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We discuss the role of primes of good reduction in the existence of the Brauer–Manin obstruction to weak
approximation for varieties defined over number fields. Following Bright and Newton, we give conditions
on the ramification index of primes involved in the Brauer–Manin obstruction. To support the results, we
give many examples of transcendental nature on K3 surfaces.

1. Introduction

Let k be a number field and Ak be the ring of adèles of k, i.e., the restricted product of kν for all places
ν of k, taken with respect to the rings of integers Oν ⊆ kν . Let V be a smooth, proper, geometrically
irreducible variety over k. We say that V satisfies weak approximation if the image of V (k) in the set of
the adèlic points V (Ak) is dense. Manin [1971] introduced the use of the Brauer group to study this image,
and Colliot-Thélène and Sansuc [1977, Proposition 5] used the same idea to study weak approximation.
More precisely, they showed that there exists a pairing

⟨−,−⟩ : Br(V )× V (Ak)→Q/Z

such that the closure of the rational points of V lies in the right kernel of the pairing, denoted by V (Ak)
Br.

If V (Ak)
Br is not equal to the whole V (Ak), we say that there is a Brauer–Manin obstruction to weak

approximation on V.
For every nonarchimedean place p and for every element A ∈ Br(V ), we denote by evA the map
⟨A,−⟩|V (kp) : V (kp)→Q/Z.

Definition 1.1. We say that a prime p of k plays a role in the Brauer–Manin obstruction to weak
approximation on V if there exists an element A ∈ Br(V ) such that the corresponding evaluation map
evA : V (kp)→ Br(kp) is nonconstant.

We will address the following question.

Question 1.2. Assume Pic(V ) to be torsion-free and finitely generated. Which primes can play a role in
the Brauer–Manin obstruction to weak approximation on V ?

This question is inspired by one asked by Swinnerton-Dyer [Colliot-Thélène and Skorobogatov 2013,
Question 1]. He asked whether only primes of bad reduction and archimedean places can play a role in
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the Brauer–Manin obstruction to weak approximation. Bright and Newton [2023] prove the following
theorem, which leads to a negative answer to Swinnerton-Dyer’s question.

Theorem [Bright and Newton 2023, Theorem C]. Assume that H0(V, �2
V ) ̸= 0. Let p be a prime at

which V has good ordinary reduction, with residue characteristic p. Then there exists a finite field
extension k ′/k, a prime p′ of k ′ lying over p, and an element A ∈ Br(Vk′){p} such that the corresponding
evaluation map is nonconstant on V (k ′p′).

Hence, under the assumptions of [loc. cit.], up to a base change to a finite field extension k ′/k we
can always find a prime p′ of good reduction that plays a role in the Brauer–Manin obstruction to weak
approximation on Vk′ .

The main focus of this paper is on the field extension k ′/k appearing in Bright and Newton’s result, with
a particular emphasis on K3 surfaces. We analyse how the reduction type and the absolute ramification
index are involved in the possibility for a prime of good reduction to play a role in the Brauer–Manin
obstruction to weak approximation.

Theorem 1.3. Let p be a prime of good ordinary reduction for V of residue characteristic p. Assume that
the special fibre V(p) at p has no nontrivial global 1-forms, H1(V(p),Z/pZ)= 0 and (p− 1) ∤ ep. Then
the prime p does not play a role in the Brauer–Manin obstruction to weak approximation on V.

As pointed out in [Bright and Newton 2023, Remark 11.5], if V is a K3 surface, then, for every prime
of good reduction p, the special fibre is still a K3 surface and hence has no nontrivial global 1-forms and
satisfies H1(V(p),Z/pZ)= 0. It follows from Theorem 1.3 that, for K3 surfaces over number fields, in
order for a prime of good ordinary reduction to be involved in the Brauer–Manin obstruction to weak
approximation it is necessary that (p− 1) | ep. In the case of K3 surfaces, we analyse also what happens
for primes of good nonordinary reduction.

Theorem 1.4. Let V be a K3 surface and p be a prime of good nonordinary reduction for V with ep≤ p−1.
Then the prime p does not play a role in the Brauer–Manin obstruction to weak approximation on V.

Furthermore, in Section 3.2 we improve the result of Theorem C under an extra assumption on the
crystalline cohomology of the special fibre at a prime p of good ordinary reduction. In particular, we show
that it is always possible to find (over a finite field extension k ′/k) an element whose order is exactly p
and whose evaluation map is nonconstant; see Theorem 3.6.

We offer several examples in support of the conditions on the ramification index found in Theorems 1.3
and 1.4. In particular, we exhibit K3 surfaces V over number fields such that:

(a) V has good ordinary reduction at a prime p with ramification index ep = p − 1 and there is an
element A ∈ Br(V )[p] whose evaluation map is nonconstant on V (kp); see Theorem 6.2 with α = 1.

(b) V has good ordinary reduction at a prime p with ep = p − 1 and p does not play a role in the
Brauer–Manin obstruction to weak approximation; see Example 4.11.

(c) V has good nonordinary reduction at a prime p with ep = p and there is an element A ∈ Br(V )[p]
whose evaluation map is nonconstant on V (kp); see Theorem 6.2 with α =

√
2.
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More precisely: (a) shows the condition (p− 1) ∤ ep in Theorem 1.3 is necessary; (b) shows the converse
of Theorem 1.3 does not hold in general; (c) shows the inequality in Theorem 1.4 cannot be refined.

Finally, we point out that in all the examples of K3 surfaces in which a prime of good reduction plays
a role in the Brauer–Manin obstruction to weak approximation, the corresponding element in the Brauer
group is of transcendental nature, i.e., it does not belong to the algebraic Brauer group, which is defined
as the kernel of the natural map from Br(V ) to Br(V ), where V is the base change of V to an algebraic
closure of k (see Corollary 2.31). The first example of a transcendental element in the Brauer group of a
K3 surface defined over a number field was given in [Wittenberg 2004]. Other examples of transcendental
elements that obstruct weak approximation can be found in [Hassett et al. 2011; Ieronymou 2010; Preu
2013; Newton 2016; Berg and Várilly-Alvarado 2020; Ieronymou and Skorobogatov 2015]. In all these
articles, the obstruction to weak approximation comes from the fact that the transcendental algebra has
nonconstant evaluation either at the place at infinity or at a prime of bad reduction. The first example of a
K3 surface in which a prime of good reduction plays a role in the Brauer–Manin obstruction to weak
approximation can be found in [Pagano 2022].

1.1. Notation. If G is an abelian group and n a positive integer, then G[n] denotes the kernel of multipli-
cation by n on G. If p is a prime, then G{p} denotes the p-power torsion subgroup of G. For any smooth
scheme X over a field k, we denote by Z/nZ(r) the element of the bounded derived category Db(Xét)

defined by

Z/nZ(r) :=
{
µ⊗r

n if k has characteristic 0,
µ⊗r

m ⊕Ws�
r
X,log[−r ] if k has characteristic p > 0 and n = mps, p ∤m.

For the definition of Ws�
r
X,log, see [Illusie 1979].

Finally, if R is a k-algebra and either n is invertible in k or R is smooth over k, we define

Hq
n(R) := Hq(Rét,Z/nZ(q − 1)) and Hq(R) := lim

−−→
n

Hq
n(R). (1)

We denote by k any number field and by Ok its ring of integers. Let �k be the set of places of k; for any
finite subset S ⊂�k , we define Ok,S as the intersection in k of the local rings Oν for ν ∈ S. We denote by
V any proper, smooth and geometrically integral variety over a number field k. Let V be an Ok,S-scheme
of finite type such that there exists an isomorphism between V ×Ok,S Spec(k) and V (i.e., V is an Ok,S

model for the scheme V ); for any finite place p not in S, we denote by V(p) the special fibre at p (i.e., the
base change of V to Spec(k(p))), by Vp the base change of V to Op, and by Vp the base change of V to kp.

Let p be a prime number. We denote by L any p-adic field (i.e., a finite field extension of the field
of p-adic numbers Qp), with ring of integers OL and residue field ℓ, which is a finite field of positive
characteristic. We denote by X any smooth and geometrically integral variety over L and by X any
smooth model over OL with geometrically integral fibre, i.e., X is such that there exists an isomorphism
between X ×OL Spec(L) and X. Moreover, we denote by Y the special fibre of X , which is the base
change of X to ℓ and is a smooth, proper and geometrically integral variety over the finite field ℓ, since
smoothness and properness are stable under base change.
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Outline. Section 2 is devoted to introducing the notion and some properties of the refined Swan conductor.
In Section 3 we prove Theorem 1.3, and we prove a stronger version of [Bright and Newton 2023,
Theorem C] for K3 surfaces. Section 4 is devoted to the explanation of several examples of K3 surfaces
in which primes of good ordinary reduction are (or are not) involved in the Brauer–Manin obstruction to
weak approximation. In Section 5 we give a proof of Theorem 1.4. Finally, in Section 6 we exhibit a
family of examples where, depending on a parameter α, both ordinary and nonordinary reduction occur
and we analyse what happens to the Brauer–Manin obstruction to weak approximation depending on the
parameter α.

2. The refined Swan conductor

Let V be a smooth, proper and geometrically integral variety over a number field k. In order to study the
role of a prime p in the Brauer–Manin obstruction, we need to understand, for a given element A ∈Br(V ),
the behaviour of the corresponding evaluation map

evA : V (kp)→Q/Z.

If we denote by res : Br(V )→ Br(Vp) the natural restriction map, then, for every point P ∈ V (kp), we
have a corresponding point Pp ∈ Vp(kp) and

evres(A)(Pp)= evA(P).

Hence, if the evaluation map attached to A is nonconstant on V (kp), then also res(A) ∈ Br(Vp) has
nonconstant evaluation map on Vp(kp).

2.1. p-adic setting. Let p be a prime number and L a finite field extension of Qp, with ring of integers OL ,
uniformiser π and residue field ℓ. Let X be a smooth and geometrically irreducible L-variety having
good reduction (i.e., there exists a smooth, proper OL -scheme X whose generic fibre is isomorphic to X ).
We assume furthermore the special fibre Y := X ×Spec(OL ) Spec(ℓ) is geometrically irreducible:

X X Y

Spec(L) Spec(OL) Spec(ℓ)

j i

(2)

Bright and Newton [2023] define the evaluation filtration on the Brauer group of X by

Evn Br X := {B ∈ Br(X) | evB is constant on B(P, eL ′/L(n+1)) for all L ′/L finite and P ∈ X (OL ′)}

(n ≥ 0),
Ev−1 Br X := {B ∈ Br(X) | evB is constant on X (OL ′) for all L ′/L finite},

Ev−2 Br X := {B ∈ Br(X) | evB is zero on X (OL ′) for all L ′/L finite}.

For every positive integer m, we denote by Evn Br(X)[m] the restriction of Evn Br(X) to Br(X)[m], i.e.,
Evn Br(X)[m] := Evn Br(X)∩Br(X)[m].
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If (m, p)=1, Colliot-Thélène and Skorobogatov [2013] and Bright [2015] have proven Ev0 Br(X)[m]=
Br(X)[m]. Moreover, there exists a map ∂m , called the residue map, that fits in the sequence [Colliot-
Thélène and Skorobogatov 2021, Chapter 3, (3.17)]

0→ Br(X )[m] → Br(X)[m] ∂m
−→ H 1(Y,Z/mZ).

The residue map is such that

Ev−1 Br(X)[m] = {A ∈ Br(X)[m] | ∂m(A) ∈ H 1(ℓ,Z/mZ)},

Ev−2 Br(X)[m] = {A ∈ Br(X)[m] | ∂m(A)= 0};

see [Colliot-Thélène and Saito 1996] for a proof.
In order to give a description of the evaluation filtration also on the p-power torsion part of Br(X), Bright

and Newton introduce the filtration {filn Br(X)}n≥0 on Br(X), defined through the notion (introduced by
Kato [1989]) of Swan conductor on discrete Henselian valuation fields; see Section 2.2. The interaction
between the two filtrations is described in the theorem that follows.

Theorem 2.1. There exists a residue map

∂ : fil0 Br(X)→ lim
−−→

n
H 1(Y,Z/nZ)=: H 1(Y,Q/Z)

such that:

(a) fil0 Br(X) coincides with Ev0 Br(X).

(b) Ev−1 Br(X)= {A ∈ Br(X) | ∂(A) ∈ H 1(ℓ,Q/Z)}.

(c) Ev−2 Br(X)= {A ∈ Br(X) | ∂(A)= 0}.

For every n ≥ 1, there is a map

rswn,π : filn Br(X)→ H0(Y, �2
Y )⊕H0(Y, �1

Y ),

called the refined Swan conductor, such that

Evn Br(X)= {A ∈ filn+1 Br(X) | rswn+1,π (A) ∈ H0(Y, �2
Y )⊕ 0}.

Proof. This is a reformulation of [Bright and Newton 2023, Theorem A]. □

It is clear that to understand the evaluation filtration on the Brauer group we need to understand the
residue map ∂ and the refined Swan conductor maps rswn,π .

2.2. Definition of the refined Swan conductor. We denote by K a Henselian discrete valuation field of
characteristic zero with ring of integers OK and residue field F of characteristic p. Let π be a uniformiser
in OK and m be the maximal ideal of OK . Let A be a ring over OK , R := A/m A and i , j the inclusions
of the special and generic fibres into Spec(A):

Spec(A⊗OK K ) j
−→ Spec(A) i

←− Spec(R).
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We define

V q
n (A) := Hq((R)ét, i∗R j∗Z/nZ(q − 1))

and V q(A) := lim
−−→n V q

n (A).

Remark 2.2. The natural map in Db(Aét),

R j∗Z/nZ(q − 1)→ i∗i∗R j∗Z/nZ(q − 1),

induces a natural map Hq
n(A ⊗OK K )→ V q

n (A) for all n, q. Gabber [1994] proved that this map is
an isomorphism if (A,mA) is a Henselian pair. In this case, using the Kummer map (A⊗OK K )×→
H1(A⊗OK K ,Z/nZ(1)) and the cup product, we define a product

V q
n (A)× ((A⊗OK K )×)⊕r

→ V q+r
n (A), (χ, a1, . . . , ar ) 7→ {χ, a1, . . . , ar }.

For a general A, the isomorphism [Pagano 2024, Remark 1.2.13]

V q
n (A)≃ V q

n (A
(h)) (3)

allows us to extend the product above. From now on we identify V q
n (A) and V q

n (A(h)). In particular, if
A =OK [T ], then all the polynomials of the form 1+πn p(T ) are invertible in A(h); see [Stacks 2005–,
Tag 0EM7] for an overview on the Henselisation of (not necessarily local) rings.

Definition 2.3. The increasing filtration {filn Hq(K )}n≥0 on Hq(K ) is defined by

χ ∈ filn Hq(K ) ⇐⇒ {χ, 1+πn+1T } = 0 in V q+1(OK [T ]).

