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Nonlinear Schrodinger/Gross—Pitaevskii equations play a central role in the understanding of nonlinear
optical and macroscopic quantum systems. The large time dynamics of such systems is governed by
interactions of the nonlinear ground state manifold, discrete neutral modes (“‘excited states”) and disper-
sive radiation. Systems with symmetry, in spatial dimensions larger than one, typically have degenerate
neutral modes. Thus, we study the large time dynamics of systems with degenerate neutral modes. This
requires a new normal form (nonlinear matrix Fermi Golden Rule) governing the system’s large time
asymptotic relaxation to the ground state (soliton) manifold.
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1. Introduction

Nonlinear Schrodinger/Gross—Pitaevskii (NLS/GP) equations are a class of dispersive Hamiltonian par-
tial differential equations (PDEs) of the form:

iy (x, 1) = =AY (x,0) + (V(x) = ¥ (e, D) (x, 1). (1-1)

Here, ¢ = 1 (x, t) is a scalar complex-valued function of position, x € R< and time, ¢ € R. The function
V : R? — R denotes a linear potential and f : Ry — R, a nonlinear potential. For example, V can be
taken to be a smooth, nonpositive potential well, with rapid decay as |x| — oo and f (¥ 1?) = —gly|?,
g constant. For g > 0, the nonlinearity is called repulsive or defocusing. For g < 0 it is called attractive
or focusing. In this paper, we focus on spatial dimensions d > 3. Precise hypotheses on V and f
are given below. We are interested in the initial value problem (IVP) for (1-1) with finite energy data
¥ (x, 0) and solutions v (x, t), which are sufficiently regular and decaying to zero as |x| — 0o0. A precise
well-posedness result is cited below; see Theorem 3.1.

NLS/GP equations play a central role in the understanding of nonlinear optical [Moloney and Newell
2004; Boyd 2008; Sulem and Sulem 1999] and macroscopic quantum systems [Erdds and Yau 2001]. A
striking and important feature of NLS/GP is that it can have localized standing waves or nonlinear bound
state solutions, some of which are stable and play a central role in the general dynamics. In particular,
for a wide variety of potentials and nonlinearities there exists an interval $ C R such that for any A € ¢,
(1-1) has nonlinear ground state solutions. These are solutions of the form

Yx, 1) =M (x),

where

At + (V= fUI9" D) = -1 (1-2)
with ¢* € H! and ¢* > 0.

The gauge (phase-translation) invariance of (1-1),
YTy, yel0,2m),

generates a nonlinear ground state or “soliton” ' manifold:

Mg :={eVp* L eF, ye]0,2n)). (1-3)

If V is identically zero, then NLS/GP admits a larger group of symmetries and the definition of soliton
manifold (which exists in the focusing case, g < 0) is naturally extended to incorporate these additional
symmetries; see, for example, [Weinstein 1986; Grillakis et al. 1987].

Orbital stability. The soliton manifold Jlg is said to be orbitally stable if any initial condition 1y, which
is close to Mg in H', gives rise to a solution ¥ (¢), which is H I close for ¢ = 0. There is an extensive
literature on the orbital stability of the soliton manifold. For the case V = 0, orbital stability (stability
modulo spatial and phase translations) of global energy minimizers was proved in [Cazenave and Li-
ons 1982] by compactness arguments. In [Weinstein 1985; 1986], it is shown that positive solutions,

IThe term soliton sometimes refers, more specifically, to particle-like solutions of completely integrable PDEs.
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which are index one critical points (Hessian with one strictly negative eigenvalue) and satisfy the slope
condition?:
4 g™ (x)[*dx > 0 (1-4)
d)\. Rd ’

are H' orbitally stable. For the focusing case

V=0, f(yIH=—glyl>, g<0,

(1-4) is equivalent to o < 2/d. Orbital stability of solitary waves of NLS/GP for a class of potentials
V was studied by Rose and Weinstein [1988] and, for a semiclassical setting, by Oh [1988]. A general
formulation of a stability/instability theory is presented in [Grillakis et al. 1987].

Asymptotic stability. We say the soliton manifold Alg is asymptotically stable if Yy close to Alg in a
suitable norm implies that ¥ (¢) remains close to and converges to Jlg (in a possibly different norm), as
t tends to infinity.

Are solitary waves asymptotically stable? This is a local variant of the problem of asymptotic resolu-
tion [Tao 2008], that is, whether general initial conditions resolve into stable nonlinear bound states of the
system plus dispersive radiation. A great deal of progress has been made on this problem in recent years.
The study of asymptotic stability of solitary waves was initiated in [Soffer and Weinstein 1990; 1992];
see also [Buslaev and Perel’'man 1992; Pillet and Wayne 1997; Gustafson et al. 2004; Weder 2000].
In the translation invariant case, asymptotic stability was then investigated by [Buslaev and Perel’'man
1995]. Asymptotic stability analysis requires two new analytical features: one dynamical systems and
the other harmonic analysis / spectral theory.

First, since we do not know in advance which nonlinear ground state in Jly emerges in the large
time limit, a decomposition with flexibility allowing for the asymptotic soliton to dynamically emerge is
required®. To this end, the solution is decomposed in terms of a motion along the soliton manifold and
components symplectic orthogonal or biorthogonal to it. Dynamics along the soliton manifold, Jlg, are
governed by modulation equations; see, for example, [Weinstein 1985; Frohlich et al. 2004; Holmer and
Zworski 2007].

Secondly, in order to prove convergence to the soliton manifold Jlg, we need to show that the deviation
of the solution from .ty decays with advancing time. This requires time-decay estimates (L”, weighted
L?(R?) or space-time norms) for the linearized (about the soliton) propagator on the subspace symplectic
orthogonal or biorthogonal to the discrete spectral subspace. The discrete subspace is the union of a zero
frequency mode subspace spanned by infinitesimal generators of the NLS/GP symmetries (translation,
gauge) acting on ¢*, and often a subspace of neutral modes (sometimes called internal modes) with
nonzero frequencies.

Since a typical perturbation of the ground state solitary wave in Jlg excites all discrete spectral com-
ponents, one must understand the mechanisms, due to which these do not interfere with the asymptotic
convergence of ¥ (x, t) to Jg. In brief: Concerning the zero modes, the choice of modulation equations

2 n = —X\ is the typical definition of soliton frequency. Therefore the slope condition (1-4) often appears as a rate of change
with respect to u being negative.

3The case of integrable systems, such as one-dimensional NLS V =0, f(|1//|2)1/I = |w|2w is an important class for which
it is possible to determine the emerging coherent structures from the scattering transform of the initial data.
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“quotients out” the zero modes; perturbations exciting these induce motion along the soliton manifold.
And concerning the nonzero frequency neutral modes, these are shown to damp to zero, as t — oo, due
to the resonant nonlinear coupling of discrete to radiation modes. Related to this is a further dynamical
systems aspect of the analysis. The neutral mode amplitudes are governed by nonlinear oscillator equa-
tions, coupled to a dispersive wave field. Near-identity changes of variables are used to put the system
in an appropriate normal form, wherein the mechanism of energy transfer from the neutral modes to
the evolving soliton and propagating radiation is made explicit. Energy transfer shows up as an explicit
(nonlinear) damping term in the normal form; see the discussion below. The positive damping coefficient
(matrix, in the present work) is a nonlinear variant of Fermi Golden Rule [Cohen-Tannoudji et al. 1992].
See [Buslaev and Perel’'man 1995] regarding the dynamics near solitary waves of the translation invariant
NLS equations and [Soffer and Weinstein 1999] for “breathers” of a class of nonlinear wave equations.
In [Soffer and Weinstein 2004] this mechanism was proved to be responsible for ground state selection
in NLS/GP equations; see also [Weinstein 2006]. Experimental verification of the prediction in [Soffer
and Weinstein 2004; 2005] is reported in [Mandelik et al. 2005]. Related work on resonant radiation
damping appears in [Tsai and Yau 2002b; 2002c; Buslaev and Sulem 2003; Tsai 2003; Cuccagna et al.
2006; Cuccagna and Mizumachi 2008]. The role of the Fermi Golden Rule in the nonpersistence of
coherent structures for nonlinear wave equations was first demonstrated, via Floquet analysis, in [Sigal
1993]. There is a close relation to the perturbation theory of embedded eigenvalues for linear problems
[Reed and Simon 1979; Soffer and Weinstein 1998; Cuccagna et al. 2005].

The above works on nonlinear resonance required that the neutral modes frequencies (a) lie sufficiently
close to the essential spectrum and (b) are of geometric multiplicity one. For example, for the cubic
nonlinearity, f (|¥|?) = —g|¥|?, close means that coupling to radiation modes occurs at order |g|>. The
situation where simple neutral modes are with a large spectral gap has been studied in [Gang and Sigal
2006; 2007; Gang 2007; Cuccagna and Mizumachi 2008; Cuccagna 2008]. Here, coupling of the discrete
to continuous modes occurs at some high order in g. Thus, the normal form expansion gives a damping
term at some even order |g|?* with k > 2.

Results of this paper — systems with degenerate neutral modes. An important situation, not covered by
previous results, is the dynamics in the presence of degenerate neutral modes. This case arises naturally
in systems of spatial dimensions d > 2 with symmetry. For example, if the potential is spherically sym-
metric, V = V (]x|), then the first and higher excited states are degenerate, with the degree of degeneracy
related to the order of the associated spherical harmonics. Another interesting class of examples is a
class of multiwell potentials; see Appendix A.

In this paper we prove the asymptotic stability of the ground state / soliton manifold, Jlg, of NLS/GP
when the linearized spectrum has degenerate neutral modes. We show that the solution has three infer-
acting parts:

(i) a modulating soliton, parametrized by the motion along Jitg,
(i1) oscillatory, spatially localized, neutral modes, which decay with time and
(iii) a dispersive part, which decays in a local energy norm.

The neutral modes and dispersive waves decay via transferring their mass to the soliton manifold or to spa-
tial infinity. Additionally, degenerate neutral modes are coupled and exchange mass among themselves
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in addition to with the soliton and radiation. These degenerate modes cannot be viewed as very weakly
coupled “oscillators” [Tsai 2003]. We require instead a new normal form expansion. This is related to
ideas developed in [Kirr and Weinstein 2001], where a parametrically forced linear Hamiltonian PDE
was considered, and a normal form, uniform in discrete eigenvalue spacing, was required.

We outline the perspective we take and give a rough form of the main theorem, Theorem 7.1. Consider
NLS/GP, where —A 4 V has a ground state &§)(x) > 0, whose energy ep < 0, and a degenerate excited
state, whose energy e with ey < e; < 0 is assumed sufficiently close to zero. Typical solutions of the
linear Schrodinger equation, evolving from localized initial data v,

Y (1) =exp(=i(=A+ V) )i

will be a time-quasiperiodic superposition of spatially localized ground state and time-periodic excited
states, plus a part which disperses to zero, that is, tends to zero as ¢ advances in leoc' This picture emerges
from the spectral decomposition of —A + V in L2, with respect to which the bound state projections
of the solution evolve as independent oscillators and the continuous spectral part of the solution has a
character, qualitatively like a solution to the free Schrodinger equation.

For NLS/GP, for example —g|v|>y with g # 0, the dynamics of discrete and continuous modes are
coupled. We consider an appropriate open set of initial conditions near the soliton manifold. In contrast
to the linear Schrodinger equation, we show that the solution converges to a nonlinear ground state. To
see this, we view NLS/GP as a infinite-dimensional Hamiltonian system comprising two subsystems: (i) a
finite-dimensional system governing dynamics on the soliton manifold Jlg, parametrized by (A(?), y (¢)),
the zero modes amplitudes (a1, a;) and the neutral mode amplitudes z = (z1, z2, - . ., z,)T; (ii) an infinite-
dimensional dispersive Schrodinger wave equation. A very detailed analysis of this coupled system (the
bulk of this paper) yields the following (rough) form for the asymptotic behavior of small amplitude
solutions of NLS/GP:

Main Theorem. Consider the initial value problem for NLS/GP. Assume arbitrary localized initial data,
which are sufficiently near a small amplitude nonlinear bound state ¢*°. Then the solution of NLS/GP
evolves as a modulated soliton plus decaying error in the following form:

t
v (1) =exp(i f M) ds ) - expli(y (1) + a2((1), 20))) - (20T COXD) L (|2 )]) + R(0)),
0
where A(t) = ,oo, O(|2(¢)|) represents a localized nonspreading decaying part satisfying
2] < C(n) ™12,

aj=aj(z,7) =0( |z|1%) and R(t) represents a spreading dispersively decaying part and tends to zero as

t—> ooin leoc’ more precisely || (x)""R(t)|l» — 0 with v > 0.

For the precise statement, see Theorem 7.1.

A key part of the proof of this theorem is to show that |z(¢)| tends to zero and that A(¢) has a limiting
value Ao, € $ as ¢ tends to infinity. We prove the latter by showing 9,A(t) € L'(R*). We have two
comments on the approach of this article to these issues:
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New normal form. We show that there exist a nonnegative symmetric matrix I'(z,7) = 0(|z|?) and a
skew symmetric matrix A(z, z) = 0(|z|%) (see (7-3) below) such that

dz=—iEMWz—-T(z, )2+ Az, Dz+0(1+ t)*%*‘s), (1-5)

with § > 0. The matrix I' is defined in terms of the spectral decomposition of the L(A) = JH()), the
generator of the linearized flow about the nonlinear bound state ¢*; see Section 5. Our analysis requires
that I' = I'(z, z; A) is positive-definite for an open A-interval. A variant of this hypothesis appears in
[Soffer and Weinstein 2004; Tsai and Yau 2002b; 2002c; Buslaev and Sulem 2003; Tsai 2003; Gang
and Sigal 2006; 2007; Cuccagna et al. 2006; Cuccagna and Mizumachi 2008]. It is expected to hold,
in some sense, generically. In Section 6 we state a hypothesis under which positive-definiteness holds
for a class of potentials of multiwell type, constructed in Appendix A. This hypothesis, denoted (FGR)
(see also Theorem 6.1), is a nonlinear variant of the Fermi Golden Rule [Cohen-Tannoudji et al. 1992;
Reed and Simon 1979; Soffer and Weinstein 1998]. We note that for finite-dimensional Hamiltonian
systems a damping term is absent; it would violate phase-volume conservation. This term arises due
to nonlinearity induced by the coupling between discrete and continuous (radiational) spectral modes,
a phenomenon associated with continuous spectra, arising in PDEs on spatially infinite domains; see
[Soffer and Weinstein 1999; Weinstein 2006]. We show that (1-5) and (FGR) imply the bound |z(¢)| =
0 (t~1/?). For the case of multiple simple bound states with well-separated frequencies, a system of type
(1-5) holds with I', a diagonal matrix [Tsai 2003]. Equation (1-5) can be viewed as a new normal form,
a special case of one valid uniformly in neutral mode eigenfrequency-separation.

