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Smoothness of stabilisers in generic characteristic

Ben Martin, David |. Stewart and Lewis Topley

Let R be a commutative unital ring. Given a finitely presented affine R-group scheme G acting on
a finitely presented separated scheme X over R, we show that there is a prime pg such that for any
R-algebra k that is a field of characteristic p > py, the centraliser in G of any closed subscheme of X} is
smooth. When X is not necessarily separated we show similarly that for any closed finitely presented
subscheme Y C X there is a p; depending on Y such that when k has characteristic p > p;, the normaliser
of Y, in G is smooth. For the proof, we may assume k is algebraically closed, whence we prove these
results using the Lefschetz principle together with careful application of Grobner basis techniques, and
using a suitable notion of the complexity of an action.

We apply our results to demonstrate that the Kostant—Kirillov—Souriau theorem holds for Lie algebras
of algebraic groups in large positive characteristics: the coadjoint module of every such Lie algebra
decomposes as a disjoint union of symplectic varieties, each of which is a coadjoint orbit.

1. Introduction

Let R be a commutative unital ring. By an R-field we mean an R-algebra that is also a field and by an
algebraic R-group we mean a finitely presented affine R-group scheme. We prove the following.

Theorem 1.1. Let G be an algebraic R-group and let X be a finitely presented separated G-scheme
over R. Then there exists py € N such that whenever k is an R-field of characteristic p > po, the centraliser

Cq, (Y) is smooth for every closed subscheme Y of Xj.

Theorem 1.2. Let G be an algebraic R-group and let X be a G-scheme of finite type over R. Let Y be a
finitely presented closed subscheme of X. Then there exists p1 € N such that whenever k is an R-field of

characteristic p > p1, the normaliser Ng, (Yy) is smooth.

If we assume that R is noetherian then we can remove some of the hypotheses on X and Y: see
Remark 4.15.

Theorem 1.1 uses the hypothesis that X is separated in order to infer that the centralisers are closed
subschemes of G (see [Jan03, 1.2.6]). Note also that the lower bound of pg in Theorem 1.1 for centralisers
does not depend on Y; the bound in Theorem 1.2 for normalisers does, however, depend on Y, and this
dependence cannot be removed: see Remark 4.12.
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Natural examples of algebraic groups over rings abound, of course. The split reductive groups are all
Z-defined [Dem63]; and so too are the subgroups of reductive groups normalised by a split maximal
torus — so-called subsystem subgroups. This class includes all parabolic subgroups of reductive groups.

There are several known special cases of the theorem. One of the most influential in Lie theory occurs
when G is split reductive and X is either G itself or its Lie algebra g, on which G acts by the relevant
adjoint action. Then it is well known that the group G, the algebra g, and the adjoint action are defined
over Z (see [Jan03, 1I.1.1]) and the centralisers of single elements of X (k) are smooth whenever p is a very
good prime for G. This follows (see [BMRT10, Theorem 1.3(a)]) from work of Richardson [Ric67], who
used the notion of a reductive pair to give an elegant proof for very good p that the number of unipotent
and nilpotent orbits of Gy, is finite. This smoothness result was generalised in [BMRT10, Theorem 1.2]
to cover arbitrary subgroups of Gj and subalgebras of Lie(G). The hypotheses were further weakened
in [Her13]. Normalisers, while much less well-behaved, were thoroughly considered in [HS16], where
it was shown that (necessarily large) bounds on the characteristic exist, depending on the root system,
which ensure the normalisers of subspaces of the Lie algebras of reductive groups are smooth. Through
the classification of nilpotent and unipotent orbits, these results have found applications in developing
the subgroup structure of simple algebraic groups and subalgebra structure of their Lie algebras; recent
examples include [LT18] and [PS19].

One new feature of our work is that we move beyond the affine case: our results apply not just to
affine varieties but to quasi-projective varieties and other varieties of finite type. Here is an application.
The second author computed explicitly in [Ste16] the orbits of exceptional groups on their Lie algebras,
determining when centralisers and stabilisers of lines are smooth for minimal induced (or dual-Weyl)
modules; non-smoothness occurs only in characteristics 2 or 3. This motivated [op. cit., Question 1.4], to
which our theorem provides the following strong answer.

Corollary 1.3. Let G be an algebraic R-group and let V be a G-module which is finitely generated and
projective as an R-module. Then there is a prime py such that whenever k is an R-field of characteristic
p = pv, the centraliser Cg, (W) and normaliser Ng, (W) are smooth for any k-subspace W of Vj.

The smoothness of centralisers follows immediately from Theorem 1.1. To prove smoothness of
normalisers one can apply Theorem 1.2. Alternatively, one can apply Theorem 1.1 to X = Gr,,(V),
the Grassmannian of m-generated submodules of V: the idea is that the stabiliser of a subspace is the
centraliser of the corresponding point in the Grassmannian — for details, see Section 4.6. The same
conclusion does not hold if we weaken the hypothesis and consider all G;-modules V of bounded
dimension (see Remark 4.13), but it does if Gy is reductive and we bound the weights of the G-module
V in an appropriate sense: see Proposition 4.17.

In the final section of this paper we apply our main theorem to prove a modular analogue of the
Kostant—Kirillov—Souriau (KKS) theorem from symplectic geometry. Their theorem states that if G is
a complex algebraic group with Lie algebra g then the symplectic leaves of the Poisson variety g* are
precisely the coadjoint orbits. When G is semisimple, this result leads to a classification of symplectic
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homogeneous G-varieties, since they all arise as finite covers of coadjoint orbits. We refer the reader
to [GS77, § IV.7] for a detailed background of the theory. When k is an algebraically closed field of
characteristic p > 0 one can ask whether the Poisson variety g* decomposes into a disjoint union of
symplectic G-homogeneous subvarieties. In general the answer is negative, however we show that the
KKS theorem holds whenever the characteristic is sufficiently large (Theorem 5.2).

Let us say some words on the proofs of our main results. The central idea is to combine the Lefschetz
principle from first-order model theory with Grobner basis techniques. This approach was suggested in
[Sch00] as a method to solve certain problems in algebraic geometry, but to our knowledge the current
paper is the first place it has been carried out in practice. Roughly speaking, the Lefschetz principle says
that a first-order property that holds for algebraically closed fields k of characteristic 0 also holds for
algebraically closed fields of large enough characteristic. It is well known that an algebraic k-group in
characteristic 0 is smooth; we show that smoothness can be expressed in a first-order way, then use the
Lefschetz principle to deduce smoothness for algebraic k-groups in sufficiently large characteristic. In
order to do this, one needs suitable notions of complexity for schemes, morphisms and group actions.
This allows us to work with honest first-order sentences without needing parameters from the field: rather
than considering a fixed G and a fixed X, we quantify over all G and X of bounded complexity (a similar
trick was used in [MST19]). Two crucial tools are Lemma 3.9, which allows us to give a bound on
complexities arising from certain ideal membership problems, and Lemma 3.8. We find, surprisingly, that
although certain complexities need to be constrained, others do not: for example, we prove variations of
Theorems 1.1 and 1.2 which hold for schemes X that are not of finite type (see Corollaries 4.4 and 4.8).
See also Remarks 4.15 and 4.18.

Outline. In Section 2 we recall the language of Hopf algebras and the Lefschetz principle from model
theory, which we use to pass information from characteristic zero to large positive characteristics. Section 3
is the heart of the paper. Here we recall the theory of Grobner bases which allows us to express a criterion
for smoothness in terms of first-order sentences in the language of rings. We recall the definition of
complexity for schemes and morphisms (Section 3.2). We introduce the notion of a d-bounded Hopf
quadruple, and in Theorem 3.19 we prove that such Hopf algebras correspond to smooth algebraic
groups in large characteristics p > po(d). In Section 4 we provide the proofs of the main theorems,
using the functor-theoretic descriptions of centralisers and normalisers and the notions of G-complexity
(Definition 4.1) and (G, A)-complexity (Definition 4.5). Finally in Section 5 we provide a short proof of
our modular version of the KKS theorem from symplectic geometry.

2. Preliminaries

Throughout, we consider a fixed commutative unital ring R. The closure of a field k is denoted by k.

2.1. Schemes, group schemes and Hopf algebras. We take the functorial approach to schemes, as per
[DG70] and [Jan03]. Thus for an R-algebra Q we think of Specy(Q) as the functor Homg_a1(Q, —) :
R-Alg — Set. An R-functor is a functor X : R-Alg — Set; we call an R-functor X affine if it is isomorphic
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to Specg (R[X]) for some R-algebra R[X]. If Q is an R-algebra then X o denotes the Q-functor obtained
from X by base change. We say a subfunctor Y of an R-functor X is open if for every R-algebra Q
and natural transformation 8 : Specp Q — X, the subfunctor 8~!(¥) of Specy Q is an open subfunctor
of Specy O, and is closed if for every R-algebra O and natural transformation g : Spec, QO — X, the
subfunctor B~1(Y) of Specy Q is a closed subfunctor of Specy Q. A closed subfunctor of an affine
functor is affine. Then X is a scheme (or an R-scheme) if it is local in the sense of [Jan(03, 1.1.8] and admits
a decomposition X = | J;; X; for some indexing set [, where the X; are open affine subfunctors of X.

