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LOCAL ESTIMATES AND GLOBAL CONTINUITIES IN LEBESGUE SPACES
FOR BILINEAR OPERATORS

FREDERIC BERNICOT

In this paper, we first prove some local estimates for bilinear operators (closely related to the bilinear
Hilbert transform and similar singular operators) with truncated symbol. Such estimates, in accordance
with the Heisenberg uncertainty principle correspond to a description of “off-diagonal decay”. In ad-
dition they allow us to prove global continuities in Lebesgue spaces for bilinear operators with spatial
dependent symbol.

1. Introduction

The simplest bilinear operator is the pointwise product I1, defined by

II(f, &) (x) := f(x)g(x),

for all f, g € $(R). The Holder inequalities give us the continuities on Lebesgue spaces for this operator.
So for all exponents p, g, r € (0, co] such that

111
—t-=-, (1-1)
poq

the operator IT is continuous from L?(R) x L?(R) into L"(R). Also a natural question appears: How
can we modify this bilinear operation and simultaneous keep these continuities?

First let T be a bilinear operator, acting from ¥(R) x ¥(R) into ¥’ (R). It is well known that we have
a spatial representation of 7 with a kernel K € ¢(R?) and a frequency representation with a symbol
o € ¥ (R?) such that (in distributional sense)

T(f, )(x) = /R Ky, 9 e dydz

= / e Po (x, a, B) F@)E(B) da dp, (1-2)
RZ

for all f, g € ¥(R). In the rest of this paper, we denote by 7, the operator associated to the symbol o.
The kernel and the symbol are related by the relation

K(x,y,z)= / e @NTPE=D) 5 (v o, B) da dB.
R2

MSC2000: 42B15, 42A20, 42A99.
Keywords: local estimate, multilinear operator, time-frequency analysis, off-diagonal estimate.
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2 FREDERIC BERNICOT

For example, the product operator IT is given by the symbol
ox,a,B)=1.

One of the first classes of bilinear symbols to be studied was the class of symbols satisfying the
bilinear Hormander condition: For all a, b, c > 0,

899295 0 (x, o, )] S (1 + el + 1) ¢ (1-3)

The corresponding operators 7, were studied by R. Coifman and Y. Meyer [1978; 1975], C. Kenig and
E. M. Stein [1999] and recently by L. Grafakos and R. Torres [2002]. We know that under (1-3), the
operator T, is bounded from L?(R) x L?(R) into L"(R) for all exponents p, g, r satisfying (1-1) and
1 < p,q < oo. In fact if the symbol is x-independent, one can just assume an homogeneous decay in
(1-3) (that is with (o] +]8])~>~) and then these operators can be decomposed with paraproducts, which
were first exploited by J. M. Bony [1981] and R. Coifman and Y. Meyer [1978]. The paraproducts are
studied with the linear tools (the Calderén—Zygmund decomposition, the Littlewood—Paley theory and
the concept of Carleson measure). In order to get the continuities for x-dependent symbols, pointwise
estimates of the bilinear kernel are used. Mainly for a symbol o satisfying (1-3), integrations by parts
allow us to obtain

K@, y, DI SA+1x—yl+lx—z)™ (1-4)

for any large enough integer M. This estimate is very useful and precisely describes the “off-diagonal
decrease” of the operator. Such an information helps us to reduce the study of x-dependent symbols to
the study of x-independent symbols (and so to the study of paraproducts). Through these ideas, this first
class of symbols are well understood nowadays. We note that this reduction (using pointwise estimates
on the kernel) has already been used in the linear case to study the pseudo-differential operators of the
well-known class op(S?’O). Thus “off-diagonal estimates” play an important role.

Since the work of A. Calderén [1965; 1977] in the 70’s about the L? boundedness of commutators
and Cauchy integrals, more singular bilinear operators have appeared. Mainly, he showed that the com-
mutators and Cauchy integrals can be decomposed by using the bilinear Hilbert transforms. The bilinear
Hilbert transform Hj, ,, is defined by

dy
Hj, 0,(f, 8)(x) == p.v. /R fx—=ay)glx — KZY)V’
for all f, g € (R). The x-independent symbol is
o (o, B) =imsign(hio + A28)

and so is singular on a whole line in the frequency plane. A. Calderén conjectured that these operators
are continuous on Lebesgue spaces. This famous conjecture was first partially solved by M. Lacey and
C. Thiele [1997a; 1997b; 1998; 1999]. Then some uniform (with respect to the parameters A; and
A2) continuities were shown in [Grafakos and Li 2004; Li 2006]. These proofs use a technical time
frequency analysis, which was proven by C. Muscalu, T. Tao and C. Thiele [2002a; 2002b; 2004] and
independently by J. Gilbert and A. Nahmod [2000; 2002]. They also get a very important result in the
study of bilinear operators: continuities in Lebesgue spaces for more singular operators than those of the
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first class. We are interested by these bilinear operators and we will deal with them and some “smooth
spatial perturbations”. So we replace in (1-3) the quantity

la| + 18] =d((e, B), 0)
by the lower quantity d((«, 8), A), where A is a line in the frequency plane:
A= {(a, B) € R?, Lo + 1 =0}

We assume that A is nondegenerate, that is, A; and A are nonvanishing reals and not equal, in order that
A be a graph over the three variables «, 8 and o + . We assume that the symbol o satisfies

390005 o (x, a, B)| S (14 A + 128D 07, (1-5)

for all a, b, ¢ > 0. In the previous mentioned papers, the main result is this: If o is x-independent and
satisfies (1-5) (or the homogeneous version) then 7, is continuous from L”(R) x L?(R) into L"(R) for
every exponents p, g, r € (0, oo] satisfying

1 1

O0<—-=—+4+—-<=- and 1<p,qg <o0.

r p q 2
So there is a natural question (asked in [Bényi et al. 2006]): If an x-dependent symbol satisfies (1-5),
is the operator 7, continuous from L”(R) x L4(R) into L"(R) with the same exponents p, g and r?
A. Benyi, C. Demeter, A. Nahmod, R. Torres, C. Thiele and P. Villarroya [2007] proved a general result
for singular integral kernels. As an example, they can apply their result to pseudo-differential operators
associated to symbols

ox,a, B)=1(x, M+ r2)

with 7 in the class S?,o because of a modulation invariant condition imposed. Here we are able to treat
general symbols satisfying (1-5) and complete the answer to the question in [Bényi et al. 2006]. These op-
erators do not fall under the scope of [Benyi et al. 2007] because they do not have modulation invariance.
On the other hand, the general operators in [Benyi et al. 2007] cannot be realized as pseudo-differential
bilinear operators with symbols satisfying (1-5) because of the minimal regularity assumptions required
in the kernels.

With this aim, we would like to use the same arguments as for the symbols satisfying (1-3), where we
have seen the important role of the “off-diagonal decay” of the bilinear kernel, obtained with integrations
by parts. For our more singular operators, integration by parts does not work: To obtain a description of
“off-diagonal estimates” is the most important difficulty.

We now come to our main result. For notation, we denote the norm in L? (E) for any measurable set
E CRby

I~ 1lp,E,dx
(or || - || p, £ if there is no confusion for the variable). For an interval I, we set

d(x, )

Ci(l) = {x eR, 2* <1+ 0

< 2k+l }
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the scaled corona around /. So we have
Co(I)=21 and Cy(I)C2F!].

We will first prove:

Theorem 1.1. Let A be a nondegenerate line of the frequency plane. Let p, g be exponents such that

1 1 1 3
l<pg<oo and 0<—-=—4— <.
roq p 2

Then for all § > 1, there is a constant
C=C(p,q,r,A,d)
such that for all interval I C R, for all symbol o € C*(R3) satisfying for all a, b, ¢ > 0,
829205 0 (v, e, B)] < (117" +d (. ), &) "7 (1-6)

we have the following local estimate: For all functions f, g € $(R),

(o7 [t owrar)”

]
—ks 1 » 1/[’) ( kS 1 / q l/q)
<c (} 22 (g [ o) ) (2 (g [ seorax) ).

k>0 k>0

In particular, with the Hardy—Littlewood operator Mgy, we have
1T rdx) S int Muy (177 inf Mgl <
(a7 [ )" <inf M 0 M (1217 < 1/ o2l
The weight
(117" +d (@, B), &) "
is not integrable over the whole frequency plane (even if N is large enough due to the modulation
invariance) and therefore we cannot have a pointwise estimate of the bilinear kernel (such as (1-4) when

we assume (1-3)). So such a result is interesting because it precisely describes “off-diagonal estimates”
for the bilinear operator:

Corollary 1.2. With the same notations as Theorem 1.1, for all large enough 5, there exists a constant
C=C(p,q,r,A,d)

such that for any measurable sets E, F C R we have for all functions f € LP(E) and g € L1(F):

d(I, Ey\N~3,. d(,F)
1] ) (H 1]

This corollary is a direct application of Theorem 1.1. So in spite of the fact that the symbol could be
much more singular than those satisfying only (1-3), we almost obtain the pointwise estimate (1-4). Here
we have a description of the same fast decrease for the bilinear kernel, not with a pointwise estimate, but
with local estimates at the scale |/|. These local estimates are less precise than the pointwise estimate
but we will see that they are sufficient and they can play the same role.

-4
175/ )l = € (14 ) UF N elgly.r-
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We note that Theorem 1.1 is in accordance with the Heisenberg’s Uncertainty Principle, which tells
us that if we want to localize at the scale |/| in the spatial domain, we cannot localize in the frequency
domain at a lower scale than |1|~!. For example, our Theorem 1.1 applies if the symbol is supported in
the domain

{(@ B). d((@ p). &) = 117"}
and it is this case that we consider first in the proof. In fact in (1-6), we allow instead a nice behavior
around the line A. With this point of view, we could call Theorem 1.1 an “high frequency estimate”. In
this expression, the term “frequency” corresponds to the distance between the point («, 8) to the line of
singularity A. We prefer the expression “local estimates”, because we will use the fast spatial decay in
order to get the following result.

Theorem 1.3. Let A be a nondegenerate line of the frequency plane. Let p and q be exponents such that

1 1 1 3
l<p,g<oo and 0<-=—+—<—.
r q p 2

For all symbol o € C°°([R§3) satisfying for all a, b, ¢ = 0,
828505 0 (x. o, )| < (1 +d((ex. ), 2) 7,
the associated operator T, is bounded from L? (R) x L1(R) into L" (R).

This result answers a question of [Bényi et al. 2006]. In addition it will allow us to define a bilinear
pseudo-differential calculus, based on these operators: In our next paper [Bernicot 2008], we will define
classes for bilinear pseudo-differential operators of order (m, m;) and study their action on Sobolev
spaces. In order to carry on the work of [Bényi et al. 2006], we will give rules of symbolic calculus
for the duality and the composition and also complete the construction of a bilinear pseudo-differential
calculus.

Remark 1.4. The proof of Theorem 1.1 is a shake between a localization argument and the “classical”
time-frequency analysis used for these bilinear operators. So it is quite easy to obtain a version of our
Theorems 1.1 and 1.3 for (n — 1)-linear operators T, with a nondegenerate space A of dimension k < 2,
by following the ideas of [Muscalu et al. 2002a]. By using the results of [Terwilleger 2007], we are
able to obtain the same results for a multidimensional problem and by using the uniform estimates of
[Muscalu et al. 2002b], it seems possible to obtain uniform (with respect to the nondegenerate line A)
local estimates.

The plan of this article is as follows. We first prove Theorem 1.1 in Section 2 for x-independent
symbols. Then in Section 3 we get the same result for maximal bilinear operators and we conclude the
proof of Theorem 1.1 in the general case. Then in Section 4, we use these local estimates to obtain global
continuities for bilinear operators in weighted Lebesgue and Sobolev spaces and in particular we prove
Theorem 1.3.

2. Proof of Theorem 1.1 for x-independent symbol

In this section, we assume that the symbol o is x-independent and is supported on the domain

{(@, B), d((a, B), &) = |I]"}.
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We divide the proof into two subsections. First, we will quickly recall the decomposition of our bilinear
operator T, by combinatorial model sums. So we will reduce the problem to a study of the “restricted
weak type” for some localized trilinear forms. Then we will study them in the proof of Theorem 2.4 (see

page 9).
Reduction to the study of discrete models. First of all, we define and recall the time-frequency tools
(see for example [Muscalu et al. 2004]):

Definition 2.1. A tile is a rectangle (that is, a product of two intervals) I x w of area one. A tritile s is
a rectangle s = I; X w; of bounded area, which contains three tiles s; = I; x w,; (i =1, 2, 3) such that,
foralli, j € {1, 2, 3},

I, = I and i;éj:a)sl.ﬂa)sj=@.

A set {I};cg of real intervals is called a grid if for all k € Z,

Y L S e, 2-1)
lIey
2k71§|1‘52k+1

where the implicit constant is independent of k£ and of the grid. So a grid has the same structure as the
dyadic grid.
Let Q be a set of tritiles. It is called a collection if

o {I;, s €Q}isa grid,

e §:={oy, s QU (o, s €Q}isagrid, and
cw,; CweP= forall je(l, 2,3}, o, Cw.
Now we can define the wave packet for a tile.

Definition 2.2. Let & be a smooth function such that
I®ll=1 and supp(®) C [—3, 3].

For P =1 x w a tile, we set

x—c( :
®p(x) i= |1|—1/2q>(—|1|( )>e’“(“’),
where for U an interval we denote by c(U) its center. So ® p is normalized in the L3(R) space, concen-
trated in space around / and its spectrum is exactly contained in w.

Nowadays it is well known (see for example [Bilyk and Grafakos 2006a; 2006b]) that the operator 7,
of Theorem 1.1 admits a decomposition

T,(f. @ = > A+ uP™ D LI 26w (1 ®)s - £){(T0)ss0 8) (Tus@)s; ().
u=(uy,ur,u3)ez3 seS,

where S, is a collection of tritiles depending on u, €;(«) are bounded reals for s € S,,, and N is an integer
as large as we want. We write 1, for the translation operator

w(f)(x) = flx —v).
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The coefficients €,(u#) are uniformly bounded with respect to the parameter # and the implicit constant
in (2-1) (for the definition of a grid) is bounded by the estimates of the symbol o.
By using the assumption that o is supported in

(@ B). la=BI= 117"},
we have the very important property
o] 2 1117 (2-2)
which is equivalent to
11 S I,
for all u € Z*, and for all s € S,,.
So Theorem 1.1 is a consequence of the following theorem.

Theorem 2.3. Let S be a collection of tritiles satisfying the property (2-2), (€s)ses bounded reals and

(@' )i=1,2.3 sSmooth functions whose spectrum is contained in [—%, %]. We denote Tg the bilinear operator

defined by
Ts(f. 9)(x) 1= Y _ L1 es(ed,. £){05. &) (x).

seS
Then for the exponents (p, q, r) of Theorem 1.1 and for all § > 1, we have the local estimate

1/r _ _
( f Ty (. g)l’) S (Zz "“”’*”||f||p,ckm)(22 "<1/q+5>||g||q,ckm).
1

k>0 k>0
In addition the implicit constant depends on the functions ¢' by the parameters
cu(@) :=sup Y (1+ x| (@) ()]
xeR 0<k<M
for M = M(p, q,r,8) alarge enough integer.

In order to show this result, we need to decompose the functions f and g around the interval /.
The interval I being fixed, we omit it in the notation for convenience and for i € N, we set the corona
C; := C;(I). With the property (2-2), we have the decomposition

Ts(f.o)= Y T (fo+ Y. T8 (f.9 (2-3)
ki,k2>0 ki,k>0
<0
with ok

T (f o)) = Y L1726 @l flc, )¢5, gla, Ya, (x),
1.:81

T (f) = D LT ey, flo, (88 gl )2 (x).
seS, I, ¢21

21I<1| <21
Due to the important property (2-2), we only have to consider tiles s with |I;| < |I|. The other terms
(corresponding to [ > 0) cannot be studied as we are going to do, according to the Heisenberg Uncertainty
Principle.
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Starting on page 9, we shall prove the following theorem.

Theorem 2.4. Let (p, q,r) be exponents as in Theorem 1.1. The operators Tsj’ ; are continuous from
L?(R) x LY(R) into L"(I). For convenience, we denote

C(TY) = 1T, lLoxrorr
and we omit the exponents. Then these continuity bounds satisfy
C(Tgh"™) S eu@Hem@Hem (@) 270 Ttk
C(T™) S em@em(@Pen @) 27 I+

for any large enough real §', with an integer M = M (p, q,r,8').

We claim that Theorem 2.3 is a consequence of Theorem 2.4.
Proof of Theorem 2.3. By using Theorem 2.4 and the decomposition (2-3), we have that for all functions
[ 8eI®),

(i) if r > 1, then

ITs(f s S Y CAZEDNf e lplgle, g+ Y. CAE DI f1e, Igllgle, Il
ki,ka>0 ki,k2>0

<0
(ii) if r < 1, then

ITs(f. N0, S D CALEY I e, Ihlgle, I+ > CaE™>h I f1e, 15 l81c, 1.

k1,k2>0 k1,ka>0
<0

Case (i) (r > 1): With the estimate of C (Tsﬁlo’kz) and C (Tsli‘l’kz’l) given by Theorem 2.4, we obtain

ITsCf ls S Y 277 2 f e pligle, llg+ Y 272 @ty f1g ,liglc, I,

ko0 0
=
—8' (k1 +k
<Y 2R f1, gl
k1,ka>0

Hence by using that &' is as large as we want, the conclusion follows for case (i).
Case (ii) (r < 1): We have

ITs(f ol S Y- 2770y 1 15 lgle, I+ > 27 &Rty 10 117 gle, 7

ki,ka>0 k1,k2>0
<0
—ré& (ki +k
S Y 2 EER e 1l I
ki,ka>0

By using Holder’s inequality and p > 0 such that

1 1
—+p, —+p<l,
p q
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we obtain

1/p
I1Ts(f, g)llr,1 S ( Z 27k1P(5 —D(p+1/p) ”flel ”Z) ( Z 27k2Q(8 71)(p+1/4)||glck2 ”Z>

k=0 k=0

5 < Z 2—k1(5’_1)(p—i-1/17)“flck1 ”p) ( Z 2—1(2((3/_1)(,0+1/q)||glck2 ||q>

k1>0 k>0

1/q

This corresponds to the desired result (the real 8’ being as large as we want) for case (ii). U

We have also reduced the proof of Theorem 1.1 (for our particular symbol o) to that of Theorem 2.4.

Proof of Theorem 2.4. By using “duality”, to prove Theorem 2.4, we have to estimate the trilinear form
defined on ¥(R) x ¥(R) x ¥(R) by

A1 fa 1) =T ). L) =Y L1 ey file, ) (@2 fole, ) es. 1), (24)
seQ{

where Qlj is a collection of tritiles, depending on Tsj ;-
We need to define the usual tools of time-frequency analysis.

Definition 2.5. We have already defined the tritiles. For j € {1, 2, 3} an index and ¢ € S a tritile, a
collection T of tritiles is called a j-tree with top ¢ if for all s € T,

I, Cl; and o C ws; .

Then we set
IT = II7

the time-interval of the tree T. A collection T of tritiles is called a tree if there exists an index j € {1, 2, 3}
such that T is a j-tree. For T a j-tree, we define the size of the function f; over this tree by

. I 2\
size; (T) = (— D el ) :
|| = :
For Q a collection of tritiles, we define the global size by

size;’f Q= sup{sizek (T): TcQ, Tisak-tree, k # j}.
The quantity |It|'/? size ;(T) corresponds to the norm of the function f; in the space L?, after being
restricted on the tree T in the time-frequency space.

We recall the (abstract) [Muscalu et al. 2004, Proposition 6.5], where [Muscalu et al. 2004, Lemma 6.7]
is used to estimate the quantities en/e;;g{,-.

Proposition 2.6. Let (0;)1<j<3 be three exponents of (0, 1) satisfying

O1+6,+63=1.
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Then there exists a constant C = C(6;) such that for all collection Q of tritiles, we have

Zur”z]_[ (L. i)

s€eQ

<CI_[s1ze Q"1£1,7

This result is the main idea of this time-frequency analysis. To prove it, we use a stopping-time
argument in order to build an “orthogonal” covering of the time-frequency space with trees of Q.
Now we recall the notion of restricted weak type for trilinear forms.

Definition 2.7. For E a Borelian set of R, we write
FE)y={feYPR): forallx eR, |f(x)| <1gx)}.

Let A be a trilinear form defined on ¥(R) x ¥(R) x ¥(R). Let py, pa, p3 be exponents of R*, possibly
negative. We say that A is of restricted weak type (p1, p2, p3) if there exists a constant C such that
for all measurable sets Ei, E,, E3 of finite measure, we can find a substantial subset £ /’3 C Eg (that is,

|E/’3| > ‘Eﬁl)forﬂe{l 2, 3} such that for all fg GF(E ),

3
AL fon I < C T 1EsIMPY (2-5)
B=1

and E ;3 = Eg if pg > 0. The best constant in (2-5) is called the bound of restricted type and will be
denoted by C(A).

By the real interpolation theory for trilinear forms of restricted weak type [Muscalu et al. 2002b,
Lemmas 3.6, 3.7, 3.8, 3.9, 3.10 and 3.11], Theorem 2.4 is a consequence of the following result (which
is a stronger continuity result).

Theorem 2.8. Let py, p>, p3 be nonvanishing reals such that
1 1 1
Z + 5 + E =1
and there exists a unique index o € {1, 2, 3} with —% < pLa < 0, and % < # < 1 for B # «a. Then the
trilinear forms A{ c_ieﬁned by (2-4) are of restricted weak type (p1, p2, p3). In addition the bounds of
restricted type C (A{ ) satisfy
CAG™) S em@Dem@Dem (@2 “rh),
CAY™N S e @en @)ey (@27 Itk
for any real 8 > 1 with M = M (8', p;) a large enough integer.

Proof. The exponents (pg)g and the index o € {1, 2, 3} are fixed for the proof. Let Ey, E> and E3 be
measurable sets of finite measure. First we construct the substantial subset E,, C E,. Denote

U= U{xeR MHL<1E)<x>>n|'E ||}
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By using Hardy-Littlewood Theorem, there exists a numerical constant n such that

|Eq|

Ul =
2

We set also E/, = E, \ U. It is interesting to note that the set E,, does not depend on the form Alj . Now
we fix the functions fg € F (El/g) for B € {1, 2, 3} and we shall prove the inequality (2-5). The proof is
divided in three parts: In the first step we use general estimates for collections of tritiles, in the second
step we will use specific estimates adapted to the above collections of tritiles and then we will conclude
in the third step.

First step: a general estimate. Let P be an “abstract” collection of tritiles, then for k£ > 0 we set P the
subcollection
d(l, U°)

P, = {seP, 2% <1+
[ L]

<2k+]}‘

These collections form a partition of P:

P:|_|Pk.

k>0

For each k > 0, we can apply Proposition 2.6 to the collection Q = Pj. So for any choice of exponents
0<61,0,,05 <1 with

we obtain

A(Py) =

Z|1|‘/e]'[f,s¢

SEPk

3
1-6
< [ [ sizey @) 511,
fj:

In order to estimate the quantities sizez (Py), we recall [Muscalu et al. 2002b, Lemma 7.8].

Lemma 2.9. For all integer N as large as we want, there exists a constant C = C(N) such that for all
collection Q of tritiles, for all B € {1, 2, 3}, we have

sizeg(Q) < Csqumf ik S) |f5(x)|dx.

Then for Q = Py, by using the definition of the sets U and E/,, we have

E
size;g(Pk)gz":Eﬁ:, and  sizeX(Py) <27k,
o

for all B # a. As fg belongs to F'(Eg), we have

I foll < |Eg|'/%.



12 FREDERIC BERNICOT

So for 0 <€ <1 and N an integer as large as we want, we get

3
|Eﬂ|(1—9ﬂ)/221vk9a(1—e) | E, |10/ ]_[(Size’é ()%
p=1

|Eg|\0s(1—0)
A(P) < <2k———>
Py ST Ey|
pa

3
S 2—k (l_[ |Eﬂ|(1+95)/2—69ﬂ |E(x|(9a—1)/2+€(1—9m)> <1_[(Size;§ (Pk))95€> .
Bt p=1

By definition of sizez, P, is a subcollection of P so for all 8 € {1, 2, 3},
size;; Pp) < sizez P).

We can also compute the sum over £ > 0 and we obtain

3
AP = D NI e [ (s 00D | <D P
seP B=1 k>0
3
S (1_[ |EB|(1+9;;)/2—69;5|Ea|(9a—l)/2+€(1—9a)) (H(SiZeZ(P))HﬁE). (2_6)
BFa B=1

The first term is “good”, according to the wished global continuity. In the next step, we will use
another estimate of the quantities sizel’g, which will be adapted to our specific trilinear forms A{ and
which allow us to obtain the desired decays.

Second step: use of the specific form of our trilinear forms Al’ .

First case: the forms Af.
In this case, we use another decomposition

A'f"kz’l(fl, f2, f3) < Z Allﬂ’kz'l(l())(fl’ 12, 13),

Iog2l
27N <2411

where [ is an interval of R and

AN S o 1) = D LI Pest file, . ¢l ) (ley, . 05) (L1 f. ).

seS
I;=1I

Let I be fixed and denote
Il
7]

The collection of tritiles associated to A]f"kz’l(lo) is also

P:={seS, I,=1I).
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For all s € P, by using f3 € F(E}), we have

d(x, s) d(x 1) -N
A@I( —/ dx
1 If I 1 |45
[1] ( d(I Io))—N
| o] '
Then Lemma 2.9 gives us
d(l, Ip)\—N
size§(P)§2—l(1+ ( 0))
o]
By the same reasoning, we obtain for f; € F(E}) and s € P,
1 d(x, Ip)\—N 1 d(x, Ip)\—N _ d(Cx,, Ip)\~
— |f1(x)|<1—|— x 0)) dx < — (1+ S 0)) dx < 2b ’(1+M
15l Jey, 1] 1ol 1o

And SO we get
. d (: 5 I“ N
SIZCT(I)SZI{I 1(1+ ( |];1:| )>

Likely, we have
d(Cr, 10)>—N

sizel(P) < 20 (1 + =

With 61 + 6, + 03 =1 and Lemma 2.9, we can estimate
sizet (P)? sizel(P)% size}(P)% < 201kit0ke=l g (1),

where A(lp) is the product of three terms
d(l, 10))"\’93(1 n d(Cy,, 10))—’\’91 (1 4 d(Cy,, 10))""92
| 1ol | 1ol | 1ol

We are going to get four different estimates for A (/).
To keep the information about the position of Iy, we first have

d(l, Io)>—N93
| 1o '

Al = (1 +

A(lp) < (1 +
By using
d(I, Ip) +d(Cy,. I) 2 d(I, Cy,) 2 24 1] = 24| Iy
and the fact that 2! < 1, we obtain

A(I()) S (1 + 2k171)7Nmin{61,93} 5 27k1Nmi11{01,03}

and likely
A(I()) < 2—k2N min{92,93}.

As Ip € 21 and 2! < 1,d(Ip, I) > |I| and hence

(14 40y < ()

(2-7)

(2-8)

(2-9)

(2-10)
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So we get

Alp) < (||I;)||) < INGs, (2-11)

Taking the geometric mean of (2-8), (2-9), (2-10) and (2-11) (with another exponent N which is as large
as we want), we obtain

M)_N‘ (2-12)

A(lp) g 2*(k1+k2+|l|)N(1 +
[1o]

With the help of (2-6) and (2-7), we finally estimate
(AT ] S DA 0L fa, 1))
Iy

S Z(l_[ |E’3|(]+9’6)/2_66ﬁ|Ea|(6a_1)/2+€(1_9a))26(k1+k2+ll)A(IO)G.
Brta

From (2-12), the sum over the interval Iy with |Iy| = 2/|1| is bounded. For N a large enough exponent
(not exactly the same), we have

|A]]q’k2’l(f1, f2, f3)| 5 (l_[ |Eﬂ|(l+0ﬁ)/2—69ﬂ|Ea|(9a—1)/2+é(1—9a)>é(Allﬂ,kz,l),
B#a
where
C,(Alfl,kz,l) . p—Nelki+ky+l]) (2-13)

Second case: the forms A{).
We use the same principle. We are interested in

AP (fin o )= D LT e (filey, . 08 falcy, . 92 f5. 63)-

seS
I,C21

So now we choose the collection
={seS, I,C2I}.

d(xI)—N
dx <1
|1I Ll

For all s € P,

and so with Lemma 2.9 we have
size;(P) < 1.

1 d(x, I,))\—N d(Cr,, H\—(N-2)
_/ (H— (x s)) dx§<1—|— (Cx, ))
sl Je,, | 1] [1]

size](P) < 2~ (N=2),

For f1, we use that

to conclude

By the same argument for f,, we have

size3(P) <27 (N=2),
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In this case, we can also estimate (with N another large enough integer)
size} (P)1 sizel (P)% size}(P)% < 2~ kitkaN,
With (2-6), we finally obtain
A](C)l,kz(fl, For £3) 5( l—[ |E'B|(l+95)/2—69/3|Ea|(9a—1)/2+6(1—9a)>é(Agl,k2)’

Pt

where
é(Agl,kz) .— o~ Nkit+ky)e (2-14)

Third step: end of the proof. For the trilinear form A{ , we have obtain a bound C = C (A{ ) such
that for all functions fg € F(E ;8) we have

‘A{ (f1, fo, f3)| < é(Alj)(l_[ |Eﬂ|(l+9ﬂ)/2—60ﬁ|Ea|(0a—l)/2+€(l—9u))‘
BFa

Let (pg)p be the exponents of Theorem 2.8. Then we shall show that we can find 61, 6,, 63 € (0, 1) and
€ > 0 such that for all 8 # «,

1+6 1 Oy — 1 1
ﬂ—eeﬂz—, and 2 te(1—6,) = —.
2 pp 2 Pa
Let y > 0 be a real satisfying
1
} Pg 2+)/

for all B # «. This is possible because 1 < pg < 2 for B # a. We begin to choose 6, € (0, 1) such that

o+ 2
Do+ ( +7/)’0}’

1 >0y > max{@o({) =
Da

and

1 1 1 1 1
= 0 ,—}>—>— .
24y pe(1—=6)) pgo Pa(l —064) 2

This is possible because p, is negative and satisfies

min{ —

Then we get € by

_1 1 1
Sk ey € (0,1 c .

We now define g for B # o by

| —

1
Pg

9/3 =

5—6



16 FREDERIC BERNICOT

Wehavel<pﬂ<2and0<e<%,soO<9ﬁand

1 1
Pp 24y
-1 T
Pa(1—60)  2+y
Consequently, we have solved the system of equations for the exponents. With this choice, we obtain
for all f1 € F(E)), f2 € F(E}), f3 € F(EY),

| —

0<6p= =1

3
Ay o B SCAD T IEN P,
p=1

where C (Alj ) are defined in (2-13) and (2-14). So Alj is of restricted weak type and we have the following
estimate for C(Al.j):

c(a)) S CAD.
In addition the parameter N in (2-13) and (2-14) is as large as we want, and we have also obtained the
desired estimates on C (A{ ). O

By using the concept of “restricted weak type”, we can have a “stronger” result than Theorem 1.1.

Theorem 2.10. Let T and p, q, r be an operator and exponents of Theorem 1.1. Then for all § > 1, there
exists a constant

C=C(p,q,r9)

(independent on the interval 1) such that for all sets E3 of finite measure, there exists a substantial subset
Eé C Ej satisfying that for all functions f € ¥(R), g € ¥(R) and h € F(EY),

(T (f. 8). h11)| < C(Z2—"<1/f’+§>||flzk1np>(Zz—"“/““nglzwnq)|E3|””.

k>0 k>0
When r > 1, this result is stronger than Theorem 1.1 but less practicable. We now prove it because it

will be useful in the sequel.

Proof. The proof is almost the same as the previous one, so we shall only explain the modifications. We
always study the trilinear form

A(f. g, 1) :==(T(f, &), h1y).
In page 6 we saw that the study of A can be reduced to the study of the model sum
A g h) =Y 117 e (Byys [)dsrs 8)(hsss L),
seS
where S is a general collection of tritiles. Then we have decomposed this sum with (2-3) by

Alfigy= Y A8C(fgm+ Y AL g .

k1,kr>0 ki,ky>0
1<0
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By Theorem 2.4, we have shown that the trilinear forms A‘i/ are of restricted weak type (p, ¢, r’) and we
have obtained estimates on their bounds. The construction of the substantial subset E;, = E3 does not
depend on the trilinear form A{ , so we can deduce that our trilinear form A is always of restricted weak
type. Also for measurable sets E;, E», E3 of finite measure, there exists a substantial subset Eg C Ej
such that for all functions f € F(E/), g € F(E>) and h € F(EY}),

|A(f,g,h)|§|E3|l/r/( Z 2_5,(kl+k2)|E]ka1|1/p|Eszk2|l/q>-
k1,kp>0

Here 4’ is an exponent as large as we want. Over each corona, by using the real interpolation on the
exponents p and ¢ (so r is fixed), we obtain also the desired result. O

Having obtained our main result for the x-independent symbols, we will extend our result for maximal
operators and for x-dependent symbols in the next section.
3. More general bilinear operators

Let us name our “off-diagonal estimates” for convenience.

