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Equivariant line bundles with connection
on the p-adic upper half-plane

Konstantin Ardakov and Simon Wadsley

Let F be a finite extension of @, let 2 be Drinfeld’s upper half-plane over F and let G the subgroup of
GL,(F) consisting of elements whose determinant has norm 1. By working locally on €, we construct
and classify the torsion G’-equivariant line bundles with integrable connection on the base change of Qf
to any complete field extension of F containing the quadratic unramified extension of F in terms of the
smooth linear characters of the units of the maximal order of the quaternion algebra over F.
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1. Introduction

1.1. Background. Let p be a prime number, Q, the field of p-adic numbers and F a finite extension
of Q, with ring of integers O and uniformiser 7r. Let Q2 denote the Drinfeld upper half-plane: it is
a rigid F-analytic space whose underlying set is the set of Gal(F/F)-orbits in P! (F)\P!(F). In [14],
Drinfeld defined a tower of G := GL,(F')-equivariant étale rigid F -analytic coverings of Q := Qp Xpg F,
where F is the completion of the maximal unramified extension of F.

We consider a slight modification of Drinfeld’s construction, due to Rapoport and Zink [31]. They
constructed a tower of coverings

..._)Mn_)Mn_l_)..._)Ml_)Mo

of rigid F -analytic spaces. Their base space My can be viewed as the disjoint union of countably many
copies of €2, by [31, Theorem 3.72]: there is a noncanonical isomorphism Mg = Q x Z. The tower comes
equipped with an action of G, so that the maps M,, — M,,_; are all G-equivariant. The G-action on the
base space is given by

g-(z,n)=(g z,n+ vy, (detg)).

Here the G-action on €2 is the usual one by Mobius transformations. Thus each copy of 2 is stabilised by
the subgroup G° of G consisting of matrices g in G such that v,, (det g) = 0.

Let D be the quaternion division algebra over F with valuation ring Op and let I1 denote a generator of
the unique maximal ideal in Op. The maps M, — M,_; in the tower are all finite étale and Galois, with

Gal(M,,/Mo) Z 05 /(1 +T1"Op).

The actions of G and Gal(M,,/Mj) on M,, commute.

Scholze and Weinstein have proved in [35, Theorem 7.3.1] that if C denotes a complete and algebraically
closed extension of F and 2 is a finite étale G-equivariant cover of the base-change 2 x; C, then there
is an integer m > 0 such that M,,, x; C —  x C factors through Q.

One way to better understand these finite étale equivariant covers is through the study of equivariant
vector bundles with flat connections on the base space: the two theories are essentially equivalent. Here
we briefly sketch how to obtain equivariant vector bundles with flat connection from the Drinfeld tower.
Suppose that p is a smooth geometrically irreducible representation of O whose character is defined over
some finite extension K of F. There is some m > 0 such that p factors through (’)g /(14+T1"Op) and, for
all n > m, Oy, , has a p-isotypical component V¥ independent of the choice of n. Then the pushforward
of V* down to M x is a G-equivariant vector bundle over My g of rank (dim p)?, equipped with an
integrable connection.

In this paper we only consider the smooth K-linear representations of O of degree 1, that is, the torsion
characters 6 : O, — K*. Then the pushforward of V? is a G-equivariant line bundle on My g with an
integrable connection. For example, when dealing with the trivial representation, the corresponding line
bundle is just the structure sheaf 0,4, with its natural G-action and natural integrable connection. The
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set Hom(Oj};, K *)ors of torsion characters O, — K * forms a group under pointwise multiplication of
characters; given a continuous action' of a topological group H on a smooth rigid K-analytic space X, we
denote by PicCon” (X) the group of isomorphism classes of H-equivariant line bundles with an integrable
connection on X, where the group structure comes from the tensor product of these line bundles. In this
way, the Drinfeld tower gives us a group homomorphism

Hom(O}, K *)ors — PicCon® (Mo x)ors- (1)

1.2. The main result. Let K be a complete valued field extension of F' and write Qg := QF X K
for the base-extension of Qf to K. In this paper we will consider the subgroup PicConGO(Q K )tors Of
PicConGO(Q x) consisting of the isomorphism classes of the G’-equivariant line bundles with integrable
connection on 2k that have finite order under ®. Whenever K contains F, this group is noncanonically
isomorphic to PicCon® (Mo, K )iors- Our main result is this:

Theorem A. Suppose that K contains the quadratic unramified extension L of F. Then there is an
isomorphism of abelian groups

PicCon® (2% )iors = Hom(O%, K )ors.

‘We note that Theorem A cannot be true without the condition that K contains L in the statement, because
the prime-to- p-torsion subgroup of PicConGO(Q x) is cyclic of order g2 — 1 for any choice of field exten-
sion K, but K* contains no such subgroup unless K contains L and so Hom(O7,, K*) cannot either. We
also note in passing that in fact all line bundles on Qx are known to be trivial; see, e.g., [19, théoréme A].

Our isomorphism depends on a choice of a point z € Q27 (L) and an F-algebra embedding ¢ : L — D.
However, there is a natural G-action on PicCon®’ (Rk)wors and a natural conjugation D*-action on
Hom(O3F, K*)irs: the first action factors through G/G°F* and the second action factors through
D* /O F*, both cyclic groups of order 2. The isomorphisms in Theorem A are compatible with respect
to these actions, provided we identify G/G°F* with D* /O F* in the only possible way. Quotienting
out by these actions on both sides, we obtain a bijection

PiCCOHGO(QK)tors/G i Hom(OXa Kx)tors/DX

which no longer depends on any choices. We expect, but do not check in this paper, that when K = F,
the isomorphism in Theorem A is in fact inverse to (1) for some choice of identification of M, with
Q x Z, depending on our other choices.

1.3. Motivation. We do not use the already cited Scholze—Weinstein result, or even the existence of
the Drinfeld tower, to prove Theorem A. Instead, we give an explicit construction of the elements
PicConGO(Q K )tors as finite order Go—equivariant line bundles with connection on Qg and prove directly
that there are no others. More precisely: in this paper we give an elementary construction® of finite order

ISee Section 3.2 for the precise definitions.
It is elementary in that it does not depend on the duality of Rapoport—Zink spaces or the theory of perfectoid spaces.
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GL,(OF)-equivariant line bundles with connection on the K-affinoid subdomain €2y of Qg that is the
inverse image of the vertex fixed by GL;(OpF) in the Bruhat-Tits tree under the reduction map, and show
that each of these line bundles extends uniquely to a G°-equivariant line bundle with connection on all
of Qk. We have provided full arguments for some results that already appear in the literature in order to
stress the elementary nature of our work.

In our companion work [3], we use this elementary construction to better understand the structure
of the global sections .27 (2) of these equivariant line bundles as modules over the locally F-analytic
distribution algebra of G°. The results of this paper are used to show that if j : Q¢ — P} denotes
the open inclusion, then j,.#? is a coadmissible G%-equivariant D-module on IP}< in the sense of [1].
We then use this to prove that for each 8 € Hom(O7;, K™ )ors, 2%(Q) is irreducible as a coadmissible
D(G®, K)-module when the underlying connection is nontrivial, and that it has length two otherwise.
The condition that the underlying connection is nontrivial can be shown to be equivalent to 6 not being
fixed by the D*-action on Hom(O3;, K )5 discussed above.

1.4. An overview of some related works. Because of the central position of the theory of Drinfeld
coverings and Rapoport—Zink spaces in the local Langlands program [17], it is difficult to make a
comprehensive literature review. In his work [39], Teitelbaum found explicit local equations for the first
Drinfeld covering of Q: this yields explicit torsion line bundles with connection on £2,> together with a
(non-explicit) GL, (OF)-equivariant structure. However neither Teitelbaum, nor Lue Pan in his closely
related work [27], consider the flat connections on these line bundles, nor do they make an attempt to
classify the appropriate equivariant structures in an elementary manner.

We acknowledge our intellectual debt to the Introduction of [13], where Dospinescu and Le Bras explain
the importance of the equivariant vector bundles on €2 in the context of locally analytic representations of
GL,(F), and in particular in the p-adic local Langlands program. We mention here in passing that the
constructions in our paper enable us to define the first Drinfeld covering of 2 directly over F' rather than
over F without appealing to the theory of Weil descent. We also take the opportunity to mention here the
monumental works of Colmez, Dospinescu and Niziot [10; 11] that use Scholze’s pro-étale methods and
build upon [13] to show, amongst other things, that the p-adic étale cohomology of the Drinfeld tower
realises the p-adic local Langlands correspondence, at least in the case when F = Q,,.

Finally, we mention that Junger in his recent preprint [20] has classified equivariant line bundles on
Deligne’s formal model Q of Q. There are some formal similarities in our methods (for example his
Proposition 2.10 plays a similar role to our Proposition 3.2.14), however we cannot deduce his results
from ours, nor vice versa. We expect that our results here can be naturally extended to analogues of 2 in
higher dimensions.

1.5. Conventions and notation. F will denote a finite extension of Q, with ring of integers OF, uni-
formiser ¢ and residue field k¢ of order g. K will denote a field containing F that is complete with

3See Definition 4.2.12(b).
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respect to a nonarchimedean norm | - | such that |p| = 1/p. We will write
e K°:={a € K : |a| < 1} for the valuation ring of K,
e K°°:={a € K :|a| < 1} for the maximal ideal of K°,
« K for a fixed algebraic closure of K, and

e C for the completion of K.

Let X be arigid K-analytic variety. When Y is a subset of X, we will say that Y is an affinoid subdomain
of X to mean that Y is an admissible open subspace of X, itself isomorphic to an affinoid K-variety.
When X itself happens to be a K-affinoid variety, this agrees by [6, Corollary 8.2.1/4] with the standard
definition found at [6, Definition 7.2.2/2]. We will write

e |- |x to denote the (power-multiplicative) supremum seminorm on X,
OX)°:={feO0X):|flx =1},

OX)*:={feO0X):|flx <1},

O(X)** := 14 0O(X)°°, the subgroup of small units in O(X)*, and
OX) " ={14+f:|flx <r} <O(X)* for each real number r € (0, 1).

Pic(X) will denote the Picard group of X, consisting of the isomorphism classes of line bundles on X
with the group operation given by tensor product.

When K’ is a complete field extension of K, we will write Xg' := X x g K’ for the base change of X
to K/, and

X(K")={¢:SpK'— X : ¢ is a morphism of rigid K -analytic varieties}

will denote the set of K’-valued points of X.
Let A be an abelian group and let d be a nonzero integer. We will write

e Ald] ={a € A : da = 0} to denote the d-torsion subgroup of A,

o« Alp']:= U(d’ =1 Ald] to denote the prime-to-p torsion subgroup of A,
o A[p™]:=J:2, A[p"] to denote the p-power torsion subgroup of A.

o Awrs i =UJ 4>1 Ald] to denote the full torsion subgroup of A.

Let a group G act on a set X. We will write

e G, :={g € G : gx = x} for the stabiliser of a point x € X, and

e X% :={x € X:gx =ux for all g € G} for the set of elements fixed by G.

When we discuss cochains, cocycles and coboundaries we will work with the continuous cochain
cohomology of Tate [38]. That is, if G is a topological group and A is a topological abelian group
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equipped with a continuous action of G, then

e C"(G,A):={f:G"— A : f is continuous} is the set of continuous A-valued n-cochains,

Z"(G, A) is the set of continuous A-valued n-cocycles,

B"(G, A) is the set of continuous A-valued n-coboundaries,

H"(G, A) is the n-th continuous cohomology group Z"(G, A)/B"(G, A),

86 : C°(G, A) = A — C'(G, A) is the map given by 8(a)(g) =g-a —a.
Note that whenever 8 : A — B is a G-equivariant map of topological abelian groups with continuous
G-action, we have §g0 = 0485.

When G acts trivially on A, we will usually write Hom(G, A) instead of Z (G, A) or H'(G, A) to

denote the group of continuous homomorphisms from G to A. For any continuous group homomorphism
¢ : G — H, we denote by

¢* :Hom(H, A) — Hom(G, A)

the map given by precomposition by ¢.

2. Background from algebra
2.1. Measures on profinite sets. We begin by adapting some definitions from [16, Definitions 2.7.10].
Definition 2.1.1. Let Z be a profinite set and let a be an abelian group.
(a) An a-valued measure on Z is a function v from the set of clopen (closed and open) subsets of Z to a,
satisfying v(U) = v(V) +v(U\V) whenever V C U are clopen subsets of Z.
(b) M(Z, a) denotes the abelian group of all a-valued measures on Z under pointwise operations.
() My(Z,a):={veM(Z,a):v(Z) =0} is the subgroup of a-valued measures on Z with total value

zero.

Examples 2.1.2. (1) If Z is any profinite set and a is a unital ring then for each z € Z we can define a
measure &, by

1 ifzeU,

0 otherwise.

8Z(U) = {
(2) If Z happens to be finite we can define a “counting measure” in M (Z, Z) via

,(U)=|U| forall UC Z.
Indeed, £z = )_ §..

zeZ

Let C(Z, Z) be the set of continuous Z-valued functions on Z, where we give Z the discrete topology.
Of course every such function is locally constant.
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Proposition 2.1.3. Let Z be a profinite set and let a be an abelian group.
(a) There is a natural additive isomorphism M(Z, a) — Homz(C(Z, Z), a).

(b) Let (Z;)icr be a filtered inverse system of finite sets. Then every isomorphism Z =1im Z; of profinite
sets induces isomorphisms of abelian groups M(Z, a) = l(ln M(Z;,a) and My(Z, a) = I(Ln My(Z;, a).

(¢) The functor a— M(Z, a) is exact.

Proof. (a) Letv € M(Z, a) and let f : Z — Z be locally constant. Because Z is profinite and hence
compact, we can choose an open partition {Uj, ..., Uy} of Z such that fjy, is constant for each i. Choose
z; € U; foreachi =1, ..., m and define (v, f) := Z:":l f(zi)v(U;) € a. Then (v, f) does not depend
on the choice of open partition or the choice of the z;’s, and v — (f +— (v, f)) defines an additive map
M(Z, a) - Homz(C(Z, Z), a).

Let 1y denote the characteristic function of the clopen subset U of Z. Given an additive map
g:C(Z,7) — a,setting v(U) := g(1y) € a for each clopen U defines an element v € M (Z, a) such
that (v, f) = g(f) for all f € C(Z, Z) because the characteristic functions 1y generate C(Z, Z) as an
abelian group. The function g — v is then an inverse to M (Z, a) — Homz(C(Z, 7), a).

(b) The isomorphism Z = lim Z; induces an isomorphism of abelian groups C(Z, 72) =1im C(Z;, 7).
The functor Homz (—, a) converts colimits into limits; now apply part (a) to get M(Z, a) = lim M(Z;, a).
Since taking limits commutes with taking kernels the other part follows immediately.

(c) By a theorem of Nobeling—see [34, Theorem 5.4]—C(Z, Z) is a free abelian group. Hence
Homz(C(Z, Z), —) is exact; now apply part (a). O

Definition 2.1.4. For every abelian group a the map Z +— M(Z, a) from profinite sets to abelian groups
extends to a functor from the category of profinite sets and continuous functions to the category of abelian
groups sending a continuous function f : Z; — Z; to the group homomorphism

fe:M(Z1,0) = M(Z.0); fo0)(U) =v(f ™ (U)).
In particular an action of group G on a profinite set Z by homeomorphisms induces an action on
M (Z, a) by automorphisms of abelian groups via g - v = g.(v).

Remark 2.1.5. If v e My(Z;, a) in the setting of Definition 2.1.4 then f, (v) € My(Z,, a) since f,(v)(Z3)
=v(f~YZy) =v(Z)) =050 Z +— My(Z, a) also defines a functor.

The following result will be useful later.
Lemma 2.1.6. Let Z be a profinite set and let d be a nonzero integer. Then the sequence 0 — My(Z, Z) 4
Mo(Z,7) - Mo(Z,7Z]/dZ7) — O is exact.

Proof. Consider the multiplication-by-d map on the short exact sequence of abelian groups 0 —
Mo(Z,7) - M(Z,Z) — Z — 0. This gives a 3 x 3 diagram of abelian groups, whose rows are exact,
whose second column is exact by Proposition 2.1.3(c) and whose third column is exact for trivial reasons.
Hence the first column is also exact by the Nine lemma. U
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Recall our conventions concerning continuous group cohomology from Section 1.5.

Lemma 2.1.7. Let G be a profinite group with a continuous transitive action on a finite set X. Recall the
induced G-action on M (X, Z) from Definition 2.1.4 above.

() M(X,2)° =Z-%x.
(b) My(X,Z)° =0.
(c) H(G,M(X,7)) =0.

Proof. (a) It is easy to compute that M (X, 7)° =7 - Xy where Ty is the counting measure from
Examples 2.1.2(2).

(b) Use My(X, 2)° =ker (M(X,2)¢ — Z; v v(X)) and nZx(X) =n|X|.

(c) Choose an arbitrary point x € X. Since X is finite, M (X, Z) is isomorphic to the (co)induced module
Indg* Z in the sense of [26, Chapter I, §6], where Z denotes the trivial G,-module. Then by Shapiro’s
lemma [26, Proposition 1.6.4], we have

HY (G, M(X,7)= H\(G,, 7).

Since the action of G, on Z is trivial, G, is profinite and Z is a discrete torsion-free group we deduce
that H' (G, Z) = Hom(Gy, Z) = 0. O

Proposition 2.1.8. Let G be a profinite group acting continuously and transitively on two nonempty finite
sets X,Y,and let w : X — Y be a G-equivariant function. Let d > 1 be an integer and let h :== gcd(d, | X|).
Then:

(@) M(X,Z/dZ)C is cyclic of order d, generated by the image of Ty.
(b) My(X,Z/dZ)C is cyclic of order h, generated by the image of (d/h)Zy.
(©) m (Xx) = (XI/1YDZy.
Proof. (a) The short exact sequence
0= M(X,2) % M(X,7) — M(X,Z/dZ) — 0
induces a long exact sequence of cohomology
0— MX,2)¢ % M(X,7)° — M(X,Z/d7)°— H'(G, M(X, 7)),

whose final term is 0 by Lemma 2.1.7(c). Since M (X, 2)°=7-%x by Lemma 2.1.7(a) the result follows.

(b) Note that My(X, Z/dZ)G ={ve M(X, Z/dZ)G :v(X) =dZ}. By part (a), every such v is the image
of nXx for some n. But nXx(X) = n|X| so

Mo(X,7/dZ)C = [nEx € M(X, Z/dZ) : d divides n|X]|},

giving the result.
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(c) Whenever U C Y, we have 7,(Zx)(U) = Zx(x~1(U)) = ‘71_1 (U)}. Since G acts transitively on X
and Y, all the fibres have order | X|/|Y| and so

L IXT
| WH—“MUL

as required. (I

2.2. Some stabilisers in G° and their linear characters.

Notation 2.2.1. (a) G := GL,(F) and G° := {g € G:vy.(detg) =0}
: (0 1
(b) We write w := (nF 0) eaq.
(c) We write A := GLy(OF) and B :="A = wAw ™.

(d) The Iwahori subgroup I is

I::{(a b) eA:CEOmoan(’)F}.
cd

We recall from [37, §§11.1.2-3] that if BT is the Bruhat-Tits tree associated with PGL;(F), then A, B
and I arise as stabilisers in GY under the natural G%-action on BT as follows: there is a vertex s of BT
such that (s ws) is an edge of BT, and

I1=¢G"

(s ws)*

A=G], B=Gy,,

Hence I = AN B. The following classical result will be crucial to our arguments later on in Section 4.4.

