vect®

trivial G-bundle.

will give the invariant describing the Schubert cell for a BT -lattice on the

There is a simple relation between the associated gradeds for the BB;:

Lemma 3.2.3. For each j € Z, scalar multiplication induces an isomorphism of functors from Vect® (B)
to Vect(C)

gt/ B® (gr 7/ o BB|) => gr/ o BB,.
Proof. We have
g Lic=(t""LNLy) /(T L) N Ly + (7 L) NeLy),
g Loc = (L2N (L)) [ (1L2N (@ L)+ LaN (L)),
and multiplying by ¢ is an isomorphism from the first to the second. O

Remark 3.2.4. In p-adic Hodge theory, this is the usual isomorphism from the Tate twists of the graded
components for the Hodge filtration to the graded components for the Hodge-Tate filtration.

For G a connected linear algebraic group over L, in the following a filtered G-bundle will mean a
filtered G-bundle over Spec C, i.e., an exact rigid tensor functor wy : Rep G — Vect/ (C). Recall from
the previous subsection that the isomorphism classes are parameterized by the type of the filtration, a
conjugacy class of cocharacters yary of G.

A bilatticed G-bundle (over B) is an exact L-linear tensor functor

wp) :Rep G — Vectbl(C).

The induced functors £; o wp from Rep G to BT -modules are G-bundles on Spec B, and thus are trivial
(because the residue field C is algebraically closed). Choosing trivializations for each, the isomorphism
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Lr® B =V = L1 ® B induces an automorphism of the trivial G-bundle over Spec B, thus an element
of G(B). The image in the double coset space

G(BM)\G(B)/G(BY)

is independent of the choice of trivializations, and this assignment identifies the double cosets with the
isomorphism classes of bilatticed G-bundle.

As above, if G is reductive, then the Cartan decomposition identifies this double coset space with
the conjugacy classes of cocharacters of G (a conjugacy class is matched with the unique double coset
containing t* = u(¢) for any element w in the conjugacy class). For a general connected linear algebraic
G we can assign in this way distinct double cosets to each conjugacy class [ ], but not all double cosets
are of this form.

Definition 3.2.5. A bilatticed G-bundle wy, is good if it lies in the double coset G(BT)t*G(B™) of a
conjugacy class of cocharacters [u]. In this case we write [ ], for this conjugacy class and call it the
type of the good bilatticed G-bundle.

We now explain the connection with exactness of filtrations: If G is reductive, then since Rep G is
semisimple it is easy to verify that for any bilatticed G-bundle wy;, BB; o wy; is exact, i.e., is a filtered
G-bundle (this is because BB; preserves split exact sequences). For G nonreductive this may not be the
case, as can be seen by combining Example 3.2.2 and Example 3.1.11. In fact:

Theorem 3.2.6. The following are equivalent for a bilatticed G-bundle wy,:
(1) wy is good.
(2) BB o wyy is a filtered G-bundle (i.e., is exact).
(3) BBy o wyy is a filtered G-bundle (i.e., is exact).
In this case, if the type of wy; is [i], then the type of BB o wy is [~ '] and the type of BB o wy; is [1].

To show this, we first observe that it is immediate from the definitions that if wy is good then the
BB; o wy are exact with the claimed types — indeed, to say that wy, is good of type [u] is the same as
saying that it is isomorphic to the functor

Rep G — Vect” (B), (p, V) > (Vg, Vg+, p(u(2)) - Vg+)

and for this bilatticed G-bundle the associated filtrations are exactly those given by 11~

and . It is also
immediate from Lemma 3.2.3 that (2) <> (3) —indeed, a functor Rep G — Vect/ (C) is exact if and only
if the associated graded is exact.

Thus what remains is to show that if BB o wy; (or BB; o wy)) is exact then wy; is good. This turns
out to be intimately related to the behavior of types under extensions. Indeed, this is illustrated in
Example 3.1.11: the associated sequence of filtered vector spaces fails to be exact, and the type of the
extension is (1, —1) while the type of the associated graded is (0, 0). When a short exact sequence of

bilatticed vector spaces does give rise to a short exact sequence of filtered vector spaces, then it is easy
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to see that the type stays the same (simply take the associated graded for the short exact sequence of
filtered vector spaces). Our strategy for finishing the proof of Theorem 3.2.6 is thus to show that the good
bilatticed G-bundles are exactly the ones such that, for any faithful representation V of G, the type of
wp) (V) agrees with the type of its associated graded (for the filtration by subobjects corresponding to the
unipotent radical U of G).

Example 3.2.7. Consider the following sequence of filtered vector spaces 0 — § — V — Q — 0, where
the maps in the first row are inclusion and projection:

F¥ k<0: 0— Ce; — Cej+Cey — Cey — 0,
F': 0—)0—)C€1£>C€2—>0,

Fk,kZZ: 0—-0—-0—-0—0.

This is a short exact sequence of vector spaces and the maps respect the filtrations but are not strict
exact. However, both V and S & Q have type (1, 0). This particular example cannot arise from an exact
sequence of bilatticed vector spaces because it is easy to check that for a strict surjection of bilatticed
vector spaces, the induced map on filtered vector spaces is surjective on the smallest nonzero part of the
filtration (whereas the map on F! in this example is the zero map!).

3.3. Dominance and extensions. In Example 3.1.11, as discussed above, the type of the extension does
not change in an arbitrary way: the type (1, —1) of the extension is not equal to the type (0, 0) of the
associated graded, but it does lie above it in the standard dominance partial ordering. We recall this partial
order now, then prove that the type of an extension always rises over the type of the graded; we will need
to bootstrap from this computation to identify when equality holds.

Recall that a conjugacy class of cocharacters [1] of GL,, is equivalent to a multiset of n integers, where
i appears with multiplicity equal to the multiplicity of the character z — z' of any representative of []
acting on the standard representation of GL,,. We will write such a multiset as [i] = (uy, ..., K,) where
U1 > >+ > uy,. Then, if [u] = (w1, ..., uy) and [v] = (vy, ..., v,) We say [u] < [v] if for each k,
Sk i < v This is the dominance partial order.

For V a bilatticed vector space of type [u] = (11, ..., n)s 1 > ... > Wu,, we would like to give a
characterization of this number Zle w; in terms of V. To that end, first note that it can be thought of as
the largest integer appearing in the type of the k-th exterior power A*V. On the other hand, if we define
the order, ord(W), of a bilatticed vector space W = (B, L, L) to be smallest i such that t' £; C L5, then
it is trivial to see that if W has type [v] = (vy, ..., V) then ord(W) = v;. Thus Zle wi = ord(AFV),
and this gives us a useful way to get a hold of these numbers. Using this interpretation, we can see that
the type always rises in extensions: the proof is almost identical to that of [21, Lemma 1.2.3].

Proposition 3.3.1. V € Vect® (B) be equipped with a filtration by strict subobjects F'V, and let gr*(V) =
b, F'V/FHV  an object of Vect®™ (B). If gr*V is of type [ju] and V is of type [v] then [iu] < [v].
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Proof. By induction on the length of the filtration by strict subobjects, it suffices to treat the case where
the filtration has two steps, i.e., where we have a strict exact sequence in Vect® (B):

0->S—>V—->0-—0.

We want to show the type of V lies above the type of S & Q.

Thus we need to show ord(A¥V) > ord(A¥(S @ Q)) for each k. To that end, first note AX(S & Q)) =
@jAjS ® A¥7Q; thus ord(AX(S & 0))) =max; ord(A/S ® A¥=7 Q). On the other hand, AKV has a
filtration by strict subojects such that the associated graded terms are A/S ® A¥=/Q, so ord(A¥V) >
max; ord(A/S ® AK=7 Q). O

Remark 3.3.2. We can also define the order of a filtered vector space (V, F*V) to be the largest k such
that FXV = 0; a simple computation shows BB, preserves order.

3.4. The action of unipotent elements on affine Schubert cells.

To make the proofs explicit and free up the letter B for “Borel”, for the remainder of Section 3
we fix an isomorphism B+ = C|[[t]| and write C[[t]| in place of BT and C((t)) in place of B. See
Example 3.0.1(3).

We also fix some notation for this subsection only: let G = GL,,, let T € GL,, be the diagonal maximal
torus, and let B denote the set of Borel subgroups containing 7. Let BT be the upper-triangular Borel
with unipotent subgroup U™, and let B~ be lower triangular Borel with unipotent subgroup U ~. We write
X, (T) for the group of cocharacters of T. For each root « there is a coroot a” € X, (T); if « is positive
(by which we mean with respect to B*) we call @ a positive coroot. We call a cocharacter u € X, (T)
dominant if o (i) > 0 for each positive root o, and let X, (7)™ be the set of such dominant cocharacters.
(Concretely, these are the cocharacters u(z) = diag(z%, ..., z%) for integers a; > ar > --- > a,.)

For cocharacters ., u' € X, (T), we write u < i’ if u’ — p is a nonnegative sum of positive coroots.
On the dominant cocharacters this is equivalent to the dominance relation discussed in the previous
subsection plus the condition that det . = det /.

We write K = GL,(C[[¢]]). Every conjugacy class [u] of cocharacters of GL,, has a unique dominant
representative i, so the Cartan decomposition reads

GL,(C( = || Kt"K.
HeX.(T)*

For B € B with unipotent subgroup U, the Iwasawa decomposition is
GL,(C(m = || UC@)"K.
neX.(T)
Essentially, we need to compare these two decompositions. The following lemma can be deduced from
results of Bruhat and Tits [7] in a more general setting. We give a direct proof then explain in Remark 3.4.2
how it can be deduced from [7].
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Lemma 3.4.1. Let B € B with unipotent subgroup U. Let 1 € X4(T)" be a dominant cocharacter, and
letu € U(C((1))). Let v € X,.(T)™ be the dominant cocharacter such that u - t*K C Kt"K. Then:

(1) p=<v.
(2) If B= B~ then u=v ifand only ifu -t*K = t"* K, or, equivalently,

tTPutt e UCED) = U(C(1)) NK.
(3) If B= B™ then u =v ifand only ifu € U(C[[t])) = K NU(C((t))).

Proof. Part (1) is an immediate consequence of Proposition 3.3.1. Indeed, if we consider the bilatticed
vector space (C((¢))", C[¢1", ut* - C[[¢]"), then it has a filtration by strict subojects coming from the
standard filtration stabilized by B, and the associated graded is isomorphic (C ((¢))", C[lz]", t* - C[[«]").

For the rest, we first note that (2) and (3) are equivalent: suppose (2) holds, and suppose u € U™ is such
that u - t* € Kt* K. Then, by taking transpose, t*u’ = (t*u't *)t* € Kt*K, and since (tFu't=*) e U™,
(2) gives that u’ =t ~#(t*u't~*)t* € U~ (C[[t]), and thus u € U (C[[¢]). In the other direction, suppose
(3) holds, and let u € U~ be such that ut* € Kt* K. Then, taking transpose, t"u’ = (t*u't~*)t* € Kt*K
and by (3), t*u’t™* € U (C[[t]). Taking transpose again, we find t#u’t* € U~ (C[[t]).

It thus suffices to prove (3). The if direction is clear, so, it remains only to show that if u ¢ Ut (C[[¢]))
then v > w. To that end, let i be the index of the first row of u whose entries are not in C[[¢]], and let j > i
be the first index such that u; ; ¢ UT(CIt). Then, for V. = (C((t))", CItN", ut* - C[[t]"), and F;V the
standard increasing filtration of V attached to B, one finds that the type of F;V/F;_;V is strictly larger
than the type (u;, ..., ;) of its associated graded. Indeed, we use the opposite order

ord(V) = max{k : : %L, C £},

which picks out the smallest integer in the type of V. The vector u; jt*/e; + --- + tlie; is in the
second lattice of F;V/F;_1V, so if t_kEZ(Fj VIF,_1V)CLi(F;V/F;_1V)thenk < u; +v(u; ;) < u;
(where v denotes the additive ¢-adic valuation). Hence ord(F i V/F V) < uj+v(u; ;) < pnj, which

implies the type of F;V/F;_V is strictly greater than the type (u;, ..., u;) of its associated graded by
Proposition 3.3.1. Applying Proposition 3.3.1 to the filtration 0 C F;_V € F;V C V and the nonstrict
inequalities that the type of F;_;V is greater than or equal to (w1, ..., x;—1) and the type of V/F;V is
greater than or equal to (i 41, ..., 4,), We conclude. O

Remark 3.4.2. Alternatively, Lemma 3.4.1(1) follows from [7, Corollary 4.3.17] and Lemma 3.4.1(2)
follows from [7, Proposition 4.4.4-(ii)]; one can then obtain Lemma 3.4.1(3) by using the equivalence
between (2) and (3) explained in the proof above. To make it possible to follow these citations, we explain
how our notation compares to the notation in [7, Chapter 4]: For D the dominant chamber for the roots of
a Borel B containing 7', the group B’% of loc. cit. is the group generated by the set of diagonal matrices
with entries in C((z)) such that all of the entries have the same valuation and the C((¢))-points of the
unipotent subgroup of the opposite Borel to B. In particular, the fixed chamber D in loc. cit. corresponds
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in our setup to the dominant chamber for the roots of BT, so that fSO, which by definition in loc. cit. is
B° , contains our U ™.

We need refinements of parts (2)—(3) that apply to arbitrary B € 5. We fix as above a dominant
cocharacter u € X,(T)" and B € B with unipotent radical U. The conjugation action of u induces a
decomposition U = U~g - Uy - U-g where Lie U (resp. Lie Uy, resp. Lie U_() consists of all roots «
in Lie U such that a(u) > 0 (resp. = 0, resp. < 0). Note that since u is dominant U.o < U NU™ and
U-o <UNU™, while Uy, the subgroup of elements in U centralized by i, can contain a mix of both
positive and negative root subgroups. By [12, Theorem 3.3.11] this decomposition exists already for any
closed subgroup U’ C U preserved by conjugation by #, and is compatible with the decomposition of U,
i.e.,

U'=UL,UjU.,for ULy =UNU=o, Uy=U'NUy, and ULy =U"NU_y. 1

Lemma 3.4.3. Wirth notation as above, let u € U'(C((t))) and let u = u-quou o denote its product
decomposition. Then u - t"* € Kt"* K if and only if all of the following hold:

(1) usoe U ,NK.

(2) ug=t"Hupt" e U(/) NK.

(3) t7™Huot" e UL NK.
In this case, u - t*K =u-qo-t*K = u-quo - t*K.
Proof. 1t follows from the identities ut* = u-ouou <ot" = (U=oug)t" (t " Huot") = u-ot"* (uot *uot")
that if (1)—(3) are satisfied then u - t* € Kt* K and the last claim also holds. It remains to show that, if
u-t* e Kt* K then (1)—(3) hold.

Using Equation (1), we may assume U’ = U. We further refine Uy = Uy, 4 - Uy, where Uy + = UpNU*

and Uy _ = UpNU™. We thus write u = u-oug,4+Uo,—U<o. We note moreover that Uy _ normalizes U_—q
and commutes with r#, so we can rewrite this as

’ / -1
U=U>oU0+U),-U<0 = U>0U,+U_oUO0,—> where U_g= Mov_u<ou0’7 .

We now choose a chain of adjacent Borel subgroups B = By, By, By, ..., B = B such that, for each
1 <i <1, there is a unique root «; such that ¢; is in Lie Ut and —q; is in Lie U and to move from B;_; to
B; we swap «; for —«;. For each i, —«; is a weight of Lie U or Lie Uy _, and because Uy _ normalizes
U_p, we can and do choose this chain so that —ay, ..., —o; liein U.g and —og41, ..., —og liein Up —.
Thus we may write

/ / /
U = UsQUO+U_gU0,— = UsQUO+U_g . U_g U—q " U_q
/ /! !/ : !/ .
sothatu’_g=u’, ---u_, and uo_ =u_q,, - U forunique elements u’ ,,i=1,...,s, and u_g,,
i=s5+1,...,1, of the root subgroups U_,, (C((¢))). Now suppose that 1o _ is not in K. Then at least

one factor u_,, must not be in K; let s + 1 <i </ be the index of the last root factor that is not in K.
Since ¢ acts trivially by conjugation on Uj, we may pass the factors starting at i through #* to obtain
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!/ /
u-thK =uouoyu_gU—q,,, - U_qt"K =uouoyu_gu_q - th_q t"u_o K.

We may fix an identification of U_,, (C((t))) with C((¢)) such that u_,, =t~ for m > 0. From the
following computation with 2 x 2 matrices, applied to the principal SL, containing U,, and U_,, (the

latter as the lower triangular unipotents and the former as the upper triangular unipotents),
L Of (Le™|{t™ 0 {0 —1
™™ 1] [0 1 O |1 M|

/ +ma.\/
u-t"K =uouo U _gU_q - U_g_ Vg t" T K,

we find

where v, is in the root subgroup for «;. The product s on the left of #me Jies in the unipotent radical
of B;_;. If we conjugate by the Weyl element w sending p +ma;” to a dominant weight 4, this does not
change the Schubert cell, so we get wsw 't € Kt*K . By construction, 4 is strictly larger than y in the
lexicographic order. Since the element wsw ™' lies in the unipotent radical of wB; _jw ™', Lemma 3.4.1(1)
implies that wsw™'#* lies in KK for v > p/, but as lexicographic order refines dominance order, we
see v is strictly greater than u in the lexicographic order, in contradiction to v = .

Thus we have uo _ € K, and we may pass it through #* to obtain

u-t"K =u-ouo4u’_o-1"K.

Arguing similarly to the above with u”_j=u", ---u’

—ay —ay

we find that t ~#u’_jt* € K so we may pass it
through ¢# to obtain
u-t"K =u-ouo +-t"K.

Since u-gug + € BT(C((t))), we conclude that u-gug + is in K by Lemma 3.4.1(3). Thus, so is each
factor. We have already established up,— € K and t*“ugot” € K; thus, since up — commutes with e
we find also that

tHu_ot" = t_“u(;’l_u;ouo,_t“ = u&l_(t_“u;ot“)uo,_ ek. O

3.5. Conclusion. We now give the promised specialization result refining and generalizing Proposition 3.3.1.

Theorem 3.5.1. Let G be a connected linear algebraic group over C with Levi decomposition G = M x U.
Let g € G(C((t))) with g = mu and let [|1] be the conjugacy class of cocharacters of M identifying the
Schubert cell containing m (i.e., m € M(C[[t])t* M (CI[t])). For any representation p : G — GL,, if [v]
is the conjugacy class of cocharacters indexing the Schubert cell containing p(g), then [v] > [p o u]
(the conjugacy class of cocharacters indexing the Schubert cell containing p(m)). If p is faithful, then
vl=1[poulifandonlyif g € G(CLt D" G(ClzD.

Proof. 1t changes nothing to multiply on the left and right by an element of M (C[[¢]])), so we may assume
m = t*. Then, replacing G with G,, X U, we may assume G is solvable. Then its image under p lies
in a Borel subgroup, and conjugating p suitably by an element of GL, (C) we may assume that p o w is
dominant and this is a standard Borel B € B. Then p(u) factors through the unipotent radical of B, and
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the first claim follows from Lemma 3.4.1. If the representation is faithful then U is a subgroup of the
unipotent radical of B preserved under conjugation by ¢*, so if [] = [v] then Lemma 3.4.3 gives

ut = u-quou <ot"* = u-oquot™t M*uot" € UC[tDt*U(Ct]). O

Conclusion of proof of Theorem 3.2.6. Recall that it remains only to show (3) = (1) in Theorem 3.2.6.
To that end, let wy, be a bilatticed G-bundle, and suppose w ; := BB o wy is a filtered G-bundle. Pick
a representative g € G(C((¢))) for the double coset corresponding to wy, and write g = mu for a Levi
decomposition G = MU. Let [u] be the conjugacy class of cocharacters of M describing the Schubert
cell of m. We want to show g € G(C[t])t*G(C[t]).

To that end, let p : G — GL(V) be a faithful representation. By Theorem 3.5.1, it suffices to show
[p o ] is the type of p,wy, i.€., that the bilatticed vector space associated to p(g) is of type [p o u].

Let u:=LieU. Then p(G) is contained in the parabolic subgroup stabilizing the filtration of V by
u V. The action on the associated graded is through M thus the associated graded for this filtration is of
type [p o u]. Since the associated filtration by subobjects in the category of filtered vector spaces after
applying BB, is strict by assumption, we conclude the filtration on V is also of type [p o n]. Since this
agrees with the type of p,wy), we are done. ([

4. Real and p-adic Hodge structures

In this section we will define the category of p-adic Hodge structures and establish some of its basic
properties. By way of motivation, we begin in Section 4.1 by recalling a geometric perspective on the
definition of a real Hodge structure via the theory of vector bundles on the twistor line (due to Simpson
[35]) that leads to a definition of a category of extended real Hodge structures containing real Hodge
structures as a full subcategory. This perspective will be mirrored in our definition of p-adic Hodge
structures in Section 4.2, replacing the twistor line with the Fargues—Fontaine curve. With these definitions
in place, in Section 4.3 and Section 4.4 we give a symmetric treatment of the basic structural properties
of both extended real and p-adic Hodge structures — in particular, we discuss Mumford—Tate groups and
some fundamental invariants. In Section 4.5 we explain how to compute the Mumford—Tate group of a
p-adic Hodge structure using Hodge—Tate lines, analogous to the Hodge tensors in classical Hodge theory.
It is important here to give a criterion that applies to nonreductive groups; we explain more about the lack
of reductivity in this theory and the relation to polarizability in classical Hodge theory in Remark 4.5.2.

4.1. Definition of (extended) real Hodge structures. Traditionally, a real Hodge structure of weight k is
defined to be a pair (V, F*V¢) where V is a finite-dimensional real vector space and F* is a decreasing
filtration on V¢ satisfying the following transversality condition with its complex conjugate

FPVe @ Fk—pH1Ve = V.

Our goal is to reinterpret this transversality condition using the theory of vector bundles on the twistor
line [IE"I, which can be constructed as the solution set of U2+ VZ+ W2 =0in [P’%R. Other constructions of
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P! and the theory of vector bundles on P! are discussed in detail in Section 2.3. The key points are:
(D) P! /R is a smooth projective curve with a canonical point coc € P! (©).

(2) There is an action of the circle group U (1) = a + bi, a>+b>=1on P! fixing a unique closed point,
the one underlying coc, and we may identify the completed local ring at coc with C[[#]], where the

coordinate ¢ is chosen so that U (1) actson ¢t by z -t = -

(3) There is a slope formalism for vector bundles on P'. Any vector bundle is a direct sum of stable
bundles, any stable bundle has slope A € %Z, and for any such A there is a unique up-to-isomorphism
stable bundle O, (1) of slope A (these are matched with the real isocrystals of Section 2.2.1).

Now, suppose given a real vector space V and a filtration F*Vg¢ on its complexification. By the
canonical lattice construction of Section 3.1 and Proposition 3.1.7(2), there is a unique promotion of F* V¢
to a U (1)-equivariant lattice in V), £:=) ; t~IC[[¢] - F'Ve. Let (V Qp Op1) ¢ be the modification of
(V ®r Op:1) by the lattice £ at 0o (see Definition 2.5.1). By a result of Simpson [35],

Lemma 4.1.1. (V, F*V¢) is a weight k Hodge structure if and only if the modified vector bundle (V Qg
Op1) c is semistable of slope k /2.

Proof. Here we just recall why the modification is semistable if it is a weight k Hodge structure. First,
observe that, by the constructions in Section 2.3, it suffices to check that the pullback of the modification
to P! is a direct sum of O(k). One can commute the pullback with the modification, so this is equivalent
to modifying Ve ® OP}@ at oo by the Hodge filtration and at —oo by its complex conjugate. If we write
Ve = P hP+4, then the filtrations both break up as a direct sum over this decomposition, where the Hodge
filtration on h”¢ is concentrated in degree p and its conjugate in degree g. If we fix a basis for h?9,
this further decomposes into modifications of one-dimensional trivial bundles along filtrations with these
concentrations. The resulting modification is a line bundle of degree p + g = k; thus O(k), and we
conclude. (]

Thus, the canonical filtration realizes the category of C-filtered real vector spaces as a full rigid tensor
subcategory of C[[¢]-latticed real vector spaces, and the condition to be a weight k Hodge structure can
be formulated entirely in terms of the lattice. This motivates the next definition.