We say that χ ∈ Hq(K ) has Swan conductor n if χ ∈ filn Hq(K ) and χ /∈ filn−1 Hq(K ). By [Kato 1989,
Lemma 2.2], Hq(K )=

⋃
n filn Hq(K ); hence, the Swan conductor is defined for every element χ ∈Hq(K ).

In [Kato 1989; Bright and Newton 2023], certain maps λπ : H
q
n(R)⊕Hq−1

n (R)→ V q
n (A) are defined

under additional assumptions on the OK -algebra A. We provide an overview of these maps, which, with
a slight abuse of notation, we will always refer to as λπ .

Remark 2.4. • Kato [1989, Section 1.4] defines for every n an injective map

λπ : Hq
n(F)⊕Hq−1

n (F)→ Hq
n(K ).

This collection of maps induces an injective map

λπ : Hq(F)⊕Hq−1(F)→ Hq(K ).

• Kato [1989, Section 1.9] extends the definition of λπ to any smooth OK -algebra A. In particular, he
defines a map

λπ : Hq
p(R)⊕Hq−1

p (R)→ V q
p (A).

https://stacks.math.columbia.edu/tag/0EM7


The role of primes of good reduction in the Brauer–Manin obstruction 1269

• Finally, Bright and Newton [2023, Section 2.2] generalise the previous map by defining

λπ : H
q
pr (R)⊕Hq−1

pr (R)→ V q
pr (A)

for any r ≥ 1.
Kato [1989, Proposition 6.1] proves that the image of

λπ : Hq
n(F)⊕Hq−1

n (F)→ Hq
n(K )

coincides with fil0 Hq
n(K ), and also [ibid., Section 1.3] that, for every r ≥ 1, there is a surjection δr from

Wr�
q
R to Hq

pr (R). Following [Kato 1989; Bright and Newton 2023], we sometimes use λπ also to denote
the composition

Wr�
q
R ⊕Wr�

q−1
R

δr
−→ V q

pr (R)⊕ V q−1
pr (R) λπ

−→ V q
pr (A). (4)

The following theorem allows Kato to define the refined Swan conductor of χ ∈ filn Hq(K ).

Theorem 2.5. Let χ ∈filn Hq(K ) with n≥ 1; then there exists a unique pair (α, β) in�q
F⊕�

q−1
F such that

{χ, 1+πnT } = λπ (Tα, Tβ) in V q+1
p (OK [T ]). (5)

Proof. See [Kato 1989, Section 5]. □

The uniqueness of the pair (α, β) in the previous theorem implies, for every n ≥ 1, the existence of a
homomorphism

rswn,π : filn Hq(K )→�
q
F ⊕�

q−1
F

whose kernel is filn−1 Hq(K ). The pair (α, β) is called the refined Swan conductor of χ ∈ filn Hq(K ).
We end this section with the definition of the residue map ∂ from fil0 Hq(K ) to Hq−1(F) (see [Bright

and Newton 2023, Section 2.5; Kato 1989, Section 7.5]).

Definition 2.6. The residue map
∂ : fil0 Hq(K )→ Hq−1(F)

is defined as the projection on the second component of the inverse of the isomorphism λπ from
Hq(F)⊕Hq−1(F) to fil0 Hq(K ).

2.3. The image of the refined Swan conductor. To further describe the refined Swan conductor maps,
we need to recall some properties of differential forms over fields of positive characteristic.

Let ℓ be a perfect field of characteristic p > 0 and R be an ℓ-algebra. Let

Zq
R := ker(d :�q

R→�
q+1
R ) and Bq

R := im(d :�q−1
R →�

q
R).

Lemma 2.7 (inverse Cartier operator). Assume R to be regular; then there exists a unique homomorphism
of groups

C−1
R :�

1
R→�1

R/B1
R

satisfying

• C−1
R (da)= a p−1da mod B1

R for all a ∈ R;
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• C−1
R (λω)= λpC−1

R (ω) for all λ ∈ R;

• d ◦C−1
R = 0.

Moreover, C−1 induces an isomorphism from �1
R to Z1

R/B1
R .

Proof. See [Brion and Kumar 2005, Theorem 1.3.4]. □

Remark 2.8. The subgroup B1
R has a natural structure of an R-module, which is given by α · dβ =

α pdβ = d(α pβ). If we denote by p�1
R the R-module structure on �1

R given by α ·ω = α pω, then the
condition C−1

R (λω)= λpC−1
F (ω) is equivalent to asking that C−1

R :�
1
R→

p�1
R/

p B1
R be a morphism of

R-modules.

We can extend the definition of C−1
R to higher differential forms by setting

C−1
R (ω1 ∧ · · · ∧ωq) := C−1

R (ω1)∧ · · · ∧C−1
R (ωq).

Theorem 2.9. Let R be regular; then the morphism

C−1
R :�

q
R→ Zq

R/Bq
R

is an isomorphism for all q ≥ 0. We denote by CR its inverse, which is called the Cartier operator.

Proof. See [Brion and Kumar 2005, Theorem 1.3.4]. □

The following corollary gives a way to characterise exact differential forms in terms of the Cartier
operator.

Corollary 2.10. Let R be regular. A q-form ω ∈�
q
R is exact if and only if d(ω)= 0 and CR(ω)= 0.

The last object we need to define is the subgroup of logarithmic q-differential forms on R, which will
play a crucial role in this paper.

Definition 2.11. The logarithmic q-differential forms on R, denoted by �q
R,log, are defined as the kernel

of the map

C−1
R − id :�q

R→�
q
R/Bq

R.

We have the following explicit description of logarithmic forms when R is a field.

Theorem 2.12. Let F be a field, finitely generated over a perfect field ℓ. The logarithmic differential
q-forms �q

F,log is the subgroup of �q
F generated by elements of the form

dy1

y1
∧ · · · ∧

dyq

yq
with yi ∈ F×.

Proof. This follows from the surjectivity in the Bloch–Gabber–Kato theorem [Gille and Szamuely 2017,
Theorem 9.5.2]. □
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If R is smooth over a field of positive characteristic, we can identify Hq
p(R)= H1(Rét, �

q−1
R,log) with

the cokernel of
C−1

R − 1 :�q−1
R →�

q−1
R /Bq−2

R ;

see [Kato 1989, Section 1.3]. We denote by δ1 both the map from�
q−1
R /Bq−2

R to Hq
p(R) and its composition

with the natural map Hq
p(R)→ Hq(R).

Let e := ordK (p) be the absolute ramification index of K and e′ := ep(p− 1)−1.

Lemma 2.13. Let χ be an element in filn Hq(K ) with

rswn,π (χ)= (α, β) ∈�
2
F ⊕�

1
F .

Then dα = 0 and dβ = (−1)qnα.

Proof. See [Bright and Newton 2023, Lemma 2.17]. □

Remark 2.14. (1) If p | n, then dα = 0 and dβ = 0, meaning that (α, β) ∈ Zq
F ⊕ Zq−1

F .

(2) If p ∤ n, then α = n̄−1dβ, with n̄ the residue of n modulo π . In particular, the composition

filn Hq(K )
rswn,π
−−−→�

q
F ⊕�

q−1
F

pr2
−→�

q−1
F

also has kernel equal to filn−1 Hq(K ).

Bright and Newton [2023, Lemma 2.19] link the refined Swan conductor of χ ∈ filn Hq(K ) to that of
p ·χ whenever n ≥ e′. More precisely, assume that rswn,π (χ)= (α, β) and let ū be the reduction modulo
π of p ·π−e; then p ·χ ∈ filn−e Hq(K ) and

rswn−e,π (p ·χ)=
{
(ūα, ūβ) if n > e′,
(ūα+C(α), ūβ +C(β)) if n = e′.

(6)

We prove a result analogous to the one proven by Bright and Newton for elements χ ∈ filnp Hq(K ) when
np < e′.

Lemma 2.15. Let χ ∈ filnp Hq(K ), with np < e′. Then p · χ ∈ filn Br(K ) and, if rswnp,π (A) = (α, β),
then dα = 0, dβ = 0 and

rswn,π (p ·χ)= (C(α),C(β)).

Proof. From Remark 2.14(1), we know that (α, β) ∈ Zq
F ⊕ Zq−1

F , since clearly p | np. The condition
e′ > np implies

e− np+ n > 0. (7)

Let u ∈O×K be such that p = u ·π e. We have

{p ·χ, 1+πn+1T } = {χ, (1+πn+1T )p
} = {χ, 1+πnp+1b(T )},

where

b(T )=
(1+πn+1T )p

− 1
πnp+1 .
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We can rewrite b(T ) as

p−1∑
k=1

π e+(n+1)k−(np+1)ak T k
+π p(n+1)−(np+1)T p for some ak ∈ Z.

For every 1≤ k ≤ p, the inequality (7) gives

e+ (n+ 1)k− np− 1= (e− np)+ (n+ 1)k− 1≥ 0.

Therefore, b(T ) ∈OK [T ]. Now, since by assumption χ ∈ filnp Hq(K ), we have {χ, 1+πnp+1b(T )} = 0
for all b(T ) ∈OK [T ]; thus, p ·χ ∈ filn Hq(K ). In a similar way,

{p ·χ, 1+πnT } = {A, (1+πnT )p
} = {χ, 1+πnpc(T )},

where
c(T )=

(1+πnT )p
− 1

πnp .

We can rewrite c(T ) as
p−1∑
k=1

π e+nk−npak T k
+ T p for some ak ∈ Z.

In this case, again, the inequality (7) together with 1 ≤ k ≤ p− 1 implies e+ nk− np > 0. Therefore,
c(T ) ∈OK [T ] and its reduction modulo π is equal to T p. It follows from [Kato 1989, (6.3.1)] that

{χ, 1+πnpc(T )} = λπ (c̄(T )α, c̄(T )β)= λπ (T pα, T pβ)= λπ (T C(α), T C(β)),

where the last equality follows from [Bright and Newton 2023, Lemma 2.18(2)]. □

Remark 2.16. For every nonnegative integer d, we denote by filn Hq
d(K ) the intersection of filn Hq(K )

with Hq
d(K ). Kato [1989, Proposition 6.1] proves that, for every nonnegative integer d prime to p,

Hq
d(K )= fil0 Hq

d(K ). We now prove some useful properties of the refined Swan conductor on p-power
order elements:1

(1) The filtration filn Hq
pm (K ) is finite.

Assume first e′ to be an integer, i.e., (p − 1) | e. For m = 1, Kato [1989, Proposition 4.1] proves
that Hq

p(K )= file′ H
q
p(K ). This is equivalent to saying that, for all n > e′ and χ ∈ filn Hq

p(K ), we have
rswn,π (χ)= (0, 0). Assume that m > 1, χ ∈ filn Hq

pm (K ) with n > e′+ (m−1)e, and rswn,π (χ)= (α, β).
From (6) we know that rswn−e,π (p·χ)= (ūα, ūβ); hence, working by induction on m, we get rswn,π (χ)=

(0, 0). This result is essentially already proven in [Ieronymou 2022, Proposition 17].
If e′ is not an integer, then we take the field extension K (ζ )/K, with ζ a primitive p-root of unity ζ .

We denote by eK and eK (ζ ) the absolute ramification indices of K and K (ζ ), respectively, and by e′K
and e′K (ζ ) the products eK · p · (p−1)−1 and eK (ζ ) · p · (p−1)−1, respectively. Let n > e′K + (m−1) · eK

and χ ∈ filn Hq
pm (K ); then

eK (ζ )/K · n > e′K (ζ )+ (m− 1)eK (ζ ).

1Parts (2) and (3) are already mentioned by Kato [1989, Sections 4 and 5].
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Since (p− 1) | e′K (ζ ), we get (from what we said above) that

rsweK (ζ )/K ·n,π (res(χ))= (0, 0),

where res is the natural map from Hq
pm (K )→ Hq

pm (K (ζ )). It follows from [Bright and Newton 2023,
Lemma 2.16] that

rsweK (ζ )/K ·n,π (res(χ))= (ā−n(α+β ∧ dlog ā), ā−neK (ζ )/Kβ)

with ā invertible in the residue field of K (ζ ) (see Section 2.6). Hence, since p ∤ eK (ζ )/K , we can conclude
that rswn,π (χ)= (0, 0).

(2) Let χ ∈ filnp Hq
p(K ) with np < e′ and rswnp,π (χ) = (α, β). We know from Lemma 2.15 that

(α, β) ∈ Zq
F ⊕ Zq−1

F ; since χ has order p,

(C(α),C(β))= rswn,π (p ·χ)= (0, 0).

Equivalently, Corollary 2.10 implies that, for np < e′, the refined Swan conductor on the p-torsion takes
image in Bq

F ⊕ Bq−1
F .

(3) Assume e′ to be an integer, χ ∈ file′ H
q
p(K ) and rswe′,π (χ)= (α, β). By (6),

−ūα = C(α) and − ūβ = C(β).

Let ζ be a primitive p-root of unity and c = (ζ − 1)pπ−e′ ; then c = (c1)
p with c1 = (ζ − 1)π−e/(p−1).

By the properties of the Cartier operator, we have

C(c̄α)= c̄1C(α)=−ūc̄1α.

Since (ζ − 1)p−1
≡−p mod π e+1,2 we have (ζ − 1)p−1

=−p+π e+1v for some v ∈OK . Hence,

c =
ζ − 1
π e/(p−1) ·

(ζ − 1)p−1

π e = c1 ·

(
−p+π e+1v

π e

)
= c1 · (−u+πv).

Thus, c̄ =−ūc̄1 and
multc̄ ◦ rswe′,π (Hq

p(K ))⊆�
q
F,log⊕�

q−1
F,log,

where multc̄ is the map from �
q
F to �q

F sending a q-form ω to c̄ ·ω.

2.4. Swan conductor on Br(X). Let K h be the field of fractions of the Henselisation of the discrete
valuation ring OX ,Y . Note that

H2(K h)= lim
−−→

n
H2(K h

ét,Z/nZ(1))= Br(K h).

