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Depth zero representations over Z[%]

Jean-Francois Dat and Thomas Lanard

We consider the category of depth 0 representations of a p-adic quasisplit reductive group with coefficients
in Z[%]. We prove that the blocks of this category are in natural bijection with the connected components
of the space of tamely ramified Langlands parameters for G over Z[%]. As a particular case, this depth 0
category is thus indecomposable when the group is tamely ramified. Along the way we prove a similar
result for finite reductive groups. As an application, we deduce that the semisimple local Langlands
correspondence m — ¢, constructed by Fargues and Scholze takes depth O representations to tamely
ramified parameters, using a motivic version of their construction recently announced by Scholze. We
also bound the restriction of ¢, to tame inertia in terms of the Deligne—Lusztig parameter of 7 and show,
in particular, that ¢, is unramified if 7 is unipotent.

1. Main results

We prove two results on the representation theory of finite reductive groups and that of p-adic reductive
groups. We first state these results and then explain our motivations and some connections to the existing
literature.

Theorem 1.0.1 ( = Theorem 2.0.1). Let G be a reductive group over Fp and F the Frobenius map
associated to a [ r-rational structure for some r > 1. Then the category Repz[ 1] (G") is indecomposable.
— P
Equivalently, the central idempotent 1 in Z[%]GF is primitive.
This result initially appeared as one step in our study of the p-adic case below. We have singled it out
because the statement is simple and quite natural. It might be an interesting problem to try and devise

criteria for a similar statement to hold true for an abstract finite group G and a prime divisor p of |G]|.

Let G be a reductive group over a local nonarchimedean field F with residue field kr := [ ,. We put
G := G(F). For any commutative ring R in which p is invertible, we denote by Rep,(G) the category of
smooth RG-modules. The Bernstein center 3z (G) is by definition the center of this category. We refer
to Section 3.1 for the definition of smooth RG-modules of depth 0. They form a direct factor subcategory
Rep(l)e (G), which corresponds to some idempotent &g € 3z(G). The following statement is a sample of

](G).

what we prove about Rep%[ 1
P
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Theorem 1.0.2 ( = Theorem 3.6.1). Suppose that G is quasisplit and tamely ramified over F. Then the

abelian category Rep%[ 1 (G) is indecomposable. Equivalently, gg is a primitive idempotent of BZ[IL](G).
P p

This result was mainly inspired by its “dual” counterpart in [DHKM?20], where the moduli space

ZYwo, 6) of Langlands parameters for G was constructed over Z[%] and studied. Concretely, Z Lwo, 6)

classifies 1-cocycles W9 — G, where:

« G denotes the dual group of G, considered as a split pinned reductive group scheme over Z[%], and
endowed with an action of the Galois group I'r of F that preserves the pinning.

. W?, C Wr C I'r is some modification of the Weil group of F.

In [DHKM?20], this moduli space is decomposed according to the restriction of 1-cocycles to the wild
inertia subgroup Pp C Wg. In particular, the “tame” summand ZI(WIQ, 6)tame parametrizes 1-cocycles
whose restriction to P is locally (for the étale topology) conjugate to the trivial cocycle. According
to [DHKM20, Theorem 4.29], this summand is connected, provided that G is tamely ramified. Since
tame parameters are supposed to correspond to depth O representations by any form of local Langlands
correspondence, we like to see the last theorem as the group side analogue of this connectedness result on
the parameter side. Interestingly, the proof of [DHKM?20, Theorem 4.29] consists in, first, classifying
the connected components of A (WO, 6)@’?&“16 for each ¢ # p, and then, using different £’s to get the
result. Similarly, one way to formulate the indecomposability of Rep%[
Remark 3.3.4 for the notion of £-block used here).

1 (G) is as follows (we refer to
P

Corollary 1.0.3. Under the same hypothesis on G, given 7, ©' two irreducible QG-modules of depth 0,
there is a sequence of primes £y, ..., L, and a sequence 7y = 7w, 71, ..., T, = 7 of irreducible QG-

modules such that w;_1 and w; belong to the same £;-block for eachi =1, ...,r.

We note that Sécherre and Stevens have used in [SS19] a similar statement in the context of inner
forms of GL(n) (but for arbitrary “endoclasses”) in order to gain control on the Jacquet-Langlands
correspondence for complex representations. This provides a striking example of how to use this kind of
results for problems a priori unrelated to congruences. The application we give in Section 1.1 below is
actually in the same vein.

Meanwhile, it is not always true, even for G a torus, that the tame summand of Z' (W9, 6) is connected.
In Theorem 3.7.3, we work out the decomposition of Z ! (Wg, a)mme into connected components for
general G, and we prove in particular that these connected components are simply transitively permuted
by a certain abelian p-group of “central cocycles”. On the other hand, in Theorem 3.6.2, we work out the
decomposition of Rep%[ 1] (G) into a product of blocks for quasisplit G, and prove that these blocks are
simply transitively permuted by a certain abelian p-group of characters of G. After identifying these two
p-groups and matching the principal component with the principal block, we then conclude:

Theorem 1.0.4. Assume G is quasisplit over F. Then there is a natural bijection between connected
components of Z' (wo, 6)tame and blocks of Rep%[ ](G).

1
P
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Again, this implies that, under the same quasisplitness hypothesis, a 7 € Irrg(G) of depth O can be
connected to a depth O character of p-power order through a sequence of “congruences” modulo different
primes.

For a nonquasisplit group G, there is in general an additional “relevance” condition on 1-cocycles
for them to provide Langlands parameters of G. Although this relevance condition might mess up with
connected components, we believe it does not actually happen, i.e., the above result should be true with
no quasisplit assumption. As evidence for this expectation, we prove:

Theorem 1.0.5 ( = Corollary 3.4.4). Suppose that p does not divide | (Gger)| and the torus Gy, 1=
G/|G, G] is Pp-induced. Then Rep%[ 1 ](G) is indecomposable.
P
This is in accordance with the fact that, if p does not divide |mo(Z (6))| and (2(6)0)1’ F is connected,
then Z! (Wg, 6)tame is connected.

1.1. Some applications to the Fargues—Scholze semisimple correspondence. Among the major recent
breakthroughs towards constructing the conjectural local Langlands correspondence for a p-adic group G,
Fargues and Scholze [FS21] have recently used new geometric tools to attach to any irreducible repre-
sentation 7w of G, a semisimple local Langlands parameter ¢, . Their construction is compatible with
parabolic induction and local class field theory, so that, for example, the semisimple parameter attached to
an “unramified principal series” is indeed unramified, as expected. However it is in general very difficult
to say anything on this parameter, especially when 7 is cuspidal. For example, it is not a priori clear that
@5 1s tamely ramified whenever 7 has depth 0. Fargues and Scholze’s construction actually provides a
map FSy

FSy

O(Z' (W, G)S «— Exc(Wy, Gz, —> 37,(G)

for each prime £ # p. Here, Exc(Wg, 6) denotes the so-called “excursion algebra” over Z[%], and the
symbol & denotes a universal homeomorphism to O(Z Two, 6)6 (thus inducing a bijection on geometric
points and on sets of connected components). The G (Q;) conjugacy class of semisimple parameters ¢y
associated to 7w € Irrg (G) is then given by the Q;-point of Z'(W?, 6) / G obtained by composing FS,
with the infinitesimal character 32@ (G) —> End@l () = Q. In particular, this construction is compatible
with congruences mod £. Thanks to the description of the connected components of Z!(W?, 6))2 in
[DHKM?20, Theorem 4.8], this implies for example that if 77, 7" belong to the same block of Repz, (G),
then the restrictions of ¢, and ¢, to the prime-to-£ inertia subgroup / fp coincide.

In order to control ¢, for a depth O irreducible representation 7z, one would like to use congruences
modulo different primes, as encapsulated in our main results above. This supposes to have some form
of “independence of ¢ for the Fargues—Scholze semisimple correspondence. Recently, Scholze [Sch26]
has announced a solution to this problem that uses a version of his work with Fargues with motivic
coefficients. For our purposes, the upshot is that the family of maps FS, for £ # p is induced by base
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change from a map FSyo¢ as follows:
OZ' (WP, 6) < exc(WP. G) ™™ 3,111(G).
The following is a consequence of Theorem 1.0.4.

Corollary 1.1.1. Take the existence of FSyo for granted and assume that G is quasisplit. Then the

Fargues—Scholze parameter ¢, of a depth 0 irreducible representation w is tamely ramified.

Let us spell out the argument in the case where G is tamely ramified, so that, by Theorem 1.0.2, the depth
0 projector is actually a primitive idempotent in 31[%] (G). Then the spectrum of 8032[%]((;) is mapped
*

into a single connected component of Z' (W, 6) / G under FS* . In other words, @ has to be a geometric

mot*
point of the same connected component of Z! (W, 6) / G as any other ¢, attached to a depth 0 irreducible
representation 7', Take for 77" an unramified principal series, for example the trivial representation. As
recalled above, compatibility with parabolic induction and local class field theory implies that ¢, is
unramified; hence it is a geometric point of the tame summand Z ! (WO, 6)tame, and it follows that the

same is true for ¢, . The general case is similar but requires additional notation; see Section 3.8.

Actually, when G is tamely ramified, further considerations based on congruences provide some extra
information about the Fargues—Scholze parameter ¢, of any depth O irreducible representation 7 over an al-
gebraically closed field L over Z[%]. Namely, after choosing a generator t of the tame inertia group Ir/ Pr,
we get a T-twisted conjugacy class ¢, (7) in G(L), which corresponds to an L-point of the finite scheme
(6 Xt/ 6)F r=()" On the other hand, using type theory and Deligne—Lusztig series, we can directly
associate to 7w an L-point s, of the same finite scheme (see Section 3.10; note that this Deligne-Lusztig
point also depends on 7, now seen as a choice of trivialization of roots of unity in %;). It is then expected
that ¢ (t) = 5. Our considerations here provide the following modest contribution to this question:

Theorem 1.1.2. Assume that G is quasisplit and tamely ramified, and that kp # F». Then, with the above
notation, any prime divisor £ of the order of ¢, (T) divides the order of sy. In particular, if w is unipotent

(i.e., sy = 1), then @5 is unramified.