Definition 4.1.2. The category of extended real Hodge structures of weight k is the full subcategory
of C[[#]-latticed real vector spaces (Definition 3.1.1) consisting of (V, £) such that (V ®g Op:). is
semistable of slope k/2. The category of extended real Hodge structures is the full subcategory of
Z-graded C[[t]-latticed real vector spaces consisting of those whose degree k component is a weight k
extended real Hodge structure.

By Lemma 4.1.1 and Proposition 3.1.7(2), the canonical lattice embeds the category of real Hodge
structures as a full rigid tensor subcategory of extended real Hodge structures — the ones such that the
lattice is preserved by U (1). The functor BB of Section 3.1 attaches to any extended real Hodge structure
(V, £) a Hodge filtration on V¢, recovering the Hodge filtration on real Hodge structures. In general the
lattice contains more information.
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4.2. Definition and examples of p-adic Hodge structures. Let C/Q, be an algebraically closed nonar-
chimedean extension. In [18], Fargues and Fontaine constructed from C a 1-dimensional scheme over
SpecQ,,, F = Feo ., the Fargues—Fontaine curve, that behaves in every way like a smooth proper curve
over QQ, except that it is of infinite type. The geometry of [ encodes the relation between Fontaine’s
period rings. The construction is recalled in more detail in Section 2.4; the key points for this section are:

(1) There is a canonical closed point co¢ and identification of the residue field « (coc) with C. The
completed local ring of co¢ is the complete discrete valuation ring B;% and the complement of co¢
is the spectrum of the principal ideal domain Bg};l.

2) IfC = K" for a p-adic field K, then there is an action of Gal(I?/K) onlF = [F@p’ca and oo¢ is the
unique closed point fixed by Gal(K /K ); the induced action on the residue field C is the standard
one, and t € Bgi, the “p-adic 2mi” which generates the maximal ideal in B;i, transforms by the
p-adic cyclotomic character of Gal(K /K).

(3) There is a slope formalism for vector bundles on [, and any semistable vector bundle has slope A € Q
and is a direct sum of copies of the unique up-to-isomorphism stable bundle Or(A) of slope A (these

are matched with the p-adic isocrystals of Section 2.2.2).

Our definition of a p-adic Hodge structure will be analogous to the definition of extended real Hodge

structures but using [F instead of P!

Definition 4.2.1. The category of p-adic Hodge structures over C of weight A € Q is the full subcategory
of B;%—latticed Q)-vector spaces (Definition 3.1.1) consisting of (V, £) such that (V ®q, Of) —the
modification of V ®q, OF by the lattice £ at coc as in Definition 2.5.1 —is semistable of slope —A /2. The
category of p-adic Hodge structures over C is the full subcategory of QQ-graded B;%—latticed Q,p-vector
spaces consisting of those whose component of degree A is a weight A p-adic Hodge structure over C.

Remark 4.2.2. The convention on weights is chosen so that the Tate structure Q, (k) of Example 4.2.5
has weight —2k.

Remark 4.2.3. If K C C is a p-adic field and F*Vk is a filtration of Vi, then we can promote it to a
lattice £ on Vp,, using the canonical lattice construction. Using this, one could define an analog of real
Hodge structures instead of extended real Hodge structures, however, outside of the minuscule case where
the filtration and lattice are equivalent, this construction does not arise in any natural way that we are
aware of — for example, Theorem B implies that, for a p-adic Hodge structure coming from geometry
over a p-adic field, the lattice will never come from such a filtration unless the p-adic Hodge structure

has complex multiplication.

The category HS(C) of p-adic Hodge structures is a full subcategory of the category of (2-graded
B;“R—latticed @Qp-vector spaces, and is stable under the natural tensor product and dual functors. The
forgetful functor

wg : HS(C) — Vect(Q))



Admissible pairs and p-adic Hodge structures, | 1005

is a faithful exact tensor functor. The functor BB from Section 3.1 induces a Hodge—Tate filtration FIQIT
on wg ® C, with
Fip(V, £) = image in Ve of (Vgs N (F'Bar) - £)

It is a tensor functor, but we caution that it is not exact, even when restricted to p-adic Hodge structures —
see Example 4.3.4 below.

Example 4.2.4. If X/C is a smooth proper rigid analytic variety then, by [5, Theorem 13.1], for each
degree i, we obtain a B(Hz—latticed Qp-vector space

(Hg (X, @p). Lag)

where ESR is a canonical deformation of H(iR(X ) to B;% embedded as a B(;i—lattice inside Héit(X , Q,)®Bgr.

The induced filtration on Hét(X , Q,) ®C is the Hodge-Tate filtration. If X/Oc is a smooth proper formal
model, then

(Hi(X. Q) @ Op) i,

is semistable if and only if the isocrystal determined by the i-th crystalline cohomology of the special
fiber is i /2-isotypic. In particular, if it is a p-adic Hodge structure it is of weight 7, but in many cases it is
not a p-adic Hodge structure, for example if X is an elliptic curve with ordinary reduction.

Example 4.2.5. For k € Z, the Tate p-adic Hodge structure of weight —2k is
Qp (k) :=(Q, - t*, BR) =(Q,, F*Bf).

The Hodge-Tate filtration on @, (k) ® C is concentrated in degree k (i.e., the only nonzero grade is in
degree k). For k >0, Q,, (k) is isomorphic to the dual of the p-adic Hodge structure (Hék([lj’k ,Qp), Lﬁlﬁ) of
the previous example. We have natural identifications @, (a) ®Q,(b) =Q,(a+Db) and Q, (k)" =Q,(—k).

It is clear that any 1-dimensional Bg;{—latticed Qp-vector space is isomorphic to Q, (k) for some k, so
these give all of the one-dimensional p-adic Hodge structures.

4.3. Structural properties of extended real and p-adic Hodge structures. We work in one of two
situations:

rea: K =R, C =C, X =P, Bt =C[[¢]], B = C((t)), o0 = ooc.

p-adic: K = Q,, C/Q, is an algebraically closed nonarchimedean extension, X =F», BT = B;ﬁ,

B = BdR, o0 = O¢.

In the first case, by a Hodge structure we mean an extended real Hodge structure. In the second case,
by a Hodge structure we mean a p-adic Hodge structure. We write HS(C) for the category of Hodge
structures. In both cases, BB induces a functor from B*-latticed K -vector spaces to C-filtered K -vector
spaces. On extended real Hodge structures, this is the Hodge filtration. On p-adic Hodge structures, this
is the Hodge—Tate filtration (we emphasize this distinction because the Hodge filtration will arise at a
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different point in the p-adic theory — see Section 5). We caution that in both cases BB is not exact on
HS(C); see Example 4.3.4.

Lemma 4.3.1. The functor (V, L) — (V ® Ox) from B -latticed K -vector spaces to vector bundles
on X is exact.

Proof. Let f:(V, L) — (V', L") be a morphism. We write
T=f(V), M =f(LCTzg, My=f(V)pNL CTs,

so that, by assumption, M| € M. The inclusion of lattices induces an exact sequence of coherent
sheaves on X

0= (T®Ox)m, = (T ® Ox)m, = 005 (M1/M3) = 0.

and we deduce that a morphism is strict if and only if the image of the induced map of vector bundles is
saturated. The exactness is then immediate. ]

Lemma 4.3.2. The category of Hodge structures is abelian.

Proof. 1t suffices to show that the category of Hodge structures of a fixed weight A is abelian, and the only
nontrivial thing to show is that the morphisms are all strict, i.e., that the coimage is equal to the image.

We can see this equality through slope considerations: proceeding as in the previous lemma, let
f:(V,L)— (V', L) be amorphism of Hodge structures of weight A and write

T=f(V), Mi=fL)CTg, My=f(V)pNL CTs.

We have M| C M, by assumption, and we want to deduce that M| = M.
We have an exact sequence of coherent sheaves on X:

0= (T®Ox)m, = (T @ Ox)pm, = 005 (M2 /My) = 0.

Thus, the slope Ay of (T ® Ox), is at least as large as the slope A1 of (T" ® Ox) rq,, With equality if
and only if M; = M. Now, the map f realizes (T ® Ox), as a quotient of (V ® Ox) ., which is
semistable of slope A/2; thus A; > A /2. On the other hand, (T ® Ox) A4, is a subbundle of (V' ® Ox) .,
which is also semistable of slope A/2, so its slope is A, < A/2. We conclude, having shown that

AJ2 <k <X <AJ2. O
Lemma 4.3.3. Suppose that
0— Vi, L)) = (Va, L2) = (V3,L3) > 0

is an exact sequence of B -latticed K -vector spaces. If any two of the terms are Hodge structures of the
same weight ), then so is the third.
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Proof. By Lemma 4.3.1, we obtain an exact sequence of vector bundles
0= (Vi®O0x)s, > (Va®0x)z, > (V3®0Ox), — 0.

The result follows as semistable bundles of a fixed slope satisfy the two out of three property in a short
exact sequence. O

Example 4.3.4. The B*-latticed K -vector space (K 2 Bte;+Bt (%e 1+e2)) is a Hodge structure. Indeed,
this follows from Lemma 4.3.3 since it is an extension of the trivial Hodge structure by itself in the
category of B*-latticed K -vector spaces. Note that the exact sequence defining this extension does not
remain exact after applying the filtration functor (compare Example 3.1.4).

Theorem 4.3.5. The category of HS(C) of Hodge structures is a connected neutral Tannakian category
over K with fiber functor wg, : (V, L) — V.

Proof. In Lemma 4.3.2 we have shown the category is abelian, and it is immediate from the definition
of the tensor product and dual that it is neutral Tannakian over K (with the forgetful fiber functor to
Vect(K)). It remains to show it is connected: by [14, Corollary 2.22], it suffices to show that if V is an
object such that the strictly full subcategory (V )q whose objects are those isomorphic to subquotients of
V& for some k is stable under tensor product then V is trivial. Suppose V is such an object and write
a and b for the minimum and maximum of the set {i | Gr’ (V¢) # 0}. Then, for any object V' in (V)g,
Gr' (V) # 0 implies i € [a, b].

Now, if a = b =0, then V is trivial by Corollary 3.1.9 and we are done. Otherwise, either a < 0 or
b > 0 —the arguments in the two cases are parallel, so we treat just the case b > 0. The filtration is a
tensor functor, so F22(V®2) = (F?V)®2 and F?+!(V®2) = 0. We conclude that Gr?*(V®?2) £ 0 and
thus, by the considerations of the previous paragraph, V%2 ¢ (V)g since 2b ¢ [a, b]. (I

4.4. Invariants of Hodge structures. We continue with the notation of Section 4.3. Given a Hodge
structure V over C, the Mumford—Tate group MT (V) = Aut® (weil(vy) is the Tannakian structure group of
the Tannakian subcategory (V) generated by V. It is a closed subgroup of GL(V), and by Theorem 4.3.5
is connected.

Example 4.4.1. (1) For V the Hodge structure of Example 4.3.4, MT(V) = G,.

(2) For Q(k) the Tate p-adic Hodge structure of Example 4.2.5, MT(Q,(k)) = G, if k # 0 and is
trivial for k = 0.

We extend this definition to the category G-HS(C) of Hodge structures with G-structure (see
Section 2.1.1) for G/K a connected linear algebraic group. An object of G-HS(C) is an exact tensor
functor such that wg o G is isomorphic to wgg, and we define MT(G) to be the automorphism group
of wg restricted to the Tannakian subcategory of HS(C) generated by the essential image of G. As in
Section 2.1.2, G has a canonical refinement to a Hodge structure with MT(G)-structure, and a choice of
identification trive : w¢ 0 G = wyq identifies MT(G) with a closed subgroup of G.

A natural exact tensor functor wygo from HS(C) to the category of isocrystals Ktx of Section 2.2.2
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can be defined as follows. Recall the simple objects D, of Ktx defined in Section 2.2, and in the real
case let D, =0 for A ¢ %Z. Denote by D, the division algebra End(D_;) = End(Ox (1)). Then,

Otoe( B (Vo £2)) = @ Hom(Ow/2), (Vo ® Ox)z,) @D, Doy

we we

Thus, to any G € G-HS(C), we can associate the G-isocrystal wysoc © G. Isomorphism classes of G-
isocrystals are classified by the Kottwitz set B(G) (see Section 2.2.2) and we write [b]g for the point
classifying wisoc © G. By definition of HS(C), the slope homomorphism is central in MT(G) (up to
multiplication by —2 it is equal to the weight homomorphism determining the Q-grading). In particular,
if G = MT(G), [b]g is basic. We will often assume this latter condition or equivalently that the weight
morphism is central since it can always be arranged after a reduction of structure group.

There is also a natural exact tensor functor wy from B*-latticed vector spaces to Vect®(B) (see
Section 3) defined by

woi(V, L))~ (Vp, L,V ® BY).

We say G € G-HS(C) is good if wp 0 G is a good bilatticed G-bundle, in which case we write [u]g :=
[t]wy,0c for the classifying conjugacy class of K -cocharacters. By Theorem 3.2.6, G is good if and only
if BBoG:RepG — Vect/ (C) is a filtered G-bundle (i.e., is exact), and then [x]g is also the type of this
filtered G-bundle.

Remark 4.4.2. One also obtains a filtered G-bundle of type [11~!]g through BB1, which is a filtration on
wrsoc ® C. In the p-adic case, we will treat this perspective in Section 5.

Example 4.4.3. (1) If G is reductive, any G € G-HS(C) is good.
(2) Example 4.3.4 and Example 3.1.4 show that the G,-Hodge structure of Example 4.4.1 is not good.

When G = MT(G) or, more generally, [b]g is basic, the invariant []g determines [b]g: we explain
this only in the p-adic case. Recall that Kottwitz ([23, §6]) has defined for any connected reductive group
G/Q, and conjugacy class [u] of cocharacters of G@p a subset B(G, [1]) C B(G), and that any such
subset contains a unique basic element (i.e., an element such that the slope homomorphism is central).
We extend the definition of B(G, [p]) to any connected linear algebraic group as follows: write U for
the unipotent radical of G. As explained in Section 2.2.3, since isocrystals are a semisimple category,
B(G) = B(G/U). The projection G — G/U also identifies the conjugacy class of cocharacters of
G@p with those of (G/ U)@p. Thus we may declare B(G, [1]) = B(G/U, [i]). For G nonreductive we
continue to call an element of B(G) basic if the slope morphism is central; thus, although B(G/U, [u])
has a unique basic element, this element may not be basic in G; thus B(G, [i]) either has one or zero
basic elements.

The following should also be true in the real case, but we only prove it in the p-adic case (due to the
reference to [8]):

Theorem 4.4.4. In the p-adic case, if G € G-HS(C) is good and the weight morphism is central (for
instance, if G = MT(G)) then [blg is the unique basic element in B(G, ! lg).
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Proof. Recall from above that the weight morphism being central is equivalent to [b]g being basic. Then,
for G reductive, this is [8, Proposition 3.5.3]: note that, because of our choice of ordering of the lattices
when defining the associated bilatticed vector space, the relevant double-coset for applying Proposition
3.5.3 of [8] is G(Bjx) ™ (1)G(BJ). In the definition of Schubert cells in [8, pp. 683-684], there is also
an inverse appearing on the cocharacter, so this is exactly the double coset associated to the Schubert cell
appearing in [8, Proposition 3.5.3].

Now, because G is good, the type of wp o G is the same as the type of wy o G** where G* denotes the
composed functor Rep G/U — Rep G =N HS(C) —indeed, the map on isomorphism classes is induced
by the quotient map on double cosets in Section 3. (I

4.5. Hodge-Tate lines. In this section we assume we are in the p-adic case, and refer to the real case
only for analogy. It would be possible to proceed symmetrically, but we wish to use the term Hodge—Tate
lines and reserve the term Hodge lines for a related but distinct concept in Section 5.

A powerful tool in the study of Mumford-Tate groups in classical Hodge theory is through a character-
ization using Hodge tensors. We now give a similar characterization in the p-adic setting. In classical
Hodge theory one typically works in the polarizable case, but here it is necessary to adjust slightly to
allow for nonreductive structure groups: indeed, because our Mumford—Tate groups are not necessarily
reductive, if G € G-HS(C) for G reductive, MT(G) may not be observable in G, i.e., it may not be
realizable as the stabilizer of a vector in a representation. Thus we must consider all even integer weights
instead of only weight zero tensors.

Suppose V is a p-adic Hodge structure. For k € Z, the space of weight 2k Hodge—Tate lines in V' is

HT? (V) := (Homus(c) (@, (—k), Vo) \ {0}) /Q.
By evaluation, HT? (V) is identified with a projective subspace of P(Vay).

Theorem 4.5.1. Suppose G is a connected linear algebraic group and G € G-HS(C) is equipped with a
trivialization ws; 0 G = wgg. Then MT(G) < G is the subgroup of G preserving every line £ € HTX*(G(V))
forevery Ve RepG and k € Z.

Proof. 1t is immediate that MT(G) stabilizes these lines, since they underlie one-dimensional sub- p-adic
Hodge structures in G(V). On the other hand, MT(G) is a closed subgroup of G, so there is some line in
some representation of G such that MT(G) is equal to the stabilizer of that line. In particular, this line
corresponds to a 1-dimensional sub-p-adic Hodge structure, and by Example 4.2.5, it must be a Tate
p-adic Hodge structure. (I

Remark 4.5.2. Why do we not assume a condition that implies reductivity of Mumford-Tate groups?
Recall that in classical Hodge theory, the Mumford—Tate groups of @-Hodge structures arising from
algebraic geometry are always reductive. This follows from the existence of a polarization: indeed, if
(V, F*Vg) is a Q-Hodge structure, then a polarization on V can be defined as a bilinear form (, ) on V
(alternating or symmetric depending on the parity of the weight) such that the map /& : S — GL(VRr)
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defining the Hodge structure (for S = Resc/rG,, the Deligne torus) factors through the similitude group
G of (,) and such that, for ¢ denoting complex conjugation on G*(C), Adh(i) o ¢ is a Cartan involution
for G¥(C) (note h(i) is the Weil operator). Thus the involution Adh(i) o ¢ defines a compact real form
of MT(V)/Z(G) "MT(V). We conclude that the unipotent radical of this real form and thus also of the
Mumford—Tate group itself is trivial, and thus the Mumford—Tate group is reductive.

This can be reinterpreted from the perspective adopted at the beginning of this section: first, giving
the inner product is equivalent to refining V to a G-Hodge structure G where G € GLy is the similitude
group. Now, the involution AdA (i) o ¢ defines an inner form that can be checked to be equivalent to the
automorphism group of the induced real G-isocrystal.

This interpretation can be transported directly to the p-adic setting: Suppose G/Q),, is a connected
reductive group and G € G-HS(C). The automorphism group J(Q,) of the G-isocrystal wisoc ©G consists
of the Q,-points of an inner form J of G (the inner form G, for b a representative of [blg). If J/Z;(Q,)
is compact, then the Q,-points of the corresponding inner form of MT(G)/MT(G) N Z(G) are also
compact (as a closed subgroup of a compact group); thus this inner form has no unipotent radical so
neither does MT(G). Note any choice of element b € G(@ p) representing [b]g plays the role of the Weil
operator (7).

If G =GL,, then J(Q)) is compact mod center exactly when b corresponds to an isoclinic isocrystal
of slope a/n for (a, n) = 1 —indeed, the endomorphisms of this isocrystal are the central simple algebra
of Brauer class a/n, which is a division algebra exactly when a is coprime to n. Recalling that [b]g is
uniquely determined by [u]g, this occurs exactly when, writing [u]g = (a1, a2, - . ., an), Y_ a; is coprime
to n. Indeed, in this case, the relation between [1] and b is just that the Newton polygon b is the straight
line starting at (0, 0) and ending at the endpoint of the Hodge polygon.

Unfortunately, as explained in [26], up to the obvious manipulations, this captures all possibilities.
Thus, there are no compact inner forms that arise in this way from similitude groups (outside of the
exceptional overlap with groups of type A;), so having a bilinear pairing, e.g., from a polarization, does
not help at all!

5. Admissible pairs

In this section we work in the p-adic context (see 4.3), so C/Q),, is an algebraically closed nonarchimedean
extension. Suppose (V, L4r) is a p-adic Hodge structure and let W = wigoc (V). By construction, there is
a canonical identification Wgi = Lgr and thus Vg, = Wp,.. Letting Lg 1= Vg, we obtain a ng—latticed
isocrystal (W, L¢), and we can recover V as

V=HFe, EW)e,).

This motivates the study of a semilinear category of admissible pairs over C, to be defined precisely
below, and the above construction will identify HS(C) with a natural subcategory of admissible pairs.
In the introduction, we explained that admissible pairs were a natural toy category of cohomological
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motives because, in the cohomological setting, their rationality reflects the rationality of defining equations.
However, the fact that we can attach an admissible pair to any p-adic Hodge structure means this local,
p-adic setting is much better behaved than its global, archimedean analog — to any p-adic Hodge structure
we can attach a motivic object, so we are not left to wonder which ones come from motives!

The rest of this section develops the essential properties of admissible pairs. Many of the proofs of
structural results are the same or very similar to the proofs for extended real or p-adic Hodge structures
given in Section 4, so we move more quickly through the basic structural material.

Remark 5.0.1. It would be possible to continue as in Section 4 by developing a symmetric theory for
both p-adic and extended real Hodge structures, but this quickly loses touch with the aspects that are
classically interesting in real Hodge theory (one would even arrive ultimately at a trivial “transcendence”
result in this case; see Remark 6.2.2). However, although the symmetric treatment served us well in
Section 4 as a tool for better understanding the arguments in the p-adic case, in this section it will be
clearer to consider only the p-adic case and focus instead on the connections with classical notions in
p-adic Hodge theory.

5.1. Definitions, examples, and first properties.

Definition 5.1.1. (1) A B(;;-latticed isocrystal is a pair (W, £) where W is an isocrystal and £ C Wp,,
isa B&—lattice. A morphism (W, L&) — (W', L) is a morphism of isocrystals f : W — W’ such
that f (L&) C L. Itis strict if f(Le) = f(W)py N LY. A complex of Bgiz—latticed isocrystals is
exact if it is exact as a complex of isocrystals and each morphism is strict.

(2) An admissible pair is a B;%—latticed isocrystal (W, Lg) such that £(W) ., — the modification of
the vector bundle £(W) on F» associated to W by the lattice Lg at oo as in Definition 2.5.1 —is
semistable of slope zero.

(3) An admissible pair (W, £) is basic if the isotypic decomposition W = €D, . W), induces a decom-
position £L =P L;, L, := W ® Bar N L.
We write AdmPair(C) for the category of admissible pairs and AdmPair®®¢(C) for the full subcategory
of basic admissible pairs.

The category AdmPair(C) has realizations to isocrystals and Q ,-vector spaces, which in the geometric
case (Example 5.1.5) correspond to rational crystalline and p-adic étale cohomology. We begin by
defining these realization functors and the additional structures on them, then show that AdmPair(C) is a
neutral Tannakian category over Q,,.

The isocrystalline realization

Wisoc - AdmPair(C) — Isoc, (W, L)— W, 2)

is an exact tensor functor. By abuse of notation, we also denote the composition with the forgetful functor
Isoc — Vect(@ p) by wisoc. The étale realization is

wg : AdmPair(C) — Vect(Q,), (W, L)+ Ho(ﬂ:cb, EW) ), 3)
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where £(W) is the modified vector bundle on the Fargues—Fontaine curve Fe». This is also an exact
tensor functor, moreover we will see in Theorem 5.1.6 that AdmPair(C) is a neutral Tannakian category
over Q,, with fiber functor wg.