Bright and Newton [2023] define the filtration {filn Br(X)}n≥0 on Br(X) as the pullback via the natural
map Br(X)→Br(K h) of the filtration {filn Br(K h)}n≥0 on Br(K h). Therefore, it is possible to extend the

2In fact, 1 = ((ζ − 1)+ 1)p
= (ζ − 1)p

+ p(ζ − 1)p−1
+

(p
2
)
(ζ − 1)p−2

+ · · · + p · (ζ − 1)+ 1. Since ζ ̸= 1, we get
(ζ−1)p−1

+ p(ζ−1)p−2
+

(p
2
)
(ζ−1)p−3

+· · ·+ p= 0. Now the congruence follows from the fact that val((ζ−1) · p)≥ 1+e.
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definitions of the residue map and the refined Swan conductor to elements in Br(X) simply as the residue
map and refined Swan conductor of the image of A in Br(K h). A priori, these maps take values in H1(F)
and �2

F ⊕�
1
F , respectively. However, Bright and Newton prove that the residue map of an element in

fil0 Br(X) takes values in H1(Y,Q/Z)⊆H1(F) (see [ibid., Proposition 3.1(1)]) and that the refined Swan
conductor on filn Br(X) takes image in H0(Y, �2

Y )⊕H0(Y, �1
Y )⊆�

2
F ⊕�

1
F (a proof following that of

[Kato 1989, Theorem 7.1] can be found in [Bright and Newton 2023, Theorem B]).
The aim of this subsection is to transfer the results we got in Section 2.3 for the refined Swan conductor

on Br(K h) to the refined Swan conductor on Br(X).
It is possible to generalise the definition of inverse Cartier operator on a smooth and proper variety Y

defined over a perfect field ℓ of positive characteristic. Following [Illusie 1979], we denote by FY the
absolute Frobenius endomorphism of Y and by Y (p) the base change of Y via the absolute Frobenius σℓ
of the base field ℓ, namely

Y Y (p) Y

Spec(ℓ) Spec(ℓ)

FY/ℓ W

σℓ

where W ◦ FY/ℓ = FY ; we call FY/ℓ the relative Frobenius of Y over ℓ and denote by �•Y/ℓ the de Rham
complex of Y/ℓ.

Remark 2.17. Illusie [1979] works more generally with S-schemes, where the base S is a scheme of
positive characteristic. Here, we are only interested in varieties over perfect fields, and in this case
the absolute de Rham complex �•Y coincides with the relative de Rham complex �•Y/ℓ (since ℓ perfect
implies �q

ℓ = 0).

For every q ≥ 0, we define

Zq
Y := ker(d :�q

Y →�
q+1
Y ) and Bq

Y := im(d :�q−1
Y →�

q
Y ).

The differentials d :�q
Y →�

q+1
Y are OY (p)-linear; hence, the sheaves

(FY/ℓ)∗Z
q
Y and (FY/ℓ)∗B

q
Y

are OY (p)-modules and the sheaf of abelian groups Hq((FY/ℓ)∗�
•

Y ) is also a sheaf of OY (p)-modules.

Definition 2.18. For every q ≥ 0, there is a morphism of OY -modules, called the inverse Cartier operator,

C−1
Y :�

q
Y →W∗Hq((FY/ℓ)∗�

•

Y ).

Remark 2.19. Since �q
Y (p) =W ∗�q

Y , by adjunction we get a morphism of OY (p)-modules

C−1
Y/ℓ :�

q
Y (p)→Hq((FY/ℓ)∗�

•

Y ).

Theorem 2.20. If Y is a smooth variety over ℓ, then C−1
Y/ℓ is an isomorphism of OY (p)-modules.

Proof. See [Illusie 1979, Theorem 0.2.1.9]. □
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From now on we assume Y to be smooth and proper over ℓ. In this case, we denote by CY/ℓ the inverse
of C−1

Y/ℓ.

Definition 2.21. For every nonnegative integer q, define

�
q
Y,log := ker(W ∗−CY/ℓ : Z

q
Y →�

q
Y (p)).

The sheaf �q
Y,log is called the sheaf of logarithmic q-forms on Y.

Theorem 2.22. The sheaf �q
Y,log is the subsheaf of �q

Y generated étale-locally by the logarithmic
differentials, i.e., the sections of the form

dy1

y1
∧ · · · ∧

dyq

yq
with yi ∈O∗Y .

Proof. See [Illusie 1979, Theorem 0.2.4.2]. □

The Cartier operator induces an exact sequence

0→ H0(Y, Bq
Y )→ H0(Y, Zq

Y )
CY
−→ H0(Y, �q

Y ).

We have the following lemma.

Lemma 2.23. Let ω ∈ H0(Y, �q
Y ); then:

(1) ω ∈ H0(Y, �q
Y,log) if and only if the image of ω in �q

F lies in �q
F,log.

(2) ω ∈ H0(Y, Bq
Y ) if and only if the image of ω in �q

F lies in Bq
F .

Proof. The group �q
F,log can also be computed as the kernel of

id−C : Zq
F →�

q
F ;

see [Milne 1976, Lemma 1.5]. Moreover, the natural inclusion of H0(Y, �q
Y ) in �q

F is compatible with the
differential maps and with the Cartier operator. The proof of (1) follows from the definition of logarithmic
forms, while (2) is an immediate consequence of Corollary 2.10. □

Corollary 2.24. Let u = pπ−e
∈O×L ; then:

(1) If p ∤ n, then
pr2 ◦ rswn,π : filn Br(X)→ H0(Y, �1

Y )

has kernel equal to filn−1 Br(X).

(2) If p | n and n < e′, write n = mp; then (α, β) lies in H0(Y, Z2
Y )⊕H0(Y, Z1

Y ) and the diagram

filn Br(X) H0(Y, Z2
Y )⊕H0(Y, Z1

Y )

film Br(X) H0(Y, �2
Y )⊕H0(Y, �1

Y )

(−)⊗p

rswn,π

C

rswm,π

commutes.
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(3) If n = e′, then (α, β) lies in H0(Y, Z2
Y )⊕H0(Y, Z1

Y ) and the diagram

file′ Br(X) H0(Y, Z2
Y )⊕H0(Y, Z1

Y )

file′−e Br(X) H0(Y, �2
Y )⊕H0(Y, �1

Y )

(−)⊗p

rswn,π

multū+C

rswn−e,π

commutes. Moreover, let c̄ ∈ ℓ× be the reduction of c = (ζ − 1)pπ−e′
∈O×L ; then c̄ is such that

multc̄(rswe′,π file′ Br(X)[p])⊆ H0(Y, �2
Y,log)⊕H0(Y, �1

Y,log).

(4) If p | n and n > e′, then (α, β) lies in H0(Y, Z2
Y )⊕H0(Y, Z1

Y ) and the diagram

filn Br(X) H0(Y, Z2
Y )⊕H0(Y, Z1

Y )

filn−e Br(X) H0(Y, �2
Y )⊕H0(Y, �1

Y )

(−)⊗p

rswn,π

multū

rswn−e,π

commutes.

Proof. All these are consequences of Section 2.3. More precisely: (1) follows from Remark 2.14(2);
(2) follows from Lemma 2.15; (3) and (4) are a direct consequence of [Bright and Newton 2023,
Lemma 2.19]. □

Remark 2.25. For F =�q
Y , Zq

Y or Bq
F , the cohomology group Hq(Y,F) in the Zariski or small étale site

are isomorphic, and hence we will not specify over which site we are computing them.

2.5. Refined Swan conductor on cyclic algebras. This subsection is needed only to understand the
computations in the examples appearing in this paper, it is not used to prove the main theorems.

Let K be a Henselian field of characteristic 0 with ring of integers OK , uniformiser π and residue
field F of positive characteristic p. Here we assume the field K to contain a primitive p-root of unity ζ .
It follows from the Merkurjev–Suslin theorem [Gille and Szamuely 2017, Theorem 8.6.5] that, in this
case, Br(K )[p] is generated by the classes of cyclic algebras. The study of the p-primary part of the
Galois cohomology of a complete discrete valuation field K in terms of its residue field F, which is not
necessarily perfect, goes back to [Kato 1982] (see [Colliot-Thélène 1999] for a survey on the topic).

Definition 2.26. Let a, b ∈ K×; then the K -algebra

(x, y)p := ⟨a, b | a p
= x, bp

= y, ab = ζba⟩

is a central simple algebra; see [Gille and Szamuely 2017, Section 2.5]. With an abuse of notation, we
also denote by (x, y)p the corresponding equivalence class in Br(K )[p].

It is also possible to realise (x, y)p as the cup product of an element χx ∈ H1
p(K ) with δ(y), where

δ is the boundary map K×→ H1(K ,Z/pZ(1)) coming from the Kummer sequence; see the proof of
[ibid., Proposition 4.7.1].



The role of primes of good reduction in the Brauer–Manin obstruction 1277

2.5.1. Bloch–Kato filtration. The map from Z/pZ to Z/pZ(1) sending 1 to ζ induces an isomorphism

Br(K )[p] ≃ H2(K ,Z/pZ(2))=: h2(K ). (8)

For any two nonzero elements x, y ∈ K, we denote by {x, y} ∈ h2(K ) the cup product of δ(x) with δ(y).
Bloch and Kato [1986] define a decreasing filtration {U mh2(K )}m≥0 on h2(K ) as follows: U 0h2(K )=

h2(K ) and, for m ≥ 1, U mh2(K ) is the subgroup of h2(K ) generated by symbols of the form

{1+πm x, y} for x ∈OK and y ∈ K×.

They describe the graded factors of the filtration

grm
:=

U mh2(K h)

U m+1h2(K h)

in terms of differential forms on the residue field F.

Proposition 2.27. We have the following description of the graded factors grm :

(1) U mh2(K h)= {0} for m > e′, and U e′h2(K ) coincides with the image of the injective map

λπ : H2
p(F)⊕H1

p(F)→ gre′
= h2(K ),

δ1[x̄ · dlog ȳ] 7→ {1+ (ζ − 1)px, y},

δ1[x̄] 7→ {1+ (ζ − 1)px, π},

where x and y are any lif ts of x̄ and ȳ to K and δ1[ω] as in (4).

(2) Let 0< m < e′ and p ∤m. Then we have an isomorphism

ρm :�
1
F
≃
−→ grm, x̄ · dlog ȳ 7→ {1+πm x, y},

where x and y are any lifts of x̄ and ȳ to K.

(3) Let 0< m < e′ with p |m. Then we have an isomorphism

ρm :�
1
F/Z1

F⊕�
0
F/Z0

F
≃
−→ grm, ([x̄ ·dlog ȳ], 0) 7→ {1+πm x, y}, (0, [x̄]) 7→ {1+πm x, π},

where x and y are any lifts of x̄ and ȳ to K, and [ω] is the image of ω ∈�i
F in �i

F/Z i
F for i = 0, 1.

(4) We have an isomorphism

ρ0 :�
2
F,log⊕�

1
F,log

≃
−→ gr0, (dlog ȳ1 ∧ dlog ȳ2, 0) 7→ {y1, y2}, (0, dlog ȳ) 7→ {y, π},

where y, y1 and y2 are any lif ts of ȳ, ȳ1 and ȳ2 to K.

Proof. See [Bloch and Kato 1986, Section 5]. More precisely, [ibid., Lemma 5.1] proves (1). However,
instead of λπ (see Remark 2.4) they have the morphism ρe′ , and they then prove [ibid., equation (5.15.1)]
that ρe′ induces the map λπ . The rest is in [ibid., Lemmas 5.2 and 5.3]. □
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Note that since, by assumption, K contains a primitive p-root of unity ζ , the ramification index
e = ordK (p) is divisible by p− 1, and hence e′ = ep(p− 1)−1 is divisible by p. The key result of this
section is the following proposition, which allows us to use Bloch–Kato filtration to compute the refined
Swan conductor.

Proposition 2.28. For every 0≤ m ≤ e′, the isomorphism (8) induces an isomorphism

file′−m Br(K )[p] ≃U mh2(K ).

Let c̄ be the reduction modulo π of c := π−e′(ζ − 1)p. For m < e′, the compositions rswe′−m ◦ ρm are

rswe′,π (ρ0(α, β))= (c̄α, c̄β),

rswe′−m,π (ρm(β))= (c̄dβ, (e′−m)c̄β) if p ∤m,

rswe′−m,π (ρm(α, β))= (c̄dα, c̄dβ) if p |m,

where ρm is the map defined in the previous proposition.

Proposition 2.28 is a rephrasing of [Kato 1989, Lemma 4.3].3

2.6. Refined Swan conductor and extension of the base field. In this section we analyse the behaviour
of the refined Swan conductor under field extension of the base field. Bright and Newton [2023] prove
the following result.

Lemma 2.29. Let K ′/K be a finite extension of Henselian discrete valuation fields of ramification index e.
Let π ′ be a uniformiser in K ′, F ′ be the residue field of K ′, and define ā ∈ F ′ to be the reduction of π(π ′)−e.
Let χ ∈ filn Br(K ), and let

res : Br(K )→ Br(K ′)

be the restriction map. Then res(χ) ∈ filen Br(K ′) and, if rswn,π (χ)= (α, β), then

rswen,π ′(res(χ))=
(
ā−n(α+β ∧ dlog(ā)), ā−neβ

)
.

Proof. See [Bright and Newton 2023, Lemma 2.7]. □

We return to the general setting of Section 2.1. The aim of this subsection is to prove the following
lemma.

Lemma 2.30. Let L ′/L be a finite field extension, with ramification index eL ′/L . Let π ′ be a uniformiser
in L ′ and ℓ′ its residue field. Let A ∈ filn Br(X) and let

res : Br(X)→ Br(X L ′)

be the restriction map. Then res(A)∈fileL′/L n Br(X L ′) and, if rswn,π (A)=(α,β)∈H0(Y,�2
Y )⊕H0(Y,�1

Y ),
then

rsweL′/L n,π ′(res(A))= (ā−nα, ā−neL ′/Lβ) ∈ H0(Yℓ′, �2
Yℓ′
)⊕H0(Yℓ′, �1

Yℓ′
)

with ā ∈ ℓ′ the reduction of π(π ′)−eL′/L .

3A (quite technical) proof of it with some extra details can be found in [Pagano 2024, Section 4.2.1].
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By definition of the refined Swan conductor on Br(X), we have the commutative diagram

filn Br(X) H0(Y, �2
Y )⊕H0(Y, �1

Y )

filn Br(K h) �2
F ⊕�

1
F

rswn,π

rswn,π

We recall the construction of K h: let η be the generic point of Y ⊆ X ; then we define R as the
Henselisation of the discrete valuation ring OX ,η and K h as the fraction field of R. The construction
of OX ,η (and hence of K h) is local on X . Therefore, we can assume X = Spec(A), with A a smooth
OL -algebra and Y =Spec(A/π A); hence, η= (π)∈Spec(A) and OX ,η= A(π). We can rewrite diagram (2)
as

A⊗OL L A A/π A

L OL ℓ

(9)

We denote by X ′, X ′ and Y ′ the base change of X, X and Y to Spec(L ′), Spec(OL ′) and Spec(ℓ′),
respectively. Let (K ′)h be the fraction field of R′, where R′ is the Henselianisation of the discrete
valuation ring OX ′,Y ′ . In this setting,

A
π A
⊗ℓ ℓ

′
= (A⊗OL ℓ)⊗ℓ ℓ

′
= (A⊗OL OL ′)⊗OL′

ℓ′ =
A⊗OL OL ′

(1⊗π ′)
.

Thus, the generic point η′ of Y ′ is the ideal generated by 1⊗π ′, so OX ′,Y ′ is the ring (A⊗OL OL ′)(1⊗π ′).
Using [Stacks 2005–, Lemmas 04GH and 05WP], (K ′)h/K h is finite with ramification index eL ′/L

Proof of Lemma 2.30. This follows immediately from the observation above together with Lemma 2.29
and the fact that since ā ∈ ℓ′, which is a finite field, dlog(ā)= 0. □

Lemma 2.30 gives a way to detect whether an element A ∈ Br(X) is transcendental.

