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Absolute calculus and prismatic crystals
on cyclotomic rings

Michel Gros, Bernard Le Stum and Adolfo Quirós

Let p be a prime, W the ring of Witt vectors of a perfect field k of characteristic p and ζ a primitive
p-th root of unity. We introduce a new notion of calculus over W , which we call absolute calculus. It
may be seen as a singular version of the q-calculus used in previous work, in the sense that the role of
the coordinate is now played by q itself. We show that what we call a weakly nilpotent ∆-connection on
a finite free module is equivalent to a prismatic vector bundle on W [ζ ]. As a corollary of a theorem of
Bhatt and Scholze, we finally obtain that a ∆-connection with a frobenius structure on a finite free module
is equivalent to a lattice in a crystalline representation. We also consider the case of de Rham prismatic
crystals as well as Hodge–Tate prismatic crystals.
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Introduction

Let G K := Gal(K/K ) be the absolute Galois group of a complete discrete valuation field K of character-
istic 0 with perfect residue field k of characteristic p > 0. The study of p-adic representations of G K ,
initiated by Jean-Marc Fontaine (see for example [Fon94]), has recently had a major breakthrough, with a
theorem of Bhargav Bhatt and Peter Scholze. Using the notion of prismatic site they have introduced
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in order to get a conceptual understanding of integral p-adic Hodge theory, they have proved [BS22,
Theorem 5.6] that there is an equivalence

Vectφ(OK ,O∆)≃ Repcrys
Zp
(G K )

between the category of prismatic F-crystals on OK and the category of lattices in crystalline representa-
tions of G K . Forgetting the frobenius structures, understanding the category Vect(OK ,O∆) of (absolute)
prismatic vector bundles on OK becomes therefore a fundamental question. Several partial results, in
various settings, have already been obtained for Hodge–Tate prismatic crystals and de Rham prismatic
crystals, for example in [BL22a; BL22b; GMW22; AHB22; GMW23]. Let us also mention the very
recent [Liu25], in which Zeyu Liu describes absolute prismatic crystals (in various settings) using the
stacky approach of [BL22a; BL22b].

Our goal is to address this issue from a different point of view, using what we call absolute calculus.
This is similar to the (relative) q-calculus we have used before in [GLQ23a; GLQ22b], but now the
parameter q coincides with the étale coordinate x . Informally, if x is a variable, then the relative q-
derivation is defined by ∂q(xk)= (k)q xk−1, where (k)q := 1+ q + · · ·+ qk−1 denotes the q-analog of k
(written [k]q in [BS23]). The absolute q-derivation then corresponds to the case x = q: the condition
reads ∂q(qk) = (k)qqk−1. It will actually be necessary to consider a variant ∂∆ that we call absolute
∆-derivation, which is given by

∂∆(qk)= (pk)qqk−1. (1)

From now on, we will assume that OK =W [ζ ], where W =W (k) is the ring of Witt vectors of k and
ζ is a primitive p-th root of unity. We define a ∆-derivation on a W [[q−1]]-module M to be a W -linear
map ∂M,∆ : M→ M that satisfies

∀s ∈ M, ∂M,∆(qs)= (p)qs+ q p+1∂M,∆(s).

Giving the datum of a ∆-derivation is equivalent to giving the datum of a ∆-connection (see Definition 3.8).
A fundamental example of ∆-connection/derivation is provided by ∂∆ on M = W [[q−1]] defined by
formula (1). Note that, if we denote by γ the endomorphism given by γ (q)= q p+1, then

q∂M,∆ =
γ − Id
q−1

is the usual operator appearing in the theory of Wach modules.
We use the terms absolute and prismatic as well as subscript ∆ to emphasize that the objects we

consider are closely related to the absolute prismatic site of OK . More precisely, our main result is the
following, where we call a ∆-connection weakly nilpotent if ∂M,∆ (in the case of p odd) or ∂2

M,∆− ∂M,∆

(in the case p = 2) is nilpotent modulo (p, q−1).

Theorem 7.12. There exists an equivalence

Vect(OK ,O∆)≃∇
wn
∆ (W [[q−1]]), E←→ (M, ∂M,∆),
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between the category of prismatic vector bundles on OK and the category of finite free modules on
W [[q−1]] endowed with a weakly nilpotent ∆-connection. This equivalence induces an isomorphism

R0(OK ∆, E)≃ R0dR,∆(M) := [M
∂M,∆
−−→ M]

on cohomology.

As a basic example, the structural sheaf of the prismatic topos corresponds under this equivalence
to W [[q−1]] endowed with ∂∆ (note for the nilpotency requirement that (p)q ∈ (p, q−1)). Several
properties witness to the relevance of ∂∆: Griffiths transversality with respect to the Nygaard filtra-
tion (Proposition 2.8.1 and Remark 2.9.2), preservation of the (p)q-adic filtration (Example 3 after
Proposition 2.13) and of the (p•)q -filtration (Remark 4.8.3), and compatibility with the frobenius morphism
φ(q) = q p, meaning that ∂∆ ◦ φ = (p)qq p−1φ ◦ ∂∆ (equation (52)), a formula whose shape attests to
the logarithmic nature of ∂∆ and anticipates the appearance of “monodromy” operators associated to it.
We also discuss in the same explicit way other examples, such as the ∆-connection corresponding to the
Breuil–Kisin twist on prismatic crystals.

Using the same strategy as in the proof of Theorem 7.12 (recalled above), we obtain analogous
descriptions for the category of prismatic de Rham crystals (in the style of [BS22, Construction 7.16]) in
Proposition 8.14, and for the category of prismatic Hodge–Tate crystals (see [BL22b]) in Proposition 9.6.
This makes completely transparent the relations between the various theories. Diagram (48) summarizes
our equivalences, all of them compatible with the natural cohomology functors on each side.

Frobenius structures can also be added to the picture and then the category of prismatic F-crystals on
OK turns out to be equivalent to the category of Wach modules (Definition 10.8 and Proposition 10.9).
From this perspective, the aforementioned Theorem 5.6 of [BS22] is equivalent to Berger’s theorem
[Ber04, proposition III.4.2]. Using a slightly different approach than ours, Abhinandan has obtained the
same result in the absolutely unramified case [Abh24].

Our approach differs from others justifying, we believe, the introduction of our formalism: we adopt
the classical path relating crystals and modules with connection, taking as starting point just our explicit
description of prismatic envelopes inherited from [GLQ23a, Theorem 5.2], and developing methodically
the corresponding twisted calculus. This provides the naturalness (compare with [GMW22, Remark 1.18])
of all constructions mentioned above, in particular when “specializing” (Sections 8 to 10).

Our approach also produces naturally a formal groupoid, denoted by G in the introduction of Section 5,
that lifts (see Remark 9.2.4) the formal group of [BL22b, Proposition 9.5], and should play a role in the
description of the prismatization of OK by generalizing that of its Hodge–Tate locus in loc. cit. We leave
this investigation for future work. We also hope that the new insight presented here for OK =W [ζ ] will,
beyond its own intrinsic interest and its value as an example, be useful for a better understanding of other
situations. For example, some results concerning the case OK = Zp studied in detail in [BL22a], should
become accessible in a new way just by using Galois descent, as suggested in Remark 4.8.4 of that work.

Outline. The article has two parts: Sections 1 through 6 are devoted to the development of absolute
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calculus, and in Sections 7 through 10 our methods are applied to the description of various kinds of
prismatic crystals.

Section 1 is devoted to twisted powers on an arbitrary ring R. We recall various aspects of this notion
from [GLQ22a] using the language of twisted Stirling numbers (Definition 1.1). Our main player will be
a ring R⟨ω⟩∆ of ∆-divided powers (Definition 1.7) that, when p is invertible (Proposition 1.11) or when
(p)q = 0 (Proposition 1.13), has simpler incarnations in, respectively, a polynomial algebra or a (usual)
divided polynomial algebra.

Section 2 starts the development of absolute calculus on R = W [[q−1]], where W is an adic ring.
We introduce and study the notions of ∆-derivation, an example being ∂∆ above, and, more generally,
of ∇∆-module (Definition 2.11 and Proposition 2.13) and give several examples, such as the (p)q-adic
filtration and the Breuil–Kisin twist, that will be looked at in the article.

Section 3 is about Taylor maps and higher derivatives. We develop a formalism of ∆-Taylor expansions
θ
(∞)
n,∆ (α) of infinite level and finite order n ∈ N for α ∈ R (Definition 3.4). As in the untwisted case, there

also exists a variant θn,∆(α) (Definition 3.14). The coefficients of the images of α ∈ R by these different
maps, expressed in natural R-bases, are respectively the higher ∆-derivatives ∂ [k]∆ (α) and ∂⟨k⟩∆ (α). Explicit
formulas for their action on R are given in Lemma 3.5 and Proposition 3.15: for all k, n ∈ N we have

∂
[k]
∆ (qn)= (p)kq

(n
k

)
q p

qn−k,

and the relation between infinite and finite level follows exactly the same pattern as in the “classical”
case: ∂⟨k⟩∆ = (k)q p !∂

[k]
∆ . Note that ∂⟨k⟩∆ is far from being the k-th iterate of ∂∆, explaining our choice of

brackets for the notation.
Section 4, and everything thereafter, works over R = W [[q−1]], where p is a prime and W is a p-

adically complete ring (up to this point, p could be any positive integer and W any adic ring). We identify
(Theorem 4.4) our now completed twisted ring R̂⟨ω⟩∆ with the prismatic envelope of the diagonal in
order to rely on the universal property of the latter. This allows us to define a flip map (Proposition 4.6)
and a comultiplication map (Proposition 4.11) on R̂⟨ω⟩∆.

Section 5 uses the Taylor, flip and comultiplication maps to develop absolute hypercalculus and to
study the relation between what we shall call ∆-hyperstratifications and ∆-connections. Definitions 5.1
and 5.2 introduce ∆-hyperstratifications and ∆-Taylor maps on R-modules, and Proposition 5.3 shows
these are equivalent notions. We prove in Lemma 5.4 that the datum of a ∆-hyperstratification on an
R-module M is equivalent to the datum of continuous endomorphisms ∂⟨k⟩M,∆ (k ∈ N) of M satisfying
some natural compatibilities. After introducing (Example 2 after Proposition 5.6) the linear derivation
L∆ : R̂⟨ω⟩∆→ R̂⟨ω⟩∆, we prove the little Poincaré lemma (Proposition 5.14): the sequence

0→ R→ R̂⟨ω⟩∆
L∆
−→ R̂⟨ω⟩∆→ 0

is split exact.
Section 6 is devoted to what we call ∆-differential operators. Definition 6.1 introduces ∆-differential

operators between R-modules and their R-linearization and composition. Theorem 6.19 shows that for a
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finite projective R-module, endowing it with a ∆-hyperstratification (a natural way to interpret crystals) is
equivalent to giving it a weakly nilpotent ∆-connection, meaning one that is nilpotent modulo (p, q−1).
Actually, when p = 2, this nilpotence condition has to be refined a bit (fortunately, our formalism finds
again the known differences [BL22b, §9], between the ramified and unramified cases).

We are now ready to apply our formalism to the study of various prismatic crystals.
Section 7 establishes the link with prismatic crystals. We assume from now on that W is the ring

of Witt vectors of a perfect field and let ζ be a primitive p-th root of unity. Theorem 7.5 shows that
the category of prismatic crystals on W [ζ ] is equivalent to the category of complete W [[q−1]]-modules
endowed with a ∆-hyperstratification.

Using Theorem 6.19 and a strategy similar to that in [GLQ23a; GLQ22b], we then prove our main
theorem (7.12). The isomorphism in cohomology follows from the prismatic Poincaré Proposition 7.11
as in [GLQ23b, Theorem 6.2]. We end this section by explaining in Proposition 7.14 the relation to the
theory of 0-modules.

Section 8 studies what happens when one makes p invertible and gives descriptions in the style of
Theorem 7.12 for de Rham prismatic crystals. In this case there is no real need for twisted derivations,
since usual logarithmic derivatives do the job. In a way analogous to what we have done before, we
develop a logarithmic calculus where the relevant operators are log-derivatives ∂⟨k⟩log = (p)

k
q∂

k , with ∂k the
k-th iterate of the usual derivative with respect to q . These log-derivatives give rise to log-connections, and
we prove (Proposition 8.12) that the category of de Rham prismatic crystals is equivalent to the category
of finite free modules with a log-connection satisfying an appropriate nilpotency condition. Using, with
p invertible, the same approach as in Section 7, we can also describe de Rham prismatic crystals in terms
of ∆-connections (Proposition 8.14). In Proposition 8.16 we give explicit formulas relating ∂⟨k⟩log’s and
∂
⟨k⟩
∆ ’s in this situation. A similar problem is studied, in greater generality but maybe in a less explicit way,

in Sections 7.15–7.17 of [BS22], in order to establish the relation with the classical Breuil–Kisin theory.
Section 9 works modulo (p)q and describes Hodge–Tate prismatic crystals. As before, one has two

points of view for their descriptions. It is again not necessary to use twisted derivations, since we can
obtain (Proposition 9.5) a description of Hodge–Tate prismatic crystals in terms of monodromy/Sen
operators, with a nilpotency condition, by redoing the theory of log-calculus on a PD-algebra. We
recover in our situation a similar result to that of [BL22b]. As in Section 8, we get another description
(Proposition 9.6) through a reduction modulo (p)q of the general Theorem 7.12, and we can again go
from one point of view to the other through explicit formulas (Proposition 9.8). We finish with a review
(diagram (48)) of the various equivalences.

Section 10 discusses frobenius structures on prismatic crystals. We define the notion of a frobenius struc-
ture on an R-module endowed with a ∆-connection and, as mentioned above, we obtain (Corollary 10.7),
using Theorem 5.6 of [BS22], an equivalence between the category of lattices in crystalline Galois
representations of the absolute Galois group of Frac(W [ζ ]) and the category of finite free modules on
W [[q−1]] endowed with a ∆-connection that has a frobenius structure (weak nilpotency is automatic here,
see Lemma 10.4). We also show that this last category is equivalent to the category of Wach modules
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relative to W [ζ ] and essentially recover (Corollary 10.10) a theorem of Laurent Berger ([Ber04] building
on work of Jean-Marc Fontaine and Nathalie Wach, completed by Pierre Colmez). We finally briefly
explain how our methods can be applied to the theory of (ϕ, 0)-modules.

Notation. In contrast with the terminology we have used in previous work, we will write “∆-something”
instead of “q-something of level −1 with respect to p” and write ∆ instead of q(−1).

1. Twisted powers

We review some results about the notion of a twisted power introduced in [GLQ22a] (see also Section 1
of [GLQ22b]) that will be systematically used starting at Section 3. The reader is advised to jump directly
to Section 2 and come back to this one when twisted powers enter the game.

We fix some p ∈N that will usually be a prime, but the case of a power of a prime for example and
even the case p = 1, may also be of interest.

We fix a commutative ring R and some q ∈ R. At some point, there will also be an extra x ∈ R but,
starting at Section 2, we shall focus on the case x = q.

Recall from Definition 2.5 of [LQ15], for example, that the twisted binomial coefficients can be defined
recursively for n, k ∈ N by the twisted Pascal identities(n+1

k

)
q
=

( n
k−1

)
q
+ qk

(n
k

)
q

with the initial conditions(0
0

)
q
= 1 and

(n
0

)
q
=

(0
k

)
q
= 0 for k, n > 0.

We shall also consider, for n ∈ N, the twisted integer (called q-analog in the introduction)

(n)q :=
(n

1

)
q
= 1+ q + q2

+ · · ·+ qn−1

and the twisted factorial

(n)q ! := (n)q(n−1)q · · · (2)q(1)q .

We will use the prefix “q-” instead of the attribute twisted when we want to specify the parameter. We
will also drop the epithet/prefix/subscript in the case q = 1.

We now recall the following related notions (formulas 5.19 and 5.20 in [Ern12]):

Definition 1.1. The twisted Stirling numbers of the first kind (resp. of the second kind) are defined
recursively for n, k ∈ N by

sq(n+ 1, k)= sq(n, k−1)− (n)q sq(n, k)

(resp. Sq(n+ 1, k)= Sq(n, k−1)+ (k)q Sq(n, k))
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with the initial conditions

sq(0, 0)= 1 and sq(n, 0)= sq(0, k)= 0 for n, k > 0

(resp. Sq(0, 0)= 1 and Sq(n, 0)= Sq(0, k)= 0 for n, k > 0).

We have, for all m, n ∈ N, the remarkable formulas∑
k

sq(n, k)Sq(k,m)= δn,m and
∑

k

Sq(n, k)sq(k,m)= δn,m,

where δn,m denotes the Kronecker symbol. In other words, the infinite lower triangular matrices [sq(n, k)]
and [Sq(n, k)] are inverse to each other. These identities can be directly proved by induction (see also
Theorem 5.2.7 of [Ern12]).

Notice that, for all n, k ∈ N,

sq(n, k)= (−1)n−kSn−k((1)q , (2)q , . . . , (n−1)q),

where Sk denotes the k-th elementary symmetric polynomial, and

(q−1)n−ksq(n, k)=
n∑

j=k

(−1)n− j q(
n− j

2 )
(n

j

)
q

( j
k

)
.

Again, both results are easily proved by induction. The second one may also be derived from the quantum
binomial formula (Proposition 2.14 in [LQ15]).

Actually, twisted Stirling numbers are uniquely determined by the following fundamental property:

Proposition 1.2. Let X, Y be two indeterminates and, for any n ∈ N,

Xn :=

n−1∏
k=0

(X − (k)qY ).

Then, for all n ∈ N, we have

Xn =

n∑
k=0

sq(n, k)X kY n−k and Xn
=

n∑
k=0

Sq(n, k)XkY n−k . (2)

Proof. This is shown by induction or derived from Definition 99 in [Ern12], which is the case Y = 1. □

The fundamental notion for us is the following (recall that q and p are fixed):

Definition 1.3. If n ∈ N, then the n-th ∆-power of an indeterminate ω (with respect to x ∈ R) is

ω(n)∆(x) :=
n−1∏
k=0

(
ω− (k)q p(q−1)x

)
∈ R[ω].

We shall simply write ω(n)∆ when x is understood from the context. Starting at Section 2, we shall
concentrate on the case x = q so that ω(n)∆ = ω(n)∆(q). In general, we have

ω(0)∆ = 1, ω(1)∆ = ω, ω(2)∆ = ω2
− (q−1)xω, . . .
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Remarks 1.4. 1. The notion of n-th ∆-power is a special instance of

ξ (n)q,y :=

n−1∏
k=0

(ξ + (k)q y) ∈ R[ξ ]

from [GLQ22a], where we replace ξ , q and y by ω, q p and (1− q)x respectively.

2. In the particular case p = 1 (recall that we do not require p to be prime at this point), we will simply
say q-power. More generally, in this situation, we will systematically remove p from the notation and
write “q-” instead of “∆-”. We shall then use ξ and not ω for the indeterminate so that the n-th q-power
of ξ (with respect to x) is

ξ (n)q (x) :=
n−1∏
k=0

(ξ − qk x + x) ∈ R[ξ ].

This is consistent with [GLQ22a] when we set y = (1− q)x . This is essentially the same thing as a
generalized Pochhammer symbol of [AL20]: in their notation, we have ξ (n)q (x)= (ξ + x,−x; q)n and
conversely (x, y; q)n = (x + y)(n)q (−x).

3. Applying the previous case (where p does not appear) with q replaced with q p, we get the n-th
q p-power of ξ :

ξ (n)q p (x) :=
n−1∏
k=0

(ξ − q pk x + x) ∈ R[ξ ].

This should not be confused with the n-th ∆-power (and using two different indeterminates ξ and ω
should help).

4. q p-powers and ∆-powers are not unrelated: it follows from Lemma 1.4 in [GLQ22b] that blowing up

R[ξ ] → R[ω], ξ 7→ (p)qω

maps twisted powers as follows:

ξ (n)q p
7→ (p)nqω

(n)∆ .

Twisted powers form an alternative basis for R[ω] as an R-module and there exists explicit formulas
involving twisted Stirling numbers:

Proposition 1.5. For all n > 0, we have

ω(n)∆ =

n∑
k=1

sq p(n, k)(q−1)n−k xn−kωk and ωn
=

n∑
k=1

Sq p(n, k)(q−1)n−k xn−kω(k)∆ .

Proof. This follows from the identities in Proposition 1.2. □

One may always consider the twisted completion

R[[ω]]∆ := lim
←−−

R[ω]/ω(n+1)∆,
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but this will not be necessary in practice thanks to the following:

Lemma 1.6. If R is complete for the (q−1)-adic topology, then

R[[ω]] := lim
←−−

R[ω]/ωn+1
≃ lim
←−−

R[ω]/ω(n+1)∆ =: R[[ω]]∆.

Proof. It follows from the formulas in Proposition 1.5 that

∀n ∈ N, ω(2n)∆ ∈ (ωn)+ ((q−1)n) and ω2n
∈ (ω(n)∆)+ ((q−1)n). □

Definition 1.7. The ring of ∆-divided powers (with respect to x) is the free R-module R⟨ω⟩∆ on the basis
(ω{n}∆)n∈N with multiplication rule

ω{n1}∆ω{n2}∆ =

∑
0≤i≤min{n1,n2}

q
pi(i−1)

2
(n1+n2−i

n1

)
q p

(n1
i

)
q p
(q−1)i x iω{n1+n2−i}∆ .

Remarks 1.8. 1. This was called the ring of twisted divided powers of level −1 in [GLQ22b], where we
assumed that p is prime.

2. The ring R⟨ω⟩∆ is a particular instance of the ring of twisted divided powers R⟨ξ⟩q,y of [GLQ22a],
where we replace ξ , q and y by ω, q p and (1− q)x respectively and use curly brackets instead of usual
brackets.

3. In the particular case p = 1, we will write ξ instead of ω, q instead of ∆ and use standard brackets
instead of curly ones. Thus, the ring of q-divided powers is a free R-module R⟨ξ⟩q with basis (ξ [n]q )n∈N

and fancy multiplication similar to that in Definition 1.7. Again, this is consistent with [GLQ22a] when
we set y = (1− q)x .

4. Replacing q with q p in the previous situation, we shall also consider the ring R⟨ξ⟩q p with basis
(ξ [n]q p )n∈N (and an explicit multiplication formula).

5. It is shown in Proposition 1.7 of [GLQ22b] that there exists a morphism of rings (blowing up)

R⟨ξ⟩q p → R⟨ω⟩∆, ξ [n]q p
7→ (p)nqω

{n}∆ .

It follows from Proposition 2.2 of [GLQ22a] that Definition 1.7 does provide a ring structure such that
ω{0}∆ = 1 and we will write ω = ω{1}∆ . Moreover, there exists a unique natural morphism of R-algebras

R[ω] → R⟨ω⟩∆, ω(n)∆ 7→ (n)q p !ω{n}∆ . (3)

The free submodule ω{>n}∆ with basis ω(k)∆ for k > n is an ideal of R⟨ω⟩∆. In the case n = 0, this is the
augmentation ideal or, in other words, the kernel of the morphism of rings

R⟨ω⟩∆→ R, ω(n)∆ 7→ 0 for n > 0.

Note carefully that the ideal ω{>n}∆ is not the same as the ideal generated by ω{n+1}∆ so that (ω{n+1}∆)⊊
ω{>n}∆ in general. However, there exists an isomorphism of R-algebras

R[ω]/ω(2)∆ ≃ R⟨ω⟩∆/ω{>1}∆ .
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If we are given a morphism of commutative rings R→ S and we still denote by q and x their images
in S, then we have

S⊗R R⟨ω⟩∆ ≃ S⟨ω⟩∆ and S⊗R R⟨ω⟩∆/ω{>n}∆ ≃ S⟨ω⟩∆/ω{>n}∆ .

It is in particular possible to reduce many assertions to simpler base rings such as R = Z[q, x], for
example, as in the proof of the following statement (which will be used later):

Lemma 1.9. For all n ∈ N, we have

(x + (p)qω)ω{n}∆ ≡ q pnxω{n}∆ mod ω{n+1}∆ .

Proof. Let us first show that

ωω{n}∆ − (n)q p(q−1)xω{n}∆ = (n+ 1)qω{n+1}∆ .

This is completely formal and we may therefore assume that R = Z[q, x]. After multiplication by (n)q !,
it is therefore sufficient, using the natural map (3), to recall from Definition 1.3 that

(ω− (n)q p(q−1)x)ω(n)∆ = ω(n+1)∆ .

We can now compute, modulo ω{n+1}∆ ,

(x + (p)qω)ω{n}∆ ≡ (x + (p)q(n)q p(q−1)x)ω{n}∆ ≡ q pnxω{n}∆ . □

Remarks 1.10. 1. In the case p = 1 (and then writing ξ [n]q instead of ω{n}∆), Lemma 1.9 reads

(x + ξ)ξ [n]q ≡ qnxξ [n]q mod ξ [n+1]q .

2. Replacing now q with q p provides a formula that we shall need later:

(x + ξ)ξ [n]q p
≡ q pnxξ [n]q p mod ξ [n+1]q p . (4)

All of the above makes sense when q = 1, in which case we fall onto the usual ring of divided
polynomials R⟨ω⟩. In other words R⟨ω⟩ is the free R-module with basis (ω[n])n∈N and multiplication rule

ω[n1]ω[n2] =

(n1+n2
n1

)
ω[n1+n2].

Proposition 1.11. If R is a Q-algebra and q p
−1 belongs to the Jacobson radical of R, then

R[ω] ≃ R⟨ω⟩∆.

Actually, we have

ωn
=

n∑
k=1

(k)q p ! Sq p(n,k)(q−1)n−k xn−kω{k}∆ and ω{n}∆=

n∑
k=1

1
(n)q p !

sq p(n,k)(q−1)n−k xn−kωk, (5)

where sq p(n, k) (resp. Sq p(n, k)) denotes the q p-Stirling numbers of the first (resp. second) kind.



Absolute calculus and prismatic crystals on cyclotomic rings 1311

Proof. Both formulas follow from Proposition 1.5 when they make sense. It is therefore sufficient to show
that (n)q p ∈ R× for all n ̸= 0. Since q p

−1 belongs to the Jacobson radical of R, this claim follows from
the fact that (n)q p ≡ n mod q p

−1 and that n ∈Q×. □

Remarks 1.12. 1. The Jacobson condition in Proposition 1.11 is satisfied for example when R is
(q−1)-adically complete or (p)q -adically complete.

