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Effective multiplicative independence of
three singular moduli

Yuri Bilu, Sanoli Gun and Emanuele Tron

Pila and Tsimerman proved in 2017 that for every k there exist at most finitely many k-tuples (x, ..., xi)
of nonzero singular moduli such that xi, ..., x; are multiplicatively dependent, but any proper subset of
them is multiplicatively independent. The proof was noneffective, using Siegel’s lower bound for the class
numbers. In 2019 Riffaut obtained an effective version of this result for k = 2. Moreover, he determined
all the instances of x”y" € Q*, where x, y are distinct singular moduli and m, n are nonzero integers. In
this article we obtain a similar result for k = 3. We show that x”y"z" € Q* (where x, y, z are distinct
singular moduli and m, n, r nonzero integers) implies that the discriminants of x, y, z do not exceed 1010,
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1. Introduction

A singular modulus is the j-invariant of an elliptic curve with complex multiplication. Given a singular
modulus x we denote by A, the discriminant of the associated imaginary quadratic order. We denote by
h(A) the class number of the imaginary quadratic order of discriminant A.

Recall that two singular moduli x and y are conjugate over Q if and only if A, = A, and that there
are h(A) singular moduli of a given discriminant A. In particular, [Q(x) : Q@] = 2(A,). For details see,
for instance, [10, §7 and §11].

There has been much work on diophantine properties of singular moduli in recent years. In particular,
studying algebraic equations where the unknowns are singular moduli [2; 6; 7] is interesting by virtue of
its connection with the André—Oort property for affine space [5; 16; 17].
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Pila and Tsimerman [20] proved that for every k there exists at most finitely many k-tuples (xy, ..., xx)
of nonzero singular moduli such that x1, ..., x; are multiplicatively dependent, but any proper subset of
them is multiplicatively independent. Their argument is fundamentally noneffective.

Riffaut [21, Theorem 1.7] gave an effective (and totally explicit) version of the theorem of Pila and
Tsimerman in the case k = 2. He in fact classified all cases when x™y" € Q*, where x, y are singular
moduli and m, n nonzero integers.

Here we obtain an effective result for k = 3. As Riffaut did, we prove a stronger statement: we bound
explicitly discriminants of singular moduli x, y, z such that x™y"z" € @* for some nonzero integers
m, n, r. Our bound is as follows.

Theorem 1.1. Let x, y, z be distinct nonzero singular moduli and m, n, r nonzero integers. Assume that
x"y"z" € Q. Then
max{| A, |, |Ayl, |A,]} < 10%°.
The special case m = n = r has been recently settled by Fowler [13; 14].

There do exist triples of distinct singular moduli x, y, z such that x”y"z" € @* for some nonzero

m, n,r € Z. There are three types of currently known examples.
Rational type: Take distinct x, y, z such that

h(Ax) =h(Ay) =h(A) =1, Ay, Ay, Az -3

Then x, y, z € @Q* and x"y"z" € Q* for any choice of m, n, r. Pila and Tsimerman [20, Example 6.2]
even found an example of x"y"z" = 1:

(2633)10(_215)6(_21533)-10 _ |
the corresponding discriminants being —4, —11 and —19.
Quadratic type: Take distinct x, y, z such that
hA) =1, Ac#-3, Ay=A. h(A)=h(A)=2.
Then x € @* and y, z are of degree 2, conjugate over (2. Hence x™y"z" € Q@ for any choice of m, n.
Cubic type: Take distinct x, y, z such that
Ay=Ay=A;, h(Ay)=h(Ay)=h(A;)=3.

Then x, y, z are of degree 3, forming a full Galois orbit over Q. Hence xyz € Q*.

We believe that, up to permuting x, y, z, there are no other examples, but to justify it, one needs to
improve on the numerical bound 10'% in Theorem 1.1.

The proof of Theorem 1.1 relies on the following result, which is a partial common generalization (for
big discriminants) of [21, Theorem 1.7] and [12, Theorem 1.3].
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Theorem 1.2. Let x, y be distinct nonzero singular moduli and m, n nonzero integers. Assume that
max{|A.l, |A, [} = 10°. (1-1)
Then [Q(x, y) : Q(x™y™)] < 2. More precisely, we have either

Q" y") = Q(x, y) (1-2)
or
Ar=A,, m=n, [Q,y):Qx"y"]=2. (1-3)

Moreover, in the latter case x and y are conjugate over the field Q(x™y™).
If{Ax, Ay} is not of the form {A, 4A} for some A =1 mod 8, then condition (1-1) can be relaxed to

max{|Axl, Ay} > 10°, (1-4)

Plan of the article. In Section 2 we collect basic fact about singular moduli to be used throughout the
article. In Section 3 we establish our principal tool: a linear relation between the exponents m, .. ., my
stemming from the multiplicative relation x{"' - - - x;"* = 1. Theorems 1.2 and 1.1 are proved in Sections 4
and 5, respectively.

Notation and conventions. We denote by H the Poincaré half-plane, and by F the standard fundamental
domain for the action of the modular group; that is, the open hyperbolic triangle with vertices

1 +4/-3 _ —l+v-3
2 B 2
together with the hyperbolic geodesics [i, {¢] and [£e, i o0].

86 3 100,

We denote by log the principal branch of the complex logarithm:
—m <arglogz <m (z€CX).

We use O;(-) as a quantitative version of the O(-) notation: A = O1(B) means that |A| < B.

We write the Galois action exponentially: x — x°. In particular, it is a right action: x @192 = (x°1)°2,
Most of the Galois groups occurring in this article are abelian, so this is not relevant, but in the few cases
where the group is not abelian one must be vigilant.

Let R be a commutative ring, and a € R. When this does not lead to confusion, we write R/a instead
of R/aR.

We denote by C,, the cyclic group of order m.

In cross-references, item Y of Proposition X is quoted as Proposition X:Y.

2. Class numbers, denominators, isogenies

Unless the contrary is stated explicitly, the letter A stands for an imaginary quadratic discriminant, that
is, A <0and A =0, 1 mod 4.
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We denote by Ox the imaginary quadratic order of discriminant A, that is,
Oa =Z[(A+~A)/2].

Then A = Df2, where D is the discriminant of the number field K = Q(+/A), called the fundamental
discriminant of A, and f = [Op : Oa] is the conductor of A.

We denote by h(A) the class number of Ox.

Given a singular modulus x, we denote by A, the discriminant of the associated CM order, and we
write A, = D, fx2 with D, the fundamental discriminant and f, the conductor. We denote by K, the
associated imaginary quadratic field

K, =Q(/D,) = Q(/A).

We will call K, the CM field of the singular modulus x.

It is known (see, for instance, §11 in [10]) that a singular modulus x is an algebraic integer of degree
h(Ay), and that there are exactly 4(A) singular moduli of given discriminant A, which form a full Galois
orbit over Q.

2.1. Class numbers and class groups. For a discriminant A and a positive integer £ set

(e, A):KH(I— (A/p)>, 2-1)
ple p

where (A /p) denotes the Kronecker symbol. It is useful to note that
VL, A) = p), (2-2)
where ¢( - ) is Euler’s totient function. Note also the multiplicativity relation
W(Ll1ly, A) =V (Ly, AZ%)\P(Zl, A). (2-3)
Recall the class number formula

1
h(AL?) = ———— (AW, A). (2-4)
[OZ : OZ[Z]
In [10, Theorem 7.24] this formula is proved in the case when A = D is a fundamental discriminant; the
general case easily follows using the multiplicativity relation (2-3). Note also that

3 if A=-3,¢>1,
[0230242]: 2 if A=—4¢>1, (2-5)
1 if A#-3,—4.
2.1.1. Discriminants with small class number. Watkins [24] classified fundamental discriminants D with
h(D) < 100 and found that such discriminants do not exceed 2383747 in absolute value. It turns out that
the same upper bound holds true for all discriminants, not only fundamental ones.
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n‘ 1 2 3 4 5 6 7 8 10 12 16 25 50 100

max f |420 210 120 90 66 60 42 42 30 30 18 12 6 2
Dpax(n) | 163 427 907 1555 2683 3763 5923 6307 13843 17803 34483 111763 462883 2383747

Table 1. Values of Dy, (1) for arguments occurring in (2-7). The first row contains all positive
integers n of the form [ 100/¢(f)] for some positive integer f. In the second row, for each n we
give the biggest f with the property 100/¢(f) > n. Finally, the third row displays D, (7).

Proposition 2.1. Let A be a negative discriminant with h(A) < 100. Then we have |A| < 2383747. If
h(A) <64, then |A| <991027.

Remark 2.2. As Guy Fowler informed us, Janis Klaise obtained the same result, with a similar proof, in
his 2012 Master’s thesis [15]. Apparently, this work has not been published.

Proof. Given a positive integer n, denote by
Dpax(n) := max{|D| : D fundamental, #(D) < n}

the biggest absolute value of a fundamental discriminant D with h(D) < n; the values of Dy« for
arguments up to 100 can be found in Watkins [24, Table 4]. For the reader’s convenience, we give in
Table 1 the Dp,x of the arguments occurring in equation (2-7) below.

Now let A = Df? be such that 1(A) < 100. Using the class number formula (2-4) (applied with D
as A and with f as £), and the bound (2-2) we get

h(D)e(f) < 100[O}, : OX]. (2-6)

If D = —3 or —4 then this implies ¢(f) < 300: the largest such f is f = 1260, so that in this case
|A] < 6350400.
If D £ —3, —4 then we find from (2-6) that #(D) < 100/¢(f), and hence

|Al = f2ID| < f*Dmax(L100/0(f)]). (2-7)

Plugging in the values from Table 1, we find that the maximum of the right-hand side is attained for
f =420 and is equal to 28753200. This proves that |A| < 28753200.

To complete the proof, we ran a PARI script computing the class numbers of all A with |A| <28753200.
It confirms that the biggest A with h(A) < 100 is —2383747, and the biggest A with h(A) < 64 is
—991027. O

2.1.2. The 2-rank. Given a finite abelian group G and a prime number p, the p-rank of G, denoted by
pp(G), is the dimension of the [ ,-vector space G/G?. If A is a discriminant, we denote by p,(A) the
p-rank of its class group.

The 2-rank of a discriminant was determined by Gauss; see [10, Proposition 3.11 and Theorem 3.15].
As usual, we denote by w(n) the number of distinct prime divisors of a nonzero integer n.
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Proposition 2.3. Let A be a discriminant. Then

w(A)—1 if A=1mod4,
w(A)—2 if A=4mod 16,
nA)={w(A)—1 if A=8,12mod 16,
w(A)—1 if A=16mod 32,
w(A) if A =0mod 32.
In particular, p2(A) € {w(A), w(A) — 1, w(A) —2}. If D is a fundamental discriminant, then py(D) =
w(D) — 1.

2.2. Ring class fields. If x is a singular modulus with discriminant A = Df? and K = Q(+/D) is its CM
field, then K (x) is an abelian extension of K such that Gal(K (x)/K) is isomorphic to to the class group
of A; in particular, [K (x) : K] = h(A), and the singular moduli of discriminant A form a full Galois
orbit over K as well.

This leads to the useful notion of ring class field. Given an imaginary quadratic field K of discriminant D
and a positive integer f, the ring class field of K of conductor f, denoted K[ f], is, by definition, K (x),
where x is some singular modulus of discriminant Df2. It does not depend on the particular choice of x
and is an abelian extension of K.

Proofs of the statements above can be found, for instance, in [10, §§9-11].

The following properties will be systematically used.

Proposition 2.4. Let K be an imaginary quadratic field and L a ring class field of K. Denote
G =Gal(L/Q), H =Gal(L/K). (2-8)
(As we have just seen, H is an abelian group.) Then:
o Every element of G . H is of order 2.
e IfyeG~Handne H then yny =n~".
Hence, no element of G ~~ H commutes with any element of G of order bigger than 2.
For the proof see [10, Lemma 9.3], for instance.

Proposition 2.5. Let K be an imaginary quadratic field of discriminant D, and €, m positive integers.

1. Assume that either D # —3, —4 or gcd({, m) > 1. Then the compositum K[{]K[m] is equal to
K[lecm(£, m)].

2. Assume that D = —3 and gcd(£, m) = 1. Then K[£]K[m] is either equal to K[lcm(£, m)] or is a
subfield of K[lecm(£, m)] of degree 3.

3. Assume that D = —4 and gcd({, m) = 1. Then K[L]K[m] is either equal to K|[lcm(¢, m)] or is a
subfield of K[lcm(£, m)] of degree 2.

For the proof see, for instance, [2, Proposition 3.1].
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2.2.1. Two-elementary subfields of ring class fields. We call a group 2-elementary if all its elements are
of order dividing 2. A finite 2-elementary group is a product of cyclic groups of order 2. Let K be a
field and L a finite extension of K; we say that L is 2-elementary over K if L is Galois over K, with
2-elementary Galois group. We call a number field 2-elementary if it is 2-elementary over Q.

The following is well-known, but we include the proof for the reader’s convenience.

Proposition 2.6. Let F be a number field abelian over Q) and contained in some ring class field. Then F

is 2-elementary.

Proof. This is an easy consequence of Proposition 2.4. Let K be an imaginary quadratic field such that its
ring class field, denoted L, contains F'. We use the notation of (2-8).

For y € G let y € Gal(F/Q) denote the restriction of y to F. Each element of Gal(F/Q) is a restriction
of either some ¥ € G ~ H or some 1 € H. In the former case > = 1 because y = 1. Now consider 7
for some n € H. Pick y € G~ H. Then 77y = ii~'. But Gal(F/Q) is abelian, which implies that
yiy = 727 = 7. Hence 71> = 1 as well. Thus, every element of Gal(F/Q) is of order dividing 2, as
wanted. O

The only positive integers m such that the multiplicative group (Z/mZ)* is 2-elementary are the
divisors of 24. Hence we have the following corollary.

Corollary 2.7. The group of roots of unity in a ring class field is of order dividing 24.

Another important case of 2-elementary fields is the intersection @(x) N Q(y), where x and y are
singular moduli with distinct fundamental discriminants. This has been known for a long time (see, for
instance, the articles of André [4] or Edixhoven [11]), but we again include a proof for the reader’s
convenience.

Proposition 2.8. Let x and y be singular moduli with distinct fundamental discriminants: Dy # Dy. Then
the field Q(x) N Q(y) is 2-elementary. In particular, if Q(x) C Q(y) then Q(x) is 2-elementary.

Proof. It suffices to prove that the field Q(x) NQ(y) is abelian: Proposition 2.6 will then complete the job.
Recall that we let K, = Q(+/D,) denote the CM field for x. We will denote K, the compositum
of Ky and K, that is, the field Q(+/D,, /Dy). Furthermore, we define

M=ny(X,y), L=ny(x)mey(y)-

It suffices to prove that L is abelian, because L D Q(x) N Q(y). We first prove that L is 2-elementary
over the field K.
Since K, # K, there exists ¢ € Gal(M/Q) such that

Uk, =1d and |, #id.
Proposition 2.4 implies that for n € Gal(M/K,) we have

-1 -1 -1
Uk, =0l and ok, =1 k()
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We also have n|g,, = id by the choice of . Hence n|L = n~'|L. Since every element of Gal(L/K,y) is a
restriction to L of some n € Gal(M/Ky), this proves that the Galois group Gal(L/Ky) is 2-elementary.
To complete the proof of the proposition, we must show that L is abelian over Q. Clearly, L is Galois
over (, being the intersection of two Galois extensions. We have to show that Gal(K,/Q) acts trivially
on Gal(L/K,y). This means proving the following: for every n, y € Gal(M/Q) such that |k, = id we
have y ~'ny | =1n.
We denote n” =y ~'ny. Proposition 2.4 implies that

-1
" k. € {01k}

We also have n” |k, =id [k, = nlk, = n! |k, It follows that

1
1 ko € {nlkgw. 17 koo )-

In particular, 0|, € {nlz,n~'|.}. Since nlk,, =id and L/K,, is 2-clementary, we have |, =n~"'|L.

Hence " | = n|r. The proposition is proved. U

2.2.2. (Almost) 2-elementary discriminants. We will need a slight generalization of the notion of a
2-elementary group. A finite abelian group G will be called almost 2-elementary if it has a 2-elementary
subgroup of index 2. This means that either G is 2-elementary, or it is C4 times a 2-elementary group.
(Recall that C,, denotes the cyclic group of order m.)

We call a discriminant 2-elementary or almost 2-elementary if its class group has the same property.
Such discriminants can be conveniently characterized in terms of the 2-rank (see Section 2.1.2):

A is 2-elementary <= h(A) =274 (2-9)
A is almost 2-elementary <= h(A) € {2724 2,2(A)+1y (2-10)

Proposition 2.9. Let D # —3, —4 be a fundamental discriminant, and let f be such that Df? is an almost
2-elementary discriminant. Then

f12*.3.5.7-17. (2-11)

Proof. As before, we write A = Df2. Since D # —3, —4, the class number formula (2-4), together with
equations (2-1) and (2-5), implies that 2(A) = h(D)W, where

W:lD(f,D):fl_[(l—(D/p)>.
plf p

When A is almost 2-elementary, ¥ is a power of 2, by (2-10). More precisely, we have
20 +2, (2-12)
Indeed, if A is almost 2-elementary, then so is D, and we have both

h(D) € (272(P) 20D+ and  h(A) € (272, 22001
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Hence,
n((Y) < 02(A) —p2(D) + 1. (2-13)

Proposition 2.3 implies that
p2(A) = p2(D) w(A) —wo(D)+ 1 <w(f)+1, (2-14)

which, together with (2-13), proves (2-12).
The following easily shown implications will be systematically used throughout the proof:

plf=p—(D/p)|V¥,
p*lf = p|W.

This implies very strong constraints on the prime divisors of f.

First of all, D and f cannot have a common prime divisor other than 2. Indeed, if p divides both D
and f then (D/p)=0and p — (D/p) = p| V. Since V is a power of 2, we must have p = 2.

Next, if p| f then either p 41 or p — 1 is a power of 2. Indeed, if p is odd then p{ D (as we have just
seen) which implies that p — (D/p) e {p — 1, p+1}.

Yet another observation: if p?| f then p = 2. Indeed, in this case we again have p|W.

Thus,

f=2p1-- pm. (2-15)
where k and m are nonnegative integers and p1, ..., p,, are distinct odd primes not dividing D. We claim
that

k=wv(f) <4. (2-16)

Indeed, if kK > 1 then w(f) =m + 1, and
2w(f)+2 — 2m+3 > 1] > 2k_1(l71 _ 1) . (pm _ 1) > 2m+k—1,

which proves (2-16).

To complete the proof, we have to show that the only possible prime divisors of f are 2, 3,5, 7, 17.
If w(f)=1then ¥[8, and f =2% or f = p, an odd prime. Since p — 1 or p + 1 divides W, this implies
that p <7.

Now assume that w(f) > 2, and that f has a prime divisor p # 2, 3,5, 7, 17. Then p > 31, because
one of p + 1 must be a power of 2. Writing f =2*p;--- p,, with2 < p; <--- < p,, and p,, > 31, we
have

2" = 22D =W = (py = (D/p1)) -+ (pm — (D] pm)).

Since p,, > 31 and p,, — (D/py) is a power of 2, we have p,, — (D/pn) = 32.
If m > 2 then

(p1—(D/p) -+ (pm— (D/pm)) = 3= 15— 1)""%.32 =222,
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We obtain that m + 3 > 2m + 2, which is impossible for m > 2. It follows that m = 1, in which case
w(f)=2and f = 2kp, where k > 1 and p > 31. We obtain 16 > ¥ > 2k=1.32 4 contradiction. The
proof is complete. U

One can do some case-by-case analysis and show that f satisfies a stronger (but also more complicated)
condition than (2-11). However, (2-11) is sufficient for our purposes.
We also need a similar result for the fundamental discriminants —3 and —4.

Proposition 2.10. If A = —4 f2 is an almost 2-elementary discriminant, then
<8 or fe{l0,12,15,20}. (2-17)
If A = =3 12 is an almost 2-elementary discriminant, then
f<5 or fe{7,8,11,13,16}. (2-18)

In both cases, it follows that h(A) | 8.

Proof. Assume first that A = —4 f? is almost 2-elementary. The class number formula (2-4), together
with equations (2-1) and (2-5), implies that h(A) = W /2, where

—4
W:\D(f,—4):fl_[(l—ﬂ).
plLf P

As in the proof of Proposition 2.9, this W must be a power of 2; more precisely,
W [20)+2, (2-19)

Indeed, if 21 f, then A = 12mod 16 and p2(A) < w(A) — 1 = w(f), while when 2| f, we have
p2(A) <w(A) =w(f). In both cases we obtain
W/2=h(A) 220

which is (2-19).

Let p be an odd prime divisor of f. As in the proof of Proposition 2.9, we have p’{ f and
p — (—4/p)|V¥; thus p — (—4/p) is a power of 2. We again write the prime factorization of f as
f=2kp1-- ppn, where 2 < p; < --- < p,,. We claim that

k+m<3 and m<2. (2-20)
Indeed, if £ > 1 then w(f) =m + 1, and (2-19) implies that
2" 2 w2 272 - (=4/2) 3 - (4/3)" =24,

which proves (2-20) in the case k > 1. Similarly, if k = 0 then 2mt2 > g > p2m proving (2-20) in this
case as well.
In a similar fashion one proves that
Pm <17. (2-21)
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Indeed, if p,, > 7 then p,, > 17, because one of p,, == 1 must be a power of 2. If k > 1 then
2m+3 >y > 2k . 4m—1 .16 = 2k+2m+2
which is impossible; if £k =0 then
2m+2 >y > 4m—1 .16 = 22m+2

again impossible. This proves (2-21).
It follows from (2-20) and (2-21) that there are finitely many possible f. Checking them all using a
PARI script, we obtain (2-17).

Now assume that A = —3 £ is almost 2-elementary. In this case #(A) = ¥ /3, where
(=3/p)
\P=llf(f,—3)=f]_[<1— :
plf p

This time W must be 3 times a power of 2. It follows again that for an odd prime p we have p?{ f. This
is clear when p # 3, and if 9| f then

33-(=3/3) =9V,

a contradiction.

For every p| f the difference p — (—3/p) must be either a power of 2, or 3 times a power of 2. We
claim thatp — (—3/p) cannot be a power of 3. This is clear for p =2 and for p = 3. Now assume that
p#2,3and p— (—3/p) =2". If n is odd then 3|2" + 1, which means that p = 2" — 1. But in this case
p=1mod3 and p = —1 mod 4, which implies that (—3/p) = 1. It follows that p — (=3/p) =2" -2, a
contradiction. Similarly, when n is even, we have p =2" 4+ 1 and (—3/p) = —1, again a contradiction.

Thus, for every p| f we have p — (—3/p) =3 - 2" for some n. This implies that f cannot have two
distinct prime divisors: if it did, then ¥ would be divisible by 9, a contradiction.

Thus, either f = 2k for some k, or f = p, an odd prime. This implies that p>(A) < w(A) <2, and

W/3 =h(A) |22 OF8.
It follows that either |16, or f € {3,5,7, 11, 13, 23}. Checking all possible f using a PARI script, we
obtain (2-18). O
Proposition 2.11. There exists a fundamental discriminant D* such that h(D*) > 128 and the following
holds. Let A = Df? be either 2-elementary or almost 2-elementary. Then either D = D* or

h(A) < 16 z:fA l:S 2-elementary,
64 if A is almost 2-elementary.
This is proved in [1, Corollary 2.5 and Remark 2.6]. It was not included in [2], the published version
of the same work, so we reproduce the proof here (adding some details missing in [1]). The proof broadly

follows the strategy of Weinberger [25], which rests on a classical bound of Tatuzawa, stated below.
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Given a fundamental discriminant D, the L-function attached to D is L(s, x), where x is the quadratic
character defined by the Kronecker symbol: x (n) = (D/n).

Lemma 2.12 (Tatuzawa [23, Theorem 2]). Let 0 < e < % There exists a fundamental discriminant D*
such that the following holds. Let D be a fundamental discriminant and L (s, x) the attached L-function.
Then L(1, x) > 0.655¢|D|~¢ when |D| < max{e'/¢, 73130} and D # D*.

Proof of Proposition 2.11. If D = —3 or —4 then the result follows from Proposition 2.10. Hence
we may assume that D # —3, —4. In this case the analytic class number formula states that 2(D) =
7 Y D|2L(1, x). If A is almost 2-elementary then so is D. By (2-10) and Proposition 2.3 we have
h(D) < 202(D)+1 < 2w(D)

We pick ¢ = 0.048 throughout and we use the corresponding D* from Lemma 2.12. Assuming that
D # D*, Lemma 2.12 implies that

2°D) > (D) =7 Y D|V2L(1, x) = 0.6557 'e|D|1/?~¢
as long as |D| > 1.2-10°. This implies that
D] < ((0.6556) " 720™) 1279 < 26549 4,635,
we conclude that
|D| < max{26549 - 4.635°? 1.2 10%}. (2-22)
Moreover, since D is fundamental and
1.2-10°<4-(3-5-7-11---37)

(4 times the product of the first 11 odd primes), we must have w (D) < 11 whenever |[D| < 1.2- 10°. More
generally, | D| is at least 4 times the product of the first w (D) — 1 odd primes. Hence, when w (D) > 12,
we have

ID|>4-(3-5-7-11---37)-41°P)~12,

Combining this observation with the upper bound (2-22), we conclude that, when w (D) > 12, we have
4-(3-5-7-11---37)-41°P)712 < | D| < 26549 -4.635°P),
This is easily seen to be a contradiction for w (D) > 12. We conclude that
w(D) <11 (2-23)

for any almost 2-elementary fundamental D # D*.
Thus, we are now left with the task of examining discriminants A = Df? such that the corresponding
fundamental D satisfies conditions (2-22) and (2-23). We want to show that

e if such A is 2-elementary then 2(A) < 16, and
e if such A is almost 2-elementary then 4 (A) < 64.
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Proving this is a numerical check using PARI. We distinguish two cases: w(D) <6 and 7 <w (D) <11.

When w (D) <6 and D is almost 2-elementary then /(D) |64. Table 4 of Watkins [24] implies that
in this case |D| < 693067. Using Proposition 2.9 and a PARI script, we computed all 2-elementary
and all almost 2-elementary discriminants A = Df? such that |D| < 693067. Our script found 101
discriminants that are 2-elementary, the largest being —7392 = —1848 - 22. The class numbers of all
these discriminants do not exceed 16. Similarly, the script found 425 almost 2-elementary discriminants,
—87360 = —5460 - 4> being the largest, and their class numbers do not exceed 64. This completes the
proof in the case w(D) < 6.

When 7 < w(D) < 11, we can no longer use [24]. To complete the proof in this case, for every
n=7,...,11 we determine all fundamental discriminants D satisfying

w(D)=n, |D|<26549-4.635" (2-24)

(note that 26549 - 4.635" > 1.2 - 10° for n > 7), and for each of them we check whether it is almost
2-elementary. Our script found no almost 2-elementary fundamental discriminants satisfying (2-24) with
7 <n < 11. This completes the proof of Proposition 2.11. (|

Corollary 2.13. Let x and y be singular moduli with distinct fundamental discriminants, D, # D,.

(1) Assume that Q(x) = Q(y). Then h(A,) = h(A,) < 16.
(2) Assume that Q(x) C Q(y) and [Q(y) : Q(x)] =2. Then h(A,) <16 and h(A,) < 32.

Proof. If Q(x) = Q(y) then both A, and A, are 2-elementary by Proposition 2.8. Since D, # D,, one
of the two is distinct from D*; say, D, # D*. Then h(A,) < 16. Hence h(A,) = h(A,) < 16 as well.
This proves item (1).

Now assume that we are in the situation of item (2). Then Gal(Q(x)/Q) is 2-elementary by Proposition 2.8.
Hence so is Gal(K,(x)/K ). Since

[Ky(y) 1 Ky()] = [Q(y) : Q)] =2,

the group Gal(K,(y)/K) is almost 2-elementary. If D, # D* then h(A,) < 16 and h(A,) < 32, so we
are done. If D, # D* then h(A,) < 64. It follows that 2(A,) < 32 and we must have D, # D*, so we
are done again. O

2.3. Gauss reduction theory, denominators. Denote by T, the set of triples (a, b, ¢) € 7> with A =
b* — 4ac satisfying

gcd(a,b,c)=1 and (either —a<b<a<cor0<b<a=c). (2-25)

Condition (2-25) is equivalent to

b+JA
2a

e F.
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For every singular modulus x of discriminant A there exists a unique triple (ay, by, cx) € Ta such that,
denoting
_b+VA

Tx
2a,

we have x = j(t,). This is, essentially, due to Gauss; see [6, Section 2.2] for details.

We will call a, the denominator of the singular modulus x.

Note that, alternatively, 7, can be defined as the unique t € F such that j(7) = x.

We will say that a positive integer a is a denominator for A if it is a denominator of some singular
modulus of discriminant A; equivalently, there exist b, ¢ € Z such that (a, b, c) € Th.

It will often be more convenient to use the notation a(x), b(x), t(x) etc. instead of a,, by, T, etc.

Remark 2.14. It is useful to note that b, and A, are of the same parity: b, = A, mod 2. This is because
Ay =b? —4da,c, = b2 mod 4.

For every A there exists exactly one singular modulus of discriminant A and of denominator 1, which
will be called the dominant singular modulus of discriminant A. Singular moduli with denominator 2
will be called subdominant.

Proposition 2.15. Let A be a discriminant. Then for every a € {2, 3, 4, 5} there exist at most 2 singular
moduli x with Ay = A and a, = a. For every A € {13, 18, 30} there exists at most S(A) singular moduli x
with Ay, = A and a, < A, where S(A) is given in the following table:
A|13 18 30
S(A) |32 48 99

Proof. Let a be a positive integer. For a residue class r mod 4a denote B(r) the number of b € Z satisfying
—a < b <a and b* = r mod 4a. Denote s(a) the biggest of all B(r):

s(a) = max{B(r) : r mod 4a}.

The number of triples (a, b, ¢) € Ta with given a does not exceed B(A); hence it does not exceed s(a)
either. A quick calculation shows that s(a) =2 for a € {2, 3, 4, 5}, and

> s(a)=S(A)
a<A
for A € {13, 18, 30}. The proposition is proved. O
We will also need miscellaneous facts about the (non)existence of singular moduli of some specific

shapes. The following proposition will be used in this article only for p = 3. We, however, state it for
general p, for the sake of further applications.
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Proposition 2.16. Let A be a discriminant and p an odd prime number.

1. Assume that (A/p) =1. If|A| > 4p>—1 then A admits exactly 2 singular moduli with denominator p.
More generally, if |A| > 4p* — 1 then A admits exactly 2 singular moduli with denominator p*.

2. Assume that p*| A, and let a be a denominator for A. Then either p{a or p*|a. In particular, p is
not a denominator for A.

Proof. By Hensel’s lemma, the assumption (A /p) = 1 implies that the congruence b> = A mod p* has
exactly two solutions b satisfying 0 < b < p, and exactly one of these solutions satisfies b> = A mod 4 p*.
If b is this solution and |A| > 4p* — 1 then the two triples (p*, +b, (b> — A)/4p*) belong to Ta. This
proves item 1.

If p?| A and p|a then p|b and pfc. Hence p?|4ac = b> — A, which implies that p?|a. This proves
item 2. 4

Here is an analogue of Proposition 2.16 for p = 2.
Proposition 2.17. Let A be a discriminant.

1. Assume that A =1 mod 8. If |A| > 15 then A admits exactly 2 subdominant singular moduli, which
are j((:l:l + \/Z)/4). More generally, if |A| > 4*T1 — 1 then A admits exactly 2 singular moduli
with denominator 2.

2. If A # 1 mod 8 then it admits at most one subdominant singular modulus.

3. Let A satisfy A=4 mod 32 and | A| > 252. Then it admits exactly 2 singular moduli of denominator 8.
These are

+b’ A/4 ] =
]< + /)’ b’:{l if A =36mod 64, (2.26)

8 3 if A=4mod 64.
More generally, if k > 3 and |A| > 41 — 4 then A admits exactly 2 singular moduli with denomina-
tor 2.

4. Let A satisfy A = 4 mod 32 and let a be a denominator for A. Then either a is odd, or 8|a. In
particular, 2, 4 and 6 are not denominators for A.
5. Let A be divisible by 16 and let a be a denominator for A. Then either a is odd, or 4|a. In

particular, 2 is not a denominator for A.
Furthermore, A admits at most one singular modulus with denominator 4.

6. Assume that A is even, but A # 4 mod 32, and that |A| > 76. Then 2 or 4 is a denominator for A.

Proof. Ttems 1 and 3 are proved using Hensel’s lemma exactly like item 1 of Proposition 2.16; we omit
the details.

Item 2 follows from [6, Proposition 2.6], and item 6 is [9, Proposition 3.1.4]. Note that in [9]
denominators are called suitable integers.

We are left with items 4 and 5. If A =4 mod 32 and (a, b, ¢) € Ta with 2|a then 2||b and ¢ is odd.
Hence b = 4 mod 32, which implies that 4ac = 0 mod 32. This shows that 8|a, which proves item 4.
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Finally, if 16| A and 2||la then 2|b and 21 ¢, which implies that
b? = A +4ac =8 mod 16,

a contradiction. This proves the first statement in item 5. Similarly, if a = 4 then 4|b and 2{c; in
particular, 4ac = 16 mod 32. Hence

|0 if A =16mod 32,

~ |4 if A=0mod 32.

Thus, in any case there is only one choice for b, which proves the second statement in item 5. O
It is useful to note that the dominant singular modulus is real; thus there exists at least one real singular

modulus of every discriminant. This has the following consequence.

Proposition 2.18. Let x be a singular modulus, and let K be a subfield of Q(x). Assume that K is Galois

over Q. Then K is a totally real field.

Since Q(x) is Galois over Q) when A, is 2-elementary, this implies that singular moduli of 2-elementary
discriminants are all real.

2.4. Isogenies. Let A and M be lattices in C. We say that A and M are isogenous if A is isomorphic to a
sublattice of M. Specifically, given a positive integer n, A and M are n-isogenous if M has a sublattice A,
isomorphic to A, such that the quotient group M/A’ is cyclic of order n. This relation is symmetric.

Two lattices (z, 1) and (w, 1), for z, w in the Poincaré plane H, are n-isogenous if and only if there
exists y € M»(Z) with coprime entries and determinant n such that w = y (z). Imposing upon z and w
certain reasonable conditions, one may assume that the matrix y is upper triangular.

Proposition 2.19. Let z, w € H and let n be a positive integer. Assume that
weF and Imz=>n. (2-27)

Then the following two conditions are equivalent.
(1) The lattices (z, 1) and (w, 1) are n-isogenous.

(2) We have
pz+gq
w =
s

where p, q, s € Z satisfy
p,s>0, ps=n, gcd(p,q,s)=1.

Proof. The implication (2) = (1) is trivial and does not require (2-27).

Now assume that (1) holds, and let y € M»(Z) be a matrix with coprime entries and determinant n
such that w = y(z). There exists § € SL,(Z) such that §y is an upper triangular matrix. Replacing é by
(44) 8 with a suitable v € Z, we may assume that w’ := §y (z) satisfies

<Rew' <

. (2-28)

=
(Sl
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Write 8y = (§ ?). Replacing § by —3 if necessary, we may assume that p, s > 0. Since ps = n and
,_ pztq
w =
s
we only have to prove that w’ = w. We have Imw’ = (Imz)/s > 1, by (2-27). Together with (2-28) this
implies that w’ € F. But w belongs to F as well, again by (2-27). Since w’ = w and each SL;(Z)-orbit

’

has exactly one point in F, we must have w’ = w. O

We say that two singular moduli are n-isogenous if, writing x = j(t) and y = j (v), the lattices (z, 1)
and (v, 1) are n-isogenous.

Singular moduli x and y are n-isogenous if and only if ®,(x, y) =0, where ®,,(X, Y) denotes the
modular polynomial of level n. Since ®,(X, Y) € Q[X, Y], being n-isogenous is preserved by Galois
conjugation: for any o € Gal(Q/Q) the singular moduli x° and y are n-isogenous as long as x and y are.

For a positive integer n define

Q(n):{?:r,seZ,rs:n}.

For example,
Q(12) = {5, 3. 3- 5.3, 12}.
The following property is an immediate consequence of Proposition 2.19.

Corollary 2.20. Let x and y be n-isogenous singular moduli. Assume that |A¢|'/? > 2na,. Then
(ay/fy)/(ax/fx) € Qn). In particular,

T_oalhy _ n.
nToax/fy T
When n = p is a prime number, we have (a,/f,)/(ax/fx) € {p, 1/p}.
The following simple facts will be repeatedly used, often without special reference.
Proposition 2.21. Let x and y be singular moduli.
1. Assume that Ay = Ay and gcd(ay, ay) = 1. Then x and y are a,a,-isogenous.

2. Assume thata, =ay,=1and A,/ e)% =A,/ ei, where e, and e, are coprime positive integers. Then x
and y are eyey-isogenous.

3. Two subdominant singular moduli of the same discriminant are either equal or 4-isogenous.

Proof. To prove item 1, note that
o T +(by —b,)/2
y = .

dy
Since b, = by mod 2 (see Remark 2.14), this proves that x and y are a,a,-isogenous.

For item 2 we have
_ b, + ex\/K

by +eyW/A
Ty 2 =

and 7, > ,
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where A = A /e} = Ay /e;. Hence

e+ (byex —byey)/2
ey '

Ty

Remark 2.14 now implies that bye, = b,e, mod 2, and we conclude that x and y are e, e,-isogenous.
To prove item 3, note that distinct subdominant singular moduli of the same discriminant A must be of
the form j(t) and j(t’), where

—1+VA , 1+VA
T:T and 1’ = 7 ;

see Proposition 2.17:1. We have t’ = (27 + 1)/2, which implies that j(r) and j(t’) are 4-isogenous. [

2.5. Galois-theoretic lemmas. In this subsection we collect some lemmas with Galois-theoretic flavor
that will be repeatedly used in the proofs of Theorems 1.1 and 1.2.

Lemma 2.22. Let m be a positive integer and x a singular modulus. Then Q(x) = Q(x™). In other words:

if x and y are distinct singular moduli of the same discriminant then x™ % y™.
Proof. See [21, Lemma 2.6]. O

Lemma 2.23. Let x and y be distinct singular moduli of the same discriminant, K = K, = K, their
common CM field, L = K (x) = K (y) the ring class field and o € Gal(L/Q) a Galois morphism. Assume
that o permutes x and y:

x°=y and y° =x.
Then o is of order 2.
Proof. 1If 0 ¢ Gal(L/K) then it is of order 2 because every element of Gal(L/Q) not belonging to
Gal(L/K) is of order 2. And if o € Gal(L/K) then 02 =1 because x° = x and L = K (x). Il

Lemma 2.24. Let x, y be distinct singular moduli of the same discriminant and let K and L be as in
Lemma 2.23. Let F be a proper subfield of Q(x, y); we write G = Gal(L/F). Then one of the following

conditions is satisfied.
(1) There exists o € G such that, up to switching x, y, we have x° = x but y° # y.
(2) We have [Q(x, y) : F] =2 and the nontrivial automorphism of Q(x, y)/ F permutes x and y.

(3) We have L = Q(x, y) and [L : F] = 3. Moreover, there exists a singular modulus z and o € G such
that

(4) There exists o € G such that
x7,y% ¢ {x, v} (2-29)

(Versions of this lemma were used, albeit implicitly, in [12] and elsewhere, but it does not seem to

have appeared in the literature in this form.)
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Proof. We may assume that every element in G which fixes x or y fixes both of them; otherwise we have
item (1). We may also assume that x and y are conjugate over F'; otherwise, any o € G not belonging to
Gal(L/Q(x, y)) satisfies (2-29).

Assume first that L = Q(x, y). Then the only element of G that fixes x or y is the identity. Since x
and y are conjugate over F, there is exactly one o € G with the property x° = y and exactly one ¢’ € G
with the property y"’ = x. Hence (4) holds if [L : F] > 4. And if [L : F] < 3 then we have one of
conditions (2) or (3) is satisfied. This completes the proof in the case L = Q(x, y).

Now assume that L # Q(x, y). Since L = K (x), the field Q(x) is a subfield of L of degree 2, and so is
Q(y). If O(x) # Q(y) then the compositum of these fields must be L, which contradicts the assumption
L # Q(x, y). Hence Q(x) = Q(y) is a subfield of L of degree 2. (4) holds if [Q(x) : F] >4, and (2)
does if [Q(x) : F]=2.

We are left with the case [Q(x) : F'] = 3. In this case the Galois orbit of x over F consists of 3 elements:
x, y and a certain z. The group G must be either cyclic Cg or symmetric S3. In the latter case G acts by
permutations on the set {x, y, z}. But in this case G has an element fixing x and permuting y, z, which is
impossible because y € Q(x).

Thus, G = Cs. The group Gal(L/Q(x)) is a subgroup of G; let y be the nontrivial element of
Gal(L/Q(x)). Then y ¢ Gal(L/K); otherwise, from L = K (x) and x¥ = x we would obtain that y is
the identity. It follows (see Proposition 2.4) that y does not commute with the elements of G of order 3,
which is impossible, because G is an abelian group. The lemma is proved. O

Lemma 2.25. Let x and y be singular moduli with the same fundamental discriminant D, and let
K= @(\/5) be their common CM field. Assume that K (x) = K (y), and that x and y do not both belong
to Q. Then

Ay/Ay €{4,1,1/4}.
Moreover, if (say) Ay =4A,, then A, =1 mod 8.

Proof. See [2, Proposition 4.3] and [6, Subsection 3.2.2] (where the congruence Ay =1 mod 8 is proved).
Note that in [2] a formally stronger hypothesis Q(x) = Q(y) is imposed, but in the proof it is only used
that K (x) = K (y). O

Lemma 2.26. Let x, x', y, ¥ be singular moduli. Assume that
Ax = Ax’a Ay = A,V/ and @(X,X/) =®(y’ yl)
Then:

1. If Dy # Dy, then Q(x) = Q(y).
2. If Dy = Dy then K(x) = K(y), where K = K, = K is the common CM field for x and y.

Proof. See [8, Lemma 7.1]. O
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3. The linear relation

Letxy, ..., xx be nonzero singular moduli of the same fundamental discriminant D, and letm, ..., my € Z.
We want to show that, under some reasonable assumptions, the multiplicative relation

xtext =1 (3-1)
implies the linear relation
k
Z f(xl)mi _o 32)
— a(x;)
To state those assumptions, set
X =max{|A(x;)|: 1 <i <k} and Y =min{|A(x;)|:1=<i <k}, (3-3)

and, as in Section 2.3, let f, or f(x) mean the conductor of a singular modulus x, and a, or a(x) its
denominator.

Proposition 3.1. Let A be a positive number such that

a(x) <A (1 =i=<k). (3-4)
Assume that
Y% > 1Ak(log X +log A +logk +20). (3-5)
Then (3-1) implies (3-2).
It often happens that we control only a part of the denominators of xy, ..., xx. In this case we cannot

expect an identity like (3-2), but we may have good bounds for the part of the sum corresponding to the
terms with small denominators.
We need some extra notation. Set f = ged(fy,, ..., fy,) and A = Df?. We also define

ex, =e(x;))=f(x))/f and m;=e(x)m; (=1,...,k).

Then we have A(x;) = e(x;)>A, and (3-2) can be rewritten as

/

Mo 3-6
Za(xi)_ ' (5-6)

i=1

As indicated above, we want to obtain a less precise result, in the form of an inequality, which however
holds true without the assumption that all the denominators are small. It will be practical to estimate
separately the sums with positive and with negative exponents m; .

Proposition 3.2. Let A, ¢ be real numbers satisfying A > 1 and 0 < ¢ < 0.5. Assume that

|A|'? > max {ke ' log X, A(log(ke ") +4)} . (3-7)
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Then
e a(x;) = min{a(x;), A}
m;>0
3 Im| < m—; Ty 59)
a(xj)<A a(xi) m;>0 mln{a(xi), A}
m; <0
Here we denote by ||m'| the sup-norm max{|m|, ..., |m}]|}.

Propositions 3.1 and 3.2 will be our principal tools in the proofs of Theorems 1.1 and 1.2. They will
be proved in Section 3.3, after some preparatory work in Sections 3.1 and 3.2.

3.1. Estimates for singular moduli. For T € H, set ¢ = g, := ¢?™'7. Recall that the j-invariant function
has the Fourier expansion

o
j@©=)" aq,
k=—1

where the ¢, are positive integers, starting with c_; = 1, ¢o = 744, and c; = 196884. (That they are
positive integers follows from the formula

o0 3 00
jm=q" (1 +2402o3<k>q") [Ta—gn7 where o3tt)=) d*
k=1 n=1 dlk
see, for instance, [22, Chapter 1, Proposition 7.4 and Remark 7.4.1]. Clearly, each of the series

o0 3
(1+24OZG3(k)qk) and (1—¢g™™* =1,23,...)
k=1

has positive integer coefficients; hence so does the Fourier expansion of j.)
Proposition 3.3. Let v € H, and set v =Im .

1. Assume that v > 5. Then

Jj(@©) =g +744+ 0:(2-10°|q)), (3-10)

() =g ' +744 + 1968849 + 0, (3- 107 |¢ %), (3-11)
log|j(r)| =2rv+ 01(800|q]), (3-12)
log(qj(t)) = 744g + 0,(5-10°|g|?), (3-13)
log(qj (1)) = 744q — 79884¢> + 01(2- 10%|¢ ). (3-14)

2. Assume that t € F and v <V, where V is a real number satisfying V > 5. Then

log |j(t)| <27V +3000e>"". (3-15)
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We will use the following trivial lemma.

Lemma 3.4. Let u be a complex number satisfying |u| < 1. Then

u
log(1 +w] < 1"
1 — |ul
Furthermore, forn =1,2, ... we have
n k—1,,k n+1
(=D u 1 |ul
log(1+u) = — 1+ O | — .
gl +u) ; k 11—
Proof of Proposition 3.3. Write T = u + vi. Then
g = eZnuie—Zﬂv and |C]| — e—2nv.
Let us prove item 1. We have u > 5, which implies that

lg| < e 107,

For n > 0 write
x
n@®= > g
k=n+1

(so for example jo(t) = j(r) —q~ ' — 744 and j; () = j(r) —q~' — 744 — 1968844). Positivity of the
coefficients ¢ implies that

o0 [e.¢]
in(@g "= Y alglF T = Y e 10D = 10D (s,
k=n+1 k=n+1

In particular,

ljo(mg ™ < e jo(5i) <2-10° and |ji(v)g | < e*7 ji(5i) <3-10,

which proves expansions (3-10) and (3-11). Using Lemma 3.4, we deduce from them expansions (3-13)
and (3-14), and (3-12) easily follows from (3-13).
Now let us prove item 2. We no longer have v > 5. However, since t € F, we have v > +/3/2. Hence

(O] < Ig17 4+ 744+ jo(v/3/2) < ¥ 42079 < ¥V (142079 *"Y).

Using Lemma 3.4, we obtain (3-15). O

We want to apply Proposition 3.3 to singular moduli. If x is a singular modulus, then there exists a
unique 7, € F such that x = j(z,). We have

b+ VA
TX = ’
2a
where A = A, is the discriminant, a = a, is the denominator of the singular modulus x, and b € Z; see
Section 2.3 for details.
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Corollary 3.5. Let x be a singular modulus of discriminant A and denominator a.

1. Assume that a < 0.1|A|'/?. Then

A 1/2
A7 | ) (281,

loglx|=mx
a

2. Let A > 1 be such thata > A and A < 0.1|A|Y2. Then
log x| §n¥+e_2wm/fl. (3-16)
In particular, if |A| > 10* then
log x| < 7| A2 4 241 <A, (3-17)
3. Define T, as in Section 2.3. Assume that a < 0.1|A|'/?. Then

log(xq) = 744q + 01(5-10°|q|*), (3-18)
log(xq) = 744q — 798844¢% + 0,(2- 10%|¢ ). (3-19)

where g = it

Proof. The hypothesis that a < 0.1|A|'/? implies that

INEE
Imt, = > 5.
2a
Applying (3-12) with t = t,, we obtain
INUZ
log |x| = LA 0,(800eTIAI"?/a)

Since |A|]/2/a > 10, we have 80071412 /a < e21A1"%/a This proves item 1.

Similarly, item 2 follows by applying (3-15) with V = |A|'/?/2A. Note that (3-17) is a special case
of (3-16) corresponding to A = 1.

Finally, (3-18) and (3-19) are obtained by setting T = 7, in (3-13) and (3-14), respectively. O

We also need a lower bound. The following is a weaker version of [8, Theorem 6.1], applied with
y=0.

Proposition 3.6. Let x be a singular modulus with discriminant A, # —3. Then |x| > |A| 3.

3.2. Bounding the exponents. Let «y, ..., a; be nonzero algebraic numbers. The set of vectors m =
(mi, ..., my) € Z* such that

mi mg __
al ...ak =1

is a subgroup in Z*, denoted here by I'(«q, ..., ax) (or simply I" if this does not cause confusion).
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Masser [18] showed that I' admits a small Z-basis. To state his result, let us introduce some notation.
Let L be a number field. We denote by w = w (L) the order of the group of roots of unity belonging to L,
and by n = n(L) the smallest positive height of the elements of L:

n =min{h(a) : @ € L, h(a) > 0}.!

Proposition 3.7 (Masser). Letay, ..., oy be elementsin L. Then T (a1, ..., ag) has a Z-basis consisting

=1, where

of vectors with norm bounded by w(kh/n
h =max{h(a), ..., h(og), n}.

We want to adapt this result to the case when our algebraic numbers are singular moduli.

Proposition 3.8. Let x1, .. ., x; be nonzero singular moduli. Set
X =max{|Ay |, ..., [Axl},
and assume that, among Dy, ..., Dy,, there are £ distinct fundamental discriminants; in symbols:
C=#{Dy,, ..., Dy}.

Then the group T (x1, . . ., x¢) has a Z-basis consisting of vectors with norm bounded by 24(c(£)k X '/?)k=1,

where c(£) = 3% +2'+8 I particular, c(1) = 31°.
The proof uses the following result due to Amoroso and Zannier [3, Theorem 1.2].

Lemma 3.9. Let K be a number field of degree d, and let a be an algebraic number such K («) is an
abelian extension of K. Then either h(a) = 0 or h(x) > 3—d*=2d—6,

Proof of Proposition 3.8. Set

K=QG/Dy,...../Dx), L=K(&i, ..., x0).

To apply Proposition 3.7, we have to estimate the quantities h, n and .
Since x; is an algebraic integer, and every one of its conjugates x{ satisfies log |x7| < 4|A'? (see
Corollary 3.5:2), we have h(x;) <4X'/2. It follows that h < 4X1/2,

Since [K : Q] < 2¢ and L is an abelian extension of K, Lemma 3.9 implies that n > 34216
Finally, we have w < 24 from Corollary 2.7.
Putting all of this together, the result follows. 4

In this article we will often work with relations of the form
x;’“ ...x;"k = (x{)ml ---(x,/()’”k.
It is useful to have a bounded basis for the group of these relations as well.

Here h(-) is the usual absolute logarithmic height; there is no risk of confusing it with the class number 4( - ), not only
because the latter is in italics, but because class numbers do not occur in this section, and heights do not occur outside this section.
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Proposition 3.10. Let xi, ..., X, x|, ..., x; be singular moduli of discriminants not exceeding X,
and let £ be the number of distinct fundamental discriminants among Dy, ..., D,,. Then the group

F(xl/xi, ..., Xk/X;) has a Z-basis consisting of vectors with norm bounded by 24(c (kX YA 1 where

c(0) = 3428 1 particular, ¢(1) = 316,

Proof. Same as for Proposition 3.8, only with h < 8X!/2, U

3.3. Proofs of Propositions 3.1 and 3.2.

Proof of Proposition 3.1. By Proposition 3.8 we may assume that m has sup-norm
m| < 243"k x1/2)k1, (3-20)

Using Corollary 3.5, we obtain

k
0= "milog x| = 7|D|"2L + O (kljmle—"""/4), (3-21)

i=1
where L is the left-hand side of (3-2). (Recall that D denotes the common fundamental discriminant of
X1, ..., x¢.) Using (3-5) and (3-20), we deduce from this the estimate |L| < 0.5AF. Since L is a rational
number with denominator not exceeding A, we must have L = 0. 0

Proof of Proposition 3.2. We will prove only (3-8), because (3-9) is analogous.
Using Corollary 3.5 and Proposition 3.6, we obtain

k _ 1/2
1 m’ |m’)| 3log X 4 e 3IAIT/A
0=—+ E i1 | > E L — E ! O\ k||m’ ,
wAR &S 2 GG T 2 minfata) 4] ‘( TN )

1<i<k

a(x;)<A

Using our hypothesis (3-7), we obtain

3klogX 3 ke 3AIM/A

<—g —
7T|A|1/2

Jklog X <0.0le,
N =Ue

and the result follows. |

4. Proof of Theorem 1.2

Throughout this section, unless the contrary is stated explicitly, x and y are distinct singular moduli and
m, n are nonzero integers such that Q(x”y") # Q(x, y).
The proof of Theorem 1.2 is organized as follows. Assuming that

max{| Al [Ay[} > 10°, (4-1)
we show that one of the following two conditions is satisfied: either

Ac=Ay, m=n, [Q,y):Qx"y")]=2, xandy are conjugate over Q(x""y") 4-2)
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(as wanted), or
{Ax, Ay} ={A,4A} for some A =1mod8. 4-3)

Unfortunately, we cannot rule out (4-3) assuming merely (4-1), but we show that (4-3) is impossible
under the stronger hypothesis
max{|Axl, |Ay]} = 10%, (4-4)

completing thereby the proof.

We assume that x, y have the same fundamental discriminant (in the opposite case, the argument is
much simpler: see Section 4.5.) We denote by K the common CM field of x, y, and we set L = K (x, y).
We also set

a=x"y", F=Q(), G=Gal(L/F).
Since F is a proper subfield of Q(x, y), there exists o € G such that x # x or y° # y. We claim that
x%#x and y% #y. (4-5)
Indeed, if, say, y =y then (x?)" = x", which implies x° = x by Lemma 2.22.
Remark 4.1. In the course of the argument we will study multiplicative relations
X"y =1, (4-6)

with various choices of o € G satisfying (4-5), and we will use Propositions 3.1 and 3.2 with parameters
satisfying the following restrictions:

106

k=4 X =max{IAd 18,0 = {08

orzix aso 82{0'16 I

0.016 @-7)

(The top/bottom alternation will be explained momentarily.) It is easy to verify that the conditions in
(4-7) ensure that (3-5) and (3-7) are satisfied, so using the propositions is justified.

From here on through Section 4.4.1 we assume (4-1), and we use Proposition 3.2 with X > 10°
and ¢ = 0.16. Starting from Section 4.4.2 we have (4-3) and assume (4-4), which will allow us to use
Proposition 3.2 with X > 10® and & = 0.016.

4.1. A special case. In this subsection we study the special case
m=-n and Ay=A,. (4-8)

We will need the result from this case to treat the general case. It will also be a good illustration of how
our method works in a simple setup.
Let o € G be such that (4-5) holds. We will apply Proposition 3.2 to the multiplicative relations

xmy—m (x()')—m (ya)m — 1’ (4_9)
XMy )Ty Y =1, (4-10)
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We may assume, up to Galois conjugation, that x is dominant. Then none of y, x¢, X is

ax)=1, a(y), ax’), a(x® ') >2.

If one of a(y), a(x?) is > 3, then, applying Proposition 3.2 to (4-9) with A = 3 and ¢ = 0.16, we obtain

1 1
< 0.16 ) m < (3 + 1 +0.16)m,
"= (min{s, a)) | min{3.aG)) | )m =G5 +016)m

a contradiction.