If (W, £) is an admissible pair, the Bgr-linear extension of the restriction morphism

wa(W) = H(Fer, EW) ) — H(Spec Bar, E(W) zlspec Bx) = W ® Bar

is an isomorphism wg (W) ® Bir = wisoc (W) ® Bgr. These isomorphisms are functorial and give a
canonical de Rham comparison isomorphism

CdR : Wgt @ BarR == Wisoc @ Bar 4

between Bgr-valued fiber functors on AdmPair(C).
The isocrystalline and étale realization functors on AdmPair(C) can be enriched to land in B;k—latticed
vector spaces by the étale and de Rham lattice functors, respectively given by

wr W, LY=L, or,(W, L) =cg (W Bf).

Remark 5.1.2. We call £ the étale lattice because it is the image of wg (W, £) ® Bg} under cqr. The
term “de Rham lattice” matches the terminology in Section 4 via the functor wys of Theorem 5.1.6;
in the geometric setting (Example 5.1.5) the de Rham lattice is a canonical deformation of de Rham
cohomology.

Using the Biatynicki-Birula functor from B(;%-latticed vector spaces to C-filtered vector spaces, the
étale lattice gives the Hodge filtration Fige o0 We and the de Rham lattice gives the Hodge—Tate filtration
Fir on wg (W, £)c. Specifically, for (W, £) € AdmPair(C), the Hodge filtration is

Fﬁdg = image in W¢ of (WB& N (FBar) -E)
and the Hodge—Tate filtration is
Fiyy = image in wa(W, £)c of (wa(W, £) s N (F'Bar)- Wt ).

While the Hodge and Hodge—Tate filtrations give tensor functors valued in Vect/ (C), we caution that
they are not exact (by essentially the same computation as Example 4.3.4).
Lemma 5.1.3. For an admissible pair (W, L), the following are equivalent.

(1) (W, L) is trivial, i.e., isomorphic to a direct sum of ((I:Dp, B(;Ez)-

(2) The Hodge filtration on Wc¢ is trivial.

(3) The Hodge-Tate filtration on ws(W, L) is trivial.

Proof. The type of the Hodge—Tate filtration is the inverse of the type of the Hodge filtration, as follows
from Lemma 3.2.3, so (2) holds if and only if (3) holds. It is immediate that (1) implies (2). To see (2)
implies (1), note that if the Hodge filtration is trivial then the lattice is trivial by Corollary 3.1.9. Then
E(W) = E(W), so admissibility implies the isocrystal W is also trivial. U
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Before continuing with the general structure of AdmPair(C), we give examples of admissible pairs.

Example 5.1.4. Recall from Section 2.2 that, for k in Z, D_; denotes the isocrystal Q » with Frobenius
acting by p~*. We define the Tate admissible pair

Q, (k) := (D_y, F*B, - D_).

For wys as in Theorem 5.1.6 below, we have a canonical identification st(@ p(k)) =Q, k), for Q, (k)
the Tate p-adic Hodge structure of Example 4.2.5. The Hodge filtration on Q p(k) ® C is concentrated in
degree —k.

Since every one-dimensional isocrystal is isoclinic, every one-dimensional admissible pair is basic. It
follows from Example 4.2.5 and Theorem 5.1.6 that, up to isomorphism, the Tate admissible pairs give
all one-dimensional admissible pairs.

Example 5.1.5. If X/Oc¢ is a smooth proper formal scheme with generic fiber X, a rigid analytic variety
(Xie/ W)/ pl, L&) Where
Lt = Héit(X , Q) ® B;%. The associated B;R-latticed Q-vector space obtained by applying (wg, wryy)
is that of Example 4.2.4.

over C, the results of [5] provide cohomological admissible pairs (HC’AryS

The obvious tensor and dual on B;i—latticed isocrystals preserve admissible pairs, and we have:

Theorem 5.1.6. AdmPair(C) is a connected neutral Tannakian category with fiber functor wg. It is
equivalent to the isogeny category of rigidified Breuil-Kisin—Fargues modules BKF;’ig of [2]. The functor
a)ft = (ws, ) induces an equivalence

wns : AdmPair®€(C) => HS(C).

The fiber functor wg on HS(C) (with the Hodge—Tate filtration) defined in the previous section is
canonically identified with wg (with the Hodge—Tate filtration) on basic admissible pairs via wys, so that
the overlap of notation will cause no confusion.

Proof. By [2, Theorem 3.19], the category BKF;’ig is equivalent to the category of quadruples (F, F/, B, )
where F and F' are vector bundles on F with F trivial (equivalently, semistable of slope zero), « :
Flrooe == F'lRooc» and B : @ gr* F/ => F' (where the graded pieces are for the slope filtration). There

is a natural functor from AdmPair(C) to this category
(W, Le) = (EW), EW), acan, Bean)

where acay, 1S the isomorphism given by the modification construction and B, is the canonical isomorphism
of £(W) with its slope graded. It is an exercise in the definitions to verify this is an equivalence.

The remaining properties claimed for AdmPair(C) then follow from the corresponding properties
established in [2]. However, we can also justify them directly as in Section 4. Indeed, the proof that
the category is abelian is almost identical to the proof of Lemma 4.3.2, using that the modifications in
each graded piece are semistable of the same slope. That it is neutral Tannakian is then clear, and the
connectedness follows as in the proof of Theorem 4.3.5 using Lemma 5.1.3.
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It remains to see that wé induces an equivalence between basic admissible pairs and p-adic Hodge
structures. The functor wyg is given by

W, L) =@ (Wi, L) > @ 05(W_y2, Low)
reQ we

and we have described the inverse at the beginning of this section. (]

5.2. G-structure and motivic Galois groups of admissible pairs. For G/Q, a connected linear algebraic
group, recall (from Section 2.1) the category G—AdmPair(C) of admissible pairs with G-structure (or
G-admissible pairs for short) has objects exact tensor functors G : Rep G — AdmPair(C) such that w¢ oG

is isomorphic to wgq. A G-admissible pair is basic if it factors through AdmPair®®(C).

Definition 5.2.1. If W is an admissible pair, then the motivic Galois group of W, MG(W), is the

automorphism group of wg|(w).

Any admissible pair W has a canonical MG(W)-structure. More generally, for any G € G-AdmPair(C),
we define MG(G) to be the automorphism group of w restricted to the Tannakian subcategory generated
by the essential image of G. Then, as in Section 2.1.2, G has a canonical refinement to a MG(G)-admissible
pair, and a choice of isomorphism wg 0 G = wgq identifies MG(G) with a closed subgroup of G. If G is
basic, then MG(G) is canonically identified with MT (wys o G), the Mumford-Tate group of the associated
G-p-adic Hodge structure, via Theorem 5.1.6. For any G € G-AdmPair(C), the isomorphism class of
wisoc © G 18 classified by an element of B(G), denoted [b]g.

Example 5.2.2. A G-admissible pair G factors through AdmPair(C)®® if and only if the slope morphism
is central in the motivic Galois group; if G = MG(G), this is equivalent to [b]g being basic. A good
example to keep in mind is an admissible pair arising as an extension of Q » by Q p(1). The trivial
extension is basic, with motivic Galois group G,,, and the others are nonbasic and have motivic Galois
group G, x G,. If we view these extensions as arising from elliptic curves in a Serre—Tate disk, then
only the lifts isogenous to the canonical lift (i.e., with Serre—Tate coordinate a root of unity) give rise to
basic admissible pairs (see Example 1.1.2).

We write wy for the functor to bilatticed Bqr-vector spaces
(W, Le) = (Why, 0 (W, L) = W+, Let)

It is an exact tensor functor, and extends the functor wp; on p-adic Hodge structures under the equivalence
of Theorem 5.1.6. Note that the Hodge filtration on W¢ is given by BB o wy;, while the Hodge—Tate
filtration on w¢ (W) ®q, C = Lq ®B& C is given by BB; o wy.

Definition 5.2.3. If G € G—AdmPair(C), we say G is good if wy) o G is a good bilatticed G-bundle as in
Definition 3.2.5, and write [u]g for the associated type.

By Theorem 3.2.6, G is good if and only if the Hodge filtration (resp. Hodge—Tate filtration) composed
with G, Rep G — Vect/ (C) is a filtered G-bundle (and so exact), and then [/,L_l]g (resp. [u]g) is the type
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of the Hodge (resp. Hodge-Tate) filtered G-bundle. If G is not basic then the invariant [b]g is no longer
uniquely determined by [ut]g, but the proof of Theorem 4.4.4 extends immediately to show

Theorem 5.2.4. If G is a connected linear algebraic group and G € G-AdmPair(C) is good, then |b]g is
contained in B(G, [[,L_l]g).

5.3. Hodge lines. Suppose W is an admissible pair. For k € Z, the space of weight 2k Hodge lines in W is
Hdg™ (W) := (Homadmpair(c) (@, (—k), W)\ {0}) / Q.
By evaluation, Hdg?* (W) is a projective subspace of I]:D(W‘/JW:pk), where we note
Wv=r" = Homysee(Dg, W)

is a finite-dimensional @ ,-vector space (recall Dy from Section 2.2 denotes the 1-dimensional isocrystal
Q p with Frobenius acting by o).

We also may identify Hdg?* (W) with a projective subspace of P(wg (W)) by evaluation after application
of wg. If W is basic with associated p-adic Hodge structure V, Hngk(W) = HT?*(V) compatibly with
this identification, and essentially the same proof as Theorem 4.5.1 yields an extension to all admissible
pairs:

Theorem 5.3.1. Suppose G/Q,, is a connected linear algebraic group and G € G—AdmPair(C) is
equipped with a trivialization ws o0 G = wgq. Then MG(G) < G is the subgroup of G preserving every line
¢ € HAg* (G(V)) for each V € Rep G, k € Z.

Remark 5.3.2. Let W € AdmPair(C) and let V = we(W). When we identify Hdg? (W) with a projective
subspace of P(V), it lies inside the projectivization of

+
HomB;'R—latticed Qp-vector spaces (@P (_k) ’ ( V.W® BdR)) '

This is an equality when W is k-isotypic, but in general this set of homomorphisms can be larger, so that
the Hodge lines cannot typically be determined only using the data of the B;k—latticed Q,-vector space
attached to a general admissible pair.

5.4. Cy-analyticity of an admissible pair and its de Rham lattice. We now give precise definitions of the
rationality properties of the lattices associated to an admissible pair, as needed for the main theorem. The
rationality of the étale lattice determines the field of definition of an admissible pair, and we consider the
subcategory consisting of those objects that can be defined over some strict p-adic subfield of C (recall a
nonarchimedean field is strict p-adic if its value group is discrete and its residue field is algebraically
closed). Note that any strict p-adic subfield is contained in C and contains Q -

Definition 5.4.1. Let (W, £) be an admissible pair over C and let V = wg (W, L).

(1) The de Rham lattice w,, (W, £) of (W, £) is C o-analytic if there is a filtration F* on Ve, such that
0rgW, L) = Lean(F*Vz) = icz F~i Ve, ® FiBgr. For K C C a strict p-adic subfield, we say
that the de Rham lattice is defined over K (or is K-analytic) if F* is defined over K.
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(2) (W, L) is Co-analytic if there is a filtration F* on We, such that
L=Lean(F'Wg)=) F'Wg ®¢, F'Bar.
ieZ
For K C C a strict p-adic subfield, a Cy-analytic admissible pair (W, £) has good reduction over K
if this filtration is defined over K.

We write AdmPair(Cy) for the full subcategory of AdmPair(C) consisting of Co-analytic admissible
pairs, and an admissible pair with G-structure G is Co-analytic if it factors through AdmPair(C). For
K C C a strict p-adic subfield, we write AdmPair2°"4(K) for the full subcategory of AdmPair(C)
consisting of admissible pairs with good reduction over K, and an admissible pair with G-structure G has
good reduction over K if it factors through AdmPair°*4™¢(K).

Remark 5.4.2. In Part III we will give a definition of admissible pairs over an arbitrary locally spatial
diamond. For the diamond SpdK, K a p-adic field, this will amount to an admissible pair (W, £) over
C = K" equipped with a semilinear action of Gal(K /K) on W that preserves £ for the induced semilinear
action on Wp .. An admissible pair with good reduction over K will then be one where the semilinear
action is unramified; if the residue field of K is algebraically closed, then the semilinear action is trivial
and we recover the notion above. We make the definition above only in the case of algebraically closed
residue field to avoid introducing this semilinear action, which is irrelevant for our transcendence results.

Note that any Cy-analytic admissible pair has good reduction over a sufficiently large strict p-adic
subfield K C C. Thus, if G is a Cy-analytic admissible pair with G-structure, and since Rep G has a tensor
generator, one can always find a strict p-adic subfield K C C such that G has good reduction over K.

On the category of admissible pairs with good reduction, there is a canonical splitting of the Hodge—Tate
filtration. Below we write &x = Gal(K /K).

Lemma 5.4.3. Let (W, £) € AdmPair(Cy), and let V = ws(W, L).
) IfL= ,Ccan(F‘Wgo)for a filtration F* on We, then
. . . (6}
F WEO = lim (FHdiC) "
KcCy
where K ranges over discretely valued subfields of Cy. In particular, F *Wg, is uniquely determined
by (W, L) and recovered via the Hodge filtration.

(2) For each i, the natural map F~' We, ® F BRCLEV® BQIz yields a commutative diagram

F~'Wg, ® F'Bir — V ® By

L !

g We, ®C(i) — V®C
which induces an isomorphism

gr_i We, ®¢, C@i) = gri Ve.
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(3) The previous isomorphisms yield a functorial splitting of the Hodge—Tate filtration on AdmPair(C)
(W, L) > @ er ' We, & Cli) = Ve.
ieZ
Proof. Functoriality in (3) follows from (1) since the Hodge filtration is functorial. It is immediate from
the definitions

Lon(F) =3 F"'Wg ® F'Br and  Fjjgo = (t"LOWp )/ ("Lt W)
ieZ
that Fﬁdg = F*® C and (1) follows by taking the colimit over Galois invariants. (2) then follows from (1)
and the following diagram with exact rows and columns:

0 0 0

4 1 3

! l il
0_)th35%“1‘£—)th8;%(-]£—)]71{1_1_“/€_)0

. 1 1
0 — Fif ' We ® C(i) — FilyWe ® C(i) — gr'Ve — 0

1 1 {

0 0 0 O

As a consequence, we find Cy-analytic admissible pairs avoid some of the perversities one encounters
regarding types for general admissible pairs:

Theorem 5.4.4. Any C-analytic admissible pair with G-structure is good.

Proof. The splitting in Lemma 5.4.3 is functorial, so the Hodge—Tate filtration on wg o G is exact and thus
the result follows from Theorem D. O

Example 5.4.5. Building on Example 4.3.4, one easily finds that EXt/l%deair(C) (triv, triv) = Bar /By and
that the only good extension (viewed as a G,-admissible pair) is the trivial one corresponding to the zero
coset. By Theorem 5.4.4 we conclude that Exti dmPair( 60)(triv, triv) = 0. This is an incarnation of the fact
that a self-extension of the trivial representation of the Galois group of a p-adic field is crystalline if and

only if it is unramified (see Section 5.5 below).

Example 5.4.6 (Existence of G-admissible pairs with fixed invariants). Combining Theorem 5.4.4 and
Theorem 5.2.4, we find a Co-analytic G-admissible pair is good with invariants [i] and b such that
b € B(G,[n™']). We claim furthermore that given any b € B(G, [™']), there exists a Eo—analytic
G-admissible pair with invariants b and [x] (so far it is not obvious that there is any G-admissible pair
with these fixed invariants!). Indeed, choosing a Levi decomposition G = MU, we can always push-out
from M to G, so it suffices to assume G is reductive. In the reductive case, this existence follows from
[27, Proposition 3.1].
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5.5. Galois representations for admissible pairs with good reduction. In this subsection we take K to
be a strict p-adic field and assume C = K”. Then wg| Admpaireodred (k) promotes naturally to a functor
W@ - AdmPairgdTed( gy Rep@p G k. Indeed, for (W, £) in AdmPair2°°4(K) the Hodge filtration of
W is defined over K and £ = ZieZ F};dig Wk ®k F!Bar is preserved by the &k action on Wp,, = W ® Bgr
(acting on Bgr). Consequently there is an induced action p of &g on wg (W, £) = H(F, £(W) ), which
is encoded by the following commutative diagram for each o € G

ws(W, £) @ Bl —=2 5 W ® Bar = wisoc(W, £) ® Bar
p(o)®ol lld@a (5)
wst(W, L) ® Bl —25 W ® Bar = wisoc(W, £) ® Bar

The following is essentially the crystalline comparison as reinterpreted by Fargues and Fontaine in this
special case (see Remark 5.5.2 below).

Theorem 5.5.1. The functor we, is fully faithful; its essential image is stable under subobjects and is

contained in the subcategory of crystalline representations of & .

Proof. Let (W, £) € AdmPair®*4™d(K). Let V = wg(W, £) and let p be the Galois representation on V.
We first explain how to reconstruct (W, £) from (V, p).

Because V ® Of|p\ooc = E(W)|p o> We have by construction an isomorphism Vg, = Wp, . Taking
& g -invariants thus recovers Wg, (showing that V is crystalline), compatibly with the natural Frobenius
action on both sides (with Ko = Bg;fs). Since K¢ has an algebraically closed residue field, the Dieudonné-
Manin classification for Frobenius modules over Ky shows W =) A=t Q b (WKO)“’h:pa, SO we recover
W. Once we have W, we recover £ as £ = VBIR C V= Whay-

From this it is clear that we , is fully faithful —indeed, any endomorphism of W or V is determined by
its action on Wp,, = Vp,.. If S C V is a subspace preserved by the Galois action, then the exact sequence

0= (S ) 7 = (V)6 = Wiy = (V/8)5,) "

crys crys crys

plus the relations dimg, V = dimeW, dim F,(Sp YOk < dimg, S and dimg,((V/S) 5 YOk < dimg,V/S
show that (S Bcrys)"j’( is a sub-g-module of Wk, with the same dimension as §. Passing to the associated
isocrystal W/ C W as above, we find W/BdR = Spy and thus (W', LN Wl/?da) = (W, SB;;() is a subobject

corresponding to S. U

crys crys

Remark 5.5.2. Of course, the essential image of this functor is the category of crystalline representations
of Gk, and the construction in the proof explains also the relation to Fontaine’s category of filtered
@-modules over Ky when we take into account that the & g-invariant lattices on Wp,, are precisely the
ones in the image of L.,,. We do not discuss this further here as it is not necessary for our present
purposes; in Part III we will explain this equivalence more generally in the context of Remark 5.4.2 where
we allow also K with non-algebraically closed residue field.
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If G is a G-admissible pair with good reduction over K, then we obtain a continuous representation
p:Bx — G(Q,) after choosing a trivialization wg 0 G = wgq. Theorem 5.5.1 implies that the induced
map from the Tannakian structure group of we, o G to MG(G) is an isomorphism. The former is the
Zariski closure of the compact subgroup p (&) in G(Q),); thus the image of p is Zariski-dense in MG(G).
In fact, we can do slightly better:

Corollary 5.5.3. With notation as above, p(&) is an open subgroup of MG(G)(Q)).

Proof. Lemma 5.4.3 implies p is a Hodge-Tate representation. By [33, théoreme 1], its image is open in
its Zariski closure, which, by the above discussion, is MG(G). ]

We record for later use the following remark regarding a Galois theoretic consequence of the rationality
of the de Rham lattice.

Lemma 5.5.4. If G is a G-admissible pair with good reduction over K , and the de Rham lattice wz, 0 G
on wg o G is also defined over K, then the de Rham lattice wr, 0 G C (wg @ Bgr) 0 G is preserved by the
Bgr-linear extension p @ Idp,, of the action of &g on we.

Proof. By definition there is an exact K -filtration F' on wg; oG such that w,, 0G = Lean 0 F. Consequently
LenoF =Y F~(we 0 G) @k F'Byr is visibly preserved by Id,,.¢ ® o~! for o € &g; while (5)
shows it is preserved by p(o) ® o. Thus it is preserved by p(0) ® Idp,. (Il

5.6. Periods. We now describe some period constructions. We note that this kind of analysis goes back
at least to Fargues [16] in the Lubin-Tate case. We write wyr, wndg for the Hodge-Tate and Hodge-Tate
filtrations on wg, wrsoc respectively, and view them as tensor functors AdmPair(C) — Vect/ (C) (which
are not exact, but are exact when restricted to AdmPair(C)).

Let G be a connected linear algebraic group over Q,, and fix an element b € G(@ »). Let G, be the
G-isocrystal (V, p) = (V Qq, Q P ,o(b)(pQP). For G a G-admissible pair with underlying isocrystal of
type [b] € B(G), fix trivializations

trivisoc @ Wisoc ©G = Gp and trivg : wg 0 G = wyd.

Note that trivigee also induces a isomorphism Forget o wigoc 0 G = wsq ® Q ps we also call this trivigee and
allow wisoc © G to be valued in either isocrystals or Q p-vector spaces depending on the context. Then

CdR
Wstd @ BaR =trive, @ét © G @ BdR —> @isoc © G @ BdR =trivyy,e @std @ Bar

is given by cdr (G, trivg, trivigee) = trivigoe © CdR © '[riva1 € G(Bgr). This period matrix, combined with
knowledge of [b], uniquely determines the triple (G, trivg, trivigec) up to isomorphism of G matching the
trivializations. In other words, if we write M;,(C) for the set of such isomorphism classes, then we obtain
an injection cgr : Mjp(C) — G(Bgr). We also have (see Section 3 for the notation):

(1) The de Rham lattice period 7, (G, trivg) € Grg (C) classifying the B(;%-lattice ®r 4 ©9 on the trivial
G-bundle wgt O g trivg Wstd-
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(2) The étale lattice period mwr, (G, trivise.) € Grg(C) classifying the Bg;z—lattice wr, © G on the trivial
G-bundle wisoc © G =qrivygy @std ® Q.

These are related by the following diagram:

M;(C) € G(Bar)
cdr (G, trivigec, Tivg) = g

— .

TLg TLIR
Grg(C) = G(Bw)/G(Bj; Grg(C) = G(Bar)/G(Bj
724 (G trivigee) = gG (B ) T (G, rive) = g7 ' G(B; )

Remark 5.6.1. If C = K" for a p-adic field K, then the period mappings s, and oy, are Gx =
Gal(K /K)-equivariant for the natural actions. Indeed, if g € G(Bgr), the lattice gG(B r) on the trivial
G-bundle sends a representation V € Rep G to the lattice gVBd+R C Vg Then

0 gVgr =0(8)0™ (Vg2 ) =0(8)Vps

since o preserves By

For [u] such that b € B(G, [u]), write M, ,1(C) € M,, for the subset consisting of G that are good
of type [w]. This is equivalent to requiring that cqr (G, trivisec, trivg) lies in the cell G(B )t“G(B r)- In
this case we also have:

(1) The Hodge-Tate filtration period (G, trive) € Flp,1(C) classifying the filtration wyt on the trivial
G-bundle Wit ® C trivg, Wstd ® C.

(2) The Hodge filtration period mHag (7, trivisec) € Fl,,-17(C) classifying the filtration wygg on the trivial
G-bundle wisoc ® C =trivy,, @std @ C.

Writing [t#] := t“G(B )/G(B r) € Grg(C), the diagram is then refined to

My 11(C) € G(BRI“G(BJR)
CdR(g triVigoc, trivg) = gll”gz

”ﬂet ”ﬁdR
Gry,1(C) = G(By; )[t"] Gry,-11(C) = G(B, )[t "
7o (G, rivigee) = g1[1#] . Teg (G, trive) = g5 '[t7+]
T T
Flyy,-1(€) = G(C)/ P (C) Fl,1(C) = G(C)/Pu(C)

e (G, riviee) = g1 P, 1 7ur(G, tiviee) =25 ' Py
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Note G € G-AdmPair(C) is Co-analytic if and only if, for one (equivalently, any) choice of trivigec,

716 ([G, trivigec]) is in the image of the canonical lattice map
Lean : Flg(Co) — Grg (C).

