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Injectivity and vanishing for the Du Bois complexes
of isolated singularities

Mihnea Popa, Wanchun Shen and Anh Duc Vo

We prove an injectivity theorem for the cohomology of the Du Bois complexes of varieties with isolated
singularities. We use this to deduce vanishing statements for the cohomologies of higher Du Bois
complexes of such varieties. Besides some extensions and conjectures in the nonisolated case, we also
provide analogues for intersection complexes.

A. Introduction

Let X be a complex algebraic variety of dimension n, and for each k ≥ 0 let �k
X be the k-th associated

graded term of the filtered de Rham complex �•

X with respect to the Hodge filtration, also called the k-th
Du Bois complex of X . Given their growing importance in the study of singularities via Hodge theory,
it has become essential to understand the finer homological properties of these complexes. This paper
addresses the case of isolated singularities, by focusing on vanishing theorems for the cohomologies of
Du Bois complexes, and injectivity theorems for the cohomologies of their duals.

Vanishing of cohomologies. By definition, the Du Bois complexes �k
X have nontrivial cohomologies

only in degrees in the range [0, n]. Something better is in fact true: a well-known result of Steenbrink
[St2, (4.1)] says that

Hi�k
X = 0 for i > n − k,

and without further assumptions on k or the singularities, this is optimal.
The vanishing of other higher cohomologies Hi�k

X in the possible nonvanishing range is one way to
measure how good the singularities of X are. One of our main goals is to describe concrete conditions
under which this holds. Previous results in this direction were obtained in [MOPW] for hypersurfaces,
and more generally in [MP1] for local complete intersections. Here we address this in the case of isolated
singularities, providing some results in the nonisolated case along the way as well.

The appropriate language for studying this problem is that of higher Du Bois singularities, studied
in [MOPW; JKSY; MP1; SVV], among others. At least in the local complete intersection case, this
condition means that �

p
X can be identified with the sheaf of Kähler differentials �

p
X for certain p. Along
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the way towards a general definition, the weaker notion of pre-k-Du Bois singularities was introduced in
[SVV]; this simply means the vanishing of higher cohomologies, i.e., Hi�

p
X = 0 for all i > 0 and p ≤ k.

See also [Tig], using different terminology.
For fixed k, the question of whether the cohomology sheaf Hi�k

X is zero for some i > 0 is therefore
by definition nontrivial only if X is not pre-k-Du Bois. Our main vanishing result studies the first degree
where this is the case. The answer is influenced by the algebraic properties of the 0-th cohomology sheaf
H0�k

X , which is known to always be torsion-free.

Theorem A. Let X be a variety with pre-(k−1)-Du Bois isolated singularities. Then

Hi�k
X = 0 for 0 < i < depthH0�k

X − 1.

A reformulation of this theorem in terms of resolution of singularities and higher direct images of
logarithmic forms can be found in Remark 7.3.

When k = 0, when the hypothesis means that there are no assumptions on X , this is due to Steenbrink
[St3, Proposition 1]. Using our method of proof, however, combined with an injectivity result from
[KS16], we can extend this case to arbitrary singular sets.1

Corollary B. If a variety X is (pre-)Du Bois away from a closed subset of dimension s, then

Hi�0
X = 0 for 0 < i < depthOX − s − 1.

A quick consequence is that a Cohen–Macaulay variety of dimension n, with isolated singulari-
ties, is Du Bois if and only if the natural morphism H n(X,OX ) → H n(X, �0

X ) is injective (hence an
isomorphism); see Corollary 7.6.

The picture of vanishing results for higher cohomology sheaves is completed by the following “sliding”
rule, which is quite simple but seems to not have been noted before; it holds with no assumption on the
singular locus.

Proposition C. Let X be an n-dimensional variety. If k < n and Hn−p−1�
p
X = 0 for all p ≤ k−1, then

Hn−k�k
X = 0.

In particular Hn�0
X = 0, and more generally if X is pre-(k−1)-Du Bois, with k < n, then Hn−k�k

X = 0.

Further vanishing results and conjectures in the nonisolated case are discussed later in the Introduction.
Note in particular Conjecture H for an extension of Theorem A to the general case.

Injectivity for the cohomologies of duals. The key technical result of the paper, used in the proof of
Theorem A and in other applications, is the following injectivity theorem for the cohomologies of the
dual of the first Du Bois complex that is not a sheaf.

1We will see that for k = 0 one can safely replace H0�0
X by OX .
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Theorem D. Let X be a variety with isolated pre-(k−1)-Du Bois singularities. Then the morphism

RHomOX (�k
X , ω•

X ) → RHomOX (H0�k
X , ω•

X )

in Db
coh(X), obtained by dualizing the canonical map H0�k

X → �k
X , is injective on cohomology.2

In Conjecture G we predict that the statement should hold even without the isolated singularities
hypothesis.

An injectivity theorem of this type first appeared in the inspiring paper [KS16] by Kovács and Schwede
for k = 0. It was then reinterpreted in terms of the Hodge filtration on local cohomology, and extended
to arbitrary k in the case of local complete intersections, in [MP1] and [MP2]. Fundamentally, such
injectivity theorems are degeneration at E1 phenomena for appropriate Hodge-theoretic objects, and are
now understood to be one of the most essential properties of Du Bois complexes.

Note a subtlety: when k = 0, or when X is LCI, Kähler differentials are rather well behaved under the
(k−1)-Du Bois hypothesis, and therefore the right-hand side in the previously known injectivity theorems
is expressed in terms of �k

X ; see e.g., Theorem 4.6. This is not the case anymore for arbitrary singularities,
where we found that the natural formulation of injectivity is in terms of H0�k

X . Nevertheless, one can
deduce from Theorem D statements about Kähler differentials as well. Here we only include a special case
that is easier to state, while the general result is Corollary 6.2; the local cohomological defect lcdef(X)

is defined in the next subsection, and the definition of k-Du Bois singularities is recalled in Section 2.

Corollary E. Let X be a variety with isolated (k−1)-Du Bois singularities, with dim X ≥ 2 and
lcdef(X) = 0. Then the map

RHomOX (�k
X , ω•

X ) → RHomOX (�k
X,tf, ω

•

X )

is injective on cohomology. Here �k
X,tf denotes the quotient of �k

X by its torsion subsheaf.

As for the proof of Theorem D, it is immediate to reduce to the case of projective varieties, in which
case we show a more general fact, namely that the statement holds when X is pre-(k−1)-Du Bois
with possibly higher dimensional singular locus, but pre-k-Du Bois except at finitely many points; see
Theorem 5.1. We use the degeneration at E1 of the Du Bois version of the Hodge-to-de Rham spectral
sequence, inspired by the approach in [KS16] rather than that in [MP2] (as we do not yet have a good
theory of the Hodge filtration on local cohomology in the non-LCI case).

Another application of Theorem D is a very quick proof of the known fact that k-rational singularities
are k-Du Bois, in the case of isolated singularities. We show this in Section 8, where we also recall what
is known in this direction.

More on vanishing. Going back to vanishing statements, our approach also provides a somewhat weaker
statement for nonisolated singularities, which is essentially due to formal homological algebra.

2Here ω•
X is the dualizing complex of X .
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Proposition F. Let X be a variety that is pre-k-Du Bois away from a closed subset of dimension s. Then

Hi�k
X = 0 for 0 < i < mk − s − 1,

where mk := min{depthH0�k
X , n − k − lcdef(X) + 1}.

Here lcdef(X) denotes the local cohomological defect of X , defined as

lcdef(X) = lcd(X, Y ) − codimY (X),

where X ⊆ Y is an embedding in a smooth variety, with local cohomological dimension lcd(X, Y ). It
does not depend on the embedding, and lcdef(X) = 0 for local complete intersections, but also for other
interesting classes of varieties; for more details see Section 4. One can make sense of the depth of an
object in the derived category, and what is really proven in Proposition F is a consequence of a general
fact about arbitrary such objects, namely the same statement but with mk replaced by the more abstract

m′

k := min{depthH0�k
X , depth �k

X + 1}.