Thus, we must have a(y) = a(x°) = 2. This means that y and x? are either equal or 4-isogenous; see
Proposition 2.21:3. Hence so are y‘f1 and x. Corollary 2.20 now implies that a(y"fl) <4,

Applying Proposition 3.2 to (4-10) with A =5 and ¢ = 0.16, we obtain

m 1 1
+——=< . + +0.16 ) <m(: +1+0.16).
" a(y“‘l) = (mln{S,a(y)} min{S,a(x"_l)} ) _m(z 2 )

Since a(y”il) <4, we get a contradiction. We have proved that (4-8) is impossible.

4.2. The general case: preparations. Now we are ready to treat the general case. Pick o € G satisfy-
ing (4-5). We have (x/x°)™ = (y°/y)", and, in particular, @((x/x°)™) = Q((y/y°)"). The special case
of Theorem 1.2 treated in Section 4.1 implies that

Q((x/x7)") =Q(x,x%),  QUy/y)") =Q>, y").

Lemma 2.26:2 now implies that K (x) = K(y) = L, and Lemma 2.25 implies that there exists a discrimi-

nant A such that
Av=eA, Ay=eA, (e e €{(1,1),(2,1),(1,2)},

X

and, moreover,
if (ex,ey) # (1, 1) then A = 1 mod 8. “4-11)

We may and will assume in the sequel that
m>0, em=>eyn|, a,=1. 4-12)
If (ex, ey) # (1, 1) then x and y are not conjugate over Q, and (4-5) becomes
x7,y7 ¢ {x, v} (4-13)
When (e, ey) = (1, 1), Lemma 2.24 implies that o can be redefined to satisfy either (4-13) or one of the
following:
7=y, Yy =x, [Qx,y): F1=2; (4-14)
"=y, y=z, =x, L=Q(x,y), [L:F]=3. (4-15)
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Case (4-14) is easy: relation (4-6) becomes x™ " = y™ ™" and Lemma 2.22 implies that m = n, which
means that we have (4-2).

We have to show that the other two cases are impossible. For (4-15) this is done in Section 4.3.
Case (4-13) is much harder to dispose of; we deal with it in Section 4.4.

4.3. Case (4-15). We have

m_n—m_—n

x"yt e =1,
Recall from (4-12) that m > |n| and a, = 1. This implies a,, a, > 2.
Assume first that n > 0. Then

max{m, |ln—m]|, I—nl} =m.

Using Proposition 3.2 with ¢ = 0.16 and A = 5, we obtain

m-—n

n+0.16m < 1(m —n) + in+0.16m,

m=<— + —
min{5, a,} min{5, a,}
a contradiction.
Now assume that n < 0. Then
max{m, |n—mj|, |—n|} <2m.
If a, > 3 then Proposition 3.2 with ¢ = 0.16 and A = 3 implies that

m<3-2m+0.16-2m,

a contradiction. If a, = 2 then x and y are 2-isogenous (see Proposition 2.21:1), and so are y = x° and
z =y?. This implies that a, € {1, 4}, see Corollary 2.20. But a; > 2, and so a, = 4. Proposition 3.1 now
implies that

—— =0,
2 4

yielding n = —2m, again a contradiction. Thus, (4-15) is impossible.

m —+

4.4. Case (4-13). We will use the notation

Recall that m’ > |n’| and a(x) = 1; see (4-12). This implies, in particular, that a(x?) > 2.
4.4.1. One of y, y° is dominant. We start by showing that either y or y° is dominant.

Proposition 4.2. Ifn > 0 then a(y°) = 1 and 6> = 1. If n < 0 then a(y) = 1. In both cases we have
(ex,ey) #(1,1) and A =1mod 8.

Proof. We treat separately n > 0 and n < 0.
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Assume first that n > 0, but a(y?) > 2. We know already that a(x?) > 2. If one of a(x?), a(y?) is
> 3 then, applying Proposition 3.2 with A = 3 and & = 0.16 to the relation x™y" (x?) ™™ (y°)™" =1, we

obtain

, m

m < — + — !
min{3, a(x°)}  min{3, a(y°)}

+0.16m < (3 + £ +0.16)m,

a contradiction.
Thus, a(x?) =a(y”) =2. This implies that e, = e, = 1, for otherwise A =1 mod 8 by (4-11), and one
of Ay, Ay, being 4 mod 32, cannot admit singular moduli with denominator 2 (see Proposition 2.17:4).
Since a(x?) = a(y®) = 2 but x? # y?, the singular moduli x? and y° must be 4-isogenous; see
Proposition 2.21:3. Hence so are x and y. Corollary 2.20 now implies that a, = 4, and Proposition 3.1
yields

Hence n’ = 2m’, again a contradiction. Thus, n > 0 implies that a(y?) = 1.

Note that if (4-13) holds for some o € G then it also holds with o replaced by o ~!'. Hence n > 0
implies that a(y"_l) = 1 as well. Since there can be only one dominant singular modulus of a given
discriminant, we must have y° = y"fl. Hence 0> = | by Lemma 2.23.

Now assume that n < 0 but a(y) > 2. The same argument as above shows that a(x°) = a(y) =2 and
ex=ey,=1.

The singular moduli x® and y must be 4-isogenous. Hence so are x and y“il, which implies that
a(y°~") = 4. Applying Proposition 3.2 with A =5 and & = 0.16 to

—|n “1N—m o_l n
XMy Moy Ty i =1,
we obtain
;o Anlqn) m' ,
m+—<—+——"———+0.16m".
4 min{5, a(x® ")}

Since |n'| < m’ and a(x"_l) > 2, this is impossible. Thus, we proved that n < 0 implies that a(y) = 1.

Finally, (ex, ey) # (1, 1), because there cannot be two distinct dominant singular moduli of the same
discriminant. Hence A = 1 mod 8 by (4-11). The proposition is proved. O

4.4.2. Controlling the four denominators. Thus, we know that two of the singular moduli x, y, x7, y°

are dominant. Unfortunately, we have no control over the denominators of the other two.
We will now show that, with a suitably chosen Galois morphism 8, we can control the denominators
of all four of x?, y9, x°? y”e.
So far, we have assumed that max{|A[, [Ay[} > 10% and used Proposition 3.2 with € = 0.16. However,
now we know that
{Ay, Ay} ={A,4A} with A =1mod38,

which allows us (see Remark 4.1) to assume that max{|A|, [Ay[} > 10% and to use Proposition 3.2 with
e =0.016.
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Proposition 4.3. There exists 0 € Gal(L/K) such that, when (ey, ey) = (1, 2), we have
a(x’) =a@x) =2, a(’) =a(y") =8, (4-16)
and when (ey, ey) = (2, 1), we have (4-16) with x and y switched.
To prove this proposition, we need to bound |n’| from below.
Lemma 4.4. Assume that (ey, ey) = (2, 1). Then |n’| > 0.85m’.
A similar estimate can be proved when (ey, e,) = (1, 2), but we do not need this.

Proof. Assume first that n < 0. Then a(x) = a(y) = 1. In particular, x and y are 2-isogenous, and so are
x%,y?. Write
K"y =1,

When a(x?) > 8 we use Proposition 3.2 with A = 8 and ¢ = (0.016 to obtain

/

m' < |n'| + % +0.016m,

which implies that |n’| > 0.85m’.

When a(x?) <7, we must have a(x°) € {3, 5, 7} by Proposition 2.17:4, because A, =4A =4 mod 32.
Since x° and y° are 2-isogenous, Corollary 2.20 implies that a(y?) € {a(x?), a(x?)/4}, and we must
have a(y°) = a(x?). Using Proposition 3.1 with A =7 we obtain

m’ |n'|

/_ /_ :0,
m = a(xc’)+a(x")

which shows that |n’| = m’. This proves the lemma in the case n < 0.

Now assume that n > 0. Then a(x) =a(y®) =1 and 62 = 1. In particular, x and y° are 2-isogenous,
and so are x° = x° and y. Arguing as above, we obtain that either a(x®) > 8 and n’ > 0.85m’/, or
a(x?) €{3,5,7} and n’ = m’. The lemma is proved. O
Proof of Proposition 4.3. Let us assume first that n < 0 and (e,, ey) = (1, 2).

We have

Ay=A=1mod8, A,=4A=4mod32. (4-17)

By Proposition 2.17:1, there exist two distinct morphisms 6 € Gal(L/K) such that a(x?) = 2. Of the
two, there can be at most one with the property a(x°?) = 1. Hence we may find 6 satisfying

axh =2, ax°?) >2.

Since n < 0, we have a(y) = 1 by Proposition 4.2. Hence x and y are 2-isogenous, and so are x’ and y?.
It follows that a(y?) € {2, 8}. But a(y?) # 2 by Proposition 2.17:4. Hence a(y’) = 8.
Proposition 3.2, applied to

@)" )M T )M =1
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with A =9 and ¢ = 0.016, implies that
™ ootem
—<—+4+ ——+40.016m".
2 — 8  min{9, a(x°?)}

If a(x°?) > 3 then this implies that
m'(5 — %) < 3ln'|+0.016m’,
which is impossible because m’ > |n’|. Hence a(x"e) =2, and, as above, this implies that a(y"g) =8.
Now assume that n <0 and (e,, ey) = (2, 1). We again have (4-17), but with x and y switched. Arguing
as before, we find 8 € Gal(L/K) such that
ay) =2, a(y">2, aix? =8s.
As before, in the case a(y°?) > 3 we apply Proposition 3.2 to
@) =1
and obtain
' (53— 3) < gm’+0.016m’,
which is impossible because |n’| > 0.85m’. Hence a(y°?) =2, and, as above, this implies that a(x°?)=8.
Finally, let us assume that n > 0. Then a(y°) = 1 and 6> = 1. In particular, x and y° are 2-isogenous,
and so are x° and y‘72 = y. Now, writing
X" =1,

we repeat the previous argument with y, y° switched, and with n replaced by —n. The proposition is
proved. U

4.4.3. Completing the proof. Now we are ready to rule (4-13) out by deriving a contradiction. Let us
summarize what we have. After renaming, we have distinct singular moduli x1, x; of discriminant A and
y1, y2 of discriminant 4A such that

a(x)) =alx2) =2, a(y)) =a(y) =38,
and
mi _nj —m

x oyt My M =1, (4-18)

where m1, n; is a permutation of m, n. We want to show that this impossible.
Proposition 3.10 implies that we may assume

max{|m |, [n1|} < 10'°|A|1/2, (4-19)

Note also that
|A] > 107 (4-20)

by the assumption (4-4).
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Proposition 2.17 implies that, after possible renumbering, we have

1+vA —1+VA b++VA —b+/A
T(x1) = y T)=—"7—, ()= o T()=—s—,
4 4 8 8
where b € {£1, £3}. Set t = e IA"*/4 and £ = ¢P7i/4 Then
eZm’r(xl) — ”Z’ eZnit(xz) — —il‘z, eZm’t(yl) — Et’ eZm'r(yz) — ét.
We deduce from (4-18) that
my log(it*xy) —my log(—it*x2) +ny log(Ety1) — ny log(Ety,) € {miZ. (4-21)

Corollary 3.5:3 implies that

log(it?x)) = 744it> + 0, (5 - 10°tY), log(—it?xy) = —=744it> + 0,(5-10°1h),

log(Ety)) = 744&1 + 01(5-10°1%), log(Ety,) = 744&t+ 01(5-10°1%).

Transforming the left-hand side of (4-21) using these expansions, we obtain
744 — &)tny + O (107> max{|my|, |n,|}) = ik

for some k € Z. An easy estimate using (4-19) and (4-20) shows that the left-hand side does not

1000

exceed 10~ in absolute value. Hence k = 0, and we obtain, again using (4-19) and (4-20), that

74418 —E[lny| < 10'7|A]2e A4 < 10900,

Hence n; = 0, a contradiction.
This proves the impossibility of (4-13), completing the proof of Theorem 1.2 in the case of equal
fundamental discriminants.

4.5. Distinct fundamental discriminants. In this subsection D, # D,. Arguing as in the beginning of
Section 4.2, we find a Galois morphism o such that Q(x, x°) = Q(y, y°). Lemma 2.26:1 implies that
Q(x) =Q(y). Corollary 2.13 implies that 7(A,) =h(A,) < 16, and our hypothesis max{|A,|, A,|} > 10°
contradicts Proposition 2.1. This concludes the proof of Theorem 1.2. O

5. Proof of Theorem 1.1
Throughout this section, unless stated otherwise, x, y, z are distinct singular moduli satisfying
max{|Al, [Ay],14,]} = 10'° (5-1)

and such that there exist nonzero integers m, n, r with the property x™y"z" € Q*.
We assume that x, y, z have the same fundamental discriminant D; if this is not the case, then the
argument is much simpler — see Section 5.5.
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We denote by K = @(\/B) the common CM field of x, y, z, and we set

L=K(x,y,2), G=GalL/K).

We set f f f
f:ng(fx’fyafz), ex:7x’ ey:7yv ez:7zv A:sz-
Then gcd(ey, ey, e;) =1 and
Ac=elA, Ay=eA, A =clA. (5-2)

5.1. The discriminants. The following property, showing that the ring class fields K (x), K(y) and K (z)
are closely related, is the basis for everything.

Proposition 5.1. (1) We have
L=K(x,y)=K(x,z)=K(y,2). (5-3)

(2) Each of the fields K (x), K(y), K (z) is a subfield of L of degree at most 2.

(3) Up to permuting x, v, z (and correspondingly m, n, r) we have one of the cases from Table 2.

Proof. By the assumption, K (x™) = K(y"z") C K(y, z). Lemma 2.22 implies that K (x) = K(y"z"), and
Hence x € K (y, z). Hence L = K (y, z). By symmetry, we obtain (5-3). This proves item (1).

From (5-1) we may assume that, for instance, |A;| > 10'°. Theorem 1.2 implies that the field
K(x) = K(y"z") is a subfield of L of degree at most 2, and the same holds true for the fields K (y).
Unfortunately, we cannot make the same conclusion for K (z), because, a priori, we cannot guarantee that
max{|Ay|, |Ay[} > 103, which is needed to apply Theorem 1.2 in this case. So a lengthy extra argument
is required to prove that [L : K(z)] < 2. We split it into two cases.

Assume first that

A#-3,—4 or gcdley,e;) > 1. (5-4)

In this case, setting £ = Icm(e,, ey, e;), Proposition 2.5 implies that L = K[£f], the ring class field of K

e, [L:K(x)] e, [L:K(y)] e, [L:K(z)] remarks

1 1 1 1 1 1

1 1 1 1 2 1 A=1mod8

1 1 2 1 2 1 A=1mod8

1 2 2 1 2 1 A=0mod4, n=r
1 2 3 1 3 1 A=1mod3, n=r
2 2 3 1 3 1 A=1mod24,n=r
1 2 4 1 4 1 A=1mod8, n=r
1 2 6 1 6 1 A=1mod24,n=r

Table 2. Data for Proposition 5.1.
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of conductor £f. The class number formula (2-4) implies that
2>[L:K(x)]=W(l/ex, Ay), (5-5)

which results in one of the following six cases:
Lt=e., L=K(x);
{=2e,, L=K(x), Ay =1mod8§;
L=2e,, [L:K(x)]=2, A;=0mod4,;
¢=de,, [L:Kx)]=2, A,=I1modS$; >-6)
£=3e,, [L:K(x)]=2, A;=1mod3;
L=06e;, [L:K(x)]=2, A,=1mod?24.

In particular, e, > £/6 > e./6, which implies that |A,| > |A,|/36 > 10%. Hence we may again apply

Theorem 1.2 to conclude that [L : K(z)] < 2 in case (5-4).

We are left with the case

A e{-3,—-4} and gcd(ey,e;)=1. (5-7)

We want to show that it is impossible. We claim that in this case ¢(e;) < 6. Indeed, if x € K then
Vi, &)  Wle )

2 K K =[K K] =
>[K(x,2): K(x)]=[K(2): K] [O,X(:O;(Z)]_ 3

which proves that p(e;) < W(e;, A) <6. And if x ¢ K then
(e, e2A) = [Klecex]: Klexl] = [Klezex]: K (x,2)]- [K(x,2) : K(x)].
We have [K[ezex] K (x, Z)] < 3 by Proposition 2.5, and
[K(x,2): K(x)]=[L:K(x)]=2,
as we have seen above. It follows that
ple;) < Ve, eiA) <6.

From ¢(e;) < 6 we deduce e, < 18. Hence |A,| <4 -18% < 10'°, a contradiction. This shows the
impossibility of (5-7), completing the proof of item (2).

We are left with part (3) of the proposition. As we have just seen, we have one of the six cases (5-6),
and similarly with x replaced by y or by z. Since e,, ey, e; are coprime, every prime number p does not
divide one of them. If, say, pte,, then

2 if p=2,
v,(6) =v,(L/ex) < {1 if p=3,
0 if p>5.
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This proves that £|12. Moreover,

if 2|¢ then A =1mod8 or A =0mod 4; (5-8)
if 4|/¢ then A =1mod8§; (5-9)
if 3|¢ then A =1mod 3. (5-10)

Indeed, assume that 2|£ but A = 5mod 8. Since e,, ey, e, are coprime, one of them, say e,, is not
divisible by 2. Then (A,/2) = —1, and W(¢/e,, Ay) must be divisible by 3, which contradicts (5-5).
This proves (5-8).
In a similar fashion, one shows that W({/e,, A,) is divisible by 4 in each of the cases
412, 2ter, A=0mod4,
31¢, 3tex, A=2mod3,

and it is divisible by 3 in the case
314, 3ter, A=0mod3.

This proves (5-9) and (5-10).
It also follows from Theorem 1.2 that, when, say, K (x) # L, we must have ey =¢; andn =r.

A little PARI script (or verification by hand) shows that, up to permuting x, y, z, all possible cases are
listed in Table 2. 0

Recall that f := ged(fy, fy, f7) and G := Gal(L/K). Set Lo = K[ f].
Corollary 5.2. 1. Either
L=Li=Kx)=K()=K()

or [L : Lo] =2, in which case exactly one of the fields K (x), K(y), K (z) is Lo and the other two
are L.
2. [Lo: K]=>101.
3. There exists o € G such that a(x°), a(y°), a(z°) > 13,
4. There exists o € G such that a(x?), a(y°) > 18, and the same statement is true for x, z and for y, z.
5.

There exists o € G such that a(x®) > 30, and the same statement holds true for y and for z.

Proof. Item 1 is proved just by exploring Table 2. To prove item 2, note that, since max{ey, e,, e;} <6,
we have

|A] = max{|A,], |A, ], |A]}/36 > 10° (5-11)

by (5-1). Hence [Lg : K] =h(A) > 101 by Proposition 2.1.
In proving item 3 we must distinguish the cases L = Ly and [L : Lg] = 2. In the former case
L=K(x)=K(y)=K(z)and |G| =[L : K] > 101. Proposition 2.15 implies that there exist at most 32
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elements o € G such that a(x°) < 13, and the same for y and z. Since |G| > 101 > 96, we can find
o € G as wanted.
If [L : Lo] =2 then, say,
K(x)=Lo, K(y)=K()=L,
and |G| =[L : K] > 202. Again using Proposition 2.15, there exist at most 32 elements o € G such that
a(y?) < 13, the same for z, and at most 64 elements o € G such that a(x?) < 13. Since |G| > 202 > 128,
we again can find a o as wanted. This proves item 3.

Item 4 is proved similarly. In the case L = K(x) = K (y) there exist at most 48 elements 0 € G
such that a(x?) < 18, and the same for y. Since |G| > 101 > 96, we are done. In the case when one
of K(x), K(y) is L, the other is Lg, and [L : Lo] = 2, we have 48 + 96 = 144 unsuitable o € G; since
|G| > 202, we are done again.

Item 5 is similar as well: there exist at most 99 unsuitable ¢ when L = K (x), and at most 198 when
[L : K(x)] =2; in both cases we conclude as before. O

In the sequel we set
m' =me,, n'=ney,, 1’ =re,.
We may and will assume that m > 0 and that
m' > max{|n'|, |[r']}, a,=1. (5-12)

In the course of the argument we will study multiplicative relations
with various choices of o € G, using Propositions 3.1 and 3.2. In our usage of Propositions 3.1 and 3.2
the parameters therein will satisfy the following restrictions:

k=6, X=max{|A]. Ay, |A[} =10, Y =]|A|> %X,

A <162 for Proposition 3.1, (5-14)

A <30, &=0.01 for Proposition 3.2.

It is easy to verify that for any choice of parameters satisfying (5-14), conditions (3-5) and (3-7) are met,
so using the propositions is justified.

5.2. The denominators. We already know that x is dominant, see (5-12). Our principal observation is
that either one of y, z is dominant as well, or they both are subdominant. More precisely:

Proposition 5.3. Up to interchanging y and z, one of the following conditions is satisfied:

ay =1 and n <Q0; (5-15)
ay=a,=2 and n,r <0. (5-16)
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Proof. With y and z possibly switched, we may assume that we are in one of the following cases:

n,r > 0; (5-17)
n<0 and r>0; (5-18)
n,r <0. (5-19)

We consider them separately.

Assume (5-17). Let o be as in Corollary 5.2:3. Applying Proposition 3.2 to
xmynzr (xU)—nl (yd)—n (ZU)—r — 1
with A = 13 and ¢ = 0.01, and using that max{|m’|, [n’|, |r'|} = m’ by (5-12), we obtain

m' < %/ + f—3 - 1%/ +0.01m" <m/(§ +0.01),
a contradiction. This shows that (5-17) is impossible.
Now assume (5-18). We want to show that a, = 1 in this case. Thus, assume that a, > 2. Using
Corollary 5.2:4, we find o € G such that a(x?), a(z°) > 18. Applying Proposition 3.2 to
XMy )TN ) T =1

with A = 18 and ¢ = 0.01, we obtain

m' L+ﬂ/+—/+001m'<m'(l+l+001)
~ min{18,a(y)} 18 18 -z s
a contradiction. This shows that in the case (5-18) we must have (5-15).

Finally, let us assume (5-19). If one of ay, a; is 1 then we have (5-15), possibly after switching. If
ay = a; = 2 then we have (5-16). Now let us assume that none of these is the case; that is, both a,, a,
are > 2 and one of them is > 3. Again using Corollary 5.2, we may find o € G such that a(x?) > 30.
Applying Proposition 3.2, we obtain, in the same fashion as in the previous cases, the inequality

m < m’(%+ % + %—I—0.0l),
a contradiction. The proposition is proved. U
We study cases (5-15) and (5-16) in Sections 5.3 and 5.4, respectively.
5.3. The dominant case. In this subsection we assume (5-15). Thus, we have
m>0, n<0, m' >max{|n|,|r'|}, ax=a,=1.

Since both x and y are dominant, we must have e, # e,. Exploring Table 2, we find ourselves in one of
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the following cases:

{ex. ey} ={1.2}, e.€{1,2}, A=1mod8, (5-20)
lex. ey} ={1,2}, e.=2, A =0mod4, (5-21)
lex. ey} ={1.3}, e.=3, A =1mod3, (5-22)
lex. ey} =1{2.3), e.=3, A = 1 mod 24, (5-23)
lex ey} ={1,4}, e.=4, A=1mod8, (5-24)
{ex, ey} ={1,6}, e, =6, A = 1 mod 24. (5-25)

Remark 5.4. It is crucial that, in each of these cases, a nontrivial congruence condition is imposed
on A. This allows us to use Propositions 2.16 and 2.17 to find Galois morphisms o with well-controlled
denominators of x?, y, z%, which is needed for the strategy described in Section 5.3.1 to work.

Here are some more specific observations.

1. We have either e; = e, or e, = e, which implies that
a; # 1. (5-26)

2. In case (5-20) we have K(x) = K(y) = K(z) = L.
3. In cases (5-21)—(5-25) we have K (z) = L, and one of the fields K (x) or K (y) is L as well, while
the other is a degree 2 subfield of L. More precisely:
o Ife, <ey=e then K(y)=Land [L: K(x)]=2.
e Ifey <er=e;then K(x)=Land [L:K(y)]=2.
4. Theorem 1.2 implies that in cases (5-21)—(5-25) we have n = r when e, < e, and m = r when
ex > ey.

5.3.1. The strategy. In each of cases (5-20)—(5-25) we apply the following strategy.

« Find possible values for a;.

» Using Proposition 2.16 or 2.17, find several o € G such that we can control the denominators
a(x?), a(y?), a@@’). (5-27)

 For every such o, and every possible choice of a, and of denominators (5-27), Proposition 3.1
implies the linear equation

A S .
m n — = .
a; ax?) a(y?) a(z)

With sufficiently many choices of o, we may hope to have enough equations to conclude that
m’ =n’ =r’ =0, a contradiction.
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Practical implementation of this strategy differs from case to case. For instance, in cases (5-21)—(5-25)
we have m’ =r’ or n’ =r’, so we need only two independent equations to succeed, while in case (5-20)
three independent equations are needed.

Case (5-21) is somewhat special, because we get only one equation. To complete the proof in that
case, we need to use an argument similar to that of Section 4.4.3.

Below details for all the cases follow.

5.3.2. Cases (5-22)—(5-25). In these cases K (z) = L, and one of the fields K (x), K(y) is also L while
the other is a degree 2 subfield of L. In this subsection we make no use of the assumption m’ > |n’|.
Hence we may assume that e, < e, = e, in which case we have

KO)=K@=L, [L:KXx)]=2. (5-28)
Theorem 1.2 implies that in this case n = r, and that y, z are conjugate over K (x):
YW=z, =y, (5-29)
where 6 is the nontrivial element of Gal(L/K (x)).

Let us specify the general strategy described in Section 5.3.1 for the cases (5-22)—(5-25).

1. Proposition 2.21 implies that x and y are £-isogenous, where £ = e,e,. Hence x = x? and z = y? are
£-isogenous as well. Using Corollary 2.20, we may now shortlist possible values of the denominator a,.
Precisely,

a. € (ﬁg(z)) NZss,
ey =
where we use the notation LS = {As : s € S}. For instance, in case (5-23) we have £ = 6, and

we (b33 e)nz0 =)

2. Propositions 2.16:1 and 2.17:1 imply the existence of morphisms o; and o, such that the three
denominators a(x) (which is 1), a(x°") and a(x°?) are distinct. Precisely:

e If A, =1mod 3 then 3 and 9 are denominators for A,.
e If A, =1 mod 8 then 2 and 4 are denominators for A,.
For instance, in case (5-23) we may find o and o, to have
a(x°y=3, a(x%)=09.
3. Using again Corollary 2.20, we may now shortlist the denominators a(y°') and a(z°). Precisely,
a(").az") € (a) EQ) ) N 2.
For instance, in case (5-23) we have
a(y™),az™) € (3-
a(y™), a(z) € (9-

’ ’ El

{
{

6})NZ- = (3,27},
,6})NZ=y = {9, 81}.

’ ’

3
2
3
2

A= =
W WIN
\S[VIN ST [O9)
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4. Now, Proposition 3.1 implies the system of linear equations

m’+(1+L)n’— m +( 1 )n/ (=12 (5-30)
a)" T aaoy T \aho) T aGm) s

(Recall that n” = r’). Solving the system, we find that m’ = n’ = 0 in every instance, a contradiction. This
shows the impossibility of cases (5-22)—(5-25).
For instance, in case (5-23), equations (5-30) become

m+(1+ )n—3m+)»n AE{
m+(1+g)n'=gm' +un’, pels,

so nine systems in total, each having m’ = n’ = 0 as its only solution.

The numerical data obtained following these steps can be found in Table 3. We have 390 linear systems
to solve: nine systems in cases (5-22), (5-23), 72 systems in case (5-24), and 300 systems in case (5-25).
Doing this by hand is impractical, and we used a PARI script for composing Table 3 and solving the
systems.

Remark 5.5. Using Propositions 2.16 and 2.17, we can further refine the lists of possible denominators
for z, y° and z°. For instance, if the discriminant A, = A, is =0 mod 9 then it cannot have denominators
divisible by 3 but not by 9. Thus, in case (5-23), number 3 cannot be the denominator of y°! or of z°!,
and so we must have a(y°') = a(z°") = 27. Arguments of this kind, used systematically, allow one to
decimate the number of systems to solve.

However, the computational time for solving our systems being insignificant, we prefer to disregard
this observation.

5.3.3. Case (5-21). This case is similar to cases (5-22)—(5-25), but somewhat special. Let us reproduce
our data for the reader’s convenience:

{ex, ey} ={1,2}, e;=2, A=0mod4, ay=a,=1.

We may again assume that e, < e, which means now that e, =1 and e, =2, and we again have (5-28)
and (5-29). Step 1 of the strategy described in Section 5.3.2 works here as well: we prove that each

case A= ecey, L a, a(xt) a(y°V),a(z’) a(x?) a(y®?),a(z°?) no.of systems
(5-22) 1 mod 3 133 9 3 € {3, 27} 9 € {9, 81} 9
(5-23) Imod24 2 3 6 9 3 € {3, 27} 9 € {9, 81} 9
(5-24) 1 mod 8 144 e{4,16} 2 €{2,8, 32} 4 € {4, 16, 64} 72
(5-25) Imod24 1 6 6 €{4,9,36} 2 €{2,8,6 18,72} 3 €{3,12,27,108} 300
(5-21) 4mod32 1 2 2 4 8 € {8, 32} 16 € {16, 64} 9

Table 3. Cases (5-22)—(5-25) and case (5-21) with A =4 mod 32.
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of y, z is 2-isogenous to x, which allows us to determine that a, = 4. For later use, let us note that

A b A
szg’ Ty=‘/K» TZ=+T\/_5 (5_31)

where
(5-32)

, |0 if A=4mod8,
2 if A=0modS.

The rest of the argument splits into two subcases. If A = 4 mod 32 then we may proceed as in
Section 5.3.2. Proposition 2.17 implies that there exist o1, 0, € G such that a(x°') = 8 and a(x??) = 16.
As before, we can now determine possible denominators of y%, z% (see the bottom line of Table 3) and
solve the resulting systems (5-30), concluding that m = n = 0.

Now assume that A % 4 mod 32. In this case 2 or 4 is a denominator for A; see Proposition 2.17:6.
Since A, = A, there exists o € G such that a(x?) € {2, 4}. We claim that

v, 27 ¢y, z). (5-33)

Indeed, if, say, y° = y then o = id because L = K (y); but x? # x, a contradiction. For the same reason,
7% # z. Now assume that y° = z. Theorem 1.2 implies that y and z are conjugate over K (x). Hence
there exists & € G such that

=x, YW=z =y

00 = x% = x. Similarly

Then z%? = z, and, as before, o = id, which is again a contradiction because x
one shows that z% # y. This proves (5-33).
The cases a(x?) = 2 and a(x?) = 4 are very similar, but each one has some peculiarities, so we

consider them separately.
Assume that a(x°) = 2. Then a(y°) = a(z°) = 8. Proposition 3.1 gives
1 1 1,1
m'+n' (1+7)=3m'+n'(5+53)
which is just m’ = —2n’. Hence m = —4n. It follows that (x/x®)*(y° /¥)(z° /z) is a root of unity. Since

the roots of unity in L are of order dividing 24 (see Corollary 2.7), we obtain

24

()T )T =1, (5-34)

Now we are going to argue as in Section 4.4.3. This means:

» We give explicit expressions for the 7- and g-parameters of all the six singular moduli occurring
in (5-34). The t-parameters for x, y, z are already given in (5-31), so we need to determine them
only for x?, y?, z°.

« Taking the logarithm of (5-34), we deduce that a certain linear combination of logarithms is a multiple
of mi/12.

 Using the g-expansion from Corollary 3.5, we obtain a contradiction.
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Note, however, that in Section 4.4.3 the first order expansion (3-18) was sufficient, while now we
would need the second order expansion (3-19).
Since y, z, x° are distinct and 2-isogenous to x, we must have, in addition to (5-31), (5-32),

by +~A
4

0 ifp'=2
9 = , h by = ’ 5-35
) wherE ;2 {2 if b’ = 0. 439
Since x, y?, z° are distinct and 2-isogenous to x°, we must have

(r0%), 1)} = {bﬁgﬂ, ”“8@}, b€ (ba+4, by — 4},

Set t = e IAI"*/4 and £ = ¢™%2/4 Note that & € {1, i}, and that
eTIVI2 g2 Gmithh g
We obtain

eZNiTx — [4 e2m'ty — IS, eZm'rZ — —5212, eZm’r(xU) _ SZZZ’ {eZm't(y")’ eZnir(za)} _ {St, —ét}.

’

Taking the logarithm of (5-34), we obtain

4log(*x) — 410g(E212x°%) —log(rBy) — log(—£21%2) + log(—&1 - £1-y° - 2°) € %Z.

The g-expansion (3-19) from Corollary 3.5 implies that for some k € Z we have
i 2.2 10,3
Ek = —162000£°t“ 4 01 (107¢°).

This easily leads to a contradiction, exactly as in Section 4.4.3.

Now assume that a(x?)=4. Since x? is 2-isogenous to y° and to z%, Corollary 2.20 and Proposition 2.17
imply that a(y?), a(z?) € {4, 16}. Note however that

Ay =A;=4A =0mod 16,

and Proposition 2.17:5 implies that there may be at most one singular modulus of this discriminant with
denominator 4. But we already have a, = 4, and so neither of a(y?), a(z%) can equal 4 by (5-33).
Thus, a(y?) = a(z°) = 16. Proposition 3.1 gives

m' 40/ (14 3) = gm' +n' (16 + 75),

which is m = —3n. Arguing as before, we obtain
(P Py Ty )M =1, (5-36)
We have
or _ bat+ VA
") = ——(—,

8
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and we want to specify this b4. Since (b4)> = A mod 16, we must have

0 if A =16mod 32,
A=0,4mod 16 and by= 4 if A=0mod 32,

+2 if A=4mod 16.
Hence,

b e {bs+2, by —2}.

Finally, since both y“, z° have denominators 16 and are 2-isogenous to x°, we have

(1), 1(z%)} = {bﬁg/z, "ﬁf} and b} € {bs+8, by —8}.
Set t = e 7IAI"*/8 and & = ¢™ib4/8 Note that & € {1, i, e£7//4}, and that

eﬂib//4 — ilSZ embg/S — _‘i_-
We obtain

eZnirx — l8 eZnity — [16 627Tifz — 8i:§2t4, eznir(x") — §2t2’ {62771'1();”)’ e2m'r(za)} _ {:‘;:l‘, —é't},

’ 9’

where ¢ € {1, —1}. Taking the logarithm of (5-36), we obtain

3log(t3x) — 3log(£212x7) —log(1'0y) — log(—ei&21*z) + log(—&t - £1-y7 - 2%) € %Z-

The g-expansion (3-19) implies that for some k € Z we have
%k — —162000£%% 4+ 0,(10'°83),
which again leads to a contradiction.

5.3.4. Case (5-20). We want to adapt the procedure described in Section 5.3.2 to this case. We reproduce
our data for the reader’s convenience:

{ex,ey} ={1,2}, e, €{l,2}, A=1mod8, a,=a,=1. (5-37)

The singular moduli x and y are 2-isogenous by Proposition 2.21. However, now we have K (x) = K (y) =

0

K (z) = L, which means that there does not exist € G with the properties x? = x and y? = z. Hence,

a priori we have no control of the degree of isogeny between x and z. To gain such control we need to
determine the denominator a.

Proposition 5.6. Assume (5-37). Then (e, ey) = (1, 2) and
either e, =1, a,=4 or e, =2, a,=3. (5-38)
The proof consists of several steps. To start with, we eliminate the subcase (ex, ey) = (2, 1).

Proposition 5.7. In case (5-37) we must have (ex, ey) = (1, 2).
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Proof. Note that a, > 1; see (5-26). We will assume that (e,, ey) = (2, 1) and get a contradiction.
Since Ay, = A = 1 mod 8, Proposition 2.17 implies that there are two elements o € G such that
a(y?) =2. Since L = K(z), at most one of them may satisfy a(z?) = 1. Hence there exists o € G such
that a(y®) =2 and a(z°) > 2.
Since x and y are 2-isogenous, we must have a(x°) € {2, 8}. But 2 is not a denominator for Ay =4A
by Proposition 2.17, which implies that a(x°) = 8. Thus, we have found o such that

a(x?)=8, a(y?)=2, a@’) =2
We now want to derive a contradiction in each of the following cases:

One of a(z), a(z%) is 2. (5-39)
Both a(z), a(z?) are at least 3. (5-40)

Assume (5-39). Then e, = 1, again by the same reason: 2 is not a denominator for 4A. Hence there
exists @ € G such that y? = z. Since y, y° are 2-isogenous, so are z = y? and 7% = y? = y?%. It follows
that if one of the denominators a(z), a(z%) is 2, the other must be 4. Proposition 3.1 now implies that

/ m/ n/ /

mn+ =" 0T and (o e’y = (2, 4).
a’ 8 2 a’

Hence

a contradiction. This eliminates (5-39).
In case (5-40) we use Proposition 3.2 with A =9 to obtain
n'| ' ||

m/+n7§m§+|n/|+7+0.01m’ and d:{

min{9, a(z?)}, r >0,
min{9, a(z)}, r <O.
Since d > 3, we obtain

7 ,_n | ,(1 1)

o < -1 LI g — —

(g—001)m < B+ <m' (5+3).
a contradiction. This rules (5-40) out as well. The proposition is proved. 0
Next, we show the impossibility of a, = 2.

Proposition 5.8. In case (5-37) we must have a, > 3.

Proof. We already know that a; > 2 and that (e, e,) = (1, 2). We also note the statement is immediate
for e, = 2, because 2 is not a denominator for 4A; see Proposition 2.17. Thus, let us assume that

(ex»ey,ez)=(1a2’ 1)5 aZ=2a

and show that this is impossible.
Arguing as in the proof of Proposition 5.7 but with the roles of x and y interchanged, we find o
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satisfying
a(x?)=2, a(¥’)=8, a(z°)=2.

Since x, z are 2-isogenous, we have a(z?) € {1, 4}, and we must have a(z°) = 4 because a(z?) > 2.
Next, let 6 € G be defined by 7% = x. Since x, z are 2-isogenous, we must have a(x(’) = 2, which
implies that a(y‘g) =8.
Applying Proposition 3.1 to the relation
@) ) @7) = &)Y,

we obtain

~
~

ml n/ m/ n/ r/
Stgtz=5tgtT

N

which implies r = 0, a contradiction. U
We also need to know that |»’| is not much smaller than m’.

Proposition 5.9. When r > 0 we have |n'| > 0.87m’. When r < 0 and a, > a we have |n'| > A(a)m’,

where
1

min{30, a}

Here are lower bounds for A(a) for some values of a that will emerge below:

Ala) =0.956 —

a\ 3 5 6 24 30
Ma) | 062 075 =078 =091 >092

Proof. When r > 0 we use Corollary 5.2 to find o such that a(x?), a(z°) > 18. Now Proposition 3.2 gives
!/ / ﬂ/ L/ / / /(i )
m <|n'|+ 13 + 3 +0.01m" < |n'|+m 13 +0.01),
which implies |n'| > 0.87m’.
When r < 0 we use Corollary 5.2 to find o such that a(x°) > 30. When a, > a, we obtain

1 1
0.01m’ < || 4m' (o= 4+ ——
+0.00m —|”|+"1<30+&mn304ﬂ

A |
mo < |n'| + o=+

—_— 0.01),
30  min{30, a} + >

which implies |n'| > A(a)m’. d

Proof of Proposition 5.6. The proof is similar to that of Proposition 5.7, but with the roles of x and y
interchanged. This means that, instead of the inequality m’ > |n’|, we have to use weaker inequalities
from Proposition 5.9. This is why we cannot rule out (5-38).

We already know that a, > 3 and that (e,, e;) = (1, 2). We also note that 4 is not a denominator for
4A; see Proposition 2.17. Hence it suffices to show that each of the cases

e;=1, a,>3, a,#4, (5-41)
e;=2, a;>5, (5-42)
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leads to a contradiction. As in the proof of Proposition 5.8, we fix o € G satisfying
a(x?)=2, a(y?)=8, az’) =2

Assume (5-41). As in the proof of Proposition 5.7, we show that z, z° are 2-isogenous. Hence
{a(z),a(z%)} = {d’, 2a’}, where a’ > 3. If a’ > 6 then, using Proposition 3.2, we obtain
m ;I ,
— < — + —+40.0lm’,
2—i—Inl_m+8—|-6—i- m
which implies that

In'| < 3m’ (3 + £ +0.01) <0.78m/,

contradicting the lower bound |n’| > 0.78m’ from Proposition 5.9.
If a’ € {3, 4, 5} then Proposition 3.1 gives

/ m/ n/ r/

m' +n'+ =—+-+ :
a(zy 2 8 a(z9
This can be rewritten as
, 8(m" (1 1
Wl=z\5+r|—-5— , (5-43)
7\2 a(z) a(z%)
which implies
| < S8m’ (34 3) <0.77m/, (5-44)

When r > 0 this contradicts the lower bound |n’| > 0.87m’ from Proposition 5.9. When r < 0 and a, =24’
this contradicts the lower bound |n’| > 0.78m’ from Proposition 5.9. Finally, when r < 0 and a, = d’,
we deduce from (5-43) the sharper upper bound || < ‘7—‘m’, contradicting the lower bound |n’| > 0.62m’

from Proposition 5.9. This shows the impossibility of (5-41).
Now let us assume (5-42). Proposition 3.2 implies that
ﬁ/—Hn'l <m'+|n—/|+ﬂ+001m/ and d=
2 - 8 d ’

If r > 0 then d > 5, and we obtain

min{9,a(z)} if r >0,
min{9, a(z?)} if r <O.

In'| < &m' (3 +1+0.01) <0.82m’,
contradicting the lower bound |n'| > 0.87m’ from Proposition 5.9.
If r <0 and d > 8 then
In'| < 8m’ (3 + 4 +0.01) <0.73m’,
contradicting the lower bound |n’| > 0.75m’ from Proposition 5.9.

Thus,
r<0, 3<a(z°)<7.

Since e, = 2, we must have a(z°) = p € {3, 5, 7}. Hence y° and z° are 8 p-isogenous, and so are y and z.
It follows that a, = 8 p > 24, and Proposition 5.9 implies the lower bound |n’| > 0.91m’. On the other
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i a(x®)y  a(y’)  a@%) i a(x®)  a(y’) a(z%)
1 2 8 €{2,8} 1 2 8 24
2 4 16 1 2 3 3 1

3 €{2,8 €{8,32} 2 3 €{6,24) 24 8

Table 4. Denominators for case (5-20). The table on the left refers to (ex, ey, e;) = (1,2, 1) and
a, = 4; there are 8 systems in total. On the right, (e, e,, e;) = (1,2, 2) and a, = 3, with 2 systems
in total.

hand, Proposition 3.1 implies that

r/ m/ n/ r/
/ /! — . -
m+n+8p— > +8+p’
which yields
. 4m' || ,
n'| = 4+ — <091m’,
TP
a contradiction. This shows impossibility of (5-42). The proposition is proved. U

Now itis easy to dispose of case (5-20), alias (5-37). We define o as o from the proof of Proposition 5.6;
that is, a(x°') = 2 and a(z°') # 1. Next, we define o, from

2 = x if e, =1,
y if e, =2.
Finally, we set 03 = 0,07.
Using Proposition 2.17 and Corollary 2.20, we calculate the possible denominators; see Table 4.
A verification shows that, in each case, the system of 3 linear equations
/ !/ / /

man =2 %
a; a(x) a(y%) = a(z%)

i=1,2,3) (5-45)
has only the trivial solution.

5.4. The subdominant case. In this subsection we assume (5-16). Thus, we have
m=>0, n,r<0, m'>max{|n|,|r']}, a,=1, ay=a,=2.

To start with, note that
ey=e; and A,=A;=1mod8. (5-46)

Indeed, among the three numbers ey, ey, e, there are only two distinct integers, see Table 2. If e, # e,
then, switching, if necessary, x and y, we may assume that e, = e,. Hence K (x) = K(y), and we have
one of two possibilities:
Kx)=K(y)=K(@)=L (5-47)
or
Kx)y=K(y)=L, [L:K@@]=2.
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In the latter case we must have m = n by Theorem 1.2, which is impossible because m > 0 and n < 0.
Thus, we have (5-47). Lemma 2.25 now implies that e, =2 and Ay = Ay, = A = 1 mod 8. But then
A; =4 mod 32, and we cannot have a, = 2 by Proposition 2.17:4. Thus, e, = e, is impossible, which
proves that e, = e,. Now Proposition 2.17:2 implies that A, = A, = 1 mod 8, which completes the proof
of (5-46).

Exploring Table 2 and taking note of (5-46), we end up with one of the following cases:

ex€{l,2}, ey=e;=1, A=1mod8, L=K(x)=K()=K(®); (5-48)
ey €{1,2}, ey=e,=3, A=1mod24, [L:K(x)]=2, n=r. (5-49)

We cannot have e, = e, =4 or e, = e, =6, because in these cases Ay, = A, =0 mod 4, contradicting (5-46).
Each of the cases (5-48) and (5-49) can be disposed of using the strategy described in Section 5.3.1;
moreover, the very first step of that strategy can be skipped, because a; is already known.
Case (5-48) is analogous to case (5-20), but is much simpler, because, as indicated above, we already
know a,. We define o1, 03, 03 by

ay’) =1, az?) =1, a(y”)=8.

There can be several candidates for o3, we just pick one of them. The possible denominators, determined
using Corollary 2.20 and Proposition 2.17:4, are given in Table 5. A verification with PARI shows that
each of the 12 possible systems

n/ r/ m/ n/ r/

m4—+ = + +
2 2 a(x?)  a(y?)  az®)

i=1,2,3)

has only the trivial solution m" =n’ =r" = 0.

In case (5-49) we have n =r (and also n’ =r"), and so we need only o and 0. We do as in Section 5.3.2.
Since A, = 1 mod 3, we can find o1, 0y satisfying a(x°") =3 and a(y°?) = 9. Defining
0= 6 whene, =1,
|12 whene, =2,

a quick verification shows that singular moduli x, y are £-isogenous, and so are x, z. Using Corollary 2.20
and Proposition 2.16:2, we determine the possible denominators: in both cases e, = 1 and e, =2 we find

a(y™),a(z®) =54, a(y™),a(z) € {18, 162}.

ioalx?)  a(y®)  aZ%) ioalx?)  a(y”)  a@”?)

1 2 1 4 1 8 1 4

2 2 4 1 2 8 4 1

3 e{4,16} 8 €{2,8,32} 3 e{l6,64} 8 €{2,8,32}

Table 5. Denominators for case (5-48), with (ey, ey, e;) taking the values (1, 1, 1) (left) and
(2, 1, 1) (right). In either case, there are 6 systems in total.
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It follows that m’, n’ satisfy one of the three linear systems

m' 40’ (5 43) = 5m'+ (55 +5) s

ol (b 4) = o'+ 20

1 11 L1 1
where A € {ﬁ‘i‘ﬁ, E—f‘m, @—i_ﬁ}

A verification shows that each of these systems has only the trivial solution m’ = n’ = 0. This completes
the proof of Theorem 1.1 for equal fundamental discriminants.

5.5. Distinct fundamental discriminants. We are left with the case when the fundamental discriminants
D,, Dy, D, are not all equal. We may assume that |[A,| > |A,| > |A,|. In particular, |A,]| > 10'° and
A; # A,. Theorem 1.2 and Lemma 2.22 imply that Q(y) = Q(y") = Q(x"z") = Q(x, z), and so

Qx), Q(z) C Q). (5-50)

Theorem 1.2 and Lemma 2.22 imply that Q(x) = Q(x™) = Q(y"z") is a subfield of Q(y, z) of degree at
most 2. Since z € Q(y), this implies that

[Q() : Q)] =2.

Unfortunately, we cannot claim similarly that [Q(y) : Q(z)] < 2, because we do not know whether the
singular moduli x, y satisfy the hypotheses of Theorem 1.2.
The rest of the proof splits into two cases: Dy # Dy and D, # D,.

5.5.1. The case Dy # D,. Since [Q(y) : Q(x)] < 2, Corollary 2.13 implies that [Q(y) : Q] < 32. It
follows that 1 (A,) = [Q(z) : @] < 32 as well. This contradicts Proposition 2.1 because |A,| > 10'°.

5.5.2. The case Dy # D,. Since z € Q(y), the field Q(z) must be 2-elementary by Proposition 2.8. Hence
the proof in this case will be complete if we show either that

p2(A;) <6 (5-51)
or that
[Q(y) : Q)] <2. (5-52)

Recall that py(-) is the 2-rank; see Section 2.1.2.
Indeed, assume that (5-51) holds. Since Q(z) is 2-elementary, we have h(A,) = 2°2(42) < 64, contra-
dicting Proposition 2.1.
Similarly, if (5-52) holds then #(A;) < 16 by Corollary 2.13, again contradicting Proposition 2.1.
We will show that, depending on the size of Ay, one of (5-51) or (5-52) holds.

If |Ay| > 10%, then Theorem 1.2 applies to the singular moduli x, y. It follows that Q(z) = Q(z") =
Q(x™y") is a subfield of Q(x, y) of degree at most 2. Since x € ((y), we obtain [Q(y) : Q(2)] < 2,
which is (5-52).

Next, let us assume that 10° < Ay < 108. If A, # 4 mod 32 then Theorem 1.2 again applies to the
singular moduli x, y, and we may argue as above, obtaining (5-52).
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If Ay =4 mod 32, then p2(Ay) = w(Ay) — 2; see Proposition 2.3. Since
10 <4.3.5.7-11-13-17-19-23 = 446185740,

we have w(Ay) < 8. Hence p2(A,) < 6. Now let K = @(\/Fy) be the CM field of y. Since Q(z)
is 2-elementary, K is not contained in Q(z) by Proposition 2.18. Since both K and Q(z) are Galois
extensions of @, the group Gal(Q(z)/Q) is isomorphic to Gal(K (z)/K), which is a quotient group of
Gal(K (y)/K). In particular,

p2(Gal(Q(2)/Q)) = p2(Gal(K (y)/K)) <6,

which is (5-51).

Finally, let us assume that |A | < 10°. Since
10%<4.3.5.7-11-13-17 = 1021020,

we have p2(Ay) <w(A) <6, again by Proposition 2.3. As we have seen, this implies (5-51). Theorem 1.1
is proved.
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The geometry of the unipotent component of the
moduli space of Weil-Deligne representations

Daniel Funck

We study the moduli space of unipotent Weil-Deligne representations valued in a split reductive group G
and characterise which irreducible components are smooth. We apply these smoothness results to
show that a certain space of ordinary automorphic forms is a locally generically free module over the
corresponding global deformation ring.
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1. Introduction and overview

Let F be a local p-adic field and let G be a connected reductive algebraic group over F' and G its
Langlands dual. The local Langlands conjectures (proven for GL, by Harris and Taylor in [HTO01])
stipulate the existence of a natural map with finite fibres:

{smooth irreducible representations of G (F')} {L-parameters of “G}
; : - =
{isomorphism} {G-conjugacy}

Let [ # p be a prime. Let L C @, be an [-adic field and O its ring of integers with residue field F.
In recent years, through the work in [BG19; Hel23; DHKM?20; Zhu25; FS25], there has been great interest
in studying the properties of a moduli space of L-parameters Loc, , and a closely related space, the
moduli space of framed L-parameters Locgy o

The spaces Locg o and Locg; , can be respectively defined as the scheme whose R-points are the set
of L-parameters with R coefficients, and the algebraic stack obtained from the stack quotient of Loc? 6.0

modulo the natural action of G via conjugation (that is, equivalence of representations):

Loc - (R) {L-parameters of G with R-coefficients}, LocG 0= [Loc é.0 / G]
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Keywords: number theory, moduli space of Langlands parameters, Galois representation, patching, automorphic form.
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In addition to this interpretation, the scheme Locg’ o satisfies the secondary property that the (comple-
tions of) local rings of Locg’ o can be interpreted as local Galois deformation rings. In this way, it is
hoped to better understand these rings, which are crucial ingredients in the Taylor—Wiles—Kisin and
Calegari—Geraghty patching methods.

Let Wg be the Weil group of the field F. In the case of a split reductive group G, one would want to
define an L-parameter as a homomorphism Wr — G(R) which satisfies some kind of continuity, but the
problem with this naive approach is that the ring R has no topological structure in general. Historically,
there have been multiple solutions to this issue, with varying degrees of usefulness. We are interested in
the moduli spaces of Bellovin and Gee [BG19], defined via Weil-Deligne representations (defined below);
and of Dat, Helm, Kurinczuk and Moss [DHKM?20], defined through representations of a particular dense
subgroup Wg C Wp (defined in Section 1.2 of the reference).

Definition 1.1. A Weil-Deligne representation valued in G with R-coefficients is a pair (r, N), where
r : Wg — G(R) is a homomorphism with open kernel and N is an element of the nilpotent cone
Ng(R) C Lie(G)(R) such that Ad(g)N = |g|N for all g € Wg, where | - | : Wr — F* — R is the
valuation of Wy coming from local class field theory.

The two moduli problems of [BG19] and [DHKM?20] are representable by algebraic stacks Locg%
and Locg, 0, respectively, and are disjoint unions of quotient stacks.

It is known, as in Proposition 2.7 of [DHKM20], that these definitions give isomorphic moduli spaces
over fields of characteristic 0. In positive characteristic / (or mixed characteristic), only the latter moduli
space is generally well-behaved, giving the deformation rings as the completions of its local rings.
However, when [ is greater than the Coxeter number hg of G, the exponential and logarithm maps
of Proposition 2.7 of [DHKM?20] that arise from Grothendieck’s [-adic monodromy are well defined
polynomials, and we obtain an isomorphism between the two moduli spaces in this case too.

Let O be a discrete valuation ring (or field) of residue characteristic (resp. characteristic) [ > hg or
0. Let N C g be the nilpotent cone inside the Lie algebra g. In this paper, we seek to understand the
irreducible components of the scheme studied in [Hel23]. This is a reduced affine scheme of finite type
Sc.0, over the ring O, whose R-points (R an O-algebra) are given by

S6.0(R) = {(®, N) € G(R) x NG(R)|Ad(®)N =gN},

where ¢ € O is some prime power.

The scheme S, is naturally the space of framed unipotent Weil-Deligne representations over O with
values in G (following Definition 2.1.2 of [BG19]). We will be interested especially in the case where O
is the ring of integers in a finite extension of QQ; because the mg-adic completion of the local rings R of
the closed points of this scheme can be interpreted as local Galois deformation rings for well behaved /
(in fact, whenever the exponential and logarithm maps of Grothendieck’s /-adic monodromy theorem
give an isomorphism onto a connected component, as above). Since S o is a connected component
of the tame parameters Z'(W°/P, G)o, equation 4.5 of [DHKM20] extends the description of S6.,
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for various groups G to a description of the geometry of many other connected components of Locg g
s ed]

(those which correspond to the case where the action Ad,, is trivial).

Outline. In Section 2, we collect some basic results for S in the mixed characteristic setting. The results
of this paper depend strongly on the technical relationship between the residue characteristic / and the
element g € O. Therefore, the section begins by defining the notions of G-banality and g-considerateness,
and explaining how they are related. We then give a description of a decomposition of S¢ into (unions of)
irreducible components, generalising the decomposition of Sgr,, given in Proposition 2.1 of [Hel23], as
follows: Let

p:Sc.0o—> Ng

be the projection map onto the second factor. Let C C N1, be a G-conjugacy class inside N 1. (In the
case of GL,,, these can be characterised by partitions of # and in this situation we will denote the conjugacy
class corresponding to A by C,.) We note that because Si o is flat over O, the irreducible components
biject naturally with those of S . Then p~!1(C) C S¢ .0 is a union of irreducible components of S o
(and, in the case of G = GL,,, is itself irreducible). In Section 3, we expand on and generalise the results of
Bellovin [Bel16, Section 7.2 and Proposition 7.10] by proving our Theorems 3.2 and 3.4, which together
state:

Theorem 1.2. Assume q is considerate towards G » (see Definition 2.1).

(1) Suppose C < Ng. 1 is a distinguished nilpotent orbit, or the zero orbit with corresponding component

Xc = p~Y(C). Then X¢ is a disjoint union of smooth connected components.

(2) Conversely, when C C Ng, 1 is a nontrivial nondistinguished orbit, the scheme X ¢ is singular.