In particular, to detect the Co-analytic points we may assume C = C ¢ so that by Proposition 3.1.7(2)
these are exactly the points of Grg (C) stabilized by a finite index subgroup J of Gal(Co/Cy). If K = C3,
the points stabilized by J are exactly those G-admissible pairs factoring through AdmPair€°4"*4(K). For
each V € Rep G, we have the crystalline Galois representation J — GL(w¢ o0 G(V)) from Section 5.4.
These are compatible for varying V € Rep G, and arise via Tannakian theory from a crystalline G-valued
representation

p=p(G, tiveg) : T — G(@Q)), p(0) = trivy,' o pe (o) o trivg.
The next lemma shows how this can be recovered from the period of G (relative to the trivializations
trivee, trivisec).
Lemma 5.6.2. For g = cqr(G, trivisec, trive) € G(Bgr) as above, the associated Galois representation
p:J— G(Q)) is recovered by the action on g by
o(g) =gp(o),
Proof. To see this, we trace definitions noting that the action of o on cgR is
0 -cqr = (Idy,,, ® ) o car 0 (Idy, @ 1).
We substitute the defining property (5) for pg,
Iy, ® 0 = car 0 (Pa(0) ® ) 0 g
to get
0 - CdR = CdR © Pei(0) @ Idpyg.
Putting all of this together, we see that
0 (8) = (du,, ®0) 0 g o (d, ®),

= (Idy,, ® 0) o (trivy,. o car 0 triver) 0 (Idyy, ® 1),

= trivy,s, 0 (Idyy,. ® 0) 0 car 0 (Idy, ® 0 ") o trivg,

= ‘[riVI_SéC o (0 - cgr) o trivg,

= trivp.. 0 (car © Per(0) ® Idpyy) o trive,

= (trivyea, © CaR © tTive) o (trivy,' 0 pe(0) @ Id gy o trivey),

=gp(o). U

We obtain the following precise analog of the Grothendieck period conjecture:
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Corollary 5.6.3. If G is a Cy-analytic G-admissible pair and G = MG(G), then cqr o G is a generic point

of the torsor of isomorphisms between ws o G and wisec © G.

Proof. We need to show that the J-orbits of cqg o G are Zariski dense in Isom® (wg 0 G, wisoc © G), but this
follows since the image of p is Zariski dense in G by Corollary 5.5.3. ]

5.7. Admissible pairs with complex multiplication. An admissible pair M has CM if its motivic Galois
group MG(M) is a torus. We now give the easy direction of Theorem B and Corollary C:

Proposition 5.7.1. Suppose G € G-AdmPair(C) has complex multiplication. Then, for any choice
of trivg and trivisee, e, (G, trivisee) is Q p-analytic and mwp, (G, trivg) is Q p-analytic. In particular, if
M € AdmPair(C) has complex multiplication then it is Q p-analytic and its de Rham lattice is Q p-analytic.

Proof. By functoriality of periods, we may assume G = T is a torus. Then every cocharacter is minuscule
so each cell of the affine Grassmannian is equal to the flag variety and consists of a single point, and is
thus defined over a finite extension of the base field (which is Q, for the de Rham lattice and Q p for the
étale lattice). O

For completeness, we recall now the classification of CM admissible pairs, a result due to Anschiitz
[2] in the language of Breuil-Kisin—Fargues modules and essentially equivalent to a result of Serre [33,
théoréemes 5 et 6] on abelian Galois representations. This classification will not be used in any of our
results.

We write AdmPair® (C) for the Tannakian subcategory of CM admissible pairs. By Proposition 5.7.1,
AdeairCM(C ) C Adeair(GS p). In fact, the motivic Galois group S of AdeairCM(C ) is the maximal
abelian quotient of the motivic Galois group of Adeair((I:T\D ») — there can be no additive component be-
cause the only Cg-analytic extension of the trivial admissible pair by itself is trivial by Example 5.4.5. Note
also that, for T a torus, any T-admissible pair is basic, so AdmPair™(C) is equivalent via Theorem 5.1.6
to the category HS®M(C) of p-adic Hodge structures with complex multiplication.

Consider the pro-torus over Q,, S’ = lim@pg ECC.[E:Q,]<o0 Resép G, where the transition maps are the
norm maps. Then the character group X*(S’) is the space of locally constant functions on Gal(Q,/Q,),

and there is a cocharacter u : G, g — Sf@ corresponding to

! p

W X*(8) — X*Gp) =27, f— f{1d).

Then = (¢) classifies an S’-admissible pair whose associated §’-p-adic Hodge structure is classified
by u(t) (the weight homomorphism corresponds to the map on character groups given by integrating
f/2). Explicitly, if we consider the representation of S’ determine by S’ —» Resgp G, and the standard
representation of the restriction of scalars given by E acting on itself by multiplication, then the associated
admissible pair (resp. p-adic Hodge structure) is given by the covariant Dieudonné module of a Lubin—Tate
formal group for O (resp. its Tate module). Arguing as in [2] or [33], one finds the induced map S — S’
is an isomorphism.
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6. Transcendence

In this section we prove Theorem B and Corollary C, and give a refinement that applies outside of the basic
case. Before giving these proofs, in Section 6.1 we describe in more detail the analogous transcendence
results over C.

6.1. Conditional and unconditional results over C. Let A/C be an abelian variety. The kernel of the
exponential Lie A — A(C) is naturally identified with H;(A(C), Z). The Hodge filtration is the kernel of
the induced map

Hi(AC),C)=H(A(C),Z)® C— Lie A,

which can canonically be identified with wav, the invariant differentials on the dual abelian variety A".
This weight —1 ()-Hodge structure determines A up to isogeny, and we say A has complex multiplication
if this weight —1 Hodge structure does — this is consistent with our earlier definitions, since ()-Hodge
structures form a Tannakian category, and is equivalent to the usual definition that End(A) ® Q contains a
semisimple commutative subalgebra of dimension 2 dim A. We say A is defined over @ if the equations
defining A can be chosen to have coefficients in @, i.e., if there is an abelian variety over Q whose base
change to C is A.

Theorem 6.1.1 (Cohen [11]; Shiga and Wolfart [34]; generalizing Schneider [30]). An abelian variety
A/C has complex multiplication if and only if A is defined over Q and its Hodge filtration is defined over

Q (i.e., the subspace wav C H{(A(C), Q) ® C admits a basis whose elements are Q-linear combinations
of elements in H (A(C), Q)).

Abelian varieties up to isogeny are precisely the weight one motives over C. The proof of this theorem
makes use of the equivalence of this subcategory with the category of weight —1 Q-Hodge structures and
the Wiistholz analytic subgroup theorem, a linear transcendence result. Theorem A gives a conditional
generalization of this result to all motives over C, and the assumptions match up with these ingredients:
we assume the standard conjectures so that there is a good Tannakian category of motives, we assume
the Hodge conjecture so that Hodge structures give a fully faithful realization, and we assume the
Grothendieck period conjecture as a nonlinear transcendence result to get us started.

We now explain the setup in detail, then prove Theorem A: Assume the standard conjectures, and let
Mot(C) be the category of pure motives over C with Q-coefficients. It is equipped with a Betti realization
wp : Mot(C) — Vect(Q) and an algebraic de Rham realization wgr : Mot(C) — Vect(C). The latter
admits a Hodge filtration F*wggr : Mot(C) — Vect/ (C), and there is a canonical comparison isomorphism
¢ wgr = wg ® C. The category Mot(Q) of motives over @ is a full subcategory, and the restriction
of F*wgr to Mot(Q) factors canonically through Vect/ (Q). Both Mot(C) and Mot(@) are Tannakian
categories over , neutralized by wpg. Moreover,

Isom® (wdeMot(@) , W &® (I_;DlMot(@))
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is a scheme over @ and the Grothendieck period conjecture says that

c € Isom® (WdR Ivor(@) @B ® @IMot(@))(C)

is a generic point, i.e., is @-Zariski dense. There is also an exact tensor functor from Mot(C) to the
category Q-HS of ()-Hodge structures sending M € Mot(C) to (wg(M), c(M)(F*wqr(M))), and the
Hodge conjecture implies this is fully faithful.

Proof of Theorem A. The algebraicity for CM-motives is well known, so let us assume both M and the
Hodge filtration are defined over Q. Let G be the motivic Galois group of M, i.e., G = Aut® (wBl(my). It
is a connected linear algebraic group over Q (e.g., by the Hodge conjecture and the connectedness of
Mumford—-Tate groups), and we have a natural tensor equivalence Rep G — (M) and an identification
of wgqg on Rep G with wp on (M). If we fix also a trivialization wgr |(m) = Wsd @ Q then we obtain an
identification

Isom® (war | (w1, @5 @ Q| (1)) = Isom® (W ® B, w5 ® Q) = Gg

and, by the Grothendieck period conjecture, the de Rham comparison isomorphism c is a generic point in
Gg(C). Splitting the filtration of wqr |(m) gives a cocharacter u of Gg so that the Hodge filtration is F),.
The classifying point for the induced fully faithful functor (by the Hodge conjecture) Rep G — Q-HS is

C- FM € FI[M](C)

Since the orbit map for F,, Gg — Flj, is dominant, this is a generic point of Fly,,;/ @, so if the Hodge
filtration is Q-algebraic (with respect to the Betti rational structure), we deduce ¢ - F,, = Fl,,; and hence
the stabilizer P, of F,, is G. If this is the case, then each element of G(Q) stabilizes the Hodge filtration
thus induces an automorphism of the induced tensor functor from Rep G to @-Hodge structures. By
Lemma 2.1.2 the only automorphisms are by Z(G)(Q) so we conclude G (Q) C Z(G). Since the Q-points
of a connected linear algebraic group over Q are Zariski dense by [6, Corollary 18.3], we conclude
G = Z(G), i.e., G is abelian. It is thus a product of a torus and an additive group, but the additive part is
trivial as there are no nontrivial extensions of the trivial Hodge structure by itself (this is already true at
the level of filtrations)’. Thus, G is a torus. O

6.2. Proof of Theorem B and Corollary C. Given the setup of Section 5.6, Corollary C is an immediate
consequence of Theorem B since for any connected linear algebraic group G, Rep G admits a single
tensor generator. We now prove Theorem B. To that end, we fix an algebraically closed nonarchimedean
extension C/Q,. Let k = Oc/mc¢ be the residue field, and let Co = W (x)[1/p], so that any p-adic
subfield of C is contained in the algebraic closure Co of Cp in C.

In Proposition 5.7.1 we saw that any CM admissible pair over C is ) p-analytic and has Q p-analytic
de Rham lattice. Suppose now that M € AdmPair®®°(Cy), and that the de Rham lattice of M is also

70f course we could also exclude the possibility of an additive factor by using that G is reductive because of the polarization
on motives, but the given argument better mirrors the p-adic case.
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Co-analytic. We may thus fix a finite extension K /Cy such that M is an admissible pair with good
reduction over K and such that the de Rham lattice is also defined over K. Let J = Gal(Cy /K).
Let G be the motivic Galois group of M, and let

G :Rep G — AdmPairt**¢™4(K) € AdmPair(C)

be the canonical G-structure for M, so that there is a canonical trivialization wg 0 G = wgq. Fix also a
trivialization wygoc ®@P K = wyq (viewed as a fiber functor to Vect(K)). As in Section 5.6, c4r corresponds
(via the chosen trivializations) to an element g € G(Bgr), and the de Rham lattice is classified by

g~ 'G(Bg) € Grg(C) = G(Bar)/ G (Bjjp)-
As in Lemma 5.6.2, we find that J acts on g by

o(g) =gp(o) o€l

where p : J — G(Q)) is the associated crystalline Galois representation. The de Rham lattice period
mapping is J equivariant (Remark 5.6.1) so the Galois action on the de Rham lattice period multiplies it
on the left p(o)~'. By assumption, the de Rham lattice period is preserved by this action (Lemma 5.5.4),
so we conclude that p(0) € G(Q,) preserves the de Rham lattice. The induced functor from Rep G to
p-adic Hodge structures is fully faithful and p (o) is an automorphism of this functor so Lemma 2.1.2
shows that p(0) € Z(G)(Q,). However, the image of p is Zariski dense in G by Corollary 5.5.3, so we
conclude Z(G) = G, so G is abelian. It is thus a product of a torus part and an additive part, but the
additive part must be trivial because there is no nontrivial Co-analytic extension of the trivial admissible
pair by itself (Example 5.4.5). Thus G is a torus.

Remark 6.2.1. The proof is similar to the proof for one-dimensional formal groups given in [19], but at
the time we only understood weaker tools — indeed, in [19] we used Tate’s full faithfulness of the p-adic
Tate module over a p-adic field in place of the crystalline comparison here, and the Scholze—Weinstein
classification in place of the equivalence between basic admissible pairs and p-adic Hodge structures here.
Happily, we have skipped over the analog of the abelian varieties step (where progress has halted in the
archimedean theory) and gone straight to an unconditional analog of Theorem A. Nonetheless, it would
still be interesting to find another proof for isoclinic formal groups mirroring the use of the Wiistholz
analytic subgroup theorem in Theorem 6.1.1.

Remark 6.2.2. The same methods would give an unconditional theorem for extended real Hodge structures,
but the result is not very interesting: in this case, the condition for an extended real Hodge structure
analogous to having an Cy-analytic de Rham lattice is simply to be a real Hodge structure, but every
real Hodge structure has complex multiplication (indeed, the motivic Galois group of the category of
real Hodge structures is the Deligne torus Resc/rG,,). Thus in the archimedean case one must use an
underlying global structure on the coefficients to have an interesting transcendence theory, whereas in the
nonarchimedean case there is already a rich purely local transcendence theory.
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6.3. Beyond the basic case. In [19, Conjecture 4.1], one of the authors made a conjecture based on the
result for one-dimensional formal groups that does not really make sense as written (regretfully, we failed
to noticed at the time that isogeny Breuil-Kisin—Fargues modules were not an abelian category!). The
natural correction is to use rigidified Breuil-Kisin—Fargues modules. Doing so, the conjecture becomes
that a Cg-analytic admissible pair with Cg-analytic Hodge—Tate filtration admits complex multiplication.
Theorem B thus proves a weaker statement where we require the stronger condition that the de Rham
lattice is Co-analytic and restrict ourselves to basic admissible pairs. Note that in the case of minuscule
cocharacter, including all settings that apply to p-divisible groups, the Hodge—Tate filtration uniquely
determines the de Rham lattice, so that the corrected conjecture is now proved in these basic minuscule
cases. With a more complete understanding of the structures that allow us to prove Theorem B, it no
longer seems reasonable to conjecture that Co-analyticity of the Hodge—Tate filtration alone would suffice
beyond the minuscule case — it would be interesting to have an example!

With the correction described above, the conjecture does not hold outside the basic case. Indeed, already
the admissible pair attached to an ordinary elliptic curve without complex multiplication gives an example
where it fails. This may appear at odds with the full results of [19], which also treat one-dimensional
p-divisible groups with an étale part, but note that in [19] we did not take into account the rigidification
and characterized CM purely in terms of endomorphisms; without the rigidification the étale part of a
p-divisible group can always be split off from the connected part over Oc.

In the nonbasic counterexample given by an ordinary elliptic curve, note that the slope filtration still
lifts, and each graded part for the slope filtration has complex multiplication. In fact, this holds in general,
as we explain now.

The slope filtration on the category of isocrystals is the increasing Q-filtration F; (W) =D, _, Wy,
where W), denotes the D,/ -isotypic component of W. For M € AdmPair(C) a Tannakian subcazegory,
we say the slope filtration lifts to M if F; (W) underlies a subobject for any (W, L¢) € M. Note that it is
equivalent to say that Aut® (wsoc| A1), Where wigoc is viewed as a fiber functor to Vect(@ ), preserves the
slope filtration.

Example 6.3.1. The slope filtration lifts to the subcategory of basic admissible pairs (because the slope
grading does!).

Theorem 6.3.2. Let M € AdmPair(Cy) and suppose the de Rham lattice of M is Co-analytic. Then the
slope filtration lifts to (M), and the associated graded has complex multiplication.

Proof. If the slope filtration lifts then the associated graded is basic, Cg-analytic, and has C-analytic de
Rham lattice, so Theorem B implies it has complex multiplication. Thus it remains only to show that the
slope filtration lifts.

For this, we may proceed as in the proof of Theorem B to obtain J and p such that, for o € 7, p(0)
preserves the de Rham lattice. This implies that p (o) induces an automorphism of the vector bundle £(W)
for any (W, Lg) € (M). Such an automorphism preserves the slope filtration of £(W), since morphisms
of semistable vector bundles on F» only go up in slope. Thus, after we use cqr to identify G (Bgr) with
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Aut® (wrsoc) (Bar), We find g preserves the slope filtration of Wp,x- But since the image of p is Zariski
dense® in G B Dy Corollary 5.5.3, we conclude that Aut® (@rs0cl (M), viewed as a fiber functor to Q P
preserves the slope filtration. In other words, the slope filtration lifts to (M). U
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Local square mean in the hyperbolic circle problem
Andras Biré

Let I' € PSL;(R) be a finite volume Fuchsian group. The hyperbolic circle problem is the estimation of
the number of elements of the I"-orbit of z in a hyperbolic circle around w of radius R, where z and w
are given points of the upper half-plane and R is a large number. An estimate with error term e28/3 is
known, and this has not been improved for any group. Petridis and Risager proved that in the special case
I' = PSL;(Z) taking z = w and averaging over z locally the error term can be improved to e(7/12+R
Here we show such an improvement for the local L2-norm of the error term. Our estimate is ¢(/14+€R ,
which is better than the pointwise bound e2®/3 but weaker than the bound of Petridis and Risager for the
local average.

1. Introduction

1.1. Statement of the main result. Let H be the upper half-plane. For z, w € H let

z-w>

-1

uzZ,w)= —/—"—,
(W) = A imw

this is closely related to the hyperbolic distance p(z, w) of z and w, namely we have 1 4+ 2u = cosh p.
The elements of the group PSL,(R) act on H by linear fractional transformations, which are isometries
of the hyperbolic plane. Let du, = dx dy/y?; this measure is invariant with respect to the action of
PSL,(R) on H. Let I' = PSL,(Z). For z € H and X > 2 define

Nz X):=|{y eT :4u(yz,z) + 2 < X}|:

this is the number of points y z in the hyperbolic circle around z of radius cosh™!(X/2), so the estimation
of this quantity is called the hyperbolic circle problem. We know that

IN(z, X) = 3X]| = 0.,(X*/®); (1-2)

this is an unpublished theorem of Selberg, but it is proved also in [L-P]; see also [I, Theorem 12.1]. Let F
be the closure of the standard fundamental domain of I, i.e.,

F={zeC:Imz>0,—3 <Rez <74, |z| > 1}. (1-3)
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The goal of this paper is to prove the following theorem.

Theorem 1.1. Let I' = PSL,(Z), let F be as in (1-3), and let 2 C F be a compact set. For any € > 0, we

have

(Ve 1) =357 ) = Og (X149,

Remark 1.1. The significance of the theorem is that the estimate is better on average than the pointwise
bound X 2/3.

Remark 1.2. Let f/ be a smooth nonnegative function that is compactly supported on F and let € > 0.
It was proved in [P-R] that [, f(z)(N(z, X) —3X) dp, = Op(X"/127F€).

Remark 1.3. The bound (1-2) remains valid if we take any finite-volume Fuchsian group (a subgroup of
PSL;(R) acting discontinuously on H and having a fundamental domain of finite volume with respect to
duz) in place of PSL,(Z), provided the main term is defined including all small Laplace eigenvalues.
The analogue of the theorem of [P-R] mentioned in Remark 1.2 was proved in [B1] for any finite volume
Fuchsian group with exponent % in place of %

Remark 1.4. It would be interesting to extend Theorem 1.1 for any finite volume Fuchsian group in
place of PSL;(Z) with some exponent smaller than % similarly as the theorem of [P-R] was extended in
[B1]. Our present proof uses arithmetic tools, so it might be extended only for groups similar to PSL;, (Z).

Remark 1.5. Several other kinds of average results in the hyperbolic circle problem were proved in [C]
and [C-R].

1.2. Outline of the proof. We take an integer J > 2, which will be fixed to be large enough in terms of €.
We also take a parameter d, which will tend to oo together with X, and we assume X 23 <g=x1-5
with some fixed § > 0. We take the sum

J .
Nas )= £ () [ moNe X —jdn e

where 1g is a given nonnegative smooth function on (0, co) such that no(z) = 0 for ¢ & [1,2], and
flz no(tr) dt = 1. Then the j = 0 term equals N(z, X), but the terms j 7% 0 are smoothed versions of
N(z, X). It can be proved by spectral methods that for z € Q2 the j # 0 terms can be replaced by their
main terms with an error term Oq(X/ Vd ). One gets from these spectral estimates that

Ngj(z,X)=N(z,X)=3X + Oq(X/Vd) (1-4)

for z € Q. If we take d larger than X 2/3 this error term will be smaller than X'2/3. One can also see
easily that the contribution of the nonhyperbolic y € I" to Ny s (z, X) is Oq (X 1/2+€) Therefore, for
the proof of Theorem 1.1 it is enough to estimate

| Na gz X)) dpz. (1-5)
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where Ny jnyp(2, X) is the contribution of the hyperbolic y € I' to Ny j(z, X). We will give an
expression for (1-5) whose most essential part will be an expression of the form

J
> ke —ai—4) Y (D) () Eratin L) 06
11,02 J1,J2=0
P-4 5—4
where #1,7, > 2 and f run over the integers, the factor Fy 4(t1,t2, f, j1, j2) is an analytic expression,
and h(ll2 —4, 122 —4, f) has the following arithmetic meaning. If dy, d,,t € Z, then h(dy, d,,t) denotes
the number of SL,(Z)-equivalence classes of pairs (Q1, Q») of quadratic forms Q;(X,Y) = A4; X2 +
B;i XY +C;Y? with integer coefficients satisfying that the discriminant of Q; is d;, and the codiscriminant
BBy, —2A4,Cy, —2A4,Cy of Q1 and Q, is t.

Now, (1-6) can be estimated in the following way. For certain ranges of the parameters #;, 7, and f
we will show that if these three parameters are fixed, then the summation over ji, j, will be negligibly
small. This will follow simply from the mean-value theorem of differential calculus, using that J is large
enough. For those ranges of ¢, 7, and f where this reasoning does not work, we estimate every term of
the summation separately. In this way we get an upper bound for (1-6) of size d /2 x—1/2+e, Balancing
it with the square of the error term in (1-4) we get the theorem choosing d = X 57,

We note that i(dy, d, t) was studied in the papers [H-W] and [M]. They gave explicit formulas for
h(dy,d,t) but only under restrictive conditions for the parameters, so we cannot apply their results.
Therefore we prove a general upper bound for /(dy, d,t) and apply it in the proof of Theorem 1.1.
It would be interesting to investigate in the future whether it is possible to improve the estimate in
Theorem 1.1 using an explicit formula instead of our upper bound.

1.3. Structure of the paper. In Section 2 we give a general formula for the inner product of two
automorphic functions ZV er, m;(u(z,yz)), where the m; are test functions, #1, ¢, > 2 are integers, and
I';, is the set of elements of SL,(Z) with trace ¢;. The class numbers h(t12 —4, 122 —4, f) occur in that
formula. In Section 3 we give an upper bound for h(tl2 —4, t22 —4, f), and in Section 4 we investigate the
special functions appearing in the formula of Section 2 in the case when m; are characteristic functions as
in the circle problem. In Section 5 we begin the proof of Theorem 1.1 by giving the spectral estimate and
bounding the contribution of nonhyperbolic elements. In Section 6 we complete the proof by estimating
the square integral (1-5).