Theorem 2.2.2 [37, Theorem I1.3]. G is the amalgamated product of its open subgroups A and B over
their intersection I:

G'=A % B.
Recall that F* is the direct product of its subgroups w,(F), O3 and (7p):
F* = ppy(F) x OF x (7F).

We write a > a to denote the homomorphism that is the projection F* — p,y (F) with kernel O™ X (7F).
We will use the same = notation for the analogous projection L* — (L) for other finite extensions L/Q,.

Lemma 2.2.3. (a) Hom(A, K*)[p'] = [det* : k € Z/(q — 1)Z}.
(b) Every element of Hom(I, K*)[p'] is of the form

a b any
(npc d)r—)cz d
for someny,n, € Z/(q —1)Z.

(©) (Hom(I, K*)[p')" = {det* : k € 7/(q — 1)Z}.
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Proof. (a) For any 6 € Hom(A, K *)[p'], every pro-p subgroup of A is contained in ker 6. Since SL,(OF)
is generated by its pro-p subgroups it follows that 6 factors through det : A — Of. Since O™ is
also pro-p we see that any element of Hom(O3, K *)[p’] factors through™=. It remains to observe that
Hom(u,/(F), K*) consists of maps of the form a ak for some k € Z/(q — 1)Z, because wp (F) is
cyclic of order g — 1.

(b) Once again, if 6 € Hom(/, K *)[p'], any pro-p subgroup of I is contained in ker 6. The kernel of the map

a b ~ A
I =y (F) %y (F), <m d) > (@,0),

is pro-p. Now the result follows as in (a).

(c) By part (b), every x € Hom(/, K *)[p’] is of the form (nac Z) > a"d" for some ny, ny eZ/(g—1)2.
F
Now
a b\\ __ d c\\ _ s
w0 (e a)) =2 (o o)) =
Thusifx:w-xthennlznzand)(=&5t”'. O

Remark 2.2.4. It follows from the proof of Lemma 2.2.3 that any p’-quotient of A, B or I has exponent
dividing g — 1.

We will now recall the structure of the stabilisers in G of points in P! (L) for quadratic extensions L
of F, under the G-action by Mobius transformations.

Lemma 2.2.5. Suppose that F(z) is a quadratic extension of F. Let
N = NF(Z)/F:F(Z)—> F and triztrp(z)/FZF(Z)—) F
be the norm and trace maps respectively.

(a) The stabiliser G, of z in G is
_|fa —cN(2)
G. = {(c a— ctr(z))

. « a —cN(2) _
Jj.:G,—> F(2)™, (c a—ctr(z))'_)a cz,

(a,c) € FA\{(0, 0)}}.

(b) The map

is an isomorphism of topological abelian groups such that N o j, = det.

(c) We have j.(G) = O, and j.(SLo(F).) =ker N < O} .

Proof. (a) We can compute that (az + b)/(cz +d) = z if and only if cz>+ (d — a)z — b = 0. Moreover,
the minimal polynomial of z is 1> — tr(z)¢ + N (2). So (“”) € G fixes z if and only if (d —a) = —c tr(2)
and b = —cN(z) as claimed.
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(b) Since
(2N

) =a’—actr(z) + *N(z) = N(a — cz),
c a—ctr(z)

we have N o j, = det. For any (a1, c1), (a2, ¢2) € F?\{(0, 0)}, we have
ay —c1N(2) a —c2N(2) ajay—c1caN(2) *
= e G,
¢y ay—cytr(z)) \c2 ax—cptr(z) craytaica—cieptr(z) *
and (a1 —c12)(a2—c2z2) = (a1a2—(arcatc1a2)z+c1622%) = (@1ar—c1c2N (2))—(c1ax+ajca—cic2 tr(2))z

lies in F(z)*. This implies that j, is a group isomorphism.

(c) Since G? = ker (vy, odet: G, — Z), part (b) implies that

J:(G) =ker (vr, oN: F(2)* — Z) = OF,,.

Similarly, because SL,(F'), = ker (det G, —> FX), using N o j, = det, we see that j,(SLo(F),;) =ker N,
which is contained in Oﬁ(z). O

Corollary 2.2.6. Let L = F(2) be a quadratic unramified extension of F. Then
GY-SLy(F) = G°.

Proof. Let g € G° so that det(g) € OF. Since the residue field kF is finite, the norm map N : k — kj
on residue fields is surjective by [36, p.82, Remark(1)]. Since L/F is unramified, the norm map
N : Of — Oy, is surjective by [36, p. 82, Corollary], so we can find x € O} such that N (x) = det(g).
Using Lemma 2.2.5(c), we can choose h € Gg such that j,(h) = x. Then Lemma 2.2.5(b) implies that
det(h) = N(j,(h)) = N(x) =det(g),sog=h-h"'ge Gg -SLy(F) as required. Ol

When F(z) a quadratic extension of F, we define a continuous homomorphism 7, : G? — F(2)* by
setting

72(g) = j.(g) forall ge GO
Lemma 2.2.7. Suppose that F (z) is a quadratic extension of F. Then
Hom(G?, K (2))[p'] = Hom(G?, iy (F(2)) = (T2)
is a cyclic group. Its order is g*> — 1 if F(2)/F is unramified, and g — 1 otherwise.

Proof. Since j : G? — O;(Z) is an isomorphism of topological groups by Lemma 2.2.5(b,c), it suffices
to show that every element of Hom(O;(Z), K(2)*)[p'] is of the form a — a* for some k € Z. Since
the kernel of * : O;(Z) — 1y (F(z)) is pro-p, any 0 € Hom(O;(Z), K (z))[p] factors through . Since
Wy (F(z)) is cyclic of order q2 — 1if F(z)/F is unramified and cyclic of order g — 1 if F'(z) is ramified

the result is now straightforward. U
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2.3. Quaternions. We use [29, §1.4] and [28] as basic references. By [28, Proposition 12.5b, Theorem
17.10] there is a central division algebra D over F of dimension 4 which is unique up to isomorphism.
The norm on F extends uniquely to a norm |- |p on the division algebra by [28, Proposition 17.6].

Notation 2.3.1. Let Op :={d € Op : |d|p < 1} be the maximal order in D, Pp :={d € Op : |d|p < 1}
its unique maximal ideal and let kp := Op/Pp. We will write wp : (’)g — kg to denote the reduction
map modulo Pp on multiplicative groups. Let L denote the unramified quadratic field extension of F;
the reduction map w; : O] — k; on multiplicative groups is defined similarly.

We recall the Noether—Skolem theorem.

Theorem 2.3.2 (Noether—Skolem; see, e.g., [28, Theorem 12.6]). Suppose that B is a central simple
algebra over F and that A is a simple subalgebra of B. If x : A — B is an algebra homomorphism then
there is b € B* such that x (x) = bxb~! for all x € A.

Corollary 2.3.3. D* acts transitively on the set of F-algebra homomorphisms v : L — D via conjugation:
d-)(x)=di(x) d-! forall de D*,x € L.
Recall the reduced norm map Nrd : D* — F* from [28, Chapter 16].
Proposition 2.3.4. The derived subgroup of O}, is the intersection of
ker(Nrd |ox : Op — Of) and  ker (wp : O — kp).

Proof. Since O and k5 are both abelian groups, the derived subgroup must be contained in the intersection
given in the statement. By a result of Riehm [32], the two subgroups are in fact equal — see the remark
following [29, Theorem 1.9]. O

Definition 2.3.5. Let PL1 denote the following subgroup of O;':
PL1 :=ker N /r N ker(wr : Of — k).
Lemma 2.3.6. PL1 is the Sylow pro-p subgroup of ker Ny f.

Proof. Since ker wy (and hence PLI) is pro-p, certainly PL1 is contained in the Sylow pro-p subgroup S of
ker Ny, r. On the other hand, since ker Ny ) < OZ and since k,f has no elements of order p, w; must
kill S and hence S is contained in P;. O

Let 0 : OF — (OF)™ denote the canonical projection.

Proposition 2.3.7. The F-algebra homomorphism . F — L induces an isomorphism of profinite abelian

groups

001:0;/P] = (Op)™.
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Proof. The projection o appears in the diagram

0

X { X Xyab
OL OD (OD)a
NL/FXL!)Ll lNrd X/
Opxk ——— 05 x kS
F L id xi F D

We have Nrd o = Ny /r by [28, Proposition 16.2(b)]. The inclusion ¢ : L < D induces ring homomor-
phisms ¢ : Op < Op and { : kf — kp,* and we have wp ot = oy . We can now see that the square on
the left is commutative. Since Oy, x k}; is abelian, Nrd xwp factors through o, giving the diagonal arrow
g and making the entire diagram commutative.

Proposition 2.3.4 tells us that ker o = ker(Nrd xwp), so the map ¢ is injective. Since { is injective,
chasing the diagram shows that

ker(o ot) =ker(q oo ot) =ker((Nrd xwp) ot) =ker(Np/r X wp) = PLI.

Hence pot: Of — (Og)ab descends to give an injective group homomorphism

001: 0[P} — (OF)™.

Since both O}/ PL1 and (Og)ab are abelian groups that are virtually pro-p, to show that p ot is surjective,
it suffices to check this on the Sylow pro-p subgroups of both groups, and on the subgroups of elements
of order coprime to p.

The Sylow pro-p subgroup S of ((’)f))ab appears in the commutative triangle

oot
1+7rOf S

q
m} J

(I1+7mr0F) x 1

where the diagonal arrow is surjective by Proposition 3(a) of [36, Chapter V]. Since ¢ is injective, we see
that pot: 1 +mpOp — S is surjective as well.

Finally, kerwp = 1+ Pp is a pro-p subgroup of O}, so ¢ : OF —» (OF)™® induces a surjective
homomorphism k5 — (Og)ab[ p'l. Since i : k; — kp is an isomorphism, this implies that g oi : O [p'] —
(OF)™[p'] is surjective as well. O

Corollary 2.3.8. Lett: L — D be an F-algebra homomorphism.

(a) There is an isomorphism of abelian groups

000" : Hom(O%, K*) = Hom(O)/ P}, K*).

4In fact, T is an isomorphism.
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(b) This induces a bijection

~

goi* : Hom(OF, K*)/D* = Hom(O}/P}, K*)/ Gal(L/F).

(¢c) The bijection o ot* does not depend on the choice of t.

Proof. (a) This follows immediately from Proposition 2.3.7.

(b) Let Gal(L/F) = (o); then, by [28, Theorem 17.10, Proposition 15.1a], we can find an element IT € D
such that I12 = 7 and

Niua) 1T ' =i(o(a)) forall aelL.

Since O}, is normal in D*, there is a natural conjugation action of D* on (O Z))ab which evidently factors
through D*/F* Oy, a group of order 2 generated by the image of IT. Then the above formula shows that
this action of D*/F* O} on ((’)g)ab corresponds under the isomorphism p ot to the natural Gal(L/F)-
action on O} / PLl. Hence, the isomorphism in part (a) is equivariant with respect to the D* / F*O};-action
on Hom(O73;, K*) and the Gal(L/F)-action on Hom((’)Z/Pl, K>), when we identify Gal(L/F) with
D*/F*Of viao — I

(c) Let /' : L < D be another F-algebra homomorphism. Then by Corollary 2.3.3 we can find d € D*
such that //(x) =d ((x)d~" forall x € L.
Letcy: Of — Of and ¢4 : (OLX))ab — (OIX))ab denote the conjugations by d, so that ' = ¢, ot and

J— J— _ e — — % J—
cqoo=0o0cy. Thencjopot=pocjot=pol,s0c;0p00t=pot. Hence pot/ =poi*oc;” and

we can now see that po/* =por*. O

2.4. Equivariant sheaves and amalgamated products. We begin by recalling some material from
[1, §2.3]; note that the notion of G-equivariant sheaf found in this reference agrees with that found
in [15, IV.8.2], up to a sign. Let X be a set equipped with a Grothendieck topology in the sense of [6,
Definition 9.1.1/1]. Note that we do not assume at the outset that there is a final object in the category of
admissible open subsets of X, as X is not itself required to be admissible open in the G-topology.

Let Homeo(X) be the group of continuous bijections from X to itself. We say that a group G acts
on X if there is given a group homomorphism p : G — Homeo(X). If this action is understood, we
write gU to denote the image of an admissible open subset U of X under the action of g € G. For every
g € G, there is an auto-equivalence p(g), of the category of sheaves on X, with inverse p(g)* = (g™,
To simplify the notation, we will simply denote these auto-equivalences by g, and g*, respectively. Thus

(gF)U)=F(g 'U) and (¢"F)(U)=F(gU)
for all admissible open subsets U of X and all g € G.

Definition 2.4.1. Let G act on X, and let F be a presheaf of R-modules on X, where R is a commutative
base ring.
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(a) An R-linear equivariant structure on F is a set {gJT : g € G}, where
¢ F—g'F
is a morphism of presheaves of R-modules for each g € G, such that
1"=1r and  (gh)yy =h*(g")oh” forall g,heG. )
(b) An R-linear G-equivariant presheaf is a pair (F, {g”} ¢eG), where F is a presheaf of R-modules

on X, and {g”} ¢eG 1s an R-linear equivariant structure on F.

(c) A morphism of R-linear G-equivariant presheaves
0 (F g™ = (F (g7 )
is a morphism of presheaves of R-modules ¢ : 7 — F’ such that
g*(go)og]::g}—’ogo forall g € G.

We will frequently use this abuse of notation, and simply write ¢ (x) to mean ¢(U)(x) if x is a section
of F over the admissible open subset U of X. Note that with this abuse of notation, the cocycle condition

(2) becomes simply
g7 (" (x))=(gh)"(x) forall xe F, g, heG. 3)

When the base ring R and the R-linear equivariant structure on a sheaf F of R-modules is understood,
we will simply say that F is a G-equivariant sheaf, and omit the equivariant structure from the notation.
Definition 2.4.2. Let F be a presheaf of R-modules on X.

(a) An automorphism of F over X is a pair («, 8), where « € Homeo(X) and 8 : F — «*F is an

R-linear isomorphism of presheaves on X.
(b) Define Aut(F/X) to be the set of all automorphisms of F over X.
(c) Given (ai, B1), (a2, B2) € Aut(F/X), define

(a1, B1) O (2, B) == (@102, @5 (B1) 0 f2).
This is again an element of Aut(F/X).
Lemma 2.4.3. Let F be a presheaf of R-modules on X. Then the binary operation O turns Aut(F/X)
into a group.
Proof. The identity elementis (1x, 17). Let («;, B;),1 =1, 2, 3 be three elements of Aut(F/X). Checking
that the operation [ is associative boils down to the formula
a3 (a5 (B1) o Ba) o B3 = (eaa3)*(B1) o a3 (B2) o B3,

which is readily verified. The inverse of («, 8) € Aut(F/X) is (@ !, a(B) ™). O

By Definition 2.4.2(c), the first projection map pr; : Aut(F/X) — Homeo(X) is a group homomorphism.
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Definition 2.4.4. Let G be a group acting on X via p : G — Homeo(X), and let F be a presheaf of
R-modules on X. Form the fibre product

AWF/X/G):=G x  Au(F/X)
Homeo(X)

with respect to the group homomorphisms
p:G — Homeo(X) and pr;:Aut(F/X)— Homeo(X).

By definition, the elements of Aut(F/X/G) have the form (g, (0(g), B)) for some g € G and some
R-linear isomorphism 8 : F = g*F; evidently, such an element is completely determined by the pair
(g, B)- In order to simplify the notation, we will abuse notation and write

Auw(F/X/G)={(g,B) : ¢ €G, B: F = g"F R-linear},
where the product is given by the formula

(g1, B1) O (g2, B2) = (8182, &> (B1) 0 B2). “)

Definition 2.4.5. Let G be a group acting on X via p : G — Homeo(X), and let F be a presheaf of
R-modules on X. Define

S(G, F) := {0 € Hom(G, Aut(F/X/G)) : prijoo = 15}
to be the set of sections of the first projection pr; : Aut(F/X/G) — G.

‘We make these definitions in order to formulate the next result:

Lemma 2.4.6. Let G be a group acting on X via p : G — Homeo(X), and let F be a presheaf of
R-modules on X. Then the rule

{e7)gec = [g7 (8, 87) € Au(F/X/G)]
defines a bijection between the set all R-linear G-equivariant structures on F and S(G, F).

Proof. Let {g”} ¢eG be an R-linear G-equivariant structure on X. Define the map o : G — Aut(F/X/G)
by setting o' (g) = (g, g”7) for all g € G. Using the cocycle condition (2), we compute that for all g, # € G
we have

o (gh) = (gh, h*(g7) oh”) = (¢,8") O (h, h7") = o(g) Do ().

Since o(1) = (1, 17) = (1, 1£), we see that ¢ is a group homomorphism such that pr;oo = 1, that is,
o €S(G, F).
Conversely, for each o € S(G, F), the set {pr,(0(g))}¢ec forms an R-linear G-equivariant structure

on F by reversing the above argument. (Il
Next, we recall the following definitions from [1]:

Definition 2.4.7. Let G act on X, and let A be a sheaf of R-algebras on X.
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(a) We say that A is a G-equivariant sheaf of R-algebras if there is given an R-linear G-equivariant
structure {g”* : g € G} such that each g : A — g*A is a morphism of sheaves of R-algebras.

(b) Let A be a G-equivariant sheaf of R-algebras on X. A G-A-module is an R-linear G-equivariant
sheaf M on X, such that M is a sheaf of left A-modules and g™ (a - m) = g(a) - g™ (m) for all
geG,ae A,me M.

We want to study all possible G-.A-module structures on a given .4-module M.

Definition 2.4.8. Let G act on X, let A be a G-equivariant sheaf of R-algebras on X and let M be an
A-module. We define

Auty(M/X/G) = {(g, B) e Aut(M/X/G) : Bla-m)=(g-a)-B(m) forallae A,m e ./\/l}
Lemma 2.4.9. With the hypotheses of Definition 2.4.8, Aut 4(M/ X/ G) is a subgroup of Aut(M/X/G).
Proof. 1t is clear that (1, 1x) lies in Aut4(M/X/G). Let (g1, B1) and (g2, B2) be two elements of
Aut4(M/X/G), so that

Bi(a-m)=(gi-a)-Bi(m) foralac A ,meM,i=1,2. 5

Let (g3, B3) := (g1, B) O (g2, B2) so that g3 = g1¢» and B3 = g5 (B1) o B2. On local sections, B3 is simply
the composition f; B,. For any a € A and m € M, we use the fact that A is a G-equivariant sheaf together
with (5) to compute

Bs(a-m)=Bi(Ba(a-m)) = Bi1((g2-a) - Po(m)) = (g1 - (g2 - a)) - B1(B2(m))
= ((8182) - a) - (B1p2(m)) = (g3 - a) - B3(m).
So, (g3, B3) € Aut4(M/X/G) and Aut4(M/X/G) is closed under composition.

To show that Aut 4(M/ X /G) is stable under inversion in Aut(M/X/G), let (g, B) € Aut4(M/X/G).
Then forb: =g '-ae Aand w:= B~ (v) € M we have B(b-w) = (g-b) - B(w) =a - v. Applying B!
gives Bl (a-v)=b-w=(¢g""-a)- B (v),50 (g. ) = (g7, g(B7")) € Autu(M/X/G). U
Definition 2.4.10. With the hypotheses of Definition 2.4.8, define

S4(G, M) := {o € Hom(G, Aut4(M/X/G)) : prijoc =15}
to be the set of sections of the first projection pr; : Aut4(M/X/G) — G.

We can now give the generalisation of Lemma 2.4.6 to the case of .A-modules: the proof is completely
straightforward and is therefore omitted.