Here is a sketch of the argument. Using parabolic induction and its compatibility with the map FSy,qt,
we may argue by induction on the rank of G and focus on the case where 7 is supercuspidal. A bit of
representation theory then allows us to reduce to the case L = @ and 7 having an admissible Z[%]—model.
Then we use induction on the number of primes dividing the order of s, and the crucial case is when this
number is 1, i.e., when 7 is unipotent. In this case, suppose we can find two maximal ideals £ and £,
in Z[%] with respective residue characteristic £; # £,, such that the block that contains 7 [mod £;] also
contains a noncuspidal unipotent representation. Then, using our induction hypothesis and the description
of connected components of A (WO, 6)Z in [DHKM20, Theorem 4.8], we see that both restrictions of
¢ to I?, i =1, 2 are trivial, and it follows that ¢, is unramified. Now, the problem of finding two such
primes can be reduced to the analogous problem for unipotent cuspidal representations of a finite group
of Lie type, where we check existence whenever the base field is not F,. The detailed argument is given
in Section 3.11.



Depth zero representations over Z[%] 1455

The two above results are consequences of a few formal properties of the Fargues—Scholze construction,
and say nothing on the nontriviality of the map = + ¢;. In order to say anything on this matter, one
obviously needs to really work (hard!) on the construction itself. Recently, tony Feng proved a remarkable
property along these lines, that we extract from Theorem 10.4.1 of [Fen24] and the subsequent remarks
therein. Assume that G(F') contains an element of prime order ¢ whose centralizer is an unramified
maximal torus T of G. Let L have characteristic £ and s be an L-point of (6 / 6)Fr:( " in the image of
the map TF=)" — (G J G)F*=(")". Then there is 7 € Irr (G) such that ¢, (t) = s = 5. If 5 is strongly
regular, then any 7 with s, = s satisfies ¢, (t) = 5. The techniques used by Feng are bound to positive
characteristic coefficients, but the last theorem above allows to lift to characteristic O under favorable
circumstances.

Corollary 1.1.3. With Feng’s hypothesis above on G and T, let s be a Q-point of(a / 6)”:(')(1 in the
image of the map Tr=0)" (6 / 6)“2“" and of order prime to £. Then there is w € Irrg(G) such
that ¢ (t) = s = sy. If s is strongly regular, then any w with s, = s satisfies ¢ (1) = $.

2. Finite groups

Let G be a reductive group over Fp and F the Frobenius map associated to an [, -rational structure on G,
where ¢ = p" for some r > 1. The goal of this section is to prove the following theorem.

Theorem 2.0.1. The category Repz[ 1] (G") is indecomposable. Equivalently, the central idempotent 1 in
Z[%]GF is primitive.

2.1. General facts on blocks of finite groups. Let us start with an abstract finite group G. For any
commutative ring A, denote by Rep, G the abelian category of A G-modules. Recall that a block of AG
is an indecomposable direct summand of the category Rep, G. These blocks correspond bijectively to
indecomposable two-sided ideals of the ring AG which are direct factors and to primitive ideals in the
center Z(AG) of the ring AG, which is also the center of the category Rep , G. Note that the center Z(AG)
is the submodule of G-invariant elements in A G, so that any base change map A’ ®x Z(AG) - Z(A'G)
is an isomorphism.

For a prime ¢, the center Z (Z,G) is finite over the Henselian local ring Z,; hence the reduction map
Z(Z,G) — Fy ®z, Z(Z,G) = Z(F,G) induces a bijection on primitive idempotents, whence a bijection
between blocks of F¢G and of Z,G. The decomposition of Repz, G as a direct sum of blocks induces a
partition of the set Irrg, (G) of isomorphism classes of simple Q¢ G-modules. The action of the group of
automorphisms of the field Q; on the group algebra Q,G preserves the integral algebra Z,G; hence its
action on the set Irrg (G) preserves the above partition (permuting the parts). It follows that this partition
can be transported unambiguously to a partition of the set Irr(G) of irreducible complex representations
of G. Each factor set occurring in this partition will be called an £-block of Irr(G).

Here is another point of view on £-blocks of Irr(G). In CG we have the decomposition 1=} _ 1. ) ex

of 1, where e, = (dim 7 /|G|) ) _ tr(w (g))g are the primitive central idempotents of CG. As the formula

geCG
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shows, each e, belongs to Z[l/|G|]G so that this decomposition of 1 actually holds in Z[1 /1G|]G.
Denote by |G|y the prime-to-£ factor of |G|, and declare that a subset I C Irr(G) is £-integral if
Y zer€r € Z[1/|G|¢1G. Clearly, £-integral subsets of Irr(G) are stable under taking unions, intersections
and complementary subsets.

Lemma 2.1.1. The £-blocks of Irr(G) are the minimal nonempty L-integral subsets.

Proof. Since both the property of being an £-block and of being ¢-integral are invariant under field
automorphisms, we may transport the statement to Irrg, (G), where it follows from the fact that for
any block B of Repz, G, the corresponding primitive central idempotent ep in Z (Z,G) is given by

€p = erelrr@[ (G)NB € 0

Let us denote by ~, the equivalence relation on Irr(G) whose equivalence classes are the £-blocks.
Now, fix a prime p, and denote by ~ the equivalence relation generated by all ~, for £ # p. Explicitly,
we thus have w ~ 7’ if and only if there exist £1, ..., £, a sequence of primes different from p and
1, ..., T—1 € Irr(G) such that

/
ﬂwelnlr\zeznzf\ze:;...f\zz T .

r

Proposition 2.1.2. The ~-equivalence classes are the minimal nonempty subsets I C Irr(G) such that
ef =) .. €x € Z[%]G. The map 1 — e is a bijection from Irr(G)/~ onto the set of primitive
idempotents of Z[%] G.

Proof. Follows from the previous lemma and the equality Z[ 5] NZ[1/|G[]1 =, Z[1/|Ge]. O

Specializing our discussion to the case G = G", the last proposition shows that proving Theorem 2.0.1
is equivalent to proving that there is only one ~-equivalence class in Irr(G"). Before doing so, we need a
recollection of Deligne—Lusztig theory.

2.2. Blocks of finite reductive groups. Fix a reductive group (G*, F*) over [F, that is dual to (G, F) in
the sense of Lusztig. Using their “twisted” induction functors, Deligne and Lusztig define a partition
Irr(GH) = Ll € (GF, s) of irreducible representations into “Deligne—Lusztig series” associated to semisim-
ple elements s of G*™ up to G*™ -conjugacy. Note that this partition depends on certain compatible
choices of roots of unity, but these choices will be irrelevant to our matters.

For a prime £ # p and a semisimple element s € G*" of order prime to £, we put

£(G",5):= | €GF,n),
tyr=s
where ¢, denotes the prime-to-£ part of ¢ (i.e., we write t = f/t, in (t), with t, of order a power of £ and

tp of order prime to £). The following fundamental results, due to Broué, Michel, and Hiss, are stated in
[CEO4, Theorem 9.12].

(1) &(GF, s) is a union of £-blocks.
(2) For each £-block B such that Irr(G", B) € &(GF, s), one has Irr(G", B)NE(GF, 5) #0.
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From these results we easily deduce the following fact.
Proposition 2.2.1. Any representation w in Irr(GF) is ~-equivalent to a representation in £(GF, 1).

Proof. Let s be a semisimple element in G*F* such that 7 € £(GF, 5), and let £ be a prime that divides
the order of s. Note that £ # p. As above, denote by sy the prime-to-£ part of s. Then (2) above tells us
that the ¢-block containing 7 intersects £(GF, s4/). Therefore, the ~-equivalence class of 7 intersects
E(GF, s¢) too. But the order of sy is the prime-to-£ factor of the order of s. So, arguing inductively on
the number of prime divisors of the order of s, we conclude that the ~-equivalence class of 7 intersects
EGF, D). O

Let us now denote by ~! the equivalence relation on £(GF, 1) defined in the same way as ~, with every
intermediate representation 7r; taken in £(GF, 1). By the last proposition, in order to prove Theorem 2.0.1,
it suffices to show that £(GF, 1) has a unique ~!-equivalence class.

Proposition 2.2.2. Let G,q be the adjoint group of G, denote by w : G& — ng the natural map and by
* the associated pullback on representations. Then ™ induces a bijection on unipotent representations
& (ng, 1) = £(GF, 1) that is compatible with ~'-equivalence on both sides.

Proof. The fact that 7* induces a bijection on unipotent representations is clear from the very definition
of these representations. For a prime £ different from p, [CE04, Theorem 17.1] tells us that G™ and G
have the same number of unipotent ¢-blocks and that 7* : Z&, (Gt 1) = Z&(GF, 1) preserves the
orthogonal decomposition induced by £-blocks. It follows that the bijection 7* : £ (ng, 1) = &G, 1)
on unipotent representations is compatible with the respective £-block partitions. Since the ~'-equivalence
classes are the subsets which are stable under ~,-equivalence for £ # p and minimal for this property,
7* is also compatible with the partition into ~!-equivalence classes. (I

This proposition allows us to reduce the general case to the case where G is of adjoint type. But a
group of adjoint type is a direct product of restriction of scalars of simple groups [Con14, Proposition
6.4.4 and Remark 6.4.5]. So, in the sequel we may restrict attention to simple groups. It turns out that in
some cases, there is a quick argument using 2-block theory.

Theorem 2.2.3. Suppose q is odd and G has type A,, *A,, B,, C,, D, or *D,. Then £(G', 1) is
composed of only one ~'-equivalence class.

Proof. Indeed, by [CEO4, Theorem 21.14], £ (GF, 1) is included in the principal 2-block. So all the
unipotent representations are already ~;-equivalent. (I

In order to deal with ¢ even and the exceptional groups, we need to recall more results about blocks
that contain a unipotent representation.

2.3. d-series. The unipotent £-blocks can be obtained using d-Harish-Chandra theory, which provides
a partition of £ (GF, 1) into d-series, and where d > 1 is an integer. When d = 1, the 1-series are the
usual Harish-Chandra series constructed via parabolic induction. In general, they are defined through an
analogous pattern, relying on Deligne—Lusztig induction and the following definitions.
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» An F-stable Levi subgroup of G is called a d-split Levi subgroup if it is the centralizer of a ®4-torus,
i.e., an F-stable torus S such that |S™'| = &, (g™) for a certain a > 1 and all n > 0 with n =1 (mod a).
Here, ®, denotes the d-cyclotomic polynomial.

o An irreducible representation 7 € Irr(GF) is called d-cuspidal if for all proper d-split Levi subgroups
L and all parabolic subgroups P with Levi L, the Deligne—Lusztig twisted restriction *Rfc plm]
vanishes.

e A d-cuspidal pair for G is a pair (L, o) with L a d-split Levi subgroup of G and o € Irr(LF)
d-cuspidal.

o The d-cuspidal support of w € Irr(GF) is the set of all d-cuspidal pairs (L, o) such that 7 appears
with nonzero multiplicity in the virtual character REC plol.