If Q is an R-algebra and X is an R-scheme then X is a Q-scheme [Jan03, 1.1.10]. We say X is
of finite type if [ is finite and each R[X;] is finitely generated over R; in this case we say X is finitely
presented if each R[X;] is a finitely presented R-algebra. If R is Noetherian (e.g., a field) then any finitely
generated R-algebra is finitely presented, so in this case any R-scheme of finite type is finitely presented.
We do not assume that all schemes are separated; recall that a scheme is separated if the diagonal map
D : X — X x X is an embedding. By an embedding of schemes we mean a closed immersion.

An affine R-group scheme G is a functor from R-Alg to Grp which, as a functor to Set, is naturally
equivalent to one of the form Specy(R[G]) for some finitely generated R-algebra R[G]. We consider
only the case where R[G] is finitely presented; in keeping with [Jan03, 1.2.1], we then call G an algebraic
R-group. We do not assume that algebraic R-groups are smooth. There is a natural notion of a closed
subgroup of G (loc. cit.). The archetypal example of an algebraic R-group is GL,, which is also an
example of a split reductive group.

A Hopf R-algebra consists of data (R[G], A, 0, €) where R[G] is an R-algebra, and there are R-
algebra homomorphisms A : R[G] — R[G]®g R[G], 0 : R[G] — R[G] and € : R[G] — R satisfying
the dual of the group axioms [Jan03, 1.2.3(1-3)]:

(A®id)o A= (id® A)o A, (2-1)
(€ ®id)o A= (id®e€)o A, (2-2)
(0 ®id)oA=E=({d®0c)0A. (2-3)

Here the symbol ¢ ® ¥ denotes the tensor product of the maps ¢, ¥ followed by the natural multiplication
map R[G]® R[G] — R[G], and € denotes € followed by the inclusion of R in R[G]. Hence by definition,
the category of algebraic R-groups is the opposite category to the category of finitely presented Hopf
algebras over R.

The Lie algebra Lie(G) of an algebraic R-group G is defined to be the R-module of all R-linear
maps I/1> — R where I = Ker(e); in other words it is ker (G(R[¢]/(e?)) = G(R)) where R[¢]/(e?)
is the algebra of dual numbers and the map takes € to 0. Following [Jan03, 1.7.7(3)] one obtains a
natural R-linear Lie bracket on Lie(G) induced by the comultiplication A. Every morphism of algebraic
R-groups induces a natural R-linear homomorphism of their Lie algebras.

When G is an algebraic R-group and & is any R-algebra, we can consider the base change Gy, which
is an algebraic k-group. To see this concretely, suppose R[G] = R[x1, ..., x,1/(g1, ..., &m). We have
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an obvious map w : R[xy, ..., x,] = k[x1, ..., x,] and we see that

G = Specy (k[x1, ..., xa1/(@(g1), - - ., @(gm)))- (2-4)

An action of G on an R-scheme X is a natural transformation « : G x X — X with the property that
a(Q): G(Q) x X(Q) — X(Q) is a group action for all R-algebras Q. If X is an R-module (see [Jan03,
1.2.2]) and G(Q) acts through Q-linear transformations of X (Q), then we say X is a G-module. If X is
affine, then we get a coaction map of R-algebras Ay : R[X] — R[X]® R[G]. In case X is a G-module,
this is the comodule map of [Jan03, 1.2.8].

Let V be a G-module such that V is finitely generated and projective as an R-module. We may regard
V as an affine G-scheme of finite type over R with co-ordinate ring the symmetric algebra S(V*) [Jan03,
1.2.2 and 1.2.7]. This construction commutes with base change.

2.2. Model theory and the Lefschetz principle. In this paper we use the Lefschetz principle to deduce
statements about algebras over algebraically closed fields of large positive characteristic from the corre-
sponding statements in characteristic zero. In doing so we pursue a theme from our earlier work [MST19],
in which we proved a version of the first Kac—Weisfeiler theorem for representations of modular Lie
algebras using the Lefschetz principle. A detailed introduction to the principle can be read in [Mar02] for
example, and a concise overview may be found in [MST19, §2.1].

For future reference we state the Lefschetz principle, in a version taken from [MST19, Corollary 2.4].
The language of rings L;ing is the collection of first-order formulas that can be built from the symbols
{v,3, v, A, —, 4+, —, X,0, 1, =} along with an arbitrary choice of variables. A sentence is a formula
containing no free variables. For example, the formula (3y)y? = x is not a sentence because the variable
x is free, but by quantifying over x we can obtain a sentence: e.g., (Vx)(3y)y?> = x. Given aring R, a
sentence is either true or false for that ring: for instance, the sentence (3y;)(3 yz)((yl # ) A (yf = y22))
is true in every field of characteristic p > 2, but is false in every reduced ring of characteristic 2.

A theory is a set of sentences. A ring R is a model of a theory T if every sentence belonging to 7 is
true in R: for instance, if p is either O or prime then AC,, is the set of sentences that are true in every
algebraically closed field of characteristic p, and any algebraically closed field of characteristic p is a
model of AC,,.

Theorem 2.1 (Lefschetz principle). Let ¢ be a sentence in Lying.
(1) If ¢ is true in some model of AC,,, where p > 0, then ¢ is true in every model of AC,,.
(2) If ¢ is true in some model of ACy, then there exists po € N such that ¢ is true in any model of AC,,
Jor p > po.

2.3. Ideals in tensor products of algebras. Suppose that k is a field and that A, B are finitely generated
k-algebras. Let K be an ideal of A ®; B with generators f1, ..., f, (note that K is finitely generated as
A Qi B is noetherian). Fix a basis & = {c; | A € A} for B over k. We can write f; =Y ajm ®bjm
for elements a; ,, € A and b; ,, € E. Without loss of generality we can assume the elements {b; ,, | m}
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are distinct for each fixed j, and under this assumption the ideal K’ C A generated by {a; , | j, m} is
uniquely determined by K, as we see from the next lemma.

Lemma 2.2. K’ is the smallest ideal of A such that K C K' ®; B.

Proof. Certainly K € K’ ®; B and so it suffices to take an ideal L C A such that K C L ®; B and
show that K’ C L. Observe that A ®; B is a free A-module with basis {1 ® ¢) | A € A}. Furthermore
LQiB=@,.oL®c, and so if f; € L ® B then a;, € L for all m appearing in the expression
fi=2majm®Dbjy. It follows that K’ C L as required. O

3. Smoothness of centralisers and Grobner bases

3.1. Bounded polynomials and Grobner bases. Throughout this subsection we fix n € N and k denotes
a field. We will want to quantify over all k-algebras of bounded presentation, equipped with the structure
of a Hopf algebra of bounded presentation. Here “bounded” means that the lengths and degrees of the
polynomial expressions appearing in the defining ideal of the underlying affine algebra, together with the
comultiplication, antipode and counit, are bounded. To do so, we need to formulate statements to say
that the Hopf algebra axioms are satisfied. Our main tool to this end will be to quantify over all Grobner
bases of bounded degree. We refer to [Eis95, Chapter 15] for a hearty introduction to Grébner bases, but
for our purposes we collect a simplified version here.

The basic principle is to provide a process for reduction of elements of S := k[x1, ... x,] by elements
of an ideal, which will terminate in a finite number of steps. Hence one wants to know when the size of an
expression is reduced by an operation, and for this one first needs to choose a total order on monomials.
This order needs to be admissible in the sense that m > my if and only if mms > moms > m, for any
monomials mi, my, m3 such that ms3 # 1.

We will demand of the order that for any monomial m € S, there are only finitely many m’ < m. For
instance, we may use the homogeneous (or graded) lexicographic ordering, in which

>m = xi’l ..x" «— degm > degm’ or if degm = degm’ then a; > b;

n
for the first index i with a; # b;.

an

) |
m:i=x ...x,

Thus the set of monomials is isomorphic to N as a totally ordered set. We define m, to be the r-th
monomial in S. If m is a monomial then we define k* - m to be {Am | A € k*} and we call elements of
this form terms; every polynomial can be written uniquely as a sum of terms. We extend > to terms by
defining Am; > um; if i > j and 0 # A, u € k, and we define the initial term in(f) to be the greatest
term appearing in f with respect to > (taking in(0) = 0). For an ideal / € S, we define in(/) to be the
ideal generated by the elements in(f) for all f € I. If g and & are terms then there is a unique monomial
m such that m divides g and &, and any other monomial dividing g and A also divides m: we define
gcd(g, h) = m.



Smoothness of stabilisers in generic characteristic 1165

Definition 3.1. A Grobner basis' with respect to > is an ordered list of elements (g1, ..., g/) € S’ for
some ¢ such that if [ is the ideal of S generated by gy, ..., g, then in(gy), ..., in(g;) generate in(/).
Note that the g; need not be distinct and that although we work with ordered lists, the property of being a
Grobner basis does not depend on the ordering of the g;.

