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The role of primes of good reduction in the
Brauer—Manin obstruction

Margherita Pagano

We discuss the role of primes of good reduction in the existence of the Brauer—Manin obstruction to weak
approximation for varieties defined over number fields. Following Bright and Newton, we give conditions
on the ramification index of primes involved in the Brauer—Manin obstruction. To support the results, we
give many examples of transcendental nature on K3 surfaces.

1. Introduction

Let k£ be a number field and Ay be the ring of adeles of k, i.e., the restricted product of k, for all places
v of k, taken with respect to the rings of integers O, C k,,. Let V be a smooth, proper, geometrically
irreducible variety over k. We say that V satisfies weak approximation if the image of V (k) in the set of
the adelic points V (Ay) is dense. Manin [1971] introduced the use of the Brauer group to study this image,
and Colliot-Thélene and Sansuc [1977, Proposition 5] used the same idea to study weak approximation.
More precisely, they showed that there exists a pairing

(—, =) :Br(V) x V(Ay) — Q/Z

such that the closure of the rational points of V lies in the right kernel of the pairing, denoted by V (A;)P".
If V(AP is not equal to the whole V (Ay), we say that there is a Brauer—Manin obstruction to weak
approximation on V.

For every nonarchimedean place p and for every element .4 € Br(V), we denote by ev 4 the map
(.A, _>|V(kp) . V(kp) — @/Z
Definition 1.1. We say that a prime p of k plays a role in the Brauer—Manin obstruction to weak
approximation on V if there exists an element .4 € Br(V) such that the corresponding evaluation map
eva : V(kp) — Br(kp) is nonconstant.

We will address the following question.

Question 1.2. Assume Pic(V) to be torsion-free and finitely generated. Which primes can play a role in
the Brauer—Manin obstruction to weak approximation on V' ?

This question is inspired by one asked by Swinnerton-Dyer [Colliot-Thélene and Skorobogatov 2013,
Question 1]. He asked whether only primes of bad reduction and archimedean places can play a role in
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the Brauer—Manin obstruction to weak approximation. Bright and Newton [2023] prove the following
theorem, which leads to a negative answer to Swinnerton-Dyer’s question.

Theorem [Bright and Newton 2023, Theorem C]. Assume that H'(V, Q%) # 0. Let p be a prime at
which V has good ordinary reduction, with residue characteristic p. Then there exists a finite field
extension k' | k, a prime p" of k' lying over p, and an element A € Br(Vy,){p} such that the corresponding

evaluation map is nonconstant on V(k;/).

Hence, under the assumptions of [loc. cit.], up to a base change to a finite field extension k'/k we
can always find a prime p’ of good reduction that plays a role in the Brauer—Manin obstruction to weak
approximation on V.

The main focus of this paper is on the field extension k’/ k appearing in Bright and Newton’s result, with
a particular emphasis on K3 surfaces. We analyse how the reduction type and the absolute ramification
index are involved in the possibility for a prime of good reduction to play a role in the Brauer—Manin
obstruction to weak approximation.

Theorem 1.3. Let p be a prime of good ordinary reduction for V of residue characteristic p. Assume that
the special fibre V(p) at p has no nontrivial global 1-forms, H'(V(p), Z/pZ) =0 and (p — 1) tep. Then
the prime p does not play a role in the Brauer—-Manin obstruction to weak approximation on V.

As pointed out in [Bright and Newton 2023, Remark 11.5], if V is a K3 surface, then, for every prime
of good reduction p, the special fibre is still a K3 surface and hence has no nontrivial global 1-forms and
satisfies H' (V(p), Z/pZ) = 0. It follows from Theorem 1.3 that, for K3 surfaces over number fields, in
order for a prime of good ordinary reduction to be involved in the Brauer—Manin obstruction to weak
approximation it is necessary that (p — 1) | ¢,. In the case of K3 surfaces, we analyse also what happens
for primes of good nonordinary reduction.

Theorem 1.4. Let V be a K3 surface and p be a prime of good nonordinary reduction for V with e, < p—1.
Then the prime p does not play a role in the Brauer—Manin obstruction to weak approximation on V.

Furthermore, in Section 3.2 we improve the result of Theorem C under an extra assumption on the
crystalline cohomology of the special fibre at a prime p of good ordinary reduction. In particular, we show
that it is always possible to find (over a finite field extension £’/ k) an element whose order is exactly p
and whose evaluation map is nonconstant; see Theorem 3.6.

We offer several examples in support of the conditions on the ramification index found in Theorems 1.3
and 1.4. In particular, we exhibit K3 surfaces V over number fields such that:

(a) V has good ordinary reduction at a prime p with ramification index e, = p — 1 and there is an
element A € Br(V)[p] whose evaluation map is nonconstant on V (k;); see Theorem 6.2 with o = 1.

(b) V has good ordinary reduction at a prime p with e, = p — 1 and p does not play a role in the
Brauer-Manin obstruction to weak approximation; see Example 4.11.

(c) V has good nonordinary reduction at a prime p with e, = p and there is an element A € Br(V)[p]
whose evaluation map is nonconstant on V' (kp); see Theorem 6.2 with a« = V2.
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More precisely: (a) shows the condition (p — 1) {e,, in Theorem 1.3 is necessary; (b) shows the converse
of Theorem 1.3 does not hold in general; (c) shows the inequality in Theorem 1.4 cannot be refined.

Finally, we point out that in all the examples of K3 surfaces in which a prime of good reduction plays
a role in the Brauer—-Manin obstruction to weak approximation, the corresponding element in the Brauer
group is of transcendental nature, i.e., it does not belong to the algebraic Brauer group, which is defined
as the kernel of the natural map from Br(V) to Br(V), where V is the base change of V to an algebraic
closure of k (see Corollary 2.31). The first example of a transcendental element in the Brauer group of a
K3 surface defined over a number field was given in [Wittenberg 2004]. Other examples of transcendental
elements that obstruct weak approximation can be found in [Hassett et al. 2011; Ieronymou 2010; Preu
2013; Newton 2016; Berg and Vdrilly-Alvarado 2020; Ieronymou and Skorobogatov 2015]. In all these
articles, the obstruction to weak approximation comes from the fact that the transcendental algebra has
nonconstant evaluation either at the place at infinity or at a prime of bad reduction. The first example of a
K3 surface in which a prime of good reduction plays a role in the Brauer—Manin obstruction to weak
approximation can be found in [Pagano 2022].

1.1. Notation. If G is an abelian group and n a positive integer, then G[n] denotes the kernel of multipli-
cation by n on G. If p is a prime, then G{p} denotes the p-power torsion subgroup of G. For any smooth
scheme X over a field k, we denote by Z/nZ(r) the element of the bounded derived category D?(X¢)
defined by

ner if k has characteristic 0,

Z/nZ(r):=
/nE(r) {/x%r ® Wi Qy 1og[—7] if k has characteristic p > 0 and n = mp*, pim.

For the definition of WYQS(JOg, see [Illusie 1979].

Finally, if R is a k-algebra and either n is invertible in k£ or R is smooth over k, we define

HI(R) :=H?(R&, Z/nZ(q —1)) and H?(R) :=limH](R). (1)

We denote by k£ any number field and by Oy its ring of integers. Let 2; be the set of places of k; for any
finite subset S C Q, we define O s as the intersection in k of the local rings O, for v € S. We denote by
V any proper, smooth and geometrically integral variety over a number field k. Let V be an Oy g-scheme
of finite type such that there exists an isomorphism between V X, ; Spec(k) and V (i.e., V is an Oy s
model for the scheme V'); for any finite place p not in S, we denote by V(p) the special fibre at p (i.e., the
base change of V' to Spec(k(p))), by V), the base change of V to Oy, and by V,, the base change of V' to k.

Let p be a prime number. We denote by L any p-adic field (i.e., a finite field extension of the field
of p-adic numbers Q,), with ring of integers O, and residue field £, which is a finite field of positive
characteristic. We denote by X any smooth and geometrically integral variety over L and by X any
smooth model over Oy with geometrically integral fibre, i.e., X is such that there exists an isomorphism
between X' x, Spec(L) and X. Moreover, we denote by Y the special fibre of X', which is the base
change of X' to £ and is a smooth, proper and geometrically integral variety over the finite field ¢, since
smoothness and properness are stable under base change.
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Outline. Section 2 is devoted to introducing the notion and some properties of the refined Swan conductor.
In Section 3 we prove Theorem 1.3, and we prove a stronger version of [Bright and Newton 2023,
Theorem C] for K3 surfaces. Section 4 is devoted to the explanation of several examples of K3 surfaces
in which primes of good ordinary reduction are (or are not) involved in the Brauer—-Manin obstruction to
weak approximation. In Section 5 we give a proof of Theorem 1.4. Finally, in Section 6 we exhibit a
family of examples where, depending on a parameter «, both ordinary and nonordinary reduction occur
and we analyse what happens to the Brauer—-Manin obstruction to weak approximation depending on the

parameter o.

2. The refined Swan conductor

Let V be a smooth, proper and geometrically integral variety over a number field k. In order to study the
role of a prime p in the Brauer—Manin obstruction, we need to understand, for a given element A € Br(V),
the behaviour of the corresponding evaluation map

evy: Viky) — Q/Z.

If we denote by res : Br(V) — Br(V)) the natural restriction map, then, for every point P € V (kp), we
have a corresponding point P, € V,(kp) and

Vres(4) (Pp) = eva(P).

Hence, if the evaluation map attached to A is nonconstant on V (kp), then also res(A) € Br(V,) has
nonconstant evaluation map on V,,(ky).

2.1. p-adic setting. Let p be a prime number and L a finite field extension of Q,, with ring of integers Oy,
uniformiser 7 and residue field £. Let X be a smooth and geometrically irreducible L-variety having
good reduction (i.e., there exists a smooth, proper Oy -scheme X whose generic fibre is isomorphic to X).
We assume furthermore the special fibre ¥ := X Xgpec(0,) Spec(£) is geometrically irreducible:

X U VR Y

! | ! @

Spec(L) — Spec(Or) <—— Spec(¥)

Bright and Newton [2023] define the evaluation filtration on the Brauer group of X by

Ev, Br X := {B € Br(X) | evp is constant on B(P, ey (n+1)) for all L'/L finite and P € X(Opr/)}

(n>0),
Ev_; BrX :={B € Br(X) | evs is constant on X (Q;/) for all L'/L finite},

Ev_, BrX :={B € Br(X) | evg is zero on X(Oy/) for all L' /L finite}.

For every positive integer m, we denote by Ev,, Br(X)[m] the restriction of Ev,, Br(X) to Br(X)[m], i.e.,
Ev, Br(X)[m] := Ev, Br(X) NBr(X)[m].
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If (m, p) =1, Colliot-Thélene and Skorobogatov [2013] and Bright [2015] have proven Evg Br(X)[m] =
Br(X)[m]. Moreover, there exists a map d,,, called the residue map, that fits in the sequence [Colliot-
Thélene and Skorobogatov 2021, Chapter 3, (3.17)]

0 — Br(X)[m] — Br(X)[m] 2> H'(Y,Z/m2).
The residue map is such that
Ev_i Br(X)[m] = {A € Br(X)[m] | 9u(A) € H'(¢, Z/mZ)},
Ev_3 Br(X)[m] = {A € Br(X)[m] | 3,(A) = 0};

see [Colliot-Thélene and Saito 1996] for a proof.

In order to give a description of the evaluation filtration also on the p-power torsion part of Br(X), Bright
and Newton introduce the filtration {fil, Br(X)},>0 on Br(X), defined through the notion (introduced by
Kato [1989]) of Swan conductor on discrete Henselian valuation fields; see Section 2.2. The interaction
between the two filtrations is described in the theorem that follows.

Theorem 2.1. There exists a residue map

3 : fily Br(X) — @H‘(Y, Z/nZ)=: H'(Y,Q/Z)

n

such that:

(a) filo Br(X) coincides with Evy Br(X).

(b) Ev_1Br(X) ={AeBr(X) | 3(A) € H'(¢, Q/2))}.

(c) Ev_» Br(X) ={A € Br(X) | 3(A4) =0}.
For every n > 1, there is a map

rsw, - fil, Br(X) — H°(Y, Q3) @ H (¥, Q}),
called the refined Swan conductor, such that
Ev, Br(X) = {A € fil,; | Br(X) | rsw,; 1. (A) € H(Y, Q) & 0}.

Proof. This is a reformulation of [Bright and Newton 2023, Theorem A]. O

It is clear that to understand the evaluation filtration on the Brauer group we need to understand the
residue map o and the refined Swan conductor maps rsw, .

2.2. Definition of the refined Swan conductor. We denote by K a Henselian discrete valuation field of
characteristic zero with ring of integers Ok and residue field F of characteristic p. Let v be a uniformiser
in Ok and m be the maximal ideal of Ok. Let A be a ring over Ok, R := A/ m A and i, j the inclusions
of the special and generic fibres into Spec(A):

Spec(A ®@o, K) J, Spec(A) PR Spec(R).
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We define
VI(A) :=HI((R)&, "R jsZ/nZ(q — 1))
and V4(A) == lim  V{(A).
Remark 2.2. The natural map in D?(Ag),
Rj,Z/nZ(q — 1) — ini*Rj,Z/nZ(q — 1),

induces a natural map HI(A Qo K) — V.I(A) for all n, q. Gabber [1994] proved that this map is
an isomorphism if (A, mA) is a Henselian pair. In this case, using the Kummer map (A ®o, K)* —
H!(A ®oy K, Z/nZ(1)) and the cup product, we define a product

VI(A) x (AQp, K))¥ — VIT(A), (x,a1,...,a) > {x,ai,...,a}.
For a general A, the isomorphism [Pagano 2024, Remark 1.2.13]
VI(A) ~ VI(AM) 3)

allows us to extend the product above. From now on we identify V;/(A) and V,J (A™). In particular, if
A = Ok|[T1], then all the polynomials of the form 14 7" p(T') are invertible in A™M; see [Stacks 2005,
Tag OEM7] for an overview on the Henselisation of (not necessarily local) rings.

Definition 2.3. The increasing filtration {fil, H?(K)},>0 on H?(K) is defined by
x €fil, H(K) <= {x,1+7""'T}=0 in V"' (Ok[T)).

We say that x € H?(K) has Swan conductor n if x € fil, HY(K) and yx ¢ fil,_; H7(K). By [Kato 1989,
Lemma 2.2], HY(K) =, fil, H? (K); hence, the Swan conductor is defined for every element x € H(K).

In [Kato 1989; Bright and Newton 2023], certain maps A : HI(R) ® Hﬁ’,_l (R) — V,l(A) are defined
under additional assumptions on the Og-algebra A. We provide an overview of these maps, which, with
a slight abuse of notation, we will always refer to as A .

Remark 2.4. « Kato [1989, Section 1.4] defines for every » an injective map
Ay :HY(F) ®HI™(F) — HI(K).
This collection of maps induces an injective map
Ar tHY(F)®HI ' (F) > HI(K).

o Kato [1989, Section 1.9] extends the definition of A, to any smooth Og-algebra A. In particular, he
defines a map

hx :HI(R) @ HIN(R) — VI(A).


https://stacks.math.columbia.edu/tag/0EM7
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« Finally, Bright and Newton [2023, Section 2.2] generalise the previous map by defining
. g4 g—1 q
Ao 1 HE, (R) @ HLT () — Vi (4)
for any r > 1.
Kato [1989, Proposition 6.1] proves that the image of
Ar :HI(F)®H!™(F) - HI(K)

coincides with fily H{ (K), and also [ibid., Section 1.3] that, for every r > 1, there is a surjection 8, from
W, Q% to HZ, (R). Following [Kato 1989; Bright and Newton 2023], we sometimes use A, also to denote

the composition

Wb @ w4 25 ViR e VI (R) 25 vE(A). 4)

The following theorem allows Kato to define the refined Swan conductor of x € fil, H/(K).

Theorem 2.5. Let x € fil, HY (K) with n > 1; then there exists a unique pair (a, B) in Qi’p @Q’}_l such that
X, 1+7"T} =2z (T, TB) in V,‘,’+1(OK[T])- (5)
Proof. See [Kato 1989, Section 5]. O

The uniqueness of the pair («, 8) in the previous theorem implies, for every n > 1, the existence of a
homomorphism
rswy. - fil, H (K) — Q% @ Q17!

whose kernel is fil,_; HZ(K). The pair («, 8) is called the refined Swan conductor of x € fil, H1(K).
We end this section with the definition of the residue map 9 from fily H? (K) to HY~'(F) (see [Bright
and Newton 2023, Section 2.5; Kato 1989, Section 7.5]).

Definition 2.6. The residue map
3 :filgHY(K) — HI™L(F)

is defined as the projection on the second component of the inverse of the isomorphism A, from
HY(F)®H?™ ' (F) to filg HY (K).

2.3. The image of the refined Swan conductor. To further describe the refined Swan conductor maps,
we need to recall some properties of differential forms over fields of positive characteristic.

Let ¢ be a perfect field of characteristic p > 0 and R be an £-algebra. Let

Zh :=ker(d : Q% — Q;’:l) and B} :=im(d: Q’Ife_l — Q%).
Lemma 2.7 (inverse Cartier operator). Assume R to be regular; then there exists a unique homomorphism
of groups
Cp':Qp — Qp/Bj

satisfying

e C;z'(da) =a?~'da mod B}, forall a € R;
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e Cx'(lw) =APCx (o) forall 1 € R;
e doCy'=0.
Moreover, C~" induces an isomorphism from Q}e to le? / Blle-
Proof. See [Brion and Kumar 2005, Theorem 1.3.4]. O

Remark 2.8. The subgroup B Ile has a natural structure of an R-module, which is given by « - df =
afdf = d(a?B). If we denote by PQ}Q the R-module structure on Q}e given by « - = o’ w, then the
condition C 1;1 Aw) =APC ;1 (w) is equivalent to asking that C El : Q}? — P Q}e /P Blle be a morphism of
R-modules.

We can extend the definition of C El to higher differential forms by setting
Crl@i A Awy) i=Crl () A ACRNw,).
Theorem 2.9. Let R be regular; then the morphism
Cyr': Q% — z%/B%
is an isomorphism for all g > 0. We denote by Cg its inverse, which is called the Cartier operator.

Proof. See [Brion and Kumar 2005, Theorem 1.3.4]. O

The following corollary gives a way to characterise exact differential forms in terms of the Cartier
operator.

Corollary 2.10. Let R be regular. A g-form w € Q‘]]e is exact if and only if d(w) =0 and Cg(w) =0.

The last object we need to define is the subgroup of logarithmic g-differential forms on R, which will
play a crucial role in this paper.

Definition 2.11. The logarithmic g-differential forms on R, denoted by Q%’log, are defined as the kernel
of the map

Cr' —id: Q% — Q%/BY.
We have the following explicit description of logarithmic forms when R is a field.

Theorem 2.12. Let F be a field, finitely generated over a perfect field £. The logarithmic differential
q-forms Ql;’,log is the subgroup of QqF generated by elements of the form

d d
an oo P
Y1 Yq

Proof. This follows from the surjectivity in the Bloch—-Gabber—Kato theorem [Gille and Szamuely 2017,
Theorem 9.5.2]. U

with y; € F*.
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. .. .. . . —1 .
If R is smooth over a field of positive characteristic, we can identify H?,(R) =H!' (R4, Q;I?,log) with

the cokernel of
Crl —1:Q%"' -t ' /Bi,

see [Kato 1989, Section 1.3]. We denote by §; both the map from Q‘f;l / B;fe_z to H‘;, (R) and its composition
with the natural map H%(R) — HY(R).
Let e := ordg (p) be the absolute ramification index of K and ¢’ :==ep(p — 1)~

Lemma 2.13. Let x be an element in fil, H? (K) with
W2 (X) = (o f) € % © Q.
Thenda =0 and dB = (—1)?na.
Proof. See [Bright and Newton 2023, Lemma 2.17]. O
Remark 2.14. (1) If p |n, then da =0 and df = 0, meaning that (a, B) € Z% & 747"
(2) If p{n, then @ = n~'dB, with i the residue of n modulo 7. In particular, the composition
fil, HY (K) =% Q1 @ i ' 22, ¢!
also has kernel equal to fil,,_; HZ(K).
Bright and Newton [2023, Lemma 2.19] link the refined Swan conductor of x € fil, HZ(K) to that of

p - x whenever n > ¢. More precisely, assume that rsw,,  (x) = («, 8) and let i be the reduction modulo
mof p-m~¢ then p- x €fil,_.H?(K) and

(ua, up) ifn>eé,
(ua+C(a),up+C(B)) ifn=c¢.

We prove a result analogous to the one proven by Bright and Newton for elements x € fil,, HY(K') when

ISWy_en(p-x) = { (6)

np <e.
Lemma 2.15. Let x € fil,, HY(K), with np < €’ Then p - x € fil, Br(K) and, if rswpp » (A) = (a, B),
thendo =0,dp =0 and

1sWy 7 (p - x) = (C(a), C(B)).

Proof. From Remark 2.14(1), we know that (o, B) € Z% @ Z%_l, since clearly p |np. The condition
¢’ > np implies
e—np—+n>0. 7

Let u € Oy be such that p = u - €. We have

p-x, 1+7"MT) = {x, A+ 7"} = (x, 1 + 7" b(T)),
where
(1+7"HT)P —1

b(T) = n-np+l
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We can rewrite b(T') as

p—1
Z getetDk=(p+h Tk 4 ZpO+D=0p+D TP for some ay € Z.
k=1

For every 1 <k < p, the inequality (7) gives
e+(m+Dk—np—1=(e—np)+mn+1DHk—-1=>0.

Therefore, b(T) € Og[T]. Now, since by assumption x € fil,, HY(K), we have {x, 1 + 7" p(T)} =0
for all b(T) € Ok[T]; thus, p - x € fil, HY(K). In a similar way,

{p-x, 1+7a"T}={A (1 +7"T)}={x, 1+7"Pc(T)},

where a ATVE _ 1
oy = dFTDI =1
TP
We can rewrite ¢(T) as
p—1
Z gtk T L TP for some a; € Z.
k=1

In this case, again, the inequality (7) together with 1 <k < p — 1 implies e + nk — np > 0. Therefore,
c(T) € Ok[T] and its reduction modulo 7 is equal to 7'7. It follows from [Kato 1989, (6.3.1)] that

X, 1+7"c(T)} =1z (T, (T)B) = Ax (T, T B) = Az (T C (), TC(B)),
where the last equality follows from [Bright and Newton 2023, Lemma 2.18(2)]. O

Remark 2.16. For every nonnegative integer d, we denote by fil, HZ(K ) the intersection of fil,, HY (K)
with HZ(K ). Kato [1989, Proposition 6.1] proves that, for every nonnegative integer d prime to p,
HZ(K ) =fily HZ(K ). We now prove some useful properties of the refined Swan conductor on p-power
order elements:!

(1) The filtration fil, HZ’” (K) is finite.

Assume first ¢’ to be an integer, i.e., (p — 1) |e. For m = 1, Kato [1989, Proposition 4.1] proves
that H;’,(K ) =fily H;’,(K ). This is equivalent to saying that, for all n > ¢’ and yx € fil, H;’,(K ), we have
1w, 7 (x) = (0, 0). Assume that m > 1, x €fil, H?,m (K) withn > €' 4 (m — 1)e, and 1sw,, » (x) = («, B).
From (6) we know that rsw,_. » (p- x) = (u«a, uf); hence, working by induction on m, we get rsw, » (x) =
(0, 0). This result is essentially already proven in [Ieronymou 2022, Proposition 17].

If ¢ is not an integer, then we take the field extension K (¢)/K, with ¢ a primitive p-root of unity ¢.
We denote by ex and ek ;) the absolute ramification indices of K and K (¢), respectively, and by e
and e’K(O the products eg - p- (p — 1)~ and exkiy-p-(p— 1)~!, respectively. Let n > e +(m—1)-ex
and x € fil, Hj’,,,, (K); then

eK()/K "N > € (p + (m— Dek ).

Iparts (2) and (3) are already mentioned by Kato [1989, Sections 4 and 5].
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Since (p — 1) | e’K@), we get (from what we said above) that

rSWeK(g)/K-n,ﬂ(res(X)) =(0,0),

where res is the natural map from H;’,m (K) — HZ’” (K (¢)). It follows from [Bright and Newton 2023,
Lemma 2.16] that

ISWey o xnn (1€8(x)) = (@ " (o + B Adloga), a "eg )/ B)

with a invertible in the residue field of K (¢) (see Section 2.6). Hence, since p ek )/, we can conclude
that rsw, » (x) = (0, 0).

(2) Let x € fily, H‘{,(K) with np < ¢’ and rsw,, (x) = (o, ). We know from Lemma 2.15 that
(@, B) € 2% @® 797", since x has order p,

(Cler), C(B)) =13Wp 7 (p- x) =(0,0).
Equivalently, Corollary 2.10 implies that, for np < ¢/, the refined Swan conductor on the p-torsion takes
image in BY. @ B%_l.
(3) Assume ¢’ to be an integer, x € fil, H?,(K) and rsw, » (x) = («, B). By (6),
—uoe=C(ax) and —upf=C(p).

Let ¢ be a primitive p-root of unity and ¢ = (£ — 1)’z ~¢; then ¢ = (¢1)? with ¢; = (¢ — 1) ~¢/P~D,
By the properties of the Cartier operator, we have

C(ca) =c1C(a) = —uca.

Since (¢ — 1)?~! = —p mod 7¢T1,2 we have (¢ — 1)?~! = —p +7¢*1v for some v € Ok. Hence,
_¢=1 @=prt o (—ptatlu)
_7-[6/(]7—1) . e =C1- T —C]‘(—M+7TU).

Thus, ¢ = —uc; and
mult; o rswe - (H9 (K)) € Q% ® Q%0 .

where mult; is the map from Q’} to Q(fp sending a g-form w to ¢ - w.

2.4. Swan conductor on Br(X). Let K" be the field of fractions of the Henselisation of the discrete
valuation ring Oy y. Note that

H*(K") =limH*(K%, Z/nZ(1)) = Br(K").

ét>
n

Bright and Newton [2023] define the filtration {fil,, Br(X)},>0 on Br(X) as the pullback via the natural
map Br(X) — Br(K") of the filtration {fil, Br(K"*)},=0 on Br(K"). Therefore, it is possible to extend the

ZInfact, |l = (( — D)+ DP =@ —DP 4+ p — HP~1 4 (g)(g“ —1)P 24 .. 4 p-(C—1)+1. Since ¢ # 1, we get
¢ - pp-l +p— HP24 (12’) ¢ - P34, -4 p =0. Now the congruence follows from the fact that val((¢ —1)- p) > 1+4e.
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definitions of the residue map and the refined Swan conductor to elements in Br(X) simply as the residue
map and refined Swan conductor of the image of A in Br(K"). A priori, these maps take values in H! (F)
and Q%, ® QL. respectively. However, Bright and Newton prove that the residue map of an element in
filo Br(X) takes values in H' (¥, Q /7) < H!(F) (see [ibid., Proposition 3.1(1)]) and that the refined Swan
conductor on fil, Br(X) takes image in H(Y, Q2) @ H(Y, Q}) € Q2 @ QL. (a proof following that of
[Kato 1989, Theorem 7.1] can be found in [Bright and Newton 2023, Theorem B]).

The aim of this subsection is to transfer the results we got in Section 2.3 for the refined Swan conductor
on Br(K") to the refined Swan conductor on Br(X).

It is possible to generalise the definition of inverse Cartier operator on a smooth and proper variety Y
defined over a perfect field ¢ of positive characteristic. Following [Illusie 1979], we denote by Fy the
absolute Frobenius endomorphism of ¥ and by Y ") the base change of Y via the absolute Frobenius oy

of the base field ¢, namely
My W,y

\l !

Spec(f) —“— Spec(f)

where W o Fy,, = Fy; we call Fy/, the relative Frobenius of ¥ over £ and denote by 23, Y /e the de Rham
complex of Y/¥¢.

Remark 2.17. Illusie [1979] works more generally with S-schemes, where the base S is a scheme of
positive characteristic. Here, we are only interested in varieties over perfect fields, and in this case
the absolute de Rham complex €2} coincides with the relative de Rham complex €23, Y/ (since £ perfect
implies Qz =0).

For every ¢ > 0, we define
;I, :=ker(d : Q?, — Q‘)I,H) and B? :=im(d : Qg_l — Q‘é).
The differentials d : Q% — Q‘)I,H are Oy »-linear; hence, the sheaves
(Fy;0)«Z% and (Fyj).Bj
are Oy»-modules and the sheaf of abelian groups H?((Fy¢)«£2}) is also a sheaf of Oy,-modules.
Definition 2.18. For every g > 0, there is a morphism of Oy-modules, called the inverse Cartier operator,
Cy ' QY — WHI((Fy0)«25).

Remark 2.19. Since Q¢ = W* Qq by adjunction we get a morphism of Oy »-modules

Yym —
CY/z Q1 = HI((Fy/o)«Qy).
Theorem 2.20. If Y is a smooth variety over £, then Cy, /1{ is an isomorphism of Oy -modules.

Proof. See [Illusie 1979, Theorem 0.2.1.9]. O
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From now on we assume Y to be smooth and proper over £. In this case, we denote by Cy/, the inverse
—1
of Cy Je-
Definition 2.21. For every nonnegative integer ¢, define

QY jog = ket(W* = Cyje: Zy — Q5.

The sheaf Q7

Y.log is called the sheaf of logarithmic g-forms on Y.

Theorem 2.22. The sheaf Q‘{/’log is the subsheaf of Q;I, generated étale-locally by the logarithmic

differentials, i.e., the sections of the form

d d
e N A yi € Oy.
Y1 Yq
Proof. See [Illusie 1979, Theorem 0.2.4.2]. O

The Cartier operator induces an exact sequence
0— HO(Y, BY) — HO(Y, z%) <5 HO(v, Q).
We have the following lemma.
Lemma 2.23. Let w € HO(Y, Q‘f,); then:
(1) w e H(Y, Q;I,’log) if and only if the image of w in Q?, lies in Q%’log.
(2) w e H(Y, Bg) if and only if the image of w in Q‘;— lies in B;],.

Proof. The group Qfmog can also be computed as the kernel of

id—C:Z% - Qi;
see [Milne 1976, Lemma 1.5]. Moreover, the natural inclusion of HO(Y , Q‘II,) in Q% is compatible with the

differential maps and with the Cartier operator. The proof of (1) follows from the definition of logarithmic
forms, while (2) is an immediate consequence of Corollary 2.10. O

Corollary 2.24. Let u = p—¢ € O} ; then:
(1) If ptn, then
pr, orswy  : fil, Br(X) — HO(Y, Q;)
has kernel equal to fil,,_| Br(X).
(2) If pInand n < €, write n = mp; then (a, B) lies in H*(Y, Z3) @ H (Y, Z}) and the diagram

fil, Br(X) ——% HO(Y, Z2) @ H'(Y, Z))

()®Fl lc
ISWimn,

fil,, Br(X) — HO(Y, Q}) @ H'(Y, Q})

commutes.
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(3) If n = ¢, then («, B) lies in H(Y, le,) e H(Y, le,) and the diagram

fil, Br(X) ——— HO(Y, Z2) @ H(Y, Z})

(_)®pl lmultg-i-c

ISWy—e,

filo—. Br(X) —— H(Y, Q%) @ H'(Y, Q)
commutes. Moreover, let ¢ € £* be the reduction of ¢ = (¢ — 1)P 7 ¢ OZ; then ¢ is such that

multz(rsw,:  fils Br(X)[p]) € HO(Y, Q5 1,0) @ H (Y, Qy 10,)-

@ If plnandn > ¢, then («, B) lies in HO(Y, Z%) ®H (Y, Z},) and the diagram

fil, Br(X) ——2— HO(Y, Z2) @ H(Y, Z})

(—)®” l l/multg

ISWp—e, 7

fil,_ Br(X) —="5 HO(Y, Q2) @ HO(Y, Q1)

commutes.

Proof. All these are consequences of Section 2.3. More precisely: (1) follows from Remark 2.14(2);
(2) follows from Lemma 2.15; (3) and (4) are a direct consequence of [Bright and Newton 2023,
Lemma 2.19]. O

Remark 2.25. For F = Q1 Z1 or B, the cohomology group HY (Y, F) in the Zariski or small étale site
are isomorphic, and hence we will not specify over which site we are computing them.

2.5. Refined Swan conductor on cyclic algebras. This subsection is needed only to understand the
computations in the examples appearing in this paper, it is not used to prove the main theorems.

Let K be a Henselian field of characteristic 0 with ring of integers Ok, uniformiser 7 and residue
field F of positive characteristic p. Here we assume the field K to contain a primitive p-root of unity ¢.
It follows from the Merkurjev—Suslin theorem [Gille and Szamuely 2017, Theorem 8.6.5] that, in this
case, Br(K)[p] is generated by the classes of cyclic algebras. The study of the p-primary part of the
Galois cohomology of a complete discrete valuation field K in terms of its residue field F, which is not
necessarily perfect, goes back to [Kato 1982] (see [Colliot-Thélene 1999] for a survey on the topic).

Definition 2.26. Let a, b € K*; then the K -algebra
(x,y)p:=(a,bla’ =x,b" =y, ab=¢ba)

is a central simple algebra; see [Gille and Szamuely 2017, Section 2.5]. With an abuse of notation, we
also denote by (x, y), the corresponding equivalence class in Br(K)[p].

It is also possible to realise (x, y), as the cup product of an element x, € H},(K ) with §(y), where
§ is the boundary map K* — H'(K, Z/pZ(1)) coming from the Kummer sequence; see the proof of
[ibid., Proposition 4.7.1].
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2.5.1. Bloch—Kato filtration. The map from Z/pZ to Z/pZ(1) sending 1 to ¢ induces an isomorphism
Br(K)[p] ~H*(K,Z/pZ(2)) =: h*(K). (8)

For any two nonzero elements x, y € K, we denote by {x, y} € h?(K) the cup product of §(x) with §(y).
Bloch and Kato [1986] define a decreasing filtration {U’"hZ(K)}mzo on h*(K) as follows: Uh?(K) =
h?(K) and, for m > 1, U™h?(K) is the subgroup of h%(K) generated by symbols of the form

{1+n"x,y} forxeOk and y e K*.
They describe the graded factors of the filtration

m

Umh*(K")
g’ = UK
in terms of differential forms on the residue field F.
Proposition 2.27. We have the following description of the graded factors gr'™:
(1) U™h*(K") = {0} form > ¢/, and Ue/hz(K) coincides with the image of the injective map
o HA(F) ®HL(F) — gt = h*(K),
Si[x -dlog yl — {1+ (¢ — DPx, y},
Silxl > {1+ — DPx, 7},
where x and y are any lifts of x and y to K and §|[w] as in (4).
(2) Let 0 <m < €' and ptm. Then we have an isomorphism
om QL =5 g™, %-dlogy > {1 +7"x, v},
where x and y are any lifts of x and y to K.
(3) Let 0 < m < € with p|m. Then we have an isomorphism
om: QL1720 70 =5 o, ([x-dlog ¥],0) = {1+7"x,y}, (0,[¥]) — {l +7"x, 7},
where x and y are any lifts of x and y to K, and [w] is the image of w € Q‘F in Q’F/Z} fori=0,1.
(4) We have an isomorphism
0 R 1og ® Lpjog —> &, (dlog Ji Adlog 3z, 0) = {y1, 32}, (0, dlogy) — {y, 7},
where y, y1 and y, are any lifts of y, y; and y; to K.

Proof. See [Bloch and Kato 1986, Section 5]. More precisely, [ibid., Lemma 5.1] proves (1). However,
instead of A, (see Remark 2.4) they have the morphism p./, and they then prove [ibid., equation (5.15.1)]
that p,s induces the map A, . The rest is in [ibid., Lemmas 5.2 and 5.3]. O



1278 Margherita Pagano

Note that since, by assumption, K contains a primitive p-root of unity ¢, the ramification index
e = ordg (p) is divisible by p — 1, and hence ¢’ = ep(p — 1)~! is divisible by p. The key result of this
section is the following proposition, which allows us to use Bloch—Kato filtration to compute the refined
Swan conductor.

Proposition 2.28. For every 0 < m < ¢/, the isomorphism (8) induces an isomorphism
fily_, Br(K)[p] =~ U"h*(K).
Let ¢ be the reduction modulo m of ¢ := n_e/(g' — 1)?. For m < ¢, the compositions 1sWy _,,; 0 p, are
1sWe x (po(@, B)) = (ca, ¢B),
1SWe' .,z (Pm (B)) = (¢dB, (¢’ —m)cB) if pim,
1SWe'—m,x (om (at, B)) = (Cdat, cdp) ifplm,
where py, is the map defined in the previous proposition.
Proposition 2.28 is a rephrasing of [Kato 1989, Lemma 4.3].3
2.6. Refined Swan conductor and extension of the base field. In this section we analyse the behaviour

of the refined Swan conductor under field extension of the base field. Bright and Newton [2023] prove
the following result.

Lemma 2.29. Let K'/K be a finite extension of Henselian discrete valuation fields of ramification index e.
Let 7" be a uniformiser in K', F’ be the residue field of K', and define a € F' to be the reduction of (") ™.
Let x € fil,, Br(K), and let

res : Br(K) — Br(K')

be the restriction map. Then res(x) € fil,, Br(K') and, if 1sw,, »(x) = («, B), then

ISWen, 7 (res(x)) = (a7 (a + B A dlog(a)), a™"ep).
Proof. See [Bright and Newton 2023, Lemma 2.7]. O

We return to the general setting of Section 2.1. The aim of this subsection is to prove the following
lemma.

Lemma 2.30. Let L'/ L be a finite field extension, with ramification index ey/;.. Let T’ be a uniformiser
in L' and €' its residue field. Let A € fil,, Br(X) and let
res : Br(X) — Br(X})

be the restriction map. Thenres(A) fil,,, ,Br(Xp) and, if tsw, - (A) = (o, B) e HO(Y, Q3)@H(Y, Q}),

then

/Ln

rSWe,, ,n (res(A) = @ "a,a "epy.B) € H'(Ye, Q3 ) @ H (Yo, Qy,)
with a € £ the reduction of w(w’)~°V/L,

3A (quite technical) proof of it with some extra details can be found in [Pagano 2024, Section 4.2.1].
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By definition of the refined Swan conductor on Br(X), we have the commutative diagram

fil, Br(X) —%, HO(Y, Q%) @ H(Y, Q)

! [

fil, Br(K") —— Q2 @ QL

We recall the construction of K”: let n be the generic point of ¥ C X'; then we define R as the
Henselisation of the discrete valuation ring Oy , and K h"as the fraction field of R. The construction
of Oy, (and hence of K ) is local on X. Therefore, we can assume X = Spec(A), with A a smooth
Oy -algebraand Y =Spec(A/m A); hence, n= () € Spec(A) and Oy ;, = A (). We can rewrite diagram (2)

as
AQo, L < A > A/mA
I [ ®
L < O > £

We denote by X, X’ and Y’ the base change of X, X and Y to Spec(L’), Spec(Or/) and Spec(¢’),
respectively. Let (K’)" be the fraction field of R, where R’ is the Henselianisation of the discrete
valuation ring O~ y’. In this setting,

L8l = (A®0, D@ €' = (480, O1) B0, ' =

A®o, Or

1®n)
Thus, the generic point 1’ of Y’ is the ideal generated by 1 ® 7/, so Oy is the ring (A @, OL") (1gx)-
Using [Stacks 2005—, Lemmas 04GH and 05WP], (K')" /K" is finite with ramification index e/,

Proof of Lemma 2.30. This follows immediately from the observation above together with Lemma 2.29
and the fact that since a € ¢/, which is a finite field, dlog(a) = 0. [

Lemma 2.30 gives a way to detect whether an element A € Br(X) is transcendental.

Corollary 2.31. Assume that A € fil,, Br(X) for some n > 1 is such that rsw,_ (A) = (a, B) with a # 0;
then A ¢ Bri(X), i.e., A is a transcendental element in the Brauer group of X.

Proof. Assume A to be in Br;(X); then, by definition of Br;(X), there is a finite field extension L'/L
such that res(A) = 0 in Br(X;'), where res is the restriction map from Br(X) to Br(X;/). Let e;/;; be
the ramification index of the extension, 7z’ be a uniformiser of L', and ¢’ be its residue field. We know
from Lemma 2.30 that

1SWe(L'/Lyn,, (tes(A)) = (@ ™" -a,a ey - B),

where a™" € (¢')*. Hence, rsw. 1/, Lyn,x;, (res(A)) # (0, 0) and, therefore, res(A) cannot be the trivial
element. O

We end this section with a lemma that shows how the evaluation map behaves under base change
without the assumption of good reduction for X.


https://stacks.math.columbia.edu/tag/04GH
https://stacks.math.columbia.edu/tag/05WP
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Lemma 2.32. Let X be a variety over a p-adic field L, not necessarily having good reduction, and let
A € Br(X){p} be such that ev 4 : X (L) — Br(L) is nonconstant. Then, for every field extension L' /L with
order coprime to p, res(A) € Br(X ') also has a nonconstant evaluation map evyesay : X1/ (L") — Br(L').

Proof. Let P, Q € X (L) be such that
evaA(P) #eva(Q).

Denote by P’ and Q' the base change of P and Q to L’ Then, since L’/L has degree coprime to p, the
restriction map Br(L) — Br(L’) is injective on the p-primary torsion subgroup; hence,

eVres(A)(P/) * eVres(A)(Q/)- 0

3. Ordinary good reduction

Let V be a smooth, proper and geometrically integral k-variety, and V an O-model of V. The main result
of this section is the following theorem.

Theorem 3.1. Let p be a prime of good ordinary reduction for V of residue characteristic p. Assume that
the special fibre V(p) has no nontrivial global 1-forms, H' (V(p), Z/pZ) = 0 and (p — 1) {ep. Then the
prime p does not play a role in the Brauer—Manin obstruction to weak approximation on V.

Let X be the base change to k, of V, X the base change of V to Oy, and Y the special fibre V(p). As
already explained in Section 2.1, if we are able to show that, for all elements A € Br(X), the evaluation
map ev 4 : X (ky) — Q/Z is constant, then the prime p does not play a role in the Brauer-Manin obstruction
to weak approximation on V.

We start with the definition of an ordinary variety.

Definition 3.2. Let Y be a smooth, proper and geometrically integral variety over a perfect field £ of
positive characteristic. We say that Y is ordinary if H (Y, B;’,) =0 for every i, q.

As pointed out in [Bloch and Kato 1986, Example 7.4], if Y is an abelian variety, then we recover the
usual definition of ordinary, namely Y is ordinary if and only if there is an isomorphism between Y (£)[p]
and (Z/pZ)%™Y) In general, the definition can be extended in many different equivalent ways; see for
example [ibid., Proposition 7.3]. In particular, this notion is related to the slopes of the Newton polygon
of the F-crystal HZris(Y / W). Roughly speaking, the role played by the Dieudonné module for abelian

q

varieties is replaced by the F-crystals H_, (Y/W) with ¢ > 0. However, since for the aim of this section
we can avoid introducing crystalline cohomology and the de Rham—Witt complex, we prefer not to add

too many technicalities and use the definition of ordinary variety requiring the fewest new concepts.

3.1. Proof of Theorem 3.1. Throughout this section, we assume that X is such that its special fibre
Y is smooth, ordinary and such that both HO(Y, Qi,) and H' (Y, Z/pZ) are trivial. In this case, the
Cartier operator gives a bijection between the global closed g-forms and the global g-forms on Y. In
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fact, for every ¢, the short exact sequence 0 — B;{ — Zg < Q? — 0 induces a long exact sequence in
cohomology
0— H(Y, BY) — H(Y, z}) S HO(Y, @3) — H'(Y, B]) — - -- .

The condition that Y is ordinary assures the vanishing of HO(Y, B,q,) and H! (Y, B;I,) and hence the
bijectivity of the Cartier operator C : HO(Y, Zlq,) — HO(Y, 96{,).
Lemma 3.3. Let n be an integer such that 0 < n < € with ¢’ =ep(p—1)~". Then, for every A € fil, Br(X),

rswy » (A) =0.

Proof. The assumption HO(Y, Q%,) = 0 together with Corollary 2.24(1) assures us that, if ptn, then
rsw, - (A) = 0. Moreover, as already pointed out in Section 2.3, if A € Br(X) has order coprime to p,
then A € filp Br(X). Therefore, we are reduced to the case A € fil, Br(X)[p"] with r > 1 and p | n. We
prove the lemma by induction on r. If » =1 and rsw,, » (A) = («, B), then, by Corollary 2.24(2),

(0, 0) = 15wy 7 (A®P) = (C (), C(B)).

By Lemma 2.23(2), it follows that (o, 8) € HO(Y, B)z,) @ HO(Y, B)l,), which are zero since Y is ordinary.
Assume the result to be true for r — 1 and let A € Br(X)[p"]; then, again by Corollary 2.24(2) together
with the induction hypothesis,

(0,0) = 15Wp/p, 2 (A®P) = (C(a), C(B)),

and, once again, (a, B) € HO(Y, B%) @ H(Y, B}) and therefore o and 8 have to be zero. Il
Lemma 3.4. Assume that (p — 1) te; then, for every n > 1 and for every A € fil,, Br(X), we have

rswy (A) =0.

/

Proof. Let A € fil,, Br(X)[p"]. By the previous lemma, we already know that the result is true if n < ¢/,
and we know that the result is true if p {n; see Corollary 2.24(1). Again, we work by induction on r. For
r =1, we know from Remark 2.16(1) that, if n > ¢/, then rsw,, , (A) = (0, 0). Hence, we can assume
n < ¢’ Since by assumption ¢’ is not an integer, n < ¢’ is equivalent to n < ¢’; we can therefore conclude
by applying the previous lemma. Let A € fil, Br(X)[p"] and rsw, , (A4) = (o, B). By assumption, we
know that, if n > ¢/, then n > ¢’ By Corollary 2.24(3),

15W,,_o(A®P) = (itar, 1 B)

with u € £, and the result follows from the induction hypothesis. (|
Summarising, we have proved the following theorem.

Theorem 3.5. Assume that Y is an ordinary variety with no global 1-forms. If (p — 1) 1{e, then Br(X) =
fily Br(X).

The assumption H'(Y, Z/pZ)=0implies that Ev_; Br(X){p} =filp Br(X){p}; see [Bright and Newton
2023, Lemma 11.3]. Combining this result with Theorem 3.5, we get the proof of Theorem 3.1.
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3.2. Existence of Brauer—Manin obstruction over field extensions. In this section, we prove a stronger
version of [Bright and Newton 2023, Theorem C] under the additional assumption that the crystalline
cohomology groups on the special fibre are torsion-free. We show that, with this extra assumption, it
is always possible (after a finite field extension) to find an element of order exactly p with nonconstant
evaluation map.

Theorem 3.6. Let V be a smooth, proper and geometrically integral variety over a number field k and p
be a prime of good ordinary reduction for V. Assume that

o the special fibre V(p) at p has HO(V(p), Qé(p)) # {0};
e the crystalline cohomology groups H (V(p)/ W) are torsion-free for every i > 0.

Then there exists a finite field extension k' | k and an element A € Br(Vy)[ p] that obstructs weak approxi-
mation on V.

For the proof, we first change setting and work over the p-adic field L := k. As usual, we denote by
X and X the base change of V and X" the base change and V to k;, and Oy, respectively. Moreover, we
denote by Y the base change of V to £ := k(p).

Without loss of generality, we can assume that L contains a primitive p-root of unity. We fix, for
every g, an isomorphism on X¢ between Z/pZ(1) and Z/pZ(q). Define

M = i"R?j.(Z/pZ(1)),

where i and j denote the inclusions of the generic and special fibre (X and Y, respectively) in X'; see
Section 2.4.

Remark 3.7. The main reference for this section is [Bloch and Kato 1986], which links a “twisted”
version of the sheaves M'{ with the sheaf of logarithmic forms on Y. Block and Kato work with the
sheaves M f :=1*R?j,(Z/pZ(q)). However, since for every g we fixed an isomorphism between Z/pZ(1)
and Z/pZ(q), the results apply also to the sheaves M?.

The sheaves /\/l‘f fit in the spectral sequence of vanishing cycles [ibid., (0.2)]
ES":=H'(Y, M}) = H'T(X, Z/pZ(1)).

By comparing the spectral sequence of vanishing cycles for X and K", we get the commutative diagram

H2(X, 2/ pZ(1)) —L— HO(v, M?)

! I
Br(K")[p] —=— H(K", Br(K;)[p])
where by K" we mean the maximal unramified extension of K" inside a fixed separable closure. Here

we are using Hilbert’s Theorem 90 [Colliot-Thélene and Skorobogatov 2021, Theorem 1.3.2] to identify
Br(K")[pl=H*(K",Z/pZ(1)). Bright and Newton [2023, Lemma 3.4] prove that the map g is injective.
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The map f is defined as the composition of the projection H*(X, Z/pZ(1)) —» Egéz with the inclusion
map E0? — Eg’z.
The injectivity of g gives a map f; : Br(X)[p] — H°(Y, M%) such that the diagram

H2(X, Z/pZ(1)) —— HO(v, M?)

| =7

Br(X)[p]
commutes, where the vertical arrow comes from the Kummer exact sequence [Colliot-Thélene and
Skorobogatov 2021, Section 1.3.4]. In fact, every element in H>(X, Z/pZ(1)) coming from an element
of Pic(X) is sent to 0 by f, since its image in Br(K")[p] comes from an element in Pic(K"), and the
map Pic(K") — Br(K")[p] is trivial.
By [Kato 1989, Proposition 6.1], we also know that ker(res) = fily Br(K ol pl; hence, we have the
commutative diagram

filg Br(X)[p] — Br(X)[p] —L— HO(¥, M)

| | I

fily Br(K")[p] —— Br(K")[p] === H (K", Br(K;1)[p])

Note that we can build a diagram analogous to (10) for every finite field extension L'/L.

We are left to prove the existence (over a field extension L’ of L) of an element A in Br(X,/)[p]
such that f7/(A) # 0. In order to do this, we analyse the spectral sequence of vanishing cycles over an
algebraic closure L of L. Let A be the integral closure of @y in L, and £ the residue field of A. Let X, X
and Y be the base change of X, X and Y to L, A and £ respectively. We define /W? :=1"R9j,(Z/ pZ(1)),
where 7 and j denote the inclusions of the generic and special fibre (X and Y, respectively) in X. These
sheaves build a spectral sequence of vanishing cycles

ES =H'(Y, M) = (X, Z/pZ(1)).

We are interested in the map fl :Br(X)[ pl— E gbz’ defined in the same way as the map fi.
Combining Theorem 8.1, the short exact sequence (8.0.1) and Proposition 7.3 of [Bloch and Kato
1986], if Y is ordinary, then
vV g9\ ~ v of v of 7~ v ol
H"(Y, M}) ~H"(Y, Q?’log) and H"(Y, Qmog) ®f, £ —> H" (Y, QY) (11)

for every ¢, n.
The assumption on the special fibre ¥ assures us that the spectral sequence of vanishing cycles E 5 4
degenerates at the second page; see [Bloch and Esnault 1996, page 307]. Thus,

Eg’oz = ker(Eg’2 — E%’l) = Eg’z

and hence (by construction) the map f] - Br(X)[ pl — HO(Y, M%) is surjective. Finally, by (11), the
existence of a nontrivial global 2-form on Y assures that HO(Y, /\7%) is not trivial.
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Proof of Theorem 3.6. Without loss of generality, we can assume that k contains a primitive p-root of
unity ¢. Let p be a prime of good ordinary reduction for V of residue characteristic p. Let L be the
p-adic field k, and X be the base change of V to L. Let A € Br(X)[p] be such that f;(A) # 0; then there
is a finite field extension L’/L such that A is defined over L’ (i.e., A € Br(Xp/)[p]) and f; 1/(A) #O.
Then, by what we have said above, A ¢ filg Br(X1/)[p].

Since Br(V)[p] =~ Br(V x; Izp)[p], there exists A € Br(V) such that f;(A) # 0. Hence, if k' /k is a
finite field extension such that A is defined over &/, it follows from what we have shown above that there
is a prime p’ above p such that ev 4 is nonconstant on X/ (k;],). O

4. Ordinary case: examples

In this section we give examples on K3 surfaces defined over number fields, for which primes of good
reduction play a role in the Brauer—-Manin obstruction. We prove that, if X is a Kummer K3 surface
coming from the product of elliptic curves defined over Q with good ordinary reduction at the prime 2
and full 2-torsion defined over Q», then Br(X)[2] = Ev_; Br(X)[2] (see Theorem 4.10). This theorem
proves what was already predicted by Ieronymou [2023, Remark 2.6] after some computational evidence.

4.1. The case of K3 surfaces. For a smooth variety, we write wy for the canonical sheaf of X.

Definition 4.1. An algebraic K3 surface is a smooth projective two-dimensional variety over a field k
such that wy ~ Ox and H (X, Ox) = 0.4

More precisely, we work with two kinds of K3 surface (see [Huybrechts 2016, Section 1.1] for more
details):
(1) X a smooth quartic surface in P3;

(2) X = Kum(A), where A is an abelian surface over a field of characteristic different from 2 and X
is obtained by resolving singularities from the quotient A /¢, with ¢ : A — A the involution given
by x > —x.

The special fibre of a K3 surface with good reduction is still a K3 surface; see for example [Bright and

Newton 2023, Remark 11.5]. We start by stating the following well-known result.

Lemma 4.2. Let p be a prime number and Y a K3 surface over the finite field [ ,» for some nonnegative n.

Then'Y is ordinary if and only if |Y (Fpn)| # 1 mod p.

Proof. This is an almost immediate consequence of [Bogomolov and Zarhin 2009, Section 1].3 O
Given a K3 surface X defined over a local field L of residue characteristic p with (p — 1) | e, we are

looking for elements in Br(X) such that the corresponding evaluation map is nonconstant. For K3 surfaces,
H!(Y, Z/pZ) =0, so, by [Bright and Newton 2023, Lemma 11.3], fily Br(X) = Evy Br(X) =Ev_; Br(X).

4Here k can be any field.
SFor more details, see for example [Pagano 2024].
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This means that we are looking for A ¢ Evg Br(X), namely such that there is n > 1 with A € fil,, Br(X)
and rsw,  (A) # (0, 0).

Lemma 4.3. Let £ be a field and f (xg, x1, x2, x3) € £[x9, X1, X2, X3] be a homogeneous polynomial of
degree 4. Assume that the corresponding projective variety Y is smooth. Then Y is a K3 surface and the

one-dimensional £-vector space of global 2-forms is generated by the 2-form
o d(x1/x0) A d(x2/x0)
(1/x3) - 0f/dx3

Proof. This result is most likely well known. Since we were not able to find a reference in the literature,

we detailed a proof in [Pagano 2024, Lemma 4.3.3]. O
We start by recalling the following example, which is the central result of [Pagano 2022].

Example 4.4 [Pagano 2022]. Let V C [P’?;D be the projective K3 surface defined by
Py +y e+ 2w w4 xyzw =0. (12)
Then V has good ordinary reduction at 2 and the class of the quaternion algebra

A= (m —£> € Bra(V)

X- X
defines an element in Br(V'). The evaluation map ev 4 : V() — Br(Q») is nonconstant, and therefore
gives an obstruction to weak approximation on X.

In this case, H(Y, Q%) is a one-dimensional [,-vector space. Let w be the only nontrivial element; then
C(w) =0 or C(w) = w. However, Y being ordinary implies that H(Y, B%) = 0; hence, by Lemma 2.23
and Corollary 2.10, C(w) = w and HO(y, Q%log) is a one-dimensional [F,-vector space. By Lemma 4.3,
the nonzero global logarithmic 2-form w can be written (locally) as

_d((@+w?x +xyz2)/x?) L 4G/x)
(23 + w?x +xyz) /x> z/x

If we denote by f and g the functions (z* + w?x +xyz)/x> and z/x seen as elements in the function
field F of Y, then we see that the two functions appearing in the definition of A are lifts to characteristic
0 of f and g, and hence, from Proposition 2.27,

3 2
7+ wx+xyz
Po(w,0)=H—3 Y ,—5}] e’
X X
Using Proposition 2.28,
15w 7 (A) = (@, 0) # (0, 0)

and A ¢ fil; Br(X)[2] 2 Ev_; Br(X)[2].

4.2. Kummer K3 surfaces over 2-adic fields. Let L be a 2-adic field. Lazda and Skorobogatov [2023]
give a way to detect whether the Kummer K3 surface attached to an abelian variety A/L with good
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(non-supersingular) reduction has good (non-supersingular) reduction.® Skorobogatov and Zarhin [2012]
link the transcendental part of the Brauer group of a Kummer K3 surface to that of the underlying abelian
variety (see Section 4.2.1). Combining these results makes it possible to construct examples of K3 surfaces
with good reduction at the prime 2 for which we are able to study the Brauer group.

In this subsection, we prove that, for every pair of elliptic curves E;, E, over Q@ with good ordinary
reduction at p = 2 and full 2-torsion defined over Q,, the 2-torsion elements in the Brauer group of
the corresponding Kummer K3 surface do not play a role in the Brauer—Manin obstruction to weak
approximation. In particular, this shows that the field extension in Theorem 3.6 is needed. We then use
these computations to exhibit an example of a K3 surface X over (), with good ordinary reduction and
such that Br(X) = Ev_; Br(X), showing that the converse of Theorem 1.3 does not hold in general.

4.2.1. Brauer group of Kummer K3 surfaces. Let A be an abelian surface over a field k of characteristic
different from 2 and V = Kum(A) the corresponding Kummer surface. Skorobogatov and Zarhin [2012]
prove that there is a well-defined map

7" :Br(V) — Br(A)

that induces an injection of Br(V)/Br;(V) into Br(A)/Br;(A). They also prove that this injection is an
isomorphism on the p-torsion for all odd primes p; see [ibid., Theorem 2.4]. We say that an element
A € Br(A) descends to Br(V) if there exists C € Br(V) such that 7*(C) = A.

Lemma 4.5. Let V =Kum(A), C € Br(V) and B :=n*(C) € Br(A). Let p be a prime in Oy; if the image
of C in Br(Vy) lies in Ev_; Br(V,) then the image of B in Br(Ay) lies in Ev_; Br(Ap).

Proof. The result follows from the definition of Ev_; and the fact that, for any finite field extension M/ k,
and P € A(M), we have
evB(P) :eVﬂ*(C)(P) :ch(JT(P)). |

Skorobogatov and Zarhin [2012] show that, given two elliptic curves E| and E, with Weierstrass
equations

Ev:vi=u-(ui—yi1)- i —y2), Er:ivi=ur-(ua—y21) (U2 —120),
the quotient Br(E| x E»)[2]/Bri(E| x E»)[2] is generated by the classes of the four Azumaya algebras
Aeieo = (U1 —€)(u1 — y12), (U2 — €2)(u2 — y2,2))  with € € {0, yi 1}

Finally, if M is the matrix

1 Y1 V1.2 Y2.1°Y2.2 —Y1L1° V2,1
u=| Vina2 1 Y1,1°Y2.1 Y2.1-(2,1—2,2)
Y2.1°Y2.2 VL1 V21 1 v (Y11= v1.2)
=y v21 Y2121 —v2.2) Y- (i —vi2) 1

OThis was already known for K3 surfaces over p-adic fields with p # 2, for the supersingular case in characteristic 2; see
[Matsumoto 2023].
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then, by [ibid., Lemma 3.6]:

(1) Ay, ., descends to Br(V) if and only if the entries of the first row of M are all squares.

(2) Ay, .0 descends to Br(V) if and only if the entries of the second row of M are all squares.

(3) Aoy, , descends to Br(V) if and only if the entries of the third row of M are all squares.

(4) Ap,o descends to Br(V) if and only if the entries of the last row of M are all squares.
4.2.2. Product of elliptic curves with good reduction at 2 and full 2-torsion. In order to use the results
just summarised, we need to analyse what the 2-torsion points of an elliptic curve with good ordinary
reduction at 2 look like. Let £/Q be an elliptic curve having good reduction at 2 and such that the
2-torsion of E is defined over Q,, i.e., E(Q7)[2] = E(Q,)[2]. Without loss of generality, we can assume
E/Q to be defined by the minimal Weierstrass equation’

Yy +xy=x+ax’ +bx+ec (13)

with a, b, c € Z;. Let «;, B; € Q; be such that

E(@)[2] ={0, (a1, B1), (22, B2). (a3, B3)},
with O the point at infinity of E.

Lemma 4.6. Assume that By, B, B3 are ordered as

ordy(B1) < orda(fB2) < orda(B3).

Then ordy(a1) = —2 and oy, a3z € Z5.
Proof. The 2-torsion points on E can be computed through the 2-division polynomial of E, which is
Yo(x,y) =2y +x. In particular, o; = —28; with §; a solution of
O(y) i=y* = 2y* = ((=29)° +a(=2y)* + b(=2y) +0).
The polynomial ®(y) can be rewritten as
®(y) =8y’ — (1 +4a)y* +2by —c. (14)
Looking at the coefficients of ®(y), we get
ordy(B1 + fo + B3)U = orda (1 +4a) — ord>(8),
orda(B182+ B1B3 + f283)U = ordy(2b) — ord, (8),

ordz(B18283)U = ordz(c) — ordx(8).