According to [BMM93, Theorem 3.2], the d-cuspidal support of any unipotent 7 € £(G", 1) consists
of a single G"-conjugacy class of d-cuspidal pairs (L, o). We thus get a partition of £(G", 1) labeled
by conjugacy classes of unipotent d-cuspidal pairs. The summands appearing in this partition are called
d-series. The remarkable relevance of d-series to the study of £-blocks is summarized in the following
statement.

Theorem 2.3.1 [CE94, Theorem 4.4]. Let £ be a prime not dividing q and let d be the order of g in [F . We
assume that £ is odd, good for G, and £ # 3 if > Dy is involved in (G, F). Then, the map B+— BNE(GF, 1)
induces a bijection

{€-blocks B C £/(GF, 1)} => {d-series in E(GF, 1)}.

This theorem suggests the following strategy to prove that £(GF, 1) has only one ~!-equivalence class.
If D c N* is a finite set of nonzero integers, define a D-series as a subset of £(G", 1) that is a union of
d-series for each d € D, and which is minimal for this property.

Lemma 2.3.2. Suppose there exists D such that

(1) £(GF, 1) is a D-series, and

(2) each d € D is the order of g modulo some £ as in Theorem 2.3.1.
Then E(GF, 1) consists of a unique ~'-equivalence class.

Proof. Use (2) to pick a prime £, satisfying the assumptions of Theorem 2.3.1 and such that g has order
d modulo ¢4, for each d € D. Then (1) tells us that £(GF, 1) is the only nonempty subset of itself that
is stable under ~,-equivalence for all d € D. A fortiori, it is the only nonempty subset of itself that is
stable under ~-equivalence for all primes £ # p. Hence it is a single ~'-equivalence class. ]

Finding a suitable D will be done below via a case-by-case analysis (recall that we have reduced to the
case where G is simple). Then, in order to find suitable primes, the following result will be useful.

Theorem 2.3.3 ([BV04, Theorem V]). For any d > 3, there exists a prime number £ such that g has order
d modulo €, with the exception of (q, d) = (2, 6).
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Note that if d is the order of ¢ modulo ¢, then obviously £ > d. We now proceed to the case-by-case
analysis.

Theorem 2.3.4. If G has type A, or *A,, then (G, 1) is composed of only one ~'-equivalence class.

Proof. The case g odd is covered by Theorem 2.2.3, so let us assume g even. Since g + 1 is odd, any
prime divisor £ of ¢ 41 is odd and good for G, and the order of ¢ modulo £ is 2. Therefore Theorem 2.3.1
tells us that the £-blocks of £(GF, 1) are the 2-series.

Now, for type A, (split case), it is well known that £(GF, 1) is a single 1-series. Now for type
%A, we can use an “Ennola duality” [BMMO93, Theorem 3.3] to reduce ourselves to the case of A,,.
More specifically, [BMM93, Theorem 3.3] implies that there is a bijection between the set of unipotent
characters for a group of type A, and that of ?A,,. This bijection sends d-series to d’-series, where d’
is such that @ (—x) = ed,(x) with € € {£1}. Since ®r(—x) = —x +1 = —D;(x), it sends 1-series to
2-series. It follows that in type 24, the set (G, 1) is a single 2-series. Therefore it is a single £-block
for £|(g + 1), hence also a single ~!-equivalence class.

Similarly, when g > 2, any prime ¢ dividing g — 1 is odd and good for G; hence Theorem 2.3.1 tells
us that the £-blocks of £(GF, 1) for £|(qg — 1) are the 1-series. In type A, and for such an ¢, it follows
that the set £(GF, 1) is a single £-block, hence also a single ~'-equivalence class.

It remains to deal with the case ¢ = 2 in type A,. In this case, we will show that £(G", 1) is a
{2, 3}-series, and then we can conclude using Theorem 2.3.3 and Lemma 2.3.2. To compute {2, 3}-series
for A,, we again use Ennola duality, which asserts that they correspond bijectively to {1, 6}-series for %A4,,.
These {1, 6}-series have been computed in [Lan23, Section 3.3], to which we refer for the notion of
“defect” of a 1-series. In particular, [Lan23, Proposition 3.3.11] shows that there is a unique {1, 6}-series
for 2A,, provided we can prove that the defect k of any 1-series of 24, satisfies (k? —3k+2)/2 <n—2. But
by [Lan23, Lem. 3.3.8], we at least have k(k+1)/2 <n+1. Since (k*=3k+2)/2=k(k+1)/2— 2k —1),
we thus get the desired equality if 2k — 1 > 3, that is k > 2. For k = 1, we have (k% =3k + 2)/2 = 0; thus
the desired inequality also holds. U

Theorem 2.3.5. If G has type B, C,,, D, or ’D,, then £(G", 1) is composed of only one ~'-equivalence

class.

Proof. Again, the case g odd is covered by Theorem 2.2.3, so we assume ¢ is even. Picking a divisor of
q + 1 and applying Theorem 2.3.3 to d = 4, we see thanks to Lemma 2.3.2 that it suffices to prove that
EGF,Disa single {2, 4}-series.

We will first exhibit a bijection between {2, 4}-series and {1, 4}-series, which will leave us with actually
proving that £(GF, 1) is a single {1, 4}-series.

To do so, we use the combinatorics of Lusztig symbols as in [Lan23, Section 3.4]. Let ¥ ={S, T} be a
symbol (§, T € N). We define S, to be the subset of S composed of the even elements, that is S, := SN2N,
and S, for the subset of odd elements, S, := SN (2N +1). We do the same thing for 7: T =T, UT,. Now,
we define an involution ¢ on symbols by ¢(X) :={S. UT,, T, U S,}. Note that rank(X) = rank(¢ (X))
and that defect(X) and defect(¢ (X)) have the same parity. In the case of D, or ’D,,, when the defect is
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even, the congruence modulo 4 is not necessarily preserved by ¢. However, the congruence mod 4 of
defect(¢ (X)) only depends on the congruence modulo 4 of defect(X) and rank(X). Indeed

defect(p(2)) — defect(E) = [|Se| + | Tol — [So| — | Tel| = |ISel + 10| — | Te| — | T |-

Thus, the congruence modulo 4 of defect(¢ (X)) — defect(X) depends on the parity of |S,| + |T,| (or
|S.| + |T.]). Since the defect is even, |S|+ |T| is even; hence |S,| + |T,| = |Se| + | T.| (mod 2). Now,

rank(X) = ZX+Zy+ |:(|S|+I2T|—1)2:|;

xes yeT

thus

rank(2) = [S,| + |T, | + [(%)2] (mod 2).

But, | S|+ |T| is even, | S|+ |T| =2k and [((| S|+ |T | — 1)/2)?] = k(k — 1) is even. Thus defect(¢(X)) —
defect(X) only depends modulo 4 on the parity of rank(X).

Now, under the involution ¢, 1-hooks correspond to 1-cohooks and 2-cohooks to 2-cohooks. Hence, ¢
sends {2, 4}-series to {1, 4}-series, as claimed above.

We now prove that £(GF, 1) is a {1, 4}-series in the different cases.

For G of type B, or C,, by [Lan23, Proposition 3.4.6], we need to show that if we have a 1-series of
defect k then (k> — 4k +3)/4 < n — 2. If we have a 1-series of defect k and rank n then (k* — 1)/4 < n.
Since (k? — 4k 4+ 3)/4 = (k* — 1) /4 — (k — 1), we get the desired equality if k — 1 > 2, that is k > 3. For
k=1, (k* — 4k 4+ 3)/4 = 0, thus the desired inequality also holds.

For G of type D,, or ’p,, by [Lan23, Proposition 3.4.6], we need to show that if we have a 1-series
of defect k then (k*> — 4k +4)/4 < n — 2. If we have a 1-series of defect k and rank n then k?/4 < n.
Since (k?> — 4k +4)/4 =k?/4 — (k — 1), we get the desired equality if k — 1 > 2, that is k > 3. For k =2,
(k* — 4k +3) /4 = 0, thus the desired inequality still holds. U

Theorem 2.3.6. If G has type Fy, 3Dy, Go, Es, >Eg, E7 or Eg then (G, 1) is composed of only one
~1_equivalence class.

Proof. First, let us begin by G of type 3D4, Eg, 2Eg or E7. to use Theorem 2.3.1, we need to have ¢ > 5.
Thus by Theorem 2.3.3 we can use every d > 3 and d # 6. Looking at the list of unipotent characters
in [Car85, §13.9] and tables of d-series in [BMM93], we see that we may apply Lemma 2.3.2 with the
following sets: D = {3, 12} for 3D4, D = {3,4} for E¢, D ={3,4, 12, 18} for 2E¢and D = {3,4, 14}
for E7.

For Eg, we need £ > 7 to use Theorem 2.3.1. We will again conclude with Lemma 2.3.2 by looking at
tables. If g # 2, we can take d > 5 by Theorem 2.3.3 and D = {5, 6, 7, 8, 10, 30} works. If ¢ = 2, we can
take this time d > 3 d # 4, 6 (since the order of 2 modulo 7 is 3) and we choose D = {3, 5, 8, 10, 15}.

For F4, the same methods apply for ¢ # 2 with D = {3, 4, 6, 12} (we can choose any d > 3). When
q = 2, Lemma 2.3.2 is not enough to conclude. The set of d such that g is of order d modulo some
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¢ >31isd >3 and d # 6 by Theorem 2.3.3. However, the two unipotent characters ¢é’6 and qﬁé”ﬁ (with
the notations of [Car85, Section 13.9]) are d-cuspidal for every d > 3, d # 6. The rest of the unipotent
characters £(GF, 1)\ {$9.6> 99 ¢} form a {3, 4, 8, 12}-series. to deal with ¢ ¢ and ¢g ¢, we take £ = 3,
and they are in the principal 3-block of F4(2) by [His97].

