
Algebra &
Number
Theory

msp

Volume 20

2026
No. 6

The geometry of the unipotent component of the moduli space of
Weil–Deligne representations

Daniel Funck





msp
ALGEBRA AND NUMBER THEORY 20:6 (2026)

https://doi.org/10.2140/ant.2026.20.1125

The geometry of the unipotent component of the
moduli space of Weil–Deligne representations

Daniel Funck

We study the moduli space of unipotent Weil–Deligne representations valued in a split reductive group G
and characterise which irreducible components are smooth. We apply these smoothness results to
show that a certain space of ordinary automorphic forms is a locally generically free module over the
corresponding global deformation ring.
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1. Introduction and overview

Let F be a local p-adic field and let G be a connected reductive algebraic group over F and Ĝ its
Langlands dual. The local Langlands conjectures (proven for GLn by Harris and Taylor in [HT01])
stipulate the existence of a natural map with finite fibres:

{smooth irreducible representations of G(F)}
{isomorphism}

→
{L-parameters of LG}

{Ĝ-conjugacy}

Let l ̸= p be a prime. Let L ⊂ Ql be an l-adic field and O its ring of integers with residue field F.
In recent years, through the work in [BG19; Hel23; DHKM20; Zhu25; FS25], there has been great interest
in studying the properties of a moduli space of L-parameters LocĜ,O and a closely related space, the
moduli space of framed L-parameters Loc□

Ĝ,O
.

The spaces Loc□

Ĝ,O
and LocĜ,O can be respectively defined as the scheme whose R-points are the set

of L-parameters with R coefficients, and the algebraic stack obtained from the stack quotient of Loc□

Ĝ,O
modulo the natural action of Ĝ via conjugation (that is, equivalence of representations):

Loc□

Ĝ,O(R)= {L-parameters of Ĝ with R-coefficients}, LocĜ,O =
[
Loc□

Ĝ,O/Ĝ
]
.
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In addition to this interpretation, the scheme Loc□

Ĝ,O
satisfies the secondary property that the (comple-

tions of) local rings of Loc□

Ĝ,O
can be interpreted as local Galois deformation rings. In this way, it is

hoped to better understand these rings, which are crucial ingredients in the Taylor–Wiles–Kisin and
Calegari–Geraghty patching methods.

Let WF be the Weil group of the field F . In the case of a split reductive group G, one would want to
define an L-parameter as a homomorphism WF → Ĝ(R) which satisfies some kind of continuity, but the
problem with this naive approach is that the ring R has no topological structure in general. Historically,
there have been multiple solutions to this issue, with varying degrees of usefulness. We are interested in
the moduli spaces of Bellovin and Gee [BG19], defined via Weil–Deligne representations (defined below);
and of Dat, Helm, Kurinczuk and Moss [DHKM20], defined through representations of a particular dense
subgroup W 0

F ⊆WF (defined in Section 1.2 of the reference).

Definition 1.1. A Weil–Deligne representation valued in G with R-coefficients is a pair (r, N ), where
r : WF → G(R) is a homomorphism with open kernel and N is an element of the nilpotent cone
NG(R) ⊆ Lie(G)(R) such that Ad(g)N = |g|N for all g ∈ WF , where | · | : WF → F×→ R≥0 is the
valuation of WF coming from local class field theory.

The two moduli problems of [BG19] and [DHKM20] are representable by algebraic stacks LocBG
G,O

and LocG,O, respectively, and are disjoint unions of quotient stacks.
It is known, as in Proposition 2.7 of [DHKM20], that these definitions give isomorphic moduli spaces

over fields of characteristic 0. In positive characteristic l (or mixed characteristic), only the latter moduli
space is generally well-behaved, giving the deformation rings as the completions of its local rings.
However, when l is greater than the Coxeter number hG of G, the exponential and logarithm maps
of Proposition 2.7 of [DHKM20] that arise from Grothendieck’s l-adic monodromy are well defined
polynomials, and we obtain an isomorphism between the two moduli spaces in this case too.

Let O be a discrete valuation ring (or field) of residue characteristic (resp. characteristic) l > hG or
0. Let NG ⊆ g be the nilpotent cone inside the Lie algebra g. In this paper, we seek to understand the
irreducible components of the scheme studied in [Hel23]. This is a reduced affine scheme of finite type
SG,O, over the ring O, whose R-points (R an O-algebra) are given by

SG,O(R)=
{
(8, N ) ∈ G(R)×NG(R)|Ad(8)N = q N

}
,

where q ∈O× is some prime power.
The scheme SG,O is naturally the space of framed unipotent Weil–Deligne representations over O with

values in G (following Definition 2.1.2 of [BG19]). We will be interested especially in the case where O
is the ring of integers in a finite extension of Ql because the mR-adic completion of the local rings R of
the closed points of this scheme can be interpreted as local Galois deformation rings for well behaved l
(in fact, whenever the exponential and logarithm maps of Grothendieck’s l-adic monodromy theorem
give an isomorphism onto a connected component, as above). Since SG,O is a connected component
of the tame parameters Z1(W 0/P,G)O, equation 4.5 of [DHKM20] extends the description of SG,Ql
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for various groups G to a description of the geometry of many other connected components of Loc□

G,Ql

(those which correspond to the case where the action Adϕ is trivial).

Outline. In Section 2, we collect some basic results for SG in the mixed characteristic setting. The results
of this paper depend strongly on the technical relationship between the residue characteristic l and the
element q ∈O. Therefore, the section begins by defining the notions of G-banality and q-considerateness,
and explaining how they are related. We then give a description of a decomposition of SG into (unions of)
irreducible components, generalising the decomposition of SGLn given in Proposition 2.1 of [Hel23], as
follows: Let

p : SG,O→NG

be the projection map onto the second factor. Let C ⊂NG,L be a G-conjugacy class inside NG,L . (In the
case of GLn , these can be characterised by partitions of n and in this situation we will denote the conjugacy
class corresponding to λ by Cλ.) We note that because SG,O is flat over O, the irreducible components
biject naturally with those of SG,L . Then p−1(C)⊆ SG,O is a union of irreducible components of SG,O

(and, in the case of G=GLn , is itself irreducible). In Section 3, we expand on and generalise the results of
Bellovin [Bel16, Section 7.2 and Proposition 7.10] by proving our Theorems 3.2 and 3.4, which together
state:

Theorem 1.2. Assume q is considerate towards GO (see Definition 2.1).

(1) Suppose C ⊆NG,L is a distinguished nilpotent orbit, or the zero orbit with corresponding component
XC = p−1(C). Then XC is a disjoint union of smooth connected components.

(2) Conversely, when C ⊆NG,L is a nontrivial nondistinguished orbit, the scheme XC is singular.

In Sections 4 and 5, we apply the smoothness result of Section 3 to Hida families of ordinary automorphic
forms using the Taylor–Wiles–Kisin patching method in a situation very similar to that studied in [Ger19].
Let l be a prime and K be a finite extension of Ql with ring of integers O. Let F+ be a totally real
global number field, and consider an imaginary quadratic extension F of F+. The Galois representations
considered will correspond to certain Hida families of ordinary automorphic forms on a unitary algebraic
group G D/F+ which is a unitary form of a unit group of a division algebra D/F+. We will define a
certain space of Hida families of ordinary automorphic forms Sord(U (l∞), L/O)m for G D with Hecke
operators T and a corresponding deformation ring Runiv

S . We will then use the Taylor–Wiles patching
method to deduce the following theorem.

Theorem 1.3 (Theorem 5.13). Suppose l > n. The module Sord(U (l∞), L/O)∨m[1/ l] is a finite locally
free Runiv

S [1/ l]-module.

As a consequence, we can deduce that Runiv
S [1/ l] ∼= T[1/ l], and that the multiplicity of automorphic

forms with a given characteristic zero Galois representation is constant along connected components
of Runiv

S [1/ l]. One can then extend any such multiplicity results from the classical case to the case of
nonclassical Hida families.
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2. Considerateness and the relation to the stack of L-parameters

Let O be a discrete valuation ring or a field with residue field F of characteristic l or 0 and fraction field L .
Let G be a connected reductive algebraic group over O, let g be its Lie algebra, and let hG be its Coxeter
number. Throughout the paper, we assume l > hG whenever the residue characteristic of O is finite.

Definition 2.1. Let hG be the Coxeter number of G. Let q ∈O× be an element of O such that qk
− 1 is

invertible in O for all k ≤ hG . When this occurs, we say that q is considerate towards G over O.

In applications, the ring O will either be a field or the ring of integers in some field extension of Ql .
Notice that, in this case, q-considerateness is equivalent to the condition that 1, q, q2, . . . , qhG are all
distinct in the residue field F (in a sense, q “treads lightly” around G).

Definition 2.2. Let G be a split reductive group over a field L of characteristic l.

• l is called G-banal if l does not divide the order of the finite group G(Fq).

• l is called geometrically G-banal if, for any algebraically closed field E of characteristic l, any
φ ∈ Loc□

G,E can be Frobenius twisted by some g ∈ CG(φ(IF )) (that is, the centraliser of the inertia
subgroup) so that φg is a smooth point of Loc□

G,E .
The Frobenius twist of a representation φ :WF → G(L) by g ∈ CG(φ(IF )) is the representation

φg
: WF → G(L) whose restriction to the inertia subgroup equals φ, and for which φg(Frob) =

φ(Frob)g.

Remark. Let Ĝ denote the Langlands dual group of G. We remark that the notion “l is geometrically
Ĝ-banal” is precisely the notion that “l is LG-banal”, as defined in Definition 5.27 of [DHKM20]. We
introduce the notion simply to remove the extraneous Langlands dual, which is only required in the
following Proposition.

Proposition 2.3. Suppose that F is a field of positive characteristic l > hG and that G is a split reductive
group. Then we have the following implications.

• If q is considerate towards G/F, then l is geometrically G-banal.

• If l is geometrically Ĝ-banal (that is, LG-banal), then l is G-banal.

• If G = GLn or SLn , then the condition “l is G-banal” implies that q is considerate towards Ĝ/O.
Thus, in these cases all three concepts are equivalent.

Proof. By definition, q is considerate towards G/F when the order of q within F is greater than the
Coxeter number h = hG . This is equivalent to

∏
n≤h 8n(q) ̸= 0 inside F, where 8n is the n-th cyclotomic

polynomial. This is the polynomial χ∗G,1(q) of [DHKM20, Definition B.3]. Hence, by Theorems 5.6
and 5.7 of [DHKM20], this condition implies that l is LG-banal.

That l being LG-banal implies that l is G-banal is a consequence of the Chevalley–Steinberg formula

|G(Fq)| = q N
∏

d

(qd
− 1)
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(see [Ste16, Theorem 25a]), where d ranges over the fundamental degrees of the Weyl group of G. If l
divides

∏
d(q

d
−1), then l certainly divides

∏
n≤h 8n(q) as the Coxeter number is the highest fundamental

degree. This shows the second statement by virtue of Theorem 5.7 in [DHKM20].
In the case G = SLn , we get |SLn(Fq)| = q N ∏n

i=2(q
i
− 1). Hence, if l is G-banal, the order of q in F

is at least n. Thus q is considerate towards Ĝ/F. The case of GLn is similar. □

Remark. It is worth noting that Corollary 5.27 of [DHKM20] gives the criterion that G-banal and
LG-banal are equivalent concepts whenever G is unramified and has no exceptional factors (where
triality forms of type D4 are also considered exceptional), but this does not hold in general (see, for
example, Remark 5.22 of [DHKM20]). Outside the case of type An , considerateness is strictly weaker
than geometric-G-banality. For example, the order of G = Sp6(Fq) is

|Sp6(Fq)| = q9(q2
− 1)(q4

− 1)(q6
− 1)

and the Coxeter number of Ĝ = SO7 is h = 6. However, if q5
≡ 1 (mod l), then l is G-banal, but q is not

considerate towards ĜO.

Definition 2.4. We define the affine scheme SG,O over O as the scheme whose R points (for R an
O-algebra) are

{
(8, N ) ∈ G(R)×NG(R) : Ad(8)N = q N

}
.

Corollary 5.4 of [Bel16] shows that this is a reduced scheme when O is a characteristic zero field,
and hence, is a variety (i.e., a finite-type, separated, reduced scheme over a field). As discussed in the
introduction, we may picture SG,O as the moduli space of unipotent Weil–Deligne representations (r, N )
valued in GO. In this context, “unipotent” means that the restriction of r to the inertia subgroup IF is
trivial (that is, r(IF )= 1).

Proposition 2.5. (1) Suppose q is considerate towards G/O. If (8, N ) ∈ G×g satisfies Ad(8)N = q N ,
then N ∈NG . Hence,

SG(R)=
{
(8, N ) ∈ G(R)× g(R) : Ad(8)N = q N

}
,

and the requirement that N ∈NG(R) is redundant.

(2) If G is split and l > hG , then SG,O is isomorphic to a closed subscheme of the moduli space of tame
parameters Z1(W 0

F/PF ,G)O (see Section 1.2 of [DHKM20] for a definition of this space).

(3) When l is geometrically G-banal, this space is a connected component of Z1(W 0
F/PF ,G)O.