Corollary 2.31. Assume that A ∈ filn Br(X) for some n ≥ 1 is such that rswn,π (A)= (α, β) with α ̸= 0;
then A /∈ Br1(X), i.e., A is a transcendental element in the Brauer group of X.

Proof. Assume A to be in Br1(X); then, by definition of Br1(X), there is a finite field extension L ′/L
such that res(A)= 0 in Br(X L ′), where res is the restriction map from Br(X) to Br(X L ′). Let eL ′/L be
the ramification index of the extension, π ′ be a uniformiser of L ′, and ℓ′ be its residue field. We know
from Lemma 2.30 that

rswe(L ′/L)n,πL′
(res(A))= (ā−n

·α, ā−neL ′/L ·β),

where ā−n
∈ (ℓ′)×. Hence, rswe(L ′/L)n,πL′

(res(A)) ̸= (0, 0) and, therefore, res(A) cannot be the trivial
element. □

We end this section with a lemma that shows how the evaluation map behaves under base change
without the assumption of good reduction for X.

https://stacks.math.columbia.edu/tag/04GH
https://stacks.math.columbia.edu/tag/05WP
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Lemma 2.32. Let X be a variety over a p-adic field L , not necessarily having good reduction, and let
A∈Br(X){p} be such that evA : X (L)→Br(L) is nonconstant. Then, for every field extension L ′/L with
order coprime to p, res(A) ∈Br(X L ′) also has a nonconstant evaluation map evres(A) : X L ′(L ′)→Br(L ′).

Proof. Let P, Q ∈ X (L) be such that

evA(P) ̸= evA(Q).

Denote by P ′ and Q′ the base change of P and Q to L ′. Then, since L ′/L has degree coprime to p, the
restriction map Br(L)→ Br(L ′) is injective on the p-primary torsion subgroup; hence,

evres(A)(P ′) ̸= evres(A)(Q′). □

3. Ordinary good reduction

Let V be a smooth, proper and geometrically integral k-variety, and V an Ok-model of V. The main result
of this section is the following theorem.

Theorem 3.1. Let p be a prime of good ordinary reduction for V of residue characteristic p. Assume that
the special fibre V(p) has no nontrivial global 1-forms, H1(V(p),Z/pZ)= 0 and (p− 1) ∤ ep. Then the
prime p does not play a role in the Brauer–Manin obstruction to weak approximation on V.

Let X be the base change to kp of V, X the base change of V to Op, and Y the special fibre V(p). As
already explained in Section 2.1, if we are able to show that, for all elements A ∈ Br(X), the evaluation
map evA : X (kp)→Q/Z is constant, then the prime p does not play a role in the Brauer–Manin obstruction
to weak approximation on V.

We start with the definition of an ordinary variety.

Definition 3.2. Let Y be a smooth, proper and geometrically integral variety over a perfect field ℓ of
positive characteristic. We say that Y is ordinary if Hi (Y, Bq

Y )= 0 for every i , q.

As pointed out in [Bloch and Kato 1986, Example 7.4], if Y is an abelian variety, then we recover the
usual definition of ordinary, namely Y is ordinary if and only if there is an isomorphism between Y (ℓ̄)[p]
and (Z/pZ)dim(Y ). In general, the definition can be extended in many different equivalent ways; see for
example [ibid., Proposition 7.3]. In particular, this notion is related to the slopes of the Newton polygon
of the F-crystal Hq

cris(Y/W ). Roughly speaking, the role played by the Dieudonné module for abelian
varieties is replaced by the F-crystals Hq

cris(Y/W ) with q ≥ 0. However, since for the aim of this section
we can avoid introducing crystalline cohomology and the de Rham–Witt complex, we prefer not to add
too many technicalities and use the definition of ordinary variety requiring the fewest new concepts.

3.1. Proof of Theorem 3.1. Throughout this section, we assume that X is such that its special fibre
Y is smooth, ordinary and such that both H0(Y, �1

Y ) and H1(Y ,Z/pZ) are trivial. In this case, the
Cartier operator gives a bijection between the global closed q-forms and the global q-forms on Y. In
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fact, for every q , the short exact sequence 0→ Bq
Y → Zq

Y
C
−→�

q
Y → 0 induces a long exact sequence in

cohomology
0→ H0(Y, Bq

Y )→ H0(Y, Zq
Y )

C
−→ H0(Y, �2

Y )→ H1(Y, Bq
Y )→ · · · .

The condition that Y is ordinary assures the vanishing of H0(Y, Bq
Y ) and H1(Y, Bq

Y ) and hence the
bijectivity of the Cartier operator C : H0(Y, Zq

Y )→ H0(Y, �q
Y ).

Lemma 3.3. Let n be an integer such that 0< n< e′ with e′= ep(p−1)−1. Then, for every A∈filn Br(X),

rswn,π (A)= 0.

Proof. The assumption H0(Y, �1
Y ) = 0 together with Corollary 2.24(1) assures us that, if p ∤ n, then

rswn,π (A)= 0. Moreover, as already pointed out in Section 2.3, if A ∈ Br(X) has order coprime to p,
then A ∈ fil0 Br(X). Therefore, we are reduced to the case A ∈ filn Br(X)[pr

] with r ≥ 1 and p | n. We
prove the lemma by induction on r . If r = 1 and rswn,π (A)= (α, β), then, by Corollary 2.24(2),

(0, 0)= rswn/p,π (A⊗p)= (C(α),C(β)).

By Lemma 2.23(2), it follows that (α, β) ∈ H0(Y, B2
Y )⊕H0(Y, B1

Y ), which are zero since Y is ordinary.
Assume the result to be true for r − 1 and let A ∈ Br(X)[pr

]; then, again by Corollary 2.24(2) together
with the induction hypothesis,

(0, 0)= rswn/p,π (A⊗p)= (C(α),C(β)),

and, once again, (α, β) ∈ H0(Y, B2
Y )⊕H0(Y, B1

Y ) and therefore α and β have to be zero. □

Lemma 3.4. Assume that (p− 1) ∤ e; then, for every n ≥ 1 and for every A ∈ filn Br(X), we have

rswn,π (A)= 0.

Proof. Let A ∈ filn Br(X)[pr
]. By the previous lemma, we already know that the result is true if n < e′,

and we know that the result is true if p ∤ n; see Corollary 2.24(1). Again, we work by induction on r . For
r = 1, we know from Remark 2.16(1) that, if n > e′, then rswn,π (A) = (0, 0). Hence, we can assume
n ≤ e′. Since by assumption e′ is not an integer, n ≤ e′ is equivalent to n < e′; we can therefore conclude
by applying the previous lemma. Let A ∈ filn Br(X)[pr

] and rswn,π (A) = (α, β). By assumption, we
know that, if n ≥ e′, then n > e′. By Corollary 2.24(3),

rswn−e(A⊗p)= (ūα, ūβ)

with ū ∈ ℓ×, and the result follows from the induction hypothesis. □

Summarising, we have proved the following theorem.

Theorem 3.5. Assume that Y is an ordinary variety with no global 1-forms. If (p− 1) ∤ e, then Br(X)=
fil0 Br(X).

The assumption H1(Y ,Z/pZ)=0 implies that Ev−1 Br(X){p}=fil0 Br(X){p}; see [Bright and Newton
2023, Lemma 11.3]. Combining this result with Theorem 3.5, we get the proof of Theorem 3.1.
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3.2. Existence of Brauer–Manin obstruction over field extensions. In this section, we prove a stronger
version of [Bright and Newton 2023, Theorem C] under the additional assumption that the crystalline
cohomology groups on the special fibre are torsion-free. We show that, with this extra assumption, it
is always possible (after a finite field extension) to find an element of order exactly p with nonconstant
evaluation map.

Theorem 3.6. Let V be a smooth, proper and geometrically integral variety over a number field k and p

be a prime of good ordinary reduction for V. Assume that

• the special fibre V(p) at p has H0(V(p),�2
V(p)) ̸= {0};

• the crystalline cohomology groups Hi (V(p)/W ) are torsion-free for every i ≥ 0.

Then there exists a finite field extension k ′/k and an element A ∈ Br(Vk′)[p] that obstructs weak approxi-
mation on Vk′ .

For the proof, we first change setting and work over the p-adic field L := kp. As usual, we denote by
X and X the base change of V and X the base change and V to kp and Op, respectively. Moreover, we
denote by Y the base change of V to ℓ := k(p).

Without loss of generality, we can assume that L contains a primitive p-root of unity. We fix, for
every q, an isomorphism on Xét between Z/pZ(1) and Z/pZ(q). Define

Mq
1 := i∗Rq j∗(Z/pZ(1)),

where i and j denote the inclusions of the generic and special fibre (X and Y, respectively) in X ; see
Section 2.4.

Remark 3.7. The main reference for this section is [Bloch and Kato 1986], which links a “twisted”
version of the sheaves Mq

1 with the sheaf of logarithmic forms on Y . Block and Kato work with the
sheaves Mq

1 := i∗Rq j∗(Z/pZ(q)). However, since for every q we fixed an isomorphism between Z/pZ(1)
and Z/pZ(q), the results apply also to the sheaves Mq

1 .

The sheaves Mq
1 fit in the spectral sequence of vanishing cycles [ibid., (0.2)]

E s,t
2 := Hs(Y,Mt

1)⇒ Hs+t(X,Z/pZ(1)).

By comparing the spectral sequence of vanishing cycles for X and K h , we get the commutative diagram

H2(X,Z/pZ(1)) H0(Y,M2
1)

Br(K h)[p] H0(K h,Br(K h
nr)[p])

f

g

res

where by K h
nr we mean the maximal unramified extension of K h inside a fixed separable closure. Here

we are using Hilbert’s Theorem 90 [Colliot-Thélène and Skorobogatov 2021, Theorem 1.3.2] to identify
Br(K h)[p] =H2(K h,Z/pZ(1)). Bright and Newton [2023, Lemma 3.4] prove that the map g is injective.
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The map f is defined as the composition of the projection H2(X,Z/pZ(1))↠ E0,2
∞

with the inclusion
map E0,2

∞
↪→ E0,2

2 .
The injectivity of g gives a map f1 : Br(X)[p] → H0(Y,M2

1) such that the diagram

H2(X,Z/pZ(1)) H0(Y,M2
1)

Br(X)[p]

f

f1

commutes, where the vertical arrow comes from the Kummer exact sequence [Colliot-Thélène and
Skorobogatov 2021, Section 1.3.4]. In fact, every element in H2(X,Z/pZ(1)) coming from an element
of Pic(X) is sent to 0 by f, since its image in Br(K h)[p] comes from an element in Pic(K h), and the
map Pic(K h)→ Br(K h)[p] is trivial.

By [Kato 1989, Proposition 6.1], we also know that ker(res) = fil0 Br(K h)[p]; hence, we have the
commutative diagram

fil0 Br(X)[p] Br(X)[p] H0(Y,M2
1)

fil0 Br(K h)[p] Br(K h)[p] H0(K h,Br(K h
nr)[p])

f1

g

res

(10)

Note that we can build a diagram analogous to (10) for every finite field extension L ′/L .
We are left to prove the existence (over a field extension L ′ of L) of an element A in Br(X L ′)[p]

such that fL ′(A) ̸= 0. In order to do this, we analyse the spectral sequence of vanishing cycles over an
algebraic closure L of L . Let 3 be the integral closure of OL in L , and ℓ̄ the residue field of 3. Let X, X
and Y be the base change of X, X and Y to L,3 and ℓ̄ respectively. We define Mq

1 := ı̄∗Rq ȷ̄∗(Z/pZ(1)),
where ı̄ and ȷ̄ denote the inclusions of the generic and special fibre (X and Y, respectively) in X . These
sheaves build a spectral sequence of vanishing cycles

E s,t
2 := Hs(Y ,Mt

1)⇒ Hs+t(X ,Z/pZ(1)).

We are interested in the map f̄1 : Br(X)[p] → E0,2
∞

, defined in the same way as the map f1.
Combining Theorem 8.1, the short exact sequence (8.0.1) and Proposition 7.3 of [Bloch and Kato

1986], if Y is ordinary, then

Hn(Y ,Mq
1)≃ Hn(Y , �q

Y ,log
) and Hn(Y , �q

Y ,log
)⊗Fp ℓ̄

∼
−→ Hn(Y , �q

Y
) (11)

for every q , n.
The assumption on the special fibre Y assures us that the spectral sequence of vanishing cycles E p,q

2

degenerates at the second page; see [Bloch and Esnault 1996, page 307]. Thus,

E0,2
∞
= ker(E0,2

2 → E2,1
2 )= E0,2

2

and hence (by construction) the map f̄1 : Br(X)[p] → H0(Y ,M2
1) is surjective. Finally, by (11), the

existence of a nontrivial global 2-form on Y assures that H0(Y ,M2
1) is not trivial.
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Proof of Theorem 3.6. Without loss of generality, we can assume that k contains a primitive p-root of
unity ζ . Let p be a prime of good ordinary reduction for V of residue characteristic p. Let L be the
p-adic field kp and X be the base change of V to L . Let A ∈Br(X)[p] be such that f̄1(A) ̸= 0; then there
is a finite field extension L ′/L such that A is defined over L ′ (i.e., A ∈ Br(X L ′)[p]) and f1,L ′(A) ̸= 0.
Then, by what we have said above, A /∈ fil0 Br(X L ′)[p].

Since Br(V )[p] ≃ Br(V ×k k̄p)[p], there exists A ∈ Br(V ) such that f̄1(A) ̸= 0. Hence, if k ′/k is a
finite field extension such that A is defined over k ′, it follows from what we have shown above that there
is a prime p′ above p such that evA is nonconstant on Xk′(k ′p′). □

4. Ordinary case: examples

In this section we give examples on K3 surfaces defined over number fields, for which primes of good
reduction play a role in the Brauer–Manin obstruction. We prove that, if X is a Kummer K3 surface
coming from the product of elliptic curves defined over Q with good ordinary reduction at the prime 2
and full 2-torsion defined over Q2, then Br(X)[2] = Ev−1 Br(X)[2] (see Theorem 4.10). This theorem
proves what was already predicted by Ieronymou [2023, Remark 2.6] after some computational evidence.

4.1. The case of K3 surfaces. For a smooth variety, we write ωX for the canonical sheaf of X.

Definition 4.1. An algebraic K3 surface is a smooth projective two-dimensional variety over a field k
such that ωX ≃OX and H1(X,OX )= 0.4

More precisely, we work with two kinds of K3 surface (see [Huybrechts 2016, Section 1.1] for more
details):

(1) X a smooth quartic surface in P3
k ;

(2) X = Kum(A), where A is an abelian surface over a field of characteristic different from 2 and X
is obtained by resolving singularities from the quotient A/ι, with ι : A→ A the involution given
by x 7→ −x .