One then uses one of the main results of [MP1], which implies that

depth �k
X ≥ n − k − lcdef(X),

with equality for some k. To prove Theorem A, we need to combine this abstract formulation with the
main injectivity result, Theorem D.

We explain in Example 7.4 how this formal statement can be used when X is a local complete
intersection in order to recover [MP1, Corollary 13.9] (see also [MOPW] for hypersurfaces), stating that
if s = dim Xsing, then for all k we have

Hi�k
X = 0 for 0 < i < n − k − s − 1.

At the end of Section 7 we give examples where certain intermediate cohomologies do not vanish,
showing the failure of some possible extensions of this result to the general setting.

Conjectures. The main results of this paper are likely to admit natural extensions to the case of nonisolated
singularities. The most important extends Theorem D.

Conjecture G. Let X be a variety with pre-(k−1)-Du Bois singularities. Then the map

RHomOX (�k
X , ω•

X ) → RHomOX (H0�k
X , ω•

X )

is injective on cohomology.

This is proven in [MP2] in the local complete intersection case, when X has (k−1)-Du Bois singularities.
The proof makes use however of the relationship between the Hodge filtration and the Ext filtration on
local cohomology, shown in [MP1], which is not available in general.

The natural extension of Theorem A is the statement below. It follows from Conjecture G with the
same argument that derives Theorem A from Theorem D.
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Conjecture H. Let X be a variety that is pre-(k−1)-Du Bois, and pre-k-Du Bois away from a closed
subset of dimension s. Then

Hi�k
X = 0 for 0 < i < depthH0�k

X − s − 1.

Intersection complex. In Ch.E we establish analogues of the results described above, where the Du Bois
complexes are replaced by intersection Du Bois complexes;3 in other words, from the point of view of
Hodge modules and constructible sheaves, we are replacing the constant sheaf by the intersection complex.
In this case, the higher Du Bois singularities conditions are replaced by higher rational singularities
analogues; for local complete intersections, the link between these types of singularities and intersection
complexes was already observed in [CDM]. Since their shape is rather similar, we refer to Sections 10
and 11 in the body of the paper for these statements. The main injectivity result is Corollary 10.4, while
the main vanishing result is Corollary 11.3.

What is perhaps more fundamental here is that along the way we establish an injectivity result,
Theorem 10.3, that holds unconditionally and relates the duals of Du Bois complexes and their intersection
analogues. This in turn uses a more technical variant, Theorem 10.5, communicated to us by S. G. Park.
Using this theorem, the main result in the intersection complex setting is a consequence of Theorem D
for Du Bois complexes.

B. Preliminaries

Throughout this chapter, X is a complex variety of dimension n.

1. Du Bois complexes. We recall the notion of filtered de Rham complex, meant as a replacement for the
standard de Rham complex on smooth varieties. Denoted (�•

X , F), it is an object in the bounded derived
category of filtered differential complexes on X , introduced by Du Bois in [DB] along the lines suggested
by work of Deligne. For each k ≥ 0, the shifted associated graded quotient

�k
X := Grk

F�•

X [k],

is an object in Db
coh(X), called the k-th Du Bois complex of X . For a hyperresolution ϵ• : X• → X of X ,

it can be computed as

�k
X ≃ Rϵ•∗�

k
X•

.

Besides [DB], one can find a detailed treatment of hyperresolutions and the construction of Du Bois
complexes in [GNPP, Chapter V] or [PS, Chapter 7.3]. We only recall here a few basic facts that will be
used freely throughout the paper. Note that in these statements we jump freely between the algebraic and
analytic setting without changing the notation, as we hope that the context is clear in each case; the analytic
results will be used in the projective setting, when the cohomology groups are the same due to GAGA.

3These are studied more thoroughly in the upcoming [PP].
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• For each k ≥ 0, there is a canonical morphism �k
X → �k

X , which is an isomorphism if X is smooth; here
�k

X are the sheaves of Kähler differentials on X ; see [DB, Section 4.1] or [PS, Page 175]. In particular,
Hi�k

X are supported on the singular locus of X , for all i > 0.

• There exists a Hodge-to-de Rham spectral sequence

E p,q
1 = Hq(X, �

p
X ) =⇒ H p+q(X, C),

which degenerates at E1 if X is projective; see [DB, Theorem 4.5(iii)] or [PS, Proposition 7.24].

• For each k ≥ 0, the sheaf H0�k
X embeds in f∗�k

X̃
, where f : X̃ → X is a resolution of X , so in particular

it is torsion-free; see [HJ, Remark 3.8].

2. Higher singularities. Following [MOPW; JKSY; FL2], if X is a local complete intersection (lci)
subvariety of a smooth variety Y , then it is said to have k-Du Bois singularities if the canonical morphisms
�

p
X → �

p
X are isomorphisms for all 0 ≤ p ≤ k, and k-rational singularities if the canonical morphisms

�
p
X → DX (�

n−p
X ) are isomorphisms for all 0 ≤ p ≤ k, where DX ( · ) := RHom( · , ωX ).

For non-lci varieties, however, even the condition �1
X

∼
−→ �1

X turns out to be quite restrictive; as
explained in [SVV] the definitions above are not suitable anymore. In the general setting, new definitions
of k-Du Bois and k-rational singularities are introduced in loc. cit.. As it is often sufficient, one can first
consider weaker notions obtained by removing the conditions in cohomological degree 0.

Definition 2.1. We say that X has pre-k-Du Bois singularities if

Hi�
p
X = 0 for all i > 0 and 0 ≤ p ≤ k.

We say that X has pre-k-rational singularities if

Hi (DX (�
n−p
X )) = 0 for all i > 0 and 0 ≤ p ≤ k.

Several other conditions are imposed in the full definition of general k-Du Bois and k-rational singular-
ities. They agree with the classical notions of Du Bois and rational singularities when k = 0, and with the
definitions mentioned above in the local complete intersection case. See [SVV, Proposition 5.5, 5.6] for
more details.

Definition 2.2. We say that X has k-Du Bois singularities if it is seminormal, and

(1) codimX (Xsing) ≥ 2k + 1;

(2) X has pre-k-Du Bois singularities;

(3) H0�
p
X is reflexive, for all p ≤ k.

Definition 2.3. We say that X has k-rational singularities if it is normal, and

(1) codimX (Xsing) > 2k + 1;

(2) X has pre-k-rational singularities.
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3. A new vanishing result. Steenbrink’s vanishing theorem [St2, (4.1)] states that

Hq�
p
X = 0 for p + q > n. (3.1)

In general, this result is the best possible. Indeed, [MOPW, Example 1.7] shows that the vanishing does
not necessarily hold when p + q = n. However, we have:

Proposition 3.2 (Proposition C). If k < n and Hn−p−1�
p
X = 0 for all p ≤ k−1, then

Hn−k�k
X = 0.

Proof. Consider the spectral sequence associated to the Hodge filtration on the filtered de Rham complex

E p,q
1 := Hq�

p
X =⇒ H p+q�•

X .

Since �•

X is quasi-isomorphic to CX , the spectral sequence converges to CX , placed in cohomological
degree 0. Note that for any ℓ ≥ 1, the term Ek,n−k

ℓ+1 is obtained as the cohomology of the complex

Ek−ℓ,n−k+ℓ−1
ℓ → Ek,n−k

ℓ → Ek+ℓ,n−k−ℓ+1
ℓ ,

and the right-hand side is 0 by (3.1), while the left-hand side is 0 by assumption. Therefore

Hn−k�k
X = Ek,n−k

1 = Ek,n−k
∞

= 0. □

Corollary 3.3. If X is pre-(k−1)-Du Bois, with k < n, then

Hn−k�k
X = 0.