Fix d € N. We wish to view a polynomial in § = k[xy, ..., x,] as a finite list of its coefficients, where
we will ultimately be quantifying over all possible lists of those coefficients. We define the degree deg( f)
of a polynomial f € S to be the total degree of in( /). According to our chosen (homogeneous) monomial
order, deg( f) is the highest total degree of any term in f. Let X; C S be the set of monomials of degree at
most d, and let £; := |Xy|. By homogeneity of the monomial order again, this means Xy = {my, ..., mg,}.
Furthermore, we may identify the set S; of polynomials of degree at most d with the Cartesian product
k: the polynomial Zfi ; Aim; corresponds to (A1, A2, ..., Ag,) € k.

Definition 3.2. Let S = R[x1, ..., x,] be a polynomial ring over a ring R. Let S; denote the polynomials
in S of degree at most d. We say that an ordered list # of polynomials in R is d-bounded if |#| = {,4
and 4 consists of elements of S,;.

If R =k and & is also a Grobner basis, we say 4 is a d-bounded Grobner basis.

We identify the set of d-bounded lists of elements of S with Sf," = k',

Remarks 3.3. (i) Any Grobner basis of length greater than £, consisting of polynomials of degree at
most d can be reduced to a Grobner basis of cardinality at most £4. For if there are at least £, + 1 elements
then two, f and g say, must have the same leading monomial. So for some A € k, g — Af has a lower
leading monomial and replacing g by g — Af we still have a Grébner basis, directly from Definition 3.1.
Inductively we may assume g is zero, thus it can be removed to produce a smaller Grobner basis.

(i) Conversely, any finite list of polynomials (resp. Grobner basis) can be embedded into a d-bounded
list of polynomials (resp. d-bounded Grobner basis) for some d by appending an appropriate number of
zero polynomials to the end of the list.

Lemma 3.4. Letd € Nand let 1 < e < {4. Then there is a first-order formula ¢, 4 in the language Ling
of rings with £, free variables such that for any polynomial f € S of degree at most d,

Ge.a(f) holds < in(f) € k*-m,.
La
Proof. After identifying the set S; with the space k“¢, so that the polynomial f = > A;m; identifies with

(A1, ..., Ag,), the required formula is i=l1

(he ZO) A (het1 =00 A Res2 =0) A=+ A (R, =0). O

Given a d-bounded list of polynomials, we need to check with a first-order formula that it forms a
Grobner basis. For this, we appeal to Buchberger’s criterion [Eis95, Theorem 15.8], which we reproduce
here.

"n contrast to [BWO3], but consistently with [Eis95], we allow elements of Grobner bases to be zero.
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Let ¢ be any integer and let Z = (g1, ..., &) € S¢. For each pair of indices 1 <i, j <c, we define
_ i)

ged(in(g;), in(g;))
(We interpret this as 0 if g; = 0 or g; = 0.) Then it follows from the division algorithm [Eis95,

Proposition 15.6] that there exist fu(ij) € S within(mj;igi —m;jg;) > in(fu(ij)gu) foreach1 <u <c¢, and

m,'j

remainders /;; € S, none of whose terms is in (in(g1), ..., in(g¢)), such that
mjigi = mijgj = (Z ff”&) +hij. (3-1)
u

We call an expression (3-1) a standard expression for mj;g; —m;;g;.

Theorem 3.5 (Buchberger’s criterion). The set % is a Grobner basis if and only if there exist standard
expressions (3-1) such that h;; =0 forall 1 <i, j <c.

Lemma 3.6. If g; and g; have no variables in common, there is a standard expression for m ;g —m;;g;
such that h;; = 0.

Proof. Since m;; =in(g;) and m j; =in(g;), (3-1) becomes

mjigi—m;jg; =—(g; — in(gj)) g+ (g —in(g)) g;.
£ £

Set fi\) =0 for u #1i, j. Write g; = in(g;) +n(g;) + g/ with in(g,) the initial term of g; — in(g;), and
likewise for g;. Then m j;g; —mi;g; = in(g,) in(g;) +in(g;)g} —in(g:) in(g;) — in(g;)¢; has as initial
term whichever is the larger of —in(g;) in(g;) and in(g;) in(g;) (these two terms cannot cancel each other
as g; and g; have no variables in common). But the initial terms of fl.(ij ) and f J.(i'i ) are — iﬁCg]/') in(g;)
and in(g;) in(g;), respectively, so in(m ;g —m;;jg;) > in(fb,(i'i)gu) for u =i and u = j. Hence we get
hij =0, as required. g

Lemma 3.7. Let d € N. There is a first-order formula B, in the language of rings with ﬁfl free variables
such that if B is a d-bounded list of elements of S, then

Ba(PB) holds < 2 is a Grobner basis.

Proof. Suppose # = (g1, ..., 8¢,) € Sﬁ". We will produce a first-order formula that detects whether there
exist expressions (3-1) for each pair (g;, g;), with h; ; = 0. Suppose in(g;) € k* - m, and in(g;) € k*-m;
and that there is a formula x, 5 such that x, ,(g;, g;) is true if and only if there exist expressions (3-1)
such that /;; = 0. Then using Lemma 3.4 we set 8;(%) to be the formula

V' (Xab(8is &) APaa(gi) A ¢b,d(gj))>,

l=i,j=<tq ( 1=a,b=<tq

and we see that 8;(9) is true if and only if 4 satisfies the necessary and sufficient criterion of Buchberger’s
criterion to deduce that % is a Grobner basis.
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Thus we have reduced the problem, without loss of generality, to showing the existence of x, (g1, g2)-
For fixed a and b, m, := gcd(m,, mp) is also fixed, depending just on the bijection between N and the
monomials in §, hence so are the monomials m > and m;;. Now, the highest monomial appearing in
the left-hand side of (3-1) is at most the d’-th, where d’ is given by my ;1 = (mym,/m.). Suppose
in(m ;g —m;;g;) =m,. Then there is a finite set of pairs P ={(gq,, Mq4,)}1<p<p such thatin(g,, mgy,) <m,.
Hence, setting x..,.»(g1, g2) to be the formula

Gr) ... 3rp)(ma g1 —mi2gr — Z Ab8ayMa, = 0),
1<b=<p

we see that x. . »(g1, g2) holds if and only if there is an expression of the form (3-1) for ma181 —m 282
with h; ; =0 (given that in(m j; g; —m;;g;) = m,). Lastly, let x, 5(g1, g2) be the formula
d/
\/ (be.a(m2,181 —1m1282) A Xe.ab(81- 82)):

e=1

this will do. O

Another important thing we need to be able to encode with a first-order statement is the dimension
dim(/) = dim(Spec,(S/I)) of the scheme determined by an ideal I € § = k[xy,...,x,]. If [ =
(g1, --., 8e,) then in general it is not easy to read off dim / from the elements {gy, ..., g¢,}. However,
when {g1, ..., g¢,} form a Grobner basis for / there is a simple method: the dimension is the maximal size
of a subset X C {x1, ..., x,} such thatin(g;), ..., in(g,) depend only on the elements of {xy, ..., x,}\ X
[BWO3, Definition 9.22 and Corollary 9.28]. Using this fact along with Lemma 3.4, we can determine
dimension with a first-order formula.

Lemma 3.8. Let d € Nand 0 < e < n. Then there is a first-order formula §. 4 in the language Liny of
rings, with 5121 free variables, such that if % is any d-bounded Grobner basis with I = (%), then

8e.d(#) holds < dim(I) =e.

Proof. There is obviously a finite collection of lists of monomials that could play the role of initial
terms of the elements of a d-bounded Grobner basis defining an ideal of dimension e. More formally,
there is a set X, = {X; | j € T}, where T is some finite index set, and where each X is a d-bounded
list of monomials in S satisfying: (i) there are distinct iy, ...,i, € {l,...,,n} such that each m € X ;
does not involve x;,, ..., x;,; (ii) for any distinct iy, ..., i.41 € {1,...,n}, there is m € X; depending
on x;, for some 1 <k < e+ 1. For convenience we assume that the X ; are ordered sets and identify the
monomials with their ordinal via the bijection of monomials of S with N. Then we may set §, 4(%) to be
the formula

\/ (Par.a(8) A Pay.a(g2) A+ A ¢agd,d(g(d))- O

Xj=(ar,....ag,)€X,

The next lemma uses the ideal membership algorithm for Grobner bases to write a first-order formula
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whose truth determines whether an element is in an ideal. If 4 is a d-bounded Grobner basis and f € Sy
then we may identify (4, f) with an element of k* *+44 i the usual manner.

Lemma 3.9. Let d € N. Then there is a first-order formula 14 in Lying with Efl + €4 free variables, such
that for any f € S; and d-bounded Grobner basis % with I .= (%), we have

ti(%, f)holds < f €.