The special fibre of a K3 surface with good reduction is still a K3 surface; see for example [Bright and
Newton 2023, Remark 11.5]. We start by stating the following well-known result.

Lemma 4.2. Let p be a prime number and Y a K3 surface over the finite field Fpn for some nonnegative n.
Then Y is ordinary if and only if |Y (Fpn )| ̸≡ 1 mod p.

Proof. This is an almost immediate consequence of [Bogomolov and Zarhin 2009, Section 1].5 □

Given a K3 surface X defined over a local field L of residue characteristic p with (p− 1) | e, we are
looking for elements in Br(X) such that the corresponding evaluation map is nonconstant. For K3 surfaces,
H1(Y ,Z/pZ)= 0, so, by [Bright and Newton 2023, Lemma 11.3], fil0 Br(X)=Ev0 Br(X)=Ev−1 Br(X).

4Here k can be any field.
5For more details, see for example [Pagano 2024].
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This means that we are looking for A /∈ Ev0 Br(X), namely such that there is n ≥ 1 with A ∈ filn Br(X)
and rswn,π (A) ̸= (0, 0).

Lemma 4.3. Let ℓ be a field and f (x0, x1, x2, x3) ∈ ℓ[x0, x1, x2, x3] be a homogeneous polynomial of
degree 4. Assume that the corresponding projective variety Y is smooth. Then Y is a K3 surface and the
one-dimensional ℓ-vector space of global 2-forms is generated by the 2-form

ω =
d(x1/x0)∧ d(x2/x0)

(1/x3
0) · ∂ f/∂x3

.

Proof. This result is most likely well known. Since we were not able to find a reference in the literature,
we detailed a proof in [Pagano 2024, Lemma 4.3.3]. □

We start by recalling the following example, which is the central result of [Pagano 2022].

Example 4.4 [Pagano 2022]. Let V ⊆ P3
Q

be the projective K3 surface defined by

x3 y+ y3z+ z3w+w3x + xyzw = 0. (12)

Then V has good ordinary reduction at 2 and the class of the quaternion algebra

A=
(

z3
+w2x + xyz

x3 ,−
z
x

)
∈ Br Q(V )

defines an element in Br(V ). The evaluation map evA : V (Q2)→ Br(Q2) is nonconstant, and therefore
gives an obstruction to weak approximation on X.

In this case, H0(Y, �2
Y ) is a one-dimensional F2-vector space. Let ω be the only nontrivial element; then

C(ω)= 0 or C(ω)= ω. However, Y being ordinary implies that H0(Y, B2
Y )= 0; hence, by Lemma 2.23

and Corollary 2.10, C(ω)= ω and H0(Y, �2
Y,log) is a one-dimensional F2-vector space. By Lemma 4.3,

the nonzero global logarithmic 2-form ω can be written (locally) as

ω =
d((z3

+w2x + xyz)/x3)

(z3+w2x + xyz)/x3 ∧
d(z/x)

z/x
.

If we denote by f and g the functions (z3
+w2x + xyz)/x3 and z/x seen as elements in the function

field F of Y, then we see that the two functions appearing in the definition of A are lifts to characteristic
0 of f and g, and hence, from Proposition 2.27,

ρ0(ω, 0)=
[{

z3
+w2x + xyz

x3 ,−
z
x

}]
∈ gr0.

Using Proposition 2.28,
rsw2,π (A)= (ω, 0) ̸= (0, 0)

and A /∈ fil1 Br(X)[2] ⊇ Ev−1 Br(X)[2].

4.2. Kummer K3 surfaces over 2-adic fields. Let L be a 2-adic field. Lazda and Skorobogatov [2023]
give a way to detect whether the Kummer K3 surface attached to an abelian variety A/L with good



1286 Margherita Pagano

(non-supersingular) reduction has good (non-supersingular) reduction.6 Skorobogatov and Zarhin [2012]
link the transcendental part of the Brauer group of a Kummer K3 surface to that of the underlying abelian
variety (see Section 4.2.1). Combining these results makes it possible to construct examples of K3 surfaces
with good reduction at the prime 2 for which we are able to study the Brauer group.

In this subsection, we prove that, for every pair of elliptic curves E1, E2 over Q with good ordinary
reduction at p = 2 and full 2-torsion defined over Q2, the 2-torsion elements in the Brauer group of
the corresponding Kummer K3 surface do not play a role in the Brauer–Manin obstruction to weak
approximation. In particular, this shows that the field extension in Theorem 3.6 is needed. We then use
these computations to exhibit an example of a K3 surface X over Q2 with good ordinary reduction and
such that Br(X)= Ev−1 Br(X), showing that the converse of Theorem 1.3 does not hold in general.

4.2.1. Brauer group of Kummer K3 surfaces. Let A be an abelian surface over a field k of characteristic
different from 2 and V = Kum(A) the corresponding Kummer surface. Skorobogatov and Zarhin [2012]
prove that there is a well-defined map

π∗ : Br(V )→ Br(A)

that induces an injection of Br(V )/Br1(V ) into Br(A)/Br1(A). They also prove that this injection is an
isomorphism on the p-torsion for all odd primes p; see [ibid., Theorem 2.4]. We say that an element
A ∈ Br(A) descends to Br(V ) if there exists C ∈ Br(V ) such that π∗(C)=A.

Lemma 4.5. Let V =Kum(A), C ∈ Br(V ) and B := π∗(C) ∈ Br(A). Let p be a prime in Ok ; if the image
of C in Br(Vp) lies in Ev−1 Br(Vp) then the image of B in Br(Ap) lies in Ev−1 Br(Ap).

Proof. The result follows from the definition of Ev−1 and the fact that, for any finite field extension M/kp
and P ∈ A(M), we have

evB(P)= evπ∗(C)(P)= evC(π(P)). □

Skorobogatov and Zarhin [2012] show that, given two elliptic curves E1 and E2 with Weierstrass
equations

E1 : v
2
1 = u1 · (u1− γ1,1) · (u1− γ1,2), E2 : v

2
2 = u2 · (u2− γ2,1) · (u2− γ2,2),

the quotient Br(E1× E2)[2]/Br1(E1× E2)[2] is generated by the classes of the four Azumaya algebras

Aϵ1,ϵ2 = ((u1− ϵ1)(u1− γ1,2), (u2− ϵ2)(u2− γ2,2)) with ϵi ∈ {0, γi,1}.

Finally, if M is the matrix

M =


1 γ1,1 ·γ1,2 γ2,1 ·γ2,2 −γ1,1 ·γ2,1

γ1,1 ·γ1,2 1 γ1,1 ·γ2,1 γ2,1 ·(2,1−2,2)

γ2,1 ·γ2,2 γ1,1 ·γ2,1 1 γ1,1 ·(γ1,1−γ1,2)

−γ1,1 ·γ2,1 γ2,1 ·(γ2,1−γ2,2) γ1,1 ·(γ1,1−γ1,2) 1

 ,

6This was already known for K3 surfaces over p-adic fields with p ̸= 2, for the supersingular case in characteristic 2; see
[Matsumoto 2023].
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then, by [ibid., Lemma 3.6]:

(1) Aγ1,1,γ2,1 descends to Br(V ) if and only if the entries of the first row of M are all squares.

(2) Aγ1,1,0 descends to Br(V ) if and only if the entries of the second row of M are all squares.

(3) A0,γ2,1 descends to Br(V ) if and only if the entries of the third row of M are all squares.

(4) A0,0 descends to Br(V ) if and only if the entries of the last row of M are all squares.

4.2.2. Product of elliptic curves with good reduction at 2 and full 2-torsion. In order to use the results
just summarised, we need to analyse what the 2-torsion points of an elliptic curve with good ordinary
reduction at 2 look like. Let E/Q be an elliptic curve having good reduction at 2 and such that the
2-torsion of E is defined over Q2, i.e., E(Q2)[2] = E(Q2)[2]. Without loss of generality, we can assume
E/Q to be defined by the minimal Weierstrass equation7

y2
+ xy = x3

+ ax2
+ bx + c (13)

with a, b, c ∈ Z2. Let αi , βi ∈Q2 be such that

E(Q2)[2] = {O, (α1, β1), (α2, β2), (α3, β3)},

with O the point at infinity of E.

Lemma 4.6. Assume that β1, β2, β3 are ordered as

ord2(β1)≤ ord2(β2)≤ ord2(β3).

Then ord2(α1)=−2 and α2, α3 ∈ Z2.

Proof. The 2-torsion points on E can be computed through the 2-division polynomial of E, which is
ψ2(x, y)= 2y+ x . In particular, αi =−2βi with βi a solution of

8(y) := y2
− 2y2

− ((−2y)3+ a(−2y)2+ b(−2y)+ c).

The polynomial 8(y) can be rewritten as

8(y)= 8y3
− (1+ 4a)y2

+ 2by− c. (14)

Looking at the coefficients of 8(y), we get

ord2(β1+β2+β3)U = ord2(1+ 4a)− ord2(8),

ord2(β1β2+β1β3+β2β3)U = ord2(2b)− ord2(8),

ord2(β1β2β3)U = ord2(c)− ord2(8).

From the first equation, we get ord2(β1)≤−3, which, combined with [Silverman 1986, Theorem VIII.7.1],
tells us that ord2(β1)=−3. From the third equation, we get ord2(β2)+ord2(β3)≥0. If ord2(β2)=ord2(β3),

7If y2
+ a1xy+ a3 y = x3

+ a2x2
+ a4x + a6 is a minimal Weierstrass equation over Z2, then a1 ∈ Z×2 (since the reduction

modulo 2 is ordinary). The change of variables (x, y) 7→ (a2
1 x ′ − a3/a1, a3

1 y′ + (1− a5
1)/(2a4

1)x
′) gives another minimal

Weierstrass equation of the form y2
+ xy = x3

+ ax2
+ bx + c.
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then both valuations are nonnegative. Otherwise, ord2(β2) < ord2(β3), and, from the second equation, we
get ord2(β2)≥ 1, which implies that also in this case both β2 and β3 have nonnegative 2-adic valuation.
The result now follows from the fact that αi =−2βi . □

Lemma 4.7. The change of variables given by

u = 4x − 4α1, v = 4(2y+ x) (15)

induces an isomorphism between E and the elliptic curve given by

v2
= u(u− γ1)(u− γ2), (16)

where γ1 = 4 · (α2−α1) and γ2 = 4 · (α3−α1).

Proof. The change of variables

u1 = 4x, v1 = 4(2y+ x)

sends the elliptic curve given by

v2
1 = u3

1+ (4a+ 1)u2
1+ 16c (17)

to the elliptic curve given by (13). Moreover, the 2-division polynomial of E is given by 2y+ x . Hence,
the nontrivial 2-torsion points on the elliptic curve given by (17) are sent to nontrivial 2-torsion points
on E. The extra translation u = u1− 4α1 and v = v1 gives the desired equation. □

Let E1 and E2 be two elliptic curves with equations of the form (13). We denote by (ai , ci ) the
parameters that determine the equation attached to Ei , by (αi, j , βi, j ) for j ∈ {1, 2, 3} the nontrivial
2-torsion points of Ei , and by A the abelian surface given by the product of E1 with E2. We denote by
⟨Ev−1 Br(A)[2],Br1(A)[2]⟩ the subgroup of Br(A)[2] generated by Ev−1 Br(A)[2] and Br1(A)[2], where
Br1(A)[2] is the algebraic Brauer group of A.

Lemma 4.8. Assume that ϵ1 and ϵ2 are as in Section 4.2.1; then the class of the quaternion algebra Aϵ1,ϵ2

lies in ⟨Ev−1 Br(A)[2],Br1(A)[2]⟩ if and only if at least one of ϵ1 and ϵ2 is different from 0.

Proof. We fix π = 2 as a uniformiser and ξ =−1 as a primitive 2-root of unity. We start by assuming
that at least one among ϵ1 and ϵ2 is different from 0. By the symmetry of the statement, we can assume
without loss of generality that ϵ1 ̸= 0. Then

Aϵ1,ϵ2 = ((u1− γ1,1) · (u1− γ1,2), (u2− ϵ2) · (u2− γ2,2))= (u1, fϵ2(u2)),

where fϵ2(u2) = (u2 − ϵ2) · (u2 − γ2,2). The quaternion algebra Aϵ1,ϵ2 corresponds via the change of
variables of Lemma 4.7 to

Aϵ1,ϵ2 = (4 · (x1−α1,1), fϵ2(4x2− 4α2,1))= (x1−α1,1, fϵ2(4x2− 4α2,1)).

We define
gϵ2(x2) :=

{
(x2−α2,2) · (x2−α2,3) if ϵ2 = γ2,1,

(x2−α2,1) · (x2−α2,3) if ϵ2 = 0.
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Then 16 · gϵ2(x2)= fϵ2(4x2− 4α2,1). Thus, we can rewrite Aϵ1,ϵ2 as

(−α1,1, gϵ2(x2))⊗ (1+ (−α−1
1,1) · x1, gϵ2(x2)).

Since (−α1,1, gϵ2(x2)) lies in Br1(A)[2], we are left to show that the class of the quaternion algebra
(1+ (−α1,1)

−1
· x1, gϵ2(x2)) lies in Ev−1 Br(A)[2]. By Lemma 4.6, we know that ord2(α

−1
1,1) = 2 and

therefore, by Proposition 2.28,

(1+ (−α−1
1,1) · x1, gϵ2(x2)) ∈ fil0 Br(A)[2].

By [Bright and Newton 2023, Theorem C], in order to establish whether (1+ (−α1,1)
−1
· x1, gϵ2(x2))

belongs to Ev−1 Br(A)[2], we need to compute ∂(1+ (−α−1
1,1) · x1, gϵ2(x2)). We have gϵ2(x2) ̸≡ 0 mod 2

and, from Proposition 2.27(1) together with Proposition 2.28, we get

λπ
(
x̄1 · dlog(ḡϵ2(x̄2)), 0

)
= (1+ (−α−1

1,1) · x1, gϵ2(x2))

since 1+(−α−1
1,1)·x1= 1+4·(s−1

·x1) with s=−4·α1,1 ∈Z×2 and hence s−1
·x1 is a lift to characteristic 0

of x̄1. Therefore, by definition of the residue map ∂ ,

∂
(
(1+ (−α−1

1,1) · x1, gϵ2(x2))
)
= 0,

which, by Theorem 2.1, implies that

(1+ (−α−1
1,1) · x1, gϵ2(x2)) ∈ Ev−2 Br(A)[2] ⊆ Ev−1 Br(A)[2].