From the first equation, we get ord, (81) < —3, which, combined with [Silverman 1986, Theorem VIIL.7.1],
tells us that ord, (81) = —3. From the third equation, we get ord,(82)+ord,(83) > 0. If ordy (82) =ord,(B3),
If y2 +a 1Xy+azy = 2+ a2x2 + agx + ag is a minimal Weierstrass equation over Z;, then aj € sz (since the reduction

modulo 2 is ordinary). The change of variables (x, y) — (a%x/ —a3/ay, a{’y/ +(1— af)/(Zai‘)x’) gives another minimal
Weierstrass equation of the form y2 +xy= B +ax?+bx+e.
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then both valuations are nonnegative. Otherwise, ord,(8,) < ord;z(83), and, from the second equation, we
get ord>(B>) > 1, which implies that also in this case both 8, and B3 have nonnegative 2-adic valuation.
The result now follows from the fact that o; = —28;. O

Lemma 4.7. The change of variables given by
u=4x —4a;, v=4Q2y-+x) (15)
induces an isomorphism between E and the elliptic curve given by
v’ = u(u—y) =), (16)
where y| =4 - (o —ap) and y» =4 - (a3 — o).
Proof. The change of variables

uy=4x, vi=4Qy+x)

sends the elliptic curve given by
v%:u%+(4a+1)u%+l6c (17)

to the elliptic curve given by (13). Moreover, the 2-division polynomial of E is given by 2y + x. Hence,
the nontrivial 2-torsion points on the elliptic curve given by (17) are sent to nontrivial 2-torsion points
on E. The extra translation u = u; — 4«; and v = vy gives the desired equation. O

Let E| and E; be two elliptic curves with equations of the form (13). We denote by (a;, ¢;) the
parameters that determine the equation attached to E;, by («; ;, B; ;) for j € {1,2, 3} the nontrivial
2-torsion points of E;, and by A the abelian surface given by the product of E| with E;. We denote by
(Ev_1 Br(A)[2], Br;(A)[2]) the subgroup of Br(A)[2] generated by Ev_; Br(A)[2] and Br;(A)[2], where
Br(A)[2] is the algebraic Brauer group of A.

Lemma 4.8. Assume that €| and €3 are as in Section 4.2.1; then the class of the quaternion algebra A, ,
lies in (Ev_; Br(A)[2], Bri(A)[2]) if and only if at least one of €| and €, is different from Q.

Proof. We fix m = 2 as a uniformiser and £ = —1 as a primitive 2-root of unity. We start by assuming
that at least one among €; and ¢, is different from 0. By the symmetry of the statement, we can assume
without loss of generality that €; # 0. Then

Aeieo = (1 —y11) - (w1 — y1,2), (U2 —€2) - (U2 — ¥2,2)) = (U1, fe,(u2)),

where fe,(u2) = (u2 — €2) - (u2 — y2,2). The quaternion algebra A, ., corresponds via the change of
variables of Lemma 4.7 to

A e =4 (x1 —a1,1), fe,(4x2 —4an 1)) = (X1 — 1,1, fe,(4x2 — 4z 1)).

We define .
(2 —a22)-(x2—a23) ifex=yp71,

(x2—a2,1) - (x2—an3) ifex=0.

g€2 (XZ) = {
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Then 16 - g, (x2) = fe,(4x2 —4as,1). Thus, we can rewrite A, ¢, as

(=011, 8, (x2)) ® (14 (=0 }) - X1, g6, (x2)).

Since (—aq,1, 8¢, (x2)) lies in Bry(A)[2], we are left to show that the class of the quaternion algebra
(1+ (—051,1)’1 - X1, 8¢, (x2)) lies in Ev_j Br(A)[2]. By Lemma 4.6, we know that ordz(a;}) =2 and
therefore, by Proposition 2.28,

(14 (—ay}) - X1, 86, (x2)) € filg Br(A)[2].

By [Bright and Newton 2023, Theorem C], in order to establish whether (1 + (—oq,l)_1 - X1, 8, (X2))
belongs to Ev_; Br(A)[2], we need to compute d(1 + (—ai}) - X1, 8¢,(x2)). We have g, (x2) # 0 mod 2
and, from Proposition 2.27(1) together with Proposition 2.28, we get

A (X1 - dlog(e,(%2)), 0) = (1 + (—a; 1) - X1, 8ey (12))

1

since 1—|—(—o¢f{) xp=144-(s7'x;) withs = —4-ay 1€ Z; and hence s~ - x; is a lift to characteristic O

of x1. Therefore, by definition of the residue map 9,
(1 + (—ay ) - X1, gy (x2))) =0,
which, by Theorem 2.1, implies that
(1+ (—ap }) - X1, 8, (x2)) € Ev_2 Br(A)[2] € Ev_; Br(A)[2].

It remains to show that Ag o ¢ (Ev_; Br(A)[2], Br;(A)[2]). The change of variables of Lemma 4.7 sends
the class of the quaternion algebra

Ao = (ur-(ur—y12), uz- (2 —y22)) = W1 —y1,1, u2 — y2,1)
to the class of the quaternion algebra
(4- (1 —a12),4- (x2 —az2)) = (x1 +2B1,2, X2+ 2B22).
From Proposition 2.27(4), the latter is such that

po(d(_il) A d(_iz)
X1 X2

) = [{x1 +2B2.1, x2+ 2B} € g1

In fact, x; + 2851 and xy + 28, are lifts to characteristic 0 of x; and X;, respectively. Note that
d(x1)/x1 ANd(x2)/x> comes from a global 2-form on the special fibre Y of A, and hence it is nonzero in
its function field. Finally, using Proposition 2.28,

d(x;) d(x)
rswo 7 (X1 +2B2,1, X2 +2B22)) = % A % ,0) #(0,0)

and hence (x; + 2812, x2 + 2B82.2) ¢ fil; Br(A)[2] © Ev_; Br(A)[2]. Moreover, by Corollary 2.31,
Ap.o ¢ (Ev_1 Br(A)[2], Br; (A)[2]). In fact, otherwise, there would be an element .A; € Ev_; Br(A)[2]
such that Ay o ® A; € Bri(A)[2], but Ay o ® .A; has the same refined Swan conductor as Ag . O
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Remark 4.9. We will later use a slightly stronger version of the lemma above. Let L/, be any field
extension. Then the image of A, ., in Br(A,)[2] lies in (Ev_; Br(Ap)[2], Bri(Ar)[2]) if and only if at
least one among €] and ¢; is different from O.

Clearly, A, , in (Ev_; Br(A)[2], Br;(A)[2]) implies res(A, ,) in (Ev_; Br(Ap)[2], Bri(Az)[2]).
Moreover, we have proven that the first component of rswy  (Ag,o) is different from 0, and hence, using
Lemma 2.30, ISWe,, 2.7 (res(Ap,0)) # (0,0); hence, the image of A in Br(A)[2] does not lie in
(Ev_i Br(Ap)[2], Bri(AL)[2]).

4.2.3. Brauer—Manin obstruction from 2-torsion elements. Let V be Kum(Ag). We denote by A and X
the base changes of the abelian surface Ag and the corresponding Kummer surface X to @,. By
Section 4.2.1, we know that Ag o descends to X if and only if

[=vi1- 72,1, V2121 — v2.2), vii(vii — v1,2), 1] € (@;2)4.
By construction, y; 1 =4- (a2 —ay,1) = 81,1 — 88,2 and therefore
y1.1=8B1.1=1+4a; mod 8.

In fact, from Lemma 4.6 and, more precisely, from (14), we know that 88; 1 + 8812+ 8813 =1+4a;
and ord, (B 2) = ordy(B;1.3) = 0. Similarly,

»1=8Bfr1=1+4a, mod 8.

In particular, both y; 1 and y» 1 are either 1 or 5 modulo 8; hence, —y11 - ¥2,1 is either —1 or 3 and
therefore it is never a square.

In summary, we just showed that A ¢ € Br(A) never descends to Br(X). We are ready to prove the
main theorem of this section.

Theorem 4.10. Let X = Kum(A), with A= E| x E; as in Section 4.2.1. Then Br(X)[2] =Ev_; Br(X)[2].

Proof. We recall that, if A, ., descends to Br(X)[2], we denote by C¢, ¢, the corresponding element in
Br(X)[2], i.e., C¢, ¢, is such that 7*(C¢, ¢,) = A¢, ,- We need to prove that, if A, ., descends to Br(X),
then Ce, ¢, lies in Ev_j Br(X). Since we have already shown at the beginning of this section that Ag o
never descends to Br(X), we are left to show it for (e1, €2) # (0, 0).

Let L/Q; be such that all elements appearing in the matrix M of Section 4.2.1 are squares, i.e., the

injective map
*

Br(X)R2] Br(4)[2]
“Bri(X)[2]  Bri(A)[2]

is an isomorphism.
With abuse of notation, we denote by res both

res : Br(A) - Br(A;) and res:Br(X)— Br(X;).

We denote by (C¢, ,) 1 the preimage of res(Ag, ,) € Br(Ap)[2].
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From [Lazda and Skorobogatov 2023, Theorem 2], we know that the reduction of X is an ordinary
K3 surface. Let e be the ramification index of L/Q; and 7, a uniformiser of Oy ; then fil,, Br(X)[p] =
filg Br(X)[p]l =Ev_; Br(X)[p]if n < € :=2e and fil, Br(X)[p] = Br(X)[p]; see Corollary 2.24(1).
Hence, using Corollary 2.24(3), we have an injection

Br(X.)[2]

_ R s HYY s Q2 ,
Ev_; Br(X,)[2] (¥e: €25 1og)

multz orSWe' 7, :

where £ is the residue field of L.

Since X (and hence all its base changes) has good ordinary reduction, we know that H(Y, sz’log) ®F, 0
is a one-dimensional £-vector space (see (11)) and hence Br(X,)[2]/Ev_; Br(X)[2] is a vector space of
dimension at most 1 over [F,.

By Lemma 4.8, Ag o ¢ fil; Br(A)[2]. Applying Lemma 2.30 gives res(.Ag o) ¢ fil, Br(A.)[2], and, by
Lemma 4.5, (Cp.0)r ¢ Ev_1 Br(X)[2]. Therefore,

Br(X,)[2]

([(Co,0)L]) = Ev  BrXpl

Assume that there exists (¢, €2) # (0, 0) such that A, ., descends to Br(X) and the corresponding
element C, , does not lie in Ev_; Br(X)[2]. By Lemma 2.30, res(C, ,) does not lie in Ev_j Br(X)[2]
and therefore, since the quotient Br(X)[2]/Ev_; Br(X1)[2] is a one-dimensional [F,-vector space, also
the product res(Ce, ¢,) ® (Co,0) 1 lies in Ev_; Br(X)[2]. This implies that also the corresponding element
in Br(Ap)[2], res(Ae, ¢, ® Ag o) lies in Ev_; Br(Ar). However, since, by Remark 4.9, res(A¢, ,) lies in
(Ev_1 Br(Xp)[2], Br1 (X 1)[2]), also res(Ag o) has to lie in (Ev_; Br(A.)[2], Br;(A1)[2]), which gives
us the desired contradiction. O

We end this subsection with an example of a K3 surface over 2 with good ordinary reduction at 2 and
such that Br(X) = Ev_; Br(X). The existence of such an example shows that the converse of Theorem 1.3
is not true, i.e., it is not enough to have (p — 1) | e in order to find an element in Br(X) that does not lie
in Ev_; Br(X).

Example 4.11. Let A = E x E, where E is the elliptic curve given by the minimal Weierstrass equation
y2+xy =x3—3x? —4x +11.
With the same notation as in the previous subsections, 8] = —%, B> =—1 and B3 = 1. Hence,

a1=14—1, =2, az3=-—2 and y;=-3, yp=-—19.
The matrix M is of the form
1 3-19 319 -9
3-19 1 9 -—-3.18
3-19 9 1 =318
-9 -3.18 —3-18 1
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In particular, all the rows of M have at least one term which does not lie in @;2. Moreover, using
[Skorobogatov and Zarhin 2012, Proposition 3.7], we can compute the dimension as an [,-vector space
of the quotient of Br(X)[2] by Br(Q;)[2], and, in this case,

(B[R] _
dlIIl[F2 (m) =0

We want to show that Br(X){2} = Br(Q;){2}. We work by induction on n. Let A be in Br(X)[2"]; then
A% ¢ Br(X)[2] = Br(@y)[2].
In particular, given P € X (@),
(AR eva(P)® = A% ®ev o1 (P) =0;
hence, A® ev4(P) € Br(X)[2"~'], and, by the induction hypothesis, .A € Br(@,)[2"].
4.3. Examples of Brauer—Manin obstruction. We continue by giving new examples of primes of good

reduction that play a role in the Brauer—Manin obstruction to weak approximation in the cases p = 3

and p = 5.

Example 4.12. Let L = Q3(¢) with ¢ a primitive 3-root of unity. Let & be a uniformiser of Op; then
e = e(L/Q3) = 2 and the residue field £ is equal to [3.

We define X to be the Kummer K3 surface over L attached to the abelian surface A = E x E, with E
the elliptic curve over L defined by the Weierstrass equation

V=3 44243041

The elliptic curve E (and hence A and X) has good ordinary reduction at the prime p = (;r). We denote
by {x, y, z} and {u, v, w} the variables corresponding to the embedding of, respectively, the first and the
second copy of E in IP’%. We define the cyclic algebra

A= (”_“, y_x) € Br(L(A)[3].
z e

Claim 1. A belongs to Br(A)[3].

Proof. First of all, from y?z = x3 +4x%z + 3xz> + z° we get

2y—x)(y+x)=(x+2> and z(y?—4x>—3xz—2>) =x>.

Then:

o If 7 =0, then x = 0 and therefore y?> —4x% —3xz — 7> # 0 and x # y, and, from the equation above
the claim, A is equivalent to

v—u y—x
(2 —4u? = 3uw —w?)~17 (2 —4x2 =3xz—H)71
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e If x =y, then x #% —y and z # 0 (since z = 0 implies x # y), and, from the equation above, A is
equivalent to

G vi)
vtu’ x+y/¢
Thus, we see that, given a divisor D over which A is not well defined, we are able to find an Azumaya

algebra which is equivalent to .A on an open set and well defined along D. Hence, A defines an element
in Br(A)[3]. O

Claim 2. A does not lie in Ev_; Br(A)[3].

Proof. The regular global 1-form on the reduction of £ modulo p is given by the (local) formula

dx _ 1 dx-Gi=y) 1 drx/y=dx _dG-v)
2y 2 y(y_x) 2 y—x y—x ’

where the last equality follows from the fact that, on the special fibre, dx/y = dy/x and, since we are in
characteristic 3, % = —1. Hence, if we denote by Y the reduction modulo p of A, the global 2-form on Y

e
e _d@-w/w) G-/

(v—u)/w (y—x)/z
Finally, po(w, 0) = [{(v —u)/w, (y —x)/z}] and hence, again by Proposition 2.28,

rsw3 7 (A) # (€7 w, 0)
and therefore A ¢ fil; Br(A)[3] 2 Ev_; Br(A)[3]. O
Claim 3. The cyclic algebra A in Br(A)[3] is not algebraic, i.e., A ¢ Bri(A)[3].
Proof. This follows directly from Corollary 2.31. (|

Finally, from [Skorobogatov and Zarhin 2012, Theorem 2.4], the map
. Br(X)[3] o Br(A)[3]

Bri(X)[3]  Bri(A)[3]
is an isomorphism. Let B € Br(X)[3] be such that 7*(B) = A € Br(A)[3]. Then, by Lemma 4.5,
B ¢Ev_j Br(X)[3], so (since Evg Br(X) =Ev_; Br(X) for K3 surfaces; see Section 4.1) the corresponding
evaluation map on X (L) is nonconstant.

*

Example 4.13. Let X be the diagonal quartic surface over Q5 defined by
Sxt—ayt =4 wt,

Skorobogatov and Ieronymou [2015, Theorem 1.1 and Proposition 5.12] prove that there exists an element
A € Br(X)[5] with surjective evaluation map. Let L = (s (v/5), e(L/Qs) =4 and « € L be such that
a* = 5. Then the change of variables

X
(x,y,z, w) > (;,)’I,Zl, w1)
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sends X to the diagonal quartic X /L given by
xf —4yf =z} +wy.

The surface X has good ordinary reduction over L; indeed, its special fibre is given by the Fermat quartic
over [Fs, which, using Lemma 4.2, can be checked to be ordinary. Finally, by Lemma 2.32, we know that

res(A) € Br(X/) = Br()? ) has nonconstant evaluation map.

Remark 4.14. We have ¢/ = p =5 and, by Corollary 2.24, A has to lie in fil, Br(X)[5]\ fil ,_; Br(X)[5].
In fact, since X is ordinary, we have HO(Y, Bf,) =H'y, B)l,) = 0 and therefore the image of rsw,, ; is
zero on the 5-torsion elements for n < ¢’ = 5.

5. Nonordinary good reduction
In this section, we analyse what happens for primes of good nonordinary reduction in the case of K3
surfaces. We are going to prove the following theorem.

Theorem 5.1. Let V be a K3 surface and p be a prime of good nonordinary reduction for V with e, < p—1.
Then the prime p does not play a role in the Brauer—Manin obstruction to weak approximation on V.

Like in the previous section, let X be the base change to k, of V; then we denote by &’ the base change of
V to Oy, and by Y the special fibre V(p). As already explained, it is enough to show that for every element
A € Br(X) the evaluation map ev 4 : X (k,) — Q/Z is constant. We begin with the following lemma.

Lemma 5.2. Assume that the special fibre Y of the Op-model X is such that the Cartier operator acts
trivially on HO(Y, ZIZ,) and there are no global 1-forms. Then, if the absolute ramification index satisfies
e < p—1, we have Br(X) = fily Br(X).

Proof. If e < p — 1, the result is proven by Bright and Newton [2023, Lemma 11.2] without any extra
assumption on Y. If e = p — 1, let A € fil, Br(X) with rsw, » = («, B). In order to prove the lemma, it is
enough to show that («, 8) = (0, 0).

o If n < ¢ then p{n, and hence, by Corollary 2.24(1) and the assumption that HO(Y, Q},) =0, we get
rsw, 7 (A) = (0, 0).

o If n > ¢/, then ptn or pfn — e, and hence either rsw,, ; (A) or rsw,,_. » (A®P) is zero. Therefore, by
Corollary 2.24(2), rsw, » (A) = (0, 0).

o If n = ¢/, then, by Corollary 2.24(3), we have
1SWe'—e 7 (A®P) = (C (@) — iter, C(B) — iip).
However, by assumption, C(«) =0 on Y. Hence,
1SWe' e (A®P) = (—iiar, 0).

Finally, ¢’ — e < ¢’ and hence rsw,'—,  (A®P) = 0, which implies that @ = 0 and thus also in this case
1swe - (A) = (0, 0). O
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Proof of Theorem 5.1. If V is a K3 surface and p is a prime of good nonordinary reduction, then the
special fibre at p is a K3 surface having good nonordinary reduction. It is proven in [van der Geer and
Katsura 2000, proof of Corollary 9.5] that the natural inclusion B% > ZIZ, induces an isomorphism
HO(y, B%,) ~HO(Y, le,). The short exact sequence

0—>B,2,—>Z%,L>Q§—>O

implies that the Cartier operator is trivial on HO(Y, Z%). Hence, we are in the setting of the previous
lemma. The result now follows from the fact that, for K3 surfaces, fily Br(V,) = Ev_; Br(V}). O

5.1. An example. This example was suggested by Evis leronymou.
Ieronymou and Skorobogatov [2015] prove that, for the diagonal quartic surface X /(23 defined by

=yt =124 —9.w* (18)

there exists an element .4 € Br(X)[3] such that the corresponding evaluation map is nonconstant on X (Q3).
In analogy with Example 4.13, X has potentially good reduction. Let L = Q3(¢4, ) with a* = 3; then
e(L/Q3) = 4 and the change of variables

71 wWq
(-xayasz)H x19y19_7_2
o o

sends X to the diagonal quartic X /L given by

4 4 _ 4 4
xp—y)=4-z] —wy.

Using Lemma 4.2, it is possible to check that the K3 surface X has good nonordinary reduction over L.
The special fibre is Fermat’s quartic over [F3, which, by [Shioda 1975], is known to be supersingular.
By Lemma 2.32, res(A) € Br(X.) = Br()? ) has nonconstant evaluation map. Hence, X is a K3 surface
over a 3-adic field having ramification index 4 and good nonordinary reduction, and being such that
Ev_; Br()?)[3] C Br()N()[3]. Moreover, ¢’ = 6 and we proved that rswg , = 0 on the 3-torsion of Br(f).
Hence, res(A) has to lie in fil; Br()N( )[3] and be such that rsw3 , (res(A)) # (0, 0).

6. A family of examples

We end this paper by giving an example of a family of K3 surfaces.
Let o € Q be such that & € Z and let V,, be the K3 surface over k := Q(«) defined by

Cy+yiz+dw—vt+a? xyzw =207 xzw? =0. (19)
Lemma 6.1. The class of the quaternion algebra

2., 2.
A= (W—ny —5) € Br(k(Va))
z X

lies in Br(V,)[2].
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Proof. Let f :=z*>+a*xy, and Cy, C, and C r be the closed subsets of V,, defined by the equations
x=0,z=0and f =0, respectively. The quaternion algebra .4 defines an element in Br(U), where
U:=V,\(CxUC,UCy). The purity theorem for the Brauer group [Colliot-Thélene and Skorobogatov
2021, Theorem 3.7.2] assures the existence of the exact sequence

0 — Br(Vo)[2] — Br(U)[2] =2 (D H' (k(D), Z/2), (20)
D

where D ranges over the irreducible divisors of V,, with support in X \ U and k(D) denotes the residue
field at the generic point of D.

In order to use the exact sequence (20), we need to understand what the prime divisors of V,, with
support in V, \ U = C, UC,UC look like. Using Magma [Bosma et al. 1997], it is possible to check the
following:

« C, has one irreducible component D; defined by the set of equations {x =0, y3z 4+ z°w + w* = 0}.

o C, has one irreducible component D, defined by {z =0, x3y — w* =0}.

 Cy has one irreducible component D3, defined by
{axy +22 =0, 22+ 222 + 2ax2zw? + o2xw* = 0, a?y37 — x22% — 2axzw? — o2w* = 0}.

Therefore, we can rewrite (20) as

3
0 — Br(Ve)[2] — Br(U)[2] 22 D H' (k(D)), Z/2). 1)
i=1

Moreover, we have an explicit description of the residue map on quaternion algebras: for an element
(a,b) € Br(U)[2],

~ HY\(k(D;), Z/2), (22)

vi (b) k(D;)*
e v,-(a)vi(b)a !
dp, (a,b) = [( iy bv;(a)] < k(D;)*2

where v; is the valuation associated to the prime divisor D;. This follows from the definition of the tame
symbols in Milnor K -theory together with the compatibility of the residue map with the tame symbols
given by the Galois symbols (see [Gille and Szamuely 2017, Proposition 7.5.1]).

We can proceed with the computation of the residue maps dp, fori =1, ..., 3:

(1) vi(x) =1 and vi(f) = vi(z) = 0. Hence,

£\ [(S\N T, . kD~
w(1)=[(5) |-k

where the last equality follows from the fact that x = 0 on Dy; thus, f|p, = z%.

(2) va(z) =1 and v(f) = v2(x) = 0. Hence,

fooz2\_ (/S N[, kD)™
(5-2)=(5) =] =1
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where the last equality follows from the fact that z = 0 and x3y = w* on D,; thus, f| D, = a’xy and

a?y/x = a?(w/x)* = (aw?/x?)>.

3) v3(f) =1 and v3(x) = v3(z) = 0. On D3, we have

) 3 * 2
¥z = (xy) _iz = —2(2—22) xiz = %(%) using xy = —%zz,
and thus FoL . N _— 5 k(D)
n(5-5)=[51= (T 5) = e
Therefore, dp,(A) =0 for all i € {1, 2, 3}, and hence A € Br(Vy). O

Let p be a prime above 2 and O, be the valuation ring of k,. Note that 2 - ale Oy if and only if
a? # 0 mod 8; we can define X, to be the Op-scheme defined by (19). If a? # 0 mod 8, then X, is
smooth and hence V,, has good reduction at p; we denote by X, the base change of V, to k.

Theorem 6.2. Assume that o> # 0 mod 8. Then X, has good ordinary reduction if and only if o> =
mod 2. The evaluation map attached to A,

evy: Xq(ky) — Q/Z,
is nonconstant if and only if

a?>#0 mod 4.

Proof. For K3 surfaces, the evaluation map attached to A is nonconstant if and only if A ¢ fily Br(Xy)
(see Section 4.1).

o If > = 1 mod 2, then the special fibre Y, is defined by
By+y 4+ 2w+ wt +xyzw =0.
By Lemma 4.2, Y,, is an ordinary K3 surface. Lemma 4.3 says that a generator (as a k(p)-vector space)
of HO(Y,, Q%,m) is given by the global 2-form w that can be written (locally) as
d(y/x)/\d(z/x): x2 d(z)/\d(é))—cz x2 d 22 +xy /\<£>-d<£>,
(23 +xyz)/x3 2Z2+xy \x x/z 22+ xy x? 4 X
where the last equality follows from d((z> 4+ xy)/x%) Ad(z/x) = d(y/x) Ad(z/x). Hence, we can write
was df/f ndg/g, with f = (z>+xy)/x* and g = z/x. Finally, we see that, by Proposition 2.27,

2 2. 2 2,
(4] = HH“_ZW _gH _ HH“_2W _gH — b0(@.0)
X X X

Z

since (22 + - xy)/x* and —z/x are lifts to characteristic 0 of f and g, respectively. Hence, using
Proposition 2.28, rsw,  (A) # (0, 0) and A ¢ fil,,—1 Br(X,) 2 fily Br(Xy).



1298 Margherita Pagano

e If o? = 2 mod 4, then the special fibre Y, is defined by
x3y +y3z +Zw+wt=0.

By Lemma 4.2, Y,, is a nonordinary K3 surface over k(p). Lemma 4.3 says that HO(Y,, Q%,m) is generated
(as a k(p)-vector space) by the 2-form w that can be written (locally) as

I (£)(2) (2) ()=o) ) o)

where the last equality follows from the fact that, since we are working over a field of characteristic 2,

(x/z)?d(y/x) = d(xy/z?). Hence, in this case, we can write  as d(f -dg/g), with f = xy/z> and
g = z/x. Since o> =2 mod 4, the prime ideal (2) is ramified in the field extension @, («)/Q, and 7 = «
is a uniformiser. By Proposition 2.27,

HW‘%H = |:{1+a2%,_§” :p2<f_c{?g)

since xy/z? and —z/x are two lifts to characteristic 0 of f and g, respectively. Hence, by Proposition 2.28,
rswa z (A) # (0, 0). Therefore, A ¢ fil; Br(Xy), and thus A ¢ fily Br(X,) C fil; Br(X,).

o If «> = 0 mod 4, then the special fibre Y, is defined by
Ay+yiz+ 2w+ wt +xzw? =0.

Again, by Lemma 4.2, Y, is a nonordinary K3 surface over k(p). If ((«)/(; is unramifie,d then we are
done by Theorem 1.4. If the field extension is ramified and 7 is a uniformiser, then, since a?=0 mod 4

2

and o? # 0 mod 8, we have o? = 7% with 8 (9;. Hence, if we look at the corresponding element

in k2(K") via the isomorphism of (8), we see

2., .2 .
s {W_zw_z}:{lﬂaﬂ §Y,_£}ey4k2(1<h>.
b4 X Z X

Hence, using again Proposition 2.28, A € filg Br(X,)[2]. O

Remark 6.3. The case o> = 2 mod 4 proves that the bound appearing in Theorem 1.4 is optimal. In
fact, we are able to find examples of K3 surfaces over a quadratic field extension of Q such that there is
a prime above 2 whose ramification index is e(p /2) = 2 and which plays a role in the Brauer—Manin
obstruction to weak approximation.

Finally, when «? = 0 mod 4 and e(p /2) = 1, we know from Theorem 1.4 that Ev_; Br(X,) = Br(X).
However, if e(p /2) =2, we just showed that the element .4 of the previous theorem lies in Ev_; Br(X,)[2]
and not that the whole Brauer group of X,, is contained in Ev_; Br(X).
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Absolute calculus and prismatic crystals
on cyclotomic rings

Michel Gros, Bernard Le Stum and Adolfo Quirés

Let p be a prime, W the ring of Witt vectors of a perfect field k of characteristic p and ¢ a primitive
p-th root of unity. We introduce a new notion of calculus over W, which we call absolute calculus. It
may be seen as a singular version of the g-calculus used in previous work, in the sense that the role of
the coordinate is now played by ¢ itself. We show that what we call a weakly nilpotent -connection on
a finite free module is equivalent to a prismatic vector bundle on W[{]. As a corollary of a theorem of
Bhatt and Scholze, we finally obtain that a -connection with a frobenius structure on a finite free module
is equivalent to a lattice in a crystalline representation. We also consider the case of de Rham prismatic
crystals as well as Hodge—Tate prismatic crystals.

Introduction 1301
1. Twisted powers 1306
2. Absolute calculus 1314
3. Higher -derivatives 1326
4. The p-adic situation 1333
5. Absolute hypercalculus 1338
6. Absolute differential operators 1350
7. Application to prismatic crystals 1359
8.  De Rham prismatic crystals 1364
9. Hodge-Tate prismatic crystals 1373
10. Prismatic F-crystals 1379
Acknowledgments 1382
References 1383
Introduction

Let Gk := Gal(K /K) be the absolute Galois group of a complete discrete valuation field K of character-
istic 0 with perfect residue field k of characteristic p > 0. The study of p-adic representations of G,
initiated by Jean-Marc Fontaine (see for example [Fon94]), has recently had a major breakthrough, with a
theorem of Bhargav Bhatt and Peter Scholze. Using the notion of prismatic site they have introduced
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in order to get a conceptual understanding of integral p-adic Hodge theory, they have proved [BS22,
Theorem 5.6] that there is an equivalence

Veet? (Ok, O ) ~Repy”* (Gx)

between the category of prismatic F-crystals on Ok and the category of lattices in crystalline representa-
tions of G . Forgetting the frobenius structures, understanding the category Vect(Ok, O ) of (absolute)
prismatic vector bundles on Ok becomes therefore a fundamental question. Several partial results, in
various settings, have already been obtained for Hodge—Tate prismatic crystals and de Rham prismatic
crystals, for example in [BL22a; BL22b; GMW22; AHB22; GMW23]. Let us also mention the very
recent [Liu25], in which Zeyu Liu describes absolute prismatic crystals (in various settings) using the
stacky approach of [BL22a; BL22b].

Our goal is to address this issue from a different point of view, using what we call absolute calculus.
This is similar to the (relative) g-calculus we have used before in [GLQ23a; GLQ22b], but now the
parameter g coincides with the étale coordinate x. Informally, if x is a variable, then the relative g-
derivation is defined by 9, (x*) = (k),x*~!, where (k), :=1+¢q +---+¢*~! denotes the g-analog of k
(written [k], in [BS23]). The absolute g-derivation then corresponds to the case x = g: the condition
reads 9, g5 = (k)qqk_l. It will actually be necessary to consider a variant d that we call absolute

-derivation, which is given by
9 (¢ = (ph)gg"~". (1)

From now on, we will assume that Og = W[¢], where W = W (k) is the ring of Witt vectors of k and
C is a primitive p-th root of unity. We define a -derivation on a W[ g —1]]-module M to be a W-linear
map dy, : M — M that satisfies

VseM, 3y (qs)=(p)gs+q" o (s).

Giving the datum of a -derivation is equivalent to giving the datum of a -connection (see Definition 3.8).
A fundamental example of -connection/derivation is provided by 3 on M = W[g—1] defined by
formula (1). Note that, if we denote by y the endomorphism given by y (q) = ¢”*!, then

qom, = %
is the usual operator appearing in the theory of Wach modules.

We use the terms absolute and prismatic as well as subscript to emphasize that the objects we
consider are closely related to the absolute prismatic site of Ok . More precisely, our main result is the
following, where we call a -connection weakly nilpotent if dy;, (in the case of p odd) or 81%4’ —dy,
(in the case p = 2) is nilpotent modulo (p, g —1).

Theorem 7.12. There exists an equivalence

Vect(Ok, O )~V (Wlg—11), E <> (M,dy, ),
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between the category of prismatic vector bundles on Ok and the category of finite free modules on

Wllg —11 endowed with a weakly nilpotent -connection. This equivalence induces an isomorphism

RT(Ok . E)~RCgr, (M) :=[M 2 M]
on cohomology.

As a basic example, the structural sheaf of the prismatic topos corresponds under this equivalence
to W[g—1] endowed with d (note for the nilpotency requirement that (p), € (p,g—1)). Several
properties witness to the relevance of 0 : Griffiths transversality with respect to the Nygaard filtra-
tion (Proposition 2.8.1 and Remark 2.9.2), preservation of the (p),-adic filtration (Example 3 after
Proposition 2.13) and of the (p*®),-filtration (Remark 4.8.3), and compatibility with the frobenius morphism
¢(g) = q?, meaning that 0 o¢ = ( p)qq”_lqb od (equation (52)), a formula whose shape attests to
the logarithmic nature of 3 and anticipates the appearance of “monodromy” operators associated to it.
We also discuss in the same explicit way other examples, such as the -connection corresponding to the
Breuil-Kisin twist on prismatic crystals.

Using the same strategy as in the proof of Theorem 7.12 (recalled above), we obtain analogous
descriptions for the category of prismatic de Rham crystals (in the style of [BS22, Construction 7.16]) in
Proposition 8.14, and for the category of prismatic Hodge-Tate crystals (see [BL22b]) in Proposition 9.6.
This makes completely transparent the relations between the various theories. Diagram (48) summarizes
our equivalences, all of them compatible with the natural cohomology functors on each side.

Frobenius structures can also be added to the picture and then the category of prismatic F-crystals on
Ok turns out to be equivalent to the category of Wach modules (Definition 10.8 and Proposition 10.9).
From this perspective, the aforementioned Theorem 5.6 of [BS22] is equivalent to Berger’s theorem
[Ber04, proposition I11.4.2]. Using a slightly different approach than ours, Abhinandan has obtained the
same result in the absolutely unramified case [Abh24].

Our approach differs from others justifying, we believe, the introduction of our formalism: we adopt
the classical path relating crystals and modules with connection, taking as starting point just our explicit
description of prismatic envelopes inherited from [GLQ23a, Theorem 5.2], and developing methodically
the corresponding twisted calculus. This provides the naturalness (compare with [GMW?22, Remark 1.18])
of all constructions mentioned above, in particular when “specializing” (Sections 8 to 10).

Our approach also produces naturally a formal groupoid, denoted by G in the introduction of Section 5,
that lifts (see Remark 9.2.4) the formal group of [BL22b, Proposition 9.5], and should play a role in the
description of the prismatization of Ok by generalizing that of its Hodge—Tate locus in loc. cit. We leave
this investigation for future work. We also hope that the new insight presented here for Og = W[¢] will,
beyond its own intrinsic interest and its value as an example, be useful for a better understanding of other
situations. For example, some results concerning the case Ox = Z,, studied in detail in [BL22a], should
become accessible in a new way just by using Galois descent, as suggested in Remark 4.8.4 of that work.

Outline. The article has two parts: Sections 1 through 6 are devoted to the development of absolute
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calculus, and in Sections 7 through 10 our methods are applied to the description of various kinds of
prismatic crystals.

Section 1 is devoted to twisted powers on an arbitrary ring R. We recall various aspects of this notion
from [GLQ22a] using the language of twisted Stirling numbers (Definition 1.1). Our main player will be
aring R(w) of -divided powers (Definition 1.7) that, when p is invertible (Proposition 1.11) or when
(p)q = 0 (Proposition 1.13), has simpler incarnations in, respectively, a polynomial algebra or a (usual)
divided polynomial algebra.

Section 2 starts the development of absolute calculus on R = W[ g —1]], where W is an adic ring.
We introduce and study the notions of -derivation, an example being 0 above, and, more generally,
of V -module (Definition 2.11 and Proposition 2.13) and give several examples, such as the (p),-adic
filtration and the Breuil-Kisin twist, that will be looked at in the article.

Section 3 is about Taylor maps and higher derivatives. We develop a formalism of -Taylor expansions
9,5’00) (o) of infinite level and finite order n € N for « € R (Definition 3.4). As in the untwisted case, there
also exists a variant 6, (o) (Definition 3.14). The coefficients of the images of @ € R by these different
maps, expressed in natural R-bases, are respectively the higher -derivatives gkl () and gtk (o). Explicit
formulas for their action on R are given in Lemma 3.5 and Proposition 3.15: for all k, n € N we have

Eﬂ“(q”)::(p)§<2)qpq”‘ﬁ

and the relation between infinite and finite level follows exactly the same pattern as in the “classical”
case: 9% = (k)qp!a[k]. Note that % is far from being the k-th iterate of 0 , explaining our choice of
brackets for the notation.

Section 4, and everything thereafter, works over R = W[ g —1]], where p is a prime and W is a p-
adically complete ring (up to this point, p could be any positive integer and W any adic ring). We identify
(Theorem 4.4) our now completed twisted ring R/(a) with the prismatic envelope of the diagonal in
order to rely on the universal property of the latter. This allows us to define a flip map (Proposition 4.6)
and a comultiplication map (Proposition 4.11) on m .

Section 5 uses the Taylor, flip and comultiplication maps to develop absolute hypercalculus and to
study the relation between what we shall call -hyperstratifications and -connections. Definitions 5.1
and 5.2 introduce -hyperstratifications and -Taylor maps on R-modules, and Proposition 5.3 shows
these are equivalent notions. We prove in Lemma 5.4 that the datum of a -hyperstratification on an
R-module M is equivalent to the datum of continuous endomorphisms 8$> (k € N) of M satisfying
some /na\tural co%tibilities. After introducing (Example 2 after Proposition 5.6) the linear derivation

L :R{w) — R{w) , we prove the little Poincaré lemma (Proposition 5.14): the sequence

—_ ]

0— R— R(@) +> R(@) — 0

is split exact.
Section 6 is devoted to what we call -differential operators. Definition 6.1 introduces -differential
operators between R-modules and their R-linearization and composition. Theorem 6.19 shows that for a
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finite projective R-module, endowing it with a -hyperstratification (a natural way to interpret crystals) is
equivalent to giving it a weakly nilpotent -connection, meaning one that is nilpotent modulo (p, g —1).
Actually, when p = 2, this nilpotence condition has to be refined a bit (fortunately, our formalism finds
again the known differences [BL22b, §9], between the ramified and unramified cases).

We are now ready to apply our formalism to the study of various prismatic crystals.

Section 7 establishes the link with prismatic crystals. We assume from now on that W is the ring
of Witt vectors of a perfect field and let ¢ be a primitive p-th root of unity. Theorem 7.5 shows that
the category of prismatic crystals on W[¢] is equivalent to the category of complete W[ g —1]-modules
endowed with a -hyperstratification.

Using Theorem 6.19 and a strategy similar to that in [GLQ23a; GLQ22b], we then prove our main
theorem (7.12). The isomorphism in cohomology follows from the prismatic Poincaré Proposition 7.11
as in [GLQ23b, Theorem 6.2]. We end this section by explaining in Proposition 7.14 the relation to the
theory of I"-modules.

Section 8 studies what happens when one makes p invertible and gives descriptions in the style of
Theorem 7.12 for de Rham prismatic crystals. In this case there is no real need for twisted derivations,
since usual logarithmic derivatives do the job. In a way analogous to what we have done before, we
develop a logarithmic calculus where the relevant operators are log-derivatives 81<fg> =( p){;ak, with 9¥ the
k-th iterate of the usual derivative with respect to g. These log-derivatives give rise to log-connections, and
we prove (Proposition 8.12) that the category of de Rham prismatic crystals is equivalent to the category
of finite free modules with a log-connection satisfying an appropriate nilpotency condition. Using, with

p invertible, the same approach as in Section 7, we can also describe de Rham prismatic crystals in terms

(k)
log

9%)s in this situation. A similar problem is studied, in greater generality but maybe in a less explicit way,
in Sections 7.15-7.17 of [BS22], in order to establish the relation with the classical Breuil-Kisin theory.
Section 9 works modulo (p), and describes Hodge—Tate prismatic crystals. As before, one has two

of -connections (Proposition 8.14). In Proposition 8.16 we give explicit formulas relating 9, .’s and

points of view for their descriptions. It is again not necessary to use twisted derivations, since we can
obtain (Proposition 9.5) a description of Hodge—Tate prismatic crystals in terms of monodromy/Sen
operators, with a nilpotency condition, by redoing the theory of log-calculus on a PD-algebra. We
recover in our situation a similar result to that of [BL22b]. As in Section 8, we get another description
(Proposition 9.6) through a reduction modulo (p), of the general Theorem 7.12, and we can again go
from one point of view to the other through explicit formulas (Proposition 9.8). We finish with a review
(diagram (48)) of the various equivalences.

Section 10 discusses frobenius structures on prismatic crystals. We define the notion of a frobenius struc-
ture on an R-module endowed with a -connection and, as mentioned above, we obtain (Corollary 10.7),
using Theorem 5.6 of [BS22], an equivalence between the category of lattices in crystalline Galois
representations of the absolute Galois group of Frac(W[¢]) and the category of finite free modules on
Wlg —1] endowed with a -connection that has a frobenius structure (weak nilpotency is automatic here,
see Lemma 10.4). We also show that this last category is equivalent to the category of Wach modules
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relative to W[¢] and essentially recover (Corollary 10.10) a theorem of Laurent Berger ([Ber04] building
on work of Jean-Marc Fontaine and Nathalie Wach, completed by Pierre Colmez). We finally briefly
explain how our methods can be applied to the theory of (¢, [')-modules.

B

Notation. In contrast with the terminology we have used in previous work, we will write “ -something’
instead of “g-something of level —1 with respect to p” and write instead of g(—1).

1. Twisted powers

We review some results about the notion of a twisted power introduced in [GLQ22a] (see also Section 1
of [GLQ22b]) that will be systematically used starting at Section 3. The reader is advised to jump directly
to Section 2 and come back to this one when twisted powers enter the game.

We fix some p € N that will usually be a prime, but the case of a power of a prime for example and
even the case p = 1, may also be of interest.

We fix a commutative ring R and some g € R. At some point, there will also be an extra x € R but,
starting at Section 2, we shall focus on the case x = g.

Recall from Definition 2.5 of [LQ15], for example, that the twisted binomial coefficients can be defined
recursively for n, k € N by the twisted Pascal identities

(n;rl)q: (k:)ﬁqk(’;)q

with the initial conditions

(8>q =1 and (g)q = (lg)q =0 for k,n>0.

We shall also consider, for n € N, the rwisted integer (called g-analog in the introduction)
q
and the twisted factorial
(n)g!:i=m)g(n—1)g -+ (2)4(1)4.

We will use the prefix “g-" instead of the attribute rwisted when we want to specify the parameter. We
will also drop the epithet/prefix/subscript in the case g = 1.
We now recall the following related notions (formulas 5.19 and 5.20 in [Ern12]):

Definition 1.1. The twisted Stirling numbers of the first kind (resp. of the second kind) are defined
recursively for n, k € N by
sqn+1,k) =s4(n, k—1) — (n)y s4(n, k)
(resp. Sy(n+1,k) =S,(n, k—1)+ (k) Sy(n, k))
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with the initial conditions
54(0,00=1 and s,(n,0)=5,00,k)=0 for n,k>0
(resp. $,(0,0)=1 and S§,(n,0)=S,(0,k)=0 for n,k>0).
We have, for all m, n € N, the remarkable formulas
> g, k)Sge,m) =8y and Y S, (n, k)sg(k, m) =8, m,
k k

where 6, ,, denotes the Kronecker symbol. In other words, the infinite lower triangular matrices [s, (1, k)]
and [S, (n, k)] are inverse to each other. These identities can be directly proved by induction (see also

Theorem 5.2.7 of [Ern12]).
Notice that, for all n, k € N,

sq(n, k) = (=158, 1 (Dyg, Qg - .., (n=1),),

where Sy denotes the k-th elementary symmetric polynomial, and

n

(q—1)"%s,(n, k) = Z(—l)n_jq(n;j) (’;)q<]J<)

Jj=k
Again, both results are easily proved by induction. The second one may also be derived from the quantum
binomial formula (Proposition 2.14 in [LQ15]).
Actually, twisted Stirling numbers are uniquely determined by the following fundamental property:

Proposition 1.2. Let X, Y be two indeterminates and, for any n € N,

n—1
X, = H(X — (k)4Y).
k=0
Then, for all n € N, we have
n n
Xy =Y sqn X Y"F and X"=)" S, )XY, )
k=0 k=0

Proof. This is shown by induction or derived from Definition 99 in [Ern12], which is the case ¥ = 1. [J
The fundamental notion for us is the following (recall that ¢ and p are fixed):

Definition 1.3. If n € N, then the n-th -power of an indeterminate w (with respect to x € R) is

n—1

0" (x):=[] (0 - k)gr(g—1)x) € Rw].

k=0

We shall simply write @ when x is understood from the context. Starting at Section 2, we shall
concentrate on the case x = ¢ so that ™ =™ (g). In general, we have

0 =1, oV =0, 0? =o’-(@-Dro,
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Remarks 1.4. 1. The notion of n-th -power is a special instance of

n—1
gMer = T1E+ (gy) € RIE]

k=0
from [GLQ22a], where we replace &, ¢ and y by w, g” and (1 — g)x respectively.
2. In the particular case p = 1 (recall that we do not require p to be prime at this point), we will simply
say g-power. More generally, in this situation, we will systematically remove p from the notation and

write “g-" instead of “ -”. We shall then use & and not w for the indeterminate so that the n-th g-power
of & (with respect to x) is

n—1
£ (x) =[] —¢"x +x) € RIE]
k=0
This is consistent with [GLQ22a] when we set y = (1 — ¢)x. This is essentially the same thing as a
generalized Pochhammer symbol of [AL20]: in their notation, we have £ ™+ (x) = (£ + x, —x; ¢), and
conversely (x, y; q), = (x + y)Ma (—x).

3. Applying the previous case (where p does not appear) with g replaced with ¢”, we get the n-th
q?-power of &:

n—1
g0 (x) == [ (€ — g™ x +x) € RIEL.
k=0

This should not be confused with the n-th -power (and using two different indeterminates £ and w
should help).

4. gP-powers and -powers are not unrelated: it follows from Lemma 1.4 in [GLQ22b] that blowing up
R[§] — R[w], &> (p)gw

maps twisted powers as follows:
(n)gp n . (n)
§ > (p)g0™ .

Twisted powers form an alternative basis for R[w] as an R-module and there exists explicit formulas
involving twisted Stirling numbers:

Proposition 1.5. For all n > 0, we have

n n
o™ = Z sqr(n, k) (g—1)""*x"*o*  and "= Z Sgr(n, k) (qg—1)"*x"*® .
k=1 k=1

Proof. This follows from the identities in Proposition 1.2. O

One may always consider the twisted completion

Rl :=limR[w]/o"*V |
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but this will not be necessary in practice thanks to the following:

Lemma 1.6. If R is complete for the (q —1)-adic topology, then
R[] := lim R[w]/o"t! >~ lim R[w] /0"t =: R[] .
Proof. 1t follows from the formulas in Proposition 1.5 that
vieN, o e@)+((g-1" and o€ (@™ )+ (g—D"). O

Definition 1.7. The ring of -divided powers (with respect to x) is the free R-module R{w) on the basis
(0™ ),en With multiplication rule
pili—=1) i o .
wim) i) — Z P <n1+n2 l) (m) (q_l)lxla){m-i-nz—l} .
q” q”

ny i
0<i<min{ny,nz}

Remarks 1.8. 1. This was called the ring of twisted divided powers of level —1 in [GLQ22b], where we

assumed that p is prime.

2. The ring R{(w) 1is a particular instance of the ring of twisted divided powers R(£), , of [GLQ22a],
where we replace &, ¢ and y by w, ¢” and (1 — g)x respectively and use curly brackets instead of usual
brackets.

3. In the particular case p = 1, we will write £ instead of w, g instead of and use standard brackets
instead of curly ones. Thus, the ring of g-divided powers is a free R-module R(&), with basis (M), en
and fancy multiplication similar to that in Definition 1.7. Again, this is consistent with [GLQ22a] when
weset y = (1 —q)x.

4. Replacing g with g” in the previous situation, we shall also consider the ring R(§),» with basis
(€er), oy (and an explicit multiplication formula).

5. It is shown in Proposition 1.7 of [GLQ22b] that there exists a morphism of rings (blowing up)
R(E)gr > R(@) . &7 > (o™ .

It follows from Proposition 2.2 of [GLQ?22a] that Definition 1.7 does provide a ring structure such that
' =1 and we will write @ = w!!} . Moreover, there exists a unique natural morphism of R-algebras

Rlw] = R(w) , o™ (n)qp!a){”} . 3)

The free submodule w>™  with basis ©® for k > n is an ideal of R{w) . In the case n = 0, this is the
augmentation ideal or, in other words, the kernel of the morphism of rings

R(w) — R, o™ 0 for n>0.

Note carefully that the ideal w!>"} is not the same as the ideal generated by w"*!} so that (0"t} ) C

{>n}

w in general. However, there exists an isomorphism of R-algebras

Rlwl/o® ~R(w) Jo= .
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If we are given a morphism of commutative rings R — S and we still denote by ¢ and x their images
in S, then we have

SQr R(w) ~S(w) and S®rR(w) /o ~S(w) /o .

It is in particular possible to reduce many assertions to simpler base rings such as R = Z|q, x], for
example, as in the proof of the following statement (which will be used later):

Lemma 1.9. Foralln € N, we have
(x 4+ (p)qa))a){”} = qp"xa){”} mod 0"t .
Proof. Let us first show that

ww™ — () (g—Dxo'™ =@+ 10" .

This is completely formal and we may therefore assume that R = Z[q, x]. After multiplication by (n),!,
it is therefore sufficient, using the natural map (3), to recall from Definition 1.3 that

(@ — ()gr(@—Dx)0™ =™t
We can now compute, modulo o+ |
&+ (P)g)o™ = (x +(p)g(Mgr(g—1x)0" =g x0!™ . O
Remarks 1.10. 1. In the case p = 1 (and then writing & ("l jnstead of w!™ ), Lemma 1.9 reads
(x +g);§[n]q Eq”x";‘["]q mod S[n‘l’l]q'
2. Replacing now g with g? provides a formula that we shall need later:

(x +§)€[”]"p = qpnxé[n]qp mod s[n-i-l]qp' 4)

All of the above makes sense when ¢ = 1, in which case we fall onto the usual ring of divided
polynomials R (w). In other words R (w) is the free R-module with basis (w!"),cny and multiplication rule

Wl yinl — (”1:”2)w[m+nz]_
1

Proposition 1.11. If R is a Q-algebra and qP —1 belongs to the Jacobson radical of R, then

Actually, we have
|
(n)qp!

n
W' =3 (K)o Sgr (. ) g~ 1" xR and o =
k=1 k=1

sqr(n, k) (g—1)"Fx" kb (5)

where syr(n, k) (resp. Syr(n, k)) denotes the q”-Stirling numbers of the first (resp. second) kind.
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Proof. Both formulas follow from Proposition 1.5 when they make sense. It is therefore sufficient to show
that (n),» € R* for all n # 0. Since g” —1 belongs to the Jacobson radical of R, this claim follows from
the fact that (n),» =n mod g” —1 and that n € Q*. O

Remarks 1.12. 1. The Jacobson condition in Proposition 1.11 is satisfied for example when R is
(g —1)-adically complete or (p),-adically complete.

2. The first equality in (5) obviously holds over any commutative ring R.

3. Since, under the hypothesis of Proposition 1.11, we have R[w] = R(w) (usual divided power polynomial
ring), then also R{w) >~ R{w) , with

n

k)gr! 2 k!
o™ = Z ( r)qu Sqr(n, k)(q—l)"_kx”_ka){k} and o™ = Z ——sqgr(n, k)(q—l)”_kx”_ka)[k].

| |
1 : 1 (I’l)qp.

Recall from Definition 1.4 in [LQ15] that the g-characteristic of a ring R is the smallest positive
integer p such that (p),; =0 in R (or 0 otherwise).

Proposition 1.13. If R is a Zp)-algebra of prime q-characteristic p, then

R{w) ~ R{w) .
Actually, we have
" k! k k {k k! k k_ [k
" = Z — S, k) (g—-D)"* x"*o®  and oM = Z —s(n, k) (g—1)""*x" oM,
k=1 n! k=1 !

where s(n, k) (resp. S(n, k)) denotes the (usual) Stirling number of the first (resp. second) kind.

Proof. Thanks to Proposition 1.15 of [LQ15], we may assume that R = Z,,)[¢][x], where ¢ is a primitive
p-th root of unity and that g = ¢. Then, it follows from Proposition 1.5 that

n
o" = KIS, k)@ —D" "ol
k=1
Therefore (making p invertible),

n

k! & n—
ol = Zasm,k)(;—l)n ko™ e @, Ix) )
k=1
However, we know from Lemma 2.1 in [Ade18] that, if we denote by s(k) the sum of the digits of &k in

its p-adic expansion, then
s(k) —s(n)
vp(S(n, k) > ————.
p—1

It follows that

k—sk) _n—s(n) +s(k)—s(n) +n—k 0.

k! n—k
—8S(n, k)(¢—-1 > =
”P<n! (n, Y& —=1) )— p—1 1 1 p—1
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so that we do not really need to make p invertible. This provides the first formula and the other one
formally follows. g

Remarks 1.14. 1. Assume that R is a complete bounded §-Z[q](,,4—1)-algebra (with p prime) so that
we may consider the prism (R, (p),). Assume also that A is a complete R-algebra for the (p, g —1)-adic
topology and x is a topologically étale coordinate on A. We endow A with the unique §-structure such
that §(x) = 0. We know from Proposition 5.7 of [GLQ22b] that the completion of A(w) 1is the prismatic
envelope of the diagonal of A over R. Then, we recover Proposition 4.3 in [Tia23]: there exists a canonical
isomorphism

R/(p)g ®% Alw) ~ R/(p)g ®% Alw) .

2. There also exists an “absolute” analog of the result of Tian that we shall discuss in Section 9. In
particular, we will recover Lemma 2.13 of [GMW23] in our situation.

We shall end this section with a technical result whose main argument has been provided to us by
Yu Min following a question about [GMW22]. This concerns the case where p is prime. The proof
relies on the theory of §-rings and we first need to briefly explain how §-structures spread out to our
rings (see Section 2 of [BS23] or Section 1 of [GLQ23a] for an introduction to this notion). Let us just
recall that a §-ring always has a frobenius ¢ and that both notions are equivalent when the ring has no
p-torsion. Assume that R is a §-ring such that both ¢ and x have rank one, meaning that §(x) =4(g) =0
(so that ¢(q) = g? and ¢ (x) = x?). Then, the frobenius of R extends uniquely to R[£] in such a way
that ¢ (x + &) = (x + &)P. More precisely, we have

p
k=1
Similarly, the §-structure extends uniquely in a natural way to R[£] through
p—1

5©) =y i(fi )P iek, (©)
k=1

When R is a general topological ring, we endow R({w) with the direct sum topology with respect to
the basis (@™ ),en. This applies in particular to R{w). Then, in order to improve on Proposition 1.11,
we shall need the following. (Recall that a p-adic Tate ring is a topological commutative (Q-algebra that

admits an open p-adic subring with p prime.)

Proposition 1.15. Assume R is a p-adic Tate ring. If (p), is nilpotent in R, then the canonical map
R{w) — R{w)

is continuous.

Proof. We have to show that for some open p-adic subring Ry of R, we have

AN eN,VneN, pVol" e Ryw) .
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We may assume that R = Ry[1/p] with Ry := (Z(p) [q]/(p)Z’)[x]. We endow Z,)[g, x] with the unique
d-structure such that both ¢ and x have rank one. Then, we endow A := (Z(p)[q, x]) (w) with the
d-structure coming from Proposition 1.12 in [GLQ22b] so that formula (6) holds for & := (p),w. Assume
for the time being that we have proved the following estimates:'

veehated [%] o = Y (pF 48 ), )

where (k) , denotes the p-analog of k. Since v, (pk!) = (k) p, this will imply that ol e A[(p)q/pz] when
n = p¥, and the same therefore holds for all n € N. As a consequence, we will have pY "l € Ry(w)
with N =2(m—1).

It remains to prove formula (7), but as an intermediate step, we shall check that

Vr>0,5s >0, ¢ (@)=0 mod (p),

(see Lemma 2.11 in [GMW23]). Note first that ((p),, p) is a regular sequence in A, and therefore
the Gauss lemma holds for p and (p)q.2 Since (p)qps = p mod (p),, the Gauss lemma also holds for

(p)qps and (p),. Now, since & | ¢(&§), we have ¢(§) | ¢*(§). Since (p), | ¢(§) in A, it follows that
(p)g | $° () =" ((p)gw) = (p) e ¢* (w). We may then apply the Gauss lemma and this settles the case
r = 0. Now, we have

(8 () = ¢* (8" ()? + pe* (8" (w)),

so that, by induction on r, (p), | p¢* (8" +1(w)) and we conclude with the Gauss lemma again.
Now, we prove formula (7) by induction on k, the case k = 0 being fine. We have

¢ (8" (@) = 8" ()" + ps* ().
From what we just proved, (p)g | ¢ (8% (w)), and we can therefore write

2 (P)g D @)

7 @, P
q

8 (@) =p
Now, by induction, we have

k41 p-l . .
o = (P pFs ) = O (R0 + T (] )8 @) (pF0 5 )
i=l

2 (P)g D @)

p—1
. p o .
= o (il S ()8 @ R et )

= (—p) Ve (pFipy + 8 (w)),

I These estimates have been shown to us by Yu Min.
ZFor the Gauss lemma to hold for f, & € Ameans that, for all & € A, f divides gh if and only if it divides 4, and g divides
fh if and only if it divides A.
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with

p . . . 5k
Foor = —pr2 B0 = Y p (D)ot - L 2O D)
i=1 p (p)q

2. Absolute calculus

We shall present here a (to our knowledge) new theory, which we call absolute calculus. This is similar to
relative g-calculus (Section 6 of [GLQ23a] for example) or relative -calculus (Section 3 of [GLQ22b]),
but the parameter g now coincides with the coordinate x.

We let W be an adic ring (assumed to be complete from the beginning for simplicity) with finitely
generated ideal of definition my and set R := W[ g —1]], where ¢ is an indeterminate. Any R-module
M will be endowed with the my 4 (g —1)-adic topology but we shall write M := M /( P)gM. The map
W — R is not adic and we need to be careful with continuity issues.

Note that R is ¢g"-flat of ¢g”-characteristic zero (see Definitions 1.4 and 1.9 of [LQ15]) for all r > 0. It
simply means that, as long as k # 0 and r # 0, the ¢"-analog (k),- is regular in R and this is true because
(k)4 is a monic polynomial in g. This property is the twisted analog of being Z-torsion free and it will
simplify many arguments.

We fix a positive integer p (that need not be a prime for now). If r € Z (or more generally r € Z,,
if p is topologically nilpotent in W), we shall denote by g, the unique continuous endomorphism of R
such that g,(q) = q". The W-algebra R is turned into a twisted W-algebra in the sense of [LQ18b] by
choosing the endomorphism y := g, (so that y (g) = gP*1). What we shall call absolute could also be
named after Mahler (see for example [Roq20]) since Mahler functional equations are associated to an
endomorphism of the form x + x”. In our situation, we have x =g and r = p + 1.

We recall now from Definition 4.3 of [LQ18b] the notion of a y-derivation that we shall call here a
g?-derivation:

Definition 2.1. If M is an R-module, then a W-linear map D : R — M is a g”-derivation if
Va,Be R, D(apf)=D(@)p+y@D(p). (8)
The g?-derivations of R (meaning from R to itself) form an R-module T, w 4» (or T,» for short).
Lemma 2.2. If D : R — M is a q”-derivation, then
vineN, D((g—1)""'R)c (g—1)"M.
Proof. This is obtained by induction from the identity
D((g—1)"") =(g=1)"D(g—1)+(p+ 1)g(g—1)D((g—1)"). O

Remarks 2.3. 1. As a consequence of Lemma 2.2, a g”-derivation is automatically continuous.
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2. One can also recall the general formula

VeeR.VneN, D@ )= y@" e D(@) )
k=0

for a y-derivation and obtain the lemma as a corollary.
Lemma 2.4. If M is an R-module, then a W -linear map D : R — M is a q?-derivation if and only if
Vk >0, D(g") = (k)grq" "' D(q).
Proof. First of all, by additivity and continuity, formula (8) reduces to
Vk,leN, D) =4¢'D(g") +q" " D(gh.
Now, the property is shown by induction:
D(g"*") =qD(") + 4¢P D(q) = (k)grg" "' D(q) +¢'" TV D(q)
= ()gr +4")4“D(q) = (k +1)grq“D(q).
Conversely, we will have
q4'D(q") +4¢"V D" = 4' (K)grq" 7' D(@) + 4" D g T D(@) = (R)gr + 4" Dgr)g™ T D)
= (k+1)qq""'"'D(g) = D(g"™). O
Proposition 2.5. (1) The R-module T,» is free of rank one with generator d,» given by
Vk >0, 3,0(q") = (k) rg" "
(2) We have
V> 1, 9r((g—D") = (Mprn, (g—D""".
(3) Ifwe set 3 :=(p)y0yr, then
Vk>0, 0 (¢")=(pk)gq"".
(4) We have y =1dg + (¢*> —q)d .

Proof. The first assertion follows immediately from Lemma 2.4 which provides D = D(q)d,». The
second one is deduced from formula (9):

n—l n—1
9r((g—=1") =Y (g""' =D g—1""F =Y (p+ DE@—1""" = )y, (@—1"".
k=0 k=0

1

The third statement comes from 9 (qk) = (p)q(k)qpq"‘*1 = (pk)qqk* . For the last assertion, it is

sufficient, by continuity, to notice that

Vk > 0, q(P-H)k :qk+(q2 _q)(pk)qqk_l- |
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Remarks 2.6. 1. The endomorphism 9 is a kind of “logarithmic version” of d,» (with a pole at (p),).
I1 will be essential for the theory to focus on 9 and consider d,» as an intermediate tool. Using the last
formula of Proposition 2.5, we could as well directly set

y —Idg

Jd = .
g9’ —q

Note also that, since ¢ is invertible, we would get an equivalent theory by using

y —1Idg
qg—1

q9 =

(by adding an extra “pole” at g) instead of d . Most formulas however would then be a little more

complicated.