Proof. Let (g1, ..., g¢,) be a d-bounded Grobner basis and let f € S;. Since the elements of % have
bounded total degree d, and < is a homogeneous order, there are only finitely many monomials m such
that in(mg;) < in(f) for some 1 <i < £;, where this number depends only on d. Let my be the greatest
such monomial. Thus we set (;(%, f) to be the formula

d d d
(Frijizizaizjza [=8& (Z )»i,lmi> +& <Z )\i,Zmi) ++8a (Z )»i,dmi> : ()

i=0 i=0 i=0
We claim that 14(%, f) is true if and only if f € I. This follows by induction on e where in(f) = m,:
since & is a Grobner basis, by [BW93, 5.35(vii)], f is top-reducible by some g; or is not in /. In the
former case, this means that there is a term m such that in( f — g;m) < in(f). By the inductive hypothesis,
tq(B, f— gim) is true whenever f — g;m € I, which is the case if and only if f € I. If f— g;m € I this
says that there is an expression of the form () with f replaced by f— g;m; moving g;m to the other side
of the equation, this says that there is also one for f. O

3.2. Complexity of schemes and their morphisms. We recall some terminology, now reasonably common
in the literature, to describe the boundedness of affine schemes; see [Sch00, Definition 4.1] for example.
It is closely related to the notion of d-boundedness above.

Definition 3.10. (a) For n € N, we say that an ideal I of S = R[x, ..., x,] has complexity at most d
if I can be generated by polynomials of degree at most d; in this case we also say that the affine
R-scheme X defined by the vanishing locus of I has complexity at most d.

(b) If in addition, m € N we say that a homomorphism of R-algebras ¢ : S — T := R[y1, ..., Y] has
degree at most d if ¢(x;) is a polynomial in the y; of degree at most d.
More generally, we say that a morphism of affine schemes f : Y — X has complexity at most d if
there are embeddings X C A% and Y € A’} determined by ideals I of S = R[x1, ..., x,] and J of
T = R[y1, ..., Ym], such that the comorphism f*:S§ — T applied to each x; is represented modulo
J by a polynomial in the y; of degree at most d.

In particular, when m =n, I =0 and f is the embedding ¥ — X = A", then f* is just the quotient
of S by J and has complexity at most 1.

Note that our definition differs slightly from that in [Sch00]: we regard n as fixed but we do not require
that n < d, as this is not necessary for our purposes.
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By an affine embedding of an R-scheme X, we mean an embedding of X in A% for some n € N.
Below when we speak of the complexity of an R-scheme, we mean it to be taken with respect to a fixed
affine embedding, and likewise for morphisms of R-schemes; we will not mention the affine embedding
explicitly unless it is necessary. If we are given an affine embedding of X then we use the same embedding
for any closed subscheme of X. If G is an algebraic R-group then we pick an affine embedding arising
from a Hopf quadruple in the sense of Definition 3.13 below. If we are given affine embeddings of
R-schemes X and X, then we take our affine embedding of X; x X to be the product embedding.

Remarks 3.11. (i) If / has complexity at most d then a generating set of polynomials of degree at most
d can be transformed into a d-bounded list as per Remarks (ii)(i) and (ii). This allows us to apply the
results from Section 3.1 replacing hypotheses involving boundedness with hypotheses involving bounded
complexity.

(ii) Let X, X" and X" be affine schemes corresponding to ideals 7 of S, I’ of §" and I” of S”, respectively.
Let f: X — X' and g : X' — X” be maps of complexity at most » and s, respectively. It follows
immediately from the definitions that g o f has complexity at most rs. Similarly, if Y’ is a closed
subscheme of X’ and Y’ has complexity at most d then £~ (¥’) has complexity at most dr — note that
this bound does not depend on the complexity of X and X'.

(iii) Suppose {X; |i € I} is a family of affine R-schemes given by ideals [; of S. It is immediate that if

each X; has complexity at most d then [)._; X; also has complexity at most d.

iel
(iv) The notion of complexity behaves well under base change in the following sense. Suppose X is
an affine R-scheme with a given embedding in some affine space A%. Let k be an R-field. Then base
change gives an affine k-scheme X; with an embedding in A}. If fi, ..., f; € R[x1, ..., x,] generate
the vanishing ideal of X in A’ then the images of the f; in k[x1, ..., x,] generate the vanishing ideal of
Xy in A} Hence if X has complexity at most d then X also has complexity at most d. The analogous
result holds for morphisms.

(v) Suppose X and Y are both affine R-schemes, say

R[X]=R[xy,...,x,]/I and R[Y]=R[yi,...,ysl/J
with
I=(f1,....fr) and J=10(g1,.--,8u)-
Then
RIX xY]ZER[X]IQR[YI=R[x1,...,Xr, Y1,...Ys]/K,

where K is the ideal generated by the concatenation of the f; and g; (after extending the domain of f;
and g; to be trivial functions of the y; and x; respectively). Then one sees that if the complexity of X is
dy and of Y is dp, we get a presentation of R[X x Y] which shows its complexity is at most max{d;, d»}.
In particular, arguing by induction one shows that if S/I has complexity at most d, then (S/I)®" has
complexity at most d.
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Definition 3.12. Let G be an algebraic R-group and let X be an affine G-scheme with action map
o : G x X — X. We say that the action of G on X has complexity at most d if o does.

Definition 3.13. Recall that § = R[xy, ..., x,]. Let H := (%, A, 0, €) be a quadruple with () =14 S;
and A:S— §%2,6:5— Sande:S— R being R-algebra homomorphisms satisfying A(1) CI®S+SR®1,
S(I)< I and e(1)=0. Then we say H is a Hopf quadruple if S/I equipped with the maps A, o and € forms
a Hopf algebra. We say that a Hopf quadruple is of complexity at most d if % consists of polynomials of
degree at most d and the complexity of A, o and € are at most d (this is automatic for €, as € has complexity
0). Dually, if an affine algebraic R-group G is described by the data (Spec(S/(%)), A*, o*, €*), where
(#, A, o0, €) is a Hopf quadruple of complexity at most d, then we say that G is an algebraic group of
complexity at most d. If G’ is a closed subgroup of G then we may represent G’ by the Hopf quadruple
(%, A, o, ¢€), where ' D %, if the polynomials in % all have degree at most d then G’ also has
complexity at most d.
When R is a field, we call such a quadruple a GroHo quadruple if % happens to be a Grobner basis.

We now work over a field k. The above definition invites us to consider the complexity of homomor-
phisms from S to S’ = §®" for various r. To that end, write L4, for the total number of monomials of
degree at most d in S’. Let I = (%) C S be an ideal generated by a d-bounded list Z={fi, ..., fi,} of

elements of S. Write f; = fi(x1, ..., x,) and define f; ; = fi(xj1,...,x;,) for1 < j <r.Let J, =(%,),
where %, = {f1.1,-.., fi.eg>---» fr1s -+, fre,}. Then there is an isomorphism
0r 2 (S/D® = K[X11, oo Xl oo X s -y Xrnl/ (3-2)

It follows that the scheme corresponding to (S/1)®" also has complexity at most d.

Lemma 3.14. Let d, r € N. Then there is a first-order formula £ , in Lying with nty , + 2(21 free variables
such that if A : S — S®" is a homomorphism of complexity at most d and % = {fi, ..., fi,} is any
d-bounded Grobner basis for an ideal I of S,

Ca.r(B, N) holds <> A factors to a homomorphism S/1 — (S/1)®".

Proof. Recall that S = k[xy, ..., x,] and I = (£). With reference to Remark 3.11(v), we may take a
presentation of (S/1)®" as

(S/I)®r = k[xi,j]/K

where 1 <i <n, 1< j <r and K is the ideal generated by the disjoint union %, :={f; ;}, with f; ;
acting on x; , as zero if j # m and otherwise acting as f; acts on the x;.

To deploy our Grobner basis formulae from earlier, we need to specify a monomial order on the
x;,;’s. Define first an order on the (i, j) for 1 <i <mand 1 < j <rby (i,j) < (@, j)if j < j or
j=j'andi <i’. Now define an order on monomials by m :=[]; ; xla'J’ <m':=T[;; xlb’J’ if and only if
degm < degm’ or if degm = degm’ and a; ; < b; ; for the greatest pair (i, j) such that a; ; # b; j. We

claim that %, as above is a Grobner basis for the homogeneous lexicographic monomial order on the
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monomials in x; ;. Since our order extends the monomial orders on the subalgebras k[x; ;, ..., x, ;] for
any fixed i, we see that Buchberger’s criterion (Theorem 3.5) holds for all pairs (f; j, fi’, j7); furthermore
if j # j' then f; ; and fi j» have no variables in common, so Buchberger’s criterion holds for (f; ;, firj’)
by Lemma 3.6. This proves the claim.

Now since A has complexity at most d and 4, is d-bounded, we may appeal to Lemma 3.9 to get
first-order formulas ¢4, such that ¢4 . (%,, ¢, (A(x;))) holds if and only if ¢,(A(x;)) € J,. Hence we set
Lq.r to be the formula

)\ ta.r (B, o (A X)) O

i=1
Recall the axioms of a Hopf algebra, listed in (2-1)—(2-3).

Lemma 3.15. Let d € N. There is a formula ng € Lying with Zfl +n(lg2+Lq+1) free variables such that
if # is any d-bounded Grébner basis, with [ = (B) and A : S — §%2, 6 : S — Sand € : S — k any
d-bounded homomorphisms, then

na(B, A, o0,¢€) holds <= (S/I, A, 0, €) is a Hopf algebra.