In particular, X is pre-k-Du Bois for all k if and only if it is pre-(n − 2)-Du Bois.

Proof. The first part is an immediate consequence of Proposition C. For the second part, note that we
always have �n

X ≃H0�n
X , while in the previous row, the only term that needs checking is H1�n−1

X , which
is covered by the first part. □

When X has isolated singularities, this is [FL1, Lemma 2.5]. When X is a hypersurface, a slightly
weaker result is contained in [MOPW, Theorem 1.4].

Remark 3.4. The result does not hold for k = n, as for any variety X we have �n
X ≃ H0�n

X ≃ π∗ωX̃ ,
where π : X̃ → X is a resolution of singularities.

Example 3.5. If X is a pre-0-Du Bois surface, then Hi�k
X = 0 for all k and all i > 0. Hence if X is a

surface with rational singularities, then

�k
X ≃ H0�k

X ≃ �
[k]

X for all k.

The last isomorphism is a consequence of the main result of [KS21].

Example 3.6. Corollary 3.3 cannot be improved, without further assumptions, by moving to the left in
the Du Bois table. For instance, any 3-fold X with an isolated rational (hence Du Bois) hypersurface
singularity that is not a double point, has H1�1

X ̸= 0; see [NS, Theorem 2.2].
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4. Local cohomological dimension and depth. Let X be a complex variety. If Y is a smooth variety
containing X (locally), the local cohomological dimension of X in Y is

lcd(X, Y ) := max{q | Hq
XOY ̸= 0},

where the sheaf in parenthesis is the q-th local cohomology sheaf of OY along X . It is also known that
if r = codimY X , then Hq

XOY = 0 for q < r and Hr
XOY ̸= 0. See [MP1], for example, for details and

references.
As in [PSh], we consider the local cohomological defect lcdef(X) of X as

lcdef(X) := lcd(X, Y ) − codimY X.

A reinterpretation of the characterization of local cohomological dimension in [MP1, Theorem E] can be
stated as follows:

Theorem 4.1 [MP1, Corollary 12.6]. Let X be a subvariety of a smooth variety Y . For any integer c we
have

lcd(X, Y ) ≤ c ⇐⇒ Ext j+k+1
OY

(�k
X , ωY ) = 0 for all j ≥ c and k ≥ 0.

or equivalently

lcdef(X) ≤ c ⇐⇒ Ext j+k+1
OX

(�k
X , ω•

X ) = 0 for all j ≥ c − dim X and k ≥ 0.

The second equivalence follows from the first thanks to Grothendieck duality for the inclusion X ↪→ Y .
We now recall that the notion of depth of a module has a natural extension to objects in the derived

category. If C is an element of the bounded derived category of finitely generated R-modules, where
(R,m) is a noetherian local ring endowed with a dualizing complex ω•

R , then one can define

depth(C) := min{i | Ext−i
R (C, ω•

R) ̸= 0}.

with the convention that the depth is −∞ if C = 0. This notion is studied extensively in [FY], where it is
shown to be equivalent to other natural generalizations of the usual notion of depth. When X is a variety
and C is an element in Db

coh(X), then we set

depth(C) := min
x∈Supp(C)

depth(Cx),

where the minimum is taken over the closed points in the support of C. The first interpretation takes the
form

depth(C) = min{i | Ext−i
OX

(C, ω•

X ) ̸= 0}. (4.2)

This is of course a standard interpretation of depth when C is a sheaf.
Using this, from Theorem 4.1 we conclude:

Corollary 4.3. We have the identity

lcdef(X) = dim X − min
k≥0

{depth �k
X + k}.
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This shows in particular that lcdef(X) depends only on X , and not on the embedding, and that
dim X ≥ lcdef(X) ≥ 0. These consequences can also be deduced from the topological interpretation of
lcdef(X) as the number of nonzero perverse cohomologies of the constant sheaf QX , shown in [RSW].

Example 4.4 (varieties with lcdef(X) = 0). The condition lcdef(X) = 0 is equivalent to lcd(X, Y ) =

codimY X in any embedding, or equivalently to the nonvanishing of a single local cohomology sheaf
Hr

XOY . This holds of course when X is a local complete intersection. In addition, it is known to hold when
X has quotient singularities [MP1, Corollary 11.22], for affine varieties with Stanley–Reisner coordinate
algebras that are Cohen–Macaulay [MP1, Corollary 11.26], for arbitrary Cohen–Macaulay surfaces
[Og, Remark, pp. 338–339] and threefolds [DT, Corollary 2.8], and for Cohen–Macaulay fourfolds whose
local analytic Picard groups are torsion [DT, Theorem 1.3].

Note that, according to Corollary 4.3, for such varieties we have

depth �k
X ≥ n − k for all k ≥ 0.

We finish the chapter with a well-known vanishing result for Ext sheaves, for later use.

Lemma 4.5 (e.g., [Sta, Tag 0A7U]). Let F be a coherent sheaf on X. Then

Ext i
OX

(F, ω•

X ) = 0 for i < −dim Supp(F).

C. Injectivity theorems

In this chapter we address natural injectivity theorems for the cohomologies of the duals of the graded
quotients of the Du Bois complex. The first appearance of such a result was in [KS16, Theorem 3.3],
where Kovács and Schwede proved that for every variety X the morphism

RHomOX (�0
X , ω•

X ) → RHomOX (OX , ω•

X )

obtained by dualizing the canonical morphism OX → �0
X is injective on cohomology. Using the Hodge

filtration on local cohomology, a slightly stronger version of this fact was obtained in [MP1, Theorem A],
and then extended to higher Du Bois complexes in [MP2, Theorem A] in the case of local complete
intersections:

Theorem 4.6 [MP2, Theorem A]. If X is local complete intersection and k is a nonnegative integer such
that X has (k−1)-Du Bois singularities, then the morphism

RHomOX (�k
X , ωX ) → RHomOX (�k

X , ωX )

in Db
coh(X), obtained by dualizing the canonical morphism �k

X →�k
X , is injective at the level of cohomology.

Here we prove an injectivity theorem for arbitrary isolated singularities, by going back to the basic
Hodge-theoretic properties of Du Bois complexes, as in [KS16]. Currently we do not have a sufficiently
good understanding of the Hodge filtration on local cohomology, as a mixed Hodge module, beyond the
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local complete intersection case treated in [MP1]. This is something highly desirable, which may clarify
the picture in the general nonisolated case and lead to a proof of Conjecture G.

5. Proof of Theorem D. The statement of the injectivity theorem is local; hence we may assume first that
X is quasiprojective. Since the singular locus S of X is a finite set, we may choose a compactification
X of X such that the singular locus of X is still S, and prove the statement for X . Hence it suffices to
assume that X is projective to begin with. With this assumption, we prove a stronger statement:

Theorem 5.1. Let X be a projective variety which is pre-(k−1)-Du Bois, and pre-k-Du Bois away from a
finite set. Then the morphism

RHomOX (�k
X , ω•

X ) → RHomOX (H0�k
X , ω•

X )

in Db
coh(X), obtained by dualizing the canonical map H0�k

X → �k
X , is injective on cohomology.

The key point in the proof is the following:

Proposition 5.2. Let X be a projective variety with pre-(k−1)-Du Bois singularities. Then for each i , the
natural map

H i (X,H0�k
X ) → Hi (X, �k

X ),

obtained by applying cohomology to H0�k
X → �k

X , is surjective.

Proof. For each p ≥ 0, we set
�

≤p
X := �•

X/F p+1�•

X .