Definition 3.1. Let 7 be an operator (maybe non-bilinear) acting from ¥(R) x ¥(R) into ¥'(R). For
P, q,r € (0, oo] exponents such that

we say that T satisfies “off-diagonal estimates” at the scale L and at the order §, in short
TeOps(LP x L9, L"),

if there exists a constant C = C(p, ¢q, r, L, §) such that for all functions f, g € ¥(R) and all interval [
of length |/| = L, we have

1T, @)l < C(Z 2—k<5+1/P>||f||p,2k+11> (Z 2‘k<‘*+1/q)||g||q,2k+u).
k>0 k>0

Remark 3.2. Equivalently, an operator T satisfies “off-diagonal estimates” at the scale L and at the order
é if there exists a constant C = C(p, ¢q, r, L, §) such that for all functions f, g € ¥(R) and all interval
of length |/| = L, we have

IT(f. )l < C<Zz—k<5+l/m||f||p,ckm>(Z2‘“‘””q>||g||q,cku>)-

k>0 k>0

This is a better way to describe the “off-diagonal decay” of an operator T and these properties can be
described as in Corollary 1.2.

First we generalize the previous result for maximal operators.
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“Off-diagonal estimates’ for maximal bilinear operators.

Theorem 3.3. Let A be a nondegenerate line in the frequency plane. Let p,q € (1, 00] be exponents
such that

Forall§ > 1, L > 0, for all symbol o supported in

(@ B, d((@ p),0) =L
satisfying for all b, ¢ > 0,
0005 0 (@, B)| S ld (@, B), M) 7"¢
and for all smooth function ¢, which is equal to 1 around 0, the maximal bilinear operator

Tmax(f7 g)(x) ‘= sup

r>0

/ @D F@)g(B) o (@, B)(1 — ¢ (r(a — B))) da dp

satisfies “off-diagonal estimates” at the scale L and at the order §:
Tnax € ©L,8(Lp X qu Lr)‘
In addition the implicit constant can be uniformly bounded by L > 0.

Theorem 3.4. For the same exponents, we have the same continuities for the maximal bilinear operator
(at the scale L)
1
M= sp [ fe- gl
O<r<L ¥ Jit|<r
Theorem 3.5. Let K be a kernel on R satisfying Hormander’s conditions, then the maximal bilinear
operator

TE (f.9)(x):= sup

/ fx=y)gx+y)K(y)dy
O<e<r<L'Je<|y|<r
satisfies the same local estimates
TE €0 s(LP x L1, L")
for the exponents p, q, r as of Theorem 3.3.

Proof. The proof of these three theorems is a shake between the proof of our Theorem 1.1 and an
additional maximality argument. The maximal truncation in the physical space (Theorems 3.4 and 3.5)
is a little more complex than the maximal truncation in the frequency space (Theorem 3.3). So we deal
with the last two theorems and just explain the modifications to prove them. The maximal version of
the different arguments has been shown first by M. Lacey [2000] and then improved by C. Demeter, T.
Tao and C. Thiele [2005]. In these articles, the authors study the behavior of the maximal averages (like
in Theorem 3.4). [Demeter et al. 2005, Remark 1.6] specifies the similarity between the operators of
Theorems 3.4 and 3.5. So in fact the previous three theorems are an illustration of the same ideas, and
we will not detail them.

The reduction on page 6 is based on the decomposition of the bilinear operator by discrete models.
For our maximal operators, the same reduction is shown in [Demeter et al. 2005, Theorem 4.4] and
the important condition (2-2) for the tiles is always satisfied. Then the maximal version of Proposition
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2.6 is given in [Demeter et al. 2005] too (there is a new factor in the different inequalities but it is not
important). We have exactly the same version of Lemma 2.9 for maximal bilinear operators [Demeter
et al. 2005, Proposition 6.2]. Using these technical modifications, we can prove Theorem 1.1 and obtain
its maximal versions: Theorems 3.3, 3.4 and 3.5. (]

Proof of Theorem 1.1 for x-dependent symbols. In this subsection, we prove the “off-diagonal esti-
mates” of Theorem 1.1 in the case where the symbol o depends on the spatial variable x and also we
complete the proof of our main result.

Theorem 3.6. Let A be a nondegenerate line of the frequency space. Let o € C*®°(R?) be a symbol
satisfying for all a, b, ¢ > 0,

9400050 (x, @, B)| S (1 +d((, B, &) "7
Then the bilinear operator T, (defined on ¥(R) x F(R) by (1-2)) verifies
T, € @1,5(Lp X Lq, Lr)

for any § > 0 and any exponents p, q, r such that

1 1 1 3
O<-=—+—-—<=- and 1<p,g<o0.
r p q 2
Our assumptions for the symbol correspond to the class BS?’O; o of [Bényi et al. 2006], where the angle
0 € (=%, )\ {0, =%} is given by the line

A:={(a, B), B=atanb}.

For convenience, we will deal in the proof only with the case 6 = 7. The important fact is that the singular
quantity (8 — « tan @) does not correspond to the quantity « + 8, which appears in the exponential term
of (1-2). The limit and particular case & = —7 is studied in [Bényi et al. 2006].

Proof. The proof is quite technical. We will also assume that » > 1 (which allows us to simplify a few
arguments). Then we will explain in Remark 3.7 how to modify the proof to obtain the same result when
r<l1.

So we fix an interval / of length |/| = 1. We use a decomposition of the symbol o. Let ® be a smooth
function on R such that if |x| < 1 then

d(x)=1 and supp(®) C[-2,2].
We also have
ox,a,B)=0x,a,p)(1—-D(a—p)+tox,a, BP(a, B)
=%, o, B)+0x, a, B).

(i) The case of the symbol o*°.
We have an operator associated to this symbol

T(f, g)(x) = / i OB Fla)g(B) o (x, a, B) (1 — d(a — B)) da dp,

R
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which can been written as

Too(fa g)(x) = Ux(f» g)(x),
with U defined by
Uy(f, 8)(x) 22/

5 D Fa)g(B)o (v, a, B)(1 — D(a — B)) da d.

By using the Sobolev embedding
W (1) — L™()

because r > 1, we get

|
IT(f, ] = 1Uy (f, ) lloo,yer S Z 185U (f, @)1 () .y

k=0

for all x € I. Then by integrating for x € I and using Fubini’s Theorem, we obtain

1
T et S D MU )t llrr.ay-

k=0
We can fix k € {0, 1} and y € I. Then we have

105Uy (f, llrax SV (fs @)t

where V is the bilinear operator defined by

V(fg)(x) = /

P Tz (voa B)(1 = O — ) dadp.

So V =T is the bilinear operator associated to the x-independent symbol
(o, B) =050 (y. o, B)(1 — D(ax — ).

From the assumptions about o, the symbol 7 satisfies |8§ Bgr(a, ,3)| <la—pB| " P forall b,c>0.In
addition, 7 is supported in the domain {(«, 8), |« — 8] > 1}. We can also apply Theorem 1.1 proved in
Section 2 for x-independent symbol. For all § > 1, we have an “off-diagonal estimate” at the scale 1,

IVt S ( > 2—"'“/”+‘”||f||,,,zm) ( > ok/atd) ||g||q,2k21>-

k1=0 k>0

All theses estimates are uniform with respect to k € {0, 1} and y € I, so we get

1T ) lrr S ( > athd/ptd) ||f||,,,2k1,) ( > ket ||g||q,2k21). (3-1)

k1=0 k>0
So we have shown the desired estimates for this first term.

(i) The case of the symbol ¢°. The associated operator is given by

TO(f, )(x) = / D R (Bo (v, o, )P, ) dodf.

R
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We use the same arguments as for the first point. So we have to study the operator V defined by

V(. &)x):= / XD Fang(pyao (v. . f)® (e — B) do dp.
R
The parameters k € {0, 1} and y € I are fixed. The symbol associated to this operator is supported on

{(a, B), |l —B| =2}.

That is why we use modulations to move this support:
V(f. g)x)= f @) Fla+3)3(B —3)dko(y,a +3, —3)P(a — B +6) do dp
R2
=/1ﬁ“wigﬂm;zﬁmﬁﬁya+iﬂ—&@@—ﬂ+®ﬁﬁﬁ
R2

Also V is now the bilinear operator, applied to the modulated functions ¢* f and e~3'g, whose (x-
independent) symbol

(o, B) =050 (y.a+3, 8 —3)P(a — B +6)
is supported on
{(a, ), la —p+6] <2} C{(e, p), 1 <] —p| =8}

and satisfies for all b, ¢ > 0,

82057 (@. B)| < o???b@?gc(l+|°‘_ﬂ+6|)_i_jlls|a—ﬂ|58 S li<jopi<s S Li<ja—pi<sla =B~

Also we can use Theorem 1.1 (proved in Section 2 for x-independent symbol) again and we obtain

VDN S ( > ket ||f||p,1) ( Y ph/ard) ||g||q,1). O

k1=0 kx>0

Remark 3.7. We want to explain here how to modify the previous proof when r < 1. When we study
bilinear operators with r < 1, we have to use the associated trilinear form and the concept of “restricted
weak type” (see Definition 2.7). These two arguments allow us to get around the lack of the triangular
inequality in the space L". Let

A(f, 8, h) :=(T(f,g),h).
We have

ACf.g h) = f / 1o (v, a, B) F@BBh(x) da dBdx.
R JR2

We use the same decomposition of o, getting the trilinear forms A and A°. Let us study first A and
fix an interval / of length |/| = 1. We take a function & € ¥(R), which is supported on /. We use again
the Sobolev embedding W' (1) < L>°(I). By writing

A% (f. 8, b S/RIIUy(f, )XW loo,r.aylh(x)[1;(x) dx,
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we can also obtain
IAw(f»g,h)IS//IUy(f, g)(X)IIh(X)Idxdy-i-//layUy(f, )| |h(x)|dxdy.
1JI 1J1

Then when y € I and k € {0, 1} are fixed, we find again the quantities
[ 1850, 0060 1hea) .
I

Now the bilinear operator 8;? U, is associated to an x-independent symbol, which verifies the good as-
sumptions. We can also use Theorem 2.10 in order to obtain the wished estimates (3-1) in a “restricted
weak type sense” for the exponent r. We produce the same modifications to study A°. By noticing that
the way to construct the substantial subset (in the definition of restricted weak type) does not depend on
the trilinear form, we can deduce that the trilinear form A satisfies (3-1) in a “restricted weak type sense”
too. Then we use interpolation on the exponent r, to obtain exactly (3-1), which allows us to conclude.

4. Continuities for bilinear operators satisfying “off-diagonal estimates”

Recall that in the linear case, by using the maximal sharp function, we can prove weighted continuities
for linear operator with the Muckenhoupt weights. In the bilinear case, we do not have a good substitute
to the maximal sharp function. That is why we shall use the previous “off-diagonal estimates” to obtain
weighted global continuities on Lebesgue spaces and in particular to prove Theorem 1.3.

First we want to give an application of these “off-diagonal estimates”. Recall that in the previous
sections, we have proved that our bilinear operators (and maximal bilinear operators) satisfy these “off-
diagonal estimates” at any order. The time-frequency analysis does not work for functions in the L*°
space. So we do not know if our operators T are bounded from L* x L* in BMO. However these local
estimates give a weak result about the behavior of T ( f, g) when the two functions f and g belong to L.

Proposition 4.1. Let f, g be two functions of L' (R) N L (R) and fix r € (1, 00). If there exist L > 0,
8 > 1and p,q > 1 such that an operator

T €05 (L x L9, L"),

then we have

. 1 p 1/r
timsup( - [ 171 2) " S 1l
1

[I]—o00
Here we take the limit when I is an interval with |I| — oo and the implicit constant does not depend on
the two functions f and g and on the parameter L.
Proof. We set
Ii:=[L,i+1)L[
for all i € Z. Then for I with |I| > L, we get

[irgors X [rgor.

ieZ !
LNI#2
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However, the number of indices i which appears in the sum is bounded by |/|/L, so by using the local
estimate we get

/IT(f,g)Irﬁ |IlflT(f D' S E LI fli5llglse S MM FlSle s
I ,
Iﬂl;ég Ir'w%z

The second inequality is due to the fact that
1LY IT ()l S;g My (f)(x) inf Mpp(g)(x) S Nl llglloo-

So we obtain
1 P 1/r
(i77 ] 1nex (01 ) S 1 leoliglec
I
uniformly with L for || large enough. (]
Let us now define our weights.

Definition 4.2. Let 6 > 0 and / > 0 be fixed. We set that a nonnegative function w belongs to the class
Po (/) if there exists a constant C such that for all interval I of length |/| = [ and for all integer k > 0,
we have

2k supa)(x) < Cmfa)(x) 4-1)

xel

We claim that a function @ € Py(!) is likely to be a polynomial function whose degree is less than 6
and is almost constant at the scale [. We show in the next example that these classes are not empty.

Example 4.3. For all § > 0 and « € [0, 8), the functions
x—1, x = (14 |x]* and x— A+xD™
belong to the class Pg(1). The proof is easy and is left to the reader.

Remark 4.4. In fact, it is easy to prove that a weight w belongs to the class Py (/) if and only if there
exists a constant C such that for all x, y € R,

o(x) §C(1+ |x;y|)0a)(y).

We cannot compare these weights with the Muckenhoupt weights, because for w € Py (/) we have infor-

mation only at the scale /.

Theorem 4.5. Let T be a bilinear operator and p, q,r € (0, 00) be exponents satisfying

1 1 1

-—=—+4- and I1<p.q.

rpr q
For§ >0andl > 0, if T satisfies “off-diagonal estimates” at the order § and at the scale [, then for all
w € Py(l) with 0 < 0 < § max{r, 1}, the operator T is continuous from L? (w) x L (w) into L" (w).
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Proof. To check this, we recall that for all interval I of length || =1,

1/r _ _
([ircor)” s (T2, (X 240 gl ). (4-2)
g k=0 k=0

Then we decompose the whole space R with the disjoint intervals /; defined by
I =1Til, (i + D]

fori € Z. So we have
1T (fs @) rwax = T (fs &) lrwdx, 1 lriez-
Leti € Z be fixed. We use (4-1) and (4-2) to obtain

1
0T Cfo ) lrwast, < NwllXL 1T CF @),
1 —k _
< ||w||oéf,i<22 ““’*“ufn,,,zk,,.) <Zz k(l/q+8)||g||q,2k1,-)-
k>0 k>0
We estimate the first sum with
1 —k —k 1
Ilwlloéf},.(ZZ “/"+”||f||,,,2k1,,) S 27 P | TP f e,
k=0 k=0

<D 2 KPP ing NP £, e
P 2K [; o

Y 2 KU £ e ot
k>0

The second term is studied by the same way. By summing over i € Z, we get

1T Cf2 ) llrwax S H (Z 2~ K/pH8=6/p) ||f||,,,wdx,2k1,.) ( > oTkWake=tla) ||g||q,wdx,2u,.)

k>0 k>0

rieZ
With the help of Holder’s and Minkowski’s inequalities, we obtain
ITCf ) lrwax S (sz(” PRI N p a2 ”w‘eZ) (Z 2 HTH=0IDY gl s 201, ”q,iel)-
k>0 k>0
However the collection of sets (2K7;); is a 2k-covering, SO
1T Cfs @) llrwax S ( > S oke=orp) ||f||p,wdx) ( > 2"<”/‘1>||g||q,wdx).
k>0 k>0
Then we conclude with the fact that p, ¢ > 1 and hence
0 .
= <é ifr>1
9 0 } < ; < mr =1,
0<é ifr<l.
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Remark 4.6. Since it is obvious that the weight w(x) = 1 belongs to the class Pg(L), we have also
proved that the operators of Theorem 1.1 and the maximal operators of Theorems 3.3, 3.4 and 3.5 are
bounded in classical Lebesgue spaces.

Definition 4.7. Let w be a weight on R. For all m > 0 and p € (1, 00), we set W"?(w) for the Sobolev
space on R with the weight w, defined as the set of distributions f € ¥'(R) such that

Jn(f) € Lp(w)a
where J,, := (Id —A)"/2.

We complete this result with a proposition in Sobolev spaces:
Proposition 4.8. Let A be a nondegenerate line, w be a weight in Uezo Py (1) and o € C®(R>) be a
symbol satisfying

a¢abag o (x.a. B)| S (1+d((@ p). 0) 7,
foralla,b,c> 0. Let p, q and r be exponents satisfying
1 1 1
O<-=—+—-<= and 1<p,qg<oo.
rop 2
Then the bilinear operator T, (defined on ¥(R) x F(R) by (1-2)) satisfies

IDPT, (£ )l S D 1DV flrw D8 L. (4-3)
0<i,j<n
i+j<n
for all integer n > 0 and for all functions f, g € $(R). Here we write D) for the differentiation operator
of order i. Also T, is continuous from W™ (w) x W™ (w) into W™ (w) for all real m > 0.

Proof. Let us begin to prove (4-3). The two functions f and g are smooth so we can differentiate the
integral defining T, (f, g). It is also easy to check that

DT, (f, &) =T, (DY f, &) + T, (f, DVg) + Ty, (f, 8).

Then for higher orders, we get

DT, (f,9)= Y, Tyo(DVf, DVg).
0<i,j,k<n

i+j+k=n

By using the previous Theorems 1.1 and 4.5, we obtain (4-3). We can also deduce a weaker estimate

IDP T, (f, )llrew S lwnr @) lg 1wt )

for all f, g € ¥(R). By density (see Lemma 4.9), the operator 7, can be continuously extended from
WP (w) x W"4(w) into W"" (w). Then we will use interpolation to extend this result when »n is not an
integer. The exponents p, g and r are fixed and we study the bilinear operator 7,,. We have shown that
T, is continuous from W7 (w) x W4 (w) into W™ (w), for all integer n. By using bilinear interpolation
(with Lemma 4.9) on n, we finish the proof. (The theory of multilinear interpolation is studied in [Lions
and Peetre 1964, Chapter 4] for the real case and in [Bergh and Lofstrom 1976, Theorem 4.4.1] for the
complex case.) U
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Lemma 4.9. For all weight
we| JPa(D),
6>0
all exponent p € (1, 00) and all real s > 0, the space ¥(R) is a dense subspace in W* P (w). In addition,
the collection of Sobolev spaces (W* P (w))s>0 form an interpolation scale.

Proof. Let w be a fixed weight in  Jy.(Pg(1). We have seen in Remark 4.4 that » has a polynomial
growth. Since J;(¥(R)) = ¥(R), we have the inclusion ¥(R) C W*?(w). We recall that

Jy = (1d—A)*2.

In addition, we have that
L?(w) C ' (R),

so we can compute the operator J_; on the space L”(w). We finally obtain that J is an automorphism
from W*%?(w) to L?(w) and an isomorphism on ¥(R). As F(R) is dense in L” (w), we get the density
of $(R) into the Sobolev space W57 (w).

For the interpolation claim, we omit the details. The classical proof for complex interpolation with
o =1 can easily be extended to the general case. U

Remark 4.10. From the fact that the weight w(x) = 1 belongs to the class Py (1), we have also proved
that the operators of Theorem 1.3 satisfy an Holder’s inequality in Sobolev spaces.

Remark 4.11. Also with the notation of [Bényi et al. 2006], we have proved continuities for all operators
associated to symbols o € BS ?’0; o~ Inaddition, we have described the action of these operators on Sobolev
spaces. This is an interesting improvement of the last article and it incites us to obtain new results in
order to continue the construction of a bilinear pseudo-differential calculus. We will do it in a next paper
[Bernicot 2008] by introducing new larger symbolic classes of bilinear symbols of order (im, m;) and
studying rules of a bilinear symbolic calculus.

About continuities in Lebesgue spaces, a question is still open: What about the classes BSg’ 5.0 (defined
in [Bényi et al. 2006])?
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CONSTRUCTION OF ONE-DIMENSIONAL SUBSETS OF THE REALS
NOT CONTAINING SIMILAR COPIES OF GIVEN PATTERNS

TAMAS KELETI

For any countable collection of sets of three points we construct a compact subset of the real line with
Hausdorff dimension 1 that contains no similar copy of any of the given triplets.

1. Introduction

An old conjecture of Erdds [1974] (also known as the Erd8s similarity problem) states that for any
infinite set A C R there exists a set £ C R of positive Lebesgue measure which does not contain any
similar (that is, translated and rescaled) copy of A. It is known that slowly decaying sequences are not
counterexamples [Falconer 1984; Bourgain 1987; Kolountzakis 1997] (see for example [Humke and
Laczkovich 1998; Komjath 1983; Svetic 2000] for other related results) but nothing is known about any
infinite sequence that converges to zero at least exponentially. On the other hand, it follows easily from
Lebesgue’s density theorem that any set £ C R of positive Lebesgue measure contains similar copies of
every finite set.

Bisbas and Kolountzakis [2006] gave an incomplete proof of a related statement: For every infinite
set A C R there exists a compact set £ C R of Hausdorff dimension 1 such that E contains no similar
copy of A. Kolountzakis asked whether the same holds for finite sets as well. losevich asked a similar
question: if A C R is a finite set and E C [0, 1] is a set of given Hausdorff dimension, must E contain a
similar copy of A?

In this paper we answer these questions by showing that for any set A C R of at least 3 elements there
exists a 1-dimensional set that contains no similar copy of A. In fact, we obtain a bit more by proving
the following theorem, which immediately yields the two subsequent corollaries.

Theorem 1.1. For any countable set A C (1, 00) there exists a compact set E C R with Hausdorff
dimension 1 such thatif x <y <zand x,y,z € E, then

—X
=y

Corollary 1.2. For any sequence By, By, ... C R of sets of at least three elements there exists a compact

ZA.

set E C R with Hausdorff dimension 1 that contains no similar copy of any of B, Bs, . . ..

Corollary 1.3. For any countable set B C R there exists a compact set E C R with Hausdorff dimension
1 that intersects any similar copy of B in at most two points.

MSC2000: 28A78.
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The method of the construction is similar to the method used in [Keleti 1998], where a compact set
A of Hausdorff dimension 1 is constructed such that A does not contain any set of the form

{a,a+b,a+c,a+b+c}

for any a, b, c € R, b, ¢ # 0, so in particular A does not contain any nontrivial 3-term arithmetic pro-
gression.

Laba and Pramanik [2007] obtained a positive result by proving that if a compact set £ C R has Haus-
dorff dimension sufficiently close to 1 and E supports a probability measure whose Fourier transform
has appropriate decay at infinity then £ must contain nontrivial 3-term arithmetic progressions. It would
be interesting to know whether similar conditions could guarantee other finite patterns as well.

Perhaps one can even find conditions weaker than having positive measure that implies that a compact
subset of R contains similar copies of all finite subsets. This is not impossible since Erdés and Kakutani
[1957] constructed a compact set of measure zero with this property. The Erdés—Kakutani set has Haus-
dorff dimension 1 but, using the ideas from [Elekes and Steprans 2004], Mathé [> 2008] constructed
such a set with Hausdorff dimension 0. However, the packing dimension of such a set must be 1, since
the argument of the proof of [Darji and Keleti 2003, Theorem 2] gives that if a compact set C C R
contains similar copies of all sets of n points then C has packing dimension at least ”n;z

2. Proof of Theorem 1.1

Fix a sequence o, oz, ... C A so that each element of A appears infinitely many times in the sequence
(ag). Let

60y,
ﬁk=max(6ak, 1), (k € N). (1)
(0%
Since A C (1, 00), the number S is defined and B; > 6 for every k. We can clearly choose a sequence
my,my,...C{3,4,5,...} so that
log(B1 - - - Br)

k—oo log(my - - -my_1) -

@)

Let .
Sk = . 3)
k Br-Pr-my---my

By induction we shall define sets
EoDEIDE;D...

such that for each k € N

(x) Ej consists of m - - - my closed intervals of length §; which are separated by gaps of at least §; and
each interval of E;_q contains my intervals of Ej.

We will denote by
T LN b

> myeemy

the intervals of Ej} ordered from left to right, and by

(Jn» Kn, Ln)nEZ
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an enumeration of the set
F:{(Iak,llf,lck):a,b,c,keN,a <b<c§m1---mk}

such thatif n > 1 and (J,, K,,, L,) = (/ 5, I,f, IC") then n > k. Since each element of A appears infinitely
many times in the sequence (ctx), by repeating each element of I' infinitely many times we can also
guarantee that for all a € A and for all (J, K, L) € I, there exists n € N such that

a,=a, and (Jy,K,,L,)=(,K,L). 4)

Let Eyp = [0, 1] and choose E; so that (x) holds for k = 1. Suppose that k > 2 and Ey, ..., Ex_| are
already defined so that (x) holds for 1, ..., k— 1. Then (Jy, Ky, L) is already defined and each interval
of Ey_ is either contained in exactly one of Ji, Ky and Ly or disjoint from them.

We shall define E} so that

xeENJy, yeENKy and ze€ EyNLy

will imply that

Let I be an interval of E;_; which is contained in Ji. Since [ has length §;_; and using (3) and (1)

we have 5
=1 _ my B > g > mp 41,
RIVTAIE 3y

and / contains more than my points of the form 3w, 8;i for i € Z. Hence we can choose the my intervals
of Ey in I as segments of the form

Sk Biax +10,11) @G € 2).
If I is an interval of E;_; which is contained in Ky, then similarly, since

Sk—1 _ miPr S omp > mg + 1,

36k 3

we can choose the my, intervals of Ej in I as segments of the form

8(3j+10,1D) (€ 2).
If I is an interval of E;_; which is contained in L, then, since by (3) and (1) we have
Sk—1 miPr

3oy 3oy
op—1 k ap—1

we can choose the my intervals of Ej in I as segments of the form

3ot 1
5"(ak S+ DO, 1) e

In each of the rest of the intervals of E;_; we define the my intervals of length §; of Ej arbitrarily so
that they are separated by gaps of at least length §y.
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This way we defined Ej so that (x) holds. Let

o
E= ﬂ E;.
k=1

Then E is clearly a compact subset of R. Condition (x) implies that the Hausdorff dimension of E is at

least

bmi log(my - --my_1)
iminf
k— 00 —log(mkSk)

(see [Falconer 1990, Example 4.6]). On the other hand, using (3) and (2) we get that

.. Jdog(my---my—y) . log(my - --my_1)
lim inf = =1,
k—oo  —log(mydy) k—oo log(Bi - - Pr) +log(my - - -my_1)

and therefore the Hausdorff dimension of E is 1.
Finally, to get a contradiction, suppose that

Z—X
=y

€A.

x,y,z€ E, x<y<gz, and

Since §; — 0, there exists a k € N such that x, y and z are in distinct intervals of Ey. Then, by (4) there
exists an n € N so that
Z—X

<=y

xel,, yekK,, z€L, and =w,.

By the construction of E,, there exists i, j, [ € Z such that

3a,
X €8,Giay +10,1]), v €8,(3j +10, 1)), andzean(L_l(H%)Jr[o,l]).

(o47]

Let

X =3ia, +[0,1], Y =3j+[0,1], and Z= 3“"1(1+%)+[0,1].

n
Then 3"7 eX, % €Y and 5%, € Z. On the other hand, % =« implies that o,y = x + (o, — 1)z, so (by
using the notation A+ B ={a+b:a € A, b € B}) we must have

YN X+ (y—1)Z2) £ 2. ®))
By definition (and using that «;, > 1),

and
X+ (o — 1)Z = 3ict, +[0, 11+ 30, (L + 3) + (2 — DO, 1]
=30 +l)an + [%an» %an]
=a,3G+D+[3,3). @)
Since i, j,l € Z, (6) and (7) contradict (5).
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VANISHING VISCOSITY PLANE PARALLEL CHANNEL FLOW
AND RELATED SINGULAR PERTURBATION PROBLEMS

ANNA MAZZUCATO AND MICHAEL TAYLOR

We study a special class of solutions to the three-dimensional Navier—Stokes equations d,u” + V,vu" +
VpY = vAu", with no-slip boundary condition, on a domain of the form Q = {(x, y,2) : 0 <z < 1},
dealing with velocity fields of the form u" (¢, x, y, z) = (v" (¢, 2), w"(¢, x, 2), 0), describing plane-parallel
channel flows. We establish results on convergence u” — u® as v — 0, where u° solves the associated
Euler equations. These results go well beyond previously established L>-norm convergence, and provide
a much more detailed picture of the nature of this convergence. Carrying out this analysis also leads
naturally to consideration of related singular perturbation problems on bounded domains.

1. Introduction

We look at a special class of solutions to the three-dimensional Navier—Stokes equations on a region
Q c R? with boundary:

o’ +Vpu'+Vp' =vAu'+F, divu’ =0, (1.0.1)

with no-slip boundary data
u’(t,q) = B(t,q), qe€iR, (1.0.2)

given B(t, g) a vector field tangent to dS2. This class consists of what are called plane parallel channel
flows. They involve a domain of the form

Q={(x,y,2):0<z<1}, (1.0.3)
velocity fields of the form
u"(t,x,y,z) =", z2),w"(,x, z),0), (1.0.4)
and external forces of the form
F=(f(t2),8( x,2),0). (1.0.5)

This class is mentioned by X. Wang [2001] as a class to which his main theorem on L?(2)-convergence
as v — 0 (itself a refinement of earlier work of T. Kato [1984]) applies.

There is substantial motivation to obtain a much more detailed picture of the behavior as v — 0,
including convergence in much stronger topologies, especially away from the boundary, if the initial
data and forces satisfy appropriate smoothness hypotheses, and also an analysis of the boundary layer
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on which the solution can make an abrupt transition. The goal of this paper is to establish such stronger
results for this class of fluid flows, and to explore some related singular perturbation problems that arise
in the course of the analysis.

To begin the analysis, we note that if #” has the form (1.0.4) then divu#” = 0 and

Viu” = (0, v"(t, 2)9,w"(t, x, 2), 0), (1.0.6)
and hence
divV,pu' =0. (1.0.7)
Thus we can take p” =0 in (1.0.1) and rewrite the system (1.0.1) as
ov’ 8%V +f2)
— =V ) )
ot 072 ¢
5 5 (1.0.8)
8w”+ ,ow” <8 w”+8 w")+ « )
v =v ,X,2).
o1 ox ax2 a2 ) T8

(Note: The equations stated on p. 228 of [Wang 2001] have two misprints.) The boundary conditions

take the form
v'(t,z) =alt, 2), z=0,1,

(1.0.9)
w'(t,x,2) =b(t,x,2), z=0,1.
We take initial data independent of v:
v"(0,2) =V (2),
(1.0.10)
w" (0, x,z) = W(x, 2).
One wants to establish convergence of u" to u°, the solution to the Euler equation
dul +V,ou’ +vp'=F, divu’=0, (1.0.11)
with boundary condition
(1, p) |02, (1.0.12)
for p € 9€2, and initial condition
u’0,x,y,2) = (V(2), W(x, 2), 0). (1.0.13)
We have
Wt x,y,2) = (00, 2), w'(t, x, 2), 0), (1.0.14)
satisfying
v’ dw? 0 dw?
- = t’ , [ _— t, s . 1015
a7 f(t,2) or TV ox g, x,2) ( )

Initial data are as in (1.0.10).
We begin the analysis of the convergence of v" to v* and of w" to w® in Chapter 2. For simplicity we
take vanishing forces and boundary velocity. We also take functions to be periodic in x and work on

0={(x,z):x eR/Z, z €0, 1]}. (1.0.16)
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In Section 2.1 we take the particular case V =1 in (1.0.10) and in Section 2.2 we consider general initial
velocities of the form (1.0.10). We see that while the convergence of v” to v° has a simple nature, with
a boundary layer phenomenon easily treatable via the method of images, the nature of the convergence
of w” to w® is much more subtle. One tool we use to analyze w" is to compare it with the solution
to the analogue of the second equation in (1.0.8) with v¥ replaced by V (z). To state the strategy more
abstractly, we analyze the solution to

v

_ v v v _
o7 =vAw X,w"', w |RX3@—

0, (1.0.17)

where A = 8)% + 8Z2 and X, = v¥(¢, z)0y, by considering the solution to

v

Jw
ar vAw’ — Xw” +g", wv‘n‘\ewa@ =

0, (1.0.18)

where X = V(z)dy and g”" = (X — X,)w". To tackle (1.0.17), we use Duhamel’s formula, which gives

t
w' (1) = ' VAW 4 / eU=OWVA=X) oV (5) ds. (1.0.19)
0

This leads to some successful estimates, produced in §Section 2.1-2.2, on the difference R" (¢, x, z) =
wV (1) — e' VA=Y W . We show that for each p € [1, 00), t € (0, T,
IRV (t, Loy < Cpv'/2Pe1H1/2P, (1.0.20)

and that, as v — 0,

R"(t,x,z) — 0, uniformly for 7 € [0, T1], (x,z,v) €0,, (1.0.21)

172 5 soas v — 0.

where 0, = {(x, z, v) : dist(x, z), d0) > n(v)}, for each n(v) satisfying n(v)/v
Thus much information about w" is revealed by the behavior of ¢/A~)W. In case V = 1, the
operators X and A commute, and the behavior of ¢’ VA=W = ¢~'X¢!"AW is also quite accessible via
the method of images. For general V (z), the behavior of e/ "2=X) requires further study.
Chapter 3 is devoted to the study of e/VA=%)_ It is natural to work in a more general setting than in
Chapter 2. In place of (1.0.16), we take O to be a compact Riemannian manifold with smooth boundary,

with Laplace-Beltrami operator A, and we take a smooth vector field X on O satisfying
X |00, divX =0. (1.0.22)

We obtain convergence results
VAT s (1.0.23)

as v — 0, in a number of function spaces, including L?-Sobolev spaces H?9(0), for g € [2, 0), o €
[0, 1/g), and also spaces

VKO)={feL*0):Y,---Y;f e L*(0), Vj <k, YoeX'}, (1.0.24)

where X! consists of smooth vector fields on O that are tangent to 30.
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We also produce a layer potential analysis of e/"A=%) £ which provides a detailed picture of the
boundary layer behavior as v — 0. To do this, we find it convenient to work with

V(1) = X! VAN £, (1.0.25)
One of the main results is given in Proposition 3.7.4, that for / = [0, T'], § > 0,
" = (f =290 ) L xe) < CUNW N fll s ), (1.0.26)
where f?(t, y) = xr+(t) f(y) and 9? is a certain layer potential operator:

dH)y
(v, s,t,x,y)dSs(y)ds. (1.0.27)
ong,y

t
Wran=v [ [ o
0 Jo0

See Section 3.7 for more details, including the definitions of dS;(y), d/0ny y, and the Gaussian-type
integral kernel Hy(v, s, ¢, x, y).