Proof. Assume A, o and € factor as S/I — (§/1)®". We must find formulas ng) (resp. néz), nf)) which

hold if and only if (2-1) (resp. (2-2), (2-3)) are satisfied. Since the constructions are almost identical
for each formula, we give the details for nfil). To see that (2-1) holds, it clearly suffices to check that
(ARid) o A(x;+1)—([{d R A)o A(x;+1)=0€ (S/1)®3 = 5§23/ J; for each 1 <i <n, where J3 = (%)
as above. This amounts to checking that (A ® id) o A(x;) — (id ® A) o A(x;) € J. Since A is d-bounded,
@2(A(x;)) is a d-bounded polynomial in §®2; similarly f; := ¢3((A ®id) o (A(x;))) is a d*-bounded
polynomial in §®3. Likewise %5 is d-bounded. Thus we may set nél)(%, A, o, €) to be the formula

N\ (Zs, fi).
i=1

Finally, we set n4(%, A, o0, €) to be the formula
£a.2(B, D) N a1 (B, 0) Nao(B, ) AN (B, A o ) A (B, AL o, €) A (B, AL o€,
where the ¢4, are as in Lemma 3.14. O

3.3. Generic smoothness of algebraic groups of bounded complexity. Here we invoke the Lefschetz
principle and our first-order formulas to show that algebraic groups of bounded complexity are generically
smooth. We use the fact that when k is a field, an algebraic k-group G is smooth if and only if
dim(G) = dim(Lie(G)) [Jan03, 1.7.17]. Note also that if k’/k is a field extension then G is smooth if
and only if Gy is smooth.

As a k-vector space, the Lie algebra Lie(G) is the tangent space T¢+(G), where €* is the identity
element of G. Thus its dimension is the nullity of the £; x n matrix ¢ where #i; = €(0fi/0x;).
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Lemma 3.16. Letd € N, and 0 < e < d. There is a first-order formula t, 4 in Lyjng with Efl free variables
such that for any GroHo quadruple (A, A, o, €) of complexity at most d that describes the algebraic
k-group G we have

To.d(#) holds <= dimLie(G) =e.

Proof. As we identify each f; € 2 with the set of its £, coefficients A;;, partial differentiation by 9/9x;
gives a linear map k% — k%. Composing with € is then a linear map k% — k. Hence each _#, is a fixed
linear combination of the A;;’s. The statement that the nullity of ¢ is e is equivalent to the statement that
there are e linearly independent vectors vy, ..., v, € k% satisfying _# -v; = 0 and given any v, € k%
such that vy, ..., Vet € k% is linearly independent, there exists v € (vy, ..., Ve41) such that ¢ -v # 0.
This statement can be given as a formula in Ly, in an obvious way (see [MST19, Example 2.1(i)] for
example). O

Lemma 3.17. Let d € N. Then there is a first-order formula 6; with Eﬁ, free variables such that for any
GroHo quadruple H := (%, A, o, €) of complexity at most d,

04(B) holds <= H describes a smooth k-group.

Proof. The k-group G described by H is a subscheme of Spec(S) = A", so 0 <dim G < n. Then invoking
Lemmas 3.16 and 3.8 we may set 6;(#, A, o, €) to be the following formula:

n

\/ (3.d(B) Ae.a(B)) . O
e=0
We wish to apply the above results to obtain statements about the set of algebraic groups of complexity
at most d. This amounts to statements about the Hopf quadruples of complexity at most d. The following
theorem of Dubé guarantees that any algebraic group of complexity at most d can in fact be described by
a GroHo quadruple of complexity at most D, where D depends just on d and n.

Theorem 3.18 [Dub90]. If %' C S is a set of polynomials of degree at most d, then (%#') has a Grobner
basis % consisting of polynomials of degree at most

d2 2n—l
2| — +d .
(2 " )

Theorem 3.19. Let d € N. Then there is a prime py = po(n, d) such that whenever char(k) > pg, any
algebraic k-group of complexity at most d is smooth.

Proof. By Theorem 3.18, each affine algebraic group of complexity at most d is described by a GroHo
quadruple of complexity at most D, where D depends just on d and n; here n has been fixed. So it
suffices to prove that there is a po(D) such that any GroHo quadruple of complexity at most D over a
field k of characteristic p > po describes a smooth algebraic k-group.
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First suppose that & is algebraically closed. Let H = (4, A, o, €) be a GroHo quadruple of complexity
at most D. Recall we identify H with a string of E%) +n(lp2+2¢p+1) coefficients in k, which we write
(kgféﬁ“ﬂﬁ%l)ﬂ.Then invoking Lemmas 3.7, 3.15 and 3.17, the following formula ®p is a sentence
in Lyjng that is true if and only if all GroHo quadruples of complexity at most D describe smooth algebraic
groups:

(YAD (VA2 tepatatns1) BD(B) AD(B. A, 0, €) NOD(B)).

By Cartier’s theorem [Jan03, 1.7.17(2)], ® is true for all fields of characteristic 0. Therefore the Lefschetz
principle (Theorem 2.1) guarantees the existence of a prime pg such that the same is true for all algebraically
closed fields of characteristic p > py.

Now let &k be arbitrary and let G be an algebraic k-group of complexity at most d. Suppose p > py. We
can choose a GroHo quadruple H = (%, A, o, €) of complexity at most D such that G is the corresponding
algebraic k-group. By changing base from & to k, we may regard H as a GroHo quadruple that defines G 2
Recall that complexity does not increase under base change, so the complexity of this GroHo quadruple
is still at most d. So Gy, is smooth by the algebraically closed case, which implies that G is smooth as
well. This proves the theorem. O

4. Normalisers and centralisers

We now prove our main results Theorems 1.1 and 1.2. We will work with non-affine schemes, so we need
some preliminary material. We use the definitions and terminology of [Jan03, Chapter I]. Although we
work mainly over k, we need to consider arbitrary R and study the behaviour of some of the constructions
below under base change to k. Note that every R-scheme is locally free in the sense of [Jan03, 1.1.15] if
R is a field. We fix an R-scheme X and an open covering {X; | i € [} of X such that each X; is affine.
For each i, we fix an affine embedding of X; in some A’. This allows us to talk about the complexity of
certain schemes and maps involving the X;.

We also fix a (not necessarily smooth) algebraic R-group G described by a Hopf quadruple (S/1, A, o, €).
We fix an action @ : G X X — X of G on X.

4.1. The functor Mtor(-,-). We review some basic constructions of algebraic geometry: see [Jan03,
1.1.15, 1.2.6]. Recall that for R-schemes Z and W, we get an R-functor

Mor(Z, W) : R-Alg — Set

given by Mor(Z, W)(Q) = Mor(Zgy, Wy) for any R-algebra Q; if ¢ : Q — Q' is a homomorphism
of R-algebras then Mor(Z, W)(p) : Mor(Zgo, Wg) — Mor(Zg', Wo/) is given by base change. Given
another R-scheme C and a morphism « : C x Z — W of R-schemes, we get a map of R-functors
v:C — 9Mor(Z, W) such that for an R-algebra Q and ¢ € C(Q), v maps c to a(c, —) € Mor(Zg, Wp).

Now let W’ be a closed subscheme of W. If Z is locally free as an R-scheme then by [Jan03, I.1.15]
we may regard Dotr(Z, W’) as a closed R-subfunctor of 9ot(Z, W). So by [Jan03, 1.1.15(3)] we obtain
a closed subscheme v (9ot (Z, W’)) of C.
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4.2. G-complexity. Next we describe the precise boundedness condition that we need. With the notation
of the last subsection, let Y be a closed subscheme of X. Set Y; =Y NX; foreachi. Recall A:=R[G]=S/]
for S=R[xy, ..., x,]andlet B; = R[Y;]. Letw; : G xY; — X be the restriction of & to G x Y;. Then ai’l (Y)
is a closed subscheme of G x ¥; [Jan03, 1.1.12(2)], so it corresponds to an ideal K; of R[G x Y;]= A Qg B;.
We can write K; = (f ].(i) | j € J;), where J; is some (possibly infinite) indexing set, and where each f j(i)
has the form

=Y @b (4-1)

for some a,(,i; € A and bf,’l; € B;.

Definition 4.1. Let G, X and Y be as above. We say that Y has G-complexity at most d if there exist f j(i)

as above such that each ag; has a representative 5% in S of degree at most d.

Note that we do not place any restrictions on the degrees of the b,(rg in the definition, and we do not
require the K; to be finitely generated.

Remark 4.2. Let G, X and Y be as above. The G-complexity condition in Definition 4.1 can be hard to
verify, but here is a useful special case. Let X C A® be affine; let J be an ideal of R[A*] = R[1y, ..., t]
of complexity at most e defining a closed subscheme Y of X. Furthermore, recalling Definition 3.12,
suppose the action « : G x X — X has complexity at most ¢’. Then we claim Y has G-complexity at
most ee’.