2. Even if our absolute calculus has nothing to do with Buium’s theory of arithmetic differential equations,
it happens that our g”-derivations fit into his general pattern. More precisely, the endomorphism 9,»
(resp. d ) is a w-difference operator in his sense (see example (c¢) in [Bui97]) with & = (q2 —q)(p)yg
(resp. m = (q2 — q)). It means that we have the following symmetric formulas for o, 8 € R:

Agr (@) = dgr (@) B + adgr (B) + (4° — q)(P)gdgr () dgr (B).
3 (@B)=0 (@B+ad (B)+(g>—q)d (@)d (B).
3. For further use, note that
(P)gr1 =A(p)g  With A =1+(q> —q)0,r((p)g) € R*. (10)
This is easily checked: since y(q) = g?*', we have
(P)gret =7 ((P)) = (P)g +(@* = @)D (D)) = (1 +(q7 = )34r (P))) (P)g-
We now come to our main object of study, which is a kind of logarithmic twisted derivation:

Definition 2.7. A -derivation on an R-module M with respect to a g”-derivation D of R is a W-linear
map Dy : M — M such that

VaeR,seM, Dpy(as)=(p)gD(a)s+y(@)Dy(s).

There exists a variant without pole: a g”-derivation on an R-module M with respect to a g”-derivation
D is a W-linear map Dy : M — M such that

YeeR,seM, Dy(as)=D()s+y(@)Dy(s).

Actually, a -derivation with respect to D is the same thing as a g”-derivation with respect to (p), D.
In particular, in Definition 2.7, Dy only depends on (p), D (and not on D). One also sees that (p), D is
uniquely determined by Dy, when M is R-torsion free.
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Proposition 2.8. (1) A -derivation Dy satisfies Griffiths transversality with respect to the (q —1)-adic
filtration:

VneN, Dy((@—D""'M)cC(@-1)"M.
(2) The (p, g —1)-adic filtration is stable under D y:
VneN, Dy((p,g—1)"M)C (p,q—1)"M.
Proof. Both results follow from Lemma 2.2. (|

As an immediate consequence, we see that a -derivation is automatically continuous.

Remarks 2.9. 1. Let us fix some notation for the (¢ —1)-adic filtration and the corresponding graduation:

vneN, Fil]

(q—l)M = (q—l)nM and Gr’(lq_l)M = (q—l)"M/(q—l)”“M_

Then, a -derivation Dy; on M induces for each n € N a W-linear map

. +1
Dy : Gr?q_l)M — Gr'(lq_l)M.

2. In the case M = R, then the (¢ —1)-adic filtration may also be called the Nygaard filtration and, for
each n € N, multiplication by (¢ —1)" induces an isomorphism W =~ Gr?q_w R. Under these identifications,

the induced map 9 : Gr?;“_ll)R — Gry,

q—l)R corresponds to multiplication by (p + -1,

There exists a unique -derivation on R itself with respect to a given g?-derivation D, and this is
simply (p), D. Therefore, the -derivations of R form a submodule 7T := (p),T,» of T,» (we may also
write Tg, or Tg,w, in order to specify the data). Of course T is free of rank one on the generator 9 .
When we simply say that 0y, is a -derivation of M, we always mean “with respect to d,»”" and the
condition reads

VaeR,seM, 0y (as)=09 (a)s+y(x)dy. (s).

We shall also need the following variant of this formula:

0 —d
Va € R*.Vse M. 9y (i>=a M, (s) (Ol)s'
"\ ay (o)

The condition in Definition 2.7 simplifies as follows:

Lemma 2.10. If M is an R-module, then a W-linear map Dy : M — M is a -derivation with respect to
a gP-derivation D of R if and only if

Vs €M, Dy(gs)=(p)gD(@)s+q"" Dy (s).
Proof. By additivity and continuity, the condition of the definition is equivalent to

VkeN,Vs € M, Dy(g*s) = (p)gD(g")s +q P Dy (s).
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Now our assertion is shown by induction:
Dy (g"*'s) = (p)gD(@)q"s + 4" Dy (g*s)
= (P)gD(@)q"s + 9" (p)gD(g")s + P Dy(5))
= (P)gD(@)q"s + 4" (k) grg" " (p)g D(q)s + g P Dy (5))
= (144" ()gr)g* D(q)s + g PV TV Dy (s)
= (k+1)grg"(p)g D(@)s +q "V DDy (s)
= (p)gD(G" s +q PP DDy (). O
Actually, what we are really interested in is the following:

Definition 2.11. An action by -derivations on an R-module M is an R-linear map T,» — Endy (M)
that sends D € T;» to a -derivation Dy, with respect to D. We will then call M a V -module on R. An
R-linear map M — M’ between V -modules is said to be horizontal if it is compatible with the actions.

We then obtain a category of V -modules on R and we shall simply denote by> Homy (M, M’) the set
of horizontal maps.

Remarks 2.12. 1. We may notice that an action by -derivations on M is equivalent to an R-linear map
T — Endw (M) that sends (p), D to a g?-derivation Dy, with respect to (p), D.

2. One can show that the category of V -modules on R has all limits and colimits and they commute
with the functor that forgets the action.

3. We could also consider the more restrictive notion of a g”-V-module which corresponds to an action
by all g”-derivations.

4. We can also consider the notion of (relative) V-module which corresponds to an action by usual
continuous derivations relative to W.

Definition 2.11 simplifies a lot:

Proposition 2.13. The category of V -modules on R is isomorphic to the category of R-modules M
endowed with a W-linear map oy, : M — M such that

VseM, 0oy, (qs)=(p)gs +qp+18M, (s).

Proof. This is an immediate consequence of Proposition 2.5.1 and Lemma 2.10. U

We define the cohomology of a V. -module M on R as
Rl (M) = [M 25 M.
Thus, we have Hy, (M) =0 fori #0, 1,
Hjz (M)=kerdy, and Hg (M)=cokerdy, .

3Here and later, we shall simply write V instead of V. when no confusion should arise.
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Cohomology is hard to compute in general. Before giving some examples, let us show the following:

Lemma 2.14. Let M be a complete V. -module on R. Assume M is (q —1)-torsion free and M /(g —1)M
is Z-torsion free. Then, the canonical map
H{ (M)— M/(g—1)M
is injective.
Proof. We have to show that conditions dps, (s) =0 and s € (g—1)M imply s = 0. Since M is complete,

the (g —1)-adic filtration is separated, and it is therefore sufficient to show by induction that s € (g —1)"M
for all n € N. Thus, we are reduced to proving that the induced map

. n n—1
oM, Gr(q_l)M — Gr(q_l)M

is injective. But it follows from the second assertion of Proposition 2.5 that it is given by

o, (@=D"s)=((p+1"=D(@-D""'s mod (g—1)".
Our assertion therefore follows from our hypothesis. O

Examples. 1. Trivial. Unless otherwise specified, we always endow R with o . If W is Z-torsion free,
then HSR’ (R) = W (use Lemma 2.14) and we have a surjective map

Hix (R)— R=R/(p)g.

which is not an isomorphism. There does not seem to exist an easy description of the kernel of this last
map in general besides an identification with HC}R o (R).

2. Finite free of rank one. It is equivalent to give an action by -derivations on a free R-module F on one
generator s or an element o € R: they determine each other through o (s) = as. As a specific example,
we shall consider the action df,, (s) = a,s for n € N with

ai= (1)@ = ()

k=1
We shall mainly be concerned with the case n = 1, so that dr,, (s) = 9,»((p)4)s, but also extend later to

the case n < 0. It is hard to compute HgR’ (F), not to mention H(]jR’ (F).

3. (p)4-adic filtration. For n € N, the ideal ( p)ZR of R is stable under the action by -derivations (this
will follow from the coming computations). It defines the (p),-adic filtration on R. Actually, with the
notation of the previous example, we have F, =~ (p); R with s corresponding to (p)j. This is proved by
induction. One first notices that

Opt1 = aq"((p)q) + Aay,
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with 2 as in formula (10) so that (p),p+1 = A(p)g. It follows that

0 (P =)0 (P)g)+ (P)gre1d ((P))
= (Pt g0 (P)g) + MP)g (Pyetn
= (p)y .

4. Hodge-Tate. If G is an R-module (with R = R /(P)q), then an action by -derivations on G is simply
given by an R-linear map. In the case G = R (with the trivial action), this is the zero map so that
Hj; (R)=H}g (R)=R.Inorder to give another interesting family of examples, we denote by ¢ the
class of ¢ in R and write

(p)y =1420+35%+- -+ (p—DP?

(this will reappear in Section 8). We may then consider the free R-module G, on one generator s with
action given by dg,. (s) = a,s, where

an 1= (1) p1+1(p); -
Again, we shall be mainly concerned with the case n = 1 in which case dg,, (s) = ( p);s.

5. (p)g-adic graduation. The quotient (p)y R/ (p)Z“R is stable under the action by -derivations. With
the above notation, we have

Gn > Fy >~ Fy/Fup1 > (p)jR/(p)it'R.

Assume W = W (k) is the ring of Witt vectors of a perfect field of positive characteristic p. Then
HgR’ (G,) =0 for all n > 0 and HéR’ (G,) ~ k[q1/(g—1)P?% is a k-vector space of dimension p —2
when p { n. However, H(liR’ (Gp) ~W/4W and H(IiR’ (G4) ~ W/8W when p = 2. Also, H(IIR’ (G3) ~
k*@® W/9W when p = 3. Everything becomes more complicated when either p or n grows.

The fundamental example however is the Breuil-Kisin action:

Lemma 2.15. If p belongs to the radical of W, then there exists a unique action by -derivations on the
free R-module R{1} on one generator eg such that

p
dr1y, ((@—Degr) = geR-

Proof. The condition reads
p
(P)ger+(g"" =Ddgpq, (er) = Pl

or, equivalently,

+1—-(p+1)y
€R.
q
It is therefore sufficient to notice that (p +1), = p+1 mod g —1 and that (p + 1), is invertible since we

(g—D(p+1)40rqy, (er) = P

assumed that p belongs to the radical of W. O
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Remarks 2.16. 1. The following formula is worth mentioning:

1 p+1
or(1y, (er) = ( —1) eR.
W q*—q \(p+1),

2. In the notation of the examples above, we have R{1} ~ (p),R ~ G;.

3. From a heuristic point of view, we have eg =log(g)/(g—1).

4. One can also introduce the prismatic logarithm of ¢g”, log (¢”) := (¢ —1)eg, so that
p
a*—q
This corresponds to construction 3.2.2 of [BL22a] applied to (R, (p),).

drqy, (log (¢7) = log (g”).

Our terminology comes from the following compatibility with construction 2.2.11 in [BL22a]:

Proposition 2.17. If W is p-adically complete, then there exists an isomorphism of V -modules

R{1} =1im (p"),R/(p"); R.
/p

Proof. Recall that, by definition, g — 1= (g—1)(p" )4» Which implies that g” =1mod (p” )¢ and then,
also, that (p)qpr = p mod (p"),. Thus, we see that

(P g =g = (P)gr (Pg = p(pg mod (p));.
It follows that the map
% L(p G R/(PTIR — (P R/I(PGR, (P > ()
is well defined. Moreover, we have
D ((q=D(P) = (P g" ' = §<pr>q mod (p")2,

which shows the compatibility with the formula in Lemma 2.15. Finally, since W is assumed to be
p-adically complete, R is (p, g —1)-adically complete and therefore

R{1} ~1lim R{1}/(p")4 R{1} >~ lim (pr)qR/(pr)ZR, er = ((P)g)ren- O
/p

The general notion of a twisted R-module is discussed in Section 2 of [LQ18b] but we shall only need
the following:

Definition 2.18. A y-module is an R-module M endowed with a continuous y-linear endomorphism ;.
It is said to be inversive if its linearization

ly\®)/MZ)/*M:=R y\®RM—>M
is bijective.

The following will later help us make the link with Wach modules:
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Proposition 2.19. (1) If M isa V -module on R, then
ym i=1d+ (¢* — @)ou.

is a continuous y -linear endomorphism of M.
(2) This induces an isomorphism between the categories of (q —1)-torsion-free V. -modules and (q —1)-
torsion-free y -modules that become trivial modulo g —1.

Proof. If « € R and s € M, then we have

ym(@s) = as +(q° — q)du.qr (@5)
=as+(q> —9)d @s+ (g =)y (@)dy.qr(5)
=y (@s+ (4> = @)y (@) (5)
=y (@ym(s).
Moreover, yy, is clearly continuous. Finally, the inverse to our functor is provided by the formula

_ym—ldy

.
g9’ —q

Examples. 1. With the above V -module F;, corresponding to the (p),-adic filtration, we get

(p)Zerl
vr,(s) =A"s <= s),
(P)g

with A as in formula (10).

2. With the above V -module G, corresponding to the (p),-adic graduation, we get

YG,(s) = (p+1)"s.

3. For the Breuil-Kisin action, we obtain

+1
yR{1}<eR>=(lf+—1)qeR and  ygpy(log (g7) = (p+ 1)log (g").

Remarks 2.20. 1. The trivial action on R is inversive because the linearization of y is the identity.

2. More generally, if M is finite projective, then any action by -derivations is inversive. Writing M as a
direct summand of a free R-module, we may actually assume that M is free. Given a basis s, we can
write Yy (s) = (I + (q2 —q)A)s for some matrix A with coefficients in R and the matrix [ + (q2 —q)A
is invertible.

3. Actually, thanks to the derived Nakayama lemma [Stal9, Tag 0G1U], it is sufficient to assume that M
is derived complete and completely flat (since y; reduces to the identity modulo g —1).


https://stacks.math.columbia.edu/tag/0G1U
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Lemma 2.21. Let M and N be two V -modules on R. Then:
(1) The formula

VseM,teN, Ougn, (s®t) =0y, ()Qt+yu(s)®dy, (1)
defines an action by -derivations on M Qg N.
(2) If M is inversive, then there exists a unique action by -derivations on Homg (M, N) such that
Vi:M — N, Odomm.N), (f)oym=0Nn, of —fodu, .

Proof. We will not mention the modules as indices in this proof.
For the first assertion, we start with the following computation for « € R:

0 (s®at)=0 (5)Qart+y(s)®a (at)
=0 )Qar+y()®I ()1 +y(s)Qy(x)d (1)
=@ (@ys)+ad ($)®t+y@y(s)®d (1)
=0 (us) @t +y(as)®9d (¢).
This shows that the formula is well defined and we now show that this is indeed a -derivation:
d (as®t)=0 (s) @t +y(aus)®a (1)
=0 (@)s+y(@d (s)Qr+y(@y(s)®d (1)
=0 ()s@r+y (@)@ (5)®t+y(s)®3 (1))
=0 (0)s@t+y(@)d (s®t).

The second assertion requires more care. Uniqueness is clear since M is assumed to be inversive and
we want to show that

9 (af)=0 () f+y(@)d (f)
or, after composing on the right with y, that
0 oaf —afod =0 (@)foy+y@ad of —y(a)fod .
Since d oca =09 (o) + y(x)d , this is equivalent to
d (@)f—afod =09 ()foy—y(@)fod
and it is therefore sufficient (after simplification by f on the left) to check that
0 (@) —ad =0 ()y —y(x)d .

This follows from the equality
3 ()(y —1d) = (y = Id)()d ,

which is readily seen to hold since y —Id = (¢> —¢)d . O
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The tensor product and Hom structures are compatible in various ways and we shall need in particular
the following:

Lemma 2.22. If M, M), M {, Mé are V -modules on R and M\, M, are inversive, then the natural map
Hompg (M, M}) ® g Homg (M, M}) — Hom(M; g M>, M| ®g M3)
is horizontal.

Proof. This is readily checked. It is actually sufficient to show the analogous assertion for the action of y
on the various R-modules. This makes the computations easier (see Remark 2.23.1 below). (|

Remarks 2.23. 1. We will have
VseM,teN, yugn(G®R1) =yu(s)Qyn()
(resp. Vf:M—> N,  Yaomm.N)(f)oyu =yno f).

2. We can also consider for all n € N the tensor power M®" of a V. -module M. In the case of a free
module F of rank one with generator s and action given by dr, (s) = as, one can check that

n

dpen. (s®n) — (Z(Z)(qZ _q)k—lak>s®n

k=1
and

yron(s®") = p"s®",  with B:=1+(¢*> —q)a.
3. We may also consider the dual M of M when M is an inversive V -module. With F as before, we find

o

aF, ()= —m

s and yi(s) = —s.
F B

4. One can also generalize the definition of M®" to all n € Z by setting M@ := M,

5. If M and M’ are two V -modules with M inversive, then
Hig (Homg(M, M')) =Homy(M, M").

Examples. 1. With n € N and F;, as above corresponding to the (p),-adic filtration, we have F;, ~ F1®”.
If we set F_,, := Fn, then, in the case n = 1, we have

1 9
grt!

with A as in formula (10). Note that F_,, ~ (p);’R = HomR((p)ZZR, R).

2. If, for n € Z, we set R{n} := R{1}®", then we will have

1 (p+ 1" (p+ 1"
ARy (€M) = < —1) X" and  yrpm (e = ————".
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3. Since, for all n € N, G, is nothing but R{n} (or (p)ZR) modulo (p),, we see that, if we set G_, := (fn,
then for alln € Z,

9G,, (") = () p+1(p)s®" and  y6, %) = (p+ 1)"s®".

4. Even if computing cohomology is hard in general, we can do it for R{n}/pR{n} (= G, /pG,), with
n € Z, when W is the ring of Witt vectors of a perfect field k of positive characteristic p. We then have

(Mpe1=0modp <= pln and (p);=(E—1D""? modp
(compare with Construction 2.4 in [BM23]),
dimy Hyg  (R{n}/pR{n}) = dim; Hyz  (R{n}/pR{n}) = p—1
when p | n and
dimg Hyy (R{n}/pR(n}) =1, dimiHix (R{n}/pRin})=p—2
when p {n.
We can twist a V -module in various ways:
Definition 2.24. If M isa V -module on R and n € Z, then
(1) the n-th (p)4-adic twist of M is (p)ZM,
(2) the n-th Breuil-Kisin twist of M is M{n} := M ®r R{n}.

Note that they coincide modulo (p),.
We shall need later the following technical result:

Lemma 2.25. I[f M and N are two V -modules with M inversive and N complete, (q —1)-torsion free
with N/(q—1)N Z-torsion free, then the canonical map

Homy (M, N) - Homy (M /(g—1)M, N/(g—1)N)
is injective.
Proof. Apply Lemma 2.14 to Hom(M, N). U
Our theory is clearly functorial in W but there also exists some functoriality in R:

Proposition 2.26. Let M be a V -module on R and M, := g M its pullback under a morphism g, (given
by g,(q) = q"). Then, there exists a unique action by -derivations on M, such that

VseM, 3y, (10s)=()yq" ' ®@du. (s).

Proof. Again, we will not mention the modules as indices in the proof. Uniqueness is clear and we will

then have
VseM, 3 (®s)=0 (N®s+yr)(req ' ®d (s).
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This is clearly a -derivation if it is well defined: we will have on the one hand
9 (¢"®5)=(P)g(Ngrg" ' @5 +q" T (N)gq" " @D (5),
and on the other hand
0 (19g5)=()gq" ™' ®3 (¢5) = (1)gq" ™' @ (P)gs +4"*10 (5))
= (1qq" " (P)g @5+ (1)gq" " 'g" " @3 (s).
The assertion therefore follows from the identity (p)q (r)gr = (pr)g = (r)g(p)gr- O

Remarks 2.27. 1. The statement holds for any r € Z: the notion of g-analog of a negative integer makes
sense whenever ¢ is invertible (see for example Definition 1.1 in [LQ15]) and all usual formulas still hold.

2. Actually, when p is topologically nilpotent in W, the statement extends to any r € Z,,.
3. We will simply have yu, (1 ®5) =1® yu(s).

4. It makes sense to call a g,-linear morphism M — M horizontal whenever the corresponding R-linear
morphism M, — M is.

3. Higher -derivatives

In order to have a full theory, it will not be sufficient to consider higher powers of -derivations, and we
shall introduce higher -derivatives as a byproduct of -Taylor maps.

As before, W denotes a complete adic ring and R := W[ g —1]], where ¢ is an indeterminate. We
always use the my + (¢ —1)-adic topology, where my denotes an ideal of definition of W. We fix some
positive integer p and we denote by & and w two indeterminates over R (thinking of w as §/(p)g).

There exists a unique continuous isomorphism of W-algebras

R®wR =~ Wlgo—1,q1—11 — R[E] ~ Wlg—1, £],
o't q, (11)
q1 ! qg+é.

Definition 3.1. The Taylor map (of infinite level)

0 : R — RI£]
is the composition of the stupid Taylor map
pz:R—>R®WR, a—~ 1Qa,

with the isomorphism (11).

In other words, #¢® is the unique continuous W-linear map such that g > ¢ + £. By symmetry, we
shall denote by (> : R — R[[£]] the canonical map which is the composite of

plzR—>R®WR, a—> a1,
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with the isomorphism (11). This is also the unique continuous W-linear map such that g — gq. We may
then call action on the right the action of R through the Taylor map by contrast with the action through the
canonical map, that we may then refer to as the action on the left. This applies also to all canonical/Taylor
maps that we shall encounter in the future. When there is no risk of confusion, we will simply denote by
/6 any canonical/Taylor map (and there will be many of them). However, we may also write ¢g/6g when
other rings (or modules) are involved.

Definition 3.2. The flip map on R[[£]) is the unique semilinear (with respect to 6(*) R-algebra automor-
phism
v:RIEN= RIED, & —&.

The flip map is a symmetry (7 o T = Id) that exchanges the left and right R-algebra structures of R[£]).
It corresponds to the continuous W-linear automorphism

W[[CIO_LQI_l]]i) Wlgo—1,q1—11, qo+ q1, q1 — qo,

or maybe better, to

R@WRi R®wR, fQgrg® f.

Remarks 3.3. 1. Since t exchanges 6 and ¢, we have t = 7 00 and 6 = t o (. Therefore, for « € R we
getaw = 7(f(w)) and O(x) = t().

2. We shall freely use all terminology and notation from usual calculus (taking into account the topology
of R). We can consider for example the module of continuous differentials 2z, w (or €2 for short). This
is the kernel of the augmentation map R[£]/& 2 R, &> 0, and it comes with the universal derivation
d: R — Q induced by the difference 65 — 5. Of course, 2 is a free R-module of rank one with
generator dg. One may then define a connection and so on.

3. If we compose the Taylor map 6> with the blow up

R[&] — Rlwl, &~ (p)qo,

then we recover log-calculus with respect to the divisor (p),. In particular, we can consider the kernel
Qog of the augmentation map R[w] /a)2 — R as well as log-connections. Be careful however that the
coordinate g does not match the divisor (p),. In particular, dlog(p), is not a generator of 2o, and we
must use “dg/(p),” instead. We shall develop a variant of this theory in Section 8.

We are actually interested in twisted calculus and we recall from Remark 1.4.3 and Definition 1.3 that

we write*
n—1 n—1
g =[JE-¢""+q) and 0" =]]- ke —q).
k=0 k=0

4For a while, we shall do the qP-case in parallel with the -case even if only the latter will matter in the end.
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As we noticed in Remark 1.4.4, blowing up & — (p),w sends £Mar to (p)Zw(”) . Let us recall that,
according to Lemma 1.6, we have

RIE] ~ lim R[&1/& " er.
Definition 3.4. The g”-Taylor map (resp. -Taylor map) of infinite level and finite order n € N is the
composite

(c0) (00)
9(00) ‘R 6 > RIET — R[f]/f(n_H)QP (I‘CSp. 92’00) ‘R 6,.qP R[f]/f(n_H)‘]p _ R[w]/w(n-i-l) )

n,qP

This Taylor map sends ¢ to ¢ + & mod &™+Vae? (resp. to g + (p)qw mod ™t ) By symmetry, we
(00)

(00) :
n.qr and ¢, for the canonical maps.

may also write ¢
We can now introduce higher q”-derivatives (resp. higher -derivatives) of infinite level:

[£]

Lemma 3.5. For each k € N, there exists a unique continuous W-linear map 9,, : R — R (resp.
3. R > R) such that for all n € N,
[kl ny _ (T n—k k1o ny _ ook (T2 n—k
o= ;) 0 (e 0" =0 (y) ") (12)
and we have for alln ¢ N and « € R,
n n
600 @) =Y ol (a)g 0 (resp. 6@ =3 9 @)o® ) (13)
k=0 k=0

Proof. Uniqueness is clear. Existence of continuous W-linear maps satisfying (13) follows from the
definitions of 9,5051), and H,E?O). Finally, for n < N, we have

91(\10,?1)(6111) =(@+&" = Z(Z)qpqnfkg(k)q,,‘

This provides the formulas in (12). Il
This notation is compatible with that of Section 2 in the sense that
o =0 =1dg, 9l)=8, and 2M=0.

Also, for all k e N, gtk — (p)’;ag’;] (so one is a logarithmic version of the other).

We now recall the notion of module of y-differentials from Definition 2.1 of [LQ18a] that we simply
call here module of ¢g”-differentials:

Definition 3.6. The module of q?-differentials of R/ W is

Qryw.gr = RIE1E/RIENE "
(or 2, for short).
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In other words, €2,» is the kernel of the augmentation map R[£]/ £®q» — R. We may then consider
the map d,» : R — ,» induced by difference

0% — 1) Ri—> RIE1/ED", qr>& mod £,
Note that 2, is a free R-module on d;»g and
Va € R, dyr(a) =09yr(a)dyrq. (14)
We can give a shorter proof of Proposition 2.4 in [LQ18a] in this setting:

Lemma 3.7. The map d,» : R — Qv is universal for qP-derivations.

Proof. First of all, formula (14) shows that d;» is a g”-derivation. On the other hand, it follows from
Lemma 2.4 that a g”-derivation D : R — M is uniquely determined by D(q). (]

As a consequence, we see that T,» and €2,» are naturally dual to each other.
Definition 3.8. A -connection on an R-module M is a W-linear map Vy; : M — M ®pg 24» such that
Vae R,Vse M, Vy(as)=(p)ys@dyr(a)+y(@)Vuy(s).

Proposition 3.9. The category of V -modules on R is isomorphic to the category of R-modules endowed
with a -connection.

Proof. This follows from Proposition 2.13 since a -connection V), is equivalent to a -derivation dy,
with respect to d,» via

Vu(s) =0y, (s)®dyrq. O
According to Lemma 2.10, the condition of Definition 3.8 boils down to
VseM, Vyu(gs)=s® (p)gdyrq+q’T'Vu(s).

Note also that
RTar, (M)~ [M 25 Mg 2]

is the (cohomology of the) de Rham complex — as it should.
We shall also consider a logarithmic version of €2,»:

Definition 3.10. The module of -differentials of R/ W is

Qrjw. = Rlwlo/Rlwlo®
(or 2 for short).

Again, this is the kernel of the augmentation map R[w]/w® — R. There exists a canonical injective
map 2, < 2 sending the class of £ to the class of (p), and the g”-derivation

RY Qs Q
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(which we shall still denote by d,») is identical to the map induced by 01(?0) — Lg?o). On the other hand,
we may consider the Bockstein® isomorphism B : Q,r >~ Q sending the class of £ to the class of w, as

well as and the composite map

B
d :R¥ Q. ~q,

so that d,» = (p)4d . In particular, 2 is a free R-module of rank one ond ¢.

Proposition 3.11. The category of V -modules on R is isomorphic to the category of R-modules M
endowed with a W-linear map Vy; : M — M ®p Q  such that

Yae R,VseM, Vy(as)=s®d (a)+ y(ax)Vy(s).
Proof. According to Proposition 3.9, the equivalence is given by
Vu(s) =0y, (5)®d gq. Il

Be careful that this equivalence is not so natural in the sense that we use Bockstein isomorphism.
There exists yet another equivalent notion that needs to be introduced:

Definition 3.12. A -Taylor map of order 1 on an R-module M is a semilinear section (R-linear for the
right structure)
Om1:M— M Qg R[a)]/a)(z)

of the augmentation map.

The category of R-modules endowed with a -Taylor map of order 1 is defined in the obvious way.
The next statement is the first step in the process of lifting a -derivation to what we shall call a -Taylor
map of infinite order:

Lemma 3.13. The category of V. -modules on R is isomorphic to the category of R-modules endowed
with a -Taylor map of order 1.

Proof. We shall rely on Proposition 3.9. It is equivalent to give a W-linear map Vy; : M — M Qr Q or
a W-linear section 6y, 1 : M — M ®g R[w]/w® of the augmentation map. This equivalence is given by

VseM, Opyi1(s)=s®1+Vy(s).
Moreover, V), defines a -connection if and only if ), ; is semilinear. More precisely, since g acts as
y on 2 (see Lemma 3.17 below for example), we have foro € R and s € M,
Oy 1(as) =O0r(@)Op,1(s) < as® 1+ Vy(as) =0r(a)(s ® 1 + Vy(s))
< Vy(as) =s®0p(a) —s Q@a+ y () Vi (s)
— Vy(as) =5 @dyr(a) +y (@) Vi (s). 0

To summarize, it is equivalent to give an action on an R-module M by -derivations, a -connection
(with both flavors) or a -Taylor map of order 1. They all amount to giving a continuous W-linear map

SThere is a twist here in the sense that the natural isomorphism is Qgp > (p)g€2 .
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oy, M — M such that
VseM, du. (qs)=(p)gs+q” ou. (s).

Moreover, these equivalences are compatible with the corresponding cohomology theories.
Recall that we introduced in Remark 1.8.4 and Definition 1.7 the twisted divided polynomial rings
R(&)4r and R(w) and from Remark 1.8.5 that there exists again a blowing up map

R{E)gr > Rw) , " > (p)rol™ .

Definition 3.14. The g?-Taylor map (resp. the -Taylor map) of order n on R is the composite map
9(00)
Qn,qp R Mﬂ)R[S]/%(ﬂ‘Fl)ql) N R(g)qﬂ/é[>n]qp
(resp. O,, R M>R(.s§)qp/g[>"]ql’ — R{w) /a){>n} )

This is again the unique continuous W-linear map such that ¢ > ¢ + & mod £>"le (resp. q
q + (p)gw mod w>m ).
There exists a statement similar to Lemma 3.5:

Proposition 3.15. For each k € N, there exists a unique continuous W -linear map Bq@ : R — R (resp.
8<k> : R — R) such that for alln € N,

n n n— n n n—
o @" = el (), 4" (resp. 16" = 0! (}) g ")
and we have for alln € N and o € R,
Ongr () = _ 3} (@)gWlr (resp. On, (@)= 3" (@ )

k=0 k=0

Proof. This is easily deduced from Lemma 3.5. |
Remarks 3.16. 1. We have

ol =9 =1dg, 9/ =8, and 9V =39.

Also, for all k e N, 3<k> = p)’; Bq@ so that, again, one is a logarithmic version of the other.

2. However, when n > 2, we have
2 — 2 _
87 (@) =92,(g") — g PV (()gr) and 3 (g") = 8%(g") —q PV ((pn)y).

It is therefore important not to confuse the k-th higher derivative with the k-th power of the derivation

(unlike in the untwisted or relative case).

Since
RIEN/ED? = R(E)gr/EPNr (resp.  R[w]/0® =~ R{w)gr /™),
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we can interpret Q2,» (resp. €2 ) as the kernel of the augmentation map R(&),» /& [>1¢r — R (resp.
R(w) /o> — R).
The action of these Taylor maps on twisted divided powers is quite explicit (recall that g, denotes
the unique endomorphism of R such that g,,+1(g) = gPmrhy:
Lemma 3.17. Foralln € N and o € R, we have
On.qr (""" = gpni1 (@™ mod g T,
{n+1} .

On. (@™ =gpii(@o™  mod w

Proof. The second assertion follows by blowing up the first one, which reduces to formula (4) since both
60,40 and g,, 41 are continuous morphisms of W-algebras. One may also derive the second assertion
directly from Lemma 1.9. U

Lemma 3.17 shows a tight relation between twisted Taylor maps and the automorphisms g, for
r =1 mod p. As a consequence of the lemma, the usual basis of a ring of twisted divided polynomials is
also a basis for the right structure. In particular, the Taylor maps of finite order are finite free:

Proposition 3.18. For all n € N, the R-algebra R(E)qp/$[>”]q” (resp. R(w) /o™ ) is free on £Ma?
(resp. o} ) for k < n for both the left and right structures.

Proof. Only the case of the right structure needs a proof but it follows from Lemma 3.17 that the R-module
gl=nlgr /";'[>”]q” (resp. o= /w!>" ) is free of rank one on glnlgr (resp. o™ ) for the right structure also.
Our assertion is then obtained by induction. O

We end this section with some preparation for Section 5. We will systematically extend the endomor-
phism g, of R (given by g.(q) = ¢q") to the polynomial ring R[&] by simply setting

grlg+8) =q+§
so that g,(§) =& + g — ¢”. We may notice that
8ip+1(§) =& +q —q""! (15)
so that, with the notation of Section 1 and considering the case x = g, we have

n—1
00 =TT gups1(8).

k=0
The R-linear endomorphism g, of the polynomial ring R[] given by
g q+&=(q+8"

will also show up. The maps g, and g on R[£] are exchanged by the flip map that interchanges ¢ and
q+E.
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The endomorphism g, of R[&] extends uniquely to a continuous endomorphism of the ring R[§]. This
follows from the fact that

@) =E—(r—1)y(g*—q) € (q—1,8).

Alternatively, the endomorphism g, of R[[£]] corresponds to the unique continuous endomorphism of the
ring W{go—1, g1 —11] such that g9 — ¢; and g1 — g1. Or better, it corresponds to the endomorphism
g ®@wldg of RQwR.

All the above applies in particular to y := g, and we shall then write ' := g; +1- The endomorphism
y of R[&] extends naturally to an endomorphism of R[] via blowing up & + (p),w. This is shown as
follows. From equality (15), we get

(P)gr1y (@) = (P)g(@ = q* +q), (16)
and therefore
y) =0+ (7
with A as in formula (10).
It is much harder to extend y to R(§),» or R(w) (but see Proposition 5.7 below).

4. The p-adic situation

We specialize now our situation to the case of a p-adic base ring, where p is a fixed prime. With this extra
requirement, we will be able to define the notion of a -Taylor map of infinite order. This is necessary in
order to develop absolute hypercalculus in the next section.

So, we fix now a prime p and a p-adically complete ring W, and we set R := W|[g—1]. Unless
otherwise specified, all R-modules (and in particular R-algebras) are endowed with the (p, g —1)-adic
topology and completion is meant with respect to this topology.

In this situation, we have the following:%

Lemma 4.1. For all r € N, there exists a canonical map

—

RIET — R(E) .

Proof. Since (p*)y = 0 mod (p, g—1) for all s > 0, we have (n),! — 0 when n — o0, and so does
the image (n),r ' ity of £™a” . Our assertion therefore follows from Lemma 1.6 applied to £ (instead
of w). Il

Recall that we introduced in Definition 3.1 the Taylor map of infinite level.

Definition 4.2. The q"-Taylor map (resp. -Taylor map) of R is the composite map

e(oc) — — —

6y R 25 RIEN — R(E),  (resp. 6 : R 25 R(E), — R(@) ).

6Since p is now a fixed prime, we use the letter r for a generic integer that will soon be equal to p.
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We shall again simply write & when there is no risk of confusion and focus on the case. The -Taylor
map is the unique continuous W-linear map such that g — g + (p),w. We recover the -Taylor map of
finite order n of Definition 3.14 as the composition

— e~

6, R Riw) — R{@) /0" ~R(w) /o™ .

The last isomorphism follows from the fact that R(w) /w!>"! is a finite projective (actually free)
R-module.
In order to also extend below the flip map, we will need the following:
—_— — X

Lemma 4.3. In R{(w) , we have 8((p)y) = L(w)(p)4 with L(®) € R{w) .

Proof. It follows from the usual Taylor formula that

p—1
0(p)g) =Y _ ™M (P ()it
k=0
Therefore, the equality will hold with
p—1
L) =1+ (Z aW((p),,)(p)’;—lw"—l)w. (18)
k=1
This is an invertible element because w is topologically nilpotent thanks to Lemma 1.6. U

In order to go further, we shall need some results from the theory of prisms of Bhatt and Scholze
[BS23]. A §-pair is a couple (B, J) where B is a é-ring and J is an ideal in B. We shall then write
B := B/J. The §-pair is said to be bounded if B has bounded p*>°-torsion. A bounded prism is a bounded
§-pair (B, J) such that J is invertible, B is complete for the (p) + J-adic topology and p € J + ¢ (J)B.
When J is understood from the context, we may simply say that B is a bounded prism. When J = (d) is
principal, we just write (B, d) and call B oriented. For example, if W itself is a §-ring with bounded
p°-torsion and we set §(g) = 0, then (R, (p),) is an oriented bounded prism. In general, the (bounded)
prismatic envelope of a bounded §-pair (B, J), if it exists, is a bounded prism which is universal for
morphisms of §-pairs from (B, J) to bounded prisms.

The following result is the absolute variant of [GLQ22b, Proposition 5.7].

Theorem 4.4. Let W be a p-adically complete §-ring with bounded p™-torsion and R := W[ g—1]. We
endow R (resp. R[&E]]) with the unique 5-structure such that 5(q) = 0 (resp. 5(q) =0 and 6(q + &) = 0).

—

Then (R{w) , (p)g) is the (bounded) prismatic envelope of (R[[§]], ).

Proof. We apply [GLQ22b, Theorem 5.2]to the case A = R and x = g. It means that R(w) is universal
for morphisms of §-rings from R[&] to a (p),-torsion free §-ring B that send & into (p), B. Our assertion

—

then follows from Lemma 4.1, and Corollary 4.5 of [GLQ23a], which implies that R(w) is bounded. [
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Remarks 4.5. 1. There exists an analog of Theorem 4.4 with ¢” instead of : for any r € N, the §-pair
(R(E ) g ( p)qr) is the ¢” -PD-envelope of (R[[&]], &£). This follows from [GLQ23a, Theorem 3.5], taking
A = R and replacing g with ¢" and x with gq.

2. The prism (A, I) introduced by Bhargav Bhatt and Jacob Lurie in [BL22a, Proposition 2.6.5] in order
to describe prismatic logarithms, is exactly our (R(f;‘ )gs ( p)q) when W = Z,,. In their notation, we have

u=1+&/q.
We can now extend the flip map that was introduced in Definition 3.2:

Proposition 4.6. The flip map of R[] extends uniquely to a continuous semilinear (with respect to 0)

—

automorphism t of the ring R{(w) and we have tot = IdR/@ .

Proof. This is completely formal and we may therefore assume that W = Z,,. Then, W is a complete
8-ring (for its unique §-structure) with no p-torsion (and in particular with bounded p®°-torsion). We
endow R (resp. R[[£]]) with the unique é-structure such that §(g) = 0 (resp. 6(¢) =0 and §(g + &) =0).
We showed in Lemma 4.3 that 0((p),) € (p)qm . Since the flip map exchanges ¢ and g + &, this is
a morphism of §-rings. It therefore follows from Theorem 4.4 that the flip map extends uniquely to a
6-semilinear endomorphism of the bounded prism (R/(;) , ( p)q). The last assertion also follows from
the universal property. O

Examples. 1. We have

0((p)g)T(@) =1((p)gw) =1(§) = —§ = —(p)gw

and therefore 7(w) = —L(w)~ '@ with L(w) as in formula (18). This shows that this flip map is not trivial
at all. In particular, it seems hard to provide an explicit formula for higher twisted powers as we did for
example in [GLQ23a, Proposition 5.4] in level O in the relative case.

—

2. Alternatively, 7 is the unique natural continuous semilinear automorphism of the R-algebra R{(w)
such that 7(w) = —L(w) ' o.

3. As a consequence of the above computation, we get L(w) ™! = t(L(w)) since
0=11()=1(—L(w)'0) = —1(L(®) 't(0) = 1(L(w)) "' L(w) 0.

In order to go further, we need more estimates:
Lemma 4.7. In /(Eqp, we have
Vn,reN, 60((n)yr)=0 mod (n)ye.

Proof. If p { n, then (n),»- is invertible and the assertion is trivially true. We may therefore assume that
n = pm for some m € N and we have

(Mg = (pm)grr = (P)grr (), ..
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By induction, we are reduced to the case n = p. If r,i € N, we have
(pri)ql’ = (r)qP (pi)ql"' = (r)ql’ (p)ql” (i)qp2r
and therefore (pri),r =0 mod (p)yrr. It follows that if k # 0, then
gt (7 ”) =0 mod (p)gr
k Jgr

Therefore, using Proposition 3.15, we see that

pri .
0" = 3 Wt () a7 e = g7 mod (g
k=0
and finally
p—1 p—1
O(P)gr) = 0@" )= g" = (p)gr =0 mod (p)gsr. O
i=0 i=0

—

Remarks 4.8. 1. Of course, the result then also hods in R{w) , but it is not true anymore in R/<5q. For
example, 0((2),) = (2)4 +§ is not a multiple of (2), if p = 2. For the same reason, there is no analog of
Lemma 4.3 in R(§), or even in R(§),».

2. From Lemmas 4.3 and 4.7, one can deduce that
VneN, 0((pn)y) =0 mod (pn),

in R{w) .

3. As a consequence, if either p | r, orelse r =1 and p | n, then 8 ((n)4) € (n),r R. This provides a
whole collection of examples of free V -modules of rank one. This also shows that the twisted filtration
defined on R by (p")4 R, n > 0, is stable under the action of 9 .

We can now prove the following analog to Lemma 4.3:

— X

Proposition 4.9. For alln € N, we have 0((n)yr) = u,(w)(n)gr with u,(w) € R{w) .

—

Proof. It follows from Lemma 4.7 that 6 ((n)4r) = u,(w)(n),» for some u,(w) € R(w) and it remains to
show that u, () is invertible. But then, using Remark 3.3.1, we have

(n)gr =T (O(()gr)) = T(up(@)(n)gr) = T(Un(@))O((n)gr) = T(Un(@))tty(@)(n)gr-

Using the fact that (n),» is regular, we even get the formula u, (@) ' = t(uy(w)). O
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We need to go one step further and we consider the isomorphism

R®wR®wR ———— RIEIRRRIE]

I I
Wilgo—1,q1—1, g2 —11 —— Wilg—1, &, &1,

q0* q,
q ! q+é&1,
qo q+E& +&,

where ®’ indicates that we use the Taylor map as a structural map on the left. The various maps
p23. P13, P12 : R®wR — RQwRwR,

corresponding geometrically to the projections that forget the first, middle and last component, are taken
through this isomorphism to, respectively,

p2, A, p1: RIET — RIEI®RRIE]D,

with
P1(@) =q®1, pg) =0(@)®1, Alg)=q®1,
P1¢)=£E®1, p(§)=1®E, AG)=1QE+ER1.

In particular, both p; and A are R-linear with respect to the left action but p, is R-linear with respect to
the right action. We shall call A the comultiplication map.

Lemma 4.10. Assume W is a §-ring with bounded p™-torsion. Then, the ring R/(;) ®/RR/(5) is the
(bounded) prismatic envelope of (E @ 1,1 Q&) in R[[S]]@’RR[[S 1.

—

Proof. 1t follows from Lemma 4.3 that R{(w) is not only the prismatic envelope of & in R[] when R[&]]
is seen as an R-module via the canonical map, but also when it is seen as an R-module via the Taylor
map (which is a morphism of §-rings). Our assertion therefore follows from the universal property of
completed tensor products together with Corollary 4.5 of [GLQ23a], which ensures that R/(a\)) @’RR/(Z)

is bounded. |

Proposition 4.11. The comultiplication map A that sends & to 1 ® &€ + & ® 1 extends uniquely to a
morphism of R-algebras

A:R{@) — R(o) 8kR(@) .

Proof. Uniqueness is automatic. Concerning existence, we may assume that W = 7, and our assertion
therefore follows from Theorem 4.4 and Lemma 4.10. U

Remarks 4.12. 1. As an example, we can compute

Aw)=L(@)Qw+wd®1 (19)
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with L(w) given by formula (18). Actually, comultiplication is the unique natural morphism of R-algebras
such that equality (19) holds.

2. This comultiplication map A is not the same as the diagonal map of [GLQ22b], which simply sends
wluwt+w®l.

3. There is no general comultiplication map
Apmn: R@) o> = Rw) /o™ ®% R{w) Jo>™

when n +m > 1. This is why composition of -differential operators of finite order below will have
infinite order in general. For the same reason, there exists no such thing as a -Taylor structure as in
Definition 3.8 of [GLQ22b]’ on an R-module in general. It will be essential to develop a hyper version
of the theory.

5. Absolute hypercalculus

We now develop the formalism of absolute hypercalculus. This will allow us to make the link with
prismatic crystals but it is also necessary in order to obtain a full theory of absolute calculus.

We still fix a prime p, a p-adically complete ring W and write R := W([q—1].

We are in a situation where one can apply the formalism of groupoids in order to develop hypercalculus,
as explained for example in Chapter 2 of [Ber74], or more recently in the appendix of [Ogu22]. More
precisely, the formal scheme

G := Spf(R(w) )
is a formal groupoid (it represents a presheaf of groupoids on the category of formal schemes) over
Spf(R):

o If T is a formal scheme over W, then an object (resp. a morphism) in G (7') is a morphism of formal

schemes® 7 — Spf(R) (resp. T — Spf(R(w) )).

e The codomain (resp. domain, resp. identity, resp. composition, resp. inverse) is obtained from the

canonical (resp. Taylor, resp. augmentation, resp. comultiplication, resp. flip) map.

We shall however not rely on this formalism but, instead, will introduce successively the different notions
that we need.

—

Definition 5.1. A -hyperstratification on an R-module M is an R{w) -linear isomorphism
Em - R/(-\a)) @lRM ~ M@Rm
(or ¢ for short) satisfying the cocycle condition

(epr @1d) o (1@ ep) 0 (A®Idy) = (Idy ® A) o ey (20)

TThe remark at the end of Section 3 of that article stating that any Taylor structure extends to a stratification is not true in
general, but this does not affect any other results.

81n the notation of [Ogu22], ¥ = Spf(R) and A = Spf(R(w) ).
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The category of R-modules endowed with a -hyperstratification is defined in the obvious way. For M
and N in this category, there exists the notion of a tensor product of -hyperstratifications, given by

(R(@) 8pM) @z (R(@) 8pN) —— R(w) &r(M @k N)

2l5M®3N Zl"?M@N

(MBrR(0) ) ® 7 (NBrR(w) ) —— (M ®p N)®rR(w)

When, moreover, M is assumed to be finite projective, there also exists a -hyperstratification on
Hompg (M, N), which is given by the following chain of isomorphisms

R{w) ®RHomg(M, N) o Homg(M, N)®gR (o)
Homg (M, R(w) ®N)" Homg(M, N@xR(@) )"

HomR/@ (R{w) ®/RM’ R{w) ®/RN)/\ _SM:,_)EN H01’1’1R/<;> (M®RR(W> ,N@RR(Q)> R

—

As usual, we can consider a (apparently) weaker notion (we denote by e : R{(w) — R the augmentation
map):

Definition 5.2. A -Taylor map on an R-module M is a semilinear map (R-linear for the right structure)

Oy : M — M@xR(0)
(or 6 for short) such that

(Idy ®e)oby =Idy and (Oy @1z ) o by = (dy @ A) oy 1)

—

We can make explicit the semilinearity condition: the right-hand side is naturally a R{w) -module and
we have

Ya € R,Yse M, Oy(as)=0g(x)0y(s),

where 6r denotes the -Taylor map of R.
Again, R-modules endowed with a -Taylor map form a category in the obvious way and there exists
a tensor product (as well as a partial internal Hom, that we will not make explicit) given by

M®r N — (MBrR(0) ) @5 (N®rR(w) )= (M ®r N)®rR(w) . (22)
Thanks to the existence of the flip map, we have the following:

Proposition 5.3. The category of R-modules endowed with a -hyperstratification is isomorphic to the
category of R-modules endowed with a -Taylor map.
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—

Proof. This is completely standard. The -Taylor map extends uniquely to a R{w) -linear map
EM : R/(a\)) @’RM — M@Rm

that satisfies the cocycle condition and it remains to show that it is bijective. For this purpose, we consider

the “flip map”
TMZM®Rm :R/(a\)) @'RM, SR> 1(p)Rs. (23)
The cocycle condition then implies that 7,7 0 £ o ) 1S an inverse for ;. O

We may then rewrite the tensor product of two -Taylor maps as

OmRldy

M@ N 2% Y@rR(@) @ N 212,

(M ®r N)@RR/(;) .

There exists a down-to-earth description of these notions:

Lemma 5.4. The category of R-modules endowed with a -hyperstratification is isomorphic to the
category of R-modules M endowed with a family of continuous W -linear maps aﬁ : M — M such that,
foralls e M and o € R,

(1) 3y () =s,
2) 8,(‘,,]() (s) > 0 ask — oo,

00 . U . . 00
3) X (8 oo Y@l @l =3 8% (@AW" ),
.o, 2 Oy,

i,j=0
ik ' it .
@ o @r= ¥ ¢O(%) (1) @-aoa" oy ©.
’ 0<i<j<k J7qr Nt qr '
Proof. This equivalence is provided by
o0
VseM, Ous)=) oy ()@ . (24)
k=0

Condition (2) is equivalent to the existence of the map (24). Conditions (1) and (3) correspond to the

cocycle conditions (21). Finally, (4) is the explicit translation of right linearity. O
We will then call aﬁ the k-th -derivative on M and write 9y, := 8]&) .

Examples. 1. Trivial. In the case

M =R and 8=Idm ,

the -Taylor map is (resp. the higher -derivatives are) the same as in Definition 4.2 (resp. Proposition 3.15).

2. Right-regular. Comultiplication

A:m —>R/(E) @RIT@
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—

isa -Taylor map on R{w) seen as an R-module via the right structure. This follows from the formal

identity
(A®IdR/<5> )OA:(IdR/(a\)) QR A)o A. (25)
We will write
o
VoeR@) . A=) LYoo .
k=0

The higher -derivatives L™ are linear for the left structure. Note that the general cocycle condition in

Lemma 5.4.3 simplifies to

0 [0 0)
Y05 oo Yo @ol! =Y 0l oL ") (26)
i=0 n=0

for all j e N.

—

3. Left-regular. There also exists a -Taylor map for the left structure of R{w) , that we will denote
again by 6:
0: R/(Z) — R/(;) @RR/(Z) .

It is obtained from A in the previous example by applying the flip map. More precisely,
0= (t®rldgy Jodor.
Alternatively, this is the unique continuous extension of the map
RIE] — RIEI®RRIE], o> 1@0(q), E>£®1—1QE.
In particular, the restriction to R is exactly the -Taylor map of Definition 4.2. We shall simply denote by
3% Rlw) — R(w)

the corresponding higher -derivatives (which are linear for the right structure). This notation is harmless
in the sense that it is compatible with the trivial case. Note that, by definition, we have

VkeN, 103" =1%or
4. Linearization. More generally, if M is any R-module and we consider M Qg m as an R-module
through the action on the right, then there exists a -Taylor map
IdM®A:M®Rm — (M®RR/<5> )@’RR/@) .

Using the flip map (23) again, we obtain a -Taylor map on the linearization

L (M):=R{w) ®M
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of M (now seen as an R-module via the action on the left). We shall still denote by L% and 8% the
corresponding higher derivatives (without mentioning M because it plays here a dummy role). More
precisely, we have
_ tYsep)=seL% @),
VkeN,Vp € Riw) ,VseM, L L
Wpesn=0"@pes,

and

vkeN, tyod® =1%oz,

Now comes the fundamental linearization lemma:

Lemma 5.5. Il M is a -hyperstratified R-module and N is any R-module, then 8;,11 induces an isomor-
phism of -hyperstratified R-modules

M®gL (N)~L (M®gN).

Proof. By linearity, we may assume that N = R. From the very definition of the cocycle condition (20),
there exists a commutative diagram

—

— — o, — Id — T~ o~
R@) &M 2% Ro) 8 R(@) &M 2™ Rlw) & ,MBrR()

ISM lsw@ld

o~ Id o~ oy —
M@gR(w) 84 M&rR(w) SRR(w)

Applying the flip maps (23) everywhere provides us with a commutative diagram (using in the top row
the interpretation (22) of tensor product)

M®grR(@w) —" 5 (M&gR(®) )R (w)

ls;} ls;j ®ld
R(w) &M ——"—— (R(w) &pM)®rR(w)
This shows that the isomorphism
7 MR®gL (R)=M®gR(w) ~ R(w) ®xM~L (M)
is compatible with the -Taylor maps. 0
In the case N = R, the lemma says that, with t); as in (23), the map
Moy M — L (M)

is compatible with the -hyperstratifications. This may also be derived from equality (26).
We shall now make the link with our previous theory of absolute calculus:
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Proposition 5.6. If an R-module M is endowed with a -hyperstratification, then 9y, = 9y, isa
-derivation of M.

Proof. 1t is sufficient to consider the composite map
Ou1: M — M@xR(w) — M ®g Rlw]/o?
and to invoke Lemma 3.13 (or else use formula (4) of Lemma 5.4). O

Formally, this proposition means that there exists a forgetful functor from the category of -hyperstratified
modules to the category of V -modules.

Examples. 1. In the trivial case, we (fortunately) recover our original 3 from Proposition 2.5.

2. In the right-regular case, the map

is R-linear (for the left structure) and is a -derivation for the right structure. This means that

—

Va € R,Vp € R{w) , L (0(0)9) =003 (@)¢+0(y (@)L (9). 27)

3. In the left-regular case, we obtain a -derivation

(for the left structure) that extends the standard -derivation of R. Moreover, it is linear for the right
structure, which means that

—

Va € R,Vp € R{w) , 9 (B()p) =0(x)d ().
Recall that the original y, defined on R by y (g) = ¢”*!, is extended to R[[£]] through y (g +&) =g +&.

Proposition 5.7. The endomorphism y of R[] extends uniquely to a continuous endomorphism of the

—

ring R{w) and we have

Y@ =3 @=g7+q) with =1+ =9 (P)).

Proof. The first assertion is completely formal and we may assume that W = Z,,. It is then sufficient
to notice that y is a morphism of §-rings and, using formula (10), that it sends both (p), and & inside
the ideal generated by (p),. We may then apply Theorem 4.4. The last formula is simply a reminder of
equality (17). O

Remark 5.8. The R-linear endomorphism of the polynomial ring R[£] given by

V' (@+8&=(@q+& (=0
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—

also extends uniquely to an endomorphism of R(w) , because y' = 7 oy o 7. We can give an explicit

formula for y’(w). We have
V' (©)=0"") —q=0q"" —)+E =004~ D0(p)g) +§
and therefore
V(@) =0+6* —q)L),
with L(w) as in formula (18).

We now show that the endomorphism y of Proposition 5.7 is the same as the canonical endomorphism

associated to the derivation d on R{w) (and there is therefore no ambiguity in the notation):

Lemma 5.9. Yo € Rlw) , y(@)=¢+(@q*—q)d (p).

Proof. If we call C(p) this equality, then it is sufficient to prove
(D: CA), 2): Clp)<=Clgp) and (3): C(p) = C(wy).
Property (1) is trivial and C(g¢) reads

"'y (@) =99+ @ — ) (P9 + (@ — )" (p).
Since ¢ + (g% — g)( Pg=¢q” +1 we see that property (2) holds. It remains to prove property (3). Since
d 1is linear with respect to the right action, we have
0 ((g +(p)gw)p) = (g + (p)qw)d (¥).
Since @ is a -derivation, this may be rewritten as
(P)g@+a"' (@) +0 (P)g)w+ (P)gr+1d (@9) = (g + (p)gw)d (9),
or, better,
2 (@) = (@—¢"+9)d () = (143, (P)w)p,

with A € R* as in (10) so that (p),r+1 = A(p),. We may now use equality (16) and we obtain, if we
assume that C(¢) holds, that
y(@p) = (@—4¢*+ )¢ +(q” —9)d ()

=@ - @—a>+9)9 @)+ @—-q¢"+q)¢

=(@* ~D(@=g*+@)3 (9) = (1 + 34 (p)))¢)

+(@* =)L+ (DP9 + (@ = ° + @)

= (@ =D (09) + (1 + (¢ = )y (P))) o

=(g" — 9 (0p) + rop.
Thus, property (3) also holds. O
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— —

Proposition 5.10. The endomorphism 0 of R{w) is a twisted derivation of the ring R{w) with respect

—

to the ring endomorphism y of R{w) :

—

Yo,y e R(w) . 03 (p¥) =0 (0¥ +v(@)d (V).

Proof. The assertion follows from Lemma 5.9 since y is a ring morphism by definition. g

—

Remarks 5.11. 1. One could have defined y on R{w) directly through the formula of Lemma 5.9.
It is however not clear at all that this would be a ring morphism and this is why we had to rely on
Proposition 5.7

—

2. We can transfer our results to the right-regular case. If ¢, ¢ € R{(w) , then we have
@ Y@ =¢+0G>—9L (p),

(b) L (p¥)=L (¥ +y (@)L (V).
Examples. 1. We get

1 .
I (@) =——(I+3r((p)gw) with A=1+ (@ — )30 ((P)g)
from equality (17) and Lemma 5.9.
2. Applying formula (27) to the case @ = g and ¢ =1 provides
(P)gL (@) =0((p)g)

and we can therefore write explicitly

p—1
L (@=1+Y (1l (pgo® . (28)
k=1

Note that this is the same thing as L(w) in Lemma 4.3 but we now use its twisted expansion.
It seems hard to compute d or L explicitly in general, but the following estimate shall be enough for us:

Lemma 5.12. For all n > 0, we have

L ("™ )=P,_1(w) modgqg—1,

with
p—1 + p—1 .
n4+i ; 1. .
P,(w) = E < " )oz,-a){"J”} , o=1 and a; =p I E (f) for 0 <i < p.
i=0 j=i

Proof. This is completely formal and we may therefore assume that W = Z,,. We proceed by induction.
Since

p—1 p—1 . p—1 .
31 ((p)y) = X(j) iy (@)) = Y00} ), @ =i13(7) moda-1,
j= Jj=i Jj=i
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it follows from (28) that L (w) = Py(w) mod g —1 and the formula therefore holds when n = 1. Assume
now that it holds up to some n > 0 and recall from the very definition of (" that

n+ D™ =0 » mod g—1.

Since L is a usual derivation modulo ¢ —1, we will have

n+DL @"T Y=L (0™ o+ L (0™
= Pii(@o + Po(w)o™

p—1 : p—1
Z(n;l—z_Il)aiw{nH—l} a)+2aiw{i} ol
i=0 i=0
1
I’l+l—1 . n—H {(n+i}
("5 e+ (") oo

(n+ 1)<n’—11—1 )aia){nﬂ}

<

I
g

Il
o

<
—_

(=]

i=
=m+1)P,(w) modg—1. U
We shall only need the formulas of Lemma 5.12 modulo p:

Proposition 5.13. We have for all n > 0,

L (o™ )= Ol mod (p,g—1) if pisodd,
w =
o" 1 +not™ mod (p,g—1) ifp=2.

Proof. With the notation of Lemma 5.12, we have, modulo p,

p(p—1) [0 if pisodd,
2 |1 ifp=2,

o =

and «; =0 mod p for i > 1. It follows that, modulo p,

o) if p is odd,

Pn(a)) = {w{n} + (n + l)w{n+l} if p= 2. O

Proposition 5.14 (little Poincaré lemma). The sequences

_— ] —

0> R—R@ “>R@ —0 ad 0—> RS Riw) 5 Rw) —0
are split exact.

Proof. The second exact sequence is obtained from the first one by applying the flip map and we shall
therefore only consider the first one. This is equivalent to showing that the map ®>% — R(w) induced
by L is bijective (where @>% denotes the augmentation ideal). Since this is a morphism of derived
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complete and completely flat R-modules, this may be shown modulo (p, g —1). When p is odd, we saw
in Proposition 5.13 that
L (@™ )y=0"  mod (p,g—1).

In the case p =2, this has to be refined a bit, but we have
L @"" —(n+ D" )= —n+Dn+20"? =" mod 2,9-1). O

Remarks 5.15. 1. As a consequence of the little Poincaré lemma, we see that the -Taylor map 9,
and therefore all higher -derivatives 3% on R, are uniquely determined by the twisted derivation 9

—

of R(w) .

2. Both split exact sequences fit into a commutative diagram with exact rows and columns

0 0 0
0—HYy (R) R—" R Hly (R)—0
0 0
— L —
0 R R{w) R{w) 0
0 il a
— L —
0 R R{w) R{w) 0
Hiz (R) 0 0
0

Corollary 5.16. The forgetful functor from the category of finite projective R-modules endowed with a
-hyperstratification to the category of V. -modules on R is fully faithful.

Proof. Let M be a complete R-module endowed with a -hyperstratification and s € M such that 9 (s) =0.
Then equality (26) in the case j = 1 implies that L (6(s)) = 0. Since the sequence
0> M— M@Rm L, M@Rm -0
is split exact thanks to Proposition 5.14, we see that 9(s) = s ® 1. Since the direct implication is clear,
we obtain
VseM, O0()=sQ1<= 0d (s)=0.