Choice of basis for the neutral mode subspace. We prove that A(t) approaches some Ao, as t — 00, by
proving that d,A(¢) is integrable. If there are n simple well-separated neutral modes, one initially finds

n
OA1) =Y amlzn* +0 ),

m=1

Since we expect |z,,| =0 (t~'/2) we can not conclude integrability of d;A(¢). However, it can be shown
that, after near identity change of variables z — z 4 O( |z|?), we can take a,, = 0; see the normal form
expansion in [Gang and Sigal 2006; 2007; Soffer and Weinstein 2004]. In the degenerate (similarly, not
well-separated) case, A(?) satisfies:

UA(t) = amuzmik + 0.
m,k
In the present paper we show very generally that, by appropriate choice of neutral subspace basis, we
can take a,, x = 0.
Finally, we expect that our techniques can be extended to more complicated situations, for example,
where coupling of neutral to continuum modes occurs at higher order in the nonlinearity.

Outline of the paper. The paper is organized as follows. Section 2 displays notation which is often used.
Section 3 is a brief section outlining structural properties of NLS/GP and gives a statement of a basic
well-posedness result. Section 4 introduces solitary waves (solitons) in the regime of weak nonlinearity.
Section 5 has a detailed discussion of the spectral properties of L(A) = JH(}), the generator of the
linearized dynamics about the soliton: zero energy subspace, degenerate neutral subspace and continuous
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spectral subspace. Projections associated with theses subspaces are defined and decay estimates of the
linearized evolution on the continuous spectral subspace are recalled. In Section 6 the Fermi Golden
Rule matrix I' is introduced explicitly in Theorem 6.1. The detailed calculations, proving the symmetry
and nonnegativity, are given in Appendix B. Note that the main theorem requires positive-definiteness
of I'. Proposition 6.2 is a result reducing the required positive-definiteness to a condition involving the
spectral properties of —A 4 V. Section 7 contains a statement of the main theorem, Theorem 7.1. In
Section 8 we give a more precise formulation of Theorem 7.1. This formulation makes explicit the
dynamical (modulation) equations for the solitary wave parameters, the neutral mode amplitudes and
the dispersive part. These are proved via normal form methods in Sections 9 and 10. In Section 11 we
prove the reformulated Theorem 7.1 in the setting of Theorem 8.1. Appendix contains some important
calculations used in the body of the paper. Of particular interest is Appendix A, where a class of multiwell
three-dimensional potentials is constructed, to which we apply Theorem 7.1.

2. Notation

(1) oy = max{a, 0} and [t] = max;cz{T < }.
(2) 9Nz denotes the real part of z and Jz the imaginary part of z.
(3) Multiindices:
w=(wi,...,wy), W=(Dy,..., wy)eC,
a=(ar,....an) eNY,  z2'=z]"- -2y, Jal=lail+- - +anl,

where z denotes the vector of neutral mode amplitudes, & denotes the vector whose j-th entry §; is
the j-th neutral vector-mode of JL()).

(4) Om.n denotes an expression of the form

N

=b ai - b,

Omn = E qa 27’ = E qa,bl—[zkkzkk.
k=1

|la|=m la|=m

|bl=n |bl=n

(01 _(Ly 0 (0 L.
o) () e (25)

(6) 0ess(L) = 0.(L) is the essential (continuous) spectrum and ogisc (L) the discrete spectrum of L.

(7) Riesz projections:
PC(L) =1- Pdisc(L)a

where Pyisc (L) projects to the discrete spectral of L and P.(L) to the continuous spectral of L.

(8) (f.g)= / f0g ) dx.
©) ||f||§=/Rd|f(X)|”dx, l<p=o.

(10) 1 f 120 = /RJ(X)”(’ ~ AP ) dx
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3. Hamiltonian structure

NLS/GP can be expressed as a Hamiltonian system

8€[y, vl

where the Hamiltonian energy €[] is defined by

Elyl="2¢ly, ¥]= f(%w VY 4+ 3V)YY — F(Y)) dx
with
Fu) = ;/O £(®) d.
Equation (1-1) is a Hamiltonian system on Sobolev space H'(R?, C) viewed as a real space

H\(R R)y® H'(RY, R),
that is,
H'®, C)> foMAINHeH R, RO H (R, R),

with the symplectic form
o, ) = ”s/ Vo dx.
R4
Equation (1-1) is invariant under time-translation and gauge-translation (phase-translation):

>t +1p, & — pe'’

with y € R, yielding, by Noether’s Theorem, the conservation laws of energy
ey (D] =€y (0]

and of particle number (optical power)

NIY @)1= N[y (0)]

where

N[w]=f|w|2dx.

Assumptions on the potential V and nonlinearity f

(fA) f(7) is a smooth function satisfying f(r) = O(r) for |x| is small. Thus, the nonlinearity in NLS
is cubic at small amplitudes, that is, f(|v|)¢ ~ g|v|>¥.

(VA) V is smooth and decays exponentially as |x| tends to oo.

To ensure the global well-posedness of the initial value problem for (1-1) we impose:
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(fB) Subcritical nonlinearity for large amplitudes

If ()] <c(l+]61P)

for some B € [0, 2/d) and
fE< e +151"7h

for some o € [0, 2/(d—2)4+) where s, = max({s, 0}.
The following well-posedness theorem can be found in [Cazenave 2003; Sulem and Sulem 1999].

Theorem 3.1. Assume that the nonlinearity f satisfies the condition (fB), and the potential V satisfies
(VA). Then (1-1) is globally well-posed in H', that is, the Cauchy problem for (1-1) with the initial data
V(0)e H hasa unique solution \ (t) in the space H', which depends continuously on 1 (0). Moreover,
the solution \r(t) satisfies conservation of energy and conservation of particle number.

4. Bifurcation and Lyapunov stability of solitons in the weakly nonlinear regime

In this section we discuss the existence of solitons in the weakly nonlinear regime. The following ar-
guments are similar to those in [Rose and Weinstein 1988; Tsai and Yau 2002c] except that the excited
states are degenerate. We assume that the linear operator —A 4 V has the following properties:

(Eigy) The linear operator —A + V has two eigenvalues ey < e; < 0 with 2e¢; > ¢. ¢g is the lowest eigen-

value with ground state ¢y, > 0. The eigenvalue e is degenerate with multiplicity N and eigenfunctions
lin &lin lin
L& LN

Remark. In Appendix A we construct a class of double-well examples V for d =3 and with multiplicity
N =2

The following result shows that nonlinear bound state solutions (¢*, 1) of NLS/GP (1-2) bifurcate
from the zero state and the linear ground state energy (0, A = —eyp).

Proposition 4.1. Suppose —A + V satisfies the conditions in (Eigy). Then there exists a constant 5y > 0
and a nonempty interval $5, C [—eg — o, —eo + Sol such that for any A € $5, (1-1) has solutions of the
form

Y(x, 1) =Mt e L?
with
$* =500 (Pin+06G)), ) =0(|r—leol|'”?)
for |K - |eol| small. Moreover, for some ¢ > 0 independent of A,

¢ < ce™ M [t ()] < e,

and similarly for the spatial derivatives of ¢* and 9;.¢”.



276 ZHOU GANG AND MICHAEL I. WEINSTEIN

Remark. Suppose f(|1ﬁ|2)1// = —g|1//|2 +o(Jy|%). Then for g > 0 (repulsive case) we have
$s5, = (—eo, —eo + o)

and for g < O (attractive case) we have
Fs5, = (—eq — o, —eo).

Finally, we conclude this section by noting that for 8’ < §y sufficiently small that soliton manifold s
(see (1-3)) is H' orbitally stable; see the discussions in the introduction and [Weinstein 1986; Rose and
Weinstein 1988; Grillakis et al. 1987].

5. L(\) = JH()), the linearized operator about ¢*

We now turn to a discussion of the operator obtained by linearization around the soliton and the existence
of neutral modes with nonzero frequencies. Rewrite (1-1) as

oy
5 — W),

where the nonlinear map G () is defined by
GW) = —i(=A+r+ VY +if (¥D)y.
Then the linearization of (1-1) can be written as

ox 2
~ =dG ,
o (@) x

where d G (¢") is the Fréchet derivative of G () at ¢*. It is computed to be
dG @My = —i(=A+A+V)x +if[@)1x +if 1@ 1" (x + X)-

This operator is real linear but not complex linear. To convert it to a complex linear operator we pass
from complex functions to real vector-functions

> X1
x—i=(")
X2

where x; =Ny and x, = Jx. Then dG(¢")x <— L(1)x where the operator L(A) is given by

L) =JH(®) (5-1)
where J is a skew-symmetric matrix
0 1
=)
and H(}) is a selfadjoint matrix
_(L+(x) O
Hoyi= (1570

with
L_(W):=—A+r4+V— f[(#H*]
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and
Ly()i==A+2+V — fI@M1=2f1(¢")1(¢").
We extend the operator L () to the complex space H>(R?, C) @ H*(R?, C).

5A. The spectrum of L(L). The operator L()) has neutral modes.

Proposition 5.1. Let L()\), or more explicitly, L(\(8), 8) denote the linearized operator about the bifur-
cating state ¢*, & = L(8). Note that 1(0) = —eq. Corresponding to the degenerate energy value ey of
—A + V, the matrix operator

L\ =—ey,§=0)

has degenerate eigenvalues Li E(—eg) = Li(e; — eg), each with multiplicity N. For § > 0 and small,

these bifurcate to (possibly degenerate) eigenvalues i E{(A), ..., £i Ey(X) with eigenfunctions
€1 & En
xim) \Eim) 7 \Finy
with
(sma 77n> = 5m,n
and

0# lim & = lim 5; € span{&}", j =1,2,.... N} C H* for any k > 0.
L—eg L—eq

Moreover, for § sufficiently small 2E;(A) > A for j = 1,2,..., N (nonlinear coupling of discrete to
continuous spectrum at second order).

For the case of a radial potential V = V (|x|), the neutral modes have the following structure:

Proposition 5.2. If the potential is radial V = V (|x|), then ¢*, hence 3, ¢", is spherically symmetric.

If the degenerate linear excited states f;‘,lli“ are of the form & }i“ = ZLglin(|x|) for some function €', then

Il

E; = Ey forany j = 1,2,...,N = d and we can choose §; and n; such that §; = r;—-”lg(lxD and
nj= %n(lxl)for some real functions & and 1.

Remark. For d = 3, the hypothesis on the linear excited states says that they are proportional to
élin(|x|)Y1’" 0, ¢) form = —1,0, 1, where Y|" are the spherical harmonics of degree one.

Sketch of proof. If V is spherically symmetric then by the uniqueness of the ground state and the fact
—A 4+ V is invariant under unitary transformations we have ¢*, hence 9; ¢” is spherically symmetric.
We now outline a proof of the existence of &; and n; with desired structure. Define a linear space

gk — {J e HE, J(x) = r;—‘|g(|x|)}.

By definition L(A) : Y2 — YO Note that, restricted to Y2, l);—'léli“(|x|) is an eigenfunction of —A +
V of multiplicity one. Applying the bifurcation theory to %2, we prove there exists an eigenfunction
(£1,in)T € Y? with eigenvalue E|. The other eigenfunctions with the same eigenvalue are obtained by

noting that this computation can be carried out for any x; with j =1,...,d. U

Based on the above discussion, we assume:
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(SA) Structure of the discrete spectrum of L(A) = J H(}).
(1) o4(L(A)) consists of an eigenvalue at O and complex conjugate eigenvalues at i E(A).

(2) The discrete subspace, corresponding to the eigenvalue 0, is spanned by the associated eigenfunc-

tions 0 %
(0) (7)
(3) The discrete subspace, corresponding to the eigenvalue i £ (1) with E()) > 0, is N-dimensional and

is spanned by the (complex) eigenfunctions vy, v, ..., Uy.

(4) Thus, vy, v3, ..., vy are the eigenfunctions which span the discrete subspace corresponding to the
eigenvalue —i E()).

(5) Moreover we observe that Jv, are eigenfunctions of the adjoint operator L(X)* with eigenvalue
—iE()\):
LY Jv, =—JLM)v, =—iEQ)Jv,.

Concerning the continuous spectrum of L (1), we apply Weyl’s Theorem to the stability of the essential
spectrum for localized perturbations of J(—A) [Hislop and Sigal 1996; Reed and Simon 1979] to obtain
Oess(L(A)) = (—ioo, —iA]U[iA, ic0)
if the potential V in (1-1) decays sufficiently rapidly as |x| tends to infinity.
The end points of the essential spectrum are called threshold energies.

Definition 5.3. Let d > 3. A function 4 is called a threshold resonance function of L(L) at u = %iA, the
endpoints of the essential spectrum, if 4 & L2, |h(x)| < c(x)~“=2+ and h is C? and solves the equation
(L) —wh =0.

In this paper we make the following spectral assumption on the thresholds +iA:

(Thresh; ) There exists 8" with 0 < 8’ < 8§ (see Proposition 4.1) such that for 1 € $5, L(1) has no
threshold resonances at +iA.

In the weak amplitude limit, property (Thresh; ) can be referred to the question of whether the scalar
operator —A + V (x) has a threshold (zero energy) resonance. In [Jensen and Kato 1979] it was shown
that —A + V has a zero energy resonance or eigenvector if and only if the operator

I+ (—A4i0)7'V: (x)2L* > (x)*L?

is not invertible. Moreover, this operator is generically invertible. That is, if we replace V by gV where
q is a real number, then we have noninvertibility for only a discrete set of ¢ values [Rauch 1978; Jensen
and Kato 1979].

The reduction from the properties of L(A) to those of —A + V is seen as follows. Let

1 0 1 (1
n=(o1) o=

o3 (X)) =—iU*L(W)U. (5-2)
It follows that i A are threshold resonances of L (1) if and only if =X are threshold resonances of o3 ().

so U*U = I. Then,
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We next observe that 039€ is a small perturbation of o3(—A+V +1). Indeed, a computation of o3 #H())
yields
039t = 03(%o + V) + Vsman

where
3% == (—A+21)03,  |[Veman| < e ™o(1)

for some ¢ > 0, where o(1) — 0 as |A — |eg]| — 0.

Therefore, the generic validity of (Thresh, ) follows from the generic absence of zero energy threshold
resonances for —A + V by the following result proved for d = 3 using the results in [Cuccagna et al.
2005]. The proof for general dimensions is similar.