2. The first equality in (5) obviously holds over any commutative ring R.

3. Since, under the hypothesis of Proposition 1.11, we have R[ω]= R⟨ω⟩ (usual divided power polynomial
ring), then also R⟨ω⟩ ≃ R⟨ω⟩∆, with

ω[n] =

n∑
k=1

(k)q p !

n!
Sq p(n, k)(q−1)n−k xn−kω{k}∆ and ω{n}∆ =

n∑
k=1

k!
(n)q p !

sq p(n, k)(q−1)n−k xn−kω[k].

Recall from Definition 1.4 in [LQ15] that the q-characteristic of a ring R is the smallest positive
integer p such that (p)q = 0 in R (or 0 otherwise).

Proposition 1.13. If R is a Z(p)-algebra of prime q-characteristic p, then

R⟨ω⟩ ≃ R⟨ω⟩∆.

Actually, we have

ω[n] =

n∑
k=1

k!
n!

S(n, k)(q−1)n−k xn−kω{k}∆ and ω{n}∆ =

n∑
k=1

k!
n!

s(n, k)(q−1)n−k xn−kω[k],

where s(n, k) (resp. S(n, k)) denotes the (usual) Stirling number of the first (resp. second) kind.

Proof. Thanks to Proposition 1.15 of [LQ15], we may assume that R = Z(p)[ζ ][x], where ζ is a primitive
p-th root of unity and that q = ζ . Then, it follows from Proposition 1.5 that

ωn
=

n∑
k=1

k!S(n, k)(ζ−1)n−k xn−kω{k}∆ .

Therefore (making p invertible),

ω[n] =

n∑
k=1

k!
n!

S(n, k)(ζ−1)n−k xn−kω{k}∆ ∈Qp(ζ )[x]⟨ω⟩∆.

However, we know from Lemma 2.1 in [Ade18] that, if we denote by s(k) the sum of the digits of k in
its p-adic expansion, then

vp(S(n, k))≥
s(k)− s(n)

p−1
.

It follows that

vp

(k!
n!

S(n, k)(ζ−1)n−k
)
≥

k− s(k)
p−1

−
n− s(n)

p−1
+

s(k)− s(n)
p−1

+
n− k
p−1

= 0,



1312 Michel Gros, Bernard Le Stum and Adolfo Quirós

so that we do not really need to make p invertible. This provides the first formula and the other one
formally follows. □

Remarks 1.14. 1. Assume that R is a complete bounded δ-Z[q](p,q−1)-algebra (with p prime) so that
we may consider the prism (R, (p)q). Assume also that A is a complete R-algebra for the (p, q−1)-adic
topology and x is a topologically étale coordinate on A. We endow A with the unique δ-structure such
that δ(x)= 0. We know from Proposition 5.7 of [GLQ22b] that the completion of A⟨ω⟩∆ is the prismatic
envelope of the diagonal of A over R. Then, we recover Proposition 4.3 in [Tia23]: there exists a canonical
isomorphism

R/(p)q ⊗L
R Â⟨ω⟩ ≃ R/(p)q ⊗L

R Â⟨ω⟩∆.

2. There also exists an “absolute” analog of the result of Tian that we shall discuss in Section 9. In
particular, we will recover Lemma 2.13 of [GMW23] in our situation.

We shall end this section with a technical result whose main argument has been provided to us by
Yu Min following a question about [GMW22]. This concerns the case where p is prime. The proof
relies on the theory of δ-rings and we first need to briefly explain how δ-structures spread out to our
rings (see Section 2 of [BS23] or Section 1 of [GLQ23a] for an introduction to this notion). Let us just
recall that a δ-ring always has a frobenius φ and that both notions are equivalent when the ring has no
p-torsion. Assume that R is a δ-ring such that both q and x have rank one, meaning that δ(x)= δ(q)= 0
(so that φ(q) = q p and φ(x) = x p). Then, the frobenius of R extends uniquely to R[ξ ] in such a way
that φ(x + ξ)= (x + ξ)p. More precisely, we have

φ(ξ) := (x + ξ)p
− x p

=

p∑
k=1

( p
k

)
x p−kξ k .

Similarly, the δ-structure extends uniquely in a natural way to R[ξ ] through

δ(ξ) :=

p−1∑
k=1

1
p

( p
k

)
x p−kξ k . (6)

When R is a general topological ring, we endow R⟨ω⟩∆ with the direct sum topology with respect to
the basis (ω{n}∆)n∈N. This applies in particular to R⟨ω⟩. Then, in order to improve on Proposition 1.11,
we shall need the following. (Recall that a p-adic Tate ring is a topological commutative Q-algebra that
admits an open p-adic subring with p prime.)

Proposition 1.15. Assume R is a p-adic Tate ring. If (p)q is nilpotent in R, then the canonical map

R⟨ω⟩ → R⟨ω⟩∆

is continuous.

Proof. We have to show that for some open p-adic subring R0 of R, we have

∃N ∈ N,∀n ∈ N, pNω[n] ∈ R0⟨ω⟩∆.
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We may assume that R = R0[1/p] with R0 :=
(
Z(p)[q]/(p)mq

)
[x]. We endow Z(p)[q, x] with the unique

δ-structure such that both q and x have rank one. Then, we endow A :=
(
Z(p)[q, x]

)
⟨ω⟩∆ with the

δ-structure coming from Proposition 1.12 in [GLQ22b] so that formula (6) holds for ξ := (p)qω. Assume
for the time being that we have proved the following estimates:1

∀k ∈ N, ∃Fk ∈ A
[
(p)q

p2

]
, ωpk

= (−p)(k)p(pFk + δ
k(ω)), (7)

where (k)p denotes the p-analog of k. Since vp(pk
!)= (k)p, this will imply that ω[n] ∈ A[(p)q/p2

] when
n = pk , and the same therefore holds for all n ∈ N. As a consequence, we will have pNω[n] ∈ R0⟨ω⟩∆

with N = 2(m−1).
It remains to prove formula (7), but as an intermediate step, we shall check that

∀r ≥ 0, s > 0, φs(δr (ω))≡ 0 mod (p)q

(see Lemma 2.11 in [GMW23]). Note first that ((p)q , p) is a regular sequence in A, and therefore
the Gauss lemma holds for p and (p)q .2 Since (p)q ps ≡ p mod (p)q , the Gauss lemma also holds for
(p)q ps and (p)q . Now, since ξ | φ(ξ), we have φ(ξ) | φs(ξ). Since (p)q | φ(ξ) in A, it follows that
(p)q | φs(ξ)= φs((p)qω)= (p)q psφs(ω). We may then apply the Gauss lemma and this settles the case
r = 0. Now, we have

φs+1(δr (ω))= φs(δr (ω))p
+ pφs(δr+1(ω)),

so that, by induction on r , (p)q | pφs(δr+1(ω)) and we conclude with the Gauss lemma again.
Now, we prove formula (7) by induction on k, the case k = 0 being fine. We have

φ(δk(ω))= δk(ω)p
+ pδk+1(ω).

From what we just proved, (p)q | φ(δk(ω)), and we can therefore write

δk(ω)p
= p2 (p)q

p2

φ(δk(ω))

(p)q
− pδk+1(ω).

Now, by induction, we have

ωpk+1
=

(
(−p)(k)p(pFk + δ

k(ω))
)p
= (−p)p(k)p

(
(pFk)

p
+

p−1∑
i=1

( p
i

)
δk(ω)p−i (pFk)

i
+ δk(ω)p

)
= (−p)p(k)p

(
p p F p

k +
p−1∑
i=1

pi
( p

i

)
δk(ω)p−i F i

k + p2 (p)q
p2

φ(δk(ω))

(p)q
− pδk+1(ω)

)
= (−p)(k+1)p(pFk+1+ δ

k+1(ω)),

1These estimates have been shown to us by Yu Min.
2For the Gauss lemma to hold for f, g ∈ A means that, for all h ∈ A, f divides gh if and only if it divides h, and g divides

f h if and only if it divides h.
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with

Fk+1 =−p p−2 F p
k −

p∑
i=1

pi−2
( p

i

)
δk(ω)p−i F i

k −
(p)q

p2

φ(δk(ω))

(p)q
. □

2. Absolute calculus

We shall present here a (to our knowledge) new theory, which we call absolute calculus. This is similar to
relative q-calculus (Section 6 of [GLQ23a] for example) or relative ∆-calculus (Section 3 of [GLQ22b]),
but the parameter q now coincides with the coordinate x .

We let W be an adic ring (assumed to be complete from the beginning for simplicity) with finitely
generated ideal of definition mW and set R := W [[q−1]], where q is an indeterminate. Any R-module
M will be endowed with the mW + (q−1)-adic topology but we shall write M := M/(p)q M . The map
W → R is not adic and we need to be careful with continuity issues.

Note that R is qr -flat of qr -characteristic zero (see Definitions 1.4 and 1.9 of [LQ15]) for all r > 0. It
simply means that, as long as k ̸= 0 and r ̸= 0, the qr -analog (k)qr is regular in R and this is true because
(k)qr is a monic polynomial in q. This property is the twisted analog of being Z-torsion free and it will
simplify many arguments.

We fix a positive integer p (that need not be a prime for now). If r ∈ Z (or more generally r ∈ Zp

if p is topologically nilpotent in W ), we shall denote by gr the unique continuous endomorphism of R
such that gr (q)= qr . The W -algebra R is turned into a twisted W -algebra in the sense of [LQ18b] by
choosing the endomorphism γ := gp+1 (so that γ (q)= q p+1). What we shall call absolute could also be
named after Mahler (see for example [Roq20]) since Mahler functional equations are associated to an
endomorphism of the form x 7→ xr . In our situation, we have x = q and r = p+ 1.

We recall now from Definition 4.3 of [LQ18b] the notion of a γ -derivation that we shall call here a
q p-derivation:

Definition 2.1. If M is an R-module, then a W -linear map D : R→ M is a q p-derivation if

∀α, β ∈ R, D(αβ)= D(α)β + γ (α)D(β). (8)

The q p-derivations of R (meaning from R to itself) form an R-module TR/W,q p (or Tq p for short).

Lemma 2.2. If D : R→ M is a q p-derivation, then

∀n ∈ N, D((q−1)n+1 R)⊂ (q−1)n M.

Proof. This is obtained by induction from the identity

D((q−1)n+1)= (q−1)n D(q−1)+ (p+ 1)q(q−1)D((q−1)n). □

Remarks 2.3. 1. As a consequence of Lemma 2.2, a q p-derivation is automatically continuous.
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2. One can also recall the general formula

∀α ∈ R,∀n ∈ N, D(αn+1)=

n∑
k=0

γ (α)n−kαk D(α) (9)

for a γ -derivation and obtain the lemma as a corollary.

Lemma 2.4. If M is an R-module, then a W -linear map D : R→ M is a q p-derivation if and only if

∀k > 0, D(qk)= (k)q p qk−1 D(q).

Proof. First of all, by additivity and continuity, formula (8) reduces to

∀k, l ∈ N, D(qk+l)= ql D(qk)+ q(p+1)k D(ql).

Now, the property is shown by induction:

D(qk+1)= q D(qk)+ q(p+1)k D(q)= q(k)q p qk−1 D(q)+ q(p+1)k D(q)

= ((k)q p + q pk)qk D(q)= (k+ 1)q p qk D(q).

Conversely, we will have

ql D(qk)+ q(p+1)k D(ql)= ql(k)q p qk−1 D(q)+ q(p+1)k(l)q p ql−1 D(q)= ((k)q p + q pk(l)q p)ql+k−1 D(q)

= (k+ l)q p qk+l−1 D(q)= D(qk+l). □

Proposition 2.5. (1) The R-module Tq p is free of rank one with generator ∂q p given by

∀k > 0, ∂q p(qk)= (k)q p qk−1.

(2) We have

∀n > 1, ∂q p((q−1)n)= (n)(p+1)q (q−1)n−1.

(3) If we set ∂∆ := (p)q∂q p , then

∀k > 0, ∂∆(qk)= (pk)qqk−1.

(4) We have γ = IdR + (q2
− q)∂∆.

Proof. The first assertion follows immediately from Lemma 2.4 which provides D = D(q)∂q p . The
second one is deduced from formula (9):

∂q p((q−1)n)=
n−1∑
k=0

(q p+1
−1)k(q−1)n−1−k

=

n−1∑
k=0

(p+ 1)kq(q−1)n−1
= (n)(p+1)q (q−1)n−1.

The third statement comes from ∂∆(qk) = (p)q(k)q p qk−1
= (pk)qqk−1. For the last assertion, it is

sufficient, by continuity, to notice that

∀k > 0, q(p+1)k
= qk
+ (q2

− q)(pk)qqk−1. □



1316 Michel Gros, Bernard Le Stum and Adolfo Quirós

Remarks 2.6. 1. The endomorphism ∂∆ is a kind of “logarithmic version” of ∂q p (with a pole at (p)q ).
Il will be essential for the theory to focus on ∂∆ and consider ∂q p as an intermediate tool. Using the last
formula of Proposition 2.5, we could as well directly set

∂∆ :=
γ − IdR

q2− q
.

Note also that, since q is invertible, we would get an equivalent theory by using

q∂∆ =
γ − IdR

q−1

(by adding an extra “pole” at q) instead of ∂∆. Most formulas however would then be a little more
complicated.

2. Even if our absolute calculus has nothing to do with Buium’s theory of arithmetic differential equations,
it happens that our q p-derivations fit into his general pattern. More precisely, the endomorphism ∂q p

(resp. ∂∆) is a π-difference operator in his sense (see example (c) in [Bui97]) with π = (q2
− q)(p)q

(resp. π = (q2
− q)). It means that we have the following symmetric formulas for α, β ∈ R:

∂q p(αβ)= ∂q p(α)β +α∂q p(β)+ (q2
− q)(p)q∂q p(α)∂q p(β),

∂∆(αβ)= ∂∆(α)β +α∂∆(β)+ (q2
− q)∂∆(α)∂∆(β).

3. For further use, note that

(p)q p+1 = λ(p)q with λ= 1+ (q2
− q)∂q p((p)q) ∈ R×. (10)

This is easily checked: since γ (q)= q p+1, we have

(p)q p+1 = γ ((p)q)= (p)q + (q2
− q)∂∆((p)q)= (1+ (q2

− q)∂q p((p)q))(p)q .

We now come to our main object of study, which is a kind of logarithmic twisted derivation:

Definition 2.7. A ∆-derivation on an R-module M with respect to a q p-derivation D of R is a W -linear
map DM : M→ M such that

∀α ∈ R, s ∈ M, DM(αs)= (p)q D(α)s+ γ (α)DM(s).

There exists a variant without pole: a q p-derivation on an R-module M with respect to a q p-derivation
D is a W -linear map DM : M→ M such that

∀α ∈ R, s ∈ M, DM(αs)= D(α)s+ γ (α)DM(s).

Actually, a ∆-derivation with respect to D is the same thing as a q p-derivation with respect to (p)q D.
In particular, in Definition 2.7, DM only depends on (p)q D (and not on D). One also sees that (p)q D is
uniquely determined by DM when M is R-torsion free.
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Proposition 2.8. (1) A ∆-derivation DM satisfies Griffiths transversality with respect to the (q−1)-adic
filtration:

∀n ∈ N, DM((q−1)n+1 M)⊂ (q−1)n M.

(2) The (p, q−1)-adic filtration is stable under DM :

∀n ∈ N, DM((p, q−1)n M)⊂ (p, q−1)n M.

Proof. Both results follow from Lemma 2.2. □

As an immediate consequence, we see that a ∆-derivation is automatically continuous.

Remarks 2.9. 1. Let us fix some notation for the (q−1)-adic filtration and the corresponding graduation:

∀n ∈ N, Filn(q−1)M := (q−1)n M and Grn
(q−1)M := (q−1)n M/(q−1)n+1 M.

Then, a ∆-derivation DM on M induces for each n ∈ N a W -linear map

DM : Grn+1
(q−1)M→ Grn

(q−1)M.

2. In the case M = R, then the (q−1)-adic filtration may also be called the Nygaard filtration and, for
each n ∈N, multiplication by (q−1)n induces an isomorphism W ≃Grn

(q−1)R. Under these identifications,
the induced map ∂∆ : Grn+1

(q−1)R→ Grn
(q−1)R corresponds to multiplication by (p+ 1)n+1

−1.

There exists a unique ∆-derivation on R itself with respect to a given q p-derivation D, and this is
simply (p)q D. Therefore, the ∆-derivations of R form a submodule T∆ := (p)q Tq p of Tq p (we may also
write TR,∆ or TR/W,∆ in order to specify the data). Of course T∆ is free of rank one on the generator ∂∆.
When we simply say that ∂M,∆ is a ∆-derivation of M , we always mean “with respect to ∂q p ” and the
condition reads

∀α ∈ R, s ∈ M, ∂M,∆(αs)= ∂∆(α)s+ γ (α)∂M,∆(s).

We shall also need the following variant of this formula:

∀α ∈ R×,∀s ∈ M, ∂M,∆

( s
α

)
=
α∂M,∆(s)− ∂∆(α)s

αγ (α)
.

The condition in Definition 2.7 simplifies as follows:

Lemma 2.10. If M is an R-module, then a W -linear map DM : M→ M is a ∆-derivation with respect to
a q p-derivation D of R if and only if

∀s ∈ M, DM(qs)= (p)q D(q)s+ q p+1 DM(s).

Proof. By additivity and continuity, the condition of the definition is equivalent to

∀k ∈ N,∀s ∈ M, DM(qks)= (p)q D(qk)s+ q(p+1)k DM(s).
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Now our assertion is shown by induction:

DM(qk+1s)= (p)q D(q)qks+ q p+1 DM(qks)

= (p)q D(q)qks+ q p+1((p)q D(qk)s+ q(p+1)k DM(s))

= (p)q D(q)qks+ q p+1((k)q p qk−1(p)q D(q)s+ q(p+1)k DM(s))

= (1+ q p(k)q p)qk D(q)s+ q(p+1)(k+1)DM(s)

= (k+ 1)q p qk(p)q D(q)s+ q(p+1)(k+1)DM(s)

= (p)q D(qk+1)s+ q(p+1)(k+1)DM(s). □

Actually, what we are really interested in is the following:

Definition 2.11. An action by ∆-derivations on an R-module M is an R-linear map Tq p → EndW (M)
that sends D ∈ Tq p to a ∆-derivation DM with respect to D. We will then call M a ∇∆-module on R. An
R-linear map M→ M ′ between ∇∆-modules is said to be horizontal if it is compatible with the actions.

We then obtain a category of ∇∆-modules on R and we shall simply denote by3 Hom∇(M,M ′) the set
of horizontal maps.

Remarks 2.12. 1. We may notice that an action by ∆-derivations on M is equivalent to an R-linear map
T∆→ EndW (M) that sends (p)q D to a q p-derivation DM with respect to (p)q D.

2. One can show that the category of ∇∆-modules on R has all limits and colimits and they commute
with the functor that forgets the action.

3. We could also consider the more restrictive notion of a q p-∇-module which corresponds to an action
by all q p-derivations.

4. We can also consider the notion of (relative) ∇-module which corresponds to an action by usual
continuous derivations relative to W .

Definition 2.11 simplifies a lot:

Proposition 2.13. The category of ∇∆-modules on R is isomorphic to the category of R-modules M
endowed with a W -linear map ∂M,∆ : M→ M such that

∀s ∈ M, ∂M,∆(qs)= (p)qs+ q p+1∂M,∆(s).

Proof. This is an immediate consequence of Proposition 2.5.1 and Lemma 2.10. □

We define the cohomology of a ∇∆-module M on R as

R0dR,∆(M) := [M
∂M,∆
−−→ M].

Thus, we have Hi
dR,∆(M)= 0 for i ̸= 0, 1,

H0
dR,∆(M)= ker ∂M,∆ and H1

dR,∆(M)= coker ∂M,∆.

3Here and later, we shall simply write ∇ instead of ∇∆ when no confusion should arise.
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Cohomology is hard to compute in general. Before giving some examples, let us show the following:

Lemma 2.14. Let M be a complete ∇∆-module on R. Assume M is (q−1)-torsion free and M/(q−1)M
is Z-torsion free. Then, the canonical map

H 0
dR,∆(M)→ M/(q−1)M

is injective.

Proof. We have to show that conditions ∂M,∆(s)= 0 and s ∈ (q−1)M imply s = 0. Since M is complete,
the (q−1)-adic filtration is separated, and it is therefore sufficient to show by induction that s ∈ (q−1)n M
for all n ∈ N. Thus, we are reduced to proving that the induced map

∂M,∆ : Grn
(q−1)M→ Grn−1

(q−1)M

is injective. But it follows from the second assertion of Proposition 2.5 that it is given by

∂M,∆((q−1)ns)= ((p+ 1)n−1)(q−1)n−1s mod (q−1)n.

Our assertion therefore follows from our hypothesis. □

Examples. 1. Trivial. Unless otherwise specified, we always endow R with ∂∆. If W is Z-torsion free,
then H0

dR,∆(R)=W (use Lemma 2.14) and we have a surjective map

H1
dR,∆(R)↠ R = R/(p)q ,

which is not an isomorphism. There does not seem to exist an easy description of the kernel of this last
map in general besides an identification with H 1

dR,q p(R).

2. Finite free of rank one. It is equivalent to give an action by ∆-derivations on a free R-module F on one
generator s or an element α ∈ R: they determine each other through ∂F,∆(s)= αs. As a specific example,
we shall consider the action ∂Fn,∆(s)= αns for n ∈ N with

αn :=

n∑
k=1

(n
k

)
(q2
− q)k−1∂q p((p)q)k .

We shall mainly be concerned with the case n = 1, so that ∂F1,∆(s)= ∂q p((p)q)s, but also extend later to
the case n < 0. It is hard to compute H0

dR,∆(F), not to mention H1
dR,∆(F).

3. (p)q -adic filtration. For n ∈ N, the ideal (p)nq R of R is stable under the action by ∆-derivations (this
will follow from the coming computations). It defines the (p)q-adic filtration on R. Actually, with the
notation of the previous example, we have Fn ≃ (p)nq R with s corresponding to (p)nq . This is proved by
induction. One first notices that

αn+1 = ∂q p((p)q)+ λαn,
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with λ as in formula (10) so that (p)q p+1 = λ(p)q . It follows that

∂∆((p)n+1
q )= (p)nq∂∆((p)q)+ (p)q p+1∂∆((p)nq)

= (p)n+1
q ∂q p((p)q)+ λ(p)q(p)nqαn

= (p)n+1
q αn+1.

4. Hodge–Tate. If G is an R-module (with R = R/(p)q ), then an action by ∆-derivations on G is simply
given by an R-linear map. In the case G = R (with the trivial action), this is the zero map so that
H0

dR,∆(R)= H1
dR,∆(R)= R. In order to give another interesting family of examples, we denote by ζ the

class of q in R and write

(p)′ζ := 1+ 2ζ + 3ζ 2
+ · · ·+ (p−1)ζ p−2

(this will reappear in Section 8). We may then consider the free R-module Gn on one generator s with
action given by ∂Gn,∆(s)= ans, where

an := (n)p+1(p)′ζ .

Again, we shall be mainly concerned with the case n = 1 in which case ∂G1,∆(s)= (p)
′

ζ s.

5. (p)q -adic graduation. The quotient (p)nq R/(p)n+1
q R is stable under the action by ∆-derivations. With

the above notation, we have

Gn ≃ Fn ≃ Fn/Fn+1 ≃ (p)nq R/(p)n+1
q R.

Assume W = W (k) is the ring of Witt vectors of a perfect field of positive characteristic p. Then
H0

dR,∆(Gn) = 0 for all n > 0 and H1
dR,∆(Gn) ≃ k[q]/(q−1)p−2 is a k-vector space of dimension p− 2

when p ∤ n. However, H1
dR,∆(G2)≃ W/4W and H1

dR,∆(G4)≃ W/8W when p = 2. Also, H1
dR,∆(G3)≃

k2
⊕W/9W when p = 3. Everything becomes more complicated when either p or n grows.

The fundamental example however is the Breuil–Kisin action:

Lemma 2.15. If p belongs to the radical of W , then there exists a unique action by ∆-derivations on the
free R-module R{1} on one generator eR such that

∂R{1},∆((q−1)eR)=
p
q

eR.

Proof. The condition reads

(p)qeR + (q p+1
−1)∂R{1},∆(eR)=

p
q

eR

or, equivalently,

(q−1)(p+ 1)q∂R{1},∆(eR)=
p+ 1− (p+ 1)q

q
eR.

It is therefore sufficient to notice that (p+ 1)q ≡ p+ 1 mod q−1 and that (p+ 1)q is invertible since we
assumed that p belongs to the radical of W . □
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Remarks 2.16. 1. The following formula is worth mentioning:

∂R{1},∆(eR)=
1

q2− q

(
p+ 1

(p+ 1)q
−1

)
eR.

2. In the notation of the examples above, we have R{1} ≃ (p)q R ≃ G1.

3. From a heuristic point of view, we have eR = log(q)/(q−1).

4. One can also introduce the prismatic logarithm of q p, log∆(q
p) := (q−1)eR , so that

∂R{1},∆(log∆(q
p))=

p
q2− q

log∆(q
p).

This corresponds to construction 3.2.2 of [BL22a] applied to (R, (p)q).

Our terminology comes from the following compatibility with construction 2.2.11 in [BL22a]:

Proposition 2.17. If W is p-adically complete, then there exists an isomorphism of ∇∆-modules

R{1} ≃ lim
←−−
/p
(pr )q R/(pr )2q R.

Proof. Recall that, by definition, q pr
− 1= (q−1)(pr )q , which implies that q pr

≡ 1 mod (pr )q and then,
also, that (p)q pr ≡ p mod (pr )q . Thus, we see that

(pr+1)q = (ppr )q = (p)q pr (pr )q ≡ p(pr )q mod (pr )2q .