It is then sufficient to apply this fact when M is replaced with Homg (M, N) and s with an R-linear
map f : M — N. More precisely, it follows from Remark 2.23.5 that 9 (f) = O if and only if f is
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horizontal. Also, the description of the -hyperstratification on Homg (M, N) just after Definition 5.1
shows that (f) = fifand only if ey o Id® f) = (f @ Id) o . O

Remarks 5.17. 1. The first part of the proof shows that 0-th cohomology in the sense of -hyper-
stratifications and in the sense of V -modules coincide on complete R-modules.

2. It is not necessary to assume that the R-modules are finite projective in our statement and the same
proof works as well if we only assume for example that they are derived complete and completely flat.

We shall finish the section with some explicit examples.

Examples. 1. The -derivation df, (s):=09 ((p)y)s comes from the Taylor map 0, (s) =s @ L(w). This
is easily seen because F| >~ (p)4 R and 6((p),) = (p)4L(w). More generally, we have 0F, (s) =s ® L(w)".

2. The -derivation dg,, (s) = (p)gs comes from the Taylor map 6g,(s) =s ® 1 + (p)/{s ® w. This
follows from the fact that G| >~ (p)4R/( p)fIR. This easily extends to G,.

In order to give the last example, we need to discuss a bit the question of the logarithm whose definition
we recall below (formula (32)). It is good to keep in mind the heuristic

1
gq<>—(‘fg()1g<)

and that (whenever it makes sense)
plog,,(u) = (p)g log, (u). (29)
Lemma 5.18. With A = R[[x —1]}, we have in A(w)

log, (1+@w> Z( D ke=1Dgr! (p)Eg () x k) (30)
When specializing at x = q, we get in R{w)
log, <1+(‘; e ) Z( D k=Dt (g PO o) (31)
Proof. We use Definition 4.5 of [AL20]: B
log, (u) = é(—l)’”q@%, (32)

where (u, —1; ¢q); denotes their generalized Pochhammer symbol. In the case u = 1 + &/x, we have

é:(k)q

and the formula may be rewritten as

RN S G A o PN S PP N i
logy (148/x) =) (=D""'q" P ooz = (=1 lhe=D)ylq ™D
4 k=1

k=1
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After replacing g with ¢g”, we obtain

> o EKIgp
log,(14+&/x) = S (—F k= 1o g PO

k=1

X

or, equivalently,

{k}
-

g (142220 ) = 3 1=t (g 7
k=1

x X
We then deduce formula (30) from identity (29), and (31) follows immediately. O

Proposition 5.19. The Breuil-Kisin action comes from a -Taylor map such that
0((g—1)eg) = (q—l + logq (1 + %w)) eR.
Proof. Recall that for all r € N, we have g” = 1 mod (p")q and (p),» = p mod (p")4. It follows that

(P Ny =pg = P)gr (P)g =p(p")y mod (p));.
Also, when 0 <i < p",

r+1

(P —ip)y = (py—q” " TP(ip), = —q " (ip), mod (p"),.

Therefore, whenever 0 < k < p”, we have

k k
r_l .
=0yt (7)o =TT =ipyg =]=a 7)) mod (1,
i=1

i=1
= (DT h=Dgolg PO (i~ mod (p),.

Now, it follows from Lemma 4.7 that the Taylor map of R induces a Taylor map on (p"), R and therefore
also on (p")qR/(p");R. Then, for all k > 0,

3" ((g=1)(p"Hy) =" (g" 1)

=t (), a7 0
-1

= ekt (B 1)), a7l
= (D pk—Dgl g PO F(ph 1 (p),  mod (p)2.
Our assertion therefore follows from formula (31) in Lemma 5.18 and Proposition 2.17. Il

We can recover the formula of Proposition 5.19 from Proposition 2.6.10 in [BL22a]: in their notation,

A=R(£), with u=1+§/q=1+(m—qw.
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By definition, log (¢”) := (¢ —1)eg and they prove that log (u”) =log, (u)eg. It follows that

0((g—Der) =0(log (¢”)) =log (0(g")) =0 (log ((g +§)")) =6(og (g"u"))
=0(log (¢”) +log (u”)) =log (¢”)+0(log (u”)) =(g—1Deg +log,(w)eg.

6. Absolute differential operators

We now introduce the notion of a -differential operator. This will allow us to lift a -derivation to a
-hyperstratification.
As before, we fix a prime p, a p-adically complete ring W, and we write R := W[q —1].

Definition 6.1. Let M and N be two R-modules. A -differential operator from M to N is an R-linear
map (for the left structure)

u:L (M)::R/(Z) ®/RM—>N.
Even if it makes sense in general, we shall mostly apply this definition to complete R-modules.

Lemma 6.2. Ifu is a -differential operator from an R-module M to a torsion-free R-module N, then u
is uniquely determined by its restriction

uo: M —-> N, st u(l®s).

Proof. The R-linear map u is uniquely determined by the image of w"! ® s forn e Nand s € M. In
fact, since the ¢"-analogs of integers are always regular in R, and N is assumed to be torsion free, u is
uniquely determined by the image of £+’ @ s, which in turn is uniquely determined by the images of
£" ® s for various n. Now, since £ = 0(q) — g, we have

£ ®s = g(—nk(’;)qke(q”) ®s5= ;(—nk(’,ﬁ)qk(l ®q"s)

and therefore
n

u @ ©s) =Y (~D( )a uog" ). 0

k=0
We will denote by
HDiff (M, N):=Homg(L (M), N)

the R-module of all -differential operators from M to N and write HDiff (M) when M = N. In the
case M = N = R, we will write HD . Since W is complete, HD is simply the dual of R{(w) :

HD ~ Homg(R(w) , R).

Definition 6.3. A -differential operator u from M to N has finite order at most n € N if it factors through
R(w) [0 & M.
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For example, for all k € N, the operator 9% on R lifts (uniquely) to a differential operator 3% of order
at most (and, actually, exactly) kK on R and we have

0 iy = |1 iTk=1,
0 otherwise.

It follows that (5<k>) xeN 18 a formal basis for HD in the sense that

o0
HD = {Zak5<k>, o € R}.
k=0

Definition 6.4. The R-linearization L (u):L (M) — L (N)ofa -differential operator u from M to
N is the composite map

ld®u ——

L ():Rl@) ;M 225 R(w) 83R(@) &M 25 Rlw) &,N.

Examples. 1. We recover

—

L 3" =L%:Rw) — R

(which shows compatibility between the different notations).

2. When u is a differential operator of order O so that u is the composition of the augmentation map
e:L (M)— M with some R-linear map ug: M — N, then L (u) = Idf@> QR Ug.

Unlike -differential operators of finite order, -differential operators (of infinite order) are stable
under composition.

Definition 6.5. If u : L (M) > N andv:L (P) —> M are two -differential operators, then their
composition is

uov:=uolL (v):L (P)— N.

With this composition, HDiff (M) becomes a (noncommutative) R-algebra. In particular, HD is an
R-algebra.
We must insist on the fact that composition of two -differential operators of finite order will have
infinite order in general. We were not able to provide an explicit formula for the composition of two
-differential operators of the form 5",
Recall from the last example after Lemma 5.4 that if M is any R-module, then L (M) comes naturally

—

with a -hyperstratification inherited from the left-regular -hyperstratification of R{w) .

Lemma 6.6. The R-linearization L (u):L (M) — L (N) ofa -differential operator is compatible
with the -hyperstratifications on both sides:

vkeN, a%oL =L wod™.
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Proof. The point is to check that the diagram

L (M) L L (N)

8 |-

~ L (u)®ld ~
L (M)®rR{(w) L (N)QrR{(w)

is commutative. It is sufficient to insert in the diagram the map obtained by tensoring the Taylor map

—

0:R{w) — R{w) ® R(w) corresponding to the left regular structure with the identity of L (M) (and
then switching factors):

L (M) asld R(w) &L (M) e L (N)
lGM l@@ld J,QN
L (M&rR(@) —2% Rlw) &L (MBrR(@) 25 L (N)@rR() 0

Remarks 6.7. 1. One can prove a little more: linearization defines a functor from the category of
R-modules and -differential operators to the category of -hyperstratified modules.

2. If uisa -differential operator, then ker L (u) inherits a -stratification. This will play a fundamental
role.

Lemma 6.8. [f M is a complete V -module on R, then 0y extends to a -differential operator 5M, of
order at most one given by

o0
n (Zw“" ®Sk> =, (50) + ym(s1).

k=0
Proof. We know from Lemma 3.13 that djs, extends to a -Taylor map of order 1:

M — M ®g R[w]/o® , s>s@1+0y (5)Qw

(which is R-linear for the right structure). This map extends uniquely to an R[w]/@w® -linear map that
we can then compose on the right with Idy; ® 3 and obtain an R-linear map (for the left structure)

. :R[w]/o?® M — Mg Rlw]/0® — M.
Now, we compute for s € M,
v, 1®5)=Idy®3 s ®1+dy, (5)®w) =y, (5)

and
. (@®s)=Udy R s @w+dy. (5)®w?)

=Idy ®3 )(s®w+du, (5)® (o™ + (g% — q)w))
=s+(g>—q)du, (5)
=ym(s). n
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Remarks 6.9. 1. We stress that there may exist other ways to lift dy;, to a -differential operator u

when M is not torsion-free. As a toy example, assume that M is reduced in the sense that (p), M =0. It

then happens that a -connection dj;, on M is the same thing as an R-linear map and we can lift it to a
-differential operator of order O:

u(Z o ®Sk> = dp, (50)-

k=0
2. However, in the case of the trivial -connection on R, the lifting is unique and in particular, our

notations are compatible.
Definition 6.10. The linearized de Rham complex of a V -module M on R is
[L (M) 2 Lo ()],
with Ly, =L (3. ).
Remarks 6.11. 1. If M is a complete V -module on R, then
Ly, (0®5) = (@3 )o (A1) ®s) =Y. L) @3y @Y ®5)
—p®0y, O+L @Oy

Alternatively, this formula may be rewritten

Ly, (9®@s)=L () @s+y' () @m, (s). (33)

2. This last computation shows that Ly, is a tensor product -derivation (see Lemma 2.21) on L (M).
Be careful however that Ly, is an R-linear map which is a -derivation for the right structure. This
(right) -derivation Ly, should not be confused with the (left) -derivation 0 of L (M) that does not
depend on the -connection but only on the underlying R-module M (and there also exists an L on

—

M ®r R(w) which does not depend on the -connection either).

3. The linearized de Rham complex is functorial: if M and N are two V -modules and ¢ : M — N is a
horizontal map, then the diagram

L M) —2% 1 V)

lLM_ P

Id®¢
L (M) ——— L (N)
is commutative.

4. Tt follows from Lemma 6.6 that if M is a V -module on R, then
d oLy, =Ly, o0 .

5. Lemma 6.6 also implies that, if M is a V -module on R, then ker L, is naturally endowed with a
-hyperstratification. This is functorial in M.
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6. As a consequence of the last remark, if M, M’ are two V -modules on R, then there exists a morphism
Homy (M, M") — Homvy (ker Ly, ,ker Ly, )
or, equivalently (see the Remark 2.23.5), when both M and ker Lj;, are inversive,
Hg (Homg(M,M')) - Hy (Hompg(ker Ly, ,ker Ly, ). (34)
We shall need later the following comparison lemma:

Lemma 6.12. If M is a complete V -module on R, then there exists a natural isomorphism
Hig (M) ~Hg (ker Ly, ).

Proof. Thanks to the little Poincaré lemma (Proposition 5.14), the map (34) applied to the case where M
and M’ are replaced with R (which is trivially inversive) and M respectively provides a morphism

Hjg (M) — Hiy (kerLy, ).

By construction, this map is clearly injective and it remains to show that it is surjective. Thus we start
with some ¢ € L (M) such that both Ly, (¢) =0and 9 (¢) = 0. It follows from the little Poincaré
lemma again that there exists an exact sequence (since M is assumed to be complete):

0>M—L M) L (M) 0.

Therefore, condition 9 (¢) = 0 means that ¢ =1 ® s for some s € M. Now, condition Ly (¢) = 0 boils
down to dy, (s) =0 which shows that s € Hj},  (M). O

Proposition 6.13. If a complete R-module M is endowed with a -hyperstratification, then there exists a

split exact sequence

‘[MOGM

0— M 2% 1 )y 2 (M) — 0.

Proof. It follows from the little Poincaré lemma (Proposition 5.14) that there exists a split exact sequence

—

0— M — M@xR(@) 225, M&rR(w) — 0.
We may then use Lemma 5.5 (case N = R) which states that there exists an isomorphism
e M®gR(w) ~L (M)

compatible with the -hyperstratifications and obtain a split exact sequence as in the statement. It remains
to identify both maps. The first one is obtained by composing the inclusion with 8;,11 =Tp o0&y 0Ty and
is therefore equal to Ty 0 6) as asserted. Thus, we are left with showing that

emoLy, =Ady®L )oey.



Absolute calculus and prismatic crystals on cyclotomic rings 1355
On an element of the form 1 ® s with s € M, we can use equality (26) in the case j = 1. We have

oy, ) =3 0% @y, Moo =3 ol HeL H)
k=0 k=0

= 1dy®L ) (2 0 ©®wl) )= Ady &L )Ou(s)).
k=0

In general, using equality (33), we have for p ® s € L (M),
em(Ly, (9®9)=eu(L (@) ®@s+y () @y, ()
=L (9)0u(s)+y'(©)0yum, (5))
=L (@)0u(s)+v'(@)Ady ® L )(Oum(s))

o (k) k o (k) / k
=Y 0y OSOL @™ +3 9y Y@L (")
k=0 k=0

Xk
=Y o L (gt )
k=0

=Idy ®L )em(p®s)).
We have used the fact that L is a -derivation for the right structure so that L (@) is equal to
L (¥ +y'(oL ). O

In order to characterize explicitly the essential image of the forgetful functor from the category of
finite projective -hyperstratified modules to the category of V -modules, we introduce the following
general notion:

Definition 6.14. Let M be a module over an adic ring R. A map u : M — M is said to be topologically
quasinilpotent (resp. weakly quasinilpotent) if for all (resp. for some) ideal of definition / we have

VseM,3keN, ul(s)elM.

When the topology is trivial, then both conditions are equivalent and one usually says quasinilpotent.
Remarks 6.15. 1. There exists the stronger notion of a fopologically nilpotent (resp. weakly nilpotent)
endomorphism, which is obtained by reversing the quantifiers:

I eN,VseM, uF@s)elM.

Again, in the case of the trivial topology, both conditions are equivalent and it means that u is nilpotent.

2. When u is R-linear, the epithets “topologically” and “weakly” are equivalent. If moreover, M is finite,
then all four conditions are equivalent.

3. Since we will also need to consider topological rings that are not adic, let us mention that the notion of
a topologically quasinilpotent map u : M — M makes sense whenever (M, 0) is any pointed topological
space: it simply means that
VseM, lim u*(s)=0.
k—00
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Definition 6.16. A V -module M is said to be topologically/weakly (quasi-) nilpotent if this is the case
for the endomorphism 93, when p is odd and for 81%,[’ —dy, when p=2.

Examples. 1. The trivial V -module is weakly nilpotent because 3 =0 mod (p),. The same conclusion
holds for our running examples F, > (p)yR, G, = (p)ZR/(p)Z“R as well as R{n}.

2. If pis odd, then a V -module M is weakly quasinilpotent if and only if
VseM,FkeN, 3y (s)=0 mod (p,q—1),
because (p, g —1) is the biggest ideal of definition. When p = 2, the condition reads
VseM,FkeN, @ —dyu ))=0 mod (p,g—1).

3. For a V -module M, the following are equivalent:

(a) M is weakly quasinilpotent.

(b) M is topologically quasinilpotent modulo (p),.

(c) M is topologically quasinilpotent modulo (g —1).

(d) M is topologically quasinilpotent modulo p.

4. If a finite V -module M is weakly quasinilpotent, then it is actually weakly nilpotent (and we shall

therefore remove the prefix in this case).

5. The property for a V -module of being (weakly) quasinilpotent is stable under tensor product and
internal Hom.

Lemma 6.17. A finite (resp. finite projective) V -module M is weakly nilpotent if and only if the composite
map

ker(Ly )= L (M) > M (35)
is surjective (resp. bijective).

Proof. Let us first assume that p is odd.

It
oo
Q= Za){k} Qs e L (M),
k=0
then it follows from Proposition 5.13 that
oo
L, @)=Y (0 @by, )+ @s) mod (p.g—1)
k=0

o0
=Y 0 ®@u, (s0+si1) mod (p,g-1). (36)
k=0
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Therefore,

Ly (¢)=0mod(p,g—1) < Vk>0, sy1=—0py, (s5x) mod(p,qg—1), 37
= Vn=0, s, =(=1"d) (s) mod(p,g—1).
If M is finite, it follows from Nakayama’s lemma that the map (35) that sends ¢ to sg is surjective if and
only if 9y is weakly nilpotent.

Now assume that the previous equivalent conditions hold and that M is finite projective. We can
choose an R-linear section of the surjective map (35) and then a complement N for M inside L (M)
(with respect to this section). It is then sufficient to show that the map N — L (M) induced by Ly,
is bijective. Since N is completely flat, we can use derived Nakayama lemma and check our assertion
modulo (p, g —1). It is therefore sufficient to show that the sequence

0>M—L (M)2s L (M)—0

is exact modulo (p, g —1). Left exactness follows from equivalence (37). Right exactness is obtained
from congruence (36) as follows. Given

Y= Zw{k}®tk eL (M),
k=0

one sets s; 1= Zi':ol 81"‘,[, (tx—i—1) and ¢ is then well defined since we assumed that the -connection is
weakly nilpotent.
When p =2, the formulas have to be modified a bit and we fall onto the equivalence

o0
Ly, (@)=Y 0" ® @y, () +se1+ks) mod (2,g—1),

k=0
so that
LM, (9)=0 mod (2,61—1) — Vk=>0, Sk+1E(3M, —k)(s;) mod (2,6]—1)
n= 2 _ n 2 g—1
= Vn>0, { 52 (agd, m, )n(So) mod (2, g—1),
S2n+lE(aM, _8M, ) 81‘47 (SO) mod (2’q_1) |:|

Remark 6.18. The difference between the cases p odd and p = 2 is a special instance of a standard
phenomenon in the study of Breuil-Kisin prisms. It corresponds to the fundamental group (see Example 9.6
of [BL22b]) being respectively additive or multiplicative.

Theorem 6.19. Let W be a p-adically complete ring and R := Wq—1]. Then, the category of finite
projective R-modules endowed with a -hyperstratification is isomorphic to the category of finite projective

weakly nilpotent V -modules on R.

Proof. Let us first show that if a complete R-module M is endowed with a -hyperstratification, then
the natural map ker Ly, — M is an isomorphism compatible with the -hyperstratifications. Thanks to
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Proposition 6.13, it is sufficient to prove that the composite map
TmoOy M—L (M)

is compatible with the stratifications. After a flip, this is equivalent to the cocycle condition. In particular,
if M is finite projective, then it follows from Lemma 6.17 that M is weakly nilpotent. We also know from
Corollary 5.16 that the forgetful functor is fully faithful. In order to conclude, it is therefore sufficient to
show that the functor M — ker Ly, is fully faithful on weakly nilpotent finite projective V -modules.
In other words, we have to show that, if M and M’ are two weakly nilpotent finite projective V -modules,
then the canonical map

Homy (M, M’) — Homy (ker Ly, , ker Ly, )

is bijective. This will follow from Lemma 6.12 applied to Homg (M, M') once we have shown that there
exists a canonical horizontal isomorphism

kerLHomR(M,M/), :HomR(kerLM’ ,kerLM/, )

In general, if M and M’ are two finite projective R-modules, then there exists an obvious map which is
automatically horizontal (for 9 ):

L (Homg(M, M/))—>H0mR/@> (L (M),L (M"))

(38)
PRUH——————— QU Y RS> ¥ Qu(s)
Let us now consider the canonical map
Homg(R(w) , R(@) ) ®, Homg(M, M') — Homg(R(w) ®, M,R(w) ®xM),  (39)

where 17(3) is seen as an R-module via the Taylor map. If M and M’ are both endowed with a -
connection and we endow R/(Z) with L , it follows from Lemma 2.22 that the map (39) is horizontal.
Hence, the induced map (38) is also horizontal for the corresponding -connections coming from the
connections on M and M’ and using L on R/(E) . In particular, it induces a map between the H(?R’ (for
these -connections) on both sides. In other words, if we assume that Lyom,m, a7y, (¢ ® u) = 0 then the

diagram
oRu
L(M) —— L(M')

lLM, lLM«

Ly 22 Loy

is commutative and ¢ ® u therefore induces a map ker Ly;, — ker Ly, . Thus, we see that the map (38)
induces a horizontal (for 0 ) map on the kernels:

ker Luomg(m. iy, — Hompg(ker Ly, ,ker Ly ).

It remains to show that this last map is bijective when M and M’ are weakly nilpotent. But, in that case,
it follows from Lemma 6.17 that the canonical maps ker Ly, — M and ker L)y, — M’ are bijective.
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We are therefore reduced to checking that
ker Luompm.m7). =~ Hompg(M, M').

But this follows again from Lemma 6.17 since Homg (M, M) is then also finite projective and weakly
nilpotent. U

We shall finish this section with a technical result that will be needed in the next one. Let us write
o 1= g_ so that o is the unique endomorphism of the ring R such that o (¢) = ¢~'. Recall that it extends
uniquely to R[[£] if we require that o (¢ + &) = ¢ + & and that

oE)=E+q—q '=E+q"(2),@-D. (40)

Assume now that p =2 (otherwise the next assertion is not true). One can then show as in Proposition 5.7

—

that o extends uniquely to an endomorphism of R{w) and that o(w) =qw+qg—1.

Lemma 6.20. Assume p = 2. If M is a weakly nilpotent finite projective V -module, then there exists a
unique o -linear horizontal map on M that reduces to the identity modulo g —1.

—

Proof. Uniqueness follows from Lemma 2.25. Now, by construction, o and y commute on R{w) . In
other words, o is an endomorphism of y-module or, equivalently, a horizontal map. On the other hand,
since o is linear for the right structure of m , we may consider the endomorphism o ® Idys of L (M).
By construction, it is horizontal and commutes with Ly, . It induces therefore a o -linear horizontal
endomorphism of ker(Ljs, ) and we conclude with Lemma 6.17 which tells us that ker(Ly,, ) ~ M. U

7. Application to prismatic crystals

We will prove here our main results that relate absolute prismatic vector bundles to absolute calculus.

We let k be a perfect field of positive characteristic p and denote by W its ring of Witt vectors. We set
R := W{[q—1] so that R := R/(p)y = WI[¢], where ¢ (the class of ¢) is a primitive p-th root of unity.
The ring R, endowed with the unique §-structure such that §(g) = 0 and with the ideal generated by (p),,
is a bounded prism.

We recall that the absolute prismatic site” is the opposite to the category of all bounded prisms
(B, J) endowed with the formally flat topology.'? Then, the prismatic site (R) is the fiber over R of
the forgetful functor (B, J) — B := B/J from to the (opposite) category of p-adic rings. In other
words, an object of (R)isa prism (B, J) endowed with a morphism R — B. We will write R for the
corresponding topos. We shall also consider later the prismatic site  (/(R, (p)4)) over (R, (p),) made
of bounded prisms (B, J) endowed with a morphism of prisms (R, (p),) — (B, J). For simplicity, we
will denote it by (/R) and write /R for the corresponding topos.

Recall that for (B, d) an oriented bounded prism and ¢ € B, we introduced in Definition 3.2 of
[GLQ23b] the ring of prismatic polynomials B[w]’, which is universal for the property §(¢q + dw) = 0.

9Unlike Bhatt and Scholze, we follow the classical notation for “cristalline” sites and topos.
10p morphism is a covering if it is faithfully flat modulo any ideal of definition.
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We stress that, in the case B = R and d = (p),, there is no need to introduce this object because!!

R[a)]fi ~ R{w) .

The next statement is the absolute analog of [GLQ23b, Corollary 3.6]:
Proposition 7.1. If (B, d) is an oriented bounded prism over R and q € B is a lifting of the image of ¢ in
B, then the completion mi of the ring of prismatic polynomials is the product of (R, (p),) and (B, d)
in (R).
Proof. 1t follows from Proposition 3.3 in [GLQ23b] that 1?[;]3 is a bounded prism. Now, the universal
property of the Witt vectors implies that the composite map W — R — B lifts uniquely to a morphism
of rings W — B. Weset Q :=qg +dw € B[a)]g so that Q is a lift of ¢ in B[a)]g. Since we always have
(Q-1D? e(p,(p)g),and (p)g €d B[a)]‘; by construction, the element Q —1 is topologically nilpotent
in B. It follows that the composite map R — B — mfl lifts to

)
0:R— Blol,, q— 0=q+do. A1)

Since, by definition, §(Q) = 0, this is a morphism of §-rings. Using the fact that (p)g € d B[w]‘sd again,
we see that this is a morphism of prisms. The universal property of the product then follows from the
universal properties of B[w]fz and completion. (|

We shall again call the map (41) a Taylor map and write ®, when we use this structure to consider

—
Blw], as an R-algebra. This is compatible with our previous notation when B = R. This choice of g € B
also defines a map
—5
R — B — Blw],

but this is not a morphism of §-rings.
The next statement is the analog of [GLQ23b, Proposition 3.7]:
Corollary 7.2. The bounded prism (R, (p),) is a covering of (the final object of) (R).

Proof. First of all, a bounded prism is always locally oriented. Moreover it is shown in Proposition 3.3
_ —
of [GLQ23b] that, if (B, d) is an oriented bounded prism over R, then B[w], is formally faithfully flat

over B. Our assertion is therefore a formal consequence of Proposition 7.1. O

Corollary 7.3. In the category (R), we have for alln € N,

(R, (p)g) X -+ x (R, (p)g) = (R(@) & R(@) ,(p)y)-

n+1 times n times

Proof. This follows from Theorem 4.4 and Lemma 4.10 (or equivalently from Theorem 5.2 in [GLQ22b]
and Proposition 7.1). 0

Definition 7.4. A prismatic crystal on R is a cartesian section of the fibered category over (R) whose
fiber over (B, J) is the category of derived complete B-modules.

Hhis is implicit in the statement of [GLQ22b, Theorem 5.2].
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A locally finite free module on a ringed site is also called a vector bundle. If we endow (R) with the
sheaf of rings O (g, that sends (B, J) to B, then any vector bundle on (R) is a prismatic crystal.
Recall that we introduced in Definition 5.1 the notion of a -hyperstratification.

Theorem 7.5. Let W be the ring of Witt vectors of a perfect field k of characteristic p > 0 and ¢ a
primitive p-th root of unity. Then there exists an equivalence between the category of prismatic crystals
on W[¢] and the category of complete W g —1]1-modules endowed with a -hyperstratification.

Proof. This formally follows from Corollaries 7.2 and 7.3. U
Examples. 1. If welet I (B, J) :=J, then I" corresponds to F,, >~ (p)ZR

2. The prismatic crystal I”/I"H corresponds to G, ~ (p)ZR/(p)Z“ R

3. The Breuil-Kisin prismatic crystal O {1} of Example 2.3 in [Bha23] corresponds to our R{1} (and its
n-th power to R{n} if n € 7).

We shall now extend to prismatic crystals the linearization process introduced in Section 5 for
R-modules. This is an absolute version of [GLQ23b, Section 4].

The prismatic site  (/R) of bounded prisms over (R, (p),) also comes with a structural ring O (/g).
There exists a final morphism of ringed topoi

eR: (/R , O (/R)) — (Sets, R)
and a localization morphism of topoi
jr:/R — R .
Definition 7.6. If M is an R-module, then the linearization of M is the O (g ,-module
L(M) := jreer(M).

It follows from the second part of the next statement that this terminology is compatible with that of
Section 5 in the sense that L(M)gr ~ L (M).

Proposition 7.7. Let M be a finite free R-module. Then:
(1) R[(R ,L(M))=M
(2) If (B, d) is an oriented bounded prism on R, then
L(M)p = Blol, ® M
(3) If B — C is a morphism of bounded prisms over R, then
L(M)c =CREL(M)p = CRZL(M)p.

Proof It follows from Proposition 7.1 that, if (B, d) is an oriented bounded prism on R, then j; R (B) =
[a)] 4 1s the completion of the prismatic polynomial ring. Our assertions are then shown exactly as in
[GLQ23b, Corollary 4.5 and Lemma 4.6]. O
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One can then state the linearization lemma (see also Lemma 5.5):

Lemma 7.8. If E is a vector bundle on (R) and M is a finite free R-module, then
L(ER®@r M)~ E®0 ; L(M).
Proof. This is shown exactly as in [GLQ23b, Lemma 4.7]. Il

If (B, d) is an oriented bounded prism on R, then there exists a canonical comultiplication map

—34

—4 ) ——
Ap : Blw]; — Blw], @k R(w) .

In terms of prisms, this is the map B x R x R — B x R that forgets the middle term. Of course, this is
compatible with our previous notion of comultiplication and we need to generalize a bit Definition 6.4:

Definition 7.9. The linearization on an oriented bounded prism (B, d) over R of a -differential operator
u between finite free R-modules M and N is the B-linear map

L(F)p

L(M)p L(N)p
Blw], @y M Blw]; ®; N

ApQIdy W

S, ——
Blwl, @ R(0) ®fM
Proposition 7.10. (1) Linearization provides a functor from the category of finite free R-modules and
-differential operators to the category of vector bundles on  (R).
(2) If Disa -derivation, then
RI(R , £(D)) = D.
Proof. 1t follows from assertions (2) and (3) of Proposition 7.7 that the construction is compatible with

completed base extension and composition. The first assertion follows. The other one results from the

definition and functoriality in Proposition 7.7.1. (|

Proposition 7.11 (prismatic Poincaré lemma). If E is a vector bundle on (R) and M denotes the
corresponding -hyperstratified module on R, then the sequence

0= E— £(M) Z2 ) romy =0

is exact.

Proof. Using the little Poincaré lemma (Proposition 5.14), this is derived from the previous results exactly
as in [GLQ23b, Proposition 6.1]. O
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Theorem 7.12. Let W be the ring of Witt vectors of a perfect field k of characteristic p > 0 and ¢ a
primitive p-th root of unity. Then there exists an equivalence between the category of prismatic vector

bundles E on W[¢] and the category of finite free weakly nilpotent V. -modules M on R and we have
RT(W[¢] , E) ~Rlar, (M).

Proof. The equivalence follows from Theorems 7.5 and 6.19. The isomorphism in cohomology follows
from the prismatic Poincaré lemma (Proposition 7.11) as in [GLQ23b, Theorem 6.2]. Il

Remark 7.13. We recover Theorem 4.10 of [GMW23] in the case Ox = W|[¢]: there is no cohomology
in degree > 1.

In order to later make the link with the theory of (¢-I")-modules, let us describe how absolute calculus
is related to the cyclotomic tower in our situation. For n € NU {oo}, we set K, := Frac(W)[u ] and
I, = Gal(K/K,). We shall simply write K := K1, so that Ogx = R,and I :=T';. We let I act
continuously on R via g(g) = g*®, where x denotes the cyclotomic character. A T'-module (on R) is an
R-module endowed with a continuous semilinear action of I.

A T'-module M is in particular a y-module. In the case M is (¢ —1)-torsion free, then, according
to Proposition 2.19, this is the same thing as a V -module. We shall then call M topologically/weakly
(quasi-)nilpotent if the corresponding V -module is.

Proposition 7.14. The category of weakly nilpotent finite free I'-modules on R that become trivial modulo
q —1 is isomorphic to the category of weakly nilpotent finite free V -modules on R.

Proof. Assume first that p is odd. The cyclotomic character induces an isomorphism I' >~ 1+ pZ,, (as well
as ['g =~ Z;). Moreover, the logarithm induces an isomorphism 1+ pZ, >~ pZ,. We have log(1+ p) = p
mod p? and it follows that p + 1 is a topological generator of 14 pZ p- In other words, y is a topological
generator of I'. Our statement therefore follows from the second assertion of Proposition 2.19.
In the case p = 2, the argument needs some refinement. We have K = Ky and (with an argument
similar to the above)
=Tyx~75=(3)x(-1)x~7Z,x7Z/27.

It follows that a continuous action of I" is equivalent to a continuous action of ¥ = g3 and a commuting
action of o := g_; whose square is trivial. Then, according to Proposition 2.19 again, we see that a
continuous action of I' is equivalent to a -connection together with a o-linear horizontal symmetry. Our
assertion therefore follows from Lemma 6.20. g

Remarks 7.15. 1. The nilpotence condition is only necessary to deal with the case p = 2. When p is
odd, the category of (g —1)-torsion-free I'-modules that become trivial modulo ¢ —1 is isomorphic to the
category of (g —1)-torsion-free V -modules.

2. In the case p = 2, the category of (¢ —1)-torsion-free I'-modules that become trivial modulo g —1
is equivalent to the category of (¢ —1)-torsion-free V -modules endowed with a semilinear horizontal
symmetry that reduces to identity modulo g —1.
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3. Assume p is odd and consider the action of e € F on R given by g : ¢ — ¢!, where [e] denotes the
Teichmiiller character. Then the category of (g —1)-torsion-free I'g-modules that become trivial modulo
q —1 is equivalent to the category of (¢ —1)-torsion-free V -modules with an extra semilinear action of
[F;j which becomes trivial modulo g —1.

4. For the last argument of the proof, we can also rely on Theorem 7.12: since!?

o is an automorphism
of the object R of the prismatic site of W[¢], if we denote by E the prismatic crystal associated to M,

there is an isomorphism

Homy(o*M, M) >~ Hom(E, E)

and the identity of E therefore provides the expected symmetry.

8. De Rham prismatic crystals

When p is invertible, one can rely on usual powers instead of twisted powers. We will describe the
process, which is completely analogous to the one we developed so far, but much simpler, and discuss
the link with absolute calculus. We will also indicate how our strategy relates to previous work of other
authors. For example, the main result of this section, Proposition 8.12, recovers (in our situation) one
of the equivalences in [GMW22, Theorem 5.1] (see also Corollary 7.17 of [BS22]). Nevertheless, our
approach provides, as a bonus, explicit formulas for the equivalence (Proposition 8.16) between twisted
and “classical” operators.

We let k be a perfect field of positive characteristic p, we denote by W its ring of Witt vectors, we
choose a primitive p-th root of unity ¢, we write K := Frac(W)(¢) and finally, we set S := K[[q — ¢]l.
We shall also write Ok := W[¢] and Oy := Okllg — ¢].

As a byproduct of calculus on log-schemes and on formal schemes, one can develop a theory of calculus
on formal log-schemes but we will only need it here in a very specific situation. With § as above, we
are interested in the formal log-scheme Spf(S$)!°2, where both the topology and the logarithmic structure
come from the special fiber Spec(K). Concretely, we first formally blow up S®x S along the special
fiber and obtain the complete K-algebra Py,.. There exists a canonical map v : S — Pjoz coming from the
action on the left and a log-Taylor map 6 : S — P,z coming from the action on the right. There also exists
aflip map © : Piog > Plos that exchanges both structures. We will use, as we always do, the notation ®’ in
order to insist on the fact that S acts via the log-Taylor map on the left. We shall also consider below the
comultiplication map A : Pjog — Plog@S Piog, which is induced as usual by the map f @ g fR1Qg.

We denote by /o the kernel of the augmentation map e : Pjo; — S and we define for each n € N, the ring

Il’l-‘rl

of log-principal parts of order n Pl'f)g = Plog/ Jog

and the module of log-differentials Qog := Loy / Ilzog.
It comes with its universal log-derivation

(dlog: S\ {0} = Qiog, d: S — Qog).

12This is not true for odd p.
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A log-connection on an S-module M is a K-linear map Vy, : M — M Qg Q0. that satisfies the usual
Leibniz rule. We shall then call M a V)oz-module. A log-differential operator'3 of order at most n is a
K-linear map u : M — N between S-modules which extends (automatically uniquely) to an S-linear map
u: Pl’(’)g ®' M — N. The composition of two log-differential operators u and v of respective order at most
n and m is a log-differential operator of order at most n + m. Actually, the comultiplication map induces
forallm,n e N

. ph+m n / m
An,m : Plog - Plog ®S Plog

and we always have

—_~

isv:=uov=io(Id®v)o (A, RId).
In particular, log-differential operators of finite order from S to S form a ring

DS,log ~ ILILIHOI’ns(P{Sg, S)
n

There also exists the notions of a log-stratification (resp. a log-Taylor structure) on an S-module M which
is a compatible family of S-linear isomorphisms (resp. maps)

en ' Plog ®s M =M ®s Pig,  (resp. 0, : M — M ®s Py

satisfying the usual cocycle conditions. It is equivalent to give a log-connection, a Dy jo.-module structure,
a log-stratification or a log-Taylor structure on an S-module M.

In order to describe these objects explicitly, we need to choose a coordinate on S as well as an equation
for the divisor. The standard choice would be g — ¢ for both but we choose g and (p), respectively in
order to recover the arithmetic in the end. It is of course necessary to make sure that (p), is indeed a
uniformizer. We denote by ( p),gk) =9k (( P)q) the (usual) k-th derivative of (p), with respect to ¢ and by
(p)gk) = (p)((]k)(g“) its evaluation at ¢ = ¢. We shall simply write (p); and (p)/g when k = 1, so that

(P, =142043%+ -+ (p—D¢P 2
(We already implicitly used this in our examples of -connections in Section 2.) Since ¢ is a primitive
p-th root of unity, a direct calculation gives the following equality:
Lemma 8.1. p=E*=0(p);. O

As a consequence of this lemma, we see that v, (( p)g) — =2 > 0 when p is odd.

p—1
Lemma 8.2. We have (p), = (q — ¢{)v withv € §*.

Proof. The element (p), € K[[g — ¢]| has Taylor expansion

p—1
1
Py =) )@=
k=1 """

B3 This approach slightly differs from Definition 6.1 since the lift will be unique here.
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and the above equality therefore holds with
e / (k) k-2
v.—<p>;+(q—¢)gﬁ<p>§ (q—0)f?es. O

We have S®x S =~ S[£] with & = 1® ¢ — ¢ ® | and therefore Pjog = S[w]l with £ = (p),w. The
log-Taylor map 6 is given by g — g + (p),w, the flip map 7 by @ — —L(w)w and the comultiplication
map A by o+ L(w) Qw+ w ® 1 with

p—1
L) :=1+Y (PPl ol (42)
k=1

(so that ((p)y) = (p)yL(w)). More generally, we have
n 7 B
M) VneN, 0@ =Y k() ke o,
k=0
Q) VneN, 1@ =(=1)"L(w)"o"™,

n
3) VneN, A@")=>" L@ Mot
k=0
The S-module €2, is a free module of rank one. We will choose as generator the element

1
~dloglg —¢) = —=-dlog(p)g.

1
(P)g

which is the class of w. If we denote by Blg‘g) the log-differential operator of order k on S such that
sy, |1 ifk=1,
0 =
log (@) iO otherwise,

then the ring Dy 1o is a free S-module with basis (Blglg) Jnen- Actually, Dg jog is a subring of the usual

(n)
log

respect to g. The equivalence between log-connection, Dy jo.-module structure and log-stratification (or

ring of differential operators Dg and we have 9, | = ( p)ZB” if 0 denotes the standard derivative with

log-Taylor structure) is given by

n
Var(s) =17 da110g(5) @ dlog(q — ) = Ou(s) = Y 9 (5) @ ],
k=0
with dy7,10g(5) = ) (5).
In order to go further, it is necessary to better understand composition of log-differential operators and
we shall first show the following equality, where v is defined at the top of the page:

Lemma 8.3. VkeN, Ao = )" (1+vw) el @viell
it+j=k
Proof. It is sufficient to show that

Alvw)=(14+rvo)Qvo+rvo®1
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and then take divided powers. Thus, we have to show that
VL) Qw+w®l)=(14+vw) Qvo+ro®1

or, equivalently,
VL()®1=(14+vw) @v.

We know that 0((p),) = (p)yL(w) and (p), = (g — ¢)v and we compute

(P)gvL(@) @1 =v0((p)y) @l =v®(p)y =v® (g — )V
=v(@+(Plgw—80)@v=(p)y(1+vw)v.

Proposition 8.4. Vn € N, paln

n—1
log l_[(vilalog -
k=0
Proof. By definition, we have, for all k € N,
(B3 1™ Blog) (@) = v (50T 171 Blog) (VF )
—"alog (Ad ® v Bioe) (A (W wl*Y))

= vi 8log ((Id ® vilalog)( Z (1+ Vw)jvia)[i] X vja)[j]>)

i+j=k
= v R0 (14 vyt o1
=710 (") + k30 ().
It follows that
5&28’ v_lélog = 8 "H +n810g

or, equivalently,

5 (n+1 —
Bt = BB Blog — ).
Our formula is then obtained by induction.

Remark 8.5. As a consequence of the proposition, we see that

n

n
31<<’>1g D s V" (v e and (v Blee)" =D S(n, kv

k=1

where s(n, k) and S(n, k) denote the Stirling numbers of the first and second kind respectively.

1367

From now on, we endow K with the p-adic valuation and S with the product topology (or equivalently

the inverse limit topology). This is a W-linear topology with p"Og+ (g —¢)™S as basis of neighborhoods

of zero. Then, S is a complete topological ring!# with both p and g —1 as topologically nilpotent units.

We endow the polynomial ring S[w] (resp. the divided polynomial ring S{w)) with the direct sum topology

with respect to the standard basis. Be careful that the isomorphism of S-algebras S[w] >~

14This is not an adic ring and not even an f-adic ring in the sense of Huber.

S{w) is not
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a homeomorphism because we use powers on the one hand and divided powers on the other in order
to define the topology. The log-Taylor (resp. flip, resp. comultiplication) map extends uniquely to a
continuous K -linear ring homomorphism
0:SH> Sw), g g+ (Pl

(resp. 71 5(w) — S}, q = ¢+ (p)gw. ® = —L(@)w, resp. A : S(w) — S(@)BsS(@). g+ q.
w+— L(w) ® w+ o ®1). One may then define a log-hyperstratification (resp. a log-Taylor map) on an
S-module M as a an isomorphism (resp. a map)

e S/(J)@SM ~ M®sS () (resp. 6 : M — M®sS(w))
satisfying the usual cocycle condition and show that these two notions are equivalent. A log-hyperstratifi-
cation induces a log-connection on M and we have

o0
VseM, 0(s)=) ()@l
k=0

This provides a fully faithful functor on finite S-modules. Comultiplication A induces a log-Taylor map

—

on S(w) for the right structure and, after conjugation through the flip map, a log-Taylor map 6 for the left

k) and o'k

structure. We shall denote by Lo og

the corresponding higher derivatives. We have

Vk<neN, L") =L/ "

but it is much harder to find an explicit formula for ag‘g) and we shall rely on its definition:
(k) _ (k)
Vk e N, alog =T oLlogor.

—

However, one can show that 9, is a log-derivation of the ring S{(w). If M is an S-module, we may
then consider its log-linearization Lo (M) := S/(cj)@SM . Both the log-hyperstratification and the
augmentation map e of S/(c?) extend to Liog(M). A log-differential operator is a K -linear map u : M — N
between S-modules that extends (automatically uniquely) to an S-linear map u : Liog(M) — N. It has a
log-linearization

Llog(“) =(d®u)o(A®Id): Llog(M) - Llog(N)’

which is compatible with the log-hyperstratifications and such that e o Liog (u) = u. If M is a Vjog-module,
the corresponding log-derivation 9y 1o¢ is a log-differential operator of order one (with 9 M,log(s ® @) =5)
and we can consider Ly := Liog(dpm,10¢). Then, ker Ly, comes with a log-hyperstratification. One can
show (with the help of a variant of the little Poincaré lemma) that M ~ker L m when the log-connection
comes from a log-hyperstratification.

Proposition 8.6. The functor M — ker Ly, is adjoint to the forgetful functor from the category of finite
S-modules endowed with a log-hyperstratification to the category of finite Viog-modules on S.
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Proof. According to the previous discussion, it is sufficient to check that the canonical map
e
ker Ly <> Liog(M) — M 43)

is horizontal. First of all, if ¢ € ker L, then 5M,10g(<p) =e(Ly(p))=0.If we write p =), oM @ s,
then SM,log(go) = I log(S0) + 51 and it follows that 9y 10¢(e(¢)) = dps,10¢(50) = —s1. Thus, we need to
show that e(djog(¢)) = —s1, or equivalently that e(djog(w!*!)) = —1 when k = 1 and 0 otherwise. We have

p—1
Liog(t(@)) = Liog(—L(w)w) = —Liog (Z(P)flk)(p)’q‘_lw[k]w)

k=0
p—1 p—1
=—> k+ DL P Liog@* == "+ D(P)P (P L)
k=0 k=0

Since eo T = e, we obtain for k =1

e(Oog(w)) = (e 0 7)(Liog(T(®))) = —1.
The case k = 0 is clear, and for k > 1 it follows from the fact that 9y, is a log-derivation. O

Definition 8.7. A Vjo,-module M on § is said to have topologically nilpotent monodromy if 9i,¢ when p

is odd, and 8120g — dlog When p = 2, is topologically nilpotent modulo (p),.

Lemma 8.8. A log-connection on a finite free S-module M extends to a log-hyperstratification if and only
if M has topologically nilpotent monodronty.

Proof. This is similar to the proof of Lemma 6.17 and we only do the case p odd. If ¢ =}, oM@ sy €
Liog (M), then

M2

Ly(@) =) (o™ @ dy1og(st) + L) N @ 5t)

bl
Il
=)

M

(@™ @ dur 10 (s1) + (1 + (P )0 @ s) mod g —¢

~
Il
S

M

™ ® (u10g(58) + k() sk + 5k41) mod g —¢.

~
Il
S

Therefore, modulo g — ¢,

Lu(@) =0 <= VYk=0, 1= —m,10g +k(P);)(s)

n—1
= Vn>0,s,=(-1" H (aM,log +k(19);~)(s0)
k=0
= Vn>0,5= Y (=D s ) ((P)p)" ™ 01105 (50)-
k=1
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The last equation is also equivalent to

O 10g(50) = (1" Y S(n, k)((p)p)" *sx mod g —¢.
k=1

Since we assumed that p is odd, we have v, ((p’);) > 0. Since s, — 0, we see that, if Ly (¢) = 0, then
It 10g($0) = 0 mod g — ¢.

Conversely, when M has topologically nilpotent monodromy it follows from Nakayama lemma that the
map (43) is surjective. Another application of Nakayama lemma (see the end of the proof of Lemma 6.17)
will then show that the map is indeed bijective. Being horizontal, it is an isomorphism. U

Remarks 8.9. 1. Proposition 8.4 provides another equivalent condition for a log-connection on a finite
free S-module M to extend to a log-hyperstratification:

Vses, limv" [ dog —k)(s) = 0. (44)
k=0

2. The condition in (44) is exactly the same as the one in Definition 1.15.2 of [GMW22] with a = ( p)g.
This follows from the identities

Vu(s) = v_lalog(s) ®dlog(g —¢) and v= (p)/g mod g —¢.

Examples. 1. We can consider the free S-module F;, on one generator s such that dio¢ (s) = nvs for some
n € Z. Then, we have

(k) ny g
o) =k} )vFs
and therefore

0(s) = Xn:k!(,]:)vks Ro* =5 (1+vw)".
k=0

Of course, F,, >~ (p)ZS.

2. We can also consider the K -vector space G, on one generator s such that djog(s) = n( p)’gs with n € Z.
We have G, = F, = F,/Foy1 = (p)2S/(p)pt!S.
3. The Breuil-Kisin prism corresponds (see Proposition 8.12 below) to the free S-module S{1} on one

generator eg with
(P)g

q log(q)
Actually, using the coming development, one can deduce from Proposition 5.19 that

dog((q —1es) = (g—Des.

(P)g — k—1 k=1 —k [k])
I —1 k—1)! —1Deg.
log(q) /;_1( ) (k=DN(p)g g 0" )(g—Des

4. In fact, as was already expected by Scholze in [Sch17, Example 6.3], there exists an isomorphism

log(q)
qg—1

0((q—1es) = (1 +

S{1} >~ (p)yS, es<
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of Vjpg-modules on S.

Proposition 8.10. There exists a natural isomorphism S/(c?) ~ S{w) .

Proof. It follows from Proposition 1.15 that the equality S{(w) = S(w) of Proposition 1.11 extends to the
completions and provides a map S{w) — S{w) . Thanks to derived Nakayama lemma and Proposition 1.13,
this is an isomorphism. U

We recall now that BIR is the sheaf on the prismatic site  given by
Bl (B, J) = B[1/p],

where completion is meant with respect to J. A B;;R-VCCtOI‘ bundle will be called a de Rham prismatic
crystal.
We write R := W[ g —1] as usual and shall also consider R := R/(p)g =WI[¢]=Ok.

Lemma 8.11. We have
Bix(R, (P)g) =S and BR(R() .(p))=Sw).
Proof. One easily checks that
Bix(R. (p)g) = R[1/p] =1limK[q1/(p)"*' = Kllg —¢] =S

and, thanks to Proposition 8.10,

— e~

B (R(@) . (p)g) = R(@) [1/p]=5(@) = S(w). 0

Analogous results also hold for higher powers of (R, (p),) in the prismatic site (R).
We recover the left vertical equivalence of [GMW?22, Theorem 5.1] in our situation (see also the last
statement — Corollary 7.17 — of [BS22]):

Proposition 8.12. There exists an equivalence between the category of de Rham prismatic crystals E on
Ok and the category of finite free Viog-modules M on S with topologically nilpotent monodromy.

Proof. Using Lemma 8.8, this formally follows from Corollary 7.2 and Lemma 8.11. U

Remark 8.13. As a consequence, we also obtain
H(Ok , E) >~ Hom(Bj,, E) ~ Homy (S, M) ~ Hg ,, (M)

and
H'(Ok . E) ~Ext(By. E) ~ Exty (S, M) ~ Hyg 10, (M)

because the category of vector bundles (resp. of finite free modules) is stable under extensions.

There also exists a theory of absolute calculus on S := K[[¢ — ¢] (similar to the one developed on
R := W[g —1] in the present paper) and we have:
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Proposition 8.14. There exists an equivalence between the category of de Rham prismatic crystals E on
Ok and the category of finite free V. -modules M on S with topologically nilpotent monodromy and we
have

RI'(Ok , E) ~RIgr, (M).

Proof. This is shown as in Theorem 7.12 with the same strategy. For example, the analog to Lemma 6.17
is proved as follows. Using Nakayama’s lemma, we can work on K. Then the connection is topologically
nilpotent and so there exists a stable lattice. The -connection is weakly nilpotent on this lattice and we
can use Nakayama again to work now over k so that the same arguments as in Lemma 6.17 apply. O

Given a de Rham prismatic crystal £ on Ok, there exists both a -connection and a log-connection
on M. This is an ultrametric confluence phenomenon:

Corollary 8.15. The category of -hyperstratified modules on S is isomorphic to the category of log-
hyperstratified modules.

Proof. This follows from Proposition 8.10. U
There exists explicit formulas to go back and forth:

Proposition 8.16. Let E be a de Rham prismatic crystal on Og and M the corresponding S-module.
Then for all s € M, we have

o0

k! o
g (5) = D sy (n. k) (g =1)"q" 9" s)
n=k (n)ql’!
and
Y -~ o' K n—kqn)
8< (S):Z . Sqﬁ(l’l,k)(q_l)n— qn_ alog(S),
n=k

where syp(n, k) (resp. Sqr(n, k)) denotes the q”-Stirling number of the first (resp. second) kind.

—

Proof. Since S{w) = S{w), we can write

(o] o0
o)=Y oo™ =3 8l @wl.
k=0 k=0

Moreover, we know from Proposition 1.11 that

n

k!
{n} 2 : n—k n—k [k]
w = Sqr I’l,k q—l q w
k=1 ( )‘Ip! ‘]’( )( )

and

n
k)gr!
o =3 O s -1
k=1 ’

Our formulas are then obtained by duality. O
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9. Hodge-Tate prismatic crystals

When (p), = 0, one may also rely on usual powers instead of twisted powers. We will indicate how our
former strategy can be applied to recover already known descriptions from [GMW23] and [AHB22].
In particular, Propositions 9.5 and 9.6 below correspond respectively (in our situation) to one of the
equivalences in Theorem 4.2 (see also Theorem 2.5 in [AHB22]) and to Theorem 4.5 in [GMW23]. Once
more, our approach provides, as a bonus, explicit formulas for the equivalence (Proposition 9.8) between
twisted and “classical” operators

We let k be a perfect field of positive characteristic p and denote by W its ring of Witt vectors. We
set R := W[ g—1] and we write M = M /(p)yM for the reduction modulo (p), of an R-module M.
In particular, R = W[¢], where ¢ denotes a primitive p-th root of unity and we shall denote by K its
fraction field so that O = R.

As already mentioned in Remark 3.3.2, there exists a theory of log-calculus on R with respect to the
divisor of (p), and we will systematically use g as a coordinate and (p), as a generator for the divisor.
This is completely similar to the situation in Section 8 and we will use the same notation. When we
reduce modulo the divisor, the log-theory becomes a monodromy theory. More precisely, a monodromy
operator on an Og-module M is simply an Og-linear map

Vu M —- M ®(91< §R,10g-
This is equivalent to giving an Og-linear map N : M — M via

Vu(s) = N(s) ®dq/(p)g

and we may call N the Sen operator associated to Vj, (adopting in this context the terminology of [AHB22,
beginning of Section 1.1]). Of course, if M is a Vjo,-module on R, then M inherits a monodromy operator,
or equivalently a Sen operator N := 5M’log. If we call reduced an R-module M such that (p), M =0, then
the subcategory of reduced R-modules is equivalent to the category of Ok -modules and a log-connection
on M corresponds to a monodromy operator. It follows that a Sen operator on an Og-module M is
also equivalent to a D jog-module structure, a log-stratification or a log-Taylor structure. However, the
situation simplifies a lot here because the reduced log-Taylor map 0 : Og — Ok (w) /"t is identical
to the canonical map ¢. In particular, a differential operator of order at most n between two reduced
R-modules is the same thing as an Ok -linear map

Ok (w) /0" ®p, M — M/,

where we use the canonical structure everywhere. Also, a log-stratification (resp. a log-Taylor structure)
on a reduced R-module M is the same thing as a compatible family of Og-linear isomorphisms (resp.
maps)

£n : Ok (@) /0" @0y M = M ®0, Ok (0)/"* (resp. 6, : M — M ®0, Ok (@)/"*")
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satisfying the usual cocycle conditions. We use again the canonical structure everywhere.
In order to compose explicitly log-differential operators on Og-modules, we shall remark that comulti-
plication satisfies

A@=18v+w®l+(p)w®w mod (p),. (45)

Proposition 9.1. In Dg jog, we have

n

By = H(alog—k(p)>—Zs(n,k)((p)g>"*ka{;g mod (p)g,

k=1

VneN,

where s(n, k) denotes the Stirling number of the first kind.

Proof. This is proved similarly to Proposition 8.4. By definition, we have, modulo (p), and for all k € N,
(alog°81°g>(w[k]) = alog ((1d ® Do) (A(!)))

=5 ((Id ® dhog) <l+,z—k(1 +(p)w) o ® w[j]))

510g((1+(p) w)wl* 1)
Do (@1 4 k() 0% ().

We easily deduce that

5 = 303 (Ghog —n(p)y)  mod (p),g

and get the first congruence by induction. The second congruence follows from the definition of Stirling
numbers. U

Remarks 9.2. 1. We will also have

one =Y S, H((P),)" a5 mod (p)g
k=1

using this time Stirling numbers of the second kind.

2. Another computation shows that composition satisfies

Vi, jeN, B, 00, = Zk'( (1) @kl ™ mod ().

3. If an Og-module M is endowed with a Sen operator N, then we have

m n—1

VmeN,VseM, Ou(s)=> []N—k(p)))(s) @
n=0 k=0

4. We recover in our situation the formal group of [BL22b, Proposition 9.5] and [AHB22, Proposition
2.3]. Indeed, one immediately verifies that the formal groupoid G := Spf(R{w) ) introduced at the
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beginning of Section 5 reduces modulo (p), to a usual formal group,

G = Spf(Ok ().

When p is odd, G is isomorphic to the divided power additive group Fg := Spf(Ok (X)) (with A(X) =
1® X + X ® 1), while, when p =2, G is exactly the divided power multiplicative group r}il. For p =2
this is immediately deduced from the comultiplication formula (45) by simply noting that (2)2 = 1. For
p odd, it follows from (45) that

log(1+ (p); A(@)) = 1 ® log(1 + (p);w) +log(1 + (p)pw) ® 1,

and therefore X — log(1 + ( p)ga)) defines an isomorphism i ~G.

There exists the notion of a log-differential operator
m}@O X M- M

on an Og-module M which is simply an Ok -linear map. They may be composed in the usual way using
A (and finite order is preserved). A log-hyperstratification (resp. a log-Taylor map) on an Og-module M
is an Ok-linear isomorphism (resp. map)

o —

e m)®oKM ~ M@oKm) (resp. 0 : M — M@oKOK(a)))

satisfying the usual cocycle conditions. It then follows from Proposition 9.1 that if M is a finite free
Ok-module, then a log-Taylor map reads

oo n—1

o)=Y [N =k @ (46)

n=0 k=0

We recover in our setting the condition in Definition 4.1 in [GMW23]:

Lemma 9.3. If p is odd, then a Sen operator N on an Og-module M is weakly quasinilpotent if and
only if
(o.¢]
Vs e M, H(N —k(p)})(s) =0.
k=0

When p = 2 this last condition is equivalent to N> — N being weakly quasinilpotent.

Proof. Assume first that p is odd. It then follows from Proposition 9.1 that

n

n—1
8 (s) = [TV = k(ps) = Y st ) ((p)p)" N (s)
k=0

k=1
and

N"(s) =) S, k) (p)p)" ™ disa (s).

k=1
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Moreover, (p)’g_ € (p, £ —1) because (p); = %p(p—l) mod g —1 and we assumed p odd. It follows that

N'(s) > 0 & " (s)—)O

log

The condition is thus equivalent to N being topologically quasinilpotent. Since N is Og-linear, this is
also equivalent to being weakly quasinilpotent.
In the case p =2, we will show by induction on k € N that

k—1
B! = (BN + Y 25 (aridhog + bii) (3jo0)”  mod (p)yg., (47)
i=0

with ay;, by; € Ok, and then one can proceed exactly as before using (N?2=N)(s) = 52 (s) fors e M.

log
In order to prove equivalence (47), let us first notice that if n € N, then

n
e = @og —n—1) (Bhog — iy mod (p)g = (820 —2(néhog — (5 ) ) ) mod (p),.

In particular, we can write 9, 2k+2) = (Blog +2(ak810g +bk))8 ! with ay, by € Ok. Since 8 = Olog + 5
it will follow that

log °

k—1
Doy 2 = (B0 + 2(akdrog + b)) ((alogﬂ‘ + 325 (@pidhog + bii) (B’ )

i=0
k—1
= (O + 2@ dhog + D) B  + Y 287 (ki dhog + i) (Do)
k-1 i=0
+ 3 2 (acbii + biak)diog + bibii + arar) D) + 247 Qagar) 3y . O
i=0

Proposition 9.4. If p is odd, then it is equivalent to give a log-hyperstratification on an Og-module M
or a weakly quasinilpotent Sen operator. When p = 2, a log-hyperstratification is equivalent to a Sen
operator N such that N> — N is weakly quasinilpotent.

Proof. We know that a Sen operator is equivalent to a log-Taylor structure and we may then consider the
map

o
lim6, : M — M ®o, lim Ok () /™", s> > 33)(s) @ "]
k=0

We have to show that it takes values inside M ®¢, m). It simply means that

VseM, B (s)—>0

and this is equivalent to our nilpotence condition thanks to equality (46) and Lemma 9.3. O

We now consider the sheaf of rings O (o) on the prismatic site of Ok that sends a prism (B, J) to
B:=B/J. An O (ox)-vector bundle is also called a Hodge—Tate crystal on Ok.
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We recover the first equivalence in Theorem 4.2 of [GMW23] (see also Theorem 2.5 in [AHB22]) in
our setting:

Proposition 9.5. If p is odd, then there exists an equivalence between the category of Hodge—Tate crystals
on Ok and the category of finite free Ok -modules endowed with a weakly nilpotent Sen operator. When
p =2, Hodge—Tate crystals are equivalent to finite free O -modules endowed with a Sen operator N such
that N* — N is weakly nilpotent.

With some extra work, one can show that this is compatible with cohomology (see Proposition 2.7 in
[AHB22], Theorem 4.5 of [GMW23] or Example 9.6 in [BL22b]).

Proof. 1t follows from Proposition 1.13 that m) = /K(\w). Using Proposition 9.4, our assertion is
then a formal consequence of Corollary 7.2 (and Corollary 7.3). O

We shall now describe the relationship with absolute calculus. A -monodromy operator on an
Ok-module M is an Ok-linear map

Vi :M— MQp, Q. .

This is the same thing as a -connection on M. This is equivalent to giving an Og-linear map dy,
M — M via

Vu(s) =0y (s)®d q.

Cohomology is defined as
RT (M) = [M 25 M.

Proposition 9.6. If p is odd, then there exists an equivalence between the category of Hodge—Tate crystals
E on Ok and the category of finite free Og-modules M endowed with a weakly nilpotent -monodromy
operator. Moreover,

RI'(Ok , E) ~RI'(M).

Proof. This is shown exactly as Theorem 7.12 (following the same process). g

Remarks 9.7. 1. Example 3 after Proposition 9.8 shows why we require here that p be odd.

2. As a consequence of the proposition, if E is a Hodge—Tate crystal on Ok, then
>oRI'(Ok , E)=0.

3. Starting from a Hodge—Tate crystal E on Ok, we obtain both a Sen operator and a -monodromy
operator. They provide two Og-linear maps N, 0 : M — M. Be careful that N £ 0 in general because
o =0 + gw. Again, this is a confluence phenomenon.