Proposition 5.4. Let d = 3. If the operator
I+ (=A+i0)7'V:x)2L? - (x)2L?
is invertible, then (Thresh, ) holds when |A — |eo|| is sufficiently small.
Proof. We begin by proving that the operator
I+ (0390 + 1 +i0)""(03V + Vaman) : (x)°L* — (x)°L?

is invertible. Observe that —2A & 2¢ is not an eigenvalue of the operator —A+V so I +(—A+21)"'V
is invertible. This, together with the hypothesis, implies that I + (03%y £ A 4+ i0)"'o3V is invertible
with a uniformly bounded inverse. On the other hand the norm of the operator (o3%y = X + i0)™ ! Viman
is small when |ey + A| is small. Hence

I+(03%0EA+i0) "' (03 V 4 Vsman) = (I +(03H0EA+i0) 03 V) (14 (1+(0390EA+i0) " 03V) ™ Vimman)

is invertible when ‘A — |eo|’ is small. Moreover in [Cuccagna et al. 2005] it is proved that the operator
L(X) has no threshold resonance functions if the operator

1+ (0390 £ 2 +i0) " (03V + Vamar) : (x)°L* — (x)’L?
is invertible. This completes the proof. 0

Choice of basis for degenerate subspaces. In our analysis, it is important that we choose an appropriate
basis of the degenerate eigenspaces corresponding to i E(A). We present this choice of basis and its
construction here.

Proposition 5.5. There exist real functions &,, n, forn=1,2, ..., N such that

span{ (,S" )} = span{vy, v, ..., Un}
LNn

and foranym,n € {1,2,..., N},

/ F IV DN? Enny — Ennm) dx =0 (5-3)

and
(@, &) = (329" 1) =0, (Eny M) = S (5-4)
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The proof is given in Appendix D.

Remark. If ¢* is spherically symmetric, then

X X
En:_$(|x|)v NMn = —

|x| |x|

n(lx))

forne{l,2,..., N=d}; see Proposition 5.2). Therefore (5-3) trivially holds because &,,n, — &1, = 0.

We conclude this section with the explicit form of the projection Pyisc, whose proof for dimension one
can be found in [Gang and Sigal 2005]. The proof for general dimensions is similar, and hence omitted.
Recall that (&,,, n,) = 0m.n-

Proposition 5.6. For the nonselfadjoint operator L()), the (Riesz) projection onto the discrete spectrum
subspace of L(L), Paisc = Paisc(L(A)) = Pé‘isc, is given by

N
2 0 0 8A¢A >< ¢)L ) i ( gn >< _inn ‘ 'i:n >< inn )
Phise = ———— + ) . - _: :
disc 3)L||¢)‘||2 (‘ ¢)L >< 8)\(]5)‘ ‘ 0 0 2 ’12:; UNn &n —1Mn &n
We define the projection onto the continuous spectral subspace of L(X1) by
P.=Po(L(V) = P! =1 — Pyic- (5-5)

5B. Estimates of the propagator. We will need estimates of the evolution operator U (¢) := e'**) for
A1 € $. Recall that L(1) has two branches of essential spectrum: [iA{,io0) and (—ioco, —ii(]. We
denote by P, = Pi' and P_ = P"' the spectral projections associated with these two branches of the
essential spectrum. Hence, P = P, + P_.

Theorem 5.7. Let d > 3 and define k = [%] + 1 and v = % Assume that 2E(\;) > A so that
+2i E(A1) € Oess(L(A1)). Then, for any time t > 0 and Ay € 9 there exists a constant ¢ such that

() (=A + DU @) (L) £ 25 E() —0) " Peh, < c(1+)"2|[(x)"(—=A + D¥?h]l;  (5-6)

withn =0, 1, 2. For any time t € (—00, 00) and | € $ there exists a constant Cg such that

1) (= A+ D*2U (#) Prhlly < Cy (14 [t) ™2 (x)" (= A+ DA, (5-7)
IU(#) Pihllso < Cylt|™*|I1]l1, (5-8)

IU#) Pihllse < Co(L+ [t~ (IA] e + 111D, (5-9)

IU () Pehlls < Co (141t C (IRl ge + A1), (5-10)
1)U (1) Phlly < Co(L+1eD ™21 + 1A 112). (5-11)

We refer the proof of the estimates to [Soffer and Weinstein 1999; Gang and Sigal 2007; Tsai and
Yau 2002a; Goldberg and Schlag 2004]. For the constant Cy can be taken uniformly for A; € $, see
[Cuccagna 2001; 2003].
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6. Matrix Fermi Golden Rule

As highlighted in the introduction, the decay of neutral mode components, associated with the linearized
NLS/GP equation, is necessary for asymptotic stability of the soliton manifold .lg. We shall prove that,
after near-identity transformations, the system governing these neutral mode amplitudes is (1-5):

dz=—iEQ)z—T@Dz+AE Dz+0(1+07*, s>0,

where £i E (1) are complex conjugate N-fold degenerate neutral eigenfrequencies of L(A) = JH(A), I’
is symmetric and A is skew symmetric. It follows that

Az ==22T(z, Dz +--- . 6-1)

Our strategy to show that |z(#)| tends to zero is based on proving that I" is positive-definite and that the
corrections to (6-1) decay sufficiently rapidly as ¢ tends to infinity. If L()X) has a complex conjugate
pair of simple neutral eigenvalues, then I' reduces to a nonnegative scalar. If L(A) has multiple, well-
separated pairs of neutral modes, then I" reduces to a diagonal matrix [Soffer and Weinstein 1999; 2004;
Tsai and Yau 2002a; 2002b; 2002c¢; Tsai 2003; Buslaev and Sulem 2003]. The present case of problem
of degenerate neutral modes is more involved due to coupling among the various discrete modes and
with the continuous spectrum. Our computation yields a nondiagonal FGR matrix, I'. In this section, we
display the expression for I" and state a result on its general properties. The detailed derivation of the
expression for I is carried out in Section 10.

The FGR matrix T'(z, z). To construct I' we must first introduce some notation.
Define vector functions Gy fork=1,2,..., N as

Gi(z, x) = @%) (6-2)

with the functions B(k) and D (k) defined as

B(k) := —if'[(¢M) 19" ((z - &) + (z- &),
D(k) := — f'[(¢M 19" B(z - &)& — (z- mme) — 2" [(@)*1(@") (z - &)&,

N N
Z's::ZZnsn, Z-Ulzzznﬂn-
n=1 n=1

In terms of the column 2-vector Gy, we define a N x N matrix Z(z, z) as

Z(z,7) = (2% (z, 2), (6-3)

where

for1 <k,l <N, where
Z®D(z,2) = (LA +2EX) — 0) "' P.G1,iJ Gy).

Since P.(L)*J = J P.(L), a consequence of L = JH and H* = H (see (5-1) and Proposition E.1), we
have the more symmetric expression for Z*:):

Z®D = _((L() 4+ 20 E() —0) "' P.Gy, i J P.Gy).
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Finally, we define I'(z, z) as
I'(z,2):=3(Z(z,2) + Z*(z, 2)).
Thus,
Tz, 2),=—RALM) +2EL) —0)"' PGy, i] P.Gy).

Concerning the properties of I', we have the following general result:

Theorem 6.1 (Matrix nonlinear Fermi Golden Rule). (1) I'(z,z) =TI'(z, z; A) is a nonnegative symmet-
ric N x N matrix.

(2) Define

N *T ,_
KG. G = min L&D
5,220 |s|?|z|?

where G = (G1, ..., Gy) defined in (6-2). Then, K (A, é) depends continuously on A and G (in the
space (x)3L™).

We shall require the following Fermi Golden Rule resonance condition:

(FGR) There exists 8’ with 0 < §' < § (see Proposition 4.1) and a constant C > 0 such that for any
s=(s1,....,sy)T and z = (z1,...,zn)T € CV, we have

s*T(z,2; Ms = Cls|?|z)%,
where A € 9.

Remark. In the weakly nonlinear regime (see Section 5SA) E(X) ~ e; — eg, A ~ —eg and therefore the
condition for resonance with the continuous spectrum at second order is

2E(L) — A ~2(e1 —eg) +eg =2e; —eg > 0.

Our next result is a reduction of the condition (FGR) for the class of multiwell potentials discussed in
Appendix A to an explicit condition on the operator V.

Proposition 6.2. Let V denote the multiwell potential satisfying condition (Eigy) and constructed ac-
cording to Appendix A. Thus, —A 4+ V has two negative eigenvalues e < ey < QO with 2e; — ey > 0. The
excited state eigenvalue e; is degenerate of multiplicity N = 2 with spanning eigenfunctions {& }m, Sé‘“}.
Let f(|1//|2) =—g|y 2. Assume the nonnegative matrix
(S{(—a+V = @e1 —eo) = i0) T Peguae™, gunirer™) (6-4)
=m,n=<

is positive-definite. Then there exists 8' > 0 such that, for ¢* denotes the soliton of Proposition 4.1, if
|A — |e0|| < &' then K (), G) > 0. And the Fermi Golden Rule condition holds by taking

C= inf K, G(A) >0
AE&y

in (FGR). Here $5 denotes a sufficiently small subinterval of the range of A-values for which the soliton
exists; see Proposition 4.1.
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Remark. Positive-definiteness of the matrix in (6-4) is equivalent to

(=A+V = (2e1 —e) —i0) ' Pegin(z1E[™ + 2263™)%, Pin(z1E[™ + 2263™)%) = Clz|%,
for all z;, zp € C.

Proof of Proposition 6.2. In what follows we sketch the proof, which is very similar to the case N = 1
(see [Soffer and Weinstein 1999; Tsai and Yau 2002c]).
Recall the transformation of L(X) in (5-2):
(L) +2E() —0)~!
= (iUosHU* + 2 E(L) —0) ' = —iU(03%+2E(\) +i0) ' U*

= —iU(03(¥o + V) +2E(0) +i0) " U*
-1

+iU (039 4+ 2E () +i0) ™ Vman (030 + V) +2E(1) +i0) " U*
and
-1
eV Esio)! — [ (CAFV—(=A—2E()) 0  6s
(03 o+ V) +2E (1) +i0) ( . (cacqEmy-ni0y ) €

Furthermore, by Propositions 4.1 and 5.1 we have, in the space H?, that

1 1 1 1
¢ — bin (e )
|l 2 IBrinll gz 1&nll 2" Il ||s‘m||

for some é,ii“ as ‘A — |eo|‘ — 0. If the nonlinearity f(r) = 1% with o > 1, we have

(S lin , srllin)

Uu* P ZZZGZ Cl|¢llnl|2(7 1<P¢120 I(Zlglm_i_zzghn)z)(1+0(1))

for some constant ¢ € C.
In considering (6-5), note that —A —2E (LX) ~eg—2(e; —ep) <0and 2E(X) — A ~2e; —eg < 0. Thus

S((—~A+V+A+2EM)'F,F)=0
for any F. Furthermore, [le =¥ Va1l is small for some 7 > 0, we have
K (., G) =& iy 2Ko(1+0(1))
with
= (1+o(1))
XJ{(—A+V +eo—2e1 —i0) T Pe(din)® T @1E" + 225" (4n)*7 T @16 +225™)7).

The proof is complete. In Appendix C we have a simpler formula for (FGR) when the potential V is
spherical symmetric. 0

The proof of Theorem 6.1 is deferred to Appendix B.
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7. Main theorem

In this section we state precisely the main theorem of this paper. Recall the notations £ = (£1, ..., £y) and
n=@i,...,nn) for components of the neutrally stable modes of frequencies &i E (1) of the linearized
operator. Recall the definition of the interval $ in (1-4).

Theorem 7.1. Assume (fA), (fB) on the nonlinearity f (|1ﬁ|2) (page 274), (VA) on the potential V (x)
(p. 274), (SA) on the structure of the discrete spectral subspace of the linearization about ¢* (page 278),
(Thresh,) on the absence of threshold resonances (page 278), and (FGR), the nonlinear Fermi Golden
Rule resonance condition (page 282). Fix v > 0 sufficiently large and let k = [%] + 1 where d > 3 denotes
the spatial dimension. Then there exist constants c, €y > 0 such that, if for some Ao € $

inf [0 — 7 (9% + (M) & +1Qz) W) o, < cl2P1 <0, (7-1)
ye

then there exist smooth functions
ARt =9, y@):Rt >R, z2(t) : RT = CV, R(x,t):Rdx[R+—>C
such that the solution of NLS evolves in the form:
Y(x, 1) = e OO (6h 4 gy (2, 7) 030" +iar(z, D) + NE-& +iSF -0+ R) (7-2)

where 1im;_, oo A(t) = Aoo for some koo € 9, a1(2,2), a2(z,7) :C¥ xCY - Rand7—z7:CN xCN — CV
are polynomials of z and 7, beginning with terms of order |z|*. Moreover,

(A) |z(8)] < c(14+1)~"2? and 7 satisfies the initial value problem
dhz=—iEMz-T(z D7+ A2, Dz+0((1+1)7"P) (7-3)

where ' (z, 2) is a symmetric, positive-definite matrix defined in (6-3) and A(z, 7) is a skew symmet-
ric matrix.

(B) ﬁ(t) = (MR(t), SR())T lies in the essential spectral part of L(A(t)). Equivalently, R(-, t) satisfies
the symplectic orthogonality conditions:
o(R, i¢") = o(R, 3,9") =0,
o(R,in,) =w(R,&,)=0, forn=1,2,...,N,

where o(X,Y) =3 [ X Y dx and satisfies the decay estimate:
I+ RO < c+D7"

Remark. We conclude this section by stating that all the hypotheses except (FGR) in our main result
apply to the multiwell example of Appendix A; see Proposition 6.2 for a reduction of (FGR) is an explicit
condition on the spectral condition on —A + V. We expect (FGR) to hold generically in an appropriate
sense.
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8. Reformulation of the main theorem

In proving Theorem 7.1 we establish more detailed characterization of the perturbation about Jilg.
First, we introduce the following simplying

Notation. We always use z to stand for a complex N-dimensional vector z = (21, 22, ..., zx) and an
upper case letter or a Greek letter with two subindices, for example, Q,, , to stand for

N
OmnM) = > qusM ]z
k=1

a,beNN

N lal=m, |bl=n

where |a]| := Z ai. We refer to this kind term as (m, n) term.

k=1
Theorem 8.1. The following more precise decomposition of the solution in Theorem 7.1 holds: The
perturbation R in (7-2) can be decomposed as

R= > Run()+R (8-1)
m+n=2

where R, , are functions of the form
Runn = (L) +1EQ)(m —n) =0) ™ pn,

@m.n are polynomials of z and z with coefficients being smooth, exponentially decaying functions. The
function R satisfies

8 R =LOYR + Ma(z, )R+ PeNy(R, 2) + PeSa(z. 3). (8-2)

In this formula, S>(z,7) = 0 (|z|?) is a polynomial in z and 7 with \-dependent coefficients, and each
coefficient can be written as the sum of functions of either of the following two forms:

(LOY+2EMN) —0)*Ppix(h), (L) —2EM) —0) *Pep_i (1), (8-3)

where k =0, 1, 2 and the functions ¢ (L) are smooth and decay exponentially fast at co. M»(z, z) is an
operator defined by

Ma(z,2) i=y PeJ +APo + X, (8-4)
where X is a 2 x 2 matrix satisfying the bound | X| < c|z|e~€0W!. Ng(é, 7) can be separated into localized
term and nonlocal term

N> = Loc + NonLoc (8-5)

where Loc consists of terms spatially localized (exponentially) function of x € R? as a factor and satisfies
the estimate

I1{x)" (—A + 1)Locll2 + |[Locll; + [|ILoclla/s < c(jz(0)* + 12| (x) (A + DR],) (8-6)

and NonLoc is given by
NonLoc := f(R? + R3)J R (8-7)
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and consists of purely nonlinear terms in R with no spatially localized factors. (Here v is the same as in
Theorem 7.1.)
Denote by Remainder(t) any quantity which satisfies the estimate

IRemainder(r)| < [z(0)[* + | (x) ™" (=A + DR@) 3 + IROIZ, + [z | (x) " R(@) 2. (8-8)

The functions A, v, z have the following properties:

A = Remainder(?), (8-9)
vy = Y11 + Remainder(?), (8-10)
8z =—iE(M\)z—T(z,2)z+ A(z, 2)z + Remainder(r) (8-11)

where
(¢* 3710921+ £ 1@H21$H )1z 6P+ 5 16Dz 0, 507
@7 0.07)

['(z, z) is the N x N positive-definite matrix used in (FGR) and A(z, z) is skew symmetric.