Proof. Because l > hG , the prime l is very good in the notation of Section 2.4 of [Cot22]. Hence, by
Theorem 4.13 of [Cot22], we have an isomorphism of O-algebras

O[g]G→O[t]W

given by the restriction of functions on g to t, where t is a Cartan subalgebra of g and W is the Weyl
group.
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By Chapter 3 of [Hum90] (see Table 1 of Section 3.7 and Table 2 of Section 3.18) the generators of
O[t]W are homogeneous of degree at most the Coxeter number hG , and hence the same is true for O[g]G .
(Although [Hum90] considers only the case of characteristic zero, the results extend to O because |W | is
invertible inside O and O[t]W is a free O-module.)

Let s be a generator of O[g]G and suppose (8, N ) ∈ G(R)×g(R) satisfies Ad(8)N = q N . Then as s
is G-invariant and homogeneous of degree at most the Coxeter number hG , the condition s(Ad(8)N )=
s(q N ) implies s(N )= q i s(N ) for some i ≤ hG . As q is considerate towards G/O, we see that q i

−1 is a
nonzero divisor in O, and hence that s(N )= 0. Thus the image of N in the GIT quotient g//G is zero.
Since l is very good, Theorem 4.12 of [Cot22] shows that N lies in the set of R-points of the nilpotent
cone. Part (1) of the proposition follows.

Suppose G is a split group. As l ̸= p, the space Z1
= Z1(W 0

F/PF ,G)O has a model as a flat affine
scheme over O with R-points equal to

Z1(W 0
F/PF ,G)O(R)=

{
(φ, σ ) ∈ G(R)2 : φσφ−1

= σ q}
.

Since l > hG , the exponential and logarithm maps of Section 6 of [BDP17] are well defined polynomials,
and thus we have an isomorphism between the nilpotent cone in NG and unipotent cone UG . Hence, we
have a map

SG,O→ Z1(W 0
F/PF ,G)O, (8, N ) 7→ (8, exp N ),

which is an isomorphism onto the closed subscheme of Z1(W 0
F/PF ,G)O given by those elements (φ, σ )

with σ ∈ U ⊆ G, where U is the unipotent cone. This shows (2).
For (3), suppose l is geometrically G-banal. Let U+ be the scheme-theoretic image of Z1(W 0

F/PF ,G)O
through the second projection onto G. Proposition 2.6 of [DHKM20] tells us that the underlying reduced
scheme of U+ is a subscheme of {σ ∈G//G : σM

= 1} for some fixed M ∈N. Thus U+ is 0-dimensional
over O. As Z1(W 0

F/PF ,G) is flat and O is a discrete valuation ring, U+ is a finite flat O-scheme.
We claim that no two distinct O-points of U+ reduce to the same F-point. The preimages of the

L-points (resp. F-points) of U+ in Z1(W 0
F/PF ,G)L (resp. Z1(W 0

F/PF ,G)F) are (unions of) connected
components, thus it suffices to show that no two distinct points in U+(L) reduce to the same point in
U+(F). This follows in turn from the statement that no two connected components of Z1(W 0

F/PF ,G)L

reduce to the same component of Z1(W 0
F/PF ,G)F, which follows from Proposition 5.26 of [DHKM20],

which states that Z1(W 0
F/PF ,G)F is reduced. We can conclude that the point SpecO ↪→ U+ defined by

σ = 1 is a connected component of U+. It follows that SG , the preimage of this point, is a connected
component of Z1(W 0

F/PF ,G)O. □

We will also need the following results.

Proposition 2.6. (1) The algebraic group G acts on SG via simultaneous conjugation:

g.(8, N )= (g8g−1,Ad(g)N ).

Assume in addition that l is geometrically G-banal.
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(2) The scheme SG,O is flat and a local complete intersection of relative dimension dim G over O.

(3) Define the second projection map p : SG → NG as before. If C is a G/L -conjugacy class inside
NG,L ⊆NG , then the closed subscheme XC := p−1(C)⊂ SG is a union of irreducible components
and SG =

⋃
C XC .

(4) If in addition G = GLn , the XC are irreducible components of Sn,O := SGLn,O and these can be
naturally identified with partitions of n. For a partition p, we call the corresponding component X p.

(5) The scheme SG,O is reduced.

Proof. (1) This is clear.

(2) This follows from Proposition 2.5(3) and Corollary 2.5 of [DHKM20].

(3) As SG,O is flat over O, the irreducible components of SG,O are exactly those of the open subscheme
SG,L . This then follows from the proof of part 2, after noticing that NG,L =

⋃
C CL as sets.

(4) Suppose G = GLn . Then C is a quotient of GLn , and so is irreducible. Because centralisers inside
GLn are irreducible, the map p−1(C)→ C is flat with irreducible smooth fibres, and thus is smooth
and open. By [Stacks, Lemma 004Z], it follows that p−1(C) is irreducible, and thus so is XC . The
final claim follows from the theory of Jordan normal forms.

(5) This follows from Proposition 2.8 of [DHKM20] and Proposition 2.5(3). □

2.1. Lemmas in commutative algebra and algebraic geometry. The remainder of this section proves
some lemmas from algebraic geometry and commutative algebra that we will need later.

Lemma 2.7. Let G be a smooth algebraic group over a scheme S, and let X be an S-scheme. Suppose
that we have a morphism m : G ×S X → X defining a group action of G on X. Then m is a smooth
morphism.

Proof. The morphism pX : G ×S X → X obtained by the base change of G→ S is smooth. The auto-
morphism φ of G ×S X given by (g, x) 7→ (g, g.x) is also smooth, since it is an isomorphism. As a
composition of smooth morphisms, m = pX ◦φ is smooth. □

Lemma 2.8. Let f : X→ Y be a smooth morphism of schemes. Let p ∈ X. Then Y is regular at f (p) if
and only if X is regular at p.

Proof. After reducing the problem to local ring maps on stalks, this follows from Theorem 23.7 of
[Mat86]. □

Lemma 2.9. Assume that O is complete. Let R be a local O-algebra, and assume that it is topologically
of finite type with respect to the mR-adic topology. Let x and x̄ be prime ideals of R that give rise to the
commutative diagram

R O L =O[1/ l]

F

x

x̄

https://stacks.math.columbia.edu/tag/004Z
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Then
R∧x̄ [1/ l]∧x ∼= R∧x .

Proof. Since R \ x ⊇ R \ x̄ ∪ {1/ l}, that Rx̄ [1/ l]x ∼= Rx . As R is Noetherian, we have
⋂

n x̄n
= 0, and

thus we have an injection Rx̄ ↪→ R∧x̄ . This gives us a local homomorphism inclusion

Rx = Rx̄ [1/ l]x ↪→ R∧x̄ [1/ l]x .

We notice that Rx/x ∼= L , so that[
R∧x̄ [1/ l]x

]
/x ∼=

[
lim
←−−n(R/x̄n)/x

]
[1/ l] ∼= lim

←−−n

(
R/(x, ln)

)
[1/ l] ∼= (lim

←−−
O/ ln)[1/ l] = L ,

the last equality arising because O is complete. Thus, by [Stacks, Lemma 0394], R∧x̄ [1/ l]∧x is the
completion of R∧x̄ [1/ l]x under the x-adic topology arising from Rx , and is a finite R∧x -module. It follows
that the map

R∧x → R∧x̄ [1/ l]∧x

is an injection, and induces an isomorphism modulo x . If C is the cokernel (which we now know to be a
finite R∧x -module) then we see xC = C , and so Nakayama’s lemma shows us that C = 0, implying that
the map is an isomorphism. □

3. Smoothness results for XC

In this section we prove Theorem 1.2. Let G be a connected reductive group over O and SG,O as before.
As each map XC → Spec(O) is flat, we can (and do) reduce the problem to the case O = F is a field of
characteristic 0 or l (see [Stacks, Lemma 01V8]). Since smoothness is an fpqc-local property, we can
assume that F is algebraically closed. We make these assumptions throughout this section.

3.1. Associated cocharacters. In what follows, we will require some setup, notation, and knowledge of
Bala–Carter theory. Let G be a connected reductive group over an algebraically closed field F with Lie
algebra g and let C ⊆NG be a nilpotent orbit. In what follows, we restrict to the case where the derived
subgroup of G is (almost) simple. When G is of adjoint type, we can do this because then G =

∏
i Gi

for Gi almost simple, adjoint, and SG.O ∼=
∏

i SGi ,O. If G is not of adjoint type, then SG,O→ SGad ,O is a
Z(G)-torsor, and since Z(G) is smooth (under our considerateness condition), any smoothness result
translates between the cases for G and Gad .

Let T̃ be a maximal torus of G and 5 the set of roots. Let e ∈ C ⊆ g. Let L ⊆ G be a Levi subgroup
of G, minimal subject to e ∈ Lie(L). Let ZL be the centre of L . Following Definition 2.8 of [FR08]
(see also Section 2.3 of [Pre03]), the nilpotent element e is called distinguished in L if Z◦L is a maximal
torus of the centraliser CL(e) of e in L . By Proposition 2.11 of [FR08], there is an associated cocharacter
λ : Gm→ T̃ such that Ad(λ(t)).e = t2e and im(λ)⊆ [L , L].

The group Gm acts on Lie(G) through Ad ◦ λ : Gm→ Aut(g), which gives a decomposition

g=
⊕
i∈Z

g(λ, i).

https://stacks.math.columbia.edu/tag/0394
https://stacks.math.columbia.edu/tag/01V8
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Through Lemma 5.6.5 of [Car93] and the preceding discussion, we choose a base of simple roots 1⊆5
such that <<α, λ>> ≥ 0 for all α ∈1. Call the corresponding Borel subgroup B.

We define a parabolic subgroup Pλ ⊆ L such that Lie(Pλ) =
⊕

i≥0 gL(λ, i), where each gL(λ, i) =
g(λ, i)∩Lie(L). We note that Pλ has a Levi decomposition Pλ = MλUλ with Lie(Uλ)=

⊕
i>0 gL(λ, i)

and Lie(Mλ) = gL(λ, 0). We say Pλ is a distinguished parabolic subgroup in L if dim gL(λ, 0) =
dim(gL(λ, 2)) + dim(ZL), and by Proposition 2.5 of [Pre03] e is distinguished if and only if Pλ is
distinguished.

The primary result of Bala–Carter theory is that there is a bijection between the adjoint orbits of NG

and pairs (M, P), where M is a Levi subgroup of G, and P is a distinguished parabolic subgroup of M .

3.2. The smoothness result for irreducible components corresponding to distinguished nilpotent orbits.
This section contains the main result of the paper, concerning the smoothness of XC (Theorem 3.2).

Lemma 3.1. Assume e ∈ C is a distinguished nilpotent element with λ an associated cocharacter. Let
CG(e) be the centraliser of e in G with Levi decomposition CG(e) = MR, where R = Ru(CG(e)) is
unipotent and M is reductive. Suppose that t ∈Gm is sufficiently generic so that gAd(λ(t))

= g(λ, 0). Then
every element of CG(e)λ(t) is conjugate to an element of Mλ(t).

Proof. Since e is distinguished, Theorem A of [Pre03] tells us that M = Mλ∩CG(e) and R =Uλ∩CG(e).
Further, following Definition 2.8 of [FR08], the maximal torus of M is Z◦G so that M/Z◦G is a rank 0
reductive group; ergo finite. Thus, all unipotent elements of CG(e) lie in R. Let g ∈ λ(t)CG(e)⊆ T̃ CG(e)
have abstract Jordan decomposition g = su with s semisimple and u unipotent. As s is semisimple, it lies
in a maximal torus T ′ of T̃ CG(e) and so there is some x ∈ T̃ CG(e) such that xsx−1

∈ T̃ . In fact, we can
assume without loss of generality that x ∈ CG(e), because T̃ is abelian. Then, because λ(t) normalises
CG(e), we see that xgx−1

∈ λ(t)CG(e). Since u is unipotent in T̃ CG(e) we obtain u ∈ CG(e), and thus
we get

xsx−1
= xgx−1(xux−1)−1

∈ λ(t)CG(e)∩ T̃ .
Hence

xsx−1
∈ T̃ ∩ λ(t)CG(e)= T̃ ∩ T̃ M ∩ λ(t)CG(e)= λ(t)T̃ ∩ λ(t)M = λ(t)[T̃ ∩M].

Then xux−1
∈ CG(xsx−1) = CG(λ(t)s ′) for some s ′ ∈ T̃ ∩ M . By the genericity condition on t , we

see that CG(λ(t)) = Mλ and so, by Theorem 3.5.3 of [Car93], CG(λ(t)s ′) ⊆ CG(λ(t)) = Mλ. Hence
xux−1

∈ M and xux−1
= 1. The result follows. □

Theorem 3.2. Let G/O be a connected reductive group with centre Z , let g be the Lie algebra of G, and
suppose q ∈O is considerate towards G over O. Suppose C ⊆NG,L is either 0 or a distinguished nilpotent
adjoint orbit. Then XC is smooth over O and there is a bijection between the connected components of
XC and the set of 80-twisted conjugacy classes of the group π0(CG(e)).