In Sections 4 and 5, we apply the smoothness result of Section 3 to Hida families of ordinary automorphic
forms using the Taylor—Wiles—Kisin patching method in a situation very similar to that studied in [Ger19].
Let [ be a prime and K be a finite extension of @; with ring of integers O. Let FT be a totally real
global number field, and consider an imaginary quadratic extension F of F*. The Galois representations
considered will correspond to certain Hida families of ordinary automorphic forms on a unitary algebraic
group Gp/F* which is a unitary form of a unit group of a division algebra D/F*. We will define a
certain space of Hida families of ordinary automorphic forms S°4(U (I*°), L/©),, for G p with Hecke
operators T and a corresponding deformation ring Rg“i". We will then use the Taylor—Wiles patching
method to deduce the following theorem.

Theorem 1.3 (Theorem 5.13). Suppose | > n. The module S (U (%), L/O)Y.[1/1] is a finite locally
free RYV[1/1]-module.

As a consequence, we can deduce that Rg“iv[l /1] = T[1/1], and that the multiplicity of automorphic
forms with a given characteristic zero Galois representation is constant along connected components
of Rg“iv[l /1]. One can then extend any such multiplicity results from the classical case to the case of
nonclassical Hida families.
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2. Considerateness and the relation to the stack of L-parameters

Let O be a discrete valuation ring or a field with residue field F of characteristic / or 0 and fraction field L.
Let G be a connected reductive algebraic group over O, let g be its Lie algebra, and let i be its Coxeter
number. Throughout the paper, we assume [ > h whenever the residue characteristic of O is finite.

Definition 2.1. Let /1 be the Coxeter number of G. Let ¢ € O be an element of O such that g — 1 is
invertible in O for all k < hg. When this occurs, we say that g is considerate towards G over O.

In applications, the ring O will either be a field or the ring of integers in some field extension of ;.
Notice that, in this case, g-considerateness is equivalent to the condition that 1, ¢, g%, ..., g"¢ are all
distinct in the residue field F (in a sense, g “treads lightly” around G).

Definition 2.2. Let G be a split reductive group over a field L of characteristic /.

o [ is called G-banal if I does not divide the order of the finite group G ([F,).

o [ is called geometrically G-banal if, for any algebraically closed field E of characteristic /, any
RS Locg’ g can be Frobenius twisted by some g € Cg(¢p(IF)) (that is, the centraliser of the inertia
subgroup) so that ¢ is a smooth point of Locg’ E-

The Frobenius twist of a representation ¢ : Wr — G (L) by g € Ci(¢p(IF)) is the representation
¢8 : W — G (L) whose restriction to the inertia subgroup equals ¢, and for which ¢¢ (Frob) =

¢ (Frob)g.

Remark. Let G denote the Langlands dual group of G. We remark that the notion “/ is geometrically
G-banal” is precisely the notion that “/ is “G-banal”, as defined in Definition 5.27 of [DHKM20]. We
introduce the notion simply to remove the extraneous Langlands dual, which is only required in the

following Proposition.

Proposition 2.3. Suppose that F is a field of positive characteristic | > hg and that G is a split reductive

group. Then we have the following implications.
o If q is considerate towards Gy, then | is geometrically G-banal.
o Ifl is geometrically G-banal (that is, *G-banal), then | is G-banal.
o If G = GL, or SL,, then the condition “l is G-banal” implies that q is considerate towards G /O-

Thus, in these cases all three concepts are equivalent.

Proof. By definition, g is considerate towards G,f when the order of g within [ is greater than the
Coxeter number 1 = h¢. This is equivalent to [ [, _, ®,(¢) # 0 inside F, where ®,, is the n-th cyclotomic
polynomial. This is the polynomial x¢, | (g) of [_DHKMZO, Definition B.3]. Hence, by Theorems 5.6
and 5.7 of [DHKM?20], this condition implies that [ is LG -banal.

That [ being G-banal implies that / is G-banal is a consequence of the Chevalley—Steinberg formula

IGE)I=¢"[]@' =D
d
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(see [Ste16, Theorem 25a]), where d ranges over the fundamental degrees of the Weyl group of G. If /
divides [ | d (qd —1), then [ certainly divides ]_[nS » Pn(q) as the Coxeter number is the highest fundamental
degree. This shows the second statement by virtue of Theorem 5.7 in [DHKM?20].

In the case G = SL,;, we get |SL,,(F,)| = gV ]_[?Zz(qi — 1). Hence, if [ is G-banal, the order of g in F
is at least n. Thus ¢ is considerate towards G /F- The case of GL,, is similar. O

Remark. It is worth noting that Corollary 5.27 of [DHKM?20] gives the criterion that G-banal and
LG-banal are equivalent concepts whenever G is unramified and has no exceptional factors (where
triality forms of type D4 are also considered exceptional), but this does not hold in general (see, for
example, Remark 5.22 of [DHKM?20]). Outside the case of type A,, considerateness is strictly weaker
than geometric-G-banality. For example, the order of G = Sp¢(F,) is

1Sps (Fy) 1 = ¢°(¢* — 1)(g* — D(g® = 1)

and the Coxeter number of G = SO7 is h = 6. However, if q5 =1 (mod /), then [ is G-banal, but g is not
considerate towards Go.

Definition 2.4. We define the affine scheme S o over O as the scheme whose R points (for R an
O-algebra) are {(®, N) € G(R) x Ng(R) : Ad(®)N =¢N}.

Corollary 5.4 of [Bell6] shows that this is a reduced scheme when O is a characteristic zero field,
and hence, is a variety (i.e., a finite-type, separated, reduced scheme over a field). As discussed in the
introduction, we may picture S o as the moduli space of unipotent Weil-Deligne representations (r, N)
valued in Go. In this context, “unipotent” means that the restriction of r to the inertia subgroup I is
trivial (that is, r(Ig) = 1).

Proposition 2.5. (1) Suppose q is considerate towards G 0. If (O, N) € G x g satisfies Ad(®)N =¢gN,
then N € Ng. Hence,

Sc(R) ={(®, N) € G(R) x g(R) : Ad(®)N =¢N},

and the requirement that N € Ng(R) is redundant.

(2) If G is splitand | > hg, then Sg.o is isomorphic to a closed subscheme of the moduli space of tame
parameters Z I(Wg /Pr, G)o (see Section 1.2 of [DHKM?20] for a definition of this space).

(3) When 1 is geometrically G-banal, this space is a connected component of Z' (Wg /Pr, G)o.

Proof. Because [ > hg, the prime [ is very good in the notation of Section 2.4 of [Cot22]. Hence, by
Theorem 4.13 of [Cot22], we have an isomorphism of (O-algebras

Olgl® — ory"

given by the restriction of functions on g to t, where t is a Cartan subalgebra of g and W is the Weyl
group.
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By Chapter 3 of [Hum90] (see Table 1 of Section 3.7 and Table 2 of Section 3.18) the generators of
oY are homogeneous of degree at most the Coxeter number /¢, and hence the same is true for (’)[g]G.
(Although [Hum90] considers only the case of characteristic zero, the results extend to O because |W| is
invertible inside © and O[]V is a free @-module.)

Let s be a generator of O[g]® and suppose (®, N) € G(R) x g(R) satisfies Ad(®)N = gN. Then as s
is G-invariant and homogeneous of degree at most the Coxeter number /¢, the condition s(Ad(P)N) =
s(gN) implies s(N) = qis(N) for some i < hg. As g is considerate towards G o, we see that qi —1lisa
nonzero divisor in O, and hence that s(N) = 0. Thus the image of N in the GIT quotient g//G is zero.
Since [ is very good, Theorem 4.12 of [Cot22] shows that N lies in the set of R-points of the nilpotent
cone. Part (1) of the proposition follows.

Suppose G is a split group. As [ # p, the space Z! = Zl(Wg/PF, G)o has a model as a flat affine

scheme over O with R-points equal to
Z' WP/ Pr. G)o(R) ={(¢,0) € G(R)* : po¢p™' =}

Since [ > hg, the exponential and logarithm maps of Section 6 of [BDP17] are well defined polynomials,
and thus we have an isomorphism between the nilpotent cone in N and unipotent cone Ug. Hence, we
have a map

Sc.0o = ZY WY/ Pp,G)o, (P, N) > (®,expN),

which is an isomorphism onto the closed subscheme of zZ! (Wg / Pr, G)o given by those elements (¢, o)
with o0 € U C G, where U is the unipotent cone. This shows (2).

For (3), suppose [ is geometrically G-banal. Let &/ be the scheme-theoretic image of Z! (Wg /Pr, G)o
through the second projection onto G. Proposition 2.6 of [DHKM?20] tells us that the underlying reduced
scheme of ™ is a subscheme of {0 € G//G : o™ =1} for some fixed M € N. Thus &+ is O-dimensional
over 0. As Z 1(ng /Pr, G) is flat and O is a discrete valuation ring, U™ is a finite flat O-scheme.

We claim that no two distinct O-points of U™ reduce to the same F-point. The preimages of the
L-points (resp. F-points) of AT in Z 1(W}; /Pr, G)L (resp. Z 1(ng / Pr, G)r) are (unions of) connected
components, thus it suffices to show that no two distinct points in & (L) reduce to the same point in
UT(F). This follows in turn from the statement that no two connected components of A (Wg /Pr,G)L
reduce to the same component of Z ! (Wg / Pr, G)r, which follows from Proposition 5.26 of [DHKM?20],
which states that Z! (Wg / Pr, G)f is reduced. We can conclude that the point Spec O < U™ defined by
o =1 is a connected component of /™. It follows that Sg, the preimage of this point, is a connected
component of Zl(Wg/PF, G)o. O

We will also need the following results.

Proposition 2.6. (1) The algebraic group G acts on Sg via simultaneous conjugation:
g.(®, N) = (g™ Ad(g)N).

Assume in addition that | is geometrically G-banal.
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(2) The scheme Sg o is flat and a local complete intersection of relative dimension dim G over O.

(3) Define the second projection map p : S¢ — Ng as before. If C is a G -conjugacy class inside

NG.L € Ng, then the closed subscheme X¢ := p~'(C) C S¢ is a union of irreducible components
and S¢ =J Xc.

4) If in addition G = GL,,, the X¢ are irreducible components of S, .0 ‘= SaL,,.0 and these can be
naturally identified with partitions of n. For a partition p, we call the corresponding component X .

(5) The scheme Sg. o is reduced.

Proof. (1) This is clear.

(2) This follows from Proposition 2.5(3) and Corollary 2.5 of [DHKM?20].

(3) As Sg.o is flat over O, the irreducible components of S ¢ are exactly those of the open subscheme
S¢, 1. This then follows from the proof of part 2, after noticing that N 1 = | Cr. as sets.

(4) Suppose G = GL,,. Then C is a quotient of GL,,, and so is irreducible. Because centralisers inside
GL, are irreducible, the map p~1(C) — C is flat with irreducible smooth fibres, and thus is smooth
and open. By [Stacks, Lemma 004Z], it follows that p_1 (C) is irreducible, and thus so is X¢. The
final claim follows from the theory of Jordan normal forms.

(5) This follows from Proposition 2.8 of [DHKM?20] and Proposition 2.5(3). Il

2.1. Lemmas in commutative algebra and algebraic geometry. The remainder of this section proves
some lemmas from algebraic geometry and commutative algebra that we will need later.

Lemma 2.7. Let G be a smooth algebraic group over a scheme S, and let X be an S-scheme. Suppose
that we have a morphism m : G xg X — X defining a group action of G on X. Then m is a smooth

morphism.

Proof. The morphism px : G xs X — X obtained by the base change of G — S is smooth. The auto-
morphism ¢ of G xg X given by (g, x) — (g, g.x) is also smooth, since it is an isomorphism. As a
composition of smooth morphisms, m = px o ¢ is smooth. U

Lemma 2.8. Let [ : X — Y be a smooth morphism of schemes. Let p € X. Then Y is regular at f(p) if
and only if X is regular at p.

Proof. After reducing the problem to local ring maps on stalks, this follows from Theorem 23.7 of
[Mat86]. O

Lemma 2.9. Assume that O is complete. Let R be a local O-algebra, and assume that it is topologically
of finite type with respect to the mg-adic topology. Let x and x be prime ideals of R that give rise to the

N

commutative diagram

R 5 L=0[1/]]


https://stacks.math.columbia.edu/tag/004Z
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Then
Rﬁ[l/l];\ = R,

X

Proof. Since R\ x 2 R\ xU{1/1}, that Rg[1/I]; = Ry. As R is Noetherian, we have [, ¥" =0, and
thus we have an injection Rz < RZ. This gives us a local homomorphism inclusion

Ry = Rz[1/1]x = RL[1/1];.
We notice that R, /x = L, so that
[RE11/10y]/x = [lim, (R/%") /x](1/1] = lim, (R/(x, ") [1/1] = (im O/ IM)[1/1] = L,

the last equality arising because O is complete. Thus, by [Stacks, Lemma 0394], RZ[1/1]; is the
completion of R2[1/1], under the x-adic topology arising from Ry, and is a finite R}-module. It follows
that the map

Ry — R{(1/10%

is an injection, and induces an isomorphism modulo x. If C is the cokernel (which we now know to be a
finite R;-module) then we see xC = C, and so Nakayama’s lemma shows us that C = 0, implying that
the map is an isomorphism. O

3. Smoothness results for X ¢

In this section we prove Theorem 1.2. Let G be a connected reductive group over O and Sg. o as before.
As each map X¢ — Spec(O) is flat, we can (and do) reduce the problem to the case O = [ is a field of
characteristic 0 or / (see [Stacks, Lemma 01V8]). Since smoothness is an fpqc-local property, we can
assume that [ is algebraically closed. We make these assumptions throughout this section.

3.1. Associated cocharacters. In what follows, we will require some setup, notation, and knowledge of
Bala—Carter theory. Let G be a connected reductive group over an algebraically closed field F with Lie
algebra g and let C € N be a nilpotent orbit. In what follows, we restrict to the case where the derived
subgroup of G is (almost) simple. When G is of adjoint type, we can do this because then G =[]; G;
for G; almost simple, adjoint, and Sg.0 = [[; Sg,,0- If G is not of adjoint type, then Sg,0 — Sgaa o is a
Z(G)-torsor, and since Z(G) is smooth (under our considerateness condition), any smoothness result
translates between the cases for G and G%“.

Let T be a maximal torus of G and IT the set of roots. Let e € C C g. Let L C G be a Levi subgroup
of G, minimal subject to e € Lie(L). Let Z; be the centre of L. Following Definition 2.8 of [FROS8]
(see also Section 2.3 of [Pre03]), the nilpotent element e is called distinguished in L if Z; is a maximal
torus of the centraliser Cy (e) of e in L. By Proposition 2.11 of [FROS], there is an associated cocharacter
r:G, — T such that Ad(A(t)).e =t?e and im(1) C [L, L].

The group G,, acts on Lie(G) through Ado A : G,, — Aut(g), which gives a decomposition

g=EP st i).

ieZ


https://stacks.math.columbia.edu/tag/0394
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Through Lemma 5.6.5 of [Car93] and the preceding discussion, we choose a base of simple roots A C I1
such that (o, A) > 0 for all « € A. Call the corresponding Borel subgroup B.

We define a parabolic subgroup P; C L such that Lie(P,) = ;. 9. (A, i), where each g; (A, i) =
g(A, i) NLie(L). We note that P, has a Levi decomposition P; = M,\_UA with Lie(Uy) = @D, 9 (1, i)
and Lie(M;) = gr (A, 0). We say P, is a distinguished parabolic subgroup in L if dimgy;(A,0) =
dim(gz (X, 2)) + dim(Z;), and by Proposition 2.5 of [Pre03] e is distinguished if and only if P; is
distinguished.

The primary result of Bala—Carter theory is that there is a bijection between the adjoint orbits of Ng
and pairs (M, P), where M is a Levi subgroup of G, and P is a distinguished parabolic subgroup of M.

3.2. The smoothness result for irreducible components corresponding to distinguished nilpotent orbits.
This section contains the main result of the paper, concerning the smoothness of X¢ (Theorem 3.2).

Lemma 3.1. Assume e € C is a distinguished nilpotent element with ). an associated cocharacter. Let
Cg(e) be the centraliser of e in G with Levi decomposition Cg(e) = MR, where R = R,(Cg(e)) is
unipotent and M is reductive. Suppose that t € G,, is sufficiently generic so that g*4*®) = g(x, 0). Then
every element of Cg(e)A(t) is conjugate to an element of M A(t).

Proof. Since e is distinguished, Theorem A of [Pre03] tells us that M = M; NCg(e) and R = U, N Cg(e).
Further, following Definition 2.8 of [FRO8], the maximal torus of M is Z/, so that M/Z¢, is a rank O
reductive group; ergo finite. Thus, all unipotent elements of C;(e) liein R. Let g € A(t)Cg(e) € TCG (e)
have abstract Jordan decomposition g = su with s semisimple and u unipotent. As s is semisimple, it lies
in a maximal torus 7’ of TCG (e) and so there is some x € TCG (e) such that xsx~! e T. In fact, we can
assume without loss of generality that x € Cg(e), because T is abelian. Then, because A(t) normalises
Cg(e), we see that xgx_1 € A(t)Cg(e). Since u is unipotent in TCG (e) we obtain u € Cg(e), and thus
we get
xsx = xgx*l(xu)c*l)*1 eL(t)Cg(e)N T.

Hence

xsx LeTNAE)Cge)=TNTMNA1@)Cgle) = AT NA()M = 1(t)[T N M).

Then xux~' € Cg(xsx~') = Cg(r(t)s") for some s’ € T N M. By the genericity condition on ¢, we
see that C;(A(t)) = M, and so, by Theorem 3.5.3 of [Car93], Cs(A(t)s’) € Cs(A(t)) = M,. Hence
xux~' € M and xux—! = 1. The result follows. O

Theorem 3.2. Let G0 be a connected reductive group with centre Z, let g be the Lie algebra of G, and
suppose q € O is considerate towards G over Q. Suppose C C Ng. . is either 0 or a distinguished nilpotent
adjoint orbit. Then X ¢ is smooth over O and there is a bijection between the connected components of

X ¢ and the set of ®g-twisted conjugacy classes of the group my(Cg(e)).

Proof. Consider first the case C = 0. Then X¢ = {(CD, 0) e SG,O} = G via the map projecting to the &
coordinate. Since G is smooth, this proves the theorem.
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Keep the notation of before, with e a distinguished nilpotent element of g with associated cocharacter
A : Gy — T. After making some choice of /g € F, set @9 = A(,/q). The centraliser C (e) exhibits a Levi
decomposition Cg(e¢) = MR with M reductive and R the unipotent radical. Because e is a distinguished
nilpotent element in g, we see that Z°, the connected component of the identity of the centre Z of G, is a
maximal torus of M by Proposition 2.11(iii) of [FR08]. Since M /Z° is a split reductive group of rank 0,
it is finite; because unipotent radicals are connected, it is isomorphic to the component group A(e) of the
centraliser C(e). We choose a set of representatives S such that M = | sesSZ°.

Define ¥ = M ® x g(X, 2). Since the characteristic / exceeds &, we see that M is a smooth subgroup
of G making Y a smooth F-scheme. It is clear that Y is a closed subscheme of S¢, because if (m®g, N) €
M®g x g(i, 2) then

Ad(m®Pg).N = Ad(m)Ad(Py).N = Ad(m).gN =gN.

In fact, Y lies inside the irreducible component X . The distinguished element e lies in the unique open
dense P,-orbit inside g(2, 1) (See, for example, Proposition 5.8.7b of [Car93]) and thus P;.[M ®¢ x {e}]
is a dense open subscheme of Y. As M Py x {e} C p‘l(C), we obtain P, .[M®g x {e}] C p‘l(C) and
consequently ¥ C X¢. Define the morphism

F:GxY—> Xc, (g.(P,N)— (gbg~ ", Ad(g)N).

As G x Y is a smooth variety, Lemma 2.8 implies the theorem provided we can show that f is a smooth
surjective morphism.

Surjectivity is equivalent to the statement that every pair (®, N) € X¢ is conjugate to a pair in Y.
To prove this, it suffices to show that ® is conjugate to an element of M ®y whenever (P, N) € X¢. As
there is some Ad(g).e € g upon which ® acts as ultiplication by g, we see that ® is conjugate to some
element of Cg(e)®o. By Lemma 3.1, then, ® is conjugate to an element of M ®(, proving surjectivity.

We now proceed to prove that f is smooth. Consider the commutative diagram

GxY — & x,

| |

GxXMdy —— G

where the vertical maps come from the “forget N projections (g, m®g, N) € G x Y + (g, m®Pg) €
G X M®g and (D, N) € X¢c +— & € G and the horizontal maps are defined via the conjugation action
of g € G on Y, so that the diagram commutes. Choosing a set of representatives S of M/Z°, the map
G X M®y — G factors through

GxMdby —— G

H I

[1 G xsz°®y — [[Z°Gsa,

SES s

where G4, denotes the conjugacy class of s®¢ in G. Each Z°Gq¢,, defines a locally closed subvariety
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of G. If any two subschemes Z°G,¢, and Z°G;¢, intersect in G, say x € Z°G;¢9, N Z°G;4,, then

Z1g1sCI>0g1_1 =X =ng2td>og2_1

implies that t®y = (zlzz_l)(gz_lgl)sd>0(g2_1g1)_]; and thus leads us to Z°G9, = Z°G;9, as locally
closed subschemes of G. Thus, by possibly restricting to a subset S’ of the set of representatives S if
necessary, we can view ]_[se ¢ Z°Gya, as alocally closed subscheme of G.

Because the map f : G x Y — X is surjective, the map X¢ — G also factors through [[ Z°Gya,,

giving us the commutative diagram se€s

GxY — 1 4 x,

l l (1)

GxMd) —= || Z°G,q,
ses’

We claim that this is a pullback square. Since e is distinguished, we see g(, 1) = 0 and thus each
simple root « has its corresponding character eigenspace g, either contained inside g(X, 0) or g(i, 2).
Hence, as every positive root is the sum of at most 2 — 1 simple roots (where h = h¢ is the Coxeter
number of G), we see that

i eZ:g(h,i)#0} C2ZN[=2h+2,2h—2].

Given that g is considerate towards G/, it follows that the subspace of g upon which ®y = A(,/q) acts
as multiplication by ¢ is precisely g(A, 2).

Thus, if (g, ®) € G x Md( and (&', N') € X¢ are such that gbg~! = @', then Ad(P)(Ad(g~)N') =
qu(g_l)N/ and Ad(g"")N' € g(A, 2) by the previous discussion. So the morphism

((g, @), (@', N)) — (g, (@, Ad(g"HN"))

gives an inverse to the natural morphism G x ¥ — (G x M ®y) X[[, Z2°G,a, XC- This shows that the

s,
commutative diagram (1) is a pullback square. '
By the theory of homogeneous spaces, the bottom map m is flat with fibres isomorphic to Stabg (®g),
which are smooth group schemes. This shows that m is smooth. Hence, since f is the base change of
m to X¢, by Proposition 10.1 of [Har77] we see that f is smooth. We conclude X ¢ is smooth over F.
The statement on the number of connected components is Theorem 2.5 of [Sho24], and is included

for completeness. 0

Remark. A question arises regarding the generality and necessity of the considerateness condition: When
exactly is g-considerateness a necessary condition for smoothness? As one can see in the proof, we used
considerateness to prove that G x Y was the pullback of the diagram

GxY — X¢

| |

GxMPy —— M.Gg,
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arising from the fact that {N € g : Ad(®9)N = gN} = g(A, 2). When C is the regular nilpotent orbit,
g(A, i) # 0 for every i € [-2h 4+ 2,2h — 2] N 2Z, so we see that g-considerateness is precisely the
condition that {N € g: Ad(®g)N =gN} = g(X, 2). When C is distinguished and nonregular, we have
g(A, 2h —2) = 0. Hence, there is some r < h, depending on the distinguished orbit C, such thatif g € O
has the property that 1, g, ..., g" are distinct, then X¢ is smooth via the above proof. This r can always
be taken to be

r=1+max{i : g(A, 2i) #0).

Remark. Let X. be the image of f restricted to G x sZ°® (so that X, is an irreducible component of
Xc). Another way of interpreting the Cartesian diagram (1) is that X;, — Z°G,q, is the total space of
the vector bundle on Z°G;4, whose fibre above ® is ker(Ad(®) —g) < g. In particular, we obtain:

Corollary 3.3. If C is a distinguished orbit and s, ®g are as in the proof of Theorem 3.2, then X{. is

described as the closed subscheme of G x g cut out by the equations

e Ad(®)N =¢gN and

* any set of equations describing the closed orbit Z°G,¢, € G.

3.3. The converse nonsmoothness result. We now begin work towards the converse of Theorem 3.2.
Consider the situation described at the beginning of the chapter with reductive group G over an algebraically
closed field F with (almost) simple derived subgroup with maximal torus T, set of roots I, a set of
simple roots A C I1, and a nilpotent element e with associated cocharacter A. Let L be the smallest Levi
subgroup of G with e € Lie(L), so that e is distinguished for L. Let A; € A be the simple roots of L.

Theorem 3.4. Let G be as before. Suppose C C N is a nilpotent adjoint orbit, distinguished in a proper
and nontrivial Levi subgroup T # L C G. Then X¢ C Sg is singular.

Before proving this theorem, we need some terminology and a lemma. Let D = (A, X) be the Dynkin
diagram of G, and D; = (A, ¥1) € D the maximal subdiagram containing exactly the vertices A;. (Note
that D is connected when its derived subgroup is (almost) simple but D; may not be connected). Recall
that, given a distinguished nilpotent e, one can attach to each vertex 8 € A the number <o, A) € {0, 2},
and this is called the weighted Dynkin diagram Dy (e).

We call a root &« € A exposed if there is an edge in D connecting o to aroot 8 € A\ Ar.

Lemma 3.5. Any exposed root @ € Ay has {a, Ay =2.

Proof. In the case of types A, B, C and D, either all simple factors of the Levi subgroup are of type A, or
exactly one of the almost simple factors of L is of type B, C, D, respectively. If all the simple factors of
the Levi subgroup are type A, then all roots @ € Ay have (o, A) =2 because all distinguished nilpotents
orbits are regular in type A. In the case with one factor of type B, C or D, the only “exposed” root of
this factor is on the end of the string, and one can see from the tables on pages 174 and 175 of [Car93]
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Gy Ko D == *
Cs 22— 2 ==2 *
Cs(ay) 2 )= 2 "
B K e 2=—==2—2

Figure 1. The distinguished weighted Dynkin diagrams of Levi subgroups of Fj.

that, independent of the choice of distinguished nilpotent, this exposed root « always has (o, A) = 2.
This proves the lemma in types A, B, C and D.

In type G, the only proper Levi subgroups are of type Aj, so all roots & € Ay have <o, Ay =2.

In type F4, there are three possibilities for a Levi factor not of type A, these being C,, C3 and B3z. The
distinguished orbits of these Levi subgroups are described on pages 174 and 175 of [Car93] and are listed
in Figure 1. From this we directly see that all exposed roots have {(a, A) =2.

In type Ej, there are three possibilities for the Levi subgroup types. Either there are only factors of
type A for which the result holds, or there is a unique factor of type D, and n <7, or there is a factor of
type E¢ or E;. In the case of a factor of type E¢ or E7, the weighted Dynkin diagrams of distinguished
parabolic subgroups (of which there are 3 of type E¢ and 6 of type E7) are listed on page 176 of [Car93],
from which it is clear that all exposed roots o have the desired property. See also the figures on page
1157.

This leaves only the case that L has a factor of type D,. All distinguished orbits of D, with n <7 are
listed on 1156, from whose table we see that all exposed roots have the desired property. U

Remark. In the description of nonregular distinguished parabolic subgroups in type B; on page 175 of
[Car93], one requires k > 2 (in the notation of the source) for the conditions to make sense, though this
isn’t explicit. In our application, the important fact is that for B; with / = 3, the only distinguished orbit
is the regular orbit. This can also be seen from the description of distinguished orbits in Theorem 8.2.14
of [CM93] via partitions of 2/ + 1 = 7 into distinct odd parts.

Proof of Theorem 3.4. Consider a point P = ($g, 0) € X¢ with &g € T. Define four subvarieties of Sg
that contain P as follows:

(1) Let © = G.P be the G-orbit of P.
(2) Let T be the maximal torus of G seen as a closed subvariety of S¢ via the inclusion ® — (&, 0).

(3) Let Ny = {N € g: Ad(®9)N = gN} viewed as a closed subvariety of S via the inclusion N +—
(@, N).

(4) Let Up= U~ NStabg(P) where U~ is the opposite unipotent subgroup to [ B, B], viewed as a closed
subvariety of Sg via the inclusion u +— (®gu, 0).

Claim 1. The tangent spaces TpQO, TPT, TpNy and TpUy form a direct sum inside Tp Sg.
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Observe that Tp(Sg) € Tp(G x g) = g x g. We briefly describe TpO as a subspace of g x {0} (which
we will conflate with g as this shouldn’t cause confusion).

Consider the map f : G — G : g — g¢og*1©a ! comprised of the conjugation action of g on
@ followed by right multiplication by & ! (to ensure the identity is sent to the identity). Then O is
isomorphic to the set-theoretic image of f, which is a locally closed subscheme of G. The derivative
of this map is id — Ad(Pg) : g — ¢, and it factors through g — TpC — g. We hence see a natural
identification of 7p O with im(id — Ad(®dy)).

We now proceed to prove the claim. Firstly, Tp TNTpUy= {0} because Lie(f) NLie; (U ™) ={0}. Next,
consider TpON(TpT & TpUp). Note that Uy, T C Stabg (P) C G and TpStabg (Do) = ker(id — Ad(Dy)).
Then because P is semisimple, the intersection of im(id — Ad(®g)) and ker(id — Ad(®yg)) is trivial (this
is easily checked for GL,, and extended to all G because G can always be embedded into some GLy).
Hence Tp (Stabg (®g)) NTpO =0, and thus TpO N (TpT @& TpUy) =0.

To show that Tp N intersects TpO + TPT + TpUj at the origin, it suffices to notice that an element
of TpC + TpT + TpUy takes the form P’ = (®’,0), while an element P’ € TpN, takes the form
P’ = (&g, N) € S;(F[e]/€?). For these to be equal, we must have ® = & and N =0, so P’ = P. This
proves the claim.

Suppose that C € Ny is an adjoint orbit, neither zero nor a distinguished nilpotent orbit as in the
hypothesis. Define e € C, a choice of maximal torus and Borel T C B, the associated cocharacter A and
minimal Levi L C G, all as in the general setup. Set D = TNX c and N7 = Ny N X, and note that
Uy, O C X already. Our aim is to show that there is a point P € X¢ such that

dimg(TpO) + dimg (Tp D) + dimg (Tp A1) + dime (TpUp) > dim(X¢) = dim(G).

It is clear that whenever z € Z; and u € [, the point (zA(,/q), pe) lies in Xc. We choose the point
P = (9, 0) € X¢ with &g = zA(,/q) for some z € Z, which we will determine momentarily.

Regardless of the choice of z for now, recall the decomposition

Lie(L) = @ gL (1. i).
ieZ

As g1 (%, 0) is a Levi subalgebra of Lie(L), there is a Levi subgroup Mg C L with Lie(Mp) = g1 (X, 0).
It is clear that M C Stabg(®g). Observe also that g; (A, 2) C N and Z; &y C D. We define positive
integers

(1) €o := dim(Stabg (Pg)) — dimp (g (A, 0)) = dim(G) — dim(O) — dimg(gz (X, 0)),
(2) € :=dimp(Tp D) —dim(Z;),

(3) € :=dimg(TpN1) — dimp(gr (%, 2)),

4) €3 :=dimg(TpUy).

Putting this together, and using the fact that

dim(g. (4, 0)) = dim(gL (%, 2)) +dim(Z,)
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Figure 2. An example of « in the case where G is of type Eg and L of type D4 x A,.

because e is distinguished inside L (this follows from a generalisation of Lemma 8.2.1 in [CM93] to
reductive groups in good characteristic), we see that

dim(Tp X¢) > dim(TpO) + dim(Tp D) + dim(TpNy) + dim(Tp Uy)
> [dim(G) —dim(g. (A, 0)) —€o] + [dim(Z,) + €] + [dim(g. (X, 2)) +€2] + €3
=dim(G) + €1 + € + €3 — €.

Thus, it is enough to find some choice of z € Z; such that €] + ¢, + €3 —¢p > 0.
Fix some root « € A\ Ay adjacent to a root in Ay in the Dynkin diagram. See Figure 2 for an example.
There is a morphism of algebraic groups

B=H,8:T—>H(G:m

BeA BeA

which is surjective and has kernel Z C 7. Because B is surjective, we can choose z € T such that a(z) = 1
and B(z) =1 whenever g € Ay (sothatz € Z;) and B(z) =¢q # 1 in all other cases. Consider ®=zA(,/q).
Whenever y € Hg is a positive root of G, it decomposes as a product of simple roots y =[] pen BP € X(T)
with Zﬂ cpg < h. By design, each B(®) is either 1 or g, so y (Po) € {1, ¢q, g%, ....,q" 1), and y(Py) =1
if and only if all the simple roots with cg # 0 satisfy B(Pg) = 1.

Claim 2. If y € ITE\I1] has y (@) = 1, then y = a.

If y is simple, then y = « by our choice of ®y. Suppose for contradiction that y is not simple. Then
it contains at least two simple roots in its decomposition, and one of these must be «, as otherwise all
simple roots are in Ay and y € Hz. There must also be another root 8 € Ay with c¢g # 0, and for y to
be a root, there must be a path from « to g (in the Dynkin diagram) passing through vertexes g’ with
cg # 0, and each of these as such (since y(Pp) = 1) has g'(Pp) = 1. Butasae € A\ Az and B € Ay,
at least one of the B’ is an exposed root, and thus g’(®g) = ¢ by Lemma 3.5. This is a contradiction. We
conclude that y (®¢) = 1 implies either y =a or y € I'IZL. This proves the claim.

When B € I, denote the root subgroup of B by Ug < G. By Theorem 3.5.3 of [Car93], the (connected)
centraliser of ® is

C(D0)° = (T, Ug, U_g: B(Dg)=1).
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The subgroup generated by T and all U g with B(®g) =1 and B € 1y, is simply M, so we see that
Cg(P0)° = (Mg, Uy, U—o)

and hence dim Cg(®g) = dim(My) + 2 (or, in other words, €y = 2).

The reflection s, € N (T) / T acts on T and stabilises ®g; thus it acts on Tp X . Further, this action
preserves the subspaces TpD and TpN|. However, since « is adjacent to a simple root of L, the
reflection s, does not preserve the Levi subgroup L, and hence preserves neither Z; nor gp (X, i),
and we see that s,(Z;) # Zp and s4(gr (A, 2)) # gr(r,2), so that TpD D s,(TpZ;) U TpZ; and
TpN1 256 (Tpgr(A,2))UTpgr (A, 2), forcing €; > 0 and €, > 0 respectively.

For €3, consider any choice of isomorphism u_, : G, => U_, and the adjoint action of u_y(a) € U_q
one= Zﬂ eg € Lie(L). Because « is a simple root in Ag \ Az, we see that

[e—a: Dep] =2 le—a,ep1 =0
B B
and thus that Ad(u_4(a))e = e. Hence,

{(<I>ou_a(a), ue):ae€Gy, ue Gm}

is a locally open subscheme of p~1(C), from which we see that (Pou_y (€), 0) is a deformation in Tp U,
forcing €3 > 0.

We then obtain the inequality €; + €3 + €3 — €9 > 3 —2 = 1, proving that (P, 0) is a singular point
of X C- O

Example 1. Consider the group
1
G = GSpy(R) = {M € GL4(R) : MQM ™' = ).Q for some 1 € G,(R)}, Q= ( ! )
—1

where €2 is chosen so that a Borel subgroup can be given by the intersection of GSp, with the upper
triangular matrices in GL4. We let L = GL, C G be the Levi subgroup corresponding to the short root.
Then

is distinguished in L and the associated cocharacter is A(¢) = Diag(z, t=1, 1,171, We choose &y =
Diag(q, 1,1, 4~") and « to be the root corresponding to the one-parameter subgroup defined as

oe{(5)}

Explicitly, we now see that Stabg (P) = G, x GL,. We can also describe the subvarieties:

ab
a=((“ ) 0)uabei)
ab~
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sa(Z1) = ((db“b_lab ),0>:a,b€Gm},
ab™!
0a
(q>0,< Oo_a)>:aeGa},
0
0 a
se(gr(A,2)) = (CDO,( 00“)>:a66a},
0
q
(( b ),0):ae@a}.
g

When we put all this together, we see the contribution from D, N7 and Uy is 6-dimensional, and thus

gr(x,2) =

Up =

dim Tp X ¢ > dim(GSp,) — dim(Stabs (P)) + 6 = dim(GSp,) + 1.
We can piece Theorems 3.2 and 3.4 together:

Corollary 3.6. Let G be a connected reductive group over a field F of characteristic 0 or 1, and suppose
GY = [1; Gi where each G; has a (almost) simple derived subgroup. Suppose q is considerate towards
each G . Then the smooth irreducible components of Sgua are precisely those of the form [ |, X; where
each X; C Sg, is a smooth irreducible component of Sg,. That is, each X; corresponds to a distinguished
nilpotent orbit of G; or the zero orbit. The smooth components of Sg are precisely preimages the smooth

components of Sga under the obvious map Sg — Sgua.

3.4. Distinguished orbits in type D and E. For the convenience of the reader in understanding Lemma 3.5,
we give in the Appendix a list of weighted Dynkin diagrams for all distinguished orbits in types D, and
E, withn <7.

4. Automorphic forms for unitary groups

We now turn to an application of the smoothness result found in Section 3. In this section, we define the
space of ordinary automorphic forms and the Hecke algebra attached to it. We then state a freeness result,
which we will prove in Section 5.4 (Theorem 5.13).

Let [ be a prime. Suppose FT is a totally real number field with an imaginary quadratic extension F
such that all primes v of F above [ splitin F. Let S; be the set of all primes of F™ that lie above /.
Let L be a finite extension of @; with ring of integers O and residue field F. Let L be a choice of
algebraic closure. We will assume that L is large enough that all embeddings F < L lie inside L. Let
c € Gal(F/F™) be the unique nontrivial element, given by complex conjugation. For a € F, we will

denote c(a) by a when convenient.

4.1. Unitary groups. Consider a central simple algebra D/F of F-dimension n?, and let Sp be a finite
set of primes of F* that split in F. Suppose that

(1) D splits at all places w of F that do not lie above any place in Sp;
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(2) there is an isomorphism D°? = D @ . F of F-algebras;

(3) the intersection Sp N Sy is empty;

(4) D, is a division algebra at all places w of F above a place in Sp;
(5) either n is odd, or n is even and %n[FJr Q] +#Sp =0 (mod 2).

Because of condition (1) (which ensures that all places in Sp split), together with (2) and (5), we can
find an involution of the second kind on D by [CHTO08, Section 3.3, p. 95]. That is, we may construct a
map

*D— D
such that

e *is an FT linear anti-automorphism of D,
e (@*)*=aforalla € D, and
« the involution * coincides with complex conjugation when restricted to F.

In addition, we assume that this involution of the second kind is positive. That is, for any y € D \ {0},

trr.oltrp/r(yy™)1 > 0.

Such an involution gives rise to a positive Hermitian form ¢,) : D x D — D given by <x, y> = x*y.

Let Op be an order in D such that O}‘) = Op and such that Op , is a maximal order of D, for any split
prime v of F, as in Section 3.3 of [CHTO08]. Define the unitary group over Op+ whose R-points (where
R is an Op+-algebra) are given by Gp(R) ={g € (Up ®o,., R)* : g*g =1}. Then Gp is an algebraic
group over Op+. By the positivity condition, we have G, = U (n) at each infinite place v of F.

For each prime v of F* that splits in F, choose a prime ¥ of F lying above v. This choice allows us
to give an isomorphism i : Gp(F,") — (D ®F F3)* which restricts to an isomorphism G p(Op+ ) =
(Op.5)* as in Section 3.3 of [CHTO8]. Note that when v ¢ Sp is split in F, then Gp is split, so that
Gp(FH = (D®p+ FH)* = (D ®pf F3)* =GL,(F;). If T is a set of primes of F* that splits in F, set
T={0:veT).

4.2. Automorphic forms of Gp. We define the automorphic forms for Gp as in [Gro99] and [CHTO8].
To do this, we recall some facts from the representation theory of reductive groups.

Let G be a split reductive group defined over L, and let 7 € B € G be a choice of split maximal torus
and Borel subgroup of G. Recall that finite-dimensional simple modules of G are uniquely determined
by their highest weight in the character group of the torus X*(7) := Hom(7, G,,), and that such a
representation exists if and only if this highest weight v lies in a dominant Weyl chamber.

In the case of GL, and the standard upper Borel subgroup and maximal torus (defined over L), the set
of weights naturally corresponds to 7", and the set of dominant weights is 7’} :={v = (v, ..., v,) € Z":
v; > v+ Vi}. We set the L-vector space W, to be the irreducible representation of highest weight v. We
will need to choose a O lattice of W,,, which we do in the style of [Ger19, Section 1.1] as follows. Note
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that GL,,, B, and T are defined over O. For a dominant weight v, set &, to be the induced representation
IndgL” (wo(v)),o of the algebraic group GL, o defined as the functor whose R points are

nd§ (wo(v)) := { f € RIGL,]: f(bg) = wo()(b).f(g) Vg € GL(R), b € B(R)},

where wg the longest element of the Weyl group. By Proposition 11.2.2 and Corollary 11.5.6 of [Jan03],
the representation &, is irreducible of highest weight v. We denote by M, the representation given by the
O-points of &, so that M, o L = &,(L) = W,,.

Remark. The presence of wg is due to our convention that chooses B as the Borel of upper triangular
matrices, whereas Jantzen induces from the Borel of lower triangular matrices. These two choices of
Borel subgroup are related by wy.

wes; w

The finite-dimensional algebraic representations in L vector spaces of G p, F =1T1,,cc GL, F, are
characterised by the sequence of dominant weights, one for each embedding corresponding to w € S;. We

define the set as W = (Z’jr)Hom(F "L)_ For each v € W, we can now define the algebraic representation of
Gp/o,, with highest weight u by M, = Q. cyom(r+.1).0 Mv,> and W, = M;, ®0 L.

For each v € Sp, choose a finite-free O-module representation p, : Gp(Of+ ) — GL(M,) with open
kernel such that M, ® L is irreducible. Set M(,,) = Ryes, My We set My, () = M, ® My,,).
Definition 4.1. Let A = (u, {p,}) be as above. We define the space of automorphic forms for Gp of
weight A with A-coefficients S, (A), where A is an O-module, as the space of functions

[ :1Gp(FO\Gp(AF,) = M, Q0 A
such that there is an open compact subgroup

U C Gp(AY:™Y) x Gp(Op+)
with
ulsusp f(gu) = f(g)
for all g € Gp(A},) and u € U where u|sus, denotes the action of u on M, factoring through
nuesDuS, GD(F;_)'
Notice that S (A) is a smooth representation of G p(A%’.) under the action

(h.f)(8) = hlsusp, f(gh).

(Again, h|sus,, acts through the representation of G D(Fl+) x [
S, (U, A) = S, (A)Y the invariants under this action.

Gp(F,}) on M;.) We denote by

UESD

4.3. Hecke operators. For much of what remains, the argument will be a slight adaptation of that in
[Ger19], the important details of which can be found in Sections 2 and 4. Let T be a finite set of places
of F* containing Sp U §; such that all places in T split in F, and let T be a set of primes of F above
those in 7' as defined before. Fix an open compact subgroup U = [[, U, of G p(A%,) such that U, is
hyperspecial at all places v outside 7. Suppose further that U is sufficiently small; that is, there is a place
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v such that U, contains no elements of finite order other than the identity. We define the Hecke operators
on the subspace S, (U, A).

Hecke operators at unramified places. Let v be a place of F splitin F and © be a place in F over v.
Let @y be a uniformiser. We can define the Hecke operators as the double coset operators

10 =it (6tuorn (%50 Joruorn) <]

Hecke operators at places dividing . At places dividing the residual characteristic of O, we set

. w-NI. 0 . N .
a$=<51LH> and U, = (wou) @) U U),
where wy is the longest element of the Weyl group of GL, and u = (u,) € W with u, the dominant
weight for the corresponding embedding F™ < L.

We make the following adjustment to the group U.

Definition 4.2. For v a place of F* above [ and b a positive integer, let 1°(9) be the set of matrices in
GL, (OF;) which are upper-triangular and unipotent mod . Define U (I?) = Hues, i;l(lb(ﬁ)) x Ul C
G p(A%}) where U !"denotes the product ]—[vﬂ U,.

In the case with the group U (I?), we further define the following diamond operators:

Definition 4.3. Let 7, be the maximal torus inside GL,, as before. For v € §;, and u € T,,(OF,), define

{u) as the operator
[U(")uU (1")]
on S, (U (%), A). Foru € T,(Op+ ) = [] Tu(OF,) = [] T,(O,), define <y = [] <uz .

vES; vES; vES;

Let A be an (-algebra and M an A-module. Define the Hecke algebra T = T7 (U (1%), M) as the
A-subalgebra of End(S; (U (/ by, M)) generated by all the operators

(T @™ v g Tsplitin FYU{UY; :ve S} U{w ueT,(0p ).
Notice that the map u — (u) defines a group homomorphism
T,(Op+.0) = TH U ("), M)

which factors through 7, (Op+ 1 /1°) = [1,es Tu(OFp+ /7).

veS;

4.4. Big ordinary Hecke algebras and the action of A. From this point on, we wish to focus on the
cases where A € Mod » is one of O, L /O or a finite module O /7" O.

Recall from Hida theory, as fully explained in Section 2.4 of [Ger19], that for any place v € S;
and any i, the operator ez(f) = limnﬁoo(Ulii,)ﬁ)"’ is a projection on S, (U, A). We can further define the
projection e =[], ; ef,i). We define the ordinary submodule S)?rd(U ,A) :=e.5, (U, A) as the image of
this projection. Since all the Hecke operators commute, this is a Hecke invariant submodule. We also

define TT-o(U (1), A) = eTT (U (1Y), A).
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Definition 4.4. Let 7,, be the maximal torus of GL,, as before. For b > 1, let T,,(I b ) be the kernel of
T,(Of+ 1) — T,,((’)/lb). We define A as the algebra

A =OIT, (O] = lim,,_, OIT, 1)/ T,(1")].

We denote by ay the kernel of the map A — O[T, (I)/T,(IV)]. Since U is sufficiently small, we see
Sfrd(U (17¢), A) is a free A /ap-module, through the action of 7,,(OF+ ;), and hence we have an inclusion
AJa, — T(U (%), L/©O) by Proposition 2.20 of [Ger19].

4.4.1. Infinite level. We need to consider the big ordinary Hecke algebra. Set

Ty (I™®), A) =lim,_,TTo%U %), A) and S4U(I®), A) =lim,_, S*YUP), A).

<——b>0 —b>0

Because of the inclusions A /a, < TT-(U (1%¢), L/©), we get an inclusion A — TT-(U (I°°), L/0),
and we see that S°™4(U (I°°), L/©) is a discrete A-module, so its Pontryagin dual is a compact A-module.
(and in fact is finite free, by Proposition 2.20 of [Ger19] since we assume U (/) is sufficiently small.)

We can now give a statement of a theorem that we prove by the application of Theorem 3.2. Under
certain hypotheses, to be determined in Section 5, we have:

Theorem 5.13. The T7o9(U (I%°), L/O)-module S4(U (%), L/O)V is locally free over the generic
fibre TT-4(U (1%), L/ O)[1/1].

Therefore the multiplicity of S°(U (I%°), L/©)" is the same at every point of T7-°"4(U (I°°), L/O) of
characteristic zero, and thus we expect the multiplicity of nonclassical points (those corresponding to
Hida families of ordinary automorphic forms) is the same as at classical automorphic forms in S, (U, A).

5. Galois representations and deformation rings

5.1. Local deformation rings. In this section, we let G g+ and G be the absolute Galois groups of F+
and F, and G g+ ,, Gy, be the decomposition groups at the places v, w of F* and F.

We now define a deformation problem. Let v € Sp with residue field of size g,, and let Xg; € Sgr,, be
the irreducible component corresponding to the regular nilpotent orbit. We say that an n-dimensional
representation p : Gg+, — GL,(A) is Steinberg if the representation p lies in the A-points of this
irreducible component Xs;. When A is a field of characteristic zero and W D(p) = (r, N) is the Weil-
Deligne representation obtained from p, then this condition is equivalent to the condition r being
unramified and the eigenvalues of r (Frob,,) are in the ratio q{)’*l : ql’j*2 Teeeigy it L

Let Cp be the category of local Artinian O-algebras with residue field F, (that is, the category of
coefficient rings as defined in Mazur’s article in [CSS97]). For each v € Sp and Steinberg representation
pv : G5 — GL,(F) define a functor

Dg;D :Co — Get, A {Steinberg liftings of p, to A}.

This functor is pro-representable by the complete Noetherian local ring R} := (’)f(sI ;- When we view

Xst as a scheme over L, Theorem 3.2 tells us, since g is not a root of unity in L, and is therefore
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considerate towards G, that any localisation of R;"*'[1/[] is a regular ring and thus that R}**'[1/] is
regular.
We recall the definition of 7-discrete series representations found in Section 2.4.5 in [CHTO0S8].

Definition 5.1. Let 7, : Gp 3 — GL4(O) be a representation with the following properties:

(1) 7, ® I is absolutely irreducible (F the residue field of O).
(2) Every irreducible subquotient of (7, ® F)|z, is absolutely irreducible.

3) r®F 27 ®F(i) foreachi =0, ..., m, where _(i) denotes the twist by the unramified character
sending Frob to ¢'.

Whenever R is an O algebra, we say that p : Gr ; — GLp4(R) is an r-discrete series representation if
there is a decreasing filtration {Fil'} of p by R-direct summands such that

grip = gp(i) fori=0,...,m—1 and gr0p|1,{,%f|1,g®oR.

Proposition 5.2. Suppose | > hg. Let 1 be a rank-d representation as above, and let n be an integer with
d|n. Let Xz, be the moduli space of framed r-discrete series representations of rank n, defined over O.
Then the base change (X7 )1 is smooth over L.

Proof. Let S; be the moduli stack over O of n-dimensional 7-discrete representations, so that S; =
[X7/GL,], and let S1 be the stack of m := n/d-dimensional 1-discrete series representations. Let
S;VD be the stack over L whose groupoid over R consists of objects (o', N), where p’ is F-discrete
series representation of rank n = dm with open kernel, and N is an element of Endg(R") such that
0'Np'~! = g"N. Define S}'P analogously. Let # be the homomorphism #; : I — Z; sending any lift of the
topological generator of tame inertia to 1 € Z;. Recall that there is a morphism S;VD — S; given by (p’, N)
is sent to the unique representation p given by p(g) = p’(g) exp(f;(g)N) for g € I and p (Frob) = p’(Frob).
Recall that this is an isomorphism on the base change to L.

Then we have an morphism of algebraic stacks S}VD — S;ND given by (p’, N) — (p’, N)®F. We claim
that this is an isomorphism. By an exercise in Clifford theory and by assumptions on 7, the restriction
F|; can be written as a direct sum of pairwise nonisomorphic absolutely irreducible /-representations
T@ T @ ... for some k € N. As p’ is 1-discrete series in characteristic zero, we see that
PN EmTdtM ... @ tFrObkfl). Let Vz(R) = Endg()(¥™) be the space of /-equivariant maps
of any representation in SWDr (R), and define V1 (R) = Endg[;1(1™) similarly. The map

Vi(R) — Vi(R), N +— N ®idy, 2)

is injective, and hence is isomorphic onto its image. We claim that if (p, N) € S;W D(R), then N is in the
image of this map.

First, note that N is /-equivariant. We calculate using Schur’s lemma that V;(R) = M,,(R)*, since
each TFoY ig absolutely irreducible, and we see that the above map corresponds to the diagonal map

A : M, (R) = M,,(R)*.
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The space V;(R) has a natural action of Frobenius on it, and under this action N = (Ny, ..., Ny) €
M,,(R)* has Frob.(Ny, ..., Ny) = q(Ny, ..., Nr). Notice that Frob induces an isomorphism of the
underlying spaces " — (tF™°)” which gives us a commutative diagram

' Frob s (.L,Frob)m

@ Jo 3)

m Frob} (.L,Frob)m

Hence, we see (N2, ..., qNi, qN1) =q(Ny, ..., Ny—1, Ni), and thus N lies in the image of the diagonal
map. This proves the claim.

Let x; = Hom;(z, 7). This is an unramified character. We claim that (Hom; (7, _) ® X;I, AN
S;VD — SXVD is an inverse defining the equivalence.

We first show that the composition S;ND(R) — S}VD(R) — S;ND(R) is the identity. For (®, N) €
S;VD(R), the previous claim gives us an isomorphism on the N-part of the stacks S;VD(R), so we focus
on the representation part. Since [ acts through a finite quotient, and R is an algebra over a field
of characteristic zero, we see that ® is semisimple and hence we get a sequence of /-representation

isomorphisms:
k—1 . :
e~ @ H0m1 (TFrob’ @) ® Xf_l ® _L_Frob
i=0
k=1 :
= Hom; (7, ®) ® x; ' ® @ 7™ = Hom;(1,0) ® x; ' ®F.

i=0
To show this isomorphism also respects the Wg-action, we observe that each graded part of ® has
gr' (©) =7 ® x (i), where x is some unramified character. Then we obtain

Homy (7, gr' (©)) = Homy (7, F ® x (1)) =7 ® x (i),

so that both sides of the isomorphism are naturally 7 ® x (i) as Wg-representations. Hence, the composition
SYP(R) — SPP(R) — SYP(R) is the identity.
To show that S}VD(R) — S;VD(R) — SXVD(R) is the identity, let p € S1(R). Then the natural map

o — Hom;(t, o ®7), vi>{wr—>vQw}, 4)

defines an / isomorphism. So we need only check that p ® x7 and Hom; (7, p ® r) have the same action
of Frobenius. This can be checked again, by looking at the character gr’ (p). Hence, we have exhibited an
equivalence of categories S1 <> S7.

Given a choice of Frobenius Frob and a topological generator s of the tame inertia group we can
explicitly write an isomorphism of stacks

S1 = [Xst/GLy 1,

p > (p(Frob), log(p(s))),
pa(Frob”x) = ®" exp(N1;(x)) < (P, N).



1148 Daniel Funck

As (Xs)r is a smooth scheme by Theorem 3.2, this shows that S1[1//] is a smooth stack, and thus that
S7[1/1] and (X7 ). are smooth. O

In light of this proposition, if p : Gr 5 — GL,(F) is an 7-discrete series representation, we let RE’f be
the universal lifting ring of 7-discrete series representations. By the proposition, the ring RUD'F [1/1]is
regular at every maximal ideal.

5.1.1. Deformation rings at primes above I. For v € S;, let I; be the inertia subgroup of G%bﬁ, let 1;(1)
be the pro-/ part, and let Ay := Ol 13", which we can identify with the universal lifting algebra of an

ordered set of inertial characters {x; : Iy — F*};—1...,. Following chapter 3 of [Ger19] we can define a

lifting A -algebra RS as follows.

Take the universal lifting ring R*#, so that a morphism r : RJ*» — A corresponds to a pair
(p, {xi}i=1....n) consisting of a representation p : G, = GL, (A) lifting o and a sequence of characters
xi : I; — A*. Let Flag be the flag variety defined over O. There is a subscheme G of Fag x o Spec R-A
whose A-points are the triples (Fil, p, {x;}) € (Flag x o Spec R”)(A) such that p : G, — GL, (A) preserves
the filtration Fil on A", and such that the action of I; on the graded part Fil; /Fil;_; is x;. Then RvA 18
defined as the image of the natural morphism R4 — I'(G, Og).