Ti1:= , (8-12)

9. Modulation equations for z(¢), A(¢), y (¢) and the dispersive part, R(-, t)

In this section we derive evolution equations for z, A, y and R.
We decompose the solution as

N N
Ylx 1) =l b dseir® («z»* +taig) +iad" + ) (@t pEati Y (Butdn)na+ R)

n=1 n=1

= OO (G 1 a1k 4 iardt + @+ p)-E+(B+q)-n+R). ©-1
Here and going forward let

a=(@i...,an)’, B= B BT E= G EDT =0 )
Let z =« +if then
a=3(+2, B=5—-2.
We seek polynomials in z and z, which are of degree two or higher:
aj=a;(, ) =00z, pa=paz, =002, Gn=3n(z,2) =0(z]")

where j = 1,2 and n = 1,..., N. Substituting Ansatz (9-1) into NLS (1-1), we have the system of
equations

y
a,ﬁzL(mﬁw'Jﬁ—Jﬁ(ﬁ,z)—( Ut ) )+( §-(EQ)(B+q) ~ b+ ) )

(VY + da2 — ay) —n-(EQM)(a+p)+ 0 (B+9)

o Bron ) a185¢>k+(a+p)-8x€> )
+y(—<a+p>-s> )‘<a28m*+<ﬂ+q>-am G2
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. (R _ [RN(R, 2) S o SN(R, 2)
R= . N= ) IN(R, 7) = >, 9-3
(Rz) (%N(R, z)) (k2 (—mN(R, z)) O
with R{ =NR, R, = IR and

IN(R, 2) := fll¢* + I +iL)* 1 — f1(¢")21a,
RN (R, 2) := (flI¢* + I +iLIH = LM D@ + 1) — 2 1)1,

where

in which
IL=A1+A+R, L=B +B+R,

Ai=a-& Ay=a dh¢"+p-&,
Bi=8-1, By=ap*+q-n.

From (9-2) and the orthogonality conditions (5-4) we obtain equations for A, y and z,, = a,, +iB, with
n=1,...,N:

3 (et + pn) — EQ)(Bu +qn) + (SN (R, 2), 1) = Fi, (9-4)
3 (Bu +qn) + EQ)(etn + pn) — (MN(R, 2), &) = Fay, (9-5)
. 1 g
Y+ dar—a; — W@%N(R, 2), 1.¢9") = F3, (9-6)
! 1 ~ D A _
a5 SN(R.2).¢7) = B, (9-7)

where the scalar functions Fy,, F»,, F; and F are defined as
Fio=y((B+q) -1, 1) — ha1 (37¢", ma) — A{(@ + p) - €, 1) — ¥ (Ra, 1) + A(R1, 03ma),

Foy = —y{(@+p)-& &) —har(p}, E) — A(B+q) - 0am, &) + 7 (R1, &) + A(Ra, 3:8,),
1

F;= m(ﬂRz, ¢1) — V(R @) — (P (@ + p) - & +hard) +A(B+q) - 9, o)),
Fh:@ﬁ%@#ﬂR“Mv+ym%¢ﬂ+““ﬁ+qyU—Xmﬁ¢”—ﬂa+pymg¢q)
Remarks. (a) Recall the estimate of Remainder in (8-8). By (9-4)—(9-7) we have
hos V5 920 + i E()z, = 0(|z|*) + Remainder. 9-8)
(b) The functions a;(z, 2), pn(z, 2) and g,(z, 2) for j=1,2andn=1, ..., N will be chosen to eliminate

“nonresonant” terms z"z" with 2 < |m|+ |n| < 3.

Finally, we derive an equation for
R= P} R=P.R,

the continuous spectral part of the solution, relative to the operator L(A(¢)). Applying P, = A ® to (9-2)
and using the commutator identity:

P.3,R =R — 19, P.R,
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we obtain
#R=LMI)R—PMINR,2)+Lj R+ (9-9)
The operator L; ;) and the vector function % are defined as
Ly =P + 7 PEO, (9-10)

G — prD (y‘(ﬂ+q>-n—ia;a£¢*—_i(a+p>-axs)
‘ —y(@+p)-E—raxp, —AB+q) -0 )

We now summarize the preceding calculation in

(9-11)

Proposition 9.1 (Reformulation of NLS). Using the Ansatz (9-1)

Y(x, 1) =& OO (@ 4 a1 +iard® + (@ + p) -+ (B+q) -1+ R),

NLS can be equivalently expressed as a coupled system of equations (9-4)—(9-7) for modulating solitary
wave parameters A(t) and y(t), neutral mode amplitudes z,(t) = o, (t) + iB,(t) forn =1,..., N,
together with Equation (9-9) governing “dispersive part” I_é(t) which evolves in the continuous spectral
subspace of L(\(t)), that is, Pcm)l_é(t) = I_é(t); see (5-5). Moreover, the functions a; = a;(z, z) for j =
1,2, (p(z, 2),4q(z, 2)) = (Pn» @)n=1....n are O(|z|) polynomials chosen (in what follows) to eliminate
“nonresonant” terms of the form z°z% with 2 < |a| + |b| < 3.

Extracting the 0 (|z|?) part of I_i"(t); proof of (8-2). For fixed z(t) € CV, the equation for I%(t) is forced
by terms of order |z(¢)|?; linear terms are removed due to the equations satisfied by z(¢) = «(¢) +iB ().
In our analysis, we need to explicitly extract the quadratic part in z, 7 of ﬁ(t).

Thus, we consider the quadratic terms generated by the nonlinearity:

N TN N VI 21'[(¢")*1¢* A1 B,
2 SN =I Moot I Wi Moo= (—Grieie + 27 - rovwer )
(9-12)
where Ay =a-&, Bi=8-1.
Theorem 9.2. Define R R
Ry = (L()»)—l—iE(k)(m—n)—O)_lPCJNm,n (9-13)
and decompose I_é(t) as
R= )" Ruyn+R. (9-14)
m+n=2

The function R(x, t) satisfies (8-2).
Proof. R, defined in Equation (9-14), satisfies the equation:

%R=LMWR+LG R+ Y LiypRunt+9— D @Rpn+iEQ)m—n)Ryy) — PJN=s
m+n=2 m+n=2

where, recall the definitions of Iim,n in (9-13), the definitions of the operator L iy and the term % in
(9-9), and we define
Jl\7>2 = J]V(I_é, 7)— Z Jﬁlm,n.
m—+n=2
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Next we further decompose J 1(@2 and find M;, S, and N; in (8-2). We consider the functions J N, ,
with m + n = 3, the third order terms of JN.»:

Gi(A7, BD) B
> JNmn_X< > Rmn+( >>+(—G2(A2,BIIZ)A1) (9-15)

m+n=3 m+n=2
where, recall the definitions of A, By, A> and B, from (9-3),
G1(A7, BY) := f'1(@")1(AT + BY) +21"1(¢")*1(¢")* AT,
G2(AT, BY) = (f' @1+ 21 1) 1@M) ) (AT + BD + (21010 + 3 f"1(¢M)*1(¢M)*) A
and X is a 2 x 2 matrix of order |z| defined as
( 21'1(¢")21¢* By 21 1(¢M)21¢ Ay )
—(6£' @A * +4f TN 1M A1 —2f'1(¢")*1¢"B1 )

We define the linear operator M>(z, z) as

X=Xo1+X10= (9-16)

MZ(Z, Z) =X+ L(}L’);)

which satisfies (8-4).
The function S5 in the statement of Theorem 7.1 is defined as

$@.0 = Y LipRun+9— Y @Rpn+iEQ)m—m)Run)+ Y JNp,.
m+n=2 m+n=2 m+n=3

By (9-8) and
[0, (LA £IiEQ) =0 =0,(LOA)EIiEMN) —0)"" = (L(A) £iER) —0)"19,
=ML EIiEQX) =0 (L) £iEQ)) LX) £iEQN) —0)!

we have that S,(z, z) satisfies the estimate in the first part of Theorem 8.1. For the details we refer to
[Gang and Sigal 2007].
Lastly, we define the nonlinear term

N2(R,72):=—(IN(R, 2) — > INua). (9-17)
m+n=23

Using the smoothness of the nonlinearity f[-] and removing O (|z|?) and O(|z]®) terms, we have that
Nz(ﬁ, z) = Loc + NonLoc (see (8-5)) satisfying (8-6) and (8-7). The computation is straightforward but
tedious and is therefore omitted.

Collecting the various definitions and estimates above we have (8-2). O

z(t) dependence of equations for L(t) and y(t). In this subsection we present the proofs of (8-9) and
(8-10), crucial to controlling the large time behavior.

Here’s the idea. Central to our claim about the large time dynamics of NLS is that the solution settles
into an asymptotic solitary wave ¢*> where A(t) — Ao.. We show this by establishing the integrability
and uniform smallness of . Since we expect the neutral mode amplitudes z(7) to decay with a rate ¢ ~1/2,
we require that there be no O (|z(?) 1) terms in the (9-7): i(t) +d;a1(z, Z) =. ... The strategy is to choose
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the quadratic part of the polynomial a,(z, z) so as to eliminate all quadratic nonresonant terms. The latter
are terms whose z-behavior is like (zx)? or (Zx)? and are oscillatory with frequencies ~ £2i E(A). But
what about the terms of the form z;Zz,,, which are resonant (nonoscillatory)? This is where we use the
choice of basis for the degenerate subspace; see Appendix D. A consequence of this choice is that there
are no resonant quadratic terms appearing in the equation for A! The calculation is carried out below;
see Lemma 9.4.

In what follows we use the notations Nnin and N,;I‘ , to denote functions satisfying

N o )
; =JNyn.
(—N,;’f,n "
We define the polynomials a;, a» and pg, gx fork=1,2,..., N in (9-1) (see also (7-2)) as
aj(z.2):= Y AP0, pD= Y PHW. akzd= > 0¥.0. ©-18)
m+n7é:2,3 m+n=23 m+n=23
m=%*n

with j =1,2,k=1,2,..., N, and the explicit forms

- a ._ 1 , o 1
AEWAL = (g g Moo 90 B = (oo #7), (9-19)
IEMAY) = W“NS“ o™ — 5110, (2, 9M)
where Y 1 is given in (8-12); similarly
9 (2) (1) 1 R by A (2) (1) 1 R Py
2iE(WAY )+ Ay <¢A,3A¢A><N2,0’8*¢ ), BiE(MAS )+ ASy <(M’{)M/)A)(zv},o,aws ),
—iEQ)AS) + AY) = ey W 2 0a0") — IT11(z £, 9:.9™)
(9-20)
and
—2EM)PY) — EG)QSy = —(Nsgu ), —2EG) Q5+ ER) Py = (N3, &),
—3iEQ) Py — EG) QS = —(N5o. ) —3iE<A>Q(”>+E(MP;’3 = (N3, &),
(9-21)

2EM P —2E() Q) i= — (N[5 1) +1 (N}, &) +zT112Zk< Mies M) — (i ).
k=1

EGQV) = (N1, EQP") = (N} &)

) o) (n) N0) (n) ()
Aab_Aab’ Pab_Pab’ Q Q

for j=1,2,a+b=2,3,a#b.
The following is the main result.
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Proposition 9.3. Define the polynomials a(z, z), a2(z,2), pn(2,2), qn(z, ) as above. Then, (8-9)—
(8-10) hold and

d;A = Remainder(?), d;y = Y1,1 +Remainder(¢),

N (=in (7 (9-22)
0rzn +iEWMN)z, = —<JN2,1, <_?é >> + %Tl,l Z zm<< £ m) , (i; >> + Remainder(z),
n f— m n

where Y1 1 is defined in (8-12), and moreover,

[Remainder(r)| < [2()[* + [|(x) (= A + DRI + IROIZ, + 2] - 1(x) ™" R

Before proving the proposition we state the following key observation.
Lemma 9.4. (N ;‘1 P) =
Proof. Recall that
Al=a-§=3(-§+2:6), Bi=B-n=q5G n-2-n.
The explicit form of
JN20+ JN11+ JNo2

in (9-12) implies that

Nao+ NPy + Nop = 2f'1(¢")*1¢* A1 By

N N N N

=5 F16M1¢ (Z 2k + Zznsn) (Z Tl — zmnm>.

n=1 n=1 m=1 m=1

By taking the relevant terms we have

N131 (¢ ) <Z Znén sznm Zznfn ZZmnm>

= % Z Z 2z 1M1 Gt — S,

n=1 m=1

which, together with (5-3), yields
1 N N
(N{1. 67) = 52 Z > Znm / L@@ Enttin — Emna) = 0. O
n=1 m=1

Proof of Proposition 9.3. Recall the estimate of any term denoted Remainder in (8-8). We put (9-6) and
(9-7) in the matrix form

dd+M(z, R, P,q)) (y AT ) = Q + Remainder, (9-23)
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where the matrix 2 is defined as

I N 5y M)
o | g (BN 89 5T (=D 0. 6) —da e
—((EHN, Pty — %Tl,l((z +2)-§, 3A¢’\)) =11 —0ax+a

(¢, 0,.0%)
the term Remainder is produced by

i1 < —(R1, 0,¢") + p(&, 0,0") )
(9%, 3r*) (R2, ") +q(n, ¢*) ’

Id is the 2 x 2 identity matrix, M (z, 13, P, q) is a vector depending on z, 13, p and g and satisfies the
estimate
|M(z, R, p,q)|l = O(|z]) + Remainder. (9-25)

Now by the definitions of a; and a; in (9-18), we remove the lower order terms in z, z from
(IN, ") = 5V11{(z=2) -1, ¢") and (RN, 3" + 3 11((z+2) €, 39"
to get
Q=D+ D, (9-26)
with

1 ( _<SN - Zm—i—n:2,3 Nr;?,n’ ¢A) )

Dji=— )
<¢}\" aA.qS)\‘) (SRN - Zm+n:273 NI"?!‘,I’[’ a)t¢k)

b 3 AW, +iEM)(m —n)ALY,
D= — .
A +iEG)(m—n)AR,

by Lemma 9.4 and

m+n=23
We claim that
D, D, = Remainder. (9-27)
If the claim holds then estimates (8-9) and (8-10) follow from (9-26) and the estimates (9-23), (9-25).
Next we prove the claim (9-27) together with (9-22).