It follows that the map

1
p
: (pr+1)q R/(pr+1)2q R→ (pr )q R/(pr )2q R, (pr+1)q 7→ (pr )q

is well defined. Moreover, we have

∂∆((q−1)(pr )q)= (pr+1)qq pr
−1
≡

p
q
(pr )q mod (pr )2q ,

which shows the compatibility with the formula in Lemma 2.15. Finally, since W is assumed to be
p-adically complete, R is (p, q−1)-adically complete and therefore

R{1} ≃ lim
←−−

R{1}/(pr )q R{1} ≃ lim
←−−
/p
(pr )q R/(pr )2q R, eR 7→ ((pr )q)r∈N. □

The general notion of a twisted R-module is discussed in Section 2 of [LQ18b] but we shall only need
the following:

Definition 2.18. A γ -module is an R-module M endowed with a continuous γ -linear endomorphism γM .
It is said to be inversive if its linearization

1
γ↖⊗ γM : γ

∗M := R
γ↖⊗R M→ M

is bijective.

The following will later help us make the link with Wach modules:
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Proposition 2.19. (1) If M is a ∇∆-module on R, then

γM := Id+ (q2
− q)∂M,∆

is a continuous γ -linear endomorphism of M.

(2) This induces an isomorphism between the categories of (q−1)-torsion-free ∇∆-modules and (q−1)-
torsion-free γ -modules that become trivial modulo q−1.

Proof. If α ∈ R and s ∈ M , then we have

γM(αs)= αs+ (q2
− q)∂M,q p(αs)

= αs+ (q2
− q)∂∆(α)s+ (q2

− q)γ (α)∂M,q p(s)

= γ (α)s+ (q2
− q)γ (α)∂M,q p(s)

= γ (α)γM(s).

Moreover, γM is clearly continuous. Finally, the inverse to our functor is provided by the formula

∂M,∆ =
γM − IdM

q2− q
. □

Examples. 1. With the above ∇∆-module Fn corresponding to the (p)q -adic filtration, we get

γFn (s)= λ
ns

(
=

(p)nq p+1

(p)nq
s
)
,

with λ as in formula (10).

2. With the above ∇∆-module Gn corresponding to the (p)q -adic graduation, we get

γGn (s)= (p+ 1)ns.

3. For the Breuil–Kisin action, we obtain

γR{1}(eR)=
p+ 1

(p+ 1)q
eR and γR{1}(log∆(q

p))= (p+ 1) log∆(q
p).

Remarks 2.20. 1. The trivial action on R is inversive because the linearization of γ is the identity.

2. More generally, if M is finite projective, then any action by ∆-derivations is inversive. Writing M as a
direct summand of a free R-module, we may actually assume that M is free. Given a basis s, we can
write γM(s)= (I + (q2

− q)A)s for some matrix A with coefficients in R and the matrix I + (q2
− q)A

is invertible.

3. Actually, thanks to the derived Nakayama lemma [Sta19, Tag 0G1U], it is sufficient to assume that M
is derived complete and completely flat (since γM reduces to the identity modulo q−1).

https://stacks.math.columbia.edu/tag/0G1U
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Lemma 2.21. Let M and N be two ∇∆-modules on R. Then:

(1) The formula

∀s ∈ M, t ∈ N , ∂M⊗N ,∆(s⊗ t)= ∂M,∆(s)⊗ t + γM(s)⊗ ∂N ,∆(t)

defines an action by ∆-derivations on M ⊗R N.

(2) If M is inversive, then there exists a unique action by ∆-derivations on HomR(M, N ) such that

∀ f : M→ N , ∂Hom(M,N ),∆( f ) ◦ γM = ∂N ,∆ ◦ f − f ◦ ∂M,∆.

Proof. We will not mention the modules as indices in this proof.
For the first assertion, we start with the following computation for α ∈ R:

∂∆(s⊗αt)= ∂∆(s)⊗αt + γ (s)⊗ ∂∆(αt)

= ∂∆(s)⊗αt + γ (s)⊗ ∂∆(α)t + γ (s)⊗ γ (α)∂∆(t)

= (∂∆(α)γ (s)+α∂∆(s))⊗ t + γ (α)γ (s)⊗ ∂∆(t)

= ∂∆(αs)⊗ t + γ (αs)⊗ ∂∆(t).

This shows that the formula is well defined and we now show that this is indeed a ∆-derivation:

∂∆(αs⊗ t)= ∂∆(αs)⊗ t + γ (αs)⊗ ∂∆(t)

= (∂∆(α)s+ γ (α)∂∆(s))⊗ t + γ (α)γ (s)⊗ ∂∆(t)

= ∂∆(α)s⊗ t + γ (α)(∂∆(s)⊗ t + γ (s)⊗ ∂∆(t))

= ∂∆(α)s⊗ t + γ (α)∂∆(s⊗ t).

The second assertion requires more care. Uniqueness is clear since M is assumed to be inversive and
we want to show that

∂∆(α f )= ∂∆(α) f + γ (α)∂∆( f )

or, after composing on the right with γ , that

∂∆ ◦α f −α f ◦ ∂∆ = ∂∆(α) f ◦ γ + γ (α)∂∆ ◦ f − γ (α) f ◦ ∂∆.

Since ∂∆ ◦α = ∂∆(α)+ γ (α)∂∆, this is equivalent to

∂∆(α) f −α f ◦ ∂∆ = ∂∆(α) f ◦ γ − γ (α) f ◦ ∂∆

and it is therefore sufficient (after simplification by f on the left) to check that

∂∆(α)−α∂∆ = ∂∆(α)γ − γ (α)∂∆.

This follows from the equality
∂∆(α)(γ − Id)= (γ − Id)(α)∂∆,

which is readily seen to hold since γ − Id= (q2
− q)∂∆. □
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The tensor product and Hom structures are compatible in various ways and we shall need in particular
the following:

Lemma 2.22. If M1,M2,M ′1,M ′2 are ∇∆-modules on R and M1,M2 are inversive, then the natural map

HomR(M1,M ′1)⊗R HomR(M2,M ′2)→ Hom(M1⊗R M2,M ′1⊗R M ′2)

is horizontal.

Proof. This is readily checked. It is actually sufficient to show the analogous assertion for the action of γ
on the various R-modules. This makes the computations easier (see Remark 2.23.1 below). □

Remarks 2.23. 1. We will have

∀s ∈ M, t ∈ N , γM⊗N (s⊗ t)= γM(s)⊗ γN (t)(
resp. ∀ f : M→ N , γHom(M,N )( f ) ◦ γM = γN ◦ f

)
.

2. We can also consider for all n ∈ N the tensor power M⊗n of a ∇∆-module M . In the case of a free
module F of rank one with generator s and action given by ∂F,∆(s)= αs, one can check that

∂F⊗n,∆(s⊗n)=

( n∑
k=1

(n
k

)
(q2
− q)k−1αk

)
s⊗n

and

γF⊗n (s⊗n)= βns⊗n, with β := 1+ (q2
− q)α.

3. We may also consider the dual M̌ of M when M is an inversive ∇∆-module. With F as before, we find

∂F̌,∆(š)=−
α

1+ (q2− q)α
š and γF̌ (š)=

1
β

š.

4. One can also generalize the definition of M⊗n to all n ∈ Z by setting M⊗(−n)
:= M̌⊗n .

5. If M and M ′ are two ∇∆-modules with M inversive, then

H0
dR,∆(HomR(M,M ′))= Hom∇(M,M ′).

Examples. 1. With n ∈ N and Fn as above corresponding to the (p)q -adic filtration, we have Fn ≃ F⊗n
1 .

If we set F−n := F̌n , then, in the case n = 1, we have

∂F−1,∆(š)=−
1
λ
∂q p(p)q š

(
=−

∂∆((p)q)
(p)q p+1

š
)

with λ as in formula (10). Note that F−n ≃ (p)−r
q R := HomR((p)rq R, R).

2. If, for n ∈ Z, we set R{n} := R{1}⊗n , then we will have

∂R{n},∆(e⊗n
R )=

1
q2− q

(
(p+ 1)n

(p+ 1)nq
−1

)
e⊗n

R and γR{n}(e⊗n
R )=

(p+ 1)n

(p+ 1)nq
e⊗n

R .
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3. Since, for all n ∈N, Gn is nothing but R{n} (or (p)nq R) modulo (p)q , we see that, if we set G−n := Ǧn ,
then for all n ∈ Z,

∂Gn,∆(s
⊗n)= (n)p+1(p)′ζ s⊗n and γGn (s

⊗n)= (p+ 1)ns⊗n.

4. Even if computing cohomology is hard in general, we can do it for R{n}/pR{n} (≃ Gn/pGn), with
n ∈ Z, when W is the ring of Witt vectors of a perfect field k of positive characteristic p. We then have

(n)p+1 ≡ 0 mod p ⇐⇒ p | n and (p)′ζ ≡ (ζ−1)p−2 mod p

(compare with Construction 2.4 in [BM23]),

dimk H0
dR,∆(R{n}/pR{n})= dimk H1

dR,∆(R{n}/pR{n})= p−1

when p | n and

dimk H0
dR,∆(R{n}/pR{n})= 1, dimk H1

dR,∆(R{n}/pR{n})= p− 2

when p ∤ n.

We can twist a ∇∆-module in various ways:

Definition 2.24. If M is a ∇∆-module on R and n ∈ Z, then

(1) the n-th (p)q -adic twist of M is (p)nq M ,

(2) the n-th Breuil–Kisin twist of M is M{n} := M ⊗R R{n}.

Note that they coincide modulo (p)q .
We shall need later the following technical result:

Lemma 2.25. If M and N are two ∇∆-modules with M inversive and N complete, (q−1)-torsion free
with N/(q−1)N Z-torsion free, then the canonical map

Hom∇(M, N )→ HomW (M/(q−1)M, N/(q−1)N )

is injective.

Proof. Apply Lemma 2.14 to Hom(M, N ). □

Our theory is clearly functorial in W but there also exists some functoriality in R:

Proposition 2.26. Let M be a ∇∆-module on R and Mr := g∗r M its pullback under a morphism gr (given
by gr (q)= qr ). Then, there exists a unique action by ∆-derivations on Mr such that

∀s ∈ M, ∂Mr ,∆(1⊗ s)= (r)qqr−1
⊗ ∂M,∆(s).

Proof. Again, we will not mention the modules as indices in the proof. Uniqueness is clear and we will
then have

∀s ∈ M, ∂∆(r ⊗ s)= ∂∆(r)⊗ s+ γ (r)(r)qqr−1
⊗ ∂∆(s).
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This is clearly a ∆-derivation if it is well defined: we will have on the one hand

∂∆(qr
⊗ s)= (p)q(r)q p qr−1

⊗ s+ q pr+r (r)qqr−1
⊗ ∂∆(s),

and on the other hand

∂∆(1⊗ qs)= (r)qqr−1
⊗ ∂∆(qs)= (r)qqr−1

⊗ ((p)qs+ q p+1∂∆(s))

= (r)qqr−1(p)qr ⊗ s+ (r)qqr−1q pr+r
⊗ ∂∆(s).

The assertion therefore follows from the identity (p)q(r)q p = (pr)q = (r)q(p)qr . □

Remarks 2.27. 1. The statement holds for any r ∈ Z: the notion of q-analog of a negative integer makes
sense whenever q is invertible (see for example Definition 1.1 in [LQ15]) and all usual formulas still hold.

2. Actually, when p is topologically nilpotent in W , the statement extends to any r ∈ Zp.

3. We will simply have γMr (1⊗ s)= 1⊗ γM(s).

4. It makes sense to call a gr -linear morphism M→ M horizontal whenever the corresponding R-linear
morphism Mr → M is.

3. Higher ∆-derivatives

In order to have a full theory, it will not be sufficient to consider higher powers of ∆-derivations, and we
shall introduce higher ∆-derivatives as a byproduct of ∆-Taylor maps.

As before, W denotes a complete adic ring and R := W [[q−1]], where q is an indeterminate. We
always use the mW + (q−1)-adic topology, where mW denotes an ideal of definition of W . We fix some
positive integer p and we denote by ξ and ω two indeterminates over R (thinking of ω as ξ/(p)q ).

There exists a unique continuous isomorphism of W -algebras

R⊗̂W R ≃W [[q0−1, q1−1]] ≃
// R[[ξ ]] ≃W [[q−1, ξ ]],

q0
� // q,

q1
� // q + ξ.

(11)

Definition 3.1. The Taylor map (of infinite level)

θ (∞) : R→ R[[ξ ]]

is the composition of the stupid Taylor map

p2 : R→ R⊗̂W R, α 7→ 1⊗α,

with the isomorphism (11).

In other words, θ (∞) is the unique continuous W -linear map such that q 7→ q + ξ . By symmetry, we
shall denote by ι(∞) : R→ R[[ξ ]] the canonical map which is the composite of

p1 : R→ R⊗̂W R, α 7→ α⊗ 1,
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with the isomorphism (11). This is also the unique continuous W -linear map such that q 7→ q. We may
then call action on the right the action of R through the Taylor map by contrast with the action through the
canonical map, that we may then refer to as the action on the left. This applies also to all canonical/Taylor
maps that we shall encounter in the future. When there is no risk of confusion, we will simply denote by
ι/θ any canonical/Taylor map (and there will be many of them). However, we may also write ιR/θR when
other rings (or modules) are involved.

Definition 3.2. The flip map on R[[ξ ]] is the unique semilinear (with respect to θ (∞)) R-algebra automor-
phism

τ : R[[ξ ]]
≃
−→ R[[ξ ]], ξ 7→ −ξ.

The flip map is a symmetry (τ ◦ τ = Id) that exchanges the left and right R-algebra structures of R[[ξ ]].
It corresponds to the continuous W -linear automorphism

W [[q0−1, q1−1]]
≃
−→W [[q0−1, q1−1]], q0 7→ q1, q1 7→ q0,

or maybe better, to

R⊗̂W R
≃
−→ R⊗̂W R, f ⊗ g 7→ g⊗ f.

Remarks 3.3. 1. Since τ exchanges θ and ι, we have ι= τ ◦ θ and θ = τ ◦ ι. Therefore, for α ∈ R we
get α = τ(θ(α)) and θ(α)= τ(α).

2. We shall freely use all terminology and notation from usual calculus (taking into account the topology
of R). We can consider for example the module of continuous differentials �R/W (or � for short). This
is the kernel of the augmentation map R[ξ ]/ξ 2

→ R, ξ 7→ 0, and it comes with the universal derivation
d : R→ � induced by the difference θ (∞)R − ι

(∞)
R . Of course, � is a free R-module of rank one with

generator dq . One may then define a connection and so on.

3. If we compose the Taylor map θ (∞) with the blow up

R[[ξ ]] → R[[ω]], ξ 7→ (p)qω,

then we recover log-calculus with respect to the divisor (p)q . In particular, we can consider the kernel
�log of the augmentation map R[ω]/ω2

→ R as well as log-connections. Be careful however that the
coordinate q does not match the divisor (p)q . In particular, dlog(p)q is not a generator of �log and we
must use “dq/(p)q” instead. We shall develop a variant of this theory in Section 8.

We are actually interested in twisted calculus and we recall from Remark 1.4.3 and Definition 1.3 that
we write4

ξ (n)q p
:=

n−1∏
k=0

(ξ − q pk+1
+ q) and ω(n)∆ :=

n−1∏
k=0

(ω− (k)q p(q2
− q)).

4For a while, we shall do the q p-case in parallel with the ∆-case even if only the latter will matter in the end.



1328 Michel Gros, Bernard Le Stum and Adolfo Quirós

As we noticed in Remark 1.4.4, blowing up ξ 7→ (p)qω sends ξ (n)q p to (p)nqω
(n)∆ . Let us recall that,

according to Lemma 1.6, we have

R[[ξ ]] ≃ lim
←−−

R[ξ ]/ξ (n+1)q p .

Definition 3.4. The q p-Taylor map (resp. ∆-Taylor map) of infinite level and finite order n ∈ N is the
composite

θ
(∞)
n,q p : R

θ (∞)

−−→ R[[ξ ]]↠ R[ξ ]/ξ (n+1)q p
(
resp. θ (∞)n,∆ : R

θ
(∞)

n,q p
−−→ R[ξ ]/ξ (n+1)q p

→ R[ω]/ω(n+1)∆
)
.

This Taylor map sends q to q + ξ mod ξ (n+1)q p (resp. to q + (p)qω mod ω(n+1)∆). By symmetry, we
may also write ι(∞)n,q p and ι(∞)n,∆ for the canonical maps.

We can now introduce higher q p-derivatives (resp. higher ∆-derivatives) of infinite level:

Lemma 3.5. For each k ∈ N, there exists a unique continuous W -linear map ∂ [k]q p : R → R (resp.
∂
[k]
∆ : R→ R) such that for all n ∈ N,

∂
[k]
q p (qn)=

(n
k

)
q p

qn−k
(

resp. ∂ [k]∆ (qn)= (p)kq
(n

k

)
q p

qn−k
)

(12)

and we have for all n ∈ N and α ∈ R,

θ
(∞)
n,q p(α)=

n∑
k=0

∂
[k]
q p (α)ξ

(k)q p
(

resp. θ (∞)n,∆ (α)=

n∑
k=0

∂
[k]
∆ (α)ω(k)∆

)
. (13)

Proof. Uniqueness is clear. Existence of continuous W -linear maps satisfying (13) follows from the
definitions of θ (∞)n,q p and θ (∞)n,∆ . Finally, for n ≤ N , we have

θ
(∞)
N ,q p(qn)= (q + ξ)n =

n∑
k=0

(n
k

)
q p

qn−kξ (k)q p .

This provides the formulas in (12). □

This notation is compatible with that of Section 2 in the sense that

∂
[0]
q p = ∂

[0]
∆ = IdR, ∂

[1]
q p = ∂q p and ∂

[1]
∆ = ∂∆.

Also, for all k ∈ N, ∂ [k]∆ = (p)
k
q∂
[k]
q p (so one is a logarithmic version of the other).

We now recall the notion of module of γ -differentials from Definition 2.1 of [LQ18a] that we simply
call here module of q p-differentials:

Definition 3.6. The module of q p-differentials of R/W is

�R/W,q p := R[ξ ]ξ/R[ξ ]ξ (2)q p

(or �q p for short).
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In other words, �q p is the kernel of the augmentation map R[ξ ]/ξ (2)q p
→ R. We may then consider

the map dq p : R→�q p induced by difference

θ
(∞)
1,q p − ι

(∞)
1,q p : R 7→ R[ξ ]/ξ (2)q p , q 7→ ξ mod ξ (2)q p .

Note that �q p is a free R-module on dq p q and

∀α ∈ R, dq p(α)= ∂q p(α)dq p q. (14)

We can give a shorter proof of Proposition 2.4 in [LQ18a] in this setting:

Lemma 3.7. The map dq p : R→�q p is universal for q p-derivations.

Proof. First of all, formula (14) shows that dq p is a q p-derivation. On the other hand, it follows from
Lemma 2.4 that a q p-derivation D : R→ M is uniquely determined by D(q). □

As a consequence, we see that Tq p and �q p are naturally dual to each other.

Definition 3.8. A ∆-connection on an R-module M is a W -linear map ∇M : M→ M ⊗R �q p such that

∀α ∈ R,∀s ∈ M, ∇M(αs)= (p)q s⊗ dq p(α)+ γ (α)∇M(s).

Proposition 3.9. The category of ∇∆-modules on R is isomorphic to the category of R-modules endowed
with a ∆-connection.

Proof. This follows from Proposition 2.13 since a ∆-connection ∇M is equivalent to a ∆-derivation ∂M,∆

with respect to ∂q p via

∇M(s)= ∂M,∆(s)⊗ dq p q. □

According to Lemma 2.10, the condition of Definition 3.8 boils down to

∀s ∈ M, ∇M(qs)= s⊗ (p)qdq p q + q p+1
∇M(s).

Note also that

R0dR,∆(M)≃
[
M
∇M
−−→ M ⊗R �q p

]
is the (cohomology of the) de Rham complex – as it should.

We shall also consider a logarithmic version of �q p :

Definition 3.10. The module of ∆-differentials of R/W is

�R/W,∆ = R[ω]ω/R[ω]ω(2)∆

(or �∆ for short).

Again, this is the kernel of the augmentation map R[ω]/ω(2)∆ → R. There exists a canonical injective
map �q p ↪→�∆ sending the class of ξ to the class of (p)qω and the q p-derivation

R
dq p
−−→�q p ↪→�∆
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(which we shall still denote by dq p ) is identical to the map induced by θ (∞)1,∆ − ι
(∞)
1,∆ . On the other hand,

we may consider the Bockstein5 isomorphism B :�q p ≃�∆ sending the class of ξ to the class of ω, as
well as and the composite map

d∆ : R
dq p
−−→�q p

B
≃�∆,

so that dq p = (p)qd∆. In particular, �∆ is a free R-module of rank one on d∆q.

Proposition 3.11. The category of ∇∆-modules on R is isomorphic to the category of R-modules M
endowed with a W -linear map ∇M : M→ M ⊗R �∆ such that

∀α ∈ R,∀s ∈ M, ∇M(αs)= s⊗ d∆(α)+ γ (α)∇M(s).

Proof. According to Proposition 3.9, the equivalence is given by

∇M(s)= ∂M,∆(s)⊗ d∆q. □

Be careful that this equivalence is not so natural in the sense that we use Bockstein isomorphism.
There exists yet another equivalent notion that needs to be introduced:

Definition 3.12. A ∆-Taylor map of order 1 on an R-module M is a semilinear section (R-linear for the
right structure)

θM,1 : M→ M ⊗R R[ω]/ω(2)∆

of the augmentation map.

The category of R-modules endowed with a ∆-Taylor map of order 1 is defined in the obvious way.
The next statement is the first step in the process of lifting a ∆-derivation to what we shall call a ∆-Taylor
map of infinite order:

Lemma 3.13. The category of ∇∆-modules on R is isomorphic to the category of R-modules endowed
with a ∆-Taylor map of order 1.

Proof. We shall rely on Proposition 3.9. It is equivalent to give a W -linear map ∇M : M→ M ⊗R �∆ or
a W -linear section θM,1 : M→ M⊗R R[ω]/ω(2)∆ of the augmentation map. This equivalence is given by

∀s ∈ M, θM,1(s)= s⊗ 1+∇M(s).

Moreover, ∇M defines a ∆-connection if and only if θM,1 is semilinear. More precisely, since θR acts as
γ on �∆ (see Lemma 3.17 below for example), we have for α ∈ R and s ∈ M ,

θM,1(αs)= θR(α)θM,1(s) ⇐⇒ αs⊗ 1+∇M(αs)= θR(α)(s⊗ 1+∇M(s))

⇐⇒ ∇M(αs)= s⊗ θR(α)− s⊗α+ γ (α)∇M(s)

⇐⇒ ∇M(αs)= s⊗ dq p(α)+ γ (α)∇M(s). □

To summarize, it is equivalent to give an action on an R-module M by ∆-derivations, a ∆-connection
(with both flavors) or a ∆-Taylor map of order 1. They all amount to giving a continuous W -linear map

5There is a twist here in the sense that the natural isomorphism is �q p ≃ (p)q�∆.
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∂M,∆ : M→ M such that

∀s ∈ M, ∂M,∆(qs)= (p)q s+ q p+1∂M,∆(s).

Moreover, these equivalences are compatible with the corresponding cohomology theories.
Recall that we introduced in Remark 1.8.4 and Definition 1.7 the twisted divided polynomial rings

R⟨ξ⟩q p and R⟨ω⟩∆ and from Remark 1.8.5 that there exists again a blowing up map

R⟨ξ⟩q p → R⟨ω⟩∆, ξ [n]q p
7→ (p)nqω

{n}∆ .

Definition 3.14. The q p-Taylor map (resp. the ∆-Taylor map) of order n on R is the composite map

θn,q p : R
θ
(∞)

n,q p
−−→R[ξ ]/ξ (n+1)q p

→ R⟨ξ⟩q p/ξ [>n]q p

(
resp. θn,∆ : R

θn,q p
−−→R⟨ξ⟩q p/ξ [>n]q p

→ R⟨ω⟩∆/ω{>n}∆
)
.

This is again the unique continuous W -linear map such that q 7→ q + ξ mod ξ [>n]q p (resp. q 7→
q + (p)qω mod ω{>n}∆).

There exists a statement similar to Lemma 3.5:

Proposition 3.15. For each k ∈ N, there exists a unique continuous W -linear map ∂⟨k⟩q p : R→ R (resp.

∂
⟨k⟩
∆ : R→ R) such that for all n ∈ N,

∂
⟨k⟩
q p (qn)= (k)q p !

(n
k

)
q p

qn−k
(

resp. ∂⟨k⟩∆ (qn)= (p)kq(k)q p !

(n
k

)
q p

qn−k
)

and we have for all n ∈ N and α ∈ R,

θn,q p(α)=

n∑
k=0

∂
⟨k⟩
q p (α)ξ

[k]q p

(
resp. θn,∆(α)=

n∑
k=0

∂
⟨k⟩
∆ (α)ω{k}∆

)
.

Proof. This is easily deduced from Lemma 3.5. □

Remarks 3.16. 1. We have

∂
⟨0⟩
q p = ∂

⟨0⟩
∆ = IdR, ∂

⟨1⟩
q p = ∂q p and ∂

⟨1⟩
∆ = ∂∆.

Also, for all k ∈ N, ∂⟨k⟩∆ = (p)
k
q∂
⟨k⟩
q p so that, again, one is a logarithmic version of the other.

2. However, when n ≥ 2, we have

∂
⟨2⟩
q p (qn)= ∂2

q p(qn)− q(p+1)(n−1)∂q p((n)q p) and ∂
⟨2⟩
∆ (qn)= ∂2

∆(q
n)− q(p+1)(n−1)∂∆((pn)q).

It is therefore important not to confuse the k-th higher derivative with the k-th power of the derivation
(unlike in the untwisted or relative case).

Since
R[ξ ]/ξ (2)q p

≃ R⟨ξ⟩q p/ξ [>1]q p
(
resp. R[ω]/ω(2)∆ ≃ R⟨ω⟩q p/ω{>1}∆

)
,
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we can interpret �q p (resp. �∆) as the kernel of the augmentation map R⟨ξ⟩q p/ξ [>1]q p
→ R (resp.

R⟨ω⟩∆/ω{>1}∆ → R).
The action of these Taylor maps on twisted divided powers is quite explicit (recall that gpn+1 denotes

the unique endomorphism of R such that gpn+1(q)= q pn+1):

Lemma 3.17. For all n ∈ N and α ∈ R, we have

θn,q p(α)ξ [n]q p
≡ gpn+1(α)ξ

[n]q p mod ξ [n+1]q p ,

θn,∆(α)ω
{n}∆ ≡ gpn+1(α)ω

{n}∆ mod ω{n+1}∆ .