Proposition 2.4.11. Assume the hypotheses of Definition 2.4.8. Then
(8")sec = [8+> (5.8 € Auta(M/X/G)]

defines a bijection between the set all G-A-module structures on M extending the given A-module
structure on M, and S,(G, M).
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Next, we briefly study the functorialities of Aut4(M/X/G) and S4(G, M).
Lemma 2.4.12. Assume the hypotheses of Definition 2.4.8, and let H be a subgroup of G.
(a) Auty(M/X/H) is a subgroup of Aut4(M/X/G).
(b) Restriction of functions induces a map Resg SAG, M) — S4(H, M).
(c) For any subgroup J of H, we have Res? = Res7 o Resg.
Proof. (a) An element of Aut4(M/X/H) is a pair (h, ) where h € H and 8 : M — h*M is an R-linear

isomorphism of sheaves such that 8(a-m) = (h-a) - f(m) for all a € A and m € M. Evidently such a
pair is also an element of Aut (M /X/G).

(b) Given a group homomorphism o : G — Aut4(M/X/G) such that pryoo = 15, the restriction
olg : H— Auty(M/X/G) takes values in Aut,(M/X/H). It is still a group homomorphism, and
prioo|g=(proo)|g =(1g)g =1g. Hence o — o |y defines the required function Resg :SA(G, M) —
SA(H, M).

(c) This is clear from the definitions. O

We now come to the application of the above formalism. Suppose that the group G is equal to an
amalgamated product
G=AxB
C

of its subgroups A and B, along their common subgroup C. Using Lemma 2.4.12, we see that sending
o € S4(G, M) to the pair (Resg (0), Resg (0)) defines a function

SA(G, M) = Sp(A, M) % Sa(B, M). (6)
S4(C.M)

Theorem 2.4.13. Let G be a group acting on X, let A be a G-equivariant sheaf of R-algebras on X and
let M be an A-module. Suppose further that G is equal to the amalgamated product G = A é B of its

subgroups A and B along their common subgroup C. Then the map (6) is a bijection.
Proof. Using Lemma 2.4.12(a), we have the commutative diagram of groups and group homomorphisms
Auty(M/X/A)

T T

Auty(M/X/C) Auty(M/X/G).

\/

Auty(M/X/B)

Let 01, 09 € S4(G, M) be such that Resg (o) = Resg (072) and Resg (o) = Resg (02). Using the above
diagram, we may regard o and o, having the same target Aut 4(M/X/G). Then (01)|4 = (02)|4 and
(01)|B = (02)|p. Since A and B generate G as a group, it follows that oy = 0.
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Suppose now that (z, ¥) is an element of the fibre product on the right hand side of (6). Then 7 : A —
Auty(M/X/G) and ¢ : B— Aut4(M/ X/ G) have the same restriction to C. By the universal property of
amalgamated products — see [37, equation (), § 1.1]— 7 and ¥ extend to a unique group homomorphism
0:G— Auty(M/X/G) suchthato|4 =7 and o|p = . Then (prjoo)|s =prjo(c|a) =prjotr =14
and (prjoo)|p = prjo(o|g) = pr;oy = 1p because T € S4(M/X/A) and ¥ € S4(M/X/B). Since
A and B generate G as a group, and the group homomorphism prjoo : G — G fixes both A and B
pointwise, we conclude that pryoo = 15. So, 0 € S4(M/X/G), Resg(a) =171 and Resg(a) =v¢. O

To spell out the meaning of Theorem 2.4.13 together with Proposition 2.4.11: the data of a G- A-module
structure on M is equivalent to the data of an A-.A-module structure and a B-.A-module structures whose
restrictions to a C-.A-module structure agree.

3. Topics in rigid analytic geometry

3.1. Line bundles with flat connection on smooth rigid spaces. Let X be a nonempty, smooth rigid
K-analytic space and let D denote the sheaf of finite order K-linear differential operators on X; see,
for example, [25, §4.3]. By a line bundle with flat connection we mean a D-module . on X which is
invertible as an O-module.

If . and .# are two line bundles with flat connection on X, then so are .¥ ®¢ .# and %! :=
Homo (L, O): the tangent sheaf Tx acts via the Leibniz rule on . ® .#, and on %=1 via the rule

w-NHW)=v-f)— f(w-£) foral veTy, f ces® 1 vey.
Definition 3.1.1. (a) PicCon(X) denotes the abelian group of isomorphism classes of line bundles with
flat connection on X under the operation — ®» — .

(b) Con(X) := ker(PicCon(X) — Pic(X)) denotes the group of isomorphism classes of line bundles
with flat connection on X that are trivial after forgetting the connection.

We now show that when X is connected, £ is a simple Dx-module for any [.Z] € PicCon(X). We
start with the case where X is K-affinoid.

Lemma 3.1.2. Suppose that X is a connected K-affinoid variety such that Tx is a free Ox-module. Then
for every [.£] € Con(X), £ (X) is a simple D(X)-module.

Proof. Suppose that n = dim X. Following the formalism of [25, §1] we see that O(X) satisfies the
conditions found in §1.1.2 there. Let 9y, . .., d,, denote a free generating set for 7 (X) as a O(X)-module
so we may consider

D(X)=0X)[01, ..., ]

as a filtered K-algebra with associated graded ring
grD(X) =0X)[T, ..., T,]

with O(X) in degree 0 and 77, ..., T, in degree 1 the principal symbols of 9y, ..., ;.
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The filtration of .#(X) whose O-th filtered part is .#(X) and whose —1-st filtered part is O is a good
filtration, so that
g ZX)=0X)T,....T,1/(Th,...,T,).

Since X is also connected, O(X) is an integral domain by the proof of [2, Proposition 4.2]. Thus any
nonzero proper D(X)-module quotient of . (X) must have dimension < n. However, by [25, théoréme
1.1.4, corollaire 1.2.3], no such D(X)-module can exist and so Z(X) is a simple D(X)-module as
claimed. (I

Proposition 3.1.3. Suppose X is connected and that [.£] € PicCon(X). Then &£ is simple as a D-module.

Proof. Since .Z is a line bundle, there is an admissible cover ¢/ of X consisting of K-affinoid subdomains
such that the line bundle .Z|y is trivial for all U € Y. By passing to a refinement, we may also assume
that for each U € U, U is connected and that 7|y is a free Oy -module.

Suppose that .# is a subobject of .# as a D-module and consider

Vi=UelU: #(U)=2%U)} and V,={U el :.#(U)=0}.

Then U is the disjoint union of V| and V, by Lemma 3.1.2. Now if U e Vi and V e V, with U NV #£ &,
then
LWUnNv) EO(UQV)@@(U)%(U) =.#2UNYV) QO(UQV)®@(V)///(V) =0,

a contradiction. Since X is connected, it follows from the definition of connectedness of a rigid analytic
space5 found on [6, p.337] thatf = V) or U = V. Hence # = £ or .# = 0 as required. O

Whenever .# is a D-module on X, we have at our disposal the K-vector space of global horizontal
sections
X)) = tme #(X):9-m=0 forall 3 eT(X)}.

Similarly, when x € X, we have the vector space of local horizontal sections

///XT,X;:O ={me . #x,:0-m=0 forall 9 € Tx,}

These vector spaces are related as follows.
Lemma 3.1.4. Let .# be a D-module on X.
(a) There is an injective K-linear map
Homp (O, ) — 4 (X)T*=0
given by ¢ — @(X)(1). This map is functorial in .# and commutes with restriction to admissible
open subspaces U of X.

(b) Suppose that T is generated as an O-module by its global sections. Then the map in part (a) is an

. . .. -0 - +=0
isomorphism, and for every x € X, restriction sends #(X)T =0 into .t ;’; .

3See also [3, p- 108] for a discussion of connectedness in rigid analytic geometry.
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Proof. (a) Recall that for any O-module § on any ringed space (X, O), the rule ¢ — ¢(X)(1) gives
a functorial bijection Home (O, §) = F(X), whose inverse sends the global section f € §F(X) to the
O-linear map ry : O — § sending a € O(Y) to a - f|g. In our setting, this bijection sends the D-linear
homomorphisms to the global horizontal sections, because 1 € O(X) is killed by 7 (X). The first statement
follows, and the second is clear.

(b) Suppose that f € .#(X) is such that 7(X) - f = 0. Then 7(U) - f|y = 0 for all admissible open
U C X because T is generated by global sections. It follows that the map r¢(U) : O(U) — .# (U) is
D(U)-linear, and hence ry € Homp (O, .#).

The second statement holds because global horizontal sections of .# restrict to local horizontal sections
of .# whenever 7T is generated by global sections. (I

Before we can proceed, we recall some well-known facts about the local structure of smooth rigid
spaces.

Lemma 3.1.5. Let K (x) := Ox /my . denote the residue field of x € X.

(a) Ox x is a regular local ring.

(b) There exist local parametersty, ..., tq € Ox  and derivations vy, . .., vq € Tx x such that v;(t;) =9; ;
foralli,j=1,...,d.

(c) The my y-adic completion 6; x of Ox x is isomorphic to the formal power series ring K (x)[[t1, . .., t4].
(d) The natural map (’/); =0 5 K (x) is an isomorphism.

(e) The restriction map O(X) — (5; x 1S injective whenever X is connected.

Proof. (a) This follows from the smoothness of X.
(b) This follows from the proof of [18, Theorem A.5.1].

(c) Since K is a field of characteristic zero, the local ring Oy , is equi-characteristic. Hence it admits
a coefficient field by [24, Theorem 28.3]. The result now follows by using part (a) together with [4,
Theorem 11.22].

(d) This follows immediately from (b) and (c).

(e) Suppose that f € O(X) maps to zero in 6; x. Since Oy  is a regular local ring by (a), it embeds
into 6; x by [4, Corollary 10.19], and hence the germ f; € Ox  of f at x is zero. Hence there exists
an affinoid subdomain U of X containing x such that f|y = 0. Let Z = V(fOx) denote the closed
K-analytic subspace of X cut out by f; then U C Z. Since X is smooth, it is normal in the sense of [12].
Since it is also connected, [12, Lemma 2.1.4] ensures that Z = X. Since X is reduced, we get f =0. [

Following [12, p. 508], we say that the rigid K-analytic space X is geometrically connected if X :=
X x g L is connected for all finite extensions L of K.
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Proposition 3.1.6. Suppose that X is geometrically connected and that T is generated as an O-module
by its global sections. Then
Ox)T®=0 = g.

Proof. Pick a point x € X and consider the completion 5)(\ x of the local ring Ox , at x. Since X is
connected, the restriction map O(X) — 5; » 1s injective by Lemma 3.1.5(e). This restriction map sends
the K-subalgebra L := O(X)TH=0 of O(X) into @xTX‘FO by Lemma 3.1.4(b), which is isomorphic to
the residue field K (x) by Lemma 3.1.5(d). Since K (x) is finite dimensional over K, we see that L is a
finite field extension of K. If L was a proper field extension of K, then base changing X to L would
yield nontrivial idempotents in L ® L C O(X) ® L = O(X ) and show that X is not connected. Since X
was assumed to be geometrically connected, we conclude that L = O(X)7 =0 is in fact equal to K. [J

As a consequence, we can characterise the trivial line bundle with trivial connection in terms of its
horizontal sections under certain assumptions on X.

Corollary 3.1.7. Suppose that X is geometrically connected and that T is generated as an O-module by
its global sections. Then for every [.£] € PicCon(X), the following are equivalent:

(1) & is the trivial line bundle with trivial flat connection,
(i) dimg 2(X)TH=0 =1,
(i) & has a nonzero global horizontal section.
Proof. (i) = (ii). This follows from Proposition 3.1.6.
(i1) = (iii). This is clear.

(iii)) = (i). By Lemma 3.1.4(b), there is a nonzero D-linear map O — .£. Since X is connected and
since O and . are both simple D-modules by Proposition 3.1.3, this map must be an isomorphism. []

Proposition 3.1.6 also implies that an isomorphism between two line bundles with flat connection is
unique up to scalars.

Corollary 3.1.8. Suppose that X is geometrically connected and that T is generated as an O-module
by its global sections. Let @1, @2 : L1 — £ be two isomorphisms between two line bundles with flat
connection on X. Then there is a scalar .. € K> such that ¢; = Agy.

Proof. By tensoring ¢; and ¢, by $2®_1 we may assume that % = O. But then ¢ 0 g02_1 :0—>0isa
D-linear isomorphism, so by Lemma 3.1.4(a) and Proposition 3.1.6, it is given by multiplication by a
nonzero scalar in K. 0

Proposition 3.1.9. Suppose that (X,),>0 is an increasing admissible covering of X by geometrically
connected affinoid subdomains.

(a) X is also geometrically connected.

(b) If T is generated as an O-module by its global sections, the restriction maps PicCon(X) — PicCon(X,,)
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induce a natural isomorphism
PicCon(X) => lim PicCon(X,,).

Proof. (a) By base-changing to C, it is enough to show that X is connected. If it isn’t, then we can
find two nonempty families of nonempty admissible open subsets I/ and V of X, such that /{ UV is an
admissible covering of X and

Uuvnyv=woe.
Ueld Vey

Since the admissible covering (X,) was assumed to be increasing, we can findn >0, U e f and V € V
such that X, N U and X, NV are both nonempty. Butthen {UN X, : U eU} and {VN X, : V € V}
together form an admissible cover of X, that disconnects it, giving the required contradiction.

(b) Suppose that [.Z'] € PicCon(X) is such that [.Z|x,] = 0 in PicCon(X,) for all n. Since 7T is generated
as an O-module by its global sections, .#7=" is a subsheaf of . with Z(X,)7=" = K for all n by
Proposition 3.1.6. It follows that all restriction maps .Z(X,+1)” =0 — 2(X,)7=° are isomorphisms.
Hence by the sheaf condition on #7=%, 2(X)7=" = K. Using part (a) together with Corollary 3.1.7,
we now see that [.Z] = 0 € PicCon(X).

To see that the homomorphism is also surjective we consider a family of line bundles with connection
[Zu]nz0 € [ 1,0 PicCon(X,,) such that

[Z:lx, ] =[%Zn] in PicCon(X,,) whenever n > m.
Choose isomorphisms of D-modules ¢y, : %,+1x,, =N % for all m > 0. Then whenever n > m we can
define an isomorphism of sheaves ¢, , : Z|x,, = Zn by
On,m = Pn—1 |Xm 0--+0 (plem-

Then the construction in [16, §4.4] gives a sheaf .Z of D-modules on X together with isomorphisms of
D-modules .Z|x, = %,. Because each .Z(X,) is free of rank 1 over O(X,), we see that .# must be a
line bundle on X. Hence [-#] € PicCon(X) is the required preimage of [.£}] € lim PicCon(X},). U

Corollary 3.1.10. Suppose that X is geometrically connected and that T is generated as an O-module by
its global sections. Then for every positive integer d, the abelian group O(X)* /K> has no d-torsion.

Proof. Suppose that f € O(X)* with f¢ € K*. Then for every 3 € 7(X) we see that 0 = 3(f9) =
df?=19(f). Since df?~! € O(X)* it follows that d(f) = 0. Thus f € K* by Proposition 3.1.6. [

Lemma 3.1.11. Suppose that a group G acts on X in the sense of Section 2.4. Then G acts naturally on
PicCon(X) by abelian group automorphisms via

8- [Z)=1[8+Z]

where .2 is a D-module via the ring isomorphism (g~ )P : D = g«D.
Moreover Con(X) is a G-stable subgroup of PicCon(X).
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Proof. We can check that g - ((L1[.#]) = (g - [£X])(g - [#]) for any [Z], [.#] € PicCon(X), because
8+(.Z ®o ') is naturally isomorphic to (g+.%) ®g,0 (g+#) as a g,D-module.
Since g..Z is trivial as a line bundle whenever . is trivial as a line bundle the last part is immediate. [

Remark 3.1.12. More generally, in the context of Lemma 3.1.11, if U is an admissible open subspace

of X, each g € G induces a group isomorphism PicCon(U) — PicCon(g - U); [.£L] > [g+-Z] where

~1\D
)

again g,.Z is a Dyy-module via the ring isomorphism (g : Doy — g+«Dy. Moreover these restrict to

isomorphisms Con(U) — Con(g - U).
We will now construct some connections on the trivial line bundle by using units.

Lemma 3.1.13. Suppose that d is a positive integer and u € O(X)*. Then there is a unique element
[-Z4.a] of Con(X) such that £, 4 has a free generator v as a O-module with

d(v) = éa(uu)

Proof. Suppose that .2 = Ov is a line bundle with a flat connection satisfying (7). For all f € O and

v forall deT. @)

d € T, necessarily

a0 = (000 + 228 r)y

so since D is generated by O and 7T there is at most one element of Con(X) with the property given in
the statement. To prove the existence of such a line bundle with flat connection it suffices to show that for
all 9,0, € T

(0102 — 0201) (v) = [9192](v)

where [——] denotes the Lie bracket on 7. But

8102(v) = 31 (laz(u)v> Ly <8z(u)) py Lo 131G

= 501

d d d u d u
1 ud10(u) — 02 (u)0y (u) 1 92(u) 1 91(u)
=— v+ — - v
d u? d u d u
and so 1 [, 1)
(0102 = 9201) (v) = — =,
as required. (I

Proposition 3.1.14. Suppose that X is geometrically connected and that T is generated as an O-
module by its global sections. For every nonzero integer d, there is a homomorphism of abelian groups
O(X)* — Con(X) given by u +— [£, q41. The kernel of this homomorphism is K*O(X)*? and its image
is Con(X)[d].

Proof. Suppose that u, uy € O(X)*. Then if, for i = 1, 2, v; generates .%,, 4 with 9(v;) = %Mvi,
v ® v2 18 a generator of %, 4 ® £, ¢ and

i

3(v1®v2)=8(v1)®v2+v1®8(v2)=E (v1®vz)=0—l

1 (8(”1) + 8(u2)> 1 B(MIMZ)(W ®v2)
uu

uy us
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forall 9 € T. Thus u — [.%, 4] does define a homomorphism.

Note that u € O(X)™ is in the kernel of the homomorphism if and only if [.Z, 4] = [O.v] = [O] in
Con(X). That s, u is in the kernel if and only if there is w € O(X)* such that d(wv) =0 for all d € T (X).
But

d(wv) = (? + dlM> wo.

Now
3 (uw? 0 0
(uwd): (u)+d (w)
uw u w

so d(wv) = 0 if and only if d(uw?) = 0. Thus by Proposition 3.1.6, the kernel is precisely K*O(X)*4
as claimed. Moreover [.,ffj] = [Za 4] =[O] so each [.Z, 4] is indeed d-torsion.

Given [.Z] € Con(X)[d], we use the hypothesis that . is trivial as a line bundle to pick a generator
v € Z(X) as an O(X)-module, and we choose a D-linear isomorphism  : % = 0 using the fact that
d-[Z]=0in Con(X). We claim that if w(v®d) = u then equation (7) is satisfied and so [.Z] = [.Z, 4]
For this we compute that

d(W®d) = Mv&i
u

for all € 7. But if 8(v) = av then d(v®) = dav®! soa = é? as claimed. O

Definition 3.1.15. Suppose that X is geometrically connected and that 7 is generated as an O-module by
its global sections. We define

04 : Con(X)[d] — O(X)* /K*O(X)*¢
to be the inverse of the isomorphism induced by the homomorphism u — [.%, 4] in Proposition 3.1.14.

The proof of surjectivity in Proposition 3.1.14 shows that 6; ([Ov]) is determined by the image of p®4
under any D-linear isomorphism v : (Ov)®¢ = O, via

04([OV]) = Y WO*HK*O(X)*“. ®)

Proposition 3.1.16. Suppose that X is geometrically connected and that T is generated as an O-module by
its global sections. Let G be a group acting on X. Then for every nonzero integer d, 64 is a G-equivariant

isomorphism

6, : Con(X)[d] = OX)*/K*O(X)*.