So we have an exact triangle

�
p
X [−p] −→ �

≤p
X −→ �

≤p−1
X

+1
−→ . (5.3)

We also denote by �
≤p
X,h the object in the derived category of differential complexes on X ,4 represented

by the complex [
H0�0

X
d
−→ H0�1

X
d
−→ · · ·

d
−→ H0�

p
X

]
,

placed in cohomological degrees 0, . . . , p. This is not to be confused with H0(�
≤p
X ). Here we have an

exact triangle

H0�
p
X [−p] −→ �

≤p
X,h −→ �

≤p−1
X,h

+1
−→ . (5.4)

As in [SVV, Proposition 2.3], there exists a natural map �
≤p
X,h → �

≤p
X . When X is projective, the

E1-degeneration of the Hodge-to-de Rham spectral sequence for the filtered de Rham complex of X
implies that the induced composition

H i (X, C) → Hi (X, �
≤p
X,h) → Hi (X, �

≤p
X )

is surjective for each i ; hence so is the second map.

4The notation is motivated by the fact that H0�k
X agrees with the h-differentials �k

X,h studied in [HJ].



Injectivity and vanishing for the Du Bois complexes of isolated singularities 1245

Let’s now consider the integer k in the statement. The map �
≤k
X,h → �

≤k
X and its analogue for k−1,

combined with the two exact triangles described above, give rise to a morphism of exact triangles

H0�k
X [−k] �

≤k
X,h �

≤k−1
X,h

+1
−→

�k
X [−k] �

≤k
X �

≤k−1
X

+1
−→

Since X is pre-(k−1)-Du Bois, the right-most vertical map is an isomorphism. Passing to hyperco-
homology, we obtain a morphism of long exact sequences

Hi−1(�
≤k−1
X,h ) H i (H0�k

X [−k]) Hi (�
≤k
X,h) Hi (�

≤k−1
X,h )

Hi−1(�
≤k−1
X ) Hi (�k

X [−k]) Hi (�
≤k
X ) Hi (�

≤k−1
X )

≃ ≃

where the first and last vertical maps are isomorphisms. Since the third vertical map is surjective for all i ,
basic homological algebra shows that so is the second. □

We now consider the exact triangle

H0�k
X → �k

X → C
+1

−→ .

By definition X is pre-k-Du Bois away from a finite set of points if and only if C is supported on a finite
set. After dualizing, we obtain an exact triangle

K → RHomOX (�k
X , ω•

X ) → RHomOX (H0�k
X , ω•

X )
+1

−→,

where again K is supported on a finite set. Applying Grothendieck-Serre duality to the surjections in
Proposition 5.2, we obtain that the induced morphisms

Hi(X, RHomOX (�k
X , ω•

X )
)
→ Hi(X, RHomOX (H0�k

X , ω•

X )
)

are injective for all integers i .
Theorem 5.1 is then a consequence of the following general result:

Lemma 5.5. Let X be a projective variety, and let

K → F → G
+1

−→

be an exact triangle in Db
coh(X). Suppose that K has zero-dimensional support, and that the induced maps

on hypercohomology

Hi (X, F) → Hi (X, G)
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are injective for all i. Then the induced maps on cohomology

Hi F → Hi G

are injective for all i .

Proof. The injectivity on hypercohomology implies that for each i we have short exact sequences:

0 → Hi (X, F) → Hi (X, G) → Hi+1(X, K ) → 0.

Now the hypercohomology of G is computed by a spectral sequence

E p,q
2 = H p(X,Hq G) =⇒ H p+q(X, G),

while the similar spectral sequence for K shows that

Hi+1(X, K ) ≃ H 0(X,Hi+1K ),

because of the assumption that K is supported in dimension zero. Passing to the first associated graded
term of the filtration on the total object in each of these two cases leads to a commutative diagram

Hi (X, G) Hi+1(X, K )

E0,i
∞

H 0(X,Hi+1K )

and by the observations above, it follows that the bottom horizontal map is surjective. On the other hand,
note that in fact this map has a factorization

E0,i
∞

↪→ E0,i
2 = H 0(X,Hi G)

ϕ
−→ H 0(X,Hi+1K ),

where ϕ comes from the connecting homomorphism Hi G → Hi+1K induced by the original triangle.
Since the support of Hi+1K is zero-dimensional, this connecting homomorphism is surjective for each i ,
which is equivalent to our assertion. □

6. Injectivity results involving Kähler differentials. Recall that for any k ≥ 0 we have natural maps

�k
X −→ H0�k

X −→ �k
X .

Since H0�k
X is known to be torsion-free, this arises in fact from a sequence of maps

�k
X,tf

α
−→ H0�k

X
β

−→ �k
X , (6.1)

where �k
X,tf := �k

X/tors
(
�k

X

)
is the canonical torsion-free quotient of the sheaf of Kähler differentials,

and α is an inclusion which is an isomorphism away from Xsing. Our main injectivity theorem has the
following consequence:
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Corollary 6.2. Let X be a variety with isolated pre-(k−1)-Du Bois singularities. Then the dual

RHomOX (�k
X , ω•

X ) → RHomOX (�k
X,tf, ω

•

X )

of the canonical morphism (6.1) is injective on the i-th cohomology for all i ̸= 0. Moreover, if lcdef(X) ≤

dim X − k−1, then it is injective on all cohomologies.

Proof. Given Theorem D, for the first statement it is enough to have the injectivity on cohomology of the
map

RHomOX (H0�k
X , ω•

X ) → RHomOX (�k
X,tf, ω

•

X )

obtained by dualizing α, in the range i ̸= 0. But this is clear; if we complete α to a short exact sequence

0 −→ �k
X,tf −→ H0�k

X −→ Q −→ 0,

the cokernel Q is supported on Xsing, hence Lemma 4.5 and (4.2) imply Ext i (Q, ω•

X ) = 0 for i ̸= 0.
Dualizing the short exact sequence above then shows that in this range

Ext i
OX

(H0�k
X , ω•

X ) → Ext i
OX

(�k
X,tf, ω

•

X )

is injective. For the second statement, simply note that Theorem 4.1 implies that

Ext i
OX

(�k
X , ω•

X ) = 0 for i > lcdef(X) − dim X + k,

so that the assumption takes care of the remaining case i = 0. □

We compare this with the previous injectivity statements obtained in the literature.

• When k = 0, we recall that the injectivity on cohomology of the canonical morphism

RHomOX (�0
X , ω•

X ) → RHom(OX , ω•

X )

holds in full generality thanks to [KS16].

• When k ≥ 1, for isolated singularities we obtain the extension of a result shown in the local complete
intersection case in [MP2]. Note first that by definition, when X is (k−1)-Du Bois, rather than just
pre-(k−1)-Du Bois, we have codim Xsing ≥ 2k−1; when X is a local complete intersection, this is not
part of the definition, but holds automatically by [MP1, Theorem F and Corollary 9.26]. In our case this
simply means n − k−1 ≥ k − 2; hence as a consequence of Corollary 6.2 we first obtain:

Corollary 6.3. When X has isolated (k−1)-Du Bois singularities, and lcdef(X) ≤ k − 2, the map in
Corollary 6.2 is injective on all cohomologies.

We deduce the promised analogue of the result in [MP2]:

Corollary 6.4. Let X be a variety with isolated (k−1)-Du Bois singularities. If lcdef(X) = 0, then the
map

RHomOX (�k
X , ω•

X ) → RHomOX (�k
X,tf, ω

•

X )

is injective on cohomology.
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Proof. For k = 0 the result holds with no assumptions, so we may assume k ≥ 1. When k ≥ 2, the
result is a consequence of Corollary 6.3. When k = 1 and n ≥ 2, we go back directly to the statement of
Corollary 6.2. When k = n = 1, since depthH0�1

X = depth �1
X,tf = 1, the map

RHomOX (�k
X , ω•

X ) → RHomOX (�k
X,tf, ω

•

X )

is nontrivial on the i-th cohomology only when i = −1, in which case its injectivity follows from
Corollary 6.2. □

This applies in particular when X is a local complete intersection. When dim X ≥ 2 or k ≥ 2, under
our assumptions [MV, Corollary 3.1] implies that �k

X is torsion-free, hence the injectivity on cohomology
holds directly for

RHomOX (�k
X , ω•

X ) → RHomOX (�k
X , ω•

X ).5

However, other interesting classes of varieties satisfy lcdef(X) = 0 as well, and Corollary 6.4 also holds
for those; see Example 4.4.