Proof. The second assertion follows by blowing up the first one, which reduces to formula (4) since both
θn,q p and gpn+1 are continuous morphisms of W -algebras. One may also derive the second assertion
directly from Lemma 1.9. □

Lemma 3.17 shows a tight relation between twisted Taylor maps and the automorphisms gr for
r ≡ 1 mod p. As a consequence of the lemma, the usual basis of a ring of twisted divided polynomials is
also a basis for the right structure. In particular, the Taylor maps of finite order are finite free:

Proposition 3.18. For all n ∈ N, the R-algebra R⟨ξ⟩q p/ξ [>n]q p (resp. R⟨ω⟩∆/ω{>n}∆) is free on ξ [n]q p

(resp. ω{k}∆) for k ≤ n for both the left and right structures.

Proof. Only the case of the right structure needs a proof but it follows from Lemma 3.17 that the R-module
ξ [≥n]q p /ξ [>n]q p (resp. ω{≥n}∆/ω{>n}∆) is free of rank one on ξ [n]q p (resp. ω{n}∆) for the right structure also.
Our assertion is then obtained by induction. □

We end this section with some preparation for Section 5. We will systematically extend the endomor-
phism gr of R (given by gr (q)= qr ) to the polynomial ring R[ξ ] by simply setting

gr (q + ξ)= q + ξ

so that gr (ξ)= ξ + q − qr . We may notice that

gkp+1(ξ)= ξ + q − qkp+1 (15)

so that, with the notation of Section 1 and considering the case x = q, we have

ξ (n)q p
=

n−1∏
k=0

gkp+1(ξ).

The R-linear endomorphism g′r of the polynomial ring R[ξ ] given by

g′r (q + ξ)= (q + ξ)
r

will also show up. The maps gr and g′r on R[ξ ] are exchanged by the flip map that interchanges q and
q + ξ .
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The endomorphism gr of R[ξ ] extends uniquely to a continuous endomorphism of the ring R[[ξ ]]. This
follows from the fact that

gr (ξ)= ξ − (r−1)q(q2
− q) ∈ (q−1, ξ).

Alternatively, the endomorphism gr of R[[ξ ]] corresponds to the unique continuous endomorphism of the
ring W [[q0−1, q1−1]] such that q0 7→ qr

0 and q1 7→ q1. Or better, it corresponds to the endomorphism
gr⊗̂W IdR of R⊗̂W R.

All the above applies in particular to γ := gp+1 and we shall then write γ ′ := g′p+1. The endomorphism
γ of R[ξ ] extends naturally to an endomorphism of R[ω] via blowing up ξ 7→ (p)qω. This is shown as
follows. From equality (15), we get

(p)q p+1γ (ω)= (p)q(ω− q2
+ q), (16)

and therefore

γ (ω)=
1
λ
(ω− q2

+ q). (17)

with λ as in formula (10).
It is much harder to extend γ to R⟨ξ⟩q p or R⟨ω⟩∆ (but see Proposition 5.7 below).

4. The p-adic situation

We specialize now our situation to the case of a p-adic base ring, where p is a fixed prime. With this extra
requirement, we will be able to define the notion of a ∆-Taylor map of infinite order. This is necessary in
order to develop absolute hypercalculus in the next section.

So, we fix now a prime p and a p-adically complete ring W , and we set R := W [[q−1]]. Unless
otherwise specified, all R-modules (and in particular R-algebras) are endowed with the (p, q−1)-adic
topology and completion is meant with respect to this topology.

In this situation, we have the following:6

Lemma 4.1. For all r ∈ N, there exists a canonical map

R[[ξ ]] → R̂⟨ξ⟩qr .

Proof. Since (ps)qr ≡ 0 mod (p, q−1) for all s > 0, we have (n)qr ! → 0 when n→∞, and so does
the image (n)qr !ξ {n}qr of ξ (n)qr . Our assertion therefore follows from Lemma 1.6 applied to ξ (instead
of ω). □

Recall that we introduced in Definition 3.1 the Taylor map of infinite level.

Definition 4.2. The qr -Taylor map (resp. ∆-Taylor map) of R is the composite map

θqr : R
θ (∞)

−−→ R[[ξ ]] → R̂⟨ξ⟩qr

(
resp. θ∆ : R

θqr
−→ R̂⟨ξ⟩q p → R̂⟨ω⟩∆

)
.

6Since p is now a fixed prime, we use the letter r for a generic integer that will soon be equal to p.
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We shall again simply write θ when there is no risk of confusion and focus on the ∆ case. The ∆-Taylor
map is the unique continuous W -linear map such that q 7→ q + (p)qω. We recover the ∆-Taylor map of
finite order n of Definition 3.14 as the composition

θn,∆ : R
θ∆
−→ R̂⟨ω⟩∆ ↠ R̂⟨ω⟩∆/ω̂{>n}∆ ≃ R⟨ω⟩∆/ω{>n}∆ .

The last isomorphism follows from the fact that R⟨ω⟩∆/ω{>n}∆ is a finite projective (actually free)
R-module.

In order to also extend below the flip map, we will need the following:

Lemma 4.3. In R̂⟨ω⟩∆, we have θ((p)q)= L(ω)(p)q with L(ω) ∈ R̂⟨ω⟩
×

∆ .

Proof. It follows from the usual Taylor formula that

θ((p)q)=
p−1∑
k=0

∂ [k]((p)q)(p)kqω
k .

Therefore, the equality will hold with

L(ω)= 1+
( p−1∑

k=1

∂ [k]((p)q)(p)k−1
q ωk−1

)
ω. (18)

This is an invertible element because ω is topologically nilpotent thanks to Lemma 1.6. □

In order to go further, we shall need some results from the theory of prisms of Bhatt and Scholze
[BS23]. A δ-pair is a couple (B, J ) where B is a δ-ring and J is an ideal in B. We shall then write
B := B/J . The δ-pair is said to be bounded if B has bounded p∞-torsion. A bounded prism is a bounded
δ-pair (B, J ) such that J is invertible, B is complete for the (p)+ J -adic topology and p ∈ J +φ(J )B.
When J is understood from the context, we may simply say that B is a bounded prism. When J = (d) is
principal, we just write (B, d) and call B oriented. For example, if W itself is a δ-ring with bounded
p∞-torsion and we set δ(q)= 0, then (R, (p)q) is an oriented bounded prism. In general, the (bounded)
prismatic envelope of a bounded δ-pair (B, J ), if it exists, is a bounded prism which is universal for
morphisms of δ-pairs from (B, J ) to bounded prisms.

The following result is the absolute variant of [GLQ22b, Proposition 5.7].

Theorem 4.4. Let W be a p-adically complete δ-ring with bounded p∞-torsion and R :=W [[q−1]]. We
endow R (resp. R[[ξ ]]) with the unique δ-structure such that δ(q)= 0 (resp. δ(q)= 0 and δ(q + ξ)= 0).
Then (R̂⟨ω⟩∆, (p)q) is the (bounded) prismatic envelope of (R[[ξ ]], ξ).

Proof. We apply [GLQ22b, Theorem 5.2]to the case A = R and x = q . It means that R⟨ω⟩∆ is universal
for morphisms of δ-rings from R[ξ ] to a (p)q -torsion free δ-ring B that send ξ into (p)q B. Our assertion
then follows from Lemma 4.1, and Corollary 4.5 of [GLQ23a], which implies that R̂⟨ω⟩∆ is bounded. □
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Remarks 4.5. 1. There exists an analog of Theorem 4.4 with qr instead of ∆: for any r ∈ N, the δ-pair(
R̂⟨ξ⟩qr , (p)qr

)
is the qr -PD-envelope of (R[[ξ ]], ξ). This follows from [GLQ23a, Theorem 3.5], taking

A = R and replacing q with qr and x with q .

2. The prism (A, I ) introduced by Bhargav Bhatt and Jacob Lurie in [BL22a, Proposition 2.6.5] in order
to describe prismatic logarithms, is exactly our

(
R̂⟨ξ⟩q , (p)q

)
when W = Zp. In their notation, we have

u = 1+ ξ/q .

We can now extend the flip map that was introduced in Definition 3.2:

Proposition 4.6. The flip map of R[[ξ ]] extends uniquely to a continuous semilinear (with respect to θ )
automorphism τ of the ring R̂⟨ω⟩∆ and we have τ ◦ τ = IdR̂⟨ω⟩∆

.

Proof. This is completely formal and we may therefore assume that W = Zp. Then, W is a complete
δ-ring (for its unique δ-structure) with no p-torsion (and in particular with bounded p∞-torsion). We
endow R (resp. R[[ξ ]]) with the unique δ-structure such that δ(q)= 0 (resp. δ(q)= 0 and δ(q + ξ)= 0).
We showed in Lemma 4.3 that θ((p)q) ∈ (p)q R̂⟨ω⟩∆. Since the flip map exchanges q and q + ξ , this is
a morphism of δ-rings. It therefore follows from Theorem 4.4 that the flip map extends uniquely to a
θ-semilinear endomorphism of the bounded prism

(
R̂⟨ω⟩∆, (p)q

)
. The last assertion also follows from

the universal property. □

Examples. 1. We have

θ((p)q)τ (ω)= τ((p)qω)= τ(ξ)=−ξ =−(p)qω

and therefore τ(ω)=−L(ω)−1ω with L(ω) as in formula (18). This shows that this flip map is not trivial
at all. In particular, it seems hard to provide an explicit formula for higher twisted powers as we did for
example in [GLQ23a, Proposition 5.4] in level 0 in the relative case.

2. Alternatively, τ is the unique natural continuous semilinear automorphism of the R-algebra R̂⟨ω⟩∆
such that τ(ω)=−L(ω)−1ω.

3. As a consequence of the above computation, we get L(ω)−1
= τ(L(ω)) since

ω = τ(τ (ω))= τ(−L(ω)−1ω)=−τ(L(ω))−1τ(ω)= τ(L(ω))−1L(ω)−1ω.

In order to go further, we need more estimates:

Lemma 4.7. In R̂⟨ξ⟩q p , we have

∀n, r ∈ N, θ((n)q pr )≡ 0 mod (n)q pr .

Proof. If p ∤ n, then (n)q pr is invertible and the assertion is trivially true. We may therefore assume that
n = pm for some m ∈ N and we have

(n)q pr = (pm)q pr = (p)q pr (m)q p2r .
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By induction, we are reduced to the case n = p. If r, i ∈ N, we have

(pri)q p = (r)q p(pi)q pr = (r)q p(p)q pr (i)q p2r

and therefore (pri)q p ≡ 0 mod (p)q pr . It follows that if k ̸= 0, then

(k)q p !

( pri
k

)
q p
≡ 0 mod (p)q pr .

Therefore, using Proposition 3.15, we see that

θ(q pri )=

pri∑
k=0

(k)q p !

( pri
k

)
q p

q pri−kξ [k]q p
≡ q pri mod (p)q pr

and finally

θ((p)q pr )=

p−1∑
i=0

θ(q pri )≡

p−1∑
i=0

q pri
= (p)q pr ≡ 0 mod (p)q pr . □

Remarks 4.8. 1. Of course, the result then also hods in R̂⟨ω⟩∆, but it is not true anymore in R̂⟨ξ⟩q . For
example, θ((2)q)= (2)q + ξ is not a multiple of (2)q if p = 2. For the same reason, there is no analog of
Lemma 4.3 in R̂⟨ξ⟩q or even in R̂⟨ξ⟩q p .

2. From Lemmas 4.3 and 4.7, one can deduce that

∀n ∈ N, θ((pn)q)≡ 0 mod (pn)q

in R̂⟨ω⟩∆.

3. As a consequence, if either p | r , or else r = 1 and p | n, then ∂∆((n)qr ) ∈ (n)qr R. This provides a
whole collection of examples of free ∇∆-modules of rank one. This also shows that the twisted filtration
defined on R by (pn)q R, n ≥ 0, is stable under the action of ∂∆.

We can now prove the following analog to Lemma 4.3:

Proposition 4.9. For all n ∈ N, we have θ((n)q p)= un(ω)(n)q p with un(ω) ∈ R̂⟨ω⟩
×

∆ .

Proof. It follows from Lemma 4.7 that θ((n)q p)= un(ω)(n)q p for some un(ω) ∈ R̂⟨ω⟩∆ and it remains to
show that un(ω) is invertible. But then, using Remark 3.3.1, we have

(n)q p = τ(θ((n)q p))= τ(un(ω)(n)q p)= τ(un(ω))θ((n)q p)= τ(un(ω))un(ω)(n)q p .

Using the fact that (n)q p is regular, we even get the formula un(ω)
−1
= τ(un(ω)). □
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We need to go one step further and we consider the isomorphism

R⊗̂W R⊗̂W R ≃
// R[[ξ ]]⊗̂′R R[[ξ ]]

|| ||

W [[q0−1, q1−1, q2−1]] ≃
// W [[q−1, ξ1, ξ2]],

q0
� // q,

q1
� // q + ξ1,

q2
� // q + ξ1+ ξ2,

where ⊗′ indicates that we use the Taylor map as a structural map on the left. The various maps

p23, p13, p12 : R⊗̂W R→ R⊗̂W R⊗̂W R,

corresponding geometrically to the projections that forget the first, middle and last component, are taken
through this isomorphism to, respectively,

p2,1, p1 : R[[ξ ]] → R[[ξ ]]⊗̂′R R[[ξ ]],

with
p1(q)= q ⊗ 1, p2(q)= θ(q)⊗ 1, 1(q)= q ⊗ 1,

p1(ξ)= ξ ⊗ 1, p2(ξ)= 1⊗ ξ, 1(ξ)= 1⊗ ξ + ξ ⊗ 1.

In particular, both p1 and 1 are R-linear with respect to the left action but p2 is R-linear with respect to
the right action. We shall call 1 the comultiplication map.

Lemma 4.10. Assume W is a δ-ring with bounded p∞-torsion. Then, the ring R̂⟨ω⟩∆⊗̂
′

R R̂⟨ω⟩∆ is the
(bounded) prismatic envelope of (ξ ⊗ 1, 1⊗ ξ) in R[[ξ ]]⊗̂′R R[[ξ ]].

Proof. It follows from Lemma 4.3 that R̂⟨ω⟩∆ is not only the prismatic envelope of ξ in R[[ξ ]] when R[[ξ ]]
is seen as an R-module via the canonical map, but also when it is seen as an R-module via the Taylor
map (which is a morphism of δ-rings). Our assertion therefore follows from the universal property of
completed tensor products together with Corollary 4.5 of [GLQ23a], which ensures that R̂⟨ω⟩∆⊗̂

′

R R̂⟨ω⟩∆
is bounded. □

Proposition 4.11. The comultiplication map 1 that sends ξ to 1⊗ ξ + ξ ⊗ 1 extends uniquely to a
morphism of R-algebras

1 : R̂⟨ω⟩∆→ R̂⟨ω⟩∆⊗̂
′

R R̂⟨ω⟩∆.

Proof. Uniqueness is automatic. Concerning existence, we may assume that W = Zp and our assertion
therefore follows from Theorem 4.4 and Lemma 4.10. □

Remarks 4.12. 1. As an example, we can compute

1(ω)= L(ω)⊗ω+ω⊗ 1 (19)
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with L(ω) given by formula (18). Actually, comultiplication is the unique natural morphism of R-algebras
such that equality (19) holds.

2. This comultiplication map 1 is not the same as the diagonal map of [GLQ22b], which simply sends ω
to 1⊗ω+ω⊗ 1.

3. There is no general comultiplication map

1m,n : R⟨ω⟩∆/ω{>n+m}∆ → R⟨ω⟩∆/ω{>n}∆ ⊗′R R⟨ω⟩∆/ω{>m}∆

when n +m > 1. This is why composition of ∆-differential operators of finite order below will have
infinite order in general. For the same reason, there exists no such thing as a ∆-Taylor structure as in
Definition 3.8 of [GLQ22b]7 on an R-module in general. It will be essential to develop a hyper version
of the theory.

5. Absolute hypercalculus

We now develop the formalism of absolute hypercalculus. This will allow us to make the link with
prismatic crystals but it is also necessary in order to obtain a full theory of absolute calculus.

We still fix a prime p, a p-adically complete ring W and write R :=W [[q−1]].
We are in a situation where one can apply the formalism of groupoids in order to develop hypercalculus,

as explained for example in Chapter 2 of [Ber74], or more recently in the appendix of [Ogu22]. More
precisely, the formal scheme

G := Spf(R⟨ω⟩∆)

is a formal groupoid (it represents a presheaf of groupoids on the category of formal schemes) over
Spf(R):

• If T is a formal scheme over W , then an object (resp. a morphism) in G(T ) is a morphism of formal
schemes8 T → Spf(R) (resp. T → Spf(R⟨ω⟩∆)).

• The codomain (resp. domain, resp. identity, resp. composition, resp. inverse) is obtained from the
canonical (resp. Taylor, resp. augmentation, resp. comultiplication, resp. flip) map.

We shall however not rely on this formalism but, instead, will introduce successively the different notions
that we need.

Definition 5.1. A ∆-hyperstratification on an R-module M is an R̂⟨ω⟩∆-linear isomorphism

εM : R̂⟨ω⟩∆⊗̂
′

R M ≃ M⊗̂R R̂⟨ω⟩∆

(or ε for short) satisfying the cocycle condition

(εM ⊗ Id) ◦ (Id⊗ εM) ◦ (1⊗ IdM)= (IdM ⊗1) ◦ εM . (20)
7The remark at the end of Section 3 of that article stating that any Taylor structure extends to a stratification is not true in

general, but this does not affect any other results.
8In the notation of [Ogu22], Y = Spf(R) and A = Spf(R̂⟨ω⟩∆).
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The category of R-modules endowed with a ∆-hyperstratification is defined in the obvious way. For M
and N in this category, there exists the notion of a tensor product of ∆-hyperstratifications, given by

(R̂⟨ω⟩∆⊗̂
′

R M)⊗R̂⟨ω⟩∆
(R̂⟨ω⟩∆⊗̂

′

R N ) ≃
//

εM⊗εN≃

��

R̂⟨ω⟩∆⊗̂
′

R(M ⊗R N )

εM⊗N≃

��

(M⊗̂R R̂⟨ω⟩∆)⊗R̂⟨ω⟩∆
(N⊗̂R R̂⟨ω⟩∆)

≃
// (M ⊗R N )⊗̂R R̂⟨ω⟩∆

When, moreover, M is assumed to be finite projective, there also exists a ∆-hyperstratification on
HomR(M, N ), which is given by the following chain of isomorphisms

R̂⟨ω⟩∆⊗̂
′

RHomR(M, N ) ≃

εHom(M,N )
//

≃

��

HomR(M, N )⊗̂R R̂⟨ω⟩∆

≃

��

HomR(M, R̂⟨ω⟩∆⊗̂
′

R N )∧

≃

��

HomR(M, N⊗̂R R̂⟨ω⟩∆)∧

≃

��

HomR̂⟨ω⟩∆
(R̂⟨ω⟩∆⊗̂

′

R M, R̂⟨ω⟩∆⊗̂
′

R N )∧ ≃

εM ,εN
// HomR̂⟨ω⟩∆

(M⊗̂R R̂⟨ω⟩∆, N⊗̂R R̂⟨ω⟩∆)∧

As usual, we can consider a (apparently) weaker notion (we denote by e : R̂⟨ω⟩∆→ R the augmentation
map):

Definition 5.2. A ∆-Taylor map on an R-module M is a semilinear map (R-linear for the right structure)

θM : M→ M⊗̂R R̂⟨ω⟩∆
(or θ for short) such that

(IdM ⊗ e) ◦ θM = IdM and (θM ⊗ IdR̂⟨ω⟩∆
) ◦ θM = (IdM ⊗1) ◦ θM . (21)

We can make explicit the semilinearity condition: the right-hand side is naturally a R̂⟨ω⟩∆-module and
we have

∀α ∈ R,∀s ∈ M, θM(αs)= θR(α)θM(s),

where θR denotes the ∆-Taylor map of R.
Again, R-modules endowed with a ∆-Taylor map form a category in the obvious way and there exists

a tensor product (as well as a partial internal Hom, that we will not make explicit) given by

M ⊗R N → (M⊗̂R R̂⟨ω⟩∆)⊗R̂⟨ω⟩∆
(N⊗̂R R̂⟨ω⟩∆)≃ (M ⊗R N )⊗̂R R̂⟨ω⟩∆. (22)

Thanks to the existence of the flip map, we have the following:

Proposition 5.3. The category of R-modules endowed with a ∆-hyperstratification is isomorphic to the
category of R-modules endowed with a ∆-Taylor map.
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Proof. This is completely standard. The ∆-Taylor map extends uniquely to a R̂⟨ω⟩∆-linear map

εM : R̂⟨ω⟩∆⊗̂
′

R M→ M⊗̂R R̂⟨ω⟩∆

that satisfies the cocycle condition and it remains to show that it is bijective. For this purpose, we consider
the “flip map”

τM : M⊗̂R R̂⟨ω⟩∆ ≃ R̂⟨ω⟩∆⊗̂
′

R M, s⊗ϕ 7→ τ(ϕ)⊗ s. (23)

The cocycle condition then implies that τM ◦ εM ◦ τM is an inverse for εM . □

We may then rewrite the tensor product of two ∆-Taylor maps as

M ⊗R N
θM⊗IdN
−−−−→ M⊗̂R R̂⟨ω⟩∆⊗

′

R N
IdM⊗εN
−−−−→ (M ⊗R N )⊗̂R R̂⟨ω⟩∆.

There exists a down-to-earth description of these notions:

Lemma 5.4. The category of R-modules endowed with a ∆-hyperstratification is isomorphic to the
category of R-modules M endowed with a family of continuous W -linear maps ∂⟨k⟩M,∆ : M→ M such that,
for all s ∈ M and α ∈ R,

(1) ∂⟨0⟩M,∆(s)= s,

(2) ∂⟨k⟩M,∆(s)→ 0 as k→∞,

(3)
∞∑

i, j=0

(
∂
⟨i⟩
M,∆ ◦ ∂

⟨ j⟩
M,∆

)
(s)⊗ω{i}∆ ⊗ω{ j}∆ =

∞∑
n=0

∂
⟨n⟩
M,∆(s)⊗1(ω

{n}∆),

(4) ∂⟨k⟩M,∆(αs)=
∑

0≤i≤ j≤k
q p(i

2)
(k

j

)
q p

( j
i

)
q p
(q2
− q)i∂⟨k− j+i⟩

∆ (α)∂
⟨ j⟩
M,∆(s).

Proof. This equivalence is provided by

∀s ∈ M, θM(s)=
∞∑

k=0

∂
⟨k⟩
M,∆(s)⊗ω

{k}∆ . (24)

Condition (2) is equivalent to the existence of the map (24). Conditions (1) and (3) correspond to the
cocycle conditions (21). Finally, (4) is the explicit translation of right linearity. □

We will then call ∂⟨k⟩M,∆ the k-th ∆-derivative on M and write ∂M,∆ := ∂
⟨1⟩
M,∆.

Examples. 1. Trivial. In the case

M = R and ε = IdR̂⟨ω⟩∆
,

the ∆-Taylor map is (resp. the higher ∆-derivatives are) the same as in Definition 4.2 (resp. Proposition 3.15).

2. Right-regular. Comultiplication

1 : R̂⟨ω⟩∆→ R̂⟨ω⟩∆⊗̂
′

R R̂⟨ω⟩∆



Absolute calculus and prismatic crystals on cyclotomic rings 1341

is a ∆-Taylor map on R̂⟨ω⟩∆ seen as an R-module via the right structure. This follows from the formal
identity

(1⊗ IdR̂⟨ω⟩∆
) ◦1= (IdR̂⟨ω⟩∆

⊗1) ◦1. (25)

We will write

∀ϕ ∈ R̂⟨ω⟩∆, 1(ϕ)=

∞∑
k=0

L⟨k⟩∆ (ϕ)⊗ω{k}∆ .

The higher ∆-derivatives L⟨k⟩∆ are linear for the left structure. Note that the general cocycle condition in
Lemma 5.4.3 simplifies to

∞∑
i=0

(
∂
⟨i⟩
M,∆ ◦ ∂

⟨ j⟩
M,∆

)
(s)⊗ω{i}∆ =

∞∑
n=0

∂
⟨n⟩
M,∆(s)⊗ L⟨ j⟩∆ (ω{n}∆) (26)

for all j ∈ N.

3. Left-regular. There also exists a ∆-Taylor map for the left structure of R̂⟨ω⟩∆, that we will denote
again by θ :

θ : R̂⟨ω⟩∆→ R̂⟨ω⟩∆⊗̂R R̂⟨ω⟩∆.

It is obtained from 1 in the previous example by applying the flip map. More precisely,

θ =
(
τ ⊗R IdR̂⟨ω⟩∆

)
◦1 ◦ τ.

Alternatively, this is the unique continuous extension of the map

R[[ξ ]] → R[[ξ ]]⊗̂R R[[ξ ]], α 7→ 1⊗ θ(α), ξ 7→ ξ ⊗ 1− 1⊗ ξ.

In particular, the restriction to R is exactly the ∆-Taylor map of Definition 4.2. We shall simply denote by

∂
⟨k⟩
∆ : R̂⟨ω⟩∆→ R̂⟨ω⟩∆

the corresponding higher ∆-derivatives (which are linear for the right structure). This notation is harmless
in the sense that it is compatible with the trivial case. Note that, by definition, we have

∀k ∈ N, τ ◦ ∂
⟨k⟩
∆ = L⟨k⟩∆ ◦ τ.

4. Linearization. More generally, if M is any R-module and we consider M ⊗R R̂⟨ω⟩∆ as an R-module
through the action on the right, then there exists a ∆-Taylor map

IdM ⊗1 : M ⊗R R̂⟨ω⟩∆→ (M ⊗R R̂⟨ω⟩∆)⊗̂
′

R R̂⟨ω⟩∆.