4. It should be noticed however that N and 0 do agree modulo ¢ —1.

5. Proposition 1.13 implies that the categories of reduced log-hyperstratified modules and reduced
-hyperstratified modules are isomorphic.
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Proposition 9.8. If M is the Og-module associated to a Hodge-Tate crystal E on Ok, then forall s € M,

we have
Boa ()= Z<—S<n k) —1"" ’“) k" (s)y and 8% (s)= Z( S(n, k) (c—1)"" ") kg (s).

Proof. Using Proposition 1.13, this is shown exactly as Proposition 8.16. U

In particular, we can write

S _1yn—1 o _ +2\yn—1
N(s) = Z %s(n, D" 9™ (s) = Z %8@)@).

Examples. 1. We consider a free Og-module G of rank one and denote the basis by s. A Sen operator on
G is then uniquely determined by N (s) = cs for some ¢ € Ok. Then, we have for all k e N, N k(s)=cks
and we see that N is weakly nilpotent if and only if v, (c) > 0.

2. We now specialize to the case ¢ = ¢, := n( p)é for some n € N. It then follows from Proposition 9.1
that

k .
3o = [a PPk k=,

otherwise,

or equivalently,

0(s)=s ®Z k),«p);)" W =s® 1+ (p)w)".

Of course, this is G,, >~ (p)”R/(p)"+1 R and it corresponds to the Hodge—Tate crystal I”/I"+1.

3. On G, wehave N(s)=c,s with ¢, —n(p)/ and 0 (s)=a,s witha, =) ,11 (p); In the case p is odd,
the lifting-the-exponent lemma'> implies vp((n)p+1) = v, (n), so that H' (G, N G W)~ HY(G, KN Gpn)

as expected. However, when p = 2, then H' (G, N G,) ~ 7/27 but H' (G, LN Gjp) >~ 7Z/47Z. This
shows that an extra ingredient (besides modifying the nilpotence condition) is necessary in order to extend
Proposition 9.6 to the case p = 2.

We end this section with a brief presentation of the mixed de Rham and Hodge—Tate theory. A
monodromy operator on a K -vector space M is a K-linear map

Vu:M— M®OK QS,loga
or, equivalently, a K-linear map N : M — M, which is again called a Sen operator, via

Vu(s) = N(s) @dlog(q — ¢).

SIf a = b mod p odd but p fa, b, then v, (a™ — b") = vj(a —b) +vp(n).
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Then, all the results from this section and the previous one have an analog in this situation. In particular,
the category of vector bundles on O [1/p] = @:R is equivalent to the category of finite dimensional
K -vector spaces endowed with a weakly nilpotent Sen operator (and there exists a -analog).

We can put all our equivalences together in the following diagram, in which double arrows represent
equivalences, Vect stands for “prismatic vector bundles”, Vi, (resp. V ) stands for “finite free modules
endowed with log- (resp. -) connection”, and wn (resp. tn, resp. tnm) is short for “weakly nilpotent”
(resp. “topologically nilpotent”, resp. “with topologically nilpotent monodromy”):

Viee (Ok)
Vect(Og, O ) Vect(Ok, O )
Vin(S) — Viog (K)
/ (48)
VY (R) l / VY(Ok)
Vect(Ok, Bl) ———|—— Vect(Ok, O [1/p])
thm (S) th (K)

It is important to remark that usual logarithmic theory on R itself does not capture the prismatic essence
and it is therefore necessary to rely on our twisted approach in this case.

10. Prismatic F-crystals

We shall now investigate how frobenius interacts with our theory.

For the moment, we only need to assume that W is a complete §-ring but in the end, when we consider
the prismatic site, we shall focus on the case where W = W (k) is the ring of Witt vectors of a perfect
field k as in Section 7. We endow R := W|[g —1] with the unique é-structure such that g has rank one
(meaning 8(g) = 0 or equivalently ¢ (q) = ¢?).

As a consequence of Proposition 2.26, if M isa V -module and ¢* denotes the pullback along frobenius,
then ¢* M inherits a -connection given by

VseM, Bpm, (1®5)=(plgq” ™' ®u, (). (49)
On the other hand, if M is a V -module, then

(p)y"M = (p),” R®r M ~Homg((p), R, M)
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and
M[1/(p)ql =lim (p),"M

inherita -connection. Recall also that there exists the general notion of an isogeny and that a (p),-isogeny
between two finite projective R-modules M’ and M is simply an R[1/(p),]-linear isomorphism

M'[1/(p)g] = M[1/(p)q].

Definition 10.1. Let M be a finite projective V -module on R. Then, a relative frobenius on M is a
horizontal (p),-isogeny
Fy o (@ M)[1/(p)g] = M[1/(p)ql. (50)

We shall then call M an F-V -module on R.

Remarks 10.2. 1. Itis equivalent to give a (p),-isogeny Fy between ¢* M and M or an injective ¢-linear
map
Sy M — (p); "M

for some r € N such that, for some k € N, ( p)’;M is contained in the R-submodule generated by the
image of ¢;. We then have the commutative diagram

¢ -
M—— ()M

(" M1/ (P)g] —— MI1/(p)g]
2. The (p)q-isogeny is horizontal (and defines therefore a relative frobenius) if and only if

Opyorm, 0D =(P)gq”” ' Py o du, - (51)
We shall then call ¢y the absolute frobenius on M.

3. The absolute frobenius ¢ of R can be extended to a ¢-linear map on 2, as follows:
¢ Qp — Qpr,  dgrg > dgr(q?) = (p)gq” ' dyrg.
Then, condition (51) may be expressed as a commutative diagram

M il (p);"M

lVM J/v(p)q "M

dM®P
M Qg qu M—> (p);rM XRr qu

4. If M; and M, are two F-V -modules on R, then both M| ® M, and Homg(M;, M>) inherit a
frobenius structure. As a consequence, if M is a F-V -module, then, for all n € Z, M®" also has a
frobenius structure.
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We may remove the subscripts and simply write F and ¢ when the module M is clear from the context.
In order to give some examples, we start with the following one:

Lemma 10.3. The map
driy(er) = (p), 'er
defines a frobenius structure on R{1}.

Proof. We drop the subscript R{1} and simply write ¢ in this proof. Let us first notice that (with this
definition), we shall have ¢ ((g —1)er) = (¢ —1)er. Then, on the one hand, we have

@ od)((g—1)er) =2 ((q—l)eR)zgeR,

and, on the other hand,

P eéR = EeR
(p)qq? q

(P)ga" @00 (g =Dew) = (P)ga” 6 Len) = ()ga”™!

Since (yop)(g—1) = q”2+p — lisregular in R, a similar result holds with eg in the place of (g —1)eg. U

Examples. 1. We may consider the trivial -connection on R with the identity as relative frobenius. We
have

) op=(p)gq” 'pod . (52)

This particular formula looks more familiar if we use go instead of 9 (but see Remark 2.6.1):

qd o¢p=(p)gpoqd .
2. More generally, (p)y R is canonically endowed with a frobenius structure for all n € Z.

3. It follows from Lemma 10.3 that the Breuil-Kisin -connection has a frobenius structure given by
¢:R{1}— (p);'R{1}, err> (), ex.
The relative frobenius actually comes from an isomorphism of V -modules ¢*R{1} =~ ( p)(;l R{1}.

4. This extends to all R{n} for n € Z and the absolute frobenius of R{n} is given by qb(e%”) =( p);"e%n.
5. If M is a F-V -module on R, then both the (p)4-adic twist (p); M and the Breuil-Kisin twist M{n}
also have a frobenius structure for all n € Z.

Lemma 10.4. A F-V -module on R is automatically weakly nilpotent.

Proof. There exists r € N, such that M C (p),"¢*M. Formula (49) implies that ¢*M is weakly nilpotent.
We also know that (p), R is weakly nilpotent. Since the property is stable under tensor product and
internal Hom, it follows that (p),"¢*M is weakly nilpotent and so is M. g

Up to the end of this section, we place ourselves in the situation of Section 7: we assume that W = W (k)
is the ring of Witt vectors of a perfect field k of characteristic p > 0.
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Recall from [BS22, Definition 3.2] that a prismatic F-crystal is a prismatic vector bundle E endowed
with an isomorphism
Fg:(@"E)1/I 1~ E[1/I ].
Then, we have the following corollary of Theorem 7.12:

Corollary 10.5. Assume W is the Witt vector ring of a perfect field k of characteristic p > 0and ¢ is a
primitive p-th root of unity. Then, there exists an equivalence between the category of prismatic F-crystals
on W] and the category of F-V -modules on W[q—1]. (|

We shall now recall the following beautiful result of Bhatt and Scholze:

Theorem 10.6 Theorem 5.6[BS22]. If K is a complete discrete valuation field of mixed characteristic
with perfect residue field k, then there exists an equivalence between the category of prismatic F-crystals
on Ok and the category of lattices in crystalline representations of Gg.

Combining this with Corollary 10.5, we obtain:

Corollary 10.7. Let k be a perfect field of characteristic p > 0, W its ring of Witt vectors, ¢ a primitive
p-th root of unity and K the fraction field of W[¢]. Then, there exists an equivalence between the category
of F-V -modules on W q—11] and the category of lattices in crystalline representations of Gg. U

Usually, Wach modules are only defined in the unramified case but this can easily be extended to our
situation (recall that we write I' := Gal(K ./ K)):

Definition 10.8. A Wach module over W[¢] is a finite free R-module M endowed with a continuous
semilinear action of I' that becomes trivial modulo ¢ —1 and a (p),-isogeny

Fuy (9" M)[1/(p)g] = M[1/(p)ql,
which is compatible with the actions of I'.

Proposition 10.9. The category of Wach modules over W[{] is isomorphic to the category of F-V -
modules on W g —1].

Proof. Immediate consequence of Proposition 7.14. g
We recover the following analog over W[¢] of [BerO4, proposition I11.4.2] (see also [Col99]):

Corollary 10.10 (Berger). There exists an equivalence between the category of Wach modules over W[ ]
and the category of lattices in crystalline representations of Gg. Il
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1. Introduction

1.1. Background. Let p be a prime number, Q,, the field of p-adic numbers and F a finite extension
of Q, with ring of integers O and uniformiser 7r. Let Qr denote the Drinfeld upper half-plane: it is
arigid F-analytic space whose underlying set is the set of Gal(F / F)-orbits in PL(F)\P!(F). In [14],
Drinfeld defined a tower of G := GL;(F)-equivariant étale rigid F -analytic coverings of 2 := Qf Xg F,
where F is the completion of the maximal unramified extension of F.

We consider a slight modification of Drinfeld’s construction, due to Rapoport and Zink [31]. They
constructed a tower of coverings

"'_)Mrz_)Mn—lﬁ"‘_)MlﬁMO

of rigid F -analytic spaces. Their base space Mg can be viewed as the disjoint union of countably many
copies of €2, by [31, Theorem 3.72]: there is a noncanonical isomorphism M = 2 x Z. The tower comes
equipped with an action of G, so that the maps M,, — M,,_; are all G-equivariant. The G-action on the
base space is given by

g-(z,n)=(g -z, n+ vy (detg)).

Here the G-action on 2 is the usual one by Mobius transformations. Thus each copy of 2 is stabilised by
the subgroup G° of G consisting of matrices g in G such that v,, (det g) = 0.

Let D be the quaternion division algebra over F with valuation ring Op and let IT denote a generator of
the unique maximal ideal in Op. The maps M, — M, _; in the tower are all finite étale and Galois, with

Gal(M,,/Mo) Z 05 /(1 +T1"Op).

The actions of G and Gal(M,,/ M) on M, commute.

Scholze and Weinstein have proved in [35, Theorem 7.3.1] that if C denotes a complete and algebraically
closed extension of F and €2 is a finite étale G-equivariant cover of the base-change 2 x; C, then there
is an integer m > 0 such that M,, xz C — Q x; C factors through Q.

One way to better understand these finite étale equivariant covers is through the study of equivariant
vector bundles with flat connections on the base space: the two theories are essentially equivalent. Here
we briefly sketch how to obtain equivariant vector bundles with flat connection from the Drinfeld tower.
Suppose that p is a smooth geometrically irreducible representation of O whose character is defined over
some finite extension K of F. There is some m > 0 such that p factors through O}, /(1+I1"Op) and, for
all n > m, O, , has a p-isotypical component V¥ independent of the choice of n. Then the pushforward
of V* down to My k is a G-equivariant vector bundle over Mg g of rank (dim p)?, equipped with an
integrable connection.

In this paper we only consider the smooth K-linear representations of O of degree 1, that is, the torsion
characters 6 : O, — K*. Then the pushforward of V? is a G-equivariant line bundle on Mg x with an
integrable connection. For example, when dealing with the trivial representation, the corresponding line
bundle is just the structure sheaf O 4, with its natural G-action and natural integrable connection. The
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set Hom(O3, K *)ors Of torsion characters Og — K forms a group under pointwise multiplication of
characters; given a continuous action! of a topological group H on a smooth rigid K-analytic space X, we
denote by PicCon” (X) the group of isomorphism classes of H-equivariant line bundles with an integrable
connection on X, where the group structure comes from the tensor product of these line bundles. In this
way, the Drinfeld tower gives us a group homomorphism

Hom(O%, K *)ors — PicCon® (Mo x)ors- (1)

1.2. The main result. Let K be a complete valued field extension of F' and write Qg := QF X K
for the base-extension of Qf to K. In this paper we will consider the subgroup PicConGO(Q K )tors Of
PicCon®’ (Qx) consisting of the isomorphism classes of the G%-equivariant line bundles with integrable
connection on 2k that have finite order under ®. Whenever K contains F, this group is noncanonically
isomorphic to PicConG(MO, K )tors- Our main result is this:

Theorem A. Suppose that K contains the quadratic unramified extension L of F. Then there is an
isomorphism of abelian groups

PicCon®’ (2 )iors = Hom(O%, K )iors.

We note that Theorem A cannot be true without the condition that K contains L in the statement, because
the prime-to- p-torsion subgroup of PicConGO(Q x) is cyclic of order g> — 1 for any choice of field exten-
sion K, but K * contains no such subgroup unless K contains L and so Hom(O7,, K*) cannot either. We
also note in passing that in fact all line bundles on Qk are known to be trivial; see, e.g., [19, théoréme A].

Our isomorphism depends on a choice of a point z € Q¢ (L) and an F-algebra embedding ¢ : L — D.
However, there is a natural G-action on PicConGO(Q K )tors and a natural conjugation D*-action on
Hom(O3, K *)ors: the first action factors through G/G°F* and the second action factors through
D* /OSF*, both cyclic groups of order 2. The isomorphisms in Theorem A are compatible with respect
to these actions, provided we identify G/G°F* with D*/ OfF* in the only possible way. Quotienting
out by these actions on both sides, we obtain a bijection

PicCon® (R )iors/ G = Hom(O}, K *)iors/ D>

which no longer depends on any choices. We expect, but do not check in this paper, that when K = F,
the isomorphism in Theorem A is in fact inverse to (1) for some choice of identification of Mg with
Q x Z, depending on our other choices.

1.3. Motivation. We do not use the already cited Scholze—Weinstein result, or even the existence of
the Drinfeld tower, to prove Theorem A. Instead, we give an explicit construction of the elements
PicConGO(Q ©)tors as finite order G-equivariant line bundles with connection on Qx and prove directly
that there are no others. More precisely: in this paper we give an elementary construction® of finite order

I'See Section 3.2 for the precise definitions.
tis elementary in that it does not depend on the duality of Rapoport—Zink spaces or the theory of perfectoid spaces.
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GL,(OF)-equivariant line bundles with connection on the K-affinoid subdomain 2y of Qg that is the
inverse image of the vertex fixed by GL2(OF) in the Bruhat-Tits tree under the reduction map, and show
that each of these line bundles extends uniquely to a G°-equivariant line bundle with connection on all
of Q. We have provided full arguments for some results that already appear in the literature in order to
stress the elementary nature of our work.

In our companion work [3], we use this elementary construction to better understand the structure
of the global sections .27 (Q) of these equivariant line bundles as modules over the locally F-analytic
distribution algebra of G°. The results of this paper are used to show that if j : Qg — [FD}( denotes
the open inclusion, then j,.#? is a coadmissible G-equivariant D-module on [P’}( in the sense of [1].
We then use this to prove that for each 8 € Hom(O}, K *)ors, -Z°(Q) is irreducible as a coadmissible
D(G, K)-module when the underlying connection is nontrivial, and that it has length two otherwise.
The condition that the underlying connection is nontrivial can be shown to be equivalent to 8 not being
fixed by the D*-action on Hom(O7;, K *)ors discussed above.

1.4. An overview of some related works. Because of the central position of the theory of Drinfeld
coverings and Rapoport—Zink spaces in the local Langlands program [17], it is difficult to make a
comprehensive literature review. In his work [39], Teitelbaum found explicit local equations for the first
Drinfeld covering of Q: this yields explicit torsion line bundles with connection on €2,> together with a
(non-explicit) GL; (OF)-equivariant structure. However neither Teitelbaum, nor Lue Pan in his closely
related work [27], consider the flat connections on these line bundles, nor do they make an attempt to
classify the appropriate equivariant structures in an elementary manner.

We acknowledge our intellectual debt to the Introduction of [13], where Dospinescu and Le Bras explain
the importance of the equivariant vector bundles on €2 in the context of locally analytic representations of
GL,(F), and in particular in the p-adic local Langlands program. We mention here in passing that the
constructions in our paper enable us to define the first Drinfeld covering of €2 directly over F' rather than
over F without appealing to the theory of Weil descent. We also take the opportunity to mention here the
monumental works of Colmez, Dospinescu and Niziot [10; 11] that use Scholze’s pro-étale methods and
build upon [13] to show, amongst other things, that the p-adic étale cohomology of the Drinfeld tower
realises the p-adic local Langlands correspondence, at least in the case when F = Q,,.

Finally, we mention that Junger in his recent preprint [20] has classified equivariant line bundles on
Deligne’s formal model QofQ r. There are some formal similarities in our methods (for example his
Proposition 2.10 plays a similar role to our Proposition 3.2.14), however we cannot deduce his results
from ours, nor vice versa. We expect that our results here can be naturally extended to analogues of €2 in
higher dimensions.

1.5. Conventions and notation. F will denote a finite extension of Q,, with ring of integers OF, uni-
formiser r and residue field kr of order g. K will denote a field containing F that is complete with

3See Definition 4.2.12(b).
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respect to a nonarchimedean norm | - | such that |p| = 1/p. We will write
e K°:={a € K : |a| < 1} for the valuation ring of K,
e K°°:={a € K :|a| < 1} for the maximal ideal of K°,
e K for a fixed algebraic closure of K, and

e C for the completion of K.

Let X be arigid K-analytic variety. When Y is a subset of X, we will say that Y is an affinoid subdomain
of X to mean that Y is an admissible open subspace of X, itself isomorphic to an affinoid K-variety.
When X itself happens to be a K-affinoid variety, this agrees by [6, Corollary 8.2.1/4] with the standard
definition found at [6, Definition 7.2.2/2]. We will write

* |- |x to denote the (power-multiplicative) supremum seminorm on X,

s OX)°:={feO0X):|flx =1},

s OX)*?:={feO0X):|fIx <1},

o O(X)** ;=14 O(X)°°, the subgroup of small units in O(X)*, and

e OX)) :={14+f:|flx <r} <O(X)** for each real number r € (0, 1).

Pic(X) will denote the Picard group of X, consisting of the isomorphism classes of line bundles on X
with the group operation given by tensor product.

When K’ is a complete field extension of K, we will write X := X x g K’ for the base change of X
to K/, and

X(K')={¢:SpK — X : ¢ is a morphism of rigid K -analytic varieties}

will denote the set of K'-valued points of X.

Let A be an abelian group and let d be a nonzero integer. We will write

e Ald] ={a € A :da =0} to denote the d-torsion subgroup of A,

« A[p'l:'= 4 p)=1 Ald] to denote the prime-to-p torsion subgroup of A,

o A[p™]:=J,~, A[p"] to denote the p-power torsion subgroup of A.

o Awors = d>1 A[d] to denote the full torsion subgroup of A.

Let a group G act on a set X. We will write

e G, :={g € G : gx = x} for the stabiliser of a point x € X, and

e X% :={x € X:gx=x forall g € G} for the set of elements fixed by G.

When we discuss cochains, cocycles and coboundaries we will work with the continuous cochain
cohomology of Tate [38]. That is, if G is a topological group and A is a topological abelian group
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equipped with a continuous action of G, then

e C"(G,A):={f:G"— A: f is continuous} is the set of continuous A-valued n-cochains,
e Z"(G, A) is the set of continuous A-valued n-cocycles,

e B"(G, A) is the set of continuous A-valued n-coboundaries,

e H"(G, A) is the n-th continuous cohomology group Z"(G, A)/B"(G, A),

86 : CYG, A)=A — C(G, A) is the map given by 85 (a)(g) =g -a —a.

Note that whenever 6 : A — B is a G-equivariant map of topological abelian groups with continuous
G-action, we have §g0 = 6.

When G acts trivially on A, we will usually write Hom(G, A) instead of Z'(G, A) or H'(G, A) to
denote the group of continuous homomorphisms from G to A. For any continuous group homomorphism
¢ : G — H, we denote by

¢* : Hom(H, A) — Hom(G, A)

the map given by precomposition by ¢.

2. Background from algebra
2.1. Measures on profinite sets. We begin by adapting some definitions from [16, Definitions 2.7.10].
Definition 2.1.1. Let Z be a profinite set and let a be an abelian group.
(a) An a-valued measure on Z is a function v from the set of clopen (closed and open) subsets of Z to a,
satisfying v(U) = v(V) +v(U\V) whenever V C U are clopen subsets of Z.
(b) M(Z, a) denotes the abelian group of all a-valued measures on Z under pointwise operations.
() My(Z,a):={ve M(Z,a):v(Z) =0} is the subgroup of a-valued measures on Z with total value

zero.

Examples 2.1.2. (1) If Z is any profinite set and a is a unital ring then for each z € Z we can define a

measure &, by
1 ifzeU,
52(U ) = .
0 otherwise.

(2) If Z happens to be finite we can define a “counting measure” in M (Z, Z) via

S,(U)=|U| forall UcC Z.
Indeed, £z = ) §..

z€Z

Let C(Z, Z) be the set of continuous Z-valued functions on Z, where we give Z the discrete topology.
Of course every such function is locally constant.
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Proposition 2.1.3. Let Z be a profinite set and let a be an abelian group.
(a) There is a natural additive isomorphism M (Z, a) — Homz(C(Z, Z), a).

(b) Let (Z;)icr be a filtered inverse system of finite sets. Then every isomorphism Z =1im Z; of profinite
sets induces isomorphisms of abelian groups M(Z, a) = l(gn M(Z;, a) and My(Z, a) = l(gl My(Z;, a).

(¢) The functor a+— M(Z, a) is exact.

Proof. (a) Letv € M(Z,a) and let f : Z — Z be locally constant. Because Z is profinite and hence
compact, we can choose an open partition {Uj, ..., Uy} of Z such that f|y, is constant for each i. Choose
z; € U; foreachi =1, ..., m and define (v, f) := Z:":l f(zi)v(U;) € a. Then (v, f) does not depend
on the choice of open partition or the choice of the z;’s, and v — (f — (v, f)) defines an additive map
M(Z,a) - Homz(C(Z, Z), a).

Let 1y denote the characteristic function of the clopen subset U of Z. Given an additive map
g:C(Z,7) — a,setting v(U) := g(1y) € a for each clopen U defines an element v € M (Z, a) such
that (v, f) = g(f) for all f € C(Z, Z) because the characteristic functions 1y generate C(Z, Z) as an
abelian group. The function g +— v is then an inverse to M (Z, a) - Homz(C(Z, Z), ).

(b) The isomorphism Z = lim Z; induces an isomorphism of abelian groups C(Z, Z) = lim C(Z;, Z).
The functor Homz(—, a) converts colimits into limits; now apply part (a) to get M(Z, a) = lim M (Z;, a).
Since taking limits commutes with taking kernels the other part follows immediately.

(c) By a theorem of Nobeling—see [34, Theorem 5.4]—C(Z, Z) is a free abelian group. Hence
Homz(C(Z, 7Z), —) is exact; now apply part (a). O

Definition 2.1.4. For every abelian group a the map Z — M (Z, a) from profinite sets to abelian groups
extends to a functor from the category of profinite sets and continuous functions to the category of abelian
groups sending a continuous function f : Z; — Z; to the group homomorphism

fe i M(Zy,0) > M(Z2,0); fu)(U) =v(f~'(U)).
In particular an action of group G on a profinite set Z by homeomorphisms induces an action on
M (Z, a) by automorphisms of abelian groups via g - v = g, (v).

Remark 2.1.5. If v e My(Z;, a) in the setting of Definition 2.1.4 then f,(v) € My(Z3, a) since f,(v)(Z>)
=v(f"(Z) =v(Z)) =050 Z — My(Z, a) also defines a functor.

The following result will be useful later.
Lemma 2.1.6. Let Z be a profinite set and let d be a nonzero integer. Then the sequence 0 — My(Z, Z) 4
Mo(Z,7) - My(Z,7/d7) — O is exact.

Proof. Consider the multiplication-by-d map on the short exact sequence of abelian groups 0 —
My(Z,7) - M(Z,Z) — Z — 0. This gives a 3 x 3 diagram of abelian groups, whose rows are exact,
whose second column is exact by Proposition 2.1.3(c) and whose third column is exact for trivial reasons.
Hence the first column is also exact by the Nine lemma. O
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Recall our conventions concerning continuous group cohomology from Section 1.5.

Lemma 2.1.7. Let G be a profinite group with a continuous transitive action on a finite set X. Recall the
induced G-action on M (X, Z) from Definition 2.1.4 above.

(@) M(X,2)° =7 - x.
(b) My(X,Z)¢ =0.
(c) HY(G, M (X, 7)) =0.

Proof. (a) It is easy to compute that M (X, 7)° =7 - Xx where Xy is the counting measure from
Examples 2.1.2(2).

(b) Use Mo(X, 2)¢ =ker (M (X, 2)¢ — Z; v+ v(X)) and nZx(X) = n|X]|.

(c) Choose an arbitrary point x € X. Since X is finite, M (X, Z) is isomorphic to the (co)induced module
Indg” Z in the sense of [26, Chapter I, §6], where Z denotes the trivial G-module. Then by Shapiro’s
lemma [26, Proposition 1.6.4], we have

HY (G, M(X,Z)) = H (G,, Z).

Since the action of G, on Z is trivial, G, is profinite and Z is a discrete torsion-free group we deduce
that H'(G,, Z) = Hom(G,, Z) = 0. O

Proposition 2.1.8. Let G be a profinite group acting continuously and transitively on two nonempty finite
sets X, Y,and let w : X — Y be a G-equivariant function. Let d > 1 be an integer and let h := gcd(d, | X|).
Then:

(@) M(X,Z/dZ)C is cyclic of order d, generated by the image of .
(b) My(X,Z/dZ)° is cyclic of order h, generated by the image of (d/h)Zx.
(©) m (Xx) = (IX|/1Y]) Xy.
Proof. (a) The short exact sequence
0— MX,2) % M(X,7) - M(X,Z/dZ) — 0
induces a long exact sequence of cohomology
0— MX,2)° % M(X,7)° > M(X,Z/d7)°— H' (G, M(X, 7)),

whose final term is O by Lemma 2.1.7(c). Since M (X, 2)°=7-%x by Lemma 2.1.7(a) the result follows.

(b) Note that My(X, Z/dZ)G ={ve M(X, Z/dZ)G :v(X) =dZ}. By part (a), every such v is the image
of nXx for some n. But nXx(X) =n|X| so

Mo(X,7/d7)° = [nEx € M(X,Z/dZ) : d divides n|X|},

giving the result.
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(c) Whenever U C Y, we have 7. (Zx)(U) = Zx(x 1 (U)) = \n_l(U)|. Since G acts transitively on X
and Y, all the fibres have order | X|/|Y| and so

]
=) =g 0

as required. O

2.2. Some stabilisers in G° and their linear characters.

Notation 2.2.1. (a) G :=GLy(F) and G° := {g € G : v, (det g) =0}.
: (01

(b) We write w := <7TF O) eaG.

(c) We write A := GLy(Op) and B :="A = wAw ™.

(d) The Iwahori subgroup I is

I::{(a b)EAZCEOITlOdTL'FOF}.
cd

We recall from [37, §8I1.1.2-3] that if BT is the Bruhat-Tits tree associated with PGL,(F), then A, B
and I arise as stabilisers in GY under the natural G%-action on BT as follows: there is a vertex s of BT
such that (s ws) is an edge of BT, and

I1=G"

(s ws)*

A=G, B=G"

ws?
Hence I = AN B. The following classical result will be crucial to our arguments later on in Section 4.4.

Theorem 2.2.2 [37, Theorem I1.3]. G is the amalgamated product of its open subgroups A and B over

their intersection I :
G’ =AxB.
I

Recall that F* is the direct product of its subgroups p,(F), O3 and (7p):
F* Z pp(F) x OF x (7F).

We write a > a to denote the homomorphism that is the projection F* — u,y (F) with kernel O x (7F).
We will use the same ~ notation for the analogous projection L — .,y (L) for other finite extensions L/Q,,.

Lemma 2.2.3. (a) Hom(A, K*)[p'] = {&Etk ckeZ/(qg— I)Z}.
(b) Every element of Hom(I, K *)[p'] is of the form

a b any A
(Tl’FC d) —a''d
forsomeny,n, € Z/(q —1)Z.

(© (Hom(I, K*)[p'))"" = {det* -k € Z/(q — 1)Z}.
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Proof. (a) For any & € Hom(A, K *)[p'], every pro-p subgroup of A is contained in ker 6. Since SL,(OF)
is generated by its pro-p subgroups it follows that 6 factors through det : A — Op. Since O" is
also pro-p we see that any element of Hom(O5, K *)[p'] factors through = . It remains to observe that
Hom(u, (F), K*) consists of maps of the form a ak for some k € Z/(q — 1)Z, because mp (F) s
cyclic of order ¢ — 1.

(b) Once again, if @ e Hom(I, K *)[p’], any pro-p subgroup of I is contained in ker 6. The kernel of the map

a b A A
I — MP’(F) X I‘LP/(F)s (NFC d) = (Cl,C),

is pro-p. Now the result follows as in (a).

(c) By part (b), every x € Hom(/, K*)[p'] is of the form <ﬂac 2) > a"'d" for some ny,neZ/(g—1)~2.
F
Now
a b\\ __ d c\\ _ an i
(w.X)<<7TFC d)) 7 <(7TF’9 a)) =@
Thusifx:w-xthenn1=n2andx=&ét”1. U

Remark 2.2.4. It follows from the proof of Lemma 2.2.3 that any p’-quotient of A, B or I has exponent
dividing g — 1.

We will now recall the structure of the stabilisers in G of points in P! (L) for quadratic extensions L
of F, under the G-action by Mobius transformations.

Lemma 2.2.5. Suppose that F(z) is a quadratic extension of F. Let
N = NF(Z)/F:F(Z)—> F and tI‘ZItl‘F(Z)/F:F(Z)—> F
be the norm and trace maps respectively.

(a) The stabiliser G, of 7 in G is
_J{a —cN(2)
G. = {(c a— ctr(z))

. « a —cN(2) _
j. G, — F(2)7, (ca—ctr(z)>'_)a cz,

(a, c) € FA\{(0, 0)}}.

(b) The map

is an isomorphism of topological abelian groups such that N o j, = det.

(c) We have jZ(Gg) = (’);(Z) and j,(SLy(F),) =ker N < O;(Z).

Proof. (a) We can compute that (az + b)/(cz +d) = z if and only if cz>+ (d —a)z — b = 0. Moreover,
the minimal polynomial of z is > — tr(z)t + N (z). So (z Z) € G fixes z if and only if (d —a) = —c tr(2)
and b = —cN(z) as claimed.
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(b) Since

et (a —cN(z) ) —a® —actr(z) + AN() = N(a — c2),
c a—ctr(z)

we have N o j, = det. For any (a1, c1), (a2, ¢2) € F?\{(0, 0)}, we have
ap —c1N(2) ay —c2N(2) aay—ci1eaN(z) %
= e G,
c1 aj—cytr(z) ) \c2 ax—catr(z) clayt+ajc;—cieatr(z) *
and (a1—c12)(a2—c22) = (a1ax—(arca+cr1az) z+c1622%) = (a1ax—cicaN (2)) — (craz+ajca—ci ez tr(z))z

lies in F(z)*. This implies that j, is a group isomorphism.

(c) Since Gg = ker (vnF odet: G, — Z), part (b) implies that

jZ(GS) =ker (vg, oN : F(2)* — Z) = OF (-

Similarly, because SL,(F), = ker (det G, —> FX), using N o j, = det, we see that j,(SLy(F),) =ker N,
which is contained in O ). O
Corollary 2.2.6. Let L = F(z) be a quadratic unramified extension of F. Then

G?-SLy(F) = G°.

Proof. Let g € G¥ so that det(g) € OF. Since the residue field k is finite, the norm map N : k} — kj
on residue fields is surjective by [36, p.82, Remark(1)]. Since L/F is unramified, the norm map
N : Of — Oy, is surjective by [36, p. 82, Corollary], so we can find x € O} such that N (x) = det(g).
Using Lemma 2.2.5(c), we can choose h € Gg such that j,(h) = x. Then Lemma 2.2.5(b) implies that
det(h) = N(j.(h)) = N(x) =det(g),sog=h-h~'g e GS -SL,(F) as required. O

When F(z) a quadratic extension of F, we define a continuous homomorphism 7, : Gg — F(2)* by
setting

72(g):=J:(g) forall geG.
Lemma 2.2.7. Suppose that F(z) is a quadratic extension of F. Then
Hom(G?, K (2))[p'] = Hom(G?, y (F(2))) = (T.)
is a cyclic group. Its order is > — 1 if F(z)/ F is unramified, and q — 1 otherwise.

Proof. Since j; : G(Z) — (’);(Z) is an isomorphism of topological groups by Lemma 2.2.5(b,c), it suffices

X
F(z)’
X

the kernel of * : (’);(Z) — pp (F(2)) is pro-p, any 6 € Hom(Op), K (2))[p'] factors through *. Since

to show that every element of Hom(O K (z)*)[p] is of the form a a* for some k € Z. Since

wpy (F(2)) is cyclic of order g — 1 if F(z)/F is unramified and cyclic of order ¢ — 1 if F(z) is ramified
the result is now straightforward. O
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2.3. Quaternions. We use [29, §1.4] and [28] as basic references. By [28, Proposition 12.5b, Theorem
17.10] there is a central division algebra D over F of dimension 4 which is unique up to isomorphism.
The norm on F extends uniquely to a norm | - |p on the division algebra by [28, Proposition 17.6].

Notation 2.3.1. Let Op :={d € Op : |d|p < 1} be the maximal order in D, Pp :={d € Op : |d|p < 1}
its unique maximal ideal and let kp := Op/Pp. We will write wp : (’)g — klx) to denote the reduction
map modulo Pp on multiplicative groups. Let L denote the unramified quadratic field extension of F;
the reduction map wy, : O] — k; on multiplicative groups is defined similarly.

We recall the Noether—Skolem theorem.

Theorem 2.3.2 (Noether—Skolem; see, e.g., [28, Theorem 12.6]). Suppose that B is a central simple
algebra over F and that A is a simple subalgebra of B. If x : A — B is an algebra homomorphism then
there is b € B* such that x (x) = bxb™! forall x € A.

Corollary 2.3.3. D* acts transitively on the set of F-algebra homomorphisms 1 : L — D via conjugation:
d-)(x)=di(x)d™" foralldeD* xelL.
Recall the reduced norm map Nrd : D* — F* from [28, Chapter 16].
Proposition 2.3.4. The derived subgroup of O, is the intersection of
ker(Nrd |ox : Oy — Of) and  ker (wp: Op — kp).

Proof. Since Oy and k; are both abelian groups, the derived subgroup must be contained in the intersection
given in the statement. By a result of Riehm [32], the two subgroups are in fact equal — see the remark
following [29, Theorem 1.9]. O

Definition 2.3.5. Let PL1 denote the following subgroup of O;':
PL1 :=ker N /r N ker(wr : OF — k).
Lemma 2.3.6. PL1 is the Sylow pro-p subgroup of ker Ny /.

Proof. Since ker wy (and hence PLI) is pro-p, certainly PL1 is contained in the Sylow pro-p subgroup S of
ker Nz ,r. On the other hand, since ker Ny /r < OZ and since kLX has no elements of order p, w; must
kill S and hence S is contained in P}. O

Let 0 : OF, — (O})™ denote the canonical projection.

Proposition 2.3.7. The F-algebra homomorphism 1 : F — L induces an isomorphism of profinite abelian

groups

001:0f /P, = (O™,
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Proof. The projection o appears in the diagram

L 4

or Op

NL/FX(ULJ lNrd x/

OFrxk; ———— OF x kj,
FXKL T FXKp

(Og)ab

We have Nrd ot = Ny by [28, Proposition 16.2(b)]. The inclusion ¢ : L < D induces ring homomor-
phisms ¢ : Op < Op and t : kp — kp,* and we have wp ot = o w; . We can now see that the square on
the left is commutative. Since O x k}; is abelian, Nrd xwp factors through ¢, giving the diagonal arrow
g and making the entire diagram commutative.

Proposition 2.3.4 tells us that ker o = ker(Nrd xwp), so the map ¢ is injective. Since { is injective,
chasing the diagram shows that

ker(o ot) =ker(qg o g ot) =ker((Nrd xwp) ot) =ker(Np/p X wp) = PLl.

Hence pot: O — (OF)% descends to give an injective group homomorphism

001: 0P} = (O™,

Since both O} / PL1 and ((’)g)ab are abelian groups that are virtually pro-p, to show that g o is surjective,
it suffices to check this on the Sylow pro-p subgroups of both groups, and on the subgroups of elements
of order coprime to p.

The Sylow pro-p subgroup S of (OE)ab appears in the commutative triangle

oot

1+7r0p S

q
m l

(1+7rOFp) x 1

where the diagonal arrow is surjective by Proposition 3(a) of [36, Chapter V]. Since g is injective, we see
that pot: 1+ mwpOp — S is surjective as well.

Finally, kerwp = 1+ Pp is a pro-p subgroup of O}, so ¢ : OF —» (O})™ induces a surjective
homomorphism 5 — ((’)g)ab[p’]. Since i : k; — kp is an isomorphism, this implies that poi : O} [p'] —
((’)B)ab[p’] is surjective as well. O

Corollary 2.3.8. Lett: L < D be an F-algebra homomorphism.

(a) There is an isomorphism of abelian groups

gor* : Hom(O3, K*) = Hom(O}/ P}, K*).

“In fact, [ is an isomorphism.
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(b) This induces a bijection

goi* : Hom(OF, K*)/D* S Hom(O}/P}, K*)/ Gal(L/F).

(c) The bijection g ot* does not depend on the choice of t.

Proof. (a) This follows immediately from Proposition 2.3.7.

(b) Let Gal(L/ F) = (o); then, by [28, Theorem 17.10, Proposition 15.1a], we can find an element I1 € D
such that 12 = 7 and

M@ =i(o(a)) forall aelL.

Since O}, is normal in D*, there is a natural conjugation action of D* on ((’)IX))Blb

which evidently factors
through D*/F*Oj,, a group of order 2 generated by the image of IT. Then the above formula shows that
this action of D*/F* O} on ((’)g)ab corresponds under the isomorphism o o ¢ to the natural Gal(L/ F)-
action on O} / PLI. Hence, the isomorphism in part (a) is equivariant with respect to the D* / F*O};-action
on Hom(O73, K*) and the Gal(L/F)-action on Hom(OZ/Pl, K*), when we identify Gal(L/F) with
D*/F*Of viao > II.

(¢c) Let /' : L < D be another F-algebra homomorphism. Then by Corollary 2.3.3 we can find d € D*
such that //(x) =d 1(x)d~" forall x € L.

Let ¢y : OF — Op and ¢7 : (O5)* — (le))ab denote the conjugations by d, so that ' = ¢; ot and

J— — R — - % J—
cjoo=pocy. Thencjopot=pocsjor=pol,s0cj000t=pol. Hence pot =pot*ocy” and

we can now see that po/* =por*. 0

2.4. Equivariant sheaves and amalgamated products. We begin by recalling some material from
[1, §2.3]; note that the notion of G-equivariant sheaf found in this reference agrees with that found
in [15, IV.8.2], up to a sign. Let X be a set equipped with a Grothendieck topology in the sense of [6,
Definition 9.1.1/1]. Note that we do not assume at the outset that there is a final object in the category of
admissible open subsets of X, as X is not itself required to be admissible open in the G-topology.

Let Homeo(X) be the group of continuous bijections from X to itself. We say that a group G acts
on X if there is given a group homomorphism p : G — Homeo(X). If this action is understood, we
write gU to denote the image of an admissible open subset U of X under the action of g € G. For every
g € G, there is an auto-equivalence p(g), of the category of sheaves on X, with inverse p(g)* = (g7 .
To simplify the notation, we will simply denote these auto-equivalences by g, and g*, respectively. Thus

&FU)=F(g~'U) and (g*F)U)=F(gU)
for all admissible open subsets U of X and all g € G.

Definition 2.4.1. Let G act on X, and let F be a presheaf of R-modules on X, where R is a commutative
base ring.
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(a) An R-linear equivariant structure on F is a set {g” : g € G}, where
g F—>g*'F
is a morphism of presheaves of R-modules for each g € G, such that
17"=1r and  (gh)Y =h*(g")oh” forall g,heG. 2)

(b) An R-linear G-equivariant presheaf is a pair (F, {g”} ¢eG), Where F is a presheaf of R-modules
on X, and {g”} ¢eG 18 an R-linear equivariant structure on F.

(c) A morphism of R-linear G-equivariant presheaves
0 (FAg™) = (F (")
is a morphism of presheaves of R-modules ¢ : 7 — F’ such that
g5 (@)og” =g7 op forall g€G.

We will frequently use this abuse of notation, and simply write ¢(x) to mean ¢ (U)(x) if x is a section
of F over the admissible open subset U of X. Note that with this abuse of notation, the cocycle condition
(2) becomes simply

g7 (" (x))=(gh)"(x) forall x e F, g, heG. 3)

When the base ring R and the R-linear equivariant structure on a sheaf F of R-modules is understood,
we will simply say that F is a G-equivariant sheaf, and omit the equivariant structure from the notation.
Definition 2.4.2. Let F be a presheaf of R-modules on X.

(a) An automorphism of F over X is a pair («, ), where @ € Homeo(X) and 8 : F — «*F is an
R-linear isomorphism of presheaves on X.

(b) Define Aut(F/X) to be the set of all automorphisms of F over X.
(c) Given (a1, B1), (a2, B2) € Aut(F/X), define

(a1, B1) O (2, fo) == (@102, @5 (B1) 0 fa).
This is again an element of Aut(F/X).
Lemma 2.4.3. Let F be a presheaf of R-modules on X. Then the binary operation O turns Aut(F/ X)

into a group.

Proof. The identity elementis (1x, 1 7). Let («;, 8;),1 =1, 2, 3 be three elements of Aut(F/X). Checking
that the operation O is associative boils down to the formula

a3 (a3 (B1) 0 B2) o B3 = (a203)™(B1) 0 @3 (B2) 0 B3,
which is readily verified. The inverse of («, ) € Aut(F/X) is (a1, ay (ﬂ)_l). O
By Definition 2.4.2(c), the first projection map pr : Aut(F/X) — Homeo(X) is a group homomorphism.
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Definition 2.4.4. Let G be a group acting on X via p : G — Homeo(X), and let F be a presheaf of
R-modules on X. Form the fibre product

Au(F/X/G):=G x  Aut(F/X)
Homeo(X)

with respect to the group homomorphisms
p:G — Homeo(X) and pr;:Aut(F/X) — Homeo(X).

By definition, the elements of Aut(F/X/G) have the form (g, (p(g), 8)) for some g € G and some
R-linear isomorphism B : F = g*F; evidently, such an element is completely determined by the pair
(g, B). In order to simplify the notation, we will abuse notation and write

Aw(F/X/G)={(g.p) : g€ G, B: F = g*F R-linear},
where the product is given by the formula

(g1, B O (g2, B2) = (8182, &5 (B1) 0 B2). 4)

Definition 2.4.5. Let G be a group acting on X via p : G — Homeo(X), and let F be a presheaf of
R-modules on X. Define

S(G, F) := {o € Hom(G, Aut(F/X/G)) : prijoo = 15}
to be the set of sections of the first projection pr; : Aut(F/X/G) — G.

We make these definitions in order to formulate the next result:

Lemma 2.4.6. Let G be a group acting on X via p : G — Homeo(X), and let F be a presheaf of
R-modules on X. Then the rule

(8"}eec P> [8> (3.87) € Aut(F/X/G)]
defines a bijection between the set all R-linear G-equivariant structures on F and S(G, F).

Proof. Let {g”'} ¢eG be an R-linear G-equivariant structure on X. Define the map o : G — Aut(F/X/G)
by setting o (g) = (g, g7) for all g € G. Using the cocycle condition (2), we compute that for all g, 7 € G
we have

a(gh) = (gh,h*(g") oh”) = (¢.8") O (h,h7") =0 () Do ().

Since o (1) = (1, 17) = (1, 15), we see that o is a group homomorphism such that prioo = 1g, that is,
oSG, F).

Conversely, for each o € S(G, F), the set {pr,(0(g))}gec forms an R-linear G-equivariant structure
on F by reversing the above argument. 0

Next, we recall the following definitions from [1]:

Definition 2.4.7. Let G act on X, and let .4 be a sheaf of R-algebras on X.
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(a) We say that A is a G-equivariant sheaf of R-algebras if there is given an R-linear G-equivariant
structure {g” : g € G} such that each g** : A — g* A is a morphism of sheaves of R-algebras.

(b) Let A be a G-equivariant sheaf of R-algebras on X. A G-A-module is an R-linear G-equivariant
sheaf M on X, such that M is a sheaf of left .A-modules and g™ (a - m) = gA(a) - g™M(m) for all
geG,ac A, meM.

We want to study all possible G-.A-module structures on a given .4-module M.

Definition 2.4.8. Let G act on X, let A be a G-equivariant sheaf of R-algebras on X and let M be an
A-module. We define

Aut g (M/X/G) = {(g, B) e Aut(M/X/G) : Bla-m)=(g-a)-B(m) forallae A, m e ./\/l}
Lemma 2.4.9. With the hypotheses of Definition 2.4.8, Aut (M / X/ G) is a subgroup of Aut(M/X/G).
Proof. Tt is clear that (1, 1£) lies in Aut,(M/X/G). Let (g1, B1) and (g2, B2) be two elements of
Aut4(M/X/G), so that

Bila-m)=(g;-a)-Bi(m) forallae A,meM,i=1,2. ®))

Let (g3, B3) := (g1, B) T (g2, B2) so that g3 = g1g2 and B3 = g5(B1) o B2. On local sections, B3 is simply
the composition g1 B,. For any a € A and m € M, we use the fact that A is a G-equivariant sheaf together
with (5) to compute

Bz(a-m) = Bi(Ba2(a-m)) = 1((g2-a) - fo(m)) = (g1 - (g2~ a)) - B1(B2(m))
= ((g182) - @) - (B1B2(m)) = (g3 - a) - B3(m).
So, (g3, B3) € Aut4(M/X/G) and Aut4(M/X/G) is closed under composition.

To show that Aut 4 (M /X /G) is stable under inversion in Aut(M/X/G), let (g, B) € Aut4,(M/X/G).
Then forb:=g'-a e Aand w:= B~ (v) € M we have B(b-w) = (g-b)- B(w) =a-v. Applying B!
gives 7N a-v)=b-w=(g7"-a)- B (v),50 (g, B = (g7, g(B71)) € Auta(M/X/G). ]
Definition 2.4.10. With the hypotheses of Definition 2.4.8, define

SA(G, M) := {o € Hom(G, Aut4(M/X/G)) :prjooc = IG}
to be the set of sections of the first projection pr; : Aut4(M/X/G) — G.

We can now give the generalisation of Lemma 2.4.6 to the case of .A-modules: the proof is completely
straightforward and is therefore omitted.

Proposition 2.4.11. Assume the hypotheses of Definition 2.4.8. Then

1eMec = [ (g, 8™ € Auta(M/X/G)]

defines a bijection between the set all G-A-module structures on M extending the given A-module
structure on M, and S (G, M).
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Next, we briefly study the functorialities of Aut4(M/X/G) and S4(G, M).
Lemma 2.4.12. Assume the hypotheses of Definition 2.4.8, and let H be a subgroup of G.
(a) Auty(M/X/H) is a subgroup of Aut4(M/X/G).
(b) Restriction of functions induces a map Resg SA(G, M) — S4(H, M).
(c) For any subgroup J of H, we have Res(J; = Res? o Resg.
Proof. (a) An element of Aut4(M/X/H) is a pair (h, ) where h € H and 8 : M — h*M is an R-linear

isomorphism of sheaves such that §(a-m) = (h-a) - B(m) for all a € A and m € M. Evidently such a
pair is also an element of Aut (M /X/G).

(b) Given a group homomorphism o : G — Aut4(M/X/G) such that pryooc = 1g, the restriction
olg : H— Auty(M/X/G) takes values in Autq(M/X/H). It is still a group homomorphism, and
prioo|g=(prjoo)|g =(lg)y =1u. Hence o — o |y defines the required function Resg :SA(G, M) —
SA(H, M).

(c) This is clear from the definitions. Il

We now come to the application of the above formalism. Suppose that the group G is equal to an
amalgamated product
G=AxB
c

of its subgroups A and B, along their common subgroup C. Using Lemma 2.4.12, we see that sending
o € S4(G, M) to the pair (Resg (o), Resg (0)) defines a function

SAG, M) = SA(A, M)  x  Sa(B, M). (6)
Sa(C,M)

A (

Theorem 2.4.13. Let G be a group acting on X, let A be a G-equivariant sheaf of R-algebras on X and
let M be an A-module. Suppose further that G is equal to the amalgamated product G = A ? B of its

subgroups A and B along their common subgroup C. Then the map (6) is a bijection.

Proof. Using Lemma 2.4.12(a), we have the commutative diagram of groups and group homomorphisms
Auty(M/X/A)

T T

Auty(M/X/C) Auty(M/X/G).

T~

Auty(M/X/B)

Let 01, 03 € S4(G, M) be such that Resg (o1) = Resg (07) and Resg (01) = Resg(az). Using the above
diagram, we may regard o1 and o, having the same target Aut 4(M/X/G). Then (o1)|4 = (02)]|4 and
(01)|p = (02)|8. Since A and B generate G as a group, it follows that oy = o7.
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Suppose now that (t, ¥) is an element of the fibre product on the right hand side of (6). Thent: A —
Aut4(M/X/G) and ¢ : B— Aut4(M/X/G) have the same restriction to C. By the universal property of
amalgamated products —see [37, equation (), § 1.1]— 7 and ¥ extend to a unique group homomorphism
0:G— Auty(M/X/G) such thato |4 =t and o|g = . Then (prjoo)|s =pr;o(c|a) =prjot =14
and (pryoo0)|p = prjo(o|p) = pr;oy = 1p because 1 € S4(M/X/A) and ¢ € S4(M/X/B). Since
A and B generate G as a group, and the group homomorphism prjoo : G — G fixes both A and B
pointwise, we conclude that pryoo = 1. So, 0 € SA(M/X/G), Resf(a) =71 and Resg (o)=vy. O

To spell out the meaning of Theorem 2.4.13 together with Proposition 2.4.11: the data of a G- A-module
structure on M is equivalent to the data of an A-.A-module structure and a B-.A-module structures whose
restrictions to a C-A-module structure agree.

3. Topics in rigid analytic geometry

3.1. Line bundles with flat connection on smooth rigid spaces. Let X be a nonempty, smooth rigid
K-analytic space and let D denote the sheaf of finite order K-linear differential operators on X; see,
for example, [25, §4.3]. By a line bundle with flat connection we mean a D-module . on X which is
invertible as an O-module.

If ¢ and .# are two line bundles with flat connection on X, then so are .¥ ®¢ .# and .¥®~! =
Homo (£, O): the tangent sheaf Tx acts via the Leibniz rule on . ® .#, and on .#®~! via the rule

W-HW=v-f)— f(v-£) forall veTy, fe£® veZ.
Definition 3.1.1. (a) PicCon(X) denotes the abelian group of isomorphism classes of line bundles with
flat connection on X under the operation — @ — .

(b) Con(X) := ker(PicCon(X) — Pic(X)) denotes the group of isomorphism classes of line bundles
with flat connection on X that are trivial after forgetting the connection.

We now show that when X is connected, .£ is a simple Dx-module for any [.Z] € PicCon(X). We
start with the case where X is K-affinoid.

Lemma 3.1.2. Suppose that X is a connected K-affinoid variety such that Ty is a free Ox-module. Then
for every [.£] € Con(X), £ (X) is a simple D(X)-module.

Proof. Suppose that n = dim X. Following the formalism of [25, §1] we see that O(X) satisfies the
conditions found in §1.1.2 there. Let 91, ..., d, denote a free generating set for 7 (X) as a O(X)-module
so we may consider

D(X)=0X)[01, ..., 0]

as a filtered K-algebra with associated graded ring

with O(X) in degree 0 and T, ..., T, in degree 1 the principal symbols of 91, ..., ;.
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The filtration of . (X) whose 0-th filtered part is . (X) and whose —1-st filtered part is O is a good
filtration, so that
g Z(X)=0X)IT, ..., T,1/(T1,....T,).

Since X is also connected, O(X) is an integral domain by the proof of [2, Proposition 4.2]. Thus any
nonzero proper D(X)-module quotient of . (X) must have dimension < n. However, by [25, théoréme
1.1.4, corollaire 1.2.3], no such D(X)-module can exist and so Z(X) is a simple D(X)-module as
claimed. g

Proposition 3.1.3. Suppose X is connected and that [.£] € PicCon(X). Then £ is simple as a D-module.

Proof. Since .¢ is a line bundle, there is an admissible cover U/ of X consisting of K-affinoid subdomains
such that the line bundle .Z|y is trivial for all U € Y. By passing to a refinement, we may also assume
that for each U € U, U is connected and that 7|y is a free Oy-module.

Suppose that ./ is a subobject of . as a D-module and consider

Vi={Ueld: #U)=2U)} and WV, ={Uel: . #U)=0}.

Then U is the disjoint union of V| and V, by Lemma 3.1.2. Now if U e Vi and V € V, with U NV # &,
then
LUNV)Z0UNV)Qow) AU)=.4UNV)=0UNV)Qow) #(V)=0,

a contradiction. Since X is connected, it follows from the definition of connectedness of a rigid analytic
space5 found on [6, p.337] that i/ =V or Y =V,. Hence .# = ¥ or .# =0 as required. O

Whenever . is a D-module on X, we have at our disposal the K-vector space of global horizontal
sections
AMX)TO0 = tme #(X):9-m=0 forall deT(X)}.

Similarly, when x € X, we have the vector space of local horizontal sections

AT = et om =0 forall 9 €T

These vector spaces are related as follows.
Lemma 3.1.4. Let .# be a D-module on X.
(a) There is an injective K-linear map
Homp (O, #) — . (X)T =0
given by ¢ — @(X)(1). This map is functorial in 4 and commutes with restriction to admissible

open subspaces U of X.

(b) Suppose that T is generated as an O-module by its global sections. Then the map in part (a) is an

. . - -0 =0
isomorphism, and for every x € X, restriction sends .4 (X)” ®=0 into .4 ;X); .

3See also [5, p- 108] for a discussion of connectedness in rigid analytic geometry.



Equivariant line bundles with connection on the p-adic upper half-plane 1405

Proof. (a) Recall that for any O-module § on any ringed space (X, O), the rule ¢ — ¢(X)(1) gives
a functorial bijection Homp (O, §) = F(X), whose inverse sends the global section f € §(X) to the
O-linear map r¢ : O — § sending a € O(Y) to a - f|g. In our setting, this bijection sends the D-linear
homomorphisms to the global horizontal sections, because 1 € O(X) is killed by 7 (X). The first statement
follows, and the second is clear.

(b) Suppose that f € .#(X) is such that 7(X)- f =0. Then 7 (U) - f|y = 0 for all admissible open
U C X because 7T is generated by global sections. It follows that the map r¢(U) : O(U) — .#(U) is
D(U)-linear, and hence ry € Homp (O, .#).

The second statement holds because global horizontal sections of .# restrict to local horizontal sections
of .# whenever T is generated by global sections. g

Before we can proceed, we recall some well-known facts about the local structure of smooth rigid
spaces.

Lemma 3.1.5. Let K (x) := Oy ,/my . denote the residue field of x € X.

(a) Ox.x is a regular local ring.

(b) There exist local parametersty, ..., tq € Ox x and derivations vy, . . ., Vg € Tx x such that v;(t;) =9; ;
foralli,j=1,...,d.

(c) The my y-adic completion 6; x of Ox  is isomorphic to the formal power series ring K (x)[[t1, .. ., t4].
(d) The natural map (5; =0 K (x) is an isomorphism.

(e) The restriction map O(X) — 6; x s injective whenever X is connected.

Proof. (a) This follows from the smoothness of X.
(b) This follows from the proof of [18, Theorem A.5.1].

(c) Since K is a field of characteristic zero, the local ring Oy , is equi-characteristic. Hence it admits
a coefficient field by [24, Theorem 28.3]. The result now follows by using part (a) together with [4,
Theorem 11.22].

(d) This follows immediately from (b) and (c).

(e) Suppose that f € O(X) maps to zero in 6; x. Since Oy  is a regular local ring by (a), it embeds
into (5; x by [4, Corollary 10.19], and hence the germ f; € Ox . of f at x is zero. Hence there exists
an affinoid subdomain U of X containing x such that f|y = 0. Let Z = V(fOyx) denote the closed
K-analytic subspace of X cut out by f; then U C Z. Since X is smooth, it is normal in the sense of [12].
Since it is also connected, [12, Lemma 2.1.4] ensures that Z = X. Since X is reduced, we get f =0. [

Following [12, p. 508], we say that the rigid K-analytic space X is geometrically connected if X :=
X x g L is connected for all finite extensions L of K.
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Proposition 3.1.6. Suppose that X is geometrically connected and that T is generated as an O-module
by its global sections. Then
OX)THO=0 = k.

Proof. Pick a point x € X and consider the completion 6; x of the local ring Oy , at x. Since X is
connected, the restriction map O(X) — 6—; x 18 injective by Lemma 3.1.5(e). This restriction map sends
the K-subalgebra L := O(X yTXO=0 of O(X) into 5; o =0 by Lemma 3.1.4(b), which is isomorphic to
the residue field K (x) by Lemma 3.1.5(d). Since K (x) is finite dimensional over K, we see that L is a
finite field extension of K. If L was a proper field extension of K, then base changing X to L would
yield nontrivial idempotents in L ® L C O(X) ® L = O(X ) and show that X is not connected. Since X
was assumed to be geometrically connected, we conclude that L = O(X)7®¥)=0 is in fact equal to K. [J

As a consequence, we can characterise the trivial line bundle with trivial connection in terms of its
horizontal sections under certain assumptions on X.

Corollary 3.1.7. Suppose that X is geometrically connected and that T is generated as an O-module by
its global sections. Then for every [.£] € PicCon(X), the following are equivalent:

(1) & is the trivial line bundle with trivial flat connection,
(i) dimg 2(X)T&=0 =1,
(ii1) & has a nonzero global horizontal section.
Proof. (i) = (ii). This follows from Proposition 3.1.6.
(i1) = (iii). This is clear.

(iii) = (i). By Lemma 3.1.4(b), there is a nonzero D-linear map O — .£. Since X is connected and
since O and .Z are both simple D-modules by Proposition 3.1.3, this map must be an isomorphism. [J

Proposition 3.1.6 also implies that an isomorphism between two line bundles with flat connection is
unique up to scalars.

Corollary 3.1.8. Suppose that X is geometrically connected and that T is generated as an O-module
by its global sections. Let ¢y, @2 : L1 — £ be two isomorphisms between two line bundles with flat

connection on X. Then there is a scalar ). € K> such that ¢ = Agy.

Proof. By tensoring ¢; and ¢, by .,2”2®*1 we may assume that % = O. But then g0 (p;l :0—>0isa
D-linear isomorphism, so by Lemma 3.1.4(a) and Proposition 3.1.6, it is given by multiplication by a
nonzero scalar in K. 0

Proposition 3.1.9. Suppose that (X,,)n>0 is an increasing admissible covering of X by geometrically

connected affinoid subdomains.

(a) X is also geometrically connected.

(b) If T is generated as an O-module by its global sections, the restriction maps PicCon(X) — PicCon(X,,)
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induce a natural isomorphism
PicCon(X) = lim PicCon(X,,).

Proof. (a) By base-changing to C, it is enough to show that X is connected. If it isn’t, then we can
find two nonempty families of nonempty admissible open subsets I/ and V of X, such that ./ UV is an
admissible covering of X and

Uunv=we.
Ueld Vey

Since the admissible covering (X,,) was assumed to be increasing, we can findn >0, U ef and V € V
such that X, N U and X, NV are both nonempty. Butthen {UN X, : U eU}and {VN X, :V €V}
together form an admissible cover of X,, that disconnects it, giving the required contradiction.