Proof. Let g € G, [£] € Con(X)[d] and fix a D-linear isomorphism v : £®¢ = 0. The map g9: 0 — g*O
is a D-linear isomorphism, so g€ o : Z®¢ — g*( is also a D-linear isomorphism. After identifying
2+ (2% with (g,.2)®? and g,(g*O) with O, we obtain a g, D-linear isomorphism

¥ = g.(g%0 1) : (8.2)% 5 0.
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Recall from Lemma 3.1.11 that g - [(Z] = [g+-%], where D acts on g, via the ring isomorphism
(g hHP:D =N g+D. So ¥’ becomes a D-linear isomorphism in this way, and we can use it to compute
04([g+-Z]) as follows: let v € Z(X) be such that £ (X) = O(X)v; then by definition of /' we have
V' (v®) =g - (v®9), and so, as required,

0a(g - 1L = b0a([8: 2D = ¥/ W*NKXOX) ! =g -y (W¥NK*OX)* =g -0,(). O
Remark 3.1.17. Proposition 3.1.16 can be viewed as saying that
[8+Zu.al = [ZLgu.al € Con(X)[d].
More generally if U is an admissible open subset of X and u € O(U)* then
[8+Zu,al = [ZLgu.al € Con(g-U).

3.2. Equivariant line bundles with flat connections. We now discuss equivariant line bundles with flat
connection. In this section we will assume that G is a topological group acting continuously on a smooth
rigid K-analytic space X in the sense of [1, Definition 3.1.8]. We first consider G-equivariant line bundles.
Our next definition, Definition 3.2.3 below, will require some preparation.

Lemma 3.2.1. Let .# be a coherent O-module on X. Suppose that {g*} ¢eG is a G-equivariant structure
on M. Then for every affinoid subdomain U of X and g € G, the structure map

g” M U) — A (gU)
is continuous with respect to canonical K-Banach topologies on the source and target.

Proof. Let U be an affinoid subdomain of X. By Kiehl’s theorem —see, e.g., [16, Theorem 4.5.2] —
A (U) is a finitely generated module over the affinoid algebra O(U) because .#|y is a coherent Oy -
module. Recalling from [33, Proposition 2.1] that every finitely generated module M over an affinoid
algebra A carries a canonical K-Banach-space topology, we see that .# (U) carries a canonical K-Banach
space topology. Fixing g € G, we can regard .# (gU) as an O(U )-module via a twisted action, by defining
axv:=(g-a)vforallae O(U)and v e #(gU). Then .# (gU) is still a finitely generated O (U )-module,
and the structure map g/ (U) : .#(U) — .#(gU) is now a O(U)-linear homomorphism between two
finitely generated O(U)-modules. It is therefore automatically continuous by [16, Corollary 1.2.4]. O

Lemma 3.2.2. Let .# be a coherent Ox-module. Suppose that {g"”} ¢eG Is a G-equivariant structure
on # and that L is a finite field extension of K. Then for every z € X(L) there is a natural group
homomorphism

b2+ G = Auty (A(2))

where # (2) .= L Qo , 4, denotes the fibre of .4 at z.

Proof. Let g € G,. The G-equivariant structure on O gives us a local K-algebra automorphism g? :
Ox . — Ox.;, whereas the G-equivariant structure on .# gives a K-linear automorphism g‘/ My —> M,
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satisfying g‘z/”(a.m) = g?(a) . g/(a) for all a € Ox ; and m € .. It is now easy to check that setting
g- A ®m):=r®g(a) forall ge G, LeL,me .,

gives a well-defined L-linear action of G; on L ®o, . . ]

Suppose that M is any K-Banach space. Then the K-algebra of bounded K-linear endomorphisms
B(M) is also a K-Banach algebra through the operator norm ||T'| := sup,ey oy 1 Tv1/[v], so its unit group
B(M)* becomes a topological group — using the geometric series, one can check that the inversion map
on B(M)* is continuous. If M C M is the unit ball in M, then the congruence subgroups of B(M)*,

Tp(M) = {y € BIM)*: (y = (M) S mpM],

form a fundamental system of open neighbourhoods of the identity in B(M)*. Since any isomorphism
of K-Banach spaces M = N induces an isomorphism of topological groups B(M)> = B(N)* via
“conjugation”, we see that the topology on B(M)* only depends on the topology on M and not on any
particular choice of K-Banach norm on M.

Let ./ be a coherent Ox-module and let {g/} ¢eG be a G-equivariant structure on .2 . For each affinoid
subdomain U of X and each g € Gy, the maps g/ (U) : .#(U) — .#(U) induce, by Lemma 3.2.1 a
homomorphism

Gy — B(#U))™.

Definition 3.2.3. A G-equivariant line bundle on X is a G-equivariant Ox-module . on X such that

(a) .Z is invertible as an Ox-module, and

(b) the action map Gy — B(Z(U))* is continuous for every affinoid subdomain U of X.
Lemma 3.2.4. Ox with its usual equivariant structure is a G-equivariant line bundle on X.

Proof. Let U be an affinoid subdomain of X. Consider the sup norm | - |y on O(U) whose unit ball in
A :=O(U)°. For each n > 0, the congruence subgroup I',(O(U)°) of B(O(U))* contains the group
G (A) appearing on [1, p. 19]. Through the Raynaud generic fibre functor rig, G (A) can be identified
with a subgroup of the group of K-linear automorphisms Autg (U, Oy ) of the G-ringed topological space
(U, Op). These subgroups of Autg (U, Oy ) form a filter base for a certain topology on Autg (U, Oy) —
see [1, Theorem 3.1.5] —and the action map Gy — Autg (U, Oy) is continuous with respect to this
topology by [1, Definition 3.1.8], because G is assumed to act continuously on X. It follows that the
action map Gy — B(O(U))™ is continuous as required. O

A morphism between two G-equivariant line bundles . and .# is a morphism of G-equivariant
O-modules in the sense of [1, Definition 2.3.1(c)]. Given any such morphism ¢ : ¥ — .# and an affinoid
subdomain U of X, the map ¢(U) : £(U) — .# (U) is then an O(U)-linear homomorphism between
two finitely generated O(U )-modules, and is therefore automatically continuous.

Definition 3.2.5. We let Pic® (X) denote the set of isomorphism classes of G-equivariant line bundles on X.
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Lemma 3.2.6. Let £ and .# be G-equivariant line bundles on X. Then so are £ @ M and £®~' =
Homp (L, O).

Proof. We can easily verify that the usual formula for tensor product and contragredient representations
satisfies Definition 3.2.3. ]

With respect to these operations Pic” (X) is an abelian group with unit given by the structure {g®} on
Z = Ox.

Proposition 3.2.7. Suppose that L is a finite extension of K and 7 € X(L). There is a natural group
homomorphism ¢. : Pic® (X) — Hom(G ., L*) given by

¢z([$]) = d)z,ﬁf-

Proof. If £ is a line bundle on X with a G-equivariant structure then .#(z) is a one-dimensional vector
space over the residue field of the local ring Oy ;, and so, by Lemma 3.2.2, ¢, & can be viewed as a
homomorphism G, — L*.

Next we show that ¢, ¢ is continuous. Choose an affinoid subdomain U of X such that z: Sp(L) — X
factors through U. Since G; N Gy is an open subgroup of G it suffices to show that ¢, #|G,ng. is
continuous. Since the natural map B(Z(U))* — L* is continuous this follows from Definition 3.2.3(b).

It remains to show that ¢, is a group homomorphism. This is immediate, because whenever .#; and
% are elements of Pic® (X), there is a canonical isomorphism

(L ®0 £)(2) = Z£1(2) ®L £(2)

that is compatible with the G-actions. ]

This discussion leads us on to the following definition. For the notion of a G-equivariant D-module
on X we refer the reader to [1, Definition 2.3.4].

Definition 3.2.8. A G-equivariant line bundle with flat connection on X is a G-equivariant D-module .¥
on X, such that when .Z is viewed as a G-equivariant Ox-module by restriction, it is a G-equivariant

line bundle on X.

It follows easily from Lemma 3.2.4 that Oy equipped with the trivial connection and its usual equivariant
structure is a G-equivariant line bundle with connection.

We can also typically put other G-equivariant structures on the trivial line bundle with trivial connection
by considering Hom(G, K*), the abelian group of continuous group homomorphisms from G to K *.

Definition 3.2.9. Given x € Hom(G, K *) we define a new G-equivariant structure on O equipped with
the trivial connection: for each affinoid subdomain U of X and for each g € G we define K-linear
continuous maps

g% (U): O(U) — O(gU)

by [ x(8)8°(f).
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This family {g©} then defines a G-equivariant line bundle with connection on X in the sense of
Definition 3.2.8 that we will denote by O, . Note that condition (b) in Definition 3.2.3 follows from the
assumption that x : G — K * is continuous.

Lemma 3.2.10. Let £ and .# be G-equivariant line bundles with flat connection. Then so are £ Qo M
and L€~ = Homo (£, O).

Proof. We saw at the start of Section 3.1 that ¥ ®¢ .# and #®~! are D-modules on X. The usual
formula for the tensor product and contragredient representations allow us to see that they also carry

standard G-equivariant D-module structures and Lemma 3.2.6 shows that this makes them G-equivariant
line bundles. U

Definition 3.2.11. We denote the set of isomorphism classes of G-equivariant line bundles with flat
connection on X by PicCon? (X).

In view of Lemma 3.2.10, the operations — ®» — and (—)®~! endow PicCon? (X) with the structure
of an abelian group. The unit element in this group is given by the isomorphism class of Ox equipped
with the trivial connection together with its usual G-equivariant structure.

Definition 3.2.12. We define Con® (X) by
Con%(X) := ker(PicCon% (X) — Pic(X)),

the group of isomorphism classes of G-equivariant line bundles with flat connection on X that are trivial
after forgetting the connection and the G-action.

We record that Con is functorial in a natural way. For ¢ € G we write ¢, : G — G to denote conjugation

by g, that is, ¢y (x) = gxg~ L.

Proposition 3.2.13. Let U be a geometrically connected admissible open subset of X, and suppose that
H is a closed subgroup of Gy. Then for each g € G,

(a) the map L] — [g+Z] induces a natural isomorphism
g : PicCon (U) = PicCongH(gU);
(b) for L a finite extension of K and z € U (L), the following diagram commutes:

PicCon” (U) —%— Hom(H,, L)

| I

PicCon'f (gU) - Hom($H,, L*)

Proof. (a) We saw in Remark 3.1.12 that . > g...# induces an isomorphism PicCon(U) — PicCon(gU).
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It remains to see how the H-equivariant structure on . € PicCon” (U) induces an ¢H-equivariant
structure on g,.Z: for each 1 € H we have an isomorphism 4 : £ — h*.%. This induces an isomorphism

(ghg™D* 1 gl — (ghg™") '8l = gL
given by (ghg~1)%¥ = g, (h?). It is then easy to verify that this induces the desired isomorphism
PicCon” (U) — PicCongH(gU).

(b) Fix [#] € PicCon’ (U) and consider the stalk (8+L)g.; of g2 at g -z € gU. There is a natural
bijection between the affinoid subdomains of gU containing g - z, and the affinoid subdomains of U
containing z, given by V + g~!V. This gives a K-linear isomorphism Ty : L, — (8+2)g.; Which is
appropriately equivariant with respect to the H_-action on .Z; and the Hy., = $H-action on (g+.%)..:

To(h-m)=cg(h)-t,(m) forall he H;,,me.Z,.

Now let h € H,. Using Lemma 3.2.2, we see that the scalar ¢, ([-Z])(h) € L* is completely determined
by the following equation inside .Z(z):

1®h-m=¢,([Z])(h)@m forall me. Z,.
Since cg(h) = ghg_1 lies in Hy.,, we have a similar equation inside (g+-2)(g - 2):
1®cg(h) -m =g, ([g+L(cg(h)) @m forall m € (g+.L)g.;.

Note that the map 7, satisfies 7o(a -m) = g?(a) -Tg(m) for all a € Ox ;, m € Z,. Therefore 1 ® 7, :
L®k 2, — Lk (g+Z)g.. descends to a well-defined L-linear map .2 (z) — (g+-2)(g - z). Applying
this map to the first equation and comparing the result with the second shows that

¢ ([ZD(h) = ¢g..([8+ZLD(cg (M) = (g0 P 0)([LD(h) forall he H,.
This implies the commutativity of the diagram in the statement. U

Forgetting the G-equivariant structure gives us a functor @ from the category of G-equivariant line
bundles with flat connection on X and isomorphisms between them to the category of line bundles with
flat connection on X and isomorphisms between them. Moreover w induces a group homomorphism

o : PicCon® (X) — PicCon(X).

Recall from [21, Definition 2.3] that X is said to be quasi-Stein if there is an admissible affinoid covering
(Xp)o2, of X with Xg € X1 € X, C - - - such that for each n > 0, the restriction map O(X,11) — O(X,,)
has dense image. If X is quasi-Stein, then the global sections functor I'(X, —) gives a fully faithful
embedding from the category of coherent O-modules on X into the category O(X)-modules; the essential
image is the category of coadmissible O(X)-modules in the sense of [33]. In particular, every coherent
O-module (such as the tangent sheaf 7") is generated by its global sections.
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Proposition 3.2.14. Suppose that X is geometrically connected and quasi-Stein. There is an exact
sequence of abelian groups

0 — Hom(G, K*) — PicCon?(X) > PicCon(X)°
with the first nontrivial map given by x +— O,.

Proof. We refer the reader to Definition 3.2.9 for the definition of the G-equivariant line bundle with flat
connection O, .. Note that O, = Oy as a line bundle with flat connection, but the G-equivariant structure
on O, differs from the one on Oyx.

It is easy to verify that x — O, defines a group homomorphism from Hom(G, K*) to PicCon%(X). Us-
ing Lemma 3.1.4(b), we see that for any G-equivariant line bundle with flat connection ., Homp (0, ¥) =
L(X)TX=0 ig a K-linear G-representation: if g € G and 7(X) - v = 0 for some v € Z(X), then
d-(g-v)=g-((g7"'-9)-v)=0forall d € T(X) so that g-v € .Z(X)7X=0 again.

Suppose that x € Hom(G, K*) is such that O, is isomorphic to O as a G-equivariant line bundle with
flat connection. Considering the global horizontal sections, we obtain an isomorphism of continuous
G-representations

Ox)TH=0 =~ OX(X)T(X):O'

By Proposition 3.1.6, both of these K-vector spaces are 1-dimensional and spanned by 1 € O(X). However
the G-action on the first is trivial, whereas the G-action on the second is through the character x. Hence
x is the trivial character, and the map Hom(G, K*) — PicCon®(X) is injective.

If 2 is G-equivariant, then (g% : ¥ — g,.% is a D-linear isomorphism for all g € G which means that
the class [.Z] in PicCon(X) is fixed by this G-action; i.e., the image of the map PicCon® (X) — PicCon(X)
is indeed contained in PicCon(X)C.

Finally suppose that .# is a G-equivariant line bundle with flat connection on X which becomes trivial
after forgetting the G-structure. Then we can find a D-linear isomorphism ¢ : O 5 2. Applying the
functor of global horizontal sections, we deduce from Proposition 3.1.6 that the K-linear G-representation
Z(X)T®=0 5 in fact one-dimensional. Let v := ¢(X)(1) € Z(X)7®=0; since 1 € O(X) generates O
as an O-module, we see that v € .Z(X) generates . as an O-module: .2 = O - v. Let x € Hom(G, K*)
describe the G-action on v, so that g-v = y (g)v for all g € G. This gives us a character y : G — K*; we
will first show that x is continuous. To see this, choose a nonempty affinoid subdomain U of X and let A
be an affine formal model in O(U), so that A - vy is the unit ball in £ (U) = O(U) - vy with respect to
some K-Banach norm defining the canonical topology on .#(U). By Definition 3.2.3(b), for any n > 0
we can find an open subgroup H, of Gy such that & - vjy = vjy mod 73 A - vy for all h € H,. Hence
x(h)=1modrK° forall h € H,, and x : G — K™ is therefore continuous as claimed.

With x € Hom(G, K*) in hand, consider the G-equivariant line bundle with connection .2 ®o O, -1,
and the D-linear isomorphism ¢, : O — £ ®p O, -1 given by ¢, (f) := ¢(f) ® 1. We claim that ¢, is
G-equivariant; given this claim, it follows immediately that ¥ = O, as a G-equivariant D-module, and
then [.#] € PicCon? (X) lies in the image of Hom(G, K*) as required.
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To establish the claim, we first check that ¢, (X) : O(X) - (£ ® O,-1)(X) is G-equivariant: for
g€ Gand f € O(X) we have

g0 X(H=g-(fral)=(g Ng-Vx (=g Hvel=ep,(X)(g- f)

By replacing . by £ ® O, -1, it now remains to show that if ¢ : O — £ is a D-linear isomorphism
such that ¢(X) : O(X) - £ (X) is G-equivariant, then ¢ is also G-equivariant. To this end, fix g € G,
and consider the morphisms g*(¢) 0 g% : O — g*Z and gZ o ¢ : O — g*.£. By precomposing the
g*O-module structure on g*.# with the ring isomorphism g© : © — g*© we may regard g*.# to be an
O-module. Then it is coherent, and the two maps are O-linear. Since they have the same global sections
by our computation above and since X is quasi-Stein, we conclude using [33, Corollary 3.3] that the two
maps are equal. This means that ¢ is G-equivariant. ]

In order to understand PicCon®" (€2) the following result will prove to be useful.

Proposition 3.2.15. Suppose that X is quasi-Stein and geometrically connected and G is equal to an
amalgamated product A xc B of its open subgroups A and B along their common subgroup C. Then the

homomorphism

(pa, pg) : PicCon®(X) — PicCon?(X) x  PicCon®(X)
PicCon® (X)

induced by restriction of equivariant structures is an isomorphism.

Proof. Suppose that [.£] € PicCon? (X) lies in the kernel of ( p4a, pp). Then
w([Z]) = [O] € PicCon(X).

By Proposition 3.2.14, [.£] = [O*] for some x € Hom(G, K *). However, also by Proposition 3.2.14, x |4
and x| are both trivial and so, as G is generated by A and B, y is trivial. Thus [.Z] = [O] € PicCon® (X)
and (p4, pp) is injective.

Suppose now that [.Z4] € PicCon” (X), [.%g] € PicCon® (X) and that there is an isomorphism

6 : Lalc = Zalc

of C-equivariant line bundles with flat connection obtained by restriction of equivariant structures from A
and B to C. We transport the B-equivariant structure on %5 along 6 to .Z4. In this way, the D-module
Z = w(Z4) can be equipped with A-equivariant and B-equivariant structures whose restrictions to C
agree.

By Proposition 2.4.11, for every subgroup H of G there is a bijection between the set of all H — D-
module structures on .¥ extending the given D-module structure on .#, and the set Sp(H, .¥). This
bijection is given by

(8% een — [ (8.87) € Autp(Z/X/H)].
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On the other hand, by Theorem 2.4.13 restriction induces a bijection
Sp(G, ) = Sp(A, ) xsp(c.2) Sp(B, 2).

It follows that there exists a G-D-module %5 = (&, {gj }¢eG) whose restriction to A is .Z4, and whose
restriction to B is the transport of % to .Z4 along 6. Since A and B are open in G, the action map
Gy — B(Z(U))* is continuous for every affinoid subdomain U of X, because the restrictions of this
map to both Ay and By are continuous. This shows that [.£;] € PicCon? (X). By construction, we have
pa([Zc]) = [£a] and pp([ZL6]) = [£B]. Hence (pa, pp) is surjective. 0

Lemma 3.2.16. If X is a geometrically connected quasi-Stein space with an increasing admissible
covering (X,) by G-stable affinoid subdomains, then the restriction maps PicCon® (X) — PicCon®(X,,)

induce an isomorphism of groups
PicCon®(X) = lim PicCon® (X,).
Proof. Certainly the restriction maps induce a group homomorphism
« : PicCon® (X)) — lgLnPicConG (X.