Using the flip map (23) again, we obtain a ∆-Taylor map on the linearization

L∆(M) := R̂⟨ω⟩∆⊗̂
′

R M
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of M (now seen as an R-module via the action on the left). We shall still denote by L⟨k⟩∆ and ∂⟨k⟩∆ the
corresponding higher derivatives (without mentioning M because it plays here a dummy role). More
precisely, we have

∀k ∈ N,∀ϕ ∈ R̂⟨ω⟩∆,∀s ∈ M,

{
L⟨k⟩∆ (s⊗ϕ)= s⊗ L⟨k⟩∆ (ϕ),

∂
⟨k⟩
∆ (ϕ⊗ s)= ∂⟨k⟩∆ (ϕ)⊗ s,

and

∀k ∈ N, τM ◦ ∂
⟨k⟩
∆ = L⟨k⟩∆ ◦ τM .

Now comes the fundamental linearization lemma:

Lemma 5.5. Il M is a ∆-hyperstratified R-module and N is any R-module, then ε−1
M induces an isomor-

phism of ∆-hyperstratified R-modules

M⊗̂R L∆(N )≃ L∆(M ⊗R N ).

Proof. By linearity, we may assume that N = R. From the very definition of the cocycle condition (20),
there exists a commutative diagram

R̂⟨ω⟩∆⊗̂
′

R M
1⊗Id

//

εM
��

R̂⟨ω⟩∆⊗̂
′

R R̂⟨ω⟩∆⊗̂
′

R M
Id⊗εM

// R̂⟨ω⟩∆⊗̂
′

R M⊗̂R R̂⟨ω⟩∆

εM⊗Id
��

M⊗̂R R̂⟨ω⟩∆
Id⊗1

// M⊗̂R R̂⟨ω⟩∆⊗̂
′

R R̂⟨ω⟩∆

Applying the flip maps (23) everywhere provides us with a commutative diagram (using in the top row
the interpretation (22) of tensor product)

M⊗̂R R̂⟨ω⟩∆
θM⊗θ

//

ε−1
M
��

(M⊗̂R R̂⟨ω⟩∆)⊗̂R R̂⟨ω⟩∆

ε−1
M ⊗Id
��

R̂⟨ω⟩∆⊗̂
′

R M θ
// (R̂⟨ω⟩∆⊗̂

′

R M)⊗̂R R̂⟨ω⟩∆

This shows that the isomorphism

ε−1
M : M⊗̂R L∆(R)= M⊗̂R R̂⟨ω⟩∆ ≃ R̂⟨ω⟩∆⊗̂

′

R M ≃ L∆(M)

is compatible with the ∆-Taylor maps. □

In the case N = R, the lemma says that, with τM as in (23), the map

τM ◦ θM : M→ L∆(M)

is compatible with the ∆-hyperstratifications. This may also be derived from equality (26).
We shall now make the link with our previous theory of absolute calculus:



Absolute calculus and prismatic crystals on cyclotomic rings 1343

Proposition 5.6. If an R-module M is endowed with a ∆-hyperstratification, then ∂M,∆ := ∂
⟨1⟩
M,∆ is a

∆-derivation of M.

Proof. It is sufficient to consider the composite map

θM,1 : M→ M⊗̂R R̂⟨ω⟩∆→ M ⊗R R[ω]/ω(2)∆

and to invoke Lemma 3.13 (or else use formula (4) of Lemma 5.4). □

Formally, this proposition means that there exists a forgetful functor from the category of ∆-hyperstratified
modules to the category of ∇∆-modules.

Examples. 1. In the trivial case, we (fortunately) recover our original ∂∆ from Proposition 2.5.

2. In the right-regular case, the map

L∆ : R̂⟨ω⟩∆→ R̂⟨ω⟩∆

is R-linear (for the left structure) and is a ∆-derivation for the right structure. This means that

∀α ∈ R,∀ϕ ∈ R̂⟨ω⟩∆, L∆(θ(α)ϕ)= θ(∂∆(α))ϕ+ θ(γ (α))L∆(ϕ). (27)

3. In the left-regular case, we obtain a ∆-derivation

∂∆ : R̂⟨ω⟩∆→ R̂⟨ω⟩∆

(for the left structure) that extends the standard ∆-derivation of R. Moreover, it is linear for the right
structure, which means that

∀α ∈ R,∀ϕ ∈ R̂⟨ω⟩∆, ∂∆(θ(α)ϕ)= θ(α)∂∆(ϕ).

Recall that the original γ , defined on R by γ (q)= q p+1, is extended to R[[ξ ]] through γ (q+ξ)= q+ξ .

Proposition 5.7. The endomorphism γ of R[[ξ ]] extends uniquely to a continuous endomorphism of the
ring R̂⟨ω⟩∆ and we have

γ (ω)=
1
λ
(ω− q2

+ q) with λ= 1+ (q2
− q)∂q p((p)q).

Proof. The first assertion is completely formal and we may assume that W = Zp. It is then sufficient
to notice that γ is a morphism of δ-rings and, using formula (10), that it sends both (p)q and ξ inside
the ideal generated by (p)q . We may then apply Theorem 4.4. The last formula is simply a reminder of
equality (17). □

Remark 5.8. The R-linear endomorphism of the polynomial ring R[ξ ] given by

γ ′(q + ξ)= (q + ξ)p+1 (= θ(q p+1))
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also extends uniquely to an endomorphism of R̂⟨ω⟩∆, because γ ′ = τ ◦ γ ◦ τ . We can give an explicit
formula for γ ′(ω). We have

γ ′(ξ)= θ(q p+1)− q = θ(q p+1
− q)+ ξ = θ(q2

− q)θ((p)q)+ ξ

and therefore
γ ′(ω)= ω+ θ(q2

− q)L(ω),

with L(ω) as in formula (18).

We now show that the endomorphism γ of Proposition 5.7 is the same as the canonical endomorphism
associated to the derivation ∂∆ on R̂⟨ω⟩∆ (and there is therefore no ambiguity in the notation):

Lemma 5.9. ∀ϕ ∈ R̂⟨ω⟩∆, γ (ϕ)= ϕ+ (q2
− q)∂∆(ϕ).

Proof. If we call C(ϕ) this equality, then it is sufficient to prove

(1) : C(1), (2) : C(ϕ)⇐⇒ C(qϕ) and (3) : C(ϕ)=⇒ C(ωϕ).

Property (1) is trivial and C(qϕ) reads

q p+1γ (ϕ)= qϕ+ (q2
− q)(p)qϕ+ (q2

− q)q p+1∂∆(ϕ).

Since q + (q2
− q)(p)q = q p+1, we see that property (2) holds. It remains to prove property (3). Since

∂∆ is linear with respect to the right action, we have

∂∆((q + (p)qω)ϕ)= (q + (p)qω)∂∆(ϕ).

Since ∂∆ is a ∆-derivation, this may be rewritten as

(p)qϕ+ q p+1∂∆(ϕ)+ ∂∆((p)q)ωϕ+ (p)q p+1∂∆(ωϕ)= (q + (p)qω)∂∆(ϕ),

or, better,
λ∂∆(ωϕ)= (ω− q2

+ q)∂∆(ϕ)− (1+ ∂q p((p)q)ω)ϕ,

with λ ∈ R× as in (10) so that (p)q p+1 = λ(p)q . We may now use equality (16) and we obtain, if we
assume that C(ϕ) holds, that

λγ (ωϕ)= (ω− q2
+ q)(ϕ+ (q2

− q)∂∆(ϕ))

= (q2
− q)(ω− q2

+ q)∂∆(ϕ)+ (ω− q2
+ q)ϕ

= (q2
− q)((ω− q2

+ q)∂∆(ϕ)− (1+ ∂q p((p)q)ω)ϕ)

+ (q2
− q)(1+ ∂q p((p)q)ω)ϕ+ (ω− q2

+ q)ϕ

= (q2
− q)λ∂∆(ωϕ)+ (1+ (q2

− q)∂q p((p)q))ωϕ

= λ(q2
− q)∂∆(ωϕ)+ λωϕ.

Thus, property (3) also holds. □
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Proposition 5.10. The endomorphism ∂∆ of R̂⟨ω⟩∆ is a twisted derivation of the ring R̂⟨ω⟩∆ with respect
to the ring endomorphism γ of R̂⟨ω⟩∆:

∀ϕ,ψ ∈ R̂⟨ω⟩∆, ∂∆(ϕψ)= ∂∆(ϕ)ψ + γ (ϕ)∂∆(ψ).

Proof. The assertion follows from Lemma 5.9 since γ is a ring morphism by definition. □

Remarks 5.11. 1. One could have defined γ on R̂⟨ω⟩∆ directly through the formula of Lemma 5.9.
It is however not clear at all that this would be a ring morphism and this is why we had to rely on
Proposition 5.7

2. We can transfer our results to the right-regular case. If ϕ,ψ ∈ R̂⟨ω⟩∆, then we have

(a) γ ′(ϕ)= ϕ+ θ(q2
− q)L∆(ϕ),

(b) L∆(ϕψ)= L∆(ϕ)ψ + γ
′(ϕ)L∆(ψ).

Examples. 1. We get

∂∆(ω)=−
1
λ
(1+ ∂q p((p)q)ω) with λ= 1+ (q2

− q)∂q p((p)q)

from equality (17) and Lemma 5.9.

2. Applying formula (27) to the case α = q and ϕ = 1 provides

(p)q L∆(ω)= θ((p)q)

and we can therefore write explicitly

L∆(ω)= 1+
p−1∑
k=1

(p)k−1
q ∂

⟨k⟩
q p ((p)q)ω{k}∆ . (28)

Note that this is the same thing as L(ω) in Lemma 4.3 but we now use its twisted expansion.

It seems hard to compute ∂∆ or L∆ explicitly in general, but the following estimate shall be enough for us:

Lemma 5.12. For all n > 0, we have

L∆(ω
{n}∆)≡ Pn−1(ω) mod q−1,

with

Pn(ω)=

p−1∑
i=0

(n+i
n

)
αiω
{n+i}∆, α0 = 1 and αi = pi−1i !

p−1∑
j=i

( j
i

)
for 0< i < p.

Proof. This is completely formal and we may therefore assume that W = Zp. We proceed by induction.
Since

∂
⟨i⟩
q p ((p)q)=

p−1∑
j=0

∂
⟨i⟩
q p (q j )=

p−1∑
j=i

(i)q p !

( j
i

)
q p

q j−i
≡ i !

p−1∑
j=i

( j
i

)
mod q−1,
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it follows from (28) that L∆(ω)≡ P0(ω) mod q−1 and the formula therefore holds when n = 1. Assume
now that it holds up to some n > 0 and recall from the very definition of ω{n}∆ that

(n+ 1)ω{n+1}∆ ≡ ω{n}∆ω mod q−1.

Since L∆ is a usual derivation modulo q−1, we will have

(n+ 1)L∆(ω
{n+1}∆)≡ L∆(ω

{n}∆)ω+ L∆(ω)ω
{n}∆

≡ Pn−1(ω)ω+ P0(ω)ω
{n}∆

≡

p−1∑
i=0

(n+i−1
n−1

)
αiω
{n+i−1}∆ω+

p−1∑
i=0

αiω
{i}∆ω{n}∆

≡

p−1∑
i=0

((n+i−1
n−1

)
(n+ i)+

(n+i
n

))
αiω
{n+i}∆

≡

p−1∑
i=0

(n+ 1)
(n+i

n

)
αiω
{n+i}∆

≡ (n+ 1)Pn(ω) mod q−1. □

We shall only need the formulas of Lemma 5.12 modulo p:

Proposition 5.13. We have for all n > 0,

L∆(ω
{n}∆)≡

{
ω{n−1}∆ mod (p, q−1) if p is odd,
ω{n−1}∆ + nω{n}∆ mod (p, q−1) if p = 2.

Proof. With the notation of Lemma 5.12, we have, modulo p,

α1 ≡
p(p−1)

2
≡

{
0 if p is odd,
1 if p = 2,

and αi ≡ 0 mod p for i > 1. It follows that, modulo p,

Pn(ω)≡

{
ω{n}∆ if p is odd,
ω{n}∆ + (n+ 1)ω{n+1}∆ if p = 2. □

Proposition 5.14 (little Poincaré lemma). The sequences

0→ R→ R̂⟨ω⟩∆
L∆
−→ R̂⟨ω⟩∆→ 0 and 0→ R

θ
−→ R̂⟨ω⟩∆

∂∆
−→ R̂⟨ω⟩∆→ 0

are split exact.

Proof. The second exact sequence is obtained from the first one by applying the flip map and we shall
therefore only consider the first one. This is equivalent to showing that the map ω̂{>0}∆→ R̂⟨ω⟩∆ induced
by L∆ is bijective (where ω̂{>0}∆ denotes the augmentation ideal). Since this is a morphism of derived
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complete and completely flat R-modules, this may be shown modulo (p, q−1). When p is odd, we saw
in Proposition 5.13 that

L∆(ω
{n+1}∆)≡ ω{n}∆ mod (p, q−1).

In the case p = 2, this has to be refined a bit, but we have

L∆(ω
{n+1}∆ − (n+ 1)ω{n+2}∆)≡ ω{n}∆ − (n+ 1)(n+ 2)ω{n+2}∆ ≡ ω{n}∆ mod (2, q−1). □

Remarks 5.15. 1. As a consequence of the little Poincaré lemma, we see that the ∆-Taylor map θ ,
and therefore all higher ∆-derivatives ∂⟨k⟩∆ on R, are uniquely determined by the twisted derivation ∂∆

of R̂⟨ω⟩∆.

2. Both split exact sequences fit into a commutative diagram with exact rows and columns

0

��

0

��

0

��

0 // H0
dR,∆(R) //

��

R
∂∆

//

θ
��

R

θ
��

// H1
dR,∆(R) // 0

0 // R //

∂∆

��

R̂⟨ω⟩∆
L∆
//

∂∆
��

R̂⟨ω⟩∆ //

∂∆
��

0

0 // R //

��

R̂⟨ω⟩∆
L∆
//

��

R̂⟨ω⟩∆ //

��

0

H1
dR,∆(R)

��

0 0

0

Corollary 5.16. The forgetful functor from the category of finite projective R-modules endowed with a
∆-hyperstratification to the category of ∇∆-modules on R is fully faithful.

Proof. Let M be a complete R-module endowed with a ∆-hyperstratification and s ∈M such that ∂∆(s)= 0.
Then equality (26) in the case j = 1 implies that L∆(θ(s))= 0. Since the sequence

0→ M→ M⊗̂R R̂⟨ω⟩∆
L∆
−→ M⊗̂R R̂⟨ω⟩∆→ 0

is split exact thanks to Proposition 5.14, we see that θ(s)= s⊗ 1. Since the direct implication is clear,
we obtain

∀s ∈ M, θ(s)= s⊗ 1⇐⇒ ∂∆(s)= 0.

It is then sufficient to apply this fact when M is replaced with HomR(M, N ) and s with an R-linear
map f : M → N . More precisely, it follows from Remark 2.23.5 that ∂∆( f ) = 0 if and only if f is
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horizontal. Also, the description of the ∆-hyperstratification on HomR(M, N ) just after Definition 5.1
shows that θ( f )= f if and only if εN ◦ (Id⊗ f )= ( f ⊗ Id) ◦ εM . □

Remarks 5.17. 1. The first part of the proof shows that 0-th cohomology in the sense of ∆-hyper-
stratifications and in the sense of ∇∆-modules coincide on complete R-modules.

2. It is not necessary to assume that the R-modules are finite projective in our statement and the same
proof works as well if we only assume for example that they are derived complete and completely flat.

We shall finish the section with some explicit examples.

Examples. 1. The ∆-derivation ∂F1,∆(s) := ∂∆((p)q)s comes from the Taylor map θF1(s)= s⊗L(ω). This
is easily seen because F1≃ (p)q R and θ((p)q)= (p)q L(ω). More generally, we have θFn (s)= s⊗L(ω)n .

2. The ∆-derivation ∂G1,∆(s) = (p)
′

ζ s comes from the Taylor map θG1(s) = s ⊗ 1+ (p)′ζ s ⊗ ω. This
follows from the fact that G1 ≃ (p)q R/(p)2q R. This easily extends to Gn .

In order to give the last example, we need to discuss a bit the question of the logarithm whose definition
we recall below (formula (32)). It is good to keep in mind the heuristic

logq(u) :=
q−1

log(q)
log(u)

and that (whenever it makes sense)

p logq p(u)= (p)q logq(u). (29)

Lemma 5.18. With A = R[[x−1]], we have in Â⟨ω⟩∆

logq

(
1+

(p)q
x
ω

)
= p

∞∑
k=1

(−1)k−1(k−1)q p ! (p)k−1
q q−p(k

2)x−kω{k}∆ . (30)

When specializing at x = q , we get in R̂⟨ω⟩∆

logq

(
1+

(p)q
q
ω

)
= p

∞∑
k=1

(−1)k−1(k−1)q p ! (p)k−1
q q−p(k

2)−kω{k}∆ . (31)

Proof. We use Definition 4.5 of [AL20]:

logq(u)=
∞∑

k=1

(−1)k−1q−(
k
2)
(u,−1; q)k

(k)q
, (32)

where (u,−1; q)k denotes their generalized Pochhammer symbol. In the case u = 1+ ξ/x , we have

(u,−1; q)k =
ξ (k)q

xk

and the formula may be rewritten as

logq(1+ ξ/x)=
∞∑

k=1

(−1)k−1q−(
k
2)
ξ (k)q

(k)q xk =

∞∑
k=1

(−1)k−1(k−1)q ! q−(
k
2)
ξ [k]q

xk .
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After replacing q with q p, we obtain

logq p(1+ ξ/x)=
∞∑

k=1

(−1)k−1(k−1)q p ! q−p(k
2)
ξ [k]q p

xk

or, equivalently,

logq p

(
1+

(p)q
x
ω

)
=

∞∑
k=1

(−1)k−1(k−1)q p ! (p)kqq−p(k
2)
ω{k}∆

xk .

We then deduce formula (30) from identity (29), and (31) follows immediately. □

Proposition 5.19. The Breuil–Kisin action comes from a ∆-Taylor map such that

θ((q−1)eR)=

(
q−1+ logq

(
1+

(p)q
q
ω

))
eR.

Proof. Recall that for all r ∈ N, we have q pr
≡ 1 mod (pr )q and (p)q pr ≡ p mod (pr )q . It follows that

(pr+1)q = (ppr )q = (p)q pr (pr )q ≡ p(pr )q mod (pr )2q .

Also, when 0≤ i ≤ pr ,

(pr+1
− i p)q = (pr+1)q − q pr+1

−i p(i p)q ≡−q−i p(i p)q mod (pr )q .

Therefore, whenever 0≤ k ≤ pr , we have

(k−1)q p !

( pr
−1

k−1

)
q p
(p)k−1

q =

k∏
i=1

(pr+1
− i p)q ≡

k∏
i=1

(−q−i p(i p)q) mod (pr )q

≡ (−1)k−1(k−1)q p ! q−p(k
2)(p)k−1

q mod (pr )q .

Now, it follows from Lemma 4.7 that the Taylor map of R induces a Taylor map on (pr )q R and therefore
also on (pr )q R/(pr )2q R. Then, for all k > 0,

∂
⟨k⟩
∆ ((q−1)(pr )q)= ∂

⟨k⟩
∆ (q pr

−1)

= (k)q p !

( pr

k

)
q p

q pr
−k(p)kq

= (pr+1)q(k−1)q p !

( pr
−1

k−1

)
q p

q pr
−k(p)k−1

q

≡ (−1)k−1 p(k−1)q p ! q−p(k
2)−k(p)k−1

q (pr )q mod (pr )2q .

Our assertion therefore follows from formula (31) in Lemma 5.18 and Proposition 2.17. □

We can recover the formula of Proposition 5.19 from Proposition 2.6.10 in [BL22a]: in their notation,

A = R⟨ξ⟩q with u = 1+ ξ/q = 1+
(p)qω

q
.
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By definition, log∆(q
p) := (q−1)eR and they prove that log∆(u

p)= logq(u)eR . It follows that

θ((q−1)eR)= θ(log∆(q
p))= log∆(θ(q

p))= θ(log∆((q + ξ)
p))= θ(log∆(q

pu p))

= θ(log∆(q
p)+ log∆(u

p))= log∆(q
p)+ θ(log∆(u

p))= (q−1)eR + logq(u)eR.

6. Absolute differential operators

We now introduce the notion of a ∆-differential operator. This will allow us to lift a ∆-derivation to a
∆-hyperstratification.

As before, we fix a prime p, a p-adically complete ring W , and we write R :=W [[q−1]].

Definition 6.1. Let M and N be two R-modules. A ∆-differential operator from M to N is an R-linear
map (for the left structure)

u : L∆(M) := R̂⟨ω⟩∆⊗̂
′

R M→ N .

Even if it makes sense in general, we shall mostly apply this definition to complete R-modules.

Lemma 6.2. If u is a ∆-differential operator from an R-module M to a torsion-free R-module N , then u
is uniquely determined by its restriction

u0 : M→ N , s 7→ u(1⊗ s).

Proof. The R-linear map u is uniquely determined by the image of ω{n}∆ ⊗ s for n ∈ N and s ∈ M . In
fact, since the qr -analogs of integers are always regular in R, and N is assumed to be torsion free, u is
uniquely determined by the image of ξ (n)q p

⊗ s, which in turn is uniquely determined by the images of
ξ n
⊗ s for various n. Now, since ξ = θ(q)− q , we have

ξ n
⊗ s =

n∑
k=0

(−1)k
(n

k

)
qkθ(qn−k)⊗ s =

n∑
k=0

(−1)k
(n

k

)
qk(1⊗ qn−ks)

and therefore

u(ξ n
⊗ s)=

n∑
k=0

(−1)k
(n

k

)
qku0(qn−ks). □

We will denote by

HDiff∆(M, N ) := HomR(L∆(M), N )

the R-module of all ∆-differential operators from M to N and write HDiff∆(M) when M = N . In the
case M = N = R, we will write HD∆. Since W is complete, HD∆ is simply the dual of R⟨ω⟩∆:

HD∆ ≃ HomR(R⟨ω⟩∆, R).

Definition 6.3. A ∆-differential operator u from M to N has finite order at most n ∈N if it factors through
R⟨ω⟩∆/ω{>n}∆ ⊗′R M̂ .
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For example, for all k ∈N, the operator ∂⟨k⟩∆ on R lifts (uniquely) to a differential operator ∂̃⟨k⟩∆ of order
at most (and, actually, exactly) k on R and we have

∂̃
⟨k⟩
∆ (ω{l}∆)=

{
1 if k = l,
0 otherwise.

It follows that (∂̃⟨k⟩∆ )k∈N is a formal basis for HD∆ in the sense that

HD∆ =

{ ∞∑
k=0

αk ∂̃
⟨k⟩
∆ , αk ∈ R

}
.

Definition 6.4. The R-linearization L∆(u) : L∆(M)→ L∆(N ) of a ∆-differential operator u from M to
N is the composite map

L∆(u) : R̂⟨ω⟩∆⊗̂
′

R M
1⊗Id
−−−→ R̂⟨ω⟩∆⊗̂

′

R R̂⟨ω⟩∆⊗̂
′

R M
Id⊗u
−−→ R̂⟨ω⟩∆⊗̂

′

R N .

Examples. 1. We recover

L∆(∂̃
⟨k⟩
∆ )= L⟨k⟩∆ : R̂⟨ω⟩∆→ R̂⟨ω⟩∆

(which shows compatibility between the different notations).

2. When u is a differential operator of order 0 so that u is the composition of the augmentation map
e : L∆(M)↠ M with some R-linear map u0 : M→ N , then L∆(u)= IdR̂⟨ω⟩∆

⊗R u0.

Unlike ∆-differential operators of finite order, ∆-differential operators (of infinite order) are stable
under composition.

Definition 6.5. If u : L∆(M)→ N and v : L∆(P)→ M are two ∆-differential operators, then their
composition is

u◦̃v := u ◦ L∆(v) : L∆(P)→ N .

With this composition, HDiff∆(M) becomes a (noncommutative) R-algebra. In particular, HD∆ is an
R-algebra.

We must insist on the fact that composition of two ∆-differential operators of finite order will have
infinite order in general. We were not able to provide an explicit formula for the composition of two
∆-differential operators of the form ∂̃

⟨n⟩
∆ .

Recall from the last example after Lemma 5.4 that if M is any R-module, then L∆(M) comes naturally
with a ∆-hyperstratification inherited from the left-regular ∆-hyperstratification of R̂⟨ω⟩∆.

Lemma 6.6. The R-linearization L∆(u) : L∆(M)→ L∆(N ) of a ∆-differential operator is compatible
with the ∆-hyperstratifications on both sides:

∀k ∈ N, ∂
⟨k⟩
∆ ◦ L∆(u)= L∆(u) ◦ ∂

⟨k⟩
∆ .
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Proof. The point is to check that the diagram

L∆(M)
L∆(u)

//

θM
��

L∆(N )

θN
��

L∆(M)⊗̂R R̂⟨ω⟩∆
L∆(u)⊗Id

// L∆(N )⊗̂R R̂⟨ω⟩∆

is commutative. It is sufficient to insert in the diagram the map obtained by tensoring the Taylor map
θ : R̂⟨ω⟩∆→ R̂⟨ω⟩∆⊗ R̂⟨ω⟩∆ corresponding to the left regular structure with the identity of L∆(M) (and
then switching factors):

L∆(M)
1⊗Id

//

θM
��

R̂⟨ω⟩∆⊗̂
′

R L∆(M)
Id⊗u

//

θ⊗Id
��

L∆(N )

θN
��

L∆(M)⊗̂R R̂⟨ω⟩∆
1⊗Id

// R̂⟨ω⟩∆⊗̂
′

R L∆(M)⊗̂R R̂⟨ω⟩∆
Id⊗u⊗Id

// L∆(N )⊗̂R R̂⟨ω⟩∆ □

Remarks 6.7. 1. One can prove a little more: linearization defines a functor from the category of
R-modules and ∆-differential operators to the category of ∆-hyperstratified modules.

2. If u is a ∆-differential operator, then ker L∆(u) inherits a ∆-stratification. This will play a fundamental
role.

Lemma 6.8. If M is a complete ∇∆-module on R, then ∂M,∆ extends to a ∆-differential operator ∂̃M,∆ of
order at most one given by

∂̃M,∆

( ∞∑
k=0

ω{k}∆ ⊗ sk

)
= ∂M,∆(s0)+ γM(s1).