Remark 6.5 (nonisolated singularities). Assuming Conjecture G (or under the hypothesis of Theorem 5.1),
one has analogues of the results in this section for projective varieties with possibly nonisolated singularities.
The conclusion of Corollary 6.2 becomes the fact that injectivity holds on i-th cohomology for:

(1) i > lcdef(X) − dim X + k; in this case in fact Ext i
OX

(�k
X , ω•

X ) = 0.

(2) i < − dim Xsing.

D. Applications of injectivity

7. Vanishing of higher cohomology. In this section we prove Theorem A and explain some related
points.

We first state a general homological result about the vanishing of cohomologies of objects in the
derived category of coherent sheaves, in terms of their depth.

Proposition 7.1. Let A• be an object in Db
coh(X) such that

(1) A• has nontrivial cohomology only in nonnegative degrees.

(2) The support of all Hi A• with i > 0 is contained in a closed subset of X of dimension s.

Then we have
Hi A•

= 0 for 0 < i < min
{
depthH0 A•, depth A•

+ 1
}
− s − 1.

Proof. The first assumption implies that there is a natural morphism H0 A•
→ A•, and taking its

Grothendieck dual leads to

RHomOX (A•, ω•

X )
ϕ
−→ RHomOX (H0 A•, ω•

X ) → C• +1
−→, (7.2)

5In fact this can be easily seen to hold when dim X = k = 1 as well.
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where C• is the cone of the morphism ϕ. For each q , we obtain exact sequences

Extq
OX

(H0 A•, ω•

X ) → HqC•
→ Extq+1

OX
(A•, ω•

X ).

Using (4.2), the first term vanishes for q > − depthH0 A•, and the third for q > − depth A•
− 1. We

conclude that
HqC•

= 0 for q > −m,

where m := min{depthH0 A•, depth A•
}.

Next, applying RHomOX (−, ω•

X ) to (7.2), we obtain an exact triangle

RHomOX (C•, ω•

X ) → H0 A•
→ A• +1

−→ .

It follows that for i > 0,
Hi A•

≃ Ext i+1
OX

(C•, ω•

X ).

Now for the spectral sequence

E p,q
2 = Ext p

OX
(HqC•, ω•

X ) =⇒ Ext p−q
OX

(C•, ω•

X ),

we have HqC•
=0 for q >−m, as noted above. Further, Ext p

OX
(HqC•, ω•

X )=0 for p <− dim SuppHqC•,
by Lemma 4.5. This holds for p < −s, since by definition C• is supported on the locus where H0 A• and
A• are not quasi-isomorphic, which has dimension s.

Combining these facts, we see that Ext i
OX

(C•, ω•

X ) = 0 for i < m − s. Thus

Hi A•
= 0 for 0 < i < m − s − 1. □

Proof of Proposition F. We simply take A•
=�k

X in Proposition 7.1. Its higher cohomologies are supported
on the non-pre-k-Du Bois locus of X , so we obtain

Hi�k
X = 0 for 0 < i < m′

k − s − 1,

where
m′

k := min{depthH0�k
X , depth �k

X + 1}.

The result then follows from the characterization of the local cohomological defect in Corollary 4.3. □

Proof of Theorem A. To deduce the stronger vanishing statement in the case of isolated singularities, the
key new ingredient is that, thanks to Theorem D, with the notation in (1) the long exact sequence on
cohomology associated to the triangle (7.2) breaks into short exact sequences

0 → Ext i
OX

(A•, ω•

X ) → Ext i
OX

(H0 A•, ω•

X ) → Hi C•
→ 0

for all i .
The inclusion of Ext sheaves gives

depth �k
X ≥ depthH0�k

X
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on any variety with pre-(k−1)-Du Bois singularities. Hence in the proof of Proposition F we have
m′

k = depthH0�k
X , and s = 0, which gives the desired result. □

The exact same argument, using the injectivity theorem of Kovács and Schwede [KS16] in place of
Theorem D, proves Corollary B.

Remark 7.3. Let X be a variety with isolated singular locus S, and let f : X̃ → X be a resolution of
singularities with simple normal crossings exceptional divisor E = f −1(S)red. The vanishing result for
the Du Bois complexes of X in Theorem A can be reformulated as saying that

Ri f∗�k
X̃ (log E)(−E) = 0 for 0 < i < depthH0�k

X − 1,

assuming that X has pre-(k−1)-Du Bois singularities. Indeed, by [St2, Proposition 3.3] there is an exact
triangle

R f∗�k
X̃ (log E)(−E) → �k

X → �k
S

+1
−→ .

Thus, for k > 0, it is immediate that

Hi�k
X ≃ Ri f∗�k

X̃ (log E)(−E)

for all i . When k = 0 and i > 0, this isomorphism still holds: the map H0�0
X → OS is surjective, since

the composition OX → H0�0
X → OS is the natural surjection.

Example 7.4 (the LCI case). If X is a local complete intersection with dim Xsing = s, it is shown in [MP1,
Corollary 13.9], using the Hodge filtration on local cohomology, that

Hi�k
X = 0 for 0 < i < n − s − k−1. (7.5)

We now explain that this fact is a special case of our results here. The statement is vacuous when
codim Xsing = n − s ≤ k + 2, hence we may assume n − s ≥ k + 3, which in particular implies that X is
normal and moreover, by [MV, Corollary 3.1], that the sheaf of Kähler differentials �k

X is reflexive. This
in turn implies that H0�k

X = �
[k]

X = �k
X . By Lemma 1.8 of [Gre], within this range we then have

depthH0�k
X = depth �k

X ≥ n − k.

Since lcdef(X) = 0, (7.5) then follows from Proposition F.

A criterion for the Du Bois condition. A simple but intriguing consequence of vanishing in the form of
Corollary B is the next statement. A result of a similar flavor appears in [Ko12, Corollary 1.8], where
there is no initial assumption on the singularities of X , but all cohomology groups are considered.

Corollary 7.6. Let X be a projective seminormal Cohen–Macaulay variety of dimension n, with isolated
singularities, or more generally Du Bois away from a finite set of points. If H n(X,OX ) = 0, then X is
Du Bois.

More precisely, we have hn(X,OX ) ≥ hn(X, �0
X ), and X is Du Bois ⇐⇒ hn(X,OX ) = hn(X, �0

X )

⇐⇒ the natural map H n(X,OX ) → Hn(X, �0
X ) is injective (hence an isomorphism).
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Proof. We consider the cone

OX → �0
X → C• +1

−→ .

Note that C• is supported on a finite set. We clearly have Hi C•
= 0 for i ≤ 0 (since the seminormality

condition is equivalent to OX ≃ H0�0
X ), while Hi C•

≃ Hi�0
X for i ≥ 1. In particular, by Proposition C

we have Hi C•
= 0 for i > n − 1. Moreover, since X is Cohen–Macaulay, by Corollary B we have

Hi C•
= 0 for i < n − 1.

Note now that we have a short exact sequence

0 → Hn−1(X, C•) → H n(X,OX ) → Hn(X, �0
X ) → 0.

The last map is surjective thanks to the degeneration of the Hodge-to-de Rham spectral sequence, as in
Section 5, as it sits in the surjective composition

H n(X, C) → H n(X,OX ) → Hn(X, �0
X ).