In Chapter 4 we again consider solutions to (1.0.17). Here we work on a compact Riemannian manifold
with boundary O as in Chapter 3. We take X, to be a family of time dependent vector fields, suitably
generalizing the class X, = v"(¢, z)d, that arose in Chapter 2, converging to X in a similar way as
vY(t, z)0; converges to V(z)d,. The main results are given in Propositions 4.2.1-4.2.4. We obtain
convergence results

w' (1) —> e X f (1.0.28)

as v — 0, in V*(0), and in L?(0), for 1 < p < 0o. Analogues of (1.0.19) play a role in the analysis, and
we make strong use of results of Chapter 3.

In Chapter 5 we return to the specific setting of plane parallel channel flow and draw further conclu-
sions about the convergence of v" to v” and of w" to w’. We extend the scope of Chapter 2 by allowing
for some nonzero boundary velocity, arising from rigidly translating the flat boundary faces. We take
boundary data B(¢, g¢) of the form

B(t,x,z) = (aj(1), Bj(1),0), z=je{0,1}, (1.0.29)

and allow o (¢) and B;(¢) to be fairly rough. We start with the special case («;(?), 0, 0), giving motions
of the boundary parallel to the x-axis.

The spaces V% (0) in (1.0.24) are special cases of “weighted b-Sobolev spaces,” introduced and studied
in [Melrose 1993]. In Appendix A we discuss this point and use it to establish some complex interpolation
results for these spaces, which are of use in Sections 3.3 and 4.2.

This paper is a companion to [Lopes Filho et al. 2007], whose goal was to give a precise analysis
of the convergence of the solution of the Navier—Stokes equation, as the vorticity tends to zero, to a
steady solution of the Euler equation for 2D circularly symmetric flow in a disk or annulus, sharpening
L? analyses done in [Matsui 1994], [Bona and Wu 2002], and [Lopes Filho et al. 2008].

2. First results on plane parallel channel flows

Here we start our investigation of the convergence of v" and w” as v — 0, when these functions are
solutions to (1.0.8) (with f = g =0 and vanishing boundary condition). The main result of this chapter
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is the estimate (2.2.11) on
w'(t, x,2) —e'"ATOW(x, 2), (2.0.1)

together with some of its consequences. To carry on, we need to understand the second term in (2.0.1).
This motivates the work of Chapter 3.

2.1. Particular case. Let us take f = g =0in (1.0.8) and in (1.0.15), and
V=1, W=W(kx,2) (2.1.1)
in (1.0.10). Consequently we have
Vi, =1, wlt,x,2)=Wx—t,2) (2.1.2)
as the solution to the Euler equations. Let us also take a = b =0 in (1.0.9), i.e., boundary conditions
vVWit,z2) =w"(t,x,2) =0, z=0,1. (2.1.3)
Consequently, for the solution (v”, w”, 0) to the Navier—Stokes equation, we have first of all that
v"(t, 2) = e up(2) = e 1(2), (2.1.4)
where A is the self-adjoint operator on L2([0, 1]) defined by
PD(A) = H*([0, 1) N Hy ([0, 1]), A =3 on B(A). (2.1.5)

One can analyze (2.1.4) via the method of images to get a good picture of the boundary layer near
7 =20, 1. Then the equation for w"” becomes

ow" N ,ow” (82w” n 82w”> 2.1.6)
v = , 1.
ot 0x 0x2 072
with initial condition given in (2.1.1) and boundary condition given in (2.1.3).
Let us assume W (x, z) in (2.1.1) is smooth and periodic of period 1 in x, so
WeC®0), 0=({(x,2):xeR/Z, z]0,1]}. (2.1.7)
Elementary estimates imply
lw”OllLr@) < IWlLr@), 1= p=<oo. (2.1.8)
Note that for k € Z ™,
wy = *w” (2.1.9)
satisfies 5P -
T 0% — yAw), (2.1.10)
ot 0x
where we have set
GRS
A=—+—. 2.1.11
0x?2 + 072 ( )

Also
wp(t,x,z)=0, z=0, 1. (2.1.12)
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Hence, parallel to (2.1.8), we have
lw{ O llLro) 195 WllLrey, 1< p<oc. (2.1.13)

To obtain a finer analysis of w" (¢, x, z), let us rewrite (2.1.6) as

ow" ; ) b ow”
=—0,w’ +vAw" + (1 —v") (2.1.14)
ot ox
Then Duhamel’s formula gives
t awv
w'(t,x,7) = VAW (x, 2) +/ e<f—S><”A—3x>[(1 —"(s, 2)) 3 (s, x, z)] ds. (2.1.15)
0 by
Here A stands for the self adjoint operator given by (2.1.11), with
@(A):Hz(@)ﬂHol(@). (2.1.16)

Note that /"2 and =% are commuting semigroups, with e "% f(x, z) = f(x —t, z). Hence we have
t
w’(t, x,z) =" W(x —1,2) +/ eUTA[(1—v¥(s, 2)wi (s, x — 1 +5,2)] ds, (2.1.17)
0

where, as in (2.1.9), we have w| = d,w". Let us write (2.1.16) as
w’(t,x,z) =AW (x —t,2) + R"(t, x, 2). (2.1.18)

By the method of images (or otherwise) we have a clear picture of the first term on the right side of
(2.1.18). Let us estimate the remainder, R" (¢, x, z). By (2.1.13) and the positivity of e~V we have

t
IR"(t, x, 2)| 5cf eUTIVAIL — (s, 2)| ds, (2.1.19)
0

since d, W € L°°(0). The analysis of (2.1.4) via the method of images gives
I1—2"(s,2)| < Cro((sv)~%8(2)), (2.1.20)
for s € [0, T], where §(z) = dist(z, {0, 1}) and ¢(¢) is rapidly decreasing as { — oco. Hence, for
p €1, 00),
t 1 1/p
IRV (t, )lLr) < c/ (/ 11 —v"(s, 2)|? dz> ds < C,v'/2PeH1/2r, (2.1.21)
0 \Jo

Furthermore we have, as v — 0,
R"(t,x,z) — 0, uniformly for ¢ € [0, T], §(z) > o, (2.1.22)
given §p > 0. Indeed, given n(v) such that

%aoo as v— 0, (2.1.23)
v
and

0, = {(x.2.v) 1 x €R/Z, §(z) = n(v)}, (2.1.24)
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we have
R"(t,x,z) — 0, uniformly for 7 € [0, T], (x,z,v) € 0,. (2.1.25)

However, (2.1.15)—(2.1.19) do not reveal the fine structure of wV(¢, x, z) on the boundary layer. Some
other approach will be required for this.

2.2. More general case. As in Section 2.1, we take f = g =0 in (1.0.8), but now we extend (2.1.1) to
the more general case

v(0,2) =V(z) € C¥(I), w"(0,x,2)=W(x,z) e C®0), (2.2.1)

with O as in (2.1.7). Then (2.1.2) is modified to
V() =V@), wt,x,2)=Wx—1V({),2). (22.2)

We retain the boundary conditions (2.1.3), i.e.,
vW(t,z)=w"({t,x,z2)=0, z=0,1. (2.2.3)

Thus, in place of (2.1.4), we have
v (t, 2) =MV (2), (2.2.4)

again with A asin (2.1.5). With these modifications, one still has the Equation (2.1.6) for w". We continue
to have the estimates (2.1.8) on [|w"(#) |z ). We also have the estimates (2.1.13) on [|w;(?)||.», where

wy = kw".
To obtain a finer analysis of w" (¢, x, z), we use the following modification of (2.1.14):
ow” ; ) b ow”
=—V(@)oyw’'+vAw" +(V —v") . (2.2.5)
at ax
Then Duhamel’s formula gives the following variant of (2.1.15):
t . awv
w'(t, x,2) = ' VATVIW(x, 2) + f elImIWAZY) [(V — ') (s)] ds. (2.2.6)
0 X
Here vA — V3, generates a contraction semigroup on L?(0) with domain
D(vA —Vd,) = Hy(0)N H?(0). 2.2.7)

It also generates a contraction semigroup on L”(0) for 1 < p < oo, strongly continuous for p € [1, 0c0),
but not for p = co. We mention that the Trotter product formula— for which see [Trotter 1959] or
[Taylor 1996, Chapter 11, Appendix A]— holds here. Given p € [1, c0) and f € L?(0), we have

e VATV £ — Jim (el/MVAemW/mVENT £ in LP-norm. (2.2.8)
n—oo
Of course,
eV fx,2) = f(x —sV(2), 2). (2.2.9)

To proceed, we have, parallel to (2.1.18)—(2.1.19),
w’(t,x,2) = VAV W(x, 2) + R"(¢, x, 2), (2.2.10)
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with

t t
IR"(t, x,2)| < c/ UTOWVAZVII Yy v (s) | ds = c/ TRV () —v (s, 2)|ds,  (2.2.11)
0 0

since 9, W € L*°(0). Again, to get this, one uses the estimate (2.1.13) with k = 1, and the positivity of
=)A=V For the last identity in (2.2.11), one uses the fact that V (z) — v" (s, z) is independent of
x. Once we have (2.2.11), we can again apply the method of images to estimate

[V (2) —v"(s. 2)| < Cro((s1)7%8(2)). (2.2.12)

as in (2.1.20), except now we have only ¢(¢) < C(1+ £?)~!. This is enough for the estimates (2.1.21)-
(2.1.25) on RY(t, x, z) continue to hold.

In the current setting, the term e’ V2~V %)W requires a more vigorous investigation for general smooth
V(z) on [0, 1] than it did in the case V = 1, considered in Section 2.1. We want to establish results of
the form

VAT s e X f as v — 0, (2.2.13)
in L?-norm, for all f € L?(0), where
X =V (z)0,. (2.2.14)

We also want to investigate such convergence in other function spaces. We will obtain such results, in a
more general context, in the chapters that follow.

3. Analysis of solutions to u; = vAu — Xu

We examine the solution operator e/ VA=%) f = y(¢), given by

ad
8—?:vAu—Xu, u©)=f, u(,x)=0 for x € 90. 3.0.1)
We work in a more general context than in Section 2.2. Assume O is a compact Riemannian manifold,
with smooth boundary 90, and with Laplace-Beltrami operator A, and X is a smooth, real vector field
on 0, satisfying

X || 00, divX=0. (3.0.2)

Under such hypotheses, for each v € (0, 00), e'"»~%) is a strongly continuous contraction semigroup on
L?(0) foreach p €[1, 0o). Furthermore, the Trotter product formula holds; given p €[1, c0), f € L?(0),

&%) £ — Jim (e(t/")”Ae_(t/")X)n £, in LP-norm. (3.0.3)

n—oo
Our goal is to obtain precise results on convergence

e (3.0.4)

as v \( 0. In particular, we establish convergence in a variety of function spaces. In Section 3.1 we
establish such convergence in the L7-Sobolev space H*9(0) for g € [2,00) and s € [0,1/g). In
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Section 3.2 we study local convergence. For this, it is convenient to work with

V(1) = X! VA 7, (3.0.5)

which solves
v

ot
with boundary condition v’ = 0 on R™ x 80, where L(¢) is the smooth family of strongly elliptic
differential operators given by L(t) = ¢/X Ae™X. Given Q| € Q¢ CC 0, we show that if f € L?(0) and
f € H (Qo), then v”(f) — f in H*(2). In Section 3.3 we establish convergence in the space

=vL(t)v", v'(0) =/, (3.0.6)

VKO)={f e L*(©0):Y,---Y;f e L*(0), Yj <k, Y, eX'}, (3.0.7)

where X! consists of all smooth vector fields on O that are tangent to 90. In Section 3.4 we show that
the Laplace operator, with Dirichlet boundary condition, generates a holomorphic semigroup on V¥ (0).
This result is peripheral to the other results of this chapter, but it will prove useful in Section 4.1.

In Section 3.5 we extend the results of Section 3.1 to convergence in H% 4 for all g € [2, 00), 0 >0, in
case O is replaced by a compact manifold without boundary, M. These results are relatively easy, since
it is only the presence of a boundary that causes a problem. They are recorded here to lay a foundation
for the work in §Section 3.6-3.7. Section 3.6 is devoted to constructing a parametrix for the solution
of (3.0.6) on R™ x M, valid uniformly for v € (0, 1], and with increased precision as v N\, 0. The
construction here is parallel to, but somewhat more elaborate than the construction of a parametrix for
the heat equation (9, — A)u =0 on R™ x M, yielding short time asymptotics. The parametrix constructed
in Section 3.6 is used in Section 3.7 to produce a layer potential attack on solutions to (3.0.6) on R™ x O,
yielding sharp results on convergence in (3.0.4), including a picture of the boundary layer behavior.

3.1. Li-Sobolev estimates on ¢! "A=X),

g = 2. We have, for each v > 0,

This section is devoted to L?-Sobolev estimates. To begin, take

BWA —X)={f € H*©O) : flso = O}, (3.1.1)
B((wA=X)P)={f € H*O): flao =0, vAf — Xflse = O}, (3.1.2)

and, for k > 3,
B((vA =X ={f e H*O): flao =0, WA —X)! flyo =0 for j <k}. (3.1.3)

Comparison with analogous formulas for % (A*) yields the following.
Proposition 3.1.1. We have, for each v > 0,
GB((vA — X)) =3(A,  for k=1,2. (3.1.4)

Proof. The case k = 1 is immediate from (3.1.1). As for k = 2, note that if f € H*(0) and flaso =0,
then also X |30 = 0 (since X || 00), and hence Af |36 =0 < (VA — X) fls0 = 0. O

As stated in Section 2.2, we want to establish results of the form

VAT 5 e X £ as v— 0, in LP-norm, (3.1.5)
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forall f € LP(0), p €[l, 00). Since we know ¢’ "2~ is a contraction semigroup on L?(0), if we can
establish (3.1.5) for f in a dense linear subspace V" of L?(0), we will have it for all f € L?(0). This is
the approach we will take for p € [1, 2], using

V' =%(A%) = D((vA — X)?), given by (3.1.2). (3.1.6)

Given such f, u(t) = 'A% f satisfies

ou

E:—Xu-l—vAu, u(0) = f, (3.1.7)
and belongs to C([0, c0), FB(A2) N CL(0, 00), B(A)). Duhamel’s formula yields
uy=e X f4v /Ote_(t_s)XAu(s) ds. (3.1.8)
Thus .
I/ 1 =X flu < [ 18U s ds, (3.19)

so we have (3.1.5) whenever we can obtain a favorable estimate on the right side of (3.1.9). The following
lemma provides a key, first for p = 2.

Lemma 3.1.2. Take f € V', given by (3.1.6), and set u(t) = ¢'V2=% £ with v > 0. Then there exists
K € (0, 00), independent of v, such that

lAu®)l7, <X NAfI. (3.1.10)
Proof. We have
d
E||Au(t)||i2 =2Re (Adu, Au);2 =2Re (WA%u, Au) 2 —2Re (AXu, Au);»
< —2Re (AXu, Au);2 = —2Re (XAu, Au);2 —2Re ([A, Xu, Au);»

<2K||Aul?,, (3.1.11)
with K independent of v. The last estimate holds because
ge(A) = |(Xg, &)r2| < Kilgll72, (3.1.12)
and
u(t) € (A% = [A, XJu(t) € L*(0) and
A, XTu@®)ll 2 < Kallu@®)ll g2 < K2l Au(@)]] 2. (3.1.13)
The asserted estimate (3.1.10) follows. U

Proposition 3.1.3. Given p € [1, 00) and f € L?(0), we have (3.1.5), with convergence in L?-norm.

Proof. For p € [1, 2], this follows from the operator bound ||e'"A~%) l¢Lry < 1, the denseness of ¥ in
L?(0), and the application of (3.1.10) to (3.1.9), which gives convergence in L?-norm, and a fortiori in
L?-norm, for each f € V.

Suppose now that p € (2, oo), with dual exponent p’ € (1, 2). All considerations above apply with X
replaced by —X, so we have

VAo 5 o Xe  as v 0, (3.1.14)
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in L” -norm, for each g€ L”. This implies that for each f € L?(0), convergence in (3.1.5) holds in the

weak* topology of L”(0). Now, since e ' is an isometry on LP(0), we have

le™™ fllzr = limsup |47 £, (3.1.15)

v—>0

for each f € L?(0). Since L?(0) is a uniformly convex Banach space for such p, this yields L”-norm
convergence in (3.1.5). U

To continue, we have from (3.1.10) the estimate
1e" 275 Fllacay < 11 fllonca). (3.1.16)
first for each f € ¥, hence for each f € %(A). Interpolation with the L2- estimate then yields
e 270 Fllg—ary < €IS oy, (3.1.17)
for each s € [0, 2], f € D((—A)*/?). Now
B((—A)/?) = H*(0), for se[0,4). (3.1.18)

so we have

le" 270 flli o) < CeX I ey s €[0,5), (3.1.19)
where the factor of C might arise due to the choice of H*-norm; the important fact is that C and K are
independent of v € (0, co). We can interpolate the estimate (3.1.19) with

1" fllzoey < Il 1< p <o (3120
Using
1 1-0 0
[H(0), L7 (0))g = H'="1D(©),  ——=——+—. (3.1.21)
q@® 2 p
we have
1270 fllaea) < Cog eI 1 1ms(0), (3.1.22)
valid for
2<g<oo, oqel0]l). (3.1.23)

X

X and also on e'X.

We mention that similar arguments give analogous operator bounds on e~

Remark. In the absence of further compatibility conditions between X and A, one does not have

e X (A% > B(A?). (3.1.24)
Hence, typically, for f € @(A?),
sup e’ A7) fllgaz) = oo. (3.1.25)
ve(0,1]
twA—X) _

In some cases one does have (3.1.24), for example when X and A commute. In such a case, e
e""2eX Tt is our goal here to analyze ¢/ "2~%) when one does not have this extra compatibility.

From (3.1.22), we have the following convergence result.
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Proposition 3.1.4. Let g, o satisfy (3.1.23). Then, for each t € (0, 00),

feH™0) = lim VAT ot (3.1.26)
v—>

in H>9-norm.
Proof. Given f € H%1(0), (3.1.22) implies {e!@A=%) £y € (0, 1]} is bounded in H*4(0), for each
t € (0, 00), so there are weak* limit points. But Proposition 3.1.3 yields convergence to e X f in L9-
norm, so e ~'X f is the only possible weak* limit point. Norm convergence in H%9(0), for each 7 < o,
then follows from the compactness of the inclusion H?4(0) < H"4(0). Now we can pick o’ > o so
that o’q < 1, and take f; € H?4(0) so that fy — f in H%9-norm. We deduce from the argument just

made that as v — 0, ¢/V2=%) fi — ¢7'X f; in H%%-norm, for each k. Application of (3.1.22) with f
replaced by f — f; then finishes the proof. ([

We move on to some convergence results for classes of data f that vanish on 90.

Proposition 3.1.5. For eacht € (0, 00),

feD@d) = lim JVAT X (3.1.27)

weak* in B(A) = H>(0) N HO1 (0), hence in H®-norm for each s < 2.

Proof. Lemma 3.1.2 gives {e!A=X) £y € (0, 1]} bounded in B(A) for each f € ¥, hence for each
f €(A), as noted in (3.1.16). Since we have convergence to e~'X f in L2-norm, the weak* convergence
in @(A) follows. The norm convergence in H*(0) for each s < 2 then follows from compactness of the
inclusion H2(0) < H*(0). O

Proposition 3.1.6. Let C,(0) = {f € C(0) : fl|so = 0}. Then for each t € (0, 00),
feCp(0) = 1in% VAT o1 X (3.1.28)
v—
in the supremum norm, provided dim 0 < 3.

Proof. For dim0 < 3, %(A) C C(0), and it is dense in C,(0). Since ¢'’2~%) is a contraction on C;(0),
a standard argument yields (3.1.28) from (3.1.27). O

If the hypothesis in (3.1.28) is weakened to f € C(0), results obtained above yield convergence, weak*
in L°°(0), but of course one does not have L°°-norm convergence if f does not vanish on 90. In Section
3.2 we will show that convergence does hold uniformly on compact subsets of O.

3.2. Local regularity and convergence results for e'»~%), Given a function f on 0, consider
v(t) = X! VA X £, (3.2.1)
We have
8—;’ = ¢! X[X +vA — X]e! VAN f =yl X A VAN £ (32.2)
Now

L(t) =eXAe X (3.2.3)
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is a one-parameter family of strongly elliptic differential operators on O, depending smoothly on ¢, and
(3.2.2) yields

9
8—’; — vL(1)e X! AN 7, (3.2.4)

so v(t) is uniquely characterized by

8v_ L 0) —
a7 =" ®v, v0) =1,

We now prove the following local regularity result.

V| g+ a0 =0 (32.5)

Proposition 3.2.1. Let f € L?(0) and assume Q j are smoothly bounded domains satisfying 21 € Q¢ € 0.
Assume k € N and f € H*(Qq). Then the solution v = v" to (3.2.5) belongs to C([0, 00), HX(2))), and
foreach T € (0, c0) we have

t
" O35 ) +CTaV / 10" ) 3ee1 ) 45 < Cra(l f a1 £ 172q)s 0<t<T, (3.2.6)
0

with cti, Cri € (0, 00), independent of v € RT.

Proof. To start, note that
d
JovlEe =20(L (0w, v)le = Cv[[ Vol + Cvllvl; (32.7)
hence, for0 <t <T,
t
@30, +€Tov /0 IVV($) 1726, 45 < Croll 1172y (3.2.8)

which contains (3.2.6) for k = 0. To proceed, take ¢ € C5°(€20) such that ¢ = 1 on a neighborhood of
Q. Then w = @v" satisfies

oow=vL@®)w+vY(@)v, w(0)=ef, (3.2.9)
with
Y(t) =g, L()]. (3.2.10)
Note that Y (¢) is a smooth family of differential operators of order 1. Now pick m € {1, ..., k}. We
have, for | D" w7, =3 4 < 1D w7,

d
J D"l =20(D"[L(Hw +Y (1)v], D" w),»

=2v(L(t)D™w, D™ w) + 2v([D™, L(t)]Jw, D™ w) 4+ 2v(D™Y (t)v, D™ w)
< —C[ D" w7, + Cov| D" w7, + C3vl| D" 'Y (1)l 7 (3.2.11)

(To get from the second line to the third, integrate by parts to put the term 2v(D™Y (¢)v, D™ w)) in the
form 2v(D™~'Y (t)v, D"™*'w).) Hence we obtain, for ¢ € [0, T,

t t
ID"™ w(®) |72 +cTmy / ||Dm+‘w(s>||izdsfcfm[nD'"w(O)uiﬁv / ||D'"v<s)||iz(90)ds], (3.2.12)
0 0

from which (3.2.6) follows inductively. U
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We can deduce local convergence results from Proposition 3.2.1. Since

VW) — f = v/ot L(s)v(s)ds, (3.2.13)
we see that under the hypotheses of Proposition 3.2.1,
" @) = fllar2@y < Cv2 (L Lk + 1 ll2)- (3.2.14)
Interpolation with the bound on [[v”(2) || gx(q,) in (3.2.6) then gives
") = Fllax2 @y < OV (1 Targe + £ 112@)s (3.2.15)

for 6 € (0, 1]. Now if we take f; € L?(0) such that f; € H**1(Q¢) and f; — f in L*(0)-norm and in
H*(Q0)-norm, an argument such as used at the end of the proof of Proposition 3.1.4 gives:

Proposition 3.2.2. Under the hypotheses of Proposition 3.2.1, as v — 0,
V() — f in HYQ)), (3.2.16)
foreacht > 0.

We can pass from Proposition 3.2.2 to other local convergence results. Here is one.

Proposition 3.2.3. Let f € C(0), and take j as in Proposition 3.2.1. Then the solution v" to (3.2.5)
satisfies

v'(t) — f, uniformly on i, (3.2.17)
as v — 0. This holds uniformly int € [0, T'].

Proof. Take k > n/2 (n = dim0), and take ¢ > 0. Take g, € H*(0) such that || f — 8ellL~@) < €. Letv}
satisfy

v

0
YL, vY(0) = g,

o V|t a0 = 0- (3.2.18)
We have, by the maximum principle,
vy (®) =" )l < If — gllL=©) <e&. (3.2.19)
Meanwhile, Proposition 3.2.2 gives
v (1) = g in HY(Q)) Cc C(Q)), (3.2.20)
as v — 0, so (3.2.17) holds. U

3.3. Conormal type estimates on e'"A~%), Here we aim to show that {e/"2~%) 1y € (0, 1]} is a strongly

continuous semigroup, with norm bounds independent of v € (0, 1], on spaces of the following form:
VKO)={ueL*©):Y,---Y;jue L*©0), Vj<k Y, €X'}, (3.3.1)
forkeZt=1{0,1,2,...}, where
x!l= {Y smooth vector field on 0 : ¥ || 90}. 3.3.2)

See the Remark on page for a discussion of why ¥ (0)-norm estimates are called conormal estimates.
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Before starting to produce estimates, we develop some notation and preliminary material.
Lemma 3.3.1. There exists a finite set
{Yj:1<j<M)cx (3.3.3)
with the property that each element of X' is a linear combination, with coefficients in C*(0), of these
vector fields Y ;.
Proof. Routine. [l
From here, take Y; as in (3.3.3), let

J=GUs s Ji)s (3.3.4)
and set
Y =YY, =k (3.3.5)
Also set
X*=Span{z,---Z;:j<k, Z,eX"}. (3.3.6)
We have
x* = Span over C®(0) of (Y’ : |J| <k}, (3.3.7)
and

YkO©)={u e L*(©): Y u e L*0), V|J| <k}
={uel*0): LuelL?*0), VLex". (3.3.8)

We have the following square-norm and norm on V*(0):

NZw) =Y 1Y ulZs. NeGw) = NZw)'2. (33.9)
[J|<k
Also set
Py =Y 1Y ull},. (3.3.10)
|J|=k

We now estimate the rate of change of sz (u(t)) for
u(t)y=e' "0 f eVH0), (3.3.11)

starting with the case k = 0:

d
Euuniz =2(u;, u)2 = 2v(Au, )2 — 2(Xu, u) g2 = —2v|| V|7, (3.3.12)

since, for t > 0, u(t) €e D((vA — X)™) for all m, and hence u(t) € Hz’”(@)ﬂHO1 (0). Movingonto k=1,
we have
d 2
E”Yju”LZ =2(Yju;, Yju) 2
= 2v(YjAu, Yju)Lz — 2(Yle/t, Yju)Lz
= ZV(AYJ'M, YjM)LZ +2V([Yj, A]u, Yju)Lz - 2(XYjL£, Yju)Lz - 2([Yj, X]M, YjM)L2
= —21)||VYJ~u||i2 +2v([Y;, Alu, Yju)p2 —2([Y;, Xu, Yju);2. (3.3.13)
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Of the three terms in the last line, the first has a clear significance. For the third, we have [Y;, X] € X L
and hence

2(Y;, X1u, Yju) > < CP{(u). (3.3.14)

It remains to estimate the second term. For this, write
[Y.Al=)_ A¢B, (3.3.15)

¢

with Ag, B, smooth vector fields on 0. We have

20([Yj, Alu, Yju) 2 =2v Y (Bou, AjYju) 2 < vlIVYjulf, +v|[Yjul}, + Kiv|Vul7..  (3.3.16)
14

Plugging (3.3.14) and (3.3.16) into (3.3.13) and summing over j gives
d
EPf(u) <—v Z IVY;ull3, + (MC +v)PE(u) + MKv||Vu|*. (3.3.17)
J

The term M K v||Vu|?, is tamed by bringing in (3.3.12), to obtain

—(Pl (u) +

i Po2(u)) S—VZIIVYjulliz+(MC+v)Pf(u). (3.3.18)
J

Proceeding to general k, we take |J| = k and look at

%nmniz =2V u,, Y'u),»

=20(Y' Au, Y u) o —2(Y" Xu, Y/ u),»

=20(AY u, Y u) o +2v((Y7, Alu, YV u) o —2(XY u, Y2V u) o —2(0Y 7, Xu, YV u) 2

= —20|VY ullZ, +2v((Y7, Alu, Y7 u) 2 —2(0Y7, Xlu, Y/ u) 2. (3.3.19)
As with (3.3.13), of the three terms in the last line of (3.3.19), the first has a clear significance. For the
third, we have

(X, Y/ 1=[X, V1Y), - Yj 4+ Y- ¥ [X, V] e XK, (3.3.20)

and hence
(Y7, Xu, Y/ u) 2| < Cp PE(u). (3.3.21)

It remains to estimate the second term in the last line of (3.3.19). For this, write

J
[A, Y ]_Z oY (AL Y] jz+1"'ij:Zle"'sz—leijz+1"'ij’ (3.3.22)
=1
where L;, =[A,Y},]is a second order differential operator that annihilates constants. We say a product

of k factors

Yj oo Yj  LjYj,, - Y, (3.3.23)

is of type (k, £), meaning it is a product of k factors, all being vector fields in X! except one, in position ¢,
which is a second order differential operator that annihilates constants. If £ > 2, we can write (3.3.23) as

Yj---YjoLj - Yy +Yj - Y Y, Ljl--- Y, (3.3.24)
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a sum of terms of type (k, £ — 1) and of type (k — 1, £ — 1). Repeating this process, we convert (3.3.23)

into a sum of terms of type (j, 1), for j < k. Hence we have

Y7, Alu, Yy = Y (LY u, Y u)pe,
[I<k—1

where the L; are differential operators of order 2, annihilating constants; hence
L= Z AjjByj,
J

where Aj; are first order differential operators and B;; are vector fields. We then have

2w((Y!, Alu, Y u) e =20 Y > (BY'u, A} Y )

[|<k—=1 j

<Cv > VY ulle - (1YY ull g + 1Y ull2)
[T|<k—1

<vIVY ullf vl Y ullf + Cov D IV ).,

[1|<k—1
Inserting (3.3.21) and (3.3.27) into (3.3.19), we get

Y ull}, < = VY ulf + (Co+v)PE@) + Cev Y VY a3,

d |
dt -
|11<k—1

hence, for v € (0, 1], and with C; + 1 re-notated as Cy,
d T2 2 1,2
Pl = —v ”Z_k IVY7ull}. + MCy PE(u) +Mckvm<zk_l||w ulja

It follows that there exist Ag; € (0, 00) and By € (0, 00) such that if we set

k—1
NP )= P+ ) Ay P} (w),
j=0
then

d ~ ~
TNE@) < —v D0 IVY ulf + 2BV ),
|J|=k

when u = u(t) is given by (3.3.11). In particular, taking
el = NZ (),

we obtain
(@)l < e B us) .,

for 0 < s <t < oco. The next result will allow us to pass to the limit s \ 0 for f € V*.

Lemma 3.3.2. Foreachk € Z™, C;°(0) is dense in VE(0).

(3.3.25)

(3.3.26)

(3.3.27)

(3.3.28)

(3.3.29)

(3.3.30)

(3.3.31)

(3.3.32)

(3.3.33)



52 ANNA MAZZUCATO AND MICHAEL TAYLOR

Proof. Let € C*°(R) satisfy

Y(s)=0 for s <1,
2 (3.3.34)
1 for s>1,
and set
@5 (x)(x) = ¥ (87" dist(x, 30)). (3.3.35)
There exists 8o > 0 such that s € C;°(0) for § € (0, §p). Given f € V*(0) and |J| < k, we have
Y ps =gV [+ D (Yo f), (3.3.36)
(h,h)
where (I, I) runs over the partitions of the ordered set {ji, ... jx} into two subsets, such that |/;| > 1

(hence |I;| < k —1). It is clear from (3.3.35) that (p(;YJf — YJf in L?-norm as 8 N\, 0. Meanwhile
Y!1'ps =0 on {x € O0: dist(x, 30) > 8}, and

Y; e X' = ||Y"s)l1~ < Cy,, independent of § € (0, 89/2), (3.3.37)
so the sum over (I, I>) in (3.3.36) tends to 0 in L?-norm as § \, 0. Hence, whenever f e Vk(0),
gsf — f in ¥*-norm. (3.3.38)

From here the density of C5°(0) in V*(0) follows by a standard mollifier argument. U

Since C3°(0) C D((vA — X)™) for all m, we have u € C*([0, 00) x 0) whenever f € C§°(0), and
hence (3.3.31) holds for # > 0 and (3.3.33) holds for s = 0. That is to say, we have

"4 Fllys < & B f e, (3:3:39)

for all f in the dense linear subspace C;°(0) of *(0), and hence for all f € ¥*. Also this density
implies:

Proposition 3.3.3. Foreachk e 7+, v >0, V2% is a strongly continuous semigroup on V*(0), and
(3.3.39) holds for each f € V*(0).