By Lemma 3.3 of [Ger19], the morphism RS — O corresponding to a representation p : G, — GL,(O)
factors through Ry if and only if p is GL,(O)-conjugate to an upper triangular representation with

diagonal characters equal to 1, ..., x, when restricted to inertia.

Definition 5.3. If A is a Z;-algebra and v € §;, we call a representation p : G, — GL, (A) ordinary if it
is GL, (A)-conjugate to an upper triangular matrix. Likewise, if p : Gal(F : F) —> GL,(A) is a global
Galois representation, we say p is ordinary if p|g, is ordinary at all places v € ;.

In this terminology, the fact above can be restated by saying that a point x : R}’ — O factors though
RvA if and only if the corresponding representation p, is ordinary.

Lemma 5.4. Suppose that p, : Gr3 — GL,(F) is an ordinary Galois representation with diagonal
characters X1, X2, .- ., Xn Such that no pair i < j has x; = x, where ¢ is the cyclotomic character. Then
RUA[I/I] is formally smooth of dimension [ Fj : @l]%n(n +1)+n? over L.

Proof. This follows from Lemmas 3.17 and 3.7 of [Ger19]. (To apply Lemma 3.17 as stated there, one
must note that G4 is a union of irreducible components of G and p, lies in the open subset of G[1/1]
whose closure is defined to be G%. Thus RS = R5) O
5.2. Local-global compatibility. We start by introducing the group G, from [CHT08], defined as the

group scheme that is the semidirect product of GL,, x GL with C, = {1, j}, where j acts as

1

Jg it =™ HT, w.

By Lemma 2.1.1 of [CHTO08], representations r : G g+ — G, (R) such that ¥ ~'(GL, (R) x GL{(R)) = G
are in correspondence with pairs (p, x), where p is an n-dimensional representation of G and y is a
character of G+ such that p¢ = yp" and ¢ € G~ is sent to j.
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For brevity, whenever we have a homomorphism r : G+ — G, (R) and a subgroup H C G g+, we use
r| to mean restriction to H, followed by projection to GL,,. Typically, H will be the subgroup G or its
localisations G .

Proposition 5.5. Suppose that m Q TT-"4(U (1%°), O) is a maximal ideal with residue field F. Then there

is a unique continuous semisimple representation
Fm : G — GL,(F)

satisfying the following conditions:

() 7 =iveel™

(2) Twlw is unramified at all places v of F* outside T.

(3) If v additionally splits as v = ww°® in F, then the characteristic polynomial of r, (Froby,) is

X" TOX™ g (=) N )G DTD X" 4 (1) N (w) 2"~ ®
modulo m.

(4) Let iy : G — GL,,, (O) be constructed from the smooth representation p, : G D(FUJr ) — GL(M,)
via the Jacquet—Langlands and local Langlands correspondences, as in [CHTOS, Section 3.3, p. 97].
Ifve Sp and Uy = Gp(OF+ ), then rylG,, is ry-discrete series.

Proof. We prove only (4), the other statements amounting to Proposition 2.28 in [Ger19]. By the argument
in the proof of that same proposition, the maximal ideals of T are in bijection with those of T /m 5. Hence,
(4) follows from the classical situation (that is, usual automorphic forms for G p rather than Hida families
of ordinary automorphic forms). The proof of this can be found in Proposition 3.4.2 of [CHTOS]. O

Proposition 5.6. If m is non-Eisenstein (that is, if rn is irreducible), then ry can be extended to a
representation 1y, : G p+ — G, (F), which in turn can be lifted to a representation

rm: G e = Gu(THU(UA), O)m)
with the following properties:

(1) Ifv:G, — GL, is the second projection, then vory, = 81*”8¢7F+, where ¢ is the cyclotomic character,
S r+ is the nontrivial character of Gp+ /G, and , € Z/2.

(2) rmly is unramified at all places v ¢ T.

(3) If v in addition splits as v = ww€ in F, then the characteristic polynomial of ry(Froby,) is
X' —TOX"™ 4o (=) N )2/ UDTD X T o (= 1) N (w) 2D T

(4) If v € Sp, then ry|G, ; is r-discrete series.
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Proof. As with the previous proposition, this is Proposition 2.29 in [Ger19] along with the additional
(4), which we prove. By the proof of Proposition 2.29 of [Ger19], we may find a sequence of maximal
ideals m;, C TT-°"(U (%), O) such that Ty = lim, T"(U (1°), O),, and we define ryp = lim, ry,. By
Lemma 3.4.4 of [CHTO8], each ry, |G, ; is F3-discrete series, and so now it remains to show that r,,|g, ;
is, too. Since

Py @ T U (19), O)y, = 7,

whenever b > ¢, the filtration Filé7 on ry, descends to a filtration Fil;; @ TThod(y (1¢-¢), O)m, O Iy, and

the graded parts have
et )] @ T U (), O, Z g s @ TH(U ), Ohin, 1.

It follows that Filﬁ) QTTord(y (1o, O)n, is a defining filtration on ry,,. From Lemma 2.4.25 of [CHTO8],
such a filtration is unique, so we have a compatible system of filtrations on the ry,, which lift to a filtration
on rmlG, ;. We see from this compatibility that grl (rm) = lim, gr! (rmy), and 80 oG, ; is rz-discrete
series. Il

To complete the results we need for local-global compatibility, we need the following lemma:

Lemma 5.7. Let v € S;, and let RﬁA be as before. Then there is a map RﬁA — TTod(y (1), O)y such

that R
Gri "—> Ga(RS)
-I]—T Ol‘d(U(lOO)))
commutes.
Proof. This follows directly from Corollary 4.3 of [Ger19]. g

5.3. Global deformation rings. Let F/F* and let p : Gr — GL,(F) be a representation with local
representations p,, = p|¢, . where w is a place of F. Let R be the set of places v of F* such that v
splits and there is a place w of F above v where p ramifies. Set 7 = S§; L Sp LI R, and define T as before.
We make the following assumptions:

» The representation p is an irreducible automorphic representation. That is, there is a non-Eisenstein
maximal ideal m < T7-°"4(U (I%°), ©) such that p = 7y,

o The subgroup p(G r+(g)) € Gu(F) is adequate in the sense of Definition 2.3 of [Thol2].
o The representation p is unramified outside T.

« At any place v € R, any lift of p, to @; is nondegenerate in the sense of Section 3.3 of [Sho18]; in
particular they lie on a single irreducible component of Lochn’@l.

* For each v € §;, we have Homg,, ; (05, pye) = 0, for & the cyclotomic character.
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As p =y isirreducible, it can be extended to a representation p : G g+ — G, (F) such that vop = 81_”8¢7F+
via Proposition 5.6. We fix such an extension.
For each v € T, define R} as the framed deformation ring for p;. Set
R = (®,RY) @0 ( ®,RS™) &o (®,RY)
ves; veSp veER
as the local deformation ring for p. Our first observation is that, since each RUA is a Aj-module, the
algebra R'°° inherits the structure of a QA = A-module. The isomorphism & A; = A is inherited

from the group isomorphisms ves ves

T = [ [ 10r+ o) =[] TOrs) = [ | T

ves; ves; VES;

where the final isomorphism is given by the Artin map of local class field theory.
Lemma 5.8. The ring R'°[1/1] is regular.

Proof. Recall the construction of the complete ring R} as the image of RJA = RP®p A, in the global
sections of G C Flag x o RJA. We “decomplete” RS as follows: R is the completion of a local ring RUD
at a closed point on a finite-type scheme over O. The ring A, = O[[1;(1)"] is a completed group algebra
of a group which is topologically finitely generated, generated by a fixed choice of generators {s;}. So we
can choose a subring A, = (’)[s;—Ll]/<relations> C A, of finite type over O which is dense in A,. Thus,
there is a ring RE’A of finite type over O whose completion is RJA.

We can define a closed subscheme Q C Flag X0 Spec(ﬁE’A) cut out by the same equations for G as in
the definition of R} Of course, there is a natural commutative diagram

RoA 2y 0(G)

[ ]

RE’A T> O(g)

We set RS as the image of ¢. It is a finite-type ring over O and, since the equations defining G C
Flag x Spec(R."") are rational (that is, the defining ideal Z equals 70
T C Flag x Spec(RZ1)), the image im(¢) = R, is a completion of Ry

It follows that each of R, Ry 75 and RvA (for v € R, Sp, S; respectively) is a completion of a local

FlagxSpec(RM) for some ideal

ring at a closed point P, on a finite-type O-scheme X,. By the last two hypotheses on p listed above,
Lemma 5.4 and Proposition 3.6 of [Shol8], we see that R,]A[l/l] (for v € §;) is regular and RE[I/I]
(for v € R) is formally smooth. Thus, the closed points P, on X, (where v € S; U R) lie on an open
subscheme U, C X, whose generic fibre U,[1/[] is smooth over L. By Proposition 5.2, the same is true
for RUD’;ﬁ for v € Sp. Set

Rloe ;:( ® RUA) ®O( ® Rl?fﬁ) ®@( ® RE).

O,ves; O,vesp O,veER
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Then R is of finite type over O and has a maximal ideal m, corresponding to the closed point (P,),,
with respect to which R' is the m-adic completion. In addition, R'°[1/[] is a regular L-algebra. To
show that R'°°[1/1] is a regular ring is now a simple application of Lemma 2.9 and [Stacks, 07NY]. O

In fact, the same argument shows that Ry[1/1] is a regular ring whenever R, is a power series ring
in a finite number of variables with coefficients in R'°°,
Let S be the tuple

S=(F/F*, T, T, e "8

Frpes ARDY 10 € Si), R 1v € Sp), {R) 1v € R))

and say that p : Gg+ — G(A) is a lifting of p to A € Cy of type § if it has the following properties:

(1) plg, lifts 7,y,.
(2) p is unramified outside 7.

(3) For v € Sp, the local representation p, is 7-discrete series and gives rise to the morphism R! — A
which factors through RS

(4) For v € S, the restriction p, and the A-structure on A give a morphism R’ ® A — A which factors
through RS

(5) vop=e' "8y

By Proposition 2.2.9 of [CHTO08], we can construct the universal deformation ring Rgniv and the universal
lifting ring R§.

Let ho=[F':Q]- %n(n —1D+[FT:Q]- %n(l — (—1)#m-1) and let & be an integer larger than both
ho and dim [HﬁlL (Gp+.1,ad ,5(1))]. (Here, the space HﬁlL (GF+,1,ad p(1)) is a particular subspace of
the cohomology group H e r+.1,ad p(1)) of the Galois group G g+ 7 of the maximal extension of FT
unramified outside of 7', defined in Proposition 4.4 of [Thol2].)

After Thorne [Tho12], we will call a triple (Q, Q, {gl_fv}UEQ) a Taylor—Wiles triple if

(1) Q is aset of primes of F* which split in F,
(2) I[INmg+(v) — 1 for each v € Q,

(3) 101 =h,
(4) Q is the set {T|v € O}, and

(5) for each v € Q, the representation p|g, splits as a direct sum into s, G W, where 1/, is a generalised
eigenspace with eigenvalue «, € F of dimension d,.

For any Taylor—Wiles set O we can define a deformation problem S(Q) that is the same as S, but
now we allow pj;, for v € Q, to ramify in the following way: p; splits as a direct sum s & v, and the
two summands lift to s and 1} in such a way that s is unramified and |;, : I, — GL,, factors through
the scalar action on the underlying representation space. Using Proposition 2.2.9 in [CHTO0S8] again, we

univ

can now take the universal deformation ring Rg¢ 0)- Because stipulating that the local deformations at
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Taylor—Wiles primes are unramified is a closed condition, this presents us with a surjection Rg?ié) —» Rgni".
We also have a natural map R — Rg?ié) given by restrictions to the local subgroups at the level of

functors.

Proposition 5.9. For each N € N, we can find a Taylor—Wiles triple (Qn, QN, {1/_/U}UEQ) such that
IN|INmp(v) — 1 for all v € Qy and the global deformation ring Rg?ié) can be topologically generated
over R by h — hy generators.

Proof. This follows from Lemma 4.4 of [Tho12] applied in the case of Theorem 8.6. U
In light of this proposition, set Ro, = R°[ X1, ..., X, ], set Ry = RE?BN), and set Ry = Rllgniv so that

we have surjections R, — Ry and Ry — Ry.
We now define some important subgroups of G p(A%,).

Definition 5.10. For v € Qy, suppose that 7|, = 5§ @ v as before, with ¢ a d,-dimensional semisimple
unramified representation with all Frobenius eigenvalues equal. We take the group U; (D) to be the
subgroup of U, € G D(FUJr ) (identified with GL, (F7%) via the isomorphism i3) of elements that take the

wy* ok
0 Clldv

modulo v witha =1 mod v when i = 1, and arbitrary when i = 0. Set U; (Q) = U2 x I1
GD(A%&—)-

form

Let Ay be the maximal /-power quotient of Up(Qn)/U1(Qn) = [],cp,
as the maximal /-quotient of [, On k(0)* = (Z/1N)4. We claim there is an action of Ay on the ring

k(0)*. We may view Ay

Rg‘?é). The map det orx,“iV Apy — (Rgrzg))x given by the determinant of the universal deformation
rN =TS0, 5 factors through the kernel of (Rgg;))™ — F*, which is an abelian /-power group. By
local class field theory, there is an isomorphism /s ; — O} -, and the [-power quotient of this group is
the /-power quotient of k(v)*. Hence we see that there is a r’nap Ay — (Rg‘éiém)x and thus a ring map
A[AN] — Rg‘z‘é), so that Rg’%‘ém inherits the structure of a finitely generated A[A y]-algebra. If ay is
the augmentation ideal of A[Ay], then Rg?‘ém /ay is the ring of the universal deformation ring which
parametrises Galois deformations of type S. (These deformations are required to be unramified at places
above Qy.) Note that Ay = (Z/I"Z)h by our choice of Q.

As in Sections 4.3 and 4.4, we can construct the Hecke operators
THeve (U1 (@) (%), 0)

and, through a map TTUQN’Ord(Ul (ON)UI™), O) — TTod(y (1%°), ©), we can lift our choice of maximal
ideal m to a maximal ideal my C T"VCN-0 (U (Qn) (%), 0). Set Ty, 1 :==TTVEN-M (U (QN) (), O)F,
as the my-adic completion. As in Proposition 5.6, we can construct a representation rmy, : Gp+ = G, (Ty 1)
which by the proof of Theorem 6.8 of [Tho12] gives us an S(Q y)-lifting of p. Hence, we get a surjection

Rg‘zié) — Ty, for each N.
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5.4. Patching. We now define a module Hy over T7YEV-24 (7, (Qn) (1), ©),, for each set Oy, and
quote a patching theorem that will allow us to construct the patched “limit” module H,,, which we use to
prove our local freeness result.

Define the space of automorphic forms S (U; (Q ) (™), L/©),, as before and set

Hy = S(U (™), L/0O)).

In Proposition 5.9 of [Thol2], Thorne describes a projection Pr, on ST (ON) (), L /O),, and,
later on, modules

Hin =[] Pro[S™Wi(Qn) (™), L/O)m]"

veQn
with the following properties:
Proposition 5.11 [Thol2, part of proof of Theorem 6.8]. (1) Hi o, is a free A[Ag,]-module and
restriction to Sord(Uo(QN)(loo), L/O)m gives an isomorphism Hy g, /any = Hy, g
(2) The map
v
( 1_[ %r) : Hp gy — Ho

UEQN

is an isomorphism.

Theorem 5.12 (patching). Let R — T be a surjective A-algebra homomorphism with T a finite A-algebra.
Define Sy = A[(Z/1"7)"] = A[A g, 1 with augmentation ideal ay and define the inverse limit S, :=
lim A[Agy] = AllYy, ..., Y. Set Soo = Sl Qo T, where T = O[ X4, ..., X1 1p2]l. Suppose we have
the following data:

(1) integerst,h > 1,

(2) a finite T-module H,

3) foreach N > 1,

(a) an Sy-algebra homomorphism Ry — Ty that gets reduced to R — T under reduction modulo ay,
and
(b) a finite Ty-module Hy, which is finite and free over Sy and whose Sy-rank is independent of N,

and
(4) an Seo-algebra Ry, such that Ry, — Ry with kernel ker(Soc — Sy) Roo.

Then there is an Roo ® Soo-module Hyo, such that Hy JaHy = H, Hoo is a finite free Soo-module, and
the action of Seo on Hs factors through that of Rs.

Proof. The details of the Taylor—Wiles—Kisin patching method used here are as in Chapter 4.3 of [Ger19].
They can also be found in Chapter 8 of [Tho12], under the heading “another patching argument”. [
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Theorem 5.13. The module Hy[1/1] is a finite locally free Rgni"[l /1]-module.

Proof. We calculate that

dim(Seo) = dim(A) +h +|T|n> = n[FT : Qln + h + |T|n?
and that
dim(Re) =14+ 3 ([F5: Q- 3n(n+ 1) +n?) +n?|Sp UR| +h — hg
veS;
=[F":Q] - in(n+1)+|T|n>+h —ho
=[F":Qln+|T[n*+h—[F':Q] jn(1 — (—1)k=")

Consider the module H3. Since HY is a finite free Soc module, and since the action of S, factors
through R, we see that

dim(Sao) = depthg_(HZ) < depthp _(HZ) < dim(Rwo)

and thus, the only possible way for this inequality to hold is if equality holds throughout. This implies
MUm =n mod 2 and HODo is a maximal Cohen—Macaulay R, module.

Now, consider the generic fibre. Let m € Ry [1//] be a maximal ideal. Lemma 5.8 shows that
Roo[1/1],, is a regular local ring. Thus, any finitely generated maximal Cohen—Macaulay Roo[1/1],-
module has finite projective dimension, and hence any maximal Cohen—Macaulay module is projective
by the Auslander-Buchsbaum formula. This shows that H[1/1],, is a free Rxo[1/1],,-module, this
shows that Ho%[l /1] is a locally finite free Ry,[1//]-module. It follows that Hy[1//] is a locally finite

free Rg“iv[l /[]-module. O
Corollary 5.14. R¥NM[1/11=T[1/1].

Proof. Let I be the kernel of the surjection Rgniv[l /11 — T[1/1]. Choose any maximal ideal m of
Rgniv[l /1]. Since localisation is an exact functor, we get a short exact sequence

0— L — RY™[1/1],, — T[1/1]n — 0.

Note that the action of Rgniv[l /11, on Hy[1/1],, factors through T[1/1],,, so that I, annihilates all of
Hp[1/1],,. Since this is a free module, this shows that [, is trivial. Since this is true for every m, this
shows that Supp(/) = @ and hence I = 0. Hence the surjection above is an isomorphism

RSN/ =T[1/1]. O

Remark. As an application of Theorem 5.13, whenever M is a locally free coherent sheaf on a connected
space X, the rank function

X - NU{0}, x+— Rank, (M),

is locally constant. Therefore, the rank of a geometrically connected component can be calculated by
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calculating the rank at any special point x € X. In our special case, the rank of the module Hy[1/[] can
be interpreted as the number of distinct automorphic forms with a given set of Hecke eigenvalues, which
can be interpreted as the multiplicity of the Galois representation determined by said Hecke eigenvalues
inside the space of automorphic forms. We have shown that for these automorphic forms, the multiplicity
is determined only by the connected component of Ry,[1//] on which the representation py, lies. By
Lemma 4.2 of [Gerl9], we see that the minimal primes of R.,[1//] biject with the minimal primes
of A. Thus, if one could show that for each component of Spec A, there is an automorphic form of some
classical weight had multiplicity 1, then all the Hida families of forms would also have multiplicity 1.

Appendix: Weighted Dynkin diagrams for distinguished orbits in types D, and E, withn <7.

Weighted Dynkin diagrams of distinguished orbits of type Dj:

2
[

Dy C RTINS 2 —— 0 —— 2 *
2
[

Dy Ko 2 ——— 2 ——— 2 *
2
[

Ds Hoe 2 2 0 2 *
2
[

Ds ko 2 2 2 2 e *
2
[

D¢ % oo 2 0 2 0 A *
2
[

Dg % o 2 2 > 2 0 2 *
2
[

Dg % oo 2 2 2 2 2 *
2
[

D; 2 2 0 2 0 2 *
2
[

D; 2 2 2 2 0 2 *
2

D; 2 2 2 2 2 2 *
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Weighted Dynkin diagrams of distinguished orbits of type Eg:

2

Eq ' 2 2 > 2 2
2

E¢(a))  # oo 2 2 0 2 2
0

E¢(az)  * oo 2 0 > 0 2

2

E; DA 2 2 2 > 2 2
2

Ex(@) % o 2 2 2 0 2 2
2

Ex(@) % oo 2 0 2 0 2 2
0

Ex(az) ok oo 2 2 0 > 0 2
0

Er(as) % oo 2 0 0 > 0 2
0

Ex(as) ok oo 2 0 0 ) 0 0
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Smoothness of stabilisers in generic characteristic

Ben Martin, David |. Stewart and Lewis Topley

Let R be a commutative unital ring. Given a finitely presented affine R-group scheme G acting on
a finitely presented separated scheme X over R, we show that there is a prime pg such that for any
R-algebra k that is a field of characteristic p > py, the centraliser in G of any closed subscheme of X} is
smooth. When X is not necessarily separated we show similarly that for any closed finitely presented
subscheme Y C X there is a p; depending on Y such that when k has characteristic p > p;, the normaliser
of Y, in G is smooth. For the proof, we may assume k is algebraically closed, whence we prove these
results using the Lefschetz principle together with careful application of Grobner basis techniques, and
using a suitable notion of the complexity of an action.

We apply our results to demonstrate that the Kostant—Kirillov—Souriau theorem holds for Lie algebras
of algebraic groups in large positive characteristics: the coadjoint module of every such Lie algebra
decomposes as a disjoint union of symplectic varieties, each of which is a coadjoint orbit.

1. Introduction

Let R be a commutative unital ring. By an R-field we mean an R-algebra that is also a field and by an
algebraic R-group we mean a finitely presented affine R-group scheme. We prove the following.

Theorem 1.1. Let G be an algebraic R-group and let X be a finitely presented separated G-scheme
over R. Then there exists py € N such that whenever k is an R-field of characteristic p > po, the centraliser

Cq, (Y) is smooth for every closed subscheme Y of Xj.

Theorem 1.2. Let G be an algebraic R-group and let X be a G-scheme of finite type over R. Let Y be a
finitely presented closed subscheme of X. Then there exists p1 € N such that whenever k is an R-field of

characteristic p > p1, the normaliser Ng, (Yy) is smooth.

If we assume that R is noetherian then we can remove some of the hypotheses on X and Y: see
Remark 4.15.

Theorem 1.1 uses the hypothesis that X is separated in order to infer that the centralisers are closed
subschemes of G (see [Jan03, 1.2.6]). Note also that the lower bound of pg in Theorem 1.1 for centralisers
does not depend on Y; the bound in Theorem 1.2 for normalisers does, however, depend on Y, and this
dependence cannot be removed: see Remark 4.12.
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Keywords: algebraic group, smooth normaliser, smooth centraliser, smoothness, Grobner basis, Lefschetz principle.
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Natural examples of algebraic groups over rings abound, of course. The split reductive groups are all
Z-defined [Dem63]; and so too are the subgroups of reductive groups normalised by a split maximal
torus — so-called subsystem subgroups. This class includes all parabolic subgroups of reductive groups.

There are several known special cases of the theorem. One of the most influential in Lie theory occurs
when G is split reductive and X is either G itself or its Lie algebra g, on which G acts by the relevant
adjoint action. Then it is well known that the group G, the algebra g, and the adjoint action are defined
over Z (see [Jan03, 1I.1.1]) and the centralisers of single elements of X (k) are smooth whenever p is a very
good prime for G. This follows (see [BMRT10, Theorem 1.3(a)]) from work of Richardson [Ric67], who
used the notion of a reductive pair to give an elegant proof for very good p that the number of unipotent
and nilpotent orbits of Gy, is finite. This smoothness result was generalised in [BMRT10, Theorem 1.2]
to cover arbitrary subgroups of Gj and subalgebras of Lie(G). The hypotheses were further weakened
in [Her13]. Normalisers, while much less well-behaved, were thoroughly considered in [HS16], where
it was shown that (necessarily large) bounds on the characteristic exist, depending on the root system,
which ensure the normalisers of subspaces of the Lie algebras of reductive groups are smooth. Through
the classification of nilpotent and unipotent orbits, these results have found applications in developing
the subgroup structure of simple algebraic groups and subalgebra structure of their Lie algebras; recent
examples include [LT18] and [PS19].

One new feature of our work is that we move beyond the affine case: our results apply not just to
affine varieties but to quasi-projective varieties and other varieties of finite type. Here is an application.
The second author computed explicitly in [Ste16] the orbits of exceptional groups on their Lie algebras,
determining when centralisers and stabilisers of lines are smooth for minimal induced (or dual-Weyl)
modules; non-smoothness occurs only in characteristics 2 or 3. This motivated [op. cit., Question 1.4], to
which our theorem provides the following strong answer.

Corollary 1.3. Let G be an algebraic R-group and let V be a G-module which is finitely generated and
projective as an R-module. Then there is a prime py such that whenever k is an R-field of characteristic
p = pv, the centraliser Cg, (W) and normaliser Ng, (W) are smooth for any k-subspace W of Vj.

The smoothness of centralisers follows immediately from Theorem 1.1. To prove smoothness of
normalisers one can apply Theorem 1.2. Alternatively, one can apply Theorem 1.1 to X = Gr,,(V),
the Grassmannian of m-generated submodules of V: the idea is that the stabiliser of a subspace is the
centraliser of the corresponding point in the Grassmannian — for details, see Section 4.6. The same
conclusion does not hold if we weaken the hypothesis and consider all G;-modules V of bounded
dimension (see Remark 4.13), but it does if Gy is reductive and we bound the weights of the G-module
V in an appropriate sense: see Proposition 4.17.

In the final section of this paper we apply our main theorem to prove a modular analogue of the
Kostant—Kirillov—Souriau (KKS) theorem from symplectic geometry. Their theorem states that if G is
a complex algebraic group with Lie algebra g then the symplectic leaves of the Poisson variety g* are
precisely the coadjoint orbits. When G is semisimple, this result leads to a classification of symplectic
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homogeneous G-varieties, since they all arise as finite covers of coadjoint orbits. We refer the reader
to [GS77, § IV.7] for a detailed background of the theory. When k is an algebraically closed field of
characteristic p > 0 one can ask whether the Poisson variety g* decomposes into a disjoint union of
symplectic G-homogeneous subvarieties. In general the answer is negative, however we show that the
KKS theorem holds whenever the characteristic is sufficiently large (Theorem 5.2).

Let us say some words on the proofs of our main results. The central idea is to combine the Lefschetz
principle from first-order model theory with Grobner basis techniques. This approach was suggested in
[Sch00] as a method to solve certain problems in algebraic geometry, but to our knowledge the current
paper is the first place it has been carried out in practice. Roughly speaking, the Lefschetz principle says
that a first-order property that holds for algebraically closed fields k of characteristic 0 also holds for
algebraically closed fields of large enough characteristic. It is well known that an algebraic k-group in
characteristic 0 is smooth; we show that smoothness can be expressed in a first-order way, then use the
Lefschetz principle to deduce smoothness for algebraic k-groups in sufficiently large characteristic. In
order to do this, one needs suitable notions of complexity for schemes, morphisms and group actions.
This allows us to work with honest first-order sentences without needing parameters from the field: rather
than considering a fixed G and a fixed X, we quantify over all G and X of bounded complexity (a similar
trick was used in [MST19]). Two crucial tools are Lemma 3.9, which allows us to give a bound on
complexities arising from certain ideal membership problems, and Lemma 3.8. We find, surprisingly, that
although certain complexities need to be constrained, others do not: for example, we prove variations of
Theorems 1.1 and 1.2 which hold for schemes X that are not of finite type (see Corollaries 4.4 and 4.8).
See also Remarks 4.15 and 4.18.

Outline. In Section 2 we recall the language of Hopf algebras and the Lefschetz principle from model
theory, which we use to pass information from characteristic zero to large positive characteristics. Section 3
is the heart of the paper. Here we recall the theory of Grobner bases which allows us to express a criterion
for smoothness in terms of first-order sentences in the language of rings. We recall the definition of
complexity for schemes and morphisms (Section 3.2). We introduce the notion of a d-bounded Hopf
quadruple, and in Theorem 3.19 we prove that such Hopf algebras correspond to smooth algebraic
groups in large characteristics p > po(d). In Section 4 we provide the proofs of the main theorems,
using the functor-theoretic descriptions of centralisers and normalisers and the notions of G-complexity
(Definition 4.1) and (G, A)-complexity (Definition 4.5). Finally in Section 5 we provide a short proof of
our modular version of the KKS theorem from symplectic geometry.

2. Preliminaries

Throughout, we consider a fixed commutative unital ring R. The closure of a field k is denoted by k.

2.1. Schemes, group schemes and Hopf algebras. We take the functorial approach to schemes, as per
[DG70] and [Jan03]. Thus for an R-algebra Q we think of Specy(Q) as the functor Homg_a1(Q, —) :
R-Alg — Set. An R-functor is a functor X : R-Alg — Set; we call an R-functor X affine if it is isomorphic
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to Specg (R[X]) for some R-algebra R[X]. If Q is an R-algebra then X o denotes the Q-functor obtained
from X by base change. We say a subfunctor Y of an R-functor X is open if for every R-algebra Q
and natural transformation 8 : Specp Q — X, the subfunctor 8~!(¥) of Specy Q is an open subfunctor
of Specy O, and is closed if for every R-algebra O and natural transformation g : Spec, QO — X, the
subfunctor B~1(Y) of Specy Q is a closed subfunctor of Specy Q. A closed subfunctor of an affine
functor is affine. Then X is a scheme (or an R-scheme) if it is local in the sense of [Jan(03, 1.1.8] and admits
a decomposition X = | J;; X; for some indexing set [, where the X; are open affine subfunctors of X.

If Q is an R-algebra and X is an R-scheme then X is a Q-scheme [Jan03, 1.1.10]. We say X is
of finite type if [ is finite and each R[X;] is finitely generated over R; in this case we say X is finitely
presented if each R[X;] is a finitely presented R-algebra. If R is Noetherian (e.g., a field) then any finitely
generated R-algebra is finitely presented, so in this case any R-scheme of finite type is finitely presented.
We do not assume that all schemes are separated; recall that a scheme is separated if the diagonal map
D : X — X x X is an embedding. By an embedding of schemes we mean a closed immersion.

An affine R-group scheme G is a functor from R-Alg to Grp which, as a functor to Set, is naturally
equivalent to one of the form Specy(R[G]) for some finitely generated R-algebra R[G]. We consider
only the case where R[G] is finitely presented; in keeping with [Jan03, 1.2.1], we then call G an algebraic
R-group. We do not assume that algebraic R-groups are smooth. There is a natural notion of a closed
subgroup of G (loc. cit.). The archetypal example of an algebraic R-group is GL,, which is also an
example of a split reductive group.

A Hopf R-algebra consists of data (R[G], A, 0, €) where R[G] is an R-algebra, and there are R-
algebra homomorphisms A : R[G] — R[G]®g R[G], 0 : R[G] — R[G] and € : R[G] — R satisfying
the dual of the group axioms [Jan03, 1.2.3(1-3)]:

(A®id)o A= (id® A)o A, (2-1)
(€ ®id)o A= (id®e€)o A, (2-2)
(0 ®id)oA=E=({d®0c)0A. (2-3)

Here the symbol ¢ ® ¥ denotes the tensor product of the maps ¢, ¥ followed by the natural multiplication
map R[G]® R[G] — R[G], and € denotes € followed by the inclusion of R in R[G]. Hence by definition,
the category of algebraic R-groups is the opposite category to the category of finitely presented Hopf
algebras over R.

The Lie algebra Lie(G) of an algebraic R-group G is defined to be the R-module of all R-linear
maps I/1> — R where I = Ker(e); in other words it is ker (G(R[¢]/(e?)) = G(R)) where R[¢]/(e?)
is the algebra of dual numbers and the map takes € to 0. Following [Jan03, 1.7.7(3)] one obtains a
natural R-linear Lie bracket on Lie(G) induced by the comultiplication A. Every morphism of algebraic
R-groups induces a natural R-linear homomorphism of their Lie algebras.

When G is an algebraic R-group and & is any R-algebra, we can consider the base change Gy, which
is an algebraic k-group. To see this concretely, suppose R[G] = R[x1, ..., x,1/(g1, ..., &m). We have
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an obvious map w : R[xy, ..., x,] = k[x1, ..., x,] and we see that

G = Specy (k[x1, ..., xa1/(@(g1), - - ., @(gm)))- (2-4)

An action of G on an R-scheme X is a natural transformation « : G x X — X with the property that
a(Q): G(Q) x X(Q) — X(Q) is a group action for all R-algebras Q. If X is an R-module (see [Jan03,
1.2.2]) and G(Q) acts through Q-linear transformations of X (Q), then we say X is a G-module. If X is
affine, then we get a coaction map of R-algebras Ay : R[X] — R[X]® R[G]. In case X is a G-module,
this is the comodule map of [Jan03, 1.2.8].

Let V be a G-module such that V is finitely generated and projective as an R-module. We may regard
V as an affine G-scheme of finite type over R with co-ordinate ring the symmetric algebra S(V*) [Jan03,
1.2.2 and 1.2.7]. This construction commutes with base change.

2.2. Model theory and the Lefschetz principle. In this paper we use the Lefschetz principle to deduce
statements about algebras over algebraically closed fields of large positive characteristic from the corre-
sponding statements in characteristic zero. In doing so we pursue a theme from our earlier work [MST19],
in which we proved a version of the first Kac—Weisfeiler theorem for representations of modular Lie
algebras using the Lefschetz principle. A detailed introduction to the principle can be read in [Mar02] for
example, and a concise overview may be found in [MST19, §2.1].

For future reference we state the Lefschetz principle, in a version taken from [MST19, Corollary 2.4].
The language of rings L;ing is the collection of first-order formulas that can be built from the symbols
{v,3, v, A, —, 4+, —, X,0, 1, =} along with an arbitrary choice of variables. A sentence is a formula
containing no free variables. For example, the formula (3y)y? = x is not a sentence because the variable
x is free, but by quantifying over x we can obtain a sentence: e.g., (Vx)(3y)y?> = x. Given aring R, a
sentence is either true or false for that ring: for instance, the sentence (3y;)(3 yz)((yl # ) A (yf = y22))
is true in every field of characteristic p > 2, but is false in every reduced ring of characteristic 2.

A theory is a set of sentences. A ring R is a model of a theory T if every sentence belonging to 7 is
true in R: for instance, if p is either O or prime then AC,, is the set of sentences that are true in every
algebraically closed field of characteristic p, and any algebraically closed field of characteristic p is a
model of AC,,.

Theorem 2.1 (Lefschetz principle). Let ¢ be a sentence in Lying.
(1) If ¢ is true in some model of AC,,, where p > 0, then ¢ is true in every model of AC,,.
(2) If ¢ is true in some model of ACy, then there exists po € N such that ¢ is true in any model of AC,,
Jor p > po.

2.3. Ideals in tensor products of algebras. Suppose that k is a field and that A, B are finitely generated
k-algebras. Let K be an ideal of A ®; B with generators f1, ..., f, (note that K is finitely generated as
A Qi B is noetherian). Fix a basis & = {c; | A € A} for B over k. We can write f; =Y ajm ®bjm
for elements a; ,, € A and b; ,, € E. Without loss of generality we can assume the elements {b; ,, | m}
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are distinct for each fixed j, and under this assumption the ideal K’ C A generated by {a; , | j, m} is
uniquely determined by K, as we see from the next lemma.

Lemma 2.2. K’ is the smallest ideal of A such that K C K' ®; B.

Proof. Certainly K € K’ ®; B and so it suffices to take an ideal L C A such that K C L ®; B and
show that K’ C L. Observe that A ®; B is a free A-module with basis {1 ® ¢) | A € A}. Furthermore
LQiB=@,.oL®c, and so if f; € L ® B then a;, € L for all m appearing in the expression
fi=2majm®Dbjy. It follows that K’ C L as required. O

3. Smoothness of centralisers and Grobner bases

3.1. Bounded polynomials and Grobner bases. Throughout this subsection we fix n € N and k denotes
a field. We will want to quantify over all k-algebras of bounded presentation, equipped with the structure
of a Hopf algebra of bounded presentation. Here “bounded” means that the lengths and degrees of the
polynomial expressions appearing in the defining ideal of the underlying affine algebra, together with the
comultiplication, antipode and counit, are bounded. To do so, we need to formulate statements to say
that the Hopf algebra axioms are satisfied. Our main tool to this end will be to quantify over all Grobner
bases of bounded degree. We refer to [Eis95, Chapter 15] for a hearty introduction to Grébner bases, but
for our purposes we collect a simplified version here.

The basic principle is to provide a process for reduction of elements of S := k[x1, ... x,] by elements
of an ideal, which will terminate in a finite number of steps. Hence one wants to know when the size of an
expression is reduced by an operation, and for this one first needs to choose a total order on monomials.
This order needs to be admissible in the sense that m > my if and only if mms > moms > m, for any
monomials mi, my, m3 such that ms3 # 1.

We will demand of the order that for any monomial m € S, there are only finitely many m’ < m. For
instance, we may use the homogeneous (or graded) lexicographic ordering, in which

>m = xi’l ..x" «— degm > degm’ or if degm = degm’ then a; > b;

n
for the first index i with a; # b;.

an

) |
m:i=x ...x,

Thus the set of monomials is isomorphic to N as a totally ordered set. We define m, to be the r-th
monomial in S. If m is a monomial then we define k* - m to be {Am | A € k*} and we call elements of
this form terms; every polynomial can be written uniquely as a sum of terms. We extend > to terms by
defining Am; > um; if i > j and 0 # A, u € k, and we define the initial term in(f) to be the greatest
term appearing in f with respect to > (taking in(0) = 0). For an ideal / € S, we define in(/) to be the
ideal generated by the elements in(f) for all f € I. If g and & are terms then there is a unique monomial
m such that m divides g and &, and any other monomial dividing g and A also divides m: we define
gcd(g, h) = m.
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Definition 3.1. A Grobner basis' with respect to > is an ordered list of elements (g1, ..., g/) € S’ for
some ¢ such that if [ is the ideal of S generated by gy, ..., g, then in(gy), ..., in(g;) generate in(/).
Note that the g; need not be distinct and that although we work with ordered lists, the property of being a
Grobner basis does not depend on the ordering of the g;.

Fix d € N. We wish to view a polynomial in § = k[xy, ..., x,] as a finite list of its coefficients, where
we will ultimately be quantifying over all possible lists of those coefficients. We define the degree deg( f)
of a polynomial f € S to be the total degree of in( /). According to our chosen (homogeneous) monomial
order, deg( f) is the highest total degree of any term in f. Let X; C S be the set of monomials of degree at
most d, and let £; := |Xy|. By homogeneity of the monomial order again, this means Xy = {my, ..., mg,}.
Furthermore, we may identify the set S; of polynomials of degree at most d with the Cartesian product
k: the polynomial Zfi ; Aim; corresponds to (A1, A2, ..., Ag,) € k.

Definition 3.2. Let S = R[x1, ..., x,] be a polynomial ring over a ring R. Let S; denote the polynomials
in S of degree at most d. We say that an ordered list # of polynomials in R is d-bounded if |#| = {,4
and 4 consists of elements of S,;.

If R =k and & is also a Grobner basis, we say 4 is a d-bounded Grobner basis.

We identify the set of d-bounded lists of elements of S with Sf," = k',

Remarks 3.3. (i) Any Grobner basis of length greater than £, consisting of polynomials of degree at
most d can be reduced to a Grobner basis of cardinality at most £4. For if there are at least £, + 1 elements
then two, f and g say, must have the same leading monomial. So for some A € k, g — Af has a lower
leading monomial and replacing g by g — Af we still have a Grébner basis, directly from Definition 3.1.
Inductively we may assume g is zero, thus it can be removed to produce a smaller Grobner basis.

(i) Conversely, any finite list of polynomials (resp. Grobner basis) can be embedded into a d-bounded
list of polynomials (resp. d-bounded Grobner basis) for some d by appending an appropriate number of
zero polynomials to the end of the list.

Lemma 3.4. Letd € Nand let 1 < e < {4. Then there is a first-order formula ¢, 4 in the language Ling
of rings with £, free variables such that for any polynomial f € S of degree at most d,

Ge.a(f) holds < in(f) € k*-m,.
La
Proof. After identifying the set S; with the space k“¢, so that the polynomial f = > A;m; identifies with

(A1, ..., Ag,), the required formula is i=l1

(he ZO) A (het1 =00 A Res2 =0) A=+ A (R, =0). O

Given a d-bounded list of polynomials, we need to check with a first-order formula that it forms a
Grobner basis. For this, we appeal to Buchberger’s criterion [Eis95, Theorem 15.8], which we reproduce
here.

"n contrast to [BWO3], but consistently with [Eis95], we allow elements of Grobner bases to be zero.
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Let ¢ be any integer and let Z = (g1, ..., &) € S¢. For each pair of indices 1 <i, j <c, we define
_ i)

ged(in(g;), in(g;))
(We interpret this as 0 if g; = 0 or g; = 0.) Then it follows from the division algorithm [Eis95,

Proposition 15.6] that there exist fu(ij) € S within(mj;igi —m;jg;) > in(fu(ij)gu) foreach1 <u <c¢, and

m,'j

remainders /;; € S, none of whose terms is in (in(g1), ..., in(g¢)), such that
mjigi = mijgj = (Z ff”&) +hij. (3-1)
u

We call an expression (3-1) a standard expression for mj;g; —m;;g;.

Theorem 3.5 (Buchberger’s criterion). The set % is a Grobner basis if and only if there exist standard
expressions (3-1) such that h;; =0 forall 1 <i, j <c.

Lemma 3.6. If g; and g; have no variables in common, there is a standard expression for m ;g —m;;g;
such that h;; = 0.

Proof. Since m;; =in(g;) and m j; =in(g;), (3-1) becomes

mjigi—m;jg; =—(g; — in(gj)) g+ (g —in(g)) g;.
£ £

Set fi\) =0 for u #1i, j. Write g; = in(g;) +n(g;) + g/ with in(g,) the initial term of g; — in(g;), and
likewise for g;. Then m j;g; —mi;g; = in(g,) in(g;) +in(g;)g} —in(g:) in(g;) — in(g;)¢; has as initial
term whichever is the larger of —in(g;) in(g;) and in(g;) in(g;) (these two terms cannot cancel each other
as g; and g; have no variables in common). But the initial terms of fl.(ij ) and f J.(i'i ) are — iﬁCg]/') in(g;)
and in(g;) in(g;), respectively, so in(m ;g —m;;jg;) > in(fb,(i'i)gu) for u =i and u = j. Hence we get
hij =0, as required. g

Lemma 3.7. Let d € N. There is a first-order formula B, in the language of rings with ﬁfl free variables
such that if B is a d-bounded list of elements of S, then

Ba(PB) holds < 2 is a Grobner basis.

Proof. Suppose # = (g1, ..., 8¢,) € Sﬁ". We will produce a first-order formula that detects whether there
exist expressions (3-1) for each pair (g;, g;), with h; ; = 0. Suppose in(g;) € k* - m, and in(g;) € k*-m;
and that there is a formula x, 5 such that x, ,(g;, g;) is true if and only if there exist expressions (3-1)
such that /;; = 0. Then using Lemma 3.4 we set 8;(%) to be the formula

V' (Xab(8is &) APaa(gi) A ¢b,d(gj))>,

l=i,j=<tq ( 1=a,b=<tq

and we see that 8;(9) is true if and only if 4 satisfies the necessary and sufficient criterion of Buchberger’s
criterion to deduce that % is a Grobner basis.
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Thus we have reduced the problem, without loss of generality, to showing the existence of x, (g1, g2)-
For fixed a and b, m, := gcd(m,, mp) is also fixed, depending just on the bijection between N and the
monomials in §, hence so are the monomials m > and m;;. Now, the highest monomial appearing in
the left-hand side of (3-1) is at most the d’-th, where d’ is given by my ;1 = (mym,/m.). Suppose
in(m ;g —m;;g;) =m,. Then there is a finite set of pairs P ={(gq,, Mq4,)}1<p<p such thatin(g,, mgy,) <m,.
Hence, setting x..,.»(g1, g2) to be the formula

Gr) ... 3rp)(ma g1 —mi2gr — Z Ab8ayMa, = 0),
1<b=<p

we see that x. . »(g1, g2) holds if and only if there is an expression of the form (3-1) for ma181 —m 282
with h; ; =0 (given that in(m j; g; —m;;g;) = m,). Lastly, let x, 5(g1, g2) be the formula
d/
\/ (be.a(m2,181 —1m1282) A Xe.ab(81- 82)):

e=1

this will do. O

Another important thing we need to be able to encode with a first-order statement is the dimension
dim(/) = dim(Spec,(S/I)) of the scheme determined by an ideal I € § = k[xy,...,x,]. If [ =
(g1, --., 8e,) then in general it is not easy to read off dim / from the elements {gy, ..., g¢,}. However,
when {g1, ..., g¢,} form a Grobner basis for / there is a simple method: the dimension is the maximal size
of a subset X C {x1, ..., x,} such thatin(g;), ..., in(g,) depend only on the elements of {xy, ..., x,}\ X
[BWO3, Definition 9.22 and Corollary 9.28]. Using this fact along with Lemma 3.4, we can determine
dimension with a first-order formula.

Lemma 3.8. Let d € Nand 0 < e < n. Then there is a first-order formula §. 4 in the language Liny of
rings, with 5121 free variables, such that if % is any d-bounded Grobner basis with I = (%), then

8e.d(#) holds < dim(I) =e.

Proof. There is obviously a finite collection of lists of monomials that could play the role of initial
terms of the elements of a d-bounded Grobner basis defining an ideal of dimension e. More formally,
there is a set X, = {X; | j € T}, where T is some finite index set, and where each X is a d-bounded
list of monomials in S satisfying: (i) there are distinct iy, ...,i, € {l,...,,n} such that each m € X ;
does not involve x;,, ..., x;,; (ii) for any distinct iy, ..., i.41 € {1,...,n}, there is m € X; depending
on x;, for some 1 <k < e+ 1. For convenience we assume that the X ; are ordered sets and identify the
monomials with their ordinal via the bijection of monomials of S with N. Then we may set §, 4(%) to be
the formula

\/ (Par.a(8) A Pay.a(g2) A+ A ¢agd,d(g(d))- O

Xj=(ar,....ag,)€X,

The next lemma uses the ideal membership algorithm for Grobner bases to write a first-order formula
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whose truth determines whether an element is in an ideal. If 4 is a d-bounded Grobner basis and f € Sy
then we may identify (4, f) with an element of k* *+44 i the usual manner.

Lemma 3.9. Let d € N. Then there is a first-order formula 14 in Lying with Efl + €4 free variables, such
that for any f € S; and d-bounded Grobner basis % with I .= (%), we have

ti(%, f)holds < f €.

Proof. Let (g1, ..., g¢,) be a d-bounded Grobner basis and let f € S;. Since the elements of % have
bounded total degree d, and < is a homogeneous order, there are only finitely many monomials m such
that in(mg;) < in(f) for some 1 <i < £;, where this number depends only on d. Let my be the greatest
such monomial. Thus we set (;(%, f) to be the formula

d d d
(Frijizizaizjza [=8& (Z )»i,lmi> +& <Z )\i,Zmi) ++8a (Z )»i,dmi> : ()

i=0 i=0 i=0
We claim that 14(%, f) is true if and only if f € I. This follows by induction on e where in(f) = m,:
since & is a Grobner basis, by [BW93, 5.35(vii)], f is top-reducible by some g; or is not in /. In the
former case, this means that there is a term m such that in( f — g;m) < in(f). By the inductive hypothesis,
tq(B, f— gim) is true whenever f — g;m € I, which is the case if and only if f € I. If f— g;m € I this
says that there is an expression of the form () with f replaced by f— g;m; moving g;m to the other side
of the equation, this says that there is also one for f. O

3.2. Complexity of schemes and their morphisms. We recall some terminology, now reasonably common
in the literature, to describe the boundedness of affine schemes; see [Sch00, Definition 4.1] for example.
It is closely related to the notion of d-boundedness above.

Definition 3.10. (a) For n € N, we say that an ideal I of S = R[x, ..., x,] has complexity at most d
if I can be generated by polynomials of degree at most d; in this case we also say that the affine
R-scheme X defined by the vanishing locus of I has complexity at most d.

(b) If in addition, m € N we say that a homomorphism of R-algebras ¢ : S — T := R[y1, ..., Y] has
degree at most d if ¢(x;) is a polynomial in the y; of degree at most d.
More generally, we say that a morphism of affine schemes f : Y — X has complexity at most d if
there are embeddings X C A% and Y € A’} determined by ideals I of S = R[x1, ..., x,] and J of
T = R[y1, ..., Ym], such that the comorphism f*:S§ — T applied to each x; is represented modulo
J by a polynomial in the y; of degree at most d.

In particular, when m =n, I =0 and f is the embedding ¥ — X = A", then f* is just the quotient
of S by J and has complexity at most 1.

Note that our definition differs slightly from that in [Sch00]: we regard n as fixed but we do not require
that n < d, as this is not necessary for our purposes.
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By an affine embedding of an R-scheme X, we mean an embedding of X in A% for some n € N.
Below when we speak of the complexity of an R-scheme, we mean it to be taken with respect to a fixed
affine embedding, and likewise for morphisms of R-schemes; we will not mention the affine embedding
explicitly unless it is necessary. If we are given an affine embedding of X then we use the same embedding
for any closed subscheme of X. If G is an algebraic R-group then we pick an affine embedding arising
from a Hopf quadruple in the sense of Definition 3.13 below. If we are given affine embeddings of
R-schemes X and X, then we take our affine embedding of X; x X to be the product embedding.

Remarks 3.11. (i) If / has complexity at most d then a generating set of polynomials of degree at most
d can be transformed into a d-bounded list as per Remarks (ii)(i) and (ii). This allows us to apply the
results from Section 3.1 replacing hypotheses involving boundedness with hypotheses involving bounded
complexity.

(ii) Let X, X" and X" be affine schemes corresponding to ideals 7 of S, I’ of §" and I” of S”, respectively.
Let f: X — X' and g : X' — X” be maps of complexity at most » and s, respectively. It follows
immediately from the definitions that g o f has complexity at most rs. Similarly, if Y’ is a closed
subscheme of X’ and Y’ has complexity at most d then £~ (¥’) has complexity at most dr — note that
this bound does not depend on the complexity of X and X'.

(iii) Suppose {X; |i € I} is a family of affine R-schemes given by ideals [; of S. It is immediate that if

each X; has complexity at most d then [)._; X; also has complexity at most d.

iel
(iv) The notion of complexity behaves well under base change in the following sense. Suppose X is
an affine R-scheme with a given embedding in some affine space A%. Let k be an R-field. Then base
change gives an affine k-scheme X; with an embedding in A}. If fi, ..., f; € R[x1, ..., x,] generate
the vanishing ideal of X in A’ then the images of the f; in k[x1, ..., x,] generate the vanishing ideal of
Xy in A} Hence if X has complexity at most d then X also has complexity at most d. The analogous
result holds for morphisms.

(v) Suppose X and Y are both affine R-schemes, say

R[X]=R[xy,...,x,]/I and R[Y]=R[yi,...,ysl/J
with
I=(f1,....fr) and J=10(g1,.--,8u)-
Then
RIX xY]ZER[X]IQR[YI=R[x1,...,Xr, Y1,...Ys]/K,

where K is the ideal generated by the concatenation of the f; and g; (after extending the domain of f;
and g; to be trivial functions of the y; and x; respectively). Then one sees that if the complexity of X is
dy and of Y is dp, we get a presentation of R[X x Y] which shows its complexity is at most max{d;, d»}.
In particular, arguing by induction one shows that if S/I has complexity at most d, then (S/I)®" has
complexity at most d.



1170 Ben Martin, David I. Stewart and Lewis Topley

Definition 3.12. Let G be an algebraic R-group and let X be an affine G-scheme with action map
o : G x X — X. We say that the action of G on X has complexity at most d if o does.

Definition 3.13. Recall that § = R[xy, ..., x,]. Let H := (%, A, 0, €) be a quadruple with () =14 S;
and A:S— §%2,6:5— Sande:S— R being R-algebra homomorphisms satisfying A(1) CI®S+SR®1,
S(I)< I and e(1)=0. Then we say H is a Hopf quadruple if S/I equipped with the maps A, o and € forms
a Hopf algebra. We say that a Hopf quadruple is of complexity at most d if % consists of polynomials of
degree at most d and the complexity of A, o and € are at most d (this is automatic for €, as € has complexity
0). Dually, if an affine algebraic R-group G is described by the data (Spec(S/(%)), A*, o*, €*), where
(#, A, o0, €) is a Hopf quadruple of complexity at most d, then we say that G is an algebraic group of
complexity at most d. If G’ is a closed subgroup of G then we may represent G’ by the Hopf quadruple
(%, A, o, ¢€), where ' D %, if the polynomials in % all have degree at most d then G’ also has
complexity at most d.
When R is a field, we call such a quadruple a GroHo quadruple if % happens to be a Grobner basis.

We now work over a field k. The above definition invites us to consider the complexity of homomor-
phisms from S to S’ = §®" for various r. To that end, write L4, for the total number of monomials of
degree at most d in S’. Let I = (%) C S be an ideal generated by a d-bounded list Z={fi, ..., fi,} of

elements of S. Write f; = fi(x1, ..., x,) and define f; ; = fi(xj1,...,x;,) for1 < j <r.Let J, =(%,),
where %, = {f1.1,-.., fi.eg>---» fr1s -+, fre,}. Then there is an isomorphism
0r 2 (S/D® = K[X11, oo Xl oo X s -y Xrnl/ (3-2)

It follows that the scheme corresponding to (S/1)®" also has complexity at most d.

Lemma 3.14. Let d, r € N. Then there is a first-order formula £ , in Lying with nty , + 2(21 free variables
such that if A : S — S®" is a homomorphism of complexity at most d and % = {fi, ..., fi,} is any
d-bounded Grobner basis for an ideal I of S,

Ca.r(B, N) holds <> A factors to a homomorphism S/1 — (S/1)®".

Proof. Recall that S = k[xy, ..., x,] and I = (£). With reference to Remark 3.11(v), we may take a
presentation of (S/1)®" as

(S/I)®r = k[xi,j]/K

where 1 <i <n, 1< j <r and K is the ideal generated by the disjoint union %, :={f; ;}, with f; ;
acting on x; , as zero if j # m and otherwise acting as f; acts on the x;.

To deploy our Grobner basis formulae from earlier, we need to specify a monomial order on the
x;,;’s. Define first an order on the (i, j) for 1 <i <mand 1 < j <rby (i,j) < (@, j)if j < j or
j=j'andi <i’. Now define an order on monomials by m :=[]; ; xla'J’ <m':=T[;; xlb’J’ if and only if
degm < degm’ or if degm = degm’ and a; ; < b; ; for the greatest pair (i, j) such that a; ; # b; j. We

claim that %, as above is a Grobner basis for the homogeneous lexicographic monomial order on the
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monomials in x; ;. Since our order extends the monomial orders on the subalgebras k[x; ;, ..., x, ;] for
any fixed i, we see that Buchberger’s criterion (Theorem 3.5) holds for all pairs (f; j, fi’, j7); furthermore
if j # j' then f; ; and fi j» have no variables in common, so Buchberger’s criterion holds for (f; ;, firj’)
by Lemma 3.6. This proves the claim.

Now since A has complexity at most d and 4, is d-bounded, we may appeal to Lemma 3.9 to get
first-order formulas ¢4, such that ¢4 . (%,, ¢, (A(x;))) holds if and only if ¢,(A(x;)) € J,. Hence we set
Lq.r to be the formula

)\ ta.r (B, o (A X)) O

i=1
Recall the axioms of a Hopf algebra, listed in (2-1)—(2-3).