Proof. Consider first the case C = 0. Then XC =
{
(8, 0) ∈ SG,O

}
∼= G via the map projecting to the 8

coordinate. Since G is smooth, this proves the theorem.
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Keep the notation of before, with e a distinguished nilpotent element of g with associated cocharacter
λ :Gm→ T . After making some choice of

√
q ∈ F, set80=λ(

√
q). The centraliser CG(e) exhibits a Levi

decomposition CG(e)= MR with M reductive and R the unipotent radical. Because e is a distinguished
nilpotent element in g, we see that Z◦, the connected component of the identity of the centre Z of G, is a
maximal torus of M by Proposition 2.11(iii) of [FR08]. Since M/Z◦ is a split reductive group of rank 0,
it is finite; because unipotent radicals are connected, it is isomorphic to the component group A(e) of the
centraliser CG(e). We choose a set of representatives S such that M =

∐
s∈S s Z◦.

Define Y = M8× g(λ, 2). Since the characteristic l exceeds h, we see that M is a smooth subgroup
of G making Y a smooth F-scheme. It is clear that Y is a closed subscheme of SG , because if (m80, N )∈
M80× g(λ, 2) then

Ad(m80).N = Ad(m)Ad(80).N = Ad(m).q N = q N .

In fact, Y lies inside the irreducible component XC . The distinguished element e lies in the unique open
dense Pλ-orbit inside g(2, λ) (See, for example, Proposition 5.8.7b of [Car93]) and thus Pλ.[M80×{e}]
is a dense open subscheme of Y . As M80× {e} ⊆ p−1(C), we obtain Pλ.[M80× {e}] ⊆ p−1(C) and
consequently Y ⊆ XC . Define the morphism

f : G× Y → XC , (g, (8, N )) 7→ (g8g−1,Ad(g)N ).

As G× Y is a smooth variety, Lemma 2.8 implies the theorem provided we can show that f is a smooth
surjective morphism.

Surjectivity is equivalent to the statement that every pair (8, N ) ∈ XC is conjugate to a pair in Y .
To prove this, it suffices to show that 8 is conjugate to an element of M80 whenever (8, N ) ∈ XC . As
there is some Ad(g).e ∈ g upon which 8 acts as ultiplication by q, we see that 8 is conjugate to some
element of CG(e)80. By Lemma 3.1, then, 8 is conjugate to an element of M80, proving surjectivity.

We now proceed to prove that f is smooth. Consider the commutative diagram

G× Y XC

G×M80 G

f

where the vertical maps come from the “forget N” projections (g,m80, N ) ∈ G × Y 7→ (g,m80) ∈

G ×M80 and (8, N ) ∈ XC 7→8 ∈ G and the horizontal maps are defined via the conjugation action
of g ∈ G on Y , so that the diagram commutes. Choosing a set of representatives S of M/Z◦, the map
G×M80→ G factors through

G×M80 G

∐
s∈S

G× s Z◦80
∐
s

Z◦Gs80
m

where Gs80 denotes the conjugacy class of s80 in G. Each Z◦Gs80 defines a locally closed subvariety
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of G. If any two subschemes Z◦Gs80 and Z◦G t80 intersect in G, say x ∈ Z◦Gs80 ∩ Z◦G t80 , then

z1g1s80g−1
1 = x = z2g2t80g−1

2

implies that t80 = (z1z−1
2 )(g−1

2 g1)s80(g−1
2 g1)

−1; and thus leads us to Z◦Gs80 = Z◦G t80 as locally
closed subschemes of G. Thus, by possibly restricting to a subset S′ of the set of representatives S if
necessary, we can view

∐
s∈S′ Z◦Gs80 as a locally closed subscheme of G.

Because the map f : G× Y → XC is surjective, the map XC → G also factors through
∐

s∈S′
Z◦Gs80 ,

giving us the commutative diagram

G× Y XC

G×M80
∐

s∈S′
Z◦Gs80

f

m
(1)

We claim that this is a pullback square. Since e is distinguished, we see g(λ, 1) = 0 and thus each
simple root α has its corresponding character eigenspace gα either contained inside g(λ, 0) or g(λ, 2).
Hence, as every positive root is the sum of at most h − 1 simple roots (where h = hG is the Coxeter
number of G), we see that

{i ∈ Z : g(λ, i) ̸= 0} ⊆ 2Z∩ [−2h+ 2, 2h− 2].

Given that q is considerate towards G/F, it follows that the subspace of g upon which 80 = λ(
√

q) acts
as multiplication by q is precisely g(λ, 2).

Thus, if (g,8)∈G×M80 and (8′, N ′)∈ XC are such that g8g−1
=8′, then Ad(8)(Ad(g−1)N ′)=

qAd(g−1)N ′ and Ad(g−1)N ′ ∈ g(λ, 2) by the previous discussion. So the morphism(
(g,8), (8′, N ′)

)
→

(
g, (8,Ad(g−1)N ′)

)
gives an inverse to the natural morphism G × Y → (G × M80)×

∐
s Z◦Gs80

XC . This shows that the
commutative diagram (1) is a pullback square.

By the theory of homogeneous spaces, the bottom map m is flat with fibres isomorphic to StabG(80),
which are smooth group schemes. This shows that m is smooth. Hence, since f is the base change of
m to XC , by Proposition 10.1 of [Har77] we see that f is smooth. We conclude XC is smooth over F.

The statement on the number of connected components is Theorem 2.5 of [Sho24], and is included
for completeness. □

Remark. A question arises regarding the generality and necessity of the considerateness condition: When
exactly is q-considerateness a necessary condition for smoothness? As one can see in the proof, we used
considerateness to prove that G× Y was the pullback of the diagram

G× Y XC

G×M80 M.G80
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arising from the fact that {N ∈ g : Ad(80)N = q N } = g(λ, 2). When C is the regular nilpotent orbit,
g(λ, i) ̸= 0 for every i ∈ [−2h + 2, 2h − 2] ∩ 2Z, so we see that q-considerateness is precisely the
condition that {N ∈ g : Ad(80)N = q N } = g(λ, 2). When C is distinguished and nonregular, we have
g(λ, 2h− 2)= 0. Hence, there is some r < h, depending on the distinguished orbit C , such that if q ∈O
has the property that 1, q, . . . , qr are distinct, then XC is smooth via the above proof. This r can always
be taken to be

r = 1+max{i : g(λ, 2i) ̸= 0}.

Remark. Let X s
C be the image of f restricted to G× s Z◦80 (so that X s

C is an irreducible component of
XC ). Another way of interpreting the Cartesian diagram (1) is that X s

C → Z◦Gs80 is the total space of
the vector bundle on Z◦Gs80 whose fibre above 8 is ker(Ad(8)− q)⊆ g. In particular, we obtain:

Corollary 3.3. If C is a distinguished orbit and s,80 are as in the proof of Theorem 3.2, then X s
C is

described as the closed subscheme of G× g cut out by the equations

• Ad(8)N = q N and

• any set of equations describing the closed orbit Z◦Gs80 ⊆ G.

3.3. The converse nonsmoothness result. We now begin work towards the converse of Theorem 3.2.
Consider the situation described at the beginning of the chapter with reductive group G over an algebraically
closed field F with (almost) simple derived subgroup with maximal torus T , set of roots 5, a set of
simple roots 1⊆5, and a nilpotent element e with associated cocharacter λ. Let L be the smallest Levi
subgroup of G with e ∈ Lie(L), so that e is distinguished for L . Let 1L ⊆1 be the simple roots of L .

Theorem 3.4. Let G be as before. Suppose C ⊆NG is a nilpotent adjoint orbit, distinguished in a proper
and nontrivial Levi subgroup T ̸= L ⊊ G. Then XC ⊆ SG is singular.

Before proving this theorem, we need some terminology and a lemma. Let D = (1,6) be the Dynkin
diagram of G, and DL = (1L , 6L)⊆D the maximal subdiagram containing exactly the vertices1L . (Note
that D is connected when its derived subgroup is (almost) simple but DL may not be connected). Recall
that, given a distinguished nilpotent e, one can attach to each vertex β ∈1L the number <<α, λ>> ∈ {0, 2},
and this is called the weighted Dynkin diagram DL(e).

We call a root α ∈1L exposed if there is an edge in D connecting α to a root β ∈1 \1L .

Lemma 3.5. Any exposed root α ∈1L has <<α, λ>> = 2.

Proof. In the case of types A, B,C and D, either all simple factors of the Levi subgroup are of type A, or
exactly one of the almost simple factors of L is of type B,C, D, respectively. If all the simple factors of
the Levi subgroup are type A, then all roots α ∈1L have <<α, λ>> = 2 because all distinguished nilpotents
orbits are regular in type A. In the case with one factor of type B,C or D, the only “exposed” root of
this factor is on the end of the string, and one can see from the tables on pages 174 and 175 of [Car93]
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C2 ∗ 2 2 ∗

C3 2 2 2 ∗

C3(a1) 2 0 2 ∗

B3 ∗ 2 2 2

<

<

<

<

Figure 1. The distinguished weighted Dynkin diagrams of Levi subgroups of F4.

that, independent of the choice of distinguished nilpotent, this exposed root α always has <<α, λ>> = 2.
This proves the lemma in types A, B,C and D.

In type G2, the only proper Levi subgroups are of type A1, so all roots α ∈1M have <<α, λ>> = 2.
In type F4, there are three possibilities for a Levi factor not of type A, these being C2,C3 and B3. The

distinguished orbits of these Levi subgroups are described on pages 174 and 175 of [Car93] and are listed
in Figure 1. From this we directly see that all exposed roots have <<α, λ>> = 2.

In type El , there are three possibilities for the Levi subgroup types. Either there are only factors of
type A for which the result holds, or there is a unique factor of type Dn and n ≤ 7, or there is a factor of
type E6 or E7. In the case of a factor of type E6 or E7, the weighted Dynkin diagrams of distinguished
parabolic subgroups (of which there are 3 of type E6 and 6 of type E7) are listed on page 176 of [Car93],
from which it is clear that all exposed roots α have the desired property. See also the figures on page
1157.

This leaves only the case that L has a factor of type Dn . All distinguished orbits of Dn with n ≤ 7 are
listed on 1156, from whose table we see that all exposed roots have the desired property. □

Remark. In the description of nonregular distinguished parabolic subgroups in type Bl on page 175 of
[Car93], one requires k ≥ 2 (in the notation of the source) for the conditions to make sense, though this
isn’t explicit. In our application, the important fact is that for Bl with l = 3, the only distinguished orbit
is the regular orbit. This can also be seen from the description of distinguished orbits in Theorem 8.2.14
of [CM93] via partitions of 2l + 1= 7 into distinct odd parts.

Proof of Theorem 3.4. Consider a point P = (80, 0) ∈ XC with 80 ∈ T . Define four subvarieties of SG

that contain P as follows:

(1) Let O = G.P be the G-orbit of P .

(2) Let T̃ be the maximal torus of G seen as a closed subvariety of SG via the inclusion 8 7→ (8, 0).

(3) Let N0 = {N ∈ g : Ad(80)N = q N } viewed as a closed subvariety of SG via the inclusion N 7→
(80, N ).

(4) Let U0=U−∩StabG(P) where U− is the opposite unipotent subgroup to [B, B], viewed as a closed
subvariety of SG via the inclusion u 7→ (80u, 0).

Claim 1. The tangent spaces TPO, TP T̃ , TPN0 and TPU0 form a direct sum inside TP SG .
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Observe that TP(SG)⊆ TP(G× g)= g× g. We briefly describe TPO as a subspace of g×{0} (which
we will conflate with g as this shouldn’t cause confusion).

Consider the map f : G → G : g 7→ g80g−18−1
0 , comprised of the conjugation action of g on

80 followed by right multiplication by 8−1
0 (to ensure the identity is sent to the identity). Then O is

isomorphic to the set-theoretic image of f , which is a locally closed subscheme of G. The derivative
of this map is id− Ad(80) : g→ g, and it factors through g ↠ TPC ↪→ g. We hence see a natural
identification of TPO with im(id−Ad(80)).

We now proceed to prove the claim. Firstly, TP T̃ ∩TPU0={0} because Lie(T̃ )∩Lie; (U−)={0}. Next,
consider TPO∩(TP T̃ ⊕TPU0). Note that U0, T̃ ⊆ StabG(8)⊆G and TPStabG(80)= ker(id−Ad(80)).
Then because 80 is semisimple, the intersection of im(id−Ad(80)) and ker(id−Ad(80)) is trivial (this
is easily checked for GLn , and extended to all G because G can always be embedded into some GLN ).
Hence TP(StabG(80))∩ TPO = 0, and thus TPO∩ (TP T̃ ⊕ TPU0)= 0.

To show that TPN0 intersects TPO+ TP T̃ + TPU0 at the origin, it suffices to notice that an element
of TPC + TP T̃ + TPU0 takes the form P ′ = (8′, 0), while an element P ′ ∈ TPN0 takes the form
P ′ = (80, N ) ∈ SG(F[ϵ]/ϵ

2). For these to be equal, we must have 8′ =80 and N = 0, so P ′ = P . This
proves the claim.

Suppose that C ⊆ NG is an adjoint orbit, neither zero nor a distinguished nilpotent orbit as in the
hypothesis. Define e ∈ C , a choice of maximal torus and Borel T̃ ⊂ B, the associated cocharacter λ and
minimal Levi L ⊂ G, all as in the general setup. Set D = T̃ ∩ XC and N1 = N0 ∩ XC , and note that
U0,O ⊆ XC already. Our aim is to show that there is a point P ∈ XC such that

dimF(TPO)+ dimF(TP D)+ dimF(TPN1)+ dimF(TPU0) > dim(XC)= dim(G).