To see this, let & be the restriction of & to G x Y, and note that &~ !(Y) is the closed subscheme in
R[G] ®g R[Y] defined by the vanishing of a*(J). So since J is generated by polynomials in the #; of
degree at most e, then applying the algebra homomorphism a* to them leads to polynomials of degree at
most ee’ (see Remark 3.11(ii)).

Much of the time we can do better than this; if the image of a is ¥ —so that G normalises ¥ —
then @' (Y) = G x Y is the closed subscheme of G x Y defined by the zero ideal. In that case, ¥ has
G-complexity 0.

Now let Q be an R-algebra. Change of base yields an algebraic Q-group G acting on a Q-scheme
X o with an open covering by affine schemes (X;)o. If Y is a closed subscheme of X then Y is a closed
subscheme of X . The various constructions in Section 4.2 are well-behaved with respect to base change,
so we see that if ¥ has G-complexity at most d then Yy has G g-complexity at most d.

4.3. Normalisers. We start by recalling the scheme-theoretic definition of the normaliser (see [Jan03,
1.2.6] for details). In this subsection we assume the ground ring is a field k. This implies that the local
freeness condition used in Section 4.1 holds. Let Y be a closed subscheme of X. Then the normaliser
of Y (denoted Ng(Y)) is the k-subgroup functor of G given by

Ng(Y)(Q)={g€G(Q)|a(g, h) € Y(Q) forall h € Y(Q') and all Q-algebras Q'}.

It is clear from the definition that if k' is a k-algebra then Ng, (Yr) = (Ng(Y))r. We will need the
explicit description of Ng(Y) afforded by the k-functor Mov(—, —). The action & : G x X — X gives rise
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toamap v: G — Mor(X, X) as described in Section 4.1. We have a map DMor(X, X) — Nor(Y, X)
given by restriction, and we let y : G — DMMor(Y, X) be the composition with v. Then Ng(Y) =
y LMo (Y, Y))Nig(y ' (Mor(Y, Y))), where i : G — G is the inversion map. Since Y is locally free,
Mor(Y, Y) is closed in NMor(Y, X) and it follows that Ng(Y) is a closed subgroup functor of G. Now
N¢(Y) is an algebraic k-group since k is noetherian.

Theorem 4.3. Let d € N and let G, X and Y be as above. Suppose G has complexity at most d and Y has
G-complexity at most d. Then Ng(Y) is a closed subscheme of G of complexity at most d>.

Proof. We have Ng(Y) =y~ (Mor(Y, Y)) Nig(y ' (Mor(Y, Y))). By Remark 3.11(ii), it is enough to
prove that y‘l (Mot (Y, Y)) has complexity at most d (since i has complexity at most d).

Each Y; is a closed subscheme of X; [Jan03, I.1.13, Lemma], and the Y; form an open cover of Y. Let
;i be the composition G — y9or(Y, X) — Mor(Y;, X), where the second map is given by restriction.
By [Jan03, L1.152)], y ~'(Mor(Y, ¥)) = ;g ¥, Mor(Y;, ¥)). Each y, ' (Mor(Y;, V) is a closed
subscheme of G by an argument similar to the one for y L (Nor(Y, Y)). In the proof of [Jan03, I.1.15(3)],
one considers a map f from Spec, (R) to Mor(Y;, X), where R is an arbitrary k-algebra; one obtains a
map f’ from Spec, (R) x ¥; to X. We apply this construction when R = A =k[G], B; =k[Y;] and f = y;;
then f” is just the map «; : G x ¥; — X. Let K; be the ideal of k[G x Y;] = A ®; B; corresponding to
a; l(Y ) as before, and let Kl./ be the ideal of A corresponding to ylfl(fmor(Y,‘, Y)). By the argument of
loc. cit., K/ is the smallest ideal of A such that K/ ® B; contains K;.

Fix i € [. Choose f j(i), aﬁ}, 5,(2. and b,(jl; as in Definition 4.1, where each a

@

mj has degree at most d.

Rewriting and expanding as necessary, we may assume each bfrg is a member of a fixed k-basis of B;;

evidently this does not affect the bound on the degree of the 5,(,2.. Thanks to Lemma 2.2 we see that K is

generated by the a%, thus has complexity at most d.

Let Ip=1+)_,. K] be the ideal of S corresponding to y = (Mor(Y, Y)). Since each K/ has complexity
at most d, so does Iy. The result now follows. ]

Corollary 4.4. Let d, n € N. Then there is a prime p; = p1(n, d) such that if:
e k is any field of characteristic p > py;
o G is any dffine algebraic k-group of complexity at most d;
e X is any k-scheme on which G acts;
e Y is any closed subscheme of X of G-complexity at most d;

then N (Y) is a smooth closed subscheme of G.

Proof. This follows from Theorem 3.19 and Theorem 4.3. We need to be working with a fixed n as well
as a fixed d in order to apply Theorem 3.19; but this is the case here as we are considering subgroups of a
fixed G. -
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4.4. (G, A)-complexity. Once again we work over an arbitrary ring R. We need a slightly different

boundedness condition for Theorem 4.7. Here we assume again that X = J;_; X; is an R-scheme with ¥

i€l
a closed subscheme. This time, we also assume that X is separated; this means that the diagonal Ay is
closedin X x X. Set Y; = Y N X; for each i as before. Let A = R[G] and let B; = R[Y;] for each i.
Define 8: G x X - X x X by f =« x pry, where pr, : G x X — X is the projection; let §;, By and
By, be its restriction to G x X;, G x Y and G x Y;, respectively. Thanks to [Jan03, 1.1.12(2)] we see that
ﬁ;il(AX) is a closed subscheme of G X Y;, so it corresponds to an ideal K; of R[G x Y;] = A Qg B;. We

can write K; = (f j(i) | j €Ji), where each f; ® has the form
(l) Za(t) ®b(l) (4-2)

for some a e A and some b(l) B;.

Definition 4.5. Let G, X and Y be as above. We say that Y has (G, A)-complexity at most d if there

()

exist f @ as above such that each a( " has a representative a,,; in S of degree at most d.

Lemma 4.6. Let G, X and Y be as above. Suppose X has (G, A)-complexity at most d. Then Y has
(G, A)-complexity at most d.

Proof. Fix i € . By hypothesis, B, '(Ax) is the closed subscheme of G x X defined by elements of the
form f; O = a,(;; ® b(’) for j in some indexing set J;, where each a'! e A has a representative a( D
in S of degree at most d and each b(’) € B;. Let L; (h(l) | £ €;) be the ideal cutting out ¥; in X is
where L is a (possibly infinite) mdexmg set. _Now, we have 'BYi (Ax) =B, (Ax) N (G x )_/,), so the ideal
cutting out Y(Aax) is generated by the f j(’) for j € J; together with the elements 1 ® hle) for ¢ e L. As

the constant polynomial 1 has complexity 0, the result now follows. g

Now let Q be an R-algebra. We see that if X has (G, A)-complexity at most d then X has (G, Ap)-
complexity at most d.

4.5. Centralisers. The argument is similar to the one for normalisers, and we recommence with the
notation from Section 4.3. In particular, our ground ring is a field k. We assume additionally that the
k-scheme X is separated. Recall the definition of the centraliser Cg(Y) from [Jan03, 1.2.6]: it is the
k-subgroup functor of G whose Q-points are

Ceo(Y)(Q)={g€G(Q)|a(g, y)=y forall y € Y(Q') and all Q-algebras Q'},

where Q is any k-algebra. It is clear from the definition that if k" is a k-algebra then Co, (Yi)=(Cc(Y))p.
The maps 8 and By from Section 4.2 give rise to maps

5:G— Mor(X, X xX) and 6y:G — Mor(Y, X x X),

as described in Section 4.1. We have a map 9Mor(X, X x X) — Mor(Y, X x X) given by restriction, and
it is easily seen that §y is the composition G — §Mot(X, X x X) — Mor(Y, X x X).
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Since X is separated, Ay is closed in X x X. Then Cg(Y) = s~ (MMor(Y, Ax)), and this is a closed
subgroup functor of G; in particular, Cs(Y) is an algebraic k-group.

Theorem 4.7. Let d € N and let G, X and Y be as above. Suppose G has complexity at most d and X
has (G, A)-complexity at most d. Then Cg(Y) is a closed subscheme of G of complexity at most d.

Proof. Let §; be the composition G — yMor(Y, X x X) — Mor(Y;, X x X), where the second map is
given by restriction. We have C(Y) = 8~ (Mor(Y, Ax)). By [Jan03, 1.1.15(2)], 8~ (Mor(Y, Ay)) =
Nia Sfl(Dﬁot(Y,-, Ax)). Each Si_l(imot(Y,-, Ax)) is a closed subscheme of G. In the proof of [Jan03,
1.1.15(3)], one considers a map f from Spec, (R) to Mor(Y;, X), where R is an arbitrary k-algebra; one
obtains a map f’ from Spec, (R) x ¥; to X. We apply this construction when R = A = k[G], B; = k[Y;]
and f =§;; then f’is justthe map B; : G x ¥; — X x X. Let K; be the ideal of k[G x Y;] = A ® B;
corresponding to . "(Ax), and K the ideal of A corresponding to §;” Lomoe(Y;, Ay)). By the argument
of loc. cit., K| is the smallest ideal of A such that K/ ® B; contains K;.