(b) Suppose that [.Z’] € PicCon(X) is such that [.Z|x,] = 0 in PicCon(X,) for all n. Since 7T is generated
as an O-module by its global sections, .27 =" is a subsheaf of . with Z(X,)”=" = K for all n by
Proposition 3.1.6. It follows that all restriction maps Z(X,4+1)”7=" — 2(X,)7=" are isomorphisms.
Hence by the sheaf condition on .#7=0, 2 (X)7=" = K. Using part (a) together with Corollary 3.1.7,
we now see that [.Z] = 0 € PicCon(X).

To see that the homomorphism is also surjective we consider a family of line bundles with connection
[-Zn]n=0 € [ ], PicCon(X,) such that

[Znlx, ] =[Zn] in PicCon(X,,) whenever n > m.
Choose isomorphisms of D-modules ¢, : Z,+1x,, =N %, for all m > 0. Then whenever n > m we can
define an isomorphism of sheaves ¢, ,, : %, |x,, = -Zn by
@On,m = Pn—1 |X,,, O--- O(pm|X,,l-

Then the construction in [16, §4.4] gives a sheaf . of D-modules on X together with isomorphisms of
D-modules Z|x, — %,. Because each Z(X,) is free of rank 1 over O(X,), we see that # must be a
line bundle on X. Hence [-#] € PicCon(X) is the required preimage of [.%}] € lim PicCon(X},). U

Corollary 3.1.10. Suppose that X is geometrically connected and that T is generated as an O-module by
its global sections. Then for every positive integer d, the abelian group O(X)* /K> has no d-torsion.

Proof. Suppose that f € O(X)* with f¢ € K*. Then for every d € 7(X) we see that 0 = 3(f9) =
df*13(f). Since df¢~' € O(X)* it follows that 3(f) = 0. Thus f € K* by Proposition 3.1.6. 0

Lemma 3.1.11. Suppose that a group G acts on X in the sense of Section 2.4. Then G acts naturally on
PicCon(X) by abelian group automorphisms via

8- [ZL]=[8+Z]

where g, is a D-module via the ring isomorphism (g~)? : D = g« D.
Moreover Con(X) is a G-stable subgroup of PicCon(X).
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Proof. We can check that g - ([L][#]) = (g - [Z]) (g - [.#]) for any [.Z], [.#] € PicCon(X), because
8+(Z Qo ) is naturally isomorphic to (g+.2) ®g,0 (8«4 ) as a g,D-module.
Since g..Z is trivial as a line bundle whenever .# is trivial as a line bundle the last part is immediate. [

Remark 3.1.12. More generally, in the context of Lemma 3.1.11, if U is an admissible open subspace
of X, each g € G induces a group isomorphism PicCon(U) — PicCon(g - U); [.£] > [g+-Z] where
again g,.Z is a Dyy-module via the ring isomorphism (g~ HP: Dyy — g+Dy. Moreover these restrict to
isomorphisms Con(U) — Con(g - U).

We will now construct some connections on the trivial line bundle by using units.

Lemma 3.1.13. Suppose that d is a positive integer and u € O(X)*. Then there is a unique element
[-Z.a] of Con(X) such that £, 4 has a free generator v as a O-module with

I(v) = é¥v forall 9 eT. (7)

Proof. Suppose that . = Ov is a line bundle with a flat connection satisfying (7). For all f € O and
d € T, necessarily

10 = (000 + 529 )

so since D is generated by O and T there is at most one element of Con(X) with the property given in
the statement. To prove the existence of such a line bundle with flat connection it suffices to show that for
all9;, 0, €T

(8102 — 8201) (v) = [9192](v)

where [——] denotes the Lie bracket on 7. But

1 92 (u) 1 02 (u) 1 0>(u) 10, (u)
010 =9 (= 25 1 1
12 1(61 v) dl( )v+duduv
1 ud102(u) — ()0 (u) 1 0:(u) 19, (u)
= — v+_ I .
d u2 T 4 n
and so o
(0102 — 0201) (v) = —Mv’
d u
as required. ]

Proposition 3.1.14. Suppose that X is geometrically connected and that T is generated as an O-
module by its global sections. For every nonzero integer d, there is a homomorphism of abelian groups
O(X)* — Con(X) given by u +— [%, 4]. The kernel of this homomorphism is K*O(X)*? and its image
is Con(X)[d].

Proof. Suppose that u;, u, € O(X)*. Then if, for i = 1, 2, v; generates .%,, 4 with d(v;) = %Mvi,
u;
v @ v2 is a generator of %, 4 ® %, 4 and
1 /o(u do(u 10(uju
D1 ®v2) = D) ® 12+ vy ® () = - (L) L AUDY () gy = L0 (g
d up 2 d 1Uu2
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for all d € 7. Thus u — [.%, 4] does define a homomorphism.

Note that u € O(X)™ is in the kernel of the homomorphism if and only if [.%, 4] = [O.v] = [O] in
Con(X). That is, u is in the kernel if and only if there is w € O(X)* such that d(wv) =0 for all € T (X).
But

d(wv) = (@ + é?) wv

Now
9 d
(uu;) _ 0(u) +da(w)
uw u w

so d(wv) = 0 if and only if d(uw?) = 0. Thus by Proposition 3.1.6, the kernel is precisely K*O(Xx)*4
as claimed. Moreover [.iﬂfj] = [Za 4] = [O] so each [.Z, 4] is indeed d-torsion.

Given [.Z] € Con(X)[d], we use the hypothesis that .# is trivial as a line bundle to pick a generator
v € Z(X) as an O(X)-module, and we choose a D-linear isomorphism v : 7% = 0 using the fact that
d-[Z]=0in Con(X). We claim that if w(v®d) = u then equation (7) is satisfied and so [.Z] = [.Z,.4].
For this we compute that

forall § € T But if d(v) = av then d(v®) = dav® so a = %% as claimed. 0

Definition 3.1.15. Suppose that X is geometrically connected and that 7 is generated as an O-module by
its global sections. We define

64 : Con(X)[d] — O(X)*/K*O(X)*4
to be the inverse of the isomorphism induced by the homomorphism u — [.%, 4] in Proposition 3.1.14.

The proof of surjectivity in Proposition 3.1.14 shows that 8; ([Ov]) is determined by the image of v®¢
under any D-linear isomorphism ¥ : (Ov)®¢ = O, via

04([Ov]) = ¥ (v®HK*O(X)*. (8)

Proposition 3.1.16. Suppose that X is geometrically connected and that T is generated as an O-module by
its global sections. Let G be a group acting on X. Then for every nonzero integer d, 6, is a G-equivariant
isomorphism

64 : Con(X)[d] = O(X)*/K*O(X)*“.
Proof. Let g € G, [.#] € Con(X)[d] and fix a D-linear isomorphism 1 : .#®¢ = 0. The map g©: 0 — g*O
is a D-linear isomorphism, so g€ o ¥ : Z®¢ — ¢*(O is also a D-linear isomorphism. After identifying
2+ (£®%) with (g,.2)®? and g,(g*©) with O, we obtain a g, D-linear isomorphism

¥ = g.g00¥): (g.2)% 5 0.
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Recall from Lemma 3.1.11 that g - [.Z] = [g+-%], where D acts on g,.¥ via the ring isomorphism
(g H?P:D = g+D. So ¥ becomes a D-linear isomorphism in this way, and we can use it to compute
04([g+-Z]) as follows: let v € £ (X) be such that £ (X) = O(X)v; then by definition of ¥’ we have
' (v®) =g - ¥ (v®?), and so, as required,

04(g - 12D = 6a((8: LD = ¥ (W¥HK* OO =g -y W*HK*OX) ' =g -ba(l2D). O
Remark 3.1.17. Proposition 3.1.16 can be viewed as saying that
[8+-Zu.al = [ZLgu.al € Con(X)[d].
More generally if U is an admissible open subset of X and u € O(U)* then
[8+-Zu.al = [ZLg.u.al € Con(g - U).

3.2. Equivariant line bundles with flat connections. We now discuss equivariant line bundles with flat
connection. In this section we will assume that G is a topological group acting continuously on a smooth
rigid K-analytic space X in the sense of [1, Definition 3.1.8]. We first consider G-equivariant line bundles.

Our next definition, Definition 3.2.3 below, will require some preparation.

Lemma 3.2.1. Let .# be a coherent O-module on X. Suppose that {g”} ¢eG 1s a G-equivariant structure
on M. Then for every affinoid subdomain U of X and g € G, the structure map

g M) — A (gU)
is continuous with respect to canonical K-Banach topologies on the source and target.

Proof. Let U be an affinoid subdomain of X. By Kiehl’s theorem — see, e.g., [16, Theorem 4.5.2] —
A (U) is a finitely generated module over the affinoid algebra O(U) because .#|y is a coherent Oy -
module. Recalling from [33, Proposition 2.1] that every finitely generated module M over an affinoid
algebra A carries a canonical K-Banach-space topology, we see that .# (U) carries a canonical K-Banach
space topology. Fixing g € G, we can regard .# (gU) as an O(U)-module via a twisted action, by defining
axv:=(g-a)vforallae O(U)and ve .#(gU). Then .# (gU) is still a finitely generated O(U)-module,
and the structure map g/ (U) : .#(U) — .#(gU) is now a O(U)-linear homomorphism between two
finitely generated O(U)-modules. It is therefore automatically continuous by [16, Corollary 1.2.4]. [

Lemma 3.2.2. Let .# be a coherent Ox-module. Suppose that {g”} ¢eG 15 a G-equivariant structure
on A and that L is a finite field extension of K. Then for every z € X(L) there is a natural group
homomorphism

bz G —> Auty (A (2))

where #(2) == L Qo . #; denotes the fibre of ./ at z.

Proof. Let g € G,. The G-equivariant structure on O gives us a local K-algebra automorphism g? :
Ox . — Oy ;, whereas the G-equivariant structure on .# gives a K-linear automorphism g%” s My —> M,
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satisfying g‘/(a.m) = gZO (a) -gz/”(a) for all a € Ox ; and m € .. It is now easy to check that setting
g ®@m):=r®g(a) forall ge G, reL,me .4,
gives a well-defined L-linear action of G; on L Qo . . 0

Suppose that M is any K-Banach space. Then the K-algebra of bounded K-linear endomorphisms
B(M) is also a K-Banach algebra through the operator norm [|7'|| := sup,cy ) |7v]/]v], s0 its unit group
B(M)* becomes a topological group — using the geometric series, one can check that the inversion map
on B(M)™ is continuous. If M C M is the unit ball in M, then the congruence subgroups of B(M)*,

Lu(M) = {y € BIM)* : (y — (M) S mpM],

form a fundamental system of open neighbourhoods of the identity in B(M)*. Since any isomorphism
of K-Banach spaces M = N induces an isomorphism of topological groups B(M)* = B(N)* via
“conjugation”, we see that the topology on B(M)* only depends on the topology on M and not on any
particular choice of K-Banach norm on M.

Let .# be a coherent Ox-module and let {g*”} ¢eG be a G-equivariant structure on .# . For each affinoid
subdomain U of X and each g € Gy, the maps g/ (U) : .#(U) — .#(U) induce, by Lemma 3.2.1 a
homomorphism

Gy — B(#(U))*.

Definition 3.2.3. A G-equivariant line bundle on X is a G-equivariant Ox-module . on X such that

(a) .Z is invertible as an Ox-module, and

(b) the action map Gy — B(Z(U))* is continuous for every affinoid subdomain U of X.
Lemma 3.2.4. Oy with its usual equivariant structure is a G-equivariant line bundle on X.

Proof. Let U be an affinoid subdomain of X. Consider the sup norm | - |y on O(U) whose unit ball in
A :=O(U)°. For each n > 0, the congruence subgroup I',(O(U)°) of B(O(U))* contains the group
Grn (A) appearing on [1, p. 19]. Through the Raynaud generic fibre functor rig, G (A) can be identified
with a subgroup of the group of K-linear automorphisms Autg (U, Oy ) of the G-ringed topological space
(U, Op). These subgroups of Autg (U, Oy ) form a filter base for a certain topology on Autg (U, Oy) —
see [1, Theorem 3.1.5] —and the action map Gy — Autg (U, Oy ) is continuous with respect to this
topology by [1, Definition 3.1.8], because G is assumed to act continuously on X. It follows that the
action map Gy — B(O(U))* is continuous as required. Il

A morphism between two G-equivariant line bundles . and .# is a morphism of G-equivariant
O-modules in the sense of [1, Definition 2.3.1(c)]. Given any such morphism ¢ : . — .# and an affinoid
subdomain U of X, the map ¢(U) : Z(U) — .#(U) is then an O(U)-linear homomorphism between
two finitely generated O(U)-modules, and is therefore automatically continuous.

Definition 3.2.5. We let Pic® (X) denote the set of isomorphism classes of G-equivariant line bundles on X .
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Lemma 3.2.6. Let £ and .# be G-equivariant line bundles on X. Then so are £ @ M and £®~' =
Homp (L, O).

Proof. We can easily verify that the usual formula for tensor product and contragredient representations
satisfies Definition 3.2.3. O

With respect to these operations Pic” (X) is an abelian group with unit given by the structure {g®} on
Z = 0Ox.

Proposition 3.2.7. Suppose that L is a finite extension of K and z € X (L). There is a natural group
homomorphism ¢, : Pic® (X) — Hom(G, L*) given by

¢z([$]) = ‘pz,,?-

Proof. If £ is a line bundle on X with a G-equivariant structure then .#(z) is a one-dimensional vector
space over the residue field of the local ring Oy ;, and so, by Lemma 3.2.2, ¢, & can be viewed as a
homomorphism G, — L*.

Next we show that ¢, ¢ is continuous. Choose an affinoid subdomain U of X such that z: Sp(L) - X
factors through U. Since G, N Gy is an open subgroup of G, it suffices to show that ¢, #|G,nG, 18
continuous. Since the natural map B(.Z(U))* — L* is continuous this follows from Definition 3.2.3(b).

It remains to show that ¢, is a group homomorphism. This is immediate, because whenever . and
% are elements of Pic® (X), there is a canonical isomorphism

(L Qo0 )(2) = £1(2) ®L £ (2)

that is compatible with the G-actions. O

This discussion leads us on to the following definition. For the notion of a G-equivariant D-module
on X we refer the reader to [1, Definition 2.3.4].

Definition 3.2.8. A G-equivariant line bundle with flat connection on X is a G-equivariant D-module ¥
on X, such that when . is viewed as a G-equivariant Ox-module by restriction, it is a G-equivariant
line bundle on X.

It follows easily from Lemma 3.2.4 that Ox equipped with the trivial connection and its usual equivariant
structure is a G-equivariant line bundle with connection.

We can also typically put other G-equivariant structures on the trivial line bundle with trivial connection
by considering Hom(G, K*), the abelian group of continuous group homomorphisms from G to K *.

Definition 3.2.9. Given y € Hom(G, K *) we define a new G-equivariant structure on O equipped with
the trivial connection: for each affinoid subdomain U of X and for each g € G we define K-linear
continuous maps

g (U): O(U) — 0(gU)

by [ x(8)8°(f).
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This family {g©} then defines a G-equivariant line bundle with connection on X in the sense of
Definition 3.2.8 that we will denote by O, . Note that condition (b) in Definition 3.2.3 follows from the
assumption that x : G — K is continuous.

Lemma 3.2.10. Let £ and # be G-equivariant line bundles with flat connection. Then so are £ Qo M
and L€~ = Homo (L, O).

Proof. We saw at the start of Section 3.1 that .2 ® .# and .#®~! are D-modules on X. The usual
formula for the tensor product and contragredient representations allow us to see that they also carry

standard G-equivariant D-module structures and Lemma 3.2.6 shows that this makes them G-equivariant
line bundles. U

Definition 3.2.11. We denote the set of isomorphism classes of G-equivariant line bundles with flat
connection on X by PicCon? (X).

In view of Lemma 3.2.10, the operations — ®» — and (—)®! endow PicCon? (X) with the structure
of an abelian group. The unit element in this group is given by the isomorphism class of Ox equipped
with the trivial connection together with its usual G-equivariant structure.

Definition 3.2.12. We define Con® (X) by
Con? (X):= ker(PicConG (X) = Pic(X)),

the group of isomorphism classes of G-equivariant line bundles with flat connection on X that are trivial
after forgetting the connection and the G-action.

We record that Con is functorial in a natural way. For g € G we write ¢, : G — G to denote conjugation

by g, that is, cg(x) = gxg~l.

Proposition 3.2.13. Let U be a geometrically connected admissible open subset of X, and suppose that
H is a closed subgroup of Gy. Then for each g € G,

(a) the map [ L] +— [g+Z] induces a natural isomorphism
g : PicCon (U) = PicCongH(gU);

(b) for L a finite extension of K and z € U (L), the following diagram commutes:

PicCon” (U) —%— Hom(H., L*)

| I

PicCon* (gU) —— Hom(*H;, L)
gz

Proof. (a) We saw in Remark 3.1.12 that . — g, induces an isomorphism PicCon(U) — PicCon(gU).
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It remains to see how the H-equivariant structure on .¥ € PicCon” (U) induces an 8H -equivariant
structure on g,.¢: for each i € H we have an isomorphism 42¥ : % — h*.%. This induces an isomorphism

(ghg™H*7 : 8 — (ghg )8 L = guh* 2
given by (ghg~")&% = g.(h?). It is then easy to verify that this induces the desired isomorphism
PicCon' (U) — PicCongH(gU).

(b) Fix [.#¢] € PicCon* (U) and consider the stalk (g,.%) ¢z Of g..Z at g -z € gU. There is a natural
bijection between the affinoid subdomains of gU containing g - z, and the affinoid subdomains of U
containing z, given by V > ¢~!'V. This gives a K-linear isomorphism Ty 1 L, — (8+L)g.; Which is
appropriately equivariant with respect to the H-action on .Z; and the Hy., = $H_ -action on (g+.%),.;:

To(h-m) =cg(h)-14(m) forall he H;,m e Z,.

Now let h € H,. Using Lemma 3.2.2, we see that the scalar ¢, ([-Z])(h) € L™ is completely determined
by the following equation inside .#(z):

1Q@h-m=¢,([ZLN(h)@m forall m € Z,.
Since cg(h) = ghg~! lies in H,.., we have a similar equation inside (g..%)(g - 2):
1®cg(h)-m =g ([8LD(cg(h) @m forall m € (g+2L)g..

Note that the map 7, satisfies 7,(a -m) = g?(a) - Tg(m) for all a € Ox ;, m € Z,. Therefore 1 ® 7, :
L®g 2, — L Qg (g+2)g.. descends to a well-defined L-linear map .2 (z) — (g+-2)(g - 2). Applying
this map to the first equation and comparing the result with the second shows that

¢ ([LD(h) = g ([8xZLD(cg (M) = (g0 pg. 0 Q) (LD (h) forall he H,.
This implies the commutativity of the diagram in the statement. U

Forgetting the G-equivariant structure gives us a functor w from the category of G-equivariant line
bundles with flat connection on X and isomorphisms between them to the category of line bundles with
flat connection on X and isomorphisms between them. Moreover w induces a group homomorphism

w : PicCon® (X) — PicCon(X).

Recall from [21, Definition 2.3] that X is said to be quasi-Stein if there is an admissible affinoid covering
(X,)02 5 of X with Xg € X1 € X, C -+ such that for each n > 0, the restriction map O(X,+1) — O(X,)
has dense image. If X is quasi-Stein, then the global sections functor I'(X, —) gives a fully faithful
embedding from the category of coherent O-modules on X into the category O(X)-modules; the essential
image is the category of coadmissible O(X)-modules in the sense of [33]. In particular, every coherent
O-module (such as the tangent sheaf 7) is generated by its global sections.
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Proposition 3.2.14. Suppose that X is geometrically connected and quasi-Stein. There is an exact

sequence of abelian groups
0 — Hom(G, K*) — PicCon(X) = PicCon(X)®
with the first nontrivial map given by x — O,.

Proof. We refer the reader to Definition 3.2.9 for the definition of the G-equivariant line bundle with flat
connection O, .. Note that O, = Oy as a line bundle with flat connection, but the G-equivariant structure
on O, differs from the one on Oy.

It is easy to verify that x — O, defines a group homomorphism from Hom(G, K *) to PicCon? (X). Us-
ing Lemma 3.1.4(b), we see that for any G-equivariant line bundle with flat connection ., Homp (0, £) =
ZL(X)T®=0 ig a K-linear G-representation: if g € G and 7(X) - v = 0 for some v € Z(X), then
d-(g-v)=g-((g7'-3)-v)=0forall d € T(X) sothat g-v e Z(X)7 =0 again,

Suppose that x € Hom(G, K*) is such that O, is isomorphic to O as a G-equivariant line bundle with
flat connection. Considering the global horizontal sections, we obtain an isomorphism of continuous
G-representations

OXx)TH=0 =~ OX(X)T(X):O.

By Proposition 3.1.6, both of these K-vector spaces are 1-dimensional and spanned by 1 € O(X). However
the G-action on the first is trivial, whereas the G-action on the second is through the character x. Hence
X 1s the trivial character, and the map Hom(G, K*) — PicCon? (X) is injective.

If ¢ is G-equivariant, then (g~')% : ¥ — g,. is a D-linear isomorphism for all g € G which means that
the class [-Z’] in PicCon(X) is fixed by this G-action; i.e., the image of the map PicCon® (X) — PicCon(X)
is indeed contained in PicCon(X)°.

Finally suppose that .# is a G-equivariant line bundle with flat connection on X which becomes trivial
after forgetting the G-structure. Then we can find a D-linear isomorphism ¢ : O = 2. Applying the
functor of global horizontal sections, we deduce from Proposition 3.1.6 that the K-linear G-representation
2(X)T=0 ig in fact one-dimensional. Let v := e(X)(1) € 2(X)T0=0: gince 1 € O(X) generates O
as an O-module, we see that v € .Z(X) generates .Z as an O-module: .Z = O - v. Let x € Hom(G, K*)
describe the G-action on v, so that g-v = x(g)v for all g € G. This gives us a character x : G — K*; we
will first show that x is continuous. To see this, choose a nonempty affinoid subdomain U of X and let A
be an affine formal model in O(U), so that A - vy is the unit ball in £ (U) = O(U) - vy with respect to
some K-Banach norm defining the canonical topology on .Z(U). By Definition 3.2.3(b), for any n > 0
we can find an open subgroup H, of Gy such that & - vy = vjy mod 73 A - vy for all h € H,. Hence
x(h) =1 modrK® forall h € H,, and x : G — K™ is therefore continuous as claimed.

With x € Hom(G, K*) in hand, consider the G-equivariant line bundle with connection . ®¢o O, -1,
and the D-linear isomorphism ¢, : O - £ ®p O, -1 given by ¢, (f) := ¢(f) ® 1. We claim that ¢, is
G-equivariant; given this claim, it follows immediately that . = O, as a G-equivariant D-module, and
then [.£] € PicCon® (X) lies in the image of Hom(G, K*) as required.
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To establish the claim, we first check that ¢, (X) : O(X) - (£ ® O,-1)(X) is G-equivariant: for
g€ Gand f € O(X) we have

o X)(H=g-(freaD=E Nig-Vx (e=~E Nel=e,X)(g-f)

By replacing .2 by £ ® O,-1, it now remains to show that if ¢ : O — # is a D-linear isomorphism
such that ¢(X) : O(X) - £ (X) is G-equivariant, then ¢ is also G-equivariant. To this end, fix g € G,
and consider the morphisms g*(¢) 0 g% : O — g*% and g% 0 ¢ : O — g*.£. By precomposing the
g*O-module structure on g*.# with the ring isomorphism g® : © — g*© we may regard g*.¢ to be an
O-module. Then it is coherent, and the two maps are O-linear. Since they have the same global sections
by our computation above and since X is quasi-Stein, we conclude using [33, Corollary 3.3] that the two
maps are equal. This means that ¢ is G-equivariant. O

In order to understand PicCon®" (R2) the following result will prove to be useful.

Proposition 3.2.15. Suppose that X is quasi-Stein and geometrically connected and G is equal to an
amalgamated product A x¢c B of its open subgroups A and B along their common subgroup C. Then the

homomorphism

(pa, pg) : PicCon®(X) — PicCon?(X) x  PicCon®(X)
PicCon® (X)

induced by restriction of equivariant structures is an isomorphism.
Proof. Suppose that [.#] € PicCon (X) lies in the kernel of (p4, pg). Then
w([Z]) = [O] € PicCon(X).

By Proposition 3.2.14, [.£] = [O*] for some x € Hom(G, K ™). However, also by Proposition 3.2.14, x|
and y | are both trivial and so, as G is generated by A and B, y is trivial. Thus [[£]=[0O] € PicCon® (X)
and (p4, pp) is injective.

Suppose now that [.Z4] € PicCon? (X), [.%g] € PicCon® (X) and that there is an isomorphism

0: ZLxlc = ZLalc

of C-equivariant line bundles with flat connection obtained by restriction of equivariant structures from A
and B to C. We transport the B-equivariant structure on .#p along 0 to .Z4. In this way, the D-module
Z = w(Z4) can be equipped with A-equivariant and B-equivariant structures whose restrictions to C
agree.

By Proposition 2.4.11, for every subgroup H of G there is a bijection between the set of all H — D-
module structures on .# extending the given D-module structure on .#, and the set Sp(H, .£). This
bijection is given by

(8% een = [ (g.87) € Autp(Z/X/H)].
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On the other hand, by Theorem 2.4.13 restriction induces a bijection
Sp(G,2) = Sp(A, L) Xsp(c.2) Sp(B. 2.

It follows that there exists a G-D-module .%; = (.Z, {g”?) }eec) whose restriction to A is .Z4, and whose
restriction to B is the transport of £ to £, along 6. Since A and B are open in G, the action map
Gy — B(Z(U))* is continuous for every affinoid subdomain U of X, because the restrictions of this
map to both Ay and By are continuous. This shows that [.£5] € PicCon® (X). By construction, we have
pa([Z6]) = [Za] and pp([ZLc]) = [LB]. Hence (pa, pp) is surjective. O

Lemma 3.2.16. If X is a geometrically connected quasi-Stein space with an increasing admissible
covering (X,) by G-stable affinoid subdomains, then the restriction maps PicCon® (X) — PicCon? (X,,)

induce an isomorphism of groups
PicCon®(X) = lim PicCon® (X,,).
Proof. Certainly the restriction maps induce a group homomorphism
o : PicCon% (X) — lim PicCon® (X,,).

By Proposition 3.1.9, if [.Z] € ker « then w ([.£]) = [Ox] € PicCon(X). Thus [.¥] = [Oﬁ] for some
continuous character x : G — K™ by Proposition 3.2.14. But then [.Z|x,] = [Oﬁn] for any n > 0 and so
x 1is the trivial character since o ([.Z]) is trivial. Thus « is injective.

Let (%)) € ]_[PicConG (X,) be a compatible family of isomorphism classes of equivariant line
bundles with connection under restriction so that for each n we can find an isomorphism

9n+],n : fn-‘r] |X,, — gn

of G-equivariant line bundles with connection on X,.

Thus each [ > m, we can define 6,,; : Z|x,, — -Zn to be the composite of the restrictions of
O1.1-1,01-1.1=25 - - - s O+1,m to X,,,. Now (7], 6,,.1) forms gluing data for the cover (X,,)n>n of X. The
resulting sheaf . is an G-equivariant line bundle with connection on X with «([.Z]) = ([-£,]) and so «
is surjective. U

3.3. Cocycles and equivariant line bundles on affinoids. In this technical subsection, we will explain
how isomorphism classes of G-equivariant structures on the trivial line bundle over a K-affinoid variety
X can be classified through the language of continuous 1-cocycles of G acting on O(X)*. This material
will be crucial to the proof of one of the main results in Section 4.4, namely Theorem 4.4.1.

We assume throughout Section 3.3 that X is a smooth and geometrically connected K-affinoid space,
with a topological group G acting continuously on it.

Lemma 3.3.1. (a) The set of G-equivariant structures on a trivial line bundle ¥ = O - v is in natural
bijection with Z' (G, O(X)*) under a function that sends {g : g € G} to the function a : G — O(X)*



1418 Konstantin Ardakov and Simon Wadsley
determined by the rule
gZ(w)=a(g)v forall geG.
(b) The bijection in (a) induces an isomorphism
69 - ker (Pic® (X) — Pic(X)) = H'(G, O(X)").

Proof. (a) Suppose that for each g € G, we have a morphism of sheaves of K-vector spaces g* : ¥ — g*.&
such that

g7 (fv)=g%f)g” () forall geG, feO.
This data is completely determined by the function « : G — O(X) given by
gZ(w)=a(g)v forall geG.

We first claim that {g : g € G} is a G-equivariant structure on . if and only if « is a 1-cocycle with
values in the group O(X)*.
We see that forall g, h € G

h*(g%)h? (v) = h*(g7) (@(h)v) = (g - a(h))a(g)v 9)
and

(gh? (v) =alghv. (10)
Now if {gZ : g € G} defines a G-equivariant structure on .# then a(1) = 1 and h*(g%)h? (v) =
(gh)g(v). Thus by (9) and (10) a(gh) = (g - a(h))x(g) for all g, h € G and in particular
l=a(gg™) =(g-alg Na(e)

for all g € G. Thus « is a 1-cocycle with values in O(X)*. Conversely, if « is a 1-cocycle then by (9)
and (10) again, for all g, h € G,

(gh)y* (v) = h*(g“)h? (v)
and so

(gh)? =nh*(g¥)n”.

Moreover «(1?) = ar(1)? and so, since X is connected, (1) = 1 and 1< =id .
It remains to observe that « is continuous if and only if for every affinoid subdomain U of X, the
action map Gy — B(Z(U))* is continuous. This holds because

g (fv)=g°(fa(g)v forall ge Gy, f € OW)
and because G acts continuously on X.

(b) Suppose now that 43 = O - v; and % = O - v, are two G-equivariant line bundles corresponding to
1-cocycles oy and «.
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Let ¢ : 4 — % be an isomorphism of the underlying line bundles. Then ¢(v;) = fuv, for some
feOX)*, soforall g € G we have

087 (1) = (a1 (g)v1) = a1(g) fua,
whereas

g7 (p(1) = g7 (f12) = 87 (Na(e)va.
Hence ¢ defines an isomorphism of G-equivariant line bundles if and only if
g°(f)
f

ar(g) = ai(g) forall g eG.

Thus the map in (a) induces a bijection
05 : ker (Pic’ (X) — Pic(X)) — H'(G, O(X)*)

which is a group homomorphism because g - (v ® v2) = «1(g)v] Q@ a2 (g)v2 = (x1a2)(g) (v ® vy) for all
geq. Il

Recall the map ¢, from Proposition 3.2.7; by abuse of notation, we will also denote its precomposition
with the forgetful map Con?(X) — Pic%(X) by ¢,.

Proposition 3.3.2. Suppose that L is a finite field extension of K.
(a) The isomorphism from part (b) of Lemma 3.3.1 induces a homomorphism
¢S : Con®(X) - H'(G, O(X)*)
by precomposition with the forgetful map
Con®(X) — ker(Pic®(X) — Pic(X)).
(b) For every z € X (L) and every [.£] € Con® (X), we have
zo (resg_ ¢% ([L]) = ¢.(LL)).

(c) Forevery z € X(L) and every x € Hom(G, K*), we have

¢ (10D = xlg.-

(d) Let Y C X be a G-stable affinoid subdomain, with z € Y (L) C X (L). Then the following diagram is
commutative:
Con%(X)

Con%(Y) — Hom(G,, L*)

Proof. (a) Since the forgetful map Con%(X) — ker(PicG (X) — Pic(X )) is a group homomorphism, the
function ¢g that is the composite of this forgetful map with Qg is also a homomorphism.
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(b) Suppose that ¢ ([£]) =[] € H' (G, O(X)*) so that we can write £ = O -v with g - v = a(g)v for
all g € G. Then working inside L @o(x) -Z(X) we have

0. 1RV)=g-(1V)=1Qa(gv=(zoa)(g)®v forall g € G,.

(c) This follows from Lemma 3.3.1(a) and Definition 3.2.9.

(d) If [£] = [Ox - v] € Con® (X), then [£]y] =[Oy - v] € Con®(Y) and g7 (v) = g% (v) forall g € G.
Now use Lemma 3.3.1 together with part (a). g

Definition 3.3.3. Recall from Section 1.5 the map §g : O(X)* — ZNG, 0(X)»), given by ég(u)(g) =
g-u/u. Foreachu € O(X)* and d, e > 1, we define

20X i=lae Z' (G, 0(X)) 1 a? =86} .

u,d,e

This special set of 1-cocycles will be useful for our explicit construction of torsion equivariant line
bundles with flat connection.

Recall from Lemma 3.1.13 the line bundle with connection .%, 4: it is the free Ox-module on the
1-element set {v}, and the action of 7 (X) is determined by

) = -2y forall 9 e T(X). (11)
d u

Lemma 3.3.4. Letu € O(X)* andletd, e > 1.

(a) For each o € 20

v d .» there is a (de)-torsion G-equivariant line bundle with connection f”‘d on X
such that

oL ) =Lua and 3L, =l € H'(G, O(X)™).

®) Ifu,we OX)*, a2l and p e 257, thenaf € 255, , and

wde’ uwde

L@ L = Lo

uw,d*

(c) Foreacha € 20

u, d e’
@ [£}41=10]in Con?(X)[de],
(i) thereis f € O(X)* such that u/f? € K* and a = 8¢ (f).

the following are equivalent:

(d) The map o +— [£} ;] defines a bijection
28X S (121 € Con® (X)[de] : 0([.L)) = [Zual} -

Proof. (a) We equip ., 4 with the G — Ox-module structure associated to o by Lemma 3.3.1. In particular
the action map Gy — B(Z(U))™ is continuous for every affinoid subdomain U of X. We check that
this is in fact a G — Dx-module. Using ale =85 u®), we compute

() 1 <a<g-u> AW
a(g) - d g-u u

) foreach 0 € Tx, g € G.
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Using this together with (11) we compute

(g-9)(g-v)=(g-N(x(g)v+a(g)g-9)(v)

:dl((g-a)(g-u)_(g-a)u>a(g)v+a( )L 1(g- 8)(u)
g-u u u
1g-(d
g-u

Thus we obtain a G-equivariant line bundle with connection on X that we denote .Z ;. It is evident that
o (1£%,)) = [ L), )
Using (11), we see that v®9¢ — ¢ defines an isomorphism 1 : f‘g’de —> Oy of line bundles with flat
connection. To establish that .,?Lff 4 18 (de)-torsion, it suffices to show thls isomorphism is G-linear. Since
for all g € G we have

g- W) =a®(ev®” and g-(u)=86u)(g)u’,

we have a%¢ = 8 (u)¢ and the G- -linearity follows.

(b) Since a?¢ = 85 () and B4 = 8 (w®) and 8G O(X)* — Z'(G, O(X)*) is a group homomorphism,
we see that (¢f)¢ = §g((uw)®). Hence af € Zuw deet

Using Proposition 3.1.14, we see that [.Z), 4 ® £, 4] = [-Z4v.q] in Con(X)[d]. Using the definition of
the G-equivariant structure on .Z? ; in part (a) and the deﬁnltlon of the product in Con® (X) given in the
proof of Lemma 3.2.10, we also see that [f“ ® f’s d] [fu 4] 1n ConG(X).

50(}‘)

(c) For any f € O(X)*, there is an isomorphism O = .Z of G-equivariant line bundles with

connection on X, sending 1 to f v. This gives [zﬁgi{)] = [O] in ConG(X ). Using part (b), we then
also have

(2 = 12501 101 =125 ) 125 1 = 1208 1. (12)

Suppose now that u = Af¢ for some A € K* and some f € O(X)* such that « = 85 (f). Using (12), we
then have [.£2 ] = [£] ;] =[O] in Con®(X).

Conversely, suppose that [.,fod] [O] in Con® (X). Then a)([ﬁ‘)‘d]) =[%,.q41=1[0] in Con(X)%, so
using Proposition 3.1.14 we can find f € O(X)* and A € K* such that u = Af¢. Then (12) implies
that [O] = [£] )1 =%, a/SG(f)] in Con® (X). Hence G must fix the basis vector v of X‘WG (f)(X)T(X) =0
soa =38g(f).

(d) Suppose that [.£] € Con® (X)[de] is such that w ([.Z]) =[-%,.4]- Consider the function o : G — O(X)*
defined by g- v =0a(g)v. Then ¢ € ZH(G, O(X)*) by Lemma 3.3.1.

Since (de) - [£] = 0 in Con®(X), there is an isomorphism of G-equivariant line bundles with flat
connection ¢ : .Z®4¢ = Ox. On the other hand we also have the isomorphism 1 : $®d€ = Ox of
line bundles with flat connection constructed in the proof of part (a) above. Since a)([.i”]) = Zu.d
Corollary 3.1.8 implies that ¢ = A1/ for some A € K*, and then ¢(v®4¢) = Au®. Since ¢ is G-linear, we
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have
g aul =g () = p(g - v®%) = a(g)¥ru’ forall g €G,
s0 o = §;(u). Hence « € Zﬁfe and [Z] = [f;fd] in Con% (X).
Finally, suppose that «, 8 € Zf ’d); are such that [Lff’ = [Lif, 4)- Then [E(lx’/ £ .J = [O] by part (b), so
a/B =8g(f) for some f € O(X)* such that 1/f¢ € K*. Corollary 3.1.10 implies that f € K*. Then
3g(f) =1soa =g as required. Il

We interrupt the flow of Section 3.3 to state and prove a useful elementary lemma which is valid with
far less restrictive assumption on the affinoid variety X than those imposed at the start of Section 3.3: it
holds if X is only assumed to be reduced.

Lemma 3.3.5. Let w := p~/P~D e R,
(a) Ifd is an integer such that p 1 d, then the d-th power map
(=) 0X) = 0(X)
is an isomorphism of topological groups.
(b) If r € (0, @/ p) then every element of O(X), has a p-th root in O(X)**.

Proof. (a) If a € O(X)°° then the binomial expansion

o0

(1 +a)d = Z(léd)a"

n=0

1fld)EZPCK"forallnansa

converges to an element of O(X)** because |a| < 1 and becgouse (

consequence of the assumption that p td. That the map a — ) (1 fl d)a” is continuous is evident.
n=0

(b) Similarly if |a| <r < @ /p, the binomial expansion

o0

(I+a)/? = Z(%”)a”

n=0

converges to an element of O** since

o ()= iz

()

o
and pr/w < 1. Thus )_ (l/p)a” is the required p-th root of 1+ a. U

n
n=0

so that forn > 1

= (pr/m)"

Notation 3.3.6. We will write T (X) to denote the abelian group

T(X):=0(X)"/OX)™
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and we equip 7 (X) with the discrete topology. We will also write 77 (x) to denote the natural projection
map 77 (x) : O(X)* — T (X).

Since O(X)** is open in O(X)*, mr(x) is continuous. We also observe that 7'(—) defines a functor
from affinoid varieties to abelian groups. Our next result gives conditions on the data u, d, e, o that
determine when [.£%, ,] € Con®(X) is in fact the trivial element, in the case where d, e are both coprime
to p.

Proposition 3.3.7. Let d, e > 1 be integers coprime to p. Then for every u € O(X)™ and o € 29X the

u,d,e’
following are equivalent:

(i) There exists v € O(X)* such that u/v? € K* and a = G (v).

(ii) There exists v € O(X)* and ) € K* such that

nT(X)(Avd) = JTT(X)(M) and Tr(X) O =TT(X) 0 SG(U).
(iii) [.£*,,]=10] € Con®(X).

Proof. The equivalence of (i) and (iii) is a special case of Lemma 3.3.4(c).

The implication (i) => (ii) is immediate since we can take A = u/v?.

Suppose that v € O(X)™ and A € K™ such that 7, (aw?) = nrx)(u) and 7 (x) oo = 77 (x) 086G (V).
Since ker wr(x) = O(X)**, using Lemma 3.3.5, we can find ¢ € O(X)** such that e = xv?/u. Setting

v :=v/e, we have
u/v'* € K* and mr(x) 086 (V) =mr(x) 086(v) = mr(x) 0 .

To deduce that (i) holds it remains to prove that @ =85 (v'). Since u/v'¢ € K*, we have 8¢ (1) =85 (v')“.
Because o € Zf’d{(e, a’ = §5(u¢) = 8G(v'%*) shows that o/ (v') takes values in pq.(K). However
a/8q (V') also takes values in kermr(xy = O(X)**. We’re now done because O(X)** N wg.(K) is

trivial, O

Proposition 3.3.8. With the hypotheses of Proposition 3.3.7, suppose also that G is compact and that the
exponent of every finite abelian p’-quotient of G divides e.

For every B € ZH(G, O(X)*) and u € O(X)* such that TT(X) © (,B_dSG(u)) takes values in K> | K**
there is a unique o € Zg fe such that

TT(X) O =TT (X) Oﬂ S ZI(G, T(X)).

Proof. Take the 1-cocycle 1 := 8 (1) ~¢. The assumption on B implies that 77 (xyon € Z' (G, K*/K>).
Since G is compact and K * /K ** is a discrete group with trivial G-action, 77 (xyon € Hom(G, K*/K**)
has finite image and so takes values in the torsion subgroup of K*/K**.

Since K */K** has no p-torsion, 7 x) o n factors through a finite abelian p’-quotient of G and thus
(7 (x)on)¢ =1 by our assumption on G. That is n¢ takes values in O(X)**. By Lemma 3.3.5(a), n° has
a de-th root y in Z' (G, O(X)**): y%¢ = p°.
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Now 86 ()¢ = (nBh)¢ = (yj)4, so a := ypB satisfies a? = 85 (u)¢. Moreover TT(x)oq =TT(X)0 P
as required.
Suppose now that o’ € Z d , satisfies

TI.’T(X) OOt/ =TT (X) Oﬂ = TI,’T(X) o.
Then /o’ takes values in O(X)** but also (a/a’)9¢ = 1. Then o’ = « since p { de. O

Finally, we record how our explicit equivariant line bundle with connection LY ; transforms under
group actions.

Lemma 3.3.9. Suppose that H is a subgroup of G and w € G normalises H. Let u € O(X)* and let
d,e>1. Thenforallax € Z de, we have

wi( L g) =

w-u, d

where (w-a)(h) == w -a(w‘lhw)for allh € H.

Proof. Recall from Lemma 3.1.11 that w..%, 4 is again a D-module on X. We will use the following
notation to denote this action:

Px,m= (u)_l -P)-m forall PeD,mecw,%, .

Here w=!- P = (w™")P(P), where (wH? : D — (w H*D=w,Dis part of the equivariant structure of
D. Let us now give another proof of Remark 3.1.17: let 0 € 7 € D and let v be the canonical O-module
generator of .Z, 4; then

_l@ o tw - @wew) 19w
~d u d u T v

This verifies that the @-module generator v for w,.%, 4 verifies the defining condition in .%,,.,, 4 under its

0 %y U= (w_1 d)-v

¥y VU

w-twisted D-action.
Next, chasing the definition found in the proof of Proposition 3.2.13, we see that for any [.¥] €
PicCon’! (X), the H-equivariant structure on w,.Z is given by

g" % =w,(w'gw)?) forall g€ H,
which on local sections translates to the formula

gxpm=w 'gw)-m forall ge H mew,%.

Finally, recall that the 1-cocycle @ : H — O(X)* is defined by the rule g- v = a(g)v for all g € H.
Putting everything together, we compute

gy V= (w_lgw) ‘v = oz(w_lgw)v = (w ~a(w_1gw)) kU

and the result follows. O



Equivariant line bundles with connection on the p-adic upper half-plane 1425

4. Applications to Drinfeld’s upper half-plane

4.1. Subdomains of the rigid analytic affine line. We will write A := Ag := A}(’a" to denote the rigid
K-analytic affine line, equipped with a fixed choice of local coordinate x € O(A). We write P! to denote
the rigid K-analytic projective line.

Definition 4.1.1. A K-cheese is an affinoid subdomain of A of the form

Ck(a,s) = SpK(x;an, xilal’ o xigag>
for some & := (ap, ..., 0tg) € K8 and s := (sp, . . ., 5¢) € (K*)&T!, which satisfy
o Isi| <lsol foralli=1,.... g,
o oy —og| <|so| foralli=1,...,g,and

* |a; —oaj| > max{|s;|, |s;|} whenever 1 <i < j <g.

When there is no risk of confusion, we will simplify the notation to C(a, §).
We call the open discs

Doo :={z € P'(C) : |z — 0| > |so]} and
Di:={zePY(C):|z—aj| <|si|} fori=1,...,g
the holes of C(w, s) and we write
h(C(a,s)) :={D1, ..., Dg, Do}
to denote the set of holes of C(«, s).

Of course the C-points of C(«, §) are obtained by removing the g+ 1 holes from P! (C). The conditions
on the parameters « and s are there to ensure that the holes are pairwise disjoint. We also require that o
and s are defined over K.

Remark 4.1.2. (a) Given two open discs Dy, D; in P!(C) with D; N D, # &, it must necessarily be
the case that either D; € D», or D, C D;.

(b) The union and the intersection of two cheeses Cy, C, are also cheeses, unless C1 N Cp, = .

Lemma 4.1.3. Suppose that X and Y are K-cheeses and ¢ : P' — P! is a K-analytic automorphism such
that o(Y) C X. Then there is a unique function

¢y h(X) = h(Y)
such that for every D € h(X), (pff(D) is the largest hole of Y containing ¢~ (D).

Proof. By [22, p. 33], the automorphism ¢ is necessarily a Mobius transformation. Hence ¢, as well as
ol maps open discs in P'(C) to open discs in Pl (C).
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Let D € h(X). Then ¢~ (D)NY(C) C ¢~ (DN X(C)) = @. Thus the open disc ¢~ (D) is contained
in the union of the holes of Y. Remark 4.1.2(a) then implies that (p_l (D) is contained in a unique hole
¥ (D) of Y. O

Notation 4.1.4. Suppose that X, Y are K-cheeses with ¥ C X. We will denote the function id; h(X) —
h(Y) associated with the identity map id : P! — P! by f : h(X) — h(Y).

The following lemma will be useful later.

Lemma 4.1.5. Suppose that X and Y are K-cheeses with nonempty intersection. Then there is a natural
bijection
FUY g (X UY) = h(X) x  h(Y)
h(XNY)

given by D > (3YY (D), ;s VY (D)).
Proof. The map in the statement of the lemma is well-defined because

X XUY _ XUY _ Y XUy
Lxny Oty =lxny =lxnyOly -

De Morgan’s laws [7, p. 350, equation (8)] imply that #(XUY) is precisely the set of nonempty intersections
ANB with A € h(X) and B € h(Y). Let D € h(X UY); hence there exist A € h(X) and B € h(Y) with
D = AN B. But then (§°Y (D) = A and ¢ ¥Y (D) = B, so D = A or D = B by Remark 4.1.2(a). Hence
t;{(uy X tfoY is injective.

We now show that (¥"¥ x % is surjective. Suppose that A € h(X) and B € h(Y) are such that
t))ng(A) = tme(B) =: E. This means that A and B are contained in the same hole £ of X NY. Since E
is a hole of X NY, by de Morgan’s laws again we see that E is the union of the holes of X contained
in E together with the holes of ¥ contained in E. But no open disc in P'(C) is a finite union of proper
open subdiscs; hence E € h(X)Uh(Y). It follows that either E = A or E = B. Since E contains both A
and B, it follows that either A € B or B C A. Hence D := AN B is nonempty and is therefore a hole of

X UY as we saw above. It is now clear that

(A, B) = (§V (D), §U" (D))

lies in the image of (5% x (FVY. O

We are interested in these cheeses because every connected affinoid subdomain of the affine line A is
a K-cheese whenever K is algebraically closed by [23, Corollary 2.4.7]. We will prove Theorem 4.1.8
below which carries out a Galois descent of this statement down to our base field K which may fail to be
algebraically closed.

Lemma 4.1.6. If Gx := Gal(K/K) and A is a K-affinoid algebra, the natural map A — (A Q C)9% is
an isomorphism of K-Banach algebras.

Proof. Since A is a quotient of a Tate algebra, A is of countable type as a K-Banach space: it has a dense
K-linear subspace of countable dimension. Assume first that dimg A = oo. By [16, Proposition 1.2.1(3)],
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we can find a K-Banach space isomorphism ¢ : A — co(K); this means that ¢ is a bounded K-linear map
which has a bounded K-linear inverse. Now consider the commutative diagram

A (AR C)%

wl lq@l

co(K) ———— (co(K) ® €)%
The arrow in the bottom row is an isomorphism because
(co(K) ® €)% = co(€)F = ¢co(C%) = co(K)

by the Ax—Sen-Tate theorem — see, for example, [9, Proposition 2.1.2]; the proof given there works for
any complete nonarchimedean field of characteristic zero. The case dimg A < oo is handled in a similar
manner. O

Definition 4.1.7. When X is an affinoid subdomain of A and K’ is a finite extension of K we say that X
is split over K’ if X/ is a finite union of pairwise disjoint cheeses.

We write /| K |* to denote the divisible subgroup of R* generated by |K *|; this is the same as | K *|.

Theorem 4.1.8. Let X be an affinoid subdomain of the affine line A. Then there is a finite extension K’ of
K such that X splits over K'.

Proof. Recall that X is geometrically connected provided that the base change X ¢ is connected. Suppose
first that X is geometrically connected. Then X ¢, being connected, is a cheese C¢ («, s) by [23, Corollary
2.4.7]. Since K is dense in C, we can choose the centres «g, o1, . . ., g to be first in K, and then find
a large enough finite extension K’ of K such that o;; € K’ for all i. Since |[K*| = |C*| = m, we
may enlarge K’ if necessary and arrange that s; € K’ for all i as well. Let Z := Ck/(«, s) be the same
cheese but defined over K’. Choose a large enough closed disc D defined over K’ which contains both
X' := Xg and Z, and fix a coordinate y on D. Then there is an isomorphism of C-affinoid varieties
X' xg C = Z x g C compatible with the inclusions X’ < D and Z < D. Now consider the induced
C-algebra isomorphism

Y OX)®x C=0X xx C) = OZxx C)=0(Z) Bk C.

Because X' is an affinoid subdomain of D, the C-algebra O(X’) ® k- C contains a dense C-subalgebra
generated by rational functions in y with coefficients in K’, and ¥ must send these rational functions
to Gg-invariants in the target. Hence v respects the natural Gg: := Gal(K /K’)-actions on both sides.
Taking G -invariants and applying Lemma 4.1.6 we deduce a O(D)-algebra isomorphism O(X') = O(Z),
so that X' = Z is a cheese.

Returning to the general case, it will now be enough to show that there is some finite extension K”
of K such that every connected component of X~ is geometrically connected. To see this, consider
again X¢, and let {ey, ..., e,} be the primitive idempotents of O(X¢). Since Gk acts continuously on



1428 Konstantin Ardakov and Simon Wadsley

O(X¢) the stabiliser H; in Gk of each ¢; is closed. But G preserves {ey, ..., e,} so each H; has finite
index in Gg. Hence each H; is also open in Gx. We can therefore find a finite extension K” of K such
that Gg» fixes each e; pointwise. Then e¢; € O(X¢)%” = (O(X) ® C)9%" = O(X) R K" = O(Xk)
again by Lemma 4.1.6. It follows that every connected component of X~ is geometrically connected as
required. (|

Proposition 4.1.9. Let C = Cg («; ) be a K-rational cheese and & = &y a coordinate on A' such that
Do ={z € PI(C): |£()| > 1}
Fori=1,...,glet& =c;/(E —&(w;)) with ¢; € K* such that |&;| = 1. Then the set

(Lg :j=1,0<i<g)

is an orthonormal Schauder basis for the K-Banach space O(C), in the sense of [6, §2.7.2].

Proof. This is a straightforward rephrasing of [23, Proposition 2.4.8(a)]. g

OX)>
Proposition 4.1.10 [23, Proposition 2.4.8(b)]. Let X = C(«, §) be a cheese. The map 78 — ﬁ(;)xx
defined by

(ni,....ng) >  (x—a)" - (x—ap) - K- O(X)™

is an isomorphism of abelian groups.
Proposition 4.1.11. For every cheese X, Pic(X) = 0.
Proof. This follows from [16, Proposition 8.2.3(1)] and [30, Corollary 3.8]. Il

o

Proposition 4.1.12. Suppose that X is an admissible subdomain of A and {X,};
of X by cheeses such that X,, C X+ for all n and each map L§:+l h(Xp+1) = h(Xy) is surjective. Then

o Isan admissible cover

X is geometrically connected, smooth and quasi-Stein.

Proof. Since X ¢ has an admissible cover by the cheeses X, ¢, X is geometrically connected and smooth.
By [16, Exercise 2.6.2] all the maps O(X,,+1) — O(X,) have dense image and so X is quasi-Stein.
One argument to complete the exercise is as follows. For any cheese C := C(«, s) the sub-K-algebra of
rational functions
Ort(C) = K[x, (x —a) ™', .o, (x —a) ']

is dense in O(C), by Proposition 4.1.9. Moreover, the condition /2 (X,,+1) — h(X,,) is surjective guarantees
that the centres of the holes in X, can all be chosen to not lie in X, 1| so that Oy (X,,) C O(X;4+1). U

4.2. Drinfeld’s upper half-plane. In this section we study 2, the Drinfeld upper half-plane, which is a
rigid F-analytic space whose underlying set consists of the Gal(F / F)-orbits in Q¢ (F) = PL(F)\P'(F).

It is straightforward to see that for any finite extension L of F, Qr(L) can be identified with L\ F
and we will often silently make this identification. The rigid space Q2 comes naturally equipped with an
action of GL,(F) by Mobius transformations,

(a b) Z_az—f—b
cd) " cz+d’



Equivariant line bundles with connection on the p-adic upper half-plane 1429

and the same formula induces an action on each set Qg (L).

We recall from [8, §1.2.2] the GL,(F)-equivariant reduction map A : Qr(C) — |BT| from Qp(C) =
P! (C)\P!(F) to the geometric realisation |B7 | of the Bruhat-Tits tree BT associated with PGL,(F).
Since A o o = A for any o € Gal(F/F), this map factors through the rigid F-analytic space QF, giving
us a map

A Qr — |BT].

Any point in QF is the Gal(F /F)-orbit [z] of some z € Q7 (F); then we have A([z]) = A(z). We abuse
notation and also call A : Qr — |BT| the reduction map.

Lemma 4.2.1. Let z € Qp(F). Then GLy(F); < GLa(F) (5] < GL2(F)s(12)-

Proof. This is a consequence of the GL;(F)-equivariance of z — [z] and A. O
Proposition 4.2.2. If T is a finite subtree of BT, then =" (|T|) is an F-cheese contained in Q.

Proof. Since the union of two non-disjoint F-cheeses is an F-cheese and 7 is connected, by an induction
on the number of edges of T, it suffices to prove the result when 7 is a single vertex or has two vertices
connected by an edge. Both of these cases can be deduced from the discussion in [8, §1.2.3]. Il

Definition 4.2.3. For every finite subtree 7 of BT, we define
Cr:=2"YT) xr K.
Note that Cy is a K-cheese contained in 2 := QF xr K, by Proposition 4.2.2.

Definition 4.2.4. Suppose 7 is a finite subtree of B7.
(a) The neighbourhood of T is the subset N (T) of the set of edges of 57 with precisely one vertex in 7:

N(T):={(ssh) € E(BT):s€T,s €T}
(b) Fore e N(T) we write s7(e) to denote the vertex of e in 7 and #7(e) to denote the vertex of e notin 7
s((ss):=s and tr((ss)):=s" forseT,s &T.
Lemma 4.2.5. Let T’ C T be finite subtrees of BT and let e € N(T). Then there is a unique f € N(T")

such that the unique path in BT from tr(e) to t+(f) contains no vertices of T'.

Proof. Let w be any vertex of 7'. Since BT is a tree it contains a unique path from #7-(e) to w. Since w
is a vertex of 7”7 and #7(e) is not, there is precisely one edge f in this path contained in N (7). We can
then truncate the path to a path from #7(e) to t7-(f) that contains no vertices of 7.

If f is an element of N(7)\{f} then the unique path from 7 (f) to t7-(f’) must pass through a
vertex of 7 so there is no path from #7(e) to t7-(f”) that contains no vertices of 7. O

Definition 4.2.6. If 7/ C T are finite subtrees of BT, then
L; N(T)— N(T)

is the map that sends e € N(7) to f € N(T’) given by Lemma 4.2.5.
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Example 4.2.7. Suppose that S is a subtree of BT consisting of two vertices s and s’ and the single edge
(ss’), and {s} is the subtree of S with s as its only vertex. Then there exist 2q edges ey, .. ., eq, f1.-.5 JIq
in E(BT) such that

(@ NS ={er,....eq f1,..., fq}:

(b) ss(ej) =s and ss(f;) =s' foreachi=1,...,q,

(c) N({s}) ={e1,...,eq, (ss")}, and

(d) 1y(e) =e; and i, (fi) = (ss”) foreachi =1,...,¢
Lemma 4.2.8. Suppose that Ty € T, C T3 are finite subtrees of BT.
(a) LT = L7— oth

(b) If e € N(T2) and sT,(e) € V(T1), then L;,-—T(e) =e.

(c) Ife € N(T2) and s7;(e) & V(T1), then L;—?(E) € E(T)\E(Th).

Proof. (a) If e € N(73) then the path P in BT from #7;(e) to tr; (L;? (e)) that contains no vertices of 7; can
be decomposed as a union of two subpaths with a single vertex in common (and possibly no edges): one
of these subpaths goes from #7;(e) to the last vertex s in P that does not lie in 7, and the other goes from
s to t7; (LT (e)) Then these paths show that L% (e) is the unique element f of N(73) such thatt7;(f) =+
and ¢ 1(f) is t7-1 3 (e) as required.

(b) Since 71 < T2, the condition s7; (e) € Ty gives that e € N (71) and the path from #; (e) to ¢7; (e) =t7; (e)
has no edges and so contains no vertices of 7.

(c) First N(T)) N E(Ti) = @ so L (e) & E(Ty). Since 51 := s7;(e) € Tz and 55 := 57, (112 (e)) € Ty S Tz,
the unique path in B7 from s to s; lies in 7;. The condition s; ¢ 77 ensures this path contains at least
one edge f := (t7-l (L7T—f (e))sz). Moreover f € N(71). Adding the edge (¢7;(e)s1) to the start of the path
and removing f from its end gives the path that shows that L;—? (e)=1f. U

Lemma 4.2.9. Suppose that S and T are finite subtrees of BT such that
E(S) ={(ss")}and V(S)NV(T) = {s}.
There is a natural bijection

ST x SYTINSUT) — N(S) v N(T)

given by e — (LSUT(e) LSUT(e)).
Proof. The map & := 0 S VT % L‘7S—UT in the statement is well-defined, because Lemma 4.2.8(a) shows that

s SUT _ SUT SuT
Snr ot =nr = daro

Next we show that £ is injective. To this end, suppose that e;, e, are two elements of N(S U T) such
that £(e;) = &(ep). Let v; = ssuy(e;) fori =1, 2. Suppose first that both of vy, v, lie in S. In this case,
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1897 (e1) = ey and (V7 (e2) = e, by Lemma 4.2.8(b), and we deduce by looking at the first component
of £(e;) = &(ey) that e; = ey. The case where both vy, v, lie in 7 is entirely similar. Suppose for a
contradiction that e; # ep. Without loss of generality, we can now assume that v; lies in V (7)\V (S) and
vy lies in V(S)\V(T). Since S is a single leaf with V(S)NV (T) = {s}, this forces v, = s’. Therefore since
1897 (e2) = 2 by Lemma 4.2.8(b), the only vertex of (3”7 (e2) in S is s”. However, because v| ¢ V(S),
1897 (e1) € E(T) by Lemma 4.2.8(c). This contradicts (397 (e2) = (5”7 (e}) because s’ ¢ V(7).

Finally we show that & is surjective. Suppose that (e, f) € N(S) N gij ).

We first consider the case where s7(f) # s, so that t7-(f) € SUT. It follows that f € N(SUT) and
we claim £(f) = (e, f). That t:?UT( f) = f follows from Lemma 4.2.8(b) because s7(f) € 7. Consider
the following element g of N(SNT):

g 1= 13n7(e) =1L (f).

Since s7(f) €SNT, g€ E(T) by Lemma 4.2.8(c). In particular g # (ss’). Since g = Lng(e), this implies
that g = e by Example 4.2.7(d). Now ssu7(f) € S so h := thT(f) € E(T)\E(S) by Lemma 4.2.8(c)
again. Hence Lng(h) = h by Example 4.2.7(d). Using Lemma 4.2.8(a) several times, we now see that

T =h =507 () = G S7T() =20 () = 5T () =g

Hence (3”7 (f) = g = e as required.

Next we consider the case where s7(f) = s so that, by Lemma 4.2.8(b), Lng( f) = f, and hence
f= Lng( f)= Lng(e). This splits into two subcases.

Suppose first that f = (ss’). Then Lgm—(e) = f = (ss’) implies by Example 4.2.7(d) that ss(e) = s'.
Therefore ts(e) ¢ V(T) which means that e € N(SUT). Then (3”7 (¢) = e by Lemma 4.2.8(b) and
L?—UT(Q) = (ss’) = f by Lemma 4.2.8(c), so £(e) = (e, f) as required.

Finally, suppose that f # (ss’). Then t7(f) ¢ V(S),so f € N(SUT). Then tng(e) = f # (ss')
implies that e = (3 -(e) = f by Example 4.2.7(d). Hence (37 (f) = f and ($"7 (f) =57 (¢) = e, and
so £(f) = (e, f) as required. U

Proposition 4.2.10. Let T be a finite subtree of BT. Then there is a GOT—equivariant bijection
h :N(T) = h(Cr)

such that following diagram is commutative for every subtree T’ of T

LT,
N(T) ——— N(T)

th lhw (13)

h(Cr) C—T> h(Cr)
lC'T’
Proof. Suppose S and T are disjoint finite subtrees of B7 . It follows from Proposition 4.2.2 that Cs and
Cr are disjoint K-cheeses, so Cs is contained in a unique hole of Cy. In particular, if e € N(T), then
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Citr(e)y and C are disjoint K-cheeses, so Cy.-(¢)) 1s contained in a unique hole hr(e) of Cr.
Since A is Go—equivariant, ifge GOT then #7(g - ) = gt7(e) and so

Al (tr(ge)) = gr 7' (tr(e)) and hy(ge) = ghr(e).