Since we removed all the second and third order terms of J N we obtain D 1 = Remainder. Recall the
estimate of Remainder in (8-8). To estimate D, we have to start with studying the equation for z. By the
fact that

320 +iE(M)zn = 0(|z)?) + Remainder

in (9-8) we obtain D, = 0 (|z|®) + Remainder. Hence,
A = 0(|z]?) + Remainder, y—"11= 0(|z|*) + Remainder, (9-28)

which, together with the expansion of J N in (9-17), yields
0y (ot + Pn) = EQ)Bu+an)+ Y (N ) = —5711((z = 2) - 0, na) + Remainder,
k+=23

(B +an) + EQ) @+ pu) — Y (ND. &) =—=3Y11{(z+72) &, &) + Remainder,
k+1=2,3
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where the real function Y ; is defined in (8-10). Choose p, and g, as in (9-21) to remove the lower
order terms as in the equations for A and y, which, together with the definition z, = «,, + i8,, enables
us to obtain

dzn+IiEMN)z, = _<JN2,1 + 17, (lZZ -gn) ’ ( ;Z"g )>+ D3(n) + Remainder
' —iSn

with D3(n) defined as

Dyn):=— Y (%P +itk—DEMPY)) —i Y (3,00 +itk—DEG)QL).
k+1=2,3 k+1=2,3

We claim that this together with the equations for A in (9-23) implies that
|D>|, |D3(n)] = Remainder. (9-29)

Indeed, by (9-8), we have
8zn +i E(L)z, = 0(|z]*) + Remainder,

which, together with the equation for A in (9-28), implies D3 = 0(|z|*) + Remainder. In turn we have
an improved equation for z,, as

3 zn = —i E(\zn +0(|z]) + Remainder.

Using this and repeating the analysis we find there is no 0(|z|?) term in D, and D3. Hence (9-29) holds
which leads to (9-22) and (9-27). O
10. Proof of the normal form equation (8-11)

Recall the definitions of the functions B(n) and D(n) after (6-2). Then the function JN; o in (9-12)
admits the form

N
INwo= 2 (g((’;))) . (10-1)
n=1

The following is the result establishing the desired normal form of the differential equation for the
neutral mode amplitudes z(t).

Theorem 10.1. With polynomials ay, as, p, and q, forn =1,2, ..., N defined in (9-18)—(9-21), (8-11)
holds.

Proof. Recall the definitions of JN,, , with m +n = 3 in (9-15). The first two terms on the right-hand
side of (9-22) admit the expansion

5
> Ki(n)
k=1
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Ki(n) = < 0,1R2,0, (—zé )> = —<R2,0, X051 (_?é >>

where

. Y PiVE Y Pkt A 0t
K>(n) == + Xo,1 103) 0) 5
Zk 1 Qa0 + Ay 0@

Zk 1Q§k; Nk
K3(n) := —%<f[(¢>)]+2f”[(¢)](¢))((z 5)2—(z-n)2)< ;

lZ'TI

i< FT@ 1+ 21N @) Iz - &> + |z 7| )(

- %i(f”[w*)z](«»*)z(z )? (Z 6”) , (_’ZS»

&

—_—

Ka(n) = %Tl,l«_fgn) ’ <zns>>
Ks(n) := —<R1’1’ Xt (_’Z"g )>

with X defined in (9-16) divided into two terms X = X1 0+ Xo,1:

X 0._< U100 HCORUSR
PO =B LM + 21 1)@ )z 6 if (9P ¢z n

Xo.1=X10

and the real function Y | given in (8-10).

iz-n

—(G 1@ 1M + 3 1@ 1M ) (2 - §) (_ZO s) : (_.

Next we study K;(n) for j = 1,2,3,4,5. We start with the important term, K;(n). Recall the

definition of G, in (6-2). By direct computation we obtain

* M\ _ . B(n) .
Xo.1 (—i$n>_ lJ(D(n)>_ iJG,

which, together with (9-13) and (10-1), implies that

N
Ki(m) =Y 2{(L) +20EG) =0 PG iJ Gy).
k=1

Define
Z(k,n) :=—((LA) +2EQR) —0)"' P.G,, i ] Gy)
and a N x N matrix
['(z,2) :=[A(k,]D)]
with Ak, 1) := $(Z(k, 1) + Z(I. %)) for 1 <k, I <d.

(10-2)

(10-3)
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For the sum of K;(n) through Ks5(n) we claim that it can decomposed into the matrix form
5
D Kim) =(S(n. 1), $(n.2),....5n.d)z (10-4)
Jj=2
with S(k, )+ S(l, k) =0. Define a N x N skew symmetric matrix
A(z,2) == [A(, k)]

with A(j, k) 1= Sk + %(Z(k, l) —Z(l, k)). This together with (9-22) and (10-3) yields the equation for
zin (8-11)

What is left is to prove (10-4). To avoid the tedious but simple computations, we only analyze K, (n)
and K3(n).

(A) Consider the part of K»(n) given by

, A 08" M
%’1(”)‘:_<X°’1< AQ ()

The analysis of the other terms is similar. By (10-2) we rewrite W, | (n) as

A(l)a A
xpz,l(n)=<( Z;zg;‘f ),4i (-D;?2)>> —4i A5 (830", D)) +4i AT (9", B(n)).

Equation (9-19) relates (Nz)‘o, qb%) and <N§0’ ) to A(l) and Agzz), which, together with the expression
of J Ny, in (10-1), yields

N
U () =) W(n, k)z (10-5)
k=1
with
._; A A . A\
W, k) = sy (1B, 67) (89", D(m) — (D). Dag™) (9 k B(n)))

+ (B(k), ¢*) (9", B(n)).

1
E2(1)(¢", 3,9")

By straightforward computation we have
W(n,k)+VY(k,n)=0. (10-6)

By (10-5) and (10-6) we complete the proof for W; | (n).

(B) To simplify the notation we introduce

N N
1 . 1 1
_EZ S RO :§ _jzznnn

ke
I
I\)I'—‘
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This implies that

N N N N
PP=1 " tkup, © =%Z @, pP+od=13Y 24+ M), p°—o =%Z n(PEn — ny).
n=1 n=1 n=1 n=1

By the definition of K3(n) it is not hard to get

N
Ksn) =) z®(n. k)

k=1

where

®(n, k) = L{(F1@H+2£ 1M @")) (p&k — wni). (& — @n))
+i((fT@M 1+ 21" 1@M)1@M)) (@nk + pEK), (@ + PEW))
+i((BS @M1 + 211 1UDM) pkk. p&n)

—i3f (@M1 wni, wnp).

Immediately we have
d(n, k) +dk,n)=0

This together with (10-7) completes the proof for K3(n).

11. Proof of Theorem 7.1

(10-7)

For simplicity, we present the proof of Theorem 7.1 for the case d = 3; the proof can be easily modified
to cover d > 3. The main difference is that, in controlling || R(?) || Loy bY [|R(E) || gr(ray for d = 3 we

take k = 2 while in general we need k = [d /2] + 1; see Section 5B.

Estimation strategy. This subsection discusses our strategy for studying the large time behavior of so-

lutions.

We begin by introducing a family of space-time norms for measuring the decay of z(¢) and I_é(t) for
0 <t < T with arbitrary T. We then prove that this family of norms satisfies a set of coupled inequalities,

from which we can infer the desired large time asymptotic behavior.
We claim that
—1
Ty = |2

where 7 is defined in Theorem 7.1.
Family of Norms.
Z(T) = max(Ty+0)' e, (T = max(To+ 0| (x) VROl 2.

Ra(T) := max(Ty + DR oo, R3(T) := max(7p + D) R@) |2,

R4(T) :=max | R() || g2, Rs(T) = MH R
©o<T a* t<T log(Tp+1t)

where the constant v is defined in Theorem 7.1.

(11-1)

(11-2)
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Remark on choice of norms. Tt is clear that a combination of H?, spatially weighted H? and L> norms
of I_é(t), as well as a bound on |z(?)|, are plausible choices of norms to control the large time behavior.
This accounts for the definitions of Z(T), R (T), Ro(T) and R4(T). Our list of norms also includes
estimation of the time decay of || E(t) I3, that is, %5, and the local L? norm of an auxiliary function R’(t),
that is, 3. Why these two additional norms? As will be seen, ¢(¢) = |z(¢)| satisfies an equation of the
form
¢~ =i+ e),

where c(t) consists of various coupling terms (products) involving neutral mode amplitudes z(¢), the
ground state *) and dispersive terms R(¢). First, neglecting c(¢), we observe that ¢(t) ~ t~1/2. To
treat c(#) as a small perturbation for large ¢, it is necessary that it decays more rapidly than the term
23(t) ~ t73/2. Without any further decomposition of I_é(t), we find among the coupling terms one is
of order |z(t)] - ||{x)™" R (H)|l2. The expected decay rate of each factor implies this term is of order
t=3/2 for large ¢, which is of the same order as ¢3(t). The resolution is to expand ﬁ(t) as a leading
order part consisting of terms R, , = z""z" with m +n = 2 plus a more rapidly decaying correction
R(t) with ||(x)_”1§(t)||2 =0@""7%) (8 > 0); see (8-1). This modification yields an equation with an
improved correction term of order |z(#)]- || (X)""R@®) ||, = =3 (6 > 0), which can be treated as a small
perturbation in the large time dynamics.

Remark on the estimation strategy. See also [Buslaev and Sulem 2003; Soffer and Weinstein 2004].
Estimation of the norms % ;(T') proceeds as follows. We first express R , the solution to Equation (9-2),
in terms of the Duhamel integral equation, relative to the linear operator, L(A;). Here, A =A(T), T >0
is fixed and arbitrary. Namely,

dR=LOR+--- = §P'R=LO)P"R+ PM (L) — LG.))R+---
t
= P}lR(r)=eL<WR(0)+/ eF Uy ds.
0

We can therefore apply the time-decay estimates of Theorem 5.7 to obtain bounds on local decay and
L°° norms of PC’X1 R(1). However, we need bounds on R(t) = PL.W) R(t). Since

R(t) = P*' R(1) + P} _R(1),

disc

it suffices to bound P! ﬁ(t). This is done as follows.

disc

PiR= (P}l — PR + PLOR(®) = (PR, — PLYR()  (because Py R(1) = 0)

disc disc disc disc disc disc isc
A A A A A
= (Pjle — Py ) PLLR() + (Pyl, — i) PP R(1),

which 1mphes
A A A A A
(1 —(P ! —P (t)))P ! R = (P ! —P (t))PCMR(t).

disc disc disc disc disc
Therefore,
PAR() = (I —8Gh, 1) "'8(h, A1) PMR()

and we estimate R(¢) in either a local energy H 2(R4; (x)~% dx) or L®(RY) via

IR®)|lx < |PYR(®)|Ix + | PfLRMIIx < |PXR@)|x + IPMR@)||x.

disc
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Here § (A, A1) = PM — PV is of finite rank and of small norm proportional to f[T |X(s)| ds.

disc disc
We now derive the integral equation for P R, which is the basis for our time-decay estimates. If we

write
L (@) = L) + L) = L(A1),
then (9-9) for P R, which takes the form
HPR=LODP"R+A—A+y)PV IR+ .

Recall that L()) has two branches of essential spectrum [iA, ioo) and (—ioco, —iA]. We use P4 and P_
to denote the projection operators onto these two branches of the essential spectrum of L(X}).

Lemma 11.1. For any function h and any large constant v > 0, we have
[(x)" (=A+1D)(PX T —i(Py — P )|, <cl(x)™ (=A+1D)h].

For d =1 the proof of this lemma can be found in [Buslaev and Sulem 2003]; the proof for d > 3 is
similar, hence omitted here.
Equation (9-9) can be rewritten as

9P R=L(\)P" R+i(y+A—x)(Py— P_)R+P* O R+ P PXOG_ P PXO IN(R, ), (11-3)
where O is the operator defined by
O1:=APy + L) — L)+ yP*J —i(y + A —r)(Py— P). (11-4)

By (11-3) and the observation that the operators Py, P_ and L(A;) commute with each other, we have

t
PM R = o LOD+w0(P=P) phi () +f UmILONTaw(P=P) phi(0) R 4+ PXG— PXIN(R, 7)) ds

0
(11-5)
with a(t,s) =1 f;(y}(r) + A(t) — A1) dt. We observe that P, P_ = P_P, = 0 and for any #; < t, the
operator
A2 (Pr=P_) _ ea(IZvll)PJ’_ e atip . g2 g2

is uniformly bounded.
The following result, whose proof is given in the Appendix F, will be used repeatedly in our estimates:

Proposition 11.2. Let Ty > 2. There exists a constant ¢ > 0 such that

! 1 1 c
ds < , 0, 2], 11-6
/o<1+t—s>3/2<To+s>J =Ty 702 (11-6)
t
/ (t—s5) V2 (To+5)"Vds < c(To+1)"? log(Ty +1). (11-7)
0

Similar versions can be found in many literature, for example [Soffer and Weinstein 1999; Buslaev and
Sulem 2003].
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Estimate for Ry (T) := max; <7 (Ty + ) || (x) ™" R(¢) | -

172

Proposition 11.3. R < c(Toll(x)" RO) | g2 + R2Ry + Z2 + T, (23 + ZR1 + RaBD)).

With a view toward proving the time decay estimate of Proposition 11.3, we now first give appropriate
norm-estimates of the latter terms in (11-3).
First from the norm definitions (11-2) and Lemma 11.1, we estimate the O R and % terms

1)’ (=A+ DO Rz < c(Ty+1) " ZRy, L)
1) (= A+ DGl < c(To+1) /22,
Next, we estimate the nonlinear term J N:

Lemma 11.4.
I(=A+DINR, D1 +I(=A+DIN(R, )2 <c(To+0) " @R+ ZD) +c(To+1) 2 (ZR1 +PuR3).
Proof. Recall the definition

NZ(E» Z):z _Jﬁ(l_é» Z)+ Z JNm,n
m+n=23

in (9-17) and the decomposition N, as the sum of Loc and NonLoc in (8-5). By the fact /N, , for
m +n =2, 3 are localized functions we have the estimate

I(=A + 1)(JN(R, z) — NonLoc) 1 + [[(=A + 1)(J N(R, z) — NonLoc) |»
< clzl(jzl + 1) " Rl) < c(To+ 07 Z2 + (To + )2 Z3y).