We emphasize that (3.3.39) holds with B independent of v € (0, 1]. From here we can obtain con-
vergence results as v N\ 0.

Proposition 3.3.4. In the setting of Proposition 3.3.3,
ferko) = y{% e VATX) o1 X g (3.3.40)

in norm, in V*(0).

Proof. The estimate (3.3.39) implies {e'VA=X) £y € (0, 1]} has weak® limit points as v N\ 0. By
Proposition 3.1.3, (with p = 2), e X f is the only possible such limit point. This gives convergence in
(3.3.40), weak® in ¥*(0). We next aim to improve this to norm convergence. In view of the uniform
bounds in (3.3.39), it suffices to establish norm convergence on a dense linear subspace of V*(0). Take
f € C5°(0). We use the complex interpolation identity

V*(0) = [L*(0), ¥ 2. (3.3.41)
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See Proposition A.1.1 in the Appendix for a proof. This implies

1/2 1/2
gl < Igl,5 lgllys (3.3.42)

for g € %2k(0). Hence, for f € Y2k(0),

172

Vo (3.3.43)

” (et(vA—X) _ e—zx)wa < ” (et(vA—X) _ e—tX)f” lL/22 H (et(vA—X) _e—zx)fH

The first factor on the right side tends to zero as v N\ 0, by Proposition 3.1.3, and the last factor is
uniformly bounded as v \{ 0, by (3.3.39), with k replaced by 2k. This completes the proof. ([

Remark. The class of differential operators X*, k > 1, together with multiplications by smooth func-
tions on O, is what is called the algebra of totally characteristic differential operators in [Melrose 1981;
1993]. These works also develop a related class of pseudodifferential operators; see also [Melrose 1996]
and [Hormander 1985, §18.3]. The spaces V¥ (0) are special cases of “weighted b-Sobolev spaces,”
introduced in [Melrose 1993]. This is discussed further in Appendix A.

We briefly comment on why we call V% (0)-norm estimates “conormal estimates.” The term “conormal
distribution” was introduced in [Hormander 1971]. In essence, if M is a smooth manifold, X a smooth
submanifold and & a given Banach space of distributions on M (such as L*>(M))andif fand X, --- Xi f
belong to & for all k and all smooth vector fields X; on M that are tangent to X, then f is said to be
conormal distribution with respect to X. See also [Hormander 1985, §18.2] for a detailed treatment.

3.4. Holomorphy of the semigroup e*® on V*(0). As usual, take B(A) = H*(0) N HO1 (0). The semi-
group %2 is a holomorphic semigroup on L?(0), for Re ¢ > 0. Here we show it has a bound

€52 fllyx < BN Fllope, (3.4.1)

uniformly for ¢ in a wedge
Wg={t+is:t>0, |s] < Kt}, (3.4.2)

with B = B(k, K). We then derive some useful consequences from this.
To start, take 6 € R and set s = ¢ and consider

u(t) = HOA ¢ (3.4.3)

supressing 6 in the notation on the left side of (3.4.3). We have

d .

E||u||%2 =2Re (u;, u)2 = 2Re (1 +i60) Au, u) ;2 = —2||Vu| 7. (3.4.4)
This is the standard result for ¥°(0) = L?(0). Moving on to V¥ (0) with k = 1, we have

%anuniz =2Re (Yjuy, Yju) 2
=2Re (14i0)(Y;Au, Yju),»
=2Re(1+i0)(AYju,Yju);2+2Re (1 +i60)([Y;, Alu, Yju) ;>
< =2|VY;ull3, +20|(Y;, Alu, Y;u) |, (3.4.5)
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where we have set ® = +/1+62. As in (3.3.15)—(3.3.16), we have
20((LY;, Alu, Yju) 2| < |VYjull, + 1Y ull7. + Kil| Va7, (3.4.6)
and hence, parallel to (3.3.17),

—Plw) ==Y _IVY;ul}, + K[ Vul].. (34.7)
J
Then, parallel to (3.3.18), we have

d
wr —(PE(u) + K2 P (w)) < Z IVYull?,, (3.4.8)
giving (3.4.1) for k = 1, first for f € C§°(0), which is dense in ¥'1(0), then for general f € V'1(0).

The passage to general k proceeds along the same lines, in parallel with estimates done in (3.3.19)—
(3.3.31), but with the simplification that X is not involved.

We record some standard but significant consequences of the holomorphy of ¢2 and the estimates
(3.4.1). First,

—EAfI < Clel T e BN I, (3.4.9)

H dt vk
for ¢ € Wk 2, as follows from the Cauchy integral formula applied to a circle of radius ~ c|¢| centered
about ¢. This estimate implies

186" flls = <™ Flle. (3.4.10)
for t > 0, and hence
Y7 Ae® £l < geBtIIfllw, | =k. (3.4.11)
Using this, we will establish the following.
Proposition 3.4.1. Take Ty € (0, 00). Then, fort € [0, Tp], we have
tY7e'® V% (0) - H?*(0) bounded, for |J| =k. (3.4.12)

Proof. We use induction on k. For k =0, (3.4.12) follows from the & = 0 case of (3.4.10). To establish
(3.4.12) for k > 1, it suffices to show that

tAY’ e V*(0) — L%*(0) is bounded, for |J| = k. (3.4.13)
Using (3.3.22)—(3.3.25), we have

tAY et =ty A +1 > LiY'e', (3.4.14)
=<k—1
where each L; is a second order differential operator. The bound on the first term on the right side of

(3.4.14) in L(V*(0), L?(0)) follows from (3.4.11). The bound on the sum over |I| < k — 1 follows by
the induction hypothesis. This proves (3.4.12). U

We can interpolate the bound c
1Y 7€' Fllr) < 11 Fllvs (3.4.15)
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with the bound

Y7 fll 20y < CILf e (3.4.16)
valid for ¢ € [0, Tp] by (3.4.1), using
IF g < CIUF IS IFI LS, (3.4.17)

to obtain:

Corollary 3.4.2. In the setting of Proposition 3.4.1,

C
17 flley < 70 fllves 1=k, (3.4.18)
Consequently
C
€' Fllpeer = 1L llye. (3.4.19)

3.5. Estimates on ¢'"2~% in case of empty boundary. Here we consider the family of semigroups
¢'"A=X) acting on functions on M, a compact, n-dimensional, Riemannian manifold without boundary.
Again A is the Laplace-Beltrami operator. We assume X is a smooth vector field on M. This time we
will not assume that div X = 0. We will show that in this setting we have much stronger convergence
results than obtained in Section 3.1. Ultimately it will be our goal to use the results obtained here to
strengthen the results of Section 3.1.

To begin, let us note that in the current context, (3.1.4) is strengthened to

B((vA — X)) =A% = H* (M), VkeN, (3.5.1)
whenever v > (. Because of this, we can improve Lemma 3.1.2 to the following.

Lemma 3.5.1. Take f € C®(M), and set u(t) = ¢'V2=% £ with v > 0. For each k € 7, there exists
K = K (k) € (0, 00), independent of v, such that

11 =AY u®2, < X1 = A FI3,. (3.5.2)

Proof. Straightforward analogue of the proof of Lemma 3.1.2. U
Corollary 3.5.2. We have, for eachk € 7™,

e 27 Fllaary < € 1L f lancar)s (3.5.3)
for each f € C*® (M), hence for each f € B(AF).
Remark. This contrasts with the possibility of (3.1.25), which can occur in case of nonempty boundary.

Note that the maximum principle holds, so, for each v > 0,
le" A% Fll oo < 11|z (3.5.4)
Interpolation with the case k = 0 of (3.5.3) implies

e A% £l <X fllLe, (3.5.5)
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for f € LP(M), p €[2, 00). We could also get this for p € [1, 2), but we will not take the space to do
this. We can further apply interpolation to (3.5.5) and the estimates

" VAX Fllyu < CeXM| flly, keZt, (3.5.6)
which follow from (3.5.3) and (3.5.1). First, we have
le'A=%) fligs < CeX || fllps, s €RT, (3.5.7)

with C = C;, K = K, independent of v. Then, in place of (3.1.21), we have

1 1—-6 0
[H(M), L"(M)]g = HI™D% 9D (py,  —— = —— 4 —, (3.5.8)
q(@0) 2 p
and hence
le' A=) £l goaiary < Cog€® Il f Nl o carys (3.5.9)

valid for g € [2, 00), o > 0.
We next consider convergence results, as v — 0. As in (3.1.8), we have for u(¢) = e’(”A_X)f the
identity

t
uty=e X f4v / e"IX Au(s) ds, (3.5.10)
0

hence ;
(@) =™ fllgaky < v /0 1% Au(s) gty ds. (3.5.11)
We use (3.5.3) plus the analogous estimate on e~ to deduce that
le' A0 f — e fllgany < CVILf s, (35.12)
for f € C*°(M). We hence have
e N a4 (3.5.13)

in @(A*)-norm (hence in H**-norm), for each f € C®(M), hence, via (3.5.3), for each f € B(AX).
Then, using (3.5.9) and (3.5.4), and standard density arguments, we have:

Proposition 3.5.3. Given f e H>9(M), 0 >0, g €2, 00), convergence in (3.5.13) holds in H*9-norm,
asv — 0. Given f € C(M), convergence in (3.5.13) holds uniformly, as v — 0.

3.6. Parametrix for 3; — vL(t) on Rt x M. As in Section 3.5, let M be a compact, n-dimensional,
Riemannian manifold without boundary, with Laplace-Beltrami operator A, and let X be a smooth vector
field on M. As in Section 3.2, let L(t) = !X Ae™'¥, so, for f € @'(M),

v(r) = X! VA (3.6.1)
solves

?3—;’ =vL(Hv, v(0)=f. (3.6.2)

We denote the solution operator by S :

St = !X VATX), (3.6.3)
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Parallel to results of Section 3.5, we have
IS5 f Nl sr < CeX I f Nl sr (3.6.4)

for f € H*P(M), with C = C, ,, K = K , independent of v > 0, given p > 2, s > 0. (With a little
more work, we could take any p € (1, 00), s € R.) Our goal here is to construct a parametrix, revealing
the fine structure of S) as v — 0.

Preparatory to beginning this parametrix construction, it is also useful to note that Proposition 3.2.1
continues to hold in the current setting. In particular, given Q) € Qo C M, k € N,

1S5 £ 13k gy < Cra(IF Wk gy + 1 W 72apy)s 02T, (3.6.5)

with Crj independent of v > 0. Applying this and a partition of unity argument, we see it suffices to
construct a parametrix for S f when f is supported on a coordinate patch € C M, and it suffices to
analyze this approximation to S’ f(x) for (¢, x) € [0, T] x , uniformly in v € (0, 1].

On a coordinate patch €2, we have

Lityu= > La(t, )3 (3.6.6)
(Note that L(¢)1 =0.) Let us set =lal=2
Le(t.x.6)= ) La(t. 0)(£)" k=1,2. (3.6.7)
lo|=k
Note that -
Lyt x,§) =—G(t.x.§) = — Y _ g/ (t. 0)&E;. (3.6.8)

ij
where (g;;(t, x)) = (g" (¢, x))~! is the metric tensor on M, pulled back via the flow generated by X.
We write our approximate solution to (3.6.2) on R* x  as

S f(x) = Qm)™"/? / a(v, t, x,£)e™ f(&) d, (3.6.9)
where f (&) is the Fourier transform of f, given by

Fer =@ [ peoetvx,
and the amplitude a(v, t, x, §) will take the form of an asymptotic series
a(v.1,x,§)~ ) ajv.1,x,8), (3.6.10)
Jj=0

whose terms a; will be constructed below. In outline this construction is similar to that done in [Tay-
lor 1996, Chapter 7, §13], constructing a parametrix for e'® for small ¢, but here the set-up is more
complicated.

We start with the following consequence of the Leibniz identity:

2
vL(t)(aeix"E) = [ng(t, x,8a,t,x, &) +v Z By _¢(t,x,&, Dy)a(v,t, x, S)]e"x"g, (3.6.11)
=1
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where By_,(t, x, &, D,) is a differential operator of order £, whose coefficients are polynomials of degree
2 — ¢ in &, and smooth in (¢, x). To satisfy (3.6.2) formally, we require

da 2
o vLy(t,x,8)a+v Z By ¢(t,x,&, Dy)a, a(v,0,x,8)=1. (3.6.12)
=1

This tells us how to construct the terms a;. For starters, ag is defined by

9
=G x Har, a.0,.x.§) =1. (3.6.13)
SO
1 t
ao(v, 1, x, &) = e VHEXE) H(t,x,é):;f G(s,x,&)ds. (3.6.14)
0

Note that H (¢, x, &) is a polynomial in £, homogeneous of degree 2, with coefficients smooth in (z, x),
and

H(t,x,8) = Cl )%, (3.6.15)
for some C > 0. For j > 1, a; solves
da;j
Frie —vG(t,x,8)a;+Q;v,t,x,8), aj(v,0,x,§)=0, (3.6.16)
where )
Qi(w, t,x,8)=v Z By_¢(t,x,&, D)aj_¢(v,t,x,8), (3.6.17)
=1

with the convention (operative for j =1, £ =2) that a_; = 0. We hence have
t
aj(v,t,x, &) =e VHEXE /0 e"HEXOQ (1,5, x, &) ds. (3.6.18)

Another way to display these terms in the amplitude is to set

aj,t,x, &) =A;(v,t,x,&)e VHENE, (3.6.19)
Also set
Qjw,t,x,6) =T;(v,t,x,8)e "HEH, (3.6.20)
so (3.6.17) becomes ,
Ljw.t.x,§) =ve" DN "By (., x, &, D) (Aj_pe " HEXD), (3.6.21)
and (3.6.18) becomes =
Ai(v,t,x,8) = /Ot T;(v,s,x,&)ds. (3.6.22)

We next take an explicit look at the case j = 1. In that case, (3.6.17) gives

Qi =vBi(t, x, & Dy)e "HEXED = 2o vtHUOXE B (1 x & DOH(L, X, £), (3.6.23)
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and recall that B is a differential operator of order 1, whose coefficients are polynomials of degree 1 in
&. A formula equivalent to (3.6.23) is

I =—vB(t,x,& DOH@, x,£) = —v*t Z C¥(t, x)E%, (3.6.24)

lee] <3
with C{ (¢, x) smooth. Then, by (3.6.22),
t
Al 1, x,6) =" Y (/ sCY(s, x)ds>g“ ——? Y DY, Y, (3.6.25)
lal<3 70 jl<3

with D (¢, x) smooth, and we have

a(v,t,x,&) =—n)* Y DY (t, x)E% e HERD), (3.6.26)

lor] <3

Let us now recall the definition of a symbol class, important in the theory of pseudodifferential oper-
ators. Given m € R, we say

p(x,€) € 87y <= IDI D p(x. &) < Cap(1+ €)D", (3.6.27)

and we say a family {p(v,f,x,&) :t € [0,T], v € (0, 1]} is bounded in S{'fo provided such estimates
hold with Cyg independent of v and ¢. In follows from (3.6.14) that

{ap(v,t,x,&):t€[0,T],v e (0, 1]} is bounded in S?,o’ (3.6.28)
or as we say for short, ap(v, ¢, x, §) is bounded in S?,o- Similarly, from (3.6.26) we have
ay(v,t,x,£) bounded in S, and O((vt)'/?)in 87, (3.6.29)

the latter property meaning that (vt)~'/2a; (v, t, x, ) is bounded in S?,o-
To extend (3.6.28)—(3.6.29) to a; for larger j, it is convenient to have another presentation. Set

c=0wn'"?E, w=vrt. (3.6.30)

Now (3.6.14) and (3.6.26) give

ag(v, 1, x, &) = e HEXE),

ar(v,t,x,&) =vesd (vt t, x, €, L)e” HEXO, (3.6.31)
where (7, ¢, x, &, {) is a polynomial in 7 of degree 1, in & of degree 1 and in ¢ of degree 2, with
coefficients smooth in (¢, x). It will be useful to have the following:
Definition. The space %y, is characterized by

F(vt, t,x,§,¢,w) € Py <= F is apolynomial in v¢, ¢, @, and &, evenin ¢,

of degree < k in &, withcoefficients smooth in (¢, x). (3.6.32)

Without loss of generality, we can assume the degree in w is < 1.
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Then a, satisfies (3.6.31) with
Aj(vt, t,x,E,¢) € Py. (3.6.33)
(Actually s is independent of w, but other amplitudes will have @ dependence.)
Theorem 3.6.1. Foreachk =0,1,2, ..., we have
(v, 1,x, §) = (1) sloge™ MO sl € Py,
pr1 (v, 1, %, §) = WD by 1M sl € Py (3.6.34)

Proof. The results in (3.6.31) give (3.6.34) for k = 0. We proceed by induction on k. To set this up, let
us assume

aj =) dje 10D o ePp, (3.6.35)
for j <2k + 1, with indices «; and B; consistent with (3.6.34). Then (3.6.17) gives
Qi =9, +9Q%,, (3.6.36)
with
Q. =vD)YB(t,x, & Dy)(sdje”00)
=vNURB] e OO Bl e Py, (3.6.37)
o) F}+1 = v(vt)“/%;.H and
t
Aj (0,1, x, &) =/0 Tj (s, x,&)ds e )T Py 4, (3.6.38)

and furthermore

QY| =v(n)* ' By(t, x, Dy) (sl j1e”HE00)
=N R e OO RYedy (3.6.39)

SO F?H = v(vt)"lf*l%%rl and

t
A%, t,x,g)zfo T (v.s,x,E)ds € )19y (3.6.40)

We are now ready to verify the induction step in the proof of Theorem 3.6.1. Suppose (3.6.34) holds
foragivenk € 77, i.e.,
A € (VDX - Py, Apkyr € W)y (3.6.41)

(If £ > 1, assume also the counterpart of (3.6.41) with k replaced by k£ — 1.) Then, using the fact that
(3.6.35) implies (3.6.38) and (3.6.40), we obtain

Aksr = Abin + AN n € D2y + () . 2g € (v)* T 9, (3.6.42)
(upon noting that (vt) - P, C Py), and furthermore
Askys = Ay + A5 € 0D 2.9y (3.6.43)

This completes the proof. O
We can use Theorem 3.6.1 to extend (3.6.28)—(3.6.29), as follows.
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Corollary 3.6.2. In the setting of Theorem 3.6.1, we have

ay(v,t,x,6) = 0(wn)*) in S, bounded in S 3", (3.6.44)
and
ax1(v, 1, x,8) = O((w)**) in S} ;. bounded in S;5~", (3.6.45)
hence, for j > 0, .
aj(v.t,x,&)=0(wt)?)in S} . boundedin S . (3.6.46)

Proof. The result (3.6.34) directly gives (3.6.44)—(3.6.45), and (3.6.46) follows from this plus the obser-
vation that the condition

p(v,t,x,6) = (w)de HEXO o e P (3.6.47)
implies p(v, 7, x, &) = O((v)'/?) in 7 . O
Returning to (3.6.9)—(3.6.10), let us fix N € N and set
N
a(.t,x,.8)=Y aj(v.t,x,§). (3.6.48)
j=0

We use this to define &/ f in (3.6.9). Then we have

(0 —vL(1))S, f(x) = 2m)™"? f Ry(v.t,x, )™ f(£) dE, (3.6.49)
with
Ry(v,t,x, )
=VB(t,x,& Dy)ay(v,t,x,6)+vBo(t, x, D)[ay—1(v, t,x,&) +anv,1,x,8)]. (3.6.50)
Arguments used in the proof of (3.6.34) and (3.6.45) give
VB (t,x, &, Dy)ay(v, t,x,&) = 0(wv(w)"'?) in S,
O™~y in 87,
o) in S ¢ 7Y, (3.6.51)

and
vBy(t, x, Dy)lay—1 +an]= 0™ D) in S,

o) in S "V (3.6.52)
In conclusion:
Proposition 3.6.3. If N € N is given, a is defined as in (3.6.48), and &', as in (3.6.9), then
u’(t)y=6.f (3.6.53)

solves
v

at

=vL@®Ou+g", u'0) ="/, (3.6.54)
with

g'(t,x) = (271)—"/2/ Ry(v, 1, x, €)™ £ (&) de, (3.6.55)
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where
Ry, t,x,8) = 00N V2 in s

o) in S;¢" Y. (3.6.56)
Using standard pseudodifferential operator estimates, we obtain:

Corollary 3.6.4. In the setting of Proposition 3.6.3, if p € (1, 00), s € R, then, fort €[0, T], v € (0, 1],

g Ol aseany < Crv ™D £l s ays (3.6.57)

and
lg” Ol asenv-10ary < Crvll f s, (3.6.58)
with Cr independent of v.

We can compare the approximate solution &/ f with the exact solution S} f to (3.6.2) by applying the
Duhamel formula to (3.6.54), which gives

t
G f= S£f+/ S3'g"(s)ds, (3.6.59)
0

where, for 0 <s <1, S3' is the solution operator to (3.6.2) defined by
v(t) = S5'u(s), equivalently, S = ¢'X(™HVATX) X, (3.6.60)
A straightforward analogue of (3.6.4) is
1S3 f Nl o < CeXCN f o, (3.6.61)
valid for p € [2, 00), o € [0, 00), with C = C,;, and K = K, , independent of v € (0, 1]. This gives:
Corollary 3.6.5. In the setting of Proposition 3.6.3, if p € [2, 00), o >0, then fort € [0, T], v € (0, 1],

6% f = St fllaerary < Cov ™2 £l oy, (3.6.62)
and
16, f — Slt;f”H"JrN*LP(M) < Crvlfllaerm), (3.6.63)
with Ct independent of v.
Remark. Applying Corollary 3.6.5 with N replaced by N 4 2 and taking into account the fact that this

just adds ay+1 + ay+2 to the amplitude in the formula for &, we obtain a complement to (3.6.62)—
(3.6.63), namely

165 f — S, fll gosv+ioany < Crll Il Howr (- (3.6.64)

The family of operators S5’ is as important as the family S’, and it is also of interest to have a
parametrix for this family. This is obtained by a slight modification of the previous construction. Parallel
to (3.6.9)—(3.6.10), this parametrix has the form

G5 f(x) = 2m) ™2 / a(, s, t,x, &)™ £ (&) dt, (3.6.65)
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with
a(v,s,t,%,6)~ Y a;j(v,s,1,x,8), (3.6.66)

Jj=0
given by equations similar to (3.6.12), except that the initial condition is
a(v,s,s,x,&)=1. (3.6.67)
Thus, in place of (3.6.14) we have

ao(v, s, 1, x E):e—v(t—s)H(s,t,x,E)

1 (3.6.68)
H(s,t,x,&) = [—/ G(o,x,&)do,
—_— s S
and in place of (3.6.31) we have
aj(v, s, 1, x,8) =v(t —)A1(v(t —5), 5,1, x,& e LD, (3.6.69)
this time with
=Wt —s)N'"%, w=v@t-—s)E o P, (3.6.70)

where now % is defined to consist of functions F(v(t —s), s, t, x, &, {, ®), polynomials in v(t —s), ¢,
w, and &, even in ¢, of degree < k in £ and of degree < 1 in w, with coefficients smooth in (s, #, x), the
obvious variant of (3.6.32). (As in (3.6.31), s; does not actually depend on w.) More generally, parallel
to (3.6.34), we have

an (v, 5,1, %, ) = (v(t — ) sy =150, sy € Po,

(3.6.71)
a1 (v, 8,1, %,8) = (0(t — ) slgp g e A0 1y € Py,

except now with ¢ = (v(t —5))/2¢ (as in (3.6.70)), with sd; = o ; (v(t —s), 5, 1, X, €, {, ), and with Py
as redefined above. In place of (3.6.46), we have

aj(v,s,t,x,€)=0(w(t—s))* in S{, bounded in s;g. (3.6.72)
The estimates recorded in Corollary 3.6.5 readily extend, to yield:

Proposition 3.6.6. Given N € N, take
N

a(,s.t,x,8) =Y a;j(v,s.t,x,§), (3.6.73)

Jj=0
and define &% f by (3.6.65). Then for p € [2,00), 0 >0, 0<s <t <T,andv € (0, 1], we have

1S5 £ =S5 Flluewany < Cv T2 £l oy,

St s (3.6.74)
165" f =S fllaorn+rrany < Crll f oo (01) s

with Cr independent of v.
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The formula (3.6.65) represents the parametrix &% in Fourier integral form. We next obtain a more
explicit representation of its integral kernel. We examine the individual terms

&, f(x) = @m)™"? / aj(v.s,1,x,6)e™ f(6)ds = / Kijw s, t,x,x=y)f()dy, (3675

where

Kiw,s, t,x,2) = (27'1')_"/aj~(1j,s,t,)c,§)eiz'S dé, z=x-y. (3.6.76)
In case j =0, let us rewrite ag as
ag(v, s, t, x, &) = e VITOHELNEE (3.6.77)

where (s, t, x) is a positive-definite n x n matrix. We have a standard Gaussian integral:

Ko, s, t,x,2)=Qm)™" / e VUmOHELDEE pizE g g

= (4mv(r —5)) " detG(s, 1, x)1/2 =S 10L ) (3.6.78)
where
G(s, t,x) =H(s, t,x)" " (3.6.79)
Note from (3.6.8) that ] ;
K (s, 1, x) = — f g (o, x) do, (3.6.80)

where (g'/) = (gij)_l, so in particular %/ (s, s, x) = g' (s, x) and
Gij(s,s,x)=gij(s, x). (3.6.81)

To compute K; more generally, we use (3.6.71), which we restate as follows:

ax(v,s,t,x,8) = W(t—9)* Y Fap(v(t—s),s,1,x)

o even

=1 < ((0(t—5)"26)" (v(t—s)&) e IHEE (3.6.82)
and
i1 (v, 5,1,%,8) = (Wt =N Y Fape(w(t —5), 5,1, %)
BIELE g (0t = 90)28) (vt — )E) P eEE

+ =) Y Flwt—s),s.1.x)

BI<1 x ((v(t — $)'/26)" (vt — $)E) e HEE (3,6.83)

Here 3 = (s, t, x) is as in (3.6.77), and Fyg, Fop¢, and Fa?,s are smooth functions of their arguments.
All the sums are finite. To compute the integrals in (3.6.76), we use the following result:

Qr)~" f g%eMEE iTE g = (det@nd0) TP DT = p (3, 2)e” A, (3.6.84)
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where the last identity defines p, (¥, z), which is a polynomial of degree || whose coefficients depend
smoothly on ¥, and 4 = %~!. We note that

Pa(¥, —2) = (=) p (%, 2). (3.6.85)

Taking
w=v(t—s), (3.6.86)

we go from (3.6.82)—(3.6.83) to formulas for K; (v, s, ¢, x, z) via the identities
@)™ f (! 26)* (u§)Pe M5! d = TPV py g (G, pT 22)eT A (3.6.87)

and

@2r)™" f Eo(128) () e HEE it g — IR L G TPy M (3.6.88)

We obtain
Ko (v, s,1,%,2) = w(t =) "2 " (0(t = )PP Fop(u(t = 5), 5,1, %)

Tpi<t X Parp(H, (0t — 5))"V22)e % /M=) (3 6.89)
hence

1
Ko (v, 5,1, %,2) = (0(t =) " "0 =) POy p (0t = 5), 5,1, x, (0t =) 7/?2)
b=0 X e—‘@(s,t,x)z-z/4v(t—s), (3690)

172

where @y 5, 1s a polynomial in (v(# —s))~ /“z = Z, with coefficients smooth in v(t —s), s, £, x, satisfying

Qo p(V(t —8), 8,1, %, —Z) = (—=1)P Doy, (V(t —9), 5, 1, X, Z). (3.6.91)
Similarly,

Ko1(v, 5,1, x,2) = (v(t — 5)) /2HH12 Z Wt — NP2 Fope (it = 5), 5,1, x)

I%\esvf?ﬁ X Dot Bte (¥, (v(t — s))—1/2 —Gz-z/4v(t—s)

+ @t — )TN (e = )PP FD (u(t = 5), 5,1, x)

TIT X parp(I, 0t —5)"29)e /4= (3.6.92)

z)e

hence

1
K1 (v, s, 1, x,2) = (vt —s)) /22 Z(V(f—S))b/2q32k+1,b(v(t—s), s, 1, x, (v(t—s))"1?z)
b=0 % ¢80, 1,2)z:2/4v(1—5)

1
+ =) Y =) PGy =8 1x, (0 —s) )
b=0 % e—(g(S,t,x)Z~z/4v(t—s)’ (3.6.93)
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where @441, is a polynomial in (v(t — 5))~1/2

satisfying

z = Z, with coefficients smooth in v(r — ), s, ¢, X,

Dot s (V(t —8), 5,1, x, —Z) = (DT Doy, (0t = 5), 5,1, x, 2), (3.6.94)

172

and d>gk+l » 18 @ polynomial in (v(¢ —s))™"/“z with coefficients smooth in v(r —s), s, 7, x, satisfying

DY, 0t —5), 5,8, x,—2) = (=D’ , (vt —5),5,1,x, Z). (3.6.95)

While the formulas (3.6.89)—(3.6.90) and (3.6.92)—(3.6.93) for the functions K ; (v, s, t, x, z) are rather
lengthy, they are not difficult to comprehend. The basic result to be gleaned from these calculations is
that for j > 1, K;(v, s, t, x, z) is smaller and smoother than the dominant term Ko(v, s, 1, x, z), given
by the comparatively simple formula (3.6.78).

3.7. Boundary layer analysis of ¢! ®2=%). 1In this section we examine the fine behavior near 30 as v \ 0
of ¢!"A=%) £ with emphasis on the cases f € C(0) and f € C*(0). As in Section 3.2, we work with

solutions to
v

_ v v _
Y =vLOV’,  0[gi 0=

0, v'(0) =, 3.7.1)
where

L(t) =eXAe X (3.7.2)

is a smooth family of strongly elliptic operators, as in (3.2.3) and (3.6.6). From this, the behavior of
VAT £ — o Xy (1) (3.7.3)

is easily deduced.