By Proposition 3.1.9, if [.Z] € ker « then w ([.£]) = [Ox] € PicCon(X). Thus [.£] = [(’);‘(] for some
continuous character x : G — K* by Proposition 3.2.14. But then [.Z|x, ] = [O;‘(n] for any n > 0 and so
X is the trivial character since «([.%]) is trivial. Thus « is injective.

Let ([.%,]) € []PicCon®(X,) be a compatible family of isomorphism classes of equivariant line
bundles with connection under restriction so that for each n we can find an isomorphism

9n+l,n :fn—o—l |X,1 — gn

of G-equivariant line bundles with connection on X,.

Thus each [ > m, we can define 6,,; : 4|x, — %, to be the composite of the restrictions of
Ori—1,61-11-25 -+, Om+1.m t0o Xp. Now (&, 6,,.1) forms gluing data for the cover (X,,)n>n of X. The
resulting sheaf . is an G-equivariant line bundle with connection on X with «([-Z]) = ([.£,]) and so «
is surjective. O

3.3. Cocycles and equivariant line bundles on affinoids. In this technical subsection, we will explain
how isomorphism classes of G-equivariant structures on the trivial line bundle over a K-affinoid variety
X can be classified through the language of continuous 1-cocycles of G acting on O(X)*. This material
will be crucial to the proof of one of the main results in Section 4.4, namely Theorem 4.4.1.

We assume throughout Section 3.3 that X is a smooth and geometrically connected K-affinoid space,
with a topological group G acting continuously on it.

Lemma 3.3.1. (a) The set of G-equivariant structures on a trivial line bundle ¥ = O - v is in natural
bijection with Z' (G, O(X)*) under a function that sends {gZ : g € G} to the function a : G — O(X)*
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determined by the rule
gZ(w)=a(g)v forall geG.
(b) The bijection in (a) induces an isomorphism
69 - ker (Pic® (X) — Pic(X)) = H'(G, O(X)®).

Proof. (a) Suppose that for each g € G, we have a morphism of sheaves of K-vector spaces g% : & — g*.&
such that

g (fv)=g%(f)g?(v) forall geG, feO.
This data is completely determined by the function o : G — O(X) given by
gZ(w)=a(g)v forall geG.

We first claim that {g : g € G} is a G-equivariant structure on . if and only if « is a 1-cocycle with
values in the group O(X)*.
We see that for all g, h € G

h*(g¥)h? (v) = h*(g7) (@(h)v) = (g - a(h))a(g)v ©)
and

(g7 (v) =alghv. (10)
Now if {gZ : g € G} defines a G-equivariant structure on .¢ then o(1) = 1 and h*(g£)h? (v) =
(gh)? (v). Thus by (9) and (10) a(gh) = (g - a(h))a(g) for all g, h € G and in particular
I=a(gg™) = (g-alg™Na(®
for all g € G. Thus « is a 1-cocycle with values in O(X)*. Conversely, if « is a 1-cocycle then by (9)
and (10) again, for all g, € G,
(gM? ) =h*(gI)n? (v)

and so

(gh? =h*(g"Hn?.

Moreover a(1?) = (1)? and so, since X is connected, (1) =1 and 1 =id .
It remains to observe that « is continuous if and only if for every affinoid subdomain U of X, the
action map Gy — B(Z(U))* is continuous. This holds because

g (fv)=g%fa(g)v forall ge Gy, f € OU)
and because G acts continuously on X.

(b) Suppose now that £ = O - vy and % = O - v, are two G-equivariant line bundles corresponding to
1-cocycles o1 and o;.
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Let ¢ : £ — % be an isomorphism of the underlying line bundles. Then ¢(v;) = fv, for some
feOX)*, so forall g € G we have

0(g7 (v1)) = p(a1(g)v1) = a1 (g) fua,
whereas

g7 (@) = g7 (fv2) = 87 (HHen(g)ua.
Hence ¢ defines an isomorphism of G-equivariant line bundles if and only if

g9 )

ar(g) = ai(g) forall g eG.

Thus the map in (a) induces a bijection
05 : ker (Pic’ (X) — Pic(X)) — H'(G, O(X)*)

which is a group homomorphism because g - (v] ® v2) = o1(g)v; @ a2 (g) vy = (x12)(g) (v ® v7) for all
ge€q. U

Recall the map ¢, from Proposition 3.2.7; by abuse of notation, we will also denote its precomposition
with the forgetful map Con%(X) — Pic%(X) by ¢,.

Proposition 3.3.2. Suppose that L is a finite field extension of K.
(a) The isomorphism from part (b) of Lemma 3.3.1 induces a homomorphism
¢$ : Con“(X) - HY (G, O(X)®)
by precomposition with the forgetful map
Con%(X) — ker(Pic’ (X) — Pic(X)).
(b) For every z € X (L) and every [£] € Con®(X), we have
zo (resg ¢% (1L2]) = ¢.(1L.L)).

(c) Forevery z € X(L) and every x € Hom(G, K*), we have

$:(10,]) = xlc..

(d) Let Y € X be a G-stable affinoid subdomain, with z € Y (L) € X (L). Then the following diagram is
commutative:
Con%(X)

Con®(Y) —Q Hom(G, LX)

Proof. (a) Since the forgetful map Con®(X) — ker(Pic®(X) — Pic(X)) is a group homomorphism, the
function ‘P;((; that is the composite of this forgetful map with 9? is also a homomorphism.
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(b) Suppose that qﬁg([f]) =[a]l € H(G, O(X)*) so that we can write ¥ = @ - v with g - v = a(g)v for
all g € G. Then working inside L ®o(x)-Z(X) we have

$:()(1R®V)=¢g-(1Qv)=1Qa(g)v=(zoa)(g)®v forall ge€G..

(c) This follows from Lemma 3.3.1(a) and Definition 3.2.9.

(d) If [£] = [Ox - v] € ConY (X), then [£]y] =[Oy - v] € Con®(Y) and g<V (v) = g% (v) forall g € G.
Now use Lemma 3.3.1 together with part (a). (I

Definition 3.3.3. Recall from Section 1.5 the map ég : O(X)* — ZH(G, O(X)»), given by g (u)(g) =
g-u/u. Foreachu € O(X)* and d, e > 1, we define

20X i=lae Z1(G,0(X)) 1 a? =86} .

u,d,e

This special set of 1-cocycles will be useful for our explicit construction of torsion equivariant line
bundles with flat connection.

Recall from Lemma 3.1.13 the line bundle with connection .%, 4: it is the free Ox-module on the
1-element set {v}, and the action of 7 (X) is determined by

10(u)
d(v)=—-———v forall 9 € T(X). (1
d u
Lemma 3.3.4. Letu € O(X)* and letd, e > 1.
(a) Foreacha € Zg ;’(e, there is a (de)-torsion G-equivariant line bundle with connection .Z;‘ sonX

such that
o([(LLD) =Lua and 3L =lale H'(G,0(X)).

b) Ifu,we OX), a2’ and p € 255,  then af € 2%, , and

uw,d,e

Zra® gf,d =

uw,d"*
(c) Foreach o € Zg fe, the following are equivalent:

@) [Z7,1=[0]in Con®(X)[de],
(i) thereis f € O(X)* such that u/f? € K* and a = 8¢ (f).

(d) The map a +— [f;f 4] defines a bijection
ZGX =N {[.,2”] € Con’ (X)[de]: w([£)) = [.,%,d]} .

Proof. (a) We equip .2, 4 with the G — Ox-module structure associated to o by Lemma 3.3.1. In particular
the action map Gy — B(Z(U))™ is continuous for every affinoid subdomain U of X. We check that
this is in fact a G — Dx-module. Using e =85 uc), we compute

dalg) _ 1 (3(g'u) _0(u)
a(g) d

) for each d € Tx, g € G.

g-u u
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Using this together with (11) we compute
(g-9)(g-v)=(g-0)(a(g)hv+a(g)(g-3)(v)
:$<(g-3)(g-u) 3 (g-a)u) w(e)v + alg )_(g N
g-u u u

_lg- (8(14))
Td g

v=_g-(3(v)).

Thus we obtain a G-equivariant line bundle with connection on X that we denote .Z" ;. It is evident that

o (1£%4]) = [Zal.

Using (11), we see that v®4¢

> u® defines an isomorphism  : .,%fje = Oy of line bundles with flat
connection. To establish that .2 , is (de)-torsion, it suffices to show this isomorphism is G-linear. Since
for all g € G we have

g . (v®d6) — ade(g),u@de and g . (Me) — SG(ME)(g)Me,

we have a?¢ = §5(u)¢ and the G- linearity follows.

(b) Since a® = §; (u®) and B¢ = 8 (w®) and 8(; O(X)* — Z1(G, O(X)*) is a group homomorphism,
we see that (¢f)¢ = §g ((uw)¢). Hence af € Zuw dee

Using Proposition 3.1.14, we see that [.Z, 4 ® %, 4] = [-Zv.4] in Con(X)[d]. Using the definition of
the G-equivariant structure on £ ; in part (a) and the definition of the product in Con®(X) given in the
proof of Lemma 3.2.10, we also see that [.E;‘d ® fﬂ = [faﬂ d] in Con® (X).

SG(f)

(c) For any f € O(X)*, there is an isomorphism O =N ,§f of G-equivariant line bundles with

connection on X, sending 1 to f~!v. This gives [.¥ fg(f] = [(9] in Con®(X). Using part (b), we then
also have

(2] =201 01 =120 1 125 1T = 12070 1. (12)

Suppose now that u = Af? for some A € K* and some f € O(X)* such that & = 8 (f). Using (12), we
then have [.£2 ] = [£] ;] =[O] in Con“(X).

Conversely, suppose that [,i”"‘d] = [O] in Con® (X). Then w([,i”"‘d]) =[%.41=[0] in Con(X)¢, so
using Proposition 3.1.14 we can find f € O(X)* and A € K* such that u = Af?. Then (12) implies
that [O] = [£] ;1= [ff’ifdf)] in Con® (X). Hence G must fix the basis vector v of fﬁé‘sG(f)(X)T(X)ZO,
so o =38 (f).

(d) Suppose that [.¥] € Con (X)[de] is such that w ([.£]) = ]. Consider the function @ : G — O(X)*
defined by g - v =a(g)v. Then o € Z!(G, O(X)*) by Lemma 3.3.1.

Since (de) - [#] = 0 in Con® (X), there is an isomorphism of G-equivariant line bundles with flat
connection ¢ : .Z®4¢ =N Ox. On the other hand we also have the isomorphism i : Zf’je = Ox of
line bundles with flat connection constructed in the proof of part (a) above. Since w([-L]) = Z,.4,
Corollary 3.1.8 implies that ¢ = A/ for some A € K*, and then ¢(v®4¢) = Au®. Since ¢ is G-linear, we
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have
g =g pw®) =g(g-v®) = a(g)*ru’ forall g€ G,

50 0% = 86 (u¢). Hence a € 2 o2 and [.] = [.£2,] in Con® (X).

Finally, suppose that «, 8 € Zu d , are such that [Eg’ = [ﬁf’ 4)- Then [£ ‘lx/ f .J = [O] by part (b), so
a/B =8 (f) for some f € O(X)* such that 1/f¢ € K*. Corollary 3.1.10 implies that f € K*. Then
3g(f) =1soa =g as required. O

We interrupt the flow of Section 3.3 to state and prove a useful elementary lemma which is valid with
far less restrictive assumption on the affinoid variety X than those imposed at the start of Section 3.3: it
holds if X is only assumed to be reduced.

Lemma 3.3.5. Let w := p~ /=D e R_,.
(a) If d is an integer such that p 1 d, then the d-th power map
(=) 0X) " — 0(X)
is an isomorphism of topological groups.
(b) If r € (0, @/ p) then every element of O(X), has a p-th root in O(X)**.
Proof. (a) If a € O(X)°° then the binomial expansion
oo
(I+a)' = ;(%d)a”

converges to an element of O(X)** because |a| < 1 and because ( ) €Z,C K°foralln>0asa
consequence of the assumption that p ¢ d. That the map a — Z (1/ d)a is continuous is evident.
n=0

(b) Similarly if |a| <r < @/ p, the binomial expansion
o
1/p
1/p _ n
(+a)/? = ZO( | )a
n=

converges to an element of O** since

() =z 2

‘(l/p)an
n
o0
and pr/w < 1. Thus )_ (l/p)a is the required p-th root of 1+a. U
n=0

Notation 3.3.6. We will write T (X) to denote the abelian group

so that forn > 1

< (pr/m)"

T(X) :=0(X)*/O(X)*
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and we equip 7 (X) with the discrete topology. We will also write 7 (x) to denote the natural projection
map n7(x) : O(X)* — T (X).

Since O(X)** is open in O(X)*, mr(x) is continuous. We also observe that 7'(—) defines a functor
from affinoid varieties to abelian groups. Our next result gives conditions on the data u, d, e, o that
determine when [, ] € Con®(X) is in fact the trivial element, in the case where d, e are both coprime

to p.

G, X
Zu,d,e’

Proposition 3.3.7. Let d, e > 1 be integers coprime to p. Then for every u € O(X)™ and o € the

following are equivalent:

(i) There exists v € O(X)* such that u/v? € K* and a = 8G(v).

(ii) There exists v € O(X)>* and ) € K> such that

JTT(X)()\Ud) = HT(X)(M) and TT(X) O =TT (X) O(SG(U).
(iii) [.£%, ] =[0] € Con(X).

Proof. The equivalence of (i) and (iii) is a special case of Lemma 3.3.4(c).

The implication (i) => (ii) is immediate since we can take A = u/v?.

Suppose that v € O(X)* and A € K* such that 7, () = mrx)(u) and 77 (x) o = mr(x) 0 86 (v).
Since ker wr(x) = O(X)**, using Lemma 3.3.5, we can find ¢ € O(X)** such that e = 1v?/u. Setting
v :=v/e, we have

u/v/d € K* and TT(X) 08(;(1)/) =TT (X) O(SG(U) =T7T(X)0o0.

To deduce that (i) holds it remains to prove that @ =8¢ (v'). Since u/v'? € K*, we have 8 (1) =85 (v")?.
Because o € ZMG’Z(E, a® = 85u¢) = 85(v'¥) shows that a/8g(v') takes values in g, (K). However
a/8c (V') also takes values in kermr(x) = O(X)**. We’re now done because O(X)** N pg.(K) is

trivial. |

Proposition 3.3.8. With the hypotheses of Proposition 3.3.7, suppose also that G is compact and that the
exponent of every finite abelian p’'-quotient of G divides e.

For every B € ZH(G, O(X)*) and u € O(X)* such that TT(X) © (,B_déc (u)) takes values in K> | K>
there is a unique o € Zlf fe such that

TT(X) 00 =TT (X) 0,3 (S Zl(G, T(X)).

Proof. Take the 1-cocycle 1 := 8¢ (u)B~¢. The assumption on B implies that 77 (xyon € Z'(G, K*/K**).
Since G is compact and K* /K ** is a discrete group with trivial G-action, 77 (xyon € Hom(G, K> /K**)
has finite image and so takes values in the torsion subgroup of K*/K**.

Since K */K** has no p-torsion, 7wy x) o  factors through a finite abelian p’-quotient of G and thus
(7t (x) on)¢ =1 by our assumption on G. That is n¢ takes values in O(X)**. By Lemma 3.3.5(a), n° has
a de-th root y in Z' (G, O(X)*¥): y4¢ = n°.
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Now 8¢ (u)¢ = (1B = ()4, so o := yp satisfies a® = 85 (u)°. Moreover TT(X)0 0 =TT(X) 0B
as required.
Suppose now that o’ € Zu d , satisfies

T (X) OCl/ =TT (X) 0,3 =TnrXx)oQ.
Then /o’ takes values in O(X)** but also (a/a’)¥¢ = 1. Then o’ = « since p { de. O

Finally, we record how our explicit equivariant line bundle with connection L, , transforms under
group actions.

Lemma 3.3.9. Suppose that H is a subgroup of G and w € G normalises H. Let u € O(X)> and let
d,e> 1. Then forall a € zH

. d ,» we have

W, (L) = L

w-u,d
where (w-o)(h) := w-a(w™'hw) forallh € H.
Proof. Recall from Lemma 3.1.11 that w,.%, 4 is again a D-module on X. We will use the following
notation to denote this action:

Px,m= (w*1 -P)-m forall PeD,mew,%, 4.

Here w™'- P = (w™")P(P), where (w™")P : D - (w™")*D = w, D is part of the equivariant structure of
D. Let us now give another proof of Remark 3.1.17: let d € 7 € D and let v be the canonical O-module
generator of .%, 4; then

1(w -0)(u) _1w_1-(8(w-u)) la(w u)
d u .v_d u v d w-u

This verifies that the @-module generator v for w.,..%, 4 verifies the defining condition in .%,,.,, 4 under its

dskpv=(w ' 9) v

w-twisted D-action.
Next, chasing the definition found in the proof of Proposition 3.2.13, we see that for any [.¥] €
PicCon’’ (X), the H-equivariant structure on w,.Z is given by

g"? = w,(w'gw)?) forall ge H,
which on local sections translates to the formula

gxpm=w 'gw)-m forall ge H mew,Z.

Finally, recall that the 1-cocycle @ : H — O(X)* is defined by the rule g - v = a(g)v for all g € H.
Putting everything together, we compute

gy V= (w_lgw) v = oz(w_lgw)v =(w -a(w_]gw)) ¥y U

and the result follows. |
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4. Applications to Drinfeld’s upper half-plane

4.1. Subdomains of the rigid analytic affine line. We will write A := Ag := A}éaﬂ to denote the rigid
K-analytic affine line, equipped with a fixed choice of local coordinate x € O(A). We write P! to denote
the rigid K-analytic projective line.

Definition 4.1.1. A K-cheese is an affinoid subdomain of A of the form

Ck(a,s):= SpK(xzoaO, xilal e xigag>
for some o := (ap, ..., ap) € KT and s := (s0, .. ., 5¢) € (K*)¢*1, which satisfy
o Isi| <|so| foralli=1,.... g,
o o —ap| <|so| foralli =1,...,g,and

 |o; —aj| > max{]s;|, |s;|} whenever 1 <i < j <g.

When there is no risk of confusion, we will simplify the notation to C(«, §).
We call the open discs

Doo :={z € PY(C) : |z — o] > |50} and
Di:={zeP (C):|lz—a;| <|si]} fori=1,...,g
the holes of C(«, s) and we write
h(C(a,s)) :={D1, ..., Dg, Do}
to denote the set of holes of C(«, s).

Of course the C-points of C(c, s) are obtained by removing the g+ 1 holes from P'(C). The conditions
on the parameters « and s are there to ensure that the holes are pairwise disjoint. We also require that o
and s are defined over K.

Remark 4.1.2. (a) Given two open discs Dy, D, in P! (C) with D; N D, # &, it must necessarily be
the case that either D; € D,, or D, C D;.

(b) The union and the intersection of two cheeses C;, C, are also cheeses, unless C1 N Cp, = .

Lemma 4.1.3. Suppose that X and Y are K-cheeses and ¢ : P! — P! is a K-analytic automorphism such
that o(Y) C X. Then there is a unique function

oF T h(X) — h(Y)
such that for every D € h(X), (pff(D) is the largest hole of Y containing o~ 1(D).