It is clear that whenever z ∈ ZL and µ ∈ F, the point (zλ(
√

q), µe) lies in XC . We choose the point
P = (80, 0) ∈ XC with 80 = zλ(

√
q) for some z ∈ ZL , which we will determine momentarily.

Regardless of the choice of z for now, recall the decomposition

Lie(L)=
⊕
i∈Z

gL(λ, i).

As gL(λ, 0) is a Levi subalgebra of Lie(L), there is a Levi subgroup M0 ⊂ L with Lie(M0)= gL(λ, 0).
It is clear that M0 ⊆ StabG(80). Observe also that gL(λ, 2) ⊆ N1 and ZL80 ⊆ D. We define positive
integers

(1) ϵ0 := dim(StabG(80))− dimF(gL(λ, 0))= dim(G)− dim(O)− dimF(gL(λ, 0)),

(2) ϵ1 := dimF(TP D)− dim(ZL),

(3) ϵ2 := dimF(TPN1)− dimF(gL(λ, 2)),

(4) ϵ3 := dimF(TPU0).

Putting this together, and using the fact that

dim(gL(λ, 0))= dim(gL(λ, 2))+ dim(ZL)
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G
L

a

Figure 2. An example of α in the case where G is of type E8 and L of type D4× A2.

because e is distinguished inside L (this follows from a generalisation of Lemma 8.2.1 in [CM93] to
reductive groups in good characteristic), we see that

dim(TP XC)≥ dim(TPO)+ dim(TP D)+ dim(TPN1)+ dim(TPU0)

≥ [dim(G)− dim(gL(λ, 0))− ϵ0] + [dim(ZL)+ ϵ1] + [dim(gL(λ, 2))+ ϵ2] + ϵ3

= dim(G)+ ϵ1+ ϵ2+ ϵ3− ϵ0.

Thus, it is enough to find some choice of z ∈ ZL such that ϵ1+ ϵ2+ ϵ3− ϵ0 > 0.
Fix some root α ∈1\1L adjacent to a root in 1L in the Dynkin diagram. See Figure 2 for an example.

There is a morphism of algebraic groups

B =
∏
β∈1

β : T̃ →
∏
β∈1

Gm

which is surjective and has kernel Z ⊂ T̃ . Because B is surjective, we can choose z ∈ T such that α(z)= 1
and β(z)=1 whenever β ∈1L (so that z∈ ZL ) and β(z)=q ̸=1 in all other cases. Consider80= zλ(

√
q).

Whenever γ ∈5+G is a positive root of G, it decomposes as a product of simple roots γ =
∏
β∈1 β

cβ ∈ X (T )
with

∑
β cβ < h. By design, each β(80) is either 1 or q , so γ (80) ∈ {1, q, q2, . . . , qh−1

}, and γ (80)= 1
if and only if all the simple roots with cβ ̸= 0 satisfy β(80)= 1.

Claim 2. If γ ∈5+G \5
+

L has γ (80)= 1, then γ = α.

If γ is simple, then γ = α by our choice of 80. Suppose for contradiction that γ is not simple. Then
it contains at least two simple roots in its decomposition, and one of these must be α, as otherwise all
simple roots are in 1L and γ ∈5+L . There must also be another root β ∈1L with cβ ̸= 0, and for γ to
be a root, there must be a path from α to β (in the Dynkin diagram) passing through vertexes β ′ with
cβ ′ ̸= 0, and each of these as such (since γ (80) = 1) has β ′(80) = 1. But as α ∈1 \1L and β ∈1L ,
at least one of the β ′ is an exposed root, and thus β ′(80)= q by Lemma 3.5. This is a contradiction. We
conclude that γ (80)= 1 implies either γ = α or γ ∈5+L . This proves the claim.

When β ∈5, denote the root subgroup of β by Uβ ≤G. By Theorem 3.5.3 of [Car93], the (connected)
centraliser of 80 is

CG(80)
◦
= << T̃ ,Uβ,U−β : β(80)= 1>> .
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The subgroup generated by T̃ and all Uβ with β(80)= 1 and β ∈5L is simply M◦0 , so we see that

CG(80)
◦
= << M◦0 ,Uα,U−α>>

and hence dim CG(80)= dim(M0)+ 2 (or, in other words, ϵ0 = 2).
The reflection sα ∈ N (T̃ )/T̃ acts on T̃ and stabilises 80; thus it acts on TP XC . Further, this action

preserves the subspaces TP D and TPN1. However, since α is adjacent to a simple root of L , the
reflection sα does not preserve the Levi subgroup L , and hence preserves neither ZL nor gL(λ, i),
and we see that sα(ZL) ̸= ZL and sα(gL(λ, 2)) ̸= gL(λ, 2), so that TP D ⊇ sα(TP ZL) ∪ TP ZL and
TPN1 ⊇ sα(TPgL(λ, 2))∪ TPgL(λ, 2), forcing ϵ1 > 0 and ϵ2 > 0 respectively.

For ϵ3, consider any choice of isomorphism u−α :Ga −→∼ U−α and the adjoint action of u−α(a) ∈U−α
on e =

∑
β eβ ∈ Lie(L). Because α is a simple root in 1G \1L , we see that[

e−α,
∑
β

eβ
]
=

∑
β

[e−α, eβ] = 0

and thus that Ad(u−α(a))e = e. Hence,{
(80u−α(a), µe) : a ∈ Ga, µ ∈ Gm

}
is a locally open subscheme of p−1(C), from which we see that (80u−α(ϵ), 0) is a deformation in TPU0,
forcing ϵ3 > 0.

We then obtain the inequality ϵ1+ ϵ2+ ϵ3− ϵ0 ≥ 3− 2= 1, proving that (80, 0) is a singular point
of XC . □

Example 1. Consider the group

G = GSp4(R)=
{

M ∈ GL4(R) : M�M−1
= λ� for some λ ∈ Gm(R)

}
, �=

( 1
1

−1
−1

)
,

where � is chosen so that a Borel subgroup can be given by the intersection of GSp4 with the upper
triangular matrices in GL4. We let L = GL2 ⊆ G be the Levi subgroup corresponding to the short root.
Then

e =
( 0 1

0 0
0 −1

0

)
is distinguished in L and the associated cocharacter is λ(t) = Diag(t, t−1, t, t−1). We choose 80 =

Diag(q, 1, 1, q−1) and α to be the root corresponding to the one-parameter subgroup defined as

Uα =

{( 1
1 ∗

1
1

)}
.

Explicitly, we now see that StabG(P)= Gm ×GL2. We can also describe the subvarieties:

ZL =

{((
ab

ab
ab−1

ab−1

)
, 0

)
: a, b ∈ Gm

}
,
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sα(ZL)=

{((
ab

ab−1

ab
ab−1

)
, 0

)
: a, b ∈ Gm

}
,

gL(λ, 2)=
{(
80,

( 0 a
0

0 −a
0

))
: a ∈ Ga

}
,

sα(gL(λ, 2))=
{(
80,

( 0 a
0 a

0
0

))
: a ∈ Ga

}
,

U0 =

{(( q
1
a 1

q−1

)
, 0

)
: a ∈ Ga

}
.

When we put all this together, we see the contribution from D,N1 and U0 is 6-dimensional, and thus

dim TP XC ≥ dim(GSp4)− dim(StabG(P))+ 6= dim(GSp4)+ 1.

We can piece Theorems 3.2 and 3.4 together:

Corollary 3.6. Let G be a connected reductive group over a field F of characteristic 0 or l, and suppose
Gad
=

∏
i Gi where each Gi has a (almost) simple derived subgroup. Suppose q is considerate towards

each Gi,F. Then the smooth irreducible components of SGad are precisely those of the form
∏

i X i where
each X i ⊆ SGi is a smooth irreducible component of SGi . That is, each X i corresponds to a distinguished
nilpotent orbit of Gi or the zero orbit. The smooth components of SG are precisely preimages the smooth
components of SGad under the obvious map SG→ SGad .

3.4. Distinguished orbits in type D and E. For the convenience of the reader in understanding Lemma 3.5,
we give in the Appendix a list of weighted Dynkin diagrams for all distinguished orbits in types Dn and
En with n ≤ 7.

4. Automorphic forms for unitary groups

We now turn to an application of the smoothness result found in Section 3. In this section, we define the
space of ordinary automorphic forms and the Hecke algebra attached to it. We then state a freeness result,
which we will prove in Section 5.4 (Theorem 5.13).

Let l be a prime. Suppose F+ is a totally real number field with an imaginary quadratic extension F
such that all primes v of F+ above l split in F . Let Sl be the set of all primes of F+ that lie above l.
Let L be a finite extension of Ql with ring of integers O and residue field F. Let L be a choice of
algebraic closure. We will assume that L is large enough that all embeddings F ↪→ L lie inside L . Let
c ∈ Gal(F/F+) be the unique nontrivial element, given by complex conjugation. For a ∈ F , we will
denote c(a) by ā when convenient.

4.1. Unitary groups. Consider a central simple algebra D/F of F-dimension n2, and let SD be a finite
set of primes of F+ that split in F . Suppose that

(1) D splits at all places w of F that do not lie above any place in SD;
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(2) there is an isomorphism Dop ∼= D⊗F,c F of F-algebras;

(3) the intersection SD ∩ Sl is empty;

(4) Dw is a division algebra at all places w of F above a place in SD;

(5) either n is odd, or n is even and 1
2 n[F+ :Q] + #SD ≡ 0 (mod 2).

Because of condition (1) (which ensures that all places in SD split), together with (2) and (5), we can
find an involution of the second kind on D by [CHT08, Section 3.3, p. 95]. That is, we may construct a
map

∗
: D→ D

such that

•
∗ is an F+ linear anti-automorphism of D,

• (a∗)∗ = a for all a ∈ D, and

• the involution ∗ coincides with complex conjugation when restricted to F .

In addition, we assume that this involution of the second kind is positive. That is, for any γ ∈ D \ {0},

trF :Q[trD/F (γ γ
∗)]> 0.

Such an involution gives rise to a positive Hermitian form << , >> : D× D→ D given by << x, y>> = x∗y.
Let OD be an order in D such that O∗D =OD and such that OD,v is a maximal order of Dv for any split

prime v of F+, as in Section 3.3 of [CHT08]. Define the unitary group over OF+ whose R-points (where
R is an OF+-algebra) are given by G D(R)= {g ∈ (OD ⊗OF+

R)× : g∗g = 1}. Then G D is an algebraic
group over OF+ . By the positivity condition, we have G D,v ∼=U (n) at each infinite place v of F+.

For each prime v of F+ that splits in F , choose a prime ṽ of F lying above v. This choice allows us
to give an isomorphism iṽ : G D(F+v )−→ (D⊗F Fṽ)× which restricts to an isomorphism G D(OF+,v)∼=

(OD,ṽ)
× as in Section 3.3 of [CHT08]. Note that when v /∈ SD is split in F , then G D is split, so that

G D(F+v )∼= (D⊗F+ F+v )
× ∼= (D⊗F Fṽ)× ∼= GLn(Fṽ). If T is a set of primes of F+ that splits in F , set

T̃ = {ṽ : v ∈ T }.

4.2. Automorphic forms of G D. We define the automorphic forms for G D as in [Gro99] and [CHT08].
To do this, we recall some facts from the representation theory of reductive groups.

Let G be a split reductive group defined over L , and let T ⊆ B ⊆ G be a choice of split maximal torus
and Borel subgroup of G. Recall that finite-dimensional simple modules of G are uniquely determined
by their highest weight in the character group of the torus X•(T ) := Hom(T,Gm), and that such a
representation exists if and only if this highest weight ν lies in a dominant Weyl chamber.

In the case of GLn and the standard upper Borel subgroup and maximal torus (defined over L), the set
of weights naturally corresponds to Zn , and the set of dominant weights is Zn

+
:= {ν = (ν1, . . . , νn) ∈ Zn

:

νi ≥ νi+1∀i}. We set the L-vector space Wν to be the irreducible representation of highest weight ν. We
will need to choose a O lattice of Wν , which we do in the style of [Ger19, Section 1.1] as follows. Note
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that GLn , B, and T are defined over O. For a dominant weight ν, set ξν to be the induced representation
IndGLn

B (w0(ν))/O of the algebraic group GLn/O defined as the functor whose R points are

IndG
B (w0(ν)) :=

{
f ∈ R[GLn] : f (bg)= w0(ν)(b). f (g)∀g ∈ GL(R), b ∈ B(R)

}
,

where w0 the longest element of the Weyl group. By Proposition II.2.2 and Corollary II.5.6 of [Jan03],
the representation ξν is irreducible of highest weight ν. We denote by Mν the representation given by the
O-points of ξν , so that Mν ⊗O L ∼= ξν(L)∼=Wν .

Remark. The presence of w0 is due to our convention that chooses B as the Borel of upper triangular
matrices, whereas Jantzen induces from the Borel of lower triangular matrices. These two choices of
Borel subgroup are related by w0.