2. Inner product of automorphic functions and class numbers of pairs of quadratic forms

Our main goal in this section is to prove Lemma 2.2, which relates the inner product of two automorphic
functions of a special kind to class numbers of pairs of quadratic forms. Before that we give the necessary
definitions and prove an easy lemma to be used later.

2.1. Definitions and an upper bound. We start by taking a positive discriminant s and introducing the
set 2 of quadratic forms with discriminant s. Let s be a positive integer with s = 0, 1 modulo 4 and
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define
2s:={0(X,Y)=AX*+BXY +CY?: 4, B,C €Z, B> —4AC =3s}.

Ifr= (‘Z Z) € SL,(Z) and Q is a quadratic form, let us define the quadratic form Q% by Q% (X,Y) =
Q(aX +bY,cX +dY). The group SL,(Z) acts in this way on 2;. When s = > — 4, the set 2 can be
identified with elements in SL,(Z) with trace ¢. Indeed, if ¢ > 2 is an integer, let

T ={(“%) eSL,@) :a+d =1).

The group SL,(Z) acts on I'; by conjugation. If y = (% 2) el let Q) (X, Y)=cX?+(d—a)XY-bY2.
It is easy to see (see [B2], p. 119) that the map y — O, is a one-to-one correspondence between I'; and
2, with s = t? —4, and also between the conjugacy classes of I'; over SL,(Z) and the SL,(Z)-equivalence
classes of 25. More precisely: If T € SL,(Z) and y € I';, then Q -1, = Qf,. The fixed points of y
on R are exactly the roots of the quadratic polynomial O, (X, 1).

For dy.,d,,t € Z, let Qg, 4, be the subset of 2,4, x 24, consisting of those pairs (Q1, Q3) of

quadratic forms having codiscriminant ¢. In other words, writing
O01(X,Y)= A1 X*>+ B XY +C Y2, Q2(X.Y)=A,X>+ B, XY +C, Y2, 2-1)

we require that the discriminant of Q; be d; (j = 1,2) and that
B1B, —2A4,Cy —2A4,Cy =1. (2-2)

It is easy to check that if T € SL,(Z) and (Q1, Q2) € Qu,.d,,:- then (O], OF) € Qq, 4,,+- Hence SL,(Z)
acts on Qg, 4, ;. Let us denote by /(dy, d5, t) the number of SL,(Z)-equivalence classes of Qg, 4, -

If 11 > 2, 1, > 2 are integers, let Ry, 1, be the subset of o@tlz_4 X o@tzz_4 consisting of those pairs
(Q1, O») of quadratic forms satisfying

Q1 =AQ, for somek € Q. (2-3)

Note that Ry, s, is empty unless (tl2 — 4)/(t22 —4) € @%. It is easy to check that if 7 € SL,(Z) and
(Q1,02) € Rey 1, then (Q7F, OF) € Ry, 1, Hence SLy(Z) acts on Ry, r,. Let R, ,, denote a complete
set of representatives of the SL,(Z)-equivalence classes of Ry, ,.

If (Q1, Q2) € R4, 1, we can define a nonnegative real number n(Q 1, Q) in the following way. Using
the bijection y — Q) defined earlier, let y; € I';; be such that O, = Q; fori = 1, 2. The y; are uniquely
determined. The fixed points on R of the hyperbolic transformations y, and y, are the same by (2-3), since
they are the roots of the polynomial Q(X, 1) = AQ,(X, 1). Denoting the centralizer of a hyperbolic
element y in SL,(Z) by C(y) it is well-known and easily proved that

C(y) ={t €SLa(Z) 1121 = z1, 12, = 2}, (2-4)
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where z; and z; are the fixed points of y. Therefore C(y,) = C(y,). The image of C(y,) in PSL;(Z) is
infinite cyclic, i.e., there is a y,, € SL,(Z) such that

Cy) ={xvlesL, (@) :1€7). (2-5)

Let N(y) denote the norm of a hyperbolic transformation y, see p. 19 of [I]. Let us define n(Q1, Q) :=
|log N (¥,)|; this quantity is well-defined. It can be seen that if T € SL,(Z), then n (Q7, 03) =n(Q1, 02).
Finally, if 11 > 2, t; > 2 are integers, let us define

Enpni= ), n(Q1,0). (2-6)
(Q1,02)€R}, 1,

The following lemma will be enough for handling E;, ;, during the proof of Theorem 1.1.
Lemma 2.1. If2 <1t <1 are integers, then E;, 1, K¢ tzl *€ for every € > 0.

Proof. 1If (01, Q2) € Ry, 1, and y; € I'y; is such that Q) = Q; fori = 1,2, then for y, satisfying (2-5)
we clearly have |log N (Vo)‘ < ‘log N (yz)} < logt,. So it is enough to show that the number of SL;(Z)-
equivalence classes of Ry, 1, is K¢ t21 te Qe th_ 4 18 given, then there are at most two possibilities
for Q) to have (Q1, Q2) € Ry, 1,, 80 it is enough to show that the number of SL,(Z)-equivalence classes
of Qtzz_ 418 Ke 121 € This follows from [Bu, Proposition 3.3 and formula (3.1)]. The lemma is proved. [J

2.2. The formula for the inner product. If t > 2 is an integer and m is a compactly supported bounded
function on [0, 00), then for z, w € H write

m(Z’ w) = m(u(Z,U))) (2_7)
by an abuse of notation; see (1-1) for u(z, w). For z € H define
Mim(z) = ) m(z,y2). (2-8)
yely;
The main result of this subsection, Lemma 2.2, expresses the inner product of two such functions My, m,,
M}, m, in terms of the quantities £/, ;, and h(tl2 —4, 122 —4, ) defined above. We need also the following

definitions to state the lemma.
Let #1,%, > 2 be real numbers and let 71, m, be compactly supported bounded functions on [0, c0).

/2 12—4 t7—4\ db
J(ty, tp,my,my) i=/ ml( )mz( ) (2-9)

—n/2 4cos? 0 4cos20 )cos28’

Let us write

and for every real F with | F| # 1 let us write

my (32 =1+ S2))my (52 —H(1+ T?))

ds dT. (2-10)
VS2+T24+2FTS +1— F2

I(ty, tp, Fymy,my) 32/

where we integrate over the set

{(S,T)eR*:S*+T* +2FTS +1-F*>0}. (2-11)
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Remark 2.1. The integral (2-9) is absolutely convergent, because 71, and m, are compactly supported
and bounded. The absolute convergence of the integral in (2-10) is trivial in the case |F| < 1, because
then we always have S + T2 + 2FTS > 0. In the case |F| > 1 we use the linear substitution
u=2S+ (F+ vV F?— l)T, v=_S+ (F— VF?— I)T. Since m; and m, are compactly supported, we
have in (2-10) that |S| and |T'| are bounded from above. But then we have also |u|, |v| < C with some
C > 0. The condition in (2-11) reads as uv > F? — 1, therefore we have also |u/|, |v| > ¢ with some ¢ > 0.
Now, integrating over the set defined by the conditions ¢ < |u], [v] < C and uv > F? — 1, we clearly
have [[(1/vuv+1— F?)dudv < co. Thus (2-10) is absolutely convergent also for | F| > 1.

Lemma 2.2. Let t1,t, > 2 be integers and let my, my be compactly supported bounded functions on
[0, 00). Then, using equation (2-8), the integral

/;M tmy (D) My my (2) diz (2-12)
equals the sum of
J(t1,t2,my,ma)Ey 1, (2-13)
and
Z h(t12—4,l22—4,f)1(11,12, S 7m1’m2)~ (2-14)
er Vt12—4\/t22—4

FREE-(2-4)

(See equations (2-1) and (2-2), with the subsequent paragraph, for h(ll2 —4, t22 —4, ), equation (2-6) for
Ey, 1,, and (2-9), (2-10) for the functions J and Z.)

Remark 2.2. We will see later that the class numbers h(ll2 —4, t22 —4, f) are finite, see Lemma 3.1 and
Remark 3.1. The sum (2-14) is actually finite, because for large enough | /| the function Z vanishes there.
This can be seen easily from (2-10) and (2-11).

For the proof of Lemma 2.2 we need a few preliminary lemmas. To state the first one, we give some
definitions using the notations of Lemma 2.2.

Write G := Iy, xI'y,, and let G be the set of those elements ()/1, ;/2) € G for which the set of fixed
points on R of y, and of y, are the same. If (y,.y,). (v;.v5) € G, we say that (y,,,) and (y;. ;)
are SL,(Z)-equivalent if there is an element T € SL,(Z) such that 7! y;T =y, fori =1,2. We denote
by G; a complete set of representatives of the SL,(Z)-equivalence classes of Gy, and by (G \ Go)* a
complete set of representatives of the SL,(Z)-equivalence classes of G \ Gy.

Lemma 2.3. Let t1,t, > 2 be integers and let my, my be compactly supported bounded functions on
[0, 00). Recall equation (2-8). Then

/f My, (2) Mgy (2) dpiz (2-15)

equals the sum of

’ 72 dpz and [ me. 7p2) ditz.
/C(yl)\Hml(Z v12)ma(z,v,z) dp;  an [H]ml(z Y )Mz, vy2) dits

(yl,yz)EGS‘ (V[:VQ)G(G\GO)*
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Remark 2.3. To avoid confusion we emphasize that G \ G denotes set difference, while C(y,)\H
denotes quotient on the left.

Proof. An element y € SL;(Z) with tr y > 2 determines a hyperbolic transformation of Hj; see Section

1.5 of [I]. Hence y has two different fixed points on R. Assume that y, € ['y,, v, € I',, T € SL»(Z) and

r_1y1t=y1, r_1y2r=y2. (2-16)

It is clear by (2-4) that if (y,, y,) € G \ Gy, then (2-16) is true if and only if 7 = j:((l) (1)) If (v, v,) € Go,
then by (2-4) we see that C(y,) = C(y,), and (2-16) is true if and only if = € C(y,).
From the definitions we see that (2-15) equals

> 2 my(z, v z)ma(z, v,z) dus.
ylel",l yZEI‘t2

We partition G into SL,(Z)-equivalence classes. Since for T € SL.;(Z) we have

/fml(z, t_lyl tz)my(z, ‘[_1)/21’2) du, = /;fml(z, v12)ma(z, v,z) diz,
our considerations above give the lemma. O

Lemma 2.4. Let y, = (‘cl 2) and y, = (g g) be hyperbolic elements of SL,(R), and assume that the set
of fixed points of y, and the set of fixed points of y, are disjoint. Let
(d—a)(D—A)+2bC +2Bc
Vd+a)?—4/(D+A4)2—4

Letuswritety =a+d, t) = A+ D, and assume t1,ty > 2. Let my, my be compactly supported bounded

F = F(V]J’z) =

(2-17)

functions on [0, 00) and use (2-7). Then we have

A-HMI(Z’ V]Z)mz(z’ VZZ) dll'LZ = I(t19127 F7m17m2)7 (2_18)
where the function T is defined in (2-10) and (2-11).

Proof. It is easy to check that F(y,,y,) = F(r~! Y1 T 71 ¥, 7) for T € SLy(R). Since (2-18) also remains
the same if we write 7! y, T and ! ¥, T in place of y, and y,, and since we can choose 7 in such a way
that 7! y, T is diagonal, for the proof of the lemma we may assume that y, is diagonal.

So assume that b = ¢ = 0. Then by the conditions we have BC # 0. It can be easily computed by the
definitions that

(d —a)?|z)? ot |Cz22 4+ (D—A)z— B
—— u(z,y,z) = .
4Tm?z & 4Tm?z

Hence, if z = x +iy, usingad = 1 and AD — BC =1 we get after some computations that

u(z,y,z) =

_(a+d)?—4  (d—a)®*x?
u(z,y,z) = 1 + 472 , (2-19)
2_ 2 _ _ 22
Uz, y,2) = (A+§) 4 n (Cx“+(D f)),)zc B+Cy?) ' (2-20)
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Since m(z, w) is defined through the function u#, we will be able to compute the left-hand side of (2-18)
using (2-19) and (2-20).
Let us use the substitution

X Cx?>4+(D—A)x—B+Cy?
ro= .

q:=—, : (2-21)
y y
Then the determinant of the Jacobi matrix dgdr is
dx dy
det 1/y (2Cx+(D—-A))/y B+Cx2+Cy?
e =
—x/y? C—(Cx*4+(D—A)x—B)/y? y3
It is not hard to check that
B+ Cx?+Cy? 2B
O (D-A)g+ = (2-22)
y y
and
B r—(D—-4A4
B =D=M iy =o. (2-23)

y? y
From (2-22) and (2-23) we get
( B+Cx2+Cy?
Y
Hence if we want to compute the left-hand side of (2-18) by the substitution (2-21), then on the one hand

2
) =((D—A)g—r)* +4B(C + Cq?).

we see that for ¢ and r we have the condition
(D—A)q—r)*> +4B(C +Cq*) >0. (2-24)

On the other hand, in the case BC > 0 we see from the quadratic equation (2-23) that for every real ¢ and
r satisfying (2-24) there is exactly one y > 0 and real x satisfying (2-21). Similarly, in the case BC < 0
we see from the quadratic equation (2-23) that (D — A)g —r)/B > 0, i.e., combined with (2-24) we

must have
D—A)g— C + Cqg?
PD=Mg=r_, | C+Cq" (2-25)
B B

If the left side of (2-25) is larger than the right side, then we have two positive solutions of (2-23) in 1/y.
If (2-25) holds with equality, then we have a double root.
Putting everything together we see that the left-hand side of (2-18) equals

o0
[ [ reqdrdg (2-26)
—oo J Ay
for BC > 0, and the left-hand side of (2-18) equals

2 /_Z [ fa)drdq (2-27)
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for BC < 0, where
f(r.q) = mi(z(a+d)* =4) + z(d —a)’q*)my (3(A + D)* —4) + 317)
o V(D —A)g—r)2+4B(C + Cq?) ’

Ag:={reR:((D—A)g—r)* +4B(C + Cq*) >0},

and for BC < 0 we write

D—A)q— C + Cq?
A;:{reRzﬁzz‘Lu}_
B B

For BC < 0 we define also

D—A)g— C + Cqg?
Am e dpep. P=Da—r | C+Cq [
q B B

We see that for BC < 0 we have —qu = Ay, so,since f(r,q) = f(—r,—q), for BC <0 we have that

(2-27) equals
/—: /A;f(r,q)drdq-pf_o; /A;f(”a‘])dl’ dgq.

Since Ay is the disjoint union of A;I" and A for BC <0, we finally get that the left-hand side of (2-18)
equals (2-26) also in the case BC < 0. Apply the substitution

—r
NTEw

in (2-26). Recalling (2-17), b = ¢ = 0 and BC # 0 we have that

S=¢q, T-=

s e B 2 2 _(D=A)?
(atd)’—4=(a—dp (D-AP+4BC=(D+A’—4 F'=7m—

Taking into account that Z(¢1, t,, F', m1,m5) is even in F, we get (2-18) for the case b = ¢ = 0. But we

£1

have seen that then the lemma is completely proved. ([

Lemma 2.5. Lety, € I'y, v, € I'y,, where t; > 2 for i =1, 2. Assume that y, and y, have the same fixed
points. Then

/ my(z, yy2)ma(z2, y,2) dpz = J (11, 1. my,m3) |log N(v,)] . (2-28)
C(V])\H

where y,, € SLy(Z) is a generator of the centralizer C(y,); see (2-5). (The function J is defined in (2-9).)

Proof. We may assume that N(y,) > 1. We can choose 7 € SL,(R) in such a way that 71 Y;TZ = AiZ
for every z € Hand 0 <i <2 with Ag = N(y,) and A; = N(y;)¥ fori = 1,2, where ¢; € {—1, 1}. The
fundamental domain of the group t—1C (y,)T in H is the subset {1 <|z| <N ()/0)}. Then the left-hand
side of (2-28) equals

’ ’ dpz. 2-29
[{zeH:15|z|<N(y0)}m1(Z Ty tz)ma(z, T y,tz) dug ( )
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dr do

By the substitution z = rei(3+0) with 1 <r < N(yy), =5 <0 < 7 we getusing du, = ——— 5 that
0S
(2-29) equals
w2 NGy +A71-2 A+ A1 =2\ drdf
m .
/ rr/2/ 4cos?2 0 2 4cos? 0 r cos2 0
It is clear that kl/ 2y )\.1_1/ 2 )\1/ 2y Ay 12 t,, since the trace is invariant under conjugation. The

lemma is proved. O

Proof of Lemma 2.2. We use the one-to-one correspondence between I'y; and 2,2_, fori =1, 2.

Using the notation of Lemma 2.3, we see that if (yl, Vz) € G, then (y,,7,) GIGO holds if and only if
Oy, =10y, withsome A € Q. Indeed, Oy, =10, holds with some A € Q if and only if the polynomials
Oy, (X, 1) and Oy, (X, 1) have the same roots, i.e., if and only if y; and y, have the same fixed points.

It is clear that (y,,¥,), (¥, v,) € G are SL,(Z)-equivalent if and only if there is a T € SL,(Z) such
that (Qr , ) = (le 0, *) We note also that if (y,,y,) € G \ Gy, then for the quantity F(y,,y,)
defined in (2- 17) we have F()/1 Y,) = /(f)\/t2 \/t2 4, with

0y (X.Y)=A41X>+ BiXY +C1Y?, 0, (X.Y)=A:X"+ B XY + Y7, (2-30)
f = BBy, —24,C, —2A4,C;. (2-31)

We show that if (y,,¥,) € G \ Gy, then f2 £ (ll2 —4) (ZZ2 —4). Indeed, writing d; := tl.z — 4 and using
di = B? —44;C; fori = 1,2, we easily get from (2-30) and (2-31) that

d3 AT =2fdyA1 Ay + dydy A5 = dy (B2 Ay — B1 A2)?,
d?C?—2fd,C,Cy +d1d,C3 = dy(B,Cy — B1Cy)?.

Assume f2 = d;d,. Then the left-hand sides above are squares, and since d, = t22 —4 cannot be a square,
we get BopA; — B1 A, =0, B;C; — B1C, = 0. One has the identity

(A1Cy — A2Cy)? — (A1 By — A3 B1)(B1Cy — B,Cy) = ( l_[ (B —44; Cz)) (2-32)

i=1
with f defined in (2-31). We also get A1C, — A,C; = 0 from (2-32). It follows that the vectors
(A1, B1, Cy) and (43, By, () are linearly dependent, hence (y,,y,) € Go, which is a contradiction.
We note finally that if (y,,y,) € G \ Gy, then y, and y, have no fixed points in common.
With these considerations, applying Lemmas 2.3, 2.4, 2.5 and the definitions we obtain the lemma. [

3. Estimates on the number of equivalence classes of quadratic forms

Recall the definitions of Qg4, 4, ; and /i(dy,d,,t) from (2-1), (2-2) and the subsequent paragraph. In
this section we will give several upper bounds for A(d, d>, t) itself and for certain sums containing
h(dy,d,,t).

Let gcd(ny,n,,...,n;) be the greatest common divisor of the integers ny,n,,...,n,. The integer
part of a real number x is denoted by [x].
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3.1. A general upper bound for h(dy,d>,t). Our aim in this subsection is to prove Lemma 3.1. The
upper bound we give for /1(d;, d,,t) will be smaller than (1 + |d1d5¢|)€ for any fixed € > 0 in many
cases. This is not always true, but the exceptions are rare.

For any finite set of integers n,n;,...,n, we write

S(ny,ny,...,n,) =max{k > 1:k*|ged(ny, na, ... n,)}. 3-1)

Denote by t(n) the number of divisors and by w(#n) the number of distinct prime divisors of a nonzero
integer n.

Lemma 3.1. Assume that dy,d,,t € Z and d; is not a square of an integer (i = 1,2). Assume also that
12 —dydy # 0. Then

h(dy.dy. 1) < C 200~ (12 _d,dy)S(d,. dy.1?), (3-2)
where C > 0 is an absolute constant.

Remark 3.1. Even the finiteness of /i(d, d», t) is not completely obvious. For a short proof of this fact
using the theory of algebraic groups see Appendix I of [M].

For the case d; = tl.z —4 for i =1, 2 with integers #; > 2, which is our primary interest, one can give a
trivial upper bound for i(d;, d,, t) using Lemma 2.2. For simplicity let us consider the case when tl2 —4,
122 —4 and ¢ all lie in [ X, 2.X] with a large real number X . Then choosing n2; and also m, in Lemma 2.2
to be the characteristic function of the interval [0, C X]| with a suitable absolute constant C, one can show
the trivial bound h(tl2 —4, z22 —4,t) < X. Indeed, the coefficient of h(tl2 —4, 122 —4, t) is bounded
from below by a positive constant, every term in (2-14) and (2-13) is nonnegative, and one can prove that
(2-12) equals O(X) in this case. The estimate (3-2) gives better than h(t12 —4, t22 —4,1) < X even in
the worst case, when S (112 —4, 122 —4, 12) is as large as VX . But the S-function is often much smaller
than +/X, so the bound given in Lemma 3.1 is much stronger than the trivial bound.

To prepare the proof of Lemma 3.1 we need two preliminary lemmas. We introduce the notation

Ca, dot = {(x, y) e R?: dyx? 4+ dyy* —2txy = 1}.

In the first lemma we prove general statements for any two different points of Cy, 4, ;. In the second one
we show that if we have any element of Qg4 4, ;, then we can parametrize the rational points of Cy, 4, ;-

Lemma 3.2. Let dy,d,,t be as in Lemma 3.1, and assume that (x;, y;) € Cq, g4, fori = 1,2 and
(x1,¥1) # (x2, ¥2). Then

dy(x1 —x2)* +dy(y1 — y2)* = 2t(x1 —x2) (31 — y2) # 0 (3-3)

and

(diy1 —tx1)(y1 — y2) + (dax1 —ty1)(x1 — x2) # 0. (3-4)
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Proof. Let S| and S, be the quantities appearing in (3-3) and (3-4), respectively. One can check that

d, — —
ss= 0 (5 ) (020)

and

2
25 + Y (=) (dpx} +dyy} —2ix;i) = S
i=1
Since (x;, yi) € Cg,.d,.s fori = 1,2, we have S| =2S,. Hence it is enough to show that §; # 0. Assume
for a contradiction that S; = 0. Then the right-hand side of (3-5) is 0, but this is true also by exchanging
the role of (x1, y1) and (x», J2), so we get

Y1 X di =\ (y1—y2\_ (0
y2 x2) \ =t dr) \x1—x2 0/
The vector (yl yz) is nonzero and det( _;) # 0 since 12 —dd, # 0, so we must have det(i1 2) =0.

Hence (x5, y2) = A(xy, y1) with some constant A # 1, so S; = (1 —A)? # 0 by our assumptions. This
is a contradiction, and the lemma is proved. O

Lemma 3.3. Let dy,d,,t be as in Lemma 3.1, and let Q;(X,Y) = A; X> + B; XY + C;Y? (i =1,2)
be such that (Q1, Q2) € Qq,,d,.t- Assume that A1 By — Ay By # 0. Define

R(X,Y)= (A1 By — A3 B)X?> +2XY(A,Cy — A3Cy) + Y*(B,C, — B,C)).
Then for x, y € Q the following two statements are equivalent.

(1) (X J’) ECdl ds,t+

(ii) There are a,b € Q such that R(a,b) # 0 and writing x4 p := - 2 b), Vab = ©:(a.b) we have
R(a,b) ’ R(a,b)
X =Xgb> V= DVa,b-

Proof. By a straightforward computation using the definitions we get the identity

d2(Q1(a,b))* +d1(Q2(a,b))* =210 (a,b) Q2(a. b) = (R(a, b))*. (3-6)

Introduce the abbreviations
A 1 A 2

S D e TR 37
A.B,—A,B, (3-7)

a1 =
! A1By— Ay By

Note that writing @ = 1, b = 0 in (3-6) we get (a1,a2) € Cy, 4,,;- We first assume (ii). Then (i) follows
at once from (3-6).