We are left with G,. If g is odd, we can take d > 3. The two unipotent characters ¢; ; and ¢/ 5 are
d-cuspidal for every d > 3 and £(GF, 1) \ {¢§’3, d)fﬁ} is a {3, 6}-series. We take £ = 2 and the tables in
[HS92] give us that ¢; ; and ¢ ; are in the principal 2-block. This concludes the case ¢ odd. Now, if
q is even and g # 2, we can still use d > 3. Thus, we have the same issue with ¢] ; and ¢} ;. We can
no longer use £ = 2 but we can use £ = 3, and the tables in [HS90] gives us that (/51’3 and qbi’,3 are in the
principal 3-block. Finally, if ¢ = 2, we can now use d > 3 and d # 6. All the unipotent characters are in
the principal 3-series apart from ¢{,3, ¢f’3, ¢2.1 and G,[—1]. But we see in [HS90] that they all are in
the principal 3-block. (Il

We have now completed the proof of Theorem 2.0.1 for all reductive (G, F). Indeed, by Proposition 2.1.2,
the statement of this theorem is equivalent to the statement that there is only one ~-equivalence class in
Irr(GF). Then Proposition 2.2.1 shows it is enough to prove that there is only one ~!-equivalence class
in £(GF, 1), and Proposition 2.2.2 reduces to the case of simple (and adjoint) G. All the simple cases are
then covered by Theorems 2.2.3, 2.3.4, 2.3.5 and 2.3.6.

3. p-adic groups

Here G is a reductive group over a local nonarchimedean field F with residue field kr :=[F,. We put
G := G(F). For any commutative ring R in which p is invertible, we denote by Rep,(G) the category
of smooth RG-modules. The Bernstein center 3z(G) is by definition the center of this category.

3.1. The depth 0 summand. Denote by 5 the (reduced) Bruhat-Tits building associated with G. This is
a polysimplicial complex equipped with a polysimplicial action of G. We will write 5, for the set of
polysimplices of B, which are also called facets. to any facet o of B is associated a parahoric subgroup
G, which is open, compact and contained in the pointwise stabilizer of o. It is the group G, (OF) of
Op-valued points of a certain smooth Or-model G, of G. We denote by G, the reductive quotient of the
special fiber of G,. Then G, = 60([Fq) is also the quotient of G, by its pro-p-radical Gj;. Since G: is
open and pro-p, there is an averaging idempotent e}” € Hr(G,) C Hg(G) in the Hecke algebra Hz(G)
of G with coefficients in R. Here Hg(G) denotes the R-algebra of locally constant R-valued distributions
on G, which acts on any smooth RG-module V, and e; denotes the distribution that averages a function
over G}.

+
x€By €y V.

Definition 3.1.1. A smooth RG-module V has depth0if V.=

Here By is the set of vertices of B. It is known [Dat09, Appendice A] that the full subcategory Rep(l)e (G)
of Repr(G) composed of depth O objects is a direct factor abelian subcategory. Correspondingly, there is



1462 Jean-Franc¢ois Dat and Thomas Lanard

an idempotent &y € 3g(G) that projects any object V onto its depth 0 factor. When R = C, the Bernstein
decomposition of Rep%(G) as a sum of blocks was made explicit by Morris in [Mor99].

3.2. Depth 0 types. Following Moy and Prasad, we define an unrefined depth O type to be a pair (o, ),
where o € B, is a facet and 7 is an irreducible complex cuspidal representation of G, . We also denote by
7 the inflation of 7 to G,. Then [Mor99, Theorem 4.8] tells us that indgﬁ () is a projective generator
for a certain sum of Bernstein components of depth 0. Obviously, this representation only depends on
the G-conjugacy class t of (o, ), whence a direct factor Rep}:(G) of Rep%(G). Denote by T the set of
G-conjugacy classes of such pairs. It turns out that, for t, t' € T, the factors Repr(G) and RepE(G) are
either orthogonal or equal. Whence an equivalence relation ~ on ¥ and a decomposition

Rep2(G) = [] Rep(G).
[eT/~

We refer to [Lan23, Section 2.2] for an explicit description of the relation ~.
In general, the factors Rep[t](G) are further decomposable. Suppose (o, w) € [t] and denote by
G}, the pointwise stabilizer of o in the closed subgroup G' of G generated by compact subgroups

1
(see [KP23, §7.7]). By [Mor99, Theorem 4.9], for any irreducible subquotient 7! of indgz (), the
representation indgl (m!) is the projective generator of a single Bernstein block. Also, any block inside

RepE](G) is obtained in this way. For later reference, let us notice that, since G}, /G 1s abelian, any

1
other irreducible subquotient of indg;‘r () is a twist of ! by a character of G /G,.

3.3. Systems of idempotents. Fix t € T, and let [t] denote its equivalence class. For a facet T € B,, define
erg.r € Hr(Gy) to be the idempotent that cuts out all irreducible representations of G, whose cuspidal
support contains (G, ) for some facet o containing T and & such that (o, 7) € [t]. Then the system
(ery,r)ren, 1s 0-consistent in the sense of [Lan23, Def. 2.1.4], that is:

(1) Vx € Bo, Vg € G, e[y.gx = 8€111.x8
(2) VT € Bo, Vx € By, x € T = eq.r = €] e[q).x-

Proposition 2.2.3 of [Lan23] implies that

Rep(G) = {V €Repc(G), V = Z e[t]vxv}‘

)CGBO

Denote by N the lcm of all |G.|, T € B.. Since each erg,r lies in Ha[L ](G) we see that the summand
Rep[t](G) is “defined over Z[ ] in the sense that the corresponding idempotent gy of 3¢(G) lies in
31[ ](G) and we have a decomposition

RepZ =[] Rep“] (G-
[eT/~
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Now, to a subset 7" of T/~ we associate an idempotent 7 := Z[t et €M1 € 31[ ](G) in the Bernstein
center, and a consistent system of idempotents (er,r).ep, given by er ; := ZMGT ery, for any facet
T € B,. The following observation is crucial for the argument.

Proposition 3.3.1. We have e € 31[ ](G) S VreB, er. € Hz[ ](G ).

Proof. As recalled above, the direct factor category associated to the idempotent g7 is given by

erRepz[11(G) = {V € Repz[11(G), V = Z er x }
xeBy
Its orthogonal complement in Rep%[ 1] (G) is the category similarly associated to the complement subset 7°¢
of T in ¥/~. Therefore, if all et , are Z[ 1 ] valued, then so are all e7c ; = ej —er.r, so the decomposition
Repz[ ](G) = sTRepZ[ ](G) X eTcRepZ[ ](G) is defined over Z[ ] hence the idempotents e7 and €7
belong to 51[ ](G) Conversely, if er € 31[ ](G) then the equality er ; = er * e+ in Hc(G) from the
proof of Lemma 4.1.2 in [Lan23], shows that e ; € Hz[ ](G) |

Recall the notation &y introduced in Section 3.1 for the central idempotent corresponding to the depth
0 factor.

Corollary 3.3.2. We have e € 31[ 1(G) ifand only if T =% /~, i.e., if and only if e7 = &o.

Proof. Suppose e € 32[ 1(G). By the last proposition, for any facet 7 in B,, the idempotent ey ; is
inflated from a central 1dempotent of Z[ ]G By Theorem 2.0.1, there is no nontrivial central idempotent
in Z[ ]G So er,; is either e or 0. There is certainly a vertex x such that ey , # 0, and thus er , = e+.
Then, for a chamber o containing x, we have er , = e;reT, y = e;r. By G-equivariance it follows that
err = ej for all chambers, which implies er ; # 0 and therefore er ; = e;” for all facets. Hence 7 = g

and T =% /~. O

When G is semisimple and simply connected, we have G, = G for all facets T so, from our discussion
of depth O types above, each Rep@](G) is already a block of RepC(G) and, therefore, any idempotent of
£03c(G) is equal to some g7 for T C T/~. So we have proved:

Corollary 3.3.3. If G is semisimple and simply connected, Rep%[ | /p](G) is a block (equivalently, g is
primitive in 32[1/[,] (G)).

Remark 3.3.4. As in the case of finite groups, this kind of results can be interpreted at the level of
irreducible @G-modules in the following way. For M € N* and 7 € Irrg(G), denote by €y, the unique
primitive idempotent of 8032“ / M](G) that acts as identity on 7. So, if M = N (defined as above), ey 5 is
also primitive in 35 (G) and defines the Bernstein component that contains 7. Let £ # p be a prime and
denote by Ny the prime-to-£ part of N. Then, for 7, 7’ € Irrg (G), the following properties are equivalent:

(1) SN{/,JT = SN(/,JT“
(2) For any embedding @ <> Qy, the base changed representations 7, 7’ belong to the same block of
RepZ (G).
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This justifies calling the equivalence classes for the relation 7 ~y 7’ < ¢ Ny.x = &N, the £-blocks of
Irrg (G). They correspond to minimal *“£-integral subsets” of the set of Bernstein blocks. Similarly, the
blocks of Repz[ 1] (G) correspond to minimal subsets of the set of Bernstein blocks that are ¢-integral
for all £ # p. In other words, the equivalence relation ~ generated on Irrg(G) by all ~¢, £ # p satisfies
7w ~n' < m and 7’ belong to the same block of Rep%[%](G).

Now, to tackle the general case, we need to recall some facts about the quotients G% /Gr.

3.4. The Kottwitz map. We first recall a definition of Borovoi:
11(G) := X (T) /(") = coker(X.(Tsc) — X«(T)).

Here T is a maximal torus of G, ®¥ C X, (T) is the set of (absolute) coroots, and Ty is the inverse image
of T in the simply connected covering G of the derived group Gger of G. Using the fact that all tori are
conjugate, the group 1 (G) turns out to be canonically independent of the choice of T. If T is chosen so
as to be defined over F, then 7;(G) gets a Z-linear action of the Galois group I'r = Gal(F/F). Again,
this action does not depend on the choice of F-rational torus T (although two such choices may not be
G (F)-conjugate).

Now, let Ir C I'r denote the inertia subgroup and let F denote the geometric Frobenius in I'r/IF.
Kottwitz has defined a surjective morphism

kG: G=G(F)— m(G):=(m(G),)" .

We refer to [KP23, Chap. 11] for the detailed construction of this map. The following properties of this
map are particularly relevant to our problem:

o The kernel G° := kerk is the subgroup of G generated by parahoric subgroups and, for any facet
o € B,, the parahoric group G, is the pointwise stabilizer of o in G° (and actually also the stabilizer).

o The inverse image G' := K(_;l (r1(G)1ors) 1s the subgroup of G generated by compact subgroups and,
for any facet o € B,, the compact open group G introduced above is the pointwise stabilizer of o
in G'.

In particular, we have G} C G! and G, = G°NG..