Proof. We know from Lemma 3.13 that ∂M,∆ extends to a ∆-Taylor map of order 1:

M→ M ⊗R R[ω]/ω(2)∆, s 7→ s⊗ 1+ ∂M,∆(s)⊗ω

(which is R-linear for the right structure). This map extends uniquely to an R[ω]/ω(2)∆-linear map that
we can then compose on the right with IdM ⊗ ∂̃∆ and obtain an R-linear map (for the left structure)

∂̃M,∆ : R[ω]/ω(2)∆ ⊗′R M→ M ⊗R R[ω]/ω(2)∆ → M.

Now, we compute for s ∈ M ,

∂̃M,∆(1⊗ s)= (IdM ⊗ ∂̃∆)(s⊗ 1+ ∂M,∆(s)⊗ω)= ∂M,∆(s)

and
∂̃M,∆(ω⊗ s)= (IdM ⊗ ∂̃∆)(s⊗ω+ ∂M,∆(s)⊗ω2)

= (IdM ⊗ ∂̃∆)
(
s⊗ω+ ∂M,∆(s)⊗ ((2)q pω{2}+ (q2

− q)ω)
)

= s+ (q2
− q)∂M,∆(s)

= γM(s). □
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Remarks 6.9. 1. We stress that there may exist other ways to lift ∂M,∆ to a ∆-differential operator u
when M is not torsion-free. As a toy example, assume that M is reduced in the sense that (p)q M = 0. It
then happens that a ∆-connection ∂M,∆ on M is the same thing as an R-linear map and we can lift it to a
∆-differential operator of order 0:

u
( ∞∑

k=0

ω{k}∆ ⊗ sk

)
= ∂M,∆(s0).

2. However, in the case of the trivial ∆-connection on R, the lifting is unique and in particular, our
notations are compatible.

Definition 6.10. The linearized de Rham complex of a ∇∆-module M on R is[
L∆(M)

L M,∆
−−−→ L∆(M)

]
,

with L M,∆ := L∆(∂̃M,∆).

Remarks 6.11. 1. If M is a complete ∇∆-module on R, then

L M,∆(ϕ⊗ s)=
(
(Id⊗ ∂̃M,∆) ◦ (1⊗ IdM)

)
(ϕ⊗ s)=

∞∑
k=0

L⟨k⟩∆ (ϕ)⊗ ∂̃M,∆(ω
{k}∆ ⊗ s)

= ϕ⊗ ∂M,∆(s)+ L∆(ϕ)⊗ γM(s).

Alternatively, this formula may be rewritten

L M,∆(ϕ⊗ s)= L∆(ϕ)⊗ s+ γ ′(ϕ)⊗ ∂M,∆(s). (33)

2. This last computation shows that L M,∆ is a tensor product ∆-derivation (see Lemma 2.21) on L∆(M).
Be careful however that L M,∆ is an R-linear map which is a ∆-derivation for the right structure. This
(right) ∆-derivation L M,∆ should not be confused with the (left) ∆-derivation ∂∆ of L∆(M) that does not
depend on the ∆-connection but only on the underlying R-module M (and there also exists an L∆ on
M ⊗R R̂⟨ω⟩∆ which does not depend on the ∆-connection either).

3. The linearized de Rham complex is functorial: if M and N are two ∇∆-modules and ϕ : M→ N is a
horizontal map, then the diagram

L∆(M)
Id⊗ϕ

//

L M,∆

��

L∆(N )

L N ,∆

��

L∆(M)
Id⊗ϕ

// L∆(N )
is commutative.

4. It follows from Lemma 6.6 that if M is a ∇∆-module on R, then

∂∆ ◦ L M,∆ = L M,∆ ◦ ∂∆.

5. Lemma 6.6 also implies that, if M is a ∇∆-module on R, then ker L M,∆ is naturally endowed with a
∆-hyperstratification. This is functorial in M .
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6. As a consequence of the last remark, if M,M ′ are two ∇∆-modules on R, then there exists a morphism

Hom∇(M,M ′)→ Hom∇(ker L M,∆, ker L M ′,∆)

or, equivalently (see the Remark 2.23.5), when both M and ker L M,∆ are inversive,

H0
dR,∆(HomR(M,M ′))→ H0

dR,∆(HomR(ker L M,∆, ker L M ′,∆). (34)

We shall need later the following comparison lemma:

Lemma 6.12. If M is a complete ∇∆-module on R, then there exists a natural isomorphism

H0
dR,∆(M)≃ H0

dR,∆(ker L M,∆).

Proof. Thanks to the little Poincaré lemma (Proposition 5.14), the map (34) applied to the case where M
and M ′ are replaced with R (which is trivially inversive) and M respectively provides a morphism

H0
dR,∆(M)→ H0

dR,∆(ker L M,∆).

By construction, this map is clearly injective and it remains to show that it is surjective. Thus we start
with some ϕ ∈ L∆(M) such that both L M,∆(ϕ) = 0 and ∂∆(ϕ) = 0. It follows from the little Poincaré
lemma again that there exists an exact sequence (since M is assumed to be complete):

0→ M→ L∆(M)
∂∆
−→ L∆(M)→ 0.

Therefore, condition ∂∆(ϕ)= 0 means that ϕ = 1⊗ s for some s ∈ M . Now, condition L M,∆(ϕ)= 0 boils
down to ∂M,∆(s)= 0 which shows that s ∈ H0

dR,∆(M). □

Proposition 6.13. If a complete R-module M is endowed with a ∆-hyperstratification, then there exists a
split exact sequence

0→ M
τM◦θM
−−−→ L∆(M)

L M,∆
−−−→ L∆(M)→ 0.

Proof. It follows from the little Poincaré lemma (Proposition 5.14) that there exists a split exact sequence

0→ M→ M⊗̂R R̂⟨ω⟩∆
Id⊗L∆
−−−→ M⊗̂R R̂⟨ω⟩∆→ 0.

We may then use Lemma 5.5 (case N = R) which states that there exists an isomorphism

ε−1
M : M⊗̂R R̂⟨ω⟩∆ ≃ L∆(M)

compatible with the ∆-hyperstratifications and obtain a split exact sequence as in the statement. It remains
to identify both maps. The first one is obtained by composing the inclusion with ε−1

M = τM ◦ εM ◦ τM and
is therefore equal to τM ◦ θM as asserted. Thus, we are left with showing that

εM ◦ L M,∆ = (IdM ⊗ L∆) ◦ εM .
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On an element of the form 1⊗ s with s ∈ M , we can use equality (26) in the case j = 1. We have

θM(∂M,∆(s))=
∞∑

k=0
∂
⟨k⟩
M,∆(∂M,∆(s)))⊗ω{k}∆ =

∞∑
k=0

∂
⟨k⟩
M,∆(s)⊗ L∆(ω

{k}∆)

= (IdM ⊗ L∆)
( ∞∑

k=0
∂
⟨k⟩
M,∆(s)⊗ω

{k}∆
)
= (IdM ⊗ L∆)(θM(s)).

In general, using equality (33), we have for ϕ⊗ s ∈ L∆(M),

εM(L M,∆(ϕ⊗ s))= εM
(
L∆(ϕ)⊗ s+ γ ′(ϕ)⊗ ∂M,∆(s)

)
= L∆(ϕ)θM(s)+ γ ′(ϕ)θM(∂M,∆(s))

= L∆(ϕ)θM(s)+ γ ′(ϕ)(IdM ⊗ L∆)(θM(s))

=

∞∑
k=0

∂
⟨k⟩
M,∆(s)⊗ L∆(ϕ)ω

{k}∆ +
∞∑

k=0
∂
⟨k⟩
M,∆(s)⊗ γ

′(ϕ)L∆(ω
{k}∆)

=

∞∑
k=0

∂
⟨k⟩
M,∆(s)⊗ L∆(ϕω

{k}∆)

= (IdM ⊗ L∆)(εM(ϕ⊗ s)).

We have used the fact that L∆ is a ∆-derivation for the right structure so that L∆(ϕψ) is equal to
L∆(ϕ)ψ + γ

′(ϕ)L∆(ψ). □

In order to characterize explicitly the essential image of the forgetful functor from the category of
finite projective ∆-hyperstratified modules to the category of ∇∆-modules, we introduce the following
general notion:

Definition 6.14. Let M be a module over an adic ring R. A map u : M→ M is said to be topologically
quasinilpotent (resp. weakly quasinilpotent) if for all (resp. for some) ideal of definition I we have

∀s ∈ M, ∃k ∈ N, uk(s) ∈ IM.

When the topology is trivial, then both conditions are equivalent and one usually says quasinilpotent.

Remarks 6.15. 1. There exists the stronger notion of a topologically nilpotent (resp. weakly nilpotent)
endomorphism, which is obtained by reversing the quantifiers:

∃k ∈ N,∀s ∈ M, uk(s) ∈ IM.

Again, in the case of the trivial topology, both conditions are equivalent and it means that u is nilpotent.

2. When u is R-linear, the epithets “topologically” and “weakly” are equivalent. If moreover, M is finite,
then all four conditions are equivalent.

3. Since we will also need to consider topological rings that are not adic, let us mention that the notion of
a topologically quasinilpotent map u : M→ M makes sense whenever (M, 0) is any pointed topological
space: it simply means that

∀s ∈ M, lim
k→∞

uk(s)= 0.
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Definition 6.16. A ∇∆-module M is said to be topologically/weakly (quasi-) nilpotent if this is the case
for the endomorphism ∂M,∆ when p is odd and for ∂2

M,∆− ∂M,∆ when p = 2.

Examples. 1. The trivial ∇∆-module is weakly nilpotent because ∂∆≡ 0 mod (p)q . The same conclusion
holds for our running examples Fn ≃ (p)nq R, Gn ≃ (p)nq R/(p)n+1

q R as well as R{n}.

2. If p is odd, then a ∇∆-module M is weakly quasinilpotent if and only if

∀s ∈ M, ∃k ∈ N, ∂k
M,∆(s)≡ 0 mod (p, q−1),

because (p, q−1) is the biggest ideal of definition. When p = 2, the condition reads

∀s ∈ M, ∃k ∈ N, (∂2
M,∆− ∂M,∆)

k(s)≡ 0 mod (p, q−1).

3. For a ∇∆-module M , the following are equivalent:

(a) M is weakly quasinilpotent.

(b) M is topologically quasinilpotent modulo (p)q .

(c) M is topologically quasinilpotent modulo (q−1).

(d) M is topologically quasinilpotent modulo p.

4. If a finite ∇∆-module M is weakly quasinilpotent, then it is actually weakly nilpotent (and we shall
therefore remove the prefix in this case).

5. The property for a ∇∆-module of being (weakly) quasinilpotent is stable under tensor product and
internal Hom.

Lemma 6.17. A finite (resp. finite projective) ∇∆-module M is weakly nilpotent if and only if the composite
map

ker(L M,∆) ↪→ L∆(M)
e
↠ M (35)

is surjective (resp. bijective).

Proof. Let us first assume that p is odd.
If

ϕ :=

∞∑
k=0

ω
{k}
∆ ⊗ sk ∈ L∆(M),

then it follows from Proposition 5.13 that

L M,∆(ϕ)≡

∞∑
k=0

(
ω
{k}
∆ ⊗ ∂M,∆(sk)+ω

{k−1}
∆ ⊗ sk

)
mod (p, q−1)

≡

∞∑
k=0

ω
{k}
∆ ⊗ (∂M,∆(sk)+ sk+1) mod (p, q−1). (36)
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Therefore,

L M,∆(ϕ)≡ 0 mod (p, q−1) ⇐⇒ ∀k ≥ 0, sk+1 ≡−∂M,∆(sk) mod (p, q−1),

⇐⇒ ∀n ≥ 0, sn ≡ (−1)n∂n
M,∆(s0) mod (p, q−1).

(37)

If M is finite, it follows from Nakayama’s lemma that the map (35) that sends ϕ to s0 is surjective if and
only if ∂M,∆ is weakly nilpotent.

Now assume that the previous equivalent conditions hold and that M is finite projective. We can
choose an R-linear section of the surjective map (35) and then a complement N for M inside L∆(M)
(with respect to this section). It is then sufficient to show that the map N → L∆(M) induced by L M,∆

is bijective. Since N is completely flat, we can use derived Nakayama lemma and check our assertion
modulo (p, q−1). It is therefore sufficient to show that the sequence

0→ M→ L∆(M)
L M,∆
−−−→ L∆(M)→ 0

is exact modulo (p, q−1). Left exactness follows from equivalence (37). Right exactness is obtained
from congruence (36) as follows. Given

ψ :=

∞∑
k=0

ω
{k}
∆ ⊗ tk ∈ L∆(M),

one sets sk :=
∑k−1

i=0 ∂
i
M,∆(tk−i−1) and ϕ is then well defined since we assumed that the ∆-connection is

weakly nilpotent.
When p = 2, the formulas have to be modified a bit and we fall onto the equivalence

L M,∆(ϕ)≡

∞∑
k=0

ω
{k}
∆ ⊗ (∂M,∆(sk)+ sk+1+ ksk) mod (2, q−1),

so that

L M,∆(ϕ)≡0 mod (2, q−1) ⇐⇒ ∀k≥0, sk+1≡(∂M,∆−k)(sk) mod (2, q−1)

⇐⇒ ∀n≥0,
{

s2n≡(∂
2
M,∆−∂M,∆)

n(s0) mod (2, q−1),
s2n+1≡(∂

2
M,∆−∂M,∆)

n∂M,∆(s0) mod (2, q−1). □

Remark 6.18. The difference between the cases p odd and p = 2 is a special instance of a standard
phenomenon in the study of Breuil–Kisin prisms. It corresponds to the fundamental group (see Example 9.6
of [BL22b]) being respectively additive or multiplicative.

Theorem 6.19. Let W be a p-adically complete ring and R := W [[q−1]]. Then, the category of finite
projective R-modules endowed with a ∆-hyperstratification is isomorphic to the category of finite projective
weakly nilpotent ∇∆-modules on R.

Proof. Let us first show that if a complete R-module M is endowed with a ∆-hyperstratification, then
the natural map ker L M,∆→ M is an isomorphism compatible with the ∆-hyperstratifications. Thanks to
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Proposition 6.13, it is sufficient to prove that the composite map

τM ◦ θM : M→ L∆(M)

is compatible with the stratifications. After a flip, this is equivalent to the cocycle condition. In particular,
if M is finite projective, then it follows from Lemma 6.17 that M is weakly nilpotent. We also know from
Corollary 5.16 that the forgetful functor is fully faithful. In order to conclude, it is therefore sufficient to
show that the functor M 7→ ker L M,∆ is fully faithful on weakly nilpotent finite projective ∇∆-modules.
In other words, we have to show that, if M and M ′ are two weakly nilpotent finite projective ∇∆-modules,
then the canonical map

Hom∇(M,M ′)→ Hom∇(ker L M,∆, ker L M ′,∆)

is bijective. This will follow from Lemma 6.12 applied to HomR(M,M ′) once we have shown that there
exists a canonical horizontal isomorphism

ker LHomR(M,M ′),∆ ≃ HomR(ker L M,∆, ker L M ′,∆).

In general, if M and M ′ are two finite projective R-modules, then there exists an obvious map which is
automatically horizontal (for ∂∆):

L∆(HomR(M,M ′)) // HomR̂⟨ω⟩∆
(L∆(M), L∆(M ′))

ϕ⊗ u � // ϕ⊗ u : ψ ⊗ s 7→ ϕψ ⊗ u(s)
(38)

Let us now consider the canonical map

HomR(R̂⟨ω⟩∆, R̂⟨ω⟩∆)⊗
′

R HomR(M,M ′)→ HomR(R̂⟨ω⟩∆⊗
′

R M, R̂⟨ω⟩∆⊗
′

R M ′), (39)

where R̂⟨ω⟩∆ is seen as an R-module via the Taylor map. If M and M ′ are both endowed with a ∆-
connection and we endow R̂⟨ω⟩∆ with L∆, it follows from Lemma 2.22 that the map (39) is horizontal.
Hence, the induced map (38) is also horizontal for the corresponding ∆-connections coming from the
connections on M and M ′ and using L∆ on R̂⟨ω⟩∆. In particular, it induces a map between the H 0

dR,∆ (for
these ∆-connections) on both sides. In other words, if we assume that LHomR(M,M ′),∆(ϕ⊗ u)= 0 then the
diagram

L(M)
ϕ⊗u
//

L M,∆

��

L(M ′)

L M ′,∆
��

L(M)
ϕ⊗u
// L(M ′)

is commutative and ϕ⊗u therefore induces a map ker L M,∆→ ker L M ′,∆. Thus, we see that the map (38)
induces a horizontal (for ∂∆) map on the kernels:

ker LHomR(M,M ′),∆→ HomR(ker L M,∆, ker L M ′,∆).

It remains to show that this last map is bijective when M and M ′ are weakly nilpotent. But, in that case,
it follows from Lemma 6.17 that the canonical maps ker L M,∆→ M and ker L M ′,∆→ M ′ are bijective.
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We are therefore reduced to checking that

ker LHomR(M,M ′),∆ ≃ HomR(M,M ′).

But this follows again from Lemma 6.17 since HomR(M,M ′) is then also finite projective and weakly
nilpotent. □

We shall finish this section with a technical result that will be needed in the next one. Let us write
σ := g−1 so that σ is the unique endomorphism of the ring R such that σ(q)= q−1. Recall that it extends
uniquely to R[[ξ ]] if we require that σ(q + ξ)= q + ξ and that

σ(ξ)= ξ + q − q−1
= ξ + q−1(2)q(q−1). (40)

Assume now that p= 2 (otherwise the next assertion is not true). One can then show as in Proposition 5.7
that σ extends uniquely to an endomorphism of R̂⟨ω⟩∆ and that σ(ω)= qω+ q−1.

Lemma 6.20. Assume p = 2. If M is a weakly nilpotent finite projective ∇∆-module, then there exists a
unique σ -linear horizontal map on M that reduces to the identity modulo q−1.

Proof. Uniqueness follows from Lemma 2.25. Now, by construction, σ and γ commute on R̂⟨ω⟩∆. In
other words, σ is an endomorphism of γ -module or, equivalently, a horizontal map. On the other hand,
since σ is linear for the right structure of R̂⟨ω⟩∆, we may consider the endomorphism σ ⊗ IdM of L∆(M).
By construction, it is horizontal and commutes with L M,∆. It induces therefore a σ -linear horizontal
endomorphism of ker(L M,∆) and we conclude with Lemma 6.17 which tells us that ker(L M,∆)≃ M . □

7. Application to prismatic crystals

We will prove here our main results that relate absolute prismatic vector bundles to absolute calculus.
We let k be a perfect field of positive characteristic p and denote by W its ring of Witt vectors. We set

R := W [[q−1]] so that R := R/(p)q = W [ζ ], where ζ (the class of q) is a primitive p-th root of unity.
The ring R, endowed with the unique δ-structure such that δ(q)= 0 and with the ideal generated by (p)q ,
is a bounded prism.

We recall that the absolute prismatic site9 ∆ is the opposite to the category of all bounded prisms
(B, J ) endowed with the formally flat topology.10 Then, the prismatic site ∆(R) is the fiber over R of
the forgetful functor (B, J ) 7→ B := B/J from ∆ to the (opposite) category of p-adic rings. In other
words, an object of ∆(R) is a prism (B, J ) endowed with a morphism R→ B. We will write R∆ for the
corresponding topos. We shall also consider later the prismatic site ∆(/(R, (p)q)) over (R, (p)q) made
of bounded prisms (B, J ) endowed with a morphism of prisms (R, (p)q)→ (B, J ). For simplicity, we
will denote it by ∆(/R) and write /R∆ for the corresponding topos.

Recall that for (B, d) an oriented bounded prism and q ∈ B, we introduced in Definition 3.2 of
[GLQ23b] the ring of prismatic polynomials B[ω]δd , which is universal for the property δ(q + dω)= 0.

9Unlike Bhatt and Scholze, we follow the classical notation for “cristalline” sites and topos.
10A morphism is a covering if it is faithfully flat modulo any ideal of definition.
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We stress that, in the case B = R and d = (p)q , there is no need to introduce this object because11

R[ω]δd ≃ R⟨ω⟩∆.
The next statement is the absolute analog of [GLQ23b, Corollary 3.6]:

Proposition 7.1. If (B, d) is an oriented bounded prism over R and q ∈ B is a lifting of the image of ζ in

B, then the completion B̂[ω]
δ

d of the ring of prismatic polynomials is the product of (R, (p)q) and (B, d)
in ∆(R).

Proof. It follows from Proposition 3.3 in [GLQ23b] that B̂[ω]
δ

d is a bounded prism. Now, the universal
property of the Witt vectors implies that the composite map W → R→ B lifts uniquely to a morphism
of rings W → B. We set Q := q + dω ∈ B[ω]δd so that Q is a lift of ζ in B[ω]δd . Since we always have
(Q−1)p

∈ (p, (p)Q), and (p)Q ∈ d B[ω]δd by construction, the element Q−1 is topologically nilpotent

in B. It follows that the composite map R→ B→ B[ω]
δ

d lifts to

θ : R→ B̂[ω]
δ

d , q 7→ Q = q + dω. (41)

Since, by definition, δ(Q)= 0, this is a morphism of δ-rings. Using the fact that (p)Q ∈ d B[ω]δd again,
we see that this is a morphism of prisms. The universal property of the product then follows from the
universal properties of B[ω]δd and completion. □

We shall again call the map (41) a Taylor map and write ⊗′R when we use this structure to consider

B̂[ω]
δ

d as an R-algebra. This is compatible with our previous notation when B = R. This choice of q ∈ B
also defines a map

R→ B→ B̂[ω]
δ

d

but this is not a morphism of δ-rings.
The next statement is the analog of [GLQ23b, Proposition 3.7]:

Corollary 7.2. The bounded prism (R, (p)q) is a covering of (the final object of ) ∆(R).

Proof. First of all, a bounded prism is always locally oriented. Moreover it is shown in Proposition 3.3

of [GLQ23b] that, if (B, d) is an oriented bounded prism over R, then B̂[ω]
δ

d is formally faithfully flat
over B. Our assertion is therefore a formal consequence of Proposition 7.1. □

Corollary 7.3. In the category ∆(R), we have for all n ∈ N,

(R, (p)q)× · · ·× (R, (p)q)︸ ︷︷ ︸
n+1 times

=
(
R̂⟨ω⟩∆⊗

′

R · · · ⊗
′

R R̂⟨ω⟩∆︸ ︷︷ ︸
n times

, (p)q
)
.

Proof. This follows from Theorem 4.4 and Lemma 4.10 (or equivalently from Theorem 5.2 in [GLQ22b]
and Proposition 7.1). □

Definition 7.4. A prismatic crystal on R is a cartesian section of the fibered category over ∆(R) whose
fiber over (B, J ) is the category of derived complete B-modules.

11This is implicit in the statement of [GLQ22b, Theorem 5.2].
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A locally finite free module on a ringed site is also called a vector bundle. If we endow ∆(R) with the
sheaf of rings O∆(R) that sends (B, J ) to B, then any vector bundle on ∆(R) is a prismatic crystal.

Recall that we introduced in Definition 5.1 the notion of a ∆-hyperstratification.

Theorem 7.5. Let W be the ring of Witt vectors of a perfect field k of characteristic p > 0 and ζ a
primitive p-th root of unity. Then there exists an equivalence between the category of prismatic crystals
on W [ζ ] and the category of complete W [[q−1]]-modules endowed with a ∆-hyperstratification.

Proof. This formally follows from Corollaries 7.2 and 7.3. □

Examples. 1. If we let I∆(B, J ) := J , then I n
∆ corresponds to Fn ≃ (p)nq R.

2. The prismatic crystal I n
∆/I n+1

∆ corresponds to Gn ≃ (p)nq R/(p)n+1
q R.

3. The Breuil–Kisin prismatic crystal O∆{1} of Example 2.3 in [Bha23] corresponds to our R{1} (and its
n-th power to R{n} if n ∈ Z).

We shall now extend to prismatic crystals the linearization process introduced in Section 5 for
R-modules. This is an absolute version of [GLQ23b, Section 4].

The prismatic site ∆(/R) of bounded prisms over (R, (p)q) also comes with a structural ring O∆(/R).
There exists a final morphism of ringed topoi

eR :
(
/R∆,O∆(/R)

)
→ (Sets, R)

and a localization morphism of topoi
jR : /R∆→ R∆.

Definition 7.6. If M is an R-module, then the linearization of M is the O∆(R)-module

L(M) := jR∗e∗R(M).

It follows from the second part of the next statement that this terminology is compatible with that of
Section 5 in the sense that L(M)R ≃ L∆(M).

Proposition 7.7. Let M be a finite free R-module. Then:

(1) R0(R∆,L(M))= M.

(2) If (B, d) is an oriented bounded prism on R, then

L(M)B = B̂[ω]
δ

d ⊗
′

R M.

(3) If B→ C is a morphism of bounded prisms over R, then

L(M)C = C⊗̂BL(M)B = C⊗̂L
BL(M)B .

Proof. It follows from Proposition 7.1 that, if (B, d) is an oriented bounded prism on R, then j−1
R (B)=

B̂[ω]
δ

d is the completion of the prismatic polynomial ring. Our assertions are then shown exactly as in
[GLQ23b, Corollary 4.5 and Lemma 4.6]. □
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One can then state the linearization lemma (see also Lemma 5.5):

Lemma 7.8. If E is a vector bundle on ∆(R) and M is a finite free R-module, then

L(ER ⊗R M)≃ E ⊗O∆(R)
L(M).

Proof. This is shown exactly as in [GLQ23b, Lemma 4.7]. □

If (B, d) is an oriented bounded prism on R, then there exists a canonical comultiplication map

1B : B̂[ω]
δ

d → B̂[ω]
δ

d⊗̂
′

R R̂⟨ω⟩∆.

In terms of prisms, this is the map B× R× R→ B× R that forgets the middle term. Of course, this is
compatible with our previous notion of comultiplication and we need to generalize a bit Definition 6.4:

Definition 7.9. The linearization on an oriented bounded prism (B, d) over R of a ∆-differential operator
u between finite free R-modules M and N is the B-linear map

L(M)B
L(F)B

// L(N )B

B̂[ω]
δ

d ⊗
′

R M

1B⊗IdM

((

B̂[ω]
δ

d ⊗
′

R N

B̂[ω]
δ

d⊗̂
′

R R̂⟨ω⟩∆⊗′R M

Id⊗u
66

Proposition 7.10. (1) Linearization provides a functor from the category of finite free R-modules and
∆-differential operators to the category of vector bundles on ∆(R).