We now assume (i). If (x, y) = (a;,a>), then we can take « = 1, b = 0. So let us assume that
(x,y) # (a1, ay). Tt is easy to see that if ¢, b € Q, then

b(ao + bp) _ b(ya+éb)
(A41B,— A2By)’ QZ(a’b)_aZR(a’b)_(Ale—AzBl) G5

Qi(a.b) —aR(a.b) =
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with
a:=Bi(A1By—AyB1)+2A41(A,C1 — A1Cy) =tA; —d Ay, (3-9)
p:=Ci(41B;—A2B1) + 41(Ci1 B2 — 2 By), (3-10)
Y= Ba(A1By — A2 B1) + 242(A2Cy — A1 Co) = —1 Ay + dar Ay, (3-11)
§:= Cy(A; By — A2 By) + A2(Cy By — C2 By). (3-12)

Let us write g := (;‘f g ). One can compute that
detg =2(A2B1 — A1 B2)((41C2 — A2C1)? — (A1 By — A2 B1)(B1C2 — By Cy)).

The last factor, in larger parentheses, equals %([2 —dyd») by (2-32) and (2-31). Hence t> —d;d, # 0
and A1 By — A> B1 # 0 imply det g # 0.
Let us take a, b € Q in the following way:

a\y _ (6 —B\(x—a
(b) - (—V o )(y —az)' (3-13)
By (3-8) and (3-13) we then easily get
Qi(a,b)—a R(a,b) _ bdetg X —ay
(Qz(a,b) —azR(a,b)) " AB>— A, B, (y—az)' (3-14)

So this is true if (x, y) # (a1, a2), and a, b are defined by (3-9)—(3-13).
Assume that » = 0. Then by (3-9), (3-11) and (3-13) we get

(d1 Ay —tA)(y —az) + (=tAz + dy A1) (x —ay) = 0.

By (3-7), (a1, az), (x,y) € Cq,,d4,,: and (x, y) # (a1, a>). This contradicts (3-4). So we have b # 0.
Assume that R(a, b) = 0. Then (3-6) and (3-14) imply that

dy(x —ay)? +di(y —a2)* —2t(x —ay)(y —az) = 0.

But this contradicts (3-3). So we have R(a, b) # 0.
Then (3-14) clearly implies

(xa’b—al) _ bdetg (X—al)
Va,p — a2 R(a,b)(A1 By — A3 By) \y —a2/)’

Hence (X4, Va,p) # (a1, a2), since we assumed (x, y) # (a1, a,). We would like to show that (x, y) =

(Xa.b+ Ya,p)- If this is false, then (a1, az), (X456, Va,p) and (x, y) are three distinct points lying on a line,
all belonging to Cy, 4,.;- Hence the equation

dy(ay +q(x —ap)? +di(az +q(y —a2))* —2t(a1 + q(x —ar)) (a2 + q(y —az)) = 1

has three different real solutions in ¢. The coefficient of ¢2 is nonzero by (3-3), so this is a contradiction.
The lemma is proved. O
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For the next proof we need the following notation. If p is a prime and n # 0 is an integer, let us denote

by v, (n) the largest nonnegative integer such that p» ™) divides n.

Proof of Lemma 3.1. If Qg4, 4, is empty, then /(dy, d>,t) = 0 and there is nothing to prove. So assume
in the sequel that Qy, 4, ; # @. We divide the proof into four parts, which we formulate as claims.

Claim A. Let Q;(X,Y) = A; X% + B; XY + C;Y? (i = 1,2) be quadratic forms such that (Q1, Q) €
Qd,.dr.t- Then replacing (Q1, Q2) by an element in its SL,(Z)-equivalence class we can achieve
ByA1— B1 A, #0.

Proof. We first show the weaker statement that replacing (Q 1, Q) by an element in its SL, (Z)-equivalence

class we may assume that (By, B;) # (0,0). If t = ( [f), we have

OF(X.Y) = Qi(X +bY.Y) = A; X* + (B; + 24;b)XY + C}Y? (3-15)

fori = 1,2 with some C;*. If (B; +2A4b, B, +2A,b) = (0, 0) for every integer b, then A; = B; =0 for
i =1,2. But this is impossible, since this would imply d; = d, =t = 0, but this contradicts > —d d» # 0.

Hence we may assume that (B, By) # (0,0). Let By # 0, say. Assume for a contradiction that
B,A; — BjAy = 0 and B,Cy — B1Cy, = 0. Then (4,,C;) = A(Aq,Cy) with A = B,/Bq, hence
CyA{— C;A, = 0. So the matrix (‘j; g; g; ) has rank 1, hence its lines are linearly dependent. But this
contradicts 12 — dyd, # 0.

So we may assume that ByA; — By A, # 0 or B,C; — B1C, # 0. But applying the matrix ((1) _(1)) €
SL,(Z) we can exchange the roles of 4; and C;. Claim A follows. O

Claim B. Cy, 4, # @.

Proof. By Claim A there is an element (Q1, Q») € Qq,.4,,: Whose coefficients satisfy By A1 —Bj A, # 0.
Taking @ = 1, b = 0 in Lemma 3.3(ii) we see by that lemma that there are numbers x, y € @ such that
(x,y) € C4,,d,,;- Claim B is proved. O

Claim C. There exists a subset A of 72 of size 2t(t> — d 1 d) such that every SL,(Z)-equivalence class of
Qd, . d»,¢ contains an element (Q1, Q) with coefficients Q;(X,Y) = Ai X2+ B XY +CGY?(i=1,2)
such that (A1, A,) € A.

Proof. Fix x,y € Q such that (x, y) € Cy, 4, this is possible by Claim B. We also fix relatively
prime integers m and n and a nonzero s € Q such that x = sm, y = sn. Let us take an arbitrary
SL,(Z)-equivalence class of Qg, 4, ;- We know by Claim A that we can take an element (Q1, Q) in
this equivalence class such that we have B, A; — B A, # 0 for their coefficients. Then it follows from
Lemma 3.3 that there are @, b € Q such that Q(a, b) = gx, Q»(a,b) = gy with some g € Q, g # 0. We
may clearly assume here that a, b € Z and (a, b) = 1. Taking (Z Z,) € SL,(Z) with some suitable ¢ and d
we then see that replacing (Q1, Q) by an element in its SL,(Z)-equivalence class we may assume that
for their coefficients we have A; = rx, A, = ry with some r € Q, r # 0. Observe also that

ged(Ay, A2)| (1% — dydy) (3-16)
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follows from the definition of dy, d, and ¢. Then recalling x = sm, y = sn we see that 4; = dm,
A, = 8n with some integer § dividing %> — dd,. Claim C is proved. O

Claim D. Let the integers Ay and A, be given and assume that there are N inequivalent elements in
Qd,.dyt Of the form Q;(X,Y) = Ai X% + B; XY + C;Y? having these fixed coefficients Ay and A,.

Recall (3-1). Then we have, with an absolute implied constant,
N =022~ 54, dy, 1?)). (3-17)

Proof. We can assume A; # 0 for i = 1, 2 by the assumption that d; is not a square. Also, by the identity
(3-6) with a = 1, b = 0 there are only two possibilities for B A1 — B1A,. So we can fix D such that there
are at least V/2 inequivalent forms having the fixed coefficients 4, A, and having B,A; — B A, = D.
But we see from (3-15) that the residue of B; modulo 24, determines the SL;(Z)-equivalence class of
(Q1,07)once Ay, A and By A1 — By A, is given. Therefore it is enough to estimate the possible values
of B; modulo A; (for given Ay, Ay and D = B, A1 — B A;) by the right-hand side of (3-17).
We have
B? =d; (mod A;) (3-18)

fori =1,2. Let p be a prime, and let us denote v,(A4;) by o and v,(A4,) by B. We consider two cases.

Case vp(di) < a: We use (3-18) with i = 1. There is a solution only if v,(d;) = 2k for some integer

k, and then we must have v,(B;) > k and (B1/p*)?* = (dy/ p*) modulo p®—2k_ Since o — 2k > 0,
a—2k

we get from this congruence that there are at most 2(1 + v,(2)) possibilities for B;/ p* modulo p
Hence we finally get that there are at most 2(1 4 v,(2)) plr@/2] pogsibilities for B; modulo p®.

Case vp(dy) = o: We use again (3-18) with i = 1, and we see that v,(B;) > «/2. So there are at most

pl®/2] possibilities for B; modulo p?.

Hence in both cases there are at most 2(1 + v,(2)) pmin([é"l’(dl)]’[%“]) possibilities for B; modulo
p¥. Similarly, there are at most 2(1 + v, (2))pmin([%"ﬁ(d2)]’[%ﬂ]) possibilities for B, modulo pﬂ. Since
D = B, A| — B A, is fixed, we see that if B, is given modulo pﬂ, then D 4+ B1 A, = By A; is given
modulo p“"‘ﬂ , hence B is given modulo p*. Taking into account (3-16) we finally get that for every
prime p there are at most

2(1 4 v,(2)) min(p[vp(dl)/z], plor@d2)/2] p[Vp(fz—dldz)/Z])

possibilities for B; modulo prrAD we apply this to every prime divisor p of A; that also divides
t2 —did,. If p|A; but p does not divide t> — d,d,, then by (3-16) p does not divide A,, and so
D = B, A1 — By A, implies that B, is determined modulo p”P(Al). So for the number of possible values
of B; modulo A; we have the upper bound

C( [T 2) [Tmin(ptr@)/2 plon@/2 pln=did2)/2)) (3-19)
plt?—did, ~ P

with an absolute constant C. Formula (3-19) proves Claim D. O
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Claims C and D imply Lemma 3.1 at once. O

3.2. Upper bounds for certain special averages of h(d1,d>,t). When we apply Lemma 3.1, we will have
numbers d; of special form d; = tl.2 —4, and we will have certain triple sums of S (tl2 —4, 122 —4, £?), where
t1, tp, f run over integers. We will use the trivial upper bounds S(zl2 —4, t22 —4, [ < S(t12 —4, Z22 —4)
and S(t2 —4,t2 —4, f2) < S(t? —4, f?), and we will use Lemmas 3.5, 3.6 and 3.7 below. We need a
preliminary lemma.
Lemma 3.4. Let t1,t) > 2 be integers, t; # to, and let E = gcd(t12 —4, t22 —4).

(i) There is a divisor e of E such that

e>cVE, e|(t;—5n).
with an absolute constant ¢ > 0 and with some § € {—1, 1}.

(i) E <ty —t2|(t1 + 12).
Proof. Part (ii) follows at once from the fact that E divides l12 —l22, so it remains to show part (i). Let p| E
be a prime. Then p*»‘E) divides (t; —1,)(t; +1), so writing « := vp(t; —t2) and B :=v, (¢ +12) we have
Vp(E) <a+p. If m =min(a, B), then m <v,(2t;), so 2m < vp(4l12). But0 <v,(E) < vp(4t12— 16), so
if m > 0, then we must have p =2. If p =2 and m > 2, then we have v, (4t12) >4, and so v, (41,‘12 —16) =4,
hence v, (E) < 4. It follows for every prime p that p"P(E) divides either 16(¢y — ;) or 16(¢; + ¢3). Then
there is a decomposition £ = eje, such that gcd(eq,e;) = 1, and eq divides 16(¢; — £5), e, divides
16(¢; + ). The lemma is proved. d

Lemma 3.5. Let 3 <a < b < ¢ < 2a be integers. Recall the definition (3-1). For any € > 0 we have

c—1
YooY SH-43-4 <L ad P c—a)b-a)'/? (3-20)

r1=a a<ty=<c—1
0<|ty—t1|<b—a

St —4,15—4)

c—1
t12=:a aﬁtélc—l \% [t — 13|

0<|tr—t1|

Lea''* ¢ (c—a). (3-21)

Remark 3.2. With the very crude estimate .S (tl2 —4, 122 —4) < a the trivial bound in (3-20) would be
(c —a)(b —a)a, so in (3-20) we save roughly \/m.
Proof. Inequality (3-21) follows from (3-20) using a dyadic subdivision. To prove (3-20) we may assume
b = ¢, since the general case follows by dividing the summation over #; into O(%) subsums.

So let » = ¢. By Lemma 3.4(ii), we have gcd(tl2 —4, t22 —4) < (b —a)b. Then by Lemma 3.4(i) and
because S(12 — 4,12 —4) < Vged(17 — 4,12 — 4) the left-hand side of (3-20) is

b—1
«Y(TvEYL ¥ )
h=a> El2—4 e|E Se{—1,1} a<tr<b
E<L(b-a)b  excVE eltr—dt
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and for a given #; the quantity in parentheses is

< Y JVE Y (1+—)<<b€(m+b a).

E|t?—4 e|E
EK(b—a)b e>cVE

The lemma follows. O

Lemma 3.6. Let 3 <a < b < 2a be integers. For every € > 0 we have

b—1

> max{k > 1: k%[> -4} Kca'tVb—a, (3-22)
t=a

b—1

> Z S(t? —4,12 —4) e a(avb—a+a'?(b—a)®?). (3-23)
t1=a tr=a

Remark 3.3. Estimating every summand by O(a) in (3-22) the trivial bound in (3-22) would be (b —a)a,
so in (3-20) we save roughly +/b —a.

Proof. Statement (3-23) follows at once from Lemma 3.5 and (3-22), so we deal only with (3-22). It is
enough to show that for any integer 1 < K < 2a we have

b—1 2K
KX Y > prd) <ea‘avb—a. (3-24)
t=a k=K d>1

12—4=dk>

A trivial upper bound for the left-hand side of (3-24) is K(b —a).

Let d be fixed and assume 12 —4 = dk?. Then o := %(t + k+/d) is an algebraic integer, since it is a
root of the equation x2 —rx + 1. We also see that « is a unit in the ring R of algebraic integers of the
real quadratic field Q(d). By the Dirichlet unit theorem, there is a unit 1 < € € R such that every unit
of R has the form 4! with integer /. One has € = %(a + b+/d) with integers a, b, where b # 0. Then
e ! 25-%(0—[)\/3) with § € {—1,1}, hence € = b/d + 8¢ !, s0€ > /d—1>/2—1. Buta = €/
for some positive integer / and & <¢ < 2a. So we have proved that for a fixed d there are at most C loga
possibilities for the pair (¢, k), with an absolute constant C. We have d < a?/K? in (3-24); thus the
left side of (3-24) is < a®>T¢/K, and hence < a€ min(K (b —a),a?/K), given the observation made
after (3-24). This minimum here is clearly < a~/b — a, and the lemma is proved. O

Lemma 3.7. Let t > 2 be an integer and let 1 < A < t*. For any € > 0,

S(t 4f)
<<€z\/_

t2—4—A<|f|<t?>—4

Remark 3.4. We save roughly ¢ here with respect to the trivial bound.
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Proof. The left-hand side is at most

1
2 kX —
k2|r2—4 gez Vi 52— g
0<2=4_|g1<4
kT 81=%k

and the inner sum here is < (1/vk)y/4/k = ~/A/k. We used here that the inner sum is empty if
A < k. The lemma is proved. O

4. Identities and estimates for special functions

In this section we consider the functions Z(¢1, t,, F,m,m,) and J(t1, t,, my,m,) defined in (2-10) and
(2-9) for the special case when the functions m; are characteristic functions of some intervals [0, x;] for
i = 1,2. This case will be important in our application. In the first subsection we prove an identity for
this Z-function for every 1 ## F > 0; in the second and third subsections we use it to give estimates for
the cases F > 1 and F < 1, respectively. In the last subsection we compute 7 (1, t5, m1, m;) for the
above-mentioned special case.

4.1. Computing Z(t1,t2, F,mq,my) when the m; are characteristic functions. For Sy, Ty, F > 0,

F # 1 define
1

Z(So, Ty, F) := // NG ey dS dT. (4-1)

where we integrate over the set

{(S,T)eR*:|S| < So.|T| <Typ, S*+T*+2FTS +1—F*>0}.

By the reasoning of Remark 2.1 we see that (4-1) is absolutely convergent. One can see that (4-1) is
divergent for ' = 1, but we do not need that case. It is clear that the function Z can be expressed in terms
of the function Z in the case when the m; are characteristic functions.

Lemma 4.1. Let Sy, Ty, F > 0, F # 1. We have
Z(So, To. F) = 2J(So. Ty, F) +2J(Tp. So., F),

where we write

\/(1 +y242Fy)SE+1—F2

J(So, To, F) := / | dy (4-2)
yI=To/So 2
(1+y2+2Fy)S>F2-1 T+y2+2Fy

in the case F > 1, and

J(So. Ty F)._/ VO+02 +2F))SE +1- F 1/°° Vi—F?
T Lyistse L+ y2+2Fy YT ) e 124 2Fy Y

in the case F < 1.
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Proof. 1t is clear by the substitution (S, 7') +— (=S, —7) that the S < 0 and S > 0 parts of the integral
(4-1) have the same value. For S > 0 we make the substitution y = 7'/S, and we get

o0
S
Z(So,To,F)=2/ f ds dy,
—00) /S24 1282 4 2FyS2 41— F?2

where the inner integral is taken over the set

{SeR:0=<S <SSyl <To, S*+p*S* +2FyS*+1—F*>0}. (4-3)

If F < 1, the last condition is always true. If F > 1, then 1 4+ y? 4+ 2Fy > 0 should hold, otherwise (4-3)
is empty. For a fixed y we integrate in S over the interval

min s
1+ y2+2Fy ~  — 0, fo/lY

in the case F > 1, and we integrate over
0 =8 =min(So. To/|y])

in the case F < 1. We consider separately the cases |y| < Ty/So and |y| > Ty/So. We can compute
the S-integral in each case. Making the substitution y — 1/y in the case |y| > Ty/Sy we obtain the
lemma. O

4.2. The case F > 1. In Lemma 4.3 we express the function J(Sy, Ty, F) defined in Lemma 4.1 in terms
of a simple function in the case F > 1. Then we give estimates for this simple function in Lemma 4.4
and for higher derivatives of a variant of this function in Lemma 4.6.

Lemma 4.2. Let So, Ty > 0 and F > 1. For the function J(Sy, Ty, F) defined in (4-2) we have

14+ y24+2Fy)S2+1—F?
J(SO’ T()v F) Z[ \/( +y i 2 'V) 0 - dy’ (4'4)
H(So,To,F) 1+ ys+2Fy
where

[—To/So,To/So] lfT()/S()Sland1<F§ A(So,To),
[=To/So. C(F, So)|U[D(F, So), To/So]

H(Sy, Ty, F) := if To/So=1land 1 < F < A(So, Ty), (4-5)
[D(F, So), To/Sol if A(So,To) = F = B(So,To),

] if F= B(So.To),

where we write

A(So. To) :i= V(1 + SO+ T2) = SoTo.  B(So.To) := V(1 +SH(1+T2)+ SoTo.  (4-6)
C(F.S¢):=—F—vVF2 =11+ 82/Sy. D(F.S¢):=—F+vVF2— 11+ 82/S,. (4-7)

We mean every statement in such a way that if we write an interval [a, b, this implicitly means that a < b.
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Proof. One can check that (14 y?2 +2Fy)S§ > F?—1 holds if and only if y < C(F, Sg) or y > D(F, Sp).
The following three claims can be checked by direct computation. For the proof of Claim 2 we use the
obvious fact that F — SoTp > —v/(1 + S2)(1 + T2).

Claim 1. The sign of

\/Fz—l\/1+sg_‘5_

F 4-8
8 o= @)

equals the sign of F — A(Sy, Tp).

Claim 2. The sign of

(4-9)

V211482 To . o
So So

equals the sign of F — B(Sy, Ty).
Claim 3. The sign of Ty/So — 1 equals the sign of To/So — A(So, Tp).

We get from Claim 1 that if 79/So <1 and 1 < F < A(Sy, Tp), then D(F, So) < —Ty/So, and this
gives the first branch of (4-5).
If g—g >1land 1 < F < A(Sy, Ty), we get from Claims 3 and 1 that

VF? =11+ 82 _To

F PR
+ So S

(4-10)

and this implies the second branch.

If A(Sy, To) < F < B(Sy, Ty), then —Ty/So < D(F, So) <Ty/So by Claims 1 and 2, and C(F, Sp) <
—To/So by Claim 1. This proves the third branch.

If F > B(Sy,Tp), then D(F, Sg) = Ty/So by Claim 2, and C(F, Sy) < —T¢/So by Claim 1. This
gives the last branch, and the lemma is proved. ([

Lemma 4.3. Use the notation of Lemma 4.2. Write 0 =14 1/82, and for 0 < y < 1 let

or?

dr.
BIGET e
Then for 1 < F < B(Sg, Tg) we have J(Sy, Ty, F) = So(®(y1) + €P(y3)), where

y
®0) = 0(S0.):= [ 4 @11)

_a + SH(F2—1)
(To+ So F)?

and € = €(Sy, Ty, F) is defined by

(1+ S5 (F2—1)
"~ (To—SoF)?

’

y1 =180, Ty, F) := \/1 . V2=12(80.Tp, F) := \/1

1 l'fT()/So>1al’ld1<F§ A(S(),To),
e={—1 ifTy/So<1land1 < F < A(Sy, Ty),
0 if A(Sy, To) < F < B(Sy, To).
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Assuming 1 < F < B(Sy, Ty) fori =1and 1 < F < A(So, Ty) fori =2 we have, fori = 1,2,
0< <1 F—1
i —c
=S T U SR+ T

with some positive absolute constants cy, ;.

(4-12)

Proof. Note that 1 < F < A(Sy, Tp) implies Ty/So # 1 by Claim 3, so € is well-defined. We get the
statement 0 < y; <1 by Claims 1 and 2 above. Then (4-12) follows by easy estimates using the conditions
So,To>0and 1 < F < B(Sy, Tp).

To compute J(Sg, Ty, F') we use (4-4). This is the same formula as (4-2), but the integration set is
given there explicitly. Use the substitution

o(F2—1) 14+ y24+2Fy+ (F2=1)(1-o0)
r=r(y)=,/1-— = .
(v + F)? (v + F)?
We have a positive number under the square root by (4-2). It is clear from the conditions and the definitions
of C(F,Sy) and D(F, Sy) that the sign of y + F is constant on each of the four intervals which are
present in (4-5); hence r is well-defined and strictly monotone on each of those intervals. It is easy to
check that

(4-13)

V1I4+ 12 4+2Fy+ (F2-1)(1—0) 2

dy or
—| = . (4-14)
1+ y2+2Fy dr (1-r2)(r2+0-1)
We have r(C(F, Sp)) =r(D(F, So)) = 0, hence by Lemma 4.2 we get the present lemma. O

Lemma 4.4. Let Sg > 0 and 0 < y < 1. For the function ®(Sy, y) of Lemma 4.3 we have the estimates

S3y3 if So=1and 0 <y <1/(25)),
So®(So.y) € {Soy  if So=1and1/(2Sy) <y <1. (4-15)
Soy® if So<landy<3.

Finally we have in every case

1

D(So, y) < log T (4-16)
The implied constants are absolute in formulas (4-15) and (4-16).
Proof. We have from the definitions that

y S2r2 4 r2
S()CD(S(),)/)=S0/ (2) 2. dr
o (1=r5)(Sgr=+1)

Every estimate follows easily. d

We recall Faa di Bruno’s formula. If F and G are smooth functions and H(x) = F(G(x)), then for
every j > 1 we have

J J
HD(x)=Y" o a4 FOGE) [Pk, (4-17)

=1 k=(ky,...k;)eH; | i=1
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with some constants «; ; j, where
. J J
H;y = {(kl, k) e k=0, ki =1, ki = j}. (4-18)
i=1 i=1
This can be seen by induction using the chain rule.
Lemma 4.5. Let Sg > 0ando =1+ l/Sg.
(1) Recall the definition of ®(y) from (4-11). Write ¢(t) = ®(1/t). Forevery j > 1 and t > 1 we have
; 1
D) <j ———
uniformly in Sy.