The hypercohomology group Hn−1(X, C•) is computed by a spectral sequence whose E2-terms are

E p,q
2 = H p(X,HqC•), with p + q = n − 1.

Since Hi C•
= 0 for i ̸= n − 1, this gives

H n(X,OX ) ≃ Hn(X, �0
X ) ⇐⇒ H 0(X,Hn−1C•) = 0.

As the support of C• is finite, this last condition is equivalent to Hn−1C•
= 0, hence to C•

= 0, i.e., to X
being Du Bois. □

For instance, this applies to any low-degree normal complete intersection with isolated singularities in PN.

Remark 7.7. The criterion above has a (rather technical) analogue for higher k: using Theorem A, the
same proof shows that if X is pre-(k−1)-Du Bois, and pre-k-Du Bois away from a finite set, and if
depthH0�k

X = n − k, then the cohomology vanishing H n−k(X,H0�k
X ) = 0 implies that X is pre-k-

Du Bois.

Examples of nonvanishing. In [MP1, Question 13.10] it is asked whether the vanishing result for local
complete intersections in Example 7.4, namely

Hi�k
X = 0 for 0 < i < n − s − k−1

with s = codim Xsing, continues to hold when X is arbitrary, or at least Cohen–Macaulay.
The study of Du Bois complexes of cones in [SVV] and [PSh] provides simple counterexamples.

Example 7.8. First a very simple example that is not Cohen–Macaulay. Let X = C(Y, L) be the
abstract affine cone over a smooth projective threefold X endowed with an ample line bundle L such that
H 1(Y, L) ̸= 0.6 Then, according to [SVV, Proposition 7.2], we have H1�0

X ̸= 0 and H1�1
X ̸= 0.

6For example, take X = C × C × C for some smooth projective curve C of genus g ≥ 2, and L = OC (p)⊠OC (p)⊠OC (p)

for some p ∈ C .
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Example 7.9. In this example X has rational, hence Cohen–Macaulay, singularities. Let Y be a smooth
Fano threefold for which

H 1(Y, �2
Y ⊗ L) ̸= 0,

where L = ω−1
Y . The existence of such Y is shown in [Tot, Section 2].

Let now X = C(Y × Y, L ⊠ L) be the abstract cone over Y × Y associated to the ample line bundle
L × L . Since Y × Y is still a Fano variety, we have

H i (Y × Y, (L ⊠ L)m) = 0 for all i > 0, m ≥ 0,

hence X has rational singularities; see e.g., [SVV, Remark 7.8]. Furthermore, we have

H 1(Y × Y, �2
Y×Y ⊗ (L ⊠ L)) ̸= 0,

as it contains H 1(Y, �2
Y ⊗ L) ̸= 0 as a direct summand. Using [SVV, Proposition 7.2], it follows that

H1�2
X ̸= 0.

(Note that for a counterexample we needed Hi�2
X ̸= 0 for some i ≤ 3.)

In view of these examples, and of the results of this paper, in retrospect the question on vanishing in
[MP1] should have been more restrictive. Namely, is it true that for X arbitrary we have

Hi�k
X = 0 for 0 < i < n − k−1 − lcdef(X) − s? (7.10)

It turns out that even this statement is false, again already for cones over special smooth varieties. In this
case (or whenever the singularities are isolated) thanks to Corollary 4.3 the question becomes whether

Hi�k
X = 0 for 0 < i < min

p≥0
{depth �

p
X + p} − k−1.

Example 7.11. Let Y be a smooth projective variety with dim Y ≥ 3 and H 1(Y,OY ) = 0, endowed with
a very ample line bundle L such that H 1(Y, L) ̸= 0. We will show the existence of such a variety below;
for now we draw some conclusions about the abstract cone X = C(Y, L).

We claim that the modified question in (7.10) has a negative answer when k = 0 and i = 1. First, by
[SVV, Proposition 7.2], the hypothesis H 1(Y, L) ̸= 0 implies that H1�0

X ̸= 0. On the other hand, the
computation of the depth of Du Bois complexes of cones is addressed in [PSh, Theorem 3.1(2)]. In our
example it implies that

• depth �2
X > 0,

• depth �1
X > 1 ⇐⇒


H 1(Y, �1

Y ⊗ Lm) = 0 for m ≤ −1,

H 1(Y,OY ) = H 0(Y, �1
Y ) = 0,

H 0(Y,OY )
∪c1(L)
−→ H 1(Y, �1

Y ) is injective,

• depth �0
X > 2 ⇐⇒

{
H 0(Y, Lm) = 0 for m ≤ −1,

H 1(Y, Lm) = 0 for m ≤ 0.
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All of these conditions, other than H 1(Y, L) ̸= 0 and H 1(Y,OY ) = 0 provided by the hypothesis, are
satisfied by Kodaira–Nakano vanishing and hard Lefschetz. It follows that

min
p≥0

{depth �
p
X + p} − 1 > 1,

while H1�0
X ̸= 0.

Here is an example of a threefold Y satisfying the required properties: let Y ⊂ P2
×P1

×P1 be a general
hypersurface in the linear system |OP2(−d)⊠OP1(−1)⊠OP1(−1)|, with d ≫ 0, and let L =OY (1, 1, 1).
Then chasing cohomology through the short exact sequences

0 → OP2×P1×P1(−d, −1, −1) → OP2×P1×P1 → OY → 0
and

0 → OP2×P1×P1(−d + 1, 0, 0) → OP2×P1×P1(1, 1, 1) → L → 0

and using the Künneth formula shows that H 1(Y,OY ) = 0 and H 1(Y, L) ̸= 0.
Examples of any dimension can be obtained as follows: take products Y × Z and line bundles L ⊠ M ,

where Y is the variety above, and Z is such that H 1(Z ,OZ ) = 0 and has an ample line bundle M with
H 0(Z , M) ̸= 0.

As a general conclusion to this section, the answer to the question regarding which higher cohomologies
Hi�k

X vanish is dictated by the depth of H0�k
X , which can sometimes be smaller than n − k − lcdef(X).

8. k-rational implies k-Du Bois. Theorem D leads to a very quick alternative proof of the fact that
normal, pre-k-rational isolated singularities are pre-k-Du Bois, obtained (even for nonisolated singularities)
in [SVV, Theorem B]. As explained in [SVV, Corollary 5.8], it then follows easily that k-rational implies
k-Du Bois, in the same setting. Recall that when k = 0 this implication was studied in [St1, Proposition
3.7] for isolated singularities, and in [Ko99; Sa3] in general. Later, [FL2, Theorem 1.6] and [MP2,
Theorem B] proved that k-rational implies k-Du Bois for local complete intersections.

If X is normal and pre-k-rational, then it has rational singularities. Therefore, using the main result of
[KS21], one has that the composition

H0�k
X → �k

X → D(�n−k
X )

is a quasi-isomorphism; see [SVV, Remark 2.5] for details. Here we set

DX (�n−k
X ) := RHomOX (�n−k

X , ω•

X [−n]).

Dualizing, this gives that the composition

RHomOX (D(�n−k
X ), ω•

X ) −→ RHomOX (�k
X , ω•

X )
ϕ

−→ RHom(H0�k
X , ω•

X )

is a quasi-isomorphism as well, which in turn implies that ϕ is surjective on cohomology. By induction
we may assume however that X has pre-(k−1)-Du Bois singularities; hence it is also injective on
cohomology by Theorem D. It follows that ϕ is a quasi-isomorphism, and dualizing again we obtain that
X is pre-k-Du Bois. Conjecture G would of course make the same proof work even in the nonisolated case.
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E. Analogues for the intersection complex

9. On the relationship between Du Bois and intersection complexes. Let X be a complex variety of
dimension n. Recall from [Sa2, Section 4.5] that we have an object QH

X [n] := a∗

X QH
pt in the derived

category of mixed Hodge modules on X , with cohomologies in degrees ≤ 0; moreover, the top degree in
the weight filtration on H0QH

X [n] is n. We also have the intersection complex ICX QH , a simple pure
Hodge module of weight n; moreover, there is a composition of quotient morphisms

γX : QH
X [n] → H0QH

X [n] → ICX QH
≃ grW

n H0QH
X [n].