Lemma 3.15. Let d € N. There is a formula ng € Lying with Zfl +n(lg2+Lq+1) free variables such that
if # is any d-bounded Grébner basis, with [ = (B) and A : S — §%2, 6 : S — Sand € : S — k any
d-bounded homomorphisms, then

na(B, A, o0,¢€) holds <= (S/I, A, 0, €) is a Hopf algebra.

Proof. Assume A, o and € factor as S/I — (§/1)®". We must find formulas ng) (resp. néz), nf)) which

hold if and only if (2-1) (resp. (2-2), (2-3)) are satisfied. Since the constructions are almost identical
for each formula, we give the details for nfil). To see that (2-1) holds, it clearly suffices to check that
(ARid) o A(x;+1)—([{d R A)o A(x;+1)=0€ (S/1)®3 = 5§23/ J; for each 1 <i <n, where J3 = (%)
as above. This amounts to checking that (A ® id) o A(x;) — (id ® A) o A(x;) € J. Since A is d-bounded,
@2(A(x;)) is a d-bounded polynomial in §®2; similarly f; := ¢3((A ®id) o (A(x;))) is a d*-bounded
polynomial in §®3. Likewise %5 is d-bounded. Thus we may set nél)(%, A, o, €) to be the formula

N\ (Zs, fi).
i=1

Finally, we set n4(%, A, o0, €) to be the formula
£a.2(B, D) N a1 (B, 0) Nao(B, ) AN (B, A o ) A (B, AL o, €) A (B, AL o€,
where the ¢4, are as in Lemma 3.14. O

3.3. Generic smoothness of algebraic groups of bounded complexity. Here we invoke the Lefschetz
principle and our first-order formulas to show that algebraic groups of bounded complexity are generically
smooth. We use the fact that when k is a field, an algebraic k-group G is smooth if and only if
dim(G) = dim(Lie(G)) [Jan03, 1.7.17]. Note also that if k’/k is a field extension then G is smooth if
and only if Gy is smooth.

As a k-vector space, the Lie algebra Lie(G) is the tangent space T¢+(G), where €* is the identity
element of G. Thus its dimension is the nullity of the £; x n matrix ¢ where #i; = €(0fi/0x;).
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Lemma 3.16. Letd € N, and 0 < e < d. There is a first-order formula t, 4 in Lyjng with Efl free variables
such that for any GroHo quadruple (A, A, o, €) of complexity at most d that describes the algebraic
k-group G we have

To.d(#) holds < dimLie(G) =e.

Proof. As we identify each f; € 2 with the set of its £, coefficients A;;, partial differentiation by 9/9x;
gives a linear map k% — k%. Composing with € is then a linear map k% — k. Hence each _#, is a fixed
linear combination of the A;;’s. The statement that the nullity of ¢ is e is equivalent to the statement that
there are e linearly independent vectors vy, ..., v, € k% satisfying J -v; =0 and given any v.4 € ktd
such that vy, ..., Veq1 € kb is linearly independent, there exists v € (v1, ..., ve41) such that 7 -v #0.
This statement can be given as a formula in Ly, in an obvious way (see [MST19, Example 2.1(1)] for
example). O

Lemma 3.17. Let d € N. Then there is a first-order formula 6; with 6(21 free variables such that for any
GroHo quadruple H := (%8, A, o, €) of complexity at most d,

64(A) holds <= H describes a smooth k-group.

Proof. The k-group G described by H is a subscheme of Spec(S) = A", so 0 <dim G <n. Then invoking
Lemmas 3.16 and 3.8 we may set 6,;(%4, A, o, €) to be the following formula:

n

\/ (3.d(B) ATe.a(B)) . O
e=0
We wish to apply the above results to obtain statements about the set of algebraic groups of complexity
at most d. This amounts to statements about the Hopf quadruples of complexity at most d. The following
theorem of Dubé guarantees that any algebraic group of complexity at most d can in fact be described by
a GroHo quadruple of complexity at most D, where D depends just on d and n.

Theorem 3.18 [Dub90]. If %' C S is a set of polynomials of degree at most d, then (%#') has a Grobner

basis & consisting of polynomials of degree at most

dz 2n—|
2\ —+d .
(5 +)

Theorem 3.19. Let d € N. Then there is a prime pg = po(n, d) such that whenever char(k) > pg, any
algebraic k-group of complexity at most d is smooth.

Proof. By Theorem 3.18, each affine algebraic group of complexity at most d is described by a GroHo
quadruple of complexity at most D, where D depends just on d and n; here n has been fixed. So it
suffices to prove that there is a po(D) such that any GroHo quadruple of complexity at most D over a
field k of characteristic p > po describes a smooth algebraic k-group.

First suppose that k is algebraically closed. Let H = (4, A, o, €) be a GroHo quadruple of complexity
at most D. Recall we identify H with a string of Z% +n(lp2+2¢p+1) coefficients in k, which we write
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(ki)fzg;r”“”l”@”“).Then invoking Lemmas 3.7, 3.15 and 3.17, the following formula ®p, is a sentence
in Lyjng that is true if and only if all GroHo quadruples of complexity at most D describe smooth algebraic
groups:

(VA1) =~ (VA2 e nienr 220021 BD(B) AND(#, A, 0, €) NOp(B)).

By Cartier’s theorem [Jan03, 1.7.17(2)], ® is true for all fields of characteristic 0. Therefore the Lefschetz
principle (Theorem 2.1) guarantees the existence of a prime pg such that the same is true for all algebraically
closed fields of characteristic p > py.

Now let k be arbitrary and let G be an algebraic k-group of complexity at most d. Suppose p > pg. We
can choose a GroHo quadruple H = (4, A, o, €) of complexity at most D such that G is the corresponding
algebraic k-group. By changing base from k to k, we may regard H as a GroHo quadruple that defines G 2
Recall that complexity does not increase under base change, so the complexity of this GroHo quadruple
is still at most d. So Gy is smooth by the algebraically closed case, which implies that G is smooth as
well. This proves the theorem. 0

4. Normalisers and centralisers

We now prove our main results Theorems 1.1 and 1.2. We will work with non-affine schemes, so we need
some preliminary material. We use the definitions and terminology of [Jan03, Chapter I]. Although we
work mainly over k, we need to consider arbitrary R and study the behaviour of some of the constructions
below under base change to k. Note that every R-scheme is locally free in the sense of [Jan03, 1.1.15] if
R is a field. We fix an R-scheme X and an open covering {X; |i € [} of X such that each X; is affine.
For each i, we fix an affine embedding of X; in some A This allows us to talk about the complexity of
certain schemes and maps involving the X;.

We also fix a (not necessarily smooth) algebraic R-group G described by a Hopf quadruple (S/1, A, o, €).
We fix an action @ : G x X — X of G on X.

4.1. The functor Mov(-,—). We review some basic constructions of algebraic geometry: see [Jan(03,
I.1.15, 1.2.6]. Recall that for R-schemes Z and W, we get an R-functor

Mov(Z, W) : R-Alg — Set

given by Mor(Z, W)(Q) = Mor(Zgy, Wy) for any R-algebra Q; if ¢ : Q — Q' is a homomorphism
of R-algebras then Mor(Z, W)(p) : Mor(Zgo, Wg) — Mor(Zg', Wo/) is given by base change. Given
another R-scheme C and a morphism « : C x Z — W of R-schemes, we get a map of R-functors
v:C — 9Mor(Z, W) such that for an R-algebra Q and ¢ € C(Q), v maps c to a(c, —) € Mor(Zg, Wp).

Now let W’ be a closed subscheme of W. If Z is locally free as an R-scheme then by [Jan03, I.1.15]
we may regard Dotr(Z, W’) as a closed R-subfunctor of 9ot(Z, W). So by [Jan03, 1.1.15(3)] we obtain
a closed subscheme v (9ot (Z, W’)) of C.
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4.2. G-complexity. Next we describe the precise boundedness condition that we need. With the notation
of the last subsection, let Y be a closed subscheme of X. Set Y; =Y NX; foreachi. Recall A:=R[G]=S/]
for S=R[xy, ..., x,]andlet B; = R[Y;]. Letw; : G xY; — X be the restriction of & to G x Y;. Then ai’l (Y)
is a closed subscheme of G x ¥; [Jan03, 1.1.12(2)], so it corresponds to an ideal K; of R[G x Y;]= A Qg B;.
We can write K; = (f ].(i) | j € J;), where J; is some (possibly infinite) indexing set, and where each f j(i)
has the form

=Y @b (4-1)

for some a,(,i; € A and bf,’l; € B;.

Definition 4.1. Let G, X and Y be as above. We say that Y has G-complexity at most d if there exist f j(i)

as above such that each ag; has a representative 5% in S of degree at most d.

Note that we do not place any restrictions on the degrees of the b,(rg in the definition, and we do not
require the K; to be finitely generated.

Remark 4.2. Let G, X and Y be as above. The G-complexity condition in Definition 4.1 can be hard to
verify, but here is a useful special case. Let X C A® be affine; let J be an ideal of R[A*] = R[1y, ..., t]
of complexity at most e defining a closed subscheme Y of X. Furthermore, recalling Definition 3.12,
suppose the action « : G x X — X has complexity at most ¢’. Then we claim Y has G-complexity at
most ee’.

To see this, let & be the restriction of & to G x Y, and note that &~ !(Y) is the closed subscheme in
R[G] ®g R[Y] defined by the vanishing of a*(J). So since J is generated by polynomials in the #; of
degree at most e, then applying the algebra homomorphism a* to them leads to polynomials of degree at
most ee’ (see Remark 3.11(ii)).

Much of the time we can do better than this; if the image of a is ¥ —so that G normalises ¥ —
then @' (Y) = G x Y is the closed subscheme of G x Y defined by the zero ideal. In that case, ¥ has
G-complexity 0.

Now let Q be an R-algebra. Change of base yields an algebraic Q-group G acting on a Q-scheme
X o with an open covering by affine schemes (X;)o. If Y is a closed subscheme of X then Y is a closed
subscheme of X . The various constructions in Section 4.2 are well-behaved with respect to base change,
so we see that if ¥ has G-complexity at most d then Yy has G g-complexity at most d.

4.3. Normalisers. We start by recalling the scheme-theoretic definition of the normaliser (see [Jan03,
1.2.6] for details). In this subsection we assume the ground ring is a field k. This implies that the local
freeness condition used in Section 4.1 holds. Let Y be a closed subscheme of X. Then the normaliser
of Y (denoted Ng(Y)) is the k-subgroup functor of G given by

Ng(Y)(Q)={g€G(Q)|a(g, h) € Y(Q) forall h € Y(Q') and all Q-algebras Q'}.

It is clear from the definition that if k' is a k-algebra then Ng, (Yr) = (Ng(Y))r. We will need the
explicit description of Ng(Y) afforded by the k-functor Mov(—, —). The action & : G x X — X gives rise
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toamap v: G — Mor(X, X) as described in Section 4.1. We have a map DMor(X, X) — Nor(Y, X)
given by restriction, and we let y : G — DMMor(Y, X) be the composition with v. Then Ng(Y) =
y LMo (Y, Y))Nig(y ' (Mor(Y, Y))), where i : G — G is the inversion map. Since Y is locally free,
Mor(Y, Y) is closed in NMor(Y, X) and it follows that Ng(Y) is a closed subgroup functor of G. Now
N¢(Y) is an algebraic k-group since k is noetherian.

Theorem 4.3. Let d € N and let G, X and Y be as above. Suppose G has complexity at most d and Y has
G-complexity at most d. Then Ng(Y) is a closed subscheme of G of complexity at most d>.

Proof. We have Ng(Y) =y~ (Mor(Y, Y)) Nig(y ' (Mor(Y, Y))). By Remark 3.11(ii), it is enough to
prove that y‘l (Mot (Y, Y)) has complexity at most d (since i has complexity at most d).

Each Y; is a closed subscheme of X; [Jan03, I.1.13, Lemma], and the Y; form an open cover of Y. Let
;i be the composition G — y9or(Y, X) — Mor(Y;, X), where the second map is given by restriction.
By [Jan03, L1.152)], y ~'(Mor(Y, ¥)) = ;g ¥, Mor(Y;, ¥)). Each y, ' (Mor(Y;, V) is a closed
subscheme of G by an argument similar to the one for y L (Nor(Y, Y)). In the proof of [Jan03, I.1.15(3)],
one considers a map f from Spec, (R) to Mor(Y;, X), where R is an arbitrary k-algebra; one obtains a
map f’ from Spec, (R) x ¥; to X. We apply this construction when R = A =k[G], B; =k[Y;] and f = y;;
then f” is just the map «; : G x ¥; — X. Let K; be the ideal of k[G x Y;] = A ®; B; corresponding to
a; l(Y ) as before, and let Kl./ be the ideal of A corresponding to ylfl(fmor(Y,‘, Y)). By the argument of
loc. cit., K/ is the smallest ideal of A such that K/ ® B; contains K;.

Fix i € [. Choose f j(i), aﬁ}, 5,(2. and b,(jl; as in Definition 4.1, where each a

@

mj has degree at most d.

Rewriting and expanding as necessary, we may assume each bfrg is a member of a fixed k-basis of B;;

evidently this does not affect the bound on the degree of the 5,(,2.. Thanks to Lemma 2.2 we see that K is

generated by the a%, thus has complexity at most d.

Let Ip=1+)_,. K] be the ideal of S corresponding to y = (Mor(Y, Y)). Since each K/ has complexity
at most d, so does Iy. The result now follows. ]

Corollary 4.4. Let d, n € N. Then there is a prime p; = p1(n, d) such that if:
e k is any field of characteristic p > py;
o G is any dffine algebraic k-group of complexity at most d;
e X is any k-scheme on which G acts;
e Y is any closed subscheme of X of G-complexity at most d;

then N (Y) is a smooth closed subscheme of G.

Proof. This follows from Theorem 3.19 and Theorem 4.3. We need to be working with a fixed n as well
as a fixed d in order to apply Theorem 3.19; but this is the case here as we are considering subgroups of a
fixed G. -
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4.4. (G, A)-complexity. Once again we work over an arbitrary ring R. We need a slightly different

boundedness condition for Theorem 4.7. Here we assume again that X = J;_; X; is an R-scheme with ¥

i€l
a closed subscheme. This time, we also assume that X is separated; this means that the diagonal Ay is
closedin X x X. Set Y; = Y N X; for each i as before. Let A = R[G] and let B; = R[Y;] for each i.
Define 8: G x X - X x X by f =« x pry, where pr, : G x X — X is the projection; let §;, By and
By, be its restriction to G x X;, G x Y and G x Y;, respectively. Thanks to [Jan03, 1.1.12(2)] we see that
ﬁ;il(AX) is a closed subscheme of G X Y;, so it corresponds to an ideal K; of R[G x Y;] = A Qg B;. We

can write K; = (f j(i) | j €Ji), where each f; ® has the form
(l) Za(t) ®b(l) (4-2)

for some a e A and some b(l) B;.

Definition 4.5. Let G, X and Y be as above. We say that Y has (G, A)-complexity at most d if there

()

exist f @ as above such that each a( " has a representative a,,; in S of degree at most d.

Lemma 4.6. Let G, X and Y be as above. Suppose X has (G, A)-complexity at most d. Then Y has
(G, A)-complexity at most d.

Proof. Fix i € . By hypothesis, B, '(Ax) is the closed subscheme of G x X defined by elements of the
form f; O = a,(;; ® b(’) for j in some indexing set J;, where each a'! e A has a representative a( D
in S of degree at most d and each b(’) € B;. Let L; (h(l) | £ €;) be the ideal cutting out ¥; in X is
where L is a (possibly infinite) mdexmg set. _Now, we have 'BYi (Ax) =B, (Ax) N (G x )_/,), so the ideal
cutting out Y(Aax) is generated by the f j(’) for j € J; together with the elements 1 ® hle) for ¢ e L. As

the constant polynomial 1 has complexity 0, the result now follows. g

Now let Q be an R-algebra. We see that if X has (G, A)-complexity at most d then X has (G, Ap)-
complexity at most d.

4.5. Centralisers. The argument is similar to the one for normalisers, and we recommence with the
notation from Section 4.3. In particular, our ground ring is a field k. We assume additionally that the
k-scheme X is separated. Recall the definition of the centraliser Cg(Y) from [Jan03, 1.2.6]: it is the
k-subgroup functor of G whose Q-points are

Ceo(Y)(Q)={g€G(Q)|a(g, y)=y forall y € Y(Q') and all Q-algebras Q'},

where Q is any k-algebra. It is clear from the definition that if k" is a k-algebra then Co, (Yi)=(Cc(Y))p.
The maps 8 and By from Section 4.2 give rise to maps

5:G— Mor(X, X xX) and 6y:G — Mor(Y, X x X),

as described in Section 4.1. We have a map 9Mor(X, X x X) — Mor(Y, X x X) given by restriction, and
it is easily seen that §y is the composition G — §Mot(X, X x X) — Mor(Y, X x X).
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Since X is separated, Ay is closed in X x X. Then Cg(Y) = s~ (MMor(Y, Ax)), and this is a closed
subgroup functor of G; in particular, Cs(Y) is an algebraic k-group.

Theorem 4.7. Let d € N and let G, X and Y be as above. Suppose G has complexity at most d and X
has (G, A)-complexity at most d. Then Cg(Y) is a closed subscheme of G of complexity at most d.

Proof. Let §; be the composition G — yMor(Y, X x X) — Mor(Y;, X x X), where the second map is
given by restriction. We have C(Y) = 8~ (Mor(Y, Ax)). By [Jan03, 1.1.15(2)], 8~ (Mor(Y, Ay)) =
Nia Sfl(Dﬁot(Y,-, Ax)). Each Si_l(imot(Y,-, Ax)) is a closed subscheme of G. In the proof of [Jan03,
1.1.15(3)], one considers a map f from Spec, (R) to Mor(Y;, X), where R is an arbitrary k-algebra; one
obtains a map f’ from Spec, (R) x ¥; to X. We apply this construction when R = A = k[G], B; = k[Y;]
and f =§;; then f’is justthe map B; : G x ¥; — X x X. Let K; be the ideal of k[G x Y;] = A ® B;
corresponding to . "(Ax), and K the ideal of A corresponding to §;” Lomoe(Y;, Ay)). By the argument
of loc. cit., K| is the smallest ideal of A such that K/ ® B; contains K;.

Since Y has (G, A)-complexity at most d by Lemma 4.6, K; is generated by elements of the form
fj.(i) =) alﬁi} ® b,(;; for some a,(éj). € A and some bfrg € B;, where each alﬁi} has a representative 5,(12. in
S of degree at most d. As in the proof of Theorem 4.3, we know K is generated by the elements a,(éj).,
and has complexity at most d. Hence C;(Y) has complexity at most d, and we are done. (|

Corollary 4.8. Let d, n € N. Then there is a prime py = po(n, d) such that if:
e k is any field of characteristic p > po;
o G is any dffine algebraic k-group of complexity at most d;
o X is any separated k-scheme of (G, A)-complexity at most d;
then for any closed subscheme Y of X, the centraliser Cg(Y) is a smooth closed subscheme of G.

Proof. This follows from Theorem 3.19 and Theorem 4.7. As in Corollary 4.4, we are working with
subgroups of a fixed G, so there is no problem with applying Theorem 3.19. (|

Remark 4.9. Because of Lemma 4.6, the complexity hypotheses in Corollary 4.8 do not involve Y;
therefore we get better smoothness results for centralisers than for normalisers (cf. Remark 4.12). The
complexity hypothesis on X is difficult to check in general, but it clearly holds if X is of finite type, since
then we can take [ to be finite. Here is a useful special case. Suppose X is finitely presented and affine
and suppose the action « : G x X — X has complexity at most d. By assumption, X corresponds to
an ideal I of R[xy, ..., x,], where I is generated by polynomials f1, ..., f; of R[x1, ..., x,] for some
n,t € N. Then X has complexity at most d’, where d’ is the maximum of the degrees of the f;. We claim
that X has (G, A)-complexity at most dd’. To see this, observe that Ax corresponds to the ideal J of
Rlx1, ..., x,]®r R[x1, ..., x,] generated by the polynomials f; @ 1 —1® f; for 1 <i <t,so Ax has
complexity at most d’. The map B : G x X — X x X has complexity at most d, since & has complexity
at most d and pr, has complexity 1. Hence 8~!(Ay) has complexity at most dd’ by Remark 3.11(ii),
and the claim follows.
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Remark 4.10. Let G, X and Y be as above (defined over arbitrary R). Suppose G has complexity at
most d. Then for any R-algebra Q and any y € Yo (Q), the singleton {y} has G p-complexity at most d.
In case Q = k is algebraically closed, suppose Yy is reduced; thus its k-points Y (k) are dense. It follows
that Cg, (¥x) is equal to the closed subgroup mer(k) Ng,({y}). Each Ng,({y}) has G-complexity at
most d? by Theorem 4.3, so Cg, (Y;) has complexity at most d>. Hence by Theorem 3.19 there exists
po = po(n, d) such that if char(k) > po then we have that Cg, (¥x) is smooth. Note that by translating
the problem to normalisers of points, we do need to assume that X is separated.

4.6. Proof of main theorems and examples. We can now give a quick proof of our main results.

Proof of Theorems 1.1 and 1.2. Let G and X be as in the statement of Theorem 1.1. Since G is affine
and finitely presented, there exists d; € N such that G has complexity at most d;. Since X is finitely
presented, there exists d, € N such that X has (G, A)-complexity at most dp; note that there are only
finitely many ideals K; that we need consider in the definition of (G, A)-complexity for X, and each K;
is finitely generated. Hence for any R-field k, we see from Remark 3.11(iv) that G; has complexity at
most d and X; has (G, A)-complexity at most d, where d = max{d,, d»}. Now Theorem 1.1 follows
from Corollary 4.8.

Now let G, X and Y be as in the statement of Theorem 1.2. Since X is of finite type and Y is finitely
presented, we can choose a finite cover of X by open affine subsets X; such that ¥; := ¥ N X; is finitely
presented for each i. There exists d» € N such that Y has G-complexity at most d, (we need consider
only finitely many finitely generated ideals K; in the definition of G-complexity). We finish the proof as
we did in the centraliser case, using Corollary 4.4 in place of Corollary 4.8. O

Proof of Corollary 1.3. The G-module V is a finitely presented affine G-scheme over R. The proof for
centralisers of subspaces follows immediately from Theorem 1.1 applied to G and V.

For normalisers we will use Corollary 4.4. The dual of a finitely generated projective module is finitely
generated and projective, so we can choose generators oy, ..., o, for V* as an R-module. The map
a1 X -+ - X a, gives an R-linear embedding of V' as a subspace of A%. There exists d € N such that G has
complexity at most d and the map G x V — V given by the action has complexity at most d. Now let k
be an R-field. Then G, has complexity at most d and the map Gy x V; — Vj given by the action has
complexity at most d, by Remark 3.11(iv). Let W be a subspace of V. Then W has complexity at most 1
with respect to the embedding of V; in A7, so W has G-complexity at most d by Remark 4.2. The result
now follows from Corollary 4.4. U

Remark 4.11. We sketch another proof of the normaliser part of Corollary 1.3. Let k be an R-field
and let W be a subspace of Vi. Set r = dim(W). Then Ng, (W) = Cg, (x), where x is the element of
P(A"(Vy)) corresponding to the line A" (W) in the exterior power A" (Vy), so we can deduce the result
by applying Theorem 1.1 to the G-module P(A"(V)). We leave the details to the reader.

Remark 4.12. Any hope to extend Theorem 1.2 to deal with normalisers of arbitrary closed subschemes
of X will fail without first imposing some further hypotheses. For instance, [HS16, Lemma 11.11] gives
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for each prime p a smooth subgroup H), of GL3 over an algebraically closed field of characteristic p
such that the normaliser of H), is nonsmooth. Here we can take G = X = GL3 over R = Z with G acting
on X by conjugation; Theorem 1.2 does not apply because our closed subschemes H), are not of the form
Y for any fixed closed subscheme Y of X.

Remark 4.13. Likewise, Theorem 1.1 fails without some kind of complexity hypothesis. For example,
let G be a split simple and simply connected group over Z and N = V(1) the Weyl module for G
with minuscule highest weight L. Then N is irreducible for each algebraically closed field k. When
chark = p > 0, let My = (Ni)!!) be the Frobenius twist of Ny through F: G — G\"; as G = F(Gy) = G,(cl)
we have My irreducible too. By irreducibility, Cg, () ; Gy for any 0 #£ m € M. The k-group G being
connected and smooth it follows that dimg (Cg, (m)) < dim Gy, yet Lie(Gy) is in the kernel of the action
on M. Thus dimy Lie(Cg, (m)) = dim Gy; it follows that Cg, (m) is not smooth. Note that X is of finite
type here and G and X are fixed, but the action is not.

Remark 4.14. Here is a closely related example of the limits of Theorem 1.1; this time X, G and the
G-action on X are fixed but X is not of finite type. Let R = Z, G = SL; and X be the G-scheme not of
finite type which is the disjoint union of the G-modules H"(p) = Indg (p) for every prime p —here B is
a Borel subgroup of G and the integer p denotes a free Z-module of rank 1 on which B acts with weight
p through the quotient map to a maximal torus. When chark = p and k = k, the simple socle of the
Gr-module H?(p); is isomorphic to a Frobenius twist L(l),El] of the natural 2-dimensional G;-module
L(1);. If v is a point in the socle of H°(p) then its centraliser is a proper subgroup of Gy, but v is
centralised by the whole Lie algebra. We conclude that the centraliser of v is not smooth. In this instance,
the action map « : G x X — X is not d-bounded for any d.

Remark 4.15. If we assume that R is noetherian then we obtain some variations on Theorems 1.1 and
1.2, as follows. First consider normalisers. Let R be noetherian, let G be an algebraic R-group and let X
be a G-scheme. Let Y be a closed subscheme of X. We claim that there exists p; € N such that whenever
k is an R-field of characteristic p > p1, Ng, (¥x) is smooth.

To see this, choose an open covering of X by affine schemes X; for i in some indexing set [. Set
Y =YNX;, leto; : G xY; — X be the restriction of the action and let K; be the ideal of A Qg B;
corresponding to ai_l (Y:), where A := R[G] and B; := R[Y;]. Choose generators fj(i) for K;, where j
runs over some indexing set J;. For each i € [ and each j € J;, we can write f J.(i) =) . a,(,i;. ®b,(72., where
3. belongs to B;. Now let K/ be the ideal of A generated by the a,(,ij).,
andlet K’ =), ; K/. Since G is algebraic, A is finitely generated. It follows that K’ is finitely generated

each aﬁ} belongs to A and each bg

as R is noetherian: so some finite subset F of the ar(,i;. generates K'.
Now let k be an R-field. We obtain Xy, Y, (¥i)k, (¢;)x by changing base. The ideal of (oz,-)k_1 Yr)

is K; ®g k, and we have ), | K/ @r k = K’ @g k. But K’ @ k is generated by the elements a,(é; 1,
where the a,(,i; run over the elements of F. It follows that K’ ® g k has complexity bounded by some d

which is independent of k. Applying Theorem 3.19 yields the result.
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By a very similar argument we obtain the following result for centralisers. Let R be noetherian, let G
be an algebraic R-group and let X be a separated G-scheme over R. Let Y be a closed subscheme of X.
Then there exists pg € N such that whenever k is an R-field of characteristic p > po, Cg, (Yx) is smooth.

Note that in these results we did not need X or Y to be finitely presented, or even locally of finite type.
On the other hand, Remark 4.14 shows that Theorem 1.1 becomes false if we remove the assumption that
X is of finite type, even when R is noetherian.

4.7. Modules for reductive groups. Let k be a field of characteristic p > 0 and let G be a split reductive
k-group (which by convention means that it is connected). We recall some of the basic representation
theory of G as found in [Jan03, II.1, I1.2]. Let B be a Borel subgroup of G, containing a split maximal
torus 7' of G. This choice defines a set of simple roots of the (reduced) root lattice ® of G, and a subset
of dominant weights X (T)* of the character lattice X(7T) = Hom(T, G,,). Moreover, there is a 1-1
correspondence between the dominant weights A € X (T) and the simple G-modules L(1). Let k; denote
the 1-dimensional k-module on which T acts with weight A; this is also a B-module via the canonical
projection B — T. The induced representation H(1) := Indg (k;) is finite-dimensional and contains
L(}) as its unique simple submodule; i.e., as its socle.
There is a natural pairing of X (7") with the cocharacter lattice Y (7') = Hom(G,,, T) denoted

(,): X(T)YxY(T)—>Z; (A, 0) > Ao.

One can show that any root @ € ® C X(T') gives rise to a coroot a” € Y (T). The next result follows
from [Jan03, V.5.6].

Lemma 4.16. Let p denote half the sum of the positive roots.

(i) Let A be a dominant weight. If (A + p, a) < p for all « € ®* then HO(L) = L(}).

(ii) If V is a G-module such that (» + p, a") < p for all @« € ®* and all dominant weights X in V , then
V is semisimple.

Say a dominant weight A is d-bounded if (. +p,a") <d foralla € ®*.

Proposition 4.17. Let ® be a (reduced) root system and fix d € N. There are primes p and p3 with
the following properties. If k is a field of characteristic p > p> (resp. p > p3), if G is any connected
reductive k-group such that G has root system ®, and if V is a finite-dimensional G-module such that
the dominant weights of Vi are all d-bounded, then the centralisers of all closed subschemes of V in G

(resp., the normalisers of all closed subschemes of V of complexity at most d) are smooth.

Proof. Since centralisers, normalisers and smoothness are well-behaved under field extensions, we may
assume without loss that k = k. We may assume p», p3 > d. Then by Lemma 4.16 and local finiteness

[Jan03, 1.2.13-14],
v=@Low=@ a0,
reA AeA
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for some indexing set A of dominant weights. Recall that the group G is defined over Z in the sense
that there is an algebraic Z-group G such that Gy = G [Jan03, II.1.17]; furthermore G has a Borel
subgroup B containing a split maximal torus T and such that By is a Borel subgroup of G and 7} is a
split maximal torus of G. All Borel subgroups of G are G (k)-conjugate and all split maximal tori of
B are B(k)-conjugate, so without loss of generality, B = By and T = T;. Since G is split, there is a
character A of T such that A = A;. Now induction commutes with flat base change [Jan03, 1.3.5(3)],
which implies H o = Indg (Zy)k. Thus V is isomorphic to the base change to k of a G-module V,
which is free as a Z-module. Moreover as there are only finitely many possible isomorphism classes of
the direct summands of V — there are only finitely many d-bounded weights — the complexity of G, the
complexity of V and the complexity of the action map of G on V are bounded by a function f = f(®, d)
depending just on @ and d, being that of the maximal summand. (To obtain the bound on the complexity
of V we used Remark 3.11(v).) Hence by Remark 3.11(iv) the complexity of G, the complexity of V and
the complexity of the action map of G on V are bounded by a function f = f(®, d). It follows from
Remark 4.9 that V has (G, A)-complexity at most f (P, d)?, and it follows from Remark 4.2 that if Y is
a closed subscheme of V of complexity at most d then Y has G-complexity at most df (P, d). Now we
are done by an application of Corollaries 4.8 and 4.4. U

Remark 4.18. Note that we do not need any bound on dim(V') in Proposition 4.17.

5. Application: the Kostant—Kirillov—Souriau theorem in characteristic p

A foundational result in the theory of smooth complex Poisson varieties in Weinstein’s symplectic foliation
theorem, which states that every such variety decomposes into a disjoint union of its symplectic leaves.
In general these are not complex submanifolds and, even when they are, they usually fail to be locally
closed for the Zariski topology (see [BG03, Remark 3.6(1)] for example). Nevertheless there is a large
class of Poisson varieties which admit locally closed symplectic leaves. If G is a complex algebraic
group with Lie algebra g then g* carries a natural Poisson structure. A fundamental result in symplectic
geometry states that the coadjoint orbits coincide with the symplectic leaves of g*; this is known as the
Kostant—Kirillov—Souriau theorem. For semisimple groups this construction is exhaustive in a precise
sense: every symplectic homogeneous space is a finite covering of such an orbit (see [GS77, §IV.7]).

The theory of symplectic varieties in positive characteristic is still in its early stages, although the
foundations have been carefully lain in the landmark work of Bezrukavnikov and Kaledin [BKOS8], where
they classified Frobenius constant quantisations of smooth symplectic varieties. Another notable result is
the proof of the formal version of Weinstein’s splitting theorem [Tik18], which decomposes a restricted
Poisson variety into a product of a symplectic subvariety and a transverse Poisson slice, in a formal
neighbourhood of a point.

Although one cannot define symplectic leaves in positive characteristic, many Poisson varieties
decompose into a disjoint union of quasi-affine symplectic subvarieties. This seems to be the most natural
replacement for the symplectic foliation in this setting.
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When G is an algebraic group over an algebraically closed field of positive characteristic we can ask
whether the coadjoint orbits are symplectic subvarieties of g*. In general the answer is negative, and
the failure can be traced back to the fact that the quotient map from a group to an orbit is not always
separable. We now demonstrate that the Kostant—Kirillov—Souriau theorem holds for algebraic groups
over algebraically closed fields of sufficiently large positive characteristics, using Theorem 1.1. First, we
require a preparatory lemma. If G is an algebraic R-group and k is an algebraically closed R-field then

we write gy for Lie(Gy).

Proposition 5.1. Let G be an algebraic R-group. There exists a prime ps € N with the property that if k
is any algebraically closed field of characteristic p > pa, then for all x € gi and all x € gj, the subgroups
Cg, (x) and Cg, (x) are smooth.

Proof. Since G is finitely presented, we have A = R[G] = R[x1,...,x,]/I with [ = (f1, ..., f;), and
suppose G has complexity at most d — which implies we can choose the f; to have degree at most d.
We may assume G is nontrivial and so d > 1. The vanishing ideal /; at the identity is then finitely
generated of complexity at most d and so the Lie algebra Lie(G) = ({;/] 12)* and the adjoint action
G x Lie(G) — Lie(G) have bounded complexity as a function just of d; see [Jan03, 1.2.4(8)] for a
formula. (Certainly d* will suffice.) Moreover, if Q is any R-algebra then Q[G o] = R[G] ®r Q has
complexity at most d and the same formula implies the adjoint action has complexity at most d* also. A
similar argument yields the bounded complexity of the co-adjoint action. The result now follows from
Remark 4.9 and Corollary 4.8. 0

Let G be an algebraic R-group and let p4 be as Proposition 5.1. Pick an algebraically closed R-field &
of characteristic p. The following is a version of the Kostant—Kirillov—Souriau theorem.

Theorem 5.2. If p > pq4 then the induced Poisson structure on coadjoint orbits in g; is symplectic. Hence
g; decomposes into a disjoint union of locally closed symplectic subvarieties.

Proof. Since p > py it follows from Proposition 5.1 that the coadjoint stabilisers in g are all smooth. For
the proof we fix x € g; and write €2 for the coadjoint orbit of x, write ad* for the coadjoint representation
of g on gi and write g,f for the stabiliser of x. Thanks to [Jan04, 2.1], the natural bijective morphism
Gi/Cg,(x) — S is separable and so we have isomorphisms

T, Q2 => ad*(g) x = ok /9] - (5-1)

Let I C k[gg] be the defining ideal of Q. Since 2 is G-stable, I is G-stable and hence gr-stable. Hence
[ is a Poisson ideal and k[Q] inherits a Poisson structure. Let x1, . . ., x, be a basis for gx- The rank of the
Poisson structure at y is the rank of the matrix % such that nl?f = x ([xi, x;]1). However 7% is nothing
other than the matrix of the linear form /\2 gr — k given by (x, y) — x([x, y]). The radical of this form
is gf and so we conclude that the rank of the Poisson structure on Q at x is dim g/ g;f . It follows from
(5-1) that the rank coincides with dim €2. Since G acts by Poisson automorphisms and €2 is homogeneous
we conclude that the Poisson structure on €2 has full rank at every point of €2, as desired. O
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Derived isogenies and isogenies for abelian surfaces

Zhiyuan Li and Haitao Zou

We study twisted Fourier—Mukai partners of abelian surfaces. Following Huybrechts (2019), we introduce
twisted derived equivalences (also called derived isogenies) between abelian surfaces. We show that there
is a twisted derived Torelli theorem for abelian surfaces over algebraically closed fields with characteristic
#2,3.

Our approach involves extending to rational Hodge structures, £-adic Tate modules and F'-crystals a
trick introduced by Shioda in the context of integral Hodge structures. Using this trick, we can confirm the
Tate conjecture in a special case. Then we make use of Tate’s isogeny theorem to give a characterization
of derived isogenies between abelian surfaces via so-called principal isogenies. As a consequence, we
show the two abelian surfaces are principally isogenous if and only if they are derived isogenous.
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1. Introduction

1.1. Background. In the study of abelian varieties, a natural question is to classify their Fourier—Mukai
partners. Thanks to Orlov and Polishchuk’s derived Torelli theorem for abelian varieties [56; 58], there is
a geometric/cohomological classification of derived equivalences between them. More generally, one can
consider the notion of twisted derived equivalence or derived isogeny between abelian varieties, in the
spirit of [31]:

Definition 1.1.1. Two abelian varieties X and Y are derived isogenous if they can be connected by derived
equivalences between twisted abelian varieties, i.e., if there exist twisted abelian varieties (X;, ;) and
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(X;, Bi) such that there is a sequence of derived equivalences
D’(X,a) >D° (X1, B1).
DY (X1, ay) > DP(X2, B),
(X1, 2) .( 2, B2) (11.1)
D? (X, aur1) =D (Y, Bo),

where D?(X, «) is the bounded derived category of a-twisted coherent sheaves on X.

In [66] (see especially Theorem 1.2 there) Stellari proved that derived isogenous complex abelian
surfaces are isogenous, using the Kuga—Satake varieties associated to their transcendental lattices. The
converse is not true: there are isogenous abelian surfaces that are not derived isogenous [66, Remark
4.4(ii)]. In this paper we give a cohomological and geometric classification of derived isogenies between

abelian surfaces over algebraically closed fields of arbitrary characteristic.

1.2. A twisted derived Torelli theorem for abelian surfaces in characteristic zero. We first classify
derived isogenies between abelian surfaces in term of isogenies. For this purpose, we introduce a new
kind of isogeny: two abelian surfaces X and Y are principally isogenous if there is an isogeny f from X
to Y of square degree. For example, X and its dual abelian variety X are principally isogenous since any
polarization £ on X induces an isogeny f, : X — X of degree x (£)?.

The first main result is this:

Theorem 1.2.1. Let X and Y be two abelian surfaces over k = k with char k = 0. The following statements

are equivalent.
(i) X and Y are derived isogenous.
(i1) X and Y are principally isogenous.
A notable fact for abelian surfaces is that besides their first cohomology groups, their second cohomology
groups also carry rich structures. In the untwisted case, Mukai and Orlov [49; 56] have shown that

DP(X) =D (Y) <= H(X,Z) Zpg H(Y, 7) <= T(X) Zpae T(Y),

where H(X, Z) and H(Y, Z) are Mukai lattices, T(X) € H2(X, Z) and T(Y) C HX(Y, Z) are transcendental
lattices, and =pq, stands for an integral Hodge isometry (see[12, Theorem 5.1]). The next statement can

be viewed as a generalization of Mukai and Orlov’s result.

Corollary 1.2.2. Statements (i) and (ii) of Theorem 1.2.1 are also equivalent to the each of the following

conditions:

(ii1) The associated Kummer surfaces Km(X) and Km(Y) are derived isogenous.

(iv) The Chow motives are isomorphic as exterior algebras: h(X) = h(Y). Their even degree parts are
isomorphic as Frobenius algebras: H¢°"(X) = h&V(Y).
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(v) The even degree Chow motives are isomorphic as Frobenius algebras: H®"(X) = h®(Y).
When k = C, these conditions are also equivalent to each of the following:

(vi) H3(X, Q) = H2(Y, Q) is a rational Hodge isometry.

(vii) ﬁ(X , Q)= ﬁ(Y , Q) is a rational Hodge isometry.
(viii) T(X) @ Q=ETY) ® Q is a rational Hodge isometry.

Here, the motive h(X) admits a canonical motivic decomposition

4
h(X) =EPH (x) (1.2.1)
i=0
2 la Deninger and Murre [18], such that H*(h' (X)) = H?(X) for any Weil cohomology H*(—). It satisfies
hi(X) =N b (X) forall i, h*(X) ~ 1(—4) and /\'h'(X) =0 for i > 4 (see [37]). The motive h(X) is an
exterior algebra object in the category of Chow motives over k and the even-degree part

2
b (x) = @ N*p' (%) (12.2)
k=0

forms a Frobenius algebra object in the sense of [23].

Equivalences (i) <= (iv) <= (v) are motivic realizations of derived isogenies between abelian surfaces,
which can be viewed as an analogue of the motivic global Torelli theorem on K3 surfaces (compare
[31, Conjecture 0.3] and [23, Theorem 1]). Equivalences (i) <= (iii) <= (viii) can be viewed as a
generalization of [66, Theorem 1.2]. The Hodge-theoretic realization (i) <= (vi) follows a strategy
similar to that of [31, Theorem 0.1], which makes use of Shioda’s period map and the Cartan—Dieudonné
decomposition of a rational isometry. Equivalences (vi) <= (vii) <= (viii) follow from the Witt
cancellation theorem (see page 1226).

1.3. Shioda’s trick. The proof of Theorem 1.2.1 involves a new ingredient, which we call the rational
Shioda’s trick on abelian surfaces. The original Shioda’s trick in [63] plays a key role in the proof of
Shioda’s global Torelli theorem for abelian surfaces, which links the weight-1 integral Hodge structure of
an abelian surface to its weight-2 integral Hodge structure. This is its generalization, proved in Section 4:

Theorem 1.3.1 (Shioda’s trick). Let X and Y be complex abelian surfaces. For any admissible Hodge
isometry

v H (X, Q) = H(Y, ),
we can find an isogeny f : Y — X of degree d* such that ¥ = f*/d.

As an application, the generalized Shioda’s trick gives the algebraicity of some cohomological cycles.

For any integer d, one can consider a Hodge similitude of degree d,

H%(X, Q) = H%*(Y, Q),
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called a Hodge isogeny of degree d. From the Hodge conjecture on products of abelian surfaces, we know
that every Hodge isogeny is algebraic. Our generalized Shioda’s trick actually shows that Hodge isogenies
between abelian surfaces are induced by certain isogenies. We also prove £-adic and p-adic Shioda’s tricks,
which lead to a proof of the Tate conjecture for isometries between second cohomology groups (as either
Galois modules or crystals) of abelian surfaces over finitely generated fields. See Corollary 4.6.3 for details.

1.4. Results in positive characteristic. The second part of this paper investigates the twisted derived
Torelli theorem over positive characteristic fields. Because no satisfactory global Torelli theorem exists,
one cannot follow the argument in characteristic zero directly. Instead, we need some input from p-adic
Hodge theory:

Theorem 1.4.1. Let X and Y be abelian surfaces over k =k with char k = p > 3. The following statements

are equivalent:

(i) X and Y are prime-to-p derived isogenous.

(ii") X and Y are prime-to-p principally isogenous.

If X is supersingular, then Y is derived isogenous to X if and only if Y is supersingular.

Here, we say a derived isogeny as (1.1.1) is prime-to-p if its crystalline realization is integral (see
Definition 3.1.1 for details), which is a somewhat technical condition. The main ingredient in the proof of
Theorem 1.4.1 is the lifting-specialization technique, which works well for prime-to-p derived isogenies.
Actually, our method shows that there is an implication (i') = (ii") for derived isogenies which are not
necessarily prime-to-p (see Theorem 6.3.1). Conversely, we believe that the existence of quasiliftable
isogenies will imply the existence of a derived isogeny (see Conjecture 6.3.2). The only obstruction is
the existence of the specialization of non-prime-to-p derived isogenies between abelian surfaces. See
Remark 6.2.2.

Another natural question is whether two abelian surfaces are derived isogenous if and only if their
associated Kummer surfaces are derived isogenous over positive characteristic fields. We cannot prove
this equivalence, but we provide a partial solution to the question in Theorem 6.4.1.

Similarly, one may ask whether such results also hold for K3 surfaces. Let [, be a finite field, with
g = p". Two K3 surfaces S and S’ over [, are (geometrically) isogenous in the sense of Yang [69] if
there exists an algebraic correspondence I' that induces an isometry of Gal(F p/ k)-modules

I} HG (S, Qo) = Hi (S} Qo)
for all £t p and an isometry of isocrystals
F;; : ngys(sk/K) - H(Z:rys(Sllc/K)’

where k /[, is a finite extension and K is the fraction field of the Cohen ring W = W (k). More generally,
we can take a finitely generated field k over [, and a Cohen ring of k. Then we say that the isogeny
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is prime-to-p if the isometry F;; is integral, i.e., l";';(H2 (Sk/W)) =H2 (S;,/W). This leads us to a

crys crys
formulation of the twisted derived Torelli conjecture for K3 surfaces.

Conjecture 1.4.2. For K3 surfaces S and S’ over a finitely generated field k, the following statements are
equivalent.

(a) There exists a derived isogeny Db (S) ~ D?(S)).
(b) There exists an isogeny between S and S'.

The implication (a) = (b) is clear, while the converse remains open if chark > 0. In the case of
Kummer surfaces, our results provide some evidence of Conjecture 1.4.2. We mention that Bragg and
Yang have studied derived isogenies between K3 surfaces over positive characteristic fields, proving a
weaker version of Conjecture 1.4.2 (see [10, Theorem 1.2]).

Outline. The next two sections review some known constructions and facts; specifically, Section 2
contains computations for the Brauer group of abelian surfaces using the Kummer construction. This will
allow us to prove the lifting lemma for twisted abelian surfaces of finite height.

In Section 3, we collect knowledge on derived isogenies between abelian surfaces and their coho-
mological realizations, which include the motivic realization, B-field theory, twisted Mukai lattices,
and a filtered Torelli theorem and its relation to the moduli space of twisted sheaves. At the end of the
section, we follow Bragg and Lieblich’s twistor line argument in [8] to conclude the supersingular case of
Theorem 1.4.1.

In Section 4, we review Shioda’s work and extend it to rational Hodge isogenies. This is the key
ingredient for proving Theorem 1.2.1. Then, after introducing admissible £-adic and p-adic bases, we
prove the £-adic and p-adic Shioda’s tricks for admissible isometries on abelian surfaces. In an application,
we prove the algebraicity of these isometries on abelian surfaces over finitely generated fields.

Sections 5 and 6 are devoted to proving Theorems 1.2.1 and 1.4.1, the first of which is restated as
(essentially) Theorems 5.1.3 and 5.3.4. The proof of Theorem 1.4.1 is much more subtle. We establish
the lifting and specialization theorem for prime-to-p derived isogeny. Then we can conclude (i) < (ii’)
from Theorem 1.2.1 for abelian surfaces of finite heights.

Notation and conventions.

(1) Throughout, k£ will denote a field. If k is a perfect field and chark = p > 0, we write W := W (k) for
the ring of Witt vectors in k, which is equipped with a morphism o : W — W induced by the Frobenius
map on k. If k is not perfect, we consider the Cohen ring W with W/pW = k. Inside the ring of Witt
vectors in a fixed algebraic closure k of k, we get a fixed Frobenius lift o : W — W of k.

(2) Let X be a smooth projective variety over k. We denote by Hg (X, Z,) the £-adic €tale cohomology
group of X;. The Zy,-module H, (X}, Z,) is endowed with a canonical G = Gal(lz /k)-action. We use
H(,y(X/ W) to denote the i-th crystalline cohomology group of X over the p-adic base W — k, which is
a W-module.
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(3) For any abelian group G and integer n, we denote by G[n] the n-torsion subgroup of G and by G{n}
the union of all n-power torsion elements. For a lattice L in Z or Q and an integer n, we use L(n) for the
lattice twisted by n, that is, L = L(n) as a Z or Q-module, but with
(X, YLy =n{x, y)r.

The reader should not confuse this with the Tate twist.
(4) Let X and Y be abelian surfaces. Here is a list of the various notions of isogeny between X and Y.

» An isogeny is a surjective homomorphism X — Y with finite kernel.

o A quasi-isogeny is a Q-isogeny.

o A prime-to-£ quasi-isogeny is a Z )-isogeny.

A principal quasi-isogeny is a quasi-isogeny whose degree is a square.

A derived isogeny is a chain of twisted derived equivalences from X to Y.

A prime-to-{£ derived isogeny is a derived isogeny whose cohomological realization is prime-to-£.

2. Twisted abelian surfaces

In this section, we give some preliminary results in the theory of twisted abelian surfaces, especially in
positive characteristic. Many of them are well-known to experts.

2.1. Gerbes on abelian surfaces. Let X be a smooth projective variety over a field k and let 2" — X be
a u,-gerbe over X. This corresponds to a pair (X, o) for some o € Hﬁ(X , Un), where the cohomology
group is with respect to the fppf topology. Since w, is commutative, there is a bijection of sets

HE (X, stn) => {pa-gerbes on X} /~,

where =~ is the u,-equivalence defined as in [25, IV.3.1.1]. We may write « = [2"]. For any integer m,
let 2™ be the gerbe corresponding to the cohomological class m[ 2] € H% (X, wn).
The Kummer exact sequence induces a surjective map

H%(X, Un) — Br(X)[n], (2.1.1)

where the right-hand side is the cohomological Brauer group Br(X) := Hét(X , G,»). There is an associated
Gp,-gerbe on X via the map (2.1.1), denoted by Z2g,,. Let [£g,,] denote the corresponding class in
Br(X)[n]. If [Z3,,] =0, we will call 2" an essentially trivial ,-gerbe.

Following [39, §2], one can define twisted coherent sheaves and their twisted derived category in terms

of gerbes.

Definition 2.1.1. Let 2" — X be a j1,,-gerbe or G,,-gerbe over X. Let Coh™ (2") be the abelian category
of 2" _twisted coherent sheaves, consisting of m-fold coherent sheaves on the stack 2°. We define
D (%) as the bounded derived category of Coh™ (2).
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As shown in [39, Propositions 2.1.2.6 and 2.1.3.3], there are natural equivalences
con(27) ~ conV(25,) ~ Con(X, [25, 1.

the last of which is the abelian category of twisted sheaves defined by Caldéraru [14]. Throughout this
paper, we mainly use Lieblich’s terminology.

For two G-gerbes 2 — X and # — Y, we denote by 2" A; ; # the G-gerbe on X x Y given by the
image of G x G-gerbe 2" x # under the map

Hi(X xY,G x G) = Hi(X x ¥, G)
induced by the multiplication G x G — G, (g1, g&2) — (gli g{ ). There is an equivalence
ConV(2 A;; #) => Con" (2 x ),

where the right side is the subcategory of (i, j)-fold coherent sheaves on 2" x ¢ [28, Corollary 2.3.2].
When i = j =1, we simply write 2" A% for 2" A1 ¥.
A derived equivalence means a k-linear exact equivalence between triangulated categories in the form

o :DV(2) = DD ().
If ® is of the form
7€) = Rg.(p*E®P),

we call it a Fourier-Mukai transform with a kernel P € D11 (2” x %) and projections p: 2" x % — 2,
q: 2 x¥ — %, and Z', # are called a pair of Fourier—-Mukai partners. If these gerbes are (essentially)
trivial, then by Orlov’s result, any k-linear exact equivalence between bounded derived categories of
smooth projective varieties is of this form.

Similarly to Orlov’s theorem, Canonaco and Stellari showed that any twisted derived equivalence is
also of Fourier—Mukai type:

Proposition 2.1.2 [15]. Any derived equivalence DV (2°) = DW(%) can be written uniquely (up to
isomorphism) as a Fourier—Mukai transform

o7 : DV (2) =DV @),
whose kernel P is a perfect complex in D"VD(2° x ).

2.2. Kummer construction. If k has characteristic p # 2, there is an associated Kummer surface Km(X)
constructed as follows:

X 9 .+ x

lﬂ l (2.2.1)

Km(X) —2= X/t
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where ¢ is the involution of X given by sending x to —x, o is the crepant resolution of quotient singularities,
& is the blow-up of X along the closed subscheme X[2] C X. Its birational inverse is denoted by 6.
Let E C X be the exceptional locus of &. For a classical cohomology theory H®*(—) (such as Betti,

étale and crystalline) with coefficients in R, if 2 is invertible in R, we have a canonical decomposition
H?(Km(X)) ZH(X) @ 7. Zx, (222)

where Xy is the summand in H2(X) generated by irreducible components of E.
Moreover, we have a composition of the sequence of morphisms

(6" :Br(X) — Br(X \ E) = Br(X \ X[2]) = Br(X).
Here, the last isomorphism Br(X) — Br(X \ X[2]) is due to Grothendieck’s purity theorem (see [26; 16]).

Proposition 2.2.1. When k =k and p # 2, the (6 ~")** induces an isomorphism between cohomological
Brauer groups

® : Br(Km(X)) — Br(X). 2.2.3)
In particular, when X is supersingular over k, then Br(X) is isomorphic to the additive group k.

Proof. For torsions of (2.2.3) whose orders are coprime to p, the proof is essentially the same as that of
[65, Proposition 1.3], by the Hochschild—Serre spectral sequence and the fact that H>(Z /27, k*) = 0 as
the characteristic p is not 2 [68, Proposition 6.1.10]. See also [66, Lemma 4.1] for the case k = C. For
p-primary torsion part, we have

Br(Km(X)){p} = Br(X){p}

from the Hochschild—Serre spectral sequence, where Br(X)' is the ¢-invariant subgroup. Hence, it suffices
to prove that ¢ acts trivially on Br(X). This is well-known to experts and works for any abelian varieties
over an algebraically closed field. (See the proof of [53, Lemma 8.1], for example.)

In fact, Hﬁ (X, p) can be t-equivariantly embedded to HﬁR(X / k) by de Rham—Witt theory (see [51,
Proposition 1.2]). The action of ¢ on HSR(X /k) = /\ZH(liR(X / k) is the identity, as its action on H(llR(X /k)
is given by x +— —x. Thus the involution on Hﬁ (X, p) 1s trivial. Then by the exact sequence

0— NS(X)®Z/p — Hi(X, j1,) — Br(X)[p] — 0,

we can deduce that Br(X)[ p] is invariant under the involution. For p”-torsions with n > 2, we can proceed
by induction on n. Assume that all elements in Br(X)[ pd ] are (-invariant if 1 < d < n. By abuse of
notation, we still use ¢ to denote the induced map Br(X) — Br(X). For @ € Br(X)[p"], pa € Br(X)[p" 1
is t-invariant. This gives

pa = (pa) = pi(a),
which implies o — ¢ () € Br(X)[p]. Applying ¢ to @ — t(«), we obtain

oa— (o) =t(a) —a.



Derived isogenies and isogenies for abelian surfaces 1193

This implies that o — ¢(«) is also a 2-torsion element. Since p is coprime to 2, we conclude that o = ().
If X is supersingular, then Km(X) is also supersingular. By [2], the Brauer group of a supersingular
K3 surface is isomorphic to k. Thus, Br(X) = k. Il

Remark 2.2.2. In the case where X is supersingular, the method of [2] cannot be applied directly to
show that Br(X) =k as H%l(X , W pn) 1s not trivial in general for an abelian surface X.

2.3. A lifting lemma. In [7], Bragg showed that a twisted K3 surface can be lifted to characteristic 0.
Though his method cannot be applied directly to twisted abelian surfaces, one can still obtain a lifting
result for twisted abelian surfaces via the Kummer construction. The following result will be used
frequently in this paper.

Lemma 2.3.1. Let 2y — X be a G,-gerbe on an abelian surface X over k = k. Suppose chark > 2 and
X has finite height. Then there exists a complete discrete valuation ring V with residue field k, fraction
field K and the following properties:

o There is a smooth projective abelian scheme 2y — Xy over Spec V whose special fiber is isomorphic
to Zy — Xo.

e There is a sequence of isomorphisms
NS(X ) <= NS(Xy) = NS(Xo).

Here NS(XYv) is the group or Cartier divisors on Xy modulo numerical equivalence over V, and the
morphisms are given by pullback.