(i) For Y > /o let G(Y) =Y/~ Y2 —0. Then for every j > 1 we have

Y )f' Y
or Jo <Y <2./0,
(Y2—0 VY2—o for /o Ve (4-19)
Y;T"‘Z for Y >2./a,

GI(Y) «;

uniformly in Sy.

(iii) For Y > /o let H(Y) = ¢ (G(Y)). Then for every j > 1 and Y > /o we have

. Y2—0 Y Y

uniformly in Sy.
Proof. By (4-11) and the substitution » + 1/r we have
o0 o} d
1) =
*o f T+ —1)

. Considering separately the cases t > 2 and 1 <t <2 we

The integrand here equals

r2—1 2 +52
obtain (i) easily. 0

For (ii), note that if j > 1, the left-hand side of (4-19) is a linear combination of terms of the form
Yl/(«/ Y2 —a)jH, where 0 </ < j + 1 and j +/ is odd. Here clearly / = j + 1 gives the largest term,
and we get the first branch of (4-19). The second branch follows easily from the Taylor expansion

Um

1
— =1+ +
Vi—oY—2 2Y2 Z iy

where the a, are absolute constants such that Y o~ |am,| r™ < oo for every 0 <r < 1.

G(Y)= (4-21)

For the proof of (iii) we use Faa di Bruno’s formula (4-17), and we see that it is enough to estimate
terms of the form .
J
pD@G)) [T@Pa)s, (4-22)
i=1
where 1 </ < j and the k; satisfy the conditions in (4-18).
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IfY >2/0,then1 <G(Y) < 2/\/5 and we get from (i) and (4-19) that (4-22) is

l
o .
(G(Y) ’II(1”+2) (YQ(G<Y)—1>) v

(o2

where we used the conditions in (4-18). We see from (4-21) that 1 < m

forY >2./o.
If /o <Y <2./0,then G(Y) > 2/+/3, and we get from (i) and (4-19) that (4-22) is

(G(Y))m H ((Y2 —a)i x/Y);i—a)ki - G(lY) (%)I(Y{J ,

where we used the conditions in (4-18). By the definition of G(Y) we get (iii) also for this case. The

< 1, so we get (iii)

lemma is proved. O
Lemma 4.6. Let So >0, F > 1,t >3, v € {—1, 1} be given. If x > t> — 4, write
tFSy+ To(x
al —1 and R(x):= } 0 o )‘
24 SoVFT 1
Let the number o and the function H be defined as in Lemma 4.5, and let us define K(x) = H(R(x)) for
X € Hg,, F 1, where

To :To(x) =

(4-23)

Hg, Fr1:= {x>z2—4:F< B(So.To(x))} and Hs, ps—1: {x>t —4:F < A(So, To(x))}

(see (4-6)). Then K is well-defined. If T = —1, then K(x) is a smooth function for {x € Hsy Fr—1:
To(x) < So} and also for {x € Hgy Fr,—1:To(x) > So}. For every j > 1 and every x satisfying the
above conditions we have

KD () < (x—t2+4)_jmax(1,( Ty |To — FSo )1) P
V(Sg + DTG+ 1)(A(So, To) = F) /-

KD0) < (x =12 +4)~ max(l,( To(To + FSo) )J) P
V(S2+ )T+ 1) (B(So, To) — F)

Proof. From Claims 1 and 2 we have R(x) > +/0; hence K(x) is well-defined. Also, for t = —1 we
have |—FSo + To| = FSo— Ty in the case Sg > Ty, and |—FSo + To| = To — F'Sp in the case Sy < Typ.
This follows from the conditions, using Claim 3. We cannot have Ty = Sy if T = —1, because Ty = Sy
implies A(Sg, Ty) = 1,0 1 < F < A(Sy, Ty) is impossible. Hence if t = —1, then R(x) is indeed a
smooth function for 7y < Sy, and also for Ty > Sy, so we can speak about the derivatives of K.

We see from Faa di Bruno’s formula (4-17) that it is enough to estimate terms of the form

J
HORx) [T ROk, (4-24)

i=1

where 1 </ < j and the k; satisfy the conditions in (4-18). It is clear from the definitions that
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(x — 12+ 4)1/2=i
SoVIZ—4VF2 -1
Hence, using also Lemma 4.5(iii) we get that (4-24) is

< V(R(x)?—o ( R(x) )l ﬁ ( (x —t2 - 4)1/2— )k".
Rx)  \(RM))?-o SoViZ—avVF—1

By the conditions in (4-18) and the definition of 7 in (4-23), this equals

VR(x))? —o( R()Ty
(

RV (x) «; for i > 1.

i=1

)
) (x—t2+4)_j.

R(x) (R(x))2—0) SovV F2—1
/ 2
Note that % < 1. From the definition of R in (4-23)is easy to compute, using also o = 14+1/S2,
X

that X X ) 5

Som(R(X)) —o _ (Sg+ DTy +1)—(F—tS0To) '

R(x) |TFSo + Tol

The lemma is proved. O

4.3. The case F < 1. In Lemma 4.7 we give a new expression for the function J(Sg, Ty, F) defined in
Lemma 4.1 in the case F < 1, and we also give upper bounds for the new expression. In Lemma 4.8
we give another new expression for J(Sg, Ty, F), expressing it in terms of a simple function. Then in
Lemma 4.10 we give estimates for higher derivatives of a variant of this simple function.

Lemma4.7. Let0< Sy,0< Ty <TF,0< F < 1. We have

J(SO’ TO? F) + J(TO’ SO? F) = K(S()’ TO’ F) + K(T()v SOa F)’ (4_25)
where
1+ y2 4+ 2Fy)S2+1—F2—1—F?2
Ko To.pye= [ YUEIR2INS dy.
¥|<To/So I+ y2+2Fy
We also have
SoTo So(Ty —To)
K(Sy. Ty, F) €« ———, K(So.Ty,F)—K(Sy.Ty, F) €« ————". (4-26)
Vi—F2 ‘ Vi—F?
Proof. The first statement follows from Lemma 4.1 and
/ dy +/ dy B /°° dy
yI<To/So L+ Y2 +2Fy ~ Jiyisso/mo 1+ 12 +2Fy  Jooo 1+ y2+2F)
which follows by the substitution y — 1/y. We have
VA +y2+2Fy)S2+1-F2—V1-F2 S2 -5
1+ y2+2Fy VA +y2+2Fp)SE+1-F24V1-F2~ V1-F?

The lemma follows. O
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Lemma 4.8. Let So, Ty > 0and F < 1. Writeo = 14+ 1/S2, and for —1 <t < 1 let

! o

V() =V(Sy,t) = dr. 4-27
O=VSo0= [ s @27)
Then
1 [ ~1-—F?
J(So, To, F) = So(V(s1) =V - = ——————dy,
(So.To. ) = So(Visn =V =3 [ 2y
where
SoF + T,
$1=51(S0. To. F) o= L
V(SoF +To)* + (1+ SH)(1 - F?)
SoF — T,
s2 = 52(So0, To, F) := 20 > = —
V(SoF = To)* + (1+ 53)(1— F?)
Proof. We use the substitution
y+F
r=r(y) = - -
VO +F)?+a(1-F?)
in the first integral in the definition of J(Sy, Ty, F). It is easy to check that
V1I+y24+2Fy+(1—F2) (0 —1) o
dy = dr,
1+ y2+2Fy (I=r2)(1+4 (o —1)r?)
and the lemma follows. O
Lemma 4.9. Let Sy >0, 0 =1+ 1/S2, and let V be as in (4-27).
(i) Forevery j > 1 and —1 <t < 1 we have
V() <« (1]t ( + )
uniformly in Sy.
(ii) For —oo <Y <oolet g(Y) =Y/ Y2+ 0. Then for every j > 1 we have
. J
gD «; (%) for |Y| <243, (4-28)
@) 9 _

uniformly in Sy.

(iii) For —oo <Y <oolet h(Y) =V (g(Y)). Then for every j > 1 and Y > 0 we have
hI(Y) < Vo +1Y)~

uniformly in Sy.
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Proof. For the proof of (i) note that

o 1 N 11 1/28y  1/28
(A=r)(I+(o—Dr2)  1—-r2  S24r2 1—-r> So+ir So—ir’

Considering first the case |¢| > 2, and then if |¢]| < 2, then considering separately |z| < S and |¢| > Sp
we get (). In (ii) we can assume Y > 0, and then the proof is completely similar to that of Lemma 4.5(ii).

For the proof of (iii) we use Faa di Bruno’s formula (4-17), and we see that it is enough to estimate
terms of the form

J
VO [, (4-30)
i=1

where 1 </ < j and the k; satisfy the conditions in (4-18).
If |Y| > 24/0, then |g(Y)| > 2/+/5, and we get from (i) and (4-29) that (4-30) is

l

ki o .
= Y|/,
Ta- |g(Y)|)’,lj[1(lY|’+2) (|Y|2(1—|g(Y)|)) v

where we used the conditions in (4-18). It is easy to see that 1 < (o/|Y|?)/(1 —|g(Y)|) < 1, so taking
into account o > 1 we get (iii) for | Y| > 2/o. If |Y| < 2./0, then |g(Y)| < 2/+/5, and we get from (i)
and (4-28) that (4-30) is

| I+1 J 1\ \Kki 1 I+1 1\
< (s ) (&) =G ) (G5)
lg(Y)[+ So S \Vo lg(¥)[+ So Vo

1

where we used the conditions in (4-18). If Sy > 1, then | < 0 < 1, and we get (iii). If Sy <« 1, then
1/Jo < Sy K 1/\/o, |Y]/Jo < |g(Y)| < |Y|//o,and

1 I+1 J 1 1 J
(|g(Y)|+So+1) (ﬁ) <<(|g<Y)|+So)(|g(Y)|ﬁ+Soﬁ) '

The lemma follows. O

Lemma 4.10. Let Sg >0, F < 1,t >3, 1 € {—1, 1} be given. If x > t> — 4, write

X 1 d ( ) FS0+‘CT0
— an r{x). = ———.
1> —4 Sov1— F?

Let the number o and the function h be defined as in Lemma 4.9, and let us define k(x) = h(r(x)) for
every x satisfying x > t> —4. Then for every j > 1 and every x > t> —4 we have

T()=T0(X)Z= (4'31)

T j
KD (x) < Jo (o — 2 4 4y~ ( ( 0 )) 4-32
() <5 ol ymax Sov1— F2 + |t FSy + Tp| 32
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Proof. We see from Faa di Bruno’s formula (4-17) that it is enough to estimate terms of the form

J
hO ) T TP, (4-33)

i=1
where 1 </ < j and the k; satisfy the conditions in (4-18). It is clear from the definitions that for i > 1

we have )
(X _t2 +4)1/2—l

SoV12—4av1—F?2

Hence, using also Lemma 4.9(iii), we get that (4-33) is

j _ 244 1/2—i \ki
< E oy [
WV

i=1
Using the conditions in (4-18) and the relations (4-31) we obtain the lemma. O

rD(x) <

4.4. Computing J (t1,t3,m1, my) when the m; are characteristic functions. For x > 0 introduce the
notation

kx(y)=1for0<y=<x, kx(y)=0fory>x. (4-34)

Lemma 4.11. Lett; >2and x; >0 fori =1,2. Then J (tl o Kx, 4, kX2/4) is nonzero only if x; > ti2 —4
fori =1,2. Assuming that this is true, we have

V1—m
N

J (ZI’IZ’kX1/4’kx2/4) =2

2 2
tr—4 t;—-4

where m = max(l—, 2—)
X1 X2

Proof. The statement is trivial for m > 1, so let us assume m < 1. Then by definition we have

arccos\/m 1 sin (arccos /m
j(tl’tz’kxl/4’kxz/4):/ 5 =2 ( )
—arccos/m €OS 0 Ccos (aI‘CCOSQ/m)

The lemma is proved. U

5. First steps of the proof of Theorem 1.1

Let no be a nonnegative smooth function on (0, c0) vanishing outside of t € [1, 2] and such that

2
/1 no(t)dt = 1. (5-1)
Recall the definition of ky (y) from (4-34). For x > 0, D > 0, define

kep )= [ no () ket o) de 52

for y > 0. We will use also the notations of Theorem 1.1.
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5.1. A spectral estimate. Our aim is to prove Lemma 5.2, whose result will show that for a smoothed
version of the hyperbolic circle problem one can give a good estimate by spectral methods. We first need
some notation.

The hyperbolic Laplace operator is denoted by A := y?2 (82/8)62 + 82/8)/2). Let {uj(z):j >0} bea
complete orthonormal system of Maass forms for PSL;(Z) (the function u¢(z) being constant), and let
Auj = (—% —tjz)uj, where 7y = % and 7; is real for j > 0.

If m is a compactly supported bounded function on [0, 00), let (see [I, (1.62)])

a —a_»
en@) =200 () where gt = [T E g (5-3)
and for any complex r let
o0 .
hm(r) = / gm(a)e'" % da. (5-4)
—0oQ

For simplicity introduce the abbreviations /1y = hy, and hy p = hy, .

Lemma 5.1. Assume 1 < D < x/10. For every integer j > 0 and all r > 1 we have

X172 XN xl/2
hx,p(r) <K mmm (I’E) +m. (5-5)
We also have for every real r
hy.p(r) < x'/?logx. (5-6)
Furthermore, we have
he p(L) =dnx—axD [ d 5-7
x,D(E)— wx —4n /1 no(v)tdr. (5-7)
Proof. 1t is easy to see from (5-3), (5-4) and (5-2) that
1 ,2D T
hep®) =3 [0 (5) hxe()d (5-8)

for every complex . Now we apply Lemma 2.4 of [C] for the function /,—.(r) choosing R = R(7) in
that lemma in such a way that
% cosh R(t) — % =x—-T. (5-9)

Applying part (d) of that lemma we see that / x_r(%) = 4m(x — 1), and taking into account (5-1) we get
(5-7). The estimate (5-6) follows from a trivial estimation of (2.6) of [C]. Finally, for the proof of (5-5)
we apply part (a) of Lemma 2.4 of [C]. Applying it in (5-8) we get for r > 1 that

227 2D T . x1/2
27D J, no(—)\/smhR(r)cos(rR(r)—%n) dt—l—O(m).

D
Through the substitution R = R(7) and use of (5-9) this equals

V27 /RZ 1+2x —cosh R
732p Jp, M 2D

hx,D(r) =

x1/2

)(sinh R)3/2 cos(rR — %n) dR + O(FST)’
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where cosh Ry = 14 2x —4D and cosh R, = 1 4+ 2x —2D. Repeated partial integration gives (5-5).
The lemma is proved. O

Lemma 5.2. Assume 1 < D < x/10 and z € Q. Then

2
> kypu(yz.z)) = 12x - 12D/ no(t)rdt + Og (i_ +x!/2 logx) . (5-10)
yel ! D

Proof. It is clear by (5-3) and (5-4) that the function /i, p(r) satisfies [I, condition (1.63)], i.e., it is even,
it is holomorphic in the strip [Imr| < %—i—e and /g, (r) = O((1 + |r|)_2_€) in this strip for some € > 0.
Then we get from Theorem 7.4 of [I], using again the abbreviation /1, p = hy, ,,, that the left-hand side
of (5-10) equals

o0

2, Lo 102

> e p @l QP + o / hyp(r) |E(z L +ir)[* dr

X T J—00

j=0
for any z € H, where E(z,s) is the Eisenstein series for ' = PSL;(Z); see [I, Chapter 3]. For the

fundamental domain F defined in (1-3) we have |F| = /3 by [I, (6.33) and (3.26)]; hence |uo(z)|?
equals 3/ for every z. By Lemma 5.1 above and by [I, Proposition 7.2], we get the lemma. O

5.2. Nonhyperbolic elements. We give an easy estimate for the contribution of the nonhyperbolic
elements in the hyperbolic circle problems.

Lemma 5.3. Let z € Q and X > 2. Then for every € > 0 we have
[{y ePSLy(Z) : |try| <2, du(yz,z) < X —2}| <gq.e X'/27T<. (5-11)
Proof. Write y = (“5). By [L, (1.9), (1.11)] we have

lcz? 4+ (d —a)z —b|?

Im?2 z

du(yz,z) =
It is easy to compute that if z = x + iy, then
Im(cz*+(d —a)z—b) =2cxy+(d—a)y and Re(cz*+(d—a)z—b) =c(x*—y?)+(d —a)x—b.
Hence if z € €2, then the second inequality in (5-11) gives
2ex+d—a<q VX, (5-12)
c(x2+ 1Y) +b kg VX. (5-13)
By the first inequality in (5-11) we get from (5-12) that
d=—cx+ 0og(VX), a=cx+ O0q(vVX),
and from these relations and (5-13) we get

l=ad —bc=—c*x>+c2(x*+ )+ OQ(\/Y(\/?-F lc])).
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This implies ¢ = Oq(VX ), and so (5-12) gives d —a K g VX . Then there are OQ(\/Y ) possibilities
for the pair (a,d). If a and d are given with ad # 1, then bc = ad — 1 implies that there are O¢ (X°€)
possibilities for the pair (b, ¢). Finally, if ad = 1, then bc = 0, and so (5-13) implies that there are
& VX possibilities for the pair (b, ¢). The lemma is proved. O

5.3. Reduction to the estimation of a square integral on the fundamental domain. Let us take an integer
J > 2; it will be fixed but we will choose it sufficiently large. Let d be a parameter that will be chosen
optimally later, at the moment we assume that d > 100 and 100Jd < X.

Let us define

J
Ngj(z. X):= Z(—l)/’(j) /lzno(t)N(z, X — jdv)dr. (5-14)
j=0

Then using (5-1) we see that Ny s(z, X') equals

J
. 2
Nz, X)+ Z(—l)f (j) Z /1 no(t)k x_» (u(yz,z) + %jdr) dr,
j=1 yel 4
which equals

J
NGz X)+ Z(—nf(j) Dk sa(u(yz,2))
j=1

yel

by (5-2). Applying Lemma 5.2 this equals
X 1/2 j
N(z, X) + Oq ,(ﬁwr logX)-i-Z( 1) ( )(3X 3]d/1 no(T)rdf)

for z € Q. Now, it follows from the binomial theorem, taking into account that j (f) =J (j:ll ) for
1 <j=J,that

é(—uf(j) ——1 and é(—l)fj(j) —0

Hence we have proved that for z € Q2
X
Ny y(z,X)=N(z,X)-3X + Oq s (ﬁ + X2 10g X). (5-15)

Recalling the notation M; , from (2-8) we get from Lemma 5.3 that

Nz X)=Oq(X'2H€) 43" M, 2 )

>2

for z € Q, X > 2 and for any € > 0. Hence by (5-14) we see that

Nay (. X) = Og.eg (X127 + [ o)X S (- D (D) Miky_,,, (2))de

t>2j=0
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for z € @, € > 0. By Cauchy—Schwarz we have that

(/ no(f)(z Z( I)J( ) w(z))df)z

) t>2j=0
1S
<</ (Z 2( 1)1( ) bmsgon 2(z))zczf.

t>2j=0
Hence, using also (5-15) we finally get that
[ (NG X)) =30)% dps (5-16)
is
a - 1+€ J -
Onc (54 x7e4 [7f (E,Zo( 0 () Mty @) diede) 517

ife>0,d >100 and 100Jd < X.
We will show in Section 6 that if € > 0 is given and the integer J > 2 is fixed to be large enough in
terms of €, then we have

d5/2
J €eX -
/ (;2120( D ( ) S (z)) itz e X (5-18)
uniformly for 1 <7 <2 and
X213 <d < x%10, (5-19)

Assume that (5-18) is true. Then we see from (5-16) and (5-17) that (5-16) equals

2 5/2
0ac(g +x )

for any d satisfying (5-19). Note that we choose J in terms of €, so we do not have to denote the

(5-20)

dependence on J in (5-20). Choosing d = X 5/7 we obtain Theorem 1.1. So it is enough to show the
estimate (5-18).
6. Conclusion

The goal of this section is to prove the estimate (5-18).

6.1. Application of Lemma 2.2 and basic observations. It is easy to see that if ¥ € SL,(R) and the trace
of y is ¢t > 2, then we have u(yz,z) > %(t2 —4) for every z € H. Therefore, the contribution of the terms
t > /X + 2 to the sum (5-18) is 0. We can take integers 1 < I < log X and

3=a1<ay<---<ar<l4+VXH+2=<aj411<24+VX+2 (6-1)

such that

aip1 <3a;, 3+VX+2-a; <23+ VX +2—a;41) (6-2)
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for 1 <i <. By the Cauchy—Schwarz inequality we get for every 1 < 7 <2 that

/(Z Z( 1)’( ) . 2(2))duz<<logXZU,

t>2 j=0 i=1

with

vi=vi =[S L ()M, s ) itz

t=a; j=0
By Lemma 2.2 we have for every 1 <i < I that U; equals the sum of

ai+1—1ajy1—1

Z Z Et1,t25t1,t2
t1=a; th=a;
with the two complementary pieces

ajiy1—lajy1—1

Z Z Z h(Z12_4’t§_4’f)Rl‘1,t2,f?

t1=a; 2=a; fez

A<= (t5-4)
and

aji+1—laj4+1—1

> X > h(t§—4.5—4 )R 4 1

t1=a; tr=a; fGZ
P> = (5-4)

with the abbreviations
ai o= (—1 jl+jz(-.])(t.]),
fa = D) (Y

J J

Stl,t2~— Z Z Ajr,ja j(thtZ’kX jld'r N S jzd‘r 2)
1= 0]2 0

r
Ry f= Z Z ajl:jZI(Zl’tz’ ’kX—jd —2ka—jd -2 |-
2 j1=0 j>=0 V[12—4V[22—4 14‘[ 24‘[

(6-3)

(6-4)

(6-5)

(6-6)

(6-7)

(6-8)

(6-9)

(6-10)

By (2-10) and Lemma 4.11 we see that the functions Z and J from (6-9) and (6-10) can be nonzero only

in the case
—4<X—jidt—2, 13-4=<X—jrdr—2.

If (6-11) is true, then by (2-10) and (4-1) we have

S
I([15l27 \/1‘12—_4\/2(22—_4’kX—j14dr—2?kX—j24dr—2 —Z(SO,TO,F),

and by Lemma 4.11 we have

J (tl, ZZakX—jldr—kaX—jzdr—Z) = 2min(So, 7o),

4 4

where we use the abbreviations

. X—jrdt-2
So =So(j1.11) = £ pdres

X—jldf—2 1
- 5 . b 2
2—4

To=To(jar,10) =
e 0 0(/j2.12)

1,

(6-11)

(6-12)

(6-13)

(6-14)
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and

F=F(,t, [)=

T
. 6-15
‘15—4 17—4 (1>

We now consider the sum (6-7). Assume that (6-11) holds. Then by Lemma 4.1 and the last line of (4-5)
we see that (6-12) can be nonzero only if

|f1 < B(So, To) Vi —4V13 —4. (6-16)
If (6-11) is true and (6-16) holds for some f in (6-7), then we have

/] !
—1
JEaJE—4 e —aviZ—a(f|+ Vi —avii-3)

with some absolute constant c¢. If (6-11) holds, then we determine (6-12) by Lemmas 4.1 and 4.3. In

> X¢ (6-17)

some cases we will apply the upper bounds of Lemma 4.4. By (6- 17) and (4-12) we see that when we
apply these lemmas for the estimation of (6-12) we always have log 1—; 5 < log X. So assuming (6-11)
we get that for any f in (6-7) the value of (6-12) is

< (\/M_H\/%_I)MM 6-18)

2 2
12—4 2—4

We note finally that if a; < #;,7; < a;4+ for some 7, then
(titr— 52+ttt < (1§ —4)(t5 —4) < (112 — 4, (6-19)

since by the assumption @; 41 < %a,- made in (6-2) we have % </t < % and we also have 17, > 9. So
there is an absolute constant c¢q > 0 such that if a; < #{,#, < a;t1, then

(tita—5)+co < V(tE —4) (13 —4) <111, — 4. (6-20)

6.2. The case of very large a;. Assume that we have

VX f2—a; = o(j—y)(‘s) (6-21)

for some § > 0 chosen small enough in terms of €. Consider first (6-7). Since it is easy to see that
B(S,T)—1<S8?+4T?forany S, T > 0, the number of integers f in (6-7) satisfying (6-16) is
L1+ Vii—4vi ((—X Z“d: 2 1) + (—X_tfzzd;_z - 1)) < dx’,
; _

2
where in the last step we used (6-21), (6-1) and (6-2). On the other hand, we get by (6-11), (6-12), (6-18),
(6-21) and (6-2) that (6-10) is always < (Vd /NX)X 8 for every such f. Hence for i satisfying (6-21)
we have, applying also Lemma 3.1, (3-23) and (6-21) that (6-7) is

5 432 aiy1—1 aj41—-1

1/2 3/2
d/vX)*
L L sueed-acrten(( L))

t1=a; 2=a;

< X3
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where we used (6-1), (6-2). By (6-3) we see that its contribution is acceptable in (5-18).