Thus e — hy(e) defines a GOT-equivariant function.

Suppose that 77 C 7T is a subtree and that L; (e) = f. Then the path from #7(e) to t7#(f) in BT is a
tree, S say, that is disjoint from 7”. Then Cy,(¢); and Cy, ()} and Cs are all contained in the same hole,
D say, of Cy. It follows that i1 o L; (e)=D = tg: o hr(e) and that the diagram (13) is commutative.

To show that &7 is always a bijection, we induct on the number of edges of 7. If 7 consists of a single
vertex (no edges), or a single edge, then the result is a simple consequence of [8, 1.2.3]. In the general
case, we decompose 7 as SU T’ where S is a single leaf of 7 and 7 is 7 with S removed. Using the
diagram (13) twice, we obtain the commutative diagram

Ix

Lg Xty

N(T)— N(S) x N(T)

NSOTY)
th lhs xhopr

W(CT) ————h(Cs) x  h(Cr)
ch XLC;/ h(CsmT’

Now, the horizontal arrows in this diagram are bijections by Lemma 4.2.9 and Lemma 4.1.5 respectively.
Since hs x hy is a bijection by the induction hypothesis, it follows that 4+ is a bijection as well. [

Remark 4.2.11. The bijectivity of 7 in Proposition 4.2.10 is conceptually clearer than our proof suggests.
If D is in h(C7) then A(D N QF) is a connected component X p of [BT|\|7]. There is precisely one
edge ep in N (7)) such that the interior of |ep| is contained in X p. Then the inverse of i+ sends D to ep.
However it is not straightforward to make this argument rigorous in the context of this paper.

Definition 4.2.12. Let so be the vertex of BT fixed by GL,(OF) and let n > 0.

(a) T, C BT is the subtree whose vertices have distance at most n from s.
(b) €2, is the cheese @, := Cr,.
Remark 4.2.13. Since G% = G?O = GL,(OF) for all n > 0, 2, is GL,(OF)-stable for all n > 0.

Remark 4.2.14. For any family {7} ;< of finite subtrees of B7 such that _J jes |T;| = |BT], the family
of cheeses {C7;} e, forms an admissible cover of €2.

Lemma 4.2.15. Letn > 0.

(@) GL,(OF) acts transitively on h(£2,).
(b) The fibres of the maps Lg:“ T h(2,41) = h(2y) all have size q.



Equivariant line bundles with connection on the p-adic upper half-plane 1433

Proof. (a) By Proposition 4.2.10 and Remark 4.2.13, it suffices to prove that GL,(OF) acts transitively
on N(T,) for each n > 0. But N(7,) consists of all edges between vertices of distance n from s¢ and
vertices of distance n + 1 from sg. This holds because GL,(OF) acts transitively on the set of vertices of
distance n + 1 from sg.

(b) Note that |h(2,)| = [N(T,)| = (¢ + 1)q" since BT is a (g+1)-regular tree. The fibres of Lg:“ :
h(2,+1) = h(£2,) all have the same size, by part (a). O

We introduce some other admissible covers of Q2 by K-cheeses, for later use.
Recall that w = ( 0 1) € GLy(F) and w - 59 is a vertex of BT adjacent to sp.

JTFO

Definition 4.2.16. Letn > 0.

(a) Let ¢ be the unique edge of 57 with vertices so and w - sg.

(b) Let S, be the subtree of BT consisting of vertices a distance at most n from either sy or wsy.

(c) Let W, be the cheese ¥, :=Cs,.
Lemma 4.2.17. For eachn > 1,

(a) ¥, =R, Uw,, and

b)) ¥,_1 =2, Nw,.
Proof. Letn > 1. Itis clear that S, = T, Uw7,. We claim that S,,_; = 7, NwT,. For the forward inclusion,
because w? acts trivially on BT, it is enough to show that 7,_; € w7,. Let d be the distance function on
V(BT)andletx € V(T,_1). Thend(x, so) <n—1,s0d(x, wsy) <d(x, so)+d(sg, wsg) <(n—1)+1=n
and hence x € V(w7,). For the reverse inclusion, it is enough to show that 7, N w7, C 7,_1. Suppose
that x € V (7, N w7T,) so that d(x, sg) < n and d(x, wsg) < n. By considering the unique path in BT
passing through x, so and wsp, we see that we must have either d(x, s9) <n —1 or d(x, wsg) <n—1,

and hence x € V(7,_1).
Both parts now follow easily. U

Remark 4.2.18. Since, for each n > 0, GOSn = G(e)o = [ is the Iwahori subgroup from Notation 2.2.1(b),
each cheese V,, = Cg, is [-stable.

Lemma 4.2.19. Suppose that n > 0.

(@) h(W,) has precisely two I-orbits, each of size g"*'.

(b) The map L:;:H ch(W,p1) = h(\V,) is surjective, with all fibres of size q.
Proof. (a) By Proposition 4.2.10 it suffices to show that N (S,) has precisely two -orbits each of size
g + 1. But N(S,) consists of those edges of S+ that are not edges of S,,. These fall into those that
connect vertices of distance n and n + 1 from s¢ (and distance n + 1 and n + 2 from w - s¢) and those that

connect vertices of distance n and n + 1 from w - 59 (and distance n 4+ 1 and n + 2 from sg). These two
sets of edges in N (S,,) are its [-orbits.
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(b) Using Proposition 4.2.10 again, it suffices to prove the same thing about the fibres of the /-equivariant
function N (S,4+1) — N(S,). This is straightforward to verify since BT is (g+1)-regular. O

Lemma 4.2.20. The following collections of affinoid subdomains form admissible covers of Q2:

@ {Rudno;

(0) (W }uzo;

(©) {Wnln>o0.
Proof. Each part is an easy consequence of Remark 4.2.14. U
Proposition 4.2.21. 2 is a smooth, geometrically connected, quasi-Stein rigid K-analytic space.

Proof. We’ve seen that the chain Q¢ C ©Q; C - - - is an admissible cover of €2 by an increasing union of
cheeses. Moreover the maps /7 (£2,,+1) — h(€2,) are all surjective by Lemma 4.2.15. Thus €2 is a smooth,
geometrically connected, quasi-Stein rigid K-analytic space by Proposition 4.1.12. O

4.3. Units, measures and flat connections on Q. Recall, for ¢ € Aut(P'!) and cheeses X and Y with
¢(Y) C X, the map (pff :h(X) = h(Y) from Lemma 4.1.3 together with the notation D, to denote the
element of /(X)) containing the point co € P! (C).

Proposition 4.3.1. Let X = C(a, s) and Y be cheeses and ¢ € Aut(P') with ¢(Y) C X. Then there is

commutative diagram

| —— K- OX)* —— 0X)* —5 My(h(X),Z) —— 0

L

1 — K*-O0)* —— O(Y)* 0 My(h(Y),Z) —— 0

whose rows are short exact sequences of abelian groups and whose non-labelled vertical arrows are
induced by the composite of the restriction O(X) — O(¢(Y)) and ¢* : O(p(Y)) — O(Y).
The map [y is characterised by ux(x —a) =8p —dp,, for D € h(X) and o € D(K).

Proof. Foreachi =1, ..., g :=gx, let D; € h(X) be the open disc containing ;. Given u € O(X)*, use
Proposition 4.1.10 to find integers ny, ..., n, such that

u=@x—a)" - (x—ay)" mod K™ O(X)™

and define the measure px (1) € Mo(h(X), Z) by

8
ux() =Y ni(dp, —dp,,).

i=1
The top row is then exact by Proposition 4.1.10. We note that ;y does not depend on the choice of the
centres a, ..., g of the holes of the cheese X.
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Since Y is also a cheese the bottom row is also exact. The commutativity of the left-hand square is
clear.

To see the right-hand square commutes it suffices by the argument just given to show that for all
i=1,..., g, we have

O Jix (x — o) = py (9F (x — 7).

Now, ¢f , ix (x — ;) = 8,5 (D) — By (D> aNd ¢*(x — ;) is a rational function whose divisor is
(¢ (@) — (¢ (0)). So, since ¢ (D;) € h(Y) contains ¢! (c;) € ¢~ 1(D;) and ¢ff (Do) € h(Y)
contains ¢! (00) € ¢ (Ds), we see that

1y (@F (6 = ) = 8,5 () = 8 (Do) = Py lx (X — ). O
Because of Proposition 3.1.16, we are interested in the groups O;(X)X ® (l/g)Z for positive integers d.
oz

Corollary 4.3.2. Let X be a cheese and let d be an integer.

(a) The map wyx induces a surjective homomorphism

OX)~

om0 My (h(X),Z/dZ) .

Kx.d
(b) If G — Aut(P')x is a group homomorphism, then iy 4 is G-equivariant.
(c) If ptd then px 4 is an isomorphism.
Proof. (a) Proposition 4.3.1 gives us an exact sequence of abelian groups
1 — OX) /K — OX)*/K* 5 My(h(X),Z) — 0.

Tensoring this sequence with Z/dZ gives an exact sequence

O(X)** O(X)*
—E(X)x ©7/d7 > 22 7147 2, Myn(x),2) ©2/d7 0. (14)
VA 7 7

The second term is O(X)* /K *O(X)*“ and the third term is My(h(X), Z/dZ) by Lemma 2.1.6.

KX

(b) This part follows easily from Proposition 4.3.1.
(c) Since p {d, the first term in (14) vanishes by Lemma 3.3.5, U

Corollary 4.3.3. Let X be a cheese, d is an integer such that p td and suppose that G — Aut(P)x is a
group homomorphism. Then

fix.a 0604 : Con(X)°[d] — My (h(X),Z/dZ)°
is an isomorphism.

Proof. This follows immediately from Proposition 3.1.16 and Corollary 4.3.2. O

We will now use Corollary 4.3.3 to investigate how the group Con® (X)[d] changes when we vary X
and G. More precisely:
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Proposition 4.3.4. Let Y C X be cheeses such that L§ :h(X) — h(Y) is surjective and let d > 1 be an
integer such that p {d.
(a) Suppose that
(i) each fibre oftif :h(X) — h(Y) has size coprime to d, and
(i1) the G-orbits in h(X) are unions of these fibres.

Then the following restriction map is injective:
Con(X)[d]° < Con(Y)[d].

(b) Suppose that additionally to the assumptions in (a),
(iii) H is a closed subgroup of Gy, and
(iv) the restriction map Hom(G, uq(K)) — Hom(H, uy(K)) is injective.

Then the following restriction map is injective:
Con® (X)[d] = Con (Y)[d].

(c) Suppose that additionally to the assumptions in (b),
V) Li;( :h(X) — h(Y) induces a bijection between the G-orbits in h(X) and the H-orbits in h(Y),
(vi) the map Hom(G, 14(K)) — Hom(H, uy(K)) is surjective, and
(vii) w: Con%(X)[d] — Con(X)[d]C is surjective.

Then the following restriction map is an isomorphism:
Con® (X)[d] = Con® (Y)[d].
Proof. (a) By Corollary 4.3.3 there is a commutative diagram

HX,d°0d

Con(X)[d]¢ —_NG> My (h(X), Z/dZ)°

l . l (1)

Con(Y)[d] ﬂ—;e> Mo (h(Y), Z/dZ)

whose left vertical arrow is restriction and whose horizontal arrows are isomorphisms. Thus it suffices
to prove that L;(’* s My (h(X), Z/dZ)G — My (h(Y), Z/dZ) is injective. Suppose that v is in the kernel.
Then for D € h(Y),

0=, (DY =v((y) " (D).

Since Li,( is surjective by assumption, we may choose some D’ € h(X) such that t{f (D) = D. Because v

is G-invariant, assumption (ii) implies that
v () DY) = 1) (D) -v({D'D).

Then assumption (i) gives v({D’}) =0, so v = 0 as required.
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(b) Using Proposition 3.2.14 together with Proposition 4.1.11 and (iii), we have the commutative diagram

0 —— Hom(G, j14(K)) — Con®(X)[d] — Con(X)[d]°

U

0 —— Hom(H, uq(K)) — Con” (Y)[d] —— Con(Y)[d]"

with exact rows, whose vertical arrows are given by restriction. Using (iv), part (a) and the Four lemma,
we see that the middle arrow is injective.

(c) Assumption (v) implies that the right vertical map in (15) has image equal to My (h(Y), Z /dZ)H , SO
the right vertical arrow in (16) is an isomorphism. Using this together with (vii) gives that both of the
rightmost horizontal arrows in diagram (16) are surjective. We can now use (vi) and the Five lemma to
finish the proof. |

The following technical lemma is needed for the important Corollary 4.3.8 below. Recall the K-cheeses
Cy from Definition 4.2.3.

Lemma 4.3.5. Suppose that T' C T are finite subtrees of BT with N(T') C T. Then for every n > 1 and
fe KX(’)(CT)E;T;W, we have f|c,, € K*O(Cr)*

|7-[F‘n+l'

Proof. We claim first that for each a € F and n € {£1},

(@ —a)"|., < |l | —a)"| - (17)

By a change of coordinate induced by an element of GL,(F) we may reduce the proof of this claim
to proving |g|”! < |x|c in the particular case |x|c,, = 1. Now if |x|c, = 1, then sp € 7" and so, by
hypothesis,

TISTUNT)CT.

Then because 2 = C7;, we have [x|c, > |x|g, > |7r|~! which proves the claim.
Now suppose that f € KX(’)(CT);TXFW so that f = A(1+h) for some A € K* and h € 7} O(CT)°. We
have to show that 1 +4 € K*O(C7) By Proposition 4.1.9, we can write

|71’F|"+1‘
g
L+h=+r)+Y > it
i=0 j>1
with Ao, A;; € 3Ok and &, ..., &, each of the form c(x —a) or = with a,c € F and ¢ # 0 and
|&lc, = 1. Since (1 + Ag) € K**, by considering (1 + %0)~'(1 +h) we may further assume that Ay = 0

and then it suffices to prove that |h|c,, < |711'§+1 |. Now by (17), for all suitable i, j we have

& e, = |§i|jc7,/ <|mrl! <|mFl
so the result follows by the ultrametric inequality. U

Recall the K-cheeses €2,, from Definition 4.2.12.
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Corollary 4.3.6. Suppose that n,m > 0. Then for all f € K*O(Q4m)™>,

fla, € K*OQ)

s

Proof. Since N(T,+1) € Tpai+1 for all n, k > 0, this follows from Lemma 4.3.5 by a straightforward
induction on m. U

Proposition 4.3.7. Write A := GL,(OF).

(a) For all n = 0, the restriction map
Con(Q2,+1)*[p'] = Con(R,)*[p']

is an isomorphism. These groups are cyclic of order q + 1.

(b) There is m > 1 such that the restriction maps
Con(Qy+)" [p] = Con(2)" [p]

are zero for all n > 0.

Proof. (a) Suppose d is an integer coprime to p and that d is a multiple of (¢ + 1) = |h(£2p)|. Then by
Corollary 4.3.3 and Proposition 4.3.1, for each n > 1, there is a commutative diagram

Con(Q,)*[d] ——— Mo(h(y,), Z/dZ)*

l |

Con(,-1)*[d] —— Mo(h(Q-1), Z/dZ)"
whose horizontal maps are isomorphisms. Since A acts transitively on each /(£2,), by Lemma 4.2.15(a),
we see by Proposition 2.1.8(b) that My (h(S2,), Z/dZ)* is cyclic of order gcd(d, |h(2,)]) = g + 1
and generated by the image of #Eh(gn). By Lemma 4.2.15(b) and Proposition 2.1.8(c), the right
vertical map sends the image of #Eh(gn) in My(h(2,), Z/dZ)A to the image of q‘%Eh(QH) in
Mo(h(S2—1), Z/dZ)". Since q is coprime to d, it follows that the map is an isomorphism. Part (a)
now follows easily.

(b) We take m > 1 such that |7r1’$_1| < w and let N = n + m. Suppose that
[.£] € Con(Qn)*[p].
We will show that [.£|q, ] = [O] € Con(£2,). By Proposition 3.1.16 there is u € O(2y)™ such that

O(QN)* )A

— X xXp
6,(12)) = uK *O(Qy) e( OO

It suffices to show that u|g, € K*O(£2,)*P. Now uqy, pu) € Mo(h(Q2y), 7/ pZ)A by Corollary 4.3.2(b),
and by Proposition 2.1.8(b,c) and Lemma 4.2.15(b), the natural map induced by the inclusion Qy C Qy_1,

Mo(h(Q), Z/ pZ)* — Mo(h(Q2y-1), Z/ pZ),
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is zero. It follows, using Proposition 4.3.1, that there is v € (’)(Q/f,_l) such that uq,_, (u|qy_,v?) =0.
Writing
w = ulq,_v’,
to prove ul|g, € K*O(£2,)*? it suffices to show that w|g, € K*O(2,)*?. Since ug, ,(w) =0,
Proposition 4.3.1 now implies that w € K*O(2;,4pm—1)**.
Now by Corollary 4.3.6,
wlg, € KXO(Q2,) "

|7TF Im—] .
Our assumption that |71}ff_1| < @ now allows us to deduce from Lemma 3.3.5(b) that w|g, € K> O(£2,)*?
as required. O
Corollary 4.3.8. The group PicCon(Q)tGLZ(OF ) is cyclic of order q + 1.

ors

Proof. By Propositions 4.2.21, 3.1.9, and 4.1.11 we have
PicCon(2) = lim Con(£2,).

Since each 2, is A := GL,(OpF)-stable by Remark 4.2.13, and the functors taking A-invariants and taking
the d-torsion subgroup each commute with limits it follows that for each d > 1 we have

PicCon(2)*[d] = lim Con(£2,)*[d].

By Proposition 4.3.7(b), LiglCon(Qn)A[p] =0. So PicCon(£2)* has no p-torsion.
By Proposition 4.3.7(a), we can see that for each d that is a multiple of g + 1, @COH(QH)A[d] is
cyclic of order g + 1. The result follows. O

4.4. Proof of Theorem A. We now return to the setting of Section 3.3, and start working towards our proof
of Theorem A. Recall the cheeses €2,, from Definition 4.2.12(b) and the map ¢, from Proposition 3.2.7.
QF , will denote the version of €2, obtained when K = F.

Theorem 4.4.1. Let L be an unramified quadratic extension of F. Then for every z € Qp o(L) and every
n >0, the map

¢ : Con®©P(Q,)[p'] = Hom(GL2(OF)z, K (2))[p']
is an isomorphism.

Proof. Because z € Qr o(L), we may view it as a point of Q¢ (K (2)) = Q20(K(z)) € 2,(K(z)). Hence
the map ¢, from Proposition 3.2.7 makes sense in this setting. Write A :=GL,(OF). By Proposition 3.2.14
together with the left exactness of the endofunctor (—)[p’] on abelian groups, there is an exact sequence

0 — Hom(A, K*)[p'] = Con?(£2,)[p'1 — Con(2,)[p’].

The group Con(§2,)4 [p']1is cyclic of order g + 1 by Proposition 4.3.7(a), whereas Hom(A, K *)[p'] is
cyclic of order ¢ — 1 by Lemma 2.2.3(a). Thus,

|Con* (@[] <¢* — 1.
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Since z € Op (L) € Qp(F) by assumption, we can apply Lemma 4.2.1 to see that A, = G2. Also,
7€ Qro(L) € Qr(L) = L\F implies that F(z) = L is a quadratic extension of F, so Lemma 2.2.7 can
be applied to deduce that Hom(A., K (z)*)[p’] is cyclic of order g> — 1. Now it suffices to show that
the image of ¢, contains a generator of this cyclic group. To this end we will construct an element [.Z’]
of Con?(Q2,)[ p’] such that, in the notation of Lemma 2.2.7, ¢,([.£]) = j}qn. To do this, we will first

construct a suitable unit u € O(2,)*, then an appropriate 1-cocycle « € ZA S

g41.g—1 and then the required

equivariant line bundle .# is given by an application of Lemma 3.3.4(a).

Consider the function
ab

jia—o@n* (79

—a—cx. (18)
)

We compute that

. ay b1)>(a1 b1> . .(<a2 b2>> — _ _ d]-x_bl
J(<C1 d ad) '\\e; 4 (@ =) | a Czal—clx

= (a1az +bicy) — (c1az + cadr)x = J((?: Zi)(az b2)>

¢ dy

and see that j € Z!(A, O(2,)*). The reason for considering this 1-cocycle j is that
ne, (j(g) =38;p, —d8p, forall ge A

and z o j|4, = J; mod L** Define v := |h(2,)|6p,, — X, € Mo(h(,), Z). Applying Proposition 4.3.1,
we find u € O(R2,,)™ such that g, (u) = v. Then we calculate that

Saw)(g)=g-v—v=1h(2,)|(p, —0p,) forall geA.

Therefore inside Z'(A, My(h(R2,), Z)) we have the equality
pe, 0 j" O =8,(v) = pg, 084 ().

Since |h(£2,)| =¢q" (g + 1), this means that j_qn(‘1+1)8A (u) takes values in ker (g, . Now Proposition 4.3.1
tells us that ker g, = K- O(£2,)**. So we may rephrase this as saying that

wr@y 0 (186 ()

takes values in K*/K>**. Since €2, is geometrically connected, A is compact and every finite abelian

p’-quotient of A has exponent dividing ¢ — 1, by Remark 2.2.4, we may apply Proposition 3.3.8 with

d,e,u,)=(@+1,9—1,u, jq") to deduce that there exists an o € Z,f,’qs?fm_l such that

TT(Q,) 0« ZJTT(Q”)qu . (19)

By Lemma 3.3.4(a), there is a (qz—l)—torsion A-equivariant line bundle with connection .Z g+1 0N Q,,

such that ¢ (1.2, 1) = [e] inside H'(A, O(£2,)).

To see what ¢, does to this [.£¥ g+11 we apply Proposition 3.3.2(b) to find that

u,

¢ (1L 1) =z o (resy, dg, (1Z5, 1) =z0ala..



Equivariant line bundles with connection on the p-adic upper half-plane 1441

Applying the functor 7 (—) from Notation 3.3.6 to the morphism of affinoid varieties z : Sp L — €2,, and
using equation (19), we see that

)
zoala, =zoj7 |4, mod K(z)**.

a —cN(2)

Butzo (c a—ctr(z)

) =a —cz,80 as zoa|,, takes values in 21 (K (z)™), we conclude that

n

¢ (L2 1) =zoals, =77
inside Hom(A., K (z)*)[p'], as claimed earlier. This is a generator because ¢” is coprime to g2 — 1. [

Using our next lemma, we will be able to use Theorem 4.4.1 to shed light on our main group of
interest, namely PicConGO(Q)torS. See Corollary 4.4.5 below for a description of the p’-torsion part of
PicCon®0(Q).

Lemma 4.4.2. Recall that A = GLy(OF) and B = YGL,(OF).
(a) PicCon?(Q) = lim Con(%,).

(b) PicCon®'(Q) = PicCon?(Q2) x  PicCon?(Q).
PicCon’ ()

Proof. By Proposition 4.2.21 and Lemma 4.2.20(a), 2 is a smooth, geometrically connected, quasi-Stein
space with admissible cover {€2,}. Thus (a) follows from Lemma 3.2.16 together with Remark 4.2.13
and Proposition 4.1.11.

(b) This follows from Proposition 3.2.15 and Theorem 2.2.2. O

Recall the K-cheeses ¥, from Definition 4.2.16. Since Pic(V, ) = 0 by Proposition 4.1.11, there are
restriction maps PicCon’ (2) — Con’ (¥,,) for all n > 0.

Corollary 4.4.3. The restriction map PicCon’ (Q)[ p'l— Con’ (Wy)[ p'l is injective.

Proof. By Lemma 3.2.16 and Lemma 4.2.20(c), it suffices to show that the restriction map
Con’ (W, +1)[p'] = Con’ (W,)[p']

is injective for all » > 1. Fixing n > 1, this is equivalent to Con/ Wy d] — Con’ (W,)[d] being
injective for each d coprime to p. We will prove this using Proposition 4.3.4(b).

Condition (i) of Proposition 4.3.4 follows from Lemma 4.2.19(c). Condition (ii) holds since the
induced map on [-orbits A (W, 1)/ — h(¥,)/I is surjective and hence injective by Lemma 4.2.19(c),(a).
Conditions (iii) and (iv) are trivial since in this case G = H = I. Thus Con’ (¥,,)[d] — Con! (¥,_)[d]
is injective. U
Proposition 4.4.4. For every [.Z] € PicConS2(©r )(Q)[ p'] there is an integer k such that the restriction
L\ satisfies

[Z]1]- wlZ]1]1=[Og5«] in PicCon! ().
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Proof. We restrict .Z|; further to Wy, forming [.Z|7 g,] € Con! (Wo)[p']. By Corollary 4.4.3, it suffices to
show that inside in Con’ (¥,) we have
Z
[Z1w,] wlZ1v,]=[0gw«] forsome k € ———.
(g—1z

We consider the exact sequence coming from Proposition 3.2.14
1 — Hom(I, K *)[p'] — Con’ (¥p)[p'] = Con(¥p)’[p']. (20)

Note that w([.Z]) € PicConS12(©F )(Q)mrS is killed by g + 1 by Corollary 4.3.8. Therefore the image
o ([Z|1.w,]) of this class in Con(W)! is also killed by ¢ + 1.
Since w normalises / and W is (w, I)-stable, Corollary 4.3.2 and Proposition 3.1.16 gives us an

isomorphism of groups with (w)-action

7 I
(g + I)Z) '

Next, h(Wp) has two [-orbits O and O, of size ¢ by Lemma 4.2.19(a). Hence M is generated by
the image of Xp, — Xp,. Since w swaps the two orbits, it acts on M by negation. Hence w acts on
Con(W)'[g + 1] by inversion, so that

g, g+1 ©0g+1 : Con(Wo) [g + 1] S M =M, (h(‘lfo),

o ([Z)1w] WL 1w]) = ((L]1w]) - we ((£]1,v]) =[0]

is the trivial element of Con(W¥)’ [g + 1]. The exact sequence (20) above now implies that [.Z|; y,] -
w[Z|1,9,] = [Oy] for some x € Hom(/, u,(K)).
Finally, since w? € Z(GLy(F)) acts trivially on Wy and Hom(/, i, (K)),

w- ([Z11w ] wlZ11w,)) = [ZL11w] wlZL] 1wl
Hence [Oyy ] = w - [O,] =[O, ], which implies that
x € Hom(1, u, (K))™.
Now Lemma 2.2.3(c) completes the proof. 0
Corollary 4.4.5. The following restriction map is an isomorphism of groups:
PicConGO(SZ)[p/] — PicCon®2©" (Q)[p'1.
Proof. Let A := GLy(OF) and B = *A. The commutative diagram

PicCon®’ (Q) — PicCon” ()

l l

PicCon®(©2) —— PicCon’ ()
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maps given by restriction is a pullback square by Lemma 4.4.2(b). Since taking p’-torsion preserves
limits in the category of abelian groups it follows that

PicCon®" (2)[p'] -2 PicCon (Q)[p']

.| |+

PicCon®(Q)[p'] — PicCon’ (Q)[p']

is also a pullback square. We will show that im g, C im ¢g; and that ¢; is injective. By symmetry we then
have im g, = im g, and ¢; is injective, and the result follows.
We consider the commutative diagram

1 —— Hom(A, K *)[p'] —— PicCon*(Q)[p’'] —— PicCon(22)*[p']

| °| |

1 —— Hom(I, K *)[p'] — PicCon’ (Q)[p'] —— PicCon(22)'[p']

whose rows are exact by Proposition 3.2.14. The left vertical map is injective by Lemma 2.2.3(a,b) and
the right vertical map is an inclusion map. Now the injectivity of g, follows from the snake lemma.
Therefore g is also injective, because g2 (w[-Z]) = wq;([-¥]) for every [.¥] € PicCon® (2).

Finally, by Proposition 4.4.4, ¢>([.Z]) = q1 (w[.£]™' ® Og) for some integer k. Hence the image of
q» is contained in the image of ¢;. [

Remark 4.4.6. One may wonder if it might be possible to strengthen the statement of Corollary 4.4.5 to
give a similar description of all torsion elements in PicCon“?(2). However when ¢ = 2, the restriction
map

PicCon?" () 0rs — PicCon” () ors

is not an isomorphism in general, because the homomorphism from the abelianisation of A to the
abelianisation of G° induced by inclusion has a kernel of order 2 and so particular the restriction map

Hom(G?, K ™)ors — Hom(A, K ™)iors

then may not be surjective.

Next we pass to the limit as n — oo to deduce the consequences of Theorem 4.4.1 for the p’-torsion
part of our main group of interest, namely PicConGO(Q).

Lemma 4.4.7. Suppose that K contains the quadratic unramified extension L of F and let 7 € Qf o(L).
Then the homomorphism

¢.[p'] : PicCon®" (2)[p'] — Hom(G?, K*)[p']

is an isomorphism. Moreover, every p'-torsion character x : GS — K> kills the Sylow pro-p subgroup
P, of SLa(F);.
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Proof. By Lemma 4.4.2(a) and Corollary 4.4.5, we have an isomorphism
PicCon® (Q)[p'] = lim Con” (2,)[p'].

Using Proposition 3.3.2(d) together with Theorem 4.4.1, we deduce ¢,[p’] is an isomorphism. Also, x
kills P, because P, is a (normal) pro-p subgroup of G(Z). O

With the last result in hand, it is natural to wonder about the p-torsion part of PicConGO(Q). The
following description of this group does not require the full force the methods employed in the proof of
Theorem 4.4.1.

Lemma 4.4.8. Suppose that K contains the quadratic unramified extension L of F and let z € Qp(L).
The homomorphism

$:[p>1: PicCon® (2)[p*] — Hom(G?, K*)[p™]
is injective with image Hom(G?/PZ, K [p™]

Proof. Since K D L and z € QF (L) by assumption, we see that z € Q (K). Hence the map ¢, : PicGO(Q) —
Hom(Gg, K™*) exists by Proposition 3.2.7.
Next, the triangle

X101

PicCon®’ (Q)[p™]

Hom(GY?, K *)[p™]

Hom(G°, K*)[p>°]

is commutative by Proposition 3.3.2(c), and the horizontal arrow is an isomorphism by Proposition 3.2.14
and Corollary 4.3.8. Hence it suffices to show that res is injective and has image Hom(G? /P, K*)[p™].

Note that SL,(F) is a perfect subgroup of G° and K * is abelian. Hence x IsL,(ry =1 for any character
x : G — K. In particular, res(x) vanishes on the subgroup P, of SL,(F). Now if x : G° - K* is a
character such that res(x) = x|go = 1, then Corollary 2.2.6 immediately implies that x = 1. Therefore
res is injective as required. | O

Recall that G = GL,(F).

Proposition 4.4.9. Suppose that K contains the quadratic unramified extension L of F. Then for all
g€ Gandze Qp(L), there is a commutative diagram

PicCon®” (2)10rs ——— Hom(G®/ P-, K *)iors +—— Hom(O / P}, K)o

| i |

. 0
PicCon®" (2)ors — Hom(GY ./ Pq.c. K )iors — Hom(O) / P}, K *)iors
82 82

all of whose arrows are isomorphisms of abelian groups.
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Proof. The first square commutes by Proposition 3.2.13(b), and its vertical arrows are isomorphisms with

inverses g~ !

and C;‘l respectively. By Lemma 4.4.7 and Lemma 4.4.8, ¢, is an isomorphism in the case
when z € Qp o(L). But since L is quadratic over F, G acts transitively on Qg (L) = L\ F, so we may
choose g € G such that g - z € QF (L) and then ¢y, is an isomorphism. The commutativity of the first
square now ensures that ¢, is always an isomorphism.

Recall from Lemma 2.2.5(b,c) the group isomorphism j, : Gg = O which maps SL,(F), onto
ker Nz ,r. Since P, is the Sylow pro-p subgroup of SL>(F)., Lemma 2.3.6 implies that j (P;) = PLl.
Passing to the quotients, we obtain a group isomorphism J, : G(Z) /P, =N o) /P!, and the horizontal
arrows in the second square are then obtained from j; and jg.; by applying the functor Hom(—, K™ )ors.
To show that the second square commutes, it will therefore be enough to show that

Jgz0cg=j, forall ge G

as group homomorphisms G(Z) — L*. Note that j,(h) = j(h)(z) where j is the 1-cocycle appearing in
the proof of Theorem 4.4.1. Since j is a 1-cocycle, we have

jghg™ ) =j(g) g-jthg™)=j(g) g-j(h) (gh)-j(g”") forall he G’

Evaluate this at g-z. The middle factor on the right is (g- j (h))(g-z) = j(h)(z), and the rightmost factor is
jeHh g7 (g-2) = j(g () because h~! e G? fixes z. Hence (jg.;0cg)(h) = jghg™H(g-2)=
J(@)(g-2) j(M (@) j(g ) =jh)(z) = j.(h) because j (g™ (g7 j(g) =jg ') =j(H=10

We can now give our proof of Theorem A.

Theorem 4.4.10. Suppose that K contains the quadratic unramified extension L of F. Then there is an
isomorphism of abelian groups

PicCon®’ (2)1ors = Hom(O%, K ™) ors.

Proof. Choose z € QF(L) as well as an F-algebra homomorphism ¢ : L < D. The required isomorphism
is the composition of the isomorphism

. — . 0
. := (") o, : PicCon® (2)ors — Hom(O} / P}, K™ )ions 1)

given by the commutative diagram in Proposition 4.4.9 with the inverse of the isomorphism g o¢* from
Corollary 2.3.8(a). O

To determine to which extent this composed isomorphism depends on the choices that have been made,
. . 0
we must first compute the action of w on PicCon? (tors-

Theorem 4.4.11. Let [ .¥] € PicConGo(Q)torS.
(a) If [Z] is prime-to-p torsion, then w,.¥ = £®9.
(b) If [ £]is p-power torsion, then w,.& = £.
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Proof. (a) We already know from Corollary 4.4.5, Theorem 4.4.1 and Lemma 2.2.7 that PicConGO(Q)[ P’
is a cyclic group of order g> — 1. We will therefore not lose any generality by assuming that [.#] is a
generator of this group.

The restriction map PicCon®" [p'1— PicCon? (Q)[ p’] is an isomorphism by Corollary 4.4.5, where
A := GL,(OF). In the proof of Corollary 4.4.5 we saw that the restriction map ¢ : PicConA(Q)[ p'l—
PicCon’ (R)[p’] is injective. Since PicCon’ (Q[p']1— Con’ (Wo)[p'] is injective by Corollary 4.4.3, it
remains to show that wy(Zy,) = (.,2’1%)@‘1 as [-equivariant line bundles with connection on W.

Consider first the restriction .Z|q, to an A-equivariant line bundle with connection on €21 2 Wy. Since
[Zq, ] generates PicCon* (2)[p'], using the proof of Theorem 4.4.1, we can find a unit u € O(21)* and

a l-cocycle o : A — O(21)™ such that Lo, = gf,qﬂ,q—l’ where
pne, () =q(q+1)ép, —Xq, and nr@)oa=mrg,o ji. (22)
We must show that w*(.f;‘ g+1g—1 1wy) = (Zf g+1.g—1 |\p0)®q as I -equivariant line bundles with connection

on Wy. Write o1 :=a7 : 1 — O(W)™ and uy :=uy, € O(¥p)™; using Lemma 3.3.4(b) and Lemma 3.3.9,
we see that we must show

(w-ay) /e _ I
(Lt g 1.4-1) =[O1 € Con’ (W), (23)

We will do this using Proposition 3.3.7(ii) = (iii), which first requires us to understand the unit
(w - ul)/u‘f € O(Yp)*. To this end, consider the restriction r(ug, (1)) of ng, (1) € Mo(h(21), Z) to
a measure on h(Wy). Write h(Vo) = {Do} U LU S U {Dy}, where D, denotes the unique hole of Wy
containing the point z € P!(F), S := {Dyjrr 2 € pg—1(F)}yand L :={D; : z € uy—1(F)}. With this
notation, the sizes of the fibres of the restriction map r : h(€21) — h(Wy) are given as follows: l[r~Y(D)|= q
if D=Dgor D e £, and |[r~'(D)| = 1 otherwise. Using (22),

r(e, ) = (q>+9 —Dép. —qdp,— Y 8p—q ) dp.
DeS Del
The action of w on h(Wy) swaps Dy with D, and S with £. Hence
wr (e, ) = (g +q—Ddp, —qdp, — Y 8p—q Y _ op.
Del DeS

Subtracting g times the first equation from the second, we see that the contributions over the holes in S

cancel, and we obtain

w-r (g, (W) = r(ng, @) = 2% +q —1)8p, — (@° +4")8p. +(@* = 1) Y _ 8p
Del

=g+ 1>(<2q —Dp,+(@—1 Y 8p— qstm)

Del
=@+ 1)y, (),
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where v := x29-1(x7=1 — )2~ It follows that

Mwo<wu;gl) =w-r(ug, ) —r (g, @) = wy, I
1
and we deduce from Proposition 4.3.1 that there exists A € K* such that

w - U

=29 mod O(Wy)**.
Uy

In other words, 77 yy) (AvIT!) = 77 (1) <w_{1141> In view of Proposition 3.3.7(ii) = (iii), it remains to
u

show that !
w - o]
7TT(\IIO)O< (xq )=nT(\p0)081(v).
1

Since 7 Q)0 =17 (0,)0j¢ by (22) and since T = O /O** is a functor, we have 77 (y,) o1 = 7 (w,) oj;l.
Hence it remains to verify the following equation:

. q .
(w J)(f) =&Y mod O(Wp)** forall g := (a b) el (24)
J(8)1 v cd
The zeroes of v are Z(v) := uy—1(F)U{0}. Using g-x = dx=b , we compute that for any z € K we
—CcX—Ta
have
g-x—z) x—g-z d+cz
XxX—z = xX—z a—cx
Lemma 4.2.19(a) implies that the action of g on i (W) preserves {D, : z € Z(v)}. Since x_z, € O(Wy)**
x—z
if z, 7’ lie in one of these holes, it follows that
[T =52 c oy,
ez ¥
Since |z| < 1 for any z € Z(v), and since |c| < 1 as g € I, we have
g-(x?—x) X—8-2 d+cz d? “x
x4 —x l—[ xX—2z l_[ a—cx (a—cx)? o (o)
z€Z(v) z€Z(v)
Observe that v = x?(x? — x)4~!. Since &X — M, we conclude that
X a—cx

gl-)v _ (g‘xy (g-(xq —JC))‘Il _ @bt 419D 0w,

x x4 —x ~ (a—cx)4 (a—cx)14-D

On the other hand,

1 _ < d C/NF) . 1
wogw = and w-x=—.
b a TEX
Using the definition of j from (18), we have w - j(w_lgw) =w-(d—nrbx)=d—b/x. Hence
w-jw gw)?  (d—b/x)!

j @7 (a—cx)?

mod O(W¥y)™*.
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Since d97' = 1 mod 7y OF, we see that (24) holds, as required.

(b) Using Proposition 3.2.14 and Corollary 4.3.8, we see that since . is p-power torsion, it must be of the
form . = O, for some p-power torsion character x : G — K*. Since yx factors through det : G — Or
and since det(w~!'gw) = det(g) for all g € GO, we see that w0, = Oy. Il

Next, we record how Gal(L/F) acts on Hom((’)z / Pl K™ )ors.
Lemma 4.4.12. Let x € Hom(OZ/Pl, K ) ors and let Gal(L/F) = (o).
(a) If x is prime-to-p torsion, then o - x = x9.
(b) If x is p-power torsion, then o - x = .

Proof. Recall the map Np/r X wr : Of — Of x k; appearing in the first diagram of the proof of
Proposition 2.3.7, whose kernel is PL1 by Definition 2.3.5. This map becomes Gal(L/F)-equivariant
when we equip its target with the o-action which fixes the first factor and which acts by ¢ > ¢ on the
second factor. It follows that o fixes the elements of the Sylow p-subgroup of O}/ PL1 and it acts by
raising all elements of order coprime to p to the power of g. The result now follows easily. U

Recall the map . : PicCon®’ (Q)ors — Hom(O} / P}, K )ors from (21).

Corollary 4.4.13. We have o - 17,([.Z]) = 1, (w - [.Z]) for all | L] € PicConGo(Q)tors.

Proof. This follows immediately from Theorem 4.4.11 and Lemma 4.4.12. |
We can finally justify the last claim made in Section 1.2.

Corollary 4.4.14. The isomorphism constructed in Theorem 4.4.10 descends to a natural bijection

~

PicCon®" (Q)iors/ G = Hom(O%, K *)iors/ D™

which does not depend on the choice of z € Qp(L) ort: L — D.

Proof. Choose any z € Qp(L) and recall the isomorphism 7, from (21). The natural G-action on
PicCon® (Q)iors factors through G/GOF*. Identifying G/G°F* = (wG°F*) with Gal(L/F) = () in
the only possible way, it follows from Corollary 4.4.13 that 7, respects the action of this cyclic group of
order two on both source and target. Therefore we obtain a well-defined bijection

7. : PicCon®’ (Q)iors/ G = Hom(O} / P}, K*)iors/ Gal(L/ F).

Since G acts transitively on Qg (L) = L\F, it is now clear from Proposition 4.4.9 that T, does not
depend on the choice of z. Postcomposing T, with the bijection (g o¢*)~! from Corollary 2.3.8(b) gives
the required bijection in the statement of the Corollary, which does not depend on the choice of ¢ by
Corollary 2.3.8(c). O
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Depth zero representations over Z[%]
Jean-Francois Dat and Thomas Lanard

We consider the category of depth 0 representations of a p-adic quasisplit reductive group with coefficients
in Z[%]. We prove that the blocks of this category are in natural bijection with the connected components
of the space of tamely ramified Langlands parameters for G over Z[%] As a particular case, this depth 0
category is thus indecomposable when the group is tamely ramified. Along the way we prove a similar
result for finite reductive groups. As an application, we deduce that the semisimple local Langlands
correspondence m +—> ¢, constructed by Fargues and Scholze takes depth O representations to tamely
ramified parameters, using a motivic version of their construction recently announced by Scholze. We
also bound the restriction of ¢, to tame inertia in terms of the Deligne-Lusztig parameter of 7 and show,
in particular, that ¢, is unramified if 7 is unipotent.

1. Main results

We prove two results on the representation theory of finite reductive groups and that of p-adic reductive
groups. We first state these results and then explain our motivations and some connections to the existing
literature.

Theorem 1.0.1 ( = Theorem 2.0.1). Let G be a reductive group over Fp and F the Frobenius map
associated to a [ r-rational structure for some r > 1. Then the category Repz[ 1] (G") is indecomposable.
Equivalently, the central idempotent 1 in Z[%]GF is primitive.

This result initially appeared as one step in our study of the p-adic case below. We have singled it out
because the statement is simple and quite natural. It might be an interesting problem to try and devise

criteria for a similar statement to hold true for an abstract finite group G and a prime divisor p of |G|.

Let G be a reductive group over a local nonarchimedean field F with residue field kr := [ ,. We put
G := G(F). For any commutative ring R in which p is invertible, we denote by Repy (G) the category of
smooth RG-modules. The Bernstein center 3z (G) is by definition the center of this category. We refer
to Section 3.1 for the definition of smooth RG-modules of depth 0. They form a direct factor subcategory
Rep%(G), which corresponds to some idempotent gy € 3g(G). The following statement is a sample of
what we prove about Rep%[ 1 (G).
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Theorem 1.0.2 ( = Theorem 3.6.1). Suppose that G is quasisplit and tamely ramified over F. Then the

abelian category Rep%[ 1] (G) is indecomposable. Equivalently, &g is a primitive idempotent of 51[%] (G).
P

This result was mainly inspired by its “dual” counterpart in [DHKM?20], where the moduli space

zZ'(wo, 6) of Langlands parameters for G was constructed over Z[%] and studied. Concretely, Z' (WY, 6)

classifies 1-cocycles W9 — G, where:

], and

« G denotes the dual group of G, considered as a split pinned reductive group scheme over Z[%

endowed with an action of the Galois group 'y of F' that preserves the pinning.

. Wg C Wr C I'r is some modification of the Weil group of F.

In [DHKM?20], this moduli space is decomposed according to the restriction of 1-cocycles to the wild
inertia subgroup Pr C Wg. In particular, the “tame” summand Z l(Wg, 6)tame parametrizes 1-cocycles
whose restriction to Py is locally (for the étale topology) conjugate to the trivial cocycle. According
to [DHKM20, Theorem 4.29], this summand is connected, provided that G is tamely ramified. Since
tame parameters are supposed to correspond to depth O representations by any form of local Langlands
correspondence, we like to see the last theorem as the group side analogue of this connectedness result on
the parameter side. Interestingly, the proof of [DHKM?20, Theorem 4.29] consists in, first, classifying
the connected components of z! (WO, 6)zg~tame for each £ # p, and then, using different £’s to get the
result. Similarly, one way to formulate the indecomposability of Rep%[
Remark 3.3.4 for the notion of £-block used here).

1 ](G) is as follows (we refer to
P

Corollary 1.0.3. Under the same hypothesis on G, given 7, i’ two irreducible QG-modules of depth 0,
there is a sequence of primes {1, ..., L, and a sequence wy = 7, w1, ..., n, = 7' of irreducible QG-

modules such that ;| and w; belong to the same £;-block for eachi =1, ...,r.

We note that Sécherre and Stevens have used in [SS19] a similar statement in the context of inner
forms of GL(n) (but for arbitrary “endoclasses”) in order to gain control on the Jacquet-Langlands
correspondence for complex representations. This provides a striking example of how to use this kind of
results for problems a priori unrelated to congruences. The application we give in Section 1.1 below is
actually in the same vein.

Meanwhile, it is not always true, even for G a torus, that the tame summand of Z! (W9, 6) is connected.
In Theorem 3.7.3, we work out the decomposition of Z 1(ng, 6)tame into connected components for
general G, and we prove in particular that these connected components are simply transitively permuted
by a certain abelian p-group of “central cocycles”. On the other hand, in Theorem 3.6.2, we work out the
decomposition of Rep(z)[ 1] (G) into a product of blocks for quasisplit G, and prove that these blocks are
simply transitively permuted by a certain abelian p-group of characters of G. After identifying these two
p-groups and matching the principal component with the principal block, we then conclude:

Theorem 1.0.4. Assume G is quasisplit over F. Then there is a natural bijection between connected
components of Z' (Wg, 6)tame and blocks of Rep%[ ](G).

1
P
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Again, this implies that, under the same quasisplitness hypothesis, a 7 € Irrg(G) of depth O can be
connected to a depth O character of p-power order through a sequence of “congruences” modulo different
primes.

For a nonquasisplit group G, there is in general an additional “relevance” condition on 1-cocycles
for them to provide Langlands parameters of G. Although this relevance condition might mess up with
connected components, we believe it does not actually happen, i.e., the above result should be true with
no quasisplit assumption. As evidence for this expectation, we prove:

Theorem 1.0.5 ( = Corollary 3.4.4). Suppose that p does not divide |m|(Gger)| and the torus Gy, 1=
G/|G, G]is Pp-induced. Then Rep%[ 1 ](G) is indecomposable.
P
This is in accordance with the fact that, if p does not divide |7 (Z (6))| and (Z (6)")” F is connected,
then Z! (Wg, 6)mme is connected.

1.1. Some applications to the Fargues—Scholze semisimple correspondence. Among the major recent
breakthroughs towards constructing the conjectural local Langlands correspondence for a p-adic group G,
Fargues and Scholze [FS21] have recently used new geometric tools to attach to any irreducible repre-
sentation r of G, a semisimple local Langlands parameter ¢,. Their construction is compatible with
parabolic induction and local class field theory, so that, for example, the semisimple parameter attached to
an “unramified principal series” is indeed unramified, as expected. However it is in general very difficult
to say anything on this parameter, especially when 7 is cuspidal. For example, it is not a priori clear that
¢, 1s tamely ramified whenever 7 has depth 0. Fargues and Scholze’s construction actually provides a
map FS,

~ A ~ ~ FS
O(Z'(Wp, G)F «— Exc(Wp, G)z, —> 337,(G)

for each prime ¢ # p. Here, EXC(WO, 6) denotes the so-called “excursion algebra” over Z[%], and the
symbol & denotes a universal homeomorphism to O(Z! (WY, 6)6 (thus inducing a bijection on geometric
points and on sets of connected components). The G (Q¢) conjugacy class of semisimple parameters ¢y
associated to 7w € Irrg, (G) is then given by the Qq-point of Z'(W2, 6) / G obtained by composing FS,
with the infinitesimal character BZ (G) —> End@e () = Q. In particular, this construction is compatible
with congruences mod £. Thanks to the description of the connected components of Z' (WY, 6))Z in
[DHKM20, Theorem 4.8], this implies for example that if 77, 7’ belong to the same block of Repz, (G),
then the restrictions of ¢, and ¢ to the prime-to-£ inertia subgroup / f; coincide.

In order to control ¢, for a depth O irreducible representation 7, one would like to use congruences
modulo different primes, as encapsulated in our main results above. This supposes to have some form
of “independence of £” for the Fargues—Scholze semisimple correspondence. Recently, Scholze [Sch26]
has announced a solution to this problem that uses a version of his work with Fargues with motivic
coefficients. For our purposes, the upshot is that the family of maps FS, for ¢ # p is induced by base
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change from a map FSy,, as follows:

0(Z' (WY, 6)C <= exc(WP, G) =8 35111(G).

2
The following is a consequence of Theorem 1.0.4.

Corollary 1.1.1. Take the existence of FSyo for granted and assume that G is quasisplit. Then the

Fargues—Scholze parameter ¢ of a depth 0 irreducible representation m is tamely ramified.

Let us spell out the argument in the case where G is tamely ramified, so that, by Theorem 1.0.2, the depth
0 projector is actually a primitive idempotent in 31[5](G). Then the spectrum of 8031[%] (G) is mapped
*

into a single connected component of Z! (W9, 6) / G under FS* . In other words, @5 has to be a geometric

mot*
point of the same connected component of Z! (W, 6) / G as any other ¢, attached to a depth 0 irreducible
representation 77’. Take for 7" an unramified principal series, for example the trivial representation. As
recalled above, compatibility with parabolic induction and local class field theory implies that ¢, is
unramified; hence it is a geometric point of the tame summand VA (Wg, 6)tame, and it follows that the

same is true for ¢, . The general case is similar but requires additional notation; see Section 3.8.

Actually, when G is tamely ramified, further considerations based on congruences provide some extra
information about the Fargues—Scholze parameter ¢, of any depth O irreducible representation ;v over an al-
gebraically closed field L over Z[%] Namely, after choosing a generator t of the tame inertia group I/ Pr,
we get a T-twisted conjugacy class ¢, (t) in G(L), which corresponds to an L-point of the finite scheme
(6 Xt/ 6)Ff=<~>‘f. On the other hand, using type theory and Deligne—Lusztig series, we can directly
associate to 7 an L-point s, of the same finite scheme (see Section 3.10; note that this Deligne-Lusztig
point also depends on 7, now seen as a choice of trivialization of roots of unity in E;). It is then expected
that ¢, (t) = 5. Our considerations here provide the following modest contribution to this question:

Theorem 1.1.2. Assume that G is quasisplit and tamely ramified, and that kr # Fo. Then, with the above
notation, any prime divisor £ of the order of ¢, (T) divides the order of s;. In particular, if w is unipotent
(i.e., sy = 1), then @, is unramified.

Here is a sketch of the argument. Using parabolic induction and its compatibility with the map FSyo,
we may argue by induction on the rank of G and focus on the case where 7 is supercuspidal. A bit of
representation theory then allows us to reduce to the case L = @ and 7 having an admissible Z[%]—model.
Then we use induction on the number of primes dividing the order of s, and the crucial case is when this
number is 1, i.e., when 7 is unipotent. In this case, suppose we can find two maximal ideals £; and £,
in Z[%] with respective residue characteristic £; # ¢», such that the block that contains 7 [mod £;] also
contains a noncuspidal unipotent representation. Then, using our induction hypothesis and the description
of connected components of z! (WO, 6)2 in [DHKM20, Theorem 4.8], we see that both restrictions of
@y to Ifi, i =1, 2 are trivial, and it follows that ¢, is unramified. Now, the problem of finding two such
primes can be reduced to the analogous problem for unipotent cuspidal representations of a finite group
of Lie type, where we check existence whenever the base field is not F,. The detailed argument is given
in Section 3.11.
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The two above results are consequences of a few formal properties of the Fargues—Scholze construction,
and say nothing on the nontriviality of the map 7 + ¢, . In order to say anything on this matter, one
obviously needs to really work (hard!) on the construction itself. Recently, tony Feng proved a remarkable
property along these lines, that we extract from Theorem 10.4.1 of [Fen24] and the subsequent remarks
therein. Assume that G(F) contains an element of prime order £ whose centralizer is an unramified
maximal torus T of G. Let L have characteristic £ and s be an L-point of (6 / 6)Fr:( " in the image of
the map TE=0) (6// G)Ff=<‘>q. Then there is 7 € Irry, (G) such that ¢, (t) = s = s,. If 5 is strongly
regular, then any 7 with s; = s satisfies ¢, (7) = s,. The techniques used by Feng are bound to positive
characteristic coefficients, but the last theorem above allows to lift to characteristic O under favorable
circumstances.

Corollary 1.1.3. With Feng’s hypothesis above on G and T, let s be a Q-point of (6 / 6)Fr:( )" in the
image of the map TE=0)" (6 / 6)Fr=<'>q and of order prime to {. Then there is w € Irrg(G) such
that o, (t) =s = sy. If s is strongly regular, then any w with s, = s satisfies ¢ (T) = 5.

2. Finite groups

Let G be a reductive group over Ep and F the Frobenius map associated to an [, -rational structure on G,
where g = p” for some r > 1. The goal of this section is to prove the following theorem.

Theorem 2.0.1. The category Repz[ L ](GF) is indecomposable. Equivalently, the central idempotent 1 in
Z[%]GF is primitive.

2.1. General facts on blocks of finite groups. Let us start with an abstract finite group G. For any
commutative ring A, denote by Rep, G the abelian category of A G-modules. Recall that a block of AG
is an indecomposable direct summand of the category Rep, G. These blocks correspond bijectively to
indecomposable two-sided ideals of the ring AG which are direct factors and to primitive ideals in the
center Z(AG) of the ring AG, which is also the center of the category Rep, G. Note that the center Z(AG)
is the submodule of G-invariant elements in A G, so that any base change map A’ ®4 Z(AG) - Z(A'G)
is an isomorphism.

For a prime ¢, the center Z (Z,G) is finite over the Henselian local ring Z,: hence the reduction map
Z(Z,G) — F, ®7, Z(Z,G) = Z(F;G) induces a bijection on primitive idempotents, whence a bijection
between blocks of [¢G and of Z,G. The decomposition of Repy, G as a direct sum of blocks induces a
partition of the set Irrg (G) of isomorphism classes of simple ()¢ G-modules. The action of the group of
automorphisms of the field (2, on the group algebra ;G preserves the integral algebra Z,G; hence its
action on the set Irrg (G) preserves the above partition (permuting the parts). It follows that this partition
can be transported unambiguously to a partition of the set Irr(G) of irreducible complex representations
of G. Each factor set occurring in this partition will be called an £-block of Irr(G).

Here is another point of view on £-blocks of Irr(G). In CG we have the decomposition 1 =) clre(G) €n

of 1, where e, = (dim/|G|) Y _ . tr(;r (g))g are the primitive central idempotents of CG. As the formula

geG
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shows, each e, belongs to Z[1 /IG|1G so that this decomposition of 1 actually holds in Z[1 /1G|1G.
Denote by |G|y the prime-to-£ factor of |G|, and declare that a subset I C Irr(G) is f-integral if
D serén € Z[1/|G|¢)G. Clearly, £-integral subsets of Irr(G) are stable under taking unions, intersections
and complementary subsets.

Lemma 2.1.1. The ¢-blocks of Irr(G) are the minimal nonempty £-integral subsets.

Proof. Since both the property of being an £-block and of being £-integral are invariant under field
automorphisms, we may transport the statement to Irrg, (G), where it follows from the fact that for
any block B of Repz,G, the corresponding primitive central idempotent ep in Z(Z,G) is given by
€p = Znelrr@Z (G)nB Cr- O

Let us denote by ~, the equivalence relation on Irr(G) whose equivalence classes are the £-blocks.
Now, fix a prime p, and denote by ~ the equivalence relation generated by all ~, for £ # p. Explicitly,
we thus have 7w ~ 7" if and only if there exist £, ..., ¢, a sequence of primes different from p and
T, ..., 71 € Irr(G) such that

/
nwzln1~£2n2'\/[3.../\ze T .

r

Proposition 2.1.2. The ~-equivalence classes are the minimal nonempty subsets I C Irr(G) such that
er =) .. €x € Z[%]G. The map I — e is a bijection from Irr(G)/~ onto the set of primitive
idempotents of Z[%] G.

Proof. Follows from the previous lemma and the equality Z[ 4| N Z[1/|G[]1 = (., Z[1/|G|e]. O

Specializing our discussion to the case G = GF, the last proposition shows that proving Theorem 2.0.1
is equivalent to proving that there is only one ~-equivalence class in Irr(G"). Before doing so, we need a
recollection of Deligne-Lusztig theory.

2.2. Blocks of finite reductive groups. Fix a reductive group (G*, F*) over F, that is dual to (G, F) in
the sense of Lusztig. Using their “twisted” induction functors, Deligne and Lusztig define a partition
Irr(GF) = L] € (G, ) of irreducible representations into “Deligne-Lusztig series” associated to semisim-
ple elements s of G*F up to G*F -conjugacy. Note that this partition depends on certain compatible
choices of roots of unity, but these choices will be irrelevant to our matters.

For a prime £ # p and a semisimple element s € G*" of order prime to £, we put

£(GF.5):= ] £GF. 1),
tyr=s
where ¢, denotes the prime-to-£ part of ¢ (i.e., we write t = tyt, in (t), with #, of order a power of £ and

tp of order prime to £). The following fundamental results, due to Broué, Michel, and Hiss, are stated in
[CEO4, Theorem 9.12].

(1) &(GF, s) is a union of £-blocks.
(2) For each ¢-block B such that Irr(G", B) € &/(GF, s), one has Irr(GF, B)NE(GF, 5) #0.
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From these results we easily deduce the following fact.
Proposition 2.2.1. Any representation m in Irr(GF) is ~-equivalent to a representation in £(G™, 1).

Proof. Let s be a semisimple element in G*F* such that 7 € £(GF, 5), and let £ be a prime that divides
the order of s. Note that £ # p. As above, denote by sy the prime-to-£ part of s. Then (2) above tells us
that the £-block containing 7 intersects £(G', s¢). Therefore, the ~-equivalence class of 7 intersects
E(GF, sp) too. But the order of s is the prime-to-£ factor of the order of s. So, arguing inductively on
the number of prime divisors of the order of s, we conclude that the ~-equivalence class of 7 intersects
E(GF, D). O

Let us now denote by ~! the equivalence relation on £(GF, 1) defined in the same way as ~, with every
intermediate representation 7r; taken in £(GF, 1). By the last proposition, in order to prove Theorem 2.0.1,
it suffices to show that £(GF, 1) has a unique ~!'-equivalence class.

Proposition 2.2.2. Let G,q be the adjoint group of G, denote by w : GF — ng the natural map and by

* the associated pullback on representations. Then ™ induces a bijection on unipotent representations
E(GF,, 1) = E(GF, 1) that is compatible with ~'-equivalence on both sides.

Proof. The fact that 7* induces a bijection on unipotent representations is clear from the very definition
of these representations. For a prime £ different from p, [CE04, Theorem 17.1] tells us that GF and G
have the same number of unipotent £-blocks and that 77* : ZE Gy, 1) — Z&(GF, 1) preserves the
orthogonal decomposition induced by £-blocks. It follows that the bijection 7* : £ (GE .1 = (G, 1)
on unipotent representations is compatible with the respective £-block partitions. Since the ~!-equivalence
classes are the subsets which are stable under ~,-equivalence for £ # p and minimal for this property,
m* is also compatible with the partition into ~!-equivalence classes. (|

This proposition allows us to reduce the general case to the case where G is of adjoint type. But a
group of adjoint type is a direct product of restriction of scalars of simple groups [Con14, Proposition
6.4.4 and Remark 6.4.5]. So, in the sequel we may restrict attention to simple groups. It turns out that in
some cases, there is a quick argument using 2-block theory.

Theorem 2.2.3. Suppose q is odd and G has type A,, *A,, B,, C,, D, or ’D,. Then £(G, 1) is
composed of only one ~'-equivalence class.

Proof. Indeed, by [CEO4, Theorem 21.14], £ (GF, 1) is included in the principal 2-block. So all the
unipotent representations are already ~;-equivalent. (|

In order to deal with ¢ even and the exceptional groups, we need to recall more results about blocks
that contain a unipotent representation.