Now let W be the diagonalizable algebraic group scheme over Z[%] associated to the finitely generated
abelian group 771 (G). Its maximal subtorus W, is the usual “torus of unramified characters” of G, while
the quotient W, := W/ W(. is the diagonalizable group scheme associated to the finite group 71 (G)iors-

For any Z[%]—algebra R, the group W (R) =Hom(mr; (G), R™) identifies via k¢ to a group of R-valued
characters of G; hence it acts on the category Rep (G) by twisting the representations. Since this action
is R-linear, this induces in turn an action of W (R) by automorphisms of R-algebra on 3z(G), hence an
action on the set Idemp(3x(G)) of idempotents of 3z(G).

The idempotents of 3¢(G) are known to be supported on the set of compact elements [Dat03, Cor.
2.11], hence in particular on G', so the action of W (C) on Idemp(3¢(G)) factors through an action of
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\Ilé(C) = Hom(771 (G)tors, C*) = mo(Wi.c). Further, the depth 0 projector &g is known to be supported
on the set of topologically unipotent elements [BKV 16, Corollary 1.9(b)], hence in particular on G, so
go 1s invariant under the action of \I!é (©).

Lemma 3.4.1. For each [t] € T/~, the associated idempotent gpy in 3¢(G) is invariant by \D(’; (C). The
primitive idempotents that refine epy form a single \llg (C)-orbit.

Proof. Pick (o, ) € [t]. We know that the direct factor category RepC](G) is generated by the projective
object 1nd (71). For any ¢ € W;(C), we have deU (MY = 1ndga (T ®YG,) = 1ndga (). It follows
that Rep[t](G) is stable under the action of W (C); hence gy is invariant.

Now, we also know that any block of Repm(G) is generated by a projective object of the form

Gl
! is an irreducible constituent of ind (rr) But any two such irreducible constituents

indGl (1), where 7
are tw1sts of one another by a character of G! -/ Go. The latter group embeds in 71 (G)ors Via k; hence
the restriction map \IJG ©) —» Hom(GU /G, C*) is surjective, and the second statement of the lemma

follows. O

This lemma implies that the only central idempotents of depth 0 in 3¢(G) that are invariant by \Ilg(C)
are the e for T C T/~. Now, observe that the action of W (Z[ ]) on Idemp(Sz[ ](G)) factors over
N2 (Z[ ]) which is equal to \Ilf (C). In other words, \IJf (C) preserves the subset of idempotents of
3¢(G) that belong to 31[ ](G) Therefore, we can restate Corollary 3.3.2 as follows:

Corollary 3.4.2. The only \I’f(Z[ ]) invariant idempotent ofsof)z[ ](G) is gg. Hence \IJ(J; (Z[%]) acts

transitively on the set of primitive idempotents of 8031[ 1(G).

L
P

In order to better understand the action of W/, (Z[ ]) on Idemp(eof)z[ ](G)) write this group as a
product \Ilé (Z[ﬁ]) = \I!é (Z[ﬁ])p X \Il(f; (Z[ﬁ])p, of a p-group and a p’-group.

Lemma 3.4.3. Any idempotent of 37{11(G) is invariant under w/ (Z[l]) e

7 Iz
Proof. Let ¢ be an idempotent of BZ[H (G) and assume, without loss of generality, that it is primitive.
On the other hand, let ¥ € \Ilé (Z[%])p and assume, without loss of generality that i has order a power
of some prime ¢ # p. In order to prove that ¥ - ¢ = ¢, it suffices to find a nonzero object (V, ) in
eRepZ[ ](G) such that 7 ® ¥ ~ 7. Since the composition of V¥ : 71 (G)ors — Z[ ] with any morphism
Z[H — [y is trivial, it suffices to find a nonzero object (V, m) in sRepZ[ ](G) whose Z[ ] module
structure factors over a morphism Z[ ] — F,. But 8Repz[ ](G) certainly contains a representation of
the form e.lndg( [ ]) for some open pro-p-subgroup H of G. Such a representation being projective as
a Z[%]—module, its reduction modulo any maximal ideal containing £ is nonzero and satisfies the desired

property. (I

In the next statement, we say that a torus 7' defined over F' is Pr-induced if the action of the wild
inertia subgroup Pr permutes a basis of X, (7).

Corollary 3.4.4. Suppose that p does not divide |7\ (Gger)| and that the torus Gy, is Pp-induced. Then
o is a primitive idempotent ofSZ[ 1(G).
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Proof. From the inclusions X, (Ty) C X.(Tger) C X (T) and the isomorphism X, (T)/ X, (Tger) =
X (Ggap), we get an exact sequence 71 (Gger) > m1(G) — X4 (Gyp). Applying [p-coinvariants, we get
an exact sequence 71 (Gger) 1, = T1(G)1, = X4 (Gap) .. Since w1 (Gyer) is finite, this sequence remains
exact on the torsion subgroups and the p-torsion subgroups, so we get an exact sequence

T (Gder)lp,p—tors - HI(G)Ip,p—tors - X*(Gab)lp,p—tors-

Our first assumption implies that 71 (Gger) 1, p-tors = 0, and the second implies that Xy (Gap) 1, p-tors =
(X«(Gab) Py tors) 1> = 0. Here the first equality is because I acts on Pp-coinvariants through a finite
quotient of order prime to p, and the vanishing claim is because X.(Gap) p, is torsion free since Gy is
Pr-induced. Therefore 71 (G) p-tors = {0}, thus \Ilé (Z[%])p = {1} and we conclude thanks to Lemma 3.4.3
and Corollary 3.4.2. (Il

The following example shows that the condition on 7 (Gger) is not always necessary for gy to be a
primitive idempotent.

Example 3.4.5. Let G = PGL,, with split F-structure, so that 71(G) = Z/pZ and kg : G — m1(G) is
induced by the valuation of the determinant. Then any irreducible supercuspidal representation of the
form 7 = indgGL (0 )(7%) is invariant under torsion by the group \l—'f (C) of characters of 1(G); hence
so is the only primitive idempotent & of 8031[ ]1(G) such that ez # 0, showing that &y = ¢ is primitive
by Corollary 3.4.2.

The next paragraph generalizes this observation about PGL,.

3.5. Special points. Let S be a maximal split torus in G and let Z be the centralizer of S in G. This is a
Levi component of a minimal F-rational parabolic subgroup of G. By [KP23, Lemma 11.5.6], we know
that the canonical map 71(Z) — 7(G) is injective on torsion subgroups. Correspondingly, the map
v/ LZ[5]) = v (Z[ ]) is surjective. Note that the quotient of Wl 5(Z[+]) thus obtained is independent
of the choice of S since all maximal split tori are G-conjugate.

Lemma 3.5.1. The action of v/ (Z ( [ ]) on the set of idempotents of £031[
v, (Z[5))-

Proof. Let S and Z be as above, and pick a special vertex x in the apartment corresponding to S in 5.

1] (G) factors over the quotient

By [KP23, Proposition 7.7.5] (which reconciles our definition of G! with the one they introduce in the
beginning of their section 7.7), we have G}C =G, Z'; hence G}C /Gy =2 1 / Z% = 711(Z)ors. Therefore,
if we pick a supercuspidal representation 7 of G,, and an irreducible subquotient 7! of indgi‘ (),
then the corresponding primitive central idempotent &, ;1) € 3¢(G) is invariant under the kernel of
\Dé(@) — \IJf((D) So let ¢ be the unique primitive idempotent of 31[ ](G) such that e.e(, 71y = &(y 71)-
By uniqueness, ¢ is also invariant under the kernel of v/ (Z[ ]) — \Ilf (Z[ ]) Since W/, (Z[ ]) acts
transitively on the set of primitive idempotents of 8031[ ](G) we conclude that this action factors over

¥5(Z[7])- O
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3.6. The quasisplit case: group side. In this subsection, we assume that G is quasisplit over F. In
this case, the centralizer Z of a maximal split torus S is itself a torus, that we denote by T := Z.
According to Lemma 3.5.1, Lemma 3.4.3 and Corollary 3.4.2, the natural action of \Ilg (Z[%]) =

Hom (71 (G)tors Z[%]X) induces a transitive action of \IJ%C (Z[%])p = Hom (71 (T) p-tors Z[%]X) on the

set of primitive idempotents of 8032[%]((;). Therefore, if T is Pr-induced, we have 71 (T') p-tors = 1, 50 it
follows that g is a primitive idempotent in 3 z[1] (G). In particular we have proven the following result.
Theorem 3.6.1. Suppose that G is quasisplit and tamely ramified over F. Then gy is a primitive
idempotent ofBZ[%] (G).

This theorem mirrors the fact that the space of tamely ramified Langlands parameters for G is connected
over Z[%], under the same hypothesis, as proved in [DHKM?20, Theorem 4.29]. Below we will prove
more generally that for any quasisplit G, there is a natural bijection between connected components of the
space of tamely ramified Langlands parameters for G and the set of primitive idempotents in £93 z[1] (G).
On the G-side, the main result is the following one.

Theorem 3.6.2. Suppose G is quasisplit. Then the action of \Ilg (Z[%])p on the set of primitive idempo-
tents of 8032[%] (G) is simply transitive.

Proof. Let G’ := Kg ! (71(T) p—tors) be the inverse image in G of 7w (T') p-iors by kG (recall from above that
the map 71 (7T) — m1(G) is injective on torsion subgroups). As already mentioned, it does not depend
on the choice of S. For any facet o in B,, we denote by G/, the pointwise stabilizer of o in G’, so
that we have G/, := G N G’. If o belongs to the apartment associated to S, then G, = G, T’ where

T'=TNG = KT_I(m(T)p_tors). Since G, N T = T, we have a short exact sequence
Go=Go/Gg = Gy /Gy = 1 (T) paors- (3-1)
We claim that this sequence splits canonically and, more precisely, that there is a canonical decomposition
G, /Gy =(Go/Gy) X m1(T) prtors- (3-2)
To see this, recall that there are canonical smooth Op-models G, C G/, of G such that
(1) G,(Of) =G, and G, (Of) = G/, and (G“)Fq = ((G;)E)".