We assume O is a smoothly bounded open subset of a compact Riemannian manifold M without
boundary. To begin the analysis of (3.7.1), we extend f to f on M, having the same degree of smoothness
as f,e.g.,

feC@ = feCM), feC®0) = feC®M), et. (3.7.4)

We also extend X to be a smooth vector field on M (we need not assume div X = 0 on M), and define
VY on RT x M by
v
ot
Here L(¢) is given by (3.7.2). The solution to (3.7.5) has the form

=vL@®)V' on R x M, V"(0,x)= f(x). (3.7.5)

Vi = [ FOH.0.1x5)av0), (376
M
where dV is the Riemannian volume element on M. More generally, for 0 <s < ¢,
V”(t,X)=/ VP(s, MH W, s,t,x,y)dVs(y), (3.7.7)
M

where dV; is the pull-back of dV via the flow generated by X, or equivalently the Riemannian volume
element for g, the metric tensor g of O pulled back by this flow. In local coordinates, we have

H©,s,t,x,y)=g(s, ) KW, s, t,x,x —y), (3.7.8)
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where K (v, s, ¢, x, x — y) has the form

N
K(,s,1,x,2)= Z Kj(v,s,t,x,2)+ Ry (v, 5,1, x,2), (3.7.9)
j=0

with Ry the kernel of an operator satisfying the results given in Proposition 3.6.6, i.e., negligible for N
large. As seen in (3.6.78),

Ko(v, s, 1, x,7) = (vt —s))7* det4(s, t, x) /29 1:02:2/4vt=9) (3.7.10)

and for j > 1, K;(v, s, t, x, z) are given by (3.6.90) and (3.6.93), as integral kernels that are smaller and
smoother then Ky(v, s, t, x, 7). As before, n =dim M = dimO.
Having V", we can write the solution to (3.7.1) as

vVW(t,x)=V '@, x)—u(t,x), t>0, xeO, (3.7.11)

where u" (¢, x) is defined by

v

=vL(")u” on RxO,

ot
u' =g’ on R x 90,
u' =0 on (—00,0)x0, (3.7.12)
where
g'(t,x) = xp+(t) VV(t,x), x€0d0. (3.7.13)

We now describe how to use the method of layer potentials to solve (3.7.12).
We start with the case v = 1 and then explain the modifications that work for v € (0, 1]. With H as in
(3.7.7)-(3.7.8), we set

@1h<r,x)=// s, )
0 JoO

Here dS; is the area element on 00 induced by the metric tensor g, described as below (3.7.7), and
0/0n,y is the outward unit normal to 00 at y € 30, determined by this metric tensor. The boundary trace
relation for 9; is

oH
1,s,t,x,y)dS;(y)ds, t=>0, xeO. (3.7.14)
ong,y

Dih|g, 50 = (31 +N1)h, (3.7.15)
assuming A (s, y) =0 for s < 0, where
! OH
Nih(t, x) = hs, y)5—(1,5,1,%,y)dS(y)ds, 120, x €90. (3.7.16)
0 Jao ans,y

The integral formula on the right sides of (3.7.14) and (3.7.16) have an identical appearance, but in the
former case x € O and in the latter case x € 90. It follows that we can solve (3.7.12), in the case v =1, as

u' =a@h!, (3.7.17)

provided A! solves
(31+N)h' =g (3.7.18)
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For general v > 0, we have essentially the same situation, except that vL(¢) is the Laplace operator for
the metric tensor v~'g,. One has the analogue of (3.7.16), with this scaled metric tensor. This rescaling
requires that 9/9n,,, be replaced by v'/29/dn; , and that dS; be replaced by v="=D/24S,. Also dV is

replaced by v/ dV, so we need to replace H(1, s, ¢, x,y) by v/2H (v, s, t, x, ). Since
pl/2y==D/2y,n/2 — (3.7.19)
we obtain
d oH
Dyh(t,x)=v h(s,y) (v, s,t,x,y)dS;(y)ds. (3.7.20)
0 Ja0o ans,y
The boundary trace result (3.7.15) becomes
Doh|g, 00 = (31 + VN, )h, (3.7.21)
for supp h C R* x 90, where
! oH
Nyh(t, x) = h(s, y) (v,s,1,x,y)dSs(y) ds. (3.7.22)
0 Jao ang, y
Hence the solution to (3.7.12) has the form
u’(t,x) =9,h"(t, x), (3.7.23)
provided H" solves
(31+vN,)h" =g, (3.7.24)

with gV (¢, x) given by (3.7.13).
We now tackle the problem of inverting ((1/2)I 4+ vN,) in (3.7.24). The results (3.7.8)—(3.7.10) on
H and related estimates on K ; established in Section 3.6 imply

OH
H (5. hx, -)‘ ey S €00 )12, xeado, (3.7.25)
S’y
and
OH B
H W, s, 1, x, -)| <CWw@i—s)"", xeo, (3.7.26)
ong,y L'(30)

uniformly for 0 <s < ¢ < Tj. For the present analysis, the focus is on (3.7.25). It implies for I = [0, Tp]
Ny Al x00) < C(To) v'72. (3.7.27)

Hence, given Ty € (0, 00), as long as v is so small that C(Ty)v'/? < 1/2,if g¥ € L°°(I x 90), Equation
(3.7.24) is solved by

h’ =2(I +2vN,)"'g" =2(I —2vN, +4v° N> —...)g". (3.7.28)

Note that
17" — 28" | o1 xa0) < Cv2|1g" Il L1 xa0)- (3.7.29)

We are motivated to estimate 9, (h" — 2g"). The estimate (3.7.26) is not adequate for this; instead we
argue as follows. Denote the solution to (3.7.12) by

u' =Pl,g". (3.7.30)
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The content of (3.7.21) and (3.7.28) is that

PLg" =@,h", (31+vNy)h" =g". (3.7.31)
Hence
%, (h" —2g") =PL,(31 +vN,)(h" —2g"). (3.7.32)
Now the maximum principle gives
IPL A L= x0) < 1hllL=1xa0), (3.7.33)
so we have the general estimate
1Dyhll Lo xoy < CllAllL=1x80), (3.7.34)

with C independent of v € (0, 1], and in particular
1D (" = 28") | Lo xoy < CllhY = 28" | L= xae) < Cv'* 118" | L= xa0). (3.7.35)
the last inequality by (3.7.29).
Proposition 3.7.1. The solution u” to (3.7.12) has the property
¥ —2%,8" (1 x0) < CAWV2lIg" I Larxaey < €DV FllLquy- (3.7.36)

Proof. The first inequality in (3.7.36) follows from (3.7.35) and the fact that u” = %,h". The second
follows from the identification of g" in (3.7.13) and the maximum principle, applied to (3.7.5). (]

Recalling (3.7.11), we have:
Corollary 3.7.2. The solution v to (3.7.1) has the property

" — (V" =29, ") | Loorxy < CAWY? | Fll Ly (3.7.37)

We can obtain simpler approximations to #” and v” if we assume more regularity on f. Using (3.5.9),
we have, for g € [2, 00), o > 0,

IV @, llsosny < Clflaraon,  0<t<Tp, (3.7.38)
with C independent of v € (0, 1]. Taking 0 =2 4 ¢ and ¢ sufficiently large, we obtain
VY@, ezany < ClFlgzrean, 0=t < T, (3.7.39)

for each ¢ > 0, g > n/e, with C independent of v. Hence the solution V" to (3.7.5) satisfies

IV @) = flliLean < Cll fllgzreany, 0=t < T. (3.7.40)
Interpolation with
IVY(@#) — flleooany <2l f ey < CNf | Hea (3.7.41)
gives
IV @) = fllieean < CVY2 Fllgreeary < CVY21 Fllers s (3.7.42)

the last inequality holding provided § > . We hence have the following.
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Proposition 3.7.3. In the setting of Proposition 3.7.1 and Corollary 3.7.2, we have, for each § > 0,

¥ =29, £\l Lo x0y < CAOV2 Fllcrs (3.7.43)
and
0" = (f = 2%y D)l x0) < COVY2 Fllcrsan. (3.7.44)
where
FP=xme () £, (3.7.45)

Proof. From (3.7.42) we have

18" — £2 =i xaey < CV21 Fllcrs ans (3.7.46)

and then the estimate (3.7.34) applied to h = g" — fb gives (3.7.43) from (3.7.36). The proof of (3.7.44)
is similar. [l

For a further simplification, we compare %,, with 3%, defined by

0 _ ! 8H0
Dyh(t, x)=v h(s, y) (v,s,1,x,y)dSs(y)ds, (3.7.47)
0 Jao ans,y

where, parallel to (3.7.8), we set

Ho(v,s,t,x,y) =g(s,y) ' ?Ko(v, 5.1, x,x — ), (3.7.48)
with Kg given by (3.7.10). By (3.7.9) we have
N
K—Ko=) K;+Ry. (3.7.49)
j=1
Parallel to (3.7.26) we have
H v, 5,1, x, )H <COwit—s)"12, xeo, (3.7.50)
ong,y L'(20)

with better estimates on 0K ;/dn,,, for j > 2 and on 9 Ry /dny, y. This leads to:
Proposition 3.7.4. With ng defined by (3.7.47)—(3.7.48), we have

190k = DR L (1x0) < CADWY 2[Rl L1 x50 (3.7.51)
Hence, in the setting of Proposition 3.7.3, we have, for each § > 0,

lu” =290 f2 | x0y < CAW2N Fllcrsan (3.7.52)
and

10" — (f =295 ) |2 x0y < CAWY2 N Flleron- (3.7.53)
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4. Analysis of solutions to u; = vAu — X,u

In this chapter, we extend some of the results of Chapter 3 from the setting of solutions to u;, = vAu — Xu
to the more subtle setting of solutions to u; = vAu — X, u, directly relevant to the equation for w" in
(1.0.8). As in that chapter, we assume Oisa compact Riemannian manifold with boundary 00, and with
Laplace Beltrami operator A. We take X, for v € (0, 1], to be a family of (time dependent) vector fields
on O having certain properties that we will specify below, and take u = u" to solve

ou

§=UAM_XUM’ 0, u@)="+f. (4.0.1)

”|R+xa©:

In Section 4.1 we estimate u"(¢) in the spaces V% (0), introduced in Section 3.3, given f € Vk(0),
extending the scope of the uniform boundedness results of Section 3.3. In Section 4.2 we establish
convergence of u”(¢) to e~'X f in Yk (0), for such f,when v\ 0 and X, — X in an appropriate sense,
specified there. We also obtain L”-norm convergence results, for p € [1, 00).

4.1. Conormal type estimates. We will find it useful to extend the class of function spaces ¥’ (0). Given
keZt={0,1,2,...}, p€[l, o], we define

VEP(O) ={ue LP(0):Y,---Y;ueLP(0), Yj <k, Y, €X'}, 4.1.1)

with
x!'= {Y smooth vector field on O : ¥ || 90}. 4.1.2)
Recall that the case p =2 is defined in (3.3.1). As in (3.3.3), there exists a finite set

{Yi:1<j<Mycx! (4.1.3)

with the property that each element of X! is a linear combination, with coefficients in C°°(0) of these
vector fields Y;. We recall and generalize some further useful notation from Section 3.3. With ¥; as in
4.1.3),let J = (j1, ..., jr) and set

Y'=v;---v,, =k 4.1.4)
Also set
Xk =Span{z,---Z;:j <k, Z,eX"}. (4.1.5)
We have
%k=Span over C®(0) of (Y’ : |J| <k}, (4.1.6)
and
YkP () ={u e LP): Y u e LP(0), V|J| <k}
={ueLP©):LueLP©):VL e*x"). 4.1.7)
Let us also set
YO P(0) = ﬂvkyp(@). (4.1.8)
k

We now discuss conditions on X,. We require

X, e X!, (4.1.9)
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a space of ¢-dependent vector fields on 0, depending on the parameter v € (0, 1], which we proceed to
define. We want to include the example arising in (2.2.4)—(2.2.5), i.e.,

X, =v"(t, Z)aix’ vW(t,2) ="V (2). (4.1.10)
In this case we have O =T x I, T =R/Z, I =[0, 1], and A is given by (2.1.5).
Lemma 4.1.1. Given Ty € (0, 00), we have
v(t, ) € V(0), (4.1.11)

with bounds independent of t € [0, To], v € (0, 1].

Proof. Straightforward from the construction of ¢"’4V (z) via the method of images. There is no x-
dependence, so the result is actually v"(¢,-) € V°>°°(I), with uniform bounds. In this setting, we
mention that X!(7) consists of smooth vector fields on 7 that vanish at the endpoints. O

To define X! in general, we first specify that, on any compact Q € O, an element X, (¢) has uni-
form bounds in C*() for all k. To complete the definition, we take a collar neighborhood U of 90,
diffeomorphic to 00 x I, take coordinates (x, z) € 90 x I, and write

0 0
X, =v"(t,x,2)— +w"(t, x, 2)B(x, 2)—. (4.1.12)

ox 0z
Here v"9/0x is shorthand for Zj v;.’a/axj. We require (with bounds uniform in ¢ € [0, Tp], v € (0, 1)),
v w’ eV®0), BeC>0), B, =0. (4.1.13)

These conditions define %1.

Lemma 4.1.2. We have
X, eX, vex! = [Xx,,Y]eX". (4.1.14)

Proof. The bounds on [X,, Y] on any Q € O are clear. Near 90, we represent X, as in (4.1.12) and set

0 0 _
Y=a(x,z)— +b(x,2)—, a,beC®0), b‘a@ =0. (4.1.15)
ax 0z
Then
vV 8 v a
[X),Y]=&"(,x,2)—+n (1, x,2)—, (4.1.16)
ox 0z
with
§" =v"(0ya) + w"B(9:a) —a(d:v") —b(d;v"), @117
n" =" (3:b) + w" B(d:b) — ady (w'B) — bd (" B). h
Comparison with the defining conditions in (4.1.12)-(4.1.13) gives [X,, Y] € Xl [l

Next we define
Xk =Span{X,Y’: X, X', Y/ e x* ). (4.1.18)
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Lemma 4.1.3. We have

P, eX vyex' = vP, e X, (4.1.19)
hence

PeXxf v ext = v'p, e X" (4.1.20)
Proof. To prove (4.1.19), note that for X, € X!, ¥’ e xk-1,

YX, vy’ =x, vy’ +[v, x,1v’, (4.1.21)
and apply Lemma 4.1.2 to the second term on the right side of (4.1.21). The result (4.1.20) follows
directly from (4.1.19). [l

Lemma 4.1.3 will prove useful in connection with the following. With Y; as in (4.1.3), let us set
laellir = Y 1Y ullLo. (4.1.22)
[J1<k

From the representation (4.1.12), we have
X, €X' = X, =) al,¥;. al, eL®0), (4.1.23)

with bounds independent of v € (0, 1], ¢ € [0, Ty], hence, given X, € %1,

| XvullLr < Cllullyrr, (4.1.24)
and, by (4.1.20),
| Xvullyer < Clluflyesrp. (4.1.25)
We also set
PR )= Y 1Y ull}, (4.1.26)
|J =k
SO
Il ) PFw). (4.1.27)
J=<k

We also denote V%2 by V*.
We now estimate the rate of change of sz (u(t)) for u(r) satistying (4.0.1). We assume

X,eX!, divx,=0. (4.1.28)

We also assume u is sufficiently smooth on (0, co) x 0 for the calculations made below to work. We will
comment on how to verify this assumption later in this section.
We start with the case k = 0:

d
Sl =200, )2 =20 (Au, 1) 2 = 2(Xu, 1) 2 = =20]|Vurll, (4.1.29)
Moving on to k = 1, we have
d
E”ijt”iz = Z(le/t[, le/t)Lz = 2U(YjAI/£, Yju)Lz—2(Yiju, ijt)Lz
=2v(AYju, Yju) 2 +2v([Y;, Alu, Yju) 2 —=2(X, Y u, Yiu) 2 =2([Y;, X, ]u, Yju)L2
= —2v||VYju||i2—|—2v([Yj, Alu, Yju)2—=2([Y;, XoJu, Yju) . (4.1.30)
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Of the three terms in the last line, the first has a clear significance. For the third, we have [Y;, X, ] € X! s
by Lemma 4.1.2, and hence, by (4.1.23),
2([Y;, Xolu, Yju) 2 §CP12(u). (4.1.31)
It remains to estimate the second term. For this, write
[Y,Al=) A(By, (4.1.32)
with Ay, B, smooth vector fields on 0. We have ‘

20([Yj, Alu, Yju)p2 = 20 Y (B, AjYju) 2 < vl[VYjulf, +v|Yjul}, + Kiv|Vul7.. (4.1.33)
L

Plugging (4.1.31) and (4.1.33) into (4.1.30) and summing over j gives

d
EPf(u) <= Y IVYjul2, + (MC +v) PE() + MK v||Vul. (4.1.34)

j
The term M K v||Vul|7, is tamed by bringing in (4.1.29), to obtain

%(Pf(u) + MK, Poz(u)) <=0 ) IIVYjuli. + (MC +v) PEu). (4.1.35)
j

Proceeding to general k, we take |J| = k and look at

d
EIIY’ulliz =2V u, Y/u) o =20(Y Au, Y/ u) 2o —2(Y! Xou, Y u), 2
=2(AY u, Y u) o+ 2077, Alu, Y/ u) o —2X Y u, YV u) o —2(0Y 7, X Ju, YV u) g
= —20[|VY ull7, +2v (Y7, Alu, Y u) 2 —2(1Y 7, X\ Ju, YV u) o (4.1.36)
As with (4.1.30), of the three terms in the last line of (4.1.36), the first has a clear significance. For the
third, we have, by Lemmas 4.1.2-4.1.3,
[X,, Y/ 1=[X,, Y;,1Y}, - Y4 4Y - Y [X,, Y] € X, (4.1.37)
and hence, by (4.1.25),
Y7, XoJu, Y u) 2 < Cellull3s. (4.1.38)

It remains to estimate the second term in the last line of (4.1.36). For this, write
k k
J
[A, Y] = Z Yjj oo Y [A Y dY oo Y = Z Yji oo X LjYj - Y, (4.1.39)
=1 =1

where L;, =[A, Y;,]is a second order differential operator that annihilates constants.. We say a product
of k factors
Yj - Yj LY

Jet1”

Y, (4.1.40)

is of type (k, £), meaning it is a product of k factors, all being vector fields in X' except one, in position £,
which is a second order differential operator that annihilates constants. If £ > 2, we can write (4.1.40) as

Yj oo XYjoLj - Y+ Y- Yj 1Y Lj - Y, (4.1.41)
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a sum of terms of type (k, £ — 1) and of type (k — 1, £ — 1). Repeating this process, we convert (4.1.40)

into a sum of terms of type (j, 1), for j < k. Hence we have

v Al Yy = Y (LY u Y u)e,
[I|<k—1

where the L; are differential operators of order 2, annihilating constants; hence
L= Z AjjByj,
J
where Aj; are first order differential operators and B;; are vector fields. We then have

(Y, Alu, Y u)yp =20 Y > (BY'u, A} Y )

|<k—1 j

<Cv ) IVYTull2- (I9Y ull g2 + 1Y ul12)
|<k—1

<VIVY ullf vl Y ullf + Ceov D IV ).,

[|<k—1
Inserting (4.1.38) and (4.1.44) into (4.1.36), we get

d
IVl < —vIVY ulz + (Co+ )l +Cov D IVY iz
[I1<k—1
hence, for v € (0, 1], and with C; + 1 re-notated as Cy,

d
TP < v Y IVY ul}e + MOl + MG Y VY ul.
|J1=k [I<k—1

It follows that there exist Ay; € (0, 00) and By € (0, 00) such that if we set

k—1

NZ ()= Plu)+ ) A Pr(w),

j=0

then

d NV J 2 72
T NEa) = —v l;k IVYTul2, + 2B NE(w),

when u = u(t) is given by (4.0.1). In particular, redefining ||u||02Vk as
lulfs = N ),

we obtain
() [l < e Bu u(s) [|op,

forO<s <t < o0.

(4.1.42)

(4.1.43)

(4.1.44)

(4.1.45)

(4.1.46)

(4.1.47)

(4.1.48)

(4.1.49)

(4.1.50)

The estimates (4.1.48)—(4.1.50) have been established under the assumption that u(t) = u"(¢) is suf-

ficiently smooth on O for # > 0. For example, if we add the assumption

X, € C*®((0, 00) x 0)

(4.1.51)
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for each v € (0, 1], we have such estimates, since well known parabolic regularity results give u €
C*((0, 00) x 6). (We emphasize that we do not assume X, € C([0, 00) X 6).) Let us record this result.

Proposition 4.1.4. Let u = u” solve (4.0.1). Assume X, satisfies (4.1.9) and (4.1.51). Then the estimate
(4.1.50) holds, for 0 <s <t < 0o, with By and the VK -norm independent of v € (0, 1].

Next we want to pass to the limit s = 0 in (4.1.50), obtaining
(@) Mt < € PILf e (4.1.52)
It is clear that we can do this in the context of Proposition 4.1.4 if we also know that
u € C([0, 00), V*(0)). (4.1.53)

In turn, since the hypotheses of Proposition 4.1.4 already imply the result u € C*°((0, o0) x 0), it remains
to establish that

f eV (0) = ueC(0.T,],7*(©0)), (4.1.54)
for some T, > 0 (possibly depending on v). We turn to this task.
We set
% = C([0, T,], 7*(0)), (4.1.55)
and seek u € ¥ as a unique solution to
t
u(t) =e"2f — / eTTIVAX (9)u(s) ds, (4.1.56)
0

i.e., as a fixed point of @ : ¥ — %, defined by
t
Qu(t) =" f — / eTTVAX () u(s) ds. (4.1.57)
0

This will work if we are able to show & : ¥ — % is a contraction map for 7, > 0O sufficiently small. We
have

t
du(r) — dv(r) = — f eTTIVAX () (u(s) — v(s)) ds. (4.1.58)
0
Note that, by (4.1.25),
| X0 () (@(s) — v(s)) Iy < Cllu(s) —v(s) ||y (4.1.59)
Meanwhile, it follows from (3.4.19) that
C
(t—$)vA
e 2 gllyn < m”g”w*% (4.1.60)
Hence
112
| @u(t) — Pv(t)lyx < Cm sup [[u(s) —v(s) |« (4.1.61)
0<s<t

A similar estimate works on (4.1.57), and we deduce that & is a contraction map on # provided T, <
v/2C2.
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We summarize what has been accomplished.

Proposition 4.1.5. In the setting of Proposition 4.1.4, given f € V*(0), there is a unique solution u = u"
to (4.0.1), satisfying
u € C([0, 00), V*(0)) N C*((0, 00) x 0), (4.1.62)
and we have
@)l < P41 f Nl (4.1.63)

4.2. Vanishing v limits. As in Section 4.1, we assume u = u" solves

ou”
o = vau—Xuu', s 00 =0, u(0) =1, (4.2.1)
with f € V% (0). We assume, as in (4.1.28), that
X, eX!, divx,=0, (4.2.2)
and as in (4.1.51) that B
X, € C*((0, 00) x 0). (4.2.3)
We also assume
Xex!, divx=0. 4.2.4)
Here is our first convergence result.
Proposition 4.2.1. Under these hypotheses, we have, as v \{ 0,
u’ @) — e "X, weak* inV*(0), (4.2.5)
provided X, also satisfies the following: we can write
X, =) alt.0Y, X=)Y a;x)Y; (4.2.6)
J J

where, as in (4.1.3), the set {Y; : 1 < j <M} C X! spans X' over C*(0), and we have ||aj”.(t, =),
lajllL=@©) < K, and

li\rj(l) [aJ”» (t,x)—a;j(x)] =0, uniformly on compact subsets of 0. 4.2.7)
1%

Remark. Looking at (4.1.10), we see that (4.2.6)—(4.2.7) hold when X, is the family arising in the
plane-parallel chanel flow problem.

Proof. Rewrite (4.2.1) as
ou"

o = WA = X)u’ + (X - X )u", (4.2.8)
SO .
u' ()= V2% 4 / ITIVA=X) (X X ())u(s) ds. (4.2.9)
0
We have

(X =X,(s)u’(s) = Z[aj(x) — a;(s, 1Y ju’(s), (4.2.10)

J
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and u"(s) is bounded in V*(0). As long as k > 1, Y;u"(s) is bounded in L?(0), and the hypotheses on
aj give
(X —Xu(s)u’($)lr@y— 0, as v\ 0, Vp<2, 4.2.11)

with uniform bounds in L?(0). Now e'"2=%) is a contraction semigroup on each space L?(0), so from
(4.2.9) we obtain
12% lu”(t) — e V20 fllr =0, Vp<2. (4.2.12)
%

This result together with the uniform bounds on ©”(¢) and on e'WA=X) in Yk (0), and in concert with the
result that
VAT £ o7 X f weak® in VF(0), (4.2.13)

given in Proposition 3.3.4, yield the asserted convergence (4.2.5), for k > 1. The case k = 0 then follows
since V1 (0) is dense in ¥°(0) = L2(0). O

We will improve weak™ convergence in (4.2.5) to norm convergence. Here is a first step.

Proposition 4.2.2. In the setting of Proposition 4.2.1,
fel*0) = u’(t) = e X f, in L*-norm, asv\ 0. (4.2.14)

Proof. We already have weak* convergence in L?(0). Also, results of Section 4.1, involving (4.1.29),
imply
lu” Ol 2 = 1 fll2@),  Yv,t>0. (4.2.15)

Since for X € X! such that div X = 0 we have |le="* f||,2 = || f |l ;2, the conclusion in (4.2.14) follows
from the weak™ convergence. U

An alternative proof of a generalization of Proposition 4.2.2 will be provided in Proposition 4.2.3
below. We begin with the elementary inequality

lu"OOllr <N fller, 1< p=<o00, (4.2.16)

for solutions to (4.2.1) with f € L?(0). If also f € ¥*(0) with k > n/2, the result that u" (1) — e~'X f
weak* in V*(0), proven in Proposition 4.2.1, implies
u’(t) — e X f locally uniformly on O. (4.2.17)
In particular,
feC®0) = u'(t) —> e "™ f, boundedly and locally uniformly. (4.2.18)
Combining (4.2.16) and (4.2.18) and using standard approximation arguments, we have:

Proposition 4.2.3. In the setting of Proposition 4.2.1,
feCO) = u"(t) » e "X f, boundedly and locally uniformly on O, (4.2.19)

and, for 1 < p < 00,
feLlP©) = u’(t)— e 'Xf in LP-norm. (4.2.20)

We now sharpen Proposition 4.2.1.
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Proposition 4.2.4. In the setting of Proposition 4.2.1, (4.2.5) can be sharpened to
u’t) — e "X, in V*-norm. (4.2.21)

Proof. In view of uniform bounds on |lu”(¢)]4+ in (4.1.63), it suffices to establish (4.2.21) for f in a
dense subspace of ¥*(0), so take f € C°(0). As in the proof of Proposition 3.3.4, we use the complex
interpolation identity

VH(©O) = [L*©), V* (Ol 2. (4.2.22)
established in Proposition A.1.1 of the Appendix, which yields, for f € ¥2%(0),
" 6) = X Fllys < () — e X 11,27 Nt () = e FlIx (4.2.23)

The first factor on the right side tends to zero as v \ 0, by Proposition 4.2.2 (or Proposition 4.2.3), and
the last factor is uniformly bounded as v N\ 0 by (4.1.63) (with k replaced by 2k). This completes the
proof. O

Let us tie these results more closely to estimates obtained in Section 2.2. In such a case we had addi-
tional structure to exploit. Namely, X and X, were given in (2.2.5) as V (z)d, and v” (¢, z)dy, respectively,
where v'(t, z7) = V102 V(2) (see also (4.1.10)). To generalize a bit to our present context, we assume in
addition to (4.2.2)—(4.2.4) that

X=vZ, X,=vZ, Zc¢ x!,  Z commutes with A and with X and X,. (4.2.24)

The last two conditions are equivalent to

Zv=27v"=0. (4.2.25)
In such a case, (4.2.9) becomes
u’(t) =V f 4 / te“—”(”A—X)((v —v")Zu"(s)) ds. (4.2.26)
The commutation properties yield '
w’'(t)=Zu"(t) = (dw’ =@wA-X)w", w'|g =0, w'0) =Zf). (4.2.27)
Then the maximum principle gives
1Zu" ()l Loe < NZfLoe- (4.2.28)

Let us assume Zf € L°°(0) and set || Zf |1~ = K. Since e~92=X) 5 positivity preserving, we have
from (4.2.26) that

t
¥t x) —e' V40 f(0)| <K / TTOWVA=X 1y _yV(s)| ds. (4.2.29)
0

Now (4.2.24)—(4.2.25) imply Ze=VA=X)|y — ¥ (s)| = 0, and hence

UTOVA=X 1y Y (s)| = eIV v — vV (s)], (4.2.30)

so we have ;
u’(t,x) — ' V20 f(0)| <K / TV Y — vV (s)| ds, (4.2.31)

0
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which can be compared to (2.2.10)—(2.2.11). To be sure, results of Chapter 3 apply to the right side of
(4.2.29), as we have seen in the analysis of (4.2.9), but the analysis of the right side of (4.2.31) is more
elementary.

5. Further conclusions on plane parallel flows

This chapter contains further results pertaining to plane parallel flows in a channel. In Section 5.1 we
generalize the analysis of the vanishing viscosity limit for plane parallel flows to include flows sheared
by a moving boundary, translated at varying speed parallel to the x-axis. In Section 5.2 we consider more
general boundary motions, parallel to the x-y-plane. We continue to assume (1.0.1)—(1.0.4) and we take
the forcing F = 0.

5.1. Moving boundary, parallel to x-axis. We begin with the case in which both channel walls move
with the same velocity « (), that is, we take the vector field B in (1.0.2) of the form:

B(t, p) = (a(1),0,0), p e do. 5.1.1)

Recall 0=R/Z x [0, 1]. Since « is spatially constant, this is consistent with the assumption of periodicity
in x. Later we extend the analysis to independent motion of the walls, in (5.1.47), and then extend it
further in (5.2.1).

The goal is again to study the limit of vanishing viscosity and the corresponding boundary layer,
assuming a rough boundary velocity «. The case of circularly symmetric flows in a rotating circle or
annulus was studied in [Lopes Filho et al. 2007]. We follow the notation used there.

It is convenient to assume « is defined on the whole R but supported in [0, 0o). If X is a space of
distributions on R, we indicate with X, the space of elements of X supported on [0, c0). We then take
o € BV,(R) or even o € L,f([R{). Since C;°(R) is dense in these spaces (p < 00), we can first pick
a € C;° and then use limiting arguments.

In order to highlight the effect of the moving boundary, we again take smooth initial data compatible
with (1.0.4) and independent of v, that is,

1w 0,x,y,2)=V(), W, 2),0), (5.1.2)

with V € C*°([0, 1]) and W € C*°(0). Here u" satisfies the system (1.0.8) with f = g = 0, which we
repeat here for convenience:

avY 9%vY
=v— 5.1.3
ot " 072 ( )
ow’ n yow” (82w" n 82w”) (5.1.4)
v =v . 1.
ot x ax2 072

At the same time, since the inviscid flow does not see the moving boundary due to slip boundary con-
ditions (see below), we do not impose compatibility of the initial data with the motion of the boundary,
(i.e., in this context, we do not assume that V (z) = «(0) for z = 0, 1). Consequently, the viscous flow
has an initial layer at t = 0.

As we will demonstrate, the vanishing viscosity limit in this context takes the form u” — u°, where

u®t, x,v,2) = (0@, 2), w'@, x, 2), 0), (5.1.5)
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is the solution of the Euler equations (1.0.15) again with f = g =0, that is,

a0 aw’ ow’
B_UIZ IW- L 0% . (5.1.6)

Initial data are as in (5.1.2), so that

’

1’0, x, y,2) = (V(2), W(x, 2), 0), (5.1.7)

and the boundary conditions (1.0.12) are automatically satisfied in this case. In particular, the Euler flow
is independent of the moving boundary and there is a boundary layer in the limit v — 0.

As in [Lopes Filho et al. 2008; 2007], we pass to a frame moving with the boundary. Equivalently,
we set

vV(t,2) =v'(t, 2) —alr), ' =", w", 0). (5.1.8)
We still assume o € C;°(R), in particular «(0) = 0. Then " must solve the following problem in O:
v’ %
=v—— —0ad'(1), 5.1.9
ot Y 072 @ ® ( )
ow” w" ow” ’w’ 9w’
% 2"+l = V)= = ). 5.1.10
ot + dx O Fe®) )ax a2 + 972 ( )
i’ (t,x,z) =0 on 90, (5.1.11)
1"(0,x,2) = (V(z), W(x, 2), 0). (5.1.12)
By Duhamel’s principle, the system above is equivalent to:
t
1’ =e" 4V (2) —f [e" ™4 1] da(s), (5.1.13)
0
t
w’ = VAW +f TV A=XNY — 5 —a(s)) d,w"] ds. (5.1.14)
0
The solution to the Euler system is given by
W, 2) =V (2), t>0, ze€[0,1], (5.1.15)
w'(t, x,2) =X Wy(x, z)
=Wkx-tV(@),z2), t>0,xeR/Z z€]0,1], (5.1.16)

as long as V and W are smooth enough.
We separate the contribution of the boundary conditions by writing (5.1.13) as

t
V() =0"(t) +alt) =" V() + S a(r), where ¥’ a(r) == / (I —e" "9 11da(s), (5.1.17)
0
with the integral defined as a Bochner integral. As long as v > 0, we have

9 CRR) — CA[R, C([0, 1)),

and in particular the boundary conditions are satisfied pointwise, since e”*4 1 «(s) is continuous in s and
vanishes at z =0, 1 for s > 0. The trace at the boundary takes value in two copies of C bl (R).
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To treat less regular o, we observe that for o smooth (5.1.9) is equivalent to (5.1.3), so that '« is a
classical solution of (5.1.3) with V = 0. Therefore, the maximum principle for the heat equation gives

Y Cp(R) — Cp(R, C([0, 1)) C L} 1oc (R, C([0, 1])). (5.1.18)

Next, we observe that if 8 € C;°(R) then
a=p = a=09"B.
so that
P9 = %" : CP(R) — Cyp(R, C=([0, 1])).
From (5.1.18) it follows that
S0, = 0,9 : Cp(R) — H};ILC([R{, c(o, 1])). (5.1.19)

But each @ € L{;/(R), p’ > 1, has the form a = B’ with 8 € C,(R), namely B(¢) = fioo a(s)ds. Hence

9" LY ®) — H L (R, C([0, 1])), (5.1.20)

,loc

for each p’ > 1. Consequently we have the continuous linear map
TroY” : L} (R) — (H, .. (R) @ H, \ (R)), (5.1.21)

By density, then, the boundary condition v" (¢)|30 = « in H, lloc(R) holds for any « € L{;/([R), p’ >1and
also ¢ € BV, (R) C L}y([R{). The vanishing viscosity limit cannot hold in these spaces, which have good
trace properties; in fact, we seek convergence as v — 0 in H? (0), 0 < o < 1/2, locally uniformly in
t. Note that L%(0) is the energy space for solutions to the Euler system, but convergence in LZ-norm is
relatively weak compared to the convergence results we are in a position to establish.

We first consider @ € BV, (R). Let X be a Banach space of functions on [0, 1] such that 1 € X and
{e'4 1t > 0} is a strongly continuous semigroup on X. For example, X = L”([0,1]), 1 < p < oo.
More generally, we could take X = H*?([0, 1]), with p € (1, c0) and s € [0, 1/p). Recall that $'« is
given explicitly in (5.1.17) for « smooth. By an approximation argument using mollifiers with support
in (0, 1/k), we can extend the validity of that expression to more singular «’s (for details, we refer to
[Lopes Filho et al. 2007], Proposition 2.1). We observe that the integral in (5.1.17) can be taken over
[0, t) or [0, ], since the integrand vanishes at s = ¢.