Proof. The existence of such a lifting is ensured by [7, Theorem 7.10; 38, Lemma 3.9] and Proposition 2.2.1.
Generally speaking, let .7y — Km(Xg) be the associated twisted Kummer surface via the isomorphism
(2.2.3). Then [7, Theorem 7.10] (by taking Pic(Km(Xy)) as a saturated sublattice of itself) asserts that
there exists some discrete valuation ring V and a projective family of K3 surfaces

Sy —— Sy

~

Spec V

such that the special fiber is /) — Km(X() and the specialization map NS(Sz) — NS(Km(Xy)) of
Néron—Severi lattices is an isomorphism, where K = Frac(V'). Now we can apply [38, Lemma 3.9] to
get a lifting Xy — Spec V of X such that Km(Xy) = Sy over Spec V.

We have an isomorphism NS(Xy) = NS(Xg) since Xy is regular. Consider the commutative diagram

NS(Xg) <—— NS(Xk) =NS(Xy) —— NS(Xy). (2.3.1)
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(see [44, Proposition 3.3] and its proof). The morphism NS(Xy) — NS(Xp) is injective by Proposition 3.6
of [44] since NS(X g) is torsion-free. The morphism NS(X x) — NS(X %) is a primitive embedding since
Br(V) = 0. Thus, it is sufficient to see that the specialization map sp is an isomorphism. The relative
Kummer construction Km(Xy) = Sy canonically identifies NS(Xg) (resp. NS(Xg)) with a sublattice
of NS(Sg) (resp. NS(Km(Xy))) after division by 2 (see [51, Lemma 7.11] or [64, Proposition 3.1]).
The identification is compatible under specialization. We conclude using the isomorphism NS(Sg) =
NS(Km(Xy)).

Lifting the G,,-gerbe 2y — X to Spec V is equivalent to finding find a Brauer class in Br(Xy) whose
restriction to X is [Zp]. Analogously to the proof of Proposition 2.2.1, there is a canonical map between
the cohomological Brauer groups

O =" r*: Br(Km(Xy)) — Br(Xy)
as in (2.2.3). The image O ([.y]) € Br(Xy) is the desired lifting of [ Zp]. O

2.4. Flat cohomology of abelian surfaces. Finally, we consider the representability of the flat cohomology
of abelian surfaces. Let f : X — S be a flat and proper morphism of algebraic spaces of finite type over k.
Consider the sheaf of the abelian groups Rif; it p» on the big fppf site (Sch/S)g, which can be expressed
as the fppf sheafification of

"+ Hy (X', 1)

for any S-scheme S’. The representability of Rif, p 1s difficult to determine due to the complexity of flat
cohomology with p-torsion coefficients. We will prove it for abelian surfaces.

Proposition 2.4.1. Let f : X — S be an abelian S-scheme of relative dimension 2. Then R'f, 11 p= X[ pl
is a finite flat S-group scheme.

Proof. 1t suffices to check the statement affine locally on the base. Assume S is an affine scheme of finite
type over k. Taking the Stein factorization, we can further assume f.Ox = Og. Then fiu, = 1, also
holds universally. Under this assumption, we have an exact sequence of fppf-sheaves by Kummer theory:

0 — Rlf.u, - R'£,G,, — R£.G,,. (2.4.1)

Since R! f+«Gy, computes the relative Picard scheme Picy,s and the Néron—Severi group of X is torsion-free,
we get

R'fou, = ker(Picy/s L Picy/s) = ker(Pic())(/S ALY Pic())(/s).

But Pic())( /s 1s representable by the dual abelian S-scheme X, by [50, Corollary 6.8]. Thus, R!f, p 1

representable by the commutative finite group S-scheme X[ prl. g

Proposition 2.4.2. Let f : X — S be a proper smooth family of abelian surfaces over an algebraic
space S. Then R*f.ju p is representable by an algebraic space, which is separated and locally of finite
presentation over S.
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Proof. This follows from [9, Corollary 1.11 and Example 11.5], because R'f,u p 1s representable by
Proposition 2.4.1. g

Remark 2.4.3. The case in which X — § = Spec(k) is a smooth surface for some field k is claimed
by Artin in [2, Theorem 3.1] without proof. Bragg and Olsson provided a proof (Corollary 1.6 in [9]).
For relative K3 surfaces, there is a moduli-theoretic proof given by Bragg and Lieblich using the stack
of Azumaya algebras (see [8, Theorem 2.1.6]). Their proof cannot be used directly for relative abelian
surfaces as the essential assumption R!f, 11 p = 0 fails in the fppf site (Sch/S)g.

Remark 2.4.4. An alternative proof for Proposition 2.4.2 consists in applying Artin’s representability
criterion [1, Theorem 5.3]. The most technical part is to see the separatedness.

The following observation is essential in the construction of the twistor space of supersingular abelian
or K3 surfaces.

Corollary 2.4.5 [8, Proposition 2.2.4]. Suppose that each geometric fiber of f : X — § is supersingular.
The connected components of any geometric fiber of R*fju p» — S are isomorphic to the additive group

scheme G,.

Proof. The completion of each geometric fiber of R? f; i1 p ats € S, along the identity section, is isomorphic
to the formal Brauer group Brx -/k(5)» which is isomorphic to G: The only smooth connected p-torsion
group scheme at k(s) with this property is G,. U

3. Cohomological realizations of derived isogeny

We next provide a summary of the derived isogenies on the cohomology groups of abelian surfaces and
introduce the notion of prime-to-¢ derived isogenies. This action can be described in two ways: via

(1) the motivic realization, which provides rational isomorphisms on the cohomology groups; or
(2) the realization on the integral twisted Mukai lattices.

Following [27; 40], we then extend the filtered Torelli theorem to twisted abelian surfaces over an
algebraically closed field k with chark # 2. As a corollary, we show in Theorem 3.5.3 that any Fourier—
Mukai partner of a twisted abelian surface is isomorphic to a moduli space of stable twisted sheaves.

3.1. Motivic realization of derived isogeny on cohomology groups. 1t is known that (twisted) derived
equivalent smooth projective surfaces over a field £ have isomorphic Chow motives (see [30, §2.4] and
[23, §1.2], for example). We record these results for convenience, focusing on abelian surfaces over k for
concreteness.

For any algebraic surface X over a field k, one may consider idempotent correspondences rrflg, x and
né x in CHQ(X x X)g defined as

0
1
E 2 2 2
—F;, X E; T =Ty —TT
alg — Cg(E E) l [ tr, X X alg,X’
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where 71)2( is the idempotent correspondence given by the Chow—Kiinneth decomposition (1.2.1) and the
E; are divisors generating the Néron—Severi group NS(Xys) such that E; - E; # 0 and E; - E; = 0 for any
i # j. Consider the decomposition

b*(X) = b (X) & b (X)

2

alg(X ) is a Tate motive after base change to the

given by nazlg x and JTt% x- It is not hard to see that b
separable closure k*, whose Chow realization is

CH}, (b2, (Xio)) = NS(Xp)a.

Let 7 : DD (27) = DD (%) be a derived equivalence between two twisted abelian surfaces over k.
Consider the cycle class

chynna (P) - Vtdxxy =chy g (P) € CH (X x YV)g. 3.1.1)
Here ch y--1) .5 (—) is the twisted Chern character defined as in (3.3.2); this provides an isomorphism
H(X) = b)),

which preserves the even-degree parts:
2 2
b (—) == P v* () =P A ' ()
k=0 k=0

(cf. [23, §§1.2.3]). For a Weil cohomology theory H, its cohomological realization
H®"(X) = H®*"(Y) (3.1.2)

preserves the Mukai pairing. The cohomological realization (3.1.2) is not integral in general. We can
introduce the prime-to-¢ derived isogeny via integral cohomological realizations, which will be used in
the rest of the paper.

Definition 3.1.1. Let £ be a prime and chark = p. When £ # p, the derived isogeny D?(X) ~ D?(Y)
given by (1.1.1) is called prime-to-£ if each cohomological realization in the sequence

Ge  HE (X, _y 1 Qo) => HG™ (X, 1, Qo)
is integral, i.e., @¢ (HY"(Xt, Z¢)) = HE*"(Y;, Zy). In the case £ = p, it is called prime-to-p if each
Gp  HOS (X1 /K) => HOS(X;/K) s integral.
Remark 3.1.2. The correspondence (3.1.1) does not necessarily preservecohomological degrees. However,
it admits a modification that is an isomorphism between degree-two parts: indeed, the cycle class
[Ty] € CH?(X x Y)g given by the codimension-two component of (3.1.1) induces an isomorphism of

transcendental motives by a weight argument

[Culz :=mgy o [Tl omg y : ha(X) => hi(Y).
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It extends to an isomorphism h%(X) => h(Y) since their algebraic parts are abstractly isomorphic, as X
and Y have the same Picard number. This supports the implication (v) => (vii) in Corollary 1.2.2.

3.2. Mukai lattices and B-fields. Let k be an algebraically closed field with chark # 2. Let X be an
abelian surface over k. When k = C, the Mukai lattice of X is defined as

H(X,2):=H (X, Z(-1)) @ H*(X, 2) @ H*(X, Z(1))
with the Mukai pairing
((r1, b1, 51), (ra, b2, 52)) ;= b1 - by —r152 — 251 (3.2.1)

and a pure Z-Hodge structure of weight 2. In general, we have the following notion of Mukai lattices,
taken from [40, §2]. (The definition there is for K3 surfaces, but in fact it works well for any smooth
surface with trivial canonical bundle.)

o Let N(X ) be the extended Néron—Severi lattice, defined as FI(X ) :=Z & NS(X) & Z, with Mukai
pairing
((r1, c1,81), (r2, €2, 82)) = €1 - €2 — ris2 — rasy.
The Chow realization of
H2(X)(—=1) @ b, (X) & h*(X)(1)
can be identified with N(X)q.

e If chark =0 or if chark = p > 0 and £ # chark is a prime, the £-adic Mukai lattice is defined on
the even degrees of the integral £-adic cohomology of X by

HY(X, Zo(—1)) @ HZ (X, Z,) @ HE (X, Z(1)),

with ﬁ(X , Z¢) a Mukai pairing defined analogously to (3.2.1).

o If chark = p > 0, the p-adic Mukai lattice H(X, W) is defined on the even degrees of the crystalline
cohomology of X with coefficients in W (k) by

Hpy (X /W (k) (—1) @ HE( (X/ W (K)) @ H,y (X / W (k) (1),

where the twist (i) is given by replacing the Frobenius by F +> p~'F, and the Mukai pairing is
given similarly to formula (3.2.1).

Hodge B-fields. Assume k = C. For any G,-gertbe 2~ — X, one can find a lift B € H>(X, Q) of
[Z'] € Br(X) from the exponential sequence. Such a B is called a B-field lift of . We define the twisted
Mukai lattice of 2 as

H(X,Z; B) :=exp(B)-H(X,2) c H(X,Z) ®7 Q,
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which is isomorphic to I~{(X ,Z). For simplicity of notation, we still use (r, ¢, s) to denote the vector
exp(B)(r, ¢, s). There is an induced pure Hodge structure of weight 2 on H(X,Z; B) given by
H*2(X; B) = exp(BYH"?(X),

(see [32, Definition 2.3]). It is clear that a different choice of lift B’ satisfies B — B’ € H*(X, Z), and thus
there is a Hodge isometry

exp(B — B)) : H(X, Z; B') = H(X, Z; B).

This means that, up to isomorphisms, ﬁ(X , Z; B) is independent of the choice of the B-field lifting and
can also be denoted by ﬁ(% , ).

As shown in [71, Corollary 4.4], for any derived equivalence ®7 : DM (2) = DM (%) between two
twisted abelian surfaces, the Fourier—Mukai kernel induces a Hodge isometry

¢=9np H(X,Z; B) = H(Y, Z; B) (322)
for suitable B-field lifts B, B’. It provides the cohomological realization as in (3.1.2) rationally.

L-adic and crystalline B-fields. Let us recall the generalized notions of B-fields in ¢-adic cohomology
[42, §3.2] and crystalline cohomology [6, §3], as analogues in Betti cohomology. Full considerations
for the cases £-adic and p-adic are given in [10, §2], and are applicable to both K3 and abelian surfaces.
Therefore, we omit some technical details here.

For a prime ¢ # p and n € N, the Kummer sequence of étale sheaves

1 — ppm — Gy (—)en> G, —>1 3.2.3)
induces a long exact sequence
.. = Pic(X) 5 PicX — H2(X, ftg) — Br(X)[¢"] = 0.

Taking the inverse limit over n, we get a map

me i HA(X, Z(1)) = l(inLant(X, fen) = HZ(X, pen) — Br(X)[€"].
Lemma 3.2.1. The map m; is surjective.
Proof. By [45, Chapter V, Lemma 1.11], we have a short exact sequence

0 — HZ(X, Zy(1))/€" — H3,(X, uen) — HL(X, Zo(1))[£"] — 0.
Since Hgt(X , Z¢(1)) is torsion-free for any abelian surface X, we have an isomorphism

HE (X, Ze(1))/€" Z HZ (X, pen).

Therefore, the reduction morphism H3,(X, Z,(1)) — HZ (X, j¢n) can be identified with

HZ (X, Zo(1)) — H3(X, Z,(1))/€",
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which is surjective. The assertion follows. U

For any o € Br(X)[¢"] such that £ # p, let By(x) := 71[1 (a0), which is nonempty by Lemma 3.2.1.
For a Brauer class « € Br(X)[p"], we need the following commutative diagram arising from de Rham-
Witt theory [34, 1.3.2, I1.5.1, théoreme 5.14]:
0 —— HX(X, Z,(1)) — HZ.(X/W) =55 B2 (x/W)

crys crys
l lpn::(®wn) (324)

dlog
Hﬁ(Xv lu/p") H H(Z;ryg(X/Wl’l)

Here H*(X, Zp(1)) :=lim, Hﬁ(X, wpn). The map d log is injective by flat duality [S1, Proposition 1.2].
Since the crystalline cohomology groups of an abelian surface are torsion-free, the mod p" reduction
map pj, is surjective. Consider the canonical surjective map

7yt Hy (X, ) — Br(X)[p"]
induced by the Kummer sequence. We set

Bp(a) = {b € H2,((X/W) | pa(b) = d log(t) for some t € H3(X, p,n) such that 7, (t) = a}.

crys

Following [10, Definitions 2.16 and 2.17], we can introduce (mixed) B-fields for twisted abelian
surfaces.

Definition 3.2.2. Let 2" — X be a u,-gerbe and [ 2, ] € Br(X)[n].

o If n=4¢' for some prime ¢, an £-adic B-field lift of 2" — X is anelement B=>0/¢', where b € B;([ 25, ])-
When ¢ = p, it is also called a crystalline B-field lift.

o In general, a mixed B-field lift of 2~ — X is a collection B = {B,} consisting of a choice of an £-adic
B-field lift B, of [%ézg_lz)] for all prime factors ¢ | n, where #, is the ¢-adic valuation of n.

Remark 3.2.3. Not all elements in H2 (X/ W)[%] are crystalline B-fields, since the map d log is not

crys

surjective. From the first row in the diagram (3.2.4), we can see B € ngys(X / W)[%] is a B-field lift of

some Brauer class if and only if F(B) = pB.

3.3. Twisted Mukai lattice over arbitrary fields. Let v : 2" — X be a u,-gerbe with ord([ 23, ]) = n,

m

and let B = {B,} be a mixed B-field lift of [ 2, ]. We define the £-adic twisted Mukai lattice as

exp(B)H(X, Zy) if £ # p,

H(X, B)) = ~
X B0 {GXP(BK)H(X,W) if = p,

(3.3.1)

endowed with the Mukai pairing (3.2.1), where exp(B;) = 1 + By + 1 BZ.

Up to isomorphisms, the twisted Mukai lattice ﬁ(X , By) is independent of the choice of the B-field
lift. We may use ﬁ(% ,Zy) or ﬁ(% , W) to denote the twisted Mukai lattices to highlight the coefficients,
irrespective of the choice of the B-field lift.
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Definition 3.3.1. Let K{" (2) be the Grothendieck group of Coh("(2). The rwisted Chern character
map is the unique additive group homomorphism

chy :K"(2) = N(X)q
such that for any locally free 2 -twisted sheaf £ on 2" with positive rank we have

chy () = W/ (E8") e N(X)aq, (3.3.2)

where </— means a choice of n-th roots such that the 0-codimension component of ch,-(£) is equal to
rank &.

Denote by N(% ) the image of Kél)(ﬁi” ) in KI(X )o under the twisted Chern character map; we call it
the extended twisted Néron—Severi lattice. For £ € DV (2), we define v(€) = chy ([€]) € ﬁ(ﬁ&” ) to be
the Mukai vector of £.

One can also define the twisted Chern character map to a cohomological twisted Mukai lattice
chp : K{"(2) — H(X, By);

see [42, §3.3] and [6, Appendix A3] for the £-adic and crystalline cases, respectively. For any mixed
B-field lift B of [£5,, ], the twisted Chern character chp factors through N(% ):

h ~
K" (2) ———— H(X, By)

chx A(Be) cly

N(2)

where cly is the cycle class map to the cohomology theory H(—). The following result is essentially
proved in [10].

Proposition 3.3.2 [10, Proposition 3.5]. Let B be a mixed B-field lift of [ Z5,,] € Br(X). Then

N2) = (Nx) @[] nHX, By),
£
where the intersection FI(X) ® Z[H N ﬁ(X, By) is taken in FI(X) ® Qg and the intersection (), is taken in

N(X) ® Q. The lattice N(2') only depends on the associated G,,-gerbe X, , up to a lattice isomorphism.

m?

Similarly, one can define the relative extended twisted Mukai lattice on smooth projective families of
twisted abelian surfaces.

3.4. A filtered Torelli theorem. In [40; 41], Lieblich and Olsson introduced the notion of filtered derived
equivalence and demonstrated that K3 surfaces with such equivalence are isomorphic. We will present an
analogous result for (twisted) abelian surfaces. The proof is simpler than for K3 surfaces, as the bounded
derived category of a (twisted) abelian surface corresponds to a generic K3 category [33].
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Let 2" — X be a u,-gerbe. The rational numerical Chow ring CH* (2")g = CH}

num num

(X)q is equipped
with a codimension filtration

Fil' CHy, (2 = @D CHE o (2)a.

k>i
Since X is a surface, we have a natural identification N(% )o = CH;, (2)a.

Definition 3.4.1. Let ®7 : DV (2") — DW(2) be a Fourier—-Mukai transform. The derived equivalence
&% is called filtered if its induced isomorphism QJEH : FI(% )= FI(@ ) preserves the induced codimension
filtrations.

Since the isomorphism N(ﬂ%’ ) => N(Qf ) preserves the Mukai pairing, it is not hard to see that ®% is
filtered if and only if it sends the Mukai vector (0, 0, 1) to (0, 0, ==1). At the cohomological level, the
codimension filtration on H(X )[%] (the prime ¢ depending on the choice of £-adic or crystalline twisted
Mukai lattice) is given by F' = @,-;H> (X)[1]. The filtration on H(2", Z,) is defined by

F'H(2Z,Z0) =H(2,Z) N FHX, Z)[ 1]
If we choose a B-field lift By, a direct computation shows that the graded pieces of F* are
GrhH(2, Z¢) = {(r, rBe, 3rB}) | r e HU(X, Zo(~ 1))},
GriH(2,Z¢) = {(0,b,b- By) | b e H (X, Zo)} = HX (X, Z), (3.4.1)
GriH(2,Z0) ={(0,0,5) | s e H*(X, Z,(1))} = H(X, Ze(1)).

Lemma 3.4.2. A Fourier—Mukai transform ®7 : DD (2) — DW(#) is filtered if and only if its cohomo-
logical realization is filtered for all B-field liftings.

Proof. A Fourier—-Mukai transform that is filtered is necessarily cohomologically filtered. This is because
the map

exp(By) -cly : N(2) — H(Z', Zy)

preserves the filtrations for any B-field lift B of [ Z5,,].
For the converse, notice that ®7 is filtered if and only if the induced map CIDEH takes the vector (0, 0, 1)
to (0,0, =1). As ®” is cohomologically filtered for B, the cohomological realization of ®” preserves

the graded piece Gr% in (3.4.1). This implies that <I>£H takes (0,0, 1) to (0,0, &£1). Il

Proposition 3.4.3 (filtered Torelli theorem for twisted abelian surfaces). Suppose k = k is such that
chark #2. Let Z — X and % — Y be u,-gerbes on abelian surfaces. The following statements are
equivalent.

(1) There is an isomorphism between the associated G,,-gerbes X, and %g,,.

(2) There is a filtered Fourier—Mukai transform ®F : D1 (2°) — DD (#).
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Proof. For untwisted case, i.e., Z" = X and # =Y, this is exactly [27, Proposition 3.1]. Here we extend
it to the twisted case. As one direction is obvious, it suffices to show that (2) implies (1).

Firstly, we claim that all semirigid objects in DV (%) are in Coh" (%) up to a shift. According to
Remark 3.13 in [33], it is sufficient to show that there are no stable spherical sheaves in Coh(%# Y. If &€
is a spherical # (V-twisted sheaf with rank £ = 0, then ¢;(£)?> = —x (€, £) = —2, which is impossible
for the abelian surface. Suppose that there is a stable spherical # -twisted sheaf £ with Mukai vector
v = (1, ¢, s) such that r > 0. Choose a polarization H € Pic(Y) so that £ is H-semistable. Let My (%, v)
be the moduli space of H-semistable # -twisted sheaves on Y. Then My (#/, v) is nonempty. Consider
the determinant morphism to the Picard stack of invertible # ”)-twisted sheaves

det: .7y (¥, v) — Pic(#").

For any L € PicO(Y ) and £ € Ay (¥, v), the tensor product £ ® L is still a stable % -twisted sheaf with
the Mukai vector v. Thus, the map det dominates the component of Pic(#% (") containing det(£), which
is of dimension 2. Therefore, the deformation theory of twisted coherent sheaf implies

dimy Ext' (&, £) > dim .4y (¥, v) > 2,

contradicting the assumption that £ is spherical.
Let ®7 : DP(2 (M) — D (@ (D) be a Fourier—Mukai transform. For a closed point x € X, denote

Py i= 7 (k(x)) = Plix)xa

by image of the skyscraper sheaf k(x). Since k(x) is semirigid, P, is also semirigid. The previous
discussion implies that there is an integer m such that #'(P,) = 0 for any i # m and closed point x € ).
Therefore, there is a 2"~V A # -twisted sheaf £ € Coh(2 ™D x #) such that P = E[m].

Suppose ®7 is filtered. Composing it with the shift functor F > F[1] if necessary, we may assume
that the cohomological realization of ®” sends (0, 0, 1) to (0, 0, 1). In this case, &, is just a skyscraper
sheaf on {x} x Y. The same argument as in [15, Corollary 5.3] or [29, Corollary 5.22, 5.23] shows that
there is an isomorphism f : X — Y such that f*([%g,]) =[2G, ]- O

3.5. Twisted FM partners via moduli space of twisted sheaves. In the rest of this section, we will assume
that k = k and chark = p # 2. Let 2" — X be a twisted abelian surface over k.

Definition 3.5.1 [70, Definition 0.1]. Let v = (r, ¢, s) € ﬁ(% ) be a primitive Mukai vector such that
2
vo=0.If

() r >0, or
(2) r =0, c is effective and s # 0, or
B)r=c=0ands >0,

then v is called positive.



Derived isogenies and isogenies for abelian surfaces 1203

We denote by .#Zy (2", v) the moduli stack of H-semistable 2 -twisted sheaves with the Mukai vector
v e N(Z), where H is a v-generic ample divisor on X. Here, we record a well-known nonemptiness
criterion for .#y (%2, v) when X is not supersingular. We will extend this result to the supersingular case
in Theorem 3.6.6, using the theory of supersingular twistor space.

Proposition 3.5.2 (Minamide, Yanagida and Yoshioka; Bragg and Lieblich). Suppose X is an abelian
surface over k that is not supersingular. If v is positive with v> = 0, then for any v-generic polarization H
the coarse moduli space My (%', v) is an abelian surface, and the moduli stack #y (X, v) is a G,,-gerbe
on My (2, v).

Proof. In characteristic 0, this is [71, Theorem 3.16].

When chark = p > 2, the nonemptiness can be seen through a lifting argument, as shown in [8,
Proposition 4.1.20] and [46, Proposition A.2.1]. Since X is of finite height when chark = p > 0,
Lemma 2.3.1 implies there exists a DVR V with residue field k£ and a projective lifting Zy — Xy of
2 — X over Spec V, together with an extension v, € N(ﬁ&”v) and a polarization Hy € NS(Xy) such that
Hy |speck = H. Consider the relative moduli space of twisted sheaves .#y, (Zv, vy,) over Spec V. Its
(geometric) generic fiber is a moduli space of twisted sheaves with positive Mukai vector in characteristic
zero, which is nonempty by Yoshioka’s result. Thus its special fiber, which is isomorphic .Zy (2", v), is
also nonempty by Langton’s semistable reduction theorem. g

The following is an extension of [27, Theorem 1.2].

Theorem 3.5.3. Assume k = k with chark # 2. Let 2 — X and % — Y be G,,-gerbes over an abelian
surface defined over k. Then DWW (2°) ~ DW(%) if and only if =V — Y is isomorphic to the moduli
stack My (X', v) > My(Z', v) for some v € N(%) and v-generic polarization H.

Proof. For the “if” part, note that the universal family of twisted sheaves on .Zy (%", v) X £ induces a
derived equivalence.
For the other direction, suppose DV (2") ~ D! (%) are equivalent. Let

o7 : DV (@) > DD (2)

be a Fourier—Mukai transform. Let v € ﬁ(% ) be the image of (0,0, 1) € ﬁ(@ ) under ®7. Up to a shift,
we can assume that v is a positive vector. By Proposition 3.5.2, My (2, v) is an abelian surface and
My (X, v) > My (2, v) is a Gy,-gerbe over it.

Let &£ be a universal 2 -twisted sheaf on .7y (2", v) x Z thatis a (1, 1)-fold twisted sheaf and induces
a derived equivalence

O DDty (2, v)) — DV,

whose cohomological realization maps the Mukai vector (0, 0, 1) to v. Composing ®¢ with the derived
equivalence
(@P)"'~o”'[2]:DV(2) - DV (@),
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we obtain a filtered derived equivalence from .#y (%", v)™D to #, which induces an isomorphism from
My (X, v)Y to # by Proposition 3.4.3. g

3.6. Supersingular twisted abelian surfaces. Finally, we discuss the case of supersingular twisted abelian
surfaces. In this part, we extend the construction the supersingular twistor space as [8] via the Ogus
crystalline Torelli theorem for supersingular abelian surfaces (see [51, §2]).

Definition 3.6.1. Let p be a prime # 2. Let A be an indefinite p-elementary even lattice, meaning that
disc(A ® @) = —1 and AY/A is p-torsion. Then |AY/A| = p?®® for 1 < op(A) < %n and the integer
oo(A) is called the Artin invariant of A. We define M to be the Ogus moduli space of characteristic
subspaces of pAY/pA.

When A has signature (1, n—1),n > 2, as shown in [61, Section 1], A is uniquely determined by
its Artin invariant. When n = 6, we call it a supersingular abelian surface lattice, because for every
supersingular abelian surface X, the Néron—Severi lattice NS(X) is a supersingular abelian surface lattice
[52, (1.6)].

From now on, let us assume that A is a supersingular abelian surface lattice. For simplicity, denote by
o¢ the Artin invariant og(A). We set

where U (p) is the twisted hyperbolic plane generated by the vectors e and f such that e> = f> =0 and
e-f=—p. Let M}\d C Mj; be the moduli space of characteristic subspaces of pAY/pA that do not

contain e.

Proposition 3.6.2 [8, §3]. The moduli stacks M}f) and M , are representable by schemes over [F,, which

are smooth of dimensions oy and oo — 1, respectively. There is a smooth morphism
. agle
T, - M[\ —- M,
whose fiber at a closed point is isomorphic to a group scheme with connected components A

Proof. The first assertion is given in [52, Proposition 4.6]. Let us sketch the construction of .. Given
any Ke M}\e)(T) over an [F,-scheme T, a characteristic subspace

K S (pA'/pA)®Or

can be formed as the image of £n (et ® Or) in (e+ /e) ® Or (see [8, Lemma 3.1.9]). Consequently, the
map K > K defines a morphism

T, . M}? — M.
The rest of the assertion is a consequence of [8, Lemma 3.1.15]. O

Definition 3.6.3. The twistor line in My ®F, k is an affine line A' ¢ M A ®r, k that is a connected
component of a fiber of 1, over a k-point of My (k) for some isotropic vector e € A.
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The moduli functor S5 of A-marked supersingular abelian surfaces is representable by a locally
separated and smooth algebraic space of dimension og — 1 over k, by the crystalline Torelli theorem
[51, Theorem 7.3] together with the argument in [52, Theorem 2.7]. Consider the universal family of
supersingular abelian surfaces

u:X — Sy,

which is smooth with relative dimension 2. By Proposition 2.4.2, the higher direct image R, p 18
representable by an algebraic group space over Sj, denoted by

TSN —> Sh.

The connected component of the identity .} C .5 parameterizes the 1 ,-gerbes which are not essentially
trivial except the identity, on each A-marked supersingular abelian surface in Su (k). Then there are
(twisted) period morphisms following the approach in [52, §3].

Proposition 3.6.4. There are (twisted) period morphisms

p:SA—>A7A:=MA®[Fpk and ,5:5”X—>1l71§~f) ::M;\e)@)mpk

such that the commutative diagram
ﬂ‘ya

S ——5 Sp

lﬁA lpA (3.6.1)

TTe —

MY ey iy
is Cartesian. Moreover, p and p are étale surjective when p > 2.

Proof. This was proved by Bragg and Lieblich in the case of supersingular K3 surfaces [8, §3 and§5].
But everything works for supersingular abelian surfaces as well. We mention that one can also use the
Kummer construction to deduce the statement from the K3 case.

For reference, let us sketch the construction of p, and p,. Let (X, ) be a A-marked supersingular

2

abelian surface. The K3-crystal H,

(X/ W) determines a characteristic subspace

Ki(x) :=ker(NS(X) ® k — HZ\ (X/ W) ®k).

Then pp (X, n) is the characteristic subspace r]_l(lCHz(x)) in (pAY/pA) QF, k. Suppose " — X is a

W p-gerbe. We define
~ ~ N(2)Y
Kiica) = ker(N(2) @k — (2, W) @w k) C PNEZ)”
PN(Z)

as the strictly characteristic subspace of H(2", W). Note that there is an extended map of K3 crystals,

A®Z, 5N ®7, > 2, W),
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where 7 is given by e+ (0, 0, 1), f +— (p, 0,0) and ¢+ n(c) forall c € A. Then g (2, n) =7" (Kfica))
is the characteristic subspace of ( pAY/pA) Qk. (|

Remark 3.6.5. In one view, the moduli space M, is a crystalline analog of the classical period domain.
Let H be a supersingular K3 crystal. The associated Tate module Ty C H is a supersingular K3 Z ,-lattice
in the sense of Ogus (see [51, 3.13]). According to [51, Theorem 3.20], the functor

H~ (Ty, Ky),

where Ky = ker(Ty @ k — H ® k), defines an equivalence between the category of supersingular K3
crystals and the category of strictly characteristic subspaces of a supersingular K3 Z ,-lattice.

Using the twisted period map, we obtain:
Theorem 3.6.6. Let 2" — X be a i ,-gerbe over a supersingular abelian surface X over k.
(1) If a primitive vector v € N(% ) is positive and isotropic, the coarse moduli space My (%, v) is an
abelian surface.

(2) If  — Y is another twisted abelian surface, we have DV (2°) ~ DW(¥) if and only if there is an
isomorphism
Hz, w)=H@, w)
of K3 crystals.

(3) There is a derived equivalence
D (29) ~D"(X),

where 2o — X is a |1,-gerbe over the unique superspecial abelian surface Xo.

Proof. For (1), if 2~ — X is an essentially trivial u ,-gerbe over a supersingular abelian surface X, this
can be proved by a standard lifting argument (see also [22, Proposition 6.9]). When 2~ — X is nontrivial,
we can take the universal family of u,-gerbes

f:x— Al

on the connected component Al € R%u,.u p that contains 2" (see Corollary 2.4.5). The fibers of f contain
2 — X and the trivial 1 ,-gerbe over X. By taking the relative moduli space of twisted sheaves (with a
suitable v-generic polarization) on X — A!, one obtains the nonemptiness of My (.2, v) from the case
of essentially trivial gerbes.

For the proof of the forward direction of (2), we notice that by Remark 3.6.5, it is sufficient to find an
isomorphism between pairs
N(2), Kiiory) => N@), Kijw)):

this is provided by the de Rham realization of the derived equivalence D" (2") ~ D (%). The other
direction is handled like the case of K3 surfaces proved in [6, Theorem 3.5.5]. The key is that if
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ﬁ(ﬁ&” , W) E ﬁ(@ , W), then there exists v € ﬁ(ﬁ” ) such that the induced isomorphism
H(p (2, )0, W) =H@, W)

of K3 crystals sends (0, 0, 1) to (0, 0, 1). The assertion then essentially follows from the Ogus crystalline
Torelli theorem for supersingular abelian surfaces (Theorem 7.3 of [51]), as in [6, Theorem 3.5.2]. We
omit details.

For (3), due to (2), it suffices to find a u ,-gerbe 2o — Xy such that there is a supersingular K3 crystal
isomorphism

H(2h, W) = H(X, W).

By Remark 3.6.5, this is equivalent to finding 2y — X and an isometry N(%) ®Z,= N(X) ®7Z,
sending Ky 4;) t0 Kfjcx)-

Let us give an explicit construction of 2y — X via the twisted period map. If X is superspecial, no
further proof is necessary. Suppose X is not superspecial. Then oo(NS(X)) =2 by Proposition 3.7 of [64].
Let A be the supersingular abelian surface lattice with Artin invariant 2 and let  : A => NS(X) be a
A-marking. As shown in [61, Section 2] (see also [22, Proposition 6.1]), A = U (p) ® A’ contains U (p)
as a direct summand and the image of U (p) in (pAY/pA) @k is not contained in the strictly characteristic
subspace pp (X, 7).

Note that the lattice Ao = U & A’ is a supersingular abelian lattice with Artin invariant 1. There is a
natural isomorphism

NX) S A@U =A@ U(p) = Ao (3.6.2)
and we can identify Ky y) with pa (X, 1) via the isometry n @ id. Let
K S (pAg/pho) ®k

be the image of Ky, through the map induced by (3.6.2). By our assumption, K does not contain the
image of some isotropic vector e € U (p) and therefore can be viewed as a point in M;\eo) (k). As py, is
surjective, there is a Ag-marked supersingular abelian surface (Zo — Xo, 170) such that px,(Zo, no) = K.
It is easy to see that 2y — X is as desired. U

4. Shioda’s Torelli theorem for abelian surfaces

In [63], Shioda discovered that there is a way, now called Shioda’s trick, to extract information about
the first cohomology of a complex abelian surface from its second cohomology. This established a
global Torelli theorem for complex abelian surfaces via second cohomology, which is also a key step in
Piatetskii-Shapiro and Shafarevich’s proof of the Torelli theorem for K3 surfaces (see [57, §5, Lemma 4
and Theorem 1]).
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The aim of this section is to generalize Shioda’s method to all fields and establish an isogeny theorem
for abelian surfaces via the second cohomology. We will deal with Shioda’s trick for Betti cohomology,
étale cohomology and crystalline cohomology separately.

4.1. Recap of Shioda’s trick for Hodge isometry. We first recall Shioda’s construction. Suppose X is a
complex abelian surface. Its singular cohomology ring H* (X, Z) is canonically isomorphic to the exterior
algebra A*HY (X, Z). Let V be a free Z-module of rank 4. We denote by A the lattice (/\2 V, q), where
q: /\ZV X /\ZV — /\4V = Z is the wedge product. After choosing a Z-basis {v;}|<;<4 for H' (X, Z), we
have an isometry of Z-lattices A = H2(X, 7). The set of vectors

{vij =i Avj}o<i<j<4

clearly forms a basis of H>(X, Z), which will be called an admissible basis of A for its second singular
cohomology. For another complex abelian surface Y, a Hodge isometry

¢ HX(Y,Z) = H*(X, Z2)

will be called admissible if det(p) = 1 with respect to some admissible bases on X and Y. It is clear that
the admissibility of a morphism is independent of the choice of admissible bases.

In terms of admissible bases, we can view ¢ as an element in SO(A). On the other hand, we have the
exact sequence of groups

2

1 - {£1} - SL4(2) AW SO(A). 4.1.1)
Shioda observed that the image of SL4(Z) in SO(A) is a subgroup of index two and does not contain
—id, . From this, he proved:

Theorem 4.1.1 (Shioda [63, Theorem 1]). For any admissible integral Hodge isometry \r, there is an
isomorphism of integral Hodge structures

v HY(Y,Z2) = H' (X, 2)

such that \*(¥) = ¢ or —.

This is what we call “Shioda’s trick”. As we can assume that a Hodge isometry is admissible after
possibly taking the dual abelian variety for one of them (see Example 4.2.3 below), we can obtain
the Torelli theorem for complex abelian surfaces by using weight-two Hodge structures — that is, X is
isomorphic to Y or its dual Y if and only if there is an integral Hodge isometry H*(X, Z) = H(Y, Z)
[63, Theorem 1].

4.2. Admissible bases. To extend Shioda’s work to arbitrary fields, we must define admissibility for
different cohomology theories (e.g., étale and crystalline cohomology).

Let k be a field with chark = p > 0. Suppose X is an abelian surface over k and ¢ { p is a prime. For
simplicity of notations, we will denote H®*(—) g for one of the following cohomology theories:
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(1) if k — C and R = Z or any number field E, then H*(X)r = H®*(X (C), R) the singular cohomology.
(2) if R =7, or Qy, then H*(X) g = Hg (X}, R), the £-adic étale cohomology.
(3) if chark = p > 0, then we can take R = W a Cohen ring of k or the fraction field K of W, then
H*(X)r = H;rys(X /W) or H;ryS(X /W) ® K, the crystalline cohomology.
There is an isomorphism between the cohomology ring H*(X) and the exterior algebra A°H'(X)r.
We denote by try : H*(X)g => R the corresponding trace map. The Poincaré pairing (—, —) on H>(X)
can be realized as

(a, B) =trx (@ A B).
Analogously to Section 4.1, an R-basis {v;} of H'(X) will be called a d-admissible basis if it satisfies
trxy(Vi Avp AV3A V) =d

for some d € R*. When d = 1, we speak of an admissible basis. For any d-admissible (resp. admissi-
ble) basis {v;}, the associated R-basis {v;; := v; Av;}i<; of H?(X)g will also be called d-admissible
(resp. admissible).

Example 4.2.1. Let {v;, v2, v3, v4} be an R-linear basis of H! (X)x. Suppose
trxy(vi Avy Av3Avy) =t € R™.
For any d € R*, there is a natural d-admissible R-linear basis {(d/t)v1, va, v3, v4}.

Definition 4.2.2. Let X and Y be abelian surfaces over k.

o An R-linear isomorphism v : H'(X)z — H'(Y) is d-admissible if it takes an admissible basis to a
d-admissible basis.

e An R-linear isomorphism ¢ : H2(X)gr — H?(Y)g is d-admissible if
try o N2 () = diry

for some d € R*, or equivalently, if it sends an admissible basis to a d-admissible basis. When d =1,
it will also be called admissible.

The set of d-admissible isomorphisms is denoted by Isom®:@ (H! (X) g, H (Y) ) accordingly.

For any isomorphism ¢ : H?(X)r => H?(Y)g, let det(¢) be the determinant of the matrix with respect
to some admissible bases. It is not hard to see det(¢) is independent of the choice of admissible bases,
and ¢ is admissible if and only if det(¢) = 1.

Example 4.2.3. Let {v;} be an admissible basis of H' (X) . For the dual abelian surface X, the dual basis
{v7} with respect to the Poincaré pairing naturally forms an admissible basis of X, under the identification
H'(X)} =H'(X)g. Let

o7 H(XOr = H XDk
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be the isomorphism induced by the Poincaré bundle P on X x X. A direct computation (see Lemma 9.3
of [29], for instance) shows that ¢” is nothing but

—D:H*(X)r = H*(X)} = H*(X)g,
where D is Poincaré duality. For an admissible basis {v;} of X, its R-linear dual {v'} with respect to
Poincaré pairing forms an admissible basis of X. By our construction, we see that
D(vi2, V13, V14, 123, V24, U34) = (V34, —V3y, V33, Ujgs —V]3, U2),

which implies that D is of determinant —1 under these admissible bases. Thus the determinant of ¢” is
not admissible.

Example 4.2.4. Let f : X — Y be an isogeny of degree d between two abelian surfaces, for some positive
integer d. If d is coprime to ¢, then it will induce an isomorphism

f* H2(Y)z, = H*(X)z,,

that is d-admissible. If, in addition, d = n?, then f*/n will be an admissible Z,-integral isometry with
respect to the Poincaré pairing. If d = k*, then f/k will be a Z,)-isogeny such that its pullback is
admissible integral.

Example 4.2.5. Suppose X is an abelian surface over a perfect field k with chark = p > 0. The F-crystal
H!(X)w, together with the trace map

try : H*(XOw = W,

forms an abelian crystal (of genus 2) in the sense of [51, §6]. We can see that an isomorphism of F-crystals
H!'(X)w = H'(Y)w is admissible if and only if it is an isomorphism between abelian crystals, i.e., it is
compatible with trace maps.

4.3. More on admissible bases of F-crystals. In contrast to £-adic étale cohomology, the semilinear
structure on crystalline cohomology from its Frobenius is trickier to work with. Therefore, we spend
some words on the interaction of Frobenius with admissible bases.
Suppose k is a perfect field with char k = p > 0. We have the following Frobenius pullback diagram:
Fx

X
Fy)

xH — 5 x

! !

Spec(k) —Z— Spec(k)
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Via the natural identification H! _ (X" /W)=H! (X/W)®, W, the o-linearization of Frobenius action

crys crys

on Hérys(X / W) can be viewed as the injective W-linear map

FO = (FMy HL (XD/w)y — HL (X/W).

crys crys

If k is not perfect, then after passing to W (k) or equivalently choosing a Frobenius lift on the Cohen ring

1

W, we also get a Frobenius action on H,

(X/ W), whose linearization is given by the relative Frobenius
morphism.

There is a decomposition H' (X /W) = Hy(X) ® H (X) such that

crys

FOHL(XD/W)) = Hy(X) ® pHi(X), 4.3.1)

crys

and ranky H; = 2 for i =0, 1, which is related to the Hodge decomposition of the de Rham cohomology
of X/k by Mazur’s theorem; see [3, §8, Theorem 8.26].

The Frobenius map can be expressed in terms of admissible bases. We can choose an admissible basis
{vi} of H! _ (X/W) such that

crys
v1,U2€H()(X) and v3,v4eH1(X).

Then {p%v;} := {vy, v2, pv3, pv4} forms an admissible basis of H!' (x® / W) under the identification

crys

(4.3.1), since trym o A*FD = p2oy otry. In term of these bases, the Frobenius map can be written as

FO(pv) = cijp™v;, (4.3.2)
J
where the ¢;; form an invertible 4 x 4-matrix Cx = (c¢;;) with coefficients in W.
Suppose Y is another abelian surface over k, v : Hérys(X /W) — Hérys(Y /W) is an admissible map,

and ¥V is the induced map ¢ ®, W : H. (XM /W) - H! (YD /W). Denote by M and M’ the

crys crys
matrices of ¥ and (D, respectively, with respect to the chosen admissible bases.

Lemma 4.3.1. The map v commutes with Frobenius if and only if Cy M’C);1 =M.

Proof. By definition, ¥» commutes with Frobenius if and only if (F;l))* oy D =yro(F )((1))*. The statement
is then clear from (4.3.2). O

4.4. Generalizing Shioda’s trick. Let us review some basic properties of the special orthogonal group
scheme over an integral domain. Our main reference is [17, Appendix C].

Let A be an even Z-lattice of rank 2n. We can associate with it a vector bundle A on Spec(Z) with
constant rank 2n equipped with a quadratic form g over Spec(Z) obtained from A. The functor

A {g € GL(A4)|qa(g - x) = ga(x) forall x € Ay}

is representable by a Z-subscheme of GL(A), denoted by O(A). There is a homomorphism of Z-group
schemes

Dy :O(A) — 727,
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called the Dickson morphism (see [17, p. 313] for the definition). Roughly speaking,

0 if g is a product of an even number of reflections,

Dx(g) = {

1 if g is a product of an odd number of reflections,

for a point g € O(A) over a field in characteristic zero. The Dickson morphism is surjective since A
is even, and its construction is compatible with any base change [17, Proposition C.2.8]. The special
orthogonal group scheme over Z with respect to A is defined as the kernel of D, and denoted by SO(A).
We have

SO(A)Z[]/Q] = ker (det : O(A) — Gm)Z[I/Z] .

By [17, Proposition C.2.11], for example, SO(A) — Spec(Z) is smooth in relative dimension %n(n -1
and has connected fibers.
For any ¢, the special orthogonal group scheme

SO(Az,) = SO(A)z,

is smooth over Z, with connected fibers, which implies that its generic fiber SO(Aq,) is connected. Thus,
SO(Az,) is connected as a group scheme over Zy, since SO(Aqg,) C SO(Az,) is dense.
The special orthogonal group scheme admits a universal covering

Spin(A) — SO(A),
1.e., a simply connected central isogeny; see [17, Section C.4] for the construction.

Lemma 4.4.1. Let V be free Z-module of rank 4 and A = A*V. Let R be a ring of coefficients as listed in

Section 4.2. There is an exact sequence of smooth R-group schemes
N (r
1 — par = SL(V)p ——= SO(A)g — 1

(as fppf-sheaves if % ¢ R). Moreover, there is an exact sequence

2(9)r

1 — {xid4} — SL(V)(R) A—) SO(A)(R) — R*/(R*)%. 4.4.1)

Proof. For the first statement, it suffices to assume R = Spec (k) for an algebraically closed field k, where
it is clear from a computation. Note that we have an exact sequence on rational points (see [25, Proposition
3.2.2])

1 — 112(R) = SL(V)(R) — SO(A)(R) — H'(Spec(R), u12).
Notice that for the rings of coefficients listed in Section 4.2, we have Pic(R)[2] = 0. Therefore,
H(Spec(R), pi2) = RY/(R*)?

from the Kummer sequence for u,.
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For the last statement, notice that there is an isomorphism of R-group schemes SL(V)g = Spin(A)g
such that the diagram

~

SL(V)(R)

T~

SO(A)(R)

> Spin(A)(R)

commutes. The group scheme SL(V) is simply connected (its geometric fibers form a semisimple
algebraic group of type Asz). Thus, the central isogeny SL(V)g — SO(A)g forms the universal covering
of SO(A)g, which induces an isomorphism SL(V)g => Spin(A)g by using the isomorphism theorem
over a general ring (see [17, Theorems 6.1.16 and 6.1.17], for example). O
Remark 4.4.2. When R = Z,, we have

+1 if £ £2

{£1} x {£5} if£=2.
Thus the image of SL(V)(Z,) is a finite-index subgroup in SO(A)(Z,).
Remark 4.4.3. When R = W (k), we have

{le} ifk=Fpforp>2s>1,

* )2 ~
W)™/ (W(k)™) —{ {1} ifk=kork® =k, chark > 2,

where € € Z is such that € % y> mod p® for an integer y, as W (k) is Henselian. Thus, the wedge map
SL(V)(W) — SO(A)(W) is surjective when k = k.
Let X and Y be abelian surfaces over k. Let Vg = H! (X)g. We can see the set
Isom®> @ H'(X)g, H' (Y)g)
is a (right) SL(Vg)-torsor if it is nonempty. The wedge product provides a natural map
N+ Tsom™ @ (H! (X) g, H' (V) g) — Isom™ @ (HA(X) g, H*(Y)g).

Let {v;} be an admissible basis of H! (X) and let {v;} be a d-admissible basis of H!(Y)g. There is a
d-admissible isomorphism vy € Isom* @ (H'(X) g, H' (Y)g) such that Yo(v;) = v;. For a d-admissible
isometry ¢ : H2(X, R) — H2(Y, R), we can see that

Q= /\2(1//0) og forsome g € SO(AR).

In this way, any d-admissible isomorphism ¢ can be identified with the (unique) element g € SO(A)(R)
when the admissible bases are fixed. This allows us to deal with d-admissible isomorphisms group-
theoretically. In particular, we have the following notion:

Definition 4.4.4. The spinor norm of the d-admissible isomorphism ¢ is the image SN(¢) of g under
SN : SO(A)(R) — R*/(R*)2.

Lemma 4.4.5. The spinor norm SN(¢) is independent of the choice of admissible bases.
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Proof. With a different choice of admissible bases, the new element satisfies § = KgK~!, for some
K € SO(AR). Therefore, SN(g) = SN(g). O

Remark 4.4.6. When R is a field, the spinor norm can be computed by the Cartan—Dieudonné decompo-

sition. That is, we can write any g € SO(A)(R) as a composition of reflections
Ry, oR,, ,0---0Ry,
for some nonisotropic vectors by, ..., b, € Ag, and SN(g) = [(b1)2 e (bn,l)z(bn)z].

Lemma 4.4.7. A d-admissible isomorphism ¢ is a wedge of some d-admissible isomorphism ¥ :
H!(X, R) — H!(Y, R) if and only if SN(¢) = 1.

Proof. The exact sequence (4.4.1) shows that if SN(¢) = SN(g) = 1, there is some & € SL(Vg) such that
/\2 (h) = g. Thus, we can take ¥ = g o h when SN(¢) = 1, and see that

NW) =N @) o N'(h) = ¢.
The converse is clear. O

4.4.1. The isogeny category. Recall that the isogeny category of abelian varieties AVg x has as objects all
abelian varieties over a field k, and as arrows the sets of homomorphisms

Homyy, (X, Y) := Homyy, (X, Y) ®z Q,

where Homyy, (X, Y) is the abelian group of homomorphisms from X to Y with the natural addition.
We may also write Hom?(X, Y) for Homyy,, (X, Y) if there is no confusion about k.

Definition 4.4.8. Let R be a commutative ring with unit. An R-isogeny from X to Y is an invertible
element f € Hom,y, (X, Y) ® R i.e., there is g € Homyy, (¥, X) ® R such that fog =idy and go f =idy.

A Q-isogeny is called a quasi-isogeny, while a Z yy-isogeny is called a prime-to-£ quasi-isogeny. For any
quasi-isogeny (resp. prime-to-¢ quasi-isogeny) f, we can find a minimal integer n (resp. one with £ n)
such that

nf:X—-Y
is an isogeny (resp. of degree prime-to-£).
When k = C, with the uniformization of complex abelian varieties, we have a canonical bijection
Homyy,, (X, Y) <> Hompuge (H' (Y, @), H' (X, @),

where the right-hand side is the set of Q-linear morphisms that preserve Hodge structures. Then the
integer n for f is also the minimal integer such that (nf)*(H'(Y, Z)) € H'(X, Z).



Derived isogenies and isogenies for abelian surfaces 1215

4.5. Shioda’s trick for Hodge isogenies. Suppose k = C. Let d be an integer. A Hodge isogeny of
degree d is an isomorphism of (2-Hodge structures
¢ HX(X, Q) = H(Y, Q)
such that
(x,y) =d{px), (y)).

When d = 1, we recover the classical Hodge isometry. Clearly, a d-admissible rational Hodge isomor-
phism is a Hodge isogeny of degree d. In terms of spinor norms, we can generalize Shioda’s theorem
(Theorem 4.1.1) to admissible rational Hodge isogenies.

Proposition 4.5.1 (Shioda’s trick on admissible Hodge isogenies).
(1) A d-admissible Hodge isogeny of degree d
¢ HA(X, Q) = HX(Y, Q)

is a wedge of some rational Hodge isomorphism ¢ : H/(X, Q) => H' (Y, Q) if its spinor norm is
trivial. In this case, the Hodge isogeny is induced by a quasi-isogeny of degree d.

(2) When d = 1, any admissible Hodge isometry ¢ : H*(X, Q) => H>(Y, Q) is induced by an isogeny
f:Y — X of degree n* for some integer n such that ¢ = f*/n.

Proof. Under the assumption of part (1), we can find a d-admissible isomorphism i by applying
Lemma 4.4.7. It remains to prove that ¢ preserves the Hodge structure; this is done essentially as for
[63, Theorem 1].

For (2), we suppose the spinor norm SN(¢) equals nQ*> € Q*/Q*?. Let E = Q(/n). We can
see that the base change H>(X, E) => H*(Y, E) is a Hodge isometry with coefficients in E such that
SN(¢) = 1 € E*/(E*)?>. By applying Lemma 4.4.7, we obtain an admissible Hodge isomorphism
v :H' (X, E) = H'(Y, E) (for some admissible bases for H' (X, @) and H' (Y, @)). Let

o:a+by/n~a—byn
be the generator of Gal(E/Q). As we have fixed the Q-linear admissible bases, the wedge map
/\2
SL4(E) = SO(A)(E)

is defined over @, and so is o-equivariant. Let g be the element in SL4(E) that corresponds to . Since
/\z(g) € SO(A) C SO(AE), we see that

N(o (@) =0 (N(2)=N(2),

which implies that o(g)g~" = +id, since ker /\2 = {%id4}. If 0(g) = g, then g € SL4(Q) and the
statement is trivially valid. If o (g) = —g, then go = 4/ng lies in GL4(Q). Let

vo:H' (X, Q) - H'(Y, Q)
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be the element corresponding to go in Isom® ) (H'(X, Q). H'(Y, ). As Ny = ne is a Hodge
isogeny, part (1) then implies that ¥ is also a Hodge isomorphism. Thus, ¥y extends to a quasi-isogeny
fo:Y — X and we have

f*
p=N) =" H(X. Q) > H(.Q).
Replacing fy by the product m fy for some integer m, we get an isogeny of degree (m>n)?. (|

Remark 4.5.2. If a Hodge isometry 1 : H?(X, @) => H?(Y, Q) is not admissible, that is, if its determinant
is —1 with respect to some admissible bases, then we can take its composition with the isometry 7
induced by the Poincaré bundle as in Example 4.2.3. After that, we see that /7 o is admissible and is
induced by an isogeny f : Y - X.

4.6. L-adic and p-adic Shioda’s tricks. For the integral £-adic étale cohomology, we have the following
statement similar to Shioda’s trick for integral Betti cohomology.

Proposition 4.6.1 (¢-adic Shioda’s trick). Suppose € # 2. For any d-admissible Z,-linear isomorphism
q)e N H?l‘(Yks’ Z() = H?t(st, Zg),

there are an integer u and a (u>d)-admissible 7 ¢-isomorphism , such that /\Z(Wg) = uqy. If @y is
Gal(k’/ k)-equivariant, then , is also Gal(k®/ k)-equivariant after replacing k with some finite extension.

Proof. One can choose an element u € (Z\ {0}) N Z} that is not a square in Z;, e.g., one satisfying the
equation U7 =—1mod¢ as ¢ # 2. Since ZZ/(Z}‘)2 = {41} for any ¢ # 2, either ¢y or ug, has spinor
norm one. Then the first statement follows from Lemma 4.4.7.

Suppose ¢, is Gal(k*/k)-equivariant. We may assume /\Z(W) = ¢, for simplicity. For any g €
Gal(k*/ k), we have

N vig) =g ' N (W g = N W)

Therefore, g~ 'y g = &,. By passing to a finite extension k’/k, we always have g~ v, g = 1y, for all
g € Gal(k*/ k'), which proves the assertion. O

For F-crystals attached to abelian surfaces, we have another variant of Shioda’s trick.