The finite-dimensional algebraic representations in L vector spaces of G D,F+l
∼=

∏
w∈S̃l

GLn,Fw are
characterised by the sequence of dominant weights, one for each embedding corresponding to w ∈ S̃l . We
define the set as W = (Zn

+
)Hom(F+,L). For each µ ∈W , we can now define the algebraic representation of

G D/OF+
with highest weight µ by Mµ =

⊗
τ∈Hom(F+,L),O Mντ , and Wµ = Mµ⊗O L .

For each v ∈ SD , choose a finite-free O-module representation ρv : G D(OF+,v)→ GL(Mv) with open
kernel such that Mv ⊗ L is irreducible. Set M{ρv} =

⊗
v∈SD

Mv. We set Mµ,{ρv} = Mµ⊗M{ρv}.

Definition 4.1. Let λ = (µ, {ρv}) be as above. We define the space of automorphic forms for G D of
weight λ with A-coefficients Sλ(A), where A is an O-module, as the space of functions

f : G D(F+)\G D(A
∞

F+)→ Mλ⊗O A

such that there is an open compact subgroup

U ⊂ G D(A
∞,Sl
F+ )×G D(OF+,l)

with
u|Sl∪SD f (gu)= f (g)

for all g ∈ G D(A
∞

F+) and u ∈ U where u|Sl∪SD denotes the action of u on Mλ factoring through∏
v∈SD∪Sl

G D(F+v ).

Notice that Sλ(A) is a smooth representation of G D(A
∞

F+) under the action

(h. f )(g)= h|Sl∪SD f (gh).

(Again, h|Sl∪SD acts through the representation of G D(F+l )×
∏
v∈SD

G D(F+v ) on Mλ.) We denote by
Sλ(U, A)= Sλ(A)U the invariants under this action.

4.3. Hecke operators. For much of what remains, the argument will be a slight adaptation of that in
[Ger19], the important details of which can be found in Sections 2 and 4. Let T be a finite set of places
of F+ containing SD ∪ Sl such that all places in T split in F , and let T̃ be a set of primes of F above
those in T as defined before. Fix an open compact subgroup U =

∏
v Uv of G D(A

∞

F+) such that Uv is
hyperspecial at all places v outside T . Suppose further that U is sufficiently small; that is, there is a place
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v such that Uv contains no elements of finite order other than the identity. We define the Hecke operators
on the subspace Sλ(U, A).

Hecke operators at unramified places. Let v be a place of F+ split in F and ṽ be a place in F over v.
Let ϖṽ be a uniformiser. We can define the Hecke operators as the double coset operators

T (i)
v =

[
i−1
v

(
GLn(OF,ṽ)

(
ϖṽ Ii 0

0 In−i

)
GLn(OF,ṽ)

)
×U v

]
Hecke operators at places dividing l. At places dividing the residual characteristic of O, we set

α
(i)
ṽ
=

(
ϖṽ Ii 0

0 In−i

)
and U (i)

µ,ṽ
= (w0µv)(α

(i)
ṽ
)−1
[Uα(i)

ṽ
U ],

where w0 is the longest element of the Weyl group of GLn and µ = (µv) ∈ W with µv the dominant
weight for the corresponding embedding F+ ↪→ L .

We make the following adjustment to the group U .

Definition 4.2. For v a place of F+ above l and b a positive integer, let I b(ṽ) be the set of matrices in
GLn(OFṽ ) which are upper-triangular and unipotent mod ṽb. Define U (lb)=

∏
v∈Sl

i−1
v (I b(ṽ))×U l

⊆

G D(A
∞

F+) where U l denotes the product
∏
v∤l Uv.

In the case with the group U (lb), we further define the following diamond operators:

Definition 4.3. Let Tn be the maximal torus inside GLn as before. For v ∈ Sl , and u ∈ Tn(OFṽ ), define

<<u>> as the operator
[U (lb)uU (lb)]

on Sλ(U (lb), A). For u ∈ Tn(OF+,l)=
∏
v∈Sl

Tn(OFv )
∼=

∏
v∈Sl

Tn(OFṽ ), define <<u>> =
∏
v∈Sl

<<uṽ>> .

Let A be an O-algebra and M an A-module. Define the Hecke algebra TT
= TT (U (lb),M) as the

A-subalgebra of End(Sλ(U (lb),M)) generated by all the operators{(
T (i)
ṽ
, (T (n)

ṽ
)−1)
: v /∈ T split in F} ∪

{
U (i)
µ,ṽ
: v ∈ Sl

}
∪

{
<<u>> : u ∈ Tn(OF+,l)

}
.

Notice that the map u 7→ <<u>> defines a group homomorphism

Tn(OF+,l)→ TT (U (lb),M)×

which factors through Tn(OF+,l/ lb)=
∏
v∈Sl

Tn(OF+,v/v
b).

4.4. Big ordinary Hecke algebras and the action of 3. From this point on, we wish to focus on the
cases where A ∈Mod O is one of O, L/O or a finite module O/πnO.

Recall from Hida theory, as fully explained in Section 2.4 of [Ger19], that for any place v ∈ Sl

and any i , the operator e(i)v := limn→∞(U
(i)
µ,ṽ
)n! is a projection on Sλ(U, A). We can further define the

projection e =
∏
v,i e(i)v . We define the ordinary submodule Sord

λ (U, A) := e.Sλ(U, A) as the image of
this projection. Since all the Hecke operators commute, this is a Hecke invariant submodule. We also
define TT,ord(U (lb), A)= eTT (U (lb), A).
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Definition 4.4. Let Tn be the maximal torus of GLn as before. For b ≥ 1, let Tn(lb) be the kernel of
Tn(OF+,l)→ Tn(O/ lb). We define 3 as the algebra

3=O[[Tn(l)]] = lim
←−−b′≥1 O[Tn(l)/Tn(lb′)].

We denote by aN the kernel of the map 3→O[Tn(l)/Tn(l N )]. Since U is sufficiently small, we see
Sord
λ (U (lb,c), A) is a free 3/ab-module, through the action of Tn(OF+,l), and hence we have an inclusion
3/ab ↪→ T(U (lb), L/O) by Proposition 2.20 of [Ger19].

4.4.1. Infinite level. We need to consider the big ordinary Hecke algebra. Set

TT,ord(U (l∞), A)= lim
←−−b>0 TT,ord(U (lb), A) and Sord(U (l∞), A)= lim

−−→b>0 Sord(U (lb), A).

Because of the inclusions 3/ab ↪→TT,ord(U (lb,c), L/O), we get an inclusion 3 ↪→TT,ord(U (l∞), L/O),
and we see that Sord(U (l∞), L/O) is a discrete 3-module, so its Pontryagin dual is a compact 3-module.
(and in fact is finite free, by Proposition 2.20 of [Ger19] since we assume U (l) is sufficiently small.)

We can now give a statement of a theorem that we prove by the application of Theorem 3.2. Under
certain hypotheses, to be determined in Section 5, we have:

Theorem 5.13. The TT,ord(U (l∞), L/O)-module Sord(U (l∞), L/O)∨ is locally free over the generic
fibre TT,ord(U (l∞), L/O)[1/ l].

Therefore the multiplicity of Sord(U (l∞), L/O)∨ is the same at every point of TT,ord(U (l∞), L/O) of
characteristic zero, and thus we expect the multiplicity of nonclassical points (those corresponding to
Hida families of ordinary automorphic forms) is the same as at classical automorphic forms in Sλ(U, A).

5. Galois representations and deformation rings

5.1. Local deformation rings. In this section, we let G F+ and G F be the absolute Galois groups of F+

and F , and G F+,v, G F,w be the decomposition groups at the places v,w of F+ and F .
We now define a deformation problem. Let v ∈ SD with residue field of size qv , and let XSt ⊆ SGLn be

the irreducible component corresponding to the regular nilpotent orbit. We say that an n-dimensional
representation ρ : G F+,v → GLn(A) is Steinberg if the representation ρ lies in the A-points of this
irreducible component XSt. When A is a field of characteristic zero and W D(ρ)= (r, N ) is the Weil–
Deligne representation obtained from ρ, then this condition is equivalent to the condition r being
unramified and the eigenvalues of r(Frobqv ) are in the ratio qn−1

v : qn−2
v : · · · : qv : 1.

Let CO be the category of local Artinian O-algebras with residue field F, (that is, the category of
coefficient rings as defined in Mazur’s article in [CSS97]). For each v ∈ SD and Steinberg representation
ρ̄v : G F,ṽ→ GLn(F) define a functor

Dn,□
ρ̄v
: CO→Set, A 7→ {Steinberg liftings of ρ̄v to A}.

This functor is pro-representable by the complete Noetherian local ring R□,st
v :=O∧XSt,ρ̄

. When we view
XSt as a scheme over L , Theorem 3.2 tells us, since q is not a root of unity in L , and is therefore
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considerate towards GL , that any localisation of R□,st
v [1/ l] is a regular ring and thus that R□,st

v [1/ l] is
regular.

We recall the definition of r̃ -discrete series representations found in Section 2.4.5 in [CHT08].

Definition 5.1. Let r̃v : G F,ṽ→ GLd(O) be a representation with the following properties:

(1) r̃v ⊗ F is absolutely irreducible (F the residue field of O).

(2) Every irreducible subquotient of (r̃v ⊗ F)|Iṽ is absolutely irreducible.

(3) r̃ ⊗ F ̸∼= r̃ ⊗ F(i) for each i = 0, . . . ,m, where _(i) denotes the twist by the unramified character
sending Frob to q i .

Whenever R is an O algebra, we say that ρ : G F,ṽ→ GLmd(R) is an r̃ -discrete series representation if
there is a decreasing filtration {Fili } of ρ by R-direct summands such that

griρ ∼= gr0ρ(i) for i = 0, . . . ,m− 1 and gr0ρ|I,ṽ ∼= r̃ |I,ṽ ⊗O R.

Proposition 5.2. Suppose l > hG . Let r̃ be a rank-d representation as above, and let n be an integer with
d|n. Let X r̃ ,n be the moduli space of framed r̃-discrete series representations of rank n, defined over O.
Then the base change (X r̃ ,n)L is smooth over L.

Proof. Let Sr̃ be the moduli stack over O of n-dimensional r̃-discrete representations, so that Sr̃ ∼=

[X r̃/GLn], and let S1 be the stack of m := n/d-dimensional 1-discrete series representations. Let
SWD

r̃ be the stack over L whose groupoid over R consists of objects (ρ ′, N ), where ρ ′ is r̃-discrete
series representation of rank n = dm with open kernel, and N is an element of EndR(Rn) such that
ρ ′Nρ ′−1

= qνN . Define SWD
1 analogously. Let tl be the homomorphism tl : I→ Zl sending any lift of the

topological generator of tame inertia to 1∈Zl . Recall that there is a morphism SWD
r̃ → Sr̃ given by (ρ ′, N )

is sent to the unique representation ρ given by ρ(g)=ρ ′(g) exp(tl(g)N ) for g ∈ I and ρ(Frob)=ρ ′(Frob).
Recall that this is an isomorphism on the base change to L .

Then we have an morphism of algebraic stacks SWD
1 → SWD

r̃ given by (ρ ′, N ) 7→ (ρ ′, N )⊗ r̃ . We claim
that this is an isomorphism. By an exercise in Clifford theory and by assumptions on r̃ , the restriction
r̃ |I can be written as a direct sum of pairwise nonisomorphic absolutely irreducible I -representations
τ ⊕ τFrob

⊕ · · · ⊕ τFrobk−1
for some k ∈ N. As ρ ′ is 1-discrete series in characteristic zero, we see that

(ρ ′⊗ r̃)|I ∼= m(τ ⊕ τFrob
⊕ · · ·⊕ τFrobk−1

). Let Vr̃ (R)= EndR[I ](r̃m) be the space of I -equivariant maps
of any representation in SWDr̃ (R), and define V1(R)= EndR[I ](1m) similarly. The map

V1(R)→ Vr̃ (R), N 7→ N ⊗ idr̃ , (2)

is injective, and hence is isomorphic onto its image. We claim that if (ρ, N ) ∈ SWD
r̃ (R), then N is in the

image of this map.
First, note that N is I -equivariant. We calculate using Schur’s lemma that Vr̃ (R) ∼= Mm(R)k , since

each τFrobi
is absolutely irreducible, and we see that the above map corresponds to the diagonal map

1 : Mm(R)→ Mm(R)k .
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The space Vr̃ (R) has a natural action of Frobenius on it, and under this action N = (N1, . . . , Nk) ∈

Mm(R)k has Frob.(N1, . . . , Nk) = q(N1, . . . , Nk). Notice that Frob induces an isomorphism of the
underlying spaces τm

→ (τFrob)m , which gives us a commutative diagram

τm (τFrob)m

τm (τFrob)m

Frob

N1 q N2

Frob

(3)

Hence, we see (q N2, . . . , q Nk, q N1)=q(N1, . . . , Nk−1, Nk), and thus N lies in the image of the diagonal
map. This proves the claim.