It remains to show that A0,0 /∈ ⟨Ev−1 Br(A)[2],Br1(A)[2]⟩. The change of variables of Lemma 4.7 sends
the class of the quaternion algebra

A0,0 = (u1 · (u1− γ1,2), u2 · (u2− γ2,2))= (u1− γ1,1, u2− γ2,1)

to the class of the quaternion algebra

(4 · (x1−α1,2), 4 · (x2−α2,2))= (x1+ 2β1,2, x2+ 2β2,2).

From Proposition 2.27(4), the latter is such that

ρ0

(
d(x̄1)

x̄1
∧

d(x̄2)

x̄2

)
= [{x1+ 2β2,1, x2+ 2β2,2}] ∈ gr0.

In fact, x1 + 2β2,1 and x2 + 2β2,2 are lifts to characteristic 0 of x̄1 and x̄2, respectively. Note that
d(x̄1)/x̄1 ∧ d(x̄2)/x̄2 comes from a global 2-form on the special fibre Y of A, and hence it is nonzero in
its function field. Finally, using Proposition 2.28,

rsw2,π ((x1+ 2β2,1, x2+ 2β2,2))=

(
d(x̄1)

x̄1
∧

d(x̄2)

x̄2
, 0

)
̸= (0, 0)

and hence (x1 + 2β1,2, x2 + 2β2,2) /∈ fil1 Br(A)[2] ⊇ Ev−1 Br(A)[2]. Moreover, by Corollary 2.31,
A0,0 /∈ ⟨Ev−1 Br(A)[2],Br1(A)[2]⟩. In fact, otherwise, there would be an element A1 ∈ Ev−1 Br(A)[2]
such that A0,0⊗A1 ∈ Br1(A)[2], but A0,0⊗A1 has the same refined Swan conductor as A0,0. □
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Remark 4.9. We will later use a slightly stronger version of the lemma above. Let L/Q2 be any field
extension. Then the image of Aϵ1,ϵ2 in Br(AL)[2] lies in ⟨Ev−1 Br(AL)[2],Br1(AL)[2]⟩ if and only if at
least one among ϵ1 and ϵ2 is different from 0.

Clearly, Aϵ1,ϵ2 in ⟨Ev−1 Br(A)[2],Br1(A)[2]⟩ implies res(Aϵ1,ϵ2) in ⟨Ev−1 Br(AL)[2],Br1(AL)[2]⟩.
Moreover, we have proven that the first component of rsw2,π (A0,0) is different from 0, and hence, using
Lemma 2.30, rsweL′/L 2,π (res(A0,0)) ̸= (0, 0); hence, the image of A0,0 in Br(AL)[2] does not lie in
⟨Ev−1 Br(AL)[2],Br1(AL)[2]⟩.

4.2.3. Brauer–Manin obstruction from 2-torsion elements. Let V be Kum(AQ). We denote by A and X
the base changes of the abelian surface AQ and the corresponding Kummer surface X to Q2. By
Section 4.2.1, we know that A0,0 descends to X if and only if

[−γ1,1 · γ2,1, γ2,1(γ2,1− γ2,2), γ1,1(γ1,1− γ1,2), 1] ∈ (Q×2
2 )4.

By construction, γ1,1 = 4 · (α1,2−α1,1)= 8β1,1− 8β1,2 and therefore

γ1,1 ≡ 8β1,1 ≡ 1+ 4a1 mod 8.

In fact, from Lemma 4.6 and, more precisely, from (14), we know that 8β1,1+ 8β1,2+ 8β1,3 = 1+ 4a1

and ord2(β1,2)= ord2(β1,3)≥ 0. Similarly,

γ2,1 ≡ 8β2,1 ≡ 1+ 4a2 mod 8.

In particular, both γ1,1 and γ2,1 are either 1 or 5 modulo 8; hence, −γ1,1 · γ2,1 is either −1 or 3 and
therefore it is never a square.

In summary, we just showed that A0,0 ∈ Br(A) never descends to Br(X). We are ready to prove the
main theorem of this section.

Theorem 4.10. Let X =Kum(A), with A= E1×E2 as in Section 4.2.1. Then Br(X)[2] =Ev−1 Br(X)[2].

Proof. We recall that, if Aϵ1,ϵ2 descends to Br(X)[2], we denote by Cϵ1,ϵ2 the corresponding element in
Br(X)[2], i.e., Cϵ1,ϵ2 is such that π∗(Cϵ1,ϵ2)=Aϵ1,ϵ2 . We need to prove that, if Aϵ1,ϵ2 descends to Br(X),
then Cϵ1,ϵ2 lies in Ev−1 Br(X). Since we have already shown at the beginning of this section that A0,0

never descends to Br(X), we are left to show it for (ϵ1, ϵ2) ̸= (0, 0).
Let L/Q2 be such that all elements appearing in the matrix M of Section 4.2.1 are squares, i.e., the

injective map

π∗ :
Br(X)[2]
Br1(X)[2]

↪→
Br(A)[2]
Br1(A)[2]

is an isomorphism.
With abuse of notation, we denote by res both

res : Br(A)→ Br(AL) and res : Br(X)→ Br(X L).

We denote by (Cϵ1,ϵ2)L the preimage of res(Aϵ1,ϵ2) ∈ Br(AL)[2].
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From [Lazda and Skorobogatov 2023, Theorem 2], we know that the reduction of X is an ordinary
K3 surface. Let e be the ramification index of L/Q2 and πL a uniformiser of OL ; then filn Br(X L)[p] =
fil0 Br(X L)[p] = Ev−1 Br(X L)[p] if n < e′ := 2e and file′ Br(X)[p] = Br(X L)[p]; see Corollary 2.24(1).
Hence, using Corollary 2.24(3), we have an injection

multc̄ ◦ rswe′,πL :
Br(X L)[2]

Ev−1 Br(X L)[2]
↪→ H0(Yℓ, �2

Yℓ,log),

where ℓ is the residue field of L .
Since X (and hence all its base changes) has good ordinary reduction, we know that H0(Y , �2

Y ,log
)⊗F2 ℓ̄

is a one-dimensional ℓ̄-vector space (see (11)) and hence Br(X L)[2]/Ev−1 Br(X L)[2] is a vector space of
dimension at most 1 over F2.

By Lemma 4.8, A0,0 /∈ fil1 Br(A)[2]. Applying Lemma 2.30 gives res(A0,0) /∈ file Br(AL)[2], and, by
Lemma 4.5, (C0,0)L /∈ Ev−1 Br(X L)[2]. Therefore,

⟨[(C0,0)L ]⟩ =
Br(X L)[2]

Ev−1 Br(X L)[2]
.

Assume that there exists (ϵ1, ϵ2) ̸= (0, 0) such that Aϵ1,ϵ2 descends to Br(X) and the corresponding
element Cϵ1,ϵ2 does not lie in Ev−1 Br(X)[2]. By Lemma 2.30, res(Cϵ1,ϵ2) does not lie in Ev−1 Br(X L)[2]
and therefore, since the quotient Br(X L)[2]/Ev−1 Br(X L)[2] is a one-dimensional F2-vector space, also
the product res(Cϵ1,ϵ2)⊗ (C0,0)L lies in Ev−1 Br(X)[2]. This implies that also the corresponding element
in Br(AL)[2], res(Aϵ1,ϵ2 ⊗A0,0) lies in Ev−1 Br(AL). However, since, by Remark 4.9, res(Aϵ1,ϵ2) lies in
⟨Ev−1 Br(X L)[2],Br1(X L)[2]⟩, also res(A0,0) has to lie in ⟨Ev−1 Br(AL)[2],Br1(AL)[2]⟩, which gives
us the desired contradiction. □

We end this subsection with an example of a K3 surface over Q with good ordinary reduction at 2 and
such that Br(X)=Ev−1 Br(X). The existence of such an example shows that the converse of Theorem 1.3
is not true, i.e., it is not enough to have (p− 1) | e in order to find an element in Br(X) that does not lie
in Ev−1 Br(X).

Example 4.11. Let A = E × E, where E is the elliptic curve given by the minimal Weierstrass equation

y2
+ xy = x3

− 3x2
− 4x + 11.

With the same notation as in the previous subsections, β1 =−
11
8 , β2 =−1 and β3 = 1. Hence,

α1 =
11
4 , α2 = 2, α3 =−2 and γ1 =−3, γ2 =−19.

The matrix M is of the form 
1 3·19 3·19 −9

3·19 1 9 −3·18
3·19 9 1 −3·18
−9 −3·18 −3·18 1

 .
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In particular, all the rows of M have at least one term which does not lie in Q×2
2 . Moreover, using

[Skorobogatov and Zarhin 2012, Proposition 3.7], we can compute the dimension as an F2-vector space
of the quotient of Br(X)[2] by Br(Q2)[2], and, in this case,

dimF2

(
Br(X)[2]
Br(Q2)[2]

)
= 0.

We want to show that Br(X){2} = Br(Q2){2}. We work by induction on n. Let A be in Br(X)[2n
]; then

A⊗2n−1
∈ Br(X)[2] = Br(Q2)[2].

In particular, given P ∈ X (Q2),

(A⊗ evA(P))⊗2n−1
=A⊗2n−1

⊗ evA⊗2n−1 (P)= 0;

hence, A⊗ evA(P) ∈ Br(X)[2n−1
], and, by the induction hypothesis, A ∈ Br(Q2)[2n

].

4.3. Examples of Brauer–Manin obstruction. We continue by giving new examples of primes of good
reduction that play a role in the Brauer–Manin obstruction to weak approximation in the cases p = 3
and p = 5.

Example 4.12. Let L =Q3(ζ ) with ζ a primitive 3-root of unity. Let π be a uniformiser of OL ; then
e = e(L/Q3)= 2 and the residue field ℓ is equal to F3.

We define X to be the Kummer K3 surface over L attached to the abelian surface A = E × E, with E
the elliptic curve over L defined by the Weierstrass equation

y2
= x3
+ 4 · x2

+ 3 · x + 1.

The elliptic curve E (and hence A and X ) has good ordinary reduction at the prime p= (π). We denote
by {x, y, z} and {u, v, w} the variables corresponding to the embedding of, respectively, the first and the
second copy of E in P2

L . We define the cyclic algebra

A :=
(
v−u
w

,
y−x

z

)
ζ
∈ Br(L(A))[3].

Claim 1. A belongs to Br(A)[3].

Proof. First of all, from y2z = x3
+ 4x2z+ 3xz2

+ z3 we get

z(y− x)(y+ x)= (x + z)3 and z(y2
− 4x2

− 3xz− z2)= x3.

Then:

• If z = 0, then x = 0 and therefore y2
− 4x2

− 3xz− z2
̸= 0 and x ̸= y, and, from the equation above

the claim, A is equivalent to(
v− u

(v2− 4u2− 3uw−w2)−1 ,
y− x

(y2− 4x2− 3xz− z2)−1

)
ζ

.
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• If x = y, then x ̸= −y and z ̸= 0 (since z = 0 implies x ̸= y), and, from the equation above, A is
equivalent to (

w

v+u
,

z
x+y

)
ζ
.

Thus, we see that, given a divisor D over which A is not well defined, we are able to find an Azumaya
algebra which is equivalent to A on an open set and well defined along D. Hence, A defines an element
in Br(A)[3]. □

Claim 2. A does not lie in Ev−1 Br(A)[3].

Proof. The regular global 1-form on the reduction of E modulo p is given by the (local) formula

dx
2y
=−

1
2
·

dx · (x − y)
y(y− x)

=−
1
2
·

dx · x/y− dx
y− x

=
d(y− x)

y− x
,

where the last equality follows from the fact that, on the special fibre, dx/y = dy/x and, since we are in
characteristic 3, 1

2 =−1. Hence, if we denote by Y the reduction modulo p of A, the global 2-form on Y
is given by

ω =
d((v− u)/w)
(v− u)/w

∧
d((y− x)/z)
(y− x)/z

.

Finally, ρ0(ω, 0)= [{(v− u)/w, (y− x)/z}] and hence, again by Proposition 2.28,

rsw3,π (A) ̸= (c̄−1
·ω, 0)

and therefore A /∈ fil2 Br(A)[3] ⊇ Ev−1 Br(A)[3]. □

Claim 3. The cyclic algebra A in Br(A)[3] is not algebraic, i.e., A /∈ Br1(A)[3].

Proof. This follows directly from Corollary 2.31. □

Finally, from [Skorobogatov and Zarhin 2012, Theorem 2.4], the map

π∗ :
Br(X)[3]
Br1(X)[3]

↪→
Br(A)[3]
Br1(A)[3]

is an isomorphism. Let B ∈ Br(X)[3] be such that π∗(B) = A ∈ Br(A)[3]. Then, by Lemma 4.5,
B /∈Ev−1 Br(X)[3], so (since Ev0 Br(X)=Ev−1 Br(X) for K3 surfaces; see Section 4.1) the corresponding
evaluation map on X (L) is nonconstant.

Example 4.13. Let X be the diagonal quartic surface over Q5 defined by

5x4
− 4y4

= z4
+w4.

Skorobogatov and Ieronymou [2015, Theorem 1.1 and Proposition 5.12] prove that there exists an element
A ∈ Br(X)[5] with surjective evaluation map. Let L = Q5(

4
√

5), e(L/Q5) = 4 and α ∈ L be such that
α4
= 5. Then the change of variables

(x, y, z, w) 7→
(

x1

α
, y1, z1, w1

)
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sends X L to the diagonal quartic X̃/L given by

x4
1 − 4y4

1 = z4
1+w

4
1.

The surface X̃ has good ordinary reduction over L; indeed, its special fibre is given by the Fermat quartic
over F5, which, using Lemma 4.2, can be checked to be ordinary. Finally, by Lemma 2.32, we know that
res(A) ∈ Br(X L ′)= Br(X̃) has nonconstant evaluation map.

Remark 4.14. We have e′ = p = 5 and, by Corollary 2.24, A has to lie in filp Br(X)[5] \filp−1 Br(X)[5].
In fact, since X is ordinary, we have H0(Y, B2

Y ) = H0(Y, B1
Y ) = 0 and therefore the image of rswn,π is

zero on the 5-torsion elements for n < e′ = 5.

5. Nonordinary good reduction

In this section, we analyse what happens for primes of good nonordinary reduction in the case of K3
surfaces. We are going to prove the following theorem.

Theorem 5.1. Let V be a K3 surface and p be a prime of good nonordinary reduction for V with ep≤ p−1.
Then the prime p does not play a role in the Brauer–Manin obstruction to weak approximation on V.

Like in the previous section, let X be the base change to kp of V ; then we denote by X the base change of
V to Op, and by Y the special fibre V(p). As already explained, it is enough to show that for every element
A ∈ Br(X) the evaluation map evA : X (kp)→Q/Z is constant. We begin with the following lemma.

Lemma 5.2. Assume that the special fibre Y of the OL -model X is such that the Cartier operator acts
trivially on H0(Y, Z2

Y ) and there are no global 1-forms. Then, if the absolute ramification index satisfies
e ≤ p− 1, we have Br(X)= fil0 Br(X).