More challenging is the term NonLoc defined in (8-7), which is purely nonlinear, having no spatially
localized factors. We use the estimate

|(—A + 1)NonLoc||; + |[(—A + 1)NonLoc||»
< c(IRI2 IR llco + RN g2 I RI%) < e(To + 1) 7' R3Rs + c(To + 1) 2R3

by the fact f(x?)x is of the order x> around x = 0 for d = 3. O
Proof of Proposition 11.3. By (11-5) and estimates (5-7), (5-11) for d = 3 we have
1) ™ (=A + DPHR@)I2

< x) (= A+ De 0 PHRO) |2

+

t
/0 (X)) (=A+ D) "™HEA PO (5)R + P*G— P IN(R, 7)) ds

2

<c(1+D72(x) (A + 1)13(0>||2+/ (141 —5)|(x)"(=A + 1)(O\ R + P*8) ds||,
0

+/ (41—l (=A+1DPLINRS), D)l + (=A+ 1) PFIN(R(s), 2)|I2) ds.
0
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Therefore, by the estimates (11-8) and Lemma 11.4 we have
1) (= A+ D PIR |2 < c(14+0) 72| (x)" (= A+ DR(O0) |12

t
+(%§912+22+T01/2(z3+z%1+%4%§))/ (1+1—5)*(To+s)"" ds.
0

Using the time convolution estimate (11-6) we obtain
1) ™" (A + PN Rllz < c(To+ 1)~ (Tol (x) ROl + BR3P + 22 + Ty 12(Z° + 2Ry + RuB3)).
This implies Proposition 11.3. O

Estimate for R5(T) :=max; <7 (T + 1) | R(®) |l oo
Proposition 11.5. Ry < ¢(To(IRO) [l + | RO) | ;12) + Z2 + R2Rs + Ty 12(Z3 + ZR +RD)).
To prove this we use the following result whose proof is very similar to that of Lemma 11.4.
Lemma 11.6.
IP2IN(R, D)l + I PLINR, D2 < e(To+D7" (27 +Ti%Ra) +e(To + 1) A(Z° + Z + R,
Proof of Proposition 11.5. By estimate (5-9) for d = 3 and (11-3) we have that
1P} R@los < lle™ 0 P2 R(O)loo
<1+ D7 PURO)L + IRO)]]2)

t
+c/ (1+1—5)2101(5)R + PG|l + | O1(s)R + PG| o) ds
0

t
+cf (1+1t—5)2NPPINR, 2) 1 + | P2IN(R, 2) | 112) ds.
0

By the properties of O; (see (11-4)) and 4 (see (9-9)) we have
101($)R + P2GI + 1101(5)R + P26l 2 < c(To +1) /(2% + Z°).
This, together with Lemma 11.6, yields

IPAR(®) oo < c(To+ 1)~ (ToIl RO |1 + Toll RO 2 + 22 + R3G2 + Ty 2(ZP + 200 +RD)). D

, (To+0)'*
Estimate for R5(T) := ItnfaTX m IR®)I|:@.

Proposition 11.7.  Rs < ¢(To(|RO) |l + IRO)[| 2) + Z> + Ty > (@R2%Ro + Z3 + ZRy +R2 +R2)).
Lemma 11.8. ITN(R, D3 <c(To+0D7'Z2+c(To+ 1) RERy + Z3 + ZR1 + RT + R3).
Proof. As in the proof of Lemma 11.4 we decompose J N into the localized term

JN(R, 7) — NonLoc
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and nonlocalized term NonLoc. The estimate of the first term is similar to that of Lemma 11.4 and hence
omitted. The nonlocal term NonLoc defined in (8-7) admits the estimate

L N2/3 .
||N0nLoc||3/2§c(/|R|5/4> <clRIIRoo-

By using the definitions of estimating functions on all the terms above we have the lemma. |

Proof of Proposition 11.7. By estimate (5-10) for d = 3 and Lemma 11.4 we have that

t
IPHR@)II5 < Il PHR(0)]|5 + / [|eEXD) PA (O (s)R + PXG— P*IN(R, 2))|3ds
0
<c(1+0)" 2RO + IRO) | 12)

1t t
—i—c/ (z—s)1/2||01(s)R+P3<g||3/2ds+/ (t — )2 P2IN(R, 2)||32 ds.
0 0

By the properties of O; (see (11-4)) and 4 (see (9-9)) we have
101(5)R + P}Gll32 < c(To+1)">2(Z + Z%).
This, together with Lemma 11.6 and (11-7), implies

IPAR()]]3
< c(Ty+07"1og(To +0)(Ty *IRO) 1y + Tol RO) | g2 + Z2 + Ty 2 (@R3P + Z° + ZR) + R +R)).

This estimate and the definition of Rs yield the proposition. U
Estimate for R3(T) :=max,<r(Ty +1)"/°|| (x)‘“ﬁ(t) ll2.
Proposition 11.9. Let the constant v the same as that in (5-6) and (5-7) with d = 3. Then
R < (T2 (1D RO+ 120)7) + Ty /(2% + 2% + Z9 + B3+ R3%a).
As usual we estimate the nonlinear term Nz(l_é, 2).

t
Lemma 11.10. f (x) """ =EC PR PENG (R, 2) |l ds < c(To+1) Ty P Z3+ 2R +RI+RIR).
0

Proof. We start with the function N;. Recall that N, = Loc + NonLoc in (8-5) and the estimate of Loc
after that. The nonlocal term NonLoc defined in (8-7) admits the estimate

INonLoc||; + [[NonLocllz < c(|RI3 + [ RI3) < c(IRI3 + IRI% I R]12).
By the definition of estimating function we have

INonLocl|; + [[NonLoc|l2 < ¢(To+1)>*(log(To + 1))**%3 + (To + 1) R34
<c(To+0)7PT 0@+ RiRy).
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Finally, by the propagator estimates (5-9) and (5-11), we have

t
/0 (x) L) pH pENL (R, 2 dis

t
< c/ (141 —5)"¥?(|NonLoc(R, z)|l1 + [NonLoc(R, z)[|> + [l {(x)"Loc|l) ds.
0

This together with the estimates of Loc and NonLoc above yields the lemma. g
Proof of Proposition 11.9. By the same techniques as in deriving (11-3) we have
9 PYR=LO)PYR+i(y +A—21)(Py— PO)R+P(z, )R+ PY S2(z, )+ P2 P2 Na(R, 2), (11-9)
where the operator P(z, z) is defined as
P(z,7) := PMMa(z,2) —i(y + A — A1) (Py — P_) + PM(L(X) — L(A1))

and the terms P}Nz(ﬁ, 2), S2(z, 2), M»(z, ) are defined in Theorem 8.1.
Rewrite (11-9) in the integral form by the Duhamel principle to obtain

1x) ™" PR R@) |2 < 1(x) e ) PR R(0)[|2
+ /Ot | () e ILOD (P2, DR + P Sa(z, 2) + PXPANA(R, )|, ds. (11-10)
For the left-hand side we claim that
1x) Ve ™0 PR RO) 2 < c(1+0) 7 2([{x) RO |12 + [z(0) ). (11-11)
Indeed recall that

R=R— > R

m+n=2

with R,, , defined in (9-13). Therefore, with the time-dependent of Ié, A and z, we have

1(x) Ve OV PLRO) I < [(x) e LMV PH RO+ Y [1x) e E MV PH R, (0)o
m+n=2

By (5-6) and the fact that R,, , is the summation of terms of order |z|> we have
1) e F AV PH Ry ()12 < clz(O) P (14072,
This, together with the estimate
()" e OV PHRO) 12 < c(1 407 [1(x)" RO) 2,

implies (11-11).
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Use (5-6) on the right-hand side of (11-10) to obtain
/ot | (x) eI (P(z, DR+ P11 Sa(z, 2) + PH PP No(R, 2)) |, ds
< fota +1 =) (1x0)" P2 DRIz + IN2 (R, 2|11 + [ N2(R. 2)II2) ds
+ fot [ (x) Ve OO prig) (7 D)2 ds.

We estimate these terms in detail:

(A) By the definition of S;(z, z) in (8-3) and estimate (5-6) with d = 3 we have that

t
f [{x) Ve =HECD prig, (7, 7)o ds
0

t
< cz3/ A+t —9)(To+s5)3%ds <cZ3(Ty+1)732.
0

(B) By the definition of P(z, z) and the estimate of M»(z, z) in (8-4),
1(x)" P(2(5), Z(s ) R($) 2 < clzl - () TV R(s) 2 < e(To+ )"0 Z%Rs.
Hence by (11-6),

/(1+t—s>—3/2||<x>”P(z<s>,z<s)>1?||zds
0

t
< cTO_l/ZOZQ{3/ A+t =) (To+95) P ds < Ty 2R3 (To + 17775,
0

These, together with Lemma 11.10, implies
1{x)"" P} R
<c(+0732x)" ROl + 120 + c(To+ 1) 7Ty (2R + ZR3 + Z° + B3+ RIRy)

/5

<c(To+ 0773 (1”10 RO 2 + T, 120) > + 5 />

(ZR1 + ZR3 + Z° + R3 + R5R4)),
which implies the proposition. O
Proposition 11.11. %3 < |[R(0)|1%,, +cTy (R} + 22| + Z2°R3 + R3RD).

Before the proof we estimate the nonlinear terms.

Lemma 11.12. [((=A+ 1)P}JN(R, 2), (A + DR)| < c(To +1)"2(Z°R) +RIRD).

Proof. As in Lemma 11.4 we decompose J N into the localized term Loc and the nonlocalized NonLoc
defined in (8-7). The Localized part satisfies the estimate

[{(=A +1)Loc, (—A+ DR)| < c(lz* + [[{x) " RI1D).
By the definition of NonLoc in (8-7) we obtain
|((—A + 1)NonLoc, (—A + D R)| < c[[(—=A + DR|B|R|2,.

This together with the definitions of estimating functions implies the lemma. O
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Proof of Proposition 11.11. By (9-9) we have
- - d g g = d 3 u
I ((—A+ DR, (—A+1R) = (_A+1)ER’ (—A+DR)+{(—A+ DR, (_A+1)ER =ZK11»
n=1

with
Ki:={((—A+1DLA)+ DR, (—~A+DR)+ (—A+ DR, (~A+1)(LA) +7])R),
Ky :=i{(—A+DP,R, (—A+DR) +i{(—A+ DR, (—A + 1) P, R),
K3:=—((—A+ 1P IN(R,2), (~A+1)R) — ((~A+ )R, (~A+1)P* IN(R, 2)),
Ky:=((—A+ 1) PG, (—A+ DR) + (~A+ DR, (—A + 1) P}§).

Recall the definition of the operator L(}) in (5-1). By the observation J* = —J and the fact that
JL(}) is selfadjoint we cancel all the nonlocal terms in K;:

K1l < clx) "Rl < e(To+0) 77,
By observing that |).\| =0(|z|?) and Pc;ﬁ is localized we have that
K2l < clz@PIx) RO < e(To+D 22X OFF0).
By the lemma we just prove, we have
|K3| < c(To+1)"2(Z*RT + RGR3).
By the property of P4 in (9-9) we have
|Kal < clzlP 1) Rl g2 < e(To+1) 727

Collecting all the estimates above, we obtain

%((—A + DR, (=A+DR)| < c(To+1) 2@} + Z°R) + Z°R3 + RIR3).
After integrating the equation above from O to ¢ we have proposition. U
Estimate for Z(T) = max;<7 (Tp + £)12)z(¢)]. Recall that by (FGR)

2GR+ 22 D)= Clf

Proposition 11.13. There exists an order one constant m > 0 such that if m < Ty < |z(0)| =2 then

Z(T) < 14+ Z5 2T 20+ B3T) + 3T+ Z()(T)).
0

Proof. By (8-11) we have

E'le =—7z"(Z(z,2) + Z*(z, 2))z + N(zZRemainder(r))

which can be transformed into a Riccati inequality:

3 1z(1)]* < —Clz(t)[* + 2|z(¢)||Remainder(?)].
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By (8-8),
. ¢ 2 2
|z(#)| |Remainder(z)| < WZ(T)(Z(T) +RI(T) +R5(T) + Z(T)R3(T)),

where § = 2/5.

Lemma 11.14. Suppose that z(t) is any function satisfying the equation
Uz < —lzO*+g®),  2(0) =z, (11-12)
where g(t) is a function satisfying the estimate
lg()] < cx(To+1)7>7"° (11-13)

with the constants c4, 6 > 0. Then there exists K > 0 independent of Ty and cs such that if c#Tof‘s is
sufficiently small then the function z(t) in (11-12) admits the bound

1+ KeyTy
H<——— 11-14
2Ol =~ i (11-14)
where k = min{Ty, |zo|~>}.
The proof of this lemma is in Appendix G.
We now chose
m < Ty <12(0)| 2
where m is an order one positive constant. Then,
K
Z(T) <1 —I—mZ(T)(Z(T)+9%%(T)+%%(T)+Z(T)Q{3(T)). O
0

Closing the estimates.

Proof of Theorem 7.1. We seek to obtain T -independent bounds on % ;(T') and Z(T) defined in (11-2).
This will be achieved by choosing the parameter T in the norm definitions sufficiently large and the data
R(0) sufficiently small with Ty and R(0) related in a manner to be specified.

Define

M(T) =Y "R, (T),  §:=T," (1ROl g2+ [1{x)"R(0)]|2)
n#4

where T is defined in (11-1). By the conditions in (7-1) we have that R4(0) is small and M (0) and Z(0)
are bounded.

Recall the estimates of R, forn =1, 2, 3,4, 5 and Z in Propositions 11.3, 11.5, 11.9, 11.11, 11.7 and
11.13. By plugging the estimate of Z and %4 in Propositions 11.13, 11.11 into Propositions 11.3, 11.5
and 11.7, we obtain

M(T) < c(S+ 1)+ (Ra(T) + T, ) P(M(T), Z(T)),
Z(T) < 1+ T, ' P(M(T), Z(T)), (11-15)
RIT) < RO + Ty ' P(M(T), Z(T))
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where P(x, y) > 0 is a polynomial in x and y. Using an implicit-function-theorem type argument (see
below) we have that if § and M (0) are bounded then

M(T)+Z(T) < u(S) and %Ry <1 (11-16)

where p is a bounded function for S bounded. By the definitions of % ;(T) and Z(T') there exists some
constant ¢ such that

1) " ROl [RD oo < c(To+0"" 20| < c(To+1)~2, (11-17)

which is statement (B) in Theorem 7.1.
By the bound of Remainder in (8-8) and the estimates (11-17) we have

|[Remainder| < c¢(Ty + t)*lg/5
which, together with (8-11), implies statement (A).
The convergence of A comes from (8-9) and the fact that Remainder is integrable at oco. Il

In the following we prove (11-15) implies (11-16) by using implicit function theorem. For the other
methods we refer to [Soffer and Weinstein 1999; 2004; Tsai and Yau 2002b; 2002c; Buslaev and Sulem
2003; Tsai 2003; Cuccagna and Mizumachi 2008]. First we transform the inequalities by taking square
root of the third equation of (11-15) and plugging it into the first one, then

M(T) < c(S+ D)+ (ROl 2 + Ty > P(M(T), Z(T)),

Z(T)y <1+ T, " P(M(T), Z(T)),

Ra(T) < 1ROl 2+ Ty " PM(T), Z(T)).
In what follows we use this equation instead of (11-15). Define a vector function Fe,g(I\;I . Z ) as
Fes(M,Z):=(FY (M, 2), FP(M, Z), F)(M, Z))
with
FOM, Z)=c(S+ D+ @+ P(M,2), FP(M,2):=1+€eP(M,Z), Fy :=5+eP(M, 2).