Lemma 5.1.1. If X is a space such as described in the previous paragraph, we have
F" BV, (R) — Cp(R, X),
given by
Pat) = f [(1 =" ]da(s), 1(t)=]0,1], (5.1.22)
1(t)
where the integral is a Lebesgue-Stieltjes-Bochner integral.

Formula (5.1.22) also implies the estimate

19 a(®)|x < llallBvao.y sup lle”** fi— fillx, (5.1.23)
5€[0,1]
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and, if v(0) = V € X,
v (@#) = Vix < "4V = Vlix + |9 a(t) | x—0, (5.1.24)

as v — 0, which shows the zero-viscosity limit holds in the X-norm, for the v component of the velocity,
in view of (5.1.15).

We next consider some rougher o, namely « € L”', for a certain range of p’. To begin, take « € C S (R),
in particular «(0) = 0, and integrate by parts in formula (5.1.22):

t—e

t
f [ev(t—S)A_l]da(s)=a(t)_evtAa(O)_lin,(l) U(Aev(t_s)Al)Ol(S)dS,
0 > Jo

v(t—s) A

using that e 1 € B(A), whenever s < ¢. The limit € — 0 exists at least in L2([0, 1]) and we write

t—e

t
lim v(Ae" VA1) a(s) ds=/ V(A" VA ) a(s) ds.
=0 Jo 0

Equation (5.1.13) then becomes
t
" =e"" AV (z) —a(t) +/ WA""DA D) a(s)ds, (5.1.25)
0

and ,
v ="V (2) +/ WA "I D) a(s) ds. (5.1.26)
0

Consequently, to establish convergence of the v component of the velocity to the corresponding Euler
solution in the limit v — 0 it is enough to prove the last integral vanishes in the limit.

We observe that e 41 and vA "' 41 can be explicitly computed using Fourier series. However, it is
preferable to use Green’s function methods as we are interested in the limit v — 0. To this end, we bring
in the Sobolev spaces H? ([0, 1]) with 0 <o < 1/2. We recall the well-known interpolation estimate

) | HJ (M) ifi<o <1,
[L~(M), Hy(M)], = (5.1.27)
H°(M) if0<o <3,
where M = [0, 1] or M = O here, which gives
B((—A)*) = H([0,1]) for o €0, ). (5.1.28)
Hence, we first have uniformly in ¢ € [0, T] for any 0 < T < o0,
e"'4 V—V strongly in H° ([0, 1]), as v — 0. (5.1.29)

We next observe as in [Lopes Filho et al. 2007, Equations 3.8-3.11] that

lvAe™* 1l go 0,17 < Cllv(—=A) 72" 1| 120.1))
— C”v(_A)lf(rfo)/ZevsA(_A)r/Z 1”L2([0,1])
— CV(‘[—G)/ZS(T—O')/Z—I ”(_VSA)I_(T_U)/ZeVSA(_A)T/z 1 ”LZ([O i

< Cv 25211 e oy
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for 0 <o <t < 1/2, so that by Holder’s inequality we have, with p’ the conjugate exponent to p,

t t 1/p
/ VA" 94 1 a(s) | oy ds < ||a||Lp/([0,,D( / IvAeSA 112, ) ds)
0 0
< Cpor p(T=0)/2 t(r_a)/z_H_l/pHaHLP’([O,t])“ U ey, (5.1.30)

provided 1 < p <2/(2 — (t — 0)). For example, it is enough to have p’ > 4. The same estimate holds
fora € Lg /(IR) using a smooth approximation by convolutions.

Combining the estimates in (5.1.29) and (5.1.30), we obtain convergence of the v component of the
velocity in the limit v — 0 in the Sobolev space H? ([0, 1]). We record this result in a proposition.

p A
1 and1 <p< 7 (t—0)

Proposition 5.1.2. Let0 <o <t < 1/2 and assume o € Lf/([R) with p' =
Then S a(t) = fot(v A e’ A1) a(s)ds defines a map

S A LZ/(R) — Cp(R, H? ([0, 1])),
satisfying estimate (5.1.30). Furthermore, uniformly int € [0, T] for any 0 < T < 00,
v’ —° strongly in H° ([0, 1]), as v — 0. (5.1.31)

Having settled the analysis of the first Equation (5.1.3), we now turn to Equation (5.1.4) in its mild
fomulation (5.1.14), which we solve as a fixed-point problem, but first we record some useful a priori
estimates.

We denote again 9¥w" by wy, k € Z. Since o depends only on ¢ and v” depend only on ¢, z, the same
arguments as in (2.1.9) — (2.1.12) gives that w; also solves (5.1.4). Integrating by parts in that equation,
we obtain

ld, o o o 2 |w'@, x, 7)I
EE”UJ ||L2(@)+/0 '/0 [(U (t, Z)+Ol(t))£f]dxdz

- %%nw”niz(@) + /0 1 Ozn@”(r, 2) +a<r>>[M]§” dz
= %%nw“uiz(@) = —v[[Vw' (|2, <0,
using periodicity in x. Therefore
lwg Ol 20) < 13 Wl L20)- (5.1.32)
On the other hand the maximum principle gives
lwi O llz=© < 13 Wll< ). (5.1.33)

These estimates continue to hold for @ € BV or L? (1 < p’ < 400) by approximation with smooth
functions.
We write (5.1.14) as w(¢) = &' VA0 W (r) + F¥(w")(t), where

t
5V, V, o, v)(w) =F (w)@) :f IOV A=X (Y _ 5V —(s)) dyw(s)] ds. (5.1.34)
0
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To establish the existence of a unique solution to (5.1.14), it is enough to prove that §” is a contraction
in L>®([0, T1, L?(0)), T small enough, since then continuation of the solution follows from the uniform
estimate (5.1.32).

We observe first that Proposition 5.1.2 and the Sobolev embedding implies that

V—tv—aeLP([0,T], L0, 1])

for any 1 < g < oo. Furthermore, at fixed viscosity, given that V is smooth and bounded on [0, 1] with
all its derivatives, a scaling argument gives

le" 87 fllgi ey < Coy VYDV £l ey, (5.1.35)

if 1 <r<2,0<t<1. We apply this estimate below with 1/r = 1/qg + 1/2, g large, so that r > 1.
Let |||w||| = ”w”L”o([O,T],LZ(@))' Then, from (5135),

T
IIF(w) —FHIl < Cuv fo t =) VIV = 0"(s) — a(s)) (w(s) — w'(s) | (o) ds

T
e 5.1.36
<Cuy /0 (0 =) VIV = () — () Lo oy w(s) — w2y ds O30

1/p—1 =
<CyyT /P /r”V —v-= a||Lp/([07T],Lq([o,1]) lIlw — w'lll,

using that V — v” — « commutes with 9d,. This estimate holds provided p < r, where p is the conjugate
exponent to p’ and 1/r =1/ + 1/2. If p’ > 4, we can find such an r > p > 4/3 by choosing ¢ > 4 in
(5.1.35). The estimate above gives that § is a strict contraction on L*°([0, T], L?(0)) if T is sufficiently
small. We therefore have existence and uniqueness of solutions to (5.1.4) in L*°([0, T], L?(0)), and
hence in L*([0, 0o), L?(0)) thanks to (5.1.32). Furthermore, since wy satisfies the same equation for
all k € Z, wy is the unique solution to (5.1.14) in L*°([0, 00), L?(0)) and we conclude that w" €
L>®([0, 00), ¥*(0)) for all k € Z,. Also w” is smooth in x, z for r > 0, and satifies the boundary
condition w’ = 0 on 00 pointwise.

We now turn to the analysis of the vanishing viscosity limit w’ — w®

as v — 0. For this analysis,
we rely on the results in Section 3.1 on the behavior of the semigroup e/VA~*) as v — 0. In view of
(5.1.16), we can write

W’ —w')(t, x,2) = [ — e XIW(x, 2) + R"(t, x, 2),
where
t
R'(t,x,2) = / e ICATONV (2) — 5% (s, 2) — a(s)) dyw” (s, x, 2)] ds.
0
We estimate the easier term R" (¢, x, z) first. This can be done exactly as in (2.2.11), using (5.1.33) and

the positivity of the kernel of ¢/ "A=%):

t
IRV(t,x,2)| < C|ox W= (0) / U=IVA=X) 1y () —5V(s, 2) —a(s)|ds
° (5.1.37)
=C ”axW”LOO(@)f eIV (2) —vV(s, 2)| ds,
0
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where the equality follows since V — v” is independent of x. Next, since V — v¥ — 0 strongly in
L9([0, 1]), 1 <g < oo, uniformly in ¢ € [0, T] from (5.1.30), and eVU=9)A g uniformly bounded in ¢ and
v on L79(0), we conclude

R"(x, z, t)— 0 strongly in LY (0) uniformly in 7 € [0, T], as v — O. (5.1.38)
In fact, when ¢ =2 and V =0, the estimate (5.1.30) gives also an upper bound for the rate of convergence:

sup IR (-, D)l 20y < Cv v/ T2 1 e oy el Lo o1, (5.1.39)
0<t<T
with again p = p’/(p’ — 1), 0 < © < 1/2. In the case p = 0o, we get a rate consistent with estimate
(2.1.21) for &« = 0. We now turn to the more delicate term [’ VA~%X) — ¢~ " XTW (x, z) for which we
directly use Proposition 4.3 to conclude:

[e'VAX) _ =" X1W 0 strongly in L?(0) uniformly in ¢ € [0, T, (5.1.40)

as v — 0. Putting together (5.1.40) and (5.1.38) we obtain convergence in L?(0) of the w component
of the velocity in the vanishing viscosity limit, and hence of the Navier—Stokes solution to the Euler
solution.

Proposition 5.1.3. Leta € Lf/([R{), p' >4. Letu” = (v’, w") be the solution of the Navier—Stokes system
(5.1.3)—(5.1.4) with initial condition (5.1.2) and boundary conditions (5.1.1). Let u® be the solution of
the Euler system (5.1.6) with the same initial condition, given by formulas (5.1.15)-(5.1.16). Then, as
v—0,

u’(t) — u®(1) strongly in L1(0), Vg ell,c0),

locally uniformly in t € [0, 00).

Exploiting the analysis of Section 3.2 yields convergence in higher norms in the interior. Recall that
v” is given by formula (5.1.25), and w” by formula (5.1.14) respectively. Below, v° and w® are the
components of the Euler solution, given respectively by (5.1.15) and (5.1.16). Let the set €2; be defined
as in Proposition 3.2.1, i.e., 2] € ¢ € O. Projecting along the z-direction we then have two maximal
intervals I} CC Iy € [0, 1].

Lemma 5.1.4. Letk e N and fix 0 < T < oo. Then v" defined in (5.1.25) belongs to C*°([0, T1, H*(I}))

and
vW = V=" in L2(0, T, H*(1})), as v— 0. (5.1.41)

Proof. The limit e’ A f — fast — 0in H k()N L2([0, 1]) follows easily from the explicit formula for
the Green’s function. Since V € C*°(0), we immediately have "4V — Vasv— 0in H*(I}), Vk e N.
We also have ¢"'41 — 1 in L*®([0, T], H*(I})) as v — 0, so that

lim #"(a) =0, in L®([0, T1, H*(I})),

v—>0

1
since $’a(r) = / WAe" " DA a(s)ds. O
0

From the Lemma, proceeding as in the proof of Proposition 3.2.3, we obtain

0

vW— V=0 as v — 0, uniformly on /; for ¢ € [0, T']. (5.1.42)
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The method of images yields more precise estimates. In fact, from (2.1.20), when « € BV, (R)
t
o] =| [ 1= 1da)| < CT lalrvon swp o(097P5@).  6.143)
0 0<s<t

for t € [0, T], where 8(z) = dist(z, {0, 1}) and ¢(¢) is rapidly decreasing as { — oo. Similarly, if
aeLl(R),1<p<oo,

t
| ez, t)|=‘/ (VA A l)a(s)ds‘fCT leli iy sup ¥ ((sv)~'28(2)), (5.1.44)
0 0<s<t

where v/ (¢) vanishes at 0 and is rapidly decreasing as { — o0.
Next, we address convergence of w".

Lemma 5.1.5. Fix0 < T < o0. Then w' defined in (5.1.14) belongs to C*([0, T], C(21)) and

w’ - w' asv— 0, uniformly on Q2 fort € [0, T]. (5.1.45)

Proof. We first observe that, since "’ # is uniformly bounded in L (0) (though not strongly continuous),

estimate (5.1.37) together with (5.1.42) implies

R"(t,x,z) > 0 asv— 0, uniformly on Q; forr € [0, T]. (5.1.46)

Therefore, it is enough to show that [¢/"A7%) — =1 X]

equivalent to show

W(x, z) — 0 uniformly as v — 0. In fact, it is

e AW (x, 2) > W(x, 2),
given that ¢’ Xis an isometry. This result then follows from Proposition 3.2.3 (via (3.2.1)). U
We combine the two lemmas in a proposition (see also Proposition 4.2.3).
Proposition 5.1.6. In the setting of Proposition 5.1.3 , let Q1 € Q¢ € O. Then, as v — 0,
u'(t, x, z)—)uo(t, x,z) uniformlyin(x,z) € Qi, tel0,T].

If « is sufficiently regular, then it follows from (2.1.20) and (5.1.25) that X, = v"(¢, 2)0y € /36\1 and
hence the results in § 3.7 can be applied to w, to obtain a more detailed analysis in the boundary layer.

We now generalize the setting to allow for the two channel walls to move with different velocities,
that is, we replace the boundary condition (5.1.1) with:

(¢, j), w'(t, x, j),0) = (@;(1),0,0), x eR/Z, t >0, je{0,1}. (5.1.47)
It is straightforward to extend the results derived above to this case. We begin by replacing (5.1.8) with
v(t,2) =v"(t,2) — D, 2), u" =", w" 0), (5.1.48)

where @ is given by
@ (1, 2) = [o1 (1) — ao(t) ]z + ap(1). (5.1.49)
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Note that & solves
ZD(t,-)=0 on [0, 1],

@, 0)=ao(r), >0,
o, 1) =ai(t), t=>0.
Formula (5.1.17) is then replaced by

v (1) = " AV + FV (g, 1) (1),

v _ _ u(t—=s)A
S (ao,al)(t,Z)—/[o’t][(I e )0s P (s, 2)]ds (5.1.50)

= / [(1 — "1 — )] dao(s) + / (1 — "9 2] da (s).
[0,7] [0,¢]

Integrating by parts we can obtain the analog of (5.1.25). Estimates analogous to those done above on
P a(t) are readily verified.

5.2. Moving boundary, parallel to the x-y-plane. In this section, we take a look at the following more
general motion of 90, namely

B(t,x,2) = (aj(®), B;(®),0), z=je€{0,1}. (5.2.1)

Most of the techniques have been developed in Section 5.1, so we will be brief. First note that allowing
B; to be nonzero has no effect on the component v" (¢, z), and (5.1.50) continues to hold.

Let us analyze the effect on w" (¢, x, z). Take B; € C;°(R) to start (though later we can extend to
B;j € BV,(R)). Set

W(t,2) =[B1(t) — Po(H)]z + Bo(D). (5.2.2)
We see that
w'(t,x,z) =w"(t,x,z2) — V() (5.2.3)
vanishes on 00 and satisfies
ow’ +v'o,w’ =vAw' —o,¥, w"(0,x,z)=W(x,2). (5.24)

Hence, with X = Va,,
t
w'(t,x,2) = VAW, )+ / eU™IOAX (v ¥ (s, 2))3,w" (s, x, 2) ds
0
t
- f IIVA=X8 U (s, 7)ds, (5.2.5)
0

so, making use of the fact that W (s, z) is independent of x, we obtain

t
w’(t, x,z) = "2 OW(x, 2) +/ ITOVA=X) (y (s, 2))0,w" (s, X, 2) ds
0

t
+ / (I — ="MW (s, 2)ds. (5.2.6)
0
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One can write the last integral as

[a=emma—aaper+ [ -ezapo
0 0

Previously developed techniques apply to (5.2.6)—(5.2.7).
Finally, we draw further conclusions when (5.2.1) is specialized to

B(t,x,z) =(0,8;(®),0), z=je{0,1}
In such a case, v' (¢, z) is as in Chapters 3—4. Consequently, (5.2.4) is

hw” =(wvA—X,)w" — oV,

89

(5.2.7)

(5.2.8)

(5.2.9)

with initial data w" (0, x, z) = W(x, z), boundary data 0 on 00, and with X, exactly as in Section 2.2.

Hence the results of Chapter 4 apply. We have
t
W (t, x,2) = ZHW(x, 2) —/ =310, W (s, 2) ds,
0
where X9 is the solution operator to

qu=wWA—-X))u, 0,

”|R+xa@ =
ie., u(t) =X'u(s) for 0 <s <. Hence

t
w'(t, x,2) = ES”W(x, 7) +/ (I —%5M3,W (s, z)ds,
0
and we can write the last integral as
t t
f (I =23 (1 —2)dBo(s) +/ (I —23)zdi(s).
0 0
Results of Chapter 4 then give convergence
w (1) = w(t)

in various function spaces, including V*(0).

(5.2.10)

(5.2.11)

(5.2.12)

(5.2.13)

(5.2.14)

Obtaining such convergence in the context of (5.2.1) would require some extra hypotheses on o (z),

which we will not pursue here.

Appendix A. *(0) and b-Sobolev spaces

We take O to be a compact Riemannian manifold with smooth boundary. Recall from (3.3.1) the definition

VKO)={ueL*©):Y,---Y;jue L*©0), Vj<k Y €X'},

fork €{0,1,2,...}, where

x!'= {Y smooth vector field on O : Y || 90}.

(A.0.1)

(A.0.2)
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These spaces are special cases of weighted b-Sobolev spaces, introduced and studied in [Melrose 1993]
(see also [Melrose 1996]). Here we discuss this matter and draw some conclusions that are useful in
Sections 3.3 and 4.2.
The manifold O carries a complete Riemannian metric, called a “b-metric,” which on a collar neigh-
borhood of 90, identified with [0, 1) x 90 (with {0} x 00 identified with 00 C 0) has the form
g= (%)2 +h, (A.0.3)

where £ is a smooth metric tensor on d0 and y the parameter on [0, 1). We use the symbol 0 to denote O
as a Riemannian manifold with such a Riemannian metric. The b-Sobolev spaces H If (0) are defined by

HF @) ={ueL}©):Y,---YjueL)0), Vj<k Y eX'}, (A.0.4)
where X! is as in (A.0.2) and
L2(0) = L*(0). (A.0.5)

Different choices of b-metrics on O give the same spaces, with equivalent norms. To define weighted
b-Sobolev spaces, take a defining function p for 40, i.e., p € C>®(0), p>00n0, p=00nd0, Vp(x) *
0, Vx € 90. Thus, for s € R, set

0° HF(0) = {p*u : u € Hf (0)}. (A.0.6)
An inductive argument shows that
P HEO) ={u e pL2(0): Y, ---Yjue p’L20), ¥j<k Y, €X'} (A.0.7)
We also have
L*(0) = p~'2L2(0). (A.0.8)
Hence
V*(0) = p~ V2 Hf (0). (A.0.9)

Remark. The use of “b” as a subscript in names of function spaces is different in this appendix than it
was in Chapter 5. We trust this warning will forestall confusion.

A.1. Interpolation identities. This identity (A.0.9) is of use in establishing the following result, which
is valuable in §Section 3.3 and 4.2.

Proposition A.1.1. If0 <k < € and k = €0, then
[L2(0), V(©)]s = V¥(0), (A.L1)
where the left side is the complex interpolation space.

In light of (A.0.9), this follows straight away from:
Proposition A.1.2. If0 <k < £ and k = €0, then

[L7(0), HL(0)]g = Hf(0). (A.1.2)
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In turn, Proposition A.1.2 can be proven by identifying Hlf (0) with a regular Sobolev space of func-
tions on the complete Riemannian manifold 0. (Thanks to R. Mazzeo for pointing this out.) In detail,
we set

HY©) = {u e L*©): Viu e L*©), Vj <k}, (A.1.3)
where a priori V/u is a distributional section of ®/ T*0, whose fiber @’ Tx*6 inherits an inner prod-
uct from that of 7,0 given by the complete Riemannian metric tensor on 0 described above. Since
the Riemannian manifold O considered here, arising from O via a b-metric, has special structure as a
Riemannian manifold with bounded geometry, we can give a convenient alternative characterization of
H* (6), as follows. There exist K € N and smooth maps from the closed unit ball B; C R” into 0
(n = dim 0)

¢, : B — 0, (A.14)
with the following properties:

@, is a diffeomorphism of B; onto its image;

{pkg} is a C™ bounded family of metric tensors on B;

- (A.1.5)
{¢v(B1/2)} covers O;
each p € 0 is contained in at most K sets Oy (B)).
Given a function u € Llloc (6), set
u, =g¢u e L' (B)). (A.1.6)
Then
H*(©) = {u e L2©): 3 Y 1Dl g, < oo}. (A.17)
v a|<k
Note also that
ue H'\@ & ) Y 1D%uula g, ,, < (A.1.8)
Vo |a|<k

An examination of the behavior of elements of X! when pushed forward to B; via ¢, establishes:

Proposition A.1.3. Forke 7™,
Hf(0) = H*(0). (A.1.9)

Hence (A.1.2) follows from the result that
[L*(©0), H' ()]s = H* (D). (A.1.10)

To establish this, it is convenient to bring in the Laplace-Beltrami operator of 0, which we denote L.
This is defined as an unbounded operator on L?(0) via the Friedrichs construction:

ued(L) and Lu=f <= ue H'©)and (Vu,Vg), 2 = —(f. &) 12 Vg€ H' (©). (ALl

The fact that O is complete implies L is a negative self adjoint operator and C3° (6) is dense in the domain
of all powers of L, defined inductively by

ueP(LY = ueB(L)and Lu € B(L"). (A.1.12)
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Compare [Chernoff 1973]. More generally, for each s € [0, 00), (—L)* is defined via the spectral theorem
as a positive self adjoint operator, and one has the classical interpolation identity

[L2(©), D((—L)")]o = D(~L)*). (A.1.13)
Hence the identity (A.1.10) is a consequence of:

Proposition A.1.4. Fork € N,
H*(0) = B((—L)?). (A.1.14)

Proof. That
B((—L)'/*) = H'(0) (A.1.15)

is a fundamental property of the Friedrichs construction. Next, from (A.1.11) we have
B(L) ={u e H(©0): Lu e L*(0)}, (A.1.16)
where Lu is a priori a distribution on 0. Clearly H 2(6) C 9(L). We can use the interior elliptic estimates

> D uls 5,y = € (0l + vt ) (A.117)

la|<2
with L, the image of L on By via ¢,,. The estimate (A.1.17) holds with C independent of v. We use this
together with the equivalence of (A.1.7) and (A.1.8), to obtain the reverse inclusion, hence

@(L) = H*(0). (A.1.18)
To continue, we note that (A.1.17) extends to
> U0 uls = Cr(Nutlspy + NLE U2 ) (A.1.19)
loe| <2k

again with Cy independent of v, and this together with (A.1.7)—(A.1.8) gives

{ue H'(©): L*u e L*(©0)} c H*(0). (A.1.20)
By comparison, the definition (A.1.12) says

DL ={ue H ©): Lu e (L* ). (A.1.21)

The right side of (A.1.21) is contained in the left side of (A.1.20). On the other hand, if we know that
G (LK1 = H%*72(0), it readily follows that H*(0) c @(L¥). Hence it follows inductively that

B(L*) = H*(0). (A.1.22)
To complete the proof of (A.1.14), we use
D~ = u e (LY : L'u e d((—L)*)} = {u € H*(©) : L*u € H'(0)}, (A.1.23)

and the interior regularity estimate

> DUl = Gl + LRI s, )- (A.124)
Jo| <2k+1
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This proves Proposition A.1.4, and hence Propositions A.1.1-A.1.3. U
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NONCOMMUTATIVE VARIATIONS ON LAPLACE’S EQUATION

JONATHAN ROSENBERG

As a first step toward developing a theory of noncommutative nonlinear elliptic partial differential
equations, we analyze noncommutative analogues of Laplace’s equation and its variants (some of them
nonlinear) over noncommutative tori. Along the way we prove noncommutative analogues of many
results in classical analysis, such as Wiener’s Theorem on functions with absolutely convergent Fourier
series, and standard existence and nonexistence theorems on elliptic functions. We show that many
classical methods, including the maximum principle, the direct method of the calculus of variations, and
the use of the Leray—Schauder Theorem, have analogues in the noncommutative setting.

1. Introduction

Gelfand’s Theorem shows that X ~» Co(X) sets a contravariant equivalence of categories from the cate-
gory of locally compact (Hausdorff) spaces and proper maps to the category of commutative C*-algebras
and x-homomorphisms. This observation is the key to the whole subject of noncommutative geometry,
which is based on the following dictionary:

Classical Noncommutative
locally compact space <> C*-algebra
compact space <> unital C*-algebra
vector bundle <> finitely generated projective module
smooth manifold <> C*-algebra with smooth subalgebra
real-valued function <> self-adjoint element
partial derivative <> unbounded derivation
integral <> tracial state

The object of this paper is to begin to use this dictionary to set up a noncommutative theory of elliptic
partial differential equations, both linear and nonlinear, along with corresponding aspects of the calculus
of variations. Since the theory is still in its infancy, we begin with the very simplest case: Laplace’s
equation and PDEs closely connected to it, and concentrate on the simplest nontrivial example of a
noncommutative manifold, the irrational rotation algebra (or noncommutative 2-torus) Ag, for 6 € R~ Q.
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Keywords: noncommutative geometry, irrational rotation algebra, elliptic partial differential equations, maximum principle,
calculus of variations, harmonic maps, Leray—Schauder Theorem, meromorphic functions.
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A definition of elliptic partial differential operators, along with the study of one example associated with
the irrational rotation algebra, was given in Connes’ fundamental paper [1980], but there the emphasis
was on pseudodifferential calculus and index theory. Here we focus on other things: variational methods,
the maximum principle, an analogue of Wiener’s Theorem, tools for treating nonlinear equations, the
beginnings of a theory of harmonic unitaries, and some aspects of noncommutative complex analysis.

What is the motivation for a noncommutative theory of elliptic PDE? For the most part, it comes from
physics. Many of the classical elliptic PDEs arise from variational problems in Riemannian geometry, and
are also the field equations of physical theories. But the uncertainty principle forces quantum observables
to be noncommutative. There is also increasing evidence, as in [Connes and Lott 1990; Chamseddine
and Connes 1997; Connes et al. 1998; Seiberg and Witten 1999; Mathai and Rosenberg 2005; 2006], that
quantum field theories should allow for the possibility of noncommutative space-times. Noncommutative
sigma-models, for which the very earliest and simplest investigations are in [Dabrowski et al. 2000; 2003],
will require the noncommutative harmonic map equation, which generalizes the Laplace equation studied
in this paper.

We use as our starting point the noncommutative differential geometry of Alain Connes [1980]. This
theory only works well with highly symmetric noncommutative spaces, as the smooth elements are taken
to be the C* vectors for an action of a Lie group on a C*-algebra, but this theory is well adapted to the
case of the irrational rotation algebra, which carries an ergodic gauge action of the 2-torus T2.

The outline of this paper is as follows. We begin in Section 2 with the basic properties of the Laplacian
on Ag. Included are analogues of Wiener’s theorem (Theorem 2.8) and the maximum principle (Propo-
sition 2.9). In Section 3, we take up the basic properties of Sobolev spaces on Ay, which are needed
for a deeper analysis of some aspects of noncommutative PDEs. We should point out that some of the
material of this section has already appeared in [Polishchuk 2006, §3] and in [Luef 2006]. The heart of
this paper is contained in Sections 4 and 5, which begin to develop a theory of nonlinear elliptic partial
differential equations, using methods analogous to those traditional in the theory of nonlinear elliptic
PDE. Finally, Section 6 deals with noncommutative complex analysis.

We should mention that another example of noncommutative elliptic PDE and an associated varia-
tional problem on noncommutative tori, namely, noncommutative Yang—Mills theory, has already been
studied by Connes and Rieffel [Connes and Rieffel 1987; Rieffel 1990]. Furthermore, Theorem 2.8
was previously proved by Grochenig and Leinert [Grochenig and Leinert 2004] by another method, and
variations on the Grochenig—Leinert work can be found in [Luef 2006]. In their paper, Grochenig and
Leinert point out some applications to harmonic analysis and wavelet theory, which go off in a somewhat
different direction than the applications to mathematical physics which we envisage, though obviously
there is some overlap between the two.

2. The linear Laplacian
We will be studying the C*-algebra Ay generated by two unitaries U, V satisfying
Uv =e""vu.

Ap is simple with unique trace 7 if 6 € R~ Q. (See for example [Rieffel 1981] for a review of the basic
facts about Ag.) The torus G = T? acts by



NONCOMMUTATIVE VARIATIONS ON LAPLACE’S EQUATION 97

g, U=2U, ag V=22V, |zul=|nl=1

The space of C* vectors for the action « is the smooth irrational rotation algebra

A = {Z CcmaU™V" ey, rapidly decreasing}.

m,n

This should be viewed as a noncommutative deformation of the algebra C>®(T?) of smooth functions
on an ordinary 2-torus, and the decomposition of an element of this algebra in terms of multiples of
U™V" should be viewed as a sort of noncommutative Fourier series decomposition, with ¢, , as a sort
of Fourier coefficient. For a € Ap but not necessarily in Ag°, the Fourier coefficients c,, , are well
defined and satisfy |c,, | < |lall, since ¢, = T(V"U™a), but the Fourier series expansion of a is
only a formal expansion, and need not converge in the topology of Ag, just as one has functions in C (T?)
whose Fourier series do not converge absolutely or even pointwise.

We denote by 8; and 8, the infinitesimal generators of the actions of the two T factors in T2 under .
These are unbounded derivations on Ag, and map AZ° to itself. They are given by

81(U) =2milU, 8(V)=2riV, &(U)=45(V)=0.

These derivations §; obviously commute with the adjoint operation *, and play the roles of the partial
derivatives d/dx; in classical analysis on the 2-torus. Since the action o of T? preserves the tracial state
7,7068; =0, j =1, 2. This fact is the basis for the following Lemma, which we will use many times in
the future.

Lemma 2.1 (Integration by parts). If a, b € Ag°, then t(§;(a)b) = —1(§;(b)a), j =1, 2.
Proof. We have 0 = 1(38;(ab)) = t(§;(a)b) +1(ad;(h)). U
Definition 2.2. In analogy with the usual notation in analysis, we let

A=8+682.

This should be viewed as a noncommutative elliptic partial differential operator. (The notion of ellipticity
was defined rigorously in [Connes 1980, p. 602].) Clearly, A is a “negative” operator, and its spectrum
consists of the numbers —4712(m2 +n2), m, n € Z, with eigenfunctions U V". Via the noncommutative
Fourier expansion discussed earlier, the pair (A2°, A) is isomorphic to C % (T?) with the usual Laplacian
A, provided one looks just at the linear structure and forgets the noncommutativity of the multiplication.
(This was already observed in [Connes 1980, p. 602].)

Proposition 2.3. For any A > 0 (or not of the form —4m*n with n € N), the map —A + A: Al — A
is bijective.
Proof. We have

(—A+2) ( > emal” v") =Y (4x*m* +n?) + ) cnaU"V".

m,n m,n
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It is immediate that —A + X has no kernel and has an inverse given by the formula

1
m n m n
2 cmnl"V Zmn e R

m,n

since if ¢, ,, 1s rapidly decreasing, so are the coefficients on the right. U
It is also easy to characterize the image of A.

Proposition 2.4. The image of A: A° — Ag° is precisely Ag° Nker T, the smooth elements with zero
trace.

Proof. We have A(Y,, , cunU™V") = =472 Y. (m* +n?)cy nU™ V", and the factor (m? 4 n?) kills
the term with m = n = 0. Thus the image of A is contained in the kernel of t. Conversely, suppose
a=7y , ,dn,UMV" is an arbitrary element of AZ° Nker . That means d,, , is rapidly decreasing and
doo = 0. Then d,, ,/(m* 4 n?) is also rapidly decreasing, and
Z/ _dm,n Um Vn
472 (m? + n?) '

m,n
where the " indicates we omit the term with m =n =0, converges to an element b of A° with Ab=a. [

The following consequence is an analogue of a well-known fact about subharmonic functions on compact
manifolds.

Corollary 2.5. If a € Ag° is subharmonic (i.e., if Aa > 0), then a is constant.

Proof. Suppose a € Ag° and Aa > 0. By Proposition 2.4, t(Aa) = 0. But 7 is a faithful trace, which
means that if » > 0 and t(b) = 0, then b = 0. Apply this with b = Aa and we see that Aa = 0. This
implies a is a scalar multiple of 1. U

For future use, we are also going to want to study other “function spaces” on the noncommutative
torus. For example, we have the analogue of the Fourier algebra of functions with absolutely convergent
Fourier series.

Definition 2.6. Fix 6 € R~ Q, and let

Ry = {Zcm,nU’”V” : Z |cmn| < oo}.

m,n m,n
This is obviously a Banach subspace of Ag with norm || - ||, given by the £' norm of the coefficients
Cm.n- We also obviously have [la||,1 > |la| for a € Bg. (|| - || will for us always denote the C*-algebra

norm.)