Proposition 4.6.2 (p-adic Shioda’s trick). Let k be a finite field or an algebraically closed field such that
chark = p > 2. For any d-admissible W -linear isomorphism

0p  Hey (Y/ W) = H2 (X/ W),

crys

there exist an integer u and a (u>d)-admissible W -linear isomorphism Yy Hérys(Y/ W) = HéryS(X/ W)

such that /\z(tﬁp) =ug,. If k is algebraically closed, we can take u = 1.
Moreover, if ), is compatible with Frobenius and [ > C k, then there is § € Z;z C W (k) such that ),

is compatible with Frobenius and &* € Z;.
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Proof. The first statement follows from a similar reasoning as Proposition 4.6.1, since W*/(W*)2 C {1, €}
(see Remark 4.4.3).
For the second statement, we assume /\2(1//1,) = ¢,. If ¢, commutes with the Frobenius action, then
2 —
N (" -Cy) =g
as in Section 4.3. Thus Cy' - 95" - Cy =+, which implies
YpoFy) =+F" oy D
by Lemma 4.3.1.

1 1 1 . 1 1 1
IfF)(()o [(,)z poF}(,),weneeddonothlng.IfF)(()o ,(,)z—wpoF;),wecantakeéGZ;‘)ZgW(k)

such that £7~! = —1. This implies
F oGy =67 F) oy =y, 0 iy
Note that £2 € Z}'; as 0 (£2) = £% and £2P*2 = 1. Therefore, we can conclude. [

Combining this with Tate’s isogeny theorem, we have the following consequences of Propositions
4.6.1 and 4.6.2. They include a special case of Tate’s conjecture.

Corollary 4.6.3. Suppose k is a finitely generated field over [F, with p > 2. Let £ # 2 be a prime not
equal to p.

(1) For any admissible isometry of Gal(k®/ k)-modules
e : H;,(Yis, Zo) => Hy, (Xps, Zy),
we can find a Z-isogeny f; € Homyp (X, Yir) @ Zy, for some finite extension k' k, that induces ugy
for some integer u prime-to-£. In particular, ¢, is algebraic.

(2) If k is finite, then for any admissible isometry

@p 1 Hoy((Y/W) = H

2 S (X/W)

that is compatible with Frobenius, we can find a Z ,-isogeny f, € Homy (Xy, Yy) ® Z), over some
finite extension k' / k, such that

* —
€fy |H§WS(Y/W) =ugpp
for some prime-to-p integer u and € € Z},. In particular, ¢, is algebraic.

Proof. For (1), Proposition 4.6.1 implies that there is an isomorphism
Yo Hy (Ves, Zo) => Hy(Xas, Zo),

that induces u¢, and is Gal(k®/ k)-equivariant after a finite extension of k. Then f; exists thanks to the
canonical bijection

Hom’(X, Y) ® Z; => Homaas/x) (Hy (Yes, Z¢), Hy (Xas, Z0))
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(see [72] and [20, VI.3, Theorem 1]).
For (2), we may assume that Z ,» € W (k), after taking a finite extension of k. Then Proposition 4.6.2
implies that there is an isomorphism

Yy Hipy (Y/W) = HL (X/W)

that induces ug,, and a § € Z;z such that &1/, is compatible with Frobenius.
Since k a finite field, there are canonical isomorphisms

Hom’(X, Y) ® Z,, => Homy (X[p*1, Y[p™]) => Homp y (H.,, (Y/ W), HL (X/W)).  (4.6.1)

crys crys

Here the first isomorphism is from p-adic Tate’s isogeny theorem [36, Theorem 2.6] and the second from
the faithfulness of Dieudonné functor over W [35, Theorem]. The canonical bijection (4.6.1) implies that
&Y, is induced by a Z ,-isogeny f), € Hom’(X,Y) ® Z,. Therefore

2
f;f|H2 (Y/W)=§ UPp.

crys

The Z,-isogeny f, is what we require. O
Remark 4.6.4. In [73], Zarhin introduced the notion of almost isomorphisms. Two abelian varieties over
k are called almost isomorphic if their Tate modules 7} are isomorphic as Galois modules (replaced by

p-divisible groups when ¢ = p). Propositions 4.6.1 and 4.6.2 imply that it is possible to characterize
almost isomorphic abelian surfaces by their second cohomology groups.

5. Derived isogeny in characteristic zero

In this section, we follow [23] and [31] to prove the twisted Torelli theorem for abelian surfaces over
algebraically closed fields of characteristic zero.

5.1. Over C: Hodge isogeny versus derived isogeny. Let X and Y be complex abelian surfaces. Through-
out this section, let A = U®3 be the direct sum of three hyperbolic lattices.

Definition 5.1.1. A rational Hodge isometry ¢ : H*(X, @) — H?(Y, Q) is called reflective if it is a
reflection on A along a nonisotropic vector b € A:

2(x, b)

(b,b)

after one chooses markings H2(X,Z) = A and H2(Y, Z) = A.

R,: Ag = Ag, x+—>Xx

Lemma 5.1.2. Any reflective Hodge isometry ¢ induces a Hodge isometry on twisted Mukai lattices
¢:H(X,Z; B) > H(Y, Z; B),

for some B € H*(X, Q) and B’ = —@(B) such that the restriction of ¢g : ﬁ(X, Q) = ﬁ(Y, Q) on
H%(X, Q) is equal to .
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Proof. We use [31, §1.2]. The discussion there involves a purely linear-algebraic argument for twisted
Mukai lattices, so it works for abelian surfaces without changes. Let us recall the construction of ¢.
By definition, there are markings f : H*(X,Z) = A and g : H*(Y, Z) = A such that the composition
-1
Ao Lo (X, @ % B2, @ 5 Ag

is a reflection Ry, with b € A a primitive vector.
Let B= f~'(b)/n e H*(X, Q) and B' = g~ (b)/n € H?(Y, @), where n = b*. The map

¢ :H(X,7; B) > H(Y, Z; B),
defined by sending a vector (7, c, s) to (n(B, c)—r—ns, (c)—n((B,c)—s)B’, —s) is a Hodge isometry.

We have ¢((0, c, (B, ¢))) = (0, ¢(c), (B’, ¢(c))) and ¢((0,0, 1)) = (—n, —nB’, —1), which gives the
last assertion. 0

The following result characterizes reflective Hodge isometries between abelian surfaces. The idea of
the proof is based on [31, Theorem 1.1], with some necessary modifications for abelian surfaces.

Theorem 5.1.3. Let X and Y be two complex abelian surfaces. If there is a reflective Hodge isometry
¢ H (X, Q) = H(Y, Q),
then, up to sign, @ is induced (in the sense of Section 3.1) by a derived isogeny
D”(X) ~DP(Y). (5.1.1)
Proof. According to Lemma 5.1.2, there is a Hodge isometry
¢:H(X,Z; B) = H(Y, Z; B))

whose restriction on H2(X, Q) is just . Let vg = (—n, —nB’, —1) be the image of the Mukai vector
(0, 0, 1) under ¢. From our construction, the Mukai vector

v=exp(—B')-vg = (—n,0,0) € H(Y, Z)

satisfies vg = exp(B’) - v. We can assume that v is positive (see Definition 3.5.1) up to a shift of DD (#).

Let # — Y be a G,,-gerbe that admits a B-field lift B’. For some v-generic polarization H, the moduli
stack .#y (%, v) of % -twisted sheaves on Y with Mukai vector v forms a G,,-gerbe on its coarse moduli
space My (#,v). Let £ be a universal (1, 1)-twisted sheaf on # x .#y(#,v). It induces a twisted
Fourier—-Mukai transform

o : DVt (@, v)) - DV (@)
(see [71, Theorem 4.3]) and a Hodge isometry

of H(My @, v),7; B") = H(Y, Z; B)),
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where B” is a B-field lift of .4y (%, v)™D — My (#, v). The composition
(@) og: H(X,Z; B) = H(My (%, v), Z; B"), (5.1.2)

defines a Hodge isometry that maps the Mukai vector (0, 0, 1) to (0, 0, 1) and preserves the Mukai pairing;
it also sends (1, 0,0) to (1, b, %2) for some b € H>(Y, Z). Changing B” to B” + b, one obtains a Hodge
isometry that maps (1, 0, 0) to (1, 0, 0) and (0, 0, 1) to (0, 0, 1). This restricts to a Hodge isometry

H2(X,Z) = HX(My (¥, v), 7). (5.1.3)

If the Hodge isometry (5.1.3) is admissible, we can apply Shioda’s Torelli theorem for abelian surfaces
(Theorem 4.1.1) to conclude that there is an isomorphism

fiMy(¥,v) = X

such that (¢)~!' o @ = f* up to sign. Take 2~ — X as the G,,-gerbe .#y/ (%, v)Y — My (%, v).
Then the Hodge realization of the derived equivalence

oo f*: DY (2) = DV(@) (5.1.4)

is @ up to sign.
Otherwise, the composition

H2(R,7) =2 H2(X, Z) => HX(My (¥, v). 7)

is admissible, as explained in Example 4.2.3, and it can be realized as the pullback under an isomorphism
f My, v) = X up to sign. Thus, the Hodge realization of the derived equivalence f* o ®7 :
DY (X) = DY(My (%, v)) yields the Hodge isometry (5.1.3), where P is the Poincaré bundle. We can
consider the derived isogeny

D (x) L5 Db (M, v)),

o (5.1.5)
DV (@, v)) — DV (@).
From the construction, its rational Hodge realization on second cohomology yields ¢ up to sign. O

Remark 5.1.4. If ¢ is induced from a reflection of a vector with norm 2n, let 2" — X and % — Y be
the equivalent twisted abelian surfaces obtained in Theorem 5.1.3. Then we have

[2]" =exp(nB) =1 € Br(X),
which implies [ 2] € Br(X)[n]. Similarly, the order of [#/] divides 7.

Next we show that any rational Hodge isometry can be decomposed into a chain of reflective Hodge
isometries. This is a special case of the Cartan—Dieudonné theorem that says that any element g € SO(Aq)
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can be decomposed as a product of reflections:
g=Rp oRp0---0R,, (5.1.6)

such that b; € A and (b;)> # 0 for each i. From the surjectivity of the period map [63, Theorem II], for
any rational Hodge isometry H?(X, @) => H?(Y, Q), we can find a sequence of abelian surfaces {X;}
with A-markings and Hodge isometries

@it HA(X;_1, Q) = H*(X;, Q),

where Xg = X and X, =Y, such that ¢; is induced by some reflection R;, € O(A ® Q). We can arrange
them as in (1.1.1):

H2(X, Q) & H2(X,, Q),

2 ¥2 2
H*(X;, @) — H* (X2, Q), (5.1.7)

H2(X,-1, @) & HX(Y, Q).
Corollary 5.1.5. If there is a rational Hodge isometry ¢ : H*(X, Q) => H>(Y, Q), then there is a derived
isogeny from X to 'Y that ¢ up to sign as in (5.1.7).

Remark 5.1.6. One application of Corollary 5.1.5 is that any rational Hodge isometry between abelian
surfaces is algebraic, which is a special case of the Hodge conjecture for products of two abelian surfaces.
Unlike the case of K3 surfaces, the Hodge conjecture for products of abelian surfaces has been known for
a long time; see, for example, [60, Theorem 3.15].

Corollary 5.1.7. There is a rational Hodge isometry H*(X, Q) = H?(Y, Q) if and only if there is a
derived isogeny from Km(X) to Km(Y).

Proof. Any rational Hodge isometry induces a rational isometry of Néron—Severi lattices NS(X)g =~
NS(Y)g@. Let T(—) be the transcendental part of H>(—). Applying Witt’s cancellation theorem, we get

H*(X,Q) ~H*(Y, Q) < T(X)g=T(Y)g

as Hodge isometries. According to [31, Theorem 0.1], Km(X) is derived isogenous to Km(Y') if and only
if there is a Hodge isometry T(Km(X))g >~ T(Km(Y))g. Then the statement is clear from the fact that
there is a canonical integral Hodge isometry T(X)(2) >~ T(Km(X)), by [48, Proposition 4.3(i)]. U

5.2. Prime-to-L Hodge isometries.
Definition 5.2.1. We say that a rational Hodge isometry
¢ HX(X, Q) = H(Y, Q)

is prime-to-€ if it descends to an isometry H*(X, Zy)) => H2(Y, Zy)).
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Lemma 5.2.2. Assume ¢ : H*(X, Q) => H>(Y, Q) is a reflective Hodge isometry, induced by a primitive
vector b € A. Then ¢ is prime-to-£ if and only if £ { n = %.

Proof. One direction is obvious. For the other, suppose ¢ is prime-to-£. By definition, there are markings
H2(X,Z) = A and H*(X, Z) = A such that the isometry

AQQ=ZHX(X,Q) 5 HX (Y, Q)= AQQ

is the reflection R, € O(A ® Q). As ¢ is prime-to-¢, the reflection R;, lies in O(A ® Z(y)).
If ¢ | n, one must have £ | (x, b) for any x € A. However, this is contradictory, as A is unimodular and
any primitive vector has divisibility 1. (]

Another useful tool is as follows.

Lemma 5.2.3 (prime-to-£ Cartan—-Dieudonné decomposition). Let A be an integral lattice over Z whose
reduction mod ¢ is still nondegenerate. Any orthogonal matrix A € O(A)(Zg)) C O(A)(Q), witht > 2,

can be decomposed into a sequence of prime-to-£ reflections.

Proof. We follow the proof of [62] to refine the Cartan—Dieudonné decomposition for any field of
characteristic # 2. In general, if Ay is a quadratic space on a field k of characteristic # 2 with Gram
matrix G, let I be the identity matrix.

The proof of the Cartan—Dieudonné decomposition in [62] relies on the following facts: for any element
A € O(Ay), we have:

(i) A is a reflection if rank(A — I) =1 (see [62, Lemma 2]).
(i) Suppose that rank(A — 1) > 1. If S = G(A — I) is not skew-symmetric, then there exists a € A
satisfying a’ Sa # 0 and
1
a'Sa
In this case rank(AR, — I) = rank(A — I) — 1 and G(AR;, — I) is not skew-symmetric with
b = (A — I)a satisfying b? = —2a'Sa (see [62, Lemmas 4 and 5]).

S+ St £ (Sa-a'S+S'a-a'Sh.

(iii) If S = G(A — I) is skew-symmetric, then there exists b € A such that G(ARj, — I) is not skew-
symmetric (see the proof of [62, Theorem 2]).

Then we can decompose A as a series of reflections using (ii) repeatedly. In our case, it suffices to show
that if k = Q and A is coprime to ¢, i.e., nA is integral for some n coprime to £, then:

(i) A is a prime-to-£ reflection if rank(A — I) = 1.
(ii") Suppose that rank(A — I) > 1. If the matrix S = G(A — I) modulo ¢ is not skew-symmetric, then

there exists a vector a € A satisfying £t a’ Sa, and

S+ St £ (Sa-a'S+S'a-a'S".

a'Sa
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In this case, Ry, is prime-to-¢ with b = (A —I)a, rank(AR, —I) =rank(A—I)—1and G(AR,—1I)
is not skew-symmetric.

(iii") If the matrix S = G(A — I') modulo £ is skew-symmetric, then there exists b € A such that AR, is
coprime to £ and the modulo ¢ reduction of G(ARy, — I) is not skew-symmetric.

For (i), this is obvious.
For (ii’), if the modulo ¢ reduction G(A — I) of G(A — I) is not skew-symmetric, we can apply (ii) to
the matrix A € O(Ap,) to obtain a nonzero vector a € Ag, such that a’ Sa #0¢elF, and

_ _ 1 _ _ _ _
S+S"'4£—(Sa-a'S+S'a-a's. (5.2.1)
a'Sa

Let a € A be a lifting of a. It is easy to see that this is as desired.
For (iii"), the argument is similar to (ii’). O

As aresult, we get the following.

Theorem 5.2.4. Let £ > 2 be a prime. If there is a prime-to-£ rational Hodge isometry
¢ HA(X, Q) = H (Y, Q),

then there exists a prime-to-£ derived isogeny from X to Y that induces ¢ up to sign. If X and Y are
prime-to-£ derived isogenous, then there is a prime-to-£ derived isogeny in which the orders of G,,-gerbes

are all prime-to-£.

Proof. By using the prime-to-¢ Cartan—Dieudonné decomposition given in Lemma 5.2.3, one can
decompose the Hodge isometry

@ HX (X, Z ) = HX(Y, Zp),

into a chain of prime-to-£ reflective Hodge isometries. Then Lemma 5.2.2 implies that the lift ¢ extends
to an integral isometry
ﬁ(X, Z(z)) —- ﬁ(Y, Z(z)).

In the first case of the proof in Theorem 5.1.3, the derived isogeny (5.1.4) induces ¢ up to sign, and is
thus prime-to-£. In the second case, the derived isogeny (5.1.5) is also prime-to-¢, since the Poincaré dual

H(X,7) = H(X,2)

is integral and switches (0, 0, 1) and (1, 0, 0).

If X and Y are prime-to-£ derived isogenous, there is an isometry T(X) ® Z) = T(Y) ® Zy). Since
£ > 2, there is a prime-to-¢ rational Hodge isometry H2(X, Z y)) => H(Y, Z()) by [47, Theorem 3.2].
We can use the prime-to-¢ Cartan—Dieudonné decomposition again to obtain a derived isogeny in which
all the reflexive Hodge isometries are prime-to-£. Then we can conclude the assertion by Lemma 5.2.2
and Remark 5.1.4. 0
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5.3. Isogeny versus derived isogeny. Let us now describe derived isogenies through suitable isogenies.

The functor Hom(X, Y) of group homomorphisms from X to Y (not just as scheme morphisms) is
representable by an étale group scheme over k (see [19, (7.14)], for example). Therefore, via Galois
descent, we have

HomAV;(XIE’ YIE) ;)HomAVE(X[?’ YI?)’ (531)
for any algebraically closed field K O k. A similar statement holds for derived isogenies.

Lemma 5.3.1. Let X and Y be abelian surfaces defined over k with chark = 0. Let K D k be an
algebraically closed field containing k. Let k be the algebraic closure of k in K. Then if X gand Yg are
twisted derived equivalent, so are X and Yj.

Proof. As X is twisted derived equivalent to Yz, by Theorem 3.5.3, there exist finitely many abelian
surfaces Xo, X1, ..., X, defined over K with X = X and

Xi EMy(Zic1,vi) Y =My, (2, vy)

for some [2;_;] € Br(X;_1)[r]. Let us construct abelian surfaces over k to connect X ¢ and Y7 as follows:

Set X = X, then we take X| = MH{(%/, v}) where 2/, H{ and v] are the descent of 2, H and
v through the isomorphisms Br(X z)[r] = Br(Xp)[r], NS(Xg) = NS(Xp) and H(Xz) = H(X}). The
invariance of Brauer group and (£-adic) Mukai lattice under extension k € K is from the smooth base
change theorem. For Néron—Severi groups, see [44, Proposition 3.1]. Then inductively, we can define X
as the moduli space of twisted sheaves M Hi/(%L 1 vlf ) (or its dual, respectively) over k. Note that we
have natural isomorphisms

My (21, v g = My (Zi-1, vi)
over K. In particular, (MH,/(%, V) g = Yg. It follows that MH,-’(‘%n/’ v) =Yz a

For any abelian surface X¢ over C, the spreading-out argument shows that there is a finitely generated
field k C C and an abelian surface X over k such that X x; C = X¢. We have the Artin comparison

H. (Xt Zo) =H (X¢, 2) ®7 Zy, (5.3.2)

for any i € Z and ¢ a prime. Suppose Y is another abelian surface defined over k. Suppose f : Yo — X¢
is a prime-to-£ quasi-isogeny. By definition, it induces an isomorphism of Z)-modules

[ H Xe, ) ®Zy = H' (Yo, D ® L
such that there is a commutative diagram

H (X¢,2) @ Zyy —— H (Ye,Z) ® Z,

[ [

H. (X;, Zo) ———— HL (Y. Zy)
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for any i, under the comparison (5.3.2). For the converse, we have the following simple fact given by a
faithfully flat descent of modules along Z sy < Z, and the £-adic Shioda thick.

Lemma 5.3.2. A (quasi-)isogeny f : Yo — Xc is prime-to-£ if and only if it induces an isomorphism of
integral {-adic realizations
f* i HL(XG, Zy) = H,(Yr, Zy).

Inspired by Shioda’s trick for Hodge isogenies (Proposition 4.5.1), we introduce the following notions.
Definition 5.3.3. Let X and Y be g-dimensional abelian varieties over k.

e X and Y are (prime-to-£) principally isogenous if there is a (prime-to-£) isogeny f from X to Y of
square degree, that is, deg(f) = d” for some d € Z. This f is called a principal isogeny.

e An isogeny f : X — Y is quasiliftable if f can be written as the composition of finitely many
isogenies that are liftable to characteristic zero.

Now, we can state the main result in this section, which yields in particular Theorem 1.2.1.
Theorem 5.3.4. Suppose chark = 0. Let £ > 2 be a prime. The following statements are equivalent:
(1) X is (prime-to-£) principally isogenous to Y over k.
(2) X and Y are (prime-to-£) derived isogenous over k.

Proof. (1) = (2): we can assume that f : X — Y is a principal isogeny defined over a finitely generated
field £’. By embedding &’ into C, two complex abelian surfaces X¢ and Y¢ are derived isogenous since
there is a rational Hodge isometry

(f*/n)®@Q:H>(Ye, 7)) Q = H*(X¢, 7) @ Q,

where deg(f) = n?. By Lemma 5.3.1, one concludes that X 7 and Y7 are derived isogenous, with rational
Hodge realization (f*/n) ® Q.

If f is a prime-to-£ isogeny, the map f*/n restricts to an isomorphism
H*(Ye, 2) @ Zy => H* (X, 7) @ Z ).

The assertion then follows from Theorem 5.2.4.

(2) = (1): We may assume X and Y are derived isogenous over a finitely generated field £’. Embedding
k" into C, X¢ and Y¢ are derived isogenous as well by Lemma 5.3.1. According to Remark 3.1.2, there is
a Hodge isometry

¢ :H* (Y, @) = H*(Xc, Q). (5.3.3)

According to Example 4.2.3, we can assume ¢ is admissible after replacing X by its dual X. By
Proposition 4.5.1, they are principally isogenous over C. It follows that X and Y are principally isogenous
over k by (5.3.1).
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If D?(X) ~ D’(Y) is prime-to-£, then we can choose a motive isomorphism h?(X) ~ h2(Y) whose
£-adic realization ¢, is integral by the cancellation theorem over Z; (see [54, Theorem 92:3]). The
principal isogeny that induces ¢ is prime-to-£ by Lemma 5.3.2. This proves the assertion. |
Proof of Corollary 1.2.2. Let us summarize all the results that lead to Corollary 1.2.2. Using an argument
similar to the one in Theorem 5.3.4, we can reduce them to the case k = C.

(i) <= (ii): This is Theorem 5.3.4.

(i) <= (vi): This is Corollary 5.1.5.

(vi) <= (vii) <= (viii): This follows from the Witt cancellation theorem.

(i) <= (iii): This is Corollary 5.1.7.

(il) = (iv) = (v): This is from the computation in [23, Proposition 4.6]. In fact, one may take the
correspondence

= @ F2i . beven(X) N heven(Y),
where l
Ty i= (f*/n')omy 1 §* (X) = H (¥),

and f : X — Y is the given principal isogeny.

(v) = (ii): Let ' : h*"(X) => h®*"(Y) be an isomorphism of Frobenius algebra objects. The Betti
realization of its second component is a Hodge isometry by the Frobenius condition [23, Theorem 3.3].
Thus, X and Y are derived isogenous by Corollary 5.1.5, and hence are principally isogenous. O

6. Derived isogeny in positive characteristic

In this section, we prove the twisted derived Torelli theorem for abelian surfaces over odd characteristic
fields. The primary strategy is to lift everything to characteristic zero. Throughout this section, we let k
denote an algebraically closed field with characteristic p > 3.

6.1. Lifting of derived isogenies and quasi-isogenies. Let us start with a lifting result for derived
isogenies, which is the only place we may require p > 3.

Proposition 6.1.1. Let 29 — Xo and % — Yy be twisted abelian surfaces over k, which are of finite
height. If there is a derived equivalence ®q : DV (25) — DW (%), then there exists a discrete valuation
ring V whose residue field is k and twisted abelian surfaces

%V _— Xv @V _— YV
\ l and \ l
Spec V Spec V

over V with the following properties:

o The special fibers are geometrically isomorphic to o — Xo and %y — Yy respectively.
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e There is a Fourier-Mukai transform ®y : DW(2y) — DW(%4,) whose Fourier—Mukai kernel
restricted to 2~ X % induces ®.

Moreover, if ® is prime-to-p and p > 3, the derived equivalence ®x : DV (Xg) — DD () on the
generic fiber is also prime-to-p where K is the fraction field of V.

Proof. The proof proceeds like that of [10, Theorem 5.8], which ensures the existence of liftings of
derived isogenies between K3 surfaces. By Theorem 3.5.3, we know that

2870 =ty (P, v)

is a moduli stack of #g-twisted coherent sheaves for some vector v € N(%). By Lemma 2.3.1, we can
find a DVR V and a projective lift #,; — Yy over V such that NS(Yy) = NS(Yy). Let Hy be the element
in NS(Yy) that extends H. Following the description of twisted extended Néron—Severi lattices as in
Proposition 3.3.2, we can see that ﬁ(g/v) = ﬁ(%) and hence the twisted Mukai vector v can be extended
over V, still denoted by v.

Let %‘ﬁ_]) = Mn, (%y, v) be the relative moduli stack of £y -twisted coherent sheaves. The universal
object in DLD (2 x #4) induces a derived equivalence ®y : DU (27) — DM (%) as desired.

For the last assertion, we need to prove that the p-adic realization of @k is integral. This can be
deduced from a similar argument as in the proof of Theorem 1.5 in [10], based on Cais and Liu’s crystalline
cohomological description for the integral p-adic Hodge theory [13]. Let us sketch the proof. As & is
prime-to- p, its cohomological realization restricts to an isometry of F-crystals

@p + Hiys (Xo/ W) >~ HEE (Yo/ W)

by our definition. The base extension ¢, ® K can be identified with the de Rham cohomological realization
of &g
G HGS (X i /K) = HGS (Y /KD,

by the Berthelot—Ogus comparison (see [4, Corollary 2.5] or [24, Theorem B.3.1]). It also preserves Hodge fil-
trations. Let S be the p-completion of the divided power envelope of the pair (Wl[u]], ker(W[ull — O K)).
Then the map

§p @w S HE(Xo/S) => HI (Y, /) 6.1.1)

is an isomorphism of strongly divisible S-lattices (see [13, §4]). If p > 3, according to [13, Theorem 5.4],
one can apply Breuil’s functor on (6.1.1) to see that ¢k restricts to an Z ,-integral Gal(K /K)-equivariant
isometry H*"(X g, Z,) => H*"(Yg, Z,). 0

ct

Remark 6.1.2. The technical requirement that p > 3 is needed in [13, Theorem 4.3(3) and (4)]. When
Ok = W (k) is unramified, this condition can be weakened to p > 2 by using Fontaine’s Theorem 2(iii)
in [21]. In general, when p = 3, a possible approach is to prove Shioda’s trick as in Section 4 for strongly
divisible S-lattices (see [11, Definition 2.1.1]), which can reduce the statement to crystalline Galois
representations of Hodge—Tate weight one.
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Next, one can lift separable isogenies between abelian surfaces:

Proposition 6.1.3. Let f : Xo — Yo be a separable isogeny between two abelian surfaces over k. Let
W = W (k) be the ring of Witt vectors. Then there exist liftings Xw — Spec W and Yw — Spec W such
that the isogeny f can be lifted to an isogeny fw : Xw — Yw such that deg f = deg fw. Thus, every

prime-to-p isogeny can be lifted to a prime-to-p isogeny.

Proof. According to [55, Proposition 11.1], there is a projective lifting Xw — Spec W of X¢. Given that
f is separable, ker f C X constitutes a finite étale group scheme over k, which is liftable. Choosing a
lifting Gw C Xw of ker f, we obtain an isogeny

fw: Xw — Yw :=Xw/Gw,

which serves as a lifting of f. If f is prime-to-p, then we have ker fyy € Xw[n] for some n that is
coprime to p. Consequently, fy is also prime-to-p. O

6.2. Specialization of prime-to- p derived isogenies. Next, we shall show that prime-to-p geometrically
derived isogenies are preserved under reduction. The idea is to show that the specialization of a moduli
space of stable twisted sheaves on an abelian surface or K3 surface remains a moduli space.

Theorem 6.2.1. Let V be a DVR with residue field k and K = Frac(V). Let Xy — SpecV and

Yy — Spec V be projective abelian surfaces or K3 surfaces over Spec V satisfying
NS(X ) =NS(Xy), (6.2.1)

where Xy is the special fiber of Xy — Spec V. If their generic fibers Xk and Yk are (geometrically)
prime-to-p derived isogenies, so are the special fibers Xy and Y.

Proof. With Theorem 5.2.4, it is sufficient to consider the case where there is a derived equivalence
@y : DV (2%) = DV (7%)
for some prime-to-p G,,-gerbes Zx — Xk and #x — Yk . From Theorem 3.5.3, we know that there is
an isomorphism
Ve =ty (X, ve) Y,

for some twisted Mukai vector vg € ﬁ(% k) and Hx € NS(X %) being v-generic. Up to taking a finite
extension, we may assume that everything can be defined over K.

We claim that there exists a G, gerbe 2y — Xy whose restriction to Spec K is Zx — Xg. It suffices

to show that the class [ 2k ] € Br(X k) can be extended to an element in Br(Xy ). By the Chinese remainder
theorem, we may assume ord([ 2k ]) = £" for some prime ¢ 7~ p. For each prime £ # p, from the Kummer
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sequence, we have the commutative diagram

0 — Pic(Xy)/€" — HL(Xv, e) — Br(Xy)[€"] — 0

| ! |

0 — Pic(Xk)/¢" — HL(Xk, pter) — Br(Xg)[€"] — 0

The second vertical morphism is an isomorphism by smooth and proper base change. Therefore,
Br(Xy)[£"] — Br(Xg)[£"] is surjective, which proves the claim.

By our assumption (6.2.1), we can pick extensions v, € KI(%V) and Hy € Pic(Xy) of vg and Hg.
Let Ay, (Xvy, vy) — Spec V be the relative moduli space of Hy-stable twisted sheaves. Then we have
the commutative diagram

~

My, (Zy,vy) < Mp (Zk,vg) — Yk > Yy

| | |

Spec V. <—— Spec(K) —— Spec(K) — SpecV

According to Matsusaka and Mumford [43, Theorem 1], the isomorphism between the generic fiber can
be extended to Spec V. Thus Yj is isomorphic to My, (Zk, vi), where vy = vy, [speck and Hy = Hy |speck-
It follows that there is a prime-to-p derived equivalence DM (2;) 2DV (. H, (Zk, V). O

Remark 6.2.2. Our proof fails when the twisted derived equivalence is not prime-to-p. This is because if
the associated Brauer class « has order p”, the map

Br(Xy)[p"] = Br(Xx)[p"]
may not be surjective (see [59, 6.8.2]).

Proof of Theorem 1.4.1. When X or Y is supersingular, the assertion follows from Theorem 3.6.6(2). So
we can assume that X and Y both have finite height.

(i") = (ii"): By Proposition 6.1.1, we can find projective liftings Xy — Spec V and Yy — Spec V of X
and Y over some DVR V such that there is a prime-to-p twisted derived equivalence between generic
fibers Xk and Yg.

By Theorem 5.3.4, the generic fibers X g and Yg are geometrically prime-to-p principally isogenous.
Up to a finite extension of K, we can find a prime-to-p principal isogeny fx : Xx — Yk. The Néron
extension property of smooth models Xy, Yy [5, §7.3, Proposition 6] ensures that fx can be extended to
an isogeny

fv: Xy — Yy.

The restriction f; : X — Y over the special fibers is still a principal isogeny and we can conclude that f
is prime-to-p by using Tate’s spreading theorem for p-divisible groups (see [67, Theorem 41]).
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(') = (ii’): Suppose that there is an isogeny f : X — Y that is prime-to-p of degree d>. By
Proposition 6.1.3, we can lift it to a prime-to- p isogeny of degree d> over W:

fW X w —> Yw.
Set K = Frac(W). The induced isogeny fx between the generic fibers is a prime-to-p principal isogeny,
which induces a G g-equivariant isometry

fx .
7’< H,(Yg, Z,) = H: (X &, Z,).

By Theorem 5.3.4, there exists a prime-to-p derived isogeny D’ (X 7))~ D’ (Yg) whose p-adic cohomo-
logical realization is fz /d. The assertion follows from Theorem 6.2.1. (|

6.3. Further remarks. From the proof of the implication (i') = (ii’) of Theorem 1.4.1, we can see that
the lifting-specialization argument also works for non-prime-to-p derived isogenies. Thus we have

Theorem 6.3.1. Suppose Xo and Yy are abelian surfaces over k with finite height. If Xo and Yy are
derived isogenous, then they are quasiliftable principally isogenous.

Moreover, we believe that the converse of Theorem 6.3.1 also holds.

Conjecture 6.3.2. Two abelian surfaces Xo and Yy are derived isogenous over k if and only if they are
quasiliftable principally isogenous.

For this conjecture, our approach remains valid provided that there is a specialization theorem for
non-prime-to-p derived isogenies. According to the proof of Theorem 6.2.1, it suffices to establish the
existence of specialization of Brauer classes of order p. Adhering to the notations in Theorem 6.2.1, this
requires the restriction map

Br(Xy) — Br(Xg)

to be surjective. See Remark 6.2.2 for further details.

6.4. Derived isogeny for Kummer surfaces. We now explore the interrelations between the derived
isogenies of abelian surfaces and their associated Kummer surfaces. Using the lifting argument, the
following theorem is an immediate consequence of the result in characteristic 0.

Theorem 6.4.1. Assume p > 2. If X and Yy are prime-to-p derived isogenous abelian surfaces over k,
then the associated Kummer surfaces Km(Xo) and Km(Yy) are prime-to-p derived isogenous. If there is
a derived equivalence

D’ (Km(Xo), ao) = D”(Km(Yo), fo) (6.4.1)

with ord(ag) and ord(By) prime-to-p, then X and Y are prime-to-p derived isogenous.

Proof. For the first assertion, as before, we can quasi-lift the prime-to- p derived isogeny between X and
Y to characteristic 0. By Theorem 1.4.1 and Proposition 6.1.1, their liftings are geometrically prime-to-p
derived isogenous. According to [66, Corollary 4.3], the associated Kummer surfaces are prime-to-p
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derived isogenous. It follows from Theorem 6.2.1 that Km(X() and Km(Yy) are prime-to-p derived
isogenous.

For the last assertion, if Xo and Y are supersingular, then oy and Sy are trivial under our assumptions.
In this case, the result follows from [38, Theorem 1.2]. Suppose Xg or Yy is of finite height (then both
are of finite height). According to [10, Theorem 5.8], we can find a DVR V with residue field k£ and
projective twisted K3 surfaces over V

(Sy,ay) = SpecV and (Sy, Bv) — Spec V
satisfying the following conditions:
 The special fibers are (Km(Xy), ap) and (Km(Yy), Bo) respectively.
« The generic fibers (S, ak) and (S, Bx) are geometrically derived equivalent.
e NS(S%) = NS(Km(Xy)) and NS(S}?) = NS(Km(Yp)).

Note that NS(Sg) and NS(S% ) contain Kummer lattices. As seen in the proof of Lemma 2.3.1, this
implies that there exist projective liftings of X and Yy, denoted by Xy — Spec V and Yy — Spec V,
such that

Sg =Km(Xg) and Sp =Km(Yg).

Choose an embedding K — C, set X¢c = Xx ®k C and Y¢ = Yx ®k C. Then we have a prime-to-p
Hodge isometry
H>(Km(X¢), Z(,)) — HX(Km(Ye), Z(,)) (6.4.2)

induced from the prime-to-p derived equivalence. Based on the Kummer construction, for any abelian
surface Xc, as p > 2, there is a natural Hodge isometry

H*(Km(Xe). Z(p)) EH (Xe, Zp) & (Zxe @ Z(p)).
16
where X x. = PZe; with (e;, e;) = —26;; being the Kummer lattice. Then one obtains a Hodge isometry
i=1

H*(X¢, Z(p)) — H*(Ye, Z()

from (6.4.2) through the Witt cancellation procedure. By Theorem 5.3.4, X g and Y are geometrically
prime-to- p derived isogenous. The assertion follows from Theorem 6.2.1. U

Remark 6.4.2. It is natural to consider if one can apply the lifting method to prove the converse of
Theorem 6.4.1. Specifically, one may wonder if Km(X) and Km(Yy) are prime-to-p derived isogenous,
asare X and Y.

However, the issue is that the derived isogeny between Km(Xg) and Km(Yy) is merely quasiliftable,
not known to be liftable. In other words, although we can lift every derived equivalence between twisted
abelian surfaces or K3 surface to characteristic 0, we cannot necessarily find liftings of X( and Yy
respectively such that the generic fibers of their associated Kummer surfaces are prime-to-p geometrically
derived isogenous.



1232 Zhiyuan Li and Haitao Zou

Acknowledgement

The authors are grateful to Ziquan Yang for useful comments. The authors also thank the referees for
their careful reading and valuable suggestions, which improved this article.

References

[1] M. Artin, “Algebraization of formal moduli, I, pp. 21-71 in Global analysis: Papers in honor of K. Kodaira, Univ. Tokyo
Press, Tokyo, 1969. MR

[2] M. Artin, “Supersingular K3 surfaces”, Ann. Sci. Ecole Norm. Sup. (4) 7 (1974), 543-567. MR

[3] P. Berthelot and A. Ogus, Notes on crystalline cohomology, Princeton University Press, 1978. MR

[4] P. Berthelot and A. Ogus, “F-isocrystals and de Rham cohomology, I”, Invent. Math. 72:2 (1983), 159-199. MR

[5] S. Bosch, W. Liitkebohmert, and M. Raynaud, Néron models, Ergebnisse der Mathematik (3) 21, Springer, 1990. MR
[6] D. Bragg, “Derived equivalences of twisted supersingular K3 surfaces”, Adv. Math. 378 (2021), art. id. 107498, 45 pp. MR
[7] D. Bragg, “Lifts of twisted K3 surfaces to characteristic 0”, Int. Math. Res. Not. 2023:5 (2023), 4337—-4407. MR

[8] D. Bragg and M. Lieblich, “Twistor spaces for supersingular K3 surfaces”, preprint, 2018. arXiv 1804.07282

[9] D. Bragg and M. Olsson, “Representability of cohomology of finite flat abelian group schemes”, preprint version 2, 2025.
arXiv 2107.11492v2

[10] D. Bragg and Z. Yang, “Twisted derived equivalences and isogenies between K3 surfaces in positive characteristic”, Algebra
Number Theory 17:5 (2023), 1069-1126. MR

[11] C. Breuil, “Représentations semi-stables et modules fortement divisibles”, Invent. Math. 136:1 (1999), 89-122. MR

[12] T. Bridgeland and A. Maciocia, “Complex surfaces with equivalent derived categories”, Math. Z. 236:4 (2001), 677-697.
MR

[13] B. Cais and T. Liu, “Breuil-Kisin modules via crystalline cohomology”, Trans. Amer. Math. Soc. 371:2 (2019), 1199-1230.
Corrigendum in 373:3 (2020), 2251-2252. MR

[14] A. H. Caldararu, Derived categories of twisted sheaves on Calabi—Yau manifolds, Ph.D. thesis, Cornell University, 2000,
available at https://www.proquest.com/docview/304592237. MR

[15] A. Canonaco and P. Stellari, “Twisted Fourier—-Mukai functors”, Adv. Math. 212:2 (2007), 484-503. MR
[16] K. Cesnavicius, “Purity for the Brauer group”, Duke Math. J. 168:8 (2019), 1461-1486. MR

[17] B. Conrad, “Reductive group schemes”, pp. 93—444 in Autour des schémas en groupes, Panor. Syntheses 42, Soc. Math.
France, Paris, 2014. MR

[18] C. Deninger and J. Murre, “Motivic decomposition of abelian schemes and the Fourier transform”, J. Reine Angew. Math.
422 (1991), 201-219. MR

[19] B. Edixhoven, G. van der Geer, and B. Moonen, “Abelian varieties”, book in progress, available at http://van-der-geer.nl/
~gerard/AV.pdf.

[20] G. Faltings, “Complements to Mordell”, pp. 204-227 in Rational points: Seminar Bonn/Wuppertal, 1983/1984, 3rd ed.,
Aspects of Mathematics E6, Vieweg, Braunschweig, 1992. MR

[21] J.-M. Fontaine, “Cohomologie de de Rham, cohomologie cristalline et représentations p-adiques”, pp. 86—108 in Algebraic
geometry (Tokyo/Kyoto, 1982), Lecture Notes in Math. 1016, Springer, 1983. MR

[22] L. Fu and Z. Li, “Supersingular irreducible symplectic varieties”, pp. 147-200 in Rationality of algebraic varieties, Progr.
Math. 342, Birkhduser, 2021. MR

[23] L. Fu and C. Vial, “A motivic global Torelli theorem for isogenous K3 surfaces”, Adv. Math. 383 (2021), art. id. 107674,
44pp. MR

[24] H. Gillet and W. Messing, “Cycle classes and Riemann—Roch for crystalline cohomology”, Duke Math. J. 55:3 (1987),
501-538. MR


http://msp.org/idx/mr/260746
https://doi.org/10.24033/asens.1279
http://msp.org/idx/mr/371899
http://msp.org/idx/mr/491705
https://doi.org/10.1007/BF01389319
http://msp.org/idx/mr/700767
https://doi.org/10.1007/978-3-642-51438-8
http://msp.org/idx/mr/1045822
https://doi.org/10.1016/j.aim.2020.107498
http://msp.org/idx/mr/4184293
https://doi.org/10.1093/imrn/rnab334
http://msp.org/idx/mr/4565668
http://msp.org/idx/arx/1804.07282
http://msp.org/idx/arx/2107.11492v2
https://doi.org/10.2140/ant.2023.17.1069
http://msp.org/idx/mr/4585353
https://doi.org/10.1007/s002220050305
http://msp.org/idx/mr/1681105
https://doi.org/10.1007/PL00004847
http://msp.org/idx/mr/1827500
https://doi.org/10.1090/tran/7280
http://msp.org/idx/mr/3885176
https://www.proquest.com/docview/304592237
http://msp.org/idx/mr/2700538
https://doi.org/10.1016/j.aim.2006.10.010
http://msp.org/idx/mr/2329310
https://doi.org/10.1215/00127094-2018-0057
http://msp.org/idx/mr/3959863
http://msp.org/idx/mr/3362641
https://doi.org/10.1515/crll.1991.422.201
http://msp.org/idx/mr/1133323
http://van-der-geer.nl/~gerard/AV.pdf
https://doi.org/10.1007/978-3-322-80340-5
http://msp.org/idx/mr/1175627
https://doi.org/10.1007/BFb0099959
http://msp.org/idx/mr/726422
https://doi.org/10.1007/978-3-030-75421-1_7
http://msp.org/idx/mr/4383698
https://doi.org/10.1016/j.aim.2021.107674
http://msp.org/idx/mr/4232546
https://doi.org/10.1215/S0012-7094-87-05527-X
http://msp.org/idx/mr/904940

Derived isogenies and isogenies for abelian surfaces 1233

[25] J. Giraud, Cohomologie non abélienne, Grundl. Math. Wissen. 179, Springer, 1971. MR

[26] A. Grothendieck, “Le groupe de Brauer, III: Exemples et compléments”, pp. 88—188 in Dix exposés sur la cohomologie des
schémas, Adv. Stud. Pure Math. 3, North-Holland, Amsterdam, 1968. MR

[27] K. Honigs, L. Lombardi, and S. Tirabassi, “Derived equivalences of canonical covers of hyperelliptic and Enriques surfaces
in positive characteristic”, Math. Z. 295:1-2 (2020), 727-749. MR

[28] K. Honigs, M. Lieblich, and S. Tirabassi, “Fourier—Mukai partners of Enriques and bielliptic surfaces in positive character-
istic”, Math. Res. Lett. 28:1 (2021), 65-91. MR

[29] D. Huybrechts, Fourier—Mukai transforms in algebraic geometry, The Clarendon Press, Oxford, 2006. MR

[30] D. Huybrechts, “Motives of derived equivalent K3 surfaces”, Abh. Math. Semin. Univ. Hambg. 88:1 (2018), 201-207. MR
[31] D. Huybrechts, “Motives of isogenous K3 surfaces”, Comment. Math. Helv. 94:3 (2019), 445-458. MR

[32] D. Huybrechts and P. Stellari, “Equivalences of twisted K3 surfaces”, Math. Ann. 332:4 (2005), 901-936. MR

[33] D. Huybrechts, E. Macri, and P. Stellari, “Stability conditions for generic K3 categories”, Compos. Math. 144:1 (2008),
134-162. MR

[34] L. lusie, “Complexe de de Rham—Witt et cohomologie cristalline”, Ann. Sci. Ecole Norm. Sup. (4) 12:4 (1979), 501-661.
MR

[35] A.J.de Jong, “Finite locally free group schemes in characteristic p and Dieudonné modules”, Invent. Math. 114:1 (1993),
89-137. MR

[36] A.J.de Jong, “Homomorphisms of Barsotti—Tate groups and crystals in positive characteristic”, Invent. Math. 134:2 (1998),
301-333. MR

[37] K. Kiinnemann, “On the Chow motive of an abelian scheme”, pp. 189-205 in Motives (Seattle, WA, 1991), Proc. Sympos.
Pure Math. 55, Part 1, Amer. Math. Soc., Providence, RI, 1994. MR

[38] Z.Liand H. Zou, “A note on Fourier—-Mukai partners of abelian varieties over positive characteristic fields”, Kyoto J. Math.
63:4 (2023), 893-913. MR

[39] M. Lieblich, “Moduli of twisted sheaves”, Duke Math. J. 138:1 (2007), 23-118. MR

[40] M. Lieblich and M. Olsson, “Fourier—Mukai partners of K3 surfaces in positive characteristic”, Ann. Sci. Ec. Norm. Supér.
(4) 48:5 (2015), 1001-1033. MR

[41] M. Lieblich and M. Olsson, “A stronger derived Torelli theorem for K3 surfaces”, pp. 127-156 in Geometry over nonclosed
fields, Springer, 2017. MR

[42] M. Lieblich, D. Maulik, and A. Snowden, “Finiteness of K3 surfaces and the Tate conjecture”, Ann. Sci. Ec. Norm. Supér.
(4) 47:2 (2014), 285-308. MR

[43] T. Matsusaka and D. Mumford, “Two fundamental theorems on deformations of polarized varieties”, Amer. J. Math. 86
(1964), 668-684. MR

[44] D. Maulik and B. Poonen, “Néron—Severi groups under specialization”, Duke Math. J. 161:11 (2012), 2167-2206. MR
[45] J. S. Milne, Etale cohomology, Princeton Mathematical Series 33, Princeton University Press, 1980. MR

[46] H. Minamide, S. Yanagida, and K. Yoshioka, “The wall-crossing behavior for Bridgeland’s stability conditions on abelian
and K3 surfaces”, J. Reine Angew. Math. 735 (2018), 1-107. MR

[47] K. A. Morin-Strom, “Witt’s theorem for modular lattices”, Amer. J. Math. 101:6 (1979), 1181-1192. MR
[48] D.R. Morrison, “On K3 surfaces with large Picard number”, Invent. Math. 75:1 (1984), 105-121. MR

[49] S. Mukai, “On the moduli space of bundles on K3 surfaces, I”’, pp. 341413 in Vector bundles on algebraic varieties
(Bombay, 1984), Tata Inst. Fund. Res. Stud. Math. 11, Tata Inst. Fund. Res., Bombay, 1987. MR

[50] D. Mumford, J. Fogarty, and F. Kirwan, Geometric invariant theory, 3rd ed., Ergebnisse der Mathematik (2) 34, Springer,
1994. MR

[51] A.Ogus, “Supersingular K3 crystals”, pp. 3-86 in Journées de Géométrie Algébrique de Rennes (Rennes, 1978), Astérisque
64, Soc. Math. France, Paris, 1979. MR


http://msp.org/idx/mr/344253
http://msp.org/idx/mr/244271
https://doi.org/10.1007/s00209-019-02362-1
https://doi.org/10.1007/s00209-019-02362-1
http://msp.org/idx/mr/4100024
https://doi.org/10.4310/MRL.2021.v28.n1.a3
https://doi.org/10.4310/MRL.2021.v28.n1.a3
http://msp.org/idx/mr/4247995
https://doi.org/10.1093/acprof:oso/9780199296866.001.0001
http://msp.org/idx/mr/2244106
https://doi.org/10.1007/s12188-017-0182-5
http://msp.org/idx/mr/3785793
https://doi.org/10.4171/CMH/465
http://msp.org/idx/mr/4014777
https://doi.org/10.1007/s00208-005-0662-2
http://msp.org/idx/mr/2179782
https://doi.org/10.1112/S0010437X07003065
http://msp.org/idx/mr/2388559
https://doi.org/10.24033/asens.1374
http://msp.org/idx/mr/565469
https://doi.org/10.1007/BF01232664
http://msp.org/idx/mr/1235021
https://doi.org/10.1007/s002220050266
http://msp.org/idx/mr/1650324
https://doi.org/10.1090/pspum/055.1/1265530
http://msp.org/idx/mr/1265530
https://doi.org/10.1215/21562261-2023-0008
http://msp.org/idx/mr/4643008
https://doi.org/10.1215/S0012-7094-07-13812-2
http://msp.org/idx/mr/2309155
https://doi.org/10.24033/asens.2264
http://msp.org/idx/mr/3429474
http://msp.org/idx/mr/3644252
https://doi.org/10.24033/asens.2215
http://msp.org/idx/mr/3215924
https://doi.org/10.2307/2373030
http://msp.org/idx/mr/171778
https://doi.org/10.1215/00127094-1699490
http://msp.org/idx/mr/2957700
http://msp.org/idx/mr/559531
https://doi.org/10.1515/crelle-2015-0010
https://doi.org/10.1515/crelle-2015-0010
http://msp.org/idx/mr/3757471
https://doi.org/10.2307/2374135
http://msp.org/idx/mr/548876
https://doi.org/10.1007/BF01403093
http://msp.org/idx/mr/728142
http://msp.org/idx/mr/893604
http://msp.org/idx/mr/1304906
http://msp.org/idx/mr/563467

1234 Zhiyuan Li and Haitao Zou

[52] A. Ogus, “A crystalline Torelli theorem for supersingular K3 surfaces”, pp. 361-394 in Arithmetic and geometry, Progr.
Math. 36, Birkhiuser, Boston, 1983. MR

[53] M. Olsson, “Twisted derived categories and Rouquier functors”, Int. Math. Res. Not. 2025:18 (2025), art. id. rnaf290, 18 pp.
MR

[54] O.T. O’Meara, Introduction to quadratic forms, Grundl. Math. Wissen. 117, Springer, 1963. MR

[55] F. Oort, “Lifting algebraic curves, abelian varieties, and their endomorphisms to characteristic zero”, pp. 165-195 in
Algebraic geometry (Brunswick, ME, 1985), Proc. Sympos. Pure Math. 46:2, Amer. Math. Soc., 1987. MR

[56] D. O. Orlov, “Derived categories of coherent sheaves on abelian varieties and equivalences between them”, Izv. Ross. Akad.
Nauk Ser. Mat. 66:3 (2002), 131-158. In Russian; translated in Izvestiya Math. 66:3 (2002), 569-594. MR

[57] I I Piatetskii-Shapiro and I. R. Shafarevich, “Torelli’s theorem for algebraic surfaces of type K3”, Izv. Akad. Nauk SSSR
Ser. Mat. 35 (1971), 530-572. In Russian; translated in Math. USSR-1zv. 5:3 (1971), 547-588. MR

[58] A. Polishchuk, “Symplectic biextensions and a generalization of the Fourier—-Mukai transform”, Math. Res. Lett. 3:6 (1996),
813-828. MR

[59] B. Poonen, Rational points on varieties, Graduate Studies in Mathematics 186, Amer. Math. Soc., 2017. MR
[60] J.J. Ramén Mari, “On the Hodge conjecture for products of certain surfaces”, Collect. Math. 59:1 (2008), 1-26. MR

[61] A.N. Rudakov and I. R. Shafarevich, “Surfaces of type K3 over fields of finite characteristic”, pp. 115-207 in Current
problems in mathematics, vol. 18, Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow, 1981. In Russian;
translated in Shafarevich’s Collected mathematical papers, Springer, Berlin, 1989, pp. 657-714. MR

[62] P. Scherk, “On the decomposition of orthogonalities into symmetries”, Proc. Amer. Math. Soc. 1 (1950), 481-491. MR
[63] T. Shioda, “The period map of Abelian surfaces”, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 25:1 (1978), 47-59. MR

[64] T. Shioda, “Supersingular K3 surfaces”, pp. 564-591 in Algebraic geometry (Copenhagen, 1978), Lecture Notes in Math.
732, Springer, 1979. MR

[65] A.N. Skorobogatov and Y. G. Zarhin, “The Brauer group of Kummer surfaces and torsion of elliptic curves”, J. Reine
Angew. Math. 666 (2012), 115-140. MR

[66] P. Stellari, “Derived categories and Kummer varieties”, Math. Z. 256:2 (2007), 425-441. MR
[67] J. T. Tate, “p-divisible groups”, pp. 158-183 in Proc. Conf. Local Fields (Driebergen, 1966), Springer, 1967. MR

[68] C. A. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced Mathematics 38, Cambridge
University Press, 1994. MR

[69] Z. Yang, “Isogenies between K3 surfaces over Ep”, Int. Math. Res. Not. 2022:6 (2022), 4407-4450. MR
[70] K. Yoshioka, “Moduli spaces of stable sheaves on abelian surfaces”, Math. Ann. 321:4 (2001), 817-884. MR

[71] K. Yoshioka, “Moduli spaces of twisted sheaves on a projective variety”, pp. 1-30 in Moduli spaces and arithmetic
geometry, Adv. Stud. Pure Math. 45, Math. Soc. Japan, Tokyo, 2006. MR

[72] Y. G. Zarhin, “Abelian varieties in characteristic p”, Mat. Zametki 19:3 (1976), 393-400. In Russian; translated in Math.
Notes 19:3 (1976), 240-244. MR

[73] Y. G. Zarhin, “Almost isomorphic abelian varieties”, Eur. J. Math. 3:1 (2017), 22-33. MR

Communicated by Héléne Esnault
Received 2023-11-13 Revised 2025-05-04 Accepted 2025-06-27

zhiyuan_li@fudan.edu.cn Shanghai Center for Mathematical Sciences, Fudan University, Shanghai, China

hzou@math.uni-bielefeld.de Universitat Bielefeld, Bielefeld, Germany

mathematical sciences publishers :'msp


http://msp.org/idx/mr/717616
https://doi.org/10.1093/imrn/rnaf290
http://msp.org/idx/mr/4961251
http://msp.org/idx/mr/152507
https://doi.org/10.1090/pspum/046.2/927980
http://msp.org/idx/mr/927980
https://doi.org/10.1070/IM2002v066n03ABEH000389
http://msp.org/idx/mr/1921811
http://msp.org/idx/mr/284440
https://doi.org/10.4310/MRL.1996.v3.n6.a9
http://msp.org/idx/mr/1426538
https://doi.org/10.1090/gsm/186
http://msp.org/idx/mr/3729254
https://doi.org/10.1007/BF03191179
http://msp.org/idx/mr/2384535
http://msp.org/idx/mr/633161
https://doi.org/10.2307/2032316
http://msp.org/idx/mr/36762
http://msp.org/idx/mr/480530
http://msp.org/idx/mr/555718
https://doi.org/10.1515/crelle.2011.115
http://msp.org/idx/mr/2920883
https://doi.org/10.1007/s00209-006-0088-x
http://msp.org/idx/mr/2289881
http://msp.org/idx/mr/231827
https://doi.org/10.1017/CBO9781139644136
http://msp.org/idx/mr/1269324
https://doi.org/10.1093/imrn/rnaa176
http://msp.org/idx/mr/4391893
https://doi.org/10.1007/s002080100255
http://msp.org/idx/mr/1872531
https://doi.org/10.2969/aspm/04510001
http://msp.org/idx/mr/2306170
https://doi.org/10.1007/BF01437858
http://msp.org/idx/mr/422287
https://doi.org/10.1007/s40879-016-0122-4
http://msp.org/idx/mr/3610262
mailto:zhiyuan_li@fudan.edu.cn
mailto:hzou@math.uni-bielefeld.de
http://msp.org

ALGEBRA AND NUMBER THEORY 20:6 (2026)
https://doi.org/10.2140/ant.2026.20.1235

Injectivity and vanishing for the Du Bois complexes
of isolated singularities

Mihnea Popa, Wanchun Shen and Anh Duc Vo

We prove an injectivity theorem for the cohomology of the Du Bois complexes of varieties with isolated
singularities. We use this to deduce vanishing statements for the cohomologies of higher Du Bois
complexes of such varieties. Besides some extensions and conjectures in the nonisolated case, we also
provide analogues for intersection complexes.