We now consider (6-6). We get by (6-11), (6-12), Lemma 4.1, (4-25), the first relation in (4-26) and
(6-21) that (6-10) is <5 X%d/ \/ (t7 —4) (17 —4) — f2. Hence for i satisfying (6-21) we have, applying
also Lemma 3.1, that (6-6) is

RSy S} —4.13-4. /%)

“rBy Y%

fma ob=a ey N@E=H@G -4
fr<@-H3-4)

(6-22)

In the #; # t, part we use S(tl2 —4, t22 —4, f2) < S(Zl2 —4, 122 —4), and we easily see that the sum over
fin (6-22) is K S(tl2 —4, t22 —4). Then applying (3-20) with b = ¢ and (6-21) we see that the #; # 1,
part of (6-22) is

s d5/2

3/2
d s 5
< X”d./‘a(—x) Ls X8
5 AW 55 X

which is acceptable in (5-18). For the #; = 1, part of (6-22) we use Lemma 3.7 and we get that the sum
over f in (6-22)is <5 X?, and so the t; =t part of (6-22) is K5 X38d(%X5), which is smaller than
our estimate for the #; # ¢, part. So we have proved that assuming (6-21) the contribution of (6-6) is also
acceptable in (5-18).

Assuming (6-21) in (6-5) we clearly have min(Sy, T) <5 X®~/d /~/X; hence using also (6-9), (6-13)
and Lemma 2.1 we get that (6-5) is

26 2 468 75/2
VX \VX X

Hence in the case of (6-21) we get that the contribution of U; in (5-18) is acceptable. We may assume

<5

from now on that J
VX +2—a;> X% 75 (6-23)

with some &y > 0, which is fixed in terms of .

6.3. Easy consequences of (6-23). Observe that (6-23) implies the following relations, for all real
numbers 0 < jyi, jp, j < J and integers a; <1t1,fp,t < ajy1:

XV4 VX —a; XV4 VX —a;
— L So(j. 1), To(j. 1) < — 3 (6-24)
1 l
X . . X
a—2<<1+S§(],t1),1+T()2(],12) & 5 (6-25)
1 l

d
XV4a; /X —a;
X(tzz—zlz)((tf—4)(t22—4))_l+0( Ax—1/4 )

So(j1.11) + To(j2,12) VX —aja;

Toljn.1) = To(ja. 1) = 0( )=So(jl,z)—so<jz,z>, (6-26)

So(j1.t1) = To(j2,12) = (6-27)



Local square mean in the hyperbolic circle problem 1063

Wehavelngeneralthat (\/1+S2\/1+T2+ST) \/1;:__STT+Sand
/ 2 _
dT(\/1+S2\/1—|—T2 ST)=1+—ST S = (T )T +5)

JI+T? I TA(V1+ 52T + 1+ 725)

hence we get from (6-24)—(6-27) and the mean-value theorem that

B(So(j1.11). To(j.12)) — B(So(j1.11). To(0. 1)) < d/a? (6-28)

and

ty—t d d
A(So(j1.11). To(j . 12)) — A(So(j1.11). To(0.12)) < (l 2~ 4] + —) 3 (6-29)
a; X)X —a;

for all real numbers 0 < ji, j < J and integers a; < t1,t; < dj+1.
We will also need later the easily proved general identity
To 1+ S(%)(TO2 — Sg)

< —A(So. To) = : (6-30)
So SoTo(1+ S2)+ S2v/(1+ SH(1 +T2)

This implies by (6-24) and (6-25) that assuming (6-23) we have

T, T,
—0—1‘<<‘—0—A(S0,T0)
So

« | 1o
So S

1‘ (6-31)

for every choice So = So(j1.%1), To = To (j2,t2) with any real numbers 0 < j;, j, < J and integers
aj <ty,t, <a;41. We also see from (6-30) that the signs of Tyy/So — A(So, To) and T/ So — 1 are the
same. Therefore we get from (6-31) that assuming (6-23) we have

To(j2,12) 1‘ To(j2, 12) —F‘ ‘To(jz,lz) _1‘

So(Jj1,11) So(Jj1.11) So(J1.11)

for any real numbers 0 < jy, j < J and any 1 < F < A(So(j1.11), To(ja. 12))-
Assuming (6-23) we see from (6-2) that (6-11) is always true. Then it follows by (6-9) and (6-13) that

(6-5) equals

(6-32)

aji+1—1aj41—1

2> D Ena Z Z ajy.jp min (So(j1.11). To(j2. 12))- (6-33)
ti=a; tr=a; Jj1=0j2=0
We also see that (6-12) always holds. Then by Lemma 4.1 and (6-10) we get for any f that
J J
Rijnf =23 D @jn.jo(J(So. To. F) + J(To. So. F)). (6-34)
J1=0j2=0

By the change of variables j; — j,, t; + t, we see that substituting (6-34) into (6-7) and (6-6) the
contributions of J(Sy, Ty, F) and J(Ty, Sy, F) in (6-7) are the same.

6.4. Estimating (6-5). Assume besides (6-23) that we have

da
lty —11] > 7X8 (6-35)
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for some § > 0 which is fixed in terms of €. Then we see from (6-27) and (6-24) that the sign of
So(j1,t1)—To(j2, 1) is the same for every pair 0 < j;, j, < J. But then that part of (6-33) where (6-35)
holds is 0, since Z]JI —o04j,,j, = 0 for every j,, and ijzzo aj,,j, = 0 for every j; by (6-8). So we may
assume in (6-33) that

da;
Ity —11] < 7’X 8 (6-36)

for some § > 0 which is chosen small enough in terms of €. Then we see using (6-24) and Lemma 2.1
that (6-5) is <5 XBXV4/VX —a;a;(1 +da; | X) <5 X* /X d, which is acceptable in (5-18).

6.5. Estimating (6-6). Assume besides (6-23) that in (6-6) we have (6-36) and

d 2
1—( 2) X< F<l (6-37)
X—ai

for some § > 0 which is chosen small enough in terms of €. By (6-34) and (4-25) we have

J J
R s =233 aj.j»(K(So.To. F) + K(Ty. So. F)) (6-38)
J1=0 j>=0
in the case F < 1, and by the substitutions j; — j,, 1 —> t; we see that the contributions of K(Sy, Ty, F)
and K(Ty, Sg, F) in (6-6) are the same. Hence it is enough to consider the contribution of K(Sy, Ty, F).
Applying the second relation in (4-26) we see for fixed ¢, ¢, f and j; that

J . .
; 1Sol|To(j2 + 1.12) — To(ja. 12)|
—112(1)KS,T i, 1y), F .
2;<) 2 ) K (S0, To(j2.12). F) < max T

The parameters are written here only in the case of 7§, since only this variable depends on j,. By (6-24)
and (6-26) this is < d/ (afv 1 — F?). Hence using (6-8), (6-38) and Lemma 3.1 we get that that part of
(6-6) where (6-36) and (6-37) hold is

i1—1
dxs S(12—4,12—4, f?)
2Ty Yo AR 6w
a; t =a; ai<tH<ajyi fez 5 i
ltr—t1 | Kda; X3! 0<1—F<(X‘_1a2) X8
From (6-20) we see that the innermost sum is
S(t?—4,t2 -4, f?
<aiy G454 77 (6-40)

~ V917

where the sum ranges over all f such that

2
d
t1t2—5—x/(t12—4)(t22—4)(X 2) X <|fl<tun-5.

]
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In the case t; # t, we use S(zl2 —4, t22 —4, f2) < S(tl2 —4, t22 —4), and we see that (6-40) is

da;
<s Xéa,-(l + i 2)S(112—4, 2 —4).

So, applying also (3-20) we get that the #; # t, part of (6-39) is

d  d? da; \'? ds?
y3( L in(a;. VX —a; adi x¥L
<5 (Cli + X—al.z) (mln(a, VX Clz) (az 0% ) ) <5 oG

which is acceptable in (5-18). In the case #; =, we estimate (6-40) by Lemma 3.7 and we get that (6-40)

1S
s d 2\1/2
2

So the t; = ¢, part of (6-39) is
d d d?
< X2~ min a;, VX —a; (1 +a'—) < X% =
8 a; ( ] l) lX_aiz 8 \/7
Hence that part of (6-6) where (6-36) and (6-37) hold is acceptable in (5-18).

So it is enough to consider that part of (6-6) where at least one of the conditions (6-36) and (6-37)
is false. We prove that this part is negligible. We use (6-34), and we recall that the contributions of
J(So. Ty, F) and J(Ty, So. F) in (6-6) are the same. By Lemma 4.8 and Zjé:o aj,,j, = 0 we see that
it is enough to show that for fixed ¢, ¢,, f, ji the sum

J
S DLV i (Soln ). Tolet2). Fltr 2. f)) (6-41)

J2=0
is negligibly small for i = 1, 2. Observe that by the notation of Lemma 4.10, using t = t,, So = So(j1, 1),
F=F(t,t, f)andt =1fori =1, t =—1 fori =2 we have

V(5i(So(j1.11). To(j2. 1), F(t1,t2. /) = k(X — jadT —2).

By Taylor’s formula with remainder (see Theorem 7.6 of [A], for example), the value of (6-41) is
< d’ Maxy _o— jdr<x<X—2 ‘k(J)(x)‘. Then by Lemma 4.10 and (6-24) we see that (6-41) is

1 _ T(j712) -
<<‘/1+—d" X —a®)’ (1,(\/1—F2+) F+°—) ) 6-42
So(Jj1.11)? (X —ap) ™ max ! So(J1.11) (6-42)

with some real number 0 < j < J. We see that if (6-37) is false, then this is negligibly small, since J is
fixed to be large enough. So we can assume that (6-37) is true but (6-36) is false. We show that (6-42) is
negligibly small. If

] > X
So(Jj1.11)) X —a?

1

_
‘rF Tol 1) |y , (6-43)
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then this is true. So we may assume that (6-43) is false. But then using also (6-37) and the triangle
inequality, taking into account (6-23) we get

To(j,t d
‘r + ) ys 4 (6-44)
So(J1.11) X —a;
This is impossible for ¢ = 1 for small § by (6-23), so we may assume t = —1. Hence, using (6-27) and

(6-44) with T = —1, applying also (6-24) we get |1, — 11| < X®da;/ X . But this is a contradiction, since
we assumed that (6-36) is false. So that part of (6-6) where at least one of the conditions (6-36) and
(6-37) is false is also negligibly small. Consequently (6-6) is acceptable in (5-18).

6.6. A new expression for (6-7). Recall that substituting (6-34) into (6-7) the contributions of J(Sg, Tg, F)
and J(Ty, Sy, F) in (6-7) are the same. Hence, applying also Lemma 4.3 we get that (6-7) equals

ajiy1—lajy1—1

4 Z Z (AtlstZ + Btl,fz - Ctl,tz) (6-45)

=a; tr=a;
with

A= Y h(§—4.15-4. Naj, j,Se®(y1(So. To. F)), (6-46)

OsjlajZSJ
fez
1<F=<B(So,To)

Buui= Y h(}—4.15—4 )aj, j,So® (y2(So. To. F)). (6-47)

0<j1,j2=J
f€2,To=So
1<F=<A(So,To)

Copmi= ), W =4.5-4, faj, ;S0 (y2(So, To, F)). (6-48)

ofjlajzfj
f€7,To<Sy
1<F=<A(Sy,Tp)

6.7. The contribution of By, ¢, and Cy¢, +,. Assume besides (6-23) that
1 <|F| < A(So, To) (6-49)

and (6-36) holds with some 6 > 0 which is chosen small enough in terms of €. Applying (6-17), (4-12)
and (4-16) we get that the terms © (1, (Sy, Ty, F)) in (6-47), (6-48) are always O(log X). Using

(So — To)* - (So — To)?
VA+SHA+TH +SeTo+1  VU+S2)(1+TP)

(6-27), (6-25), (6-24) and (6-36) we see that the number of integers f satisfying (6-49) and (6-15) is
L1+ X% 2“1'2 /X)) (X — al.z). So we get, applying also Lemma 3.1 that the contribution to (6-45) of

A(So.To)— 1=




Local square mean in the hyperbolic circle problem 1067

the terms By, 1,, Cy, 1, satisfying (6-49) and (6-36) is

— 2 aj+1—1
<<5X35('/‘;. i jﬂ) 3 Y SGE-4.2-4).
1

n=a; ag;j<tx<ajyi;—1
ltr—11 | Ka; 31, X4
By (3-20) and (3-22) this is

VX —d? d*a;| X 1/2
<5 X4 L4 i/ ( VNX —ai + (VX — a,)a,( ) ),
ai vVX-— a
which in turn is <5 X 48 45/2 / VX by (6-1), (6-2) and (5-19). Hence we have proved that the contribution
to (6-45) of the terms By, +,, Cy, 1, satisfying (6-49) and (6-36) is acceptable in (5-18).
Now consider the contribution of those terms By, 1,, Cy, 1, to (6-45) for which the inequalities

dlty —t] s

1 < F<A(So(j1,t1),T(0,2,)) —
< A(So(j1.11). To(0,12)) (X —a?)

(6-50)

and (6-35) hold for some § > 0 which is fixed in terms of €. We want to prove that this contribution is
negligibly small. We first show that for fixed ¢, #,, j; and f the conditions in the summations in (6-47)
and (6-48) are independent of 0 < j, < J. It is enough to see that we have F < A(So(j1 ,t1), To(J, tz))
for every 0 < j < J, and the sign of So(ji,t1) — To(j,t2) is the same for every 0 < j < J. These
statements follow easily from (6-29), (6-27) and (6-24). Hence for fixed #;,?,, j; and f satisfying
a; <ty,tp <dajt+1, 0 < j; < J and the conditions (6-50), (6-35) we have that either each 0 < j, < J
satisfies the conditions of the summations in (6-47), or each 0 < j, < J satisfies the conditions of the
summations in (6-48). Consequently, recalling (6-8) we see that it is enough to show that for every fixed
11,1, j1 and f satisfying the conditions just mentioned the sum

Z( D72( 1)@ 02(SoUr ). Tl 12). F(t1.12. /) (6-51)

Jj2=0

is negligibly small. In the notation of Lemma 4.6, using t = —1 and ¢t = t,, So = So(j1.%1), F =
F(t1,t,, f) there, we have

D (2(So(Jj1.11), To(j2. 12), F(t1. 12, f))) = K(X — jadT —2).

Theorem 7.6 of [A] shows that (6-51) is < d/ maXX_z_JdTSXSX_Z‘K(J)(x)|. By Lemma 4.6, (6-32),
(6-27), (6-24), (6-23), (6-1), (6-2) this is

_ -nl
<d? (X —d?) Jmax(l,( .
! ai (A(So, To) — F)
From (6-50), (6-29) and (6-23) we see that this is negligibly small, since J is fixed to be large enough in

terms of €. Hence we have proved that the contribution to (6-45) of those terms By, 1,, Cy, 1, for which
(6-50) and (6-35) hold is negligibly small.
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Consider the contribution to (6-45) of those terms By, 1,, Cs, 1, for which (6-35) holds and we have
d |ty —11]

—X8<F§A So(j1,t1), To(jo,t 6-52
(X —a2) (So(Jj1.11), To(j2.12)) (6-52)

A(So(j1.11), To(0,22)) —

for some § > 0 which is small enough in terms of €. Using also (6-29) this shows that the number of
possible values of the integers f satisfying (6-52) is

d |[2_ll|aiX5‘

L1+ 6-53
¥ a? (6-53)
It is easy to compute that
(B(So, To) + F)(A(So, To) — F)
y2(So, To. F) = > :
(To—SoF)
so using (6-24), (6-25), (6-27), (6-32) and (6-52) we get
da; d(vV X —a;
¥a(S0. To, F) <5 X0\ |24 §005(So, To, F) <5 ¥ [ LX =) (6-54)
X|12_tll a;j Xllz—lll

Now, if a; > x/Y/Z, then we have Sy < 1 by (6-24), and so by Lemma 4.4, (4-12) and (6-17) we get

d3(VX —aj)
So® (y2(So, To, F)) <5 So¥3(So, To, F)X® <5 X*° m (6-55)
274

Ifa; <vX /2, then we have Sy > 1 by (6-24), and by the second relation in (6-54), Lemma 4.4, (4-12),
(6-17) we see that if |ty —t1| < d/a;, then

d
So® (y2(So, To, F)) <5 X*Soy2(So, To, F) <5 X8 PR (6-56)
\/ P

while if |t, —#1| > d/a;, then

FE
So® (y2(So, To. F)) <5 XéSSYS(So, Ty, F) <5 X48,/w- (6-57)
a; |l — 0

Ifa; > VX /2, then by (6-35) and (5-19) we see that the second term is larger than the first one in (6-53).
Then by (6-53) and (6-55) we see that the contribution to (6-45) of those terms By, ,, Cy, 1, for which
(6-35) and (6-52) hold is

asiz ]! S(?—4,12—4)

X3/4‘/X—Cll-2 t1=a; a;<tr<aj4i \% |t2_tl|

|t2—t1|2dan’s*1

<5 X% (6-58)

in the case a; > %\/Y By (3-21) we have that the sum over #;,t; is <5 X‘S(\/Y—ai)Xl/“; hence (6-58)
is acceptable in (5-18).
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Ifa; < %\/Y , then by (6-53) and (6-56) the contribution to (6-45) of those terms By, 1,, Cy, 1, for
which (6-35), (6-52) and |t, — ;| < d/a; hold is <4 than the sum of

aj+1—1
5d2 '

> > Sei-4.5-4 (6-59)

n=a; a;j<tr<ajiqi
0<|tr—t1|Kd/a;

\/ Ml | el _—4’62_4) (6-60)
di t1—a, a,<t2<a +1 |t2_t1|

0<|tr—11]

and

By (3-20) we get that (6-59) is <5 X35~ 1d2a?(d Ja;) /2 <5 X33d/2//X . We estimate (6-60) by (3-21);
the result is an upper bound /\’5"5(61/61,-)1/2013/2 < X3 /d X, whichis smaller than d%/2 / /X by (5-19).

Ifa; < %«/7 and |t, —t1| > d/a;, then by (5-19) the second term in (6-53) is larger than the first
one. Hence by (6-53) and (6-57) we see in the case a; < 3 L /X that the contribution to (6-45) of those
terms By, s,, Cy, 1, for which (6-35), (6-52) and |t; —t;| > d/a; hold is

aj+1—1 2 2
oDy oy SEAED el

o —— 8 s
Cll- X t=a; a;<t<ajt |Z2_[1| X

0<|tr—t1|

where in the last step we used (3-21). This is again acceptable in (5-18).

We examined every case, so we proved that the contribution to (6-45) of those terms By, ¢,, Cy, 1, for
which (6-35) and (6-52) hold is acceptable in (5-18). Using also the previous estimates we see that the
whole contributions of By, ;, and Cy, 1, in (6-45) is acceptable in (5-18).

6.8. The contribution of As,,t,- Now consider that part of the contribution of 4, ;, in (6-45) where

1<F< B(So(jl,zl),To(o,zz))—j—z)(‘S (6-61)
1

for some § > 0 which is fixed in terms of €. We show that for fixed #1,?,, j; and f the condition
in the summation in (6-46) is independent of 0 < j, < J. It is enough to see that we have F <
B(So(j1.11). To(j.12)) for every 0 < j < J, and this follows by (6-28). Hence for fixed 1.1, j; and
f satisfying a; <t1,t) <a;+1,0 < j; < J and (6-61) each 0 < j, < J satisfies the conditions of the
summation in (6-46). Recalling (6-8) we then see that if we can show that for every fixed #1, ¢, j; and f
satisfying the above-mentioned conditions the sum

Z( D72( 7)) @(01(Sola 1), Tolat2). F(tr. 12 f) (6-62)

Jj2=0

is negligibly small, then we will get that that part of the contribution of 4, s, in (6-45) where (6-61) is true
is negligibly small. Observe that by the notations of Lemma 4.6, using t = 1 and ¢t = 5, So = So(J1.%1),
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F = F(t,t, [) there we have

D (y1(So(j1.11), To(ja. 12), F(t1.12, f))) = K(X — jad7 —2). (6-63)

Theorem 7.6 of [A] gives that (6-62) is < d’ maxy_jir—a<x<x—2 |K“)(x)|. By Lemma 4.6 and

(6-24) this is . 7
< d’ max((X—a?)_J, ( 3 ) )
a; (B(So, To) — F)

By (6-61), (6-28) and (6-23) this is negligibly small, since J is fixed to be large enough in terms of e.
Hence that part of the contribution of 4, ;, in (6-45) where (6-61) holds is negligibly small.
Now consider that part of the contribution of A;, ;, in (6-45) where

. d . .
B(So(j1.11). To(0,12)) — a_zXS < F < B(So(j1.t1), To(ja2.12)) (6-64)
i

for some § > 0 chosen small enough in terms of €. It is easy to compute that

(B(So, To) — F)(A(So, To) + F)
(To+ So F)?

y1(So. Ty, F) = \/ (6-65)

By (6-25), (6-64) and (5-19) we see that X/al.2 L B(Sy, Ty) K X/ai2 and B(Sy, Tp) — F = o(X/al.z).

So
v B(So, To) — F
v B(So, To)

Then applying Lemma 4.4 (note that the middle case of (4-15) cannot hold by (6-66)), and also using

Sov1(So, To, F) < =o(1). (6-66)

(4-12) and (6-17), we get in every case that

X' (B(Sy. To) = F)*)?
a?S3 (B(So, To))*/?
the second inequality follows from (6-25) and (6-66). By (6-24), (6-25) and (6-64) this gives

So®(So. y1(So, To, F)) <5 X°(So + S3) 3 (So, To, F) <3

d3 /2
So®(So. y1(So. To. F)) <5 X —=——. (6-67)
( ) X(VX —a;)
The number of possible values of the integers f satisfying (6-64) is <5 X®d. Therefore, using also
Lemma 3.1, we get that that part of the contribution of 4, ;, in (6-45) where (6-64) holds is

o “1+leal+zll Y68,75/2 e
<s X S2—4.2 -4 <5 ———— (VX —apa;.  (6-68)
X(f a) = = X(VX ~a;)

where in the last step we used (3-23), noting that a(b — a) is an upper bound there for both terms. This
estimate is again acceptable in (5-18). So we proved that the contribution of A;, ;, in (6-45) is acceptable
in (5-18), hence the whole sum (6-45) is acceptable. The proof of (5-18) is now complete, so Theorem 1.1

is also proved.
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