(2) G/, contains the canonical model T’ of T such that T'(Of) =T’, and no(Tﬁ/ ) = no((G;)R), while
q

we also have JTO(TF’ ) => 1(T) 17, p-tors-
q

(3) Denote by G_ﬁ, the quotient of the special fiber (G,)f, of G/, by its unipotent radical. Then the short
exact sequence (3-1) is obtained by taking the [, -rational points of the sequence

G_g — G_(/T —» ﬂo((G:,)E) = T[](T)IF,])-[OI’S'

(4) Denote by T’ the quotient of the special fiber of T’ by its unipotent radical. Then T’ < G/, induces
a closed immersion T/ <> G_; and T'NG, = T’ is a maximal torus of G, and we have an exact
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sequence
T° = FQG_U T — nO((T/)ﬁq) = nl(T)IF,p—tors-

Here, G, is the model that would be denoted by gg in the notation of [KP23, §8.3], while G/, is
a variant of the model denoted by Qg there (the latter would correspond to « ! (711 (T )ors) rather than
Kg 1(m(T) p-tors)), Whose existence follows from Proposition A.5.23 (3) of [KP23]. Then (2) follows
from (p-primary variants of) Corollaries 11.1.6 and 11.2.1 there. Items (3) and (4) follow from the
constructions and Corollary 11.7.2 of [KP23].

Now, since TO(FP) is a p’-torsion abelian group, H Y (T) p-torss FO(FP)) = {1} so there exists
a splitting ¢ : w1 (T) 1, p-tors = F(FP) of the last exact sequence. This ¢ also provides a splitting
71(T) 17, p-tors <> G_;,(Fp) of the short exact sequence in item 3 above. But since 7" is an abelian group
scheme, we see that the conjugation action of 71 (7)., p-tors ON G, through ¢ fixes pointwise the maximal
torus T'° of G,. It follows that this action is inner and, more precisely, given by a morphism from
71 (T) 1, p-tors to the image of T’ in the adjoint group of G,. But such a morphism has to be trivial since
71(T) 1, p-tors 1 @ p-group. Hence the action of 71(T) ;. p-tors through ¢ is trivial on G, and we get a
decomposition G_g:G_Jx 71(T) 11, p-tors» Which is unique because Hom(m (T) 17, p-torss Z(G_(,(Fp))) ={1}.
Taking [, -rational points, we get the claimed canonical decomposition (3-2).

Now, this decomposition (3-2) implies that the pro-p-radical G/, *of G/ surjects onto 71 (T") p-ors-
For any character ¢ of 71(T) .- tors, we therefore get a central idempotent e¢7 € Hz[ ](G/ ) supported on
G;Jr and we have ¢ = ZW eg Again, these idempotents do not depend on the choice of apartment
containing o, since they are given by the restriction of a global character of G’ to (G,)™. In particular,
they are invariant under the action of G, in the sense that e;,//g = ge:;b g~ !forall g € G. If x is a vertex of the
facet o, the pro-p-radical G, *of G is a normal subgroup of G, * and we have G, + =G +GJr In terms
of idempotents, it follows that ef =ef for all . But then, the proof of [Lan18, Proposition 1.0.6] shows
that the system of idempotents (eg )t76 8, 1s consistent in the sense of [MS10, Def. 2.1] (note that in [Lan18,
Proposition 1.0.6] the idempotents are assumed to be supported on the parahoric subgroups while here we
allow support on a slightly bigger subgroup, but this is harmless for the argument there). Then, [MS10,
Theorem 3.1] tells us that the full subcategories Repz[ 1(G) = {ve Repy(11(G), V = ZX By e}f’V}
are Serre subcategories of Repz[ ](G) Since for all o, ¥ and ¥ we have Y ;é v = e:f eff =0, these
categories are pairwise orthogonal. Since for all ¢ we have e} = ZW et we actually get a decomposition
Repl[ ](G) ]_[w Repz[ ](G) Correspondlngly, we get a decomposition of gy as a sum of pairwise
orthogonal idempotents gy = ZW 80 in 31[ 1(G). Finally, identifying 77o(W7r), to the group of characters
of 71(T) p-tors» OUr constructions make it clear that the action of 7o(W7), is given by ¥ - s(')ﬁ = Mf .
Since we already know that the action of 7o(Wr), is transitive on primitive idempotents, we conclude
that each e(‘)/f has to be primitive, and that this action is simply transitive. ([

Remark 3.6.3. Before turning to the dual side, we give an interpretation of the group v/l(Z ( [ ]) (through
which the natural action of W (Z[+]) on the set of idempotents in £037[1](G) factors) in terms of the
group mo(Ws) of connected components of W¢. Indeed, more generally, for any diagonalizable group
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scheme A = D(M) over Z[%], we have an exact sequence A° < A —» mo(A) where A° = D(M /M p.tors)
is the “maximal” connected diagonalizable subgroup scheme of A and 770(A) = D (M p_iors) is a (constant)
finite étale diagonalizable group scheme. In the case A =W, we thus see that 7o (W) = D (711 (G) p-tors) 18
the finite constant group scheme associated to the abstract group lllg (Z[%])p = Hom(m (G) p-tors> Z[%] x ),
and we shall abuse notation a bit by writing

70(W6) = VL ZILD) .

3.7. The quasisplit case: dual group side. We now explain how the description of primitive idempotents
in the last theorem matches the parametrization of connected components of the space of tamely ramified
Langlands parameters for G. We will use the definitions and notation from [DHKM?20]. Let us denote
by G “the” dual group of G, considered as a split reductive group scheme over Z[%]. Pick a pinning
p = (f, §, X=D jcav Xa) of G, whose underlying Borel pair is dual to a Borel pair (T, B) where
T is as above (a maximally split maximal torus) and B is a Borel subgroup of G defined over F. Then
the F-rational structure on G induces an action of Wr on the root datum of 6, which induces in turn an
action of Wr on G preserving the pinning p.

Remark 3.7.1. Since the morphism Ty — T is dual to the morphism T _’T’ad, we see that 1 (G) is the
group of characters of the center Z(a) = ker(T — T‘ad). It follows that

V6 = (Z(6)'")r.
as group schemes over Z[ 3]
Then, using the last remark, we may slightly abusively identify

Wl (Z[1]), = m((ZG))p).

Let us now choose a topological generator o of the tame inertia group /r/Pr and denote by Wg the
inverse image in W of the discrete subgroup of Wr/Pr generated by o and Frobenius. According to
[DHKM?20, §1.2], there is an affine scheme Z! (Wg, 6)tame over Z[%] that classifies 1-cocycles Wy — G
whose restriction to P is étale-locally conjugate to the trivial 1-cocycle ¢ = 1p, : Pr — G. This affine
scheme carries an action of G over Z[%] and factors as

o~ o~ ~SP o~
Z'We, Game = G x " Z'(Wy, G)y,,

where Z! (Wg, 6)1 Pp is the closed subscheme of Z! (W}(,l, f}\)tame where the restriction of parameters to
Pr is trivial, and where G?r is the closed subgroup scheme of G fixed by Pr. Note that, in the notation
of [DHKM20], G"* would be denoted Cg(¢) if ¢ = lp,. Since Z'(W9, G)1,, = Z'(W2/Pr, GTr),
we get on quotient stacks

ZN W2, G)ame/G = Z' (WY ) Pr, GT7)/G** . (3-3)

We are interested in parametrizing the connected components of these stacks. According to Proposition
A.13 and Theorem A.12 of [DHKM20], the Z[%]—group scheme G ¥ has split reductive neutral component
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G"r° and finite constant no(a Pry. We are going to prove that the fibers of the morphism
Z'(Wp/Pr.G"") /G — H'(WR/Pr, mo(G™)) (3-4)

(whose target is a finite discrete scheme) are the connected components of its source. to this aim, observe
that the diagonalizable group scheme Z!(W2/ P, Z(G)Pr) acts on the scheme Z ' ( W2/ Pr, G’r) by mul-
tiplication of cocycles, and this action is compatible with Gr ~(twisted) conjugation on Z! (Wg / PF, G'r ).
Furthermore, the map w is equivariant if we let Zl(Wg/Pp, Z(@)PF) act on Hl(Wg/Pp, no(apf))
through Hl(Wg/Pp, no(Z(é)PF)).
Lemma 3.7.2. With the foregoing notation:

(1) The natural map JTO(TP ry — no(GP F) is a bijection. In particular, nO(GP F) is an abelian p-group.

(2) The natural map
70(Z(G)'F)e = H' ((F), 10(Z(G)'*)) — H' (W) P, 10(Z(G) "))

is an isomorphism.

(3) Similarly, we have an isomorphism nO(TIF)F =~ H! (WIQ/PF, no(T\PF)).

(4) The natural map Hl(Wg/PF, nO(Z(a)PF)) — Hl(Wg/PF, no(?PF)) is surjective.
Proof. (1) This is Proposition 4.1(d) of [Hail5].
(2) Recall first that o (Z (6) Pry is a finite abelian p-group, and the action of I on it is through a cyclic p’-
group. It follows that Hl(Ig/Pp, no(Z(a)PF)) = {1} and therefore the map H'((F), NO(Z(a)PF)IF) —
H' W}/ Pr, 70(Z(G)PF)) is an isomorEhism. So it remains to see that 770(Z(G)PF)F = 10(Z(G)'F),
which follows from the fact that (X*(Z(G)) p;, p-tors) 1 = X*(Z(G)) 1., p-tors SiNCE, as above, the action of
Ir on X*(Z(G))p, is through a cyclic p’-group.
(3) Apply (2) to T instead of G.
(4) By (2) and (3), it suffices to prove surjectivity of NO(Z(a) Iry no(fl ), i.e., injectivity of
X*(T) 1, p-tors = X*(Z(G)) 1, p-tors- We start from the exact sequence

X*(T)1, = X*(T)1, = X*(Z(G))1, — 0

and we observe that, since X *(f‘ad) has a basis permuted by /¢ (given by simple roots), its co-invariants
X *(ﬁd) 1 are a free abelian group. Since the above sequence is exact on the left once tensored with Q, it
follows that X*(T‘ad),F — X*(T),F is injective; hence X*(f),mors — X*(Z(/G\))INOrs is injective too. [J

The following theorem, together with the identification \IJ%C (Z[%])p = 710((TTF)g) = (T TF)g of
Remark 3.7.1 is the dual companion of Theorem 3.6.2.

Theorem 3.7.3. The connected components of Z' (Wg, é)tame / G are the fibers of the map u of (3-4)
through the identification (3-3):

Zl(Wg/PF, 6PF)/6PF = Zl(Wg, 6)tame/f;\-
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The action of Z' (Wg/PF, 2(6) Pry on 71 (Wg/PF, 6’)”) induces a simply transitive action oan(T’F)F
on connected components of Z 1 (Wg, G)tame / G.