A. Introduction

Let X be a complex algebraic variety of dimension n, and for each k > 0 let Q’} be the k-th associated
graded term of the filtered de Rham complex 2% with respect to the Hodge filtration, also called the k-th
Du Bois complex of X. Given their growing importance in the study of singularities via Hodge theory,
it has become essential to understand the finer homological properties of these complexes. This paper
addresses the case of isolated singularities, by focusing on vanishing theorems for the cohomologies of
Du Bois complexes, and injectivity theorems for the cohomologies of their duals.

Vanishing of cohomologies. By definition, the Du Bois complexes Q’§( have nontrivial cohomologies
only in degrees in the range [0, n]. Something better is in fact true: a well-known result of Steenbrink
[St2, (4.1)] says that

HIQ =0 fori>n—k,

and without further assumptions on k or the singularities, this is optimal.

The vanishing of other higher cohomologies ' Ql)‘( in the possible nonvanishing range is one way to
measure how good the singularities of X are. One of our main goals is to describe concrete conditions
under which this holds. Previous results in this direction were obtained in [MOPW] for hypersurfaces,
and more generally in [MP1] for local complete intersections. Here we address this in the case of isolated
singularities, providing some results in the nonisolated case along the way as well.

The appropriate language for studying this problem is that of higher Du Bois singularities, studied
in [MOPW,; JKSY; MP1; SVV], among others. At least in the local complete intersection case, this
condition means that §_2§ can be identified with the sheaf of Kihler differentials Qf( for certain p. Along
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the way towards a general definition, the weaker notion of pre-k-Du Bois singularities was introduced in
[SVV]; this simply means the vanishing of higher cohomologies, i.e., H’QI;{ =0foralli >0and p <k.
See also [Tig], using different terminology.

For fixed k, the question of whether the cohomology sheaf ' Qﬁf is zero for some i > O is therefore
by definition nontrivial only if X is not pre-k-Du Bois. Our main vanishing result studies the first degree
where this is the case. The answer is influenced by the algebraic properties of the 0-th cohomology sheaf
HOQK | which is known to always be torsion-free.

Theorem A. Let X be a variety with pre-(k —1)-Du Bois isolated singularities. Then
HIQK =0 for 0<i<depthH'Q% —1.

A reformulation of this theorem in terms of resolution of singularities and higher direct images of
logarithmic forms can be found in Remark 7.3.

When k = 0, when the hypothesis means that there are no assumptions on X, this is due to Steenbrink
[St3, Proposition 1]. Using our method of proof, however, combined with an injectivity result from
[KS16], we can extend this case to arbitrary singular sets.'

Corollary B. If a variety X is (pre-)Du Bois away from a closed subset of dimension s, then
HQY =0 for 0<i<depthOx—s—1.

A quick consequence is that a Cohen—Macaulay variety of dimension n, with isolated singulari-
ties, is Du Bois if and only if the natural morphism H" (X, Ox) - H"(X, Qg)() is injective (hence an
isomorphism); see Corollary 7.6.

The picture of vanishing results for higher cohomology sheaves is completed by the following “sliding”
rule, which is quite simple but seems to not have been noted before; it holds with no assumption on the
singular locus.

Proposition C. Let X be an n-dimensional variety. If k < n and H" =P~ E_Zf( =0forall p <k—1, then
—k ok
Hn QX - 0.
In particular H”Qg)( = 0, and more generally if X is pre-(k—1)-Du Bois, with k < n, then H”_kQé‘( =0.

Further vanishing results and conjectures in the nonisolated case are discussed later in the Introduction.
Note in particular Conjecture H for an extension of Theorem A to the general case.

Injectivity for the cohomologies of duals. The key technical result of the paper, used in the proof of
Theorem A and in other applications, is the following injectivity theorem for the cohomologies of the
dual of the first Du Bois complex that is not a sheaf.

I'We will see that for k = 0 one can safely replace HOQ())( by Oyx.
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Theorem D. Let X be a variety with isolated pre-(k —1)-Du Bois singularities. Then the morphism
RHomo, (2%, wy) = RHomo, (12, %)

inDP

won(X), obtained by dualizing the canonical map HOQ'§( — S_Z’)‘(, is injective on cohomology.”

In Conjecture G we predict that the statement should hold even without the isolated singularities
hypothesis.

An injectivity theorem of this type first appeared in the inspiring paper [KS16] by Kovécs and Schwede
for k = 0. It was then reinterpreted in terms of the Hodge filtration on local cohomology, and extended
to arbitrary k in the case of local complete intersections, in [MP1] and [MP2]. Fundamentally, such
injectivity theorems are degeneration at £; phenomena for appropriate Hodge-theoretic objects, and are
now understood to be one of the most essential properties of Du Bois complexes.

Note a subtlety: when k =0, or when X is LCI, Kahler differentials are rather well behaved under the
(k—1)-Du Bois hypothesis, and therefore the right-hand side in the previously known injectivity theorems
is expressed in terms of Q% ; see e.g., Theorem 4.6. This is not the case anymore for arbitrary singularities,
where we found that the natural formulation of injectivity is in terms of #° 915( Nevertheless, one can
deduce from Theorem D statements about Kihler differentials as well. Here we only include a special case
that is easier to state, while the general result is Corollary 6.2; the local cohomological defect lcdef(X)
is defined in the next subsection, and the definition of k-Du Bois singularities is recalled in Section 2.

Corollary E. Let X be a variety with isolated (k—1)-Du Bois singularities, with dim X > 2 and
lcdef(X) = 0. Then the map

RHomo, (R, %) = RHomo, (2 4, 0%)
is injective on cohomology. Here Q')} . denotes the quotient of SZ';( by its torsion subsheaf.

As for the proof of Theorem D, it is immediate to reduce to the case of projective varieties, in which
case we show a more general fact, namely that the statement holds when X is pre-(k—1)-Du Bois
with possibly higher dimensional singular locus, but pre-k-Du Bois except at finitely many points; see
Theorem 5.1. We use the degeneration at £ of the Du Bois version of the Hodge-to-de Rham spectral
sequence, inspired by the approach in [KS16] rather than that in [MP2] (as we do not yet have a good
theory of the Hodge filtration on local cohomology in the non-LCI case).

Another application of Theorem D is a very quick proof of the known fact that k-rational singularities
are k-Du Bois, in the case of isolated singularities. We show this in Section 8, where we also recall what
is known in this direction.

More on vanishing. Going back to vanishing statements, our approach also provides a somewhat weaker
statement for nonisolated singularities, which is essentially due to formal homological algebra.

ZHere oY is the dualizing complex of X.
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Proposition F. Let X be a variety that is pre-k-Du Bois away from a closed subset of dimension s. Then
HiS_ZI)‘(:O for O <i<mp—s—1,
where my, := min{depth H°Q% , n — k — lcdef(X) + 1}.
Here Icdef(X) denotes the local cohomological defect of X, defined as
Iedef(X) =1cd(X, Y) — codimy (X),

where X C Y is an embedding in a smooth variety, with local cohomological dimension lcd(X, Y). It
does not depend on the embedding, and lcdef(X) = O for local complete intersections, but also for other
interesting classes of varieties; for more details see Section 4. One can make sense of the depth of an
object in the derived category, and what is really proven in Proposition F is a consequence of a general
fact about arbitrary such objects, namely the same statement but with m; replaced by the more abstract

m), := min{depth %°Q%, depth Q% +1}.
One then uses one of the main results of [MP1], which implies that
depth Q% > n — k — lcdef(X),

with equality for some k. To prove Theorem A, we need to combine this abstract formulation with the
main injectivity result, Theorem D.

We explain in Example 7.4 how this formal statement can be used when X is a local complete
intersection in order to recover [MP1, Corollary 13.9] (see also [MOPW] for hypersurfaces), stating that
if s = dim Xjng, then for all £ we have

HQ =0 forO<i<n—k—s—1.
At the end of Section 7 we give examples where certain intermediate cohomologies do not vanish,
showing the failure of some possible extensions of this result to the general setting.
Conjectures. The main results of this paper are likely to admit natural extensions to the case of nonisolated
singularities. The most important extends Theorem D.

Conjecture G. Let X be a variety with pre-(k —1)-Du Bois singularities. Then the map
RHomp, (Qk , wy) = RHomp, (’HOQk , 0y)
is injective on cohomology.

This is proven in [MP2] in the local complete intersection case, when X has (k —1)-Du Bois singularities.
The proof makes use however of the relationship between the Hodge filtration and the Ext filtration on
local cohomology, shown in [MP1], which is not available in general.

The natural extension of Theorem A is the statement below. It follows from Conjecture G with the
same argument that derives Theorem A from Theorem D.
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Conjecture H. Let X be a variety that is pre-(k —1)-Du Bois, and pre-k-Du Bois away from a closed

subset of dimension s. Then
HIQN =0 for 0<i <depthH'Q% —s—1.

Intersection complex. In Ch.E we establish analogues of the results described above, where the Du Bois
complexes are replaced by intersection Du Bois complexes;’ in other words, from the point of view of
Hodge modules and constructible sheaves, we are replacing the constant sheaf by the intersection complex.
In this case, the higher Du Bois singularities conditions are replaced by higher rational singularities
analogues; for local complete intersections, the link between these types of singularities and intersection
complexes was already observed in [CDM]. Since their shape is rather similar, we refer to Sections 10
and 11 in the body of the paper for these statements. The main injectivity result is Corollary 10.4, while
the main vanishing result is Corollary 11.3.

What is perhaps more fundamental here is that along the way we establish an injectivity result,
Theorem 10.3, that holds unconditionally and relates the duals of Du Bois complexes and their intersection
analogues. This in turn uses a more technical variant, Theorem 10.5, communicated to us by S. G. Park.
Using this theorem, the main result in the intersection complex setting is a consequence of Theorem D
for Du Bois complexes.

B. Preliminaries

Throughout this chapter, X is a complex variety of dimension 7.

1. Du Bois complexes. We recall the notion of filtered de Rham complex, meant as a replacement for the
standard de Rham complex on smooth varieties. Denoted (2%, F), it is an object in the bounded derived
category of filtered differential complexes on X, introduced by Du Bois in [DB] along the lines suggested
by work of Deligne. For each k > 0, the shifted associated graded quotient

Q@ = Gy [k,

b

is an object in D],

(X), called the k-th Du Bois complex of X. For a hyperresolution €, : Xo — X of X,
it can be computed as

Q% ~ Re,.Q% .

Besides [DB], one can find a detailed treatment of hyperresolutions and the construction of Du Bois
complexes in [GNPP, Chapter V] or [PS, Chapter 7.3]. We only recall here a few basic facts that will be
used freely throughout the paper. Note that in these statements we jump freely between the algebraic and
analytic setting without changing the notation, as we hope that the context is clear in each case; the analytic
results will be used in the projective setting, when the cohomology groups are the same due to GAGA.

3These are studied more thoroughly in the upcoming [PP].
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o For each k > 0, there is a canonical morphism Q’% — S_Z’;(, which is an isomorphism if X is smooth; here
Q')‘( are the sheaves of Kihler differentials on X; see [DB, Section 4.1] or [PS, Page 175]. In particular,
H’Q’§( are supported on the singular locus of X, for all i > 0.

o There exists a Hodge-to-de Rham spectral sequence
EP = HI(X, Q) = HM(X, 0),

which degenerates at E; if X is projective; see [DB, Theorem 4.5(iii)] or [PS, Proposition 7.24].
o For each k > 0, the sheaf HOS_ZI)‘( embeds in f Q%, where f : X — X is a resolution of X , SO in particular

it is torsion-free; see [HJ, Remark 3.8].

2. Higher singularities. Following [MOPW; JKSY; FL2], if X is a local complete intersection (Ici)
subvariety of a smooth variety Y, then it is said to have k-Du Bois singularities if the canonical morphisms
Q’;( — Qé’( are isomorphisms for all 0 < p <k, and k-rational singularities if the canonical morphisms
QF — Dx(QY ) are isomorphisms for all 0 < p <k, where Dx(-) := RHom(-, wx).

For non-Ici varieties, however, even the condition Q}( = Q}( turns out to be quite restrictive; as
explained in [SVV] the definitions above are not suitable anymore. In the general setting, new definitions
of k-Du Bois and k-rational singularities are introduced in loc. cit.. As it is often sufficient, one can first
consider weaker notions obtained by removing the conditions in cohomological degree 0.

Definition 2.1. We say that X has pre-k-Du Bois singularities if
HQE =0 forall i >0 and 0< p <k.
We say that X has pre-k-rational singularities if
H ' Dx(Qy 7)) =0 forall i >0 and 0<p<k.

Several other conditions are imposed in the full definition of general k-Du Bois and k-rational singular-
ities. They agree with the classical notions of Du Bois and rational singularities when k£ = 0, and with the
definitions mentioned above in the local complete intersection case. See [SVV, Proposition 5.5, 5.6] for
more details.

Definition 2.2. We say that X has k-Du Bois singularities if it is seminormal, and
(1) codimy (Xsing) > 2k +1;
(2) X has pre-k-Du Bois singularities;
(3) HOQY is reflexive, for all p < k.
Definition 2.3. We say that X has k-rational singularities if it is normal, and
(1) codimy (Xsing) > 2k +1;

(2) X has pre-k-rational singularities.
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3. A new vanishing result. Steenbrink’s vanishing theorem [St2, (4.1)] states that

HIQY =0 for p+g > n. (3.1)
In general, this result is the best possible. Indeed, [MOPW, Example 1.7] shows that the vanishing does
not necessarily hold when p + g = n. However, we have:
Proposition 3.2 (Proposition C). Ifk < n and H" =P~ Qf( =0forall p <k—1, then

—k ok

Proof. Consider the spectral sequence associated to the Hodge filtration on the filtered de Rham complex

EPT =HIQY = HPTIQY.
Since Q% is quasi-isomorphic to Cy, the spectral sequence converges to Cx, placed in cohomological

degree 0. Note that for any £ > 1, the term EX"~*

¢+1 is obtained as the cohomology of the complex

E?—Z,n—k—ﬁ-f—l_}E?,n—k%Eif-Hf,n—k—Z-i-l’

and the right-hand side is 0 by (3.1), while the left-hand side is 0 by assumption. Therefore
H Rk = BV = BN =0, O
Corollary 3.3. If X is pre-(k—1)-Du Bois, with k < n, then
H k@ =0.
In particular, X is pre-k-Du Bois for all k if and only if it is pre-(n — 2)-Du Bois.

Proof. The first part is an immediate consequence of Proposition C. For the second part, note that we
n

always have ', ~ O @', while in the previous row, the only term that needs checking is HIQ’)I{I, which
is covered by the first part. U

When X has isolated singularities, this is [FL1, Lemma 2.5]. When X is a hypersurface, a slightly
weaker result is contained in [MOPW, Theorem 1.4].

Remark 3.4. The result does not hold for k = n, as for any variety X we have Q% ~ HOS_ZS‘( >~ TL0%,
where 7 : X — X is a resolution of singularities.

Example 3.5. If X is a pre-0-Du Bois surface, then %/Q¥ = 0 for all k and all i > 0. Hence if X is a
surface with rational singularities, then

Ql)‘( ~ 7—[0@;{ i~ Q[ﬁ] for all k.
The last isomorphism is a consequence of the main result of [KS21].

Example 3.6. Corollary 3.3 cannot be improved, without further assumptions, by moving to the left in
the Du Bois table. For instance, any 3-fold X with an isolated rational (hence Du Bois) hypersurface
singularity that is not a double point, has HIQ}( # 0; see [NS, Theorem 2.2].
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4. Local cohomological dimension and depth. Let X be a complex variety. If Y is a smooth variety
containing X (locally), the local cohomological dimension of X in Y is

led(X, Y) := max{q | H;’(Oy £ 0},

where the sheaf in parenthesis is the g-th local cohomology sheaf of Oy along X. It is also known that
if r = codimy X, then 'H()I(Oy =0 for g < r and H'y Oy # 0. See [MP1], for example, for details and
references.

As in [PSh], we consider the local cohomological defect lcdef(X) of X as

ledef(X) :=1cd(X, Y) — codimy X.

A reinterpretation of the characterization of local cohomological dimension in [MP1, Theorem E] can be
stated as follows:

Theorem 4.1 [MP1, Corollary 12.6]. Let X be a subvariety of a smooth variety Y. For any integer c we
have
Ied(X,Y) <c<— Sxtéij(S_Zk ,wy)=0 forall j>candk>0.

or equivalently
ledef(X) < ¢ <= exty™ (@K, w3) =0 forall j>c—dimX andk = 0.

The second equivalence follows from the first thanks to Grothendieck duality for the inclusion X — Y.

We now recall that the notion of depth of a module has a natural extension to objects in the derived
category. If C is an element of the bounded derived category of finitely generated R-modules, where
(R, m) is a noetherian local ring endowed with a dualizing complex w%, then one can define

depth(C) :=min{i | Exty' (C, o%) # 0}.

with the convention that the depth is —oo if C = 0. This notion is studied extensively in [FY], where it is
shown to be equivalent to other natural generalizations of the usual notion of depth. When X is a variety
and C is an element in Dfoh(X ), then we set

depth(C) := min o depth(C,),

xeSupp(

where the minimum is taken over the closed points in the support of C. The first interpretation takes the
form
depth(C) = min{i | &”(Si (C, %) # 0}. (4.2)

This is of course a standard interpretation of depth when C is a sheaf.
Using this, from Theorem 4.1 we conclude:

Corollary 4.3. We have the identity

Icdef(X) =dim X — r]?i(r)l {depth Ql§( + k}.
>
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This shows in particular that lcdef(X) depends only on X, and not on the embedding, and that
dim X > ledef(X) > 0. These consequences can also be deduced from the topological interpretation of
Icdef(X) as the number of nonzero perverse cohomologies of the constant sheaf Qx, shown in [RSW].

Example 4.4 (varieties with lcdef(X) = 0). The condition Icdef(X) = 0 is equivalent to led(X, Y) =
codimy X in any embedding, or equivalently to the nonvanishing of a single local cohomology sheaf
H'’y Oy. This holds of course when X is a local complete intersection. In addition, it is known to hold when
X has quotient singularities [MP1, Corollary 11.22], for affine varieties with Stanley—Reisner coordinate
algebras that are Cohen—Macaulay [MP1, Corollary 11.26], for arbitrary Cohen—Macaulay surfaces
[Og, Remark, pp. 338-339] and threefolds [DT, Corollary 2.8], and for Cohen—Macaulay fourfolds whose
local analytic Picard groups are torsion [DT, Theorem 1.3].
Note that, according to Corollary 4.3, for such varieties we have

depth Q% >n—k forall k> 0.
We finish the chapter with a well-known vanishing result for Ext sheaves, for later use.

Lemma 4.5 (e.g., [Sta, Tag OA7U]). Let F be a coherent sheaf on X. Then

Sxtéx(F, w%) =0 for i < —dim Supp(F).

C. Injectivity theorems

In this chapter we address natural injectivity theorems for the cohomologies of the duals of the graded
quotients of the Du Bois complex. The first appearance of such a result was in [KS16, Theorem 3.3],
where Kovics and Schwede proved that for every variety X the morphism

RHomo, (2%, 0) = RHomo, (Ox, %)

obtained by dualizing the canonical morphism Oy — Q% is injective on cohomology. Using the Hodge
filtration on local cohomology, a slightly stronger version of this fact was obtained in [MP1, Theorem A],
and then extended to higher Du Bois complexes in [MP2, Theorem A] in the case of local complete
intersections:

Theorem 4.6 [MP2, Theorem A]. If X is local complete intersection and k is a nonnegative integer such
that X has (k—1)-Du Bois singularities, then the morphism

RHomo, (2%, wx) — RHomo, (2%, wx)

inDP

woh(X), obtained by dualizing the canonical morphism Qg( — Q’;(, is injective at the level of cohomology.

Here we prove an injectivity theorem for arbitrary isolated singularities, by going back to the basic
Hodge-theoretic properties of Du Bois complexes, as in [KS16]. Currently we do not have a sufficiently
good understanding of the Hodge filtration on local cohomology, as a mixed Hodge module, beyond the
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local complete intersection case treated in [MP1]. This is something highly desirable, which may clarify
the picture in the general nonisolated case and lead to a proof of Conjecture G.

5. Proof of Theorem D. The statement of the injectivity theorem is local; hence we may assume first that
X is quasiprojective. Since the singular locus S of X is a finite set, we may choose a compactification
X of X such that the singular locus of X is still S, and prove the statement for X. Hence it suffices to
assume that X is projective to begin with. With this assumption, we prove a stronger statement:

Theorem 5.1. Let X be a projective variety which is pre-(k —1)-Du Bois, and pre-k-Du Bois away from a
finite set. Then the morphism

RHomo, (R, o%) = RHome, (HQk, o%)

inDP

won(X), obtained by dualizing the canonical map ”HOQ/)‘( — Ql%, is injective on cohomology.

The key point in the proof is the following:

Proposition 5.2. Let X be a projective variety with pre-(k —1)-Du Bois singularities. Then for each i, the

natural map
H'(X, H°Q%) — HI(X, ),

obtained by applying cohomology to HOQﬁ( — Q’;, is surjective.

Proof. For each p > 0, we set
Q3" = Q% /FIQ%.

So we have an exact triangle
fl-pl — 25 — 05" (53)

We also denote by Q)S(ph the object in the derived category of differential complexes on X,* represented
by the complex
(1025 S HoRk 5 - 5 uah],

placed in cohomological degrees O, ..., p. This is not to be confused with HO(Q}S(” ). Here we have an
exact triangle
-1 +1
HOQR[-p] — %, — Qi (5.4)

As in [SVV, Proposition 2.3], there exists a natural map Q;’; — Q;p . When X is projective, the
E-degeneration of the Hodge-to-de Rham spectral sequence for the filtered de Rham complex of X
implies that the induced composition

H (X,C) — H'(X, Q35) — H (X, 23")
is surjective for each i; hence so is the second map.

4The notation is motivated by the fact that ’HOQ]} agrees with the /-differentials Q]§( ;, studied in [HJ].
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Let’s now consider the integer k in the statement. The map Qikh — Q)S(k and its analogue for k —1,
combined with the two exact triangles described above, give rise to a morphism of exact triangles

< <k — +1
HOQK [—k] —— Q;({‘h - Q;({‘h LN

! | |

< <k — +1
Qk [—k] y Q7 —— o '

Since X is pre-(k—1)-Du Bois, the right-most vertical map is an isomorphism. Passing to hyperco-
homology, we obtain a morphism of long exact sequences

H-N(Q5 ) —— H (HOQE (kD) —— HI(Q3) —— HI(Q5y )

l | | l:

HIN(QF ™) —— HI@4[-k) —— H'(@QF) — H'(@F )

where the first and last vertical maps are isomorphisms. Since the third vertical map is surjective for all 7,
basic homological algebra shows that so is the second. O
We now consider the exact triangle

HOQK — Q% — C iy
By definition X is pre-k-Du Bois away from a finite set of points if and only if C is supported on a finite
set. After dualizing, we obtain an exact triangle

K — RHomo, (2%, 0}) — RHomo, (H'QY, o) -,

where again K is supported on a finite set. Applying Grothendieck-Serre duality to the surjections in
Proposition 5.2, we obtain that the induced morphisms

H (X, RHomo, (2%, %)) — H (X, RHomo, (H°Q%, %))

are injective for all integers i.
Theorem 5.1 is then a consequence of the following general result:

Lemma 5.5. Let X be a projective variety, and let

K—>F—>G-5

b
coh

be an exact triangle in D] (X). Suppose that K has zero-dimensional support, and that the induced maps

on hypercohomology
H'(X, F) — H' (X, G)
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are injective for all i. Then the induced maps on cohomology
HF > HG
are injective for all i.
Proof. The injectivity on hypercohomology implies that for each i we have short exact sequences:
0— H'(X, F) - H' (X, G) » H'T'(X, K) — 0.
Now the hypercohomology of G is computed by a spectral sequence
Ey?=HP(X,H1G) = H"*(X, G),
while the similar spectral sequence for K shows that
H (X, K) ~ HO(X, H T K),

because of the assumption that K is supported in dimension zero. Passing to the first associated graded
term of the filtration on the total object in each of these two cases leads to a commutative diagram

H (X, G) —— HT(X, K)

l |

EY% ——— HOYX,HT'K)

and by the observations above, it follows that the bottom horizontal map is surjective. On the other hand,
note that in fact this map has a factorization

EY — Ey = HOX, H'G) > H (X, H'T'K),

where ¢ comes from the connecting homomorphism %G — H/*!K induced by the original triangle.
Since the support of 4!*!K is zero-dimensional, this connecting homomorphism is surjective for each i,
which is equivalent to our assertion. U

6. Injectivity results involving Kdhler differentials. Recall that for any k£ > 0 we have natural maps
Qf — 12 — a%.

Since HOQ’§( is known to be torsion-free, this arises in fact from a sequence of maps
Q- 1Rk L5 ok, 6.1)

where 821;( = 821;( / tors(Ql)‘() is the canonical torsion-free quotient of the sheaf of Kéhler differentials,
and « is an inclusion which is an isomorphism away from Xj;ne. Our main injectivity theorem has the
following consequence:
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Corollary 6.2. Let X be a variety with isolated pre-(k —1)-Du Bois singularities. Then the dual
RHomo, (R, %) = RHomo, (2 4, 0%)

of the canonical morphism (6.1) is injective on the i-th cohomology for all i # 0. Moreover, if lcdef(X) <

dim X — k—1, then it is injective on all cohomologies.

Proof. Given Theorem D, for the first statement it is enough to have the injectivity on cohomology of the
map
RHomo, (HOQ" , wy) = RHomp, (Q])‘“f, %)

obtained by dualizing «, in the range i # 0. But this is clear; if we complete « to a short exact sequence
0— @ s — 1'% — 0—0,
the cokernel Q is supported on Xgjne, hence Lemma 4.5 and (4.2) imply Exti (0, wg) =0 fori # 0.
Dualizing the short exact sequence above then shows that in this range
Extéx (HOQk , 0y) = Sxtéx (Q])‘(’tf, w%)
is injective. For the second statement, simply note that Theorem 4.1 implies that
Exty (., %) =0 for i > ledef(X) —dim X +k,
so that the assumption takes care of the remaining case i = 0. U

We compare this with the previous injectivity statements obtained in the literature.

e When k& = 0, we recall that the injectivity on cohomology of the canonical morphism
RHomo, (2%, o%) — RHom(Ox, w%)

holds in full generality thanks to [KS16].

e When k > 1, for isolated singularities we obtain the extension of a result shown in the local complete
intersection case in [MP2]. Note first that by definition, when X is (k—1)-Du Bois, rather than just
pre-(k —1)-Du Bois, we have codim X, > 2k —1; when X is a local complete intersection, this is not
part of the definition, but holds automatically by [MP1, Theorem F and Corollary 9.26]. In our case this
simply means n —k —1 > k — 2; hence as a consequence of Corollary 6.2 we first obtain:

Corollary 6.3. When X has isolated (k—1)-Du Bois singularities, and lcdef(X) < k — 2, the map in
Corollary 6.2 is injective on all cohomologies.

We deduce the promised analogue of the result in [MP2]:
Corollary 6.4. Let X be a variety with isolated (k —1)-Du Bois singularities. If lcdef(X) = 0, then the

map
RHomo, (2%, 0y) — RHomo, (% 4, 0%)

is injective on cohomology.
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Proof. For k = 0 the result holds with no assumptions, so we may assume k > 1. When k > 2, the
result is a consequence of Corollary 6.3. When k =1 and n > 2, we go back directly to the statement of
Corollary 6.2. When k =n = 1, since depth H°Q} = depth Qk’tf =1, the map

RHtomo, (R, 0%) = RHomo, (2 4, 0%)

is nontrivial on the i-th cohomology only when i = —1, in which case its injectivity follows from
Corollary 6.2. U

This applies in particular when X is a local complete intersection. When dim X > 2 or k > 2, under
our assumptions [MV, Corollary 3.1] implies that Ql)‘( is torsion-free, hence the injectivity on cohomology
holds directly for

RHomo, (%, o%) = RHome, (2%, w}).>

However, other interesting classes of varieties satisfy lcdef(X) = 0 as well, and Corollary 6.4 also holds

for those; see Example 4.4.

Remark 6.5 (nonisolated singularities). Assuming Conjecture G (or under the hypothesis of Theorem 5.1),
one has analogues of the results in this section for projective varieties with possibly nonisolated singularities.
The conclusion of Corollary 6.2 becomes the fact that injectivity holds on i-th cohomology for:

(1) i > ledef(X) — dim X + k; in this case in fact Ext{, (Q%., %) =0.
(2) i < —dim Xing-

D. Applications of injectivity

7. Vanishing of higher cohomology. In this section we prove Theorem A and explain some related
points.

We first state a general homological result about the vanishing of cohomologies of objects in the
derived category of coherent sheaves, in terms of their depth.

Proposition 7.1. Let A® be an object in Dgoh (X) such that

(1) A*® has nontrivial cohomology only in nonnegative degrees.

(2) The support of all H' A® with i > 0 is contained in a closed subset of X of dimension s.
Then we have

HIA*=0 forO0<i< min{depth?—[OA’, depth A® + 1} —s—1.

Proof. The first assumption implies that there is a natural morphism H°A®* — A®, and taking its
Grothendieck dual leads to

RHomo, (A*, 0%) % RHomo, (H'A®, w}) — C* 5, (7.2)

S1n fact this can be easily seen to hold when dim X =k =1 as well.
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where C* is the cone of the morphism ¢. For each ¢, we obtain exact sequences
Extd (HOA®, wy) — HIC" — Extd (A, w}).

Using (4.2), the first term vanishes for ¢ > — depth °A®, and the third for ¢ > —depth A® — 1. We
conclude that
HIC*=0forqg > —m,

where m := min{depth " A*, depth A°*}.
Next, applying RHom o, (—, w%) to (7.2), we obtain an exact triangle
RHomo, (C®, %) — HOA® — A° L .
It follows that for i > 0,
HIA® ~ Exty (C®, ).
Now for the spectral sequence
EYY = éxth (HIC*, %) = &xtf) 1(C*, wy),

we have H?C*® =0 for g > —m, as noted above. Further, Extgx (Hi1C*, o) =0for p < —dim Supp HIC*,
by Lemma 4.5. This holds for p < —s, since by definition C* is supported on the locus where %°A® and
A® are not quasi-isomorphic, which has dimension s.

Combining these facts, we see that Extéf)x (C*, w%) =0fori <m —s. Thus

HIA*=0 forO<i<m—s—1. 0

Proof of Proposition F. We simply take A® = Q’% in Proposition 7.1. Its higher cohomologies are supported
on the non-pre-k-Du Bois locus of X, so we obtain

HZQI§(=0 for 0<i<mp—s—1,
where
m), := min{depth #°Q% , depth Q% + 1}.
The result then follows from the characterization of the local cohomological defect in Corollary 4.3. [J

Proof of Theorem A. To deduce the stronger vanishing statement in the case of isolated singularities, the
key new ingredient is that, thanks to Theorem D, with the notation in (1) the long exact sequence on
cohomology associated to the triangle (7.2) breaks into short exact sequences

0— Extly (A%, 0%) — Extl, (HYA®, wy) — H'C* — 0

for all .
The inclusion of Ext sheaves gives

depth S_Z'j( > depth ’HOS_ZI}
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on any variety with pre-(k—1)-Du Bois singularities. Hence in the proof of Proposition F we have
m), = depth HOQK , and s = 0, which gives the desired result. g

The exact same argument, using the injectivity theorem of Kovacs and Schwede [KS16] in place of
Theorem D, proves Corollary B.

Remark 7.3. Let X be a variety with isolated singular locus S, and let f : X — X be a resolution of
singularities with simple normal crossings exceptional divisor E = f~!(S);eq. The vanishing result for
the Du Bois complexes of X in Theorem A can be reformulated as saying that

R f,Q510g E)(~E) =0 for 0 <i <depth H Q% —1,

assuming that X has pre-(k —1)-Du Bois singularities. Indeed, by [St2, Proposition 3.3] there is an exact
triangle

Rf.Qk(og E)(—E) » @ — @ =,

Thus, for k > 0, it is immediate that
QK ~ R £,Q% (log E)(—E)
for all i. When k =0 and i > 0, this isomorphism still holds: the map ’HOQ% — Oy is surjective, since
the composition Oy — HOQ(}( — Oy is the natural surjection.
Example 7.4 (the LCI case). If X is a local complete intersection with dim Xjpg = s, it is shown in [MP1,
Corollary 13.9], using the Hodge filtration on local cohomology, that
HIQY =0 forO<i<n—s—k—1. (7.5)

We now explain that this fact is a special case of our results here. The statement is vacuous when
codim X, =n — s < k + 2, hence we may assume n — s > k + 3, which in particular implies that X is
normal and moreover, by [MV, Corollary 3.1], that the sheaf of Kihler differentials Q’)‘( is reflexive. This
in turn implies that ’Hoglj( = Q[)];] = Q’§( By Lemma 1.8 of [Gre], within this range we then have

depth HQ%, = depth Q% > n —k.
Since lcdef(X) =0, (7.5) then follows from Proposition F.

A criterion for the Du Bois condition. A simple but intriguing consequence of vanishing in the form of
Corollary B is the next statement. A result of a similar flavor appears in [Ko12, Corollary 1.8], where
there is no initial assumption on the singularities of X, but all cohomology groups are considered.

Corollary 7.6. Let X be a projective seminormal Cohen—Macaulay variety of dimension n, with isolated
singularities, or more generally Du Bois away from a finite set of points. If H" (X, Ox) =0, then X is
Du Bois.

More precisely, we have h" (X, Ox) > h"(X, S_Z())(), and X is Du Bois <= h"(X, Ox) = h" (X, Q(,)()
<= the natural map H" (X, Ox) — H"(X, Qg)() is injective (hence an isomorphism).
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Proof. We consider the cone

Ox—>Q())(—>C'Lk

Note that C* is supported on a finite set. We clearly have #'C* =0 for i <0 (since the seminormality
condition is equivalent to Oy =~ HOQ())(), while H!C*® ~ ’I—[iS_Z())( for i > 1. In particular, by Proposition C
we have #'C*® = 0 for i > n — 1. Moreover, since X is Cohen-Macaulay, by Corollary B we have
HIC*=0fori <n—1.

Note now that we have a short exact sequence

0— H"'(X,C*) - H"(X, Ox) > H"(X, Q%) — 0.

The last map is surjective thanks to the degeneration of the Hodge-to-de Rham spectral sequence, as in
Section 5, as it sits in the surjective composition

H"(X,C) — H"(X, Ox) - H"(X, 2%).
The hypercohomology group H”~!(X, C*®) is computed by a spectral sequence whose E,-terms are
EY?=HP(X,HC*), with p+g=n—1.
Since H'C*® =0 for i # n — 1, this gives
H"(X, Ox) ~ H"(X, Q%) < H'(X,H""'C*) = 0.
As the support of C* is finite, this last condition is equivalent to H"1C* =0, henceto C* =0, i.e.,to X
being Du Bois. g

For instance, this applies to any low-degree normal complete intersection with isolated singularities in P,

Remark 7.7. The criterion above has a (rather technical) analogue for higher k: using Theorem A, the
same proof shows that if X is pre-(k—1)-Du Bois, and pre-k-Du Bois away from a finite set, and if
depth HOQ/;( = n — k, then the cohomology vanishing H" (X, HOQ’%) = 0 implies that X is pre-k-
Du Bois.

Examples of nonvanishing. In [MP1, Question 13.10] it is asked whether the vanishing result for local
complete intersections in Example 7.4, namely

HIQK =0 for0<i<n—s—k—1
with s = codim Xgj,g, continues to hold when X is arbitrary, or at least Cohen—Macaulay.
The study of Du Bois complexes of cones in [SVV] and [PSh] provides simple counterexamples.

Example 7.8. First a very simple example that is not Cohen—Macaulay. Let X = C(Y, L) be the
abstract affine cone over a smooth projective threefold X endowed with an ample line bundle L such that
H'(Y, L) # 0.° Then, according to [SVV, Proposition 7.2], we have #'Q% # 0 and H'Q) # 0.

5For example, take X = C x C x C for some smooth projective curve C of genus g > 2, and L = O¢c (p) X Oc (p) X Oc (p)
for some p € C.
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Example 7.9. In this example X has rational, hence Cohen—Macaulay, singularities. Let ¥ be a smooth
Fano threefold for which

H' (Y, QI ®L) #0,

where L = a);l. The existence of such Y is shown in [Tot, Section 2].
Letnow X = C(Y x Y, L X L) be the abstract cone over Y x Y associated to the ample line bundle
L x L. Since Y x Y is still a Fano variety, we have

H(Y xY,(LKLY")=0 foralli>0,m>0,
hence X has rational singularities; see e.g., [SVV, Remark 7.8]. Furthermore, we have
H' (Y xY,Q},,®(LKL)) #0,
as it contains H! (Y, Q%, ® L) # 0 as a direct summand. Using [SVV, Proposition 7.2], it follows that
H'Q% #0.
(Note that for a counterexample we needed ' §_2§( # 0 for some i <3.)

In view of these examples, and of the results of this paper, in retrospect the question on vanishing in
[MP1] should have been more restrictive. Namely, is it true that for X arbitrary we have

HQKk =0 for 0<i <n—k—1—lcdef(X) —s? (7.10)

It turns out that even this statement is false, again already for cones over special smooth varieties. In this
case (or whenever the singularities are isolated) thanks to Corollary 4.3 the question becomes whether

HIQKk =0 for 0<i< mig{depthgg+p} —k—1.
p=

Example 7.11. Let Y be a smooth projective variety with dim ¥ > 3 and H'(Y, Oy) = 0, endowed with
a very ample line bundle L such that H'(Y, L) # 0. We will show the existence of such a variety below;
for now we draw some conclusions about the abstract cone X = C(Y, L).

We claim that the modified question in (7.10) has a negative answer when k = 0 and { = 1. First, by
[SVV, Proposition 7.2], the hypothesis H' (Y, L) # 0 implies that HIQ?( # 0. On the other hand, the
computation of the depth of Du Bois complexes of cones is addressed in [PSh, Theorem 3.1(2)]. In our
example it implies that

. depthQ§( > 0,
H'(Y,Q,®L™) =0 form <—1,
o depthQl > 1< 1 H'(Y,0Oy) = H(Y, Q}) =0,

HO(Y, 0y) S Hi(v, QL) is injective,

Ho(Y, L™ =0 form < —1,

o depth QY >2 =
P Rex = {HI(Y,L’")=O for m < 0.
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All of these conditions, other than H!(Y, L) # 0 and H'(Y, Oy) = 0 provided by the hypothesis, are
satisfied by Kodaira—Nakano vanishing and hard Lefschetz. It follows that

mig{depth QF +pr—1>1,
p=

while H'QY # 0.

Here is an example of a threefold Y satisfying the required properties: let ¥ C P2 x P! x P! be a general
hypersurface in the linear system |Op2 (—d) K Op1 (—1) K Opi1 (—1)|, withd >0, and let L = Oy (1, 1, 1).
Then chasing cohomology through the short exact sequences

0— O[pzxplxﬂ:ul(—d, —1, —1) — Opzxplxpl — OY —0
and
0— Opzxplxpl(—d—i- 1, O, 0) — Opzxplxpl(l, 1, 1) —-L—>0

and using the Kiinneth formula shows that H!(Y, Oy) =0and H'(Y, L) #0.

Examples of any dimension can be obtained as follows: take products ¥ x Z and line bundles L X M,
where Y is the variety above, and Z is such that H '(Z,©®z) =0 and has an ample line bundle M with
H(Z, M) #0.

As a general conclusion to this section, the answer to the question regarding which higher cohomologies
H’Q])‘( vanish is dictated by the depth of #°Q , which can sometimes be smaller than n — k — lcdef(X).

8. k-rational implies k-Du Bois. Theorem D leads to a very quick alternative proof of the fact that
normal, pre-k-rational isolated singularities are pre-k-Du Bois, obtained (even for nonisolated singularities)
in [SVV, Theorem B]. As explained in [SVV, Corollary 5.8], it then follows easily that k-rational implies
k-Du Bois, in the same setting. Recall that when k = 0 this implication was studied in [St1, Proposition
3.7] for isolated singularities, and in [K0o99; Sa3] in general. Later, [FL2, Theorem 1.6] and [MP2,
Theorem B] proved that k-rational implies k-Du Bois for local complete intersections.

If X is normal and pre-k-rational, then it has rational singularities. Therefore, using the main result of
[KS21], one has that the composition

1Ry — @ - DY
is a quasi-isomorphism; see [SVV, Remark 2.5] for details. Here we set
Dy (Q5 ) :=RHomo, (@5 ", wx[—n)).
Dualizing, this gives that the composition
RHomo, (D(QY™), %) — RHomo, (2%, o) > RHom(H°Q%, w})

is a quasi-isomorphism as well, which in turn implies that ¢ is surjective on cohomology. By induction
we may assume however that X has pre-(k—1)-Du Bois singularities; hence it is also injective on
cohomology by Theorem D. It follows that ¢ is a quasi-isomorphism, and dualizing again we obtain that
X is pre-k-Du Bois. Conjecture G would of course make the same proof work even in the nonisolated case.
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E. Analogues for the intersection complex

9. On the relationship between Du Bois and intersection complexes. Let X be a complex variety of
dimension n. Recall from [Sa2, Section 4.5] that we have an object @Q [n] := a}@é{ in the derived
category of mixed Hodge modules on X, with cohomologies in degrees < 0; moreover, the top degree in
the weight filtration on HO@)}(I [n] is n. We also have the intersection complex ICy @', a simple pure
Hodge module of weight n; moreover, there is a composition of quotient morphisms

yx : Q@ [n] = #°QH [n] - 1Cx Q7 ~ &tV 1OQH [n).

We first record a simple lemma for later use. Here Dy (—) denotes the duality functor on the derived
category of filtered D-modules underlying mixed Hodge modules (see [Sal, Section 2.4]), and we abuse
the notation by continuing to use the Hodge module notation for the respective filtered D-modules.
Moreover M (£) denotes the Tate twist of M, which at the level of filtered D-modules shifts the filtration
down by ¢, i.e., FFM(£) = Fo_¢M. Note that since we are interested in the case when X is singular,
in order to consider filtrations F; M, we appeal to the standard procedure of taking X to be (locally)
embedded in a smooth variety Y, and working with filtered Dy-modules supported on X.

Lemma 9.1. For a fixed integer k, the composition
FQ%n] - FICx Q7 — FDx (@Y [n])(—n)
is an isomorphism if and only if
FQ%m - RICx Q" and F1ICx Qf — FDx(Q%[n])(—n)
are both isomorphisms.

Proof. The “if” part is obvious, so we focus on the “only if”” part. Moreover, it suffices to prove that the
first map is an isomorphism.
By strictness, the Hodge filtration commutes with taking cohomology; hence the composition

Fe(H'QY [n]) — Fi(H'ICx Q") — Fi(H'Dx (QY [n])(~=n))
is an isomorphism for all i € Z. Thus for i # 0 we get
Fe(H QY [n]) = H' (FQ¥ [n]) = 0.
When i =0 we obtain an isomorphism
Fe(H°Q [n]) — FICx @ — Fi(H'Dx(Q [nD(-n)),

which implies that the first map is an injection. On the other hand, the fact that ICy Q ~ gr'¥ ’HO@;{ [n]
implies that the morphism Ho@g [n] — ICx @ is surjective at the level of filtered D-modules. Putting
everything together, we obtain isomorphisms

FQ¥n] ~ F,H°Q¥[n]) ~ F ICx @7
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which implies what we want. O
For what follows, recall that we use the notation
Dx(—) := RHomp, (—, o [—n]).

We will make repeated use of the well-known commutation of the two duality functors via the graded de
Rham functor, proved in [Sal, Section 2.4]: if M* is an object in D’MHM(X), and p is an integer, then

Dy (grh DR(M*)) ~ g DR(Dx(M*))[—n]. (9.2)

It is a consequence of [Sa3, Theorem 4.2] that for each p, we have the identification
Qf ~ g’ DR@QY [n])[p —n].
We introduce the following notation for simplicity:
195 =g’ DRACx Q")[p —n]

Taking the composition of the morphism yx with its dual, we get the natural morphisms in the derived
category of mixed Hodge modules D’MHM(X):

Q¥n] — 1Cx QF — (Dx(@%[n]))(—n)

due to the self-duality Dy (ICxy Q) = ICx Qf (n); see [Sa2, 4.5.13]. Applying the functor grfp DR to
this composition, we obtain the natural morphisms

Qf 19§ - Dx (@ ). 9.3)

in the derived category of coherent sheaves on X.
An important point is that the higher rationality conditions say something about these maps. When X
is a local complete intersection, this is essentially contained in the proof of [CDM, Theorem 3.1].

Proposition 9.4. Let X be a normal variety with pre-k-rational singularities. Then @, is an isomorphism
forall p <k.

Proof. As discussed in Section 8, if X is normal with pre-k-rational singularities, of dimension 7, then
the natural morphisms

Qy — Dx(Qx ")
are isomorphisms for p < k. Since

Qf ~ " DR@Y [n])[p —nl,

TThese objects are called intersection Du Bois complexes in [PP], where they are used extensively.
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and moreover
Dx (R ") ~Dx(gr},_, DR(@QY [n])[—p])

~grl_ DR(Dx (Q¥ [n]))[p —n]

~ gr’” DR(Dx (Qf [2])(—n))[p —nl.
we obtain

gr’ , DR(Q [n]) ~ g’  DR(Dx (QY[1n])(—n))
for all p < k. After dualizing via (9.2), this is equivalent to
grh DR(QY [2]) ~ gr} DR(Dx (QY [n])(—n))
for all p <k —n. According to the general Lemma 9.6 below, this is equivalent to
FyQy[dx] = F,Dx(Q¥[n])(~n)
for all p <k —n. Lemma 9.1 implies in turn
FpICx Q" ~ F,Dx (QF [n])(—n)
for all p < k — n, which again by Lemma 9.6 is equivalent to
grh DR(ICx @") ~ gl DR(Dx (QY [n])(~n))
for p <k —n. Applying (9.2) one more time, we see that
ol ~ 19/
for all p <k. U

Remark 9.5. Consequences of the isomorphisms in Proposition 9.4 regarding the topology of X are
studied in the upcoming [DOR] and [PP]. In particular, it is shown in these papers that if ¢, is an
isomorphism for all p < [(n —2)/2], then X is a rational homology manifold.

The following useful lemma is a rather straightforward application of the definitions and the strictness
of the Hodge filtration.

Lemma 9.6. Letr M*, N* € DPMHM(X) be objects in the bounded derived category of mixed Hodge
modules on X. Then the following are equivalent:

(nH grg DR(M?®) and grg DR(N*) are quasi-isomorphic for all p < k.
(2) FyM* and F,N* are quasi-isomorphic for all p < k.

As mentioned earlier, since X is (locally) embedded into a smooth variety Y of dimension d, one uses
filtered right Dy-modules (supported on X) in order to define the objects in the statement; thus we have

gr'; DR(M*®) = [grg_d M*@ANTy — -+ — grg_1 M*®Ty — grg M'],
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placed in degrees —d to 0. Here, and in the rest of this paper, we use this notation to denote the total
complex associated to the double complex where the vertical maps come from the differentials of a
representative of M*®, while the horizontal maps are the usual de Rham maps on each term of that
representative. The lemma then follows by induction on k.

10. Injectivity results and conjecture for the intersection complex. We start with an injectivity conjecture
which is the intersection complex analogue of the main Conjecture G.

Conjecture 10.1. If X has normal and pre-(k —1)-rational singularities, the natural morphism
RHom(I2%, wy) — RHom(HIQY, w})
obtained by dualizing the canonical morphism H°I Qﬁ( — 1 E_Zl% is injective on cohomology.
Remark 10.2. It is shown in [KS21, Proposition 8.1] that for all k we have an isomorphism
HOIQY ~ £k
where f : X — X is a resolution of singularities.

There is a commutative diagram

RHom(IQ%, 0%) ———— RHom(Q%, 0%)

| |

RHom(H 19, wy) —— RHom(HQ%, w$).

If X has normal pre-(k —1)-rational singularities, then it also has pre-(k —1)-Du Bois singularities by
[SVV, Theorem B]. Therefore Conjecture 10.1 is in fact implied by Conjecture G, thanks to the following:

Theorem 10.3. If X has normal pre-(k —1)-rational singularities, the morphism
RHom(IQ%, w%) — RHom (2%, %)

obtained by dualizing ¢y is injective on cohomology.

Corollary 10.4. Conjecture 10.1 holds in any of the following cases:

(1) k=0.

(2) X has isolated singularities.

(3) X is a local complete intersection with (k—1)-rational singularities.
Proof. In each of these cases we have the corresponding injectivity theorem for the Du Bois complex,

answering Conjecture G: for k = 0 by [KS16], for isolated singularities by Theorem D here, and for local
complete intersections by [MP2] (note that (k —1)-rational singularities are (k —1)-Du Bois). Il



1258 Mihnea Popa, Wanchun Shen and Anh Duc Vo

Theorem 10.3 is in turn a consequence of Proposition 9.4, combined with the following injectivity
theorem, which is the main technical result of this section. It was first communicated to us by Sung Gi
Park, whom we thank, using the technique of [Pa, Lemma 3.7]; we follow the method of the previous

section.

Theorem 10.5 (Sung Gi Park). Assume that the variety X satisfies the property that ¢, : Qf( — 1 Qf( is

an isomorphism for p < k—1. Then the morphism
RHomo, (IQ%, %) — RHome, (2%, w})

obtained by dualizing ¢y is injective on cohomology. More precisely, it is an isomorphism on i-th
cohomology fori <k —n — 1, injective fori =k —n, and Sxtéx(lgk ,0y)=0fori >k—n.

Proof. By (9.2), we have Dy (19%) ~ 1%, so
Extly (IQK, %) ZHTIQL* =0 for i >k—n.

For the last vanishing, note that for any p we have that gr » DRUICx @) has nontrivial cohomologies
only in nonpositive degrees (since it comes from the de Rham complex of a single D-module); hence

HIIQE =0 for p+q>nt

Thus we focus on the statements for i < k — n.
As in the proof of Proposition 9.4, the assumption implies that we have isomorphisms

F,ICyx @H:Fpl]])x(@g[n])(—n) for p<k—1-—n. (10.6)
Using (9.2), the conclusion is equivalent to the fact that the map
gr_, DRICy @") — gri_, DR(Dx (Q¥ [n])(—n))

is an isomorphism on i-th cohomology for i < 0, and injective for i = 0.
To simplify the notation, we set M*® := DX(@Q [n])(—n). We also think of X as being (locally)
embedded in a smooth variety Y of dimension d, so that we have

gr,ffn DR(M*) = [gr,infd M*QNTy —> - — gr,‘iw1 M*QRTy — gr,ffn M’],
placed in degrees —d to 0. In other words, we have an exact triangle
erf_, M* — gif_, DR(M*) — A* 5,

where
A= [l M @ ATy >l M Ty,

placed in degrees —d to —1. Note that (10.6) implies the isomorphism
[gr}:—n_d ICX @H (04 /\dTY > e > gr/f—n—l ICX @H Q Ty] i) A.;

8This is the analogue of Steenbrink vanishing for Qf(, but it holds for simpler reasons.
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hence we also have a similar exact triangle with M*® replaced by ICy Q.
Now consider the exact triangle

grf DR(ICy Q") — grf DR(M*) — C* 25

where C*® denotes the cone of the morphism on the left. Since gr,f_n DR(ICx @) is a complex placed in
nonpositive degrees, we only need to show that

H'C*=0 fori<O.
Given the triangles described above, the octahedral axiom implies that we have an exact triangle
gr,f_n ICx Q7 — gr,f_n Mt

as well. Hence the needed statement about ' C* follows immediately from the following facts. On the
one hand,

H'gri , M®~grf  H'M*=0 fori<0,

since M*® has nontrivial cohomologies only in nonnegative degrees (being essentially the dual of @g [n],
which has nontrivial cohomologies in nonpositive degrees). On the other hand, #’ ICx Q@ =0 fori # 0,
and Fy_, ICx Qf < F,_,#°M* (while at the level of Fy_,_; we have equality by (10.6)). Indeed, we
have seen in the proof of Lemma 9.1 that the morphism ’HO(@? — ICx Q* is surjective at the level of
filtered D-modules; similarly, by duality, the morphism ICy @ — #°M?* is injective at the level of
filtered D-modules. All of this implies that we have an injection
grf  1ICx Q@ — gl #OM".
This completes the proof. O

11. Vanishing of higher cohomologies for intersection complexes. We finish with results about the van-
ishing of higher cohomologies of / Ql)‘( We start with the following proposal, analogous to Conjecture H:

Conjecture 11.1. Let X be a normal variety with pre-(k —1)-rational singularities, and pre-k-rational
away from a closed subset of dimension s. Then

HIQN =0 for 0<i <depthH°1Q% —5—1.

When X is a normal variety with pre-k-rational singularities, it follows from Proposition 9.4 that
HIT Qg(’ =0 foralli >0 and p < k. If it is so only away from a closed set of dimension s, then an
argument completely analogous to that of Proposition F implies that

HIQK =0 for 0<i<ng—s—1, (11.2)

where n; := min {depth H°1 Q% , depth 1Q + 1}.
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If moreover X has normal pre-(k —1)-rational isolated or (k —1)-rational local complete intersection
singularities, or if k = 0, then Corollary 10.4 implies that Conjecture 10.1 holds, hence exactly as in the
proof of Theorem A we have in addition that depth / Q’% > depth HO 1 Q’§( Therefore:

Corollary 11.3. Conjecture 11.1 holds when X has isolated, or (k —1)-rational local complete intersection

singularities, or when k = 0.

We also have the analogue of the vanishing result for the Du Bois complex in [MP1, Corollary 13.9];
see Example 7.4.

Corollary 11.4. Let X be a local complete intersection with dim X,g = 5. Then
HIQK =0, forall 0<i<n—k—s—1.

Proof. We use (11.2). For the intersection complex, it is always the case that depth / Q')‘( >n —k by (4.2).
Indeed, we have
Extly (I, wy) =0 for i >k—n,

due to the self-duality (up to twist) of the intersection complex, as explained in Theorem 10.5.

Following precisely the steps in Example 7.4, under the current hypotheses we also have that
depth Holgj( >n—k; indeed, if f: X — X is a resolution of singularities, we know that Holglj( ~ f*Q’;?
(see Remark 10.2), which in this case is reflexive, so that

k ~ olkl ~ ok
£k ~ ol ~ ok O

Remark 11.5 (analogue of Proposition C). For completeness, we conclude by noting that there is also
an analogue of this basic vanishing result for Qi stated in the introduction. Namely, if £ < n and
HP~11QE =0 forall p <k—1, then

H'RIQN =0.

In particular, if X has pre-(k —1)-rational singularities, with k < n, then H" %I S_le( = 0. The proof is very
similar.
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