Since Y has (G, A)-complexity at most d by Lemma 4.6, K; is generated by elements of the form
fj.(i) =) alﬁi} ® b,(;; for some a,(éj). € A and some bfrg € B;, where each alﬁi} has a representative 5,(12. in
S of degree at most d. As in the proof of Theorem 4.3, we know K is generated by the elements a,(éj).,
and has complexity at most d. Hence C;(Y) has complexity at most d, and we are done. (|

Corollary 4.8. Let d, n € N. Then there is a prime py = po(n, d) such that if:
e k is any field of characteristic p > po;
o G is any dffine algebraic k-group of complexity at most d;
o X is any separated k-scheme of (G, A)-complexity at most d;
then for any closed subscheme Y of X, the centraliser Cg(Y) is a smooth closed subscheme of G.

Proof. This follows from Theorem 3.19 and Theorem 4.7. As in Corollary 4.4, we are working with
subgroups of a fixed G, so there is no problem with applying Theorem 3.19. (|

Remark 4.9. Because of Lemma 4.6, the complexity hypotheses in Corollary 4.8 do not involve Y;
therefore we get better smoothness results for centralisers than for normalisers (cf. Remark 4.12). The
complexity hypothesis on X is difficult to check in general, but it clearly holds if X is of finite type, since
then we can take [ to be finite. Here is a useful special case. Suppose X is finitely presented and affine
and suppose the action « : G x X — X has complexity at most d. By assumption, X corresponds to
an ideal I of R[xy, ..., x,], where I is generated by polynomials f1, ..., f; of R[x1, ..., x,] for some
n,t € N. Then X has complexity at most d’, where d’ is the maximum of the degrees of the f;. We claim
that X has (G, A)-complexity at most dd’. To see this, observe that Ax corresponds to the ideal J of
Rlx1, ..., x,]®r R[x1, ..., x,] generated by the polynomials f; @ 1 —1® f; for 1 <i <t,so Ax has
complexity at most d’. The map B : G x X — X x X has complexity at most d, since & has complexity
at most d and pr, has complexity 1. Hence 8~!(Ay) has complexity at most dd’ by Remark 3.11(ii),
and the claim follows.
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Remark 4.10. Let G, X and Y be as above (defined over arbitrary R). Suppose G has complexity at
most d. Then for any R-algebra Q and any y € Yo (Q), the singleton {y} has G p-complexity at most d.
In case Q = k is algebraically closed, suppose Yy is reduced; thus its k-points Y (k) are dense. It follows
that Cg, (¥x) is equal to the closed subgroup mer(k) Ng,({y}). Each Ng,({y}) has G-complexity at
most d? by Theorem 4.3, so Cg, (Y;) has complexity at most d>. Hence by Theorem 3.19 there exists
po = po(n, d) such that if char(k) > po then we have that Cg, (¥x) is smooth. Note that by translating
the problem to normalisers of points, we do need to assume that X is separated.

4.6. Proof of main theorems and examples. We can now give a quick proof of our main results.

Proof of Theorems 1.1 and 1.2. Let G and X be as in the statement of Theorem 1.1. Since G is affine
and finitely presented, there exists d; € N such that G has complexity at most d;. Since X is finitely
presented, there exists d, € N such that X has (G, A)-complexity at most dp; note that there are only
finitely many ideals K; that we need consider in the definition of (G, A)-complexity for X, and each K;
is finitely generated. Hence for any R-field k, we see from Remark 3.11(iv) that G; has complexity at
most d and X; has (G, A)-complexity at most d, where d = max{d,, d»}. Now Theorem 1.1 follows
from Corollary 4.8.

Now let G, X and Y be as in the statement of Theorem 1.2. Since X is of finite type and Y is finitely
presented, we can choose a finite cover of X by open affine subsets X; such that ¥; := ¥ N X; is finitely
presented for each i. There exists d» € N such that Y has G-complexity at most d, (we need consider
only finitely many finitely generated ideals K; in the definition of G-complexity). We finish the proof as
we did in the centraliser case, using Corollary 4.4 in place of Corollary 4.8. O

Proof of Corollary 1.3. The G-module V is a finitely presented affine G-scheme over R. The proof for
centralisers of subspaces follows immediately from Theorem 1.1 applied to G and V.

For normalisers we will use Corollary 4.4. The dual of a finitely generated projective module is finitely
generated and projective, so we can choose generators oy, ..., o, for V* as an R-module. The map
a1 X -+ - X a, gives an R-linear embedding of V' as a subspace of A%. There exists d € N such that G has
complexity at most d and the map G x V — V given by the action has complexity at most d. Now let k
be an R-field. Then G, has complexity at most d and the map Gy x V; — Vj given by the action has
complexity at most d, by Remark 3.11(iv). Let W be a subspace of V. Then W has complexity at most 1
with respect to the embedding of V; in A7, so W has G-complexity at most d by Remark 4.2. The result
now follows from Corollary 4.4. U

Remark 4.11. We sketch another proof of the normaliser part of Corollary 1.3. Let k be an R-field
and let W be a subspace of Vi. Set r = dim(W). Then Ng, (W) = Cg, (x), where x is the element of
P(A"(Vy)) corresponding to the line A" (W) in the exterior power A" (Vy), so we can deduce the result
by applying Theorem 1.1 to the G-module P(A"(V)). We leave the details to the reader.

Remark 4.12. Any hope to extend Theorem 1.2 to deal with normalisers of arbitrary closed subschemes
of X will fail without first imposing some further hypotheses. For instance, [HS16, Lemma 11.11] gives
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for each prime p a smooth subgroup H), of GL3 over an algebraically closed field of characteristic p
such that the normaliser of H), is nonsmooth. Here we can take G = X = GL3 over R = Z with G acting
on X by conjugation; Theorem 1.2 does not apply because our closed subschemes H), are not of the form
Y for any fixed closed subscheme Y of X.

Remark 4.13. Likewise, Theorem 1.1 fails without some kind of complexity hypothesis. For example,
let G be a split simple and simply connected group over Z and N = V(1) the Weyl module for G
with minuscule highest weight L. Then N is irreducible for each algebraically closed field k. When
chark = p > 0, let My = (Ni)!!) be the Frobenius twist of Ny through F: G — G\"; as G = F(Gy) = G,(cl)
we have My irreducible too. By irreducibility, Cg, () ; Gy for any 0 #£ m € M. The k-group G being
connected and smooth it follows that dimg (Cg, (m)) < dim Gy, yet Lie(Gy) is in the kernel of the action
on M. Thus dimy Lie(Cg, (m)) = dim Gy; it follows that Cg, (m) is not smooth. Note that X is of finite
type here and G and X are fixed, but the action is not.

Remark 4.14. Here is a closely related example of the limits of Theorem 1.1; this time X, G and the
G-action on X are fixed but X is not of finite type. Let R = Z, G = SL; and X be the G-scheme not of
finite type which is the disjoint union of the G-modules H"(p) = Indg (p) for every prime p —here B is
a Borel subgroup of G and the integer p denotes a free Z-module of rank 1 on which B acts with weight
p through the quotient map to a maximal torus. When chark = p and k = k, the simple socle of the
Gr-module H?(p); is isomorphic to a Frobenius twist L(l),El] of the natural 2-dimensional G;-module
L(1);. If v is a point in the socle of H°(p) then its centraliser is a proper subgroup of Gy, but v is
centralised by the whole Lie algebra. We conclude that the centraliser of v is not smooth. In this instance,
the action map « : G x X — X is not d-bounded for any d.

Remark 4.15. If we assume that R is noetherian then we obtain some variations on Theorems 1.1 and
1.2, as follows. First consider normalisers. Let R be noetherian, let G be an algebraic R-group and let X
be a G-scheme. Let Y be a closed subscheme of X. We claim that there exists p; € N such that whenever
k is an R-field of characteristic p > p1, Ng, (¥x) is smooth.

To see this, choose an open covering of X by affine schemes X; for i in some indexing set [. Set
Y =YNX;, leto; : G xY; — X be the restriction of the action and let K; be the ideal of A Qg B;
corresponding to ai_l (Y:), where A := R[G] and B; := R[Y;]. Choose generators fj(i) for K;, where j
runs over some indexing set J;. For each i € [ and each j € J;, we can write f J.(i) =) . a,(,i;. ®b,(72., where
3. belongs to B;. Now let K/ be the ideal of A generated by the a,(,ij).,
andlet K’ =), ; K/. Since G is algebraic, A is finitely generated. It follows that K’ is finitely generated

each aﬁ} belongs to A and each bg

as R is noetherian: so some finite subset F of the ar(,i;. generates K'.
Now let k be an R-field. We obtain Xy, Y, (¥i)k, (¢;)x by changing base. The ideal of (oz,-)k_1 Yr)

is K; ®g k, and we have ), | K/ @r k = K’ @g k. But K’ @ k is generated by the elements a,(é; 1,
where the a,(,i; run over the elements of F. It follows that K’ ® g k has complexity bounded by some d

which is independent of k. Applying Theorem 3.19 yields the result.
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By a very similar argument we obtain the following result for centralisers. Let R be noetherian, let G
be an algebraic R-group and let X be a separated G-scheme over R. Let Y be a closed subscheme of X.
Then there exists pg € N such that whenever k is an R-field of characteristic p > po, Cg, (Yx) is smooth.