We first record a simple lemma for later use. Here DX (−) denotes the duality functor on the derived
category of filtered D-modules underlying mixed Hodge modules (see [Sa1, Section 2.4]), and we abuse
the notation by continuing to use the Hodge module notation for the respective filtered D-modules.
Moreover M(ℓ) denotes the Tate twist of M , which at the level of filtered D-modules shifts the filtration
down by ℓ, i.e., F•M(ℓ) = F•−ℓM . Note that since we are interested in the case when X is singular,
in order to consider filtrations Fk M , we appeal to the standard procedure of taking X to be (locally)
embedded in a smooth variety Y , and working with filtered DY -modules supported on X .

Lemma 9.1. For a fixed integer k, the composition

FkQH
X [n] → Fk ICX QH

→ FkDX (QH
X [n])(−n)

is an isomorphism if and only if

FkQH
X [n] → Fk ICX QH and Fk ICX QH

→ FkDX (QH
X [n])(−n)

are both isomorphisms.

Proof. The “if” part is obvious, so we focus on the “only if” part. Moreover, it suffices to prove that the
first map is an isomorphism.

By strictness, the Hodge filtration commutes with taking cohomology; hence the composition

Fk(Hi QH
X [n]) → Fk(Hi ICX QH ) → Fk

(
Hi DX (QH

X [n])(−n)
)

is an isomorphism for all i ∈ Z. Thus for i ̸= 0 we get

Fk(Hi QH
X [n]) = Hi (FkQH

X [n]) = 0.

When i = 0 we obtain an isomorphism

Fk(H0QH
X [n]) → Fk ICX QH

→ Fk
(
H0DX (QH

X [n])(−n)
)
,

which implies that the first map is an injection. On the other hand, the fact that ICX QH
≃ grW

n H0QH
X [n]

implies that the morphism H0QH
X [n] → ICX QH is surjective at the level of filtered D-modules. Putting

everything together, we obtain isomorphisms

FkQH
X [n] ≃ Fk(H0QH

X [n]) ≃ Fk ICX QH
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which implies what we want. □

For what follows, recall that we use the notation

DX (−) := RHomOX (−, ω•

X [−n]).

We will make repeated use of the well-known commutation of the two duality functors via the graded de
Rham functor, proved in [Sa1, Section 2.4]: if M• is an object in DbMHM(X), and p is an integer, then

DX
(
grF

p DR(M•)
)
≃ grF

−p DR
(
DX (M•)

)
[−n]. (9.2)

It is a consequence of [Sa3, Theorem 4.2] that for each p, we have the identification

�
p
X ≃ grF

−p DR(QH
X [n])[p − n].

We introduce the following notation for simplicity:

I�p
X := grF

−p DR(ICX QH )[p − n].7

Taking the composition of the morphism γX with its dual, we get the natural morphisms in the derived
category of mixed Hodge modules DbMHM(X):

QH
X [n] → ICX QH

→ (DX (QH
X [n]))(−n)

due to the self-duality DX (ICX QH ) ∼= ICX QH (n); see [Sa2, 4.5.13]. Applying the functor grF
−p DR to

this composition, we obtain the natural morphisms

�
p
X

ϕp
−→ I�p

X → DX (�
n−p
X ). (9.3)

in the derived category of coherent sheaves on X .
An important point is that the higher rationality conditions say something about these maps. When X

is a local complete intersection, this is essentially contained in the proof of [CDM, Theorem 3.1].

Proposition 9.4. Let X be a normal variety with pre-k-rational singularities. Then ϕp is an isomorphism
for all p ≤ k.

Proof. As discussed in Section 8, if X is normal with pre-k-rational singularities, of dimension n, then
the natural morphisms

�
p
X → DX (�

n−p
X )

are isomorphisms for p ≤ k. Since

�
p
X ≃ grF

−p DR(QH
X [n])[p − n],

7These objects are called intersection Du Bois complexes in [PP], where they are used extensively.
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and moreover
DX (�

n−p
X ) ≃ DX (grF

p−n DR(QH
X [n])[−p])

≃ grF
n−p DR(DX (QH

X [n]))[p − n]

≃ grF
−p DR

(
DX (QH

X [n])(−n)
)
[p − n],

we obtain

grF
−p DR(QH

X [n]) ≃ grF
−p DR

(
DX (QH

X [n])(−n)
)

for all p ≤ k. After dualizing via (9.2), this is equivalent to

grF
p DR(QH

X [n]) ≃ grF
p DR

(
DX (QH

X [n])(−n)
)

for all p ≤ k − n. According to the general Lemma 9.6 below, this is equivalent to

FpQH
X [dX ] ≃ FpDX (QH

X [n])(−n)

for all p ≤ k − n. Lemma 9.1 implies in turn

Fp ICX QH
≃ FpDX (QH

X [n])(−n)

for all p ≤ k − n, which again by Lemma 9.6 is equivalent to

grF
p DR(ICX QH ) ≃ grF

p DR
(
DX (QH

X [n])(−n)
)

for p ≤ k − n. Applying (9.2) one more time, we see that

�
p
X ≃ I�p

X

for all p ≤ k. □

Remark 9.5. Consequences of the isomorphisms in Proposition 9.4 regarding the topology of X are
studied in the upcoming [DOR] and [PP]. In particular, it is shown in these papers that if ϕp is an
isomorphism for all p ≤ ⌈(n − 2)/2⌉, then X is a rational homology manifold.

The following useful lemma is a rather straightforward application of the definitions and the strictness
of the Hodge filtration.

Lemma 9.6. Let M•, N •
∈ DbMHM(X) be objects in the bounded derived category of mixed Hodge

modules on X. Then the following are equivalent:

(1) grF
p DR(M•) and grF

p DR(N •) are quasi-isomorphic for all p ≤ k.

(2) Fp M• and Fp N • are quasi-isomorphic for all p ≤ k.

As mentioned earlier, since X is (locally) embedded into a smooth variety Y of dimension d , one uses
filtered right DY -modules (supported on X ) in order to define the objects in the statement; thus we have

grF
p DR(M•) =

[
grF

p−d M•
⊗ ∧

d TY → · · · → grF
p−1 M•

⊗ TY → grF
p M•

]
,
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placed in degrees −d to 0. Here, and in the rest of this paper, we use this notation to denote the total
complex associated to the double complex where the vertical maps come from the differentials of a
representative of M•, while the horizontal maps are the usual de Rham maps on each term of that
representative. The lemma then follows by induction on k.

10. Injectivity results and conjecture for the intersection complex. We start with an injectivity conjecture
which is the intersection complex analogue of the main Conjecture G.

Conjecture 10.1. If X has normal and pre-(k−1)-rational singularities, the natural morphism

RHom(I�k
X , ω•

X ) → RHom(H0 I�k
X , ω•

X )

obtained by dualizing the canonical morphism H0 I�k
X → I�k

X is injective on cohomology.

Remark 10.2. It is shown in [KS21, Proposition 8.1] that for all k we have an isomorphism

H0 I�k
X ≃ f∗�k

X̃ ,

where f : X̃ → X is a resolution of singularities.

There is a commutative diagram

RHom(I�k
X , ω•

X ) RHom(�k
X , ω•

X )

RHom(H0 I�k
X , ω•

X ) RHom(H0�k
X , ω•

X ).