2.3. d-series. The unipotent £-blocks can be obtained using d-Harish-Chandra theory, which provides
a partition of &£ (GF, 1) into d-series, and where d > 1 is an integer. When d = 1, the 1-series are the
usual Harish-Chandra series constructed via parabolic induction. In general, they are defined through an
analogous pattern, relying on Deligne—Lusztig induction and the following definitions.
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o An F-stable Levi subgroup of G is called a d-split Levi subgroup if it is the centralizer of a ®;-torus,
i.e., an F-stable torus S such that |S™'| = &, (g™) foracertaina > 1 and all n > 0 with n =1 (mod a).
Here, ®, denotes the d-cyclotomic polynomial.

o An irreducible representation 7 € Irr(G") is called d-cuspidal if for all proper d-split Levi subgroups
L and all parabolic subgroups P with Levi L, the Deligne—Lusztig twisted restriction *Rgc plm]
vanishes.

e A d-cuspidal pair for G is a pair (L, o) with L a d-split Levi subgroup of G and o € Irr(LF)
d-cuspidal.

o The d-cuspidal support of w € Irr(GF) is the set of all d-cuspidal pairs (L, o) such that 7 appears
with nonzero multiplicity in the virtual character REC plol.

According to [BMM93, Theorem 3.2], the d-cuspidal support of any unipotent 7 € £(G", 1) consists
of a single GF-conjugacy class of d-cuspidal pairs (L, ). We thus get a partition of £(GF, 1) labeled
by conjugacy classes of unipotent d-cuspidal pairs. The summands appearing in this partition are called
d-series. The remarkable relevance of d-series to the study of £-blocks is summarized in the following
statement.

Theorem 2.3.1 [CE94, Theorem 4.4]. Let € be a prime not dividing q and let d be the order of g in[F . We
assume that £ is odd, good for G, and £ # 3 if > Dy is involved in (G, F). Then, the map B+— BNE(GT, 1)
induces a bijection

{€-blocks B C £/(GF, 1)} => {d-series in E(GF, 1)).

This theorem suggests the following strategy to prove that £(GF, 1) has only one ~!-equivalence class.
If D C N* is a finite set of nonzero integers, define a D-series as a subset of £ (G, 1) that is a union of
d-series for each d € D, and which is minimal for this property.

Lemma 2.3.2. Suppose there exists D such that

(1) £(GF, 1) is a D-series, and

(2) each d € D is the order of ¢ modulo some £ as in Theorem 2.3.1.
Then E(GF, 1) consists of a unique ~'-equivalence class.

Proof. Use (2) to pick a prime £, satisfying the assumptions of Theorem 2.3.1 and such that ¢ has order
d modulo ¢4, for each d € D. Then (1) tells us that £(GF, 1) is the only nonempty subset of itself that
is stable under ~,-equivalence for all d € D. A fortiori, it is the only nonempty subset of itself that is
stable under ~-equivalence for all primes £ # p. Hence it is a single ~!-equivalence class. U

Finding a suitable D will be done below via a case-by-case analysis (recall that we have reduced to the
case where G is simple). Then, in order to find suitable primes, the following result will be useful.

Theorem 2.3.3 ([BVO04, Theorem V]). For any d > 3, there exists a prime number £ such that q has order
d modulo £, with the exception of (¢, d) = (2, 6).



Depth zero representations over Z[I—I)] 1459

Note that if d is the order of ¢ modulo ¢, then obviously £ > d. We now proceed to the case-by-case
analysis.

Theorem 2.3.4. If G has type A, or’A,, then £(G, 1) is composed of only one ~'-equivalence class.

Proof. The case ¢ odd is covered by Theorem 2.2.3, so let us assume ¢ even. Since g + 1 is odd, any
prime divisor £ of g + 1 is odd and good for G, and the order of ¢ modulo £ is 2. Therefore Theorem 2.3.1
tells us that the £-blocks of £(GF, 1) are the 2-series.

Now, for type A, (split case), it is well known that £(GF, 1) is a single 1-series. Now for type
24, we can use an “Ennola duality” [BMMO93, Theorem 3.3] to reduce ourselves to the case of A,.
More specifically, [BMMO93, Theorem 3.3] implies that there is a bijection between the set of unipotent
characters for a group of type A, and that of 2A,,. This bijection sends d-series to d’-series, where d’
is such that @ (—x) = e®,(x) with € € {£1}. Since ®y(—x) = —x + 1 = —D;(x), it sends 1-series to
2-series. It follows that in type 24, the set £(GT, 1) is a single 2-series. Therefore it is a single £-block
for £|(g + 1), hence also a single ~'-equivalence class.

Similarly, when ¢ > 2, any prime ¢ dividing g — 1 is odd and good for G; hence Theorem 2.3.1 tells
us that the £-blocks of £(GF, 1) for £|(q — 1) are the 1-series. In type A, and for such an £, it follows
that the set £(GF, 1) is a single £-block, hence also a single ~'-equivalence class.

It remains to deal with the case ¢ = 2 in type A,. In this case, we will show that £(G", 1) is a
{2, 3}-series, and then we can conclude using Theorem 2.3.3 and Lemma 2.3.2. To compute {2, 3}-series
for A,, we again use Ennola duality, which asserts that they correspond bijectively to {1, 6}-series for %A,,.
These {1, 6}-series have been computed in [Lan23, Section 3.3], to which we refer for the notion of
“defect” of a 1-series. In particular, [Lan23, Proposition 3.3.11] shows that there is a unique {1, 6}-series
for 2A,, provided we can prove that the defect k of any 1-series of %A, satisfies (k> —3k+2)/2 <n—2. But
by [Lan23, Lem. 3.3.8], we at least have k(k+1)/2 <n+1. Since (k*=3k+2)/2=k(k+1)/2— 2k —1),
we thus get the desired equality if 2k — 1 > 3, that is k > 2. For k = 1, we have (k> — 3k +2)/2 = 0; thus
the desired inequality also holds. O

Theorem 2.3.5. If G has type B,,, C,, D, or 2D, then E(G, 1) is composed of only one Nl—equivalence

class.

Proof. Again, the case g odd is covered by Theorem 2.2.3, so we assume ¢ is even. Picking a divisor of
g + 1 and applying Theorem 2.3.3 to d = 4, we see thanks to Lemma 2.3.2 that it suffices to prove that
E(GF, 1) is a single {2, 4}-series.

We will first exhibit a bijection between {2, 4}-series and {1, 4}-series, which will leave us with actually
proving that £(GF, 1) is a single {1, 4}-series.

To do so, we use the combinatorics of Lusztig symbols as in [Lan23, Section 3.4]. Let ¥ ={S, T} be a
symbol (S, T € N). We define S, to be the subset of S composed of the even elements, that is S, := SN2N,
and S, for the subset of odd elements, S, := SN (2N +1). We do the same thing for 7: T =T, UT,. Now,
we define an involution ¢ on symbols by ¢(X) :={S. UT,, T, U S,}. Note that rank(X) = rank(¢ (X))
and that defect(X) and defect(¢ (X)) have the same parity. In the case of D, or ’D,,, when the defect is
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even, the congruence modulo 4 is not necessarily preserved by ¢. However, the congruence mod 4 of
defect(¢(X)) only depends on the congruence modulo 4 of defect(X) and rank(X). Indeed

defect(p(X)) — defect(2) = [[Sel + | To| = ISo] = |Tel| = [ISel + S0l = | Te] = 1T, |-

Thus, the congruence modulo 4 of defect(¢ (X)) — defect(X) depends on the parity of |S,| + |7,| (or
|Se| + |T,]). Since the defect is even, | S|+ |T| is even; hence |S,| + |T,| = |S.| + | T.| (mod 2). Now,

rank(X) = Z)H'Zy‘i‘ |:(|S|+. |2T|—1)2:| ;

xe§ yeT

thus

2
rank(X) = [S,| + |T,| + [(%) } (mod 2).

But, |S|+|7| is even, |S|+|T| =2k and [((|S|+|T| —1)/2)?] = k(k — 1) is even. Thus defect(¢(X)) —
defect(X) only depends modulo 4 on the parity of rank(X).

Now, under the involution ¢, 1-hooks correspond to 1-cohooks and 2-cohooks to 2-cohooks. Hence, ¢
sends {2, 4}-series to {1, 4}-series, as claimed above.

We now prove that £(GF, 1) is a {1, 4}-series in the different cases.

For G of type B, or C,, by [Lan23, Proposition 3.4.6], we need to show that if we have a 1-series of
defect k then (k> — 4k +3)/4 < n — 2. If we have a 1-series of defect k and rank n then (k> — 1)/4 < n.
Since (k? — 4k +3)/4 = (k* — 1) /4 — (k — 1), we get the desired equality if k — 1 > 2, that is k > 3. For
k=1, (k* — 4k +3)/4 =0, thus the desired inequality also holds.

For G of type D, or 2D, by [Lan23, Proposition 3.4.6], we need to show that if we have a 1-series
of defect k then (k* — 4k + 4)/4 < n—2. If we have a 1-series of defect k and rank n then k2/4 < n.
Since (k? — 4k +4)/4 = k2/4 — (k—1), we get the desired equality if k — 1 > 2, that is k > 3. For k =2,
(k* — 4k 4 3) /4 = 0, thus the desired inequality still holds. O

Theorem 2.3.6. If G has type Fy, 3Ds, Go, Eg, *Eg, E7 or Eg then £(G™, 1) is composed of only one
~1_equivalence class.

Proof. First, let us begin by G of type > Dy, Eg, 2Eg or E7. to use Theorem 2.3.1, we need to have £ > 5.
Thus by Theorem 2.3.3 we can use every d > 3 and d # 6. Looking at the list of unipotent characters
in [Car85, §13.9] and tables of d-series in [BMM93], we see that we may apply Lemma 2.3.2 with the
following sets: D = {3, 12} for 3D4, D = {3,4} for E¢, D ={3,4, 12, 18} for 2E¢and D = {3,4, 14}
for E5.

For Eg, we need £ > 7 to use Theorem 2.3.1. We will again conclude with Lemma 2.3.2 by looking at
tables. If g # 2, we can take d > 5 by Theorem 2.3.3 and D = {5, 6, 7, 8, 10, 30} works. If ¢ =2, we can
take this time d > 3 d # 4, 6 (since the order of 2 modulo 7 is 3) and we choose D = {3, 5, 8, 10, 15}.

For F,, the same methods apply for ¢ # 2 with D = {3, 4, 6, 12} (we can choose any d > 3). When
q = 2, Lemma 2.3.2 is not enough to conclude. The set of d such that g is of order d modulo some
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€>3isd >3 andd # 6 by Theorem 2.3.3. However, the two unipotent characters ¢ ¢ and ¢g ¢ (with
the notations of [Car85, Section 13.9]) are d-cuspidal for every d > 3, d # 6. The rest of the unipotent
characters £(GF, 1) \ {¢§’6, d)gﬁ} form a {3, 4, 8, 12}-series. to deal with ¢§’6 and qbgﬁ, we take £ = 3,
and they are in the principal 3-block of F4(2) by [His97].

We are left with G,. If ¢ is odd, we can take d > 3. The two unipotent characters ¢i’3 and ¢i”3 are
d-cuspidal for every d > 3 and £(GF, 1)\ {d)jj, 4);/,3} is a {3, 6}-series. We take £ = 2 and the tables in
[HS92] give us that ¢; ; and ¢ ; are in the principal 2-block. This concludes the case ¢ odd. Now, if
g is even and g # 2, we can still use d > 3. Thus, we have the same issue with ¢ ; and ¢} ;. We can
no longer use £ = 2 but we can use £ = 3, and the tables in [HS90] gives us that ¢;’3 and (1);/’3 are in the
principal 3-block. Finally, if ¢ = 2, we can now use d > 3 and d # 6. All the unipotent characters are in
the principal 3-series apart from ¢§’3, qbf:,, ¢7.1 and G,[—1]. But we see in [HS90] that they all are in
the principal 3-block. 0

We have now completed the proof of Theorem 2.0.1 for all reductive (G, F). Indeed, by Proposition 2.1.2,
the statement of this theorem is equivalent to the statement that there is only one ~-equivalence class in
Irr(G™). Then Proposition 2.2.1 shows it is enough to prove that there is only one ~!-equivalence class
in £(GF, 1), and Proposition 2.2.2 reduces to the case of simple (and adjoint) G. All the simple cases are
then covered by Theorems 2.2.3, 2.3.4, 2.3.5 and 2.3.6.

3. p-adic groups

Here G is a reductive group over a local nonarchimedean field F with residue field kr :=F,. We put
G := G(F). For any commutative ring R in which p is invertible, we denote by Rep, (G) the category
of smooth RG-modules. The Bernstein center 3z(G) is by definition the center of this category.

3.1. The depth 0 summand. Denote by 5 the (reduced) Bruhat-Tits building associated with G. This is
a polysimplicial complex equipped with a polysimplicial action of G. We will write B, for the set of
polysimplices of B, which are also called facets. to any facet o of B is associated a parahoric subgroup
G, which is open, compact and contained in the pointwise stabilizer of ¢. It is the group G, (OF) of
Op-valued points of a certain smooth Or-model G, of G. We denote by G, the reductive quotient of the
special fiber of G,. Then G, := G, (F,) is also the quotient of G, by its pro-p-radical G/ . Since G is
open and pro-p, there is an averaging idempotent e;" € Hr(G,) C Hg(G) in the Hecke algebra Hg(G)
of G with coefficients in R. Here Hg(G) denotes the R-algebra of locally constant R-valued distributions
on G, which acts on any smooth RG-module V, and e denotes the distribution that averages a function
over G.

+
xXeBy €y V.

Definition 3.1.1. A smooth RG-module V has depth 0 if V =)

Here By is the set of vertices of . It is known [Dat09, Appendice A] that the full subcategory Rep(l)e (G)
of Repr(G) composed of depth 0 objects is a direct factor abelian subcategory. Correspondingly, there is
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an idempotent gy € 3g(G) that projects any object V onto its depth 0 factor. When R = C, the Bernstein
decomposition of Rep%(G) as a sum of blocks was made explicit by Morris in [Mor99].

3.2. Depth 0 types. Following Moy and Prasad, we define an unrefined depth O type to be a pair (o, ),
where o € B, is a facet and 7 is an irreducible complex cuspidal representation of G,. We also denote by
7 the inflation of 7 to G,. Then [Mor99, Theorem 4.8] tells us that indga (;r) is a projective generator
for a certain sum of Bernstein components of depth 0. Obviously, this representation only depends on
the G-conjugacy class t of (o, ), whence a direct factor Repgz(G) of Rep%(G). Denote by ‘T the set of
G-conjugacy classes of such pairs. It turns out that, for t, t € T, the factors RepE(G) and Repé(G) are
either orthogonal or equal. Whence an equivalence relation ~ on % and a decomposition

Repl(G)= [] Rept(G).
[t]leT/~

We refer to [Lan23, Section 2.2] for an explicit description of the relation ~.
In general, the factors Rep@](G) are further decomposable. Suppose (o, w) € [t] and denote by
G! the pointwise stabilizer of o in the closed subgroup G' of G generated by compact subgroups

1
(see [KP23, §7.7]). By [Mor99, Theorem 4.9], for any irreducible subquotient 7zl of indg;‘r (), the
representation indg1 () is the projective generator of a single Bernstein block. Also, any block inside

Rep[t](G) is obtained in this way. For later reference, let us notice that, since G. /G, is abelian, any

1
other irreducible subquotient of indgz () is a twist of ! by a character of G /G,.

3.3. Systems of idempotents. Fix t € T, and let [{] denote its equivalence class. For a facet T € B,, define
er.r € Hr(G) to be the idempotent that cuts out all irreducible representations of G, whose cuspidal
support contains (G, ) for some facet o containing t and & such that (o, ) € [t]. Then the system
(ery.7)ren, 1s 0-consistent in the sense of [Lan23, Def. 2.1.4], that is:

(1) Vx € Bo, Vg € G, e[y gx = 81128~
(2) VT € Bo, Vx € By, x € T = epy.r = €7 ejq.x-

Proposition 2.2.3 of [Lan23] implies that

Repl(G) = {V € Repp(G), V = Z e[q,xV}-

xeBy

Denote by N the lcm of all |G|, T € B,. Since each erg,r lies in Hz[1](G), we see that the summand
Rep[t](G) is “defined over Z[ ] in the sense that the corresponding idempotent (¢ of 3¢(G) lies in
31[ ](G) and we have a decomposition

Replr11(@) = [] Reply, (6.
[eT/~
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Now, to a subset T of ¥/~ we associate an idempotent e := Z[t]eT &g € SZ[H(G) in the Bernstein
center, and a consistent system of idempotents (er ;)rep, given by er ; 1= Z[t]eT efy,r for any facet
T € B,. The following observation is crucial for the argument.

Proposition 3.3.1. We have e € 31[ ](G) SVreB,, ery € Hz[ ](G ).
Proof. As recalled above, the direct factor category associated to the idempotent 7 is given by

1(G) = {V € Repy[11(G), V=) eT,xv}.

xeBy

ETRepZ[ L
Its orthogonal complement in Rep%[ 1] (G) is the category similarly associated to the complement subset T°¢
of T in T/~. Therefore, if all e7,; are Z[ 5 1 ]-valued, then so are all erc ; = e —er ;, so the decomposition
Repz[ ](G) = srRepZ[ ](G) X srcRepZ[ ](G) is defined over Z[ ] hence the idempotents e and €7
belong to 31[ ](G) Conversely, if e7 € 31[ ](G) then the equality ez ; = &7 x e in Hc(G) from the
proof of Lemma 4.1.2 in [Lan23], shows that e ; € ’Hz[ ](G) O

Recall the notation &g introduced in Section 3.1 for the central idempotent corresponding to the depth
0 factor.

Corollary 3.3.2. We have et € BZ[i](G) ifand only if T =T/~ i.e., if and only if e = &y.

Proof. Suppose e € 32[ 1(G). By the last proposition, for any facet 7 in B,, the idempotent ez ; is
inflated from a central 1demp0tent of Z[ ]G By Theorem 2.0.1, there is no nontrivial central idempotent
in Z[—]G So er,; is either e or 0. There is certainly a vertex x such that ey , # 0, and thus er , = e+.
Then, for a chamber o containing x, we have er , = efer . = €. By G-equivariance it follows that
er.r = ej for all chambers, which implies er ; # 0 and therefore ey ; = e;L for all facets. Hence e7 = g

and T =% /~. U

When G is semisimple and simply connected, we have G, = G! for all facets t so, from our discussion
of depth O types above, each RepCJ(G) is already a block of RepC(G) and, therefore, any idempotent of
£03c(G) is equal to some g7 for T C T/~. So we have proved:

Corollary 3.3.3. If G is semisimple and simply connected, Repoz[ . /p](G) is a block (equivalently, gg is
primitive in 32[1/p](G)).

Remark 3.3.4. As in the case of finite groups, this kind of results can be interpreted at the level of
irreducible QG-modules in the following way. For M € N* and 7 € Irrg(G), denote by &y, the unique
primitive idempotent of 8032[1 /M) (G) that acts as identity on . So, if M = N (defined as above), ey 5 is
also primitive in 35(G) and defines the Bernstein component that contains 7. Let £ # p be a prime and
denote by N the prime-to-£ part of N. Then, for 7, 7’ € Irrg (G), the following properties are equivalent:

(D enyx =Ny
(2) For any embedding @ < Qy, the base changed representations 7, 7’ belong to the same block of
RepZ( (G).
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This justifies calling the equivalence classes for the relation 7 ~, 7’ < ey, » = en, . the £-blocks of
Irrg (G). They correspond to minimal “¢-integral subsets™ of the set of Bernstein blocks. Similarly, the
blocks of Repz[ 1 (G) correspond to minimal subsets of the set of Bernstein blocks that are £-integral
for all £ # p. In other words, the equivalence relation ~ generated on Irrg(G) by all ~¢, £ # p satisfies
7 ~ 7' < m and 7’ belong to the same block of Rep%[%](G).

Now, to tackle the general case, we need to recall some facts about the quotients G! /G .

3.4. The Kottwitz map. We first recall a definition of Borovoi:
71(G) := X (T) /(®") = coker(X.(Tie) = X«(T)).

Here T is a maximal torus of G, ®" C X, (T) is the set of (absolute) coroots, and Ty is the inverse image
of T in the simply connected covering G of the derived group Gger of G. Using the fact that all tori are
conjugate, the group 1 (G) turns out to be canonically independent of the choice of T'. If T is chosen so
as to be defined over F, then 7{(G) gets a Z-linear action of the Galois group I'r = Gal(F/F). Again,
this action does not depend on the choice of F-rational torus T' (although two such choices may not be
G (F)-conjugate).

Now, let Ir C I'r denote the inertia subgroup and let F denote the geometric Frobenius in I'rp/IF.
Kottwitz has defined a surjective morphism

kG: G=G(F)— m(G):=(m(G),)" .

We refer to [KP23, Chap. 11] for the detailed construction of this map. The following properties of this
map are particularly relevant to our problem:

o The kernel G° := kerx is the subgroup of G generated by parahoric subgroups and, for any facet
o € B,, the parahoric group G, is the pointwise stabilizer of o in G° (and actually also the stabilizer).

o The inverse image G'! := Kg Y771 (G)1ors) is the subgroup of G generated by compact subgroups and,
for any facet o € B,, the compact open group G! introduced above is the pointwise stabilizer of o
in G!.

In particular, we have G € G! and G, =GN G..

Now let W be the diagonalizable algebraic group scheme over Z[%] associated to the finitely generated
abelian group 771 (G). Its maximal subtorus W, is the usual “torus of unramified characters” of G, while
the quotient \Ilé := W/ Wy is the diagonalizable group scheme associated to the finite group 71 (G )iors.

For any Z| 5 |-algebra R, the group W (R) =Hom (1 (G), R) identifies via k¢ to a group of R-valued
characters of G; hence it acts on the category Repy (G) by twisting the representations. Since this action
is R-linear, this induces in turn an action of W (R) by automorphisms of R-algebra on 3z(G), hence an
action on the set Idemp(3x(G)) of idempotents of 3z(G).

The idempotents of 3¢ (G) are known to be supported on the set of compact elements [Dat03, Cor.
2.11], hence in particular on G', so the action of W (C) on Idemp(3¢(G)) factors through an action of
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\lfé (C) = Hom(7r1 (G)ors, C*) = mo(Wg,c). Further, the depth O projector &g is known to be supported
on the set of topologically unipotent elements [BKV 16, Corollary 1.9(b)], hence in particular on G, so
&o 1s invariant under the action of lllf (©).

Lemma 3.4.1. For each [t] € T/~, the associated ldempotem‘ ey in 3¢(G) is invariant by v/ G(C). The
primitive idempotents that refine epq form a single lIJG (C)-orbit.

Proof. Pick (o, ) € [t]. We know that the direct factor category RepEJ(G) is generated by the projective
object indG (). For any ¥ € W (C), we have indgo (MY = indgo (T ®YG,) = indgg (). It follows
that Rep[t](G) is stable under the action of W (C) hence epq is invariant.

Now, we also know that any block of RepC (G) is generated by a projective object of the form

G|
!'is an irreducible constituent of ind;° (n) But any two such irreducible constituents

de (7!), where 7
are tw1sts of one another by a character of G! -/ Go. The latter group embeds in 771 (G)ors Via k; hence
the restriction map \Il(f; C) —» Hom(G}, /Gy, C*) is surjective, and the second statement of the lemma

follows. O

This lemma implies that the only central idempotents of depth 0 in 3¢(G) that are invariant by \I/f (©
are the ep for T C T/~. Now, observe that the action of \IJG (Z[ ]) on Idemp(BZ[ ](G)) factors over
v/ (Z[ ]) which is equal to W (C) In other words, \IJG (C) preserves the subset of idempotents of
3¢c(G) that belong to 31[ ](G) Therefore, we can restate Corollary 3.3.2 as follows:

Corollary 3.4.2. The only \Ilf(Z[ ]) invariant idempotent of £037[11(G) is &o. Hence \I/(]; (Z[%]) acts

transitively on the set of primitive idempotents of 8031[ 1€(G).

1
P

In order to better understand the action of W, (Z[ p]) on Idemp(eo3z[ ](G)), write this group as a
product \Ilé (Z[ﬁ]) = \Il(f; (Z[ﬁ])p lllg(Z[ﬁ])p, of a p-group and a p’-group.

Lemma 3.4.3. Any idempotent of 31[%] (G) is invariant under lllé (Z[%])p,.

Proof. Let ¢ be an idempotent of 32[%](G) and assume, without loss of generality, that it is primitive.
On the other hand, let i € \Dé (Z[%])p, and assume, without loss of generality that ¥ has order a power
of some prime ¢ # p. In order to prove that ¥ - ¢ = ¢, it suffices to find a nonzero object (V, ) in
sRepZ[ ](G) such that 7 ® ¥ ~ 7. Since the composition of ¥ : 771 (G)ors — Z[ ] with any morphism
Z[ [1,] — [y is trivial, it suffices to find a nonzero object (V, 7) in sRepZ[ ](G) whose Z[ ] module
structure factors over a morphism Z[ ] — Fy. But sRepZ[ ](G) certainly contains a representation of
the form 8.1ndg( [ ]) for some open pro- p-subgroup H of G. Such a representation being projective as
a Z[%]—module, its reduction modulo any maximal ideal containing ¢ is nonzero and satisfies the desired

property. (]

In the next statement, we say that a torus T defined over F is Pr-induced if the action of the wild
inertia subgroup Pr permutes a basis of X, (T).

Corollary 3.4.4. Suppose that p does not divide |7 (Gger)| and that the torus Gy, is Pp-induced. Then
&0 Is a primitive idempotent of 32[ 1(G).
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Proof. From the inclusions X, (Ty) C Xu(Tger) C X4 (T) and the isomorphism X, (7')/ Xy (Tger) =
X« (Gyap), we get an exact sequence 71 (Gger) > 71(G) — X (Ga). Applying [p-coinvariants, we get
an exact sequence 1 (Gger) 1, = T1(G) 1, = X (Gap) 1. Since w1 (Gger) 1s finite, this sequence remains
exact on the torsion subgroups and the p-torsion subgroups, so we get an exact sequence

T (Gder)lp,p—tors — T (G)Ip,p—tors —-» X*(Gab)lp,p—tors'

Our first assumption implies that 71 (Gger) 1, p-tors = 0, and the second implies that Xy (Gap) 1, p-tors =
(X+(Gab) pr.tors) 1 = 0. Here the first equality is because Ir acts on Pp-coinvariants through a finite
quotient of order prime to p, and the vanishing claim is because X.(Gap) p, is torsion free since Gy is
Pp-induced. Therefore 71 (G) p-tors = {0}, thus \llg (Z[%])p = {1} and we conclude thanks to Lemma 3.4.3
and Corollary 3.4.2. g

The following example shows that the condition on 7 (Gger) is not always necessary for gy to be a
primitive idempotent.

Example 3.4.5. Let G = PGL, with split F-structure, so that 71(G) = Z/pZ and kg : G — 71(G) is
induced by the valuation of the determinant. Then any irreducible supercuspidal representation of the
form 7 = indgGL ( OF)(ﬁ) is invariant under torsion by the group \I/f (C) of characters of ;(G); hence

so is the only primitive idempotent & of 8031[ 1(G) such that e # 0, showing that &9 = ¢ is primitive
by Corollary 3.4.2.

The next paragraph generalizes this observation about PGL,.

3.5. Special points. Let S be a maximal split torus in G and let Z be the centralizer of S in G. This is a
Levi component of a minimal F-rational parabolic subgroup of G. By [KP23, Lemma 11.5.6], we know
that the canonical map 7 (Z) — 71(G) is injective on torsion subgroups. Correspondingly, the map
v/ (Z[3]) — 2 7(Z[$]) is surjective. Note that the quotient of 24 5(Z[+]) thus obtained is independent
of the choice of § since all maximal split tori are G-conjugate.

Lemma 3.5.1. The action of v/ (7 ( [ ]) on the set of idempotents of 8031[%]((;) factors over the quotient
vy (Z[5))-

Proof. Let S and Z be as above, and pick a special vertex x in the apartment corresponding to S in 5.
By [KP23, Proposition 7.7.5] (which reconciles our definition of G! with the one they introduce in the
beginning of their section 7.7), we have G = G, Z!; hence G! /G, = Z'/Z° = 711 (Z)ors. Therefore,
if we pick a supercuspidal representation 7 of G,, and an irreducible subquotient 7! of indgi (),
then the corresponding primitive central idempotent &, ;1) € 3¢(G) is invariant under the kernel of
lllf(C) — lIff(([Z) So let ¢ be the unique primitive idempotent of 31[ ](G) such that £.&(, 71y = €(y 71)-
By uniqueness, ¢ is also invariant under the kernel of v/ (Z[ p]) — lIlf ( [ ]) Since W/, (Z[ ]) acts
transitively on the set of primitive idempotents of 8031[ 1(G), we conclude that this action factors over

v (Z[3))- 0
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3.6. The quasisplit case: group side. In this subsection, we assume that G is quasisplit over F. In
this case, the centralizer Z of a maximal split torus S is itself a torus, that we denote by T := Z.
According to Lemma 3.5.1, Lemma 3.4.3 and Corollary 3.4.2, the natural action of \I/é (z[+]) =
Hom (771 (G)1ors Z[%]X) induces a transitive action of \IJ; (Z[%])p = Hom (71 (T) p-tors» Z[%]X) on the
set of primitive idempotents of 8031[%] (G). Therefore, if T is Pp-induced, we have 71 (T) p-tors = 1, s0 it
follows that & is a primitive idempotent in 31[%] (G). In particular we have proven the following result.
Theorem 3.6.1. Suppose that G is quasisplit and tamely ramified over F. Then ¢y is a primitive
idempotent of:’)z[%] (G).

This theorem mirrors the fact that the space of tamely ramified Langlands parameters for G is connected
over Z[%], under the same hypothesis, as proved in [DHKM?20, Theorem 4.29]. Below we will prove
more generally that for any quasisplit G, there is a natural bijection between connected components of the
space of tamely ramified Langlands parameters for G and the set of primitive idempotents in g3 z[1] (G).
On the G-side, the main result is the following one.

Theorem 3.6.2. Suppose G is quasisplit. Then the action of \Ilf (Z[%])p on the set of primitive idempo-
tents of 8031[%] (G) is simply transitive.

Proof. Let G’ := K(_;] (71 (T') p—tors) be the inverse image in G of 1 (T') p.tors by k¢ (recall from above that
the map 7 (T) — m1(G) is injective on torsion subgroups). As already mentioned, it does not depend
on the choice of S. For any facet o in B,, we denote by G/ the pointwise stabilizer of o in G’, so
that we have G/, := G N'G’. If o belongs to the apartment associated to S, then G, = G, T’ where

T'=TNG = K;l(nl(T)p_tors). Since G, NT = T°, we have a short exact sequence
Go=Go/Gg = Gy /Gy = m1(T) paors- (3-1)
We claim that this sequence splits canonically and, more precisely, that there is a canonical decomposition
G, /Gt =(Gs/GT) x 71 (T) putors- (3-2)
To see this, recall that there are canonical smooth Op-models G, C G/, of G such that
(1) G5(Or) = Gy and G, (OF) = G, and (Go)f, = ((Go)f,)°

(2) G/, contains the canonical model 7" of T' such that T'(Or) =T’, and nO(TF/ ) = JT()((G/U)E), while
q

we also have no(Tﬁ’ ) == 1(T) 1, p-tors-
q

(3) Denote by G_ﬁ, the quotient of the special fiber (G, )r, of G, by its unipotent radical. Then the short
exact sequence (3-1) is obtained by taking the [F,-rational points of the sequence

G_(, — G_/o —» ﬂo((G;)ﬁq) =T (T)Ip,p—tors-

(4) Denote by T’ the quotient of the special fiber of T’ by its unipotent radical. Then T — G/, induces
a closed immersion T’ <> G_;, andT'NG, = T’° is a maximal torus of G, and we have an exact
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sequence
Fo = FHG_G T — WO((T/)R) =Ty (T)Ip,p—tors-

Here, G, is the model that would be denoted by Qg in the notation of [KP23, §8.3], while G/, is
a variant of the model denoted by gf; there (the latter would correspond to Kal (711 (T )¢ors) rather than
Kg l(7'[1 (T) p-tors)), whose existence follows from Proposition A.5.23 (3) of [KP23]. Then (2) follows
from (p-primary variants of) Corollaries 11.1.6 and 11.2.1 there. Items (3) and (4) follow from the
constructions and Corollary 11.7.2 of [KP23].

Now, since TO(F,,) is a p’-torsion abelian group, H'(m(T) p-tors TO(F,,)) = {1} so there exists
a splitting ¢ : w1 (T) 1, p-tors = F(F,,) of the last exact sequence. This ¢ also provides a splitting
T1(T) 1z, p-tors = G_;(Fp) of the short exact sequence in item 3 above. But since T is an abelian group
scheme, we see that the conjugation action of 71 (T') ;. p-tors OD G, through ¢ fixes pointwise the maximal
torus T” of G,. It follows that this action is inner and, more precisely, given by a morphism from
71(T) 11, p-tors tO the image of T’ in the adjoint group of G,. But such a morphism has to be trivial since
71 (T) 1z, p-tors 18 @ p-group. Hence the action of 71 (7)., p-tors through ¢ is trivial on G, and we get a
decomposition G, = G X771 (T) 1., p-tors, Which is unique because Hom (71 (T) 1., p-torss Z(Go (Fp))) ={1}.
Taking [F,-rational points, we get the claimed canonical decomposition (3-2).

Now, this decomposition (3-2) implies that the pro-p-radical G/, *of G’ surjects onto 71(T) p-tors-
For any character ¢ of 71(T) .- tm, we therefore get a central idempotent eg € ’Hz[ ](G/ ) supported on
G, *, and we have el = Zw ea Again, these idempotents do not depend on the choice of apartment
containing o, since they are given by the restriction of a global character of G’ to (G,)™. In particular,
they are invariant under the action of G, in the sense that el,pa = gef g~ !forall g € G. If x is a vertex of the
facet o, the pro-p-radical G'. " of G is a normal subgroup of G, * and we have G, " = G'. "G} In terms
of idempotents, it follows that el = etrey Y forall Y. But then, the proof of [Lan18, Proposition 1.0.6] shows
that the system of idempotents (ea )oen, 1s consistent in the sense of [MS10, Def. 2.1] (note that in [Lan18,
Proposition 1.0.6] the idempotents are assumed to be supported on the parahoric subgroups while here we
allow support on a slightly bigger subgroup, but this is harmless for the argument there). Then, [MSlO,
Theorem 3.1] tells us that the full subcategories Repz[ 1(G) = {ve Repy(11(G), V = erBo ey V}
are Serre subcategories of Repl[ ](G) Since for all o, ¥ and ¥ we have ¢ # ' = ez;b e:f =0, these
categories are pairwise orthogonal. Since for all o we have e} = ZW eZ , we actually get a decomposition
Repz[ ](G) ]_[w Repz[ ](G) Correspondlngly, we get a decomposition of gy as a sum of pairwise
orthogonal idempotents g9 = Zw 80 in 32[ 1(G). Finally, identifying 7ro(Wr), to the group of characters
of 71(T) p-tors» OUr constructions make it clear that the action of mo(Wr), is given by ¥ - 80 = swf .
Since we already know that the action of 7o(Wr), is transitive on primitive idempotents, we conclude
that each 86// has to be primitive, and that this action is simply transitive. (|

Remark 3.6.3. Before turning to the dual side, we give an interpretation of the group vl(z ( [ ]) (through

which the natural action of W (Z[ 1 ]) on the set of idempotents in 8031[ ](G) factors) in terms of the
group mo(W¢) of connected components of W¢. Indeed, more generally, for any diagonalizable group
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scheme A = D(M) over Z[%], we have an exact sequence A° — A —» o(A) where A° = D(M /M _1or5)
is the “maximal” connected diagonalizable subgroup scheme of A and 71¢(A) = D (M _1ors) 1s a (constant)
finite étale diagonalizable group scheme. In the case A =W, we thus see that 7o (Wg) = D (711 (G) p-tors) 18
the finite constant group scheme associated to the abstract group \Ifé (Z[%])p =Hom (711 (G) p-tors> Z[%] X),
and we shall abuse notation a bit by writing

T0(W6) = VLIS,

3.7. The quasisplit case: dual group side. We now explain how the description of primitive idempotents
in the last theorem matches the parametrization of connected components of the space of tamely ramified
Langlands parameters for G. We will use the definitions and notation from [DHKM?20]. Let us denote
by G “the” dual group of G, considered as a split reductive group scheme over Z[%]. Pick a pinning
pi= (f, B.X= Y ey Xa) of G, whose underlying Borel pair is dual to a Borel pair (T, B) where
T is as above (a maximally split maximal torus) and B is a Borel subgroup of G defined over F. Then
the F-rational structure on G induces an action of Wy on the root datum of 6, which induces in turn an
action of Wy on G preserving the pinning p.

Remark 3.7.1. Since the morphism Ty, — T is dual to the morphism T T’ad, we see that 71 (G) is the
group of characters of the center Z (6) = ker(f — ﬁd). It follows that

V6 = (Z(6)),
as group schemes over Z[%].
Then, using the last remark, we may slightly abusively identify

W/ (Z[5]), = 10((ZG)Pp).

Let us now choose a topological generator o of the tame inertia group /r/Pr and denote by Wg the
inverse image in Wy of the discrete subgroup of Wr/Pr generated by o and Frobenius. According to
[DHKM?20, §1.2], there is an affine scheme Z! (WO, 6)tame over Z[%] that classifies 1-cocycles Wy — G
whose restriction to Pr is étale-locally conjugate to the trivial 1-cocycle ¢ = 1p, : Pr — G. This affine
scheme carries an action of G over Z[%] and factors as

~ ~ ~P ~
Z'Wp, Glame =G xC " Z'(Wp, G)1,

where Z! (WO, 6)1 Pp is the closed subscheme of Z!( WIQ, 6)tame where the restriction of parameters to
Pp is trivial, and where G* is the closed subgroup scheme of G fixed by Pr. Note that, in the notation
of [DHKM20], G"* would be denoted Cg(¢) if ¢ = 1p,. Since Z' (W2, G)1,, = Z'(W9/Pr, GTF),
we get on quotient stacks

Z' WY, Game/G = Z' (W) Pr, GT7)/GT* . (3-3)

We are interested in parametrizing the connected components of these stacks. According to Proposition
A.13 and Theorem A.12 of [DHKM?20], the Z[%]—group scheme G has split reductive neutral component
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G"r° and finite constant no(ép 7). We are going to prove that the fibers of the morphism
Z'(Wp/Pp, G™) /G > H'(WP/Pr. 70(G™)) (3-4)

(whose target is a finite discrete scheme) are the connected components of its source. to this aim, observe
that the diagonalizable group scheme Z! (Wg /Pp,Z (6) Pry acts on the scheme Z! (Wg / PF, G ) by mul-
tiplication of cocycles, and this action is compatible with GPr ~(twisted) conjugation on Z' (Wg / Pr, GPr ).
Furthermore, the map p is equivariant if we let Zl(Wg/PF, Z(@)PF) act on HI(WI(;/PF, no(aPF))
through H'(W®/ P, 70(Z(G)"r)).
Lemma 3.7.2. With the foregoing notation:

(1) The natural map nO(TPF) — no(aPF) is a bijection. In particular, no(apf) is an abelian p-group.

(2) The natural map
70(Z(G)'F)e = H' ((F), 70(Z(G)'F)) — H (W2 / P, m0(Z(G) "))

is an isomorphism.

(3) Similarly, we have an isomorphism JT()(TIF)F = Hl(Wg/PF, nO(TPF)).

(4) The natural map HI(WI?/PF, no(Z(a)PF)) — HI(WI?/PF, no(fPF)) is surjective.
Proof. (1) This is Proposition 4.1(d) of [Hail5].
(2) Recall first that 7o (Z (6) Pry is a finite abelian p-group, and the action of I on it is through a cyclic p’-
group. It follows that H' (Ig/PF, ﬂO(Z(a)PF)) = {1} and therefore the map H'((F), m)(Z(a)PF)’F) —
HY (W2 PF, 70(Z(G)Pr)) is an isomorghism. So it remains to see that 70(Z(G)PF)F = 7o(Z(G)'F),
which follows from the fact that (X*(Z(G)) p;, p-tors) 1 = X*(Z(G)) 1, p-tors SiNCE, as above, the action of
Ir on X*(Z(G))p, is through a cyclic p’-group.
(3) Apply (2) to T instead of G.
(4) By (2) and (3), it suffices to prove surjectivity of no(Z(a) Iry — no(?l F), i.e., injectivity of
X*(T) 17, p-tors = X*(Z(G)) 1, p-tors- We start from the exact sequence

X*(Toa) 1, = X*(T)1, = X*(Z(G))1, — 0

and we observe that, since X *(T}d) has a basis permuted by Iy (given by simple roots), its co-invariants
X *(Tad) 1 are a free abelian group. Since the above sequence is exact on the left once tensored with Q, it
follows that X*(T\ad)lF — X*(T)IF is injective; hence X*(T)IF,WS — X*(Z(/G\))If,tors is injective too. [J

The following theorem, together with the identification \IJ%C (Z[%])p = 70((T')g) = 7o(TTF)g of
Remark 3.7.1 is the dual companion of Theorem 3.6.2.

Theorem 3.7.3. The connected components of Z' (W2, 6)tame / G are the fibers of the map u of (3-4)
through the identification (3-3):

Z'\ WO Pp, GP) /G = Z' (WY, G)ame/G.
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The action of Z' (Wg/PF, Z(a)PF) on Z! (Wg/PF, 6PF) induces a simply transitive action OfJTO(TIF)F
on connected components of ZY( Wg, 6)tame / G.

Proof. By construction, the action of ZI(W,(;/PF, no(Z(é)PF)) on Zl(Wg/PF, ng(aPF)) induces an
action of H' (Wg /Pr, mo(Z (6) Pry) on the set of fibers of the map . By (1) and (4) of the last lemma, the
latter action is transitive, and actually factors over a simply transitive action of H ! (Wg / Pr, JTO(TP ) =
7o(TF)e. So, to prove the theorem, it suffices to prove that one fiber of 1 is connected. The fiber 1= (1)
of the trivial cohomology class is Zl(Wg/Pp, 6PF’°)/N6PF’°, where

NG'r° ={ge G g7 'o(g) € G™° g7 'F(g) € G'"*).

So we are left with proving that Z 1 (Wg / Pr, GFr *°) is connected. In order to apply [DHKM?20, Theorem
4.29], we need to show that the action of Wr/Ir on GPre fixes a pinning. Thanks to [Hail5, Proposition
4.1(a)], we know that (EPF*C’, TPF’C’) is a Borel pair of GPre (over Z[%]) and even that (EPF’O, TPF’O, X)
is a pinning of GPre, at least over Z[i]. Note that this Borel pair and this pinning are clearly stable
under Wr/Ig. So, when p = 2, we are done. On the other hand, as explained in the proof of [Hail5,
Proposition 4.1], the failure for X to provide a pinning of GPr-° in characteristic 2 only happens when an
orbit of simple roots under Pg contains two roots that add up to a root. In this case, the orbit must have
even order, and this can’t happen if p is odd. So, in all cases, (EPF’O, TFre, X) is a pinning of GPre
and we get connectedness of Z 1(ng / Pr, G'r ) from [DHKM?20, Theorem 4.29]. O

3.8. Proofs of Theorem 1.0.4 and Corollary 1.1.1. Finally, Theorem 1.0.4 follows from Theorems 3.7.3
and 3.6.2 through the identification of Remark 3.7.1, once we choose base points in the respective sets of
connected components. Any “natural” such choice should be compatible with parabolic induction from
the minimal Levi subgroup T of G. But the Langlands correspondence for tori tells us that the principal
block of Rep%[ L ](T) (i.e., the one that contains the trivial representation) should match the principal
component of Z! (Wg, T)tame (i.e., the one that contains the trivial parameter).

As for Corollary 1.1.1, let w be a depth O irreducible representation of G with coefficients in an
algebraically closed field L over Z[%]. By Theorem 3.6.2, there is an element ¢ € lllé (Z[%]) that
provides a character ¥ : G — 7, (G) — Z[%] * — L* of G that belongs to the same block of Rep%[ 1 (G)
as 7. Hence the Fargues—Scholze parameters ¢, and ¢y, are L-points of the same connected component of
the Z[ +]-scheme Z' (WP, G) // G. Since Z' (WY, G)wme is a sum of connected components, all we need
to do is to check that ¢y, is tamely ramified. By compatibility with parabolic induction [FS21, IX.7.2] this
parameter is the pushforward along Z' (W9, T) / T—> Z' (W, 6) / G of the Fargues—Scholze parameter
of the character 8}9/ z.xmr of T, where B is any Borel subgroup of G with Levi T and §p is its modulus
character. Since the Fargues—Scholze correspondence for tori is the usual one [FS21, IX.6.4], and the
character 8}3/ 2.1//\7 is trivial on T, its parameter is actually trivial on I (see [Mis15, Theorem 1]), hence

a fortiori on Pr.

3.9. On the general case. We do not know an analogue of Theorem 3.6.2 in the nonquasisplit case, but
we believe that Theorem 3.6.1 holds for all groups that split over a tamely ramified extension, or more
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generally, that have a Pr-induced maximal F-torus. The following example is not accounted for by our
different results.

Example 3.9.1. Let D be a division algebra of dimension p? over F and G the inner form of PGL,, such
that G = D*/F*. Here, 7,(G) = Z/pZ and kG : G — w1(G) is induced by the valuation of the reduced
norm map. Note that G = O b/ O surjects onto [Ff;p /F; and that the action of a suitable generator of
G'/G'=2Z/pZonF}, i
of I]:X /F; in general position for the action of Frobenius, the induced representation 7 : 1ndG

is via the ¢""-power map (relative Frobenius over F ¢)- Hence, if x is any character
op/0:X
is irreducible, of depth 0, and invariant under twisting by characters of G'/G°. Therefore, the unique
primitive idempotent ¢ of 8032[ ]1(G) such that exr # 0 is also invariant under such twisting, showing
that &g = ¢ is primitive by Corollary 3.4.2.

3.10. Deligne—Lusztig parameters. Assuming that G is quasisplit and tamely ramified, we recall here
the Deligne—Lusztig invariant w > s, used in Theorem 1.1.2. This is a direct generalization of [Lan18,
§3.4] to the tamely ramified setting, and with slightly different notation.

Transfer maps. Besides Deligne-Lusztig theory itself, the main point is the existence of natural morphisms
of finite schemes:
(Go [ G =" > (Gt ) GF= (3-5)

for all facets o of 8. Here, 7 is a topological generator of tame inertia, all duals are taken over Z, and G,
denotes the reductive quotient of the special fiber of the Bruhat-Tits Or-model G, of G attached to 0. to
define the map (3-5), let S be a maximal split torus of G whose apartment contains o, and write also S for
its schematic closure in G, which is a maximal split torus therein. Denote by T, the centralizer of S in
G, and by N, its normalizer. These are smooth group schemes over O and the quotient W,, := N, /T, is
an étale group scheme. By our assumptions on G, the generic fiber T of T, is a maximal F'-torus of G that
is tamely ramified and contained in a Borel subgroup defined over F, while the reductive quotient T, of its
special fiber identifies to a maximal torus in G,. Actually, Ty is the connected Neron model of T over O
and T, is the toric part of its special fiber (compare [KP23, Proposition 8.2.4]), so that, taking cocharacters
over geometric points, we have an Fr-equivariant identification X, (T,) = X,.(T)* = X,(T)7, by [KP23,
B.7.9]. The latter identification is equivariant with respect to the specialization map W, (kp) — W, (F)'*
(where bars denote a choice of algebralc closure) Then, going to the dual tori, this means that we
have an Fr—equlvarlant identification T e (T),F (T )z that is equivariant with respect to the map
W (Tg) > WA(T)t provided by the identifications W (TG) = W, (kr) and WG(T) W, (F). Then
the desired map (3-5) is induced by the Fr-equivariant composmon

Go || Go =T | Wg (Tg) — (T): | Wg(T)" = (T x 1) | Ng(T): = (G x1) /G,
where NG(T)r ={ne NG(T) nt(n)~! e T} Here, we have 1mp1101t1y chosen TU, resp. T as the

maximal torus entering the construction of the dual group G(,, resp. G with its pinned action by Fr, resp.
(t, Fr). The fact that the last map is an isomorphism is a twisted version of the Chevalley—Steinberg
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theorem, see for example [DHKM?20, Proposition 6.6]. The above construction of the map (3-5) is
independent of the choice of S, since a different choice would be conjugated under G, (OF), leading to
compatible identifications between cocharacter groups of the generic and special fibers of the centralizer,
as in [Lan18, Lemme 3.2.1].

Specialization. The isomorphism (T); // Wa(f)r =~ G x 1 // G shows that (G x 7 ) G)FF=()" is a
finite scheme. More precisely, if N denotes the exponent of the image of W@(T )* x (Fr) in Aut(T),, we
see that the natural morphism (T)T[qN —1]— ((T )e [/ W@(T YOFr=0)7 ig surjective (where the bracket
denotes the kernel of ¢ — th_l). This also allows us to speak of the order of a geometric point of
(6 XT/ 6)Fr:(')q as the order of any lift in (T),.

Now, by finiteness we have specialization maps

(G xt )G (K)—> (Gxt)G)=0 k)

for any discrete valuation ring A with fraction field K and residue field k. When A is strictly henselian,
this map has a section coming from the canonical lifting of roots of unity from &k to A, which induces a
section (T)[q" — 11(k) — (D):[g" — 11(A).

From this we see that for each prime £ # p we have a specialization map

(G x1 )G =@ — (Gt )G Fy

with a natural section with image the subset of elements of prime-to-f order on the left-hand side.
Actually the composition of the section with specialization is the map that takes a conjugacy class s to its
“prime-to-£ order” (or “f-regular”) part. Similarly, for each maximal ideal of Z containing £, we have a
specialization map

Gt )G @~ (Gt )G Fo)

with a section as above.

The Deligne—Lusztig decomposition of Repg (G). For £ # p, Deligne-Lusztig theory provides a surjective
map Irr@{ (Gy(kp)) — (a, / 50)”=< 2" (Qy) whose fibers are called “Deligne—Lusztig geometric series”.
This map only depends on a choice of isomorphism (kr)* 2~ (Q/Z) ,y, which we have already made when
picking the topological generator T 0f Ir/ PF In particular, it is invariant under automorphlsms of @, and
descends to a map Irrg (G, (kp)) — (G(7 //G )Fr=()*"(Q) canonically. For a @-point ¢ of (G(T //G yFr=()"
we denote by e — the central idempotent of Q[G,, (kr)] that selects the correspondlng geometric series. It
is known [CE04 Theorem 9.12] that if ¢ has prime-to-£ order then Z,,
that it belongs to Z(g)[ég (kp)] This allows us to associate a central 1dernpotent e o T, in F,[G, (kp)]

=t e .3 is £-integral, in the sense

to any Fe- -point ¢ of (G, / G(,)Fr ()7 (this is independent of the choice of a maximal ideal of Z(g)) In
this way we get for any algebraically closed field L over Z[;] a decomposition

1= ) AZ ef,’L

1€(G, | Go)Fr=0) (L)
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of the unit in L[G, (kr)] as a sum of pairwise orthogonal central idempotents.
Now, for s € (6 XT //6)Fr:(')q (L), we write e; , := D s eg - Then the same argument as in [Lan138,
§3.4] shows that o > ¢ ; is a O-consistent system of idempotents, so that we have a decomposition

Rep (G) = I1 Rep;, (G),
s€(Gxt)G)Fr=() (L)
where Repj (G) := {V eRep, (G), V=), B, . LV}. When L has characteristic 0, the relation to the
decomposition of Section 3.2 is the following. For t = (o, 715) a cuspidal pair, denote by ¢, the L-point
of (a, / ég)Fr=(')q corresponding to the geometric Deligne-Lusztig series of 7, and by s the image of
tz, by the map (3-5). Then we have ReptL(G) C Rep; (G).

Deligne—Lusztig pammeters For any irreducible depth O smooth L-representation ir, we define s, to
be the unique L-point of (G XT ) G)Fr ()" such that 7 is an object of Rep)” (G). The map 7 > s
satisfies the following:

(1) Suppose 7 is a subquotlent of a parabolically induced module i p % (p) for some F-parabolic subgroup
P =MU of G. Let P = MU be a Wg-stable parabolic subgroup of G corresponding to P. Then
sz is the image of s, by the natural map (M x t J M)F=()" — (G x 1 J G)F=)",

(2) Suppose L = Q; and r is ¢-integral (i.e., admits an admissible Z,-model L), and let 7 be any
irreducible constituent of the reduction of L to Fy. Then s; is the image of s, by the specialization
map (G x 7 / 6= (@) — (G x T ) GF=C" (Fp).

(3) Suppose L = F, and let §,, be the image of s, by the natural section (6 XT/ 6)Fr=<~>" (Fp) —
(G x 7 J) G)F="""(Qy). Then there is an ¢-integral 7 € Irrg, (G) with s; = §, and such that 7 is a
constituent of the reduction of (any stable lattice in) 77. The same statement holds if we replace Q,
by @ and consider specialization and section maps associated to a choice of a prime ideal £ of Z
containing £.

Property (1) is proved like in [Lan18, théoréme 4.4.3] and property (2) follows from the constructions.
For property (3) we may use (1) and an inductive argument to reduce to the case where 7 is supercuspidal.
It is then a Jordan—-Holder factor of a finite length Fe- representation of the form 7 = indG 77y for some
supercuspidal 7, € Irr, (G x)- Denote by t., € (G x/ G OF =G (F,) its Deligne-Lusztig geometric series
and 7, its natural lift in (Gx / G OF=G"(Qy). Then 7, is certainly a Jordan—Hélder constituent of the
reduction to F, of some 7, € Irr@Z(Gx) with 1z, = tnx. By supercuspidality of 7., 77, also has to be
cuspidal, so that the induction p := indgx 47, is cuspidal with finite length and trivial central character;
hence it is £-integral. Since 7 is a Jordan—Holder constituent of the reduction of p, it is a constituent of
the reduction of some irreducible subquotient 7 of p. By construction, sz is the image of #; ; hence it
equals §y.

3.11. Proof of Theorem 1.1.2. As explained in the introduction, we argue on the semisimple rank of G.
In rank 0, G is a torus and the result follows from the compatibility of FSp,oc with local class field theory
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(which follows from the construction just as for the ¢-adic version FS; in [FS21, Proposition 1X.6.5]).
For general G, the compatibility of 7 + ¢, (7) and & > s, with parabolic induction and dual Levi
functoriality allows us to focus on 7 supercuspidal. After maybe twisting by an unramified character of G,
we may assume that 7 is defined over the closure of the prime subfield of L, which reduces the problem
to the cases L = F, or L = Q. But property (3) above reduces the case L = [, to the characteristic 0 case,
i.e., we may assume L = Q. Finally, after maybe twisting, we may assume that our supercuspidal 77 has
an admissible model over Z[%].

We now argue on the number 7, of prime divisors of the order of s,. Assume first that n, > 1 and
let £ be such a prime number, and (s, )© the prime-to-£ part of s,. Pick any maximal ideal £ of Z
containing ¢. By properties (2) and (3) above, there is an L-integral 7’ € Irrg(G) with 55 = (s7)®
and whose reduction has a common irreducible constituent 7 with the reduction of 7. By our induction
hypothesis, any prime dividing the order of ¢,/(t) divides that of si9; hence the same is true for any
prime dividing the order of ¢z (7). But ¢ (7) is the image of ¢, (t) by the specialization map, so any
prime dividing the order of ¢, (7) either divides that of @5 (7) or is £; hence it divides the order of s;.

It remains to deal with the case n, = 1, i.e., when 7 is unipotent. In this case, Proposition 3.11.3
below provides us with two prime numbers £| # ¢, different from p and two noncuspidal unipotent
representations 71, 773 € Irrg (G) such that w ~, 7r; fori =1, 2. Recall from Remark 3.3.4 that this means
that for any embeddings Q@ < @[i, T g @zi and 7; g @gi belong to the same block of Rengl- (G). By
the description of connected components of A (WO, 6)71 in [DHKM?20, Theorem 4.8], it follows that
we have ((pn)‘ = (@r; e On the other hand, by our induction hypothesis, ¢, (t) is trivial, i.e., @, is

trivial on Ir. So we see that ¢, is trivial on both If;‘ and I?; hence it is trivial on Iz and ¢, (t) = 1.
We are now left to prove Proposition 3.11.3, and we start with a finite field analogue:

Proposition 3.11.1. Let us assume that q # 2. Let G be a finite reductive group with positive semisimple
rank, and € Irr(G") a unipotent cuspidal representation of G. Then there exists two prime numbers
L1,y # p, L1 # £y and two noncuspidal unipotent representations 7wy, ) € Irr(GF) such that w ~, | T
and 1 ~e, 2.

Proof. Similarly as in Section 2.2 (the bijection £ (szd, 1) = £(GF, 1) on unipotent representations
is compatible with the respective £-block partitions; and a group of adjoint type is a direct product of
restriction of scalars of simple groups), we can restrict ourselves to the case where G is a simple group.

There are no unipotent cuspidal in type A,. If G has type *A,, (resp. By, resp. C,,, resp. D,, resp. 2D,,)
there is no cuspidal unipotent unless n =s(s+1)/2—1 (resp. n = s(s+ 1), resp. n = s(s + 1), resp. n = 52,
resp. n = s2) for some s and in this case there is only one.

If g is odd, by [CEO4, Theorem 21.14], £ (GF, 1) is included in the principal 2-block, so we can take
£ =2.

If g is even, then take for £; a prime divisor of ¢ 4 1. As in the proof of Theorem 2.3.5 we can use the
combinatorics of Lusztig symbols and B-sets to classify unipotent characters and compute their d-series.

When d = 2, a symbol corresponds to a 2-cuspidal representation if it is itself a 1-cocore. In the above
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unipotent cuspidal representations (dy, d»)
Fy[—1], Eg[—1] (6, 8)
Fy[—i], Fyli], Egli], Es[—i] (4, 8)
F4[6], F46°], Ec[6]. Es[0°], Es[6°], Es[6],

G1[61. G1[6°],°D4[1], *Ee[6], *Es[6°] G0
F,[1], Eg[1] (4,6)
F[1], Eg[1], 2E¢[1] (3,4
E;[§], E7[-£] (6, 14)
Eg[—67], Eg[—0] (6,24)
Eg[6%], Egl&°), Esl£2], Esl£] (5,10)
*Dy[—1] (6,12)

Table 1. Suitable pairs (d,, d») for unipotent cuspidal representations of exceptional groups.

list of cuspidal characters, none of them are 1-cocores, so there are no 2-cuspidals. This means that they
all belong to the same 2-series as another unipotent character; hence ¢; suits.

Similarly, the cuspidal unipotent of 4, (resp. By, Cy,,D,, or 2D,) is in the same 6-series (resp. 4-series)
as another unipotent representation, so we can take £, such that g is of order 6 (resp. 4) mod ¢, by
Theorem 2.3.3. This £, also suits.

We are left with the exceptional groups Fy, 3Ds4, G, Eg, *Eg, E7 and Eg. For these groups, we use a
weaker version of Theorem 2.3.1 that works also with bad primes [Eng00, Theorem A]. It states that if
two unipotent representations are in the same d-series then they are in the same block. Then, looking at
tables, for each unipotent cuspidal representation r but two exceptions, we can find two distinct integers
di, d», different from 2, and such that 7 is in the same d;-series as a noncuspidal representation (see
Table 1 with the notations of [Car85, §13.9]). It then remains to pick any primes £, £, such that g has
order d; modulo ¢; thanks to Theorem 2.3.3.

The two exceptions are the representations G;[1] and G[—1] in the notation from [Car85, §13.9].
The representation G;[1] (resp. G2[—1]) is in the same 2-series and 3-series (resp. 2-series and 6-series)
as the trivial representation, so we can at least take ¢; such that ¢ has order 3 modulo ¢; (resp. g has
order 6 modulo £;). If there also exists £, such that the order of ¢ modulo ¢; is 2 then we are done. So
the only issue is when g = 2k _ 1, for some integer k > 2. In this case, we set £, = 2 and we conclude
with [Eng00, Theorem A.bis], which implies that two unipotent representations in the same d-series are
in the same 2-block, if d is the order of ¢ modulo 4, which is 2 here. O

Remark 3.11.2. The assumption ¢ # 2 is needed here for the simple group 2A,. For instance the group
Us(F,) has three unipotent representations, the trivial, the Steinberg and o a cuspidal representation.
When ¢ = 3, these three representations are in the same 3-block. However, the cardinal of Us([F;) is 2334,
so every odd prime £ # 3 is banal, and {0} is an £-block.
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Proposition 3.11.3. Let G be a reductive group of positive semisimple rank over F, and assume that
kg # Fy. Let  be a unipotent supercuspidal Q-representation of G. Then there exist prime numbers
Ly # L, different from p and two noncuspidal unipotent representations 7y, 7y € Irrg(G) such that
7T~y wifori=1,2.

Proof. Let t € T be an unrefined depth O type such that = € Rep%](G). Necessarily, t = [x, 7] with x a
vertex, since 7 is supercuspidal. Then G, has positive semisimple rank; hence, by Proposition 3.11.1,
there exist two prime numbers £1, £, and two unipotent noncuspidal representations . 1 and my 2 of
G, (kr) such that y ~y, w1 and 7, ~¢, . 2. Leti € {1, 2}. We consider the cuspidal support of 7, ;
which is of the form ((_;Ui (kr), t;) and provides us with an unrefined depth O type t; € ¥. Let T be a
minimal subset of T/~ containing t such that the idempotent er is ¢;-integral, i.e., it belongs to 37«3[) (G).
As in Proposition 3.3.1, we have t; € T'; hence the summand e7Repg(G) contains noncuspidal irreducible
representations. Although e7 need not be primitive, we deduce from Lemma 3.4.1 that llfg (@) acts
transitively on the set of primitive idempotents in 32((,_) (G) that refine 7. It follows that any ¢;-block
inside e7Repg(G) contains noncuspidal irreducible representations. This applies in particular to the one
that contains 7. |
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