Proof. If e < p− 1, the result is proven by Bright and Newton [2023, Lemma 11.2] without any extra
assumption on Y. If e = p− 1, let A ∈ filn Br(X) with rswn,π = (α, β). In order to prove the lemma, it is
enough to show that (α, β)= (0, 0).

• If n < e′, then p ∤ n, and hence, by Corollary 2.24(1) and the assumption that H0(Y, �1
Y )= 0, we get

rswn,π (A)= (0, 0).

• If n > e′, then p ∤ n or p ∤ n− e, and hence either rswn,π (A) or rswn−e,π (A⊗p) is zero. Therefore, by
Corollary 2.24(2), rswn,π (A)= (0, 0).

• If n = e′, then, by Corollary 2.24(3), we have

rswe′−e,π (A⊗p)= (C(α)− ūα,C(β)− ūβ).

However, by assumption, C(α)= 0 on Y. Hence,

rswe′−e,π (A⊗p)= (−ūα, 0).

Finally, e′− e < e′ and hence rswe′−e,π (A⊗p)= 0, which implies that α = 0 and thus also in this case
rswe′,π (A)= (0, 0). □
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Proof of Theorem 5.1. If V is a K3 surface and p is a prime of good nonordinary reduction, then the
special fibre at p is a K3 surface having good nonordinary reduction. It is proven in [van der Geer and
Katsura 2000, proof of Corollary 9.5] that the natural inclusion B2

Y ↪→ Z2
Y induces an isomorphism

H0(Y, B2
Y )≃ H0(Y, Z2

Y ). The short exact sequence

0→ B2
Y → Z2

Y
C
−→�2

Y → 0

implies that the Cartier operator is trivial on H0(Y, Z2
Y ). Hence, we are in the setting of the previous

lemma. The result now follows from the fact that, for K3 surfaces, fil0 Br(Vp)= Ev−1 Br(Vp). □

5.1. An example. This example was suggested by Evis Ieronymou.
Ieronymou and Skorobogatov [2015] prove that, for the diagonal quartic surface X/Q3 defined by

x4
− y4
= 12 · z4

− 9 ·w4, (18)

there exists an element A∈Br(X)[3] such that the corresponding evaluation map is nonconstant on X (Q3).
In analogy with Example 4.13, X has potentially good reduction. Let L =Q3(ζ4, α) with α4

= 3; then
e(L/Q3)= 4 and the change of variables

(x, y, z, w) 7→
(

x1, y1,
z1

α
,
w1

α2

)
sends X L to the diagonal quartic X̃/L given by

x4
1 − y4

1 = 4 · z4
1−w

4
1.

Using Lemma 4.2, it is possible to check that the K3 surface X̃ has good nonordinary reduction over L .
The special fibre is Fermat’s quartic over F3, which, by [Shioda 1975], is known to be supersingular.
By Lemma 2.32, res(A) ∈ Br(X L)= Br(X̃) has nonconstant evaluation map. Hence, X̃ is a K3 surface
over a 3-adic field having ramification index 4 and good nonordinary reduction, and being such that
Ev−1 Br(X̃)[3]⊊ Br(X̃)[3]. Moreover, e′ = 6 and we proved that rsw6,π = 0 on the 3-torsion of Br(X̃).
Hence, res(A) has to lie in fil3 Br(X̃)[3] and be such that rsw3,π (res(A)) ̸= (0, 0).

6. A family of examples

We end this paper by giving an example of a family of K3 surfaces.
Let α ∈Q be such that α2

∈ Z and let Vα be the K3 surface over k :=Q(α) defined by

x3 y+ y3z+ z3w−w4
+α2
· xyzw− 2 ·α−1

· xzw2
= 0. (19)

Lemma 6.1. The class of the quaternion algebra

A :=
(

z2
+α2
· xy

z2 ,−
z
x

)
∈ Br(k(Vα))

lies in Br(Vα)[2].
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Proof. Let f := z2
+ α2xy, and Cx , Cz and C f be the closed subsets of Vα defined by the equations

x = 0, z = 0 and f = 0, respectively. The quaternion algebra A defines an element in Br(U ), where
U := Vα \ (Cx ∪Cz ∪C f ). The purity theorem for the Brauer group [Colliot-Thélène and Skorobogatov
2021, Theorem 3.7.2] assures the existence of the exact sequence

0→ Br(Vα)[2] → Br(U )[2] ⊕∂D
−−→

⊕
D

H1(k(D),Z/2), (20)

where D ranges over the irreducible divisors of Vα with support in X \U and k(D) denotes the residue
field at the generic point of D.

In order to use the exact sequence (20), we need to understand what the prime divisors of Vα with
support in Vα \U = Cx ∪Cz ∪C f look like. Using Magma [Bosma et al. 1997], it is possible to check the
following:

• Cx has one irreducible component D1 defined by the set of equations {x = 0, y3z+ z3w+w4
= 0}.

• Cz has one irreducible component D2, defined by {z = 0, x3 y−w4
= 0}.

• C f has one irreducible component D3, defined by

{α2xy+ z2
= 0, x3z2

+ y2z3
+ 2αx2zw2

+α2xw4
= 0, α2 y3z− x2z2

− 2αxzw2
−α2w4

= 0}.

Therefore, we can rewrite (20) as

0→ Br(Vα)[2] → Br(U )[2]
⊕∂Di
−−→

3⊕
i=1

H 1(k(Di ),Z/2). (21)

Moreover, we have an explicit description of the residue map on quaternion algebras: for an element
(a, b) ∈ Br(U )[2],

∂Di (a, b)=
[
(−1)νi (a)νi (b) a

νi (b)

bνi (a)

]
∈

k(Di )
×

k(Di )×2 ≃ H 1(k(Di ),Z/2), (22)

where νi is the valuation associated to the prime divisor Di . This follows from the definition of the tame
symbols in Milnor K -theory together with the compatibility of the residue map with the tame symbols
given by the Galois symbols (see [Gille and Szamuely 2017, Proposition 7.5.1]).

We can proceed with the computation of the residue maps ∂Di for i = 1, . . . , 3:

(1) ν1(x)= 1 and ν1( f )= ν1(z)= 0. Hence,

∂D1

(
f

z2 ,−
z
x

)
=

[(
f

z2

)−1]
= 1 ∈

k(D1)
×

k(D1)×2 ,

where the last equality follows from the fact that x = 0 on D1; thus, f |D1 = z2.

(2) ν2(z)= 1 and ν2( f )= ν2(x)= 0. Hence,

∂D2

(
f

z2 ,−
z
x

)
=

[(
f

z2

)(
−

z
x

)2
]
=

[
f

x2

]
= 1 ∈

k(D2)
×

k(D2)×2 ,
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where the last equality follows from the fact that z = 0 and x3 y =w4 on D2; thus, f |D2 = α
2xy and

α2 y/x = α2(w/x)4 = (αw2/x2)2.

(3) ν3( f )= 1 and ν3(x)= ν3(z)= 0. On D3, we have

y3z = w4
+

2
α

xzw2
+

x2z2

α2 =

(
w2
+

xz
α

)2
,

y3z = (xy)3
z
x

1
x2 =−

z
x

(
z2

α2

)3 1
x2 =

−z
x

(
z3

α3x

)2

using xy =−
1
α2 z2,

and thus

∂D3

(
f

z2 ,−
z
x

)
=

[
−

z
x

]
=

[(
α3x
z3

(
w2
+

xz
α

))2 ]
= 1 ∈

k(D3)
×

k(D3)×2 .

Therefore, ∂Di (A)= 0 for all i ∈ {1, 2, 3}, and hence A ∈ Br(Vα). □

Let p be a prime above 2 and Op be the valuation ring of kp. Note that 2 · α−1
∈ Op if and only if

α2
̸≡ 0 mod 8; we can define Xα to be the Op-scheme defined by (19). If α2

̸≡ 0 mod 8, then Xα is
smooth and hence Vα has good reduction at p; we denote by Xα the base change of Vα to kp.

Theorem 6.2. Assume that α2
̸≡ 0 mod 8. Then Xα has good ordinary reduction if and only if α2

≡ 1
mod 2. The evaluation map attached to A,

evA : Xα(kp)→Q/Z,

is nonconstant if and only if
α2
̸≡ 0 mod 4.

Proof. For K3 surfaces, the evaluation map attached to A is nonconstant if and only if A /∈ fil0 Br(Xα)
(see Section 4.1).

• If α2
≡ 1 mod 2, then the special fibre Yα is defined by

x3 y+ y3z+ z3w+w4
+ xyzw = 0.

By Lemma 4.2, Yα is an ordinary K3 surface. Lemma 4.3 says that a generator (as a k(p)-vector space)
of H0(Yα, �2

Yα ) is given by the global 2-form ω that can be written (locally) as

d(y/x)∧ d(z/x)
(z3+ xyz)/x3 =

x2

z2+ xy
d
( y

x

)
∧ d

( z
x

) x
z
=

(
x2

z2+ xy

)
· d

(
z2
+ xy
x2

)
∧

( x
z

)
· d

( z
x

)
,

where the last equality follows from d((z2
+ xy)/x2)∧ d(z/x)= d(y/x)∧ d(z/x). Hence, we can write

ω as d f/ f ∧ dg/g, with f = (z2
+ xy)/x2 and g = z/x . Finally, we see that, by Proposition 2.27,

[A] =
[{

z2
+α2
· xy

z2 ,−
z
x

}]
=

[{
z2
+α2
· xy

x2 ,−
z
x

}]
= ρ0(ω, 0)

since (z2
+ α2

· xy)/x2 and −z/x are lifts to characteristic 0 of f and g, respectively. Hence, using
Proposition 2.28, rswe′,π (A) ̸= (0, 0) and A /∈ file′−1 Br(Xα)⊇ fil0 Br(Xα).
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• If α2
≡ 2 mod 4, then the special fibre Yα is defined by

x3 y+ y3z+ z3w+w4
= 0.

By Lemma 4.2, Yα is a nonordinary K3 surface over k(p). Lemma 4.3 says that H0(Yα, �2
Yα ) is generated

(as a k(p)-vector space) by the 2-form ω that can be written (locally) as

d(y/x)∧ d(z/x)
z3/x3 =

(
x2

z2

)
· d

( y
x

)
∧

( x
z

)
· d

( z
x

)
= d

(
xy
z2

)
∧

( x
z

)
· d

( z
x

)
,

where the last equality follows from the fact that, since we are working over a field of characteristic 2,
(x/z)2d(y/x) = d(xy/z2). Hence, in this case, we can write ω as d( f · dg/g), with f = xy/z2 and
g = z/x . Since α2

≡ 2 mod 4, the prime ideal (2) is ramified in the field extension Q2(α)/Q2 and π = α
is a uniformiser. By Proposition 2.27,[{

z2
+α2
· xy

z2 ,−
z
x

}]
=

[{
1+α2 xy

z2 ,−
z
x

}]
= ρ2

(
f · dg

g

)
since xy/z2 and−z/x are two lifts to characteristic 0 of f and g, respectively. Hence, by Proposition 2.28,
rsw2,π (A) ̸= (0, 0). Therefore, A /∈ fil1 Br(Xα), and thus A /∈ fil0 Br(Xα)⊆ fil1 Br(Xα).

• If α2
≡ 0 mod 4, then the special fibre Yα is defined by

x3 y+ y3z+ z3w+w4
+ xzw2

= 0.

Again, by Lemma 4.2, Yα is a nonordinary K3 surface over k(p). If Q2(α)/Q2 is unramifie,d then we are
done by Theorem 1.4. If the field extension is ramified and π is a uniformiser, then, since α2

≡ 0 mod 4
and α2

̸≡ 0 mod 8, we have α2
= π4β with β ∈ O×p . Hence, if we look at the corresponding element

in k2(K h) via the isomorphism of (8), we see

A 7→
{

z2
+α2
· xy

z2 ,−
z
x

}
=

{
1+π4

·
β · xy

z2 ,−
z
x

}
∈U 4k2(K h).

Hence, using again Proposition 2.28, A ∈ fil0 Br(Xα)[2]. □

Remark 6.3. The case α2
≡ 2 mod 4 proves that the bound appearing in Theorem 1.4 is optimal. In

fact, we are able to find examples of K3 surfaces over a quadratic field extension of Q such that there is
a prime above 2 whose ramification index is e(p /2) = 2 and which plays a role in the Brauer–Manin
obstruction to weak approximation.

Finally, when α2
≡ 0 mod 4 and e(p /2)= 1, we know from Theorem 1.4 that Ev−1 Br(Xα)= Br(Xα).

However, if e(p /2)= 2, we just showed that the element A of the previous theorem lies in Ev−1 Br(Xα)[2]
and not that the whole Brauer group of Xα is contained in Ev−1 Br(Xα).

Acknowledgements

I would like to thank Martin Bright for all the useful conversations and suggestions and having read
carefully the first version of this paper. I am thankful to Evis Ieronymou for pointing out to me Section 5.1.



The role of primes of good reduction in the Brauer–Manin obstruction 1299

This work was written during my Ph.D. at Leiden University and is part of my Ph.D. thesis. I would like
to thank Evis Ieronymou, Rachel Newton and Alexei Skorobogatov because their revision of my thesis
greatly improved this article. Finally, I am grateful to the referee for all the extremely helpful comments.