Immediately we can see that
My=c(1+S), Zy=1, Ry=0

is a solution to the equation
(Mo, Zo, Ro) = Fo,0(Mo, Zy).

Define a closed set
Y :=[0,2¢(S+1)] x [0, 2] x [0, 1].

Lemma 11.15. There exists 5o > 0 such that if €, § € [0, &¢] then
(M,Z,R)=Fes(M, Z) (11-18)
has a unique solution in ©. Moreover, for any continuous functions M, Z, R : Rt — R™, satisfying

(M(0), Z(0), R(0)) < (M, Z,R) and (M(t), Z(t), R(t)) < Fes(M(1), Z(1)),
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we have
(M(t), Z(t), (1)) < (M, Z, R). (11-19)

for any time t.

Proof. The proof of existence and uniqueness of the solution is not difficult by observing
|(8s Fe,s(M, Z), 07 Fe s(M, Z), 03 Fe s(M, Z)) || < c(8+¢)

if (M, Z,R) € . Hence by implicit function theorem we have that if c(e + §) < 1/2 there exists a
unique solution to (11-18).

We next prove (11-19) by contradiction. Suppose that (11-19) fails at time . Since (M (¢), Z(t), R(t))
is continuous there exists a time #; < ¢ such that (M (t1), Z(t1), R(t;)) € X and (11-19) does not hold.
Without loss of generality we assume ¢ = ¢;. Then by subtracting the inequality for (M (¢), Z(¢), R(t))
by (11-18) we get

M) =M < G+e)(Ki(M@) = M)+ Kx(Z(1) - 2))
and
Z(t)—Z,R(t) — R < e(K3(M(t) — M)+ K4(Z(t) — Z))

for some K, with n =1, 2, 3, 4 depending on (M (), Z(¢), R(¢)) and (M, Z, R). By the fact that
(M,Z,R),(M(t), Z(t), R(t)) € &

and P(x, y) is a polynomial with positive coefficient, we have that K,, are positive and bounded. By these
inequalities and the fact 0 < ¢, § < 1 we derive (11-19). This contradicts our assumption. Thus (11-19)
holds for any time ¢ > 0. O

12. Summary and discussion

We have extended the asymptotic stability / scattering theory of solitary waves of the nonlinear Schrédin-
ger/Gross—Pitaevskii (NLS/GP) equation to the important case where the linearized dynamics about the
Lyapunov stable bound state has degenerate neutral modes. This is the prevalent case in situation where
the equation is invariant under a nontrivial symmetry. We construct a class of multiwell potentials to
which the theory applies. The current theory, as all previous work on soliton scattering in systems with
nontrivial neutral modes, requires a Fermi Golden Rule (FGR) nondegeneracy hypothesis. The analytical
verification of this hypothesis for either specific or generic NLS/GP systems is an open question. Nu-
merical experiments for the time-dependent NLS/GP equations, in which decay rates of neutral modes
are measured, are consistent with the generic validity of the (FGR) nondegeneracy hypothesis.
We conclude by mentioning an interesting direction for further exploration:

Semiclassical limits and higher order nonlinear Fermi Golden Rule. A problem of great interest is
NLS/GP on R in the semiclassical limit:

iy = =AY +Vh)y — (YD, ¥ (x,0) = Yo(x)

where 0<h<«1. The nonlinearity is taken to be focusing (attractive) but subcritical. Using the Lyapunov—
Schmidt method it has been shown in [Floer and Weinstein 1986; Oh 1988; Ambrosetti et al. 1996] that
for h sufficiently small a soliton concentrated at a nondegenerate critical point of V can be constructed.
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The soliton, constructed in this manner, is soliton of the translation invariant nonlinear Schrédinger
equation, scaled to be highly concentrated about the critical point of V. Therefore, the linearized operator
JH" () is expected to have spectrum, quite closely related to the linearization about the translation
invariant NLS soliton. If the soliton is concentrated near a minimum of V, then it is Lyapunov stable
[Oh 1988], and therefore the spectrum of JH" (1) is a subset of the imaginary axis. As we have seen
for NLS/GP, there is a two-dimensional generalized eigenspace corresponding to an eigenvalue zero. h
being small implies that the 2 x d zero modes associated with the translation symmetry

Y(x, 1) = ¥ (x+xo, 1)
and Galilean symmetry
V(x, 1) > VY (x — 2u1, 1)

perturb to d complex conjugate pairs of eigenvalues. Although we expect semiclassical, highly localized
solitons to be asymptotically stable and for the degenerate neutral modes to damp by resonant radiation
damping, as elucidated in this article, we note that for 4 very small, the complex conjugate neutral
modes of J H" (1) are very close to zero and the condition 2E (1) — A > 0, which is necessary (although
not sufficient) for the Fermi Golden Rule resonance condition (FGR) to hold, fails. It remains an open
question to derive the normal form when resonance of discrete modes with the continuum occurs at some
arbitrary order in the coupling parameter g (recall f(|y|*)¥ = —g|¥|* and see also the discussion in
Section 1). For results in this direction, see [Gang 2007; Cuccagna and Mizumachi 2008].

Appendix A. A class of multiwell potentials for which —A + V satisfies condition (Eigy) and L(})
satisfies (SA) and (Thresh, )

In this section we find an example — A+ V in a subspace of L?(R?) satisfying condition (Eigy), motivated
by the study of double well potentials. Define

dA:={f:R>— C| f(—x) = f(x) for any x}.

Observe that o is a self-closed subspace, that is, if f, f> € o then f| + f>, f1f2, Afi € . Hence we
can study (1-1) in the space & N L*(R?) and obtain all the results. The following is the main result

Proposition A.1. There exists a potential V such that the linear operator — A+V acting on the subspace
AN L*(R3) has two eigenvalues ey < e; < 0 with 2e; > eg. e, the lowest eigenvalue, is simple, and
eigenvalue e is degenerate with multiplicity 2. Moreover the operator

14+ (=A+i0)7 'V (x)2L? > (x)2L?
is invertible.
If the nonlinearity f(x)=x and if |A — |eg|| is sufficiently small and ¢* is the ground state satisfying
—AP*+ V¢ +ag" — (9" =0
then we have the following results for the linearized operator L(A) defined in (5-1).

Proposition A.2. The operator L(\) satisfies the spectral conditions (SA) and (Thresh,).
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Proposition A.1 is implied by Proposition A.5 below. Proposition A.2 will be proved at the end of
this section.

As proved in [Albeverio et al. 2005, Theorem 1.1.4 on page 116] the operator —A — g&(x) has only
one eigenfunction, that is, the ground state, for any ¢ > 0. By this observation we have:

Lemma A.3. Forany q > 0, there exists a constant ) € (0, 00) such that the operators

3 k2 1 3 _ kP2

—A—gL2e 1, —A—qu_fe_T

each have only one eigenfunction in A.

To facilitate later discussions we define
W= q)»_3/ze_|x|2/k.
We start with constructing a family of operators. Define
My :=(m,0,0), M>:=(0,m,0), M;z:=(0,0,m),

and
Wi, (x) == S(W(x + M) + W (x — My)) fork=1,2,3.

Lemma A.4. If m is sufficiently large then in the subspace 4N L>(R®) each of the operators —A — Wy,
and — A\ — %WM,(, fork =1, 2,3, has only one eigenfunction.

Proof. We only prove the result for —A — Wy, . The proof of the other cases is similar, hence omitted.
First we have that if m is sufficiently large then

(A=W (@ +MD)+6(- = M), (- + M) +d(- — M) <O0.

This principle [Reed and Simon 1979] implies that the operator —A — W)y, has at least one eigenstate.
Second the min-max principle implies that any function f L ¢ (- + M), ¢ (- — M) satisfies

(A=W f, /) =2((=A=W( + M) f, )+ (A=W (- —=M))f, f)) > 0.
This, together with the facts
¢(-+M)—¢(-—Mp) LL*(R*)Nst and span {¢(- —M)), ¢(-+M)} =span {¢(- —M)£p (- +M))},

yields that
(=A=Wum)f f)=0

forany f e dNL*(R¥ and f L (- + M)+ (- — M)).
Collecting what was proved we have that the operator —A — W), has only one eigenfunction, its
ground state. 0

To prove the main result we define
Vin := 3 (War, + War, + W)

Proposition A.5. There exists at least one m € [0, 00) such that —A — V,, has all the properties in
Proposition A.1.
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Proof. We need the following facts:

(A) For any m € [0, 00) the operator —A — V,, has at most three eigenfunctions in sl N L*. Recall in
Lemma A.4 we proved that if f L ¢(- + M) +¢(- — M) fork=1,2,3and f e AN L? then
(A =Wy f, f) = 0. Consequently if f L ¢(- +Mp)+¢(- — M) fork=1,2,3 then

(A =V) fo /) = 5(((=A = W) £, ) + (A = W) f, fY + ((=A = W) f, f)) = 0.
The min-max principle [Reed and Simon 1979] implies that there are at most three eigenfunctions.

(B) Ifm is sufficiently large then in the space L> Nl the operator — A —V,, has three eigenfunctions and
two eigenvalues: one ground state and two degenerate eigenstates. The fact that —A + V), has three
eigenfunctions follows from the min-max principle. The proof is similar to the case of double-well
potentials [Harrell 1980] and is omitted. We need to prove that these eigenstates are degenerate.
Indeed, as m — oo the three eigenfunctions converge to a linear combination of the functions:

o +M)+o(- —My) fork=1,2,3.

In particular, the ground state converges to

3
Y G+ M)+ —Mp).
k=1
Moreover, the ground state is simple and orthogonal to the excited eigenstates. The excited eigen-
states are not invariant under a permutation: (x1, X2, X3) = (Xu(1), Xn(2), X(3)). Since V,, is invariant
under permutation, a second, linearly independent, eigenstate may be obtained from a particular
choice via permutation.

(C) When m =0, —A — V,,, has only one eigenfunction, the ground state. This is clear since V,,, = W
when m = 0.

(D) For any m > 0, —A — V,,, has at least one eigenfunction with eigenvalue less than some —cy < 0.
Let ¢, be the normalized ground state of —A — %WM2 with eigenvalue —cy < 0. Then we have

(A = V), ¢2) < —co

by the facts ¢ > 0 and W > 0. By the min-max principle —A — V,, has a ground state with
eigenvalue < —cy.

The definition of W implies that (—A 4+ k) ' W (- + z) is analytic in z if K € C\R*. By [Reed and
Simon 1979] we have that the eigenvalues are analytic functions of z in a suitable subset of C. Since the
eigenvalues of the excited states are degenerate for sufficiently large m (see (B)), they are degenerate for
any m before the excited states disappear into the essential spectrum. Hence there exists at least one m
such that —A — V,,, has one eigenvalue, eg, less than —cq (defined in (D)) and two degenerate excited
states with eigenvalue ej, sufficiently close to the essential spectrum (see (A), (C)); e; — ep > —e; or
2e1 —ep > 0.

In the final step we find m and ¢ such that the operator

14+ (=A+i0)7 'V, : (x)’L? - (x)2L?
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is invertible. Recall that V,, = g V,(m), with V,(m) independent of g by its definition. For a fixed gg
we proved that there exists at least one m = mg such that the eigenvalues of —A — goV>(mg) have the
desired properties. We now consider the family of operators

X(q) :=1—q(=A+i0)""Vs(mo)

which is analytic in g. Moreover, the operator g(—A + i0)"'Wo(mg) : (x)?L? — (x)2L?is compact. By
[Reed and Simon 1979] the operators X (q) : (x)2L?* — (x)*L? are either invertible everywhere (that is,
no threshold resonance) except for some discrete points or not invertible anywhere. The first case holds
because the operator is invertible when g = 0.

Now we consider —A — g Va(mg) with g € [qo — €, go + €]. Choose ¢ sufficiently small such that
for every g the operator —A — g V,(my) has at least three eigenvectors. On the other hand by what we
proved above it has at most three eigenvectors and two of them must be degenerate. Since 1 — g(—A +
i0)~1'V,(myg) is not invertible only at discrete points we obtain the desired result. O

Proof of Proposition A.2. The fact L(A) has no resonances at £i) follows from the invertibility of
I+ (—A+i0)"'V and | A — |eg| | being small.

Next we prove the neutral modes are degenerate. Recall that the potential we constructed is of the
form V = V,,, for some my. For each m > O there are A = A, and Pr = phm satisfying

_A¢A,m _{_)Lmqs)»,m + vm¢)»,m _ (¢A,m)3 =0

with A,, and ¢,, analytic in m in some proper neighborhood of positive real axis.