The following lemma, related in spirit to the Sobolev Embedding Theorem [Kazdan 1983, Theorem 1.1],
relates the topology of By to the subject of Propositions 2.3 and 2.4. More details of noncommutative
Sobolev space theory will be taken up in Section 3 below.

Lemma 2.7. Let f € AZ°. Then there is a constant C > 0 such that (in the notation of Definition 2.6)

| fller < CI(=A+1)fI. In particular, the domain of A, as an unbounded operator on Ag, is contained
in %9.
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Proof. Suppose f =, , cmaU™V" € A°. Then

1l =D lemal =Y _(1+47%m* +1?) ey - Amn
m,n

1 +472(m? 4+n?)’

m,n

where |a,, | = 1. View this as an £2 inner product and estimate it by Cauchy—Schwarz. We obtain

[fller = CII(=14A) flle2,

where || - |2 is the £2 norm of the sequence of Fourier coefficients (this can also be defined by |c||,2 =
7(c*c)"/?) and where

c= [l +amml+at) ™,

1 172
= < 00.
e (an: (1 +4712(m2+n2))2)

Since the £% norm is bounded by the C*-algebra norm, as ||c||,2 = t(c*c)'/? < ||c*c||'/> = ||c||, the result
follows. 0

The next result was proved in [Grochenig and Leinert 2004], using the theory of symmetric L'-algebras
as developed by Leptin, Ludwig, Hulanicki, et al. We include a brief proof for the sake of completeness.

Theorem 2.8 (Wiener’s Theorem). The Banach space By is a Banach x-algebra and is closed under the
holomorphic functional calculus of Ag. Thus if a € By and a is invertible in Ag, a™" € By.

Proof. Suppose a =Y _ ¢, U™ V" with the sum absolutely convergent. Then

at = § :Cm,nV_nU_m — 2 :Cm’ne—menGU—mV—n
m,n

m,n

so a* € PBy. Similarly, if also b = Y d,, ,U™V" (absolutely convergent sum), then ab has Fourier
coefficients given by twisted convolution of the Fourier coefficients of a and b, and since the twisting
only involves scalars of absolute value 1, the Fourier coefficients of ab are absolutely convergent. More

precisely,
ab = (Zcm,nUmV”) (Z dk,,U"W) = > Cunde U VUV
m,n k,l m,n,k,l
_ Z Cm,ndk,le_zmkmg Um+kvn+l — Z fp,q Uurve,
m,n,k,l P.q
where
—2mi(p— 6
frg= Zcm,ndp—m,q—ne 7i(p=m)n , sothat [fy 4] =< Z lcmnl ldp—m.g—nl < llcllplld]l -
m,n m,n

This confirms that %y is a Banach x-algebra and of course a x-subalgebra of Ay.

To prove the analogue of Wiener’s Theorem, we unfortunately cannot use the cute proof using the
Gelfand transform, since %y is not commutative. We also cannot use another very elementary proof
from [Newman 1975] since this also relies on commutativity. However, Newman’s proof is related to
the fact—implicit in [Connes 1980, Lemma 1] —that AZ° is closed under the holomorphic functional
calculus of Ay. To prove this one has to show that if b € Ag° with b invertible in Ay, then b~ also lies in
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Ag°. To prove this fact, iterate the identity §; b H=-b"1s j(b) b~ to see that b~ lies in the domain
of all monomials in §; and &;. One might think that since Ag° is dense in %y, this should be enough to
prove Wiener’s Theorem for the latter, but this doesn’t work, since in general the spectrum and spectral
radius functions are only upper semicontinuous, not continuous, on a noncommutative Banach algebra
[Newburgh 1951].

To prove the theorem, we rely on an observation of Hulanicki [1972, Proposition 2.5], based on
[Raikov 1946, Theorem 5]: if a Banach *-algebra B (with isometric involution and a faithful *-represen-
tation on a Hilbert space) is embedded in its enveloping C*-algebra A, then the spectra of self-adjoint
elements of B are the same whether computed in B or in A if and only if B is symmetric (i.e., for
x € B, the spectrum in B of x*x is contained in [0, co)). We will apply this with B = By and with
A = Ay. Hulanicki also showed [Hulanicki 1970] that the L' algebras of discrete nilpotent groups are
symmetric. In particular, the L' algebra of the discrete Heisenberg group H (with generators a, b, c,
where c is central and aba~'b~! = ¢) is symmetric. Thus By, which is the quotient of L'(H) by the
(self-adjoint) ideal generated by ¢ — e, is also symmetric. (If B is a symmetric Banach x-algebra and
J is a closed self-adjoint ideal, then B/J is also symmetric, since if x € B/J is the image of x € B, then
the spectrum of x*x in B/J is contained in the spectrum of x*x in B, hence is contained in [0, 00).) So
for x = x™ € By, by Hulanicki’s observation, if x is invertible in Ay, x~ e By Suppose a € By and a
is invertible in Ag. Then a* is also invertible in Ay, so x = a*a € By and x is invertible in Ay. Hence

xlT=ala* " eByanda! =x"'a* € By. U

In the classical theory of the Laplacian, one of the most useful tools is the maximum principle — see,

for example, [Kazdan 1983, p. 20]. The following is a noncommutative analogue.

Proposition 2.9 (Maximum principle). Let h = h* € Ag°, and let [ty, t|] be the smallest closed interval
containing the spectrum o (h) of h in Ag, so that t;y = max{t :t € o (h)} and to = min{t : t € o (h)}. Then
there exists a state ¢ of Ag with ¢(h) = t1, and for such a state, p(Ah) < 0. Similarly, there exists a state
Y of Ag with W (h) = ty, and for such a state, ¥ (Ah) > 0.

Proof. The commutative C*-algebra C*(h) must have pure states ¢ and U with §(h) = 11, ¥ (h) = 1o,
since 1, 11 € o (h). Extend these to states ¢, ¥ of the larger C*-algebra Ay. Then for s € G = T2, the
functions s — ¢(as(h)) and s — 1 (as(h)) must have a maximum and a minimum, respectively, at the
identity element of T2. (Recall that « is the gauge action by %-automorphisms.) Differentiate twice and
the result follows by the second derivative test. ([

Just as in the classical setting, Laplace’s equation arises as the Euler—Lagrange equation of a variational
problem.

Definition 2.10. For a € A°, let
E(a) = 37(81(a)” + 82(0)?).
This is clearly the noncommutative analogue of the classical energy functional
1 2
f = IV £~ dvol
2J/m

on a compact manifold M.
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Proposition 2.11. The Euler—Lagrange equation for critical points of the energy functional E of Defi-
nition 2.10, restricted to self-adjoint elements of AZ°, is just Laplace’s equation Aa = 0. Thus the only
critical points are the scalar multiples of the identity, which are the points where E (a) = 0 and are strict
minima for E.

Proof. This works very much like the classical case. If a = a* and h = h*, then

% Z_OE(a +1h) = 37(81(a)81 (h) + 81 (h)81(a) + 82(a)82(h) + 82(h)Sa(a)).
Because of the trace property, we can write this as 7 (81 (a)81(h)+82(a)d2(h)). For a to be a critical point
of E, this must vanish for all choices of 4. Integrating by parts using Lemma 2.1, we obtain t (hA(a)) =0
for all A, and since the trace pairing is nondegenerate, we get the Euler-Lagrange equation Aa = 0. Since
A has pure point spectrum with eigenvalues —472(m? +n?) and eigenfunctions U™ V", the equation has
the unique solution a = A1, A € R. These are also the points where E takes its minimum value of 0. [J

3. Sobolev spaces

In the treatment of Laplace’s equation above, we alluded to the theory of Sobolev spaces. One can develop
this theory in the noncommutative setting in complete analogy with the classical case. To simplify the
treatment, we deal here only with the L? theory, which gives rise to Hilbert spaces. These spaces are
convenient for applications to nonlinear elliptic PDE, as we will see in the next section.

Definition 3.1. For a € Ay, we define its L? norm! by
lalle = t(@*a)"’2.

We let L2 or HY (this is the Sobolev space of “functions” with 0 derivatives in L?) be the completion of
Ag in this norm. Obviously this is a Hilbert space, with inner product extending

(a, by =1(b*a)

on Ag. Also note that the norm of L? is simply the £2 norm for the Fourier coefficients, since if a € Ag°

has the Fourier expansion ), . ¢y ,U™V", then

alh=t(a*a)=1 CmnU"V"Y c UV ) =1 CnnCiVIUTTUNYE ) = Cmnl*.
¢ , , , , ,
k,l,m,n k,l,m,n m,n

Now let n € N. We define the Sobolev space’ H” of “functions” with n derivatives in L? to be the
completion of AZ° in the norm

lalZm =Y 18s@]-

0<|Bl=<n
(These spaces are also defined, with slightly different notation, in [Polishchuk 2006, §3].) Here 8 =
B1B2 - - - Bjp runs over sequences with B; =1 or 2 and dg means dg, - - - 8, , a partial derivative of order

IThis is really the norm for the Hilbert space of the I factor representation of Ay determined by the trace 7.
2Usually this would be called H":2, but we are trying to simplify notation.
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|B]. For example,
lall, = llall? + 181 @117, + 1182(a) 112

The Sobolev space H" is clearly a Hilbert space, and we obviously have norm-decreasing inclusions
H" < H"~!. Furthermore, it is clear that the Sobolev norms are invariant under taking adjoints and can
easily be expressed in terms of the Fourier coefficients; for example, if a € AZ° has the Fourier expansion
Yo Cmn U™ V", then

lall} = (14+47>0m* + 1) cmal*.
m,n
The next result is the exact analogue of the classical Sobolev embedding theorem [Kazdan 1983,
Theorem 1.1] for T2.

Theorem 3.2 (Sobolev embedding). The inclusion H" < H"~' is compact. The space H' is not con-
tained in Ay, but H? has a compact inclusion into By (and thus into Agp).

Proof. Since the Sobolev norms just depend on the decay of the Fourier coefficients, this follows imme-
diately from the classical Sobolev Embedding Theorem in dimension 2. The inclusion of H? into By
also follows from the estimate

[fller = CII(=14A) flle2,

in the proof of Lemma 2.7, with the compactness coming from the fact that we can approximate by the
finite rank operators that truncate the Fourier series after finitely many terms. O

4. Nonlinear problems involving the Laplacian

Somewhat more interesting, and certainly more difficult to treat than the situation of Proposition 2.11, are
certain nonlinear problems involving the Laplacian, of the general form Au = f (u). Such problems arise
classically from the problem of prescribing the scalar curvature of a metric e“g obtained by conformally
deforming the original metric g on a Riemannian manifold M [Kazdan 1983, Chapters 5, 7]. For example,
if g is the usual flat metric on T2, then the scalar curvature / of the pointwise conformal metric e* g solves
the equation Au = —he". (This equation is studied in detail in [Kazdan and Warner 1974, §5].) Because
of the Gauss—Bonnet theorem on the torus, # must integrate out to 0, so there are no solutions with & a
constant unless 4 =0 and u is a constant. This fact has an exact analogue in our noncommutative setting.

Proposition 4.1. If A € R, the equation Au = —Ae" has no solution u = u* € Ag° unless . =0 and u is
a scalar multiple of 1.

Proof. Suppose u =u* € Ag°. Then e* > 0, so if 1 #0, either Le" > 0 or —Ae" > 0. Thus if Au = —Ae",
either u or —u is subharmonic. The result now follows from Corollary 2.5. U

Alternative proof. Use the maximum principle, Proposition 2.9. Let [a, b] be the smallest closed interval
containing the spectrum of u. Then for any state ¢ of Ap, a <@ (u) <b and p(e") > e > 0. If Au=—Xe"
and A > 0, then by Proposition 2.9, there is a state ¢ with ¢ (1) =a and p(Au) > 0, while p(—2re*) <0,
a contradiction. Similarly, if A < 0 and Au = —Xe", there is a state ¢ with ¢(u) = b and ¢(Au) <0,
while ¢(—Xie") > 0, a contradiction. U
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Proposition 4.1 suggests that we consider the equation Au = —%(he” + e”h) with h = h* not a scalar.
(Note that we have symmetrized the right-hand side to make it self-adjoint, since u = u™ implies Au is
self-adjoint.) Once again, a slight variation on the argument of Proposition 4.1 shows that there is no
solution if 7 > 0 or if & < 0; again this is not surprising since one gets the same result in the classical
case as a consequence of Gauss—Bonnet.

Proposition4.2. Ifh>0o0rh <0in AS°, the equation Au = — % (he” —i—e“h) has no solution u =u* € A°
unless h = 0 and u is a scalar multiple of 1.

Proof. This is just like the proof of Proposition 4.1. If & > 0 and Au = —1 (he" + ¢"h), then applying t
to both sides, we get
0=1(Au) = —t(he") = —7 (h'/?e"h"/?). (4-1)

Since
R12pup1/2 — (eu/Zhl/Z)* (eu/2h1/2) >0
and 7 is faithful, that implies e*?pl/2 = 0. Since ¢*/? is invertible, it follows that #'/2 = 0 and & = 0.

The case where & < 0 is almost identical; just replace 4 by —h and change the sign of the right-hand
side of (4-1). ]

Unfortunately, the rest of the treatment in [Kazdan and Warner 1974, §5] doesn’t extend to our setting,
since from the calculation
t(h) =3t(e "“he" +h) = —1(e “Au),

it is not clear if 7 (k) < O follows. (The problem is that we can’t commute the various factors that arise
from expanding §;(e™") after integration by parts.) But since the main purpose of this section is just to
test various techniques and see to what extent they apply to nonlinear noncommutative elliptic PDEs, we
will consider instead the following more tractable equation from [Kazdan 1983, Chapter 5]:

Au=pue"—xr, A, pnuelR, A, u>0. (4-2)
Theorem 4.3. The equation (4-2) has the unique solution to = In(A/u) in (Ago)s.a..

Proof. Let
Pu)=Ew)+t(ne" —ru).

Note that for # € R, w e’ — At has an absolute minimum at ¢ = £y, so we" — Au > A(1 — tg) for u = u*
and so £(u) > A(1 —ty) for u = u*. Furthermore, the Euler—Lagrange equation for a critical point of &
is precisely (4-2), since

d
yr L(u+th) =t(61(w)s1(h) 4 82(u)d2(h) — Ah) + ar

T Meu+th
. ( )

9’

=0
via the calculation in the proof of Proposition 2.11. Now

oo

1
ZO n—r((u—l—th) )

d
dt

d
T( u+th) E

t=0 t=0

| =

o o
l n—l n—2 . n—2 n—1\ __ n—1\ _ u
Zn h+u""“hu+-- -+ uhu""+ hu )_Z T(hu""") = t(he")

n=0

|

S
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by the invariance of the trace under cyclic permutations of the factors. So applying Lemma 2.1, we see
that

d
7 Lw+th) =t(—hAW) —Ah+ phe*) = —r(h (Au+r— ,ue”)).
t=0

So nondegeneracy of the trace pairing gives (4-2) as the Euler—Lagrange equation for a critical point
of &. It is also clear that fy is an absolute minimum for & and a solution of (4-2). It remains to prove
the uniqueness. Suppose u is a solution of (4-2) and write u = fo 4+ v. Then v satisfies the equation
Av = A(e” — 1), and we need to show v = 0. Multiply both sides by v and apply . We obtain (using
Lemma 2.1)

—2E() =t(vAv) = At(v(e’ —1)).

The left-hand side is < 0, while since A > 0 and 7 (e’ — 1) > 0 with equality only at 7 = 0, the right-hand
side is > 0. Thus E(v) = 0, which implies v is a scalar with v(e’* — 1) =0, i.e., v =0. O

With techniques reminiscent of [Kazdan 1983, Chapter 5] we can study a slightly more complicated
variant of (4-2).

Theorem 4.4. Let a > 0 be invertible in AZ°. Then the equation
Au=pe"—a, peR, u>0 (4-3)

has a solution u € (Ago) .
s.a.

Without loss of generality (as a result of replacing u by u — In ) we can take p = 1; that simplifies
the calculations and we make this simplification from now on. Some condition on a beyond the fact that
a > 0, for example at least a # 0, is necessary because of Proposition 4.1, and we see that any solution
of (4-3) must satisfy 7(e") = t(a) > 0.

Proof. Several methods are available for proving existence, but the simplest seems to be to apply the
Leray—Schauder Theorem ([Leray and Schauder 1934], [Kazdan 1983, Theorem 5.5]). Consider the
family of equations

Au=0—-tu+te" —a, 0<tr<lI. (4-4)

When ¢ = 0 this reduces to Au =u — a, or (—A + 1) u = a, which by Proposition 2.3 has the unique
solution u = (—A + 1)~ 'a. When ¢ = 1, (4-4) reduces to (4-3). We begin by using the maximum
principle, Proposition 2.9, which implies an a priori bound on solutions of (4-4). (Compare the argument
in [Kazdan 1983, pp. 56-57].) Indeed, suppose u satisfies (4-4) for some 0 <t <1, and let [c, d] be the
smallest closed interval containing o (#). We may choose a state ¢ of Ag with ¢(u) =d, p(e") = e,
and by Proposition 2.9, ¢ (Au) < 0. Since

p(I—Du+te"—a)=(—-t)d+te —pa)>(1—t)d+te? —|lal,

we get a contradiction if (1 —¢)d +1 e? —|la|| > 0, which is the case if d > ||a||. So d < |a|. Similarly,
we may choose a state ¥ of Ap with ¥ (u) = c, ¥(e*) = e, and by Proposition 2.9, ¥ (Au) > 0. Since

w((l—t)u+te”—a)=(1—t)c+tec—1ﬂ(a)i(l—t)c+fec—ﬁ»
a
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we get a contradiction if ¢ — 1/]ja™"|| < 0. Thus ¢ —1/[la”'|| > 0 and ¢ > —In ||a~!||. In other words,
any solution of (4-4), for any 0 <t < 1, satisfies the a priori estimate

—Infla”"| <u < all. (4-5)
Now rewrite (4-4) in the form
u=(—A+1)_1(a+tu—te“).

The right-hand side is well-defined and continuous in the C*-algebra norm topology for u = (Ag)s.a.,
since (—A + 1)~! is bounded by Lemma 2.7. In fact, this Lemma also shows (—A + 1)~! is bounded as
amap Ayp — By, so as amap Ay — Ag, it is a limit of operators of finite rank, namely the restrictions of
the operator to the span of {U™ V" : m?+n? < N}, as N — oo. Thus (—A + 1)~! is not only bounded,
but also compact. Together with the a priori estimate (4-5) and the fact that there is a solution for # =0,
this shows that (4-4) satisfies the hypotheses of the Leray—Schauder Theorem. Hence (4-4) has a solution
for all ¢ € [0, 1]. Thus (4-3) (which is the special case of (4-4) for t = 1) has a solution in dom A C Ay,
and thus in By by Lemma 2.7.

The last step of the proof is elliptic regularity. In other words, we need to show that a solution to (4-3),
so far only known to be in %y, lies in Ag°. Since a € Ag° and By is closed under holomorphic functional
calculus (by Theorem 2.8), the right-hand side of (4-3) lies in %y, i.e., has absolutely summable Fourier
coefficients. Then (4-3) implies that the Fourier coefficients ¢, , of u have even faster decay, namely,

> (A4 m®+n?)emal < oo.
m,n

Now one can iterate this argument. This is a bit tricky, as at each step one needs a new Banach
subalgebra of Ay to replace %B (we drop the subscript 8 for simplicity of notation), so we indicate how
this works at the next step, and then sketch how to proceed further. For u € & with Fourier coefficients
Cm.n. let

lully =D @ +m* +n?)emal,

m,n
assuming this converges. We have seen that we know ||u||; < co. We claim that || - ||; is a Banach
x-algebra norm. This will follow by the argument in the proof of Theorem 2.8 if we can show that

D+ 44D Y lemanl ldp-mgnl < (Z<2+m2 +n2>|cm,n|)(2<2+12 +k2>|dl,k|>.
m,n 1.k

P.q m,n

Comparing the two sides of this inequality, one sees it is equivalent to proving that
Q4P+ = Q+m+nH)2+ (p—m) + (g —n)),
or with ¥ = (m, n) and W = (p —m, g — n) vectors in Euclidean 2-space, that
Q1T +WI%) < @+HITIP)2+IT1P).
This inequality in turn follows from the standard inequality

1T +BIP < ITIPHIBIR+2AT 11T <207 P+ 1T 12).
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This shows the completion of Ag° in the norm || - ||; is a Banach *-algebra %,. Since u and a are in %,
so is e — a. By (4-3) again, u has still more rapid decay; its Fourier coefficients satisfy

D 4+ n*)emal < oo,
m,n

Now we iterate again using still another Banach x-algebra %, with the norm

lulla =Y (84 (m* + 1)) cm.nl.

m,n

Again one has to check that this is a Banach algebra norm, which will follow from the inequalities
8+IT+ B =8+ (17 + W%’
<8+ (TP +1T12)° <8+4(IT I+ 1B I +21T 12 1T 1?)
<84T I+ 1 1Y) < B+ 1T 1) B+ 1w 1Y)
Thus %, is a Banach algebra and ¢* — a € %B,, so that Au € %, and the Fourier coefficients of u decay

faster than (m? +n?)3, etc. Repeating in this way, we show by induction that c,, , is rapidly decreasing,
and thus that u € AZ°. U

Sketch of a second proof. One could also approach this problem using “variational methods.” By the
argument at the beginning of the proof of Theorem 4.3, (4-3) is the Euler—Lagrange equation for critical
points of

Pu)=Eu)+1(* —ua)=Ewu)+1(" —a?ua'’?).
This functional is bounded below since E (1) > 0 and t(e* —a'/?ua'/?) is bounded below (by a constant
depending only on a). Indeed, for 7 and A > O real, ¢’ — Ar has a global minimum at ¢ = In A, so

e —x>A(1—1In)). Ifwewrittu =u, —u_ withu,u_ =u_u, =0and uy, u_ >0, then
—t(wa)=t(u_a)—t(usa) = —t(ulr/zau:_/z) + t(u]_/2au1_/2) > —t(u¥2||a||u¥2) +0=—Ja| t(uy).
On the other hand,

T(e") = r(e”+ +e 74 — 1) > t(e“*) —1,
and thus

T(e" —ua) = 7(e) — lall () — 1 = (" — alluy) — 1= ]l (1~ 1In flall) — 1.

So we will show that &£ must have a minimum point, which will be a solution of (4-3).

Choose u, =u, € Ag° with £(u,) decreasing to inf{i(u) ‘u€e (Ago)s.a.}. Since E and 7 (e*—a'?ua'/?)
are separately bounded below, E (u,,) must remain bounded. That means that ||6; (u,) || 2 remains bounded
for j =1, 2.

We can also assume that ||, ||, remains bounded. To see this, it is easiest to use a trick (cf. [Kazdan
1983, pp. 56-57]). Because of the a priori bound on solutions of (4-3) coming from the maximum
principle (see the first proof above), we can modify the function e on the right-hand side of the equation
and replace it by some C* function that grows linearly for u > ||a|| + 1 and decays linearly for u <
—1 —In|lal|. (This does not affect the maximum principle argument, so the solutions of the modified
equation are the same as for the original one.) This has the effect of changing the term t(e") in the



NONCOMMUTATIVE VARIATIONS ON LAPLACE’S EQUATION 107

formula for & to something that outside of a finite interval behaves like a constant times 7 (x?), which is
]2

Thus we can assume our minimizing sequence u, is bounded in the Sobolev space H'. Since the
unit ball of a Hilbert space is weakly compact, after passing to a subsequence, we can assume that u,
converges weakly in the Hilbert space H', and by Theorem 3.2, strongly in H® = L?, to some u € H'
which is a minimizer for &. (Compare the argument in [Kazdan 1983, Theorem 5.2].) This u is a “weak
solution” of our equation and we just need to show it is smooth, i.e., corresponds to a genuine element
of AZ°. This requires an elliptic regularity argument similar to the one in the first proof. O

5. Harmonic unitaries

In this section, we discuss the noncommutative analogue of the classical problem of studying harmonic
maps M — S!, where M is a compact Riemannian manifold and S' is given its usual metric. This
problem was studied and solved in [Eells and Sampson 1964, pp. 128—129]. The homotopy classes of
maps M — S are classified by H'(M, Z). For each homotopy class in H'(M, Z), we can think of it
as an integral class in H'(M, R), and represent it (by the de Rham and Hodge Theorems) by a unique
harmonic 1-form with integral periods. Integrating this 1-form gives a harmonic map M — S! in the
given homotopy class. This map is not quite unique since we can compose with an isometry (rotation)
of the circle, but except for this we have uniqueness. (This follows from [Eells and Sampson 1964,
Proposition, p. 123].)

If we dualize a map M — S!, we obtain a unital s-homomorphism C (S') — C (M), which since C(S")
is the universal C*-algebra on a single unitary generator, is basically the same as a choice of a unitary
element u € C(M). This analysis suggests that the noncommutative analogue of a harmonic map to S'
should be a “harmonic” unitary in a noncommutative C*-algebra A. Each unitary in A defines a class in
the topological K-theory group K(A), and for A a unital C*-algebra, every K class is represented by
a unitary in M, (A) for some n, so since we can replace A by M, (A), the natural problem is to search
for a harmonic representative in a given connected component of U (A) (or, passing to the stable limit,
in a given K class).

The next level of complexity up from the case where A = C(M) is commutative is the case where
A=C(M, M,(C)) for some n. In this case, a unitary in U(A) is the same thing as a map M — U (n),
and a harmonic unitary should be the same thing as a harmonic map M — U (n). For example, suppose
M = S? and n = 2. Since there are no maps M — S! which are not homotopic to a constant, it is natural
to look first at smooth maps f: S — U(2) with detof: S* — T identically equal to I, i.e., to look
at maps f: S° — SU(2) = S°, with both copies of S equipped with the standard round metric. This
problem is treated in [Eells and Sampson 1964, Proposition, pp. 129-131]. For example, the identity map
$3 — §3=SU(2) < U(2) is a harmonic map representing the generator of K1(A) =K —1(83). The study
of harmonic maps in other homotopy classes, even just in the simple case of $* — §3, is a complicated
issue (see, e.g., [Eells and Sampson 1964, Proposition, pp. 129-131] and [Schoen and Uhlenbeck 1984]);
however, this is quite tangential to the main theme of this article, so we won’t consider it further.

Instead, we consider now the notion of harmonic unitaries in the case of Ay. Recall first that K{(Ay) =
72, with U and V as generators [Pimsner and Voiculescu 1980, Corollary 2.5], and that the canonical
map U (Ag)/U(Ap)o — K1(Ap) is an isomorphism [Rieffel 1987].
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Definition 5.1. If u € Ag° is unitary, we define the energy of u to be

E@u) =3 7((81()*81 () + (82(u))*82 ().

Obviously this is constructed so as to be > 0. This definition also coincides with the energy defined in
Definition 2.10, provided we insert the appropriate *x’s in the latter (which we can do without changing
anything since there we were taking u to be self-adjoint). The unitary u is called harmonic if it is a critical
point for E: U(Ag°) — [0, 00). By the discussion above, a harmonic unitary is the noncommutative
analogue of a harmonic circle-valued function on a manifold.

Remark 5.2. Note that in Definition 5.1, E(«) is invariant under multiplication of u by a scalar A € T.
Thus E descends to a functional on the projective unitary group PU(Ag°) and any sort of uniqueness
result for harmonic unitaries can only be up to multiplication of u by a scalar A € T. This is analogous
to what happens in the case of harmonic maps M — T, where the associated harmonic 1-form is unique
but the map itself is only defined up to a constant of integration.

Theorem 5.3. If u € A;° is unitary, then u is harmonic if and only if it satisfies the Euler—-Lagrange
equation

u™(Au) + (81(u)* 81 (u) + (82(u))* 82 (u) = 0. (5-1)

Note that this equation is elliptic (if we drop lower-order terms, it reduces to Laplace’s equation Au =0),
but highly nonlinear.

Proof. First note that for u unitary, since u u* = u*u = 1, we have
Sjw)u +u;m) =@jw) u+u*8ju)=0,

j =1, 2. If u is unitary, then any nearby unitary is of the form ue'’", h = h*, and

dt

E(ue'™y = % T (—icS] (h)u*81(u) +i81(u)*udy (h) + similar expression with 82).
t=0

We can use the trace property to move all the §;(h)’s to the front. So u is a critical point if and only if
for all h = h*,

(81 01) Im(u"81@0) + 85 (h) Im(u”8(u)) ) = 0. (5-2)

In (5-2), the Im’s can be omitted since we have seen that u unitary = §;(u)*u skew-adjoint. Thus u is
harmonic if and only if

7(8100) (81 @0) +820) (u85)) ) =0

for all h = h* in Ag°. Now apply integration by parts (Lemma 2.1). We see that u is harmonic if and
only if

(161 (w81 W) +h 82(u820)) ) =0
for all h = h* in Ag°. Since the trace pairing is nondegenerate, the Theorem follows. U
It seems natural to make the following conjecture:

Conjecture 5.4. In each connected component of PU(Ag°), the functional E has a unique minimum,
given by scalar multiples of U" V™. These are the only harmonic unitaries in this component.
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Unfortunately, because of the complicated nonlinearity in (5-1), plus complications coming from
noncommutativity, we have not been able to prove the Conjecture 5.4. However, we have the following
partial result. In particular, we see that every connected component in U (Ag°) contains a harmonic
unitary which is energy-minimizing.

Theorem 5.5. The scalar multiples of U™ V"™ are harmonic and are strict local minima for E. Any
harmonic unitary u depending on U alone is a scalar multiple of a power of U. Similarly, any harmonic
unitary u depending on 'V alone is a scalar multiple of a power of V.

Proof. First suppose u depends on U alone. Then 8,(u) = 0. So by the proof of Theorem 5.3, if u is
harmonic, then r((S 1(h) -8 (u)*u) =0 for all & = h*. This must also hold for general & (not necessarily
self-adjoint) since we can split / into its self-adjoint and skew-adjoint parts. Since the range of §; contains
U™ unless m =0, t(8;(u)*u U™)=0 for m # 0, which means (since &;(u)*u depends only on U) that
81(u)*u is a scalar. Thus u is an eigenfunction for §; and so u = ¢*U™ for some m. The case where u
depends on V alone is obviously similar.

Next let’s examine u = U™ V". Since E(U™V") = 2x%(m?* + n?) while

UMV AUV = —472(m? +n?),

u satisfies (5-1) and is therefore harmonic. We show it is a local minimum for E; in fact, the minimum
is strict once we pass to PU(Ag°). We expand §; (ue'™), with h = h*, out to second order in 7. Note
that with § = §; or 62,

S(ue'™) = 8(u) +it (8)h +usd(h)) — 32 () h* +us(h) h+uh §(h)) + O ().

We substitute this into the formula for E (ue'™®). The terms linear in 7 cancel since « is harmonic, and
we find that

E(u e”h) =2n%(m*+n?)
+17 ((51 )h +udy(h))" (81 + usy (h)) — 381 @)* (81 () h* +u 81 (h) h+u h 8, (h))
— %(h2 S1(w)* +h8i(h)u™ + 81 (h) hu™) 8 (u)+ similar expressions with 82> + 0.

This actually simplifies considerably since u is an eigenvector for both §; and 85, so that §;(u)*5;(u),
8j(u)*u, and u*8;(u) are all scalars. It turns out that almost everything cancels and one gets

E(ue™) =22 (m* +n?) + 377 (81 (h)* + 8,(h)?) + O (?)
=27%(m* +n®) +1> E(h) + O ().

By Proposition 2.11, the term in ¢ vanishes exactly when & is a constant, and in that case E (ue'"') =
E(u) = 2% (m? + n?) (exactly). Otherwise, the coefficient of ¢ is strictly positive and E (ue!”’) has a
strict local minimum at r = 0. O

6. The Laplacian and holomorphic geometry

As we have seen, A on Ay behaves very much like the classical Laplacian on T2. But the Laplacian
in (real) dimension 2 is very closely related to holomorphic geometry in complex dimension 1. That
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suggests that the theory we have developed should be closely related to the Cauchy—Riemann operators
d and 9 on noncommutative elliptic curves, as developed in references like [Polishchuk and Schwarz
2003; Polishchuk 2004].

1(.9

In classical analysis (in one complex variable), one usually sets 3 = E(a_x. +i aixz) the Cauchy—

Riemann operator, with 9 its complex conjugate. Then A =49 3. In our situation, the obvious analogue
istosetd = %(61 +1i 82).3 Comparable to Proposition 2.4 is:

Proposition 6.1. The operator 9 Ag° — A° has kernel given by scalar multiples of the identity, and
restricts to a bijection on ker t.

Proof. Immediate from the fact thatifa =)_,  cu,U™V", then

da=mi) (m+in)cuaU"V",

m,n

together with the characterization of elements of AZ° in terms of rapidly decreasing Fourier series. [

Thus the noncommutative torus admits no nontrivial global holomorphic functions. This is not surprising
since a compact complex manifold admits no nonconstant global holomorphic functions. However,
assuming 7(f) = 0, we can solve the inhomogeneous Cauchy—Riemann equation du = f, which in the
classical case is related to the proof of the Mittag-Leffler Theorem (see, for example, [Hormander 1990,
Chapter 1]).