Let χr̃ = HomI (τ, r̃). This is an unramified character. We claim that (HomI (τ, _)⊗ χ−1
r̃ ,1−1) :

SWD
r̃ → SWD

1 is an inverse defining the equivalence.
We first show that the composition SWD

r̃ (R)→ SWD
1 (R)→ SWD

r̃ (R) is the identity. For (2, N ) ∈
SWD

r̃ (R), the previous claim gives us an isomorphism on the N -part of the stacks SWD
r̃ (R), so we focus

on the representation part. Since I acts through a finite quotient, and R is an algebra over a field
of characteristic zero, we see that 2 is semisimple and hence we get a sequence of I -representation
isomorphisms:

2∼=
k−1⊕
i=0

HomI (τ
Frobi

,2)⊗χ−1
r̃ ⊗ τ

Frobi

∼= HomI (τ,2)⊗χ
−1
r̃ ⊗

k−1⊕
i=0

τFrobi
∼= HomI (τ,2)⊗χ

−1
r̃ ⊗ r̃ .

To show this isomorphism also respects the WF -action, we observe that each graded part of 2 has
gri (2)∼= r̃ ⊗χ(i), where χ is some unramified character. Then we obtain

HomL[I ](τ, gri (2))∼= HomL[I ](τ, r̃ ⊗χ(i))∼= r̃ ⊗χ(i),

so that both sides of the isomorphism are naturally r̃⊗χ(i) as WF -representations. Hence, the composition
SWD

r̃ (R)→ SWD
1 (R)→ SWD

r̃ (R) is the identity.
To show that SWD

1 (R)→ SWD
r̃ (R)→ SWD

1 (R) is the identity, let ρ ∈ S1(R). Then the natural map

ρ→ HomI (τ, ρ⊗ r̃), v 7→ {w 7→ v⊗w}, (4)

defines an I isomorphism. So we need only check that ρ⊗χr̃ and HomI (τ, ρ⊗ r̃) have the same action
of Frobenius. This can be checked again, by looking at the character gri (ρ). Hence, we have exhibited an
equivalence of categories S1↔ Sr̃ .

Given a choice of Frobenius Frob and a topological generator s of the tame inertia group we can
explicitly write an isomorphism of stacks

S1
∼= [XSt/GLm],

ρ 7→
(
ρ(Frob), log(ρ(s))

)
,

ρ8(Frobnx)=8n exp(Ntl(x)) 7→(8, N ).



1148 Daniel Funck

As (XSt)L is a smooth scheme by Theorem 3.2, this shows that S1[1/ l] is a smooth stack, and thus that
Sr̃ [1/ l] and (X r̃ ,n)L are smooth. □

In light of this proposition, if ρ̄ : G F,ṽ→ GLn(F) is an r̃ -discrete series representation, we let R□,r̃
v be

the universal lifting ring of r̃-discrete series representations. By the proposition, the ring R□,r̃
v [1/ l] is

regular at every maximal ideal.

5.1.1. Deformation rings at primes above l. For v ∈ Sl , let I ṽ be the inertia subgroup of Gab
F,ṽ , let I ṽ(l)

be the pro-l part, and let 3ṽ :=O[[I ṽ(l)n]], which we can identify with the universal lifting algebra of an
ordered set of inertial characters {χ̄i : Iṽ→ F×}i=1,...,n . Following chapter 3 of [Ger19] we can define a
lifting 3ṽ-algebra R△v as follows.

Take the universal lifting ring R□,3
v , so that a morphism r : R□,3

v → A corresponds to a pair
(ρ, {χi }i=1,...,n) consisting of a representation ρ : Gv→ GLn(A) lifting ρ̄ and a sequence of characters
χi : Iṽ→ A×. Let Flag be the flag variety defined over O. There is a subscheme G of Flag ×O Spec R□,3

v

whose A-points are the triples (Fil, ρ, {χi })∈ (Flag×OSpec R□)(A) such that ρ :Gv→GLn(A) preserves
the filtration Fil on An , and such that the action of Iṽ on the graded part Fil j/Fil j−1 is χ j . Then R△v is
defined as the image of the natural morphism R□,3

v → 0(G,OG).
By Lemma 3.3 of [Ger19], the morphism R□

v →O corresponding to a representation ρ :Gv→GLn(O)
factors through R△v if and only if ρ is GLn(O)-conjugate to an upper triangular representation with
diagonal characters equal to χ1, . . . , χn when restricted to inertia.

Definition 5.3. If A is a Zl-algebra and v ∈ Sl , we call a representation ρ : Gv→ GLn(A) ordinary if it
is GLn(A)-conjugate to an upper triangular matrix. Likewise, if ρ : Gal(F : F)→ GLn(A) is a global
Galois representation, we say ρ is ordinary if ρ|Gv

is ordinary at all places v ∈ Sl .

In this terminology, the fact above can be restated by saying that a point x : R□
v →O factors though

R△v if and only if the corresponding representation ρx is ordinary.

Lemma 5.4. Suppose that ρ̄v : G F,ṽ → GLn(F) is an ordinary Galois representation with diagonal
characters χ̄1, χ̄2, . . . , χ̄n such that no pair i < j has χi = εχ j , where ε is the cyclotomic character. Then
R△v [1/ l] is formally smooth of dimension [Fṽ :Ql]

1
2 n(n+ 1)+ n2 over L.

Proof. This follows from Lemmas 3.17 and 3.7 of [Ger19]. (To apply Lemma 3.17 as stated there, one
must note that Gar is a union of irreducible components of G and ρ̄v lies in the open subset of G[1/ l]
whose closure is defined to be Gar . Thus R△,ar

v = R△v .) □

5.2. Local-global compatibility. We start by introducing the group Gn from [CHT08], defined as the
group scheme that is the semidirect product of GLn ×GL1 with C2 = {1, j}, where j acts as

j (g, µ) j−1
= (µ(g−1)T, µ).

By Lemma 2.1.1 of [CHT08], representations r : G F+→ Gn(R) such that r−1(GLn(R)×GL1(R))= G F

are in correspondence with pairs (ρ, χ), where ρ is an n-dimensional representation of G F and χ is a
character of G F+ such that ρc ∼= χρ∨ and c ∈ G F+ is sent to j .
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For brevity, whenever we have a homomorphism r : G F+→ Gn(R) and a subgroup H ⊂ G F+ , we use
r |H to mean restriction to H , followed by projection to GLn . Typically, H will be the subgroup G F or its
localisations G F,w.

Proposition 5.5. Suppose that m⊴ TT,ord(U (l∞),O) is a maximal ideal with residue field F. Then there
is a unique continuous semisimple representation

r̄m : G F → GLn(F)

satisfying the following conditions:

(1) r̄ c
m
∼= r̄∨m ⊗ ε

1−n .

(2) r̄m|w is unramified at all places v of F+ outside T .

(3) If v additionally splits as v = wwc in F , then the characteristic polynomial of r̄m(Frobw) is

Xn
− T (1)

w Xn−1
+ · · ·+ (−1) j N (w)

1
2 j ( j−1)T ( j)

w Xn− j
+ · · ·+ (−1)n N (w)

1
2 n(n−1)T (n)

w

modulo m.

(4) Let r̃ṽ : G F → GLmv
(O) be constructed from the smooth representation ρv : G D(F+v )→ GL(Mv)

via the Jacquet–Langlands and local Langlands correspondences, as in [CHT08, Section 3.3, p. 97].
If v ∈ SD and Uv = G D(OF+,v), then r̄m|G F,v is r̃ṽ-discrete series.

Proof. We prove only (4), the other statements amounting to Proposition 2.28 in [Ger19]. By the argument
in the proof of that same proposition, the maximal ideals of T are in bijection with those of T/m3. Hence,
(4) follows from the classical situation (that is, usual automorphic forms for G D rather than Hida families
of ordinary automorphic forms). The proof of this can be found in Proposition 3.4.2 of [CHT08]. □

Proposition 5.6. If m is non-Eisenstein (that is, if r̄m is irreducible), then r̄m can be extended to a
representation r̄m : G F+→ Gn(F), which in turn can be lifted to a representation

rm : G F+→ Gn
(
TT,ord(U (l∞),O)m

)
with the following properties:

(1) If ν :Gn→GL1 is the second projection, then ν◦rm= ε1−nδ
µm

F/F+ , where ε is the cyclotomic character,
δF/F+ is the nontrivial character of G F+/G F , and µm ∈ Z/2.

(2) r̄m|ṽ is unramified at all places v /∈ T .

(3) If v in addition splits as v = wwc in F , then the characteristic polynomial of r̄m(Frobw) is

Xn
− T (1)

w Xn−1
+ · · ·+ (−1) j N (w)

1
2 j ( j−1)T ( j)

w Xn− j
+ · · ·+ (−1)n N (w)

1
2 n(n−1)T (n)

w .

(4) If v ∈ SD , then rm|G F,ṽ is r̃ṽ-discrete series.
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Proof. As with the previous proposition, this is Proposition 2.29 in [Ger19] along with the additional
(4), which we prove. By the proof of Proposition 2.29 of [Ger19], we may find a sequence of maximal
ideals mb ⊂ TT,ord(U (lb),O) such that Tm = lim

←−−b TT,ord(U (lb),O)mb , and we define rm = lim
←−−b rmb . By

Lemma 3.4.4 of [CHT08], each rmb |G F,ṽ is r̃ṽ-discrete series, and so now it remains to show that rm |G F,ṽ

is, too. Since

rmb ⊗TT,ord(U (lc,c),O)mc = rmc

whenever b > c, the filtration Filib on rmb descends to a filtration Filib⊗TT,ord(U (lc,c),O)mc on rmc , and
the graded parts have

[gri (rm,b)]⊗TT,ord(U (lc,c),O)mc
∼= gri
[rm,b⊗TT,ord(U (lc,c),O)mc ].

It follows that Filib⊗TT,ord(U (lc,c),O)mc is a defining filtration on rmc . From Lemma 2.4.25 of [CHT08],
such a filtration is unique, so we have a compatible system of filtrations on the rmb which lift to a filtration
on rm|G F,ṽ . We see from this compatibility that gri (rm) = lim

←−−b gri (rmb), and so rm|G F,ṽ is r̃ṽ-discrete
series. □

To complete the results we need for local-global compatibility, we need the following lemma:

Lemma 5.7. Let ṽ ∈ S̃l , and let R△
ṽ

be as before. Then there is a map R△
ṽ
→ TT,ord(U (l∞),O)m such

that
G F,ṽ Gn(R

△

ṽ
)

Gn
(
TT,ord(U (l∞))

)
ρ△

rm

commutes.

Proof. This follows directly from Corollary 4.3 of [Ger19]. □

5.3. Global deformation rings. Let F/F+ and let ρ̄ : G F → GLn(F) be a representation with local
representations ρw = ρ̄|G F,w , where w is a place of F . Let R be the set of places v of F+ such that v
splits and there is a place w of F above v where ρ ramifies. Set T = Sl ⊔ SD ⊔ R, and define T̃ as before.
We make the following assumptions:

• The representation ρ̄ is an irreducible automorphic representation. That is, there is a non-Eisenstein
maximal ideal m⊴ TT,ord(U (l∞),O) such that ρ̄ ∼= r̄m.

• The subgroup ρ(G F+(ζl ))⊆ Gn(F) is adequate in the sense of Definition 2.3 of [Tho12].

• The representation ρ̄ is unramified outside T̃ .

• At any place v ∈ R, any lift of ρ̄v to Ql is nondegenerate in the sense of Section 3.3 of [Sho18]; in
particular they lie on a single irreducible component of Loc□

GLn,Ql
.

• For each v ∈ Sl , we have HomG F,ṽ (ρ̄ṽ, ρ̄ṽε)= 0, for ε the cyclotomic character.



The unipotent component of the moduli space of Weil–Deligne representations 1151

As ρ̄∼= r̄m is irreducible, it can be extended to a representation ρ̄ :G F+→Gn(F) such that ν◦ρ̄=ε1−nδ
µm

F/F+

via Proposition 5.6. We fix such an extension.
For each v ∈ T , define R□

v as the framed deformation ring for ρ̄ṽ. Set

Rloc
:=

( ⊗̂
O

v∈Sl

R△v
)
⊗̂O

( ⊗̂
O

v∈SD

R□,r̃ṽ
v

)
⊗̂O

( ⊗̂
O

v∈R
R□
v

)
as the local deformation ring for ρ̄. Our first observation is that, since each R△v is a 3ṽ-module, the
algebra Rloc inherits the structure of a

⊗̂
v∈Sl

3ṽ ∼= 3-module. The isomorphism
⊗̂
v∈Sl

3ṽ ∼= 3 is inherited
from the group isomorphisms

Tn(fl)∼=
∏
v∈Sl

TnOF+,v(l)∼=
∏
v∈Sl

TnOF,ṽ(l)∼=
∏
v∈Sl

I ṽ(l)n

where the final isomorphism is given by the Artin map of local class field theory.

Lemma 5.8. The ring Rloc
[1/ l] is regular.

Proof. Recall the construction of the complete ring R△v as the image of R□,3
v = R□

v ⊗̂O3v in the global
sections of G ⊆ Flag ×O R□,3

v . We “decomplete” R△v as follows: R□
v is the completion of a local ring R̃□

v

at a closed point on a finite-type scheme over O. The ring 3v =O[[I ṽ(l)n]] is a completed group algebra
of a group which is topologically finitely generated, generated by a fixed choice of generators {si }. So we
can choose a subring 3̃v =O[s±1

i ]/ << relations>> ⊆3v of finite type over O which is dense in 3v. Thus,
there is a ring R̃□,3

v of finite type over O whose completion is R□,3
v .