Recall that when m is sufficiently large the neutral modes of —A + V,, can be generated by permuting
one of them. Hence the neutral modes of L(A) = L(A, m) are degenerate when m is large. Moreover the
eigenvalues of L(A, m) are analytic in m, thus the neutral modes must be degenerate. (|

Appendix B. The Fermi Golden Rule

The proof of Theorem 6.1, given at the end of this section, requires the following:

Proposition B.1. Given smooth functions %, 6 : R? — C?, there exists F=(F1, F)T and %= (%, %)
(see the definitions below) such that

—R((LQ)+2EMR) —0) ' P.F,iJP.G)=7(8(—=A — QE() — 1) %2, %) (B-1)
Proof of Proposition B.1. The entries of I" are expressions of the form
—Eﬂ((L(A)+2iE(A) -0 'P.F, iJPC‘g) (B-2)

which we now proceed to simplify. Recall L(}) is of the form

1
LG) = (—A+2) (_01 0) + (82 Y;)

where V| and V, are real-valued and exponentially decaying as |x| tends to infinity. Introduce the unitary

matrix
1
1
U_ﬁ(i 1)'
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Note that
L) =iUc#MNU*, H =%

where

~ ~ Vi—Vo —i(Vi+WV) 1 0
H =K Ho:=(—A+1)1 = = .
ot V. #oi=(-A+MI, ¥ (i(v1+v2) Vi—V, )’“3 (0 ~1

We now use the unitary transformation U to obtain an expression in terms of the operator o3 ¥:

—((LOY+24EG) —0)"'P.F, iJPG) = —((iU (0390 +2E() +i0)U*) "' P.F, iJ P.§)
=((039 (1) + 2E(A) +i0)”'U* P.F, U*J P.4)
= ((039 () +2E(W) +i0)”'U*P.F, (U*JU)U*P.G)

= —i{(03%() +2E(A) 4+i0)"'U* P.F, 03U* PG
(B-3)
where we have used that U*JU =io3.
Next we introduce P.(03%(), the projection onto the continuous spectral of 039 and wave operators
W :L? — P.(03#)L* and Z : P.(03%)L*> — L? (see [Cuccagna et al. 2005]), which satisfy

PC(G3%)*O’3 = G3PC(U3%), W*O'g, = O’3Z, Z*G3 = O'3W, 20’3% = 0’3%02. (B—4)

Now we use the wave operators W and Z to transform the previous expression into one in terms of the

“free operator” 03(—A+1). First note that U* P.% lies in the range of P.(03%) and therefore there exists

= (%1, F»)T such that WF = U* P.%F. Similarly, there exists = (4, %,)” such that W% = U* P.%.
Substltutmg into the final expression in (B-3) and using of the properties (B-4) we have

i{(03% (1) +2E(.) +i0)"' U* P.F, 03U * P G)
= i{(03% (W) +2E) +i0) ' WF, 03 WG) = i{(03% (L) +2E(X) +i0) ' WF, Z*03G)

= i{Z(039 (W) +2E(W) +i0) ' WF, 03G) = i{(03(=A + 1) +2E(L) +i0) ' ZWF, 03G)
=i{(o3(=A+21) +2E(M) +i0)"'F, 039).
Referring back to (B-2) we recall that we are interested in the real part of this expression:
N i((03(—=A+ 1) +2EQ) +i0)"'F, 03G)
3 ((o3(=A+21) +2EQ) +i0)'F, 03%9)

(—A+1+2EQ) +i0)7! 0 5 o
0 —(—A4+A—2EQ) —i0)~t ) TP
)

R

R
ng

0 (—A+x1—=2EM)—i0)~hH

<(( A+Ar+2ER) +i0)~! 0 )
3((— (2E(x)—x)—i0)—1%,fg2)
(8-

=7 — QE() — )%, Gy).
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We uses that
0<2E() — A€o (—A), —2E(A) — A ¢ o.(—A)
and the distributional (Plemelj) identity:
Sx—i0) ' =lim3(x —ie) ' =78(x)
el0
to get the last equality.
Summarizing, we have shown
—R((LAW)+25ER) —0)'P.F, iJ PG =n(8(—A — RQE(L) — ))F2, G). O

Proof of Theorem 6.1. We use Proposition B.1 with & = G and % = Gy, F=Grand 4= G,. By (B-1)
we have

it =7(8(=A = QE(MW) = 1)Gra, Gra).
To see that ', ; is nonnegative, observe that for any s € CV we have

N
s Ts= Y Tiss=m(8(-A—QEMW) —1)%. %) =0
k=1

where (~§ = Z,iv 1 Skék 2.
For the second statement we only sketch the proof. Recall the transformation of L(A) in (5-2). Then
for any 2 x 1 vector functions F and G we have

(LG +26EG) -0 P.F, P.G) = —i{(03% () +2E() +i0) ' U*P.F, U*P.G)
— —i(K () (039 + V) +2EQ) +i0) U*P.F, U*P.G)
where K (A) is the operator defined as (1 + K sman) ! with
Kamant := (030 + V) +2E (L) +i0) ™ Vigpan.
The operator (03 (Ho+V)+2EN)+1i 0)7l is well defined since
—A—2E(A) =eg—2(e; —ep)

is not an eigenvalue of —A + V and the operator —A 4 V has no embedded eigenvalues in the essential
spectrum.
Since the operator Kgpay : (x)2L>® — (x)2L* has a small norm and is continuous in A we have

00
(1 + I(Small)_1 = Z(_Ksmall)n

is continuous in A. This, together with the fact
(03(Ho + V) +2EN) +i0)"'U*P.F € (x)2L™®

is continuous in A, implies that ((L() +2i E(x) — 0)~! P.F, Pcé) is continuous in A. O
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Appendix C. Fermi Golden Rule for symmetric potentials

In this section we derive the simpler form of the FGR matrix and condition for positivity in the case
where the potential V (x) is a function of |x|. In fact, it is proved in Proposition 5.2 that if the potential
V, hence ¢*, is spherically symmetric then the functions &,, 1, satisfy

Xn

Xn
& = —&(x]), M = —n(x])
x| x|
for some functions £(|x|) and 1 (|x|). By the assumptions on V, ¢*, & and n; withk=1,2,...,N=d

we have
Gi(z, x) = xp(z-x)G(|x])

for some radial vector function G (|x|).
Before stating the results we define two constants

RZ§"D = —R{(LQ)+26EQ) —0) ' PG (Ix), iJx]G(Ix])),
RZTD = —R{(LQ) +2EQ) —0) ' PoxixaG(Ix]), i Jx1x2G(|x]) ).

Proposition C.1. (i) Suppose that V, &,, n, satisfy the conditions above. Then the assumption (FGR)
holds provided that

nzV >0,  wzd?>o. (C-1)
(i) From Proposition B.1, it follows that

nz' =0,  wzi? >0,
And, generically, the strict positivity in (C-1) holds.

Proof. For any vectors s, 8, z € CV, we define
(s, B; 2) := —ER((L(A) +2iE(L) — 0)_1Pc(z -x)(s-x)G(|x]),iJ(z-x)(B-x)G(|x]) >

Note that
(s, 55 2) = 55°(Z(2, 2) + Z*(z, 2))s = Ns* Z(z, D)s.

Therefore, verifying (FGR) is equivalent to checking that there is a constant C > 0 for which
(s, s:2) = Cls|*|z]?

with s, z € C4.

To simplify 9.(s, s; z), first note that since operator L(A) and G(|x|) are invariant under x — T *x,
where T is a unitary transformations, the value of 2(s, 8; z) is unchanged when x is replaced by T*x.
Therefore,

9(s, B;2) =9Ts, TB; Tz). (C-2)

Now choose T to be a unitary matrix such that

Tz =|zle; = z|(1,0,...,0)7.
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With this choice of T, we have by (C-2) with § = s,
(s, 5:2) = =R((LO) +2EMR) — 0) "' Pelzlx1(Ts - x)G(|x]). i|zlx1 (Ts - ) I G(|x]) ). (C-3)
The following argument will show that
9(s, 532) = CITs*|z* = Cls? |z,

the latter holding since 7 is unitary. Therefore, without any loss of generality, consider (C-3) with T set
equal to the identity. Explicitly writing out the inner products and using bilinearity and symmetry, we
have

d

9(s,s;2) = —|z|2m( Z (L) +20E(Q) —0) ' Pxyx, G(|x)), ixlquG(|x|))spg)
P.q=1
d
= —|z|29i(2((L(k)+2iE(k) —0)" ' Pex1x, G (|x)), ixlprG(|x|))|sp|2>
p=1

= —[z]2s1PR( (L) + 2 E(A) — 0) ' Px{ G (|x]), ix{ I G (|x]) )

d
— 1217 D Isg PR{(LA) + 2 EQ) — 0) ! PaxiaG(|x), ix1x2 G (1x]) )

q=2
d
= |Z|2<IS1 PRz + 3 1s, P mZ(()z,z))
q=2
> Is P2l minZ5" ", 025"} = Cls Pzl > 0. O

Appendix D. Choice of basis for the degenerate subspace

In the proof of Proposition 5.5 we need the following lemma.

Lemma D.1. Ifu = (;;12) # 0 is an eigenfunction of L(A) with eigenvalue i E()), E(A) > 0 then
(uy, uz) > 0. (D-1)
Proof. The fact L(A)u =i E(A)u yields
L_(MNuy =EMA)u;, Li(Muy = E(A)us. (D-2)

Therefore,

(1, uz) = ﬁ@_wz, ).

Equation (D-1) follows from the two claims that L_ (1) is a positive-definite selfadjoint operator on
the space {v | v L ¢*} and u, ¢ span{¢”}. The first fact is well known; see for example [Weinstein
1986]. We prove the second by contradiction. Suppose that u, = c¢’ for some constant ¢ then we have
L_(XM)up =0, which, together with (D-2) and the fact £()) # 0, implies u; = up =0, that is, u = 0. This
contradicts to the fact u # 0. Thus u, & span{¢’}. O
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Proof of Proposition 5.5. We start by constructing N independent vectors u,, € span{v;, va, ..., vy} for
n=1,2,..., N such that the vector
10
(67)

is real. Suppose that

Then the definition of L(A) in (5-1) implies

Ro™ ™
) and o )
\svz —1 ﬂ%vz

are also eigenfunctions of L(X) with eigenvalues i E()). This, together with the fact

‘)’tv%n) \svgn)
,n=12,.... Ny ={v,, n=1,2,...,N},
{(mvg’) §Rv£") (v }

enables us to choose N independent eigenfunctions u, withn =1,2, ..., N for i E()) such that
10
0i)"

Using (D-1) and a standard Gram—Schmidt procedure in linear algebra, one can find N pairs of real
functions (§,, n,) forn =1,2, ..., N such that

are real vectors.

span{(li") n=1,2,...,N]=span{v,,,n=1,2,...,N} and (&, nm) = Sn.m-
n

We now turn to the verification of (5-3). The observations

Lo\ — Ly =21"1#")21(¢™)*
and
L—()L)nn = E()\)%—n» L+()\) ‘i:n = E()\)nn
forn=1,2,..., N yield

/ PGS Entin — Ent) dx

= %((‘i‘-m, L_)nn) — (L1 Q)éms Mn) — (Ens L (M) + (L1 (M)&y, 77m>) =0.
Finally (5-4) is seen as follows:

1
E(A) EM)

(9.9, ma) = E(M(am Ly (M)Ey) = —

(9", 6 = =5 (97, L-(Wna) = == (L-(W)¢", 1) =0,

F 9" = O
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Appendix E. The identity P.(JH)*J = JP.(JH)
Proposition E.1. L = JH and H = H* imply
P.(L)*J = JP.(L).
Proof. Represent P.(L) as a Riesz projection
P(L) = ﬁ f’g(zl —JH) " dz
where the contour of the integration is counterclockwise. Moreover, the essential spectrum of L is
(—ioco, —iA]UJiX, ioc0).
The spectrum associated with the upper branch [i ), ico) is given by
PT(JH) = 3-(A—B),
where
00 00
A :/A (it+0—JH) 'dt, B :/A (it—0—JH) 'dx.

We claim that
A*J =—JB, B*J =—-JA. (E-1)
This implies
(PT(JH)*J =JP"(JH), (P.(JH)*J =JP.(JH).

To complete the proof of the proposition, we now prove (E-1). By direct computation using J* = —J
we have

o0
A* = / (—it+0+HJ) "dr.
A
Therefore,
o0 o
A*J = / (J(@it)J —JOJ —JJHJ) 'dtJ = / (=)t —0—JH) ' (=J)dt J =—JB,
A )
thus proving the first identity in (E-1). The second can be proved similarly. (]

Appendix F. Time convolution lemmas

Proof of Proposition 11.2. In what follows we only prove the case o = 1 of (11-6); the other cases and
(11-7) are similar.

! 1 1 12 1 ! 1
1(1) := ds < d d
® f0(1+t—s)3/2T0—|—s s—(1+§)3/2/0 To+s S+TO+§ft/2(1+r—s)3/2 g
<1og(1+2’70) 2
T A48 To+s
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On the other hand, we also have

/’ 1 1 2
ds < —.
o (I+1—5)32Ty+s To
Thus,
1) < e min{l, L}
- Ty 14t
We now claim that for some constant ¢ > 0,

I1(t) <

To—i—t.

It sufficies to find a constant ¢ independent of 7y and ¢ such that

._ R
m(t) = (To+1) mm{To, 1+t} <c.

If ¢ is such that the above minimum is TO_1 then TO_1 < (141071, thatis, r < Ty — 1. Therefore,

2Ty — 1
m) < =0~ <2
Ty 2
If ¢ is such that the above minimum is (1 +7)~! then ¢ > T — 1. Therefore,
2Ty — 1
m(t) <
Ty
since m(t) is decreasing with ¢. Since T > 2, m(t) < 3/2. This completes the proof. [

Appendix G. Bounds on solutions to a weakly perturbed ODE

Proof of Lemma 11.14. Let B8 denote the solution to the differential equation

Bl =—1Bol* +5. 1B = [2(OF —p
for p > 0. Since

3 (12O = 1B (D) = =z +1B,I* = =z +18,O1) (2 = 1B, (DI)
with the initial condition
2O = 18,(0)]> = p > 0.
Thus |z(1)|> < 1Bo (1)|* for all ¢ > 0. Letting p tend to zero, we have
zO <18@)1
so it suffices to prove the bound:
BO] < (1+KesTy®) (e +0)7'72,

where x = min{Ty, |wg| =2} and B(t) solves the initial value problem

WBF=—IB1*+g. 1B = wol*. (G-1)
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The proof of (11-14) for B is divided into two cases:

Case |wg| > To_l/ 2, By local existence of the solutions for the initial value problem (G-1), we have that
for some #; > 0

g — T 1 G-2
ST o S B0 (G-2)
with ¢ € [0, #1]. Then using the assumed bound on g(¢) in (11-13) we have

gD < o= <
(To+1)>*°  (To+1)* (To+1)

eyl B)I* - ——cl#T(;‘Sw(r)l‘*

O

where ¢4 := 2%c4. It follows from (G-1) that

B> < —(1 — Ty B0 *
or
WBOIT2 = 1—cipTy®

Integration over the interval [0, ¢] for r < #; yields

=
O Lt Ty (G-3)

wo| "2 +1)1/2

where ¢4 ~ c1# ~ ¢4 and we use that C#TO_S is sufficiently small. Now set k = min{|wg| =2, Tp} and we

have

1+ 2#T
lz(®)] < |B(1)] < W

for 0 <t <1t;. Now let [0, E) denote the maximal subset of R, on which the upper bound in (G-3)
holds. If E < oo then by continuity and the assumption that |wg| > To_l/ * we have

1
(To+ 8)1/2°

implying (see (G-2)) that the above argument can be applied beyond ¢ = E, contradicting its maximality.
To_l/ 2,

N 14 couTy? 1
BE) = s 2 s 2
(Iwol 2+ E)'2 = (jwo| 2+ B)

Case |wo| < T, '/>. Denote by (¢) the solution to (11-12) with the initial condition $;(0) =
As shown in the previous case

1B < (1 + K csTy ") (To+1)"/2
Observing that

HUBIP =111 = =B +1B1HUBE=1811D,  IBOI* = 181(0)* <0,

we have |8(¢)|> < |B1(¢)|* for any time . This, together with the estimate of 1, completes the proof of
the second case. O
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