Proof. By [22, p. 33], the automorphism ¢ is necessarily a Mobius transformation. Hence ¢, as well as
o, maps open discs in P(C) to open discs in PlL(C).
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Let D € h(X). Then ¢~/ (D)NY(C) C ¢~ (DNX(C)) = @. Thus the open disc ¢~ (D) is contained
in the union of the holes of Y. Remark 4.1.2(a) then implies that ¢ ~!(D) is contained in a unique hole
@x (D) of Y. O

Notation 4.1.4. Suppose that X, Y are K-cheeses with Y € X. We will denote the function idff h(X) —
h(Y) associated with the identity map id : P! - p! by l})f th(X) — h(Y).

The following lemma will be useful later.
Lemma 4.1.5. Suppose that X and Y are K-cheeses with nonempty intersection. Then there is a natural
bijection

K x G (X UY) - h(X) x h(Y)
h(XNY)

given by D — 9V (D), VY (D)).
Proof. The map in the statement of the lemma is well-defined because

X XUY _ XUY _ Y XUY
txny Ol  =lxny =lxnyOly -

De Morgan’s laws [7, p. 350, equation (8)] imply that #(XUY) is precisely the set of nonempty intersections
ANB with A € h(X) and B € h(Y). Let D € h(X UY); hence there exist A € h(X) and B € h(Y) with
D = AN B. But then (§"Y (D) = A and ({Y (D) = B, so D = A or D = B by Remark 4.1.2(a). Hence
F9Y x FYY s injective.

We now show that L§Uy X t}}fUY is surjective. Suppose that A € h(X) and B € h(Y) are such that
L))gm,(A) = Lg/(m,(B) =: E. This means that A and B are contained in the same hole £ of X NY. Since E
is a hole of X NY, by de Morgan’s laws again we see that E is the union of the holes of X contained
in E together with the holes of ¥ contained in E. But no open disc in P'(C) is a finite union of proper
open subdiscs; hence E € h(X)Uh(Y). It follows that either E = A or E = B. Since E contains both A
and B, it follows that either A € B or B € A. Hence D := AN B is nonempty and is therefore a hole of

X UY as we saw above. It is now clear that

(A, B) = (3 (D), ¥¥ (D))

lies in the image of (5" x (¥97. O

We are interested in these cheeses because every connected affinoid subdomain of the affine line A is
a K-cheese whenever K is algebraically closed by [23, Corollary 2.4.7]. We will prove Theorem 4.1.8
below which carries out a Galois descent of this statement down to our base field K which may fail to be
algebraically closed.

Lemma 4.1.6. If Gg = Gal(I?/K) and A is a K-affinoid algebra, the natural map A — (A ® C)% is
an isomorphism of K-Banach algebras.

Proof. Since A is a quotient of a Tate algebra, A is of countable type as a K-Banach space: it has a dense
K-linear subspace of countable dimension. Assume first that dimg A = co. By [16, Proposition 1.2.1(3)],
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we can find a K-Banach space isomorphism ¢ : A — co(K); this means that ¢ is a bounded K-linear map
which has a bounded K-linear inverse. Now consider the commutative diagram

A (AR C)%

| o

co(K) ————— (co(K) ® €)%
The arrow in the bottom row is an isomorphism because
(co(K) ® €)% = ¢(C)% = ¢o(C9) = co(K)

by the Ax—Sen-Tate theorem — see, for example, [9, Proposition 2.1.2]; the proof given there works for
any complete nonarchimedean field of characteristic zero. The case dimg A < oo is handled in a similar
manner. O

Definition 4.1.7. When X is an affinoid subdomain of A and K" is a finite extension of K we say that X
is split over K' if Xk is a finite union of pairwise disjoint cheeses.

We write /| K |* to denote the divisible subgroup of R* generated by |K *|; this is the same as | K *|.

Theorem 4.1.8. Let X be an affinoid subdomain of the affine line A. Then there is a finite extension K' of
K such that X splits over K'.

Proof. Recall that X is geometrically connected provided that the base change X ¢ is connected. Suppose
first that X is geometrically connected. Then X ¢, being connected, is a cheese C¢ (¢, s) by [23, Corollary
2.4.7]. Since K is dense in C, we can choose the centres Qp, o, ..., Qg to be first in K, and then find
a large enough finite extension K’ of K such that ;; € K’ for all i. Since |[K*| = |C*| = \/W we
may enlarge K’ if necessary and arrange that s; € K’ for all i as well. Let Z := Ck/(«, §) be the same
cheese but defined over K’. Choose a large enough closed disc D defined over K’ which contains both
X' := Xk and Z, and fix a coordinate y on D. Then there is an isomorphism of C-affinoid varieties
X' xg C =2 Z x g C compatible with the inclusions X’ < D and Z < D. Now consider the induced
C-algebra isomorphism

Ui O0X)®x C=0X xxC)= O(Zxx C)=0(Z) Bk C.

Because X' is an affinoid subdomain of D, the C-algebra O(X’) ® k' C contains a dense C-subalgebra
generated by rational functions in y with coefficients in K’, and ¥ must send these rational functions
to Gk -invariants in the target. Hence v respects the natural Gg := Gal([? /K’)-actions on both sides.
Taking G -invariants and applying Lemma 4.1.6 we deduce a O(D)-algebra isomorphism O(X') = O(Z),
so that X' = Z is a cheese.

Returning to the general case, it will now be enough to show that there is some finite extension K”
of K such that every connected component of X~ is geometrically connected. To see this, consider
again X¢, and let {ey, ..., e,} be the primitive idempotents of O(X¢). Since Gk acts continuously on
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O(X) the stabiliser H; in Gk of each ¢; is closed. But Gk preserves {e1, ..., e,} so each H; has finite
index in Gg. Hence each H; is also open in Gx. We can therefore find a finite extension K of K such
that Gg» fixes each ¢; pointwise. Then e¢; € O(X¢)%" = (O(X) ® C)9%" = O(X) @ K" = O(Xk»)
again by Lemma 4.1.6. It follows that every connected component of X g~ is geometrically connected as
required. (Il

Proposition 4.1.9. Let C = Cg («; ) be a K-rational cheese and & = &y a coordinate on A' such that
Do ={z € P1(C) : |5(2)| > 1}.
Fori=1,...,glet& =c;/(§ —&(a;)) with ¢; € K™ such that |&;| = 1. Then the set

(Lg/:j=1,0<i<g)

is an orthonormal Schauder basis for the K-Banach space O(C), in the sense of [6, §2.7.2].

Proof. This is a straightforward rephrasing of [23, Proposition 2.4.8(a)]. ([l
Proposition 4.1.10 [23, Proposition 2.4.8(b)]. Let X = C(«, §) be a cheese. The map 78 — #)i)xx)xx
defined by

(i, ...,ng) = (x—a)" - (x—ap) - K- O(X)"
is an isomorphism of abelian groups.
Proposition 4.1.11. For every cheese X, Pic(X) = 0.
Proof. This follows from [16, Proposition 8.2.3(1)] and [30, Corollary 3.8]. U

e.¢]

Proposition 4.1.12. Suppose that X is an admissible subdomain of A and {X,,},°, is an admissible cover

of X by cheeses such that X,, C X+ for all n and each map t§:+1 ch(Xn4+1) = h(Xy) is surjective. Then

X is geometrically connected, smooth and quasi-Stein.

Proof. Since X ¢ has an admissible cover by the cheeses X, ¢, X is geometrically connected and smooth.
By [16, Exercise 2.6.2] all the maps O(X,,+1) — O(X,,) have dense image and so X is quasi-Stein.
One argument to complete the exercise is as follows. For any cheese C := C(«, s) the sub-K-algebra of
rational functions
O (C) = Klx, @ —an ™., (x —aa) 7]

is dense in O(C), by Proposition 4.1.9. Moreover, the condition 2 (X,+1) — h(X,) is surjective guarantees
that the centres of the holes in X, can all be chosen to not lie in X, 11 so that O (X,,) C O(X,41). U

4.2. Drinfeld’s upper half-plane. In this section we study Q, the Drinfeld upper half-plane, which is a
rigid F-analytic space whose underlying set consists of the Gal(F / F)-orbits in Q¢ (F) = PL(F)\P!(F).

It is straightforward to see that for any finite extension L of F', Qr(L) can be identified with L\ F
and we will often silently make this identification. The rigid space 2 comes naturally equipped with an
action of GL,(F) by Mobius transformations,

(a b). _az+b
cd) *T z4d
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and the same formula induces an action on each set Qg (L).

We recall from [8, §1.2.2] the GL, (F')-equivariant reduction map A : Qg (C) — |BT| from Qg (C) =
PL(C)\P!(F) to the geometric realisation |B7| of the Bruhat-Tits tree B7 associated with PGL,(F).
Since A o o = A for any o € Gal(F/F), this map factors through the rigid F-analytic space Qp, giving
us a map

A Qr — |BT.

Any point in QF is the Gal(F /F)-orbit [z] of some z € Qr(F); then we have A([z]) = A(z). We abuse
notation and also call A : Qg — |BT| the reduction map.

Lemma 4.2.1. Let z € Qp(F). Then GLy(F); < GLa(F)(z] < GL2(F)aiz)-

Proof. This is a consequence of the GL,(F)-equivariance of z — [z] and A. O
Proposition 4.2.2. If T is a finite subtree of BT, then >~ (|T|) is an F-cheese contained in Q.

Proof. Since the union of two non-disjoint F-cheeses is an F-cheese and T is connected, by an induction
on the number of edges of 7, it suffices to prove the result when 7 is a single vertex or has two vertices
connected by an edge. Both of these cases can be deduced from the discussion in [8, §1.2.3]. O

Definition 4.2.3. For every finite subtree 7 of B7, we define
Cr:=2"'(|T)) xr K.
Note that C7 is a K-cheese contained in 2 := Qr xr K, by Proposition 4.2.2.

Definition 4.2.4. Suppose 7 is a finite subtree of BT .
(a) The neighbourhood of T is the subset N (7) of the set of edges of BT with precisely one vertex in 7

N(T):={(ss) e EBT):s€T,s' €T}
(b) For e € N(T) we write s7(e) to denote the vertex of e in 7 and 7 (e) to denote the vertex of e notin 7
st((ss"):=s and t7((ss')):=s" forseT,s &T.
Lemma 4.2.5. Let T’ C T be finite subtrees of BT and let e € N(T). Then there is a unique f € N(T")

such that the unique path in BT from tr(e) to t1-(f) contains no vertices of T .

Proof. Let w be any vertex of 7'. Since BT is a tree it contains a unique path from #7(e) to w. Since w
is a vertex of 77 and t7(e) is not, there is precisely one edge f in this path contained in N (7). We can
then truncate the path to a path from #7(e) to t7-(f) that contains no vertices of 7.

If f' is an element of N(7)\{f} then the unique path from ¢7(f) to t7-(f’) must pass through a
vertex of 7 so there is no path from t7(e) to t7-(f”) that contains no vertices of 7. [l

Definition 4.2.6. If 7' C T are finite subtrees of BT, then
UL N(T) — N(T)

is the map that sends e € N(T) to f € N(T’) given by Lemma 4.2.5.
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Example 4.2.7. Suppose that S is a subtree of BT consisting of two vertices s and s” and the single edge
(ss”), and {s} is the subtree of S with s as its only vertex. Then there exist 2¢ edges ey, ..., eq, fi...., fy
in E(BT) such that

(a) N(S):{EI,...,eq, flv""fq}’

(b) ss(e;) =s and ss(f;) =5  foreachi=1,...,q,

() N({s}) ={e1.....eq, (s5")}, and

(d) Lfs}(e,-) =e¢; and Lfs}(f,-) = (ss") foreachi=1,...,q
Lemma 4.2.8. Suppose that Ty C T, C T3 are finite subtrees of BT.

T
(a) LT = tT oly.

(b) Ife € N(T2) and s7;(e) € V(T1), then L%(e) =e.

(¢) If e € N(T2) and st;,(e) € V(Th), then tzr-f(e) € E(T)\E(Th).
Proof. (a) It e € N(73) then the path P in BT from #7,(e) to t7; (L7T—? (e)) that contains no vertices of 7 can
be decomposed as a union of two subpaths with a single vertex in common (and possibly no edges): one
of these subpaths goes from #7; (¢) to the last vertex s in P that does not lie in 7 and the other goes from

s to tT (LT (e)) Then these paths show that L% (e) is the unique element f of N(73) such that t7; (f) ==
and ¢ ]( f)is L7—] (e) as required.

(b) Since 71 C T3, the condition s7; (¢) € 71 gives that e € N (77) and the path from #7; (e) to t7; (e) =t7; (e)
has no edges and so contains no vertices of 7.

(c) First N(T1) NE(T1) = <D so 577?(6) & E(T1). Since s1 :=s7;(e) € T2 and 53 1= s7; (t%(e)) e €T,
the unique path in B7 from s; to s; lies in ;. The condition s; & 7; ensures this path contains at least
one edge f := (tfr1 (L;?(e))sz). Moreover f € N(71). Adding the edge (¢7;(e)s1) to the start of the path
and removing f from its end gives the path that shows that LZ,—?(@) = f. O

Lemma 4.2.9. Suppose that S and T are finite subtrees of BT such that
E(S)={(ss")}and V(S)NV(T) = {s}.
There is a natural bijection

ST x ST INSUT) = N(S)  x  N(T)
N(SNT)

given by e — (LSUT(e) LSUT(e)).
Proof. The map & := 13 S VT % t§—UT in the statement is well-defined, because Lemma 4.2.8(a) shows that

S SUT _ SUT _ T SUT
lsnTols =lsnt =lsnToly -

Next we show that £ is injective. To this end, suppose that e}, e, are two elements of N(S U T) such
that £(e;) = &(ep). Let v; = ssur(e;) for i =1, 2. Suppose first that both of vy, v, lie in S. In this case,
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UT(e 1) =e; and ¢ UT(ez) = ep, by Lemma 4.2.8(b), and we deduce by looking at the first component
of £(e;) = &(ey) that e; = e;. The case where both vy, v; lie in 7 is entirely similar. Suppose for a
contradiction that e; # e;. Without loss of generality, we can now assume that v; lies in V (7)\V (S) and
vy liesin V(S)\V(T). Since S is a single leaf with V(S)NV (T) = {s}, this forces v, =s’. Therefore since
1397 (e2) = €2 by Lemma 4.2.8(b), the only vertex of (3”7 (e3) in S is s”. However, because vy ¢ V(S),
1397 (e1) € E(T) by Lemma 4.2.8(c). This contradicts (1397 (e2) = (3”7 (e}) because 5" ¢ V(7).

Finally we show that £ is surjective. Suppose that (e, f) € N(S) N §<n7’)N ).

We first consider the case where s7(f) # s, so that t#7-(f) € SUT. It follows that f € N(SU7T) and
we claim £(f) = (e, f). That LSUT( f) = f follows from Lemma 4.2.8(b) because s7(f) € 7. Consider
the following element g of N(SNT):

8= ‘ng(e) = ‘ng(f)-

Since s7(f) €SNT, g € E(T) by Lemma 4.2.8(c). In particular g # (ss’). Since g = tng(e), this implies
that g = e by Example 4.2.7(d). Now ssu7(f) € S so h := LguT(f) € E(TH\E(S) by Lemma 4.2.8(c)
again. Hence L§m7(h) = h by Example 4.2.7(d). Using Lemma 4.2.8(a) several times, we now see that

ST =h=En () = G 37T () = S0 = LT () =

Hence LguT( f) = g = e as required.

Next we consider the case where s7(f) = s so that, by Lemma 4.2.8(b), tgm-( f) = f, and hence
f= LEQT( )= Lng(e). This splits into two subcases.

Suppose first that f = (ss’). Then tgﬂT(e) = f = (ss’) implies by Example 4.2.7(d) that ss(e) = s’.
Therefore ts(e) ¢ V(T) which means that e € N(SUT). Then L§UT(6) = e by Lemma 4.2.8(b) and
597 (e) = (ss’) = f by Lemma 4.2.8(c), so £(e) = (e, f) as required.

Fmally, suppose that f # (ss’). Then t7(f) ¢ V(S),so f € N(SUT). Then LgnT(e) f # (ss))
implies that e = (3-(e) = f by Example 4.2.7(d). Hence (5¥7 (f) = f and (3”7 (f) = 13" (¢) = e, and
so £(f) = (e, f) as required. O

Proposition 4.2.10. Let T be a finite subtree of BT. Then there is a GOT—equivariant bijection
hy :N(T) — h(CT)

such that following diagram is commutative for every subtree T' of T

LT,
N(T) ——— N(T)

th Jhr’ (13)

h(Cr) ————— h(C7)
LCT/
Proof. Suppose S and T are disjoint finite subtrees of B7 . It follows from Proposition 4.2.2 that Cs and
C7 are disjoint K-cheeses, so Cs is contained in a unique hole of Cr. In particular, if e € N(7), then
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Ciir(e)y and C are disjoint K-cheeses, so Cy.-(¢)) is contained in a unique hole h7(e) of Cr.
Since A is G%-equivariant, if g € Gg- then #(g - ¢) = gt7(e) and so

A H(tr(ge)) = gh7'(t7(e)) and hr(ge) = ghr(e).

Thus e — hy(e) defines a GOT—equivariant function.

Suppose that 77 C 7 is a subtree and that L; (e) = f. Then the path from #7(e) to t7#(f) in BT is a
tree, S say, that is disjoint from 7". Then Cy;,(,); and Cy.,(s)} and Cs are all contained in the same hole,
D say, of Cy. It follows that 7 o Lz—-, (e)=D = Lg: o hy(e) and that the diagram (13) is commutative.

To show that A is always a bijection, we induct on the number of edges of 7. If 7 consists of a single
vertex (no edges), or a single edge, then the result is a simple consequence of [8, 1.2.3]. In the general
case, we decompose 7 as SU T’ where S is a single leaf of 7 and 7" is 7 with S removed. Using the
diagram (13) twice, we obtain the commutative diagram

T, T

N —T NS x N(T)

N(SNT)
/17"/ J{hs ><h7—/

h(CT)Wh(CS) x  h(C)

le XLCT/ h(CsmT/)

Now, the horizontal arrows in this diagram are bijections by Lemma 4.2.9 and Lemma 4.1.5 respectively.
Since hs x hy is a bijection by the induction hypothesis, it follows that 47 is a bijection as well. [

Remark 4.2.11. The bijectivity of /7 in Proposition 4.2.10 is conceptually clearer than our proof suggests.
If D is in h(Cy) then A(D N QF) is a connected component X p of [BT|\|7|. There is precisely one
edge ep in N(T) such that the interior of |ep| is contained in X p. Then the inverse of i+ sends D to ep.
However it is not straightforward to make this argument rigorous in the context of this paper.

Definition 4.2.12. Let sy be the vertex of BT fixed by GL,(OF) and let n > 0.
(a) T, C BT is the subtree whose vertices have distance at most n from s.
(b) €2, is the cheese @, :=Cr,.
Remark 4.2.13. Since G% = G?O = GL,(OF) for all n > 0, 2, is GL,(OF)-stable for all n > 0.

Remark 4.2.14. For any family {7;} e of finite subtrees of B7 such that jes ITjI = 1IBT], the family
of cheeses {C7;} e, forms an admissible cover of €2.

Lemma 4.2.15. Letn > 0.

(a) GL,(OpF) acts transitively on h(2,,).
(b) The fibres of the maps Lg:“ s h(Q2u41) = h(2,) all have size q.
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Proof. (a) By Proposition 4.2.10 and Remark 4.2.13, it suffices to prove that GL,(OF) acts transitively
on N(T,) for each n > 0. But N(7,) consists of all edges between vertices of distance n from sy and
vertices of distance n + 1 from sg. This holds because GL,(OF) acts transitively on the set of vertices of
distance n + 1 from sg.