Proof. By construction, the action of Zl(Wg/Pp, nO(Z(a)PF)) on Zl(Wg/PF, no(/G\PF)) induces an
action of H' (Wg /Pr, mo(Z (6) Pry) on the set of fibers of the map . By (1) and (4) of the last lemma, the
latter action is transitive, and actually factors over a simply transitive action of H' (Wg / PF, mo(TPr ) =
J'ro(fl F)e. So, to prove the theorem, it suffices to prove that one fiber of u is connected. The fiber 2~ (1)
of the trivial cohomology class is Z! (Wg/PF, 6PF’°)/N6PF’°, where

NG"°={geG" g 'o() e G, ¢ 'F(g) e G"°}.

So we are left with proving that Z! (W,g /PF, GPr *°) is connected. In order to apply [DHKM20, Theorem
4.29], we need to show that the action of Wr/Ir on GPre fixes a pinning. Thanks to [Hail5, Proposition
4.1(a)], we know that (BP#-°, TPr-°) is a Borel pair of GF¥*° (over Z[+)) and even that (BPro, TPre X)
is a pinning of G're, at least over Z[%]. Note that this Borel pair and this pinning are clearly stable
under Wg/Ig. So, when p = 2, we are done. On the other hand, as explained in the proof of [Hail5,
Proposition 4.1], the failure for X to provide a pinning of GPr+° in characteristic 2 only happens when an
orbit of simple roots under Pr contains two roots that add up to a root. In this case, the orbit must have
even order, and this can’t happen if p is odd. So, in all cases, (BP¥-°, TPr-°, X) is a pinning of GFr+°
and we get connectedness of Z ! (Wg / Pr, GPr *°) from [DHKM20, Theorem 4.29]. U

3.8. Proofs of Theorem 1.0.4 and Corollary 1.1.1. Finally, Theorem 1.0.4 follows from Theorems 3.7.3
and 3.6.2 through the identification of Remark 3.7.1, once we choose base points in the respective sets of
connected components. Any “natural” such choice should be compatible with parabolic induction from
the minimal Levi subgroup T of G. But the Langlands correspondence for tori tells us that the principal
block of Rep%[ 1 (T) (i.e., the one that contains the trivial representation) should match the principal
component of Z! (Wg, T)tame (i.e., the one that contains the trivial parameter).

As for Corollary 1.1.1, let = be a depth O irreducible representation of G with coefficients in an
algebraically closed field L over Z[%]. By Theorem 3.6.2, there is an element ¢ € \IJ(’; (Z[%]) that
provides a character ¥ : G — 1 (G) — Z[4]™ — L* of G that belongs to the same block of Rep%[%] (G)
as 7. Hence the Fargues—Scholze parameters ¢, and ¢, are L-points of the same connected component of
the Z[%]-soheme ZY W, 6) / G. Since Z Two, é)mme is a sum of connected components, all we need
to do is to check that ¢y, is tamely ramified. By compatibility with parabolic induction [FS21, IX.7.2] this
parameter is the pushforward along Z' (W2, f) / T — 7! wo, 6) / G of the Fargues—Scholze parameter
of the character 8115,/ 2.1ﬁ|T of T, where B is any Borel subgroup of G with Levi T and 5 is its modulus
character. Since the Fargues—Scholze correspondence for tori is the usual one [FS21, IX.6.4], and the
character 8113/ 2-¢|T is trivial on 7, its parameter is actually trivial on I (see [Mis15, Theorem 1]), hence
a fortiori on Pp.

3.9. On the general case. We do not know an analogue of Theorem 3.6.2 in the nonquasisplit case, but
we believe that Theorem 3.6.1 holds for all groups that split over a tamely ramified extension, or more
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generally, that have a Pr-induced maximal F-torus. The following example is not accounted for by our
different results.

Example 3.9.1. Let D be a division algebra of dimension p? over F and G the inner form of PGL p such
that G = D*/F*. Here, 7,(G) = Z/pZ and kg : G — w1(G) is induced by the valuation of the reduced
norm map. Note that G* = 0,/0r F surjects onto [F o/ [FX and that the action of a suitable generator of
G'/G°=7Z/pZ onF* o 18 via the g""-power map (relatlve Frobenlus over [, ). Hence, if x is any character

of [Fq » 0%/07
is irreducible, of depth 0, and invariant under twisting by characters of G'/G°. Therefore, the unique

/F7 in general position for the action of Frobenius, the induced representation 7 := = ind%

primitive idempotent ¢ of 8052[%] (G) such that e # 0 is also invariant under such twisting, showing
that &g = ¢ is primitive by Corollary 3.4.2.

3.10. Deligne—Lusztig parameters. Assuming that G is quasisplit and tamely ramified, we recall here
the Deligne—Lusztig invariant = +— s, used in Theorem 1.1.2. This is a direct generalization of [Lan18,
§3.4] to the tamely ramified setting, and with slightly different notation.

Transfer maps. Besides Deligne—Lusztig theory itself, the main point is the existence of natural morphisms
of finite schemes:
(Go | G =" > (G xz ) GF= (3-5)

for all facets o of B. Here, 7 is a topological generator of tame inertia, all duals are taken over Z, and G,
denotes the reductive quotient of the special fiber of the Bruhat-Tits Or-model G, of G attached to . to
define the map (3-5), let S be a maximal split torus of G whose apartment contains o, and write also S for
its schematic closure in G, which is a maximal split torus therein. Denote by T, the centralizer of S in
G, and by N, its normalizer. These are smooth group schemes over O and the quotient W, := N, /T is
an étale group scheme. By our assumptions on G, the generic fiber T of T, is a maximal F'-torus of G that
is tamely ramified and contained in a Borel subgroup defined over F, while the reductive quotient T, of its
special fiber identifies to a maximal torus in G,. Actually, T is the connected Neron model of T over O
and T ,, is the toric part of its special fiber (compare [KP23, Proposition 8.2.4]), so that, taking cocharacters
over geometric points, we have an Fr-equivariant identification X, (T,) = X.(T)"F = X,.(T)7, by [KP23,
B.7.9]. The latter identification is equivariant with respect to the specialization map W, (k) — W, (F)'*
(where bars denote a choice of algebralc closure) Then, going to the dual tori, this means that we
have an Fr- equlvarlant identification T o = (T )i = (T)r that is equivariant with respect to the map
W (TU) — WG(T)T provided by the identifications W (T(,) = W, (kr) and WG(T) W, (F). Then
the desired map (3-5) is induced by the Fr-equivariant composmon

Go || Go =T, | W (Tg) — (T)r | Wg(T)" = (T x 1) | Ng(T): = (Gx1) /G,
where NG(T), ={ne NG(T) ntn)~! e T} Here, we have 1mp11(:1tly chosen TU, resp. T as the

maximal torus entering the construction of the dual group GU, resp. G, with its pinned action by Fr, resp.
(7, Fr). The fact that the last map is an isomorphism is a twisted version of the Chevalley—Steinberg
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theorem, see for example [DHKM?20, Proposition 6.6]. The above construction of the map (3-5) is
independent of the choice of S, since a different choice would be conjugated under G, (OF), leading to
compatible identifications between cocharacter groups of the generic and special fibers of the centralizer,
as in [Lan18, Lemme 3.2.1].

Specialization. The isomorphism (T), J Wg(T)" => G x 1 // G shows that (G x 7 J/ G)F=C)" is a
finite scheme. More precisely, if N denotes the exponent of the image of Wa(T\)’ x (Fr) in Aut(T\)T, we
see that the natural morphism (T);[¢" — 1] — (T): // W@(f)’)F r=()" is surjective (where the bracket
denotes the kernel of ¢ — th_l). This also allows us to speak of the order of a geometric point of
(6 XT ) 6)Fr:(')q as the order of any lift in (T),.

Now, by finiteness we have specialization maps

G xt )= (K)—> (Gt )Gk

for any discrete valuation ring A with fraction field K and residue field k. When A is strictly henselian,
this map has a section coming from the canonical lifting of roots of unity from k to A, which induces a
section (T)-[¢g" — 11(k) = (T)[g" — 11(A).

From this we see that for each prime ¢ # p we have a specialization map

(G 31 ) GF="(@Qp) — (G xt )G (Fy)

with a natural section with image the subset of elements of prime-to-£ order on the left-hand side.
Actually the composition of the section with specialization is the map that takes a conjugacy class s to its
“prime-to-£ order” (or “f-regular”) part. Similarly, for each maximal ideal of Z containing £, we have a
specialization map

Gxt )G @~ Gt )& Fo)

with a section as above.

The Deligne—Lusztig decomposition of Repg(G). For £ # p, Deligne—Lusztig theory provides a surjective
map Irrg, (Gy(kp)) — (a, / 30)“=<~>" (Q;) whose fibers are called “Deligne—Lusztig geometric series”.
This map only depends on a choice of isomorphism (k)™ =~ (Q/Z) ,, which we have already made when
picking the topological generator © of Ir/ Pp In particular, it is invariant under automorphlsms of @, and
descends to a map Irrg (G, (kp)) — (GU /G YFr=()"(Q) canonically. For a Q- pomttof(G //G yEr=()?
we denote by e — the central idempotent of Q[G, (k)] that selects the correspondmg geometric series. It
is known [CEO4 Theorem 9.12] that if ¢ has prime-to-¢ order then } _, , =t
that it belongs to Z(g) (kF)] This allows us to associate a central 1dempotent e

e .3 is £-integral, in the sense

o, in Fo[Goy(kp)]
to any Fo- -point ¢ of (G, / G(,)Fr 7 (this is independent of the choice of a max1mal ideal of Z(g)) In
this way we get for any algebraically closed field L over Z[ﬁ] a decomposition

1= ) AZ ef,yL

1€(Go | Go)Fr=0 (L)
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of the unit in L[G,, (kr)] as a sum of pairwise orthogonal central idempotents.
Now, for s € (6 X r/@)Fr:(‘)q (L), we write &5 ; = Y s ef, .- Then the same argument as in [Lan18,
§3.4] shows that o > e; ; is a O-consistent system of idempotents, so that we have a decomposition

Rep) (G) = I1 Rep; (G),
se(GxT JGFr=C) (L)
where Rep) (G) := {V eRep,(G),V = ZJE%. €L V}. When L has characteristic 0, the relation to the
decomposition of Section 3.2 is the following. For t = (o, 75,) a cuspidal pair, denote by #, the L-point
of (éa / ’6‘0)&:( " corresponding to the geometric Deligne-Lusztig series of 775, and by s the image of
tz, by the map (3-5). Then we have Rep"L (G) C Rep; (G).