References

[Berg and Várilly-Alvarado 2020] J. Berg and A. Várilly-Alvarado, “Odd order obstructions to the Hasse principle on general
K3 surfaces”, Math. Comp. 89:323 (2020), 1395–1416. MR

[Bloch and Esnault 1996] S. Bloch and H. Esnault, “The coniveau filtration and non-divisibility for algebraic cycles”, Math. Ann.
304:2 (1996), 303–314. MR

[Bloch and Kato 1986] S. Bloch and K. Kato, “p-adic étale cohomology”, Inst. Hautes Études Sci. Publ. Math. 63 (1986),
107–152. MR

[Bogomolov and Zarhin 2009] F. A. Bogomolov and Y. G. Zarhin, “Ordinary reduction of K 3 surfaces”, Cent. Eur. J. Math. 7:2
(2009), 206–213. MR

[Bosma et al. 1997] W. Bosma, J. Cannon, and C. Playoust, “The Magma algebra system, I: The user language”, J. Symbolic
Comput. 24:3-4 (1997), 235–265. MR

[Bright 2015] M. Bright, “Bad reduction of the Brauer–Manin obstruction”, J. Lond. Math. Soc. (2) 91:3 (2015), 643–666. MR

[Bright and Newton 2023] M. Bright and R. Newton, “Evaluating the wild Brauer group”, Invent. Math. 234:2 (2023), 819–891.
MR

[Brion and Kumar 2005] M. Brion and S. Kumar, Frobenius splitting methods in geometry and representation theory, Progr.
Math. 231, Birkhäuser, Boston, MA, 2005. MR

[Colliot-Thélène 1999] J.-L. Colliot-Thélène, “Cohomologie galoisienne des corps valués discrets henseliens, d’après K. Kato et
S. Bloch”, pp. 120–163 in Algebraic K -theory and its applications (Trieste, 1997), edited by H. Bass et al., World Sci., River
Edge, NJ, 1999. MR

[Colliot-Thélène and Saito 1996] J.-L. Colliot-Thélène and S. Saito, “Zéro-cycles sur les variétés p-adiques et groupe de Brauer”,
Int. Math. Res. Not. 1996:4 (1996), 151–160. MR

[Colliot-Thélène and Sansuc 1977] J.-L. Colliot-Thélène and J.-J. Sansuc, “La descente sur une variété rationnelle définie sur un
corps de nombres”, C. R. Acad. Sci. Paris Sér. A-B 284:19 (1977), A1215–A1218. MR

[Colliot-Thélène and Skorobogatov 2013] J.-L. Colliot-Thélène and A. N. Skorobogatov, “Good reduction of the Brauer–Manin
obstruction”, Trans. Amer. Math. Soc. 365:2 (2013), 579–590. MR

[Colliot-Thélène and Skorobogatov 2021] J.-L. Colliot-Thélène and A. N. Skorobogatov, The Brauer–Grothendieck group,
Ergebnisse der Math. (3) 71, Springer, 2021. MR

[Gabber 1994] O. Gabber, “Affine analog of the proper base change theorem”, Israel J. Math. 87:1-3 (1994), 325–335. MR

[van der Geer and Katsura 2000] G. van der Geer and T. Katsura, “On a stratification of the moduli of K 3 surfaces”, J. Eur.
Math. Soc. 2:3 (2000), 259–290. MR

[Gille and Szamuely 2017] P. Gille and T. Szamuely, Central simple algebras and Galois cohomology, 2nd ed., Cambridge
Studies in Advanced Mathematics 165, Cambridge Univ. Press, 2017. MR

[Hassett et al. 2011] B. Hassett, A. Várilly-Alvarado, and P. Varilly, “Transcendental obstructions to weak approximation on
general K3 surfaces”, Adv. Math. 228:3 (2011), 1377–1404. MR

[Huybrechts 2016] D. Huybrechts, Lectures on K3 surfaces, Cambridge Studies in Advanced Mathematics 158, Cambridge
Univ. Press, 2016. MR

[Ieronymou 2010] E. Ieronymou, “Diagonal quartic surfaces and transcendental elements of the Brauer groups”, J. Inst. Math.
Jussieu 9:4 (2010), 769–798. MR

[Ieronymou 2022] E. Ieronymou, “Evaluation of Brauer elements over local fields”, Math. Ann. 382:1-2 (2022), 239–254. MR

[Ieronymou 2023] E. Ieronymou, “Odd torsion Brauer elements and arithmetic of diagonal quartic surfaces over number fields”,
Trans. Amer. Math. Soc. 376:7 (2023), 5241–5259. MR

https://doi.org/10.1090/mcom/3485
https://doi.org/10.1090/mcom/3485
http://msp.org/idx/mr/4063322
https://doi.org/10.1007/BF01446296
http://msp.org/idx/mr/1371769
http://www.numdam.org/item?id=PMIHES_1986__63__107_0
http://msp.org/idx/mr/849653
https://doi.org/10.2478/s11533-009-0013-8
http://msp.org/idx/mr/2506961
https://doi.org/10.1006/jsco.1996.0125
http://msp.org/idx/mr/1484478
https://doi.org/10.1112/jlms/jdv005
http://msp.org/idx/mr/3355119
https://doi.org/10.1007/s00222-023-01210-8
http://msp.org/idx/mr/4651011
https://doi.org/10.1007/b137486
http://msp.org/idx/mr/2107324
http://msp.org/idx/mr/1715874
https://doi.org/10.1155/S107379289600013X
http://msp.org/idx/mr/1385140
http://msp.org/idx/mr/447250
https://doi.org/10.1090/S0002-9947-2012-05556-5
https://doi.org/10.1090/S0002-9947-2012-05556-5
http://msp.org/idx/mr/2995366
https://doi.org/10.1007/978-3-030-74248-5
http://msp.org/idx/mr/4304038
https://doi.org/10.1007/BF02773001
http://msp.org/idx/mr/1286833
https://doi.org/10.1007/s100970000021
http://msp.org/idx/mr/1776939
https://doi.org/10.1017/CBO9780511607219
http://msp.org/idx/mr/3727161
https://doi.org/10.1016/j.aim.2011.06.017
https://doi.org/10.1016/j.aim.2011.06.017
http://msp.org/idx/mr/2824558
https://doi.org/10.1017/CBO9781316594193
http://msp.org/idx/mr/3586372
https://doi.org/10.1017/S1474748010000149
http://msp.org/idx/mr/2684261
https://doi.org/10.1007/s00208-021-02242-2
http://msp.org/idx/mr/4377303
https://doi.org/10.1090/tran/8927
http://msp.org/idx/mr/4608443


1300 Margherita Pagano

[Ieronymou and Skorobogatov 2015] E. Ieronymou and A. N. Skorobogatov, “Odd order Brauer–Manin obstruction on diagonal
quartic surfaces”, Adv. Math. 270 (2015), 181–205. Correction in 307 (2017), 1372–1377. MR

[Illusie 1979] L. Illusie, “Complexe de de Rham–Witt et cohomologie cristalline”, Ann. Sci. École Norm. Sup. (4) 12:4 (1979),
501–661. MR

[Kato 1982] K. Kato, “Galois cohomology of complete discrete valuation fields”, pp. 215–238 in Algebraic K -theory, II
(Oberwolfach, 1980), edited by R. K. Dennis, Lecture Notes in Math. 967, Springer, 1982. MR

[Kato 1989] K. Kato, “Swan conductors for characters of degree one in the imperfect residue field case”, pp. 101–131 in
Algebraic K -theory and algebraic number theory (Honolulu, HI, 1987), edited by M. R. Stein and R. K. Dennis, Contemp.
Math. 83, Amer. Math. Soc., Providence, RI, 1989. MR

[Lazda and Skorobogatov 2023] C. D. Lazda and A. N. Skorobogatov, “Reduction of Kummer surfaces modulo 2 in the
non-supersingular case”, Épijournal Géom. Algébrique 7 (2023), art. id. 10. MR

[Manin 1971] Y. I. Manin, “Le groupe de Brauer–Grothendieck en géométrie diophantienne”, pp. 401–411 in Actes du Congrès
International des Mathématiciens (Nice, 1970), vol. 1, edited by M. Berger et al., Gauthier-Villars Éditeur, Paris, 1971. MR

[Matsumoto 2023] Y. Matsumoto, “Supersingular reduction of Kummer surfaces in residue characteristic 2”, preprint, 2023.
arXiv 2302.09535

[Milne 1976] J. S. Milne, “Duality in the flat cohomology of a surface”, Ann. Sci. École Norm. Sup. (4) 9:2 (1976), 171–201.
MR

[Newton 2016] R. Newton, “Transcendental Brauer groups of products of CM elliptic curves”, J. Lond. Math. Soc. (2) 93:2
(2016), 397–419. MR

[Pagano 2022] M. Pagano, “An example of a Brauer–Manin obstruction to weak approximation at a prime with good reduction”,
Res. Number Theory 8:3 (2022), art. id. 63. MR

[Pagano 2024] M. Pagano, The wild Brauer–Manin obstruction on K3 surfaces, Ph.D. thesis, Leiden University, 2024, available
at https://scholarlypublications.universiteitleiden.nl/handle/1887/3766332.

[Preu 2013] T. Preu, “Example of a transcendental 3-torsion Brauer–Manin obstruction on a diagonal quartic surface”, pp.
447–459 in Torsors, étale homotopy and applications to rational points, edited by A. N. Skorobogatov, London Math. Soc.
Lecture Note Ser. 405, Cambridge Univ. Press, 2013. MR

[Shioda 1975] T. Shioda, “Algebraic cycles on certain K 3 surfaces in characteristic p”, pp. 357–364 in Manifolds (Tokyo, 1973),
edited by A. Hattori, Math. Soc. Japan, Tokyo, 1975. MR

[Silverman 1986] J. H. Silverman, The arithmetic of elliptic curves, Graduate Texts in Math. 106, Springer, 1986. MR

[Skorobogatov and Zarhin 2012] A. N. Skorobogatov and Y. G. Zarhin, “The Brauer group of Kummer surfaces and torsion of
elliptic curves”, J. Reine Angew. Math. 666 (2012), 115–140. MR

[Stacks 2005–] “The Stacks project”, electronic reference, 2005–, available at http://stacks.math.columbia.edu.

[Wittenberg 2004] O. Wittenberg, “Transcendental Brauer–Manin obstruction on a pencil of elliptic curves”, pp. 259–267 in
Arithmetic of higher-dimensional algebraic varieties (Palo Alto, CA, 2002)), edited by B. Poonen and Y. Tschinkel, Progr.
Math. 226, Birkhäuser, Boston, MA, 2004. MR

Communicated by Jean-Louis Colliot-Thélène
Received 2023-09-26 Revised 2025-05-23 Accepted 2025-07-01

m.pagano@imperial.ac.uk Department of Mathematics, Imperial College London, London,
United Kingdom

mathematical sciences publishers msp

https://doi.org/10.1016/j.aim.2014.11.004
https://doi.org/10.1016/j.aim.2014.11.004
https://doi.org/10.1016/j.aim.2016.05.014
http://msp.org/idx/mr/3286534
https://doi.org/10.24033/asens.1374
http://msp.org/idx/mr/565469
https://doi.org/10.1007/BFb0061904
http://msp.org/idx/mr/689394
https://doi.org/10.1090/conm/083/991978
http://msp.org/idx/mr/991978
https://doi.org/10.46298/epiga.2023.volume7.9657
https://doi.org/10.46298/epiga.2023.volume7.9657
http://msp.org/idx/mr/4582883
https://www.mathunion.org/fileadmin/ICM/Proceedings/ICM1970.1/ICM1970.1.ocr.pdf
http://msp.org/idx/mr/427322
http://msp.org/idx/arx/2302.09535
https://doi.org/10.24033/asens.1309
http://msp.org/idx/mr/460331
https://doi.org/10.1112/jlms/jdv058
http://msp.org/idx/mr/3483120
https://doi.org/10.1007/s40993-022-00353-6
http://msp.org/idx/mr/4476267
https://scholarlypublications.universiteitleiden.nl/handle/1887/3766332
https://doi.org/10.1017/CBO9781139525350.013
http://msp.org/idx/mr/3077176
http://msp.org/idx/mr/435084
https://doi.org/10.1007/978-1-4757-1920-8
http://msp.org/idx/mr/817210
https://doi.org/10.1515/crelle.2011.115
https://doi.org/10.1515/crelle.2011.115
http://msp.org/idx/mr/2920883
http://stacks.math.columbia.edu
https://doi.org/10.1007/978-0-8176-8170-8_15
http://msp.org/idx/mr/2029873
mailto:m.pagano@imperial.ac.uk
http://msp.org


Algebra & Number Theory
msp.org/ant

EDITORS

MANAGING EDITOR

Antoine Chambert-Loir
Université Paris-Diderot

France

EDITORIAL BOARD CHAIR

David Eisenbud
University of California

Berkeley, USA

BOARD OF EDITORS

Jason P. Bell University of Waterloo, Canada

Olivier Benoist Ecole Normale Supérieure, France

Bhargav Bhatt University of Michigan, USA

Frank Calegari University of Chicago, USA

J-L. Colliot-Thélène CNRS, Université Paris-Saclay, France

Brian D. Conrad Stanford University, USA

Samit Dasgupta Duke University, USA

Hélène Esnault Freie Universität Berlin, Germany

Gavril Farkas Humboldt Universität zu Berlin, Germany

Sergey Fomin University of Michigan, USA

Edward Frenkel University of California, Berkeley, USA

Wee Teck Gan National University of Singapore

Andrew Granville Université de Montréal, Canada

Ben J. Green University of Oxford, UK

Christopher Hacon University of Utah, USA

Roger Heath-Brown Oxford University, UK

János Kollár Princeton University, USA

Michael J. Larsen Indiana University Bloomington, USA

Philippe Michel École Polytechnique Fédérale de Lausanne

Martin Olsson University of California, Berkeley, USA

Irena Peeva Cornell University, USA

Jonathan Pila University of Oxford, UK

Anand Pillay University of Notre Dame, USA

Bjorn Poonen Massachusetts Institute of Technology, USA

Victor Reiner University of Minnesota, USA

Peter Sarnak Princeton University, USA

Benjamin Schraen Université Claude Bernard Lyon 1, France

Michael Singer North Carolina State University, USA

Vasudevan Srinivas SUNY Buffalo, USA

Shunsuke Takagi University of Tokyo, Japan

Pham Huu Tiep Rutgers University, USA

Ravi Vakil Stanford University, USA

Akshay Venkatesh Institute for Advanced Study, USA

Melanie Matchett Wood Harvard University, USA

Shou-Wu Zhang Princeton University, USA

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2026 is US $590/year for the electronic version, and $865/year (+$75, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley,
CA 94701-4004, is published continuously online.

ANT peer review and production are managed by EditFLOW® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2026 Mathematical Sciences Publishers

http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/


Algebra & Number Theory
Volume 20 No. 7 2026

1263The role of primes of good reduction in the Brauer–Manin obstruction
MARGHERITA PAGANO

1301Absolute calculus and prismatic crystals on cyclotomic rings
MICHEL GROS, BERNARD LE STUM and ADOLFO QUIRÓS

1385Equivariant line bundles with connection on the p-adic upper half-plane
KONSTANTIN ARDAKOV and SIMON WADSLEY

1451Depth zero representations over Z
[ 1

p

]
JEAN-FRANÇOIS DAT and THOMAS LANARD

A
lgebra

&
N

um
ber

Theory
2026

vol20
no

7


	1. Introduction
	1.1. Notation

	2. The refined Swan conductor
	2.1. p-adic setting
	2.2. Definition of the refined Swan conductor
	2.3. The image of the refined Swan conductor
	2.4. Swan conductor on Br(X)
	2.5. Refined Swan conductor on cyclic algebras
	2.5.1. Bloch–Kato filtration

	2.6. Refined Swan conductor and extension of the base field

	3. Ordinary good reduction 
	3.1. Proof of 0=thm.831=Theorem 3.1
	3.2. Existence of Brauer–Manin obstruction over field extensions

	4. Ordinary case: examples
	4.1. The case of K3 surfaces
	4.2. Kummer K3 surfaces over 2-adic fields
	4.2.1. Brauer group of Kummer K3 surfaces
	4.2.2. Product of elliptic curves with good reduction at 2 and full 2-torsion
	4.2.3. Brauer–Manin obstruction from 2-torsion elements

	4.3. Examples of Brauer–Manin obstruction

	5. Nonordinary good reduction
	5.1. An example

	6. A family of examples
	Acknowledgements
	References