(2) If D is a ∆-derivation, then

R0(R∆,L(D̃))= D.

Proof. It follows from assertions (2) and (3) of Proposition 7.7 that the construction is compatible with
completed base extension and composition. The first assertion follows. The other one results from the
definition and functoriality in Proposition 7.7.1. □

Proposition 7.11 (prismatic Poincaré lemma). If E is a vector bundle on ∆(R) and M denotes the
corresponding ∆-hyperstratified module on R, then the sequence

0→ E→ L(M) L(∂M,∆)
−−−−→ L(M)→ 0

is exact.

Proof. Using the little Poincaré lemma (Proposition 5.14), this is derived from the previous results exactly
as in [GLQ23b, Proposition 6.1]. □
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Theorem 7.12. Let W be the ring of Witt vectors of a perfect field k of characteristic p > 0 and ζ a
primitive p-th root of unity. Then there exists an equivalence between the category of prismatic vector
bundles E on W [ζ ] and the category of finite free weakly nilpotent ∇∆-modules M on R and we have

R0(W [ζ ]∆, E)≃ R0dR,∆(M).

Proof. The equivalence follows from Theorems 7.5 and 6.19. The isomorphism in cohomology follows
from the prismatic Poincaré lemma (Proposition 7.11) as in [GLQ23b, Theorem 6.2]. □

Remark 7.13. We recover Theorem 4.10 of [GMW23] in the case OK =W [ζ ]: there is no cohomology
in degree > 1.

In order to later make the link with the theory of (ϕ-0)-modules, let us describe how absolute calculus
is related to the cyclotomic tower in our situation. For n ∈ N∪ {∞}, we set Kn := Frac(W )[µpn ] and
0n = Gal(K∞/Kn). We shall simply write K := K1, so that OK = R, and 0 := 01. We let 0 act
continuously on R via g(q)= qχ(g), where χ denotes the cyclotomic character. A 0-module (on R) is an
R-module endowed with a continuous semilinear action of 0.

A 0-module M is in particular a γ -module. In the case M is (q−1)-torsion free, then, according
to Proposition 2.19, this is the same thing as a ∇∆-module. We shall then call M topologically/weakly
(quasi-)nilpotent if the corresponding ∇∆-module is.

Proposition 7.14. The category of weakly nilpotent finite free 0-modules on R that become trivial modulo
q−1 is isomorphic to the category of weakly nilpotent finite free ∇∆-modules on R.

Proof. Assume first that p is odd. The cyclotomic character induces an isomorphism 0≃ 1+ pZp (as well
as 00 ≃ Z×p ). Moreover, the logarithm induces an isomorphism 1+ pZp ≃ pZp. We have log(1+ p)≡ p
mod p2 and it follows that p+1 is a topological generator of 1+ pZp. In other words, γ is a topological
generator of 0. Our statement therefore follows from the second assertion of Proposition 2.19.

In the case p = 2, the argument needs some refinement. We have K = K0 and (with an argument
similar to the above)

0 = 00 ≃ Z×2 = ⟨3⟩× ⟨−1⟩ ≃ Z2×Z/2Z.

It follows that a continuous action of 0 is equivalent to a continuous action of γ = g3 and a commuting
action of σ := g−1 whose square is trivial. Then, according to Proposition 2.19 again, we see that a
continuous action of 0 is equivalent to a ∆-connection together with a σ -linear horizontal symmetry. Our
assertion therefore follows from Lemma 6.20. □

Remarks 7.15. 1. The nilpotence condition is only necessary to deal with the case p = 2. When p is
odd, the category of (q−1)-torsion-free 0-modules that become trivial modulo q−1 is isomorphic to the
category of (q−1)-torsion-free ∇∆-modules.

2. In the case p = 2, the category of (q−1)-torsion-free 0-modules that become trivial modulo q−1
is equivalent to the category of (q−1)-torsion-free ∇∆-modules endowed with a semilinear horizontal
symmetry that reduces to identity modulo q−1.
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3. Assume p is odd and consider the action of e ∈ F×p on R given by g[e] : q 7→ q [e], where [e] denotes the
Teichmüller character. Then the category of (q−1)-torsion-free 00-modules that become trivial modulo
q−1 is equivalent to the category of (q−1)-torsion-free ∇∆-modules with an extra semilinear action of
F×p which becomes trivial modulo q−1.

4. For the last argument of the proof, we can also rely on Theorem 7.12: since12 σ is an automorphism
of the object R of the prismatic site of W [ζ ], if we denote by E the prismatic crystal associated to M ,
there is an isomorphism

Hom∇(σ ∗M,M)≃ Hom(E, E)

and the identity of E therefore provides the expected symmetry.

8. De Rham prismatic crystals

When p is invertible, one can rely on usual powers instead of twisted powers. We will describe the
process, which is completely analogous to the one we developed so far, but much simpler, and discuss
the link with absolute calculus. We will also indicate how our strategy relates to previous work of other
authors. For example, the main result of this section, Proposition 8.12, recovers (in our situation) one
of the equivalences in [GMW22, Theorem 5.1] (see also Corollary 7.17 of [BS22]). Nevertheless, our
approach provides, as a bonus, explicit formulas for the equivalence (Proposition 8.16) between twisted
and “classical” operators.

We let k be a perfect field of positive characteristic p, we denote by W its ring of Witt vectors, we
choose a primitive p-th root of unity ζ , we write K := Frac(W )(ζ ) and finally, we set S := K [[q − ζ ]].
We shall also write OK :=W [ζ ] and OS :=OK [[q − ζ ]].

As a byproduct of calculus on log-schemes and on formal schemes, one can develop a theory of calculus
on formal log-schemes but we will only need it here in a very specific situation. With S as above, we
are interested in the formal log-scheme Spf(S)log, where both the topology and the logarithmic structure
come from the special fiber Spec(K ). Concretely, we first formally blow up S⊗̂K S along the special
fiber and obtain the complete K -algebra Plog. There exists a canonical map ι : S→ Plog coming from the
action on the left and a log-Taylor map θ : S→ Plog coming from the action on the right. There also exists
a flip map τ : Plog ≃ Plog that exchanges both structures. We will use, as we always do, the notation ⊗′S in
order to insist on the fact that S acts via the log-Taylor map on the left. We shall also consider below the
comultiplication map 1 : Plog→ Plog⊗̂

′

S Plog, which is induced as usual by the map f ⊗ g 7→ f ⊗ 1⊗ g.
We denote by Ilog the kernel of the augmentation map e : Plog→ S and we define for each n ∈N, the ring
of log-principal parts of order n Pn

log := Plog/I n+1
log and the module of log-differentials �log := Ilog/I 2

log.
It comes with its universal log-derivation(

dlog : S \ {0} →�log, d : S→�log
)
.

12This is not true for odd p.
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A log-connection on an S-module M is a K -linear map ∇M : M → M ⊗S �log that satisfies the usual
Leibniz rule. We shall then call M a ∇log-module. A log-differential operator13 of order at most n is a
K -linear map u : M→ N between S-modules which extends (automatically uniquely) to an S-linear map
ũ : Pn

log⊗
′ M→ N . The composition of two log-differential operators u and v of respective order at most

n and m is a log-differential operator of order at most n+m. Actually, the comultiplication map induces
for all m, n ∈ N

1n,m : Pn+m
log → Pn

log⊗
′

S Pm
log

and we always have
ũ ◦̃ ṽ := ũ ◦ v = ũ ◦ (Id⊗ ṽ) ◦ (1n,m ⊗ Id).

In particular, log-differential operators of finite order from S to S form a ring

DS,log ≃ lim
−−→

n
HomS(Pn

log, S).

There also exists the notions of a log-stratification (resp. a log-Taylor structure) on an S-module M which
is a compatible family of S-linear isomorphisms (resp. maps)

εn : Pn
log⊗

′

S M ≃ M ⊗S Pn
log (resp. θn : M→ M ⊗S Pn

log)

satisfying the usual cocycle conditions. It is equivalent to give a log-connection, a DS,log-module structure,
a log-stratification or a log-Taylor structure on an S-module M .

In order to describe these objects explicitly, we need to choose a coordinate on S as well as an equation
for the divisor. The standard choice would be q − ζ for both but we choose q and (p)q respectively in
order to recover the arithmetic in the end. It is of course necessary to make sure that (p)q is indeed a
uniformizer. We denote by (p)(k)q := ∂

k((p)q) the (usual) k-th derivative of (p)q with respect to q and by
(p)(k)ζ := (p)

(k)
q (ζ ) its evaluation at q = ζ . We shall simply write (p)′q and (p)′ζ when k = 1, so that

(p)′ζ = 1+ 2ζ + 3ζ 2
+ · · ·+ (p−1)ζ p−2.

(We already implicitly used this in our examples of ∆-connections in Section 2.) Since ζ is a primitive
p-th root of unity, a direct calculation gives the following equality:

Lemma 8.1. p = (ζ 2
− ζ )(p)′ζ . □

As a consequence of this lemma, we see that vp((p)′ζ )=
p−2
p−1

> 0 when p is odd.

Lemma 8.2. We have (p)q = (q − ζ )ν with ν ∈ S×.

Proof. The element (p)q ∈ K [[q − ζ ]] has Taylor expansion

(p)q =
p−1∑
k=1

1
k!
(p)(k)ζ (q − ζ )

k

13This approach slightly differs from Definition 6.1 since the lift will be unique here.
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and the above equality therefore holds with

ν := (p)′ζ + (q − ζ )
p−1∑
k=2

1
k!
(p)(k)ζ (q − ζ )

k−2
∈ S×. □

We have S⊗̂K S ≃ S[[ξ ]] with ξ = 1⊗ q − q ⊗ 1 and therefore Plog ≃ S[[ω]] with ξ = (p)qω. The
log-Taylor map θ is given by q 7→ q + (p)qω, the flip map τ by ω 7→ −L(ω)ω and the comultiplication
map 1 by ω 7→ L(ω)⊗ω+ω⊗ 1 with

L(ω) := 1+
p−1∑
k=1

(p)(k)q (p)k−1
q ω[k] (42)

(so that θ((p)q)= (p)q L(ω)). More generally, we have

(1) ∀n ∈ N, θ(qn)=

n∑
k=0

k!
(n

k

)
(p)kqqn−kω[k],

(2) ∀n ∈ N, τ (ω[n])= (−1)n L(ω)nω[n],

(3) ∀n ∈ N, 1(ω[n])=

n∑
k=0

L(ω)kω[n−k]
⊗ω[k].

The S-module �log is a free module of rank one. We will choose as generator the element

1
ν

dlog(q − ζ )=
1
(p)′q

dlog(p)q ,

which is the class of ω. If we denote by ∂⟨k⟩log the log-differential operator of order k on S such that

∂̃
⟨k⟩
log(ω

[l])=

{
1 if k = l,
0 otherwise,

then the ring DS,log is a free S-module with basis (∂⟨n⟩log )n∈N. Actually, DS,log is a subring of the usual

ring of differential operators DS and we have ∂⟨n⟩log = (p)
n
q∂

n if ∂ denotes the standard derivative with
respect to q . The equivalence between log-connection, DS,log-module structure and log-stratification (or
log-Taylor structure) is given by

∇M(s)= ν−1∂M,log(s)⊗ dlog(q − ζ ) ⇐⇒ θn(s)=
n∑

k=0

∂
⟨k⟩
log(s)⊗ω

[k],

with ∂M,log(s)= ∂
⟨1⟩
log(s).

In order to go further, it is necessary to better understand composition of log-differential operators and
we shall first show the following equality, where ν is defined at the top of the page:

Lemma 8.3. ∀k ∈ N, 1(νkω[k])=
∑

i+ j=k

(1+ νω) jνiω[i]⊗ ν jω[ j].

Proof. It is sufficient to show that

1(νω)= (1+ νω)⊗ νω+ νω⊗ 1
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and then take divided powers. Thus, we have to show that

ν(L(ω)⊗ω+ω⊗ 1)= (1+ νω)⊗ νω+ νω⊗ 1

or, equivalently,
νL(ω)⊗ 1= (1+ νω)⊗ ν.

We know that θ((p)q)= (p)q L(ω) and (p)q = (q − ζ )ν and we compute

(p)qνL(ω)⊗ 1= νθ((p)q)⊗ 1= ν⊗ (p)q = ν⊗ (q − ζ )ν

= ν(q + (p)qω− ζ )⊗ ν = (p)q(1+ νω)⊗ ν. □

Proposition 8.4. ∀n ∈ N, ν−n∂
⟨n⟩
log =

n−1∏
k=0

(ν−1∂log− k).

Proof. By definition, we have, for all k ∈ N,(
∂̃
⟨n⟩
log ◦̃ ν

−1∂̃log
)
(ω[k])= ν−k(∂̃⟨n⟩log ◦̃ ν

−1∂̃log
)
(νkω[k])

= ν−k ∂̃
⟨n⟩
log

(
(Id⊗ ν−1∂̃log)(1(ν

kω[k]))
)

= ν−k ∂̃
⟨n⟩
log

(
(Id⊗ ν−1∂̃log)

( ∑
i+ j=k

(1+ νω) jνiω[i]⊗ ν jω[ j]
))

= ν−k ∂̃
⟨n⟩
log ((1+ νω)ν

k−1ω[k−1])

= ν−1∂̃
⟨n⟩
log (ω

[k−1])+ k∂̃⟨n⟩log (ω
[k]).

It follows that
∂̃
⟨n⟩
log ◦̃ ν

−1∂̃log = ν
−1∂̃
⟨n+1⟩
log + n∂̃⟨n⟩log

or, equivalently,
∂̃
⟨n+1⟩
log = ν∂̃

⟨n⟩
log ◦̃(ν

−1∂̃log− n).

Our formula is then obtained by induction. □

Remark 8.5. As a consequence of the proposition, we see that

∂
⟨n⟩
log =

n∑
k=1

s(n, k)νn(ν−1∂log)
k and (ν−1∂log)

n
=

n∑
k=1

S(n, k)ν−k∂
⟨k⟩
log,

where s(n, k) and S(n, k) denote the Stirling numbers of the first and second kind respectively.

From now on, we endow K with the p-adic valuation and S with the product topology (or equivalently
the inverse limit topology). This is a W -linear topology with pnOS+(q−ζ )m S as basis of neighborhoods
of zero. Then, S is a complete topological ring14 with both p and q−1 as topologically nilpotent units.
We endow the polynomial ring S[ω] (resp. the divided polynomial ring S⟨ω⟩) with the direct sum topology
with respect to the standard basis. Be careful that the isomorphism of S-algebras S[ω] ≃ S⟨ω⟩ is not

14This is not an adic ring and not even an f -adic ring in the sense of Huber.



1368 Michel Gros, Bernard Le Stum and Adolfo Quirós

a homeomorphism because we use powers on the one hand and divided powers on the other in order
to define the topology. The log-Taylor (resp. flip, resp. comultiplication) map extends uniquely to a
continuous K -linear ring homomorphism

θ : S 7→ Ŝ⟨ω⟩, q 7→ q + (p)qω

(resp. τ : Ŝ⟨ω⟩ → Ŝ⟨ω⟩, q 7→ q + (p)qω, ω 7→ −L(ω)ω, resp. 1 : Ŝ⟨ω⟩ → Ŝ⟨ω⟩⊗̂′S Ŝ⟨ω⟩, q 7→ q,
ω 7→ L(ω)⊗ω+ω⊗ 1). One may then define a log-hyperstratification (resp. a log-Taylor map) on an
S-module M as a an isomorphism (resp. a map)

ε : Ŝ⟨ω⟩⊗̂′S M ≃ M⊗̂S Ŝ⟨ω⟩ (resp. θ : M→ M⊗̂S Ŝ⟨ω⟩)

satisfying the usual cocycle condition and show that these two notions are equivalent. A log-hyperstratifi-
cation induces a log-connection on M and we have

∀s ∈ M, θ(s)=
∞∑

k=0

∂
⟨k⟩
log(s)⊗ω

[k].

This provides a fully faithful functor on finite S-modules. Comultiplication 1 induces a log-Taylor map
on Ŝ⟨ω⟩ for the right structure and, after conjugation through the flip map, a log-Taylor map θ for the left
structure. We shall denote by L⟨k⟩log and ∂⟨k⟩log the corresponding higher derivatives. We have

∀k ≤ n ∈ N, L⟨k⟩log(ω
[n])= L(ω)kω[n−k]

but it is much harder to find an explicit formula for ∂⟨k⟩log and we shall rely on its definition:

∀k ∈ N, ∂
⟨k⟩
log = τ ◦ L⟨k⟩log ◦ τ.

However, one can show that ∂log is a log-derivation of the ring Ŝ⟨ω⟩. If M is an S-module, we may
then consider its log-linearization L log(M) := Ŝ⟨ω⟩⊗̂′S M . Both the log-hyperstratification and the
augmentation map e of Ŝ⟨ω⟩ extend to L log(M). A log-differential operator is a K -linear map u :M→ N
between S-modules that extends (automatically uniquely) to an S-linear map ũ : L log(M)→ N . It has a
log-linearization

L log(u)= (Id⊗ ũ) ◦ (1⊗ Id) : L log(M)→ L log(N ),

which is compatible with the log-hyperstratifications and such that e◦ L log(u)= ũ. If M is a ∇log-module,
the corresponding log-derivation ∂M,log is a log-differential operator of order one (with ∂̃M,log(s⊗ω)= s)
and we can consider L M := L log(∂M,log). Then, ker L M comes with a log-hyperstratification. One can
show (with the help of a variant of the little Poincaré lemma) that M̂ ≃ ker L M when the log-connection
comes from a log-hyperstratification.

Proposition 8.6. The functor M 7→ ker L M is adjoint to the forgetful functor from the category of finite
S-modules endowed with a log-hyperstratification to the category of finite ∇log-modules on S.
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Proof. According to the previous discussion, it is sufficient to check that the canonical map

ker L M ↪→ L log(M)
e
↠ M (43)

is horizontal. First of all, if ϕ ∈ ker L M , then ∂̃M,log(ϕ)= e(L M(ϕ))= 0. If we write ϕ =
∑

k ω
[k]
⊗ sk ,

then ∂̃M,log(ϕ) = ∂M,log(s0)+ s1 and it follows that ∂M,log(e(ϕ)) = ∂M,log(s0) = −s1. Thus, we need to
show that e(∂log(ϕ))=−s1, or equivalently that e(∂log(ω

[k]))= −1 when k = 1 and 0 otherwise. We have

L log(τ (ω))= L log(−L(ω)ω)=−L log

(p−1∑
k=0

(p)(k)q (p)k−1
q ω[k]ω

)
=−

p−1∑
k=0

(k+ 1)(p)(k)q (p)k−1
q L log(ω

[k+1])=−

p−1∑
k=0

(k+ 1)(p)(k)q (p)k−1
q L(ω)ω[k].

Since e ◦ τ = e, we obtain for k = 1

e(∂log(ω))= (e ◦ τ)(L log(τ (ω)))= −1.

The case k = 0 is clear, and for k > 1 it follows from the fact that ∂log is a log-derivation. □

Definition 8.7. A ∇log-module M on S is said to have topologically nilpotent monodromy if ∂log when p
is odd, and ∂2

log− ∂log when p = 2, is topologically nilpotent modulo (p)q .

Lemma 8.8. A log-connection on a finite free S-module M extends to a log-hyperstratification if and only
if M has topologically nilpotent monodromy.

Proof. This is similar to the proof of Lemma 6.17 and we only do the case p odd. If ϕ =
∑

k ω
[k]
⊗ sk ∈

L log(M), then

L M(ϕ)=

∞∑
k=0

(
ω[k]⊗ ∂M,log(sk)+ L(ω)ω[k−1]

⊗ sk
)

≡

∞∑
k=0

(
ω[k]⊗ ∂M,log(sk)+ (1+ (p)′ζω)ω

[k−1]
⊗ sk

)
mod q − ζ

≡

∞∑
k=0

ω[k]⊗
(
∂M,log(sk)+ k(p)′ζ sk + sk+1

)
mod q − ζ.

Therefore, modulo q − ζ ,

L M(ϕ)≡ 0 ⇐⇒ ∀k ≥ 0, sk+1 ≡−(∂M,log+ k(p)′ζ )(sk)

⇐⇒ ∀n > 0, sn ≡ (−1)n
n−1∏
k=0
(∂M,log+ k(p)′ζ )(s0)

⇐⇒ ∀n > 0, sn ≡
n∑

k=1
(−1)ks(n, k)((p)′ζ )

n−k∂k
M,log(s0).
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The last equation is also equivalent to

∂n
M,log(s0)≡ (−1)n

n∑
k=1

S(n, k)((p)′ζ )
n−ksk mod q − ζ.

Since we assumed that p is odd, we have vp((p′)ζ ) > 0. Since sn→ 0, we see that, if L M(ϕ)= 0, then
∂n

M,log(s0)→ 0 mod q − ζ .
Conversely, when M has topologically nilpotent monodromy it follows from Nakayama lemma that the

map (43) is surjective. Another application of Nakayama lemma (see the end of the proof of Lemma 6.17)
will then show that the map is indeed bijective. Being horizontal, it is an isomorphism. □

Remarks 8.9. 1. Proposition 8.4 provides another equivalent condition for a log-connection on a finite
free S-module M to extend to a log-hyperstratification:

∀s ∈ S, lim
n
νn

n∏
k=0

(ν−1∂log− k)(s)= 0. (44)

2. The condition in (44) is exactly the same as the one in Definition 1.15.2 of [GMW22] with a = (p)′ζ .
This follows from the identities

∇M(s)= ν−1∂log(s)⊗ dlog(q − ζ ) and ν ≡ (p)′ζ mod q − ζ.

Examples. 1. We can consider the free S-module Fn on one generator s such that ∂log(s)= nνs for some
n ∈ Z. Then, we have

∂
⟨k⟩
log(s)= k!

(n
k

)
νks

and therefore

θ(s)=
n∑

k=0

k!
(n

k

)
νks⊗ω[k] = s⊗ (1+ νω)n.

Of course, Fn ≃ (p)nq S.

2. We can also consider the K -vector space Gn on one generator s such that ∂log(s)= n(p)′ζ s with n ∈ Z.
We have Gn ≃ Fn ≃ Fn/Fn+1 = (p)nq S/(p)n+1

q S.

3. The Breuil–Kisin prism corresponds (see Proposition 8.12 below) to the free S-module S{1} on one
generator eS with

∂log((q−1)eS)=
(p)q

q log(q)
(q−1)eS.

Actually, using the coming development, one can deduce from Proposition 5.19 that

θ((q−1)eS)=

(
1+

(p)q
log(q)

∞∑
k=1

(−1)k−1(k−1)! (p)k−1
q q−kω[k]

)
(q−1)eS.

4. In fact, as was already expected by Scholze in [Sch17, Example 6.3], there exists an isomorphism

S{1} ≃ (p)q S, eS↔
log(q)
q−1
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of ∇log-modules on S.

Proposition 8.10. There exists a natural isomorphism Ŝ⟨ω⟩ ≃ Ŝ⟨ω⟩∆.

Proof. It follows from Proposition 1.15 that the equality S⟨ω⟩ = S⟨ω⟩∆ of Proposition 1.11 extends to the
completions and provides a map Ŝ⟨ω⟩→ Ŝ⟨ω⟩∆. Thanks to derived Nakayama lemma and Proposition 1.13,
this is an isomorphism. □

We recall now that B+dR is the sheaf on the prismatic site ∆ given by

B+dR(B, J )= B̂[1/p],

where completion is meant with respect to J . A B+dR-vector bundle will be called a de Rham prismatic
crystal.

We write R :=W [[q−1]] as usual and shall also consider R := R/(p)q =W [ζ ] =OK .

Lemma 8.11. We have

B+dR((R, (p)q))= S and B+dR

(
R̂⟨ω⟩∆, (p)q

)
= Ŝ⟨ω⟩.

Proof. One easily checks that

B+dR(R, (p)q)= R̂[1/p] = lim
←−−

K [q]/(p)n+1
q = K [[q − ζ ]] = S

and, thanks to Proposition 8.10,

B+dR

(
R̂⟨ω⟩∆, (p)q

)
= ̂R⟨ω⟩∆[1/p] = Ŝ⟨ω⟩∆ ≃ Ŝ⟨ω⟩. □

Analogous results also hold for higher powers of (R, (p)q) in the prismatic site ∆(R).
We recover the left vertical equivalence of [GMW22, Theorem 5.1] in our situation (see also the last

statement — Corollary 7.17 — of [BS22]):

Proposition 8.12. There exists an equivalence between the category of de Rham prismatic crystals E on
OK and the category of finite free ∇log-modules M on S with topologically nilpotent monodromy.

Proof. Using Lemma 8.8, this formally follows from Corollary 7.2 and Lemma 8.11. □

Remark 8.13. As a consequence, we also obtain

H0(OK ∆, E)≃ Hom(B+dR, E)≃ Hom∇(S,M)≃ H0
dR,log(M)

and

H1(OK ∆, E)≃ Ext(B+dR, E)≃ Ext∇(S,M)≃ H1
dR,log(M)

because the category of vector bundles (resp. of finite free modules) is stable under extensions.

There also exists a theory of absolute calculus on S := K [[q − ζ ]] (similar to the one developed on
R :=W [[q−1]] in the present paper) and we have:



1372 Michel Gros, Bernard Le Stum and Adolfo Quirós

Proposition 8.14. There exists an equivalence between the category of de Rham prismatic crystals E on
OK and the category of finite free ∇∆-modules M on S with topologically nilpotent monodromy and we
have

R0(OK ∆, E)≃ R0dR,∆(M).

Proof. This is shown as in Theorem 7.12 with the same strategy. For example, the analog to Lemma 6.17
is proved as follows. Using Nakayama’s lemma, we can work on K . Then the connection is topologically
nilpotent and so there exists a stable lattice. The ∆-connection is weakly nilpotent on this lattice and we
can use Nakayama again to work now over k so that the same arguments as in Lemma 6.17 apply. □

Given a de Rham prismatic crystal E on OK , there exists both a ∆-connection and a log-connection
on M . This is an ultrametric confluence phenomenon:

Corollary 8.15. The category of ∆-hyperstratified modules on S is isomorphic to the category of log-
hyperstratified modules.