If X has normal pre-(k−1)-rational singularities, then it also has pre-(k−1)-Du Bois singularities by
[SVV, Theorem B]. Therefore Conjecture 10.1 is in fact implied by Conjecture G, thanks to the following:

Theorem 10.3. If X has normal pre-(k−1)-rational singularities, the morphism

RHom(I�k
X , ω•

X ) → RHom(�k
X , ω•

X )

obtained by dualizing ϕk is injective on cohomology.

Corollary 10.4. Conjecture 10.1 holds in any of the following cases:

(1) k = 0.

(2) X has isolated singularities.

(3) X is a local complete intersection with (k−1)-rational singularities.

Proof. In each of these cases we have the corresponding injectivity theorem for the Du Bois complex,
answering Conjecture G: for k = 0 by [KS16], for isolated singularities by Theorem D here, and for local
complete intersections by [MP2] (note that (k−1)-rational singularities are (k−1)-Du Bois). □
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Theorem 10.3 is in turn a consequence of Proposition 9.4, combined with the following injectivity
theorem, which is the main technical result of this section. It was first communicated to us by Sung Gi
Park, whom we thank, using the technique of [Pa, Lemma 3.7]; we follow the method of the previous
section.

Theorem 10.5 (Sung Gi Park). Assume that the variety X satisfies the property that ϕp : �
p
X → I�p

X is
an isomorphism for p ≤ k−1. Then the morphism

RHomOX (I�k
X , ω•

X ) → RHomOX (�k
X , ω•

X )

obtained by dualizing ϕk is injective on cohomology. More precisely, it is an isomorphism on i-th
cohomology for i ≤ k − n − 1, injective for i = k − n, and Ext i

OX
(I�k

X , ω•

X ) = 0 for i > k − n.

Proof. By (9.2), we have DX (I�k
X ) ≃ I�n−k

X , so

Ext i
OX

(I�k
X , ω•

X ) ∼= Hi+n I�n−k
X = 0 for i > k − n.

For the last vanishing, note that for any p we have that grF
−p DR(ICX QH ) has nontrivial cohomologies

only in nonpositive degrees (since it comes from the de Rham complex of a single D-module); hence

Hq I�p
X = 0 for p + q > n.8

Thus we focus on the statements for i ≤ k − n.
As in the proof of Proposition 9.4, the assumption implies that we have isomorphisms

Fp ICX QH
≃ FpDX (QH

X [n])(−n) for p ≤ k−1 − n. (10.6)

Using (9.2), the conclusion is equivalent to the fact that the map

grF
k−n DR(ICX QH ) → grF

k−n DR
(
DX (QH

X [n])(−n)
)

is an isomorphism on i-th cohomology for i < 0, and injective for i = 0.
To simplify the notation, we set M•

:= DX (QH
X [n])(−n). We also think of X as being (locally)

embedded in a smooth variety Y of dimension d, so that we have

grF
k−n DR(M•) =

[
grF

k−n−d M•
⊗ ∧

d TY → · · · → grF
k−n−1 M•

⊗ TY → grF
k−n M•

]
,

placed in degrees −d to 0. In other words, we have an exact triangle

grF
k−n M•

→ grF
k−n DR(M•) → A• +1

−→,

where
A•

:=
[
grF

k−n−d M•
⊗ ∧

d TY → · · · → grF
k−n−1 M•

⊗ TY
]
,

placed in degrees −d to −1. Note that (10.6) implies the isomorphism[
grF

k−n−d ICX QH
⊗ ∧

d TY → · · · → grF
k−n−1 ICX QH

⊗ TY
] ≃
−→ A•

;

8This is the analogue of Steenbrink vanishing for �
p
X , but it holds for simpler reasons.
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hence we also have a similar exact triangle with M• replaced by ICX QH .
Now consider the exact triangle

grF
k−n DR(ICX QH ) → grF

k−n DR(M•) → C• +1
−→

where C• denotes the cone of the morphism on the left. Since grF
k−n DR(ICX QH ) is a complex placed in

nonpositive degrees, we only need to show that

Hi C•
= 0 for i < 0.

Given the triangles described above, the octahedral axiom implies that we have an exact triangle

grF
k−n ICX QH

→ grF
k−n M•

→ C• +1
−→

as well. Hence the needed statement about Hi C• follows immediately from the following facts. On the
one hand,

Hi grF
k−n M•

≃ grF
k−n H

i M•
= 0 for i < 0,

since M• has nontrivial cohomologies only in nonnegative degrees (being essentially the dual of QH
X [n],

which has nontrivial cohomologies in nonpositive degrees). On the other hand, Hi ICX QH
= 0 for i ̸= 0,

and Fk−n ICX QH ↪→ Fk−nH0 M• (while at the level of Fk−n−1 we have equality by (10.6)). Indeed, we
have seen in the proof of Lemma 9.1 that the morphism H0QH

X → ICX QH is surjective at the level of
filtered D-modules; similarly, by duality, the morphism ICX QH

→ H0 M• is injective at the level of
filtered D-modules. All of this implies that we have an injection

grF
k−n ICX QH

→ grF
k−n H

0 M•.

This completes the proof. □

11. Vanishing of higher cohomologies for intersection complexes. We finish with results about the van-
ishing of higher cohomologies of I�k

X . We start with the following proposal, analogous to Conjecture H:

Conjecture 11.1. Let X be a normal variety with pre-(k−1)-rational singularities, and pre-k-rational
away from a closed subset of dimension s. Then

Hi I�k
X = 0 for 0 < i < depthH0 I�k

X − s − 1.

When X is a normal variety with pre-k-rational singularities, it follows from Proposition 9.4 that
Hi I�p

X = 0 for all i > 0 and p ≤ k. If it is so only away from a closed set of dimension s, then an
argument completely analogous to that of Proposition F implies that

Hi I�k
X = 0 for 0 < i < nk − s − 1, (11.2)

where nk := min{depthH0 I�k
X , depth I�k

X + 1}.
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If moreover X has normal pre-(k−1)-rational isolated or (k−1)-rational local complete intersection
singularities, or if k = 0, then Corollary 10.4 implies that Conjecture 10.1 holds, hence exactly as in the
proof of Theorem A we have in addition that depth I�k

X ≥ depthH0 I�k
X . Therefore:

Corollary 11.3. Conjecture 11.1 holds when X has isolated, or (k−1)-rational local complete intersection
singularities, or when k = 0.

We also have the analogue of the vanishing result for the Du Bois complex in [MP1, Corollary 13.9];
see Example 7.4.

Corollary 11.4. Let X be a local complete intersection with dim Xsing = s. Then

Hi I�k
X = 0, for all 0 < i < n − k − s − 1.

Proof. We use (11.2). For the intersection complex, it is always the case that depth I�k
X ≥ n − k by (4.2).

Indeed, we have
Ext i

OX
(I�k

X , ω•

X ) = 0 for i > k − n,

due to the self-duality (up to twist) of the intersection complex, as explained in Theorem 10.5.
Following precisely the steps in Example 7.4, under the current hypotheses we also have that

depthH0 I�k
X ≥ n−k; indeed, if f : X̃ → X is a resolution of singularities, we know that H0 I�k

X ≃ f∗�k
X̃

(see Remark 10.2), which in this case is reflexive, so that

f∗�k
X̃ ≃ �

[k]

X ≃ �k
X . □

Remark 11.5 (analogue of Proposition C). For completeness, we conclude by noting that there is also
an analogue of this basic vanishing result for �

p
X stated in the introduction. Namely, if k < n and

Hn−p−1 I�p
X = 0 for all p ≤ k−1, then

Hn−k I�k
X = 0.

In particular, if X has pre-(k−1)-rational singularities, with k < n, then Hn−k I�k
X = 0. The proof is very

similar.
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[MOPW] M. Mustat,ă, S. Olano, M. Popa, and J. Witaszek, “The Du Bois complex of a hypersurface and the minimal exponent”,
Duke Math. J. 172:7 (2023), 1411–1436. MR
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