We can define a closed subscheme G̃ ⊆ Flag ×O Spec(R̃□,3
v ) cut out by the same equations for G as in

the definition of R△v . Of course, there is a natural commutative diagram

R̃□,3
v O(G̃)

R□,3
v O(G)

φ̃

φ

We set R̃△v as the image of φ̃. It is a finite-type ring over O and, since the equations defining G ⊆
Flag × Spec(R□,3

v ) are rational (that is, the defining ideal I equals ĨOFlag×Spec(R□,3
v )

for some ideal
Ĩ ⊆ Flag ×Spec(R̃□,3

v )), the image im(φ)= R△v is a completion of R̃△v .
It follows that each of R□

v , R□,r̃ṽ
v and R△v (for v ∈ R, SD, Sl respectively) is a completion of a local

ring at a closed point Pv on a finite-type O-scheme Xv. By the last two hypotheses on ρ̄ listed above,
Lemma 5.4 and Proposition 3.6 of [Sho18], we see that R△v [1/ l] (for v ∈ Sl) is regular and R□

v [1/ l]
(for v ∈ R) is formally smooth. Thus, the closed points Pv on Xv (where v ∈ Sl ∪ R) lie on an open
subscheme Uv ⊆ Xv whose generic fibre Uv[1/ l] is smooth over L . By Proposition 5.2, the same is true
for R□,r̃ṽ

v for v ∈ SD . Set

R̃loc
:=

( ⊗
O,v∈Sl

R̃△v
)
⊗O

( ⊗
O,v∈SD

R̃□,r̃ṽ
v

)
⊗O

( ⊗
O,v∈R

R̃□
v

)
.
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Then R̃loc is of finite type over O and has a maximal ideal m, corresponding to the closed point (Pv)v,
with respect to which Rloc is the m-adic completion. In addition, R̃loc

[1/ l] is a regular L-algebra. To
show that Rloc

[1/ l] is a regular ring is now a simple application of Lemma 2.9 and [Stacks, 07NY]. □

In fact, the same argument shows that R∞[1/ l] is a regular ring whenever R∞ is a power series ring
in a finite number of variables with coefficients in Rloc.

Let S be the tuple

S =
(
F/F+, T, T̃ , ε1−nδ

µm
F/F+, {R

△,ar
v : v ∈ Sl}, {R□,st

v : v ∈ SD}, {R□
v : v ∈ R}

)
and say that ρ : G F+→ G(A) is a lifting of ρ̄ to A ∈ C3 of type S if it has the following properties:

(1) ρ|G F lifts r̄m .

(2) ρ is unramified outside T .

(3) For v ∈ SD , the local representation ρv is r̃ -discrete series and gives rise to the morphism R□
v → A

which factors through R□,r̃
v .

(4) For v ∈ Sl , the restriction ρv and the 3-structure on A give a morphism R□
v ⊗3→ A which factors

through R△v .

(5) ν ◦ ρ = ε1−nδ
µm
F/F+ .

By Proposition 2.2.9 of [CHT08], we can construct the universal deformation ring Runiv
S and the universal

lifting ring R□
S .

Let h0 = [F+ :Q] · 1
2 n(n− 1)+[F+ :Q] · 1

2 n(1− (−1)µm−1) and let h be an integer larger than both
h0 and dim

[
H 1

L⊥(G F+,T , ad ρ̄(1))
]
. (Here, the space H 1

L⊥(G F+,T , ad ρ̄(1)) is a particular subspace of
the cohomology group H 1(G F+,T , ad ρ̄(1)) of the Galois group G F+,T of the maximal extension of F+

unramified outside of T , defined in Proposition 4.4 of [Tho12].)
After Thorne [Tho12], we will call a triple (Q, Q̃, {ψ̄v}v∈Q) a Taylor–Wiles triple if

(1) Q is a set of primes of F+ which split in F ,

(2) l|NmF+(v)− 1 for each v ∈ Q,

(3) |Q| = h,

(4) Q̃ is the set {ṽ|v ∈ Q}, and

(5) for each v ∈ Q, the representation ρ̄|Gv
splits as a direct sum into s̄v⊕ ψ̄v where ψ̄v is a generalised

eigenspace with eigenvalue ᾱv ∈ F of dimension dv.

For any Taylor–Wiles set Q we can define a deformation problem S(Q) that is the same as S, but
now we allow ρṽ, for v ∈ Q, to ramify in the following way: ρṽ splits as a direct sum s ⊕ψ , and the
two summands lift to s̄ and ψ̄ in such a way that s is unramified and ψ |Iv : Iv→ GLdv factors through
the scalar action on the underlying representation space. Using Proposition 2.2.9 in [CHT08] again, we
can now take the universal deformation ring Runiv

S(Q). Because stipulating that the local deformations at

https://stacks.math.columbia.edu/tag/07NY
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Taylor–Wiles primes are unramified is a closed condition, this presents us with a surjection Runiv
S(Q)↠ Runiv

S .
We also have a natural map Rloc

→ Runiv
S(Q) given by restrictions to the local subgroups at the level of

functors.

Proposition 5.9. For each N ∈ N, we can find a Taylor–Wiles triple (QN , Q̃N , {ψ̄v}v∈Q) such that
l N
||NmF (v)− 1 for all v ∈ QN and the global deformation ring Runiv

S(Q) can be topologically generated
over Rloc by h− h0 generators.

Proof. This follows from Lemma 4.4 of [Tho12] applied in the case of Theorem 8.6. □

In light of this proposition, set R∞ = Rloc
[[X1, . . . , Xh]], set RN = Runiv

S(QN )
, and set R0 = Runiv

S so that
we have surjections R∞↠ RN and RN ↠ R0.

We now define some important subgroups of G D(A
∞

F+).

Definition 5.10. For v ∈ QN , suppose that r̄ |v = s̄⊕ ψ̄ as before, with ψ̄ a dv-dimensional semisimple
unramified representation with all Frobenius eigenvalues equal. We take the group Ui (ṽ) to be the
subgroup of Uv ⊆ G D(F+v ) (identified with GLn(Fṽ) via the isomorphism iṽ) of elements that take the
form (

ϖṽ∗ ∗

0 aIdv

)
modulo ṽ with a ≡ 1 mod ṽ when i = 1, and arbitrary when i = 0. Set Ui (Q)=U Q

×
∏
v∈Q Ui (ṽ)⊆

G D(A
∞

F+).

Let 1N be the maximal l-power quotient of U0(QN )/U1(QN ) ∼=
∏
v∈QN

k(ṽ)×. We may view 1N

as the maximal l-quotient of
∏
v∈QN

k(ṽ)× ∼= (Z/ l N )q . We claim there is an action of 1N on the ring
Runiv
S(Q). The map det ◦runiv

N : IF,ṽ → (Runiv
S(Q))

× given by the determinant of the universal deformation
runiv

N := runiv
S(QN ),ρ̄

factors through the kernel of (Runiv
S(Q))

×
→ F×, which is an abelian l-power group. By

local class field theory, there is an isomorphism IFab,ṽ→O×F,ṽ , and the l-power quotient of this group is
the l-power quotient of k(ṽ)×. Hence we see that there is a map 1N → (Runiv

S(QN )
)× and thus a ring map

3[1N ] → Runiv
S(Q), so that Runiv

S(QN )
inherits the structure of a finitely generated 3[1N ]-algebra. If aN is

the augmentation ideal of 3[1N ], then Runiv
S(QN )

/aN is the ring of the universal deformation ring which
parametrises Galois deformations of type S. (These deformations are required to be unramified at places
above QN .) Note that 1N ∼= (Z/ lnZ)h by our choice of QN .

As in Sections 4.3 and 4.4, we can construct the Hecke operators

TT∪QN ,ord(U1(QN )(l∞),O
)

and, through a map TT∪QN ,ord
(
U1(QN )(l∞),O

)
→ TT,ord(U (l∞),O), we can lift our choice of maximal

idealm to a maximal idealmN ⊂TT∪QN ,ord(U1(QN )(l∞),O). Set TN ,1 :=TT∪QN ,ord(U1(QN )(l∞),O)∧mN

as the mN -adic completion. As in Proposition 5.6, we can construct a representation rmN :G F+→Gn(TN ,1)

which by the proof of Theorem 6.8 of [Tho12] gives us an S(QN )-lifting of ρ̄. Hence, we get a surjection
Runiv
S(Q) ↠ TN ,1 for each N .
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5.4. Patching. We now define a module HN over TT∪QN ,ord(U1(QN )(l∞),O)m for each set QN , and
quote a patching theorem that will allow us to construct the patched “limit” module H∞, which we use to
prove our local freeness result.

Define the space of automorphic forms Sord(Ui (QN )(l∞), L/O)m as before and set

H0 = Sord(U (l∞), L/O)∨m .

In Proposition 5.9 of [Tho12], Thorne describes a projection Prv on Sord(Ui (QN )(l∞), L/O)m and,
later on, modules

Hi,N :=
∏
v∈QN

Prv
[
Sord(Ui (QN )(l∞), L/O)m

]∨
with the following properties:

Proposition 5.11 [Tho12, part of proof of Theorem 6.8]. (1) H1,QN is a free 3[1QN ]-module and
restriction to Sord

(
U0(QN )(l∞), L/O

)
m gives an isomorphism H1,QN /aN ∼= H0,QN .

(2) The map ( ∏
v∈QN

Pr
ṽ

)∨
: H0,QN → H0

is an isomorphism.

Theorem 5.12 (patching). Let R ↠T be a surjective3-algebra homomorphism with T a finite3-algebra.
Define SN = 3[(Z/ lnZ)h] ∼= 3[1QN ] with augmentation ideal aN and define the inverse limit S′

∞
:=

lim
←−−

3[1QN ]
∼= 3[[Y1, . . . , Yh]]. Set S∞ = S′

∞
⊗̂O T , where T = O[[X1, . . . , X |T |n2]]. Suppose we have

the following data:

(1) integers t, h ≥ 1,

(2) a finite T-module H,

(3) for each N ≥ 1,

(a) an SN -algebra homomorphism RN ↠ TN that gets reduced to R ↠ T under reduction modulo aN ,
and

(b) a finite TN -module HN , which is finite and free over SN and whose SN -rank is independent of N ,

and

(4) an S∞-algebra R∞ such that R∞↠ RN with kernel ker(S∞→ SN )R∞.

Then there is an R∞⊗ S∞-module H∞, such that H∞/aH∞ ∼= H , H∞ is a finite free S∞-module, and
the action of S∞ on H∞ factors through that of R∞.

Proof. The details of the Taylor–Wiles–Kisin patching method used here are as in Chapter 4.3 of [Ger19].
They can also be found in Chapter 8 of [Tho12], under the heading “another patching argument”. □
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Theorem 5.13. The module H0[1/ l] is a finite locally free Runiv
S [1/ l]-module.

Proof. We calculate that

dim(S∞)= dim(3)+ h+ |T |n2
= n[F+ :Q]n+ h+ |T |n2

and that

dim(R∞)= 1+
∑
v∈Sl

(
[Fṽ :Ql] ·

1
2 n(n+ 1)+ n2

)
+ n2
|SD ∪ R| + h− h0

= [F+ :Q] · 1
2 n(n+ 1)+ |T |n2

+ h− h0

= [F+ :Q]n+ |T |n2
+ h− [F+ :Q] · 1

2 n(1− (−1)µm−n)

Consider the module H □
∞

. Since H □
∞

is a finite free S∞ module, and since the action of S∞ factors
through R∞, we see that

dim(S∞)= depthS∞(H
□
∞
)≤ depthR∞(H

□
∞
)≤ dim(R∞)

and thus, the only possible way for this inequality to hold is if equality holds throughout. This implies
µm ≡ n mod 2 and H □

∞
is a maximal Cohen–Macaulay R∞ module.

Now, consider the generic fibre. Let m ⊆ R∞[1/ l] be a maximal ideal. Lemma 5.8 shows that
R∞[1/ l]m is a regular local ring. Thus, any finitely generated maximal Cohen–Macaulay R∞[1/ l]m-
module has finite projective dimension, and hence any maximal Cohen–Macaulay module is projective
by the Auslander–Buchsbaum formula. This shows that H □

∞
[1/ l]m is a free R∞[1/ l]m-module, this

shows that H □
∞
[1/ l] is a locally finite free R∞[1/ l]-module. It follows that H0[1/ l] is a locally finite

free Runiv
S [1/ l]-module. □

Corollary 5.14. Runiv
S [1/ l] = T[1/ l].

Proof. Let I be the kernel of the surjection Runiv
S [1/ l] → T[1/ l]. Choose any maximal ideal m of

Runiv
S [1/ l]. Since localisation is an exact functor, we get a short exact sequence

0→ Im→ Runiv
S [1/ l]m→ T[1/ l]m→ 0.