In some situations, one is led to the more complicated equation (du) u~' = f, (similar to the one
above but with 9 replaced by the logarithmic Cauchy—Riemann operator. This equation can be rewritten
as du = fu. Is was already studied (under an alternative convention about whether one should multiply
on the left or the right) in a (different) noncommutative context in [Bost 1990], and then by Polishchuk:

Theorem 6.2 [Polishchuk 2006]. Let f € Ag. Then the equation du = fu has a nonzero solution if and
onlyift(f)emni(Z+iZ).

(A slightly different convention is used in the given reference, and in [Polishchuk and Schwarz 2003]:
in those works, 9 is taken as (x +iy)8; + 83, with y < 0. When x = 0 and y = —1, this is what we
have here, up to a constant factor of —2i. This constant explains why the result looks different. With our
convention, u = U™ V" solves du = fu with f =mi(m+in).)

The relevance of Theorem 6.2 concerns the theory of noncommutative meromorphic functions. While
a compact complex manifold admits no nonconstant global holomorphic functions, it can admit non-
constant meromorphic functions, such as (in the case of an elliptic curve) elliptic functions like the
Weierstra} g function. There are two ways we can view meromorphic functions on a Riemann surface
M. On the one hand, they can be considered as ratios of holomorphic sections of holomorphic line
bundles & of M. On the other hand, they can be considered as formal quotients of functions that satisfy
the Cauchy—Riemann equation.

These points of view, applied to a noncommutative torus, are equivalent via the following reasoning.
A holomorphic vector bundle is defined via its module of (smooth) sections, which is a finitely generated

3We could also study different conformal structures on the torus, by changing the i here to another complex number in the
upper half-plane, but for the problems we will study here, this makes no essential difference.
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projective (right) Ag°-module. This module must be equipped with an operator V satisfying the basic
axiom

V(s-a)=V(s)-a+s-d(a).
If we assume the module is AZ° itself (i.e., the vector bundle is of dimension 1, i.e., a line bundle), then
this operator is determined by f = V(1), in that for any s,

V(s)=V(1-s)=f-s+13(s)=03(s)+ fs.

A holomorphic section of the bundle is then a solution s of a(s)+ fs=0.
On the other hand, the natural definition of meromorphic functions is the following.

Definition 6.3. A meromorphic function on the noncommutative torus A is a formal quotient u~'v, with
u, v e dom(d) C Ay, satisfying the Cauchy—Riemann equation (in the sense to be made precise below).
Here we don’t want to require that u be invertible in Ay (otherwise u~'v would be holomorphic, hence
constant), so we simply want u to be regular (in the sense of not being either a left or right zero divisor),
and the inverse is to be interpreted in a formal sense (or in the maximal ring of quotients [Berberian
1982], the algebra of unbounded operators affiliated to the hyperfinite II; factor obtained by completing
Ag in its trace representation). Then the condition that ~!v be meromorphic is that

0= 5(u‘1v) = 5(u‘1)v +u v = —u_lg(u)u_lv +u" v,
or (via multiplication by u on the left) that
5v:fv, 5u:fu, (6-1)

which says precisely that our meromorphic function is a quotient of two holomorphic sections of a
holomorphic line bundle with V =9 4 f. In the other direction, if # and v satisfy (6-1) and u is regular,
so that the formal expression #~!v makes sense, then we formally have

A v) = 5(u’1)v +ulov = —u’lé(u)uflv +u" v
=—u ' fuuv+u fv=—u"fv+ut fv=0,
and u~'v is meromorphic.

In accordance with the classical existence theorem of Weierstral3 for elliptic functions, we have:

Proposition 6.4. There exist nonconstant meromorphic functions on the noncommutative torus Ag, in
the sense of Definition 6.3.

Proof. This follows immediately from the discussion in [Polishchuk 2006, §3], which shows that there
are choices for f for which the holomorphic connection V is reducible, with a space of holomorphic
sections of dimension bigger than 1, and thus there are solutions of (6-1) with u and v not linearly
dependent. Note that if this is the case, u cannot be invertible ([Polishchuk 2006, Lemma 3.14]—we
also know this independently from Proposition 6.1). But we do require u to be regular, so we need to
check that this can be achieved. For example, suppose e is a proper projection in Ag° (“proper” means
0 < t(e) < 1) of trace m + n6 with n relatively prime to both m and 1 — m. The trivial rank-one right
Ag® module splits as eAg® @ (1 — e)Ag°, and we can arrange to choose a holomorphic connection on
Ag® that is reducible in a way compatible with this splitting, so that there are 1-dimensional spaces of
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holomorphic sections on each of eAg° and (1 — e)Ag°. By the explicit formulas in [Polishchuk and
Schwarz 2003, Proposition 2.5], these come from real-analytic functions in ¥(R), and so it’s evident that
the u that results from putting these together is regular, as by [Berberian 1982], it’s enough to observe
that its left and right support projections are equal to 1. U

On the other hand, there is also a nonexistence result for meromorphic functions on the (classical)
torus: no such nonconstant function exists with only a single simple pole [Ahlfors 1978, Corollary to
Theorem 4, p. 271]. We can find an analogue of this in the noncommutative situation also. To explain
it, first note that in the sense of distributions on the complex plane, 9 (%) is not zero (if it were, %
would have a removable singularity, by elliptic regularity), but rather is equal to m §, where § is the
Dirac §-distribution at 0. Suppose there were a meromorphic function f on T? = C/(Z + iZ) with at
worst one simple pole and no other poles. Then f would be locally integrable and, after translation
to move the pole to 0, would define a distribution on T? with d(f) a multiple of 8. Thus the Fourier
series of 3(f) would be a multiple of the Fourier series of 8, which is Zmn U™V". And in fact Fourier
analysis gives another proof of the nonexistence theorem not using residue calculus. Suppose f were
nonconstant. Since a compact complex manifold admits no nonconstant holomorphic functions, f cannot
be holomorphic, which means that 3 f must be nonzero in the sense of distributions. Since d(f) is a
multiple of Zm, , U™V", the proportionality constant, which is also the (0, 0) Fourier coefficient of af,
must be nonzero. But this is impossible since the Fourier series of any distribution in the image on 9
must have zero constant term. The noncommutative analogue of all this is the following:

Proposition 6.5. Let f be a distribution in the dual of Ag°. (The distributions consist of formal Fourier
series Zm’n Coon U™V With {c. ) of tempered growth.) Suppose d f is a multiple Ome,n Umv". Then
f is a constant.

Proof. This follows exactly the lines as the argument above for the classical theorem. If 3 f has formal
Fourier expansion ¢ Zm , U™V", thenthe (m, n) coefficient, ¢, must be divisible by m+in for all (m, n).
Because of the (0, 0) coefficient, this is only possible if ¢ = 0. But if ¢ =0, then f is in the distributional
kernel of 3, which forces all the Fourier coefficients of f to vanish except for the constant term. U

In fact, essentially the same proof proves a slightly more general statement, which in the classical
case is equivalent to [Ahlfors 1978, Theorem 4, p. 271]. For the analysis above shows that the sum of
the residues of a meromorphic function f on T2, when the function is considered as a distribution?, is
precisely the constant term in the Fourier series of d f, up to a factor of 7. The analogue of the sum of
the residues theorem in the noncommutative world is this:

Proposition 6.6. Let f be a distribution in the dual of A°. Then the constant term in the (formal)
Fourier series of 3 f is zero.

Proof. Essentially the same as before. U

The connection with the main subject of this paper is of course that meromorphic functions w as
studied in this section are singular solutions of Laplace’s equation Aw = 0, since A = 490 d. More
precisely, “singular solution” means classically that as a distribution, Aw is not necessarily 0, but has

4This requires a comment. A meromorphic function with simple poles is locally integrable, thus defines a distribution in the
obvious way. A meromorphic function with higher-order poles is not locally integrable, but can be made into a distribution of
principal value integral type. This distribution is not a measure.
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countable support. In the noncommutative setting, we do not have a notion of support for a distribution,
but the same basic idea applies.
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AN INVERSE SOURCE PROBLEM IN OPTICAL MOLECULAR IMAGING

PLAMEN STEFANOV AND GUNTHER UHLMANN

We study the direct and an inverse source problem for the radiative transfer equation arising in optical
molecular imaging. We show that for generic absorption and scattering coefficients, the direct problem
is well-posed and the inverse one is uniquely solvable, with a stability estimate.

1. Introduction

We consider an inverse source problem arising in optical molecular imaging (OMI) which is currently
undergoing a rapid expansion. The design of new biochemical markers that can detect faulty genes and
other molecular processes allows us to detect diseases before macroscopic symptoms appear. This has
been studied extensively in the bioengineering literature. See for instance [Chang et al. 1997; Contag et al.
1998; Jang et al. 2000]. Unlike higher-energetic markers used in classical nuclear imaging techniques
such as single photon emission computed tomography (SPECT), positron emission tomography (PET),
as well as magnetic resonance imaging (MRI), optical markers emit relatively low-frequency photons.
The objective of OMI is to reconstruct the concentration of such markers from their radiations measured
at the boundary of the domain. The radiations in OMI are governed by the equations of radiative transfer
and the inverse problem in OMI is thus an inverse transport source problem, at least once the optical
properties of the underlying medium are known. We now describe more precisely the mathematical
problem.

We assume that €2 is a bounded domain of R"” with smooth boundary. We will assume also that €2
is strictly convex. This is not an essential assumption since for the problem that we study, one can
always push the boundary away and make it strictly convex, without losing generality. In our main result
Theorem 3.1, we assume that the data is given on the boundary of a larger €2; © €2. This is not essential
for the uniqueness result but it is essential for the stability estimate (9).

The radiative transport equation is given by

0-Veu(x,0)+o(x,0)u(x,0) —/

Sn

k(x,0,0u(x,0)do" = f(x), ulyg_sq =0, (1)

where the absorption o and the collision kernel k are functions with a regularity that will be specified
below. The source term f is assumed to depend on x only.

In Section 2 we study the direct problem. We show that for an open and dense set of absorption and
scattering coefficients the direct problem (1) is well-posed. See Theorem 2.1 for details.
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The boundary measurements are modeled by
Xf(x,0)=uly,sq, (x,0)€d;5R,

where u (x, 0) is a solution of (1), and 9 S€2 denotes the points x € 92 with direction 6 pointing outwards.

In Section 3 we consider the inverse source problem, that consists in determining the source term
f from measuring X f. Notice that in the case 0 = k = 0 the linear operator X is the standard X-ray
transform and when k = 0, X is a weighted X-ray transform (see Section 2).

This inverse problem has been considered in several papers in the mathematical and engineering
community [Bal and Tamasan 2007; Larsen 1975; Panchenko 1993; Sharafutdinov 1997; Siewert 1993;
Yi et al. 1992]. In particular in [Bal and Tamasan 2007] it is shown that one can prove uniqueness when
k=k(x,0-0"), and k is small enough in a suitable norm. We show that for the absorption and scattering
in an dense and open subset we can uniquely determine the source f from the boundary measurements.
We also prove a stability estimate. See Theorem 3.1 for details.

2. The direct problem

Set
To=0-Vy, Tv=To+o, T=Ty+o—K,

where o is viewed as the operator of multiplication by o (x, 8), and K is the integral operator in (1).
Let u solve

Tu= f, u|3_SQ =0. (2)
As mentioned in the introduction the operator X is the X-ray transform, if o =k =0,

0
Xf(x,0)=1f(x,0) :=/ fx+10)dt, (x,0)€0+:82,
T_(x,0)
where +74(x, 0) > 0 are defined by (x, x + 74.(x, 8)) € 0+ 5. We will always extend f as O outside
2 so we can assume that we integrate above over R. If kK = 0, then X reduces to the following weighted
X-ray transform

Xf(x,0) =1, f(x,0):= / E(x+10,0)f(x +10)dt, (x,0) € 8,59, A3)

where
o0
E(x,@):exp(—f a(x—i—s@,@)ds).
0

If o > 0 depends on x only, this is known as the attenuated X-ray transform, that is injective, and there
is an explicit inversion formula (see [Novikov 2002; Arbuzov et al. 1997]).

We define the adjoint X™* of X with respect to the measure d¥ defined above. We will view X as a
perturbation of /;, and our goal is to show that X*X is a relatively compact perturbation of 1} 1;.

First we will analyze the direct problem. Some conditions are needed for its well-posedness, that
usually involve smallness of k£ with respect to o; see, for example, [Dautray and Lions 1993; Reed and
Simon 1979] and [Sharafutdinov 1997] for the Riemannian case. In the next theorem, f is allowed to
depend on 6 as well and we show that the direct problem is generically solvable.
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Theorem 2.1. There exists an open and dense set of pairs (o, k) € C*(2x " ) x CH(Qx S~ x §7~1),
including a neighborhood of (0, 0), so that for each (o, k) in that set,

(a) the direct problem (2) has a unique solution u € L2(Q x S"_l)for any f € L2(Qx S* 1 depending
both on x and 0;

(b) X extends to a bounded operator
X: L2 QxS" > L*3,5Q, d¥).
Proof. We start with the analysis of the direct problem (2). In what follows, let Ty, 77 and T denote the
operators given by (1) in L2(Q x §"~!) with domain
D(Tp)=D(T) =D(T)={f e L*(Qx S""); 6-Viue LX(Q2x "), uly soq=0}.

We will assume here that f depends both on x and 8. Note first that the solution to the problem (2) with
k=01is given by u = Tl_lf, where
0

0
[Tl—lf](x,G):f exp(—f a(x—i—r@,@)dr)f(x-i—s@,@)ds.

—0o0

This follows easily from the fact that E is an integrating factor, that is, 7o = E~!T{ E.
Apply Tl_1 to both sides of (2) to get

u=T""(Ku+ f).
We therefore see that (2) is equivalent to the integral equation
Md—-T7"'"Ku=1,"f.
Therefore, if (Id — Tl_1 K) is invertible, (2) is uniquely solvable, and the solution is given by
u=T"'f=Wd-17"K)"'17'f. “4)

When f depends on x only, set
[Jf1(x, 0) :== f(x).
Then
u=T"'Jf=1d-T'K)'1] ' Jf.
Lemma 2.2. The operator KT 'J : L*(2) — L*(Q2 x $"~') is compact.
Proof. Let first f depend both on x and 6. Then

0 0
[I(Tllf](x,e):/sl k(x,@,@')/ exp(—/ o(x—|—‘c9/,9/)dr>f(x+s9/,0/)dsd9/

= p— f(y, )dy,
lx — yl lx —yl

where

0
>(x,s,60) :exp(—/ o(x+16,0") dt)

—S
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(we replaced s by —s and then made the change x — s6' = y).
Assume now that f depends on x only, that is, we have J f above with such an f. Then

Z(x,|x yl, Ix yl)k(x 0, = = y‘)
lx —y|n~!

[KT;IJ]f(x,e):/Q () dy. (©6)

The integral above is a typical singular operator with a weakly singular kernel, and an additional pa-
rameter 6; see [Michlin and Préssdorf 1980; Stein 1970]. Under the smoothness assumptions on o and
k, it is easy to see that dp K Tl_1 and 0, K Tl_1 are bounded operators; see Proposition 3.4 below. This
completes the proof of the lemma. U

Remark 2.3. The arguments above do not prove that K Tl_1 is compact in L?(2 x §"~!) because there
are no enough integrations in this case to apply the same arguments. Its square however is compact, as the
next lemma shows. On the other hand, under appropriate smoothness assumptions on &, similar to those
in Theorem 3.1 (see (9)), the operator K Tfl is compact, indeed. This is a consequence of the velocity
averaging lemma that states that if k = k(0’) with k of appropriate regularity, then K 7~! is compact in
L?>(Q x §" 1) . The gained regularity then is % only, not 1. Now, for k = k(x, 6, #) smooth enough,
one can approximate K uniformly with finite sums of operators with kernels k (x)®'(6")®(6), each one
of which is compact. For more details, we refer to [Mokhtar-Kharroubi 1997] and the references there.

Lemma 2.4. The operator KTl_lK (L2(Q x S — L2(Q x 771 is compact.
Proof. Replace f(y, = = yI) in (5) by

KN =) = [ KO ) o

Then the compactness follows from the same arguments as in Lemma 2.2. Indeed, we have

KT K10 = [ = fy.0) dy e,
Qx -1 |x =y

with an obvious definition of «. In particular, all second order derivatives of « are bounded. Let
g(x,0,0") be the y-integral above, that is, the right hand side above becomes f g(x,0,0")do9’. Then
by Proposition 3.4 below,

/ |axg<x,9,9’>|2dx56/ |f(x, 0" dx
Q Q

for any 6, 6. In particular,

// . 19,:8(x, 0,0 > dxdo’ < C| fI7..
QxS

10, KT, 'K f|* = / / / d.g(x,6,0)do’
Qx s ]Jgn-1

SC// / 10,g(x, 0,0")|>d0’'dx do
stn—l Sn—l

<ClIfl3.

Then 5
dx do
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It is easy to see that dg K Tl_lK f € L? as well. This, and the estimate above, imply the compactness of
KT 'K. O

We proceed with the proof of part (a) of the theorem. We are looking for k so that 7! exists. Consider
—1 21
A =(Id— KT ')?)

in L2(2 x §"~1). The operator (K Tfl)2 is compact, and for A = 0, the resolvent above exists. By the
analytic Fredholm theorem [Reed and Simon 1980], A(A) is a meromorphic family of bounded operators.
In particular, it exists for all but a discrete set of A’s. Thus for the those A’s, the resolvent (Id—A K Tl_l)_l
exists and is given by

(Id—AKT, )™ = Ad+AK T HAR). (7

Indeed, it is obvious that the operator on the right hand side above is a right inverse to Id — LK Tl_l.
For |A| <« 1, one can use Neumann series to show that it is left inverse as well. One can use analytic
continuation around the poles to show that this remains true for all A that are not poles.

By (4), then T~! exists for such A’s and k replaced by Ak. In particular, this shows that the set of
such (k, o) is dense. Standard perturbation arguments show that the set of k’s for which Id — AK Tl’1 is
invertible, is open in C for a fixed o and the set of pairs (o, k) € C° x C° with the same property is
open, too. Since we just showed that it is dense as well in C° x C?, this completes the proof of (a).

We proceed with the proof of (b). For X we get (see (4)),

Xf=R.T'f=R,(d—T;'K) 1" f,
where Rih = h|y, sq. If f depends on x only, then
Xf=R:T ' Jf=R.(d-T;'K) 17 I f. (8)

Notice first that
-1 =17 ad - KT

and in particular, the resolvent on the left exists if and only if the resolvent in the right hand side does.
We therefore have

Xf=R:T'Ad— KT, H7If.
To prove (b), it is enough to show that

RiT7 LA (Qx $"7") — L3, 5Q, dX)

is bounded. A straightforward computation (see also [Choulli and Stefanov 1999]) shows that

0
/ / f(x—t@,@)dtdE:f f(x,0)dxdo
3,5Q Jr_(x,0) Qx sl
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for any f € L'(Q x §"~!). Therefore,

0 2
IR f gm0 = [ R foPazs [ [ peerm o] az
9, SQ o, 5017 (x,0)
0
<[ (mwor[ irerooraes
9,50 T (x,0)

< diam(2) ”f”iZ(QxS"’l)'

3. The inverse source problem

In this section we consider the inverse source problem. The next theorem shows that for generic (o, k)
there is uniqueness and stability. As mentioned in the introduction a similar result has been proven in
[Bal and Tamasan 2007] in the case where k = k(x, 6 - 6’), and k is small enough in a suitable norm.

Fix another strictly convex bounded domain €2 so that 21 3 €2. Extend (o, k) with regularity as below
to functions in €2; with the same regularity. We chose and fix that extension as a continuous operator
in those spaces. Define the operator X : L2(Q)) — L2(8+SM1) in the same way as X. We will be
interested in the restriction of X to functions f supported in Q. We always extend such f as zero to
2\ Q. This corresponds to taking measurements on d€2; instead of 9€2.

Theorem 3.1. There exists an open and dense set of pairs
(0,k) e CHQx " x CH(@x s~ cTsp™h), 9)

including a neighborhood of (0, 0), so that for each (o, k) in that set, the conclusions of Theorem 2.1
hold in 1, and

(a) the map X is injective on L3(),

(b) the following stability estimate holds:

I f 2@ < CIXTX1f i) (10)
for all f € L*(RQ), with a constant C > 0 locally uniform in (o, k).

Remark 3.2. The smoothness requirement on & can be reduced to k € C? if k is of a special form, like
k= 0(@)k(x,0") or a finite sum of such; see (15), (16).

From now on, we will drop the subscript 1, and all operators below are as defined before but in the
domain €2;. We assume that (o, k) are such that 7! exists. We assume now that X is applied to f that
depends on x only. For now, it is not important that f is supported in ; that will be needed in (20) and
after that; so we apply X to functions in L?(£2;). By (8),

X=I,+L, L:=R (-d+1d-T1"'K)"H1'J (11)

(see also (3)). Then
X*X=I'l,+%, <L:=IL+L"I,+L"L. (12)

In our analysis, we will apply a parametrix of I}, to X*X. That parametrix is a first order operator.
For this reason, we study 9, /L.
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Lemma 3.3. The operators
oI L, 9.L*I,, 9,L*L

are compact as operators mapping L>(Q1) into L*>(Q1).

Proof. To analyze 1L, note that L also admits the following representation
L=R.T'KT,'0d— KT, H7'J. (13)
We need to study IR Tl_1 K Tl_lh, where h = h(x, 8). Notice first that

[I;;h](x)zf E(x,0)h*(x,6)de,
Sn—]

where E denotes complex conjugate, and A" is the extension of 7 € C(9,5S) as a constant along the
lines originating from x in the direction —6; see, for example, [Frigyik et al. 2008, Section 4]. In other
words,

h*(x,0) = h(x + 14(x, 0), ).

Next, R Tl_]h looks just like I, (see (3)) but with f there depending on 6 as well. Therefore,

0 ft
[I:R+T11g](x):f E(x,e)[/ E(x+ze,9)g(x+z9,9)dt} de.

—00

This yields (see [Frigyik et al. 2008] again):

LR, T ' gl(x) = // E(x,0)(Eg)(x +16,6)do dr
(14)

ly — x[n1 @,

=2/ [E(x, ﬁ)(Eg)(y’ |;Vv:§\)]even
Q

where Feyen(x, 0) is the even part of F as a function of 6. If we set g = K Tl_lh, that would give us
XRyTT'KT A

Instead of assuming (9), we will make the following weaker assumption at this point: k can be written
as the infinite sum

oo
k(x,@,@@zZ@,-(@)@(x,@’) (15)
j=1
with some functions ®; and «; so that
oo
D 10l 151yl 1l Loy w1y < 00 (16)
j=1
One such way to do this is to choose ®; to be the spherical harmonics Y;; then «; are the correspond-
ing Fourier coefficients. Then ||Y; || g1(gn-1y < C(1 + 1), where )\5 are the eigenvalues of the positive
Laplacian on s"=1. Since A i =0( /=Dy for the uniform convergence of (15) it is enough to have
llicjllze < C(1+2;)~"~¢ with & > 0. This would be guaranteed if k € L=(22; x S5~ '; it (s~ 1)) by
standard integration by parts arguments. Therefore, the hypothesis (9) of the theorem implies (15) and
(16).
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Under this assumption, for K ; Tl_lh, where K; has kennel © ;«;, we have (see (5)):

(KT h](x, 0) = ©,()[B,;h](x),

E ’ ’ I
&M@::/ @lx NIXﬂ)( ”)Oho,x y>®'
Q4 |

Jx — y[r! x =yl

(17)

We claim now that B;(Id — KT, ")~ : L*()) — L*(R) is compact. We have
(d—-KT; Y 'U=J+0d-KT7H'KT .

By Lemma 2.2, the second term on the right is compact. Therefore, it remains to show that B;J is
compact. Observe that B;Jh is given by (17) with h = h(x). The compactness then follows from
Proposition 3.4, assuming that «; € C?. On the other hand, B ;J is compact under the assumption that
kj € L only, by [Michlin and Prossdorf 1980, Theorem VII.3.3]. Moreover, its norm is bounded by
Cljll .

We can now write

WIL=03 'R, T ' KT 'ad— KT, ")~ 'J

o0
=Y O I;R,T]'O,0)(B;ad— KT H7)). (18)
j=1

We notice first that 8XI:R+T1_1®jJ : L>(Q1) — L?(R) is bounded by Proposition 3.4 (b), compare
to (14), with a norm bounded by Cllo||c2[|®;| 5. The operator B;(Id — KTI_I)_IJ on the right is
compact, as we have just seen. Therefore, each summand in the right hand side of (18) is a compact
operator with a norm not exceeding C||® ;|| 1 ||| L, where C depends on o as well. Then the series
in (18) converges uniformly by (16). Under this condition, d, /)L is compact.

To analyze d,L*L, we will follow the proof above. It is enough to show that BXL*R+T1_1® i
L*(Q) — L*(Q) is bounded. We have (see (13)):

RWL*RT'O;J =0 (R T Ad— KTy YK T ) RLTT' O,
=0 (KT, ' D (ReT7 ' d = KT, H ™) RLT' O, (19)

Since R T, !'is bounded, it remains to show that the operator d, (KT, D* L2(Q) x $" 1 —> L2(Q)
is bounded, as well. The kernel of the latter is (see (6))

E(y7 |y X| ly— x\)k( 0’ |;_i|)

(x,(y,0) 0 —
ly — x|

Then the boundedness of 9, (KT fl J)* then follows as in Lemma 2.4.
Finally, the fact that 0, L*I,, is bounded follows from the proof for 9, L*L. Indeed,

L, =, L*RL T,

compare with (19), where we can set ©; = 1.
This completes the proof of Lemma 3.3. U
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Proof of Theorem 3.1. We return to the analysis of the operator X*X; see (12). We showed in Lemma 3.3
that, up to a relative compact operator, X*X coincides with I} I,. Assume that o and k are C*. Let Q
be a parametrix (of order 1) to the elliptic WDO [I}1, in 2. We restrict the image of Q to L?(2), that
is, we view Q as an operator Q : H!(Q) — L?(S2). Then for any f supported in Q, we have

QI 1 f = f+Kif, (20)
where K is of order —1 near 2. Apply O to X*X to get
OX*Xf=f+Kf, K=K + 0. (21)

Then K, : L>(Q) — L?*(RQ) is compact. We get that the problem of inverting X*X is reduced to a
Fredholm equation. We will show that it is generically solvable, as in the theorem.

We show first that the set of pairs for which X is injective is dense.

By the results of [Frigyik et al. 2008, Theorems 1 and 2], if o is real analytic in a ©, then I is
injective, and therefore II,, is injective as well. Moreover, for a small C?(2), perturbation preserves
that property. Actually, the remark after [Frigyik et al. 2008, Theorem 2] shows that this is true even
for small enough C! perturbations. Fix o real analytic in ;. Fix k as well so that (o, k) belongs to the
generic set in Theorem 2.1, related to €21, and the regularity assumption (9) is satisfied. That can be done
for an open dense set of k’s by the proof of Theorem 2.1. Consider X related to (o, Ak) with A belonging
to some complex neighborhood € of [0, 1]. The operator K; in (21) depends meromorphically on A € €.
Indeed, K is related to (o, 0) (that is, to A = 0), and is therefore independent of A. The parametrix Q
is also independent of A. The analysis above shows that & is a meromorphic function of A because L
has that property; see (7) and (11). For A = 0, we have & = 0, and then K, = K. By adding a finite
rank operator to Q, we can arrange that Id + K (see (20)) is injective; see also the proof of [Stefanov
and Uhlmann 2005, Proposition 4]. We can then apply the analytic Fredholm theorem again in € with
the poles of (Id — AK)™! Tl_1 removed. The latter is a connected set, containing A = 0 and A = 1. The
analytic Fredholm theorem then implies that Q X*X is invertible for all A in that set with the possible
exception of a discrete set. In particular, there are A’s as close to A = 1 as needed with that property. For
those A’s, X*X and X are injective as well. This shows that there is a dense set of pairs (o, k) in the
space (9) so that X is injective. Let us call that set AU.

We show next that for (o, k) in some neighborhood of U, X is still injective.

Let (k,0) € U. Then X : L>(Q) — L?(32,dX) is injective . Then X*X : L2(Q) — H'(Q) is
injective as well, as an integration by parts shows. By adding a finite rank operator to Q, we can arrange
that Id + K (see (20)) is injective, as above. Then Id + K is invertible on L?(S2), and we deduce that
(10) holds.

The analysis above implies that the norm || X* X || ;2(q)— m1(,) depends continuously on (o, k) as in
(9). Therefore, we can perturb (o, k), and (10) would remain true because the perturbation of the right
hand side will be absorbed by the left hand side. On the other hand, injectivity of X*X implies injectivity
of X.

This proves that the set of pairs (o, k), for which X is injective, is open subset of the (generic) set of
pairs, for which the direct problem is guaranteed to be uniquely solvable by Theorem 2.1. Moreover,
(10) holds with C locally uniform.

This completes the proof of Theorem 3.1. U
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In the proof of the theorem, we used the following proposition about singular operators.

Proposition 3.4. Let A be the operator

a x’ y’ |x yl xX—
[Af](x) = / ( =) £y

=y
with a(x, y, r, 0) compactly supported in x, y. Then

(@) ifa € C%, then A : L?> — H' is continuous with a norm not exceeding C||a||¢2;
(b) leta(x,y,r,0)=0a'(x,y,r,0)p(0) then

IAll 2 g1 = Clie 2 @1l 1 51y

Proof. We recall some facts about the Calderén—Zygmund theory of singular operators; see [Michlin
and Préssdorf 1980]. First, if K is an integral operator with singular kernel k(x, y) = ¢ (x, 6)r ", where
6 = Ix yl’ r = |x — y|, and if the “characteristic” ¢ has a mean value 0 as a function of 6, for any
x, then K is a well-defined operator on test functions, where the integral has to be understood in the
principle value sense. Moreover, K extends to a bounded operator to L? with a norm not exceeding
Csup, [[¢(x, )l 2(s»-1y; see [Michlin and Prossdorf 1980, Theorem XI.3.1]. The characteristic ¢ does
not need to have zero mean value in 6 but then the integral has to be considered as a convolution in
distribution sense. The latter is well defined because the Fourier transform of the kernel with respect to
the variable z = r6 is homogeneous of order 0, thus bounded.

Also, see [Michlin and Prossdorf 1980, Theorem XI.11.1]; if B is an operator with a weakly singular
kernel ¥ (x, 0)r~"+1 then 9, B is an integral operator with singular kernel o, [B(x, 0)r~"*1]. The latter,
up to a weakly singular operator, has a singular kernel of the type ¢r ", and the integration is again

understood in the principle value sense; see the next paragraph. In particular, the zero mean value
condition is automatically satisfied.

In our case, B = o depends on y and r as well. Assume first that it does not, that is, B is as above.
Extend B as a homogeneous function of @ of order 0 near S"~!. Then

0 N 0
aﬂ(x ) 1_)_ﬂ ana | Bux.0)

Xi rl’l—l
3’3 B x.0)
—(1—n)—ﬁ+2”’<a,, 0.0)+ =50

1—n)o; g )
:( n) ,B+39,,+/8x,(x,9)‘ (22)

rhn rn—l

We used the fact that ;¢
that the “characteristic”

= 0 because B is homogeneous of order 0 in §. It is not hard to show

$(x. 9)—(1—n>9ﬂ+%

has zero mean over Sg_]; see [Michlin and Prossdorf 1980, p. 243]. In this particular case where
a(x,y,0) = B(x,0), independent of y and r, statement (a) can be proven as follows. Choose a finite

189
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atlas of charts for §”~! so that for each chart, n — 1 of the 6 coordinates (that we keep fixed in R") can
be chosen as local coordinates. By rearranging the x, and respectively, the 6 coordinates, in each fixed
chart, we can assume that they are 8’ = (01, ..., 6,_1). Then % =— Zf;ll g—gj. Then in (22), we have
derivatives of B with respect to 6’ (and x) with smooth coefficients. The contribution of the first term
then can be estimated by the Calderén—Zygmund theorem. The second term is a kernel of a weakly
singular operator. The following criterion can be applied to it: If K has an integral kernel k(x, y) with

the property
SHP/ lk(x, y)ldx < M, supf lk(x, y)ldy =M, (23)
X y

then K is bounded in L? with a norm not exceeding M [Taylor 1996, Proposition A.5.1].
This proves (a) for & = 8.
To replace B(x, 8) above by «(x, y, 0), write a(x, y,r,0) =a(x,x,0,0) +ry(x, y,r,0).
To prove (b), write first as above,

a(x,y,r,0)=p'(x,0)00)+ryx,y,r,0)¢®), p'(x,0):=ai(x,x,0,06),
where y € C'. Notice then that in (22), with 8 = 8¢, we have

B " 99
(l—n)9i,3+a—9i—(1 n)91ﬂ¢+¢80i+ﬁ89i-

Choosing local coordinates as above, and applying the Calder6n—Zygmund theorem again, we get that
the first term above contributes a singular operator with a norm not exceeding ||o¢; |1 ||| 1. The second
term ry generates an operator with a kernel y (x, y, r, 0)¢ (0)r "2, Differentiate with respect to x, and
we still get a weakly singular operator whose norm can be estimated as in (23) to give a norm not
exceeding [[yillci @l g1 O

Remark 3.5. The only second order derivatives of « that were needed in the proof of (a) were 9, ¢y, ).
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