Deligne—Lusztig parameters. For any irreducible depth O smooth L-representation 7, we define s, to
be the unique L-point of (G x 7 / G)*=()? such that 7 is an object of Rep;"(G). The map 7 +> s,
satisfies the following:

(1) Suppose 7 is a subquotient of a parabolically induced module i g(,o) for some F-parabolic subgroup
P =MU of G. Let P = MU be a Wg-stable parabolic subgroup of G corresponding to P. Then
sz is the image of s, by the natural map (M x 7 J M)F=0) — (G x 1 J G)Fr=0)".

(2) Suppose L = @g and 7 is ¢-integral (i.e., admits an admissible Z,-model L), and let 7 be any
irreducible constituent of the reduction of L, to F;. Then s; is the image of s, by the specialization
map (G » 7 J @)=V @) — (G x 7 ) G =V (Fp).

(3) Suppose L = F, and let 5, be the image of s, by the natural section (G x t / G)*=C)(F,) —
(@ XT/ 6)Ff:(')q (Qy). Then there is an ¢-integral 77 € Irrg, (G) with 57 = 5 and such that 77 is a
constituent of the reduction of (any stable lattice in) 7. The same statement holds if we replace Q
by @ and consider specialization and section maps associated to a choice of a prime ideal £ of Z
containing £.

Property (1) is proved like in [Lan18, théoréme 4.4.3] and property (2) follows from the constructions.
For property (3) we may use (1) and an inductive argument to reduce to the case where 7 is supercuspidal.
It is then a Jordan—Holder factor of a finite length Fe- representation of the form & = indG 47y for some
supercuspidal 7y € Irrg, (G ). Denote by t;, € (G / G )Fr=C()(Fy) its Deligne-Lusztig geometric series
and 7, its natural lift in (G </ G )Fr=()"(Qy). Then 7, is certainly a Jordan—Hélder constituent of the
reduction to F; of some 7, € Irr@Z(Gx) with 17, = t,,x. By supercuspidality of m,, 7, also has to be
cuspidal, so that the induction p := indgx 4T is cuspidal with finite length and trivial central character;
hence it is £-integral. Since 7 is a Jordan—Holder constituent of the reduction of p, it is a constituent of
the reduction of some irreducible subquotient 7 of o. By construction, s; is the image of #;, ; hence it
equals 5.

3.11. Proof of Theorem 1.1.2. As explained in the introduction, we argue on the semisimple rank of G.
In rank 0, G is a torus and the result follows from the compatibility of FSp,,; with local class field theory
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(which follows from the construction just as for the £-adic version FS; in [FS21, Proposition 1X.6.5]).
For general G, the compatibility of 7 — ¢, (t) and & > s, with parabolic induction and dual Levi
functoriality allows us to focus on 7 supercuspidal. After maybe twisting by an unramified character of G,
we may assume that 7 is defined over the closure of the prime subfield of L, which reduces the problem
to the cases L = F, or L = Q. But property (3) above reduces the case L = [, to the characteristic 0 case,
i.e., we may assume L = Q. Finally, after maybe twisting, we may assume that our supercuspidal 7 has
an admissible model over Z[].

We now argue on the number n, of prime divisors of the order of s,. Assume first that n, > 1 and
let £ be such a prime number, and (s, )® the prime-to-£ part of s,. Pick any maximal ideal £ of Z
containing £. By properties (2) and (3) above, there is an L-integral 7’ € Irrg (G) with s, = (57)®
and whose reduction has a common irreducible constituent 7 with the reduction of 7. By our induction
hypothesis, any prime dividing the order of ¢,/ (t) divides that of s{¥; hence the same is true for any
prime dividing the order of ¢z (). But ¢z (1) is the image of ¢, (t) by the specialization map, so any
prime dividing the order of ¢, (7) either divides that of ¢z (7) or is £; hence it divides the order of s, .

It remains to deal with the case n, = 1, i.e., when 7 is unipotent. In this case, Proposition 3.11.3
below provides us with two prime numbers ¢; # ¢, different from p and two noncuspidal unipotent
representations 71, 73 € Irrg(G) such that 7w ~, 7r; fori =1, 2. Recall from Remark 3.3.4 that this means
that for any embeddings Q— @gi, 7T Qg @gi and 7; g @gi belong to the same block of Repzei (G). By
the description of connected components of Z! (W9, /G\)ZZ in [DHKM?20, Theorem 4.8], it follows that
we have ((/)ﬂ)| = (go,,l.)| T8 On the other hand, by our induction hypothesis, ¢, () is trivial, i.e., @, is

trivial on Ir. So we see that ¢, is trivial on both Iﬁ' and Iﬁz; hence it is trivial on Ir and ¢, (7) = 1.
We are now left to prove Proposition 3.11.3, and we start with a finite field analogue:

Proposition 3.11.1. Let us assume that g # 2. Let G be a finite reductive group with positive semisimple
rank, and w € Irr(G") a unipotent cuspidal representation of G. Then there exists two prime numbers
01, € # p, £y # £y and two noncuspidal unipotent representations m, s € Irr(GY) such that ~g T
and 1 ~p, 2.

Proof. Similarly as in Section 2.2 (the bijection & (ng, 1) = £(GF, 1) on unipotent representations
is compatible with the respective £-block partitions; and a group of adjoint type is a direct product of
restriction of scalars of simple groups), we can restrict ourselves to the case where G is a simple group.

There are no unipotent cuspidal in type A,. If G has type ?A,, (resp. By, resp. C,,, resp. D,, resp. >D,,)
there is no cuspidal unipotent unless n =s(s+1)/2—1 (resp. n =s(s+1), resp. n =s(s+ 1), resp. n = 52,
resp. n = s°) for some s and in this case there is only one.

If g is odd, by [CEO4, Theorem 21.14], £ (GF, 1) is included in the principal 2-block, so we can take
£ =2.

If g is even, then take for £ a prime divisor of g + 1. As in the proof of Theorem 2.3.5 we can use the
combinatorics of Lusztig symbols and 8-sets to classify unipotent characters and compute their d-series.

When d = 2, a symbol corresponds to a 2-cuspidal representation if it is itself a 1-cocore. In the above
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unipotent cuspidal representations (dy, d»)
Fy[—1], Eg[-1] (6,8)
Fyl—il, Fylil, Egli], Es[—i] 4,8)
F4[6], F4[0°], Eel6], E[6°], Es[6°], Es[6],

G161, G2[671,° D11, *Esl6], *Es[6°] } 6.0
F;[11, E{[1] (4,6)
F;[1], Eg[1], 2E¢[1] (3.4
E;[§], E7[—£] (6, 14)
Eg[—6], Eg[—0] (6,24)
Eg€*], Es[£°), Es[&°], Es[€] (5,10
3D4-1] (6,12)

Table 1. Suitable pairs (d,, d») for unipotent cuspidal representations of exceptional groups.

list of cuspidal characters, none of them are 1-cocores, so there are no 2-cuspidals. This means that they
all belong to the same 2-series as another unipotent character; hence ¢; suits.

Similarly, the cuspidal unipotent of 24,, (resp. B, Cy,,D,, or ’D,) is in the same 6-series (resp. 4-series)
as another unipotent representation, so we can take ¢, such that g is of order 6 (resp. 4) mod ¢, by
Theorem 2.3.3. This £, also suits.

We are left with the exceptional groups Fj, 3D4, G, Eg, *Eg, E7 and Eg. For these groups, we use a
weaker version of Theorem 2.3.1 that works also with bad primes [Eng00, Theorem A]. It states that if
two unipotent representations are in the same d-series then they are in the same block. Then, looking at
tables, for each unipotent cuspidal representation r but two exceptions, we can find two distinct integers
di, d», different from 2, and such that 7 is in the same d;-series as a noncuspidal representation (see
Table 1 with the notations of [Car85, §13.9]). It then remains to pick any primes £, £, such that g has
order d; modulo ¢; thanks to Theorem 2.3.3.

The two exceptions are the representations G;[1] and G;[—1] in the notation from [Car85, §13.9].
The representation G;[1] (resp. G,[—1]) is in the same 2-series and 3-series (resp. 2-series and 6-series)
as the trivial representation, so we can at least take ¢ such that g has order 3 modulo ¢; (resp. ¢ has
order 6 modulo ¢1). If there also exists £, such that the order of ¢ modulo ¢, is 2 then we are done. So
the only issue is when ¢ = 2 — 1, for some integer k > 2. In this case, we set £, = 2 and we conclude
with [Eng00, Theorem A.bis], which implies that two unipotent representations in the same d-series are
in the same 2-block, if d is the order of ¢ modulo 4, which is 2 here. O

Remark 3.11.2. The assumption g # 2 is needed here for the simple group 2A,. For instance the group
Us(F,) has three unipotent representations, the trivial, the Steinberg and o a cuspidal representation.
When £ = 3, these three representations are in the same 3-block. However, the cardinal of Us([F;) is 2334,
so every odd prime ¢ # 3 is banal, and {o} is an £-block.
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Proposition 3.11.3. Let G be a reductive group of positive semisimple rank over F, and assume that
kr # Fy. Let w be a unipotent supercuspidal Q-representation of G. Then there exist prime numbers
£y # € different from p and two noncuspidal unipotent representations my, wp € Irrg(G) such that
7w~y T fori=1,2.

1t
- Q
vertex, since 7 is supercuspidal. Then G, has positive semisimple rank; hence, by Proposition 3.11.1,

Proof. Let t € ¥ be an unrefined depth O type such that 7 € Rep-'(G). Necessarily, t = [x, 7] with x a
there exist two prime numbers £, £, and two unipotent noncuspidal representations 7, | and m, > of
G, (kr) such that 7, ~, 7y 1 and 7w, ~¢, 7y 2. Let i € {1, 2}. We consider the cuspidal support of 7 ;
which is of the form (6(,1. (kr), 7;) and provides us with an unrefined depth O type t; € T. Let T be a
minimal subset of T/~ containing t such that the idempotent e is £;-integral, i.e., it belongs to 52(@,-) (G).
As in Proposition 3.3.1, we have t; € T'; hence the summand e7Repg(G) contains noncuspidal irreducible
representations. Although e7 need not be primitive, we deduce from Lemma 3.4.1 that \Ilé(@) acts
transitively on the set of primitive idempotents in SZW (G) that refine 7. It follows that any ¢;-block
inside e7Repg(G) contains noncuspidal irreducible representations. This applies in particular to the one
that contains 7. U
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