Note that the action of Runiv
S [1/ l]m on H0[1/ l]m factors through T[1/ l]m , so that Im annihilates all of

H0[1/ l]m . Since this is a free module, this shows that Im is trivial. Since this is true for every m, this
shows that Supp(I )=∅ and hence I = 0. Hence the surjection above is an isomorphism

Runiv
S [1/ l] ∼= T[1/ l]. □

Remark. As an application of Theorem 5.13, whenever M is a locally free coherent sheaf on a connected
space X , the rank function

X→ N∪ {0}, x 7→ Rankx(M),

is locally constant. Therefore, the rank of a geometrically connected component can be calculated by
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calculating the rank at any special point x ∈ X . In our special case, the rank of the module H0[1/ l] can
be interpreted as the number of distinct automorphic forms with a given set of Hecke eigenvalues, which
can be interpreted as the multiplicity of the Galois representation determined by said Hecke eigenvalues
inside the space of automorphic forms. We have shown that for these automorphic forms, the multiplicity
is determined only by the connected component of R∞[1/ l] on which the representation ρm lies. By
Lemma 4.2 of [Ger19], we see that the minimal primes of R∞[1/ l] biject with the minimal primes
of 3. Thus, if one could show that for each component of Spec3, there is an automorphic form of some
classical weight had multiplicity 1, then all the Hida families of forms would also have multiplicity 1.

Appendix: Weighted Dynkin diagrams for distinguished orbits in types Dn and En with n ≤ 7.

Weighted Dynkin diagrams of distinguished orbits of type Dn:

2

D4 ∗ 2 0 2 ∗

2

D4 ∗ 2 2 2 ∗

2

D5 ∗ 2 2 0 2 ∗

2

D5 ∗ 2 2 2 2 ∗

2

D6 ∗ 2 0 2 0 2 ∗

2

D6 ∗ 2 2 2 0 2 ∗

2

D6 ∗ 2 2 2 2 2 ∗

2

D7 2 2 0 2 0 2 ∗

2

D7 2 2 2 2 0 2 ∗

2

D7 2 2 2 2 2 2 ∗
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Weighted Dynkin diagrams of distinguished orbits of type E6:

2

E6 ∗ 2 2 2 2 2

2

E6(a1) ∗ 2 2 0 2 2

0

E6(a2) ∗ 2 0 2 0 2

Weighted Dynkin diagrams of distinguished orbits of type E7:

2

E7 ∗ 2 2 2 2 2 2

2

E7(a1) ∗ 2 2 2 0 2 2

2

E7(a2) ∗ 2 0 2 0 2 2

0

E7(a3) ∗ 2 2 0 2 0 2

0

E7(a4) ∗ 2 0 0 2 0 2

0

E7(a5) ∗ 2 0 0 2 0 0

Acknowledgements

The research in this work is part of the author’s PhD thesis, supported by the Engineering and Physical Sciences
Research Council (EPSRC). I would like to thank my supervisor, Jack Shotton, for the advice and support given me
throughout this project. I also thank reviewer for the detailed comments and suggestions given.

References

[BDP17] V. Balaji, P. Deligne, and A. J. Parameswaran, “On complete reducibility in characteristic p”, Épijournal Géom.
Algébrique 1 (2017), art. id. 3, 27 pp. MR

[Bel16] R. Bellovin, “Generic smoothness for G-valued potentially semi-stable deformation rings”, Ann. Inst. Fourier (Grenoble)
66:6 (2016), 2565–2620. MR

[BG19] R. Bellovin and T. Gee, “G-valued local deformation rings and global lifts”, Algebra Number Theory 13:2 (2019),
333–378. MR

https://doi.org/10.46298/epiga.2017.volume1.2201
http://msp.org/idx/mr/3743106
https://doi.org/10.5802/aif.3072
http://msp.org/idx/mr/3580181
https://doi.org/10.2140/ant.2019.13.333
http://msp.org/idx/mr/3927049


1158 Daniel Funck

[Car93] R. W. Carter, Finite groups of Lie type: conjugacy classes and complex characters, Wiley, New York, 1985. MR

[CHT08] L. Clozel, M. Harris, and R. Taylor, “Automorphy for some l-adic lifts of automorphic mod l Galois representations”,
Publ. Math. Inst. Hautes Études Sci. 108 (2008), 1–181. MR

[CM93] D. H. Collingwood and W. M. McGovern, Nilpotent orbits in semisimple Lie algebras, Van Nostrand, New York, 1993.
MR

[Cot22] S. Cotner, “Springer isomorphisms over a general base scheme”, preprint, 2022. arXiv 2211.08383

[CSS97] G. Cornell, J. H. Silverman, and G. Stevens (editors), Modular forms and Fermat’s last theorem: papers from the
Instructional Conference on Number Theory and Arithmetic Geometry (Boston, 1995), Springer, 1997. MR

[DHKM20] J.-F. Dat, D. Helm, R. Kurinczuk, and G. Moss, “Moduli of Langlands parameters”, J. Eur. Math. Soc. (JEMS) 27:5
(2025), 1827–1927. MR

[FR08] R. Fowler and G. Röhrle, “On cocharacters associated to nilpotent elements of reductive groups”, Nagoya Math. J. 190
(2008), 105–128. MR

[FS25] L. Fargues, “Geometrization of the local Langlands correspondence: an overview”, J. Math. Sci. Univ. Tokyo 32:2 (2025),
157–240. MR

[Ger19] D. Geraghty, “Modularity lifting theorems for ordinary Galois representations”, Math. Ann. 373:3-4 (2019), 1341–1427.
MR

[Gro99] B. H. Gross, “Algebraic modular forms”, Israel J. Math. 113 (1999), 61–93. MR

[Har77] R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics 52, Springer, 1977. MR

[Hel23] E. Hellmann, “On the derived category of the Iwahori–Hecke algebra”, Compos. Math. 159:5 (2023), 1042–1110. MR

[HT01] M. Harris and R. Taylor, The geometry and cohomology of some simple Shimura varieties, Annals of Mathematics
Studies 151, Princeton University Press, 2001. MR

[Hum90] J. E. Humphreys, Reflection groups and Coxeter groups, Cambridge Studies in Advanced Mathematics 29, Cambridge
University Press, 1990. MR

[Jan03] J. C. Jantzen, Representations of algebraic groups, 2nd ed., Mathematical Surveys and Monographs 107, Amer. Math.
Soc., 2003. MR

[Mat86] H. Matsumura, Commutative ring theory, Cambridge Studies in Advanced Mathematics 8, Cambridge University Press,
Cambridge, 1986. MR

[Pre03] A. Premet, “Nilpotent orbits in good characteristic and the Kempf–Rousseau theory”, J. Algebra 260:1 (2003), 338–366.
MR

[Sho18] J. Shotton, “The Breuil–Mézard conjecture when l ̸= p”, Duke Math. J. 167:4 (2018), 603–678. MR

[Sho24] J. Shotton, “Irreducible components of the moduli space of Langlands parameters”, Int. Math. Res. Not. 2024:11 (2024),
9020–9035. MR

[Stacks] “The Stacks project”, electronic reference, 2023, available at http://stacks.math.columbia.edu.

[Ste16] R. Steinberg, Lectures on Chevalley groups, corrected ed., University Lecture Series 66, Amer. Math. Soc., 2016. MR

[Tho12] J. Thorne, “On the automorphy of l-adic Galois representations with small residual image”, J. Inst. Math. Jussieu 11:4
(2012), 855–920. MR

[Zhu25] X. Zhu, “Coherent sheaves on the stack of Langlands parameters”, pp. 39–123 in The Langlands program, II:
Geometrization of the Langlands correspondence, Proc. Sympos. Pure Math. 112.2, Amer. Math. Soc., 2025. MR

Communicated by Frank Calegari
Received 2023-07-24 Revised 2025-03-25 Accepted 2025-06-27

danielfunckmaths@gmail.com University of Tübingen, 72076 Tüebingen, Germany

mathematical sciences publishers msp

http://msp.org/idx/mr/1266626
https://doi.org/10.1007/s10240-008-0016-1
http://msp.org/idx/mr/2470687
http://msp.org/idx/mr/1251060
http://msp.org/idx/arx/2211.08383
https://doi.org/10.1007/978-1-4612-1974-3
https://doi.org/10.1007/978-1-4612-1974-3
http://msp.org/idx/mr/1638473
https://doi.org/10.4171/jems/1599
http://msp.org/idx/mr/4889237
https://doi.org/10.1017/S0027763000009582
http://msp.org/idx/mr/2423831
http://msp.org/idx/mr/4973974
https://doi.org/10.1007/s00208-018-1742-4
http://msp.org/idx/mr/3953131
https://doi.org/10.1007/BF02780173
http://msp.org/idx/mr/1729443
http://msp.org/idx/mr/463157
https://doi.org/10.1112/s0010437x23007145
http://msp.org/idx/mr/4586564
http://msp.org/idx/mr/1876802
https://doi.org/10.1017/CBO9780511623646
http://msp.org/idx/mr/1066460
http://msp.org/idx/mr/2015057
http://msp.org/idx/mr/879273
https://doi.org/10.1016/S0021-8693(02)00662-2
http://msp.org/idx/mr/1976699
https://doi.org/10.1215/00127094-2017-0039
http://msp.org/idx/mr/3769675
https://doi.org/10.1093/imrn/rnad274
http://msp.org/idx/mr/4756097
http://stacks.math.columbia.edu
https://doi.org/10.1090/ulect/066
http://msp.org/idx/mr/3616493
https://doi.org/10.1017/S1474748012000023
http://msp.org/idx/mr/2979825
https://doi.org/10.1090/pspum/112.2/02064
http://msp.org/idx/mr/5007750
mailto:danielfunckmaths@gmail.com
http://msp.org


Algebra & Number Theory
msp.org/ant

EDITORS

MANAGING EDITOR

Antoine Chambert-Loir
Université Paris-Diderot

France

EDITORIAL BOARD CHAIR

David Eisenbud
University of California

Berkeley, USA

BOARD OF EDITORS

Jason P. Bell University of Waterloo, Canada

Olivier Benoist Ecole Normale Supérieure, France

Bhargav Bhatt University of Michigan, USA

Frank Calegari University of Chicago, USA

J-L. Colliot-Thélène CNRS, Université Paris-Saclay, France

Brian D. Conrad Stanford University, USA

Samit Dasgupta Duke University, USA

Hélène Esnault Freie Universität Berlin, Germany

Gavril Farkas Humboldt Universität zu Berlin, Germany

Sergey Fomin University of Michigan, USA

Edward Frenkel University of California, Berkeley, USA

Wee Teck Gan National University of Singapore

Andrew Granville Université de Montréal, Canada

Ben J. Green University of Oxford, UK

Christopher Hacon University of Utah, USA

Roger Heath-Brown Oxford University, UK

János Kollár Princeton University, USA

Michael J. Larsen Indiana University Bloomington, USA

Philippe Michel École Polytechnique Fédérale de Lausanne

Martin Olsson University of California, Berkeley, USA

Irena Peeva Cornell University, USA

Jonathan Pila University of Oxford, UK

Anand Pillay University of Notre Dame, USA

Bjorn Poonen Massachusetts Institute of Technology, USA

Victor Reiner University of Minnesota, USA

Peter Sarnak Princeton University, USA

Michael Singer North Carolina State University, USA

Vasudevan Srinivas SUNY Buffalo, USA

Shunsuke Takagi University of Tokyo, Japan

Pham Huu Tiep Rutgers University, USA

Ravi Vakil Stanford University, USA

Akshay Venkatesh Institute for Advanced Study, USA

Melanie Matchett Wood Harvard University, USA

Shou-Wu Zhang Princeton University, USA

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2026 is US $590/year for the electronic version, and $865/year (+$75, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley,
CA 94701-4004, is published continuously online.

ANT peer review and production are managed by EditFLOW® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2026 Mathematical Sciences Publishers

http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/


Algebra & Number Theory
Volume 20 No. 6 2026

1073Effective multiplicative independence of three singular moduli
YURI BILU, SANOLI GUN and EMANUELE TRON

1125The geometry of the unipotent component of the moduli space of Weil–Deligne representations
DANIEL FUNCK

1159Smoothness of stabilisers in generic characteristic
BEN MARTIN, DAVID I. STEWART and LEWIS TOPLEY

1185Derived isogenies and isogenies for abelian surfaces
ZHIYUAN LI and HAITAO ZOU

1235Injectivity and vanishing for the Du Bois complexes of isolated singularities
MIHNEA POPA, WANCHUN SHEN and ANH DUC VO

A
lgebra

&
N

um
ber

Theory
2026

vol20
no

6


	1. Introduction and overview
	2. Considerateness and the relation to the stack of L-parameters
	2.1. Lemmas in commutative algebra and algebraic geometry

	3. Smoothness results for XC
	3.1. Associated cocharacters
	3.2. The smoothness result for irreducible components corresponding to distinguished nilpotent orbits
	3.3. The converse nonsmoothness result
	3.4. Distinguished orbits in type D and E

	4. Automorphic forms for unitary groups
	4.1. Unitary groups
	4.2. Automorphic forms of GD
	4.3. Hecke operators
	4.4. Big ordinary Hecke algebras and the action of 
	4.4.1. Infinite level


	5. Galois representations and deformation rings
	5.1. Local deformation rings
	5.1.1. Deformation rings at primes above l

	5.2. Local-global compatibility
	5.3. Global deformation rings
	5.4. Patching

	Appendix: Weighted Dynkin diagrams for distinguished orbits in types Dn and En with n7.
	Acknowledgements
	References