Proof. This follows from Proposition 8.10. □

There exists explicit formulas to go back and forth:

Proposition 8.16. Let E be a de Rham prismatic crystal on OK and M the corresponding S-module.
Then for all s ∈ M , we have

∂
⟨k⟩
log(s)=

∞∑
n=k

k!
(n)q p !

sq p(n, k)(q−1)n−kqn−k∂
⟨n⟩
∆ (s)

and

∂
⟨k⟩
∆ (s)=

∞∑
n=k

(k)q p !

n!
Sq p(n, k)(q−1)n−kqn−k∂

⟨n⟩
log (s),

where sq p(n, k) (resp. Sq p(n, k)) denotes the q p-Stirling number of the first (resp. second) kind.

Proof. Since Ŝ⟨ω⟩∆ = Ŝ⟨ω⟩, we can write

θ(s)=
∞∑

k=0

∂
⟨k⟩
∆ (s)⊗ω{k}∆ =

∞∑
k=0

∂
⟨k⟩
log(s)⊗ω

[k].

Moreover, we know from Proposition 1.11 that

ω{n}∆ =

n∑
k=1

k!
(n)q p !

sq p(n, k)(q−1)n−kqn−kω[k]

and

ω[n] =

n∑
k=1

(k)q p !

n!
Sq p(n, k)(q−1)n−kqn−kω{k}∆ .

Our formulas are then obtained by duality. □
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9. Hodge–Tate prismatic crystals

When (p)q = 0, one may also rely on usual powers instead of twisted powers. We will indicate how our
former strategy can be applied to recover already known descriptions from [GMW23] and [AHB22].
In particular, Propositions 9.5 and 9.6 below correspond respectively (in our situation) to one of the
equivalences in Theorem 4.2 (see also Theorem 2.5 in [AHB22]) and to Theorem 4.5 in [GMW23]. Once
more, our approach provides, as a bonus, explicit formulas for the equivalence (Proposition 9.8) between
twisted and “classical” operators

We let k be a perfect field of positive characteristic p and denote by W its ring of Witt vectors. We
set R := W [[q−1]] and we write M := M/(p)q M for the reduction modulo (p)q of an R-module M .
In particular, R = W [ζ ], where ζ denotes a primitive p-th root of unity and we shall denote by K its
fraction field so that OK = R.

As already mentioned in Remark 3.3.2, there exists a theory of log-calculus on R with respect to the
divisor of (p)q and we will systematically use q as a coordinate and (p)q as a generator for the divisor.
This is completely similar to the situation in Section 8 and we will use the same notation. When we
reduce modulo the divisor, the log-theory becomes a monodromy theory. More precisely, a monodromy
operator on an OK -module M is simply an OK -linear map

∇M : M→ M ⊗OK �R,log.

This is equivalent to giving an OK -linear map N : M→ M via

∇M(s)= N (s)⊗ dq/(p)q

and we may call N the Sen operator associated to∇M (adopting in this context the terminology of [AHB22,
beginning of Section 1.1]). Of course, if M is a ∇log-module on R, then M inherits a monodromy operator,
or equivalently a Sen operator N := ∂M,log. If we call reduced an R-module M such that (p)q M = 0, then
the subcategory of reduced R-modules is equivalent to the category of OK -modules and a log-connection
on M corresponds to a monodromy operator. It follows that a Sen operator on an OK -module M is
also equivalent to a DR,log-module structure, a log-stratification or a log-Taylor structure. However, the
situation simplifies a lot here because the reduced log-Taylor map θ :OK →OK ⟨ω⟩/ω

n+1 is identical
to the canonical map ι. In particular, a differential operator of order at most n between two reduced
R-modules is the same thing as an OK -linear map

OK ⟨ω⟩/ω
n+1
⊗OK M→ M ′,

where we use the canonical structure everywhere. Also, a log-stratification (resp. a log-Taylor structure)
on a reduced R-module M is the same thing as a compatible family of OK -linear isomorphisms (resp.
maps)

εn :OK ⟨ω⟩/ω
n+1
⊗OK M ≃ M ⊗OK OK ⟨ω⟩/ω

n+1 (resp. θn : M→ M ⊗OK OK ⟨ω⟩/ω
n+1)
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satisfying the usual cocycle conditions. We use again the canonical structure everywhere.
In order to compose explicitly log-differential operators on OK -modules, we shall remark that comulti-

plication satisfies

1(ω)≡ 1⊗ω+ω⊗ 1+ (p)′ζω⊗ω mod (p)q . (45)

Proposition 9.1. In DR,log, we have

∀n ∈ N, ∂
⟨n⟩
log ≡

n−1∏
k=0

(∂log− k(p)′ζ )≡
n∑

k=1

s(n, k)((p)′ζ )
n−k∂k

log mod (p)q ,

where s(n, k) denotes the Stirling number of the first kind.

Proof. This is proved similarly to Proposition 8.4. By definition, we have, modulo (p)q and for all k ∈ N,

(∂̃
⟨n⟩
log ◦̃∂̃log)(ω

[k])≡ ∂̃
⟨n⟩
log ((Id⊗ ∂̃log)(1(ω

[k])))

≡ ∂̃
⟨n⟩
log

(
(Id⊗ ∂̃log)

( ∑
i+ j=k

(1+ (p)′ζω)
jω[i]⊗ω[ j]

))
≡ ∂̃
⟨n⟩
log

(
(1+ (p)′ζω)ω

[k−1])
≡ ∂̃
⟨n⟩
log (ω

[k−1])+ k(p)′ζ ∂̃
⟨n⟩
log (ω

[k]).

We easily deduce that

∂̃
⟨n+1⟩
log ≡ ∂̃

⟨n⟩
log ◦̃(∂̃log− n(p)′ζ ) mod (p)q

and get the first congruence by induction. The second congruence follows from the definition of Stirling
numbers. □

Remarks 9.2. 1. We will also have

∂n
log ≡

n∑
k=1

S(n, k)((p)′ζ )
n−k∂

⟨k⟩
log mod (p)q

using this time Stirling numbers of the second kind.

2. Another computation shows that composition satisfies

∀i, j ∈ N, ∂
⟨i⟩
log ◦ ∂

⟨ j⟩
log ≡

j∑
k=0

k!
( i

k

)( j
k

)
((p)′ζ )

k∂
⟨i+ j−k⟩
log mod (p)q .

3. If an OK -module M is endowed with a Sen operator N , then we have

∀m ∈ N,∀s ∈ M, θm(s)=
m∑

n=0

n−1∏
k=0

(N − k(p)′ζ )(s)⊗ω
[n].

4. We recover in our situation the formal group of [BL22b, Proposition 9.5] and [AHB22, Proposition
2.3]. Indeed, one immediately verifies that the formal groupoid G := Spf(R⟨ω⟩∆) introduced at the
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beginning of Section 5 reduces modulo (p)q to a usual formal group,

G := Spf(OK ⟨ω⟩).

When p is odd, G is isomorphic to the divided power additive group 0♯a := Spf(OK ⟨X⟩) (with 1(X)=
1⊗ X + X ⊗ 1), while, when p = 2, G is exactly the divided power multiplicative group 0♯m . For p = 2
this is immediately deduced from the comultiplication formula (45) by simply noting that (2)′ζ = 1. For
p odd, it follows from (45) that

log(1+ (p)′ζ1(ω))= 1⊗ log(1+ (p)′ζω)+ log(1+ (p)′ζω)⊗ 1,

and therefore X 7−→ log(1+ (p)′ζω) defines an isomorphism 0
♯
a ≃ G.

There exists the notion of a log-differential operator

ÔK ⟨ω⟩⊗̂OK M→ M ′

on an OK -module M which is simply an OK -linear map. They may be composed in the usual way using
1 (and finite order is preserved). A log-hyperstratification (resp. a log-Taylor map) on an OK -module M
is an OK -linear isomorphism (resp. map)

ε : ÔK ⟨ω⟩⊗̂OK M ≃ M⊗̂OK ÔK ⟨ω⟩ (resp. θ : M→ M⊗̂OK ÔK ⟨ω⟩)

satisfying the usual cocycle conditions. It then follows from Proposition 9.1 that if M is a finite free
OK -module, then a log-Taylor map reads

θ(s)=
∞∑

n=0

n−1∏
k=0

(N − k(p)′ζ )(s)⊗ω
[n]. (46)

We recover in our setting the condition in Definition 4.1 in [GMW23]:

Lemma 9.3. If p is odd, then a Sen operator N on an OK -module M is weakly quasinilpotent if and
only if

∀s ∈ M,
∞∏

k=0

(N − k(p)′ζ )(s)= 0.

When p = 2 this last condition is equivalent to N 2
− N being weakly quasinilpotent.

Proof. Assume first that p is odd. It then follows from Proposition 9.1 that

∂
⟨n⟩
log (s)=

n−1∏
k=0

(N − k(p)′ζ )(s)=
n∑

k=1

s(n, k)((p)′ζ )
n−k N k(s)

and

N n(s)=
n∑

k=1

S(n, k)((p)′ζ )
n−k∂

⟨k⟩
log(s).



1376 Michel Gros, Bernard Le Stum and Adolfo Quirós

Moreover, (p)′ζ ∈ (p, ζ−1) because (p)′q ≡
1
2 p(p−1) mod q−1 and we assumed p odd. It follows that

N n(s)→ 0 ⇐⇒ ∂
⟨n⟩
log (s)→ 0.

The condition is thus equivalent to N being topologically quasinilpotent. Since N is OK -linear, this is
also equivalent to being weakly quasinilpotent.

In the case p = 2, we will show by induction on k ∈ N that

∂
⟨2k⟩
log ≡ (∂

⟨2⟩
log)

k
+

k−1∑
i=0

2k−i (aki∂log+ bki )(∂
⟨2⟩
log)

i mod (p)q , (47)

with aki , bki ∈OK , and then one can proceed exactly as before using (N 2
− N )(s)= ∂⟨2⟩log(s) for s ∈ M .

In order to prove equivalence (47), let us first notice that if n ∈ N, then

∂
⟨n+2⟩
log ≡ (∂log− n−1)(∂log− n)∂⟨n⟩log mod (p)q ≡

(
∂
⟨2⟩
log − 2

(
n∂log−

(n
2

)))
∂
⟨n⟩
log mod (p)q .

In particular, we can write ∂⟨2k+2⟩
log ≡

(
∂
⟨2⟩
log+2

(
ak∂log+bk

))
∂
⟨2k⟩
log with ak, bk ∈OK . Since ∂2

log= ∂log+∂
⟨2⟩
log ,

it will follow that

∂
⟨2k+2⟩
log ≡

(
∂
⟨2⟩
log + 2(ak∂log+ bk)

)(
(∂
⟨2⟩
log)

k
+

k−1∑
i=0

2k−i (aki∂log+ bki )(∂
⟨2⟩
log)

i
)

≡ (∂
⟨2⟩
log)

k+1
+ 2(ak∂log+ bk)(∂

⟨2⟩
log)

k
+

k−1∑
i=0

2k−i (aki∂log+ bki )(∂
⟨2⟩
log)

i+1

+

k−1∑
i=0

2k−i+1((akbki + bkaki )∂log+ bkbki + akaki )(∂
⟨2⟩
log)

i
+ 2k−i (2akaki )(∂

⟨2⟩
log)

i+1. □

Proposition 9.4. If p is odd, then it is equivalent to give a log-hyperstratification on an OK -module M
or a weakly quasinilpotent Sen operator. When p = 2, a log-hyperstratification is equivalent to a Sen
operator N such that N 2

− N is weakly quasinilpotent.

Proof. We know that a Sen operator is equivalent to a log-Taylor structure and we may then consider the
map

lim
←−−

θn : M→ M ⊗OK lim
←−−

OK ⟨ω⟩/ω
[>n], s 7→

∞∑
k=0

∂
⟨k⟩
log(s)⊗ω

[k].

We have to show that it takes values inside M ⊗OK ÔK ⟨ω⟩. It simply means that

∀s ∈ M, ∂
⟨k⟩
log(s)→ 0

and this is equivalent to our nilpotence condition thanks to equality (46) and Lemma 9.3. □

We now consider the sheaf of rings O∆(OK ) on the prismatic site of OK that sends a prism (B, J ) to
B := B/J . An O∆(OK )-vector bundle is also called a Hodge–Tate crystal on OK .
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We recover the first equivalence in Theorem 4.2 of [GMW23] (see also Theorem 2.5 in [AHB22]) in
our setting:

Proposition 9.5. If p is odd, then there exists an equivalence between the category of Hodge–Tate crystals
on OK and the category of finite free OK -modules endowed with a weakly nilpotent Sen operator. When
p= 2, Hodge–Tate crystals are equivalent to finite free OK -modules endowed with a Sen operator N such
that N 2

− N is weakly nilpotent.

With some extra work, one can show that this is compatible with cohomology (see Proposition 2.7 in
[AHB22], Theorem 4.5 of [GMW23] or Example 9.6 in [BL22b]).

Proof. It follows from Proposition 1.13 that ÔK ⟨ω⟩∆ = ÔK ⟨ω⟩. Using Proposition 9.4, our assertion is
then a formal consequence of Corollary 7.2 (and Corollary 7.3). □

We shall now describe the relationship with absolute calculus. A ∆-monodromy operator on an
OK -module M is an OK -linear map

∇M : M→ M ⊗OK �R,∆.

This is the same thing as a ∆-connection on M . This is equivalent to giving an OK -linear map ∂M,∆ :

M→ M via
∇M(s)= ∂M,∆(s)⊗ d∆q.

Cohomology is defined as

R0(M)= [M
∂M,∆
−−→ M].

Proposition 9.6. If p is odd, then there exists an equivalence between the category of Hodge–Tate crystals
E on OK and the category of finite free OK -modules M endowed with a weakly nilpotent ∆-monodromy
operator. Moreover,

R0(OK ∆, E)≃ R0(M).

Proof. This is shown exactly as Theorem 7.12 (following the same process). □

Remarks 9.7. 1. Example 3 after Proposition 9.8 shows why we require here that p be odd.

2. As a consequence of the proposition, if E is a Hodge–Tate crystal on OK , then

τ≥2R0(OK ∆, E)= 0.

3. Starting from a Hodge–Tate crystal E on OK , we obtain both a Sen operator and a ∆-monodromy
operator. They provide two OK -linear maps N , ∂∆ : M→ M . Be careful that N ̸= ∂∆ in general because
ω{2}∆ = ω[2]+ qω. Again, this is a confluence phenomenon.

4. It should be noticed however that N and ∂∆ do agree modulo ζ−1.

5. Proposition 1.13 implies that the categories of reduced log-hyperstratified modules and reduced
∆-hyperstratified modules are isomorphic.
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Proposition 9.8. If M is the OK -module associated to a Hodge–Tate crystal E on OK , then for all s ∈ M ,
we have

∂
⟨k⟩
log(s)=

∞∑
n=k

(
k!
n!

s(n, k)(ζ−1)n−k
)
ζ n−k∂

⟨n⟩
∆ (s) and ∂

⟨k⟩
∆ (s)=

∞∑
n=k

(
k!
n!

S(n, k)(ζ−1)n−k
)
ζ n−k∂

⟨n⟩
log (s).

Proof. Using Proposition 1.13, this is shown exactly as Proposition 8.16. □

In particular, we can write

N (s)=
∞∑

n=1

(ζ−1)n−1

n!
s(n, 1)ζ n−1∂

⟨n⟩
∆ (s)=

∞∑
n=1

(ζ − ζ 2)n−1

n
∂
⟨n⟩
∆ (s).

Examples. 1. We consider a free OK -module G of rank one and denote the basis by s. A Sen operator on
G is then uniquely determined by N (s)= cs for some c ∈OK . Then, we have for all k ∈N, N k(s)= cks
and we see that N is weakly nilpotent if and only if vp(c) > 0.

2. We now specialize to the case c = cn := n(p)′ζ for some n ∈N. It then follows from Proposition 9.1
that

∂
⟨k⟩
log(s)=

{ n!
(n−k)!

((p)′ζ )
ks if k ≤ n,

0 otherwise,

or equivalently,

θ(s)= s⊗
n∑

k=0

n!
(n− k)!

((p)′ζ )
kω[k] = s⊗ (1+ (p)′ζω)

n.

Of course, this is Gn ≃ (p)nq R/(p)n+1
q R and it corresponds to the Hodge–Tate crystal I n

∆/I n+1
∆ .

3. On Gn , we have N (s)=cns with cn=n(p)′ζ and ∂∆(s)=ans with an= (n)p+1(p)′ζ . In the case p is odd,
the lifting-the-exponent lemma15 implies vp((n)p+1)= vp(n), so that H 1(Gn

N
−→ Gn)≃ H 1(Gn

∂∆
−→ Gn)

as expected. However, when p = 2, then H 1(G2
N
−→ G2) ≃ Z/2Z but H 1(G2

∂∆
−→ G2) ≃ Z/4Z. This

shows that an extra ingredient (besides modifying the nilpotence condition) is necessary in order to extend
Proposition 9.6 to the case p = 2.

We end this section with a brief presentation of the mixed de Rham and Hodge–Tate theory. A
monodromy operator on a K -vector space M is a K -linear map

∇M : M→ M ⊗OK �S,log,

or, equivalently, a K -linear map N : M→ M , which is again called a Sen operator, via

∇M(s)= N (s)⊗ dlog(q − ζ ).

15If a ≡ b mod p odd but p ∤ a, b, then vp(an
− bn)= vp(a− b)+ vp(n).
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Then, all the results from this section and the previous one have an analog in this situation. In particular,
the category of vector bundles on O∆[1/p] = B

+

dR is equivalent to the category of finite dimensional
K -vector spaces endowed with a weakly nilpotent Sen operator (and there exists a ∆-analog).

We can put all our equivalences together in the following diagram, in which double arrows represent
equivalences, Vect stands for “prismatic vector bundles”, ∇log (resp. ∇∆) stands for “finite free modules
endowed with log- (resp. ∆-) connection”, and wn (resp. tn, resp. tnm) is short for “weakly nilpotent”
(resp. “topologically nilpotent”, resp. “with topologically nilpotent monodromy”):

∇
wn
log(OK )

��

Vect(OK ,O∆) //

��

Vect(OK ,O∆)

��

xx

88

∇
tnm
log (S) // ∇

tn
log(K )

∇
wn
∆ (R) //

��

}}

==

∇
wn
∆ (OK )

��

{{

;;

Vect(OK ,B+dR)
//

||

<<

Vect(OK ,O∆[1/p])
zz

::

∇
tnm
∆ (S) //

zz

::

∇
tn
∆ (K )

xx

88

(48)

It is important to remark that usual logarithmic theory on R itself does not capture the prismatic essence
and it is therefore necessary to rely on our twisted approach in this case.

10. Prismatic F-crystals

We shall now investigate how frobenius interacts with our theory.
For the moment, we only need to assume that W is a complete δ-ring but in the end, when we consider

the prismatic site, we shall focus on the case where W = W (k) is the ring of Witt vectors of a perfect
field k as in Section 7. We endow R :=W [[q−1]] with the unique δ-structure such that q has rank one
(meaning δ(q)= 0 or equivalently φ(q)= q p).

As a consequence of Proposition 2.26, if M is a∇∆-module and φ∗ denotes the pullback along frobenius,
then φ∗M inherits a ∆-connection given by

∀s ∈ M, ∂φ∗M,∆(1⊗ s)= (p)qq p−1
⊗ ∂M,∆(s). (49)

On the other hand, if M is a ∇∆-module, then

(p)−r
q M ≃ (p)−r

q R⊗R M ≃ HomR((p)rq R,M)
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and
M[1/(p)q ] = lim

−−→
r
(p)−r

q M

inherit a ∆-connection. Recall also that there exists the general notion of an isogeny and that a (p)q -isogeny
between two finite projective R-modules M ′ and M is simply an R[1/(p)q ]-linear isomorphism

M ′[1/(p)q ] ≃ M[1/(p)q ].

Definition 10.1. Let M be a finite projective ∇∆-module on R. Then, a relative frobenius on M is a
horizontal (p)q -isogeny

FM : (φ
∗M)[1/(p)q ] ≃ M[1/(p)q ]. (50)

We shall then call M an F-∇∆-module on R.

Remarks 10.2. 1. It is equivalent to give a (p)q -isogeny FM between φ∗M and M or an injective φ-linear
map

φM : M→ (p)−r
q M

for some r ∈ N such that, for some k ∈ N, (p)kq M is contained in the R-submodule generated by the
image of φM . We then have the commutative diagram

M
φM

//� _

��

(p)−r
q M
� _

��

(φ∗M)[1/(p)q ] FM

≃
// M[1/(p)q ]

2. The (p)q -isogeny is horizontal (and defines therefore a relative frobenius) if and only if

∂(p)−r
q M,∆ ◦φM = (p)qq p−1φM ◦ ∂M,∆. (51)

We shall then call φM the absolute frobenius on M .

3. The absolute frobenius φ of R can be extended to a φ-linear map on �q p as follows:

φ :�q p →�q p , dq p q 7→ dq p(q p)= (p)qq p−1dq p q.

Then, condition (51) may be expressed as a commutative diagram

M
φM

//

∇M

��

(p)−r
q M

∇
(p)−r

q M

��

M ⊗R �q p
φM⊗φ

// (p)−r
q M ⊗R �q p

4. If M1 and M2 are two F-∇∆-modules on R, then both M1 ⊗R M2 and HomR(M1,M2) inherit a
frobenius structure. As a consequence, if M is a F-∇∆-module, then, for all n ∈ Z, M⊗n also has a
frobenius structure.
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We may remove the subscripts and simply write F and φ when the module M is clear from the context.
In order to give some examples, we start with the following one:

Lemma 10.3. The map

φR{1}(eR)= (p)−1
q eR

defines a frobenius structure on R{1}.

Proof. We drop the subscript R{1} and simply write φ in this proof. Let us first notice that (with this
definition), we shall have φ((q−1)eR)= (q−1)eR . Then, on the one hand, we have

(∂∆ ◦φ)((q−1)eR)= ∂∆((q−1)eR)=
p
q

eR,

and, on the other hand,

(p)qq p−1(φ ◦ ∂∆)((q−1)eR)= (p)qq p−1φ
( p

q
eR

)
= (p)qq p−1 p

(p)qq p eR =
p
q

eR.

Since (γ ◦φ)(q−1)= q p2
+p
−1 is regular in R, a similar result holds with eR in the place of (q−1)eR . □

Examples. 1. We may consider the trivial ∆-connection on R with the identity as relative frobenius. We
have

∂∆ ◦φ = (p)qq p−1φ ◦ ∂∆. (52)

This particular formula looks more familiar if we use q∂∆ instead of ∂∆ (but see Remark 2.6.1):

q∂∆ ◦φ = (p)qφ ◦ q∂∆.

2. More generally, (p)nq R is canonically endowed with a frobenius structure for all n ∈ Z.

3. It follows from Lemma 10.3 that the Breuil–Kisin ∆-connection has a frobenius structure given by

φ : R{1} → (p)−1
q R{1}, eR 7→ (p)−1

q eR.

The relative frobenius actually comes from an isomorphism of ∇∆-modules φ∗R{1} ≃ (p)−1
q R{1}.

4. This extends to all R{n} for n ∈ Z and the absolute frobenius of R{n} is given by φ(e⊗n
R )= (p)−n

q e⊗n
R .

5. If M is a F-∇∆-module on R, then both the (p)q -adic twist (p)nq M and the Breuil–Kisin twist M{n}
also have a frobenius structure for all n ∈ Z.

Lemma 10.4. A F-∇∆-module on R is automatically weakly nilpotent.

Proof. There exists r ∈N, such that M ⊂ (p)−r
q φ∗M . Formula (49) implies that φ∗M is weakly nilpotent.

We also know that (p)q R is weakly nilpotent. Since the property is stable under tensor product and
internal Hom, it follows that (p)−r

q φ∗M is weakly nilpotent and so is M . □

Up to the end of this section, we place ourselves in the situation of Section 7: we assume that W =W (k)
is the ring of Witt vectors of a perfect field k of characteristic p > 0.
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Recall from [BS22, Definition 3.2] that a prismatic F-crystal is a prismatic vector bundle E endowed
with an isomorphism

FE : (φ
∗E)[1/I∆] ≃ E[1/I∆].

Then, we have the following corollary of Theorem 7.12:

Corollary 10.5. Assume W is the Witt vector ring of a perfect field k of characteristic p > 0 and ζ is a
primitive p-th root of unity. Then, there exists an equivalence between the category of prismatic F-crystals
on W [ζ ] and the category of F-∇∆-modules on W [[q−1]]. □

We shall now recall the following beautiful result of Bhatt and Scholze:

Theorem 10.6 Theorem 5.6[BS22]. If K is a complete discrete valuation field of mixed characteristic
with perfect residue field k, then there exists an equivalence between the category of prismatic F-crystals
on OK and the category of lattices in crystalline representations of G K .

Combining this with Corollary 10.5, we obtain:

Corollary 10.7. Let k be a perfect field of characteristic p > 0, W its ring of Witt vectors, ζ a primitive
p-th root of unity and K the fraction field of W [ζ ]. Then, there exists an equivalence between the category
of F-∇∆-modules on W [[q−1]] and the category of lattices in crystalline representations of G K . □

Usually, Wach modules are only defined in the unramified case but this can easily be extended to our
situation (recall that we write 0 := Gal(K∞/K )):

Definition 10.8. A Wach module over W [ζ ] is a finite free R-module M endowed with a continuous
semilinear action of 0 that becomes trivial modulo q−1 and a (p)q -isogeny

FM : (φ
∗M)[1/(p)q ] ≃ M[1/(p)q ],

which is compatible with the actions of 0.

Proposition 10.9. The category of Wach modules over W [ζ ] is isomorphic to the category of F-∇∆-
modules on W [[q−1]].

Proof. Immediate consequence of Proposition 7.14. □

We recover the following analog over W [ζ ] of [Ber04, proposition III.4.2] (see also [Col99]):

Corollary 10.10 (Berger). There exists an equivalence between the category of Wach modules over W [ζ ]
and the category of lattices in crystalline representations of G K . □
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