(b) Note that |h(€2,)| = [N(T,)| = (g + 1)g" since BT is a (g+1)-regular tree. The fibres of Lg:“ :
h(2,+1) = h(2,) all have the same size, by part (a). O

We introduce some other admissible covers of 2 by K-cheeses, for later use.
Recall that w = (ﬂoﬁ (1)) € GLy(F) and w - 59 is a vertex of BT adjacent to sg.

Definition 4.2.16. Let n > 0.

(a) Let ¢g be the unique edge of BT with vertices sg and w - sg.
(b) Let S, be the subtree of BT consisting of vertices a distance at most n from either sy or wsy.
(c) Let W, be the cheese ¥, := Csg,.
Lemma 4.2.17. For eachn > 1,
(a) ¥, =Q,Uw,, and
(b) ¥, =, Nw,.

Proof. Letn > 1. Itis clear that S, =T, Uw7,. We claim that S,,_; =7, Nw7,. For the forward inclusion,
because w? acts trivially on BT, it is enough to show that 7,_; € w7,. Let d be the distance function on
V(BT)andletx € V(T,_1). Thend(x, so) <n—1,s0d(x, wsg) <d(x, so)+d(sg, wsg) <(n—1)+1=n
and hence x € V(w7,). For the reverse inclusion, it is enough to show that 7, N w7, € 7,,_1. Suppose
that x € V (7, N wT,) so that d(x, sg) < n and d(x, wsg) < n. By considering the unique path in BT
passing through x, sg and wsg, we see that we must have either d(x, so) <n—1ord(x, wsg) <n—1,
and hence x € V(7,,_1).

Both parts now follow easily. (I

Remark 4.2.18. Since, for each n > 0, Ggﬂ = GSO = [ is the Iwahori subgroup from Notation 2.2.1(b),
each cheese ¥, = Cg, is [-stable.

Lemma 4.2.19. Suppose that n > Q.

(@) h(¥,) has precisely two [-orbits, each of size ¢"*!.

(b) The map L$:+l h(W,41) = h(\W,) is surjective, with all fibres of size q.
Proof. (a) By Proposition 4.2.10 it suffices to show that N (S,,) has precisely two [-orbits each of size
q + 1. But N(S,) consists of those edges of S+ that are not edges of S,,. These fall into those that
connect vertices of distance n and n + 1 from s¢ (and distance n + 1 and n + 2 from w - s¢) and those that

connect vertices of distance n and n + 1 from w - s¢ (and distance n + 1 and n + 2 from s¢). These two
sets of edges in N (S,) are its /-orbits.
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(b) Using Proposition 4.2.10 again, it suffices to prove the same thing about the fibres of the /-equivariant
function N (S,,+1) — N(S,). This is straightforward to verify since BT is (¢+1)-regular. O

Lemma 4.2.20. The following collections of affinoid subdomains form admissible covers of Q:

(@) {Qn}n=0;

(b) {wS2}n=0;

(©) {Wnlnzo.
Proof. Each part is an easy consequence of Remark 4.2.14. (I
Proposition 4.2.21. Q is a smooth, geometrically connected, quasi-Stein rigid K-analytic space.

Proof. We’ve seen that the chain €29 € € C - - - is an admissible cover of €2 by an increasing union of
cheeses. Moreover the maps 7 (€2,4+1) — h(£2,) are all surjective by Lemma 4.2.15. Thus €2 is a smooth,
geometrically connected, quasi-Stein rigid K-analytic space by Proposition 4.1.12. (I

4.3. Units, measures and flat connections on Q. Recall, for ¢ € Aut(P!) and cheeses X and Y with
¢(Y) C X, the map (p))f :h(X) — h(Y) from Lemma 4.1.3 together with the notation D, to denote the
element of 4 (X) containing the point co € P!(C).

Proposition 4.3.1. Let X = C(w, s) and Y be cheeses and ¢ € Aut(P') with ¢(Y) € X. Then there is

commutative diagram

] — K*-0(X) — O(X)* M My(h(X),Z) —— 0

LT

1 — K*-0)** —— O(Y)* — My(h(Y),Z) —— 0

whose rows are short exact sequences of abelian groups and whose non-labelled vertical arrows are
induced by the composite of the restriction O(X) — O(¢(Y)) and ¢* : O(p(Y)) — O(Y).
The map x is characterised by px(x —a) =6p —dp,, for D € h(X) and o € D(K).

Proof. Foreachi =1, ..., g:=gx, let D; € h(X) be the open disc containing «;. Given u € O(X)*, use
Proposition 4.1.10 to find integers ny, ..., ng such that

u=(x—a)" - (x—ag)" mod KX O(X)

and define the measure px (1) € Mo(h(X), Z) by

8
pux (@)=Y ni(dp, —dp,,).
i=1
The top row is then exact by Proposition 4.1.10. We note that uy does not depend on the choice of the
centres a7, ..., ag of the holes of the cheese X.
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Since Y is also a cheese the bottom row is also exact. The commutativity of the left-hand square is
clear.

To see the right-hand square commutes it suffices by the argument just given to show that for all
i=1,...,g, we have

Oy Jix (x — o) = fuy (9 (x — ).

Now, ¢y ix (x — ;) = 8% (D)) — 8y¥ (Do) a0 ¢"(x — ;) is a rational function whose divisor is
(¢~ 1)) — (971 (00)). So, since ¢ (D;) € h(Y) contains ¢~ (a;) € ¢~ 1(D;) and ¢ (Do) € h(Y)
contains ¢! (00) € ¢! (Dy), we see that

wy (0 (2 = ) = 8, (py) = 8,X (Do) = Prochx (X — ). O

oxy)y« o (1/d)2

Because of Proposition 3.1.16, we are interested in the groups for positive integers d.

®
YA
Corollary 4.3.2. Let X be a cheese and let d be an integer.

(a) The map |y induces a surjective homomorphism

oX)*

Ux.d
(b) If G — Aut(P')x is a group homomorphism, then jix g4 is G-equivariant.
(c) If ptd then ux 4 is an isomorphism.
Proof. (a) Proposition 4.3.1 gives us an exact sequence of abelian groups
1> OX) /K = O(X)* /KX 25 My(h(X), Z) — 0.

Tensoring this sequence with Z/dZ gives an exact sequence

O(X)** OX)*
O™ & 714z — O
K** 7

The second term is O(X)* /K *O(X)*? and the third term is M (h(X), Z/dZ) by Lemma 2.1.6.

®7/d7 2% My(h(X),2)®7/d7 — 0. (14)
ya VA

KX

(b) This part follows easily from Proposition 4.3.1.
(c) Since p 1d, the first term in (14) vanishes by Lemma 3.3.5, [l
Corollary 4.3.3. Let X be a cheese, d is an integer such that p {d and suppose that G — Aut(P)x is a

group homomorphism. Then
tx.q 004 : Con(X)°[d] — Mo (h(X), Z/dZ)®
is an isomorphism.

Proof. This follows immediately from Proposition 3.1.16 and Corollary 4.3.2. ]

We will now use Corollary 4.3.3 to investigate how the group Con® (X)[d] changes when we vary X
and G. More precisely:
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Proposition 4.3.4. Let Y C X be cheeses such that L;( :h(X) — h(Y) is surjective and let d > 1 be an
integer such that p t d.
(a) Suppose that
(i) each fibre of L§f :h(X) = h(Y) has size coprime to d, and
(i1) the G-orbits in h(X) are unions of these fibres.

Then the following restriction map is injective:
Con(X)[d]® < Con(Y)[d].

(b) Suppose that additionally to the assumptions in (a),
(ii1)) H is a closed subgroup of Gy, and
(iv) the restriction map Hom(G, uq(K)) — Hom(H, uy(K)) is injective.

Then the following restriction map is injective:
Con%(X)[d] < Con” (Y)[d].

(c) Suppose that additionally to the assumptions in (b),
) L§ :h(X) — h(Y) induces a bijection between the G-orbits in h(X) and the H-orbits in h(Y),
(vi) the map Hom(G, uqs(K)) — Hom(H, uy(K)) is surjective, and
(vii) @ : Con%(X)[d] — Con(X)[d]1 is surjective.

Then the following restriction map is an isomorphism:
Con® (X)[d] = Con” (Y)[d].
Proof. (a) By Corollary 4.3.3 there is a commutative diagram

x,d004

~

Con(X)[d]° — Mo (h(X), Z/dZ)°

l _ ll’y{* (15)

Con(Y)[d] M_;g) Mo (h(Y), Z/dZ)

whose left vertical arrow is restriction and whose horizontal arrows are isomorphisms. Thus it suffices
to prove that L;{* My (h(X), Z/dZ)G — My (h(Y), Z/dZ) is injective. Suppose that v is in the kernel.
Then for D € h(Y),

0=, v({D) =v(y) " {D).

Since t{f is surjective by assumption, we may choose some D’ € h(X) such that L?f (D) = D. Because v

is G-invariant, assumption (ii) implies that
v () 7HDY) = 1)~ (D) -v({DD.

Then assumption (i) gives v({D’}) =0, so v =0 as required.
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(b) Using Proposition 3.2.14 together with Proposition 4.1.11 and (iii), we have the commutative diagram

0 —— Hom(G, pg(K)) — Con? (X)[d] — Con(X)[d]¢

U

0 —— Hom(H, pg(K)) —— Con’ (Y)[d] —— Con(Y)[d]"

with exact rows, whose vertical arrows are given by restriction. Using (iv), part (a) and the Four lemma,
we see that the middle arrow is injective.

(c) Assumption (v) implies that the right vertical map in (15) has image equal to My (h(Y), Z/ dz)?, so
the right vertical arrow in (16) is an isomorphism. Using this together with (vii) gives that both of the
rightmost horizontal arrows in diagram (16) are surjective. We can now use (vi) and the Five lemma to
finish the proof. U

The following technical lemma is needed for the important Corollary 4.3.8 below. Recall the K-cheeses
C7 from Definition 4.2.3.

Lemma 4.3.5. Suppose that T' C T are finite subtrees of BT with N(T') C T. Then for every n > 1 and
f € KXO(C)[n, we have flc, € KXO(CT/)C;;wH'

|Trl™?

Proof. We claim first that for each a € F and n € {£1},
(@ —a)"|c, Il | —a)"| - (17)

By a change of coordinate induced by an element of GL,(F) we may reduce the proof of this claim
to proving |mr|~! < |x|c in the particular case |x|c,, = 1. Now if |x|c,, = 1, then so € 7" and so, by
hypothesis,

TICTUNT)CST.

Then because 21 = C7;, we have [x|c, > |x]|g, > |7r|~! which proves the claim.
Now suppose that f € K*O(C7);* . so that f = A(1+h) for some 2 € K* and h € 72 O(CT)°. We

|7rl"

have to show that 1 +h € KXO(CT/);TXFV,H. By Proposition 4.1.9, we can write

8
L+h=+x0)+)_ Y AiE

i=0 j>1
with Ao, A;; € mpOk and &, ..., &, each of the form c(x — a) or xfa with a,c € F and ¢ # 0 and
|&ilc, = 1. Since (1 4+ Ag) € K™, by considering (1 + 20) L1+ h) we may further assume that Ag =0

and then it suffices to prove that |h|c, < |n25+1 |. Now by (17), for all suitable i, j we have

& e, = |€i|JCT, <|npl <|mFl
so the result follows by the ultrametric inequality. O

Recall the K-cheeses £2,, from Definition 4.2.12.
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Corollary 4.3.6. Suppose that n,m > 0. Then for all f € K*O(Q2p4m)™>,

fla, € KX O,

[Tr|™:

Proof. Since N(T,+r) € Tp+k+1 for all n, k > 0, this follows from Lemma 4.3.5 by a straightforward
induction on m. O

Proposition 4.3.7. Write A := GL,(OpF).

(a) For all n > 0, the restriction map
Con(€2,+1)*[p'] = Con(2,)"[p']

is an isomorphism. These groups are cyclic of order q + 1.

(b) There is m > 1 such that the restriction maps
Con(2p+4)"[p] = Con(2,)"[p]

are zero for all n > 0.

Proof. (a) Suppose d is an integer coprime to p and that d is a multiple of (¢ + 1) = |h(£29)|. Then by
Corollary 4.3.3 and Proposition 4.3.1, for each n > 1, there is a commutative diagram

Con(Q,)*[d] ——— Mo(h(y), Z/dZ)*

l l

Con(R2,-1)*[d] —— Mo(h(Q,—1), Z/d2)*
whose horizontal maps are isomorphisms. Since A acts transitively on each /7(£2,), by Lemma 4.2.15(a),
we see by Proposition 2.1.8(b) that My(h(£2,), 7/d7)* is cyclic of order ged(d, |h(2,)]) = q + 1
and generated by the image of qd?Zh(Qn). By Lemma 4.2.15(b) and Proposition 2.1.8(c), the right
vertical map sends the image of qdﬁzh(gn) in My(h($2,), Z/dZ)A to the image of f%):h(gm) in
Mo(h(2,,_1), Z/dZ)A. Since ¢ is coprime to d, it follows that the map is an isomorphism. Part (a)
now follows easily.

(b) We take m > 1 such that |71}”_1| < w and let N =n + m. Suppose that
[£] € Con(@n)*[p].
We will show that [Z|q,] = [O] € Con(£2,). By Proposition 3.1.16 there is u € O(2y)™ such that

O(Qy)* )A

— X xXp
0,(L.Z]) = uK*O(Qy) G(KXO(QN)XP

It suffices to show that u|g, € K*O(82,)*P. Now pay, p(u) € Mo(h(Q2y), Z/pZ)A by Corollary 4.3.2(b),
and by Proposition 2.1.8(b,c) and Lemma 4.2.15(b), the natural map induced by the inclusion Qxy C Qn_1,

Mo(h(Q), Z/ pZ)* — Mo(h(Qn-1), Z/ pZ),
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is zero. It follows, using Proposition 4.3.1, that there is v € (9(52;,_1) such that puq, , (u|qy_v?) =0.
Writing
w = ulg, v’,
to prove ul|g, € K*O(£2,)*? it suffices to show that wlg, € K*O(2,)*?. Since uq, ,(w) =0,
Proposition 4.3.1 now implies that w € K*O(24m—1)>*.
Now by Corollary 4.3.6,
wlg, € KX OS5 .
Our assumption that |n}”*1 | < o now allows us to deduce from Lemma 3.3.5(b) that w|q, € K*O(2,)*?
as required. U
Corollary 4.3.8. The group PicCon(Q)gIr‘SZ(OF ) is cyclic of order g + 1.

Proof. By Propositions 4.2.21, 3.1.9, and 4.1.11 we have
PicCon(Q2) = lgLn Con(£2,).

Since each 2, is A := GL,(OpF)-stable by Remark 4.2.13, and the functors taking A-invariants and taking
the d-torsion subgroup each commute with limits it follows that for each d > 1 we have

PicCon(2)*[d] = lim Con(£2,)*[d].

By Proposition 4.3.7(b), 1(i£1C0n(§2n)A[p] = 0. So PicCon(£2)* has no p-torsion.
By Proposition 4.3.7(a), we can see that for each d that is a multiple of ¢ + 1, l(iLnCon(Qn)A[d] is
cyclic of order g + 1. The result follows. (I

4.4. Proof of Theorem A. We now return to the setting of Section 3.3, and start working towards our proof
of Theorem A. Recall the cheeses €2, from Definition 4.2.12(b) and the map ¢, from Proposition 3.2.7.
QF ., will denote the version of €2, obtained when K = F.

Theorem 4.4.1. Let L be an unramified quadratic extension of F. Then for every z € Qr o(L) and every
n > 0, the map

¢ : Con®2O7(,)[p'] = Hom(GL2(OF)., K (2))[p']
is an isomorphism.

Proof. Because z € Qr o(L), we may view it as a point of Q¢ (K (2)) = Q20(K(z)) € 2,(K(z)). Hence
the map ¢, from Proposition 3.2.7 makes sense in this setting. Write A :=GL,(OF). By Proposition 3.2.14
together with the left exactness of the endofunctor (—)[p’] on abelian groups, there is an exact sequence

0 — Hom(A, K*)[p'] = Con™(2,)[p'] = Con(2,)[p'].

The group Con(Qn)A[p/] is cyclic of order ¢ + 1 by Proposition 4.3.7(a), whereas Hom(A, K*)[p'] is
cyclic of order ¢ — 1 by Lemma 2.2.3(a). Thus,

|Con(2,)[p'1| <¢* — 1.
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Since z € Or (L) € Qp(F) by assumption, we can apply Lemma 4.2.1 to see that A, = G(Z). Also,
7€ QFro(L) € Qrp(L) = L\F implies that F'(z) = L is a quadratic extension of F, so Lemma 2.2.7 can
be applied to deduce that Hom(A, K (z)*)[p'] is cyclic of order g> — 1. Now it suffices to show that
the image of ¢, contains a generator of this cyclic group. To this end we will construct an element [.Z]
of Con?(2,)[ p’] such that, in the notation of Lemma 2.2.7, ¢,([.£]) = j} 7 To do this, we will first
construct a suitable unit # € O(£2,)*, then an appropriate 1-cocycle « € Z g +1 g—1 and then the required
equivariant line bundle .# is given by an application of Lemma 3.3.4(a).

Consider the function
J A 0@, (i Z)r—)a—cx. (18)

We compute that

(288 (2 ) (et
J<<01 d; ¢ d J((Q d> (@ =crx) | a Cza]—clx

= (a1a2 +b1c2) — (c1az2 + c2dp)x _J<<‘c1; Zi)(tclj Zﬁ»

and see that j € Z L(A, O(£2,)). The reason for considering this 1-cocycle j is that
ne,(j(g) =8¢p, —0p, forall ge A
and zo jla, = 7: mod L**. Define v := |h(2,)|8p,, — Xgq, € Mo(h(2,), Z). Applying Proposition 4.3.1,
we find u € O(£2,)* such that ug, () = v. Then we calculate that
Sa(w)(g) =g-v—v=1h(2,)|(8¢p, —0p,) forall geA.
Therefore inside Z'(A, My(h(R2,), Z)) we have the equality

fe, 0 jMEN =8, (1) = g, 0 8a(u).

Since |h(2,)| = q" (g + 1), this means that j_q" @+, (u) takes values in ker e, Now Proposition 4.3.1
tells us that ker nug, = K- O(£2,)**. So we may rephrase this as saying that

@y o (1486 w))

takes values in K*/K**. Since €, is geometrically connected, A is compact and every finite abelian
p’-quotient of A has exponent dividing g — 1, by Remark 2.2.4, we may apply Proposition 3.3.8 with
d,e,u,B)=(@q+1,q9—1,u, ]q ) to deduce that there exists an o € z4 q+] -1 such that

n

T (Q,) O =TT1(Q, )qu . (19)

By Lemma 3.3.4(a), there is a (g>—1)-torsion A- -equivariant line bundle with connection f"‘ 41 0n Ly,
such that ¢Q ([$“q+1]) = [«] inside H'(A, O(£2,)%).
To see what ¢, does to this [.£) g1, We apply Proposition 3.3.2(b) to find that

$-(1L2 1)) =20 (resh_ ¢d (L2, 1)) =zoala..
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Applying the functor T (—) from Notation 3.3.6 to the morphism of affinoid varieties z : Sp L <— €2,, and
using equation (19), we see that

zoala, =zo0j% |4, mod K(z)™.

a —cN(2)

Butzoj <c a—ctr(z)

) =a —cz,80 as zoa|,, takes values in p 2 (K (2)*), we conclude that

¢-([L7 ) =zoals, =77
inside Hom(A., K (z)*)[p'], as claimed earlier. This is a generator because ¢” is coprime to g — 1. [J

Using our next lemma, we will be able to use Theorem 4.4.1 to shed light on our main group of
interest, namely PicConGo(Q)wrs. See Corollary 4.4.5 below for a description of the p’-torsion part of
PicCon®0 ().