Note that in these results we did not need X or Y to be finitely presented, or even locally of finite type.
On the other hand, Remark 4.14 shows that Theorem 1.1 becomes false if we remove the assumption that
X is of finite type, even when R is noetherian.

4.7. Modules for reductive groups. Let k be a field of characteristic p > 0 and let G be a split reductive
k-group (which by convention means that it is connected). We recall some of the basic representation
theory of G as found in [Jan03, II.1, I1.2]. Let B be a Borel subgroup of G, containing a split maximal
torus 7' of G. This choice defines a set of simple roots of the (reduced) root lattice ® of G, and a subset
of dominant weights X (T)* of the character lattice X(7T) = Hom(T, G,,). Moreover, there is a 1-1
correspondence between the dominant weights A € X (T) and the simple G-modules L(1). Let k; denote
the 1-dimensional k-module on which T acts with weight A; this is also a B-module via the canonical
projection B — T. The induced representation H(1) := Indg (k;) is finite-dimensional and contains
L(}) as its unique simple submodule; i.e., as its socle.
There is a natural pairing of X (7") with the cocharacter lattice Y (7') = Hom(G,,, T) denoted

(,): X(T)YxY(T)—>Z; (A, 0) > Ao.

One can show that any root @ € ® C X(T') gives rise to a coroot a” € Y (T). The next result follows
from [Jan03, V.5.6].

Lemma 4.16. Let p denote half the sum of the positive roots.

(i) Let A be a dominant weight. If (A + p, a) < p for all « € ®* then HO(L) = L(}).

(ii) If V is a G-module such that (» + p, a") < p for all @« € ®* and all dominant weights X in V , then
V is semisimple.

Say a dominant weight A is d-bounded if (. +p,a") <d foralla € ®*.

Proposition 4.17. Let ® be a (reduced) root system and fix d € N. There are primes p and p3 with
the following properties. If k is a field of characteristic p > p> (resp. p > p3), if G is any connected
reductive k-group such that G has root system ®, and if V is a finite-dimensional G-module such that
the dominant weights of Vi are all d-bounded, then the centralisers of all closed subschemes of V in G

(resp., the normalisers of all closed subschemes of V of complexity at most d) are smooth.

Proof. Since centralisers, normalisers and smoothness are well-behaved under field extensions, we may
assume without loss that k = k. We may assume p», p3 > d. Then by Lemma 4.16 and local finiteness

[Jan03, 1.2.13-14],
v=@Low=@ a0,
reA AeA
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for some indexing set A of dominant weights. Recall that the group G is defined over Z in the sense
that there is an algebraic Z-group G such that Gy = G [Jan03, II.1.17]; furthermore G has a Borel
subgroup B containing a split maximal torus T and such that By is a Borel subgroup of G and 7} is a
split maximal torus of G. All Borel subgroups of G are G (k)-conjugate and all split maximal tori of
B are B(k)-conjugate, so without loss of generality, B = By and T = T;. Since G is split, there is a
character A of T such that A = A;. Now induction commutes with flat base change [Jan03, 1.3.5(3)],
which implies H o = Indg (Zy)k. Thus V is isomorphic to the base change to k of a G-module V,
which is free as a Z-module. Moreover as there are only finitely many possible isomorphism classes of
the direct summands of V — there are only finitely many d-bounded weights — the complexity of G, the
complexity of V and the complexity of the action map of G on V are bounded by a function f = f(®, d)
depending just on @ and d, being that of the maximal summand. (To obtain the bound on the complexity
of V we used Remark 3.11(v).) Hence by Remark 3.11(iv) the complexity of G, the complexity of V and
the complexity of the action map of G on V are bounded by a function f = f(®, d). It follows from
Remark 4.9 that V has (G, A)-complexity at most f (P, d)?, and it follows from Remark 4.2 that if Y is
a closed subscheme of V of complexity at most d then Y has G-complexity at most df (P, d). Now we
are done by an application of Corollaries 4.8 and 4.4. U

Remark 4.18. Note that we do not need any bound on dim(V') in Proposition 4.17.

5. Application: the Kostant—Kirillov—Souriau theorem in characteristic p

A foundational result in the theory of smooth complex Poisson varieties in Weinstein’s symplectic foliation
theorem, which states that every such variety decomposes into a disjoint union of its symplectic leaves.
In general these are not complex submanifolds and, even when they are, they usually fail to be locally
closed for the Zariski topology (see [BG03, Remark 3.6(1)] for example). Nevertheless there is a large
class of Poisson varieties which admit locally closed symplectic leaves. If G is a complex algebraic
group with Lie algebra g then g* carries a natural Poisson structure. A fundamental result in symplectic
geometry states that the coadjoint orbits coincide with the symplectic leaves of g*; this is known as the
Kostant—Kirillov—Souriau theorem. For semisimple groups this construction is exhaustive in a precise
sense: every symplectic homogeneous space is a finite covering of such an orbit (see [GS77, §IV.7]).

The theory of symplectic varieties in positive characteristic is still in its early stages, although the
foundations have been carefully lain in the landmark work of Bezrukavnikov and Kaledin [BKOS8], where
they classified Frobenius constant quantisations of smooth symplectic varieties. Another notable result is
the proof of the formal version of Weinstein’s splitting theorem [Tik18], which decomposes a restricted
Poisson variety into a product of a symplectic subvariety and a transverse Poisson slice, in a formal
neighbourhood of a point.

Although one cannot define symplectic leaves in positive characteristic, many Poisson varieties
decompose into a disjoint union of quasi-affine symplectic subvarieties. This seems to be the most natural
replacement for the symplectic foliation in this setting.
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When G is an algebraic group over an algebraically closed field of positive characteristic we can ask
whether the coadjoint orbits are symplectic subvarieties of g*. In general the answer is negative, and
the failure can be traced back to the fact that the quotient map from a group to an orbit is not always
separable. We now demonstrate that the Kostant—Kirillov—Souriau theorem holds for algebraic groups
over algebraically closed fields of sufficiently large positive characteristics, using Theorem 1.1. First, we
require a preparatory lemma. If G is an algebraic R-group and k is an algebraically closed R-field then

we write gy for Lie(Gy).

Proposition 5.1. Let G be an algebraic R-group. There exists a prime ps € N with the property that if k
is any algebraically closed field of characteristic p > pa, then for all x € gi and all x € gj, the subgroups
Cg, (x) and Cg, (x) are smooth.

Proof. Since G is finitely presented, we have A = R[G] = R[x1,...,x,]/I with [ = (f1, ..., f;), and
suppose G has complexity at most d — which implies we can choose the f; to have degree at most d.
We may assume G is nontrivial and so d > 1. The vanishing ideal /; at the identity is then finitely
generated of complexity at most d and so the Lie algebra Lie(G) = ({;/] 12)* and the adjoint action
G x Lie(G) — Lie(G) have bounded complexity as a function just of d; see [Jan03, 1.2.4(8)] for a
formula. (Certainly d* will suffice.) Moreover, if Q is any R-algebra then Q[G o] = R[G] ®r Q has
complexity at most d and the same formula implies the adjoint action has complexity at most d* also. A
similar argument yields the bounded complexity of the co-adjoint action. The result now follows from
Remark 4.9 and Corollary 4.8. 0

Let G be an algebraic R-group and let p4 be as Proposition 5.1. Pick an algebraically closed R-field &
of characteristic p. The following is a version of the Kostant—Kirillov—Souriau theorem.

Theorem 5.2. If p > pq4 then the induced Poisson structure on coadjoint orbits in g; is symplectic. Hence
g; decomposes into a disjoint union of locally closed symplectic subvarieties.

Proof. Since p > py it follows from Proposition 5.1 that the coadjoint stabilisers in g are all smooth. For
the proof we fix x € g; and write €2 for the coadjoint orbit of x, write ad* for the coadjoint representation
of g on gi and write g,f for the stabiliser of x. Thanks to [Jan04, 2.1], the natural bijective morphism
Gi/Cg,(x) — S is separable and so we have isomorphisms

T, Q2 => ad*(g) x = ok /9] - (5-1)

Let I C k[gg] be the defining ideal of Q. Since 2 is G-stable, I is G-stable and hence gr-stable. Hence
[ is a Poisson ideal and k[Q] inherits a Poisson structure. Let x1, . . ., x, be a basis for gx- The rank of the
Poisson structure at y is the rank of the matrix % such that nl?f = x ([xi, x;]1). However 7% is nothing
other than the matrix of the linear form /\2 gr — k given by (x, y) — x([x, y]). The radical of this form
is gf and so we conclude that the rank of the Poisson structure on Q at x is dim g/ g;f . It follows from
(5-1) that the rank coincides with dim €2. Since G acts by Poisson automorphisms and €2 is homogeneous
we conclude that the Poisson structure on €2 has full rank at every point of €2, as desired. O
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