Lemma 4.4.2. Recall that A = GLy(OF) and B = " GL,(Op).
(a) PicCon® () = lim Con” ().

(b) PicCon®'(Q) = PicCon?(Q) x  PicCon®(%Q).
PicCon’ ()

Proof. By Proposition 4.2.21 and Lemma 4.2.20(a), €2 is a smooth, geometrically connected, quasi-Stein
space with admissible cover {€2,,}. Thus (a) follows from Lemma 3.2.16 together with Remark 4.2.13
and Proposition 4.1.11.

(b) This follows from Proposition 3.2.15 and Theorem 2.2.2. O

Recall the K-cheeses W, from Definition 4.2.16. Since Pic(W¥,) = 0 by Proposition 4.1.11, there are
restriction maps PicCon’ () — Con’ (¥, for all n > 0.

Corollary 4.4.3. The restriction map PicCon’ (Q)[ p'l— Con’ (Wp)[ p’l is injective.

Proof. By Lemma 3.2.16 and Lemma 4.2.20(c), it suffices to show that the restriction map
Con’ (Wy11)[p'] = Con' (¥)[p']

is injective for all » > 1. Fixing n > 1, this is equivalent to Con’ Ve )d] — Con’! (W,)[d] being
injective for each d coprime to p. We will prove this using Proposition 4.3.4(b).

Condition (i) of Proposition 4.3.4 follows from Lemma 4.2.19(c). Condition (ii) holds since the
induced map on [-orbits 2 (W,41)/I — h(¥,)/1 is surjective and hence injective by Lemma 4.2.19(c),(a).
Conditions (iii) and (iv) are trivial since in this case G = H = I. Thus Con’ (¥,,)[d] — Con’ (¥,_)[d]
is injective. O
Proposition 4.4.4. For every [ ] € PicCon®2(CF) (Q)[p'] there is an integer k such that the restriction
L\ satisfies

(211 w[Z];]1=[Og«] in PicCon! (Q).
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Proof. We restrict .Z|; further to Wy, forming [.Z|; y,] € Con’ (Wo)[p']. By Corollary 4.4.3, it suffices to
show that inside in Con’ (¥() we have

(L1191 - w[Z]1,w,] = [Oge]  for some q-1Z

We consider the exact sequence coming from Proposition 3.2.14
1 — Hom(I, K*)[p'] — Con’ (¥p)[p'] > Con(¥p) [p']. (20)

Note that w([.Z]) € PicConS2(©F )(Q)tors is killed by g + 1 by Corollary 4.3.8. Therefore the image
o([Z|1.w,]) of this class in Con(Wy)! is also killed by g + 1.
Since w normalises I and Wy is (w, I)-stable, Corollary 4.3.2 and Proposition 3.1.16 gives us an

isomorphism of groups with (w)-action

I
0,1 :Con(Wo) [g+1]> M:= M,y | h(¥o), ——— | .
Mwy,g+1004+1 : Con(Wo) ' [¢g + 1] —> M 0( (Wo) (q—l—l)Z)

Next, h(Wy) has two [-orbits O and O, of size ¢ by Lemma 4.2.19(a). Hence M is generated by
the image of o, — Lp,. Since w swaps the two orbits, it acts on M by negation. Hence w acts on
Con(¥)! [g + 1] by inversion, so that

w ([X“,Wo] : w[gll,\l—’o]) =w ([X“,\PO]) cwWw ([glli\yo]) = [O]

is the trivial element of Con(Wg)’ [g + 1]. The exact sequence (20) above now implies that [.Z|; y,] -
w[Z|1,w,] =[0,] for some x € Hom(I, j, (K)).
Finally, since w? € Z(GLy(F)) acts trivially on Wy and Hom(Z, ., (K)),

w - ([Z]1w ] wlZ 1w D) = [Z1,w]- wlL]1,w,]
Hence [0y ] = w - [O, ] =[O, 1, which implies that
x € Hom(1, py (K))™.
Now Lemma 2.2.3(c) completes the proof. ]
Corollary 4.4.5. The following restriction map is an isomorphism of groups:
PicCon®’ (Q)[p'] — PicCon®2©r (Q)[p'].
Proof. Let A :== GL,(OF) and B = "A. The commutative diagram

PicCon®’ () —— PicCon” ()

l l

PicCon® () —— PicCon’ ()
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maps given by restriction is a pullback square by Lemma 4.4.2(b). Since taking p’-torsion preserves
limits in the category of abelian groups it follows that

PicCon®’ (Q)[p'] -2 PicCon? (Q)[p']

.| |+

PicCon?(Q)[p'] — PicCon’ (Q)[p']

is also a pullback square. We will show that im g, C im ¢g; and that ¢, is injective. By symmetry we then
have im gy =im¢q; and ¢ is injective, and the result follows.
We consider the commutative diagram

1 —— Hom(A, K*)[p'] —— PicCon?(Q)[p'] —— PicCon()4[p’]

| °| |

1 —— Hom(I, K *)[p'] — PicCon’ ()[p'] —— PicCon(2)![p’]

whose rows are exact by Proposition 3.2.14. The left vertical map is injective by Lemma 2.2.3(a,b) and
the right vertical map is an inclusion map. Now the injectivity of g, follows from the snake lemma.
Therefore g is also injective, because g2 (w[-Z]) = wq([-Z]) for every [Z] PicCon® ().

Finally, by Proposition 4.4.4, ¢2([.£]) = g1 (w[.Z]™' ® Ogy) for some integer k. Hence the image of
q» is contained in the image of g;. U

Remark 4.4.6. One may wonder if it might be possible to strengthen the statement of Corollary 4.4.5 to
give a similar description of all torsion elements in PicCon“? (). However when ¢ = 2, the restriction
map

PicConGO (tors — PicCon” () ors

is not an isomorphism in general, because the homomorphism from the abelianisation of A to the
abelianisation of G° induced by inclusion has a kernel of order 2 and so particular the restriction map

Hom(G?, K *)ors — Hom(A, K )iors

then may not be surjective.

Next we pass to the limit as n — oo to deduce the consequences of Theorem 4.4.1 for the p’-torsion
part of our main group of interest, namely PicConGO(Q).

Lemma 4.4.7. Suppose that K contains the quadratic unramified extension L of F and let 7 € Qg o(L).
Then the homomorphism

¢.[p'] : PicCon®" (2)[p'] - Hom(G?, K*)[p']

is an isomorphism. Moreover, every p’-torsion character x : Gg — K* kills the Sylow pro-p subgroup
P; of SLy(F);.



1444 Konstantin Ardakov and Simon Wadsley

Proof. By Lemma 4.4.2(a) and Corollary 4.4.5, we have an isomorphism

~

PicCon®’ (@)[p'] = lim Con” (Q,)[p'].

Using Proposition 3.3.2(d) together with Theorem 4.4.1, we deduce ¢,[p’] is an isomorphism. Also, x
kills P, because P, is a (normal) pro-p subgroup of G(Z). ]

With the last result in hand, it is natural to wonder about the p-torsion part of PicConGO(Q). The
following description of this group does not require the full force the methods employed in the proof of
Theorem 4.4.1.

Lemma 4.4.8. Suppose that K contains the quadratic unramified extension L of F and let z € Qp(L).
The homomorphism

¢.[p™1: PicCon® (2)[p>] - Hom(G?, K*)[p*]
is injective with image Hom(Gg/PZ, K[ p*™].

Proof. Since K O L and z € QF (L) by assumption, we see that z € Q (K'). Hence the map ¢, - PicC’ () —
Hom(Gg, K*) exists by Proposition 3.2.7.
Next, the triangle

=[O0, ]
Hom(G°, K *)[p*] o

PicCon®" (Q)[p™]

Hom(GY?, K *)[p™]

is commutative by Proposition 3.3.2(c), and the horizontal arrow is an isomorphism by Proposition 3.2.14
and Corollary 4.3.8. Hence it suffices to show that res is injective and has image Hom(Gg /P, K*)[p™].

Note that SL,(F) is a perfect subgroup of G® and K * is abelian. Hence x IsL,(r) =1 for any character
x : G® — K*. In particular, res(x) vanishes on the subgroup P, of SL;(F). Now if x : G’ - K* is a
character such that res(x) = x|go = 1, then Corollary 2.2.6 immediately implies that x = 1. Therefore
res is injective as required. ) U

Recall that G = GL,(F).

Proposition 4.4.9. Suppose that K contains the quadratic unramified extension L of F. Then for all
g € G and z € Qp(L), there is a commutative diagram

PicCon®” (Q)or — s Hom(GY/ P., K *)iors +——— Hom(O} /P, K )iors

| : |

. 0
PicCon® () ors o Hom(Gg,Z/Pg.z, K ) tors <T—* Hom(O} /P, K™ )tors
8z 82

all of whose arrows are isomorphisms of abelian groups.
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Proof. The first square commutes by Proposition 3.2.13(b), and its vertical arrows are isomorphisms with

inverses g !

and c;_l respectively. By Lemma 4.4.7 and Lemma 4.4.8, ¢, is an isomorphism in the case
when z € Qr o(L). But since L is quadratic over F, G acts transitively on Qg (L) = L\ F, so we may
choose g € G such that g -z € Qf (L) and then ¢y, is an isomorphism. The commutativity of the first
square now ensures that ¢, is always an isomorphism.

Recall from Lemma 2.2.5(b,c) the group isomorphism j, : G(Z) =N O] which maps SL,(F), onto
ker Nz /. Since P, is the Sylow pro-p subgroup of SLy(F),, Lemma 2.3.6 implies that j, (P,) = PLI.
Passing to the quotients, we obtain a group isomorphism 7 : G%/P, = O} /P], and the horizontal
arrows in the second square are then obtained from j; and Jjg.; by applying the functor Hom(—, K™ )ors.
To show that the second square commutes, it will therefore be enough to show that

Jez0cg=j, forall geG

as group homomorphisms Gg — L*. Note that j,(h) = j(h)(z) where j is the 1-cocycle appearing in
the proof of Theorem 4.4.1. Since j is a 1-cocycle, we have

jghg™=j(g) g-jthg™)=j(g) g-j(h) (gh)-j(g”") forall heG.

Evaluate this at g-z. The middle factor on the rightis (g- j(h))(g-z) = j (h)(z), and the rightmost factor is
jgHh g™ (g-2)) = j(g7")(z) because h~! € GY fixes z. Hence (j,.; 0c,)(h) = j(ghg ") (g-2) =
J(©)(g-2) jh)(2) j(g ") (@) =jh)(z) = j.(h) because j(g~") (g7 j (@) =j( 'e)=jH=10

We can now give our proof of Theorem A.

Theorem 4.4.10. Suppose that K contains the quadratic unramified extension L of F. Then there is an
isomorphism of abelian groups

PicCon®" (2)iors — Hom(O%, K )rors.

Proof. Choose z € Qp(L) as well as an F-algebra homomorphism ¢ : L < D. The required isomorphism
is the composition of the isomorphism

—_ _ . 0
. := (J;") ' o ¢, : PicCon (Q)ors = Hom(OF / P}, K ions 21)

given by the commutative diagram in Proposition 4.4.9 with the inverse of the isomorphism g ot * from
Corollary 2.3.8(a). O

To determine to which extent this composed isomorphism depends on the choices that have been made,
. . 0
we must first compute the action of w on PicCon® (2)ors.

Theorem 4.4.11. Let [£] € PicCon®’ (Q)ors.
(a) If [.ZL] is prime-to-p torsion, then w,.&¥ = £®4.
(b) If [Z]is p-power torsion, then w, ¥ = Z.
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Proof. (a) We already know from Corollary 4.4.5, Theorem 4.4.1 and Lemma 2.2.7 that PicCon®’ ([p']
is a cyclic group of order g2 — 1. We will therefore not lose any generality by assuming that [.#] is a
generator of this group.

The restriction map PicCon®’ Q[p'1— PicCon” (Q)[ p’1is an isomorphism by Corollary 4.4.5, where
A :=GLy(OF). In the proof of Corollary 4.4.5 we saw that the restriction map ¢ : PicCon” (Q[p'1—
PicCon’ ()[p'] is injective. Since PicCon’ (2)[p'] — Con (W)[p'] is injective by Corollary 4.4.3, it
remains to show that w.(Zy,) = (Di’jq,o)@q as [-equivariant line bundles with connection on .

Consider first the restriction .Z|q, to an A-equivariant line bundle with connection on €2; 2 Wy. Since
[Za, ] generates PicCon” (2)[p'], using the proof of Theorem 4.4.1, we can find a unit u € O(2;)* and

a l-cocycle o : A — O(21)™ such that Lo, = iﬁf‘qﬂ,q_], where
pe, () =q(q+1)8p,, —Xq, and 7mr@)oa=rmrrg)oj. (22)
We must show that w, (,iﬂ;fq g1 W) = (D%;‘q g1 |q,0)®q as I-equivariant line bundles with connection

on Wy. Write o1 :=0a)7 : I — O(Wo)™ and u; :=u g, € O(Wp)*; using Lemma 3.3.4(b) and Lemma 3.3.9,
we see that we must show

(w-a1)/af _ i
[ Lt g 1.4-1) =[O1 € Con’ (W), (23)

We will do this using Proposition 3.3.7(ii) = (iii), which first requires us to understand the unit
(w - ul)/u? € O(W¥p)*. To this end, consider the restriction r (g, (1)) of ne, (u) € My(h(21), Z) to
a measure on h (Vo). Write h(Wo) = {Do} U LU S U {Dy}, where D, denotes the unique hole of ¥,
containing the point z € P!(F), S := {Dyjnp 2 € pg—1(F)}yand £ :={D; : z € puy—1(F)}. With this
notation, the sizes of the fibres of the restriction map r : h(£21) — h(Wp) are given as follows: Ir~Y(D)|=¢q
if D= Dgor D e L, and |r~'(D)| = 1 otherwise. Using (22),

r(ue, ) = (q>+q —1)8p, —qdp,— Y 6p—q Y _ 5.
DeS Del
The action of w on k(W) swaps Dy with Do, and S with £. Hence
w-r(pe, W) = (q*+q—Ddp, —qdp. — Y 80 —q Y _ 8p.
DeLl DeS

Subtracting g times the first equation from the second, we see that the contributions over the holes in S
cancel, and we obtain

wr (e, W) = r(ng, @) = 2q% +4q — 1)8p, — (@° +¢")8p. +(@*—1) Y 8p
DeLl

=(q+ 1>(<2q ~Dép,+(q=1) Y 5p— qZ(SDw)

Del
=(q+1) py,(v),
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where v := x24~!(x?~! — 1)9=1. It follows that
M\Do(wu.—;tl ) =w-r(ug W) —r(ug, ) = M%(vq+1)
1

and we deduce from Proposition 4.3.1 that there exists A € K* such that

w-eu
=M mod O(We) .
iy
In other words, 77y, (A9t = nT(\pO)<w'g 1 ) In view of Proposition 3.3.7(ii) = (iii), it remains to
u
show that !

w -]
JTT(\pO)O( o(q ):7‘[7‘(\1;0)031(1)).
1

Since w7 (@,)o =17 (@) 0j¢ by (22) and since T = O /O** is a functor, we have 77 (y,)oa1 =77 (w,) oj;].
Hence it remains to verify the following equation:

. 1) (0)4 .
(w ])(‘f) = 8" mod O(Wp)**  forall g:= <“ b) el (24)
j (8 v cd
The zeroes of v are Z(v) := uy—1(F)U{0}. Using g-x = dx— , we compute that for any z € K we

—cx+a
have
g-x—z) x—g-z d+cz

X—z X—z a—cx

Lemma 4.2.19(a) implies that the action of g on h(Wy) preserves {D, : z € Z(v)}. Since X;Z/ € O(Wy)™*
xX—z
if z, 7’ lie in one of these holes, it follows that

X—g-Z
[T =52 cowy .
ez) T

Since |z| <1 for any z € Z(v), and since |c| < 1 as g € I, we have

g - (x1—x) 1—[ xX—g-z 1—[ d+cz  di

= PP ra—— mod O(Wy)™*.

x9 —x X —2z
ze€Z(v) z€Z(v)
— x4 (x4 4—1 Qinee 8% _ d—b/x
Observe that v = x7(x9 — x)47". Since &~ = —=, we conclude that
X a—cx

. . C(xd — =l g —b/x)e  gia—b
0o ()¢ b2 Rk 202 mod O(W)™*.
v X x9 —x (a—cx) (a—cx)?@—D

On the other hand,

1
w_lng( d C/TFF) and w-x=—.
b a TFX

Using the definition of j from (18), we have w - j(w~'gw) = w- (d — wrbx) =d — b/x. Hence
w-jw 'gw)?  (d—b/x)

i@ @m0
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Since d97' = 1 mod mrOF, we see that (24) holds, as required.

(b) Using Proposition 3.2.14 and Corollary 4.3.8, we see that since . is p-power torsion, it must be of the
form .2 = O, for some p-power torsion character x : G" — K*. Since yx factors through det : G* — Or
and since det(w_lgw) =det(g) for all g € G, we see that w0y = O,. O

Next, we record how Gal(L/F) acts on Hom(O; /P!, K*)iors-
Lemma 4.4.12. Let x € Hom(OZ/Pl, K ) ors and let Gal(L/F) = (o).
(a) If x is prime-to-p torsion, then o - x = x9.
(b) If x is p-power torsion, then o - x = X.

Proof. Recall the map Ny/r x wp : O — Of x k' appearing in the first diagram of the proof of
Proposition 2.3.7, whose kernel is PL1 by Definition 2.3.5. This map becomes Gal(L/F)-equivariant
when we equip its target with the o-action which fixes the first factor and which acts by ¢ — ¢ on the
second factor. It follows that o fixes the elements of the Sylow p-subgroup of O/ PL1 and it acts by
raising all elements of order coprime to p to the power of g. The result now follows easily. ]

Recall the map 7, : PicConG0 (tors =N Hom(OZ / P!, K)ors from (21).

Corollary 4.4.13. We have o - 7,([.Z]) = t,(w - [Z]) for all [¥] € PicConGO(Q)tors.

Proof. This follows immediately from Theorem 4.4.11 and Lemma 4.4.12. ]
We can finally justify the last claim made in Section 1.2.

Corollary 4.4.14. The isomorphism constructed in Theorem 4.4.10 descends to a natural bijection
PicCon" (Q)iors/ G = Hom(O}, K *)iors/ D
which does not depend on the choice of 7z € Qp(L) ort: L — D.

Proof. Choose any z € Qp(L) and recall the isomorphism 7, from (21). The natural G-action on
PicCon®" (2)iors factors through G/GOF*. Identifying G/G°F* = (wG°F*) with Gal(L/F) = (o) in
the only possible way, it follows from Corollary 4.4.13 that 7, respects the action of this cyclic group of
order two on both source and target. Therefore we obtain a well-defined bijection

7. : PicCon®’ (Q)iors/ G —> Hom(OJ / P}, K*)iors/ Gal(L/F).

Since G acts transitively on Qp(L) = L\F, it is now clear from Proposition 4.4.9 that T, does not
depend on the choice of z. Postcomposing 7, with the bijection (g o¢*)~" from Corollary 2.3.8(b) gives
the required bijection in the statement of the Corollary, which does not depend on the choice of ¢ by
Corollary 2.3.8(c). [l
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